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Optimization approaches to inverse problems and parameter estimation have wide-ranging

applications, from classical physics and biology to recently developed topics in statistical

computing. Here, we focus on solving nonsmooth and nonconvex inverse problems. These

properties are increasingly prevalent in modern applications yet typically approximated in

many settings to simplify analysis. Such difficulties preclude common algorithms, giving rise

to approaches that are highly problem specific and in many cases intractable at scale.

Nonsmooth, nonconvex inverse problems arise in a wide range of fields, from PDE-

constrained optimization to machine learning applications. These objectives often have com-

posite structure; an objective which minimizes data misfit, and a regularizer that controls

model complexity. These regularizers are often nonsmooth or discontinuous, while expensive

cost functions must be evaluated inexactly for numerical efficiency. We develop and analyze

efficient relaxation algorithms that take advantage of this composite structure, and illustrate

their performance on seismic interpolation, denoising, and data-fitting problems.

We deploy algorithms that solve these problems in as general a manner as possible, while

allowing us to leverage problem structure. The main route of study is the creation of fast, first

order splitting algorithms for approximate subproblems. In particular, we develop a family

of splitting methods that first relaxes key parts of the inverse problem, and then solves an

augmented problem with improved numerical properties and easier analyzation. Our key



application is seismic inversion, with more additional applications to data interpolation and

denoising.

We extend this framework to the trust-region setting for nonlinear objectives. This re-

quires new results that align convergence analysis from splitting methods for nonconvex and

nonsmooth models with classic trust region convergence analysis. The practical implemen-

tation allows us to use derivative information from smooth problem components, and atomic

operators for nonsmooth and nonconvex components, all within the context of general trust

region methods for unconstrained and constrained problems. Along with theoretical results,

we illustrate the efficacy of the proposed method numerically.

Finally, we address convergence for a large class of splitting methods. These work for

a variety of nonconvex and even nonsmooth problems, but a-priori convergence knowledge

is limited and in particular requires linear constraints. We attempt to solve both of these

issues by guiding convergence with augmented Lagrangian filter methods, and solve a highly

nonlinear nonnegative matrix factorizaton problem with applications to chemical spectra

determination.

We conclude by proposing new directions that enable large-scale implementation of these

algorithms, such as leveraging inexact evaluations of gradients and operators, as well as mixed

precision arithmetic in next generation hardware. We also propose extensions to nonlinear

least squares algorithms, implicit sampling techniques, and a new way of looking at splitting

methods for PDE inverse problems.
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GLOSSARY

BASIC VECTOR NOTATION: Denoted R,

• R set of real numbers

• C set of complex numbers

• R0 set of nonzero real numbers

• R+ set of nonnegative real numbers

• Rn set of real column vectors of dimension n× 1

• Rn×m set of real matrices of dimension n×m
• Rn

+ set of nonnegative real column vectors of dimension n× 1

• Rn×m
+ set of nonnegative real matrices of dimension n×m

NORMS: Denoted ‖ · ‖,

• ‖ · ‖1 - `1 norm, with ‖x‖1 =
∑n

i=1 |xi|, x ∈ Rn.

• ‖ · ‖2 - `2 vector norm, with ‖x‖2 =
√∑n

i=1(xi)
2, x ∈ Rn.

‖ · ‖2 - `2 matrix norm, with ‖X‖2 = maxs∈Rn,‖s‖2=1 ‖Xs‖2X ∈ Rn×m.

• ‖ · ‖∞ - `∞ norm, with ‖x‖∞ = max1≤i≤n |xi|, x ∈ Rn.

• ‖ · ‖0 - `1 “norm”, with ‖x‖0 = |{i|xi 6= 0}|, x ∈ Rn.

• ‖ · ‖F - Frobenius norm, with ‖X‖F =
√∑n

i=1

∑m
j=1 |Xij|2, X ∈ Rn×m.

FUNCTIONS: on matrices or vectors,

• 〈A,B〉 - Frobenius matrix product 〈A,B〉F =
∑

i,j ĀijBij ≡ tr
(
ĀTB

)
.

• tr(A) - trace of a matrix tr(A) =
∑

iAii.

• (·)T - transpose of matrix (A)T( ij) = Aij.

• (·)i,: or A(i, :) - ith row selection.

viii



• (·):,j or A(:, j) - jth column selection.

• (·)i,j or A(i, j) - ith row selection and jth column selection.

• σi(·) - ith singular value of a matrix, decreasing order.

• · - componentwise multiplication A ·B = AijBij

• ⊗ - Kronecker product A⊗B =

A1,1B . . . A1,nB
...

. . .
...

Am,1B . . . Am,nB


• 1n - vector of all ones of dimension n

• I - identity matrix

COMMON OPERATORS/FUNCTIONS: usually on a function

• ∇φ - gradient

• ∇2φ - Hessian

• ∂φ - subdifferential

• | · | - cardinality

• inf - infimum

ACRONYMS: denoted capital letters,

• prox - proximal operator

• PG - proximal gradient descent

• FISTA - Fast Iterative Shrinkage Thresholding Algorithm

• ADMM - Alternating Direction Method of Multipliers

• BFGS - Broyden Fletcher Goldfarb Shannon algorithm

• LBFGS - Limited memory BFGS

• SR1 - Symmetric Rank 1

• LSR1 - Limited memory Symmetric Rank 1

• TR - Trust Region method

• QR - Quadratic Regularization Method

• SVD - Singular Value Decomposition

• BPDN - Basis Pursuit Denoise

ix



• NMF - Nonnegative Matrix Factorization

• NMFC - Nonnegative Matrix Factorization and Completion

• LM - Levenberg Marquardt method

• HPC - High Performance Computing
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Chapter 1

INTRODUCTION
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1.1 Motivation

Optimization and intelligent systems allow researchers to devise technologies that make up

fundamental parts of our lives, including search engines, recommendation platforms, speech

recognition, medical imaging, and full waveform seismic inversion [28]. Following major com-

putational advances in statistics and numerical linear algebra, they have thrived by capital-

izing on vast computing platforms and immense datasets. Increases in computational power,

such as the rise of exascale clusters, and data availability have massively impacted statisti-

cal optimization and machine-learning (ML), and subsequent accessibility further increases

the scientific and societal impacts. Despite optimization’s increasing popularity, large-scale

environments are distinct from the settings of traditional nonlinear techniques, which often

falter due to problem size and efficiency.

This numerical cost is often compounded by the construction of inverse problems. In-

verse problem solving is a fundamental technique in modern mathematics concerned with

numerically computing parameters by minimizing an objective function. These parameters

are then used to make decisions on unobserved data [28]. A plethora of optimization algo-

rithms exist to tackle inverse problems in seismology [12, 13, 131], physics [137], and many

others. Within the national lab and university systems, optimization algorithms are used to

solve inverse problems in biology [1], quantum computing (QOALAS/FAR-QC) and physics

modeling [140], and train machine-learning (ML) models [110]. Objective functions are often

composite in that one minimizes the sum of a smooth function with a nonsmooth function.

The nonsmooth term is typically a regularizer, and promotes sparsity for ill-conditioned

problems. Vast datasets and problem size encourage overfitting, but ill-posedness can be

tempered with regularization functions that often subvert the traditional notion of deriva-

tives and optimality. Examples include Total-Variation regularization for PDEs [4, 131],

low-rank minimization, and matrix completion [116]. Almost all optimization routines use

some form of derivative information, but this cannot be computed where objective functions

are discontinuous, and costly functions must be evaluated inexactly if one is to be efficient.
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Nonconvex and nonsmooth functions are notorious difficult to solve despite their com-

monality in physical problems. Researchers have often avoided these problems by solving

smoothed or convex versions of the cost function. Classic approaches to these problems,

such as least squares and direct decompositions, require high data quality and often erro-

neous assumptions on noise and error. To account for this, regularizers, priors, and con-

straints are often implemented to promote some degree of model simplicity in ill-posed or

high-dimensional settings. These regularizers are often chosen carefully, as special function

structures are exploited in the solution of a given problem [142].

In the most general form, we consider nonconvex composite problems with regularizers

and constraints

min
x
f(x) + h(x) s.t. c(x) ∈ X (1.1)

where X is some set and x ∈ Rn are the decision variables. We take h : Rc → R may be

nonsmooth and nonconvex, and f : Rn → R is smooth. Largely, the only enforced constraint

is that our functions have proximal and projection operators.

We approach these problems primarily with proximal gradient and relax and split meth-

ods, the latter of which seeks to augment (1.1) in such a way that minimizes the difference

between dummy variable(s) w and more difficult components of the cost function. The

gap between these primal variables is controlled via some tuning parameter η that may be

augmented. The goal is to choose relaxation in such a way that makes (1.1) amenable to

first-order proximal-gradient type methods. We later combine this approach with trust re-

gion methods to tackle highly nonlinear regularized problems. Many trust region methods

rely on a degree of smoothness, which we try to dispense. This also allows for the proximal

gradient methods to be more efficient for computationally intense models, since they are

solving a quadratic approximation. The motivation of this work is hence twofold:

1. develop algorithms for a class of regularized problems that have remained largely sep-

arate in the literature;

2. increase efficiency and generalizability in current methods.
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As modern scientific computing continues to depend on extracting information from often

prohibitively large datasets, algorithms must adapt in kind. As data availability increases,

algorithms must scale and regularize in turn while simultaneously retaining speed and ro-

bustness to low-fidelity measurements.

Roadmap: A chart of chapters, problems dealt with, and methods used is depicted

in Figure 1.1. Chapter 2 deal with notational norms, definitions, and algorithms upon whose

analysis this work rests. Chapter 3 establishes a scheme for relax and split methods for

seismic data interpolation around Mount St. Helens. The goal in this particular application

is to use existing travel time data from real stations to interpolate station data in new loca-

tions while simultaneously accounting for noisy measurements. We show that our algorithm

is faster and more accurate than competitors. Chapter 4 presents a new algorithm for the

classic Basis Pursuit Denoise (BPDN) problem that can handle a variety of cost functions

and constraints for different noise types. We show that this algorithm converges rapidly

and accurately to the true solution with both Gaussian and non-Gaussian noise. Chapter 5

expands this theme to nonlinear, nonsmooth trust region problems. Here we tackle regu-

larized inverse problems and develop a novel method of computing trust region subproblem

solutions for these nonsmooth objective functions. Chapter 6 solves a slightly different class

of problems; we assume (5.1) has h = 0 and f ∈ C2, but f is separable and has nonlin-

ear constraints; the latter of which is a known issue for ADMM convergence. We attempt

to resolve this with filter methods, which allow for increases in the penalty parameter via

conditions on the feasibility and first-order error relationships. Chapter 7 pivots to future

directions regarding this work as well as upcoming projects.

1.2 Strategies and Objectives

The primary objective in this body of work is to develop optimization methods to solve nons-

mooth regularized inverse problems. We start slowly with a particular example in Chapter 3,

and slowly build out to a more general problem class as the work proceeds; see Figure 1.1.

Regularizers often confound standard solvers; hence, our focus is to develop generalized
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Figure 1.1: Structure of thesis - basic optimization methods with respective developments

and applications.
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methods for nonsmooth, nonconvex regularizers. The strategy taken is twofold, but built

upon the same basic tool: proximal gradient descent. Therefore, the methods developed in

this work are first order in nature, which is the most one can hope for in virtually every reg-

ularizer. The first strategy taken is relax and split: this effectively decomposes the problem

into digestable parts. We analyze algorithm behavior of this method in nonsmooth, noncon-

vex contexts via proximal gradient analysis and show convergence to stationary points. The

second strategy is combining the proximal gradient based analysis with trust region methods.

This effectively pushes the regularizer into the subproblem, which can be solved with vari-

ations on analytic solutions to standard proximal operators. These technologies yield and

efficient solver for problems hitherto untouched by current state of the art. With regards to

future goals, this work seeks to expand the analysis to inexact solves and stochastic regimes.

1.3 Accomplishments and Outline

This thesis develops algorithms for nonsmooth and nonconvex inverse problems. The pri-

mary contribution is twofold: 1) an algorithm for a general class of basis pursuit denoise

problems with nonsmooth constraints; 2) a fusion of trust region and proximal methods for

nonlinear, nonsmooth regularized problems. These contributions were built on the funda-

mental properties of proximal operators and trust regions, and the implications of this work

extend beyond the scope of the inverse problem applications discussed here.

In Chapter 3 of this work, we apply proximal gradient and splitting techniques to a novel

regularized matrix factorization problem with applications to travel time tomography. Travel

time tomography is used to infer the underlying three-dimensional wavespeed structure of

the Earth by fitting seismic travel time data collected at surface stations. Data interpolation

and denoising techniques are important pre-processing steps that use prior knowledge about

the data, including parsimony in the frequency and wavelet domains, low-rank structure

of matricizations, and local smoothness. We show how local smoothness structure can be

combined with low rank constraints using level-set optimization formulations, and develop

a new relaxation algorithm that can efficiently solve these joint problems. In the seismology
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setting, we use the approach to interpolate missing stations and de-noise observed stations.

The new approach is competitive with alternative algorithms, and offers new functionality

to interpolate observed data using both smoothness and low rank structure in the presence

of data fitting constraints. Relevant works: [13]

• Robert Baraldi, Carl Ulberg, Rajiv Kumar, Kenneth Creager, and Aleksandr Aravkin.

Relaxation algorithms for matrix completion, with applications to seismic travel-time

data interpolation. Inverse Problems, 35(10):105009, 2019.

• Paper figure code: https://github.com/rjbaraldi/IMUSH-Interpolation

In Chapter 4, we extend the above formulation to a more general set of problems that oc-

cur in basis pursuit denoise problems. Level-set optimization formulations with data-driven

constraints minimize a regularization functional subject to matching observations to a given

error level. These formulations are widely used, particularly for matrix completion and spar-

sity promotion in data interpolation and denoising. The misfit level is typically measured in

the `2 norm, or other smooth metrics. This is a new flexible algorithmic framework that tar-

gets nonsmooth level-set constraints, including `1, `∞, and even `0 norms. These constraints

give greater flexibility for modeling deviations in observation and denoising, and have sig-

nificant impact on the solution. Measuring error in the `1 and `0 norms makes the result

more robust to large outliers, while matching many observations exactly. We demonstrate

the approach for basis pursuit denoise (BPDN) problems as well as for extensions of BPDN

to matrix factorization, with applications to interpolation and denoising of 4D seismic data.

The new methods are particularly promising for seismic applications, where the amplitude

in the data varies significantly, and measurement noise in low-amplitude regions can wreak

havoc for standard Gaussian error models. The relevant paper being [12], with code:

• Robert Baraldi, Rajiv Kumar, and Aleksandr Aravkin. Basis pursuit denoise with

nonsmooth constraints. IEEE T. Signal Proces., 67(22):5811–5823, 2019.

https://github.com/rjbaraldi/IMUSH-Interpolation
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• Paper figure code:

https://github.com/rjbaraldi/bpdn-with-nonsmooth-constraints

In Chapter 5, we combine the nonsmooth analysis developed earlier with trust region

methods. We develop a trust-region method for minimizing the sum of a smooth term f

and a nonsmooth term h, both of which can be nonconvex. Each iteration of our method

minimizes a possibly nonconvex model of f + h in a trust region. The model coincides with

f + h in value and subdifferential at the center. We establish global convergence to a first-

order stationary point when f satisfies a smoothness condition that holds, in particular, when

it has Lipschitz-continuous gradient, and h is proper and lower semi-continuous. The model

of h is required to be proper, lower-semi-continuous and prox-bounded. Under these weak

assumptions, we establish a worst-case O(1/ε2) iteration complexity bound that matches the

best known complexity bound of standard trust-region methods for smooth optimization.

We detail a special instance in which we use a limited-memory quasi-Newton model of f and

compute a step with the proximal gradient method, resulting in a practical proximal quasi-

Newton method. We establish similar convergence properties and complexity bound for a

quadratic regularization variant, and provide an interpretation as a proximal gradient method

with adaptive step size for nonconvex problems. We describe our Julia implementations and

report numerical results on inverse problems from sparse optimization and signal processing.

Our trust-region algorithm exhibits promising performance and compares favorably with

linesearch proximal quasi-Newton methods based on convex models.

• Robert Baraldi, Aleksandr Aravkin, and Dominique Orban. A Proximal Quasi-Newton

Trust-Region Method for Nonsmooth Regularized Optimization. SIAM Journal of

Optimization - in revision, 2020.

• ArXiv preprint: https://arxiv.org/pdf/2103.15993.pdf

• Code: https://github.com/rjbaraldi/ShiftedProximalOperators and https://

github.com/UW-AMO/TRNC

https://github.com/rjbaraldi/bpdn-with-nonsmooth-constraints
https://arxiv.org/pdf/2103.15993.pdf
https://github.com/rjbaraldi/ShiftedProximalOperators
https://github.com/UW-AMO/TRNC
https://github.com/UW-AMO/TRNC
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Our last problem concerns solving separable problems in Chapter 6. Large, nonconvex,

and nonlinear problems arise naturally in physical inverse problems and machine learn-

ing applications. The Alternating Direction Method of Multipliers (ADMM) is one of the

workhorses for these applications. Unfortunately, it is not known whether ADMM converges

for many nonconvex applications, resulting in slow or uncertain convergence behavior. We

study filter methods for promoting global convergence of ADMM scheme. Filter methods

have proved particularly promising for enforcing convergence for sequential quadratic pro-

gramming methods and interior point methods. We develop an ADMM filter method for

highly nonlinear and nonconvex problems, and in particular focus on nonlinear non-negative

matrix factorization and completion problems. We explore the convergence properties of an

ADMM filter method with the intention of guaranteeing speedy convergence to at least local

minima.

• Robert Baraldi, Stefan Wild, and Sven Leyffer. Guiding Convergence of the Alternat-

ing Direction Method of Multipliers with Augmented Lagrangian Filters. in prepara-

tion, 2021.

In Chapter 7, we discuss the implications and extensions of the work developed in prior

chapters, primarily with regards to nonsmooth regularized least squares, barrier and penalty

methods, and inexact evaluations. We also discuss the novel application of developed meth-

ods to PDE-constrained optimization and ice sheet flow.

• Robert Baraldi, Aleksandr Aravkin, and Dominique Orban. A Levenberg-Marquardt

Method for Nonsmooth Regularized Least Squares. In preparation, 2021.
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Chapter 2

PRELIMINARIES
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2.1 Notation

Sets are represented by calligraphic letters. The cardinality of set S is represented by |S|.
So to are operators, which we use as functions with particular properties and transform to

specific domains. Examples of these are the sampling operator A and the Curvelet trans-

formation operator C. We use ‖ · ‖ to denote a generic norm on Rn. The symbols ν, λ, σ,

and ∆ are scalars. Vector variables are denoted by lower-case letters; typically s, x, y, z, . . ..

Scalar variables are typically denoted by Greek letters, ν,∆, but be aware of context. Ma-

trix variables are by capital English alphabet letters: A,B,C etc. Variables that are being

decomposed into blocks in a specific context are indicated by boldness: such as x, s, or A.

B(0,∆) is the ball centered at 0 with radius ∆ > 0 defined by a norm that should be clear

from the context. We use the shorthands B = B(0, 1) and ∆B = B(0,∆). When necessary,

we write Bp to indicate that the `p-norm is used. Functional symbols f , g, h, as well as φ,

ϕ and ψ are used for functions. Typically we use f, ϕ, φ to denote smooth functions and

h, ψ to denote nonsmooth functions. χ(·;A) represents the indicator function of A ⊆ Rn. In

particular, the indicator of B(0,∆) is denoted χ(·; ∆B) or just χ(·; ∆) when the norm is clear

from the context. We use the alternative notation χ(·; ∆Bp) to emphasize that the `p-norm

is used to define the ball. If A ⊆ Rn is closed and convex, projA(x) denotes the projection

of x into A. Finally, j and k are iteration counters.

2.2 Definitions and Operators

We summarize some basic defintions from [17, 120]. We denote R = R ∪ {±∞}. We call

φ : Rn → R proper if φ(x) > −∞ for all x and φ(x) < ∞ for at least one x, and lower

semi-continuous, or lsc, at x̄ if lim infx→x̄ φ(x) = φ(x̄). Similarly, φ is upper semi-continuous,

or usc, at x̄ if lim supx→x̄ φ(x) = φ(x̄). If φ is both lsc and usc at x̄, it is continuous at x̄.

We say that φ is (lower-)level bounded if all its level sets are bounded. If φ is proper, lsc and

level bounded, then arg min φ is nonempty and compact [120, Theorem 1.9].
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2.2.1 Nonsmooth operators

First, we define the indicator function to be

Definition 1 (Indicator Function).

χ(x;B) =

0, x ∈ B

∞, else

.

and then the projection and proximal operator:

Definition 2 (Projection Operator).

proj
B

(y) := arg min
x∈B

1
2
‖y − x‖2

Definition 3. For a proper lsc function φ : Rn → R and a parameter ν > 0, the Moreau

envelope eνφ and the proximal mapping proxνφ are defined by

eνφ(x) := inf
w

1
2
ν−1‖w − x‖2 + φ(w) = ν−1 inf

w

1
2
‖w − x‖2 + νφ(w), (2.1a)

prox
νφ

(x) := arg min
w

1
2
ν−1‖w − x‖2 + φ(w) = arg min

w

1
2
‖w − x‖2 + νφ(w). (2.1b)

Under certain assumptions, including strong convexity of the objective of (2.1b), the set

proxνφ(x) is a singleton. However, in general, the set-valued mapping proxνφ may assume

empty values or values that contain multiple elements. For a given φ, the range of param-

eter values for which the Moreau envelope assumes a finite value is given by the following

definition. Some examples can be seen in Figure 2.1.

Definition 4 (Prox-Boundedness). The proper lsc function φ : Rn → R is prox-bounded

if there exists ν > 0 and at least one x ∈ Rn such that eνφ(x) > −∞. The threshold of

prox-boundedness νφ of φ is the supremum of all such ν > 0.

We can write νφ = min(∞, 1/ρφ), where ρφ := inf{ρ ∈ R | x 7→ φ(x) + 1
2
ρ‖x‖2} is

bounded below, with νφ = ∞ if φ is bounded below. If φ is level bounded, then so is
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Figure 2.1: Two common proximal operators and their envelopes (ν = λ = 1), including a

third from [120].
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w 7→ 1
2
ν−1‖w− x‖2 + φ(w) for all x ∈ Rn and all ν > 0, so eνφ(x) > −∞ [120, Theorem 1.9]

and φ is prox-bounded. The following result summarizes some properties of (2.1a)–(2.1b).

Further properties appear in [120, Theorem 1.25].

Proposition 2.2.1. Let φ : Rn → R be proper lsc and prox-bounded with threshold νφ > 0.

For every ν ∈ (0, νφ) and all x ∈ Rn,

1. proxνφ(x) is nonempty and compact;

2. eνφ(x) depends continuously on (ν, x) and eνφ(x)↗ φ(x) as ν ↘ 0.

3. if {xk} → x̄ and {νk} ↘ 0 in such a way that {‖xk − x̄‖/νk} is bounded, then

{eνkφ(xk)} → φ(x̄);

4. if {xk} → x̄ and {νk} → ν̄ ∈ (0, νφ) and for each k, wk ∈ proxνkφ(xk), then {wk} is

bounded and all its limit points are in proxν̄φ(x̄).

From here, it is pretty easy to show that Moreau Envelope is smooth (but we just state

it).

Theorem 2.2.2 (Smoothness of Moreau Envelope). Let φ : R→ (−∞,∞] be a proper closed

and convex function and have ν > 0. Then eνφ is 1
ν
-smooth over R and for any x ∈ Rn

∇eνφ(x) = 1
ν

(
x− prox

νφ
(x)

)
Before we proceed, we need to define the concept of the subdifferential and optimality

for nonsmooth problems.

2.2.2 Optimality conditions

We use the following notions of subgradient and subdifferential [120, Definition 8.3].
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Definition 5 (Limiting subdifferential). Consider φ : Rn → R and x̄ ∈ Rn with φ(x̄) <∞.

We say that v ∈ Rn is a regular subgradient of φ at x̄, and we write v ∈ ∂̂φ(x̄) if

lim inf
x→x̄

φ(x)− φ(x̄)− vT (x− x̄)

‖x− x̄‖ ≥ 0.

The set of regular subgradients is also called the Fréchet subdifferential. We say that v is a

general subgradient of φ at x̄, and we write v ∈ ∂φ(x̄), if there are sequences {xk} and {vk}
such that xk → x̄, φ(xk) → φ(x̄), vk ∈ ∂̂φ(xk) and vk → v. The set of general subgradients

is called the limiting subdifferential.

If φ is convex, the Fréchet and limiting subdifferentials coincide with the subdifferential

of convex analysis. If φ is differentiable at x, ∂̂φ(x) = ∂φ(x) = {∇φ(x)}. For nonconvex or

convex φ, we can simplify Definition 5 to local behavior:

Definition 6. Consider φ : Rn → R̄ and x̄ ∈ Rn with φ(x̄) ≤ ∞. We say that v ∈ Rn is a

local subgradient of φ at x̄

φ(x) ≥ φ(x̄) + 〈v, x− x̄〉+ o(‖x− x̄‖) (2.2)

φ(x) ≥ φ(x̄) + 〈v, x− x̄〉 (2.3)

for nonconvex and convex functions, respectively. Note that for convex functions, (2.3) is

global.

In the following, we do not make use of the precise definition of the relevant subdifferential,

but merely rely on the following criticality property.

Proposition 2.2.3 (120, Theorem 10.1). If φ : Rn → R is proper and has a local minimum

at x̄, then 0 ∈ ∂̂φ(x̄) ⊆ ∂φ(x̄). If φ is convex, the latter condition is also sufficient for x̄ to

be a global minimum. If φ = ϕ + ψ where ϕ is differentiable on a neighborhood of x̄ and ψ

is finite at x̄, then ∂φ(x̄) = ∇ϕ(x̄) + ∂ψ(x̄).

It is also conducive to show some proximal operator properties, which we denote the

Prox-subgradient theorem.
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Theorem 2.2.4 (Prox-subgradient Theorem). . Let φ : R → (−∞,∞] be a proper closed

and convex function. Then for any x, s ∈ Rn, the following claims are equivalent:

1. s = proxνφ(x)

2. x− s ∈ ∂φ(s)

3. 〈x− s, y − s〉 ≤ φ(y)− φ(s) for any y ∈ Rn.

Proof. By definition s = proxνφ(x) iff s is the minimizer of

min
x

{
φ(x) +

1

2
‖s− x‖2

}
which is equivalent to

0 ∈ ∂φ(s) + s− x.

This is the same as 1 and 2. Finally, the subgradient definition implies the equivalence of 3

to 2.

We also note that the proximal operator is firmly not expansive and nonempty if the prox

is closed and coercive. Another useful relationship is the Moreau Decomposition. First, we

have to define the Fenchel conjugate of a function.

Definition 7. We let X be a topological real vector space and let X∗ be the dual space to X.

Denote

〈·, ·〉 : X∗ × X→ R

the canonical dual pairing, defined by (x∗, x) 7→ x∗(x). For a function φ : X → R∪{−∞,∞},
the convex conjugate is

φ∗ : X∗ → R ∪ {−∞,∞}

whose value at x∗ ∈ X∗ is defined to be the supremum

φ∗(x∗) := sup
x∈X
〈x∗, x〉 − f(x).
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This definition is the convex hull of the function’s epigraph in terms of its supporting

hyperplanes. Now, we can talk about the Moreau Decomposition.

Theorem 2.2.5 (Moreau Decomposition). Let φ : R → (−∞,∞] be proper closed and

convex. Then for any s ∈ Rn,

prox
νφ

(x) + prox
νφ
∗

(x) = x

and

eνφ(s) + eνφ∗(s) =
1

2
‖s‖2.

Proof. For the first part: Let x ∈ Rn and denote s = proxνφ(x). By the prox-subgradient

theorem 2.2.4, we have that x− s ∈ ∂φ(s), which is equivalent to

s ∈ ∂φ∗(x− s).

Using Theorem 2.2.4 again, we have x− s = proxνφ∗(x). Hence,

prox
νφ

(x)− prox
νφ
∗

(x) = s+ (x− s) = x

One can think of the proximal operator is the strict generalization of the projection

operator, while the Moreau envelope is the strict generalization of the distance function.

The proximal operator is uniquely determined since the squared norm is strongly convex.

Taking the derivative shows that

prox
νφ

= (I + ν∂φ)−1

namely s = proxνφ(x) ⇔ x ∈ x + ν∂φ(x). Before we conclude, we note that the Moreau

Envelope is differentiable.

Theorem 2.2.6 (Differentiability). The Moreau envelope is Frechét differentiable, with

∇eνφ = I − proxνφ = proxνφ∗

and that a useful relationship between the envelope and its function exists.
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Theorem 2.2.7 (Relationship between Envelope and Function). For any ν > 0, s ∈
arg min φ⇔ s ∈ arg min eνφ ⇔ s = proxνφ(x)

Proof.

0 ∈ ∂φ(s)⇔ s ∈ s+ ν · ∂φ(s)⇔ s− prox
νφ

(s) = 0⇔ ∇eνφ(s) = 0

You can think of a projection as the proximal operator of the level set (ie proximal

operators are the generalization of a projection).

Theorem 2.2.8 (Projection Theorem). Let φ : Rn → (−∞,∞] be given by φ(s) = χ(x;C)

where C is a nonempty set. Then

prox
νφ

(x) = arg min
s∈Rn

{
χ(s;C) +

1

2
‖s− x‖2

}
= arg min

s∈C
‖s− x‖2 = proj

C
(x)

Hence, we have the proximal mapping of the indicator function of a given set is the

orthogonal projection operator onto the same set. If C is closed and convex, in addition to

being nonempty, the indicator function χ(·;C) is proper closed and convex, and hence the

first prox Theorem 2.2.8 the orthogonal projection mapping exists and is unique. Now, with

the basic theory out of the way, we can proceed to describe the fundamental algorithms we

will be using in this work.
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2.3 Basic Algorithms

We use many algorithmic tools in the applications and algorithms developed in this work.

These algorithms are general to a certain degree; all assume some particular structure in the

cost function; namely that it comprises of the sum of a smooth and nonsmooth term (1.1).

The main workhorse in this analysis is the proximal operator (2.1b), and more broadly

proximal gradient methods. Note that we typically pick optimality conditions to be the

norm of the subdifferential (5).

2.3.1 The proximal gradient method

Consider the generic nonsmooth regularized problem

minimize
s

ϕ(s) + ψ(s), (2.4)

where ϕ is continuously differentiable and ψ is proper, lower semi-continuous and prox-

bounded (Definition 4). A natural method to solve (2.4) that generalizes the gradient method

of smooth optimization is the proximal gradient method [15, 91]. This has been a very

popular method for a long time, and the basic method is still subject to ongoing vigorous

research [9, 26]. When initialized from s0 ∈ Rn where ψ is finite, it generates iterates

according to

sj+1 ∈ prox
νψ

(sj − ν∇ϕ(sj)), j ≥ 0, (2.5)

where ν > 0 is a step size. This algorithm is generated by taking a gradient step in the

smooth part ϕ, and then regularizing the Moreau Envelop Equation (2.1a) of the nonsmooth

part ψ and then completing the square in the first-order Taylor expansion of ϕ. If ψ is

the indicator of a closed convex set, the proximal gradient method reduces to the projected

gradient method.

The first-order optimality conditions of (2.5) are

0 ∈ sj+1 − sj + ν∇ϕ(sj) + ν∂ψ(sj+1). (2.6)
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The proximal literature primarily focuses on the generalized gradient

Gν(s) := ν−1(s− prox
νψ

(s− ν∇ϕ(s))), (2.7)

with Gν(0) = ∇ϕ(0) in the case of smooth optimization. The following result gives conditions

under which the proximal gradient method is monotonic.

Proposition 2.3.1 (26, Lemma 2). Let ϕ be continuously differentiable, ∇ϕ be Lipschitz

continuous with constant L > 0 and ψ be proper, lsc and bounded below. For any 0 < ν <

1/L, any s0 where ψ is finite, the iteration (2.5) is such that

(ϕ+ ψ)(sj+1) ≤ (ϕ+ ψ)(sj)− 1
2
(ν−1 − L)‖sj+1 − sj‖2, j ≥ 0.

Stronger assertions exist when ψ is convex, but we focus on general ψ. It is possible

to remove the assumption that ψ is bounded below from Proposition 2.3.1 and replace it

with the weaker assumption that ψ is prox-bounded and that ν is chosen smaller than the

threshold of prox-boundedness of ψ.

In the smooth case, where ψ = 0, we have s1 = −ν∇ϕ(s0) and the decrease is

ϕ(s1;x) ≤ ϕ(s0)− 1
2
ν2(ν−1 − L)‖∇ϕ(s0)‖2. (2.8)

Algorithm 1 Proximal Gradient Algorithm.

1: Choose s0 ∈ Rn where ψ is finite.

2: for j = 0, 1, . . . do

3: Choose 0 < νj such that νj < 1/L.

4: Update the the proximal-step by computing the point (2.5)

sj+1 ∈ prox
νjψ

(sj − νj∇ϕ(sj))

The convergence rate for smooth, convex ϕ and convex ψ PG is given by

ψ(sj)− ψ∗ ≤
1

2jν
‖s0 − s∗‖2 (2.9)
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where ψ∗ is the finite optimal value of ψ attained at s∗. The conclusion is that ψ(sj)−ψ∗ ≤ ε

after O(1/ε) iterations. Later, we develop a convergence criteria independent of convexity.

We note that there are many versions of PG; the most popular of which is using a linesearch

method to determine ν instead of basing it off of the typically unknown Lipschitz constant

L. Much like how proximal gradient can be viewed as an analog for steepest descent, there

is also a counterpart corresponding to the optimal gradient method.

2.3.2 FISTA

While proximal gradient descent is fundamental to the function of many first order al-

gorithms, there have been many advancements and improvements. Accelerated gradient

methods introduced by [104] are as simple as plain gradient descent, but have a much

faster convergence rate. These methods are optimal for smooth and convex problems with

Lipschitz-continuous gradient. Their worst-case complexity is proportional to the theoreti-

cal lower complexity bound of first-order methods for this class of problems. These meth-

ods are connected to the Störmer-Verlet method for discretizing second-order ODES [107].

The Fast-Iterative-Shrinkage-Thresholding Algorithm (FISTA) was first developed to solve

image-deblurring problems [18].

Algorithm 2 FISTA.

1: Choose s0 ∈ Rn, y1 = s0, t1 = 1.0 where ψ is finite.

2: for k = 0, 1, . . . do

3: Choose 0 < νj such that νj < 1/L.

4: Update the the proximal-step by computing the point (2.5)

sj+1 ∈ prox
νjψ

(yj − νj∇ϕ(yj))

5: tj+1 =
1+
√

1+4t
2
j

2

6: yj+1 = sj +
tj−1

tj+1
(sj − sj−1)
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Convergence analysis for smooth, convex ϕ and convex ψ gives us

ψ(sj)− ψ∗ ≤
2‖s0 − s∗‖2

ν(j + 1)2 (2.10)

which is faster than standard PG, as it reaches ε error in O(1/
√
ε) (or 1/j2) iterations.

We pause note here that backtracking linesearch implementation for νj does not affect con-

vergence for both FISTA and PG. We also note that FISTA accelerates at the sacrifice of

monotonicity; monotonic versions of the algorithm exist, and are implemented by simply

taking the prox step when the momentum step does not decrease the objective. Next, we

expand our nonsmooth algorithms to multiple variables by detailing relax-and-split.

2.3.3 Relax and Split

Relaxation and splitting methods have around for some time and are reminiscent of the

Alternating Direction Method of Multipliers, albeit entirely in the primal space. In [152],

the authors consider the composite problem

minimize
s

φ(s) := ψ(As) + ϕ(s) (2.11)

where s ∈ Rn are the decision variables, A = [a1, . . . , am]T ∈ Rm×n is a linear mapping,

ψ : Rm → R is nonsmooth, nonconvex, and separable ψ =
∑m

i=1 ψi(〈ai, s〉), and ϕ is convex.

The key step is to introduce an auxiliary variable w and then use partial minimization over

the original variables. This relaxed version of (2.11) is

minimize
w,s

φν(s, w) := ψ(w) + 1
2ν
‖As− w‖2 + ϕ(s) (2.12)

where w ≈ As. This allows for a partial minimization scheme with

ϕν(w) := min
s

1
2ν
‖As− w‖2 + ϕ(s)

which means that (2.12) is equivalent to

min
w
φν(w) := ψ(w) + ϕν(w).
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Algorithm 3 Proximal Gradient Descent for Relax and Split (2.12).

1: Choose s0, w0 ∈ Rn where ψ is finite.

2: for j = 0, 1, . . . do

3: Choose 0 < νj such that νj < 1/L.

4: Update the the proximal-step by computing the point (2.5)

wj+1 ∈ prox
νjψ

(wj − νj∇ϕνj(sj))

5: Pick νj+1 ≤ νj such that νj → 0.

Technically many algorithms can be used to solve this formulation, especially if ψ is simple.

We detail proximal-gradient descent in Algorithm 3 without explict ν updates. These updates

can be written explicitly as

prox
νψ

(wj − ν∇ϕν(wj)) = prox
νψ

(Asj)

sj(wj) ∈ arg min
s

ϕ(s) +
1

2ν
‖As− wj‖2.

Solutions for convex ϕ can be easily established and convergence results exist in [152]. For

basis pursuit problems, more analysis is done in [153]. Note that generally, we have to take

ν → 0 to make sure the problems end up being the same. Our work in Chapter 4 extends

this method to Morozov-type formulations of basis-pursuit denoise problems, with double

splitting.

2.3.4 Block Coordinate Descent

Block coordinate descent is a popular method for minimizing real-valued continuosly differen-

tiable functions of n real variables. These functions can also be subject to bound constraints.

This method has the coordinates partitioned into p blocks where φ is minimized with respect

to one of the coordinate blocks while other coordinates are fixed. In this way, it is similar to

Gauss-Seidel or SOR methods for equation solving [139]. Convergence requires strict con-
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vexity, quasiconvexity, or hemivariate differentiable functions, along with bounded level sets.

[139] relaxes these assumptions; the authors consider the nondifferentiable and nonconvex

case where the nondifferentiable part is separable. This takes the form of

φ(s1, . . . , sp) = φ0(s1, . . . , sp) +

p∑
i=1

φi(si) (2.13)

for some φ0 : Rn1+...+np → R ∪ {∞} and some φi : Rnk → R ∪ {∞}. This φ must also be

proper. [139] shows that each cluster point of the iterates generated by BCD is a stationary

point of φ, provided that φ0 is smooth, φ is continuous on a compact set, and either φ is

pseudoconvex in every pair of coordinate blocks from among the p− 1, or φ has at most one

minimum in each of the p−2 blocks. Our variable is s := [s0; . . . ; sp] ∈ Rn where n =
∑p

i=0 ni.

We let s<i := [s0; . . . si−1] ∈ Rn0+n1+...+ni−1 and s>i := [si+1; . . . ; sp] ∈ Rni+1+...+np with s<0

and s>p are null variables. Subvectors s≤i := [s<i; si] and s≥i are defined similarly. This

algorithm is given by Note that we use arg min rather vaguely in this context; φ can take

Algorithm 4 Block Coordinate Descent.

1: Choose s = [s0, . . . , sp] ∈ dom(φ).

2: for j = 0, 1, . . . do

3: Given sj = [s0,j, . . . , sp,j] ∈ dom(φ), choose index k ∈ {1, . . . , p}.
4: Compute new iterate

sk,j+1 ∈ arg min
sk

φ(s<k,j, sk, s>k,j)

5: si,j+1 = sj ∀ i ∈ {1, . . . , p}, i 6= k.

on many forms, and in upcoming works we use it as the solution of the proximal operator

and direction inversion.

2.3.5 Alternating Direction Method of Multipliers

To round out our preview of nonsmooth algorithms, we touch on the primal-dual method

ADMM. The Alternating Direction Method of Multipliers primarily is concerned with prob-
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lems of the form

minimize
s∈S,z∈Z

φ(s, z) := ϕ(s) + ψ(z) s.t. As +Bz = c (2.14)

or in a multi-block sense

min
s∈S,z∈Z

ϕ(s0, s1, . . . , sp) + ψ(z) s.t. A0s0 + . . .+ Apsp +Bz = c. (2.15)

for simple constraints S,Z (e.g. bounds). For reference, we refer to the minimum general

ADMM algorithm for problems in (2.14) with

φ∗ = minimize
s,z

{φ := ϕ(s) + ψ(z) |As +Bz − c = 0}

and augmented Lagrangian

Lρ(s, z, y) = ϕ(s) + ψ(y) + yT (As +Bz − c) + (ρ/2)‖As +Bz − c‖2
2 (2.16)

where s, z are the primal variables, ρ is the penalty parameter, and y represents the dual

variables. From this, we construct the generic ADMM for two blocks Algorithm 5; we

denote general iterates as sk and indices as si,k (i.e. blocks come first). The final step is

Algorithm 5 Basic ADMM 2-Block splitting

1: Input: functions ϕ, ψ, matrices A, B, vector c, and augmented Lagrangian parameter

ρ > 0.

2: Choose s0, z0, y0.

3: for k = 0, 1, . . . do

4: sk+1 = arg mins Lρ(s, zk, yk)
5: zk+1 = arg minz Lρ(sk+1, z, yk)

6: yk+1 = yk + ρ(Ask+1 +Bzk+1 − c)

simply a first-order update on the dual variables. However, a slightly more useful way of

writing Algorithm 5 is with scaling. Here, we rewrite the feasibility to be r = As + Bz − c
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and consider a scaled dual variable u = y
ρ
, which enables us to complete the square of the

augmented Lagrangian part

yT r − ρ

2
‖r‖2

2 = (ρ/2)‖r + y/ρ‖2
2 −

1

2ρ
‖y‖2

2

=
ρ

2
‖r + u‖2

2 −
ρ

2
‖u‖2

2

and we can express our new algorithm as Algorithm 6 where if we let the feasibility at

Algorithm 6 Scaled, Basic ADMM 2-Block splitting

Input: functions ϕ, ψ, matrices A, B, vector c, and augmented Lagrangian parameter

ρ > 0.

Choose s0, y0, z0.

for k = 0, 1, . . . do

sk+1 = arg mins ϕ(s) + ρ
2
‖As +Bzk − c+ uk‖2

zk+1 = arg minz ψ(z) + ρ
2
‖Ask+1 +Bz − c+ uk‖2

uk+1 = uk + Ask+1 +Bzk+1 − c

iteration k be rk = Ask +Bzk − c, then uk = u0 +
∑k

j=1 rk is the running feasibility sum. In

general, ADMM converges for convex problems regardless of smoothness. ADMM is a very

popular subject of research, and our literature review primarily refers to [29], [148], and [63]

for a summary of exactly what types of convergence have been proved.

Convex and Closed

At first, we list the assumptions for established problem classes and their convergence results

from [29]. If extended, real-valued functions ϕ : Rn → R ∪ {+∞}, ψ : Rm → R ∪ {+∞}
are closed, proper, and convex, then ADMM converges. The split variable updates s, z are

solvable; i.e. there exists s, z that minimize the Lagrangian but are not necessarily unique

(without further assumptions on A and B). Note that ϕ, ψ need not be differentiable or

smooth, and at this point there are no assumptions on A, B matrices. If there exists a
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s∗, z∗, y∗, not necessarily unique, for which

L0(s∗, z∗, y) ≤ L0(s∗, z∗, y∗) ≤ L0(s, z, y∗)

holds for all x, y, z, then we can make a stronger convergence statement:

1. Feasibility Convergence - limk→∞ rk → 0, this means the iterates approach feasibility.

2. Objective Convergence - limk→∞ ϕ(sk) + ψ(zk) → p∗ the objective function of the

iterates approaches the optimal value.

3. Dual Variable Convergence - limk→∞ yk → y∗, for the dual optimal point y∗.

Note here that these results claim nothing about rate and make strong assumptions on the

nature of the problem, but not on the penalty parameter. However, [56] and [21, Chapter 3]

both state that ρ ≥ ρmin > 0 are required for linear convergence. This is reiterated in [56],

where required ρ values are shown graphically for both linear and nonlinear constraints.

There are several update schemes available to ρ [29], but its exact value typically remains

unknown. Generally speaking, ρ affects the dual feasibility (small ρ) at the expense of

the primal feasibility and subsequently the primal feasibility. Taking ρ → ∞ with each

subsequent iteration has been analyzed as well as lower bounds on ρ. In fact, most of the

summation below provides only lower bounds for the penalty parameter itself.

Nonconvex Block ADMM

In [148], the authors consider Equation (2.15) where ADMM may have multiple blocks.

In this paper, the authors make assumptions on the coercivity, feasibility, and Lipschitz

continuity of the functions but nothing on convexity or smoothness.

Definition 8 (Coercivity). Define the feasible set F : {(s, z) ∈ Rn+q : As + Bz = c}. The

objective function ϕ(s) + ψ(z) is coercive over this set. This means ϕ(s) + ψ(z) → ∞ if

(s, z) ∈ F and ‖(s, z)‖ → ∞.
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If the feasible set of (s, z) is bounded, then this assumption holds trivially for any con-

tinuous objective function. Ima(A) ⊆ Ima(B) where Ima(·) returns the image of a matrix.

This assumption might be stronger than feasibility since it implies there exists an s feasible

for every z. Algorithm 5 with p blocks converges for sufficiently large ρ (with lower bound

based on restricted prox-regularity parameter) and any starting point (s, z, y). It generates

a bounded sequence with at least one limit point which is a stationary point for the aug-

mented Lagrangian (2.16). In [56], the authors derive a minimum ρmin > 0 that depends

on the eigenvalues of the Hessian of the objective and the singular values of the Jacobian

A. Additionally, if (2.16) is a Kurdyka- Lojasiewicz (K L) function (see [10]), then it con-

verges globally to the unique limit point. If the whole function ϕ(s) + ψ(y) is Lipschitz

differentiable, then all of the above still holds. d Wang et al. [148] also give iterate difference

convergence results of O(1/k) and subgradient convergence results of {‖dk+1‖} ∼ o(1/
√
k)

where d ∈ ∂Lρ from (2.16). Also, the variables do not have to be updated in order, similar

to block-coordinate-descent.

The authors of [63] extend the nonconvex formulation to also include bilinearly con-

strained optimization problems in the form of nonnegative matrix factorization. This is a

slightly different problem, as it focuses on the problem

min
X,Y,Z

φ(X, Y, Z) := ϕ(Z) + ψ1(X) + ψ2(Y ) s.t. Z = XY, (2.17)

where ψi are regularizers or conditions on the matrices X, Y . The authors make several

assumptions on the functions described in (2.17):

1. ϕ : RP×Q → R is smooth (possibly nonconvex), and gradient Lipschitz continuous with

constant L.

2. φ(X, Y, Z) is bounded below; e.g., ∃φ̃ such that φ(X, Y, Z) ≤ φ̃ for all X, Y, Z ∈
dom(φ).

3. For i = 1, 2, ψi : RP×K → R is either a convex or concave, possibly non-smooth,

lower semi-continuous regularizer. These have the form ψi(X) = hi(li(X)) where li
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are convex possibly non-smooth functions and hi is a continuously differentiable and

monotone non-decreasing function over the open set containing dom(li).

In later work, we build upon this framework to guide ADMM convergence with Filter Meth-

ods.

2.3.6 Quasi-Newton Methods

Another algorithm we frequently use for comparison in this piece is the Broyden-Fletcher-

Goldfarb-Shanno algorithm. Unlike perhaps the previous routines, this method is primarily

used on unconstrained nonlinear problems. BFGS (or L for limited memory versions) is a

first-order method that determines descent directions by preconditioning the gradient with

curvature information obtained via generalized secant method approximation of the objec-

tive Hessian [106]. This Hessian is low rank, and limited memory applications can influence

the number of gradient approximations used in the Hessian approximation. It is known as

a computationally cheap method due to the lack of matrix inversion, with O(n2) opera-

tions. Modifications to constraints and projects have also been implemented widely in the

literature [124].

Before we discuss Quasi-Newton Methods like LBFGS, we first speak briefly about New-

ton Methods. Overall, both methods are solving (2.4) with ψ(x) = 0. Essentially, this

method constructs iterates {xk} that converges towards x∗. Newton methods solve a func-

tion φ : Rn → R with φ ∈ C2 by exploiting the Taylor Series

φ(xk + s) ≈ φ(xk) +∇φ(xk)
T (s) + 1

2
sT∇2φ(xk)s (2.18)

where the next iterate minimizes the quadratic approximation in the descent step s = xk −
xk+1. Hence, can take the derivative of (2.18) with respect to s to get an update scheme,

given by Algorithm 7. Note that there are many extensions of this method that enable

linesearch methods, ν choice, etc [106].

A downside of Newton’s method is that Hessian computation can be prohibitively ex-

pensive for large problems. In BFGS methods, this constraint is negated by only using first
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Algorithm 7 Basic Newton’s Method.

1: Choose x0 ∈ Rn for φ ∈ C2, stepsize ν ∈ (0, 1].

2: for j = 0, 1, . . . do

3: xj+1 ← xj − ν∇2φ(xj)
−1∇φ(xj)

order information to construct Hessian approximations. This makes use of the Sherman-

Morrison-Woodbury formula to update the Hessian approximation and take it’s inverse. It

also utilizes a linesearch method that can be exact or satisfy the Wolf conditions [106]. This

routine is given in Algorithm 8.

Algorithm 8 BFGS.

1: Choose x0 ∈ Rn for φ ∈ C1, initial Hessian guess B0.

2: for j = 0, 1, . . . do

3: dj ← −B−1
k ∇φ(xj).

4: Perform linesearch to find acceptable step-size νj; can be arg minν φ(xj + νdj), or

satisfy Wolfe Conditions.

5: sj ← νjdj

6: xj+1 ← xj + sj

7: yj ← ∇φ(xj+1)−∇φ(xj)

8: Bj+1 = Bj +
yjy

T
j

y
T
j sj
− Bjsjs

T
j B

T
j

s
T
j Bjsj

Note that stopping criteria is typically given by the norm of the gradient being larger

than a user-defined value: ‖∇φ(xj)‖2 ≥ ε. It is also very useful to form the inverse Hessian

approximation via

B−1
j+1 = B−1

j +
(sTj yj + yTj B

−1
j yj)(sjs

T
j )

(sTj yj)
2

− B−1
j yjs

T
j + sjy

T
j B
−1
j

sTj yj
.

L-BFGS methods compute the descent direction for a fixed number of previous gradient

computations. This allows for only local or relevant curvature information to be used, as well
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as limiting the memory requirement of storing a potentially large Hessian approximation. We

do not list that algorithm here, but essentially the only modification is how B−1
j is computed

in Algorithm 8. A fuller description occurs in [106], as well as similar quasi-Newton methods

like the SR1/LSR1 methods.

2.3.7 Trust Region Methods

Trust region methods are popular and robust, ensuring that any starting point attains a

local minimum. While not as efficient as linesearch strategies [39, 102] (sometimes), they

are flexible enough to handle many nonlinear functions that arise in inverse problems. We

assume here that φ(·) is smooth and ∇φ(·) are expensive to compute. At the core of trust

region methods is the replacement of the expensive cost function

minimize
x

φ(x)

with the inexpensive quadratic program centered around xk

minimize
s

mk(s) := φ(xk) +∇φ(xk)
T s+ 1

2
sTBks (2.19a)

subject to ‖s‖ ≤ ∆k (2.19b)

where Bk is a symmetric matrix approximation of the Hessian ∇2φ(xk). In some instances,

it can be the true Hessian, but these are expensive to compute generally; hence this usually

becomes an L-BFGS or LSR1 approximation [40, 102]. The solution of the trust region

subproblem provides a candidate for the new trust region center. Trust region methods keep

track of the quadratic model performance via

ρk =
φ(xk)− φ(xk + s)

mk(0)−mk(s)

which is the ratio of actual to predicted model performance. If the model predicts the actual

step in the function well, then xk is updated and the trust region is either kept or increased.

If the quadratic model predicts the actual function decrease poorly, then the step is rejected

and the trust region ∆k is decreased. This behavior is articulated in Algorithm 9.
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Algorithm 9 Basic Trust-Region Algorithm.

1: Choose constants

0 < η1 ≤ η2 < 1, 0 < γ1 ≤ γ2 < 1 < γ3 ≤ γ4

2: Choose x0 ∈ Rn where φ is finite, ∆0 > 0, compute φ(x0).

3: for k = 0, 1, . . . do

4: Define mk(s;xk) with norm ‖·‖ and continuously differentiable/L-smooth that match-

ing φ(·) at xk.

5: Compute an approximate solution sk of (2.19) with model mk(s;xk) that attains

sufficient decrease [40, 6.3.1].

6: Compute the ratio

ρk :=
φ(xk)− (φ(xk + sk))

mk(0)−mk(sk)
.

7: If ρk ≥ η1, set xk+1 = xk + sk. Otherwise, set xk+1 = xk.

8: Update the trust-region radius according to

∆k+1 ∈


[γ3∆k, γ4∆k] if ρk ≥ η2,

[γ2∆k, ∆k] if η1 ≤ ρk < η2,

[γ1∆k, γ2∆k] if ρk < η1.
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It can be shown [40] that the sequence of points that are trust-region centers converges

to a first-order critical point

lim
k→∞
‖∇φ(xk)‖ = 0.

[102] show that fractional Cauchy decrease produces convergence. This has opened up a

rich vein of research that has led to many innovations seen in [36, 40–42, 59]. However,

limited work has been done for nonsmooth trust region algorithms. [36] look at composite

trust region optimization, but rely on at least some smoothness in the problem. [40] describe

a (partially) nonsmooth interpretation but still require at least Lipschitz continuity. More

literature review is completed on this particular topic when we approach it later in Chapter 5.

With the majority of the basic algorithmic building blocks covered, we can now proceed to

our first objective: developing relax and split techniques for regularized inverse problems.
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Chapter 3

RELAXATION ALGORITHMS FOR MATRIX COMPLETION,
WITH APPLICATIONS TO SEISMIC TRAVEL-TIME DATA

INTERPOLATION
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3.1 Introduction & Problem Motivation

Travel-time tomography is used to determine the underlying structure of the earth and how

seismic waves propagate through that structure. This weakly nonlinear problem is formulated

as a data-fitting inverse problem and solved using iterative optimization techniques. Data

quality and availability are key constraints and can drastically influence the merit of the

results [83, 84, 112]. Hence, researchers often use prior information to denoise and interpolate

the data prior to inversion. Parsimonious representations [33, 117] of the data in transform

domains such as Fourier [122] and Curvelet [69] have been used in exploration seismology [66,

81], along with low-rank representations [7, 44].

We focus on regional seismology — in particular, we want to analyze data obtained by

the Imaging Magma Under St. Helens (iMUSH) project, a multi-year effort to image and

infer the architecture of the greater Mount St. Helens, WA, magmatic system [76, 141].

The iMUSH project uses a variety of geophysical and petrological methods, including active

source, local earthquake, and ambient noise seismic tomography to study the most active

volcano in the Cascades arc. For the passive source seismic portion of the iMUSH project,

70 broadband seismometers were deployed from 2014 to 2016 within a 100km diameter circle

around the mountain; these have an average station spacing of 10km, and are supplemented

by permanent stations maintained by the Pacific Northwest Seismic Network (PNSN) and

a temporary array of 20 broadband seismometers deployed by AltaRock Energy in June to

November of 2016.

The data collected from this experiment comprises P-wave travel times from 23 active

borehole explosions [77] and over 400 local earthquakes [141] recorded at the iMUSH broad-

band array. Collected data has a range of fidelities, and different subsets inform different

parameters for 3D P -wave velocities and hence geometries of the structure underlying Mount

St. Helens. Travel times are inverted to obtain 3D seismic velocity models and image complex

subsurface structures, including low velocity zones. This is standard practice in seismology

and much has been done in the literature [68, 131] to explore this facet of the problem.
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The efficacy of inverse problems depends on the quality of the data, which is affected

by noise from roads, streams, ocean waves, and wind. The signal to noise ratio (SNR)

of the data depends on the source size, distance from the seismometer, and attenuation

structure of the earth. Data is scarce because many landscape features are impassable; typical

station spacing is 10km. Arrival times are chosen by operators, who assign uncertainties for

particular observations based on confidence in seismic readings. Low-magnitude events in

particular are often difficult to distinguish from noise. Installing more sensors may overcome

data sparsity problems as well as some noise issues; however, the issue of impassable terrain

remains, as well as sensor placement. In addition, the iMUSH project has been completed,

so no more sensors can be installed or used (outside of the permanent ones). Running the

inverse problem at a higher resolution may resolve some resolution issues, but that does not

necessarily mean results are correct in some locations. Usually a checkerboard test is done

to see where exactly the model has good resolution versus bad resolution by examining how

sensitive it is to perturbations, but this does not help in resolving the areas of low-resolution.

Running the model may also result in needless computational expense; struct3DP takes

several days to solve the standard problem.

Our goal here is to increase the raypath coverage for use in earthquake tomography by

simulating seismometer locations and observations by interpolating noisy data. We plan to

do this via an optimization problem that utilizes low-rank matrix completion and denoising.

The interpolating and smoothing results for generated sensors would then be used to run a

standard inverse problem to possibly better clarity; this is left for future work.

Our approach is particularly useful for areas within the study region that did not have

seismometers installed or which had seismometers out of service for extended periods of time.

Low-rank matrix completion and denoising is attractive because it allows the enunciation

of complex data features with a few components. For example, [67, 96] show that wavelet

and curvelet transforms can be expressed with few principal components, thereby lending

missing/noisy data to be re-expressed with linear combinations of known/trusted data. Cor-

rect matricization of data can naturally lead to low-rank interpolation schemes [7, 44], as
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storing data in matrix form phrases it in the context of a linear basis. Since we know the

data is corrupted by uncertainty and noise, the problem is a good match for level-set opti-

mization formulations [8] that minimize a regularizer subject to a prescribed level of data

fit. We propose a relaxation formulation that allows misfit constraints while (1) penalizing

rank of a tessellation that captures redundancy of features across sources, and (2) enforc-

ing smooth features consistent with the underlying physical model. We develop an efficient

block-coordinate algorithm for this formulation, and compare the approach with a variety of

competing formulations and algorithms.

This chapter proceeds as follows. In section 3.2 we review relevant formulations and

algorithms for interpolation and denoising. In section 3.3, we develop the extended model

formulation and the relaxation method to solve it. Section 3.4 describes the data used and

how it fits into a low-rank interpolation scheme. In section 3.5 we evaluate the approach and

compare it against alternatives for denoising and interpolating Mount St. Helens data.

3.2 Seismic Notational Preliminaries and Data Formulation

In this section, we set up the notation, review prior information used in interpolation and

denoising, and discuss different types of standard optimization formulations needed to im-

plement such approaches.

3.2.1 Notation

We use the following notation conventions this section. The terms (Rx, Ry) represent a

receiver coordinate grid. The variables nd, nRx , nRy , ns represent the number of observed

data points, the number of points in the x-direction of the receiver grid, the number of points

in the y-direction of the receiver grid, and the number of sources. The variable Ω is used

to represent the entire 4-dimensional source/receiver space and generically the interpolation

space.
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3.2.2 Formulations for Low-rank Interpolation

The goal of low-rank matrix completion is to accurately estimate the missing data entries of

a matrix X ∈ Rm×n from observed entries. Low-rank structure is often inferred if completed

X has few non-zero singular values and experiences entry repetition. The observed entries

are given by the vector b ∈ Rnd . We let A : Rn×m → Rnd be the restriction/interpolation

operator that maps elements from the regular grid X to the observed values b, which can

be written as b = A(X) + ε for ε ∈ Rnd . Here, ε represents the data corruption of observed

entries via some noise distribution. In formulating the problem, the nuclear norm

‖X‖∗ =

min(n,m)∑
j=1

σ̂j(X),

with σ̂j the singular values of X, is used as a proxy for rank. The classic formulations that

balance data fit with regularization are

min
X∈Rn×m ‖X‖∗ + 1

σ
‖A(X)− b‖2 (3.1)

min
X∈Rn×m ‖A(X)− b‖2 subject to ‖X‖∗ ≤ τ (3.2)

min
X∈Rn×m

‖X‖∗ subject to ‖A(X)− b‖2 ≤ σ . (3.3)

These formulations are known as Tichonoff, Ivanov, and Morozov regularization [108], re-

spectively. The misfit-constraint Morozov variant (3.3) is best suited for situations where a

good estimate of the uncertainty, σ, is available. To simplify exposition, we will focus on

Morozov-type formulations.

3.2.3 Smoothness constraints

In travel time tomography, smoothness and continuity between gridpoints is a reasonable

prior, since the geological structure of the crust exhibits the traits of approximately homo-

geneous media. Smoothness is enforced by introducing a penalty term ‖L(X)‖2
2, with L the

discretization of the Laplacian operator. In 1D, it is a tridiagonal difference matrix operating

on the vectorized X; in 2D, it has four off-diagonal elements.
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Enforcing smoothness and low-rank structure combines local and global information. A

Morozov formulation, with γ balancing the regularizers, is given by

min
X
‖X‖∗ +

1

2γ
‖L(X)‖2

2 subject to ‖A(X)− b‖2 ≤ σ. (3.4)

3.2.4 Factorized Formulations

Theoretical properties of matrix completion via nuclear-norm minimization have been ex-

tensively studied [31, 32]. The theoretical appeal of convex formulations is tempered by

computational considerations — algorithms that optimize ‖X‖∗ require a full matrix deci-

sion variable, and full or partial singular value decompositions (SVDs) at each iteration. An

efficient alternative is to use matrix factorization formulations [7], writing X = LRT , with

L ∈ Rn×k, R ∈ Rm×k. From [117], we have the characterization

‖X‖∗ = inf
L,R:X=LR

T

1

2
(‖L‖2

F + ‖R‖2
F ),

which allows us to replace ‖X‖∗ in any formulation by 1
2
(‖L‖2

F +‖R‖2
F ) for any factorization

X = LRT . For example, the three formulations (3.1)-(3.3) become

min
L∈Rn×k, R∈Rm×k

1
2
‖L‖2

F + 1
2
‖R‖2

F + 1
σ
‖A(LRT )− b‖2 (3.5)

min
L∈Rn×k, R∈Rm×k ‖A(LRT )− b‖2 subject to ‖L‖2

F + ‖R‖2
F ≤ 2τ (3.6)

min
L∈Rn×k, R∈Rm×k

1

2
‖L‖2

F +
1

2
‖R‖2

F subject to ‖A(LRT )− b‖2 ≤ σ , (3.7)

where k � min(n,m), and the memory requirements are reduced from mn to k(n+m). No

SVDs are required; formulation (3.5) is smooth, formulation (3.6) requires simple projections

onto the Frobenius-norm ball, and formulation (3.7) can be solved using (3.6) via root-finding

as described by [7].

Our primary technical goal here is to solve the factorized Morozov formulation corre-

sponding to (3.4):

min
L,R

1

2
‖L‖2

F +
1

2
‖R‖2

F +
1

2γ
‖L(LRT )‖2

2 s.t. ‖A(LRT )− b‖2 ≤ σ. (3.8)
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In particular, this formulation incorporates both local and global structure, and gives a

misfit target σ. It requires a new algorithm, since (3.8) cannot be solved by the level-

set approach of [7]. The only available alternative is to use Tichonoff-type formulations

(see section 3.3.1). Our main technical contribution is a nonconvex splitting algorithm for

problem (3.8), developed in the next section.

3.3 Relaxed Joint Inversion

The main challenge of the factorized Morozov formulation (3.8) is the data-misfit constraint.

To solve the problem, we propose a relaxation following the ideas of [152]. In particular, we

introduce an auxiliary variable W ≈ LRT :

min
L,R,W

1

2
‖L‖2

F +
1

2
‖R‖2

F +
1

2γ
‖L(W )‖2

2 +
1

2η
‖W − LRT‖2

F s.t. ‖A(W )− b‖2 ≤ σ. (3.9)

Problem (3.9) is a relaxation for problem (3.8), sinceW approximatesX = LRT ; in particular

‖W − LRT‖ = O(η). The salient modeling features of (3.8) are still preserved. We can

now design a simple block-coordinate descent algorithm by iteratively optimizing in each of

(L,R,W ), detailed in Algorithm 10, which is a version of Algorithm 4.

Algorithm 10 Block-Coordinate Descent for (3.9).

1: Input: W0, L0, R0

2: Initialize: i = 0.

3: while not converged do

4: Li+1 ←
(
I + ηRT

i Ri

)−1

(ηRT
i W

T
i ) . Solves minL

1
2
‖L‖2F + 1

2η
‖Wi − LR

T
i ‖

2
F

5: Ri+1 ← (ηW T
i Li+1)

(
I + ηLTi+1Li+1

)−1

. Solves minR
1
2
‖R‖2F + 1

2η
‖Wi − Li+1R

T ‖2F

6: Wi+1 ← arg minW
1

2γ
‖L(W )‖2

2 + 1
2η
‖W − Li+1R

T
i+1‖2

F s.t. ‖A(W )− b‖2 ≤ σ

7: i ← i+ 1

8: Output: Wi, Li, Ri

Steps 4 and 5 of Algorithm 10 are simple least squares updates; each minimizes (3.9) in
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L and R respectively, with the remaining variables held fixed. Algorithm 10 converges to

a stationary point of (3.9) by [139, Theorem 4.1]. In particular, f(L,R,W ) has a unique

minimum in each coordinate block with the remaining blocks held fixed, which satisfies

condition (c) of the theorem. The uniqueness of the minima are clear from the closed form

solutions in steps 4 and 5, and from the strong convexity of the W subproblem in step 6.

This step 6 is solved using an efficient root-finding method. First, we describe the equivalent

penalized problem with penalty parameter λ, given by

w(λ) := arg min
w

1

2γ
‖L∇w‖2

2 +
1

2η
‖w − di+1‖2

F +
λ

2
‖Aw − b‖2, (3.10)

where w = vec(W ), L∇ is a sparse matrix that encodes the action of the Laplacian on w, A

is a linear operator that sends w to b, and di+1 = vec(Li+1R
T
i+1). The root finding method

obtains the smallest value of λ satisfying ‖Aw(λ)− b‖2 ≤ σ.

Taking the gradient of the objective defining w(λ) in (3.10) and setting it equal to 0, we

find an explicit formula

w(λ) =

(
1

γ
(LT∇L∇) +

1

η
I + λATA

)−1(
1

η
di+1 + λAT b

)
. (3.11)

We need only find the smallest λ ≥ 0 so that ‖Aw(λ) − b‖2 = σ. The special case λ = 0

occurs when the constraint is satisfied at the least squares solution w(0) in (3.11):∥∥∥∥∥A
(

1

γ
(LT∇L∇) +

1

η
I

)−1(
1

η
di+1

)
− b
∥∥∥∥∥ ≤ σ,

In all other cases, we have

f(λ) := σ − ‖Aw(λ)− b‖2, f ′(λ) = −〈A
TAw(λ)− b,∇λw(λ)〉.
‖Aw(λ)− b‖2

We compute the quantity∇λw(λ) required to evaluate f ′(λ) using the complex step method [99],

instead of differentiating (3.11) directly. The root-finding update is given by

λ+ := λ− f(λ)

f ′(λ).
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The expensive step (3.11) is implemented using Cholesky factors of the sparse matrix

(
1

γ
(LT∇L∇) +

1

η
I + λATA

)
.

This system only changes when η is updated. Updating W in Algorithm 10 has a relatively

high computational cost. Table 3.1 gives a detailed arithmetic complexity analysis, with

L ∈ Rn×k, R ∈ Rm×k, W ∈ Rn×m. For our data, n = m and W is square.

Table 3.1: Numerical complexity for Algorithm 10. Key steps are Cholesky factorization

(CF), back-substitution (BS), and root finding.

Line O(·) Explanation

Line 4 k
3

3
+ 2k2m CF of k × k matrix with BS of k ×m matrix

Line 5 k
3

3
+ 2k2n CF of k × k matrix with BS of k × n matrix

Line 6 σ = 0 (nm)
3

3
+ 2(nm)2 CF of nm× nm matrix and BS

Line 6 σ > 0
(
kr(2kp) + 1 + kl

)
(nm)2 Rootfinding algorithm with kl, kp, kr ≤ 100.

Line 6 of Algorithm 10 requires a root-finding algorithm or another Cholesky decompo-

sition, depending on the value selected for σ. If σ = 0, then we have the Cholesky decompo-

sition of
(

1
γ
(LT∇L∇) + 1

η
I + λATA

)
from (3.11) which is order (nm)

3

3
+ 2(nm)2; the update is

required when η or λ change. If σ > 0, then we implement the root finding algorithm with

inputs LT∇L∇ ∈ Rnm×nm, L∇A
T b = q ∈ Rnm, and A ∈ Rnd×nm. This requires three steps.

The first is matrix-vector multiply LT∇q. Next, we apply LSQR iterations of order O (nm)2

where kl ≤ 100 is the number of LSQR iterations. Finally, we use kr iterations of PCG

for kp ≤ 100 iterations. Here, the major cost is O (nm)2. Hence, in the total root finding

algorithm with kr iterations, we have one mat-vec, kl LSQR, and kp PCG iterations, with

kl, kp, kr ≤ 100.
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3.3.1 Alternative Approaches for Low-Rank & Smooth Inversion

There are alternative ways to model problem (3.9). We consider two formulations and

algorithms to compare with Algorithm 10.

Nuclear-norm formulation using FISTA. A simple convex formulation that uses

smoothness, data misfit, and a rank proxy (nuclear norm) is given by

min
X

λ

2
‖A(X)− b‖2 +

1

2γ
‖L(X)‖2 + ‖X‖∗ (3.12)

Formulation (3.12) is the sum of a smooth and a simple function, and can be solved using

projected gradient or Fast Iterative Shrinkage-Thresholding Algorithm (FISTA) [18], detailed

in Algorithm 11 and based on Algorithm 2. This class of algorithms can be viewed as an

extension of the classical gradient algorithm and is attractive due to its simplicity. The step

size α is the reciprocal of the largest singular value of (λA∗A + γ−1L∗L), and the operator

Sα is the soft-thresholding operator:

Sα(Σ)jj = max(0,Σjj − α).

Algorithm 11 FISTA for (3.12).

1: Input: X0 = X−1 ∈ Rm×n, t0 = t−1 = 1

2: Initialize: i = 0

3: while not converged do

4: Yi ← Xi +
ti−1−1

ti
(Xi −Xi−1)

5: Gi ← Yi − α
(
(λA∗A+ γ−1L∗L)vec(Yi)− λA∗b

)
6: U,Σ, V T ← svd(Gi)

7: Xi+1 ← USα(Σ)V T

8: ti+1 ← 1+
√

1+4(t
i
)
2

2

9: i ← i+ 1

10: Output: Xi
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Algorithm 11 uses gradients of the smooth terms, which requires appying A, L and their

adjoints, and the prox operator of ‖ · ‖∗, which requires thresholding on singular values

computed via SVD (steps 6,7). The most expensive computational step here is the svd,

which requires O(2mn2 +2n3) arithmetic operations [136]. These steps become prohibitively

expensive as the dimensions of X grow.

Smooth Factorized Formulation with L-BFGS. To avoid the SVD steps of Algo-

rithm 11, we use the factorization strategy described in section 3.2.4:

min
L,R

λ

2
‖A(LRT )− b‖2 +

1

2γ
‖L(LRT )‖2 +

1

2
‖L‖2

F +
1

2
‖R‖2

F . (3.13)

Formulation (3.13) is smooth with respect to the decision variables L and R, and at larger

scales, the limited memory BFGS (L-BFGS) [106] algorithm is a reasonable choice. The

number of operations per iteration is O(kLnm), with kL the L-BFGS history size.

Convergence Complexity An apples to apples complexity analysis is difficult for the

algorithms presented. We have no complexity result for Algorithm 10; only a convergence

guarantee (eventual stationarity of iterates). The accelerated proximal gradient method used

for matrix completion in [134] has a rate of convergence O (1/
√
ε) or O

(√
Lf
k

)
, where Lf

is the Lipschitz constant of the least squares component of formulation (3.12). However,

this section addresses the exact problem, while FISTA and L-BFGS are solving relaxations.

In the context of our application, Algorithm 10 converges in an order of magnitude fewer

iterations to a higher root-mean-squared error (for both observed and unobserved). For

example, this is 2000 iterations of FISTA relative to our 200 iterations (in Algorithm 10,

both σ > 0 and σ = 0), see section 3.5.

In the next section, we describe the travel-time interpolation problem for regional seis-

mology, evaluate low rank and smooth regularization, and compare the performance of Al-

gorithm 10 for (3.9) to those of FISTA (Algorithm 11) on (3.12) and L-BFGS on (3.13), in

terms of computational efficiency and quality of reconstruction.
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3.4 Interpolation of synthetic travel time iMUSH data

This experiment interpolates synthetic travel time residuals, which are calculated with respect

to travel times predicted by a 1D velocity model. Travel times vary on the order of tens

of seconds, while travel time residuals are generally between -1 and 1 seconds. We obtain

synthetic travel times by using the forward modeling portion of the struct3DP code, which

uses a finite difference 3D eikonal equation solver [71, 146]. These travel times are calculated

for the best-fit 3D model from the iMUSH local earthquake tomography and compared to

travel times through the PNSN S4 [97] 1D velocity model to obtain the synthetic residual.

Similarly, for observed travel times, we subtract the travel time predicted through the 1D

model from the observed travel time to obtain the observed residual.

Here, we define the experimental data. While raw iMUSH/PNSN data exists at station

locations around the mountain (see blue dots in Figure 3.1(b)), these iMUSH/PNSN stations

are not gridded. To deal with this problem, we include an interpolation operator into the

standard linear map A, as discussed in detail in section 3.6. In the following synthetic

experiments, we solve a forward problem with the 3D eikonal equation solver and use the

best-fit 3D model to generate synthetic results for uniformly gridded stations in a square of

70km to 165km (with origin being at latitute 45.2, longitude -123.7). For the rest of this

paper, we refer to the travel-time residuals between these synthetic travel times and those

predicted by the 1D PNSN S4 model as the true data, or Xtrue. To generate observations for

the interpolation schemes, we subsample this data down to 15% of total grid coverage over

all sources by picking synthetic gridded stations near raw iMUSH/PNSN stations. This is a

subset of synthetic stations meant to represent the distribution of the real-world stations that

recorded the event. This subsampled data is then corrupted with noise. For each station, we

generate a standard deviation parameter from the uniform distribution (0.03-0.15)(s); this

captures each synthetic station’s inherent uncertainty. The deviation range is based on raw

iMUSH uncertainties recorded over the two year period. Then, for each station’s data, we

add zero mean random gaussian noise generated using that station’s deviation parameter to
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create the observed data, or Xobs. Unobserved entries of Xobs are zero, while observed entries

are given by A(Xobs) = b. The operator A(·) : Rn×m → Rnd takes the tensor we wish to

interpolate, X, and selects the observed entries to return a vector the same size as b ∈ Rnd .

This is represented by a binary matrix A ∈ Rnd×nm that selects the observed entries out of

a vectorized X.

3.4.1 Description of source tensor construction

In order to apply the methods of section 3.3, we have to specify a matricization of the data.

The matricization we use is derived from the receiver grid, which is represented as a 95km-

wide mesh with 5 kilometer spacing centered near Mount St. Helens. Again, the station

grid is centered near the mountain and roughly coincides with the 70 stations deployed for

2 years. Each entry in the matrix represents a point on this uniform receiver grid. Missing

entries are designated by zeros, while observed entries are represented with the travel time

residuals relative to the 1D model. Our experiments in this paper focus mainly on synthetic

residuals of the nonlinear 3D modeled data relative to the 1D model, which provide a ‘ground

truth’ dataset we use to evaluate and compare interpolation techniques.

Each source represents a wave moving through the same media. The underlying phys-

ical model suggests enforcing smoothness between station gridpoints. We further improve

interpolation with low-rank methods by finding a tessellation of source-receiver grid matri-

ces in which full data exhibits fast decay of singular values, while subsampled data does

not. Intuitively, such a tessellation reflects the redundancy of features across sources. Our

combined goal is to interpolate X from a subset of observations by penalizing rank across

sources, and nonsmooth local features. We parameterize the time picks into 4-tensors

Ωijkl where (i, j) are the receiver index pairs and k, l are the source index pairs. The

observed residual data is recorded in this 4D tensor format with dimension (i, j, k, l) ∈
(1 . . . nRx , 1 . . . nRy , 1 . . .

√
ns, 1 . . .

√
ns), where nRx = 20, nRy = 20, ns = 64 for the ex-

periments. Each source (k, l) has an associated receiver grid of observations (Rx, Ry) ∈
(70, 165km)× (70, 165km) wherein each receiver coordinate pair (i, j) lies. Each receiver axis
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(a) Spatial locations of the sources (‘*’)

around Mount St. Helens (∆). The box

represents the edges of the uniform 20×20

station grid. The grid panel (c) is taken

from the source marked with a red ‘*’.

(b) Receiver grid for a single source with

the most datapoints. Black ‘*’ represent

synthetic stations on a grid, while blue ‘.’

represent iMUSH/PNSN stations off-grid.

(c) True residual data (in seconds) for the

receiver grid in panel (b).

Figure 3.1: Data information for synthetic test.
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(a) Subsampled matricization Form 1

X(nRx
−1)i+j,(√ns−1)k+l; the missing data

(zeros) go across the rows.

(b) Subsampled matricization Form 2

Xi+(nRx
−1)k,j+(nRy

−1)l; missing entries

(zeros) are are interwoven throughout the

matrix.

Figure 3.2: Different tensor formulations for low-rank interpolation.

lies between 70km and 165km with 5km spacing. The observation grid was chosen to lie

close to the mountain and to contain a relatively large number of sensors (see Figure 3.1(b)).

Initially, we observed 64 sources, where each source recorded at most 80 receivers (out of the

potential 400). Source locations for the 64 sources are shown in Figure 3.1(a), and a sample

receiver grid for a particular source is given in Figure 3.1(b) and Figure 3.1(c) is the true

data for that grid. Since observed residual data is a tensor, we have to choose a matricization

to exploit the induced low-rank structure.

We consider two such matricizations: Form 1 X(nRx
−1)i+j,(

√
ns−1)k+l = Ωijkl, where we

group receivers along columns and sources along rows, and Form 2 Xi+(nRx
−1)k,j+(nRy

−1)l =

Ωijkl, where each receiver grid is block-inserted into the underlying matrix. On a 20x20

receiver grid with 64 sources, the first matricization X ∈ R400×64, depicted in Figure 3.2(a),

is obtained by letting Ωij11 ∈ RRx,Ry = R400×1 be the vectorized receiver grid for single

source k = l = 1; the sources are then arranged column-wise for k, l = 1, . . . ,
√
ns. The

second matricization X ∈ R160×160, depicted in Figure 3.2(b), is obtained by letting Ωij11 ∈
RRx×Ry = R20×20 be the nested receiver grid for single source k = l = 1. The sources are
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then nested together for k, l = 1, . . . ,
√
ns.

The subsampling scheme is crucial for the approach. The ideal situation is for the sub-

sampled data to have high rank (slow decay of singular values), while the full data has low

rank (fast decay of singular values). Then, it is possible to recover the full volume by pe-

nalizing rank while matching observed data. For the low-rank penalty to be effective, the

subsampled data must have high rank; otherwise, the low-rank penalty will have no effect

on the problem. That is, the matricized Xobs (plotted in Figure 3.2(b)) should have a higher

rank than the fully sampled matricized volume we want to recover. The difference between

tensor respresentations in Figure 3.2 is that the columns of Form 1 (Figure 3.2(a)) have high

mutual coherence, while the columns of Form 2 (Figure 3.2(b)) have low mutual coherence.

The coherence or mutual coherence of a matrix is defined as the maximum absolute value

of the cross-correlations between the columns of that matrix. According to Theorem 1.3 in

[32], low coherence implies that few entries of X are required for recovery of the full matrix.

Hence, we require that Xobs have high rank, and the tensor representation plays an impor-

tant role in the success of the algorthim. The first matricization does not satisfy this simple

requirement: the subsampled matrix is itself low-rank and has rows and columns made up

of zeros. Therefore we use the second matricization with tessellated sources, which indeed

satisfies the requirement, see section 3.4.1.

In both matricizations, the sources are organized from largest in magnitude to smallest

in magnitude. In Form 1/Figure 3.2(a), the sources are arranged such that the source with

the greatest absolute residual values is in the first column and the least absolute travel-time

residuals is in the last. In Form 2/Figure 3.2(b), the source with the greatest energy is in

the top left, and the least in the bottom right; the energy then decays by source column

(i.e. the next highest energy is the source immediately below in the row of sources). This

was done to promote an even slower decrease in singular values for the observed matrix, and

makes the low-rank approach far more effective.
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Figure 3.3: Singular value decay for matricization formulations 1 and 2 of the interpolation

tensor.

3.5 Application to Synthetic Data

First, we evaluate the accuracy of using both smoothness and low-rank, compared to using

either property alone. Then, we compare the speed and robustness of the new algorithm

with competitors: FISTA (Algorithm 11, solving (3.12)) and L-BFGS (solving (3.13)). All

tests use a tensored grid with the number of sources ns = 64, and grid sizes nRx , nRy = 20 for

Rx, Ry ∈ (70, 165) evenly spaced at 5km. For all plots, north is up. The subsampling rate for

every test is approximatestely 15%. We set the value k (for the LRT formulation) to be 40 for

all algorithms. The value of k was chosen to be significantly smaller than the total number of

sources; it is 1/4th of the total number of columns in our experiment. A systemic method for

chosing k is currently a driving question within the community; in practice, one can choose

a larger k, if there is sufficient computational budget, since penalizing ‖L‖2
F +‖R‖2

F controls
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the nuclear norm (and hence rank) through the relationship

‖LR‖∗ ≤
1

2
‖L‖2

F +
1

2
‖R‖2

F .

These ideas are discussed at length in [7], where numerical tests confirm that driving k to

be higher does not result in overfitting the data.

First, we compare the ‘low-rank only’ formulation (3.4) with the ‘smoothing only’ formu-

lation

min
W
‖L(W )‖2

2 s.t. ‖A(W )− b‖2 ≤ σ. (3.14)

For this test, we use the inequality constraint ‖A(W ) − b‖2 ≤ σ; the equality constraint

(A(W ) = b) is infeasible. This requires a root-finding algorithm nearly identical to the

W -update of Algorithm 10 in section 3.3. For the low-rank formulation, we use the matri-

cization in Figure 3.2(b). The convergence criteria (l2-norm of minimized variable(s) iterate

difference) for all algorithms is 10−10. All model hyper-parameters are shown in Table 3.2.

Table 3.2: Model hyper-parameters. We set γ = 6.45×10−7 for all algorithms except low-rank

and smoothing only (where it is not used). The smoothing only formulation requires a root-

finding problem for the inequality constraint, and has no Max Iteration value corresponding

to block-coordinate-descent portion. For FISTA, the step-size α = ‖L‖−2
2 , the reciprocal of

the largest singular value of L. In the joint formulation, we update η every 30 iterations; in

the low-rank only, we update every 100 iterations.

Alg λ η ηf Max Iterations σ

Combined - VR Exact 0.0111 0.5 4.17 90 0

Combined - VR Noise 0.0111 0.5 4.17 90 3.719

FISTA 2.2222× 10−4 — — 1500 —

L-BFGS 1.1111× 10−4 — — 1500 —

Smooth only — — — — 3.719

Low-rank only — 1.0 4.17 500 3.719
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For the proposed relaxation algorithm, η is updated by η+ = ηfη for ηf =
∑
j σ̂j
k

at every

30th iteration. Here, σ̂j are the singular values of the pre-interpolated matrix, which is the

observed data on the grid and zeros where no data was observed. For low-rank only (with the

l2-norm), we update η ever 100 iterations. Increasing η can accelerate the algorithm [152].

We control η starting with a value that allows a large difference between W and LRT , and

then drive the value down such that W ≈ LRT . Recall that W captures smoothness and LRT

the low-rank properties of sources; the scheme drives them closer so that the final solution is

both smooth and close to low rank. While Algorithm 10 is guaranteed to converge with any

η value [152], the η path affects the behavior of the overall algorithm. In this work, η was

updated when the feasibility measure and ‖W − LRT‖2 stopped changing, i.e. when each

problem was solved. A systematic approach for continuation is part of ongoing work.

The interpolated results for these two schemes and the true data are shown in Figure 3.4

with root-mean-squared (RMS) errors for both observed and interpolated data listed in

Table 3.3. The RMS error is calculated with respect to true data, and is split into two

categories: RMS for true data at locations that were observed (designated A(Xtrue) or obs),

and RMS for true data for locations that were not observed (given by the complement

Ac(Xtrue) or int). Recall that in this context, true data refers to the synthetic residuals

of the 3D model compared to the PNSN S4 1D velocity model uncorrupted by noise. The

RMS is not weighted by uncertainties. While the low-rank only interpolation can accurately

capture the observed data, it fails to reproduce the missing data.

In Figure 3.4(a), the low-rank interpolation produces mono-color bands across the tensor:

when entries for a receiver coordinate are missing in every source, the low-rank mechanism

places zeros in the entire row or column. Likewise, if there is a single observed receiver in

an entire row or column of the matrix, that value is propagated through every other entry

in that row or column. The sparsity of the data impairs low-rank only interpolation, which

gives good results at sampling ratio of 70% and above (these results not shown), but is less

effective in our context. Smoothing alone, shown in Figure 3.4(b) can capture major model

dynamics, yet overestimates observed data worse than other methods and does not overall
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match data as well as other methods (see Table 3.3). While the scale on Figure 3.4(b)

breaches is capped at 1.2 (s), smoothing only actually has values larger than 1.5 (s) in the

bright yellow section, and the observed differences are also larger (Figure 3.8(f)). It also

makes sense that smoothing alone would out-perform low-rank alone, since the underlying

model used to generate data is inherently smooth. Some of the overall residual patterns

are matched (larger residual energies are correctly placed around larger observed synthetic

residuals), but the magnitude of the synthetic residuals is incorrect across all sources. A

blown-up version of Figure 3.4 for the source with the highest number of observed data

ponts is shown in Figure 3.5. Both low-rank only and smoothing only formulations are

inadequate for our application, especially with sparse data.

(a) Low-rank only on (3.8). (b) Smoothing only on (3.14).

(c) Observed synthetic residuals, Xobs. (d) True synthetic residuals, Xtrue.

Figure 3.4: Full tensor residuals (s) results for Low-rank and smoothing only.



54

(a) Low-rank only on (3.8). (b) Smoothing only on (3.14).

(c) Observed synthetic residuals. (d) True synthetic residuals.

Figure 3.5: Travel time residual results (in seconds) for a single source with Low-rank and

smoothing only.

In contrast, we show in Figure 3.6 that using both types local and global information

can meaningfully interpolate the data. This can be done with the new joint formulation as

well as unconstrained formulations that use FISTA and L-BFGS algorithms; so we also test

the efficacy of the new approach against these two competitors. We consider two different

choices of our variable relaxation algorithm: σ = 0 and σ > 0. In the latter case, we

assume that we do not know the true data misfit, and use available uncertainties to set

σ =
√∑n

i=1 0.062 ≈ 3.72(s) for n being the size of b. The true data misfit is actually

‖b − A(Xtrue)‖2 = σtrue = 5.85(s) where A(Xobs) = b is our observed data. The results for

tensored and single-source matrix-completion are shown in Figure 3.6 and Figure 3.7, and are
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summarized in Table 3.3. The new approach (in bold) achieves better results than competing

methods in similar amounts of compute time. Setting σ > 0 in the variable relaxation scheme

produces smaller RMS values, and in particular recovers missing data with higher accuracy.

Table 3.3: Different formulations for synthetic residuals with sampling rate of 15%. Terminal

feasibility is ‖A(X) − b‖2 − σ at the algorithm’s termination (which would mean l2-norm

data misfit where σ = 0). Note that the feasibility is calculated against observed data while

RMS is calculated against true data. Recall that (obs) signifies A(Xtrue), while (int) stands

for Ac(Xtrue).

Alg Terminal Feasibility Time (s) RMS (obs) RMS (int)

Combined - VR Exact 0.0031 10.81 0.09 0.110

Combined - VR Noise 1.18e-08 19.84 0.06 0.100

FISTA 0.081 12.30 0.09 0.119

L-BFGS 0.074 57.22 0.09 0.128

Smooth only 0.0016 5.42 0.06 0.125

Low-rank only 0.058 1.27 0.08 0.216

Table 3.3 also shows the degree to which algorithms match the feasibility constraint.

FISTA and L-BFGS use penalties rather than constraints, so the precise data-misfit level

is hard to control. The terminal feasibility is 0.08(s) for FISTA and 0.075(s) for L-BFGS,

which means for each individual point, the values are close to fitting the observed entries.

FISTA’s feasibility level settles at approximately 0.08(s) and does not change after about

1000 iterations; similar behavior is seen in L-BFGS. Variable relaxation schemes can match

the feasibility constraint to a high accuracy, with the explicit inequality constraint matching

close to numerical precision.

With both smoothness and low-rank regularization, fitting observed data inexactly yields

a better interpolation for missing data. Figure 3.6 shows that variable relaxation inexact
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data fit (Figure 3.6(a)) has fewer contrasts overall when compared to the fits obtained using

exact fit and competing algorithms. Focusing on a single source in Figure 3.7, we can see

that the inequality constraint produces a smoother image for each particular source. While

each algorithm effectively captures high energy area in the northwest corner of the plot, most

algorithms overestimate the amount of energy that is actually present; variable relaxation

with σ > 0 gets the closest values. All algorithms tend to smooth out the observed entries,

and tend to be less accurate the fewer entries there are in a designated space, notably around

the corners of the receiver grid. Generally speaking, the combination of smoothness and low-

rank works much better for interpolating the interior station grid rather than extrapolation

near the edges. Figure 3.8 (full tensor) and Figure 3.9 (single source) depict the absolute

values of the results for each algorithm and the true value. Figure 3.8 shows that some

sources are estimated very poorly, with the main error contributions coming further away

from the mountain.

Zooming in to a particular source, Figure 3.9 shows how much each algorithm overesti-

mates the high-energy in the northwest corner of the map, primarily because the observed

data in that corner is also very large. Certain artifacts of the interpolation schemes are seen

more vividly in the difference plots. For instance, slightly northeast of the center, there is a

higher energy region where very few data points are collected. This is very pronounced in

the L-BFGS case (Figure 3.9(d)) but less pronounced in the variable relaxation case (Fig-

ure 3.9(a)). Overall, the amount of error present in the σ > 0 variable relaxation case is

lower than all the other schemes. This is particularly significant given the relative magnitude

of the problem. We can also solve the problem exactly for a variety of general functions;

the ‖L(·)‖2
2 smoothing-penalty is pertinent for the seismic iMUSH data, but one can se-

lect different functions for different datasets. Competing algorithms, FISTA and L-BFGS,

solve approximate variants of the target problem. The simplest Formulation ((3.9)) solved

via FISTA ((3.12)) is essentially the Tikhonov Formulation (3.1) with a Laplacian penalty.

This solution performs worse overall, especially with respect to interpolating unobserved

data. Hence, the approach implemented with Algorithm 10 is preferable, as it solves the tar-
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get problem, achieving results with greater accuracy, while requiring similar computational

resources as the alternatives.

(a) Algorithm 10 (σ > 0), on (3.9). (b) Algorithm 10 (σ = 0), on (3.9).

(c) Algorithm 11, on (3.12). (d) L-BFGS, on (3.13).

(e) True model residuals, Xtrue.

Figure 3.6: Full tensor travel time residual results (s) for different algorithms and formula-

tions.
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(a) Algorithm 10 (σ > 0), on (3.9). (b) Algorithm 10 (σ = 0), on (3.9).

(c) Algorithm 11, on (3.12) (d) L-BFGS, on (3.13).

(e) Observed synthetic residuals. (f) True synthetic residuals.

Figure 3.7: Single source synthetic residuals (s) for the different algorithms.
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(a) Algorithm 10 (σ > 0), on (3.9). (b) Algorithm 10 (σ = 0), on (3.9).

(c) Algorithm 11, on (3.12) (d) L-BFGS, on (3.13).

(e) Low-Rank only, on (3.8). (f) Smoothing only, on (3.14).

Figure 3.8: Full tensor |X −Xtrue| for all algorithms. Note the significant scaling difference

in the FISTA result.
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(a) Algorithm 10 (σ > 0). (b) Algorithm 10 (σ = 0).

(c) Algorithm 11, on (3.12) (d) L-BFGS, on (3.13).

(e) Low-Rank only, on (3.8). (f) Smoothing only, on (3.14).

Figure 3.9: |X −Xtrue| for all algorithms in a single source.

Next, we turn to singular value decay and convergence history. The singular value decay

is shown in Figure 3.10(c), and a log-log convergence plot appears in Figure 3.10(b). With the
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exception of the smoothing-only implementation, all algorithms match the SVD decay well.

In Figure 3.10(b), L-BFGS and FISTA have similar convergence histories but L-BFGS has

relatively slow compute time compared to the FISTA (and indeed all other algorithms) when

achieving a satisfactory answer. The proposed approach converges faster than competing

methods, and also matches the SVD decay of the ground truth datasets.

Finally, we address the scalability of our algorithm and problem. Section 3.5 shows our

results in computational time and root mean-squared error as we increase the number of

sources from 22 to 202, the latter of which being the nearest perfect square to the total

number of sources observed in the iMUSH experiments. The number of iterations for each

algorithm remains the same, as do the hyperparameters for these algorithms. The only

change made is that for σ > 0; here, we make it so the average root mean-squared error is

0.06. Much beyond 202, the matrix storage for the smoothing operator becomes infeasible

for a laptop computer, and source-separation parallelization would have to occur [82]. From

this, we can see that the algorithm, both with and without root-finding, scales in similar

computational time to FISTA.

(a) Log-log plot of time (s) as number

of sources increases.
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(b) Data misfit decay. (c) SVD decay for interpolated matri-

ces.

Figure 3.10: Convergence information for different algorithms.

3.6 Application to Real Data

Algorithm 10 can be easily modified to fit real data by changing the constraint, A(·), to

another operator that manages the fit between interpolation data and the observed stations.

The formulation (3.9) is represented then as

min
L,R,W

1

2
‖L‖2

F +
1

2
‖R‖2

F +
1

2γ
‖L(W )‖2

2 +
1

2η
‖W − LRT‖2

F s.t. ‖D(W )− b‖2 ≤ σ (3.15)

where the only difference between Formulation (3.9) and Formulation (3.15) is the substitu-

tion of the restriction operator A(·) with an interpolation operator D(·) : RnRx
√
ns×nRy

√
ns →

Rnd . The only requirement on the interpolation operator is that it is linear; i.e. can be repre-

sented as a matrix. In this problem, the interpolation operator takes the tensor W , permutes

it and then uses a 2D linear Lagrange interpolation function to map it to the observed field

data for all sources, which is in b ∈ Rnd . Hence, step 6 of Algorithm 10 becomes

Wk+1 = arg min
W
‖L(W )‖2

2 +
1

2η
‖W − Lk+1R

T
k+1‖2

F s.t. ‖D(W )− b‖2 ≤ σ (3.16)

which collapses to

w(λ) := arg min
w

1

2γ
‖L∇w‖2

2 +
1

2η
‖w − dk+1‖2

F +
λ

2
‖Dw − b‖2, (3.17)
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where D ∈ Rnd×nRxnRyns is the matrix representing our interpolation operator. Hence our

solution for w is

w(λ) =

(
1

γ
(LT∇L∇) +

1

η
I + λDTD

)−1(
λDT b+

1

η
dk+1

)
.

Another way of formulating this problem is to take the analytic perspective; that is, we let

w ∈ Rnd and modify the problem as such

min
L,R,w

1

2
‖L‖2

F +
1

2
‖R‖2

F +
1

2γ
‖L (D(w)) ‖2

2 +
1

2η
‖D(w)−LRT‖2

F s.t. ‖w− b‖2 ≤ σ (3.18)

where D(·) : Rnd → RnRx
√
ns×nRy

√
ns ; this makes our root-finding process a bit easier to

implement. However, both approaches yield the same results.

For real data, the number of sources is reduced to ns = 25, while the grid remains the

same. We withhold 10% of the observed data for cross-validation purposes, and perform

Algorithm 10 with (3.15) for σ = 0. The results for this are shown in Figure 3.12 and

Figure 3.13 and are summarized in Table 3.4. These results show that our accuracy is

greater the closer the points are to the center of the mountain. This makes sense, as there

are more sensors closer to the mountain than in the surrounding area. However, we see an

overall smoothness in the interpolated solution. This is a route for further exploration, and

possibly the makings of another paper.

Table 3.4: Results for real data with a sub-sampling rate of 10%. We ran the modification

of Algorithm 10 with (3.15) with σ = 0. Since we don’t have true data for comparison, this

is simply compared to withheld data to measure accuracy, despite uncertainty in observed

data.

Data Mean |X −Xobs| RMS Median |X −Xobs|
Observed 0.14 1.3e-3 0.115

Withheld 0.15 1.4e-3 0.133
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(a) Observed. (b) Observed single source.

(c) Omitted. (d) Omitted single source.

Figure 3.11: Observed and Omitted data
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(a) Interpolated at observed receivers. (b) Interpolated at observed receivers

for a single source.

(c) Interpolated at hidden receivers. (d) Interpolated at hidden receivers for

a single source.

Figure 3.12: Interpolation results for travel time residuals (s) for Algorithm 10 with real

IMUSH data.
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(a) Difference in observed (b) Difference in observed for a single

source.

(c) Difference at hidden receivers. (d) Difference at hidden receivers for a

single source.

Figure 3.13: Receiver Differences for real IMUSH data.

3.7 Conclusions and Future Directions

Travel time tomography suffers from data collection constraints, reducing model resolution.

We proposed an interpolation scheme that combines both local smoothness and low-rank

information from a carefully chosen tessellation of the data to estimate residual values at

prospective stations. To implement the scheme, we developed a new relaxation approach

that is flexible enough to allow multiple regularizers, and efficient in practice. We used it

to estimate data from missing stations with a relatively high degree of accuracy (measured

against a synthetic ground-truth dataset), in the presence of observation noise in available



67

data. The algorithm is more flexible than available alternatives, and in particular can fit

available data to a prescribed error level. The new approach is competitive with standard

alternatives, and offers new functionality to interpolate with both local and global structure

over data fitting constraints. It is important to note that none of the methods do well

estimating where there are very few stations. This can be observed in Figure 3.9, where

the top left corner of each graph has a high residual and no stations present towards border

of the receiver space. The proximity of at least one station increases the accuracy of our

scheme.

It is also important to address the proposed future work of this problem, in which we

would use these interpolated/denoised stations in the inversion. The goal for future work

would to analyze the impact of these new stations on the direct 3D structure approximation

and compare it to the same inversion with the available observations. It is certainly pos-

sible that the interpolated observations would bias the inversion; given that the procedure

described in this section does poorly in spaces with little coverage, it is likely that biases

would show up in the overall inversion. There may be something to say about increasing

the quality of the station data by denoising with our procedure; this would then have to be

compared against other regularization techniques. One can also use our procedure, which is

fairly cheap, as a method of determining station reliability, station redundance, or where to

put new stations. For instance, if one were to omit certain stations that were close to each

other and the interpolation/denoising routine was able to accurately recapture this value, it

may be likely that this station produces information already captured by other stations. In

that case, one could move this redundant station to a new location to capture more infor-

mation. However, IMUSH is already completed, and this could be used for future work in

the region around Mount St. Helens. We leave the question of biasing the inversion with a

preliminary routine to future work.

In the next chapter, we expand on the themes developed in this chapter to accomodate

general `p norm constraints. To do this, we actually relax and split twice, which offers and

algorithm similar to Algorithm 10 and Algorithm 3 but simpler in practice and with better
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convergence guarantees.
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Chapter 4

BASIS PURSUIT DENOISE WITH NONSMOOTH
CONSTRAINTS
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4.1 Introduction & Motivation

Chapter 3 focused on a particular seismic application which featured a regularized, nons-

mooth cost function and level-set constraint (3.3). In this chapter, we generalize this to

general nonsmooth level-set constrained problems, but disregard the regularizer for the time

being. The main contribution of this chapter is to provide a fast, easily adaptable algorithm

to solve non-smooth and nonconvex data constraints in general level-set formulations includ-

ing BPDN, and illustrate the efficacy of the approach using large-scale interpolation and

denoising problems. To do this, we extend the universal regularization framework of [153]

to level-set formulations with nonsmooth/nonconvex constraints. We develop a convergence

theory for the optimization approach, and illustrate the practical performance of the new for-

mulations for data interpolation and denoising in both sparse recovery and low-rank matrix

factorization.

Basis Pursuit Denoise (BPDN) seeks a sparse solution to an under-deterimined system

of equations that have been corrupted by noise. The classic level-set formulation [8, 142] is

given by

min
x
‖x‖1 s.t. ‖A(x)− b‖2 ≤ ∆ (4.1)

where A : Rm×n → Rd is a linear functional taking unknown parameters x ∈ Rm×n to

observations b ∈ Rd. Problem (4.1) is also known as a Morozov formulation (in contrast

to Ivanov or Tikhonov [108]). The functional A can include a transformation to another

domain, including Wavelets, Fourier, or Curvelet coefficients [37], as well as compositions of

these transforms with other linear operators such as restriction in interpolation problems.

Typically, the system is underdetermined with d � nm. The inequality constraint (as

opposed to the equality constraint) is due to the fact that with noisy data, fitting the data

exactly may be less accurate overall. The parameter ∆ controls the error budget, and is

based on an estimate of noise level in the data.

Problems with cardinality or sparsity constraints, such as BPDN and the closely related

LASSO formulation, have applications to compressed sensing [33, 50, 117], image process-
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ing [95], sparse controller design [90], and machine learning [52, 58], as well as to more

applied domains including MRI [94] and seismic inversion [131]. Indeed, the total variation

norm, as well as other sparsity-inducing functions, has been used to denoise images since the

1980s [46, 121]. Seismic data is a key use case [7, 44, 80], and the primary application for the

techniques developed in this paper. Data acquisition is prohibitively expensive in seismology

and interpolation techniques are used to fill in data volumes by promoting parsimonious

representations in the Fourier [122] or Curvelet [69] domains. Matricization of the data leads

to low-rank interpolation schemes [7, 44, 80, 150]. The types of errors encountered in seismic

inversion motivate the technology developed here. In our numerics section, we show how

using the `0 norm for the data misfit constraints can help deal with the situation where uni-

formly large errors applied across a range of scales creates a variable SNR that stops more

common losses from effectively recovering the signal.

Related Work. Theoretical recovery guarantees for classes of operators A are developed

in [33] and [138]. While BPDN uses nonsmooth regularizers (including the `1 norm, nuclear

norm, and elastic net), the inequality constraint is ubiquitously smooth, and often taken to

be the `2 norm as in (4.1). Indeed, the `1 norm is particularly useful in that it is a convex

proxy for sparsity [127] and much work has been done to remain in this convex regime, despite

some disadvantages of the `1 norm as a sparsity-inducing metric [126]. In most applications

of BPDN, the `2 norm in the context of Gaussian noise takes on the interpretation that

∆ in Problem (4.1) is the variance of the noise [49]. In almost all contexts, this noise is

assumed to be Gaussian [55, 126, 127]. This stems from the very nature of denoising/image

reconstruction being a very ill-posed problem predicated on a-priori information about the

data itself. Prior work, including [7, 8, 44, 142], exploits the smoothness of the inequality

constraint in developing algorithms for the problem class. These smooth constraints work

well when errors are Gaussian, but this assumption fails for seismic data (explored in [131])

and is often violated in many applications, from sparse controller design [90] to compressed

sensing [50].

The use of cardinality constraints (ie the `0 norm) to enforce sparsity has been studied
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in depth in the case of convex cost functionals [11] or continuously differentiable cost func-

tionals [16]. Nonsmooth data fidelity terms have been explored by Nikolova in [105], whose

work underscores the utility of using these terms in modeling. We develop a broad class

that captures any nonsmooth nonconvex regularizer and/or misfit, and gives a way to set an

error-budget (∆ in (4.1)). We also explore the matrix variant of the problem, which can be

viewed as an extension of robust PCA [6, 34, 62]. Robust PCA is equivalent to minimizing

a rank functional subject to a Huber data misfit [51], and hence misfit constrained versions

of the problem use smooth misfit constraints, see e.g. [7]. Our formulation extends all these

approaches to nonsmooth data misfit constraints, including cardinality constraints, just as

in the vector case.

Roadmap. Section 4.2 develops the general relaxation framework and approach. Section 4.3

specifies this framework to the BPDN setting with nonsmooth, nonconvex constraints. In

section 4.4 we apply the approach to sparse signal recovery problem and sparse Curvelet

reconstruction. In section 4.5, we extend the approach to a low-rank interpolation framework,

which embeds matrix factorization within the BPDN constraint. In section 4.6 we test the

low-rank extension using synthetic examples and data extracted from a full 5D dataset

simulated on complex SEG/EAGE overthrust model.

4.2 Nonsmooth, nonconvex level-set formulations.

We consider the following problem class:

min
x
ϕ(C(x)) s.t. ψ(A(x)− b) ≤ ∆, (4.2)

where ϕ and ψ may be nonsmooth, nonconvex, but have well-defined proximity (2.1b) and

projection Definition 2 operators, with the latter taking the form

proj
ψ(·)≤∆

= arg min
ψ(x)≤∆

1

2η
‖x− y‖2. (4.3)

Here, C : Cm×n → Rc is typically a linear operator that converts x to some transform domain,

while A : Cm×n → Rd is a linear observation operator also acting on x. In the context of

interpolation, A is often a restriction operator.
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Algorithm 12 Prox-gradient for (4.4).

1: Input: x0, w0,1, w0,2

2: Initialize: k = 0

3: while not converged do

4: xk+1 ←
xk − β

(
1

ν1

CT (C(x)− wk,1)

+
1

ν2

AT (A(x)− wk,2 − b)
)

5: wk+1,1 ← proxβϕ

(
wk,1 − β

ν1
(wk,1 − C(xk+1))

)
6: wk+1,2 ← proj∆Bψ

(
wk,2 − β

ν2
(wk,2 − (A(xk+1)− b))

)
7: k ← k + 1

8: Output: wk,1, wk,2, xk

This setting significantly extends that of [8], who assume ψ and ϕ are convex, C = I, and

use the value function

v(τ) = min
x
ψ(A(x)− b) s.t. ϕ(x) ≤ τ

to solve (4.2) using root-finding to solve v(τ) = ∆. Variational properties of v are fully only

understood in the convex setting, and efficient evaluation of v(τ) requires ψ to be smooth,

so that efficient first-order methods are applicable.

Here, we develop an approach to solve any problem of type (4.2), including problems

with nonsmooth and nonconvex ψ, ϕ, using only matrix vector products with A,AT , C, CT

and simple nonlinear operators. In special cases, the approach can also use equation solves

to gain significant speedup.

The general approach uses the relaxation formulation proposed in [152, 153]. We use

relaxation to split ϕ, ψ from the linear map A and transformation map C, extending (4.2) to

min
x,w1,w2

ϕ(w1) +
1

2ν1

‖C(x)− w1‖2 +
1

2ν2

‖w2 −A(x) + b‖2
2

s.t. ψ(w2) ≤ ∆.

(4.4)
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with w1 ∈ Rc and w2 ∈ Rd. In contrast to [153], we use a continuation scheme to force

νi → 0, in order to solve the original formulation (4.2). Thus the only external algorithmic

parameter the scheme requires is ∆, which controls the error budget for ψ.

There are two algorithms readily available to solve (4.4). The first is prox-gradient

descent, detailed in Algorithm 12. We let s = [x,w1, w2]T , and define

Φ(s) = ϕ(w1) + δψ(·)≤∆(w2),

where the indicator function δψ(·)≤∆ takes the value 0 if ψ(w2) ≤ ∆, and infinity otherwise.

Problem (4.4) can now be written as

minimize
s

1

2

∥∥∥∥∥∥
 1√

ν1
C − 1√

ν1
I 0

1√
ν2
A 0 − 1√

ν2
I

 s−

0

b

∥∥∥∥∥∥
2

︸ ︷︷ ︸
f(s)

+Φ(s). (4.5)

Applying the prox-gradient descent iteration (2.5) with step-size β

sk+1 = prox
βΦ

(sk − β∇f(sk)) (4.6)

gives the coordinate updates in Algorithm 12.

Prox-gradient has been analyzed in the general nonconvex setting by [9, 10]. Since Prob-

lem (4.4) is semi-algebraic, we have from [10] that Algorithm 12 (and its subsequent reduc-

tions, Algorithm 13-Algorithm 15) converge to a critical point. However, we can exploit

the nature of our relaxation to make simple improvements on the convergence rates for our

particular problem via selection of proximal-gradient step β, detailed in upcoming sections.

Problem (4.5) is the sum of a convex quadratic and a nonconvex regularizer, and the rate

of convergence for this problem class can be quantified using [153, Theorem 2], reproduced

below.

Theorem 4.2.1 (Prox-gradient for Regularized Least Squares). Consider the least squares

objective

minimize
s

p(s) :=
1

2
‖Gs− g‖2 + Φ(s).
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Algorithm 13 Value-function optimization for (4.4).

1: Input: x0, w1,0, w2,0

2: Initialize: k = 0

3: Define: H = 1
ν1
CTC + 1

ν2
ATA

4: while not converged do

5: xk+1 ← H−1
(

1
ν1
CTwk,1 + 1

ν2
AT (b+ wk,2)

)
6: wk+1,1 ← proxβϕ

(
wk,1 − β

ν1
(wk,1 − C(xk+1))

)
7: wk+1,2 ← proj∆Bψ

(
wk,2 − β

ν2
(wk,2 − (A(xk+1)− b)

)
8: k ← k + 1

9: Output: wk,1, wk,2, xk

with p bounded below, and Φ potentially nonsmooth, nonconvex, and non-finite valued. With

step β = ‖G‖−2
2 = ∆max(G)−2, the iterates (4.6) satisfy

min
k=0,...,N

‖vk+1‖2 ≤ ‖G‖
2

N
(p(s0)− inf p)

where

vk = (‖G‖2
2I −GTG)(sk − sk+1) ∈ ∂p(sk+1)

is a subgradient (generalized gradient) of p at sk+1.

We can specialize Theorem 4.2.1 to our case by computing the norm of the least squares

system in (4.5).

Corollary 4.2.2 (Rate for Algorithm 12). Theorem 4.2.1 applied to Problem (4.4) gives

min
k=0,...,N

‖vk+1‖2 ≤ C(ν1, ν2, C,A)
1

N
(p(s0)− inf p)

with

C(ν1, ν2, C,A) =
1

ν1

(c+ ‖C‖2
F ) +

1

ν2

(d+ ‖A‖2
F ).
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Problem (4.4) also admits a different optimization strategy, summarized in Algorithm 13.

We can formally minimize the objective in x directly via the gradient, with the minimizer

given by

x(w) = H−1
([
ν−1

1 CT ν−1
2 AT

]
w + ν−1

2 AT b
)

H =
1

ν1

CTC +
1

ν2

ATA

with w = [w1, w2]T . From A and C, we have that H ∈ Cmn×mn (for vectorized x). A

direct solution is obtained by taking a Cholesky decomposition H (as it is SPD) and using

back-substitution on the result for O
(
(mn)3/3

)
FLOPs. However, this requires a Cholesky

decomposition every time ν1 and ν2 are updated. This cost and potentially huge nature of

H means that conjugate gradient descent can also be used to solve the least squares problem

for x(w). In section 4.2.1, we explore inexact least square solves, and show that convergence

is possible even for minimal CG iterations. Once x(w) is solved for directly, this expression

is plugged back in to give a regularized least squares problem in w alone:

min
w1,w2

p(w) := ϕ(w1) +
∥∥∥Fw − b̃

∥∥∥2

s.t. ψ(w2) ≤ ∆

F =

 1√
ν1

(
1
ν1
CH−1CT − I

)
1√
ν1ν2
CH−1AT

−1√
ν2ν1
AH−1CT 1√

ν2

(
I − 1

ν1
AH−1AT

)


b̃ =

 −1√
ν1ν2
CH−1AT b

1√
ν2

(
1
ν1
AH−1AT − I

)
b

 .
(4.7)

Prox-gradient applied to the value function p(w) in (4.7) with step β gives the iteration

wk+1 = prox
βΦ

(wk − βFT (Fwk − b̃)) (4.8)

This iteration, as formally written, requires forming and applying the system F in (4.7)

at each iteration. In practice we compute the x(w) update on the fly, as detailed in Al-

gorithm 13. The equivalence of Algorithm 13 to iteration (4.8) comes from the following
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derivative formula for value functions [19]:

FT (Fw − b̃)) =
1

ν1

CT (C(x(w))− w1)

+
1

ν2

AT (A(x(w))− (w2 + b)).

In order to compute β, and apply Theorem 4.2.1, we first prove the following lemma:

Lemma 4.2.3 (Bound on ‖FTF‖2). The operator norm ‖FTF‖2 is bounded above by

max
(

1
ν1
, 1
ν2

)
.

Proof. Considering the function

‖Fw − b̃‖2 = min
x

1

2ν1

‖C(x)− w1‖2 +
1

2ν2

‖w2 −A(x) + b‖2
2︸ ︷︷ ︸

Q(x,w)

,

we know that the gradient is given by FT (Fw − b̃), and any Lipschitz bound L gives

‖FTFw1 −FTFw2‖ ≤ L‖w1 − w2‖,

which means ‖FTF‖2 ≤ L. On the other hand, we can write the right hand side as

Q(w, x) = q(Dw, x)

where

q(s, x) =
1

2

∥∥∥∥∥∥s−
 1√

ν1
C(x)

1√
ν2
A(x)

−
0

b

∥∥∥∥∥∥
2

and

D =

 1√
ν1

0

0 1√
ν2

 .
Using [152, Theorem 1] with g(z) = 0, we have that the value function

q̃(s) = min
x
q(s, x)

is differentiable, with lip(∇q̃) ≤ 1. Therefore

Q̃(w) = min
x
Q(w, x)
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is also differentiable, with

∇Q̃(w) = DT∇q̃(Dw),

and hence

lip(∇Q̃) ≤ ‖DTD‖2 = max

(
1

ν1

,
1

ν2

)
.

This immediately gives the result.

Now we can combine iteration (4.8) with Theorem 4.2.1 to get a rate of convergence for

Algorithm 13.

Corollary 4.2.4 (Convergence of Algorithm 13). When β satisfies

β ≤ min(ν1, ν2),

the iterates of Algorithm 13 satisfy

min
k=0,...,N

‖vk+1‖2 ≤ 1

N
max

(
1

ν1

,
1

ν2

)
(p(w0)− inf p))

where vk is in the subdifferential (generalized gradient) of objective (4.7) at wk. Moreover,

if ν1 = ν2, then Algorithm (13) is equivalent to block-coordinate descent, as detailed in

Algorithm 14.

Proof. The convergence statement comes directly from plugging the estimate of iteration (4.8)

into Theorem 4.2.1. The equivalence of Algorithm 14 with Algorithm 13 is obtained by plug-

ging in step size β = ν1 = ν2 into each line of Algorithm 13.

An important consequence of Corollary 4.2.4 is that the convergence rate of Algorithm 13

does not depend on C or A, in contrast to Algorithm 12, whose rate depends on both matrices

(Corollary 4.2.2). The rates of both algorithms are affected by (ν1, ν2). We use continuation

in νi, driving (ν1, ν2) to (0, 0) at the same rate, and warm-starting each problem at the

previous solution. A convergence theory that takes this continuation into account is left to

future work.
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Algorithm 14 Block-coordinate descent for (4.4).

1: Input: x0, w1,0, w2,0

2: Initialize: k = 0

3: Define: H = 1
ν1
CTC + 1

ν2
ATA

4: while not converged do

5: xk+1 ← H−1
(

1
ν1
CTwk,1 + 1

ν2
AT (b+ wk,2)

)
6: wk+1,1 ← proxν1ϕ

(C(xk+1))

7: wk+1,2 ← proj∆Bψ (A(xk+1)− b))
8: k ← k + 1

9: Output: wk,1, wk,2, xk

Algorithm 14 is similar to the Proximal Alternating Minimization (PAM) algorithm [9].

Indeed PAM and other algorithms, such as the linearized version of PAM called PALM [27]

can be used to solve the relaxed problem (4.2). However the PAM algorithm is different

from Algorithm 14, since it requires additional proximal terms. The analysis using the value

function reduces problem (4.2) to a simpler problem, the sum of a quadratic in
[
w1 w2

]
and a nonconvex regularizer in

[
w1 w2

]
, and allows the simple proximal gradient method.

The detailed implementation of this approach, with explicit x updates, gives Algorithm 14.

Moreover we get a clear rate of convergence for the algorithm and can show that it does not

depend on the quantities C and A.

4.2.1 Inexact Least-Squares Solves.

Algorithm 14 has a provably faster rate of convergence than Algorithm 12. The practical

performance of these algorithms is compared in Figure 4.1, which is solving a problem with

both a `1 norm regularizer and `1 norm BPDN constraint, with α = ‖A‖−2
F , C = I, and

ν1 = ν2 = 10−4. We see a huge performance difference in practice as well as in theory:

the proximal gradient descent from Algorithm 12 yields a slower cost function decay than

solving exactly for x(w) as in Algorithm 4. Indeed, Algorithm 14 admits the fastest cost
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function decay as shown in Corollary 4.2.4, albeit at the expense of more operations per

iteration. This is due to the fact that fully solving the least squares problem in Line 5 is

not tractable for large-scale problems. Hence, we implement Algorithm 14 inexactly, using

the Conjugate Gradient (CG) algorithm. Figure 4.1 shows the results when we use 1, 5, and

20 CG iterations. Each CG iteration is implemented using matrix-vector products, and at

20 iterations the results are indistinguishable from those of Algorithm 14 with full solves.

Even at 5 iterations, the performance is remarkably close to that of of Algorithm 14 with

full solves. Algorithm 14 has a natural warm-start strategy, with the x from each previous

iteration used in the subsequent least-squares solve using CG. Using a CG method with

a bounded number of iterates gives fast convergence and saves computational time. This

approach is used in the subsequent experiments.

4.3 Application to Basis Pursuit Denoise Models

The Basis Pursuit Denoise problem can be formulated as

min
x
ϕ(x) s.t. ψ (A(x)− b) ≤ ∆ (4.9)

where ψ(·) is classically taken to be the `2 norm and the sparsity-inducing cost-functional

ϕ(·) is often chosen to be ‖ · ‖1, though more general norms/gauges are also used [143]. In

this problem, x represents unknown coefficients that are sparse in a transform domain, while

A is a composition of the observation operator with a transform matrix; popular examples of

transform domains include discrete cosine transforms, wavelets, and curvelets. The observed

and noisy data b resides in the temporal/spatial domain, and ∆ is the misfit tolerance.

This problem was famously solved with the SPGL1 [142] algorithm for ψ(·) = ‖ · ‖2 while

minimizing ‖x‖1.

A nonsmooth variant of (4.9) is very difficult for approaches such as SPGL1, which solves

subproblems of the form

min
x
ψ (A(x)− b) s.t. ‖x‖1 ≤ τ.
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and cannot handle nonsmooth functions, let alone the cardinality ‘norm’ ψ(·) = `0(·).
When the observed data is affected by large sparse noise, this smooth constraint used by

SPGL1 is ineffective. However, the proposed Algorithm 13 is easily adaptable to different

norms/penalties in both cost-functional and constraint. We can solve Problem (4.9) by apply-

ing Algorithm 14 with ϕ(x) = ‖x‖1, taking (ν1, ν2)→ (0, 0) so that (w1, w2)→ (x,A(x)− b).
This means that the w1 update in Algorithm 14 is the well-known proximal operator of `1,

given by

prox
β‖·‖1

(x) = sign(x) max(0, |x| − β).

In addition, we know from [126] that the `1 norm can underestimate true signal values. To

that end, our first example in section 4.4 also solves the sparsity-inducing cost-functional

‖x‖0, where our w1 update in Algorithm 4 becomes

prox
β‖·‖0

(x)i =


0 |xi| <

√
2β,

{0, xi} |xi| =
√

2β,

xi |xi| >
√

2β

(4.10)

or the hard-thresholding operator. We can take many different ψ(·), including `2, `1, `∞, and

`0.

Algorithm 14 is simple to implement. The least squares update in step 4 can be computed

efficiently using either factorization with Woodbury, or an iterative method in cases where

A is too large to store.

For the Woodbury approach, we have(
ν2 + ν1ATA

)−1

=
1

ν2

I − 1

ν2
2

AT
(

1

ν1

I +
1

ν2

AAT
)−1

A. (4.11)

For moderate size systems, we can store Cholesky factor

LLT =
1

ν1

I +
1

ν2

AAT ,

with L ∈ Rm×m, and use L with (4.11) to implement step 4. However, in the seismic/curvelet

experiment described below, the left-hand side of (4.11) is too large to store in memory, but
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Figure 4.1: Objective function decay for (4.4) with proximal-gradient descent (Algorithm 12),

Direct solving (Algorithm 4), and several steps in between where we only partially solve for

H−1(. . .) with Algorithm 13.

is positive definite. Hence, we solve the resulting linear system in step 4 of Algorithm 14

with CG, using matrix-vector products. The w1 update is implemented via the `1 proximal

operator (soft thresholding), while the w2 update requires a projection onto the `p ball. The

projectors used in our experiments are collected in Table 4.1.

The least squares solve for x is when CT is an orthogonal matrix or tight frame, so that

CTC = I; this is the case for Fourier transforms, wavelets, and curvelets. When A is a

restriction operator, as for many data interpolation problems, ATA is a diagonal matrix

with zeros and ones, and hence

H =
1

ν1

CTC +
1

ν2

ATA

is a diagonal matrix with entries either 1
ν1

or 1
ν1

+ 1
ν2

; the least squares problem for the x

update is then trivial.
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Table 4.1: Projectors for `p balls.

Norm `(x) projτB`(z) Solution

`2

√∑
i x

2
i

z, ‖z‖ < τ

τz/‖z‖2, ‖z‖ > τ

Analytic

`∞ maxi |xi| max(min(x, 1),−1) Analytic

`1

∑
i |xi| See e.g. [142] O(n lnn)

`0

∑
i 1xi 6=0

zi, i in τ largest indices

0 otherwise.

Analytic

4.4 Basis Pursuit De-Noise Experiments

In this application, we consider two examples: the first is a small-scale BPDN to illustrate the

proof of concept of our technique, while the second is an application to denoising a common

source gather extracted from a seismic line simulated using a 2D BG Compass model.

4.4.1 Spike-Train BPDN

The first example considers the same model as in (4.9) where we want to enforce sparsity on

x while constraining the data misfit. The variable x is a vector of length n that has values

{−1, 1} on a random 4% of its entries and zeros everywhere else; represents a spike train that

is acted upon by a linear operator, A ∈ Rn,m. A was generated with independent standard

Gaussian entries, and b ∈ Rm is observed data with large, sparse noise. We take m = 120

and n = 512. The noise is generated by placing large values on 10% of the observations

and assuming everything else was observed cleanly (ie no noise). For this example, we first

test the efficacy of using different `p norms on the residual constraint only, keeping the

ϕ(·) = ‖ · ‖1. With the addition of large, sparse noise to the data, smooth norms on the

residual constraint should not be able to effectively deal with such outlier residuals. With



84

our adaptable formulation, it should be easy to enforce both sparsity in the x domain as well

as the residuals. Other formulations, such as SPGL1, do not have this capability. We offer

a comparable result to CVX with the linear program ϕ(·), ψ(·) = `1.

True signal values, the transformed signal, and the observed data is given in Figure 4.2.

The results of solving Problem (4.9) with cost-function ϕ(·) = ‖ · ‖1 are shown in Figure 4.3

and in Table 4.2. From these, we can clearly see that the `2 norm is not effective for sparse

noise, even at the correct error budget ∆. Our approach is resilient to different types of noise

since we can easily change the residual ball projection. This is seen by the accuracy of the `1

and `0 norms as choices for ψ(·), with SNR’s of 33 and 45 respectively. This is comparable

to solving ϕ(·), ψ(·) = `1(·) with CVX, as implementation with that program yields an SNR

of 35, as seen in Table 4.2. CVX, fails for larger examples given in subsequent sections.

Table 4.2: SNR values against the true x for ϕ(·) = `1 and different ψ(·) = `p norms with

SPGL1, CVX, and Algorithm 14.

Spike-Train BPDN (4.9)

ψ(·)/Method SNR

`2, SPGL1 0.2007

`2, Algorithm 14 0.2032

`1, CVX 35.3611

`1, Algorithm 14 33.7281

`∞, Algorithm 14 -0.6708

`0, Algorithm 14 45.0601
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(a) True Signal: x

(b) True transformed signal: Ax

(c) Observed/noisy values: b

Figure 4.2: True signal, transformed signal, and noisy signals used in for the first experiment

in section 4.4.
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(a) SPGL1, ψ = `2 (b) ψ = `2

(c) ψ = `1 (d) CVX, ψ = `1

(e) ψ = `∞ (f) ψ = `0

Figure 4.3: Basis Pursuit Denoising results on Problem (4.9) with cost-functional ϕ(·) = ‖·‖1

for a randomly generated linear model with large, sparse noise. Here, ψ(·) can be any of the

`p norms in Table 4.1.
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(a) SPGL1, ψ = `2 (b) ψ = `2

(c) ψ = `1 (d) CVX, ψ = `1

(e) ψ = `∞ (f) ψ = `0

Figure 4.4: Residuals after algorithm termination for solving (4.9) where ϕ(·) = ‖ · ‖1, and

using SPGL1 and Algorithm 14 with different ψ(·) = `p norms. Note how the `1 and `0

norms can capture the outliers only.

Table 4.3: SNR values against the true x for different combinations of sparsity-inducing

ϕ(·) = `1, `0 and ψ(·) = `2, `0 norms with SPGL1 and Algorithm 14.

Spike-Train BPDN (4.9)

ϕ(·)/ψ(·)/Method SNR

`1 / `2, SPGL1 0.2007

`1 / `2, Algorithm 14 0.2031

`1 / `0, Algorithm 14 45.0440

`0 / `2, Algorithm 14 -1.2828

`0 / `0, Algorithm 14 44.4239
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Secondly, we conduct a similar experiment, but test the resilience of our formulation to

different sparsity-inducing metrics; this amounts to changing the ϕ(·) in the cost-function of

Problem (4.9). Specifically, we change it to the `0(·) norm (since we know we have to promote

sparsity), and conduct a similar experiment as above - that is, we solve Problem (4.9), desiring

a sparse signal from observed data with large sparse outliers. Hence, we want sparsity in

both our signals and our observations. Note that this equations to setting w1 as the proximal

operator of the `0 norm, which is the hard-thresholding operator detailed in (4.10). Our

results are shown in Table 4.3. We see that the in Table 4.3, typical Problem (4.9) with

`1 norm solved with both Algorithm 14 and SPGL1 does not perform well. Indeed, even

inducing sparsity with the `0(·) cost-functional and ψ(·) = `2(·) in the constraints, we do

not get the desired performance. However, inducing sparsity in the cost-functional (with

both `1, and `0) gives us the most favorable results, with SNRs of 45 and 44 respectively.

Recovered signals are shown in Figure 4.5.

4.4.2 Curvelet Interpolation

The next test of the BPDN formulation is for a common source gather where entries are

both omitted and corrupted with synthetic noise. The data set contains time samples with a

temporal-interval of 4ms, and the spatial sampling is 10m. Here, the objective function looks

for sparsity in the curvelet domain, while the residual constraint seeks to match observed

data within a certain tolerance ∆. First, we note that doing interpolation only without

added noise yields an SNR of approximately 13 for all formulations and algorithms; that is,

all `p norms for Algorithm 14 and SPGL1. Here, we again want to enforce sparsity both in

the curvelet domain (C(x)) and the data residual (‖A(x) − b‖), for which our algorithm is

uniquely adapted to solve.

Following the first experiment of the spike-train example in section 4.4.1, we add large

sparse noise to a handful of data points; in this case, we added large values to a random 1%

of observations (this does not include omitted entries). The noise added is approximately

120, while the observed data can range from 0 to 30. The interpolated and denoising results
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(a) SPGL1: ϕ(·) = `1, ψ(·) = `2

(b) Algorithm 14: ϕ(·) = `1, ψ(·) = `2

(c) Algorithm 14: ϕ(·) = `1, ψ(·) = `0

(d) Algorithm 14: ϕ(·) = `0, ψ(·) = `2

(e) Algorithm 14: ϕ(·) = `0, ψ(·) = `0

Figure 4.5: Sparse signal after algorithm termination for solving Problem (4.9) where ϕ(·) =

`1, and using SPGL1 and Algorithm 14 with different ψ(·) = `p norms. Note how the `1-

and `0 norms can capture the outliers only.
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Table 4.4: Curvelet Interpolation and Denoising results for SPGL1 and Algorithm 14 ϕ(·) =

`1 and ψ(·) = `p norms for BPDN (4.9).

Curvelet Interpolation & Denoising

ψ(·)/Method SNR SNR w1 Time (s)

`2, SPGL1 1.4857 - 68.4 (early stoppage)

`2, Algorithm 14 0.9769 0.9693 6199

`1, Algorithm 14 14.9574 14.9436 5037

`∞, Algorithm 14 0.0000 0 1527

`0, Algorithm 14 14.9212 14.9142 6262

are shown in Figure 4.6 and Table 4.4. Large, sparse noise cannot be filtered effectively by

a smooth norm constraint, using either Algorithm 14 or SPGL1. However, `1 and `0 norms

effectively handle such noise, and can be optimized using our approach. The SNR’s for these

implementations are approximately 15 respectively, approaching that of the noiseless data

mentioned above.

We then repeated the experiment done in section 4.4.1 where ϕ(·) is changed to be the

`0 norm as well as the `1 norm. Similarly to Table 4.3, we have that sparsity in both ϕ(·)
and ψ(·) can efficiently recapture the original signal. Table 4.5 shows that setting ϕ(·) = `0

together with sparse constraints (either `1 or `0) recapture the signal quite well; both have

an SNR of approximately 14, over SNR’s of close to 1 for every other combination.

4.5 Extension to Low-Rank Models

Treating the data as having a matrix structure gives additional regularization tools — in

particular low-rank structure in particular domains. The BPDN formulation for residual-

constrained low-rank interpolation is given by

min
X
‖X‖∗ s.t. ψ (A(X)− b) ≤ ∆ (4.12)
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(a) True Data (b) Added Noise (binary) (c) Noisy Data with Missing

Sources

(d) SPGL1 (e) ψ = l2 (f) ψ = l1

(g) ψ = l∞ (h) ψ = l0

Figure 4.6: Interpolation and denoising results for BPDN in the curvelet domain. Observe

the complete inaccuracy of smooth norms with large, sparse noise.
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Table 4.5: Curvelet Interpolation and Denoising results for SPGL1 and Algorithm 14 with

different combinations of sparsity-inducing ϕ(·) = `1, `0, and ψ(·) = `2, `0 norms for BPDN

(4.9).

Curvelet Interpolation & Denoising

ϕ(·)/ψ(·)/Method SNR SNR w1 Time (s)

`1 / `2, SPGL1 1.4857 - 51.4 (early stoppage)

`1 / `2, Algorithm 14 0.9769 0.9693 4043

`1 / `0, Algorithm 14 14.9212 14.9142 4256

`0 / `2, Algorithm 14 0.1542 0.1199 4084

`0 / `0, Algorithm 14 14.042 13.7999 4086

for X ∈ Cm×n, A : Cn×m → Cp is a linear masking operator from full to observed (noisy)

data b, and ∆ is the misfit tolerance. The nuclear norm ‖X‖∗ is the `1 norm of the singular

values of X. Solving the problem (4.12) requires using a decision variable that is the size of

the data, as well as updates to this variable that require SVDs at each iteration. It is much

more efficient to model X is a product of two matrices L and R, given by

min
L,R

1

2
(‖L‖2

F + ‖R‖2
F ) s.t. ψ

(
A(LRT )− b

)
≤ ∆ (4.13)

where L ∈ Cn×k, R ∈ Cm×k, and LRT is the low-rank representation of the data. The

solution is guaranteed to be at most rank k, and in addition, the regularizer 1
2
(‖L‖2

F +‖R‖2
F )

is an upper bound for ‖LRT‖∗, the sum of singular values of LRT , further penalizing rank

by proxy. The decision variables then have combined dimension k(m × n), which is much

smaller than the nm variables required by convex formulations. When ψ is smooth, the

problems are solved using a continuation that interchanges the roles of the objective and

constraints, solving a sequence of problems where ψ
(
A(LRT )− b

)
is minimized over the `2

ball [7] using projected gradient; an approach we call SPGLR below, which is a modification

of SPGL1 specifically adapted for matrix completion.
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When ψ is not smooth, SPGLR does not work and there are no available implementations

for (4.13). Nonsmooth ψ arise when we want the residual to be in the `1 norm ball, so we

are robust to outliers in the data, and can exactly fit inliers. We now extend Algorithm 14

to this case. For any ψ (smooth or nonsmooth), we introduce a latent variable W for the

data matrix, and solve

min
L,R,W

∥∥∥∥∥∥LR
∥∥∥∥∥∥

2

F

+
1

2η
‖W − LRT‖2

2, s.t. ‖A(W )− b‖p ≤ ∆ (4.14)

with η a parameter that controls the degree of relaxation; as η ↓ 0 we have W → LRT .

The relaxation allows a simple block-coordinate descent, detailed in the simple to implement

Algorithm 15. It requires two least squares solves (for L and R), which are inherently

parallelizable. It also requires a projection of the updated data matrix estimates LRT onto

the ∆-level set of the misfit penalty ψ.

Algorithm 15 Block-Coordinate Descent for (4.14).

1: Input: w0, L0, R0

2: Initialize: k = 0

3: while not converged do

4: Lk+1 ←
(
I + ηRT

kRk

)−1

(ηWkRk)

5: Rk+1 ← (ηW T
k Lk+1)

(
I + ηLTk+1Lk+1

)−1

6: Wk+1 ←

(Lk+1R
T
k+1)ij, (i, j) ∈ Xobs

proj∆Bψ

(
A(Lk+1R

T
k+1)− b

)
, o.w.

7: k ← k + 1

8: Output: wk, Lk, Rk

For unobserved data (i, j) 6∈ Xobs, we have Wij = (LRT )ij. For observed data, let a

denote A(LRT ). Then the W update step is given by solving

min
w
‖w − a‖2

2, subject to ‖w − b‖p ≤ ∆.
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Using the simple substitution z = w − b, the we get

min
z
‖z − (a− b)‖2

2, subject to ‖z‖p ≤ ∆

which is precisely the projection of A(LRT ) − b onto ∆Bψ, the ∆-level set of ψ. We use

the same projectors for ψ ∈ {l0, l1, l2, l∞} as in section 4.4, see Table 4.1. The convergence

criteria for Algorithm 15 is based on the optimality of the quadratic subproblems in L,R and

feasibility measure of W − LRT , though in practice we compare performance of algorithms

based on a computational budget. This block-coordinate descent scheme converges to a

stationary point of (4.14) by [139, Theorem 4.1].

Implementing block-coordinate descent on these forms until convergence produces the

completed low-rank matrix. Setting a = ‖LRT − w‖2
2, we iterate until a < 10−5 or a

maximum number of iterations is reached. In the next section, we develop an application of

this method to seismic interpolation and denoising.

4.6 4D Matrix completion with Denoising

There are two main requirements when using the rank-minimization based framework for seis-

mic data interpolation and denoising: (i) underlying seismic data should exhibit low-rank

structure (singular values should decay fast) in some transform domain, and, (ii) subsam-

pling and noise destroy the low-rank structure (singular values decay slow) in that domain.

For exploiting the low-rank structure during interpolation and denoising, we follow the ma-

tricization strategy proposed by [43]. The matricization (source-x, source-y), i.e., placing

both the source coordinates along the columns, gives slow-decay of singular values, while

the matricization (source-x, receiver-x) gives fast decay of the singular values. Subsampling

destroys the fast singular value decay in the (source-x, receiver-x) matricization, but not

in the (source-x, receiver-y) matricization. Thus the latter is more effective for low-rank

interpolation. These concepts are discussed in great detail by [73, 81].

Similar to the BPDN experiments, we want to show that nonsmooth constraints on the

data residual can be effective for dealing with large, sparse noise. The smooth `2 norm that
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is most common in BPDN problem will fail in such examples, thereby leading to better data

estimation with the implementation of non-smooth norms on the residuals. Thus, the goal of

the below experiments is to show that enforcing sparsity in the singular values (ie low-rank)

and sparsity in the residual constraint can be more effective with large, sparse noise than

smooth residual constraints solved by most contemporary algorithms.

4.6.1 Experiment Description

This example demonstrates the efficacy of the proposed approach using data created by a

5D dataset based on a complex SEG/EAGE overthrust model simulation [2]. The dimension

of the model is 5 km× 10 km× 10 km and is discretized on a 25 m× 25 m× 25 m grid. The

simulated data contains 201×201 receivers sampled at 50 m and 101×101 sources sampled at

100 m. We apply the Fourier transform along the time domain and extract a frequency slice

at 10 Hz as shown in Figure 4.7(a), which is a 4D object (source-x, source-y, receiver-x and

receiver-y). We eliminate 80% of the sources and add large sparse outliers from the random

gaussian distribution N (0, ai max(Xsi
)) (mean zero and variance on the order of the largest

value in that particular source). The 10 generated values with the highest magnitudes are

kept, and these are randomly added to observations in the remaining sources (Figure 4.7(f)).

The largest value of our dataset is approximately 40, while the smallest is close to zero. Thus,

we are essentially increasing/decreasing 1% of the entries by several orders of magnitude,

which contaminates the data significantly, especially if the original entry was nearly 0. For

all low-rank completion and denoising, we let ai = 10−1 except where we test the efficacy

of Algorithm 15 against different noise levels ∆. The objective is to recover missing sources

and eliminate noise from observed data. We use a rank of k = 75 for the formulation (that

is, L ∈ Cn×75 and similarly for R), and run all algorithms for 150 iterations, using a fixed

computational budget. We perform three experiments on the same dataset: 1) Denoising

only (Figure 4.7(c)); 2) Interpolation only (Figure 4.7(d)); and 3) Combined Interpolation

and Denoising (Figure 4.7(f)). Since we have ground truth, we pick ∆ to be the exact

difference between generated noisy data and the true data; ∆ for the l0 norm is a cardinality
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measure, so it is set to number of noisy points added.

4.6.2 Results

Table 4.6-Table 4.8 display SNR values for different algorithms and formulations for the

three types of experiments, and Figure 4.8-Figure 4.10 display the results for a randomly

selected number of sources for the three experiments. Even a small number of outliers can

greatly impact the quality of the low-rank denoising and interpolation for the standard,

smoothly residual-constrained algorithms. The denoising only results (Figure 4.8, Table 4.6)

show that all methods perform well when all sources are available. The interpolation only

results (Figure 4.9, Table 4.7) show that all constraints perform well in interpolating the

missing data. This makes sense, as all algorithms will simply favor the low-rank nature

of the data. However, the combined denoising and interpolation dataset shows that the `0

norm approach does far better than any smooth norm in comparable time. Table 4.8 shows

that when data for similar sources is absent/not observed, the smoothly-constrained formu-

lations fail completely. When noise is added to the low-amplitude section of the observed

data, the smoothly-constrained norms fail drastically, while the `0 norm can effectively re-

move the errors. This is starkly evident in Figure 4.10(a)-Figure 4.10(e), where all except

Figure 4.10(e) are essentially noise; the result is supported by the SNR values in Table 4.8.

While Figure 4.10(a)-Figure 4.10(e) can mostly capture the structure of the data where there

were nonzero values (ie where the seismic wave is observed in the upper left corner of each

source), only the `0 norm can capture the areas of lower energy data.

Table 4.9-Table 4.10 give performance results across noise levels and degree of ‘missing-

ness’ when using Algorithm 15. The combined problem, where a lot of data is omitted and

outliers are present, is harder than either of the problems separately. We vary the percent-

age of sources omitted from 50% - 90%, and also vary the noise observed in two ways: (1)

adding more noise while keeping number of outliers per source constant (nominally at 10),

and (2) adding more noise by adding outliers at similar noise levels. The results are shown

in Table 4.9 and Table 4.10. From Table 4.9, adding more noise to the outliers does not
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Table 4.6: 4D Denoising results for SPGLR and Algorithm 15 for selected `p norms.

4D Monochromatic Denoising

Method/ψ(·) SNR SNR-W Time (s)

`2 with SPGLR 11.7489 - 16530

l2 with Algorithm 15 11.7463 -2.3338 9430

l1 with Algorithm 15 11.7638 -2.3063 11546

l∞ with Algorithm 15 11.7456 -2.3338 12108

l0 with Algorithm 15 17.9595 48.8607 11569

Table 4.7: 4D Interpolation results for SPGLR and Algorithm 15 for selected `p norms.

4D Monochromatic Interpolation

Method/ψ(·) SNR SNR-W Time (s)

`2 with SPGLR 16.3976 - 5817

l2 with Algorithm 15 16.0629 16.5424 7526

l1 with Algorithm 15 16.0692 16.5491 7996

l∞ with Algorithm 15 16.0627 16.5423 8119

l0 with Algorithm 15 16.0096 16.4728 6848

affect our results; the projection onto the `0 norm handles any obvious outlier. On the other

hand, adding more outliers at varying magnitudes affects the results markedly. Increasing

the number of outliers to 125 per source observed (which is roughly 1% of total data) affects

performance of the `0 projection. From Table 4.10, performance with added noise alone

degrades slowly, but once we start omitting sources, the outlier/normal observation ratio

increases drastically for each 10% of sources withheld, we see decreased performance.
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Table 4.8: 4D Combined Denoising and Interpolation results for SPGLR and Algorithm 15

for selected `p norms.

4D Monochromatic Denoising & Interpolation

Method/ψ(·) SNR SNR-W Time (s)

`2 with SPGLR -3.2906 - 8712

l2 with Algorithm 15 0.9185 -0.3321 6802

l1 with Algorithm 15 0.9193 -0.3235 8068

l∞ with Algorithm 15 0.9185 -0.3321 8117

l0 with Algorithm 15 16.0655 16.5445 6893

Table 4.9: 4D Interpolation (left), Denoising (center), and Combined (right) SNR results for

Algorithm 15 with ϕ(·) = `0. The number of outliers is constant per source (10).

4D Monochromatic Denoising & Interpolation

% Obs. Int ∆ DN % ∆ Both

50 17.7120 4.0e6 17.9597 50 2.1e6 17.7170

40 17.5445 5.2e7 17.9597 40 2.0e7 17.5459

30 17.2183 6.0e8 17.9597 30 1.8e8 17.2136

20 16.0522 6.9e9 17.9596 20 1.3e9 16.0263

10 9.2123 7.7e10 17.9596 10 7.8e9 9.2602
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Table 4.10: 4D Interpolation (left), Denoising (center), and Combined (right) SNR results

for Algorithm 15 with ϕ(·) = `0. The ‘#Out’ column gives the number of outliers is per

source.

4D Monochromatic Denoising & Interpolation

% Obs. Int ∆ DN % ∆ # Out. Both

50 17.712 2.2e7 17.955 50 2.2e7 5 17.714

40 17.544 1.6e8 5.055 40 1.6e8 35 1.157

30 17.218 3.4e8 7.629 30 3.4e8 65 -1.019

20 16.052 5.5e8 5.519 20 5.5e8 95 -4.588

10 9.212 7.9e8 3.927 10 7.9e8 125 -9.627

4.7 Conclusions

We proposed a new approach for level-set formulations, including basis pursuit denoise and

residual-constrained low-rank formulations. The approach is easily adapted to a variety

of nonsmooth and nonconvex data constraints. The resulting problems are solved using

Algorithm 13 and Algorithm 15; which require only that the penalty ψ has an efficient

projector. The algorithms are simple, scalable, and efficient. Sparse curvelet denoising

and low-rank interpolation of a monochromatic slice from the 4D seismic data volumes

demonstrate the potential of the approach.

A particular quality of the seismic denoising and interpolation problem is that the ampli-

tudes of the signal have significant spatial variation. The error in the data is a much larger

problem for low-amplitude data. This quality makes it very difficult to obtain reasonable

results using Gaussian misfits and constraints. Nonsmooth exact formulations (including `1

and particularly `0) appear to be extremely well-suited for this magnified heteroscedastic

issue.
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(a) Fully sampled monochromatic slize

at 10 Hz.

(b) Noisy data alone (binary). Selected

top 10 entries from N (0, 0.1 max(Xsi
))

(c) Observed noisy data. (d) Subsampled noiseless data. 80% of

sources omitted.

(e) Subsampled and noise, with noise

only present (binary).

(f) Subsampled and noisy data. 80% of

sources omitted and added noise.

Figure 4.7: True data and three different experiments for testing our completeness algorithm.



101

(a) SPGLR (b) ψ = l2

(c) ψ = l1 (d) ψ = l∞

(e) ψ = l0

Figure 4.8: Denoising-only results.
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(a) SPGLR (b) ψ = l2

(c) ψ = l1 (d) ψ = l∞

(e) ψ = l0

Figure 4.9: Interpolation-only results.
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(a) SPGLR (b) ψ = l2

(c) ψ = l1 (d) ψ = l∞

(e) ψ = l0

Figure 4.10: Interpolation and Denoising results.
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Chapter 5

PROXIMAL QUASI-NEWTON TRUST-REGION METHOD
FOR NONSMOOTH REGULARIZED OPTIMIZATION
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5.1 Introduction

We consider the problem class

minimize
x

f(x) + h(x), (5.1)

where f : Rn → R is continuously differentiable, h : Rn → R ∪ {+∞} is proper and

lower semi-continuous, and both may be nonconvex. Smooth and nonsmooth optimization

problems are special cases corresponding to h := 0 and f := 0, respectively. Certain authors

[36, 87] refer to (5.1) as a composite problem. We use instead the term nonsmooth regularized

to differentiate with problems where f = 0 and h(x) = g(c(x)), where g is nonsmooth and

c is smooth, which is indeed the composition of two functions. In practice, h is often a

regularizer designed to promote desirable properties in solutions, such as sparsity. The

class (5.1) captures the natural structure of a wide range of problems; problems with simple

constraints, exact penalty formulations, basis selection problems with both convex [133, 142]

and nonconvex [12, 24, 153] regularization, and more general inverse and learning problems

[5, 26, 38].

We describe a trust-region method for (5.1) in which steps are computed by approximately

minimizing simpler nonsmooth iteration-dependent models inside a trust region defined by an

arbitrary norm. In practice, the norm is chosen based on the nonsmooth term in the model

and the tractability of the step-finding subproblem, which is not required to be convex.

Our analysis hinges on the observation that in the nonsmooth context, the first step of

the proximal gradient method is the right generalization of the gradient step in smooth

optimization. We establish global convergence in terms of an optimality measure describing

the decrease achievable in the model by a single step of the proximal gradient method inside

the trust-region. We also establish a worst-case complexity bound of O(1/ε2) iterations to

bring this optimality measure below a tolerance 0 < ε < 1. Others [36, 59] have observed

that it is possible to devise trust-region methods for regularized optimization with complexity

equivalent to that for smooth optimization. However, past research typically assumes that

h is either globally Lipschitz continuous and/or convex.
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We also revisit a quadratic regularization method, and establish similar convergence

properties and same worst-case compexity under the same assumptions. Our description

highlights the connection between the quadratic regularization method and the standard

proximal gradient method. The former may be seen as an implementation of the latter with

adaptive step size.

We provide implementation details and illustrate the performance of an instance where

the trust-region model is the sum of a limited-memory quasi-Newton, possibly nonconvex,

approximation of f with a nonsmooth model of h and various choices of the trust-region

norm. Our trust-region algorithm exhibits promising performance and compares favorably

with linesearch proximal quasi-Newton methods based on convex models [129, 132]. Our

open source implementations are available from github.com/UW-AMO/TRNC as packages in

the emerging Julia programing language [22].

As far as we can tell from the literature, the method described in the present paper is

the first trust-region method for the fully nonconvex nonsmooth regularized problem. Our

approach offers flexibility in the choice of the norm used to define the trust-region, provided

an efficient procedure is known to solve the subproblem. We show that such procedures are

easily obtained in a number of applied scenarios.

Related research

We focus on (5.1) and do not provide an extensive review of approaches for smooth opti-

mization. Conn et al. [40] cover trust-region methods for smooth optimization thoroughly,

as well as a number of select generalizations, and we refer the reader to their comprehensive

treatment for background.

Yuan [149] formulates conditions for convergence of trust-region methods for convex-

composite objectives, i.e., g(c(x)) where c is continuously differentiable and g is convex. In

particular, he considers models of the form s 7→ g(c(x) +∇c(x)s), that are relevant to exact

penalty methods for constrained optimization, and that are a special case of the models we

consider.

github.com/UW-AMO/TRNC
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Dennis et al. [47] develop convergence properties of trust-region methods for the case

where f = 0 and h is Lipschitz continuous. Their analysis is based on a generalization

of the concept of Cauchy point in terms of Clarke directional derivatives, but they do not

provide an approach to solve the typically nonsmooth subproblem. Kim et al. [75] analyze

a trust-region method for (5.1) when f is convex and h is continuous and convex with

assumptions based on those of Dennis et al. [47]. Their model around a current x has

the form f(x) + ∇f(x)T s + 1
2
α‖s‖2 + h(x + s), where α is a Barzilai-Borwein step length

safeguarded to stay sufficiently positive and bounded. By contrast, our approach allows

general quadratic models, possibly indefinite, and explicitly accounts for the trust-region

constraint in the subproblem by devising specialized proximal operators.

Qi and Sun [114] propose a trust-region method inspired by that of Dennis et al. [47] for

the case where f = 0 and h is locally Lipschitz continuous with bounded level sets. They es-

tablish convergence under the further assumption that the models are [0, 1]-subhomogeneous.

Mart́ınez and Moretti [100] employ similar assumptions to generalize the approach to prob-

lems with linear constraints.

Cartis et al. [36] consider (5.1) where h is convex and globally Lipschitz continuous. They

analyze both a trust-region algorithm and a quadratic regularization variant, develop con-

vergence and iteration complexity results, but do not provide guidance on how to compute

steps in practice. Their analysis revolves around properties of a stationarity measure that are

strongly anchored to the convexity assumption. The algorithms that we develop below are

most similar to theirs but rest upon significantly weaker assumptions and concrete subprob-

lem solvers. Grapiglia et al. [59] detail a unified convergence theory for smooth optimization

that has trust-region methods as a special case. They also generalize the results of [36] but

focus on objectives of the form f(x) + g(c(x)) where f and c are smooth and g is convex and

globally Lipschitz.

Lee et al. [87] fully explore the global and fast local convergence properties of exact and

inexact proximal Newton and quasi-Newton methods for the case where both f and h are

convex. They show that those methods inherit all the desired properties of their counterparts
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in smooth optimization.

Bolte et al. [26] present a proximal alternating method for objectives of the form g(x) +

Q(x, y)+h(y) where g and h are proper and lower semi-continuous and the coupling function

Q is continuously differentiable. Their setting has (5.1) as a special case. They establish

convergence under the Kurdyka- Lojasiewicz assumption and provide a general recipe for

algorithmic convergence under such an assumption.

Li and Lin [89] consider monotone and non-monotone accelerations of the proximal gra-

dient method for possibly nonconvex f and h. They establish global convergence under

the assumptions that f has a Lipschitz continuous gradient, h is proper and lower semi-

continuous, and that f + h is coercive. This leads to a sublinear iteration complexity bound

when a Kurdyka- Lojasiewicz condition holds. Boţ et al. [30] employ an inertial acceleration

strategy which converges under the assumptions that h is bounded below and possesses a

Kurdyka- Lojasiewicz condition.

Stella et al. [129] initially devised PANOC, a linesearch quasi-Newton method for (5.1)

with limited-memory BFGS Hessian approximations, for model predictive control. PANOC

assumes that the objective has the form f(x) + h1(x) + h2(c(x)), where f and c are smooth,

h1 is nonsmooth and may be nonconvex, and h2 is nonsmooth and convex. Themelis et al.

[132] develop ZeroFPR, a nonmonotone linesearch proximal quasi-Newton method for (5.1)

based on the concept of forward-backward envelope. ZeroFPR converges under a Kurdyka-

 Lojasiewicz assumption and enjoys the fast local convergence properties of quasi-Newton

methods for smooth optimization when a Dennis-Moré condition holds.

Notation

Sets are represented by calligraphic letters. The cardinality of set S is represented by |S|.
We use ‖ · ‖ to denote a generic norm on Rn. The symbols ν, λ, σ and ∆ are scalars. B(0,∆)

is the ball centered at 0 with radius ∆ > 0 defined by a norm that should be clear from the

context. We use the shorthands B = B(0, 1) and ∆B = B(0,∆). When necessary, we write

Bp to indicate that the `p-norm is used. Functional symbols f , g, h, as well as φ, ϕ and ψ
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are used for functions. χ(·;A) represents the indicator function of A ⊆ Rn. In particular,

the indicator of B(0,∆) is denoted χ(·; ∆B) or just χ(·; ∆) when the norm is clear from the

context. We use the alternative notation χ(·; ∆Bp) to emphasize that the `p-norm is used to

define the ball. If A ⊆ Rn is closed and convex, projA(x) denotes the projection of x into A.

Finally, j and k are iteration counters.

Roadmap

The paper proceeds as follows. section 5.2 develops the general trust-region method for (5.1),

including the new Algorithm 16, and introduces several innovations that yield the main

results. In section 5.3, we explain how to compute a trust-region step based on a proximal

quasi-Newton model. New relevant proximal operators needed to implement the trust-region

method are studied in section 5.4. A quadratic regularization variant of the trust-region

algorithm together with its convergence analysis are presented in section 5.5. Numerical

results and experiments are in section 5.6. We end with a brief discussion in section 5.7.



110

5.2 Trust-region methods for nonsmooth regularized optimization

In this section, we develop and analyze a general trust-region method for (5.1). Section 5.2.1

examines properties of trust-region subproblems. Section 5.2.2 discusses optimality measures,

and highlights the role of the prox-gradient step in quantifying descent in the general context

of (5.1). In Section 5.2.3, we present the trust-region approach, and highlight key innovations

that make it possible to obtain the convergence results and complexity analysis presented in

Section 5.2.4.

5.2.1 Properties of trust-region subproblems

For fixed x ∈ Rn, consider the parametric problem and its optimal set

p(∆;x) := minimize
s

ϕ(s;x) + ψ(s;x) + χ(s; ∆), (5.2a)

P (∆;x) := arg min
s

ϕ(s;x) + ψ(s;x) + χ(s; ∆), (5.2b)

where ϕ(s;x) ≈ f(x + s), ψ(s;x) ≈ h(x + s), χ(s; ∆) is the indicator function of the trust

region ∆B and ∆ > 0. The form of (5.2) is representative of a trust-region subproblem

for (5.1) in which f and h are modeled separately and the trust-region constraint appears

implicitly via an indicator function.

We make the following additional assumption.

Model Assumption 5.2.1. For any x ∈ Rn, ϕ(·;x) is continuously differentiable, ψ(·;x)

is proper and lsc.

By Proposition 2.2.3,

s ∈ P (∆;x) =⇒ 0 ∈ ∇ϕ(s;x) + ∂(ψ(·;x) + χ(·; ∆))(s).

The following result summarizes properties of (5.2).

Proposition 5.2.1. Let Model Assumption 5.2.1 be satisfied. If we define p(0;x) := ϕ(0;x)+

ψ(0;x) and P (0;x) = {0}, the domain of p(·;x) and P (·;x) is {∆ | ∆ ≥ 0}. In addition,
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1. p(·;x) is proper lsc and for each ∆ ≥ 0, P (∆;x) is nonempty and compact;

2. if {∆k} → ∆̄ ≥ 0 in such a way that {p(∆k;x)} → p(∆̄;x), and for each k, sk ∈
P (∆k;x), then {sk} is bounded and all its limit points are in P (∆̄;x);

3. if ϕ(·;x) + ψ(·;x) is strictly convex, P (∆;x) is single-valued;

4. if ∆̄ > 0 and there exists s̄ ∈ P (∆̄;x) such that ‖s̄‖ < ∆̄, then p(·;x) is continuous at

∆̄ and {p(∆k;x)} → p(∆̄;x) holds in part 2.

Proof. Model Assumption 5.2.1 and compactness of the trust region ensure that the objective

of (5.2a) is always level-bounded in s locally uniformly in ∆ [120, Definition 1.16] because

for any ∆̄ > 0 and ε > 0, and for any ∆ ∈ (∆̄ − ε, ∆̄ + ε) with ∆ ≥ 0, the level sets of

ϕ(·;x) + ψ(·;x) + χ(·; ∆) are contained in ∆B ⊆ (∆̄ + ε)B. Parts 1–2 follow by Rockafellar

and Wets [120], Theorems 1.17 and 7.41. Part 3 follows from Rockafellar and Wets [120,

Exercice 7.45]. Part 4 follows by noting that if ‖s̄‖ < ∆̄, then ϕ(s̄;x) + ψ(s̄;x) + χ(s̄; ∆) is

continuous in ∆ in a neighborhood of ∆̄; the rest follows from Rockafellar and Wets [120,

Theorem 1.17c].

It is not necessary to assume that ψ(·;x) is prox-bounded in Model Assumption 5.2.1

because under the assumptions stated and compactness of the trust region, the objective

of (5.2a) is necessarily bounded below, and therefore prox-bounded. Proposition 5.2.1 allows

us to think of how approximate solutions “truncated” by a trust-region constraint approach

s̄ as the trust-region radius increases. Indeed, we may choose any ∆̄ > ‖s̄‖ in parts 2 and 4.

When ψ(·;x) = 0 and ϕ(·;x) is quadratic and strictly convex, the graph of P (·;x) is known

to be a smooth curve such that P (0;x) = {xk}, that is tangential to −∇f(xk) at ∆ = 0 and

such that lim∆→∞ P (∆;x) contains the Newton step as its only element. This observation

gives rise to several numerical methods to approximate the solution of (5.2), including the

dogleg [113] and double dogleg methods [48].
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5.2.2 Optimality measures

In this section, we seek a convenient way of assessing whether a given x is first-order critical

for (5.1) based on the trust-region subproblem (5.2). We begin with the following result.

Proposition 5.2.2. Let Model Assumption 5.2.1 be satisfied. Assume in addition that

∇sϕ(0;x) = ∇f(x), ∂ψ(0;x) = ∂h(x), and let ∆ > 0. Then 0 ∈ P (∆;x) =⇒ s = 0 is

first-order stationary for (5.2) ⇐⇒ x is first-order stationary for (5.1).

Proof. By definition, x is first-order stationary if and only if 0 ∈ ∇f(x)+∂h(x) = ∇sϕ(0;x)+

∂ψ(0;x). But ψ(0;x) = ψ(0;x) + χ(0; ∆) and ∂(ψ(·;x) + χ(·; ∆))(0) = ∂ψ(0;x) + ∂χ(0; ∆)

because ∂χ(0; ∆) = {0}. Thus we obtain 0 ∈ ∇sϕ(0;x) + ∂(ψ(·;x) + χ(·; ∆))(0), i.e., s = 0

is first-order stationary for (5.2).

Proposition 5.2.2 suggests we may use an element of P (∆;x) as first-order optimality

measure for any ∆ > 0, such as for example ‖g(∆;x)‖, where g(∆;x) is the least-norm

element of P (∆;x). However, the dependency on ∆ is inconvenient. In order to circumvent

this difficulty, we focus our attention temporarily on the choice

ϕ(s;x) = f(x) +∇f(x)T s+ 1
2
ν−1‖s‖2

= 1
2
ν−1‖s+ ν∇f(x)‖2 + f(x)− 1

2
ν‖∇f(x)‖2,

(5.3)

where ν > 0 is fixed, so that for any x ∈ Rn,

p(∆;x, ν) = eνψ(·;x)+χ(·;∆)(−ν∇f(x)) + f(x)− 1
2
ν‖∇f(x)‖2, (5.4a)

P (∆;x, ν) = prox
νψ(·;x)+χ(·;∆)

(−ν∇f(x)), (5.4b)

and p only differs from a Moreau envelope by a constant. The above choice of ϕ(·;x) allows

us to derive a convenient, computable optimality measure, and to generalize the concept of

decrease along the steepest descent direction, also known as Cauchy decrease, which is so

fundamental to the convergence analysis of computational methods for smooth optimization.

In the special case where ψ(·;x) = 0, Proposition 5.2.1 part 3 indicates that P (∆;x, ν)

is single valued, and its only element is the projection of −ν∇f(x) into the trust region. On
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the other hand, p(∆;x, ν) measures the decrease of (5.3) in the direction of the projected

gradient. Cartis et al. [36] study the special case where h(x) = g(c(x)) with g convex

and globally Lipschitz continuous, and c smooth. In lieu of (5.4a), they minimize f(x) +

∇f(x)T s+ g(c(x) +∇c(x)T s) in the trust region, which is analogous.

Crucially, (5.4) describes the first step of the proximal gradient method with step size

ν applied to (5.2a) where ϕ(·;x) is as in (5.3) from s = 0 with a trust region of radius ∆.

In the notation of section 2.3.1, ϕ is ϕ(·;x) and ψ is ψ(·;x) + χ(·; ∆). If ψ(·;x) is finite at

s0 = 0, the first step of the proximal gradient method is

s1 ∈ arg min
s

1
2
ν−1‖s+ ν∇f(x)‖2 + ψ(s;x) + χ(s; ∆)

= arg min
s

f(x) +∇f(x)T s+ 1
2
ν−1‖s‖2 + ψ(s;x) + χ(s; ∆),

(5.5)

and yields the decrease

(ϕ+ ψ)(s1;x) ≤ (f + h)(x)− 1
2
(ν−1 − L)‖s1‖2 (5.6)

Moreover, s1 is also the first step of the proximal-gradient method applied to (5.2a) where

ϕ(·;x) is any model of f about x that is differentiable at s = 0 with ∇sϕ(0;x) = ∇f(x),

and, in particular, any quadratic expansion of f about x. In the sequel, we use s1 as the

appropriate generalization to the nonsmooth context of the projected gradient step, which

allows us to derive an adequate optimality measure.

Let

ξ(∆;x, ν) := f(x) + h(x)− p(∆;x, ν), (5.7)

where p(∆;x, ν) is defined in (5.4a). In view of the above, ξ(∆;x, ν) measures the decrease

predicted by the first step of the proximal gradient method applied to (5.2a) from s = 0 with

trust-region radius ∆ and step length ν > 0, where ϕ(·;x) is any model of f about x that is

differentiable at s = 0 with ∇sϕ(0;x) = ∇f(x).

Assume from now on that ϕ(0;x) = f(x) and ψ(0;x) = h(x). Because p(∆;x, ν) ≤
ϕ(0;x) + ψ(0;x) + χ(0; ∆) = f(x) + h(x), we necessarily have ξ(∆;x, ν) ≥ 0.
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Examples of models of f satisfying the above assumptions include Taylor expansions of

f about x, and in particular quadratic models f(x)+∇f(x)T s+ 1
2
sTBs where B = BT . The

most straightforward example of a model of h satisfying the above is ψ(s;x) = h(x + s). If

h(x) = g(c(x)), where g : Rm → R is proper, lsc and level-bounded, and c : Rn → Rm is

continuously differentiable, other possible models include ψ(s;x) = g(c(x) + ∇c(x)T s) and

ψ(s;x) = g(c(x) +∇c(x)T s+
∑m

i=1 s
TBis), where each Bi = BT

i .

The following result allows us to rely on the computable values p(∆;x, ν) and ξ(∆;x, ν)

to assess stationarity.

Proposition 5.2.3. Let Model Assumption 5.2.1 be satisfied where ϕ(0;x) = f(x) and

∇sϕ(0;x) = ∇f(x). Assume furthermore that ψ(0;x) = h(x) and ∂ψ(0;x) = ∂h(x), and let

∆ > 0. Then, ξ(∆;x, ν) = 0⇐⇒ 0 ∈ P (∆;x, ν) =⇒ x is first-order stationary for (5.1).

Proof. ξ(∆;x, ν) = 0 if and only if p(∆;x, ν) = f(x) + h(x) = ϕ(0;x) + ψ(0;x) + χ(0; ∆),

which occurs if and only if 0 ∈ P (∆;x, ν). Proposition 5.2.2 then implies that x is first-order

stationary for (5.1).

5.2.3 A trust-region algorithm

We focus on the solution of (5.1) under Problem Assumption 5.2.1.

Problem Assumption 5.2.1. In (5.1), f ∈ C1(Rn), and h is proper and lsc.

At iteration k, we construct a model mk(s;xk) := ϕ(s;xk)+ψ(s;xk) ≈ f(xk+s)+h(xk+s)

and we approximately solve

minimize
s

mk(s;xk) subject to ‖s‖ ≤ ∆k (5.8)

by computing a step sk required to result in at least a fraction of the decrease achieved with

one step of the proximal gradient method. Step Assumption 5.2.1 formalizes our requirement.
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Step Assumption 5.2.1. There exists κm > 0 and κmdc ∈ (0, 1) such that for all k,

‖sk‖ ≤ ∆k and

|f(xk + sk) + h(xk + sk)−mk(sk;xk)| ≤ κm‖sk‖2, (5.9a)

mk(0;xk)−mk(sk;xk) ≥ κmdcξ(∆k;xk, νk), (5.9b)

where mk is defined above and ξ(∆k;xk, νk) is defined in (5.7).

Condition (5.9a) is certainly satisfied if both f and ϕ are twice continuously differentiable

with bounded second derivatives, and ψ(s;xk) := h(xk+s). It also holds when h(x) = g(c(x))

where c : Rn → Rm has Lipschitz-continuous Jacobian and g : Rm → Rn is Lipschitz

continuous. Such a situation arises when (5.1) results from penalizing infeasibility in the

process of solving a smooth constrained problem. A useful model is then ψ(s;xk) := g(c(xk)+

∇c(xk)T s). If L > 0 is the Lipschitz constant of g and M > 0 that of the Jacobian of c, we

have

|h(xk + s)− ψ(s;xk)| ≤ L‖c(xk + s)− c(xk)−∇c(xk)T s‖ ≤ 1
2
LM‖s‖2,

for all s, and (5.9a) is satisfied.

In order to develop a convergence analysis, we further assume that the gradient of ϕ(·;xk)
is Lipschitz continuous, which is satisfied, for instance, in the case of a quadratic model. It is

not necessary to assume at this point that those Lipschitz constants are uniformly bounded;

we will make such an assumption when needed. We gather the assumptions on the model

from sections 5.2.1 and 5.2.2 in Model Assumption 5.2.2.

Model Assumption 5.2.2. For any x ∈ Rn, ϕ(·;x) is continuously differentiable with

ϕ(0;x) = f(x) and ∇sϕ(0;x) = ∇f(x). In addition, ∇sϕ(·;x) is Lipschitz continuous with

constant L(x) for all x ∈ Rn. Finally, ψ(·;x) is proper, lsc, and satisfies ψ(0;x) = h(x) and

∂ψ(0;x) = ∂h(x).

The complete process is formalized in Algorithm 16, which differs from a traditional

trust-region algorithm in a few respects. First, each iteration begins with the choice of a
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steplength νk > 0 for the proximal-gradient method. Steplength νk must be below 1/L(xk)

to ensure descent; in addition, we connect νk explicitly to ∆k for a reason that becomes

apparent in Theorem 5.2.4. Second, a step computation occurs in two phases. In the first

phase, we compute the first step sk,1 of the proximal-gradient method applied to our model

with trust-region radius ∆k. Step sk,1 is an analog of the scaled projected gradient for

nonsmooth regularized problems. In the second phase, we continue the proximal-gradient

iterations from sk,1 but possibly modify the trust-region radius so it does not exceed β‖sk,1‖
for a prescribed β ≥ 1. This choice is similar in spirit to the analysis of Curtis et al. [42]

for smooth problems, who set the radius to be proportional to the gradient norm. More

precisely, if ‖sk,1‖ < ∆k, we explore a trust region of radius β‖sk,1‖ ≥ ‖sk,1‖. Because

the constraint ‖s‖ ≤ ∆k is inactive at sk,1, the first step of the proximal gradient method

computed in the updated trust region remains sk,1, so that subsequent proximal gradient

iterations will result in further decrease and the ultimate step sk will satisfy (5.9b). If, on

the other hand, ‖sk,1‖ = ∆k, the first step of the proximal gradient method computed in a

larger trust region might differ from sk,1, which would jeopardize satisfaction of (5.9b). In

order to preserve (5.9b), we leave ∆k unchanged.

A final difference with traditional trust-region methods is that h and/or ψ(·;x) can take

the value +∞. In accordance with [120], we employ extended arithmetic rules in which

+∞ · 0 = 0 · (+∞) = +∞/(+∞) := 0. Thus if h(xk + sk) = ψ(sk;xk) = +∞, we set ρk := 0

at step 9 of Algorithm 16.

5.2.4 Convergence analysis and iteration complexity

Our first result states that a successful step is guaranteed provided the trust-region radius

is small enough.

Theorem 5.2.4. Let Model Assumption 5.2.2 and Step Assumption 5.2.1 be satisfied and

let

∆succ :=
κmdc(1− η2)

2κmαβ
2 > 0. (5.10)
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Algorithm 16 Nonsmooth Regularized Trust-Region Algorithm.

1: Choose constants

0 < η1 ≤ η2 < 1, 0 < γ1 ≤ γ2 < 1 < γ3 ≤ γ4 and α > 0, β ≥ 1.

2: Choose x0 ∈ Rn where h is finite, ∆0 > 0, compute f(x0) + h(x0).

3: for k = 0, 1, . . . do

4: Choose 0 < νk ≤ 1/(L(xk) + α−1∆−1
k ).

5: Define mk(s;xk) := ϕ(s;xk) + ψ(s;xk) satisfying Model Assumption 5.2.2.

6: Define mν
k(s;xk) := ϕν(s;xk) + ψ(s;xk) where ϕν(·;xk) is as in (5.3).

7: Compute sk,1 as the solution of (5.8) with model mν
k(s;xk).

8: Compute an approximate solution sk of (5.8) with model mk(s;xk) satisfying Step

Assumption 5.2.1 and such that ‖sk‖ ≤ min(∆k, β‖sk,1‖).
9: Compute the ratio

ρk :=
f(xk) + h(xk)− (f(xk + sk) + h(xk + sk))

mk(0;xk)−mk(sk;xk)
.

10: If ρk ≥ η1, set xk+1 = xk + sk. Otherwise, set xk+1 = xk.

11: Update the trust-region radius according to

∆k+1 ∈


[γ3∆k, γ4∆k] if ρk ≥ η2, (very successful iteration)

[γ2∆k, ∆k] if η1 ≤ ρk < η2, (successful iteration)

[γ1∆k, γ2∆k] if ρk < η1 (unsuccessful iteration).
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If xk is not first-order stationary and ∆k ≤ ∆succ, then iteration k is very successful and

∆k+1 ≥ ∆k.

Proof. Because xk is not first-order stationary, sk,1 6= 0 and sk 6= 0. Note first that (5.6), (5.7)

and Model Assumption 5.2.2 give

ξ(∆k;xk, νk) ≥ (f + h)(xk)− (ϕ+ ψ)(s1;xk) ≥ 1
2
(ν−1
k − L(xk))‖sk,1‖2.

Line 4 of Algorithm 16 implies in turn that ν−1
k − L(xk) ≥ α−1∆−1

k , so that

ξ(∆k;xk, νk) ≥ 1
2
α−1∆−1

k ‖sk,1‖2.

Model Assumption 5.2.2 and Step Assumption 5.2.1 together with the bound ‖sk‖ ≤ β‖sk,1‖
yield

|ρk − 1| =
∣∣∣∣f(xk + sk) + h(xk + sk)−mk(sk;xk)

mk(0;xk)−mk(sk;xk)

∣∣∣∣
≤ κm‖sk‖2

κmdcξ(∆k;xk, νk)

≤ κmβ
2‖sk,1‖2

1
2
α−1∆−1

k ‖sk,1‖2

=
2κmαβ

2

κmdc

∆k.

Therefore, ∆k ≤ ∆succ implies ρk ≥ η2 and iteration k is very successful. The trust-region

update of Algorithm 16 ensures that ∆k+1 ≥ ∆k.

A careful examination of the proof of Theorem 5.2.4 reveals that the model adequacy

condition (5.9a) could be replaced with the weaker condition

|f(xk + sk) + h(xk + sk)−mk(sk;xk)| ≤ κmβ
2‖sk,1‖2, (5.11)

which encapsulates the step size and the trust-region radius simultaneously, and suggests

that sk,1 is the appropriate generalization of the projected gradient for nonsmooth regularized

optimization.

We are now in position to show that Algorithm 16 identifies a first-order critical point.

We first consider the case where there are finitely many successful iterations.
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Theorem 5.2.5. Let Model Assumption 5.2.2 and Step Assumption 5.2.1 be satisfied. If Al-

gorithm 16 only generates finitely many successful iterations, then xk = x∗ for all sufficiently

large k and x∗ is first-order critical.

Proof. The proof mirrors that of Conn et al. [40, Theorem 6.4.4]. Under the assumptions

given, there exists k0 ∈ N such that all iterations k ≥ k0 are unsuccessful and xk = xk0
= x∗.

Assume by contradiction that x∗ is not first-order critical. The mechanism of Algorithm 16

ensures that ∆k decreases on unsuccessful iterations. Thus, there must be k1 ≥ k0 such

that ∆k ≤ ∆succ, where ∆succ is defined in Theorem 5.2.4, which ensures that iteration k1 is

successful and contradicts our assumption.

We now turn to the case where there are infinitely many successful iterations and show

that the objective is either unbounded below or a measure of criticality converges to zero.

The mechanism of Algorithm 16 and Theorem 5.2.4 together ensure that

∆k ≥ ∆min for all k ∈ N where ∆min := min(∆0, γ1∆succ) > 0. (5.12)

Thus, by definition of ξ(·;xk, νk) and (5.12), we have

ξ(∆k;xk, νk) ≥ ξ(∆min;xk, νk) for all k ∈ N. (5.13)

Following this last observation and in view of Proposition 5.2.3 and (2.8), we define ν−1
k ξ(∆min;xk, νk)

1
2

as our measure of criticality. Observe the similarity between this measure and ‖Gνk
(0)‖ de-

fined in (2.7).

Our objective is to establish that lim inf ν−1
k ξ(∆min;xk, νk) = 0 provided f+h is bounded

below. While doing so, we also establish a complexity result.

Let ε > 0 be a stopping tolerance set by the user. We are interested in determining the

smallest iteration number k(ε) at which we achieve the first-order optimality condition

ν−1
k ξ(∆min;xk, νk)

1
2 ≤ ε (0 < ε < 1). (5.14)
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We denote

S := {k ∈ N | ρk ≥ η1}, (5.15a)

S(ε) := {k ∈ S | k < k(ε)}, (5.15b)

U(ε) := {k ∈ N | k 6∈ S and k < k(ε)}, (5.15c)

respectively the set of all successful iterations, the set of successful iterations for which (5.14)

has not yet been attained, and the set of unsuccessful iterations before (5.14) is first attained.

We make the following additional assumption on the model.

Model Assumption 5.2.3. In Model Assumption 5.2.2, there exists L > 0 such that 0 <

L(xk) ≤ L for all k ∈ N. In addition, we select νk at line 4 of Algorithm 16 in a way that

there exists νmin > 0 such that νk ≥ νmin for all k ∈ N.

We stress that it is not necessary to know the value of or estimate L; only to ensure

that such a constant exists, which may be achieved either by controling the norm of quasi-

Newton approximations [92] or employing exact Hessians and substituting one for a bounded

approximation when its norm is too large. Finally, in view of (5.12), there exists νmin > 0

satisfying the assumption. For instance, choosing νk := 1/(L(xk)+α−1∆−1
k ) at each iteration

ensures that νk ≥ νmin := 1/(L+ α−1∆−1
min) > 0.

The following two results parallel the now-classic complexity analysis of Cartis et al. [36]

and references therein.

Lemma 5.2.6. Let Model Assumptions 5.2.2 and 5.2.3 and Step Assumption 5.2.1 be sat-

isfied. Assume there are infinitely many successful iterations and that f(xk) + h(xk) ≥
(f + h)low for all k ∈ N. Then, for all ε ∈ (0, 1),

|S(ε)| ≤ (f + h)(x0)− (f + h)low

η1κmdcν
2
minε

2 = O(ε−2). (5.16)
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Proof. If k ∈ S(ε), Model Assumption 5.2.3 and Step Assumption 5.2.1 and (5.13) imply

f(xk) + h(xk)− f(xk + sk)− h(xk + sk) ≥ η1(mk(0;xk)−mk(sk;xk))

≥ η1κmdcξ(∆k;xk, νk)

≥ η1κmdcξ(∆min;xk, νk)

≥ η1κmdcν
2
kε

2

≥ η1κmdcν
2
minε

2.

Because f + h is bounded below by (f + h)low, summing the above inequalities over all

k ∈ S(ε) yields

(f + h)(x0)− (f + h)low ≥
∑
k∈S(ε)

(f + h)(xk)− (f + h)(xk+1) ≥ |S(ε)|η1κmdcν
2
minε

2,

which establishes (5.16).

In order to derive a similar bound on the total number of iterations before (5.14) is first

attained, we need to bound the number of unsuccessful iterations.

Lemma 5.2.7. Under the assumptions of Lemma 5.2.6,

|U(ε)| ≤ logγ2
(∆min/∆0) + |S(ε)|| logγ2

(γ4)| = O(ε−2). (5.17)

Proof. Each unsuccessful iteration reduces the trust-region radius by a factor at least γ2,

while at each successful iteration, ∆k+1 ≤ γ4∆k. Thus if k(ε)− 1 is the iteration index just

before (5.14) occurs for the first time,

∆min ≤ ∆k(ε)−1 ≤ ∆0γ
|U(ε)|
2 γ

|S(ε)|
4 .

Taking logarithms on both sides and remembering that 0 < γ2 < 1 gives

|U(ε)| log(γ2) + |S(ε)| log(γ4) ≥ log(∆min/∆0),

and establishes (5.17).
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Finally, the total number of iteration until (5.14) is attained is given in the next result,

which simply combines Lemma 5.2.6 and Lemma 5.2.7.

Theorem 5.2.8. Under the assumptions of Lemma 5.2.6,

|S(ε)|+ |U(ε)| = O(ε−2). (5.18)

We use the update ∆k+1 ∈ [γ3∆k, γ4∆k] on very successful iterations but other possibili-

ties exist. For instance, it is common to set ∆k+1 = max(γ3‖sk‖, ∆k) instead. Lemma 5.2.7

continues to hold because on successful iterations, ∆k+1 ≤ max(γ3∆k, ∆k) = γ3∆k.

Curtis et al. [42] establish a complexity bound of O(ε−2) by making ∆k proportional to

an optimality measure—in their context of smooth optimization, they choose the gradient

norm. Grapiglia et al. [59] study the convergence and complexity of a generic algorithm that

has trust-region methods as a special case and obtain the O(ε−2) complexity bound under

stronger smoothness assumptions than ours. Among others, they establish a bound for

regularized optimization but also require h to be convex and globally Lipschitz continuous.

Curtis et al. [41] describe a nonstandard trust-region algorithm with a stronger O(ε−3/2)

complexity bound.

A straightforward consequence of Theorem 5.2.8 is that if f + h is bounded below, a

subsequence of the criticality measure converges to zero.

Corollary 5.2.9. Let Model Assumptions 5.2.2 and 5.2.3, and Step Assumption 5.2.1 be

satisfied. If there are infinitely many successful iterations, then, either

lim
k→∞

f(xk) + h(xk)→ −∞ or lim inf
k→∞

ν−1
k ξ(∆min;xk, νk)

1
2 = 0.

Proof. Follows directly from Theorem 5.2.8.

In order to give an interpretation of Corollary 5.2.9, consider (5.2) with ∆ = ∆min > 0

along with its value function p(∆min;x, ν), optimal set P (∆min;x, ν) and the optimality

measure ξ(∆min;x, ν), where (x, ν) now plays the role of the parameter. Similar to Proposi-

tion 5.2.1, though with slightly stronger assumptions than Model Assumption 5.2.1, we have

the following result.
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Proposition 5.2.10. Let Problem Assumption 5.2.1 be satisfied and consider (5.2) with ϕ

as in (5.3). Assume ψ is proper and lsc in the joint variables (s, x) and ψ(s;x) + χ(s; ∆min)

is level-bounded in s locally uniformly in x. Then, the domain of p(∆min; ·, ·) and P (∆min; ·, ·)
is Rn × {ν | ν > 0}. In addition,

1. p(∆min; ·, ·) is proper continuous and for all x ∈ Rn and ν > 0, P (∆min;x, ν) is

nonempty and compact. In addition, ξ(∆min; ·, ·) is proper lsc;

2. if {xk} → x̄ and {νk} → ν̄ > 0, and for each k, sk ∈ P (∆min;xk, νk), then {sk} is

bounded and all its limit points are in P (∆min; x̄, ν̄).

Proof. Because h is proper lsc, (5.7) implies that ξ(∆min; ·, ·) is proper whenever p(∆min; ·, ·)
is proper and is lsc whenever p(∆min; ·, ·) is continuous. The latter holds because p(∆min; ·, ·)
is the composition of ∇f , which is continuous, with the Moreau envelope of ψ(·;x)+χ(·; ∆),

and such Moreau envelope is continuous in (x, ν)—see, [120, Theorem 1.25]. The rest follows

by [120, Theorems 1.17 and 7.41].

By Corollary 5.2.9, if f + h is bounded below, there is an index set K such that

{ν−1
k ξ(∆min;xk, νk)

1
2}K → 0. Assume that {(xk, νk)}K possesses a limit point and, without

loss of generality, that {(xk, νk)}K → (x̄, ν̄) with ν̄ > 0. That implies that {ξ(∆min;xk, νk)}K →
0 because for all sufficiently large k,

ν−1
k ξ(∆min;xk, νk)

1
2 ≥ 1

2
ν̄−1ξ(∆min;xk, νk)

1
2 ≥ 0.

Under the assumptions of Proposition 5.2.10, ξ(∆min; ·, ·) is lsc, which means exactly that

0 = lim inf
k∈K

ξ(∆min;xk, νk) = ξ(∆min; x̄, ν̄),

so that x̄ is first-order critical.

It turns out that a stronger conclusion holds without further assumptions; the following

result implies that every limit point of {(xk, νk)} determines a first-order critical point. The

proof follows the logic of [40, Theorem 6.4.6] but is significantly simpler due to the form of

Step Assumption 5.2.1 and (5.13).
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Theorem 5.2.11. Let Model Assumptions 5.2.2 and 5.2.3 and Step Assumption 5.2.1 be

satisfied. If there are infinitely many successful iterations,

lim
k→∞

f(xk) + h(xk)→ −∞ or lim
k→∞

ν−1
k ξ(∆min;xk, νk)

1
2 = 0.

Proof. If {ν−1
k ξ(∆min;xk, νk)

1
2} 6→ 0, there exist ε > 0 and an infinite set K ⊂ S such that

ν−1
k ξ(∆min;xk, νk)

1
2 ≥ ε for all k ∈ K. Because each k ∈ K is a successful iteration, Step

Assumption 5.2.1 and (5.13) yield

(f + h)(xk)− (f + h)(xk+1) ≥ η1κmdcξ(∆k;xk, νk)

≥ η1κmdcξ(∆min;xk, νk)

≥ η1κmdcν
2
minε

2

for all k ∈ K, which is a contradiction if {f(xk) + h(xk)} is not bounded below.
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5.3 Proximal-quasi-Newton trust-region method

In this section, we consider the computation of a trust-region step and develop a special case

of Proposition 2.3.1 in which

ϕ(s;x) := f(x) +∇f(x)T s+ 1
2
sTBs, (5.19)

where B = BT . We assume that ∆ > 0 is fixed. For conciseness, we use the notation

ϕ(s) := ϕ(s;x) and ψ(s) := ψ(s;x) + χ(s; ∆). We work under Model Assumption 5.2.2, i.e.,

we assume that ψ is proper and lsc with prox-boundedness coming from χ(·; ∆).

5.3.1 Computing a trust-region step

The following result states a fundamental relationship between Gν and ∂ψ.

Lemma 5.3.1.

Let sj+1be given by (2.5) and Gν(sj)be defined by (2.7). Then,

Gν(sj)−∇ϕ(sj) ∈ ∂ψ(sj+1). (5.20a)

(B − ν−1I)(sj+1 − sj) ∈ ∇ϕ(sj+1) + ∂ψ(sj+1). (5.20b)

Proof. (5.20a) is a simple restatement of (2.6) and (5.20b) results from adding ∇ϕ(sj+1)to

both sides of (2.6) and substituting the gradient of ϕ using (5.19).

The next result shows that (2.5) is a descent method when ϕ is a quadratic.

Lemma 5.3.2. Let {sj} be generated according to (2.5). For all j ≥ 0,

ψ(sj+1) +∇ϕ(sj)
T (sj+1 − sj) ≤ ψ(sj)− 1

2
ν−1‖sj+1 − sj‖2, (5.21a)

(ϕ+ ψ)(sj+1) ≤ (ϕ+ ψ)(sj) + 1
2
(sj+1 − sj)T (B − ν−1I)(sj+1 − sj). (5.21b)

Proof. Because sj+1 solves (2.5),

1
2
ν−1‖sj+1 − (sj − ν∇ϕ(sj))‖2 + ψ(sj+1) ≤ 1

2
ν−1‖ν∇ϕ(sj)‖2 + ψ(sj).
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By expanding the squared norm in the left-hand-side of the above and cancelling the common

term ‖ν∇ϕ(sj)‖2, we obtain (5.21a). Because ϕ is quadratic,

ϕ(sj+1) = ϕ(sj) +∇ϕ(sj)
T (sj+1 − sj) + 1

2
(sj+1 − sj)TB(sj+1 − sj).

We now add ψ(sj+1) to both sides and use (5.21a) and obtain

(ϕ+ ψ)(sj+1) ≤ ϕ(sj) + ψ(sj)− 1
2
ν−1‖sj+1 − sj‖2 + 1

2
(sj+1 − sj)TB(sj+1 − sj)

= (ϕ+ ψ)(sj) + 1
2
(sj+1 − sj)T (B − ν−1I)(sj+1 − sj).

We now examine two choices of ν > 0 that result in two decrease behaviors.

Corollary 5.3.3. Under the assumptions of Lemma 5.3.2, assume 0 < ν ≤ (1− θ)/‖B‖ for

some θ ∈ (0, 1), or simply that ν > 0 if B = 0, in which case θ = 1. Then,

(ϕ+ ψ)(sj+1) ≤ (ϕ+ ψ)(sj)− 1
2
θν−1 ‖sj − sj+1‖2, (j ≥ 0). (5.22)

Proof. If B = 0, (5.22) with θ = 1 follows directly from (5.21a). If B 6= 0, we have by

assumption (1− θ)ν−1 ≥ ‖B‖, so that λmax(B − ν−1I) ≤ −θν−1 < 0, and therefore,

(sj+1 − sj)T (B − ν−1I)(sj+1 − sj) ≤ −θν−1 ‖sj+1 − sj‖2,

which combines with (5.21b) to complete the proof.

Corollary 5.3.4. Under the assumptions of Lemma 5.3.2, assume B 6= 0, let 0 < θ <

1/(4‖B‖) and νmin ≤ ν ≤ νmax, where

νmin :=
1−

√
1− 4θ‖B‖
2‖B‖ , νmax :=

1 +
√

1− 4θ‖B‖
2‖B‖ .

Then, for all j ≥ 0,

(ϕ+ ψ)(sj+1) ≤ (ϕ+ ψ)(sj)− 1
2
θν−2 ‖sj − sj+1‖2 = (ϕ+ ψ)(sj)− 1

2
θ‖Gν(sj)‖2. (5.23)
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Proof. Under our assumptions, the quadratic p(ν) := ‖B‖ν2−ν+θ has the two positive real

roots νmin and νmax. Moreover, for all ν ∈ [νmin, νmax], p(ν) ≤ 0, which can also be written

‖B‖ − ν−1 ≤ −θν−2. Therefore, if ν ∈ [νmin, νmax], then for all j,

(sj+1 − sj)T (B − ν−1I)(sj+1 − sj) ≤ −θν−2 ‖sj+1 − sj‖2 = −θ‖Gν(sj)‖2,

which combines with (5.21b) to complete the proof.

Because s0 = 0 and (ϕ+ψ)(s0) = f(x) + h(x) < +∞, if ν is chosen as in Corollary 5.3.3

or Corollary 5.3.4, (2.5) generates iterates {sj} such that {(ϕ + ψ)(sj)} is monotonically

decreasing and all its terms are finite. Finiteness implies that ‖sj‖ ≤ ∆ for all j ≥ 0, i.e., all

iterates lie in the trust region. In particular, for any j ≥ 1,

mk(sj+1;xk) ≤ mk(sj;xk) ≤ mk(s1;xk) = mν
k(s1;xk), (5.24)

where mν
k(s1;xk) = 1

2
ν−1‖s1 + ν∇f(xk)‖2

2 + (ψ + χ)(s1) and hence sj satisfies the sufficient

decrease condition (5.9b), and the final equality results from the fact that s1 is the same for

any model of the form (5.19).

With regards to proximal gradient convergence, two situations may occur. In the first, (2.5)

results in sj0+1 = sj0 for a smallest index j0 > 0. In that case, (2.6) yields

0 ∈ ∂(ϕ+ ψ)(sj0),

i.e., we have identified a stationary point of (5.8) in a finite number of iterations, while

decreasing the value of mk at each iteration. Otherwise, sj+1 6= sj for all j ≥ 0, and the next

result establishes sub-linear convergence of the proximal gradient method (2.5).

Theorem 5.3.5. Let {sj} be generated according to (2.5) with ν as in Corollary 5.3.3.

Denote (ϕ+ ψ)low := inf(ϕ + ψ) > −∞. Let vj+1 denote the left-hand side of (5.20b). For

any N ≥ 1,

min
j=0,...,N−1

‖vj+1‖ ≤
√

2

Nθ
(ν−1 − λmin(B)) ((ϕ+ ψ)(s0)− (ϕ+ ψ)low).
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Proof. We rearrange (5.22) and sum from iteration j = 0 to iteration j = N − 1:

N−1∑
j=0

‖sj − sj+1‖2 ≤ 2ν

θ
((ϕ+ ψ)(s0)− (ϕ+ ψ)(sN)) ≤ 2ν

θ
((ϕ+ ψ)(s0)− (ϕ+ ψ)low).

For any positive sequence {cj},

min
0≤j≤N−1

cj =

√
min

0≤j≤N−1
c2
j ≤

√√√√ 1

N

N−1∑
j=0

c2
j .

Therefore,

min
0≤j≤N−1

‖sj − sj+1‖ ≤
√

2ν

Nθ
((ϕ+ ψ)(s0)− (ϕ+ ψ)low).

Because ‖vj+1‖ ≤ ‖B − ν−1I‖ ‖sj − sj+1‖ = (ν−1 − λmin(B)) ‖sj − sj+1‖ ≤ ν−1‖sj − sj+1‖,
we obtain the desired result.

When solving (5.8), a reasonable stopping condition would be ‖vj+1‖ ≤ ε for a user-

chosen tolerance ε > 0. Theorem 5.3.5 indicates that such stopping condition is attained

after N(ε) iterations, where

N(ε) =

⌈
2

ε2θ
(ν−1 − λmin(B)) ((ϕ+ ψ)(s0)− (ϕ+ ψ)low)

⌉
.

A result similar to Theorem 5.3.5 can be established under the step size rule of Corol-

lary 5.3.4, with nearly identical proof.

Theorem 5.3.6. Let {sj} be generated according to (2.5) with ν as in Corollary 5.3.4 with

0 < θ < 1/(4‖B‖). Assume ψ, and therefore ϕ+ψ, is bounded below and denote (ϕ+ ψ)low :=

inf(ϕ+ ψ) > −∞. For any N ≥ 1,

min
j=0,...,N−1

‖Gν(sj+1)‖ ≤
√

2

Nθ
((ϕ+ ψ)(s0)− (ϕ+ ψ)low).
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5.4 Proximal Operators for Trust-Region Subproblems

In this section, we develop techniques for computing (2.5) for use in Steps 7 and 8 of Algo-

rithm 16. Many standard proximal operators for both convex and nonconvex prox-bounded

functions ψ have been worked out [17, 38], and new examples for nonconvex problems contin-

uously appear. Well-known examples include the firm-thresholding penalty [57], the SCAD

penalty [53], MCP penalty [151], lower C2 functions [64], any `pp-seminorm for 0 < p < 1

[153, Appendix A], and other exotic operators, see e.g. [152, Table 1]. We refer to such

functions ψ as prox-friendly. However, Algorithm 16 requires evaluating proximal operators

for modified functions that combine a shift and a summation with an indicator function. By

Model Assumption 5.2.2, our model ψ(s;x) ≈ h(x + s) must coincide with h in value and

subdifferential at s = 0. In particular, the choice ψ(s;x) = h(x + s) seems natural when h

itself is prox-friendly. Here we consider

ψ(s;x) := h(x+ s) + χ(s; ∆Bp), (5.25)

where h is prox-friendly, x is a shift, and p ∈ {1, 2,∞}. Below, we provide closed form

solutions and/or efficient routines for (5.25) with focus on the following cases:

1. for an arbitrary separable prox-friendly h, we evaluate proxνψ(·;x) by leveraging proxνh,

but we restrict our attention to p =∞. This allows us to consider (5.25) with h(x) =

λ‖x‖1 and h(x) = λ‖x‖0;

2. we consider h(x) = λ‖x‖1 in (5.25) for p = 2.

5.4.1 p =∞, h separable

For the special case of B∞, (2.1b) and (5.25) yield

prox
νψ

(q) := arg min
s

1
2
ν−1‖s− q‖2 + h(x+ s) + χ(s; ∆B∞). (5.26)

If h is separable, i.e., h(x) =
∑

i hi(xi), (5.26) decouples in each coordinate:

prox
νψ

(q)i = arg min
si

1
2
ν−1(si − qi)2 + hi(xi + si) + χ(si; [−∆,∆]).
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Using the change of variable vi = xi + si, we may rewrite

prox
νψ

(q)i = arg min
vi

{1
2
ν−1(vi − xi − qi)2 + hi(vi) + χ(vi; [xi −∆, xi + ∆])} − xi.

If h is convex, we may work backwards from the form of the solution. For any pi ∈ proxνψ (q)i,

either

1. |pi| < ∆, in which case pi ∈ proxνhi (q + x)i − xi;

2. otherwise, |pi| = ∆ by construction, and

prox
νψ

(q)i = arg min
vi=xi±∆

(1
2
ν−1(vi − (xi + qi))

2 + hi(vi))− xi

= arg min
si=±∆

1
2
ν−1(si − qi)2 + hi(xi + si) ⊆ {−∆, ∆}.

In such cases, the definition of convexity implies that set of bound-constrained solutions

includes the projection of the unconstrained solutions into the bounds. Because the objective

of (5.26) is strictly convex, equality holds:

prox
νψ

(q)i = { proj
[xi−∆,xi+∆]

(prox
νhi

(q + x)i)} − xi = proj
[−∆,∆]

(prox
νhi

(q + x)i − xi),

For example, let h(x) = λ‖x‖1. Then,

prox
νψ

(q)i = proj
[−∆,∆]

(prox
νλ|·|

(q + x)i − xi) = proj
[−∆,∆]




qi − νλ xi + qi > νλ

−xi |xi + qi| ≤ νλ

qi + νλ xi + qi < −νλ


= proj

[−∆,∆]

(
proj

[qi−νλ,qi+νλ]

(−xi)
)
.

When h is nonconvex, there may be a greater variety of cases. For instance, if h(x) =

λ‖x‖0, a global solution of (5.26) may be one of the bounds, or either of the unconstrained

local minimizers q and −x if they lie inside the bounds. A simple strategy consists in

evaluating the objective of (5.26) at those four points and choosing one with lowest objective

value.
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5.4.2 p = 2, h(x) = λ‖x‖1

When using other norms to define the trust region, additional computations are required.

For certain norms, we can dualize h to solve (5.26). We focus on h(x) = λ‖x‖1 with an

`2-norm trust-region throughout because the `2-norm is standard in the literature, and is

used in section 5.6.1.

First, we rewrite the scaled `1-norm using its conjugate:

λ‖x+ s‖1 = sup
w∈λB∞

wT (x+ s),

recharacterizing (2.1b) and (5.25) as

min
s

sup
w∈λB∞

1
2
ν−1‖s− q‖2 + wT (x+ s) + χ(s; ∆B2). (5.27)

Strong duality holds in this case since the objective is convex, piecewise linear-quadratic, and

the primal solution is attained. We interchange the order of minimization and maximization

and complete squares in s and in w to obtain

sup
w∈λB∞

min
s

1
2
ν−1‖s− q + νw‖2 + χ(s; ∆B2)− 1

2
ν−1 ‖x+ q − νw‖2 + 1

2
ν−1‖x+ q‖2. (5.28)

The solution of the inner problem is

s(w) := proj
∆B2

(q − νw). (5.29)

We substitute (5.29) back into (5.28) to rewrite the dual objective as

sup
w∈λB∞

1
2
ν−1 dist (q − νw; ∆B2)2 − 1

2
ν−1 ‖x+ q − νw‖2 + 1

2
ν−1‖x+ q‖2. (5.30)

The change of variable

y = q − νw, (5.31)

transforms (5.30) into

min
q−νλ1≤y≤q+νλ1

1
2
ν−1

(
‖y + x‖2 − dist (y; ∆B2)2) , (5.32)
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where 1 is a vector of all ones. As the value function of (5.27) with respect to s, the objective

of (5.32) is convex [120, Proposition 2.22]. The first-order optimality conditions of (5.32)

are

0 ∈ x+
y

max{1, ‖y‖/∆} + ν∂χ(y; [q − νλ1, q + νλ1]). (5.33)

Once we have an optimal solution of (5.32) , denoted y+, we can evaluate (5.29) at the

corresponding w+ to obtain

s = proj
∆B2

(y+).

which solves (5.26). To characterize y+ more explicitly, we work backwards from properties

of the solution. There are only two possibilities to consider: y+ is in the trust region, and

y+ is outside of the trust region.

1. if ‖y+‖ < ∆, dist(y+; ∆B2) = 0, and (5.32) and (5.33) simplify:

s = y+ = proj
[q−νλ1,q+νλ1]

(−x),

where we used (5.29) and (5.31);

2. if ‖y+‖ ≥ ∆, (5.33) becomes

0 ∈ x+
∆

‖y‖y + ν∂χ(y; [q − νλ1, q + νλ1]).

Multiplying through by ‖y‖/∆ yields

0 ∈ y +
‖y‖
∆
x+

ν‖y‖
∆

∂χ(y; [q − νλ1, q + νλ1]). (5.34)

Suppose first that η := ‖y+‖ is known. A solution y+ to (5.34) can be obtained by

solving

min
y∈[q−νλ1,q+νλ1]

1
2
‖y +

η

∆
x‖2

which can be written in closed form as

y = proj
[q−νλ1,q+νλ1]

(
− η

∆
x
)
. (5.35)
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Taking the norm of each side of (5.35) gives a scalar root finding equation that char-

acterizes η:

η =

∥∥∥∥∥ proj
[q−νλ1,q+νλ1]

(
− η

∆
x
)∥∥∥∥∥ .

Once we have solved for η = ‖y+‖, we obtain y+ from (5.35), and, using (5.29),

s = proj
∆B2

(
proj

[q−νλ1,q+νλ1]

(
− η

∆
x
))

=

(
proj

[q−νλ1,q+νλ1]

(
− η

∆
x
)) ∆

η
.
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5.5 A quadratic regularization variant

We now describe a variant of the trust-region algorithm of the previous sections inspired by

the modified Gauss-Newton scheme proposed by Nesterov [104] in the context of nonlinear

least-squares problems. Here again, Cartis et al. [36] establish a complexity of O(ε−2) itera-

tions to attain a near-optimality condition under the assumption that h is convex and globally

Lipschitz continuous. In the sequel, we obtain the same complexity bound under Problem

Assumption 5.2.1. The quadratic regularization method decribed below is closely related

to the standard proximal gradient method with the exception that it employs an adaptive

steplength. It may be used as an alternative to a linesearch-based proximal gradient method

such as those of Li and Lin [89] and Boţ et al. [30].

In the quadratic regularization method, we use the linear model

ϕ(s;x) = f(x) +∇f(x)T s ≈ f(x+ s) (5.36)

together with a model of ψ(s;x) that satisfies Model Assumption 5.2.2. The first difference

is that in the present setting, the Lipschitz constant of ∇ϕ(·;x) is L(x) = 0 for all x ∈
Rn. The second difference is that we must now assume that ψ(·;x) is prox-bounded. In

particular, there exists λx ∈ R∪ {+∞} such that ψ(·;x) + 1
2
λ−1
x ‖ · ‖2 is bounded below [120,

Exercise 1.24c]. We refer to the supremum of all such λx as the threshold of boundedness of

ψ(·;x). If ψ(·;x) is itself bounded below, we may choose λx = +∞. At x, we define

p(σ;x) := minimize
s

m(s;x, σ), (5.37a)

P (σ;x) := arg min
s

m(s;x, σ), (5.37b)

where

m(s;x, σ) := ϕ(s;x) + ψ(s;x) + 1
2
σ‖s‖2, (5.38)

and σ > 0 is a regularization parameter. From x, the method computes a step s ∈ P (σ;x).

As earlier, let us also define

ξ(σ;x) := f(x) + h(x)− p(σ;x) ≥ 0. (5.39)
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If we combine (5.36) with (5.38), we may write

m(s;x, σ) = 1
2
σ‖s+ σ−1∇f(x)‖2 + ψ(s;x) + f(x)− 1

2
σ−1‖∇f(x)‖2, (5.40)

where the last two terms are independent of s. In (5.40), we recognize a model of the

form (5.5), so that minimizing (5.38) amounts to performing a single step of the proximal

gradient method with step size 1/σ and Lipschitz constant L = 0. The decrease guaranteed

by the proximal gradient method is given by (5.6), i.e.,

ξ(x;σ) = f(x) + h(x)−m(s;x, σ) ≥ 1
2
σ‖s‖2, (5.41)

so that

f(x) + h(x)− (ϕ(s;x) + ψ(s;x)) ≥ σ‖s‖2, (5.42)

provided that σ > 1/λx. Because of (5.42), there is no need for a sufficient decrease assump-

tion such as (5.9b) in the quadratic regularization method.

In view of (5.40), Proposition 2.2.1 applies to (5.37). In particular, p(σ;x) is continuous

in (σ, x), and P (σ;x) is nonempty and compact for all σ > 1/λx.

By Proposition 2.2.3, for any σ > 1/λx, if s ∈ P (σ;x), then 0 ∈ ∇f(x) + ∂ψ(s;x) + σs.

Thus, we have the following optimality result.

Lemma 5.5.1. Let Model Assumption 5.2.2 be satisfied, ψ(·;x) be prox-bounded, and let

σ > 1/λx. Then ξ(σ;x) = 0⇐⇒ 0 ∈ P (σ;x) =⇒ x is first-order stationary for (5.1).

As in the trust-region context, we require that the difference between the model and the

actual objective be bounded by a multiple of ‖sk‖2:

Step Assumption 5.5.1. There exists κm > 0 such that for all k,

|f(xk + sk) + h(xk + sk)− ϕk(sk;xk)− ψ(sk;xk)| ≤ κm‖sk‖2. (5.43)

Once a step s has been computed, its quality is assessed by comparing the decrease in

ϕ(·;x) + ψ(·;x) with that in the objective f + h, similarly to Algorithm 16. If both are
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in strong agreement, σ decreases. Otherwise, σ increases. We state the overall algorithm

as Algorithm 17. Contrary to Algorithm 16, it is possible that, at certain iterations, σk ≤
1/λxk , and in such a situation, it is possible that m(sk;xk, σk) = −∞, and therefore that

ϕ(sk;xk) + ψ(sk;xk) ≤ m(sk;xk, σk) = −∞. Because h is proper, h(xk + sk) is either finite

or +∞. In such a case, thanks to extended arithmetic rules, ρk = 0, sk is rejected, and σk is

increased. After a finite number of such increases, we obtain σk > 1/λxk .

Algorithm 17 Nonsmooth quadratic regularization algorithm.

1: Choose constants 0 < η1 ≤ η2 < 1 and 0 < γ3 ≤ 1 < γ1 ≤ γ2.

2: Choose x0 ∈ Rn where h is finite, σ0 > 0, compute f(x0) + h(x0).

3: for k = 0, 1, . . . do

4: Define m(s;xk, σk) as in (5.38) satisfying Model Assumption 5.2.2 with L = 0.

5: Compute a solution sk of (5.37) such that Step Assumption 5.5.1 holds.

6: Compute the ratio

ρk :=
f(xk) + h(xk)− (f(xk + sk) + h(xk + sk))

ϕ(0;xk) + ψ(0;xk)− (ϕ(sk;xk) + ψ(sk;xk))
.

7: If ρk ≥ η1, set xk+1 = xk + sk. Otherwise, set xk+1 = xk.

8: Update the regularization parameter according to

σk+1 ∈


[γ3σk, σk] if ρk ≥ η2,

[σk, γ1σk] if η1 ≤ ρk < η2,

[γ1σk, γ2σk] if ρk < η1.

We now combine (5.42) with Step Assumption 5.5.1 into the following result.

Theorem 5.5.2. Let Model Assumption 5.2.2 and Step Assumption 5.5.1 be satisfied, ψ(·;xk)
be prox-bounded for each k ∈ N with threshold of boundedness λxk , and let

σsucc := κm/(1− η2) > 0. (5.44)
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If xk is not first-order stationary and σk ≥ max(1/λxk , σsucc), then iteration k is very suc-

cessful and σk+1 ≤ σk.

Proof. Let sk be the step computed at iteration k of Algorithm 17. Because xk is not first-

order stationary, sk 6= 0. Step Assumption 5.5.1 and (5.42) combine to yield

|ρk − 1| = |f(xk + sk) + h(xk + sk)− (ϕ(sk;xk) + ψ(sk;xk))|
ϕ(0;xk) + ψ(0;xk)− (ϕ(sk;xk) + ψ(sk;xk))

≤ κm‖sk‖2

σk‖sk‖2 .

After simplifying by ‖sk‖2, we obtain σk ≥ σsucc =⇒ ρk ≥ η2.

If there exists λ > 0 such that λxk ≥ λ for all k ∈ N, Theorem 5.5.2 ensures existence of

a constant σmax > 0 such that

σk ≤ σmax := min(σ0, γ2 max(1/λ, σsucc)) > 0 for all k ∈ N. (5.45)

We paraphrase the above assumption by stating that ψ(·;xk) is uniformly prox-bounded.

A result analogous to Theorem 5.2.5 holds for Algorithm 17. We omit the proof, as it is

nearly identical.

Theorem 5.5.3. Let Model Assumption 5.2.2 and Step Assumption 5.5.1 be satisfied, and

ψ(·;xk) be uniformly prox-bounded. If Algorithm 17 only generates finitely many successful

iterations, xk = x∗ for sufficiently large k and x∗ is first-order critical.

According to Proposition 2.2.1 part 2, and the identification ν = σ−1, p(σ;x) increases

as σ increases, so that ξ(σ;x) decreases as σ increases, and (5.45) yields

ξ(σk;xk) ≥ ξ(σmax;xk) for all k ∈ N. (5.46)

Lemma 5.5.1, (5.42) and (5.46) suggest using ξ(σmax;xk)
1
2 as stationarity measure.

Let ε > 0 be a tolerance set by the user and consider the sets (5.15). We are now in

position to establish complexity results analogous to those obtained for Algorithm 16. The

proof is nearly identical and is omitted.
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Theorem 5.5.4. Let Model Assumption 5.2.2 and Step Assumption 5.5.1 be satisfied, and

ψ(·;xk) be uniformly prox-bounded. Assume there are infinitely many successful iterations

and that f(xk) + h(xk) ≥ (f + h)low for all k ∈ N. Then, for all ε ∈ (0, 1),

|S(ε)| = O(ε−2), |U(ε)| = O(ε−2), |S(ε)|+ |U(ε)| = O(ε−2). (5.47)
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5.6 Implementation and numerical results

Algorithms 16 and 17 are implemented in Julia [22] and are available at github.com/UW-AMO/

TRNC, along with scripts to reproduce our experiments. Our design allows the user to choose

a method to compute a step, an important feature given the nonstandard ψk + χk operator.

We compare the performance of Algorithm 16 (TR) to other proximal quasi-Newton

routines: PANOC [129] and ZeroFPR [132]. PANOC can be viewed as a proximal gradient

descent scheme accelerated by limited-memory BFGS steps. It performs proximal gradient

iterations with a backtracking linesearch, and then 20 quasi-Newton steps computed using

the proximal gradient method. ZeroFPR is similar, but takes a fixed number of quasi-

Newton steps between each proximal gradient step; it defaults to proximal gradient descent

if no progress is made during the inner quasi-Newton steps. To compare, we count gradient

evaluations as well as proximal operator evaluations, but in our example problems, proximal

evaluations are far cheaper than gradients.

In the following experiments, we set ψ(s;xk) := h(xk + s). Our stopping criteria for Al-

gorithm 16 is ξ(∆k;xk, νk)
1/2, which we use as a proxy for the first-order error measure

ν−1
k ξ(∆min;xk, νk)

1/2 defined in (5.7). We set ∆0 := 1.0. We compute trust-region steps

using the proximal-gradient (PG) method with step length chosen as in Corollary 5.3.3,

denoted TR-PG in figures and tables. The user could choose accelerated variants for the

subproblem, including our quadratic regularization procedure Algorithm 17 (R2), signified by

TR-R2. In our experiments, the latter performed similarly to the proximal gradient method,

although it typically required fewer inner iterations. We use proximal operators that include

both ψ(·;xk) and the indicator of the trust region as described in section 5.4. The criticality

measure used in the inner PG iterations is the norm of the subgradient (5.20b), while that

used in the R2 inner iterations is ξ(σk;xk)
1/2, which is a proxy for ξ(σmax;xk)

1/2. We set the

inner tolerance to

min(0.01, ξ(∆k;xk + sk,1, νk)
1
2 ) ξ(∆k;xk + sk,1, νk),

which is inspired from inexact Newton methods to encourage fast local convergence. Note

github.com/UW-AMO/TRNC
github.com/UW-AMO/TRNC
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that ξ is computed with the first step sk,1 from Line 7 of Algorithm 16.

We use automatic differentiation as implemented in the ForwardDiff package [118] to

obtain ∇f(x) and construct limited-memory quasi-Newton approximations by way of the

LinearOperators package [109]. Below, we use LSR1 and LBFGS approximations with mem-

ory 5 for the BPDN and ODE examples, respectively.

5.6.1 LASSO/BPDN

The first set of experiments concerns LASSO/basis pursuit de-noise (BPDN) problems, which

arise in statistical [133] and compressed sensing [50] applications. We seek to recover a sparse

signal xtrue ∈ Rn given observed noisy data b ∈ Rm. xtrue is a sparse vector containing mostly

zeros and 10 values of ±1 where both the index of the nonzero entry and ± are randomly

generated.

We set m = 200, n = 512, b := Axtrue +ε where ε ∼ N (0, .01) and A to have orthonormal

rows—AT is generated by taking the Q factor in the thin QR decomposition of a random

n×m matrix. To recover x, we solve

minimize
x

1
2
‖Ax− b‖2

2 + h(x). (5.48)

We first consider h(x) = λ‖x‖p for p ∈ {0, 1} with λ = 0.1‖AT b‖∞ in the vein of [142],

and employ both the `2 and `∞ norms to define the trust region. We also consider h(x) =

χ(x;λB0) with λ = 10 and an `∞-norm trust region. We set the maximum number of inner

iterations to 5000 and ε = 10−3. The quasi-Newton model is defined by a limited-memory

SR1 approximation with memory 5. All algorithms use x0 = 0.

Table 5.1 and Figure 5.1 summarize our results. Table 5.1 shows that Algorithm 16

performs comparably to PANOC and ZeroFPR in terms of parameter fit, it performs signifi-

cantly fewer gradient evaluations and significantly more proximal operator evaluations. Thus

there is an advantage when proximal evaluations are cheap relative to gradient evaluations,

especially in situations where the proximal operator of ψ is simpler or cheaper than that

of h. All algorithms yield nearly identical solution quality. The objective value history in
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Figure 5.1 shows a steeper initial decrease for Algorithm 16 with shorter tails in all cases.

Results with R2 as subproblem solver are nearly identical though R2 performed fewer inner

iterations than PG.

Table 5.1: BPDN results (5.48) with Algorithm 16 and a proximal gradient subsolver (TR-

PG), PANOC and ZeroFPR (ZFP). ∆Bp indicates the norm used in the trust region. The

true value of h(·)/λ is 10 for ‖ · ‖1 and ‖ · ‖0, but 0 for χ(·;λB0).

h = λ‖ · ‖1, ∆B2 h = λ‖ · ‖0, ∆B∞ h = χ(·;λB0), ∆B∞
True TR-PG PANOC ZFP TR-PG PANOC ZFP TR-PG PANOC ZFP

f(x) 0.020 0.005 0.005 0.005 0.019 0.019 0.019 0.019 0.019 0.019

h(x)/λ 10/0 10.750 10.767 10.750 10 10 10 0 0 0

‖x− xtrue‖2/‖A‖ 0 0.134 0.141 0.133 0.055 0.055 0.056 0.054 0.056 0.055

∇f evals 24 78 45 14 69 23 6 12 10

proxνψ calls 270 52 95 90 36 57 32 6 14

5.6.2 A nonlinear inverse problem

We next consider an inverse problem consisting in recovering the regularized solution to

a system of nonlinear ODEs. We seek parameters xtrue ∈ Rn given observed noisy data

b = F (xtrue) + ε where F : Rn → Rm and ε ∼ N (0, 0.1). The data generating mechanism F

is given by the FitzHugh [54] and Nagumo et al. [103] model for neuron activation

dV

dt
= (V − V 3/3−W + x1)x−1

2 ,
dW

dt
= x2(x3V − x4W + x5), (5.49)

which, if x1 = x4 = x5 = 0, becomes the Van der Pol [144] oscillator

dV

dt
= (V − V 3/3−W )x−1

2 ,
dW

dt
= x2(x3V ). (5.50)

Both models are highly nonlinear and ill-conditioned.
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We use initial conditions (V,W ) = (2, 0) and discretize the time interval [0, 20] at 0.2

second increments. For given x, let V (t;x) and W (t;x) be solutions of (5.49). Define

variables vi(x) ≈ V (ti;x), wi(x) ≈ W (ti;x), i = 1, . . . , n+1 where n = 20/0.2 = 100. We set

F (x) := (v(x), w(x)), where v(x) := (v1(x), . . . , vn+1(x)) and w(x) := (w1(x), . . . , wn+1(x)).

We generate b using xtrue = (0, 0.2, 1, 0, 0), which corresponds to a solve of the Van der Pol

oscillator. To recover x, we solve

minimize
x

1
2
‖F (x)− b‖2

2 + h(x), (5.51)

with h(x) = ‖x‖0. ODE solves are performed with the DifferentialEquations.jl package [115],

which features an mechanism for choosing the solver, and provides ∇v(x) and ∇w(x) by way

of automatic differentiation. We set ε = 10−3 in all methods, the maximum iterations to 500,

and use an LBFGS approximation of the Hessian. For Algorithm 16, the maximum number

of inner iterations is 5000.

Table 5.2 summarizes our results and Figure 5.2 shows overall data fit and objective func-

tion traces. Algorithm 16 with either PG or R2 as subsolver, as well as ZeroFPR, correctly

identified the nonzero pattern of x with reasonable error in the nonzero elements. PANOC

performs well initially, but its linesearch routine terminates prematurely as it generates a

step length that is below a preset tolerance of 10−7. At that point, PANOC terminates.

ZeroFPR performs well, but needs many iterations to decrease the objective value to the

same level as Algorithm 16. As in section 5.6.1, Algorithm 16 converges with significantly

fewer gradient evaluations than ZeroFPR, though with a significant number of proximal op-

erator evaluations. However, gradient evaluations in (5.49) are far more expensive and time

consuming than proximal evaluations. Figure 5.2 also reveals that the final iterate generated

by Algorithm 16 and ZeroFPR results in trajectories that are visually indistinguishable from

those associated with the exact solution. Algorithm 16 with Algorithm 17 as a subsolver

reaches a similar solution as ZeroFPR, but requires much fewer proximal and gradient eval-

uations. The results appear in Table 5.2. Plots are nearly identical to those in Figure 5.2,

and are hence omitted.
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Table 5.2: Results for Algorithm 16 with proximal gradient (TR-PG) and Algorithm 17

(TR-R2) subsolvers, PANOC, and ZeroFPR applied to (5.49) with h = ‖ · ‖0, ∆B∞ and

LBFGS approximation.

Parameters

True TR-PG TR-R2 PANOC ZFP Measure True TR-PG TR-R2 PANOC ZFP

0 0 0 0.840 0 f(x) 1.058 1.078 1.266 73.888 1.048

0.2 0.170 0.130 0.690 0.188 h(x) 2 2 3 5 3

1.0 1.136 1.408 0.952 1.048 ||x− xtrue||2 0 0.139 0.427 1.636 0.051

0 0 0.107 0.983 0.010 ∇f evals 76 61 43 422

0 0 0 0.874 0 proxνψ calls 60143 22617 30 421

We also compare Algorithm 17 to our own implementation of a standard proximal gra-

dient with linesearch on (5.51). We set the stopping tolerance for both to 10−3. Table 5.3

summarizes our results and Figure 5.3 shows overall data fit and objective function traces.

Both Algorithm 17 and proximal gradient descent converge much slower than Algorithm 16,

where we use curvature information. Neither algorithm correctly identified the nonzero pat-

tern of x within 5000 iterations, although Algorithm 17 descends considerably faster than

proximal gradient descent, and attains the stopping tolerance. Figure 5.3 reveals that the fi-

nal iterate generated by Algorithm 17 is closer to the solution than that of proximal gradient

descent, though both terminated far from the correct answer.
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Table 5.3: Results for Algorithm 17 (R2) and proximal gradient descent (PG) applied

to (5.49) with h = ‖ · ‖0.

Parameters

True R2 PG Measure True R2 PG

0 0 0.228 f(x) 1.058 3.852 24.246

0.200 0.142 0.245 h(x) 2 4 5

1.000 1.392 1.083 ||x− xtrue||2 0 0.737 1.045

0 0.621 0.916 ∇f evals 3892 5010

0 0.022 0.440 proxνψ calls 8891 5009
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Figure 5.1: BPDN results (5.48) with Algorithm 16 and a proximal gradient subsolver (TR-

PG), PANOC and ZeroFPR (ZFP): Signal plots (left) and objective value history (right).

∆Bp indicates the norm used to define the trust region.
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Figure 5.2: Solution of (5.49) with h(x) = ‖x‖0 in (5.51), ∆B∞ and LBFGS approximation.
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Figure 5.3: Solution of (5.49) for h = ‖ · ‖0 in (5.51) with PG with linesearch and Algo-

rithm 17.
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5.7 Discussion and perspectives

We demonstrated the performance of trust-region methods using nonconvex LSR1 quasi-

Newton models against two linesearch methods using LBFGS models, and observed faster

convergence curves with fewer gradient evaluations. Many regularizers in (5.1) have a closed-

form or efficiently-computable proximal operator, whose cost is often dominated by that of

a function or gradient evaluation in a large inverse problem.

The worst-case iteration complexity bound of Algorithm 16 matches the best known

bound for trust-region methods in smooth optimization. Algorithm 17, a first-order method

that is related to the proximal gradient method with adaptive steplength, does not require

prior knowledge or estimation of a Lipschitz constant, and has a straightforward complex-

ity analysis similar to that of Algorithm 16. In practice, using curvature information in

Algorithm 16 proved useful for efficiently estimating highly nonlinear nonsmooth models.

Convergence of trust-region methods for smooth optimization can be established even if

Hessian approximations are unbounded, provided they do not deteriorate too fast. It may

be possible to generalize our analysis along similar lines.

Interesting directions left to future work include implementation and analysis for inexact

function, gradient, and proximal operator evaluations, and extensions of our results to cubic

regularization, and more general nonlinear stepsize control-type methods, such as those of

[59].
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Chapter 6

GUIDING ADMM CONVERGENCE WITH FILTER
METHODS
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6.1 Introduction and Problem Formulation

As opposed to Chapter 5, we tackle nonlinear problems but with splitting algorithms. The

Alternating Direction Method of Multipliers (ADMM) Algorithm 5 was briefly described

in Chapter 2. ADMM has had much success in convex optimization [90], but minimizing

some nonconvex functions produces mixed results. ADMM has been shown to succeed for

some applications; NMF/C, phase retrieval, compressed sensing, and image restoration [148].

While insights have been made into why ADMM converges for these problems [148], it has

also been shown to diverge on 3-block convex problems. In addition, most (exceptions

being [63]) assume that the constraints in the block variables are linear. Indeed, ADMM has

only been shown to converge for nonlinear constraints in very specific applications [63].

In this work, we have made some insights as to guiding ADMM convergence for noncon-

vex, nonlinear block problems with nonlinear constraints. We do this primarily by leveraging

filter methods for an existing problem class. We address optimization problems of the form

min
x∈Rn

f(x) s.t. c(x) = 0, x ∈ Ω, (6.1)

where f : Rn → R and c : Rn → Rm are twice continuously differentiable. Our variable is

x := [x0; . . . ;xp] ∈ Rn where n =
∑m

i=0 ni. By Ω ⊆ Rn, we mean a simple feasible set; that

is, one which admits an efficient and well-defined projection (2) It is well known that projΩ is

well defined (i.e. that it exists and is unique) when the underlying set Ω is nonempty, closed,

and convex. In this application, we focus on simple bound constraints Ω = {x : l ≤ x ≤ u},
for which we have the projection[

proj
Ω

(x)

]
i

= min{max{li, xi}, ui} i = 1, . . . , n. (6.2)

Simple restriction operators also fit within this framework. If we let S ⊂ {1, 2, . . . , n} to be

the set of observed entries, and define a sampling operator as we do with A in Chapter 4.

One can write Ω to accomodate such a sampling operator in its projection:

ΩS = {xi : li ≤ xi ≤ ui}ni=1,

li = −∞, ui =∞, i ∈ S

li = ui = 0, i 6∈ S
. (6.3)
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This implies that the sampling operator A is (6.2) with ΩS

A(x) = proj
ΩS

(x). (6.4)

The first-order optimality conditions of (6.1) for a local minimum x∗ can be expressed

by

proj
Ω

(x∗ −∇xL(x∗, y)) = x∗ (6.5a)

c(x∗) = 0. (6.5b)

This is equivalent to enforcing

∂L
∂xi

(x∗)


≥ 0 x∗,i = li

= 0, x∗,i ∈ (li, ui)

≤ 0, x∗,i = ui

for x∗ being a local minimizer.

6.2 Augmented Lagrangian Filter Algorithm

Given a penalty parameter ρ ≥ 0, the augmented Lagrangian for (6.1) is defined by

Lρ(x, y) = f(x)− yT c(x) + ρ
2
‖c(x)‖2 = L(x, y) + ρ

2
‖c(x)‖2. (6.6)

For a given penalty parameter ρk and multipliers yk, minimizing Lρk(x, yk) over x ∈ Ω yields

the simply constrained subproblem.

min
x∈Ω
Lρk(x, yk). (6.7)

which may not have a unique solution. A basic augmented Lagrangian scheme (approxi-

mately) solves (6.6) to obtain xk+1 and then updates the multipliers y either via the first-

order update

yk+1 = yk − ρkc(xk+1) (6.8)
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or by keeping yk+1 = yk and increasing ρk. Now, we introduce terms ηk and ωk that represent

infeasibility and first order error, respectively. We define these as

η(x) := ‖c(x)‖ (6.9a)

ω(x, y) := ‖ proj
Ω

(x−∇xL(x, y))− x‖ (6.9b)

where ω0(x, y) is the dual feasibility error of the NLP (6.1). We also note that first-order

multiplier update implies that

∇xL(xk+1, yk+1) = ∇f(xk+1)−∇c(xk+1)Tyk + ρk∇c(xk+1)T c(xk+1)

= ∇Lρk(xk+1, yk)

which means

ω0(xk+1, yk+1) = ωρk(xk+1, yk).

Hence, we can monitor the dual infeasibility error of the original problem whilst solving the

augmented Lagrangian. For our proposed algorithm, we consider optimal stopping criteria

to be the relative first order error ωρk (6.9b), that is

‖ projΩ(x−∇xL0(xk, yk))− x‖
‖ projΩ(x−∇xL0(x0, y0))− x‖ =

ω0(xk, yk)

ω0(x0, y0)
≤ ε (6.10)

where x0 is the initial iterate. Next, we define what an augmented Lagrangian Filter is and

how a point is accepted.

Definition 9 (Augmented Lagrangian Filter and Acceptance). A filter F is a list of pairs

(ηl, ωl) := (η(xl), ω0(xl, yl)) such that no pair dominates another pair, i.e., there exists no

pairs (ηl, ωl), (ηk, ωk), l 6= k such that ηl ≤ ηk and ωl ≤ ωk. A point (xk, yk) is acceptable to

the filter F iff

ηk := η(xk) ≤ βηl or ωk := ω0(xk, yk) ≤ ωl − γη(xk), ∀ (ηl, ωl) ∈ F (6.11)

where 0 < γ, β < 1.
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Definition 9 is depicted in Figure 6.1. In essence, the filter is used to enforce a reasonable

feasibility to convergence ration; if a point minimizes ω to much without also changing

feasibility, then a linesearch routine is activated. Points are accepted when they are either

more feasible or have smaller ω than all other points, i.e. are not dominated by another

entry.

We assume our Lagrangian is separable with a block structure with i = 1, . . . p blocks.

For kth out iteration Lk = Lρk(xk, yk), update ith block from the (j − 1)th to jth iterate with

the notation

Lk,ij = Lρk(x̂j,<i, x̂j−1,i, x̂j−1,>i, yk)

intermediate ith step︸ ︷︷ ︸
(j−1)→ j

L̂k,ij = Lρk(x̂j,<i, x̂j,i, x̂j−1,>i, yk).

The Lagrangian evaluated at the current point is Lk, while Lk,ij is the intermediate ith step,

and L̂k,ij is the intermediate end step for the ith block. This means we are optimizing each

intermediate block step that satisfies

Lk,ij − L̂k,ij ≥ σ‖∇iLk,ij‖2
2

where ∇i is the gradient with respect to xi. A telescoping sum implies

Lk − Lk(x̂j, yk) ≥ σ
m∑
i=1

‖∇iLk,ij‖2
2

which is not sufficient reduction.

With this in hand, we state our ADMM Filter in Algorithm 18.

Nominally, one chooses positive constants that get exponentiated such that ρk always

increases, ξ = {1.1, 2, . . . , 10, . . .}. Currently, we use the update scheme

ξ = max

(
1.1,

η̂j
2

∆Linρk

)
(6.12)

where

∆Linρk = Lρk(xk, yk)− Lρk(x̂j, yk)
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Figure 6.1: Example acceptance from [145]. Example of an augmented Lagrangian filter F
with three entries. The filter is in blue, the dashed green line shows the envelope in feasibility

η, and the upper bound U (red line) is implied by the sloping envelope condition (6.9a) and

ω0 ≥ 0. Values above and to the right of the filter are not acceptable. The green area shows

the set of filter entries that are guaranteed to be acceptable, and the shaded purple area is

the set of entries that trigger the switch to restoration.
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Algorithm 18 ADMM-F for (6.6)

1: Input: functions and data.

2: Choose x0, y0, ρ0.

3: while (xk, yk) not optimal (6.10) do

4: j ← 0, Restflag← 0

5: Declare temporary variable: x̂j ← xk

6: while (ηj, ωj) not acceptable to Fk do

7: while Lρk(xk, yk)− Lρk(x̂j, yk) < σωρk(xk, yk) do

8: for i = 1 . . . p with p blocks do

9: x̂j+1,i ← arg minxi Lρk(xj+1,<i, xj,i,xj,>i, yk)

10: x̂j+1 ← x̂j+1,1:p, and j ← j + 1

11: if Restoration condition (6.14) then holds

12: Restflag← 1

13: Find x̂j+1 s.t. (η̂j+1, ω̂j+1) acceptable, or x̂j+1 ← arg minx ‖c(x)‖2 s.t. x ∈ Ω

14: j ← j + 1

15: Compute ωρk(x̂j, yk), η(x̂j, yk)

16: (ηk, ωk)← (ωρk(x̂j, yk), η(x̂j, yk))

17: if Restflag = 1 then

18: Increase Penalty ρk+1 ← max(ρk, ξρk)

19: else

20: xk+1 ← x̂j

21: yk+1 ← yk − ρkc(x̂j)
22: Add (ηk, ωk) to Fk
23: k ← k + 1
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and
η̂j

2

∆Linρk
taken from [145, Equation 4.21]. The augmented Lagrangian method is a dual

method, and ρk can be interpreted as the stepsize of the steepest descent direction, or as

the first order multiplier update. It remains to develop the exact filter specifications as well

as how we measure sufficient reduction in the augmented Lagrangian. Currently, we were

thinking

Lρk(xk, yk)− Lρk+1
(xk+1, yk+1) ≥ σω(xk, yk), (6.13)

for σ ∈ (0, 1), but ADMM is difficult in that the gradient of the Lagrangian is taken in

blocks at different points. This equation is very aggressive and sees the best performance

increases when ρk is a poor penalty parameter. The standard reduction is given in Vanaret

and Leyffer [145, Equation 3.15 & 3.16]:

η̂(x) = η(x̂j+1) ≥ βU (6.14a)

ωρk(x̂j+1, yk) =≤ ε and η(x̂j+1) ≥ βηmin. (6.14b)

Equation (6.13) is the sufficient reduction condition from the augmented Lagrangian Filter,

which follows easily from a Cauchy-step condition of the inner minimization of the augmented

Lagrangian. We require that the block coordinate descent part of the algorithm to achieve

first-order sufficient reduction in Line 7 of Algorithm 18. However, we do not minimize

jointly in blocks of x, and hence we may not get this relationship exactly. In fact, we are

only guaranteed this in some circumstances.

6.2.1 Block Coordinate Descent Convergence

In this discussion, we summarize the convergence criteria for block coordinate descent meth-

ods, and try to apply them for the BCD Algorithm 4 part of Algorithm 18. Convergence of

block coordinate descent methods typically require that the function f be strictly convex (or

quasiconvex or hemivariate) differentiable, and has bounded level sets (if we take into account

bound constraints) [139]. This has since been relaxed to pseudoconvexity (convex around

local minima), which allows f to have a nonunique minimum along coordinate directions.
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Convergence has also been shown for non(pseudo)convex f , such as when f is quadratic,

or when f is strictly pseudoconvex in each of the p − 2 coordinate blocks, or when f has

unique minima in each coordinate block. In [139], the author considers nondifferentiable

(nonconvex) functions but where the nondifferentiable part of f is separable. In the BCD

of Algorithm 18, we perform a BCD method on the primal variables until

Lρk(xk, yk)− Lρk(x̂j, yk) =: ∆Linρk > ω̂ρk(x̂j, yk). (6.15)

Currently, the restoration switching condition is

σωρk(x̂j, yk) < ∆Linρk < ρkη(x̂j)
2

which essentially increases the ρk along the Pareto curve (ρkη(x̂j)
2, σωρk(x̂j, yk)). This re-

lationship is where we decided to use (6.12) in our ρk update. It is believed, as of writing

this thesis, that this result is enough for the convergence of the inner-part of Algorithm 18.

Future work will resolve this in the context of [145].

6.3 Nonconvex Bilinear Optimization: Nonnegative Matrix Factorization and
Completion

Next, we turn to the motivating example for this endeavor - ADMM for NMF/C. While we

use this as an application, and indeed extent our algorithm to nonlinear NMF/C examples,

we by no means try to out-perform NMF/C-specific algorithms. Indeed, we show that while

our algorithm has more flexibility, we generally converge slower than the current state-of-

the-art [3] (Figure 6.2).

6.3.1 Matrix Decomposition

We can consider the following matrix decomposition model

min
X,Y,Z

p(X) +
m−1∑
i=1

‖Yi − Yi+1‖2 + ‖Z‖2
F s.t. V = X + Y + Z, (6.16)
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where X, Y, Z, V ∈ Rn×m, Yi is the ith column of Y , ‖ · ‖F is the Frobenius norm, and p(X)

is any lower bounded, lower semi-continuous penalty function. For example, this could be

the Schatten-q quasi-norm ‖X‖q q ∈ (0, 1)

‖A‖q =
n∑
i=1

σqi (A),

where σi(A) is the ith largest singular value of A. This is nonconvex for q ∈ (0, 1). ADMM

for this particular problem would take the form of Algorithm 19. The general form of

Algorithm 19 ADMM for (6.16)

1: Input: functions p, ‖ · ‖F , ρ > 0.

2: Choose X0, Y0, Z0,Λ0.

3: for k = 0, 1, . . . do

4: Xk+1 = arg minX p(X) + ρ
2
‖X + Yk + Zk − V + ρ−1Λk‖2

F

5: Yk+1 = arg minY
∑m

i=1 ‖Yi − Yj‖+ ρ
2
‖Xk+1 + Y + Zk − V + ρ−1Λk‖2

F

6: Zk+1 = arg minZ ‖Z‖2
F + ρ

2
‖Xk+1 + Yk+1 + Z − V + ρ−1Λk‖2

F

7: Λk+1 = Λk + ρ(Xk+1 + Yk+1 + Zk+1 − V )

these problems contains the nonconvex constraint XY = Z which is not simple addition as

in (6.16). We first consider Nonnegative Matrix Factorization (NMF) [20, 85, 86]

min
X,Y,Z

1

2
‖Z −M‖2

F s.t. Z = XY, X, Y ≥ 0, (6.17)

where M ∈ RP×Q is the data matrix and the two factors are X ∈ RP×K , Y ∈ RK×Q with

K � min(Q,P ) and M = XY with both X, Y ≥ 0. Hence, Ω = {x : X, Y ≥ 0}.

6.3.2 Nonnegative Matrix Factorization

ADMM can be used to solve (6.17), in addition to other methods. This is given in Al-

gorithm 20 and [63]. In [63], the authors claim that the convergence of other algorithms,

namely in [148], are based on nonstandard assumptions that the successive difference of the
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iterates goes to zero, which are impossible to verify a priori, as they are assumptions on the

progress of a method rather than the problem itself. The authors [63] also show that their

Algorithm 20 ADMM for (6.17)

1: Input: functions and data ‖ · ‖F ,M .

2: Choose X0, Y0, Z0,Λ0.

3: for k = 0, 1, . . . do

4: Yk+1 = arg minY≥0
ρ
2
‖Zk −XkY + ρ−1Λk‖2

F

5: (Xk+1, Zk+1) = arg minX≥0,Z ‖Z −M‖2
F + ρ

2
‖Z −XYk+1 + ρ−1Λk‖2

F

6: Λk+1 = Λk + ρ(Zk+1 −Xk+1Yk+1)

scheme produces iterates that converge, for specific ρ values. We suggest a method that

choses ρ automatically based on the filter acceptance critera Definition 9.

ADMM Filter for NMF (6.17)

Here, we establish our own scheme to solve Equation (6.17). In this, we write down the

augmented Lagrangian

Lρ(X, Y, Z,Λ) = ‖M − Z‖2
F + tr

(
ΛT (Z −XY )

)
+
ρ

2
‖Z −XY ‖2

F (6.18)

where tr
(

ΛT (Z −XY )
)

is the Frobenius inner product. We also define η and ω to be

η(x) := ‖Z −XY ‖ (6.19a)

ωρ(x, y) :=

∥∥∥∥proj
Ω

([X, Y, Z]T −∇X,Y,ZLρk(X, Y, Z,Λ))− [X, Y, Z]T
∥∥∥∥ (6.19b)

Our scheme, which we denote ADMM-F or ADMM Filter, is described in Algorithm 21.

We also note that the competition [63] first bound the successive difference of the dual

variables by the successive different in the primal ones, and then show that the augmented

Lagrangian is a decreasing function that is bounded from below. Namely, [63, Lemma 1]

shows the successive bounding and then [63, Lemma 2] bounds the successive difference of

the augmented Lagrangian function.
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Algorithm 21 ADMM-F for (6.17)

1: Input: functions and data ‖ · ‖F ,M .

2: Choose x0 = [X0, Y0, Z0], y0 = Λ0, ρ0.

3: while (xk, yk) not optimal (6.10) do

4: j ← 0, Restflag← 0

5: Declare temporary variable: x̂j ← xk

6: while (ηj, ωj) not acceptable to Fk do

7: while Lρk(xk, yk)− Lρk(x̂j, yk) < σωρk(xk, yk) do

8: Block 1: Ŷj+1 ← arg minY≥0 Lρk(X̂j, Y, Ẑj,Λk)

9: Block 2: (X̂j+1, Ẑj+1)← arg minX≥0, Z Lρk(X, Ŷj+1, Z,Λk)

10: x̂j+1 ← [X̂j+1, Ŷj+1, Ẑj+1], and j ← j + 1

11: if Restoration condition (6.14) for (6.19a) & (6.19b) then

12: Restflag← 1

13: Find x̂j+1 s.t. (η̂j+1, ω̂j+1) acceptable, or x̂j+1 ← arg minx ‖Z −
XY ‖2 s.t. Y,X ≥ 0

14: j ← j + 1

15: Compute ωρk(x̂j, yk), η(x̂j, yk) given by (6.19a) and (6.19b)

16: if Restflag = 1 then

17: Increase Penalty ρk+1 ← max(ρk, ξρk) (6.12)

18: else

19: xk+1 ← x̂j

20: yk+1 ← Λk + ρk(Ẑj − X̂jŶj)

21: Add (ηk+1, ωk+1) to Fk
22: k ← k + 1
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6.3.3 Restoration Phase

In Algorithm 21, ‘feasibility restoration’ is an open question. Since notation is becoming

difficult, we designate x̂ to be a potential update produced by a designated algorithm. As

before, we let (X̂j+1, Ŷj+1, Ẑj+1) be the potential (j + 1)th iterates (note the ·̂) of the inner

BCD problem of Algorithm 21. Currently, we assume η̂j ≥ Uη where

Uη := max(ωmin/γ, βηmin)

with η̂j = ‖Ẑj+1 − X̂j+1Ŷj+1‖2
F ≥ Uη. Here, ωmin is the smallest first-order error of any filter

entry; that is ωmin := min{ωl : (ηl, ωl) ∈ F}, with ηmin being the corresponding η value.

We note that γ, β are both constants in the interval (0, 1) determined beforehand. Assume

that Ẑj+1 6= X̂j+1Ŷj+1 is nonlinearly infeasible and that this iteration invokes the feasibility

restoration phase. We know that Z̃ = X̂j+1Ŷj+1 is feasible. We consider a linesearch-type

routine to solve for η̂j. In it, we define our ‘new’ feasibility constraints as

η(α) := ‖Ẑj+1 − α(Z̃ − Ẑj+1)− X̂j+1Ŷj+1‖2
F (6.20)

ω(α) := ‖min{l − x̂j+1(α),max{x̂j+1(α)− u,∇xLρk(x̂j+1(α), yk)}, }‖2 (6.21)

where

x̂j+1(α) = [X̂j+1, Ŷj+1, Ẑj+1 + α(Z̃ − Ẑj+1)].

So what we do now is run a bisection method on α until we reach filter acceptance Definition 9,

and then continue if proceeding entries in α+ = .01 dominates the previous ones.

Lemma 6.3.1 (Filter Acceptance for α). At a filter unacceptable point given by the inner

iteration of Algorithm 21 and η(α) given by Equation (6.20), there exists an αmin ∈ (0, 1)

such that x̂j+1(αmin) is a filter acceptable point.

Proof. By definition of η(x) and c(x) = Z − XY , we have that the feasibility is a con-

tinuous function and η(x) = 0 iff Z = XY . We define x̂j+1(α) = x̂j+1 + αd where

d = [0, 0, (X̂j+1Ŷj+1 − Ẑj+1)]T , i.e. zeros for X and Y coordinates and exact feasibility for
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the Z coordinate. This direction is also monotonic since as d
dα
‖Z + α(XY − Z)−XY ‖2 =

(α− 1)‖XY −Z‖2 ≤ 0 for α ∈ [0, 1], thus, we have that as α→ 1, Z → XY monotonically.

Hence, for α = 1 we have that η(α) = 0 where α = 0 leaves us within infeasibility territory by

definition of restoration. Now, we have η(x̂j+1(α)) is the curve given by our line-search. By

the Intermediate Value Theorem and monotonicity of η(x), there exists an αmin ∈ (0, 1) such

that η(x̂j+1(αmin)) = ηmin > 0, and since η(x̂j+1(αmin + ε)) < ηmin, ∀ε > 0, our linesearch is

guaranteed to create a feasible point if we draw any α > αmin.

6.4 Nonnegative Matrix Factorization and Completion

One can also consider the NMF problem with missing values. This problem can be originally

formulated as

min
X,Y

1

2
‖A(XY −M)‖2

F s.t. X, Y ≥ 0

where S ⊂ {1, 2, . . . , n} contains the indices of known entries and A (recall (6.4)) denotes

the projection onto the observed set S. In this case, S would denote the set of observed

entries of the data M which we want to exactly match.

To solve this problem, we would reformulate the above to solve the problem

min
X,Y,Z,W

1

2
‖Z −W‖2

F s.t. X, Y ≥ 0, Z = XY, A(W −M) = 0. (6.22)

Here, we define Ω = {x : X, Y ≥ 0, A(W −M) = 0}, and ω, η as

η(x) := ‖Z −XY ‖ (6.23a)

ωρ(x, y) :=

∥∥∥∥proj
Ω

([X, Y, Z,W ]T −∇X,Y,Z,WLρk(X, Y, Z,W,Λ))− [X, Y, Z,W ]T
∥∥∥∥ (6.23b)

A typical routine to solve (6.22) is given in Algorithm 22 in [63].

We produce a similar scheme to Algorithm 21, which is again modified from Algorithm 18.

Note that the same restoration condition is utilized, since the nonlinear c(x) is the same in

both NMF and NMFC.
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Algorithm 22 ADMM for (6.22)

1: Input: functions and data ‖ · ‖F ,M .

2: Choose X0, Y0, Z0, U0.

3: for k = 0, 1, . . . do

4: (Yk+1,Wk+1) = arg minY≥0,PΩ(W−M)=0
1
2
‖Zk −W‖2

F + ρ
2
‖Zk −XkY + ρ−1Λk‖2

F

5: (Xk+1, Zk+1) = arg minX≥0,Z
1
2
‖Z −Wk+1‖2

F
ρ
2
‖Zk −XYk+1 + ρ−1Λk‖2

F

6: Λk+1 = Λk + ρ(Zk+1 −Xk+1Yk+1)

6.5 Chemical Spectrum Application

The main application of this work is to find distributions of chemicals that occur in measured

spectrum analysis. We assume that each chemical follows a Gaussian distribution, and would

like to ascertain the nonnegative combination of Gaussians that reproduce the spectra data.

We let µ, σ be the mean and standard deviation of each Gaussian, respectively. The Intensity

Function as a function of wave number w and concentration c, with rank constraint K. Let

m be the number of concentrations c. Our model then becomes

Î(wi, cj) =
K∑
k=1

hk,j︸︷︷︸
fk(cj)

exp

(
−1

2

(
wi−µk
σk

)2
)

︸ ︷︷ ︸
gk(wi)

= Wi,:H:,j (6.24)

where

Wi,: := Wi,:(µ,Σ) =

[
exp

(
−1

2

(
wi−µ1

σ1

)2
)
, . . . , exp

(
−1

2

(
wi−µK
σK

)2
)]

and H:,j is every row entry in the jth column of the matrix H. This lends itself to a problem

similar to the nonnegative matrix factorization problem

min
µ,Σ,H

∑
i,j

(di,j − I(wi, cj))
2 s.t. H ≥ 0 (6.25)

where I(wi, cj) is the calculated function and di,j is the observed data. We can reformulate

this into a nonlinear program similar to the nonnegative matrix factorization, given by

min
µ,Σ,H,Z

‖D − Z‖2
F s.t. H ≥ 0, Z = WH. (6.26)
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Algorithm 23 ADMM-F for (6.22)

1: Input: functions and data ‖ · ‖F ,M .

2: Choose x0 = [X0, Y0, Z0,W0], y0 = Λ0, ρ0.

3: while (xk, yk) not optimal (6.10) do

4: j ← 0, Restflag← 0

5: Declare temporary variable: x̂j ← xk

6: while (ηj, ωj) not acceptable to Fk do

7: while Lρk(xk, yk)− Lρk(x̂j, yk) < σωρk(xk, yk) do

8: Block 1: (Ŷj+1, Ŵj+1)← arg minY≥0,projΩ(W−M)=0 Lρk(X̂j, Y, Ẑj,W,Λk)

9: Block 2: (X̂j+1, Ẑj+1)← arg minX≥0, Z Lρk(X, Ŷj+1, Z, Ŵj+1,Λk)

10: x̂j+1 ← [X̂j+1, Ŷj+1, Ẑj+1, Ŵj+1], and j ← j + 1

11: if Restoration condition (6.14) for (6.23a) & (6.23b) then

12: Restflag← 1

13: Find x̂j+1 s.t. (η̂j+1, ω̂j+1) is acceptable, or x̂j+1 ← arg minx ‖X −
ZY ‖2 s.t. X, Y ≥ 0,A(W −M) = 0

14: j ← j + 1

15: Compute ωρk(x̂j, yk), η(x̂j, yk)

16: if Restflag = 1 then

17: Increase Penalty ρk+1 ← max(ρk, ξρk) (6.12)

18: else

19: xk+1 ← x̂j

20: yk+1 ← Λk + ρk(Ẑj − X̂jŶj)

21: Add (ηk+1, ωk+1) to Fk
22: k ← k + 1
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where D ∈ Rm×n matrix of data filled by the intensity function, and W ∈ Rm×K , H ∈ RK×n.

We need to take the derivative of

Lρk(x, y) = f(x) + yT c(x) + ρk
2
‖c(x)‖2

= ‖D − Z‖2
F + 〈Λ, Z −WH〉F + ρ

2
‖Z −WH‖2

F

=
∑
i,j

(dij − Zij)2 +
∑
i,j

Λij(Zij −Wi,:H:,j) + ρ
2

∑
i,j

(Zij −Wi,:H:,j)
2

with respect to µ,Σ, and H. Noting that Lρk(x, y) is singleton, we can say that with respect

to one entry of the mean vector µl

∂L
∂µl

=
∑
i,j

(
0− Λij

∂(Wi,:H:,j)

∂µl
− ρ(Zij −Wi,:H:,j)

∂(Wi,:H:,j)

∂µl

)
.

This requires derivative of (Wi,:H:,j) with respect to µl, which we can write down as

∂(Wi,:H:,j)

∂µl
= ∂

∂µl

L∑
k=1

e
−1

2

(
wi−µk
σk

)2

Hkj

=
(
wi−µl
σ

2
l

)
e
−1

2

(
i−µl
σl

)2

Hlj

which we can plug back in to get

∂L
∂µl

=
∑
i,j

(
−Λij − ρ(Zij − (Wi,:H:,j))

) (
i−µl
σl

)
e
−1

2

(
wi−µl
σ

2
l

)2

Hlj. (6.27)

and similarly for σl but with σ−1
l

(
i−µl
σl

)2

e
−1

2

(
i−µl
σl

)2

Hlj. The derivatives of H and Z are the

same as their counterparts in the nonnegative matrix factorization section.

6.6 Preliminary Numerical Results & Conclusions

Figure 6.3 shows preliminary numerical results for NMFC Algorithm 23 on an image of

Argonne National Lab’s logo. Figure 6.4 the same type of results for NMF Algorithm 21

on the same image. Both of these results converge fairly quickly, as shown in Figure 6.2.

However, we sacrifice some speed for generalizability; ANLS and E-ANLS [3] converge faster
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but are not generalizable and cannot solve (6.25) or (6.26). The results for the latter are

shown in Figure 6.5. Here, we reduce the rank from 22 to 9 and allow for σ and µ to be

optimized (as opposed to other formulations that hold these quantities fixed). We can see

the reconstructed signal performs very well in Figure 6.5(b), and the means and standard

deviations shift in Figure 6.5(c). Final and total filter entries are given by Figure 6.5(e) and

Figure 6.5(f).

We again note that there is still much to accomplish in this line of thought that was not

accomplished by the time this thesis was due. Namely,

1. Unifying the BCD [139] and the Filter [145] convergence theory;

2. Determining initial guesses for ρk, or generally examining ρ behavior;

3. Finding optimal Gaussians for the spectrum analysis, which has many applications in

chemistry;

4. Generally describing Filter behavior.

Indeed, the primary work that needs to be accomplished is unifying the theory between filter

and BCD methods. There are several interesting extensions as well. The first is investigating

penalty parameter behavior. Most (if not all analysis) assumes that rho either stabilizes or

trends to infinity to enforce feasibility. We have found that in some numerical experiments it

is beneficial to actually decrease rho. While there is little theory behind penalty parameter

choice for most functions (usually just lower bound constraints for problems with computable

Hessians), it would be beneficial to see if the filter can handle such a scheme without entering

a closed loop. Another mathematical exploration is describing filter behavior. Figure 6.5(f)

shows how oddly the nonlinear NMF filter moves as it converges to a minimum. Such analysis

on the Pareto-front of feasibility and first-order optimality has not been seriously studied (to

the best of my knowledge), and warrants a thorough investigation.
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Figure 6.2: Comparison to ANLS and E-ANLS. We are much slower overall.
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(a) True (b) Data - black spots are excluded points

(c) XY (d) Z

Figure 6.3: NMFC for ANL Image.
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(a) True (b) Data

(c) XY (d) Z

Figure 6.4: NMF for ANL Image.
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(a) Data (b) XY

(c) Gaussian with Signal (d) Prior/bottom vs posterior/top

(e) Final Filter (f) Total Filter

Figure 6.5: NMF for Chemical Spectra.
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Chapter 7

CONCLUSIONS, FUTURE WORK AND EXTENSIONS



171

7.1 Conclusions

The previous chapters have explored nonsmooth, nonlinear optimization problems with pri-

marily the proximal gradient technique. The primary contribution is twofold: 1) an algorithm

for a general class of basis pursuit denoise problems with nonsmooth constraints; 2) a fusion

of trust region and proximal methods for nonlinear, nonsmooth regularized problems. These

contributions were built on the fundamental properties of proximal operators and trust re-

gions. These tools are the building blocks of many optimization routines, and the methods

developed throughout this work have wide-ranging impacts for the larger inverse problem

community.

7.1.1 Summary

In Chapter 3 of this work, we applied proximal gradient and splitting techniques to a novel

regularized matrix factorization problem with applications to travel time tomography. We

showed how local smoothness structure can be combined with low rank constraints using

level-set optimization formulations, and develop a new relaxation algorithm that can effi-

ciently solve these joint problems. In the seismology setting, we use the approach to interpo-

late missing stations and de-noise observed stations. The new approach is competitive with

LBFGS and FISTA, and offers new functionality to interpolate observed data using both

smoothness and low rank structure in the presence of data fitting constraints.

In Chapter 4, we extend the work in Chapter 3 to a more general set of problems that

occur in basis pursuit denoise problems. We provide a general solver for level-set formula-

tions, with applications in matrix completion and sparsity promotion in data interpolation

and denoising. This is a new flexible algorithmic framework that targets nonsmooth level-set

constraints, including `1, `∞, and even `0 norms. These constraints give greater flexibility

for modeling deviations in observation and denoising, and have significant impact on the

solution. Measuring error in the `1 and `0 norms makes the result more robust to large out-

liers, while matching many observations exactly. We demonstrated the approach for basis
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pursuit denoise (BPDN) problems as well as for extensions of BPDN to matrix factoriza-

tion, with applications to interpolation and denoising of 4D seismic data. The new methods

are particularly promising for seismic applications, where the amplitude in the data varies

significantly, and measurement noise in low-amplitude regions can wreak havoc for standard

Gaussian error models.

In Chapter 5, we combine the nonsmooth analysis developed earlier with trust region

methods. We develop a trust-region method for minimizing the sum of a smooth term f

and a nonsmooth term h, both of which can be nonconvex. This is done via a trust region

method for the smooth term f , and pushing the nonsmooth term into the subproblem where

we solve it simultaneously with picking the descent direction. The model coincides with f+h

in value and subdifferential at the center. We establish global convergence to a first-order

stationary point when f satisfies a smoothness condition that holds, in particular, when it

has Lipschitz-continuous gradient. The model of h has minimal assumptions: it is required

to be proper, lower-semi-continuous and prox-bounded. Under these weak assumptions, we

establish a worst-case O(1/ε2) iteration complexity bound that matches the best known

complexity bound of standard trust-region methods for smooth optimization. We detail a

special instance in which we use a limited-memory quasi-Newton model of f and compute

a step with the proximal gradient method, resulting in a practical proximal quasi-Newton

method. We establish similar convergence properties and complexity bound for a quadratic

regularization variant, and provide an interpretation as a proximal gradient method with

adaptive step size for nonconvex problems. We describe our Julia implementations and

report numerical results on inverse problems from sparse optimization and signal processing.

Our trust-region algorithm exhibits promising performance and compares favorably with

linesearch proximal quasi-Newton methods based on convex models. Extensions of this

algorithm include: barrier/penalty methods, inexact function evaluations, and nonlinear

least squares.

Finally, in Chapter 6 we study minimization of separable but twice-continuous cost func-

tions with continuous constraints. These may be nonconvex and also have simple bound
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constraints, which can also be the sampling operator. The issue we attempt to address here

is the convergence of ADMM with nonconvex problems; ADMM has been known to fail for

this class and theory that shows convergence for certain function classes rests on a priori

information about the function that may not be testable, especially for PDEs. Another con-

dition is penalty parameter control; previous analysis usually give minimum/lower penalty

parameter bounds, but these may be difficult to compute and control schemes are almost

never provided. To solve these conditions, we turn to filter methods, which manage the

penalty parameter to control the feasibility and first-order stationarity. Points are accepted

into the filter if they satisfy certain criteria, and this eventually pushes the solution towards

the most feasible solution that is also stationary. There is still much to be done; the first is

unifying the convergence theory of block coordinate descent and filter methods, as well as

better elucidating filter behavior for such nonlinear problems.

7.1.2 Extensions and Future work

Next, we extrapolate on basic problem statements for several future projects specifically

involving nonsmooth inverse problems. The goal here was to just give the basic ideas for

several projects I plan to work on during my tenure as a John von Neumann Postdoctoral

Research Fellow at Sandia National Labs. Some of them are more developed than others,

but the purpose is to establish the basic ideas. All of them continue the theme of proximal

methods for nonsmooth problems. We later extend them into the PDE constrained opti-

mization realm. The roadmap is as follows: first, we discuss inexact extensions of this thesis

and Chapter 5 in particular and its application to HPC; next we talk about the nonlinear

least squares extension of Chapter 5, and relate that to establishing convergence theory (or

descent) for relax and split solvers in Algorithm 3; finally, we briefly discuss some connections

with the PDE optimization realm and conclude with a brief retrospective.
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7.2 Inexactness

A huge realm of possible expansion is inexact formulations for algorithms. Algorithms stand

to benefit from computing architectures. Graphics processing units (GPUs) are growing

ever more prominent in numerical computing [28]; GPUs are efficient at solving large linear

systems, massively parallelizable problems, and at accelerating multi- and mixed-precision

computing. Routines can improve efficiency by performing inexact computations distributed

across processors with different speed and precision characteristics. Such low-precision com-

putations are faster on specialized hardware and consume less energy.

My proposal for future work in my postdoc is to quantify and exploit inexactness, which

stems from three identifiable characteristics: 1) cost function evaluation difficulties; 2) regu-

larizer nonsmoothness; and 3) hardware. Future expansions will focus on inexact algorithm

development for nonsmooth nonconvex inverse problems. The focus is to develop algorithmic

settings that best exploit inexactness in composite inverse problems and capitalize on faster

architectures to address the gap between traditional nonlinear approaches and the growing

size of modern problems.

As computing clusters reach exascale capacity, the opportunity arises for optimization

algorithms to exploit these architectures. The motivation is that mixed-precision compu-

tations combined with controlled inexactness can make nonsmooth, large inverse problems

computationally tractable. This project is a synthesis of proximal relaxation techniques and

mixed-precision numerics; the key objective is to show that inexact evaluations of relaxations

converge to approximate stationary points at reasonable rates with run time and evaluation

savings. We will develop analysis for convergence of inexact deterministic methods with

numerical error.

Algorithms are classified according to information required for descent; first-order algo-

rithms need gradient information, while second-order algorithms employ Hessian informa-

tion in hopes to accelerate convergence and identify a weak minimizer instead of a first-

order stationary point. Certain algorithms require only function values, and may attempt
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to approximate gradient or Hessian information of f or c via numerical methods such as

finite differencing, which can be inaccurate. There has long been an associated trade-off

between numerical complexity and iteration cost; first-order methods are cheap and have

low complexity, but convergence is slow for large problems. Even so, calculating full gra-

dient information for f or c becomes prohibitively expensive in large scale problems and

nonsensical for h [28, 125]. This issue arises in physical applications; electromagnetics prob-

lems [111], ML training [61], and finite element simulations of fluid-flow [4, 140] calculate

derivatives for millions of parameters. Second-order methods are even more numerically in-

tensive; computation and storage is not worth the cost for problems with even thousands

of variables and constraints. Stochastic optimization methods employ partial gradient or

Hessian information while ensuring sufficient accuracy in expectation; these can also exhibit

slow convergence [45, 72]. Limited-memory quasi-Newton methods are a highly successful

middle ground with storage and local convergence rate trade-offs [74, 123]. The approach

we propose lies within this regime; we rely on proximal splitting relaxations of nonsmooth

and nonconvex problems to control problem features and allow nonvanishing errors in the

mixed-precision setting. The practical implementation creates a general framework for tack-

ling computationally large inverse problems on clusters and software. This project ultimately

has three goals outlined below: two theoretical and one practical.

7.2.1 Inexact Trust Region Review

Often, applications will have extremely expensive or incomputable cost functions φ or gradi-

ents∇φ. A host of work [28, 39, 40, 102, 106, 123] has been done to allow for inexact gradient

or function evaluations. These inexact gradient evaluations can be used in the trust region

subproblem, while inexact function evaluations can be allowed in the ρk computation. [102]

(and described in [40]) introduce an inexact gradient condition that requires the gradient

approximation at the trust region center to asymptotically approach the true gradient. This

is given by the relationship ‖∇φ(xk)−gk‖ → 0 for a convergence sequence of xk and gk being

the inexact gradient. [35] eludicate relative gradient error condition ‖∇φ(xk)− gk‖ ≤ η‖gk‖
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for η ∈ (0, 1). This conditions implies an accuracy on gk at a particular iteration, but does not

require gk to be recomputed to a higher accuracy after a failed step. However, this does need

a tight bound on the gradient error, which can be impractical. [135] uses the gradient condi-

tion ‖∇φ(xk)−gk‖ ≤ min{κ1∆k, κ2} with κ1, κ2 > 0. This requires increased accuracy as ∆k

decreases (after rejected steps), but relies on arbitrary constants. In the sequential quadratic

programming context, [65] suggest ‖∇φ(xk)− gk‖ ≤ ξmin{‖gk‖,∆k} for ξ > 0. The condi-

tion increases accuracy after failed iterations or near convergence. The arbitrary constants

above permit the use of error indicators that can circumvent the use of tight bounds. This

allows for the derivation of a function E(xk) such that ‖∇φ(xk) − gk‖ ≤ ξE(xk); then [65]

can satisfy E(xk) ≤ κmin{‖gk‖,∆k} for κ > 0 being any user-defined constant. Hence, xi

is never fortunately computed, as it may depend on unknown/incomputable quantities such

as Lipschitz constants or PDE bounds.

Similar tricks can be performed with function evaluations [35, 78]. [78] use an asymptotic

condition as in [65]. This replaces the ρk computation with

ρ̃k =
ϕ(xk)− ϕ(xk + sk)

mk(0)−mk(sk)

for ϕ : Rn → R is the inexact objective model that satisfies

|φ(xk)− φ(xk + sk) + ϕ(xk + sk)− ϕ(xk)| ≤ κ[ηmin{mk(0)−mk(s), rk}]1/ω

for σ > 0 and {rk}∞k=1 → 0 a forcing sequence. We can therefore use another error indicator

|φ(xk)− φ(xk + s) + ϕ(xk + s)− ϕ(xk)| ≤ σEk(x)

where the true error can be disregarded and the inexact objective condition enforced solely

based on the metric

Ek(xk + sk)
ω ≤ ηmin{mk(0)−mk(s), rk}

for algorithmic constants ω, η. [78] and [65] combined allow for global convergence without

φ or ∇φ queries.
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7.2.2 Nonsmooth Relaxations:

Here, we seek to develop a general framework for inexact problem relaxations of (1.1). Trust-

region methods exist as numerically efficient approximations of nonlinear functions [40] and

are used frequently in the community ([4] and works therein). Each k iteration uses a

surrogate quadratic model of smooth f in (1.1) with gradient ∇f and Hessian approxima-

tion Bk = BT
k that is valid within a region determined by quadratic model performance

and accuracy [40]. Evaluating this quadratic model saves on cost when the true model is

large and forward solutions are expensive. Problem features such as nonsmoothness or non-

convexity complicate derivative information, often requiring specialized first-order methods.

Nonsmooth trust-region theory exists [40, 93] but is restrictive. In [14]/Chapter 5, we de-

velop a proximal trust-region method for composite problems to handle nonsmoothness for

nonlinear cost functions with no constraints. We address nonsmooth h with the Moreau

proximal envelope (2.1a). Each iteration of (2.5) requires evaluating (2.1b), which in turn

requires solving a nonsmooth optimization problem. Past work Chapter 5 elucidates the

global convergence theory of trust-region proximal relaxations for unconstrained nonsmooth,

nonconvex problems [14] under the assumption of exact function values and gradients. A

trust-region iteration aims to decrease a model of f+h inside a region centered at the current

iterate. Chapter 5 uses iteration (2.5) to achieve such decrease.

Relax Assumptions on Hessian Approximation Bk.

Current work Chapter 5 assumes bounded {Bk}; this can be relaxed to
∑ ‖Bk‖−1 = ∞

to obtain existence of a first-order critical limit point of {xk}. We use a quasi-Newton

approximation Bk in the quadratic model of f when Hessian information is inaccessible or too

costly to obtain. The sequence {Bk} is assumed to be bounded in trust-region convergence

theory, which is problematic in quasi-Newton methods but can be relaxed in the smooth

case [40]. This can also extend to Gauss-Newton Hessians for nonlinear least squares ML

problems.
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Accelerated Proximal Gradient Techniques.

Extend [14] to accelerated variants of proximal gradient [18]. Chapter 5 relies on plain

proximal gradient, but accelerated variants have improved complexity bounds and typically

perform better in practice [18]. We hope to establish that accelerated variants satisfy the

sufficient decrease conditions stated in Chapter 5/[14] to guarantee convergence of the trust-

region method.

Constrained Problems.

Extend our formulation in Chapter 5 to Penalty Methods. This was already touched on in

Chapter 6, but Chapter 5 formulation readily extends to nonconvex constraints. Penalty

methods are a popular approach for (1.1); examples include PDE-constrained problems [4],

nonlinear functions [60], and others. They solve a sequence of unconstrained problems of the

form

minimize f(x) + h(x) + δP (c(x)),

where δ > 0 is a penalty parameter and P is a penalty function; for instance P (y) = ‖y‖p,
an `p-norm. My framework in Chapter 5 extends readily to penalty methods under the

assumption of exact function values and derivatives. Typically this is simpler than (1.1),

except in cases where the value of (2.1b) is known. An example is h(x) = ‖c(x)‖1; a trust-

region method would then require computation of the prox (2.1b) of ‖c(xk) + ∇c(xk)T s‖1

over descent direction s, which is known analytically. This is an extension of nonsmooth

trust-region theory in [40].

7.2.3 Numerical Speed-ups

Here, we seek to provide theoretical error bounds on function and derivative information

needed for convergence. This goal addresses numerical efficiency in function evaluations and

derivative computation via controlled approximations. This is key for functions that are

too computationally intense to evaluate. Example applications include computational fluid
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dynamics, climate modeling, or earth systems; these simulations can be expensive with large

numbers of parameters. Some optimization methods are resilient to certain degrees of in-

exactness. Newton methods [128] allows the Newton’s search direction computation to be

truncated while retaining favorable convergence. Such freedom is useful for directions com-

puted via an iterative process, such as a Krylov method. Certain methods for smooth

optimization also permit inexactness in objective and constraint evaluation and their deriva-

tives while preserving convergence properties [40]. A natural extension of Goal 1 is to permit

inexact function values and derivatives as in [40], and inexact computation of the proximal

term (2.1b) as in [93, 119, 123, 125, 147]. A crucial component of the theory assumed in

Goal 1 is that (2.1b) must be computable exactly, which is not always known; therefore, an

important objective is extension into cases where the prox (2.1b) must be approximated via

an iterative process. This establishes algorithm error tolerance in derivative computations,

and provides theoretical understanding of functions without closed-form proximal operators.

Function and Derivative Inexactness.

I would like to generalize and control error handling in Algorithm 16 and also Algorithm 18,

with the formulations below mostly geared towards the former. I allow for approximations

f̃x ≈ f(x), c̃x ≈ c(x), g̃x ≈ ∇f(x), J̃x ≈ ∇c(x),

|f(x)− f̃x| ≤ εf , ‖c(x)− c̃x‖ ≤ εc, ‖∇f(x)− g̃x‖ ≤ ε∇f , ‖∇c(x)− J̃x‖ ≤ ε∇c,

for appropriate iteration-dependent tolerances εf , εc, ε∇f and ε∇c > 0 controlled by the

algorithm. Such approximations could result from evaluations in low floating-point precision.

I also will generalize inexactness to nonsmooth h to preserve convergence and complexity;

i.e. conditions on h̃x ≈ h(x) and ṽ ∈ Dx ≈ ∂h(x), where ∂h is an appropriate subdifferential.

Smooth Error Tolerances. Trust-region methods for smooth unconstrained optimization

can control error tolerances so as to preserve convergence [40]. Such control can apply to

the smooth term in trust-region proximal splitting algorithm Chapter 4. Smooth f(x), c(x)
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and ∇f(x),∇c(x), as well as search directions, can be inexact.

Nonsmooth Error Tolerances. Allow inexact solution of (2.1b) for difficult h. Each

iteration requires solving an optimization subproblem involving the nonsmooth term; this is

easier than solving the original problem as f and h are replaced with simpler models. In

the literature, (2.1b) is almost always assumed to be solved exactly, with few exceptions

[93, 125]. In practice, it seems more efficient to stop short of optimality and update

xk+1 ← prox
νh

(
xk − ν−1g̃xk

)
+ ek, (7.1)

where g̃xk ≈ ∇f(xk) and ek > 0 measures the error in the evaluation of (2.1b). Such error is

considered in [93] in a related context. As in Goal 1, the above framework can be extended

to include second-order information [14, 123] and accelerated methods [125].

Iteration Cost.

Early iterations need not be accurate when far from a solution. The inexactness error in

function values is updated along the iterations and depends on model decrease. As iterations

progress and convergence occurs, higher accuracy is required; this can greatly benefit situ-

ations that can change between coarse or fine forward solutions, such as PDE-constrained

optimization [25, 79], and peridynamics [140]. In contrast, gradient evaluations need not

increase in accuracy during convergence, permitting low-accuracy derivatives. Gradient ap-

proximations are required to satisfy a condition such as the norm test, which requires

‖∇f(x)− g̃x‖ ≤ ω‖g̃x‖, 0 < ω < 1.

Geometrically, the norm test requires that the gradient approximation be directions of suffi-

cient descent to preserve convergence properties, following analysis performed in [10, 27, 40].

7.2.4 Software and GPU consolidation

I would like to generalize my algorithms and release software packages complete with imple-

mentation on large problems that take advantage of efficient hardware. My work in Chapter 5
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lends itself to large scale, nonlinear inverse problems. Efficiency is key when cost function

evaluations may be prohibitively expensive, and such problems can benefit from speed-ups on

mixed-precision machines. This provides an additional source of inexactness, as GPUs move

beyond the traditional IEEE 754 single and double precision to half-precision units. More

examples are the BFloat16 format found on Google’s tensor processing units, the quadruple

precision format, posits, or qubits. As in Goal 2, early iterations can possess looser accuracy,

allowing for half- or even more lenient precision. A major challenge when working in half or

lower precision is scaling the problem to avoid under or overflow [70]. The framework that

I propose can readily handle such scaling. For instance, evaluating f(x) in single precision

really produces f̃(x), which satisfies

|f(x)− f̃(x)| ≤ ε32|f(x)|,

where ε32 is the machine epsilon of single precision. For |f(x)| ≤M scaled in the domain of

interest, evaluations of f need only be accurate to within 10−7M approximately. A similar

reasoning holds for half and double precision, as well as other numerical representations.

These errors accommodate mixed-precision arithmetic, which improves memory bandwidth

pressure and increase numerical throughput. This framework also lends itself to coordinate-

wise decomposable proximal operators, leading to massive parallelization on GPUs. Common

decomposable h(x) in (2.1b) include soft-thresholding for h(x) = ‖ · ‖1, hard-thresholding

for h(x) = ‖ · ‖0, and indicator functions like the nonnegative orthant or box constraints.

I plan to release open-source, flexible software packages for use in optimization and the

large scientific community. The algorithm for [14] is written in Julia; I plan to extend this

to the CUDA environment and C++ for use on large clusters.

7.2.5 Impact on High Performance Computing

Increases in computational power and data availability have massively impacted optimiza-

tion, and subsequent accessibility further increases the scientific and societal impacts. Next

phases of this work involve developing and improving inexact algorithms for high-performance,
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composite mixed-precision computing. Relaxations have been employed for nonlinear [40]

and composite functions [123, 125], but this has not been explored in GPU settings or with

nonsmoothness and nonconvexity in (1.1). Goal 1 seeks to combine such relaxations for

nonsmooth problems. By developing Goal 2, we address nonconvexity so often found in the

literature [10, 27, 116, 131] and extend it to inexact computations. Goal 3 seeks to account

for nonlinear and nonsmooth problem structure in GPU settings, and apply it to inverse

problems and numerical software.

There are a plethora of inverse problem and numerical computing applications that stand

to benefit from this proposal, including optimization problems in quantum computing, peri-

dynamics [140], uncertainty quantification [1, 101], fluid dynamics [25, 111], training ML

models [61, 110], PDE-constrained optimization [79], and mechanical engineering [23]. This

work could produce numerical software which can compete with or be added to packages

such as Dakota, Trilinos, and Kokkos. Current work focuses on scalable optimization, multi-

grid/multilevel methods, and finite element solvers for PDEs. Optimization for inexact re-

search is geared towards schemes for solving PDEs, whereas some more standard, out of the

box packages focus on numerical cost and black-box optimization. My goal is to supplement

this research by providing a fast framework for parameter estimation by using certain fea-

tures of these solvers and computing resources. Much inexact research addreses solving PDE

with finite elements and inverse problems for physical systems [25, 79, 101]. This proposal’s

framework addresses error of such solvers in the context of parameter estimation with diffi-

cult regularization terms, or even provide theory for solver error complexity. For instance,

Dakota or Trilinos fidelity can be tailored for forward solutions of nonlinear inverse prob-

lems. Low-accuracy evaluations could take the form of early coarser-grid discretization, and

higher accuracy grid refinement as parameter estimation progresses. These libraries, in ad-

dition to Kokkos, already allow for GPU evaluations, and hence are a natural testing ground

for my method. This proposal supplements work in PDE-constrained optimization [25, 79]

by providing theory for inexact evaluations applied to numerical multifidelity. It can also

guide precision characteristics for mesh discretization in Dakota, as well as forward solves
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for complicated models in the larger scientific community, such as the seismology or power

grid simulations. Providing theory on problem relaxation and function/derivative error will

create a ready reference to computational trade-offs optimizers and scientists make daily.

An immediate impact is a greater theoretical understanding of numerical error and problem

relaxations in composite regimes. A practical impact is that generalizability benefits hosts

of data-intensive biological and physical applications [28, 131]. It designs a flexible algo-

rithm and software for next-generation HPC platforms, and allows researchers to conduct

parameter estimation without compromising speed. This is accomplished by creating a time-

and energy-efficient optimization framework for the exascale era that accounts for errors and

uncertainty. Its generalizability benefits the host of data-intensive applications in physics,

machine-learning, and mathematics.
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7.3 Nonlinear Least Squares

This section elucidates some preliminary results with extending our formulation in Chap-

ter 5 to nonlinear least squares (NLS) problems. This has numerous applications to inverse

problems [131] and the greater machine-learning community, which often use NLS-type for-

mulations for minimization. The distinction here is the use of the Gauss-Newton Hessian

approximation; we assume f(x) = ‖F (x)‖2
2, where we can compute the Jacobian of F (x)

and use that in our minimization routine. This can get faster convergence for some types of

inverse problems [88], but has yet to be generalized to the nonsmooth regularized context.

7.3.1 Problem Introduction

We consider the problem

minimize
x

f(x) + h(x), f(x) = 1
2
‖F (x)‖2

2, (7.2)

where F : Rn → Rm is continuously differentiable and h : Rn → R is proper and lower semi-

continuous, but may be nonsmooth and nonconvex. We use J(x) to denote the Jacobian

of F at x. We again use the limiting subdifferential Definition 5 and Proposition 2.2.3 In

particular, our stationary point is

x is first-order stationary for (7.2) ⇐⇒ 0 ∈ J(x)TF (x) + ∂h(x). (7.3)

7.3.2 Linear Least Squares

Here, we describe how the models change from Chapter 5 from general nonsmooth regularized

problems to linear least squares regularized problems. Note that here, we have no trust

region yet. This approach is analogous to the quadratic regularization in section 5.3. For
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fixed x ∈ Rn, define

ϕ(s;x) := 1
2
‖J(x)s+ F (x)‖2

2 (7.4a)

ψ(s;x) ≈ h(x+ s) (7.4b)

m(s;x, σ) := ϕ(s;x) + 1
2
σ‖s‖2 + ψ(s;x), (7.4c)

where σ ≥ 0. Consider the parametric problem and its optimal set

p(σ;x) := min
s

m(s;x, σ) ≤ ϕ(0;x) + ψ(0;x) = f(x) + h(x) (7.5a)

P (σ;x) := arg min
s

m(s;x, σ), (7.5b)

The form of (7.5) is representative of a Levenberg-Marquardt subproblem for (7.2) in which

f and h are modeled separately.

We make the following additional assumption that ψ is proper, lsc, and level bounded

(Model Assumption 5.2.1). By Proposition 2.2.3,

s ∈ P (σ;x) =⇒ 0 ∈ ∇ϕ(s;x) + σs+ ∂ψ(s;x).

We define

ξ(σ;x) := (f + h)(x)− p(σ;x). (7.6)

The following stationarity criterion follows directly from the definitions above.

Lemma 7.3.1. Let Model Assumption 5.2.1 be satisfied and σ > 0. Then ξ(σ;x) = 0 ⇐⇒
0 ∈ P (σ;x) =⇒ x is first-order stationary for (7.2). In addition, x is first-order stationary

for (7.2) if and only if s = 0 is first-order stationary for (7.4c).

Proof. Note first that ξ(σ;x) = 0⇐⇒ p(σ;x) = (f+h)(x) = ϕ(0;x)+ψ(0;x), which occurs if

and only if 0 ∈ P (σ;x). Proposition 2.2.3 then implies 0 ∈ ∂m(0;x, σ) = ∇ϕ(0;x)+∂ψ(0;x)

and is equivalent to (7.3).

The next result states some properties of (7.5) similar to those of Proposition 5.2.1.
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Proposition 7.3.2. Let Model Assumption 5.2.1 be satisfied. The domain of p(·;x) and

P (·;x) is {σ | σ ≥ 0}. In addition,

1. p(·;x) is proper lsc and for each σ ≥ 0, P (σ;x) is nonempty and compact;

2. if {σk} → σ̄ ≥ 0 in such a way that {p(σk;x)} → p(σ̄;x), and for each k, sk ∈ P (σk;x),

then {sk} is bounded and all its limit points are in P (σ̄;x);

3. if ϕ(·;x) + ψ(·;x) is strictly convex, P (σ;x) is single-valued;

4. p(·;x) is continuous at any σ̄ > 0 and {p(σk;x)} → p(σ̄;x) holds in part 2 if σ̄ > 0.

Proof. Parts 1–2 follow from applying [120, Theorem 1.17] by noting that (7.4c) is level-

bounded in s locally uniformly in σ because ψ(·;x) is level bounded. Part 4 also follows from

[120, Theorem 1.17] by noting that (7.4c) is continuous in σ at any σ̄ > 0.

By Proposition 7.3.2 part 4, ξ(·;x) is continuous at any σ̄ > 0.

The first step of the proximal gradient method applied to (7.4c) from s0 = 0 computes

s1 ∈ prox
νψ(·;x)

(−νJ(x)TF (x)),

where 0 < ν < 1/(σmax(J)2 + σ) < 1/σ is a step length. The decrease achieved by this first

step is

(f + h)(x)− (ϕ(s1;x) + ψ(s1;x)) ≥ 1
2
(ν−1 − σ)‖s1‖2 ≥ 1

2
ν−1‖s1‖2,

and therefore,

ξ(σ;x) ≥ 1
2
σ‖s1‖2. (7.7)

The algorithm in this part will be similar to Algorithm 17, but with a linear least squares

adaptation. It remains to be developed in full; here we just elucidate some preliminary

theory and move on the nonlinear least squares example.
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7.3.3 Nonlinear Least Squares

A trust-region approach

We first briefly comment on the applicability of Algorithm 16 to (7.2). We assume that

each fi : Rn → R is C1, so that we satisfy Step Assumption 5.2.1 in Chapter 5. A natural

model for f about x is the Gauss-Newton model (7.4a), which satisfies ϕ(0;x) = f(x) and

∇sϕ(0;x) = ∇f(x) = J(x)TF (x). In Algorithm 16, the first proximal gradient step s1 is

computed by solving

minimize
s

1
2
‖F (x)‖2

2 + (J(x)TF (x))
T
s+ 1

2
ν−1‖s‖2 + ψ(s;x) subject to ‖s‖ ≤ ∆,

i.e.,

s1 ∈ prox
νψ(·;x)+χ(·;∆)

(−νJ(x)TF (x)),

where 0 < ν < 1/‖J(x)‖2. Subsequent steps continue the proximal gradient iterations to

compute an approximate solution of

minimize
s

1
2
‖J(x)s+ F (x)‖2

2 + ψ(s;x) subject to ‖s‖ ≤ min(β‖s1‖, ∆), (7.8)

where β ≥ 1, which is a trust-region variant of the method of [88] and [98] for nonconvex

regularized least-squares problems. Step Assumption 5.2.1 holds provided ∇f is Lipschitz

continuous or each fi is C2 with bounded Hessian, and their convergence results and iteration

complexity bound hold.

7.3.4 Levenberg-Marquardt

We now examine the alternative implementation of the method of Levenberg and Marquardt

in which the model (7.4c) is employed to compute a step. Specifically, consider Algorithm 24.

Our main working assumption is the following.

Problem Assumption 7.3.1. The residual F is C1 on the level set Ω := {x ∈ Rn | f(x) ≤
f(x0)}.
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Algorithm 24 Nonsmooth regularized Levenberg-Marquardt Method.

1: Choose constants 0 < η1 ≤ η2 < 1 and 0 < γ3 ≤ 1 < γ1 ≤ γ2.

2: Choose x0 ∈ Rn where h is finite, σ0 > 0, compute F (x0) and h(x0).

3: for k = 0, 1, . . . do

4: Define m(s;xk, σk) as in (7.4c).

5: Compute an approximate solution sk of (7.5b).

6: Compute the ratio

ρk :=
f(xk) + h(xk)− (f(xk + sk) + h(xk + sk))

ϕ(0;xk) + ψ(0;xk)− (ϕ(sk;xk) + ψ(sk;xk))
.

7: If ρk ≥ η1, set xk+1 = xk + sk. Otherwise, set xk+1 = xk.

8: Update the regularization parameter according to

σk+1 ∈


[γ3σk, σk] if ρk ≥ η2,

[σk, γ1σk] if η1 ≤ ρk < η2,

[γ1σk, γ2σk] if ρk < η1.



189

An auxiliary assumption that is slightly stronger but likely to be required for our as-

sumptions on the model to be satisfied is the following.

Problem Assumption 7.3.2. The residual F and its Jacobian J are Lipschitz continuous

on Ω.

Under Problem Assumption 7.3.2, it is not difficult to show that ∇f is Lipschitz contin-

uous on Ω, i.e., there exists L > 0 such that

f(x+ s) ≤ f(x) +∇f(x)T s+ 1
2
L‖s‖2 for all x, x+ s ∈ Ω. (7.9)

We emphasize that in what follows, knowledge of L, or an estimate thereof, is not required.

Our next assumption on the model is the following.

Model Assumption 7.3.1. There exists a constant κm > 0 such that for all x and s ∈ Rn,

|(f + h)(x+ s)− (ϕ+ ψ)(s;x)| ≤ κm‖s‖2.

Model Assumption 7.3.1 is essentially an assumption on the nonsmooth part ψ of the

model. Indeed, (7.4a) and (7.9) combine to yield

f(x+ s)− ϕ(s;x) ≤ f(x) +∇f(x)T s+ 1
2
L‖s‖2 − 1

2
‖F (x) + J(x)s‖2

= 1
2
L‖s‖2 − 1

2
‖J(x)s‖2

≤ 1
2
L‖s‖2,

where we used the definition of f(x) and the identity ∇f(x) = J(x)TF (x). In particular,

Model Assumption 7.3.1 is satisfied with κm = L if we select ψ(s;x) := h(x+ s).

For simplicity, we use the shorthands Fk := F (xk) and Jk := J(xk). Our first result

ensures that σk is bounded above in Algorithm 24, and follows from Theorem 5.5.2.

Theorem 7.3.3. Let Problem Assumption 7.3.1 and Model Assumptions 5.2.1 and 7.3.1 be

satisfied, and let

σsucc := 2κm/(1− η2) > 0. (7.10)

If xk is not first-order stationary and σk ≥ σsucc, then iteration k is very successful and

σk+1 ≤ σk.
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Proof. Let sk be the step computed at iteration k of Algorithm 24. Because xk is not first-

order stationary, sk 6= 0. Because sk is an approximate solution of (7.5b), we must have

ϕ(0;xk) + ψ(0;xk) ≥ ϕ(sk;xk) + 1
2
σk‖sk‖2 + ψ(sk;xk)

= 1
2
‖Fk‖2 + (JTk Fk)

T
sk + 1

2
‖Jksk‖2 + 1

2
σk‖sk‖2 + ψ(sk;xk),

and therefore,

ψ(0;xk)− ψ(sk;xk) ≥ (JTk Fk)
T
sk + 1

2
‖Jksk‖2 + 1

2
σk‖sk‖2. (7.11)

In addition,

ϕ(0;xk)− ϕ(sk;xk) = −(JTk Fk)
T
sk − 1

2
‖Jksk‖2. (7.12)

We combine (7.11) and (7.12) into

ϕ(0;xk) + ψ(0;xk)− (ϕ(sk;xk) + ψ(sk;xk)) ≥ 1
2
σk‖sk‖2. (7.13)

Model Assumption 7.3.1 and (7.13) combine to yield

|ρk − 1| = |f(xk + sk) + h(xk + sk)− (ϕ(sk;xk) + ψ(sk;xk))|
ϕ(0;xk) + ψ(0;xk)− (ϕ(sk;xk) + ψ(sk;xk))

≤ 2κm‖sk‖2

σk‖sk‖2 .

After simplifying by ‖sk‖2, we obtain σk ≥ σsucc =⇒ ρk ≥ η2.

Note that Theorem 7.3.3 does not explicitly include Problem Assumption 7.3.2 in its

assumptions, though it is likely to be required for Model Assumption 7.3.1 to hold. Interest-

ingly, Theorem 7.3.3 holds without assuming that the step sk satisfies a sufficient decrease

condition. Upon examination of the proof, the reason turns out to be that any step that

results in simple decrease in m(s;σ, x) results in sufficient decrease in ϕ(·;x) + ψ(·;x), inde-

pendently of the method used to compute sk.

Theorem 7.3.3 ensures existence of a constant σmax > 0 such that

σk ≤ σmax := min(σ0, γ2σsucc) > 0 for all k ∈ N. (7.14)

Our first result concerns the situation where a finite number of successful iterations occur.

The proof is almost identical to that of [40, Theorem 6.4.4] and Theorem 5.2.5 and is omitted.
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Theorem 7.3.4. Let Problem Assumption 7.3.1 and Model Assumptions 5.2.1 and 7.3.1 be

satisfied. If Algorithm 24 only generates finitely many successful iterations, then xk = x∗ for

all sufficiently large k and x∗ is first-order critical.

Because p(σ;x) increases when σ increases, ξ(σ;x) decreases when σ increases. Thus, it

follows from (5.45) that

ξ(σk;xk) ≥ ξ(σmax;xk) for all k ∈ N. (7.15)

Lemma 7.3.1 and (7.15) suggest using ξ(σmax;xk)
1
2 as stationarity measure.

For a stopping tolerance ε ∈ (0, 1), we seek to determine k(ε) ∈ N such that

ξ(σmax;xk)
1
2 > ε for all k > k(ε) and ξ(σmax;xk(ε))

1
2 ≤ ε. (7.16)

Define the sets similar to (5.15)

S := {k ∈ N | ρk ≥ η1}, (7.17a)

S(ε) := {k ∈ S | k < k(ε)}, (7.17b)

U(ε) := {k ∈ N | k 6∈ S and k < k(ε)}. (7.17c)

In order to conduct the complexity analysis, it is necessary to assume that the step

computation at stage 5 of Algorithm 24 is related to ξ(σk;xk). We make the following

assumption.

Step Assumption 7.3.1. There exists κmdc ∈ (0, 1) such that sk computed at stage 5 of

Algorithm 24 satisfies

ϕ(0;xk) + ψ(0;xk)− (ϕ(sk;xk) + ψ(sk;xk)) ≥ κmdcξ(σk;xk). (7.18)

Step Assumption 7.3.1 is similar to sufficient decrease conditions used in trust-region

methods—see [40]. Chapter 5 provide a concrete use of such condition in a trust-region

method for nonsmooth regularized optimization. Clearly, the sufficient decrease assumption

is satisfied after a single step of the proximal gradient method applied to (7.4c). In view
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of (7.7), it is also satisfied at a minimizer of (7.4c). Thus, in step 5 of Algorithm 24, one

strategy is to continue the proximal-gradient iterations until a stopping condition is attained.

The following results parallel those of Chapter 5, which are in turn inspired from those of

[36] and references therein.

Lemma 7.3.5. Let Problem Assumption 7.3.1 and Model Assumptions 5.2.1 and 7.3.1 be

satisfied and sk be computed according to Step Assumption 7.3.1. Assume there are infinitely

many successful iterations and that f(x) + h(x) ≥ (f + h)low for all x ∈ Rn. Then, for all

ε ∈ (0, 1),

|S(ε)| ≤ (f + h)(x0)− (f + h)low

η1κmdcε
2 = O(ε−2). (7.19)

Proof. The proof is identical to that of Lemma 5.2.6 in Chapter 5.

Lemma 7.3.6. Under the assumptions of Lemma 7.3.5,

|U(ε)| ≤ log(σmax/σ0)

log(γ1)
+ |S(ε)| | log(γ3)|

log(γ1)
= O(ε−2). (7.20)

Proof. For each k ∈ U(ε), σk+1 ≥ γ1σk, while for each k ∈ S(ε), σk+1 ≥ γ3σk. Thus if k(ε) is

the iteration for which (7.16) occurs for the first time,

σ0γ
|U(ε)|
1 γ

|S(ε)|
3 ≤ σk(ε)−1 ≤ σmax.

Taking logarithms, we have

|U(ε)| log(γ1) + |S(ε)| log(γ3) ≤ log(σmax/σ0).

Rearranging and recalling that 0 < γ3 < 1 yields (7.20).

Combining Lemmas 7.3.5 and 7.3.6 yields the overall iteration complexity bound.

Theorem 7.3.7. Under the assumptions of Lemma 7.3.5,

|S(ε)|+ |U(ε)| = O(ε−2). (7.21)
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Stated differently, Theorem 7.3.7 ensures that either (f + h)(xk)→ −∞ or that

lim inf ξ(σmax;xk) = 0. Because of the difficulty in developing proximal operators for (7.8),

we would also like to develop the relax-and-split routine (Algorithm 3) for the subproblem

solution. This requires proving that relax-and-split satisfies Theorem 7.3.3 at some finite

iteration of this subproblem solver. We outline the problem statement below, but it remains

to be proven.

7.3.5 Relax-and-Split solver

We now develop a fast relaxation-based method to solve (7.8) that extends Algorithm 3. We

introduce auxiliary variables z and a quadratic relaxation, and consider

minimize
s,z

1
2
‖J(x)s+F (x)‖2

2+ψ(z;x)+
1

2γ
‖s−z‖2 subject to ‖z‖ ≤ min(β‖s1‖, ∆), (7.22)

To understand the structure of (7.22), we can first consider the conceptual approach were

we partially minimize in s, and iterate over z. Partially minimizing in s yields a strongly

convex quadratic program in z, giving us the value function optimization problem

min
z
Qγ(z) + ψ(z;x) subject to ‖z‖ ≤ min(β‖s1‖, ∆), (7.23)

where

s(z) =

(
JTJ +

1

γ
I

)−1(
JTF +

1

γ
z

)
Qγ(z) = 1

2
‖J(x)s(z) + F (x)‖2

2 +
1

2γ
‖s(z)− z‖2.

(7.24)

We can then solve (7.23) using proximal gradient. Every time z is updated, we must update

s(z) also, using (7.24). The derivative of Qγ with respect to z is easily obtained:

∇Qγ(z) =
1

γ
(z − s(z)).

The practical implementation of the algorithm is given by

s+ = arg min
s

1
2
‖J(x)s+ F (x)‖2

2 +
1

2γ
‖s− z‖2

z+ = prox
γ(ψ+χ(∆B)

(s+)
(7.25)



194

The method can be analyzed and converges quickly, since Qγ is much better conditioned

than the original problem in (7.22), see [153]. The difficulty is now to account for γ in the

overall analysis. Also we have had good performance with only a few CG iterations for the

s+ update, and that is another interesting thing to consider here.

7.3.6 RS Analysis

We can write RS as proximal gradient descent on Qγ. Define z = [s, z], which yields the new

formulation

minimize
z

∥∥∥∥∥∥
 J 0

γ−1/2I −γ−1/2I

 z +

F
0

∥∥∥∥∥∥
2

︸ ︷︷ ︸
G(z)

+Ψ(z)

and proximal gradient with step-size α is given by

zk+1 = prox
αΨ

(zk − α∇G(z))

Bounding distance between s and z

First we observe that zk ∈ ∆B for all k, by the iteration (7.25). From this same iteration,

we have

sk = arg min
s

1

2
‖Js+ F‖2 +

1

2ν
‖s− zk‖2

where the dependence of J and F on x has been suppressed to simplify exposition. Taking

the gradient and setting it equal to 0 yields

sk =

(
JTJ +

1

ν
I

)−1

(−JTF +
1

ν
zk)

= −
(
JTJ +

1

ν
I

)−1

JTF +
1

ν

(
1

ν
I + JTJ

)−1

zk

= −
(
JTJ +

1

ν
I

)−1

JTF +
(
I − νJT (I + νJJT )−1J

)
zk

where we applied the first variant of the Woodbury formula. From here, we get

sk − zk = −
(
JTJ +

1

ν
I

)−1

JTF − νJT (I + νJJT )−1zk
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‖sk − zk‖ ≤ ν

(∥∥∥∥(νJTJ + I
)−1

JT
∥∥∥∥ ‖F‖+

∥∥∥JT (I + νJJT )−1J
∥∥∥∆

)
≤ ν

(∥∥∥JT∥∥∥ ‖F‖+
∥∥∥JTJ∥∥∥∆

) (7.26)

giving us uniform control of the distance from sk to zk given F and ∆. The trick is to bound

the distance between Qγ and ‖Js+ F‖2
2, which still requires some work to complete.

7.3.7 Preliminary Results, Conclusions & Future Directions

We have run algorithms detailed in both section 7.3.2 and section 7.3.3 on the Fitzhugh-

Nagumo ODE inverse problem detailed in section 5.6. Interestingly, we have been able to

adapt QR (Algorithm 17) instead of PG (Algorithm 1), which actually reduces the number

of inner solves. These are detailed for Algorithm 24 only in Figure 7.1, as it the solution fails

for the QR variant in section 7.3.2. The latter is primarily because the ODE has parameter

regions where the solution cannot exist; we note that this is not a failing of the methodology,

but rather that of the problem itself. A way to address this is to expand the existing

methodology to include bound constraints, which we have mentioned before in section 7.2.
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Figure 7.1: Fitzhugh-Nagumo solution (5.49) for h(x) = λ‖x‖0 in (5.51) with `∞-norm,

LMTR.
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There are still several things to accomplish in this work. The first is to finish the theory,

which again involves some complexity analysis as well as showing that Theorem 5.5.2 and

Theorem 7.3.3 are satisfied for the subproblem we use. The second is develop a package for

download; we have preliminary numerical results with algorithms that we have added to our

repository https://github.com/UW-AMO/TRNC. Another is finish up the proofs for both the

relax and split formulations as well as the LM methods. The last is demonstrate the efficacy

of our methods on new problems; one of these will be discussed shortly.

https://github.com/UW-AMO/TRNC
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7.4 Relax and Split Tuning Parameters

The question left unsolved by Chapters 3 and 4 is how to adjust η correctly. One thought is

to look at the “exact relaxation” or the identity

‖x‖2 = arg min
σ

1

σ
‖x‖2 + σ. (7.27)

Here, we take advantage of the relationship 7.27 to augment the formulation to yield

min
x,w,σ

φ(w) + ϕ(x) +
1

η

(
1

σ
‖C(x)− w‖2 + σ

)
. (7.28)

Perhaps the most intuitive algorithm would be to implement a gradient descent/proximal

gradient descent in the sense of PAM or PALM. This would requires solving for x via some

means dependent on the convexity of ϕ(x). The new version of Algorithm 3 would now

include a parameter update, give in Algorithm 25.

Algorithm 25 Prox-gradient for (7.28).

1: Input: x0, w0, σ0

2: Initialize: k = 0

3: while not converged do

4: xk+1 ← arg min
x

ϕ(x) +
1

ησk
‖x− wk‖2

5: wk+1 ← proxησk+1φ
(C(xk+1))

6: σk+1 ← ‖C(xk+1)− wk+1‖2

7: k ← k + 1

8: Output: wk, σk, xk

However, early numerical examples have proven unfruitful. It might be more conducive

to create a restart scheme for different η values, or relating it to the gap between the splitting

variable and the relaxed part of the function.
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7.5 Optimization algorithms as ODE timesteppers for gradient flows

This section briefly discusses how some of the methods from this work can be used in the

realm of PDE optimization. Indeed, this relationship can be mutually beneficial, as it is

possible to interpret trust region methods as controlled gradient-flow problems.

Just as proximal gradient descent can be likened to backwards Euler for numerical gradi-

ent flow, so too can trust region methods be analyzed in a similar sense. Splitting methods

have a long and rich history in PDE optimization [15], and many optimization techniques

have been adapted or at least have roots in older PDE methods. ADMM, for instance, was

initially developed as a PDE solution routine [91]. We would like to explore whether or not

the trust region method is a dynamical system in disguise. Initially, we stick to smooth,

convex functions to simplify the analysis, and then extend this work to Chapter 5. Say we

want to solve the nonlinear optimization problem

min
u
J(u) (7.29)

where J : V → R is a smooth convex functional defined on some reflexive Banach space V .

We let V be a Sobolev space and is therefore distinct from its dual space V ∗. If M : V → V ∗

is any self-adjoint, positive-definite linear operator and τ is some time scale, then we can

form the ODE

τMu̇ = −dJ(u). (7.30)

Different optimization methods can be thought of as different choices for M . For a problem

posed in L2(Ω) for some domain Ω, often M is the canonical injection of the space into its

dual. Newton’s method amounts to using M = d2J(u). One can then think of practical

descent methods as a particular choice of timestepping scheme for this ODE. An undamped

descent method would correspond to using a constant timestep δt and updating u as

un+1 = un −
δt

τ
M−1dJ(un), (7.31)

leaving the possibility that timestep δtn could be updated via timestep. Another variant can

be derived by applying a linearly implicit Euler discretization to the pure gradient flow from
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equation (7.30):

un+1 = un −
( τ
δt
M + d2J(un)

)−1

dJ(un) (7.32)

which looks more like the implicit regularization afforded by trust region methods. Small

timesteps give us something closer to gradient descent, while large timesteps give us some-

thing closer to Newton’s method. Future interpretations would be instead using a higher-

order scheme such as RK4/5, which is also an adaptive method. A question we would like

to explore is: can adaptive timestepping schemes for ODE help us design better line search

methods?

Newton’s method in practice typically has an eigenvalue of the objective’s second deriva-

tive very close to zero. Trust region methods [40] help regularize away some of the difficulty

by requiring that the norm of the step is bounded by some factor ∆, and adjusting ∆ based

on the decrease in the objective. The norm of the step in a Banach space is induced by some

self-adjoint, positive-definite operator K. The appropriate generalization of the trust region

condition is that

τ‖u̇‖K ≤ ∆ (7.33)

at all times. The Lagrange multiplier λ enforces this constraint, giving us the differential-

algebraic equation

τ(M + λK)u̇ = −dJ(u), (7.34)

λ(∆− τ‖u̇‖K) = 0, (7.35)

λ ≥ 0, (7.36)

∆− τ‖u̇‖K ≥ 0. (7.37)

This is essentially an ODE with inequality constraints, but can be thought of as a mechanical

system with “impacts”, see [130]. A naive explicit Euler discretization of this ODE yields a

perfectly acceptable inequality-constrained optimization problem for the state of the system

at the next timestep.

This form allows us to keep the rate of change of u less than some fixed value of ∆.
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Adjusting ∆ can be thought of as a discrete-time control problem. At discrete timesteps τ ,

we adjust the value of ∆ based on the ratio of the actual to predicted decrease in J :

ρ(n+1)τ =
J(unτ )− J(u(n+1)τ )

−
〈
dJ(unτ ), u(n+1)τ − unτ

〉
+ 1

2

〈
d2J(unτ )(u(n+1)τ − unτ ), u(n+1)τ − unτ

〉 . (7.38)

We can then think of ∆nτ as a control that keeps ρnτ above some threshold value. The rest

would be determined essentially by Algorithm 9. This is preliminary and there is still much

to the be done, such as form an explicit problem statement, pick several other algorithms to

interpret, and explore numerical tests for PDE inverse problems. In the long-term, we would

like to extend this to nonsmooth problems.

7.6 Brief Retrospective

In this work, we discuss multiple optimization algorithms and attempt to connect them

together via the common theme of nonsmooth optimization and inverse problem techniques.

There are many routines that perform variations on these tasks. ADMM can solve nonconvex,

nonsmooth functions but requires model assumptions that are difficult to establish in many

regimes, still fails even for some convex cases, and also requires linear constraints. TR

optimization has been the workhorse for many nonconvex inverse optimization problems but

often fails to handle nonsmooth regularizers. Proximal algorithms have also been around

for decades (even centuries if you consider the backwards Euler interpretation) and are very

generalizable. However, they also rely on information that one may not be privy to (such

as Lipschitz constants) and are first order methods typically featuring slow convergence in

difficult settings.

Chapter 5 is perhaps the most rewarding and intriguing development; typically nons-

mooth optimiation relies on first order methods such as PG, and if second order methods

(or indeed any method which makes use of curvature information) exist, they are only for

convex functions or are practically impossible to implement. The latter condition arises due

to the nature of the Moreau Envelope (2.1a) - the inner product changes from an `2 norm to

that induced by the Hessian. Developing closed form proximal operators of these are even
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more difficult than ours in section 5.4. However, in Chapter 5, we’ve seemingly finagled out

of this bind; not only can trust regions now handle nonsmooth functions, but nonsmooth

functions now incur the cost-effectiveness and nice convergence properties of trust regions.

As discussed earlier and in section 7.2 and section 7.3, this opens the door to the plethora of

trust region extensions and has given me enough work to do beyond the forseeable future. A

common trope in many optimization papers is overselling the title - nonsmooth, nonconvex

functions but they apply to separate pieces; here, we’ve managed to at least let nonconvexity

apply to both f and h.

Another (hopefully) bountiful research area is the inexact extensions. A common trope

amongst deterministic algorithms (which the scope is limited to currently) is that they are

inefficient on modern computing architectures. With the popularization of machine learning

and the alarmingly large amount of data being collected by/on everyone, the community

has seen the rapid development stochastic algorithms. These (typically) have even worse

convergence than their deterministic counterparts but are numerically faster, since one only

needs access to partial information that converges to minima in expectation. Stochastic

versions of trust regions and proximal gradient descent exist and are widely used, and much

of the above work can likely be translated to the stochastic regime. Similar issues with those

arise; smoothness and convexity are desired, and theory for nonsmoothness and nonconvexity

tend to become niche in scope. Hopefully, inexact regimes can sidestep some of these issues

for the time being. Such things have already been employed for trust region algorithms

extensively [4] and have enjoyed success as part of Sandia’s ROL package.

Another rich area of development is making the connections between optimization algo-

rithms and their numerical PDE predecessors. Have already been alluded to several times

in this work, it seems that there has been a fairly sizable disconnection between the opti-

mization and PDE communities, when at one point they used to be the same. Evidence of

this can be seen in ADMM, which was originally developed as a PDE solution scheme [91],

or in the backwards Euler interpretation of the Moreau Envelop [10] that the community

has been slowly re-evaluating/discovering. There seems to be much room for development
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here; indeed, talks at PDE conferences has generally had favorable receptions to regularizing

nonsmooth terms, but much work needs to be done to make this convincingly practical.

This brings me to my last point; pushing algorithms to be made readily available,

runnable, and downloadable for the general public. It can be a rather thankless task some-

times, but too often are papers written without consideration for algorithm development.

Hopefully, this is incentivized for researchers in the future. Language choice often is a dif-

ficult problem, as it essentially chooses the audience for the package. This is becoming a

bit less true as Python starts to interact more with C++/C, and as languages such as Julia

become more developed. Most of the work described here is written in Matlab or Julia;

moving into the PDE optimization community will certainly lead to more C++ utilization.

Either way it looks like I have my work cut out for me.
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