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This dissertation develops methodology for data-adaptive estimation of parameters defined

on longitudinal data structures, while this abstract serves as an introduction to the material

covered herein. The dissertation is organized into three related, but distinct chapters. Each

chapter considers a similar data structure, wherein subjects are enrolled and followed over a

period of time to obtain additional measurements, for example their failure status. During

this followup period, subjects may drop out and therefore researchers are unable to observe

the entire study population at all time points. Using the observed data, this dissertation

develops asymptotically efficient estimators that may draw valid inferences on the original

study population.

Data from preventive vaccine trials serve as the motivation for much of the work in this

dissertation. In such trials, subjects are randomized to receive an active vaccine or placebo

vaccine and are subsequently followed over some period of time to ascertain infection status.

This infection data may be augmented with pathogen genetic data. Scientific interest may

lie in assessing the vaccine’s efficacy to prevent infections of a certain genotype; this problem

is considered in Chapter 1. Researchers may possess additional information on the expected

incidence of an infection in the population under study. For example, such information may



be ascertained from previous studies in the same population. In Chapter 2, we show how this

information may be included in the estimation procedure to improve performance. The third

and final chapter explores the construction of estimators that enjoy the unique property of

being robust to model misspecification in terms of both estimation and inference drawn from

the estimator.
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Chapter 1

EFFICIENT AND ROBUST ESTIMATION OF CUMULATIVE
INCIDENCE IN THE SETTING OF COMPETING RISKS

1.1 Introduction

In many studies where time to an event is of interest, subjects may fail due to one of multiple

competing risks. For example, in preventive vaccine efficacy trials for the human immunod-

eficiency virus (HIV), trial participants become HIV infected with one of many genotypes of

HIV [Rolland et al., 2012]. Competing risks are also prevalent in clinical trials with several

outcomes of interest, such as in cancer prevention trials [Women’s Health Initiative Investi-

gators, 2002]. In these cases, interest lies in assessing the ability of a treatment to prevent

events of a certain type in the presence of other competing risks. This is often done by

comparing between treatment arms the probability that failure occurs by a fixed time and

due to a particular cause, also referred to as the cumulative incidence.

As a motivating example, consider the RV144 ALVAC/AIDSVAX vaccine efficacy trial, a

randomized trial of a vaccine to prevent HIV-1 infection conducted in Thailand [Rerks-Ngarm

et al., 2009]. This was the first successful trial of a preventative HIV vaccine, though the

estimated efficacy was insufficient to gain licensure. A primary aim of follow-up analyses was

to determine whether the vaccine was more protective against viruses that were genetically

similar to those included in the vaccine [Rolland et al., 2012]. This differential efficacy may

be assessed by comparing the treament’s effect on cumulative incidence for genetically similar

and dissimilar infections.

The foremost estimator of cumulative incidence is the Aalen-Johansen estimator [Aalen,

1978]. This estimator requires few assumptions to achieve several desirable properties. Pro-

vided censoring is uninformative, this estimator is consistent. If additionally there are no
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measured prognostic covariates, it is also efficient. However, informative censoring is a com-

mon concern in prospective trials and for many endpoints prognostic covariates are available

and routinely collected. For example, sexual risk behaviors are collected in HIV vaccine trials

and have been shown to be predictive of infection [Hammer et al., 2013]. In such settings, it

may be possible to improve on the Aalen-Johansen estimator.

More recent methods have been developed to allow for dependent censoring and incor-

porate prognostic covariate information. The primary methods for covariate adjustment are

semiparametric models, including proportional hazards regression models for cause-specific

hazards [Lunn and McNeil, 1995, Prentice et al., 1978] and subdistribution hazards [Fine

and Gray, 1999]. These methods have recently been extended to also allow for dependent

censoring [Chen et al., 2002, Scheike et al., 2008]. While this may represent an improvement

relative to the Aalen-Johansen estimator, these gains come at the cost of more restrictive

modeling assumptions. When such assumptions are violated, the estimands of these methods

are difficult to interpret. For example, the estimand of a misspecified Cox model is known to

generally involve the censoring distribution [Struthers and Kalbfleisch, 1986], an undesirable

property for assessing treatment efficacy in practice [Stitelman et al., 2011].

To motivate the present work, consider the problem of non-proportional hazards and its

oft-proposed solution: allowing cause-specific hazard ratios to vary in time. To retain the

desired interpretation of the estimand, a correct specification of how the hazard ratios vary

with time is required. Furthermore, for inference to be properly calibrated, this specification

must be made a priori. However, in many applications background knowledge is simply

insufficient to allow a correct pre-specification of the shape of a conditional hazard function.

A more appealing approach might then be to use cross-validation to select from fits based

on a number of different smooth functions of time and possibly employ state-of-the-art algo-

rithms from machine learning to estimate conditional cause-specific hazards. Estimates from

these models could furthermore be combined via ensemble learning, e.g., the Super Learner

[van der Laan and Polley, 2007]. By capitalizing on these more data-adaptive approaches,

interpretability of the estimand would be preserved over a much larger class of potential
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data-generating distributions than if a single proportional hazards model with time-varying

hazard ratios had been used. However, when using data-adaptive approaches to generate

candidate estimators, performing valid statistical inference is challenging. In this work, we

utilize the framework of targeted minimum loss-based estimation [van der Laan and Ru-

bin, 2006] to overcome these difficulties and propose two novel estimators of the cumulative

incidence function.

The remainder of this article is organized as follows. In Section 1.2, we establish notation

and define our statistical estimand of interest. We discuss our framework for estimation in

Section 1.3. In Section 1.4, we present an introduction to targeted minimum loss-based esti-

mation and propose two novel estimators of cumulative incidence. In Section 1.5, we discuss

the statistical properties of our estimator, including how inference may be performed, and

in Section 6, we evaluate the finite-sample performance of the proposed estimators in two

simulation studies. We illustrate the methods with data from two HIV vaccine efficacy trials

in Section 7. We conclude the chapter with a discussion. The methods herein were imple-

mented using R code that we have made available online. In the supplementary material,

we provide a short summary of how to use this code.

1.2 Notation and assumptions

Suppose n subjects are randomly assigned to an active treatment (Z = 1) or placebo (Z =

0). Baseline covariates (W ) are collected prior to randomization and may be used in the

randomization procedure, as in a stratified design. Subjects are then followed until the first

occurrence of one of k different events or failures whose type we denote by J ∈ {1, ..., k}.

Let T denote the time from baseline until the first event and assume T is integer-valued,

e.g., corresponding to clinic visits until disease diagnosis, and denote the last clinic visit of

follow-up by τ . If event ascertainment occurs in continuous time, we may discretize the

follow-up period with an arbitrarily fine grid of time points so that no information is lost.

Let U denote the censoring time. If a subject completes follow-up without experiencing any

event, set U = τ ; if a subject drops out during follow-up, U ∈ {1, ..., τ − 1}. The observed
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data are thus a collection of independent realizations of O := (T̃ ,∆J, Z,W ) ∼ P0, where

T̃ := min{T, U}, ∆ := I(T̃ = T ), and P0 denotes the true distribution of O.

We will often express O in terms of discrete counting processes. Specifically, we will

write O = (W,Z, {dN(t), dC(t), Y (t) : t = 1, ..., τ}), where dN(t) := {dN1(t), ..., dNk(t)} :=

{I(T̃ = t,∆J = 1), ..., I(T̃ = t,∆J = k)}, dC(t) = I(T̃ = t,∆J = 0), and Y (t) = I(T̃ ≥ t).

We use Ā(t) = {A(1), ..., A(t)} to denote the history of counting process A up until time t.

We also let Pa{N(t)} = {Z,W, N̄(t− 1), C̄(t− 1)} and Pa{C(t)} = {Z,W, N̄(t), C̄(t− 1)}

denote the parents of the counting processes N(t) and C(t) in a graph, respectively. We will

use o(t) := {w, z, n̄(t), c̄(t), ȳ(t)} to denote a realization of the components of O available at

time t. We also will utilize the notation Pf to denote
∫
f(o)dP (o) and Pnf =

∫
f(o)dPn(o)

where Pn is the empirical cumulative distribution function.

To simplify the exposition, we assume without loss of generality that there exist only

two causes of failure, say J ∈ {1, 2}. Our goal is estimation of the cumulative incidence of

events of type J = 1 at a fixed time t0 ∈ {1, 2, . . . , τ} under fixed treatment assignment

Z = z0 ∈ {0, 1}, defined as F z0
1 (t0) := P (T ≤ t0, J = 1 | Z = z0). For notational simplicity,

we henceforth adopt subscripts to denote the type of failure, while the superscript z0 indicates

the treatment assignment. Because the labelling of these causes is arbitrary, our results

immediately apply to estimation of the cumulative incidence of events of type J = 2. If

more causes are active, we may select the failure type of interest as J = 1 and label all other

types as J = 2. Since in our developments the choice of t0 is arbitrary, our results also apply

to pointwise estimation of the entire cumulative incidence function.

Our parameter of interest can be written as

F z0
1 (t0) = EW{F z0

1 (t0;W )} =

∫
w

t0∑
t=1

[
Q̄z0

1 (t;w)
t−1∏
s=1

{
1− Q̄z0

· (s;w)
}]
dQW (w) ,

(1.1)

where Q̄z0
j (t;w) := E{dNj(t) | z = z0, c(t− 1) = 0̄(t− 1), n̄(t− 1) = n̄(t− 1),W = w} is the

cause-specific hazard for type j events, Q̄z0
· (t;w) :=

∑
j Q̄

z0
j (t;w) is the combined hazard,
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QW is the distribution function of baseline covariates, and 0̄(t − 1) denotes the zero vector

of length t − 1. For notational simplicity, we will continue to suppress the conditioning of

these quantities on remaining at-risk.

We conclude this section by noting that the observed data parameter (1.1) corresponds to

the counterfactual cumulative incidence under conditional independence of treatment assign-

ment, positivity and coarsening at random. These assumptions are discussed in Appendix

A.

1.3 Framework for estimation

Note that (1.1) can be viewed as a mapping Ψ : M → [0, 1], where M is a nonparametric

model. The mapping could be applied to an estimate of P0, say P̂ ∈ M, to obtain an

estimator ψn := Ψ(P̂ ) of ψ0 := Ψ(P0). We refer to such estimators as substitution estima-

tors and note that these estimators are desirable in that they always obey bounds on the

parameter space and will generally exhibit robust finite-sample behavior. We also see in

(1.1) that the cumulative incidence function does not depend on all of P but rather only

on a portion of P given by Q = Q(P ), where Q(P ) consists of the cause-specific hazard

functions and the distribution of baseline covariates. Thus, we may write the parameter as

Q 7→ Ψ(Q) to emphasize the dependence on Q alone. Practically, this means that in or-

der to estimate cumulative incidence, we need only estimate cause-specific hazards and the

distribution of baseline covariates. We need not necessarily estimate the portions of P that

pertain to treatment or censoring probabilities, which we generically denote by g = g(P ).

Nevertheless, we shall see that to construct an estimator Qn of Q0 such that ψn = Ψ(Qn)

has desirable statistical properties, such as asymptotic linearity and efficiency, an estimate

of g0 := g(P0) is needed.

Efficiency theory stipulates that a regular estimator ψn of ψ0 is asymptotically efficient if

and only if it satisfies that ψn−ψ0 = PnD
∗(P0)+oP (n−1/2) for some function D∗(P0), the so-

called efficient influence function, such that P0D
∗(P0) = 0 and P0D

∗(P0)2 <∞ [Bickel et al.,

1997]. An application of the central limit theorem then readily implies that, upon appropriate
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centering and scaling, such an estimator converges in distribution to a normal variate with

mean 0 and variance σ2
0 := P0D

∗(P0)2. Here, we use the notation Pf =
∫
f(o)dP (o) for any

function f and probability distribution P , and we denote the empirical distribution by Pn.

Thus, finding the form of the efficient influence function is a crucial first step in pursuit of

an asymptotically efficient estimator. We provide its explicit form below and include a proof

in Appendix B.

Let Gz0
C (t;w) := E{C(t−1) | Z = z0,W = w} be the conditional probability of remaining

uncensored through time t− 1; gz(z0;w) := P (Z = z0 | W = w), the probability of receiving

treatment z0 given W = w; and Sz0(t;w) := P (T > t | Z = z0,W = w), the conditional

probability of not having an event of either type by time t.

Theorem 1. The efficient influence function for the parameter defined in (1.1) in a non-

parametric model is given by

Dz0,∗(P0; o) =
τ∑
t=1

Dz0
1 (t; o) +

τ∑
t=1

Dz0
2 (t; o) +DW (o) , (1.2)

where

Dz0
1 (t; o) := I(t ≤ t0)Hz0

g (t; o)
{

1−Rz0
1 (t;w)

}{
dn1(t)− Q̄z0

1 (t;w)
}

Dz0
2 (t; o) := −I(t < t0)Hz0

g (t; o)Rz0
1 (t;w)

{
dn2(t)− Q̄z0

2 (t;w)
}

DW (w) := F z0
1 (t0;w)− F z0

1 (t0)

and we have defined

Hz0
g (t; o) :=

I(z = z0, n(t− 1) = c(t− 1) = 0)

gz(z0;w)Gz0
C (t;w)

,

Rz0
1 (t;w) :=

F z0
1 (t0;w)− F z0

1 (t;w)

Sz0(t;w)
.

With this result, it is possible to show that the Aalen-Johansen estimator is an efficient

estimator when no prognostic covariates are available and censoring is random. If prognostic
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covariates are available, an efficient estimator may be constructed by taking a linear combi-

nation of stratum-specific Aalen-Johansen estimators with weights provided by the empirical

stratum probabilities. This estimator may nevertheless have poor finite sample performance.

For example, if W is high-dimensional, even with reasonably large sample sizes, resulting

estimates can be poorly behaved. Furthermore, if W is continuously-valued, stratification

is not even possible. We might expect better finite sample performance using a smoothed

estimate of Q0 that borrows information across levels of W . However, statistical inference

using estimators employing nonparametric smoothing techniques is generally difficult. Esti-

mators naively constructed in this manner are generally overly biased to be asymptotically

linear, let alone efficient. This is because the bias-variance trade-off the smoother must make

is different when considering optimal estimation of Q0 and of ψ0, and the latter trade-off is

generally much more delicate to achieve. To correct this, we must clarify how suboptimal

estimation of Q0 for the sake of ψ0 results in the suboptimal performance of Ψ(Qn).

Lemma 1. Under regularity conditions explicitly stated in Appendix C, we have that

Ψ(Qn)−Ψ(Q0) = PnD
∗(Q0, g0)− PnD∗(Qn, gn) + oP (n−1/2). (1.3)

From the lemma, we see that if we are able to construct estimators Q∗n and gn that

satisfy regularity conditions and such that PnD
∗(Q∗n, gn) = 0, then the substitution estimator

ψ∗n := Ψ(Q∗n) is asymptotic linear and efficient. Targeted minimum loss-based estimation

(TMLE) is designed precisely to produce such an estimate Q∗n. In the following section we

provide a brief introduction to the TMLE framework, illustrating how TMLE produces an

estimate Q∗n such that PnD
∗(Q∗n, gn) = 0. We subsequently present two novel TMLEs for

estimation of cumulative incidence.

1.4 TMLE estimators

The general framework of TMLE was formally introduced in van der Laan and Rubin [2006]

as a means of constructing efficient substitution estimators in infinite-dimensional models.

An early instance of a TMLE estimator appears in Scharfstein et al. [1999]. We refer readers
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to van der Laan and Rose [2011] for a full treatment of the topic. TMLE works by updating

an initial estimator Qn of Q0 using an appropriately-chosen parametric submodel and loss

function. Suppose that for given g the function (Q, o) 7→ Lg(Q; o) ∈ R is a loss function

for Q0 in the sense that Q0 = argminQP0Lg0(Q). Suppose also that, given (Q, g), we can

construct a parametric fluctuation submodel Q(Q; g) := {Qg(ε) : ε} ⊆ Q(M) such that

Qg(0) = Q for every g. The TMLE procedure is generally implemented in the following

steps, which we subsequently explain in some detail:

1. compute initial estimates Qn and gn, and set Qn,0 = Qn;

2. given Qn,k, find εk,n := argminεPnLgn{Qn,k,gn(ε)} and set

Qn,k+1 := Qn,k,gn(εk,n);

3. repeat step 2 until εK,n ≈ 0 and let Q∗n = Qn,K .

Recall that our goal is to find a good estimator Q∗n such that PnD
∗(Q∗n, gn) = 0. This is

achieved by making an appropriate choice of submodel-loss function combination. Heuristi-

cally, at step k the submodel provides a set of possibleQ that lie in a parametric neighborhood

of Qn,k indexed by ε. At each optimization step, provided the value εk,n of ε that minimizes

the empirical risk over this submodel lies in the interior of the set of possible ε-values, the

equation (d/dε)PnLgn{Qn,k,gn(ε)} = 0 is satisfied at ε = εk,n. Suppose that Q∗n denotes the

updated estimate of Q0 at which convergence occurs. By definition, any attempt to update

Q∗n will yield an optimizer value ε = 0 and the equation (d/dε)PnLgn{Q∗n,gn(ε)} = 0 will be

solved at ε = 0. The form of this score equation is key. If the submodel and loss function are

chosen such that (d/dε)Lg{Qg(ε)}|ε=0 = D∗(Q, g) , then it follows that PnD
∗(Q∗n, gn) = 0.

This indicates that by iterating until the optimizer εK,n is approximately zero, we arrive

at an estimate Q∗n for which the efficient influence function estimating equation is solved.

Provided regularity conditions are satisfied, in view of (1.3), the estimator ψ∗n = Ψ(Q∗n) is

then asymptotic linear and efficient. This estimator is referred to as ‘targeted’ because at
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each step the current estimate of Q0 is updated to one that is preferred for the purpose of

estimating ψ0.

1.4.1 TMLE in the competing risks setting

A TMLE algorithm for a treatment-specific survival probability in the context of right-

censored data was first introduced in Moore and van der Laan [2009]. We seek to generalize

these results to the competing risks setting. In order to motivate the development of two

distinct TMLEs in the present work, we note that many target parameters can be written as

functions of multiple choices of Q = Q(P ). The cumulative incidence function is an example

of such. In addition to the cause-specific hazards representation given in (1.1), we show in

Section 1.4.1 that it also has a representation as a function of iteratively-defined conditional

means. As a general rule, whenever possible, it is preferable to select a more parsimonious

representation since then it may be easier to construct estimators of the involved Q meeting

required regularity conditions. In practice, this may often translate in improved finite-sample

performance – see, for example, the discussion in van der Laan and Gruber [2012].

For both TMLEs, we take a component-wise approach. In general, if Q is a function of

(Q1, Q2, ..., QM), we can write Ψ(Q) = Ψ1(Q1, Q2, ..., QM) for some mapping Ψ1. The TMLE

procedure can be constructed by first defining a loss function, say Qm 7→ Lm,Qm̄(Qm), for each

component m ∈ {1, ...,M}, possibly indexed by other components of Q, which we denote by

Qm̄. We also require an appropriate submodel Qm = {Qm,g(ε) : ε} for m = 1, ...,M . These

loss functions and submodels must be chosen such that the linear span of the generalized

scores of the submodel for (Q1, Q2, . . . , QM) contains the efficient influence function. van der

Laan and Gruber [2012] provided further details on iteratively defined TMLEs in longitudinal

data structures.

Hazard-based TMLE

We first outline a TMLE for the representation of the cumulative incidence function given

in (1.1). This representation views the parameter as a function of three components: QW ,
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Q̄z0
1 and Q̄z0

2 . We require initial estimates of these three components, as well as estimates

of gz(z0) and Gz0
C . We will use the empirical distribution QW,n as initial estimator of the

baseline covariate distribution. If the treatment mechanism is known to be, say, gz,0, as it

would be in a randomized trial, then we let gz0,n = gz0,0. To obtain initial estimates for

Q̄z0
1,0, Q̄z0

2,0, Gz0
C,0, and (possibly) gz,0, we make use of ensemble machine-learning learning

techniques, such as the Super Learner, and employ a wide library of candidate estimators,

including both parametric and nonparametric estimators [van der Laan and Dudoit, 2003,

van der Laan and Polley, 2007].

We note that, for a given time t, Q̄z0
1 (t;w) and Q̄z0

2 (t;w) cannot sum to more than one,

implying that they are not variationally independent. Thus, if these two parameters are

estimated independently, it may well be that no underlying P ∈ M is compatible with

estimates of both Q̄z0
1 and Q̄z0

2 . This would stymie our efforts to develop a true substitution

estimator. Nonetheless, a reparametrization involving variationally independent components

is possible. Indeed, for each t = 1, 2, . . . , τ , defining pointwise Q̌z0
2 (t;w) := E{dN2(t) | Z =

z0, C(t − 1) = 0,W = w,N1(t) = 0, N2(t − 1) = 0}, we observe that Q̌z0
2 is variationally

independent of Q̄z0
1 , and furthermore, Q̄z0

2 (t;w) can be recovered using the fact that

Q̄z0
2 (t;w) = Q̌z0

2 (t;w)
{

1− Q̄z0
1 (t;w)

}
. (1.4)

This is simply the reparametrization of a joint probability as the product of marginal and

conditional probabilities.

Now, we must define appropriate parametric submodels and loss functions in order to

update the estimators Q̄z0
1,n, Q̄z0

2,n and QW,n we have in hand. For QW , we define the submodel

QW (QW ) = {(1 + εWDW )QW : εW}, where DW is as in Theorem 1. The score for εW using

the negative log-likelihood loss at εW = 0 is simply DW . For this choice of submodel and

loss function, εW,n = 0 at the first step as a result of having used the empirical distribution

function QW,n and thus the nonparametric maximum likelihood estimator of QW,0. Thus,

our estimate of QW,0 requires no updating at all.
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For type 1 hazards at each time, we may define pointwise the negative log-likelihood loss

L(Q̄z0
1 ; o) := −I{n(t− 1) = c(t− 1) = 0, Z = z0}×[

dn1(t) log{Q̄z0
1 (t;w)}+ {1− dn1(t)} log{1− Q̄z0

1 (t;w)}
]

and submodel

Q̄z0
1 (t;w)(ε1; g) := expit

[
logit{Q̄z0

1,n(t;w)}+ ε1H
z0
g (t; o)

{
1−Rz0

1 (t;w)
}]

. It is easy to verify that the true conditional hazard for type 1 events minimizes P0L(Q̄z0
1 )

and that
d

dε1
L{Q̄z0

1 (t;w)(ε1)}
∣∣∣∣
ε1=0

= Dz0
1 (t; o) .

An appropriate loss function for Q̌z0
2 indexed by Q̄z0

1 is given by

LQ̄z0
1

(Q̌z0
2 ; o) := −I{n(t− 1) = c(t− 1) = 0, z = z0}× (1.5)[
dn2(t)

1− Q̄z0
1 (t;w)

log

{
Q̄z0

2 (t;w)

1− Q̄z0
1 (t;w)

}
+

{
1− dn2(t)

1− Q̄z0
1 (t;w)

}
log

{
1− Q̄z0

2 (t;w)

1− Q̄z0
1 (t;w)

}]
with Q̄z0

2 defined in terms of Q̄z0
1 and Q̌z0

2 via (1.4), whereas an appropriate submodel is

Q̌z0
2 (t;w)(ε2; g) = expit

[
logit{Q̌z0

2 (t;w)}+ ε2H
z0
g (t; o)Rz0

1 (t;w)
]

, where Q̄z0
1 is considered fixed. We can verify that when Q̄z0

1 equals the true value Q̄z0
1,0, the

minimizer of the expected loss is indeed the true value of Q̌z0
2 and that

d

dε2
LQ̄z0

1
{Q̌z0

2 (t;w)(ε2)}
∣∣∣∣
ε2=0

∝ Dz0
2 (t; o) .

It follows that when we aggregate the three loss functions above and sum them over time,

the generated score at zero will indeed span the full efficient influence function, as required.

A useful feature of these particular choices of loss functions and submodels is that easily

accessible software may be utilized in the minimization step. Indeed, ε1,n can be obtained

as the estimated coefficient in a logistic regression of the binary outcome dn1(t) on covariate

H1,n(t; o) with offset logit{Q̄z0
1,n(t;w)}. Similarly, ε2,n can be obtained by fitting a logistic

regression of the binary outcome dn2(t) on covariate H2,n(t; o) with offset logit[Q̌z0
2,n(t;w){1−

Q̄z0
1,n(t;w)}]. Both regressions are fit using only the subset of the data with c(t− 1) = 0 and

z = z0. A detailed summary of how to implement this TMLE is provided in Appendix D.
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Mean-based TMLE

We now present a TMLE based on an alternative representation of cumulative incidence as

a function of iteratively-defined conditional means. This representation stems from general

results on identifying causal parameters in the context on longitudinal data structures [Bang

and Robins, 2005]. First define Q̃z0
1 (t0;w) as the conditional mean of N1(t0) given N(t0−1) =

n(t0 − 1), W = w, C(t0 − 1) = 0 and Z = z0. Then, for r = 1, 2, . . . , t0 − 1, recursively set

Q̃z0
1 (t0−r;w) equal to the conditional mean of Q̃z0(t0;w) given N(t0) = n(t0−r−1), W = w,

C(t0 − r − 1) = 0 and Z = z0. Finally, define Q̃z0
1 (0) to be the average of Q̃z0

1 (1;w) over

the distribution of W . We find that Q̃z0
1 (1;w) = F z0

1 (t0;w) and Q̃z0
1 (0) = F z0

1 (t0); an explicit

derivation is provided in Appendix B.2. Note that, in order to keep notation consistent,

we have suppressed the dependence of on Q̃z0
1 (t;w) on n(t0 − 1). Trivially, one may set

Q̃z0
1 (t;w) = 1 whenever n1(t − 1) = 1 and Q̃z0

1 (t;w) = 0 whenever n2(t − 1) = 1. See (B.5)

for a useful representation for these means; this representation will be utilized extensively in

Chapter 2.

We have thus represented the cumulative incidence of type 1 failures at the t0-th time

is a function of t0 iteratively-defined conditional means and the distribution of baseline

covariates. We now adapt the general framework of van der Laan and Gruber [2012] to

define a TMLE based on this representation. We again require loss functions and parametric

submodels yielding scores that span the efficient influence function. For the distribution of

baseline covariates, we use the same submodel and loss as for the hazard-based approach,

which again yields the score DW . For the conditional mean at each time t = t0, ..., 1, we

define the loss function indexed by Q̃z0(t+ 1;w) and given by

LQ̃z0
1 (t+1)(Q̃

z0
1 (t); o) :=

− I{z = z0, c(t− 1) = 0}
[
Q̃z0

1 (t+ 1;w) log
{
Q̃z0

1 (t;w)
}

+

{1− Q̃z0
1 (t+ 1;w)} log

{
1− Q̃z0

1 (t;w)
}]
.

The true risk from this loss function will be minimized by the true value Q̃z0
1,0(t) if the

index parameter equals the true value Q̃z0
1,0(t + 1;w). Here, we can use the submodel
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Q̃z0
1 (t;w)(εt; g) = expit[logit{Q̃z0

1 (t;w)} + εtHg(t; o)], which under the loss specified above,

yields a generalized score at zero equal to Dz0
1 (t; o) + Dz0

2 (t; o) at each time t. Thus, the

sum over all time points along with DW gives a score equal to the efficient influence func-

tion. We note that again we have chosen computationally convenient loss functions. At

any t, we obtain εt,n as the estimated coefficient in a logistic regression with outcome

Q̃z0
1 (t + 1;w), offset Q̃z0

1 (t;w), and covariate Hg(t; o) fit using observations with z = z0

and c(t− 1) = n1(t− 1) = n2(t− 1) = 0. A description of this TMLE algorithm is detailed

in Appendix D, where we also compare the implementation of the two proposed TMLEs.

1.5 Statistical Properties and Inference

The TMLE estimators discussed share many statistical properties, so in this section we

will use Q0 to generically denote either the conditional cause-specific hazards or iteratively-

defined conditional means. First, both TMLEs presented are examples of double-robust

estimators and will be consistent if either of the relevant estimators Qn and gn of Q0 and g0

is consistent [van der Laan and Gruber, 2012]. This is a useful property for an estimator,

ensuring some robustness against misspecification.

Both estimators will be asymptotically linear under certain regularity conditions, as

stated in Appendix C. If the treatment and censoring mechanisms are known exactly, the

influence curve of ψn is given by D∗(Q∗0, g0), where Q∗0 is the (possibly misspecified) limit of

the TMLE Q∗n. In this case, the asymptotic variance of n1/2(ψ∗n − ψ0) can be consistently

estimated by σ2
n = PnD

∗(Q∗n, g0)2. If g0 is unknown, the asymptotic variance is more compli-

cated. However, if gn is an asymptotically efficient estimator within a parametric model G,

we may use σ2
n as a conservative estimate of the asymptotic variance (see, e.g., Theorem 2.3 of

van der Laan and Robins, 2003). The Wald interval
(
ψn − z1−α/2σnn

−1/2, ψn + z1−α/2σnn
−1/2

)
,

where zβ is the β-quantile of the standard normal distribution, will have asymptotic coverage

no smaller than 1 − α, with equality when gn = g0. Similarly, given a fixed ψ◦ ∈ [0, 1], a

two-sided test of the null hypothesis ψ0 = ψ◦ of asymptotic size no larger than α can be

constructed by rejecting the null hypothesis whenever |n1/2(ψn − ψ◦)/σn| > z1−α/2.
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An additional strength of the influence curve-based approach is that the form of the

asymptotic variance of a function of multiple estimators is readily available. This is useful

for assessing whether treatment efficacy against the two types of events is different, a common

question in competing risks analyses. We can easily define a Wald test of the hypothesis that

F 1
1 (t0)

F 0
1 (t0)

=
F 1

2 (t0)

F 0
2 (t0)

(1.6)

via simple application of the delta method.

1.6 Simulation Study

1.6.1 Design

We simulated data to mimic a randomized placebo-controlled trial, where n subjects are

allocated one-to-one to treatment or placebo at baseline. A covariate predictive of both

censoring and events, W1 ∼ N(0, 1), and a binary effect modifier of treatment efficacy,

W2 ∼ Bernoulli(θ), are also measured at baseline. Subjects are followed for two years, with

events and censoring determined every three months, so that τ = 8. We assume that there are

two causes of failure and focus on studying type 1 failures. At each time t = 1, ..., τ the hazard

for an event of type j is given by Q̄z
j,0(t;w) = expit(β0 + β1z + β2w1 + β3zw2)/2 j = 1, 2.

The censoring curvival distribution at each time t = 1, ..., τ − 1 is given by Gz0
C,0(t;w) =

t∏
s=1

{
1 − expit(γ0 + γ1w1)

}
. We generated a failure time based on the combined hazard for

events of either type. A cause of failure was then randomly assigned with the probability

that the event was of type j equal to the ratio of the j-specific hazard to the total hazard

at that time. This resulted in event types being assigned with equal probability. We then

generated a censoring time and let the observed data be the minimum of the censoring and

failure time. Ties between event and censoring times were deemed to be an event.

In both of our simulation studies, we fixed the expected number of events at 250 and

the two-year cumulative incidence of both event types combined in the placebo arm at 15%

by selecting appropriate values for n and β0. These event rates match the expectation for

a typical HIV vaccine efficacy trial. Initial estimates for both TMLEs were generated using
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the Super Learner algorithm [Polley and van der Laan, 2013, van der Laan and Polley,

2007]. Tables E.1 and E.1 give values for all simulation parameters and Table E.2 shows all

candidate estimators included in the Super Learner library.

1.6.2 Simulation Study 1

The first simulation study addressed the performance of the two TMLEs relative to the Aalen-

Johansen estimator for estimating the cumulative incidence function in the placebo arm at

a fixed time. For each scenario considered, we generated 1,000 data sets and calculated

estimates of F 0
1 (8) using the Aalen-Johansen estimator and both TMLEs. We compared

Monte Carlo bias, coefficient of variation, and mean squared error (MSE) of the estimators.

We considered four censoring scenarios consisting of pairwise combinations of low/high

levels of censoring and non-/strongly informative covariates for censoring. The low and high

censoring levels respectively corresponded to 10% and 30% dropout rate over the two year

study; this was achieved by varying γ0. The predictiveness of censoring was determined by

γ1, which was set equal to 0 and log(3.2) to generate non- and strongly-informative censoring.

For each of the four censoring scenarios, we varied the predictiveness of W1 on events by

letting β1 = 0, log(1.6), and log(3.2), corresponding to non-, moderately-, and strongly-

informative covariates. For simplicity and because we were only examining estimation in one

treatment arm, we set β2 = 0 so that there was no effect modification.

Results

Figures 1.1, 1.2, 1.3 show the results of the first simulation study. In Figure 1.1 we see the

bias of the estimators as a percentage of the truth. Both TMLE estimators are approximately

unbiased in every setting, while the Aalen-Johansen estimator is biased in the scenarios with

high levels of dependent censoring. The bias in the estimator is quite substantial when

confounding of T and C by W1 is strongest. Figure 1.2 shows the relative coefficient of

variation for the two TMLE estimators relative to the Aalen-Johansen estimator. Thus, a

value lower than one indicates less variability of the TMLE estimator relative to its mean than
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the Aalen-Johansen estimator. We see that as covariate predictiveness of events increases,

the relative variability of the TMLE estimates becomes substantially smaller than that of

the Aalen-Johansen estimator in each case. Figure 1.3 shows the relative mean squared error

for the two TMLEs compared to the Aalen-Johansen estimator, showing that the TMLE is

performing at least as well as Aalen-Johansen in every scenario except one. Figure E.3 shows

a plot illustrating the performance of the influence curve-based standard error estimates,

which are accurate.

Overall, the simulations support the theory developed herein. When covariates informa-

tive of events are available, TMLE is more efficient than Aalen-Johansen, even when censoring

is non-informative. When censoring is informative, the performance of the Aalen-Johansen

estimator suffers more; the estimator is no longer consistent and thus shows substantial fi-

nite sample bias. It is also of note that even in cases where covariates are non-informative

of both censoring and events we find that for the most part TMLE performs as well as

Aalen-Johansen. Recall that these are the scenarios where Aalen-Johansen is the efficient

estimator. We are thus reassured that there is little to lose by using TMLE even when

covariates turn out to be non-informative.

Additional simulations that explore the performance of TMLE for data generating mech-

anisms when covariates are measured subject to measurement error are included in Appendix

F. Overall, the TMLE still performs well in this situation.

1.6.3 Simulation Study 2

In the second simulation, we examined the power of TMLE-based Wald tests to reject the

null hypothesis of no vaccine efficacy against type 1 events at time t0, defined as

V E(t0, 1) := 1− F 1
1 (t0)

F 0
1 (t0)

. (1.7)

We constructed one-sided, level 0.025, Wald tests using influence curve-based standard errors

as described in Section 1.5. The standard error of the log ratio of cumulative incidences

was calculated using the delta method so that the null hypothesis was rejected whenever
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Figure 1.1: Bias of the hazard-based TMLE (TMLE-1), mean-based TMLE (TMLE-2), and
the Aalen-Johansen (A-J) estimator. The bias is presented as a percentage of the true
cumulative incidence function.
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1.0 indicate a smaller coefficient of variation for the TMLE estimator.



18

0.
7

0.
9

1.
1

0

Low
TMLE−1
TMLE−2

0

High

H
ig

h

0.
7

0.
9

1.
1

None Med. High None Med High

N
on

e

Covariate predictiveness of events

Level of censoring

C
ov

ar
ia

te
 p

re
di

ct
iv

en
es

s 
of

 c
en

so
rin

g

R
el

at
iv

e 
m

ea
n 

sq
ua

re
d 

er
ro

r

Figure 1.3: Relative mean squared error of the hazard-based (TMLE-1) and mean-based
(TMLE-2) estimators compared to the Aalen-Johansen (A-J) estimator. Values below 1.0
indicate a smaller mean squared error for the TMLE estimator.

log(R̂R)/ŜE{log(R̂R)} < z0.025, where log(R̂R) := log{F̂ 1
1 (t0)/F̂ 0

1 (t0)}.

We examined the power of the Wald test under true vaccine efficacies of 0, 0.25, 0.50,

and 0.75. The data were generated with a two year censoring rate of 10% and covariates

strongly-informative of events and moderately informative of censoring, as described above.

We conjectured that accounting for effect modifiers would provide greater efficiency gain

than accounting for prognostic covariates and we examined this conjecture by allowing for

effect modification. This was accomplished by varying β1 and β3, while setting θ = 0 so

that the treatment was more effective for half of the population on average. The conditional

vaccine efficacies in the two subgroups were {0.5,-0.5}, {0.5,0}, {0.8,0.15}, {0.90,0.60} in the

W2 = 0 and W2 = 1 subgroups, respectively. These values yielded unconditional vaccine

efficacies of 0, 0.25, 0.50, and 0.75, corresponding with the same unconditional VEs in the

no effect modification scenario.
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Figure 1.4: Power of a one-sided level α = 0.025 (dotted line) Wald test of the null hypothesis
of no vaccine efficacy against type 1 events at the end of follow up: V E(8, 1) := 1 − F 1

1 (8 |
Z = 1)/F 0

1 (8) = 0. Tests are based on hazard-based TMLE (TMLE-1), mean-based TMLE
(TMLE-2), and the Aalen-Johansen (A-J) estimators. The left panel shows power with no
effect modification; the right panel shows power with effect modification.

Results

Figure 1.4 shows the results of the second simulation study. We see that the TMLE-based

tests give correct sizes and offer a slight gain in power over A-J based tests for moderately

effective treatments. We see that indeed a slightly larger gain in power is achieved by

accounting for effect modifiers (right panel) rather than prognostic covariates alone.

1.7 Examples

The RV144 ALVAC/AIDSVAX vaccine efficacy trial was a randomized, placebo-controlled

HIV-1 vaccine efficacy trial [Rerks-Ngarm et al., 2009]. Vaccine efficacy was estimated to

be 31.2% (95% CI: 1.1-51.2; p=0.04) using a Cox-proportional hazards-based definition of

vaccine efficacy. Secondary objectives were to assess whether the vaccine efficacy differed

based on the genotype of the infecting virus. A previous analysis based on the cause-specific

Cox model [Lunn and McNeil, 1995, Prentice et al., 1978] showed differential protection for
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HIV genotypes defined by sites 169 and 181 of the V2 Envelope protein [Rolland et al.,

2012]. Given that waning vaccine efficacy is a general concern [Durham et al., 1999] and

occurred for overall vaccine efficacy in RV144 [Robb et al., 2012], it is of interest to assess

the vaccine’s genotype-specific efficacy over time. The cumulative incidence vaccine efficacy

parameter defined in (1.7) above is therefore very relevant. We reexamined the RV144 data

using our proposed methods to estimate vaccine efficacy against HIV genotypes that were

matched and mismatched to the vaccine at site 169.

We present results for the mean-based TMLE; the results for the hazard-based TMLE

were very similar. Initial estimates for censoring and iteratively-defined conditional means

were generated using Super Learner. Table G shows the models included in each library.

These models adjusted for various combinations of gender, age, and behavioral risk. Figure

1.5 shows the estimated cumulative incidences in the vaccine and placebo groups at six

month time intervals as well as the estimated vaccine efficacy at the end of the study. The

estimated ratio of cumulative incidence ratios is 2.43 (95% CI: 0.97-6.09, p=0.06 for test of

hypothesis defined in (1.6)) supporting the hypothesis that the vaccine was more effective

against 169-matched infections. The TMLE methods provided almost identical answers as

Aalen-Johansen in terms of point estimates as well as confidence interval widths. This likely

reflects the fact that only weak predictors of HIV-infection and censoring were collected in

this trial that did not capture the true heterogeneity of risk across subjects.

We also analyzed a more recent preventive HIV vaccine efficacy trial (HVTN 505) with

design very similar to RV144 with randomization 1:1 to a candidate vaccine versus placebo

[Hammer et al., 2013]. We again used Super Learner to generate initial estimates and

censoring adjusting for self-reported sexual risk behaviors (details in Appendix H). Results

are shown in Figure H in the same format as Figure 1.5. The 95% confidence intervals all

include zero, supporting that this vaccine did not confer efficacy against either 169 matched

nor 169 mismatched HIV infection at any time-point. The estimated standard errors for

the TMLE estimator were generally 1-3 percent smaller than the Aalen-Johansen estimator

(Figure H), which is consistent with our simulation results showing modest efficiency gains
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Figure 1.5: Results from the RV 144 HIV vaccine efficacy trial. The top row shows esti-
mated cumulative incidence over time using the hazard-based TMLE for 169-matched and
mismatched HIV-infections with point-wise 95% confidence intervals. The bottom row shows
estimated vaccine efficacy (VE) and 95% confidence interval (CI) for each type of infection.

when covariates are moderately informative.

1.8 Discussion

In this article, we proposed two novel estimators of cumulative incidence in the setting

of competing risks. The estimators developed overcome several shortcomings of previous

estimators. Our estimator is able to account for prognostic covariates and allows censoring

to depend on covariates while still targeting an estimand with a desirable model-agnostic

interpretation. This is advantageous compared to existing semiparametric methods that

require correct model specification for interpretability. Our simulations demonstrate superior

performance to the nonparametric Aalen-Johansen estimator in settings where prognostic

covariates and dependent censoring are possibly present. Furthermore, we illustrated that

our estimators perform well even when covariates are not informative of events or censoring,

providing confirmation that there is no risk (but only potential gain) to using the more

involved methods proposed. Though the efficiency gains seen in simulations were modest,
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we emphasize that this is not an indication of inadequate asymptotic performance of the

estimators – so long as regularity conditions are satisfied, they will achieve the efficiency

bound. The magnitude of the efficiency gains should thus be interpreted as the amount by

which prognostic covariates modulate the efficiency bound.

The two proposed TMLE estimators performed equally well in simulations. However, in

practice we find the mean-based TMLE more appealing than the hazard-based TMLE. The

hazard-based TMLE requires consistent estimation of conditional hazards, which are difficult

quantities to estimate. The mean-based TMLE only requires estimates of conditional means,

which are of lower dimension and are easier to estimate well in practice.
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Chapter 2

IMPROVED ESTIMATION OF THE CUMULATIVE
INCIDENCE OF RARE OUTCOMES

2.1 Introduction

In many areas of research, outcomes may be very uncommon in the population of interest.

This can pose statistical problems for estimation of the causal effect of a treatment on the

outcome. For example, in preventive HIV vaccine efficacy trials, researchers often compare

the cumulative incidence of HIV between the vaccine and placebo arms at some meaningful

time after trial enrollment. However, the incidence of HIV in the target population may be

quite low; for example, in a recent landmark HIV vaccine trial in Thailand, less than 1% of

subjects in both the placebo and vaccine arms were infected over three and a half years of

follow-up [Rerks-Ngarm et al., 2009]. More difficult yet, subsequent studies were interested

in comparing the cumulative incidence of HIV with specific genetic patterns between vaccine

and placebo [Rolland et al., 2012]. Some of these genetic patterns are extremely rare, and

yielded an estimated cumulative incidence of less than 0.1% in both the vaccine and placebo

arms. Rare events are also common in observational data with longitudinal follow-up. Can-

cer registries collect information on many rare cancers and researchers are often interested

in, for example, comparing survival between different groups of patients [Gatta et al., 2006].

Observational data poses even greater statistical challenges for estimation of causal effects

owing to the necessity of adjusting for a potentially large number of confounders. In some

cases, the number of putative confounders may nearly equal the number of events in the

observed data. This can lead to many problems with standard estimators, such as instabil-

ity, incorrect type I error rates, and incorrect confidence interval coverage [Vittinghoff and

McCulloch, 2007]. This leaves researchers in a difficult position, forced to consider a trade-off
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between the validity and stability of an estimator.

It is often true that researchers have a-priori knowledge that the outcome of interest is

uncommon; this could be due to previous research in similar populations, the etiology of

a disease, surveillance data, or any number of other sources. Heuristically, such knowledge

might be useful in constructing estimators of incidence. However, few estimators have been

proposed that take this information into account. Recent work by Gruber and van der Laan

[2010] proposed improved estimators of treatment effects on a bounded continuous outcome.

This work was extended to the binary endpoint setting by Balzer and van der Laan [2013],

where it was shown that knowledge of an upper bound on the conditional probability of an

outcome can lead to large gains in stability and efficiency in finite samples. The present work

discusses an extension of these methods to the setting of survival analysis and estimation of

survival and cumulative incidence probabilities. Specifically, we provide two new estimators

designed to incorporate bounds in the survival setting. These estimators build directly on

the results of Chapter 1.

The remainder of this chapter is organized as follows. In Section 2.2, we discuss the

effect of a bounded statistical model on the estimation problem. In Section 2.3, we show

how the TMLE methodology developed in Chapter 1 may be extended to account for bounded

statistical models, while in Section 2.4 we discuss practical considerations for choosing bounds

and estimators. Section 2.5 presents two simulation studies to evaluate the performance of

the new estimators and Section 2.6 shows their application to the RV144 data set that was

introduced in Chapter 1.

Before proceeding, it bears mentioning several key points. First, we discuss the problem

of estimation of cumulative incidence at a given time point of interest, t0. As in Chapter 1,

the selection of this timepoint is arbitrary, so that our results directly apply to point-wise

estimation of the cumulative incidence function. Second, although we will work within the

general framework of competing risks, our results trivially apply to special case where there

is only one active failure type. Throughout this chapter, it is thus convenient to work in the

general competing risks setting. When multiple failure types are active, the interpretation
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of a cause-specific survival probability is often subject to extremely strong assumptions

[Prentice et al., 1978]. Thus, we focus our discussion on estimation of cumulative incidence

rather than survival. Note that if one type of failure is present (or one is willing to make the

untestable assumptions discussed, for example, in Prentice et al. [1978]), the results apply

equally well to estimation of a (cause-specific) survival probability at a given time point,

defined simply as one minus the cumulative incidence at that time point.

2.2 Implications of a Bounded Statistical Model

In the previous chapter, we showed that cumulative incidence could be written as a functional

of one of two types of intermediate quantities: cause-specific hazards or iteratively-defined

conditional means. In chapter 1, we first defined the cumulative incidence as a mapping Ψ̄ :

Q̄ → [0, 1], where Q̄ is a nonparametric model for the cause-specific hazards and distribution

of baseline covariates. We also showed that it may be expressed as a different mapping

Ψ̃ : Q̃ → [0, 1], where Q̃ is the nonparametric model for the iteratively-defined conditional

means. For convenience, we use Q to generically refer to either the cause-specific hazards or

iteratively-defined means when making points that are relevant to both cases.

The present problem is to describe how incorporating bounds in the model for Q affects

the estimation problem. We relegate the discussion of practical considerations for bound

selection to Section 2.4. Consider the model Q̄b that imposes bounds on the cause-specific

hazards:

Q̄b :=
{
Q̄ ∈ Q̄ : l̄j(t) ≤ Q̄z0

j (t;w) ≤ ūj(t) ∀ w, t = 1, ..., t0, and j = 1, 2
}
.

Similarly, we define Q̃b as a model that imposes bounds on the iteratively-defined means,

Q̃z0
1 :

Q̃b :=
{
Q̃ ∈ Q̃ : l̃1(t) ≤ Q̃z0

1 (t;w) ≤ ũ1(t) ∀ w and t = 1, ..., t0
}
.

Näıvely, it might be expected that estimation in a bounded statistical model, Qb, would be

an easier proposition than estimation in Q. However, asymptotically this is not the case;
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the efficiency bound for estimation of ψ0 is exactly the same in Qb as in Q. A heuristic

justification of this is that with an infinite sample size, one observes many rare events, so the

knowledge that the incidence of an event is rare does not aid estimation. However, in finite

samples, we might expect very different performance between estimators that are constructed

to obey the constraints implied by Qb and estimators that do not respect these constraints.

If estimators perform erratically when events are rare, we may expect the enforcement of

bounds to decrease the variance, by preventing nonsensical outlying values.

Another argument that has been previously made in favor of using bounded statistical

models when constructing estimators is that the variance of the efficient influence function at

a misspecified Q ∈ Qb will be smaller than the variance of the efficient influence function at

a misspecified Q ∈ Q [Balzer and van der Laan, 2013]. This gives asymptotic motivation for

bounded statistical models in practice; however, several caveats apply. Obviously, this result

requires that the unconstrained estimator in question converges to a Q /∈ Qb, which may not

be the case. Furthermore, when Q is misspecified, asymptotic linearity of a standard efficient

estimator (e.g., the TMLE presented in Chapter 1) requires that gn be a n1/2-consistent

estimator of g0. This may occur when, for example, C ⊥ W or when W is low-dimensional

and discrete. However, if censoring is dependent or W is continuous-valued, one could assume

a finite-dimensional parametric model and use maximum likelihood estimation to construct

a n1/2-consistent estimator of g0. However, as noted in Chapter 1, it is often the case that the

state of scientific knowledge precludes construction of such finite-dimensional models. Thus,

one is motivated to use nonparametric models and data-adaptive (e.g., ensemble machine

learning) estimation techniques for constructing estimators of g0. Using these methods, one

may stand a better chance of constructing a consistent estimator of g0; however, the rates

achieved by these methods will be slower than n1/2. This in turn prevents asymptotic linearity

of näıvely constructed efficient estimators. Thus, in all but the simplest cases, the putative

gains in asymptotic efficiency at a misspecified Q are rendered obsolete by the far-greater

concern that estimators will no longer be asymptotically linear in such cases. We explore

this situation in great detail in Chapter 3 and show how asymptotically linear estimators
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may be constructed under model misspecification.

We now proceed to describing how the TMLE algorithms presented in Chapter 1 may be

modified to incorporate these bounds.

2.3 Constructing TMLE Estimators with Bounds

Recall from Chapter 1 that targeted minimum loss-based estimation is a two-step procedure.

The first step consists of constructing initial estimates of relevant portions of P0, while the

second step consists of a bias-reduction procedure wherein these initial estimates are revised

in such a manner as to both improve the empirical risk of the estimate, in addition to

solving the efficient influence function estimating equation. The fluctuation submodel must

be constructed such that the generalized score at zero fluctuation yielded a portion of the

canonical gradient, so that, upon convergence of the bias-reduction algorithm, a portion of

the efficient influence function estimating equation is solved. The asymptotics of the resulting

plug-in estimator rely on this condition to achieve asymptotic linearity (1.3).

We are now faced with the task of modifying the TMLE algorithms presented in Chapter

1 in such a way that both initial estimates and fluctuation submodels respect the bounds

of the statistical model. We will accomplish this by modifying the loss functions presented

in Gruber and van der Laan [2010] and Balzer and van der Laan [2013] to the longitudi-

nal setting. We will see that these clever loss functions suffice for both constructing and

fluctuating initial estimates in such a way as to yield the correct generalized score. Thus,

the asymptotic behavior of these restricted substitution estimators will be identical to the

unrestricted TMLE estimators established in Chapter 1.

2.3.1 Hazard-based TMLE

For simplicity, we will again consider the case that J = 2 and we are interested in estimating

the incidence of type-1 failures, j0 = 1, at some relevant time, t0. We begin by discussing

a loss function that may be used to construct and flucutate estimates of Q̄z0
1 . Consider the
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modified pointwise negative log-likelihood loss

L(Q̄z0,b
1 ; o) := −I{n(t− 1) = c(t− 1) = 0, Z = z0}×[

dnb1(t)log{Q̄z0,b
1 (t;w)}+ {1− dnb1(t)}log{1− Q̄z0,b

1 (t;w)}
]
, (2.1)

where

dnb1(t) :=
dn1(t)− l̄1(t)

ū1(t)− l̄1(t)

and

Q̄z0,b
1 (t;w) :=

Q̄z0
1 (t;w)− l̄1(t)

ū1(t)− l̄1(t)

is the conditional mean of dN b
1(t). Note that

dnb1(t) ∈
{

−l̄1(t)

ū1(t)− l̄1(t)
,

1− l̄1(t)

ū1(t)− l̄1(t)

}
, (2.2)

while Q̄z0,b
1 (t;w) ∈ [0, 1], and we have the mapping

Q̄z0
1 (t;w) = l̄1(t) +

{
ū1(t)− l̄1(t)

}
Q̄z0,b

1 (t;w) . (2.3)

The form of (2.1) is similar to the standard negative log-likelihood loss function; however,

the outcome now assumes values outside of {0, 1}, as shown in (2.2). Gruber and van der

Laan [2010] calls this a pseudo-log-likelihood loss function and establish that this is a valid

loss function for a binary variable. Thus, we may use the loss function (2.1) to estimate Q̄z0,b
1

and in turn map those into estimates of Q̄z0
1 via (2.3). We may minimize this loss function

by considering a modified logistic regression that regresses the outcome nb1(t) on functions of

w as predictors, and fit this regression in the subgroup with z = z0, n(t− 1) = c(t− 1) = 0.

Standard regression software will generally not be equipped to handle this minimization;

however, all purpose optimizers, such as R’s optim function, may be used with relative

ease. One could also consider more data-adaptive algorithms, such as the Super Learner, for

constructing initial estimators of Q̄z0,b
1 ; however, such algorithms must respect the bounded

statistical model, which may limit the number of available learning algorithms. An area
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of future research will be adapting existing log-likelihood loss-based learning algorithms to

minimize loss functions of the form (2.1).

A valid fluctuation submodel is given by

Q̄z0,b
1 (t;w)(ε1; g) := expit

[
logit

{
Q̄z0,b

1,n (t;w)
}

+ ε1H
z0
1 (t; o)

]
,

where Hz0
1 (t; o) := Hz0

g (t; o)
{

1−Rz0
1 (t;w)

}
and we remind readers that

Hz0
g (t; o) :=

I(z = z0, n(t− 1) = c(t− 1) = 0)

gz0(w)Gz0
C (t;w)

Rz0
j (t;w) :=

F z0
j (t0;w)− F z0

j (t;w)

Sz0(t;w)
.

One easily checks that the generalized score of the loss function at ε1 = 0 is proportional to

the efficient influence function. To fluctuate initial estimators in practice, one would perform

the one-dimensional minimization of the loss along the submodel directly using standard

optimization software. This gives the minimizer, ε1,n, which we may use to construct updated

estimators of Q̄z0,b
1 (t;w).

We now present a loss function for constructing and fluctuating estimators of Q̄z0
2 . We

take a similar approach as for the type-1 hazards; however, as in Chapter 1, we must again

account for the variational dependence between the hazards of the different types at a given

time point. We define a loss function that is indexed by the type-1 hazards, which appear

in the upper bound:

LQ̄z0
1

(Q̄z0,b
2 ; o) := −I{n1(t) = c(t− 1) = 0, Z = z0}×[

dnb2(t)log{Q̄z0,b
2 (t;w)}+

{
1− dnb2(t)

}
log
{

1− Q̄z0,b
2 (t;w)

}]
,

where

dnb2(t) :=
dn2(t)− l̄2(t)

ū2(t) ∧ Q̄z0
1 (t;w)− l̄2(t)

and

Q̄z0,b
2 (t;w) :=

Q̄z0
2 (t;w)− l̄2(t)

ū2(t) ∧ Q̄z0
1 (t;w)− l̄2(t)
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is the conditional mean of dN b
2(t). We note a similarity between this loss function and that

presented in (1.5), which accounted only for Q̄1(t;w). The present loss function additionally

accounts for the upper bound on Q̄z0
2 (t;w). One could again consider the minimization of

this loss using a modified logistic regression of outcome nb1(t) onto functions of w computed

in the subgroup with z = z0, n1(t) = c(t − 1) = 0. General purpose optimization software

can once more be employed for this task.

A valid fluctuation submodel for the type-2 hazards is given by

Q̄z0,b
2 (t;w)(ε2; g) := expit

[
logit

{
Q̄z0,b

2,n (t;w)
}

+ ε2H
z0
2 (t; o)

]
,

where Hz0
2 (t; o) = Hz0

g (t; o)Rz0
1 (t;w), as in Theorem 1. One again easily checks that the

generalized score of the loss function at ε2 = 0 is proportional to the efficient influence

function.

Implementing the restricted hazard-based TMLE algorithm follows the exact steps de-

scribed in Appendix D.1 with loss functions and fluctuation submodels replaced with these

versions. In fact, the algorithm described there is just a special case of the current algorithm,

with all lower bounds set to 0 and upper bounds set to 1.

2.3.2 Mean-based TMLE

We now describe an algorithm for implementing a closed-form restricted TMLE for the

iterative-means representation of cumulative incidence. As noted in Appendix B.2 the

iteratively-defined mean at time t may be represented as

Q̃z0
1 (t;w) = I

{
n1(t− 1) = n2(t− 1) = 0

}
Rz0

1 (t− 1;w) + I
{
n1(t− 1) = 1

}
. (2.4)

From this representation, it is clear that placing bounds on Q̃z0
1 (t;w) would not make much

sense, as its value surely must be 1 whenever n1(t − 1) = 1. We may instead place bounds

on the estimation of Rz0
1 (t− 1;w), which, as discussed in Section 1.4.1, is the portion of Q̃z0

1

that requires estimation in practice.
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Here, we pause to note a nice feature of this representation. Recall that

Rz0
1 (t− 1;w) :=

F z0
1 (t0)− F z0

1 (t)

1− F z0
1 (t)− F z0

2 (t)
,

or the probability of failure due to type 1 between time t and t0 conditional on remaining at

risk until time t. Defining lj,F (t) and uj,F (t) as the lower and upper bounds on F z0
j (t;w) at

time t for type j failures, we have that{
l1,F (t0)− u1,F (t)

}
∨ 0

1− u1,F (t)− u2,F (t)
≤ Rz0

1 (t;w) ≤ u1,F (t0)− l1,F (t){
1− u1,F (t)− u2,F (t)

}
∨ 0
∧ 1 , (2.5)

so that one might define

l̃1(t) :=

{
l1,F (t0)− u1,F (t)

}
∨ 0

1− u1,F (t)− u2,F (t)
, (2.6)

ũ1(t) :=
u1,F (t0)− l1,F (t){

1− u1,F (t)− u2,F (t)
}
∨ 0
∧ 1 (2.7)

as the lower and upper bounds for estimation of Rz0
1 (t − 1;w). Thus, it is straightforward

to move between bounds on the iteratively-defined condtional means, which may be difficult

to comprehend in practice, and bounds on the cumulative incidence, a quantity that may be

more readily understood scientifically. It is interesting to note in (2.7) that the upper bound

at time t will only be smaller than one if u2,F (t) < 1; that is, if the cumulative incidence for

type-2 events can be bounded above.

Now that we have established bounds, we may define pointwise a loss function for

Q̃z0
1 (t;w) indexed by Q̃z0

1 (t+ 1;w) :

LQ̃z0
1 (t+1)

(
Q̃1(t); o

)
:=

− I{z = z0, c(t− 1) = 0}
[
Q̃z0,b

1 (t+ 1;w) log
{
Q̃z0,b

1 (t;w)
}

+{
1− Q̃z0

1 (t+ 1;w)
}

log
{

1− Q̃z0
1 (t;w)

}]
.

An appropriate fluctuation submodel is

Q̃z0,b
1 (t;w)(εt; g) = expit[logit{Q̃z0,b

1 (t;w)}+ εtHg(t; o)] ,
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which indeed yields a generalized score at zero fluctuation proportional to a component of

the efficient influence function at each time. Thus, the sum of the generalized scores of

the losses at each time point along their respective submodels at zero fluctuation span the

relevant portions of the efficient influence function.

Implementing the restricted mean-based TMLE algorithm follows the exact steps de-

scribed in Appendix D.2 with loss functions and fluctuation submodels replaced by their

bounded counterparts.

2.4 Practical Considerations for Determining Bounds

In some situations, determining bounds on the scale of cause-specific hazards may be quite

natural. For example, in preventive HIV vaccine trials, subjects attend routinely-scheduled

clinic visits to be tested for HIV. If the time scale of the analysis is clinic visits, then the

hazards have a natural interpretation as a probability of infection between two clinic visits

conditional on being uninfected at the previous clinic visit. Even if bounds are not known for

every subgroup defined by W , we may be willing to assume that the conditional hazard of

infection is bounded above by a multiple of the marginal hazard of infection. If, for example,

only 0.5% of the at-risk population tests positive for HIV at any given clinic visit, we may

be willing to assume that the conditional hazard is bounded above by c×0.005, where c is

some large number, for example c = 10 or 20.

Another appealing aspect of the hazard-based mapping is its relationship to the familiar

nonparametric maximum likelihood estimators (NPMLE), the so-called Kaplan-Meier and

Aalen-Johansen estimators Aalen [1978], Johansen [1978], Kaplan and Meier [1958]. If the

grid of follow-up times is fine enough to only include a single failure time in each bin (assum-

ing no ties), these estimators can be constructed by plugging in empirical hazard estimates

to the mapping (1.1). However, because empirical estimates are used, these estimators may

behave erratically when risk sets become small during the course of follow-up. This may

be a problem at the end of follow-up when, for example, a large proportion of the subjects

under study have been administratively censored. Thus, imposing bounds – even poten-
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tially wide bounds – on these empirical estimates may improve finite sample behavior of

the estimator. This could prove especially useful for studies featuring a large amount of

left truncation. In such cases, too-large empirical estimates of hazards at early times will

negatively impact estimates of incidence at all subsequent timepoints. Previous works have

presented regularization techniques for these NPMLEs. One such estimator simply discards

risk sets that are deemed too small [Lai and Ying, 1991]. This of course, requires tuning

parameters to determine the definition of “too small”, which limits the estimators practical

utility. The definition of “too small” in practice is likely to be ad-hoc and chosen so that

the estimator gives a “reasonable” estimate of the quantity of interest. Further, this method

of regularization is not very appealing in the rare events setting; one could imagine the un-

fortunate situation that a rare event occurs when only few subjects are under observation.

The regularized estimator would have the researcher throw out this valuable source of scien-

tific information only for the sake of statistical stability. In contrast, not only is a bounded

statistical model transparent and scientifically motivated, it also allows the retention of all

subject information regardless of the size of risk sets under observation.

In other cases, determining bounds on the hazard scale will be difficult. If the time scale

of the analysis is continuous or consists of a large number of discrete time points, hazards

may be very small by definition, making the determination of appropriate bounds a potential

challenge. Another drawback to the hazard-based approach to estimation is that there is not

a one-to-one correspondence with a bounded model for the conditional cumulative incidence

functions if there is more than one type of active failure. An intuitive explanation for this

is that a low incidence of events of type 1 could be due to small hazards of type 1 events or

large hazards of type 2 events. Thus, bounds on the scale of the target parameter do not

map into a unique set of bounds for the cause-specific hazards.

Determining the bounds on the iteratively-defined conditional means initially seems less

natural than doing so on the hazard scale. However, as noted in the previous section, these

means have an intuitive representation and we are able to map bounds on F z0
j (t;w) into

bounds on Q̃z0
1 (t;w). Researchers often have some notion of, for example, the expected
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annual incidence of events in the population. If the annual incidence in the population of

interest is bounded above by some small constant f0, one may be willing to assume that the

monthly incidence in any subgroup is bounded above by cf0/12 for some constant c, e.g.

c = 10 or 20.

We conclude this section by noting that the methodology could be easily adopted to

account for discrete W -specific bounds. One would simply generate initial estimates strati-

fied on the relevant components of W tailoring the bounded loss function to appropriately

account for the bounds in each group. Similarly, initial estimates would be fluctuated using

parametric submodels stratified on those same covariates. As an example of a situation

where this may be useful is malaria vaccine trials, where there is substantial variation in the

genetic characteristics of the Plasmodium falciparum parasite between West and East Africa.

Thus, one may wish to impose bounds on the cumulative incidence of a given genotype only

for subjects enrolled at clinics in regions where this genotype is rare. Another example of

discrete-covariate specific bounds is in preventive HIV vaccine trials, where women are in-

fected far less often than men. One can imagine many other discrete covariates for which a

certain outcome is more uncommon in some groups than others. On the other hand, one can

also easily imagine situations where W is high-dimensional or features continuous covariates

and reasonable bounds cannot be ascertained from existing data or scientific knowledge. In

these situations, one could resort to cross-validation to data-adaptively select bounds, though

this will obviously be difficult if sample sizes are very small. Future work will be devoted to

implementing and evaluating the performance of such cross-validated estimators.

2.5 Simulation Studies

2.5.1 Simulation 1

Our first simulation study assesses the performance of the proposed estimators for estimating

the additive effect of a treatment on the cumulative incidence of an event when there is

only one type of event active (e.g., death). An analogous simulation considering multiple
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failure types is placed in Appendix I. We consider estimation of the difference in cumulative

incidence by time t0 = 10 between the treatment and placebo group. We considered the data-

generating mechanism where n subjects are assigned treatment with probability one half and

three independent baseline covariates are measured: W1 ∼ N(0, 0.252), W2 ∼ U(0, 1), and

W3 ∼ Bernoulli(0.5). The censoring survival function is given by

Gz0
C (t;w) =

t∏
s=1

{
1− expit(−4 + w1 − w2 + w3)

}
,

while the hazard for an event at each time is given by

Q̄z0
1 (t;w) = expit(β0 − z + 2w1 + w2 − 3w3) .

Note that β0 controls the rarity of the outcome and in order to study how the perfor-

mance of our proposed estimator depends on the rarity of the event, we considered β0 ∈

{−7,−6,−2}, which corresponded to a marginal incidence by t0 of {0.003, 0.009, 0.30} and

{0.009, 0.02, 0.48} in the treatment and placebo arms, respectively. We also varied sample

size, considering n = {500, 750, 1000, 2000, 5000}. We consider estimation of the risk dif-

ference and compare our proposed restricted TMLE estimator to the unrestricted TMLE

presented in Chapter 1, as well as the Kaplan-Meier estimator. We expect that the most

benefit of the restricted TMLE over the unconstrained TMLE should be seen for rare events

and in small sample sizes. This benefit should become negligible as the number of events

increases. Both TMLE estimators are expected to outperform the Kaplan-Meier estimator

due to the presence of informative censoring.

For simplicity, we focus on results for the mean-based TMLE; results for the hazard-based

TMLE are in Appendix ??. Both the restricted and unrestricted TMLE used a correctly

specified logistic regression model to estimate the censoring mechanism. The unrestricted

TMLE used a correctly specified logistic regression to estimate the iteratively-defined means,

while the restricted TMLE minimized the bounded binary log-likelihood loss function accord-

ing to the correctly specified main terms model. In this simulation, the restricted TMLE

imposed bounds equal to the exact upper bound of the iterative means. This allows us to
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assess “best-case” scenario for finite-sample gains that can be achieved by the estimator. The

second simulation study considers how the performance depends on how close the posited

bounds are to the true bounds.

Figure 2.1 illustrates the performance of the estimators. First, at the bottom of the figure,

note the number of observed events is quite small in the “very rare” and “rare” situations. In

fact, in the “very rare” case almost 6% of simulated data sets had no observed events when

n = 500. Even with n = 5000, only thirty events were observed on average. Moving to the

top row of the figure, we see the performance of the estimators in terms of bias, expressed

as a percentage of the truth. We find that unrestricted TMLE performs best in terms of

bias when only a few events observed. However, the restricted TMLE performs at least as

well in every other case. The NPMLE does not account for the dependent censoring and

thus exhibits substantial bias at all sample sizes. The middle row presents the variance of

the restricted TMLE relative to the unrestricted and NPMLE estimators. Note that in this

row values below one indicate a lower variance for the restricted TMLE. We see that, as

expected, the variance of the restricted TMLE is considerably smaller than its competitors

when only few events are observed. As the sample size grows, the benefits of enforcing

bounds are diminished. These trends in the first two rows are reiterated by the behavior

of the mean-squared error in the bottom row. By this criteria, we find that the NPMLE is

doomed to poor performance owing to its bias, while the restricted TMLE suffers due to its

variance. Very similar results were seen for the case of multiple failure types (Appendix I).

2.5.2 Simulation Study 2

In this simulation, we examined the question of how the tightness of bounds affects the

performance of the restricted TMLE relative to the unrestricted TMLE. We repeated the

first simulation, but rather than using the exact bound – which would be unknown in practice

– we use a multiple thereof. We considered making the bound too tight and too loose both
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by factors of 10% and 25%. These estimators were compared to the restricted TMLE using

the correctly specified bound and the unrestricted TMLE using the same criteria as the

first simulation. We expect that bounds that are too tight will lead to improvements in

the variance in small samples, but at the cost of bias in large samples. As bounds become

larger than the true bound, we expect decreasing improvements in variance relative to the

unrestricted estimator. Indeed, as the upper bound approaches one, the restricted TMLE

becomes more similar to the unrestricted TMLE.

Figure 2.5.2 shows the performance of the estimators as a function of the tightness of the

bounds imposed. In the “very rare” setting, the restricted TMLE is outperformed in terms

of bias when n = 500; however, at all other sample sizes, the performance of the restricted

TMLE is at least as good as the unrestricted TMLE irrespective of bound tightness. In

the “rare” event setting, the bias of the unrestricted and restricted TMLE estimators are

quite similar for all sample sizes. However, in the “common” event setting, we find that over-

zealous bounds hurt the asymptotic performance. To some extent, this bias may be mitigated

due to double-robustness of the estimator, which assures consistency even if the bounds are

misspecified. However, as illustrated by the upper-right-most plot, in finite samples, we may

still expect considerable bias if the bounds are much too tight. Moving to the middle row,

we find that for small sample sizes, tighter bounds indeed translate to smaller variances.

However, the variance of the restricted TMLE with the tightest bounds is seen to grow with

sample size relative to the unrestricted TMLE in the “common” event setting. This is also

reflected in the mean-squared error shown in the bottom row. Overall, the restricted TMLEs

that do not vastly underestimate the bounds perform quite well. This illustrates that one

need not have precise knowledge on the bound to expect reasonable gains in practice. An

analogous simulation with multiple failure types is featured in Appendix J.
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2.6 Discussion

In this chapter, we examined the gains afforded by incorporating known bounds into the

estimation of cumulative incidence. The targeted minimum loss-based framework is well-

suited to handle this modification and we presented appropriate loss functions and fluctuation

submodels that could be used in the procedure. Of course, the most important consideration

for utilizing these estimators in practice is whether there is enough existing information that

plausible bounds can be constructed. Lacking this information, cross-validation could be

employed to select bounds that depend on baseline covariates and this will be an important

area of future research. It will be interesting to consider relevant objective criteria for the

cross validation procedure, as well as the structure of the cross-validation itself (e.g., V -fold

vs. leave-one-out).

Our simulations here demonstrated that the restricted estimators perform well in prac-

tice, both when only one cause of failure is active and when multiple causes are active.

Furthermore, we demonstrated that one need not be incredibly precise in bound selection

to see performance benefits in finite samples. However, a substantial risk does exist if one

selects bounds that are much too small. Further simulation studies are warranted to bet-

ter understand the driving factors for this poor behavior. One future question to address is

whether poor behavior is driven more by the absolute magnitude of bound misspecification or

the proportion of the population that truly has risk above the incorrect bound. For example,

it would be interesting to consider whether it is worse to have one percent of the population

with incidence much higher than the selected bound, or instead to have ten percent of the

population with only slightly higher incidence than the selected bound? Such information

would prove useful for researchers in various disease areas when selecting bounds in practice.



41

Chapter 3

TOWARDS DOUBLY-ROBUST INFERENCE FOR
COUNTERFACUTAL MEANS IN LONGITUDINAL SETTINGS

3.1 Introduction

In recent years, doubly-robust (DR) estimators have gained immense popularity, particularly

in the field of causal inference. By definition, DR estimators are consistent for the target

parameter of interest if one of two nuisance parameters is consistently estimated. This gives a

natural appeal of DR estimators: bias induced by misspecification of one nuisance parameter

may be mitigated by the consistent estimation of the other. In many contexts, DR estimators

arise naturally in pursuit of a locally efficient estimator. Such an estimator must have

influence function equal to the canonical gradient of the parameter of interest at the true data

generating mechanism in the assumed statistical model when both nuisances are estimated

consistently. If an estimator is constructed to have this particular gradient as influence

function, double-robustness may follow naturally; this all depends on the form of the gradient.

In this sense, often double-robustness may not simply be a property of an estimator itself,

but rather a property of the canonical gradient of the target parameter. Double-robustness

can typically be shown in two steps: (1) the gradient at the limit of the nuisance parameter

estimators must have mean zero; and (2) the linearization of the target parameter at the

estimator must yield remainder terms that converge to zero in probability. DR canonical

gradients are frequently found for statistical parameters relevant to causal inference, which

helps explain the ubiquity of DR estimators in this field. For example, under standard

causal assumptions, the statistical parameter identifying the average counterfactual response

under a point treatment yields a doubly-robust canonical gradient in a nonparametric model

[Robins et al., 1994]. Thus, locally efficient estimators of this statistical target parameter
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will naturally be DR.

While the conceptual appeal of DR estimators is apparent, questions remain about how

these estimators should be constructed in practice. The DR literature has long noted that

finite-dimensional models will likely not be sufficient to guarantee consistency of nuisance

parameter estimators [Bang and Robins, 2005]. Nevertheless, much of the current work on

DR estimation has recommended the use of parametric models and maximum likelihood

for estimation of nuisance parameters. This approach has come under scrutiny since Kang

and Schafer [2007] showed DR estimators can be arbitrarily poorly behaved if both nuisance

parameters are inconsistently estimated. This motivated a recent proposal that developed

estimators that minimize the first-order bias resulting from misspecification [Vermeulen and

Vansteelandt, 2014]. Others have argued in favor of employing infinite-dimensional models

and aggressive data-adaptive estimation in an attempt to ensure consistency of at least one

of the nuisance parameter estimates [van der Laan and Rose, 2011].

Regardless of the nuisance parameter estimators employed, studying the behavior of

DR estimators under misspecification is of interest. However, due to the widespread use

of parametric models and maximum likelihood estimation in the literature, this issue has

often been overlooked. It is easy to understand why this is the case: the problems arising

from misspecification in finite-dimensional models are somewhat inconsequential in practice.

Under misspecification of one nuisance parameter, DR estimators will still be asymptotically

linear, though their asymptotic variance may be difficult to calculate explicitly. Nevertheless,

resampling techniques, such as the nonparametric bootstrap, may be employed to construct

intervals and perform statistical hypothesis tests. In contrast, complications arising from

misspecification when using nonparametric estimates of nuisance parameters are much more

drastic. Misspecification adversely affects the convergence rate of the estimator of the target

parameter and in particular, the bias of this estimator will not vanish sufficiently quickly.

This has dire implications for performing inference under misspecification. The coverage of

näıvely constructed confidence intervals of all levels will converge to zero and the type-1 error

rate for hypothesis tests will converge to one. Furthermore, we may no longer rely on the
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nonparametric bootstrap as our saving grace. Due to the use of data-adaptive procedures

and the irregularity of the resulting estimator, this technique will in general not be valid for

constructing intervals and tests.

To our knowledge, the only redress for this problem is presented in van der Laan [2014].

The author proposes a corrected estimator of the average causal effect of a single intervention

using targeted minimum loss-based estimation (TMLE). The resulting estimators are doubly-

robust not only with respect to consistency, but also with respect to rates of convergence

and thereby to inference. This important development opens the door to several new and

interesting questions. In the present work, we explore whether the general correction strategy

of van der Laan [2014] can be scaled to estimation of a counterfactual mean response under

multiple treatments occurring at different points in time. We also examine whether the

computational complexity of the corrected estimators may be mitigated by the use of the

simpler one-step Newton-Raphson framework for constructing estimators as an alternative

to TMLE.

The remainder of the chapter is organized as follows. In Section 3.2, we introduce no-

tation, define our parameter of interest, and examine the theoretical underpinnings DR

estimators. We present a linear expansion of the parameter that is the basis for studying the

asymptotic properties of DR estimators under misspecification. In Section 3.3, we review

the general strategy of van der Laan [2014] for establishing the theory necessary to construct

estimators that account for nuisance parameter misspecification. We show how this strategy

may be scaled to the longitudinal setting. The section concludes by presenting two one-step

estimators and establishing their statistical properties. We contrast the properties of these

one-step estimators to estimators constructed using the TMLE framework. In Section 3.4,

we examine the proposed estimators’ performance in a simple simulation study. We conclude

with a discussion.
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3.2 DR estimation of counterfactual mean

3.2.1 Notation and parameter of interest

Suppose the observed data consist of n independent copies of the longitudinal data structure

O := (L0, A0 , L1, A1, ..., LK−1, AK−1, LK), where L0 denotes a vector of baseline covariates,

At a binary treatment at time t and Lt a time-dependent confounder for t = 1, ..., K − 1,

and LK denotes the outcome of interest. We will use the bar notation to denote the history

of a variable, e.g., L̄k := (L0, ..., Lk). We define Qā
k,0 as the distribution of Lk conditional on

L̄k−1 and Āk−1 = āk−1. Similarly, we define gāk,0 as the distribution of Ak conditional on L̄k

and Āk−1 = āk−1. For notational simplicity, we subsequently drop the superscript ā index so

that Qk,0 = Qā
k,0 and gk,0 = gāk,0.

Because it is unlikely that the true nuisance parameters fall in a parametric model,

we consider a nonparametric statistical model M for the observed data. We place no re-

striction on the conditional distributions Qk,0, k = 0, ..., K and define Q := {Q : Q =

Q(P ) for some P ∈ M}. Similarly, we place no restriction on gk,0, k = 0, ..., K and define

G := {g : g = g(P ) for some g ∈ M}. We note, however, that our results remain un-

changed even if there are restrictions on G. The statistical model can be represented as

M = {P = Qg : Q ∈ Q, g ∈ G}. We will use the notation Pnf := n−1
∑n

i=1 f(oi) and

P0f :=
∫
f(o)dP0(o). We subsequently assume without loss of generality that the treatment

assignment of interest consists of setting all treatment nodes to 1. For simplicity, we restrict

attention to the case that K = 2 and place details of the generalization to an arbitrary K

in the supplementary material.

Suppose that O represents a coarsened data structure on the full data

X :=
{
L0, L1(ā0), L2(ā1)} ∼ PX

0 ,

where Lk(āk−1) is the (potentially unobserved) value of Lk when assigned treatment āk−1. We

are interested in estimation of the counterfactual response under treatment, EPX
0

{
L2(1̄)

}
.

Bang and Robins [2005] gave assumptions under which this quantity is identified by the
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statistical parameter Ψ : Q → [0, 1], where Ψ is defined as

Ψ(Q) :=

∫∫∫
l2dQ2(l2)dQ1(l1)dQ0(l0) . (3.1)

Note that Ψ depends only on P through the conditional means Q̄2(l̄1) := EQ2

(
L2 | Ā1 =

1̄, L̄1 = l̄1
)
, Q̄1(l0) := EQ1

{
Q̄2(l0, L1) | A0 = 1, L0 = l0

}
and Q0, the unconditional dis-

tribution of L0. As we will see in the next section, asymptotically efficient estimation of

ψ0 := Ψ(Q0) additionally requires estimation of ḡk,0 = Egk,0
(
Ak | Āk−1 = 1̄k−1, L̄k

)
, for

k = 0, 1, i.e. the conditional probability of treatment at each time point. We henceforth use

Q := (Q̄2, Q̄1, Q0) to refer to two outcome regressions and the distribution of L0, and use

g := (ḡ0, ḡ1) to refer to the two propensity regressions. We also use Qn := (Q̄2,n, Q̄1,n, Q0,n)

and gn := (ḡ0,n, ḡ1,n) to denote estimators of these quantities, while Q+ := (Q̄2,+, Q̄1,+, Q0,+)

and gn := (ḡ0,+, ḡ1,+) denote their (possibly misspecified) limit.

3.2.2 Analysis

We begin this section with a brief overview of efficiency theory and a review of several

methods for constructing locally efficient estimators. We then present a lemma that is useful

for the study of the asymptotic behavior of DR estimators of ψ0. This lemma is used to study

the behavior of estimators under misspecification, which reveals the particularly problematic

behavior when employing data-adaptive estimators of Q0 and g0. We finish this section by

providing useful representations of the asymptotic first-order bias of DR estimators that will

be utilized in the next section.

A regular estimator ψn is asymptotically linear if and only if it has representation ψn =

ψ0 +PnD(P0)+oP (n−1/2), where D(P0) is a gradient of Ψ at P0 in the Hilbert space L0
2(P0) of

mean zero finite variance functions endowed with the covariance inner product. Furthermore,

such estimators are efficient if and only if their influence function is given by the canonical

gradient D∗(P0) [Bickel et al., 1997]. The canonical gradient is the unique gradient that

lies in the tangent space TM(P0) ⊆ L0
2(P0) of M at P0. Thus, gradients and in particular

the canonical gradient serve as crucial ingredients in constructing asymptotically linear and
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efficient estimators.

Several methodologies exist for constructing regular asymptotically linear estimators with

a user-specified gradient as influence function. The earliest seems to have appeared in the

work of Ibragimov et al. [1981] and Pfanzagl [1982]. This work represented an extension

of the well-known Newton-Raphson estimator from finite- to infinite-dimensional models.

These estimators are constructed by adding the empirical mean of the gradient evaluated

at an estimate of P0 to an initial plug-in estimator based on this same estimate, yielding

the estimator ψn := Ψ(P̂ ) + PnD(P̂ ). This simple construction makes these estimators

generally computationally convenient in practice. Targeted minimum loss-based estimation

(TMLE) is a more recent method for constructing regular asymptotically linear estimators.

In this methodology, an initial estimate P̂ is fluctuated along a carefully selected parametric

submodel within which the MLE P̂ ∗ is obtained, and the final estimator is defined as the

resulting plug-in, Ψ(P̂ ∗). The first example of such an estimator appears in Scharfstein et al.

[1999], though the full generality of this procedure was first described and rigorously studied

in van der Laan and Rubin [2006], and the methodology was fully reviewed and discussed in

van der Laan and Rose [2011].

We now turn our attention to the asymptotic behavior of DR estimators. We first present

a lemma that provides a useful linear expansion of the parameter Ψ that can be used to study

DR estimators constructed using the above frameworks. For that we require the canonical

gradient of the pathwise derivative of Ψ at (Q0, g0) in M; namely

D∗(Q0, g0)(o)

:=
a0a1

ḡ0,0(l0)ḡ1,0(l̄1)
{l2 − Q̄2,0(l̄1)}+

a0

ḡ0,0(l0)
{Q̄2,0(l̄1)− Q̄1,0(l0)}+ Q̄1,0(l0)−Ψ(Q0) .

This particular representation of the canonical gradient was first provided in Bang and Robins

[2005]. We now have the following lemma.

Lemma 1. The first-order expansion of Ψ as defined in (3.1) at Qn is given by

Ψ(Qn)−Ψ(Q+) = (Pn − P0)D∗(Q+, g+)−B∗n +M∗
n +R1,n +R2,n (3.2)
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where

B∗n := B∗n(Qn, gn) := PnD
∗(Qn, gn)

M∗
n := M∗

n(Qn, Q+, gn, g+) :=
(
Pn − P0

){
D∗(Qn, gn)−D∗(Q+, g+)

}
R1,n := R1,n(Qn, Q0, gn, g0) := P0

{(
ḡ0,0 − ḡ0,n

ḡ0,n

) (
Q̄1,0 − Q̄1,n

)}
R2,n := R2,n(Qn, Q0, gn, g0) := P0

{
A0

ḡ0,n

(
ḡ1,0 − ḡ1,n

ḡ1,n

) (
Q̄2,0 − Q̄2,n

)}
.

The lemma organizes the study of the asymptotics of the plug-in estimator Ψ(Qn) into

the study of four kinds of terms: (1) the difference Pn−P0 applied to the canonical gradient

at the limit of the nuisance parameter estimates; (2) a first-order bias term, B∗n; (3) an

empirical process term, M∗
n; and (4) two remainder terms, R1,n and R2,n.

We now use this lemma to illustrate how double-robustness and asymptotic linearity

arise. This is a useful exercise for introducing several key types of conditions that will be

used in the remainder of the text. By definition, double-robustness requires the right-hand

side of (3.2) to converge to zero in probability if either Q+ = Q0 or g+ = g0. This first

requires that P0D
∗(Q+, g+) = 0, which can be shown to be true in this case. This combined

with the weak law of large numbers gives that the first term converges to zero in probability.

The bias term, B∗n, must be accounted for in some way by the estimator itself. This can be

accomplished by either making Bn an additive correction to the plug-in estimate Ψ(Qn) (one-

step estimator) or constructing Qn and gn in such a way that B∗n = 0 (TMLE). Assuming B∗n

has been accounted for in the estimator, we proceed to the empirical process term M∗
n. In the

remainder, we will assume that such empirical process terms are asymptotically negligible,

i.e., M∗
n = oP (n−1/2). Sufficient, but not necessary, conditions establishing this are:

1. D∗(Qn, gn) falls into a P0-Donsker class with probability tending to one; and

2. P0

{
D∗(Qn, gn)−D∗(Q+, g+)

}2
converges to zero in probability.

For a full development of the theory of empirical processes, we refer readers to van der Vaart

and Wellner [1996]. The final step in showing double-robustness is demonstrating that the
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remainder terms R1,n and R2,n converge to zero in probability. It is clear this will be the

case, as each term involves two differences, one of which will converge to zero if Q+ = Q0 or

g+ = g0. We have thus shown double-robustness.

Asymptotic linearity is a more stringent requirement than double-robustness and thus

requires further development. We again assume that P0D
∗(Q+, g+) = 0, that B∗n has been

accounted for in the estimator, and that M∗
n = oP (n−1/2). The focus then turns back to the

remainder terms. Note that for the purpose of asymptotic linearity, it is no longer sufficient

for the remainder terms to converge to zero in probability: they must do so faster than n−1/2.

If both Q+ = Q0 and g+ = g0, then the remainder terms are second-order in that they consist

of the product of two terms, both going to zero. Thus, it may be reasonable to assume that

R1,n = oP (n−1/2) and R2,n = oP (n−1/2). Sufficient, but not necessary conditions to establish

this for R1,n, for example, are that Q̄1,n−Q̄1,0 = oP (n−1/4) and ḡ0,n− ḡ0,0 = oP (n−1/4) in some

appropriate norm. We will subsequently assume negligibility of second-order terms and note

that similar quarter-rate arguments will be sufficient for these assumptions to hold. In view of

the above, we find that ψ∗n−ψ0 = PnD
∗(Q0, g0)+oP (n−1/2), where we have used ψ∗n to denote

an estimator that accounts for B∗n in some way. This establishes not only asymptotic linearity,

but also asymptotic efficiency. By the central limit theorem, n1/2(ψ∗n − ψ0) converges to a

mean-zero normally distributed variate with variance P0D
∗(Q0, g0)2. However, this argument

clearly relies on the fact that Q+ = Q0 and g+ = g0, which allowed us to claim R1,n and R2,n

were second-order and thus asymptotically negligible. However, if either is misspecified, this

term is not second order, as one of these differences is no longer converging to zero. Thus,

establishing asymptotic linearity requires more effort.

To help understand the behavior of R1,n and R2,n under misspecification, we now present

two useful representations of these terms. Define

Φ1,0(Q̄1) := Φ1,g0,g+(Q̄1) := P0

{(
ḡ0,+ − ḡ0,0

ḡ0,+

)
Q̄1

}
Γ0,0(ḡ0) := Γ0,g+,Q+,Q0(ḡ0) := P0

{(
Q̄1,+ − Q̄1,0

ḡ0,+

)
ḡ0

}
,
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and note that these mappings can be used to describe the first order behavior of R1,n:

R1,n =
{

Γ0(ḡ0,n)− Γ0(ḡ0,0)
}

+
{

Φ1(Q̄1,n)− Φ1(Q̄1,0)
}

+ (3.3)

S∗1,n(Qn, Q0, gn, g0, g+) + S∗2,n(Qn, Q+, gn, g+) ,

where the second-order terms

S∗1,n(Qn, Q0, gn, g0, g+) := P0

{(
ḡ0,0 − ḡ0,n

ḡ0,+ḡ0,n

) (
ḡ0,n − ḡ0,+

) (
Q̄1,0 − Q̄1,n

)}
, and

S∗2,n(Qn, Q+, gn, g+) := P0

{(
ḡ0,+ − ḡ0,n

ḡ0,+

) (
Q̄1,+ − Q̄1,n

)}
can be considered to be oP (n−1/2). Note that S∗1,n is truly second-order in that it consists of

either a squared difference between ḡ0,n and ḡ0,0 (if g+ = g0) or the cross-product between

ḡ0,n − ḡ0,+ and Q̄1,n − Q̄1,0 (if Q+ = Q0). Thus, (3.3) uses the combined estimation error

of parameters Φ1,0 and Γ0,0 to approximate the first-order behavior of R1,n. We produce a

similar representation for R2,n, by defining

Φ2,0n(Q̄2) := Φ2,gn,g+,g0(Q̄2) := P0

{
A0

g0,n

(
ḡ1,+ − ḡ1,0

ḡ1,+

)
Q̄2

}
Γ1,0n(ḡ1) := Γ1,gn,Q+,Q0(ḡ1) := P0

{
A0

g0,n

(
Q̄2,+ − Q̄2,0

ḡ1,0

)
ḡ1

}
,

and noting that

R2,n =
{

Φ2(Q̄2,n)− Φ2(Q̄2,+)
}

+
{

Γ1(ḡ1,n)− Γ1(ḡ1,0)
}

(3.4)

+ S∗3,n(Qn, Q0, gn, g0, g+) + S∗4,n(Qn, Q+, gn, g+) ,

where we define the second-order terms

S∗3,n(Qn, Q0, gn, g0, g+) := P0

{
A0

ḡ0,0

(
ḡ1,+ − ḡ1,n

ḡ1,+ḡ1,n

) (
ḡ1,0 − ḡ1,n

) (
Q̄2,0 − Q̄2,n

)}
, and

S∗4,n(Qn, Q+, gn, g+) := P0

[
A0

ḡ0,n

(
ḡ1,+ − ḡ1,n

ḡ1,+

) (
Q̄2,+ − Q̄2,n

)]
.

A similar argument to that for S∗1,n can be made to show that S∗3,n is truly second-order, and

we will again consider both S∗3,n and S∗4,n to be oP (n−1/2).
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We note that the mappings defined in (3.3) and (3.4) are indexed by unknown portions of

P0 (e.g., Q0) and sometimes additionally indexed by the data (e.g., gn). Such representations

may seem unusual, but will prove useful for our analysis. Considering the first remainder,

we see that if the first outcome regression is consistently estimated, R1,n behaves in first-

order as Φ1,0(Q̄1,n)− Φ1,0(Q̄1,0). Conversely, if the first propensity regression is consistently

estimated, R1,n behaves in first-order as Γ1,0(ḡ0,n) − Γ1,0(Q̄1,0). Similarly for R2,n, if the

outcome regression is consistently estimated, R2,n behaves as Φ2,0n(Q̄2,n) − Φ2,0n(Q̄2,0). On

the other hand, if the second propensity is correctly specified, R2,n behaves as Γ1,0n(ḡ1,n)−

Γ1,0n(ḡ1,n).

Consider the implications of (3.3) and (3.4) with respect to choice of nuisance parameter

estimators. If M is a parametric model and maximum likelihood estimation is used to

estimate Q0 and g0, then by the invariance property of maximum likelihood estimators, we

have that, for example, φ1,n := Φ1(Q̄1,n) is the maximum likelihood estimator of φ1,0 :=

Φ1(Q̄1,0). Thus, under suitable regularity conditions (e.g., van der Vaart [2000], pg 67-

71), n1/2(φ1,n − φ1,0) converges in distribution to Zφ1 , a normally distributed mean zero

random variate. The variance of Zφ1 is given by the CR bound and could be computed

using the delta method. This illustrates the convenience of employing parametric models

and maximum likelihood estimation: under misspecification, no further correction to ψn is

required to establish its asymptotic linearity. Furthermore, while estimating the variance of

ψn may be difficult in practice, resampling techniques, such as the nonparametric boostrap,

may be used to construct confidence intervals and perform hypothesis tests.

However, as noted previously, it is unlikely that Q0 or g0 fall into established parametric

models. Thus, in practice, it may be more appealing to use infinite-dimensional models and

employ data-adaptive estimators. Under misspecification of one of the nuisance parameters,

the above representation clearly illustrates why problems arise. Consider again the case that

g+ 6= g0; however, instead of using maximum likelihood, we use instead a kernel regression

with cross-validated bandwidth selection to estimate Q̄1,0. If L0 is bivariate, under regularity

conditions, a kernel regression optimizing mean-squared error with respect to Q̄1,0 will have
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an optimal bandwidth of the order n−1/6 and bias on the order of n−1/3 based on the optimal

bandwidth. This large bias will be inherited by the functional evaluation Φ1(Q̄1,n), and, as

a consequence, ψ∗n will not achieve asymptotic linearity without further correction.

This section has presented a clear picture of the statistical problem at hand. Maximum

likelihood estimation in parametric models is convenient statistically in that establishing

asymptotic linearity of DR estimators requires no further effort. However, the use of finite

dimensional models is often questionable scientifically, as it is unlikely that either true nui-

sance parameter falls in a known parametric model. We are therefore motivated to consider

nonparametric models and data-adaptive estimation of nuisance parameters. This presents

a problem: inconsistent estimation of a nuisance parameter prevents our estimator from

achieving a proper convergence rate and a regular asymptotic limit and thereby prevents us

from performing inference with this estimator. In the next section, we outline the general

strategy of van der Laan [2014] for constructing corrections that account for this misspecifica-

tion and thereby allow the construction of doubly-robust confidence intervals and hypothesis

tests.

3.3 Correcting for misspecification

Using the case that Q+ = Q0 and g+ 6= g0 as an example, the general approach for correcting

for misspecification is as follows:

1. Approximate the first-order behavior of each remainder term, Rk,n(Qn, Q0, gn, g0) =

Φk,0n(Q̄k,n)− Φk,0n(Q̄k,0) + oP (n−1/2) for some mapping Φk,0n that depends on P0 and

potentially also on the data, for k = 1, 2.

2. Approximate the first-order behavior of Φk,0n using mappings that can be computed

based only on the data, i.e. identify Φk,n such that Φk,0n(Q̄k,n) − Φk,0n(Q̄k,0) =

Φk,n(Q̄k,n)− Φk,n(Q̄k,0) + oP (n−1/2).
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3. Linearize Φk,n around Q̄k,0,

Φk,n(Q̄k,n)− Φk,n(Q̄k,0) =

PnDQk,0(Q0, g
r
0)−BQk,n(Qn, g

r
n) +MQk,n(Qn, Q0, g

r
n, g

r
0) + SQk,n(Qn, Q0, g

r
n, g

r
0) ,

where DQk,n is the canonical gradient of the pathwise derivative of Φk,n, while DQk,0 is

its limit and the canonical gradient of Φk,0. This gradient depends on P0 throughQ0 and

nuisance parameter gr0. The bias term is given by BQk,n(Qn, g
r
n) := PnDQk,n(Qn, g

r
n),

while the empirical process (Mn) and second-order term (SQk,n) can be considered to

be oP (n−1/2).

4. Construct an estimator ψ∗n that accounts in some way for the bias term BQk,n(Qn, g
r
n),

thus establishing the asymptotic linearity.

In the previous section, we showed how the remainder terms may be approximated in first

order (Step 1). The present section deals with how these approximations may themselves be

approximated in first-order by simpler mappings (Step 2) and how to apply the first-order

expansion to these mappings (Step 3). The following section describes how to construct

estimators that account for bias terms (Step 4).

Describing Step 2 was the key insight of van der Laan [2014]. The necessity of this step

becomes apparent if, for example, one attempts to apply a first-order expansion to Φk,0n.

In this case, one finds that the canonical gradient of the pathwise derivative of Φk,0n at P0

depends on P0 through Q0 and g0. Thus, the bias term resulting from this expansion would

involve g0, which was inconsistently estimated to begin with. Therefore, one would be unable

to construct an estimator that adequately corrects for the bias term. In contrast, the problem

is simplified greatly when considering the mappings constructed in Step 2. The canonical

gradient of this mapping at P0 is indexed by gr0 rather than g0. We will show that gr0 may be

constructed to be of lower dimension than g0; in fact, gr0 takes the form of (possibly several)

univariate regression(s). This allows one to utilize nonparametric smoothing techniques

with reasonable rates of convergence for estimation of gr0. Remarkably, we will show that the
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dimension of this reduced-dimension nuisance parameter does not grow with the number of

time points, though the number of such univariate regressions does increase. This allows the

technique of van der Laan [2014] to be feasibly scaled to the longitudinal setting.

We first consider the mappings that result when Q+ 6= Q0: Γ0,0n and Γ1,0n. We begin by

re-writing Γ0,0n as

Γ0,0n(ḡ0,n)− Γ0,0n(ḡ0,0) = P0

{(
Q̄1,+ − Q̄1,0

ḡ0,0

) (
ḡ0,n − ḡ0,0

)}
= −P0

{
A0A1

ḡ0,0ḡ1,0

(
L2 − Q̄1,+

ḡ0,0

) (
ḡ0,n − ḡ0,0

)}
= −P0

{
Q̄r

1,0n

g2
0,0

(
ḡ0,n − ḡ0,0

)}
,

where

Q̄r
1,0n(l0) := E0

[
A0A1

ḡ1,0(L̄1)

{
L2 − Q̄1,+(L̄0)

} ∣∣∣∣ ḡ0,n(l0), ḡ0,0(l0)

]
.

In this set of equalities, we first replaced the unknown quantity Q̄1,0 by L2; the explicit justi-

fication of this step is shown in Appendix K. We next took an inner expectation conditioning

on ḡ0,n(L0) and ḡ0,0(L0), which yielded the final equality. We introduced the superscript r to

denote the dimension reduction in Q̄r
1,0n achieved by conditioning on summaries of L0 rather

than all of L0. We note, however, that we cannot directly estimate Q̄r
1,0n in practice because

it involves unknown quantities. Thus, we proceed by approximating the first-order behavior

of this quantity using a mapping that can be computed based only on the data. Before doing

so, note that the estimation error is only non-zero for the case that Q̄1,+ 6= Q̄1,0, in which

case we are assuming that ḡ0,+ = ḡ0,0, i.e.

Γ0,0n(ḡ0,n)− Γ0,0n(ḡ0,0) = I
(
Q̄1,+ 6= Q̄1,0, ḡ0,+ = ḡ0,0

){
Γ0,0n(ḡ0,n)− Γ0,0n(ḡ0,0)

}
.

We suppress this indicator for notational simplicity; however, we will find that it is indeed

needed to generate a mapping Γ0,n that (1) can be computed based only on data and (2)

approximates Γ0,0n in first order.
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We proceed as follows:

− P0

{
Q̄r

1,0n

ḡ2
0,0

(
ḡ0,n − ḡ0,0

)}
= −P0

{
Q̄r

1,n

ḡ2
0,n

(
ḡ0,n − ḡ0,0

)}
+ Sg0,1(Q̄r

1,0n, Q̄
r
1,0, ḡ0,0, ḡ0,n) + Sg0,2(ḡ0,n, ḡ1,n, Q̄

r
1,n, Q̄

r
1,0) ,

(3.5)

where we defined the terms

Sg0,1(Q̄r
1,0n, Q̄

r
1,0, ḡ0,0, ḡ0,n) := −P0

{(
Q̄r

1,0n − Q̄r
1,0

ḡ2
0,0

) (
ḡ0,n − ḡ0,0

)}
Sg0,2(ḡ0,n, ḡ1,n, Q̄

r
1,n, Q̄

r
1,0) := P0

{(
Q̄r

1,n

ḡ2
0,n

−
Q̄r

1,0

ḡ2
0,0

) (
ḡ0,n − ḡ0,0

)}
,

with

Q̄r
1,0(L0) := E0

[
A0A1

ḡ1,0(L̄1)

{
L2 − Q̄1,+(L̄0)

} ∣∣∣∣ ḡ0,0(L0)

]
Q̄r

1,n(L0) := E0

[
A0A1

ḡ1,n(L̄1)

{
L2 − Q̄1,n(L̄0)

} ∣∣∣∣ ḡ0,n(L0)

]
.

Before proceeding, we make a quick remark on notation. For the sake of brevity, we hence-

forth only provide definitions for the reduced-dimension regressions that condition on both

a true and estimated quantity, in which case we will use 0n in the subscript (e.g., Q̄2,0n).

The same reduced-dimension regressions that involve only estimated quantities will be de-

noted with subscript n (e.g., Q̄2,n), while the regressions involving only true quantities will

be denoted with subscript 0 (e.g., Q̄2,0).

Note that in the situation that Q̄1,+ 6= Q̄1,0 and ḡ0,+ = ḡ0,0, the terms Sg0,1 and Sg0,2 are

second-order and thus we may consider both terms to be oP (n−1/2). Thus, we may define

Γ0,n(ḡ0) := P0

(
Q̄r

1,n

ḡ2
0,n

ḡ0

)
(3.6)

and we have shown that

Γ0,0n(ḡ0,n)− Γ0,0n(ḡ0,0) =

− I
(
Q̄1,+ 6= Q̄1,0, ḡ0,+ = ḡ0,0

){
Γ0,n(ḡ0,n)− Γ0,n(ḡ0,0) + oP (n−1/2)

}
. (3.7)
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This concludes Step 2 of the general strategy for Γ0,0n. We proceed to Step 3, performing a

first-order expansion of Γ0,n at ḡ0,n:

Γ0,n(ḡ0,n)− Γ0,n(ḡ0,0) =(
Pn − P0

)
Dg0,0(Q̄r

1,0, g0,0) +Bg0,n(Q̄r
1,n, ḡ0,n) +Mg0,n(Q̄r

1,n, Q̄
r
1,0, ḡ0,n, ḡ0,0) ,

where we have defined the canonical gradient of Γ0,n at Q̄r
1, ḡ0 as

Dg0,0(Q̄r
1, ḡ0)(o) :=

Q̄r
1(l0)

ḡ2
0(l0)

(
a0 − ḡ0(l0)

)
,

the first-order bias as Bg0,n := Bg0,n(Q̄r
1,n, ḡ0,n) := PnDg0,n(Q̄r

1,n, ḡ0,n) and the empirical

process term

Mg0,n(Q̄r
1,n, Q̄

r
1,0, ḡ0,n, ḡ0,0) :=

(
Pn − P0

) {
Dg0,n(Q̄r

1,n, ḡ0,n)−Dg0,0(Q̄r
1,0, ḡ0,0)

}
,

which by assumption is oP (n−1/2). Through this effort, we were able to isolate the first-

order bias term Bg0,n. We will use this term to construct asymptotically linear estimators in

the next section. However, we first present the reduced-dimension parameter mappings and

expansions for the remaining parameters defined in the previous section.

Considering Γ1,0n, we have

Γ1,0n(ḡ1,n)− Γ1,0n(ḡ1,0) = P0

{
A0

ḡ0,n

(
Q̄2,+ − Q̄2,0

ḡ1,0

) (
ḡ1,n − ḡ1,0

)}
= −P0

{
A0A1

ḡ0,nḡ1,0

(
Y − Q̄2,+

ḡ1,0

) (
ḡ1,n − ḡ1,0

)}
= −P0

{
Q̄r

2,0n

ḡ2
1,0

(
ḡ1,n − ḡ1,0

)}
,

where

Q̄r
2,0n(A0, L0) := E0

[
A0A1

ḡ0,n(L0)ḡ1,0(L̄1)

{
Y − Q̄2,+(L̄1)

}∣∣∣∣A0, ḡ1,n(L̄1), ḡ1,0(L̄1)

]
.

Similar to the first time point, we begin with a series of equalities that allow us to define a

reduced-dimension regression that is, in this case, of lower dimension that Q̄2,0. Recalling our



56

convention for the subscripts of these reduced-dimension regressions, we proceed as follows:

− P0

{
Q̄r

2,0n

ḡ2
1,0

(
ḡ1,n − ḡ1,0

)}
=

− P0

{
Q̄r

2,n

g1,n

(
ḡ1,n − ḡ1,0

)}
+ Sg1,1(Q̄r

2,0n, Q̄
r
2,0, ḡ1,n, ḡ1,0) + Sg1,2(Q̄r

2,n, Q̄
r
2,0, ḡ1,n, ḡ1,0) ,

where

Sg1,1(Q̄r
2,0n, Q̄

r
2,0, ḡ1,n, ḡ1,0) := −P0

{(
Q̄r

2,0n − Q̄r
2,0

ḡ2
1,0

) (
ḡ1,n − ḡ1,0

)}
,

Sg1,2(Q̄r
2,n, Q̄

r
2,0, ḡ1,n, ḡ1,0) := −P0

{(
Q̄r

2,n

ḡ1,n

−
Q̄r

2,0

ḡ2
1,0

) (
ḡ1,n − ḡ1,0

)}
,

will be second-order terms whenever Q̄2,+ 6= Q̄2,0 and ḡ1,+ = ḡ1,0 and thus considered to be

oP (n−1/2) in this case. Defining

Γ1,n(ḡ1) := P0

(
Q̄r

2,n

g1,n

ḡ1

)
,

we have shown that

Γ1,0n(ḡ1,n)− Γ1,0n(ḡ1,0) =

− I
(
Q̄2,+ 6= Q̄2,0, ḡ1,+ = ḡ1,0

){
Γ1,n(ḡ1,n)− Γ1,n(ḡ1,0) + oP (n−1/2)

}
. (3.8)

We now write a first-order expansion to Γ1,n at ḡ1,n:

Γ1,n(ḡ1,n)− Γ1,n(ḡ1,0) =(
Pn − P0

)
Dg1,0(Q̄r

2,0, g1,0) +Bg1,n(Q̄r
2,n, ḡ1,n) +Mg1,n(Q̄r

2,n, Q̄
r
2,0, ḡ1,n, ḡ1,0) ,

where we have defined the canonical gradient of Γ1,n at (Q̄r
2,0, ḡ1,0) as

Dg1,0(Q̄r
2,0, ḡ1,0)(o) :=

Q̄r
2,0(a0, l̄1)

ḡ2
1,0(l̄1)

{
a1 − ḡ1,0(l̄1)

}
,

the first-order bias as Bg1,n := Bg1,n(Q̄r
2,n, ḡ1,n) := PnDg1,n(Q̄r

2,n, ḡ1,n), and the empirical

process term

Mg1,n(Q̄r
2,n, Q̄

r
2,0, ḡ1,n, ḡ1,0) :=

(
Pn − P0

) {
Dg1,n(Q̄r

2,n, ḡ1,n)−Dg1,0(Q̄r
2,0, ḡ1,0)

}
,
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which is by assumption oP (n−1/2).

We now proceed to the same operations for the mappings that appear when g+ 6= g0. We

begin with Φ1,0n:

Φ1,0n(Q̄1,n)− Φ1,0n(Q̄1,0) = −P0

{(
ḡ0,0 − ḡ0,+

ḡ0,+

) (
Q̄1,n − Q̄1,0

)}
= −P0

{(
A0 − ḡ0,+

ḡ0,+

) (
Q̄1,n − Q̄1,0

)}
= −P0

{
ḡr0,0n

(
Q̄1,n − Q̄1,0

)}
= −P0

{
A0

g̃r0,0n
ḡr0,0n

(
Q̄1,n − Q̄1,0

)}
.

Here, we have defined two reduced-dimension regressions:

ḡr0,0n(L0) := E0

{
A0 − ḡ0,+(L0)

ḡ0,+(L0)

∣∣∣∣ Q̄1,0(L0), Q̄0,n(L0)

}
, and

g̃r1,0n(L0) := E0

{
A0

∣∣ Q̄1,0(L0), Q̄1,n(L0)
}
,

which will be referred to collectively as gr0n. We proceed as follows:

− P0

{
A0

g̃r0,0n
ḡr0,0n

(
Q̄1,n − Q̄1,0

)}
= −P0

{
A0

g̃r0,n
ḡr0,n

(
Q̄1,n − Q̄1,0

)}
+ SQ1,1(gr0,0n, g

r
0,0, Q̄1,n, Q̄1,0) + SQ1,1(gr0,n, g

r
0,0, Q̄1,n, Q̄1,0) ,

where we used the shorthand gr0,0n := (ḡ0,0n, g̃0,0n) to refer to both reduced-dimension regres-

sion collectively and we have defined

SQ1,1(gr0,0n, g
r
0,0, Q̄1,n, Q̄1,0) := −P0

{
A0

(
ḡr0,0n
g̃r0,0n

−
ḡr0,0
g̃r0,0

) (
Q̄1,n − Q̄1,0

)}
SQ1,2(gr0,n, g

r
0,0, Q̄1,n, Q̄1,0) := P0

{
A0

(
ḡr0,n
g̃r0,n
−
ḡr0,0
g̃r0,0

) (
Q̄1,n − Q̄1,0

)}
.

These terms will be second-order whenever Q̄1,+ = Q̄1,0 and ḡ0,+ 6= ḡ0,0 and thus will be

considered to be oP (n−1/2) in this case. Defining

Φ1,n(Q̄1) := P0

(
A0

g̃r0,n
ḡr0,n Q̄1

)
,
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we thus have that

Φ1,0n(Q̄1,n)− Φ1,0n(Q̄1,0) =

I(Q̄1,+ = Q̄1,0, ḡ0,+ 6= ḡ0,0)
{

Φ1,n(Q̄1,n)− Φ1,n(Q̄1,0) + oP (n−1/2)
}
.

We now perform an expansion of Φ1,n at Q̄1,n and find that

Φ1,n(Q̄1,n)− Φ1,n(Q̄1,0)

= −(Pn − P0)DQ1,0(Q0, g
r
0) +BQ1,n(Qn, g

r
n) +MQ1,n(Qn, Q0, g

r
n, g

r
0) +RQ1,n(Qn, g

r
n) ,

where we define the canonical gradient of the pathwise derivative of Φ1,n at (Q0, g
r
0) as

DQ1,0(Q0, g
r
0)(o) :=

a0

g̃r0,0(l0)
ḡr0,0(l0)

(
Q̄2,0(l̄1)− Q̄1,0(l0)

)
,

the first-order bias term as BQ1,n := BQ1,n(Qn, g
r
n) := PnDQ1,n(Qn, g

r
n), the empirical process

term as

MQ1,n(Qn, Q0, g
r
n, g

r
0)

=
{
Pn − P0

} {
DQ1,n(Qn, g

r
n)−DQ1,0(Q0, g

r
0)
}
,

and the remainder term as

RQ1,n(Qn, Q0, g
r
n) := −P0

{
A0

g̃r0,n
ḡr0,n

(
Q̄2,n − Q̄2,0

)}
.

Here, we note an interesting finding. In contrast to the previous cases studied, the first-

order expansion of Φ1,n yields a first-order remainder RQ1,n. This appears to be due to the

iterative construction of Q̄1,0. Nevertheless, we may apply the same strategy, approximating

the first-order behavior of RQ1,n using reduced-dimension regressions. Specifically, we have

that

−P0

{
A0

g̃r0,n
ḡr0,n

(
Q̄2,n − Q̄2,0

)}
= −P0

{
ḡR0,0n

(
Q̄2,n − Q̄2,0

)}
= −P0

{
A0A1

g̃r
1̄,0n

ḡR0,0n
(
Q̄2,n − Q̄2,0

)}
,
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where we define

ḡR0,0n(L̄1) := E0

{
A0

g̃r0,n(L0)
ḡr0,n(L0)

∣∣∣∣ Q̄2,n(L̄1), Q̄2,0(L̄1)

}
g̃r1̄,0n(L̄1) := E0

{
A0A1

∣∣ Q̄2,n(L̄1), Q̄2,0(L̄1)
}
. (3.9)

While the notation is becoming cumbersome, we have simply applied the same strategy as

before. However, ḡR0,0n now features as outcome the reduced-dimension regressions from the

first step. This mapping may also look strange in that the outcome of the regression is a

function of L0, while we are conditioning on summaries of a measurement, L1, obtained later

in time. However, we are merely using these data-adaptive mappings as tools to isolate bias

terms that must be corrected for in estimation. It is for this reason that these parameters

are of interest and we make no attempt to provide an interpretation for the limiting value of

these data-adaptive parameters. Now, we may proceed by noting

− P0

{
A0A1

ḡr
1̄,0n

ḡR0,0n
(
Q̄2,n − Q̄2,0

)}
= −P0

{
A0A1

ḡr
1̄,n

ḡR0,n
(
Q̄2,n − Q̄2,0

)}
+ SRQ1,1

(Qn, Q0, g
R
0n, g

R
0 ) + SRQ1,2

(Qn, Q0, g
R
0n, g

R
0 ) ,

where we defined the second-order terms

SRQ1,1
(Qn, Q0, g

R
0n, g

R
0 ) := −P0

{
A0A1

(
ḡR0,0n
g̃r

1̄,0n

−
ḡR0,0
g̃r

1̄,0

) (
Q̄2,n − Q̄2,0

)}
SRQ1,2

(Qn, Q0, g
R
n , g

R
0 ) := P0

{
A0A1

(
ḡR0,n
g̃r

1̄,n

−
ḡR0,0
g̃r

1̄,0

) (
Q̄2,n − Q̄2,0

)}
,

which are considered to be on−1/2 . Thus, defining

ΦR
1,n(Q̄2) := P0

{
A0A1

g̃r
1̄,0n

ḡR0,0n Q̄2

}
,

we have the representation

RQ1,n(Q̄2,0, Q̄2,n, g
r
1,n)

= I(Q̄2,+ = Q̄2,0)
{

ΦR
1,n(Q̄2,n)− ΦR

1,n(Q̄2,0) + oP (n−1/2)
}
.
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We may now apply a first order expansion to ΦR
1,n at Q̄2,n:

ΦR
1,n(Q̄2,n)− ΦR

1,n(Q̄2,0)

= −(Pn − P0)DR
Q1,0

(Q0, g
R
0 ) +BR

Q1,n
(Qn, g

R
n ) +MR

Q1,n
(Qn, Q0, g

R
n , g

R
0 ) ,

where we defined the canonical gradient of ΦR
1,n at (Q0, g

R
0 ) as

DR
Q1,0

(Q0, g
R
0 )(o) :=

a0a1

g̃r
1̄,0

(l̄1)
ḡR0,0(l̄1)

{
l2 − Q̄2,0(l̄1)

}
,

the first-order linear bias as BR
Q1,n

:= BR
Q1,n

(Qn, g
R
n ) := PnD

R
Q2,n

(Qn, g
R
n ), and the empirical

process term as

MR
Q1,n

(Qn, Q0, g
R
n , g

R
0 ) =

{
Pn − P0

} {
DR
Q2,n

(Qn, g
R
n )−DR

Q2,0
(Q0, g

R
0 )
}
,

and we consider that MQ1,n = oP (n−1/2).

Finally, we come to the analysis of Φ2,0n:

Φ2,0n(Q̄2,n)− Φ2,0n(Q̄2,0) = P0

{
A0

ḡ0,n

(
ḡ1,+ − ḡ1,0

ḡ1,+

) (
Q̄2,n − Q̄2,0

)}
= −P0

{
A0

ḡ0,n

(
A1 − ḡ1,+

ḡ1,+

) (
Q̄2,n − Q̄2,0

)}
= −P0

{
ḡr1,0n

(
Q̄2,n − Q̄2,0

)}
= −P0

{
A0A1

g̃r
1̄,0n

ḡr1,0n
(
Q̄2,n − Q̄2,0

)}
,

where we defined

ḡr1,0n(l̄1) := E0

[
A0

ḡ0,n(L̄1)

{
A1 − ḡ1,+(L̄1)

ḡ1,+(L̄1)

} ∣∣∣∣ Q̄2,n(l̄1), Q̄2,0(l̄1)

]
,

and g̃r1̄,0n is as defined in (3.9). The process should now be familiar and we continue by

generating second-order terms:

− P0

{
A0A1

g̃r
1̄,0n

ḡr1,0n
(
Q̄2,n − Q̄2,0

)}
= −P0

{
A0A1

g̃r
1̄,n

ḡr1,n
(
Q̄2,n − Q̄2,0

)}
+ SQ2,1(Qn, Q0, g

r
0n, g

r
0) + SQ2,2(Qn, Q0, g

r
n, g

r
0) ,
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with

SQ2,1(Qn, Q0, g
r
0n, g

r
0) := −P0

{
A0A1

(
ḡr1,0n
g̃r

1̄,0n

−
ḡr1,0
g̃r

1̄,0

) (
Q̄2,n − Q̄2,0

)}
, and

SQ2,2(Qn, Q0, g
r
n, g

r
0) := P0

{
A0A1

(
ḡr1,n
g̃r

1̄,n

−
ḡr1,0
g̃r

1̄,0

) (
Q̄2,n − Q̄2,0

)}

both considered to be oP (n−1/2) whenever Q̄2,+ = Q̄2,0 and ḡ1,+ 6= ḡ1,0. Defining

Φ2,n(Q̄2) := P0

(
A0A1

g̃r
1̄,n

ḡr1,n Q̄2

)
,

we have thus shown that

Φ2,0n(Q̄2,n)− Φ2,0n(Q̄2,0)

= I
(
Q̄2,+ = Q̄2,0, ḡ1,+ 6= ḡ1,0

){
Φ2,n(Q̄2,n)− Φ2,n(Q̄2,0) + oP (n−1/2)

}
.

We now write a first-order expansion of Φ2,n at Q̄2,n:

Φ2,n(Q̄2,n)− Φ2,n(Q̄2,0)

= −(Pn − P0)DQ2,0(Q0, g
r
0) +BQ2,n(Qn, g

r
n) +MQ2(Qn, Q0, g

r
n, g

r
0) ,

where the canonical gradient of Φ2,n at (Q0, g
r
0) is defined as

DQ2,0(Q0, g
r
0)(o) :=

a0a1

g̃r
1̄,0

(l̄1)
ḡr1,0(l̄1)

{
l2 − Q̄2,0(l̄1)

}
,

the first-order bias is given by BQ2,n := BQ2,n(Qn, g
r
n) := PnDQ2,n(Qn, g

r
n), and the empirical

process term

MQ2(Qn, Q0, g
r
1,n, g

r
1,0) :=

{
Pn − P0

} {
DQ2,n(Qn, g

r
n)−DQ2,n(Q0, g

r
0)
}
,

is considered to be oP (n−1/2).
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To conclude this section, we summarize the results we have developed in this section in

the following key representation:

Ψ(Qn)−Ψ(Q+)

= PnD
∗(Q+, g+)− PnD∗(Qn, gn) + oP (n−1/2)

− I(Q+ 6= Q0, g+ = g0)
[
Pn
{
Dg0,0(Qr

0, g0) +Dg1,0(Qr
0, g0)

}
−{

Bg0,n(Qr
n, gn) +Bg1,n(Qr

n, gn)
}

+ oP (n−1/2)
]

− I(g+ 6= g0, Q+ = Q0)
[
Pn
{
DQ1,0(Q0, g

r
0) +DR

Q1,0
(Qr

0, g
R
0 ) +DQ2,0(Q0, g

r
0)
}
−{

BQ1,n(Qn, g
r
n) +BR

Q1,n
(Qn, g

R
n ) +BQ2,n(Qn, g

r
n)
}

+ oP (n−1/2)
]
.

(3.10)

This equation will serve as the basis for constructing estimators that correct for misspec-

ification. Appendix L contains the same operations developed in this section for general

remainder terms arising when the longitudinal process involves an arbitrary number of time

points.

3.4 Corrected estimators, intervals, and hypothesis tests

The previous section developed theory that is extremely useful for constructing estimators.

In this section, we consider how estimators may be constructed using a one-step Newton-

Raphson framework. We will show the limitations that arise from utilizing this framework,

which motivates a discussion of how the TMLE framework may instead be used. We conclude

the section with a discussion of practical considerations for estimator construction.

3.4.1 One-step Newton-Raphson estimators

Recall that one-step estimators are constructed by adding an approximation of the bias

B∗n resulting from the first-order expansion of Ψ at Qn. This was necessary because B∗n

is not oP (n−1/2) and therefore the näıve plug-in estimator Ψ(Qn) is overly biased and not

asymptotically linear. From (3.10), we see that it may be possible to take a similar approach
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to correct for the bias that arises in the remainder terms due to misspecification. In fact, we

can read directly from (3.10) that the corrected estimator

ψ∗,+n := Ψ(Qn) +B∗n − I(Q+ 6= Q0, g+ = g0)Bg,n − I(g+ 6= g0, Q+ = Q0)BQ,n , (3.11)

is asymptotically linear with influence function

D∗,+(Q+, Q
r
0, g+, g

r
0)

:= D∗(Q+, g+) + I(Q+ 6= Q0, g+ = g0){Dg0,0(Qr
0, g0) +Dg1,0(Qr

0, g0)} +

I(g+ 6= g0, Q+ = Q0){DQ1,0(Q0, g
r
0) +DR

Q1,0
(Qr

0, g
R
0 ) +DQ2,0(Q0, g

r
0)} .

Here, we used Bg,n := Bg0,n + Bg1,n to denote the sum of the bias terms resulting from

misspecification of Q and BQ,n := BQ1,n + BR
Q1,n

+ BQ2,n to similarly denote the sum of

the bias terms resulting from misspecification of g. Consistent estimators of the asymptotic

variance of ψ∗,+n can thus be constructed as

σ2
n := PnD

∗,+(Qn, Q
r
n, gn, g

r
n)2 ,

and may be used to construct asymptotic (1− α)% Wald confidence intervals of the form(
ψ∗,+n − z1−α/2

σn
n1/2

, ψ∗,+n + z1−α/2
σn
n1/2

)
,

as well as two-sided asymptotic level α Wald tests that reject the hypothesis that ψ0 = ψ◦

whenever ∣∣∣∣n1/2(ψ∗,+n − ψ◦)
σn

∣∣∣∣ > z1−α/2 ,

where z1−α/2 is the (1− α/2)-quantile of a standard normal distribution.

Note that ψ∗,+n only offers protection from the consequences of misspecification if we have

guarded against misspecification of a nuisance parameter that has in fact been misspecified.

This limits the practical utility of such an estimator; however, it is not difficult to imagine

situations where this estimator may still prove useful. For example, in many settings outcome

regressions may be more difficult to consistently estimate in practice, owing to a lack of
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scientific knowledge on the outcome process. In contrast, in many settings useful a priori

information may be available for the propensity regression. For example, it may be known

that the probability of receiving treatment at a given time point is only a function of a small

number of predictors, and so it may be possible to construct a consistent nonparametric

estimator of the propensity regressions converging at sufficient rates. In other cases, the

propensity is known by design. In such cases, one could guard against the misspecification of

the outcome regressions by subtracting Bg,n from the standard one-step estimator, thereby

assuring asymptotic linearity of the estimator in spite of the misspecification of the outcome

regressions.

We now examine the question of whether one-step estimators may be used to simul-

taneously guard against misspecification of either Q or g without needing to know which.

Consider the estimator

ψ∗,�n := Ψ(Qn) +B∗n −Bg,n −BQ,n , (3.12)

which may be re-written as

ψ∗,�n = ψ∗,+n −
{

1− I(Q+ 6= Q0, g+ = g0)
}
Bg,n −

{
1− I(g+ 6= g0, Q+ = Q0)

}
BQ,n . (3.13)

The expression (3.13) combined with (3.10) imply that to understand the behavior of ψ∗,�n , we

must study of the bias correction terms Bg,n and BQ,n in the situations when the corrections

were unnecessary. For the sake of brevity, we relegate the study of these terms in this

situation to Appendix M and provide the conclusions of that analysis here. We find that

ψ∗,�n has the following properties:

1. If g+ = g0 and Q+ 6= Q0 but we nevertheless perform the correction for misspecification

of g (i.e. involving BQ,n), ψ∗,�n is still DR in the classical sense. However, ψ∗,�n will only

be asymptotically linear if grn converges to gr0 faster than n−1/2.

2. If Q+ = Q0 and g+ 6= g0, but we nevertheless perform the correction to guard against

misspecification of Q (i.e. involving Bg,n), then ψ∗,�n will not be DR in the classical
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sense, nor will it be asymptotically linear. This is true even if Qr
n converges to Qr

0

faster than n−1/2.

Both points above are somewhat problematic for the use of the estimator ψ∗,�n in practice.

Together these points establish that the confidence intervals and tests developed for ψ∗,+n

above will only be correct for ψ∗,�n if we are in the very special case that neither Q nor

g was misspecified! The first point additionally tells us that if we incorrectly adjust for

misspecification of g, the reduced-dimension regressions grn must converge at a parametric

rate in order to retain asymptotic linearity of ψ∗,�n . However, correctly specifying a parametric

regression model for these reduced-dimension regressions will be no easy task, if it is indeed

at all possible. Furthermore, even if the parametric regression model is correctly specified,

the inference developed above will no longer be valid as there will be a contribution to

the influence function of ψ∗,�n resulting from the incorrect correction for BQ,n. The second

point is far more disconcerting than the first. Here, we see that incorrectly adjusting for

misspecification of Q, not only prevents ψ∗,�n from achieving asymptotic linearity, but also

prevents its consistency as well.

Based on the discussion above, it appears as though one-step estimators are capable of

correcting for misspecification only so long as the user knows which nuisance parameter has

been misspecified. The attempt to guard against either form of misspecification without

knowing which actually occurs comes with high risks, including the loss of consistency and

hence of double-robustness.

3.4.2 TMLE estimators

We recall from the introduction and previous chapters that TMLE is a general methodology

for updating initial estimators of nuisance parameters. These updates are constructed in

such a way that the revised estimator solves a set of user-specified estimating equations

in P ; typically, this is the efficient influence function estimating equation, i.e., the revised

estimator Q∗n is constructed such that PnD
∗(Q∗n, gn) = 0. Now, suppose we were able to
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construct estimators Q∗n, g∗n, Qr,∗
n , and gr,∗n such that not only PnD

∗(Q∗n, g
∗
n) = 0, but also that

Bg,n(Qr,∗
n , g

∗
n) = 0 and BQ,n(Q∗n, g

r,∗
n ) = 0. Then by (3.10), one would immediately have that

ψ∗n,TMLE := Ψ(Q∗n) would be asymptotically linear for arbitrary patterns of misspecification,

so long as the updated estimators (Q∗n, g∗n, Qr,∗
n , gr,∗n ) still satisfied the second-order and

empirical process conditions outlined in the previous section. An iterative TMLE algorithm

certainly could be used to construct estimators that solve the necessary equations; however,

it remains to be seen whether solving additional unnecessary equations would have any

negative impact of the performance of the estimator in practice. In van der Laan [2014], this

was not the case and therefore this appears to be a very promising avenue. Such questions

are beyond the scope of this dissertation but will be the focus of future research.

3.4.3 Practical considerations

We now make a few remarks on considerations for implementing estimators in practice.

Asymptotic linearity relies on consistent estimation of the reduced-dimension regressions

outlined in the previous sections. These terms are not easily interpretable and one may be

concerned that consistent estimation would prove difficult in practice. However, by con-

struction these terms involve only univariate regressions, so that nonparametric smoothing

methods may be successfully employed to generate consistent estimates. For example, it is

well known that a univariate kernel regression estimator optimizing mean-squared error will

have bias on the order of n−2/5 based on an optimal bandwidth of the order n−1/5. Thus,

if cross-validation is used to select the optimal bandwidth, the bias correction terms will

converge at a relatively fast rate to their true value, helping to ensure relevant second-order

conditions are satisfied. On the other hand, in finite samples parametric and semiparametric

regression techniques may lead to superior performance. An appealing practical solution

is thus to employ the Super Learner, an ensemble machine learning technique that uses

cross-validation to select the optimal combination of a given collection of candidate learn-

ers [van der Laan and Polley, 2007]. The candidate learners could include cross-validated

kernel regressions, as well as semiparametric (e.g., general additive models) or parametric
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(e.g., splines or simple univariate regression). The oracle results proven in van der Laan and

Dudoit [2003] imply that the ensemble Super Learner model will perform asymptotically as

well as the best combination. Thus, by including nonparametric smoothers as candidates,

we ensure consistency while allowing for potential finite sample improvements that may be

seen with more structured learners.

3.5 Simulation Study

3.5.1 Design

We consider the finite-sample performance of ψ∗,+n and ψ∗,�n in a simple survival analysis

setting. Let L0 be a two-dimensional vector consisting of independent components L01 ∼

U(−5, 5) and L02 ∼ Bernoulli(0.5). We use L1 to describe a subject’s failure status at the

first time point, with L1 = 0 denoting the subject is still at risk, while L1 = 1 denotes a

subject has already failed. Similarly, L2 denotes failure status at the second time point. As

such, it is known that Q̄2,0(l0, 1) = 1 for every l0. We consider a binary baseline treatment

A0 and a binary censoring indicator A1. We use A1 = 1 to denote remaining uncensored

at the first time point. We parametrize the distribution of the L-process using the hazard

function:

E0(L1 | A0 = 1, L0 = l0) = E0(L2 | Ā1 = 1̄, L1 = 0, L0 = l0) = expit(−0.2l01 + 0.4l01l02) ,

Similarly we set

E0(A0 |L0 = l0) = E0(A1 | A0 = 1, L1 = 0, L0 = l0) = expit(−0.2l01 + 0.4l01l02) .

We examine the behavior of the proposed estimators under misspecification of both Q and

g. In each case, the misspecified regression estimator employed is a logistic regression that

includes only main terms for L01 and L02, while the correctly specified regression estimator

is a bivariate kernel regression with cross-validated bandwidth selection based on the mean-

squared error criterion. Univariate kernel regression with cross-validated bandwidth selection

was used to estimate the reduced-dimension regression needed for the bias correction terms.
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We compare our proposed estimators to the standard one-step Newton-Raphson estima-

tor that does not correct for misspecification. In particular, we study two outcomes: the

convergence rate of the bias of the estimators and the nominal 95% coverage probabilities

of confidence intervals. We expect that the bias of the uncorrected one-step estimator will

not converge faster than n−1/2, as would be required for asymptotic linearity, due to mis-

specification of the nuisance parameters. This in turn should be reflected in the coverage of

confidence intervals, which should converge to zero asymptotically. We expect that the bias

of the one-step estimator that is able to properly account for misspecification ψ∗,+n should

tend to zero faster than n−1/2 rate and achieve nominal coverage levels asymptotically. As

discussed in the previous section, we expect the bias of ψ∗,�n not to converge at the proper rate,

though we may expect to find bias smaller than ψ∗n. However, in the case that Q+ = Q0 and

g+ 6= g0, we expect the inconsistency of ψ∗,�n to adversely affect its asymptotic performance.

3.5.2 Results

Figure 3.5.2 shows the results from the simulation. Starting with the left column, we examine

the situation where the propensity scores have been misspecified. In the top plot, we find

that the bias of the standard one-step estimator is not converging to zero faster than n−1/2,

as evidenced by the fact that n1/2 times the bias of the estimator is not converging to zero.

We see that the estimators that make additional corrections have bias converging to zero, but

that the inconsistency of the estimator that incorrectly adjusts for the additional possible

misspecification of Q begins to appear at large sample sizes. Figure N.3 (Supplement)

indeed shows that the additional correction term is not converging to zero, thus confirming

this estimators inconsistency. Nevertheless, the estimator still far outperforms the standard

one-step for all sample sizes considered. The bottom row shows the nominal 95% coverage

of the estimators, where we see that the bias has a strong negative impact on the coverage

probability for the standard one-step estimator. In contrast, the corrected estimators achieve
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Figure 3.1: Simulation results for the standard vs. corrected one-step estimators. The top
row shows n1/2 times the bias of the estimator, while the bottom row shows the nominal
95% coverage probability. The left column is the case where the propensity regressions (g)
have been misspecified, while the right column is the case where the outcome regressions (Q)
have been misspecified.
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a near nominal coverage at a reasonable sample size. Moving to the right column, we examine

the case that Q is misspecified, while g is correctly specified. Here, we see again that the

bias of the corrected estimators appears to be converging to zero close to the correct rate,

while the bias of standard one-step is not converging to zero fast enough. However, the

bottom panel shows that this does not appear to have a strong adverse effect on its coverage.

This is explained by the fact that the efficient influence function-based standard errors are

conservative in this case, as illustrated in Figure N.5 (Supplement).

3.6 Discussion

As machine learning and data-adaptive estimation techniques become more popular in prac-

tice, the statistical theory necessary to perform valid inference must be developed to keep

pace. In this chapter, we discussed the issues that arise in doubly-robust estimation due to

nuisance parameter misspecification. We found these issues to be particularly problematic

when nonparametric estimators had been employed due to the slow convergence rate of the

bias of standard doubly-robust estimators. The finding that one-step estimation methodol-

ogy may not be fully equipped to develop estimators that are doubly-robust with respect

to inference (rather than consistency alone) is very interesting. This points to the necessity

of utilizing the TMLE framework for constructing estimators with such properties. How-

ever, substantial work remains to be done in that arena to examine whether constructing

estimators to solve the additional, unnecessary estimating equations – and in particular, the

non-doubly robust estimating equation discussed in Appendix M.5 – will adversely affect the

finite-sample and asymptotic behavior of the estimator. This will be a very interesting topic

of future research. Additionally, it will be interesting to examine whether a TMLE algorithm

for achieving doubly-robust inference in the longitudinal setting is computationally stable.

Such an algorithm will be highly iterative and may have convergence difficulties in practice.

This motivates the usage of universally least favorable submodels, a recent idea proposed in

van der Laan [2015] that would obviate the need for iteration in the TMLE algorithm. This

too is an area of interest for future research.
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Appendix A

CAUSAL ASSUMPTIONS

We use a counterfactual framework for defining causal effects. Let T (z) be the potential

time to the first event when subject i is assigned treatment z, so that T = (1−Z)T (0)+ZT (1);

similarly, define J(z) as the potential type of event under this same treatment assignment.

We assume that the treatment assignment of the ith individual does not affect the potential

outcomes of other individuals and that there are no multiple forms of treatment, i.e. that

the single unit treatment value assumption (SUTVA) holds. We also adopt the axiom of

consistency: if a unit is assigned to treatment z, then it must be that (T, J) = {T (z), J(z)}.

The full data we would like to see for each subject are denoted X(z) = {T (z), J(z),W}.

Our goal is estimation of the cumulative incidence of events of type J = 1 at a fixed time

t0 under fixed treatment assignment z0:

Fz0(t0, 1) = P{T (z0) ≤ t0, J(z0) = 1} for z0 = 0, 1. (A.1)

To identify this quantity based on the observed data, we must make several non-testable

assumptions:

1. Conditionally independent treatment assignment: {Z ⊥ T (z)} | W for z = 0, 1

2. Positivity: P{U(z) > t0 | Z = z,W = w} > 0 for P0 − almost every w and for

z = 0, 1

3. Coarsening at random (CAR): PO|Z=z,X(z) = PO|Z=z,W for z = 0, 1

Assumption 1 would be satisfied in any trial where treatment probabilities are known based

on baseline covariates W , as would be in a randomized trial. Assumption 2 calls for a
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positive probability of remaining uncensored up to time t0 within each strata of W ; this

ensures counterfactual event times are well defined [Petersen et al., 2010]. Assumption 3

requires there be no unmeasured confounders of T (z) and U(z) [Tsiatis, 2007, van der Laan

and Robins, 2003]. If we are unwilling to make untestable assumptions, as perhaps we would

be in an observational study, the statistical parameter defined in Section 2 Equation (1) may

still be an interesting parameter for assessing treatment efficacy.
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Appendix B

PROOF OF THEOREM 1

We provide two derivations of the efficient influence curve: the first via projections onto

tangent spaces generated by fluctuation submodels for Q, the second as a direct application

of Theorem 1 in van der Laan and Gruber [2012]. These two derivations arrive at different,

but equivalent representations of the efficient influence curve.

B.1 Representation 1

The first method of obtaining the canonical gradient of cumulative incidence involves project-

ing an initial gradient, DIPCW (P ), onto the tangent space of the model at P , denoted T (P ).

The tangent space for a random variable O(t) is defined as the mean-square closure of the

space spanned by the scores of regular parametric submodels through P [O(t) | Pa{O(t)}].

Because cumulative incidence is only a function of P through the Q portion of the likeli-

hood, we can consider the submodel M(g) of M where g is treated as fixed and known.

Due to the factorization of P = Qg, it follows that the canonical gradient in this smaller

model will be the same as in the full model [van der Laan and Robins, 2003]. The tangent

space in the reduced model is a sum space consisting of the tangent spaces generated by

submodels P (ε) that only vary QW , Q̄z0
1 , and Q̄z0

2 ; we denote these tangent spaces as TW (P ),

TdN1(t)(P ), TdN2(t)(P ), t = 1, ..., τ , respectively.

Let L0
2(P ) be the Hilbert space of mean zero functions with finite variance with respect

to P equipped with inner product < f, g >:= Pfg. For the competing risks problem the
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relevant tangent spaces are

TW (P ) = {v(W ) ∈ L0
2(P ) : E{v(W )} = 0},

TdN1(t)(P ) = {v[dN1(t), Pa{dN1(t)}] ∈ L0
2(P ) :

E(v[dN1(t), Pa{dN1(t)}] | Pa{dN1(t)} = 0)}, and

TdN2(t)(P ) = {v[dN2(t), Pa{dN2(t)}] ∈ L0
2(P ) :

E(v[dN2(t), Pa{dN2(t)}] | Pa{dN2(t)}) = 0}.

To project an initial gradient onto the tangent space for variable O(t), we use the projection

operator given by

Π{D(P ) | TO(t)(P )}[o(t), pa{o(t)}]

= E[D(P ;O) | O(t) = o(t), Pa{O(t)} = pa{o(t)}]− E[D(P ;O) | Pa{O(t)} = pa{o(t)}].

For the binary variables dN1(t), dN2(t) we have the special form

Π{D(P ) | TO(t)(P )} = HO(t)[Pa{O(t)}](O(t)− P [O(t) = 1 | Pa{O(t)}]), (B.1)

where

HO(t)[pa{o(t)}] := E[D(P ;O) | O(t) = 1, Pa{O(t)} = pa{o(t)}]

−E[D(P ;O) | O(t) = 0, Pa{O(t)} = pa{o(t)}]. (B.2)

See van der Laan and Rose [2011] (p 538-542) for proofs of these results.

Now consider the gradient in M(g) at P evaluated at a standard data unit o,

DIPCW (P ; o) = Hg(t0; o)n1(t0)− F z0
1 (t0), (B.3)

where Hg(t0; o) is as defined in Theorem 1.

The projection of this gradient onto TW (P ) is easily seen to be

Π{DIPCW (P ) | TW (P )}(o) = E{DIPCW (P ;O) | W = w}

= F z0
1 (t0;w)− F z0

1 (t0).
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To find the projection onto TdN1(t)(P ), we calculate (B.2) for O(t) = dN1(t), t = 1, ..., τ .

Note that (B.1) will be 0 if N1(s− 1) = 1, N2(s− 1) = 1, or C(s− 1) = 1, for any s < t. It

follows that we can condition on N1(t − 1) = N2(t − 1) = C(t − 1) = 0 in our calculations;

we denote this condition as T̃ ≥ t.

The first term in (B.2) for t ≤ t0 is

E[DIPCW (P ;O) | dN1(t) = 1, T̃ ≥ t, Pa{dN1(t)} = pa{dn1(t)}]

= Hg(t; o)− F z0
1 (t0),

For t > t0, E[DIPCW (P ;O) | dN1(t) = 1, Pa{dN1(t)} = pa{dn1(t)}] = −F (t0, 1 | Z = z0).

The second term in (B.2) for t < t0 is,

E[DIPCW (P ;O) | dn1(t) = 0, T̃ ≥ t, pa{dn1(t)}]

= Hg(t; o){1− Q̌z0
2 (t;w)}

t0∑
s=t+1

Q̄z0
1 (s;w)

s−1∏
m=t+1

{1− Q̄z0
1 (m;w)− Q̄z0

2 (m;w)}

= Hg(t; o){1− Q̌z0
2 (t;w)}Rz0

1 (t;w).

For t ≥ t0, E[DIPCW (P ;O) | dN1(t) = 0, T̃ ≥ t, Pa{dN1(t)} = pa{dn1(t)}] = −F z0
1 (t0).

Combining these results, we conclude that

HdN1(t; o) = Hg(t; o){I(t < t0)[1− {1− Q̌z0
2 (t;w)}Rz0

1 (t;w)] + I(t = t0)}.

We can similarly determine the projection of DIPCW (P ) onto TdN2(t)(P ). The projection

will be 0 when N1(t) = 1, N2(t − 1) = 1, or C(t − 1) = 1; we use {T̃ ≥ t, dN1(t) = 0} to

denote the complement of this condition. The first term in (B.2) is −F (t0, 1 | Z = z0) ∀ t ∈

{1, ..., t0}. The second term in (B.2) for t < t0 is,

E[DIPCW (P ;O) | dN2(t) = 0, Pa{dN2(t)} = pa{dN2(t)}, T̃ ≥ t, dN1(t) = 0]

= Hg(t; o)

t0∑
s=t+1

Q̄z0
1 (s;w)

s−1∏
m=t+1

{1− Q̄z0
1 (m;w)− Q̄z0

2 (m;w)} − F z0
1 (t0)

= Hg(t; o)R
z0
1 (t;w)− F z0

1 (t0).



81

For t ≥ t0, this term is −F z0
1 (t0). Combining these we conclude that

HdN2(t; o) = −I(t < t0)Hg{t, (o− 1)}R(t;w)

Now, by summing over all the projections, we have the first form of the efficient influence

curve:

D∗(P ; o) =
τ∑
t=1

Hg(t; o)HdN1(t; o)
{
dn1(t)− Q̄z0

1 (t;w)
}

+
τ∑
t=1

Hg(t; o)HdN2(t; o){dn2(t)− Q̌z0
2 (t;w)}

+F z0
1 (t0;w)− F z0

1 (t0). (B.4)

It can easily be shown that this is equivalent to the form given in the theorem.

B.2 Representation 2

Theorem 1 in van der Laan and Gruber [2012] gives the form of the efficient influence curve

for longitudinal parameters under multiple time point interventions as established in Bang

and Robins [2005]. By viewing censoring as a sequentially randomized treatment (equivalent

to assuming CAR, see e.g. van der Laan and Rose [2011] Appendix 5) and the event process

N2 as a time-varying confounder, we may directly apply the results of this theorem.

We begin by showing that cumulative incidence can indeed be written as a function of

iteratively defined conditional means. Note that for t = 1, ..., t0, Q̃z0
1 (m;w) can be written

Q̃z0
1 (m;w) =I{n1(m− 1) = n2(m− 1) = 0} (B.5)

×

[
t0∑
t=m

Q̄z0
1 (t;w)

t−1∏
s=m

{1− Q̄z0
1 (s;w)− Q̄z0

2 (s;w)}

]
+ I{n1(m− 1) = 1} (B.6)

=I{n1(m− 1) = n2(m− 1) = 0}Rz0
1 (m− 1) + I{n1(m− 1) = 1}, (B.7)

where we take empty products to be 1 and empty sums to be 0 as necessary so that this

form applies for all m = 1, ..., t0. Letting m = 1 we see that Q̃z0
1 (1;w) = F z0

1 (t0;w). Taking

the expected value of this with respect to QW gives the unconditional cumulative incidence.
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Now we show the form of the efficient influence curve for this representation of the

parameter. A direct application of Theorem 1 in van der Laan and Gruber [2012] gives the

efficient influence curve at P to be
∑t0

t=0 D̃
z0
1 (t), where

D̃z0
1 (t0; o) := Hg(t0; o){dn1(t0)− Q̄z0

1 (t0;w)}

D̃z0
1 (t; o) := Hg(t; o){Q̃z0

1 (t+ 1;w)− Q̃z0
1 (t;w)}, for t = t0 − 1, ..., 1

D̃W (w) := F z0
1 (t0;w)− F z0

1 (t0)

First note that for t = t0, we have D∗t0(P ; o) = Dz0
1 (t0; o) + Dz0

2 (t0; o) = Dz0
1 (t0; o) from

Theorem 1. Now for all t = t0 − 1, ..., 1, the following equalities will be used:

Rz0
1 (t;w)−Rz0

1 (t− 1;w) = −{1−Rz0
1 (t;w)}Q̄z0

1 (t;w) + Q̄z0
2 (t;w)Rz0

1 (t;w)

I{N1(t) = 1} − I{N1(t− 1) = 1} = dN1(t);

I{N1(t) = N2(t) = 0} = {1− dN1(t)− dN2(t)}I{N(t− 1) = 0};

I{N(t− 1) = 0}dN1(t) = dN1(t).

For t = t0 − 1, ..., 1, we can then write

(Q̃z0
1 (t+ 1;w)− Q̃z0

1 (t;w))

= I{n(t) = 0}Rz0
1 (t;w) + I{n1(t) = 1} − I{n1(t− 1) = 0}Rz0

1 (t− 1;w)− I{n1(t− 1) = 1}

= dn1(t) + {1− dn1(t)− dn2(t)}I{n(t− 1) = 0}Rz0
1 (t;w)− I{n(t− 1) = 0}Rz0

1 (t− 1;w)

= I{n(t− 1) = 0}{dn1(t)−Rz0
1 (t;w)dn1(t)−Rz0

1 (t;w)dN2(t) +Rz0
1 (t;w)−Rz0

1 (t− 1;w)}

= I{n(t− 1) = 0}[{1−Rz0
1 (t;w)}{dn1(t)− Q̄z0

1 (t;w)} −Rz0
1 (t;w){dn2(t)− Q̄z0

2 (t;w)}],

which is equivalent to Dz0
1 (t; o) +Dz0

2 (t; o) from Theorem 1.
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Appendix C

REGULARITY CONDITIONS FOR LEMMA 1

Lemma 1 will hold for estimators Qn and gn that satisfy the following conditions:

1. (Pn − P0){D∗(Qn, gn)−D∗(Q0, g0)} = op(n
−1/2)

2. U(Q0, Qn, g0, gn) = op(n
−1/2),

where

U(Q0, Qn, g0, gn) = Ψ(Qn)−Ψ(Q0) + P0D
∗(Qn, gn),

is the remainder term resulting from the linearization of Ψ(Q) and involves second- and

higher-order differences between Qn and Q0 and between gn and g0. Condition (1) would

be satisfied if there exists a P0-Donsker class F such that D∗(Qn, gn) ∈ F with probability

tending to 1 and P0{D∗(Qn, gn)−D∗(Q0, g0)}2 →p 0. For a detailed proof see van der Laan

and Rose [2011] Appendix 18, Theorem A5.
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Appendix D

CONSTUCTION OF TMLES

D.1 Hazard-based TMLE

The hazard-based TMLE can be constructed as follows:

1. Generate initial estimates, gz0,n and GC,n, of the conditional treatment and censoring

mechanisms. These may be obtained through standard methods (e.g. parametric

regression for gz0,n; Kaplan-Meier for GC,n), or more ideally using machine learning

techniques, possibly combined data-adaptively using the Super Learner.

2. Let k = 0. Generate initial estimates, Q̄z0
1,n,k and Q̌z0

2,n,k , of the cause-specific hazards.

Again, these could be obtained through standard logistic regression, but ideally would

make use of more data adaptive methods.

3. Use the current estimates Q̄z0
1,n,k and Q̌z0

2,n,k to compute H1,n,k(o).

4. Obtain ε1,n,k as the estimated coefficient in a logistic regression model of outcome dn1(t)

on covariate H1,n,k(o) with offset Q̄z0
1,n,k(t;w) in the subset of data with z = z0, c(t−1) =

0. Set Q̄z0
1,n,k+1(t;w) := Q̄z0

1,n,k(t;w)(ε1,n,k).

5. Use Q̄z0
1,n,k+1 and Q̌z0

2,n,k to compute H2,n,k+1.

6. Obtain ε2,n,k as the estimated coefficient in a logisitic regression model of outcome

dn2(t) on covariateH2,n,k+1 with offset logit[Q̌z0
2,n,k(t;w){1−Q̄z0

1,n,k+1(t;w)}] in the subset

of data with Z = z0, C(t− 1) = 0. Set Q̌z0
2,n,k+1(t;w) := Q̌z0

2,n,k(t;w)(ε2,n,k).
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7. Iterate steps 3-6 to a large number K such that ε1,n,K ≈ 0 and ε2,n,K ≈ 0. Let

Q̄z0,∗
1,n (t;w), Q̌z0,∗

2,n (t;w) denote the estimates at the final iteration.

8. Apply the mapping in (1) using Q̄z0,∗
1,n (t;w), Q̌z0,∗

2,n (t;w), andQW,n to obtain the estimator

ψ∗n := F ∗n(t0, 1|Z = z0).

D.2 Iterative mean-based TMLE

We begin by briefly discussing how to obtain initial estimators of Q̃z0
1 (t;w). Consider the

conditional mean at the last time point, Q̃z0
1 (t0;w). The initial estimate of this quantity

should trivially assign 1 to subjects who have failed due to cause 1 prior to t0 and 0 to

subjects who have failed due to cause 2. It thus only remains to estimate the conditional

hazard of a failure at time t0. This can be achieved through standard parametric regression

or more data adaptive methods, but in each case we only use data for subjects at risk

and uncensored at t0 − 1. Moving to the next time point, t0 − 1, the initial estimate of

Q̃z0
1 (t0 − 1;w) now assigns 1 to subjects who have failed due to cause 1 prior to t0− 1 and 0

to subjects who have failed due to cause 2. We then estimate the probability of a type 1 event

at either t0 − 1 or t0 in the subset of subjects who have not failed due to any cause by time

t0 − 2. Again, this can be done using standard parametric regression or more data adaptive

methods. An example of a standard regression approach would be a logistic regression model

with Q̃z0
1,n(t0 − 1;w) as the outcome and functions of w as predictors, fit using the subset of

the data for which Z = z0, C(t0 − 2) = N(t0 − 2) = 0. We iterate this estimation process

at each time. Note that the subset of uncensored subjects used in the non-trivial estimation

at each step is getting larger until eventually at t = 1, all subjects are used to obtain an

estimate of F z0
1 (t0;w). We then average over covariate levels to obtain an estimate of the

unconditional cumulative incidence function using e.g. the empirical distribution of baseline

covariates as our estimate of QW .

The TMLE procedure follows the estimation procedure outlined above, but adds in a

targeting step at each time point. Thus, the procedure is as follows:
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1. Generate initial estimates, gz0,n(w) and GC,n(·, w), of the treatment and censoring

mechanisms. Use these to compute Hg,n.

2. Generate an initial estimate Q̃z0
1,n(t0;w) of the first conditional mean as outlined above.

3. Obtain εt0,n by fitting logistic regression with dn1(t0) as outcome, logit{Q̃z0
1,n(t0;w)}

as offset, and Hg,n(t0, o) as covariate in the subset of data with z = z0, c(t0 − 1) =

n1(t0 − 1) = n2(t0 − 1) = 0. Set Q̃z0,∗
1,n (t0;w) = Q̃z0

1,n(t0;w)(εt0,n). Let t = t0 − 1.

4. Generate an initial estimate Q̃z0
1,n(t;w) of the t-th conditional mean as outlined above

using Q̃z0
1,n(t+ 1;w) as the outcome in e.g. a logistic regression model or a data adaptive

learning algorithm.

5. Obtain εt,n by fitting logistic regression with Q̃z0,∗
1,n (t+ 1;w) as outcome, Q̃z0

1,n(t;w) as

offset, and Hg,n(t, o) as covariate in the subset of data with z = z0, c(t−1) = n1(t−1) =

n2(t− 1) = 0.

6. Iterate steps 4-5 for t = t0 − 2, ..., 1.

7. Use the empirical distribution of covariates to average Q̃z0,∗
1,n (1;w) = F z0

1 (t0;w) over the

distribution of W , obtaining estimator ψ∗n = F z0,∗
1,n (t0).

D.3 Practical implementation

We first note that the targeting in the mean-based TMLE is completed in a single step, as

opposed to the hazard-based approach, which requires iteration. However, the mean-based

TMLE requires estimation of Q̃z0
1,0(t;w) at each time, whereas there were only two steps of

initial estimation in the hazard-based approach. If the initial estimation is being done with a

computationally intensive method, e.g. Super Learner, then the mean-based approach might

be much slower to implement in practice. However, for a modest number of discrete time
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points, as in the simulation studies presented, we found that the methods take approximately

the same amount of time to execute.
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Appendix E

SIMULATION DETAILS

E.1 Simulation parameters

For the first simulation study, we set β0 = −3.876, exp(β1) = 0.474, and exp(β3) = 1

for all scenarios. Table E.1 contains values for all other parameters. The exponentiated

parameters can be interpreted as a cause-specific hazard ratio for a unit difference in the

associated covariate. For the second simulation study, we set β0 = −3.876, exp(β1) = 3.123,

exp(γ1) = 1.557 for all scenarios and include additional parameter values in Table 2.

E.2 Super Learner libraries

Table E.2 shows the algorithms included in the Super Learner library for cause-specific

hazards (TMLE-1), iterated conditional means (TMLE-2) and censoring (both TMLE-1 and

TMLE-2) in the simulation studies. The generalized additive models were computed using

the gam R package [Hastie, 2013] and the Super Learner algorithm was executed using the

SuperLearner R package [Polley and van der Laan, 2013].

E.3 Standard error estimates

Figure E.3 shows the performance of the influence curve-based standard error estimates of

F̂ z0
1 (8) for z0 = 0, 1 from simulation study 1. The estimates perform well in all settings.
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Pred. cens. exp(γ1) Cens. rate γ0 Pred. event exp(β2) n

None 1 Low -4.125 None 1 2180

None 1 Low -4.115 Medium 1.557 2150

None 1 Low -4.100 High 3.123 1570

None 1 High -2.887 None 1 2630

None 1 High -2.875 Medium 1.557 2450

None 1 High -2.840 High 3.123 1780

High 1.557 Low -4.210 None 1 2340

High 1.557 Low -4.200 Medium 1.557 2180

High 1.557 Low -4.130 High 3.123 1610

High 1.557 High -2.935 None 1 2650

High 1.557 High -2.920 Medium 1.557 2530

High 1.557 High -2.850 High 3.123 1900

Table E.1: Parameters for simulation study 1 used to generate data for all scenarios consid-
ered: combinations of none/high covariate predictiveness of censoring (Pred. cens.), low/high
censoring rates (Cens. rate), none/medium/high covariate predictiveness of events (Pred.
event).
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Figure E.1: Monte Carlo standard deviation (SD) plotted against the mean standard error
(SE) estimate for simulation study 1 for the hazard-based TMLE (TMLE-1) and the mean-
based TMLE (TMLE-2). The dashed line is the identity line, along which points should fall
if estimates of standard error accurately reflect the true standard deviation of the estimates.
Circles indicate the low censoring rate setting and triangles represent high censoring rate.
Red points indicate high covariate predictiveness of censoring, while black points indicate
low covariate predictiveness of censoring.
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Eff. Mod. exp(β3) VE exp(β1) γ0 n

No 1 0 1 -4.170 1640

No 1 0.25 0.726 -4.175 1880

No 1 0.5 0.474 -4.190 2190

No 1 0.75 0.225 -4.206 2630

Yes 0.280 0 1.620 -4.120 1200

Yes 0.474 0.25 1 -4.170 1880

Yes 0.220 0.5 0.830 -4.200 2150

Yes 0.250 0.75 0.375 -4.215 2630

Table E.2: Parameters for simulation study 2 used to generate data for all scenarios
considered: combinations of effect modification yes/no (Eff. mod.), and vaccine efficacy
0,0.25,0.5,0.75 (VE).
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Model type Time Covariates

Hazard estimates (TMLE-1)

glm ∅ Z

glm ∅ Z +W1 +W2

glm ∅ Z +W1 +W2 + Z ∗W2

glm factor(t) Z +W1 +W2

glm factor(t) Z +W1 +W2 + Z ∗W2

gam ∅ Z + s(W1, df = 3) +W2

gam s(t, df = 3) Z +W1 +W2

gam ∅ Z + s(W1, df = 3) +W2 + Z ∗W2

gam s(t, df = 3) Z +W1 +W2 + Z ∗W2

Conditional mean estimates (TMLE-2)

glm ∅ Z

glm ∅ Z +W1 +W2

glm ∅ Z +W1 +W2 + Z ∗W2

gam ∅ Z + s(W1, df = 3) +W2

gam ∅ Z + s(W1, df = 3) +W2 + Z ∗W2

Censoring estimates (TMLE-1 & TMLE-2)

glm ∅ ∅

glm ∅ Z +W1 +W2

glm ∅ Z +W1 +W2 + Z ∗W2

glm factor(t) Z +W1 +W2

glm factor(t) Z +W1 +W2 + Z ∗W2

gam ∅ Z + s(W1, df = 3) +W2

gam s(t, df = 3) Z +W1 +W2

gam ∅ Z + s(W1, df = 3) +W2 + Z ∗W2

gam s(t, df = 3) Z +W1 +W2 + Z ∗W2

Table E.3: Models included in Super Learner libraries for simulation studies. The columns
indicate model (glm=generalized linear model, gam = generalized additive model), time (∅
denotes time was omitted from the model, factor(t) dummy variables), and covariates (x∗y
indicates a cross product between covariates x and y). s(x, df = d) denotes that variable x
was modeled using a polynomial spline of degree d.
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Appendix F

ADDITIONAL SIMULATION STUDIES

We examined the performance of our estimators when covariates are measured with error,

e.g. self-reported risk behavior in an HIV vaccine efficacy trial. To generate data with

measurement error, we suppose there exists a latent variable L1 ∼ N(0, σ2
L1

) and W1 is a

version of L1 subject to measurement error,

W1 = L1 + e1, e1 ∼ N(0, σ2
e1

), e1 ⊥ L1,

so that W1 ∼ N(0, σ2
1), with σ2

1 = σ2
L1

+ σ2
e1

.

We suppose there exists a second latent variable, L?2, with

L?2 = L†2 + e2, L†2 ∼ N(0, σ2
L2

), e2 ∼ N(0, σ2
e2

), e2 ⊥ L†2,

so that L?2 ∼ N(0, σ2
2), with σ2

2 = σ2
L2

+ σ2
e2

. W2 is a dichotomized version of L?2, i.e.

W2 ≡ I(L?2 > θ), which implies

W2 ∼ Bernoulli{Φ(−θ/σobs)},

where Φ is the standard normal CDF. We let L2 ≡ I(L†2 > θ) be the true variable we

would like to have measured. We denote ρ1 ≡ 1− σ2
e1
/σ2

1 as the fraction of variability of W1

explained by L1; similarly, ρ2 ≡ 1 − σ2
e2
/σ2

2 is the fraction of variability in L?2 explained by

L†2. We let ρ1 = 0.9 and repeated simulation study 1. We then let ρ1 = ρ2 = 0.9 and θ = 0

and repeated simulation study 2.

F.1 Simulation 1 Results

Figures F.1, F.1, and F.1 show the results for the first simulation study when covariates are

measured with measurement error. We see that when covariates are measured with error
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Figure F.1: Bias of the hazard-based TMLE (TMLE-1), mean-based TMLE (TMLE-2), and
the Aalen-Johansen (A-J) estimator when covariates are measured with error. The bias is
presented as a percentage of the true cumulative incidence function.

TMLE estimates have some bias and efficiency gains are less than when there is no error in

covariate measurement. In general, when covariates are not prognostic TMLE still performs

as well as Aalen-Johansen.

F.2 Simulation 2 Results

Figure F.2 shows the results for simulation study 2 when covariates are measured with error.

We see that TMLE still provides some gains in power over Aalen-Johansen for moderately

effective vaccines. When there was no measurement error, TMLE offered a larger gain in

efficiency in the effect modification scenario. However, we see that the gain in power in the

effect modification scenario is smaller than the gain in the no effect modification scenario.
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Figure F.2: Relative coefficient of variation of the hazard-based (TMLE-1) and mean-based
(TMLE-2) TMLE estimators compared to the Aalen-Johansen (A-J) estimator when covari-
ates are measured with error. Values below 1.0 indicate a smaller coefficient of variation for
the TMLE estimator.
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Figure F.3: Relative mean squared error of the hazard-based (TMLE-1) and mean-based
(TMLE-2) estimators compared to the Aalen-Johansen (A-J) estimator when covariates are
measured with error. Values below 1.0 indicate a smaller mean squared error for the TMLE
estimator.
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measured with error. Tests are based on hazard-based TMLE (TMLE-1), mean-based TMLE
(TMLE-2), and the Aalen-Johansen (A-J) estimators. The left panel shows power with no
effect modification; the right panel shows power with effect modification.
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Appendix G

RV144 ANALYSIS DETAILS

Table G shows the models that were included in the Super Learner library for the RV144

analysis. Bayesian generalized linear models were calculated using the arm package [Gelman

and Su, 2014]. We use B to denote baseline behavioral risk score (low/medium/high), G to

denote gender, and A to denote age category (≤ 20, 21-25, ≥ 26). These covariates were

included in models using dummy variables.
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Model type Time Covariates

Conditional mean estimates (TMLE-2)

glm ∅ Z

glm ∅ Z +B +G+ A

glm ∅ Z ∗B

bayesglm ∅ Z

bayesglm ∅ Z +B +G+ A

bayesglm ∅ Z ∗B

step ∅ Z ∗B +G+ A

Censoring estimates (TMLE-1 & TMLE-2)

glm factor(t) ∅

glm factor(t) Z ∗ t

glm ∅ Z

glm ∅ Z +B +G+ A

glm t Z

glm t Z +B +G+ A

glm log(t) Z

glm log(t) Z +B +G+ A

step factor(t) Z +B +G+ A

step t Z +B +G+ A

step log(t) Z +B +G+ A

gam s(t, 3) Z

gam s(t, 3) Z +B +G+ A

gam s(t, 2) Z

gam s(t, 2) Z +B +G+ A

Table G.1: Models included in Super Learner libraries for RV144 analysis. The columns
indicate what type of model was used (glm=generalized linear model, bayesglm = bayesian
glm with default priors, step = stepwise glm using both AIC and BIC as selection criteria),
how time was modeled (∅ denotes time was omitted from the model, factor(t) indicates
dummy variables were used), and what covariates were included (x ∗ y indicates a cross
product between covariates x and y). We use s(x, df = d) to denote that variable x was
modeled using a polynomial spline of degree d.
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Appendix H

HVTN 505 RESULTS

Figure H shows results from an analysis of the HVTN 505 HIV vaccine efficacy trial using

TMLE. We implemented the mean-based TMLE using a the Super Learner to generate our

initial estimates at each time point as well as the censoring. We considered self-reported

sexual risk behavior (number of sexual partners, unprotected sex, drug/alcohol use, and a

derived sexual risk score). The Super Learner library included generalized linear models,

Bayesian generalized linear models, generalized additive models, and stepwise selection pro-

cedures very similar to those listed in Table G. The point estimates given by TMLE were

very similar to those obtain via Aalen-Johansen, while the estimated variances were generally

1-3% smaller (Figure H).
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Figure H.1: Results from the HVTN 505 HIV vaccine efficacy trial. The top row shows
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Appendix I

RARE EVENTS SIMULATION 1 - MULTIPLE FAILURE
TYPES

I.1 Design

We now consider estimation of cumulative incidence when multiple failure types are present.

Again, we assume that at baseline either a treatment and placebo is assigned with equal

probability and baseline covariates are measured with the same distribution as the first

simulation. The censoring distribution is also the same as in the first simulation. The

cause-specific hazard for events at each time is given by Q̄z
j(t;w) = expit(β0,j − z + 2w1 +

w2 − 3w3) , j = 1, 2 . We evaluate three situations: (1) both event types are common

β0,1:2 = (−2,−2); (2) one common event and one rare event β0,1:2 = (−2,−6); and (3) both

event types are rare β0,1:2 = (−6,−6). In each case we focus on estimating the additive

effect of Z on the cumulative incidence of type-2 events. We again compare our proposed

restricted estimator to the unrestricted TMLE and the nonparametric maximum likelihood

estimator, the Aalen-Johannsen estimator.

Similar to the first simulation, in both TMLEs the censoring mechanism is estimated using

a correctly specified logistic regression model. In the unconstrained TMLE, the iteratively-

defined means are estimated using a correctly specified logistic regression, while the restricted

TMLE minimizes the bounded binary log-likelihood loss function according to the correctly

specified main terms model. In this simulation, the restricted TMLE imposes bounds equal to

the exact upper limit of the iterative means. This allows us to assess the “best-case” scenario

for finite sample gains that can be achieved by the estimator. The second simulation study

in the following section considers how the performance depends on how close the posited

bounds are to the true bounds.
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I.2 Results

The results are shown in Figure I.2. Here, we see a similar story to the case of a single

failure type. The bias of the restricted TMLE is typically at least as good as the other

estimators, while its variance is far better for small sample sizes. As the sample size grows,

the unrestricted TMLE’s performance begins to match that of the restricted TMLE.



105

●

●

●

●

●

−10051525

R
ar

e 
(c

om
m

on
)

Bias (% of truth)

50
0

75
0

10
00

20
00

50
00

●

●

●

●
●

−10051525

R
ar

e 
(r

ar
e)

50
0

75
0

10
00

20
00

50
00

●
●

●
●

●

−10051525

C
om

m
on

 (
co

m
m

on
)

50
0

75
0

10
00

20
00

50
00

0.750.850.951.05

Relative variance

50
0

75
0

10
00

20
00

50
00

R
es

tr
ic

te
d 

T
M

LE
/U

nr
es

tr
ic

te
d 

T
M

LE
R

es
tr

ic
te

d 
T

M
LE

/N
P

M
LE

0.750.850.951.05
50

0
75

0
10

00
20

00
50

00

0.750.850.951.05

50
0

75
0

10
00

20
00

50
00

0.750.850.951.05

Relative MSE

50
0

75
0

10
00

20
00

50
00

3
4

5
11

27
6.

9
1.

2
0.

7
0

0

S
am

pl
e 

si
ze

A
vg

. N
um

. E
ve

nt
s

P
ct

. D
is

ca
rd

R
es

tr
ic

te
d 

T
M

LE
/U

nr
es

tr
ic

te
d 

T
M

LE
R

es
tr

ic
te

d 
T

M
LE

/N
P

M
LE

0.750.850.951.05

50
0

75
0

10
00

20
00

50
00

4
6

8
16

40
2

0.
2

0
0

0

0.750.850.951.05

50
0

75
0

10
00

20
00

50
00

93
13

9
18

5
36

9
92

5
0

0
0

0
0

F
ig

u
re

I.
1:

R
es

u
lt

s
fr

om
S
im

u
la

ti
on

1
w

it
h

m
u
lt

ip
le

fa
il
u
re

ty
p

es
.

T
h
e

b
ia

s,
re

la
ti

ve
va

ri
an

ce
,
an

d
re

la
ti

ve
m

ea
n
-s

q
u
ar

ed
er

ro
r

(M
S
E

)
of

th
e

th
re

e
es

ti
m

at
or

s
ar

e
sh

ow
n

in
th

e
to

p
,

m
id

d
le

,
an

d
b

ot
to

m
ro

w
s,

re
sp

ec
ti

ve
ly

.



106

Appendix J

RARE EVENTS SIMULATION 2 - MULTIPLE FAILURE
TYPES

J.1 Design

We now consider how the tightness of the bounds on the iteratively-defined conditional means

affects the performance of the restricted TMLE estimator of cumulative incidence. To that

end, we consider the same data-generating mechanism described in Appendix I. However,

rather than using the exact bound, we use a multiple thereof. We considered increasing and

decreasing the bound by 10 and 25% and compare the bias, variance, and mean-squared error

of the restricted TMLE to the unrestricted TMLE. We again expect that bounds that are too

tight will lead to improvements in finite sample variance but at the cost of asymptotic bias.

As bounds become larger than the true bound, decreasing improvements in variance relative

to the unrestricted estimator are expected while asymptotic bias should be negligible.

J.2 Results

Figure J.2 shows the performance of the estimators relative to the NPMLE (the Aalen-

Johansen estimator). For very small sample sizes, we find that the bias of the restricted

TMLE compares favorably to that of the unrestricted TMLE though no clear trend is evident.

If more than about ten events of the rare failure type are observed, the estimators tend to

perform approximately the same in terms of their bias. We see that the choice of bounds that

are too tight comes at the cost of increased bias in large samples (top right figure). However,

we see an indication that the double-robustness property of the estimator kicking in at large

sample sizes. This is reflected by the decreasing bias as sample size gets large. Similar to the
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single failure type setting, the middle row shows that, unsurprisingly the tighter the bounds

the smaller the variance in finite samples. Even for the loosest bounds, we find improved

variance relative to the unrestricted TMLE. This is also reflected in the mean-squared error,

shown in the bottom row.
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Appendix K

PROOFS FOR CHAPTER 3

We provide a justification of the claim that

P0

{(
Q̄1,+ − Q̄1,0

ḡ0,0

) (
ḡ0,n − ḡ0,0

)}
= P0

{
A0A1

ḡ0,0ḡ1,0

(
L2 − Q̄1,+

ḡ0,0

) (
ḡ0,n − ḡ0,0

)}
.

Working backwards, we have that

E0

[
A0A1

ḡ0,0(L0)ḡ1,0(L̄1)

{
L2 − Q̄1,+(L̄0)

ḡ0,0(L0)

} {
ḡ0,n(L0)− ḡ0,0(L0)

}]
= E0

(
E0

[
A0A1

ḡ0,0(L0)ḡ1,0(L̄1)

{
L2 − Q̄1,+(L̄0)

ḡ0,0(L0)

} {
ḡ0,n(L0)− ḡ0,0(L0)

} ∣∣∣∣ Ā1, L̄1

])
= E0

(
A0A1

ḡ0,0(L0)ḡ1,0(L̄1)

{
E0(L2 | Ā1, L̄1)− Q̄1,+(L̄0)

ḡ0,0(L0)

} {
ḡ0,n(L0)− ḡ0,0(L0)

})
= E0

[
A0A1

ḡ0,0(L0)ḡ1,0(L̄1)

{
Q̄2,0(L̄1)− Q̄1,+(L̄0)

ḡ0,0(L0)

} {
ḡ0,n(L0)− ḡ0,0(L0)

}]
= E0

(
E0

[
A0A1

ḡ0,0(L0)ḡ1,0(L̄1)

{
Q̄2,0(L̄1)− Q̄1,+(L̄0)

ḡ0,0(L0)

} {
ḡ0,n(L0)− ḡ0,0(L0)

}∣∣∣∣ L̄1, A0

])
= E0

[
A0

ḡ0,0(L0)

{
Q̄2,0(L̄1)− Q̄1,+(L̄0)

ḡ0,0(L0)

} {
ḡ0,n(L0)− ḡ0,0(L0)

}]
= E0

([
A0

ḡ0,0(L0)

{
Q̄2,0(L̄1)− Q̄1,+(L̄0)

ḡ0,0(L0)

} {
ḡ0,n(L0)− ḡ0,0(L0)

} ∣∣∣∣ A0, L0

])
= E0

(
A0

ḡ0,0(L0)

{
E0

[
Q̄2,0(L̄1) | A0, L0

]
− Q̄1,+(L̄0)

ḡ0,0(L0)

} {
ḡ0,n(L0)− ḡ0,0(L0)

})
= E0

[
A0

ḡ0,0(L0)

{
Q̄1,0(L̄0)− Q̄1,+(L̄0)

ḡ0,0(L0)

} {
ḡ0,n(L0)− ḡ0,0(L0)

}]
= E0

(
E0

[
A0

ḡ0,0(L0)

{
Q̄1,0(L̄0)− Q̄1,+(L̄0)

ḡ0,0(L0)

} {
ḡ0,n(L0)− ḡ0,0(L0)

} ∣∣∣∣L0

])
= E0

[{
Q̄1,0(L̄0)− Q̄1,+(L̄0)

ḡ0,0(L0)

} {
ḡ0,n(L0)− ḡ0,0(L0)

}]
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Appendix L

ANALYSIS OF A GENERAL REMAINDER TERM

Consider the case of K timepoints and the remainder term involving the cross-product

of the outcome and propensity regressions at time k. We introduce the shorthand notation

A0:k :=
∏k

m=0Am and ḡ0:k :=
∏k

m=0 ḡm. The form of the remainder term is

Rk,n := Rk,n(Qn, Q0, gn, g0) := P0

{
A0:k−2

ḡ0:k−2,n

(
ḡk−1,0 − ḡk−1,n

ḡk−1,n

) (
Q̄k,0 − Q̄k,n

)}
.

This may be written as

Rk,n =
{

Γk−1,0n(ḡk−1,n)− Γk−1,0n(ḡk−1,0)
}

+
{

Φk,0n(Q̄k,n)− Φk,0n(Q̄k,0)
}

+

Sk,1(Qn, Q0, gn, g0) + Sk,2(Qn, Q0, gn, g0) ,

where we have defined

Γk−1,0n(ḡk−1) := P0

{
A0:k−2

ḡ0:k−2,n

(
Q̄k,+ − Q̄k,0

ḡk−1,0

)
ḡk−1

}
,

Φk,0n(Q̄k) := P0

{
A0:k−2

ḡ0:k−2,n

(
ḡk−1,+ − ḡk−1,0

ḡk−1,+

)
Q̄k

}
,

Sk,1(Qn, Q0, gn, g0) := P0

{
A0:k−2

ḡ0:k−2,n

(
ḡk−1,+ − ḡk−1,n

ḡk−1,+ ḡk−1,n

) (
ḡ1,0 − ḡ1,n

) (
Q̄k,0 − Q̄k,n

)}
Sk,2(Qn, Q0, gn, g0) := P0

{
A0:k−2

ḡ0:k−2,n

(
ḡk−1,+ − ḡk−1,n

ḡk−1,+

) (
Q̄k,+ − Q̄k,n

)}
.
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We start with the analysis of Γk−1,0n. We can write

Γk−1,0n(ḡk−1,n)− Γk−1,0n(ḡk−1,0) = P0

{
A0:k−2

ḡ0:k−2,n

(
Q̄k,+ − Q̄k,0

ḡk−1,0

) (
ḡk−1,n − ḡk−1,0

)}
= −P0

{
A0:K−1

ḡ0:k−2,n ḡk−1:K−1,0

(
Y − Q̄k,+

ḡk−1,0

) (
ḡk−1,n − ḡk−1,0

)}
= −P0

{
Q̄r
k,0n

ḡ2
k−1,0

(
ḡk−1,n − ḡk−1,0

)}
= −P0

{
Q̄r
k,n

ḡ2
k−1,n

(
ḡk−1,n − ḡk−1,0

)}
+ SQk,1(Qr

0n, Q
r
0, gn, g0) + SQk,2(Qr

n, Q
r
0, gn, g0) ,

with the reduced-dimension regression

Q̄r
k,0n(l̄k, āk−1) := E0

[
A0:K−1

ḡ0:k−2,n ḡk−1:K−1,0

(
Y − Q̄k,+

ḡk−1,0

) ∣∣∣∣Āk−1 = āk−1, ḡk−1,n(l̄k), ḡk−1,0(l̄k)

]
where we defined the second-order terms

SQk,1(Qr
0n, Q

r
0, gn, g0) := −P0

{
Q̄r
k,0n − Q̄r

k,0

ḡ2
k−1,0

(
ḡk−1,n − ḡk−1,0

)}
SQk,2(Qr

n, Q
r
0, gn, g0) := P0

{(
Q̄r
k,n

ḡ2
k−1,n

−
Q̄r
k,0

ḡ2
k−1,0

) (
ḡk−1,n − ḡk−1,0

)}
,

which are considered to be oP (n−1/2). We thus have shown that

Γk−1,0n(ḡk−1,n)− Γk−1,0n(ḡk−1,0)

= −I(ḡk−1,+ = ḡk−1,0, Q̄k,+ 6= Q̄k,0)
{

Γk−1,n(ḡk−1,n)− Γk−1,n(ḡk−1,0) + oP (n−1/2)
}
,

where

Γk−1,n(ḡk−1) := P0

(
Q̄r
k,n

ḡ2
k−1,n

ḡk−1

)
.

We then perform a first-order expansion of Γk−1,n at ḡk−1,n:

Γk−1,n(ḡk−1,n)− Γk−1,n(ḡk−1,0)

= −(Pn − P0)Dgk−1,0(Qr
0, g0) +Bn(Qr

n, gn) +Mgk−1
(Qr

n, Q0, gn, g0) ,
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where the canonical gradient of Γk−1,n at (Qr
0, g0) is

Dgk−1,0(Qr
0, g0)(o) :=

Q̄r
k,0(āk−1, l̄k−1)

ḡ2
k−1,0(l̄k−1)

{
ak−1 − ḡk−1,0(l̄k−2)

}
,

the first-order bias is given by Bn(Qr
n, gn) := PnDgk−1,n(Qr

n, gn), and the empirical process

term is given by

Mgk−1
(Qr

n, Q0, gn, g0) :=
(
Pn − P0

) {
Dgk−1,n(Qr

n, gn)−Dgk−1,0(Qr
0, g0)

}
and is considered to be oP (n−1/2).

Continuing to the analysis of Φk,0n:

Φk,0n(Q̄k,n)− Φk,0n(Q̄k,0) = P0

{
A0:k−2

ḡ0:k−1,n

(
ḡk−1,+ − ḡk−1,0

ḡk−1,+

) (
Q̄k,n − Q̄k,0

)}
= −P0

{
A0:k−2

ḡ0:k−1,n

(
Ak−1 − ḡk−1,+

ḡk−1,+

) (
Q̄k,n − Q̄k,0

)}
= −P0

{
ḡrk−1,0n

(
Q̄k,n − Q̄k,0

)}
= −P0

{
A0:k−1

g̃rk−1,0n

ḡrk−1,0n

(
Q̄k,n − Q̄k,0

)}
= −P0

{
A0:k−1

g̃rk−1,n

ḡrk−1,n

(
Q̄k,n − Q̄k,0

)}
+ SQk,1(Qn, Q0, g

r
k,0n, g

r
k,0) + SQk,2(Qn, Q0, g

r
k,n, g

r
k,0) ,

where we defined the reduced dimension regression

ḡrk−1,0n(L̄k−1) := E0

[
A0:k−2

ḡ0:k−1,n(L̄k−1)

{
Ak−1 − ḡk−1,+(L̄k−1)

ḡk−1,+(L̄k−1)

} ∣∣∣∣ Q̄k,n(L̄k−1), Q̄k,0(L̄k−1)

]
, and

g̃rk−1,0n(L̄k−1) := E0

{
A0:k−1

∣∣ Q̄k,n(L̄k−1), Q̄k,0(L̄k−1)} ,

as well as the second-order terms

SQk,1(Qn, Q0, g
r
k,0n, g

r
k,0) := −P0

{
A0:k−1

(
ḡrk−1,0n

g̃rk−1,0n

−
ḡrk−1,0

g̃rk−1,0

) (
Q̄k,n − Q̄k,0

)}
and

SQk,2(Qn, Q0, g
r
k,0n, g

r
k,0) := P0

{
A0:k−1

(
ḡrk−1,n

g̃rk−1,n

−
ḡrk−1,0

g̃rk−1,0

) (
Q̄k,n − Q̄k,0

)}
,
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which are considered to be oP (n−1/2). Thus, defining

Φk,n(Q̄k) := P0

(
A0:k−1

g̃r
k−1,n

ḡrk−1,n Q̄k

)
,

we have shown that

Φk,0n(Q̄k,n)− Φk,0n(Q̄k,0) = I(Q̄k,+ = Q̄k,0, ḡk−1,+ 6= ḡk−1,0)
{

Φk,n(Q̄k,n)− Φk,n(Q̄k,0)
}
.

Now, we consider a first-order expansion of Φk,n at Q̄k,n:

Φk,n(Q̄k,n)− Φk,n(Q̄k,0)

= −(Pn − P0)DQk,0(Q0, g
r
0) +BQk,n(Qn, g

r
n) +MQk

(Q0, Qn, g
r
0, g

r
n) +RQk

(Qn, Q0, g
r
0, g

r
n) ,

where the canonical gradient of Φk,n at (Q0, g
r
0) is given by

DQk,0(Q0, g
r
0)(o) :=

a0:k−1

g̃rk−1,n(l̄k−1)
ḡrk−1,n(l̄k−1)

{
Q̄k+1,0(l̄k)− Q̄k,0(l̄k−1)

}
,

the first-order bias term is given by BQk,n(Qn, g
r
n) := PnDQk,n(Qn, g

r
n), and the empirical

process term is given by

MQk
(Q0, Qn, g

r
0, g

r
n) =

(
Pn − P0

) {
DQk,n(Qn, g

r
n)−DQk,0(Q0, g

r
0)
}
,

and the first-order remainder term is given by

Rk
Qk

(Qn, Q0, g
r
0, g

r
n) := P0

{
A0:k−1

g̃r
k−1,n

ḡrk−1,n

(
Q̄k+1,0 − Q̄k+1,n)

}
.

Now, we apply an iterative process, where for m = k, k + 1, ..., K − 1 we have

Rk
Qm

(Qn, Q0, g
r
0, g

r
n) = P0

{
A0:k−1

g̃r
m−1,n

ḡrm−1,n

(
Q̄m+1,0 − Q̄m+1,n)

}
= P0

{
ḡRm,0n

(
Q̄k+1,0 − Q̄k+1,n)

}
= P0

{
A0:m

g̃rm̄,0n
ḡRm,0n

(
Q̄m+1,0 − Q̄m+1,n)

}
= P0

{
A0:m

g̃rm̄,n
ḡRm,n

(
Q̄m+1,0 − Q̄m+1,n)

}
+ SmQk

(Qn, Q0, g
r
0n, g

r
0) + SmQk

(Qn, Q0, g
r
n, g

r
0)
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where we defined the reduced dimension regressions

ḡRm,0n(L̄m) := E0

{
A0:k−1

g̃r
m−1,n

ḡrm−1,n

∣∣∣∣ Q̄m+1,0(L̄m), Q̄m+1,n(L̄m)

}
, and

g̃rm̄,0n(L̄m) := E0

{
A0:m

∣∣ Q̄m+1,0(L̄m), Q̄m+1,n(L̄m)
}
,

as well as the second-order terms

SmQk
(Qn, Q0, g

r
0n, g

r
0) := −P0

{
A0:m

(
ḡRm,0n
g̃rm̄,0n

−
ḡRm,0
g̃rm̄,0

) (
Q̄m+1,0 − Q̄m+1,n)

}
SmQk

(Qn, Q0, g
r
0n, g

r
0) := P0

{
A0:m

(
ḡRm,n
g̃rm̄,n

−
ḡRm,0
g̃rm̄,0

) (
Q̄m+1,0 − Q̄m+1,n)

}
,

which are both considered to be oP (n−1/2). Now, defining

ΦR,m
k,n (Q̄m+1) := P0

(
A0:m

g̃rm̄,n
ḡRm,n Q̄m+1

)
,

we have shown that

Rk
Qm

(Qn, Q0, g
r
0, g

r
n) = I(Q̄m+1,+ = Q̄m+1,0)

{
ΦR,m
k,n (Q̄m+1,n)− ΦR,m

k,n (Q̄m+1,0) + oP (n−1/2)
}
.

We write a first-order expansion of ΦR,m
k,n at Q̄m+1,n:

ΦR,m
k,n (Q̄m+1,n)− ΦR,m

k,n (Q̄m+1,0)

= −(Pn − P0)DR,m
Qk,0

(Qn, Q0, g
R
0 , g

R
n ) +BR,m

Qk,n
(Qn, g

R
n ) +

+MR,m
Qk,n

(Qn, Q0, g
R
0 , g

R
n ) +Rm+1

Qk
(Qn, Q0, g

R
0 , g

R
n )

where canonical gradient of ΦR,m
k,n at (Q0, g

R
0 ) is defined as

DR,m
Qk,0

(Q0, g
R
0 )(o) =

a0:m

g̃rm̄,0(l̄m)
ḡRm,0(l̄m)

{
Q̄m+2,0(l̄m+1)− Q̄m+1,0(l̄m)

}
,

the first-order bias term as BR,m
Qk,n

(Qn, g
R
n ) := PnD

R,m
Qk,n

(Qn, g
R
n ), and the empirical process

term (considered to be oP (n−1/2)) as

MR,m
Qk,n

(Qn, Q0, g
R
0 , g

R
n ) :=

{
Pn − P0

} {
DR,m
Qk,n

(Qn, g
R
n )−DR,m

Qk,0
(Q0, g

R
0 )
}
,

and the first-order remainder as

Rm+1
Qk

(Qn, Q0, g
R
0 , g

R
n ) := P0

{
A0:m

g̃rm̄,0
ḡRm,0

(
Q̄m+2,0 − Q̄m+2,n

)}
.
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Appendix M

ANALYSIS OF BIAS CORRECTION TERMS UNDER
CORRECT SPECIFICATION

M.1 BQ1,n

We begin with the analysis of BQ1,n = PnDQ1,n(grn, Qn) when g+ = g0 and Q+ 6= Q0. We

have

PnDQ1,n(grn, Qn) = (Pn − P0)DQ1,n(grn, Qn) + P0DQ1,n(grn, Qn)

= (Pn − P0)DQ1,n(gr+, Q+) + P0DQ1,n(grn, Qn) +M c
Q1

(Qn, Q+, g
r
n, g

r
+) ,

(M.1)

where we define the empirical process term

M c
Q1

(Qn, Q+, g
r
n, g

r
+) :=

(
Pn − P0

) {
DQ1,n(grn, Qn)−DQ1,n(gr+, Q+)

}
,

which is considered to be oP (n−1/2). Now, note that

ḡr0,+(l0) = E0

{
A0 − g0,0(L0)

g0,0(L0)

∣∣∣∣ Q̄1,+(l0)

}
= E0

[
E0

{
A0 − g0,0(L0)

g0,0(L0)

∣∣∣∣ L0 = l0, Q̄1,+(l0)

} ∣∣∣∣ Q̄1,+(l0)

]
= 0 .

Thus, the first quantity in (M.1) is equal to 0 and it remains to study

P0DQ1,n(grn, Qn) = P0

{
A0

g̃r0,+
ḡr0,n

(
Q̄2,n − Q̄1,n

)}
.

We proceed by noting that

P0DQ1,n(grn, Qn) = P0

{
A0

g̃r0,n
ḡr0,n

(
Q̄2,+ − Q̄1,+

)}
+ ScQ1,1

(Qn, Q+, g
r
n) + ScQ1,2

(Qn, Q+, g
r
n) + ScQ1,3

(Qn, Q+, g
r
n) ,
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where

ScQ1,1
(Qn, Q+, g

r
n) := P0

{
A0

g̃r0,n
ḡr1,n

(
Q̄2,n − Q̄2,+

)}
ScQ1,2

(Qn, Q+, g
r
n) := −P0

{
A0

g̃r0,n
ḡr1,n

(
Q̄1,n − Q̄1,+

)}
ScQ1,3

(Qn, Q+, g
r
n) := P0

{
A0

(
Q̄2,+ − Q̄1,+

)
ḡr0,n

(
g̃r0,n − g̃r0,+
g̃r0,ng̃

r
0,+

)}
and these terms are second-order because ḡr1,n → ḡr1,+ = 0. Thus, we may consider both

terms to be oP (n−1/2). We have thus arrived at the representation

P0DQ1,n(grn, Qn) = Θ1,n(ḡr0,n)−Θ1,n(ḡr0,+) + oP (n−1/2) ,

where we define

Θ1,n(ḡr0) := P0

{
A0

g̃r0,n

(
Q̄2,+ − Q̄1,+

)
ḡr0

}
,

and note that Θ1,n(ḡr0,+) = 0. This representation makes clear that the bias correction term

originally meant to correct for misspecification of g0 will behave as Θ1,n(ḡr0,n) − Θ1,n(ḡr0,+),

when in fact g+ = g0. We conclude that ψ∗,�n will still be DR; however, unless ḡr0,n converges

to zero at a parametric rate, ψ∗,�n will not generally be asymptotically linear. Nevertheless

the order of the bias is likely to still be reduced relative to ψ∗n in these cases. The bias of ψ∗n

will be on the order of the bias of Qn, which is likely to be converging much more slowly than

the bias of ḡr0,n, a univariate regression. We conclude by noting that the representation of

this term as a data-adaptive parameter Θ1,n begs the question as to whether Θ1,n itself may

be approximated in first-order by a further reduced-dimension parameter. This is beyond

the scope of this dissertation but may be a direction of future research.

M.2 BR
Q1,n

We proceed to the analysis of BR
Q1,n

= PnD
R
Q1,n

(gRn , Qn), the second bias term arising from

the putative misspecification of g0,0. Consider again the case g+ = g0 and Q+ 6= Q0. We
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have

PnD
R
Q1,n

(gRn , Qn) = (Pn − P0)DR
Q1,n

(gRn , Qn) + P0D
R
Q1,n

(gRn , Qn)

= (Pn − P0)DR
Q1,n

(gR+, Q+) + P0D
R
Q1,n

(gRn , Qn) +MR,c
Q1

(Qn, Q+, g
R
n , g

R
+) ,

(M.2)

where we define the empirical process term

MR,c
Q1

(Qn, Q+, g
R
n , g

R
+) :=

(
Pn − P0

) {
DR
Q1,n

(gRn , Qn)−DQ1,n(gR+, Q+)
}
,

which is considered to be oP (n−1/2). Now, we recall that

ḡr1,+(l̄1) := E0

{
A0

g̃r0,+
ḡr0,+(L0)

∣∣∣∣ Q̄2,+(l̄1)

}
,

and that we argued in the previous section that ḡr0,+(L0) = 0, so we also have that ḡr1,+(L̄1) =

0. Thus, the first term in (M.2) will be zero. It remains then to examine P0D
R
Q1,n

(gRn , Qn),

which we accomplish in the following:

P0D
R
Q1,n

(gRn , Qn) = P0

{
A0A1

g̃r
1̄,+

(
L2 − Q̄2,+

)
ḡR0,n

}
+ SRQ1,1

(Qn, Q+, ḡ
R
0,n) + SRQ1,2

(Qn, Q+, ḡ
R
0,n),

where we define the second-order terms

SRQ1,1
(Qn, Q+, ḡ

R
0,n) := −P0

{
A0A1

g̃r
1̄,n

(
Q̄2,n − Q̄2,+

)
ḡR0,n

}
and

SRQ1,2
(Qn, Q+, ḡ

R
0,n) := P0

{
A0A1

(
L2 − Q̄2,+

)
ḡR0,n

(
g̃r1̄,n − g̃

r
1̄,+

g̃r
1̄,n
g̃r

1̄,+

)}
which are considered to be oP (n−1/2). Thus, we have the representation that

BR
Q1,n

= ΘR
1,n(ḡR0,n)−ΘR

1,n(ḡR0,+) + oP (n−1/2) ,

and all the notes made in the previous section with regard to the behavior or Θ1,n(ḡr0,n) apply

here as well.
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M.3 BQ2,n

We now move to the analysis of BQ2,n := PnDQ2,n(Qn, g
r
n), the term correcting for the possible

misspecification of ḡ1,0 when in fact g+ = g0 and Q+ 6= Q0. We have that

PnDQ2,n(Qn, g
r
n) = (Pn − P0)DQ2,n(Qn, g

r
n) + P0DQ2,n(Qn, g

r
n)

= (Pn − P0)DQ1,+(Q+, g
r
+) + P0DQ2,n(Qn, g

r
n) +M c

Q2
(Qn, Q+, g

r
n, g

r
+) ,

(M.3)

where we define the empirical process term

M c
Q2

(Qn, Q+, g
r
n, g

r
+) :=

(
Pn − P0

) {
DQ2,n(Qn, g

r
n)−DQ1,+(Q+, g

r
+)
}
,

which is considered to be oP (n−1/2). Now, note that

ḡr1,+(L̄1) := E0

[
A0

ḡ0,0(L0)

{
A1 − ḡ1,0(L̄1)

ḡ1,0(L̄1)

} ∣∣∣∣ Q̄2,+(L̄1)

]
= E0

(
E0

[
A0

ḡ0,0(L0)

{
A1 − ḡ1,0(L̄1)

ḡ1,0(L̄1)

} ∣∣∣∣ Q̄2,+(L̄1), A0, L0, ḡ1,0(L̄1)

] ∣∣∣∣ Q̄2,+(L̄1)

)
= E0

(
E0

[
A0

ḡ0,0(L0)

{
A1 − ḡ1,0(L̄1)

ḡ1,0(L̄1)

} ∣∣∣∣ Q̄2,+(L̄1), A0 = 1, L0, ḡ1,0(L̄1)

] ∣∣∣∣ Q̄2,+(L̄1)

)
= 0 .

Thus, the first quantity in (M.3) will be zero and it remains to study P0DQ2,n(Qn, g
r
n). Note

that

P0DQ2,n(Qn, g
r
n) = P0

{
A0A1

g̃1̄,0

ḡr1,n
(
L2 − Q̄2,n

)}
= P0

{
A0A1

g̃1̄,0

ḡr1,n
(
L2 − Q̄2,+

)}
+ SQ2,1(Qn, Q0, g

r
n) + SQ2,2(Qn, Q0, g

r
n) ,

where

SQ2,1(Qn, Q0, g
r
n) := −P0

{
A0A1

g̃1̄,0

ḡr1,n
(
Q̄2,n − Q̄2,+

)}
and

SQ2,2(Qn, Q0, g
r
n) := −P0

{
A0A1

(
L2 − Q̄2,+

)
ḡr1,n

(
g̃r1̄,n − g̃

r
1̄,+

g̃r
1̄,n
g̃r

1̄,+

)}
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are considered to be oP (n−1/2). Thus, we have the representation that

BQ2,n = Θ2,n(ḡr1,n)−Θ2,n(ḡR0,+) + oP (n−1/2) ,

and we may expect, as previously, that BQ2,n will converge to zero in probability, but will

not be asymptotically linear unless ḡr1,n falls in a parametric model and is estimated via

maximum likelihood.

M.4 Bg1,n

We continue with the analysis of Bg1,n := PnDg1,n(Qr
n, gn), the correction term correcting for

the putative misspecification of Q̄2,0 when in fact Q+ = Q0 and g+ 6= g0. Proceeding in a

similar manner to the previous two sections, we have

PnDg1,n(Qr
n, gn) = (Pn − P0)Dg1,n(Qr

n, gn) + P0Dg1,n(Qr
n, gn)

= (Pn − P0)Dg1,+(Qr
+, g+) + P0Dg1,n(Qr

n, gn) +M c
g1

(Qr
n, Q

r
+, gn, g+) ,

(M.4)

where we define the empirical process term

M c
g1

(Qr
n, Q

r
+, gn, g+) :=

(
Pn − P0

) {
Dg1,n(Qr

n, gn)−Dg1,+(Qr
+, g+)

}
,

which is considered to be oP (n−1/2). Now we note that

Q̄r
2,+(l̄1, a0) = E0

[
A0A1

ḡ0,+

{
L2 − Q̄2,+(L̄1)

} ∣∣∣∣a0, ḡ1,+(l̄1)

]
= E0

(
E0

[
A0A1

ḡ0,+(L0)

{
L2 − Q̄2,0(L̄1)

} ∣∣∣∣Ā1, L0 = l0, Q̄2,0(l̄1), ḡ1,+(l̄1)

] ∣∣∣∣ A0 = a0, ḡ1,+(l̄1)

)
= E0

(
E0

[
A0A1

ḡ0,+(L0)

{
L2 − Q̄2,0(L̄1)

} ∣∣∣∣Ā1 = 1̄, L0, Q̄2,0(l̄1), ḡ1,+(l̄1)

] ∣∣∣∣ A0 = a0, ḡ1,+(l̄1)

)
= 0 ,

where the final line follows from the fact that

E0

{
L2

∣∣ Ā1 = 1̄, Q̄2,0(l̄1), L0 = l0, ḡ1,+(l̄1)} = Q̄2,0(l̄1) .
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This implies that the first quantity of (M.4) will be 0. Now, note that

P0Dg1,n(Qr
n, gn) = P0

{
Q̄r

2,n

ḡ2
1,n

(
A1 − ḡ1,n

)}
= P0

{
Q̄r

2,n

ḡ2
1,+

(
A1 − ḡ1,+

)}
+ Scg1,1

(Qr
n, Q

r
+, gn, g+) + Scg1,2

(Qr
n, Q

r
+, gn, g+) ,

where the second-order terms

Scg1,1
(Qr

n, Q
r
+, gn, g+) := −P0

{
Q̄r

2,n

ḡ2
1,n

(
ḡ1,n − ḡ1,+

)}
and

Scg1,1
(Qr

n, Q
r
+, gn, g+) := −P0

{
Q̄r

2,n

(
A1 − ḡ1,+

) ( ḡ2
1,n − ḡ2

1,+

ḡ1,nḡ1,+

)}
are considered to be oP (n−1/2). Thus, we have the representation

Bg1,n := η1,n(Q̄r
1,n)− η1,n(Q̄r

1,+) + oP (n−1/2) ,

where we defined

η1,n(Q̄r
1) := P0

{(
A1 − ḡ1,+

ḡ1,+

)
Q̄r

1

}
.

Again, the comments of the previous two sections apply to this term as well.

M.5 Bg0,n

We saved the most interesting term for last, Bg0,n := PnDg0,n(Qr
n, gn). This is the correction

term for the putative misspecification of Q̄1,0 when in fact Q+ = Q0 and g+ 6= g0. We begin

as previously:

PnDg0,n(Qr
n, gn) = (Pn − P0)Dg0,n(Qr

n, gn) + P0Dg0,n(Qr
n, gn)

= (Pn − P0)Dg0,+(Qr
+, g+) + P0Dg0,n(Qr

n, gn) +M c
g0

(Qr
n, Q

r
+, gn, g+) ,

where the empirical process term

M c
g0

(Qr
n, Q

r
+, gn, g+) :=

(
Pn − P0

) {
Dg0,n(Qr

n, gn)−Dg0,+(Qr
+, g+)

}
,
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is considered to be oP (n−1/2). Now, we note that, contrary to the previous reduced-dimension

terms,

Q̄r
1,+(l0) := E0

[
A0A1

ḡ1,+(L̄1)

{
L2 − Q̄1,0(L0)

} ∣∣∣∣ ḡ0,+(l0)

]
= E0

(
E0

[
A0A1

ḡ1,+(L̄1)

{
L2 − Q̄1,0(L0)

} ∣∣∣∣ ḡ0,+(l0), L̄1, Ā1

] ∣∣∣∣ ḡ0,+(l0)

)
= E0

[
A0ḡ1,0(L̄1)

ḡ1,+(L̄1)

{
Q̄2,0(L̄1)− Q̄1,0(L0)

} ∣∣∣∣ ḡ0,+(L0)

]
,

which does not necessarily equal zero. It thus appears that Dg0,n, the canonical gradient of

Γ0,n, is not doubly-robust; it will have mean zero if either (1) Q+ = Q0 and g+ = g0 or (2)

Q+ 6= Q0 and g+ = g0, but not when Q+ = Q0 and g+ 6= g0. Thus, the estimator ψ∗,�n will

be locally efficient but not doubly-robust in the classical sense.
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Appendix N

ADDITIONAL SIMULATION RESULTS

In this section we include figures examining the behavior of the bias correction terms

discussed in the previous section. In particular, we examine BQ2,n and Bg0,n. Recall that

in the previous section, we argued that the former would converge to zero, but not at a

parametric rate, owing to the fact that ḡr1,n was estimated nonparametrically. This is clearly

illustrated in Figures N.1 and N.2; the former illustrating the convergence in probability to

zero, the latter that the term is not oP (n−1/2). Now consider Figures N.3 and N.4, which

show the same figures for Bg0,n. Recall that we argued in the previous section that this

term would not be converging to zero at all, let alone at a parametric rate due to its lack of

double-robustness. This too is borne out by the figures.

Finally, Figure N.5 shows the performance of the variance estimators of each of the

estimators proposed. On the left side, we find that the efficient influence curve-based variance

estimators for the standard one-step estimator are hugely anti-conservative, which, along

with the bias, helps explain the poor coverage of the uncorrected one-step estimator seen in

Figure 3.5.2. Conversely, on the right side, we find that the uncorrected variance estimators

yield conservative variance estimators, which helps explain why the coverage was found

to be approximately nominal in this case in spite of the excess bias. The standard error

estimators for the corrected one-steps perform reasonably well in both settings. That the

variance estimator for the estimator correcting for both potential misspecifications is found

to behave reasonably well may indicate that the contribution to the influence function due

to the unnecessary correction term may be negligible at these sample sizes.
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Figure N.1: A histogram of the sampling distribution of BQ2,n in Simulation 1 when Q is
misspecified, and thus BQ2,n is unneeded. The red vertical line represents the mean over all
simulations.
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Figure N.2: A histogram of the sampling distribution of
√
nBQ2,n in Simulation 1 when Q is

misspecified, and thus BQ2,n is unneeded. The red vertical line represents the mean over all
simulations.
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Figure N.3: A histogram of the sampling distribution of Bg0,n in Simulation 1 when g is
misspecified, and thus Bg0,n is unneeded. The red vertical line represents the mean over all
simulations.
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Figure N.4: A histogram of the sampling distribution of
√
nBg0,n in Simulation 1 when g is

misspecified, and thus Bg0,n is unneeded. The red vertical line represents the mean over all
simulations.
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Figure N.5: The performance of influence curve based variance estimators. The ratio of the
average variance estimate compared to the Monte Carlo variance of the estimators is shown.
Values below one indicate an anti-conservative estimate, while values above one indicate a
conservative estimate.


