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Abstract

Probability and Representation in Neural Systems: Dynamics, Learning, and Computation

Shirui Chen

Co-Chairs of the Supervisory Committee:

Eric Shea-Brown and Lillian Ratliff

Department of Applied Mathematics

Department of Electrical and Computer Engineering

Across biological and artificial neural systems, this dissertation examines two linked aspects

of inference and action from incomplete, indirect observations. Part I of this dissertation

covers how neural systems represent, learn, and use probability distributions. Our study of

stochastic recurrent networks relates sampling capacity to the score functions their dynamics

can approximate and shows that reservoir-sampler architectures can approximate a broad

class of target score fields on compact regions. We also examine pretrained video-language

models’ task-completion token probabilities and use them as training-free progress signals

that, as robot-learning rewards, improve real-robot behavior cloning. Finally, we jointly train

token prediction and unmasking order in a masked diffusion language model with on-policy

reinforcement learning, improving parallel-generation accuracy–efficiency tradeoffs. Part II of

this dissertation examines how learning shapes the internal representations supporting those

computations. We find that sharpness-based quantities bound local representation

robustness and compression. Additionally, we study feedforward memory networks, whose

plastic input weights correspond to Hopfield memory patterns, and find that heterogeneous

synaptic dynamics affect pattern diversity and task performance.
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Chapter 1

Introduction

An animal moving through the world receives only indirect and incomplete evidence about

its surroundings. A patch of light might be produced by firm ground or by a drop; a sound

might come from prey, a predator, or the wind. The sensory input therefore does not uniquely

determine the state of the world that produced it. In Marr’s terms, this is the computational

problem that a theory of vision must first identify: the organism must infer properties of the

world from measurements that are compatible with multiple causes [Marr, 1982]. Perception

is thus an inverse problem, and in general an ill-posed one. Probability is needed because the

organism must reason from ambiguous observations toward unobserved causes, combining

sensory evidence with prior structure rather than simply reading the world state from its

input [Knill and Pouget, 2004, Doya et al., 2006].

The same conceptual move underlies probabilistic machine learning: a dataset (i.e., sensory

inputs to artificial1 models) is treated not merely as a finite collection of examples, but as

observations drawn from an unknown data-generating distribution pdata. Learning uses those

finite observations to approximate the distribution itself, a conditional distribution such

as p(y | x), or quantities needed for prediction and action [Murphy, 2022]. The empirical

success of modern generative models, including score-based diffusion models that generate
1Throughout this dissertation, by artificial we mean anything that is not biologically grounded. In

particular, neural networks that run on GPUs are artificial, although they are loosely inspired by neurons.
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complex, high-dimensional samples, provides evidence for this modeling premise: probability

distributions learned from finite observations can capture substantial structure present in

observations of the world [Song and Ermon, 2019, Song et al., 2021]. Their success therefore

supports treating sensory and other data as samples from a probability distribution. Yet

pdata is not directly available to the model. The model encounters only samples and must

transform them into internal variables from which probabilities, decisions, or score functions

can be computed. A score function, s(x) = ∇x log p(x), is the vector field giving the direction

of steepest increase in log probability density.

These internal variables form a representation of the observations. In the standard

language of representation learning, a network maps an input x to a representation vector

h = ϕθ(x) from which later computations can more readily extract useful information [Bengio

et al., 2013, LeCun et al., 2015]. For perception and action, h must retain information

needed to infer the state of the world and choose an appropriate response. The connection to

probability is then direct: a probabilistic head computes a distribution from the representation,

for example pθ(y | x) = softmax(gθ(h))y. If two observations produce the same h, that head

cannot assign them different conditional distributions. Representation is therefore not a

separate capability placed beside probabilistic inference; it is the internal input on which that

inference operates.

Chapter 3 makes this dependence visible in an artificial system. A pretrained video-

language model maps an instruction and a prefix of a robot trajectory to internal states and

then to next-token probabilities. Without task-specific progress supervision, the probability

of an affirmative completion token tends to rise as a successful trajectory unfolds and falls

when the trajectory is paired with an incorrect instruction [Chen et al., 2026a]. Because this

probability is computed from the model’s internal states, its systematic variation provides

behavioral evidence that those states preserve progress-relevant information accessible to the

output computation.

Representations are themselves products of learning. The distribution of training data, the
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objective, the architecture, and the optimization procedure determine what information an

artificial network preserves or suppresses; experience-dependent plasticity plays an analogous

formative role in biological systems [Bengio et al., 2013, Bittner et al., 2017]. Chapter 5

studies one precise artificial instance of this dependence by asking how the geometry of an

optimized neural network constrains the local geometry of its learned representation [Chen

et al., 2026b]. Chapter 6 studies the biological side of the same broad issue by asking how

heterogeneous synaptic update rules shape the memory patterns stored in plastic weights.

The discussion above leads to two linked questions. Given a representation, which

probability distributions can a neural architecture compute, and how can those probabilities

be used? Conversely, how do learning and adaptation determine the representation on

which probabilistic computation depends? The central view of this dissertation is that these

questions must be studied together. Biological and artificial learning processes construct

and continually modify representations; those representations are then used for inference,

sampling, and action; and probabilistic objectives or feedback can modify them again on

subsequent updates [Bengio et al., 2013, Farrell et al., 2022].

Studying biological and artificial neural systems together is not an arbitrary juxtaposition.

Artificial neural networks originated as mathematical abstractions of neural computation,

and the two fields have continued to exchange architectures, learning principles, and analytic

tools [Hassabis et al., 2017, Richards et al., 2019]. Biology supplies organizational hypotheses

that are uncommon in current engineering, including stochastic population dynamics, local

synaptic plasticity, heterogeneous components, and adaptation across timescales. Artificial

networks supply explicit objectives and state variables that can be measured and intervened

on, making it possible to test how a proposed mechanism affects representation and behavior.

Against this background, the five projects form two interconnected lines of research.

Part I presents three case studies of how biological and artificial neural systems represent,

learn, or use probability distributions. Part II presents two complementary studies of how

learning shapes representations. The two lines meet at a common constraint: probabilistic
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computation inherits the distinctions available in a representation, and those distinctions are

themselves products of architecture and learning.

1.1 Uncertainty as a computational problem

Uncertainty is unavoidable whenever the state of the world cannot be read deterministically

from the available observations. In perception, the same retinal image can be compatible with

multiple three-dimensional scenes. In motor control, an action can have variable consequences

because the body and environment are only partially observed. In language and robotics,

a prompt or instruction admits many continuations, and the system must select among

them using context that may itself be ambiguous. Marr’s analysis of vision made this point

especially clear: before specifying an algorithm or a neural implementation, one must identify

the computational problem solved by the system [Marr, 1982]. For perception, that problem

is often an inverse problem. The organism observes measurements and must infer the latent

causes that produced them.

Bayesian inference gives this computational problem a precise form. If z denotes an

unobserved state of the world and x an observation, then

p(z | x) = p(x | z)p(z)
p(x) . (1.1)

The likelihood p(x | z) describes how possible world states give rise to observations, the

prior p(z) expresses structure available before the current observation, and the posterior

p(z | x) assigns updated probabilities to the alternatives that remain. This framework has

been used to explain perception, learning, and action under uncertainty in both psychology

and neuroscience [Knill and Pouget, 2004, Doya et al., 2006, Griffiths et al., 2010]. Its

significance here is not that every neural computation must literally evaluate Bayes’ rule in

this form. Rather, the Bayesian formulation clarifies why probability enters the problem at

all: ambiguous evidence must be combined with prior structure to support inference and
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action.

This computational-level success leaves open a mechanistic question. A theory may

describe what an ideal or approximately ideal observer should infer from uncertain evidence

without specifying how neurons perform the inference. If behavior is well described by

probabilistic inference, in what form could a biological circuit represent and manipulate

the relevant distributions? Knill and Pouget termed this the Bayesian coding hypothesis,

while subsequent work emphasized that a computational-level Bayesian account does not by

itself identify a neural code or mechanism [Knill and Pouget, 2004, Rao et al., 2002, Ma and

Jazayeri, 2014]. The problem therefore shifts from whether probability is a useful description

of behavior to how a neural system could make probability available to computation.

Two influential families of neural implementation address this question differently. In

probabilistic population codes, a pattern of population activity parametrically represents

a distribution, and appropriate operations on population activity implement probabilistic

computations [Ma et al., 2006, Beck et al., 2008]. In sampling-based codes, an instantaneous

activity pattern is instead interpreted as one sample from a posterior distribution [Hoyer

and Hyvärinen, 2002, Orban et al., 2016]. Under an ergodicity assumption, the posterior is

represented by the long-run proportion of time that the neural trajectory occupies different

regions of state space. The distribution is therefore not encoded by a single fixed activity

vector; it is enacted by the circuit over time.

The distinction between the two codes changes the computational interpretation of neural

variability. In a parametric account, the activity pattern encodes quantities that specify

a distribution, and variability affects how reliably those quantities can be decoded. In a

sampling account, variability across activity patterns is itself part of the representation: the

frequency of different states carries information about probability. Sampling theories have

consequently been used to relate perceptual uncertainty to the stimulus-dependent variability

of cortical responses [Orban et al., 2016, Festa et al., 2021]. This evidence motivates sampling

as a possible neural code, but it does not yet specify which circuit architectures can realize
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the required distributions.

The guiding philosophy of this dissertation is that, given the complexity of the distributions

underlying real-world data, we should not assume a priori that neural systems represent

probability distributions in fixed, analytically tractable forms. Instead, we treat neural

systems as learning flexible internal probabilistic models from observations sampled from the

world. This philosophy motivates our emphasis on the sampling view, in which a distribution

is realized through the states generated by a neural system over time rather than encoded in

a prescribed parametric form.

The sampling view turns probabilistic representation into a mechanistic problem about

neural dynamics. To make a target density stationary, the drift of a stochastic circuit must

have an appropriate relationship to that density. Langevin dynamics gives the clearest

example: its drift is the score ∇x log p(x). Score-based generative models use the same

relationship by learning a score field and using it to transform noise into structured samples

[Song and Ermon, 2019, Song et al., 2021]. For an abstract sampling algorithm, this score

field can be approximated by a flexible function approximator. A biological account cannot

stop at this abstraction. It must ask which score fields can be implemented by plausible

recurrent dynamics, because the architecture and state variables of the circuit determine the

family of stationary distributions the circuit can enact.

Chapter 2 takes up this unresolved architectural question. It compares sampler-only

and reservoir-sampler circuits through the score functions their dynamics can approximate,

thereby asking which stationary distributions these recurrent models can enact [Chen et al.,

2023]. Its role in Part I is to move from a computational claim that a brain may use samples

to a mechanistic analysis of what particular neural dynamics can represent.
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1.2 Probabilistic modeling in artificial networks

Probabilistic machine learning places prediction and generation within a common language

of distributions. A supervised model may learn a conditional distribution such as p(y | x),

while a generative model may learn a distribution over observations or latent variables. In

both cases, the distribution is inferred from finite data rather than specified directly [Murphy,

2022]. This formulation is powerful because it treats a dataset not only as examples to be

labeled correctly, but as partial evidence about an underlying stochastic process that could

have produced many possible observations. The model’s task is therefore not only to fit

individual samples, but to learn a rule that assigns probability across alternatives.

Neural networks changed the scale and flexibility of this program by learning the internal

features used to parameterize these distributions jointly with the probabilistic prediction

itself [Bengio et al., 2013, LeCun et al., 2015]. The probability assigned at the output

is therefore not independent of the learned representation. If a representation does not

preserve a distinction, a downstream probabilistic head cannot condition on that distinction;

if learning makes the distinction accessible, the same probabilistic form can express a different

judgment. This is the artificial counterpart of the neural-coding problem above, although the

implementation and scientific aims differ [Murphy, 2022, Bengio et al., 2013].

Modern generative modeling makes the distribution over data the primary object of

learning. Score-based models learn gradients of log density and use them to transform

samples from a simple source distribution into samples with the structure of the observed

data [Song and Ermon, 2019, Song et al., 2021]. Language models represent a distribution

over token sequences through conditional token predictions. Autoregressive models impose

a left-to-right factorization. Masked diffusion language models instead define a denoising

process in which masked positions are predicted from a partially observed sequence, allowing

the generation order to vary [Sahoo et al., 2024, Shi et al., 2024]. This creates a point of

contact with biological intelligence at the computational level: can an artificial system also

use incomplete sensory evidence to form a graded judgment about a latent state of the world
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and use that judgment to guide behavior?

Chapter 3 addresses the question for artificial Vision-Language Models (VLMs). Given

an instruction and a prefix of a robot trajectory, TOPReward reads the output probability of

pretrained VLMs as a surrogate reward measuring how much progress the robot has made

toward the goal. The model receives no task-specific progress supervision, so the resulting

progress signal tests how the pretrained conditional distribution generalizes to progress

estimation. At the computational level, the model is given incomplete visual evidence and

asked for a judgment about a latent task state: whether the instruction has been completed

[Chen et al., 2026a].

Chapter 4 addresses the problem of probabilistic language modeling. Unlike an autore-

gressive model, which decomposes the likelihood of language sequences by conditioning each

token on all previous tokens, a masked diffusion language model (DLLM) represents language

sequences as samples of a distribution over all possible text token sequences. The upshot of

this difference is that a DLLM is capable of generating text sequences not only autoregressively,

but also in any order. Human reading provides a useful cognitive analogy: reading proceeds

in the direction imposed by the writing system, but cognitive processing is not strictly serial:

readers use parafoveal preview, skip predictable words, and make regressions when later

evidence changes interpretation [Schotter et al., 2012, Rayner et al., 2006b, 2011, 2006a].

This suggests a broader cognitive principle: probabilistic language sequence modeling can

follow a bidirectional pattern, where the entire sequence is considered at each denoising step,

rather than a fixed left-to-right order alone. dUltra therefore asks whether the generation

order can be modeled as a Markov process: a planner maps the model’s hidden representation

to per-token unmasking probabilities, and on-policy reinforcement learning jointly adapts the

planner and the token predictor using verifiable and distillation rewards [Chen et al., 2025b].
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1.3 How learning shapes representation

In systems built from hand-designed features, the choice of representation is made largely by

the designer: the learning algorithm operates on variables that have already been selected,

transformed, or engineered. Representation learning changes where this work happens. It

makes the transformation from raw input to useful internal variables part of the learning

problem itself. Contemporary representation learning brings together several traditions, in-

cluding distributed connectionist representations, unsupervised feature learning, probabilistic

latent-variable models, and multilayer neural networks [Bengio et al., 2013]. Deep learning

extends this idea by learning multiple levels of representation, with each layer transforming

the representation produced by the preceding layer [LeCun et al., 2015].

Once the representation is learned rather than fixed, its properties become part of

the scientific problem. Different learning objectives and inductive biases may make some

information readily accessible while leaving other information entangled, and a representation

useful for one downstream computation need not preserve the distinctions required by another

[Bengio et al., 2013]. Representation is central to the dissertation because probability is

computed from representation. A learned distribution over labels, tokens, or actions can only

depend on distinctions that the internal variables make available.

Representation learning therefore raises questions beyond predictive accuracy: how does

the learning process shape the geometry of internal activity, and how is information retained

when the neural system continues to receive new sensory inputs? The two chapters in Part II

address these questions in different models of biological and artificial neural systems.

The variables that carry a representation are easiest to identify in an artificial model,

where intermediate activations, parameters, logits, and latent trajectories can be measured

and intervened on directly. Their location is less settled in biological systems. Depending on

the computation and timescale, information may be expressed in instantaneous population

activity, trajectories of neural dynamics, synaptic or cellular states, or interactions among them

[Vyas et al., 2020, Bittner et al., 2017]. In this dissertation, representation therefore names
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a computational role—making information available to subsequent computation—without

assuming a unique biological substrate or code.

Chapter 5 considers representations produced by stochastic gradient descent. The model

architecture, training dataset, and loss function together define the loss landscape, while

optimization selects a parameter vector within it. The same parameter vector determines how

perturbations of an input propagate through the network’s activations. Because sharpness

does not reliably characterize generalization across parametrizations and experimental settings

[Dinh et al., 2017, Andriushchenko et al., 2023], the chapter answers a different question:

what does sharpness reveal about the local geometry of the learned representation? It turns

out that sharpness characterizes the robustness of internal representations of common deep

neural networks [Chen et al., 2026b].

Chapter 6 considers representations formed by online synaptic plasticity. Feedforward

memory networks modify their synaptic weights as inputs arrive, so those weights serve both

as parameters of the current computation and as a changing record of recent experience

[Tyulmankov et al., 2022, Aitken and Mihalas, 2023]. By interpreting their outputs through

modern Hopfield retrieval and cross-attention, the chapter identifies stored memory patterns

and investigates how heterogeneous decay and plasticity rates shape the patterns learned

over time.

The two chapters in Part II are therefore complementary studies of how learning shapes

representation. Chapter 5 relates the geometry in the parameter space to the local geometry

of its neural representation space. Chapter 6 relates online synaptic update rules to the

memory patterns formed over time.

1.4 Contributions and scientific scope

The five chapters make the following contributions:

1. Chapter 2 relates the sampling capacity of stochastic recurrent networks to their ability
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to approximate a target score function. It identifies restrictions of sampler-only networks

and gives conditions under which a reservoir-sampler network with separate output

units can approximate arbitrary target distributions. It also develops a denoising-

score-matching procedure for training the sampler and demonstrates it on complex

non-Gaussian distributions [Chen et al., 2023].

2. Chapter 3 introduces TOPReward, a zero-shot method that extracts task-completion

probabilities from pretrained video-language models and uses them as instruction-

conditioned progress signals. It evaluates this formulation on 130 real-world manipula-

tion tasks, uses the raw completion probability for success detection and normalized

prefix scores for progress estimation. It is also shown that TOPReward-weighted

behavior cloning improves over standard behavior cloning on six real-robot tasks [Chen

et al., 2026a].

3. Chapter 4 introduces dUltra, an on-policy reinforcement-learning framework for accel-

erating masked diffusion language models. An unmasking planner predicts per-token

Bernoulli probabilities, and the planner and token model are jointly optimized using

verifiable and distillation rewards together with a reward based on the number of

unmasking steps. Experiments on mathematical reasoning and code generation show

improved accuracy–efficiency tradeoffs over heuristic and offline-distillation baselines

[Chen et al., 2025b].

4. Chapter 5 defines local geometric measures of representation compression and derives

sharpness-related upper bounds on Local Volumetric Ratio and Maximum Local Sensi-

tivity, including network-wide and reparametrization-invariant variants. It evaluates the

predicted relationships across feedforward, convolutional, and transformer architectures

[Chen et al., 2026b].

5. Chapter 6 gives modern Hopfield and cross-attention interpretations of feedforward

memory networks and introduces HPN to study heterogeneous synaptic decay and
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plasticity. Its linearized analysis predicts how this heterogeneity affects the diversity of

stored patterns, and experiments on NeuroGym verify the predicted effects on pattern

formation and task performance.

Each result has a specific scope. The recurrent-sampling analysis establishes representa-

tional capacity under its architectural and regularity assumptions, not a complete account

of biological learning. TOPReward depends on the perceptual and linguistic distinctions

available to the pretrained model. dUltra improves parallel decoding within the conditional-

independence constraints of masked diffusion language models. The sharpness chapter

establishes bounds on local geometric quantities, not a universal equivalence between flatness,

compression, and generalization. The HPN theory analyzes linearized pattern dynamics in

an abstracted synaptic-plasticity model. Together, the chapters develop two interconnected

lines of research without proposing a single mechanism that subsumes them all.

1.5 Roadmap

Part I, Probabilistic Computation in Biological and Artificial Neural Systems, contains three

case studies in probabilistic modeling. Chapter 2 studies the distributions that stochastic

recurrent neural dynamics can sample. Chapter 3 studies task-completion probabilities in

pretrained video-language models and their use as progress signals. Chapter 4 studies learned

sampling strategies for parallel generation in masked diffusion language models.

Part II, Dynamics and Geometry of Representation Learning, contains two complementary

studies of how representations are formed. Chapter 5 connects loss-landscape geometry to the

local geometry of neural representations, while Chapter 6 connects heterogeneous synaptic

plasticity to the memory patterns formed from continuous input streams.

12



Part I

Probabilistic Computation in

Biological and Artificial Neural

Systems
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Chapter 2

Expressive Probabilistic Sampling in

Recurrent Neural Networks1

2.1 Introduction

There is growing evidence that humans and other animals make decisions by representing

uncertainty internally and carrying out probabilistic computations that approximate Bayesian

inference [Rao et al., 2002, Knill and Pouget, 2004, Doya et al., 2006, Griffiths et al., 2010, Ma

and Jazayeri, 2014]. How networks of neurons in the brain represent probability distributions

for Bayesian inference has remained a major open question. There exist two major theories:

one assumes that the neural activities encode the parameters of the underlying posterior

distributions over sensory stimuli [Beck et al., 2008, Ma et al., 2006, Vértes and Sahani, 2018].

The other is the sampling-based hypothesis, which assumes that the neural responses can

be interpreted as samples from a posterior distribution [Hoyer and Hyvärinen, 2002]. Under

this hypothesis, recurrent neural circuits make use of their inherent stochasticity to produce

samples from posterior distributions. The sampling-based theory has explained various
1This chapter is based on Shirui Chen, Linxing Preston Jiang, Rajesh P. N. Rao, and Eric Shea-

Brown, “Expressive Probabilistic Sampling in Recurrent Neural Networks,” published in Advances in Neural
Information Processing Systems 36 (2023) [Chen et al., 2023].
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experimental observations regarding neural variability [Echeveste et al., 2020, Festa et al.,

2021, Orban et al., 2016], perceptual decision-making [Haefner et al., 2016] and spontaneous

cortical activity [Berkes et al., 2011].

Many studies have proposed biologically plausible spiking rules and membrane dynamics

models to implement sampling-based probabilistic inference. However, most of these studies

mainly consider sampling from discrete Boltzmann distributions [Buesing et al., 2011] and

multivariate Gaussian distributions [Dong et al., 2022, Aitchison and Lengyel, 2016, Masset

et al., 2022, Hennequin et al., 2014], only match the first two moments of the distribution

[Echeveste et al., 2020], or employ a Monte-Carlo approximation [Huang and Rao, 2014].

Although these studies use algorithmic substrates that can sample from any distribution

with a density function in theory, it is not clear whether the underlying neural dynamics

are capable of implementing a sufficiently expressive version of these sampling methods.

Furthermore, natural image statistics are strongly non-Gaussian [Olshausen and Field, 1996],

and experimental evidence shows that humans use non-Gaussian prior representations to

support cognitive judgments [Houlsby et al., 2013, Griffiths and Tenenbaum, 2006]. It is

known that deep artificial neural networks can be used to generate samples from complex

data distributions [Song and Ermon, 2019, Song et al., 2021] using a “U-net” [Ronneberger

et al., 2015] backbone. However, the neural circuits in the cortex are highly coupled with

an abundance of recurrent synapses. Therefore, an outstanding question for probabilistic

computation in the brain is: what kind of recurrent neural network is capable of efficiently

learning to produce samples from an arbitrarily complex posterior distribution?

In this chapter, we study this question under the basic assumption that the dynamics

of recurrent neural circuits can be described by stochastic differential equations (SDEs).

Note that this assumption is common to a broad range of past research that uses rate-based

neural dynamics to implement sampling-based coding[Aitchison and Lengyel, 2016, Echeveste

et al., 2020, Dong et al., 2022]. Moreover, spike-based models [Savin and Denève, 2014,

Rullán Buxó and Savin, 2021, Masset et al., 2022] that implement balanced spiking networks
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(BSNs) [Boerlin et al., 2013, Buxó and Pillow, 2020] essentially train spiking networks to

follow underlying continuous-time SDEs, so our work applies to this line of research as well

(details in Appendix A.7).

The contributions of this chapter are as follows (figure 2.1):

1. We establish the relationship between the sampling power of the neural dynamics and

the ability of the dynamics to approximate the score function, which is the gradient of

the log probability density function. (section 2.3.1)

2. We show that the synaptic current dynamics of a network of neurons whose outputs

directly represent the samples (traditional sampler-only network) is only able to ap-

proximate score functions that are in a finite-dimensional function space. (section 2.3.2,

proposition 2.2)

3. We prove that the firing rate dynamics of our proposed reservoir-sampler network can

sample from a distribution whose score function can approximate that of arbitrary

target distributions (with mild restrictions) to arbitrary precision (section 2.3.3, theorem

2.3).

4. We derive a computationally efficient and biologically-plausible learning rule for our

proposed model (section 2.3.4) that sidesteps the demands of backpropagation through

time, and we empirically demonstrate how our model can sample from several complex

data distributions (section 2.4).
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Figure 2.1: Reservoir-Sampler Networks versus Traditional Sampler-Only Networks.
The sampler neurons which produce samples from the target distribution are present for
both the sampler-only (SO) network and the reservoir-sampler (RS) network. The reservoir
neurons (shown within the large black circle) are only present in the RS network. We explore
the firing rate (FR) dynamics for both networks and the synaptic current (SC) dynamics
only for the sampler-only network because the stationary distribution of the output neurons
is intractable in the RS-SC case. We evaluate the approximation power of the function set
represented by the drift term of the neural dynamics, and list the number of basis functions
that span the set, whether these basis functions are fixed, and whether the function set is
closed under addition (shown in the table).

2.2 Background

2.2.1 Fokker-Planck equation and stationary distribution

We consider a general time-homogeneous SDE with drift vector b(Xt) and diffusion matrix

Σ = 1
2σσT :

dXt = b(Xt)dt + σdBt (2.1)

where σ ∈ Rn×m is the diffusion coefficient, and Bt is an m-dimensional standard Wiener

process. The Fokker-Planck equation of this SDE describes the time evolution of the
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probability density p(x, t) for a given SDE, assuming the initial density p(x, 0) is known:

∂tp = ∇ · (Σ∇p− bp) (2.2)

where ∂t = ∂/∂t, ∇· is the divergence operator, and ∇ is the gradient operator. A

stationary probability density function is one for which the right-hand-side of equation (2.2)

is 0. Mild regularity conditions guaranteeing the existence and uniqueness of a stationary

density function are discussed in, for example, Cerrai [2001]. We assume these are satisfied

by the SDEs considered in this chapter. Moreover, to ensure ergodicity and a well-defined

score function, we assume that p is supported on Rn, i.e. p(x) > 0 for all x ∈ Rn.

As a special case, consider the following Langevin dynamics, in which the drift term is

given by the gradient of the log stationary probability density ∇p(x),

dXt = ∇ log p(Xt)dt +
√

2dBt. (2.3)

It can be verified through the Fokker-Planck equation that p(x) in the dynamics above is

indeed a stationary probability density function of the dynamics. Therefore the Langevin

dynamics can sample from the distribution p(x) as t → ∞. While the drift term in the

Langevin dynamics is a gradient vector field, this is not true in general and is often not the

case for recurrent neural dynamics (proposition A.2 in Appendix A.2).

2.2.2 Score-based generative modeling

If we would like a particular dynamical system to implement Langevin dynamics, we need to

fit the drift term of an SDE to the score sθ(x) = ∇ log p(x) of the probability distribution

that we are trying to sample from. This procedure of fitting the score function sθ(x) is called

score matching. In this section, we give a brief summary of one of the major methods of

score matching that we will use in this chapter, denoising score matching (DSM) [Vincent,

2011]. The general idea of DSM is to match the score of a noise-perturbed version of the
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target distribution. More specifically, the explicit score matching loss (left-hand side) and the

denoising score matching loss (right-hand side) are related to each other as follows [Vincent,

2011]:

Eqσ(x̃)

[1
2 ∥sθ(x̃)−∇x̃ log qσ(x̃)∥2

]
= Eqσ(x̃,x)

[1
2 ∥sθ(x̃)−∇x̃ log qσ(x̃|x)∥2

]
+ Cσ (2.4)

where x̃ is a noise-perturbed version of x, so qσ(x̃|x) = N (x, σ), and C is a constant depending

on σ but not on θ. When the noise is 0, i.e. x̃ = x, the left-hand side of the equation

above is the explicit score matching loss. Although in theory we can start from extremely

small Gaussian noise, and directly optimize the right hand of equation (2.4), empirically it

is beneficial to start with large Gaussian noise and gradually decrease the noise magnitude

until qσ(x) ≈ p(x) and sθ(x) ≈ ∇x log qσ(x) ≈ ∇x log p(x). Specifically, this has been shown

to stabilize the training and improve score estimation [Song and Ermon, 2019].

2.3 Methods

2.3.1 Do we really need to match the score?

The Langevin dynamics provides an elegant way to construct an SDE given a specific

stationary distribution. However, as noted above, the neural network dynamics seldom have

a drift term that is a gradient field (Appendix A.2). A natural question is therefore whether

an SDE with a drift term that is not a gradient field (also known as irreversibility) also gives

rise to a specific stationary distribution. The answer requires us to look at the Fokker-Planck

equation.

∂tp(v, t) = ∇ · (Σ∇p− pFθ(v)) (2.5)

where p(v, t) is the probability density function of the variable of interest v at time t, Fθ(v)

is the drift term of the neural dynamics parametrized by θ, and Σ = 1
2σσT is the diffusion

matrix. Since the right-hand side of (2.5) needs to be 0 for a given stationary distribution
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p(v), we have

∇ · (Σ∇p− pFθ(v)) = 0. (2.6)

Therefore G := −Σ∇p + pFθ(v) needs to be a divergence-free (DF) vector field. In other

words, pFθ(v) is unique up to a DF field given a fixed stationary distribution p. Ma et al.

[2015] shows that there exists a skew-symmetric matrix Q such that the DF field can be

written as G = Q∇p + p
∑

j
∂

∂vj
Qij , however, this does not shed more light on how expressive

{Fθ}θ needs to be without more knowledge of Q and its derivative. We show below that

under certain conditions, the DF field G can be altogether regarded as a component that is

orthogonal to the score function. Therefore the function space {Fθ}θ needs to have enough

basis functions that (when projected) are able to approximate the score function of the target

distribution sufficiently.

We first note that it would be convenient if Fθ(v) could approximate the gradient fields

Σ−1∇ log p for any p, in which case G = 0. To find out if this is a necessary condition for

the dynamics to sample from an arbitrary target distribution p, we let Σ = I and invoke

the Helmholtz-Hodge decomposition (HHD) [Bhatia et al., 2013, Majda and Bertozzi, 2002].

The decomposition theorem states that any sufficiently smooth vector field in L2(Rn;Rn) can

be uniquely decomposed into a DF vector field and a pure gradient field. In other words,

the function space of all DF fields G and the function space of all gradient fields ∇p are the

orthogonal complement of each other. Therefore the projection of pFθ(v) onto the subspace

of smooth gradient fields still needs to be able to approximate ∇p despite the freedom to

choose arbitrary DF field G.

For example, in the 1-D case, if we assume that both pFθ(v) and ∇p are square-integrable

(so they vanish at infinity), then the divergence-free vector field G (which must be constant in

1-D) is 0, therefore Fθ(v) = ∇ log p. As a result, {Fθ}θ indeed needs to be able to approximate

∇ log p for every p. In higher dimensions, the same conclusion holds under the assumption of

a strict orthogonality constraint:
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Proposition 2.1. Let p be the stationary distribution of the neural dynamics, and the

diffusion matrix be the identity matrix. If the DF field G is strictly orthogonal to the gradient

field ∇p, meaning that G(v) · ∇p(v) = 0 for all v, then the drift term Fθ(v) can be written

as the sum of a divergence-free field p−1G and a gradient field ∇ log p.

The proof is in Appendix A.1. The form of the above decomposition coincides with that

of the HHD [Bhatia et al., 2013, 2014]. Therefore if we enforce the normal-parallel boundary

condition [Chorin and Marsden, 1993] for the gradient component, the HHD theorem [Bhatia

et al., 2013] says that the orthogonal projection of the function space {Fθ}θ onto the space

of gradient fields is the function space of gradient fields {∇ log p}p satisfying the boundary

condition given the strict orthogonality constraint on G.

The upshot is that {Fθ}θ needs to admit enough basis functions (Appendix A.1). Note

that the boundary condition will not be restrictive if we take a sufficiently large bounded

region. Therefore it is essential for the neural dynamics to have an expressive functional form

that is able to approximate complex score functions, even if their dynamics are not gradient

fields.

Previous work has rigorously established that the strict orthogonality constraint holds, in

particular, when the nonlinear dynamics is linearized around fixed points of v (where the

drift term is zero [Ao, 2004, Kwon et al., 2005, Qian, 2014]). As a consequence, the conditions

of proposition 2.1 are true locally around fixed points.

In what follows, we assume that the conditions of the proposition 2.1 hold. Under this

assumption, without loss of generality, we set G to be 0 in the following text and explore

whether Σ−1Fθ, which is determined by the specific neural dynamics (figure 2.1), is able to

approximate complex score function ∇ log p.
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2.3.2 Synaptic current dynamics: sampler-only networks with

limited capacity

We consider the following stochastic synaptic current dynamics [Dayan and Abbott, 2005]

(cf. eq. 7.39) that describe a recurrent neural network in terms of the synaptic current that

each neuron receives:

dv = D(−v + Wϕ(v) + I)dt + σdBt := msc(v)dt + σdBt (2.7)

where msc(v) := D(−v + Wϕ(v) + I), v = [v1, · · · , vm]T ∈ Rm is the synaptic current of the

m neurons in the recurrent network, D ∈ Rm×m is a diagonal matrix where diagonal elements

are the decay constants, di = τ−1
i , W ∈ Rm×m is the connection matrix, ϕ(·) is a nonlinear

transfer function2, I ∈ Rm is the external input, σ ∈ Rm×l is the diffusion coefficient and Bt

is an l-dimensional standard Wiener process. The diffusion term can be interpreted as input

from other brain areas (due to the large number of incoming connections, the assumption of

Gaussianity can be justified by the central limit theorem [Gerstner et al., 2014]). We assume

that θ = {D, W, I} are tunable parameters through biological learning.

To show the limited expressivity of msc, we have the following corollary from the Hilbert

projection theorem showing that msc is only able to approximate functions in a finite-

dimensional function space.

Proposition 2.2. Let H : Rm → Rm be in the Hilbert space L2(Rm,Rm; p), and assume that

vj, ϕ(vj) ∈ L2(p) for every j = 1, . . . , m, so that the space E defined below is contained in

L2(Rm,Rm; p). Let Π be the orthogonal projection operator onto the vector subspace

E =
{
Av + Bϕ(v) + I|A, B ∈ Rm×m, I ∈ Rm

}

If ∥H − ΠH∥ > 0, then infθ ∥H(v)−msc(v)∥ ≥ ∥(1− Π)H∥ > 0.
2We later need it to be non-polynomial in theorem 2.3
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Proof of the proposition is given in Appendix A.2.1. The proposition says that no matter

how the parameter of msc is tuned, the difference between msc and the target function cannot

approach 0, and the lower bound of the error is given by the norm of the component in the

target function that is orthogonal to the finite-dimensional function space E. Therefore,

synaptic current dynamics have a limited ability to match the score function and hence

limited ability to sample from complex probability distributions under the strict orthogonality

constraint in section 2.3.1. The conclusion holds even if we let the diffusion coefficient σ be

tunable. Since Σ−1 is linear, {msc}θ share the same set of basis functions as {Σ−1msc}θ,σ.

As we will see in the next section, the firing rate dynamics of a recurrent neural circuit with

a separate output layer (a reservoir-sampler network) and a learnable diffusion coefficient σ

can sample from arbitrary stationary distributions.

2.3.3 Firing-rate dynamics could be a universal sampler

Sampler-only networks

In this section, we consider the firing rate dynamics [Dayan and Abbott, 2005] (cf. eq. 7.11)

that describe a recurrent neural circuit in terms of firing rates of the neurons. We first

consider the sampler-only network:

dr = D(−r + ϕ(Wrecr + I))dt + σdBt := mfr(v)dt + σdBt (2.8)

Here mfr(v) = D(−r + ϕ(Wrecr + I)) and D is a diagonal matrix with decay constants as

its diagonal elements. The stationary solution of the corresponding Fokker-Planck equation

satisfies

∇ · (Σ∇p− pmfr) = 0 (2.9)

where Σ := 1
2σσT is symmetric positive definite (SPD) and mfr = D(−r + ϕ(Wrecr + I)).

Here θ = {D, Wrec, I} is the set of tunable parameters. If Σ is invertible, equation (2.9)
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becomes ∇ · (Σ(∇p − pΣ−1mfr)). Therefore, if Σ−1mfr = ∇ log p is a gradient field, then

the stochastic dynamics of the recurrent neural network described by equation (2.8) have a

stationary distribution p∗ such that the score of this distribution is ∇ log p∗ = Σ−1mfr.

Compared with the synaptic current dynamics, for which we could use only the basis

functions vi and ϕ(v)i, we can now freely choose the basis functions spanning {mfr}θ through

Wrec and I. However, because there is no linear term before the nonlinear transformation

ϕ, the function set {mfr}θ is not closed under addition. If we view Σ−1mfr as a neural

network with one hidden layer, the number of hidden neurons must equal the input dimension,

and the diffusion matrix Σ (hence Σ−1) is restricted to be an SPD matrix. Therefore, we

do not obtain universal approximation power from Σ−1mfr. Combined with the results in

Section 2.3.2, this shows that an RNN by itself does not intrinsically produce samples from

arbitrary distributions. As we will see below, if a population of output neurons receives

inputs from a large reservoir of recurrently connected neurons (a reservoir-sampler network),

the output neurons can produce samples from complex distributions.

This limitation is a useful point of comparison with JEPA-style world models [Dawid and

LeCun, 2024, Assran et al., 2023, Bardes et al., 2024, Assran et al., 2025, Maes et al., 2026,

Wu et al., 2026]. In those models, latent representations are not arbitrary encodings of sensory

input: the prediction target and latent regularizer restrict which information is preserved while

avoiding representational collapse [Maes et al., 2026, Wu et al., 2026]. While regularization is

achieved in JEPA-style models through a specific regularization loss, the restriction studied

in sampler-only networks can be treated as a form of regularization with a different origin.

It is not imposed by an auxiliary representation-learning regularizer, but is a structural

consequence of the neuronal mechanism itself. The choice of state variables, recurrent

architecture, readout map, and stochastic dynamics determines the function class available

for representing score fields, and therefore restricts the family of probability distributions that

a standalone recurrent sampler can realize. In this sense, the dynamics provide a possible

biological implementation of representation regularization: the admissible representations
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are constrained intrinsically by the RNN dynamics, rather than by an externally engineered

objective. If the readout layer in the reservoir-sampler construction is interpreted as the

analogue of the encoder in JEPA-style world models, then the reservoir can be viewed as

representing a regularized latent distribution of representations (see also Appendix A.6.2).

Reservoir-sampler networks

Now we consider the reservoir-sampler network, in which a linear readout layer Wout ∈ Rm×n

receives input from the reservoir whose dynamics are given by equation (2.8) (see also the

upper row of Figure 2.1). As a special case of Itô’s lemma, we have

Woutdr = dWoutr = Woutmfrdt + WoutσdBt

= (−WoutDr + WoutDϕ(Wrecr + I))dt + WoutσdBt

(2.10)

Now we assume that Wrec is the product of W̃rec and Wout, i.e. Wrec = W̃recWout and D = αI

is a scaled identity matrix. If we denote the output of the recurrent neural network as

x := Woutr ∈ Rm, we derive the following stochastic dynamics for output neurons:

dx = (−αx + αWoutϕ(W̃recx + I))dt + WoutσdBt := m̃fr(x)dt + σ̃dBt (2.11)

where m̃fr(x) = (−αx+αWoutϕ(W̃recx+I)) and σ̃ = Woutσ. Therefore in order for the output

neurons to sample from a stationary distribution p, we need sβ(x) = (1
2 σ̃σ̃T )−1m̃fr(x) :=

Σ̃−1m̃fr(x) to match the score ∇ log p(x). Here β =
{
W̃rec, Wout, I, σ

}
are tunable parameters.

Additionally, we assume that m̃fr is 0 outside a reasonable range of x. This assumption is

used to prevent sβ(x) from behaving wildly outside the bounded region on which sβ(x) has

the expressivity to match the score. The following theorem proves that with a large enough

number of reservoir neurons, the score-matching loss can be arbitrarily small. The proof is

given in Appendix A.3.

Theorem 2.3. Suppose that we are given a probability distribution with continuously differ-
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entiable density function p(x) : Rm → R+ and score function ∇ log p(x) for which there exist

constants M1, M2, a, C, k > 0 such that

p(x) < M1e
−a∥x∥ (2.12)

∥∇ log p(x)∥2 < M2 ∥x∥k (2.13)

when ∥x∥ > L for large enough L. Then for any ε > 0, there exists a recurrent neural network

whose firing-rate dynamics are given by (2.11), whose recurrent weights, output weights and

the diffusion coefficient are given by Wrec ∈ Rn×n of rank at most m, Wout ∈ Rm×n, and

σ ∈ Rn×m respectively, such that, for a large enough n, the score of the stationary distribution

of the output units sθ(x) satisfies Ex∼p(x)[∥∇ log p(x)− sθ(x)∥2] < ε.

This theorem says that for any realistic data distribution with a smooth positive density

function, there always exists a reservoir of recurrently-connected neurons whose output

units give samples from a distribution whose score function approximates that of the data

distribution to arbitrary precision3. It is also worth noting that the recurrent weight matrix

of the neural circuit in the theorem is of low-rank, so regardless of how many neurons there

are in the reservoir, we can always find a low-rank recurrent weight matrix such that the

output neurons sample from a correspondingly low-dimensional distribution.

2.3.4 An efficient RNN weight learning algorithm

The training procedure is derived from the proof of theorem 2.3. The main idea is to first

train an auxiliary neural network with one hidden layer, then transfer the weights of the

auxiliary neural network to the weights of the recurrent network that we are considering.

More specifically, we first optimize an auxiliary feedforward neural network with one hidden

layer Woutϕ(W̃recx + I) using backpropagation with the denoising score matching loss (2.4)
3Under additional Lipschitz, dissipativity, initialization, and discretization assumptions, Block et al. [2022]

gives finite-time Wasserstein-2 bounds for a Langevin sampler driven by such an L2-accurate score estimate.
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such that

2α(Woutϕ(W̃recx + I)− x) ≈ ∇ log p(x) (2.14)

Then we can calculate the diffusion coefficient σ = W T
out(WoutW

T
out)−1 and the real recurrent

weights Wrec = W̃recWout accordingly. The noise magnitude added to the data samples is

decreased exponentially over the entire training period. Figure 2.2 illustrates how the network

can gradually learn the score function during training. We refer the readers to Appendix A.4

for more details.

Note that this method of using an auxiliary neural network is much more computationally

efficient than directly matching the score of the stationary distribution of the dynamics

(2.11), for which the score function, which involves the matrix inverse (σ̃σ̃T )−1, needs to be

recomputed at each optimization step. Furthermore, since the entire training procedure is

equivalent to training a feedforward network with one hidden layer, it sidesteps the often

challenging temporal computations associated with the Backpropagation Through Time

(BPTT) algorithm used to train deterministic RNNs.

Although we assumed that the divergence free field G = 0 for the purpose of theoretical

analysis, in practice, fast sampling is a major concern for sampling-based inference model

of the brain [Hennequin et al., 2014, Aitchison and Lengyel, 2016, Echeveste et al., 2020,

Masset et al., 2022], and reversible stochastic dynamics are known for their slow sampling

speed. Fortunately, there is a straightforward way to extend our framework and train RSN to

implement an irreversible dynamics with a non-zero divergence-free field G, and the sampling

speed can be further improved (see Appendix A.5 for details).

2.4 Experimental results

In this section, we present the results from two tasks. First, we try to let the recurrent

neural network learn and generate samples from a 1-D double-mode Gaussian mixture

distribution and a 2-D mixture of heavy-tailed Laplace distributions. For the second task,
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we explore whether a reservoir-sample network with firing rate dynamics is able to sample

from the distribution of internal representations computed from PCA filtering of image

inputs. All dynamics are simulated with the Euler-Maruyama method. See Appendix A.8 for

hyperparameters used and other training details.

2.4.1 Learning bimodal distributions

We consider a 1-D Gaussian mixture distribution whose density function is the average of

two Gaussian distributions centered at ±1, i.e. pdata(x) = 1
2(N (−1, 0.25) +N (1, 0.25)). We

artificially generate 10000 data points from this distribution and minimize the denoising

score-matching loss,

L(Wout, W̃rec, I) = Epdata(x)Ex̃∼N (x,σ2)

[∥∥∥∥2α(Woutϕ(W̃recx + I)− x) + x̃− x

σ2

∥∥∥∥2]
(2.15)

We use ϕ(·) = ReLU(·) and set α = 1/2. See figure 2.2 for the numerical results. With tanh as

the transfer function, the exact score is −4x+4 tanh(4x), which SO-FR can represent because

its inner weight is tunable, while SO-SC only approximates it over the plotted range using

its fixed {x, tanh(x), 1} basis. More generally, our theory predicts that each sampler-only

network cannot approximate score functions outside its respective finite-dimensional function

space. See Appendix A.6.1 for an example where sampler-only networks fail to learn the

score function even if hyperbolic tangent nonlinearity is used.

Next, we show that the model can learn mixtures of heavy-tailed distributions that

are evident in natural image statistics and the neural representations in the primary vi-

sual cortex [Simoncelli and Olshausen, 2001, Olshausen and Field, 1996]. We trained the

Reservoir-Sampler network with FR dynamics (RS-FR) model on 20000 sampled data

points from a 2-D Laplace mixture distribution, whose density is given by pdata(x) =

1
2

Lap

0,

 1 0.9

0.9 1


+ Lap

0,

 1 −0.9

−0.9 1



, where Lap denotes the multivariate

Laplace distribution. The model successfully learned the probability density of the mixture
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Figure 2.2: Bimodal distribution sampling results. The 3 tractable cases shown are
Sampler-only (SO) networks with both synaptic current (SC) dynamics and firing rate (FR)
dynamics and Reservoir-sampler (RS) networks with FR dynamics, which are named SO-SC,
SO-FR and RS-FR respectively. a-c) The score function learned compared to the true score
function (orange curve) as we gradually decrease the noise level (the darker the line, the
lower the noise level). We see that RS-FR is capable of perfectly fitting the score function,
while SO-SC and SO-FR are only able to fit the score function with piecewise linear functions
when using the ReLU transfer function. d-f) Histogram of sampled points, and the (scaled)
density function of the target distribution. Again the reservoir-sampler network is able to
generate samples whose distribution matches the target distribution, while the sampler-only
network is not able to do so due to the incorrectly matched score function.

distribution (Figure 2.3 left vs. middle), and captured the heavy tails of the distribution as

measured by the kurtosis (Figure 2.3 right).

2.4.2 MNIST generation task

We also tested the sampling ability of our model using the MNIST dataset [Lecun et al.,

1998] which contains 60,000 handwritten digits from 0 to 9. We projected MNIST images to

a 300-D latent space spanned by the first 300 principal components, and trained the weights

of the recurrent neural network as described in section 2.3.4 so that the RNN can sample
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True Generated

Figure 2.3: RS-FR model learning a mixture of 2-D Laplace distribution. Left
to right: sample density from the true distribution (brighter color denotes higher density);
sample density from the learned distribution; marginalized kurtosis of each dimension from
the true and learned distribution.

from the latent distribution. To test the model, we generated images by applying inverse

PCA projection to samples generated by the model. The schematics and generated images

are shown in Figure 2.4. Note that since we are essentially using a shallow network to match

the score, we should not expect comparable performance to generative models that use deep

ANNs. Our main goal is to illustrate that the reservoir-sampler network using firing rate

dynamics is qualitatively more expressive than other traditional neural sampling models

(Appendix A.7). Finally we also note that it is highly nontrivial for recurrent neural dynamics

to complete such a generative task, and to the best of our knowledge, no previous work has

achieved such results.

2.5 Discussion

From the perspective of functional analysis and SDE theory, we prove that under the strict

orthogonality constraint, it is essential for neural circuits to have a drift term that has the

expressivity to approximate complex score functions, despite the fact that the dynamics do

not have to exactly implement the Langevin dynamics. We investigated whether a population

of neurons can sample from an arbitrary distribution directly and proved that the drift term
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Figure 2.4: Learning to sample the MNIST image distribution. a) An MNIST
image is projected to a 300-D latent space (orange circle) spanned by the first 300 principal
components using PCA. The sampler learns to sample from the distribution of this latent
space and generates images by applying inverse PCA projection to these samples. The
diagram illustrates the RS-FR model. b) The loss curves for 3 different models during
training. Every 100 epochs the noise level added to the training samples is reduced (Appendix
A.8), and the noise increases to a higher value because the score matching loss magnitude
depends on the noise level. As shown in the inset, the loss of the RS-FR model decreases
throughout the training process when using the lowest fixed noise level. Meanwhile, the
losses of the other two models remain unchanged. c-f) The images generated for the 3 models
compared to the digit images generated from latent training samples.

of the synaptic current dynamics can only sample from a finite-dimensional function space.

Although the drift term of the firing rate dynamics can approximate functions spanned by

different basis functions, the number of basis functions is limited. To address this problem,

we proposed the reservoir-sampler network for firing rate dynamics. We found that with

learnable diffusion coefficients and a sufficiently large reservoir of hidden neurons, the output

neurons described using the firing rate dynamics are able to sample from arbitrary data

distributions. Our results partly answer the question of what architecture recurrent neural

circuits need so that they are able to sample from complex data distributions.
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Our analysis and empirical experiments affirm the universality of the heavily used deep

learning architecture, artificial RNNs, in a probabilistic setting. However, this universality

comes with limitations. First, we have only analytically shown the existence of weights

that enable sampling from complex data distributions; there is no guarantee that one will

find such weights through backpropagation. Additionally, in order to obtain the tunable

diffusion coefficient during training, a matrix inverse is needed (likewise in the FORCE

algorithm [Sussillo and Abbott, 2009]). Further, the question of how biological circuits

compute the specific gradient and implement the denoising score-matching algorithm remains

an open question. Moreover, in our current formulation, we are only able to approximate the

score function with a shallow network with one hidden layer. Our preliminary experiments

show that one-hidden-layer RSNs cannot readily approximate high-dimensional heavy-tailed

distributions (e.g., those of overcomplete sparse coding representations [Olshausen and Field,

1996]). Theoretical results show that a deep feedforward network with more than one hidden

layer can find the global minimum despite the non-convex nature of the loss landscape [Du

et al., 2019]. Therefore an important step for future research is how small populations of

recurrent neural circuits can form hierarchical patterns or block structures in the connection

matrix, to match the performance of deep diffusion models.

A second practical limitation is temporal: samples produced by the dynamics should not

be interpreted as stationary samples immediately after initialization. Like other Markovian

samplers, the network requires burn-in time before its output distribution is close to the

target distribution. In a biological interpretation, however, this transient need not be viewed

only as an inefficiency. Ambiguous perceptual stimuli such as the Necker cube provide a useful

analogy. The physical input is fixed, but perception can take time to settle into one coherent

three-dimensional interpretation, and it may later switch between competing interpretations.

This suggests that a settling period can be part of the computational process by which an

internal probabilistic neuronal state becomes cognitive.

Compared with recent diffusion models [Ho et al., 2020, Song et al., 2021], our model
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Figure 2.5: Classic Necker cube ambiguity. The same two-dimensional line drawing
supports multiple three-dimensional percepts. This ambiguity provides cognitive evidence
for the existence of probabilistic neural dynamics: the stimulus is fixed, but the internal
interpretation can require time to stabilize or switch between competing modes.

has the advantage of being able to run indefinitely in time, making it a suitable candidate

for modeling spontaneous activity in the brain. Moreover, while Song and Ermon [2019]

optimizes the denoising score-matching loss at different noise levels jointly, we adopt a

sequential learning procedure by gradually decreasing the noise level of the training samples.

This procedure is more aligned with the developmental processes involved in forming visual

representations in the infant brain, where visual representations are thought to be noisier

(less linearly separable) initially [Bayet et al., 2020]. Our study therefore serves as a starting

point for building a mechanistic model for probabilistic computation in the brain that has

generative power similar to that of current AI generative models.

Biologically, there are multiple ways to interpret the reservoir and sampler neurons in

an RSN. First, reservoir and sampler neurons can be seen as different types of neurons in a

single population, where the dynamics of sampler neurons converge quickly to an equilibrium

point. Alternatively, reservoir neurons can be interpreted as a hidden nonsynaptic signaling

network (e.g., pervasive neuropeptidergic signaling [Bargmann and Marder, 2013], extensive

aminergic signaling [Bentley et al., 2016], or potential extrasynaptic signaling [Yemini et al.,

2021]) that is not available in the connectome. This interpretation is supported by the recent

finding of a low correlation between functional activity and the structural connectome in C.

elegans [Yemini et al., 2021]. Notably, if we consider only the structural connectome, then

the resulting biophysical model of C. elegans corresponds to the sampler-only network, which,

as our theory predicts, has limited sampling capability. Therefore, our theory is consistent
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with this experimental finding.

2.6 Conclusion

In this chapter, we explore how a recurrent neural circuit can sample from complex probability

distributions, an important functional motif in probabilistic brain models. We start from

the basic assumption that a recurrent neural circuit can be described as an SDE. We show

that a recurrently connected neural population by itself has a limited capacity to implement

stochastic dynamics that can sample from complex data distributions. In contrast, we

prove that the firing-rate dynamics of the output units of a recurrent neural circuit (a

reservoir-sampler network) can sample from a richer range of probability distributions. These

theoretical results, together with our preliminary experimental results, provide a sufficient

condition for neural sampling-based models to exhibit universal sampling capability. Our

results therefore provide a foundation for the next generation of sampling-based probabilistic

brain models that can explain a wider range of cognitive behaviors.
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Chapter 3

Token Probabilities as Progress

Rewards for Robot Learning1

The preceding chapter asked how recurrent neural dynamics can sample from a target

distribution. Here, a pretrained video-language model has already learned a conditional

distribution over language given visual and textual context. This chapter asks whether the

output token probability can provide a useful progress signal for robot learning.

3.1 Introduction

Recent advances in Vision-Language-Action (VLA) models have spurred significant interest

in leveraging Reinforcement Learning (RL) to achieve truly generalizable real-world per-

formance Lei et al. [2025], Chen et al. [2025a], Xiao et al. [2025]. However, real-world RL

remains bottlenecked by the extreme sample inefficiency inherent in sparse reward signals.

To bridge this gap, the research community has pivoted toward developing generalizable

process reward models that provide fine-grained and dense feedback. Current efforts typically

focus on directly fine-tuning vision-language models (VLMs) as process reward functions
1This chapter is based on Shirui Chen, Cole Harrison, Ying-Chun Lee, Angela Jin Yang, Zhongzheng Ren,

Lillian J. Ratliff, Jiafei Duan, Dieter Fox, and Ranjay Krishna, “TOPReward: Token Probabilities as Hidden
Zero-Shot Rewards for Robotics” (2026) [Chen et al., 2026a].
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on curated robot datasets [Duan et al., 2024, Budzianowski et al., 2025, Ma et al., 2024,

Lin et al., 2025b] or training specific networks with custom-collected datasets Zhang et al.

[2025], Chen et al. [2025a]. For instance, RoboDopamine [Tan et al., 2025] trains a reward

model on 3,400+ hours of manipulation data with step-aware multi-view perception, but

requires task-specific demonstrations for adaptation. Likewise, Lee et al. [2026] introduces

RoboReward, which fine-tunes a VLM on a large-scale set of robot trajectories with human-

provided success labels and progress scores. However, these approaches rely on costly data

requirements: RoboDopamine requires additional demonstrations when adapting to each new

task, and RoboReward reports clear gaps across different embodiments and views, indicating

limited generalization guarantees. Therefore, while these efforts demonstrate promise for

narrow-domain reward models, they still rely on extensive data collection and struggle to

generalize beyond the training distribution.

To circumvent the high costs of task-specific fine-tuning, we investigate the use of pretrained

VLMs as zero-shot reward models. Our goal is to harness the pretrained visual-language

representations embedded in these models to provide generalizable instruction-conditioned

progress signals. Recent literature [Rocamonde et al., 2023, Ma et al., 2024, Baumli et al.,

2023] has converged on progress estimation as a useful proxy for value, as it provides dense

temporal feedback for learning and adaptation. The current state-of-the-art training-free

method, GVL [Ma et al., 2024], casts progress estimation as visual question-answering—but

performs well only on proprietary VLMs like Gemini and GPT-4 [Budzianowski et al., 2025],

collapsing on open-source alternatives. Indeed, contemporary studies [Zhang et al., 2026]

suggest that open-source VLMs are not yet “robotics-ready” for progress estimation.

In this work, we challenge the prevailing assumption that open-source VLMs are unfit for

reward modeling by introducing a novel formulation for zero-shot progress estimation. We

hypothesize that the failure of current open-source models stems not from a lack of temporal

understanding, but from the representation bottleneck of textual output—specifically, the

models’ inconsistent instruction-following and their notorious bias in representing numerical

36



t

Temporal Visual Progress Estimator

GVL

t
1

t
1:t

t
1:T

video tokens Prompt

Log Probability

"true" token

VLM

TOPReward

ManiRewardBench

Success Detection

Reward-Aligned Learning

Figure 3.1: Result highlights. TOPReward enables effective zero-shot estimation of task
progress across diverse and challenging real-world manipulation tasks, without task-specific
training. Across several VLM backbones, TOPReward provides a temporally consistent visual
reward signal that supports multiple downstream applications, including success detection,
policy improvement, and evaluation on our in-house benchmark, ManiRewardBench.

tokens. To resolve this, we present TOPReward, a probabilistically grounded progress estimator

that bypasses autoregressive text generation entirely. Instead of prompting the VLM to output

the value of the completion percentage in text space, TOPReward extracts the model’s internal

“belief” by analyzing the probabilistic distribution of its token logits. By measuring the shift

in confidence toward task-completion tokens over time, we derive a continuous, well-posed

progress signal directly from the VLM’s latent probabilistic representation. This approach

requires zero additional training or fine-tuning, revealing that robust reward modeling is an

emergent capability already present in pretrained video VLMs—if one looks beyond the text.

To evaluate progress estimation methods rigorously, we introduce ManiRewardBench, a

benchmark comprising 130 unique real-world manipulation tasks spanning multiple robot

platforms (Franka Emika arms, Single-Arm/Bimanual YAM, SO-100/101) with temporal
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annotations of task progress. We demonstrate that TOPReward can effectively track task

progress across this diverse benchmark. The raw completion probability supports cross-

trajectory success detection, while normalized prefix scores provide within-trajectory progress

curves for evaluation and visualization. We further use TOPReward to weight expert examples

in offline behavior cloning. In real-world deployment on six single-arm SO-100 manipulation

tasks, reward-weighted fine-tuning with TOPReward consistently improves success rates over

standard behavior cloning, achieving up to 10 out of 10 successes on challenging tasks where

baseline behavior cloning reaches only 7 out of 10.

3.2 Related Work

The reward bottleneck for VLA. Large-scale vision-language-action policies such as

OpenVLA Kim et al. [2024], π0 Black et al. [2026], MolmoAct Lee et al. [2025] and Gemini

Robotics Team et al. [2025] have demonstrated strong language-conditioned manipulation

capabilities across diverse embodiments, yet reliably deploying them in real-world settings

remains an open problem Firoozi et al. [2025]. A natural path forward is reinforcement

learning with online or offline fine-tuning, but RL in practice hinges on the availability of a

reward signal—one that is traditionally hand-crafted per task in robotics, difficult to scale,

and brittle under distribution shift Kober et al. [2013], Dulac-Arnold et al. [2019]. Recent

efforts have applied RL to improve generalist robot policies in real-world deployment Zhang

et al. [2024], Nakamoto et al. [2023], Chen et al. [2025c], Hu et al. [2025a], Ankile et al. [2025],

Wagenmaker et al. [2025], Dong et al. [2025], including RL-100 Lei et al. [2025], which trains

diffusion-based visuomotor policies directly on real robots using human-provided success

signals, and π∗
0.6 Intelligence et al. [2025], which improves π0 through real-world RL with

human-annotated episode outcomes. All of these approaches, however, remain reliant on

manual reward specification, underscoring the need for automated, scalable alternatives.

Learned reward models. A long line of work seeks to replace hand-crafted rewards with
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learned alternatives Pomerleau [1991], Ho and Ermon [2016], Hester et al. [2017]. Embedding-

based methods such as VIP Ma et al. [2022], LIV Ma et al. [2023a], and R3M Nair et al. [2022]

learn visual representations that capture progress toward a goal, but require task-specific fine-

tuning and offer limited language grounding. VQA-style approaches such as SuccessVQA Du

et al. [2023] and related frameworks Stone et al. [2023], Huang et al. [2022] reframe reward

as a binary classification problem—asking a VLM whether the task succeeded—but produce

signals too coarse for dense reward shaping Lynch et al. [2020], Andrychowicz et al. [2017].

Code-generation strategies like Eureka Ma et al. [2023b] synthesize reward functions via

LLMs, yet depend on access to simulation ground truth. More recently, generalist reward

models such as RoboReward Lee et al. [2026] and RoboDopamine Tan et al. [2025] are trained

on large-scale datasets of successes and failures to predict progress scores or distance-to-goal

estimates Wu et al. [2023], Fan et al. [2022]. While these models move toward broader

coverage, they still require domain-specific training data and can struggle to generalize across

embodiments and environments Kalashnikov et al. [2021]. A common thread across all these

approaches is the dependence on training or domain-specific resources—a requirement our

method avoids.

Training-free value estimation with VLMs. A separate and more relevant line

of work asks whether VLMs can estimate task progress without any additional training.

Generative Value Learning (GVL) Ma et al. [2024] poses progress prediction as a temporal

ordering problem: given a batch of shuffled trajectory frames, the VLM is prompted to

assign per-frame progress scores, exploiting its semantic grounding to rank frames by task

completion. This enables various downstream applications such as dataset filtering and

advantage-weighted regression without task-specific reward engineering. The OpenGVL

benchmark Budzianowski et al. [2025] evaluates this paradigm across diverse tasks and

model families, revealing that open-source VLMs fall substantially short of their proprietary

counterparts on temporal progress prediction. In this chapter, we hypothesize that the reason

for this is not a lack of visual understanding in open-source VLMs but rather the instability
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of numeric token generation—LLMs are poorly calibrated when asked to produce precise

numerical outputs Wallace et al. [2019], Yuan et al. [2023]. This observation motivates a

fundamental shift: rather than asking a VLM to generate a progress value, one can instead

probe what the model already knows through its internal representations.

Internal representations as reward signals. A growing body of work in NLP has

shown that a model’s internal activations—logits, hidden states, and embeddings—track its

certainty and factual accuracy more reliably than its generated text Kadavath et al. [2022],

Tian et al. [2023], Azaria and Mitchell [2023], Burns et al. [2022], Liu et al. [2023]. In robotics,

recent methods have begun to leverage such representations for reward definition Rocamonde

et al. [2023], Grislain et al. [2025], bypassing the instabilities of text generation. Our work,

TOPReward, takes this principle further: instead of prompting a VLM to generate numeric

progress estimates, we pose a binary completion query (“does this trajectory complete the

task?”) and extract the probability of the affirmative token as a continuous reward signal.

This formulation is zero-shot, requires no fine-tuning or domain-specific data, and yields a

useful progress signal that scales to the 130-task ManiRewardBench benchmark as well as the

Open X-Embodiment dataset across multiple robot platforms.

3.3 TOPReward

The stark difference between GVL’s [Ma et al., 2024] performance on Gemini versus open-

source models might mislead one into believing that only the most powerful VLM can

accurately estimate the progress of a robotic trajectory. Indeed, for a model to output well-

formatted and accurate progress estimates for all shuffled frames, it needs strong instruction-

following capability and an accurate internal representation of numerical values. However,

neither of these is necessarily correlated with the model’s underlying video understanding capa-

bility. Therefore, we propose TOPReward, a method that leverages the internal understanding

of the VLM to produce a progress estimator without requiring accurate, well-formatted
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numerical generation.

Problem setup. We formulate the progress estimation task as follows: given an instruction

x and a video trajectory τ1:T = (I1, . . . , IT ) (frames in chronological order), our goal is

to produce a scalar prefix score for each τ1:t that reflects accumulated evidence that the

instruction has been completed.

3.3.1 Token probability as the reward

Key idea.

We use the VLM’s internal output, i.e., predicted token probabilities as the reward.

Concretely, we ask the model to judge whether the observed trajectory completes the

instruction and score the probability of an affirmative answer (e.g. the token True).

Let pθ be a VLM defining a next-token distribution with pretrained weights θ. We form a

prompt u that grounds the judgment in the video:

“<|video|> The above video shows a robot manipulation trajectory that completes the

following task: {INSTRUCTION}. Decide whether the above statement is True or not.

The answer is: {a}”

and compute the probability of the answer token sequence a=“True” 2. We choose True

because we found boolean tokens to show the clearest success–failure separation, with

True exhibiting the largest absolute difference in mean token probability across episodes

(see Appendix B.2 for the token-probability comparison). Denoting the (video-conditioned)

textual context by c(τ1:t, u), we define the reward for a prefix to be

rt = log pθ(a | c(τ1:t, u)) . (3.1)

In this way, we construct a conditional completion score for the trajectory-instruction pair

while sidestepping the need for the language model to generate calibrated numerical values.
2We also explore another variant that evaluates the probability over the entire instruction which consists

of multiple tokens, but found it to be less effective. See Appendix B.1 for details.
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The raw score rt is causal because it depends only on the prefix τ1:t and the instruction. As

we will see in Section 3.4, rt tends to increase on successful demonstrations as visual evidence

accumulates, while its absolute level is useful for comparing complete successful and failed

trajectories.

3.3.2 Progress estimation from trajectory prefixes

Prefix sampling. To obtain a temporal progress curve, we evaluate Eq. (3.1) on a set of K

uniformly spaced prefix lengths {tk}K
k=1 with 1 = t1 < · · · < tK = T . This involves K model

forwards and produces rewards {rtk
} summarizing how completion evidence accumulates over

time (Figure B.6).

Normalization. The raw log-probability range is (−∞, 0], while VOC and visualizations

are easier to interpret on a bounded scale. For within-trajectory evaluation, we therefore

use min-max normalization to map rewards to a normalized progress score stk
within each

episode:

stk
=

rtk
−minj rtj

maxj rtj
−minj rtj

+ ε
, (3.2)

with a small ε for numerical stability. This normalization is non-causal because the episode-

level minimum and maximum are known only after all sampled prefixes are scored. We use

it for within-trajectory progress visualization and VOC evaluation, not as the raw online

reward signal.

Positive weights for downstream offline learning. When a per-step weight is needed

for reward-weighted offline behavior cloning, we use the TOPReward increment to construct a

positive weighting signal:

∆tk
= min

{
exp(β · (rtk

− rtk−1)), δmax
}

, (3.3)

where β controls the sharpness of the weighting and δmax caps large weights for training

stability. The weight is always positive: steps with decreasing TOPReward score are down-
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weighted rather than treated as negative supervision, which keeps the flow-matching objective

well-posed.

3.4 Experiments

We evaluate TOPReward across three main dimensions: (1) zero-shot progress estimation on

large-scale robot datasets using VOC and complementary progress metrics (Section 3.4.1);

(2) instruction sensitivity; and (3) downstream applications including success detection and

real-world reward-weighted behavior cloning.

VLM backbones. We evaluate TOPReward on Qwen3-VL-8B and Qwen3-VL-32B [Bai

et al., 2025], Molmo2-8B [Clark et al., 2026], and Gemini-2.5-Pro [et al., 2025]. Qwen3-VL

and Molmo2 are open-source video-language models; Gemini-2.5-Pro serves as a proprietary

baseline with logit access.

Benchmark. ManiRewardBench contains 130 unique real-world manipulation tasks collected

across four robot platforms: Franka, SO-100/101, single-arm YAM, and bimanual YAM.

Episodes are annotated with subtask boundaries for stage-aware progress evaluation, and

a separate 23-task failure split supports success detection. Additional dataset details are

in Appendix B.6.

3.4.1 Large-scale real-world evaluation

To evaluate zero-shot progress estimation, we test whether TOPReward produces accurate

dense progress estimates on expert robotic trajectories from ManiRewardBench and Open

X-Embodiment (OXE). We mainly compare against GVL [Budzianowski et al., 2025, Ma

et al., 2024], the state-of-the-art training-free progress estimator, which prompts a VLM to

assign numerical progress values to shuffled frames.

Metrics. Following standard practice [Ma et al., 2024, 2023a], we use Value-Order Correlation

(VOC) to measure Spearman’s rank correlation between the chronological order of input
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video frames and the predicted values,

VOC = ρS((st1 , . . . , stK
), (t1, . . . , tK)) , (3.4)

where ρS is Spearman’s rank correlation, with average ranks assigned to ties. VOC ranges

from −1 to 1: −1 indicates reverse temporal ordering and 1 indicates perfect ordering. Per-

episode min–max normalization preserves this ordering unless all raw scores are tied. Because

VOC measures only temporal order, it is not a standalone test of instruction grounding. We

therefore also report Kendall tau-b, Pearson correlation, and mean absolute error (MAE)

against the available completion annotations.

Results on Open X-Embodiment. The Open X-Embodiment (OXE) dataset [O’Neill

et al., 2024] is a collection of 50 academic robot datasets spanning diverse tasks, camera

configurations, and robot platforms. We select 33 high-quality OXE datasets from the

LeRobot collection and use this same filtered set for every row in Table 3.1. On OXE datasets,

TOPReward substantially outperforms GVL on open-source models such as Qwen3-VL and

Molmo. Complementary progress metrics show the same trend beyond VOC across available

rows. We also compare against the trained Robometer-4B progress head on the same filtered

OXE split using 15 uniformly sampled frames per episode, and find that TOPReward is slightly

better. On the proprietary Gemini-2.5-Pro, GVL performs better (0.572) while TOPReward

achieves 0.430, reflecting the chat-template issue discussed in Appendix B.5.2.

Results on ManiRewardBench. We evaluate progress estimation on the successful-trajectory

subset of ManiRewardBench, covering 113 tasks and 497 episodes across 4 robotic platforms.

Results are shown in Table 3.2. On Qwen3-VL-8B, TOPReward achieves the strongest aggregate

progress metrics, substantially outperforming GVL on the same backbone. On Molmo2-8B,

GVL is near zero across rank and correlation metrics, while TOPReward recovers a useful

progress signal with positive VOC, Kendall tau-b, and Pearson correlation. Compared with

the trained Robometer-4B baseline, TOPReward is competitive across rank, correlation, and
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Table 3.1: Results on the filtered Open X-Embodiment dataset. VOC reports mean
dataset-level VOC over the same 33 filtered datasets and 20 episodes per dataset. Higher is
better except MAE.

Method Model VOC Kendall Pearson MAE

GVL Molmo2-8B -0.019 0.000 0.001 0.500
GVL Qwen3-VL-8B 0.218 0.192 0.443 0.396
GVL Gemini-2.5-Pro 0.572 0.534 0.669 0.218
TOPReward Molmo2-8B 0.525 0.427 0.503 0.308
TOPReward Qwen3-VL-8B 0.874 0.771 0.856 0.163
TOPReward Qwen3-VL-32B 0.890 0.799 0.870 0.191
TOPReward Gemini-2.5-Pro 0.430 0.332 0.399 0.321
Robometer 4B 0.838 0.765 0.840 0.180

Table 3.2: Results on ManiRewardBench. We report metrics averaged over the 497 successful-
evaluation episodes. This progress-evaluation subset contains 113 tasks across four robot
platforms: LeRobot, Franka, Bimanual YAM, and Single-arm YAM. VOC and Kendall tau-b
measure rank agreement, Pearson measures linear agreement, and MAE measures normalized
progress error. Higher is better except MAE.

Method Model VOC Kendall Pearson MAE

GVL Molmo2-8B -0.003 -0.002 -0.003 0.514
GVL Qwen3-VL-8B 0.316 0.261 0.326 0.392
TOPReward Molmo2-8B 0.619 0.484 0.569 0.316
TOPReward Qwen3-VL-8B 0.942 0.858 0.915 0.126
TOPReward Qwen3-VL-32B 0.864 0.771 0.824 0.194
Robometer 4B 0.858 0.768 0.861 0.160

error metrics while requiring no reward-model training. Detailed per-task breakdowns and

distribution plots are in Appendix B.4.

Qualitative results. We visualize representative progress traces in Figure B.5. The traces

demonstrate that TOPReward produces smooth, monotonically increasing progress signals

that closely track stage-aware ground-truth task completion (computed from annotated

subtask boundaries) across diverse manipulation tasks. In contrast, Gemini-GVL exhibits

noisier predictions with frequent non-monotonic fluctuations. Notably, TOPReward correctly

captures the temporal structure of multi-step tasks, with progress plateaus corresponding to

intermediate subtask completions and accelerations during active manipulation phases.
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Figure 3.2: Instruction sensitivity. Instruction-grounding matrices for TOPReward
and Robometer-4B. Rows are terminal trajectory videos and columns are candidate task
instructions. For TOPReward, each cell is the terminal TOPReward score for that video–
instruction pair; for Robometer-4B, each cell is its terminal reward prediction. We apply
Sinkhorn normalization for visualization and report mean diagonal mass, so both rows and
columns sum to one and bright diagonal cells indicate strong one-to-one matching between
trajectories and their intended instructions.

3.4.2 Instruction sensitivity

Order-based metrics alone cannot establish that a reward is grounded in the language

instruction: an instruction-agnostic ordering score can be highly correlated with progress

on successful demonstrations while assigning the same values for every instruction. We

therefore evaluate whether final-trajectory rewards discriminate the matched instruction

from plausible but incorrect task descriptions. For each video, we score the same terminal

trajectory under each candidate instruction and form a video-task × instruction-task matrix,

shown in Figure 3.2. For TOPReward, each raw entry is the terminal TOPReward score for

a video–instruction pair; for Robometer-4B, each raw entry is its terminal reward prediction.

We convert these score matrices to positive weights and apply Sinkhorn normalization, so

each row and each column sums to one. Strong diagonal structure and high mean diagonal

mass in this doubly normalized matrix indicate one-to-one matching between trajectories

and their intended instructions rather than instruction-agnostic temporal ordering.

Figure 3.2 summarizes instruction disambiguation using mean diagonal mass after Sinkhorn

46



Table 3.3: Success detection results. We evaluate 279 cleaned LeRobot episodes from
ManiRewardBench (150 successful, 129 failed). TOPReward uses the training-free success score
defined in Appendix B.3; GVL uses per-trajectory VOC; Robometer-4B uses its trained
success head.

Method Score ROC-AUC PR-AUC

GVL (Qwen3-VL-8B) VOC 0.728 0.893
TOPReward (Qwen3-VL-8B) success score 0.939 0.952
TOPReward (Qwen3-VL-32B) success score 0.965 0.973
Robometer-4B trained success head 0.930 0.951

normalization of the displayed score matrix. This gives a bidirectional one-to-one matching

view: each trajectory distributes mass across candidate instructions, and each instruction

distributes mass across candidate trajectories. The random baseline is 1/20 = 0.05 on

this 20-task split. The diagonal mass is 0.420 for TOPReward Qwen3-VL-8B, 0.376 for

TOPReward Qwen3-VL-32B, and 0.149 for Robometer-4B, showing that TOPReward produces

substantially stronger matched video–instruction structure than the trained reward-model

baseline. As a scalar control on the 150 successful LeRobot episodes in the progress-evaluation

subset, pairing each video with its correct instruction gives mean raw reward −1.68, while

pairing the same videos with mismatched instructions from other tasks drops the mean raw

reward to −5.04. Thus raw instruction-conditioned rewards and confusion matrices provide

the evidence for semantic grounding beyond temporal ordering.

3.4.3 Success detection

Setup and results. We evaluate on the cleaned failure trajectory split of ManiRewardBench,

which contains 150 successful and 129 failed LeRobot attempts. Taking inspiration from

self-consistency prompting [Wang et al., 2023], we combine multiple TOPReward scores using

different prompts to obtain a success score for success detection as defined in Appendix B.3.

As shown in Table 3.3, Qwen3-VL-32B reaches 0.965 ROC-AUC and Qwen3-VL-8B

reaches 0.939 ROC-AUC, both exceeding the trained Robometer-4B success head without

reward-model training or success-label supervision.
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Table 3.4: Real-world experiments. Partial success score out of 10 trials for reward-
weighted behavior cloning on single-arm SO-100 tasks.

Task Pretrained BC TOP-RWBC (Ours)

Place toy car in box 1 2 3
Stack red cube on green cube 1.33 1 2.33
Put pen into cup 1.67 5.67 6.33
Place doll in box 0 7 10
Pick up cube 4 7 10
Put cube in cup 4 6 9

3.4.4 Real-world reward-weighted behavior cloning

To further showcase TOPReward as a signal for policy improvement, we use it to derive

positive weights for an offline flow-matching behavior cloning objective. We start from a

base policy π0 pretrained on 200 hours of the publicly available single-arm SO-100 dataset

(HuggingFace). For each of six real-world tasks, we collect 50 demonstrations (potentially

noisy and suboptimal) and use TOPReward to compute prefix scores for the demonstrations.

We convert progress increments to weights using Equation (3.3), then fine-tune π0 with

LRWBC = Ep(a|o),q(at|a)
[
∆t · ∥vθ(at, t | o)− (a− ϵ)∥2

]
, (3.5)

where at = (1− t)ϵ + ta, t ∼ U(0, 1), ϵ ∼ N (0, I), and ∆t is the TOPReward-derived positive

weight computed with β = 0.2 and δmax = 2.0 in Equation (3.3). We compare TOP-RWBC

against behavior cloning (BC) on the same data, measuring partial success as the fraction

of predefined subtasks completed per trial, summed over 10 trials. As shown in Table 3.4,

TOP-RWBC improves over BC on all six tasks.

3.5 Limitations

TOPReward inherits the visual perception limitations of the underlying VLM: tasks requiring

fine-grained spatial reasoning, precise alignment, or small-object manipulation may receive

noisy progress estimates when the model cannot visually distinguish intermediate states. The
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raw prefix score in Equation (3.1) is causal, and the per-episode min-max normalization

in Equation (3.2) is non-causal and is used for within-trajectory evaluation and visualization.

The chat-template ablation in Appendix B.5.2 further shows that formatting can affect

progress estimates for the evaluated backbones. The answer token must be defined consistently

with the completion query; under our prompt, True is selected because it provides the

clearest final-step success–failure separation among the tokens examined. Deployments should

therefore validate the complete query and chat-template implementation for the chosen VLM

backbone.

3.6 Conclusion

We presented TOPReward, a zero-shot progress reward method that repurposes token prob-

abilities of pretrained video VLMs as instruction-conditioned progress signals for robotic

manipulation. By querying the model’s internal belief about instruction completion rather

than requiring it to generate calibrated numerical outputs, TOPReward sidesteps the well-

known limitations of VLMs in numerical reasoning and instruction following. Across Open

X-Embodiment and our newly introduced ManiRewardBench benchmark, TOPReward substan-

tially outperforms GVL on open-source models. It also remains competitive with robotics

reward models trained on large-scale data across progress-estimation metrics, while requiring

no reward-model training. The instruction-disambiguation matrix and wrong-instruction

raw-reward drop further show that rewards depend on the language instruction rather than

prefix position alone. Finally, TOPReward supports success detection without reward-model

training, and TOPReward can be used for reward-weighted behavior cloning, yielding consistent

improvements over standard BC across six real-world SO-100 manipulation tasks.
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Chapter 4

Learned Parallel Decoding for Masked

Diffusion Language Models1

Chapter 3 used token probabilities as observations from which to construct a reward. This

chapter turns to the generative process of language, the hallmark of human intelligence. In

masked diffusion language models, choosing when to reveal each token maximizes how much

computation can occur in parallel without violating the conditional independence assumption.

4.1 Introduction

The success and parallel generation capabilities of diffusion models make them attractive for

language generation. There has been an ongoing effort to transfer the diffusion paradigm

to the natural language domain. Earlier attempts tried to sample in the token embedding

space [Li et al., 2022a, Gulrajani and Hashimoto, 2023, Gong et al., 2023] or the latent space

of a language autoencoder [Lovelace et al., 2023] using continuous diffusion. In a parallel

line of work, discrete diffusion in the vocabulary space is studied in [Austin et al., 2021,

Campbell et al., 2022, Meng et al., 2022, He et al., 2022b, Wang and Cho, 2019]. Without
1This chapter is based on Shirui Chen, Jiantao Jiao, Lillian J. Ratliff, and Banghua Zhu, “dUltra: Ultra-

Fast Diffusion Language Models via Reinforcement Learning” (2025) [Chen et al., 2025b].
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Figure 4.1: dUltra accuracy-efficiency summary. Across math reasoning and code
generation benchmarks, dUltra consistently achieves strong task accuracy while decoding
more tokens per model forward pass than Fast-dLLM, dParallel, and d3LLM. We report
the main setting with generation length 256 and block size B = 32; complete B = 32 and
B = 128 results are provided in Tables 4.1 and C.2. T/F denotes generated tokens per model
forward pass, so higher values indicate more parallel decoding.

the need for an invertible token-wise embedding function, discrete diffusion language models

generally perform better than continuous diffusion language models when operating in a

discrete state space with a countable number of states [Lou et al., 2023, Shi et al., 2024,

Sahoo et al., 2024]. Moreover, it is observed that the best performance is achieved with an

absorbing source distribution, which further restricts possible sampling paths [Lou et al.,

2023, Austin et al., 2021]. The diffusion models with an absorbing source distribution are

also called masked diffusion language models (MDLMs) because of the introduction of a

masked token. Moreover, Ou et al. [2025] and Sahoo et al. [2024] have shown that the optimal

solution that minimizes negative ELBO is independent of the time variable, thus promoting

time-agnostic parameterization. Recent works have scaled time-agnostic MDLMs to show

that their performance can rival that of autoregressive (AR) models with similar parameter

size [Nie et al., 2025, Ye et al., 2025].

However, even the best open-source masked diffusion language models (MDLMs) [Nie et al.,

2025, Ye et al., 2025] face the same slow sampling problem as continuous diffusion models.

Apart from system-level optimization, such as approximate KV Cache [Wu et al., 2025, Hu

et al., 2025b], attempts to accelerate MDLMs have focused on designing confidence/entropy-
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aware sampling methods to unmask tokens in parallel [Ben-Hamu et al., 2025, Wu et al., 2025].

These deterministic parallel decoding strategies generally favor tokens with high confidence

or low entropy within a single unmasking step, leading to 3-5x faster sampling speed. Despite

this decent speed-up, the number of tokens decoded in parallel within a single denoising step

is still low (∼4.5 tokens per step on GSM8K and ∼3.3 tokens per step on MATH500) [Wu

et al., 2025]. Meanwhile, commercial diffusion language models [Google DeepMind, 2025,

Khanna et al., 2025] operate at a throughput of ∼1000 tokens/s, significantly surpassing

the state-of-the-art throughput of autoregressive models, which typically range from 100-300

tokens/s [Khanna et al., 2025]. Therefore, current open-source MDLMs have yet to exploit the

parallel generation potential of diffusion language models to their fullest and have not achieved

"diffusion supremacy" (analogous to quantum supremacy) over autoregressive models.

A fundamental observation is that when tokens are generated in parallel, MDLMs as-

sume conditional independence between them given the masked input sequence (see also

Section 4.2.1) due to the curse of dimensionality [Aaron, 2024]. If the tokens are actually

dependent and ambiguous2, the actual distribution sampled from will have unwanted modes,

and the model may generate nonsensical text. Since acceleration methods aim to increase

parallelism by decoding more tokens per step, they inevitably unmask some dependent tokens

together, violating the independence assumption. Therefore, given the current paradigm of

parallel decoding3, any method that accelerates sampling is implementing some form of mode

filtering, i.e. the accelerated sampling procedure will try to sample from a single mode that

produces sensible text out of all modes that a slower model can sample from. Appendix C.3

illustrates this behavior.

Recent work [Qian et al., 2025, Chen et al., 2025d] on accelerating diffusion LLM sampling

with offline distillation demonstrates this principle as well. Specifically, d3LLM [Qian et al.,

2025] distills from the sampling trajectory produced by the teacher model, effectively teaching
2An ambiguous token means that multiple words in the vocabulary are predicted to have similar and high

probability.
3Unless the curse of dimensionality is solved
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the student model to sample from one of the high probability teacher modes at each sampling

step. Similarly, dParallel [Chen et al., 2025d] proposes certainty-forcing distillation that

fine-tunes the model to be more confident on self-generated trajectories, which are fixed per

prompt. This effectively encourages the model to sample from one of the high probability

teacher modes marginalized by the prompts. However, this self-distillation approach faces

two shortcomings. First of all, the quality of training data cannot exceed the capability of

the base model. In other words, the training data only includes greedily sampled trajectories,

limiting exploration and performance of the distilled model. Secondly, the self-generated

trajectory can be off-policy during distillation, and the student learns in contexts more

frequently encountered by the teacher model rather than by itself. Therefore, we want a

method that explores the teacher model modes and trains on samples generated by the

student model. On-policy reinforcement learning naturally addresses both limitations: by

training on trajectories generated by the current policy, it avoids the distribution mismatch

inherent in offline distillation, while the exploration encouraged by RL allows discovering

better unmasking strategies beyond those demonstrated by the base model.

Another implication of the observation above is that we can accelerate sampling while

reducing the need for mode filtering by planning trajectories with more conditionally in-

dependent tokens per step. A one-step generation case study in Appendix C.4 shows that

LLaDA-Instruct decodes randomly masked tokens much more reliably than the same number

of consecutive suffix masks, illustrating the value of conditional independence-aware planning.

Our approach learns adaptive unmasking strategies throughout the full denoising trajectory

to maximize the number of conditionally independent tokens decoded at each step.

Taking these motivations all together, in this work, we propose dUltra, a framework

that learns adaptive unmasking strategies through on-policy RL combined with on-policy

distillation reward. The headline accuracy-efficiency results are summarized in Figure 4.1,

and an overview of the dUltra architecture is shown in Figure 4.2. Our key contributions are:

• We introduce an unmasking planner head that predicts per-token unmasking probabili-
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ties using independent Bernoulli distributions, enabling learnable sampling trajectory

planning.

• We develop a GRPO-based on-policy distillation framework that jointly optimizes

the diffusion model and unmasking order planner using both verifiable reward and

distillation reward. We also propose advantage clipping to enable effective RL training

of the unmasking planner head.

• We show state-of-the-art performance in terms of both tokens per model forward pass

(T/F) and number of function evaluations (NFE) on mathematical reasoning (GSM8K,

MATH500) and code generation (HumanEval, MBPP) tasks.

LLaDA Blocks

This [M] is [M] [M] [M] [M] [M] [M]

Last 
Layer 
Rep.

Unmasking 
Probability 

Head 
Token Decoding Head

This dllm is ultra fast and we love it

⊗
This dllm is [M] fast [M] we [M] it

[M]=mask token

Architecture:

dUltra-math-b128 (ours)
dUltra-coding-b128 (ours)d3LLM

dParallel

Fast-dLLM
Fast-dLLM d3LLM dParallel dUltra

Learnable Traj. 
Planner

Distillation

On-policy
dUltra-math: −70% NFE* dUltra-math: −65% NFE*

dUltra-coding: −65% NFE* dUltra-coding: −74% NFE*

Bernoulli Unmasking

* ΔNFE is computed relative to Fast-dLLM.

Figure 4.2: dUltra overview. Left: Accuracy versus number of function evaluations (NFE;
denoising steps) on math and coding benchmarks for Fast-dLLM, dParallel, d3LLM, and
dUltra (ours) variants. Here we use a block size of 128 and a generation length of 256.
Right: dUltra architecture: a masked diffusion LM (LLaDA blocks) produces last-layer
representations that feed (i) a token decoding head to output logits for masked positions and
(ii) an unmasking planner head to output per-position unmasking probabilities; the Bernoulli
sampled unmasking decisions update the masked sequence ([M] denotes the mask token).
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4.2 Preliminaries

Continuous-time MDLMs [Shi et al., 2024, Sahoo et al., 2024] define a forward noising process

qt|s that progressively masks tokens according to a noise schedule αt (with α0 = 1, α1 = 0),

and a learned reverse process pθ(xs|xt) that predicts clean tokens from masked inputs. We use

X = {1, . . . , m} as the token vocabulary with the mask token as the m-th entry, and Cat(π)

to denote a categorical distribution over the simplex ∆m. Full single-token forward/reverse

process formulations are given in Appendix C.13.

4.2.1 Sequence Factorization

For a token sequence x ∈ X L of length L, MDLM factorizes the forward and reverse processes

to sample each token independently. For the forward process, qt|0(xt|x0) = ∏L
l=1 qt|0(x(l)

t |x
(l)
0 ).

For the reverse process, qs|t,0(xs|xt, x0) = ∏L
l=1 qs|t,0

(
x(l)

s |x
(l)
t , x

(l)
0 ≈ µ

(l)
θ (xt, t)

)
. Note that

here µθ is dependent on the entire sequence, so this factorization assumes conditional

independence.

4.2.2 Training Objective

For MDLM with carry-over unmasking [Sahoo et al., 2024, Shi et al., 2024, Nie et al., 2025,

Ye et al., 2025], the NELBO reduces to a weighted cross-entropy over masked positions:

LNELBO = −
∫ 1

0
Eq(xt|x0)

 α′
t

1− αt

∥x∥∑
i=0

1[x(i)
t = m] · log µθ(xt; x

(i)
t = x

(i)
0 )
 dt, (4.1)

where µθ(xt; x
(i)
t = x

(i)
0 ) is the model’s predicted probability for the i-th token being its

ground-truth value. The full NELBO decomposition is in Appendix C.13.
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4.2.3 Connection to Any-Order Autoregressive Modeling

Any-order autoregressive models (AO-ARMs) [Uria et al., 2014, Hoogeboom et al., 2021,

Shih et al., 2022] evaluate the likelihood of a sequence x by marginalizing over all possible

generation orders. More specifically, the expected negative log-likelihood minimized by

AO-ARMs during training is

Lθ(x) = −Eξ∼U(S∥x∥)

∥x∥∑
k=1

log pθ(xξ(k)|xξ(<k))
 , (4.2)

where U(S∥x∥) is the uniform distribution over all permutations of the initial mask tokens,

and each permutation uniquely specifies a sampling order. Previous work has shown that this

loss is equivalent to the NELBO loss of MDLMs with carry-over unmasking (Equation (4.1))

under mild conditions [Ou et al., 2025, Kim et al., 2025]. Therefore, MDLMs with carry-over

unmasking can be interpreted as AO-ARMs that sample generation orders from a uniform

distribution over all possible permutations.

4.3 Methods

4.3.1 Path Planning with Unmasking Probability

If we strictly follow the predetermined forward noising process and corresponding time reversal

(Appendix C.13) during denoising, a masked token has a fixed probability of 1−αs(i)
1−αt(i)

remaining

a mask token from time t(i) = i/T to time s(i) = (i− 1)/T given the noise schedule function

α. However, there is no inherent restriction on what the noise schedule function should

be or what variable it should depend on under the framework of diffusion models. While

maximizing ELBO requires sampling from the forward kernel q(xt|x0) during training, at

inference time we have flexibility in designing the reverse transition kernels qs|t, allowing us

to explore different unmasking strategies beyond the training distribution. One possibility is

to make the schedule state-dependent by conditioning 1−αs(i)
1−αt(i)

on the current masked state
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xt, resulting in per-token schedules 1−αl
s(i)(xt)

1−αl
t(i)(xt) for the l-th token. In this way, the reverse

denoising process is essentially a Markovian process with the transition kernel pθ(xs(i)|xt(i)).

From the perspective of any-order autoregressive modeling, this is equivalent to learning

a better distribution over sampling orders instead of the uniform distribution used in the

standard negative log-likelihood. As motivated in Figure C.2, we would like to refine this

distribution to concentrate the probability mass over sampling orders that maximize the

average number of conditionally independent tokens to unmask per step. Therefore, we want

to learn a better unmasking order planner that can decide which tokens to unmask at each

denoising step.

We therefore introduce an unmasking order planner to decide which mask tokens to

unmask and with what probability. To decide which tokens to unmask at each step, we

model per-token unmasking decisions as independent Bernoulli distributions, mirroring the

conditional independence assumption in MDLM’s token prediction factorization (Section 4.2.1).

Modeling the full joint distribution over all possible position subsets would be intractable

due to the exponential number of possibilities (2n subsets for n masked tokens). While we

sample unmasking decisions independently for computational feasibility, the planner can

still capture dependencies between positions through self-attention when computing the

unmasking probabilities. We introduce an unmasking planner head ϕ that takes the last-layer

hidden representations of the base MDLM and outputs per-token unmasking probabilities:

punmask(x) = σ(ϕ(hx, x)) , zx ∼ Bernoulli(punmask(x)) , (3)

where hx is the last-layer hidden representation of the sequence of tokens x, and zx ∈ {0, 1}

denotes the binary decision of whether to unmask token x.

The unmasking planner head ϕ is a lightweight module consisting of a single transformer

block (matching the base MDLM architecture), time embedding layers for timestep condition-

ing, adaptive layer normalization, and a final linear projection to scalar logits. This design

keeps the computational overhead minimal while allowing the planner to capture dependencies
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between masked positions and incorporate temporal information when deciding which tokens

to unmask. The planner processes all masked token representations in parallel and outputs

conditionally independent unmasking probabilities for each token. See Appendix C.14.1 for

complete architectural details.

4.3.2 Exact Likelihood Calculation

One of the advantages of introducing an explicit unmasking planner head is that we can

tractably compute the likelihood of each rollout during training, which is essential for policy

gradient methods. Recall from the AO-ARM perspective (Section 4.2.3) that MDLMs define

a Markovian generative process: at each step, we unmask a subset of tokens conditioned on

all previously unmasked tokens. This Markovian structure makes the likelihood calculation

straightforward—we simply multiply the transition probabilities at each step. Next we

compute the transition probability at each denoising step.

We denote the prompt as q and the sequence completion after denoising step k as ok,

and o0 is the completely masked sequence. At step k, we select positions Pos(k) ⊆ X (k)
mask

to unmask from the set of currently masked tokens X (k)
mask. Our model consists of two key

components: (1) πtoken, the token probability distribution for masked positions, which we

obtain from the logits of the model output, and (2) πselect, the unmasking order planner

that unmasks each token with probability punmask at each step. With these components, we

model the parallel decoding procedure as an ancestral sampling process. We first sample the

positions to unmask from πselect, and then sample the tokens for the selected positions from

πtoken. Therefore, the likelihood of generating ok from ok−1 given prompt q is:

p
(
ok | q, ok−1

)
= πselect

(
Pos(k) | q, ok−1

)
· πtoken

(
ok | q, ok−1, Pos(k)

)
(4.3)
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The token selection probability factorizes as:

πtoken
(
ok | q, ok−1, Pos(k)

)
=

#unmask∏
j=1

πθ

(
ok

Pos(k)
j

| q, ok−1, Pos(k)
)

The position selection probability follows the product of independent Bernoulli distribu-

tions:

πselect
(
Pos(k) | q, ok−1

)
=

∏
x∈Pos(k)

punmask(x) ·
∏

x∈X (k)
mask\Pos(k)

(
1− punmask(x)

)
(4.4)

In practice, one can additionally incorporate a block size hyperparameter B to restrict the set

of candidate positions: instead of selecting from all masked tokens X (k)
mask, we constrain Pos(k)

to be a subset of the leftmost B masked tokens. The block size interpolates between completely

learnable unmasking order and autoregressive-like order: larger B allows the planner to select

from positions throughout the sequence, while smaller B restricts candidates to the leftmost

masked tokens, enforcing a more left-to-right progression similar to autoregressive decoding,

though the planner retains flexibility in ordering tokens within each block.

Let ζ = (o1, . . . , oK) denote the complete denoising path. Its likelihood is

pstudent(ζ | q) =
K∏

k=1
p
(
ok | q, ok−1

)
=

K∏
k=1

πselect
(
Pos(k) | q, ok−1

)
·πtoken

(
ok | q, ok−1, Pos(k)

)
.

(4.5)

This is a path probability. The marginal probability of the final completion would require

summing (4.5) over all unmasking paths that produce it. Equivalently, we can view each

token’s unmasking trajectory as following a non-homogeneous geometric distribution4: at

each denoising step, the planner assigns a state-dependent probability of unmasking, and the

token remains masked until it is eventually sampled to be unmasked.
4Unlike the standard geometric distribution with constant success probability, the non-homogeneous

variant allows the probability to vary across steps.
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4.3.3 Initializing On-policy Planners with Heuristic Methods

Randomly initialized planners often unmask too many tokens at the start of training, producing

low-quality rollouts before RL can explore useful trajectories. We therefore initialize the

planner by supervised imitation of the confidence-based Fast-dLLM decoder [Wu et al.,

2025], treating its selected positions as binary targets. This gives GRPO a strong heuristic

policy as a starting point, after which on-policy optimization can improve beyond fixed

confidence-based sampling. The full initialization objective is given in Appendix C.6.

4.3.4 On-policy Distillation Reward

As motivated by Figure C.1, to further accelerate sampling with parallel decoding beyond

sampling conditionally independent tokens, the model must learn to sample from a single

high-quality mode among multiple plausible modes to avoid generating incoherent text, i.e.

the model should exhibit mode-seeking behavior. To encourage this behavior, we introduce

an on-policy distillation reward that encourages the student diffusion LLM to maximize the

sequence-level log-likelihood of on-policy samples evaluated by an autoregressive teacher

model.

For high-quality distillation rewards, we use domain-specific teacher models: Qwen2.5-

Math-7B-Instruct [Yang et al., 2024] for mathematical reasoning and Qwen2.5-Coder-7B-

Instruct [Hui et al., 2024] for code generation. Given a prompt q and a completion c generated

by the student model during rollout, we compute the on-policy distillation reward as follows:

rdistill(q, c) = 1
|c|

 |c|∑
i=1

log pteacher(ci | q, c<i)
− β log pstudent(c | q)

 (4.6)

where |c| is the length of the completion in tokens, pstudent(c | q) is given by Equa-

tion (4.5), and β controls the weight of the entropy regularization term. When β = 1,

maximizing Ec∼pstudent[rdistill] corresponds to minimizing a scaled reverse KL divergence
1

|c|DKL(pstudent∥pteacher). Reverse KL divergence is known to encourage mode-seeking be-
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havior [Minka, 2005]: when the student places probability mass where the teacher model

has low probability, the term log(pstudent/pteacher) becomes large and heavily penalizes the

divergence. We set β = 0 in our experiments, simplifying the reward to average teacher

log-likelihood, while still encouraging mode-seeking behavior: the student learns to generate

completions that the teacher assigns high probability, focusing on high-quality modes verified

by the teacher model rather than exploring low-probability regions that may lead to incoherent

text. Empirically, we did not find significant differences in performance when varying β.

The on-policy distillation reward is combined with verifiable rewards and efficiency rewards

(i.e., negative number of denoising steps) via a weighted sum:

rtotal = λtask · rtask + λdistill · rdistill + λstep · rstep (4.7)

where the weights λtask, λdistill, λstep control the relative importance of each component. This

multi-objective reward encourages the model to generate correct, coherent, and efficiently-

sampled outputs. See Appendix C.14.2 for detailed reward configuration for each task.

4.3.5 GRPO Training Framework

We train the diffusion LLM and unmasking planner head using Group Relative Policy

Optimization (GRPO), a policy-gradient method that operates on groups of trajectories

per prompt and uses group-relative advantages as baselines. We use on-policy updates

(num_iterations= 1) as off-policy updates provide no computational benefit: unlike autore-

gressive LLMs that evaluate likelihoods in a single forward pass, each likelihood evaluation

using Equation (4.3) requires a complete denoising process. For each group, we sample a

single prompt q and generate G trajectories with the denoised sequence at step k of the g-th

trajectory denoted as og,k. The group-relative advantages of these trajectories are calculated

as Ag = rg −mean(r1:G). Note that we do not normalize the advantage to avoid introducing

any bias into the policy gradient estimation [Liu et al., 2025b]. Then the GRPO objective
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reduces to the REINFORCE-style loss

LGRPO(θ) = − 1
∥o∥ ·G

G∑
g=1

Ag
Kg∑
k=1

log pθ

(
og,k | q, og,k−1

)
, (4.8)

where pθ(og,k | q, og,k−1) is the rollout likelihood defined in Equation (4.3), and Kg is the total

number of denoising steps for the g-th trajectory. In practice, we use the ratio formulation
pθ

sg(pθ) instead of log pθ for numerical stability, where sg(·) denotes stop-gradient. The two

formulations have identical gradients.

Advantage clipping. Vanilla GRPO can collapse the planner into never unmasking

any token, because low-advantage conservative trajectories uniformly penalize both bad and

correct unmasking decisions. We therefore clip below-threshold advantages:

Ag ←


0 if Ag < C

Ag otherwise
(4.9)

where C is the clipping threshold. This ignores below-threshold trajectories and lets the

planner learn primarily from successful unmasking strategies; we set C = 0 in experiments.

Additional intuition and stability evidence are provided in Appendix C.7 and Appendix C.8.

In summary, the complete training algorithm can be found in Appendix C.15.

4.4 Results

We evaluate dUltra on mathematical reasoning and code generation benchmarks to demon-

strate its ability to achieve competitive performance with significantly reduced computational

cost. All of our experiments use LLaDA-8B-Instruct as the base model. We compare against

state-of-the-art confidence-based heuristics, such as Fast-dLLM [Wu et al., 2025], and state-of-

the-art off-policy distillation-based methods, such as d3LLM [Qian et al., 2025] and dParallel

[Chen et al., 2025d]. We report both task performance and the average number of function
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evaluations (NFE), i.e., the number of denoising steps during generation.

Unlike distillation baselines, which rely on self-generated or heuristic trajectories without

an external teacher signal, dUltra uses on-policy rollouts with an AR teacher model (Qwen2.5-

Math/Coder-7B-Instruct) as an additional reward signal. This difference in supervision is an

acknowledged advantage of dUltra and is explicitly modeled as a reward term rather than

a training label; all methods still use the same base model (LLaDA-8B-Instruct) and are

evaluated under identical generation settings. A detailed comparison of supervision signals is

provided in Appendix C.5.

4.4.1 Training Dynamics

Figure C.3 shows the evolution of reward metrics during dUltra training on GSM8K. Correct-

ness, efficiency, and distillation rewards increase stably throughout training, validating the

GRPO framework and multi-objective reward design. Detailed reward curves are included in

Appendix C.8.

Effect of Advantage Clipping on Efficiency Reward. The role of advantage clipping

in training stability is illustrated in Appendix C.8. Without clipping (C = −∞), the planner

collapses to a degenerate policy that never unmasks tokens; with C = 0.0, training remains

stable and learns a balanced unmasking strategy.

4.4.2 Main Results

Results with Small Block Size

We first evaluate dUltra with block size B = 32, which provides a balance between sampling

efficiency and unmasking selectivity. All tasks are evaluated in a zero-shot setting. Although

the planner is trained as a Bernoulli policy, all reported inference results in Table 4.1 and

Table C.2 use deterministic threshold decoding: tokens are unmasked only when their planner

probability exceeds the selected threshold. This removes sampling randomness and lets
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us control the accuracy-efficiency trade-off through the threshold. Table 4.1 presents our

results on mathematical reasoning (GSM8K, MATH500) and code generation (HumanEval,

MBPP) tasks, comparing against multiple accelerated MDLMs based on distillation, including

dParallel and d3LLM. We report both task performance and the average number of function

evaluations (NFE), i.e., the number of denoising steps during generation.

Math Coding

GSM8K MATH500 HumanEval MBPP

Method Acc↑ NFE↓ (T/F↑) Acc↑ NFE↓ (T/F↑) Acc↑ NFE↓ (T/F↑) Acc↑ NFE↓ (T/F↑)

Fast-dLLM 77.56 57.26 (4.33) 35.00 70.56 (3.52) 33.54 62.65 (3.94) 37.80 50.04 (4.16)
dParallel 77.10 28.47 (7.17) 31.80 35.21 (5.32) 31.71 30.68 (5.87) 36.20 22.77 (6.30)
d3LLM 72.50 25.79 (8.39) 33.80 35.57 (6.13) 37.20 33.41 (6.86) 33.20 32.26 (6.90)
dUltra (ours) 81.29 21.21 (9.72) 35.52 33.20 (7.03) 39.02 24.25 (7.23) 38.40 20.03 (7.29)

Table 4.1: Main results with generation length 256 and block size B = 32. dUltra rows
use deterministic threshold decoding at inference time. We report accuracy, NFE, and T/F
(tokens per model forward pass); bold and underlined values mark the best and second-best
result in each column.

dUltra achieves strong performance across all benchmarks while maintaining low NFE.

Notably, dUltra outperforms both distillation baselines (d3LLM and dParallel) on GSM8K

and MATH500 in accuracy, while using fewer denoising steps on GSM8K and comparable

denoising steps on MATH500, consistent with our mode filtering hypothesis: on-policy RL

can discover better modes than methods limited to off-policy teacher trajectories. We further

ablate the learned unmasking order planner by replacing it with confidence-based sampling

on the same trained checkpoints (w/o planner); the planner-based dUltra improves accuracy

by +5.9 pp on GSM8K and +12–17 pp on code generation tasks (see Appendix C.11.1). This

demonstrates the value of jointly training the base model and unmasking order planner for

task-specific unmasking strategies.
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Results with Large Block Size

To explore the impact of larger block sizes on sampling efficiency, we evaluate dUltra with

B = 128 in Appendix C.9. Larger block sizes give the planner more freedom for longer-horizon

planning by allowing it to select from a broader set of candidate positions at each denoising

step, potentially enabling faster inference through increased parallelism. Appendix C.11

provides the corresponding speed-quality frontiers.

Wall-Clock Throughput

To verify that NFE reductions translate to real latency gains, we measure wall-clock through-

put on a single H200 GPU for 256-token generation with B = 128 and no KV-cache.

dUltra achieves 3.0–3.4× speedup over the LLaDA baseline and ∼1.5× speedup over d3LLM

while improving accuracy on both GSM8K and MATH500; the full throughput table is in

Appendix C.10.

4.4.3 Speed-Quality Trade-off

The deterministic threshold rule used for Table 4.1 and Table C.2 also provides an inference-

time speed-quality knob: increasing the threshold makes decoding more conservative, while

decreasing it unmasks more tokens per step. We use Fast-dLLM’s factor-based parallel

decoding strategy [Wu et al., 2025] for models without a planner. Sweeping thresholds for

dUltra and factors for baselines yields Pareto frontiers where dUltra consistently achieves

superior accuracy-efficiency trade-offs; full frontier plots are provided in Appendix C.11.

4.4.4 Analysis of Learned Unmasking Strategies

To understand what unmasking order patterns dUltra learns, Figure 4.3 visualizes the

unmasking behavior across denoising steps on a code-generation example; additional math

and coding visualizations are provided in Appendix C.12. The learned policies are largely
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Figure 4.3: Learned unmasking order on HumanEval. Red bars indicate tokens newly
unmasked at each denoising step. The planner mostly follows a left-to-right trend, but it also
jumps to predictable code structure such as function signatures, control-flow keywords, and
return statements, creating opportunities for parallel decoding while respecting stronger local
dependencies.

autoregressive, but code generation exhibits more non-autoregressive jumps to structural

tokens such as function signatures, control-flow keywords, and return statements. These

patterns support the main motivation: the planner selectively deviates from left-to-right

order when task structure creates opportunities for parallel decoding while preserving quality.

Extended related work is provided in Appendix C.2.

4.5 Conclusion

We present dUltra, a framework for learning adaptive unmasking strategies that accelerate

masked diffusion language models through on-policy RL and distillation rewards. dUltra

outperforms distillation baselines in both accuracy and NFE, and its learned policies adapt to
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task structure by exploiting more parallelism in code while preserving more sequential decoding

in math. These results show that learned mode filtering and conditional-independence-aware

planning can move MDLMs closer to practical parallel generation.
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Part II

Dynamics and Geometry of

Representation Learning
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Chapter 5

Loss Sharpness and Compressed

Neural Representations1

The first part of the dissertation examined how neural systems compute with probability

through recurrent sampling, token-level rewards, and a discrete diffusion process. This chapter

begins the second part by shifting attention from probabilistic outputs and transitions to the

geometry of the representations on which those computations depend. It asks how learning

in parameter space affects the local sensitivity and compression of representations across a

network.

5.1 Introduction

There has been long-standing interest in sharpness, a geometric metric in the parameter

space that measures the flatness of the loss landscape at local minima. Flat minima refer to

regions in the loss landscape where the loss function has a relatively large basin, and the loss

does not change much in different directions around the minimum. Empirical studies and

theoretical analyses have shown that training deep neural networks using stochastic gradient
1This chapter is based on Shirui Chen, Stefano Recanatesi, and Eric Shea-Brown, “A Simple Connection

from Loss Flatness to Compressed Neural Representations,” published in Transactions on Machine Learning
Research (2026) [Chen et al., 2026b].
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descent (SGD) with a small batch size and a high learning rate often converges to flat and

wide minima [Ma and Ying, 2021, Blanc et al., 2020, Geiger et al., 2021, Li et al., 2022b, Wu

et al., 2018, Jastrzebski et al., 2018, Xie et al., 2021, Zhu et al., 2019]. Many works conjecture

that flat minima lead to a simpler model (shorter description length), and thus are less likely

to overfit and more likely to generalize well [Hochreiter and Schmidhuber, 1997, Keskar

et al., 2016, Wu et al., 2018, Yang et al., 2023]. Based on this rationale, sharpness-aware

minimization (SAM) has been a popular method for improving a model’s generalization

ability. However, recent work has shown that SAM does not only minimize sharpness to

achieve superior generalization performance [Andriushchenko and Flammarion, 2022, Wen

et al., 2023]. More confusingly, it remains unclear whether flatness correlates positively with

the generalization capacity of the network [Dinh et al., 2017, Andriushchenko et al., 2023,

Yang et al., 2021], and even when it does, the correlation is not perfect [Neyshabur et al.,

2017, Jiang et al., 2019]. In particular, Dinh et al. [2017] argues that one can construct very

sharp networks that generalize well through reparametrization, while Andriushchenko et al.

[2023] show that even reparametrization-invariant sharpness cannot capture the relationship

between sharpness and generalization.

Figure 5.1 illustrates the crux of this issue. The common intuition for why flat minima

should generalize better [Hochreiter and Schmidhuber, 1997, Keskar et al., 2016] implicitly

assumes that the test loss landscape is a horizontally shifted copy of the training loss

(Figure 5.1a): under such a shift, the loss at a flat minimum changes little while the loss at

a sharp minimum increases substantially, yielding a smaller generalization gap at the flat

minimum. However, there is no principled justification for this horizontal-shift assumption.

In a hypothetical setting where the test loss differs from the training loss by a random

perturbation (Figure 5.1b), the generalization gap at a flat minimum could be larger than

at a sharp minimum, contradicting the standard narrative. This suggests that sharpness,

while clearly capturing meaningful geometric structure, may not be directly measuring

generalization ability.
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Figure 5.1: A schematic illustration of why flatness alone does not reliably predict generaliza-
tion. (a) Under the common but unjustified assumption that the test loss is a horizontal
shift of the training loss, flat minima trivially exhibit a smaller generalization gap than sharp
minima. (b) In a hypothetical but possible scenario, the test loss differs from the training loss
by an additive perturbation rather than a simple shift. Here the flat minimum can exhibit a
larger generalization gap than the sharp minimum, demonstrating that curvature alone is
insufficient to predict generalization.

In light of this paradox, we take a different perspective: rather than asking what sharpness

tells us about generalization, we ask what sharpness tells us about the representations learned

by the network. We show that there exists a more consistent relationship by investigating

how sharpness near interpolation solutions in the parameter space influences local geometric

features of neural representations in the feature space. By building a relationship between

sharpness and the local compression of neural representations, we argue that sharpness, in

its essence, measures the compression of neural representations. Specifically, we show that

as sharpness decreases and the minimum flattens, sharpness-related quantities upper-bound

certain compression measures, meaning that the neural representation must also undergo

some degree of compression. We also note how local dimensionality is a compression metric

of a distinct nature and therefore does not necessarily correlate with sharpness.
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More specifically, our work makes the following novel contributions:

1. Refined and new compression metrics with sharpness bounds. We refine

and identify feature-space quantities that quantify compression and are bounded by

sharpness: local volumetric ratio (LVR) and maximum local sensitivity (MLS). The

former is a new metric in this context, and the latter refines a related quantity in earlier

work.2 We derive explicit upper bounds showing that these metrics are constrained

by sharpness-related quantities. This establishes a direct mathematical link between

parameter-space geometry (sharpness) and feature-space geometry (compression), ap-

plicable to feedforward networks with quadratic loss.

2. Improved bounds via network-wide metrics. We improve the bound on MLS

from Ma and Ying [2021] and propose Network MLS (NMLS), which considers sensi-

tivity at all intermediate layers rather than only the input. This yields bounds that

consistently predict positive correlation with sharpness across diverse experimental

settings, overcoming limitations of single-layer analyses where prefactors can dominate

and obscure the sharpness-compression relationship.

3. Extension to reparametrization-invariant sharpness. We prove that using

reparametrization-invariant sharpness (i.e., unchanged under layer rescaling) tightens

our bounds, addressing a key criticism of standard sharpness measures and providing

a novel interpretation: reparametrization-invariant sharpness quantifies robustness of

outputs to internal representations.

4. Empirical validation across architectures. We validate our theoretical predictions

through experiments on feedforward (MLP), convolutional (VGG-11, LeNet), and

transformer (ViT) architectures, demonstrating that LVR and MLS/NMLS consistently

correlate with their sharpness-related bounds during training and across pretrained

models.
2We collectively term MLS and NMLS “compression metrics” because these quantities measure how

compressed or concentrated a set of noise-perturbed input or internal neural representations is after passing
through the network.

72



5. Connection to neural collapse and intermediate representations. We extend our

analysis to penultimate and intermediate layer representations, relating our framework

to neural collapse phenomena. Our bounds apply most naturally when the number

of classes exceeds feature dimension, relevant for settings like language modeling and

large-scale retrieval.

On bound tightness. We emphasize that our theoretical results provide upper bounds

rather than equalities. Moreover, these bounds depend not only on sharpness but also

on weight norms and input magnitudes. Consequently, for two networks with identical

sharpness but different weight scales, the bounds may differ. However, our extensive empirical

validation demonstrates that despite this apparent looseness, the bounds are sufficient to

predict consistent positive correlation between sharpness and compression metrics across

training dynamics and diverse architectures. This empirical validation is essential to our

claims and demonstrates the practical utility of our theoretical framework.

With these results, we help reveal the nature of sharpness through the interplay between

key properties of trained neural networks in parameter space and feature space.

Chapter organization. Section 5.2 reviews the pioneering arguments of Ma and Ying

[2021] that flatter minima can constrain the gradient of network output with respect to

network input, and extends the formulation to the multidimensional input case. Section 5.3

proves that lower sharpness implies a lower upper bound on two metrics of the compression

of the representation manifold in feature space: the local volumetric ratio and the maximum

local sensitivity (MLS) (Section 5.3.1, Section 5.3.2). Section 5.4 empirically verifies our

theory by calculating various compression metrics, their theoretical bounds, and sharpness

for models during training as well as pretrained ones. Finally, Section 5.5 discusses how these

conditions help explain why there are mixed results on the relationship between sharpness

and generalization in the literature, by looking through the alternative lens of compressed

neural representations.
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Key terminology. Before proceeding, we clarify key terms used throughout this work.

Reparametrization refers to equivalent network parameterizations that produce identical

input-output mappings; for example, scaling the weights of layer l by factor α and layer l + 1

by 1/α leaves the network function with ReLU nonlinearity unchanged as demonstrated in

Dinh et al. [2017]. Reparametrization-invariant sharpness measures remain constant under

such transformations, addressing the concern that standard sharpness can be arbitrarily

changed without affecting network behavior.

The compression metrics we study are: Local Volumetric Ratio (LVR), which quantifies

how much a small input volume contracts as it propagates through the network; Maximum

Local Sensitivity (MLS), which measures the maximum rate of change of network output

with respect to input perturbations; and Network MLS (NMLS), which extends MLS by

considering sensitivity at all intermediate layer representations rather than only the input

layer.

5.2 Background and setup

Consider a feedforward neural network f with input data x ∈ RM and parameters θ. The

output of the network is:

y = f(x; θ) , (5.1)

where y ∈ RN (N < M). We consider a quadratic loss L(y, ytrue) = 1
2 ∥y− ytrue∥2, a function

of the outputs and ground truth ytrue. In the following, we will simply write L(y), L(f(x, θ))

or simply L(θ) to highlight the dependence of the loss on the output, the network, or its

parameters.

Sharpness measures how much the loss gradient changes when the network parameters

are perturbed, and is defined by the sum of the eigenvalues of the Hessian:

S(θ) = Tr(H) , (5.2)
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with H = ∇2L(θ) being the Hessian. The trace of the Hessian, Tr (∇2L(θ)), is not the only

definition of sharpness, but many sharpness minimization methods have been theoretically

shown to reduce this quantity in interpolating models. Specifically, assuming that the training

loss minimizers lie on a smooth manifold [Cooper, 2018, Fehrman et al., 2020], methods like

Sharpness-Aware Minimization (SAM) [Foret et al., 2020] when used with batch size 1 and

sufficiently small learning rate and perturbation radius [Wen et al., 2022, Bartlett et al.,

2023], or Label Noise SGD with a small enough learning rate [Blanc et al., 2020, Damian

et al., 2021], tend to favor interpolating solutions with a low Hessian trace. Therefore, we

focus our analysis on the trace of the Hessian.

Scope and loss function considerations. Our theoretical analysis is conducted using

the quadratic (MSE) loss, which allows us to derive the key relationship in Equation (5.3)

connecting sharpness to network gradients. However, we note important considerations

regarding other loss functions. For cross-entropy (CE) loss, Granziol [2020] showed that

Hessian-based flatness measures become unreliable: solutions with large weights and low CE

loss can exhibit artificially small Hessian traces, appearing deceptively "flat" despite poor

generalization properties. Moreover, the Hessian rank of CE loss is bounded by the number

of neurons times the number of classes, causing many eigenvalues to be zero or near-zero

regardless of the solution quality. Consequently, networks with L2 regularization (which have

smaller weights) can be sharper yet generalize better than unregularized networks, directly

contradicting the flatness-generalization hypothesis for CE loss. This fundamentally breaks

the connection between CE loss sharpness and generalization.

Despite this limitation of CE loss sharpness, our framework can still provide insights for

networks trained with CE loss through two pathways. First, our theoretical results extend

to logistic loss with label smoothing because using the logistic loss with label smoothing

yields the same set of minimizers and flattest minimizers as a corresponding problem using

mean squared error (see Lemma A.13 in Wen et al. [2023]). Second, and more practically
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relevant, our compression metrics (LVR, MLS, NMLS) depend on the network function f

itself rather than the training loss. Once a network is trained (with any loss function), we can

analyze its compression properties by examining how it transforms inputs to outputs. The

empirical success of this approach is demonstrated in Figure 5.5, where we observe meaningful

correlations between compression and sharpness (computed assuming MSE loss) for 181

pretrained ViT models that were trained with CE loss. For these networks, we compute

sharpness using MSE loss applied to the trained network, which allows us to differentiate

between solutions even though their original CE training loss was near zero.

Following [Ma and Ying, 2021, Ratzon et al., 2023], we define θ∗ to be an “exact

interpolation solution” on the zero training loss manifold in the parameter space (the zero

loss manifold in what follows), where f(xi, θ∗) = yi for all i’s (with i ∈ {1..n} indexing the

training set) and L(θ∗) = 0. On the zero loss manifold, in particular, we have

S(θ∗) = 1
n

n∑
i=1
∥∇θf(xi, θ∗)∥2

F , (5.3)

where ∥·∥F is the Frobenius norm. We state a proof of this equality, which appears in Ma

and Ying [2021] and Wen et al. [2023], in Appendix D.3. In practice, the parameter θ

will never reach an exact interpolation solution due to the gradient noise of SGD; however,

Equation (5.3) is a good approximation of the sharpness when the training loss is sufficiently

small (see error bounds in Theorem D.2).

To see why minimizing the sharpness of the solution leads to more compressed representa-

tions, we need to move from the parameter space to the input space. To do so we clarify the

proof of Equation (4) in Ma and Ying [2021] that relates adversarial robustness to sharpness

in the following. The improvements we made are summarized at the end of this section. Let

W be the input weights (the parameters of the first linear layer) of the network, and θ̄ be

the rest of the parameters. Following [Ma and Ying, 2021], as the weights W multiply the
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inputs x, we have the following identities:

∥∥∥∇Wf(Wx; θ̄)
∥∥∥

F
=
√∑

i,j,k

J2
jkx2

i = ∥J∥F ∥x∥2 ≥ ∥J∥2 ∥x∥2 ,

∇xf(Wx; θ̄) = JW ,

(5.4)

where J = ∂f(Wx;θ̄)
∂(Wx) is a complex expression computed with backpropagation. From Equa-

tion (5.4) and the sub-multiplicative property of the Frobenius norm and the matrix 2-norm
3, we have:

∥∥∥∇xf(Wx; θ̄)
∥∥∥

2
≤
∥∥∥∇xf(Wx; θ̄)

∥∥∥
F
≤ ∥W∥2
∥x∥2

∥∥∥∇Wf(Wx; θ̄)
∥∥∥

F
. (5.5)

We call Equation (5.5) the linear stability trick. As a result, we have

1
n

n∑
i=1
∥∇xf(xi, θ∗)∥k

2 ≤
1
n

n∑
i=1
∥∇xf(xi, θ∗)∥k

F

≤ ∥W∥k
2

mini ∥xi∥k
2

1
n

n∑
i=1
∥∇Wf(xi, θ∗)∥k

F

≤ ∥W∥k
2

mini ∥xi∥k
2

1
n

n∑
i=1
∥∇θf(xi, θ∗)∥k

F .

(5.6)

This reveals the impact of flatness on the input sensitivity when k = 2. Equation (5.6) holds

for any positive k. Thus, the effect of input perturbations is upper-bounded by the sharpness

of the loss function (cf. Equation (5.3)). Note that Equation (5.6) corresponds to Equation

(4) in Ma and Ying [2021] with multivariable output.

While the experiments of Ma and Ying [2021] empirically show a high correlation between

the left-hand side of Equation (5.6) and the sharpness, Equation (5.6) does not explain such

a correlation by itself because of the scaling factor ∥W∥k
2 /mini ∥xi∥k

2. This factor makes the

right-hand side of Equation (5.6) highly variable, leading to mixed positive and/or negative

correlations with sharpness under different experimental settings. In the next section, we
3∥AB∥F ≤ ∥A∥F ∥B∥2, ∥AB∥2 ≤ ∥A∥2 ∥B∥2
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will improve this bound to relate sharpness to various metrics measuring robustness and

compression of representations. More specifically, compared to Equation (4) of Ma and Ying

[2021], we make the following improvements:

1. We replace the reciprocal of the minimum with the quadratic mean to achieve a more

stable bound (Proposition 5.8). This term remains relevant as common practice in deep

learning does not normalize the input by its 2-norm, as this would erase information

about the modulus of the input.

2. While Ma and Ying [2021] only considers scalar output, we extend the result to consider

networks with multivariable output throughout the chapter.

3. We introduce new metrics such as Network Volumetric Ratio and Network MLS

(Definition 5.5 and Definition 5.9) and their sharpness-related bounds (Proposition 5.6

and Proposition 5.10), which have two advantages compared to prior results (cf. the

right-hand side of Equation (5.6)):

(a) our metrics consider all linear weights so that bounds remain stable to weight

changes during training.

(b) they avoid the gap between derivative w.r.t. the first layer weights and the

derivative w.r.t. all weights, i.e. the second inequality in Eq. 6, thus tightening

the bound.

Moreover, we show that the underlying theory readily extends to networks with residual

connections in Appendix D.2.
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5.3 From robustness to inputs to compression of repre-

sentations

Building upon the linear stability bound (Equation (5.5)) established in Section 5.2, this

section derives our main theoretical results connecting sharpness to compression of neural

representations.

Key assumptions. Our analysis assumes: (i) the network has reached an approximate

interpolation solution θ∗ where training loss is near zero, allowing us to use the sharpness

characterization from Equation (5.3); (ii) the network architecture consists of linear layers

(including convolutional layers, which are linear operations) with nonlinear activations, though

we do not assume specific activation functions for the main bounds (the theory extends to

networks with residual/skip connections as detailed in Appendix D.2); and (iii) all bounds are

derived using the quadratic (MSE) loss function. While our theoretical derivations require

MSE loss, the compression metrics themselves (LVR, MLS, NMLS) depend only on the

network function f and can be computed for networks trained with any loss function, as

discussed in Section 5.2. Throughout, we work in the local regime where first-order Taylor

approximations are valid.

5.3.1 Sharpness bounds local volumetric transformation in the

feature space

To understand how networks compress their representations, we first study how local volumes

in input space transform as they pass through the network. If a network compresses its inputs,

small volumes around input points should contract as they are mapped to feature space. We

quantify this via the local volumetric ratio, the ratio between the volume of a hypercube of

side length h at x, H(x), and its image under transformation f , f(H(x), θ∗). By the change

of variables formula from multivariate calculus, the infinitesimal volume transformation is

79



characterized by the Jacobian matrix. Consider the mapping f : RM → RN with N < M

and Jacobian J = ∇xf ∈ RN×M . The volume scaling factor is:

d vol|f(x,θ∗) = lim
h→0

vol(f(H(x), θ∗))
vol(H(x))

=
√

det(JJT ) (product of singular values of J)

=
√

det (∇xf(∇xf)T ) ,

(5.7)

where the equality holds because for a rectangular matrix J ∈ RN×M with N < M , the

N -dimensional volume scaling equals the product of its N singular values σ1, . . . , σN , which

equals
√

det(JJT ) since JJT ∈ RN×N is a square matrix with eigenvalues σ2
1, . . . , σ2

N . We

formalize this as a definition:

Definition 5.1. The Local Volumetric Ratio at input x of a network f with parameters

θ is defined as d vol|f(x,θ) =
√

det (∇xf(∇xf)T ).

Exploiting the bound on the gradients derived earlier in Equation (5.5), we derive a

similar bound for the volumetric ratio:

Lemma 5.2.

d vol|f(x,θ∗) ≤
(

tr∇xf(∇xf)T

N

)N/2

= N−N/2 ∥∇xf(x, θ∗)∥N
F , (5.8)

Proof. The inequality follows from the arithmetic-geometric mean inequality applied to the

squared singular values of ∇xf . The equality uses the trace identity tr(∇xf(∇xf)T ) =

∥∇xf∥2
F . See Appendix D.4 for the complete derivation.

Next, we introduce a measure of the volumetric ratio averaged across input samples.

Definition 5.3. The Local Volumetric Ratio (LVR) of a network f with parameters

θ is defined as the sample mean of Local Volumetric Ratio at different input samples:

dVf(θ) = 1
n

∑n
i=1 d vol|f(xi,θ).
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We now establish our first main result: an upper bound on LVR in terms of sharpness. This

bound will show that flatter minima (lower sharpness) necessarily constrain the volumetric

ratio, establishing a mathematical link between parameter-space flatness and feature-space

compression.

Proposition 5.4. The local volumetric ratio is upper bounded by a sharpness related quantity:

dVf(θ∗) ≤
N−N/2

n

n∑
i=1
∥∇xf(xi, θ∗)∥N

F ≤
1
n

√√√√ n∑
i=1

∥W∥2N
2

∥xi∥2N
2

(
nS(θ∗)

N

)N/2
(5.9)

for all N ≥ 1.

The proof of the above inequalities is given in Appendix D.4.

The bound in Proposition 5.4 only considers sensitivity at the input layer. However, we

can strengthen our analysis by examining compression at all intermediate layers, which allows

us to incorporate all network weights rather than just the first-layer weights. This yields

tighter bounds that are more stable during training. We denote the input to the l-th linear

layer as xl
i for l = 1, 2, · · · , L, where x1

i = xi is the network input. Similarly, Wl is the weight

matrix of the l-th linear/convolutional layer. With a slight abuse of notation, we use fl to

denote the mapping from the input of the l-th layer to the final output.

Definition 5.5. The Network Volumetric Ratio (NVR) is defined as the sum of the

local volumetric ratios dVfl
for all fl, that is, dVnet = ∑L

l=1 dVfl

By applying Equation (5.9) to every intermediate layer, we obtain a network-wide bound:

Proposition 5.6. The network volumetric ratio is upper bounded by a sharpness related

quantity:

L∑
l=1

dVfl
≤ N−N/2

n

L∑
l=1

n∑
i=1

∥∥∥∇xlf l
i

∥∥∥N

F
≤ 1

n

√√√√√ L∑
l=1

n∑
i=1

∥Wl∥2N
2∥∥∥xl

i

∥∥∥2N

2

·
(

nS(θ∗)
N

)N/2

. (5.10)
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Again, a detailed derivation of the above inequalities is given in Appendix D.4. Propo-

sition 5.4 and Proposition 5.6 imply that flatter minima of the loss function in parameter

space contribute to local compression of the data’s representation manifold.

5.3.2 Maximum Local Sensitivity as an allied metric to track neural

representation geometry

We observe that the equality condition in the first line of Equation (5.8) rarely holds in practice.

To achieve equality, we would need all singular values of the Jacobian matrix ∇xf to be

identical. However, our experiments in Section 5.4 show that the local dimensionality decreases

rapidly with training onset; this implies that ∇xfT∇xf has a non-uniform eigenspectrum

(i.e., some directions being particularly elongated, corresponding to a lower overall dimension).

Moreover, the volume will decrease rapidly as the smallest eigenvalue vanishes. Thus, although

sharpness upper bounds the volumetric ratio and often correlates reasonably with it (see

Appendix D.8.2), the correlation is far from perfect.

Fortunately, considering only the maximum eigenvalue instead of the product of all

eigenvalues alleviates this discrepancy (recall that det
(
∇xf∇xfT

)
in Definition 5.1 is the

product of all eigenvalues). This motivates an alternative compression metric based on the

largest singular value.

Definition 5.7. The Maximum Local Sensitivity (MLS) of network f is defined to be

MLSf = 1
n

∑n
i=1 ∥∇xf(xi)∥2, which is the sample mean of the largest singular value of ∇xf .

Intuitively, MLS is the largest possible average local change of f(x) when the norm of

the perturbation to x is regularized. MLS is also referred to as adversarial robustness or

Lipschitz constant of the model function in Ma and Ying [2021]. We now derive an analogous

bound for MLS that mirrors Proposition 5.4 but avoids the product-of-eigenvalues issue.

Proposition 5.8. The maximum local sensitivity is upper bounded by a sharpness-related
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quantity:

MLSf = 1
n

n∑
i=1
∥∇xf(xi, θ∗)∥2 ≤ ∥W∥2

√√√√ 1
n

n∑
i=1

1
∥xi∥2

2
S(θ∗)1/2 . (5.11)

The derivation of the above bound is included in Appendix D.5. As an alternative measure

of compressed representations, we empirically show in Appendix D.8.2 that MLS has a higher

correlation with sharpness than the local volumetric ratio. We include more analysis of the

tightness of this bound in Appendix D.8 and discuss its connection to other works therein.

As with volumetric ratio, considering only the first layer can lead to unstable bounds

dominated by prefactor variations. We therefore introduce a network-wide version that

examines sensitivity at all intermediate layers, yielding bounds that more consistently predict

positive correlation with sharpness across experimental settings.

Definition 5.9. The Network Maximum Local Sensitivity (NMLS) of network f is

defined as the sum of MLSfl
for all l, i.e. ∑L

l=1 MLSfl
.

Recall that xl
i is the input to the l-th linear/convolutional layer for sample xi and fl is

the mapping from the input of l-th layer to the final output. Extending the analysis from

Proposition 5.8 to all layers yields:

Proposition 5.10. The network maximum local sensitivity is upper bounded by a sharpness

related quantity:

NMLS = 1
n

L∑
l=1

n∑
i=1

∥∥∥∇xlf l(xl
i, θ∗)

∥∥∥
2
≤

√√√√√ 1
n

n∑
i=1

L∑
l=1

∥Wl∥2
2∥∥∥xl

i

∥∥∥2 · S(θ∗)1/2. (5.12)

The derivation is in Appendix D.5. The advantage of NMLS is that instead of only

considering the robustness of the final output w.r.t. the input, NMLS considers the robustness

of the output w.r.t. all hidden-layer representations. This allows us to derive a bound that

not only considers the weights in the first linear layer but also all other linear weights.
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We observe in Section 5.4.2 that while MLS could be negatively correlated with the right-

hand side of Equation (5.11), NMLS has a positive correlation with right-hand side of

Equation (5.12) consistently. We do observe that MLS is still positively correlated with

sharpness (Figure D.8.3). Therefore, the only possible reason for this negative correlation

is the factor before sharpness in the MLS bound involving the first-layer weights and the

quadratic mean (see Equation (5.11)).

Why LVR and MLS quantify compression. Having introduced our main compression

metrics, we clarify why these quantities measure compression of neural representations. In

our framework, compression refers to the concentration or contraction of representations

when inputs are locally perturbed. LVR quantifies this via volume contraction: if a small

volume in input space is mapped to a smaller volume in representation space, the network has

compressed that region of its representation manifold. Mathematically, LVR < 1 indicates

volume contraction (compression), LVR = 1 indicates volume preservation, and LVR > 1

indicates volume expansion. Similarly, MLS measures compression through sensitivity: lower

MLS means the network output changes less in response to input perturbations, indicating that

nearby inputs are mapped to nearby (compressed) outputs. Networks with high compression

have both low LVR (contracted volumes) and low MLS (reduced sensitivity).

Importantly, our theoretical bounds do not guarantee that networks will compress (i.e.,

achieve LVR < 1 or small MLS). The bounds only establish that flatter minima constrain these

metrics to be smaller. However, our extensive empirical results in Section 5.4 demonstrate

that trained networks do indeed exhibit compression: we observe decreasing LVR and MLS

values during training, particularly in the late stages when networks find flatter minima. The

correlation between sharpness and these compression metrics validates that flatter minima

are associated with more compressed representations in practice, even though the bounds

themselves are upper bounds rather than guarantees of compression.
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On the role of weight norms in the bounds. A critical aspect of our bounds is their

dependence on both sharpness and weight-related prefactors (e.g., ∥W∥2/∥x∥2 ratios). This

raises a natural question: does lower sharpness always imply more compression? Theoretically,

this is not guaranteed. Consider two networks at different interpolating solutions: if one has

lower sharpness but substantially larger weight norms, the bound could be looser despite

the decrease in sharpness. In principle, a decrease in sharpness might not fully counteract

increases in the prefactor terms. We provide detailed empirical analysis of where tightness is

lost in the chain of inequalities comprising our bounds in Appendix D.8.

However, despite this ambiguity in theory, the bounds may still apply usefully in practice.

One important setting where this is the case is for a fixed network architecture during training,

when the prefactors remain relatively stable as the network evolves toward flatter minima.

Then weight norms (and input statistics) do not fluctuate dramatically within a training

trajectory, so the sharpness term dominates the variation in the bound. This explains

the strong positive correlations we observe between sharpness and compression metrics

during training (e.g., Figure 5.2, Figure 5.3). In contrast, when comparing across different

network configurations—such as in our analysis of 181 pretrained ViT models with varying

architectures, datasets, and training procedures—the prefactors can vary substantially. This

is precisely why we employ adaptive sharpness (which normalizes by weight norms) and

normalized MLS in Figure 5.5: these normalized metrics account for the prefactor variations

and reveal that the sharpness-compression relationship holds even across heterogeneous model

families. The empirical robustness of this correlation, both within training trajectories and

across diverse architectures when properly normalized, demonstrates that the bounds capture

meaningful relationships even despite their theoretical limitations.

5.3.3 Local dimensionality is tied to, but not bounded by, sharpness

While LVR and MLS capture compression via volume contraction and maximum sensitivity,

they do not capture the uniformity of compression across different directions. A network might
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compress representations uniformly (reducing all directions proportionally) or anisotropically

(compressing certain directions more than others). This distinction is captured by local

dimensionality, which measures whether the eigenvalues of the Jacobian are uniform or

concentrated in a few directions. As we will show, unlike LVR and MLS, local dimensionality

cannot be directly bounded by sharpness alone, as it depends on eigenvalue ratios rather

than their magnitudes.

Consider an input data point x̄ drawn from the training set: x̄ = xi for a specific

i ∈ {1, · · · , n}. Let the set of all possible perturbations around x̄ in the input space be

samples from an isotropic normal distribution, B(x̄)α ∼ N (x̄, αI), where CB(x̄)α = αI, with

I as the identity matrix, is the covariance matrix. We first propagate B(x̄)α through the

network transforming each point x into its corresponding image f(x). Following a Taylor

expansion for points within B(x̄)α in the limit α→ 0, we have:

f(x) = f(x̄) +∇xf(x̄, θ∗)(x− x̄) + O(∥x− x̄∥2) . (5.13)

We can express the limit of the covariance matrix Cf(B(x)) of the output f(x) as

C lim
f := lim

α→0

Cf(B(x)α)

α
= ∇xf(x̄, θ∗)∇T

x f(x̄, θ∗) . (5.14)

Our covariance expressions capture the distribution of the samples in B(x̄)α as they go

through the network f(x̄, θ∗). The local Participation Ratio based on this covariance is given

by:

DPR(f(x̄)) = lim
α→0

Tr[Cf(B(x)α)]2
Tr[(Cf(B(x)α))2] =

Tr[C lim
f ]2

Tr[(C lim
f )2] (5.15)

(Recanatesi et al. 2022, cf. nonlocal measures in Gao et al. 2017, Litwin-Kumar et al. 2017,

Mazzucato et al. 2016).

Definition 5.11. The Local Dimensionality of a network f is defined as the sample mean

of local participation ratio at different input samples: D(f) = 1
n

∑n
i=1 DPR(f(xi))
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This quantity in some sense represents the sparseness of the eigenvalues of C lim
f : If

we let λ be all the eigenvalues of C lim
f , then the local dimensionality can be written as

DPR = (∥λ∥1 / ∥λ∥2)2, which attains its maximum value when all eigenvalues are equal to

each other, and its minimum when all eigenvalues except for the leading one are zero. Note

that the quantity retains the same value when λ is arbitrarily scaled. As a consequence, it is

hard to find a relationship between the local dimensionality and the fundamental quantity on

which our bounds are based: ∥∇xf(x, θ∗)∥2
F , which is ∥λ∥1.

5.3.4 Relation to reparametrization-invariant sharpness

Dinh et al. [2017] argues that a robust sharpness metric should have the reparametrization-

invariant property, meaning that scaling the neighboring linear layer weights should not

change the metric. While the bounds in Proposition 5.8 and Proposition 5.10 are not strictly

reparametrization-invariant, sharpness metrics that are redesigned [Tsuzuku et al., 2019]

to achieve invariance can be proved to tighten our bounds (see Appendix D.6.1). Another

more aggressive reparametrization-invariant sharpness is proposed in Andriushchenko et al.

[2023], Kwon et al. [2021], and we again show that it upper-bounds input-invariant MLS

in Appendix D.6.2. We also empirically evaluate the relative flatness [Petzka et al., 2021],

which is also reparametrization-invariant in Appendix D.8.2, but no significant correlation is

observed. Overall, we provide a novel perspective: reparametrization-invariant sharpness is

characterized by the robustness of outputs to internal neural representations.

5.3.5 Connection to neural collapse and compressed neural repre-

sentations

The neural collapse phenomenon [Papyan et al., 2020, Zhu et al., 2021] indicates that the

within-class variance of the features in the penultimate layer vanishes at the terminal phase

of training; allied studies have also found compressed neural representations at this and other
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points internal to trained neural networks Farrell et al. 2022 (see also Farrell et al. 2023,

Shwartz-Ziv and Tishby 2017). We next show that the present sharpness-based approach can

describe related properties at penultimate and intermediate network layers. While neural

collapse is often described as a global phenomenon (within-class variance across all samples

of a class), our results are local, quantifying robustness of layer responses for nearby points in

the input space. Nevertheless, a connection emerges when viewing within-class samples as

local perturbations around their class mean, a perspective we develop below.

We first apply our method to study the penultimate-layer features. To accomplish this

we can adapt the linear stability trick in Equation (5.5) to establish a relationship between

their robustness and sharpness. More concretely, we can show that

∥∥∥∇xg(Wx; θ̄)
∥∥∥

F
≤ ∥W∥2

σmin(WL) ∥x∥2

∥∥∥∇Wf(Wx; θ̄)
∥∥∥

F
. (5.16)

Here again, W denotes the first-layer weights, WL denotes the last-layer linear classifier

weights, and g(x) is the penultimate-layer feature. σmin(WL) is defined as the square root of

the smallest eigenvalue of WT
LWL. The proof is given in Appendix D.1.

To extend this analysis to representations before the penultimate layer, note that inequality

(5.16) extends to any middle-layer representation, as detailed in Appendix D.1, so that very

similar conclusions apply directly.

Let the feature dimension be d and the number of classes be K. Then, WL ∈ RK×d, and

σmin(WL) = 0 if d > K; otherwise, it is the smallest singular value of WL. An effective

bound on the robustness of penultimate-layer (or other internal-layer) features is obtained

when d ≤ K, i.e., when the number of classes is at least as large as the feature dimension.

This condition is naturally satisfied in settings such as language modeling, retrieval systems,

and face recognition applications, where the number of classes (vocabulary size, number of

items, number of identities) is typically much larger than the feature dimension.

Interestingly, these are also settings where generalized neural collapse phenomena have

been observed [Jiang et al., 2023]. While our bounds are local (quantifying robustness to small
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input perturbations), a potential connection to neural collapse emerges when we consider

samples from the same class as local perturbations around the class mean. In neural collapse,

the within-class variance of features vanishes, meaning all samples from a class produce nearly

identical features. This can be viewed through our framework as extreme robustness: if the

network maps all within-class samples (which differ from the class mean by small to moderate

perturbations) to the same feature representation, the features exhibit strong compression and

robustness properties that our bounds capture locally. This said, the relationship between our

local robustness bounds and the global geometric structure of neural collapse, including other

aspects not considered here (e.g., the simplex equiangular tight frame geometry) remains an

open question for future investigation.

5.4 Experiments

All networks are trained with MSE (quadratic) loss except for the pretrained ViTs in Sec-

tion 5.4.3.

5.4.1 Sharpness and compression metrics during training: verifying

the theory

The theoretical results derived above show that when the training loss is low, measures of

compression of the network’s representation are upper-bounded by a function of the sharpness

of the loss function in parameter space. This links sharpness and representation compression:

the flatter the loss landscape, the lower the upper bound on the representation’s compression

metrics.

To empirically verify whether these bounds are sufficiently tight to show a clear rela-

tionship between sharpness and representation compression, we trained a VGG-11 network

[Simonyan and Zisserman, 2015] to classify images from the CIFAR-10 dataset [Krizhevsky,

2009] and calculated the (approximate) sharpness (Equation (5.3)), the log volumetric ratio
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(Equation (5.7)), MLS (Definition 5.7) and NMLS (Definition 5.9) during the training phase

(Figure 5.2 and Figure 5.3).
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Figure 5.2: Trends in key variables across SGD training of the VGG-11 network with fixed
batch size (equal to 20) and varying learning rates (0.05, 0.1 and 0.2). Higher learning rates
lead to lower sharpness and hence stronger compression. From left to right: Test accuracy,
NMLS, sharpness (square root of Equation (5.3)), log volumetric ratio (Equation (5.7)), MLS,
and local dimensionality of the network output (Equation (5.15)).

We trained the network using SGD on CIFAR-10 images and explored the influence of two

specific parameters that previous work has shown to affect the network’s sharpness: learning

rate and batch size [Jastrzebski et al., 2018]. For each combination of learning rate and batch

size parameters, we computed all quantities across 100 input samples and averaged across

five different random initializations for network weights.

In Figure 5.2, we study the link between sharpness and representation compression with a

fixed batch size (of 20). We observe that when the network reaches the interpolation regime,

that is, when training loss is extremely low, the sharpness decreases with compression metrics,

including MLS, NMLS, and volume. The trend is consistent across multiple learning rates

for a fixed batch size, and MLS and NMLS match better with the trend of sharpness.

In Figure 5.3, we repeated the experiments while keeping the learning rate fixed at 0.1

and varying the batch size. The same broadly consistent trends emerged, linking a decrease
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in the sharpness to a compression in the neural representation. However, we also found that

while sharpness stops decreasing after about 5 · 104 iterations for a batch size of 32, the

volume continues to decrease as learning proceeds. This suggests that other mechanisms,

beyond sharpness, may be at play in driving the compression of volumes.

We repeated the experiments with an MLP trained on the FashionMNIST dataset [Xiao

et al., 2017] (Figure D.9.5 and Figure D.9.6). The sharpness again follows the same trend

as MLS and NMLS, consistent with our bound. The volume continues to decrease after the

sharpness plateaus, albeit at a much slower rate, again matching our theory, while suggesting

that an additional factor may be involved in its decrease.
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Figure 5.3: Trends in key variables across SGD training of the VGG-11 network with fixed
learning rate size (equal to 0.1) and varying batch size (8, 20, and 32). Smaller batch sizes
lead to lower sharpness and hence stronger compression. From left to right in row-wise
order: test accuracy, NMLS, sharpness (square root of Equation (5.3)), log volumetric ratio
(Equation (5.7)), MLS, and local dimensionality of the network output (Equation (5.15)).

5.4.2 Correlation between compression metrics and their sharpness-

related bounds

We next test the correlation between both sides of the bounds that we derive more generally.

In Figure 5.4, we show pairwise scatter plots between MLS (resp. NMLS) and the sharpness-
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related bound on MLS (resp. NMLS) (we include an exhaustive set of correlation matrices

in Appendix D.8.2). Interestingly, we find that quantities that only consider a single layer

of weights, such as the relative flatness [Petzka et al., 2021] and the bound on the MLS

(Proposition 5.8), can exhibit a negative correlation between both sides of the bound in some

cases (Figures 5.4, D.8.2 and D.8.3). This demonstrates the necessity of introducing NMLS

to explain the relationship between sharpness and compression. Nevertheless, we find that

all compression metrics, such as MLS, NMLS, and LVR, introduced in Section 5.3, correlate

well with sharpness in all of our experiments (Appendix D.8.2). Although the bound in

Proposition 5.4 is loose, the log LVR still correlates positively with sharpness and MLS.

A. CIFAR-10 + VGG-11 B. FashionMNIST + MLP C. CIFAR-10 + LeNet

Figure 5.4: We trained 100 different models for each combination of datasets and networks by
varying learning rates, batch size, and random initializations. Pairwise scatter plots between
MLS (resp. NMLS) and the sharpness-related bound on MLS (resp. NMLS) are shown
here. For MLS (resp. NMLS) bound see Proposition 5.8 (resp. Proposition 5.10). The
Pearson correlation coefficient ρ is shown in the top-left corner for each scatter plot. See
Appendix D.8.2 for the full pairwise scatter matrix.
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5.4.3 Empirical evidence in Vision Transformers (ViTs)

Since our theory applies to linear and convolutional layers as well as residual layers (Ap-

pendix D.2), relationships among sharpness and compression, as demonstrated above for

VGG-11 and MLP networks, it should hold more generally in modern architectures such

as the Vision Transformer (ViT) and its variants. However, naive ways of evaluating the

quantities discussed in previous sections are computationally prohibitive. Instead, we look

at the MLS normalized by the norm of the input and the elementwise-adaptive sharpness

defined in Andriushchenko et al. [2023], Kwon et al. [2021]. Both of the metrics can be

estimated efficiently for large networks. Specifically, in Figure 5.5 we plot the normalized

MLS against the elementwise-adaptive sharpness. The analytical relationship between the

normalized MLS and the elementwise-adaptive sharpness and the details of the numerical

approximation we used are given in Appendix D.6.2 and Appendix D.7 respectively. For all

the models, we attach a sigmoid layer to the output logits and use MSE loss to calculate the

adaptive sharpness. Figure 5.5 shows the results for 181 pretrained ViT models provided

by the timm package [Wightman, 2019]. We observe that there is a general trend that lower

sharpness indeed implies lower MLS. However, there are also outlier clusters, with data

corresponding to the same model class; an interesting future direction would be to understand

the mechanisms driving this outlier behavior. Interestingly, we did not observe this correlation

between unnormalized metrics, indicating that weight scales should be taken into account

when comparing between different models.

5.4.4 Sharpness and local dimensionality

A priori, it is unclear whether the local dimensionality of the neural representations should

increase or decrease as the volume is compressed. For example, the volume could decrease while

maintaining its overall form and symmetry, thus preserving its dimensionality. Alternatively,

one or more of the directions in the relevant tangent space could be selectively compressed,

leading to an overall reduction in dimensionality.
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MobileViT

FastViT

Figure 5.5: Adaptive sharpness vs Normalized MLS for 181 ViT models and variants. Different
colors represent different model classes. For most models, there is a positive correlation
between Sharpness and MLS. However, outlier clusters also exist, for MobileViT [Mehta and
Rastegari, 2022] models in the upper left corner, and two FastViT [Vasu et al., 2023] models
in the lower right corner.

Figure 5.2 and Figure 5.3 show our experiments computing the local dimensionality over

the course of training. Here, we find that the local dimensionality of the representation

decreases as the loss decreases to near 0, which is consistent with the viewpoint that the

network compresses representations in feature space as much as possible, retaining only

the directions that code for task-relevant features [Berner et al., 2020, Cohen et al., 2020].

However, the local dimensionality exhibits unpredictable behavior that cannot be explained

by the sharpness once the network finds an approximate interpolation solution and training

continues. Further experiments also demonstrate a weaker correlation of sharpness and

local dimensionality compared to other metrics such as MLS and volume (Figures D.8.2

to D.8.4). This discrepancy is consistent with the bounds established by our theory, which
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only bound the numerator of Equation (5.15). It is also consistent with the property of

local dimensionality that we described in Section 5.3.3 overall: it encodes the sparseness

of the eigenvalues but it does not encode the magnitude of them. This shows how local

dimensionality is a distinct quality of network representations compared with volume, and is

driven by mechanisms that differ from sharpness alone. We emphasize that the dimensionality

we study here is a local measure, on the finest scale around a point on the “global” manifold

of unit activities; dimension on larger scales (i.e., across categories or large sets of task inputs

[Farrell et al., 2022, Kothapalli et al., 2022, Zhu et al., 2021, Ansuini et al., 2019, Recanatesi

et al., 2019, Papyan et al., 2020]) may show different trends.

5.5 Discussion: connection to generalization

So far we have avoided remarking on implications of our results for the relationship between

generalization and sharpness or compression because generalization is not the main focus of

our work. However, our work may have implications for future research on this relationship,

and we briefly discuss this here. Our theoretical results establish that sharpness directly

controls compression of neural representations—specifically, how robust intermediate rep-

resentations are to input perturbations. By "robustness of representations," we mean that

small changes to the input produce proportionally small changes in the network’s internal

feature representations (quantified by low LVR and MLS). This compression property is

desirable in adversarial settings where we want representations to remain stable under input

perturbations.

However, representation robustness alone does not guarantee better generalization. Ma

and Ying [2021] gave a generalization bound based on adversarial robustness, but the theorem

requires that most test data lie close to the training data, which demands extensive training

coverage. In contrast, our correlation analysis in Appendix D.8.2 shows that sharpness

consistently has a higher correlation with compression metrics than with the generalization
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gap. Additional experiments in Appendix D.9 show that lower sharpness does not always

imply better test accuracy.

This phenomenon is also observed in applied machine learning literature. For example,

it is well-established that large learning rates lead to lower sharpness (flatter minima), a

relationship we also observe in our Figure 5.2 and consistent with Cohen et al. [2020] and Wu

et al. [2022]. If low sharpness directly implied better generalization, we would expect large

learning rates to improve out-of-distribution (OOD) performance. However, Wortsman et al.

[2022] demonstrates the opposite: large learning rates can severely hurt OOD generalization.

This shows that low sharpness alone—and the compressed representations it produces—does

not guarantee superior generalization.

Thus, our work offers a possible resolution to the contradictory results on the relationship

between (reparametrization-invariant) sharpness and generalization [Wen et al., 2023, An-

driushchenko et al., 2023]: sharpness directly determines representation compression, but

whether this compression translates to superior generalization may depend on other latent

factors beyond just sharpness.

One possible factor is that compression metrics (LVR, MLS, NMLS) measure robustness

to small random perturbations—networks with low sharpness have representations that are

insensitive to noise. However, good generalization sometimes requires networks to remain

sensitive to semantically meaningful differences in the input. To illustrate this distinction,

consider a large language model (LLM) performing a "needle in a haystack" test, where it

must extract specific information from a long context. When the query changes meaningfully

(e.g., asking for a different fact), the output should change substantially to provide the

correct answer—the network must be sensitive to the semantic content of the query. Yet

simultaneously, the network should be robust to small random perturbations in the text, such

as typos or minor paraphrasing. Sharpness controls the latter (robustness to random noise),

but whether this robustness aids generalization depends on the nature of the distribution

shift at test time: if test inputs primarily differ from training via noise-like perturbations,
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compression helps; if they differ in task-relevant semantic features that require discrimination,

excessive compression may reduce the network’s ability to distinguish these meaningful

differences.

5.6 Summary and Conclusion

This work presents a dual perspective, uniting views in both parameter and feature space, of

several properties of trained neural networks. We identify two representation compression

metrics that are bounded by sharpness – local volumetric ratio and maximum local sensitivity

– and give new explicit formulas for these bounds. We conducted extensive experiments with

feedforward, convolutional, and attention-based networks and found that the predictions of

these bounds are borne out for these networks, illustrating how MLS in particular is strongly

correlated with sharpness. Overall, we establish explicit links between sharpness properties

in parameter spaces and compression and robustness properties in the feature space.

By demonstrating both how these links can be tight, and how and when they may

also become loose, we propose that taking this dual perspective can bring more clarity

to the often confusing question of what sharpness actually quantifies in practice. Indeed,

many works, as reviewed in the introduction, have demonstrated how sharpness can lead

to generalization, but recent studies have established contradictory results. Therefore,

our work contributes to the further exploration of sharpness-based methods for improving

neural network performance. Future directions include tightening the derived bounds given

knowledge of the data distribution, and investigating the conditions under which representation

compression translates to improved generalization.
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Chapter 6

Feedforward Memory Networks and

Online Synaptic Representations

Chapter 5 studied representations after optimization, relating the geometry of a trained

loss landscape to compression across network layers. This chapter moves from pre-trained

parameters to weights that continue to change during computation. In feedforward memory

networks, synaptic plasticity makes the current weight matrix a representation of recent

experience, allowing us to ask how update rules and heterogeneous timescales shape what

the neural system can remember.

6.1 Introduction

We receive a continuous stream of sensory inputs in our daily lives, and we need to draw

on our previous experiences when making decisions. Working memory (WM), the ability

to recall recently received stimuli and operate on them, is proposed to be implemented by

persistent neural activity [Funahashi, 2017, Fuster and Alexander, 1971] and activity-silent

synaptic weights [Silvanto, 2017, Sreenivasan et al., 2014, Mongillo et al., 2008]. Our work

focuses on how recent experiences are encoded in the synaptic traces. Classical models of

memory [Hopfield, 1982] are content-addressable systems, meaning that the retrieval happens
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if a partial cue is provided. These classical models mandate symmetric synaptic weights and

have limited memory capacity [Ramsauer et al., 2021].

Recent transformer-like memory models such as biological key-value networks [Tyulmankov

et al., 2021] and modern Hopfield networks [Ramsauer et al., 2021] store keys and values

explicitly in parameters. In particular, biological key-value networks manually provide local

third factors as inputs to decide whether an input should be completely ignored, and gate the

synaptic change to each hidden unit to enable the selection of a single neuron for memory

writing. While the modern Hopfield network and its biological counterpart [Krotov and

Hopfield, 2021] provide an addressing mechanism, they do not specify how to compute the

stored patterns in a biologically plausible way, nor do they specify how to selectively keep

memory of information from a continuous input stream over time to complete more complex

tasks such as those in the NeuroGym package [Molano-Mazón et al., 2022].

More recent works [Aitken and Mihalas, 2023, Tyulmankov et al., 2021, 2022] have

proposed biologically plausible memory models that constantly update their synaptic weights

in response to a continual stream of inputs to complete complex tasks. Both models consider a

feedforward network with one hidden layer whose first-layer weights are endowed with Hebbian

synaptic plasticity. This class of models, which we call feedforward memory networks (FMNs),

can complete complex memory tasks such as continual familiarity detection, retrospective

contextual integration, and a battery of other neuroscience tasks. However, the underlying

mechanism by which these networks complete various neuroscience tasks remains elusive. To

understand this class of biological models theoretically, we analyze two components of FMNs

that are of independent interest. First, we assume fixed synaptic weights in the first layer

and analyze the feedforward architecture based on the theory developed for modern Hopfield

networks [Ramsauer et al., 2021, Krotov and Hopfield, 2021]. We show that the output of an

FMN is equivalent to a linear transformation of the retrieval of memory patterns in a Hopfield

network. Therefore, the performance of an FMN critically hinges upon the memory patterns

that it learns through synaptic dynamics. Second, we study how the synaptic dynamics of
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the first-layer weights give rise to the memory patterns of the equivalent Hopfield network.

We reveal a close relationship between the performance of these FMNs and the variety of

memory patterns that they learn, both theoretically and empirically. Inspired by evidence

that biological synaptic plasticity can occur across a spectrum of timescales, ranging from

milliseconds [Erickson et al., 2010] to seconds [Bittner et al., 2017] to hours [Becker and

Tetzlaff, 2021], we hypothesize that heterogeneous synaptic parameters can facilitate the

formation of varied memory patterns, thereby yielding better representations of past events

that are necessary to complete temporal tasks. To test this hypothesis, we introduce synapse-

wise parameters for both decay rates and plasticity rates that parametrize the feedforward

network. We call the resulting model the Hetero-Plasticity Network (HPN), and show that

the HebbFF network in [Tyulmankov et al., 2022] and MPN in [Aitken and Mihalas, 2023]

are special cases of the HPN. Therefore, we propose in this chapter an integrated framework

for understanding capabilities of all FMNs.

More specifically, our contributions are as follows:

• We show that the feedforward memory networks implicitly implement the cross-attention

mechanism. We further show that the feedforward memory networks can be interpreted

as a linear transformation of the retrieval of a modern Hopfield network.

• We introduce the Hetero-Plasticity Network (HPN), a biologically plausible memory

model that meta-learns decay- and plasticity-rate parameters, to study the effect of

heterogeneous synaptic plasticity on the learning dynamics of stored patterns. We show

that MPN and HebbFF networks are special cases of HPN.

• We analytically study the learning dynamics of stored patterns in HPN. We reveal how

heterogeneous decay rates and plasticity rates affect the eigenvalues and eigenvectors of

the linear transition matrix of the learning dynamics.

• We empirically validate the predictions of our analysis on NeuroGym tasks and evaluate

the effect of different parameter settings on network performance.
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6.2 A Hopfield formulation of feedforward memory net-

works: Preliminaries

Without temporal synaptic dynamics, the dynamics of all FMNs, including MPN, HebbFF,

and the HPN that we propose, can be simplified to a two-layer, fully connected feedforward

network:

ot = Woutht

ht = F (Winxt),
(6.1)

where xt ∈ Rd
i is the input (query), Win ∈ Rdh×di is the input-weight matrix, Wout ∈ Rdo×dh

is the output-weight matrix, and F is the nonlinearity (e.g., tanh) used by the hidden-layer

neurons. Although all FMNs without synaptic dynamics can be reduced to this simple form,

different FMNs perform differently on the same neuroscience tasks [Aitken and Mihalas,

2023], indicating that the learning dynamics of their synaptic plasticity are central to their

performance. To understand how synaptic dynamics contribute to performance, we first need

to establish the connection between the learned synaptic weights and the output of the FMN.

Inspired by previous work [Krotov and Hopfield, 2016], we propose to understand FMNs

under the Hopfield formulation. Krotov and Hopfield [2016] already noted the equivalence

between feedforward networks and dense associative memory, a discrete counterpart of the

modern Hopfield network. We adapt the result of Krotov and Hopfield [2021] to show that

the network output ot in Equation (6.1) can be interpreted as a linear transformation of

the pattern retrieved from a modern Hopfield network (Appendix E.2). This motivates us

to study how the learning dynamics produce the memory patterns defined by Win in this

formulation in Section 6.3. Figure 6.1 illustrates our overall approach to understanding FMNs

through their corresponding memory patterns under the Hopfield formulation.
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Figure 6.1: Unified Hopfield formulation to understand FMNs. A: The equivalence between
feedforward memory networks (FMNs), modern Hopfield networks, and cross-attention
mechanisms (transformer models). The memory patterns are stored in synaptic weights,
attractors, and key-value caches (KV Cache) [Pope et al., 2023] respectively. This unified
framework shows how the stored memory patterns in these formulations are essential to
understand the learning dynamics of FMNs and make predictions about their performance.
B: Illustration of FMNs. The only difference between different FMNs lies in the synaptic
dynamics of Win, which determine how memory patterns evolve through time. Different
shades of input weights represent different memory patterns.

6.3 Learning dynamics of stored patterns

We introduce the Hetero-Plasticity Network (HPN) to study the effect of heterogeneous

synaptic plasticity on FMN’s capacity to complete complex tasks.

HPN is a feedforward memory network with the following Hebbian synaptic dynamics in

the input layer:

W
(t+1)
in −W 0 = λ⊙ (W (t)

in −W 0) + η ⊙ htxT
t , (6.2)

where λ ∈ Rdh×di and η ∈ Rdh×di are the decay rates and plasticity rates, respectively,

for all synapses, and W 0 is the baseline synaptic-weight matrix to which Wij will converge in

the absence of input. We assume 0 < λij < 1 for every synapse. In particular, with W 0 = 0,

Win will converge to 0 in the absence of input. We show that both the HebbFF network

[Tyulmankov et al., 2021] and the MPN [Aitken and Mihalas, 2023] can be interpreted

as special cases of HPN in Section 6.3.1 and Section 6.3.2. Then we study the effects of

heterogeneous synaptic plasticity on the learning dynamics of stored patterns in Section 6.3.3.
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6.3.1 HebbFF networks are HPNs with uniform decay and plastic-

ity rates

In the HebbFF network, the Hebbian synaptic dynamics of the first layer is given by

Mt+1 = λMt + ηhtxT
t

W
(t)
in = Mt + W 0,

(6.3)

where Mt is the time-dependent synaptic modulation matrix, λ and η are scalar parameters

learned through training, and W 0 is the base synaptic weights. If we expand Mt and apply

the recurrence again,

W
(t+1)
in = λMt + ηhtxT

t + W 0

= λ(Mt−1 + W 0) + ηht−1xT
t−1 + (1− λ)W 0

= λW
(t)
in + ηhtxT

t + (1− λ)W 0.

(6.4)

Therefore, HebbFFs can be written as HPNs with uniform decay rates and plasticity rates:

W
(t+1)
in −W 0 = λ(W (t)

in −W 0) + ηhtxT
t (6.5)

6.3.2 MPNs are HPNs with uniform decay rates and structured

heterogeneous plasticity rates

In MPN, the Hebbian synaptic dynamics of the first layer of the feedforward memory network

is given by

Mt+1 = λMt + ηht+1xT
t+1

W
(t+1)
in = (Mt + 1)⊙Wbase,

(6.6)
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where the notation is consistent with Equation (6.3). If we expand Mt and apply the

recurrence again,

W
(t+1)
in = λ(Mt−1 + 1)⊙Wbase + (1− λ)W 0

+ ηhtxT
t ⊙W 0

= λW
(t)
in + ηW 0 ⊙ htxT

t + (1− λ)W 0.

(6.7)

Therefore, MPN implicitly implements element-wise plasticity rates by learning ηW 0:

W
(t+1)
in −W 0 = λ(W (t)

in −W 0) + ηW 0 ⊙ htxT
t . (6.8)

We want to emphasize here that the HPN formulation is more general than MPN even when

one uses matrix-valued λ and η in the MPN equation. To see this, consider a case that can

be achieved by HPN but cannot be achieved by the all-matrix form of MPN. Consider a

case where the connectivity matrix converges to zero when no activity is present. In this

case, for HPN, we simply set Wbase = 0. For HPN, we have 2n2 parameters from λ and η.

However, if we use MPN to describe the case where the connectivity matrix converges to zero

when no activity is present, we must require Wbase = 0. In this case, even if one uses the

matrix version of MPN with 2n2 parameters, due to the zero baseline connectivity matrix,

the effective connectivity remains zero regardless of the presence of activity in x or h. Thus,

we can see that MPN is a particular case of HPN even when one uses matrix-valued λ and η.

6.3.3 Temporal capacity of stored patterns

Since all historical information is stored in the synaptic traces, an important question is

whether the network can extract information about recent experiences from those traces at

the current time step. We use the linear Taylor approximation of the tanh nonlinearity to

provide a theoretical analysis. We justify this choice of nonlinearity in Appendix E.2.4. For
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the i-th stored pattern wi (a row of Win), we have

w(t)
i = λi ⊙w(t−1)

i + ηi ⊙ tanh(w(t−1)
i xt−1)xT

t−1 (6.9)

≈ λi ⊙w(t−1)
i + ηi ⊙ (w(t−1)

i xt−1)xT
t−1 (6.10)

We discuss four cases where 1) λi and ηi are both uniform, 2) λi is heterogeneous and ηi

is uniform, 3) λi is uniform and ηi is heterogeneous, and 4) both are heterogeneous. We omit

the index i in the following section for simplicity. We also assume that the base synaptic

plasticity is zero W.L.O.G., since we can always reparametrize w(t) to include an offset.

Uniform synaptic plasticity

When λ and η are both uniform, we have

wt = λwt−1 + η(wt−1xt−1)xT
t−1

= wt−1(λI + ηxt−1xT
t−1).

(6.11)

Therefore, wt is a linear dynamical system with a symmetric DPR1 (Diagonal Plus Rank-1

matrix) state transition matrix. The following lemma shows that there is at most one

eigenvalue whose absolute value is greater than 1.

Lemma 6.1. The eigenvalues of λI+ηxxT are given by λ+η ∥x∥2 and λ, where the geometric

multiplicity of λ is di − 1.

The proof is given in Appendix E.3.1. As a result, a non-degenerate w can only converge

to two directions if the input x remains a constant vector. More specifically, we have the

following proposition.

Proposition 6.2. Assume xt = x ̸= 0 for all t, and w0 has a nonzero component along

x. Then
∣∣∣ wt·x

∥wt∥∥x∥

∣∣∣ → 1 as t → ∞ when η > 0 or η < − 2λ
∥x∥2 , and wt → 0 as t → ∞ when

− 2λ
∥x∥2 < η < 0.
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The proof is given in Appendix E.3.1. The proof of Proposition 6.2 shows that with each

update, the components of the stored pattern orthogonal to the current input will decay

relative to the component aligned with the current input. Given constant input, the absolute

cosine between the stored pattern and the input converges to 1. Empirically, we found that

the stored patterns learned with uniform synaptic plasticity form two clusters symmetric

with respect to the origin (Figure 6.4), meaning that the learned memory patterns indeed

converge to one of the two directions empirically.

Heterogeneous decay rates and uniform plasticity rates

When λ is heterogeneous and η is uniform, we have

wt = wt−1 diag(λ) + η(wt−1xt−1)xT
t−1

= wt−1(diag(λ) + ηxt−1xT
t−1).

(6.12)

Again we have a linear dynamical system with a symmetric DPR1 state transition matrix.

One might expect that due to the heterogeneity of the decay rates, the transition matrix will

have a more diverse eigenspectrum. However, the following proposition shows otherwise.

Proposition 6.3. The matrix diag(λ) + ηxxT has at most one eigenvalue whose absolute

value is greater than 1. Its largest eigenvalue µmax satisfies max(λ) ≤ µmax ≤ max(λ)+η ∥x∥2

when η > 0, and its smallest eigenvalue µmin satisfies min(λ) + η ∥x∥2 ≤ µmin ≤ min(λ) when

η < 0.

The proof is given in Appendix E.3.2. We can use the same argument used in the proof

of Proposition 6.2 to show that the stored pattern generically converges, up to sign, to

the eigendirection associated with the eigenvalue of largest magnitude. The eigenvector of

diag(λ) + ηxxT corresponding to µ is given by (diag(λ)−µI)−1x [Bunch et al., 1978]1. Using

the result of Proposition 6.3, we observe that all the entries of (diag(λ) − µI)−1 have the
1also known as the Bunch–Nielsen–Sorensen formula
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same sign. In the next section, we show that this constraint does not apply to the case

where the decay rate is uniform and the plasticity rates are heterogeneous. Below we will

show empirically that we observe a worse performance for this parameter setting than other

heterogeneous settings (Section 6.4.1), indicating that this is a significant barrier to learning.

Uniform decay rates and heterogeneous plasticity rates

When λ is uniform and η is heterogeneous, we have

wt = λwt−1 + wt−1xt−1xT
t−1 diag(η)

= wt−1(λI + xt−1xT
t−1 diag(η)).

(6.13)

Here, the transition matrix is a DPR1 matrix that is not symmetric. We can easily see that

the left eigenvector of λI + xt−1xT
t−1 diag(η) is xT

t−1 diag(η), and the corresponding eigenvalue

is λ + xT
t−1 diag(η)xt−1. The only other eigenvalue is λ, so the arguments used in the proof

of Proposition 6.2 can be applied again to show that the stored patterns will converge to

directions of ±xT diag(η). Unlike the setting where λ is heterogeneous and η is uniform, η

here is trained without any constraints. Therefore, the stored patterns can converge to any

direction in the input space given a fixed input x, leading to better performance than the

setting where λ is heterogeneous and η is uniform (Figure 6.3).

Heterogeneous decay rates and plasticity rates

When λ and η are both heterogeneous, we have

wt = wt−1 diag(λ) + wt−1xt−1xT
t−1 diag(η)

= wt−1(diag(λ) + xt−1xT
t−1 diag(η)).

(6.14)

Now, the transition matrix is a DPR1 matrix that is not symmetric. In this case, it turns out

that we can always find λ, η and x such that diag(λ) + xt−1xT
t−1 diag(η) has an arbitrary

set of eigenvalues.
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Proposition 6.4. Assume that λi ̸= 0, λi ̸= λj for i ̸= j, and xi ̸= 0 for all i. Then, for any

λ and x, there exists an η such that diag(λ) + xxT diag(η) has any set of eigenvalues.

The proof is given in Appendix E.3.3. The left eigenvectors corresponding to the eigen-

values of diag(λ) + xxT diag(η) are given by xT diag(η)(diag(λ) − µI)−1, where µ is the

eigenvalue [Bunch et al., 1978]. From the proof of Proposition 6.2, we see that the stored pat-

tern generically converges, up to sign, to the left eigendirection associated with the eigenvalue

of largest magnitude. Components along other eigenvectors need not decay in magnitude

because there could be more than one eigenvalue whose absolute value is greater than 1. This

result shows that the network can learn a diverse set of stored patterns. Empirically, we

found that the performance of the network is better when λ and η are both heterogeneous

than when they are both uniform (Figure 6.2).

6.4 Results

In this section, we train variants of FMNs, including HebbFF, MPN, and HPN, with

varying heterogeneity on the NeuroGym tasks [Molano-Mazón et al., 2022] to test our theory.

NeuroGym consists of 16 tasks, including contextual integration, continuous integration, and

a battery of other neuroscience tasks (see Appendix E.4 for a full list). We compare the

performance of three types of feedforward memory networks (HPN, MPN, and HebbFF) under

various parameter settings and empirically verify the equivalence between the forms of FMN

derived in Section 6.3.1 and Section 6.3.2. We then compare HPNs with heterogeneous decay

rates but uniform plasticity rates against HPNs with uniform decay rates but heterogeneous

plasticity rates. Finally, we visualize the learned patterns to verify the theoretical analysis in

Section 6.3.3. Throughout this section, we use zero baseline Hebbian plasticity for HPNs.
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6.4.1 Uniform synaptic plasticity gives worse performance

We first show that switching from uniform to heterogeneous synaptic plasticity improves

performance on almost all tasks for every network type under consideration (Figure 6.2). We

found that networks with uniform synaptic plasticity fail to learn most tasks except those

that require only binary output, while networks with heterogeneous synaptic plasticity excel

on all tasks. This result is consistent with the theoretical analysis in Section 6.3.3.
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Figure 6.2: Performance of HPNs with different parameter settings on NeuroGym tasks.

6.4.2 Heterogeneous Plasticity Rates Yield Superior Performance

Compared to Heterogeneous Decay Rates

Although HPNs with heterogeneous η and uniform λ and HPNs with uniform η and hetero-

geneous λ have the same number of parameters, our theory predicts that HPNs with uniform

plasticity rates are restricted in the directions of their stored patterns. Indeed, we observe
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empirically that HPNs with uniform plasticity rates perform significantly worse than HPNs

with uniform decay rates (Figure 6.3).
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Figure 6.3: Performance of HPNs with different parameter settings on NeuroGym tasks.

6.4.3 Visualization of learned patterns

We also found that the stored patterns learned with uniform decay rates λ and plasticity

rates η form two symmetric clusters with respect to the origin (Figure 6.4), consistent with

the theoretical analysis in Section 6.3.3.

6.5 Discussion

In this work, we study an abstract class of feedforward memory networks (Equation (6.1) and

Equation (6.2)) that store patterns in the synaptic weights of the first layer and use linear

readouts of the hidden layer as outputs. This abstraction decouples the learning dynamics of
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η uniform λ uniform

η uniform λ hetero η hetero λ hetero

η hetero λ uniform

Figure 6.4: Learned memory patterns of HPNs with different parameter settings at cue time
in the context-dependent decision-making task (different colors indicate different cue times).
For the HPN with uniform η and λ, noise is added for visibility.

stored patterns from the retrieval computation carried out by the feedforward network. In

terms of retrieval computation, our theoretical analysis demonstrates that FMN outputs are

linear transformations of modern Hopfield network retrievals, linking feedforward memory

networks to the well-established theory of modern Hopfield networks. This connection allows

us to interpret feedforward memory networks as implementing a cross-attention mechanism.

This Hopfield framework unifies memory models such as HebbFF and MPN under a common

theoretical foundation, with which we study the learning dynamics of stored patterns.

We introduce the Hetero-Plasticity Network (HPN), which meta-learns decay- and

plasticity-rate parameters, to study the effect of heterogeneous synaptic plasticity on the
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learning dynamics of stored patterns. We show that the HebbFF network and the MPN are

special cases of HPN: the MPN implicitly implements heterogeneous synaptic plasticity, while

HebbFF admits a learnable bias in the Hebbian plasticity rule. We provide a theoretical

analysis of the linearized learning dynamics of stored patterns in HPN and make three

predictions: (1) HPNs with heterogeneous synaptic plasticity outperform those with uniform

plasticity, (2) HPNs with uniform plasticity can learn at most two different stored patterns

that are symmetric with respect to the origin, and (3) HPNs with heterogeneous plasticity

rates outperform those with heterogeneous decay rates. Our empirical results on NeuroGym

tasks confirm these predictions.

One of the key insights from our work is the importance of heterogeneous synaptic

plasticity. We showed that introducing heterogeneity in decay rates and plasticity rates

significantly enhances the network’s ability to retrieve and utilize stored patterns. This

finding aligns with biological observations that synaptic plasticity operates over a wide range

of timescales and suggests that incorporating such heterogeneity into artificial networks can

improve their performance on complex tasks.

Our results elucidate how heterogeneous synaptic plasticity contributes to the network’s

ability to retrieve and utilize stored patterns, providing a mechanistic understanding of the

performance of different feedforward memory networks.

Despite these advances, several questions remain open for future research. One area of

interest is the role of baseline Hebbian plasticity. Although we did not observe a difference in

performance between networks that use zero baseline Hebbian plasticity and networks that do

not, nonzero baseline Hebbian plasticity is a more biologically plausible choice. Additionally,

extending our theory to incorporate recurrent connections and more sophisticated synaptic

plasticity rules could further enhance the task-learning capabilities of feedforward memory

networks.
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6.6 Conclusion

Our theoretical analysis showed that the outputs of a broad class of memory models, which

we call FMNs, are linear transformations of modern Hopfield network retrievals and have

close relationships to Hopfield theory and cross-attention mechanisms. We further introduced

the Hetero-Plasticity Network (HPN) as a subclass of feedforward memory networks, of which

MPNs and HebbFFs are special cases, to study the effects of heterogeneous synaptic plasticity

on the learning dynamics of stored patterns.

We demonstrated that HPNs with heterogeneous synaptic plasticity outperform those

with uniform plasticity, can learn diverse stored patterns, and achieve better performance

than networks with heterogeneous decay rates. Our empirical results on NeuroGym tasks

confirmed these predictions, highlighting the importance of heterogeneous plasticity in

enhancing memory retrieval and task performance.

Our study provides a comprehensive framework for understanding the role of heterogeneous

synaptic plasticity in memory networks and builds a theoretical foundation for developing

more advanced biological memory models.
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Chapter 7

Conclusion

This dissertation brought together five case studies organized into two interconnected lines

of research. Part I examined how biological and artificial neural systems model probability

distributions and how those learned distributions become visible through neural dynamics,

progress estimation, and generation. Part II examined how stochastic gradient descent

and input-driven synaptic plasticity shape representations. Together, these complementary

studies identify several precise ways in which probabilistic computation depends on internal

representation and in which learning determines what those representations make available.

7.1 Synthesis

Part I examined three ways in which neural systems model and learn probability distributions.

Chapter 2 treated a distribution as something characterized by the neural dynamics: under

the sampling hypothesis, the frequency with which a recurrent circuit visits different states

represents probability over time. It thereby took up the gap identified in the introduction

between a computational account of Bayesian behavior and a neural mechanism capable of

representing the required distribution. By relating stationary sampling to score-function

approximation, the chapter showed that sampler-only dynamics are restricted in the dis-

tributions they can express, whereas a reservoir-sampler construction can approximate a
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substantially richer class under the stated assumptions. The result therefore specifies which

recurrent architectures can realize sampling-based neural codes for complex distributions.

Chapters 3 and 4 studied probabilistic modeling in artificial networks from different

directions. TOPReward used progress estimation to probe the probability distribution

modeled by a pretrained VLM. The systematic change in task-completion probability across

trajectory prefixes, together with its dependence on the instruction, provides evidence that

the network’s learned distribution reflects latent task progress even without task-specific

supervised training. The resulting probability can support progress estimation, success

detection, and behavior learning.

dUltra instead studied the distribution and sampling procedure of a masked diffusion

language model. Because such a model represents a distribution over complete token sequences

without requiring a fixed left-to-right factorization, the order in which positions are unmasked

becomes part of generation. dUltra modeled this order as a state-dependent Markov process

and learned per-token unmasking probabilities jointly with the token predictor. Its central

contribution was to learn how probabilistic language generation should proceed under an

accuracy–efficiency tradeoff.

Together, the three chapters in Part I advance probabilistic modeling at three complemen-

tary levels. The recurrent-sampling chapter works at the implementation level by identifying

neural architectures capable of enacting complex distributions through stochastic dynam-

ics. TOPReward works at the computational level by showing that a pretrained model’s

conditional distribution reveals a graded judgment about latent task progress and can turn

that judgment into a useful reward. dUltra works at the algorithmic level by learning a

sampling policy that decides how parallel generation should allocate inference steps. At each

level, probabilistic computation depends on the distinctions made available by the system’s

architecture and internal representation.

Part II studies how learning processes shape representation. Chapter 5 considered

an artificial network whose representations are produced by stochastic gradient descent. It
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connected parameter-space sharpness to local representation-space geometry by deriving upper

bounds on Local Volumetric Ratio and Maximum Local Sensitivity, including extensions across

intermediate representations. This gives sharpness a specific representational interpretation as

a constraint on representation robustness, while treating generalization as a further question

determined by the task and data distribution.

Chapter 6 considered the biologically motivated feedforward memory networks, and

representations formed by synaptic plasticity. In a feedforward memory network, plastic

synaptic weights are both parameters of the current computation and a changing record of

prior inputs. The Hopfield and cross-attention formulations identify the memory patterns

stored in those weights, while HPN makes it possible to analyze how heterogeneous decay

and plasticity rates change the diversity of patterns formed over time.

The two parts meet at the dependence stated in the introduction. A neural encoder

maps sensory input into an internal representation, and a recurrent sampler must learn the

distribution of those encoded states; the sampler’s architecture therefore limits, and may

regularize, which representational distributions its dynamics can realize. In artificial systems,

a video-language representation determines which aspects of task progress are accessible to the

completion-probability readout, while a masked language model’s representation determines

which token predictions can be made together. Part II shows how learning helps produce

such distinctions: optimization constrains local feature sensitivity, while online plasticity

determines which aspects of a continuous input stream persist as memory patterns.

These results establish a concrete research agenda: explain how biological circuits learn

expressive sampling dynamics; determine how pretraining forms progress-sensitive state

representations; give parallel generators the ability to revise earlier decisions; identify objec-

tives and optimizers that produce transferable visual representations; and understand how

continual experience changes those representations without erasing useful structure. The

following sections develop these directions in relation to current work.

116



7.2 Future directions in probabilistic computation

The main open problem for recurrent neural sampling is learnability. The reservoir-sampler

construction provides a denoising score-matching procedure that avoids backpropagation

through time, but it leaves open how a biological circuit could compute the required gradients

and implement the learning rule [Chen et al., 2023]. A next step is therefore to derive local

or approximately local rules for learning the score field and to determine how errors in that

field alter the distribution generated by the circuit.

Finite-time dynamics are another possible future direction. Slow mixing delays reliable

inference from neural samples [Hennequin et al., 2014]. Models of bistable perception also show

that statistics such as dominance durations and switching rates constrain the relative roles of

noise and contextual input [Moreno-Bote et al., 2007, Shpiro et al., 2009]. A neural sampler

should therefore match not only the long-run fraction of time spent in each interpretation,

but also how quickly an interpretation is reached and how often the dynamics move between

alternatives.

For TOPReward, the central question is how video-language pretraining produces an

instruction-conditioned completion probability that tracks visible progress [Chen et al., 2026a].

Training checkpoints could reveal when this capability emerges [Biderman et al., 2023, Müller-

Eberstein et al., 2023, Bayazit et al., 2026]. Comparisons between chronologically ordered

and disrupted video could then test whether temporal structure is necessary, as suggested by

work on videos involving multiple stages of activities [Che et al., 2026]. Finally, determining

whether the model uses an encoded progress signal, rather than merely making that signal

decodable, will require causal analysis. A central challenge is designing interventions that

modify progress information without disrupting other information in the representation

[Canby et al., 2025].

For masked diffusion language models, recent methods allow decoded tokens to be masked

and predicted again [Wang et al., 2025b, Yao, 2026a]. dUltra could therefore be extended

from an unmasking policy to a revision policy that decides whether each position should be
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revealed, retained, or remasked. Training on the model’s own imperfect drafts would better

match inference-time errors than random corruption [Yao, 2026b]. The central question is

whether learned revision improves the accuracy–speed tradeoff over both unmasking-only

decoding and fixed remasking schedules.

7.3 Future directions in representation learning

The central problem of representation learning is pretraining: what should a system represent

before its downstream uses are known, and what learning algorithm will produce it? For

vision, a useful representation must make object identity, spatial layout, motion, and physical

interaction accessible to many possible tasks [Bengio et al., 2013]. Existing approaches reach

this goal through different objectives, including language alignment, masked reconstruction,

patch-level self-supervision, and latent prediction [Radford et al., 2021, He et al., 2022a, Oquab

et al., 2024, Assran et al., 2023]. DINOv2 and V-JEPA 2 demonstrate broad transfer, but the

field still needs controlled comparisons that isolate how data, loss objective, architecture, and

optimizer determine what the representation retains [Oquab et al., 2024, Assran et al., 2025].

The sharpness chapter provides one starting point. It bounds local representation sen-

sitivity using sharpness-related quantities and reports empirical correlations between the

two [Chen et al., 2026b]. A broader pretraining theory should explain how objectives and

optimizers jointly create representations that are robust to nuisance variation without losing

task-relevant information.

JEPAs offer a concrete family of pretraining objectives: they learn representations by

predicting target embeddings from partial observations [Assran et al., 2023, Bardes et al.,

2024]. V-JEPA 2 shows that large-scale latent prediction can support visual tasks and,

with an action-conditioned predictor, robot planning [Assran et al., 2025]. Future work

should determine which prediction targets and horizons produce representations that transfer

broadly.
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The recurrent sampling project suggests an additional principle: the learned representation

should be realizable by the dynamics that use it. A recurrent sampler’s architecture restricts

which score fields and stationary latent distributions it can express [Chen et al., 2023]. I

call this constraint dynamical realizability. It creates a possible connection between JEPAs

and recurrent networks: the JEPA objective determines what is predictable in latent space,

while the recurrent architecture determines which distributions over those latent states it can

generate. Jointly training the encoder and sampler could reveal whether recurrent dynamics

regularize the representation and help preserve multiple plausible futures.

Pretraining is not the only process that shapes representation. A complementary problem

is how representations should change during continual learning. Representations learned

successfully through pretraining can degrade under sequential training [Fini et al., 2022],

and learning from a single continuous video stream is complicated by strongly correlated

observations [Carreira et al., 2024]. HPN studies a bio-plausible architecture in which plastic

weights change within an input sequence and function as memory of recent input. A promising

architecture would combine a pretrained visual representation with such a stateful plastic

memory. This raises a promising future direction: which information should remain in stable

parameters, which should enter temporary memory, and how should the two interact?

7.4 A perspective on biological and artificial intelligence

“What I cannot create, I do not understand.” —Richard P. Feynman

My view is that biological and artificial intelligence should constrain one another. Biology

supplies phenomena that theories of natural intelligence must explain, while artificial models

turn proposed explanations into systems whose internal variables can be measured and

manipulated [Hassabis et al., 2017, Richards et al., 2019]. This exchange is useful precisely

because a working model must specify what terms such as prediction, sampling, attention,

and memory mean algorithmically and how they are implemented.
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Biology also demonstrates forms of learning that remain difficult for artificial systems.

Organisms learn from temporally ordered experience, and their synapses change across multiple

timescales [Erickson et al., 2010, Bittner et al., 2017, Becker and Tetzlaff, 2021]. These

facts motivate models that combine stable knowledge with fast local adaptation. Conversely,

artificial systems make proposed mechanisms experimentally separable: a component can be

removed or replaced while the training data, objective, and other architectural choices are held

fixed. For example, comparisons between plain and residual networks showed that identity

shortcuts make substantially deeper networks easier to optimize [He et al., 2016]. Within

Chapter 6, comparing uniform and heterogeneous plasticity similarly tests how synaptic

diversity changes the memory patterns learned from the same task stream. Such interventions

turn a proposed mechanism into a computational claim that can be tested.

Artificial intelligence constrains neuroscience in a complementary way. A verbal claim that

the brain predicts, samples, attends, or compresses is too broad to be explanatory. Engineered

models force those words to become algorithms with measurable states, objectives, and failure

modes. When an artificial sampler requires a particular score field, or an attention-like memory

requires identifiable keys and values, the formalization reveals what a proposed biological

mechanism would need to provide. Success shows that a mechanism is computationally

sufficient under some conditions; failure identifies missing structure. The problem of credit

assignment is a central example. Work on predictive-coding, feedback-alignment, dendritic,

and equilibrium-based proposals investigates how cortical circuits might approximate the

error signals used by backpropagation under biological constraints [Whittington and Bogacz,

2019, Lillicrap et al., 2020]. These proposals recast the question: rather than asking whether

the brain runs the textbook algorithm, they ask which locally available signals could allow

feedback pathways, dendrites, and synapses to approximate credit assignment.

From a practical perspective, biological networks offer capabilities that artificial systems

still seek to reproduce, including energy-efficient computation and continual adaptation.

Brain-inspired spiking and event-driven frameworks have accordingly motivated neuromorphic
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hardware designed to reduce the energy requirements of artificial intelligence [Roy et al., 2019].

Evolution, however, has assembled biological intelligence from molecular, cellular, circuit,

and developmental mechanisms that interact across many scales. Directly imitating the

full system would preserve this entanglement rather than reveal which mechanism produces

which advantage. I therefore favor constructing a minimal viable artificial model: isolate one

biological principle, test whether it is sufficient to yield a desired benefit, and add complexity

only when the simpler model fails. The aim is the smallest explicit mechanism that reproduces

a benefit such as low-power computation, continual adaptation, or robust memory.

7.5 Closing perspective

Probability describes the multi-modal nature of input data, representation determines the

information available for probabilistic computation, and neural dynamics determines how

this computation is implemented through inference and learning. The five projects connect

these levels in both biological and artificial systems: recurrent architecture constrains neural

sampling, VLMs exhibit model belief though token probability, dLLM enables probabilistic

language modeling, sharpness induced by learning dynamics improve representation robustness,

and heterogeneous plasticity diversifies memory. Together, they motivate a shared agenda

for biological and artificial intelligence: learning representations that support a probabilistic

model of the world.
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Appendix A

Appendix to Chapter 2:

Reservoir-Sampler Networks

A.1 Proof of proposition 2.1 via the Helmholtz-Hodge

decomposition

First we give a proof for proposition 2.1:

Proposition. Let p be the stationary distribution of the neural dynamics, and the diffusion

matrix be the identity matrix. If the DF field G is strictly orthogonal to the gradient field ∇p,

meaning that G(v) · ∇p(v) = 0 for all v, then the drift term Fθ(v) can be written as the sum

of a divergence-free field p−1G and a gradient field ∇ log p.

Proof. Since p is the stationary distribution of the neural dynamics, from the Fokker-Planck

equation we have

Fθ(v) = p−1G +∇ log p (A.1)

where G is divergence free. Now

∇ · (p−1G) = ∇p−1 ·G + p−1∇ ·G

122



= −∇p ·G
p2 G is divergence free

= 0. G and ∇p are pointwise orthogonal

Therefore, p−1G is also divergence free.

Now we give a statement of the Helmholtz-Hodge decomposition, which is an application

of the Hodge decomposition theorem to vector calculus on Rn [Bhatia et al., 2013, Majda

and Bertozzi, 2002].

Theorem A.1 (Helmholtz-Hodge Decomposition). A smooth vector field V on a bounded

domain of Rn can be uniquely decomposed into the sum of a gradient field ∇u that is normal

to the boundary, a divergence-free field v that is parallel to the boundary and a harmonic field

h, i.e. V = ∇u + v + h. Moreover, the three components are orthogonal to each other in the

L2 sense.

We note that the form of the decomposition in proposition 2.1 coincides with the Helmholtz-

Hodge decomposition with a zero harmonic field. Therefore, we can define the orthogonal

projection operator P that projects Fθ onto its gradient component ∇ log p. Under the strict

orthogonality constraint that requires G to be orthogonal to ∇p pointwise, to be able to

sample from a broad range of distributions with ∇ log p orthogonal to the boundary, we

need that for all p, there exists Gp and θ such that Fθ(v) = p−1Gp +∇ log p. Applying the

projection operator on both sides, we have

PFθ(v) = P(p−1Gp +∇ log p) = ∇ log p. (A.2)

Moreover, if the function space {Fθ}θ admits a set of basis functions {ei}i, i.e. Fθ = ∑
i ciei,

then

∇ log p = PFθ =
∑

i

ci(Pei). (A.3)
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This means that the space of ∇ log p needs to be spanned by {Pei}i, so {Fθ}θ should also be

spanned by an infinite number of basis functions {ei}i.

A.2 Neural dynamics not following gradient fields

For the meaning of notation, see section 2.3.2. The entries di of D are positive because they

are decay rates, equivalently the reciprocals of positive neuronal time constants. We also adopt

the model’s no-self-connection assumption Wii = 0. Without this architectural assumption,

the proposition below would imply only that W is diagonal, since the gradient-field condition

constrains the off-diagonal entries but not the diagonal ones.

Proposition A.2. When m ≥ 2, D = diag(d1, . . . , dm) with di > 0, ϕ has a nonconstant

derivative, and Wii = 0 for all i, msc(v) := D(−v + Wϕ(v) + I) is a gradient field if and

only if W is a zero matrix.

Proof. ( =⇒ ) If msc(v) = ∇G(v) is a gradient field, then

∂

∂vj

msc(v)i = ∂

∂vi

msc(v)j = ∂

∂vi∂vj

G(v) (A.4)

because msc(v) is smooth, and we can switch the order of partial differentiation. Written in

the form of (2.7), we have for all vi and vj (where i ̸= j),

∂

∂vj

(
−divi + di

m∑
k=1

Wikϕ(vk) + diIi

)
= ∂

∂vi

(
−djvj + dj

m∑
k=1

Wjkϕ(vk) + djIj

)
∂

∂vj

diWijϕ(vj) = ∂

∂vi

djWjiϕ(vi)

diWijϕv(vj) = djWjiϕv(vi),

since vi and vj are arbitrary and ϕv is nonconstant, this implies diWij = djWji = 0. Therefore,

all off-diagonal entries of W are zero. Together with the assumption that Wii = 0 for all i,

this implies W = 0.
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(⇐= ) If W = 0, then msc(v) = ∇∑i di(−v2
i /2 + Iivi) is a gradient field.

A.2.1 Hilbert projection theorem and proof of proposition 2.2

Here we state the Hilbert projection theorem directly. For a detailed proof, we refer readers

to standard functional analysis textbooks [Rudin, 1991].

Theorem A.3 (Hilbert projection theorem). Given a Hilbert space H and a nonempty closed

convex set E ⊂ H, for any x ∈ H, there exists a unique Πx ∈ E such that ∥Πx− x∥ =

infc∈E ∥x− c∥.

Here Π is called the orthogonal projection operator. Next, we give the proof of proposition

2.2.

Proof. Here we consider the Hilbert space L2(Rm,Rm; p), where the inner product is defined by

⟨f, g⟩ =
∫
Rm f · g p(x)dx, and we let E = {Av + Bϕ(v) + I|A, B ∈ Rm×m; I ∈ Rm}. Assume

that vj, ϕ(vj) ∈ L2(p) for every j = 1, . . . , m, so that E ⊂ L2(Rm,Rm; p). The set of functions

E is a closed convex vector subspace of L2(Rm,Rm; p) because E is closed under addition and

finite-dimensional. Hence, by the Hilbert projection theorem, there exists a unique ΠH ∈ E

such that ∥(1− Π)H∥ = infF ∈E ∥H − F∥ > 0. Because {msc}θ ⊂ E if the decay matrix D is

diagonal, we have

inf
msc
∥H −msc∥ ≥ inf

F ∈E
∥H − F∥ = ∥(1− Π)H∥ > 0. (A.5)

A.3 Proof of theorem 2.3

First, we give a statement of the universal approximation theorem as in [Leshno et al., 1993].
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Theorem A.4. (Universal Approximation Theorem) The continuous transfer function ϕ is

not polynomial if and only if for every k ∈ N, m ∈ N, compact set U ⊂ Rk, f ∈ C(U,Rm),

and ε > 0, there exists n ∈ N, W2 ∈ Rn×k, b ∈ Rn, W1 ∈ Rm×n such that

sup
x∈U
∥f(x)− g(x)∥ < ε (A.6)

where g(x) = W1ϕ(W2x + b). Or equivalently, Σn = span
{
ϕ(w · x + b) : w ∈ Rk, b ∈ R

}
is

dense in C(Rk) with respect to uniform convergence on compact subsets if and only if ϕ is

not polynomial.

The theorem says that for any transfer function that is not polynomial (tanh for example),

there is a multi-layer neural network with the transfer function that is able to approximate

any continuous function to arbitrary precision on a closed and bounded subset of Rm. The

proof of theorem 2.3 proceeds in three steps:

1. Choose a large enough compact support U for sθ(x) such that

∫
Rm\U

p(x) ∥∇ log p(x)− sθ(x)∥2 dx =
∫
Rm\U

p(x) ∥∇ log p(x)∥2 dx <
ε

2 (A.7)

2. Choose a large enough n and appropriate θ such that the universal approximation

theorem can be applied to show that

∫
U

p(x) ∥∇ log p(x)− sθ(x)∥2 dx <
ε

2 (A.8)

3. Combine equation (A.7) and (A.8) so that we have

Ex∼p(x)[∥∇ log p(x)− sθ(x)∥2] =
∫
Rm

p(x) ∥∇ log p(x)− sθ(x)∥2 dx < ε (A.9)

We begin with two lemmas that will be helpful in the proof of the theorem. Both of them are
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standard results 1, but we include here for completeness. Let the upper incomplete Gamma

function be defined by Γ(s, C) =
∫∞

C rs−1e−rdr.

Lemma A.5. If s is a positive integer, then Γ(s, C) = (s− 1)!e−C ∑s−1
i=0

Ci

i!

Proof. This can be proved by induction. For s = 1,

Γ(1, C) =
∫ ∞

C
e−rdr = e−C (A.10)

Therefore the conclusion holds. For s > 1, we assume that for s = k, the conclusion holds.

Then for s = k + 1, Through integration by parts, we have

Γ(k + 1, C) = kΓ(k, C) + Cke−C (A.11)

Therefore

Γ(k + 1, C) = k(k − 1)!e−C
k−1∑
i=0

Ci

i! + Cke−C

= k!e−C

(
Ck

k! +
k−1∑
i=0

Ci

i!

)

= k!e−C
k∑

i=0

Ci

i!

(A.12)

Therefore the conclusion holds for s = k + 1 as well. By induction, it holds for all positive

integer s.

Lemma A.6. Γ(s, C)→ 0 as C →∞.

Proof. When C →∞, Γ(s, C) <
∫∞

C r⌈s−1⌉e−rdr. Therefore W.L.O.G., we can assume that

s− 1 is a positive integer. By lemma A.5,

lim
C→∞

Γ(s, C) = (s− 1)!
s−1∑
i=0

lim
C→∞

e−CCi

i! = 0 (A.13)

1See https://dlmf.nist.gov/8.11.
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since the exponential term e−C is beyond all orders.

Now we give a formal proof of theorem 2.3.

Theorem. Suppose that we are given a probability distribution with continuously differentiable

density function p(x) : Rm → R+ and score function ∇ log p(x) for which there exist constants

M1, M2, a, C, k > 0 such that

p(x) < M1e
−a∥x∥ (A.14)

∥∇ log p(x)∥2 < M2 ∥x∥k (A.15)

when ∥x∥ > L for large enough L. Then for any ε > 0, there exists a recurrent neural network

whose firing-rate dynamics are given by (2.11), whose recurrent weights, output weights and

the diffusion coefficient are given by Wrec ∈ Rn×n of rank at most m, Wout ∈ Rm×n, and

σ ∈ Rn×m respectively, such that, for a large enough n, the score of the stationary distribution

of the output units sθ(x) satisfies

Ex∼p(x)[∥∇ log p(x)− sθ(x)∥2] < ε.

Proof.

Step 1 First of all, we would like to find a compact set UC = {x| ∥x∥2 ≤ C} such that∫
Rm\UC

∥∇ log p(x)− sθ(x)∥2 p(x)dx < ε
2 . We can upper bound the integral by the

following calculation using spherical coordinates when C > L.

∫
Rm\UC

∥∇ log p(x)− sθ(x)∥2 p(x)dx =
∫
Rm\UC

∥∇ log p(x)∥2 p(x)dx (A.16)

<
∫
Rm\UC

M1M2e
−a∥x∥ ∥x∥k dx (A.17)

= 2M1M2π
m/2

Γ(m
2 )

∫ ∞

C
rm+k−1e−ardr (A.18)
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= 2M1M2π
m/2

am+kΓ(m
2 )

∫ ∞

aC
um+k−1e−udu (A.19)

= 2M1M2π
m/2

am+kΓ(m
2 ) Γ(m + k, aC) (A.20)

Note that we assume sθ(x) = 0 outside of UC
2. By lemma A.6, there exists a large

enough constant C̃ such that Γ(m + k, aC̃) <
am+kΓ( m

2 )ε
4M1M2πm/2 . Therefore

∫
Rm\U

C̃

∥∇ log p(x)− sθ(x)∥2 p(x)dx <
2M1M2π

m/2

am+kΓ(m
2 ) ·

am+kΓ(m
2 )ε

4M1M2πm/2 = ε

2 (A.21)

Step 2 Next we write down the specific form of sθ(x), the score of the stationary distribution

of x for the reservoir-sampler dynamics (2.11)

sθ(x) = 2(WoutσσT W T
out)−1(−αx + αWoutϕ(W̃recx + I)). (A.22)

Since σ is learnable, we can define σ = W T
out(WoutW

T
out)−1 such that WoutσσT W T

out is an

identity matrix 3:

WoutσσT W T
out = WoutW

T
out(WoutW

T
out)−1(WoutW

T
out)−1WoutW

T
out

= I
(A.23)

As p is continuously differentiable, by theorem A.4, there exists Wout, W̃rec such that

sup
x∈U

C̃

∥∥∥∥∥Woutϕ(W̃recx + I)−
(

x + ∇ log p(x)
2α

)∥∥∥∥∥
2

<
ε

8α2 (A.24)

2Equality (A.16) is the only place where this assumption is used. A similar tail bound can also be obtained
if sθ(x) grows at a comparable rate to ∇ log p(x).

3A technical subtlety is that WoutW
T
out is not necessarily invertible. However, since every transformation

considered here is continuous, we could add a small perturbation to Wout such that WoutW
T
out is invertible,

and our result still holds.
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Therefore with those choices of Wout, W̃rec and σ, we have

∫
U

C̃

∥∇ log p(x)− sθ(x)∥2 p(x)dx < sup
x∈U

C̃

∥∇ log p(x)− sθ(x)∥2

= sup
x∈U

C̃

∥∥∥∇ log p(x) + 2αx− 2αWoutϕ(W̃recx + I)
∥∥∥2

= 4α2 sup
x∈U

C̃

∥∥∥∥∥∇ log p(x)
2α

+ x−Woutϕ(W̃recx + I)
∥∥∥∥∥

2

< 4α2 · ε

8α2

= ε

2
(A.25)

Step 3

Ex∼p(x)[∥∇ log p(x)− sθ(x)∥2] =
(∫

Rm\U
C̃

+
∫

U
C̃

)
p(x) ∥∇ log p(x)− sθ(x)∥2 dx

<
ε

2 + ε

2 = ε

A.4 Pseudocode for training the reservoir-sampler net-

work

A.5 Accelerated sampling with reservoir-sampler net-

work

To construct an irreversible dynamics that accelerates sampling, we let the divergence-free

(DF) field G be of the form J∇p, where J = −JT can be any skew-symmetric matrix that is

either learned through training or prescribed. Then from equation (2.6) we see that the drift
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Algorithm 1: Training RSN
Input: Training samples {xi}, pseudo recurrent weights W̃rec, output weights Wout,

start noise level σ1, noise decay factor C, number of noise levels N
Output: trained recurrent weights Wrec, trained output weights Wout, trained

diffusion coefficient σ
for i = 1, . . . , N do

while not done do
Sample x from the training set
Perturb the sample with Gaussian noise x̃ = x + ε, ε ∼ N (0, σ2

i I)
Compute the gradient of the score-matching loss

1
2∇W̃rec,Wout

∥∥∥∥2α(Woutϕ(W̃recx̃ + I)− x̃)− x−x̃
σ2

i

∥∥∥∥2

Update W̃rec, Wout with gradient descent
σi+1 = Cσi

Wrec ← W̃recWout
σ ← W T

out(WoutW
T
out)−1

return W̃rec, Wout

term Fθ satisfies

Fθ(v) = Σ∇ log p(v) + J∇ log p(v) = (Σ + J)∇ log p(v). (A.26)

Therefore the corresponding score matching problem is α(Σ + J)−1(Woutϕ(W̃recx + I)− x) ≈

∇ log p(x). With a slight modification, the pseudo code for an accelerated RSN training

algorithm is given in algorithm 2. We repeat the experiment in section 2.4.1 with the

accelerated RSN. The results are shown in Figure A.1. We see that the accelerated RSN is

able to sample from the distribution with a smaller noise level than the RSN.
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Algorithm 2: Training accelerated RSN
Input: Training samples {xi}, pseudo recurrent weights W̃rec, output weights Wout,

pseudo diffusion coefficient σ̃, skew-symmetric matrix J , start noise level σ1,
noise decay factor C, number of noise levels N

Output: trained recurrent weights Wrec, trained output weights Wout, trained
diffusion coefficient σ

for i = 1, . . . , N do
while not done do

Sample x from the training set
Perturb the sample with Gaussian noise x̃ = x + ε, ε ∼ N (0, σ2

i I)
Compute the gradient of the score-matching loss

1
2∇W̃rec,Wout,σ̃,J

∥∥∥∥α(1
2 σ̃σ̃T + J)−1(Woutϕ(W̃recx̃ + I)− x̃)− x−x̃

σ2
i

∥∥∥∥2

Update W̃rec, Wout, σ̃ with gradient descent
Update J with gradient descent (Optional)

σi+1 = Cσi

Wrec ← W̃recWout
σ ← W T

out(WoutW
T
out)−1σ̃

return W̃rec, Wout

Figure A.1: Sampling speed of accelerated RSN We repeat the experiment described in
section 2.4.1 where we try to sample from a 2-D Laplacian mixture distribution. The figure
shows the Wasserstein distance between the marginalized distributions of generated samples
and true samples for both dimensions. We see that compared to vanilla RSN, accelerated
RSN is able to sample from the stationary distribution with faster relaxation time.

132



A.6 Additional experiments

A.6.1 Failure cases for sampler-only networks with hyperbolic

tangent nonlinearity

Figure A.2 shows that with tanh nonlinearity, sampler-only networks are able to sample from

the distribution we consider in section 2.4.1. Its exact score is −4x+4 tanh(4x), which SO-FR

can represent because its inner weight is tunable, while SO-SC only approximates it over

the plotted range using its fixed basis {x, tanh(x), 1}. More generally, our theory predicts

that each sampler-only network cannot approximate score functions outside its respective

finite-dimensional function space. Indeed, if we consider a slightly different Gaussian mixture

distribution, pdata(x) = 1
2(N (−1, 0.0625) +N (1, 0.25)), then neither sampler-only network

recovers the score function as shown in Figure A.3, while RSN still succeeds in recovering the

score function.

A.6.2 Sampling using autoencoder

We show that we can replace the fixed linear PCA projection used in section 2.4.2 with

pretrained nonlinear autoencoder. We test the algorithm on both the MNIST dataset (figure

A.4) and the CIFAR-10 dataset (figure A.5).

A.7 Related work

In this section, we examine the neural dynamics considered in [Dong et al., 2022, Aitchison

and Lengyel, 2016, Masset et al., 2022, Echeveste et al., 2020] and discuss how our work is

related.

Dong et al. [2022] uses Hamiltonian Langevin dynamics to accelerate sampling in continu-

ous attractor networks. The Hamiltonian dynamics below are considered in the chapter (cf.
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Figure A.2: Networks with hyperbolic tangent nonlinearity applied to a 1-D
Gaussian mixture distribution with a symmetric score function. See Figure 2.2
for an explanation of the abbreviations. Here we use tanh nonlinearity for sampler-only
networks (SO-SC and SO-FR). SO-FR and RS-FR can represent the exact score, while SO-SC
approximates it over the plotted range.
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Figure A.3: Sampler-only network with hyperbolic tangent nonlinearity fails to
sample from a 1-D Gaussian mixture distribution with a non-symmetric score
function. See Figure 2.2 for an explanation of the abbreviations. Here we use tanh
nonlinearity for sampler-only networks (SO-SC and SO-FR). Only RSN is able to match the
score function and sample from the distribution.
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Figure A.4: Samples produced by our reservoir sampler network when trained to fit the
latent distribution produced by a non-linear convolution autoencoder from MNIST. The
distribution was 32-dimensional. The reservoir sampler network had 500 reservoir neurons.
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Samples

CIFAR 10 Images Reconstructed Images

Figure A.5: Samples produced by our reservoir sampler network when trained to fit the
latent distribution produced by a non-linear convolution autoencoder from CIFAR-10. We
show both the original images and the reconstructed images to evaluate the sampling quality.
The distribution was 128-dimensional. The reservoir sampler network had 20000 reservoir
neurons.
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eq (19) and (20)): 
τs

ds
dt

= αy

τz
dy
dt

= −βα−1y + Λ(so − s) +√τzσyξt.

(A.27)

The overdamped Langevin dynamics that samples from the same marginal stationary distri-

bution over s as (A.27):
ds
dt

= Λ(so − s) +
√

2ξt, (A.28)

where so is an observation generated by a latent feature s according to a Gaussian distribution,

and the linear term Λ(so − s) comes from the external input. So the network dynamics in

Dong et al. [2022] themselves do not generate samples without the external input, and the

study does not clarify how to supply the network with nonlinear score functions.

Aitchison and Lengyel [2016] have shown that Hamiltonian Monte Carlo (HMC) naturally

maps onto the dynamics of excitatory-inhibitory neural networks. However, the neural

dynamics considered are entirely linear in terms of the network variables (cf. eq (23) and

(24)). Therefore, the dynamics are again equivalent to the synaptic current dynamics with

an identity transfer function in section 2.3.2. The same applies to the analysis in Masset

et al. [2022], which also only considers linear neural dynamics. By proposition 2.2 and

the decomposition discussed in Kwon et al. [2005], these dynamics can only sample from

probability distributions whose score functions are linear, i.e. Gaussians.

The work by Echeveste et al. [2020] provides a unifying model for several dynamical

phenomena in sensory cortices by training a nonlinear recurrent excitatory-inhibitory neural

circuit model to perform sampling-based probabilistic inference. The following synaptic neural

dynamics (cf. equation (8)) are used, where the nonlinear transfer function is supralinear,

i.e., ϕ(u) = k⌈u⌉n:

τi
dui

dt
= −ui +

N∑
j=1

wijϕ(uj) + hi(t) + ηi(t). (A.29)

As discussed in section 2.3.2, while they are richer than linear dynamics, dynamics of this

form still have limited ability to sample from complex probability distributions. Moreover, we
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note that the training criterion considered in Echeveste et al. [2020] only matches the mean

and the variance of the stationary distribution. These points are in contrast to our work

here, where we show that the reservoir-sampler network, which extends the dynamics (A.29),

can be trained via alternate methods to sample from complex probability distributions by

matching their score functions.

A.8 Details of numerical experiments

All experiments were run on one NVIDIA Quadro RTX 6000 GPU. We always use the model

saved at the last training iteration.

A.8.1 Training details for section 2.4.1

For the 1-D bimodal Gaussian distribution experiment (figure 2.2), we used 1000 reservoir

neurons (only in the reservoir sampler network) and 1 sampler neuron. We trained all 3

networks (SO-FR, SO-SC, RS-FR) for 79000 iterations with the Adam optimizer. The

learning rate was 0.0001, and the batch size was 128. We started by adding Gaussian noise

with standard deviation (std) σ1 = 1 to the training samples. We decreased the std every

7900 iterations by a constant factor, i.e. σi+1/σi = C, such that σ10 = .01. When simulating

the stochastic neural dynamics, we used a step size of 10−4, and ran 10000 steps.

For the mixture of 2-D Laplace distributions experiment (figure 2.3), we used 1000

reservoir neurons (only in the reservoir sampler network) and 2 sampler neurons. We trained

the RS-FR network for 62,500 iterations with the Adam optimizer. The learning rate was

0.0001, and the batch size was 128. We started by adding Gaussian noise with std σ1 = 1 to

the training samples. We decreased the std every 6250 iterations by a constant factor, i.e.

σi+1/σi = C, such that σ10 = .01. When simulating the stochastic neural dynamics, we used

a step size of 10−4, and ran 20000 steps.
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A.8.2 Training details for section 2.4.2

For the MNIST experiment (Figure 2.2), we used 20000 reservoir neurons (only in the reservoir

sampler network) and 300 sampler neurons. We trained all 3 networks (SO-FR, SO-SC,

RS-FR) for 1000 epochs with the Adam optimizer. The learning rate was 0.001, and the

batch size was 64. We started by adding Gaussian noise with std σ1 = 1 to the training

samples. We decreased the std every 100 epochs by a constant factor, i.e. σi+1/σi = C, such

that σ10 = .01. When simulating the stochastic neural dynamics, we used a step size of 10−6,

and ran 30000 steps.

A.9 Statement of code availability

All code is available on GitHub.
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Appendix B

Appendix to Chapter 3: TOPReward

B.1 Alternative Reward Formulation

In addition to the main formulation of TOPReward presented in Section 3.3, we also experi-

mented with an alternative reward formulation that evaluates the probability of generating

the entire instruction given the video trajectory. Specifically, we construct the following

prompt,

“ <|video|> The above video shows a robot manipulation trajectory that com-

pletes the following task: {instruction}.”

We then define the reward for a video prefix τ1:t to be

rt =
∑

i

log pθ(insti | c(τ1:t, u, inst<i)) , (B.1)

where insti is the i-th token of the instruction, and u represents the prompt between the

video and the instruction. However, we found this alternative formulation to be less effective

than the main formulation presented in Section 3.3. We hypothesize that this is because the

model will assign high probability to entities in the instruction if they ever appear in the

robot video trajectory. For example, if there is an apple in the video, and the instruction is
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to peel the apple, then the model will assign high probability to apple in the instruction,

defeating the purpose of progress estimation. In contrast, our main formulation only requires

the model to judge whether the trajectory completes the instruction, which prevents such

distraction in probability evaluation.

B.2 Why the True Token?

We choose True as the affirmative completion token rather than alternatives (e.g., Yes)

because it is a single token in our evaluated vocabularies and yields the largest, most

consistent separation between successful and failed trajectories at the final step. Figure B.1

shows the top tokens by absolute difference in mean final-step token probability; True exhibits

the largest gap.

Figure B.1: Top 10 tokens by absolute difference in mean final-step token probability between
successful and failed trajectories. The affirmative token True shows the largest separation,
motivating its use as the completion token in TOPReward. Left: mean token probability by
group; right: absolute difference in mean token probability.

B.3 Success Detection Score

For success detection, we convert TOPReward token probabilities into trajectory-level com-

pletion scores. Let r+
tk

= log pθ(True | c(τ1:tk
, x)) and r−

tk
= log pθ(False | c(τ1:tk

, x)) be the
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completion and non-completion log-probabilities for the k-th sampled prefix, and define the

prefix completion margin mtk
= r+

tk
− r−

tk
. We first measure how much this margin increases

from the beginning to the end of the trajectory,

stop(τ, x) = 1
|L|

∑
k∈L

mtk
− 1
|E|

∑
k∈E

mtk
, (B.2)

where E and L denote the first and last three sampled prefixes, respectively. We also score

the full video with a direct binary completion query,

syn(τ, x) = log pθ(Yes | cyn(τ, x))− log pθ(No | cyn(τ, x)), (B.3)

where cyn is the full-video prompt asking whether the trajectory completed the instruction.

We use a fixed equal-weight combination of the standardized scores,

ssucc(τ, x) = stop(τ, x) + syn(τ, x), (B.4)

This uses no learned classifier or fitted task-specific reward model.

B.4 Dataset-level breakdown

This section provides dataset-level details that complement the aggregate results in Tables 3.1

and 3.2. Figure B.2 summarizes dataset-level VOC, and Table B.1 reports dataset-level VOC

for GVL (0-shot) and TOPReward (TOPR) for each dataset and model backbone, using the

same 33 high-quality OXE datasets as the main table.
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Figure B.2: VOC comparison across datasets. Mean dataset-level VOC for GVL (0-shot)
and TOPReward across two evaluation sets: filtered OXE (33 datasets, 20 episodes each)
and the ManiRewardBench successful progress-evaluation subset (4 datasets, 113 tasks, 497
episodes). Error bars denote standard deviation across datasets within each evaluation set.

Figure B.3: Per-episode VOC distributions, broken down by evaluation set (ManiReward
Bench vs Open X-Embodiment) and model backbone.
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Figure B.4: Distribution of dataset-level ∆VOC = VOC(TOPReward) − VOC(GVL), shown
separately for each model backbone. Positive values indicate TOPReward outperforms GVL;
the dashed line marks the per-model mean.

Figure B.5: Progress traces for ManiRewardBench. Example progress traces predicted
by TOPReward (orange) compared to stage-aware ground-truth completion (dashed) from Mani
RewardBench, computed from annotated subtask boundaries. We also overlay Gemini-GVL
(blue) on the same episodes when available.
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Dataset Qwen3-VL-8B Gemini-2.5-Pro Molmo2-8B
GVL TOPR ∆ GVL TOPR ∆ GVL TOPR ∆

ManiRewardBench
ManiRewardBench_bimanual_yam 0.164 0.947 0.783 0.566 0.546 -0.021 0.007 0.565 0.558
ManiRewardBench_franka 0.242 0.942 0.700 0.695 0.448 -0.247 0.000 0.662 0.662
ManiRewardBench_lerobot 0.332 0.954 0.622 0.620 0.578 -0.041 -0.001 0.595 0.597
ManiRewardBench_single_yam 0.544 0.945 0.401 0.752 0.488 -0.264 -0.017 0.642 0.659

Open X-Embodiment
aloha_mobile_cabinet 0.199 0.822 0.623 0.814 0.422 -0.392 0.000 0.211 0.211
aloha_mobile_wash_pan 0.127 0.977 0.850 0.856 0.734 -0.121 0.012 0.893 0.880
aloha_mobile_wipe_wine 0.243 0.961 0.718 0.699 0.825 0.125 0.000 0.804 0.804
aloha_static_candy 0.414 0.963 0.549 0.697 0.803 0.105 0.000 0.842 0.842
aloha_static_coffee 0.101 0.977 0.876 0.877 0.114 -0.764 0.012 0.400 0.388
aloha_static_cups_open 0.271 0.837 0.565 0.524 0.765 0.241 0.000 0.864 0.864
aloha_static_pro_pencil 0.000 0.963 0.963 0.457 -0.029 -0.486 0.000 0.225 0.225
aloha_static_screw_driver 0.212 0.937 0.725 0.833 0.171 -0.662 0.000 0.925 0.925
aloha_static_vinh_cup 0.332 0.916 0.584 0.836 0.723 -0.113 0.000 0.971 0.971
aloha_static_vinh_cup_left -0.057 0.903 0.960 0.458 0.898 0.441 -0.050 0.707 0.757
aloha_static_ziploc_slide 0.301 0.978 0.677 0.845 0.394 -0.452 0.000 0.918 0.918
austin_buds_dataset 0.347 0.954 0.607 0.777 -0.055 -0.832 0.000 0.908 0.908
austin_sirius_dataset 0.242 0.854 0.612 0.704 0.701 -0.003 0.000 0.119 0.119
berkeley_fanuc_manipulation 0.201 0.866 0.665 0.422 0.333 -0.089 0.000 -0.077 -0.077
berkeley_rpt 0.399 0.983 0.584 0.303 0.600 0.297 0.000 0.605 0.605
berkeleymvp 0.240 0.966 0.727 0.744 0.564 -0.180 0.000 0.472 0.472
cmu_franka_exploration_dataset 0.000 0.626 0.626 0.622 0.272 -0.350 0.000 0.325 0.325
dlr_edan_shared_control 0.166 0.867 0.700 0.651 0.583 -0.068 -0.600 0.770 1.370
dlr_sara_grid_clamp 0.000 0.740 0.740 0.253 -0.166 -0.419 0.000 0.562 0.562
jaco_play 0.090 0.907 0.818 0.513 0.508 -0.005 0.000 -0.299 -0.299
kaist_nonprehensile 0.158 0.914 0.756 0.491 0.349 -0.142 0.000 0.251 0.251
nyudoor 0.608 0.802 0.194 0.872 0.729 -0.142 0.000 0.650 0.650
nyufranka 0.232 0.875 0.642 0.772 0.494 -0.278 0.059 0.865 0.806
stanford_hydra_dataset 0.164 0.973 0.809 0.379 0.557 0.178 0.000 0.091 0.091
stanford_kuka_multimodal_dataset 0.122 0.821 0.700 -0.390 -0.055 0.335 0.000 0.493 0.493
stanford_robocook 0.035 0.443 0.408 0.329 0.521 0.191 0.000 0.582 0.582
taco_play 0.015 0.779 0.764 0.050 0.024 -0.026 0.000 0.342 0.342
tokyo_u_lsmo 0.215 0.977 0.762 0.690 0.501 -0.188 0.000 0.719 0.719
ucsd_kitchen_dataset 0.183 0.718 0.536 0.542 -0.006 -0.547 0.000 0.228 0.228
ucsd_pick_and_place_dataset 0.090 0.819 0.729 0.683 0.520 -0.163 0.000 0.605 0.605
utokyo_pr2_opening_fridge 0.485 0.957 0.472 0.372 0.644 0.272 -0.075 0.849 0.924
utokyo_pr2_tabletop_manipulation 0.784 0.946 0.162 0.696 0.485 -0.211 0.000 0.121 0.121
utokyo_xarm_bimanual 0.266 0.815 0.549 0.495 0.277 -0.218 0.000 0.386 0.386

Table B.1: Filtered datasets (alphabetical) comparing GVL (0-shot) vs TOPReward (TOPR)
and their difference, broken down by model backbone. Bold indicates the higher VOC between
the two methods for that dataset/model.
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Figure B.6: Qualitative example of “Fold the Towel”: Instruction-conditioned progress
estimation on a real trajectory. The curve shows TOPReward’s predicted completion value
over time, with annotated values at selected frames corresponding to semantic subtasks.

B.5 Additional qualitative results and ablations

B.5.1 Real-world policy details

For the reward-weighted behavior cloning objective in Equation (3.5), we use β = 0.2 and

δmax = 2.0 in Equation (3.3).

(a) Put the doll in box (b) Put toy car in box (d) Put the cube in cup (e) Stack red cube on  
green cube(c) Pick up the cube (f) Put pen into the cup

Figure B.7: The six real-world single-arm SO-100 manipulation tasks used for reward-weighted
behavior cloning evaluation.

B.5.2 Chat-template ablation

The Gemini API enforces a chat template, while our preferred open-source inference setting

scores the prompt directly without one. To test this factor, we wrap the prompt in Section 3.3.1

with a chat template and evaluate the probability of the answer being True. Table B.2 shows

that chat formatting substantially reduces VOC for both Qwen3-VL-8B and Molmo2-8B.
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Pretrained

BC

TOP-AWR (Ours)

Time 

Figure B.8: Qualitative comparison on “Place doll in box.” The pretrained policy and
behavior cloning (BC) both fail, while TOP-RWBC, fine-tuned with reward weights from
TOPReward, succeeds consistently. Frames are uniformly sampled from evaluation rollouts.

Table B.2: Effect of Chat Template on TOPReward VOC. Chat template degrades
Qwen3-VL-8B performance by nearly 50% and Molmo2-8B by 20%, demonstrating that the
logit-based formulation is sensitive to prompt formatting.

Qwen3-VL-8B Molmo2-8B

Dataset Base +Chat Base +Chat

Bimanual YAM 0.947 0.269 0.570 0.408
Franka 0.943 0.528 0.696 0.615
Single-arm YAM 0.946 0.703 0.691 0.546

Mean 0.945 0.500 0.652 0.523
∆ −47.1% −19.8%
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B.6 Additional details of ManiRewardBench

The benchmark includes 130 diverse tasks that capture a wide range of everyday manipulation

activities, such as stacking objects, sorting items, and interacting with containers. The dataset

is manually collected using Franka, SO-100/101, bimanual YAM, and single-arm YAM.

Example challenging tasks in ManiRewardBench include:

Multi-step / Reasoning tasks.

• “Push the puzzles to spell word GO” (LeRobot) — spatial reasoning combined with

sequential multi-object manipulation.

• “Build a pyramid” (Bimanual YAM) — multi-step stacking with precise positioning,

requiring four distinct subtasks.

• “Group the cubes by color” (Bimanual YAM) — requires color perception and categorical

reorganization of multiple objects.

• “Put the cubes of the same colors together” (Franka) — color-conditional sorting across

multiple objects.

• “Remove the block and stack the green cube on the red cube” (LeRobot) — obstacle

removal followed by color-conditional stacking.

• “Pack and close the box” (Franka) — multi-phase task involving packing objects then

closing the container.

Fine manipulation / Precise control.

• “Align the cubes horizontally” (Bimanual YAM) — fine spatial alignment, corresponding

to the longest execution durations in the dataset.

• “Rotate the banana by 90 degrees” / “Rotate the marker by 45 degrees” (Franka) —

precise rotation control with specified angles.
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• “Make the screw points to the glue” (Bimanual YAM) — precise orientation alignment

of two distinct objects.

• “Pour tea” (Franka) — requires controlled pouring motion and spatial orientation

awareness.

Deformable object handling.

• “Fold the towel” / “Fold towel” (Franka / Bimanual YAM) — deformable material

manipulation requiring careful grasp and fold planning.

• “Stack one cloth on top of another” (Single-arm YAM) — soft object stacking with

non-rigid geometry.

Abstract / Symbolic tasks.

• “Press enter and then space key” (Franka) — keyboard interaction requiring sequential

key presses.

• “Set table” (Bimanual YAM) — open-ended task requiring understanding of table-

setting conventions.

The following table summarizes the statistics of each dataset in ManiRewardBench.

Table B.3: Summary of ManiRewardBench datasets. 6 tasks appear in both the Lerobot and
Lerobot failed splits, giving 130 unique tasks across the full benchmark.

Dataset Episodes Tasks

Lerobot 150 22
Lerobot failed 156 23
Franka 150 51
Bimanual YAM 97 20
Single-arm YAM 100 20
Total 653 136 (130 unique)

We briefly describe each dataset below:
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• Lerobot Bimanual dataset: Successful bimanual LeRobot manipulation demos (push,

put, remove, stack tasks), 5–10 episodes per task.

• Lerobot failure dataset: Mixed failed and successful trajectory examples with the

same task types, ∼7 episodes per task.

• Franka dataset: Franka robot demos with a diverse set of 51 instructions (rotation,

cleaning, packing, pick-and-place), mostly 3 episodes per task.

• Bimanual YAM dataset: Bimanual YAM manipulation (fold, stack, build, open,

etc.), 5 episodes per task.

• Single-arm YAM dataset: Single-arm YAM manipulation (put, remove, stack), 5

episodes per task.

B.6.1 Subtask Annotation

For each task, episodes are manually labeled and segmented into a sequence of predefined

subtasks. Each task is associated with an ordered list of subtasks that represent stages

of execution (e.g., reaching for an object, grasping it, or placing it). For every subtask,

annotators specify a start_second (the time in seconds when the subtask begins) and an

end_second (the time in seconds when it ends). Subtasks are non-overlapping and strictly

ordered in time, with each subtask beginning immediately after the previous one ends.
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Figure B.9: Counts of different example tasks in the single-arm YAM dataset.
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Figure B.10: Counts of different example tasks in the bimanual YAM dataset.
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Figure B.11: Counts of different example tasks in the SO-100 dataset.
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Figure B.12: Counts of different example tasks in the Franka dataset.
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Figure B.13: Frequency of verbs

Figure B.14: Screenshot of the Annotation Tool.
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start_second: 0.0 end_second: 3.9

(a) Grab the can

start_second: 4.0 end_second: 6.4

(b) Place the can in the plate

start_second: 6.5 end_second: 9.5

(c) Grab the spoon

start_second: 9.6 end_second: 11.4

(d) Place the spoon in the plate

Figure B.15: Expert demonstration with annotation for the task "Clean the table".
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Appendix C

Appendix to Chapter 4: dUltra

C.1 Limitations

The on-policy distillation reward uses AR teacher models (Qwen2.5-Math/Coder-7B-Instruct);

choosing domains where strong teachers exist is part of the experimental design rather than an

inherent constraint of the framework. We do not include a head-to-head empirical comparison

with the concurrent work of Jazbec et al. [2025] because their code and checkpoints were

not public at the time of writing; an indirect comparison based on their reported numbers is

given in Related Work. Throughputs in Table C.3 are measured on a single hardware type

(H200) with identical inference kernels across all methods.

C.2 Related Work

Reinforcement Learning for MDLMs. Recent work has explored post-training diffusion

language models (dLLMs) with reinforcement learning to improve their reasoning and

generation capabilities. Early examples include d1, which adapts GRPO-style optimization

to the (approximate) likelihood structure of dLLMs [Zhao et al., 2025b], and DiffuCoder,

which targets code generation for LLaDA-style masked diffusion models [Gong et al., 2025]. A

growing line of follow-up work focuses on improving the stability and bias/variance trade-offs
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of policy-gradient estimators for dLLMs [Tang et al., 2025, Rojas et al., 2025, Lin et al.,

2025a, Wang et al., 2025a, Zhu et al., 2025, Yang et al., 2025]. LightningRL [Hu et al.,

2026] is especially related in its goal of improving the speed-quality frontier of block-wise

dLLMs with RL. Its main reported results, however, use the SDAR backbone, whereas our

experiments are built on LLaDA-8B-Instruct; including the LightningRL headline numbers

in the main table would therefore conflate method differences with base-model differences.

Methodologically, LightningRL samples rollouts with confidence-threshold remasking, whereas

dUltra learns the token-level unmasking policy through an explicit planner head. Notably,

Wang et al. [2025c], Zhao et al. [2025a] try to obtain more accurate likelihood by using

more intermediate decoding steps. More broadly, prior RL work either improves reasoning

capability or tunes speed-quality behavior around an existing sampler, while dUltra directly

learns an adaptive token-level unmasking policy and enables high quality mode filtering via

RL. Close to our work is DCOLT [Huang et al., 2025], which also learns an unmasking order

policy with RL. However, their unmasking policy does not enable parallel decoding due to

the adoption of the Plackett-Luce model. Zhao et al. [2025a] learns adaptive confidence

thresholds for unmasking with RL, but their method still relies on logit-based heuristics for

token selection rather than learning a flexible unmasking policy as in our work. Concurrent

work Jazbec et al. [2025] also learns an unmasking policy head with GRPO, but there are

several important distinctions. First, they learn the unmasking policy from the logits rather

than the last-layer representation. Second, they keep the base model fixed rather than jointly

training it with the unmasking policy. Third, they do not introduce an on-policy distillation

reward to encourage mode-seeking behavior. As a result, they report only marginal benefits

over logit-based heuristics, while we achieve better performance in both accuracy and NFE

even when compared to SOTA distillation-based methods.

MDLM Acceleration. Most existing acceleration methods for masked dLLMs are either

system level, such as enabling KV cache and employing token dropping [Ma et al., 2025, Liu

et al., 2025a, Hu et al., 2025b, Wu et al., 2025], or algorithmic level methods that design
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better sampling strategies. Among the latter, there are two approaches: (i) training-free

logit-based heuristic decoders [Wu et al., 2025, Israel et al., 2025, Wei et al., 2025, Ben-Hamu

et al., 2025] and (ii) distillation-based approaches that fit off-policy trajectories produced by a

base model [Chen et al., 2025d, Qian et al., 2025]. Heuristic samplers often rely on confidence,

entropy, or related uncertainty signals computed from logits, and have recently enabled

substantial inference speedups in dLLMs via parallel decoding and KV caching [Wu et al.,

2025, Hu et al., 2025b]. Distillation-based methods, such as pseudo-trajectory distillation in

d3LLM [Qian et al., 2025], learnable parallel decoding in dParallel [Chen et al., 2025d], and

distribution-matching distillation in DiDi-Instruct [Zheng et al., 2025], can further increase

decoding efficiency by fine-tuning the base model to sample multiple steps of the base model

in one step, which essentially filters the modes of the base model. DMax [Chen et al., 2026c]

provides another recent acceleration route by reformulating masked decoding as progressive

self-refinement with soft parallel decoding. These methods depend on the quality and coverage

of the teacher trajectories, specialized training distribution, or refinement dynamics, which

may become off-policy as training progresses. Our approach explicitly addresses this mismatch

by using on-policy rollouts with GRPO, while also encouraging mode-seeking behavior.

Denoising Trajectory Planning. Beyond heuristic confidence-based planning, recent

works have explored learned planning modules for MDLM trajectories. These approaches differ

fundamentally in their planning strategies. P2 [Peng et al., 2025] introduces explicit planning

and denoising sub-stages, enabling iterative refinement of existing unmasked tokens. DCOLT

[Huang et al., 2025] employs the Plackett-Luce model to generate sequential unmasking

orders optimized for accuracy rather than parallel decoding efficiency. DiFFPO [Zhao et al.,

2025a] learns adaptive per-prompt thresholds via off-policy RL but still selects tokens based

on confidence heuristics. Concurrently, Jazbec et al. [2025] learns an unmasking policy head

with GRPO on token confidences from logits.
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C.3 Mode Filtering Illustration

Parallel decoding can expose unwanted modes when several dependent ambiguous tokens are

sampled independently in the same denoising step. Figure C.1 illustrates this phenomenon

and motivates learning unmasking trajectories that decode only compatible sets of tokens in

parallel.

Figure C.1: Parallel decoding of dependent ambiguous tokens can lead to unwanted modes.

C.4 Motivating Case Study

To illustrate the potential of conditional independence-aware planning, we compare the quality

of one-step generation of LLaDA-Instruct under different masking strategies in Figure C.2.

More specifically, we compare random masking, where we randomly select a certain percentage

of tokens in the ground truth to mask, and autoregressive masking, where we mask the same

percentage of tokens only at the end of the ground truth sequence. We observe that LLaDA-

Instruct is able to decode a large percentage (30%) of masked tokens with no noticeable
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quality degradation with random masking, while masking the same percentage of mask tokens

at the end of the sequence leads to poor generation quality. This is expected as randomly

masked tokens usually have more contextual information making them less conditionally

dependent on other masked tokens, while consecutive tokens at the end of the sequence are

highly dependent on each other, even if given the partial answer.

<|startoftext|><|start_header_id|>user<|end_header_id|>\n\nIn a regular quadrangular pyramid 
the lateral edge of length $m$ is inclined to the plane of the base at an angle $\alpha $. Find 
the volume of the pyramid.<|eot_id|><|start_header_id|>assistant<|end_header_id|>\n\nThe 
volume \(V\) of a pyramid is given by \(V = \frac{1}{3} \times \text{base area} \times \text{height}
\).\n\nFor a regular quadrangular pyramid with a square base of side length \(s\), the base area 
is \(s^2\).\n\nThe height \(h\) of the pyramid is the perpendicular distance from the apex to the 
base. Given that the lateral edge has length \(m\) and is inclined to the base plane at an angle \
(\alpha\), the height is \(h = m \sin \alpha\).\n\nThe distance from the center of the base to a 
vertex (e.g., from the center to a corner of the square) is the same for all vertices due to 
symmetry. This distance is \(\frac{s}{\sqrt{2}}\). Using the Pythagorean theorem in the right 
triangle formed by the height, this distance, and the lateral edge:\n\n\[\n\left( \frac{s}{\sqrt{2}} 
\right)^2 + h^2 = m^2\n\]\n\nSubstituting \(h = m \sin \alpha\):\n\n\[\n\frac{s^2}{2} + (m \sin 
\alpha)^2 = m^2\n\]\n\n\[\n\frac{s^2}{2} = m^2 - m^2 \sin^2 \alpha = m^2 (1 - \sin^2 \alpha) = 
m^2 \cos^2 \alpha\n\]\n\n\[\ns^2 = 2 m^2 \cos^2 
\alpha\n<m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><
m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><
m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><
m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><m><
m><m><m><m><m><m>

Random Masking AR Masking

<|startoftext|><|start_header_id|>user<|end_header_id|>\n\nIn a regular quadrangular pyramid the 
lateral edge of length $m$ is inclined to the plane of the base at an angle $\alpha $. Find the volume 
of the pyramid.<|eot_id|><|start_header_id|>assistant<|end_header_id|>\n\nThe volume \(V\)<m> a 
pyramid is<m><m><m><m><m> \frac{1}{3} \<m> \text<m>base<m>}<m>times \text{<m><m>).
\n\n<m> a regular quadrangular pyramid with<m> square base of<m> length \(s\<m><m> base<m> 
is \(s^<m>\).\n\nThe height \(h\) of the<m><m> the perpendicular<m> from the<m><m> the 
base<m> Given that<m><m> edge has<m> \(m<m> and is inclined to the<m><m><m> an angle \
(\alpha<m><m> the height is \(h = m \<m> \<m><m><m><m><m>The<m> from the center of the 
base to a vertex<m><m><m>., from<m><m> to a corner<m><m><m><m> is<m> same for all<m> 
due to<m><m><m> distance is<m>frac{s}{\<m>{2<m>). Using the Pythag<m> theorem in<m> right 
triangle<m> by the height<m> this distance<m> and the lateral edge:\n\n\[\n\left( \<m><m>}{\sqrt{2}} 
\right<m>2<m> h^2 = m^2\n\]\n\nSubstituting \(<m><m> m \sin \alpha<m>):
\n\n<m><m>\frac<m>^<m>}{<m>} + (<m> \sin \alpha)^2 = m^2\n<m><m><m>\[\n\frac<m>^<m>}{2}
<m> m^2 - m<m><m><m>sin<m>2 \<m><m> m^<m> (1 - \<m><m><m><m>alpha) = 
m<m>2<m>cos^2<m>alpha<m>\]\n\n<m>\ns<m>2 =<m>2 
m^2<m><m>^2<m>alpha\n<m><m><m>The base area is then \(s<m>2<m><m>2 m<m>2 
\cos^2<m>alpha<m>).\n\nThe volume is<m>\n\n\[\nV =<m>frac{1<m><m>} \times (2 
m^2<m>cos<m><m> \alpha)<m>times (m<m>sin \<m><m><m><m>frac<m>2}{<m>} m^<m> \sin 
\alpha \cos^2<m>alpha\n\]\n\n<m><m><m><m><m> the<m> is<m><m>{2}{3}<m>^3 \sin 
\alpha<m><m>^2 \alpha\).<m><m>\boxed{\dfrac{<m>}{3<m><m><m>3}\sin\alpha\cos<m>2}\alpha}
<|eot_id|>

<|startoftext|><|start_header_id|>user<|end_header_id|>\n\nIn a regular quadrangular pyramid the 
lateral edge of length $m$ is inclined to the plane of the base at an angle $\alpha $. Find the volume 
of the pyramid.<|eot_id|><|start_header_id|>assistant<|end_header_id|>\n\nThe volume \(V\) of a 
pyramid is given by \(V = \frac{1}{3} \times \text{base area} \times \text{height}\).\n\nFor a regular 
quadrangular pyramid with a square base of side length \(s\), the base area is \(s^2\).\n\nThe height 
\(h\) of the pyramid is the perpendicular distance from the apex to the base. Given that the lateral 
edge has length \(m\) and is inclined to the base plane at an angle \(\alpha\), the height is \(h = m 
\sin \alpha\).\n\nThe distance from the center of the base to a vertex (i.e., from the center to a corner 
of the square) is the same for all vertices due to symmetry. This distance is \(\frac{s}{\sqrt{2}}\). 
Using the Pythagorean theorem in the right triangle formed by the height, this distance, and the 
lateral edge:\n\n\[\n\left( \frac{s}{\sqrt{2}} \right)^2 + h^2 = m^2\n\]\n\nSubstituting \(h = m \sin 
\alpha\):\n\n\[\n\frac{s^2}{2} + (m \sin \alpha)^2 = m^2\n\]\n\n\[\n\frac{s^2}{2} = m^2 - m^2 \sin^2 
\alpha = m^2 (1 - \sin^2 \alpha) = m^2 \cos^2 \alpha\n\]\n\n\[\ns^2 = 2 m^2 \cos^2 \alpha\n\]\n\nThe 
base area is then \(s^2 = 2 m^2 \cos^2 \alpha\).\n\nThe volume is:\n\n\[\nV = \frac{1}{3} \times (2 
m^2 \cos^2 \alpha) \times (m \sin \alpha) = \frac{2}{3} m^3 \sin \alpha \cos^2 \alpha\n\]\n\nThus, the 
volume of the pyramid is \(\frac{2}{3} m^3 \sin \alpha \cos^2 \alpha\).\n\n\boxed{\dfrac{2}{3}
m^{3}\sin\alpha\cos^{2}\alpha}<|eot_id|>

<|startoftext|><|start_header_id|>user<|end_header_id|>\n\nIn a regular quadrangular 
pyramid the lateral edge of length $m$ is inclined to the plane of the base at an angle $
\alpha $. Find the volume of the pyramid.<|eot_id|><|start_header_id|>assistant<|
end_header_id|>\n\nThe volume \(V\) of a pyramid is given by \(V = \frac{1}{3} \times 
\text{base area} \times \text{height}\).\n\nFor a regular quadrangular pyramid with a square 
base of side length \(s\), the base area is \(s^2\).\n\nThe height \(h\) of the pyramid is the 
perpendicular distance from the apex to the base. Given that the lateral edge has length \
(m\) and is inclined to the base plane at an angle \(\alpha\), the height is \(h = m \sin \alpha\).
\n\nThe distance from the center of the base to a vertex (e.g., from the center to a corner of 
the square) is the same for all vertices due to symmetry. This distance is \(\frac{s}{\sqrt{2}}\). 
Using the Pythagorean theorem in the right triangle formed by the height, this distance, and 
the lateral edge:\n\n\[\n\left( \frac{s}{\sqrt{2}} \right)^2 + h^2 = m^2\n\]\n\nSubstituting \(h = m 
\sin \alpha\):\n\n\[\n\frac{s^2}{2} + (m \sin \alpha)^2 = m^2\n\]\n\n\[\n\frac{s^2}{2} = m^2 - m^2 
\sin^2 \alpha = m^2 (1 - \sin^2 \alpha) = m^2 \cos^2 \alpha\n\]\n\n\[\ns^2 = 2 m^2 \cos^2 
\alpha\n\]\n\nNow, the volume \( the pyramid22\n\n\n\n\n\n\n\n \ \ \ \}{ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ 
\ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ 

Figure C.2: Given the same prompt and ground truth, we mask 30% of tokens using both
random masking and autoregressive (AR) masking. The left column shows the masked input
sequence with random masking (<m> represents the mask token), and the corresponding
one-step decoding result. The right columns show the masked input sequence with AR
masking, and the corresponding one-step decoding result. We use LLaDA-8B-Instruct for
both generations.

C.5 Baseline Supervision Comparison

Table C.1 summarizes the supervision and training requirements of each method.
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Method Training Teacher signal Rollout policy Base model updated Planner learned

Fast-dLLM None None (logit heuristic) — No No
dParallel SFT Base-model completions + ground-truth filter Off-policy Yes No
d3LLM SFT Base-model order + ground-truth tokens Off-policy Yes No
dUltra GRPO AR teacher (Qwen2.5) On-policy Yes Yes

Table C.1: Comparison of supervision and training requirements across acceleration methods.
dUltra is the only method that (i) learns an explicit unmasking planner, (ii) trains with
on-policy rollouts, and (iii) uses an external AR teacher as a reward signal. This additional
supervision is an intentional design choice that enables mode-seeking behavior beyond what
self-distillation can provide.

C.6 Planner Initialization

We find that if we initialize the unmasking planner head randomly, the expected number of

tokens unmasked at each denoising step n = ∑
i punmask(xi) can be excessively large, leading to

degenerate performance at the onset of training and preventing RL from effectively exploring

trajectories with more sampling steps and better performance. We therefore initialize the

planner before applying RL so that the RL algorithm uses a heuristic logit-based planner as

a baseline to optimize the sampling order.

More specifically, we fine-tune the unmasking planner head using supervised learning to

mimic the confidence-aware parallel decoding method proposed in Fast-dLLM [Wu et al.,

2025]. We formulate this planner fine-tuning as a binary classification problem: given a

partially masked input, the planner predicts which tokens should be unmasked at the current

step according to the Fast-dLLM confidence criterion. For a set of masked positions Iblock,

we optimize the unmasking planner head ϕ using binary cross-entropy loss with position

weighting to handle class imbalance:

Lplanner = 1
|Iblock|

∑
i∈Iblock

BCE
(
ϕi(h), yi; wpos = #negatives

#positives
)
, (C.1)

where ϕi(h) is the predicted unmasking probability for the i-th masked token, yi ∈ {0, 1}

indicates whether token i should be unmasked according to Fast-dLLM, and wpos weights

tokens that should be unmasked to compensate for class imbalance.
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C.7 Advantage Clipping Details

Vanilla GRPO can lead to the degenerate solution where all unmasking probabilities collapse

to 0, even with the exact likelihood computed in Section 4.3.2. While this gives high

distillation reward due to extremely slow sampling, it defeats the purpose of acceleration.

We hypothesize that this occurs because trajectories with low advantage may be overly

conservative: if the model could have unmasked 5 tokens but the planner only unmasked 3,

the trajectory receives low advantage due to inefficiency. Penalizing this trajectory uniformly

reduces the likelihood of all unmasking decisions, including the 3 tokens that were correctly

unmasked.

Advantage clipping avoids this failure mode by setting below-threshold advantages to

zero, focusing updates on above-threshold trajectories. This is useful because the space of

possible unmasking orders is exponentially large compared to valid high-quality unmasking

orders, making it more effective to exploit successful discoveries than to learn uniformly from

failed attempts. In our experiments, setting C = 0 stabilizes training.

C.8 Training Dynamics and Stabilization

Figure C.3 shows the evolution of reward metrics during dUltra training on GSM8K. The

correctness reward is measured by the correctness of generated solutions, and receives 2.0

if the answer is correct and 0.0 otherwise. The efficiency reward is defined as the negative

number of denoising steps (NFE) times a constant. The distillation reward is the average

per-token log-likelihood of the final rollout under the teacher model.

Figure C.4 illustrates the role of advantage clipping in training stability. Without

advantage clipping (C = −∞), the training quickly becomes unstable: the average NFE

diverges to extreme values as the learned planner collapses to a degenerate policy that

never unmasks tokens. This occurs because negative advantages from poor trajectories can

dominate the gradient signal, causing the planner to become overly conservative. With
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Figure C.3: Training dynamics on GSM8K.

appropriate advantage clipping (C = 0.0), training remains stable and the model learns

a balanced unmasking strategy. The clipping mechanism ensures that only rollouts with

above-average returns contribute to policy updates, preventing the model from over-fitting to

failure modes.

C.9 Additional Main Results with Large Block Size

Table C.2 presents the full results with block size 128 with all other settings the same as

results with block size 32. As in Table 4.1, all dUltra inference results use deterministic

threshold decoding rather than random Bernoulli sampling. Larger block sizes enable faster

sampling with minimal accuracy loss; dUltra achieves 16.38 NFE on GSM8K (23% reduction

vs. B = 32) with only 3.6 pp accuracy drop.

165



12/18/25, 2:06 AM babe09c2-ca1b-4f4a-83a5-868891b934d1 (2656×2656)

blob:https://wandb.ai/babe09c2-ca1b-4f4a-83a5-868891b934d1 1/1

Effi
ci

en
cy

 R
ew

ar
d

C = 0 No clippingC = − 0.5

Figure C.4: Effect of advantage clipping value C on training stability. Without advantage
clipping, the average NFE quickly diverges as the planner collapses to never unmasking any
tokens. With advantage clipping, training remains stable and the model learns to reduce
NFE while maintaining task performance.

C.10 Wall-Clock Throughput

To verify that NFE reductions translate to real latency gains, we measure wall-clock through-

put (tokens/second) on a single H200 GPU for 256-token generation with block size B = 128.

We compare against the LLaDA baseline (Fast-dLLM) and distillation-based acceleration

methods. No KV-cache is used.

C.11 Pareto Frontiers

At inference time, we eliminate Bernoulli sampling randomness by deterministically unmasking

only tokens whose planner probability exceeds a threshold; this is the rule used for both
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Math Coding

GSM8K MATH500 HumanEval MBPP

Method Acc↑ NFE↓ (T/F↑) Acc↑ NFE↓ (T/F↑) Acc↑ NFE↓ (T/F↑) Acc↑ NFE↓ (T/F↑)

Fast-dLLM 75.66 54.43 (4.56) 32.60 75.72 (3.30) 35.40 61.54 (4.08) 37.80 56.93 (4.07)
dParallel 75.66 24.07 (8.23) 31.40 28.49 (5.45) 30.49 23.68 (6.26) 36.00 18.07 (7.63)
d3LLM 69.07 21.37 (9.59) 31.40 26.65 (7.03) 32.32 24.49 (7.34) 33.80 26.37 (7.66)
dUltra (ours) 77.65 16.38 (13.96) 33.64 26.53 (9.25) 36.83 21.79 (9.43) 39.12 14.78 (9.97)

Table C.2: Main results with generation length 256 and block size B = 128. dUltra uses
deterministic threshold decoding at inference time. We report accuracy, NFE, and T/F
(tokens per model forward pass); bold and underlined numeric values mark the best and
second-best results for each metric.

GSM8K MATH500

Method Acc↑ Tok/s↑ Speedup↑ Acc↑ Tok/s↑ Speedup↑

LLaDA baseline 75.7% 252 1.0× 32.6% 176 1.0×
dParallel 75.7% 459 1.8× 31.4% 298 1.7×
d3LLM 69.1% 532 2.1× 31.4% 378 2.1×
dUltra (ours) 77.7% 851 3.4× 32.8% 524 3.0×

Table C.3: Wall-clock throughput on a single H200 GPU (256-token generation, B =
128). dUltra achieves 3.0–3.4× speedup over the LLaDA baseline and ∼1.5× over the best
distillation baseline (d3LLM), while simultaneously improving accuracy on both tasks. Bold
and underlined values mark the best and second-best results for each metric; tied second-best
values are both underlined.

Table 4.1 and Table C.2. We use Fast-dLLM’s factor-based parallel decoding strategy

[Wu et al., 2025] for models without a planner. We sweep planner thresholds for dUltra

models with planners and Fast-dLLM factors for dUltra without planners, and show the

resulting Pareto frontiers in Figure C.5. No-planner ablations replace the learned planner

with confidence-based decoding while keeping the base model fixed.

C.11.1 Ablation Results Without the Planner

Table C.4 reports the no-planner ablation obtained by removing the learned planner from

dUltra and decoding with confidence-based sampling. These rows quantify the accuracy,

NFE, and T/F trade-offs when the planner is replaced by a fixed confidence-based decoding
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rule.

Math Coding

GSM8K MATH500 HumanEval MBPP

Method Acc↑ NFE↓ (T/F↑) Acc↑ NFE↓ (T/F↑) Acc↑ NFE↓ (T/F↑) Acc↑ NFE↓ (T/F↑)

dUltra w/o planner (B = 32) 75.44 15.31 (13.39) 34.00 24.67 (9.45) 23.78 16.18 (10.19) 20.40 12.18 (11.28)
dUltra w/o planner (B = 128) 69.67 10.46 (22.16) 32.80 19.36 (12.80) 21.95 13.18 (15.00) 21.60 8.27 (17.65)

Table C.4: No-planner ablation for dUltra. Each row removes the learned planner and uses
confidence-based decoding, reporting the benchmark-matched dUltra result for each task
group.

C.12 Learned Unmasking Strategies

To understand what unmasking order patterns dUltra learns, we visualize the unmasking

behavior across denoising steps on both math and coding tasks (Figure C.6 and Figure C.7).

Each heatmap shows when tokens are unmasked during the denoising process, with red bars

indicating newly unmasked tokens at each step. The vertical axis represents token positions,

while the horizontal axis shows denoising steps. For both visualizations, we use a block size

of 128 to allow more flexible unmasking orders.

The visualizations reveal that the major trend across both tasks is largely autoregressive:

tokens are predominantly unmasked in left-to-right order, as evidenced by the diagonal

progression from top-left to bottom-right in both heatmaps. This suggests that despite the

theoretical flexibility of masked diffusion models, the autoregressive order often serves as a

good enough prior. This also explains the success of AR models and speculative decoding in

practice.

Nevertheless, we observe that code generation exhibits more non-autoregressive behavior

compared to mathematical reasoning. In Figure C.7, we observe visible jumps where the model

unmasks function signatures (def has_close_elements), control flow keywords (for, if),

and return statements earlier than strict left-to-right order would dictate. These structural

elements provide crucial context for generating subsequent code and can be predicted with
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high confidence from the prompt alone. The model exploits this hierarchical dependency

structure to achieve greater parallelism: by unmasking the skeleton of the code early, it

creates multiple independent sub-problems (filling in loop bodies, conditions, etc.) that can

be decoded in parallel.

In contrast, mathematical reasoning in Figure C.6 follows a smoother, more sequential

progression. While there are minor deviations—such as unmasking numbers or operators

that can be inferred from the problem statement—the overall pattern adheres closely to

autoregressive order. This reflects the fundamentally sequential nature of step-by-step

reasoning: each calculation step typically depends on previous results, limiting opportunities

for parallel decoding.

Overall, these unmasking patterns also validate our motivation: the learned planner

creates masking distributions that locally resemble the random masking strategy from our case

study (Figure C.2), selectively deviating from autoregressive order to unmask conditionally

independent tokens in parallel while maintaining quality. The degree of non-autoregressive

behavior adapts to task structure, with code exploiting more parallelism opportunities than

sequential mathematical reasoning. Since consecutive tokens are usually highly dependent on

each other in the true data distribution, the model’s ability to generate many consecutive

tokens in parallel demonstrates the mode filtering behavior discussed in the introduction:

parallel generation of dependent tokens independently can be realized by filtering the modes

of the joint distribution, trading diversity for speed.
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C.13 MDLM Background

C.13.1 Single-Token Forward and Reverse Process

Continuous-time MDLMs [Shi et al., 2024, Sahoo et al., 2024] define a forward noising process

for t, s ∈ [0, 1] with t > s:

qt|s(xt|xs = m) = Cat(em),

qt|s(xt|xs = x0) = Cat
(

αt

αs

ex0 + αs − αt

αs

em

)
,

(C.2)

where αt is the noise schedule with α0 = 1 and α1 = 0. The marginal is qt|0(xt|x0) =

Cat(αtex0 + (1− αt)em). The time reversal for s < t given x0 is

qs|t,0(xs|xt, x0) =


Cat(ex0), xt = x0

Cat
(

αs−αt

1−αt
ex0 + 1−αs

1−αt
em

)
xt = m.

(C.3)

Similar to DDPM [Ho et al., 2020], the model µθ predicts the clean sample x0:

pθ(xs|xt) = qs|t,0(xs|xt, ex0 ≈ µθ(xt, t)). (C.4)

C.13.2 NELBO Derivation

The approximation in Equation (C.4) is optimized by minimizing the NELBO. Given dis-

cretization steps T , with s(i) = (i− 1)/T and t(i) = i/T , the NELBO decomposes as:

LNELBO = Eq

− log pθ(x | xt(1))︸ ︷︷ ︸
Lrecons

+
T∑

i=2
DKL

[
q(xs(i) | xt(i), x) ∥ pθ(xs(i) | xt(i))

]
︸ ︷︷ ︸

Ldiffusion

+ DKL
[
q(xt(T ) | x) ∥ pθ(xt(T ))

]
︸ ︷︷ ︸

Lprior

.

(C.5)

For MDLMs with carry-over unmasking [Sahoo et al., 2024, Shi et al., 2024], this simplifies

to the weighted cross-entropy in Eq. 4.1 of the main paper.
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C.14 Experimental Setup

C.14.1 Implementation Details

Model Architecture

Our model extends the LLaDA-Instruct model [Nie et al., 2025] with an unmasking planner

head. The architecture consists of:

Base Model. We use LLaDA [Nie et al., 2025], a masked diffusion language model with

Llama-like architecture adapted for discrete diffusion. The model uses a special mask token

and employs time-agnostic parametrization following recent findings that the optimal ELBO

solution is independent of the time variable [Ou et al., 2025, Sahoo et al., 2024].

Unmasking Planner Head. Following the architecture in Huang et al. [2025], we

introduce an unmasking planner head that takes the last-layer hidden states and outputs

per-token unmasking probabilities:

punmask(x) = sigmoid(head(hx)) (C.6)

where hx is the hidden state for token position x. The head consists of:

• L = 1 transformer blocks (LLaDABlock layers)

• Adaptive Layer Normalization (AdaLN) with timestep conditioning

• Mask embeddings

• Final linear projection to scalar logit

Since the unmasking planner head is small (a single transformer block), it adds only a small

computational overhead relative to the base model.
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Training Configuration:

• Unmasking planner head fine-tuning: Learning rate 1e-6, batch size 4, cosine schedule

with warmup

• GRPO: Block length 32/128, temperature 0.1, advantage clipping, group size 12,

learning rate 5e-6

• Optimizer: AdamW with weight decay 0.01

• Hardware: Single H200 GPU

C.14.2 Reward Function

Our training uses a multi-component reward function that combines task-specific correctness

verification, format compliance, and efficiency incentives. The total reward is computed as a

weighted sum:

rtotal =
∑

i

λi · ri (C.7)

where ri are individual reward components and λi are their weights. Below we detail the

default configuration for mathematical reasoning and code generation tasks.

Mathematical Reasoning Tasks (GSM8K, MATH500)

Correctness Reward (λ = 1.0): Extracts the final answer from LaTeX \boxed{} notation

and verifies mathematical equivalence against ground truth using math_verify library for

symbolic comparison. Returns 2.0 for correct answers, 0.0 otherwise.

Format Reward (λ = 1.0): Rewards proper use of LaTeX boxed notation (\boxed{answer})

for presenting the final answer. Returns 0.5 when answers are properly boxed, 0.0 otherwise.

This encourages the model to follow standard mathematical writing conventions.

Efficiency Reward (λ = 1.0): Incentivizes faster sampling by penalizing the number of

denoising steps: rstep = −Nsteps/50, where Nsteps is the total number of denoising iterations.

172



On-Policy Distillation Reward (λ = 1.0): Computes the average per-token log-

likelihood of the generated completion under Qwen2.5-Math-7B-Instruct teacher model:

rdistill = 1
L

∑L
i=1 log pteacher(ci | q, c<i), where L is the completion length. This encourages

mode-seeking behavior by rewarding completions that the teacher assigns high probability.

Code Generation Tasks (HumanEval, MBPP)

Correctness Reward (λ = 3.0): Executes the generated code against test cases with a

10-second timeout per test. Returns 1.0 if all tests pass, 0.0 for any wrong outputs, and -0.05

for runtime errors (excluding syntax/indentation errors which return 0.0). Code is extracted

from markdown fences and wrapped to support LeetCode-style class solutions.

Code Fence Format Reward (λ = 1.0): Encourages proper markdown code formatting

with incremental scoring: +0.25 for any fence, +0.25 for ‘‘‘python fence, +0.25 for closing

fence, +0.25 for no trailing text. Small penalty (0.001 per character) for extra content after

closing fence. Maximum score: 1.0.

Efficiency Reward (λ = 0.1): Same as math tasks.

On-Policy Distillation Reward (λ = 1.0): Uses Qwen2.5-Coder-7B-Instruct teacher

model. Computation is identical to math tasks but with domain-specific teacher.
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C.15 Training Algorithm

Each training iteration consists of the rollout-and-advantage phase and the gradient-update

phase below. The two phases are repeated until θ and ϕ converge or the maximum number

of epochs is reached.

Algorithm 3: GRPO rollout and advantage computation
Input: diffusion LLM model θ, unmasking planner head ϕ, dataset D, reward_func,

advantage clipping threshold C

Sample questions q ∼ D

for g ← 1 to G do

// Generate a group of G trajectories

Initialize xg with q and mask tokens

k ← 0 // number of steps

while xg has mask tokens do
Run the model forward once to get the logits l and last-layer hidden state h

Calculate unmasking probability πunmask = sigmoid(ϕ(h)) for each mask token

Calculate token probability πtoken = softmax(l)

Sample the mask tokens to unmask Pos(k) ∼ MultivariateBernoulli(πunmask)

Sample the value of unmasked tokens xg

Pos(k) ∼ πtoken

k ← k + 1
kg ← k

rg ← reward_func(xg) // Compute the rewards

for g ← 1 to G do

Ag ← rg −mean(r1:G) // Compute advantages

if Ag < C then

Ag ← 0 // Advantage clipping

N ← max(kg)
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Algorithm 4: GRPO gradient accumulation and parameter update
Input: model θ, trajectories and advantages from Algorithm 3

// Loop through the group

for g ← 1 to G do

// Loop through denoising steps

for n← 1 to N do

if kg > n then

// Compute πθ and losses

π
(
xg,n | xg,n−1

)
= πselect

(
Pos(n) | xg,n−1

)
· πtoken

(
xg,n | xg,n−1, Pos(n)

)
// Equation (4.3)

Lθ,n ← − 1
∥x∥·G

∑G
g=1

π(xg,n|xg,n−1)
sg(π(xg,n|xg,n−1))A

g // sg is stop gradient

Accumulate gradient ∇θLθ,n

Update θ with accumulated gradients ∑N
n=1∇θLθ,n

Zero out accumulated gradients
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Figure C.5: Accuracy-efficiency Pareto frontiers across math reasoning and code generation
benchmarks. We compare dUltra against baseline methods on GSM8K (top-left), MATH500
(top-right), HumanEval (bottom-left), and MBPP (bottom-right). The x-axis shows average
NFE (lower is faster), while the y-axis shows task accuracy. Each point represents a different
threshold for dUltra and a different factor for models without planners. The no-planner
dUltra ablations directly use the output logits for confidence-based token selection. dUltra
consistently achieves strong accuracy-efficiency trade-offs compared to distillation-based
methods, demonstrating the effectiveness of our learned unmasking strategies via on-policy
distillation.
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Figure C.6: Visualization of learned unmasking patterns on GSM8K. Red bars show newly
unmasked tokens at each denoising step. The pattern exhibits a predominantly autoregressive
(left-to-right) trend with minor deviations. An interesting observation is that sometimes,
"Step" and ":" are generated first without the numbering in between, and the numbering is
generated in the next step.
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Figure C.7: Visualization of learned unmasking patterns on HumanEval. While the overall
trend remains autoregressive, code generation exhibits more non-autoregressive behavior with
visible jumps to unmask function signatures, control flow keywords, and structural elements
earlier than strict left-to-right order.
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Appendix D

Appendix to Chapter 5: Sharpness

and Compression

D.1 Linear stability trick on penultimate-layer and

middle-layer features

We define g(x) to be the penultimate-layer features such that f(x) = WLg(Wx) + b. With

slight abuse of notation, we define J = ∂g(Wx)
∂Wx . Similar to Equation (5.4), we have

∥∥∥∇Wf(Wx; θ̄)
∥∥∥

F
= ∥WLJ∥F ∥x∥2

∇xg(Wx; θ̄) = JW ,

(D.1)

Lemma D.1. ∥AB∥2
F ≥ λmin(AT A) ∥B∥2

F , where λmin is the smallest eigenvalue.

Proof. By the definition of Frobenius norm,

∥AB∥2
F = Tr(ABBT AT ) = Tr(AT ABBT ). (D.2)
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From Fang et al. [1994], we have that for positive semidefinite matrices P and Q,

λmin(P ) Tr(Q) ≤ Tr(PQ) (D.3)

Therefore,

Tr(AT ABBT ) ≥ λmin(AT A) Tr(BBT ) = λmin(AT A) ∥B∥2
F (D.4)

As a result, ∥WLJ∥F ≥
√

λmin(WT
LWL) ∥J∥F . Let d be the feature dimension, and K

be the number of classes, and WL ∈ RK×d. Then, λmin(WT
LWL) vanishes when d > K,

otherwise
√

λmin(WT
LWL) = σmin(WL), the smallest singular value of WL. Therefore,

∥∥∥∇xg(Wx; θ̄)
∥∥∥

F
= ∥JW∥F

≤ ∥J∥F ∥W∥2

≤ ∥WLJ∥F√
λmin(WT

LWL)
∥W∥2

=

∥∥∥∇Wf(Wx; θ̄)
∥∥∥

F

∥x∥2

√
λmin(WT

LWL)
∥W∥2

(D.5)

More generally, if we consider arbitrary intermediate-layer representations, we write f(x) =

h ◦ g(Wx), where g is the transformation from linear transformed input to the intermediate-

layer representations and h is the mapping from the representations to the output of the

network. Then Equation (D.1) becomes

∥∥∥∇Wf(Wx; θ̄)
∥∥∥

F
= ∥JhJg∥F ∥x∥2

∇xg(Wx; θ̄) = JgW ,

(D.6)

where Jg = ∂g(Wx)
∂Wx and Jh = ∂f(Wx)

∂g(Wx) . Therefore, if Jh has full column rank, similar to
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Equation (D.5), we have

∥∥∥∇xg(Wx; θ̄)
∥∥∥

F
≤

∥∥∥∇Wf(Wx; θ̄)
∥∥∥

F

∥x∥2

√
λmin(JT

h Jh)
∥W∥2 (D.7)

D.2 Adaptation of Inequality 5.6 to Residual Layers

We need to slightly adapt the proof in Equations (5.4) and (5.5). Consider a network whose

first layer has a residual connection: y = g(x + f(Wx)), where f is the nonlinearity with bias

(e.g. f(x) = tanh(x + b)), and g is the rest of the mappings in the network. Then we have

∥∇W g(x + f(Wx))∥F = ∥JK∥F ∥x∥2

∇xg(x + f(Wx)) = J + JKW

(D.8)

where J = ∂g(x+f(W x))
∂(x+f(W x)) and K = ∂f(W x)

∂(W x) .

Therefore, ||∇xg(x + f(Wx))||2 ≤ ||J ||2 + ||JK||2||W ||2 ≤ ||J ||2 + ||∇W g(x+f(W x))||F
||x||2 ||W ||2.

Now, we get the bound for the difference between MLS of input and the MLS of input to the

next layer:

∥∇xg(x + f(Wx))∥2 − ∥J∥2 ≤
∥∇W g(x + f(Wx))∥F

∥x∥2
∥W∥2 (D.9)

Notice that if we apply this inequality to every residual layer in the network, and sum the left-

hand side, we will get a telescoping sum on the left-hand side. Assuming the last layer is linear

with weights WL, we get ||∇xg(x+f(W1x))||2−||WL||2 ≤
∑L−1

l=1
||Wl||2
||xl||2

||∇W gl(xl +f(Wlxl))||F .

The right-hand side is bounded by sharpness due to Cauchy, see also Equation (D.26).

D.3 Proof of Equation (5.3)

Lemma D.2. If θ is an approximate interpolation solution, i.e. ∥f(xi, θ)− yi∥ < ε for

i ∈ {1, 2, · · · , n}, and second derivatives of the network function
∥∥∥∇2

θj
f(xi, θ)

∥∥∥ < M is
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bounded, then

S(θ∗) = 1
n

n∑
i=1
∥∇θf(xi, θ∗)∥2

F + O(ε) (D.10)

Proof. Using basic calculus we get

S(θ) = Tr(∇2L(θ))

= 1
2n

n∑
i=1

Tr(∇2
θ ∥f(xi, θ)− yi∥2)

= 1
2n

n∑
i=1

Tr∇θ(2(f(xi, θ)− yi)T∇θf(xi, θ))

= 1
n

n∑
i=1

m∑
j=1

∂

∂θj

((f(xi, θ)− yi)T∇θf(xi, θ))j

= 1
n

n∑
i=1

m∑
j=1

∂

∂θj

(f(xi, θ)− yi)T∇θj
f(xi, θ)

= 1
n

n∑
i=1

m∑
j=1

∥∥∥∇θj
f(xi, θ)

∥∥∥2

2
+ (f(xi, θ)− yi)T∇2

θj
f(xi, θ)

= 1
n

n∑
i=1
∥∇θf(xi, θ)∥2

F + 1
n

n∑
i=1

m∑
j=1

(f(xi, θ)− yi)T∇2
θj

f(xi, θ).

Therefore

∣∣∣∣∣S(θ)− 1
n

n∑
i=1
∥∇θf(xi, θ)∥2

F

∣∣∣∣∣ <
1
n

n∑
i=1

m∑
j=1
|(f(xi, θ)− yi)T∇2

θj
f(xi, θ)| < mMε = O(ε).

(D.11)

In other words, when the network reaches zero training error and enters the interpola-

tion phase (i.e., it fits all training data correctly), Equation (5.3) will be a good enough

approximation of the sharpness because the quadratic training loss is sufficiently small.
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D.4 Proof of Equation (5.8), Proposition 5.4 and Propo-

sition 5.6

D.4.1 Proof of Equation (5.8)

We prove the bound on the local volumetric ratio using the arithmetic-geometric mean

inequality. Let J = ∇xf ∈ RN×M have singular values σ1, . . . , σN ≥ 0. By the AM-GM

inequality applied to the squared singular values:

√
det(JJT ) =

√√√√ N∏
i=1

σ2
i =

N∏
i=1

σi

≤
(

1
N

N∑
i=1

σ2
i

)N/2

(AM-GM inequality)

=
(

tr(JJT )
N

)N/2

(eigenvalues of JJT are σ2
i )

=
(

tr(JT J)
N

)N/2

(trace identity: tr(AB) = tr(BA))

=
(
∥J∥2

F

N

)N/2

(Frobenius norm: ∥J∥2
F = tr(JT J)).

(D.12)

This completes the proof of Equation (5.8).

D.4.2 Proof of Proposition 5.4 and Proposition 5.6

For notational simplicity, we write fi := f(xi, θ∗) in what follows. By Equation (5.5) and the

Cauchy–Schwarz inequality, we have

1
n

n∑
i=1
∥∇xfi∥k

F ≤ ∥W∥
k
2

1
n

n∑
i=1

∥∇Wfi∥k
F

∥xi∥k
2

≤ 1
n
∥W∥k

2

√√√√ n∑
i=1

1
∥xi∥2k

2
·

√√√√ n∑
i=1
∥∇Wfi∥2k

F .

(D.13)
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Since the input-weight matrix W is just one part of all the weights (θ) of the network, we

have ∥∇Wfi∥k
F ≤ ∥∇θfi∥k

F .

We next show the correctness of Proposition 5.4 with a standard lemma.

Lemma D.3. For vector x, ∥x∥p ≥ ∥x∥q for 1 ≤ p ≤ q ≤ ∞.

Proof. First we show that for 0 < k < 1, we have (|a|+ |b|)k ≤ |a|k + |b|k. It’s trivial when

either a or b is 0. So W.L.O.G, we can assume that |a| < |b|, and divide both sides by |b|k.

Therefore it suffices to show that for 0 < t < 1, (1 + t)k < tk + 1. Let f(t) = (1 + t)k − tk − 1,

then f(0) = 0, and f ′(t) = k(1 + t)k−1 − ktk−1. Because k − 1 < 0, 1 + t > 1 and t < 1,

tk−1 > 1 > (1 + t)k−1. Therefore f ′(t) < 0 and f(t) < 0 for 0 < t < 1. Combining all cases,

we have (|a|+ |b|)k ≤ |a|k + |b|k for 0 < k < 1. By induction, we have (∑n |an|)k ≤ ∑n |an|k.

Now we can prove the lemma using the conclusion above,

(∑
n

|xn|q
)1/q

=
(∑

n

|xn|q
)p/q·1/p

≤
(∑

n

(|xn|q)p/q

)1/p

=
(∑

n

|xn|p
)1/p

Now we can prove Proposition 5.4

Proposition. The local volumetric ratio is upper bounded by a sharpness related quantity:

dVf(θ∗) ≤
N−N/2

n

n∑
i=1
∥∇xf(xi, θ∗)∥N

F ≤
1
n

√√√√ n∑
i=1

∥W∥2N
2

∥xi∥2N
2

(
nS(θ∗)

N

)N/2

(D.14)

for all N ≥ 1.

Proof. Take the xi in Lemma D.3 to be ∥∇θf(xi, θ∗)∥2
F and let p = 1, q = k, then we get

(
n∑

i=1
(∥∇θfi∥2

F )k

)1/k

≤
n∑

i=1
∥∇θfi∥2

F . (D.15)
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Therefore,

1
n
∥W∥k

2

√√√√ n∑
i=1

1
∥xi∥2k

2
·

√√√√ n∑
i=1
∥∇Wfi∥2k

F ≤ nk/2−1 ∥W∥k
2

√√√√ n∑
i=1

1
∥xi∥2k

2

(
1
n

n∑
i=1
∥∇θfi∥2

F

)k/2

= nk/2−1 ∥W∥k
2

√√√√ n∑
i=1

1
∥xi∥2k

2
S(θ∗)k/2

(D.16)

Next, we show that the first inequality in Equation (D.16) can be tightened by considering

all linear layer weights.

Proposition. The network volumetric ratio is upper bounded by a sharpness related quantity:

L∑
l=1

dVfl
≤ N−N/2

n

L∑
l=1

n∑
i=1

∥∥∥∇xlf l
i

∥∥∥N

F
≤ 1

n

√√√√√ L∑
l=1

n∑
i=1

∥Wl∥2N
2∥∥∥xl

i

∥∥∥2N

2

·
(

nS(θ∗)
N

)N/2

. (D.17)

Proof. Recall that the input to the l-th linear layer is xl
i for l = 1, 2, . . . , L. In particular,

x1
i is the input to the entire network. Similarly, Wl is the weight matrix of the l-th linear

or convolutional layer. With a slight abuse of notation, we use f l to denote the mapping

from the activity of the l-th layer to the final output, and f l
i := f l(xi, θ∗). We can apply the

Cauchy–Schwarz inequality again to obtain

1
n

L∑
l=1

n∑
i=1

∥∥∥∇xlf l
i

∥∥∥k

F
≤ 1

n

L∑
l=1

√√√√√ n∑
i=1

∥Wl∥2k
2∥∥∥xl

i

∥∥∥2k

2

·

√√√√ n∑
i=1

∥∥∥∇Wl
f l

i

∥∥∥2k

F

≤

√√√√√ 1
n

L∑
l=1

n∑
i=1

∥Wl∥2k
2∥∥∥xl

i

∥∥∥2k

2

·

√√√√ 1
n

L∑
l=1

n∑
i=1

∥∥∥∇Wl
f l

i

∥∥∥2k

F
.

(D.18)
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Using Lemma D.3 again we have

(
L∑

l=1
(
∥∥∥∇Wl

f l
i

∥∥∥2

F
)k

)1/k

≤
L∑

l=1

∥∥∥∇Wl
f l

i

∥∥∥2

F
≤ ∥∇θfi∥2

F ,

(
n∑

i=1
(∥∇θfi∥2

F )k

)1/k

≤
n∑

i=1
∥∇θfi∥2

F = nS(θ∗),
(D.19)

The last inequality allows θ to include parameters beyond the listed linear weights. Therefore

from Equation (D.18), we have

1
n

L∑
l=1

n∑
i=1

∥∥∥∇xlf l
i

∥∥∥k

F
≤

√√√√√ 1
n

L∑
l=1

n∑
i=1

∥Wl∥2k
2∥∥∥xl

i

∥∥∥2k

2

·
√

nk−1S(θ∗)k (D.20)

D.5 Proof of Proposition 5.8 and Proposition 5.10

Below we give the proof of Proposition 5.8.

Proposition. The maximum local sensitivity is upper bounded by a sharpness related quantity:

MLS = 1
n

n∑
i=1
∥∇xf(xi, θ∗)∥2 ≤ ∥W∥2

√√√√ 1
n

n∑
i=1

1
∥xi∥2

2
S(θ∗)1/2 . (D.21)

Proof. From Equation (5.5), we get

MLS = 1
n

n∑
i=1
∥∇xfi∥2 ≤ ∥W∥2

1
n

n∑
i=1

∥∇Wfi∥F

∥xi∥2
. (D.22)

Now the Cauchy-Schwarz inequality tells us that

(
n∑

i=1

∥∇Wfi∥
∥xi∥2

)2

≤
(

n∑
i=1

1
∥xi∥2

2

)
·
(

n∑
i=1
∥∇Wfi∥2

F

)
. (D.23)
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Therefore

MLS ≤ ∥W∥2

√√√√ 1
n

n∑
i=1

1
∥xi∥2

2
·

√√√√ 1
n

n∑
i=1
∥∇Wfi∥2

F

≤ ∥W∥2

√√√√ 1
n

n∑
i=1

1
∥xi∥2

2
· S(θ∗)1/2.

(D.24)

Now we can prove Proposition 5.10.

Proposition. The network maximum local sensitivity is upper bounded by a sharpness related

quantity:

NMLS = 1
n

L∑
l=1

n∑
i=1

∥∥∥∇xlf l(xl
i, θ∗)

∥∥∥
2
≤

√√√√√ 1
n

n∑
i=1

L∑
l=1

∥Wl∥2
2∥∥∥xl

i

∥∥∥2 · S(θ∗)1/2. (D.25)

Proof. We can apply Equation (D.24) to every linear layer and again apply the Cauchy-

Schwarz inequality to obtain

NMLS = 1
n

L∑
l=1

n∑
i=1

∥∥∥∇xfl(xl
i, θ∗)

∥∥∥
2

≤
L∑

l=1


√√√√√ 1

n

n∑
i=1

∥Wl∥2
2∥∥∥xl

i

∥∥∥2

2

√√√√ 1
n

n∑
i=1

∥∥∥∇Wl
f l

i

∥∥∥2

F


≤

√√√√√ 1
n

n∑
i=1

L∑
l=1

∥Wl∥2
2∥∥∥xl

i

∥∥∥2

2

√√√√ 1
n

n∑
i=1

L∑
l=1

∥∥∥∇Wl
f l

i

∥∥∥2

F

≤

√√√√√ 1
n

n∑
i=1

L∑
l=1

∥Wl∥2
2∥∥∥xl

i

∥∥∥2

2

· S(θ∗)1/2.

(D.26)

Note that the gap in the last inequality is significantly smaller than that of Equation (D.24)

since now we consider all linear weights.
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D.6 Reparametrization-invariant sharpness and input-

invariant MLS

In this section, we demonstrate that various reparametrization-invariant sharpness metrics

proposed in the literature can be understood as measuring robustness of outputs to inputs

and internal representations through MLS-like quantities. As discussed in Section 3.4,

this provides a novel perspective: reparametrization-invariant sharpness is fundamentally

characterized by the robustness of outputs to internal neural representations. We examine

two different approaches from the literature—Tsuzuku et al. [2019]’s matrix-normalized

and normalized sharpness (Section D.6.1), and Kwon et al. [2021], Andriushchenko et al.

[2023]’s elementwise-adaptive sharpness (Section D.6.2)—showing how each relates to different

variants of MLS.

D.6.1 Reparametrization-invariant sharpness in Tsuzuku et al.

[2019]

In this appendix, we show that the reparametrization-invariant sharpness metrics introduced

in Tsuzuku et al. [2019] can be seen as an effort to tighten the bound that we derived above.

We formalize two metrics from their work and establish their connections to MLS.

Definition D.4 (Matrix-normalized sharpness). Following Tsuzuku et al. [2019], the matrix-

normalized sharpness of a neural network is defined as

Smatrix(θ) =
L∑

l=1
∥Wl∥2

√
S(Wl), (D.27)

where S(Wl) is the trace of Hessian of the loss w.r.t. the weights of the l-th layer, and ∥Wl∥2

is the spectral norm of the weight matrix at layer l.

Proposition D.5. At exact interpolation under MSE, the matrix-normalized sharpness
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upper-bounds weighted MLS across layers:

L∑
l=1

xl ·MLSl ≤ Smatrix(θ), (D.28)

where xl =
(

1
n

∑n
i=1

1
∥xl

i∥
2
2

)− 1
2

is the inverse of the average input norm at layer l, and MLSl

is the MLS at layer l.

Proof. At exact interpolation, from Equation (D.24) we have

L∑
l=1

xl ·MLSl ≤
L∑

l=1
∥Wl∥2

√√√√ 1
n

n∑
i=1

∥∥∥∇Wl
f l

i

∥∥∥2

F

=
L∑

l=1
∥Wl∥2

√
S(Wl) = Smatrix(θ).

(D.29)

Note that a similar inequality holds if we use Frobenius norm instead of 2-norm of the

weights.

Definition D.6 (Normalized sharpness [Tsuzuku et al., 2019]). The normalized sharpness

of a neural network is defined as the solution to the optimization problem:

Snormalized(θ) = min
σ,σ′

∑
i,j

(
∂2L

∂Wi,j∂Wi,j

(σiσ
′
j)2 +

W 2
i,j

4λ2(σiσ′
j)2

)
, (D.30)

where σ ∈ Rd
>0 and σ′ ∈ RM

>0 are scaling vectors for W ∈ Rd×M and λ is a hyperparameter.

Proposition D.7. The normalized sharpness optimization problem is equivalent to minimizing

an upper bound on a scale-invariant MLS-like quantity:

Snormalized(θ) ≥ 1
λ

∥∥∥diag(σ′−1)∇xf
∥∥∥

F
∥diag(σ′)x∥2 , (D.31)

where the quantity on the right is invariant under the transformation

Wx→W diag(σ′−1)(diag(σ′)x).
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Proof. Note that by Lemma D.2, ∂2L
∂Wi,j∂Wi,j

≈
∥∥∥∇Wi,j

f
∥∥∥2

2
. Moreover, we have

∑
i,j

∥∥∥∇Wi,j
f
∥∥∥2

(σiσ
′
j)2 +

∑
i,j

W 2
i,j

4λ2(σiσ′
j)2

≥ 1
λ

√∑
i,j

(∇Wi,j
f)2(σiσ′

j)2

·
√√√√∑

i,j

W 2
i,j

(σiσ′
j)2

≥ 1
λ
∥diag(σ)J∥F ∥diag(σ′)x∥2

∥∥∥diag(σ−1)W diag(σ′−1)
∥∥∥

F

≥ 1
λ

∥∥∥diag(σ′−1)W T J
∥∥∥

F
∥diag(σ′)x∥2

= 1
λ

∥∥∥diag(σ′−1)∇xf
∥∥∥

F
∥diag(σ′)x∥2 ,

(D.32)

where J = ∂f(Wx;θ̄)
∂(Wx) (see some of the calculations in Equation (5.4)). Therefore, the optimiza-

tion problem Equation (D.30) is equivalent to choosing σ, σ′ to minimize the upper bound

on a scale-invariant MLS-like quantity. The quantity is invariant under the transformation of

the first layer

Wx→W diag(σ′−1)(diag(σ′)x),

where diag(σ′)x becomes the new input.

For simplicity, we do not scale the original dataset in our work and only compare MLS

within the same dataset. As a result, we can characterize those reparametrization-invariant

sharpness metrics by the robustness of output to the input. If we consider all linear weights

in the network, then those metrics indicate the robustness of output to internal network

representations.

In summary, we have shown that Tsuzuku et al. [2019]’s reparametrization-invariant

sharpness metrics can be interpreted through our MLS framework: their matrix-normalized

sharpness corresponds exactly to the upper bound on weighted MLS across layers, while

their normalized sharpness minimizes an upper bound on a scale-invariant MLS-like quantity.

This establishes that these metrics, while designed for reparametrization invariance, are
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fundamentally measuring the robustness of outputs to inputs and internal representations.

D.6.2 Reparametrization-invariant sharpness upper-bounds input-

invariant MLS

Having shown that Tsuzuku et al. [2019]’s metrics tighten our standard MLS/NMLS bounds,

we now examine a different approach to reparametrization-invariant sharpness. In this

subsection, we prove a formal result relating elementwise-adaptive sharpness from Kwon et al.

[2021], Andriushchenko et al. [2023] to a different variant of MLS: input-invariant MLS. This

demonstrates that different reparametrization-invariant sharpness metrics from the literature

can be understood as measuring robustness of outputs to inputs through different MLS

variants.

In this appendix, we consider the adaptive average-case n-sharpness considered in Kwon

et al. [2021], Andriushchenko et al. [2023]:

Sρ
avg(w, |w|) ≜ 2

ρ2ES∼Pn,δ∼N (0,ρ2diag(|w|2)) [LS(w + δ)− LS(w)] , (D.33)

which is shown to be elementwise adaptive sharpness in Andriushchenko et al. [2023]. They

also show that for a thrice differentiable loss, L(w), the average-case elementwise adaptive

sharpness can be written as

Sρ
avg(w, |w|) = ES∼Pn

[
Tr
(
∇2LS(w)⊙ |w||w|⊤

)]
+ O(ρ). (D.34)

Definition D.8. We define the Elementwise-Adaptive Sharpness Sadaptive to be

Sadaptive(w) ≜ lim
ρ→0

Sρ
avg(w, |w|) = ES∼Pn

[
Tr
(
∇2LS(w)⊙ |w||w|⊤

)]
(D.35)

In this appendix, we focus on the property of Sadaptive instead of the approximation

Equation (D.34). Adapting the proof of Theorem D.2, we have the following lemma.
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Lemma D.9. If θ is an approximate interpolation solution, i.e. ∥f(xi, θ)− yi∥ < ε for

i ∈ {1, 2, · · · , n}, |θj|2
∥∥∥∇2

θj
f(xi, θ)

∥∥∥ < M for all j, and L is MSE loss, then

Sadaptive(θ∗) = 1
n

n∑
i=1

m∑
j=1
|θj|2

∥∥∥∇θj
f(xi, θ)

∥∥∥2

2
+ O(ε), (D.36)

where m is the number of parameters.

Proof. Using basic calculus we get

Sadaptive(θ) = 1
2n

n∑
i=1

Tr(∇2
θ ∥f(xi, θ)− yi∥2 ⊙ |θ||θ|⊤)

= 1
2n

n∑
i=1

Tr∇θ(2(f(xi, θ)− yi)T∇θf(xi, θ))⊙ |θ||θ|⊤

= 1
n

n∑
i=1

m∑
j=1
|θj|2

∂

∂θj

((f(xi, θ)− yi)T∇θf(xi, θ))j

= 1
n

n∑
i=1

m∑
j=1
|θj|2

∂

∂θj

(f(xi, θ)− yi)T∇θj
f(xi, θ)

= 1
n

n∑
i=1

m∑
j=1
|θj|2

∥∥∥∇θj
f(xi, θ)

∥∥∥2

2
+ |θj|2(f(xi, θ)− yi)T∇2

θj
f(xi, θ)

= 1
n

n∑
i=1

m∑
j=1
|θj|2

∥∥∥∇θj
f(xi, θ)

∥∥∥2

2
+ 1

n

n∑
i=1

m∑
j=1
|θj|2(f(xi, θ)− yi)T∇2

θj
f(xi, θ)

Therefore ∣∣∣∣∣∣Sadaptive(θ)− 1
n

n∑
i=1

m∑
j=1
|θj|2

∥∥∥∇θj
f(xi, θ)

∥∥∥2

2

∣∣∣∣∣∣
<

1
n

n∑
i=1

m∑
j=1
|(f(xi, θ)− yi)T |θj|2∇2

θj
f(xi, θ)|

< mMε = O(ε).

(D.37)
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Definition D.10. We define the Input-invariant MLS of a network f : RM → RN to be

1
n

n∑
i=1

M∑
p=1

∥∥∥∥∇x
(i)
p

f
∥∥∥∥2

2
(x(i)

p )2 , (D.38)

where x(i)
p is the p-th entry of i-th training sample.

At exact interpolation, the adaptive sharpness upper bounds the input-invariant MLS.

Proposition D.11. Assuming that the conditions of Theorem D.9 hold with ε = 0, then

elementwise-adaptive sharpness upper-bounds input-invariant MLS:

1
n

n∑
i=1

m∑
j=1
|θj|2

∥∥∥∇θj
f(xi, θ)

∥∥∥2

2
≥ 1

nd

n∑
i=1

M∑
p=1

∥∥∥∥∇x
(i)
p

f
∥∥∥∥2

2
(x(i)

p )2, (D.39)

Proof. Now we adapt the linear stability trick. Let W ∈ Rd×M be the first-layer weights.

Since these weights are a subset of the m parameters, Cauchy–Schwarz gives

m∑
j=1
|θj|2

∥∥∥∇θj
f(x, θ)

∥∥∥2

2
≥

M∑
p=1

d∑
k=1

W 2
kpx2

p ∥J:k∥2
2

≥ 1
d

M∑
p=1

∥∥∥∇xpf
∥∥∥2

2
x2

p

(D.40)

where, as in Equation (5.4), J = ∂f(Wx;θ̄)
∂(Wx) and ∇xf(Wx; θ̄) = JW. Taking the sample mean

proves the proposition.

D.7 Numerical approximation of normalized MLS and

elementwise-adaptive sharpness

In this appendix, we detail how we approximate the normalized MLS and adaptive sharpness

in Section 5.4.3. Note that for all network f the last layer is the sigmoid function, so the

output is bounded in (0, 1), and we use MSE loss to be consistent with the rest of the chapter.

193



For the adaptive sharpness, we adopt the definition in Andriushchenko et al. [2023] and

use the sample mean to approximate the expectation in Equation (D.33). Therefore, for

network f(w),

Sadaptive(f) = 1
nm

n∑
i=1

m∑
j=1

L(xi; w + δj)− L(xi; w), (D.41)

where δ ∼ N (0, 0.01 diag(|w|2)).

For normalized MLS, we first reiterate the definition from the main text. We use normalized

MLS below as an approximation to the input-invariant MLS (Definition D.10), because the

latter is computationally prohibitive for modern large ViTs. On the other hand, there is an

efficient way to estimate normalized MLS as detailed below.

Definition D.12. We define the normalized MLS as 1
n

∑n
i=1 ∥xi∥2

2 ∥∇xi
f∥2

2

Therefore, to approximate normalized MLS, we need to approximate ∥∇xi
f∥2. By

definition of matrix 2-norm,

∥∇xf∥2 = sup
δ

∥∇xf δ∥2
∥δ∥2

≈ max
δ

∥f(x + δ)− f(x)∥2
∥δ∥2

. (D.42)

To solve this optimization problem, we start from a randomly sampled vector δ that has the

same shape as the network input, and we update δ using gradient descent.
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D.8 Empirical analysis of the bound

D.8.1 Tightness of the bound

In this section, we mainly explore the tightness of the bound in Equation (5.11) for reasons

discussed in Section 5.3.2. First we rewrite Equation (5.11) as

MLS = 1
n

n∑
i=1
∥∇xf(xi, θ∗)∥2 := A

≤ ∥W∥2
n

n∑
i=1

∥∇Wf(xi, θ∗)∥F

∥xi∥2
:= B

≤ ∥W∥2

√√√√ 1
n

n∑
i=1

1
∥xi∥2

2

√√√√ 1
n

n∑
i=1
∥∇Wf(xi, θ∗)∥2

F := C

≤ ∥W∥2

√√√√ 1
n

n∑
i=1

1
∥xi∥2

2
S(θ∗)1/2 := D

(D.43)

Thus Equation (5.11) consists of 3 different steps of relaxations. We analyze them one by

one:

1. (A ≤ B) The equality holds when ∥JW∥2 = ∥W∥2 ∥J∥2 and ∥J∥F = ∥J∥2, where

J = ∂f(Wx;θ̄)
∂(Wx) . The former equality requires a leading right singular vector of J to

align with a leading left singular vector of W . The latter requires J to have zero

singular values except for the largest singular value. Since J depends on the specific

neural network architecture and training process, we test the tightness of this bound

empirically (Figure D.8.1).

2. (B ≤ C) The equality requires ∥∇Wf(xi,θ
∗)∥F

∥xi∥2
to be the same for all i. In other words,

the bound is tight when ∥∇Wf(xi,θ
∗)∥F

∥xi∥2
does not vary too much from sample to sample.

3. (C ≤ D) The equality holds if the model is linear, i.e. θ = W.

We empirically verify the tightness of the above bounds in Figure D.8.1
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Figure D.8.1: Empirical tightness of the bounds. We empirically verify that the
inequalities in Equation (D.43) hold and test their tightness. The results are shown for a
fully connected feedforward network trained on the FashionMNIST dataset. The quantities
A, B, C, and D are defined in Equation (D.43). We see that the gap between C and D is large
compared to the gap between A and B or B and C. This indicates that partial sharpness
∥∇Wf(xi, θ∗)∥F (sensitivity of the loss w.r.t. only the input weights) is more indicative of
the change in the maximum local sensitivity (A). Indeed, correlation analysis shows that
bound C is positively correlated with MLS while bound D, perhaps surprisingly, is negatively
correlated with MLS (Figure D.8.3).

D.8.2 Correlation analysis

We empirically show how different metrics correlate with each other, and how these correlations

can be predicted from our bounds. We train 100 VGG-11 networks with different batch

sizes, learning rates, and random initialization to classify images from the CIFAR-10 dataset,

and plot pairwise scatter plots between different quantities at the end of the training: local

dimensionality, sharpness (square root of Equation (5.3)), log volume (Equation (5.7)), MLS

(Equation (5.11)), NMLS (Equation (5.12)), generalization gap (gen gap), D (Equation (D.43)),

bound (right-hand side of Equation (5.12)) and relative sharpness [Petzka et al., 2021] (see

Figure D.8.2). We only include CIFAR-10 data with 2 labels to ensure that the final training
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accuracy is close to 100%.
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Figure D.8.2: Pairwise correlation among different metrics. We trained 100 different
VGG-11 networks on the CIFAR-10 dataset using vanilla SGD with different learning rates,
batch sizes, and random initializations and plot pairwise scatter plots between different
quantities: local dimensionality, sharpness (square root of Equation (5.3)), log volume
(Equation (5.7)), MLS (Equation (5.11)), NMLS (Equation (5.12)), generalization gap (gen
gap), MLS bound (Proposition 5.8), NMLS bound (Proposition 5.10) and relative sharpness
([Petzka et al., 2021]). The Pearson correlation coefficient ρ is shown in the top-left corner
for each pair of quantities. See Appendix D.8.2 for a summary of the findings in this figure.

197



We repeat the analysis on MLPs and LeNets trained on the FashionMNIST dataset and

the CIFAR-10 dataset (Figure D.8.3 and Figure D.8.4). We find that

1. The bound over NMLS, MLS, and NMLS introduced in Equation (5.12) and Equa-

tion (5.11) consistently correlates positively with the generalization gap.

2. Although the bound in Equation (5.9) is loose, log volume correlates well with sharpness

and MLS.

3. Sharpness is positively correlated with the generalization gap, indicating that little

reparametrization effect [Dinh et al., 2017] is happening during training, i.e. the network

weights do not change too much during training. This is consistent with observations

in Ma and Ying [2021].

4. The bound derived in Equation (5.12) correlates positively with NMLS in all experi-

ments.

5. MLS that only consider the first layer weights can sometimes negatively correlate with

the bound derived in Equation (5.11) (Figure D.8.3).

6. Relative flatness that only consider the last layer weights introduced in [Petzka et al.,

2021] shows weak (even negative) correlation with the generalization gap. Note that

“relative flatness" is a misnomer that is easier understood as “relative sharpness", and is

supposed to be positively correlated with the generalization gap.
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Figure D.8.3: Pairwise correlation among different metrics. We trained 100 different
4-layer MLPs on the FashionMNIST dataset using vanilla SGD with different learning rates,
batch size, and random initializations and plot pairwise scatter plots between different
quantities: local dimensionality, sharpness (square root of Equation (5.3)), log volume
(Equation (5.7)), MLS (Equation (5.11)), NMLS (Equation (5.12)), generalization gap (gen
gap), MLS bound (Proposition 5.8), NMLS bound (Proposition 5.10) and relative sharpness
([Petzka et al., 2021]). The Pearson correlation coefficient ρ is shown in the top-left corner
for each pair of quantities. See Appendix D.8.2 for a summary of the findings in this figure.
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Figure D.8.4: Pairwise correlation among different metrics. We trained 100 different
LeNets on the CIFAR-10 dataset using vanilla SGD with different learning rates, batch
size, and random initializations and plot pairwise scatter plots between different quantities:
local dimensionality, sharpness (square root of Equation (5.3)), log volume (Equation (5.7)),
MLS (Equation (5.11)), NMLS (Equation (5.12)), generalization gap (gen gap), MLS bound
(Proposition 5.8), NMLS bound (Proposition 5.10) and relative sharpness ([Petzka et al.,
2021]). The Pearson correlation coefficient ρ is shown in the top-left corner for each pair of
quantities. See Appendix D.8.2 for a summary of the findings in this figure.

200



D.9 Additional experiments
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Figure D.9.5: Trends in key variables across SGD training of a 4-layer MLP with fixed learning
rate (equal to 0.1) and varying batch size (8, 20, and 32). MLS/NMLS closely follows the
trend of sharpness during the training. From left to right: test accuracy, NMLS, sharpness
(square root of Equation (5.3)), log volumetric ratio (Equation (5.7)), MLS (Equation (5.11)),
and local dimensionality of the network output (Equation (5.15)).
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Figure D.9.6: Trends in key variables across SGD training of a 4-layer MLP with fixed batch
size (equal to 20) and varying learning rates (0.05, 0.1 and 0.2). MLS/NMLS closely follows
the trend of sharpness during the training. From left to right: test accuracy, NMLS, sharpness
(square root of Equation (5.3)), log volumetric ratio (Equation (5.7)), MLS (Equation (5.11)),
and local dimensionality of the network output (Equation (5.15)).
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D.10 Sharpness and compression on test set data

Even though Equation (5.3) is exact for interpolation solutions only (i.e., those with zero

loss), we found that the test loss is small enough (Figure D.10.7) so that it should be a

good approximation for test data as well. Therefore we analyzed our simulations to study

trends in sharpness and volume for these held-out test data as well (Figure D.10.7). We

observed that this sharpness increased rather than diminished as a result of training. We

hypothesized that sharpness could correlate with the difficulty of classifying testing points.

This was supported by the fact that the sharpness of misclassified test data was even greater

than that of all test data. Again we see that MLS has the same trend as the sharpness.

Despite this increase in sharpness, the volume followed the same pattern as the training set.

This suggests that compression in representation space is a robust phenomenon that can

be driven by additional phenomena beyond sharpness. Nevertheless, the compression still

is weaker for misclassified test samples that have higher sharpness than other test samples.

Overall, these results emphasize an interesting distinction between how sharpness evolves for

training vs. test data.
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Figure D.10.7: Trends in key variables across SGD training of the VGG-11 network with
fixed learning rate (equal to 0.1) and batch size (equal to 20) for samples of the test set.
After the loss is minimized, we compute sharpness and volume on the test set. Moreover,
the same quantities are computed separately over the entire test set or only on samples
that are misclassified. In order from left to right in row-wise order: test loss, sharpness
(Equation (5.2)), log volumetric ratio (Equation (5.7)), MLS, and local dimensionality of the
network output (Equation (5.15)).
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D.11 Computational resources and code availability

All experiments can be run on one NVIDIA Quadro RTX 6000 GPU. The code is available

at https://github.com/chinsengi/sharpness-compression.
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Appendix E

Appendix to Chapter 6: Feedforward

Memory Networks

E.1 Biological motivation of feedforward memory net-

works

Equation (6.2) is the discrete–time Euler update of a standard leaky Hebbian plasticity ODE,

dWij

dt
= − 1

τij

(
Wij −W 0

ij

)
+ βij hi(t) xj(t), (E.1)

where the leak term with time constant τij captures passive synaptic decay and homeo-

static/heterosynaptic normalization, and the Hebbian term ∝ hixj is the rate-based limit of

spike-timing dependent plasticity (STDP) under common coarse-graining assumptions (e.g.,

Poisson spiking and balanced pre–post windows). With step size ∆t, the identification

λij = e−∆t/τij , ηij = βij ∆t
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yields Equation (6.2), so λ and η have direct mechanistic interpretations: (i) λij ∈ (0, 1) sets

the retention of a fast plastic trace, akin to decay of eligibility traces or short-term synaptic

states; and (ii) ηij sets the effective Hebbian learning gain, absorbing neuromodulatory gating

(e.g., dopaminergic/cholinergic) that scales plasticity without changing the leak.

Relation to facilitation/depression. Short-term facilitation/depression (STP) models (e.g.,

Tsodyks–Markram) produce a first-order relaxation of effective synaptic efficacy around an

operating point. Linearizing those dynamics gives an autoregressive form whose discrete

update matches Equation (6.2): faster depression corresponds to smaller τij (thus smaller λij),

whereas facilitating synapses exhibit larger τij (thus λij≈1) so that Hebbian increments persist

longer. The sign and magnitude of ηij set the LTP/LTD balance (allowing anti-Hebbian

entries when appropriate).

Heterogeneity. Allowing λij and ηij to vary across synapses captures known diversity

from receptor composition (AMPA/NMDA ratios), spine morphology, dendritic location,

and modulatory receptor density, all of which jointly determine trace decay and plasticity

gain. The baseline W 0
ij represents consolidated synaptic strength; in the absence of input,

Wij→W 0
ij.

Optional modeling note. If desired, neuromodulatory/state-dependent gating can be made

explicit by writing ηij → gt ηij with a scalar or elementwise gate gt, without changing the

analysis below.

E.2 Modern Hopfield network

In this section, we summarize the mathematical formulation in Krotov and Hopfield [2021]

where a biologically plausible version of the modern Hopfield network is proposed. See

Figure E.2.1 for an illustration. Similar to Manohar et al. [2019], two types of neurons are

considered: feature neurons and memory neurons, where the feature neurons are selective to

sensory input patterns, and memory neurons (conjunctive neurons in Manohar et al. [2019])
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are hidden neurons whose synaptic connection strength with feature neurons encodes working

memory.

Figure E.2.1: Biological interpretation of modern Hopfield networks. Adapted from Krotov
and Hopfield [2021].

E.2.1 Notations

• Nh: The number of memory neurons in the network.

• Nf : The number of feature neurons.

• hµ: State of µ-th memory neuron.

• vi: State of i-th feature neuron.

• fµ: Output of µ-th memory neuron.

• gi: Output of i-th feature neuron.

• ξµi: The synaptic weight from feature neuron i to neuron µ. All weights are symmetric.

• Ii: The input to the i-th neuron.

• τh: the decay rate of memory neurons.
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• τf : the decay rate of feature neurons.

E.2.2 Neural dynamics and Energy function

The dynamics of the network illustrated in Figure E.2.1 can be written as



τf
dvi

dt
=

Nh∑
µ=1

ξiµfµ − vi + Ii

τh
dhµ

dt
=

Nf∑
i=1

ξiµgi − hµ

(E.2)

where notations are defined in Appendix E.2.1. The dynamics minimize the following energy

function along its trajectories, given that the Hessian matrices of the Lagrangian functions

are positive semi-definite:

E(t) =
Nf∑

i=1
(vi − Ii)gi − Lv

+
 Nh∑

µ=1
hµfµ − Lh

−∑
µ,i

fµξµigi. (E.3)

The Lagrangian functions Lv and Lh are defined such that

fµ = ∂Lh

∂hµ

gi = ∂Lv

∂vi

(E.4)

207



To see this we can take the derivative of E(t) w.r.t. t,

dE

dt
=
∑
i,j

(vi − Ii)
∂2Lv

∂vi∂vj

dvj

dt
+
∑
µ,ν

hµ
∂2Lh

∂hµ∂hν

dhν

dt

−
∑
µ,ν

dhν

dt

∂2Lh

∂hν∂hµ

(∑
i

ξiµgi

)

−
∑
i,j

dvj

dt

∂2Lv

∂vj∂vi

(∑
µ

ξiµfµ

)

= −
∑
i,j

dvj

dt

∂2Lv

∂vj∂vi

[∑
µ

ξiµfµ + Ii − vi

]

−
∑
µ,ν

dhν

dt

∂2Lh

∂hν∂hµ

[∑
i

ξiµgi − hµ

]

= −τf

Nf∑
i,j=1

dvi

dt

∂2Lv

∂vi∂vj

dvj

dt
− τh

Nh∑
µ,ν=1

dhµ

dt

∂2Lh

∂hµ∂hν

dhν

dt
≤ 0,

(E.5)

given that the Hessian matrices of Lv and Lh are positive semi-definite. Note that terms

cancel in the first equality above:

∂Lv

∂t
=

Nf∑
i=1

∂(vi − Ii)
∂t

gi

∂Lh

∂t
=

Nf∑
i=1

∂hµ

∂t
fµ.

(E.6)

E.2.3 Relation to attention mechanism

Now we consider a special choice of Lagrangian functions that connects modern Hopfield

networks with the attention mechanism:

Lh = β−1 log
(∑

µ

exp(βhµ)
)

(E.7)

Lv = 1
2
∑

i

v2
i . (E.8)
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Note that here Lh can be the integral of
∫

tanh dhµ = log(cosh(hµ)) + C, which is also convex.

Therefore, according to the definition in Equation (E.4), we have

fµ = ∂Lh

∂hµ

= softmax(βh)µ = exp(βhµ)∑
ν exp(βhν) (E.9)

gi = ∂Lv

∂vi

= vi. (E.10)

When additionally assuming that τf ≫ τh, i.e. dynamics of hµ converges to the equilibrium

instantly and hµ = ∑
i ξµigi, the corresponding energy function becomes (Ii are also assumed

to be 0)

E(t) =
Nf∑

i=1
(vi − Ii)gi − Lv

+
 Nh∑

µ=1
hµfµ − Lh

−∑
µ,i

fµξµigi

=
[∑

i

v2
i −

1
2
∑

i

v2
i

]
+
[∑

µ,i

ξµigifµ−

β−1 log
(∑

µ

exp(βhµ)
)]
−
∑
µ,i

fµξµigi

= 1
2
∑

i

v2
i − β−1 log

(∑
µ

exp
(

β
∑

i

ξµivi

))
.

(E.11)

This is exactly the energy function in [Ramsauer et al., 2021]. We next show that under the

assumption of Equation (E.11), we also have the same update rule. Plugging hi into the

network dynamics E.2, we have

τf
dvi

dt
=

Nh∑
µ=1

ξiµsoftmax
(

β
∑

i

ξµivi

)
− vi. (E.12)

Discretizing the dynamics with τf = dt, we get

v
(t+1)
i =

Nh∑
µ=1

ξiµsoftmax
(

β
∑

i

ξµiv
(t)
i

)
(E.13)

which corresponds well to the update rule discussed in Ramsauer et al. [2021], where they argue

that the update rule is the attention mechanism used in the transformer after multiplying
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the update rule with WV .

E.2.4 Element-wise nonlinearity

In this section, we show that element-wise nonlinearity can be used in lieu of the softmax

function which implement inhibition within the hidden layer neurons. Let

Lh =
∑

µ

G(hµ)

Lv =
∑

i

v2
i .

(E.14)

Again, according to the definition in Equation (E.4), we have

fµ = ∂Lh

∂hµ

= G′(hµ) := F (hµ) (E.15)

gi = ∂Lv

∂vi

= vi. (E.16)

Recall that in order for the dynamics to minimize the energy function, we need the Hessian

matrices of Lv and Lh to be positive semi-definite. This is satisfied if F ′(hµ) ≥ 0 for all hµ.

This means that as long as F is a non-decreasing function, the dynamics will minimize the

energy function. In particular, F (x) = tanh(x + b) is such a function that is used in most of

this chapter.

E.2.5 Feedforward memory networks implement cross-attention

We now show that Equation (6.1), with some remapping of variables, implements the cross-

attention mechanism [Vaswani et al., 2023]. We first ignore the learning process and assume
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that the stored patterns 1 are fixed. The cross-attention mechanism can be written as

Z = softmax
(

QKT /
√

di

)
V (E.17)

Q = XWQ (E.18)

K = Y WK (E.19)

V = Y WV . (E.20)

where X ∈ R1×di , WQ ∈ Rdi×dk , Y ∈ Rdh×dY , WK ∈ RdY ×dk and WV ∈ RdY ×do . To see that

the cross-attention mechanism maps onto Equation (6.1), we further let

F (x) = softmax
(

x√
di

)
(E.21)

xT
t = X (E.22)

Win = Y WKW T
Q (E.23)

W T
out = V = Y WV . (E.24)

Then we have

oT
t = hT

t W T
out

= softmax
(
xT

t W T
in

)
W T

out

= softmax
(

XWQW T
KY T /

√
di

)
W T

out

= softmax
(

QKT /
√

di

)
V

(E.25)

which is exactly the cross-attention mechanism.

A subtle question is, given Y , Win and Wout, can we find such WK , WQ and WV that the

mapping Equation (E.23) and Equation (E.24) holds? We just need to count the number of

unknowns and the number of equations. For Equation (E.23), we can choose fixed WK and
1in attention mechanism these are called the key values, but for consistency, we call them patterns here.
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see that the number of unknowns is didk and the number of equations is didh. Therefore we

can choose a large enough dk such that a solution is guaranteed to exist. For Equation (E.24),

the number of unknowns is dY do and the number of equations is dhdo. Again, we can

choose dY ≥ dh to guarantee a solution. The other direction is straightforward: given

X, Y, WQ, WK , WV , we have a configuration of the FMN according to Equation (E.23) and

Equation (E.24). In conclusion, FMN is equivalent to the cross-attention mechanism given

dk ≥ dh and dY ≥ dh, as summarized by the following proposition.

Proposition E.1. Given the input xt ∈ Rd
i , the input weights Win ∈ Rdh×di, the output Wout ∈

Rdo×dh in the FMN defined in Equation (6.1), and Y ∈ Rdh×dY , there exist WQ ∈ Rdi×dk ,

WK ∈ RdY ×dk and WV ∈ RdY ×do such that the cross-attention mechanism is implemented:

oT
t = softmax

(
QK⊤/

√
di

)
V, Q = xT

t WQ, K = Y WK , V = Y WV , provided that dk ≥ dh,

dY ≥ dh and the nonlinearity F of the FMN is chosen accordingly. Conversely, given Y ,

WQ, WK and WV , the FMN can be implemented by the mapping Win = Y WKW T
Q and

W T
out = V = Y WV .

E.2.6 Feedforward memory networks and Hopfield networks

From Appendix E.2.3 we know that the update rule of the Hopfield network is the cross-

attention mechanism; therefore, a connection can be established between feedforward memory

networks and modern Hopfield networks as well. We first decompose Wout into the product

of a linear projection and the transpose of the input weights,

Wout = PW T
in , (E.26)

where P ∈ Rdo×di and Win ∈ Rdh×di . For arbitrary Wout, this decomposition is only possible

when di ≥ do given that the columns of Win span the rows of Wout. We further denote the

one-step update outcome of the modern Hopfield network with stored patterns Ξ and the
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state (query) pattern x as

Hop(x, Ξ) = ΞF (β ΞT x). (E.27)

Then we have

ot = WoutF (Winxt)

= PW T
inF (Winxt)

= βP Hop(xt, W T
in/β).

(E.28)

Therefore, when the output dimension is smaller than the input dimension (di ≥ do), ot is

effectively a linear projection of the pattern retrieved from the input weights. This is the

case for all of the experiments in Section 6.4. Note that the analysis in Appendix E.2.5 and

Appendix E.2.6 applies to a broad range of nonlinearity functions (see Appendix E.2.4). To

summarize,

Proposition E.2. If the output weights Wout of a feedforward memory network can be

decomposed as Wout = PW ⊤
in , where P ∈ Rdo×di, then the output ot computes a linear

projection of the pattern retrieved from a modern Hopfield network [Ramsauer et al., 2021]

with stored patterns Ξ = W ⊤
in and query xt. More formally, ot = P Hop (xt, Ξ) , where

Hop (x, Ξ) = ΞF
(
Ξ⊤x

)
.

E.3 Proofs

E.3.1 Proof of Proposition 6.2

For this section, we assume that ∥x∥ > 0.

Lemma E.3. The eigenvalues of λI+ηxxT are given by λ+η ∥x∥2 and λ, where the geometric

multiplicity of λ is di − 1.

Proof. It suffices to find the eigenvalues of ηxxT . Since it is a rank-1 matrix, we only need

to find the non-zero eigenvalue. Observe that ηxxT x = η ∥x∥2 x. Therefore, η ∥x∥2 is an
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eigenvalue of ηxxT . Since any eigenvector of ηxxT is also an eigenvector of λI, λI + ηxxT has

two different eigenvalues λ and λ+η ∥x∥2. Since any vector in the subspace that is orthogonal

to x is an eigenvector with eigenvalue λ, the geometric multiplicity of λ is di − 1.

Now we prove Proposition 6.2.

Proposition. Assume xt = x ̸= 0 for all t, and w0 has a nonzero component along x.

Then
∣∣∣ wt·x

∥wt∥∥x∥

∣∣∣ → 1 as t → ∞ when η > 0 or η < − 2λ
∥x∥2 , and wt → 0 as t → ∞ when

− 2λ
∥x∥2 < η < 0.

Proof. From the proof of Lemma 6.1, we know that λI + ηxxT has an orthonormal eigenbasis

that consists of x/ ∥x∥ and a set of orthonormal basis that spans the eigenspace associated

with λ. Let the corresponding decomposition of w0 be wT
0 = ∑di

i=1 αivi, where vi are the

eigenbasis of λI + ηxxT and αi are the corresponding coefficients. Let v1 = x/ ∥x∥.

Since xt = x for all t, we have

wT
t =

(
λI + ηxxT

)t
wT

0

=
di∑

i=1
αi

(
λI + ηxxT

)t
vi

= α1
(
λ + η ∥x∥2

)t
v1 +

di∑
i=2

αiλ
tvi.

(E.29)

Therefore cosine of the angle between wt and x is given by

cos θ = wT
t x

∥wt∥ ∥x∥

=
α1
(
λ + η ∥x∥2

)t√
α2

1

(
λ + η ∥x∥2

)2t
+∑di

i=2 α2
i λ2t

.
(E.30)

If η > 0 or η < −2λ/ ∥x∥2, the absolute cosine approaches 1; for a negative dominant

eigenvalue, its sign alternates. If −2λ/ ∥x∥2 < η < 0, ∥wt∥ → 0.
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E.3.2 Proof of Proposition 6.3

We first state the Weyl’s inequalities [Horn and Johnson, 1994].

Theorem E.4 (Weyl). For Hermitian A, B ∈ Cn×n and i, j = 1 : n,

λi+j−1(A + B) ≤ λi(A) + λj(B), i + j ≤ n + 1, (3)

λi(A) + λj(B) ≤ λi+j−n(A + B), i + j ≥ n + 1. (4)

Corollary E.5. Let B = ηxxT be a symmetric rank-1 matrix, and A = diag(λ) be a diagonal

matrix with {λi} as diagonal entries. Then the eigenvalues of A + B interlace with the

eigenvalues of A.

Proof. Let the eigenvalues of A be λ1 ≥ λ2 ≥ · · · ≥ λdi
, and the eigenvalues of A + B be

µ1 ≥ µ2 ≥ · · · ≥ µdi
. The only non-zero eigenvalue of B is η ∥x∥2.

Case 1 η > 0

using Weyl’s inequality we have

µj+di−di
≥ λj + 0

µj+2−1 ≤ λj + 0
(E.31)

Therefore µj ≥ λj ≥ µj+1 for j ≤ di − 1 and µdi
≥ λdi

. Putting all together, we have

µ1 ≥ λ1 ≥ µ2 ≥ λ2 ≥ · · · ≥ µdi
≥ λdi

.

Case 2 η < 0

Now the largest eigenvalue of B is 0. Therefore, using Weyl’s inequality we have

µj+di−1−di
≥ λj + 0

µj+1−1 ≤ λj + 0
(E.32)
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Therefore µj ≤ λj ≤ µj−1 for j ≥ 2 and µ1 ≤ λ1. Putting all together, we have

µdi
≤ λdi

≤ µdi−1 ≤ λdi−1 ≤ · · · ≤ µ1 ≤ λ1.

Now we prove Proposition 6.3.

Proposition. The matrix diag(λ) + ηxxT has at most one eigenvalue whose absolute value

is greater than 1. Its largest eigenvalue µmax satisfies max(λ) ≤ µmax ≤ max(λ) + η ∥x∥2

when η > 0, and its smallest eigenvalue µmin satisfies min(λ) + η ∥x∥2 ≤ µmin ≤ min(λ) when

η < 0.

Proof. A direct consequence of Corollary E.5 is that diag(λ)+ηxxT has at most one eigenvalue

whose absolute value is greater than 1. Additionally, when η > 0, λ1 ≤ µ1 ≤ λ1 + η ∥x∥2, and

when η < 0, λdi
+ η ∥x∥2 ≤ µdi

≤ λdi
.

E.3.3 Proof of Proposition 6.4

The proof is based on an important theorem that underlies the pole placement method in

control theory, which we restate here.

Definition E.6. A pair (A, b) is said to be controllable if [b Ab A2b · · · An−1b] has full

row rank.

Theorem E.7 (Chen [1984]). Given a controllable pair (A, b), there exists k such that the

eigenvalues of A + bk can be arbitrarily assigned.

Proposition. Assume that λi ̸= 0, λi ̸= λj for i ̸= j, and xi ̸= 0 for all i. Then, for any λ

and x, there exists an η such that diag(λ) + xxT diag(η) has any set of eigenvalues.

Proof. Given Theorem E.7, we just need to show that (diag(λ), x) is controllable. The

controllability matrix is given by C = [x diag(λ)x diag(λ)2x · · · diag(λ)di−1x]. Since x

is non-zero, det(C) = det(Vand(diag(λ)))∏i xi, where Vand(diag(λ)) is the Vandermonde
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matrix. Since λi ̸= λj for i ̸= j, det(Vand(diag(λ))) ̸= 0. Therefore, the controllability matrix

has full row rank. Therefore, there exists a k = xT diag(η) such that diag(λ) + xxT diag(η)

has any set of eigenvalues. Note that η is given by η = k diag(x)−1.

E.4 List of tasks

See Table E.1 for information about the tasks used. Full task details are available in the

official documentation.

Task Observation Size Action Size
ContextDecisionMaking-v0 7 3

DelayComparison-v0 2 3
DelayMatchSample-v0 3 3

DelayMatchSampleDistractor1D-v0 33 2
DelayPairedAssociation-v0 5 2
DualDelayMatchSample-v0 7 3

GoNogo-v0 3 2
IntervalDiscrimination-v0 3 3

MotorTiming-v0 4 2
MultiSensoryIntegration-v0 5 3

OneTwoThreeGo-v0 3 2
PerceptualDecisionMaking-v0 3 3

PerceptualDecisionMakingDelayResponse-v0 3 3
ProbabilisticReasoning-v0 41 3

ReadySetGo-v0 3 2
SingleContextDecisionMaking-v0 5 3

Table E.1: Task Information. Note that the dimension of the input to the network is 10
for all tasks since all original inputs go through a fixed random linear transformation. The
action size is the dimension of the output of the network.

E.5 Training details

We follow the setup in [Aitken and Mihalas, 2023] and apply a fixed random linear trans-

formation to all inputs. The network is trained using the Adam optimizer with a learning

rate of 0.001 and a batch size of 32. The network is trained until the running average of the
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validation loss saturates or increases. The network is trained on a single NVIDIA 2080 Ti

GPU. The code is implemented in PyTorch [Paszke et al., 2019]. We initialize all parameters

with Xavier initialization.
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