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Modern machine learning has greatly expanded our ability to model complex scientific

data, but prediction alone is not sufficient for scientific discovery. In many real-world systems,

the goal is not only to approximate observations, but to recover interpretable coordinates,

identify governing equations, quantify uncertainty, and make reliable predictions from

sparse, noisy, and partially observed measurements. In this thesis, I present my work

toward developing machine learning methods for interpretable physical law discovery in

realistic data regimes. In the first work, I developed Bayesian SINDy autoencoders for

jointly discovering latent coordinates, governing equations, and physical constants from

high-dimensional observations. By combining representation learning, sparse regression, and

Bayesian uncertainty quantification, this method enables more reliable discovery when data

are limited or noisy, including from real video data where the intrinsic physical variables are

not directly observed. Next, I introduced SINDy-SHRED and Koopman-SHRED, which extend

governing law discovery to high-dimensional spatiotemporal systems measured only through

sparse sensors. These models use sensor histories to learn informative latent states, reconstruct

full fields, and impose parsimonious nonlinear or linear dynamical structure on the latent

space, enabling interpretable long-term prediction for systems such as fluids, sea-surface

temperature, and video dynamics. I then studied the reliability of sparse model discovery
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through ensemble and Bayesian uncertainty estimation, showing how uncertainty estimates

can support stable variable selection and distinguish reliable terms from artifacts of noise

or limited data. Moving beyond structured-grid assumptions, I proposed mesh-free sparse

identification of nonlinear dynamics, using neural networks and automatic differentiation to

discover PDEs from scarce, noisy, and irregularly sampled measurements. Finally, I developed

UQ-SHRED, a distributional sparse-sensing framework that learns conditional uncertainty

over full spatiotemporal fields from limited sensor histories. Collectively, this thesis advances

a unified view of scientific machine learning in which models do not merely fit data, but

discover interpretable structure, quantify uncertainty, and adapt physical law discovery to

the imperfect data conditions encountered in real scientific systems.
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Chapter 1. Introduction 1

1

Introduction

Physical laws are the foundational principles that make the natural world predictable,

explainable, and ultimately controllable. It provides a strong basis for all modern science

and technology which has shaped modern civilization. For example, mechanics enabled

transportation, electromagnetism enabled communication, thermodynamics enabled energy

systems, and quantum mechanics enabled modern materials. Unlike purely empirical

predictors, physical laws expose the structure of nature itself including invariants, constraints,

symmetries, and mechanisms, and therefore support reasoning far beyond the specific

measurements from which they were inferred. Discovering such laws remains one of the

central goals of science.

At the same time, modern machine learning has demonstrated an extraordinary power

of learning via universal approximation. Neural networks and other flexible function

approximators have achieved remarkable success across vision, language, robotics, and many

other domains. This approximation-first paradigm is powerful because it avoids the need to

manually specify the governing structure of a system: given sufficient data, model capacity,

and computation, complex input-output relationships can often be learned directly from

observations. In this sense, machine learning has expanded the reach of data-driven modeling

and has provided a new computational language for representing complex phenomena.

However, approximation alone is not enough for scientific discovery. A model that

interpolates accurately within a training distribution may fail when asked to extrapolate

to new initial conditions, parameter regimes, forcing functions, geometries, or boundary

conditions. Universal approximation theorems guarantee that sufficiently expressive models
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can approximate broad classes of functions on compact domains, but they do not by themselves

provide reliable generalization. Physical models, which often derived from first principles,

nevertheless, impose laws and constraints that can remain valid far beyond the observed data.

This distinction is essential: scientific models must not only fit what has been measured, but

also reveal what can happen under conditions that have not yet been observed.

In other words, to model the real physical world, data are never truly enough. In many

physical, biological, and engineering systems, measurements are sparse, noisy, expensive,

irregularly sampled, or only partially observed. Full-state observations are often unavailable,

experiments may be difficult to repeat, and high-fidelity simulations may be computationally

prohibitive. We can see examples from climate science, where observations are sparse and

incomplete because many regions of the Earth system are difficult to measure continuously.

We can also see this in healthcare, where data are systematically biased toward routine and

safe clinical settings, since severe disease states, rare adverse events, or risky interventions

cannot be deliberately sampled for ethical reasons. In such regimes, purely data-driven

approximation can fail because the necessary data may never be available. The goal is

therefore not simply to fit the available data, but to infer the governing structure that explains

why the observed data arise and how the system may behave beyond what has been measured.

Therefore, for real-world, high-stakes applications, discovering governing laws can be

highly beneficial, while failing to understand them can be dangerous. In climate modeling,

medicine, robotics, materials design, and engineering control, a model may give accurate

predictions in familiar regimes but fail silently under domain or distribution shift, leading to

incorrect conclusions or unsafe decisions. Conversely, identifying the governing natural laws

or conserved structures can produce models that are more stable, reliable, and transferable

beyond the observed data. Law discovery therefore serves an important role that prediction

alone cannot: it converts data into governing principles.

Machine learning and AI provide a new opportunity to accelerate this process of physical

law discovery. Modern computational methods can search over large spaces of candidate

equations, learn latent coordinates from high-dimensional observations, infer dynamics

from sparse sensors, estimate uncertainty, and combine mechanistic structure with flexible
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representation learning. Yet the current workflow for discovering governing laws remains far

from optimized. Much of scientific modeling still relies on brute-force simulation, manual

coordinate selection, hand-designed features, or ad hoc model selection. The central question

motivating this dissertation is how to use machine learning not merely to approximate data,

but to discover interpretable physical structure from limited, noisy, and partially observed

measurements.

Despite its importance, data-driven physical law discovery remains challenging. The

correct state variables may be hidden, the governing equations may be unknown, measure-

ments may be indirect or incomplete, spatial domains may be irregular, and uncertainty in

the discovered model may be difficult to quantify.

This dissertation develops a sequence of methods for discovering governing structure

from increasingly realistic scientific data. The progression moves from latent law discovery

in low-dimensional systems, to sparse sensing of high-dimensional dynamics, to uncertainty

quantification, and finally to mesh-free and distributional formulations. Together, these

chapters address a common question: how can machine learning recover physical laws when

the relevant coordinates are hidden, observations are sparse or noisy, and the resulting model

must remain reliable beyond interpolation?

Chapter 2 develops Bayesian data-driven discovery of coordinates, governing equations,

and fundamental constants [191]. Classical sparse identification methods often assume that

the correct state variables are directly observed. In many scientific settings, however, the

measured variables are not the intrinsic coordinates in which the governing laws take a simple

form. This chapter addresses this problem by combining autoencoder-based representation

learning with sparse equation discovery and Bayesian uncertainty quantification. The goal is

not only to fit trajectories, but to infer a coordinate system in which the dynamics become

parsimonious, interpretable, and physically meaningful. By placing sparsity-promoting

Bayesian priors over the candidate governing equations, the method quantifies uncertainty

over both the discovered structure and its coefficients. This provides a principled framework

for learning latent coordinates, governing equations, and physical constants jointly from

noisy and limited data.
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Chapter 3 extends sparse law discovery to high-dimensional spatiotemporal systems

observed through only a small number of sensors [104]. Many physical systems of interest,

such as fluids, climate fields, and video-based dynamics, evolve in high-dimensional spaces

where full-state measurements are expensive or unavailable. This chapter introduces sparse

identification of nonlinear dynamics and Koopman operators with shallow recurrent decoder

networks. The key idea is to use sensor time histories to construct an informative latent

representation, reconstruct the full field through a shallow decoder, and impose parsimonious

dynamical structure on the latent state. In the nonlinear case, the latent dynamics are

constrained by SINDy; in the linear case, the model recovers a Koopman-style representation.

This chapter therefore connects sparse sensing, latent dynamics, and interpretable model

discovery, showing that governing equations can be identified even when the system is only

partially observed.

Chapter 4 studies the reliability of sparse model discovery through the convergence

of uncertainty estimates in ensemble and Bayesian methods [98]. Discovering a sparse

governing equation is not sufficient if the model cannot indicate which terms are reliable

and which may be artifacts of noise, limited data, or numerical differentiation. This chapter

analyzes uncertainty quantification for sparse identification, with particular attention to

ensemble sparse regression and Bayesian sparse model discovery. The work shows how

bootstrapping-based ensemble methods can provide computationally efficient uncertainty

estimates and, under suitable conditions, converge toward correct variable selection. This

chapter establishes uncertainty quantification as a necessary component of scientific model

discovery: a discovered equation should come not only with coefficients, but also with

confidence in its structure.

Chapter 5 removes another major restriction of classical sparse identification: the depen-

dence on structured meshes and uniform sampling [102]. Many real scientific measurements

are collected from irregular sensor locations, moving probes, adaptive experiments, or

incomplete spatial domains. Standard PDE discovery pipelines often require gridded data

and finite-difference derivative estimates, which can become inaccurate or inapplicable in

these settings. This chapter introduces mesh-free sparse identification of nonlinear dynamics,
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using neural network approximation and automatic differentiation to compute candidate

derivatives from arbitrarily sampled spatiotemporal data. This makes sparse PDE discovery

applicable to irregular geometries, nonuniform temporal sampling, scarce measurements,

and noisy observations. The chapter broadens the practical scope of SINDy-style discovery

from idealized simulation data to more realistic scientific sensing environments.

Chapter 6 develops uncertainty quantification for shallow recurrent decoder networks

in sparse sensing via engression [101]. While SHRED-based models can reconstruct high-

dimensional fields from very few sensors, deterministic reconstructions are insufficient when

the system is stochastic, high-frequency, partially observed, or intrinsically ambiguous from

the available measurements. This chapter introduces UQ-SHRED, a distributional sparse-

sensing framework that learns the conditional distribution of the full spatiotemporal state given

sparse sensor histories. By injecting stochastic noise into the model input and training with

an energy-score objective, the method produces uncertainty-aware reconstructions without

requiring ensembles, additional networks, or expensive Bayesian inference. This extends

sparse sensing from point prediction to calibrated conditional distribution learning, allowing

the model to express what is known, what is uncertain, and where sparse measurements are

insufficient.

Across these chapters, we advance a unified view of scientific machine learning: artificial

intelligence should not only approximate observed data, but also discover coordinates,

identify governing laws, quantify uncertainty, and adapt physical model discovery to the

sparse, noisy, irregular, and partially observed data regimes encountered in real scientific

problems.
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2

Bayesian Data-Driven Discovery of
Coordinates, Governing Equations, and

Fundamental Constants

2.1 Introduction

Calculus-based models fundamentally relate the rates of change of quantities of interest in time

and space through differential and partial differential equations. From population models to

turbulence, physics and engineering principles are rooted in such governing equations. In

the modern era of big data, there is a growing demand to transform rich spatio-temporal

data into descriptive physical models in an automated, data-driven fashion. Video data, for

example, contain optical snapshots of an observed dynamical system described by some

specific governing equations. To understand the underlying physics, it is important not only

to identify the equations, but to discover dependent state variables (sparse representations)

directly from the video frames. To discover such an underlying sparse representation, it is

essential to find a correct coordinate transformation (latent space or manifold) to compress the

data into a low-dimensional space. Principal Component Analysis (PCA) is often applied to

obtain a low-dimensional subspace with linearity constraints. For nonlinear transformations,

Autoencoders with neural networks are frequently applied as a nonlinear extension of PCA

[125, 10]. To identify the governing equation given the latent sparse representations, one can

apply data-driven methods via sparse regression [160, 238, 234]. The sparse regression-based

model discovery enables a computationally efficient way of identifying governing equation

with convergence guarantees [314]. In this case of physics discovery from videos, Champion et
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al. [46] propose SINDy autoencoders which can jointly discover on coordinates and equations

for synthetic video data. More recently, Chen et al. [53] introduce the Neural State Variables

learning from video data, which enables automated discovery of the latent state variables

from the underlying dynamical system. [53].

The automated discovery of coordinates and equations in real video is significantly more

challenging compared to the prior works [47, 53]. The challenges are coming from two parts.

First, real raw videos are much more noisy compared to simulated data. For example, the

required temporal derivatives are not directly available from the real video recordings. To

resolve the missing temporal derivatives, one has to find an approximation for the temporal

derivatives from discrete video frames, which is frequently numerically unstable and will

inject a high level of noise. Moreover, lighting effects alone can greatly compromise derivate

estimates. Second, the number of training data for the real video dataset is very limited

in comparison with synthetic videos [46]. For instance, in Sec. 2.4.2, we have a training

dataset with only 382 video snapshots, which is noticeably small for most deep learning video

tasks. These pragmatic constraints restrict and force the algorithm to deal with a statistically

insufficient sample size. Thus, automated discovery from real video data is much more

challenging due to being in the low-data and high-noise limit.

In this case, Bayesian sparse regression methods have shown significant advantages in the

low-data and high-noise regime [196, 107, 242]. Bayesian methods can not only achieve better

results with limited sample size, but could also perform robust discovery with uncertainty

quantification in the high-noise environments. The spike-and-slab prior [137] (e.g. Bernoulli-

Gaussian, Bernoulli-Laplace [5]) with hierarchical Bayesian settings has a proven success for

both sparse variable selection and uncertainty quantification [227]. In data-driven model

discovery, Bayesian SINDy [126] with the spike-and-slab prior has also shown an advantage

for correct model identification in the case study of Lynx-hare population [123] under the very

low-data limit. However, a significant limitation of Bayesian methods comes from its high

computational cost that hinders both speed and scalability. The MCMC-based hierarchical

Bayesian model sampling requires a considerably long run because the underlying stochastic

binary search grows exponentially with the number of parameters. Additionally, it is very
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costly to compute the full gradient of the entire video dataset for the MCMC sampling.

Therefore, even if the Bayesian methods are much more powerful in the low-data regime,

it is highly nontrivial to design a feasible Bayesian solution for the discovery of governing

equations and coordinate systems given the computationally intractability.

In this paper, we propose Bayesian SINDy autoencoders that extends SINDy Autoencoder

[46] into a Bayesian learning framework. Bayesian SINDy autoencoders can perform a joint

discovery for governing equations and coordinate systems in a computationally tractable

manner. Specifically, we apply the Spike-and-slab Gaussian-Laplace (SSGL) prior to the

intermediate SINDy module to accelerate the sparse identification process of governing

equation discovery. To resolve the computational burden arising from the hierarchical

Bayesian model, we consolidate the Bayesian sampling procedure via Stochastic Gradient

Langevin Dynamics (SGLD) with an adaptive empirical Bayesian variable selection method

using Expectation–maximization. Instead of computing the full batch gradient, SGLD

evaluates mini-batch gradients with injected random Gaussian noise, which is theoretically

valid to generate Langevin-based proposal distribution [289, 49]. The mini-batch gradient

learning naturally fits into the training of deep neural networks and relaxes the scalability

issue at the same time. On the other hand, the adaptive Bayesian Expectation–maximization

variable selection (EMVS) performs variable selection by optimizing the latent inclusion

probability of each variable, which avoids the previously required lengthy binary stochastic

search. Adapting these two ideas into the SINDy module, we can simultaneously perform an

accelerated governing equation identification under the low-data, high-noise limit with a

trustworthy uncertainty quantification through the power of Bayesian estimation.

In our numerical experiments, Bayesian SINDy autoencoders not only expedite the

discovery process with unchanged sample sizes but also maintain robust performance with

limited data. In addition to the model discovery in synthetic datasets, from a real video

data on a single moving pendulum, we obtain correct governing equation discovery with a

close estimate of the gravity constant 𝑔̂ = −9.876 with only 390 data snapshots. With precise

understanding of the underlying physics, Bayesian SINDy autoencoder enables explainable,

trustworthy, and robust video predictions. In summary, the contribution of this paper is
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threefold:

1. We propose the Bayesian SINDy autoencoder with Spike-and-slab Gaussian-Laplace prior

to accelerated sparse inference under low-data and high-noise environments.

2. We utilize Stochastic Gradient Langevin Dynamics to perform posterior sampling in

Bayesian SINDy autoencoder with valid uncertainty estimations.

3. We conduct extensive experiments with successful joint discoveries on coordinate systems

and governing equations for both synthetic and real datasets. Remarkably, we achieve a

correct physics discovery with a 14 seconds recording on our experiment on a pendulum.

2.2 Background

The current work is built upon two primary mathematical innovations: (i) sparse regression

used in the SINDy algorithm, including learning latent representations, and (ii) Bayesian

learning with sparse priors. A quick review of each is given in order to better inform the

reader how they are combined into our Bayesian SINDy autoencoder framework.

2.2.1 Sparse identification of nonlinear dynamics

We review the sparse identification of nonlinear dynamics (SINDy) [32] algorithm, which utilizes

sparse regression to identify the latent dynamical system from snapshot data. SINDy takes

snapshot data x(𝑡) ∈ R𝑛 and aims to discover the underlying dynamical system

¤x(𝑡) = f(x(𝑡)). (2.1)

The snapshots are collected by measurements at time 𝑡 ∈ [𝑡1 , 𝑡𝑚], and the function f character-

izes the dynamics. Assuming the temporal derivatives of the snapshot are available from
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data, SINDy forms data matrices in the following way:

X =

©­­­­­­­­«

x(𝑡1)

x(𝑡2)
...

x(𝑡𝑚)

ª®®®®®®®®¬
, ¤X =

©­­­­­­­­«

¤x1(𝑡1)

¤x1(𝑡2)
...

¤x1(𝑡𝑚)

ª®®®®®®®®¬
,

with X, ¤X ∈ R𝑚×𝑛 . The candidate function library is constructed by 𝑝 candidate model

term 𝜃𝑗’s that 𝚯(X) = [𝜃1(X) · · ·𝜃𝑝(X)] ∈ R𝑚×𝑝 . A common choice of candidate functions

are polynomials in x targeting common canonical models of dynamical systems [114]. The

Fourier library is also very common with sin(·) and cos(·) terms. In summary, we build a

model between X and
¤X that

¤X = 𝚯(X)𝚵

where the unknown matrix 𝚵 = (𝝃1 𝝃2 · · · 𝝃𝑛) ∈ R𝑝×𝑛 is the set of coefficients. The sparse

inference on 𝚵 enables sparse identification of the dynamical system f. For high-dimensional

systems, the goal is to jointly identify a low-dimensional state z = 𝜑(x) with dynamics

¤z = g(z). The standard SINDy approach uses a sequentially thresholded least squares

algorithm to perform sparse inference [32], which is a proxy for ℓ0 optimization [320] with

convergence guarantees [314]. Small et al [248] and Yao and Bollt [306] previously formulated

the dynamical system identification without sparsity constraints. These methods provide a

computationally efficient counterpart to other model discovery frameworks [241, 283, 292].

In an alternative approach, Hirsh et al. [126] utilize Bayesian sparse regression techniques

in model discovery, which have improved the robustness of SINDy under high-noise and low-

data settings. Bayesian sparse inference models the sparsity with various probabilistic priors

𝑝(Ξ) like the Spike-and-slab [137], regularized horseshoe [44, 45], Laplace priors [213, 268]

and so on. After defining the Bayesian likelihood function with sparsifying priors, Bayesian

SINDy generates posterior distribution via the No-U-Turn MCMC sampler [130]. Since

MCMC for sparse inference can be extremely computationally demanding, [227, 228] propose

coordinate descent sparse inference methods via Spike-and-slab prior, targeting the mode
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detection. As an approximation to Bayesian inference, Fasel et al. [90] combine ensembling

techniques via bootstrapping to perform uncertainty estimation and accelerated variable

selection for system identification.

SINDy has been widely applied to model discovery for many scientific scenarios including

fluid dynamics [180, 181, 179, 113, 69, 38], nonlinear optics [254], turbulence closures [18, 19,

240], ocean closures [312], chemical reaction [131], plasma dynamics [67, 4, 144], structural

modeling [162], and for model predictive control [140]. There are many extensions of SINDy,

including the identification of partial differential equations [234, 238], multiscale physics [47],

parametrically dependent dynamical models [233], time-dependent PDEs [52], switching

dynamical systems [188], rational function nonlinearities [189, 139], control inputs [140],

constraints on symmetries [180], control for stability [143], control for robustness [4, 239, 223,

224, 194, 194], stochastic dynamical systems [28, 37], and multidimensional approximation

on tensors [106].

A related and important extension to the SINDy framework is the SINDy autoencoder [46,

9], which embeds SINDy into the training process of deep autoencoders. The SINDy

autoencoder achieves remarkable performances on high-dimensional synthetic data to jointly

discover coordinate systems and governing equations. Due to over-parametrization and non-

convexity, deep neural networks do not generally have explainable guarantees for inference

and predictions. Dynamical system learning and forecasting is typically an extrapolatory

problem by nature. Therefore, the interpretability of models is very important to understand.

In this case, SINDy autoencoder is satisfactory due to the transparency of the learning process,

and the parsimony in the dynamical system modeling [159, 157]. Specifically, the encoder

and decoder focus on the specific task of learning only a coordinate transformation, with the

SINDy layer targeting the inference of latent dynamical systems. The SINDy autoencoder can

not only identify the governing equation from high-dimensional data but can also perform

trustworthy predictions based on future dynamics. The limitations of the SINDy autoencoder

are exactly what our Bayesian framework addresses.
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2.2.2 Bayesian and sparse deep learning

Bayesian deep learning achieves outstanding success in various machine learning tasks like

computer vision [117], physics-informed modeling [304], and complex dynamical system

control [288]. From previous works, the main advantages of Bayesian deep learning come

from two parts. First, the Bayesian framework can unify uncertainty quantification in deep

learning. This includes the uncertainty from the neural network parameters, task-specific

parameters, and exchanging information [281, 1], which is applicable to computer vision [149],

spatiotemporal forecasting [297], weather forecasting [280], and so on [324]. Second, the

Bayesian framework allows theoretically grounded ensemble neural networks via model

averaging [294]. Bayesian neural networks apply weights distribution to neurons [27].

It is important to avoid computational requirements from Bayesian when applying it to

deep learning. To perform Bayesian sampling in deep learning, Welling and Teh establish

Stochastic Gradient Langevin Dynamics as an MCMC sampler in mini-batch settings [289].

Neal introduces MCMC via Hamiltonian dynamics [203], and Chen et al. extend into

deep learning via Stochastic gradient Hamiltonian Monte Carlo (SGHMC) [56, 187]. Other

techniques include Nosé–Hoover thermostat [75], replica-exchange SGHMC [70], cyclic

SGLD [315], contour SGLD [71], preconditioned SGLD [285], and adaptively weighted

SGLD [72]. Variational methods could also help to perform approximate inference for

Bayesian deep learning [122, 27].

Sparse deep learning is of emerging interest due to its lowered computational cost and im-

proved interpretability. The discussion on sparse neural networks dates back decades [83, 199].

Glorot et al. use Rectifier Neurons with sparsity constraints to obtain sparse representa-

tions [110]. Liu et al. extend to Convolutional neural networks under sparse settings [177].

Then, several follow-up works aimed to train sparse neural networks efficiently [184, 255]. By

adapting Bayesian sparse inference methods, the sparse inference process could be accelerated

with valid uncertainty quantification via various prior options [260, 73, 286]. Variational

methods are also applied for efficient Bayesian inference [8]. There have also been theoretical

discussion of Bayesian sparse deep learning [259, 218, 261]. Overall, sparse deep learning has
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the potential to make computationally tractable the construction of a Bayesian model.

2.3 Method: Bayesian SINDy Autoencoders

This section presents the SINDy autoencoder with a Bayesian learning process that incorpo-

rates sparsifying priors and posterior sampling. We first introduce the Sparse identification of

nonlinear dynamics (SINDy) autoencoder in Sec. 2.3.1. Then, we propose a Bayesian learning

framework that includes SINDy autoencoder in the likelihood function and specifies various

setups for different sparsifying priors. Finally, we discuss Stochastic Gradient Langevin

Dynamics (SGLD) to generate posterior samples from the Bayesian learning model.

2.3.1 Likelihood setting for Bayesian SINDy Autoencoders

(a) (b)

x(𝑡) z(𝑡) x̂(𝑡)

𝑓 𝑔

¤𝑧1¤𝑧2 ¤𝑧3 1 𝑧
1
𝑧

2
𝑧

3
𝑧2

3
𝜉1 𝜉2 𝜉3

¤Z 𝚯(Z) 𝚵
¤z𝑖 = ∇x 𝑓 (x𝑖)¤x𝑖 𝚯(z𝑇

𝑖
) = 𝚯( 𝑓 (x𝑖)𝑇)

- 0.0

- 0.25

- 0.5

- 0.75

- 1.0



x − 𝑔(z)


2

2︸       ︷︷       ︸+𝜆1



¤x − (
∇z𝑔(z)

) (
𝚯(z𝑇)𝚵

)

2

2︸                               ︷︷                               ︸+𝜆2



(∇xz) ¤x −𝚯(z𝑇)𝚵


2

2︸                       ︷︷                       ︸+𝜆3 log 𝑝(𝚵)︸       ︷︷       ︸
reconstruction loss SINDy loss in ¤x SINDy loss in ¤z SINDy

prior

Figure 2.1: General structure of the Bayesian SINDy autoencoder architecture. (a) An autoencoder

architecture is used to discover intrinsic coordinates z from high-dimensional input data x. The

encoder 𝑓 (x) transforms the high-dimensional input into the a low-dimensional space z, and the

decoder 𝑔(z) reconstructs x from the low-dimensional subspace. (b) A Bayesian SINDy model infers

the underlying dynamics of the latent dimension with uncertainty estimation. The active terms are

identified by 𝚵. The color represents the inclusion probability [0.0, 1.0] from grey (non-active) to blue

(active). The loss function encourages the network to minimize both the reconstruction error and the

SINDy loss in z and x. The Bayesian prior works as a regularization term on 𝚵 for sparse inference.

The SINDy autoencoder enables a joint discovery of sparse dynamical models and
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coordinates. Figure 2.1 (a) provides an overview of an autoencoder. The input data 𝑥(𝑡) ∈ R𝑑

is mapped by an encoder function 𝑓𝜃1
(·) to a latent space 𝑧(𝑡) ∈ R𝑑𝑧 , 𝑑𝑧 < 𝑑. This latent space

𝑧(𝑡) contains sufficient information to recover 𝑥(𝑡) via a decoder function 𝑔𝜃2
(·).

SINDy autoencoder combines SINDy with autoencoders by constraining the latent space

governed by a sparse dynamical system. The encoder function 𝑓𝜃1
(·) performs coordinate

transformation to map the high-dimensional inputs into an appropriate latent subspace. The

latent space 𝑧(𝑡) = 𝑓𝜃1
(𝑥(𝑡)) has an associated sparse dynamical model governed by

𝑑

𝑑𝑡
𝑧(𝑡) = Φ(𝑧(𝑡)) = 𝚯(𝑧(𝑡))Ξ, (2.2)

where 𝚯(𝑧) = [𝜃1(𝑧), 𝜃2(𝑧), . . . , 𝜃𝑝(𝑧)] is a library of candidate basis functions, and a set of

coefficients Ξ = [𝜉1 , 𝜉2 , . . . , 𝜉𝑝].

A statistical understanding of the model formulates the SINDy autoencoder as a parametric

modelℳ𝜃 where 𝜃 = {𝜃1 , 𝜃2 ,Ξ} contains all parameters. The likelihood of this model 𝑝(𝒟|𝜃)

is defined as

𝑝(𝒟|𝜃) ∝ exp

(

x − 𝑔𝜃2
(z)



2

2
+ 𝜆1



¤x − (
∇z𝑔𝜃2

(z)
) (
𝚯(z𝑇)𝚵

)

2

2
+ 𝜆2



(∇xz) ¤x −𝚯(z𝑇)𝚵


2

2

)
.

(2.3)

The log-likelihood of this statistical model is similar to the setting in [46]. In order to promote

sparsity on Ξ, we consider two sets of priors in what follows.

Laplace prior. The Laplace prior can be understood as a Bayesian LASSO [268, 213]. We

define the Laplace prior such that

Ξ𝑗 ∼ ℒ(0, 𝑣0), (2.4)

whereℒ(·, ·) denotes the Laplace distribution defined as 𝑓 (Ξ𝑖 ; 0, 𝑣0) = 1

2𝑣0

exp

(
− |Ξ𝑖 |𝑣0

)
. We can

see the equivalence of the Laplace prior and the LASSO in the negative log-likelihood, where

1

𝑣0

||Ξ𝑖 ||1 is included as a regularizer.
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Spike-and-slab Gaussian-Laplace (SSGL) prior. We define the SSGL prior as

Ξ𝑗 |𝛾𝑗 ∼ (1 − 𝛾𝑗)ℒ(0, 𝜎𝑣0) + 𝛾𝑗𝒩(0, 𝜎2𝑣1), (2.5)

where 𝛾𝑗 is a binary variable, Ξ ∈ R𝑝 , 𝜎, 𝑣0 , 𝑣1 ∈ R, ℒ(·, ·) denotes a Laplace distribution and

𝒩(·, ·) denotes a Normal distribution. We assign a Bernoulli prior to 𝛾 ∼ 𝐵𝑒𝑟(𝛿), 𝛿 ∈ [0, 1].

The prior for 𝜃1 , 𝜃2 is specified with a Gaussian, which is equivalent to an ℓ2 regularization

implementation-wise. For simplicity, we set 𝛿, 𝜎, 𝑣0 , 𝑣1 as tunable hyperparameters.

Prior selection. In general, there is no optimal Bayesian prior for all statistical models since

every prior has its own advantages and drawbacks. Therefore, the prior selection typically

requires an assessment of both theory and experimental outcomes. If one selects the prior of

Ξ to be a Laplace distribution, the setting will be identical to the basic SINDy autoencoder

model, which is equivalent to adding a ℓ1 regularization term (c.f. Eqn. (7) and Figure 1

in [46]). Even if the Laplace prior has a benefit in computation, its performance suffers for

small sample sizes and large observation noises. Different from the Laplace prior, if one

selects the SSGL prior for Ξ, it typically requires a slightly increased cost in computation.

However, the SSGL prior typically has dominating performances for cases with very large

noise and limited sample size, which is preferred in our case to learn the actual video data.

Bayesian formulation. Using the Bayes formula, we can construct the posterior distribution

from the likelihood function and prior that

𝜋(𝜃, 𝛾|𝒟) ∝ 𝑝(𝒟|𝜃)𝑝(𝜃1)𝑝(𝜃2)𝑝(Ξ|𝛾)𝑝(𝛾). (2.6)

We aim to depict the posterior distribution 𝑝(Ξ|𝒟) via the joint distribution 𝑝(𝜃|𝒟) under the

sparsifying SSGL prior. The approximation of 𝑝(Ξ|𝒟) is accessible from posterior samples

of 𝑝(𝜃|𝒟)when dropping 𝜃1 , 𝜃2. In the setting of deep neural networks, we can sample the

posterior distribution via Stochastic Gradient methods using mini-batches. The mini-batch

setting not only naturally fits into the training of deep neural networks but also could
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accelerate the Bayesian posterior sampling process.

2.3.2 Stochastic Gradient Langevin Dynamics

To perform posterior sampling in mini-batch settings, Stochastic Gradient Langevin Dynamics

(SGLD) is a popular method that combines stochastic optimization and Langevin Dynam-

ics [289]. Denote the learning rate at epoch 𝑡 by 𝜖(𝑡) which decreases to zero, and the dataset

𝒟 = {𝑑𝑖}𝑁𝑖=1
. The mini-batch setting estimates the gradient ∇𝜃𝐿(𝜃) from a subset (batch)

ℬ = {𝑑𝑖}𝑛𝑗=1
. The injected noise from mini-batches facilitates the generation of posterior

samples while reducing the high computational cost in computation for full-batch gradients.

We follow the classical SGLD setting where

Δ𝜃𝑡+1 =
𝜖(𝑡)

2

(
∇ log 𝑝(𝜃𝑡) +

𝑁

𝑛

𝑛∑
𝑖=1

∇ log 𝑝(𝑋𝑖 |𝜃𝑡)
)
+ 𝜂𝑡 , 𝜂𝑡 ∼ 𝒩(0, 𝜖(𝑡)). (2.7)

Here, 𝑝(𝜃𝑡) denotes the prior specified in Eqn. (2.4), (2.5) and 𝑝(𝑋𝑖 |𝜃𝑡) denotes the data

likelihood. Prior works study the asymptotic convergence of SGLD to the target distribution,

which validates SGLD for posterior sampling in theory [317, 265, 129]. An advantageous

property of SGLD in posterior sampling is that with decaying step size 𝜖(𝑡), SGLD automatically

transfers from a stochastic optimization algorithm to a posterior sampling procedure (c.f.

Sec. 4.1 [289]). The Metropolis-Hasting correction can be ignored since the rejection rate for

sampling goes to zero asymptotically, resulting from 𝜖(𝑡) → 0 when 𝑡 →∞. The discretization

error similarly decreases as 𝜖 goes to zero.

Cyclical SGLD. The cyclical SGLD method [315] consists of exploration and sampling

stages via a cyclical step-size schedule for 𝜖(𝑡). In the training of deep autoencoders, the

optimization process is highly non-convex with a very complex loss landscape. The cyclical

step-size schedule helps to explore the parameter space when 𝜖 is large as well as sample

local mode when 𝜖 is small. It is also possible to understand cyclical SGLD from a parallel

SGLD perspective [70]. We apply this idea in our experiments to perform better inference.
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2.3.3 Empirical Bayes Variable Selection in SINDy Autoencoder

The empirical bayesian method infers prior hyperparameters from data. In this case, we aim

to optimize 𝛾 (ignoring the uncertainty) and sample 𝜃|𝒟. The posterior distribution of Ξ|𝒟

can be derived from posterior samples of 𝜃|𝒟.

Using the mini-batch setting, the posterior distribution follows

𝜋(𝜃, 𝛾|ℬ) ∝ 𝑝(ℬ|𝜃)𝑁𝑛 𝑝(𝜃1)𝑝(𝜃2)𝑝(Ξ|𝛾)𝑝(𝛾). (2.8)

The term 𝑝(ℬ|𝜃) can be evaluated from the loss of SINDy autnencoder for the current

mini-batch ℬ; the term 𝑝(𝜃1), 𝑝(𝜃2) can be computed from the ℓ2 loss; the term 𝑝(Ξ|𝛾) can be

computed from Eqn. (2.5); and the term 𝑝(𝛾) can be known from the Bernoulli prior setting.

As a binary variable, 𝛾 is difficult to be optimized for due to non-continuity and non-

convexity. An important trick to perform the optimization on 𝛾 is to alternatively optimize the

adaptive posterior mean E𝛾|𝜃(𝑘) ,𝒟 [𝜋(𝜃, 𝛾|𝒟)]which treats 𝛾 as a latent variable. Following

previous works with similar settings [70, 227], we could indirectly evaluate 𝜋(𝜃, 𝛾|𝒟) by a

strict lower bound 𝑄(· | ·) that

𝑄(𝜃|𝜃(𝑘)) = Eℬ
[
E𝛾|𝜃(𝑘)𝒟

[
log𝜋(𝜃, 𝛾|ℬ)

] ]
≤ logE𝛾|𝜃(𝑘) ,𝒟 [Eℬ [𝜋(𝜃, 𝛾|ℬ)]] . (2.9)

The inequality holds by Fubini’s theorem and Jensen’s inequality (c.f. Eqn. (7) in [70]).

The variable 𝑄(𝜃|𝜃(𝑘)) can be decomposed into

𝑄(𝜃|𝜃(𝑘)) = 𝑁

𝑛
log𝜋(ℬ|𝜃) − ∥𝜃1∥ − ∥𝜃2∥ −

∑
𝑖∈|Ξ|

[
|Ξ𝑖 |𝜅𝑖0

𝜎
+

Ξ2

𝑖
𝜅𝑖1

2𝜎2

]
+

∑
𝑖∈|Ξ|

log

(
𝛿

1 − 𝛿

)
𝜌𝑖 + 𝐶,

(2.10)

where 𝜅𝑖0 = E𝛾|𝜃(𝑘) ,𝒟

[
1

𝑣0(1−𝛾𝑖)

]
, 𝜅𝑖1 = E𝛾|𝜃(𝑘) ,𝒟

[
1

𝛾𝑖

]
, 𝜌𝑖 = E𝛾|𝜃(𝑘) ,𝒟 [𝛾𝑖], and 𝐶 ∈ R is a constant.

Notice here 𝛾 is treated as a latent variable, and we only consider the expectation given

the conditional distribution of 𝛾 given 𝜃(𝑘) ,𝒟. The 𝜌𝑖 could be considered as an inclusion

probability estimate of Ξ𝑖 . In this way, 𝜌 softens 𝛾 from a binary variable into a continuous
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one.

The term 𝜅 performs an elastic net-like approach which adaptively optimizes the ℓ1 and

ℓ2 coefficients. Suppose Ξ𝑖 is identified with a high probability to be a sparse variable (e.g.,

𝜌𝑖 < 0.05), the term 𝜅𝑖0 will be large, strengthening the sparsity constraints. Otherwise, if Ξ𝑖

is identified as a non-sparse variable (e.g. 𝜌𝑖 > 0.95), the term 𝜅𝑖1 will be small, and the ℓ2

constraint will be dominated instead.

Stochastic Approximation from Expectation Maximization of 𝜌 and 𝜅

We could derive an asymptotically correct posterior distribution on 𝜋(𝜃, 𝜅, 𝜌) following the

steps in [70]:

1. Sample 𝜃 from 𝑄(·) that

𝜃(𝑘+1) = 𝜃(𝑘) + 𝜂(𝑘)∇𝜃𝑄(𝜌(𝑘) , 𝜅(𝑘)|ℬ(𝑘)) + 𝒩(0, 2𝜂(𝑘)) (2.11)

2. Perform stochastic approximation to latent variables 𝜌, 𝜅 that

𝜌(𝑘+1) = (1 − 𝜔(𝑘+1))𝜌(𝑘) + 𝜔(𝑘+1)𝜌̃(𝑘+1) , (2.12)

𝜅(𝑘+1) = (1 − 𝜔(𝑘+1))𝜅(𝑘) + 𝜔(𝑘+1)𝜅̃(𝑘+1). (2.13)

Here, 𝜌̃(𝑘+1) , 𝜅̃(𝑘+1)
is the Expectation Maximization (EM) estimation of 𝜌, 𝜅 given iteration

𝑘 [227]. The EM estimation of the inclusion probability 𝜌𝑖 is

𝜌̃(𝑘+1)
𝑖

= E𝛾|𝜃(𝑘) ,ℬ[𝛾𝑖] = 𝑃(𝛾𝑖 = 1|Ξ(𝑘)) = 𝑎𝑖

𝑎𝑖 + 𝑏𝑖
, (2.14)

where 𝑎𝑖 = 𝜋(Ξ(𝑘)
𝑖
|𝛾𝑖 = 1)𝑃(𝛾𝑖 = 1|𝛿) and 𝑏𝑖 = 𝜋(Ξ(𝑘)

𝑖
|𝛾𝑖 = 0)𝑃(𝛾𝑖 = 0|𝛿). In our case, the

term 𝜋(Ξ(𝑘)
𝑖
|𝛾𝑖 = 1) is the probability of Ξ

(𝑘)
𝑖

given the Gaussian prior distribution, and the

term 𝜋(Ξ(𝑘)
𝑖
|𝛾𝑖 = 0) is the probability of Ξ

(𝑘)
𝑖

from the Laplace distribution. The latter term

𝑃(𝛾𝑖 = 1|𝛿) = 𝛿 given Bernoulli prior in the previous setting. Following a similar process, for



Sec. 2.3. Method: Bayesian SINDy Autoencoders 19

Input frame Prediction of 
Dynamical System Video prediction

Figure 2.2: Video prediction with uncertainty estimation from latent dimension in pixel space.

𝜅, we have

𝜅̃(𝑘+1)
𝑖0

= E𝛾|𝜃(𝑘) ,ℬ

[
1

𝑣0(1 − 𝛾𝑖)

]
=

1 − 𝜌𝑖
𝑣0

, (2.15)

𝜅̃(𝑘+1)
𝑖1

= E𝛾|𝜃(𝑘) ,ℬ

[
1

𝑣1𝛾𝑖

]
=

𝜌𝑖
𝑣1

. (2.16)

2.3.4 Prediction with Bayesian SINDy Autoencoder

Bayesian SINDy autoencoder has a trustworthy application in our application of video predic-

tion whereby we learn the dynamics and coordinates of the latent spae. Based on an inference

process established in previous sections, the video prediction can precisely understand

the underlying dynamical system, which allows accurate, robust, and interpretable future

forecasting. Additionally, the Bayesian framework enables precise uncertainty quantification

for video prediction from posterior samples. We visualize the prediction process in Fig. 2.2.

In this case of a pendulum video, the uncertainty of video prediction grows with larger 𝑡,

and gradually fails to predict by showing a ring-like prediction.

From the procedure in Sec. 3.3, we can generate samples from 𝑝(𝜃|𝒟), which is the

posterior distribution of neural network parameters 𝜃 given observed data𝒟. Suppose the

posterior samples are Ξ1 ,Ξ2 , ...,Ξ𝑚 ∼ 𝑝(𝜃|𝒟). The full posterior predictive distribution is
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defined as

𝑝(𝑥̂(𝑡)|𝑥0 ,𝒟) =
∫

𝑝(𝑥̂(𝑡)|𝜃, 𝑥0)𝑝(𝜃|𝒟)𝑑𝜃

=

∫
𝑝(𝑥̂(𝑡)|𝜃2 , 𝑧̂(𝑡))𝑝(𝑧̂(𝑡)|Ξ, 𝑧̂(0))𝑝(𝑧̂(0)|𝜃1 , 𝑥0)𝑝(𝜃1 , 𝜃2 ,Ξ|𝒟)𝑑𝜃 (2.17)

Therefore, we can approximately generate samples from 𝑝(𝑥̂(𝑡)|𝑥0 ,𝒟) using Monte Carlo

estimation. For simplicity, we only consider the Maximum likelihood Estimation 𝜃MLE

1
, 𝜃MLE

2
.

We have the following process:

1. From the input image 𝑥0, compute 𝑧(0) = 𝑓𝜃MLE

1

(𝑥0).

2. From 𝑧(0), using posterior samples of Ξ, generate 𝑧̂(𝑖)(𝑡) samples via

𝑧(𝑖)(𝑡) = 𝑧(0) +
∫ 𝑡

0

Θ(𝑧(𝑡′))Ξ(𝑖)𝑑𝑡′.

3. From samples of 𝑧(𝑖)(𝑡), generate 𝑥̂(𝑖)(𝑡) = 𝑔𝜃MLE

2

(𝑧(𝑖)(𝑡)).

2.4 Experiments

In the following subsections, we conduct four case studies on Bayesian SINDy autoencoder

for governing equations and coordinate system discovery for video data. In Sec. 2.4.1, we

study similar cases to those in [46] with synthetic high-dimensional data generated from the

Lorenz system, reaction-diffusion, and a single pendulum. We explore the Laplace prior

for chaotic Lorenz system and the SSGL prior for reaction-diffusion and single pendulum.

In Sec. 2.4.2, we study real video data that consists of 390 video frames of a moving rod.

This setting is particularly challenging due to the high dimensionality in video data, noisy

observation, missing temporal derivatives, and prior setting for correct learning. In both

experiments on synthetic and real video data, we observe the Bayesian SINDy autoencoder

can accurately perform nonlinear identification of dynamical system under the correct setting

of preprocessing, prior, and training parameters. the experiments are implemented and run

on a single NVIDIA GeForce RTX 2080 Ti with maximum 11264 MB.
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2.4.1 Learning Physics from Synthetic Video Data

Chaotic Lorenz System via the Laplace prior

We consider the chaotic Lorenz system in the following


¤𝑧1 = −𝜎𝑧1 + 𝜎𝑧2

¤𝑧2 = 𝜌𝑧1 − 𝑧2 − 𝑧1𝑧3

¤𝑧3 = 𝑧1𝑧2 − 𝛽𝑧3 ,

(2.18)

where 𝑧 = [𝑧1 , 𝑧2 , 𝑧3] ∈ R3
and 𝜎, 𝜌, 𝛽 are constants. The Lorenz system is very representative

of the chaotic and nonlinear system, which is an ideal example of applying model discovery

techniques. In the numerical simulation, we first set 𝜎 = 10, 𝜌 = 28, 𝛽 = −2.7. We only

generate partial Lorenz via time range 𝑡 = [0, 5] with Δ𝑡 = 0.02 for 1024 different Lorenz

systems from random initial conditions. The initial condition follows a uniform distribution

centered at [0, 0, 25]with width [36, 48, 41] respectively.

From the underlying dynamical system, we create a high-dimensional dataset via six fixed

spatial models given by Legendre polynomials that u1 , u2 , ..., u6 ∈ R128
. We transfer from the

low-dimensional dynamical system into a high-dimensional dataset via the following rule:

x(𝑡) = u1𝑧1(𝑡) + u2𝑧2(𝑡) + u3𝑧3(𝑡) + u4𝑧1(𝑡)3 + u5𝑧2(𝑡)2 + u6𝑧3(𝑡)3. (2.19)

We set the autoencoder with latent dimension 𝑑 = 3 corresponding to the latent system in

the 3D coordinate system with 𝑧𝐴 , 𝑧𝐵 , 𝑧𝐶 . We include polynomials with the highest order

3 composing a library [1, 𝑧𝐴 , 𝑧𝐵 , 𝑧𝐶 , 𝑧2

𝐴
, 𝑧𝐴𝑧𝐵 , 𝑧𝐴𝑧𝐶 , 𝑧

2

𝐵
, 𝑧𝐵𝑧𝐶 , 𝑧

2

𝐶
, 𝑧3

𝐴
, 𝑧2

𝐴
𝑧𝐵 , 𝑧

2

𝐴
𝑧𝐶 , ..., 𝑧

3

𝐶
]. Via

the autoencoder, we wish to identify the correct active terms as well as the value of the

coefficients. The coefficient of Ξ is uniformly initialized from constant 1. The loss coefficients

are 𝜆1 = 0.0, 𝜆2 = 1 × 10
−4

. For the encoder and decoder, we use the sigmoid activation

function with widths [64, 32]. For optimization, we select Adam optimizer with learning rate

1 × 10
−3

and the batch size to be 1024. For the Laplace prior setting, we set 𝜆3 = 1 × 10
−5

.
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Figure 2.3: Bayesian estimation and uncertainty quantification visualization of SINDy coefficient

for Lorenz system under Laplace prior. The color bar represents the inclusion probability estimate

given the coefficient magnitude. The color represents the inclusion probability [0.0, 1.0] from white

(non-active) to dark blue (active).
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Figure 2.4: (a) Trajectory prediction for in-distribution data with uncertainty quantification generated

by posterior samples from Bayesian inference on SINDy coefficient. (b) Trajectory prediction for

out-of-distribution data with uncertainty quantification generated by posterior samples from Bayesian

inference on SINDy coefficient. (c.1) Discovered Lorenz systems and (c.2) transformation to the

standard space. (c.3) Lorenz system generated from the ground truth.
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By training with 5, 000 epochs following the setting from [46], in terms of the error metrics,

the best test error of the decoder reconstruction achieves 2×10
−5

of the fraction of the variance

from the input. The fraction of unexplained variances are 2 × 10
−4

for the reconstruction of

¤𝑧, and 1.3 × 10
−3

for the reconstruction of ¤𝑥. Notice here decoder reconstruction is better

compared to SINDy autoencoder without uncertainty quantification, but the reconstruction

of ¤𝑧 is slightly worse compared to point estimation for SINDy autoencoder.

The coefficient estimate from the Bayesian SINDy autoencoder is shown in Fig. 2.3. From

the figure, we can observe the uncertainty quantification in the parameter space. The outcome

of this model identifies 7 active terms marked with deeper blues. It is known that the

identification of Lorenz dynamics suffers from the symmetry in the coordinate system as

described in [46]. The discovered governing equation could be equivalently transformed via

the affine group transformation on the coefficients and a permutation group transformation

on the latent variables. Therefore, the identification is still correct in Fig. 2.3 from the following

transformations. (a) We inversely transform the permutation group via assigning 𝑧𝐶 to 𝑧1, 𝑧𝐵

to 𝑧2, and 𝑧𝐴 to 𝑧3. (b) We inversely perform affine transformation by 𝑧1 = 1.0, 𝑧2 = −0.94𝑧2,

and 𝑧3 = 0.55𝑧3 − 2.81. We demonstrate the effectiveness of the affine transformation process

in Fig. 2.4 (c) that the discovered model (c.1) can be transformed into (c.2), which is close to

the ground truth model (c.3). The discovered governing equation from the Laplace prior is


¤𝑧1 = −10.09𝑧1 + 10.00𝑧2

¤𝑧2 = 27.09𝑧1 − 0.86𝑧2 − 5.35𝑧1𝑧3

¤𝑧3 = 5.35𝑧1𝑧2 − 2.71𝑧3 ,

(2.20)

Stepping further from the uncertainty quantification of coefficients, we can see the

uncertainty quantification in the prediction space in Fig. 2.4 (a) (b). In general, the uncertainty

coverage correctly captures the true trajectory when the model fails to predict correctly and

mildly covers the trajectory when the model prediction is confident.
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Reaction Diffusion via Spike-and-slab prior

Reaction-diffusion is governed by a partial differential equation (PDE) that has complex

interactions between spatial and temporal dynamics. We define a lambda-omega reaction-

diffusion system by

𝑢𝑡 = (1 − (𝑢2 + 𝑣2))𝑢 + 𝛽(𝑢2 + 𝑣2)𝑣 + 𝑑1(𝑢𝑥𝑥 + 𝑢𝑦𝑦)

𝑣𝑡 = −𝛽(𝑢2 + 𝑣2)𝑢 + (1 − (𝑢2 + 𝑣2))𝑣 + 𝑑2(𝑣𝑥𝑥 + 𝑣𝑦𝑦), (2.21)

which 𝑑1 = 𝑑2 = 0.1, 𝛽 = 1.

For the synthetic data, we first generates the latent dimensions 𝑢(𝑥, 𝑦, 𝑡) and 𝑣(𝑥, 𝑦, 𝑡)

by 2.21 from 𝑡 = [0, 500] with time step Δ𝑡 = 0.05. Then, we generate the snapshots of the

dynamical system spatially in 𝑥𝑦-domain from its latent dimensions into a video with shape

(10000, 100, 100). We obtain a training dataset with size 9, 000. We also generate a testing

dataset with 1, 000 samples.

We setup the autoencoder with latent dimension 𝑑 = 2, targeting the 𝑢, 𝑣, and apply a first-

order library of functions including [1, 𝑢𝑥 , 𝑣𝑥 , 𝑢2

𝑥 , 𝑢𝑥𝑣𝑥 , 𝑣
2

𝑥 , 𝑢
3

𝑥 , 𝑢
2

𝑥𝑣𝑥 , 𝑢𝑥𝑣
2

𝑥 , 𝑣
3

𝑥 , sin(𝑢𝑥), sin(𝑣𝑥)].

We hope to discover the two oscillating spatial modes for this nonlinear oscillatory dynamics.

The coefficient of Ξ is randomly initialized from Gaussian 𝒩(0, 0.1). The loss coefficients

are 𝜆1 = 1.0 × 10
−2 ,𝜆2 = 1.0 × 10

−1 ,𝜆3 = 20.0. For the encoder and decoder, we use sigmoid

activation function with width [256]. For optimization, we select Adam optimizer with

learning rate 1𝑒−3
, and batch size to be 1000. For the setting of SSGL prior, we set 𝛿 = 0.08,

𝑣0 = 0.1, 𝑣1 = 3.0, 𝜔(𝑘) = 0.02 × (0.999)𝑘 .

We follow the same setting in [46]. The SSGL prior only requires 1, 500 epochs for training

while LASSO setting frequently needs more than 3, 000 epochs for training. The best test

error is 2.1 × 10
−3

for decoder loss, 2.1 × 10
−5

for the reconstruction of ¤𝑧, and 1.7 × 10
−4

for

the reconstruction of ¤𝑥. The fraction of unexplained variance of decoder reconstruction is

9.1 × 10
−5

. For SINDy predictions, the fraction of unexplained variance of ¤𝑥 is 0.013. The

fraction of unexplained variance of ¤𝑧 is 0.001. These results all improve from LASSO based

SINDy Autoencoder [46]. The posterior samples from Bayesian SINDy are shown in Fig. 2.5.
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Figure 2.5: (a) Bayesian estimation and uncertainty quantification visualization of SINDy coefficient

for reaction-diffusion under Spike-and-slab prior. The color represents the inclusion probability

[0.0, 1.0] from light blue (non-active) to dark blue (active). (b) Visualization of in-distribution (top)

and out-of-distribution (bottom) predicted dynamics. (c) The generated attractor from the mean of

Bayesian inference.

The discovered governing equation from the Bayesian SINDy autoencoder is


¤𝑢𝑥 = 0.91 sin(𝑢𝑥)

¤𝑧2 = −0.91 sin(𝑣𝑥)
(2.22)

Nonlinear Pendulum via the Spike-and-slab prior

We consider simulated video of a nonlinear pendulum in pixel space with two spatial

dimensions. The nonlinear pendulum is governed by the following second-order differential

equation:

¥𝑧 = − sin 𝑧. (2.23)

We generate the synthetic dataset following the settings in [46]. The synthetic data first

generates the latent dimension 𝑧 as the angle of pendulum from 𝑡 = [0, 10] with time step

Δ𝑡 = 0.02. Then, we form a Gaussian ball around the mass point with angle 𝑧 and length 𝑙.
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This process transfers the dynamical system from its latent dimension 𝑧 into a video with

shape (500, 51, 51). By simulating this process with 100 times, we obtain a training dataset

with size 50, 000. We also generate a testing dataset with 5, 000 samples.

We set up the autoencoder with latent dimension 𝑑 = 1, targeting the angle of pendulum,

and apply a second-order library of functions including [1, 𝑧, ¤𝑧, 𝑧2 , 𝑧 ¤𝑧, ¤𝑧2 , 𝑧3 , 𝑧2 ¤𝑧, 𝑧 ¤𝑧2 , ¤𝑧3 , sin(𝑧), sin(¤𝑧)].

We hope to infer the real coefficient that Ξ = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0,−1, 0]. The coefficient of Ξ

is randomly initialized from Gaussian. The loss coefficients are𝜆1 = 5𝑒−3 ,𝜆2 = 5𝑒−5 ,𝜆3 = 8𝑒−4
.

For the encoder and decoder, we use the sigmoid activation function with widths [128, 64, 32].

For optimization, we select Adam optimizer with a learning rate 1𝑒−3
, and batch size to be

1000. For the setting of SSGL prior, we set 𝛿 = 0.08, 𝑣0 = 0.05, 𝑣1 = 3.0, 𝜔(𝑘) = 0.05 × (0.995)𝑘 .

We follow the same setting in [46]. The success discovery rate is 80% from 15 training

instances, which improves from 50% success discovery rate in the LASSO setting. Additionally,

Bayesian SINDy Autoencoder with the SSGL prior requires only 1, 500 epochs for training,

while the LASSO setting frequently needs 5, 000 epochs for training. The best test error

is 6.5 × 10
−8

for decoder loss, 1.1 × 10
−3

for the reconstruction of ¥𝑥, and 8.1 × 10
−4

for the

reconstruction of ¥𝑧. The best fraction of unexplained variance of decoder reconstruction

is 4.5 × 10
−4

. For SINDy predictions, the best fraction of unexplained variance of ¥𝑥 and ¥𝑧

reconstruction are 2.3 × 10
−4

and 5.5 × 10
−3

. The posterior samples from Bayesian SINDy

are shown in Fig. 2.6 (a). The discovered governing equation from the Bayesian SINDy

autoencoder is

¥𝑧 = −0.99 sin(𝑧). (2.24)

The prediction of trajectory with uncertainty quantification is shown in Fig. 2.6 (b) with 6

different initial conditions that 𝜃0 = [2
3
𝜋, 1

2
𝜋, 1

3
𝜋, 1

4
𝜋, 1

8
𝜋, 1

16
𝜋] from time 𝑡 = [0, 100]. The

error and uncertainty grow with longer time interval, generally starting from 𝑡 = 20.



Sec. 2.4. Experiments 27

(a) (b)

0.0

1.0

0.5

0.25

0.75

𝑧(𝑡)

Figure 2.6: (a) Bayesian estimation and uncertainty quantification visualization of SINDy coefficient

for pendulum data under Spike-and-slab prior. The color represents the inclusion probability [0.0, 1.0]
from light blue (non-active) to blue (active). (b) Visualization of predicted dynamics with uncertainty

quantification from 6 different initializations.

2.4.2 Learning dynamical system from GoPro recording on a moving rod

Experimental setting and dataset description. The raw video data has 14 seconds recording

of a moving rod with 390 frames in total. Due to the high computational requirement to

access the temporal derivative in the latent space, we process the raw video via the following

steps.

(1) We first move the RGB channels of a video to greyscale, normalizing to [0, 1]. This is step

(a) to (b) in Fig. 2.7.

(2) We estimate the background in this video. In our setting, we compute an averaged frame

over the entire video as the background. In a wider context, one shall remove low-rank

information via linear models [169, 296]. This is step (b) to (c) in Fig. 2.7.

(3) Apply Gaussian filters with appropriate variance. The selection of variance varies from
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Figure 2.7: Preprocessing pipeline to high-dimensional video data to remove auxiliary information

and reduce the size of video frames.

case to case. A good hyperparameter setting should keep the mix-max gap of the original

image and could also smoothen the sharp edges of the objects. This is step (c) to (d) in Fig.

2.7.

(4) The final step downsample the frames from (1080, 960) to (27, 24) via interpolation. We

choose this size of subsampling to fit into our experimental environment, and balance the

training speed.

After these preprocessing steps, we obtain a training dataset with 390 samples and shape

(27, 24). The downsampling nature of our preprocessing steps and the finite difference

estimation of temporal derivatives inject large corruption noise to the video. Empirically, the

preprocessed data exhibits 3% of random Gaussian noise across the entire image domain,

and could experience up to 100% of random noise for areas with the moving rod, e.g. pixel

missing, lighting issues, error from downsampling. To be more specific, in Fig. 2.7 (b), the

illuminated part is processed as 0, implying the absence of that section of the pendulum.

These random missingness from lightings, while potentially unnoticeable to the human eye,

manifest large and noisy spikes in the temporal derivative approximation with the magnitude

of 10
3

randomly across the pixel space. This type of corruption noise is one major challenge

in this real video dataset for governing equation identification.

Bayesian masked autoencoder setup We set up the autoencoder with latent dimension

𝑑 = 1, with a second-order library of functions similar to synthetic video data. We remove the

constant term for simplicity of the inferential process. The loss coefficients are 𝜆1 = 5𝑒−7 ,𝜆2 =
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Figure 2.8: Left: SSGL regularization plot. Right: Model selection via test error.

5𝑒−8
, and 𝜆3 = 1 × 10

−4
. For the encoder and decoder, we use the sigmoid activation function

with widths [64, 32, 16]. For optimization, we select Adam optimizer with a learning rate 1𝑒−3
,

and batch size to be 10. Real video data is much harder compared to synthetic video data

since it contains rich information, including object colors, background, and processing noises.

At the same time, only 390 snapshot samples are available to train the Bayesian autoencoder.

To resolve this problem, we involve masked autoencoder [119], which applies 50% random

masking to the input data. The effect of masked autoencoder could be understood as data

augmentation, which allows the encoder to focus more on the key information [303]. For the

setting of SSGL prior, we set 𝛿 = 0.09, 𝑣0 = 1.5, 𝑣1 = 5.0, 𝜔(𝑘) = 0.01 × (0.999)𝑘 .

Results from the Bayesian discovery via SSGL prior

Model selection and the regularization path Following the standard practice [227], we

study the regularization path of the SSGL prior by increasing the spike variance. Fig. 2.8 (left)

shows gradual sparsification of the discovered governing equation. The discovered model is

null when spike variance 𝑣0 ≥ 2.6, which is not shown in the regularization plot. We combine

this regularization plot with the testing loss plot in Fig. 2.8 (right). We select the sparsest

model with the lowest testing error from the Occam’s razor principle. The full regularization

path study indicates that there exists governing physics law (with the term sin(𝑧)) in this

video recording.
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Figure 2.9: (a) Bayesian estimation and uncertainty quantification visualization of SINDy coefficient

for real moving rod data under Spike-and-slab prior. The color represents the inclusion probability

[0.0, 1.0] from light blue (non-active) to dark (active). (b) Visualization of prediction in both latent

dynamics and pixel space with uncertainty quantification. (c) Reconstruction of Bayesian SINDy

autoencoder for video frame, and temporal derivatives.

Discovered governing equation The success discovery rate of Bayesian SINDy Autoencoder

is 100% from 10 training instances, and it only requires 1, 500 epochs for training. The

best test error is 0.767 for decoder loss, 0.305 for the reconstruction of ¥𝑥, and 0.0263 for the

reconstruction of ¥𝑧. The fraction of the unexplained variance of decoder reconstruction is

0.003. For SINDy predictions, the fraction of unexplained variance of ¥𝑥 and ¥𝑧 reconstruction

are 0.081 and 0.961.

The posterior samples from Bayesian SINDy are shown in Fig. 2.9 (a), and the prediction

of trajectory with uncertainty quantification of latent dynamics is shown in the bottom figure

of Fig. 2.9 (b). The discovered governing equation from the SSGL prior is

¥𝑧 = −16.06 sin(𝑧). (2.25)
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Figure 2.10: Left: by running the experiment 5 times with 2000 training epochs and 1500 refinement

epochs, we plot the mean and standard deviation of testing loss under the log scale. Right: by running

the experiment once with 7500 training epochs and 1500 refinement epochs, we plot the testing loss

under the log scale.

Video reconstruction, prediction, and uncertainty quantification The latent dimension

¥𝑧 with SINDy correctly identifies sin(𝑧) as the active term and generates an uncertainty

estimate. Utilizing the uncertainty estimation in the parameter space, we could perform

uncertainty quantification on the prediction space as in Fig. 2.9 (b). The training outcome

of Bayesian SINDy autoencoder are shown in Fig. 2.9, 2.10. First, from Fig. 2.9 (c), we note

that the reconstruction of the Bayesian SINDy autoencoder is very promising. The top line of

figures is input data, and the second line of figures is generated by the autoencoder. Even

if the scale is slightly different, it is convincing that the overall reconstructions on 𝑥, ¤𝑥 and

¥𝑥 are very good. This can be suggested by Fig. 2.10 that the log loss converges with more

training epochs. Throughout these experiments, we uniformly set training epochs to be 1, 500

and refinement epochs to be 1, 500. This decision is suggested by the observation in a longer

run (7, 500 training epochs and 1, 500 refinement epochs) that the log loss remains stable

after 1000 epochs. For the reconstruction of ¥𝑧, having longer training epochs will harm the

testing error due to overfitting. We note here the discovery by SSGL prior has dominant

performance in testing loss comparing to SINDy autoencoder as shown in 2.5. This suggests

the superiority of the SSGL prior in the real video data setting.

As suggested in Sec. 3.4, the Bayesian SINDy autoencoder enables a trustworthy solution

in deep learning for video prediction. In Fig. 2.9 (b), we predict the following frames of video

using the decoder and the simulation of latent dynamical systems. We observe that in the
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Figure 2.11: Latent dimension visualization after rescaling (blue curve) versus manually labelled

moving rod angle by human (grey curve).

very beginning of future time frames, the prediction is very confident and accurate. Yet as we

move to a longer time interval, the prediction becomes very uncertain, and we can observe

this interesting phenomenon in Fig. 2.9 (b).

It is essential to understand the latent dimension of the autoencoder in order to know the

validity of the coordinate system discovery. Therefore, we create the following analysis on

the latent dimension. We first manually label all angles 𝜃 from all video frames by humans,

as shown in the grey dashed curve in Fig. 2.11. The blue curve represents the rescaled latent

dimension 𝑧, and we observe these two curves match mostly perfect to each other. We apply

rescaling in this process due to the coordinate system for the angles 𝜃 are equivalent after

arbitrary transformation in its scale. For example, the angles represented by radians and

degrees are equivalent to each other under different scales.

On the discovery of the standard gravity constant 𝑔 The SSGL prior accurately discovers

the model with sin(𝑧) term and reveals the standard gravity constant 𝑔. In our experimental

setting, the length of the rod in our experiment is 123 cm with the initial condition at 75
◦
.

We have an estimate of 𝑔 given these conditions that 𝑔̂ = −9.876. The estimation 𝑔̂ is slightly

overconfident and biased which concentrates at (−9.889,−9.865). The bias is more likely to

be removed with an enlarged video datasets.

Given this low-data and high-noise setting, the estimate from SSGL prior 𝑔̂ is very close

to the true value that 𝑔 ≈ −9.807. Even if the discovery of the coordinate system could be up

to an arbitrary scaling, the frequency of the dynamical system could uniquely identify the

coefficient of sin(𝑧). This validates the discovery under random scaling group transformation
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in the latent dimension.

2.5 Conclusion and Future works

In this paper, we propose a Bayesian SINDy autoencoder for automated coordinate and

governing equation discovery from high-dimensional data. Using the Bayesian learning

framework and sparsity-promoting priors, the proposed model identifies sparse dynamics in

the latent dimension. Through experimental studies on synthetic Lorenz, reaction-diffusion

system, pendulum, and real video of moving pendulum. We successfully perform model

discovery under a learned coordinate system. In the small-data and high-noise regime for

real video data, we identify the correct physical law with close estimation of the standard

gravity constant 𝑔. Besides the model and physics discovery, in terms of video prediction, the

Bayesian SINDy autoencoder provides uncertainty-aware future predictions with an exact

understanding of its underlying physics, which enables a trustworthy alternative for deep

learning-based video prediction.

In our perspective, the Bayesian SINDy autoencoder holds significant potential in ad-

vancing the concept of ’GoPro physics’ [295]. However, the current framework has several

limitations that restrict broader application across various problems. To enhance the ap-

plicability and performance of the Bayesian autoencoder, we could consider the following

strategies as potential future directions.

• Autotuning for 𝜆1 ,𝜆2 ,𝜆3. It is essential to balance the reconstruction loss function weights

in 𝑥, ¤𝑥 and ¤𝑧. To mitigate the risk of converging to suboptimal solutions, one can directly

solve the multi-objective optimization for encoder-decoder architecture using methods like

Multiple Gradient Descent Algorithm [243]. This could also practically reduce the manual

effort required for hyperparameter tuning.

• Full Bayesian specification. The hyperparameter setting for the sparsity level (𝛿), spike-

and-slab distribution variances (𝜈0 , 𝜈1), and environmental noise (𝜎) can be specified using

a full Bayesian inference setup as described in [73, 227]. This approach lessen the need of

hyperparameter tuning in the Bayesian sparse regression procedure. However, this will
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exceedingly enlarge the computational requirement and could be challenging to implement.

• Ensembling and variational autoencoders. One may consider to utilize an ensemble of

trained Bayesian SINDy autoencoder initialized from various starting points [294, 297].This

process constructs a posterior distribution of the SINDy coefficient Ξ, and could perform

subset selection via stability selection or inclusion probability thresholding [90, 98, 193].

Applying variational autoencoders [151] could avoid the usage of hard-thresholding

procedures. It also helps to perform better subset selection with Bayesian uncertainty

estimation to the SINDy coefficient [151].

In the future work, it is important to involve new techniques to discover governing

physics with multiple objects and complex chaotic systems. Bayesian SINDy autoencoder

also presumes a static coordinate system, making it challenging to analyze videos captured

with a moving camera. Further refinements on the autoencoder architecture are likely to

resolve these challenges.

In conclusion, the Bayesian SINDy autoencoder offers significant improvements over

the SINDy autoencoder, especially in in scenarios with limited data and high noise. The

Bayesian learning framework not only accelerates the training but also also delivers superior

performance across various cases. Additionally, the Bayesian SINDy autoencoder enables

uncertainty estimation, which is essential for making informed decisions based on data.

Our experiments demonstrate the effectiveness of the Bayesian SINDy autoencoder using

synthetic and real video data. Remarkably, even with a 14 seconds video of a real moving

pendulum, the Bayesian SINDy autoencoder successfully discovers the coordinate system

and governing equation and estimates the fundamental constant 𝑔. In future works, we hope

to extend the current methodology into more complex scenarios with real videos to explore

further the power of Bayesian SINDy autoencoder in diverse applications.

Appendix: Real video discovery via the Laplace prior

We present the result from the Laplace prior. In this case, the Laplace prior identifies an

incorrect term 𝑧 over than the true target on sin(𝑧) if we specify a reasonable sparsifying
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constant. However, this model is worse than the null model with respect to the testing error.

Therefore, Bayesian autoencoder with the Laplace prior fails to discover governing physics

from real video data.

For the setting of Laplace prior, we set 𝜆3 = 1 × 10
−2

. The success discovery rate is 70%

from 10 training instances while the other 30% instances will lead to zero discovery, indicating

no active indices. Bayesian SINDy Autoencoder requires 1, 500 epochs for training. The

best test error is 0.779 for decoder loss, 0.364 for the reconstruction of ¥𝑥, and 0.416 for the

reconstruction of ¥𝑧. The fraction of unexplained variance of decoder reconstruction is 0.012.

For SINDy predictions, the fraction of unexplained variance of ¥𝑥 and ¥𝑧 reconstruction are

0.210 and 0.941.

(a) (b)

(c)
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Time (𝑡)

𝜃(𝑡)
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Figure 2.12: (a) Bayesian estimation and uncertainty quantification visualization of SINDy coefficient

for real moving rod data under Laplace prior. The color represents the inclusion probability [0.0, 1.0]
from light blue (non-active) to dark blue (active). (b) Latent dimension visualization after rescaling

(blue curve) versus manually labelled moving rod angle by human (grey curve). (c) Visualization of

predicted dynamics in latent space with uncertainty quantification.
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The posterior samples from Bayesian SINDy are shown in Fig. 2.12 (a) and the prediction

of trajectory with uncertainty quantification of latent dynamics is shown in Fig. 2.12 (c). The

discovered governing equation from the Laplace prior is

¥𝑧 = −7.10𝑧. (2.26)

The discovered governing equation with 𝑧 slightly deviates from the true dynamics

similarly as reported in [46], but still creates reasonable uncertainty estimate under model

misspecification. The latent dimension in Fig. 2.12 (b) follows a similar process in Fig. 2.11.

The latent dimension 𝑧 still matches the human labels, but not as close as the learned result

by the SSGL prior.

Regularization path and model selection Fig. 2.13 (left) shows gradual sparsification of

the discovered governing equation for increasing threshold. The discovered model is null

when spike variance 𝑣0 ≥ 4.0, which is not shown in the regularization plot. Unlike the SSGL

regularization plot, the Laplace prior fails to discover sin(𝜃) term uniformly through the entire

regularization path. Additionally, combining with the testing loss plot in Fig. 2.13 (right), the

selected model with lowest testing error is a null model. The null model (zero model) only

rebuilds the background with the entire trajectory in one graph. The full regularization path

study indicates that there is no active physical law in this video recording.

Figure 2.13: Left: Laplace prior (LASSO) regularization plot. Right: Model selection via test error.
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Appendix: Pre-processing

Necessity of data preprocessing for video data learning. Video data are generally harder

comparing to prior works on simulated data. The challenges come from the following three

parts.

• We only have snapshots of dynamical system in the pixel space for real video data. There

is no direct access to temporal derivatives in the pixel space. The temporal derivatives

are required in the computation of SINDy loss, and we have to approximate it via finite

difference method from video snapshots.

• Videos contain more auxiliary (unnecessary) information for dynamical system learning

including background, colors, light changes, and processing noises. Deep autoencoders

could remove random Gaussian noises, but are not naturally designed to deal with this

type of data.

• For modern cameras, videos normally have very high resolution (e.g. 1980× 1080× 3). It is

computationally demanding to perform this level huge matrix operations w.r.t this size for

neural network learning, e.g. ∇x 𝑓 (x).

Suggestion for automating the video recording preprocessing. In Algorithm 1, we demon-

strate a standard preprocessing procedure for governing equation learning. We first remove

background via deleting the averaged frame. Then, we apply Gaussian filters to smooth the

video frames. Finally, we subsample into 𝑋̃ and compute temporal derivatives.
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Algorithm 1 Real video data preprocessing

Input: Video data frame {𝑋𝑖}, smoothing variance 𝑐, subsample dimension 𝑑1 , 𝑑2, time

between frame Δ𝑡.

Output: smoothed video frames {𝑋̃𝑖}
1: function Preprocess(𝑋, 𝑐, 𝑑1 , 𝑑2)

2: 𝑋̄ = 1

𝑡

∑𝑡
1
𝑋𝑖 ; ⊲ compute average frame

3: 𝑋̂ = {𝑋𝑖 − 𝑋̄}𝑡𝑖=1
;

4: for i in 1, 2, · · · , 𝑡: do
5: 𝑋̂ 𝑠𝑚𝑜𝑜𝑡ℎ

𝑖
= 𝐺𝑎𝑢𝑠𝑠𝑖𝑎𝑛𝑆𝑚𝑜𝑜𝑡ℎ(𝑋̂𝑖 , 𝑐);

6: end for
7: 𝑋̃ = 𝑆𝑢𝑏𝑠𝑎𝑚𝑝𝑙𝑒(𝑋̂ 𝑠𝑚𝑜𝑜𝑡ℎ , 𝑑1 , 𝑑2); ⊲ subsample the image to size (𝑑1 , 𝑑2)
8: for i in 1, 2, · · · , 𝑡 − 1: do
9:

¤̃𝑋𝑖 = 𝑋̃𝑖+1−𝑋̃𝑖
Δ𝑡 ;

10: end for
11: for i in 1, 2, · · · , 𝑡 − 2: do
12:

¥̃𝑋𝑖 =
¤̃𝑋𝑖+1− ¤̃𝑋𝑖

Δ𝑡 ;

13: end for
14: return 𝑋̃ , ¤̃𝑋, ¥̃𝑋
15: end function
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3

Sparse Identification of Nonlinear
Dynamics and Koopman Operators

with Shallow Recurrent Decoder
Networks

Partial differential equations (PDEs) derived from first principles or qualitative behavior

remain the most ubiquitous class of models used to describe physical, spatio-temporal

phenomena. However, for complex dynamics it is often the case that the simplifying

assumptions necessary to construct a PDE model can render it ineffectual for real data

where the physics is high-dimensional, multi-scale in nature, only partially known, or

where first principles models currently do not exist. In such cases, machine learning

(ML) methods offer an attractive alternative for learning both the physics and coordinates

(fundamental variables) necessary to quantify the observed spatiotemporal phenomena.

Many recent efforts utilizing ML techniques seek to relax the computational burden for

PDE simulation by learning surrogate models to forward-simulate or predict spatiotemporal

systems. However, this new machine learning paradigm frequently exhibits instabilities

during the training process, unstable roll-outs when modeling future state predictions, and

often yields minimal computational speedups [192]. The Shallow REcurrent Decoder (SHRED)

network [292] is a recently introduced architecture that utilizes data from sparse sensors to

reconstruct and predict the entire spatiotemporal domain. Similar to Takens’ embedding

theorem, SHRED models trade spatial information at a single time point for a trajectory of

sensor measurements across time. Previous work has shown SHRED can achieve excellent

performance in sensing and reduced order modeling examples ranging from weather and
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atmospheric forecasting [292], plasma physics [161], nuclear reactors [226], and turbulent

flow reconstructions [270]. Theoretically rooted in the classic PDE method of separation

of variables (see detailed derivations in [292, 270]), the decoding-only strategy of SHRED

circumvents the computation of inverse pairs, i.e. an encoder and the corresponding decoder.

It has been well-known for decades that the computation of the inverse of a matrix is highly

unstable and ill-posed [93, 124, 10]. By decoding only, SHRED avoids this problem and learns

a single embedding without the corresponding inversion.

In this paper, we introduce Sparse Identification of Nonlinear Dynamics with SHallow

REcurrent Decoder networks (SINDy-SHRED). SINDy is a computational method that applies

sparse regression techniques to perform nonlinear system identification. The resulting model

is a set of ordinary differential equations (ODEs), well-suited for interpretable modeling.

SINDy-SHRED exploits the latent space of recurrent neural networks for sparse sensor

modeling, and enforces interpretability via a SINDy-class functional regularization, where

the SINDy-class denotes functions formed by sparse linear combinations of candidate basis

functions (e.g., polynomial or trigonometric) from the chosen SINDy library. Moreover, our

theoretical analysis (see Thm. 3 and Thm. 4) rigorously demonstrates key advantages of latent

space modeling with SINDy over conventional neural networks, i.e. under mild conditions it

is guaranteed to converge with a bounded error. In this way, SINDy-SHRED enables a robust

and sample-efficient joint discovery of governing equation and coordinate system. With the

correct governing equation, SINDy-SHRED can perform an accurate long-term prediction

in a learned, low-dimensional latent space, and in turn allows for long-term forecasting in

the original spatiotemporal (pixel) space. In further restricting SINDy to a linear model, a

Koopman approximation [31] can be constructed to produce a Koopman-SHRED architecture.

SINDy-SHRED and Koopman-SHRED are lightweight models which can perform low-rank

recovery with as few as three active sensors for the high-dimensional spatio-temporal fields,

which is critical for large-scale scientific data modeling and real-time control. Specifically,

for 𝐷-dimensional fields, 𝐷 + 1 sensors are required for reconstructing the spatio-temporal

field from sparse observations, much like localization for cellular networks [249]. Moreover,

the proposed architecture does not require large amounts of data during training, thereby
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Figure 3.1: (a) Illustration of the SINDy-SHRED and Koopman-SHRED architecture. SINDy-SHRED

transfers the original sparse sensor signal (red) to an interpretable latent representation (purple)

that falls into the SINDy-class functional. This framework can be adapted into Koopman-SHRED by

restricting the library Θ(·) to be linear. The shallow decoder performs a reconstruction in the state

space. We obtain an interpretable linear model for the sea-surface temperature data considered (details

in Sec. 3.4.3). (b) The loss function consists of three parts: (i) the SHRED loss controls the reconstruction

accuracy of the state space, (ii) the Ensemble SINDy loss helps to model the parsimonious dynamics

of the latent space, and (iii) the sparsity constraint identifies the governing equation within this

optimization framework. (c) We visualize the globally convex loss landscape of SINDy-SHRED as

in [168].

avoiding a common pitfall in existing ML techniques for accelerating physics simulations

and enabling rapid training on a single laptop. SINDy-SHRED/Koopman-SHRED are also

highly reproducible with minimal effort in hyperparameter tuning due to the globally convex

optimization landscape, as illustrated in the lower right panel of Fig. 3.1. The recommended

network structure with the same set of hyperparameters, and training setting can generalize to

many different datasets
1
. In short, we demonstrate SINDy-SHRED/Koopman-SHRED to be

robust and highly applicable in many modern scientific modeling problems. In what follows,

we will refer generally to the proposed architecture as SINDy-SHRED, with Koopman-SHRED

as a special case.

We perform a wide range of studies to demonstrate the effectiveness of SINDy-SHRED.

We apply the model on the sea surface temperature data, which is a complex real-world

1
Code implementation: https://github.com/gaoliyao/sindy-shred.

https://github.com/gaoliyao/sindy-shred
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problem. We also consider data from complex simulations of atmospheric chemistry, 2D

Kolmogorov flow, and isotropic turbulence, video data of flow over a cylinder, and video

data of a pendulum. The ability of SINDy-SHRED to perform well on video data is an

important result for so-called “GoPro physics,” whereby physics is learned directly from

video recordings. With extremely small sample size and noisy environments, SINDy-SHRED

achieves governing equation identification with stable long-term predictions, thus overcoming

the critical limitations for long-term forecasts of spatio-temporal phenomena that include

instabilities and massive computational requirements. To summarize, the contributions of

our paper are the following:

• We propose SINDy-SHRED to learn a symbolic and interpretable generative model of

a parsimonious and low-dimensional latent space (fundamental variables) of recurrent

neural networks for complex spatio-temporal dynamics.

• Even for the well-known physical systems considered, we discover in each case a hitherto

unknown physics model characterizing the spatio-temporal dynamics directly from

measurement or video streams. These benchmark systems include turbulent flows,

videos of physical systems, and PDE simulations.

• Under weak assumptions, we establish rigorous error bounds on the robust convergence of

the SINDy-SHRED algorithm which allows us to guarantee model performance, a rarity in

deep learning. Moreover, we systematically observe that the algorithm has a global convex

loss landscape, preventing the need for any hyper-parameter tuning (except for the SINDy

parameters of dimension and sparsity).

• We compare SINDy-SHRED to state-of-the-art deep learning algorithms in spatio-temporal

prediction, showing that the architecture achieves superior accuracy, data efficiency, training

time, and long term prediction, all with fewer model parameters.

3.2 Related works

Traditionally, spatio-temporal physical phenomena are modeled by Partial Differential

Equations (PDEs). To accelerate PDE simulations, recent efforts have leveraged neural
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networks to model physics. By explicitly assuming knowledge of the underlying PDE,

physics-informed neural networks [221] utilize the PDE structure as a constraint for small

sample learning. However, assuming the exact form of governing PDE for real data can

be a strong limitation. There have been many recent works on learning and predicting

PDEs directly using neural networks [150, 173, 132, 185, 174, 182]. Alternatively, variants

of SINDy [234, 194, 90] offer a data-driven approach to identify PDEs from the spatial-

temporal domain. High-dimensionality and data requirements can be prohibitive for many

applications.

In parallel, efforts have been directed toward the discovery of physical laws through

dimensionality reduction techniques [46, 186, 191], providing yet another perspective on the

modeling of scientific data. The Mori-Zwanzig formalism [62, 175, 176, 267] also provides a

theoretical foundation for reduced-order modeling of spatiotemporal systems. The discovery

of physics from a learned latent spaces has previously been explored by [96, 60, 88, 64, 300,

171, 211, 209, 198, 54, 183], yet none of these methods consider a regularization on the latent

space with no explicit encoder. Yu et al. [311] proposed the idea of physics-guided learning

which combines physics simulations and neural network approximations. Directly modeling

physics from video is also the subject of much research in the field of robotics [91, 269, 237],

computer vision [302, 298, 6, 14] and computer graphics [142, 178, 299, 200], as these fields all

require better physics models.

From the deep learning side, combining the structure of differential equations into neural

networks [120, 55] has been investigated in many tasks. As an example, when spatial-temporal

modeling is framed as a video prediction problem, He et al. found [119] that random masking

can be an efficient spatio-temporal learner, and deep neural networks can provide very good

predictions for the next 10 to 20 frames [246, 287, 105, 115]. Generative models have also been

found to be useful for scientific data modeling [195, 252, 36, 250, 82, 23, 164, 214, 221] and data

assimilation methods similarly aim to combine imperfect forecast models with sparse sensor

measurements to improve running state estimates of high-dimensional systems [58, 23, 164,

214]. Unlike many of the previous works above, SINDy-SHRED (i) provides a computationally

efficient white-box approach for scientific data modeling; and (ii) discovers the governing
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equations directly from data without assuming prior physics. These advantages are important

for real-world scientific applications.

3.2.1 Sparse identification of nonlinear dynamics (SINDy)

SINDy is a computational method that applies sparse regression techniques to perform

nonlinear system identification. Given 𝑛 snapshot data of a dynamical system z(𝑡) =

[𝑧1(𝑡), 𝑧2(𝑡), ..., 𝑧𝑑(𝑡)]⊤ ∈ R𝑑, SINDy identifies the symbolic form of the following dynamical

system

¤𝒛(𝑡) = f(𝒙(𝑡)) = Θ(𝒛(𝑡))Ξ, (3.1)

where Θ(𝒛) is a library of of candidate nonlinear functions. The sparse coefficient matrix Ξ

determines which terms in the candidate library are active, which encodes both the structure

and coefficient values of the dynamical system. The candidate function library Θ(z) typically

includes commonly used functions for ODE modeling such as polynomial, and trigonometric

terms Θ(𝒛) = [1, 𝒛, 𝒛2 , ..., sin(𝒛), cos(𝒛)].

Since we do not have direct access to
𝑑𝒛
𝑑𝑡 in real life, ¤𝒛 is practically estimated via numerical

differentiation algorithms. By solving the following sparse regression problem, the sparse

coefficient Ξ identifies the governing equation from data ¤𝒛(𝑡) = Θ(𝒛)Ξ + 𝜖 with noise 𝜖. The

recovery of Ξ is theoretically guaranteed with sufficient sample sizes [98].

Despite the success of SINDy in scientific discovery in a wide range of applications [180,

254, 18, 312, 131, 67, 144], it does not scale well with high-dimensional problems. Many

high-dimensional systems have a compact representation in a lower-dimensional subspace.

This subspace is accessible via a coordinate transformation which contains a compact

representation that follows a governing law. Take a video of a moving rod as an example,

the physics of the high-dimensional pixel space is governed by a single variable 𝜃 which

corresponds to the angular displacement. The latent variable 𝜃 will follow the classical ODE

for pendulum moving
¥𝜃 = −𝜅 sin(𝜃) where 𝜅 is a constant, but the values of the pixels in the

original high-dimensional state space will not follow any simple forms of an ODE. To perform
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a joint discovery of the coordinate system and governing equations, prior works have been

focusing on adapting autoencoders with SINDy either within training [46, 191] or after [96].

3.3 Methods

The shallow recurrent decoder network (SHRED) is a computational technique that utilizes re-

current neural networks to estimate high-dimensional states from limited measurements [292].

The method functions by trading high-fidelity spatial information for trajectories of sparse

sensor measurements at given spatial locations. Mathematically, consider a high-dimensional

data series {𝑿𝑖}𝑇𝑖=1
where 𝑿𝑖 ∈ R𝑁𝑥×𝑁𝑦

that represents the evolution of a spatio-temporal

dynamical system, where 𝑁𝑥 , 𝑁𝑦 , and 𝑇 denote number of discretized spatial grid points

along two spatial dimensions, and total time steps of the system, respectively. The total time

steps are 𝒕 = {𝑡𝑖}𝑇𝑖=1
. In SHRED, 𝑁𝑠 sensors record measurements of the evolving physical

system {𝑿𝑖}𝑇𝑖=1
at discrete time steps 𝒕 . Denoting the time-series data of SHRED as {𝒔𝑖}𝑇𝑖=1

,

where each 𝒔𝑖 ∈ R𝑁𝑠 contains measurements of all sensors at time 𝑡𝑖 . To incorporate the

temporal information from the sensors, SHRED employs an 𝐿-lagged temporal sensor history,

such that the input-output pair is defined as 𝒟 = {(𝒔𝑡𝑖−𝐿:𝑡𝑖 ,𝑿𝑡𝑖 )}𝑇𝑡𝑖=𝐿+1
, where 𝑡𝑖−𝐿 : 𝑡𝑖 is a

compact notation for discrete index set {𝑡𝑖−𝐿 , 𝑡𝑖−𝐿+1 , . . . , 𝑡𝑖}.

Provided the underlying PDE allows spatial information to propagate, these spatial effects

will appear in the time history of the sensor measurements, enabling the sensing of the entire

field using sparse sensor history. In vanilla SHRED, a recurrent network module is used to

map the sparse sensor trajectory data into a latent space, followed by a shallow decoder to

reconstruct the entire spatio-temporal domain at the current time step. SHRED generalizes

the separation of variables method for solving PDEs that the GRU 𝑓𝜃GRU
captures temporal

evolution from sparse sensor histories, and the decoder 𝑓𝜃D
reconstructs the spatial field. For

a detailed discussion of this connection, please see [292, 270].

SHRED enables efficient sparse sensing that is widely applicable to many scientific

problems [78, 161, 232, 226, 270]. The advantage of SHRED comes from three aspects. First,

SHRED only requires minimal sensor measurements. Under practical constraints, collecting
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full-state measurements for data prediction and control can be prohibitively expensive.

Second, SHRED does not require grid-like data collection, which allows for generalization to

more complex data structures. For example, it is easy to apply SHRED to graph data with an

unknown underlying structure, such as human motion data on joints, robotic sensor data,

and financial market data. Furthermore, SHRED is grounded in the classical technique of

separation of variables [270].

3.3.1 Learning representations for physics discovery using SHRED

To achieve a parsimonious representation of physics, it is important to find a coordinate

system that effectively captures the underlying dynamics and structure of the system. In

SINDy-SHRED (shown in Fig. 3.1), we extend the advantages of SHRED, and perform a joint

discovery of coordinate systems and governing equations. This is accomplished by enforcing

the latent space to follow an ODE in the SINDy class of functions.

Finding better representations SHRED has a natural advantage in modeling latent gov-

erning physics due to its small model size. SHRED is based on a shallow decoder with a

relatively small recurrent network structure. The relative simplicity of the model allows the

latent representation to maintain many advantageous properties such as smoothness and

Lipschitzness. Experimentally, we observe that the hidden state space of a SHRED model

is generally very smooth. Second, SHRED does not have an explicit encoder, which avoids

the potential problem of spectral bias [220]. Many reduced-order modeling methods that

rely on an encoder architecture struggle to learn physics and instead focus only on modeling

the low-frequency information (background) [222, 46, 191]. Building upon SHRED, we

further incorporate SINDy to regularize the learned recurrence with a well-characterized and

simple form of governing equation. This approach is inspired by the principle that, under an

ideal coordinate system, physical phenomena can be described by a parsimonious dynamics

model [46, 191]. When the latent representation and the governing law are well-aligned, this

configuration is likely to capture the true underlying physics. This joint discovery results in a

latent space that is both interpretable and physically meaningful, enabling robust and stable
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future prediction from the learned dynamics.

Physics discovery and prediction By regularizing the latent dynamics to follow an

ODE model, SINDy-SHRED automatically performs physics discovery straight from high-

dimensional data. The resulting SINDy model captures the real physical law that governs the

observed dynamics. This enables a physics discovery in the intrinsic latent coordinate system

induced from the high-dimensional observation. Notably, even though the model is trained

only on sensor trajectories up to a finite time horizon, the physics discovered with SINDy

regularization endows it with strong extrapolative capability beyond the training window.

With the discovered physics, SINDy-SHRED is able to predict future spatiotemporal evolution

without requiring any further sensor inputs. After initialization with a short stream of sensor

measurements, the discovered SINDy model can unroll the latent dynamics forward in time,

and the decoder will map these latent trajectories back to the high-dimensional state space.

Across all computational experiments, we found the discovered models robustly produce

accurate long-term rollouts, which validates the discovered physics.

3.3.2 Latent space regularization via SINDy and Koopman

As a compressive sensing procedure, there exist infinitely many equally valid solutions

for the latent representation. Therefore, it is not necessary for the latent representation

induced by SHRED to follow a well-structured differential equation. For instance, even

if the exhibited dynamics are fundamentally linear, the latent representation may exhibit

completely unexplainable dynamics, making the model challenging to interpret and extrapo-

late. Therefore, in SINDy-SHRED, our goal is to further constrain the latent representations

to lie within the SINDy-class functional. This regularization promotes models that are

fundamentally explainable by a SINDy-based ODE, allowing us to identify a parsimonious

governing equation. The SINDy class of functions consists of a library of commonly used

terms, including polynomials and Fourier series. The expressiveness of these terms allow the

model to capture complex dynamics.
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SINDy as a Recurrent Neural network

Incorporating SINDy within the neural network training is highly nontrivial. All prior

works [46, 191, 9] require to compute temporal derivatives on the latent space ¤𝒛 during

training. However, estimating time derivatives within neural network training is inherently

unstable and computationally expensive. For example in [46, 191], the derivative ¤𝒛 is

computed via the explicit solution (c.f. [46] S1.3). This operation fundamentally requires the

neural network weights and the time derivative of the original state space ¤𝒙. As a result, this

estimation is highly sensitive to network fluctuations during training, causing loss spikes and

training instability, while also being unstable under noise and computationally expensive

when evaluating ¤𝒙 for large-scale scientific datasets.

To resolve the problems above, we reformulate SINDy in its variational form [65] without

computing the time derivatives. Inspired by ResNet [120] and Neural ODE [55], we utilize

skip connections to model residual and temporal derivatives. It allows us to rewrite SINDy

into a Recurrent Neural Network (RNN) which has the following form 𝒛𝑡+1 = 𝒛𝑡 + 𝑓 (𝒛𝑡)

where 𝑓 (·) is some function of the input, and 𝒛𝑡 denotes 𝒛(𝑡). From the Euler method, the

ODE forward simulation via SINDy effectively falls into the category of Recurrent Neural

Networks (RNNs) which has the form

𝒛𝑡+1 = 𝒛𝑡 + 𝑓Θ(𝒛𝑡 ,Ξ,Δ𝑡), (3.2)

where 𝑓Θ(𝒛𝑡 ,Ξ,Δ𝑡) = Θ(𝒛𝑡)ΞΔ𝑡 is a nonlinear function. Notice that this 𝑓Θ(·) follows the

SINDy formulation of dynamical systems [32] rewritten in a variational form [65]. We

demonstrate a visual form of this design in the SI Appendix. The application of function

libraries with sparsity constraints is a manner of automatic neural architecture search

(NAS) [325]. Compared to all prior works [46, 96, 64], the usage of the variational form

of SINDy is similar to a RNN training, which fits better as a neural network model with

gradient-based training. Additionally, applying the variational form in the latent space,

we avoid the need to estimate vector fields in the original high-dimensional state space,

which are both computationally expensive and numerically unstable, and were required
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in prior works [46, 191]. We utilize trajectory data 𝒁𝑇 = {𝒛𝑖}𝑇−1

𝑖=1
and forward simulate the

SINDy-based ODE using a trainable parameter Ξ. To achieve better stability and accuracy for

forward integration, we use Euler integration with 𝑘 mini-steps (with time step
Δ𝑡
𝑘 ) to obtain

𝒁𝑇+1. In summary, defining ℎ = Δ𝑡
𝑘 , we optimize Ξ with the following:

Ξ = arg min






𝒁𝑇+1 −
(
𝒁𝑇 +

𝑘−1∑
𝑖=0

Θ(𝒁𝑇+𝑖ℎ)Ξℎ
)




2

2

,min ∥Ξ∥
0
,

where 𝒁𝑇+𝑖ℎ = 𝒁𝑇+(𝑖−1)ℎ + Θ(𝒁𝑇+(𝑖−1)ℎ)Ξℎ.

To achieve ℓ0 optimization, we perform pruning with ℓ2 regularization which is known

to approximate ℓ0 regularization under regularity conditions [321, 98, 26]. Applying SINDy

unit has the following benefits: (a) The SINDy-function library contains frequently used

functions in physics modeling (e.g. polynomials and Fourier series). (b) With sparse system

identification, the neural network is more likely to identify governing physics, which is

fundamentally important for extrapolation and long-term stability.

Latent space regularization via ensemble SINDy

We first note that we deviate from the original SHRED architecture by using a GRU as opposed

to an LSTM. This choice was made because we generally found that GRU provides a smoother

latent space and propagates only a single hidden state. Further details are provided in the SI

Appendix.

Our goal is to find a SHRED model with a latent state that is within the SINDy-class

functional. However, there is no guarantee that the initial latent representation from SHRED

will follow any ODE structure. On the one hand, if we naively apply SINDy to the initial

latent representation, the discovery is unlikely to fit the latent representation trajectory. On

the other hand, if we directly replace the GRU unit to SINDy and force the latent space to

follow the discovered SINDy model, it might lose information that is important to the spatial

domain reconstruction. Therefore, it is important to let the two latent spaces align smoothly

and progressively.

In SI Appendix Algorithm 1, we describe our training procedure that allows the two
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trajectories to progressively align with each other. To further ensure a smooth alignment

and avoid over-regularization, we introduce ensemble SINDy units with varying levels of

sparsity constraints, ranging from a full model (all terms in the library are active) to a null

model (where no dynamics are represented). From the initial latent representation 𝒁iter 0

from SHRED, the SINDy model first provides an initial estimate of an ensemble of SINDy

coefficients {Ξ̂𝑏}𝑁𝑏
𝑏=1

with 𝑁𝑏 members. Then, the parameters of SHRED will be updated

towards the dynamics simulated by {Ξ̂𝑏}𝑁𝑏
𝑏=1

learned from the first iteration, which generates

another latent representation trajectory 𝒁iter 1
. We iterate this procedure and jointly optimize

the following loss function to let the SHRED latent representation trajectory approximate the

SINDy generated trajectory:

ℒ =


𝑿𝐿+1:𝑇 − 𝑓𝜃𝐷 ( 𝑓𝜃GRU

(𝑺𝐿+1:𝑇))


2

2
+ 𝜆 ∥Ξ∥

0

+
𝑁𝑏∑
𝑏=1






𝒁GRU

𝑇+1
−

(
𝒁GRU

𝑇 +
𝑘−1∑
𝑖=0

Θ(𝒁𝑇+𝑖ℎ)Ξ(𝑏)ℎ
)




2

2

, (3.3)

where 𝑿𝐿+1:𝑇 = {𝑿𝑖}𝑇𝑖=𝐿+1
and 𝑺𝐿+1:𝑇 = {𝒔𝑡𝑖−𝐿:𝑡𝑖}𝑇𝑡𝑖=𝐿+1

. Here, 𝒁𝑇+𝑖ℎ = 𝒁𝑇 + Θ(𝒁𝑇+(𝑖−1)ℎ)Ξℎ,

ℎ = Δ𝑡
𝑘 , and 𝒁GRU

denotes the GRU-inferred latent space computed from the real observation

data. We note here that during neural network training, the total loss is computed as the

summation of ℒ over the entire dataset {𝑿𝑖}𝑇𝑖=1
.

Latent space linearization via the Koopman operator

Koopman operator theory [155, 156] provides an alternative approach to solving these

problems by linearizing the underlying dynamics. The linearized embedding is theoretically

grounded to be able to represent nonlinear dynamics in a linear framework, which is desirable

for many applications in science and engineering, including control, robotics, weather

modeling, and so on. From the transformed measurements 𝒛 = 𝑔(𝑿 ) from the true system

𝑿 , the Koopman operator 𝒦 is an infinite-dimensional linear operator given by 𝒦 𝑔 := 𝑔 ◦ F

where F(·) describes the law of the dynamical system in its original space that 𝑿𝑡+1 = F(𝑿𝑡).

The Koopman operator enables a coordinate transformation from 𝑿 to a linearized latent

space with dynamics 𝒦 𝑔(𝑿𝑡) = 𝑔(𝑿𝑡+1).
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However, it is generally impossible to obtain the exact form of this infinite-dimensional

operator, so a typical strategy is to find a finite-dimensional approximation of the Koopman

operator by means of data-driven approaches [31]. In Koopman-SHRED, we utilize the GRU

unit to approximate the eigenfunctions. In the latent space, we enforce and learn the linear

dynamics, represented by a matrix 𝑲, which corresponds to the latent space evolution derived

from the eigenfunctions. We keep the interpretability of the model via a parsimonious latent

space. In implementation, a simple strategy is to adapt the SINDy-unit with only the linear

terms. This models a continuous version of Koopman generator that
𝑑
𝑑𝑡 𝑧(𝒙(𝑡)) = 𝒢𝑡𝑧(𝒙(𝑡))

where the corresponding Koopman operator 𝒦𝑡 = 𝑒 𝑡𝒢 . Then, we follow a similar practice in

SINDy-SHRED, updating the Koopman loss function:

ℒ=


𝑿𝐿+1:𝑇− 𝑓𝜃𝐷 ( 𝑓𝜃GRU

(𝑺𝐿+1:𝑇))


2

2
+



𝒁GRU

𝑇+1
−K𝒁GRU

𝑇



2

2
.

To enable continuous spectrum for better approximation for the Koopman operator, one

could adapt an additional neural network to learn the eigenvalues 𝜆𝑖’s and form the linear

dynamics 𝐾 from the learned eigenvalues [186]. We also provide detailed implementation

and experimental results in the SI Appendix. This flexibility allows the system to learn

dynamical systems in a more general setting, accommodating various initial conditions and

experimental setups. In our experimental study, we observe that this strategy may perform

comparably to learning a fixed 𝑲 for linear dynamics under fixed experimental environments.

To summarize, the principal advantage of Koopman-SHRED over SINDy-SHRED lies in

its enforcement that the latent dynamics of the recurrent unit are approximately linear. This

linearity enables stability analysis and simulation-free predictions. However, this constraint

also limits the expressive capacity of the learned model, and in some cases, the flexibility of a

nonlinear representation remains essential for accurate modeling. As a practical guideline,

Koopman-SHRED should be employed when its performance is adequate, with SINDy-

SHRED serving as a more expressive alternative when additional modeling complexity is

required.
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3.3.3 Theoretical analysis on dynamical system learning

Suppose that the dynamical system has the form ¤𝒛 = 𝑓 (𝒛), and we have measurements of

𝒛 = {𝒛1 , 𝒛2 , ..., 𝒛𝑡 , 𝒛𝑡+1 , ..., 𝒛𝑇}with time gap Δ𝑡. The empirical loss function 𝐿𝑛(·) of a function

𝑓 given the empirical distribution 𝑃𝑛 which consists of data samples 𝒟 = {(𝒛𝑖 , ¤𝒛𝑖)}𝑛𝑖=1
is

𝐿𝑛
(
𝑓
)
= 1

𝑛

∑𝑛
𝑖=1
ℓ
(
𝑓 (𝒛𝑖), 𝒛𝑖

)
. The true loss is 𝐿

(
𝑓
)
= E

[
ℓ
(
𝑓 (𝒛), 𝑦

) ]
.

From empirical process theory, there is a generalization gap between 𝐿𝑛( 𝑓 ) and 𝐿( 𝑓 ),

which is correlated with the expressive power of the functional class [278, 274]. When the

expressive power of the estimator is excessive, we expect that local perturbations can cause

significant shifts in performance, leading to a larger generalization error. Therefore, although

neural networks are universal approximators [134], they can perform poorly in extrapolation.

SINDy effectively avoids this issue because the functional class is moderately sized, which will

help to control the generalization error. Additionally, the continuous formulation of SINDy

also enables prediction at arbitrary temporal resolutions. It allows physically meaningful

forecasts even beyond the sampling rate of the training data.

The following theorems (assumptions in the SI Appendix) present the error bounds for

dynamical system learning with the SINDy-class and the neural network class respectively.

We consider Gaussian residuals on 𝒛 to reflect independent measurement noise commonly

arising from sensing devices.

Theorem 1. For a SINDy-class model with a library of functions Θ(𝑧), and we estimate the coefficient

vector 𝜉 by 𝜉̂ using least squares. Let 𝜉∗ be the true coefficient vector. Under the assumptions in the SI

Appendix, we have the expected error in predicting the dynamical system after time 𝑇 is bounded by

𝐸||𝑧̂(𝑇) − 𝑧(𝑇)|| ≤ 𝒪
(
𝑒𝐿𝑇 𝑠

√
𝑝

𝑛

)
where 𝐿 is the Lipschitz constant of the system, 𝑠 is the level of noise,

𝑝 is the number of functions in the library, and 𝑛 is the number of samples.

Furthermore, with probability 1 − 𝛿, the error in predicting the dynamical system after time 𝑇 is

bounded by

||𝑧̂(𝑇) − 𝑧(𝑇)||2 ≤ 𝒪 ©­«𝑒𝐿𝑇 𝑠
√
𝑝

𝑛
log

(
1

𝛿

)ª®¬ . (3.4)



Sec. 3.4. Computational Experiments 53

Theorem 2. For a neural network model with 𝑘 layers of ReLU activation functions and parameters

𝜃 = (𝑾1 , . . . ,𝑾𝑘), which computes functions 𝑓 (𝒙;𝜃) = 𝜎𝑘 (𝑾𝑘𝜎𝑘−1 (𝑾𝑘−1 · · · 𝜎1 (𝑾1𝒙))).

Under the assumptions in the SI Appendix, with probability at least 1 − 𝛿, the error in predicting

the dynamical system after 𝐻 = 𝑇/Δ𝑡 steps is bounded by

E
[
||𝑧̂(𝑇) − 𝑧(𝑇)||2

2

]
≤ 𝒪

(
(log 𝑛)4𝐵𝑘(𝐻+1)

√
𝑘

𝑛
+

log(1/𝛿)
𝑛

)
,

where 𝑛 is the number of samples.

From the error bounds above, we notice that compared to traditional learning problems

(e.g. classification), dynamical system learning is more challenging as the error grows

exponentially with increasing time horizon even in linear settings. From the error bound,

it becomes evident why neural networks may encounter challenges. First, for the constant

term 𝐵𝑘𝐻 , the norm of weights 𝐵 and the number of layers 𝑘 are expected to increase

significantly for complex systems. Second, the rate of convergence of neural network learning

is generally slower than that of linear least-squares methods (𝑛−
1

4 versus 𝑛−
1

2 ), which requires

substantially more training samples. Moreover, the theoretical bounds on neural networks

can primarily control the expected trajectory error, but has a limited route to bound the

supremum error (as in Thm. 3), which can quickly amplify and lead to divergence in dynamical

system predictions. The usage of popular transformer networks tend to memorize instead

of learning the mechanism, which can produce poor extrapolations from unseen initial

conditions [308, 313, 323].

3.4 Computational Experiments

In the following, we perform case studies across a range of scientific and engineering problems.

We begin with building models directly from video data, which includes flow around a

cylinder and a pendulum. We then consider real-world sea-surface temperature data and

conclude with turbulent flow examples. The experiments are all executed on a Linux system

with a single NVIDIA GeForce RTX 2080 Ti GPU.
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3.4.1 GoPro physics video data: flow over a cylinder

In this subsection, we demonstrate the performance of SINDy-SHRED on an example of

so-called “GoPro physics modeling.” The considered data is collected from a dyed water

channel to visualize a flow over a cylinder [3]. The Reynolds number is 171 in the experiment.

The dataset contains 11 seconds of video taken at 30 frames per second (FPS). We transfer

the original RGB channel to gray scale and remove the background by subtracting the mean

of all frames. After the prior processing step, the video data has only one channel (gray)

within the range (0, 1)with a height of 400 pixels and a width of 1,000 pixels. We randomly

select and fix 200 pixels as sensor measurements from the entire 400, 000 space, which is

equivalent to only 0.05% of the data. We set the lag parameter to 60 frames. We include the

details of the experimental settings of the dataset and SINDy-SHRED in the SI Appendix

(Page 17). SINDy-SHRED discovery We define the representation of the latent state space as

(𝑧1 , 𝑧2 , 𝑧3 , 𝑧4). We discover the following dynamical system:



¤𝑧1 = −0.69𝑧2 + 0.98𝑧3 − 0.40𝑧4 ,

¤𝑧2 = 1.00𝑧1 − 0.78𝑧31 − 0.31𝑧2𝑧
2

3
,

¤𝑧3 = −1.029𝑧1 + 0.59𝑧2 + 0.41𝑧4.

¤𝑧4 = −0.26𝑧2

1
− 0.29𝑧2

2
𝑧3 − 0.39𝑧3

3
.

(3.5)

The identified nonlinear system has two fixed points, z = 0 and z =

(
−0.11 −0.23 −0.14 0.05

)𝑇
which are unstable.

Koopman-SHRED discovery We define the latent states as (𝑧1 , 𝑧2 , 𝑧3 , 𝑧4 , 𝑧5 , 𝑧6). We discover
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(a)

(b)

(c) 𝑧1
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time
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𝑧3
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Figure 3.2: (a) Extrapolation of latent representation in SINDy-SHRED from the discovered dynamical

system for flow over a cylinder data. Colored: latent representation. Grey: SINDy extrapolation from

derived latent dynamical system. (b) Evolution of dynamical system (3.5). The left two panels are the

phase plane 𝑧1 vs 𝑧2 and 𝑧3 vs 𝑧4 respectively. The magenta plus symbols are the fixed points. The

nonlinear limit cycle behavior is shown in the right panel for 𝑧 𝑗(𝑡). (c) Long-term pixel space video

prediction via SINDy-SHRED. We demonstrate the forward prediction outcome up to 180 frames.

the following dynamics:



¤𝑧1 = −0.920𝑧4 + 0.620𝑧5 ,

¤𝑧2 = −0.163𝑧1 + 0.817𝑧4 + 0.778𝑧6 ,

¤𝑧3 = −0.462𝑧4 − 1.026𝑧6 ,

¤𝑧4 = 1.791𝑧1 + 0.307𝑧6 ,

¤𝑧5 = −0.969𝑧1 + 0.548𝑧6 ,

¤𝑧6 = −0.800𝑧2 − 0.915𝑧5.

(3.6)
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The analytic solution has the form

z(𝑡) = 𝑐1v1 cos(𝜔1𝑡)𝑒−𝜆1𝑡 + 𝑐2v2 sin(𝜔1𝑡)𝑒−𝜆1𝑡

+ 𝑐3v3 cos(𝜔3𝑡)𝑒𝜆3𝑡 + 𝑐4v4 sin(𝜔3𝑡)𝑒𝜆3𝑡 + 𝑐5v5𝑒
−𝜆5𝑡

where 𝜔1 = 1.52, 𝜔3 = 1.05, 𝜆1 = 0.01, 𝜆3 = 0.11, and 𝜆5 = −0.20. The explicit solution is

given in the SI.

The flow over a cylinder model contains both linear and nonlinear interactions. In

Eqn. 3.5, we find that 𝑧1 and 𝑧3 behave like a governing mode of the turbulence swing; 𝑧2

and 𝑧4 further depict more detailed nonlinear effects. We further present a linear model

derived from Koopman-SHRED in Eqn. 3.6 with its latent space evolution demonstrated

in SI Appendix Fig. S22. We show the result of extrapolating this learned representation.

We generate the trajectory from the initial condition at time point 0 and perform forward

integration for extrapolation. As shown in Fig. 3.2 (a), the learned ODE closely follows the

dynamics of 𝑧1 and 𝑧3 up to around 7 seconds , where the relative mean-squared error (rMSE)

remains below 0.1%; 𝑧2 and 𝑧4 also have close extrapolation up to 4 seconds with rMSE

remains below 0.1%. Fig. 3.2 (b) shows that the learned nonlinear dynamical system. The

discovered latent ODE exhibits a closed limit cycle as demonstrated in SI Appendix Fig. S22.

The Koopman-SHRED approximation aligns with the overall trend for each latent coordinate

but exhibits phase and amplitude drift.

This learned representation nicely predicts the future frames in pixel space. In SINDy-

SHRED, the shallow decoder prediction has an averaged MSE error of 0.030 over the

entire available trajectory. Koopman-SHRED has relatively worse prediction error with an

averaged MSE error of 0.053. In Fig. 3.2 (c), we observe that the autoregressively generated

prediction frames follow the same temporal progression and vortex patterns as the true data.

Furthermore in SI Appendix Fig. S24, we find that the long-term predictions can preserve the

vortex pattern without collapsing to an averaged static frame after 1,000 steps, which is out of

the size of the original dataset. The sensor-level prediction in SI Appendix Fig. S23 further

demonstrates the accuracy of reconstruction in detail.
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3.4.2 Prediction and baseline study of single shot pendulum video

In this subsection, we compare the performance of SINDy-SHRED to existing state-of-the-

art learning algorithms. In the following, we demonstrate the result of video prediction

on the pendulum data using ResNet [120], convolutional LSTM (convLSTM) [246], and

PredRNN [287], and SimVP [105]. The pendulum in our experiment is not ideal and includes

complex damping effects. We use a nail on the wall and place the rod (with a hole) on the

nail. We include the details of the experimental settings of the dataset and SINDy-SHRED in

the SI Appendix (Page 17). This creates complex friction, which slows the rod more when

passing the lowest point due to the increased pressure caused by gravity. The full model we

discovered from the video (shown in Fig. 3.3) is given by:

¥𝑧 = 0.17¤𝑧2 − 0.06¤𝑧3 − 10.87 sin(𝑧) + 0.48 sin(¤𝑧), (3.7)

which includes complex damping effects via sin(¤𝑧), ¤𝑧2 , ¤𝑧3
, in contrast to the commonly

assumed linear damping.

As shown in Table 3.1, SINDy-SHRED outperforms all baseline methods for total error

and long-term predictions. Generally, all baseline deep learning methods perform well for

short-term forecasting, but the error quickly accumulates for longer-term predictions. This is

also observable from the prediction in the pixel space as shown in Fig. 3.3 (b). SINDy-SHRED

is the only method that does not produce collapsed longer-term predictions. Interestingly,

we observe that incorporating nonlinear terms in the SINDy library is crucial in this case, as

Koopman-SHRED struggles to reconstruct the finer details. We attribute this to the fact that

strong linear regularization may over-regularize and oversimplify the complex dynamics,

leading to a reduction in predictive accuracy. Similar behaviors for Koopman-SHRED are

observed when encoding the continuous spectrum using an additional shallow network. In

SI Appendix Fig. S27, the sensor level prediction also demonstrates the robustness of the

SINDy-SHRED prediction. PredRNN is the second best method as measured by the total error.

However, PredRNN is expensive in computation which includes a complex forward pass

with an increased number of parameters. It is also notable that the prediction of PredRNN
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Figure 3.3: (a) Extrapolation of latent representation in SINDy-SHRED from the discovered dynamical

system for the pendulum moving data. Blue: true latent representation. Grey: SINDy extrapolation.

(b) The pendulum video generation outcome from ResNet, SimVP, ConvLSTM, PredRNN, SINDy,

SHRED, SINDy-autoencoder, and SINDy-SHRED from frame 20 to frame 245.

collapses after 120 frames, after which only an averaged frame over the entire trajectory is

predicted. ConvLSTM has a relatively better result in terms of generation, but the long-term

prediction is still inferior compared to SINDy-SHRED. Additionally, it should be noted that 2D
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Models Params Training time 𝑇 = [0, 100] 𝑇 = [100, 200] 𝑇 = [200, 275] Total

SINDy (linear) [32] 420K 8 mins 4.04 × 10
−2

4.20 × 10
−2

4.21 × 10
−2

4.14 × 10
−2

SHRED [292] 240K 8 mins 1.24 × 10
−2

2.08 × 10
−2

2.83 × 10
−2

1.66 × 10
−2

SINDy-AE [46] 200K 6 mins 1.69 × 10
−2

1.51 × 10
−2

1.52 × 10
−2

1.58 × 10
−2

ResNet [120] 2.7M 24 mins 2.08 × 10
−2

1.88 × 10
−2

2.05 × 10
−2

2.00 × 10
−2

SimVP [105] 460K 30 mins 2.29 × 10
−2

2.47 × 10
−2

2.83 × 10
−2

2.53 × 10
−2

PredRNN [287] 444K 178 mins 1.02 × 10
−2

1.79 × 10
−2

1.69 × 10
−2

1.48 × 10
−2

ConvLSTM [246] 260K 100 mins 9.24 × 10−3
1.86 × 10

−2
1.99 × 10

−2
1.55 × 10

−2

SINDy-SHRED∗ 44K 17 mins 1.70 × 10
−2 9.36 × 10−3 5.31 × 10−3 1.05 × 10−2

Table 3.1: Comparison table of SINDy-SHRED to baseline methods for parameter size, training time,

and error over different time horizons.

convolution is much more computationally expensive. For larger spatiotemporal domains (e.g.

the SST example and 3D ozone data), the direct combination of 3D convolution and recurrent

layers become computationally demanding [197], as both memory and runtime scale cubically

with spatial resolution and linearly with temporal history [63]. Similar computational issues

will occur for diffusion models as a denoising diffusion probabilistic model can take 20

hours to sample 50K images of size 32 × 32 [127]. For scientific datasets that easily reach

terabyte scale, these methods can become computationally intensive and challenging to

scale to long-horizon, high-resolution scientific applications [86, 305, 205, 133, 229, 235].

By constraining the library to be linear, a SINDy model could predict the high-dimensional

system forward. However, it is inaccurate for short- and long-term forecasts, and loses

interpretability due to the required large number of parameters. SHRED also struggles with

long-term rollouts, as it is primarily focused on sparse sensing problems rather than full

spatiotemporal modeling. SINDy-AE often converges to an incorrect latent dynamical model,

leading to degraded rollout performance. The detailed training and model configurations

are provided in the SI Appendix. In summary, we observe that SINDy-SHRED is not only

producing long-term predictions with smaller mean squared error, but is also fast to execute

and smaller in size.

3.4.3 NOAA sea-surface temperature data

The third example we consider is that of global sea-surface temperature. The SST data

contains 1,400 weekly snapshots of the weekly mean sea surface temperature from 1992 to
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2019 reported by NOAA [225]. The reanalysis dataset combines in situ and satellite data

through optimal interpolation, which is represented by a 180 × 360 grid. Within these grids,

44,219 of its grid points correspond to sea-surface locations. We standardize the data with its

own min and max, which transforms the sensor measurements to within the numerical range

of (0, 1). We randomly select 250 sensors from the possible 44,219 locations and set the lag

parameter to 52 weeks. Thus, for each input-output pair, the input consists of the 52-week

trajectories of the selected sensors, while the output is a single temperature field across all

44,219 spatial locations. We include the further details of the dataset and the experimental

settings of SINDy-SHRED in the SI Appendix (Page 17). From the discovered coordinate

system, we define the latent representation of physics to be (𝑧1 , 𝑧2 , 𝑧3). The dynamics evolves

via the following set of equations:


¤𝑧1 = 4.68𝑧2 − 2.37𝑧3 ,

¤𝑧2 = −3.10𝑧1 + 3.25𝑧3 ,

¤𝑧3 = 2.72𝑧1 − 5.55𝑧2 ,

(3.8)

where the analytic solution to this system of ODEs is

z(𝑡) = 𝑐1v1 cos(𝜔1𝑡)𝑒−𝜆1𝑡 + 𝑐2v2 sin(𝜔1𝑡)𝑒−𝜆1𝑡 + 𝑐3v3𝑒
𝜆3𝑡 .

The value of 𝜔1 = 1.99𝜋, approximately corresponding to the expected period of 1 year.

𝜆1 = 0.00763 indicating a slow decay of the oscillatory mode with half-life 90.84 years.

𝜆3 = 0.01527 indicating global increases in temperature with doubling time 45.39 years. The

explicit solution is given in SI Appendix (Page 25).

The discovery of a linear system describing the evolution of the latent state is in line

with prior work on SST data [68] in which it was assumed that the underlying physics is an

advection-diffusion PDE. In Fig. 3.4 (a) we further present the accuracy of this discovered

system by forward simulating the system from an initial condition for a total of 27 years in

SI Appendix Fig. S17. It is observable how the discovered law is close to the true evolution
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(a)

(b)

(c)
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Figure 3.4: (a) Extrapolation of latent representation in SINDy-SHRED from the discovered dynamical

system for SST. Colored: true latent representation. Grey: SINDy extrapolation. (b) Decoder

reconstruction of three independent directions 𝑧1 , 𝑧2 , 𝑧3 in the latent space. (c) Long-term global

sea-surface temperature prediction via SINDy-SHRED from week 0 to week 100. We crop the global

map for better visualization.

of latent states and, critically, there appears to be minimal phase slipping. By extrapolating

the latent state space via forward integration, we can apply the shallow decoder to return

forecasts of the future spatial domain. We denormalize the temperature values during

evaluation with temperature ranges from (−1.8, 35.62). Doing so, we find an averaged MSE

error of 0.57 ± 0.10 for 318 weeks in the test dataset. This corresponds to an mean absolute

error of 0.75
◦𝐶 for each sensor points with relative error 2.01%. The eigenmodes of the SST

data is visualized by feeding unit vectors along the independent latent directions 𝑧1 , 𝑧2 , 𝑧3

into the decoder in Fig. 3.4 (b). In Fig. 3.4 (c), we show SINDy-SHRED produces stable

long-term predictions for SST data. We further include SI Appendix Fig. S18 to demonstrate

the extrapolation from randomly sampled sensor points and SI Appendix Fig. S9 to show the

error evolution with time. The sensor level prediction is based on the global prediction of

the future frame, and we visualize the signal trajectory of randomly sampled testing sensor

locations. We find SINDy-SHRED is robust for out-of-distribution sensors, with reasonable

extrapolations even in the presence of anomalous events.

3.4.4 Predicting isotropic turbulence flow

The isotropic turbulence flow data is a data simulation from the pressure field of a forced

isotropic turbulent flow. We obtain 2D snapshots of the original pressure field data in [170, 309]

∇2(𝑝/𝜌) = (Ω − 𝜖/𝜈) /2, (3.9)
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Isotropic turbulence

Atmospheric chemistry

Kolmogorov flow

Figure 3.5: Visualizations of latent spaces and predictions for SINDy-SHRED applied to PDE

simulations of isotropic turbulence, atmospheric chemistry, and 2D Kolmogorov flow datasets. Left:
Extrapolation of latent representations using SINDy-SHRED from the discovered dynamical system

for the ozone data, showing the true latent representation (colored lines) and SINDy extrapolation

(grey lines). Right: Long-term spatiotemporal predictions from SINDy-SHRED compared to ground

truth. The details of the 2D Kolmogorov experiment can be found in the SI Appendix.

where 𝑝 is the pressure, 𝜌 is the density of the fluid, Ω is the vorticity, 𝜖 is the dissipation

rate, and 𝜈 is the kinematic viscosity. The flow was generated with 1024
3

nodes with the

Taylor-scale Reynolds number fluctuating around 433. The pressure field provides a scalar

representation that captures the essential multi-scale dynamics while simplifying analysis

compared to vector velocity fields. We process the data to shrink the spatial resolution to

350 × 350, while keeping the time step to be 0.002. We standardize the data within the range

of (0, 1)with 50 sensors out of 122, 500 grid points (0.4%). We include details of the dataset
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and SINDy-SHRED setup in the SI Appendix (Page 17).

Our approximation of the latent representation has 8 oscillatory modes, and permits the

following analytic solution:

z(𝑡) =
7∑
𝑖=1

(
𝑐2𝑖−1v2𝑖−1 cos(𝜔𝑖𝑡)𝑒𝜆𝑖 𝑡 + 𝑐2𝑖v2𝑖 sin(𝜔𝑖𝑡)𝑒𝜆𝑖 𝑡

)
+ 𝑐15𝒗15𝑒

𝜆8𝑡 + 𝑐16𝒗16𝑒
𝜆9𝑡 , (3.10)

where 𝜔1 = 9.39, 𝜆1 = 0.47, 𝜔2 = 11.90, 𝜆2 = 0.05, 𝜔3 = 13.42, 𝜆3 = 0.03, 𝜔4 = 3.46,

𝜆4 = −0.04, 𝜔5 = 5.44, 𝜆5 = −0.27, 𝜔6 = 8.30, 𝜆6 = −0.75, 𝜔7 = 18.72, 𝜆7 = 1.37, 𝜆8 = −0.26,

𝜆9 = −3.39, with coefficients 𝑐𝑖’ and eigenvectors v𝑖 (see SI Appendix). Since the model is

learned from a local 2D snapshot of a larger flow, positive eigenvalues reflect local amplification

and do not imply instability of the full statistically stationary system.

The isotropic turbulent flow exhibits chaotic behavior which makes the prediction

challenging. However, a linear model still captures the governing dynamics nicely and

provides a stable prediction for approximately 200 frames. In Eqn. 3.10, we find three

increasing oscillatory modes and five decreasing oscillatory modes. For pixel space prediction,

SINDy-SHRED prediction has an averaged MSE error of 0.03 over the entire dataset. In Fig. 3.5,

we find that the predictions have small MSE up to 180 frames, which closely follows the

governing trend of turbulent flow. The sensor-level prediction in SI Appendix Fig. S26 further

demonstrates the details of the signal prediction. Three of the oscillatory modes demonstrate

growing trends. Four of the oscillatory modes decay, as well as the exponential modes.

We note here that due to the complex and chaotic nature of the data, accurate sensor-level

prediction is particularly challenging. Despite this complexity, the SINDy-SHRED model still

provides a stable extrapolation of the overall trends.

3.4.5 3D Atmospheric ozone concentration

The atmospheric ozone concentration dataset [21] contains a one-year simulation of the

evolution of an ensemble of interacting chemical species through a transport operator using

GEOS-Chem. The simulation contains 1,456 temporal samples with a timestep of 6 hours
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over one year for 99,360 (46 by 72 by 30) spatial locations (latitude, longitude, elevation). The

data presented in this work has compressed by performing an SVD and retaining only the

first 50 POD modes. As with the SST data, we standardize the data within the range of (0, 1)

and randomly select and fix 3 sensors out of 99,360 spatial locations (0.5%). We include the

details of the experimental settings of the dataset and SINDy-SHRED in the SI Appendix

(Page 17). The converged latent representation gives:


¤𝑧1 = −0.002 − 0.013𝑧2 + 0.007𝑧3 ,

¤𝑧2 = −0.001𝑧1 + 0.004𝑧2 − 0.008𝑧3 ,

¤𝑧3 = 0.002 + 0.012𝑧2 − 0.005𝑧3.

(3.11)

The analytic solution to this system of ODEs has the form

z(𝑡) = 𝑐1v1 cos(𝜔1𝑡)𝑒−𝜆1𝑡 + 𝑐2v2 sin(𝜔1𝑡)𝑒−𝜆1𝑡 + 𝑐3v3𝑒
−𝜆3𝑡

+
∫ 𝑡

0

(
𝑐4v1 cos(𝜔1𝑡)𝑒−𝜆1𝑡 + 𝑐5v2 sin(𝜔1𝑡)𝑒−𝜆1𝑡 + 𝑐6v3𝑒

−𝜆3𝑡
)
𝑑𝜏

where 𝜔1 = 0.0079, 𝜆1 = 0.003, and 𝜆3 = 0.003. The complete solution is given in SI Appendix

Eqn. 64.

Unlike traditional architectures for similar problems, which includes expensive operations

such as the 3D convolution, SINDy-SHRED provides an efficient way of training. Although

the quantity of data is insufficient to perform long term-predictions, SINDy-SHRED still

exhibits interesting behavior for a longer-term extrapolation which converges to the fixed

point at 0 (as shown in SI Appendix Fig. S19). From the extrapolation of the latent state space,

the shallow decoder prediction has an averaged MSE error of 1.5𝑒−2
. In Fig. 3.5, we visualize

the shallow decoder prediction up to 14 weeks. In Fig. 3.5, we reconstruct the sensor-level

predictions. The observations are much noisier than the SST data, but SINDy-SHRED

provides a smoothed extrapolation.
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Figure 3.6: Loss landscape plot of SHRED (top row) and SINDy-SHRED (bottom row) for all datasets

presented: sea-surface temperature, Ozone, flow over a cylinder, isotropic flow, and pendulum.

3.4.6 Visualizing the convex loss landscape

We visualize the loss landscape for each experiment in Fig. 3.6. Following the methodology

of [168], this visualization demonstrates the loss landscape along two random directions. By

perturbing the model weights along these directions, we obtain a 3D visualization of the

loss surface. We observe that, for both SHRED and SINDy-SHRED, the loss landscape is

surprisingly smooth and exhibits perturbative convexity, featuring a clear global minima.

The visualizations across all datasets consistently demonstrate these favorable convex loss

landscapes. In the Appendix, we further visualize different settings of SHRED under various

random directions and scales in SI Appendix Fig. S2, S3. From these optimization landscapes,

we observe that the SHRED architecture encourages flat minimizers and reduces the potential

for chaotic training behavior. This property also provides SHRED with properties including

hyperparameter stability, reliable statistical inference, and guaranteed data recovery.

3.5 Discussion and conclusion

In this paper, we present the SINDy-SHRED algorithm, which jointly solves the sensing and

model identification problem with simple implementation, efficient computation, and robust

performance. Specifically, SINDy-SHRED (Koopman-SHRED) learns a latent coordinate

system for which parsimonious, low-dimensional governing equations, either linear or
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nonlinear, can be constructed. The SINDy-SHRED model has strong predictive capabilities

and stable roll outs by identifying the underlying physics. Through numerous experiments on

challenging real-world data, we show that our method can produce robust and accurate long-

term predictions for a variety of complex problems, including global sea-surface temperature,

turbulent flows, and videos of physics, which includes recordings of flow over a cylinder

and a moving pendulum. The simplicity and robustness of the architecture, along with its

performance onreal videos and measurements, make it highly compelling as a paradigm for

learning physics models directly from data.

Learning physics and obtaining insights from well-established physics problems is

challenging, especially given the extensive efforts and long-standing interest from the broader

community. Despite this, SINDy-SHRED has been demonstrated to derive reliable physics

models for every single example considered in this paper. For instance, directly from video,

SINDy-SHRED identified two potential models to capture the flow around a cylinder: (i)

a four-dimensional nonlinear ODE system containing a limit cycle modeling the nonlinear

oscillations induced by the von Karman vortex shedding, and (ii) a linear six-dimensional

Koopman model which can be solved in closed form. Both models provide alternative

formulations of the vortex shedding dynamics, despite decades of research devoted to

understanding the bifurcation underlying this behavior. Moreover, the physics discovery is

done solely from pixel space, a remarkable achievement that stands in contrast to previous

efforts requiring access to the full PDE simulation fields. In the pendulum example, SINDy-

SHRED learns a nonlinear damping term that captures the complex motion of the system,

improving on the typical linear damping assumption. Beyond video data, SINDy-SHRED also

demonstrates exceptional performance in modeling turbulent flows. Remarkably, the latent

space dynamics reveal that eight modes suffice to accurately capture the dynamics of isotropic

turbulence. Even global sea-surface temperature is captured with a three-dimensional linear

ODE system that one might solve in a first course on ODEs. These results are astounding given

the complex data, highlighting the ability of SINDy-SHRED to extract governing equations

from well-known and important scientific problems.

In addition to learning interpretable physics models, SINDy-SHRED is simple and robust
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to train. As shown above and in the supplement, this largely stems from the observed

globally convex loss landscape, which is rare among all existing deep learning models as

noted in [168]. In general, a major goal in designing deep learning models is to engineer

the loss landscape to align with the inherent characteristics of the data, thereby facilitating

stable training, robust hyper-parameter tuning, and generalizable performance [284, 74].

SINDy-SHRED naturally exhibits an ideal loss landscape that is globally convex, which is

what the deep learning community strives to engineer. Although exploring the underlying

mechanisms is beyond the scope of the current study, future work will investigate how the

SINDy-SHRED architecture induces this ideal loss landscape. Moreover, SINDy-SHRED

is grounded by rigorous convergence guarantees for the SINDy-class of models, offering

theoretical advantages over competing neural network-based approaches. These theoretical

results offer precise error bounds and the performance for long-term prediction. As a

result, SINDy-SHRED is well-grounded in theory, providing a solid foundation for further

development and widespread practical applications.

Most importantly, in practice, SINDy-SHRED achieves state-of-the-art performance in

long-term autoregressive video prediction, outperforming ConvLSTM, PredRNN, ResNet,

and SimVP while maintaining the lowest computational cost, smallest model size and minimal

training time simultaneously. Notably, SINDy-SHRED outperforms the leading methods on

all metrics of interest without any hyper-parameter tuning. Moreover, this performance is

achieved while producing an interpretable model of the underlying dynamics, effectively

capturing the actual governing physics, a contribution that competing methods do not offer.

This enables stable, long-time rollouts of video prediction. Such performance advances the

goal of GoPro Physics, which aims to discover governing equations directly from few-shot

video data streams.

SINDy-SHRED yields interpretable latent dynamics, while using a data-driven surrogate

to model the coordinate transformation. The GRU network approximates the mapping from

sensor measurements to latent states with limited interpretability on its learned weights. We

also note that SINDy-SHRED explicitly enforces the latent dynamics to follow a single ODE

uniformly. If the true system exhibits switching dynamics, this assumption is violated unless
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appropriate regime separation or preprocessing is applied.

To conclude, the SHRED architecture and its variants have proven to be highly effective

algorithms for sensing [292, 78], parametric model reduction [270, 161, 226] and now, as

demonstrated in this work, physics discovery. The SINDy-SHRED and Koopman-SHRED

architectures are robust, stable, and computationally efficient. This allows for laptop level

computing along with afternoon-level tuning-even on exceptionally challenging datasets.

Its ease of use and reliability position it as a compelling algorithm to be the paradigm for

general-purpose physics model discovery.

3.6 Challenges in rolling out neural networks for fitting a simple

sine function

In the following example, we consider a simple use case in which we fit a simple sine function

using recurrent neural networks. Surprisingly, extrapolating a simple sine function can be a

difficult task for neural networks. The dynamical system 𝑥 is generated via the following

equation:

¥𝑧 = − sin(𝑧). (3.12)

We implement a GRU network in the following, which contains three stacked GRU

layers with size 500, and a fully connected output layer. We employ the Adam optimizer

with a learning rate of 0.001 and used the mean squared error (MSE) as the loss function.

We train the GRU network with 150 epochs. The input sequences are normalized to

[0, 1]. The SINDy library consists of 12 candidate functions and is denoted by Θ(𝑥) =

[1, 𝑧, ¤𝑧, 𝑧2 , 𝑧 ¤𝑧, ¤𝑧2 , 𝑧3 , 𝑧2 ¤𝑧, 𝑧 ¤𝑧2 , ¤𝑧3 , sin(𝑧), sin(¤𝑧)]. We applya sequentially thresholded least-

squares algorithm to perform sparsity promoting regression with threshold 0.5 and ℓ2

regularization 0.05.
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Figure S1: Fitting a simple sine function using SINDy and the GRU network.

From Fig. S1, we observe that SINDy approximation largely outperforms the GRU network.

The extrapolation of GRU is poor due to the overly strong expressive power of this type of

functional. We locate this to be a critical reason that most neural networks fail to capture

physics nicely. Additionally, it is not clear for neural networks to estimate the dynamical

system from the discrete setup (𝑡0 , 𝑡1 , ..., 𝑡𝑇) to a continuous one, while SINDy provides a

natural transition into a continuous-time formulation. The SINDy prediction could also

remarkably improve generalizability, which could enhance the performance in long-term

prediction.
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3.7 Theoretical justification on the generalization error between

SINDy and the neural networks

We further establish the statistical foundation for dynamical system learning. When the

underlying dynamical system can be closely described by a linear combination of the

library of functions, obtaining a “governing equation” will have huge benefits for long-term

extrapolation. yoDue to the nature of forward integration,error accumulates rapidly making

an approximate system undesirable for extrapolation. In the following, we formalize this

statement by analyzing the Rademacher complexity of SINDy-class and neural networks

functional.

3.7.1 Theoretical setup

The system we wish to study has the form that

¤𝑧𝑡 = 𝑓 ∗(𝑧), (3.13)

which is an ODE describing the trajectory of a dynamical system in a learned latent space

and 𝑓 ∗(·) is the target function.

Suppose we have measurements of 𝒁 = {𝒛1 , 𝒛2 , ..., 𝒛𝑡 , 𝒛𝑡+1 , ..., 𝒛𝑇}with time gap Δ𝑡, and

we wish to predict 𝒛𝑡+1 , 𝒛𝑡+2 , . . . , 𝒛𝑇 .

We first define the SINDy-class functional based on a library of functions Θ(·). Mathemat-

ically, ℱSINDy defines as:

ℱSINDy := {Θ𝜉 : 𝜉 ∈ R𝑝} , (3.14)

where all 𝑓 ∈ ℱSINDy are functions of a convex (linear) combination of functions in Θ(·),

and all functions in the library are within ℒ2(𝑃). The space ℒ2(𝑃) refers to the set of

square-integrable functions with respect to the probability measure 𝑃. An example of Θ(𝑧) is

[𝑧, 𝑧2 , 𝑧3 , 𝑧4 , sin(𝑧), cos(𝑧)], and this could represent a dynamical system with the following
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form

¤𝑧𝑡 = 𝑎1𝑧 + 𝑎2𝑧
2 + 𝑎3𝑧

3 + 𝑎4𝑧
4 + 𝑎5 sin(𝑧) + 𝑎6 cos(𝑧), (3.15)

where 𝑎1 , 𝑎2 , ..., 𝑎6 are constants. Therefore, the feature matrix Θ(𝒁) ∈ R𝑛×𝑝 .

We note that ℱSINDy is a wide class of functions. Since Θ(·) covers polynomials and the

Fourier series, the functional class ℱ0 could model the governing effect for all differentiable

functions from Taylor’s approximation.

Then, we consider the neural network way of learning dynamical systems. Unlike SINDy

learning, the neural network collects discrete samples 𝒛𝑡−𝐿 , 𝒛2 , . . . , 𝒛𝑡 , and to predict 𝒛𝑡+1. We

consider the 𝑘-layer ReLU functional class ℱReLU to be

ℱReLU := {𝒛 ↦→ 𝜎𝑘 (𝑾𝑘𝜎𝑘−1 (𝑾𝑘−1 · · · 𝜎1 (𝑾1𝒛)))} , (3.16)

where 𝜃 = (𝑾1 , . . . ,𝑾𝑘) with 𝑊1 ∈ R𝑝×𝑑, 𝑾𝑖 ∈ R𝑑×𝑑, 𝑾𝑘 ∈ R𝑑×𝑝 , and 𝜎𝑖(𝑥) = max(0, 𝒛)

represents the ReLU function. Instead of modeling the temporal derivatives, this training

strategy believes that the following dynamics are strongly tied with the history samples, and

autoregressively predicts the future dynamics. This is commonly used in neural networks

training for dynamical systems predictions.

For both cases, we define the error of dynamical system simulation as

ℰ(𝒛, 𝑡) = 𝒛(𝑡) − 𝒛̂(𝑡). (3.17)

Stability It is important to note that, in the following analysis, we set aside stability issues

due to the lack of direct theoretical tools. In practice, we observe that the dynamical systems

approximated by neural networks are often exhibit instability. Longer rollouts of a learned

dynamical system typically lead to poor performance. This is also reflected in the theory that

it is hard to obtain guarantees without both a bounded input domain and bounded target

values. There is no clear assurance on how neural networks might perform when getting

out of the training input domain [245]. To facilitate the current analysis, we assume a stable
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forward simulation scheme by always projecting the 𝒛̂ back into the input domain. Fully

addressing the stability issue for neural networks will require more extensive study in future

work.

3.7.2 The error of SINDy-class

In SINDy setting, the optimal functional 𝜃∗(·) ∈ ℱSINDy can be parameterized from the

following:

𝜃∗(𝒛) = Θ(𝒛)𝜉∗ , (3.18)

where 𝜉∗ is a vector inR𝑝 . The functional learning problem shrinks down to a linear parameter

estimation problem, and the empirical risk minimizer is the least-square solution that

𝜉̂ =
(
Θ(𝒁)𝑇Θ(𝒁)

)−1

Θ(𝒁)⊤ ¤̂𝒁𝑡 . (3.19)

Here, we estimate the real ¤𝒛𝑡 from the data using numerical differentiation methods via

¤̂𝑧𝑡 . We assume a linear model for ¤̂𝑧𝑡 that

¤̂𝒁𝑡 = Θ(𝒁)𝜉∗ + 𝜖, (3.20)

where 𝜖 ∼ 𝑃 and 𝑃 is a noise distribution.

Assumption 1 (Lowest eigenvalue). The lowest eigenvalue of Θ(𝒁)⊤Θ(𝒁) is bounded from

below by 𝑐𝑛, where 𝑐 > 0, and 𝑛 is the sample size.

Assumption 2 (Gaussian white noise). The noise vectors {𝜖𝑖}𝑛𝑖=1
are independent and

𝜖𝑖 ∼ 𝒩(0, 𝑠2𝐼).

Assumption 3 (Regularity SINDy function library). There exists a compact set 𝒦 ⊂ R𝑑

such that both trajectories {𝑧(𝑡), 𝑧̂(𝑡)}𝑡∈[0,𝑇] remain in 𝒦 . Moreover, the true vector field
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𝑓 ∗(𝑧) := Θ(𝑧)𝜉∗ is 𝐿-Lipschitz on 𝒦 :

∥ 𝑓 ∗(𝑧) − 𝑓 ∗(𝑧′)∥2 ≤ 𝐿∥𝑧 − 𝑧′∥2 , ∀𝑧, 𝑧′ ∈ 𝒦 ,

and the library is uniformly bounded on 𝒦 :

𝑅 := sup

𝑧∈𝒦
∥Θ(𝑧)∥op < ∞.

Assumption 1 is an identifiability requirement on the design matrix, which prevents nearly

collinear libraries and ensures least-squares will have effective information. Assumption 2

models random error from sensor collection as independent isotropic Gaussian. Assumption

3 is a finite-time stability condition. For example, the true system cannot exhibit finite-time

blow-up, and, additionally, the learned rollout must be smooth, and remain in a bounded

region over the time horizon. This guarantees that the chosen library functions are reasonable,

and the model class is not severely misspecified.

Theorem 3. Suppose we have a SINDy-class functional with a library of functions Θ(𝑧), and we

estimate the coefficient vector 𝜉 by 𝜉̂ using least squares. Let 𝜉∗ be the true coefficient vector. Then,

under suitable regularity conditions on Θ(𝑧) and the noise in the data, we have

𝐸𝜖 ||𝜉̂ − 𝜉∗||2 = 𝒪
(
𝑠

√
𝑝

𝑛

)
(3.21)

where 𝐶 is a constant depending on the properties of Θ(𝑧), 𝑠 is the standard deviation of the noise, 𝑝 is

the number of functions in the library Θ(𝑧), and 𝑛 is the number of data points.

Given Assumption 1 and Assumption 2, we have the error in predicting the dynamical system

after time 𝑇 is bounded by

𝐸𝜖 ||𝑧̂(𝑇) − 𝑧(𝑇)||2 ≤ 𝒪
(
𝑒𝐿𝑇𝐸||𝜉̂ − 𝜉∗||

)
= 𝒪

(
𝑒𝐿𝑇 𝑠

√
𝑝

𝑛

)
, (3.22)

where 𝐿 is the local Lipschitz constant of the system within the region traversed by the trajectories.

Furthermore, with probability 1 − 𝛿, the error in predicting the dynamical system after time 𝑇 is



Sec. 3.7. Theoretical justification on the generalization error between SINDy and the neural networks74

bounded by

||𝑥̂(𝑇) − 𝑥(𝑇)||2 ≤ 𝒪 ©­«𝑒𝐿𝑇 𝑠
√
𝑝

𝑛
log

(
1

𝛿

)ª®¬ . (3.23)

Proof.

E𝜖

[

𝜉̂ − 𝜉∗


2

2

]
= E𝜖

[


(Θ(𝒁)𝑇Θ(𝒁))−1

Θ(𝒁)⊤ ¤̂𝒛𝑡 − 𝜉∗



2

2

]
(3.24)

= E𝜖

[


(Θ(𝒁)𝑇Θ(𝒁))−1

Θ(𝒁)⊤(Θ(𝒁)𝜉∗ + 𝜖) − 𝜉∗



2

2

]
(3.25)

= E𝜖

[


(Θ(𝒁)𝑇Θ(𝒁))−1

Θ(𝒁)⊤𝜖



2

2

]
(3.26)

= E𝜖

[
Tr

[ (
Θ(𝒁)𝑇Θ(𝒁)

)−1

Θ(𝒁)⊤𝜖𝜖⊤Θ(𝒁)
(
Θ(𝒁)𝑇Θ(𝒁)

)−1

] ]
(3.27)

= Tr

[ (
Θ(𝒁)𝑇Θ(𝒁)

)−1

Θ(𝒁)⊤E𝜖

[
𝜖𝜖⊤

]
Θ(𝒁)

(
Θ(𝒁)𝑇Θ(𝒁)

)−1

]
(3.28)

from Assumption 2 = 𝑠2

Tr

[ (
Θ(𝒁)𝑇Θ(𝒁)

)−1

Θ(𝒁)⊤Θ(𝒁)
(
Θ(𝒁)𝑇Θ(𝒁)

)−1

]
(3.29)

= 𝑠2

Tr

[ (
Θ(𝒁)𝑇Θ(𝒁)

)−1

]
(3.30)

Under Assumption 1 on Θ(𝑧), the smallest eigenvalues of Θ(𝒁)𝑇Θ(𝒁) is lower bounded

by 𝑐𝑛. Then the largest eigenvalue of

(
Θ(𝒁)𝑇Θ(𝒁)

)−1

is bounded above by
1

𝑐𝑛 . Therefore,

Tr

[ (
Θ(𝒁)𝑇Θ(𝒁)

)−1

]
≤ 𝑝

𝑐𝑛
, (3.31)

where 𝑝 is the number of functions in Θ(𝑧). Therefore,

E𝜖

[

𝜉̂ − 𝜉∗


2

2

]
≤ 𝑠

2𝑝

𝑐𝑛
(3.32)

Taking the square root, we have

E𝜖

[

𝜉̂ − 𝜉∗




2

]
≤
𝑠
√
𝑝

√
𝑐𝑛
. (3.33)
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The error is ℰ(𝑧, 𝑡) = 𝑧(𝑡) − 𝑧̂(𝑡). Taking the derivative with respect to 𝑡, we get

¤ℰ(𝑡) = ¤𝑧(𝑡) − ¤̂𝑧(𝑡) (3.34)

= Θ(𝑧(𝑡))𝜉∗ − Θ(𝑧̂(𝑡))𝜉̂ (3.35)

=
(
Θ(𝑧(𝑡))𝜉∗ − Θ(𝑧̂(𝑡))𝜉∗

)︸                        ︷︷                        ︸
= 𝑓 ∗(𝑧(𝑡))− 𝑓 ∗(𝑧̂(𝑡))

+ Θ(𝑧̂(𝑡))(𝜉∗ − 𝜉̂)︸            ︷︷            ︸
parameter error

. (3.36)

By Assumption 3,

∥ ¤ℰ(𝑡)∥2 ≤ 𝐿∥ℰ(𝑡)∥2 + 𝐵∥𝜉̂ − 𝜉∗∥2. (3.37)

Applying Grönwall’s inequality yields, for all 𝑇 ∈ [0, 𝑇],

∥ℰ(𝑇)∥2 ≤ 𝑒𝐿𝑇∥ℰ(0)∥2 +
∫ 𝑇

0

𝑒𝐿(𝑇−𝑡)𝑅∥𝜉̂ − 𝜉∗∥2 𝑑𝑡 (3.38)

= 𝑒𝐿𝑇∥ℰ(0)∥2 +
𝑅

𝐿
(𝑒𝐿𝑇 − 1)∥𝜉̂ − 𝜉∗∥2 (3.39)

where the last line absorbs (𝑒𝐿𝑇 − 1)/𝐿 ≤ 𝑒𝐿𝑇 into constants.

If ℰ(0) = 0, then

∥𝑧̂(𝑇) − 𝑧(𝑇)∥2 =
𝑅

𝐿
(𝑒𝐿𝑇 − 1)∥𝜉̂ − 𝜉∗∥2. (3.40)

Therefore,

𝐸𝜖 ||𝑧̂(𝑇) − 𝑧(𝑇)||2 ≤ 𝒪
(
𝑒𝐿𝑇𝐸||𝜉̂ − 𝜉∗||2

)
= 𝒪

(
𝑒𝐿𝑇 𝑠

√
𝑝

𝑛

)
, (3.41)

from Eqn. 3.33 and 𝑅 is a constant that does not scale with 𝑛, 𝑝, 𝑠, 𝐿 and 𝑇.

To get a high-probability bound, we wish to find a bound on || (Θ(𝒁)⊤Θ(𝒁))−1

Θ(𝒁)⊤𝜖||2.

Notice from Assumption 2 that this is a sub-Gaussian random vector. Therefore, for any

𝛿 > 0, with probability 1 − 𝛿, we have
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(Θ(𝒁)⊤Θ(𝒁))−1

Θ(𝒁)⊤𝜖





2

≤
√

2𝑠2𝑝𝜆max((Θ(𝒁)⊤Θ(𝒁))−1) log(1/𝛿) (3.42)

From Assumption 1, the smallest eigenvalue of Θ(𝒁)𝑇Θ(𝒁) is bounded below by 𝑐𝑛.

Therefore, the largest eigenvalue of

(
Θ(𝒁)𝑇Θ(𝒁)

)−1

is bounded above by
1

𝑐𝑛 .

Substituting this into the bound, we get that with probability at least 1 − 𝛿,

||𝜉̂ − 𝜉∗||2 ≤
√

2𝑠2𝑝

𝑐𝑛
log(1/𝛿) = 𝑠

√
2𝑝 log(1/𝛿)

𝑐𝑛
.

Therefore, we have that with probability at least 1 − 𝛿,

∥𝑧̂(𝑇) − 𝑧(𝑇)∥
2
≤ 𝒪 ©­«𝑒𝐿𝑇 𝑠

√
𝑝 log

(
1

𝛿

)
𝑛

ª®¬ . (3.43)

□

Although the error bound grows exponentially with 𝑒𝐿𝑇 , empirical results from SINDy

modeling show that the error grows almost linearly within finite-time regime. This behavior

can be consistent with the exponential error bound above as 𝐿 is small for a correctly specified

model. The normalized input and smooth basis functions that will make Θ(𝒛) and their

derivatives tend to vary smoothly and remain small in magnitude within the input domain.

Effectively, Θ(𝒛) will have a very small local Lipschitz constant. Consequently, we frequently

observe the error will behave linearly on the order of 𝒪
(
𝐿𝑇𝑠

√
𝑝

𝑛

)
in finite-time. However,

over sufficiently long time horizons, exponential divergence will dominate and is unavoidable,

particularly for chaotic systems.
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3.7.3 The error of neural networks

In a feed-forward network setting, the optimal functional 𝜃∗(·) ∈ ℱReLU can be parameterized

from the following:

𝜃∗(𝒛) = 𝜎𝑘
(
𝑾 ∗
𝐿𝜎𝑘−1

(
𝑾 ∗

𝑘−1
· · · 𝜎1

(
𝑾 ∗

1
𝒛
) ) )

. (3.44)

This functional learning problem shrinks down to a parametric learning problem as well.

The empirical rish minimizer is defined as

𝜃̂ =𝜃
1

𝑛

𝑛∑
𝑖=1

ℓ ( 𝑓 (𝒛𝑖), 𝜃(𝒛𝑖)), (3.45)

where ℓ (·) is the loss function, and 𝑓 (𝒛𝑖) is the target value.

Apart from the SINDy-class, the empirical risk minimizer has to be solved via numerical

optimization procedures. Additionally, as the loss landscape is non-convex, two-layer ReLU

networks are prone to overfitting, and could perform poorly in extrapolation. Fig. S1 shows

how the extrapolation of neural networks can be suboptimal for learning dynamical systems.

In the following, we present the error analysis for neural networks in dynamical system

learning.

We require the following assumptions for theoretical analysis on neural networks.

Assumption 4 (True dynamics). There exists a compact set𝒦 ⊂ R𝑑 such that both trajectories

{𝑧(𝑡), 𝑧̂(𝑡)}𝑡∈[0,𝑇] remain in 𝒦 . Moreover, the true vector field 𝑓 ∗ : 𝒦 → R𝑑 is 𝐿-Lipschitz on

𝒦 :

∥ 𝑓 ∗(𝑧) − 𝑓 ∗(𝑧′)∥2 ≤ 𝐿∥𝑧 − 𝑧′∥2 , ∀𝑧, 𝑧′ ∈ 𝒦 .

Finally, the state is uniformly bounded on 𝒦 :

𝑅 := sup

𝑧∈𝒦
∥𝑧∥2 < ∞.

Assumption 5 (Neural network model class). Consider the class ℱReLU of 𝑘-layer ReLU

networks 𝑓𝜃(·) with parameters 𝜃 = (𝑊1 , . . . ,𝑊𝑘). Assume the weights are uniformly
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bounded:

𝐵 := sup

𝑓𝜃∈ℱReLU

max

ℓ∈{1,...,𝑘}
∥𝑊ℓ∥𝐹 < ∞.

Moreover, the induced one-step predictor is stable on 𝒦 in the sense that

𝑓𝜃(𝒦 ) ⊆ 𝒦 , ∀ 𝑓𝜃 ∈ ℱReLU.

Assumption 6 (Bounded loss). The training data consist of i.i.d. pairs {(𝑧(𝑖)
0
, 𝑧
(𝑖)
𝐻
)}𝑛
𝑖=1

supported on 𝒦 ×𝒦 , where 𝐻 = 𝑇/Δ𝑡. Define the 𝐻-step rollout predictor

𝑓
(𝐻)
𝜃 := 𝑓𝜃 ◦ · · · ◦ 𝑓𝜃︸        ︷︷        ︸

𝐻 times

,

and the normalized squared loss

ℓ
(
𝑓
(𝐻)
𝜃 (𝑧0), 𝑧𝐻

)
:=

1

4𝑅2

∥ 𝑓 (𝐻)𝜃 (𝑧0) − 𝑧𝐻∥2
2
.

Under Assumption 4, we have ℓ ∈ [0, 1].

Assumption 4 is similar to Theorem 1 which describes the statistical model. Assumption

5 is a technical assumption that ensures the neural network weights are bounded to avoid

unexpected extrapolation. Assumption 6 is used to simplify the constant bound for Big-O

analysis.

Theorem 4. Suppose we have a neural network functional with 𝑘 layers of ReLU activation functions

and parameters 𝜃 = (𝑾1 , . . . ,𝑾𝑘), which computes functions

𝑓 (𝒛;𝜃) = 𝜎𝑘 (𝑾𝑘𝜎𝑘−1 (𝑾𝑘−1 · · · 𝜎1 (𝑾1𝒛))) . (3.46)

Suppose we have Assumption 4-7. Let 𝑓 denote the empirical risk minimizer that achieves zero

empirical loss and define the 𝐻-step rollout 𝑧̂(𝑇) = 𝑓 (𝐻)(𝑧0) and 𝑧(𝑇) = 𝑧𝐻 . Then, with probability at
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least 1 − 𝛿, the prediction error after 𝐻 = 𝑇/Δ𝑡 steps satisfies

E
[
∥𝑧̂(𝑇) − 𝑧(𝑇)∥2

2

]
≤ 𝒪

(
(log 𝑛)4𝐵𝑘(𝐻+1)

√
𝑘

𝑛
+

log(1/𝛿)
𝑛

)
. (3.47)

Proof. From the normalized squared loss from Assumption 7:

ℓ
(
𝑓 (𝐻)(𝑧0), 𝑧𝐻

)
:=

1

4𝑅2

∥ 𝑓 (𝐻)(𝑧0) − 𝑧𝐻∥2
2
∈ [0, 1]. (3.48)

Let 𝐿( 𝑓 ) and 𝐿̂( 𝑓 ) denote the population and empirical risks for this loss:

𝐿( 𝑓 ) := E ℓ
(
𝑓 (𝐻)(𝑍0), 𝑍𝐻

)
, 𝐿̂( 𝑓 ) :=

1

𝑛

𝑛∑
𝑖=1

ℓ
(
𝑓 (𝐻)(𝑧(𝑖)

0
), 𝑧(𝑖)

𝐻

)
. (3.49)

From Lemma 2, with probability at least 1 − 𝛿, we have

𝐿( 𝑓 ) ≤ (1 + 𝑐)𝐿̂( 𝑓 ) + 𝑐(log 𝑛)4ℛ𝑛(ℱ (𝐻)
ReLU
) +

𝑐 log(1/𝛿)
𝑛

, (3.50)

where 𝑐 > 0 is a universal constant.

We aim to control the generalization error after 𝐻 = 𝑇/Δ𝑡 steps. From Lemma 5, the

Rademacher complexity after 𝐻 compositions is bounded by

ℛ𝑛(ℱReLU ◦ · · · ◦ ℱReLU) ≲ 𝐵𝑘𝐻
√
𝑘𝐵𝑘√
𝑛

= 𝐵𝑘(𝐻+1)
√
𝑘

𝑛
. (3.51)

Substituting this bound into Lemma 2 yields, with probability at least 1 − 𝛿,

𝐿( 𝑓 ) ≤ (1 + 𝑐)𝐿̂( 𝑓 ) + 𝑐(log 𝑛)4𝐵𝑘(𝐻+1)
√
𝑘

𝑛
+
𝑐 log(1/𝛿)

𝑛
. (3.52)

Finally, by the definition of ℓ we have

𝐿( 𝑓 ) = E
[

1

4𝑅2

∥ 𝑓 (𝐻)(𝑍0) − 𝑍𝐻∥2
2

]
, (3.53)

and therefore, multiplying both sides by 4𝑅2
(and absorbing constants into 𝒪(·)), we obtain
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the desired bound

E
[
𝑧̂(𝑇) − 𝑧(𝑇)∥2

2

]
≤ 𝒪

(
(log 𝑛)4𝐵𝑘(𝐻+1)

√
𝑘

𝑛
+

log(1/𝛿)
𝑛

)
. (3.54)

□

Technical Lemmas for the Proof of Thm. 4

We introduce the following lemma from [16] and rewrite it within our context.

Lemma 1 (Thm. 2.11 in [16]). Let 𝜎 : R → R be the ReLU activation function. Consider a

feed-forward network with 𝑘 layers of these nonlinearities and parameters 𝜃 = (𝑾1 , . . . ,𝑾𝐿), which

computes functions

𝑓 (𝒛;𝜃) = 𝜎𝑘 (𝑾𝑘𝜎𝑘−1 (𝑾𝑘−1 · · · 𝜎1 (𝑾1𝒛))) . (3.55)

Define the class of functions on the unit Euclidean ball in R𝑝 ,

ℱ𝐵 =
{
𝑓 (·;𝜃) : ∥𝑾𝑖∥𝐹 ≤ 𝐵

}
, (3.56)

where ∥𝑾𝑖∥𝐹 is the Frobenius norm of 𝑾𝑖 . Then, we have the Rademacher complexity of ℱ is bounded

by

ℛ𝑛(ℱ𝐵) ≲
√
𝑘𝐵𝑘√
𝑛
. (3.57)

This result is from [112] and [16]. We then introduce the following connection between

the Rademacher complexity and the generalization error.

Lemma 2 (Thm. 2.2 in [16]). Let ℱ𝐵 be a class of neural networks with weights bounded by 𝐵, and let

𝑓 ∈ ℱ𝐵. For the mean-squared loss that ℓ (𝑦̂ , 𝑦) = (𝑦̂ − 𝑦)2, and for any distribution on 𝒳 × [−1, 1]

where the output is bounded. With probability at least 1 − 𝛿, there exists a constant 𝑐 > 0 such that
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∀ 𝑓 ∈ ℱ𝐵:

𝐿( 𝑓 ) ≤ (1 + 𝑐)𝐿̂( 𝑓 ) + 𝑐(log 𝑛)4ℛ𝑛(ℱ𝐵) +
𝑐 log(1/𝛿)

𝑛
, (3.58)

where 𝐿( 𝑓 ) is the true risk, 𝐿̂( 𝑓 ) is the empirical risk, 𝑛 is the number of data points, and 𝐵 is a bound

on the weights of the neural network.

An important observation here is that, even with a fixed set of parameters, for autoregres-

sive neural networks, the rademacher complexity grows massively with longer time horizons.

In other words, if we want to predict 𝑇 steps ahead, the network size will grow exponentially

with 𝑇. We use the following lemma called the contraction principle to analyze the expected

network growth in this scenario.

Lemma 3. Let ℱ1 be a class of functions from R𝑝 to R𝑞 with Lipschitz constant 𝛼. Let ℱ2 be a class of

functions from R𝑞 to R𝑟 . Then, the contraction principle describes that the Rademacher complexity of

ℱ1 ◦ ℱ2 is

𝑅𝑛(ℱ1 ◦ ℱ2) ≤ 𝛼ℛ𝑛(ℱ2). (3.59)

The proof of this lemma can be found in [15, 165]. From this Lemma, we further control

the Lipschitz constant for neural network in the following:

Lemma 4 (Proposition 2 in [276]). Suppose we have a neural network functional with 𝑘 layers of

ReLU activation functions and parameters 𝜃 = (𝑾1 , . . . ,𝑾𝐿), which computes functions

𝑓 (𝒛;𝜃) = 𝜎𝑘 (𝑾𝑘𝜎𝑘−1 (𝑾𝑘−1 · · · 𝜎1 (𝑾1𝒛))) . (3.60)

The Lipschitz constant of the network is bounded by

𝑘∏
𝑖=1

∥𝑾𝑖∥2 ≤ 𝐵𝑘 , (3.61)

where ∥𝑾𝑖∥2 is the spectral norm of 𝑾𝑖 .
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Proof. Since the ReLU activation function has a Lipschitz constant of 1, the Lipschitz constant

of the 𝑖-th layer is bounded by ∥𝑾𝑖∥2. Therefore, from Lemma 3, for a 𝑘-layer neural network

with weights 𝜃 = (𝑾1 , . . . ,𝑾𝑘), the Lipschitz constant of the entire network is bounded by

the product of the spectral norms of the weight matrices:

Lip( 𝑓 (𝒛;𝜃)) ≤
𝑘∏
𝑖=1

∥𝑾𝑖∥2 . (3.62)

Given that ∥𝑾𝑖∥𝐹 ≤ 𝐵 for all 𝑖, and ∥𝑾𝑖∥2 ≤ ∥𝑾𝑖∥𝐹, we have

𝑘∏
𝑖=1

∥𝑾𝑖∥2 ≤
𝑘∏
𝑖=1

∥𝑾𝑖∥𝐹 ≤ 𝐵𝑘 . (3.63)

This means that the Lipschitz constant of the neural network is bounded by 𝐵𝑘 . □

From the Lemma above, we could obtain the Rademacher complexity of neural network

prediction up to 𝐻 = 𝑇
Δ𝑡 steps forward.

Lemma 5. The Rademacher complexity of the neural network functional class after 𝐻 forward unroll

operations for ℱReLU is bounded by

ℛ𝑛(ℱReLU ◦ · · · ◦ ℱReLU) ≲ 𝐵
𝑘𝑇
Δ𝑡

√
𝑘𝐵𝑘√
𝑛
. (3.64)

Proof. From Lemma 4, we know that the Lipschitz constant of the neural network is bounded

by 𝐵𝑘 . Therefore, the Rademacher complexity of the neural network functional class is

bounded by

ℛ𝑛(ℱReLU) ≲
√
𝑘𝐵𝑘√
𝑛
. (3.65)

From Lemma 3, we know that the Lipschitz constant of the network is bounded by 𝐵𝑘 .

Therefore, the Rademacher complexity of the neural network functional class after 𝐻 forward
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unroll operations is bounded by

ℛ𝑛(ℱReLU ◦ · · · ◦ ℱReLU) ≲ 𝐵
𝑘𝑇
Δ𝑡

√
𝑘𝐵𝑘√
𝑛
. (3.66)

□

3.8 Observation on the convex landscape

We demonstrate our observations on the convexity of the loss landscape of SHRED. To visualize

the loss landscape in a high-dimensional space, we utilize a popular method [168] which

represents the landscape in the following way. Suppose the neural network is parameterized

by 𝜃, which includes the weights and biases of all layers. We perturb 𝜃0 with two random

directions 𝒓𝑥 , 𝒓𝑦 via

𝜃′ = 𝜃0 + 𝑡 · 𝛼𝒓𝑥 + 𝑡 · 𝛼𝒓𝑦 , (3.67)

where 𝒓𝑥 , 𝒓𝑦 are both normalized i.i.d. Gaussian samples. 𝛼 is the scale of changes and

𝑡 ∈ [0, 1]moves from 𝜃0 towards the linear combination of the two random directions.

In Fig. S2, we visualize the loss landscape of SHRED from different random directions

using the methodology described above under various network depths and scales 𝛼. Across

all subplots, we consistently observe a clear global minimum with a convex landscape.

Furthermore, Fig. S3 presents an empirical convexity analysis, showing loss changes along

several paths from different initializations. We evaluate convexity using randomly sampled

points and find that all of them satisfy the convexity condition. We use a tolerance of 10
−7

to

counter floating-point imprecision.
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(d)

(c)

(b)

(a)

depth=2 depth=5 depth=10 depth=15 depth=50

Figure S2: (a) Visualization of loss landscape from parameters ranging from [−5, 5]. (b) Visualization

of loss landscape from parameters ranging from [−10, 10]. (c) Visualization of loss landscape from

parameters ranging from [−100, 100]. (d) Visualization of loss landscape from parameters ranging

from [−1000, 1000].

(b)(a)

Figure S3: Visualization of loss landscapes for SHRED parameters along random directions, showing

how loss values change when moving from the origin toward randomly generated points in parameter

space. The figure provides a detailed view of loss behavior at different initial points. (a) shows the

parameter range [−100, 100] and (b) shows the parameter range [−1, 1].
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3.9 Ablation study

3.9.1 Effect on the recurrent units

In this study, we investigate the effect of different recurrent unit choices on the ability of

SINDy-SHRED to learn parsimonious latent dynamics. Although in theory many recurrent

architectures could be effective, subtle differences in their modeling strategies could induce

different latent spaces.

Recurrent neural network (RNN). The Elman network [84] (often referred to generically as

RNN) has the following mathematical formulation,

𝑧𝑡 = tanh

(
𝑥𝑡𝑊

⊤
𝑖𝑧 + 𝑏𝑖𝑧 + 𝑧𝑡−1𝑊

⊤
𝑧𝑧 + 𝑏𝑧𝑧

)
, (3.68)

where 𝑧𝑡 is the hidden state at time 𝑡, 𝑥𝑡 is the input at time 𝑡, and ℎ𝑡−1 is the hidden state at

time 𝑡 − 1. The initial hidden state 𝑧0 is set to be 0.

Long short-term memory (LSTM) network. The LSTM network is a recurrent unit that

utilizes gating mechanisms to help ameliorate issues with vanishing and exploding gradients

that often arise in the training of RNNs. The mathematical formulation of the LSTM is

𝑖𝑡 = 𝜎 (𝑊𝑖𝑖𝑥𝑡 + 𝑏𝑖𝑖 +𝑊𝑧𝑖𝑧𝑡−1 + 𝑏𝑧𝑖) ,

𝑓𝑡 = 𝜎
(
𝑊𝑖 𝑓 𝑥𝑡 + 𝑏𝑖 𝑓 +𝑊𝑧 𝑓 𝑧𝑡−1 + 𝑏𝑧 𝑓

)
,

𝑜𝑡 = 𝜎 (𝑊𝑖𝑜𝑥𝑡 + 𝑏𝑖𝑜 +𝑊𝑧𝑜𝑧𝑡−1 + 𝑏𝑧𝑜) ,

𝑔𝑡 = tanh

(
𝑊𝑖 𝑔𝑥𝑡 + 𝑏𝑖 𝑔 +𝑊𝑧𝑔𝑧𝑡−1 + 𝑏ℎ𝑔

)
,

𝑐𝑡 = 𝑓𝑡 ⊙ 𝑐𝑡−1 + 𝑖𝑡 ⊙ 𝑔𝑡 ,

𝑧𝑡 = 𝑜𝑡 ⊙ tanh(𝑐𝑡), (3.69)

where 𝑖𝑡 , 𝑓𝑡 , 𝑜𝑡 are the input, forget, and output gates respectively. Here, 𝑧𝑡 is the hidden state

and 𝑐𝑡 is the cell state at time 𝑡. Both 𝑧0 and 𝑐0 are set to be 0.
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Gated recurrent unit (GRU). The GRU network simplifies LSTM network with the following

mathematical formulation:

𝑟𝑡 = 𝜎 (𝑊𝑖𝑟𝑥𝑡 + 𝑏𝑖𝑟 +𝑊𝑧𝑟𝑧𝑡−1 + 𝑏𝑧𝑟) ,

ℎ𝑡 = 𝜎 (𝑊𝑖ℎ𝑥𝑡 + 𝑏𝑖ℎ +𝑊𝑧ℎ𝑧𝑡−1 + 𝑏𝑧ℎ) ,

𝑛𝑡 = tanh (𝑊𝑖𝑛𝑥𝑡 + 𝑏𝑖𝑛 + 𝑟𝑡 ⊙ (𝑊𝑧𝑛𝑧𝑡−1 + 𝑏𝑧𝑛)) ,

𝑧𝑡 = (1 − ℎ𝑡) ⊙ 𝑛𝑡 + ℎ𝑡 ⊙ 𝑧𝑡−1 , (3.70)

where 𝑟𝑡 is the reset gate and ℎ𝑡 is the update gate. Here, 𝑧𝑡 is the hidden state at time 𝑡, and

𝑧𝑡−1 represents the hidden state at time 𝑡 − 1. The initial hidden state 𝑧0 is set to be 0.

Empirically, we are interested in choosing the network architecture that permits the

smoothest representation of latent trajectories. Here, we define smoothness as latent trajecto-

ries that have small state to state fluctuations. Among these three architectures, the RNN

network tends to have more spikes, as the change from 𝑧𝑡−1 to 𝑧𝑡 is directly tied to a nonlinear

tanh(·) function. Both LSTM and GRU networks introduce extra gates, which ensure that

the hidden states will evolve more smoothly. The GRU network is preferred because only a

single latent state is propagated, in contrast to the LSTM which propagates a hidden state

and a cell state.

In Fig. S4, we visualize the difference between the three recurrent network architectures

using the sea-surface temperature dataset. We train all three networks with the same optimizer

parameters and latent state dimension and plot their latent space trajectories on the test set.

We see that visually, the GRU produces the smoothest latent trajectory. Across all of our

computational examples, we found the best performance using GRUs. Nevertheless, it is

possible that other architectures could prove superior for certain dynamical systems.
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Figure S4: Comparison of latent spaces learned by SHRED (no SINDy regularization) with different

recurrent units on the test set. The x-axis represents the number of years in the sea-surface temperature

dataset.

3.9.2 A comparison to other baseline methods

SINDy-SHRED SINDy SINDy-AE CNN-SINDy SHRED

Model discovery ✓ ✓ X X X
High dimensionality ✓ X ✓ ✓ ✓

Interpretable ✓ ✓ ✓ ✓ ✓
Short-term prediction ✓ X ✓ ✓ ✓

Long-term rollouts ✓ X X X X
Reproducibility ✓ ✓ X ✓ ✓

Table 3.2: Comparison of different SINDy-based and SHRED-based methods in model discovery,

spatiotempora learning, and reproducibility.

In Table 3.2, SINDy-SHRED is compared to all baseline methods. SINDy algorithm [32]

is not designed for high-dimensional problem, which requires a pre-specification of a good

coordinate transform. Therefore, it works poorly for both short- and long-term predictions

for high-dimensional datasets. With autoencoders, SINDy-autoencoder [46] can work on

high-dimensional data. However, because autoencoders impose no constraints on the derived
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latent space, SINDy-AE generally struggles to find a stable physical system in the latent

space that does not diverge during rollout. CNN-SINDy [96] does not jointly solve SINDy

and the latent dynamics, which typically results in an unnecessarily complex dynamical

system. SHRED [292] is primarily designed as a sensing method, which does not have built-in

capability for model discovery and long-term predictions.

3.9.3 Quantitative comparison by training SHRED with and without SINDy loss

terms

In what follows, we present a comparison study between SHRED and SINDy-SHRED.

Equation discovery. We visualize the latent spaces of SHRED and SINDy-SHRED in Fig. S5

for the sea-surface temperature dataset. Starting from the same weight initialization, we

observe that the derived latent spaces of SHRED and SINDy-SHRED are visually different.

For every 50 epochs, we plot the induced latent space by the two models from epoch 50 (light

blue) to epoch 1000 (dark green). The latent space of SINDy-SHRED converges to a smoother

dynamical system without frequent spiking behavior, demonstrating that SINDy-SHRED

does act as a regularizer on the dynamics of the latent space.

Latent space evolution of SHRED
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Latent space evolution of SINDy-SHRED
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Figure S5: Comparison of latent spaces learned by SHRED (top row) and SINDy-SHRED (top row).

The color represents the induced latent space evolution from early time (blue) to the end of training

(green).
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Additionally, the strength of regularization plays an important role in equation discovery,

which is shown in Fig. S6. The latent space trajectories are gradually regularized into an ODE

model with an explicit formulation.

SINDy-SHRED with different regularization strength
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Figure S6: Top row: the latent space evolution with increasingly stronger SINDy regularization

parameter, ranging from 0.1 to 10.

In Fig. S7, we visualize the latent space of a SHRED model without SINDy regularization.

The result is latent dynamics which fail to be well-described by SINDy model.
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Figure S7: Comparison of the latent space discovery from SHRED and SINDy-SHRED. Without

SINDy regularization, SHRED has no guarantee to compress the raw observation into a physically

interpretable latent space. SINDy-SHRED finds an accurate ODE model that can be used to achieve

long term forecasts.
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Predictive power. An additional benefit of the SINDy-SHRED method is increased fore-

casting poerformance in comparison to SHRED. To enable standard SHRED to perform

spatio-temporal forecasting, one strategy mentioned in [292] is to first train a separate GRU

network to predict the sparse input sensor measurements. Then, from this trained predictor

for the sparse sensors, one can autoregressively forecast the sparse sensor sequence from

available data (e.g. in Fig. S8). By treating the predicted sparse sensors as inputs, standard

SHRED can produce a prediction of the spatial field.
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Figure S8: Comparison of long-term prediction between SHRED and SINDy-SHRED. The frame error

is evaluated by each frame (left) and the cumulative error is calculated by summing up all previous

frame errors (right).

As shown in Fig. S9, we find SINDy-SHRED greatly outperforms standard SHRED in in

such predictions. This behavior is in agreement with that inFig. S8, which shows that the

long-term rollout prediction from GRU network tends to be inaccurate. Utilizing an explicit

ODE model via SINDy-SHRED can stabilize its long-term behavior and reduce the prediction

error in general.
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Figure S9: Comparison of long-term prediction between SHRED and SINDy-SHRED. The frame error

is evaluated by each frame (left) and the cumulative error is calculated by summing up all previous

frame errors (right).

3.9.4 Latent space discoveries from different sensor placements are equivalent

under linear transformations

Different sensor placements can lead SINDy-SHRED to recover the same underlying physical

dynamics, but expressed in distinct latent coordinate systems related by a linear transformation.

This occurs because the governing dynamics are invariant under linear transformations

such as rotations and scalings, so the same dynamics may appear with different symbolic

representations in different coordinate frames. In practice, varying the sensor placement

introduces an implicit prior that biases SINDy-SHRED toward learning the system from a

particular geometric perspective.

To illustrate this equivalence, we use sea-surface temperature data as an example. We

train SINDy-SHRED with a latent dimension of two (chosen for ease of visualization) while

keeping all other training settings fixed. We then compare the raw latent spaces identified

from two different sensor configurations to examine how sensor placement affects the learned

coordinate representation. As shown in Fig. S10, the raw latent spaces obtained from the two

sensor configurations appear different but are equivalent under a linear transformation. We

identify this transformation using linear regression to map the latent variables from the first

run (latent 1) onto those from the second (latent 2). This result aligns with previous findings
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in autoencoder-based SINDy [46] (see Supplemental Figure S1), where models trained under

different conditions were likewise equivalent up to an affine transformation.

Both discoveries provide equally valid representations of the underlying dynamics. In

principle, one could identify the most parsimonious representative within the equivalence

class defined by the full group of linear transformations, but this procedure is computationally

expensive [210].

Raw latent spaces of SINDy-SHRED with different sensor placement
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Figure S10: Latent space discovery from the sea-surface temperature data under two different sensor

placements. The raw discoveries appear to be different but the two discoveries are close under a linear

transformation.

3.9.5 Hyperparameter robustness

The following study supports the empirical observation that the SINDy-SHRED architecture

is robust to hyperparameter choices (e.g. learning rate and batch sizes). As shown in Fig. S11,

we retrain SINDy-SHRED on the sea-surface temperature dataset using the same set of sensors

with different hyperparameter settings. We keep all other settings to be the same in the main



Sec. 3.9. Ablation study 94

SST experiment. Across these ablation trails, we observe that all configurations converge at

similar rates and achieve similar final errors.
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Figure S11: Error decay with training epochs using different hyperparameter settings: learning rates

(left) batch sizes (right). All configurations converge to a similar level of training error.

3.9.6 Energy spectrum analysis on the isotropic turbulent flow

Fig. S12 provides a detailed evaluation of the physical quantities predicted by SINDy-SHRED.

The energy spectrum is computed on available ground-truth 2D pressure field snapshots

and SINDy-SHRED predictions using 2D FFT, summarizing the distribution of energy across

spatial scales. SINDy-SHRED effectively preserves the spectral characteristics of the real data.

The probability distribution histogram further visualizes the empirical distributions of the

predicted and real data. The two distributions largely overlap with each other, showing minor

or no distributional shift. We see that the predicted data has a smaller tail than compared to

the ground truth, indicating that the learned model smooths out high-frequency content. For

reference, in 3D incompressible isotropic turbulence, the pressure spectrum is theoretically

expected to scale as 𝑘−7/3
in the inertial range [219]. The presented spectrum is computed

from 2D slices which is not directly comparable to the full 3D data (𝑘−7/3
), but we observe

SINDy-SHRED a similar energy spectrum compared to the ground truth.
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Figure S12: SINDy-SHRED prediction captures important statistical properties for long-term predic-

tions.

3.10 Experimental details

3.10.1 The design of SINDy unit

In Fig. S13, we show the design of SINDy unit. Notice how this design is similar to the

skip-connection mechanism in ResNet. Here, it models the forward simulation process of

ODE integration by having 𝒙𝑡+1 = 𝒙𝑖 + Θ(𝒙)ΞΔ𝑡.
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Figure S13: Diagram of the RNN form of SINDy.

3.10.2 Evaluation metrics

We define the following evaluation metrics that are commonly used to assess model’s

performance.

The mean squared error is defined as the 𝐿2 distance between the real target data 𝑿 to

the predicted target 𝑿̂ that

MSE =
1

𝑛

∑
𝑖

(
𝑿𝑖 − 𝑿̂𝑖

)
2

, (3.71)

where 𝑿 has 𝑛 samples.

The mean absolute error is defined as the 𝐿1 distance between the real target data 𝑿 to

the predicted target 𝑿̂ that

MAE =
1

𝑛

∑
𝑖

|𝑿𝑖 − 𝑿̂𝑖 |, (3.72)
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where 𝑿 has 𝑛 samples.

Additionally, we define the relative mean-squared error for both spatiotemporal data 𝑿

and latent space trajectory 𝒁 that

rMSE(𝑿 , 𝑿̂ ) =


𝑿 − 𝑿̂



2

2

∥𝑿∥2
2

(3.73)

rMSE(𝒁 , 𝒁̂) =


𝒁 − 𝒁̂



2

2

∥𝒁∥2
2

, (3.74)

3.10.3 Flow over a cylinder

In the flow over a cylinder experiment, we follow the same settings as in the prior exper-

iments and select the latent dimension to be 4. The dataset is preprocessed from a single

video recording of vortex shedding. The forward integration time step is set to 𝑑𝑡 = 1

300

corresponding to the frame rate of 30 FPS. We set the batch size at 64 and the learning rate

to 5𝑒−4
. The thresholding procedure is executed every 300 epochs with thresholds ranging

from (1𝑒−4 , 1𝑒−3). From this extreme low-data limit, we manually perform data augmentation

by reusing the latter part of the video once in the training loop to increase the number of

available samples.

3.10.4 Baseline experiment on pendulum

Autoregressive training. The raw pendulum data are collected from a 14-second GoPro

recording. The raw data are present difficulties during training because of their high-

dimensionality (080 × 960), so we follow the same preprocessing procedure as in [191] to

obtain a set of training data with 390 samples, width 24 and height 27. For most of the models,

we apply autoregressive training to help the model achieve better long-term prediction

capabilities. From the initial input {𝑿1 ,𝑿2 , ...,𝑿𝐿} with lag 𝐿, the model autoregressively

predicts the next frame 𝑿̂𝐿+1 and use it as a new input {𝑿2 ,𝑿3 , ..., 𝑿̂𝐿+1}. This step will be

repeated 𝐿 times to obtain {𝑿̂𝐿+1 , 𝑿̂𝐿+2 , ..., 𝑿̂2𝐿}. We treat this as the prediction and optimize

the loss from this quantity. In the following baseline models, we uniformly set 𝐿 = 20.
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SINDy. We adapt the dataset and treat each the original pixel as sensors using SINDy [32].

The execution of the sparse regression program is slow on large symbolic matrices, so we

only include linear libraries and constants. All tested sparse models from SINDy diverge

numerically in forward simulation, so we used a model with threshold 0.0 and ℓ2 regularization

0.05 which effectively fits the dynamical system with ridge regression solution. Given the

initial sensor conditions, the algorithm unrolls the values forward with the discovered ODE.

SHRED. To enable prediction capability of SHRED, we train an additional GRU network

from available sparse sensor trajectory to serve as the inputs for SHRED [292]. The vanilla

SHRED network is set up to have the same latent space, decoder size, and optimizer to

SINDy-SHRED.

SINDy-AE. We revise the original SINDy autoencoder framework [46] under the same

variational form in SINDy-SHRED. For each input data frame, the encoder compresses the

high-dimensional image into a single variable 𝑧AE ∈, and the decoder further reconstructs

the original data using the latent variable 𝑧AE. The SINDy loss is computed via enforcing a

SINDy model on the temporal evolution of the latent variable 𝑧AE. We set the learning rate,

batch size and training epochs to be the same as SINDy-SHRED training.

ResNet. We use the residual neural network (ResNet) [120] as a standard baseline. We set

the input sequence length to 20, and we predict the next frames autoregressively. For ResNet,

the first convolutional layer has 64 channels with kernel size 3, stride 1 and padding 1. Then,

we repeat the residual block three times with two convolutional layers. We use ReLU as the

activation function. After the residual blocks, the output is generated via a convolutional

layer with kernel size 1, stride 1, and padding 0. We set the batch size to 8, and we use

AdamW optimizer with learning rate 1𝑒−3
, weight decay 1𝑒−2

for the training of 500 epochs.

SimVP. SimVP [105] is the recent state-of-the-art method for video prediction. This method

utilizes ConvNormReLU blocks with a spatio-temporal features translator (i.e. CNN). The

ConvNormReLU block has two convolutional layers with kernel size 3, stride 1, and padding
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1. After 2D batch normalization and ReLU activation, the final forward pass includes a skip

connection unit before output. The encoder first performs a 2D convolution with 2D batch

normalization and ReLU activation. Then, three ConvNormReLU blocks will complete the

input sequence encoding process. The translator in our implementation is a simple CNN

which contains two convolutional layers. The decoder has a similar structure to the encoder

by reversing its structure. We similarly set the batch size to 8 with AdamW optimizer for 500

epochs.

ConvLSTM. Convolutional Long Short-Term Memory [246] is a classical baseline for the

prediction of video sequence and scientific data (e.g. weather, radar echo, and air quality).

The ConvLSTM utilizes features after convolution and performs LSTM modeling on hidden

states. The ConvLSTM model has two ConvLSTM cells that have an input 2D convolutional

layer with kernel size 3 and padding 1 before the LSTM forward pass. The decoder is a simple

2D convolution with kernel size 1, and zero padding. We similarly set the batch size to 8 with

AdamW optimizer for 500 epochs.

PredRNN. PredRNN [287] is a recent spatiotemporal modeling technique that builds on

the idea of ConvLSTM. We follow the same network architecture setting as in ConvLSTM

and similarly set the batch size to 8 with AdamW optimizer for 500 epochs.

SINDy-SHRED. We select and fix 100 pixels as sensor measurements from the entire 648

dimensional space. We remove non-informative sensors, defined as remaining constant

through the entire video. We set the lag to 60. For the setting of network architecture in

SINDy-SHRED, we follow the same settings as in the prior experiments but with latent

dimension of 1. The timestep of forward integration is set to 𝑑𝑡 = 1

300
corresponding to frame

rate of the video at 30 FPS. We set the batch size at 8 and the learning rate to 5𝑒−4
. The

thresholding procedure is executed every 300 epochs with thresholds ranging from (0.4, 4.0).

We include 3 stacked GRU layers, and a two-layer ReLU decoder with 16 and 64 neurons. We

use dropout to avoid overfitting with a dropout rate of 0.1. SINDy-SHRED discovers two

candidate models.
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3.10.5 Sea-surface temperature data

The SST dataset is an observational reanalysis produce provided by NOAA [225]. Every

snapshot includes a 180 × 360 grid and the data are preprocessed through interpolation

combining in-situ buoy, ship, and satellite observations. The SST dataset from NOAA is

directly adapted into the training pipeline of SINDy-SHRED. We set the latent dimension to

3 because we observe only minor impacts on the reconstruction accuracy when the latent

dimension is ≥ 4. We include 2 stacked GRU layers and consider the , and a two-layer ReLU

decoder with 350 and 400 neurons. For the E-SINDy regularization, we set the polynomial

order to be 3 and the ensemble number is 10. In the latent state forward simulation, we

use Euler integration with 𝑑𝑡 = 1

520
, which will generate the prediction of next week via 10

forward integration steps. During training, we apply the AdamW optimizer with a learning

rate of 1𝑒−3
and a weight decay of 1𝑒−2

. The batch size is 128 with 1,000 training epochs. The

thresholds for E-SINDy range uniformly from 0.1 to 1.0, and the thresholding procedure will

be executed every 100 epochs. We use dropout to avoid overfitting with a dropout rate of 0.1.

The training time is within 30 minutes from a single NVIDIA GeForce RTX 2080 Ti.

3.10.6 3D atmospheric ozone concentration

The ozone dataset is synthetic and derived from the GEOS-Chem chemical transport model,

which numerically integrates coupled advection-diffusion-reaction equation [21]. In SINDy-

SHRED training, we set the lag parameter is set to 100. Thus, for each input-output pair, the

input consists of the 62.5 day measurements of the selected sensors, while the output is the

measurement across the entire 3D domain. In SINDy-SHRED, we follow the same network

architecture as in the SST experiment. We set 𝑑𝑡 = 0.025, and the thresholds for E-SINDy

range uniformly from 0.015 to 0.15. The thresholding procedure will be executed every 300

epochs, and we apply AdamW optimizer with learning rate 1𝑒−3
.

3.10.7 Isotropic turbulent flow
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The isotropic turbulent flow dataset is synthetic and obtained from the Johns Hopkins

Turbulence Database (JHTDB) [170]. It is generated from the incompressible Navier-Stokes

equations using pseudo-spectral method with periodic boundary condition. The internal

DNS step is 0.0002. The generation is based upon a 1024
3

grid, and we obtain a 350 × 350

spatial slice of the original pressure field. In the isotropic flow experiment, due to its complex

nature, we select the latent dimension to be 16 with lag 100. The forward integration time

step is set to 𝑑𝑡 = 0.0002. We set the batch size to 128 and the learning rate to 5𝑒−4
. The

thresholding procedure is executed every 100 epochs with thresholds ranging from (0.15, 1.5).

The total training epoch is 300.

3.11 Experiment on the 2D Kolmogorov flow

The 2D Kolmogorov flow data is a chaotic turbulent flow generated from the pseudospectral

Kolmogorov flow solver [43]. The solver numerically solves the divergence-free Navier-Stokes

equation:


∇ · 𝒖 = 0

𝜕𝑡𝒖 + 𝒖 · ∇𝒖 = −∇𝒑 + 𝜈Δ𝒖 + 𝑓 ,
(3.75)

where 𝒖 stands for the velocity field, 𝒑 stands for the pressure, 𝜈 is the kinematic viscosity

and 𝑓 describes an external forcing term. In this case, we consider doubly periodic domain

Ω = [0, 2𝜋)2 with periodic boundary conditions in both spatial directions. We specify the

external force to be 𝑓 (𝑥, 𝑦) = sin(𝑛 𝑓 𝑦)e1 where 𝑛 𝑓 = 4 and e1 = [1, 0]⊤. Setting the Reynolds

number to 30, which is within the weakly chaotic regime [48], and the spatial field has

resolution 80 × 80. We simulate the system forward for 180 seconds with 6, 000 available

frames. We standardize the data within the range of (0, 1) and randomly fix 10 sensors from

the 6,400 available spatial locations (0.16%). The lag parameter is set to 360.

For the setting of SINDy-SHRED, we slightly change the neural network setting because

the output domain is 2D. Therefore, after the GRU unit, we use two shallow decoders to

predict the output of the 2D field. The two decoders are two-layer ReLU networks with 350
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and 400 neurons. We set the latent dimension to 3. The time step for forward integration is set

to 𝑑𝑡 = 0.003 which corresponds to the FPS during data generation. We set the batch size to

256 and the learning rate to 5𝑒−4
using the Lion optimizer [57]. The thresholding procedure

is executed every 100 epoch with the total number of training epochs as 200. The thresholds

range from (0.4, 4).

As a chaotic system, the latent space of the Kolmogorov flow is much more complex than

all the prior examples we considered. Thus, we further apply seasonal-trend decomposition

from the original latent space. We define the representation of the latent state space after

decomposition as (𝑧1 , 𝑧2 , 𝑧3 , 𝑧4 , 𝑧5 , 𝑧6), where (𝑧2𝑖 , 𝑧2𝑖+1) is the seasonal trend pair of the

original latent space.



¤𝑧1 = −0.007𝑧3 + 0.009𝑧5 ,

¤𝑧2 = −0.207𝑧4 ,

¤𝑧3 = −0.011𝑧1 − 0.008𝑧5 ,

¤𝑧4 = 0.103𝑧2 ,

¤𝑧5 = −0.012𝑧1 + 0.006𝑧3.

¤𝑧6 = 0.151𝑧1𝑧2.

(3.76)
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Figure S14: Extrapolation of latent representation in SINDy-SHRED from the discovered dynamical

system for the 2D Kolmogorov flow data. Colored: true latent representation. Black: SINDy

extrapolation.

In Eqn. 3.76, we find that 𝑧1 , 𝑧3 , 𝑧5 are essentially a linear system. 𝑧2 , 𝑧4 , 𝑧6 capture

higher-order effects that are difficult to model without signal separation. We generate the

trajectory from the initial condition at time point 0 and perform forward integration in Fig. S14.

As we increase the Reynolds number, the discovery fails to produce robust predictions.

This representation also demonstrates nice predictions for future frames. In Fig. S15, the

future prediction has an averaged MSE error of 0.035 for all available data samples. The

sensor-level prediction in Fig. S28 further demonstrates the details of the reconstruction.
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(a)

(b)

Figure S15: Long-term predictiion via SINDy-SHRED for 2D Kolmogorov flow data.

3.12 Sensor level plots of experiments

3.12.1 Sea surface temperature

3D visualization of SINDy-SHRED

(a) (b)

Figure S16: 3D reconstruction of the original latent space and SINDy simulated latent space.
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Long-term extrapolation of SINDy-SHRED.
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Figure S17: Extrapolation of latent representation in SINDy-SHRED from the discovered dynamical

system for SST over the entire 27 years. Colored: true latent representation. Grey: SINDy extrapolation.

Sensor-level prediction on the SST dataset.
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Figure S18: Extrapolation of SINDy-SHRED for sensor-level predictions on the SST data. We randomly

picked 18 sensors from spatial locations that are not in the sparse sensor training. The extrapolation

shows the SINDy-SHRED prediction for the following 300 weeks.

3.12.2 Ozone data

Convergence behavior of SINDy-SHRED on the Ozone dataset.
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Figure S19: Long term extrapolation of Ozone data. The latent SINDy model presents a convergence

behavior towards the mean-field solution.

Sensor-level prediction on the Ozone dataset.
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Figure S20: Extrapolation of SINDy-SHRED for sensor-level predictions on the Ozone data. We

randomly picked 18 sensors from spatial locations that are not in the sparse sensor training. The

extrapolation shows the SINDy-SHRED prediction for the following 40 weeks.
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(a)

(b)
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Figure S21: Reconstruction of atmospheric ozone concentration data for different elevation (a) 0 km

(b) 4 km (c) 8 km (d) 12 km.
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3.12.3 Flow over a cylinder

Latent space of Koopman-SHRED
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Figure S22: Extrapolation of latent representation in Koopman-SHRED from the discovered dynamical

system for flow over a cylinder data. Colored: true latent representation. Grey: SINDy extrapolation.

Sensor-level prediction on the flow over a cylinder dataset.

frames

Figure S23: Extrapolation of SINDy-SHRED for sensor-level predictions on the flow over a cylinder

data. We randomly picked 18 sensors from spatial locations that are not in the sparse sensor training.

The extrapolation shows the SINDy-SHRED prediction for the following 400 frames.

Long-term extrapolation on the flow over a cylinder dataset.

SINDy-SHRED Prediction (Timestep 0) SINDy-SHRED Prediction (Timestep 400) SINDy-SHRED Prediction (Timestep 700) SINDy-SHRED Prediction (Timestep 1000)

Figure S24: Prediction of the flow over a cylinder data from time step 0 (reconstruction) to 1000 frames.

We note this extrapolation is completely out of the dataset. The real data for testing is only available

up to 500 frames.
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3.12.4 Isotropic turbulent flow
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Figure S25: Extrapolation of all 16 latent representation in SINDy-SHRED from the discovered

dynamical system for isotropic turbulent flow data for 250 frames. Colored: true latent representation.

Grey: SINDy extrapolation.

Sensor-level prediction on the isotropic turbulent flow dataset.

0.5

0.0

Sensor 0

0.0

0.5
Sensor 1

1

0

Sensor 2

0.00

0.25

0.50
Sensor 3

0.00

0.25

0.50
Sensor 4

1

0

Sensor 5

0.0

0.5
Sensor 6

1

0

Sensor 7

0.5

0.0

Sensor 8

0.25
0.00
0.25

Sensor 9

0.5

0.0

0.5
Sensor 10

0.5

0.0

Sensor 11

0 100 200
0.5

0.0

0.5
Sensor 12

0 100 200

0.5

0.0

Sensor 13

0 100 200

0.5

0.0

0.5
Sensor 14

0 100 200
1.0

0.5

0.0

Sensor 15

0 100 200

0.5

0.0

0.5
Sensor 16

0 100 200
0.5

0.0

0.5

Sensor 17

Frame (s)

Real Data
SINDy-SHRED

Figure S26: Extrapolation of SINDy-SHRED for sensor-level predictions on the isotropic turbulent

flow data. We randomly picked 18 sensors from spatial locations that are not in the sparse sensor

training. The extrapolation shows the SINDy-SHRED prediction for the following 250 frames.
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3.12.5 Pendulum

Sensor-level prediction on the moving pendulum dataset.
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Figure S27: Extrapolation of SINDy-SHRED for sensor-level predictions on the moving pendulum

data. We randomly picked 18 sensors from spatial locations that are not in the sparse sensor training.

The extrapolation shows the SINDy-SHRED prediction for the following 382 frames.

3.12.6 Kolmogorov flow

Sensor-level prediction on the chaotic 2D Kolmogorov flow dataset.
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Figure S28: Extrapolation of SINDy-SHRED for sensor-level predictions on the 2D Kolmogorov flow

data. We randomly picked 18 sensors from spatial locations that are not in the sparse sensor training.

The extrapolation shows the SINDy-SHRED prediction for the following 1500 frames.
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3.13 Analysis of learned ODEs

3.13.1 Sea-surface temperature

The analytic solution of the dynamical system discovered from the SST data

z(𝑡) = 𝑐1v1𝑒
(−0.01+6.24𝑖)𝑡 + 𝑐2v2𝑒

(−0.01−6.24𝑖)𝑡 + 𝑐3v3𝑒
0.02𝑡 , (3.77)

where 𝑣1 =

©­­­­­«
−0.39 + 0.38𝑖

−0.19 − 0.52𝑖

0.63

ª®®®®®¬
, 𝑣2 =

©­­­­­«
−0.39 − 0.38𝑖

−0.19 + 0.52𝑖

0.63

ª®®®®®¬
, 𝑣3 =

©­­­­­«
0.68

0.33

0.65

ª®®®®®¬
, and 𝑐1 , 𝑐2, and 𝑐3 depend on

the initial condition.

3.13.2 Ozone data

The complete closed form solution to the discovered ODE from Ozone data is given by:

z(𝑡) = 𝑇diag

©­­­­­«
𝑒(−0.003+0.0079𝑖)𝑡

𝑒(−0.003+0.0079𝑖)𝑡

−0.003

ª®®®®®¬
𝑇−1z0 +𝑇

©­­­­­«
diag

©­­­­­«
(−42 − 111𝑖)𝑒(−0.003+0.0079𝑖)𝑡

(−42 + 111𝑖)𝑒(−0.003−0.0079𝑖)𝑡

−333𝑒−0.003𝑡

ª®®®®®¬

����������
𝑡

0

𝑇−1

©­­­­­«
−0.002

0

0.002

ª®®®®®¬
,

(3.78)

where z0 is the state at 𝑡 = 0 and

𝑇 =

©­­­­­«
0.66 0.66 −0.99

−0.30 − 0.35𝑖 −0.30 + 0.35𝑖 0.061

−0.59 + 0.11𝑖 −0.59 − 0.11𝑖 0.16

ª®®®®®¬
.
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3.13.3 Flow over a cylinder

The complete closed form solution to the discovered dynamical system from the flow over a

cylinder data is given by:

z(𝑡) = 𝑇diag

©­­­­­­­­­­­­­­«

𝑒(−0.01+1.52𝑖)𝑡

𝑒(−0.01−1.52𝑖)𝑡

𝑒(0.11+1.05𝑖)𝑡

𝑒(0.11−1.05𝑖)𝑡

𝑒−0.20𝑡

0

ª®®®®®®®®®®®®®®¬
𝑇−1z0 , (3.79)

where z0 is the state at 𝑡 = 0 and

𝑇 =

©­­­­­­­­­­­­­­«

−0.35 + 0.20𝑖 −0.35 − 0.20𝑖 0.028 − 0.006𝑖 0.028 + 0.006𝑖 0.005 0

0.15 − 0.39𝑖 0.15 + 0.39𝑖 −0.12 − 0.45𝑖 −0.12 + 0.45𝑖 0.68 0

−0.10 + 0.37𝑖 −0.10 − 0.37𝑖 0.034 + 0.57𝑖 0.034 + 0.57𝑖 0.23 1

0.24 + 0.33𝑖 0.24 − 0.33𝑖 0.013 − 0.21𝑖 0.013 + 0.21𝑖 −0.37 0

−0.13 − 0.38𝑖 −0.13 + 0.38𝑖 0.034 − 0.27𝑖 0.034 + 0.27𝑖 −0.55 0

0.44 0.44 0.58 0.58 0.21 0

ª®®®®®®®®®®®®®®¬
.
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3.13.4 Isotropic turbulence flow

The complete closed-form solution of the discovered latent dynamical system for the isotropic

turbulent flow data is the following:

z(𝑡) = 𝑇diag

©­­­­­­­­­­­­­­­­­­­­­­­­­­­­­­­­­­­­­­­­­­­­­­«

𝑒(0.47+9.39𝑖)𝑡

𝑒(0.47+9.39𝑖)𝑡

𝑒(0.05+11.90𝑖)𝑡

𝑒(0.05+11.90𝑖)𝑡

𝑒(0.03+13.42𝑖)𝑡

𝑒(0.03+13.42𝑖)𝑡

𝑒(−0.04+3.46𝑖)𝑡

𝑒(−0.04+3.46𝑖)𝑡

𝑒−0.26𝑡

𝑒(−0.27+5.44𝑖)𝑡

𝑒(−0.27+5.44𝑖)𝑡

𝑒(−0.75+8.30𝑖)𝑡

𝑒(−0.75+8.30𝑖)𝑡

𝑒(−1.37+18.72𝑖)𝑡

𝑒(−1.37+18.72𝑖)𝑡

𝑒−3.39𝑡

ª®®®®®®®®®®®®®®®®®®®®®®®®®®®®®®®®®®®®®®®®®®®®®®¬

𝑇−1z0 , (3.80)

where z0 is the state at 𝑡 = 0 and 𝑇 contains all eigenvectors.

3.14 Algorithm
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Algorithm 2 Latent state space regularization via SINDy

Input: sensor 𝑺𝐿+1:𝑇 , 𝑿𝐿+1:𝑇 , SINDy library Θ(·), timestep Δ𝑡, regularization 𝜆, threshold

fequency 𝛿thres, Euler mini-step number 𝑘, temporal lag parameter 𝐿, learning rate 𝜂, total

epoch 𝑇epoch.

1: function LatentSpaceSINDy(𝑺𝐿+1:𝑇 ,𝑿𝐿+1:𝑇 ,Δ𝑡 ,𝜆, 𝛿thres , 𝑘, 𝜂, 𝐿) :

2: For i in 0, 1, · · · , 𝑇epoch:

3: 𝒁𝑇 , 𝒁𝑇+1 = 𝑓𝜃GRU
(𝑺𝐿+1:𝑇−1), 𝑓𝜃GRU

(𝑺𝐿+2:𝑇);
4: For j in (0, 𝑘 − 1): ⊲ SINDy forward simulation

5: 𝒁
SINDy

𝑇+ 𝑗+1

𝑘
Δ𝑡

= 𝒁
SINDy

𝑇+ 𝑗

𝑘
Δ𝑡
+ Θ(𝒁SINDy

𝑇+ 𝑗

𝑘
Δ𝑡
)ΞΔ𝑡

6: X̂𝐿+2:𝑇 = 𝑓𝜃𝐷 (𝒁𝑇+1) ⊲ SHRED reconstruction

7: (𝜃GRU ,Ξ, 𝜃𝐷) = (𝜃GRU ,Ξ, 𝜃𝐷) − 𝜂∇ℒ ⊲ with ℒ defined in equation 4

8: If 𝑖 mod 𝛿thres = 0

9: Ξ[|Ξ| < threshold] = 0 ⊲ Train until converges

Output: GRU network weights 𝜃GRU, SINDy coefficients Ξ, decoder network weights 𝜃𝐷 .
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4

Convergence of Uncertainty Estimates
in Ensemble and Bayesian Sparse

Model Discovery

4.1 Introduction

Data-driven model discovery methods based on sparse linear regression have been demonstra-

bly successful, enabling the discovery of interpretable and generalizable models that balance

accuracy and efficiency. The sparse identification of nonlinear dynamics (SINDy) [32] model

discovery framework can leverage a variety of sparsity promoting algorithms, including the

sequential thresholding least-squares (STLS) estimator introduced in the original paper. Recently,

SINDy was extended to incorporate ensembling techniques, leveraging bootstrap aggregating

(bagging) methods [30] to produce the robust and computationally efficient probabilistic

model discovery method ensemble SINDy (E-SINDy) [90]. With the bootstrapping procedure,

E-SINDy empirically improves the robustness of variable selection, especially for limited and

noisy data, and enables statistically valid uncertainty quantification.

Variable selection and sparse regression have a rich history in data science and statistics. In

classical theory, the likelihood ratio test is one of the earliest variable selection methods [291].

More recently, the least absolute shrinkage and selection operator (LASSO) uses an ℓ1 shrinkage

estimator for sparse inference [268]. The statistical properties of LASSO-based methods have

been systematically studied, including the asymptotic behavior [95], consistency [319], the

oracle property in classic regression settings [87, 326], and in high-dimensional settings [277,

278, 135]. From the Bayesian perspective, a hierarchical Bayesian model with spike-and-
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slab [196, 107, 137], Laplace [213], or regularized horseshoe prior [44, 45] have been thoroughly

studied for Bayesian sparse inference.

Many recent efforts discover the suboptimality of LASSO in the design-dependent setting

and promote thresholding-based techniques to improve this problem [322, 215, 282]. The

design-dependent setting encompasses not only the dynamical system discovery problem

but also a variety of modern statistical learning challenges including multitask learning,

transfer learning, neural network pruning, and so on [266]. Alternatively, thresholding-based

estimators offer huge potential in these problems and have been widely applied in problems

like wavelet regression [77], denoising [76], robust high-dimensional regression [22], and

sparse identification of physical systems [32]. However, establishing the statistical properties

of thresholding-based estimators is still an ongoing research. An important prior work on the

statistical guarantees for STLS-based estimators investigated their oracle property in low- and

high-dimensional settings [109]. The oracle property is defined as having both (i) ℓ0 variable

selection consistency and (ii) the same limiting distribution of non-zero coefficients if correct

active indices are known.

Characterizing the effect of bootstrapping applied to thresholding-based sparse estimators

adds another layer of complexity. Bootstrapping algorithms are computational methods

to improve small sample inference that use the idea of resampling [79, 118, 80], which can

help improve variable selection performance for LASSO [7, 193, 290]. Yet the combination

requires careful analysis, for example, the residual-bootstrap LASSO is inconsistent for sparse

models [51], but the residual-bootstrap distribution of Adaptive LASSO [326] is consistent. To

the best of our knowledge, only a few studies have analyzed the effect of bootstrapping and

STLS jointly. The detailed interaction between bootstrap and STLS still remains unknown.

In this paper, we study sparse linear regression using bootstrap aggregating inclusion

probability STLS (or bagging-based STLS) estimation, a generalization of the sparse regression

algorithm used in E-SINDy. We prove that the E-SINDy algorithm can perform correct sparse

model identification with exponentially fast control of false discovery probability (FDP) and

exponentially fast increase of the true discovery probability (TDP). Importantly, we achieve

our proof within the context of dynamical system discovery, where the design matrix may have
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(a) Uncertainty quantification guarantees (b) Exponential convergence theorem
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Figure 4.1: (a) Top: convergence of distributional estimation of the Bayesian SINDy (green) and

E-SINDy algorithm (orange) over different sample sizes from the Lotka-Volterra equation coefficient

𝛼 (as defined in Eqn. 4.26). Bottom: Wasserstein-2 distance between E-SINDy and Bayesian SINDy

with Spike-and-slab prior. The shaded area indicates the 95% confidence band. (b) Exponential

convergence for E-SINDy in terms of False Discovery Probability and True Discovery Probability for

the synthetic Lotka-Volterra dataset. We numerically approximate the constant as our bounds only

captures the rate of convergence.

dependent features and observations. This can introduce an ill-conditioned design matrix that

presents a challenge to many classical methods for sparse signal recovery [278, 24, 277, 319],

making sparse dynamical system discovery a distinct problem. Beyond variable selection

consistency, our theoretical results for E-SINDy demonstrate a statistical guarantee for

uncertainty quantification, requiring only zero mean and a bounded second moment for the

noise distribution. These theoretical results highlight the effectiveness of E-SINDy for sparse

model discovery and uncertainty quantification within the challenging context inherent to

sparse identification of nonlinear dynamics.

With highly correlated, ill-conditioned data, the lowest eigenvalue of the Gram matrix



Sec. 4.1. Introduction 118

1

𝑛X⊤X typically shrinks quickly towards zero with increasing sample sizes. This scenario

challenges many sparse regression algorithms. For example, the sample complexity of LASSO

under Gaussian random design is 𝑂
(
𝜌2

𝜌1

)
, where 𝜌1 , 𝜌2 is the smallest/largest eigenvalue of

the Gram matrix [148]. In our work, under a shrinking lowest eigenvalue condition, we show

the oracle property in Thm. 5 of bagging inclusion probability STLS with an exponential

convergence rate under milder sample complexity assumptions compared to STLS [109]. This

theoretical result proves that bagging-STLS guarantees identification of the correct model

given sufficiently large sample sizes. Fig. 4.1 (b) shows the exponential convergence of error

bounds and the empirical convergence using E-SINDy for the FDP and TDP.

In addition to the guarantee on variable selection, we show in Theorem 6 that the E-

SINDy algorithm is statistically valid for uncertainty quantification (UQ). We demonstrate

the similarity between the bagging-based STLS and Bayesian UQ methods with spike-and-

slab prior [137, 126] from (i) asymptotic convergence in Wasserstein distance [204, 137] and

(ii) Bayesian bootstrap Spike-and-Slab LASSO [207]. Compared to Bayesian UQ methods,

bootstrapping-based methods can provide computationally efficient distributional estimates.

For example, even in low-dimensional population dynamics model discovery [126], Bayesian

SINDy requires a computational execution time of more than 12 hours, while E-SINDy

takes less than 20 seconds. We also discuss the difference in computational complexity

between Bayesian Markov Chain Monte Carlo (MCMC) and the bagging-based methods in

Remark 4.5.2.

The effectiveness of E-SINDy for distributional convergence and uncertainty quantification

is shown in Fig. 4.1 (a) top. The E-SINDy algorithm quickly converges to the true mean with

an increasing number of samples, and generates an uncertainty estimate around the true

value. In Fig. 4.1 (a) bottom, the solid blue line represents the average Wasserstein-2 distance

over ten experimental trials. The shaded area shows the confidence interval estimate using

the 80% percentile over the ten trials. The distributional estimation of E-SINDy converges

to the estimation of Bayesian SINDy with large sample sizes. We examine this convergence

behavior under Wasserstein distance in Thm. 7 from the asymptotic perspective.

We further apply bagging-based STLS to broader scenarios, from synthetic sparse linear
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regression to physics model discovery. From the simulation of sparse linear regression under

different settings, we observe an accelerated effect of bagging-based variable selection in terms

of the sample size. Additionally, we perform a study on the robustness of hyperparameters

in varying experimental settings for our bagging-based STLS and other baseline methods.

The bagging-based STLS shows stable performance with respect to changes in sparsity and

noise levels. For governing equation discovery, we observe that the E-SINDy with bagging-

based STLS can accurately perform variable selection with uncertainty quantification. The

estimation bias quickly reduces with more observation points and the uncertainty estimation

is valid under noisy settings. The experimental study, as the supplement of Thm. 6, shows

that E-SINDy provides valid uncertainty quantification that is asymptotically equivalent to

Bayesian MCMC with sparsifying priors [126].

The contributions of this paper are threefold:

1. We study a theoretical extension of the E-SINDy algorithm [90] with bagging inclusion

probability STLS and analyze its oracle property under regularity conditions with an

exponential convergence rate.

2. We show that bagging inclusion probability STLS is asymptotically converging to a Gaussian

limit which is equivalent to the Bayesian method with a lower computational cost. The

bagging-based algorithm can also provide valid uncertainty quantification statistically.

3. We implement and verify the effect of bagging inclusion probability STLS in both synthetic

sparse linear regression settings and for physical equation discovery. We verify the effect

of accelerated variable selection and the validity in uncertainty quantification.

In what follows, we first introduce the SINDy algorithm and variable selection methods

in Sec. 4.2. We then review the analysis on sequential thresholding least-squares estimation

in Sec. 4.3, and propose a theoretical analysis for E-SINDy with bagging inclusion probability-

based STLS in Sec. 4.4. We utilize Sec. 4.5 to provide the uncertainty quantification guarantees

and connections to the Bayesian method. Finally, we evaluate our work by conducting various

experiments on sparse linear regression and sparse physics model discovery in Sec. 4.6. Our

code implementation is available in https://github.com/gaoliyao/BootstrapTLSE.

https://github.com/gaoliyao/BootstrapTLSE
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4.2 Background

4.2.1 Sparse identification of nonlinear dynamics

The sparse identification of nonlinear dynamics (SINDy) [32] algorithm is a thresholding least-

square sparse regression technique to identify the underlying dynamical system from

observational data snapshots x(𝑡) ∈ R𝑛 where

¤x(𝑡) = f(x(𝑡)). (4.1)

The data snapshots x(𝑡) are measured at time 𝑡, and the function f represents the underlying

dynamical system that is to be discovered. By calculating the temporal derivatives from the

snapshot data, SINDy forms the following covariates and targets:

X =

©­­­­­­­­«

x(𝑡1)

x(𝑡2)
...

x(𝑡𝑛)

ª®®®®®®®®¬
, ¤X =

©­­­­­­­­«

¤x(𝑡1)

¤x(𝑡2)
...

¤x(𝑡𝑛)

ª®®®®®®®®¬
.

A function library is constructed with 𝑝 candidate model terms so that𝚯(X) = [𝜃1(X) · · ·𝜃𝑝(X)] ∈

R𝑛×𝑝 . The candidate functions can be polynomials, sinusoids, exponentials, and so on. In

summary, we hope to derive a sparse model between X and
¤X such that

¤X = 𝚯(X)𝚵, (4.2)

where the unknown sparse matrix 𝚵 = (𝝃1 𝝃2 · · · 𝝃𝑛) ∈ R𝑝×𝑛 enables the correct identification

of the dynamics.

Difference to classical sparse regression settings

The statistical model of sparse identification of dynamical system is different from many prior

classical settings in sparse recovery [40, 42]. In this model, we have (i) an ill-conditioned
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design matrix, (ii) mutually coherent columns, and (iii) irregular noises. These differences

could suggest and promote very different learning algorithms for sparse subset recovery.

We first notice that x(𝑡) = [x(𝑡1), x(𝑡2), ..., x(𝑡𝑚)] is a time-series with strong temporal

dependency. For dynamical system discovery, having larger sample size 𝑛 typically represents

finer temporal sampling rates (or equivalently smaller timesteps Δ𝑡 = 𝑡𝑖+1 − 𝑡𝑖) [152]. For

very small Δ𝑡, sample pairs (x(𝑡𝑖), x(𝑡𝑖+1)) can be near identical. Therefore, in the context of

dynamical systems discovery, the effective sample size is generally very small. Additionally,

due to practical constraints, many experiments are difficult to replicate so the measurements

could only come from a single trajectory, e.g. the predator-prey data [256].

Therefore, the design matrix in this setting will be ill-conditioned from potentially similar

linear copies, and the lowest eigenvalue of the sample covariance matrix could go to zero with

a rate of 𝒪
(

1

𝑛

)
. Ill-conditioned input matrices challenge the commonly used lower eigenvalue

and mutual incoherence conditions in many literature for variable selection consistency

(c.f. [278] 7.43).

Additionally, in the context of dynamical system discovery, the library of functions are

mutually coherent. For example, a commonly used function in the Fourier library sin(𝑧) can

be Taylor approximated via 𝑧 and 𝑧3
(which exists in the polynomial library). In general,

random variables 𝑧, 𝑧2
, and 𝑧3

are not independent. This directly challenges the mutual

incoherence condition (c.f. [278] [7.43b]) which requires features to be close orthogonal.

Furthermore, considering the stochasticity in the measurements, the observation noise will

be transformed into a non-trivial and heteroscedastic noise distribution, which makes the

estimation of the tail much more complex for uncertainty quantification.

In short, the SINDy problem exists in a setting that lacks an orthogonal design and

involves a complex noise distribution. Although SINDy often addresses an over-determined

system (characterized by a tall-skinny matrix), the ill-conditioned nature of the design matrix

still leads to a complex nullspace, where multiple approximately correct solutions are possible.

Therefore, simply assuming SINDy to be a straightforward classical regression problem

oversimplifies its complexity, yet this misconception is common.
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Application of SINDy in scientific machine learning

Typically, SINDy [32] applies STLS estimation to perform sparse inference, which is a proxy

for ℓ0 optimization [321, 320] with convergence guarantees [314]. Hirsh et al. [126] perform

Bayesian sparse inference in model discovery via Spike-and-slab and regularized horseshoe

priors. Fasel et al. [90] combine bootstrap resampling to perform uncertainty estimation with

observed acceleration in variable selection for system identification. SINDy has been applied

to diverse physical systems including fluid dynamics [180, 181, 179, 113, 69, 38], nonlinear

optics [254], turbulence closures [18, 19, 240], ocean closures [312], chemical reactions [131],

plasma dynamics [67, 4, 144], structural modeling [162], granular materials [318], and for

model predictive control [140]. Extensions of SINDy include the identification of partial

differential equations [234, 238], parametrically dependent dynamical models [233], multiscale

physics [47], time-dependent PDEs [52], rational function nonlinearities [189, 139], switching

dynamical systems [188], control inputs [140], constraints on symmetries [180], control

for stability [143], control for robustness [4, 239, 223, 224, 194, 194], stochastic dynamical

systems [28, 37], multidimensional approximation on tensors [106], and video data in pixel

space [46, 9, 99].

4.2.2 Variable selection, bootstrap resampling, and uncertainty quantification

From the perspective of uncertainty quantification, sparse models have different approaches

for uncertainty estimation. The bootstrap method is one way to obtain an uncertainty estimate

of sparse regression. Chatterjee and Lahiri [50] first showed residual-bootstrap of LASSO is

inconsistent. Chatterjee and Lahiri [51] then showed that the residual-bootstrap of adaptive

LASSO estimator is asymptotically consistent. Extending from the bootstrap approximation,

Bayesian methods are more favorable for obtaining uncertainty estimates of sparse models

with sparsifying priors. Mitchell and Beauchamp [196] first established Spike-and-slab models.

These were further developed by George and McCulloch [107]. Ishwaran and Rao proposed

the general theoretical framework of Spike-and-slab prior in [137]. Carvalho, Polson, and Scott

utilized the horseshoe prior [44, 45] to perform Bayesian sparse inference. Computations of the
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above-mentioned Bayesian methods rely heavily on hierarchical MCMC sampling. Ročková

and George [228] proposed Spike-and-slab LASSO that focuses on mode searching instead

of traversing the entire distribution. Nie and Ročková [207] applied Bayesian bootstrap

to Spike-and-slab LASSO to obtain uncertainty estimation with a first-order correctness

guarantee. The Spike-and-slab LASSO method is a thresholding procedure(c.f. [207] Eqn. (4)).

Giurcanu established the analysis to show the consistency of the residual bootstrap for the

thresholding least squares estimator (TLSE) [109].

Bootstrap resampling and aggregation can frequently improve the performance of unstable

estimators. Bühlmann and Yu [33] examined this idea through case studies in bagging with

indicators and subsampling aggregating decision trees. Bühlmann and Yu [34] also introduced

sparse boosting to obtain good performance in ℓ2. Later in Bolasso [7], Bach proposed a

LASSO method that is model consistent via bootstrapping with improved performances in

variable selection. Meinshausen and Bühlmann established stability-based selection which

provides a consistent variable selection process [193]. They showed the error control bound

of false discovery variables and theoretical guarantee of randomized LASSO algorithm under

sparse eigenvalue condition. Recently, Werner [290] proposed loss-guided stability selection;

Soloff, Barber and Willett showed bagging can provide algorithm stability that is free of

assumption [251].

4.3 Sequential thresholding least-square in sparse regression

In this section, we establish the theoretical foundations of the STLS estimator in a sparse

linear model. We constrain our analysis to the primary effect of STLS by only performing

the thresholding procedure twice from the ordinary least-squares estimate, which is more

accessible for theoretical analysis and occurs often in practice [314].

Consider a linear model that

y = X𝛽 + 𝜖, (4.3)

where y ∈ R𝑛 is the response; X ∈ R𝑛×𝑝 is the covariate which contains 𝑛 samples and 𝑝
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features; 𝛽 ∈ R𝑝 is an unknown parameter corresponding to the 𝑝 features; and 𝜖
iid∼ 𝑃 is the

noise following a distribution 𝑃 on R satisfying E [𝜖] = 0, and var(𝜖) = 𝜎2 < ∞. Denote X𝑗 to

be the j-th column (feature) of the data. To facilitate the analysis, we recenter the response

and standardize the covariates so that the sample means of Y and each X𝑗 to be 0, and the

sample variance of each X𝑗 to be 1. In the context of SINDy (Eqn. (4.2)), the function library

Θ(X) provides the covariate matrix X; X represents the response vector y; and Ξ is equivalent

to the unknown parameter 𝜷.

For system identification, we wish to obtain a sparse model that is the most explainable.

We set 𝑞 to be the number of non-zero components of 𝛽 so that 𝑞 < 𝑝. In our setting, we

consider the model size 𝑝 to be of the same (asymptotic) scale to that of the sample 𝑛 under

sparsity constraints on 𝛽. We focus on the case when 𝑛 > 𝑝 with independent experimental

trials.

4.3.1 Thresholding least-squares estimate

Let 𝛽̄ be the ordinary least-squares (OLS) solution of 𝛽 such that

𝛽̄ = (X⊤X)−1X⊤y. (4.4)

We define 𝜌1 , 𝜌2 to be the minimum and the maximum eigenvalues of
1

𝑛X⊤X. One can

achieve asymptotic normality via Lindeberg-Feller central limit theorem (CLT) with the

following conditions.

Lemma 6. Given the following conditions:

(3.1.a) E [𝜖] = 0, var(𝜖) = 𝜎2 < ∞, and E
[
𝜖4

]
< ∞ where 𝜖 i.i.d.∼ 𝑃.

(3.1.b) 𝜌1 > 0,max𝑖(X⊤𝑖 X𝑖) = 𝑂(𝑝), and 𝑝/(𝑛𝜌1) = 𝑜(1). Then ∀𝑎 ∈ R𝑝 , and ∥𝑎∥2
2
= 1,

a⊤(𝛽̄ − 𝛽) 𝑑−→ 𝒩
(
0, 𝜎2a⊤(X⊤X)−1a

)
, (4.5)
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and for 𝛿 ∈ (0, 1) we have

P
(
a⊤(𝛽̄ − 𝛽) ≥

√
2𝜎2

log(1/𝛿)a⊤(X⊤X)−1a
)
≤ 𝛿. (4.6)

Condition (3.1.a) imposes constraints only on the noise, whereas condition (3.1.b) requires

the design matrix to satisfy certain regularity properties. Together, these assumptions are

tailored to capture scenarios involving ill-conditioned design matrices. We show a proof

of Lemma 6 in the Appendix. From Lemma 6, we can have a tail bound of the OLS with

probability at least 1 − 𝛿,

a⊤(𝛽̄ − 𝛽) ≤ 𝜎
√

2 log(1/𝛿)a⊤(X⊤X)−1a. (4.7)

However, without further assumption on the noise, the tail behavior of the OLS is only valid

in the asymptotic sense. Therefore, in the following Lemma 7, we make a stronger assumption

with Gaussian noise to capture the rate of convergence in the non-asymptotic sense. We first

introduce the following assumption that

𝜖
i.i.d.∼ 𝒩(0, 𝜎2I𝑛),

where I𝑛 represents an identity matrix with 𝑛 rows and 𝑛 columns.

Let 𝐼 to be the set of all indices where 𝐼 = {1, ..., 𝑝}. Here, we let𝐾𝛽 be the non-active indices

that 𝐾𝛽 = {𝑗 ∈ 𝐼 : 𝛽 𝑗 = 0}, and we define 𝐽𝛽 to be the active indices that 𝐽𝛽 = {𝑗 ∈ 𝐼 : 𝛽 𝑗 ≠ 0}.

Let 𝐾̂ be the thresholding estimator of the set of non-active indices of 𝛽. To distinguish

between different estimators, we use a subscript notation (e.g. 𝐾̂𝑆𝑇𝐿𝑆) to specify the particular

estimator. Motivated by Lemma 6 and the Gaussian tail bound, we set the STLS estimate of

𝐾̂ to be

𝐾̂𝑆𝑇𝐿𝑆 = {𝑗 ∈ 𝐼 : |𝛽̄ 𝑗 | ≤
√

2𝜎2
log(1/𝛿)(X⊤X)−1

𝑗 𝑗
}. (4.8)
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The sequential thresholding least-squares estimator in our paper (𝛽̂) is defined as the following:

𝛽̂ = arg min

𝑏∈R𝑝
{
(y − X𝑏)⊤(y − X𝑏) : 𝑏𝐾̂ = 0

}
, (4.9)

where 𝑏𝐾̂ = 0 represents that ∀𝑗 ∈ 𝐾̂, 𝑏 𝑗 = 0.

Equivalently, we can write 𝛽̂ as


𝛽̂𝐾̂𝑆𝑇𝐿𝑆 = 0,

𝛽̂𝐽𝑆𝑇𝐿𝑆 =
(
X⊤
𝐽𝑆𝑇𝐿𝑆

X𝐽𝑆𝑇𝐿𝑆

)−1

X⊤
𝐽𝑆𝑇𝐿𝑆

y,
(4.10)

where 𝐽𝑆𝑇𝐿𝑆 = 𝐼\𝐾̂𝑆𝑇𝐿𝑆, and X𝐽 denotes the matrix containing all columns of X indexed by 𝐽.

We define the False Discovery Probability (FDP) as follows. Given the non-active set

estimation as 𝐾̂, the FDP is defined as

FDP = 1 − P
(
𝐾𝛽 ⊂ 𝐾̂

)
. (4.11)

The FDP characterizes the probability of whether the current estimate 𝐽 = 𝐼 \ 𝐾̂ contains false

discovery. This metric is stronger compared to the False discovery rate (FDR) due to the fact

that the FDR must be 0 when 𝐾𝛽 ⊂ 𝐾̂ is true.

Similarly, we define the True Discovery Probability (TDP) such that

TDP = P
(
𝐾̂ ⊂ 𝐾𝛽

)
. (4.12)

The TDP characterizes the probability of whether the current estimate 𝐽 contains all true

active coefficients. This metric is also stronger compared to the true positive proportion (TPP)

due to the fact that the TPP must be 1 when 𝐾̂ ⊂ 𝐾𝛽 is true.

From [109], we present the following Lemma under a Gaussian tail assumption in the

following.

Lemma 7. Suppose that the following conditions hold:

(3.2.a) 𝜖𝑖
i.i.d.∼ 𝒩(0, 𝜎2I𝑛).
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(3.2.b) 𝑞

𝑛 = 𝑜(1).

(3.2.c) 𝜌1 > 0 and 𝜌1 min𝑖∈𝐽 |𝛽𝑖 |
𝜎2

= 𝜔
(

log(𝑛)
𝑛

)
.

Then 𝛽̂ has the oracle property P(𝐾̂ = 𝐾𝛽) = 1 since the following holds:

(i) The False Discovery Probability (FDP) satisfies

1 − P
(
𝐾𝛽 ⊂ 𝐾̂𝑆𝑇𝐿𝑆

)
≤ 𝑞

𝑛
. (4.13)

(ii) The True Discovery Probability (TDP) satisfies

P
(
𝐾̂𝑆𝑇𝐿𝑆 ⊂ 𝐾𝛽

)
≥

1 − 2

©­«−1

2

©­«
(
𝑛1/2𝜌1/2

1
min𝑖∈𝐽𝛽 |𝛽𝑖 |
𝜎

−
√

2 log(𝑛)
)2

− 2 log(𝑞)ª®¬ª®¬ . (4.14)

4.4 Bagging sequential thresholding least-square estimator

Bootstrap aggregating (bagging) is a computational technique to perform uncertainty quan-

tification, variance reduction, and bias estimation. The benefit of the bagging [30] often comes

from that fact that it could stabilize unstable statistics [33] (cf. Definition 1.2). In the case of

the STLS estimator, the inclusion of an indicator function makes the STLS unstable. As stated

in Sec. 2 in [33], we expect to see a boosted effect from bagging due to the smoothing instead

of the hard thresholding operation. We present the Bagging Inclusion Probability-based

(BIP-based) STLS estimate along with the estimation via inclusion probability which can

also be understood as a selection probability [193]. We analyze and claim that the inclusion

probability-based variable selection can achieve the same oracle property with less restrictive

assumptions on sample size.
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4.4.1 Bagging inclusion probability STLS

Algorithm 3 Bagging inclusion probability thresholding least-square estimation

Input: Covariate matrix X ∈ R𝑛×𝑝 , target vector y ∈ R𝑛 , threshold 𝛾, subsample proportion 𝑐,

inclusion probability threshold 𝑝𝑐 , noise level 𝜎.

Output: Estimated support set Ĵ
1: function BaggingInclusionProbability(X, y, 𝛾, 𝑐, 𝑝𝑐 , 𝜎)

2: IncludeList = List();
3: for 𝑖 in 1, 2, · · · , 𝑛 do
4: X𝑏 , y𝑏 = Subsample(X, y, 𝑐);
5: 𝜷𝑏 = LeastSquares(X𝑏 , y𝑏);
6: thresholds1:𝑝 = 𝜎

√
𝛾

((X𝑏)⊤X𝑏) ;

7: include1:𝑝 = BooleanVector

(
|𝜷𝑏 | > thresholds

)
;

8: IncludeList.append(include);
9: end for

10: InclusionProb1:𝑝 =
1

𝑛

∑𝑛
𝑖=1

IncludeList[𝑖];
11: Ĵ1:𝑝 = BooleanVector(InclusionProb > 𝑝𝑐);
12: return Ĵ
13: end function

We use 𝐵 bootstrap replicates and create 𝐵 estimates denoted by {𝐾̂𝑏
𝑆𝑇𝐿𝑆
}𝐵
𝑏=1

. We apply

the standard bootstrap procedure to facilitate later analysis of distributional convergence

in Sec. 4.5. In the current subsection, we consider the bagging estimate of the inclusion

probability of 𝑗 ∈ 𝐼 with a constant thresholding probability 𝑝𝑐 where

𝐾̂𝐵𝐼𝑃 =

{
𝑗 ∈ 𝐼 :

(
1

𝑛

𝑛∑
𝑏=1

1

{
|𝛽̄𝑏𝑗 | > 𝜎

√
2 log(1/𝛿)
(X𝑏⊤X𝑏)𝑗 𝑗

})
≤ 𝑝𝑐

}
,

where 1 {·} is an indicator function that takes value 1 if the event in brackets is true and 0

otherwise.

The idea of bagging inclusion probability estimation 𝐾̂𝐵𝐼𝑃 (demonstrated in Algorithm 3)

is very straightforward. We count the number of index 𝑗 that appear in all bootstrap replicates

𝐾̂𝑏
𝑆𝑇𝐿𝑆

and divide the count by 𝑛. If the inclusion probability for an index 𝑗 is low (e.g.

𝑝 𝑗 < 0.05), we say 𝑗 is not active since most bootstrap replicates do not contain 𝑗. On the other

side, we say the index 𝑗 is active when the inclusion probability is high. We note here that

Algorithm 3 simplifies to STLS algorithm when the for loop is omitted and all the data is used
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for least-squares (by setting 𝑐 = 0). In other words, without the bootstrap resampling steps,

Algorithm 3 reduces to the standard STLS estimation. We note that, to facilitate theoretical

analysis, the bagging inclusion probability STLS algorithm simplifies the original E-SINDy

algorithm by using (i) only two rounds of the thresholding procedure and (ii) the bootstrap

mean instead of the bootstrap median.

4.4.2 The analysis on bagging inclusion probability estimation

In the following, we show that the bagging inclusion probability estimate 𝐾̂𝐵𝐼𝑃 has ℓ0

consistency that, with a sufficient number of samples, 𝐾̂𝐵𝐼𝑃 will converge to the correct 𝐾𝛽.

We use the following theorem to show the goodness of the bootstrap inclusion probability

estimator 𝐾̂𝐵𝐼𝑃 .

Theorem 5. Suppose that the following conditions hold and let Φ(·) be the CDF of the standard normal

distribution:

(4.1.a) 𝜖𝑖
i.i.d.∼ 𝒩(0, 𝜎2I𝑛).

(4.1.b) 𝑞

𝑝 = 𝑂(1), 𝑝

exp(𝑛) = 𝑜(1).

(4.1.c) For any bootstrap replicate X𝑏 , the lowest eigenvalue of 1

𝑛X𝑏⊤X𝑏 is lower bounded by 𝑟0𝜌1

where 𝑟0 ∈ R is a constant.

(4.1.d) 𝜌1 > 0, and 𝜌1 min𝑖∈𝐽 |𝛽𝑖 |
𝜎2

= 𝜔
(

log(𝑛)
𝑛

)
.

Then, we have the following:

(i) The False Discovery Probability (FDP) satisfies

1 − P
(
𝐾𝛽 ⊂ 𝐾̂𝐵𝐼𝑃

)
≤ (𝑝 − 𝑞) exp

(
1

3

− 𝑛𝑝𝑐
3

)
. (4.15)

(ii) Define 𝑝 𝑗min
= min𝑗∈𝐽𝛽 Φ

(√
𝑛𝑟0𝜌1|𝛽𝑖 |

𝜎 −
√

2 log(𝑛)
)
. The True Discovery Probability (TDP)

satisfies

P
(
𝐾̂𝐵𝐼𝑃 ⊂ 𝐾𝛽

)
≥ 1 − 𝑞 exp

(
− 𝑝2

𝑐

3𝑝 𝑗min

+ 2𝑝𝑐

3

−
𝑛𝑝 𝑗min

3

)
. (4.16)
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(iii) Under (4.1.d), we have the Oracle Property that

P
(
𝐾̂𝐵𝐼𝑃 = 𝐾𝛽

)
→ 1. (4.17)

We defer the proof to the Appendix. This proof achieves an explicit rate of convergence

from the Gaussian tail assumption in (4.1.a) with the associated concentration bound. We

require (4.1.b) to show the asymptotic convergence and (4.1.c) to control the quality of the data

after bootstrap replication. Generally, one could expect the least-square estimate of sparse

coefficients will shrink towards 0. The inclusion probability estimated by bootstrapping will

be more accurate as the sample size increases, so the sparse subset estimation will become

more robust given a reasonable threshold probability.

It is important to understand the role of (4.1.d), where the lowest eigenvalue can go to zero

with increasing 𝑛, but needs to be asymptotically larger than 𝒪
(

log(𝑛)
𝑛

)
. This shrinking lowest

eigenvalue assumption can violate the mutual incoherence condition for LASSO recovery

(c.f. [278] [7.43b]). In Sec. 6.2, we will use synthetic simulation to demonstrate how LASSO

loses its advantage in this regime.

From Thm. 5, we know 𝐾̂𝐵𝐼𝑃 is a very good estimator of𝐾𝛽 with an exponential convergence

rate for both FDP and TDP. STLS could only reach exponential behavior on one side (either

FDP or TDP) but not both. The exponential rate shows rapid decay in FPD and rapid increase

in TPD in Sec. 6. Utilizing this good estimation on 𝐾𝛽, one expects to achieve accurate

inference on the unknown parameter 𝛽 with many estimators.

Determine a threshold probability. The setting of hyperparameters is not negligible

for sparse regression methods. For example, LASSO depends heavily on the ℓ1 constraint

and STLS requires a reasonable least-square threshold. Bagging inclusion probability-based

variable selection provides an alternative to determine the threshold probability via data

analysis. The inclusion probability usually shows a clear gap between active and non-active

indices. We define this gap as Δ and formalize this idea by extending Thm. 5 with the

following Lemma.

Lemma 8. Suppose that the following conditions hold and let Φ(·) be the CDF of standard normal
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distribution:

(4.2.a) 𝜖𝑖
i.i.d.∼ 𝒩(0, 𝜎2I𝑛).

(4.2.b) For any bootstrap replicate X𝑏 , the lowest eigenvalue of 1

𝑛X𝑏⊤X𝑏 is lower bounded by 𝑟0𝜌1

where 𝑟0 ∈ R is a constant.

(4.2.c)𝜌1 > 0, 𝜖 satisfies 𝜖+ 1

𝑛 < 𝑝 𝑗min
with the definition that 𝑝 𝑗min

= min𝑗∈𝐽𝛽 Φ
(√

𝑛𝑟0𝜌1|𝛽𝑖 |
𝜎 −

√
2 log(𝑛)

)
.

Then, the inclusion probability gapΔ satisfiesΔ > 𝜖with probability at least 1−𝑝𝑒−𝑛( 1

2
𝑝 𝑗

min
− 𝜖

2
− 1

2𝑛 )2/2

where 𝜖 is a constant that 𝜖 ∈ (0, 𝑝 𝑗min
).

The previous Lemma 8 is derived via a similar process to the proof of Thm. 5. Consider

the case when 𝑝 = 30, 𝑛 = 100, according to the bound, we have with probability at least 97%

that we can observe the inclusion probability gap between the minimum of active indices

and the maximum of non-active indices greater than 0.2. By running the algorithm once,

one could clearly determine the active set of indices, and utilize this information to select

the threshold probability. We further wish to note that in practice, the gap should be even

more obvious compared to the above Lemma - as we simplified the discussion of ℐ1 in the

proof. In numerical experiments, the gap could be very significant where we observe the

inclusion probabilities of active indices are empirically lower bounded by 0.99, and non-active

indices empirically are upper bounded by 0.01. Even under cases with exceptionally high

observation noise, it is accessible to perform cross-validation and use the threshold that has

the lowest validation error.

4.5 Uncertainty quantification with bootstrap

In practice, it is essential to understand the uncertainty of parameter inference. Bootstrapping

is one of the most classical computational methods to quantify uncertainty. Bootstrap

uncertainty estimates are frequently preferred for "non-asymptotic" sample size [279]. In

the context of sparse identification of dynamical systems, bootstrapping is an important

technique for uncertainty estimation where the noise often follows a complex distribution.

We first recall the residual-bootstrap inference process from [94, 80]. Define sample

residuals 𝐸1:𝑛 = {𝜖1 , ..., 𝜖𝑛} that 𝜖𝑖 = y𝑖 − X⊤
𝑖
𝛽̂. Let P = 𝑛−1

∑𝑛
𝑖=1

𝛿𝜖𝑖 to be the empirical
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distribution where 𝛿𝜖𝑖 is a point mass. By sampling with replacement, we obtain a bootstrap

sample 𝐸∗
1:𝑚

= {𝜖∗
1
, ..., 𝜖∗𝑚} which consists of 𝑚 conditional i.i.d. samples from P. Then we

apply the resampled residuals to the target via y∗
𝑖
= X⊤

𝑖
𝛽̂ + 𝜖∗

𝑖
.

A very natural way is to construct bootstrap replicates using arg min𝑏∈R𝑝
{
(y∗ − X𝑏)⊤ (y∗ − X𝑏) : 𝑏𝐾̂∗ = 0

}
where 𝐾̂∗ is estimated from different bootstrap replicates. However, in this case, each boot-

strap replicate will potentially have different sparse subset estimation 𝐾̂∗, which could be

troublesome to analyze in theory. Therefore, we utilize 𝐾̂𝐵𝐼𝑃 defined in the previous section

which could similarly make use of all the bootstrap replicates and, at the same time, avoid

the randomized behavior of bootstrapped subset estimation in theory. In other words, we

consider the estimator 𝛽̂∗ is computed via that

𝛽̂∗ = arg min

𝑏∈R𝑝

{
(y∗ − X𝑏)⊤ (y∗ − X𝑏) : 𝑏𝐾̂𝐵𝐼𝑃 = 0

}
. (4.18)

From each bootstrap replicate 𝛽̂∗, the starred residuals are defined as 𝜖̂∗
1:𝑚

= y∗ − X𝛽̂∗.

Notice it is different from the setting in prior work [109] which only utilizes 𝛽̂. The bootstrap

version of standard error estimates are

𝜇∗𝑚 =
1

𝑚

𝑚∑
𝑖=1

𝜖̂∗𝑖 and 𝜎̂∗
2

𝑚 =
1

𝑚

𝑚∑
𝑖=1

𝜖̂∗
2

𝑖 − 𝜇∗
2

𝑚 .

From the bootstrap estimate of the standard error, we define 𝑠𝑚 as

𝑠𝑚 = 𝑛−1𝜎̂∗
2

𝑚a⊤
𝐽

(
X⊤
𝐽

X𝐽

)−1

a𝐽 . (4.19)

4.5.1 Consistency of bootstrap inference

To understand the consistency of bootstrap inference in an asymptotic sense. It facilitates an

asymptotically correct distributional estimation of the pivot quantity

√
𝑛

(
𝛽̂ − 𝛽

)
from Monte

Carlo samples of

√
𝑛

(
𝛽̂∗ − 𝛽̂

)
. Based on the selection probability, one could propose bootstrap

replicates using 𝛽̂∗ based on 𝐾̂𝐵𝐼𝑃 . The bagging inclusion probability-based bootstrapping

uncertainty quantification does not require any extra distributional assumptions, which is an

important advantage for practical applications. Under the following conditions, we can see
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the bootstrap distribution ℒ(𝑠∗−1/2
𝑚 𝑎⊤(𝛽̂∗𝑚 − 𝛽̂) | y) is consistent.

Theorem 6. Suppose that the following conditions hold:

(5.1.a) E [𝜖] = 0, var(𝜖) = 𝜎2 < ∞, 𝜖 i.i.d.∼ 𝑃.

(5.1.b) 𝜌1 > 0,max𝑖(X⊤𝑖 X𝑖) = 𝑂(𝑝), and 𝑝/(𝑛𝜌1) = 𝑜(1).

(5.1.c) The min and max eigenvalues 𝜌1, 𝜌2 satisfy 𝜌1𝜌−1

2
𝛾2−𝑞

𝑞1/2 →∞ where 𝛾 ∈ R is a thresholding

parameter.

(5.1.d)
𝜌1𝜌−1

2

(
𝑛1/2𝜎−1𝜌1/2

1
min𝑗∈𝐽𝛽 |𝛽 𝑗 |−𝛾

)
2

−𝑞
𝑞1/2 →∞.

Then, for 𝑎 ∈ R𝑝 and ∥𝑎∥2
2
= 1, we have

ℒ(𝑠−1/2
𝑚 𝑎⊤(𝛽̂∗𝑚 − 𝛽̂)|y) 𝑃𝑟−→ 𝒩(0, 1), (4.20)

for 𝛽 ∈ Θ.

Here, ℒ(·|y) denotes the conditional law (distribution) of the random variable given y.

We demonstrate the proof of Thm. 6 in the Appendix motivated from [109] by utilizing

the Lindeberg-Feller Central Limit Theorem. This theorem demonstrates that the bagging

inclusion probability-based bootstrapping uncertainty quantification is consistent in the

asymptotic sense under the finite variance assumption in (5.1.a). We note here that the finite

variance assumption is much weaker compared to the assumption in prior work. We require

(5.1.b) to keep the Gram matrix well-behaved as the library size grows. The lowest eigenvalue

𝜌1 may shrink with 𝑛, but the least-squares estimates remain stable. The conditions (5.1.c)

and (5.1.d) are used to control the thresholding parameter 𝛾 and the minimum of active

coefficients min𝑗∈𝐽𝛽 |𝛽 𝑗 |. We ensure the physics does not decay with increasing 𝑛 and the

thresholding parameter is within a reasonable range. The asymptotic consistency provides

theoretical evidence of our algorithm for uncertainty quantification.

4.5.2 Connection to Bayesian uncertainty quantification

Bayesian MCMC with sparsifying priors gives a full Bayesian approach for sparse model

inference [137, 126]. Exemplified with a Spike-and-slab prior, we use a hierarchical Bayesian
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model for UQ-SINDy [126] such that

𝛽 𝑗 | 𝜆 𝑗 ∼ 𝜆𝑗𝒩(0, 𝑐2) + (1 − 𝜆 𝑗)𝒩 (0, 𝜖2),

𝜆 𝑗 ∼ 𝐵𝑒𝑟(𝜋), (4.21)

with normal likelihood model (c.f. [126] Eqn. (3.3)), and 𝐵𝑒𝑟(·) denotes the Bernoulli distribu-

tion. The likelihood model in UQ-SINDy employs an integration over the entire trajectory,

which is equivalent to having an estimating equation with more constraints. In theory, we

consider a simplified version via Bayesian sparse linear regression in the following. We note

here that the UQ-SINDy is likely to have a much lower sample complexity compared to this

simplification, though demonstrating this rigorously is challenging. A classical result shows

that the unrescaled spike and slab model admits the form of generalized ridge regression,

and its posterior mean asymptotically converges in probability to the OLS. This implies that

the spike and slab model estimation also converges in distribution to the OLS estimate.

Define the Wasserstein-2 (W2) distance [275] of two probability distributions (measures)

𝜇 and 𝜈 to be

𝒲2

(
𝜇, 𝜈

)
= inf

𝜋∈Π(𝜇,𝜈)

(
E(𝑥,𝑦)∼𝜋

[

𝑥 − 𝑦

2

2

] )
1/2
, (4.22)

where Π(𝜇, 𝜈) is the set of all couplings (possible joint distrbutions) between 𝜇 and 𝜈. We

have the following Theorem.

Theorem 7. Following the same assumptions in Thm. 6, we have the asymptotic distribution of

bagging inclusion probability estimation 𝛽̂∗ and spike and slab model estimate 𝛽̃𝑆𝑆𝐿 satisfies

𝒲 2

2
(ℒ(𝛽̂∗),ℒ(𝛽̃𝑆𝑆𝐿)) → 0. (4.23)

Here, 𝒲 2

2
(·, ·) denotes the square of the Wasserstein-2 distance. The convergence in

Wasserstein distance demonstrates that the Bayesian spike and slab distributional estimate is

asymptotically equivalent to the bagging inclusion probability distributional estimate.

Another viewpoint is from the combination of Bayesian bootstrap Spike-and-Slab



Sec. 4.5. Uncertainty quantification with bootstrap 135

Table 4.1: The computational difference in CPU time (seconds) for Bayesian UQ-SINDy [126] and

Ensemble SINDy [90] in a Lotka–Volterra system.

𝑛 = 50 𝑛 = 100 𝑛 = 150 𝑛 = 250

Bayesian 2.9 × 10
4

4.1 × 10
4

5.8 × 10
4

3.4 × 10
4

Ensemble 12.7 17.0 17.3 18.0

LASSO [228] using Expectation-Maximization Variable Selection [227, 282]. The Spike-

and-Slab LASSO is a thresholding procedure. The threshold of index 𝑗 is estimated by

Δ𝑗 = inf𝑡>0

(
||𝑋𝑗 ||2𝑡/2 − 𝜎2

(
−𝜆1|𝑡| + log

(
𝑝★𝜃(0)
𝑝★𝜃(𝑡)

)))
, where 𝑝★𝜃(𝑡) =

𝜃𝜓1(𝑡)
𝜃𝜓1(𝑡)+(1−𝜃)𝜓0(𝑡) , 𝜓0(·) denotes

a spike distribution, and 𝜓1(·) denotes a slab distribution. The TLS estimate approximates Δ𝑗

by 𝛾𝜎̄𝑗 𝑗 which can be understood as a carefully constructed 𝜓0(·),𝜓1(·). The bagging-based is

an approximation to the Bayesian bootstrap [231]. Therefore, the bootstrapping STLS is an

approximation of a Bayesian bootstrap Spike-and-Slab LASSO process (BB-SSL). The BB-SSL

can perform uncertainty quantification with a minimax-optimal concentration rate [207],

which can also serve as a connection to the distributional estimate of the Bayesian.

A major drawback of the Bayesian Spike-and-slab prior comes from its computational

requirement. We formulate the following Remark to state the computational difference.

Bayesian MCMC with Spike-and-slab model has computational complexity for each

iteration that scales as Ω(𝑛2𝑝) [25]. Thus bagging inclusion probability has computational

complexity for each bootstrap replicate of 𝒪
(
𝑛𝑝2

)
.

Computational cost

For dynamical system identification problems under the 𝑛 > 𝑝 regime, the computational

complexity of bootstrap is lower compared to the Bayesian MCMC method. To obtain 𝑛MCMC

samples from the Spike-and-slab model, the lower bound of computational complexity scales

with Ω(𝑛3). Additionally, in theory, the mixing time of MCMC is generally dependent on the

condition number 𝑅 with 𝒪̃(𝑛2𝑅2). Some recent efforts on Condition-number-independent

rate will result in a complexity that scales with the sample size from 𝒪̃(𝑛2) to 𝒪̃(𝑛3) [154].

Alternatively, the bootstrap approximation only requires a computational upper bound𝒪(𝑛2).

In real experiments for physical model discovery, as shown in Table, 4.1, the expected running

time of the spike-and-slab model can be much higher than 𝑛3
due to the inflated mixing
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time from the ill-conditioned design matrix. Typically, performing Bayesian UQ-SINDy

(spike-and-slab) with 150 samples would require around 16 hours, which is over 3, 000 times

more expensive compared to the execution time of Ensemble SINDy (around 17 seconds).

We note that in high-dimensional regimes with 𝑝 ≫ 𝑛, however, Bayesian spike-and-slab

methods could be more favorable.

4.6 Experiments

In the following subsections, we apply bagging inclusion probability STLS to various cases,

including synthetic linear regression and physical model discovery. We first investigate sparse

linear regression under different data generation models. Compared to baseline methods, the

bagging inclusion probability STLS outperforms other methods in terms of variable selection.

Additionally, we study the robustness of hyperparameters in changing noise and sparsity

levels. Bagging inclusion probability STLS has very stable performances with respect to the

changing experimental settings while other methods fail to achieve stable performance. For

governing equation discovery, we observe E-SINDy with bagging inclusion probability STLS

can perform correct variable selection and uncertainty quantification. The estimation bias

quickly reduces with more observation points and the uncertainty estimation is valid under

noisy settings.

4.6.1 Implementation

There exists several variants of bagging-based STLS in practice. One strategy is to construct

common statistics from the bootstrap samples, like the mean, median, and maximum. For

example, we could consider the mean and variance of bootstrap samples to perform hypothesis

testing. Also, we may utilize the maximum of the absolute value of all bootstrap replicates

𝛽̂∗ with a threshold and select variables based on the inclusion probability. Constructing

different statistics may have different advantages and drawbacks from case to case.

In the numerical simulation, we specifically utilize a re-weighted bagging inclusion

probability selection using the out-of-bag (OOB) error which empirically achieves the best
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results. Instead of naively putting each bootstrap sample with equal weights, re-weighting

each sample based on its testing error helps to improve the performance of variable selection.

There have been similar ideas in loss-guided stability selection [290] and cross-validation

variable selection [244]. Intuitively, the mean squared error of a bootstrap replicate estimate

should be low when the subset selection is perfect but can be very high when the subset is

incorrect. Therefore, by adding the information from the testing loss, the bootstrap replicates

can be utilized in a better way. This variant has the same theoretical guarantee as Thm. 5 in

asymptotics. From our experimental study, re-weighting with OOB error can help to improve

the performance experimentally. We demonstrate the implementation in Algorithm 2 which

can be found in the Appendix.

4.6.2 Simulation of linear models: consistent variable selection

Simulation model setup

To compare fairly to the previous models, we first examine our model based on standard

model generation as in [109, 135]. Then, we incorporate more challenging settings with

very noisy environments. We also report a False discovery rate study following the setup

from [258]. The implementation is based on Python with NumPy for STLS, bootstrap STLS,

and sklearn for LASSO.

We consider the following models from X ∈ R𝑛×𝑝 with

y = X𝛽 + 𝜖, (4.24)

where 𝜖 ∼ 𝒩(0, 𝜎).

Model 1. [Linear regression, independent correlation structure] We set the data to

𝑝 = 30, 𝜎 = 1.0, 𝑋𝑖 ∼ i.i.d. 𝒩(0, 𝐼30). We set the coefficient 𝛽 to 𝛽1:15 = 0.0, 𝛽16:30 = 1.0.

Model 2. [Linear regression, mild toeplitz correlation structure] We set the data to

𝑝 = 30, 𝜎 = 0.6, 𝑋𝑖 ∼ i.i.d. 𝒩(0,Σ) where Σ𝑖 𝑗 = 𝑟 |𝑖−𝑗|, 𝑟 = 0.3. We set the coefficient 𝛽 to

𝛽1:15 = 0.0, 𝛽16:20 = 0.5, 𝛽21:25 = 1.5, 𝛽25:30 = 2.5.

Model 3. [Sparse regression for model discovery] We generate the design matrix 𝑋 using
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the following process. First generate 𝑧 = [𝑧1 , 𝑧2] where 𝑧 ∼ 𝒩(0, 𝐼2×2). From 𝑧, construct

𝑋 = Θ(𝑧) such that

Θ(𝑧) = [1, 𝑧1 , 𝑧2 , 𝑧
2

1
, 𝑧1𝑧2 , 𝑧

2

2
, 𝑧3

1
, 𝑧1𝑧

2

2
, 𝑧2

1
𝑧2 , 𝑧

3

2
, ..., 𝑧4

2
]⊤.

Finally, we use 𝛽 ∈ R15×2
to generate 𝑦 ∈ R𝑛×2

following (4.24). We study a synthetic Lotka-

Volterra setting with 𝛽[1, 0] = 1.0, 𝛽[5, 0] = −0.68, 𝛽[1, 1] = −1.5, 𝛽[5, 1] = 0.82 and all other

terms set to zero. Note that for this setting, we assume that the target (temporal derivatives)

are known and we directly generate the temporal derivatives from the Lotka-Volterra equation.

Evaluation metrics We study the three simulation models from a basic linear regression,

mild correlation structure [135], and sparse symbolic regression [32, 66, 241]. We access the

performance of variable selection by the defined metric that follows.

We consider a classical metric in variable selection using the empirical relative frequency

of correct identification. For index 𝑗, the relative frequency of correct identification is defined

as

𝑝̂ 𝑗 =


1

𝑆

∑𝑆
𝑠=1

1

{
𝛽̂𝑠
𝑗
= 0

}
, 𝑗 ∈ 𝐾𝛽

1

𝑆

∑𝑆
𝑠=1

1

{
𝛽̂𝑠
𝑗
≠ 0

}
, 𝑗 ∉ 𝐾𝛽

, (4.25)

where 𝑆 is the total number of simulations, 𝛽̂𝑠 =

(
𝛽̂𝑠

1
, . . . , 𝛽̂𝑆

𝑃

)⊤
is the estimation of 𝑠-th

simulation.

Simulation outcomes

In Fig. 4.2, we show the simulation outcome of the three simulation models. All models are

fine-tuned in the following process. We first select the optimal hyper-parameter of LASSO and

STLS. Then, we perform the bootstrapping inclusion probability selection process based on the

fine-tuned LASSO and STLS. Finally, we decide the inclusion probability threshold separately

for bagging inclusion probability-based LASSO and bagging inclusion probability-based

STLS. We replicate the experiments 200 times to compute the relative frequency.
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Figure 4.2: Relative frequency of three synthetic data generation models. Subfigures in the first line

show the simulation outcome of Model 1; subfigures in the second line show the simulation outcome

of Model 2; subfigures in the third line show the simulation outcome of Model 3. The BLASSO and

BSTLS stand for bagging LASSO and bagging STLS.

Model 1 generates independent experimental trails with 1.0 signal-to-noise ratio. We

set 𝛾 = 0.15𝑝 log(𝑝) for STLS, 𝜆 = 0.4 as ℓ1 constraint in LASSO. For both bagging inclusion

probability-based LASSO and bagging inclusion probability-based STLS, we subsample

80% of data and set the inclusion probability threshold to be 0.45. Comparing LASSO

and STLS, STLS has better performance with smaller sample size, but is relatively worse

when the sample size is large. For Bagging inclusion probability selection, both bagging

inclusion probability-based LASSO and bagging inclusion probability-based STLS improve

the performance of LASSO and STLS respectively. bagging inclusion probability-based STLS

outperforms all other methods for all sample sizes.

Model 2 generates design with mild correlation structure. We set 𝛾 = 0.1𝑝 log(𝑝) for STLS,

𝜆 = 0.2 as ℓ1 constraint in LASSO. For both bagging inclusion probability-based LASSO and

bagging inclusion probability-based STLS, we subsample 80% of data and set the inclusion

probability threshold to be 0.7. STLS has better performances with increasing number

of samples compared to LASSO. When 𝑛 = 60, notice the minimum of empirical relative

frequency of STLS is 98% while LASSO could only reach around 85%. The sample complexity
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of LASSO in this case is clearly higher compared to STLS since LASSO still fails to robustly

perform correct identification when 𝑛 = 150. The poor performance of LASSO affects the

bagging inclusion probability-based LASSO estimator, which even underperforms STLS. For

bagging inclusion probability-based STLS, it has similar performance compared to STLS

when the sample size is small, but performs much better with larger number of samples.

When 𝑛 = 150, bagging inclusion probability-based STLS performs perfect variable selection.

Model 3 generates a design matrix from the sparse physics model discovery setting. We

set 𝛾 = 50𝑝 log(𝑝) as a constant threshold for STLS, 𝜆 = 0.5 for ℓ1 constraint in LASSO. For

both bagging inclusion probability-based LASSO and bagging inclusion probability-based

STLS, we subsample 50% of data and set the inclusion probability threshold to be 0.8. In this

setting, the terms in 𝑋 are dependent on the latent variables. This dependence structure

violates many statistical conditions which are challenging for LASSO based estimators. In

Fig. 4.2 (i), (k), the LASSO based estimate of 𝛽0,0 is consistently incorrect with ℓ1 constraints

ranging from [0.01, 100.0]. For this setup, LASSO fails to identify any constant term from

symbolic regression. Even if the bagging inclusion probability-based method helps LASSO

to improve the relative frequency for the other terms, but the identification of 𝛽0,0 is still

incorrect. By contrast, STLS has good performances with increasing number of samples,

and bagging inclusion probability-based STLS significantly improves from STLS. Bagging

inclusion probability-based STLS behaves the best among these methods.

Robustness of hyper-parameters in varying sparse linear regression settings

In practice, one may not have any prior knowledge about the sparsity level of a specific system.

We exemplify the idea of hyperparameter robustness in this experiment. For example in

Model 1, we only know 𝑝 = 30, while 𝑞 can be an arbitrary value in the range [0, 30]. However,

in non-asymptotic regimes, the LASSO type of variable selection methods are very sensitive

to the choices of hyper-parameters. When 𝑞 is small (e.g. 𝑞 = 1), a large ℓ1 constraint is

preferred; while, in contrast when 𝑞 ≈ 𝑝, a small ℓ1 constraint is preferred. It is important to

understand if the hyperparameter setting can be generalized to practical experiments.

In the following, we perform the experiments similar to Model 1 with: (a) varying
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noise levels that 𝑞 = 15, 𝜎 = [0.25, 0.5, 0.75, 1.0] and (b) varying number of active terms

𝜎 = 0.5, 𝑞 = [1, 5, 10, 15]. Different from many previous studies, we fix the hyperparameter

setting, and understand how robust the hyperparameter is given the changes. We consistently

fine tune threshold for all methods to obtain good empirical True discovery probability

(ETDP), and compare their performances for empirical false discovery probability (EFDP).

As shown in Fig. 4.3 and Fig. 4.4, we notice bagging inclusion probability-based STLS is

very robust to experimental settings. For both changing number of non-zero components

and noise level, bagging inclusion probability-based STLS performs similar in the control

of false discovery probability. Even if bagging inclusion probability-based STLS behaves

slightly different in the empirical true discovery probability, the difference quickly vanishes

after having relatively larger sample sizes (around 𝑛 = 100). STLS is also robust to changing

experimental setting with relative worse performance comparing to bagging inclusion

probability-based methods. For example, in Fig. 4.3 and Fig. 4.4, the empirical FDP of bagging

inclusion probability-based methods perform similarly for both small noise (non-active terms)

and large noise (non-active terms).

LASSO-based methods all suffer from these changes that the false discovery controls

perform very differently among these settings. Even if bagging inclusion probability-based

LASSO could help to control false discoveries comparing to LASSO, we could observe the

false discovery curves behave very differently among these settings. For example, in Fig. 4.3,

bagging inclusion probability-based LASSO performs well when 𝑞 is large, but is relatively

worse with higher sparsity rate. Similarly, in Fig. 4.4, bagging inclusion probability-based

LASSO performs well when 𝜎 = 0.25, and behaves progressively worse with increasing

noise levels. Furthermore, unlike STLS and bagging inclusion probability-based STLS, the

difference does not vanish even with relatively large sample sizes (𝑛 = 250).

4.6.3 Lotka–Volterra model discovery via Ensemble SINDy

The Lotka-Volterra model is frequently used to simulate the interaction between two competing

groups 𝑢 and 𝑣 like predator-prey, chemical reactions, and economics. The model can be
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Figure 4.3: Empirical false discovery probability and success true discovery probability with increasing

number of samples under different sparsity levels. For better comparison, the hyperparameters

of all methods are fine tuned for STDP that all non-zero coefficients are identified. We compare

each method’s performance via false discovery control. The BLASSO and BSTLS stand for bagging

LASSO and bagging STLS. On the y-axis, EFDP represents the empirical FDP (Eqn. (4.11)) and ETDP

represents the empirical TDP (Eqn. (4.12)).
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Figure 4.4: Empirical false discovery probability and success true discovery probability with increasing

number of samples under various levels of noises. For better comparison, the hyperparameters of

all methods are tuned to control the worse case of ETDP is around 50%. We compare each method’s

performance via false discovery control. The BLASSO and BSTLS stand for bagging LASSO and

bagging STLS. On the y-axis, EFDP represents the empirical FDP (Eqn. 4.11) and ETDP represents the

empirical TDP (Eqn. 4.12).

defined using the following set of differential equations:

¤𝑢 = 𝛼𝑢 + 𝛽𝑢𝑣, (4.26)

¤𝑣 = 𝛾𝑣 + 𝛿𝑢𝑣, (4.27)
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Figure 4.5: Distributional approximation with uncertainty quantification of Bayesian SINDy (green-

colored) and E-SINDy (orange-colored) to the ground-truth value (dotted line) for all active terms.

where 𝛼 = 1.0, 𝛽 = −0.1, 𝛾 = −1.5, 𝛿 = 0.075. We set the initial conditions to [𝑢0 , 𝑣0] = [10, 5]

with Lognormal(0, 0.1) noise. The number of measurement data are uniformly sampled from

𝑡 ∈ [0, 24]with 𝑛 = [100, 200, 300, 400, 500]. We perform data normalization the measurement

data via 𝑢/𝜎̂(𝑢) and 𝑣/𝜎̂(𝑣) where 𝜎̂(·) is the empirical standard deviation estimate of the

trajectories respectively. After normalization, the governing differential equation will have a

different set of parameters 𝛼̃ = 1.0, 𝛽̃ = −0.68, 𝛾̃ = −1.5, 𝛿̃ = 0.82. Compared to the synthetic

simulation in 4.6.2, the study in this subsection generates a time-series data from the initial

condition, and the target
¤X is computed from the time-series data via a smoothed finite

difference method. As a result, these data samples are no longer independent and the true

targets are no longer directly accessible. This setting closely mimics the data collected by

real-world sensors, and the temporal dependency structure presents a particularly challenging

aspect.

We visualize the distributional evolution for the four active coefficient estimates using

E-SINDy and Bayesian SINDy [126] in Fig. 4.5. Appendix (Sec. Additional plottings) includes

the distributional evolution for all non-active coefficients. For all four active indices

(𝛼̃𝑢, 𝛽̃𝑢𝑣, 𝛾̃𝑣, 𝛿̃𝑢𝑣), we observe the distributional approximation of E-SINDy would first

transit from a wrong distribution (with biased mean, high variance) to a delta function

concentrating around the true value. This observed behavior of E-SINDy makes it a suitable

method for uncertainty quantification. While Bayesian SINDy can be computationally

expensive, as shown in Fig. 4.5, it produces nearly unbiased distributional estimates even with
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Figure 4.6: Convergence in Wasserstein-2 distance between E-SINDy and the Bayesian SINDy estimates

for all four active indices. Shaded regions denote 95% confidence intervals.

very little data, which is remarkable for UQ purposes. We further examine the convergence

in Wasserstein between Bayesian SINDy and E-SINDy for all four active indices in Fig. 4.6.

For all indices, the Wasserstein distance converges quickly towards zero with larger number

of samples.

4.7 Conclusion and discussion

In this paper, we introduce the bagging inclusion probability-based sequentially thresholding

least-squares estimation and establish the analysis of its statistical properties on variable

selection as well as uncertainty quantification. In particular, we achieve our proof within the

context of dynamical system discovery, which involves dependent rows and features. From

one perspective, for variable selection, bagging inclusion probability-based STLS has oracle

property as stated in Thm. 5. The bagging-based STLS requires weaker condition compared

to STLS in theory to show the convergence of FDP and TDP. We study and compare these two

algorithms in Sec. 4.6, which shows accelerated variable selection in various case studies. We

note here that the error bound shown in this manuscript is not tight. This is because we pay

linearly with increasing model sizes 𝑝 in the empirical process with maximal of 𝑛 Binomial

trails using union bounds. Experimentally, we observe that the errors grow sublinearly with

𝑝.

From another perspective, bagging inclusion probability-based STLS also has a theoretical

guarantee on variance estimation. We achieve asymptotic normality only requiring zero

mean and finite variance assumptions. As shown in Thm. 6, we can use bootstrap replicates

to provide approximate distributional estimation. In the experimental study with governing
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equation discovery (Sec. 4.6.3), we visualize the distributional estimation in Fig. 4.5 to

understand the behavior of uncertainty quantification of the bagging inclusion probability-

based STLS estimator. The bagging-based STLS also has a close connection to Bayesian sparse

regression methods via MCMC. Based on the rich history of understanding bootstrapping

procedure as an approximate Bayesian inference [204, 208, 231], it is possible to understand

bagging inclusion probability-based STLS as an approximate Bayesian sparse method. We

show their equivalence by showing these two methods are asymptotically equivalent in

Thm. 7, yet Bayesian sparse inference via spike-and-slab prior has a very high computational

requirement.

There are many interesting future extensions of our work. Given the computational

efficiency and accuracy of ensemble-based sparse regression methods, an avenue of ongoing

research is to apply the technique to the broader class of sparse optimization problems

like matrix completion and compressive sensing [320, 39, 40, 41]. These thresholding-

based algorithms could also be applied in more modern machine learning problems with

dependent-design including transfer learning, out-of-distribution generalization, and sparse

neural network training. Second, it will be interesting to study the behavior of bootstrap

sparse regression in high-dimensional settings [147, 61]. Fasel et al. [90] empirically show

that the E-SINDy algorithm with bagging inclusion probability is robust in high-dimensional

settings for the discovery of PDE. This observation suggests the bootstrapping-based sparse

regression method could mitigate some challenges reported in high dimensional settings,

where it is generally difficult to have robust bootstrapping techniques [193, 7, 51]. It is also

important to include better subset selection [2] and post-selection inference methods to debias

the uncertainty estimates [166]. Finally, it will be exciting to extend the established theory to

the different variants of ensembling techniques in E-SINDy [145]. It is interesting to study

the explicit noise distribution amplified by SINDy library terms from the observation, and

understand how empirical bootstrap could quantify uncertainty for this type of noise. This

will be useful for practitioners to gain a better understanding of the different ensembling

techniques in E-SINDy and their performance and applicability to different sparse model

discovery settings.
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Proof of Lemma 6

Recall that 𝜌1 is the minimum eigenvalue of
1

𝑛X⊤X. We introduce the following regularity

conditions.

(3.1.a) E [𝜖] = 0, var(𝜖) = 𝜎2 < ∞, and E
[
𝜖4

]
< ∞where 𝜖

i.i.d.∼ 𝑃.

(3.1.b) 𝜌1 > 0,max𝑖(X⊤𝑖 X𝑖) = 𝑂(𝑝), and 𝑝/(𝑛𝜌1) = 𝑜(1).

Proof. We first show Eqn. (4.5). We could see that 𝛽̄ is an unbiased estimate that

E𝜖

[
a⊤(𝛽̄ − 𝛽)

]
= E𝜖

[
a⊤(X⊤X)−1X⊤𝜖

]
= 0. (4.28)

We write

a⊤(𝛽̄ − 𝛽) = a⊤(X⊤X)−1X⊤𝜖 =

𝑛∑
𝑖=1

𝛼𝑖𝜖𝑖 , (4.29)

where 𝛼𝑖 = a⊤(X⊤X)−1(X⊤)𝑖 .

Showing Eqn. (4.5) is equivalent to show

∑𝑛
𝑖=1

𝛼𝑖𝜖𝑖 →𝒩
(
0, 𝜎2a⊤(X⊤X)−1a

)
.

Due to Eqn. (4.28), we see E
[∑𝑛

𝑖=1
𝛼𝑖𝜖𝑖

]
= 0.

Consider the variance of 𝛼𝑖𝜖𝑖 ,

var(𝛼𝑖𝜖𝑖) = 𝜎2a⊤(X⊤X)−1(X⊤)𝑖(X⊤)⊤𝑖 (X⊤X)−1a (4.30)

We have

𝑛∑
𝑖=1

var(𝛼𝑖𝜖𝑖) = 𝜎2a⊤(X⊤X)−1a (4.31)

By Lindeberg-Feller Central Limit Theorem (Lemma 9), we can show the weak convergence

to normal distribution. To apply Lindeberg-Feller CLT, we need to verify the Lindeberg
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condition that

𝑛∑
𝑖=1

E
[
|𝛼𝑖𝜖𝑖 |21 {|𝛼𝑖𝜖𝑖 | ≥ 𝛿}

]
→ 0, ∀𝛿 > 0. (4.32)

We know

𝑛∑
𝑖=1

E
[
|𝛼𝑖𝜖𝑖 |21 {|𝛼𝑖𝜖𝑖 | ≥ 𝛿}

]
≤

𝑛∑
𝑖=1

E
[
𝛼2

𝑖 𝜖
2

𝑖

]
(4.33)

= 𝜎2a⊤(X⊤X)−1a (4.34)

≤ max

||a||=1

𝜎2a⊤(X⊤X)−1a (4.35)

=
𝜎2

𝑛𝜌1

, (4.36)

which is 𝑜(1). We could see the connection between max||a||2
2
=1

𝜎2a⊤(X⊤X)−1a by doing matrix

diagonalization of (X⊤X)−1
.

Since Lindeberg condition is satisfied, using Lindeberg-Feller CLT and Slutsky’s theorem,

we can conclude Eqn. (4.5) that

𝑎⊤(𝛽̄ − 𝛽) 𝑑−→ 𝒩
(
0, 𝜎2a⊤(X⊤X)−1a

)
. (4.37)

Define the quantity 𝑍 = a⊤(𝛽̂ − 𝛽), and notice here 𝑍 is only an one-dimensional random

variable. Since 𝑍 is asymptotic normal, therefore 𝑍 is also SubG(0, 𝜎2a⊤(X⊤X)a) in asymptotic.

Therefore, by Lemma 11 (Eqn. (2.9) in [278]), we see

P (𝑍 ≥ 𝑡) ≤ exp(− 𝑡2

2𝜎2a⊤(X⊤X)−1a
) (4.38)

By setting 𝛿 = exp

(
− 𝑡2

2𝜎2a⊤(X⊤X)−1a

)
, we see 𝑡 =

√
2𝜎2a⊤(X𝑇X)−1a log(1/𝛿). This is the
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high-probability form

P
(
a⊤(𝛽̂ − 𝛽) ≥

√
2𝜎2a⊤(X𝑇X)−1a log(1/𝛿)

)
≤ 𝛿 (4.39)

as in Eqn. (4.6). □

Proof of Lemma 7

Say 𝑞 is the number of non-active components in 𝛽 (equivalently |𝐾𝛽 |), 𝑛 is the number of

sample, and 𝑝 is the model size. We require the following regularity conditions to show this

Lemma.

(3.2.a) 𝜖
i.i.d.∼ 𝒩(0, 𝜎2I𝑛).

(3.2.b)

𝑞

𝑛 = 𝑜(1).

(3.2.c)

𝜌1 min𝑖∈𝐽 |𝛽𝑖 |
𝜎2

= 𝜔
(

log(𝑛)
𝑛

)
.

Condition (3.2.b) requires the sample size goes to infinity. Condition (3.2.c) allows the

lowest eigenvalue of
1

𝑛X⊤X to go to zero slower than

log(𝑛)
𝑛 , which fits into the context of

dynamical system.

Proof. Recall that we let 𝐾𝛽 be the non-active indices, and we define 𝐽𝛽 to be the active indices.

Let 𝐾̂ be the thresholding estimator of the set of non-active indices 𝐾𝛽, and let 𝐾̂𝑆𝑇𝐿𝑆 to specify

estimate of 𝐾𝛽 using the STLS.

To show P(𝐾̂ = 𝐾𝛽) = 1, we first consider the event P(𝐾𝛽 ⊆ 𝐾̂), which corresponds to the

probability that no inactive variables are falsely selected. By setting 𝛿 = 1

𝑛 , we can bound the

probability of false discovery as follows:

P
(
max

𝑗∈𝐾𝛽

(
|𝛽̄ 𝑗 | −

√
2𝜎2

log(1/𝛿) · (X⊤X)−1

𝑗 𝑗

)
≥ 0

)
(4.40)

≤
∑
𝑗∈𝐾𝛽

P
(
|𝛽̄ 𝑗 | −

√
2𝜎2

log(1/𝛿) · (X⊤X)−1

𝑗 𝑗
≥ 0

)
(4.41)

≤ |𝐾𝛽 | · 𝛿 ≤
𝑞

𝑛
. (4.42)
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Here, (X⊤X)𝑗 𝑗 denotes the 𝑗-th diagonal entry of the Gram matrix X⊤X, and (X⊤X)−1

𝑗 𝑗
is the

corresponding diagonal entry of the inverse covariance matrix for the OLS estimate 𝛽̄ 𝑗 . We

apply a Gaussian tail bound to each 𝛽̄ 𝑗 , assuming independence and sub-Gaussianity. For

simplicity, we conservatively upper bound |𝐾𝛽 | ≤ 𝑞 in sparse regimes.

The above inequality helps to show Lemma 7(i), as it bounds the complement of the event

P
(
𝐾𝛽 ⊂ 𝐾̂STLS

)
= 1 − P

(
max

𝑗∈𝐾𝛽

(
|𝛽̄ 𝑗 | −

√
2𝜎2

log(1/𝛿) · (X⊤X)−1

𝑗 𝑗

)
≥ 0

)
. (4.43)

This probability approaches one as 𝑞/𝑛 → 0 (3.2.b), justifying the desired property in the

sparse regime.

From (3.2.b) we know

𝑞

𝑛 = 𝑜(1). Therefore,

P
(
|𝛽̄ 𝑗 | ≤

√
2𝜎2

log(1/𝛿)(X⊤X)−1

𝑗 𝑗
for all 𝑗 ∈ 𝐾𝛽

)
→ 1. (4.44)

P
(
𝐾𝛽 ⊆ 𝐾̂

)
→ 1. (4.45)

From the other side, we could upper bound the probability that the minimum least-squares

estimate of an active index will below the threshold that

P
(
min

𝑗∈𝐽𝛽

(
|𝛽̄ 𝑗 | −

√
2𝜎2

log(1/𝛿)(X⊤X)−1

𝑗 𝑗

)
≤ 0

)
(4.46)

≤ P
(
min

𝑗∈𝐽𝛽

( (
|𝛽 𝑗 | − |𝛽̄ 𝑗 − 𝛽 𝑗 |

)
−

√
2𝜎2

log(1/𝛿)(X⊤X)−1

𝑗 𝑗

)
≤ 0

)
(4.47)

≤ P
(
max

𝑗∈𝐽𝛽

(
|𝛽̄ 𝑗 − 𝛽 𝑗 | +

√
2𝜎2

log(1/𝛿)(X⊤X)−1

𝑗 𝑗

)
≥ min

𝑖∈𝐽𝛽
|𝛽𝑖 |

)
(4.48)

≤ 2P
(
max

𝑗∈𝐽𝛽

( (
𝛽̄ 𝑗 − 𝛽 𝑗

)
+

√
2𝜎2

log(1/𝛿)(X⊤X)−1

𝑗 𝑗

)
≥ min

𝑖∈𝐽𝛽
|𝛽𝑖 |

)
. (4.49)
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Define 𝐺 𝑗 =
𝛽̄ 𝑗−𝛽 𝑗

𝜎
√
(X⊤X)−1

𝑗 𝑗

, we know 𝐺 𝑗 ∼ 𝒩(0, 1). Therefore,

P
(
max

𝑗∈𝐽𝛽

( (
𝛽̄ 𝑗 − 𝛽 𝑗

)
+

√
2𝜎2

log(1/𝛿)(X⊤X)−1

𝑗 𝑗

)
≥ min

𝑖∈𝐽𝛽
|𝛽𝑖 |

)
(4.50)

= P
(
max

𝑗∈𝐽𝛽
𝐺 𝑗𝜎

√
(X⊤X)−1

𝑗 𝑗
≥ min

𝑖∈𝐽𝛽
|𝛽𝑖 | −

√
2𝜎2

log(1/𝛿)(X⊤X)−1

𝑗 𝑗

)
(4.51)

≤ P

(
max

𝑗∈𝐽𝛽
𝐺𝑖 ≥

𝑛1/2𝜌1/2
1

min𝑖∈𝐽𝛽 |𝛽𝑖 |
𝜎

−
√

2 log(1/𝛿)
)
. (4.52)

Using the maximal inequality of sub-Gaussian random variables, we see

P

(
max

𝑗∈𝐽𝛽
𝐺𝑖 ≥

𝑛1/2𝜌1/2
1

min𝑖∈𝐽𝛽 |𝛽𝑖 |
𝜎

−
√

2 log(1/𝛿)
)

(4.53)

≤ 𝑞 exp

©­«−1

2

(
𝑛1/2𝜌1/2

1
min𝑖∈𝐽𝛽 |𝛽𝑖 |
𝜎

−
√

2 log(1/𝛿)
)2ª®¬ . (4.54)

Summarizing all the terms and letting 𝛿 = 1

𝑛 , we know

P
(
min

𝑗∈𝐽𝛽

(
|𝛽̄ 𝑗 | −

√
2𝜎2

log(1/𝛿)(X⊤X)−1

𝑗 𝑗

)
≤ 0

)
(4.55)

≤ 2 exp

©­«−1

2

©­«
(
𝑛1/2𝜌1/2

1
min𝑖∈𝐽𝛽 |𝛽𝑖 |
𝜎

−
√

2 log(𝑛)
)2

− 2 log(𝑞)ª®¬ª®¬ . (4.56)

Therefore, we obtain the following probability bound:

P
(
𝐾̂STLS ⊂ 𝐾𝛽

)
≥ 1 − 2 exp

©­«−1

2

©­«
(
𝑛1/2𝜌1/2

1
min𝑖∈𝐽𝛽 |𝛽𝑖 |
𝜎

−
√

2 log 𝑛

)2

− 2 log(𝑞)ª®¬ª®¬ , (4.57)

which supports the high-probability conclusion in Lemma 7(ii).

Under assumptions (3.2.b–c), we have 𝑛 ≫ 𝑞 and 𝜌1 ≳
log 𝑛

𝑛 . Therefore, the quantity

(
𝑛1/2𝜌1/2

1
min𝑖∈𝐽𝛽 |𝛽𝑖 |
𝜎

−
√

2 log 𝑛

)2

− 2 log 𝑞 →∞, (4.58)
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which implies that the probability

P
(
min

𝑗∈𝐽𝛽
|𝛽̄ 𝑗 | ≤

√
2𝜎2

log 𝑛 · (X⊤X)−1

𝑗 𝑗

)
→ 0. (4.59)

From the variable selection consistency and the nature of the algorithm (least-squares

after thresholding), we also have the limiting distribution, the same as if the sparsity pattern

is known before inference. Combining all these steps, we have shown that this estimator has

the oracle property.

□

Proof of Theorem 5

We require the following conditions.

(4.1.a) 𝜖
i.i.d.∼ 𝒩(0, 𝜎2I𝑛).

(4.1.b)

𝑞

𝑝 = 𝑂(1), 𝑝

exp(𝑛) = 𝑜(1).

(4.1.c) For any bootstrap replicate X𝑏
, the lowest eigenvalue of

1

𝑛X𝑏⊤X𝑏
is lower bounded

by 𝑟0𝜌1 where 𝑟0 ∈ R is a constant.

(4.1.d) 𝜌1 > 0, and

𝜌1 min𝑖∈𝐽 |𝛽𝑖 |
𝜎2

= 𝜔
(

log(𝑛)
𝑛

)
.

Proof. Part (i)

First, we know 𝛽̄𝑏
𝑗

is just the Bootstrap replicate of OLS estimator. From the assumption of

the tail behavior, we see that 𝛽̄ follows

𝛽̄ = (X⊤X)−1X⊤𝑦 (4.60)

= (X⊤X)−1X⊤
(
𝛽X + 𝜖

)
(4.61)

= 𝛽 + (X⊤X)−1X⊤𝜖 (4.62)

∼ 𝒩
(
𝛽, 𝜎2(X⊤X)−1

)
. (4.63)
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Again, recall that we let 𝐾𝛽 be the non-active indices, and we define 𝐽𝛽 to be the active

indices.

Therefore, from the sub-Gaussian tail behavior, by taking 𝑎 as the standard basis with

index 𝑗, there exists some 𝛿 > 0 that

P
(
|𝛽̄ 𝑗 − 𝛽 𝑗 | > 𝜎

√
2 log(1/𝛿) (X⊤X)−1

𝑗 𝑗

)
≤ 𝛿. (4.64)

Similarly from the sub-Gaussian tail, we could see that there exists some other 𝛿 > 0 that

P
(
|𝛽̄𝑏𝑗 − 𝛽 𝑗 | > 𝜎

√
2 log(1/𝛿)

(
X𝑏⊤X𝑏

)−1

𝑗 𝑗

)
≤ 𝛿. (4.65)

The quantity 1

{
|𝛽̄𝑏
𝑗
| > 𝜎

√
2 log(1/𝛿)(X𝑏⊤X𝑏)−1

𝑗 𝑗

}
only takes {0, 1} which is a Bernoulli

random variable. Therefore, we can consider a Bernoulli process 𝐵𝑏
𝑗
∼ 𝐵𝑒𝑟(𝛿). We know that

B𝑗 =
∑𝑛
𝑏=1

𝐵𝑏
𝑗
∼ 𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑛, 𝛿). We can compute

P

(
max

𝑗∈𝐾𝛽

1

𝑛

𝑛∑
𝑏=1

1

{
|𝛽̄𝑏𝑗 | > 𝜎

√
2 log(1/𝛿)(X𝑏⊤X𝑏)−1

𝑗 𝑗

}
> 𝑝𝑐

)
(4.66)

≤ P

(
max

𝑗∈𝐾𝛽

𝑛∑
𝑏=1

𝐵𝑏𝑗 > 𝑛𝑝𝑐

)
(4.67)

= P
(
max

𝑗∈𝐾𝛽

B𝑗 > 𝑛𝑝𝑐

)
(4.68)

= P ©­«
⋃
𝑗∈𝐾𝛽

(B𝑗 > 𝑛𝑝𝑐)ª®¬ (4.69)

≤ (𝑝 − 𝑞)P
(
B1 > 𝑛𝑝𝑐

)
. (4.70)

Here we use B1 because for any 𝑗 ∈ 𝐾𝛽, B𝑗 is the same after applying the Union bound.

From Eqn. (4.66), we cast the original problem into an empirical process with Binomial

trails. We apply the Chernoff bound in the following.
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Since 𝐵𝑏
𝑗
∈ [0, 1], from Chernoff Upper Tail, and suppose 𝑝𝑐 ≥ 𝛿, we know

P
(
B𝑗 ≥ 𝑛𝑝𝑐

)
≤ exp

(
−𝑛𝛿(𝑝𝑐/𝛿 − 1)

3

)
. (4.71)

By setting 𝛿 = 1

𝑛 ,

P
(
B𝑗 ≥ 𝑛𝑝𝑐

)
≤ exp

(
1

3

− 𝑛𝑝𝑐
3

)
. (4.72)

It is also possible to apply Hoeffding bound which obtains a similar rate of convergence.

The inequalities above illustrates (i) in Thm. 5 because

P
(
𝐾𝛽 ⊂ 𝐾̂𝐵𝐼𝑃

)
= 1 − P

(
max

𝑗∈𝐾𝛽

1

𝑛

𝑛∑
𝑏=1

1

{
|𝛽̄𝑏𝑗 | > 𝜎

√
2 log(1/𝛿)(X𝑏⊤X𝑏)−1

𝑗 𝑗

}
> 𝑝𝑐

)
(4.73)

Part (ii)

Without loss of generality, we set |𝛽1| = min𝑗∈𝐽𝛽 |𝛽 𝑗 | is the smallest.

P

(
min

𝑗∈𝐽𝛽

1

𝑛

𝑛∑
𝑏=1

1

{
|𝛽̄𝑏𝑗 | > 𝜎

√
2 log(1/𝛿)(X𝑏⊤X𝑏)−1

𝑗 𝑗

}
< 𝑝𝑐

)
(4.74)

≤ P ©­«
⋃
𝑗∈𝐽𝛽

(
1

𝑛

𝑛∑
𝑏=1

1

{
|𝛽̄𝑏𝑗 | > 𝜎

√
2 log(1/𝛿)(X𝑏⊤X𝑏)−1

𝑗 𝑗

}
< 𝑝𝑐

)ª®¬ (4.75)

≤ 𝑞 · P
(

1

𝑛

𝑛∑
𝑏=1

1

{
|𝛽̄𝑏𝑗 | > 𝜎

√
2 log(1/𝛿)(X𝑏⊤X𝑏)−1

𝑗 𝑗

}
< 𝑝𝑐

)
(4.76)

≤ 𝑞 · P
©­­«

1

𝑛

𝑛∑
𝑏=1

1


|𝛽̄𝑏
𝑗
|

𝜎
√
(X𝑏⊤X𝑏)−1

𝑗 𝑗

>
√

2 log(1/𝛿)
 < 𝑝𝑐

ª®®¬ . (4.77)

Consider the quantity on the left hand side

|𝛽̄𝑏
𝑗
|

𝜎
√
(X𝑏⊤X𝑏)−1

𝑗 𝑗

. We know that the bootstrap

replicate 𝛽̄𝑏
𝑗
∼ 𝒩

(
𝛽 𝑗 , 𝜎

√
(X𝑏⊤X𝑏)−1

𝑗 𝑗

)
. Without loss of generality, we assume this 𝛽̄𝑏

𝑗
> 0.
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Denote the CDF of standard normal distribution to be Φ(·). For each bootstrap replicate,

P
(
|𝛽̄𝑏𝑗 | >

√
2 log(1/𝛿)

)
= P

(
𝛽̄𝑏𝑗 >

√
2 log(1/𝛿)

)
+ P

(
−𝛽̄𝑏𝑗 >

√
2 log(1/𝛿)

)
(4.78)

≥ P
(
𝛽̄𝑏𝑗 >

√
2 log(1/𝛿)

)
[ignoring the lower tail from the W.L.O.G.]

(4.79)

= Φ
©­­«

|𝛽 𝑗 |

𝜎
√
(X𝑏⊤X𝑏)−1

𝑗 𝑗

−
√

2 log(1/𝛿)
ª®®¬ (4.80)

from (4.1.𝑐) ≥ Φ

( √
𝑛|𝛽 𝑗 |

𝜎
√
(𝑟0𝜌1)−1

−
√

2 log(1/𝛿)
)

(4.81)

≥ Φ

(√
𝑛𝑟0𝜌1 min𝑖∈𝐽𝛽 |𝛽𝑖 |

𝜎
−

√
2 log(1/𝛿)

)
:= 𝑝 𝑗min

(4.82)

Therefore, from (4.1.d), we know 𝜌1 > 0. Therefore, we can always choose a constant

threshold 𝑝𝑐 < min𝑗∈𝐽𝛽 Φ
(√

𝑛𝑟0𝜌1|𝛽𝑖 |
𝜎 −

√
2 log(1/𝛿)

)
.

Then, we could set 𝑝 𝑗𝑚𝑖𝑛 = min𝑗∈𝐽𝛽 Φ
(√

𝑛𝑟0𝜌1|𝛽𝑖 |
𝜎 −

√
2 log(1/𝛿)

)
, and treat𝐵𝑏

𝑗
∼ 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖(𝑝 𝑗𝑚𝑖𝑛 ).

We know that B𝑗 =
∑𝑛
𝑏=1

𝐵𝑏
𝑗
∼ 𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑛, 𝑝 𝑗𝑚𝑖𝑛 ). We can compute using Chernoff Lower Tail

P
(
B𝑗 ≤ 𝑛𝑝𝑐

)
≤ exp

(
−
𝑛𝑝 𝑗𝑚𝑖𝑛 (1 − 𝑝𝑐/𝑝 𝑗𝑚𝑖𝑛 )2

3

)
(4.83)

= exp

(
− 𝑛𝑝2

𝑐

3𝑝 𝑗𝑚𝑖𝑛
+ 2𝑛𝑝𝑐

3

−
𝑛𝑝 𝑗𝑚𝑖𝑛

3

)
(4.84)

= exp

((
− 𝑝2

𝑐

3𝑝 𝑗𝑚𝑖𝑛
+ 2𝑝𝑐

3

−
𝑛𝑝 𝑗𝑚𝑖𝑛

3

))
(4.85)

Therefore, we know

P
(
𝐾̂𝐵𝐼𝑃 ⊂ 𝐾𝛽

)
= 1 − P

(
min

𝑗∈𝐽𝛽

1

𝑛

𝑛∑
𝑏=1

1

{
|𝛽̄𝑏𝑗 | > 𝜎

√
2 log(1/𝛿)(X𝑏⊤X𝑏)−1

𝑗 𝑗

}
< 𝑝𝑐

)
(4.86)

≥ 1 − 𝑞 exp

((
− 𝑝2

𝑐

3𝑝 𝑗𝑚𝑖𝑛
+ 2𝑝𝑐

3

−
𝑛𝑝 𝑗𝑚𝑖𝑛

3

))
, (4.87)

as stated in Thm. 5 (ii).
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Part (iii)

To show P
(
𝐾̂𝐵𝐼𝑃 = 𝐾𝛽

)
→ 1, we need to jointly consider both sides that P

(
𝐾𝛽 ⊂ 𝐾̂𝐵𝐼𝑃

)
→ 1

and P
(
𝐾̂𝐵𝐼𝑃 ⊂ 𝐾𝛽

)
→ 1.

From condition (4.1.b), we see

P
(
𝐾𝛽 ⊂ 𝐾̂𝐵𝐼𝑃

)
= 1 − P

(
max

𝑗∈𝐾𝛽

1

𝑛

𝑛∑
𝑏=1

1

{
|𝛽̄𝑏𝑗 | > 𝜎

√
2 log(1/𝛿)(X𝑏⊤X𝑏)−1

𝑗 𝑗

}
> 𝑝𝑐

)
(4.88)

≥ 1 − (𝑝 − 𝑞) exp

(
1

3

− 𝑛𝑝𝑐
3

)
→ 1. (4.89)

From condition (4.1.d), we have that Φ

(√
𝑛𝑟0𝜌1 min𝑖∈𝐽𝛽 |𝛽𝑖 |

𝜎 −
√

2 log(1/𝛿)
)

does not shrink

towards 0 as 𝑛 →∞. Therefore, with (4.1.b), we have

P
(
𝐾̂𝐵𝐼𝑃 ⊂ 𝐾𝛽

)
= 1 − P

(
max

𝑗∈𝐾𝛽

1

𝑛

𝑛∑
𝑏=1

1

{
|𝛽̄𝑏𝑗 | > 𝜎

√
2 log(1/𝛿)(X𝑏⊤X𝑏)−1

𝑗 𝑗

}
> 𝑝𝑐

)
(4.90)

≥ 1 − exp

((
− 𝑝2

𝑐

3𝑝 𝑗𝑚𝑖𝑛
+ 2𝑝𝑐

3

−
𝑛𝑝 𝑗𝑚𝑖𝑛

3

))
→ 1. (4.91)

Summarizing the results from both sides, we can conclude that

P
(
𝐾̂𝐵𝐼𝑃 = 𝐾𝛽

)
→ 1. (4.92)

Finally, from the nature of the algorithm (least-squares after variable selection), we also

have the limiting distribution, the same as if the sparsity pattern is known before inference,

which is the oracle property.

□

Proof of Lemma 4.2

We require the following conditions like Thm. 5.

(4.2.a) 𝜖
i.i.d.∼ 𝒩(0, 𝜎2I𝑛).

(4.2.b) For any bootstrap replicate X𝑏
, the lowest eigenvalue of

1

𝑛X𝑏⊤X𝑏
is lower bounded
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by 𝑟0𝜌1 where 𝑟0 ∈ R is a constant.

(4.2.c) 𝜌1 > 0 and 𝑝 𝑗min
= min𝑗∈𝐽𝛽 Φ

(√
𝑛𝑟0𝜌1|𝛽𝑖 |

𝜎 −
√

2 log(𝑛)
)
, the constant

𝑒𝑡𝑎 satifies

𝑒𝑡𝑎 + 1

𝑛 < 𝑝 𝑗min
Here Φ(·) is the CDF of standard normal distribution.

Proof. Consider this definition of Δ

Δ = min

𝑗∈𝐽𝛽

1

𝑛

𝑛∑
𝑏=1

1

{
|𝛽̄𝑏𝑗 | > 𝜎

√
2 log(1/𝛿)(X𝑏⊤X𝑏)−1

𝑗 𝑗

}
︸                                                     ︷︷                                                     ︸

ℐ1

−max

𝑘∈𝐾𝛽

1

𝑛

𝑛∑
𝑏=1

1

{
|𝛽̄𝑏
𝑘
| > 𝜎

√
2 log(1/𝛿)(X𝑏⊤X𝑏)−1

𝑘𝑘

}
︸                                                      ︷︷                                                      ︸

ℐ2

.

(4.93)

Recall that we set 𝛿 = 1

𝑛 and define 𝑝 𝑗min
= min𝑗∈𝐽𝛽 Φ

(√
𝑛𝑟0𝜌1|𝛽𝑖 |

𝜎 −
√

2 log(1/𝛿)
)
. Given

conditions (4.2.a), (4.2.b) and (4.2.c), recall the proof in Thm. 5, we know that the random

variables in ℐ1 and ℐ2 can be lower/upper bounded by Binomial(𝑛, 𝑝 𝑗min
) and𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑛, 1/𝑛)

respectively.

Therefore, inℐ1, using Chernoff bound, we see with probability at least 1−𝑞𝑒−𝑛( 1

2
𝑝 𝑗

min
− 𝜂

2
− 1

2𝑛 )2/2,

ℐ1 ≥
1

2

𝑝 𝑗min
+ 𝜂

2

+ 1

2𝑛
. (4.94)

Similarly, in ℐ2, using Chernoff bound, we see with probability at least 1 − (𝑝 −

𝑞)𝑒−𝑛( 1

2
𝑝 𝑗

min
− 𝜂

2
− 1

2𝑛 )2/2,

ℐ2 ≤
1

2

𝑝 𝑗min
− 𝜂

2

+ 1

2𝑛
. (4.95)

The construction here involves
1

2
𝑝 𝑗min

and
1

2𝑛 to matches up the two probabilities with

the same exponential factor. From this construction, we could consider (and simplify) the

probability of the joint event with an union bound, we know that Δ ≥ 𝜂 holds with probability
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at least

(
1 − 𝑒−𝑛( 1

2
𝑝 𝑗

min
− 𝜂

2
− 1

2𝑛 )2/2
) 𝑞 (

1 − 𝑒−𝑛( 1

2
𝑝 𝑗

min
− 𝜂

2
− 1

2𝑛 )2/2
)𝑝−𝑞

(4.96)

=

(
1 − 𝑒−𝑛( 1

2
𝑝 𝑗

min
− 𝜂

2
− 1

2𝑛 )2/2
)𝑝

(4.97)

≥ 1 − 𝑝𝑒−𝑛( 1

2
𝑝 𝑗

min
− 𝜂

2
− 1

2𝑛 )2/2. (4.98)

□

Proof Theorem 6

In the asymptotic settings, we do not require further distributional assumptions (as shown in

C.1). However, since we do not have non-asymptotic Gaussian tail behaviors, the threshold

for subset estimation is alternatively determined via the standard deviation estimate with a

factor 𝛾 as in [109]. In specific,

𝐾̂𝐵𝐼𝑃 =

{
𝑗 ∈ 𝐼 :

1

𝑛

𝑛∑
𝑏=1

1

{
|𝛽̄𝑏𝑗 | > 𝛾𝜎̄𝑏𝑗 𝑗

}
≤ 𝑝𝑐

}
. (4.99)

We further require the following conditions:

(5.1.a) E [𝜖] = 0, var(𝜖) = 𝜎2 < ∞, 𝜖
i.i.d.∼ 𝑃.

(5.1.b) 𝜌1 > 0,max𝑖(𝒆𝑋⊤𝑖 𝒆𝑋𝑖) = 𝑂(𝑝), and 𝑝/(𝑛𝜌1) = 𝑜(1).

(5.1.c) The min eigenvalue 𝜌1 and max eigenvalue 𝜌2 satisfy

𝜌1𝜌−1

2
𝛾2−𝑞

𝑞1/2 →∞.

(5.1.d)

𝜌1𝜌−1

2

(
𝑛1/2𝜎−1𝜌1/2

1
min𝑗∈𝐽𝛽 |𝛽 𝑗 |−𝛾

)
2

−𝑞
𝑞1/2 →∞

Proof. First, by the construction of 𝛽̂∗, it performs least-square estimation based on the bagging

inclusion probability. The Bootstrap replicates are generated from resampling of the original

data, which can be traversed. Therefore, when 𝑚 →∞, the conditional estimation of 𝐾̂∞
𝐵𝐼𝑃
| 𝑌

will be a fixed set of indices.

Then, we show that 𝜎̂
∗
2

𝑚

𝑃−→ 𝜎2
. Denote the event ℰ which includes all cases when

{𝐾̂∞
𝐵𝐼𝑃

= 𝐾̂ = 𝐾𝛽 | 𝑌}. This event describes when both BIP and TLS are performing a correct
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subset estimation. We have

lim

𝑛,𝑚→∞

{
P

(
|𝜎̂∗2𝑚 − 𝜎2| > 𝜖

)
| 𝑌

}
≤ lim

𝑛,𝑚→∞

{
P

(
|𝜎̂∗2𝑚 − 𝜎2| > 𝜖 | ℰ

)
𝑃(ℰ) + P

(
|𝜎̂∗2𝑚 − 𝜎2| > 𝜖 | ℰ𝑐

)
𝑃(ℰ𝑐)

}
(4.100)

= 0 + 𝑜𝑃(1) = 𝑜𝑃(1). (4.101)

We see the probability P
(
|𝜎̂∗2𝑚 − 𝜎2| > 𝜖 | ℰ

)
converges to zero by Thm. 2.2 (b) [94]. For

the other term, notice that 𝑃(ℰ) in the asymptotic regime (𝑛 → ∞), with all the regularity

conditions, we have 𝑃(𝐾̂ ≠ 𝐾𝛽) = 𝑜𝑃(1) and 𝑃(𝐾̂𝐵𝐼𝑃 = 𝐾𝛽) ≤ 𝑜𝑃(1). By using the union bound,

we see 𝑃(ℰ𝑐) = 𝑜𝑃(1), which gives us 𝜎̂
∗
2

𝑚 = 𝜎2 + 𝑜𝑃(1). In general, most of the convergence

in probability results in the Theorem can be shown in this way due to 𝑃(ℰ𝑐) = 𝑜𝑃(1). We

constraint first within the event ℰ in the following analysis.

Conditioning on the event ℰ, we have 𝐾̂∞
𝐵𝐼𝑃

= 𝐾̂ = 𝐾𝛽. By the Slutsky’s theorem, it suffices

to show that the law of 𝑠−1/2𝑎⊤(𝛽̂∗ − 𝛽̂ | 𝑌) is consistent.

𝑠−1/2𝑎⊤(𝛽̂∗ − 𝛽̂) = 𝑠−1/2𝑎⊤
𝐽
((𝑋𝐽(𝑚)⊤𝑋𝐽(𝑚))−1𝑋⊤

𝐽
(𝑚)(𝑋𝐽(𝑚)𝛽̂ + 𝜖̂∗(𝑚)) − 𝛽̂) (4.102)

= 𝑠−1/2𝑎⊤
𝐽
((𝑋𝐽(𝑚)⊤𝑋𝐽(𝑚))−1𝑋𝐽(𝑚)⊤ 𝜖̂∗(𝑚) (4.103)

=

𝑚∑
𝑖=1

𝛼̂𝑖 𝜖̂
∗
𝑖 , (4.104)

where 𝛼̂𝑖 = 𝑠−1/2𝑎⊤
𝐽
((𝑋𝐽(𝑚)⊤𝑋𝐽(𝑚))−1𝑋𝑖 ,𝐽(𝑚). To show the law convergence in probability to

standard normal, we have to show

ℒ
(
𝑚∑
𝑖=1

𝛼̂𝑖 𝜖̂
∗
𝑖 | 𝑌

)
𝑃𝑟−→ 𝒩(0, 1).

It is clear to see

E
[
𝛼̂𝑖 𝜖̂
∗
𝑖 | 𝑌

]
= 0 𝑎.𝑠. (4.105)
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Consider var(∑𝑚
𝑖=1

𝛼̂𝑖 𝜖̂∗𝑖 | 𝑌), we see

var

(
𝑚∑
𝑖=1

𝛼̂𝑖 𝜖̂
∗
𝑖 | 𝑌

)
=

𝑚∑
𝑖=1

𝑠−1𝑎⊤
𝐽
(𝑋𝐽(𝑚)⊤𝑋𝐽(𝑚))−1𝑋𝑖 ,𝐽(𝑚)𝑋𝑖 ,𝐽(𝑚)⊤(𝑋𝐽(𝑚)⊤𝑋𝐽(𝑚))−1𝑎𝐽 · var

(
𝜖̂∗𝑖 | 𝑌

)
(4.106)

=

𝑚∑
𝑖=1

𝑠−1𝑎⊤
𝐽
(𝑋𝐽(𝑚)⊤𝑋𝐽(𝑚))−1𝑋𝑖 ,𝐽(𝑚)𝑋𝑖 ,𝐽(𝑚)⊤(𝑋𝐽(𝑚)⊤𝑋𝐽(𝑚))−1𝑎𝐽 𝜎̂

2

(4.107)

= 𝑠−1𝜎̂2𝑎⊤
𝐽
(𝑋𝐽(𝑚)⊤𝑋𝐽(𝑚))−1𝑎𝐽 (4.108)

=

(
𝑎⊤
𝐽
(𝑋𝐽(𝑚)⊤𝑋𝐽(𝑚))−1𝑎𝐽

)−1

𝑎⊤
𝐽
(𝑋𝐽(𝑚)⊤𝑋𝐽(𝑚))−1𝑎𝐽 = 1. (4.109)

The var

(
𝜖̂∗
𝑖
| 𝑌

)
= 𝜎̂2

because the bootstrap resampling of residuals from 𝛽̂ will have the

variance of 𝛽̂, which has limiting distribution 𝑠−1/2𝑎⊤(𝛽̂ − 𝛽) 𝑑−→ 𝒩(0, 1).

Therefore, we have

∑𝑚
𝑖=1

var

(∑𝑚
𝑖=1

𝛼̂𝑖 𝜖̂∗𝑖 | 𝑌
) 𝑃𝑟−→ 1.

Up to now, we have shown E
[
𝛼̂𝑖 𝜖̂∗𝑖 | 𝑌

]
and var

(
𝛼̂𝑖 𝜖̂∗𝑖 | 𝑌

)
converges in probability to 0

and 1 respectively. Therefore, to apply the Lindebery-Feller central limit theorem as stated

in Lemma 9, we only have to verify the Lindeberg condition to show the law converges to

standard normal distribution in probability.

Notice first from the assumption, max1≤𝑖≤𝑚 |𝛼̂𝑖 | = 𝑜𝑃(1). We could see this by

max

1≤𝑖≤𝑚
𝛼̂2

𝑖 = max

1≤𝑖≤𝑚


𝑎⊤
𝐽
(𝑋𝐽(𝑚)⊤𝑋𝐽(𝑚))−1𝑋𝑖 ,𝐽(𝑚)𝑋𝑖 ,𝐽(𝑚)⊤(𝑋𝐽(𝑚)⊤𝑋𝐽(𝑚))−1𝑎𝐽

𝜎̂2𝑎⊤
𝐽

(
𝑋⊤
𝐽
𝑋𝐽

)−1

𝑎𝐽

 (4.110)

≤
max1≤𝑖≤𝑚




𝑋𝑖 ,𝐽


2

𝑛𝜎̂2𝜌1

= 𝑂𝑃

(
𝑝

𝑛𝜌1

)
= 𝑜𝑃(1). (4.111)
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Therefore, we see that

max

1≤𝑖≤𝑚
E

[
|𝜖̂∗|21 {|𝛼̂𝑖 𝜖̂∗| ≥ 𝛿} | 𝑌

]
(4.112)

≤ E
[
𝜖̂∗

2

1

{
|𝜖̂∗| max

1≤𝑖≤𝑚
𝛼̂𝑖 ≥ 𝛿

}
| 𝑌

]
(4.113)

= E
[
𝜖̂∗

2

𝑜𝑃(1) | 𝑌
]

(4.114)

= 𝑜𝑃(1). (4.115)

Compute

∑𝑚
𝑖=1

𝛼̂2

𝑖
under event ℰ, we have

𝑚∑
𝑖=1

𝛼̂2

𝑖 =

𝑚∑
𝑖=1

𝑠−1𝑎⊤
𝐽
(𝑋𝐽(𝑚)⊤𝑋𝐽(𝑚))−1𝑋𝑖 ,𝐽(𝑚)𝑋𝑖 ,𝐽(𝑚)⊤(𝑋𝐽(𝑚)⊤𝑋𝐽(𝑚))−1𝑎𝐽 (4.116)

=
1

𝜎2

. (4.117)

Therefore, we know

∑𝑚
𝑖=1

𝛼̂2

𝑖
→ 1

𝜎2
= 𝑂(1).

Summarizing the results above, we have the Lindeberg condition that

𝑚∑
𝑖=1

E
[
|𝛼̂𝑖 𝜖̂∗𝑖 |21

{
|𝛼̂𝑖 𝜖̂∗𝑖 | ≥ 𝛿

}
| 𝑌

] 𝑃−→ 0 𝑓 𝑜𝑟 𝑎𝑙𝑙 𝛿 > 0. (4.118)

From E
[
𝛼̂𝑖 𝜖̂∗𝑖 | 𝑌

] 𝑃−→ 0 and var

(
𝛼̂𝑖 𝜖̂∗𝑖 | 𝑌

) 𝑃−→ 1 and the verified Lindeberg condition, we

conclude that ℒ
(∑𝑚

𝑖=1
𝛼̂𝑖 𝜖̂∗𝑖 | 𝑌

) 𝑃−→ 𝒩(0, 1).

□

Proof Theorem 7

We require the same set of conditions as in Thm. 6.

Proof. From Thm. 2 in [137], since our setting implies 𝜆𝑛/𝑛 → 0, we see 𝛽̃𝑆𝑆𝐿 = 𝛽̄ asymptoti-

cally.
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Thus, from Lemma 2.2, we have

ℒ(𝛽̃𝑆𝑆𝐿 − 𝛽) 𝑑−→ 𝒩(0, 𝜎̄2
(
𝑋⊤𝑋

)−1). (4.119)

From Thm. 6, we see from the pivot of Bootstrap replicates

ℒ(𝛽̂∗ − 𝛽̂) 𝑑−→ 𝒩
(
0, 𝜎̂∗

2

𝑚

(
𝑋⊤𝐽𝛽𝑋𝐽𝛽

)−1

)
(4.120)

Further, from Thm. 2.1 [109], we see

ℒ(𝛽̂ − 𝛽) 𝑑−→ 𝒩
(
0, 𝜎̂2

(
𝑋⊤𝐽𝛽𝑋𝐽𝛽

)−1

)
. (4.121)

To show the convergence in the squared Wasserstein distance, we first recall the definition

𝒲 2

2

(
𝜇, 𝜈

)
= inf

𝜋∈Π(𝜇,𝜈)
E(𝑥,𝑦)∼𝜋

[

𝑥 − 𝑦

2

2

]
. (4.122)

The Wasserstein distance considers the infimum of all push-forward mappings that assigns

𝜇 to 𝜈. We first show the following result on the ℓ2 norm between two vectors 𝑥, 𝑦, 𝑧 ∈ R𝑝 that

∥𝑥 − 𝑧∥2
2
≤

(

𝑥 − 𝑦


2
+



𝑦 − 𝑧


2

)
2

(4.123)

=


𝑥 − 𝑦

2

2
+



𝑦 − 𝑧

2

2
+ 2



𝑥 − 𝑦


2



𝑦 − 𝑧


2

(4.124)

≤


𝑥 − 𝑦

2

2
+



𝑦 − 𝑧

2

2
+ 2

(
1

2



𝑥 − 𝑦

2

2
+



𝑦 − 𝑧

2

2

)
(4.125)

= 2

(

𝑥 − 𝑦

2

2
+



𝑦 − 𝑧

2

2

)
. (4.126)

Therefore, placing this result into the squared of Wasserstein-2 distance, suppose 𝜌 is also
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a probability measure, we have

inf

𝜋∈Π(𝜇,𝜌,𝜈)
E(𝑥,𝑦,𝑧)∼𝜋

[

𝑥 − 𝑦

2

2

]
≤ 2 inf

𝜋∈Π(𝜇,𝜌,𝜈)
E(𝑥,𝑦,𝑧)∼𝜋

[

𝑥 − 𝑦

2

2
+



𝑦 − 𝑧

2

2

]
(4.127)

= 2

(
inf

𝜋∈Π(𝜇,𝜌)
E(𝑥,𝑦)∼𝜋

[

𝑥 − 𝑦

2

2

]
+ inf

𝜋∈Π(𝜌,𝜈)
E(𝑦,𝑧)∼𝜋

[

𝑦 − 𝑧

2

2

] )
(4.128)

= 2

(
𝒲 2

2
(𝜇, 𝜌) +𝒲 2

2
(𝜌, 𝜈)

)
. (4.129)

We then see the following

𝒲 2

2
(ℒ(𝛽̂∗),ℒ(𝛽̃𝑆𝑆𝐿)) ≤ 2

(
𝒲 2

2
(ℒ(𝛽̂∗),ℒ(𝛽̂)) +𝒲 2

2
(ℒ(𝛽̂), 𝛿𝛽) +𝒲 2

2
(ℒ(𝛽̃𝑆𝑆𝐿), 𝛿𝛽)

)
(4.130)

≤ 2

(
E

[

𝛽̂∗ − 𝛽̂


2

]
+ E

[

𝛽̂ − 𝛽


2

]
+ E

[

𝛽̃𝑆𝑆𝐿 − 𝛽


2

] )
. (4.131)

In the following inequality, we consider a trivial push-forward mappings that assigns 𝜇

to 𝜈 over the product measure (joint distribution) 𝑑𝜇𝑑𝜈. For example, it ’earth-moves’ the

distribution of 𝛽̂ towards the point mass at the target 𝛽 by changing the probability assignment

at each specific locations (or for all possible events). In this way, it simply considers the

difference of two laws. This trivial push-forward mapping is certainly an upper bound of the

Wasserstein distance from the definition.

Then, since all the pivot distributions are asymptotically normal. We could apply the

multivariate sub-Gaussian tail results that

𝒲 2

2
(ℒ(𝛽̂∗),ℒ(𝛽̃𝑆𝑆𝐿)) ≤ 2

(
E

[

𝛽̂∗ − 𝛽̂


2

]
+ E

[

𝛽̂ − 𝛽


2

]
+ E

[

𝛽̃𝑆𝑆𝐿 − 𝛽


2

] )
(4.132)

= 2

(
𝜎̂∗

2

𝑚 tr

((
𝑋⊤𝐽𝛽𝑋𝐽𝛽

)−1

)
+ 𝜎̂∗

2

𝑚 tr

((
𝑋⊤𝐽𝛽𝑋𝐽𝛽

)−1

)
+ 𝜎̄2

tr

( (
𝑋⊤𝑋

)−1

))
(4.133)

[Largest eigenvalue] ≤ 2

𝑝

𝑛𝜌1

(
𝜎̂∗

2 + 𝜎̂∗
2

𝑚 + 𝜎̄2

)
(4.134)

= 2

𝑝

𝑛𝜌1

(
3𝜎∗

2 + 𝑜𝑃(1)
)

(4.135)

[ 𝑓 𝑟𝑜𝑚 (5.1.𝑏)] = 0. (4.136)



Sec. 4.7. Conclusion and discussion 163

From the sub-Gaussian results, we see the Wasserstein distance is upper bounded by

𝑝

𝑛𝜌1

times a constant factor. From the asymptotic assumption (5.1.b), we could conclude the

convergence in the Wasserstein distance.

□

Technical Lemmas

Lemma 9 (Lindeberg-Feller Central Limit Theorem). For each 𝑛, let {𝑋𝑛𝑖}𝑛𝑖=1
be an independent

collection of random variables. Suppose the means and variances exist and are finite. Let 𝜎2

𝑛 ≡∑𝑛
𝑖=1

𝜎2

𝑛𝑖
=

∑𝑛
𝑖=1
𝑣𝑎𝑟(𝑋𝑛𝑖) > 0 holds for all 𝑛. Define 𝑌𝑛,𝑖 ≡ (𝑋𝑛𝑖 − E [𝑋𝑛𝑖])/𝜎𝑛 . Here, if the

following condition holds:

∀𝜖 > 0,

𝑘𝑛∑
𝑖

E
[
∥𝑌𝑛,𝑖∥2 > 𝜖

]
→ 0 [Lindeberg condition], (4.137)

then we have asymptotic normality on
∑𝑛
𝑖=1
𝑌𝑛𝑖 that

𝑛∑
𝑖=1

𝑌𝑛𝑖 ⇒𝒩(0, 1). (4.138)

Lemma 10 (Slutsky’s Theorem). Say {𝑋𝑛} is a R𝑑-valued sequence of random variables and 𝑋𝑛

weakly converges to 𝑋. We know if {𝑌𝑛} is a R𝑑-valued sequence of random variables s.t. 𝑌𝑛
𝑃−→ 𝑐

where 𝑐 ∈ R, then

(i) 𝑋𝑛 + 𝑌𝑛 weakly converges to 𝑋 + 𝑐.

(ii) 𝑋𝑛 · 𝑌𝑛 weakly converges to 𝑐𝑋.

(iii) 𝑋𝑛
𝑌𝑛

weakly converges to 𝑋
𝑐 when 𝑐 ≠ 0.

Lemma 11. From the definition of a sub-Gaussian random vector with parameter (𝜇, 𝜎2) that

E
[
𝑒𝜆(𝑋−𝜇)

]
≤ 𝑒𝜎2𝜆2/2. (4.139)
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We have

P
(
|𝑋 − 𝜇| ≥ 𝑡

)
≤ 2𝑒

− 𝑡2

2𝜎2 , (4.140)

from the Chernoff bound.

Lemma 12. Let 𝑋 ∼ 𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑛, 𝑝), ∀𝛿 ∈ (0, 1), we know the upper tail is bounded via

P
(
𝑋 ≥ (1 + 𝛿)𝑛𝑝

)
≤ exp

(
−𝛿

2𝑛𝑝

3

)
, (4.141)

and the lower tail is bounded via

P
(
𝑋 ≤ (1 − 𝛿)𝑛𝑝

)
≤ exp

(
−𝛿

2𝑛𝑝

2

)
. (4.142)

Implementation of Out-of-bag weighted bagging inclusion probabil-

ity selection
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Algorithm 4 Out-of-bag inclusion probability thresholding least-squares estimation

Input: covariate matrix 𝑿 , target vector 𝒚, thresholding constant 𝛾, cross-validation propor-

tion 𝑐, inclusion probability threshold 𝑝, number of bagging trials 𝐵.

1: function BIPVariableSelection(𝑿 , 𝒚, 𝛾, 𝑐, 𝑝, 𝐵) :

2: MSEs← List()
3: IncludeList← List()
4: For 𝑏 in 1, 2, · · · , 𝐵:

5: 𝑿 𝑏
tr
,𝑿 𝑏

te
, 𝒚𝑏

tr
, 𝒚𝑏

te
← CrossValidate(𝑿 , 𝒚, 𝑐)

6: 𝛽𝑏 ← LeastSquares(𝑿 𝑏
tr
, 𝒚𝑏

tr
)

7: 𝜏𝑏
1:𝑑
← 𝜎

√
𝛾

diag((𝑿 𝑏
tr
)⊤𝑿 𝑏

tr
)

8: include
𝑏
1:𝑑 ←

(
|𝛽𝑏

1:𝑑
| > 𝜏𝑏

1:𝑑

)
9: MSE

𝑏 ← 1

𝑐𝑛



𝒚𝑏
te
− 𝑿 𝑏

te
𝛽𝑏



2

2

10: IncludeList.append(include
𝑏)

11: MSEs.append(MSE
𝑏)

12: 𝑤𝑏 ← exp(−MSE
𝑏)∑𝐵

ℓ=1
exp(−MSE

ℓ ) , 𝑏 = 1, · · · , 𝐵
13: 𝜋1:𝑑 ←

∑𝐵
𝑏=1

𝑤𝑏 include
𝑏
1:𝑑

14: 𝒥1:𝑑 ←
(
𝜋1:𝑑 > 𝑝

)
Output: selected support set 𝒥 .
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Additional plots
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Figure 4.7: Extended plottings of Lotka–Volterra experiment with E-SINDy and Bayesian SINDy.
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5

Mesh-Free Sparse Identification of
Nonlinear Dynamics

Partial differential equations (PDEs) are one of the most fundamental building blocks of

science and engineering. Through a descriptive symbolic formulation, PDEs can accurately

predict spatio-temporal dynamics of different phenomena such as climate, fluid flow, optimal

control, or population dynamics, among others. A-priori knowledge of the system dynamics

is required to numerically solve the governing differential equations and obtain an accurate

prediction of the system’s future state. However, the explicit form of the governing dynamics

can be unknown, so identifying the dynamics of the system is a critical first step for

scientific data modeling and prediction [32, 234]. In this context, the sparse identification

of nonlinear dynamics (SINDy) method [32] has shown great success in a wide range

of applications, and has been extended to improve noise robustness [89] and to provide

uncertainty quantification [100]. Despite the existence of black-box methods [185, 172], the

most accurate and scientifically meaningful understanding still comes from recovering the

explicit form of the governing equation [158, 301]. Still, its applicability is constrained to

space-time structured data due to the reliance on traditional numerical discretization schemes

(e.g. finite-difference methods).

In this paper, we present the mesh-free SINDy algorithm, a novel approach to identify the

governing PDE from arbitrary sensor placements. As illustrated in Fig. 5.1, mesh-free SINDy

is based on neural network (NN) approximation and auto-differentiation (AD) to discover

the system dynamics from random sensor placement (ie. unstructured data). The mesh-free

SINDy method first uses a NN as a surrogate model of a given unstructured dataset, ie.



168

Figure 5.1: Illustration of the architecture of mesh-free SINDy. From 𝑁 sensor measurements at

random space-time points 𝑥𝑛
𝑖
, the neural network approximates the system state 𝑢𝑛

𝑗
(𝑥𝑛
𝑖
). As shown in

the 1-D example, the auto-differentiation framework produces 𝜕𝑡𝑢 (also noted 𝑢𝑡), and a library of 𝐾
candidate terms composed of spatial or mixed derivatives which will be used in the sparse regression.

𝑓NN : 𝑥𝑖 → 𝑢𝑗 , where 𝑥𝑖 is the vector of independent variables and 𝑢𝑗 is the NN-approximated

system state. Once the NN is trained according to a loss function L(𝑢𝑛
𝑗
, 𝑢̂𝑛

𝑗
) on 𝑁 randomly

sampled collocation points, a candidates library of 𝐾 potential terms, Θ𝑛
𝑘
, is generated via AD

by producing point-wise estimates of spatial, temporal, and mixed derivates that may be part

of the system dynamics. Then, the sparse regression step uses ensemble SINDy (E-SINDy) to

find the dominant terms of the system dynamics from the library of candidates.

Unlike previous methods which rely on multi-stage training and a combined loss function,

we propose to train the NN decoupled from the sparse regression step. This separation

reduces the computational cost of the algorithm while also being robust to high noise levels

and small datasets. We note that competing terms in a loss function pose a challenging

optimization process which is particularly sensitive to the weight assign into each term.

Additionally, we reduce the number of hyper-parameters by not having to set the weight of

each objective in the loss function. For example, [201] assess the accuracy of an autoencoder

combined with a neural ordinary differential equation (ODE) model for the autoencoder

latent space to predict nonlinear temporal dynamics. They show that decoupling the loss
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of the autoencoder and the neural ODE yields improved performance compared to training

both models under a single combined loss function.

In the experiments, we demonstrate the algorithm’s efficacy on linear and non-linear

dynamical systems of different complexity, comparing our results with previous methods.

Mesh-free SINDy achieves successful model discovery with drastically reduced training

cost and minimal hyperparameter tuning, all without sacrificing any performance. The

contribution of our paper is three-fold:

• We introduce an AD-based SINDy framework to discover the underlying system dynamics

from scarce and randomly sampled data with uncertainty quantification. A shallow neural

network is trained as a response surface for the given dataset, and candidate terms of the

dynamical system are computed via automatic differentiation.

• By decomposing the training loop into (i) surrogate learning and (ii) model discovery

phases, it enables at least 10x faster execution compared to the traditional workflow,

while requiring minimal hyperparameter tuning for model identification. This simplified

discovery procedure does not compromise accuracy and can even enhance noise robustness

in several cases.

• We conduct extensive experimental studies on four fundamental PDEs: the Burgers’, heat,

Korteweg–De Vries, and advection-diffusion equations. Mesh-free SINDy consistently

achieves robust discovery from scarce data, even in low-data and high-noise regimes.

Detailed experimental setups are provided in Section 4 for full reproducibility.

5.1 Related works

The use of NN and AD to approximate the response of dynamic systems from unstructured

data was initially proposed by Both et al. [29] through the DeepMod framework. Similarly to

the present method, derivative terms are generated via AD from the NN response. DeepMod

uses a multi-objective loss function to optimize the models’ weights based on (i) the error

from NN system state prediction, Ldata = ||𝑢𝑛
𝑗
− 𝑢̂𝑛

𝑗
||2

2
, (ii) the error from the Lasso-based

reconstructed dynamics, LPDE = ||𝜕𝑡𝑢𝑛𝑗 − Θ𝑛
𝑘
Ξ𝑘 ||2

2
, where Ξ𝑘 is the coefficients vector for
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each term in Θ𝑘 , and (iii) the regularization term LΞ = 𝜆||Ξ𝑘 ||1 to promote sparsity, yielding

L = Ldata + LPDE + LΞ. The overall training process, which optimizes both the NN trainable

parameters and the Ξ𝑘 coefficients, is performed twice. The first training includes the

regularization term and, after training converges, the Ξ𝑘 vector is reduced to a smaller number

of terms according to an arbitrary threshold. The second training removes the regularization

term and is aimed at fine-tunning the remaining Ξ𝑘 coefficients.

Chen et al. [59] proposed a similar approach to DeepMod, namely PINN-SR, which

combines both the data loss and the sparse regression of the Ξ𝑘 coefficients in a single loss

function. In that work, authors used an alternating direction optimization (ADO) algorithm

instead of the double-training strategy implemented in DeepMod, and the Ridge algorithm

instead of Lasso for finding the optimal Ξ𝑘 coefficients. Recently, Stephany and Earils [257]

proposed PDE-LEARN, a similar framework which also uses a combined loss function of

the form L = Ldata + LPDE + LΞ. The novelty in PDE-LEARN relies on the use of rational

NNs instead of classic multilayer perceptron architecture, and a triple-stage training strategy

consisting of (i) burn-in stage to optimize and prune candidates based on data and PDE

losses, (ii) sparsification stage which includes regularization term, and (iii) fine-tuning stage

to optimize the coefficients for the surviving terms.

5.2 Mesh-free sparse identification of nonlinear dynamics

A neural network is a nonlinear modeling technique to approximate arbitrary functions.

Given a dataset {(𝑥𝑛 , 𝑡𝑛 , 𝑢𝑛)}𝑁
𝑛=1

where 𝑥𝑛 is the spatial location, 𝑡𝑛 is the time, and 𝑢̂𝑛 is the

state variable of the PDE at (𝑥𝑛 , 𝑡𝑛), the 𝐿-layer of a neural network can be defined as

𝑢(𝑥, 𝑡) := 𝜎𝐿 (𝑾𝑘𝜎𝑘−1 (𝑾𝑘−1 · · · 𝜎1 (𝑾1(𝑥, 𝑡)))) , (5.1)

where 𝜃 = (𝑾1 , . . . ,𝑾𝐿) with 𝑊1 ∈ R𝑑×𝑝 , 𝑾𝑖 ∈ R𝑝×𝑝 , 𝑾𝐿 ∈ R𝑝×1
, and 𝜎𝑖(·) represents the

activation function. Following prior work [92], we utilize a feed-forward neural network to

approximate the PDE field.
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Mesh-free PDE data PDEs utilize first principles to model physical and natural phenomena.

Given spatial location 𝑥 and temporal information 𝑡, the state variable 𝑢 is a function of

the independent spatial and temporal variables, i.e. 𝑢(𝑥, 𝑡). Typically, high-quality data

collection under fixed spatial grids with regular temporal sampling is required to obtain

partial derivative estimates from (e.g.) finite difference methods, which requires 𝑥 ∈ R𝑑 and

𝑡 ∈ R to be structured grids (e.g. 𝑥 = [−0.5,−0.4,−0.3, ..., 0.4, 0.5] and 𝑡 = [0, 0.1, 0.2, ..., 1.0]).

However, real-world data collection often results in non-uniformly sampled data points

in space and time. For instance, uniformly spaced sensors for sea surface temperature data

collection are not possible [225]. Hence, a non-uniform dataset of 𝑁 samples can be defined

as {(𝑥𝑛 , 𝑡𝑛 ; 𝑢̂𝑛)}𝑁
𝑛=1

, where samples are randomly collected within a given spatio-temporal

domain.

Automatic differentiation The automatic differentiation framework is a powerful tool in

modern deep learning. Suppose we model the neural network as 𝑓𝜃(𝑥, 𝑡), where 𝜃 are

the trainable parameters of the neural network. We can compute the spatial and temporal

derivatives of the neural network with respect to the input (𝑥, 𝑡) using the back-propagation

algorithm [236]. From the computational graph of the back-propagation algorithm, we can

estimate spatial, temporal, and mixed derivatives such as
𝜕𝑢
𝜕𝑡 ,

𝜕𝑢
𝜕𝑥 ,

𝜕2𝑢
𝜕𝑥𝜕𝑡 ,

𝜕2𝑢
𝜕𝑥2
, 𝜕

3𝑢
𝜕𝑥3

, and so on.

Partial derivative estimation from mesh-free data Compared to traditional numerical

differentiation methods, AD can obtain direct space-time derivatives of a non-uniform dataset

from a fitted analytical response surface, such as a neural network. This mitigates interpolation

errors that otherwise arise when projecting non-uniformly sampled data on structured grids.

Adapting from the better estimated derivatives, we then perform sparse regression to discover

the governing PDE via SINDy and its variants [32, 89, 20, 98].

We can now perform PDE discovery with arbitrary sensor placements with irregularly-

sampled time series [230], which can relax the complexity of data collection and reduce the

cost of data acquisition [138], as presented in Alg. 5.
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Algorithm 5 Mesh-free SINDy for sparse identification of nonlinear dynamics

Input: data𝒟 = {(𝑥(𝑛) , 𝑡(𝑛) , 𝑢̂(𝑛))}𝑁
𝑛=1

, SINDy dictionary Θ(·), sparsity threshold 𝜆.

1: function MeshFreeSINDy(𝒟 ,Θ,𝜆) :

2: Initialize neural surrogate 𝑓𝜃 : R𝑑 × R→ R with random weights

3: 𝜃← arg min

𝜃

1

𝑁

𝑁∑
𝑛=1



𝑢̂(𝑛) − 𝑓𝜃(𝑥(𝑛) , 𝑡(𝑛))

2

2
⊲ MSE training convergence 𝑛 in 1, 2, · · · , 𝑁 :

4: 𝑢(𝑛) ← 𝑓𝜃(𝑥(𝑛) , 𝑡(𝑛)) ⊲ forward pass

5: 𝜕𝑡𝑢(𝑛) ← 𝜕𝑡 𝑓𝜃(𝑥(𝑛) , 𝑡(𝑛)) ⊲ auto-differentiation

6: 𝜕𝑘𝑥𝑢
(𝑛) ← 𝜕𝑘𝑥 𝑓𝜃(𝑥(𝑛) , 𝑡(𝑛)) for required spatial derivative orders 𝑘

7: Θ←
[
Θ

(
𝑢(𝑛) , 𝜕𝑥𝑢

(𝑛) , 𝜕2

𝑥𝑢
(𝑛) , . . .

)]𝑁
𝑛=1

⊲ build dictionary

8: Ξ← arg min

Ξ

1

𝑁
∥𝜕𝑡𝑢 −ΘΞ∥2

2
+ 𝜆∥Ξ∥1 ⊲ sparse regression

Output: sparse coefficient matrix Ξ.

Quantifying PDE discovery uncertainty from automatic differentiation Uncertainty

quantification is an essential step in scientific machine learning and model discovery as it

provides confidence of discovery as well as safe predictive inference for the discovered model.

This is particularly important for critical applications such as health-care, climate modeling,

or aerodynamic design, among others.

To enable uncertainty estimate for mesh-free SINDy, we perform non-parametric bootstrap

via the following procedure. Firstly, we randomly subsample 𝑚 < 𝑁 data points from the

original dataset𝒟 = {Θ, u𝑡}without replacement, which we denote this data as 𝒟̃, where

Θ = Θ
(
𝑢𝑛 , 𝜕𝑥𝑢𝑛 , 𝜕2

𝑥𝑢
𝑛 , . . .

)
and u𝑡 = 𝜕𝑡𝑢𝜃(𝑥(𝑛) , 𝑡(𝑛)). Then, the algorithm runs SINDy on

the bootstrapped dataset 𝒟̃ to perform sparse regression and obtain the PDE coefficients Ξ̃.

Finally, repeating the above procedure 𝑀 times to obtain 𝑀 bootstrapped PDE coefficients

{Ξ̃𝑚}𝑀
𝑚=1

.

The Bootstrapping algorithm above can obtain an empirical distribution {Ξ̃𝑚}𝑀
𝑚=1

, which

enables uncertainty quantification for mesh-free SINDy. This algorithm can be implemented

via ensemble SINDy [89], which is theoretically grounded to provide asymptotically correct

distributional estimates [100]. In the experiments, we provide the uncertainty quantification

results for the discovered PDEs via mesh-free SINDy.
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5.3 Numerical experiments

In the following sections, we present case studies across a range of fundamental PDEs,

including the Burgers’ equation, the heat equation, the Korteweg–De Vries equation, and the

2D advection-diffusion equation. We summarize and highlight the experimental results in

Tab. 5.1. Further details about each experiment are provided in the subsequent subsections.

Table 5.1: Performance of Mesh-free SINDy on tested PDEs

PDE Sample Noise Success Time (s) Recovered Equation

Burgers’

𝑢𝑡 + 𝑢𝑢𝑥 = 0.5𝑢𝑥𝑥

100 1% 66.7% 18 𝑢𝑡 + 1.03𝑢𝑢𝑥 = 0.59𝑢𝑥𝑥
1000 1% 100.0% 20 𝑢𝑡 + 0.98𝑢𝑢𝑥 = 0.47𝑢𝑥𝑥
2500 1% 100.0% 20 𝑢𝑡 + 1.00𝑢𝑢𝑥 = 0.49𝑢𝑥𝑥
5000 1% 100.0% 21 𝑢𝑡 + 1.00𝑢𝑢𝑥 = 0.49𝑢𝑥𝑥
100 10% 50.0% 25 𝑢𝑡 + 0.98𝑢𝑢𝑥 = 0.41𝑢𝑥𝑥
1000 10% 100.0% 25 𝑢𝑡 + 0.94𝑢𝑢𝑥 = 0.39𝑢𝑥𝑥
2500 50% 80.0% 25 𝑢𝑡 + 0.79𝑢𝑢𝑥 = 0.37𝑢𝑥𝑥
5000 75% 80.0% 25 𝑢𝑡 + 0.73𝑢𝑢𝑥 = 0.37𝑢𝑥𝑥

Heat

𝑢𝑡 = 𝑢𝑥𝑥

500 1% 8.3% 29 𝑢𝑡 = 0.35𝑢𝑥𝑥
1000 1% 91.7% 29 𝑢𝑡 = 0.59𝑢𝑥𝑥
2500 1% 91.7% 30 𝑢𝑡 = 0.75𝑢𝑥𝑥
4000 1% 100.0% 30 𝑢𝑡 = 0.85𝑢𝑥𝑥
500 5% 8.3% 29 𝑢𝑡 = 0.27𝑢𝑥𝑥
1000 10% 91.7% 29 𝑢𝑡 = 0.48𝑢𝑥𝑥
2500 25% 8.3% 30 𝑢𝑡 = 0.43𝑢𝑥𝑥
4000 25% 50.0% 30 𝑢𝑡 = 0.33𝑢𝑥𝑥

KdV

𝑢𝑡 + 6𝑢𝑢𝑥 + 𝑢𝑥𝑥𝑥 = 0

100 5% 8.3% 48 𝑢𝑡 + 1.2𝑢𝑢𝑥 + 0.18𝑢𝑥𝑥𝑥 = 0

500 5% 25.0% 52 𝑢𝑡 + 5.75𝑢𝑢𝑥 + 0.98𝑢𝑥𝑥𝑥 = 0

1000 5% 75.0% 56 𝑢𝑡 + 5.38𝑢𝑢𝑥 + 0.84𝑢𝑥𝑥𝑥 = 0

2000 5% 83.3% 69 𝑢𝑡 + 5.89𝑢𝑢𝑥 + 1.00𝑢𝑥𝑥𝑥 = 0

100 10% 0.0% 48 𝑢𝑡 + 2.34𝑢𝑢𝑥 + 1.06𝑢𝑥 = 0

500 10% 50.0% 52 𝑢𝑡 + 5.31𝑢𝑢𝑥 + 0.79𝑢𝑥𝑥𝑥 = 0

1000 25% 41.6% 56 𝑢𝑡 + 5.03𝑢𝑢𝑥 + 0.73𝑢𝑥𝑥𝑥 = 0

2000 50% 66.7% 40 𝑢𝑡 + 5.02𝑢𝑢𝑥 + 0.84𝑢𝑥𝑥𝑥 = 0

Advection-Diffusion

𝜕𝑡𝑢 = −∇ ·
(
®𝑐𝑢

)
+ 0.5∇2𝑢

500 10% 100.0% 31 𝑢𝑡 + 0.24𝑢𝑥 + 0.49𝑢𝑦 = 0.49𝑢𝑥𝑥 + 0.49𝑢𝑦𝑦
2000 10% 100.0% 33 𝑢𝑡 + 0.25𝑢𝑥 + 0.50𝑢𝑦 = 0.49𝑢𝑥𝑥 + 0.49𝑢𝑦𝑦
4000 10% 100.0% 36 𝑢𝑡 + 0.25𝑢𝑥 + 0.51𝑢𝑦 = 0.48𝑢𝑥𝑥 + 0.49𝑢𝑦𝑦
6000 10% 100.0% 38 𝑢𝑡 + 0.25𝑢𝑥 + 0.50𝑢𝑦 = 0.50𝑢𝑥𝑥 + 0.48𝑢𝑦𝑦
500 25% 8.3% 31 𝑢𝑡 + 0.27𝑢𝑥 + 0.50𝑢𝑦 = 0.45𝑢𝑥𝑥 + 0.48𝑢𝑦𝑦
2000 25% 100.0% 33 𝑢𝑡 + 0.24𝑢𝑥 + 0.49𝑢𝑦 = 0.47𝑢𝑥𝑥 + 0.47𝑢𝑦𝑦
4000 50% 91.6% 36 𝑢𝑡 + 0.24𝑢𝑥 + 0.51𝑢𝑦 = 0.45𝑢𝑥𝑥 + 0.48𝑢𝑦𝑦
6000 75% 25.0% 38 𝑢𝑡 + 0.28𝑢𝑥 + 0.48𝑢𝑦 = 0.49𝑢𝑥𝑥 + 0.45𝑢𝑦𝑦

5.3.1 Burgers’ equation

The Burgers’ equation is a fundamental nonlinear PDE that is used as a simplified model for

turbulence and viscous fluid flow [17, 35] in 1D with the combination of nonlinear advection

and diffusion.
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The governing equation is given by

𝑢𝑡 + 𝑢𝑢𝑥 = 𝜈𝑢𝑥𝑥 , (5.2)

where 𝑢 is the velocity, 𝜈 is the viscosity, 𝑢𝑡 is the temporal derivative, and 𝑢𝑥 , 𝑢𝑥𝑥 are first

and second order spatial derivatives, respectively.

In the experiments, we set the viscosity 𝜈 = 0.5 with a periodic boundary conditions for

the domain 𝑥 ∈ [0, 2𝜋] and 𝑡 ∈ [0, 1]where

𝑢(0, 𝑡) = 𝑢(2𝜋, 𝑡). (5.3)

We simulate the PDE with random sensor placement {(𝑥𝑛 , 𝑡𝑛)}𝑁
𝑛=1

where 𝑁 is the sample size.

To further simulate the PDE, we utilize the following closed-form solution of the viscous

Burgers’ equation

𝑢̂(𝑥, 𝑡) = 4 − 2𝜈
𝑑
𝑑𝑥𝜙(𝑥, 𝑡)
𝜙(𝑥, 0) , (5.4)

where 𝜙(𝑥, 𝑡) = exp

(
− (𝑥−4𝑡)2
(4𝜈(𝑡+1))2

)
+ exp

(
− (𝑥−4𝑡−2𝜋)2
(4𝜈(𝑡+1))2

)
.

We setup a fully-connected two-layer neural network with 32 neurons per layer. For

continuous differentiation, we utilize the tanh activation function. The neural network is

trained with the AdamW optimizer with a learning rate of 0.0005, weight decay of 0.01, and

a batch size of 20. We set the training epoch to 200 which approximately takes 25 seconds

to run without GPU acceleration. To identify the system dynamics with SINDy, we set the

interaction order to 2, which includes 19 polynomial terms including

1, 𝑢, 𝑢𝑥 , 𝑢𝑥𝑥 , 𝑢𝑡𝑡 , 𝑢𝑥𝑡 , 𝑢
2 , 𝑢𝑢𝑥 , 𝑢𝑢𝑥𝑥 , 𝑢𝑢𝑡𝑡 , 𝑢𝑢𝑥𝑡 , 𝑢

3 , 𝑢𝑥𝑢𝑥𝑥 , 𝑢𝑥𝑢𝑡𝑡 , 𝑢𝑥𝑢𝑥𝑡 , 𝑢𝑥𝑢
2 , 𝑢𝑡𝑡𝑢𝑥𝑡 , 𝑢𝑡𝑡𝑢

2 , 𝑢𝑥𝑡𝑢
2.

We utilize an ensemble sequentially thresholding least-squares algorithm with threshold

0.14 and ℓ2 regularization 0.05. We note here that the hyperparameter setting is fixed among

all sample sizes and noise levels. These hyper-parameters are kept constant during the
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Table 5.2: PDE discovery success rate (%) under different sample sizes and noise levels for the Burgers’

equation.

Samples 1% Noise 10% Noise 25% Noise 50% Noise 75% Noise

100 66.7 50.0 16.7 16.7 0.0

1000 100.0 100.0 50.0 25.0 0.0

2500 100.0 100.0 100.0 80.0 40.0

5000 100.0 100.0 100.0 100.0 80.0
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Figure 5.2: Uncertainty quantification and epoch-wise evaluation of the discovered SINDy model for

the Burgers’ equation.

experiments when varying dataset size and noise level.

The training convergence as well as the neural network extrapolation are included in 5.5.2.

We show in Tab. 5.2 that the mesh-free SINDy algorithm achieves robust discovery with up to

50% noise using 5,000 samples, with a 100% success rate. With 75% injected noise, we achieve

an 80% success rate with 5,000 samples. In the low-data limit, we achieve a 66.7% success

rate with 100 samples and 1% noise, and a 50% success rate with 10% noise, which is notably

robust when testing non-uniformly sampled data.

Fig. 5.2 presents the uncertainty estimate of mesh-free SINDy, where ensemble SINDy

discovery is performed every 25 epochs of training the neural network which provides the

derivatives estimate. This figure demonstrates the distribution estimation of mesh-free SINDy

with an increasing number of training epochs. It is worth noting that insufficient initial

training can lead to incorrect model discovery, but the model will converge to the correct

physics with more training epochs. In turn, it demonstrates that longer training periods leads

to more accurate derivative estimation in results in a higher success rate of PDE discovery.
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5.3.2 1D heat equation

The heat equation is a fundamental PDE that characterizes the heat transfer via a diffusion

process. In 1D, the heat equation can be written as

𝑢𝑡 = 𝜈𝑢𝑥𝑥 , (5.5)

where 𝑢 is the temperature and 𝜈 = 1.0 is the diffusion coefficient. We set up the initial

condition to be 𝑢(𝑥, 0) = 𝑥2
sin(𝑥) ≈ ∑

𝑞 𝐷𝑞 sin

(
𝑞𝑥

)
in a 𝑥 ∈ [0,𝜋] periodic domain, i.e.

𝑢(0, 𝑡) = 𝑢(𝜋, 𝑡) = 0.

In the experiments, we use a neural network with four fully-connected layers of 128

neurons each, again using tanh as the activation function. A batch size of 20 samples is

considered, and the learning rate is set to 2𝑒−4
for 300 training epochs. The MSE loss function

between target and predicted data is applied. Following the previous example, we set the

interaction order to 3 thus including 12 polynomial terms

1, 𝑢, 𝑢2 , 𝑢𝑥 , 𝑢𝑥𝑥 , 𝑢𝑥𝑥𝑥 , 𝑢𝑢𝑥 , 𝑢𝑢𝑥𝑥 , 𝑢𝑢𝑥𝑥𝑥 , 𝑢
2𝑢𝑥 , 𝑢

2𝑢𝑥𝑥 , 𝑢
2𝑢𝑥𝑥𝑥 .

We utilize mixed-integer optimizer to perform sparse regression with ℓ0 regularization with

ℓ2 = 0.05. These hyper-parameters are kept constant during the experiments when varying

dataset size and noise level.

The convergence of training and the result of neural network extrapolation are in 5.5.3. In

Tab. 5.3, mesh-free SINDy achieves robust discovery with up to 1% noise using 4,000 samples,

with a 100% success rate. With 25% injected noise, we achieve a 50% success rate with 4,000

samples. In the low-data limit, we achieve a 91.7% success rate with 1000 samples and 1%

noise. Remarkably, the model can still successfully discover the heat equation with only 500

samples under a noisy environment. Fig. 5.3 presents the uncertainty estimate of mesh-free

SINDy, where ensemble SINDy discovery is performed every 25 epochs. The correct term

𝑢𝑥𝑥 is robustly discovered with statistical significance, while other terms are concentrated

around zero.
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Table 5.3: PDE discovery success rate (%) under different sample sizes and noise levels for the heat

equation.

Samples 1% Noise 5% Noise 10% Noise 25% Noise

500 8.3 8.3 8.3 0.0

1000 91.7 83.3 91.7 0.0

2500 91.7 91.7 61.7 8.3

4000 100.0 75.0 66.7 50.0
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Figure 5.3: Uncertainty quantification and epoch-wise evaluation of the discovered SINDy model for

the heat equation.

5.3.3 Korteweg–De Vries equation

The Korteweg–De Vries (KdV) equation is a mathematical model of waves on shallow water

surfaces. The equation is a third-order nonlinear PDE which can be written as

𝑢𝑡 + 𝑢𝑢𝑥 + 𝑢𝑥𝑥𝑥 = 0, (5.6)

where 𝑢 is the wave height and 𝑢𝑥 and 𝑢𝑡 are the spatial and temporal derivatives.

In the experiments, we apply the two-soliton solution of the KdV equation with the initial

condition being a superposition with functions of the form

𝑢̂(𝑥, 𝑡) = 𝑐

2

sech
2

(√
𝑐

2

(𝑥 − 𝑐𝑡 − 𝑎)
)
, (5.7)

with offset centers and different amplitudes following [234].

In the experiments, we apply use a fully-connected neural network with four layers

and 30 neurons per layer. The tanh activation function is employed. We use Adam op-
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timizer with learning rate 1𝑒−3
and apply full-batch gradient descent as the mesh-free

dataset is small. The training time for 500 samples and 200 epochs is around 50 seconds

using the MSE loss. The convergence of training and the result of neural network ex-

trapolation are in 5.5.4. Following the previous example, we set the following library

for discovery: 1, 𝑢, 𝑢2 , 𝑢𝑥 , 𝑢𝑥𝑥 , 𝑢𝑥𝑥𝑥 , 𝑢𝑢𝑥 , 𝑢𝑢𝑥𝑥 , 𝑢𝑢𝑥𝑥𝑥 , 𝑢
2𝑢𝑥 , 𝑢

2𝑢𝑥𝑥 , 𝑢
2𝑢𝑥𝑥𝑥 . We utilize mixed-

integer optimizer to perform sparse regression with ℓ0 regularization with ℓ2 = 0.05. These

hyper-parameters are kept constant during the experiments when varying dataset size and

noise level.

Mesh-free SINDy achieves robust discovery under 1% noise using 2,000 samples with a

100% success rate. In Tab. 5.4, with 50% injected noise, we achieve a 66.7% success rate with

2,000 samples. In the low-data limit, we achieve a 50% success rate with 500 samples and 5%

noise. Remarkably, the model can still successfully discover the KdV equation with only 100

samples under 5% noise. Fig. 5.4 presents the uncertainty estimate of mesh-free SINDy, where

ensemble SINDy discovery is performed every 2500 epochs. The correct terms, 𝑢𝑥𝑥𝑥 and 𝑢𝑢𝑥 ,

are robustly discovered with uncertainty estimates, while other terms are consistently evolve

into a distribution centered at zero.

Table 5.4: PDE discovery success rate (%) under different sample sizes and noise levels for the KdV

equation.

Samples 5% Noise 10% Noise 25% Noise 50% Noise

100 8.3 0.0 0.0 0.0

500 50.0 25.0 16.6 8.3

1000 75.0 50.0 41.6 33.3

2000 83.3 75.0 83.3 66.7

5.3.4 2D advection-diffusion equation

The two-dimensional advection-diffusion equation combines advection and diffusion pro-

cesses in two spatial dimensions. Advection-diffusion equations are widely used to describe

many linear processes in the physical sciences, including heat transfer, pollutant transport,
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Figure 5.4: Uncertainty quantification and epoch-wise evaluation of the discovered SINDy model for

the KdV equation.

Table 5.5: PDE discovery success rate (%) under different sample sizes and noise levels for the 2D

advection-difussion equation.

Samples 1% Noise 10% Noise 25% Noise 50% Noise 75% Noise

500 100.0 100.0 8.3 0.0 0.0

2000 100.0 100.0 100.0 16.7 0.0

4000 100.0 100.0 100.0 91.6 8.3

6000 100.0 100.0 100.0 91.6 25.0

and fluid dynamics. The equation is given by

𝜕𝑡𝑢 = −∇ ·
(
®𝑐𝑢

)
+ 𝐾∇2𝑢, (5.8)

where 𝑢 is the concentration, ®𝑐 = (0.25, 0.50) is the constant velocity vector, and 𝐾 = 0.50

is the diffusion coefficient. We set the initial condition as a Gaussian distribution. In the

experiments, we use neural network with eight fully-connected layers and 60 neurons per layer.

The tanh activation function is employed. We use Adam optimizer with learning rate 1𝑒−3
and

apply full-batch gradient descent as the mesh-free dataset is small. The training time for 500

samples and 10, 000 epochs is around 30 seconds under the MSE loss. Following the previous

examples, we set the following library for discovery: 1, 𝑢, 𝑢2 , 𝑢3 , 𝑢𝑥 , 𝑢𝑦 , 𝑢𝑥𝑥 , 𝑢𝑦𝑦 , 𝑢𝑢𝑥 , 𝑢𝑢𝑦 .

Compared to all prior examples, this library fits into the 2D PDE discovery context, which

includes ten library functions that are commonly applied. We utilize mixed-integer optimizer

to perform sparse regression with ℓ0 regularization with ℓ2 = 0.0005. These hyper-parameters

are kept constant during the experiments when varying dataset size and noise level.
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Figure 5.5: Uncertainty quantification and epoch-wise evaluation of the discovered SINDy model for

the 2D advection-difusion equation.

The convergence of training and the result of neural network extrapolation are in 5.5.5.

Mesh-free SINDy achieves robust discovery under 25% noise using 6,000 samples with a 100%

success rate. In Tab. 5.5, with 75% injected noise, we achieve a 25% success rate with 6,000

samples. In the low-data limit, we achieve a 100% success rate with 500 samples and 10%

noise. Remarkably, the model can still successfully discover the complex advection-diffusion

equation with only 500 samples up to 25% noise. Fig. 5.5 presents the uncertainty estimate of

mesh-free SINDy, where ensemble SINDy discovery is performed every 2000 epochs. The

correct terms are robustly discovered with uncertainty estimates.

5.3.5 Comparison with previous works

The performance of mesh-free SINDy is compared with previous methods using the Burgers’

equation as a baseline. Other methods have been run according to the documentation and

best-practices available in their open-source repositories. All methods are tested under the

same GPU hardware.

Tab. 5.6 summarizes the results for each method. In general, mesh-free SINDy offers the

simplest implementation with fast computation and minimal tuning, while maintaining high

robustness to noise, especially in low-sample scenarios. Ensemble Weak (EW-)SINDy [89, 194]

can tolerate very high noise levels, but it requires grid-based data collection with a large sample

size, which is not always feasible in real-world applications. PINN-SR and PDE-LEARN both

have relatively slow training times and require careful tuning of hyper-parameters. This can

be particularly challenging in the context of deep learning, which adds extra complexity on
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Table 5.6: Comparison of mesh-free SINDy with previous methods for the Burgers’ equation

experiment.

Method Cost Noise level Samples Tuning Success rate Data Collection

Mesh-free SINDy 30s 100% 100 Low High Arbitrary

EW-SINDy [89] 1s 100% 25,000 Low High Grid

PINN-SR [59] 20m 10% 800 Medium Medium Arbitrary

PDE-LEARN [257] 30m 100% 250 High Medium Arbitrary

DeepMOD [29] 25m 75% 100 High Medium Arbitrary

top of the neural network tuning required for optimal training. In additon, reproducibility is

also hindered by the fine-tunning procedure, which can be nontrivial and biased towards

prior knowledge. DeepMOD has a fast training time and is robust to noise under very small

sample sizes. However, the tuning effort required is high, as one potentially needs to tune

the threshold for different levels of noise. The periodic thresholding scheduler also requires

careful manipulation, which can be challenging in practice.

On the other hand, mesh-free SINDy has encountered limitations to discover very high-

order PDEs, such as the Kuramoto—Sivashinsky equation, which contains a 4th-order

derivative in space. Higher order terms may contain errors as a result of recursive (nested)

first-order AD [216, 146]. Other methods enforce strong priors during the early pruning of

the candidate library as part of a multi-stage training approach, which helps focus the sparse

regression step on a reduced set of terms. Hence, future work will be focused on improving

the AD step to produce better estimates of high-order derivatives.

5.4 Conclusion

In this paper we introduce mesh-free SINDy to discover governing equations from non-

uniformly sampled and scarce data. This is a complex problem in general, as all partial

derivative computation would require a grid for all difference-based methods. Utilizing

the power of neural network learning and automatic differentiation, mesh-free SINDy

demonstrates a remarkable procedure to uncover the hidden governing physical laws under

noisy environments. In particular, we test the algorithm for the following systems: 1D viscous

Burgers’ equation, 1D heat equation, Korteweg–De Vries equation, and 2D advection-diffusion
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equation. In all computational examples, mesh-free SINDy is able to discover the correct

form of the governing equation with a small number of samples. Under the high-noise limit,

the algorithm can also identify the governing equation with high success rate with increasing

number of sample sizes.

First, the present approach provides a data-driven way to compute partial derivatives for

mesh-free data, which is a difficult task since all of the numerical differentiation algorithms

are defined on a grid. Mesh-free SINDy shows that it is sufficient for a surrogate model to

estimate partial derivatives via automatic differentiation methods. In contrast to prior works

that require library setting and tuning under the correct hyperparameter schedule within

the surrogate model training, as demonstrated in all of the computational examples, as long

as the surrogate model 𝑢(𝑥, 𝑡) can approximate 𝑢 well enough, the estimate of spatial and

temporal derivatives is accurate. This hugely relaxes the efforts required for prior works to set

up the correct physics loss during training, which requires the model to retrain from scratch

once the library of functions or sparse regression parameters is changed. This provides a tool

for practitioners to compute partial derivatives from mesh-free data.

Additionally, the AD estimate of partial derivatives is accurate enough to perform equation

discovery automatically, and it further has the capability to smooth out the injected noise

from the experiments. During the learning procedure, the shallow neural network can work

as a noise filter that only captures information that is relevant to physics. The more training

samples we have, the better the AD estimation of partial derivatives will be. This will open

the black-box of prior works that identify the physics during the surrogate model training.

Mesh-free SINDy provides a simple, clear, and interpretable procedure by only using a

surrogate model to estimate partial derivatives. With the partial derivative estimation, we

apply SINDy algorithms [32, 89, 234] algorithms to identify the governing equation.

All of the prior claims are verified with our computational examples. In our experimental

study, we find that mesh-free SINDy is not only more interpretable but also improves the

discovery success rate in noisy environments compared to prior jointly trained methods.

It is both robust to noise and achieves a higher success rate on smaller datasets, while

also substantially reducing overall training cost. We conclude mesh-free SINDy has better
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interpretability with lower cost, which potentially works better in high-noise and low-data

regimes for complex real-world scarce data.

5.5 Experimental details

5.5.1 Error Metrics

We evaluate our SINDy model using five complementary error metrics:

• PDE Conservation Error (𝐸PDE): Measures how well the discovered model satisfies the

underlying partial differential equation conservation laws.

𝐸PDE =
1
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whereℱSINDy represents the identified sparse PDE model and

𝜕𝑢̂(𝑛)
𝑗

𝜕𝑡 the true system temporal

derivative.

• Neural Network Residual (𝐸NN): Quantifies the fitting accuracy of the neural network to

the training data.

𝐸NN =
1

𝑁

𝑁∑
𝑛=1
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where 𝑢 is the neural network approximation of the state and 𝑢̂ is the true (measured)

system state.

• Temporal Derivative Error (𝐸dudt): Evaluates the accuracy in predicting the time deriva-

tives.

𝐸dudt =
1
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where
𝜕𝑢
𝜕𝑡 is the time derivative computed from the neural network.

• SINDy Prediction Error (𝐸SINDy): Measures how well the sparse identified model approxi-
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mates the right-hand side dynamics.

𝐸SINDy =
1
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comparing the neural network time derivatives with the SINDy model predictions.

• State Reconstruction Error (𝐸field): Quantifies the accuracy in reconstructing the solution

field.

𝐸field =
1

𝑁

𝑁∑
𝑛=1




𝑢(𝑛)𝑗 − 𝑢̂𝑗(𝑥(𝑛) , 𝑡(𝑛))


2

2

(5.13)

where 𝑢̂𝑗 represents the ground truth solution vector, potentially from high-fidelity

simulations or experimental data.

5.5.2 Burgers’ equation

In the training of Burgers’ equation, the convergence of training and testing loss is shown in

Fig. 5.6. For all noise levels, the training and testing loss converge synchronously, indicating

that the model is performing similarly well on both training and testing datasets. We further

visualize the predicted solution of the Burgers’ equation in Fig. 5.7. It is observable that even

with limited scarce data, the shallow neural network can accurately predict the solution of the

Burgers’ equation. Table 5.7 and Table 5.8 presents the error evolution of mesh-free SINDy

from two different perspectives. From Table 5.7, we discover that with larger sample sizes, the

error of mesh-free SIDNy uniformly decreases and the model becomes more robust to noise.

In Table 5.8, we provide more evaluation metrics to assess the performance of mesh-free

SINDy with increasing noise levels.
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Figure 5.6: Epoch-wise training and validation loss convergence with different noise levels for the

Burgers’ equation.
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Figure 5.7: Real (left) vs. predicted (right) solution of the Burgers’ equation.

Table 5.7: Loss of mesh-free SINDy under different sample sizes and noise levels for the Burgers’

equation.

Samples 1% Noise 10% Noise 25% Noise 50% Noise 75% Noise

100 0.6162 0.8487 1.2749 1.9100 2.2014

1000 0.2663 0.3753 0.5485 0.8724 1.0492

2500 0.1379 0.2822 0.4027 0.5942 0.7665

5000 0.1011 0.2214 0.3747 0.5030 0.6842
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Table 5.8: Error metrics of SINDy under different noise levels with 5000 samples for the Burgers’

equation.

Metrics 1% Noise 10% Noise 25% Noise 50% Noise 75% Noise

𝐸PDE 4.76e-16 4.70e-16 4.88e-16 4.94e-16 4.75e-16

𝐸NN 0.0970 0.2912 0.5296 1.0727 1.4731

𝐸dudt 0.1095 0.2625 0.3242 0.4995 0.5658

𝐸SINDy 0.0966 0.2787 0.3001 0.5018 0.3995

𝐸field 0.1017 0.3318 0.5983 1.1713 1.4587

5.5.3 Heat equation

In the training of the heat equation, the convergence of training and testing loss is shown in

Fig. 5.8. For all noise levels, the training and testing loss converge synchronously, indicating

that the model is performing similarly well on both training and testing datasets. However,

the testing loss demonstrates larger instability during training, which is likely due to the

learning rate setting and choice of optimizer. We further visualize the predicted solution of

the heat equation in Fig. 5.9. The solution of heat equation is nicely predicted via neural

network. Table 5.9 and Table 5.10 presents the error evolution of mesh-free SINDy. From

Table 5.9, we discover that with larger sample sizes, the error of mesh-free SIDNy uniformly

decreases and the model becomes more robust to noise. In Table 5.10, we provide more

evaluation metrics to assess the performance of mesh-free SINDy with increasing noise levels.
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Figure 5.8: Epoch-wise training and validation loss convergence with different noise levels for the

heat equation.
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Figure 5.9: Real (left) vs. predicted (right) solution of the heat equation.

Table 5.9: Loss of mesh-free SINDy under different sample sizes and noise levels for the heat equation.

Samples 1% Noise 5% Noise 10% Noise 25% Noise

500 5.1618 5.1329 5.2472 5.5408

1000 3.3018 3.6175 3.6939 5.2842

2500 2.6697 3.2724 4.7077 5.2627

4000 2.2628 3.7658 4.4749 5.0642

Table 5.10: Error metrics of SINDy for under different noise levels with 5000 samples for the heat

equation.

Metrics 1% Noise 5% Noise 10% Noise 25% Noise 50% Noise

𝐸PDE 5.53e-07 5.56e-07 5.64e-07 5.63e-07 5.56e-07

𝐸NN 1.9749 4.3219 4.8943 11.7437 12.9245

𝐸dudt 0.4288 1.0015 0.9983 1.9481 2.9653

𝐸SINDy 2.3853 3.8856 5.1131 5.1594 5.3305

𝐸field 5.17e+04 6.09e+04 6.03e+04 8.99e+04 9.27e+04

5.5.4 KdV equation

In the training of the KdV equation, the convergence of training and testing loss is shown in

Fig. 5.10. For all noise levels, the training and testing loss converge synchronously, indicating

that the model is performing similarly well on both training and testing datasets. Unlike

the previous two equations, both training and testing loss demonstrates larger instability

during training, which is likely due to the learning rate setting and choice of optimizer. We
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further visualize the predicted solution of the KdV equation in Fig. 5.11. The solution of KdV

equation is nicely predicted via neural network. Table 5.11 and Table 5.12 presents the error

evolution of mesh-free SINDy. From Table 5.11, we discover that with larger sample sizes, the

error of mesh-free SIDNy uniformly decreases and the model becomes more robust to noise.

In Table 5.12, we provide more evaluation metrics to assess the performance of mesh-free

SINDy with increasing noise levels.
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Figure 5.10: Epoch-wise training and validation loss convergence with different noise levels for the

KdV equation.
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Figure 5.11: Real (left) vs. predicted (right) solution of the KdV equation.
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Table 5.11: Loss of mesh-free SINDy under different sample sizes and noise levels for the KdV

equation.

Samples 1% Noise 5% Noise 10% Noise 25% Noise

100 83.69 96.37 119.89 121.28

500 59.00 59.67 59.00 59.54

1000 60.09 59.30 59.22 59.62

2000 61.13 59.60 58.92 58.49

Table 5.12: Error metrics of SINDy under different noise levels with 1000 samples for the KdV equation.

Metrics 1% Noise 5% Noise 10% Noise 25% Noise 50% Noise

𝐸PDE 1.76e-03 1.72e-03 1.68e-03 1.77e-03 1.65e-03

𝐸NN 41.9907 44.2752 42.6268 43.8201 44.7633

𝐸dudt 55.6690 56.4196 57.4353 58.6451 63.4641

𝐸SINDy 58.2436 56.9515 57.6004 59.1942 63.6559

𝐸field 43.1152 45.3267 43.6592 44.6639 45.4288

5.5.5 Advection-diffusion equation

In the training of the advection-diffusion equation, the convergence of training and testing loss

is shown in Fig. 5.12. For all noise levels, the training and testing loss converge synchronously,

indicating that the model is performing similarly well on both training and testing datasets.

Since we uniformly set the learning rate for all experiments, the training and testing loss for

1% noise level demonstrates minor instability. We further visualize the predicted solution of

the advection-diffusion equation in Fig. 5.13. The solution of advection-diffusion equation is

nicely predicted via neural network. Table 5.13 and Table 5.14 presents the error evolution

of mesh-free SINDy. From Table 5.13, we discover that with larger sample sizes, the error

of mesh-free SIDNy uniformly decreases and the model becomes more robust to noise. In

Table 5.14, we provide more evaluation metrics to assess the performance of mesh-free SINDy

with increasing noise levels.
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Figure 5.12: Epoch-wise training and validation loss convergence with different noise levels for the

advection-diffusion equation.
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Figure 5.13: Real (left) vs. predicted (right) solution of the advection-diffusion equation.

Table 5.13: Loss of mesh-free SINDyunder different sample sizes and noise levels for the advection-

diffusion equation.

Samples 1% Noise 10% Noise 25% Noise 50% Noise

500 905.87 919.62 920.59 1003.33

2000 916.12 916.99 923.89 922.10

4000 913.72 924.95 951.24 951.34

6000 929.11 951.23 906.92 934.35
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Table 5.14: Error metrics of SINDy under different noise levels with 6000 samples for the advection-

diffusion equation.

Metrics 1% Noise 10% Noise 25% Noise 50% Noise 75% Noise

𝐸PDE 1.42e+03 1.45e+03 1.38e+03 1.40e+03 1.39e+03

𝐸NN 0.1896 0.1915 0.1834 0.1889 0.1905

𝐸dudt 931.10 951.35 904.72 936.53 926.19

𝐸SINDy 929.11 951.23 906.92 934.35 917.25

𝐸field 4.03e+03 4.08e+03 4.03e+03 4.26e+03 4.40e+03
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6

Uncertainty Quantification of Shallow
Recurrent Decoder Networks for

Sparse Sensing via Engression

6.1 Introduction

Reconstructing high-dimensional spatiotemporal fields from limited and sparse sensor

measurements is a fundamental problem across the physical, biological and engineering

sciences. In each of these settings, the reconstruction problem is highly underdetermined, as

the spatial dimensionality vastly exceeds the number of available sensor measurements. Data-

driven approaches to sparse sensing have advanced considerably in recent years [190], with

deep learning architectures demonstrating strong empirical performance on high-dimensional

reconstruction tasks [86, 85, 310]. The SHallow REcurrent Decoder (SHRED) network [292]

takes a distinct approach by leveraging the temporal history of a hyper-sparse number of

sensor measurements into a reduced-order latent space, which is grounded in Takens’ delay

embedding theorem [264]. SHRED thus enables sparse spatial sensing from as few as three

sensors placed anywhere in the dynamics. This hyper-sparse sampling and sensor agnostic

placement strategy have been demonstrated on a number of scientific applications such

as fluid dynamics [293], seismology [206], neuroscience [232], plasma physics [161], and

remote sensing [316]. The SHRED architecture is flexible and can also be modified for model

discovery [103] and data assimilation [11]. Challenges remain however, especially as point

estimations are fundamentally limited for downstream tasks such as risk assessment, anomaly

detection, and decision-making under uncertainty. Therefore, it is essential to extend the
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SHRED architecture to quantify the uncertainty with validity in the sensor-to-state mapping,

enabling uncertainty-aware analysis for reliable and safety-critical downstream scientific

applications. Despite its importance, obtaining reliable uncertainty estimates in this setting is

highly nontrivial. The difficulties come from the fact that (i) the use of blackbox learning

architectures introduces nonlinear mappings, (ii) recurrent units accumulate and amplify

uncertainty over time, and (iii) many existing approaches to distributional learning require

substantial data and computational resources (e.g. ensembling) while often lacking formal

statistical guarantees on the resulting predictive distribution.

In this paper, we introduce UQ-SHRED, a distributional learning framework for sparse

sensing that enables valid uncertainty quantification by learning the full conditional distribu-

tion of the spatial states given observed sensor measurements. It is achieved by concatenating

Gaussian noise vectors to the input and training the model using an energy score loss

to directly optimize a proper scoring rule for distributional predictions inspired by Shen

and Meinshausen [245]. Since the noise is injected at the input, it propagates through the

temporal unit and shallow decoder, allowing uncertainty to be modeled throughout the

full mapping from sparse sensors to spatial states without architectural modification. At

inference time, UQ-SHRED generates samples from the conditional predictive distribution

by drawing samples of the input noise distribution and propagating these samples through

the network. The resulting empirical distribution enables estimation of statistical quantities

of interests, including the conditional mean, variance, and prediction intervals. Crucially,

UQ-SHRED requires only a single trained network which avoids the computational cost

of training multiple separate units for distributional learning. The method further admits

theoretical guarantees on the derived conditional distribution and the quantile estimates.

We evaluate our method on five complex real-world datasets including sea-surface

temperature data from NOAA [225], isotropic turbulent flow from JHUDB [170], neural data

from the Allen Institute [247], solar activity from NASA Solar Dynamics Observatory [217], and

propulsion physics [12]. These datasets provide a broad testbed for uncertainty quantification

in sparse recovery, spanning different spatial structures, sensing regimes, and system

dynamics. We validate the UQ-SHRED architecture and its robustness across these scientific
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applications. Furthermore, we present an ablation study on the SST dataset to investigate the

sensitivity of calibration quality to temporal lag, sensor count, noise dimension, Monte Carlo

sample size, and training duration. The ablation study further illustrates the behavior of the

uncertainty estimates produced by UQ-SHRED under these changing, potentially non-ideal

hyperparameter settings. To summarize, our UQ-SHRED contributions are as follows:

1. We develop a distributional learning framework for sparse sensing that provides valid

uncertainty quantification. Inspired by engression, UQ-SHRED combines noise injection

and energy score minimization for learning the predictive distribution across the temporal

unit and shallow decoder of the SHRED architecture, while preserving the computational

efficiency of a single-network approach.

2. We establish the theoretical validity of UQ-SHRED under regularity conditions, showing

that the learned conditional distribution supports valid estimation of common statistical

quantities of interest. This distinguishes UQ-SHRED from purely heuristic uncertainty

estimates and provides theoretical support for its use in uncertainty-aware sparse recovery.

3. We verify the effectiveness of UQ-SHRED on a wide range of scientific problems including

sea-surface temperature, turbulent flows, neural activity, solar activity, and propulsion

physics. This demonstrates that UQ-SHRED remains effective across diverse applications

with remarkably different physics.

The manuscript is organized as follows: In Sec. 6.2, we detail the two critical mathematical

structures of UQ-SHRED and highlight some of the current methods being used for UQ

in deep learning. This is followed in Sec. 6.3 with the development of the UQ-SHRED

architecture along with theoretical estimates related to the methodology. Section 6.4 deploys

the UQ-SHRED architecture across a diversity of real-world data sets, explicitly demonstrating

the quality of reconstructions and the accuracy of the theoretical estimates derived. An

outlook and review of the findings is given in Sec. 6.5.
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6.2 Preliminaries

Before presenting our UQ-SHRED architecture, the two mathematical architectures required

are detailed. Moreover, we also give a brief review of other existing methods for extracting

UQ metrics using deep learning.

6.2.1 The SHRED Architecture

As noted earlier, reconstructing high-dimensional spatiotemporal states from sparse sensor

measurements is a core problem in scientific computing and engineering [158]. The SHRED

architecture [293, 307] addresses this by exploiting the temporal structure at sensor locations

to infer the full spatial field. The approach draws on Takens’ delay embedding theorem [264],

which guarantees that, under generic conditions, a sufficiently long time-history of a scalar

observable provides a diffeomorphic representation of the underlying dynamical attractor.

Concretely as it relates to SHRED, given 𝑝 sensors at fixed spatial locations, a sliding window

of 𝐿 consecutive measurements S𝑡−𝐿+1:𝑡 ∈ R𝐿×𝑝 is fed into a multi-layer LSTM [128] that

produces a latent code z𝑡 ∈ R𝑑𝑧 from its final hidden state. A shallow decoder then maps z𝑡

to the full spatial field û𝑡 ∈ R𝑛 with 𝑛 ≫ 𝑝.

Two properties of this architecture are particularly relevant for uncertainty quantification.

First, the sensor-to-state mapping is inherently underdetermined: 𝑝 sensor values do not

uniquely specify 𝑛 spatial degrees of freedom, and the LSTM-based structure imposes a

finite-dimensional information bottleneck through 𝑑𝑧 . Any deterministic SHRED model

selects a single point estimate from the set of states consistent with the observed sensors,

discarding information about the remaining ambiguity. Second, the temporal unit processes

the lag window sequentially, meaning its hidden state serves as a compressed summary

of the recent dynamical history. Injecting controlled stochasticity into this process—as we

propose in Section 6.3.1—transforms the deterministic point estimate into a distribution over

plausible reconstructions, with the spread reflecting the sensor-to-state ambiguity at each

spatiotemporal location.

Several extensions of SHRED have been developed for specific modeling challenges,
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including latent-space dynamics identification for general purpose scientific discovery [103],

reduced-order modeling [270], and transformer-based temporal units [308]. DA-SHRED [11]

addresses the simulation-to-reality gap by updating the latent representations of SHRED

using real sensor observations, enabling data assimilation without access to full-field ground-

truth data. In this work, we effectively regularize SHRED with the engression framework for

reconstruction tasks from sparse observation, though the approach could be compatible with

any variant that admits noise injection at the input layer, including multiscale extensions for

settings with heterogeneous fields.

6.2.2 Engression and the Energy Score

Engression [245] is a neural network-based distributional learning method that aims to learn

the full conditional law ℒ(𝑌 | 𝑋 = 𝑥) rather than only the conditional mean E [𝑌 | 𝑋 = 𝑥].

Engression models the conditional distribution through a general conditional generative

model of the form

𝑌 = 𝑔𝜃(𝑋, 𝜺), (6.1)

where 𝜺 ∼ 𝑃𝜺 and 𝜺 ⊥ 𝑋. Engression fits a conditional sampler 𝑔𝜃(𝑥, 𝜺) which induces a

predictive distribution 𝑃𝜃(· | 𝑥).

For a distribution 𝑃 on
𝑟

and observation 𝑧 ∈𝑟 , let 𝑍, 𝑍′
𝑖.𝑖.𝑑.∼ 𝑃 be two independent random

vectors drawn from 𝑃. The proper scoring rule used in engression is the Energy Score

𝐸𝑆(𝑃, 𝑧) = 1

2

E𝑃 [∥𝑍 − 𝑍′∥2] − E𝑃 [∥𝑍 − 𝑧∥2] , 𝑍, 𝑍′
𝑖.𝑖.𝑑.∼ 𝑃, (6.2)

which is a multivariate extension of the continuous ranked probability score (CRPS), and

is strictly proper under mild conditions [262, 263]. Plugging in 𝑃 = 𝑃𝜃(· | 𝑋) yields the

population objective:

min

𝜃
E

[
∥𝑌 − 𝑔𝜃(𝑋, 𝜺)∥2 −

1

2

∥𝑔𝜃(𝑋, 𝜺) − 𝑔𝜃(𝑋, 𝜺′)∥2
]
, 𝜺, 𝜺′

𝑖.𝑖.𝑑.∼ 𝑃𝜺 , (6.3)
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which enables likelihood-free distribution learning for multivariate 𝑌 using only samples

from 𝑔𝜃 by drawing Monte Carlo samples from 𝑔𝜃(𝑥, 𝜺𝑗)with 𝜺𝑗
𝑖.𝑖.𝑑.∼ 𝑃𝜺.

6.2.3 Uncertainty quantification methods in deep learning

Uncertainty quantification (UQ) for deep learning models is an active area of research with

a broad and diverse range of methods for extracting UQ [121, 297]. Bayesian neural net-

works [324, 202, 27, 271, 191] place prior distributions over network weights and approximate

the posterior via variational inference or sampling, providing a principled but often com-

putationally demanding framework. MC-dropout [97] reinterprets dropout at test time as

approximate Bayesian inference, offering a practical alternative that requires no architectural

changes but lacks formal consistency guarantees for the resulting predictive distribution.

Deep ensembles [163, 116] train multiple independent networks with different random

initializations and aggregate their predictions; while empirically effective, this approach

multiplies the training and inference cost by the ensemble size and does not optimize a proper

scoring rule. Heteroscedastic regression models [149] parameterize the output variance as

a function of the input, but typically assume a fixed distributional form (e.g., Gaussian)

that may be misspecified for complex spatiotemporal systems. More recently, generative

approaches including conditional normalizing flows [212, 272] and diffusion models [127, 253]

can represent flexible conditional distributions without parametric assumptions on the output,

but normalizing flows require invertible network architectures that can limit expressiveness

in higher-dimensional output spaces, and diffusion models incur significant computational

cost from the iterative denoising procedure required during both training and inference.

6.3 Method: UQ-SHRED

The deterministic SHRED model (introduced in Section 6.2.1) returns a single point estimate

𝒚̂𝑡 for each sensor window 𝒙𝑡 . However, in regimes characterized by stochastic dynamics,

high-frequency content, or insufficient data coverage, portions of the spatiotemporal field

cannot be reconstructed with high confidence. In such settings, the quantity of interest is not
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Figure 6.1: (a) UQ-SHRED architecture. The noise vector 𝜺 is concatenated to the sensor input at each

lag step and kept constant across the temporal window. The random noises are concatenated to the

sensor input to the GRU, as stated in Eqn. 6.4. (b) The function 𝐺(·) represents the SHRED architecture

with temporal units and shallow decoder networks. Two independent forward passes with different

noise draws produce 𝐺𝜃(x, 𝜺1) and 𝐺𝜃(x, 𝜺2), which define the energy score loss (6.7). (c) At inference,

𝐾 forward passes with independently resampled noise yield an empirical predictive distribution from

which quantile-based confidence intervals are extracted. (d) Uncertainty estimation from the Monte

Carlo samples for test sensor locations. Black: ground truth, blue: 95% uncertainty bounds.

just a best-guess reconstruction but the full conditional distribution 𝑃(𝒚𝑡 | 𝒙𝑡), from which

one can derive prediction intervals, assess risk, and propagate uncertainty into downstream

analyses. This section develops UQ-SHRED, which leverages the engression framework 6.2.2

to learn the predictive distribution of the spatial state conditioned on the sparse sensor history.

6.3.1 Architecture

We use engression to enable uncertainty quantification for SHRED with the following

architecture. In Figure 6.1 (a), we demonstrate the architecture design of UQ-SHRED. Recall

that SHRED maps a lagged sensor window 𝒙𝑡 ∈ R𝐿×𝑝 to the full state 𝒚𝑡 ∈ R𝑚 through a

composition of a temporal unit (GRU network) and a shallow decoder. To apply engression,

at each forward pass, a noise vector 𝜺 ∼ 𝒩(0, I𝑑𝜀) is sampled i.i.d. as part of the input. The

augmented input 𝒙̃𝑡 = [𝒙𝑡 , 𝜺] is fed into the temporal unit. The temporal unit produces a
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latent representation, and the decoder maps it to the full state:

𝐺𝜃(𝒙 , 𝜺) = 𝑓𝒟( 𝑓LSTM([𝒙 , 𝜺]);𝜃). (6.4)

This design is simple but effective which follows the engression algorithm. The training

data is injected with random gaussian noise, and the training objective is the following energy

score function over the dataset. From (6.3), the energy score objective is

ℛ(𝜃) = E
[

𝒚 − 𝐺𝜃(𝒙 , 𝜺)




2
− 1

2

∥𝐺𝜃(𝒙 , 𝜺) − 𝐺𝜃(𝒙 , 𝜺′)∥2
]
, (6.5)

where 𝜺, 𝜺′ ∼ 𝒩(0, I𝑑𝜀).

The energy score function above in Eqn. 6.5 can be estimated via finite-sample approxima-

tion [245] by drawing samples of 𝜺 ∼ 𝒩(0, I𝑑𝜀) during training. In practice, we approximate

this expectation using two i.i.d. noise draws 𝜺1 , 𝜺2 and obtain

𝒚̂𝑖 = 𝑓𝒟( 𝑓LSTM([𝒙 , 𝜺𝑖]); 𝜃). (6.6)

Then, we can compute the training loss

ℒES(𝜃; 𝒙 , 𝒚) = 1

2

(
∥𝒚̂1 − 𝒚∥ + ∥𝒚̂2 − 𝒚∥

)
− 1

2

∥𝒚̂1 − 𝒚̂2∥. (6.7)

The overall objective is

min

𝜃

1

|𝒟|
∑
(𝒙 ,𝒚)∈𝒟

ℒES(𝜃; 𝒙 , 𝒚). (6.8)

Training optimizes a single network that not only reconstructs the target from noise-

augmented inputs but, through the repulsive term in the energy score, encourages diverse

predictions under different noise realizations. In this way, the model will address the injected

noise by maximizing the distance between different predicted variants, which discourages

mode collapse and drives the model to approximate the true conditional distribution of the

target.
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6.3.2 Inference

During inference time, UQ-SHRED can generate samples of 𝑌 | 𝑋 = 𝑥 simply by generating

Monte Carlo samples of the noise distribution. For a test input sparse sensor trajectory 𝒙′, we

have the following steps:

1. Draw 𝐾 samples from the noise distribution 𝜺
i.i.d.∼ 𝒩(0, I𝑑𝜀)with 𝜺1 , ..., 𝜺𝐾 .

2. Then 𝒚̂𝑘 = 𝒟( 𝑓LSTM(𝒙′ , 𝜺𝑘)), 𝑘 = 1, ..., 𝐾 is a sample of the estimated distribution of

𝑌 | 𝑋 = 𝑥.

3. We further obtain estimators through empirical samples 𝒚̂1 , ..., 𝒚̂𝐾 . For example, we

can obtain the conditional mean from E𝜺

[
𝒟( 𝑓LSTM(𝒙′ , 𝜺))

]
and conditional 𝛼-quantile

Q𝛼(𝒟( 𝑓LSTM(𝒙′ , 𝜺))). Both quantities are estimated via plug-in estimators from the Monte

Carlo samples of 𝜺𝑘 .

Figure 6.1 (c) illustrates this process of probabilistic inference procedure for uncertainty

quantification.

6.3.3 Theoretical guarantee

In this subsection, we study theoretical guarantee of UQ-SHRED on distributional learning,

conditional mean estimation, and quantile learning.

Theorem 8. Suppose we have the following:

(1.a) The sensor-state pair (𝒙 , 𝒚) admits a joint distribution, and for almost every 𝒙 ∈ R𝐿×𝑝 , the

conditional law ℒ(𝒚 | 𝒙) is well-defined.

(1.b) The state has finite first moment E
[
∥𝒚∥2

]
< ∞.

(1.c) The UQ-SHRED architecture 𝐺𝜃(𝒙 , 𝜺) induces a conditional law 𝑃𝜃(· | 𝒙), and the model

class is well-specified that there exists 𝜃∗ such that for almost every 𝒙, we have 𝑃𝜃∗(· | 𝒙) = ℒ(𝒚 | 𝒙).

(1.d) For almost every 𝒙 ∈ R𝐿×𝑝 , each induced conditional law 𝑃𝜃(· | 𝒙), 𝜃 ∈ Θ, has finite first

moment.
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Then, the population minimizer 𝜃̂ ∈ arg min𝜃 ℛ(𝜃) (defined in (6.5)) satisfies

𝑃𝜃̂(· | 𝒙) = ℒ(𝒚 | 𝒙) ∀𝒙 a.e. (6.9)

Theorem 8 demonstrates that UQ-SHRED is a valid distributional learning method for

this sparse sensing problem. Condition (1.a) assumes that we have sufficient sensor history

from the Takens’s theorem to reconstruct the spatial states. Condition (1.b) ensures the state

is finite. Condition (1.c) assumes that there exists a minimizer within the model class that can

represent the true distributional lawℒ(𝒚 | 𝒙). Condition (1.d) ensures that the model-induced

conditional laws have finite first moments, so that the energy score is well defined and strictly

proper.

Proof. Conditioning on a fixed 𝒙, from the law of total expectation, the population risk can be

written as

ℛ(𝜃) = E𝒙 [ℛ𝒙(𝜃)] (6.10)

= E𝒙

[
∥𝒚 − 𝐺𝜃(𝒙 , 𝜺)∥2 −

1

2

∥𝐺𝜃(𝒙 , 𝜺) − 𝐺𝜃(𝒙 , 𝜺′)∥2
��� 𝒙] (6.11)

Conditional on 𝑋 = 𝒙, the random variable 𝐺𝜃(𝒙 , 𝜺) follows the distribution 𝑃𝜃(· | 𝒙), while 𝒚

follows the true conditional law ℒ(𝒚 | 𝑋 = 𝒙). Therefore ℛ𝒙(𝜃) coincides with the energy-

score risk of the predictive distribution 𝑃𝜃(· | 𝒙) relative to the true conditional distribution

ℒ(𝒚 | 𝑋 = 𝒙).

By condition (1.d), for almost every 𝒙, all 𝑃𝜃(· | 𝒙) have finite first moments. Hence the

energy score is strictly proper on this pair of conditional laws [262, 263]. As the energy score

is a strictly proper scoring rule, the energy-score risk satisfies

ℛ𝒙(𝑄) ≥ ℛ𝒙(𝑃𝒙) (6.12)

for any predictive distribution 𝑄, with equality iff 𝑄 = 𝑃𝒙 . Taking 𝑄 = 𝑃𝜃(·|𝒙) therefore
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implies that

ℛ𝒙(𝜃) (6.13)

is minimized if and only if

𝑃𝜃(·|𝒙) = ℒ(𝒚|𝑋 = 𝒙). (6.14)

It means that given 𝒙, we must have 𝑃𝜃(·|𝒙) = ℒ(𝒚|𝑋 = 𝒙) to be the minimizer.

We then show further this holds for almost every 𝒙 by contradiction.

By assumption (1.c), there exists 𝜃∗ such that

𝑃𝜃∗(· | 𝒙) = ℒ(𝒚 | 𝑋 = 𝒙), for almost every 𝒙 , (6.15)

so 𝜃∗ minimizes the population risk.

Now suppose 𝜃̂ is a population minimizer and

𝑃𝜃̂(· | 𝑥) ≠ ℒ(𝒚 | 𝑋 = 𝒙) (6.16)

on a set of 𝒙 with positive measure, then strict propriety implies that

ℛ𝒙(𝜃̂) > ℛ𝒙(𝜃∗) (6.17)

on that set. Taking expectation over 𝑋 yields

ℛ(𝜃̂) > ℛ(𝜃∗). (6.18)

Then this is no longer a population minimizer. Contradiction!

Therefore, we have

𝑃𝜃̂(· | 𝒙) = ℒ(𝒚 | 𝑋 = 𝒙), for almost every 𝒙. (6.19)
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□

Remark 1. Distributional approximation of UQ-SHRED under model misspecification.

Because the energy score is a strictly proper scoring rule, the population minimizer under

misspecification satisfies

𝜃̂ ∈ arg min

𝜃∈Θ
ℛ(𝜃) = arg min

𝜃∈Θ
E𝒙

[
ES

(
𝑃𝜃(· | 𝒙), ℒ(𝒚 | 𝒙)

) ]
, (6.20)

where ES(𝑄, 𝑃) denotes the expected energy score of the predictive distribution 𝑄 evaluated

against draws from 𝑃. Since strict propriety implies that ES(𝑄, 𝑃) ≥ ES(𝑃, 𝑃) with equality if

and only if 𝑄 = 𝑃, the population minimizer 𝑃𝜃̂(· | 𝒙) is the closest element of 𝒫Θ to the true

conditional law in the sense of minimizing the expected energy score divergence

𝑑ES(𝑄, 𝑃) := ES(𝑄, 𝑃) − ES(𝑃, 𝑃) =
1

2

E [∥𝑍 − 𝑍′∥2] − E [∥𝑍 −𝑊∥2] +
1

2

E [∥𝑊 −𝑊 ′∥2] ,

(6.21)

where 𝑍, 𝑍′
𝑖.𝑖.𝑑.∼ 𝑄 and 𝑊,𝑊 ′

𝑖.𝑖.𝑑.∼ 𝑃, which is nonnegative and equals zero if and only if

𝑄 = 𝑃.

Thus, even when condition (1.c) does not hold exactly, UQ-SHRED returns the best

distributional approximation within its model class as measured by the energy score. The

practical consequence is that the predictive distribution may not achieve exact calibration,

but it remains the optimal approximation available to the architecture, and the degree of

miscalibration is controlled by the approximation capacity of the model class 𝒫Θ.

Corollary 1. Suppose that conditions (1.a)-(1.d) of Theorem 8 hold. Additionally, we assume

(1.e) The state has finite second moment E
[
∥𝒚∥2

2

]
< ∞.

Then any population minimizer 𝜃̂ in Theorem 8 satisfies

E𝑃𝜃̂
[
𝒚 | 𝒙

]
= E

[
𝒚 | 𝒙

]
for almost every 𝒙 ,
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and

Cov𝑃𝜃̂
(𝒚 | 𝒙) = Cov(𝒚 | 𝒙) for almost every 𝒙.

Proof. This is a direct result of Thm. 8. We know under 𝜃∗ that we obtain the true lawℒ(𝒚 | 𝒙).

Therefore, the expectation and covariance will be the same as the expectation and covariance

given the true law, from condition (1.e) with finite second moment. □

Theorem 9. For a test input 𝒙 ∈ R𝐿×𝑝 , a coordinate index 𝑗 ∈ {1, . . . , 𝑚}, and a level 𝛼 ∈ (0, 1).

We generate 𝐾 Monte Carlo samples 𝒚̂(𝑘) = 𝑓𝒟
(
𝑓LSTM([𝒙 , 𝜺𝑘]);𝜃

)
, 𝜺𝑘

𝑖.𝑖.𝑑.∼ 𝒩(0, 𝐼𝑑𝜀). Let 𝐹𝜃, 𝑗(· | 𝒙)

denote the conditional CDF of the 𝑗-th coordinate under the law 𝑃𝜃(· | 𝒙). Define the coordinate-wise

predictive 𝛼-quantile by

𝑞𝜃, 𝑗 ,𝛼(𝒙) = inf{𝑡 ∈ R : 𝐹𝜃, 𝑗(𝑡 | 𝒙) ≥ 𝛼}.

Suppose we have

(2.a) The distribution function 𝐹𝜃, 𝑗(· | 𝒙) is continuous at 𝑞𝜃, 𝑗 ,𝛼(𝒙) and strictly increasing in a

neighborhood of 𝑞𝜃, 𝑗 ,𝛼(𝒙).

Define the empirical distribution function and the empirical coordinate-wise 𝛼-quantile

𝐹𝐾,𝑗(𝑡 | 𝒙) =
1

𝐾

𝐾∑
𝑘=1

1{𝑌̂(𝑘)
𝑗
≤ 𝑡}, 𝑞̂𝐾,𝑗,𝛼(𝒙) = inf{𝑡 ∈ R : 𝐹𝐾,𝑗(𝑡 | 𝒙) ≥ 𝛼}. (6.22)

Then, we have

𝑞̂𝐾,𝑗,𝛼(𝒙)
𝑎.𝑠.−−→ 𝑞𝜃, 𝑗 ,𝛼(𝒙), (6.23)

as 𝐾 →∞.

Theorem 9 demonstrates that the Monte Carlo inference algorithm UQ-SHRED is a

statistically valid quantile learning method. The theorem is based on conditions that 𝜺

samples are i.i.d. and the CDF is continuous.

Proof. The random variables 𝒚̂(1)
𝑗
, . . . , 𝒚̂(𝐾)

𝑗
are i.i.d. draws given 𝒙 from the one-dimensional

predictive distribution with CDF 𝐹𝜃, 𝑗(· | 𝒙) as 𝜺𝑖 ’s are i.i.d. By Glivenko-Cantelli theorem [273],
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we have

sup

𝑡∈R

���𝐹𝐾,𝑗(𝑡 | 𝒙) − 𝐹𝜃, 𝑗(𝑡 | 𝒙)��� 𝑎.𝑠.−−→ 0. (6.24)

For all 𝛿 > 0, from (2.a), we have both

𝐹𝜃, 𝑗(𝑞𝜃, 𝑗 ,𝛼(𝒙) − 𝛿 | 𝒙) < 𝛼, 𝐹𝜃, 𝑗(𝑞𝜃, 𝑗 ,𝛼(𝒙) + 𝛿 | 𝒙) > 𝛼 (6.25)

for sufficiently small 𝛿 > 0. Since 𝐹𝐾,𝑗
𝑎.𝑠.→ 𝐹𝜃, 𝑗 , we know there exists sufficiently large 𝐾 that

𝐹𝐾,𝑗(𝑞𝜃, 𝑗 ,𝛼(𝒙) − 𝛿 | 𝒙) < 𝛼, 𝐹𝐾,𝑗(𝑞𝜃, 𝑗 ,𝛼(𝒙) + 𝛿 | 𝒙) > 𝛼, 𝑎.𝑠. (6.26)

By the definition of the empirical quantile, we know

𝑞𝜃, 𝑗 ,𝛼(𝒙) − 𝛿 ≤ 𝑞̂𝐾,𝑗,𝛼(𝒙) ≤ 𝑞𝜃, 𝑗 ,𝛼(𝒙) + 𝛿, 𝑎.𝑠. (6.27)

Since 𝛿 > 0 can be arbitrary small, under 𝐾→∞, we have

𝑞̂𝐾,𝑗,𝛼(𝒙)
𝑎.𝑠.−−→ 𝑞𝜃, 𝑗 ,𝛼(𝒙). (6.28)

□

6.4 Experiments

6.4.1 Evaluation metrics

We assess the quality of the predictive distribution using three complementary metrics.

Calibration. For each nominal confidence level 𝛼 ∈ (0, 1), we compute the fraction of

ground-truth values that fall within the corresponding 𝛼-level prediction interval, averaged

over all spatiotemporal locations. We denote this observed coverage 𝛼̂. A well-calibrated

model satisfies 𝛼̂ ≈ 𝛼 for all levels, which we visualise as a calibration diagram plotting 𝛼̂
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Figure 6.2: UQ-SHRED reconstruction of the SST dataset. Shaded regions: 50%, 70%, and 95%

confidence intervals; blue dashed: median; black solid: ground truth.

versus 𝛼; the diagonal represents ideal calibration.

Continuous ranked probability score. The CRPS [111] is a proper scoring rule that jointly

assesses calibration and sharpness. For a set of predictive samples {𝑦̂(𝑘)}𝐾
𝑘=1

and an observation

𝑦, the CRPS admits the representation

CRPS =
1

𝐾

𝐾∑
𝑘=1

|𝑦̂(𝑘) − 𝑦| − 1

2𝐾2

𝐾∑
𝑘=1

𝐾∑
𝑗=1

|𝑦̂(𝑘) − 𝑦̂(𝑗)|, (6.29)

which we average over all spatial locations and time steps. Lower values indicate better

probabilistic forecasts.

Sharpness. The average width of the prediction interval at each confidence level, measuring

the concentration of the predictive distribution. Conditional on correct calibration, narrower

intervals (sharper forecasts) are preferred.

6.4.2 Sea-surface temperature data

Dataset The Sea-surface temperature (SST) dataset contains 1, 400 snapshots of weekly

averaged sea surface temperature from 1992 to 2019 reported by NOAA [225]. The dataset

is a reanalysis dataset through interpolation combining in-situ buoy, ship, and satellite

429 observations and every snapshot includes a 180 × 360 grid with 44, 219 grid points
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Figure 6.3: UQ-SHRED reconstruction of the isotropic turbulent flow. Shaded regions: 50%, 70%, and

95% confidence intervals; blue dashed: median; black solid: ground truth.

corresponding to the sea-surface.

We train UQ-SHRED with global SST data from only 3 random sensors, with temporal

lag 𝐿 = 52 (approximately one year of history), noise dimension 𝑑𝜀 = 1000, and 200 Monte

Carlo samples at inference to estimate the quantiles. Figure 6.2 presents reconstruction

from randomly selected sensors and uncertainty quantification on test data. The median

prediction tracks the ground truth (black) across both fields. The confidence bands widen at

the global temperature shifts, where the rate of change is highest and sparse sensors provide

less constraint on the global field.

6.4.3 Isotropic turbulent flow

Dataset The isotropic turbulent flow dataset is a direct numerical simulation of forced

isotropic turbulence from the Johns Hopkins Turbulence Database (JHTDB) [170]. It is

generated from the incompressible Navier-Stokes equation using pseudo-spectral method

with periodic boundary conditions on a 1024
3

grid. We extract 2D 350 × 350 spatial slices of

the pressure field, yielding 1, 667 temporal samples.

We train UQ-SHRED with 3 random sensors, 𝐿 = 100, noise dimension 𝑑𝜀 = 100, and

50 Monte Carlo samples at inference. Figure 6.3 presents reconstruction and uncertainty

quantification on test data. The confidence bands widen during rapid local pressure

fluctuations, reflecting increased reconstruction ambiguity when the flow undergoes violent

spatiotemporal changes.
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Figure 6.4: UQ-SHRED reconstruction of the neural activity dataset. Shaded regions: 50%, 70%, and

95% confidence intervals; blue dashed: median; black solid: ground truth.

6.4.4 Neural activity data

Dataset The neural data was obtained from the Allen Institute Visual Coding—Neuropixels

project [247]. This dataset contains extracellular electrophysiology recordings from the mouse

visual cortex and thalamus during a variety of visual stimuli. We analyzed 0.5 kHz local

field potential (LFP) recordings from the anteromedial (VISam), posteromedial (VISpm), and

primary (VISp) visual cortex during presentation of a 2-second 180
◦

drifting grating stimulus.

Rather than recording activity from a single unit, LFPs measure population activity from

ensembles of neurons [141]. While LFPs are valuable for studying network dynamics, they

require invasive recording techniques and are susceptible to noise and interference, which

introduce additional ambiguity into the signals [81]. Our aim is to train UQ-SHRED on this

dataset to reconstruct neural population activity from a limited number of sensors while

providing valid uncertainty quantification.

We train UQ-SHRED on LFP data with 2 randomly selected channels, 𝐿 = 100, noise di-

mension 𝑑𝜀 = 50, and 100 Monte Carlo samples at inference. Figure 6.4 presents reconstruction

and uncertainty quantification on test data. The confidence bands widen at high-frequency

local perturbations in the neural signal, consistent with the increased ambiguity introduced

by noise and interference at finer temporal scales.
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Figure 6.5: UQ-SHRED reconstruction of the solar activity dataset. Shaded regions: 50%, 70%, and

95% confidence intervals; blue dashed: median; black solid: ground truth.

(a) SST (b) Turbulent flow (c) Neural activity (d) Solar activity

Figure 6.6: Calibration diagrams for UQ-SHRED across all four datasets. Dashed line: perfect

calibration. Blue: UQ-SHRED empirical coverage.

6.4.5 Solar activity data

Dataset The solar activity data describes active physical and chemical reactions on the sun.

We obtain the solar data from publicly available dataset from NASA. The Solar Dynamics

Observatory collects observations of the sun, and we particularly focus on the wavelength

171 Ångstroms, which is known to be the most active and commonly used part of the sun.

It specifically highlights a spectral line emitted by iron atoms that have lost 8 electrons at

temperatures of 600,000 K. We collected 274 frames of an active area of the sun with 30

minutes temporal gap of each frame.

We train UQ-SHRED with 3 randomly selected sensors, 𝐿 = 75, noise dimension 𝑑𝜀 = 200,

and 100 Monte Carlo samples at inference. Figure 6.5 presents reconstruction and uncertainty

quantification on test data. The confidence bands widen during rapid changes in solar

irradiance, particularly around transient flare events.
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Table 6.1: UQ-SHRED metrics across the four experimental datasets. Calibration reports observed

coverage (%) at each nominal confidence level. CRPS represents the continuous ranked probability

score. Sharpness is the average CI width.

Dataset RMSE Calibration % (expected to observed) Sharpness

50% 70% 90% 95% 99% CRPS 95% CI 50% CI

SST 0.656 53.9 71.5 87.3 90.8 93.9 0.343 2.791 0.890

ISO 0.656 47.3 64.7 81.2 85.7 90.1 0.032 0.209 0.067

Neural 3.54𝑒−5
50.6 67.9 86.6 91.3 95.5 1.8𝑒−5

1.14𝑒−4
3.9𝑒−5

Solar 0.029 60.4 78.3 91.7 94.6 97.3 0.016 0.139 0.051

Summary across datasets. Table 6.1 reports the calibration, CRPS, and sharpness metrics

for all four datasets. Across all experiments, the median prediction of UQ-SHRED tracks the

ground truth closely. The observed coverages at the 50%, 70%, 90%, 95%, and 99% nominal

levels are consistent with well-calibrated predictive distributions, as shown in the calibration

diagrams in Figure 6.6. In each case, the confidence intervals are not uniformly wide but

vary spatially and temporally: they widen where reconstruction ambiguity is highest and

narrow where sensor data sufficiently constrains the state. Additional spatial reconstruction

visualizations are provided in Appendix 6.6.

6.4.6 1D RDE transient Stage

Dataset We consider the ignition transient of a one-dimensional rotating detonation engine

(RDE) generated by Koch’s reduced-order model [153], which approximates detonation-wave

propagation in an annular combustor via the reactive Euler equations with source terms

for injection, mixing, and finite-rate chemistry. The transient stage—in which the flow

transitions from a quiescent premixed state to sustained detonation—produces sharp, rapidly

evolving pressure and temperature fronts whose positions and amplitudes vary across initial

conditions. We reconstruct both the pressure 𝑃(𝑥, 𝑡) and temperature 𝑇(𝑥, 𝑡) fields over the

temporal window 𝑡 ∈ [10.0, 20.0] (𝑇 = 101 frames) on a downsampled spatial grid of 𝑚𝑥 = 64

points.

We train UQ-SHRED from scratch on one ground-truth trajectory using the energy score

loss, with 𝑝 = 16 uniformly spaced sensors, noise dimension 𝑑𝜀 = 50, and 200 Monte Carlo
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(a) Closer trajectory (Run 0, small IC perturbation from training data).

(b) Further trajectory (Run 1, larger IC perturbation).

Figure 6.7: UQ-SHRED reconstruction of the 1D RDE transient stage at selected time instances. Top

rows: pressure; bottom rows: temperature. Shaded regions: 50%, 70%, and 95% confidence intervals;

red dashed: median; black solid: ground truth; red dots: sensor locations.

samples at inference. We evaluate on two held-out simulation trajectories that differ in

the magnitude of their initial-condition perturbation from the training trajectory: a closer

trajectory (Run 0, small perturbation) and a further trajectory (Run 1, larger perturbation).

This pair tests how the learned uncertainty responds to distributional shift.

Figure 6.7 presents spatial snapshots at selected time instances for both cases. The median

prediction tracks the ground truth across both fields, while the 50%, 70%, and 95% confidence

bands widen at the detonation wave fronts—where sparse sensors provide the least constraint

on the full-field reconstruction—and narrow in the quiescent post-detonation regions where

the state is well-determined. Table 6.2 reports the calibration, CRPS, and sharpness metrics

for both test cases alongside the deterministic SHRED baseline RMSE. Additional figs are
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(a) Closer trajectory (Run 0). (b) Further trajectory (Run 1).

Figure 6.8: Calibration diagrams for UQ-SHRED on the 1D RDE transient stage. Dashed line: perfect

calibration. Blue: UQ-SHRED empirical coverage.

Table 6.2: UQ-SHRED metrics on the 1D RDE transient stage for two test trajectories with different

initial-condition perturbation magnitudes. Calibration reports observed coverage (%) at each nominal

confidence level. CRPS represents the continuous ranked probability score. Sharpness is the average

CI width.

RMSE (median) Calibration % (expected to observed) Sharpness

Test case 𝑃 𝑇 50% 70% 90% 95% 99% CRPS 95% CI 50% CI

Closer (Run 0) 0.156 0.307 69.5 83.5 93.6 95.9 98.0 0.070 0.556 0.185

Further (Run 1) 0.194 0.398 56.9 72.9 88.0 91.5 95.1 0.096 0.569 0.190

Deterministic SHRED baseline:
Closer (Run 0) 0.145 0.274 — — — —

Further (Run 1) 0.198 0.389 — — — —

provided in Appendix 6.6.

To further investigate the stability of UQ-SHRED under temporal extrapolation, we conduct

an experiment in which both UQ-SHRED and deterministic SHRED are trained on the first

portion of the ground-truth trajectory (𝑡 ≤ 15.0) and evaluated on the remaining unseen

portion (𝑡 > 15.0). Both methods utilize the same SHRED-architecture with number of LSTM

layers varying from 1 to 4, with 10 independent random initializations for each architecture.

Figure 6.9 presents the visualizations: both methods produce comparable reconstructions

within the training window, but beyond the training boundary (dashed vertical line), the
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Figure 6.9: Stability comparison between UQ-SHRED and deterministic SHRED under temporal

extrapolation on the 1D RDE data. Visualizations are presented for temporal traces at a selected spatial

location 𝑥 = 14.50 on the temperature field.

deterministic SHRED predictions diverge substantially across initializations—the variance is

on average 3.30× larger than that of UQ-SHRED. This behavior parallels the findings of Shen

and Meinshausen [245], who demonstrated that engression produces stable out-of-support

predictions where standard regression with identical architectures yields highly variable

extrapolations. In the present setting, the energy score loss regularizes the learned mapping so

that different initializations converge to consistent predictive distributions, whereas the MSE

objective—which is unconstrained beyond the training support—permits each initialization

to extrapolate differently. The result suggests that engression not only provides calibrated

uncertainty estimates but also confers improved robustness when extrapolating beyond the

training time window.

Figure 6.8 shows the calibration diagrams with physically interpretable behavior: the

model’s learned uncertainty bandwidth, calibrated on data near the training distribution,

becomes slightly insufficient when wavefront positions shift substantially.

6.4.7 Ablation study on SST data

As is common in evaluating neural network architectures, ablation studies are important in

order to help understand the contribution of individual components to the model’s overall

performance. The ablation study performed here is critical for building interpretability

and trust in the UQ-SHRED architecture while allowing for more efficient model design by
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(e) Effect of the number of training epochs on UQ-SHRED.

revealing what can be simplified without sacrificing accuracy.

Temporal lag parameter In Figure 6.10a, we demonstrate how the temporal lag parameter

will affect UQ-SHRED training and uncertainty quantification. Takens’ embedding theorem

guarantees that a sufficiently long temporal history provides a faithful embedding of the
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underlying attractor. Consistent with this, both SHRED and UQ-SHRED exhibit clear RMSE

reduction as the lag increases, confirming the importance of temporal history for sparse

sensing. We further observe that uncertainty coverage and confidence interval width are

relatively insensitive to the temporal lag, particularly beyond 𝐿 = 10.

Sensor number In Figure 6.10b, we demonstrate how the number of sensors will affect

UQ-SHRED’s performance. For sparse sensing problems, it is clear that with more sensors,

the spatial prediction problem will be less challenging. This is supported by the numerical

experiments that the testing loss is significantly reduced with more sensors. However, it

is also important to notice from the 95% coverage plot that the coverage performance is

not improving much with additional sensors; it is likely that we need to increase the noise

dimension 𝑑𝜀 for larger input dimensions to address the uncertainty in a higher-dimensional

space.

Noise dimension In Figure 6.10c, we show how noise dimension can affect UQ-SHRED

coverages. In general, a larger noise dimension helps the model better capture the uncertainty.

In practice, we suggest the users to specify the noise dimension 𝑑𝜀 scales with the size of

input data. Having a significantly large noise dimension could help, but will also significantly

increase the computational burden.

Monte Carlo sample size In Figure 6.10d, we show how Monte Carlo sample size during

inference can affect UQ-SHRED coverages. In theory, having more Monte Carlo samples will

reduce the bias of the estimate of the quantiles, which is empirically verified here in the 95%

coverage plot. A common guideline is to have at least 100 Monte Carlo samples for valid

quantile estimation.

Epochs In Figure 6.10e, we show an important observation that UQ-SHRED is able to

quantify uncertainty for both overfitted and underfitted models. When the number of training

epochs are small, the model is not learning enough information of the system. UQ-SHRED is

still able to provide statistically valid uncertainty estimates which has an average of 91.8%
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empirical coverage for 95% quantile. When the model is well-trained, it is still able to provide

a valid estimate with an average of 91.6%. Figure 6.10e also suggests that applying early

stopping methods can be a helpful technique for uncertainty quantification, which essentially

avoids the model to overfit onto the noise.

6.5 Conclusion

In this paper, we introduce UQ-SHRED, a distributional learning framework for sparse sensing

problems that enables valid uncertainty estimation. This stochastic modeling of uncertainty

amends the deterministic reconstruction framework for regimes where the system is partially

observed, stochastic, and/or contains high-frequency dynamics that are not captured by the

available sensor data. Inspired by engression [245], we concatenate a resampled Gaussian

noise vector to the sensor input, and incorporate the energy score loss during training. The

resulting model retains the computational efficiency while producing a distributional estimate

at each spatiotemporal location through Monte Carlo resampling. Because the energy score

is a strictly proper scoring rule, the population optimum is attained when the predictive

distribution matches the true conditional distribution under technical assumptions in Thm. 8,

and the quantile estimation converges to the true quantiles with large Monte Carlo samples

(as demonstrated in Thm. 9).

The experimental study spans five datasets drawn from distinct scientific domains

including climate science, computational fluid dynamics, neuroscience, astrophysics, and

propulsion physics. These systems differ substantially in their spatiotemporal complexity,

dimensionality, noise characteristics, and the degree to which sparse sensors constrain the

full-field reconstruction. Across these diverse settings, UQ-SHRED consistently produces

well-calibrated confidence intervals while maintaining reconstruction accuracy comparable

to the deterministic SHRED baseline. The calibration diagrams show that the observed

coverages closely follow the diagonal across all target confidence levels. More importantly,

the confidence intervals exhibit spatially and temporally varying width corresponding to the

true underlying complexity of the physical interactions. Specifically, the uncertainty estimates
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typically widen in regions of higher reconstruction ambiguity such as detonation wave fronts

in the RDE, turning points in the SST seasonal cycle, and rapid transients in neural recordings.

The uncertainty estimation tends to be narrow where the sensor data sufficiently constrains

the reconstruction. These observations all indicate that the learned predictive distribution

faithfully reflects the information provided by the sparse sensor measurements.

The ablation study on SST data (Section 6.4.7) reveals further insights in practice. Temporal

lag primarily affects reconstruction accuracy through Takens’s embedding theorem but

has limited influence on calibration once a minimal embedding dimension is reached.

The noise dimension 𝑑𝜀 should scale with the input dimensionality to ensure sufficient

expressive capacity for the stochastic mapping; a very small noise dimension will lead to

underdispersed predictions, while excessively large dimensions increase computational cost

without proportional benefit. Most notably, UQ-SHRED maintains valid uncertainty estimates

across a wide range of training epochs, including both undertrained and overtrained regimes,

suggesting that the energy score loss provides robustness to model misspecification that

could be absent from standard point-estimate training.

We note several limitations of the current framework, which can be improved by future

works. First, the calibration guarantees of the energy score hold at the population optimum;

with finite training data, the learned distribution may exhibit conservative or overconfident

behavior depending on the dataset size and complexity, as observed in the RDE experiment

where training on a single trajectory could lead to mild miscalibration under strong distribu-

tional shift. Additionally, the current framework does not provide coverage guarantees for

finite samples, which can be corrected by conformal calibration methods [167, 13, 136, 108].

Code and Data Availability

Our codebase is available at https://github.com/gaoliyao/uq_shred.

https://github.com/gaoliyao/uq_shred


Sec. 6.6. Additional figs 218

Figure 6.11: Spatial reconstruction of UQ-SHRED on SST data. Columns: ground truth, median

reconstruction, absolute error, and 95% CI width.

6.6 Additional figs

Spatial reconstruction visualizations figs 6.11–6.15 present spatial reconstruction visual-

izations for the first four experimental datasets. Each figure displays, from left to right: the

ground-truth field, the UQ-SHRED median reconstruction, the absolute error, and the 95% CI

width, at selected time steps. In all cases, the spatial distribution of the 95% CI width closely

tracks the spatial distribution of reconstruction error, indicating that UQ-SHRED assigns

higher uncertainty where the reconstruction is less accurate.

1D RDE transient stage: additional figs Figure 6.16 presents temporal traces at selected

spatial locations for both the closer and further RDE test trajectories. The confidence bands

widen during detonation-wave passage and narrow during quiescent intervals, consistent

with the spatial snapshots shown in Figure 6.7.
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Figure 6.12: Spatial reconstruction of UQ-SHRED on isotropic turbulent flow data. Columns: ground

truth, median reconstruction, absolute error, and 95% CI width.

Figure 6.13: Spatial reconstruction of UQ-SHRED on neuro activity data. Columns: ground truth,

median reconstruction, absolute error, and 95% CI width.
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Figure 6.14: Spatial reconstruction of UQ-SHRED on solar activity data. Columns: ground truth,

median reconstruction, absolute error, and 95% CI width.
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(a) Closer trajectory (Run 0).

(b) Further trajectory (Run 1).

Figure 6.15: Spacetime overview for UQ-SHRED on the 1D RDE transient ignition stage. Columns:

ground truth, median reconstruction, absolute error, and 95% CI width. Top rows: pressure; bottom

rows: temperature. The 95% CI width concentrates along the detonation fronts, matching the spatial

distribution of reconstruction error.
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(a) Closer trajectory (Run 0).

(b) Further trajectory (Run 1).

Figure 6.16: Temporal traces at selected spatial locations for UQ-SHRED on the 1D RDE transient

ignition stage. Confidence bands widen during detonation-wave passage and contract during quiescent

intervals.
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7

Conclusion

This dissertation has investigated how machine learning can be used not only as a tool

for prediction, but as a framework for discovering interpretable governing structure from

scientific data. The motivating premise throughout this work is that accurate approximation,

while essential, is not sufficient for scientific understanding. In scientific and engineering

applications, the objective is often not merely to reproduce observed measurements, but

to identify the variables, equations, uncertainties, and structural principles that govern the

underlying system. This distinction is central: a predictive model may interpolate successfully

within the distribution on which it was trained, yet provide limited insight into why a system

behaves as it does or how it may behave under new conditions. Governing laws, by contrast,

provide a compact and interpretable representation of mechanism.

The work presented in this dissertation develops this idea across several increasingly

realistic data regimes. Beginning with the problem of latent physical law discovery, the

thesis first considers settings in which the intrinsic coordinates of a system are hidden behind

high-dimensional observations. Bayesian SINDy autoencoders were developed to jointly infer

latent coordinates, sparse governing equations, and physical constants, while also providing

uncertainty estimates for the discovered model. This work demonstrates that interpretable

dynamics can be recovered even when the measured data are not themselves the natural

variables of the system.

The dissertation then extends governing law discovery to high-dimensional spatiotemporal

systems observed through sparse sensors. SINDy-SHRED and Koopman-SHRED show that

sensor histories can encode sufficient information to reconstruct full fields and identify
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parsimonious latent dynamics. This provides a bridge between sparse sensing, reduced-order

modeling, and interpretable dynamical systems discovery. Rather than learning a black-box

map from sensor measurements to future states, these methods impose a low-dimensional

dynamical structure that can be inspected, simulated, and interpreted.

A central concern in any discovery problem is reliability. Sparse regression can produce

compact models, but compactness alone does not guarantee correctness. Noise, limited data,

numerical differentiation error, and library mismatch can all introduce spurious terms. For

this reason, this dissertation also studies uncertainty quantification for sparse model discovery.

Ensemble and Bayesian approaches provide a way to assess which terms and coefficients

are stable under perturbations of the data and modeling procedure. This perspective is

essential for scientific machine learning: a discovered equation should not only be sparse, but

accompanied by evidence for which parts of the model are reliable.

The thesis further addresses the practical limitations of classical sparse identification

methods by removing the assumption of structured-grid measurements. Mesh-free SINDy

uses neural network surrogates and automatic differentiation to discover partial differential

equations from scarce, noisy, and irregularly sampled data. This broadens the applicability

of sparse PDE discovery to experimental settings where uniform grids, dense measurements,

and accurate finite-difference derivatives are unavailable. In doing so, it moves sparse law

discovery closer to the conditions under which real scientific data are often collected.

Finally, this dissertation considers uncertainty in sparse sensing and field reconstruction.

UQ-SHRED extends deterministic sparse-sensor reconstruction to distributional prediction by

learning conditional distributions over high-dimensional states from limited sensor histories.

This is important because sparse measurements may not uniquely determine the full system

state, particularly in stochastic, high-frequency, or partially observed regimes. In such cases,

a single deterministic reconstruction can be misleading. A distributional model can instead

represent ambiguity, express uncertainty, and indicate where the available measurements are

insufficient.

Taken together, these contributions advance a unified view of scientific machine learning.

The methods developed in this dissertation use machine learning to learn representations, but
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constrain those representations with sparse dynamics, uncertainty estimates, and physical

structure. Across latent coordinate discovery, sparse sensing, uncertainty quantification,

mesh-free PDE discovery, and distributional reconstruction, the common goal is to convert

data into interpretable models rather than only into accurate predictions.

Several limitations remain. The success of sparse discovery depends on the expressiveness

and appropriateness of the candidate function library. If the true dynamics are not well

represented by the chosen basis, the discovered equations may be only approximate, or may

contain terms that reflect the limitations of the library rather than the true mechanism. In

addition, latent coordinate systems are generally not unique. Different learned coordinates

may reconstruct the same observations while producing different apparent equations, which

complicates the interpretation of discovered latent dynamics. Uncertainty quantification also

remains an open challenge, especially in finite-data and high-dimensional regimes where

formal coverage guarantees are difficult to obtain. Finally, many real-world systems involve

nonstationarity, multiscale coupling, stochastic forcing, control inputs, or changing regimes,

while many current law-discovery frameworks still assume a relatively stable underlying

dynamical structure.

These limitations suggest several directions for future work. One direction is to develop

richer discovery libraries that include rational functions, nonlocal terms, stochastic dynamics,

delay coordinates, multiscale closure models, and neural-symbolic representations. Another

is to improve the identifiability of latent coordinates by incorporating symmetries, invariances,

conservation laws, causal constraints, or weak forms of physical supervision. A further

direction is to integrate law discovery with modern foundation models and large-scale

scientific datasets, while preserving the interpretability and reliability required for scientific

use. Finally, uncertainty-aware discovery should be developed not only as a diagnostic tool,

but as a mechanism for guiding experiment design, active sensing, and model refinement.

The broader contribution of this dissertation is therefore conceptual as well as method-

ological. It argues that the role of machine learning in science should not be limited to

replacing traditional models with black-box predictors. Instead, machine learning can serve

as a computational instrument for discovering the coordinates, equations, structures, and



226

uncertainties that make complex systems understandable. Scientific progress depends not

only on predicting what will happen, but on explaining why it happens and under what

conditions those explanations remain valid. This dissertation contributes toward that goal

by developing interpretable machine learning methods for governing law discovery from

realistic, imperfect, and partially observed data.
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