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In this thesis, we study forward and inverse problems for fractional operators involving a
magnetic potential. We show that many properties of fractional operators are preserved
under the perturbation by a magnetic potential. Besides, we carefully use Runge approxi-
mation properties to obtain strong results when we study inverse problems. More precisely,
we determine both the magnetic potential and the electric potential from exterior partial
measurements of the Dirichlet-to-Neumann map in the linear fractional inverse problem by
using the Runge approximation property and an integral identity; we also determine both
the magnetic potential and the non-linearity in the semi-linear fractional inverse problem by

using the Runge approximation property and a first order linearization.



TABLE OF CONTENTS

Page
Glossary . . . . . . . ii
Chapter 1:  Introduction . . . . . . . .. .. .. ... 1
1.1 Classical Inverse Problems . . . . . . . . . . . . .. 1
1.2 The Fractional Calderén Problem . . . . . . . . . . . . . . . .. .. .. ... 3
1.3 Motivations and Goals . . . . . . . . 5
Chapter 2: The Fractional Magnetic Elliptic Problem . . . . .. . ... ... ...
2.1 Preliminaries . . . . . . . .
2.2 The Forward Problem . . . . . . . . . . . . 11
2.3 The Inverse Problem . . . . . . . . . 12
Chapter 3:  The Fractional Magnetic Parabolic Problem . . . . . .. ... ... .. 19
3.1 Preliminaries . . . . . . . . 19
3.2 The Forward Problem . . . . . . . . . . .. 21
3.3 The Inverse Problem . . . . . . . . . . . 27
Chapter 4: ~ The Semi-linear Fractional Magnetic Problem . . . . . . ... ... .. 35
4.1 Preliminaries . . . . . . . 35
4.2 More Results for the Linear Problem . . . . . . . . . . . .. ... ... ... 37
4.3 The Semi-linear Exterior Problem . . . . . . . . . . . .. .. ... ... ... 41
4.4 The Inverse Problem . . . . . . . . . . 43
Bibliography . . . . . . . 48



GLOSSARY

DIMENSION: n > 2 denotes the space dimension.

POWER: 0 < s < 1 denotes the fractional power.

DOMAIN: € denotes a bounded domain with smooth boundary; €, := R" \ 2.
BALL: B,(0) denotes the open ball centered at the origin with radius » > 0.
CONSTANTS: ¢,C,C",C4, - denote positive constants.

INTEGRATION: [ - [ = [0 - [o..

DUAL SPACE: X* denotes the continuous dual space of X.

PAIRING: (-,-) denotes the distributional pairing.
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Chapter 1

INTRODUCTION

In the context of partial differential equations, the study of inverse problems concerns the
recovery of internal properties of a medium (corresponding to certain terms in an equation
or operator) from indirect external measurements (corresponding to information on solu-
tions of equations at the boundary or in the exterior domain). In fact, such problems lie
at the foundations of many scientific disciplines such as electrostatics, electromagnetism,
geophysics, medical imaging and biology, and consequently the study of inverse problems as-
sociated with partial differential equations remains active and influential as a research area

in mathematics.

1.1 Classical Inverse Problems

One of the most famous examples in this area is the Calderén problem arising in electrostatics.
The classical Calderén problem is whether one can determine the electrical conductivity of
a medium by making voltage and current measurements at its boundary. Now we describe
this problem in the language of mathematics.

Suppose we have a conductor filling €2 and we apply a voltage f at its boundary Of).
We denote the electrical conductivity at x by y(z) and the induced voltage at x by u(x).
By Ohm’s Law, the current at x is —y(z)Vu(x) and in the absence of sinks or sources of

current, u solves the Dirichlet problem
div(yVu) =0 in Q, ulgn = f.

The inverse problem is whether one can determine v from the knowledge of the Dirichlet-to-



Neumann (voltage-to-current) map defined by

ou
Ay:f = (75)\89-

Based on the construction of complex geometrical optics (CGO) solutions, Sylvester and

Uhlmann proved the following fundamental interior uniqueness theorem in [43].
Theorem 1.1.1. Suppose n > 3. Let v15 € C*(Q) be strictly positive. If

A, =A

71 Y27

then 1 = 9 in Q.

As a variation of the classical Calderén problem, the Calderén problem for the magnetic

Schrodinger operator has been studied later. The magnetic operator has the form
(—iV + A(2))* + q(=)

where A(z) is a (vector-valued) magnetic potential. It can be viewed as a generalization of
the Schrodinger operator (—iV)? + ¢ = —A +q.
In [41, 34, 11, 20] the authors considered the Dirichlet problem

(—iV + A)?u+qu =0 in Q, ulon = f
and define the Dirichlet-to-Neumann map by
Aag: [ — (0, +iA-v)u|sq.
They proved that if Ag, 5, = Aa,q,, then
rot Ay = rot A, g1 = Q2
in 2 when n > 3 and A, 5, ¢1 2 satisfy certain a priori assumptions. Here

rot A := (9;AY — 9 AD),;



where AY) is the j-component of A and we call rot A the magnetic field induced by A.
We remark that it is impossible to completely determine A from the Dirichlet-to-Neumann

map. In fact, if A; and A, are gauge equivalent, i.e.
A — A, =V9¢
for some smooth ¢ in Q with ¢|sq = 0, then by using the operator identity
eTO((—iV + A)? + @) = (—iV + (A + V¢))? + ¢
we can verify that A, ; = A,

1.2 The Fractional Calderén Problem

Recently, equations involving non-local operators have attracted much attention. A typical

non-local operator is the fractional Laplacian (—A)® given by the Fourier transform definition

(=) u(z) = FH(|E[*Fu(§)) (@),
as well as the equivalent singular integral definition

(—A)°u(z) == ¢y lim ulw) = uly) dy

=0t Jro\B,(z) 1T — Y[
See [23] for more equivalent definitions of the fractional Laplacian.
These kinds of equations have been introduced to describe anomalous diffusion and ran-
dom processes with jumps in physics and probability theory. See [44] for a continuous limit

of discrete, long jump random walks described by the fractional diffusion equation
du+ (—A)u = 0.

Correspondingly, inverse problems associated with fractional operators involving (—A)?
have been studied. The study in this direction was initiated in [16]. Instead of the (bound-
ary value) Dirichlet problem associated with the classical Calderén problem, the exterior
Dirichlet problem

((=A)* 4+ q)u=0in Q, u

o = f (1.1)



was considered in [16]. The inverse problem is whether one can determine the potential ¢ in

Q) from the exterior partial measurements of the Dirichlet-to-Neumann map

Ay: f = (A)°u

Qe

See Appendix in [16] for a probabilistic interpretation of A,.

The following theorem is the main result in [16].

Theorem 1.2.1. Let 0 < ¢ 5 € L>®(Q) and let W15 C Q. be open. If

AfI1g‘W2 = Aq29’W27 g€ Ccoo<W1)7
then g1 = qa in Q.

The main ingredient of the proof of the theorem above is the use of the following unique

continuation property of (—A)*. See Theorem 1.2 in [16].

Proposition 1.2.2. Let 0 < s < 1 and u € H*(R™). Let W be open and non-empty. If
(—A)Yu=u=0 inW,

then uw =0 wn R™.

The proof of the unique continuation property above is based on the Caffarelli-Silvestre

definition of the fractional Laplacian

(=AY f(z) = ¢, lim y' >0 u(z,y)

y—0+
where u is the solution of the extension problem
div(y'"*Vu) =0 in R7H,
u(z,0) = f(z) on R" x {0}.
This definition enables us to derive properties of (—A)® from local arguments in the extension
problem. See [2, 37] for more details.

Based on the unique continuation property above, the following Runge approximation

property was proved in [16].



Proposition 1.2.3. Let 0 < g € L™(Q2) and let W C Q. be open. Then
S =Augla g € CZ(W)}
is dense in L*(QY). Here u, is the solution of (1.1) corresponding to the exterior data g.

Now Theorem 1.2.1 immediately follows from the Runge approximation property above
and an integral identity for Dirichlet-to-Neumann maps. See Section 5 in [16] for details.

We remark that there are distinct differences between the classical and fractional Calderén
problems. No construction of CGO solutions is required in dealing with the fractional prob-
lem. Both the unique continuation property of (—A)® and the associated Runge approxi-
mation property are typical non-local phenomenons, which make the inverse problem more
manageable and help us obtain strong results.

The fractional Calderén problem has been further studied in many settings. Low regular-
ity and stability results have been obtained in [38]. Reconstruction and single measurement
results have been obtained in [15]. Runge type approximation results for a large class of
operators involving Fourier multipliers have been obtained in [39]. Inverse problems for vari-
able coefficients fractional elliptic operators have been studied in [14, 3]. Inverse problems for
fractional Schrodinger operators with local and non-local perturbations have been studied in

4,1, 6].
1.3 Motivations and Goals

We will study fractional magnetic operators related with the fractional magnetic Laplacian

_ pile—y)-A(TEY)
(—A)5u(x) == ¢, lim ) — e +22 u(y)
e—=0% Jrn\ B, (2) |z — y|nt2s

dy

where the vector-valued function A is a magnetic potential. This definition was first in-
troduced in [10]. It was proved in [40] that (—A)% converge to the magnetic Laplacian
(V —iA(x))?* as s — 17 in an appropriate sense.

A formal computation shows that

(~8)u(e) = 2" [ [ 0l — AT Pu(y) dydg



so (—A)% has the form of a Weyl pseudo-differential operator. See more details in [28]. In
particular, when s = %, (—A)lA/ % is one of the quantized kinetic energy operators correspond-
ing to the symbol | — A(x)| for a spinless particle of zero mass under the influence of the
magnetic potential A. See for instance, [33, 18].

We will study forward and inverse problems associated with our fractional magnetic
operators. Our problems can be viewed as variants of the fractional Calderén problem
studied in [16] as well as a non-local analogues of the Calderén problem for the magnetic
Schrodinger operator studied in [41, 34, 11, 20].

The rest of this thesis is organized in the following way. In Chapter 2, we focus on the
linear fractional magnetic operator R% involving a time-independent magnetic potential; we
study the associated exterior Dirichlet problem and the Dirichlet-to-Neumann map; then
we formulate and solve the associated inverse problem. In Chapter 3, we focus on the
linear fractional magnetic operator involving a time-dependent magnetic potential; we study
parabolic analogues of elliptic problems studied in Chapter 2. In Chapter 4, we study semi-

linear analogues of problems studied in Chapter 2.



Chapter 2
THE FRACTIONAL MAGNETIC ELLIPTIC PROBLEM

In this chapter, we study linear problems associated with the fractional elliptic operator

involving a magnetic potential. Semi-linear analogues will be studied in Chapter 4.
2.1 Preliminaries

We introduce some basic notations and results in this section.

2.1.1 Function Spaces

Throughout this thesis we refer all function spaces to real-valued function spaces.

For a € R, we have Sobolev spaces
AR = {u € S®) s [ (1+[€)7|Fule) e < oc)

where F is the Fourier transform and S’'(R") is the space of temperate distributions.

We have the natural identification
H—Q(Rn) — Ha(Rn)*
Let U be an open set in R". Let F' be a closed set in R". Then

HYU) :=A{uly :we H*(R")}, Hi(R™) :={u € H*(R") : suppu C F},

H*(U) := the closure of C:°(U) in H*(R").

() is a bounded domain with smooth boundary, which implies

H(Q) = HG(R").



2.1.2  The Operator R

We first give the formal pointwise definition of our fractional magnetic operator

au(z) = 2 lim . )(U(x) — Ra(x,y)u(y)) K (z,y) dy. (2.1)

Here K is a function associated with a heat kernel (see subsection 2.2 in [28]) satisfying
K(ZL’, y) = K(ya I), C/l(lf - y|n+23 < K([E, y) < C/|.Z‘ - y|n+2s’

A is a time-independent real vector-valued magnetic potential, and

r+y
2

Ra(z,y) = cos((x — y) - A(2Y)). (2.2)

Clearly R generalizes the fractional elliptic operator studied in [14], which coincides with
R§. R also coincides with the real part of the fractional magnetic Laplacian (—A)% when
K(x,y) = ¢ys/|x — y|"* for real-valued u.
It is clear from (2.2) that
Ra(z,y) = Ra(y, x).

Hence for real-valued u, v, we can formally compute that
(R, =2 [ [ (w(o) = Rate.g)uty))olo) Ko p) dyds

- / / (u(z) — Ra(z, y)u(n))v(@)K (z,9) + (u(y) — Ra(z, y)u(z))o(y) K (z, y)] dydz

e / / (u(w) = A () (o() — e DA y)) K (o, y) dady
and it is easy to verify that
(Riyu, v) = (Riyv, u).
We remark that a different fractional magnetic operator can be found in [5] where the
fractional gradient V* : H*(R") — L*(R" x R") defined by

s y—z
Vou(z, y) = cos(u(z) — u(@/))m



was considered. Based on the identity
(=4)%u,v) = (VPu, V*v),
the author defined the operator (—A)% by
(=A)%u,v) = ((V* + A(z,y)u, (V° + Az, y))v)

for a bivariate vector-valued function A(z,y) and studied the associated inverse problem.

2.1.83 The Norm Equivalence

The following norm || - ||zr4 was introduced in [10, 40].

Definition 2.1.1. The magnetic Sobolev norm || - || is defined by
lull g, == (ul|72 + [u]7s)"?

where the semi-norm part is given by

z(:r: y) A(Lﬂ) 2
/ [ufx u(y)l dxdy)*/?. (2.3)

|ZE _ |n+25

For 0 < s < 1, it is well-known that one of the equivalent forms of the Sobolev norm

s is given by

\u
= (lluls + / W ® dwayyre

In fact, we can show the equivalence between || ||y and ||-||gs (for complex-valued u) when

A is bounded. The key estimate we will use is the following elementary inequality
|et@=y)- Al 1| < Cmin{l, |z —y|}.
Here the constant C' depends on || A]| L.

Lemma 2.1.2. Suppose 0 < s <1 and A € L*¥(R"). Then || - |

s ~ | e
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Proof. We only need to show that
[ul e = [ulms | < Clful| 2. (2.4)
In fact, by using the identity
la]* — |b]* = (a — b)a + (@ — b)b,

we can write

[z — [wlfs] = 111 + Lo

where

L _// (Ealw,y) = Du)u(@) —u(@) ;0

|£L’ _ |n+25

e [ BTG B ) o,

|z —y|"*+?

Ei(x,y) = ey AT, (2.5)

By the Cauchy-Schwarz inequality we have

L] < ( / [(Ea(z,y) = Du(y)? dxdy)1/2(/ lu(x) — u(y)|? ddy)V/?

|£L‘ _ |n+2s |I’ _ y|n+23

S(ff [ AR VP iy,
{lz—y|<1} {|lz—y|>1} |x — y|nt2s
C?|x — y|*u(y)|? 02|u y)[?
<// dz dy+// drdy)?[u] s
{lz—y|<1} |x - y|n+2 {lz—y|>1} |x — y|n+2s

daj’ de’
- C(/]u(y)]Z/ —dy+/]u(y)|2/ e dy)
{le-yl<1y [& = |22 (o—yl>1y |2 — Y[+
S C/HU||L2[U]HS

IN

Similarly we can show

L] < C'Jul|g2[u]ars,

Hence we have
|[ulFre = [uls | < ClJul |2 ([l s + [u] ),

which implies (2.4). O



11

The boundness of R’ follows from the Cauchy-Schwarz inequality and the lemma above.
Proposition 2.1.3. Suppose 0 < s <1 and A € L>®(R"™). Then
RS : H*(R™) — H*(R")
15 linear and bounded.

2.2 The Forward Problem

In the rest of this chapter we always assume A € L®(R") and ¢ € L®(Q).

The bilinear form associated with R% + ¢ is given by

By lu,v] = (Riu,v) + / quv, u,v € H*(R"). (2.6)
Q

Proposition 2.2.1. Suppose ¢ < g € L>*(Q2) for some ¢ > 0. Then the problem

(Ry+qQu=0 1inQ )

u=g in S
has a unique (weak) solution u, € H*(R"™) for each g € H*(R™) and the solution operator
Pag:ig—uy
is bounded on H*(R™).

Proof. The boundness of R implies the boundedness of B4, and the norm equivalence
implies that B, is coercive on H*(Q) x H*(Q).
By Lax-Milgram Theorem, there exists an invertible bounded linear map f — w; from

(H*(Q))* to H¥(Q) s.t. wy satisfies

Baglw,d] = f(¢), &€ H'(Q).

For each g € H*(R"), let f = —(R% + q)g, then u, := wy; + g is the unique solution of (2.7)
and the boundness of P4, on H*(R") is clear. O
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2.3 The Inverse Problem

In the rest of this chapter we always assume ¢ < g € L*>(2) for some ¢ > 0.

2.3.1 The Dirichlet-to-Neumann Map
Let X := H5(R™)/H*(Q) = H*(Q.) and § := the natural image of g € H*(R") in X.

Definition 2.3.1. We define the Dirichlet-to-Neumann map Aa 4 by
(Magd,h) = Bag[Pagg.h],  g,h € HR"). (2.8)
Note that if g, — g1 € H*(Q) and hy — hy € H*(Q), then uy, = u,, and
B g[tgy, ha] — Bagltg,, hi] = Baglug, — ug,, ho] + Bagltg,, ha — hi] =0

so A4 4 is well-defined.

If g and h belong to the orthogonal complement of H*(Q) in H*(R"), then we have

[(Magd. 1) < Cllug| e = C'[|3l]x11Al | x

hl

e < C'lg]

hl

Hs Hs

so Ay 4 X — X* is bounded.

For convenience, we will write Ay ,9 and (A4 49, h) instead of Ay ,§ and (Aa 49, h).

We remark that the formal computation

(Aaq9.h) :/(Rjug)h—i-/qugh
Q

:(/Qf/ﬂ)( Zug)h—i-/ﬂqugh:/ge( g ),

AA,qg = quug

shows that

Qe

We prove an integral identity which will be used later.

Note that by the symmetry of By 4, we have

<AA,qga h) = BA,q[PA,qga pA,qh] = BA,q[PA,qha PA,qg] - <AA,qh> g>
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Hence for g; € H*(R") and u; = Pa, 4,9; (j = 1,2), we have
<(AA17Q1 - AA27(12)91792> = <AA1¢1191792> - <AA2,!1292791>

= <RZIU1,U2> +/

S
U1 — (RA2U2,U1> - / qoU2U
Q

Q

— (RS, ur, us) — (R, us) — / (4 — @ )Jurs
Q

=2 //(RA2 (x,y) — Ra, (x,y))ur (y)uz () K(x,y) dedy — /(q2 — q1)urUs. (2.9)

Q

2.3.2 The Runge Approrimation

The following proposition was proved in [14]. It generalizes Proposition 1.2.2.

Proposition 2.3.2. Let 0 < s < 1 and u € H*(R™). Let W be open and non-empty. If
Rou=u=0 in W,

then u =0 wn R™.

It is not clear whether the unique continuation property above holds for general R?.
Fortunately, we have the following observation which enables us to show the Runge approx-

imation property of R + ¢ by using the unique continuation property of Rg.

Lemma 2.3.3. Suppose supp A C Q C B,(0) for some r > 0, W is a non-empty open set
s.t. W N Bs,.(0) =0. Then we have

Riulw = Riulw,  uc H¥(Q).
Proof. Let u € C*(Q) and v € C2°(W). Note that
(R = Rau,v) =2 [ [ (Rata) = Duly)o(a) K (a.y) dady. (2.10)
If v ¢ W, then v(z) =0; If y ¢ Q, then u(y) =0; If x € W and y € Q, then

vyl ol o
2 - 2 - 2 ’

which implies R4(x,y) = 1 in this case. Hence the integrand in (2.10) is always zero. ]
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We prove the following Runge approximation property which will be used later.

Proposition 2.3.4. Suppose supp A C 2 C B,.(0) for some r > 0, W is a non-empty open
set s.t. W C Q. and W N Bs,.(0) = 0. Then

S :={Payfla: feCZ(W)}
is dense in L*(£2).

Proof. By the Hahn-Banach Theorem, it suffices to show that:
If v e L?(Q) and [, vw =0 for all w € S, then v = 0 in Q.

In fact, for any given v € L?(Q), let ¢ be the unique weak solution of

(Ri+q¢=v inQ (211)
=0 in (.,

then for any f € C2°(W), we have
[ oPat = 0. Pasf = ) = Baglo Paad = 1) = Basl(Paaf = )0
since Py f — f € H*(Q). Also note that
Bag[Pagf, 0] =0
since Py 4 is the solution operator and ¢ € H (£2), so we have
[ vPaat = =(Raf.0) = (R, ).
Hence, if v € L*(2) and [, vw = 0 for all w € S, then the corresponding ¢ satisfies
o€ H(Q),  Riolw =0.

This implies ¢ = 0 in R” by Proposition 2.3.2 and Lemma 2.3.3 and thus v = 0 in (2. O]
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2.8.83 The Main Result

The inverse problem associated with (2.7) is whether both the magnetic potential A and the
electric potential ¢ can be determined from partial exterior measurements of the Dirichlet-
to-Neumann map Ay ,. The following theorem (Theorem 1.1 in [29]) is our main result in

this chapter.
Theorem 2.3.5. Suppose supp A; C Q C B,(0) for some constant r > 0, ¢ < q; € L>(Q)
for some ¢ >0, A; € L®(R™), W, are open sets s.t. W; N Bs,.(0) =0 (j =1,2). Let

+
W .= {% x € Wi,y € Wal.

Also assume W12\ (supp A, Usupp Ay) # 0. If

AAI,(]lg’WQ = AA2,ng‘W2 (212)
for any g € C° (W), then Ay = £As and ¢1 = ¢o.

It is remarkable that A can only be determined up to a gauge equivalence in the classi-
cal magnetic Calderén problem while it can be totally determined (up to the sign) in this
fractional inverse problem.

The assumption on the set W12 seems unnatural but it is essential when we deal with
the integral identity (2.9) to prove our main theorem.

In fact, for g; € C°(W;) and u; := Py, 4,9; (j = 1,2), by (2.12) and (2.9) we have

J[ Gt dsay = [ @@ =g

where we write
G(Ia y) = 2<RA2 (CL’, y) - RAl (ZL’, y))K(CE7 y)

Note that suppu; C £2U W; so the double integral on the left hand side is

L[ Gt dity =1+ b+ f+ 1
QUW, J QUW,
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where we write

oy L vl L

Note that (x,y) € Wy x Q (or (z,y) € Q x Wy) implies (x + y)/2 > r. In this case
Ra,(z,y) = Ra,(x,y) =1, G(z,y) =0s0 Iy = I3 = 0.

Also note that by the assumption on W2 we can choose zg € Wa,yo € Wy s.t. 252 ¢
supp 4; so (x,y) € Wy x Wy implies (x +y)/2 ¢ supp A; if we replace Wa, W, by small open

balls centered at xy and y9 when necessary. Hence I, = 0 so we have

/Q/QG(x,y)ul(y)uZ(:r) drdy = /Q((JQ — 1)Uy s (2.13)

Based on the framework given in [16], we will make a more careful use of the Runge

approximation property to finish our proof. We will first determine A and then determine q.

Proof. Determine A: We fix open sets {12 C Q2 s.t. ;N0 = 0. We also fix ¢; € C°(€;)
(7 = 1,2) and a small constant € > 0. By Proposition 2.3.4, we can choose g; € C2°(W;) s.t.

Jur — 1|2 < €
and for this chosen g1, we can choose g, € C2°(W53) s.t.
[ur]| 2@yl |u2 — d2llr2@) < e

Note that ¢1(x)pe(z) = 0 for z € Q so

[ (= amneel =1 [ (@ =)= 0062+ | (02— sz = )

<@ — @)l|ze= | D]l 2 lur — d1|lr2 + (g2 — @1)||zoe [|wn || 2] |ue — dal|r2 < Ce. (2.14)
Also note that

r+vy r+y

Gl y)] < 4lsin (2 - (Ar = Ag) () sin (2 - (A + A2) (5 2) K (,9)

C

< CA|$ — ylzK(l‘,y) < |I _ y|n+25—2’
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which implies
/QIG(:c,wldy < Co, © € ; /QIG(a:,y)|d:E < Cy, y € Q.
By the generalized Young’s Inequality (see Proposition 0.10 on page 9 in [12]),
1Tl < Coll Lz 0= [ 1G]l dy

so we have

[ [ énummu dey - [ | / Gl )on()en(a) dey

.y / / (2, 1) (1w (y) — 61 (1)) d2() + G (@, y)us (v) (ua() — ()] dardy]
< / / G2, y)ba(e)] drlun(y) — du(y)] dy
n / / G, y)ur(v)] dylua(x) — do(a)| da

< Collpa|2l|ur — ¢n|lr2 + Collurl| 2 ||ue — ¢ |2 < C'e. (2.15)

We combine (2.14), (2.15) with (2.13). € is arbitrary, implying that

/Ql/Q2 (@, y)1(y) p2(x) dady = 0.

Note that the set
{¢1 ® ¢ : ¢] S COO(Qj), ] = 1,2}

generates a space dense in C2°(2; x €2s) so G(x,y) = 0 in Q1 x Qy. Qy,Qy are arbitrary,
implying that G(z,y) = 0 for z,y € Q2 whenever = # y so

Ra,(z,y) = Ra,(z,y), z,y €.

Now we fix 2o € . Let A® denote the k" component of A and let {e;}?_, denote the
standard basis of the vector space R". Consider x = xg + €e, and y = xy — €e;, for small

e > 0. Since |2€A§k)($0)’ < 5, Ra,(z,y) = Ra,(x,y) implies that |A§k) (x0)] = |Agk) (x0)]-
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Suppose there exist [ # k s.t. Agk)(xo) = Agk)(xo) # 0 and Agl)(:cg) = —Ag) (xo) # 0.

Consider = = x¢ + €(ex + ¢;) and y = ¢ — €(ex + ¢;). Then we have

T+ :
) = 2e(A (o) + AP (0)), =12

J

(z —y) - Ay(

This contradicts with R4, (z,y) = Ra,(z,y). Hence the only possibility is A;(xg) = £ As(xo).
xo is arbitrary, implying that A; = +A,.

Determine ¢: Now (2.13) has become
/(CD — q1)urug = 0.
Q
Fixing € > 0 and f € L*(Q2), by Proposition 2.3.4 we can choose g; € C°(W}) s.t.
llur = fllrz@) <€
and for this chosen u;, we can choose go € C°(Ws) s.t.
Jur] 2@l [uz — 1| z2@) <€
Now we have

@ =afi=1 [ @-a-w+ [ - wu-w)<ce

We conclude that ¢; = ¢ since €, f are arbitrary. O
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Chapter 3
THE FRACTIONAL MAGNETIC PARABOLIC PROBLEM

Throughout this chapter, we fix the constant T" > 0 and we use ¢t to denote the time

variable. For an (n + 1)-variable function w, u(t) denotes the n-variable function wu(-,t).

3.1 Preliminaries

This section is a supplement to its counterpart in the previous chapter.

3.1.1 Function Spaces

Let X be a Banach space. For m € N, we use C"([-T,T]; X) (resp. AC([-T,T}; X)) to
denote the space consisting of the corresponding Banach space-valued continuously differen-
tiable (resp. absolutely continuous) functions on [T, 7.

LP(—T,T; X) denotes the space consisting of the corresponding Banach space-valued L?

functions, equipped with the standard norm

T
luloscrasy == [l @t

-T
3.1.2  The Time-dependent Operator Rz(t)

We still focus on the fractional magnetic operator (2.1) but now we allow the magnetic
potential A to be time-dependent.

The following lemma is a time-dependent version of Lemma 2.1.2.

Lemma 3.1.1. Suppose A € C([-T,T],L>*(R"™)). Then for u € H*(R"), we have

g < Cllul

At) —

cllulgs < |[ul e

where the constants ¢, C' depend on sup,e_r.q) ||A(t)||r~ but do not depend on t.
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We also allow the electric potential ¢ to be time-dependent and we define the time-

dependent bilinear form associated with A, ¢ by
Bilu,v] := (Riyyu, v) + / q(t)uv, te[-T,T). (3.1)
Q
The following estimates will be used in the next section.

Lemma 3.1.2. Suppose A € C*([-T,T]; L*(R")), q € C*([-T,T]; L>=(R)) and ¢ > ¢ in
Q x [=T,T] for some constant ¢ > 0. Then

| Bilu, v]| < Collul

vl

we  wv e HY(RY) (3.2)

Hs

and for u,v € H*(Q), we have

| Belu, ull > collul[-, (3:3)
| Biin[u, v] — Bi[u,v]| < Cih||ul|gs||v]|ms, (3.4)
| Ben[u, v] + Bionlu, v] — 2By[u, v]| < Col®[[ul | s [0] | = (3:5)

where the constants ¢y, Cy, C1,Cy do not depend on u,v,t and h > 0.

Proof. (3.2) and (3.3) follow from Lemma 3.1.1 immediately.
Note that for u,v € H*(), we have

d d
R0 =2 [ / R (2, y)uly)o(@)K (v, ) drdy

_— / / 2 Raw (@, y)uly)o(a)K (2, ) dedy
. T+y T +y
=2 [ sin(@ =) ACTL )@ ) 04

so by the Cauchy-Schwarz inequality we have
|dt<RA(tuv |<C// ’x_ ’n+2s 2d dy

<C//‘x_ ‘n+2s 2d$dy§ // |l‘— |n+2$ dedy>§

Ju(y)v(z) K (z,y) dvdy



Note that

dz
/ / ’$ — y’n+25 2 dZUdy = /Q |u<y)|2(/g W) dy S C/HUH%?
and similarly
/ / |z — y[rt2s-2 y|n+2s 5 drdy < C'||v]|L

d 5
|2 (Ragw, v}l < Cllullz]vllze < C7Jul

which implies that (3.4) holds.

so we have

Hs U| Hs,

Also note that
d2

TR (e,y) = —sin((x — y) - A

Tty
2

) (& = y) - DA

Tr+y
2 )

) —y) - O A(

1))

)

r+y
2

_cos((z —y) - A( Tty

so we have
d2
|dt2
and we can similarly show that

d2
"
|25 (R, )] < C"lul

which implies that (3.5) holds.

Rag(z,y)] < C"|z — yf?

Hs, u,v € H¥(Q),

vl

Hs

3.2 The Forward Problem

21

In the rest of this chapter, we always assume g € C*([-T,T]; L=(2)) and ¢ > ¢ in Qx [T, T]

for some constant ¢ > 0. We also always assume supp A(t) C Q for t € [T,

C*([=T,T]; L=(R")).

3.2.1 Discretization in Time
We first study the initial value problem
du+ Rypu+qt)u=f inQx(-T,7T)

u=0 in Qx{-T}.

T], A €

(3.6)
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Proposition 3.2.1. Suppose f € L*(Q x (=T,T)) and
F(E+h) = f(O)ll2@) < Ch (3.7)
for some C independent of t,h. Then (3.6) has a unique (weak) solution satisfying
we LA(=T,T; H¥(Q)) N AC([-T,T]; L*(Q)), 0w e L*(Q x (=T,T)).

We will use the method of discretization in time to show the existence of solutions, which
enables us to relate the parabolic problem with the elliptic one. This method can be viewed as
a nonlocal analogue of the Rothe’s method for classical parabolic problems (see for instance,

Chapter 15 in [35]).

Proof. Existence: We first divide [~7,T] into p subintervals of length h = 2T'/p < 1. Let
tj =T+ jh.
Consider the discretization in ¢
2; — 2

—1 s o .
3 + Riuyzi +alty)z = f(t;) 7=1,--,p 38)

20:0.

We can iteratively determine z; € H (€2), which solves the elliptic equation
; 1 i
Riaapzi +(a(t) + 5z = f(t) + ==

((3.2) and (3.3) ensure the existence and uniqueness of z; by the Lax-Milgram Theorem.)

We define Z; := (z; — zj_1)/h and vV : [T, T] — H*(Q) given by
uMV(t) =z, 1+ Z;(t —t;_1),  tE€ [t

In general, we divide [T, T] into 2™ 'p subintervals of length h,, = 27/(2™1p). Let
tg-m) = —T + jh,,. We similarly consider the discretization and obtain a sequence

{Z(()m) = 07 e 72,;:) }

,1p
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in H5(Q). We define ZJ(»m) = (2™ — 2"\ /h,, and

J J—
We also define the step functions
am) =" 0 =2 e (e
In fact, we can show that
12

Zj

Hs < C, HZJ(-m)HLQ <c3

where the constants ¢y, c3 do not depend on the small interval length h,,. See Lemma A.2
in [30] for more details. This implies the boundedness of {u(™} in L2(=T,T; H*(Q)) and
the boundedness of {U™} in L*(Q x (=T, T)). Hence we can choose weakly convergent

sequences S.t.
wW™) oy in LA(=T,T; H¥(Q)), U™ ~U in L*(Qx (=T,T)).

Note that U™ is the weak derivative as well as the pointwise derivative of u(™ so we can

let Kk — oo in

t
u(m’“)(t):/ U(mk)<7') dr

=T

to obtain

Hence u is absolutely continuous in ¢, u(—7) = 0 and dyu(t) = U(t).
Now we show that this u satisfies the equation in (3.6).

We define the step function
Foey = fe™), te @ e

and the step bilinear form

B =Byl ], te s



Fixing v € L2(—T,T; H*(Q)), we let both sides of the discretized equation

2"+ R o3+ a5 = 1)

act on v(t) for t € (), tgm)) and integrate from —7 to T'. Then we have

(
J

-T -T

/ ()0 dt / RECRIC

The weak convergence of U™) implies that

T
/ (UM, 0(t)) dt — / (Oyu(t)
=T

Note that (3.2) ensures that
T
/ By[- u(t)) dt

=T

(3.7) ensures that

is a bounded linear functional on L*(—T,T; H*(€)) and we can show that
™)~ in L3(=T,T; H*(Q)).
See Lemma A.3 in [30] for more details. Hence we have

T
/ By[a™) (¢ dt—>/ By[u )] dt.
-T

Also we can show that

/ ' B [am) (), v(t)] dt — / ' By[a™)(t), v(t)] dt — 0.

-T -T

/ 0 @), v(t)) dt + / " B8, of8) dt — / " @), 0(0))
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(3.11)

(3.12)

(3.13)

In fact, we first assume v(t) = 1,5 (t)vo where vy € H*(Q2) and a, 3 are endpoints of

subintervals in the my-division for some k. For each large my, we write o = t(-znk), b=t

J

for some 71, 2. Then we have

[ B @ a0

=T

(m)
J2
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)

J2
J
= | Z /(mk) Bt(_mk) [Z](mk); UO] — Bt[Z](mk), ’Uo] dt|
J

j=j1+1 7 b1

J2 £7)

! (my)
<> [ Ol oo

j=j14+1 7V t-1

"

< 2T Creahum, || vol

HS

by using (3.4) and the boundedness of {zj(m)}.

Since the set consisting of such v spans a space dense in L*(=T,T; H*(2)), we know that
(3.13) holds for all v € L*(—T,T; H*(Q)).

Combining (3.10), (3.11), (3.12), (3.13) with (3.9), we conclude that

/ <8tu(t),v(t))dt+/ Bi[u(t),v(t)] dt:/ (f(t),v(t))dt. (3.14)

-7 -7 -T

Uniqueness: Let v be the solution u constructed in the existence part.

Then (3.14) becomes

STl + [ Bluw.ulde= [ (re). ) ar

=T

which implies
HUHLQ(fT,T;fIS(Q)) < C/HfHLQ(—T,T;H—s(Q))-

By (3.6) and (3.2),
Owull2—r -+ (0)) < IIfllz2rrm—s @) + IRAu + qul| 27 r.m- ()

< |[fll2-rr:m-s) + C"lull 21115 (@)

Hence we have

ull 21 ms)) + 10l 2-rmm-20)) < CllfllL2(-77,5-20)- (3.15)

The uniqueness is clear when we let f = 0. O]
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3.2.2 The Initial Exterior Problem

Now we consider (3.6) for general f € L*(Q2 x (=T, T)).
In fact, we can choose f,, satisfying (3.7) s.t. f,, — fin L?(Q x (=T, T)). For each f,,,
let u,, be the corresponding solution of (3.6). Then

||t — ul“LQ(_T’T;ITIs(Q)) + [0y (um — w2115y < N fon — fill L2105 (2)
so we have
Up = u in L(=T,T; H*(Q)), Oum —v in L*(=T,T; H*(Q))

for some u, v and dyu = v. This implies the convergence of {u,,} in C([=T,T]; L*(2)) (see,
for instance, Theorem 1 in Section 1.2 in Chapter 18 in [7]) and u satisfies (3.15).

Hence we reach the following conclusion.
Corollary 3.2.2. Suppose f € L*(2x (=T,T)). Then (3.6) has a unique solution satisfying
u € L*(=T,T; H(Q) NC([~T,T); L*(Q)), 0w € L*(=T,T; H*()).

In the rest of this chapter we always assume € C B,(0) for some constant r > 0 and W

is an open set in R™ s.t. W N Bs,.(0) = 0.
Proposition 3.2.3. Suppose g € C°(W x (=T,T)). Then the initial exterior problem

du+ Riypu+qt)u=0 inQx (=T,T)
u=g nQ x(-T,T) (3.16)
u=0 mR"x{-T}
has a unique solution u satisfying

w e LA(~T,T; H*(Q) N C([-T,T); LX), dw € L*(~T,T; H~*(Q))

where w :=u — g. We denote the associated solution operator g — ug by Pa,.
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Proof. By using arguments similar to the ones in Lemma 2.3.3, we can show that

Riglax—r1m) = Roglax-r.1)-
This ensures that —R% glox—r.1r) = [ € L*(Q x (=T, T)). Then we consider the problem

ow + Rypw+qt)w=f inQx (=T,T
i ) (t) ( ) (3.17)
w=0 inQx{-T}

and apply the corollary above to complete the proof. O
By a change of variables we know that the proposition above holds for the dual problem

—0u+ Rypu+qt)u=0 inQx (=T,T)
u=g¢g in Q. x (=T,T) (3.18)
w=0 inR"x {T}

and we denote the associated solution operator by P} .

3.3 The Inverse Problem

We will see that the inverse problem for our fractional parabolic operator shares many
common features with its elliptic counterpart. One noticeable difference is that we need to
consider (3.16) together with its dual problem (3.18) in dealing with the fractional parabolic
inverse problem.

We remark that a different fractional parabolic operator
(O —A) +¢

and its associated inverse problem have been studied in [25].

3.3.1 The Dirichlet-to-Neumann Map

Proposition 3.2.3 ensures that the Dirichlet-to-Neumann map Ay, given by

AA,qg = ,R’il(PA,qg)

Qex (~T,T) (3.19)
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is well-defined at least for g € C*(W x (=T,T)).
Let W, be open in R” and assume W; N Bs,.(0) =0 (j = 1,2). Let g € C°(Wy x (=T,T))
and h € CX(Wy x (=T,T)). By the definition of P4, we have

/ (Magg(t), h(t)) dt = / Byfu(t), h(t)) dt + / @ult) h(O)adt (320

-T =T =T

for any h satisfying h — h € L*(=T,T; H*()). Here u := P49, w := u — g and
(Deu(t), h(t))a = (Brw(t), h(t) — h(2)).
Similarly we can define

* R S %
AA,qh = RpU ’Qex(—T,T)

where u* := P} h and we have

| wahrsa= [ Bleoaolas [ oa@.atna G20

=T =T

for any § satisfying § — g € L*(=T,T; H*(Q)).
Proposition 3.3.1. For g € C*(W, x (=T,T)) and h € C*(Wy x (=T,T)),

/ (Aagg(t), h(t)) dt = / (3 (0. g(0) . (3.22)

-T

Proof. Let h = u* in (3.20) and § = w in (3.21). Since u(—T) = u*(T) = 0, we have

| gt moyae— [ he)a0) de

-T

_ /T<8tu(t),u*(t)>Q (O (8), ut)) dt
= (u(t),u* ()=l = 0.

by the symmetry of B;. O

Now we prove an integral identity which will be used later.



For g; € C2*(W; x (=T.T)) (j = 1,2), let uy = Pa, ,(g1) and u = P}, ,(g2), i

uq is the unique weak solution of

du+ Ry, pmpu+a)u=0 inQx (=T,T)
u=g in Q. x (=1,T)
u=0 inR"x {-T}

and u3 is the unique weak solution of

=0+ R, pu+ qt)u=0 in Qx (=T,7)
u=ge in Q. x (=1,7T)
w=0 inR"x {T}.

Then we have

/ (At an 1 (£), 92(8)) — (Mty g (), g2(1)) dt

-T

~ [ Gannn®oa®)at = [ W panlt). (o) d

-T

N / B [ur (1), ()] + (Drua(t), wh(t))q dt

-T

- / BP0, w0 + (-0 (0, (Ohads

Now we use u(—7") = u*(T') = 0 and the symmetry of B; to get

/ (s an 91 (1), 92()) — (D apann (), g2 (1)) di

=T

- / " B0 (t), uy(0)] dt — / " B t), uy(1)] de

=T

= /_:;/ G(z,y, t)us(y, t)us(x,t) —/_Z/Q(%—(h)ulu;

G(x,y,t) = 2(Ray (z,y) — Ray (2, y)) K(z,y).

where we write

29

(3.23)

(3.24)

(3.25)
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3.3.2  The Runge Approzimation

We will use the following the Runge approximation property later, which can viewed as a
parabolic analogue of Proposition 2.3.4. We refer readers to [9, 39] for more approximation

results for non-local evolution problems.

Proposition 3.3.2. Suppose Q C B,.(0) for some constant r > 0 and W is an open set in
R"™ s.t. W N Bs.(0) = (. Then

S :=A{Pagglax-rr g € CZ(W x (=T,T))},
S" = APagloxrr g € CZ(W x (=T,T))}
are dense in L*(2 x (=T,T)).

Proof. By the Hahn-Banach Theorem, it suffices to show that:
If v e LX(Q x (=T,T)) and [T [,vw =0 for all w € S, then v = 0 in Q x (=T, T).
In fact, for a given v € L2(Q x (=T, T)), let ¢ € L*(—T,T; H*(Q)) be the solution of

~0i+ Riyd +q(D)d = v in Qx (~T,T)

(3.26)
¢p=0 in Qx{T}.
For g € C*(W x (=T,T)), Let u, := P4 49. Then we have
[ [ow= [ a0+ Rago(0) + a0, ) - o0 at
—T JQ -T
- / (0, (0).6(0) + Bl (1), 0(0)] dt — / (Riy(0).0(0) d
| Ragott.a) ar (3.27)

The first equality holds since u, — g € L*(=T,T; H*(R2)). The second equality holds since
uy(=T) = ¢(T) = 0. The last equality holds since ¢ € L*(—T,T; H*(Q)) and u, is the
solution of (3.16).
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Hence, if f_TT Jovw =0 for all w € S, then (3.27) yields

T
| Ragolorgonde=0. g cW x (-1.1)
so for each ¢t we have
o(t) € H*(Q),  Riyyo(t)lw =0,

which implies ¢(¢) = 0 in R" by Proposition 2.3.2 and Lemma 2.3.3, and thus v = 0 in
Q x (=T,T). Similarly we can show that S* is dense in L?(Q x (=T, T)). O

3.8.3 The Main Result

The following theorem (Theorem 1.1 in [30]) is our main result in this chapter, which can be

viewed as a parabolic version of Theorem 2.3.5.

Theorem 3.3.3. Suppose Q@ C B,(0) for some constant r > 0, supp A;(t) C Q fort €
[—=T,T], A; € C*([-T,T); L>(R"™)), q; € C*([-T,T]; L>=(Q)) and q; > ¢ for some constant
c >0, W; are open sets s.t. W; N Bs,.(0) =0 (j =1,2). Let

- {IT“/ x e Wi,y € Wyl
Also assume W2\ Q #£ (). If
AAthg’WzX(—T,T) = AA2»Q29‘W2><(—T7T) (328)

for any g € CX (W x (=T,T)), then Ay(t) = £As(t) and g1 = g2 in Q x (=T,T).

As in the proof of Theorem 2.3.5, we exploit the integral identity and the Runge approx-

imation property to determine magnetic and electric potentials.

Proof. Write uy = Pa, 4,(91) and u; = P}, . (g2) for g; € CX(W; x (=T,T)) (j = 1,2). As
in the proof of Theorem 2.3.5, the assumptions on Wy, Wy, W12 ensure that

//G(x,y,t)ul(y,t)uz(m,t) da:dy:L[)G(w,y,t)ul(y,t)uz(m,t) dxdy
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for each t (if we shrink W;, W5 when necessary).

By the integral identity (3.25), (3.28) implies that

/_Z/QAG(x,y,t)ul(y,t)ué(x,t) = /_Z/Q(qg — q1)uuj. (3.29)

Determine A: We fix open sets Q15 C 2 s.t. Q3 Ny = 0. We also fix ¢; € C(Q;)
(7 =1,2) and the constants a,b € (=7,T) and € > 0. Write

0j(,1) = 1oy (1) ().

By Proposition 3.3.2, we can choose g; € CX(W; x (=T,T)) s.t.

|y — (ﬁlHLQ(QX(fT,T)) <e€

and for this chosen g1, we can choose go € C2°(Wy x (=T1,T)) s.t.

||l |2 @x —rmy | 1uh — dallr2@x—rm)) < €

Note that ¢1(x)pa(x) = 0 for x € Q so

T
| / / (42— qr)ures
—-T JQ

= |/TT/Q(CJ2—Q1)(U1—¢31)€52+/Z/S2(Q2—Q1)U1(U§—¢~>2)|

< ||(g2 — @1)||pe)l2| 22| [ur — d1llz2 + ||(g2 — qu)||poe |[un] | 22| [uh — dol|z2 < Ce. (3.30)

Also note that
C/
G(z,y,t)| <

- |ZE _ y|n+25—2’

which implies that

/ Gla,y,t)ldy < O, 2 € / Glasy,t)]dz < €7, y € O
Q Q

where C’, C" do not depend on t. By the generalized Young’s Inequality,

| Tef 2 < Ol 2y,  (Tif)(@) = /Q |G, y,8) f ()] dy.



33

Now note that

/_:;/QAG(m’y:t)ul(yat)UZ(x,t) drdydt
B /ab /Q /Q G,y )61 (y)2() dadyat

= [ [ 00000 6.0 008t 1) o

N /_ z /Q /Q Gl y, s (3, ) (2 1) — o, 1)) davdlydt.

By Cauchy-Schwarz inequality, we have the estimate

/ /(/ |G (z,y, t)ui (y, t)| dy)|us(x,t) — ggg(:p,tﬂdxdt
—rJa Jo

/ /'Ttul ()| dwdt)?[Juh — ol |r2@x (-1

1 . =
<o / (Ol )15 = Gl e iy
= C"Jur|| L2~ U5 — Q~52||L2(Qx(_T,T)).

Similarly, we have the estimate
T
/ / ( / G2,y 8)dal, D) do)| (un (1, ) — u(ys 1)) dydt
—T JQ Q

< C//|’952||L2(Q><(7T,T))||U1 — QB1HL2(Q><(7T,T))-

Hence we have

| / | [ 6ttt (e - / / | / Gy oW < CTe (351)

We combine (3.30), (3.31) with (3.29). € is arbitrary, implying that

//91/92 (@,y,t)¢1(y)¢2(2) dxdydt = 0.

Then [a, b] is arbitrary, implying that

/ G,y )1 () () dudy = 0
Q1 J Qo
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for each t and thus G(z,y,t) = 01in Oy x Qy for each ¢ since ¢y, ¢y are arbitrary. We conclude
that G(z,y,t) = 0 for z,y € Q whenever x # y since €2y, )y are arbitrary. Hence

Ry (@,y) = Rag(2,y), 2,y €9Q (3.32)

for each ¢, which implies A;(t) = £A5(¢) as in the proof of Theorem 2.3.5.

Determine ¢: Now (3.29) have become

T
/ /(qg — q1)uguy = 0.
—rJao

Fixing € > 0 and f € L*(2 x (=T, T)), by the Runge approximation property we can choose
g1 € CX(Wy x (=T,T)) s.t.
Jur — fll2ax -1y < €

and for this chosen u;, we can choose go € C°(Ws) s.t.

ur||z2x iyl lus = 21y < €

Now we have

|/_Z/Q(Q1—Q2)f|:|/_Z/§Z(Q1—Q2)(f—ul)+/_i/g(f]1—Q2)U1(1—u§)|SCE-

We conclude that ¢; = ¢ since €, f are arbitrary. O]
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THE SEMI-LINEAR FRACTIONAL MAGNETIC PROBLEM

In this chapter, we study a semi-linear analogue of the linear fractional elliptic problem

studied in Chapter 2. We return to the time-independent magnetic potential A and we

further study the fractional magnetic operator R? when it coincides with the real part of the

fractional magnetic Laplacian (—A)%. To formulate the semi-linear problem, we introduce

a power type non-linearity instead of the electric potential q.

4.1 Preliminaries

Let U C R" be open. We use C*(U) to denote the Holder space equipped with the norm

flz) — fly
osw) = |[fllee@) +  sup 7e) = Fw)l ( >|-
z#y,x,yeU ‘5’7 - 3/‘

in

For k € N, the norm || - |[ck(gny is defined by

1 fller@ny = D [10%FILo@n)-

o<k

4.1.1  The Non-linearity

We consider the non-linearity a(zx, z) : 2 x R — R satisfying
(i) z — a(-, 2) is analytic with values in C*(Q);
(ii) a(x,0) =0 and 0,a(z,0) > ¢ for some constant ¢ > 0

so we have the Taylor expansion
00 k
< S
a(z,z) = Zak@)ﬁ’ ar(r) = Fa(x,0) € C(Q)
k=1

where the series converges in C*(£2) topology. We write

Ry (z,2) = Z akk(;lj)zk.

k=m-+1

(4.1)
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Note that C*(£2) is an algebra. In fact, for uy,us € C*(Q2), we have

\|U1U2| cs(@) < CO(HU1| CS(Q)|’U2||L°°(Q) + ||U1\|LOO(Q)HU2’ CS(Q))

(see Theorem A.7 in [17]) implying that

Cs(Q < 200||u1|

|[uyus| Cs(Q )Hu2| Cs ()

Also note that by Cauchy’s estimate, we have

sup |[a(-, 2)|[cs(0), R >0.

<
o) <
)= Rk 2€C,|2|=R

Based on the estimates above, we have the following estimates if we let R := max{4Cj, 1}.

Proposition 4.1.1. Suppose ||u||cs) < 1. Then we have

- ar () =1 .
SIS o < (Y- 50 swp a2l ullsh,
k=m+1 ’ k=m—+1 z€C,|z|=R

o ak(@) =k -
Z ||(k: = 1)'“ @ = Z 2k—1) sup |la(:, 2)|es (o |[ullEs o)
k=m+1 ’ k=m+1 z€C,|z|=R

4.1.2  L*>® Estimates

The following estimates will be used later.

Lemma 4.1.2. Suppose g € C°(R"). Then we have
[(=2)°gl[ze@n) < Cllgllc2@n)-

Proof. For g € C°(R"), we have

(—A)g(x) = cn,s/ 29(x) — g(Tyﬂ‘;i)S— 9x=9)

(see for instance, Lemma 3.2 in [8]) so by using the Taylor expansion, we have

) 29(@) = g +y) = g(z —y)|
Carge) <end [+ [ ) dy < Cllgllcr
lyl<t Jlyl>1

|y |+
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Lemma 4.1.3. Suppose A, g € L*(R"). Then we have

1((=2)" = RA)gll@n) < Cllgl[roo@n)-

Proof. Note that

Tr+y

1)) < Camin{L, |z - yP?)

1
0<1—Ry(z,y) = 281n2(§(x —y) - A(

so we have

[(=4)" = Ri)g(x)| < /(1 — Ral(z, y)) K (z,y)l9(y)|dy

- (/Iy—:clﬁl ! /|y_$.>1>(1 — Rale, ) K (@, 9)lgW)ldy < Cllgll o).

4.2 More Results for the Linear Problem

In the rest of this chapter we always assume supp A C 2 C B,(0) for some constant r > 0

and ||Al|pe@ny < 7/(8y/nr). Under these assumptions, we have
0< Ra(z,y) <1, (z,y) € (R" x R™")\ (2 X Q).

In fact, if (z,y) € Q x R™, then
(i) y € Bs,(0), which implies |z — y| < 4r, |(z —y) - A(F¥)| <
(i) y ¢ Bs,(0), which implies |53%| > r, Ry = 1.

Y

I

By the symmetry of R4, we know the claim also holds for (z,y) € R™ x .

4.2.1  The Maximum Principle

The following proposition generalizes the maximum principle for the fractional Laplacian.

The non-negativity of R4 is essential in the proof.
Proposition 4.2.1. Suppose 0 < ¢ < g(z) € L>(2). If u € H*(R™) solves the problem

(Ri+qu=f inQ (42)

u=g 1n 2
for0< fe H*(Q) and 0 < g|o, € L>®(Qe), then u > 0.



Proof. Write u = ut — u~ where v = max{u,0} and v~ = max{—u,0}. Note that

[t () —ut ()| + |u” (@) —u” ()] = |ulz) — uly)|

sout,u” € H*(R") and g|o, > 0 implies u~ € H*(Q2). Hence we have

(Reyu,u™) + / quu = fu),

Q

Now write

(R, ™ —2// — Ra(z,y)uly))u (2)K (2, y) dudy

// // — Ra(z,y)u(y))u” (2) K (z,y) dedy =: 1) + I,.

Since u~u < 0, we have

12_2// = Ra(z, y)g(y))u~(2)K (2, y) dedy < 0, /Qquu—go.

Note that

11_2// — Ra(e, y)uly))u~(2)K (x, ) dudy

=2 [ [ [0 (@) = Ralepht ) () = (o (@) = g @)™ @) o) dody

_ / / [Rale y)ut (y)u~ () + (u=(2) — Rale, y)u- (y))u- ()] K (2, y) dady
/ / — Ra(e, y)u~ () (2)K (. ) ddy

38

S /Q /Q[(u_(x) — Ra(z,y)u (y))u () + (v (y) — Ra(z,y)u (z))u (y)|K(x,y) dedy

- / / (lu™ @) + [u~ () — 2R y)u~(@)u~ (9)) K (. ) dady

//\u —u- K(z,y)dxdy.

Since f(u~) > 0, the only possibility is

//|u —u” (y)|PK (x,y) dedy = 0,
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implying that «~ is a non-negative constant ¢y in 2. Now we show that ¢y has to be 0.

Otherwise ©u = —cy < 0 in €. In this case, for = € 2, we have
Riue) =2 lim ([ 4 [ )(ule) = Ratr )y K o) dy
e—0t Q\ B (z)

- / (1= Ra(a,y))(—co) K (a, y)dy + 2 / (—co — Ra(e,y)g(y)) K (. y)dy < 0.

e

Both integrals converge since g|q, € L*(£2.) and
0<1-Ru(z,y) < Calr — 1yl
Now we have reached the contradiction

f=Rju+qu<0 in Q.

The following L*° estimate follows from the maximum principle above.

Proposition 4.2.2. Suppose 0 < ¢ < q(x) € L>®(Q). If u € H*(R") solves the problem 4.2
for f € L*(Q) and g € CX(S.), then
lullee < Cll o) + gllzoe@0)-

Proof. We fix a function ¢ € C®(R") s.t. 0 < ¢ <1 and ¢ =1 on QUsuppyg.
It is clear from the pointwise definition of R that R%¢ > 0 in 2 so

(Ry+q)¢ >c in Q.

Now we consider
1
= Clfllz=@ + llgllz=(0.))¢-

ThenqNS:I:uinn Q. and
(Ry+q)(p+u) >0 inQ

so we have |u| < & by Proposition 4.2.1. ]
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4.2.2  C° Regularity

The following regularity theorem was proved in [36].

Proposition 4.2.3. Suppose u € H*(Q) and (—=A)’u = f € L®(Q). Then u € C*(R") and

[ulles@ny < O fllzee(@)-

We remark that u is not in general C* for any s’ > s so this C* regularity is optimal.
See Theorem 5.2 in [13] for a concrete example.

Now we prove the Holder regularity theorem for the linear exterior problem (2.7).

Proposition 4.2.4. Suppose suppA C Q C B,(0) for some r > 0 and ||A||peomny <
7/(8y/nr), 0 < ¢ < q(x) € L>®(Q) for some ¢ > 0, WN B3.(0) = 0. If g € C(W),
then u= P4 ,9 € C*(R") and

||l Cs(Rn) S CHQHC?(Rn)-
Proof. Note that v :=u — g € H*(Q) and
(—A)0 = (—A) — R — Riyg — qu in Q.
By Proposition 4.2.2, ||v||z~ < Ci||g]|z~. By Lemma 4.1.3,
(=) = R2)el ey < Collollie < Callglli
Using arguments similar to the ones in the proof of Lemma 2.3.3, we can show that
29 =(—=A)g inQ.
By Lemma 4.1.2, ||R%9||z~@) < C'||g||c2@n). Hence

1((—A)* = R)v — R%9 — qul| =) < C"||g]|c2@n

Now by Proposition 4.2.3, we have ||v||csrny < C||g||c2@n).- H
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4.3 The Semi-linear Exterior Problem

Now we study the well-posedness of the semi-linear exterior problem
Riyu+ a(x,u) =0 in Q
u=g in Q.
The following proposition generalizes Theorem 2.1 in [24].

Proposition 4.3.1. Suppose suppA C Q C B,(0) for some r > 0 and ||A||peomny <
w/(8y/nr), W N B3.(0) = 0 and g € C(W). There exists a small constant p > 0 s.t.
if 19]lc2@ny < p, then (4.3) has a unique solution v € H*(R™) N C*(R™) satisfying

(u—Pagg) € M :={veCR"):v|g =0,][v|

Cs(Rn) S 10}

Moreover, we have

ulles@ny < Cllgllc2@ny-

Proof. Let ug := Paq,9. By Proposition 4.2.4 we have

|[uo||csmn) < Chllgllo2@n)-
The semi-linear exterior problem (4.3) can be written as

Ri(u—uo) + a1(z)(u —ug) = —Ri(z,u) inQ (4.4)

u—1uy =0 in €2,.
For f € L=(Q), we consider the solution operator J : f — u; € H*(Q) associated with
Riyu+ai(x)u=f in Q.

We write

(—A)u = ((-A)° = RY)u —ar(x)u+ f in .

By Lemma 4.1.3, Proposition 4.2.2 and 4.2.3, we have J(f) € C*(R") and

[T (N)llcs@ny < Col| fllze@)-
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We define maps G, F' by
G(v) := Ry(z,ug + v), F:=JodG.

We will show that F' is a contraction map on the complete metric space M for small p,

which will be chosen later. In fact, for small p and v € M, we have

|1 E(v)]

osgny < Col |G(V)|| 1) = Cal|Ri(, uo + v)|| ()

S Cé”lb() + U|

205({2) < Cyp*.

Here we use the first estimate in Proposition 4.1.1 and the constant C¥ is independent of p.

Also for small p and vy, vy € M, we have

|| F (1) = F'(v2)]

cs@n) < Co||G(v1) — G(v2)]|z ()
= Oyl | Ry, ug 4+ v1) — Ry, ug + v2)|| 1o ()
< o1 = vol|z=(e) i H%(’Uo i+ Jug + 0| (@)
k=2
< Cslor = vaf | (@) ([Juo + vifles @) + [[uo + v2ll e @)
< Cypl|vr = va|[ L)
Here we use the inequality
ja™ — ™| < mla — | (la™ " + [o]" )

and the second estimate in Proposition 4.1.1. The constant C} is independent of p.
Hence, for small p < 1/(CY + C4), F is a contraction map on M so by the Banach
fixed-point theorem, there exists a unique vy € M s.t. F(vg) = vg.

Now note that vy = F(vg) € H5(Q) and

||?fo||cs(Rn) = ||F(Uo)||os(R") < Cylluo + vo %;5(9)

< Cyp(||uolles () + lvolles@))



43

where the constant Cf is independent of p. Hence, for small p < 1/(2CY%), we have

l[vollcs@ny < 2C5p|uo] oo mmy,

implying that u := uy + vg satisfies

ullcs@ny < Cllgllc2@n).

4.4 The Inverse Problem

Proposition 4.3.1 ensures that the solution operator Qa, : ¢ — u, associated with (4.3)
is well-defined for g satisfying the conditions assumed in the statement of the proposition.

Hence the Dirichlet-to-Neumann map A4, given by

AA,ag = RZ(QA,agNQe (45)

is well-defined for such g.

The following first order linearization in H*(R"™) will be used later.

Proposition 4.4.1. Suppose supp A C Q C B,(0) for some r > 0 and ||A|[peo@mn) <
7/(8y/nr), W N Bs,.(0) =0 and g € C°(W). Then

QA,a(Eg)/E — PA,a19
in H(R™) as e — 0.

Proof. Let u., = Qaq(eg) for sufficiently small €. Let uy := Py, 9.

Note that vey 1= uy — “2 € H*(Q) and we have
RiVe g+ a1(2)vey = —Ry(x, ucy) 1in Q.
€

Now choose v, 4 as a test function. By the norm equivalence

2
Hs-

(Riyveg + a10eg, Veyg) > [Uagﬁlg + CHUQQH%Q(Q) > [veg
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By Proposition 4.1.1 and 4.3.1, we have

1 C
|<ERl(f’C>Ue,g)>Ue,g>’ < ?HRl(%Ue,g)\\L°°(Q)|\Ue,gHL2(Q)

/
< O?||Ue,g| e @y [Vegllr2@) < Cellgl|Ze@ny Vel 2 (@)
Hence we have
|[Vegl s < CWGHQH?J%Rn)-
Now it is clear that v., — 0 in H*(R™) as € — 0. O

The inverse problem associated with (4.3) is whether both the magnetic potential A and
the non-linearity can be determined from partial exterior measurements of the Dirichlet-to-
Neumann map Ay ,.

We mention that inverse problems associated with non-linear equations have been exten-
sively studied. See [42] for inverse problems associated with quasi-linear elliptic equations.
See [19] for inverse problems associated with parabolic equations involving general semi-linear
terms. See [22] for inverse problems associated with non-linear hyperbolic equations.

We remark that the higher order linearization technique has been commonly applied to
determine the full nonlinearity in dealing with inverse problems associated with power type
nonlinear equations. See [21, 27, 32| for this approach for classical elliptic problems. See
24, 26] for the higher order linearization approach for fractional elliptic problems. Here we
will only use the first order linearization (Proposition 4.4.1) to determine all the coefficients
aj based on the Runge approximation property.

The following theorem (Theorem 1.2 in [29]) is our main result in this chapter.

Theorem 4.4.2. Suppose supp A; C Q2 C B,.(0) for some constant r > 0 and || A;|| o @mny <
7/(8y/nr), a¥) satisfy the conditions (i) and (ii) (see Subsection 4.1), W; are open sets s.t.
W;N Bs.(0)=0 (j =1,2). Let

y cx € Wi,y € Wat
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Also assume W12\ (supp A; Usupp Ay) # 0. If

Ay a0 9lwy = Aa, o 9lwa,s g€ Cr (W) (4.6)

whenever ||g||czgny is sufficiently small, then Ay = £A, in Q and a®V) = a® in Q x R.

We first use the first order linearization to determine A based on Theorem 2.3.5. Then

we use the Runge approximation property to determine the non-linearity.
Proof. Determine A: For g € C°(W;) and small € > 0, let ugjg) 1= Q4,0 (€g) satisfying

Ro,u+ a9 (z,u) =0 inQ

u=e€g in )
and let uf) = PAwagj)g satisfying

Au+a(])( Ju=0 inQ
u=g¢g in €.

By Proposition 4.4.1, we have

which implies
1. s R
ERAJUE?Q) ‘WQ — RAJ' uéj) ’WQ mn H (W2)
Note that (4.6) implies
S S
Ay €g|W2_ Ao e,g| Wa-
Let € — 0. Then we have
A1 g ’W2 A2 g ’Ww
ie.

AAl’a<1>9|W2 = AA2 a<2>g|W2, g € Cx(Wh).

By Theorem 2.3.5, £A; = Ay =: A and a1 = a(2) =:qa.
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Determine a: Now we have

Riut) = R5u®  in Wy,

9 g

Since uglg) = u£2g) = €g in Q, by the unique continuation property (Proposition 1.2.2) and

Lemma 2.3.3 we have uglg = u?g) = Ucq in R" s0

Riuﬁ,g + a’(J) ($, U’e,g) =0 in
(7 = 1,2), implying that

(@ (x) = P (@))ucy = RY (2, ucy) — R (2,uc,) in Q.

We will inductively show that ag) = a,(f) for all k.

Suppose we have shown ag-l) = a§-2) (1 <j<1l—1). Then we have

1
—(a"(z) — aP (@)t , = R® Ty Ueg) — rW X, Ue in €2.
l l 1 9 1 9

I 9

Now note that

1
lat" (z) — ai (@)|7]] 120

ue,g
=z

<l (@) = a? (@) |l (][~
ellla(@) = af? @) gl
For given 6 > 0, by Proposition 2.3.4 we can choose g € C°(W)) s.t.
11— ug|| L2y < 0.
For this chosen g, we have

1 1 9 1 C e 1 7
“lla” (@) = i @) eyl < ZIR? (@1eg) = B (@1000)| e

!

<

b1 n 1 b1
o) < C€ ||9||cl2(Rn)

?||u57g|

for small € by Proposition 4.1.1 and 4.3.1.
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Now let € = 0. Then we have

1 2 1 1 2 1
laf”(z) — a” (@)[7]] 2y < 20]l1a{” (x) — a® (2)[7[| 10y

0 is arbitrary, implying that al(l) = al@). O]

We remark that the method used for determining the non-linearity in the proof above also
works for non-local operators involving fractional power type nonlinearities. See a related

work in [31].



1]

[10]

48

BIBLIOGRAPHY

Sombuddha Bhattacharyya, Tuhin Ghosh, and Gunther Uhlmann. Inverse problems for
the fractional-laplacian with lower order non-local perturbations. Transactions of the
American Mathematical Society, 2021.

Luis Caffarelli and Luis Silvestre. An extension problem related to the fractional lapla-
cian. Communications in Partial Differential Equations, 32(8):1245-1260, 2007.

Xinlin Cao, Yi-Hsuan Lin, and Hongyu Liu. Simultaneously recovering potentials and
embedded obstacles for anisotropic fractional Schrodinger operators. Inverse Problems
and Imaging, 13:197-210, 2019.

Mihajlo Ceki¢, Yi-Hsuan Lin, and Angkana Riiland. The Calderén problem for the frac-
tional Schrodinger equation with drift. Calculus of Variations and Partial Differential
FEquations, 59(91), 2020.

Giovanni Covi. An inverse problem for the fractional Schrodinger equation in a magnetic
field. Inverse Problems, 36(4):045004, 2020.

Giovanni Covi, Keijo Monkkonen, Jesse Railo, and Gunther Uhlmann. The higher
order fractional Calderén problem for linear local operators: uniqueness. arXiv preprint
arXiw:2008.10227, 2020.

Robert Dautary and Jacques-Louis Lions. Mathematical analysis and numerical meth-
ods for science and technology, vol. 5, 1992.

Eleonora Di Nezza, Giampiero Palatucci, and Enrico Valdinoci. Hitchhiker’s guide to
the fractional sobolev spaces. Bulletin des Sciences Mathématiques, 136:521-573, 2012.

Serena Dipierro, Ovidiu Savin, and Enrico Valdinoci. Local approximation of arbi-
trary functions by solutions of nonlocal equations. The Journal of Geometric Analysis,
29(2):1428-1455, 2019.

Pietro d’Avenia and Marco Squassina. Ground states for fractional magnetic operators.
ESAIM: Control, Optimisation and Calculus of Variations, 24(1):1-24, 2018.



[11]

[12]

[13]

[14]

[17]

[18]

[21]

[22]

49

David Dos Santos Ferreira, Carlos E Kenig, Johannes Sjostrand, and Gunther Uhlmann.

Determining a magnetic Schrodinger operator from partial cauchy data. Communica-
tions in Mathematical Physics, 271(2):467-488, 2007.

Gerald Folland. Introduction to Partial Differential Equations. Princeton University
Press, 1995.

Ronald Getoor. First passage times for symmetric stable processes in space. Transac-
tions of the American Mathematical Society, 101(1):75-90, 1961.

Tuhin Ghosh, Yi-Hsuan Lin, and Jingni Xiao. The Calderén problem for variable coef-
ficients nonlocal elliptic operators. Communications in Partial Differential Equations,
42(12):1923-1961, 2017.

Tuhin Ghosh, Angkana Riiland, Mikko Salo, and Gunther Uhlmann. Uniqueness and
reconstruction for the fractional Calderén problem with a single measurement. Journal
of Functional Analysis, page 108505, 2020.

Tuhin Ghosh, Mikko Salo, and Gunther Uhlmann. The Calderén problem for the frac-
tional Schrédinger equation. Analysis € PDE, 13(2):455-475, 2020.

Lars Hormander. The boundary problems of physical geodesy. Archive for Rational
Mechanics and Analysis, 62:1-52, 1976.

Takashi Ichinose. Magnetic relativistic Schrodinger operators and imaginary-time path
integrals. In Mathematical Physics, Spectral Theory and Stochastic Analysis, pages 247—
297. Springer, 2013.

Yavar Kian and Gunther Uhlmann. Recovery of nonlinear terms for reaction diffusion
equations from boundary measurements. arXw preprint arXiv:2011.06039, 2020.

Katsiaryna Krupchyk and Gunther Uhlmann. Uniqueness in an inverse boundary prob-
lem for a magnetic Schrodinger operator with a bounded magnetic potential. Commu-
nications in Mathematical Physics, 327(3):993-1009, 2014.

Katya Krupchyk and Gunther Uhlmann. A remark on partial data inverse problems

for semilinear elliptic equations. Proceedings of the American Mathematical Society,
148(2):681-685, 2020.

Yaroslav Kurylev, Matti Lassas, and Gunther Uhlmann. Inverse problems for lorentzian
manifolds and non-linear hyperbolic equations. Inventiones Mathematicae, 212(3):781—
857, 2018.



23]

[24]

[25]

[31]

[32]

20

Mateusz Kwasnicki. Ten equivalent definitions of the fractional Laplace operator. Frac-
tional Calculus and Applied Analysis, 20(1):7-51, 2017.

Ru-Yu Lai and Yi-Hsuan Lin. Inverse problems for fractional semilinear elliptic equa-
tions. arXiv preprint arXiw:2004.00549, 2020.

Ru-Yu Lai, Yi-Hsuan Lin, and Angkana Riiland. The Calderén problem for a space-time
fractional parabolic equation. SIAM Journal on Mathematical Analysis, 52(3):2655—
2688, 2020.

Ru-Yu Lai and Ting Zhou. An inverse problem for non-linear fractional magnetic
Schrodinger equation. arXiw preprint arXiv:2103.08180, 2021.

Matti Lassas, Tony Liimatainen, Yi-Hsuan Lin, and Mikko Salo. Inverse problems for
elliptic equations with power type nonlinearities. Journal de Mathématiques Pures et
Appliquées, 145:44-82, 2021.

Li Li. The Calderén problem for the fractional magnetic operator. Inverse Problems,
36(7):075003, 2020.

Li Li. Determining the magnetic potential in the fractional magnetic Calderén problem.
Communications in Partial Differential Equations, in press, 2020.

Li Li. A fractional parabolic inverse problem involving a time-dependent magnetic
potential. SIAM Journal on Mathematical Analysis, 53(1):435-452, 2021.

Li Li. An inverse problem for a fractional diffusion equation with fractional power type
nonlinearities. arXiv preprint arXiv:2104.00132, 2021.

Tony Liimatainen, Yi-Hsuan Lin, Mikko Salo, and Teemu Tyni. Inverse prob-
lems for elliptic equations with fractional power type nonlinearities. arXiv preprint
arXiw:2012.04944, 2020.

Michihiro Nagase and Tomio Umeda. Weyl quantized Hamiltonians of relativistic spin-
less particles in magnetic fields. Journal of functional analysis, 92(1):136-154, 1990.

Gen Nakamura, Zigi Sun, and Gunther Uhlmann. Global identifiability for an inverse
problem for the Schrodinger equation in a magnetic field. Mathematische Annalen,
303(1):377-388, 1995.

Karel Rektorys. The method of discretization in time and partial differential equations.
D. Reidel Publishing Company, 1982.



[36]

[40]

[41]

[44]

ol

Xavier Ros-Oton and Joaquim Serra. The Dirichlet problem for the fractional lapla-
cian: regularity up to the boundary. Journal de Mathématiques Pures et Appliquées,
101(3):275-302, 2012.

Angkana Riiland. Unique continuation for fractional schrodinger equations with rough
potentials. Communications in Partial Differential Equations, 40(1):77-114, 2015.

Angkana Riiland and Mikko Salo. The fractional Calderén problem: low regularity and
stability. Nonlinear Analysis, 193:111529, 2020.

Angkana Riiland and Mikko Salo. Quantitative approximation properties for the frac-
tional heat equation. Mathematical Control & Related Fields, 10(1):1-26, 2020.

Marco Squassina and Bruno Volzone. Bourgain-Brézis-Mironescu formula for magnetic
operators. Comptes Rendus Mathematique, 354(8):825-831, 2016.

Ziqi Sun. An inverse boundary value problem for Schrodinger operators with vector
potentials. Transactions of the American Mathematical Society, 338(2):953-969, 1993.

Ziqi Sun and Gunther Uhlmann. Inverse problems in quasilinear anisotropic media.
American Journal of Mathematics, 119(4):771-797, 1997.

John Sylvester and Gunther Uhlmann. A global uniqueness theorem for an inverse
boundary value problem. Annals of Mathematics, pages 153—-169, 1987.

Enrico Valdinoci. From the long jump random walk to the fractional laplacian. arXiv
preprint arXiw:0901.3261, 2009.



