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Abstract
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Department of Civil and Environmental Engineering

Professor Bernard Hallet
Department of Earth and Space Sciences and Qaternary Research Center

Considerable evidence from field observations and measurements suggests that thermal
stresses induced by daily exposure to the sun contribute significantly to mechanical weather-
ing, the breakdown of rocks at the ground surface (Mcfadden et al.|[2005; |Aldred et al. 2016}
Eppes et al. 2016)). A solid theoretical foundation for quantifying and understanding these
stresses is, however, currently lacking. We develop it using a 3d finite element (FE) model,
coupling radiation and conduction with elastic response, to compute the time-varying stress
state in mechanically isotropic, homogenous boulders exposed to the sun on Earth. As crack
growth in brittle materials are generally dominated by tensile stresses, we focus on the tem-
poral relationship between temperature and solar induced tensile stresses at a macroscopic
level in distinct regions of boulders of different sizes. We found significant temporal variation
in the magnitude, location, and spatial extent of elevated tensile stresses.

Since fracture in brittle materials generally initiates from pre-existing defects, which are
widely distributed through most materials (Danzer et al.2007), the strength of a specimen
is strongly affected by its size. To assess how the interaction of time varying tensile stresses
with pre-existing defects in surface boulders affects their resistance to thermal breakdown,
we carried out a probabilistic study. Using the Weibull theory, we calculated the proba-
bility of crack growth caused solely by diurnal solar exposure in boulders of different size.
Our numerical results illuminate the complex size-dependent thermo-mechanical behavior.
Interestingly, they suggest that solar induced stresses for 0.3 m-diameter boulder are most
likely to initiate crack growth between 4:00 pm to 6:00 pm, which is consistent with the field
measurements of acoustic emissions that are only available for this boulder size (Eppes et al.
2016)).
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Chapter 1

INTRODUCTION

1.1 Prologue

“Physical weathering is the disaggregation of rocks into smaller pieces without any changes
in their chemistry or mineralogy” (Thomas et al. 2005), while “chemical weathering is the
process by which mineral or rock is dissolved, oxidized, or reduced, and transformed to
secondary products that are stable” (Yokoyama and Matsukura2006). Physical and chemical
weathering affect each other and are subsequently responsible for erosion (Thomas et al.|2005}
Yokoyama and Matsukura [2006). Therefore, a thorough understanding of different physical
weathering processes and their interactions is fundamental in studies of landscape evolution
in diverse settings on Earth and other planets. Recent field observations and measurements
(Mcfadden et al.[2005; [Eppes et al.|2015,2016)) suggest that solar induced thermal stresses are
responsible for cracks on boulders of Earth and Mars. However, a firm theoretical foundation
is lacking for quantifying the stress field in such boulders and the link between solar induced
thermal stresses and the preferred orientation of cracks observed on boulders of Earth and
Mars. This research presented herein seeks to quantify the stress state and the probability
of crack growth in boulders with a focus on the influence of boulder size. Thomas et al.
2005, using the available imagery from NASA’s ‘Spirit” and ‘Opportunity’ rovers, suggested
that many of the weathering features of Mars appear to have formed by processes similar on
Earth, and could be explained without considering any extraterrestrial processes. Because
of the similarity in geometric insolation of Earth and Mars, the spatial distribution of solar
induced thermal stresses in boulders of Earth and Mars can expected to be similar (Eppes
et al.[2015)). Considering this similarity, the implications of our study extend beyond Earth
to Mars. We have studied the time varying mechanical and thermal response of spherical
boulders of different sizes that are subjected to diurnal solar cycles. The probability of crack

growth in boulders of different sizes at different times during a typical day has been analyzed

1
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based on the concepts developed by Weibull||1939.
1.2 Literature review

Physical weathering significantly influences sediment production, rock erosion and chemical
weathering (Eppes et al|2015). Deducing the origin of fractures in boulders can help us
understand the influence of individual mechanical weathering processes and their interaction,
which can be a key in understanding landscape evolution.

The potential role of solar induced thermal stresses in rock cracking on Earth has re-
ceived considerable attention (Griggs 1936; Mctadden et al.|2005). However, |Griggs| /1936
casted lasting doubt on the importance of these thermal stresses in rock breakdown with his
experimental results. In his experiment, he subjected small tablets a Minnesota Pink Gran-
ite with dimensions 37 inchx 3% inch x 23 inch (80 mm x 80 mm X 70 mm) to artificial
temperature changes in 15 minutes cycles (5 minutes of heating and 10 minutes of cooling)
varying from 32 °C to 142 °C. He carefully minimized potential effects of hydration and
freezing by using radiant heat, dry cooling, and maintaining temperature above 0 °C. The
tablets were subjected to 89,400 cycles of this experiments, equivalent to 244 years of diurnal
temperature change to examine the effect of fatigue by insolation. Griggs estimated that a
large difference in surface-parallel stress exists which caused shear stress in the experiments
about twenty-one times as great as those produced in granite outcrops subjected to diurnal
temperature change of 60 °C. However, the photomicrographs of the surface before and after
the experiment showed no change. This experiment concluded that diurnal temperature
changes over a large period of time is insufficient to cause any ex-foliation or disintegration
of granite.

In the decades after the experiments of |Griggs |1936 interest in solar-induced rock break-
down dwindled until Mctadden et al.| 2005 suggested that diurnal stresses induced by the
sun could initiate cracks in boulders on Earth. They observed boulders at eight sites in
mid latitude deserts and characterized four different type of cracks, ie. longitudinal, surface
parallel, fabric related, and meridional. The azimuth (the strike) of meridional cracks pref-
erentially aligned north-south, and crack width and length appeared to increase with time,

indicating an evolutionary sequence or crack development. The authors hypothesized that
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steeply dipping north-south cracks occurred because of thermal stresses produced by the
recurrent directional diurnal heating and cooling of the clasts surface. The paper suggested
that in subareal environments at midday, when the tendency for the outer shell of a clast
to expand was greatest relative to its cooler interior, internal tension peaked, and vertical
cracks initiated in the interior of the clast and eventually propagated to the surface; the
daily movement of the sun introduced asymmetrical stresses, which favored the growth of
cracks perpendicular to its track. They also proposed that, following sunrise, the region of
maximum surface heating of an equidimensional clast progressed in an east-west direction
across the clast surface and internal tensile stresses increased as the rock surface warms and
heat penetrates in the interior throughout morning. The authors hypothesized that elevated
tensile stresses were near horizontal and oriented roughly east west, favoring near vertical

cracks striking north-south.

Eppes et al.|2016| carried out a study of individual mechanical weathering processes and
their interactions. They presented an eleven-month data set of crack growth, monitored
using Acoustic Emissions (AE), combined with measurements of rock surface temperature
and strain, and environmental conditions, recorded continuously for a granite boulder resting
on ground in open sun. The authors also carried out a finite element analysis of a spherical
boulder subjected to diurnal cycles in order to define the temperature and macroscopic
stress distribution in the boulder. Crack growth observed from AEs did not correlate with
temperature, temperature range, rate of temperature change, wind speed, precipitation or
freezing. A consistent characteristic of all crack activity observed by AEs is their occurrence
during periods when thermally induced tensile stresses peaked according to the finite element
model of thermal stresses during simple diurnal solar exposure. This lead the authors to
suggest that solar-induced thermal stresses due to simple diurnal forcing are sufficient to
initiate sub-critical crack growth and elevate the tensile stress field which makes the rock

susceptible to cracking triggered by other weathering mechanisms.

“Mechanical weathering data from extraterrestrial rocks which might support, refute or
quantify the relative importance of different mechanical weathering processes have not been
collected” (Eppes et al.[2016|). They obtained orientation measurements of 1857 cracks visible

in 1573 rocks along the Spirit (Mars Rover) traverse and observed that the cracks were ori-
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ented in statistically preferred directions similar to those observed on Earth in mid-latitude
deserts Mcfadden et al.|2005. Citing the similarity in geometry of insolation between Earth
and Mars because of their analogs long term orbit cycles, the authors suggested solar-induced
thermal stresses as the source of cracks having preferred orientation on Martian boulders.
The authors used a 2-D finite element-model of a micro-structure subjected to diurnal ther-
mal forcing, to simulate solar induced thermal stress that can develop at the grain scale in
polycrystalline rock on Martian surface, and found the peak tensile and compressive stresses
of 12 and 17 MPa, respectively. They noted that these stresses are of similar order of mag-
nitude to macroscopic tensile stress of the rocks and within 80% limit for sub-critical crack
growth. This added support to the notion of diurnal thermal stresses initiating cracks on
Martian Rocks. The authors also found significant differences in preferred crack orientation
between Martian boulders and Earth boulders. The strikes of cracks on Martian boulders
were generally East-West with a large variance compared to the more distinct preferred
North-South direction on Earth. The authors believed that the difference in obliquity of
Earth and Mars, along with the differences in latitude, longitude, altitude, topographical
shading, rock composition, and shape of boulders of Earth and Mars, could account for
the differences in crack orientation. The authors also hypothesized that the relatively large
variance in strike of Martian boulders could reflect the influence of additional weathering
processes. The results of |[Eppes et al. 2016| highlight the need for a better understanding of

the thermally induced stress state in boulders in diverse settings.

Shi 2011}, for the first time, assessed the temporal evolution of the thermal and stress
states at macroscopic level within boulders on Earth that are exposed to the sun. The re-
search provided quantitative evidence showing that solar induced thermal stresses in boulders
are sufficient to induce sub-critical crack growth in Earth boulders. This research however
did not deal systematically with the important effects of boulder size, and probabilistic
aspect of crack growth. Considering the limitations of these studies, we re-examine the hy-
pothesis of solar induced thermal stresses driving cracks in surface rocks using 3d coupled
thermo-mechanical finite element simulations of Earth boulders of different sizes subjected
to diurnal solar cycles . We also explored how the time varying solar induced tensile stresses

affect the likelihood of crack growth in boulders of different sizes based on the probabilistic
4
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principles developed by [Weibull [1939.
1.3 Research objectives
The two major objectives of this research are :

e Understand the temporal variation of the stress and temperature fields in boulders of

different sizes because of diurnal solar exposure.

e Deduce the probability of crack growth in boulders of different sizes using the principles
developed by Weibull (1939, based on the results from 3d coupled thermo-mechanical

finite element simulations.

These findings illuminate the potential role of diurnal insolation in breaking down surface
rocks and shaping landscapes on Earth and other planetary bodies. The tools and techniques
developed for this research can also be used in other domains of structural engineering

involving fracture, fatigue and thermal stresses.
1.4 Research development and procedure

The 3d coupled thermo-mechanical finite element models used in this study were derived from
models developed by Shi 2011, The details about the finite element model development and
its preliminary validation can thus be found in his thesis These models were modified for
the present research as summarized in Section 2.2. The 3d coupled thermo-mechanical finite
element simulations were carried out using MSC.marc 2015. The data obtained from these
simulations were extracted and analyzed using Python to define the solar induced thermal

stress state and the probability of crack growth in boulders of different size.
1.5 Thesis outline

Chapter [2| helps understand the time varying nature of boulder’s temperature distribution
due to diurnal cycles of solar exposure, and how it affects the stresses at the surface and
interior of the boulder. It also sheds light on aspects of the problem that were not covered

by [Shi|2011] and notes the modifications made in Shi’s model for the present research. The
5
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3d distribution of tensile principal stress and temperature on the surface and various planes
passing through the boulders are illustrated for times through the day when tensile principal
stress in boulders reach peak values. The principal tensile stress at various distances relative
to the skin depth are also presented for boulders of different sizes.

The 3d coupled thermo-mechanical finite element simulations shows quantitatively how
the spatial distribution of principal tensile stress varies with boulder’s size. This leads
to Chapter |3, which addresses the probability of crack growth within different regions of
boulders of different sizes, based on the time varying location, magnitude, and spatial extent

of tensile principal stress.
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Chapter 2

3D COUPLED THERMO-MECHANICAL FINITE ELEMENT
SIMULATIONS

2.1 Introduction

Mctadden et al. 2005 suggested that diurnal stresses induced by the sun have the ability to
initiate cracks on the boulders of Earth due to the directional heating and cooling of the
boulders. This suggestions gained support from |[Eppes et al.|2016, who recorded acoustic
emission (AE) data for eleven months in a boulder to monitor crack growth along with
environmental conditions. They reported that most events were detected from AEs during
a period when thermally induced principal tensile stresses in rocks predicted by numerical

models of [Shi|2011| were highest.

Shil 2011 developed a 3d thermo-mechanical model in MSC.marc, to quantitatively in-
vestigate the temporal and spatial distribution of temperature and stress throughout the
boulders due to diurnal insolation. The model accounted for the effect of direct sol radia-
tion, atmospheric damping, secondary heat exchange with air, and transient heat conduction
in both rock and soil, as well as the influence of geographical location and season. Effects of
meteorological phenomena, such as rain and wind were not modeled. The thermal aspect of
the model was verified and validated by comparing its thermal results with that of the field
measurements made by |[Eppes et al. [ 2010. [Shi 2011 simulated a series of spherical boulders
made of granite, under weather conditions specific to January 14 , 2011 where the boulder
in [Eppes et al[[2010 was located at Redlair Preserve, Gaston County, North Carolina (35°
17" 55” N and 81° 5" 177 W).

As in this thesis, [Shi [2011] assumed that crack growth in brittle materials is driven by
Mode I failure due to tension; hence, the attention natually focuses on where and when during
course of a day the maximum principal stress (tensile stresses being positive) develops in

boulders of different sizes. He suggested that directional solar heating, on its own, was

7
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sufficient to cause sub-critical crack growth in boulders, and concluded that for boulders
with diameter greater that 1.5 m, cracks are more likely to grow near the surface where they
experienced higher tensile stress, while for smaller boulders cracks are more likely to grow
in the interior.

The model described herein extends, Shi’s study through several improvements largely to
eliminate limitations arising from the boulders of different sizes in Shi’s study being scaled
versions of each other, with similar mesh structure and simiar numbers of finite elements,
and yet, the depth of heat penetration in these boulder would be the same at any given time
as all boulders had the same material properties. This numerical complication, which has
been circumvented herein, interfered with the systematic study of size effects.

This chapter is an extension of research carried out by [Shi|2011] and paves way towards
developing a deeper quantitative understanding of the thermal and structural response of
boulders subjected to diurnal solar irradiation. It further illustrates and discusses the stress
and temperature distribution throughout boulders of different sizes, with special focus on
times when tensile stresses reach their peak on the surface and in the interior of boulders. The

maximum principal stress observed at specific depths from the surface is also be presented.
2.2 DModel development

This study used the validated thermo-mechanical finite element model developed by [Shi
2011} in MSC.marc with modifications. The model consists of a boulder that rests on soil.
The entire system is subjected to diurnal solar irradiation, while the soil is underlaid by a

numerical radiation shield. Orthogonal axes were used as a reference frame for the finite

Sun

\

Shield—/

Figure 2.1: Finite element models used for study
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Y (Up)

X (West) Z (North)

Figure 2.2: Reference frame used in finite element model

element models. The X axis of the co-ordinate system points towards the west, the Y axis

points towards the sky, and the Z axis points north (2.2)).
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Figure 2.3: Boulder’s finite element model (a) complete boulder (b) bottom half of the
boulder

The finite element model of the boulder comprises Hex(8) elements (eight node hexahedral
element) of MSC.marc and is illustrated in Figure The boulder consists of four major
concentric layers (shells), each of which is made up of sub-layers of Hex(8) elements. The
boundary of each layer is shown in Figure (b) Layer 1, 2 and 3 constitute of elements
having the same thickness in the radial direction. The basic structure of all the boulders
used in this study are same as illustrated in Figure 2.3 and they can be scaled to different

9
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diameters. Layer 1 has the finest mesh while Layer 4 has the coarsest. Layer 1 and Layer
2 of different boulders were selectively refined to accurately model the effect of incoming
insolation. The thickness of Layer 1 and Layer 2 of the boulders are equal to 0.2 times the
radius of the boulder, Layer 3 has a thickness equal to 0.3 times the radius of the boulder,
while the Layer 4 has a thickness equal to 0.3 times the radius of the boulder. Spherical
boulders of diameters 0.150 m, 0.200 m, 0.250 m, 0.300 m, 0.500 m, 0.625 m, 0.750 m,
0.875 m, 1.000 m, 1.250 m, 1.500 m, 2.000 m, 3.000 m, and 5.000 m were analyzed in this

research.
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Figure 2.4: Soil used in the finite element model

The enlarged view of soil shown in Figure [2.1]is presented in Figure|2.4. The soil domain
is a rectangular prism and made up of layers constituting of Hex(8) elements. The dimensions
of soil was varied with boulder diameter in some cases. The coarseness of mesh was increased
from the top layer to the base layer. The boulder lies on the centroid of the top horizontal

surface of the soil and fineness of mesh increases with proximity to the boulder. Similar to

10
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the boulder, the soil could be scaled to different dimensions.

Figure 2.5: Shield used in finite element model

The shield used in the finite element model is shown in Figure 2.5 The shield is trape-
zoidal in shape and has a void which can fit the soil. The shield is also made up for Hex(8)
elements and can be scaled to fit soil of different sizes. The shield was constructed to prevent
the solar insolation from reaching the boulder prior to sunrise and after sunset.

The sun model used in the finite element model is illustrated in Figure [2.6, The sun
moves in a diurnal manner along relative to the boulder, soil and shielded system. The sun
is made up of eight Hex(8) elements. The heat flux from the sun to any given element will
be unaltered if the ratio between sun’s diameter to the distance of the sun from the element
is kept constant (Shi/[2011)). Considering this fact, the radius of the sun model was varied
to improve the computations pertaining to radiation such that the ratio between the sun
model’s diameter to distance between sun model and the boulder’s model remained constant.

Further details pertaining to model development and validation can be found in [Shi2011|

The following changes were made to Shi’s model for the present study.

e The material properties of different constituents of the 3d coupled thermo mechanical

finite element models used in this study are shown in Table [2.1]

e The thermal and mechanical response of boulders were analyzed once the boulders

11
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(b)

Figure 2.6: Finite element model of the sun (a) complete sun (b) bottom half of the sun

12

reached a steady periodic state. The time taken by boulders to reach this state, com-
monly known as preconditioning time is in Table [2.2] The simulation for precondition-

ing phase was carried out with time increments of two hours.

The thermal and structural response of boulders were analyzed and presented after
the boulders reached a steady periodic state. The time taken by boulders to reach a
steady periodic state has been referred to as preconditioning time and has been shown
in Table[2.3] The simulation for preconditioning phase was carried out a time increment
of two hours. Following the preconditioning phase, the boulders were simulated for one
additional day of solar irradiation at a time increment of fifteen minutes. The structural
and thermal response from the last day of simulation following the preconditioning

phase are presented in this document.

Tolerances for view factors , number of pixels , and size of the finite element model
of the sun were varied with the boulder’s diameter to accurately model the effect of
radiation. The ratio of the sun’s diameter to the distance from the boulder was kept

constant such that the amount of insolation remained unaltered. Details pertaining to
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Table 2.1: Material properties used in modeling

Property Symbol Boulder Soil Shield Sun
Mass density p (kg m=3) 2760 1600 1 1
Modulus of elas- E (MPa) 53000 75 210000 210000
ticity

Poisson’s ratio v 0.28 0.35 0.25 0.25
Coefficient  of a (K1) 85x 1076 1.25x 107° 0 0
Thermal expan-

sion

Emissivity € 0.45 0.65 0 1
Thermal k(Jh™tm™t K1) 9360 5400 0.036 3.6 x 10°
conductivity

Specific heat c(Jkg™t K1) 1000 750 10° 1

view factors, number of pixels, and diameter of the finite element model of the sun are

presented in Table [2.4]

e Similar to Shi’s model, the preliminary finite element models were created by scaling a

reference boulder to different diameters. Since heat penetrates to equal depth from the

surface in the boulders irrespective of their sizes, mesh refinement was carried out such

that the thickness of element along radial direction did not exceed 0.02 m in Layer 1

and 0.35 m elsewhere. Table illustrates the thickness of elements in various layers

of the boulders along the radial direction.

The simulations were carried out for winter solstice, December 21, at the study site in Redlair

Preserve, Gaston County, North Carolina (35° 17’ 55” N and 81° 5’ 177 W). The sun rose

and set in the simulations at 7:08 am and 4:52 pm respectively.

13
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Table 2.2: Initial temperature at surface nodes

Boulder Boulder initial Soil initial
Diameter (m) | temperature (°C) | temperature (°C)
0.150 -4 -4
0.200 -4 -4
0.250 -4 -4
0.300 -4 -4
0.500 1 -4
0.625 1 -4
0.750 1 -4
0.875 1 -4
1.000 1 -4
1.250 1 -4
1.500 1 1
2.000 1 -4
3.000 1 -4
5.000 4 -4

2.3 Thermal and structural response of the boulders

In this section we study the evolution of stress and temperature fields in boulder when tensile
stresses (tension) reach their peak values at surface and in the interior. The key assumption
of our study is that the crack growth in boulders is driven by tensile stresses. We illustrate
model results for spherical boulders of diameters 0.30 m, 0.50 m, 1.00 m, 3.00 m, and 5.00 m,
subjected to diurnal solar radiation as these boulders represent a wide range of surface rocks.
We show the spatial distribution of maximum tension and temperature on the surface and
along various planes passing through the boulders when maximum tension in boulders reach

their peak magnitude at the surface and at the interior. The distribution of compressive

14
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Table 2.3: Preconditioning time for different boulders

Boulder Diameter (m) | Preconditioning time
< 1.000 2 days
1.250 and 1.500 7 days
2.000 14 days
3.000 21 days
5.000 42 days

stress will not be shown because it less significant; it is represented by dark gray in the

figures. The simulations did not address actual crack growth in boulders.

Up

Down w
X (West) Z (North)

(a) (b)

Figure 2.7: Cutting planes passing through the boulders: (a) Equidistant horizontal cutting
planes (b) Vertical cutting plane passing through the region experiencing maximum principal

stress

The boulder’s temperature and stress distributions will be illustrated on a series of cut-
ting planes. Figure (a) illustrates the three equidistant horizontal cutting planes passing
through a given boulder used to show the distribution of temperature and maximum prin-

cipal stress within the boulder. The distribution of maximum principal stress will also be

15
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Table 2.4: Radiation related parameters

Boulder’s Threshold | Number of | Finite Element Model

Diameter (m) | view factor pixels of Sun’s Diameter (m)
0.150 10712 2000 0.100
0.200 10712 2000 0.100
0.250 10712 2000 0.100
0.300 10712 3000 0.150
0.500 10712 3000 0.400
0.625 10712 3000 0.200
0.750 1012 3000 0.150
0.875 1012 3000 0.292
1.000 10712 3000 0.250
1.250 10712 3000 0.500
1.500 10712 3000 0.500
2.000 10712 3000 0.400
3.000 10712 3000 0.750
5.000 10712 3000 1.250

depicted on a vertical cutting plane (Figure 2.7(b)). For any given boulder, the vertical
cutting plane is perpendicular to the central horizontal cutting plane and will pass through
the region experiencing maximum principal stress on that horizontal plane; this region is de-
noted by the yellow spot having an azimuth 6, measured from the north. The arrangement
of sub-figures in Figure is used consistently in this section to depict the temperature and

maximum principal stress distribution for all boulders in this section.

16
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Table 2.5: Thickness of element in the radial direction
Boulder’s Diameter (m) | Layer 1 (m) | Layer 2(m) | Layer 3 (m) | Layer 4 (m)
0.150 0.00375 0.00375 0.005625 0.005625
0.200 0.005 0.005 0.0075 0.0075
0.250 0.00625 0.00625 0.009375 0.009375
0.300 0.0075 0.0075 0.01125 0.01125
0.500 0.003125 0.00625001 | 0.01875 0.01875
0.625 0.00390625 | 0.00390625 | 0.0234375 0.0234375
0.750 0.01875 0.01875 0.028125 0.028125
0.875 0.00546876 | 0.0109375 | 0.0328125 0.0328125
1.000 0.005 0.00833333 | 0.0375 0.0375
1.250 0.0078125 0.015625 0.046875 0.046875
1.500 0.009375 0.01875 0.05625 0.05625
2.000 0.01 0.0166667 | 0.075 0.075
3.000 0.00937498 | 0.0187501 | 0.1125 0.1125
5.000 0.0125 0.0208333 | 0.1875 0.1875

17
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2.3.1 A 0.30 m diameter boulder

This sub-section presents the distribution of temperature and tensile stress in a boulder with
0.3 m diameter at 4:45 pm when the maximum principal stress reaches its peak magnitude
at the surface. Figures [2.§a) and (b) respectively illustrate the temperature distribution
on the boulder surface, and on three horizontal cutting planes. The boulder’s temperature
at this time ranges from 9°C to 22°C and the warmest region lies on the SW face roughly
facing the sun at this time, while the coolest point lies on the NE face of the boulder, in the
shaded side.

The largest tensile stress at the surface is 1.8 MPa on the SW face near the hot-spot
(Figures 2.§|c) and (d)). At this time the boulder’s surface emits heat as the insolation
decreases, while the interior warm domain persists directly under the SW face. This creates
tension near the surface and compression in the interior. The maximum principal stress is
slightly higher in the upper than the lower hemisphere.

The interior of the 0.30 m diameter boulder experiences the largest tensile stress of
1.3 MPa at 9:00 am, when it is warmest along its SE surface, reaching 13°C as it receives
direct solar radiation, and coolest towards the NW side (Figures[2.9(a) and (b)). The surface
tries to expand as it warms up while the relatively cooler interior resists, leading to tension in
the interior and compression near the surface. The tension reaches a peak near the boulder’s
center. The distribution of tension is spherically symmetric, except that the domain of high
tension is slightly elongated, and it is aligned with the NW-SE direction (at an angle of 135°
from North; Figures[2.9(c) and (e)).

18
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18.29 18.29
16.43 16.43
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(a) (b)

Time: 16:45h .
Time: 16:45h
1.80 1.80
1.50 1.50
1.20 1.20
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0.60 0.60
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0.00 0'00

(c) (d)
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Figure 2.8: 0.30 m diameter boulder at 4:45 pm — time of peak tensile stress at the surface.
Temperature distribution, in °C, (a) on the boulder surface (b) and along horizontal cutting
planes. Perspective views of the maximal principal stress distribution, in MPa, (c¢) on hori-
zontal cutting planes, and (d) a vertical plane passing through the location of maximal stress
and striking NE-SW (at # = 225° from north); 2d-view normal to the plane of maximum

principal stresses (MPa) on the (e) central horizontal and (f) vertical cutting planes
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Figure 2.9: 0.30 m diameter boulder at 9:00 am — time of peak tensile stress at the interior.
Temperature distribution, in °C, (a) on the boulder surface (b) and along horizontal cutting
planes. Perspective views of the maximal principal stress distribution, in MPa, (c) on hori-
zontal cutting planes, and (d) a vertical plane passing through the location of maximal stress
and striking NE-SW (at # = 135° from north); 2d-view normal to the plane of maximum

principal stresses (MPa) on the (e) central horizontal and (f) vertical cutting planes
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2.3.2 A 0.50 m diameter boulder

For a 0.50 m diameter boulder, tension peaks at the surface at 5:15 pm. Much as for a 0.30 m
diameter boulder, there is a warm region near the SW face of the larger boulder while its
side away from the sun remains cool (Figures[2.10[(a) and (b)). The stress distribution is less
spherically symmetric and the surface tension peaks at 2.0 MPa, about 30 minutes later than
for smaller boulder. This peak occurs on the SW side of the boulder, at angle of 213.75° from
north (Figure 2.10|(e)) and inclined slightly (10-15) upward toward the sun (Figure 2.10(f)).

The interior of a 0.50 m diameter boulder takes longer to warm up than for a smaller
boulder. The northern portion of the boulder is still cool at this time while the temperature
of the boulder reaches its peak along the southern face (Figure[2.11j(a) and (b)). The rise in
temperature along the southern face causes the surface to expand, which pulls on the interior
of the boulder, generating tension there. Similar to the 0.30 m diameter boulder, the domain
of largest tensile stress is near the center of the boulder and slightly elongated toward the
S-SW (200° from north; Figures 2.11)(c) and (e)). The tensile stress in the interior reaches
2.1 MPa.
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Figure 2.10: 0.50 m diameter boulder at 5:15 pm — time of peak tensile stress at the surface.
Temperature distribution, in °C, (a) on the boulder surface (b) and along horizontal cutting
planes. Perspective views of the maximal principal stress distribution, in MPa, (c¢) on hori-
zontal cutting planes, and (d) a vertical plane passing through the location of maximal stress
and striking NE-SW (at # = 213.75° from north); 2d-view normal to the plane of maximum

principal stresses (MPa) on the (e) central horizontal and (f) vertical cutting planes
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Figure 2.11: 0.50 m diameter boulder at 1:00 pm — time of peak tensile stress at the interior.
Temperature distribution, in °C, (a) on the boulder surface (b) and along horizontal cutting
planes. Perspective views of the maximal principal stress distribution, in MPa, (c) on hori-
zontal cutting planes, and (d) a vertical plane passing through the location of maximal stress
and striking NE-SW (at # = 225° from north); 2d-view normal to the plane of maximum

principal stresses (MPa) on the (e) central horizontal and (f) vertical cutting planes
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2.3.3 A 1.00 m diameter boulder

A 1.00 m diameter boulder experiences largest tensile stress on the surface at 8:30 pm. The
thermal mass of a boulder increases with its diameter, and a boulder with larger thermal mass
takes longer to warm up and cool. At 8:30 pm, The SW interior of a 1.0 m diameter boulder
remains warm while the surface emits heat. The NE portion which receives lesser insolation,
remains relatively cooler and experiences minor variation in temperature (Figures (a)
and (b)). At this time, a 0.30 m and a 0.50 m diameter boulders experience a relatively
low variation in temperature throughout their bodies, which results in a lower magnitude of
tensile stress at the surface compared to the 1.00 m diameter boulder. The highest magnitude
of tensile stress at the surface is 2.7 MPa and is located between the center and SW face at
an angle of 202.5° from the north (Figures [2.12{c) - (d)).

Tensile stress in the interior of a 1.0 m diameter boulder reaches its peak at 4:00 pm.
A large NE portion of the boulder is relatively cooler and experiences very less variation
in temperature at 4:00 pm, while the SW face of the boulder receives insolation and is
warmer (Figures [2.13|(a) and(b)). Compared to a 0.30 m and a 0.50 m diameter boulders,
the peak of tensile stress is located relatively farther from the center (Figure [2.13|c) and
(d)). Figures [2.13|e) and (f) denote that the domain of largest tensile stress is observed

between center and SW face at an angle of 225° from north.
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Figure 2.12: 1.00 m diameter boulder at 8:30 pm — time of peak tensile stress at the surface.
Temperature distribution, in °C, (a) on the boulder surface (b) and along horizontal cutting
planes. Perspective views of the maximal principal stress distribution, in MPa, (c¢) on hori-
zontal cutting planes, and (d) a vertical plane passing through the location of maximal stress
and striking NE-SW (at § = 202.5° from north); 2d-view normal to the plane of maximum

principal stresses (MPa) on the (e) central horizontal and (f) vertical cutting planes
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Figure 2.13: 1.00 m diameter boulder at 4:00 pm — time of peak tensile stress at the interior.
Temperature distribution, in °C, (a) on the boulder surface (b) and along horizontal cutting
planes. Perspective views of the maximal principal stress distribution, in MPa, (c¢) on hori-
zontal cutting planes, and (d) a vertical plane passing through the location of maximal stress
and striking NE-SW (at # = 225° from north); 2d-view normal to the plane of maximum

principal stresses (MPa) on the (e) central horizontal and (f) vertical cutting planes
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2.8.4 A 3.00 m diameter boulder

A 3.00 m diameter boulder is able to retain the hot spot at the SW portion even after 13 hours
past the sunset because of its larger thermal mass (Figures 2.14|(a) and (b)). At 6:00 am,
as the surface of the boulder loses heat to the atmosphere, it experiences a temperature
between -5°C to 1°C. On the other hand, the SE interior is at relatively higher temperature
between 10°C to 7°C. The boulder’s surface tries to contract while cooling throughout the
night, while the resistance from the warmer interior keeps on increasing and the tensile stress
at the surface reaches its peak value of around 5.4 MPa at 6:00 am (Figure 2.14(c)). The
largest tensile stress is located at an angle of 191.25°C from the north (Figure[2.14(d)). The
tensile stress is confined within 0.13 m to 0.18 m from the surface and a large domain of the
boulder is under compression (Figures [2.14{e) and (f)).

The tensile stress at the interior of a 3.00 m boulder reaches its peak at 4:15 pm. The
exposure of the boulder to the sun from noon to afternoon hours raises the temperature at
the surface to 30°C on the SW side while a major part of the interior remains relatively
cool and shows little variation in temperature (Figures [2.15(a) and (b)). The temperature
difference within 0.25 m from the surface on the SW face is around 18.6°, while the remaining
portion of the boulder experiences a significantly low variation in temperature and remains
relatively cool. This state of temperature pushes the tensile stress at the interior of the
boulder to its peak. The largest tensile stress is located at an angle of 225° from north
(Figure 2.15(d)) and has a magnitude of around 2.3 MPa. Unlike the boulders smaller than
3.00 m shown in this document, the domain of largest tensile stress in the 3.00 m diameter

boulder is much closer to the surface than the center (Figures [2.15{e) and (f)).
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Figure 2.14: 3.00 m diameter boulder at 6:00 am — time of peak tensile stress at the surface.
Temperature distribution, in °C, (a) on the boulder surface (b) and along horizontal cutting
planes. Perspective views of the maximal principal stress distribution, in MPa, (c¢) on hori-
zontal cutting planes, and (d) a vertical plane passing through the location of maximal stress
and striking NE-SW (at # = 191.25° from north); 2d-view normal to the plane of maximum

principal stresses (MPa) on the (e) central horizontal and (f) vertical cutting planes
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Figure 2.15: 3.00 m diameter boulder at 4:15 pm — time of peak tensile stress at the interior.
Temperature distribution, in °C, (a) on the boulder surface (b) and along horizontal cutting
planes. Perspective views of the maximal principal stress distribution, in MPa, (c¢) on hori-
zontal cutting planes, and (d) a vertical plane passing through the location of maximal stress
and striking NE-SW (at # = 225° from north); 2d-view normal to the plane of maximum

principal stresses (MPa) on the (e) central horizontal and (f) vertical cutting planes
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2.3.5 A 500 m diameter boulder

The state of a 5.00 m diameter boulder at 6:30 am has been illustrated in Figure [2.16, and
at this time the tensile stress on the surface reaches its peak magnitude of around 6.12 MPa.
A large part of the boulder’s southern interior is at relatively higher temperature between
11°C to 7.6°C, while the surface temperature is between -6°C to -2.6°C (Figures[2.16{a) and
(b). The contracting surface experiences a large resistance from the interior due to which
the tensile stress at the surface reaches its peak. The peak of tensile stress lies at an angle
of 180° from the north (Figures [2.15c)- (f)).

A 5.00 m diameter boulder experiences the peak of tensile stress at the interior at
10:15 am. As the boulder receives insolation after the sunrise, the surface begins to warm
up, and the SE face reaches a temperature of 23° (Figures [2.16|(a) and (b)). The interior of
the boulder at this time is relatively cooler. This temperature distribution leads a 5.00 m
diameter boulder to experience the peak of tensile stress at the interior. The peak occurs at
a distance of 0.2 m from the surface, at an angle of 236.25° from north (Figures[2.16{c)-(f)),

and has a magnitude of around 2.5 MPa.

30



Crack Propagation in Boulders Subjected to Diurnal Solar Irradiation Chapter 2
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(a)

Time: 06:30h .
Time: 06:30h
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(c)

Time: 06:30h
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2.48
1.24
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(e) (f)

Figure 2.16: 5.00 m diameter boulder at 6:30 am — time of peak tensile stress at the surface.
Temperature distribution, in °C, (a) on the boulder surface (b) and along horizontal cutting
planes. Perspective views of the maximal principal stress distribution, in MPa, (c¢) on hori-
zontal cutting planes, and (d) a vertical plane passing through the location of maximal stress
and striking NE-SW (at # = 180° from north); 2d-view normal to the plane of maximum

principal stresses on (MPa) the (e) central horizontal and (f) vertical cutting planes
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0.75 0.75
0.50 0.50
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(e) (f)

Figure 2.17: 5.00 m diameter boulder at 10:15 am — time of peak tensile stress at the
interior. Temperature distribution, in °C, (a) on the boulder surface (b) and along horizontal
cutting planes. Perspective views of the maximal principal stress distribution, in MPa, (c) on
horizontal cutting planes, and (d) a vertical plane passing through the location of maximal
stress and striking NE-SW (at § = 236.25° from north); 2d-view normal to the plane of
maximum principal stresses (MPa) on the (e) central horizontal and (f) vertical cutting

planes
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2.4 Location of significant tensile stresses in the interior of boulders

We now consider the stress state for the full range of boulder sizes analyzed when the max-
imum principal stress in the interior of each boulder reaches its peak. As discussed in the
Section the location of maximum principal stress varies significantly with boulder size
(Figure . Unfortunately, this figure fails to show the variation in maximum principal
stress inside the blue cloud which represents the lower limit of the maximum principal stress
for each panel. The missing information can be seen through the figures illustrated in Sec-
tion . The domain of significant tension increases in size with boulder size (Figure .
The domain with elevated tensile stress within 25% of maximum principal stress is near the
center of 0.30 and 0.50 m-diameter boulders, whereas it is closer to the SW side for 1.00 and
3.00 m-diameter boulders. For the 5.00 m diameter boulder, the region of high tension takes

the form of a thick shell near the SW face.

33



Chapter 2

Master’s Thesis — Smit Kamal

(b)

(c)

(d)

(e)

Time: 09:00h
1.30
1.20
110
1.00
0.90

Time: 13:00h
2.10
2.00
1.90
1.80
170
1.60

Time: 16:00h
3.60
3.42
3.24
3.06
2.88
270

Time: 16:15h
230
220
210
2.00
1.90
1.80

Time: 10:15h
250
2.36
222
2.08
1.94
1.80

Up

Up

Time: 09:00h
130
114
0.98
0.82
0.66
0.50

Time: 13:00h
2.10
1.78
1.46
114
0.82
0.50

Time: 16:00h
3.60
298
2.36
174
112
0.50

Time: 16:15h
230
1.85
1.40
0.95
0.50

Time: 10:15h
250
210
170
130
0.90
0.50

Time: 09:00h
1.30
124
118
112
1.06
1.00

Time: 13:00n
2.10
1.88
1.66
1.44
122
1.00

Time: 16:00h
3.60
3.08
2.56
2.04
152
1.00

Time: 16:15h
230
1.98
165
132
1.00

Time: 10:15h
2.50
220
1.90
1.60
1.30
1.00

Figure 2.18: Domain experiencing significant interior tensile stress (MPa). Left column: top

25% maximum principal stress; Center column: tension > 0.5 MPa; Right column: tension

> 1.0 MPa. (a) 0.30 m diameter, (b) 0.50 m diameter, (c¢) 1.00 m diameter, (d) 3.00 m

diameter, (e) 5.00 m diameter
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2.5 Maximum tensile stress over the course of a day

The maximum principal stress at each Gauss point within the boulder’s finite element model

over a period of one day at a time increment of fifteen minutes is illustrated in Figure [2.19]

Maximum principal stress over time

7
— 0.30m —  3.00m
— 0.50m -  5.00m
1.00m
6 .
7
g
i
©
Q.
‘O
£
s
€
>
€
<
(]
=
| I I
08:00 6:00 12:00 18:00 24:00

Time (h)

Figure 2.19: Maximum principal stress over time in boulders

The maximum principal stress in a 0.3 m diameter boulder decreases gradually till 7:00 am
as its temperature is nearly uniform until sunrise when the stress increases sharply. The SE
surface of the boulders warms quickly after the sunrise, while the NW part remains relatively
cool. This temperature difference near the surface, leads to a sharp jump in the in maximum
principal stress at the interior, as the boulder’s surface expands and faces resistance from
the interior. The maximum principal stress decrease progressively after 9:00 am till 3:00 pm.
The surface starts cooling due to the decreasing insolation causing tension to develop at the
surface, and reaches a peak value at 4:45 pm. Following this, the maximum principal stress
decreases until sunrise as the boulder cools and the temperature difference in the boulder

diminishes.
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The maximum principal stress in a 0.50 m diameter boulder follows a similar trend to that
of a 0.30 m diameter boulder, but the rise in maximum principal stress past the sunrise in a
0.50 m diameter boulder is relatively slow. The greater thermal mass of a 0.50 m diameter
boulder also causes the maximum principal stress at the surface to rise relatively late. In a
1.00 m diameter boulder, the maximum principal stress declines slowly from midnight to 4:30
am following which it decreases rapidly till sunrise. As the boulder receives insolation and
expands, the domain of dominant maximum principal stress shifts from surface to the interior,
and the stress magnitude increases steadily till 4:00 pm after which it decreases till 5:00 pm.
As the boulder loses heat past the sunset, the surface contracts and the dominant maximum
principal stress shifts back to the surface and intensifies up to 8:00 pm. Subsequently, it starts
declining slowly as the temperature within the boulder equilibrates over the night. Due to
its considerable mass, the temperature within a 3.00 m diameter boulder changes relatively
slowly and the interior remains at a significantly higher temperature than the surface before
the sunrise, leading to an increase in the maximum principal stress at the surface through
the night until the sunrise. At sunrise, the boulder starts receiving the insolation which
warms the surface. Since the interior of the boulder is also warm at this point of time,
the resistance to the expanding surface of the 3.00 m diameter boulder is low, hence the
maximum principal stress decreases quickly. At 10:15 am, it starts increasing again as the
tension in the boulder’s interior increases. The maximum principal stress in the interior of
the boulder reaches its peak value of 2.23 MPa at 4:15 pm. This is followed by decrease in
the internal maximum principal stress as the boulder cools down after which the maximum
principal stress at the surface starts rising at around 6:00 pm. The 5.00 m diameter boulder
follows a similar trend to that of the 3.00 m boulder, but experiences a higher maximum

principal stress at the surface because of larger resistive domain comprising the interior.
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2.6 Effect of size on thermal stresses

Sections [2.3] 2.4] and [2.5] show that the magnitude of tensile stress, the size of the domain
under tension and the timing of the thermal stress in boulders vary significantly with boulder
diameter. In this section, we present the tensile stress at different locations within the
boulders, that helps us better understand the numerical results.

The location inside a boulder is best characterized relative to the diurnal skin-depth,
which follows from the analytical solution to a simplified thermal problem. We will explain
the concept based upon a spherically symmetric problem, and present the underlying idea
in what follows. The heat conduction equation for an axi-symmetric sphere with thermal
diffusivity, k, is given as

ot 57’2 or or

where t is time and r is radial distance from the center. For a periodic variation in surface

oT(t,r) 10 (TzaT(tﬂﬂ)) | (2.1)

temperature

T(t,r =R)="Ty+ AT sin(wt) , (2.2)

where w = 27/ P is the angular frequency for a period P, the skin depth follows as

5:\/2%:@. (2.3)

The closed form periodic solution for T'(¢,r) can be expressed using this problem specific skin
depth. (The actual solution has been omitted.) The sub-surface peak of maximum principal
stress in the finite element models of the boulders of different diameters was roughly observed
to be at around vxP, which was approximately equal to 1.77 skin depth. Figure
illustrates the peak of maximum principal stress at the surface during morning hours, at
1.77 skin depth (v&P) below the surface, and at the center of the boulder.

Figure illustrates a section of numerical results, the peak of maximum principal
stress at the surface during morning hours, at 1.77 skin depths, and at the center of the
boulder. The peak of maximum principal stress at the surface during morning hours increases
with radius up to 5.00 m where it approaches a limiting value of 6.2 MPa. The maximum
principal stress at the boulder’s center and at 1.77 skin depth increase till the boulder reaches

a diameter of 1.00 m after which they start decreasing. These results are in agreement
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Figure 2.20: Effect of boulder size on maximum principal stress

with and complement Figure 2.19] which shows that the maximum principal stress at the
surface increase with boulder’s diameter, while maximum principal stress at the interior
starts decreasing after the boulder’s diameter exceeds 1 m. The boulders with diameter lesser
than 0.625 m have radius lesser than 1.77 skin depth and hence the blue curve corresponding
to them is absent in the Figure It can also be observed that the maximum principal
stress at 1.77 skin depth is higher then at the center of the boulders.
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2.7 Summary and conclusions

This chapter sheds light on how the temperature and maximum principal stress in spherical
boulders of various sizes vary through a day.

The peak of maximum principal stress at the boulder’s surface increases with boulder’s
diameter and reaches a limiting value of around 6.2 MPa at a diameter of 5.00 m. In contrast,
the peak of maximum principal stress in the boulder’s interior increases up to a diameter of
1 m and decreased for larger.

The domain of elevated tensile stress within boulders depends sensitively on boulder
size. At the time when the principal stress is largest in the interior, the most highly stressed
domain is close to the core of boulders smaller than 0.5 m in diameter, whereas it is closer to
the boulder surface for larger boulders. The volume of this stressed domain relative to that
of the boulders, on the other hand, remained relatively constant. Since fracture in brittle
materials initiates from the pre-existing flaws, the size of the domain of high stress plays a
significant role in determining its strength. The probability of crack growth in boulders that
experience different maximum principal stress, in terms of magnitude, location, and extent,

is addressed in the next chapter.
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Chapter 3
PROBABILITY OF CRACK GROWTH

3.1 Introduction

Our 3d coupled thermo-mechanical finite element simulations showed us that the spatial
distribution of principal tensile stresses varied significantly with boulders size. In this chap-
ter, we will assess the probability of sub-critical crack growth and its location in boulders
of different sizes based on the time varying stressed domain size and magnitude of tensile
principal stress, using the Weibull Theory. This study is a step towards determining the
relationship between the size of a boulder, size of tensile stress domain and magnitude of
stress as developed in Chapter [2| and probability of crack growth in this chapter.

Leonardo da Vinci measured the strength of iron wires and found that the strength varied
inversely with wire length. This observation lead him to conclude that a material’s strength
is controlled by its flaws, since a longer wire corresponded to a larger sample volume, the
probability of sampling a region containing a flaw increased (Anderson [2012). This was one
of the first recorded studies that provided clues about the root of fracture. Centuries later,
the first quantitative analysis about the role of flaws in fracture was provided by |Inglis |[1913.
He analyzed a flat plate with an elliptical hole, which was subjected to tensile stress, o
(Figure . He assumed that the dimensions of the plate was much larger than the hole
and that the plate boundaries did not have any effect on the hole. Inglis found that the

stress at the crack tip, A, was amplified to

oA :0(1—1—2\/%) ) (3.1)

where 0,4 is the value of amplified stress at point A, a is length of the semi-major axis, b is

the length of the semi-minor axis, and p is the radius of curvature at A, which is given by

p=_- (3.2)

Inglis proposed that pre-existing flaws in the materials amplified the applied stresses near
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Figure 3.1: A through-thickness elliptical hole in an infinitely wide plate subjected to a

remote tensile stress(Anderson |2012))

the flaw which caused the atomic bonds to rupture and lead to crack propagation. The
ratio, o4 /0 was referred as stress concentration. This theory, however, faced a mathematical
difficulty as it predicts infinite stress at the tip of a sharp crack whose radius of curvature is
zero, which implies that a material containing a sharp crack would fail upon application of
an infinitesimal load.

The limitations of Inglis’s theory lead Griffith (1893-1963) to develop a fundamental
approach for predicting fractures in brittle materials caused by the pre-existing flaws. |Griffith
1920 proposed that crack-propagation occurs when an incremental increase in a crack’s length
does not change the net energy of the system.

The net energy of a flat plate with a crack of length 2a, thickness B, and subjected to
tensile stress o (Figure , is given by U + S, where U denotes the strain energy released
in the creation of a through-thickness crack, and S' is the increase in the surface energy due
to the new surfaces formed by the crack. Assuming that the crack is much smaller than the
plate, and the crack is unaffected by the plate boundaries, Griffith, using the solution derived
by Inglis|1913 expressed the strain energy U, released in the creation of a through-going crack
of length 2a as

(3.3)
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Figure 3.2: A through-thickness crack in an infinitely wide plate subjected to a remote tensile

stress(Anderson| [2012)

where E represents the modulus of elasticity of the plate. The gained surface energy 5, is
given as

S =4avy,B (3.4)

where ~, is the energy per unit area needed to create a new free surface. The factor 4 in
Equation [3.4] arises because of there being two crack surfaces of length 2a. According to

Griffith, crack propagation will occur in the flat plate, if

ou 98
= = 3.5
da  Oa (35)
Substituting Equations [3.3] and [3.4] in Equation [3.5] yields
2noa
= 4~ . 3.6
Z g (3.6)

Solving Equation [3.6] for o gives the fracture strength, oy, as

[2E7,
of = a . (37)

Griffith obtained a good agreement between Equation 3.7 and experimental fracture strength

of glass, however his theory was limited to brittle materials (Anderson 2012). Irwin| /1948
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and Orowan| (1949 independently extended the application of Griffith’s research to ductile

materials. They proposed that the fracture strength of a material is equal to

o = \/w. (3.8)

where «, refers to the plastic work per unit area of surface created and is typically much
larger than 7, (Anderson|2012)). The term v, + 7, is called fracture energy, wy.

[rwin||{1956, defined OU/da as strain energy release rate G., which, for a given material,
can be found experimentally. |Anderson 2012 stated the condition for sub-critical (stable)

crack growth as

Gc = 2’1,Uf (39)
and
0G,. _ 0(2wy)
< .
da — Oda (3.10)
and unstable crack growth as
0Ge , 0(2uy) (3.11)

da —  Oa
These studies have provided the foundation for our understanding of the role of material
flaws in crack growth. Fracture in rocks is generally brittle, taking place with little or no
preceding plastic deformation. The direction of crack propagation is nearly perpendicular to
the direction of tensile stress. The stress concentration in the brittle materials near the tip of
pre-existing flaws lead to crack propagation in either transgranular or intergranular manner.
Transgranular fractures are characterized by splitting of crystals, or grains, along specific
crystallographic planes, irrespective of grain boundaries. Intergranular fracture on the other
hand involves crack propagation along grain boundaries, which is common in materials with
grain boundaries that are weaker than grains (Anderson 2012).
The variation in strength of identical brittle specimens can be attributed to differences

in the arrangement of grains or crystals at microscopic level. According to |Anderson|[2012;

“T'wo nominally identical specimens made from the same material may display
vastly different toughness values because the location of the critical fracture-
triggering particle is random. If one specimen samples a large fracture-triggering

particle near the crack tip, while the fracture trigger in the other specimen is
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further from the crack tip, the latter specimen will display a higher fracture
toughness, because a higher load is required to elevate the stress at the particle

to a critical value.”

Additionally, among the two brittle specimens made up of same material, but, with different
cross sections, a higher probability of failure can be expected in the specimen with larger
cross section, since it will have a larger number of pre-existing flaws. A clear understanding
of this phenomenon plays a crucial role when assessing the probability of crack growth in
boulders of different sizes. Since high tensile stresses can occur over a small volume in
one boulder while lower tensile stresses can occur over a larger volume in another boulder,
studying the magnitude of peak stress alone is not be sufficient.

Such variation of strength in specimens due to differences in the arrangements of flaws,
grains or crystals, and overall volume have been addressed by Weibull |1939 and subsequent
researchers (e.g.; Weibull [1939; Anderson and Stienstra/[1989; Lin et al.|[1986; Jayatikala and
Trustrum|1977; |Petrovic|1987; |Danzer et al.|2008). Using the fundamental laws of probability,
Weibull [1939| proposed an approach useful to study the inconsistency in strength of ideal

brittle specimens.
3.2 Weibull theory

Weibull 1951 proposed a Cumulative Density Function (CDF) to find probability of an item

having value lesser than o as

F(o) =1 — exp {— (" — 6)7 , (3.12)

Oo

where € is the lower limit of o, 0, is a scale parameter, and m is a shape parameter. The
corresponding probability density function (PDF) is given by

fo) = (9];((70) = (" - e)mlexp {— (" — 6)? L o>e. (3.13)

Oo Oo Oo

Figure [3.3]illustrates the Weibull’'s PDF and CDF for different values of m when o, = 1.0
and € = 0.0. Small values of m result in a relatively wider spread of PDF. Weibull’s CDF
for e = 0, commonly known as two-parameter Weibull distribution, has been widely used for

modeling the lifetime of products and components (Jiang and Murthy[2011]).
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Figure 3.3: (a) Probability density function f(o) (b) Cumulative density function F(o)

Weibull 1939 proposed the following relation for the probability of rupture F'(o), of a

material of volume V', subjected to tensile stress o:
F(o) =1—exp(—B), (3.14)

where B is referred to as risk of rupture and is given as

B:/m@mm (3.15)

with the stress function

n(o) = (z>m , (3.16)

To
For an isotropic brittle material, the function n(o) is independent of position and volume
dV', and the orientation of tensile stress. Equation is a two parameter Weibull function
which incorporates the size of a specimen through its volume, V.
Parameter identification can be performed from experiments as follows. The mean value
of f(o) according to Equation is obtained as
e = 0, (1 + i) (3.17)

m

and the coefficient of variation as

I(1+2)

S I CEy

1/2
- 1] , (3.18)
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where I'() represents the gamma function. At the same time, the mean p,, and coefficient
of variation C,,, can be obtained from experimental data. Equations and then can
be solved for Weibull parameters, m and o,.

For a material subjected to three dimensional (3d) state of stress, Weibull|1939 stated that
the risk of rupture can be calculated by computing the effect as the compound probability of
all possible fracture planes. This is achieved through integration over all possible orientations
defined through unit normal vectors. This set of unit vectors represents a unit sphere, S, of
which only one half describes unique orientations . This leads to 3d version of risk of

rupture per unit volume as

B —

2m+ 1 w/2 T
o / / n(oy, 09, 03) cos(v) de dy (3.19)
0 -7

where the stress function n(oq, 09, 03) is given by

o1cos?(1))cos?(p) + aasin® (1) cos? () + assin®(p) ) " (3.20)

Oo

n(oy,09,03) = (

o1, 02, and o3 in Equation [3.20] represent the principal stresses. Considering the computa-

Figure 3.4: Reference angles used by Weibull||1939 to compute risk of rupture for 3d state

of stress

tionally intensive nature of Equation [3.19] Mackenzie-Helnwein| 2017 proposed a simplified
tensor function for the risk of rupture of a material of volume, V', subjected to three dimen-

sional state of stress as
B:/ TL(O'l,O'Q,O'g)— (321)
1%

46



Crack Propagation in Boulders Subjected to Diurnal Solar Irradiation Chapter 3

where V,, represent the reference volume for which Weibull parameters were identified. The

proposed stress function n(oy, 03, 03), for the corresponding B is

m m m m/3
n(oy,02,03) = (?) + (?) + (?) +3 <012203> . (3.22)

It was assumed that crack growth in brittle materials are influenced only by tensile stress,

and hence, 01, 09, and o3 in Equation was considered zero if compressive.
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Figure 3.5: Risk of Rupture using the surface integral by Weibull [1939 (red dots) versus the
simplified form by Mackenzie-Helnwein |2017] (solid lines)

Figure illustrates the risk of rupture computed using Weibull 1939 and Mackenzie-
Helnwein 2017 for uniaxial, biaxial (o1 = 03) and triaxial (07 = 0y = 03) state of stress.
respectively. It can be seen that Equation [3.21] proposed by Mackenzie-Helnwein|[2017 is in
reasonably good agreement with Equation by Weibull|[1939|

3.3 Adaption of Weibull theory to evaluate Probability of an Event (POE),
leading to crack growth

We have carried out a probabilistic study of the effects of the time varying magnitude,
location and spatial extent of solar induced stresses on sub-critical crack growth in boulders.
Our study is based on Weibull theory, however, instead of trying to find the probability of
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rupture as in |Weibull 1939, we are applying it more generally to evaluate the probability of
an event (POE). The term “event” stands for any crack related activity, including initiation,
propagation, damage evolution, etc., detectable through acoustic emission measurements.
The risk of rupture, B, mentioned in Section [3.2| now refers to the ‘risk of event’ for this
research and has been calculated using Equation proposed by [Mackenzie-Helnwein| 2017
to reduce the computational demand. o,, V, and m to compute the risk of event using
Equation were taken as 1 MPa, 1 m?, and 15, respectively. The value of m was chosen

following a suggestion by |Nakamura et al.|2007| for granite specimens.

3.4 Methodology to compute POE within a boulder

Y,
VA

Figure 3.6: Sphere made up of different layers

Figure[3.6|illustrates a sphere of volume V| which for example is made up for three layers.
The volume of constituent layers of the sphere have been referred as Vi, V5, and V3. For the

given sphere

3
/FdV:Z/ Fdv , (3.23)
Vv i=1 Vi

where F' denotes an arbitrary function.
Substituting F' in Equation with the stress function n(o1, 02, 03), from Equation [3.22)
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yields

v dv
B = /V?’L(O'l,O'Q,O'g)VO = ;/l Tl(0'170'270'3) ‘/0 = ZBZ y (324)

where B represents the risk of event for the entire sphere while B; represents the risk of
event within volume V;.
The probability of survival, POS, i.e., the probability that the sphere would not experi-

ence any event is

POS =1— POE . (3.25)

Substituting Equation [3.14] into Equation |3.25| gives
POS = exp(—B) . (3.26)

Further, substituting Equation into Equation yields

3

POS = exp(—B) = exp(— Y _ B;) = H exp(—B;) = H POS; , (3.27)

i=1
where POS; represent the POS within the individual constituent layers. The probability of
an event (POE) follows as

The probability of an event (POE) follows as

3 3 3
POE =1-P0OS=1-]]POS;=1-]]exp(-B;) =1—exp (— > Bi) . (3.28)
=1 =1 =1

It can be seen from Equation that the POE within the entire boulder can be computed
using the risk of event corresponding to its constituents layers. This separation will be
applied to boulders through the remainder of this chapter. The layer thickness is defined as
diurnal skin-depth § = \/m with x as the thermal diffusivity and P the diurnal period,
of 24 hours.

For a boulder of volume V', made up of n concentric shells

B:/n(al,og,ag)dVZ / n(al,ag,ag)dV:Z/n(al,ag,ag)dV:ZBi . (329)
i:lV; =1

|4

o

Vi

=1
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Since each portion of the boulder’s finite element model is made up of discrete finite elements,
whose volume can be represented by V,,

B; = /n(al,ag,ag)dV = / n(o1,02,03)dV = Z/n(al,OQ,ag)dV = ZBE ., (3.30)

Vi S v ecV; V. ecV;
eeV;

where B, represents the risk of event corresponding to a given finite element inside the
boulder. The volume integral of a sufficiently smooth scalar field F(z,y,z) is computed

using numerical Gauss integration as

8
/F(:B,y, z)dV = Z F(Zgp, Ygps Zgp)WpJgp (3.31)

V. op=1
where w,, and J,, represent the weight and the Jacobian at a Gauss point, respectively, and

Tgp, Ygp and zg, are its coordinates.

Combining Equations |3.29 |3.30, and |3.31] yields

B = Z Z B, = Z Z Z n(oy, o, 03)’ WypJgp - (3.32)

i=1 ecV, i=1 ecV; gp=1 gp

Hence, the POE for a boulder can be expressed as

n 8
POE =1—exp(—B) =1—exp (— Z Z Z n(oq, o2, Ug)‘gpwgpjgp> : (3.33)

i=1 e€V; gp=1

3.5 Probability of an event over time

There is insufficient experimental evidence for the identification of m and o,. We used m = 15
as was proposed by Nakamura et al.|2007 for basalt strength values and o,=1.0 MPa, which
appears to be a reasonable threshold value for sub-critical crack growth in granites. Thus,
what follows should be viewed as an index of relative probability of crack growth rather than
a quantitative measure.

The tensile principal stresses obtained from all Gauss point were analyzed for boulders
of different sizes to calculate the POE for different regions within the boulders. Values for
POE were computed in fifteen minutes intervals throughout the day.

The probability of an event within the entire boulder is referred to POEpg,u4er and is

shown in Figure[3.7] Even though the POE yu4e versus time follows the trend similar to that
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10 Probability of Event (POE) for the entire boulder
- [— 0300m — 3.000m
1030 N e ..|— 0500m — 5.000m|]
: : 1.000 m

Probability of Event (POE)

Time (hours)

Figure 3.7: Probability of an event (POE) within the entire boulder at different times through
the day

of maximum principal stress illustrated in Figure[2.19], the POE p,y4e- varies by several orders
of magnitude while stress varies by less than a factor of 10. For example, the POEg,uider
in 0.30 m diameter boulder varies between 1072% and 10!, while that of 3.00 m diameter
boulder varies between 10~ and 10~%. This contrast arises due to the difference in volume
between the 0.30 m and 3.00 m diameter boulder. Even though the maximum principal stress
in the 0.3 m and 0.5 m diameter boulders are similar, the POE g,,14¢- between these boulders
differs by up to several orders of magnitude. It can also be noted that the POEpg,yi4er in
0.30 m and 0.50 m diameter boulders are similar at the time of sunrise and sunset when the
magnitude of their maximum principal stresses are also similar. Even though the magnitude
of maximum principal stress is similar at noon and at around 5:00 pm, POEpgyuiger for the
0.50 m diameter boulder is much higher at the noon then at 5:00 pm because the dominant
tensile principal stress is spread over a larger domain at noon. Figure further shows

that even though the maximum principal stress at interior of a 1.00 m diameter boulder is
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larger then that of the 3.00 m and 5.00 m diameter boulders for most part of the day, the
span over which the 1.00 m diameter boulder has higher POE g,y14¢- than a 3.00 m or 5.00 m
diameter boulder is relatively short. The POEg,u4er for 0.30 m diameter boulder is highest
between 4:00 pm to 6:00 pm, which coincides with the time when Eppes et al.[|2016/ observed

maximum acoustic emission activity in one boulder of about this size.

Probability of Event (POE) within the 1% layer

10-13

10-15

Probability of Event (POE)

10-17
0%

10%

102 i i
0:00 6:00 12:00 18:00 24:00

Time (hours)

Figure 3.8: Probability of an event (POE) within one skin depth of the surface at different

times through the day

Figure illustrates the probability of event (POEjst4y.,) in a layer within a skin depth
of the surface (1% layer in Figure . The radius of a 0.30 m diameter boulder is less than
that skin depth, hence the POE;sjqye, and POEpgqyi4er for a 0.30 m diameter boulder are
identical. The trend and order of magnitude for POE;stj4ye for a 0.50 m diameter boulder
is similar to POE shown in Figure [3.8] This suggests that most of the activity due to solar
induced stress in a 0.50 m diameter boulder is expected in the region between the surface
and skin depth. For a 1.00 m diameter boulder, the POE;st;qyc, and POEpggyiger are similar

throughout the night (sunset to sunrise), which coincides with the time when maximum
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principal stress is dominant on the surface. POEjstqye, for 3.00 m diameter and 5.00 m
diameter boulders are similar to POEgy14er between 7:00 pm and 10:00 am, which indicates
that maximum activity during the cooling phase in these boulders happen at the region
between surface and skin depth at these times. During the heating phase (daytime), POE
for the interior reaches similar magnitude or, in the afternoon hours, higher magnitudes
than the surface-near layer, thus reversing the trend of the cooling phase. The overall POE
for larger boulders reaches a peak value toward the end of the cooling phase, while smaller
boulders (less than 1.0 m) experience a peak POE in the afternoon, i.e., during the heating

phase.

101 Probability of Event (POE) within core

: - [— 0500m — 3.000m
103 b 1.000 m — 5.000m
10 o]

Probability of Event (POE)

i I
12:00 18:00 24:00

Time (hours)

i
0:00 6:00

Figure 3.9: Probability of an event (POE) in the interior (>1 skin-depth from the surface)

Figure [3.9] illustrates the the probability of an event, POE¢,,., within the core region,
below one skin depth. The POEg,.. for 1.00 m, 3.00 m, and 5.00 m diameter boulders are
orders of magnitude larger than POE;st4y., during the late morning to early afternoon when
the maximum principal stress is high in the boulder interior. The peak of POE¢,,.. and

POEstjqyer for a 0.50 m diameter boulder in the early afternoon are similar.
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10t maximum Probability of Event (POE) within one diurnal cycle
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Figure 3.10: Maximum probability of an event in different sections of boulders of different

sizes

Figure 3.10] illustrates the maximum POE observed in different portions of boulders for
a range of sizes over a period of one day. The maximum POE is within the 1% layer for
boulders less than 0.50 m or more than 1.50 m in diameter. For intermediate boulders, with
diameters between 0.50 m to 1.50 m, the POE is higher within the core where tensile stresses

are higher than near the surface and extend over a larger domain.
3.6 Summary and Conclusions

This chapter addresses how pre-exisiting flaws in brittle materials impacts crack growth
in boulders of different diameters which are subjected to solar induced thermal stress. The
focus is on quantifying the probability of a crack event (crack initiation, propagation, damage
evolution, etc. detectable through acoustic emission measurements) triggered solely by solar
induced tensile principal stress over different regions of the boulders at different times of the

day. The principal finding is that boulders with diameters between 0.5 m to 1.5 m are more
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likely to crack internally (more than one skin depth from the surface) while other boulders
are more likely to crack near the surface (with one skin depth of the surface). Numerical
results for a 0.3 m-diameter boulder indicated that the solar induced stresses are most likely
to initiate crack growth between 4:30 pm to 6:00 pm, which is consistent with the field
measurements of acoustic emissions by Eppes et al.|[2016.

The study, however, was conducted with reasonable but not experimentally verified val-
ues for the Weibull parameters. Hence, this study can be improved by using the Weibull
parameters obtained experimentally, and by defining the sensitivity of the results to thermal

and fracture-mechanical model parameters.
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Chapter 4
SUMMARY AND CONCLUSIONS

4.1 Summary

This research was conducted to develop a solid theoretical foundation for quantifying and
understanding thermal stresses induced by daily exposure to the sun in boulders at the
ground surface. The three dimensional, time varying temperature and stress states in spher-
ical boulders were modeled using finite elements in MSC.marc. The model, adapted from Shi
2011| with significant improvements, was used to examine the stress state in boulder ranging
in diameter from 0.15 m to 5.00 m. Taking crack growth in rocks to be dominated by tensile
stresses, the magnitude of the solar induced tensile principal stresses were the natural focus
of this research. The research was carried out in two stages.

The research was carried out in two parts presented in respective chapter. The first
part was a systematic numerical study of the temporal 3-d distribution of solar induced
temperature and maximum principal stresses in boulders of different sizes. The second part
addressed the probability of crack growth caused by solar exposure in boulders of different
size. It involved extraction of numerical results defining the tensile principal stresses at each
Gauss point within the finite element models to calculate the probability of an event, POE,
triggered solely by solar induced tensile principal stresses, which could signal crack growth in
spherical boulders of different sizes. The POE was analyzed for different domains within the
boulders. Our study helped us understand how the temporally varying magnitude, location

and spatial extent of elevated tensile stresses collectively affect the likelihood of crack growth.

4.2 Conclusions

3d coupled thermo-mechanical simulations (Chapter [2)) showed clearly how diurnal exposure
to the sun affects the temperature and stress states of boulders at the ground surface for a

range of boulder sizes. Tension occurs at the boulder’s surface when the boulder’s surface
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tries to contract as the insolation decreases but faces resistance from the relatively warm
interior. On the other hand, boulders experience tension in the interior when the boulder’s
surface tries to expand after receiving insolation but is resisted by the relatively cool interior.
The interplay of the thermal and mechanical states of boulders exposed to diurnal solar
radiation is strongly influenced by two length scales, the diurnal skin depth (§ = 0.17 m)
and the boulder size. For large boulders (diameter > 5—100), the largest tensile stresses
develop near the surface of boulders, and they increase with boulder size until they approach
a limit (~ 6.2 MPa for granite boulders). For smaller boulders, maximum tension develops
inside the boulder. Its magnitude increases with diameter for diameters less than 1 m, peaks

around 1 m, and decreases with size thereafter.

Section [2.3] discusses the link between size of a boulder and the size of the stressed

domain. Figures 2.10, .12, .14, and suggest that the thickness of the stressed

layer during a cooling interval is nearly independent of boulder size, suggesting a relation
to the diurnal skin depth (0) rather than radius (R). This makes the volume of the tensile

domain proportional to R?J.

The size of the tensile interior domain, as shown in Figure[2.8] appears to be proportional
to boulder size, even taking on an increasing fraction of the total volume as the size increases.
The volume of the interior tensile domain appears to be proportional to R?, thus growing

faster than the surface-near domain.

The probabilistic study (Chapter 3) showed that probability of an event, POE, which
could lead to crack growth in spherical boulders of different diameters, followed a trend
similar to that of the maximum tension experienced by the boulders at different times through
the day. However, the size of the boulder strongly influenced the POE. Whereas, the POE
within boulders with different sizes varied by several orders of magnitude, the maximum
tensile stresses varied only by an order of magnitude. Although the magnitude of maximum
principal stress at noon and around 5:00 pm for the 0.5 m diameter boulder were similar,
the POE for the 0.5 m boulder was much higher at the noon because the elevated tensile
stresses extended over a larger domain. Boulders smaller than 3 m experienced a higher
POE after noon, while larger boulders experienced larger POE in the morning. The 0.3 m

diameter boulder showed greatest likelihood of crack growth between 4:00 to 6:00 pm, which
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is in accord with the period of high crack activity recorded using acoustic emissions by Eppes
et al.ll2016L

The probabilistic analysis of the effect of boulder size on POE shows two unexpected
characteristics.

First, while the volume of the interior tensile domain grows faster with boulder size than
the volume of the surface-near tensile domain, the POE grows faster for the surface-near
domain and approaches a limit for the interior domain. This arises because the stress in
the interior of a boulder decreases faster with increasing size than the respective domain
grows, while the surface peak stress approaches a finite limit (the solution for the infinite
half space).

Second, even though the stress at the center quickly decreases with boulder size (ap-
proaching zero for an infinite boulder), a domain of significant tension forms one to three
skin-depths below the surface and, while tension is lower than at the surface, it suffices to
generate a finite, though limited POE below the outer layer.

The probabilistic analysis merits further field validation and development, however. The
analysis was based on generic Weibull parameters that are realistic and in common usage, but
lack specific experimental results. Hence, this study could benefit from Weibull parameters
obtained experimentally for the rock types of interest.

Last, but not least, the tools and techniques developed in this research have wide ap-
plicability in study of fracture and fatigue of brittle materials. Promising future research

objectives on this subject include :

e Analyzing the direction of maximum tensile stresses throughout the boulder to find

the likely direction of crack growth.

e Studying the effect of variation in latitude and longitude of the boulder’s location on

solar induced thermal stresses.

e Conducting a thorough sensitivity analysis of the results to thermal and fracture-

mechanical model parameters.
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