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This work aims to facilitate robust, systematic design of human-robot interactions that are

mediated by gesture. In many domains, communication modalities such as voice or physical

input are not feasible because of domain restrictions. In these cases, gesture interaction is

necessary for explicit communication between a human and a robotic assistant or observer.

Because the only input to the robotic platform’s gesture recognition system is a continuously

tracked hand, there is potential for confusion between the human motions of work and human

motions intended to communicate control. Interaction design up to this point has largely been

human-centered or ad-hoc in nature, rather than having systematic focus on performance.

The design choices of interest to this work are the choice of control gestures (what motions

to perform to communicate preset meanings) and feature representations (what collections

of measurements or combinations thereof should represent a gesture).

In the absence of constraints on time and resources, the designer could try out all possible

combinations of control gestures and feature representations in the final application context.

However, that type of exhaustive testing takes a very long time for the researcher, may take



the time of skilled workers, and need to be repeated when processes or environmental factors

are changed. The selection of control gestures is based around separability, a motion that a set

should be measured against its worst cases that is explored in more detail in Chapter 3. The

main contribution of this research is the formalization and validation of tools for systematic

design of functional human-robot interaction without exhaustive testing. This is based on

a selection method for maximally-separable control gestures and feature representations for

any given specific work context.

There are several challenges involved in this goal. Firstly, it is not necessarily obvious

what it means to compute the separability of a gesture set even with very simple class

representations. How does separability as calculated correlate with overall performance?

Secondly, the choice of how to measure “distance” between gesture classes such that cor-

relation with performance measures is preserved is not trivial, particularly in the presence

of outliers or small population sizes. Thirdly, there are many different ways to represent

“gestures” numerically. How do these different representations interact with separability?

How would a more separable representation be chosen? Finally, does this systematic design

process generalize to other architectures for sensing human motion?

These challenges are addressed in order. First, a separability metric for systematically

selecting a set of control gestures that can be easily distinguished from a given set of work

gestures is proposed and examined in Chapter 3. A correlation between the proposed sep-

arability metric and test accuracy of gesture sets is found (R = 0.59), as well as a negative

correlation (R = −0.35) between separability and sensitivity of performance to individuals’

performances. Results are also presented for a comparative online classification implemen-

tation on a hand-following robot of the most- and least-separable gesture sets, where the

most-separable gesture set performs an average of 4 times better across all metrics.

Second, a review of the considered measures of distance between gesture classes is pre-



sented, along with numeric and analytic justifications for the final selection of a modified

version of the Support Vector Machines (SVM) margin of the model between the gesture

classes.

Third, the problem of reduced-order gesture representation is considered and a modifica-

tion of a method from literature and results are presented. A >99% reduction in dimension-

ality is reliably achieved without loss in test accuracy, and on average 17.5% fewer features

are required for the same accuracy retention compared to the baseline method of PCA-based

selection. Finally, the tools developed for systematic design are applied to a substantially

different sensing architecture for human motion to validate the generalization ability of the

process.

The main contribution of this research is a method to select gestures that best enable

communication between a human and a robotic platform, and a reduced-order representation

method to speed up computations without significant loss of accuracy.
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GLOSSARY

FEATURE: an individual property or characteristic of a gesture, evolving through time in
the case of dynamic gestures. This is generally direct measurements of human motion,
or some abstracted and processed combination of measurements.

GESTURE: A measured human motion or pose. In the case of control gestures, it is
associated with active, explicit communication (examples: waving, beckoning). For
work gestures, it is the motions associated with the completion of a task (examples:
grasping, carrying).

GESTURE CLASS: Some coherent grouping of performance gestures. In some cases the
association is defined by what humans naturally associate together, but it may also
mean grouping automatically assigned by a clustering algorithm.

GESTURE SET: Some number of gesture classes that are being evaluated together. For
example, one often-considered gesture set in this context is two control gesture classes
and seven work gesture classes, for a total of nine gestures in this set. A set is often
referred to with the variable s, and S is the set of all possible gesture sets.

SEPARABILITY: Broadly, the separability of a gesture set is an evaluation of the worst-
case scenarios for classification in a gesture set. The concept is explored in Chapter 3
and experimental results on its correlation with test performance presented.
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Chapter 1

INTRODUCTION

1.1 Motivation

1.1.1 Gesture is an important medium for human-robot interaction (HRI)

There are a number of domains today in which humans use gesture to collaborate with each

other, as shown in Fig. 1.1. In order to embed robots into these environments or partially

(a) Drivers must be able to com-

prehend gesture in the event that

traffic is directed by an official

(b) Recreational divers and many

technical divers use gesture as

their primary mode of communi-

cation.

(c) Astronauts may need to use

gestures as backup communica-

tion in the event of an emergency

on equipment failure.

Figure 1.1: Examples of domains in which humans use gestural communication to collaborate
or navigate.

automate these tasks, robots must be able to understand these gestures. Additionally, gesture

is usually used in these domains because of limitations on other communication mediums,

and in these domains robots would be subject to these same limitations. Some examples
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of these domains include diving, military coordination, spacewalking, traffic control, and

many others. A number of these domains are also high-value targets for automation or HRI,

because they are strenuous or dangerous for the humans who perform them. However, due

to their complex and dynamic nature, they are generally very challenging to fully automate.

Thus, they are ideal candidates for gesture-mediated HRI.

There are also alternate domains where although humans may not use gesture now, robots

working in that space may be subject to the same constraints. Primary among these is that

the ability to communicate via verbal or direct communication may be limited or absent,

and that some explicit communication is needed in order to collaborate or navigate. In this

scenario, gesture would be critical for automation or semi-autonomous systems. Systematic

design of those gestural communication systems becomes critical when surety of action is

necessary and there are safety implications for user or public.

1.1.2 Careful design of gesture-mediated HRI is important for online applications

In gesture recognition, the representation space (i.e. how the gestures are represented numer-

ically) is conventionally very high-dimensional and abstracted, and the designer’s physical

intuition for what gestures are distinct from each other may not necessarily apply. Depend-

ing on the measurement system and how error-prone it is, it’s also easily possible to pick

gestures that are arbitrarily similar to measurement failure states unique the that particular

domain or sensor. Using systematic tools and data-driven validation, the system designer

can be empowered to make design choices that are optimized for their particular domain and

needs.

In the absence of constraints on time and resources, the designer could try out all possible

choices to pick the best preferred gesture in the final application context. However, that type

of exhaustive testing takes a very long time for the researcher, may take the time of skilled

workers, and need to be repeated any time processes or environmental factors are changed.
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1.1.3 Why hasn’t systematic gesture selection been done before?

Gesture selection and separable design is not something that has been treated systematically

before because previous gesture implementations have been focused on facilitating personal

computing rather than more risky domains. When humans are interacting with embodied

robots in complex domains attempting to perform work collaboratively, the acceptable error

rate of the gesture recognition system is much lower than in personal computing applications.

Therefore, as the application domains evolve there is a greater need for a systematic approach

to design without exhaustive in-situ testing, which may also be risky in these domains.

1.2 Main contributions and associated challenges

The main contribution of this research is the formalization and validation of tools for sys-

tematic design of functional HRI without exhaustive testing. This is based on a selection

method for maximally-separable control gestures and feature representations in a specific

work context. These systematic design tools will then be validated in two online gesture

recognition systems.

1.2.1 Introduction of terms

These term definitions are also available in the glossary for easier reference, but they would

also benefit from an explicit introduction here.

Feature an individual property or characteristic of a gesture, evolving through time in the

case of dynamic gestures. This is generally direct measurements of human motion, or

some abstracted and processed combination of measurements.

Gesture A measured human motion or pose. In the case of control gestures, it is associated

with active, explicit communication (examples: waving, beckoning). For work ges-
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tures, it is the motions associated with the completion of a task (examples: grasping,

carrying).

Gesture class Some coherent grouping of performance gestures. In some cases the associ-

ation is defined by what humans naturally associate together, but it may also mean

grouping automatically assigned by a clustering algorithm.

Gesture set Some number of gesture classes that are being evaluated together. For exam-

ple, one often-considered gesture set in this context is two control gesture classes and

seven work gesture classes, for a total of nine gestures in this set. A set is often referred

to with the variable s, and S is the set of all possible gesture sets.

Separability Broadly, the separability of a gesture set is an evaluation of the worst-case

scenarios for classification in a gesture set. The concept is explored in Chapter 3 and

experimental results on its correlation with test performance presented.

1.2.2 Gesture selection with a given distance measures

The challenge of gesture selection overall is that the notion of “separability” is difficult to tie

to specific evaluation methods. In this context it is the degree to which a group of gesture

classes are distinguishable or distant from each other, and it is something that humans have

an intuitive sense for in low dimensions, but that intuitive reasoning can break down in

higher dimensions. Therefore, a method must be constructed that calculates separability

of a group of objects (gesture classes) that agrees with human intuition for the notion of

separability, predicts improved performance when maximized, and is consistent through a

wide range of dimensionality.

The first tool to be tackled is then gesture selection. If an appropriate distance metric

between gesture classes is chosen, how does the designer evaluate the separability of a poten-

tial set of control gestures in a particular work context? And does selection in this way lead
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to improved performance outcomes in an online application? Answering these questions is

the main topic of Chapter 3.

1.2.3 Pairwise gesture distance measures

The second challenge buried in the first is that an appropriate measure of “distance” between

gesture classes is challenging to identify or formulate. Standard measures for comparatively

evaluating distributions with as f -divergence or Support Vector Machines (SVM) margin do

not provide a reliable estimate of separability between gestures (see Chapter 4 for explana-

tion). Because it is a high-dimensional problem with many layers of abstraction in modern

gesture recognition systems, intuitive spatial reasoning may break down.

The topic of what an appropriate distance metric is and critical evaluations of different

possible candidates is the topic of Chapter 4. The goal of this effort is to design a robust

measure of separability between gesture classes, according to desired separability properties

detailed in the introduction to Chapter 4. The most important characteristics are that an

increase in measured distance corresponds to an increase in partitioned test classification

performance and that the measures are not brittle against pathological realizations in the

training dataset. Ultimately, a modified version of the SVM margin is selected and numerical

and analytic justification is presented.

1.2.4 Feature representation

Next, Chapter 5 is dedicated to the evaluation and selection of features from a classification

perspective for a specified application. Domain-specific feature engineering is a common

practice in gesture recognition [10] and common methods for feature selection may actually

have negative impacts on system performance. A modification of a method from literature

is presented and validated both in presegmented offline contexts and for online continuous

classification.
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1.2.5 Application to alternative architecture

Finally, Chapter 6 will (qualitatively) replicate these results on a gesture recognition platform

based around direct physiological measurement rather than optical detection of hand pose.

Previous chapters present results for an optical-sensor-based platform. The motivation for

doing this is is to validate the generalizability of the systematic design process.
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Chapter 2

LITERATURE REVIEW

How are communication objects selected for semi-structured interactions?

2.1 Gesture communication

Regardless of how gestures for communication are measured or recognized, there is a finite

set of control/communication gestures that are not being performed continually. Unless

a preselected set of gestures is dictated by outside requirements, the communicative hand

poses or motions must be chosen by the system designer. The question of how to segment

out meaningful gestures during online recognition is an area of active research [53, 37], most

of which focuses on the classifier as opposed to control gesture selection.

There exists some work dealing with systematic gesture selection with a loose goal of

improving robustness, but they are limited in scope. The process developed by Shimada

et al. [49] uses some measure of inter-gesture distance or overall classification accuracy as

one of five factors informing gesture selection, but the focus of their method is on overall

user experience and depends heavily on individual realizations of gestures, necessitated by

their sample sizes. It also does not attempt to characterize the underlying distributions of

the gesture classes, in order to have some predictive power of their future performance. In

describing their methods, Kim et al. [25] states that “gestures should be equally easy to

perform and form patterns in the EMG signal which are as discriminative as possible” but

then goes on to list the selected gestures without stating how they satisfy these parameters.

Similarly, Chen and Kim [6] acknowledge the relevance of picking distinguishable gestures

but handle the selection of such on a manual, case-by-case basis.
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The most common explicit selection method is participant preference [22, 49], including

sourcing the base gesture set itself from study participants. Often experiments will use the

base gesture sets of other work [28, 36, 53, 30], particularly when prior datasets are made

available. Often when researchers develop their own datasets, the gesture selection process

for them is not discussed [16, 44, 7, 12, 40, 31, 51, 50]. It is also worth noting that some

gesture recognition work is acting on a pre-fixed set of gestures, such as a sign language

[27, 34, 42, 35]. This lack of approaches to systematically select gestures to design a more

robust interaction motivates the current work on separability-based gesture selection.

2.2 Verbal communication

There is a relatively large body of work dealing in systematic selection of verbal communi-

cation. The older canon deals with communication between humans, perhaps in situations

where the signal is degraded. [38] and [48] are older works which experimentally evaluate

the intelligibility of the international phonetic military alphabets, but they do not make

alternate suggestions for their composition.

In a similar vein, Miller and Nicely [33] collected a large corpus of data on human com-

prehension of sixteen common English phonemes in the presence of frequency distortions

and random masking noise. From this data, Mermelstein [32] informs his choice of distance

metrics on speech signals. Similarly, Juola [21] uses the work of Miller and Nicely as the

basis selection of the for the PGPfone alphabet, an improved method for exchanging binary

communication securely over noisy telephone lines. These works, however, are limited in the

sense that they are primarily based on human perception rather than machine recognizability

or a validated proxy measure for the same.

There are distance metrics on short-time spectral samples; Sakoe and Chiba [47], in

their work on speech recognition, evaluate several distance metrics on frequency spectra of

time-aligned signals. Their work is largely concerned with single representative examples,
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however, not class characterization or separability. Calculating the distance of multi-featured

classes of speech (such as the spectrogram, or any other way to represent sound) then falls

under methods described in [13], as they can be productively thought of as multivariate

probability distributions. There is also the related concept of instance selection [3], wherein

the designer preprocesses classes to find the best representative example of each to use in an

improved K-nearest-neighbor classifier. This commonly uses a notion of pairwise distance,

but between individual performances rather than full classes.

In summary, there has been some relevant selection work in the area of verbal commu-

nication, but it is either ultimately based on human confuseability or not selecting between

classes, but within them.

2.3 Miscellaneous related selection

Systematic processes for selection of discrete communication pieces are present in related

fields. For example, orthographic distinctiveness was developed as a feature of written word

appearance in [54], where increased distinctiveness was found to improve human visual word

recognition in [55]. Similarly, distinct features in images has proven a rich area of interest in

the field of computer vision, e.g., in [29].

There is a history of selecting gestures for expressiveness of humanoid robotic platforms

or animations [17, 45, 4] However, this is primarily a human factors challenge that is opti-

mizing for human perception, not robotic. The success of these metrics developed to improve

identification and communication in related fields indicates the potential for applicability to

gesture selection. However, since none of these selection methods are suited to this specific

class of communication selection problem, a new selection process must be devised, and an

appropriate inter-class distance measure selected.
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Chapter 3

GESTURE SELECTION BY SEPARABILITY

3.1 Introduction

3.1.1 Robotic collaboration in limited-access manufacturing

Despite the many benefits of automation for manufacturing applications, airplane manufac-

ture still involves a significant number of human workers. This is due to complexity of the

assembly environment, variability of process, and difficulty of access making full automation

prohibitively time-consuming and expensive. Work in limited-access areas is of particular

interest as a target for robotic collaboration with human mechanics. During manufacturing

operations in limited-access areas, often mechanics can reach into the working space with

a single hand but cannot see it due to the tight space configuration. Typically, airframes

have small access holes and these physical-access constraints apply to most work inside, such

as fastening, sealing, and inspection. Mechanics are usually forced to work by touch and

experience, or to partially peek inside in awkward postures. Lack of easy access can lead

to errors requiring later correction, subsequent re-entry into the limited-access area, or even

costly repairs.

An appropriately placed camera can provide significant benefit compared to baseline

methods (proprioception and experience) and current vision aids (primarily mirrors). In

our experience, the efficacy of camera assistance is highly sensitive to viewing orientation,

point of view, and potential for occlusion. Using hand following, a robotic assistant could

dynamically track the mechanic’s working hand with a camera and display the work area

local to the hand from a useful perspective (i.e., robot pose).
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The robot then would then also be in a position to assist with other facets of the task;

in this case, to provide a running record on the results of an inspection task. Consider

a situation in which the mechanic’s hand and arm is in the limited-access area and the

rest of their body is outside the space. The mechanic is performing work with one hand

and observing the robotic camera view of the work being performed on a screen outside

the limited-access area. As portions of the inspection task are completed, the mechanic

may signal to the robotic assistant instead of withdrawing from the space to record results

manually.

3.1.2 Gesture control vs. other methods of control

Gesture is not the only possible control interface for a robotic system to receive information

from a human. In order for a variety of situations and populations to be served effectively,

gesture is just one of many that should be considered [24, 56].

Other methods of control might be more reliable, but they are not well suited to the

problem of a robotic manufacturing assistant. For example, setting tools down to manually

reposition the robot or withdrawing from the space to log work completion would significantly

interrupt the flow of work. Voice commands are challenging in a noisy factory environment

and would require additional sensors. The mechanic’s other hand is usually occupied with

additional tools, so they would be unable to use a touch-based interface at will. Because of

these limitations specific to manufacturing in limited-access environments, gesture control is

uniquely suited to this application.

3.1.3 The unimodal input problem for gesture control

For the robot collaboration task described above, the robot’s information about the intent

of the mechanic comes from observing the mechanic’s working hand that is in the limited-

access space with the robot. This is the unimodal input problem: with only a single input
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(the mechanic’s hand, also used for work completion), how can the robot reliably tell when a

control action is being performed? Compounding this issue is that the movements required

for work completion (work gestures) are not simply static or neutral poses. They are complex

directed motion sequences with similarities to some commonly used control gestures, such

as a grabbing motion. Similarity is a problem, because currently-used sensors also have

practical limitations on accuracy and stability problems with resolving fine motions ([52]).

The input to the robotic platform is also continual. Said another way, hands can’t be

turned off in the same way as other interfaces like commands or haptic interfaces. This is

a problem for robotic gesture control because humans can intuit non-communication with

another human through social cues or additional input streams such as gaze direction or

posture, but robots that only track a subject’s hands usually do not have access to these

methods. The continual input problem combined with the complexity of work gestures means

that for the robot to be able to tell when a control action is desired, the control gestures

should be carefully chosen to be maximally separable from the work gestures.

3.2 Methods

3.2.1 Problem formulation

Given a set of “work gestures” W ⊂ G with members W = {w1, w2, . . . } based on the work

context, a finite number I of control gestures should be chosen from C ⊂ G for maximum

separability from W . The control gesture selection space C ⊂ G in a practical application is

limited to the space which is easily performable and for which data exists to use in recognition.

The set of candidate control gestures C in this work is taken to be the 28 gestures in the

SHREC dataset ([10]). The sets W and C are not necessarily exclusive. S is then the set

of all possible combinations of I control gestures from C. An individual candidate set of

control gestures is defined as {s ∈ S} = {cs,1, . . . , cs,I}, where cs,i ∈ C. The challenge, given

the problem of choosing maximally distinct recording signals, is to choose a set of control
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gestures s such that separation between both i) each member in the control set cs,i ∈ s from

each other, and ii) between members of the control set cs,i ∈ s and members of the work set

w ∈ W is maximized.

3.2.2 Distance metric

The classifier used is the Support Vector Machine (SVM) classifier, in which training exam-

ples are mapped into a high-dimensional feature space and the hyperplane that best separates

them is found [8]. The pairwise distance metric used for this work is a modified version of the

margin of each pairwise SVM classifier. Further details on this distance metric’s calculation

and suitability can be found in Chapter 4. Notationally, the pairwise distance between two

gestures g1, g2 is written ||g1 − g2||SV or ||g2 − g1||SV (modified SVM margin distance is

symmetric). Additionally, for a single candidate control gesture ci and a given work gesture

set W = {w1, . . . , wK}:

∥∥ci −W∥∥SV = min
k

∥∥ci − wk∥∥SV . (3.1)

This is because the separability measure developed is primarily concerned with mitigation

of worst-case scenarios.

3.2.3 Separability and Selection Algorithm

Given a possible control set s ∈ S and a work gesture set W = {w1, . . . , wK}, the separability

Ψ of s ∪W is calculated like so:

Ψ(s) = min
i,j

{∥∥cs,i − cs,j∥∥SV · ∥∥cs,i −W∥∥SV · ∥∥cs,j −W∥∥SV
}
. (3.2)

Said another way, Ψ(s) is the product distance of the nearest pair of control gestures

{cs,i, cs,j} ∈ s to each other and to W . This product distance is visualized in Fig. 3.1.
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Figure 3.1: Visual explanation of distances that go into the calculation of separability Ψ(s =
{cs,1, cs,2}) for an example task and one possible sample s. The distances between each
member of s and all other gestures within s∪W are measured via the modified SVM margin
measure detailed in Chapter 4. The three distances that go into the actual calculation of
Ψ(s) (Eqn. 3.2) are shown as solid arrows, while distances that are measured but do not go
into the final calculation are shown as dotted arrows.

The separability metric Ψ(s) represents the distance between different control gesture

members cs,i 6= cs,j as well as the distance between control gestures and work gestures. The

optimal control gesture set s∗ is that which maximizes this distance:

s∗ = arg max
s

Ψ(s). (3.3)

Assignment of control operations for the general case to each selected gesture gi ∈ s∗ is left

to participant preference. An antagonistic control gesture set s◦ can also be chosen according

to

s◦ = arg min
s

Ψ(s) (3.4)
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for experimental comparison with s∗, for which a lower classification performance than s∗ is

predicted. This increase in performance of s∗ relative to s◦ will be referred to as “improve-

ment”. As C is drawn from an externally-sourced list of candidate gestures, all possible

choices might reasonably be chosen for an online HRI application.

3.3 Structure of Ψ

Though it may seem intuitive for the Ψ metric to be an average of the relevant distances,

in practice the average or sum does not provide differentiation for particular but reasonable

cases. Here I will detail one such failure case and use it to justify my choice of a distance-

product structure for Ψ.

3.3.1 Example setup

Figure 3.2: Visualization of the Ψ example structure.

In the simplified 1-D example visualized in Fig. 3.2, gesture classes are represented by

points and the pairwise distance measure is how far apart they are on the line. There is a

single work gesture at W = −1 and the selection space for S is the continuous space between

0 and 1. In this example I = 2, meaning that each selection s has two members cs,1 and

cs,2. Note that for this case there are no irrelevant distances. Some specific example cases

for comparison that are drawn from this overall framing are shown in Fig. 3.3.
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(a) Case A: sA = [1,0]. Intuitively, this would

be the most separable combination of two control

gestures possible from the setup in Fig. 3.2.

(b) Case B: sB = [1,0.7]. This should be less sep-

arable than Case A but still have some degree of

separability.

(c) Case C: sC = [1,0.95]. This set should be func-

tionally inseparable, since the two control mem-

bers are nearly on top of each other relative to

the candidate selection space.

Figure 3.3: Specific example cases for comparison of Ψ structures.
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3.3.2 Average distance and shortcomings

If the set separability is based on the average distance, then the Ψ calculation for this case

becomes

Ψ(s) =
1

3

(∣∣∣cs,1 −W ∣∣∣+
∣∣∣cs,2 −W ∣∣∣+

∣∣∣cs,1 − cs,2∣∣∣) .
Let the first selection cs,1 = 1, as in the example cases (Fig. 3.3). Then the previous reduces

to

Ψ(s)(cs,2) =
1

3

(∣∣∣1− (−1)
∣∣∣+
∣∣∣cs,2 − (−1)

∣∣∣+
∣∣∣1− cs,2∣∣∣) =

1

3
(2 + 1 + 1 + cs,2 − cs,2) =

4

3
.

The dependence on cs,2 has been completely eliminated. It is intuitive to see that the most

separable position for cs,2 is 0 (Case A), but in the summation-form equation any losses from

moving to the right (closer to cs,1) are counterbalanced by the greater distance to W . Thus,

the reported separability of cases A, B, and C are all equal despite their obvious differences.

This is confirmed in simulation of the above problem (Fig. 3.4 (a) ) where the three cases

are marked on a heatmap of all possible combinations and their values are all equal.

3.3.3 Product-form equation

By comparison, the problem structure used in [18] does provide better differentiation. The

simulation of the same (Fig. 3.4 (b)) highlights that unique optimal positions are chosen for

s given this scenario, and that they are in the spots that would be intuitively chosen given

this scenario (0 and 1, aka Case A).

3.4 Implementation

There are two types of processes implemented for this work: an offline classification process,

as in other work applied to the SHREC database, and an online classification process, where

a rolling classifier is applied to continuous timeseries data. Both processes use a time history
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(a) Illustration of the problems with using a

summation-form separability evaluations for sim-

ple 1-D examples A, B, and C in Fig. 3.3

(b) Improvement of the product-form separability

on cases A, B, and C.

Figure 3.4: Direct comparison of the average vs. product separability form for example cases
A, B and C.

of raw hand measurements as their input and both use a Support Vector Machine classifier,

but the acquisition and calculation of these present some nuance as noted where relevant.

3.4.1 Experimental Design

The task under consideration is inspection of fastener installation in a limited-access area, for

which the MASCOT-RVA2 (shown in Fig. 3.5) provides visual and record-keeping assistance.

The lab experiment version of this experimental setup is shown in Fig. 3.6. The participant

checks the installation of each fastener, and after each grouping of four gestures to the

robot to check the group off as all done or that it contains needed rework. Simultaneously,

the MASCOT-RVA2 tracks the participant’s hand to provide visual aid. This combination

of functions has the potential to substantially reduce the mental load and cycle time of

inspectors. This is a substantially simplified version of the actual inspection task. The

“bad” examples in this case are collars that have been insufficiently swaged onto the fasteners
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Figure 3.5: Limited-autonomy vision aid/assistive robot, referred to as the MASCOT-RVA2
or simply MASCOT or RVA2. Leap motion hand sensor for interaction and tracking input
is shown at front.

before the pintail broke off, and so they are loose and spin freely. The distribution of correctly

and incorrectly installed collars is known to a human observer, who manually sets a flag to

indicate ground truth for a control gesture being performed by the participant.

The participant inspects the space five times during the collection of work data. There

are eight clusters of correctly and incorrectly installed collars each (as shown in Fig. 3.6).

At this stage, the camera view is not provided to participants and the data being recorded

is unlabeled. No control gestures are performed. In order to choose the control gestures

systematically for this experiment, the space of expected non-communicative hand motions
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Figure 3.6: Experimental setup for inspection task with robotic assistant. Collars (yellow)
are inspected for correct installation in their groupings of four.
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must be quantified.

3.4.2 Quantification of work gesture space

Figure 3.7: Separability evaluation of possible values of K for K-means clustering algorithm
applied to randomly segmented work data. For a gesture set consisting exclusively of work
gestures, separability of the set is the minimum pairwise distance. K = 28 is more separable
than K = 7 by this analysis, but has several clusters with only one member. This is
challenging for implementation, and so K = 7 was chosen to go forward. The full pipeline
with K = 30 to the offline test accuracy vs. Ψ was calculated, though, and results were
qualitatively similar to a lower number of clusters.

“Work” gestures will depend on the task performed. To generate representations of the

atomic motions for this task, participants were recorded inspecting the entire workspace (in

any order of their preference) several times. Inspection record at this stage was collected

verbally by the experimenter, which may not be practical in a factory setting. The resulting

sequences are randomly sampled in windows of time representative of the time windows of
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the SHREC dataset. These shorter clips are then clustered by K-means clustering, using K

values up to 30 for comparison (see Fig. 3.7). Several values of K were evaluated to the

final results, and qualitatively similar results were achieved for all. K = 7 was the most

separable set of clusters where all clusters had at least two members, and so was chosen

for the implementation. The automatically clustered work gestures can be approximately

described thus:

W1: Inspection with hand mostly closed

W2: Inspection with index finger only extended

W3: Inspection with all fingertips

W4: Inspection with index and middle fingers extended

W5: Inspection with open hand, slow motion

W6: Rapid traversal of space, slack hand

W7: Quick transitions between open and closed hand, most common silent sensor failure

mode seems to be captured here.

3.4.3 Representation

The hand measurement is reported at every timestep as the Cartesian positions of every

joint in the hand. A “gesture” unit g ∈ G is a time history of some length of snapshots of

raw joint positions. For the SHREC database, these gesture units are pre-segmented into 28

labeled classes of gesture. Conversely, in the online experimental data, the gesture unit that

is acted on and classified at time k is the snapshot at time k concatenated with the N − 1

previous snapshots for a “buffer length” of N .
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The raw measurements are in the coordinate frame of the sensor, and it is desired to

represent the hand as a set of spatially-invariant features in order to recognize the same

gesture in varying contexts. The positions of the joints relative to the wrist at each timestep

are represented using the Shape of Connected Joints (SoCJ) feature, sourced from [9]. The

gross motion of the hand through space is represented with the velocity of the wrist in the

current direction of the thumb at each timestep. The velocity and SoCJ is calculated for the

length of a gesture, resampled to be a consistent number of timesteps, and restacked into a

vector.

This is a much larger number of features than the original Cartesian frame, but many

of the features are redundant or irrelevant. Principal component analysis (PCA) ([26]) is

employed to project the full feature space onto a lower-dimensional subspace that preserves

the majority of the information and is more suited to rapid computation and available mem-

ory. Selection of orthogonalized features according to separability rather than maximized

variance is described in Chapter 5.

3.4.4 Classification

For classification, the pairwise one-vs-one SVM classifiers trained in the distance calculation

are used with a relative majority voting rule [19]. For each one-vs-one classifier included in

the ensemble classification scheme, one is selected and the most commonly occurring gesture

label from the component pairwise classifier outputs is chosen as the final classified label for

that gesture.

A control gesture will “trigger” in the online process when the content of the recent

history buffer of timesteps is recognized as that control gesture. It is evaluated as correct if

it is sufficiently close temporally to the ground truth flag that was set manually by a human

observer and of the correct class. For a short time after the process triggers, no other gestures

can be triggered.
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A “false positive” is either when a control gesture is identified incorrectly or when there

was no communication intended, and a “false negative” is when a gesture occurs but the

classifier does not recognize it. A “true positive” is when a control gesture is correctly

triggered.

3.5 Results

Results are now presented for the following claims: (i) proposed separability predicts per-

formance improvement and decreased variability in offline classification; (ii) separability

improves online classification performance with multiple subjects.

3.5.1 Separability improves classification

(a) s∗ (b) s◦

Figure 3.8: Confusion matrices for s∗ and s◦ in offline classification. Note that for this
application correct identification between work subtasks is not relevant, and thus all W test
gesture samples (separate from training data) have been grouped together. The number of
entries on the diagonal divided by the total number of entries is the “Test Accuracy” for an
individual control set s. Total iteration number for a complete control gesture class varies
somewhat, but is generally around 100.

The main result of this section is that separability of a gesture set is positively correlated

with test accuracy and robustness to individual performance of gestures.
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Figure 3.9: Full sample space S evaluation of each set s’s separability (Ψ(s)) plotted against
its corresponding test accuracy. This selection shows that even for offline classification,
maximizing the Ψ metric will predict contextually improved gesture recognition, as there is
a positive correlation between Ψ and test accuracy (Pearson correlation coefficient R = 0.59).

First, to validate the feature set and classification method, the full set of 28 SHREC

control gestures is classified for comparison with existing work. The result is that 71%

of presegmented test examples were correctly recognized (i.e. 71% test accuracy), which

is comparable to previous work that ranges between 62% and 82% ([10, 40, 41, 11]). A

simplified version of the highest-accuracy pipeline in [10] is used in this case study. Test

accuracy for offline evaluation of a candidate s ∪W is visualized in confusion matrices, as

in Fig. 3.8 for s∗ and s◦. Each row in a confusion matrix represents the instances of a

predicted class while each column represents the instances of an actual class, and is designed

to enable visualization of what the common failure modes are of a classifier. The numbers

at each index in Fig. 3.8 represent the number of test iterations that truly belong to the
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Figure 3.10: Additionally, separability not only positively correlates with test accuracy, it
negatively correlates with sensitivity to subject performance (Pearson correlation coefficient
R = −0.35).

class of their column, but were identified as the class of their row. Thus, the numbers on

the diagonal are correctly identified test instances, and all entries off the diagonal are test

instances that were misclassified.

Next, the full range of separability Ψ is tested for all possible s ∈ S using the test set

contained in the SHREC database. S is constructed using all combinations of 2 from the

SHREC dataset, and appending the seven members of W to each set so each s ∪ W has

9 members. Test accuracy vs. separability for all combinations is shown in Fig. 3.9. The

optimal s∗ that maximizes Ψ from (3.3) and antagonistic s◦ that minimizes Ψ from (3.4) can

be seen as image sequences and described in Fig. 3.11. These two combinations are the ones

that will be taken forward into online testing.

The main result from Figures 3.9 and 3.10 is that even in the presence of variability
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Figure 3.11: Image sequences of members of s∗ and s◦, which are described as follows: (a)
cs∗,1 A grabbing motion with only the thumb and forefinger (b) cs∗,2 A continuous swipe in
the shape of a +, performed with a slack hand with fingers extended (c) cs◦,1 A pinching
motion with only the thumb and forefinger (d) cs◦,2 A planar shake back and forth of a hand
from the wrist with only the thumb and forefinger extended.

in classifier performance for an arbitrary choice of s, separability is positively correlated

with test accuracy and robustness to variability in individual participants’ performance of

a gesture. Choosing an arbitrary control gesture set which does not maximize Ψ does not

necessarily result in poor performance, but choosing a maximally-separable s∗ is shown here

to be more consistently recognizable with a variety of subject performances.

3.5.2 Performance Evaluation

Evaluating the performance of online classification procedures is a problem with different

constraints than offline (i.e. temporally presegmented) classification. Two of the most com-

monly used metrics for online classification of this type are precision and recall ([43]). Briefly,

precision is the percentage of returned instances that are correct, and recall is the percentage
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of true total instances correctly returned. Using the error types described in Section 3.4.4,

they are defined as

Precision = Pr(s) =
true positive

true positive + false positive
(3.5)

and

Recall = Rec(s) =
true positive

true positive + false negative
. (3.6)

These metrics are often tradeoffs; a more sensitive classifier might have higher recall but

lower precision, and a less sensitive classifier might have lower recall but higher precision.

These metrics were chosen for direct comparability to similar recent results in continual

motion recognition.

Because precision and accuracy measures different types of error, the specifics of the

application will determine what measure should be given more weight. For this application,

precision should be favored if possible because it is easier to perform a control gesture again

than stop the robot from executing an undesired accidental commanded action.

To measure a combination of precision and recall, F-measures are commonly used, defined

as

Fα-measure =
(1 + α2) · recall · precision

α2recall + precision
(3.7)

When α = 1, precision and recall are weighted equally and the F1 score is the harmonic mean

of the two. Otherwise, α is adjusted to weight the more relevant measure appropriately. For

this experiment the F1 score is used as all measures are of interest. The expectation is that at

minimum the F1 scores will definitively increase between s∗ and s◦ in online subject testing,

and potentially all measures will improve.

3.5.3 Online testing with multiple subjects

Once the control-gesture sets have been selected for online testing through maximization

and minimization of Ψ(s), the overall performance of the sets is evaluated according to the
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Table 3.1: Subject breakdown of performance metrics. There was improvement for all sub-
jects across all measures between s∗ and s◦, with an average performance improvement of
approximately 400%.

Subject Pr(s∗) Pr(s◦) Rec(s∗) Rec(s◦) F1 (s∗) F1 (s◦)

1 0.36 0.03 0.35 0.06 0.35 0.04

2 0.51 0.15 0.48 0.11 0.49 0.12

3 0.35 0.17 0.48 0.23 0.41 0.20

4 0.50 0.07 0.38 0.08 0.43 0.07

5 0.44 0.08 0.55 0.11 0.49 0.09

6 0.51 0.01 0.53 0.02 0.52 0.01

7 0.50 0.11 0.39 0.21 0.43 0.14

8 0.37 0.08 0.42 0.12 0.39 0.09

9 0.37 0.11 0.20 0.09 0.25 0.09

10 0.57 0.10 0.46 0.08 0.50 0.09

Avg. .45 .09 .42 .11 .43 .10
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experiment as detailed in §3.4.1. Each subject performs 32 iterations of each control gesture

at intervals while completing the work task, for a total of 128 control gesture instances per

subject.

As Table. 3.1 shows, maximizing the separability Ψ results in performance improvement

between s∗ and s◦ across all performance measures in online testing. All measures on average

were nearly 4 times higher for s∗ compared to s◦ and there was consistent improvement for

all subjects, despite individual variations in overall recognizability. In summary, the results

show that the separability-based selection improves performance first in offline classification,

and then the online classification performance.

3.6 Conclusion

In both online and offline contexts, systematic selection of gestures is shown to have perfor-

mance benefits. A correlation between the proposed separability metric and test accuracy

of gesture sets is found (R = 0.59), as well as a negative correlation (R = −0.35) between

separability and sensitivity of performance to individuals’ performances. Results are also

presented for a comparative online classification implementation on a hand-following robot

of the most- and least-separable gesture sets, where the most-separable gesture set performs

an average of 4 times better across all metrics.
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Chapter 4

DISTANCE MEASURES

In order to calculate separability as the problem has been framed, a meaningful measure

of pairwise distance between gesture classes is necessary. A “gesture class” is any mean-

ingful group of performed motions, either from human-assigned perceptual meaning or an

automatic clustering algorithm. There are many possible candidates for such a distance

measure between classes, both new and from literature, each with advantages and disad-

vantages. In prior work [18] the margin of the SVM classifier was used, but that metric

has some shortcomings. Desirable properties of a separability-capturing distance measure

between gesture classes would include, in decreasing order of importance:

P1: Larger distance corresponds to lower likelihood of misclassification,

P2: the distance measure is applicable to many different data distributions, and

P3: outliers or low population sizes do not significantly affect the outcomes for the same

underlying distributions of gesture realizations.

In this section, a number of candidate measures for the distance between gesture classes will

be introduced and discussed. First, the measure that is determined to fulfill these properties

best is presented, then the measures that were considered and discarded.
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4.1 Ultimately selected method: modified SVM margin

4.1.1 SVM Background - Conventional Solution

In support vector machines, there are two classes of data labeled as +1 or -1 for which

the designer wishes to be able to classify future examples. If the data classes are linearly

separable, then the solution found is referred to as a hard-margin case. Else, the problem is

a soft-margin case, where the margin is the boundary region between the classes.

(a) Example of a data realization that has a hard-

margin solution.

(b) This data is not linearly separable, and so its

solution is limited to the soft-margin case.

Figure 4.1: Visualization of the two types of SVM cases, hard-margin and soft-margin.

The solution methods for these are closely related, and here laid out sequentially. This

subsection will conclude with concrete examples of the solution method for each case. This

subsection is designed to introduce all relevant terminology and notation for the SVM-based

distance measures.

Formal Problem: Hard-margin

In this formulation for data x and labels ~y, the i’th data point is a pair (xi, yi) where xi is

the data, an n-dimensional vector, and yi is the class label where yi ∈ [−1, 1]. The designer

wants to find the separating hyperplane (a′x + b = 0) with the maximum margin. The

margin is formally defined as the region where yi(a
′xi + b) < 1 and is visually represented

for the 1-dimensional case in Fig. 4.2. The width of margin (grey region) is 2
||a|| . In order to

classify new data xj>i, the classifier score is calculated ŷj = (a′xj+b) and the data is assigned
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Figure 4.2: For this data realization, two possible hyperplanes that produce zero in-sample
clasification error are shown, with the margin that satisfies the requirement min |(a′xi+b)| =
1 for that hyperplane (black line) shown as a grey box. Both solutions are equally feasible for
the training data; however, the second solution has a much larger margin and it is intuitive
to see that this solution also has a lower likelihood of misclassification.

to the class that matches the sign of ŷj. In order to find the best classification boundary

(hyperplane with the widest margin and no in-sample error) the optimization problem to

solve is

maximize
a∈Rk, b∈R

1

||a||2
subject to min |(a′xi + b)| = 1, i = 1, . . . , n

which is equivalent to

minimize
a∈Rk, b∈R

1

2
a′a

subject to yi(a
′xi + b) ≥ 1, i = 1, . . . , n

(4.1)

without loss of optimality. To solve this problem efficiently and with commonly available

software for quadratic programming (such as quadprog in Matlab) the dual problem is con-

structed using Lagrangian duality and KKT conditions [14]:

L(a, b, λ) =
1

2
a′a−

n∑
i=1

λi(yi(a
′xi + b)− 1) (4.2)

which when minimized, will solve the original problem. To achieve this, the gradients w.r.t.

a and b are

∇aL = a−
n∑
i=1

λiyixi (4.3)
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and
δL

δb
= −

n∑
i=1

λiyi. (4.4)

Setting them both to zero and substituting back into 4.2 gives

L∗(λ) =
n∑
i=1

λi −
1

2

n∑
i=1

n∑
j=1

yiyjλiλj(xi)
′xj (4.5)

which then is a convex maximization problem

maximize
λ∈Rn

L∗(λ) =
n∑
i=1

λi −
1

2

n∑
i=1

n∑
j=1

yiyjλiλj(xi)
′xj

subject to
n∑
i=1

λiyi = 0,

λi ≥ 0, i = 1, . . . , n

(4.6)

and is computer-solvable for realized data in the equivalent matrix-vector form

min
λ∈Rn

1

2
λ′


y1y1(x1)′x1 y1y2(x1)′x2 . . . y1yn(x1)′xn

y2y1(x2)′x1 y2y2(x2)′x2 . . . y2yn(x2)′xn
...

...
. . .

...

yny1(xn)′x1 yny2(xn)′x2 . . . ynyn(xn)′xn

λ

subject to y′λ = 0,

λi ≥ 0, i = 1, . . . , n.

(4.7)

The separating hyperplane is then recoverable from λ∗ by recalling from the gradients that

a∗ =
∑n

i=1 λ
∗
i yixi. The optimal b∗ is recovered by solving yi((a

∗)′xi + b) − 1 = 0 using any

support vector, where a support vector is a pair (xi, yi) whose optimal Lagrange multiplier

λ∗i > 0.

Example solution

A test case is shown in Fig. 4.3. In this example of a hard-margin problem, it is intuitive

to see that the boundary is near 0 and the approximate scaling to force the score of the
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Figure 4.3: Visualization of the SVM numerical solution example.

support vectors to 1 is 1. In the appropriate terminology, b∗ ∼ 0 and a∗ ∼ 1. Fig. 4.3 is

an approximate visualization; ~x = [−2.0,−1.01, 1.01, 1.3, 1.5] and ~y = [−1,−1, 1, 1, 1]. The

convex dual problem for this with problem data is then

min
λ∈Rn

1

2
λ′



4 2.02 2.02 2.6 3

2.02 1.0201 1.0201 1.313 1.515

2.02 1.0201 1.0201 1.313 1.515

2.6 1.313 1.313 1.69 1.95

3 1.515 1.515 1.95 2.25


λ

subject to y′λ = 0,

λi ≥ 0, i = 1, . . . , n.

Using any off-the-shelf quadratic programming solver such as MATLAB’s function quadprog,

the recovered optimal values are ~λ∗ = [0, 0.4901, 0.4901, 0, 0]. This indicates that the support

vectors are x2 = −1.01 and x3 = 1.01, as expected. Recall that a∗ =
∑n

i=1 λ
∗
i yixi =

0.4901 ∗ (−1) ∗ (−1.01) + 0.4901 ∗ (1) ∗ (1.01) = 0.99 and b∗ = yi((a
∗)′xi + b) − 1 = 0 =⇒

b∗ = 1 ∗ 0.9901 ∗ 1.01 + b − 1 = 0 =⇒ b = 0. The assigned scores ŷi = a′xi + b for the

training set are ~̂y = [−1.9802,−1.0000, 1.0000, 1.2871, 1.4851], confirming that the in-sample

error rate for this example is zero.
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Formal Problem: Soft-margin

For soft-margin SVM classification, the problem formulation in Eq. 4.1 changes in ways that

are highlighted in red text. There is a new term ξi, which represents the margin violation

of the i’th point. ξi is visualized in Fig. 4.4. The new constant C represents the gain on

the margin violation penalty; if C is large, the margin violations are more important to the

solution, and vice versa. In a hard-margin problem ξi = 0 ∀i and so this term is negligible.

The primal convex quadratic problem is (red terms are soft-margin changes):

minimize
a∈Rk, b∈R

1

2
a′a + C

n∑
i=1

ξi

subject to yi(a
′xi + b) ≥ 1 − ξi i = 1, . . . , n

ξi ≥ 0.

(4.8)

Lagrangian and KKT conditions:

L(a, b, λ, ξ, β) =
1

2
a′a + C

n∑
i=1

ξi −
n∑
i=1

λi(yi(a
′xi + b)− 1 + ξi) −

n∑
i=1

βiξi (4.9)

The gradients taken to maximize the Lagrangian are the same except that there is one

additional gradient taken wrt ξi, the margin violation of the i’th point:

∇ξL = C − λi − βi. (4.10)

In the dual problem this gives λi the additional constraint that λi ≤ C, but otherwise the dual

problem is in fact the same as in the hard-margin case. This simplification, while convenient

for model optimization, makes it challenging to reason about the effect of enmeshed vs

separable data on the eventual margin width. For this reason the forthcoming examination

of regional inversion will take place in the primal rather than dual formulation.

4.1.2 Examining margin width in soft-margin and hard-margin cases

The SVM algorithm maximizes the margin ( 2
||a||), the area between the bounding planes

x1, x−1 which satisfy ax−1 + b = −1 and ax1 + b = 1. Violating the margin does not
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Figure 4.4: SVM terms visualization for the 1-D enmeshed case. This is not the optimal
margin for this data, just an example a and b and their associated terms.

have to include being over the decision boundary; the point merely needs to be within the

margin defined by a and b to be considered as violating the margin. In Fig. 4.4, any point

within the grey region (or outside of it among the bulk of the opposite-colored class) are

margin-violating points with an associated nonzero ξi. Their ξi term is the distance between

the outer edge of the margin and the score of the margin-violating point, i.e. ŷi = axi+b. As

illustrated in Fig. 2: for the i’th point (with yi = 1, i.e. the class on the right), the margin

violation distance is max(0, 1 − axi − b), where x1 is the right margin edge and satisfies

x1 = 1−b
a

. Similarly, x−1 = −1−b
a

. The margin violation for a point of class with label +1 is

ξi = 1− ŷi = 1− axi − b (4.11)

and of class -1:

ξi = ŷi − (−1) = axi + b+ 1, (4.12)

illustrated visually in Fig. 4.4.

With a linear kernel, the decision boundary hyperplane can be written as the set of

support vectors x that satisfies

a · x + b = 0 (4.13)

where a is the vector normal to the hyperplane and b is the hyperplane’s bias from the origin.
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Figure 4.5: Two uniformly distributed classes of data with width W and whose centers are
at ±z. The distance between them is of width ∆ (defined in Eqn. 4.14) as shown in figure.
When the classes are not overlapping (z > W

2
), as on the left, ∆ is negative. The cases

studied are for a constant W as z → 0.

Two-region behavior of the margin

The margin of the classifier is commonly understood as the “width” of the margin between

the classes, since the optimization is explicitly maximizing the margin and the intuitive leap

to positive performance correlation holds where data is enmeshed. However, the change in

optimization formulation between the hard-margin and soft-margin cases means that the

margin is capturing qualitatively different information about the relevant data and empirical

risk in the different regions. In the soft-margin case, it can be understood as the distance that

best captures the margin violations. To illustrate this behavior, a case study is presented

and illustrated in Fig. 4.5. For notational convenience, the distance between the right edge

of the blue class and the left edge of the orange class is defined as ∆. In terms of z and W ,

∆(z,W ) =

(
−z +

W

2

)
−
(
z − W

2

)
= −2z +W. (4.14)

In the region with no overlap (z < W/2), ∆ is always negative. The numerically-solved

results for the margin edges for this case as ∆ flips from negative to positive are shown in

Fig. 4.6.

As shown there, the margin width has a highly structured relationship to empirical risk,

but the behavior has two distinct regions. If this behavior can be shown to behave consis-

tently, it is exploitable to achieve a consistent predictor of empirical risk. The remaineder of

this section will be dedicated to establishing the consistency of this behavior and the method
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Figure 4.6: Infinitely-sampled approximations of the classification problem shown in Fig.
4.5, solved by conventional SVM. The margin width for a given ∆ is the distance between x1

and x−1. As ∆→ 0 the margin edges contract and then expand when when ∆ > 0, because
the margin width is capturing different information about the model in this region.

of exploitation to develop a distance metric between gesture classes with a consistent rela-

tionship to empirical risk.

Separable (Hard-Margin) Case

At the outer edges of classes 1 and 2, the constraints of Eq. 4.1 reduce to a system of

equations. They are:

y1(a(x∆/2) + b) = 1

a
∆

2
+ b = 1.

(4.15)
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at the right edge of the orange class and

y−1(a(x−∆/2) + b) = 1

a
∆

2
− b = 1

(4.16)

at the left edge of the blue class. Summing (4.15) and (4.16),

a =
2

∆
=⇒ margin =

2

||a||
= ||∆||. (4.17)

This agrees with the numerical solution presented in Fig. 4.6.

Enmeshed (Soft-Margin) Case

To discover structure between ∆ and the optimal margin width where data is enmeshed,

want to find an analytic solution to the soft-margin SVM optimization for where z < W/2.

The objective function of Eq. 4.9 in summation-form for the examined case where z <

W/2 is

R =
1

2
a2 + C

∑
ξi =

1

2
a2 + C

∑
i=1

ξclass 1 + C
∑
i=1

ξclass−1 (4.18)

and in an infinitely-sampled approximation with point density n/W , can be written with

integrals

R =
1

2
a2 + C

∫ ∆/2

x−1

n

W
(ax+ b+ 1) dx + C

∫ x1

−∆/2

n

W
(1− ax− b) dx (4.19)

Expanded out and changing variables entirely to x1, x−1,

R =
2

(x1 − x−1)2
+

Cn

W

[
1

x1 − x−1

(
x2

1 + x2
−1 +

∆2

2

)
+ ∆

]
. (4.20)

Using symmetry to say that x = x1 = −x−1 ( =⇒ margin width = 2x) this reduces to

R =
1

2x2
+
Cn

W

(
∆ +

∆2

4x
+ x

)
(4.21)



41

whose derivative is

dR

dx
=
−1

x3
+
Cn

W

(
−∆2

4x2
+ 1

)
. (4.22)

From this x∗ ≈ ∆/2 + δ, where δ → 0 as Cn
W

becomes large. This puts a lower threshold on

the margin width at ∆, and for reasonably-sized datasets Cn
W

is large.

This analytic result agrees with the numerical result that as ∆ increases (starting nega-

tive, indicating the classes are not enmeshed) the margin edges contract, and then expand

with ∆ when positive (shown in Fig. 4.6). This result is consistent with varying distribution

types and higher-dimensional spaces.

4.1.3 Mitigation of regional inversion

While the inverted behavior on the margin width’s predictive power is a challenge to using it

to select gestures, the behavior is consistent, structured, and therefore exploitable. In order

to achieve a consistent relationship between the final distance metric and empirical risk, the

distance for any models that are soft-margin is the negative of its margin. Detection of this

with sparse data is done via assessing if the in-sample error of the training data is greater

than 1%. Shown in Fig. 4.7 is the SHREC data (pairwise only and without inclusion of

work data) plot of separability vs. test accuracy with and without this regional inversion

adjustment.

However, having a negative distance measure creates issues for the product form of the

overall separability calculation. This is addressed by adding a constant positive offset O to

the entire pairwise model population, where O is sufficiently large to ensure the smallest

distance is 1.



42

Figure 4.7: Every possible pair of control gestures from the SHREC dataset (no work data
included), test accuracy vs. margin width with and without regional inversion adjustment
applied.

4.2 Considered measures: metrics on probability distributions

4.2.1 f -divergence measures

Another potentially promising method for measuring distance between gesture classes is

types of f -divergence, which measure differences between two probability distributions. Some

commonly used examples in ML and data science include Kullback-Leibler (KL) divergence,

χ2-divergence, Hellinger distance, Total Variance distance, and α-divergence. Formally, the

f-divergence between two distributions P and Q over a common space is

Df (P ‖ Q) ≡
∫

Ω

f

(
dP

dQ

)
dQ
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for particular choices of the function f . f must be convex and f(1) = 0. The named examples

are differentiated by their f -functions and each serves a distinct purpose in their application

domains. However, the problem with these is that they do not necessarily penalize the

appropriate things. For example, if two normally-distributed gesture classes had exactly

the same mean but very different variances, then their distances according to each of these

metrics might be large. In some limited cases this is appropriate, but in a large selection

population this is unlikely to truly provide an optimal answer.

Figure 4.8: A comparison between these two cases should intuitively show that Case 1 (top)
is more separable in the sense relevant to this chapter than Case 2 (bottom). However,
because f -divergences penalize difference between distributions, the KL divergence is larger
in Case 2 (see Eqn. 4.23 for details).

As an example, the function f for the KL divergence is f(t) = t log t. Shown in Fig. 4.8 is

two cases that are the same, except for one class having a much larger variance. Intuitively we

would expect the second case to be less separable, but it in fact has a higher KL divergence.

A common discretization of KL divergence between distributions P and Q is

DKL(p, q) =
N∑
i

p(xi) log

(
p(xi)

q(xi)

)
. (4.23)
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When probability density functions for distributions P1 ∼ N (−0.5, 1), Q1 ∼ N (0.5, 1), P2 ∼

N (−0.5, 3), and Q2 ∼ N (0.5, 1) are generated, the calculations show that DKL(p1, q1) = 0.5

and DKL(p2, q2) = 3.35. Simple code to execute this check may be found in Appendix A.

Though different f -functions may penalize differently, they all have this core problem of

seeking divergence rather than separability.

4.2.2 Earth mover’s distance and similar

There are other measures of distance in literature that do not necessarily fit into the f -

divergence model, but may have interesting properties. One of the most common is the Earth

Mover’s Distance, whichb is closely realted to the transportation metric. For multivariate

normal sample gestures ga, gb with expected values µa, µb and covariances Γa,Γb, the Earth

Mover’s distance V (ga, gb) at time t is defined as

DEMD(ga, gb) =
∥∥µa − µb∥∥2

2
+ trace

(
Γa + Γb − 2(Γ

1
2
b ΓaΓ

1
2
b )

1
2

)
(4.24)

It does not have the properties of a true norm but has seen relevant applications, particularly

in the field of computer vision. It has the same shortcomings as the measures of φ-divergence,

i.e. that it would consider two distributions on top of each other with different variances

to be “distant”. For the distributions in Fig. 4.8 are DEMD(case 1) = 1, DEMD(case 2) =

1.5359, indicating the same issue as in f -divergence.

Many of the measures in [13] have this same issue, with one potential exception. The

“separation” distance, originally advocated in work on Markov chains [1] is promising, though

it does not have the properties of a metric. It is defined as

Dsep(P,Q) := max
i

(
1− P (i)

Q(i)

)
(4.25)

and it is less vulnerable to the issues of f -divergence and EMD; for example, for the dis-

tributions in Fig. 4.8, it finds that Dsep(case 1) = 1, and Dsep(case 2) = 0.6869. However,

it has several weaknesses: firstly, the order of the arguments can substantially change the
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answer. For the same two cases, Dsep(Q1, P1) = Dsep(Q2, P2) = 1 (note order of P and Q).

Though the other properties of a norm are not critical, it is important to get a consistent

answer when comparing two gesture classes. Secondly, because it uses an absolute max-

imum on observed probabilities rather than parameters of a best-fit characterization, this

method may be particularly vulnerable to low population sizes and histogram scaling. When

higher-dimensional data is involved this problem may compound, as the population sizes re-

quired to adequately characterize high-dimensional data increase and many datasets begin

to appear sparse (known as the “look-elsewhere effect”). Ultimately, the direct connection

between SVM modified margin and empirical risk and the symmetry of that measure made

it a stronger choice.

4.2.3 Hypothesis testing on class score distributions

As in §4.1.1, the method for classification of a new data point depends on its score ŷi =

(a′xi + b). The idea behind this method is to use two-tailed t-test hypothesis testing on the

ŷ distribution for each class. Using a null hypothesis of E[~̂y1] = E[~̂y2], a larger p-value would

indicate that the null hypothesis is more likely given the data realization. Thus, a smaller

p-value would indicate more separability. To transform this into a separability calculation

that satisfies property 1, the hypothesis-testing distance measure is defined as

Dhypoth(class 1, class 2) := (1− p)α (4.26)

where p is the p-value for the null hypothesis that E[~̂y1] = E[~̂y2]. The problem with the

p-value in this context is that it tends to saturate at zero because the score distributions

produced by SVM will always be at least somewhat distinct. The α parameter is intended

to address this; by exponentiating many near-1 numbers, maybe they can be separated out.

However, this turns out not to work as well as hoped, as demonstrated in Fig. 4.9. Even

with the numerical precision of p elevated to 64 bits, the large majority of all p-values are

sufficiently saturated at identity such that even a large exponent (α = 100, Fig. 4.9 (b) and
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(a) With relatively low sample sizes and α =

3, there is some spread in Dhypoth but the

evaluated distance is 1 for most of the 90

cases represented here.

(b) A much higher α value leads to a some-

what better spread in evaluated distance,

but still with a large cluster at D = 1.

(c) Larger sample sizes exacerbate this sat-

uration problem.

(d) This holds true again for large values of

α.

Figure 4.9: Study of hypothesis testing on scores as a distance measure, with various values
of α and population size ranges. Overall the distance measure does not have a strong positive
correlation with performance (represented by test accuracy) due to the saturation of (1-p)
at 1.
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(d)) does not achieve notable discernment between instances. This saturation is even more

pronounced with a higher range of sample sizes (Fig. 4.9 (c) and (d)), as the t-test becomes

more certain when the score distributions are better characterized.

4.3 Considered measures: alternate SVM-based

4.3.1 Unmodified SVM Margin

This method was used for the first published work on this topic [18] and it does provide good

results under certain assumptions, but the regional inversion of the margin correlation is a

serious barrier to direct use. If all data can be confined to the separable region, performance

is acceptable, but otherwise positive correlation between separability and performance can

disappear or even reverse as shown in Fig. 4.10.

4.3.2 Robustness Distribution

It would be desireable to be able to select the most separable case with statistical certainty

for an online application. One method for achieving guarantees is to transform the problem

into a ranking and selection problem, for which validated machinery already exists. To do

this, the two labeled classes and their interaction with the model separating them must be

combined into a single distribution that is characterized by a higher mean indicating a more

robust separation between the classes. With this achieved, the main question is the differing

sample requirements of the available methods of ranking and selection for this problem and

if they reliably select the case that is known to be most separable.

A comparative study is made of several methods of ranking and selection with statisti-

cal guarantees for unknown and unequal variances, with a detailed treatment in Appendix

D. Worth mentioning is the highly restrictive assumption placed on the gesture class dis-

tributions in order to use this method, which under these restrictions performs well. The

machinery entirely breaks down if the classes are not multivariate normal with symmetric
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(a) In one dimension on generated data, the

margin width actually has an inverse corre-

lation with the test accuracy, because this

data is mostly enmeshed.

(b) As the dimensionality gets higher (this

is on 10-dimensional multivariate normal

data), the inverse relationship disappears.

(c) Finally, on high-dimensional data, higher

distance corresponds to higher test accuracy,

because data is separable and so the classi-

fiers can be hard-margin..

Figure 4.10: Illustration of the dimensional sensitivity of the margin as performance measure.
More details on this result and the code used to generate these plots is in Appendix A.
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distributions. It is not obvious that a real case exists where these assumptions are remotely

reasonable or that these conditions can be relaxed, so this work is primarily an exercise in

what statistical guarantees might look like rather than a serious proposal.

4.4 Conclusion

Each method has strengths and weaknesses (summarized in Table 4.1) but none discussed

besides the modified SVM margin is successful. All have nontrivial cases in which they would

fail or mislead a designer. Ultimately, the modified SVM margin fulfills all three properties

by virtue of the core SVM algorithm (fulfilling P2 and P3) and the analytically backed

regional inversion (fulfilling P1).
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P1: Positive correlation between

distance and performance

7

Fig. 4.10
3

7

Fig. 4.8

7

Fig. 4.8

7

Fig. 4.9

P2: Applicable to different data

distributions

3
7

Appx. D
3 3 3

P3: Robust with outliers and

small populations

3 3 3
7

§4.2.2
3

Table 4.1: Summary of the degree to which each distance measure satisfies the separability
properties outlined at the beginning of the chapter. An 7 doesn’t mean that the property is
never satisfied, rather it means that the method has some large vulnerability or pathological
case regarding that property that is detailed in its section. The figure or section which
represents the failure mode is referenced in each box along with the 7.
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Chapter 5

GESTURE REPRESENTATIONS

A performance of a “gesture” is a collection of measurements of human motion, sometimes

static and sometimes over a period of time. These measurements may take a variety of

forms; it could be the color values of every pixel in a video stream, electrical signals for

muscle activation, the output of a lower-level pose identification algorithm, some combination

or nonlinear transformation of these, or many other possibilities. In order to apply the

previously developed tools to gesture classes, these measurements must be transformed into

consistent, coherent mathematical objects.

5.1 Structure of gesture representation

First, n measurements of human motion at t timesteps are concatenated into a n× t matrix.

Typically, this matrix is very large. At this stage, preliminary operations such as smoothing,

filtering, normalizing, and resampling are easiest.

Repetitions are necessary for gesture class characterization, ideally a large population of

them. In order to represent a class as a matrix, which enables the usage of machinery such

as PCA and SVMs, individual performances are stacked into a vector of dimension nt and k

performance vectors are concatenated into a matrix. Thus, a labeled class with k repetitions

is in fact an nt × k matrix. Different gestures may have significantly different distributions

even with the same actors, as they may depend on individual physical configurations, variable

interpretations of performance notes (ex: wave with open hand), and environmental factors

at time of measurement.
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5.2 Dimensionality reduction

There are a number of problems with these gesture class matrices as they now stand. First

and most simply, they’re too big, particularly as the number of time steps required increases.

If the measurement is the pixels in a low-resolution 640 × 480 video taken at a standard 30

frames per second for two seconds, that means that a single performance of a single gesture

has over 18 million features (640 ∗ 480 ∗ 60 = 18, 432, 000). This size can cause memory and

efficiency issues, particularly relevant in an online application, but more importantly this

many features per example means that the “curse of dimensionality” is in play [20]. This is

a term for the problems that arise when a dataset has so many dimensions that all the data

become sparse, which has implications for how this data can be efficiently characterized.

The amount of data that is required to support data characterizations statistically increases

dramatically at this scale, and there tends to not be enough variation in calculated distances

to make meaningful inferences.

Secondly, there is a high degree of collinearity in the dataset. This refers to the situation

in which one feature can linearly predict another with a high degree of accuracy. Even if the

base set of measurements is completely uncorrelated (an unlikely scenario in gesture; as an

example, the positions of the first and second knuckle on a finger are highly correlated), the

temporal stacking of the features to make a class matrix means that there is strong periodic

correlation between the same feature through time. High collinearity can cause the values of

individual regression coefficients (or in this case, components of a) to change erratically and

significantly with small changes to the data, and can make the overall model less robust.

5.2.1 Feature extraction

Feature extraction is the process of building derived values from a raw set of measurements.

In theory, these derived features will be more suited to solving the problem at hand than the

base measurements. This process can be highly complex, such as the PoseNet algorithm [23]
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for extracting human positions from raw visual data, or it can be finding relatively simple such

as linear combinations of raw measurements as in PCA. The the process of using specialized

domain knowledge to manually build a set of custom features is also used extensively in the

field of gesture recognition. This process is generally called feature engineering.

5.2.2 Feature selection

Feature selection is the process of taking a large number of features and through some

appropriate method selecting the ones that are the most relevant to the problem at hand.

Sometimes this can be done simultaneously with feature extraction (as in PCA), but there

are also many other ways to achieve this goal. Using feature selection may prevent overfitting

of data, lead to more interpretable models, and better facilitate online applications due to

lower memory and processing requirements.

5.3 Feature reduction method

5.3.1 Custom features and preprocessing

Particularly for visual measurement systems, there are a number of custom feature sets cal-

culated from raw joint position data that researchers use from the raw data. Some examples

include the relative joint angles of the finger bones, Euclidian distance between each possible

joint pair in 3-D space, and more abstract measures like the Shape of Connected Joints [9].

There is often also preprocessing such as filtering, normalizing, and resampling the data to

achieve a consistent dt.

5.3.2 PCA

Principal components analysis (PCA) is a process that forms an orthogonal (linearly uncor-

related) basis set, organized in order of decreasing variance. Formally, the recursion to find
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the k’th principal component is

max
pk

Var(p′kx)

subject to p′kpk = 1,

Cov(p′kx, p
′
jx) = 0, j = 1, . . . , k − 1.

(5.1)

This is commonly used and very functional. In particular, the inducement of an orthog-

onal feature set helps correct the strong temporal correlation that is introduced to the data

by stacking individual gesture performances. However, it does have some limitations.

5.3.3 SVM-based subselection

(a) Here, x1 is ranked as more important

by PCA because it captures more variance.

However, classes are not considered in the

PCA algorithm.

(b) When classes are revealed, it is obvious

that x1 has no bearing on classification. If

the PCA cumulative contribution is used as

a cutoff and only x1 included, the classes

would be wholly inseparable.

Figure 5.1: Illustration of the problems with using PCA as both feature extractor and feature
selector.

The 2-D example in Fig. 5.1 illustrates the problem with using PCA for both feature

extraction and feature selection. Two classes of data are contained within the visualized
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data, but the PCA algorithm does not distinguish between them. If PCA was used to pick

the most important feature, it would select x1. Because of the way PCA operates on data,

the classes are not knowable to the algorithm as it generates features. However, when the

classes that make up this data are revealed (Fig. 5.1 (b)), x1 is shown to be irrelevant for

classification and were the data to be reduced to just that feature, these classes would appear

intractable for classification.

This problem is recognized in SVM literature [15, 5, 2]. One way of determining relative

importance of the n’th feature is to look at the magnitude of its weight a(n) of the SVM

solution. For this purpose, it is productive to visualize a as the vector normal to the hyper-

plane. The relative scaling of the components (assuming data is correctly normalized) of a

defines the orientation of the hyperplane and thus the relative importance of the variable to

classification; if the hyperplane normal does not have a large component corresponding to

a variable, that variable may not be significant to classification. In the example above, the

hyperplane normal is oriented vertically, correctly indicating that the most relevant feature

for classification is x2. An example of this relative weight scaling compared to PCA follows.

Realized SVM-based selection example

In a simple 2D example with generated data (Fig. 5.2) the selection method does behave as

expected. The distributions represented are normal along the long axis ∼ N (µ = 0, σ = 1)

and along the short axis, the distribution is mostly the same but with the stability parameter

α changed from 2 to 1.5. Said another way, the two distributions are stable(2, 0, 1, 0) and

stable(1.5, 0, 1,±2). The effect of this change is to have heavier tails to an otherwise similar

distribution. The reported values for a are in Fig. 5.2 and the corresponding PCA results

to support the example’s conclusion are:

Fig. 5.2 (a): U =

 0.7883 −0.6153

−0.6153 −0.7883

 and S =

0.1981 0

0 0.0262

, indicating roughly
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(a) Both features are equally important to clas-

sification in these multivariate normal distribu-

tions, and the classifier scaling reflects that. PCA

agrees, saying that x1 and x2 contribute equally

to the dominant principal component.

(b) Here, however, the PCA reports that x1 con-

tributes 99% of the dominant feature, which con-

tributes 97% of the variance. The SVM-based se-

lection is scaled appropriately, and identifies x2 as

by far the most important feature from a classifi-

cation perspective.

(c) The same happens in reverse, when x1 is the

most important feature for classification.

Figure 5.2: 2D example of SVM-based feature selection in action, in a pathological exam-
ple for PCA-based feature selection. U and S for each example and details in generating
distributions are in §5.3.3.
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equal contribution of the features.

Fig. 5.2 (b): U =

 1.0 −0.0046

−0.0046 −1.0

, indicating that x1 contributes over 99% of the

first feature. Next, S =

0.1574 0

0 0.0214

 indicates that the information contribution

of that first feature is over 98%. In the common PCA scenario of a cumulative contri-

bution threshold, below which all features are discarded, x2 would likely be removed

from the dataset and the remaining data functionally inseparable.

Fig. 5.2 (c): U =

0.0046 1.0000

1.0000 −0.0046

 and S =

0.1574 0

0 0.0214

, again indicating that

the most relevant feature for classification (here x1) would likely be removed from the

dataset if PCA thresholding was used for feature selection.

5.3.4 Separability-based multi-class extension

In literature, these weights of a are used directly to determine the relative importance of

features [15] and used for recursive feature selection. When extended to a multi-class clas-

sification scheme with a similar recursive elimination [5], squared magnitudes are summed

across models to get an combined importance ranking. That algorithm is described below,

for K models and starting with the maximum number of features.

1. Calculate the optimal ak, bk ∀ k ∈ K, and let ai,k be the i’th component of the k’th

model.

2. Calculate the importance criterion IC for each feature i:

ICi =
K∑
k=1

a2
i,k
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3. Remove feature arg min ICi

4. Until desired number of features is achieved, repeat steps 1-3.

I propose two modifications to this method for this gesture classification task, henceforth

referred to as Modified Chapelle. First, instead of directly summing the squared weights, a

better importance criterion for a feature would be the relative orientation of the hyperplane

to that feature. This is calculated by the dot product of the hyperplane normal a and the

feature vector. Since the features have been orthogonalized by PCA prior to feature selection,

the importance for the i′th feature for a single model reduces to ai
||a|| . This is the cosine of

the angle between the feature and the hyperplane normal; large values indicate alignment

and thus importance. Negative angles are equivalent alignment as positive angles, and so an

absolute value is taken. The second modification is to, instead of summing across all models,

to exploit the structure of the problem and only sum across models of interest to ultimate

performance. In this case, that means all pairwise models between work gestures.

The modified algorithm description follows. This is begun with the all features. The

subset of relevant models R is identified as R = {k ∈ K | g(k) ∪ C 6= 0}, where g(k) is the

gesture pair that comprises the k’th model labels.

1. Calculate the optimal ak, bk ∀k ∈ K, and let ai,k be the i’th component of the k’th

model.

2. Calculate the importance criterion IC for each feature i:

ICi =
∑
k∈R

∣∣∣∣ ai,k||ak||
∣∣∣∣

3. Remove feature arg min ICi

4. Until desired number of features is achieved, repeat steps 1-3.
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5. Compute cosine of orientation of each feature to each model’s hyperplane normal (| ai||a|| |)

This can be accelerated for computational efficiency by removing all features below a steadily

incrementing cutoff criterion instead, which will then remove several thousand features in

the first step of this test problem.

5.4 Results

5.4.1 Offline results

Table 5.1: Number of features required for the top ten most separable gesture sets to retain
99.9% of test accuracy obtained when training with all features. The modified Chapelle
method achieves on average 17.5% reduction in required features for accuracy retention
relative to PCA-based selection. The average dimensionality reduction with the modified
Chapelle method with 99.9% accuracy retention is 99.3%.

Gesture Pair PCA Mod. Chap.

[1,17] 18 23

[4,17] 56 20

[5,17] 63 35

[6,17] 39 38

[6,26] 39 41

[6,28] 39 44

[14,17] 18 26

[17,24] 109 24

[17,26] 79 37

[17,28] (s∗) 31 24

Average 49.1 31.2
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Figure 5.3: Feature selection comparison for s∗, offline, relative to PCA-based selection. As
noted in Table 5.1, eight fewer features are needed in the modified Chapelle method to retain
99.9% of full-featured accuracy. Additionally, there is a 6% increase in accuracy using only
one feature when selected according to the modified Chapelle method rather than by PCA.

Figure 5.4: The Modified Chapelle not only outperforms PCA, it also outperforms other
SVM-based methods of feature selection for s∗.
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Figure 5.5: As performance deteriorates at very low feature counts, the modified Chapelle
method consistently needs fewer features to achieve the same performance.

Extremely low-dimensional feature sets generally do not have good performance on these

datasets. Area of interest for results is twofold:

1. Does this method identify and eliminate features with less classification ability and so

retain or improve classification relative to the full-featured representation, and if yes

does it do so better than other methods of feature reduction, and

2. When exchanging dimensionality for performance, does it retain classification ability?

Fig. 5.3 shows the recursive feature selection and the equivalent PCA features for the

maximally-separable gesture set s∗. The minimum number of features to retain 99.9% of the

test accuracy when using all features still reduces the dimensionality by over 99%. Results for

the top 10 most-separable control gesture pairs are shown in Table 5.1. The modified Chapelle

method achieves on average 17.5% reduction in required features for accuracy retention

relative to PCA-based selection. Additionally, it compares well to the original Chapelle
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method and non-selective dot product, as shown in Fig. 5.4. When accuracy begins to be

compromised by the extremely low feature count, this method consistently requires fewer

features to retain a given fraction of the full-featured accuracy than PCA selection (Fig.

5.5).

5.4.2 Online results

Figure 5.6: Recursive feature selection performance results for the online classification task,
measured in average F1 measure across all ten subjects. Performance at the 99.9% accuracy
retention cutoff established in Table 5.1 is near a peak of 15% better F1 performance relative
to the full-featured data, indicating that problematic features have been removed effectively.
Additionally, in the extreme case of using only a single feature out of 4551 total there is a
49% performance improvement if that feature is selected by the modified Chapelle method
rather than by PCA.

A similar pattern is seen in the online classification results for various levels of feature

reduction, as shown in Fig. 5.6 for s∗ and Fig. 5.7 for s◦. Here the removal of problematic
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features has a proportionally much greater effect, and the overall classification ability is

better preserved in the low-feature region by the modified Chapelle method.

Figure 5.7: The positive effect of feature selection is even more substantial when applied to
the minimally-separable set s◦. Removal of problematic features means the modified Chapelle
method achieves a high of ten times higher average F1 than the full-featured representation,
30% higher than achieved by PCA selection with any number of features.

5.5 Conclusion

The online and offline results of this evaluation indicate that selecting a small population of

highly discriminative features provides a substantial performance benefit in online classifi-

cation, both relative to PCA-based selection and in absolute terms. The proposed modified

Chapelle method achieves on average 17.5% reduction in required features for 99.9% test

accuracy retention relative to PCA-based selection. The average dimensionality reduction

with the modified Chapelle method with 99.9% accuracy retention is 99.3%.
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Online performance at the 99.9% accuracy retention cutoff established in the offline results

for s∗ is near a peak of 15% better F1 performance relative to the full-featured data, indicating

that problematic features have been removed effectively. Additionally, in the extreme case of

using only a single feature out of 4551 total there is a 49% performance improvement if that

feature is selected by the modified Chapelle method rather than by PCA. For s◦, problematic

features are removed more effectively by the modified Chapelle method compared to the

PCA method, as exemplified by a 30% higher peak performance in features selected by the

modified Chapelle method.
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Chapter 6

VALIDATION ON ALTERNATE SENSING ARCHITECTURE

6.1 Motivation

Different sensor architectures have very different strengths and weaknesses, even for the

same task. A system designer might chose between two major modalities for recognizing

gesture in the same context. Presented in this chapter is the same task as considered in

previous chapters, but sensed using an architecture from the other major modality: direct

measurement. The success of applying the machinery built up in previous chapters and

the striking qualitative similarity of results also indicates that separability-based structural

design tools can generalize to other classification problems.

6.2 Sensing architecture

6.2.1 Visual sensing - visible and structured light

Visual sensing was used in prior work [18] and is overall a good sensing modality to use for

gesture in particular, as it mimics the way humans perceive them and thus will also be able

to shortcut domain restrictions in the same way. No explicit connection is needed between

the observer and observed besides line-of-sight. Some examples of this modality include the

Leap motion, raw images, Kinect/structured light, output of a lower-level pose estimation

algorithm, etc. Benefits include the lack of a need for signal communication, which is very

useful in some considered domains (underwater, hard vacuum, otherwise adverse conditions),

as well as no need for any objects or coverings attached to the sensed human’s hand. Draw-

backs of this sensing architecture include that it is highly sensitive to many environmental
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factors, including light, distance to target, presence of multiple targets, background, motion

of platform, and unique physical configurations. It usually requires direct line-of-sight within

a specified envelope and can have highly nonlinear failure modes that mask as unaffected

data.

6.2.2 Direct physiological measurement

This is a common alternate method to visual measurement, encompassing myoelectric signals,

accelerometers, bend sensors, pressure sensors, and more. There does usually need to be some

signal communication between human and observer, but these methods also tend to be much

less sensitive to environmental factors. Benefits of this method include substantially less

sensitivity to environmental factors, tracking loss is not an issue, tracting stability is invariant

to skin tone, light and line of sight are not necessary, and the sensing can generally be a self-

contained unit. This method also lends itself well to directly sensing contact forces, including

tool presence and/or some measure of applied grip strength. Drawbacks include that the

need for worn sensing apparatus can impact ability to complete work or be uncomfortable

for long periods of time. Additionally, visual intuition breaks down for what gestures will

look similar in this measurement space - two bend positions that are visually very different

can appear the same in measurement. This can also be more sensitive to subject-specific

differences, while optical methods will generally impose strong assumptions about hand size

and shape.

6.2.3 Implications of new sensing architecture

This transition to the direct physiological measurement scheme means that nothing beyond

the systematic design tools themselves can be reused from chapters 3 and 5. The data for

candidate control gestures and observations of work data must be captured and processed

for the new platform in order to determine the most and least separable sets for online
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comparison, and the online classification implemented. Similarly, the feature selection must

be implemented for the new data. The main motivation for this chapter is to, by carrying

over the design tools and nothing else, show that the results presented in Chapters 3 and

5 are not an artifact of the datasets used or the optical sensing platform, but the result of

systematic design according to the presented method.

6.3 Implementation

The platform under consideration is a glove with attached sensors: six bend sensors and a

6-DOF accelerometer.

6.3.1 Sensors

Velostat is a conductive plastic originally used for electronics transport. Its electrical resis-

tance changes with applied pressure. When a conductor is placed on either side, it can be

used as a cheap and lightweight pressure sensor. The bend sensors were designed iteratively

to achieve the widest possible range of resistance corresponding to the sensors range of mo-

tion and to achieve consistent results despite the gloves flexibility. Modular sensor strips

attach to the glove with industrial Velcro, allowing for faster sensor iteration and adjustable

placement.

Alternate sensor designs to the final are shown in Fig. 6.1. Prior experience with the sen-

sor on the far right led to that being considered the “baseline” sensor, but some investigation

was made of increasing the number of layers of Velostat, varying the widths of copper tape,

and material preparation. More layers of Velostat increased precision of resistance response

but added stiffness to glove, which would result in a less comfortable glove. A single layer

of Velostat gives low-noise results that are consistent across trials, but with a low overall

resistance range (0-2 ohms). Thinner copper strips increased resistance range (0-10 ohms)

but increased noise substantially. Strips of copper and Velostat are layered, each adhered



68

Figure 6.1: Three candidate sensors were designed and constructed, shown above. Each of
these sensor designs is sandwiched with its mirror image and a layer of Velostat between them.
In the case of the first design, this brings the total layers of Velostat to three. Ultimately, the
sensor on the far right was selected as the final design. Design considerations are detailed in
§6.3.1.
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to duct tape but not to each other. Ultimately preparing the Velostat before assembly by

pressing evenly with a 50-lb. weight substantially increased range without an equally-scaled

increase in noise. The final sensor used wide copper strips and a single layer of Velostat,

and had a range of 25-1k ohm. Its design is shown in Fig. 6.2. The usage of copper tape

conductive adhesive to adhere the Velostat and copper layers was attempted but reduced

range substantially (on the order of .01-6 ohm vs 25-1k ohm) compared to no adhesive.

Figure 6.2: Final sensor design, exploded view. The materials labels are as follows: A - duct
tape, B - copper tape (adhesive side away from Velostat), and C - Velostat. Each sensor is
driven at 5V by the microcontroller and the resistance range is on the order of 25-1k ohm.
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Figure 6.3: Final design of glove used to collect data. Front of glove has no attachments or
modifications, to minimize motion impediment.

6.3.2 Glove design

Bend sensors are attached with one on each finger, on back only to minimally interfere with

dexterous manipulation. For orientation and acceleration sensing, a M9050 combination

accelerometer has linear and rotational acceleration (6 DOF). Minimum interference and

consistent fit across a range of participants would suggest a stretchy glove, but rigid glove

provided the best ability for sensors to move consistently with hand motion. Fingertips were

removed for ease of collar manipulation and general participant dexterity. Final glove design

is shown in in Fig. 6.3.

Initially sensors were sewn directly to glove but for ease of sensor comparison and re-

placement, attachment method transitioned to industrial velcro. The microprocessor and

breakout for associated electronics were also held onboard glove with velcro. The Particle

Photon STM32 processor and generic STM32 board was chosen as the microprocessor for

its 12 bit ADC and potential for wireless communication. Data transmission via Wifi had
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issues with packet loss and noise, so ultimately wired communication was used for these

experiments but it would be certainly possible to move past wired communication, given

more development time.

6.3.3 Data Collection

The candidate control gestures and their unique identifiers are as follows:

1. G7 - Index finger swipe right

2. G11 - Trace X, index finger

3. G12 - Trace +, index finger

4. G14 - Index finger shake/wave

5. G17 - Fist to fully extended fingers

6. G21 - Full/open hand swipe right

7. G22 - Full/open hand swipe left

8. G23 - Full/open hand swipe up with palm upward

9. G24 - Full/open hand swipe down with palm downward

10. G28 - Shake/wave with open hand

11. GM1 - Fist then hard flick of index finger up

12. GM2 - Fist then index and middle hard flick up
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13. GM3 - Raise index and middle from fist without flick

14. GM4 - Raise index and middle fingers and cross them (like ASL “R”)

15. GM5 - Slack hand palm downward transitioning to all fingers together, palm upward

Figure 6.4: Separability analysis to determine how many clusters the work data should be
separated into. For a gesture set consisting exclusively of work gestures, separability of the
set is the minimum pairwise distance. The separability for the work set is the minimum
pairwise distance in the whole population of models. 5 clusters was chosen to move forward.

These gestures were chosen to get a range of what glove could do, comparability with optical

sensor dataset, and comparability with MASCOT-RVA2 experiment. The first ten gestures

in this set are drawn directly from the SHREC dataset (G# gestures). To collect data for

these gestures, twelve subjects performed each gesture 15 times, with labeling of relevant

time segments done by an observer. The work data on the task was collected the same
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way as in Chapter 3: continuous timeseries examples are observed, randomly sectioned, and

clustered with K-means. 5 clusters was chosen as the most separable; work separability

evaluation is shown in Fig. 6.4.

6.4 Results

6.4.1 Offline Recognition and Separability

Separability results are qualitatively similar to the previous case. High separability is posi-

tively correlated with test accuracy and negatively correlated with sensitivity to individual

subject performance. (Results in Figures 6.5 and 6.6 are for leave-one-out cross-validation

on all eleven members of the control gesture dataset.) The optimal gestures s∗ and the least

Figure 6.5: As in the previous experiment, separability is positively correlated with accuracy
(Pearson correlation coefficient R = 0.76). Here, separability and accuracy are averaged
over the results of a leave-one-out cross-validation; individual fold results are all qualitatively
similar.
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Figure 6.6: For the same leave-one-out cross-validation, separability is also inversely corre-
lated to subject performance sensitivity (Pearson correlation coefficient R = −0.46), again
qualitatively similar to the previous experiment.

separable set s◦ chosen for online testing from this offline analysis are described and shown

in sequential images in Fig. 6.7.

6.4.2 Online results

In online subject testing, s∗ performed substantially better that s◦ in all metrics, for all sub-

jects, as seen in Table 6.1. The minimum difference in F1 is greater than 150% improvement.

The conclusion from this results is that online results validate the utility of separability-based

gesture selection in a substantially different sensing paradigm than originally designed for.

An interesting artifact of the result presented in Table 6.1 that the precision of s∗ begins

to degrade after subject 7. One difference in data collection for subjects 7-10 is that down

time between these subjects of interest was effectively zero, while there was generally a 10-15
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Figure 6.7: Image sequences of members of s∗ and s◦ selected for online testing, which are
described as follows: (a) cs∗,1 Raise index and middle from fist without flick (b) cs∗,2 Full/open
hand swipe up with palm upward (c) cs◦,1 Full/open hand swipe left (d) cs◦,2 Full/open hand
swipe right.
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Table 6.1: Subject breakdown of performance metrics. There was improvement for all sub-
jects across all measures between s∗ and s◦, and on average s∗ performs over twice as well
and s◦ in all measures.

Subject Pr(s∗) Pr(s◦) Rec(s∗) Rec(s◦) F1 (s∗) F1 (s◦)

1 0.92 0.10 1 0.31 0.96 0.15

2 0.86 0.22 1 0.44 0.92 0.29

3 0.92 0.56 1 0.44 0.96 0.49

4 0.86 0.45 0.91 0.72 0.88 0.55

5 0.86 0.42 1 0.32 0.92 0.37

6 0.68 0.22 0.90 0.47 0.77 0.29

7 0.82 0.33 0.78 0.33 0.79 0.32

8 0.54 0.29 0.89 0.48 0.67 0.36

9 0.41 0.31 0.80 0.22 0.54 0.25

10 0.44 0.29 0.98 0.44 0.60 0.35

Avg. 0.73 0.32 0.93 0.42 0.80 0.34
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minute break between previous subjects. There is still performance improvement between

s∗ and s◦ for the affected subjects, but the degradation in performance is concerning. No

such large differences in data manifested in the other two rounds of data collection with

this platform, so the working hypothesis for this effect is that sustained usage of the glove

produced a degradation in data. Three possible causes of this include:

(i) slotted connections on prototype board loosening,

(ii) increase in bend sensor temperature from sustained exposure to body heat could cause

change in duct tape insulation or adhesive properties, or

(iii) the Velostat layer itself could build up residual stresses from sustained usage.

In the event more experiments would be performed with this platform or a true online

implementation pursued, a more detailed study of this effect would be necessary. However,

for this result that examination may be left to future work, as the performance improvement

for the F1 measure between s∗ and s◦ for the affected subjects is on the order of 200%,

continuing to demonstrate the benefit of separable selection even when there are unforeseen

issues with the sensor platform.

6.4.3 Feature selection

Offline results

Results for this sensing platform are qualitatively similar to those presented in Chapter 5,

as shown in Fig. 6.8. Classification ability plummets at less than three features but with

more, classification ability is better preserved by the modified Chapelle feature selection

than PCA-based feature selection with far fewer features needed to retain full-featured test

accuracy.
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Table 6.2: Number of features required for the top ten most separable gesture sets to retain
99.9% of test accuracy obtained when training with all features. The modified Chapelle
method achieves on average 37.8% reduction in required features for accuracy retention. The
average dimensionality reduction with the modified Chapelle method with 99.9% accuracy
retention is 98.2%.

Gesture Pair PCA Mod. Chap.

[1,5] 16 3

[2,5] 14 8

[2,8] 44 4

[2,15] 6 14

[3,8] 44 5

[5,8] 44 27

[8,11] 44 22

[8,12] 50 4

[8,13] (s∗) 44 5

[13,15] 5 7

Average 31.1 9.9
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Figure 6.8: Feature selection comparison for s∗, offline, relative to PCA-based selection. As
noted in Table 6.2, 88.6% fewer features are needed in the modified Chapelle method to
retain 99.9% of full-featured accuracy.



80

Online results

Figure 6.9: Online feature selection comparison results show again that before performance
rapidly degrades at extremely low feature counts, modified Chapelle preserves performance
better than PCA as features are progressively eliminated.

Online results (Fig. 6.9 for s∗ and Fig. 6.10 for s◦) are similar, showing that for non-

extreme feature reduction the modified Chapelle method degrades more slowly as dimen-

sionality is reduced.

6.5 Conclusions

This parallel experiment on an very different sensing architecture has shown that all of

the machinery developed in Chapters 3-5 is, at least to some degree, transferable with no

modification to achieve very similar performance benefits. This dataset was substantially less

refined, with no feature engineering, no software filtering, and largely homebrew sensors, but
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Figure 6.10: Results are similar. Note that for the minimally-separable feature sets, like in
the SHREC experiment, the full-featured accuracy is much lower than what can be achieved
with more carefully chosen feature representations, and thus there is more to be gained in
discarding problematic features and performance can be substantially improved by separable
feature selection.
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with the highly-separable gestures and features excellent performance was achievable. An

even higher correlation between the proposed separability metric and test accuracy of gesture

sets than in Chapter 3 was found (R = 0.76), as well as a negative correlation (R = −0.46)

between separability and sensitivity of performance to individuals’ performances. In feature

selection on this dataset, the modified Chapelle method achieves on average 37.8% reduction

in required features for accuracy retention. The average dimensionality reduction with the

modified Chapelle method with 99.9% accuracy retention is 98.2%. Future work in this

area might explore how the systematic selection process and feature selection might further

generalize into other application domains.
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Chapter 7

DISCUSSIONS AND FUTURE WORK

Separable selection is positively correlated with performance improvement (R = 0.59 and

R = 0.76, respectively for optical-based and glove-based systems) in all presented applica-

tions, including online, offline, datasets with differing sensors, datasets with the same set of

sensors, low-cost custom implementations, and off-the-shelf sensors. Separability correlates

inversely with sensitivity to subject performance (R = −0.35 and R = −0.46). Online per-

formance is on average 2-4x higher when using the s∗ control gestures rather than the s◦

gestures, and there was an improvement between gesture sets for every subject on every indi-

vidual metric. The proposed method of feature selection consistently requires fewer features

than PCA to prevent performance degradation (17.5% and 37.8% less, respectively).

The tools for systematic design of human-robot interaction presented in this work have

consistently proved to be beneficial to performance. Future work would include looking at

finer distinctions in online implementation than highest vs lowest separability, though all

gestures chosen in this work were externally-sourced reasonable gestures for a generic online

implementation.

In qualitative feedback from experimental participants a correlation emerged between

gesture pairs which are easy to remember and which have low separability, though inference

of that kind is challenging with ten subjects. Given that the main current gesture selection

method is participant preference, it might be interesting to investigate if or how partici-

pant preference or memorability long-term is correlated to separability. Qualitative feedback

from my own experiments suggests that minimally-constrained participant preference is more

likely to choose poorly-separable gestures. It might also be productive to explore how a mea-
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sure of memorability or cultural appropriateness could be built into the process of selection

via separability, possibly as a weighting system.

Another interesting line of further research could be the construction of a ideal gesture

or gesture set from a work context. All work up until now has used externally-sourced lists

of gestures, but this is not an inherent limitation of separability analysis. Careful thought

would have to go into how to encode the limitations of the human hand into the selection

space and how to encode a measure of expected variability in performance.

Additionally, this work has the potential to generalize to arbitrary classification tasks.

Future work could include many other types of human-system interactions; I am particularly

interested in how the separability concept could extend to the adversarial interactions, given

the overriding concern for mitigating the worst cases. Separability overall could be a powerful

tool for evaluating how classification systems might perform in online applications prior to

deployment.
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Appendix A

CASE STUDY ON MARGIN WIDTH FOR ASYMMETRIC
CLASSES

A.1 Formulation

Goal: Find an analytic solution to the SVM minimization in a particular structured case:

Figure A.1: Two classes of data, one with a uniform distribution between −p and p and one
where every point in the class has the value q. This case is referred to as the “uniform-delta
case” and is fully described by p and q.

Recall the base support vector machines optimization problem is:

minimize
a∈Rk, b∈R

1

2
a′a + C

∑
i=1

ξi

subject to yi(a
′xi + b) ≥ 1 − ξi i = 1, . . . , n

ξi ≥ 0.

(A.1)

The first term is the margin term, encoding that the optimal solution will have the widest
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Figure A.2: SVM terms visual explainer for the 1-D enmeshed case

margin possible. The second term deals with any points that violate the margin. Violating

the margin does not have to include being over the decision boundary; the point merely

needs to be within the margin defined by a and b to be considered as violating the margin.

In Fig. 2, any point within the grey region (or outside of it among the bulk of the opposite-

colored class) are margin-violating points with an associated nonzero ξi. Their ξi term is the

distance between the outer edge of the margin and the score of the margin-violating point,

i.e. ŷi = axi + b. As illustrated in Fig. 2: for the i’th point (with yi = 1, i.e. the class on

the right), the margin violation distance is max(0, 1− axi− b), where x1 is the right margin

edge and satisfies x1 = 1−b
a

.

A.1.1 Conditions on a

For every set of data, there are two optimal solutions for the cases a > 0 and a < 0. These

cases have the same margin (±a) and in order to restrict to the case where x−1 < x1, we

restrict a to the nonnegative case. (n.b for a = 0, x−1 = x1.)
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A.2 Objective function

The general objective function to minimize over a and b in terms of p and q is

R =
1

2
a2 + C

∑
ξi =

1

2
a2 + C

n∑
i=1

ξq + C

N∑
i=1

ξp (A.2)

where ξq are the margin-violating points in class 2, ξp are the margin-violating points in

class 1, and N is the number of these points ξp. Not every term appears in every region

defined by a, b; see section A.3 for details.

For the uniform-delta case in Fig. 1, let class 1 be the blue class (y = −1) one with a

uniform distribution between −p and p and class 2 be the orange class (y = 1), where every

point in this class has the value q. Each class has a total of n points in it, and it is assumed

that in class 1 there are points at exactly p and −p and the remainder of the class is evenly

spread between those two extremes. The spacing between each point is then 2p
n−1

and the

region of interest is of width p − x−1 = p + 1+b
a

. Therefore, the number of points N that

contribute to C
∑N

i=1 ξp is the width divided by the spacing, or

N =
n

2p

(
p+

1 + b

a

)
. (A.3)

N must be bounded between [0, n] to be a meaningful quantity. Where n
2p

(
p+ 1+b

a

)
> n,

there N = n, and where n
2p

(
p+ 1+b

a

)
< 0, there N = 0.

From numerical results presented in Fig. A.3 on the uniform-delta case with conventional

solving of the SVM algorithm, it is known that the optimal margin as a function of p and q

in the enmeshed region should be p − q, and that the optimal x1 = q, i.e. class 2 does not

violate the margin.

The integration-form of this same equation is the same except for the ξp term, which

instead of being manually summed and bounds put on N , ξip = (axi+b)− (−1) = axi+b+1

is integrated from −1−b
a

to p in terms of x and the result multiplied by the point density. For
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Figure A.3: Optimal margin edges for the uniform-delta case, in one dimension and a pop-
ulation size of 200.

this uniform distribution, the point density is a constant n
2p

. Numerical validation for the

integral approximation of the objective function is present in included scripts.

A.3 Regions of the problem for varying a, b, p, q

For a margin defined by varying values of a, b, the objective function R varies because

different margin violation terms are included and the bounds on summation or integration

change. (This is implicit within the summation form, though the inclusion of the second

term varies.) The integration form of the problem has four regions, potential forms of which

are represented in Fig. A.4 and based around the conditions in the previous section. The

regions and their integration form objective functions are as follows:
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Figure A.4: Representative margins for each of the six possible regions for the integral form
of the objective function. There are many possible a, b that satisfy the conditions laid out for
each region, but each is subject to the same objective function and the transitions between
the objective functions are smooth.

Region 1

Conditions: x−1 > −p ; x1 < q

R1 =
1

2
a2 + C

∫ p

x−1

n

2p
(ax+ b+ 1) dx

=
1

2
a2 +

Cn

2p

[
a

2
(p2 − x2

−1) + (b+ 1)(p− x−1)

] (A.4)

Region 2

Conditions: x−1 > −p ; q < x1

R2 =
1

2
a2 + Cn(1− aq − b) + C

∫ p

x−1

n

2p
(ax+ b+ 1) dx (A.5)
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Region 3

Conditions: x−1 < −p ; x1 < q

R3 =
1

2
a2 + C

∫ p

−p

n

2p
(ax+ b+ 1) dx (A.6)

Region 4

Conditions: x−1 < −p ; q < x1

R4 =
1

2
a2 + Cn(1− aq − b) + C

∫ p

−p

n

2p
(ax+ b+ 1) dx (A.7)

A.4 Minimization for Region 1

Since the region boundaries are in terms of x1, x−1, change objective function into those

variables:

1 = ax1 + b

−1 = ax−1 + b

=⇒ 2 = a(x1 − x−1)

a =
2

x1 − x−1

(A.8)

Substituting back in,

1 =
2

x1 − x−1

+ b

b+ 1 =
−2x−1

x1 − x−1

(A.9)

Recall that the objective function for this region in the original variables was

R1 =
1

2
a2 +

Cn

2p

[
a

2
(p2 − x2

−1) + (b+ 1)(p− x−1)

]
. (A.10)
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Substituting these new variables in,

R1 =
1

2
a2 +

Cn

2p

[
a

2
(p2 − x2

−1) + (b+ 1)(p− x−1)

]

=
1

2

(
2

x1 − x−1

)2

+
Cn

2p

[
1

x1 − x−1

(p2 − x2
−1) +

−2x−1

x1 − x−1

(p− x−1)

]

=
2

(x1 − x−1)2
+

Cnp

2(x1 − x−1)
− Cnx−1

(x1 − x−1)
+

Cnx2
−1

2p(x1 − x−1)
.

(A.11)

The partial derivative of this region’s objective function with respect to x1 is

∂R1

∂x1

= − 4

(x1 − x−1)3
− Cnp

2(x1 − x−1)2
+

Cnx−1

(x1 − x−1)2
−

Cnx2
−1

2p(x1 − x−1)2
. (A.12)

If this derivative is always negative, then the optimal value in this region is at the upper

boundary: x1 = q, which is known to be true from numerical results (see Fig. A.3) and is

intuitively true, from an examination of the original problem. So now I want to show that

∂R1

∂x1
< 0. Using the fact that (x1 − x−1) > 0 and factoring out 1

(x1−x−1)2
for simplicity,

4

(x1 − x−1)
+
Cnp

2
+
Cnx2

−1

2p
− Cnx−1 > 0

4

(x1 − x−1)
+
Cn

2p
(x2
−1 − 2x−1p− p2) > 0

4

(x1 − x−1)
+
Cn

2p
(x−1 − p)2 > 0

(A.13)

which is true as C, n and p are all positive, and so the optimal value for this region is either

q or in Region 2.

A.5 Minimization for Region 2

The objective function for Region 1 and 2 are the same except for the additional term

Cn(1− aq − b). Substituting in the same expressions for a and b, this becomes

Cn(1− aq − b) = Cn(1− 2

x1 − x−1

q − (1− 2x1

x1 − x−1

))

=
2Cn

x1 − x−1

(x1 − q)
(A.14)
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and so the complete objective function for R2 in the new variables is

R2 =
2

(x1 − x−1)2
+

Cnp

2(x1 − x−1)
− Cnx−1

(x1 − x−1)
+

Cnx2
−1

2p(x1 − x−1)
+

2Cn

x1 − x−1

(x1 − q) (A.15)

The partial derivative of this wrt x−1 is

∂R2

∂x−1

=
4

(x1 − x−1)3
+

Cnp

2(x1 − x−1)2
− Cnx−1

(x1 − x−1)2
− Cn

x1 − x−1

. . .

+
Cnx2

−1

2p(x− x−1)2
+

Cnx−1

p(x− x−1)
+

2Cn

(x1 − x−1)2
(x1 − q)

(A.16)

The partial derivative wrt x1 is

∂R2

∂x1

=− 4

(x1 − x−1)3
− Cnp

2(x1 − x−1)2
+

Cnx−1

(x1 − x−1)2
−

Cnx2
−1

2p(x1 − x−1)2
. . .

+
2Cn

(x1 − x−1)2
(q − x1) +

2Cn

(x1 − x−1)

(A.17)

Numerical investigation of this objective function and its derivatives show that the optimal

value for this region is also at q, but the multivariate optimization proved intractable in the

time frame dedicated to its solution. After showing that the optimal value for this region is

at the boundary (q), next steps would be to show that ∂R3

∂x−1
< 0 and ∂R4

∂x−1
< 0, ruling out

the optimal a, b being in Regions 3 or 4. Finally, the optimal x∗1 = q would be substituted

into R2 and minimized to show that x∗−1 = 2q − p.
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Appendix B

NUMERICAL RESULTS FOR REGIONAL INVERSION WITH
VARYING DIMENSIONALITY AND DISTRIBUTION TYPE

AND SELECTION OF 1% INVERSION THRESHOLD

B.1 Margin edge results

Presented in this appendix is results that show that the margin edges contract and then

expand when data moves from separable to inseparable, as well as the code used to generate

each result.

Figure B.1: Margin edge positions for the symmetric uniform case.
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Figure B.2: Margin edge positions for symmetric Gaussian distributions

Figure B.3: Margin edge positions for symmetric bimodal Gaussian distributions with an
increasing offset from each other.
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Figure B.4: Margin edge positions for stable distributions distributions with an increasing
offset from each other. Independent variable is γ parameter of one distribution. Other
parameters are α = 1.7, β = 0, γ of the first distribution 0.1, and δ1 = 0, δ2 = 4.

B.2 Selection of 1% threshold

Shown in §B.1, for cases not involving a uniform distribution the transition region between

the contracting and expanding margin is larger, raising the question of when exactly when

applied to data the decision should be made to consider the inter-class distance the negative

margin. 1% in-sample error was chosen by examining the effect of different cutoff thresholds

for the cases presented in §B.1. The desired outcome is to choose a cutoff that achieves the

most smoothly linear relationship between the varied parameter of that distribution type

(on the x-axis; ∆ in the double uniform distribution case) and the modified margin width.
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(a) 0.01% training error threshold. (b) 0.1% training error threshold.

(c) 1% training error threshold (d) 5% training error threshold

Figure B.5: The modified margin width for different thresholds of in-sample error in train-
ing data for two Gaussian distributions. The margin edge positions for a similar case are
visualized in Fig. B.2. Population sizes are 100 iterations per class, which is approximately
an upper limit on how many iterations there are in the gesture classes of interest. The goal
is to achieve the most smoothly linear relationship between the varied parameter ∆ and the
modified margin width.
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(a) 0.01% training error threshold. (b) 1% training error threshold

(c) 5% training error threshold

Figure B.6: The modified margin width for different thresholds of in-sample error in training
data for two bimodal Gaussian distributions. The margin edge positions for a similar case are
visualized in Fig. B.3. Population sizes are 100 iterations per class, which is approximately
an upper limit on how many iterations there are in the gesture classes of interest. The goal is
to achieve the most smoothly linear relationship between the varied parameter offset between
classes and the modified margin width.
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(a) 0.01% training error threshold. (b) 1% training error threshold

(c) 5% training error threshold

Figure B.7: The modified margin width for different thresholds of in-sample error in training
data for two stable (heavy-tailed, otherwise similar to Gaussian) distributions. The margin
edge positions for a similar case are visualized in Fig. B.4. Population sizes are 100 iterations
per class, which is approximately an upper limit on how many iterations there are in the
gesture classes of interest. The goal is to achieve the most smoothly linear relationship
between the varied parameter γ and the modified margin width.
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(a) 0.01% training error threshold. (b) 1% training error threshold

(c) 5% training error threshold

Figure B.8: The modified margin width for different thresholds of in-sample error in training
data for two uniform distributions, as discussed extensively in Chapter 4. The margin edge
positions for a similar case are visualized in Fig. B.1. Population sizes are 100 iterations per
class, which is approximately an upper limit on how many iterations there are in the gesture
classes of interest. The goal is to achieve the most smoothly linear relationship between the
varied parameter ∆ and the modified margin width.
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Across the considered test distribution types, a cutoff of 1% broadly achieved the best

management of the transition region to achieve a globally linear relationship between the

varied parameters and the margin width. However, this cutoff is something that could be

revisited in light of possible assumptions on true data distributions or very different amounts

of training data, as 1% is not necessarily a universally applicable choice.



107

B.3 Script to generate results

1 % Rose Hendrix

2 % 4−30−2019

3 % s c r i p t to t e s t a l l cand ida te measures at d i f f e r e n t p o p u l a t i o n

s i z e s and

4 % d i s t r i b u t i o n t y p e s

5

6 set (0 , ’ De f au l tTex t In t e rp r e t e r ’ , ’ Latex ’ , . . .

7 ’ De fau l tLegendInte rp re t e r ’ , ’ Latex ’ , ’ DefaultAxesFontSize ’ ,16 , ’

DefaultTextFontSize ’ , 1 6 , . . .

8 ’ d e f a u l t l i n e m a r k e r s i z e ’ ,16)

9

10 c l e a r v a r s ; close a l l

11

12 addpath . . / he lper−f u n c t i o n s

13 addpath . . / measures

14

15 CaseName = ’ double uniform ’ ; % Put the s e c t i o n name here to run

16

17 switch CaseName

18 case ’ uniform−de l t a ’

19 fpr intf ( ’ Ca l cu l a t ing margin edges f o r the uniform−de l t a

case .\n ’ )

20 types = repmat ( [ 2 4 ] , 1 , 1 ) ;

21

22 % uniform−d e l t a d i s t r i b u t i o n parameters



108

23 q = 4 ; maxp = 10 ; minp = 0 . 1 ; qspread = 0 . 0 5 ;

24 P = exp ( 0 : . 0 1 : 2 . 5 ) −0.9;

25 numcases = length (P) ;

26 x l a b e l s t r i n g = ’ $p$ (n . b . $q=4$ ) ’ ;

27 case ’ double uniform ’

28 fpr intf ( ’ Ca l cu l a t ing margin edges f o r the double uniform

case .\n ’ )

29 types = repmat ( [ 2 2 ] , 1 , 1 ) ;

30 % doub le uniform or doub le gauss ian d i s t r i b u t i o n

parameters

31 d e l t a s =−3: .05:9 ;

32 P=d e l t a s ;

33 W = 10;

34 i f types (1 ) ==6 | | types (1 )==2

35 inputparam = W/2 ; % uniform d i s t r i b u t i o n s

36 else

37 inputparam = W/3 ; % NOTE: in t h i s formu la t ion W = 3∗

sigma f o r Gaussian

38 end

39 cente r1 =(W − d e l t a s ) . / 2 ;

40 cente r2 =−1.∗ cente r1 ;

41 numcases=length ( d e l t a s ) ;

42 x l a b e l s t r i n g = ’ $\Delta$ ’ ;

43 case ’ double Gaussian ’

44 fpr intf ( ’ Ca l cu l a t ing margin edges f o r the double Gaussian

case .\n ’ )



109

45 types = repmat ( [ 1 1 ] , 1 , 1 ) ;

46 % doub le uniform or doub le gauss ian d i s t r i b u t i o n

parameters

47 d e l t a s =−3: .05:9 ;

48 P=d e l t a s ;

49 W = 10;

50 i f types (1 ) ==6 | | types (1 )==2

51 inputparam = W/2 ; % uniform d i s t r i b u t i o n s

52 else

53 inputparam = W/3 ; % NOTE: in t h i s formu la t ion W = 3∗

sigma f o r Gaussian

54 end

55 cente r1 =(W − d e l t a s ) . / 2 ;

56 cente r2 =−1.∗ cente r1 ;

57 numcases=length ( d e l t a s ) ;

58 x l a b e l s t r i n g = ’ $\Delta$ ’ ;

59 case ’ bimodal Gaussian ’

60 fpr intf ( ’ Ca l cu l a t ing margin edges f o r the bimodal Gaussian

case .\n ’ )

61 types = repmat ( [ 3 3 ] , 1 , 1 ) ;

62

63 % bimodal d i s t r i b u t i o n case parameters

64 b i m od a l o f f s e t a r r a y = 1 5 : − . 0 2 : 0 . 3 ;

65 mu1 = 0 ;

66 s i g 1 = 2 ;

67 mu2 = 1 ;
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68 s i g 2 = 1 ;

69 numcases = length ( b i m o da l o f f s e t a r r ay ) ;

70 P=b i m o d a l o f f s e t a r r a y ;

71 x l a b e l s t r i n g = ’ O f f s e t between c l a s s e s ’ ;

72 case ’ s t a b l e ’

73 fpr intf ( ’ Ca l cu l a t ing margin edges f o r the s t a b l e case .\n ’ )

74 types = repmat ( [ 5 5 ] , 1 , 1 ) ;

75 % s t a b l e d i s t r i b u t i o n parameters

76 alph = 1 . 7 ; %

77 bet = 0 ; %

78 G = exp ( 0 : 0 . 0 2 : 1 . 5 ) −0.9;

79 g2 = 0 . 1 ;

80 de l ta1 = 0 ; % c e n t e r o f c l a s s 1

81 de l ta2 = 4 ; % c e n t e r o f c l a s s 2

82 numcases = length (G) ;

83 P=G;

84 x l a b e l s t r i n g = ’ $\gamma$ ’ ;

85 otherw i s e

86 error ( ’ This i s not a v a l i d case . P lease e d i t and try again

.\n ’ ) ;

87 end

88

89 % 1. Gaussian , shape params are mu, sigma ˆ2.

90 % 2. Uniform , shape params are center , spread

91 % 3. Bimodal Gaussian , shape params are (mu1, s ig1 , mu2, s i g 2 )

92 % 4. Delta , shape param i s l o c a t i o n
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93 % 5. S t a b l e . shape params are alpha , beta , gamma, d e l t a

94 % 6. Dummy Uniform ( e v e n l y sampled ) . shape params are center ,

spread

95

96 minsample = 10 ;

97 idx = [ 2 0 0 ] ;% round ( [ ( 2 0 : 2 : 3 0 ) .ˆ2 + 1 ] ) ;

98 popcap = idx (end) ;

99

100 numfeatures = 1∗ ones (1 , 1 ) ;

101 numruns = 1 ;

102

103 for nn = 1 : numcases

104 switch CaseName

105 case ’ uniform−de l t a ’

106 p = P(nn)∗ones ( popcap , 1 ) ;

107 g = p ;

108 shapeparams ( : , 2 , 1 , 1 :max( numfeatures ) ) = q∗ones ( popcap , 1 , 1 ,

max( numfeatures ) ) ;

109 shapeparams ( : , 2 , 2 , 1 :max( numfeatures ) ) = qspread∗ones (

popcap , 1 , 1 ,max( numfeatures ) ) ;

110 shapeparams ( : , 1 , 1 , 1 :max( numfeatures ) ) = 0∗ ones ( popcap , 1 , 1 ,

max( numfeatures ) ) ;

111 shapeparams ( : , 1 , 2 , 1 :max( numfeatures ) ) = repmat (p , [ 1 1 1

max( numfeatures ) ] ) ;

112 case ’ double uniform ’

113 % doub le uniform or doub le gauss ian
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114 c2=cente r2 (nn)∗ones ( popcap , 1 ) ;

115 c1=cente r1 (nn)∗ones ( popcap , 1 ) ;

116

117 shapeparams ( : , 2 , 1 , 1 :max( numfeatures ) ) = repmat ( c2 , [ 1 1 1

max( numfeatures ) ] ) ;

118 shapeparams ( : , 2 , 2 , 1 :max( numfeatures ) ) = inputparam∗ones (

popcap , 1 , 1 ,max( numfeatures ) ) ;

119 shapeparams ( : , 1 , 1 , 1 :max( numfeatures ) ) = repmat ( c1 , [ 1 1 1

max( numfeatures ) ] ) ;

120 shapeparams ( : , 1 , 2 , 1 :max( numfeatures ) ) = inputparam∗ones (

popcap , 1 , 1 ,max( numfeatures ) ) ;

121 case ’ double Gaussian ’

122 % doub le uniform or doub le gauss ian

123 c2=cente r2 (nn)∗ones ( popcap , 1 ) ;

124 c1=cente r1 (nn)∗ones ( popcap , 1 ) ;

125

126 shapeparams ( : , 2 , 1 , 1 :max( numfeatures ) ) = repmat ( c2 , [ 1 1 1

max( numfeatures ) ] ) ;

127 shapeparams ( : , 2 , 2 , 1 :max( numfeatures ) ) = inputparam∗ones (

popcap , 1 , 1 ,max( numfeatures ) ) ;

128 shapeparams ( : , 1 , 1 , 1 :max( numfeatures ) ) = repmat ( c1 , [ 1 1 1

max( numfeatures ) ] ) ;

129 shapeparams ( : , 1 , 2 , 1 :max( numfeatures ) ) = inputparam∗ones (

popcap , 1 , 1 ,max( numfeatures ) ) ;

130 case ’ bimodal Gaussian ’

131 % bimodal gauss ian
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132 b i m o d a l o f f s e t = b i m o d a l o f f s e t a r r a y (nn) ;

133

134 shapeparams ( : , 1 , 1 , 1 :max( numfeatures ) ) = mu1∗ones ( popcap

, 1 , 1 ,max( numfeatures ) ) ;

135 shapeparams ( : , 1 , 2 , 1 :max( numfeatures ) ) = s i g 1 ∗ones ( popcap

, 1 , 1 ,max( numfeatures ) ) ;

136 shapeparams ( : , 1 , 3 , 1 :max( numfeatures ) ) = repmat (mu2 , [ 1 1 1

max( numfeatures ) ] ) ;

137 shapeparams ( : , 1 , 4 , 1 :max( numfeatures ) ) = repmat ( s ig2 , [ 1 1 1

max( numfeatures ) ] ) ;

138

139 shapeparams ( : , 2 , 1 , 1 :max( numfeatures ) ) = ( b i m o d a l o f f s e t+mu1

)∗ones ( popcap , 1 , 1 ,max( numfeatures ) ) ;

140 shapeparams ( : , 2 , 2 , 1 :max( numfeatures ) ) = s i g 1 ∗ones ( popcap

, 1 , 1 ,max( numfeatures ) ) ;

141 shapeparams ( : , 2 , 3 , 1 :max( numfeatures ) ) = b i m o d a l o f f s e t+

repmat (mu2 , [ 1 1 1 max( numfeatures ) ] ) ;

142 shapeparams ( : , 2 , 4 , 1 :max( numfeatures ) ) = repmat ( s ig2 , [ 1 1 1

max( numfeatures ) ] ) ;

143

144 case ’ s t a b l e ’

145 % s t a b l e

146 g = G(nn)∗ones ( popcap , 1 ) ;

147 shapeparams ( : , 1 , 1 , 1 :max( numfeatures ) ) = alph∗ones ( popcap

, 1 , 1 ,max( numfeatures ) ) ;

148 shapeparams ( : , 1 , 2 , 1 :max( numfeatures ) ) = bet∗ones ( popcap



114

, 1 , 1 ,max( numfeatures ) ) ;

149 shapeparams ( : , 1 , 3 , 1 :max( numfeatures ) ) = repmat (g , [ 1 1 1

max( numfeatures ) ] ) ;

150 shapeparams ( : , 1 , 4 , 1 :max( numfeatures ) ) = de l t a1 ∗ones ( popcap

, 1 , 1 ,max( numfeatures ) ) ;

151

152 shapeparams ( : , 2 , 1 , 1 :max( numfeatures ) ) = alph∗ones ( popcap

, 1 , 1 ,max( numfeatures ) ) ;

153 shapeparams ( : , 2 , 2 , 1 :max( numfeatures ) ) = bet∗ones ( popcap

, 1 , 1 ,max( numfeatures ) ) ;

154 shapeparams ( : , 2 , 3 , 1 :max( numfeatures ) ) = g2∗ones ( popcap

, 1 , 1 ,max( numfeatures ) ) ;

155 shapeparams ( : , 2 , 4 , 1 :max( numfeatures ) ) = de l t a2 ∗ones ( popcap

, 1 , 1 ,max( numfeatures ) ) ;

156 otherw i s e

157 error ( ’ This i s not a v a l i d case . P lease e d i t and try again

.\n ’ ) ;

158 end

159

160 popu la t i ons = [ popcap popcap ] ;

161 t e s t p o p u l a t i o n = [1000 1 0 0 0 ] ; % always t e s t wi th 1k

162

163 %% Generate params o b j e c t , genera te data , models , and t e s t

performance

164 dataparams = generateDataParams (1 , numfeatures , types ,

shapeparams , popu la t i ons ) ;
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165 testdataparams = generateDataParams (1 , numfeatures , types ,

shapeparams , t e s t p o p u l a t i o n ) ;

166 boxcons t ra in t =10;

167

168 for j j = 1 : numruns

169 TD(nn) = generateData ( dataparams ) ; % NOTE: does not work

p r o p e r l y f o r type 6

170 TD2(nn) = generateData ( testdataparams ) ;

171

172 for i i = idx % f i x t h i s f o r speed

173 t ra in ingData ( i i , j j ) . x1 = TD(nn) . x1 ( 1 : i i , : ) ;

174 t ra in ingData ( i i , j j ) . y1 = TD(nn) . y1 ( 1 : i i ) ;

175 t ra in ingData ( i i , j j ) . x2 = TD(nn) . x2 ( 1 : i i , : ) ;

176 t ra in ingData ( i i , j j ) . y2 = TD(nn) . y2 ( 1 : i i ) ;

177 te s t ingData ( i i , j j ) . x1 = TD2(nn) . x1 ( 1 : i i , : ) ;

178 te s t ingData ( i i , j j ) . y1 = TD2(nn) . y1 ( 1 : i i ) ;

179 te s t ingData ( i i , j j ) . x2 = TD2(nn) . x2 ( 1 : i i , : ) ;

180 te s t ingData ( i i , j j ) . y2 = TD2(nn) . y2 ( 1 : i i ) ;

181

182 end

183 % f p r i n t f ( ’ Done making the data s e t s . \n ’ ) ;

184

185 %% Generate models − can sub in any s o l v e r

186 [ models (nn , : ) , s c o r e s ( : , nn , : ) , aEff , bEff , t r a i n a c c ( : , j j , : ) ] =

genera teMode l s Inbu i l t ( t ra in ingData ( idx , j j ) ,

boxcons t ra in t ) ;



116

187

188 p s i ( : , 2 , j j ) = ps i marg in 2 r eg i on ( models (nn , : ) , s c o r e s ( : , nn

, : ) ) ;

189 p s i ( : , 1 , j j ) = ps i marg in ( models (nn , : ) ) ;

190

191 % c a l c u l a t e t e s t accuracy

192 t e s t a c c (nn , j j ) = testAccuracy ( models (nn , : ) , t e s t ingData ( idx

, j j ) ) ;

193

194 end

195 % uncomment t h i s to v i s u a l i z e data

196 % f i g u r e ; his togram ( tra in ingData ( end , end ) . x1 ) ; ho ld on ;

his togram ( tra in ingData ( end , end ) . x2 ) ;

197 ps iavg = nanmean( ps i , 3 ) ;

198 f i n a l p s i (nn , : , : )= ps iavg ;

199 end

200

201 %% v i s u a l i z e

202 for i i = 1 : s ize ( ps i , 2 )

203 f igure ;

204 hold on

205 for j j = 1 : length ( idx )

206 plot (P, f i n a l p s i ( : , j j , i i ) )

207 end

208 xlabel ( x l a b e l s t r i n g ) ;

209 i f i i ==2
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210 ylabel ( ’ Modif ied Margin Width ’ )

211 else

212 ylabel ( ’ Margin Width ’ ) ;

213 end

214 end

215

216 % f l i p p e d and u n f l i p p e d vs acc

217 f igure ;

218 hold on ;

219 plot ( f i n a l p s i ( : , 1 , 1 ) , t e s tacc , ’ . ’ ) ;

220 plot ( f i n a l p s i ( : , 1 , 2 ) , t e s tacc , ’ . ’ ) ;

221 legend ( ’ Without I nv e r s i o n ’ , ’With I nv e r s i o n ’ , ’ Locat ion ’ , ’ bes t ’ ) ;

222 xlabel ( ’ S epa rab i i t y ’ ) ; ylabel ( ’ Test Accuracy ’ ) ;

223

224

225 for nn=1: s ize ( models , 1 )

226 a (nn) = models (nn) . a ;

227 b(nn) = models (nn) . b ;

228 xRight (nn) = (1−models (nn) . b ) /models (nn) . a ;

229 xLeft (nn) = (−1−models (nn) . b ) /models (nn) . a ;

230 end

231 f igure ;

232 hold on ;

233 plot (P, xRight , ’ LineWidth ’ , 1 . 5 ) ;

234 plot (P, xLeft , ’ LineWidth ’ , 1 . 5 ) ;

235 xlabel ( x l a b e l s t r i n g ) ; ylabel ( ’ Margin edge p o s i t i o n s ’ ) ;
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236 legend ( ’ $x 1$ ’ , ’ $x {−1}$ ’ , ’ Locat ion ’ , ’ bes t ’ , ’ FontSize ’ ,16)

237 axis t i g h t
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Appendix C

FEATURE SELECTION ALGORITHM IMPLEMENTATION

C.1 Algorithm summary

An overview of the code for comparing different methods of feature selection follows.

1. For every gesture set of interest:

(a) Compute the full-featured orthogonal feature representation

(b) While total number of features is above some preset final count:

i. Compute SVM models for every gesture pair in the set

ii. Calculate test performance of set for current feature representation

iii. Calculate importance criterion for each feature as appropriate for the current

method

iv. Decide which feature(s) to remove based on this performance criterion

v. Remove those features and repeat until done.

(c) Save results for that method and gesture set

This is executed for all three methods of recursive feature evaluation as independent recur-

sions. PCA is evaluated alongside the Modified Chapelle method, as it is not recursive and

does not need its own loop.

C.2 Code
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1 % Rose Hendrix

2 % 06FEB2020

3 % reduce r e p r e s e n t a t i o n by PCA and by v a r i o u s r e c u r s i v e methods

4

5 c l e a r v a r s ; close a l l ;

6

7 set (0 , ’ De f au l tTex t In t e rp r e t e r ’ , ’ Latex ’ , . . .

8 ’ De fau l tLegendInte rp re t e r ’ , ’ Latex ’ , . . .

9 ’ DefaultTextFontSize ’ , 1 2 , . . .

10 ’ DefaultAxesFontSize ’ , 1 2 , . . .

11 ’ DefaultLineLineWidth ’ , 1 . 5 , . . .

12 ’ Defaul tLineMarkerS ize ’ , 7 . 7 5 )

13

14 addpath . . / . . / h e l p e r f u n c t i o n s /

15 addpath . . / . . / measures /

16

17 load . . / . . / h e l p e r f u n c t i o n s / opt ions

18 load . . / . . / data / Features . mat

19 f f =1;

20 % app ly o r t h o g o n a l i z a t i o n to i n d i v i d u a l g e s t u r e s

21 t ra inX a l l modes = NaN( s ize ( Features ( f f ) . X norm) ) ;

22 t e s tX a l l modes = NaN( s ize ( TestFeatures ( f f ) . X a l l ) ) ;

23 for ges idx = 1 : s ize ( Features ( f f ) .X, 3 )

24 t ra inX a l l modes ( : , : , g e s idx ) = Features ( f f ) .U( : , 1 : end) . ’ ∗ (

Features ( f f ) . X norm ( : , : , g e s idx ) ) ;

25 t e s tX a l l modes ( : , : , g e s idx ) = Features ( f f ) .U( : , 1 : end) . ’ ∗ (
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TestFeatures ( f f ) . X a l l ( : , : , g e s idx ) ) ;

26 end

27

28 % most s e p a r a b l e accord ing to k−f o l d v a l i d a t i o n r e s u l t s , hardcoded

29 l i s t o f c o n t r o l p a i r s = [ 1 17 ; 4 17 ; 5 17 ; 6 17 ; 6 26 ; 6 28 ; 14

17 ; 17 24 ; 17 26 ; 17 2 8 ] ;

30 % l e a s t s e p a r a b l e g e s t u r e p a i r f o r comparison :

l i s t o f c o n t r o l p a i r s = [11 1 2 ] ;

31

32 f r a c to r emove = 10 ; % 1/ f r a c t o r e m o v e i s the a c t u a l f r a c t i o n

33 total loopnum = s ize ( Features ( f f ) .X, 1 ) ; % p r e a l l o c a t e as i f s i n g l e−

e l i m i n a t i o n

34

35 for p a i r i d x = 1 : s ize ( l i s t o f c o n t r o l p a i r s , 1 )

36 c o n t r o l g e s t s = l i s t o f c o n t r o l p a i r s ( pa i r idx , : ) ;%[17 2 8 ] ;

37 W = optn . workLocation ;

38

39 % f o r 1 : end o f ordered modes , zero out the unused f e a t u r e s ,

r e c o n s t r u c t

40 % X with the i r r e l e v a n t f e a t u r e s zeroed out , and t e s t

performance

41

42 %% Modif ied Chape l l e method and PCA

43 c u r r e n t f e a t = 1 : s ize ( Features ( f f ) .X, 1 ) ;

44 acc s ep = NaN(1 , length ( c u r r e n t f e a t ) ) ;

45 f e a t s k e p t = NaN( total loopnum , np) ;
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46 loopnumber = 1 ;

47 f i n a l f e a t = 1 ;

48 while length ( c u r r e n t f e a t ) >= f i n a l f e a t

49 clear t r a inX red sep r educed t e s tX red s ep r educed

t ra inX red pca reduced te s tX red pca reduced

i m p o r t a n c e c r i t

50 t e s t g e s t u r e s = [ c o n t r o l g e s t s W] ;

51

52 for g = t e s t g e s t u r e s

53 t r a inX red sep r educed ( : , : , g ) = t ra inX a l l modes (

cu r r en t f e a t , : , g ) ;

54 t e s tX red s ep r educed ( : , : , g ) = te s tX a l l modes (

cu r r en t f e a t , : , g ) ;

55 end

56

57 % models

58 [M, S ] = mySVMTrain Modified ( t ra inX red sep r educed ,

t e s t g e s t u r e s ) ;%

59 p a i r l i s t = nchoosek ( t e s t g e s t u r e s , 2 ) ;

60 for i i = 1 : s ize ( p a i r l i s t , 1 )

61 m o d e l l i s t ( i i ) = M( p a i r l i s t ( i i , 1 ) , p a i r l i s t ( i i , 2 ) ) ;

62 end

63

64 %% c a l c u l a t e p e r f f o r curren t s e t

65 yhat sep = [ ] ;

66 y sep = [ ] ;



123

67

68 for gt = 1 : length ( t e s t g e s t u r e s )

69 % Define a c l a s s index to t e s t

70 t e s tC la s s Index = t e s t g e s t u r e s (gt ) ;

71

72 % Number o f t e s t s

73 Ntest = run idx ( t e s tC la s s Index )−1;

74

75 [ pred sep , t e s tY sep ] = mySVMTest Modified (

t e s tX red s ep r educed ( : , 1 : Ntest , t e s tC la s s Index ) , . . .

76 p a i r l i s t , t e s tC las s Index , m o d e l l i s t ) ;

77

78 pred sep ( pred sep>optn . s i zeC ) = optn . s i zeC +1;

79 t e s tY sep ( testY sep>optn . s i zeC ) = optn . s i zeC +1;

80

81 yhat sep (end+1:end+Ntest ) = pred sep ;

82 y sep (end+1:end+Ntest ) = tes tY sep ;

83 end

84 acc s ep ( length ( c u r r e n t f e a t ) ) = 1 − (nnz( yhat sep − y sep )

/ length ( yhat sep ) ) ;

85

86 %% make d e c i s i o n s about what f e a t u r e s to keep wi th

importance c r i t e r i o n

87 % f i n d sep − both t y p e s

88 [m, n ] = s ize (M) ;

89 StandardSep = nan ( s ize (M) ) ;



124

90 FeatLevelSep = nan ( [ s ize (M) length ( c u r r e n t f e a t ) ] ) ;

91 for i i =1:m

92 for j j = 1 : n

93 i f isempty (M( i i , j j ) . a )

94 cont inue ;

95 end

96 StandardSep ( i i , j j ) = ps i marg in 2 r eg i on (M( i i , j j ) ,S

( i i , j j ) ) ;

97 for f e a t i t e r = 1 : length ( c u r r e n t f e a t )

98 % NEW − dot product , works because f e a t u r e s

are o r t h o g o n a l

99 FeatLevelSep ( i i , j j , f e a t i t e r ) = abs (M( i i , j j ) . a (

f e a t i t e r ) / norm(M( i i , j j ) . a ) ) ;

100 end

101 end

102 end

103

104 tmpimportancr it = zeros ( length ( c u r r e n t f e a t ) , 1 ) ;

105 v o t i n g p a i r s = ident i fyRe l evantMode l s ( c o n t r o l g e s t s ,W,

p a i r l i s t , StandardSep ) ;

106 for i i =1: length ( v o t i n g p a i r s )

107 c u r r e n t p a i r = p a i r l i s t ( v o t i n g p a i r s ( i i ) , : ) ;

108 f e a t v e c = squeeze ( FeatLevelSep ( c u r r e n t p a i r (1 ) ,

c u r r e n t p a i r (2 ) , : ) ) ;

109 tmpimportancr it = [ tmpimportancr it ( f e a t v e c ) ] ;

110 end
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111 i m p o r t a n c e c r i t = sum( tmpimportancrit , 2 ) ;

112

113 % i f a l l f e a t u r e s have a t t a i n e d the minimum importandce

l e v e l , s top

114 i f 0 % p o s s i b l e s t o p p i n g c r i t e r i o n goes here

115 f i n a l f e a t = length ( c u r r e n t f e a t ) ;

116 break ;

117 else

118 % drop the ones be low loopnumber ∗ .001

119 tokeep = find ( i m p o r t a n c e c r i t > ( loopnumber ∗0 .01 ) ) ;

120 i f length ( tokeep ) == length ( c u r r e n t f e a t )

121 tokeep = tokeep (˜ ( i m p o r t a n c e c r i t == min(

i m p o r t a n c e c r i t ) ) ) ;

122 end

123 end

124

125 f e a t s k e p t ( loopnumber , 1 : length ( tokeep ) ) = c u r r e n t f e a t (

tokeep ) ;

126 c u r r e n t f e a t = c u r r e n t f e a t ( tokeep ) ;

127 loopnumber = loopnumber + 1 ;

128 end

129 a c c s e p s e p l e v e l d o t p r o d = acc sep ;

130 f e a t s k e p t s e p l e v e l d o t p r o d = f e a t s k e p t ;

131

132 %% Feature−Leve l S e p a r a b i l i t y − Dot Product

133 c u r r e n t f e a t = 1 : s ize ( Features ( f f ) .X, 1 ) ;
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134 acc s ep = NaN(1 , length ( c u r r e n t f e a t ) ) ;

135 acc pca = NaN(1 , length ( c u r r e n t f e a t ) ) ;

136 f e a t s k e p t = NaN( total loopnum , np) ;

137 loopnumber = 1 ;

138 while length ( c u r r e n t f e a t ) >= f i n a l f e a t

139 clear t r a inX red sep r educed t e s tX red s ep r educed

t ra inX red pca reduced te s tX red pca reduced

i m p o r t a n c e c r i t

140 t e s t g e s t u r e s = [ c o n t r o l g e s t s W] ;

141

142 for g = t e s t g e s t u r e s

143 t r a inX red sep r educed ( : , : , g ) = t ra inX a l l modes (

cu r r en t f e a t , : , g ) ;

144 t e s tX red s ep r educed ( : , : , g ) = te s tX a l l modes (

cu r r en t f e a t , : , g ) ;

145 t ra inX red pca reduced ( : , : , g ) = t ra inX a l l modes ( 1 :

length ( c u r r e n t f e a t ) , : , g ) ;

146 t e s tX red pca reduced ( : , : , g ) = te s tX a l l modes ( 1 :

length ( c u r r e n t f e a t ) , : , g ) ;

147 end

148

149 % models

150 [M, S ] = mySVMTrain Modified ( t ra inX red sep r educed ,

t e s t g e s t u r e s ) ;

151 [ M2 pca , ˜ ] = mySVMTrain Modified ( t ra inX red pca reduced ,

t e s t g e s t u r e s ) ;
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152

153

154

155 p a i r l i s t = nchoosek ( t e s t g e s t u r e s , 2 ) ;

156 for i i = 1 : s ize ( p a i r l i s t , 1 )

157 m o d e l l i s t ( i i ) = M( p a i r l i s t ( i i , 1 ) , p a i r l i s t ( i i , 2 ) ) ;

158 m o d e l l i s t p c a ( i i ) = M2 pca ( p a i r l i s t ( i i , 1 ) , p a i r l i s t ( i i

, 2 ) ) ;

159 end

160

161 %% c a l c u l a t e p e r f f o r curren t s e t

162 yhat sep = [ ] ;

163 y sep = [ ] ;

164 yhat pca = [ ] ;

165 y pca = [ ] ;

166

167 for gt = 1 : length ( t e s t g e s t u r e s )

168 % Define a c l a s s index to t e s t

169 t e s tC la s s Index = t e s t g e s t u r e s (gt ) ;

170

171 % Number o f t e s t s

172 Ntest = run idx ( t e s tC la s s Index )−1;

173

174 [ pred sep , t e s tY sep ] = mySVMTest Modified (

t e s tX red s ep r educed ( : , 1 : Ntest , t e s tC la s s Index ) , . . .

175 p a i r l i s t , t e s tC las s Index , m o d e l l i s t ) ;
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176

177 pred sep ( pred sep>optn . s i zeC ) = optn . s i zeC +1;

178 t e s tY sep ( testY sep>optn . s i zeC ) = optn . s i zeC +1;

179

180 yhat sep (end+1:end+Ntest ) = pred sep ;

181 y sep (end+1:end+Ntest ) = tes tY sep ;

182

183 [ pred pca , testY pca ] = mySVMTest Modified (

t e s tX red pca reduced ( : , 1 : Ntest , t e s tC la s s Index ) , . . .

184 p a i r l i s t , t e s tC las s Index , m o d e l l i s t p c a ) ;

185

186 pred pca ( pred pca>optn . s i zeC ) = optn . s i zeC +1;

187 testY pca ( testY pca>optn . s i zeC ) = optn . s i zeC +1;

188

189 yhat pca (end+1:end+Ntest ) = pred pca ;

190 y pca (end+1:end+Ntest ) = testY pca ;

191

192 end

193 acc s ep ( length ( c u r r e n t f e a t ) ) = 1 − (nnz( yhat sep − y sep )

/ length ( yhat sep ) ) ;

194 acc pca ( length ( c u r r e n t f e a t ) ) = 1 − (nnz( yhat pca − y pca )

/ length ( yhat pca ) ) ;

195

196 %% make d e c i s i o n s about what f e a t u r e s to keep wi th

importance c r i t e r i o n

197 % f i n d sep − both t y p e s
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198 [m, n ] = s ize (M) ;

199 StandardSep = nan ( s ize (M) ) ;

200 FeatLevelSep = nan ( [ s ize (M) length ( c u r r e n t f e a t ) ] ) ;

201 for i i =1:m

202 for j j = 1 : n

203 i f isempty (M( i i , j j ) . a )

204 cont inue ;

205 end

206 StandardSep ( i i , j j ) = ps i marg in 2 r eg i on (M( i i , j j ) ,S

( i i , j j ) ) ;

207 for f e a t i t e r = 1 : length ( c u r r e n t f e a t )

208 % F e a t l e v e l S e p ( i i , j j , f e a t i t e r )

= norm(M( i i , j j ) . a ( f e a t i t e r ) ) ;

209 % NEW − dot product , works because f e a t u r e s

are a l r e a d y

210 % o r t h o g o n a l

211 FeatLevelSep ( i i , j j , f e a t i t e r ) = abs (M( i i , j j ) . a (

f e a t i t e r ) / norm(M( i i , j j ) . a ) ) ;

212 end

213 end

214 end

215

216 i m p o r t a n c e c r i t = zeros ( length ( c u r r e n t f e a t ) , 1 ) ;

217 for i i =1: length ( p a i r l i s t )

218 c u r r e n t p a i r = p a i r l i s t ( i i , : ) ;

219 f e a t v e c = squeeze ( FeatLevelSep ( c u r r e n t p a i r (1 ) ,
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c u r r e n t p a i r (2 ) , : ) ) ;

220 i m p o r t a n c e c r i t = i m p o r t a n c e c r i t + f e a t v e c ;

221 end

222

223 [ ˜ , c r i t o r d e r ] = sort ( impor tance c r i t , ’ descend ’ ) ;

224 c u t o f f = length ( c r i t o r d e r ) − f loor ( length ( c r i t o r d e r ) /

f r a c to r emove ) ;

225 r = 1 : length ( c r i t o r d e r ) ;

226 r ( c r i t o r d e r ) = r ;

227 tokeep = find ( r<c u t o f f ) ;

228 f e a t s k e p t ( loopnumber , 1 : length ( tokeep ) ) = c u r r e n t f e a t (

tokeep ) ;

229 c u r r e n t f e a t = c u r r e n t f e a t ( tokeep ) ;

230 loopnumber = loopnumber + 1 ;

231

232 end

233 acc pca mine = acc pca ;

234 acc dotprod = acc sep ;

235 f e a t s k e p t d o t p r o d = f e a t s k e p t ;

236

237

238 %% Regular Chape l l e / Keerth i r e c u r s i o n

239 c u r r e n t f e a t = 1 : s ize ( Features ( f f ) .X, 1 ) ;

240 acc s ep = NaN(1 , length ( c u r r e n t f e a t ) ) ;

241 acc pca = NaN(1 , length ( c u r r e n t f e a t ) ) ;

242 f e a t s k e p t = NaN( total loopnum , np) ;
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243 loopnumber = 1 ;

244 while length ( c u r r e n t f e a t ) >= f i n a l f e a t

245 clear t r a inX red sep r educed t e s tX red s ep r educed

t ra inX red pca reduced te s tX red pca reduced

i m p o r t a n c e c r i t

246 t e s t g e s t u r e s = [ c o n t r o l g e s t s W] ;

247

248 for g = t e s t g e s t u r e s

249 t r a inX red sep r educed ( : , : , g ) = t ra inX a l l modes (

cu r r en t f e a t , : , g ) ;

250 t e s tX red s ep r educed ( : , : , g ) = te s tX a l l modes (

cu r r en t f e a t , : , g ) ;

251 t ra inX red pca reduced ( : , : , g ) = t ra inX a l l modes ( 1 :

length ( c u r r e n t f e a t ) , : , g ) ;

252 t e s tX red pca reduced ( : , : , g ) = te s tX a l l modes ( 1 :

length ( c u r r e n t f e a t ) , : , g ) ;

253 end

254

255 % models

256 [M, S ] = mySVMTrain Modified ( t ra inX red sep r educed ,

t e s t g e s t u r e s ) ;

257 [ M2 pca , ˜ ] = mySVMTrain Modified ( t ra inX red pca reduced ,

t e s t g e s t u r e s ) ;

258

259 p a i r l i s t = nchoosek ( t e s t g e s t u r e s , 2 ) ;

260 for i i = 1 : s ize ( p a i r l i s t , 1 )
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261 m o d e l l i s t ( i i ) = M( p a i r l i s t ( i i , 1 ) , p a i r l i s t ( i i , 2 ) ) ;

262 m o d e l l i s t p c a ( i i ) = M2 pca ( p a i r l i s t ( i i , 1 ) , p a i r l i s t ( i i

, 2 ) ) ;

263 end

264

265 %% c a l c u l a t e p e r f f o r curren t s e t

266 yhat sep = [ ] ;

267 y sep = [ ] ;

268 yhat pca = [ ] ;

269 y pca = [ ] ;

270

271 for gt = 1 : length ( t e s t g e s t u r e s )

272 % Define a c l a s s index to t e s t

273 t e s tC la s s Index = t e s t g e s t u r e s (gt ) ;

274

275 % Number o f t e s t s

276 Ntest = run idx ( t e s tC la s s Index )−1;

277

278 [ pred sep , t e s tY sep ] = mySVMTest Modified (

t e s tX red s ep r educed ( : , 1 : Ntest , t e s tC la s s Index ) , . . .

279 p a i r l i s t , t e s tC las s Index , m o d e l l i s t ) ;

280

281 pred sep ( pred sep>optn . s i zeC ) = optn . s i zeC +1;

282 t e s tY sep ( testY sep>optn . s i zeC ) = optn . s i zeC +1;

283

284 yhat sep (end+1:end+Ntest ) = pred sep ;
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285 y sep (end+1:end+Ntest ) = tes tY sep ;

286

287 [ pred pca , testY pca ] = mySVMTest Modified (

t e s tX red pca reduced ( : , 1 : Ntest , t e s tC la s s Index ) , . . .

288 p a i r l i s t , t e s tC las s Index , m o d e l l i s t p c a ) ;

289

290 pred pca ( pred pca>optn . s i zeC ) = optn . s i zeC +1;

291 testY pca ( testY pca>optn . s i zeC ) = optn . s i zeC +1;

292

293 yhat pca (end+1:end+Ntest ) = pred pca ;

294 y pca (end+1:end+Ntest ) = testY pca ;

295

296 end

297 acc s ep ( length ( c u r r e n t f e a t ) ) = 1 − (nnz( yhat sep − y sep )

/ length ( yhat sep ) ) ;

298 acc pca ( length ( c u r r e n t f e a t ) ) = 1 − (nnz( yhat pca − y pca )

/ length ( yhat pca ) ) ;

299

300

301 %% base a l g : rank accord ing to summed squared model

w e i g h t s

302 for f i t e r = 1 : length ( c u r r e n t f e a t )

303 tmpimport = 0 ;

304 % f o r every p a i r

305 for i i = 1 : s ize ( p a i r l i s t , 1 )

306 tmpimport = tmpimport + (M( p a i r l i s t ( i i , 1 ) , p a i r l i s t
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( i i , 2 ) ) . a ( f i t e r ) ) ˆ2 ;

307 end

308 i m p o r t a n c e c r i t ( f i t e r ) = tmpimport ;

309 end

310

311 [ ˜ , c r i t o r d e r ] = sort ( impor tance c r i t , ’ descend ’ ) ;

312 c u t o f f = length ( c r i t o r d e r ) − f loor ( length ( c r i t o r d e r ) /

f r a c to r emove ) ;

313 r = 1 : length ( c r i t o r d e r ) ;

314 r ( c r i t o r d e r ) = r ;

315 tokeep = find ( r<c u t o f f ) ;

316 f e a t s k e p t ( loopnumber , 1 : length ( tokeep ) ) = c u r r e n t f e a t (

tokeep ) ;

317 c u r r e n t f e a t = c u r r e n t f e a t ( tokeep ) ;

318 loopnumber = loopnumber + 1 ;

319

320 end

321 acc s ep Chape l l e = acc s ep ;

322 f e a t s k e p t C h a p e l l e = f e a t s k e p t ;

323

324

325 a c c s t r u c t ( p a i r i d x ) . sepdot = a c c s e p s e p l e v e l d o t p r o d ;

326 a c c s t r u c t ( p a i r i d x ) . pca = acc pca ;

327 a c c s t r u c t ( p a i r i d x ) . r egu l a rdo t = acc dotprod ;

328 a c c s t r u c t ( p a i r i d x ) . c h a p e l l e = acc s ep Chape l l e ;

329
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330 f e a t s t r u c t ( pa i r i dx ) . sepdot = f e a t s k e p t s e p l e v e l d o t p r o d ;

331 f e a t s t r u c t ( pa i r i dx ) . r e gu l a rdo t = f e a t s k e p t d o t p r o d ;

332 f e a t s t r u c t ( pa i r i dx ) . c h a p e l l e = f e a t s k e p t C h a p e l l e ;

333 f e a t s t r u c t ( pa i r i dx ) . g e s l i s t = c o n t r o l g e s t s ;

334

335 save ( ’ r e c u r s i v e f e a t s e l e c t m e t h o d s b a d s e t ’ , ’ a c c s t r u c t ’ , ’

f e a t s t r u c t ’ ) ;

336 end

337

338 %% Fina l V i s u a l i z a t i o n

339 f e a t l o c a t i o n s = find (˜ isnan ( acc pca ) ) ;

340 f e a t l o c a t i o n s s e p = find (˜ isnan ( a c c s e p s e p l e v e l d o t p r o d ) ) ;

341

342 f igure ;

343 hold on ;

344 semilogx ( f e a t l o c a t i o n s , acc pca mine ( f e a t l o c a t i o n s ) ) ;

345 semilogx ( f e a t l o c a t i o n s , a c c s ep Chape l l e ( f e a t l o c a t i o n s ) ) ;

346 semilogx ( f e a t l o c a t i o n s , acc dotprod ( f e a t l o c a t i o n s ) ) ;

347 semilogx ( f e a t l o c a t i o n s s e p , a c c s e p s e p l e v e l d o t p r o d (

f e a t l o c a t i o n s s e p ) ) ;

348 legend ( ’PCA s e l e c t i o n ’ , ’ Chapel le Sep s e l e c t i o n ’ , ’ Dot Product ’ , ’ Dot

Product , Relevant Models ’ , ’ Locat ion ’ , ’ bes t ’ )

349 % legend ( ’PCA’ , ’ Chape l le ’ , ’ S e p a r a b i l i t y ’ , ’ Location ’ , ’ bes t ’ )

350 set (gca , ’ XScale ’ , ’ l og ’ ) ;

351 xlabel ( ’Number o f f e a t u r e s inc luded ’ )

352 ylabel ( ’ Test accuracy ’ )
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353

354 %% C a l c u l a t e minimum num f e a t u r e s

355 maxthresh = max( a c c s e p s e p l e v e l d o t p r o d . / a c c s e p s e p l e v e l d o t p r o d (

end) ) ;

356 th r e she s = [ maxthresh 1 : − . 0 0 5 : . 8 ] ;

357

358 for i i =1: length ( th r e she s )

359 minfeat pca ( i i ) = minFeatForRetention ( acc pca mine , th r e she s ( i i

) ) ;

360 m i n f e a t c h a p e l l e ( i i ) = minFeatForRetention ( acc sep Chape l l e ,

th r e she s ( i i ) ) ;

361 minfeat dotprod ( i i ) = minFeatForRetention ( acc dotprod , th r e she s

( i i ) ) ;

362 minfeat dotprodsep ( i i ) = minFeatForRetention (

a c c s ep s ep l e v e l d o t p r od , th r e she s ( i i ) ) ;

363 end

364 f igure ;

365 hold on ;

366 plot ( threshes , minfeat pca , ’ k−. ’ ) ;

367 plot ( threshes , minfeat dotprodsep , ’ r ’ ) ;

368

369

370 % p l o t ( t h r e s h e s , m i n f e a t c h a p e l l e ) ;

371 % p l o t ( t h r e s h e s , min fea t do tprod ) ;

372 % legend ( ’PCA s e l e c t i o n ’ , ’ Chape l l e Sep s e l e c t i o n ’ , ’ Dot Product ’ , ’

Dot Product , Re levant Models ’ , ’ Location ’ , ’ bes t ’ )
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373 legend ( ’PCA’ , ’ Modif ied Chapel le ’ , ’ Locat ion ’ , ’ bes t ’ )

374 xlabel ( ’ Fract ion o f f u l l−f e a tu r ed accuracy r e t a i n ed ’ )

375 ylabel ( ’Minimum number o f f e a t u r e s ’ )

376 % a x i s t i g h t

377 xlim ( [ . 8 maxthresh ] )

378

379 %% Functions

380 function sep = Psi ( c ,W, sepmat )

381 numctrl = 1 : s ize ( c , 2 ) ;

382 combos = nchoosek ( numctrl , 2 ) ; % permutat ions o f combos

383

384 d i s t = Inf ( s ize ( combos , 1 ) ,1 ) ;

385 for kk = 1 : s ize ( combos , 1 )

386 c1 = c ( : , combos ( kk , 1 ) ) ’ ;

387 c2 = c ( : , combos ( kk , 2 ) ) ’ ;

388

389 i f isempty (W)

390 d i s t ( kk ) = sepmat ( c1 , c2 ) ;

391 else

392 d i s t ( kk ) = sepmat ( c1 , c2 ) ∗ min(dW( c1 ,W, sepmat ) ) ∗ min(dW(

c2 ,W, sepmat ) ) ;

393 end

394

395 end

396 sep = min( d i s t ) ;

397
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398 end

399

400 function vot ingmodels = ident i fyRe levantMode l s ( c ,W, p a i r l i s t , sepmat

)

401 c1models = find ( ismember ( p a i r l i s t ( : , 1 ) , c (1 ) , ’ rows ’ ) ) ;

402 c2models = find ( ismember ( p a i r l i s t ( : , 1 ) , c (2 ) , ’ rows ’ ) ) ;

403 vot ingmodels = [ c1models ’ c2models ’ ] ;

404 end

405

406 function numfeat = minFeatForRetention ( acc , thre sh )

407 f i n a l a c c = acc (end) ;

408 qua l i f y ingnumfeat = find ( acc>=(thresh ∗ f i n a l a c c ) ) ; % t h i s g e t s

i n d i c i e s

409 numfeat = min( qua l i f y ingnumfeat ) ;

410 i f isempty ( numfeat )

411 numfeat = nan ;

412 end

413 end

414

415 function distW = dW(g ,W, sepmat )

416 tmpdistances = i n f ( s ize (W, 2 ) ,1 ) ;

417 for i i = 1 : s ize (W, 2 )

418 tmpdistances ( i i ) = sepmat (g ,W( i i ) ) ;

419 end

420 distW = ( tmpdistances ) ;

421 end
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Appendix D

ROBUSTNESS DISTRIBUTION

A comparative study is made of several methods of ranking and selection with statistical

guarantees for unknown and unequal variances. A minimum of two stages is required for un-

known variance. The two methods implemented are the original, Rinott’s two-stage method

from 1978 [46], and a later partially-sequential method by Nelson, Swann, Goldsman, and

Song in 2001 [39]. The first stage is always the estimation step, when initial samplings of

the distributions are taken and decisions made about necessary further sampling, and the

second stage is when selection is completed.

Rinott’s Two-Stage

First, an initial sample size of n0 is taken from all k distributions. The sampled realizations

from the i’th distribution are {Ŷi1, Ŷi2, . . . , Ŷin0}. For convenience, let ν = n0 − 1, fν(·) be a

χ2 pdf with ν degrees of freedom, and Φ(·) be a standard normal cdf. To approximate the

distributions, the sample mean for the i’th distribution is

Ȳ 0
i =

∑n0

j=1 Ŷij

n0

and the sample variance is

S̄2
i =

∑n0

j=1(Ŷij − Ȳ i
0 )2

n0 − 1
.

Next, the value of Rinott’s constant h must be calculated. With a chosen confidence P ∗ that

the correct distribution will be chosen and that it will be higher than the next-best by not
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less than δ∗, the Rinott’s constant for this problem is the h that satisfies∫ ∞
0

∫ ∞
0

[
Φ

(
h

ν((1/x) + (1/y))

)
fν(x)

]k−1

fν(y) dydx = P ∗.

See Appendix B for the script to calculate h(P ∗, n0, k) for arbitrary inputs and the overall

set selection script.

Once the initial estimation (stage 1) is complete, the Rinott’s constant is used to calculate

the number of measurements it would take to appropriately characterize the distributions

in order to select the highest mean. The ni − n0 additional measurements needed (if any)

is found by ni = max{n0, d(hSi/δ∗)2e}. The requisite batch of additional samples are taken

from each distribution and the final sample means recalculated:

Ȳi =

∑ni

j=1 Ŷij

ni
.

and then the distribution with the highest Ȳi is selected.

Nelson, Swann, Goldsman, Song (NSGS)

This method has a lot in common with Rinott’s method, but it eliminates some distributions

from consideration before the second sampling. This can allow the number of required

samples to be much lower than in Rinott’s method.

In the first stage, the initial sampling with n0 realizations and calculation of sample

statistics proceeds mostly as before, with a chosen P0, P1 satisfying (P0 + P1)− 1 = P ∗ and

the Rinott’s constant being h(P1, n0, k). Once that’s complete, the decisions about what

distributions may be cut can be made. To do this, some measure of the possible expected

increase in mean is required. This allows identification of which distributions can’t surpass

another by at least δ∗ with probability P0 regardless of how many additional samples are

taken. This measure Wij satisfies

Wij = t

√
S2
i + S2

j

n0

, i ∈ 1 : k, j ∈ 1 : k, i 6= j
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where tβ,nu is the β quantile of a t-distribution of ν degrees of freedom and t = t
P

1/(k−1)
0 ,n0−1

.

Then, the criterion for if a distribution remains in contention is if its potential improvement

with more samples could improve it more than any other distribution. This is formalized by

saying that that i’th distribution moves on to stage 2 if it satisfies

Ȳ 0
i ≥ Ȳ 0

j − [Wij − δ∗]+ ∀j 6= i.

If there is only one distribution remaining, then the process is over; otherwise, the remaining

distributions proceed to Stage 2. Stage 2 is the same as in Rinott’s procedure: calculate the

number of additional samples needed, sample the distributions, recalculate the final means,

and report the maximizer.

Data & Solution Procedure

For simplicity, generated data will be used. This allows the imposition of normality conditions

and the ability to theoretically sample an arbitrary number of times and with an arbitrary

(but finite) number of features.

Using generated data and their true labels (class 1 vs. class 2), the first task is to

synthesize a single distribution for each case which represents the projected robustness of

this case. This measure should have a higher mean in cases where the data clusters are well-

separated. To achieve all this, the new distribution for the i’th case is Ri ∼ ŷimy
i
m ∀m, where

ym is the class label for the m’th data point ∈ {−1, 1} and ŷm is the assigned classifier score

that satisfies ŷm = a′xm + b with the (a, b) that represent the support vector machine model.

Note that for direct comparisons, this method is limited to soft-margin SVM classifiers.

When the above assumptions hold, R has the desired characteristics listed above. When

ŷ and y agree in sign and x is not near the dividing hyperplane, ŷ × y is large and positive.

If this is true of many points, it indicates that the two classes are well-defined in feature

space and also means that R will have a large mean. Large numbers of points very near

to the hyperplane or whose ŷ and y disagree in sign would be indicative of very enmeshed
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Figure D.1: All nine classes, two features with selected support vectors circled. For visual
clarity, this is with far fewer data points than are actually used to define the model.

classes, and R would have a lower mean. In order for this distribution to be normal, the

classes themselves must be normal and their variances must be equal. These are artificially-

imposed conditions of the generated data, and will generally not be true for real gesture

data. Additionally, the SVM algorithm must be able to find a decent solution with the data

realizations available; informally, most of the y = 1 points should have a positive ŷ, and vice

versa. If this is not the case, the distribution R will turn out to be bimodal. Once these

distributions are generated, the two ranking and selection methods are applied as described
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in the previous section.

Results

Figure D.2: The R-distributions of all nine classes, appearing in the order they appear in
Fig. D.1. It is visually clear that Case 3 in the upper-right hand corner has the highest
mean. Additionally illustrated is what R looks like when the SVM solver does not find
the ground-truth optimal hyperplane (b = 0) but instead b is large and most of a class is
misclassified.

Case 3, the known most-separable case (upper-right corner in Fig. D.1), is reliably chosen

by all methods but with widely varying sample requirements between the two methods. In

several realizations, the NSGS method did not even need to proceed to Stage 2, while Rinott’s
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method required thousands of additional realizations. The R distributions for each case are

shown in Fig. D.2, including a visualization of the failure mode wherein the SVM classifier

does not find a good solution and the distribution is bimodal. This only ever appears in the

highly enmeshed cases, though, so it has a minimal effect on the selection. In the realization

shown in Fig. D.2, 10 initial samples was sufficient for the NSGS method but Rinott’s

required 17615 additional samples of Case 3.

Discussion

Worth mentioning is the highly restrictive assumption placed on the gesture class distribu-

tions in order to use this method. The machinery entirely breaks down if the classes are not

multivariate normal with symmetric distributions. It is not obvious that a real case exists

where these assumptions are remotely reasonable or that these conditions can be relaxed, so

this work is primarily an exercise in what statistical guarantees might look like rather than

a serious proposal.
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Appendix E

GENERATION OF SUPPORTING EXAMPLES

E.1 Nine-case comparisons additional details and code

As an addendum to Fig. 4.10 (a), a direct visualization of the best and worst cases is shown

in Fig. E.1 The Matlab code used to generate this and other 9-class comparison figures

Figure E.1: As expected, the “largest” reported margin is the most enmeshed classes and
vice versa, as the margin is explicitly solving for the worst cases.

is below. A consistent rng seed is included so the figures should appear the same on any

machine, but the generated data is also saved in case later analysis is needed. The qualitative
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results are consistent for many rng seed values.

1 % Rose Hendrix

2 % Experimentat ion wi th SVM margin and r e l a t e d d i s t a n c e measures

wi th

3 % generated data

4

5 c l e a r v a r s ; close a l l ;

6

7 set (0 , ’ De f au l tTex t In t e rp r e t e r ’ , ’ Latex ’ , . . .

8 ’ De fau l tLegendInte rp re t e r ’ , ’ Latex ’ , ’ DefaultAxesFontSize ’ ,12 , ’

DefaultTextFontSize ’ , 1 4 , . . .

9 ’ d e f a u l t l i n e m a r k e r s i z e ’ ,16)

10

11 rng (2 ) % f o r r e p e a t a b i l i t y . genera ted data from p r o p o s a l a l s o

saved in a backup . mat f i l e

12

13 % a l l the cons idered means and n o i s e s

14 I = [ 1 −1; 2 −2; 3 −3; 1 −1; 2 −2; 3 −3; 1 −1; 2 −2; 3 −3];

15 N = 4 ∗ [ . 5 . 5 ; . 5 . 5 ; . 5 . 5 ; 1 1 ; 1 1 ; 1 1 ; 1 . 5 1 . 5 ; 1 . 5 1 . 5 ; 1 . 5

1 . 5 ] ;

16 casenums = [ 1 : 9 ] ’ ; % convenience v a r i a b l e ; nine cases compared

corresponding to I and N

17 numfeatures = 1 ; % d i m e n s i o n a l i t y

18 basenumsamples = 4∗ [ 25 2 5 ] ; % lower bound on p o p u l a t i o n s i z e s

19
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20 numgenerations = 10 ; % i t e r a t i o n s o f the nine cases , each

s u c c e s s i v e one wi th l a r g e r p o p u l a t i o n s

21 alph EM = [ 0 , 0 . 5 , 1 , 2 ] ; % t u n e a b l e a lpha parameter f o r v a r i o u s

methods

22 alph HT = [ 3 , 1 0 0 ] ;

23

24 I f u l l = repmat ( I , numgenerations , 1 ) ;

25 Nfu l l = repmat (N, numgenerations , 1 ) ;

26 c a s e s f u l l = repmat ( casenums , numgenerations , 1 ) ;

27

28 % p r e a l l o c a t e the save arrays wi th NaNs to accomodate p o p u l a t i o n

s i z e

29 % d i f f e r e n c e s

30 Xsave = NaN( numgenerations ∗ 2∗basenumsamples (1 ) , s ize ( I f u l l , 1 ) ,

numfeatures ) ;

31 Ysave = NaN( numgenerations ∗ 2∗basenumsamples (1 ) , s ize ( I f u l l , 1 ) ) ;

32 xsave = NaN( numgenerations ∗ 2∗basenumsamples (1 ) , s ize ( I f u l l , 1 ) ,

numfeatures ) ;

33 ysave = NaN( numgenerations ∗ 2∗basenumsamples (1 ) , s ize ( I f u l l , 1 ) ) ;

34

35

36 for j j = 1 : s ize ( I f u l l , 1 )

37 g e n m u l t i p l i e r = ( f loor ( ( j j −1)/9) + 1) ;

38 c l a s s t y p e = mod( j j , 9 ) ;

39 i f ( c l a s s t y p e == 0) ; c l a s s t y p e = 9 ; end % minor change f o r

c o m p r e h e n s i b i l i t y
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40

41 numsamples = g e n m u l t i p l i e r ∗ basenumsamples ;

42 i i = I f u l l ( j j , : ) ;

43 nn = Nfu l l ( j j , : ) ;

44

45 % make the t r a i n i n g data and t r a i n models

46 [X,Y] = generateData ( i i , nn , numfeatures , numsamples ) ;

47 m = f i t c svm (X,Y, ’ KernelFunction ’ , ’ l i n e a r ’ ) ;

48 sv = m. SupportVectors ;

49

50

51 marginsep ( j j ) = psimargin (m) ;

52 for aa = 1 : length ( alph EM )

53 [ EMsep( j j , aa ) ]= psiEffMarg (X, numsamples ,m, alph EM ( aa ) ) ;

54 end

55

56 for aa = 1 : length ( alph HT )

57 [ HTsep( j j , aa ) ]= psiHypoth (X, numsamples ,m, alph HT ( aa ) ) ;

58 end

59 % genera te t e s t data

60 [ x , y ] = generateData ( i i , nn , numfeatures , f loor ( 0 . 5∗ numsamples ) ) ;

61 % c l a s s i f y t e s t data

62 [ l a b e l s , ˜ ] = p r e d i c t (m, x ) ;

63 accuracy ( j j ) = 1 − nnz(y−l a b e l s ) /numel ( y ) ;

64

65 % save r e a l i z a t i o n s
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66 Xsave (1 : 2∗ numsamples , j j , : ) = X;

67 Ysave (1 : 2∗ numsamples , j j ) = Y;

68 xsave (1 : 2∗ f loor ( 0 . 5∗ numsamples ) , j j , : ) = x ;

69 ysave (1 : 2∗ f loor ( 0 . 5∗ numsamples ) , j j , : ) = y ;

70

71 end

72 %% P l o t t i n g and v i s u a l i n t e r p r e t a t i o n

73 % margin

74 sepused = marginsep ;

75 [ ˜ , idx ] = sort ( sepused , ’ descend ’ ) ;

76

77 f igure ; plot ( sepused ( idx ) , accuracy ( idx ) , ’ . ’ , ’ MarkerSize ’ , 20)

78 ylabel ( ’ Test accuracy r a t i o ’ )

79 xlabel ( ’ Margin s i z e : SVM margin ’ )

80 % x l a b e l ( ’ $\mathcal{D} = (1−p ) ˆ{\ a lpha }$ ’ )

81 % t i t l e ([ ’\# of f e a t u r e s : ’ num2str ( numfeatures ) ’ , $\ alpha$ = ’

num2str ( a lph ) ] )

82 % t i t l e ( [ ’ Popu la t ion s i z e s : ’ num2str ( basenumsamples (1) ) , ’− ’ ,

num2str ( numsamples (1) ) , ’ , $\ alpha$ = ’ num2str ( a lph ) ] )

83

84 % p l o t b e s t and worst raw data

85 f igure ;

86 subplot ( 2 , 1 , 1 )

87 Xloc = Xsave ( : , idx (1 ) ,1 ) ; Yloc = Ysave ( : , idx (1 ) ) ;

88 Xloc = Xloc (˜ isnan ( Xloc ) ) ; Yloc = Yloc (˜ isnan ( Yloc ) ) ;
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89 h a l f = ( length ( Yloc ) /2) ; % shou ld always be an even number so h a l f

a v a l i d index

90 hold on ;

91 plot ( Xloc ( 1 : h a l f ) ,0.5+ zeros (1 , h a l f ) , ’ . ’ ) ;

92 plot ( Xloc ( h a l f +1:end) ,−0.5+zeros (1 , h a l f ) , ’ . ’ ) ;

93 ylabel ( ’ Largest margin ’ )

94 hold o f f ;

95 ylim ([−1 1 ] )

96

97 subplot ( 2 , 1 , 2 )

98 Xloc = Xsave ( : , idx (end) , 1 ) ; Yloc = Ysave ( : , idx (end) ) ;

99 Xloc = Xloc (˜ isnan ( Xloc ) ) ; Yloc = Yloc (˜ isnan ( Yloc ) ) ;

100 h a l f = ( length ( Yloc ) /2) ; % shou ld always be an even number so h a l f

a v a l i d index

101 hold on ;

102 plot ( Xloc ( 1 : h a l f ) ,0.5+ zeros ( ha l f , 1 ) , ’ . ’ ) ;

103 plot ( Xloc ( h a l f +1:end) ,−.5+zeros (1 , h a l f ) , ’ . ’ ) ;

104 ylabel ( ’ Smal l e s t margin ’ )

105 xlabel ( ’ $xˆ i $ data , d i sp layed with smal l $y$ o f f s e t f o r v i s u a l

c l a r i t y ’ )

106 hold o f f ;

107 ylim ([−1 1 ] )

108

109 % h y p o t h e r s i s t e s t i n g

110 for aa = 1 : length ( alph HT )

111 sepused = HTsep ( : , aa ) ;
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112 [ ˜ , idx ] = sort ( sepused , ’ descend ’ ) ;

113

114 f igure ; plot ( sepused ( idx ) , accuracy ( idx ) , ’ . ’ , ’ MarkerSize ’ , 20)

115 ylabel ( ’ Test accuracy r a t i o ’ )

116 xlabel ( ’ Margin s i z e : hypothes i s t e s t i n g ’ )

117 % x l a b e l ( ’ $\mathcal{D} = (1−p ) ˆ{\ a lpha }$ ’ )

118 % t i t l e ([ ’\# of f e a t u r e s : ’ num2str ( numfeatures ) ’ , $\ alpha$ = ’

num2str ( alph HT ( aa ) ) ] )

119 t i t l e ( [ ’ Populat ion s i z e s : ’ num2str( basenumsamples (1 ) ) , ’− ’ ,

num2str( numsamples (1 ) ) , ’ , $\alpha$ = ’ num2str( alph HT ( aa ) ) ] )

120 end

121

122

123 % e f f e c t i v e margin

124 for aa = 1 : length ( alph EM )

125

126 sepused = EMsep ( : , aa ) ;

127 [ ˜ , idx ] = sort ( sepused , ’ descend ’ ) ;

128

129 f igure ; plot ( sepused ( idx ) , accuracy ( idx ) , ’ . ’ , ’ MarkerSize ’ , 20)

130 ylabel ( ’ Test accuracy r a t i o ’ )

131 xlabel ( ’ Margin s i z e : e f f e c t i v e margin ’ )

132 % x l a b e l ( ’ $\mathcal{D} = (1−p ) ˆ{\ a lpha }$ ’ )

133 t i t l e ( [ ’\# of f e a t u r e s : ’ num2str( numfeatures ) ’ , $\alpha$ = ’

num2str( alph EM ( aa ) ) ] )
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134 % t i t l e ( [ ’ Popu la t ion s i z e s : ’ num2str ( basenumsamples (1) ) , ’− ’ ,

num2str ( numsamples (1) ) , ’ , $\ alpha$ = ’ num2str ( alph EM ( aa ) ) ] )

135 % a x i s ( [ 0 1 0.4 1 ] )

136 end

137

138 %% save the genera ted data j u s t in case

139 f i l ename = [ ’ t h e s i s p r o p o s a l s a v e d a t a b a s e s a m p l e s ’ num2str(

basenumsamples (1 ) ) ’ numfeatures ’ num2str( numfeatures ) ’ . mat ’ ] ;

140 save ( f i l ename , ’ Xsave ’ , ’ Ysave ’ , ’ xsave ’ , ’ ysave ’ ) ;

141

142 %% f u n c t i o n s

143

144 function d = psimargin (m)

145 d = 2/norm(m. Beta ) ;

146 end

147

148 function [ d ] = psiEffMarg (X, numsamples ,m, alph )

149 [ ˜ , s c o r e s ] = p r e d i c t (m,X) ;

150 c l a s s 1 = s c o r e s ( 1 : numsamples (1 ) ) ;

151 c l a s s 2 = s c o r e s ( numsamples (1 ) +1:numsamples (1 )+numsamples (2 ) ) ;

152 avgs = [mean( c l a s s 1 ) mean( c l a s s 2 ) ] ;

153 stdev = [ std ( c l a s s 1 ) std ( c l a s s 2 ) ] ;

154

155 d = sum(abs ( avgs ) )−alph ∗( stdev (1 )+stdev (2 ) ) ;

156 end

157



153

158 function [ d ] = psiHypoth (X, numsamples ,m, alph )

159

160 [ ˜ , s c o r e s ] = p r e d i c t (m,X) ;

161 c l a s s 1 = s c o r e s ( 1 : numsamples (1 ) ) ;

162 c l a s s 2 = s c o r e s ( numsamples (1 ) +1:numsamples (1 )+numsamples (2 ) ) ;

163

164 d i g i t s (64) % i n c r e a s e the p r e c i s i o n o f p

165 [ ˜ , p ] = t t e s t ( c l a s s 1 , c l a s s 2 ) ;

166 d = vpa(1−vpa (p) ) ˆ alph ;

167 end

168

169

170 function [X, y ] = generateData ( means , no i s e s , t imesteps , numsamples )

171 c l a s s 1 = repmat ( means (1 ) , numsamples (1 ) , t imes teps ) + n o i s e s (1 ) .∗

randn( numsamples (1 ) , t imes teps ) ;

172 c l a s s 2 = repmat ( means (2 ) , numsamples (2 ) , t imes teps ) + n o i s e s (2 ) .∗

randn( numsamples (2 ) , t imes teps ) ;

173 X = [ c l a s s 1 ; c l a s s 2 ] ;

174 y ( 1 : numsamples (1 ) ) = 1 ;

175 y ( numsamples (1 ) +1:numsamples (1 )+numsamples (2 ) ) = 2 ;

176 y=y ’ ;

177 end

E.2 Divergence calculations

Also included is the code for the representative examples calculated on Fig. 4.8, including

KL divergence, Earth Mover’s Distance, and Separation distance.
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1 % Rose Hendrix

2 % s c r i p t f o r c a l c u l a t i n g d i v e r g e n c e s between prob d i s t s

3

4 c l e a r v a r s ;

5 dx = 0 . 0 1 ;

6

7 % KL d i v e r g e n c e

8 A1 = normpdf ( [−10: dx : 1 0 ] , −0.5 , 1) ;

9 B1 = normpdf ( [−10: dx : 1 0 ] , 0 . 5 , 1) ;

10 KL1 = dx ∗ sum(A1 .∗ ( log (A1)−log (B1) ) )

11

12 A2 = normpdf ( [−10: dx : 1 0 ] , −0.5 , 3) ;

13 B2 = normpdf ( [−10: dx : 1 0 ] , 0 . 5 , 1) ;

14 KL2 = dx ∗ sum(A2 .∗ ( log (A2)−log (B2) ) )

15

16 % Earth mover ’ s d i s t a n c e : m u l t i v a r i a t e normal

17 V1 = norm(−0.5−0.5) ˆ2 +(1 + 1 − 2∗ ( ( sqrt (1 ) ∗1∗ sqrt (1 ) ) ˆ(1/2) ) )

18

19 V2 = norm(−0.5−0.5) ˆ2 +(3 + 1 − 2∗ ( ( sqrt (1 ) ∗3∗ sqrt (1 ) ) ˆ(1/2) ) )

20

21 % s e p a r a t i o n d i s t a n c e

22 s1 = max(1−A1. /B1)

23 s2 = max(1−A2. /B2)

24

25 % s e p a r a t i o n d i s t a n c e : r e v e r s e arguments

26 s 1 r e v = max(1−B1 . /A1)
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27 s 2 r e v = max(1−B2 . /A2)

E.3 SVM margin details and feature selection

Included here is the code for the low-population 1-D examples of the SVM margin case, as

well as the code for generating the feature selection examples in Fig. 5.2. That example also

has a consistent rng seed for repeatability.

1 % Rose Hendrix

2 % simple 1−D numerical SVM example f o r t h e s i s

3

4 c l e a r v a r s ; close a l l ;

5

6 set (0 , ’ De f au l tTex t In t e rp r e t e r ’ , ’ Latex ’ , . . .

7 ’ De fau l tLegendInte rp re t e r ’ , ’ Latex ’ , ’ DefaultAxesFontSize ’ ,12 , ’

DefaultTextFontSize ’ , 14)

8

9 addpath ( ’ h e l p e r f u n c t i o n s ’ ) ;

10

11 load generateds imple . mat

12

13 x = [ −1 .0 , −0 .75 , 0 . 75 , 1 ] ’ ;

14 y = [−1 ,1 ,−1 ,1 ] ’ ;

15

16 x1 = X( [ 1 : 1 0 ] ) +0.5 ;

17 x2 = [X( [ 2 5 0 1 : 2 5 1 0 ] ) −0.5 ; 1 ] ;

18 x = [ x1 ; x2 ] ;

19 y = Y( [ 1 : 1 0 , 2 5 0 1 : 2 5 1 1 ] ) ;
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20 [ a , b , yhat , lambda , ˜ ] = mySVMsoft (x , y , 2 )

21

22

23 x = [ −1 .0 , −0 .01 , 0 . 01 , 1 ] ’ ;

24 y = [−1 ,−1 ,1 ,1 ] ’ ;

25 C = i n f ;

26 [ a , b , yhat , lambda , ˜ ] = mySVMsoft (x , y ,C)

27

28 % f i g u r e

29 % hold on ;

30 % p l o t ( x1 ,0∗ y ( 1 : 1 0 ) , ’ . ’ , ’ MarkerSize ’ , 2 0 )

31 % p l o t ( x2 ,0∗ y ( 1 1 : end ) , ’ . ’ , ’ MarkerSize ’ , 2 0 )

32 % a x i s t i g h t

33 %

34 c l e a r v a r s ;

35 rng (1 )

36 N = 1000 ;

37 alph1 = 2 ;

38 alph2 = 1 . 5 ;

39

40 x = [ random ( ’ Stab le ’ , alph1 , 0 , 1 , 0 ,N, 1 ) ; random ( ’ Stab le ’ , alph1

, 0 , 1 , 0 ,N, 1 ) ] ;

41 x ( : , 2 ) = [ random ( ’ Stab le ’ , alph2 , 0 , 1 , 2 ,N, 1 ) ; random ( ’ Stab le ’ ,

alph2 ,0 ,1 ,−2 ,N, 1 ) ] ;

42 x0=x ;

43
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44 f igure ; hold on ;

45 plot ( x0 ( 1 :N, 1 ) , x0 ( 1 :N, 2 ) , ’ . ’ )

46 plot ( x0 (N+1:end , 1 ) , x0 (N+1:end , 2 ) , ’ . ’ )

47 % a x i s ([−20 20 −20 2 0 ] ) ;

48 axis t i g h t

49

50 theta = pi /4 ;

51 R = [ cos ( theta ) −sin ( theta ) ; sin ( theta ) cos ( theta ) ] ;

52 x2 = x0∗R∗R;

53 y = [ ones (N, 1 ) ; 2∗ ones (N, 1 ) ] ;

54

55 % r e s c a l e to 0−1

56 for featnum = 1 : s ize ( x0 , 2 )

57 x0 ( : , featnum ) = ( x0 ( : , featnum ) − min( x0 ( : , featnum ) ) ) . / (max(

x0 ( : , featnum ) )− min( x0 ( : , featnum ) ) ) ;

58 x2 ( : , featnum ) = ( x2 ( : , featnum ) − min( x2 ( : , featnum ) ) ) . / (max(

x2 ( : , featnum ) )− min( x2 ( : , featnum ) ) ) ;

59 end

60 x1 = x0∗R;

61 for featnum = 1 : s ize ( x0 , 2 )

62 x1 ( : , featnum ) = ( x1 ( : , featnum ) − min( x1 ( : , featnum ) ) ) . / (max(

x1 ( : , featnum ) )− min( x1 ( : , featnum ) ) ) ;

63 end

64

65 % c l o s e a l l

66 C = 10 ;
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67 [ a0 , b0 , ˜ , ˜ , ˜ ] = mySVMsoft ( x0 , y ,C) ;

68 [ a1 , b1 , ˜ , ˜ , ˜ ] = mySVMsoft ( x1 , y ,C) ;

69 [ a2 , b2 , ˜ , ˜ , ˜ ] = mySVMsoft ( x2 , y ,C) ;

70

71 [ ˜ , L0 , U0 , S0 , ˜ ] = myPCA( x0 ’ , 1 0 0 ) ;

72 [ ˜ , L1 , U1 , S1 , ˜ ] = myPCA( x1 ’ , 1 0 0 ) ;

73 [ ˜ , L2 , U2 , S2 , ˜ ] = myPCA( x2 ’ , 1 0 0 ) ;

74

75

76 f igure

77 hold on

78 t i t l e ( [ ’ $a 1 << a 2$ : $a = $ [ ’ num2str( a0 ) ’ ] ’ ] , ’ FontSize ’ , 14)

79 xlabel ( ’ $x 1$ ’ , ’ FontSize ’ , 16)

80 ylabel ( ’ $x 2$ ’ , ’ FontSize ’ , 16)

81 plot ( x0 ( 1 :N, 1 ) , x0 ( 1 :N, 2 ) , ’ . ’ , ’ MarkerSize ’ , 14)

82 plot ( x0 (N+1:end , 1 ) , x0 (N+1:end , 2 ) , ’ . ’ , ’ MarkerSize ’ , 14)

83 f igure

84 hold on

85 t i t l e ( [ ’ $a 1 \propto a 2$ : $a = $ [ ’ num2str( a1 ) ’ ] ’ ] , ’ FontSize ’

, 14)

86 xlabel ( ’ $x 1$ ’ , ’ FontSize ’ , 16)

87 ylabel ( ’ $x 2$ ’ , ’ FontSize ’ , 16)

88 plot ( x1 ( 1 :N, 1 ) , x1 ( 1 :N, 2 ) , ’ . ’ , ’ MarkerSize ’ , 14)

89 plot ( x1 (N+1:end , 1 ) , x1 (N+1:end , 2 ) , ’ . ’ , ’ MarkerSize ’ , 14)

90 f igure

91 hold on
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92 t i t l e ( [ ’ $a 1 >> a 2$ : $a = $ [ ’ num2str( a2 ) ’ ] ’ ] , ’ FontSize ’ , 14)

93 xlabel ( ’ $x 1$ ’ , ’ FontSize ’ , 16)

94 ylabel ( ’ $x 2$ ’ , ’ FontSize ’ , 16)

95 plot ( x2 ( 1 :N, 1 ) , x2 ( 1 :N, 2 ) , ’ . ’ , ’ MarkerSize ’ , 14)

96 plot ( x2 (N+1:end , 1 ) , x2 (N+1:end , 2 ) , ’ . ’ , ’ MarkerSize ’ , 14)


