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We explore four examples of algebraic and geometric structures motivated by problems in
machine learning. First, we consider the problem of learning under symmetry with kernel
methods. In particular, we demonstrate that invariances have a pronounced effect on the
rank of kernel matrices, with this rank becoming independent of the data’s dimension in
key examples. Relating this to the phenomenon of representation stability, we show that
a simple regression procedure is minimax optimal for learning invariant functions that are
well-defined across different dimensions.

Next, we consider the problem of density estimation on non-Euclidean spaces. Motivated
by results for kernel density estimation on manifolds, we consider density estimation on
d—rectifiable sets, which include smooth manifolds and algebraic varieties as special cases.
In this context, we give a suitably modified kernel density estimator and prove convergence
rates that are analogous to previous results.

We then consider two families of ideals, multiview and universal multiview ideals, that
arise in the field of computer vision and show that a well-known family of polynomials form
a universal Grobner basis for any ideal in either family. This recovers a known result and
proves a conjecture from the literature. While we only discuss multiview and universal
multiview ideals, our proof strategy, which relies on a recent criterion from the commutative
algebra literature, symmetry reduction, and induction, is general and may be applied to

other infinite families of ideals.



Finally, we discuss tree-SNE, a data visualization technique based on the popular t-
distributed stochastic neighbor embedding (t-SNE) method. A tree-SNE embedding consists
of many layers, each of which is a t-SNE embedding corresponding to a different In particular,
we show that tree-SNE embeddings have a continuous structure and illustrate that the

embeddings provide meaningful insights through three examples.
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Chapter 1
INTRODUCTION

As large, high-dimensional datasets become increasingly prevalent across a wide range
of applied and domain sciences, a central question to consider is how researchers can learn
effectively and reliably from these datasets. An important first step is to understand the
internal structures of data and identify structure that may be leveraged for computational
advantage. We consider the role of algebraic, geometric, and combinatorial structures in
four problems inspired by data science and machine learning. More specifically, we will
see that symmetries, invariances, low intrinsic dimension, and specific algebraic structures
impact how well we can learn from data in different contexts. This thesis consists of four

chapters, each of which is the content of an individual paper:

1. Invariant Kernels [26]: a machine learning architecture for learning under symmetries

with connections to the phenomenon of representation stability.

2. Density Estimation on Rectifiable Sets [45]: an extension of results from density esti-

mation on manifolds to a much richer class of spaces.

3. Universal Grobner Bases of (Universal) Multiview Ideals [28]: a universal Grébner
basis for two families of ideals from the theory of computer vision and multiview

geometry.

4. Visualizing Data with Tree-SNE [46]: a hierarchical variant of t-SNE, a popular non-

linear dimensionality reduction technique used for data visualization and clustering.

1.1 Invariant Kernels

Many problems in contemporary applications involve datasets that are invariant under the
action of some group. For example, properties of graphs are invariant under relabelling
of vertices, point clouds as they appear in computer vision are invariant under orthogonal
transformations, and unlabelled sets are invariant under permutations. Understanding the
benefits of incorporating these symmetries into learning algorithms is an active area of

research. This chapter, which is joint work with Diaz, Drusvyatskiy, and Thomas, explores



this question by examining invariant polynomial kernels, a class of symmetric bivariate
functions. In particular, we show that symmetry has a dramatic effect on the rank of these
kernels, becoming independent of the data’s ambient dimension in key examples. We show
that this stabilization is a consequence of a phenomenon from algebraic topology known as
representation stability. In this setting, we construct a minimax optimal regression procedure

for estimating invariant polynomials when data is sampled across dimensions.

1.1.1 Background

A positive semi-definite (PSD) kernel on a real vector space V is a symmetric bivariate
function K : V x V — R that we may think of as a measure of similarity between elements
of V due to a classical theory of Aronszajn [5]. In particular, K(z,y) can be written as an
inner product in some Hilbert space . The rank of K is the minimum value r = dim  of
such a Hilbert space. The rank of K may be infinite, however low rank kernels are desirable
for both statistical and computational reasons. Namely, the classical generalization bound
for ordinary least squares linear regression is known to scale linearly in rank K, and low rank
kernels enable cheap matrix-vector multiplication for faster linear algebraic computations in
applications. Motivated by the prominence of datasets that are invariant under the action of
some group, we define G—invariant kernels. Suppose G acts linearly on V. Then, the kernel
K is G—invariant if for all pairs of points x,y € V and group elements g, h € G, the equality
K(z,y) = K(gz,hy) holds. Note that this is much stronger than being G—translation

invariant, where the equality need only hold when g = h.

1.1.2 Results

Our main result, Theorem 1.1.1, bounds the rank of an invariant kernel by the dimension

of the space of invariant polynomials of a given degree.

Theorem 1.1.1: (Invariant Kernels Have Low Rank)

If K is a G—invariant degree m polynomial kernel on V', then

rank K < dim(R[V]%),

m

where R[V]SG, is the space of G—invariant polynomials on V with degree at most m.

L J

)

In concrete circumstances, combinatorial arguments show that the dimension dim(R[V]%

stabilizes for large values of dim V and thus the rank of K is independent of the ambient di-



mension of the data. Three important examples are permutation invariant kernels, kernels
on unordered sets, and kernels on graphs. We frame this as a consequence of a phenomenon
known as representation stability, first studied in the works [20] and [19]. In short, represen-
tation stability asserts that in certain sequences of group representations, the subspaces of
group invariants become isomorphic to each other. Importantly, these sequences of repre-
sentations have free bases of invariants: collections of sequences of invariant elements that
form bases for each invariant subspace and map to each other via the aforementioned isomo-
prhism. We show that free bases of invariants provide a convenient method for evaluating
invariant kernels on high-dimensional data.

When the dimension dim(R[V]$) stabilizes, a free basis of invariants must exist but
finding a basis that is easy to compute in high dimensions is non-trivial. For example, a
free basis of invariants for the space of degree m symmetric polynomials on V' = R% may be
formed by taking a scaled &;—average of each monomial in R[V],,. However, when d > 10
this is not feasible since finding the G ;—average requires at least doperations. It is generally
unclear how to form free basis of invariants that scale well to high dimensions, but we provide
such bases for both permutation invariant and set-permutation invariant polynomials and
show that these free bases of invariants can be used to efficiently compute invariant kernels
in high dimensions.

In practice, many invariant functions are well-defined regardless of the dimension of the
input data. For instance, set classification tasks are well-defined regardless of the number
of points within each set. Thus, instead of learning one function that accepts inputs in a
specific dimension, we would like to learn a sequence of functions that accept input from all
dimensions. Free bases of invariants provide a framework for studying polynomial regression
where the target is a sequence of invariant functions defined across all dimensions. We show
that a least-squares type estimator is minimax optimal for learning sequences of invariant
polynomials when data is sampled from different dimensions. In particular, this allows us to
learn from data in low dimensions to make inferences about data in much higher dimensions.

The results in this chapter are validated with numerical experiments. First, we illustrate
the efficacy of invariant kernels for learning set classification tasks. We compare the per-
formance of a standard, non-invariant kernel to the performance of an invariant kernel in
several regimes and see that the invariant kernel far outperforms the non-invariant kernel in
each setting. Then, we use our invariant polynomial regression estimator to learn sequences
of symmetric polynomials. After training the estimator in a fixed dimension, the learned

sequence of functions can be used in higher dimensions with small mean percentage error.



1.2 Density Estimation on Rectifiable Sets

Given samples X1,..., X, € RP from some probability distribution P, a natural question
is whether we can estimate the underlying distribution. In particular, given some data, we
would like to know the probability of observing some new, perhaps previously unobserved,
outcome. A popular tool for this is kernel density estimation, a non-parametric density
estimation technique. It is well known that, given appropriate choices of parameters, these
kernel density estimators do converge to the true underlying probability distribution. How-
ever, classical kernel density estimators suffer from the ‘curse of dimensionality’: convergence
is slow in high dimensional spaces. Moreover, when the distribution is supported on low-
dimensional subspaces, the kernel density estimator fails to define a meaningful distribution.
This chapter builds on previous work on density estimation on manifolds to study density
estimation on d—rectifiable sets, a rich class of spaces that includes smooth manifolds, alge-
braic varieties, and semi-algebraic sets as special cases. In particular, we give convergence
guarantees for a modified kernel density estimator and illustrate these theoretical conver-

gence rates with numerical experiments.

1.2.1 Background

Kernel density estimation is a standard non-parametric technique for estimating the density
of an unknown probability distribution on RP. It is powerful since it does not assume that
the underlying distribution has any specific shape, as in parametric methods, and generates
a smooth distribution, which is not possible using techniques such as a histogram. A kernel

density estimator has the form

1 & X, —x
-7 ; K (H - II)
where K is some kernel function and h,, is a user-defined bandwidth parameter. Classical
results of Parzen [79] and Cacoullos [15] show that a kernel density estimator converges to
the true probability density function, but this convergence quickly slows down in high di-
mensions. A common assumption when working with high-dimensional data is the ‘manifold
hypothesis’: although the data lives in a high-dimensional ambient space RP, its intrinsic
dimension d is much lower. In this setting, the classical kernel density estimator does not
define a meaningful probability distribution since it is necessarily supported on the whole

ambient space. Nevertheless, we expect that the convergence guarantees for an appropri-



ately modified kernel density estimator should depend on its intrinsic dimension rather the
ambient dimension of the space it lives in.

Previous work has considered the case where data is assumed to live on a d-dimensional
Riemannian submanifold R” and provided convergence guarantees for a modified kernel
density estimator that mirror the classical convergence rates. However, the assumption of
a Riemannian submanifold is quite strong and does not cover important examples such as
sparse vectors, low rank matrices, or positive semi-definite matrices. This motivates the

study of density estimation on general low-dimensional spaces.

1.2.2 Results

We analyze a modified kernel density estimator on d—rectifiable sets, which can be thought of
as a natural measure-theoretic generalization of d—dimensional submanifolds. In particular,
rectifiable sets have approximate tangent spaces almost everywhere and include algebraic
varieties and semi-algebraic sets as special cases. Our main result establishes convergence

guarantees for this modified kernel density estimator that mirror classical convergence rates.

Theorem 1.2.1: (Density Estimation on Rectifiable Sets)

Let Q C RP be a d—rectifiable set. When bandwidth parameters h,, are chosen appro-
priately, the equality

MSE [p, ()] = O (m) . (1.1)

holds with probability 1, where m is a measure of how well Q) is approximated by its

approximate tangent spaces.

In particular, we see that the convergence of this modified kernel density estimator is
independent of the ambient dimension D and instead depends on the intrinsic dimension
d and how well the space is approximated by its approximate tangent spaces. Numeri-
cal experiments on sparse data confirm these theoretical predictions and demonstrate the

effectiveness of the estimator in high-dimensional settings with low intrinsic dimension.

1.3 Universal Gréobner Bases in Computer Vision

A central problem in computer vision is recovering three-dimensional structure from multi-
ple two-dimensional images. In this setting, multiple cameras take images of an object in
the real world and produce a set of points which satisfy algebraic relationships based on the

configurations of cameras. Understanding these relationships is at the heart of multiview



geometry. When the cameras are given, these relationships form the multiview ideal and
when the cameras are unknown, the relationships are captured by the universal multiview
ideal. These ideals encode all of the polynomial constraints that images must satisfy and
while the polynomials themselves may change with different choices of cameras, their over-
arching structure is determined only by the number of cameras. In this chapter, which is
joint work with Duff and Thomas [28], we show that a well-known family of polynomials,
that have intrinsic geometric meaning, form a universal Grébner basis of both the multiview
and universal multiview ideals associated to one point and any number of cameras. This
proof relies on a recent combinatorial criterion, symmetry reduction, and induction on the
number of cameras, demonstrating how combinatorial and algebraic structure can aid in the

understanding of increasingly high-dimensional problems.

1.3.1 Background

In multiview geometry, the standard model of a pinhole (projective) camera is a surjective
linear map P? --» P? which is represented up to scale by a 3 x 4 matrix A of full rank. The
camera maps a world point ¢ € P? to its image point Aq € P2. Given a generic configuration
of n cameras, represented by the matrices A, ..., A,,, the multiview variety of (A, ..., A,)
is the closure in (P?)" of the image of the rational map ¢ + (A;q,...,A,q). This is an
irreducible variety containing the n-tuples of images of world points ¢ € P3. The multiview
ideal associated to cameras (A, ..., 4,,) is the vanishing ideal of the multiview variety. A
natural extension of the multiview ideal is the universal multiview ideal, where the cameras
themselves are treated as indeterminates. Although the multiview ideal varies depending
on the choice of cameras, the underlying combinatorial and algebraic structure is governed
only by the number of cameras, thus we view multiview and universal multiview ideals as a

nested sequence of ideals indexed by n.

1.3.2 Results

The main result of this chapter is that the set of bi-, tri-, and quadrifocals, a well known
family of polynomials that are maximal minors of certain matrices, is a universal Grobner
basis for both the multiview and universal multiview ideals associated to one point and any
number of pinhole cameras. This recovers a known result for multiview ideals from [2] and

answers a previously open question from [1].



Theorem 1.3.1: (Universal Grébner Bases of Multiview Ideals)

The set of bi-, tri-, and quadrifocals form a universal Grobner basis for the multiview

and universal multiview ideals associated to n pinhole cameras.

The main tool used to prove this is a recent result from [43] that presents a criterion
for a family of squarefree polynomials being a universal Grobner basis of a fixed ideal. This
relies on the construction of an abstract simplicial complex whose nonfaces are generated
by the supports of the candidate polynomials. In order to apply the criterion to our infinite
sequences of multiview and universal multiview ideals, we rely on combinatorics, symmetry
reduction, and induction. In particular, we directly apply the criterion in the base case

where n = 4 and induct on n to prove our main result.

1.4 Visualizing Data with Tree-SNE

Large sets of high-dimensional data are becoming increasingly prominent across the applied
sciences and so it is necessary to develop tools that can be used for their analysis and vi-
sualisation. The visualisation problem poses a unique challenge: even if a high-dimensional
dataset is intrinsically close to, for example, a 5-dimensional submanifold (the manifold
hypothesis), embedding five dimensions into 2- or even 3-dimensional space poses a consid-
erable challenge. One popular dimensionality reduction technique is t-distributed stochastic
neighbour embedding (t-SNE), which aims to group the data into clusters. A typical use
case for t-SNE is the creation of a 2-dimensional embedding to aid with the identification
of clusters in the data. This chapter explores a hierarchical variant of t-SNE known as tree-
SNE that was introduced in [83] and proves that the visualizations generated by tree-SNE

have continuous structure.

1.4.1 Background

First introduced in [62], t-SNE is a non-linear dimensionality reduction technique that aims
to preserve local structures in high-dimensional datasets. To create a low-dimensional em-
bedding, the t-SNE method assigns a probability distribution to high-dimensional datapoints
and a separate distribution to a set of points in a low-dimensional space. The t-SNE em-
bedding is the set of points that minimizes the KL-divergence of these two distributions. As
part of a broader class of attraction-repulsion methods, low-dimensional points that repre-
sent similar high-dimensional datapoints are attracted to each other while simultaneously

repelling every other point. As a result, clusters appear in the low-dimensional embedding.



Although often treated as a static problem, clustering should be viewed as a dynamic
problem with a hierarchical structure. Thus, in order for a clustering to be meaningful, an
appropriate scale or granularity must be chosen. However, the granularity of clusters that
appear in t-SNE embeddings is fixed. Previous work demonstrated that a one-parameter
family of kernels can be exploited to produce t-SNE-type embeddings with varying granu-
larity [52], but it is not clear how to choose an appropriate kernel a priori. Motivated by
this, tree-SNE was introduced in [83]. The central idea is to produce a series of t-SNE em-
beddings that reveal clusters with finer and finer granularity. We begin with generating an
ordinary t-SNE embedding of the data. Then, additional layers are generated by changing
the parameter in the kernel and optimizing a certain loss function. Each embedding forms
a layer of the tree-SNE embedding and the points in each layer can be interpolated to plot

smooth trajectories of each of the data points. This process is illustrated in Figure 1.1.

Granularity
\

Figure 1.1: A tree-SNE embedding is generated from a series of t-SNE embeddings that
reveal clusters with increasing granularity. These embeddings are then interpolated.

The resulting tree-SNE embedding has a continuous, tree-like structure. At the bottom
of the tree there is a small number of large clusters, whereas at the top of the tree there is
a much larger number of smaller clusters. The idea is that the branching we see within the
embedding demonstrates the hierarchical structure of clusterings with different granularities.
The large clusters at the bottom of the tree form the ‘main branches’ of the embedding that
we hope correspond to macro-clusters within the data. The smaller clusters that appear
higher up the tree form ‘subbranches’ that we hope correspond to meaningful subclusters

within the data.



1.4.2 Results

The main result of this chapter concerns the continuous structure of tree-SNE embeddings.
In particular, we show that continuous variation of the kernel parameter leads to continu-
ous deformation of a t-SNE embedding. This means that when an appropriate sequence of
parameters is chosen, the trajectories of points across different layers of a tree-SNE embed-
ding are smooth. In particular, since previous work has observed that decreasing degrees of
freedom increases granularity in clusters, this implies that the tree-SNE method will yield

an embedding with a smooth tree-like structure.

Theorem 1.4.1: (The Tree-SNE Tree Exists)

Suppose (Yy,-..,y,,) is a t-SNE embedding with parameter o, Under mild conditions,
for each o in some neighbourhood of « there is a t-SNE embedding (y1,...,y,,) in a

neighbourhood of (yq, ..., y,,)-

The ‘mild conditions’ referred to in this theorem relate to the smoothness of a certain
function and the rank of its Hessian. These conditions are necessary, but are not restrictive.
Indeed, these conditions are satisfied by generic datasets and initializations with reasonably
chosen parameters.

We also demonstrate that tree-SNE embeddings capture meaningful structures in data
by applying the method to the MNIST dataset and two natural language datasets from the
HathuTrust library. In each example, we produce a tree-SNE embedding and analyse the
large clusters that appear at the root of the tree and their trajectories as the layers of the
embedding increase. We find that meaningful hierarchical structures are indeed revealed
within the data, which suggests that tree-SNE is a useful tool for visually exploring both

macro- and micro-level structures within high-dimensional datasets.
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Chapter 2
INVARIANT KERNELS

This chapter, which is the content of the paper [26], is joint work with Diaz, Drusvyatskiy,
and Thomas, and concerns the problem of learning under symmetries. Symmetry arises often
when learning from high dimensional data. For example, data sets consisting of point clouds,
graphs, and unordered sets appear routinely in contemporary applications, and exhibit rich
underlying symmetries. Understanding the benefits of symmetry on the statistical and
numerical efficiency of learning algorithms is an active area of research. In this chapter, we
show that symmetry has a pronounced impact on the rank of kernel matrices. Specifically,
we compute the rank of a polynomial kernel of fixed degree that is invariant under various
groups acting independently on its two arguments. In concrete circumstances, including
the three aforementioned examples, symmetry dramatically decreases the rank making it
independent of the data dimension. We show that a simple regression procedure is minimax
optimal for estimating an invariant polynomial from finitely many samples drawn across

different dimensions. We conclude with numerical experiments that support our findings.

2.1 Introduction

Contemporary applications in the domain sciences and engineering often involve data sets
that are invariant under some problem-specific group action. For example, graph properties
are invariant under relabeling of vertices, point clouds are invariant under orthogonal trans-
formations, unordered sets are invariant under permutations, and so forth. Estimation and
inference with such data sets can benefit from taking invariance into account. In practice,
one often explicitly hard-codes invariances into the architecture of the function class. High-
impact examples of invariant architectures include DeepSets [108] for sets, Convolutional
Neural Networks for images [53], PointNet [81, 82] and tensor field Neural Networks [101]
for point clouds, and Graph Neural Networks [89] for graphs. A key question in this line
of work therefore is to understand how group invariance of the data benefits both com-
putation and sample efficiency of learning. A number of recent papers [100, 12, 68] have
focused on kernel methods, showing that group invariance improves the standard sample

complexity bounds by effectively scaling the dimension of the problem’s data by the size of
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the group. Our work is largely complementary to this effort. We show that incorporating
invariance can significantly decrease the rank of polynomial kernels, which is beneficial both
for computation and inference in practice.

Setting the stage, a kernel K: V xV — R on a set Vis a symmetric bivariate function.
Throughout, we will assume that V is a finite-dimensional vector space; e.g. V = R? or
V = R4, The primary use of kernels in applications is to measure pairwise similarity
between points zq, ..., 7, € Vvia the matrix K = [K(z;,7,)]; j_1, .- A kernel K admits a

J
rank-r factorization if it can be written as

K(z,z") = {p(x),(x)) Ve, 2" eV, (2.1)

for some maps ¢,¥: V — R". The rank of K, denoted rank K, is the minimal such r.

Low-rank kernels are desirable both for computational and statistical reasons. A low
rank-factorization K = AB' enables cheap matrix vector products and therefore faster lin-
ear algebraic computations. Moreover, state-of-the-art kernel system solvers are based on
forming low-rank approximations of kernel matrices to use as preconditioners; e.g. RPC-
holesky [17, 27], random Fourier Features [7, 25], EigenPro [60, 61], and Falcon [67, 66]. From
a statistical perspective, the classical generalization bound for the ordinary least squares es-
timator for linear regression y = (p(z), %) +¢ scales as O(o? rank(K)/n) (e.g. [104, Exercise
13.2]); therefore rank K serves as the intrinsic dimension of the problem.

In this chapter, we focus on polynomial kernels of a fixed degree m. By this we mean that
K (z,y) is a polynomial of degree m in each of the arguments x and y. We emphasize that we
will regard m as being a fixed constant throughout. The reader should think of m as being
relatively small while the dimension of the data d and the number of data points n are large.
A baseline example to keep in mind is the standard polynomial kernel K (x,y) = (1+xzy)™
on R? which can be realized by the feature maps ¢ = v that evaluate all monomials x® with
|a| < m. In particular, K has rank Z;”:O (d+§71) = d™ (ignoring constants in m).

We investigate the impact of symmetry on the kernel rank. Namely, given a group G

acting on V, we say that K is G-invariant if the following equality holds:"

K(gz,g'z") = K(z,z") Ve, 2’ €V, g,9 € G. (2.2)

G —invariance should be contrasted with the much weaker property of G—translation invariance, which
stipulates that (2.2) holds only with g = g’. In contrast to G—invariant kernels, the rank of G—translation
invariant kernels is usually high.
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In particular, if G is a finite group then any kernel induces a G-invariant kernel by averaging;
see Section 2.2.1 for details. We investigate the rank of G-invariant kernels of degree m on
a d-dimensional vector space V, which should always be compared to the rank d" of the

standard polynomial kernel. Our contributions are as follows:

We will see that in a number of important settings the rank of G-invariant kernels is
independent of the ambient dimension d and derive consequences for sample efficiency

of learning G-invariant polynomials when data is sampled across different dimensions.

2.1.1 Summary of results

Much of our computations stem from the following elementary observation. The rank of any

G-invariant degree m kernel K on a vector space V can be upper-bounded as

rank K < dim(R[V]$) (2.3)
where R[V],,, denotes the vector space of polynomials on V of degree at most m and R[V]S

the G-invariant subspace. So, bounding the rank of K is reduced to bounding the dimension
of R[V]¢ —a well-studied object in combinatorics [97] and representation theory [92].

We next describe some concrete examples where group invariance yields a rank reduction.
The explicit bounds rely on so-called integer partitions. A partition of an integer j, denoted
a b j, is a sequence oy > ay > ... of strictly positive integers (called parts) summing to j.

The symbol p(j) will denote the number of integer partitions of j.

Permutation Invariant Functions For our first example, we focus on functions on
V = R? that are invariant under the symmetric group &, acting via coordinate permutations.
Common examples are coordinate sums, products, and functions of symmetric polynomials.
It follows from well-known results—see, for example, [34]—that the dimension dim(R[V]5
of the space of G -invariant polynomials is given by a quantity that only depends on the

degree m of the polynomials and not on the dimension d of V.

Example 2.1.1: (Permutations)

In the setting d > m, the quantity dim(R[V]m?) is independent of dim V and satisfies:

dm(®RVIS) =S (). (2.4)

J=0
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We stress that the bound (2.4) depends only on m and is at most exp(my/2m/3) by the
Hardy-Ramanujan asymptotic formula [40]. Concretely, for m = 1, ..., 10, we may compute
Z;iop(j) yielding the bounds 2,4, 7,12, 19, 30,45,67,97, and 139, respectively.

Set-permutation Invariant Functions. The next example considers invariances that
are typically exhibited when each data point is itself a set of vectors. Such problems
appear routinely in practice; see for example the influential work [108]. Specifically, let
S = {wy,...,x,4} be a set of d points x; € R¥. In applications, z; may denote the rows of a
table S; as such, the number of rows d is large, while each row z; lies in a low-dimensional
space R¥. Clearly, S can be represented by a matrix X € R¥* having x; as its rows. For any
permutation matrix P € R¥9 the matrices PX and X have the same rows in a different
order and therefore, the two matrices represent the same set. Thus we will be interested in
kernels on V' = R?¥ that are invariant under the action of &, by permuting rows. Existing
results, such as those in [32, 96, 105], imply that dim(lR[V]S{i) is bounded by a quantity
independent of the dimension. We provide a simple combinatorial argument to explicitly

calculate the value of this dimension, summarized in the following example.

Example 2.1.2: (Set-permutations)

When d > m, the quantity dim([R[V]SLd) is independent of dim V and satisfies:

dim(®VIS) = SN ] (Wz_l) el 1) ,

7=0 atj i=1 pi(e)

where p(a) is the vector of the multiplicities of parts of c.

Although the bound might look cumbersome, it can be easily computed for small values of
m and k, and most importantly, this bound is independent of d. Using the Hardy-Ramanujan
asymptotic formula , the bound in Theorem 2.1.2 grows at most as exp(m/2m/3)- (k—1)™F.

Functions on Graphs. Many problems arising in applications involve data in the form of
weighted graphs. Recall that all weighted graphs on d vertices can be uniquely represented
by its d x d adjacency matrix which is invariant up to simultaneous permutation of rows and
columns since the labeling of a graph’s vertices is arbitrary. It follows that any function of
graphs that takes adjacency matrices as input should be invariant under the action of G, by
conjugation. Let V consist of all symmetric d X d matrices. Clearly, all adjacency matrices

of simple graphs on d vertices are contained in V. Existing results, such as those contained
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in the OEIS sequence [31], imply that the dimension dim(R[V]5¢) is bounded by a quantity
independent of d. We prove an alternative upper bound for dim([R[V]sid) and show that the
dimension dim(R[V]¢) stabilizes for all d > 2m.

Example 2.1.3: (Graphs)

In the setting d > 2m, the quantity dim([R[V]SLd) is independent of dim V and satisfies:

am®VISH <33 a,

=0 od2j

where q,, is the number of non-negative integer symmetric matrices with row sum .

We are not aware of any procedure to compute g, exactly. It can be upper bounded, how-
ever, by relaxing the symmetry assumption and stipulating that the row sums and columns
sums are « and using the recursive procedure in [72]. A straightforward upper bound ob-
tained by relaxing the symmetry assumption is 2m - exp(my/m/12) - (m — 1)2mk (2m)mm=1),

Functions on Point Clouds Problems in fields such as computer vision and robotics
often involve data in the form of point clouds, i.e. sets of vectors S = {zy,...,x,} C RF.
Clearly, we may store a point cloud as a matrix X € R?** having z, as its rows. Point clouds
are invariant under the relabeling of points in the cloud, as well as simultaneous orthogonal
transformations. Let G be the group of these symmetries acting on matrices X € R¥**. The
G
)

m)

Example 2.1.4: (Point clouds)

In the regime d > 2m, the quantity dim(R[V]%) is independent of dim V and satisfies:

m

following result gives a dimension-independent upper bound on dim(R[V]

m/2

dm®RVIG) <D Y da

=0 a2

where q,, is the number of non-negative integer symmetric matrices with row sum .

A Monte Carlo rank estimator Computing the dimension of invariants, as in the afore-
mentioned examples, typically reduces to tedious combinatorial arguments. We now describe
an alternative approach, which allows one to estimate the dimension of the invariants simply

by sampling elements of the group. The statement of the theorem requires some further no-
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tation, which we outline now; see Section 2.3.1 for details. When G is a finite group acting
on V; the symbol E [] will mean expectation with respect to the uniform measure on G. For
any integer k, the symbol C;(k) denotes the set of all weak compositions of k into d parts
and 7n(a) denotes the product of the factorials of the multiplicities of non-negative entries
in . The symbols ), (g) denote the eigenvalues of g € G represented as a matrix, while g[a]

and per g[a] denote the submatrix of g indexed by « and its permanent.

Theorem 2.1.5: (Calculating the rank)

Let G be a finite group acting linearly on a d-dimensional vector space V. Then,

@)=, 35 3 T[] g, |3 5 el

J=0 aeCy(j) i= J=0 aeCy(j

(2.5)

Although the first equation in (2.5) looks complicated, it is not very difficult to compute
the terms inside the expectation since the degree m is assumed to be small. Consequently,
even when the group G is very large one may estimate dim(R[V]¢) by drawing iid samples
from G and replacing E, by an imperical average. The downside of the expression is that
one needs to compute eigenvalues \;(g) of a d x d matrix. The second equality in (2.5)
provides an alternative, wherein one instead needs to only compute the permanent of small
submatrices of g whose columns and rows are indexed by the weak composition «. Since
« is a composition of at most m, each submatrix is at most m x m. Again, even when the

group G is very large one may estimate dim(R[V]%) by using an empirical average.

Connection to representation stability The stabilization of the dimension of fixed-
degree invariant polynomials is not merely coincidental, but rather a consequence of a
broader phenomenon known as representation stability [20, 19]. To elucidate this con-
nection, consider a sequence of nested groups {G;}scn (e.g8., G4 = S,) acting on a se-
quence of vector spaces {W,} e, of increasing dimension that embed isometrically into
each other W; <= W, ., (e.g., W; = R[Vy],,). Representation stability asserts that if
these sequences satisfy certain algebraic relationships, then the subspaces of invariants
Wf ‘={we W, | g w=wVg € G;} become isomorphic to each other. The follow-
ing result, which can also be deduced from the more general categorical framework in [56],

is presented here via direct and elementary arguments.



16

Theorem 2.1.6: (Polynomial basis across dimensions)

Let {G;} gen and {V;} 4en be any of the sequences of groups and vector spaces considered
in Examples 2.1.1-2.1.J and define W, := R[V,],,,. Then, for each example, there exist
r € N and invariant polynomials {f{d), ey fﬁd> (S Wfd e such that

€

1. (Basis) For all large d, the polynomials ffd), ey ,gd) form a basis of Wde.

2. (Consistency) The basis elements project onto each other:

Projy, (fl-(dﬂ)) =1 foralli€[r] and d € N.

A sequence of polynomials satisfying these two properties is called a free basis. The

existence of a free basis enables us to encode a sequence of “consistent” invariant polynomials

{pd@:) =3 o <x>}

d

using only finitely many parameters «;,...,,. Here, consistency means that polynomi-

-
als with different numbers of variables yield matching outputs when evaluated on low-
dimensional inputs. We refer to such dimension-independent polynomial sequences as free
polynomials. Common examples of free polynomials include the ¢5-norm squared of a vector
and the trace of a symmetric matrix, with many more appearing in optimization, signal pro-
cessing, and particle systems [56]. The finite parameterizability of free polynomials makes

them a powerful tool for computation and statistical inference across dimensions.

Computing invariant bases and kernels Although the bounds in Examples 2.1.1-2.1.4
ensure that the rank of an invariant kernel is independent of its data dimension, it is not
always the case that invariant kernels can be efficiently computed in high dimensions. Typ-
ical kernels used in applications, such as the Gaussian and standard polynomial kernels, are
compactly expressible using inner products or vector norms and are therefore efficient to
compute. Our next contribution is to show in two important cases how invariant kernels
and free polynomial bases can be computed efficiently.

Free basis of invariant polynomials allows us to develop a procedure for evaluating in-
variant kernels. Let {V,},c, & sequence of vector spaces acted on by a sequence of groups
{G }gen- Suppose that K; : V; x V; — R is a G —invariant kernel of degree m and
{ f{d), I fr(d)}dEN form a free basis of invariants for {R[Vd]gd}deN. We begin by showing
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that the invariant kernel K; can be written as a symmetric bilinear form:
K(z,y) = F(x)' CF(y)

for all z,y € V,, where F(z) = [f£d> () .. f,gd) (a;)]T The matrix C is unique and is
independent of the dimension d for all d > m.

For each sequence of vector spaces in Examples 2.1.1-2.1.4, a free basis of invariants can
be formed by calculating the & ;—average of each monomial in R[V,],,,. However, the number
of operations required to evaluate each average is at least |S,| = d!, which is not feasible
for large values of d. Generally, it is unclear how to form free bases that can be computed
with a numerical effort that is polynomial in dimension d. With this in mind, we show that
there are efficiently computable free bases for permutation and set-permutation invariant
polynomials. We show that elementary symmetric polynomials indexed by partitions and
polarized elementary symmetric polynomials indexed by vector partitions form free bases in
these two cases, respectively. With these bases, we obtain bounds on the complexity of

evaluating these invariant kernels that scale linearly in the dimension d.

Theorem 2.1.7: (Computing S -invariant kernels for vectors and sets)

1. Let K : R? x R* — R be a permutation invariant polynomial kernel of degree m.
Assume that one has access to a matriz C such that K(z,y) = E,,(2)"CE,, (y)
for all choices of x,y € R%, where E, (x) is the vector of elementary symmetric
polynomials indexed by partitions of degree at most m. Then, K(x,y) can be

evaluated using
O (md + mexp ( 2m/3)>

floating point operations.

2. Let K : R¥™F x R™F & R be a set-permutation invariant polynomial kernel
of degree m. Assume that one has access to a matriz C such that K(z,y) =
P.(z)'CP, (y) for all choices of x,y € R¥>* where P, (x) is the vector of
polarized elementary symmetric polynomials indexed by partitions of degree at

most m. Then, K(x,y) can be evaluated using

0 (mexp (2\/2m/3) CR2mE d:;—?)

floating point operations.
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The proof of Theorem 2.1.7 amounts to determining the complexity of evaluating the
relevant basis of invariant polynomials (see Propositions 2.7.4 and 2.7.10), and so similar
statements could be made for other groups given a set of efficiently computable free bases.
However, although efficient computation of invariant kernels is intertwined with the efficient
computation of invariant bases, the two problems are distinct. So, while invariant polyno-
mial bases provide one method of computing invariant kernels in high dimensions, invariant
kernels may be computed without explicitly evaluating the relevant basis. For example, in
Mlustration 9, we give an example of set-permutation invariant kernel that can be evaluated

efficiently without evaluating the basis of polarized elementary symmetric polynomials.

Generalization of invariant polynomial regression across dimensions As our final
contribution, we leverage the existence of the basis prescribed by Theorem 2.1.6 to study
polynomial regression problems where we aim to learn a sequence of fixed-degree invariant
polynomials. Formally, we wish to recover a free polynomial”> — parameterized by a* € RF
via p*(x) = Zle af f;(x) with fq,..., f, a basis of [R[Vd]gﬁ — from a set of noisy input-
output pairs (x;,y;) where y, = p*(z;) + ¢; with the &’s drawn i.i.d. with mean-zero and
bounded variance. Importantly, the feature vectors x might have different dimensions. We

propose a least-squares-type estimator of the latent parameter via

2
R 1 & k
Q = argmin o Z (Z afi(z;) — yz> , (2.6)
=1 \j=1

note that the basis elements f) are different depending on the dimension of their input.

Theorem 2.1.8: (Minimax optimality across dimensions - Informal)

Fiz a sequence of polynomials {p; € R[V,]%¢} parameterized by o € RF, a
training set of input-output pairs S = {(x1,y1),...,(x1,y,)} and a test set T =
{(z1,91), - ()., yr,)} with the feature vectors in potentially different dimensions.
Then, the estimator & in (2.6), trained with S, yields a the sequence of invariant

polynomials

k
{ﬁd = Z&kfiid) = [R[Vd]Gd}
=1

that is minimaz optimal with respect to the excess risk defined by any test set T'.

2We drop the index d as it can be inferred from the dimension of the input x.
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Outline. The outline of the rest of the chapter is as follows. The remainder of this
section overviews the related literature. Section 2.2 provides the relevant background on
invariant polynomial kernels and proves our main Theorem 2.2.7. Section 2.3 verifies each
of the Examples 2.1.1, 2.1.2, 2.1.3, and 2.1.4. Section 2.4 overviews basic representation and
character theory and proves Theorem 2.1.5. The next three sections concern connections to
representation stability and generalization across dimensions: Section 2.5 gives a background
on representation stability, Section 2.6 discusses polynomial regression across dimensions
and provides minimax optimal bounds for excess risk, and Section 2.7 provides efficient
methods for computing permutation and set-permutation invariant kernels. Finally, Section
2.8 details three numerical experiments that support the theory in this chapter. Proofs from

Section 2.2 and Section 2.6 are given in Appendix A.1 and Appendix A.2 respectively.

2.1.2 Related literature

A number of works have examined the gain achieved by learning with invariant kernels.
Approximation and generalization gain in invariant methods. Mei, Misiakiewicz, and
Montanari [68] characterized the gain in both approximation and generalization error of
certain invariant random feature and kernel methods. In particular, the assumed target
functions are invariant under the action of some subgroup of the orthogonal group and that
data is uniformly sampled from either a d—dimensional sphere of radius vd or a d—dimen-
sional hypercube. In both the under- and overparametrized regimes, they showed that the
gain from learning under invariances with kernel ridge regression is d* for some parameter
«a that is dependent on the group of invariances. Several groups, such as both one and
two-dimensional cyclic groups, satsify a = 1 yielding a linear gain in the dimension.
Sample complexity and generalization bounds under invariances. Both [100] and [12]
discussed the gain in sample complexity and prove generalization bounds for kernel ridge
regression when learning under invariances. The paper [12] studied invariances under iso-
metric actions of finite permutation groups on the sphere and [100] presented similar results
for arbitrary Lie group actions on arbitrary compact manifolds, a much more general class
of problems. In both works the statistical properties of the KRR estimator are controlled by
the decay of the eigenvalues of certain operators. In [100], the eigenvalues of the Laplace-
Beltrami operator are controlled and in [12] the eigenvalues of the covariance operator are
controlled. A key tool used in both of these works is counting the dimensions of various
classes of invariant functions: in [12], the proofs rely on comparing the dimensions of invari-

ant and non-invariant spherical harmonics at varying degrees, and in [100] the arguments
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utilize a dimension counting theorem for functions on the quotient space M /G where M is a
compact manifold and G a Lie group. Though we are interested in a different question than
in [12, 100], we use a similar strategy of determining the dimensions of invariant function
spaces. Our work focuses on spaces of polynomials and in many of our concrete examples,
elementary combinatorial arguments can be used to explicitly count and bound the dimen-
sions of invariant polynomial spaces without being restricted to finite group actions on the
sphere as in [12] or having to calculate volumes and dimensions of quotient spaces as in
[100]. In our examples, there is no dependence on the dimension of the data; instead, our
results depend on the degree of the polynomials being considered.

Generalization gain of invariant predictors. The work [30] also discussed the benefit of
invariances, though a different approach to enforcing invariance is taken. While our work,
as well as the previously discussed works, consider kernels that are themselves assumed to
be invariant under the action of some group, [30] considered predictors that arise via normal
KRR and are then averaged over a group to form an invariant function. For a given RKHS
H, the action of a group G induces the decomposition H = H & K | where H is the
subspace of H consisting of all G—invariant functions. The so-called generalization gap of
the squared error loss between a predictor and its projection onto the invariant subspace H
scales with the effective dimension of J¢ |, which is calculated in terms of the eigenvalues
of the integral operator mapping the space of square-integrable functions to /. From this
result, it is clear that having strong upper bounds on the dimension of invariant function
spaces is important for understanding the benefit of learning with invariances in the worst
case. Unlike [68, 12, 100], the generalization benefits in [30] do not depend on properties
of the underlying data distribution and are instead focused on the underlying structure of
kernels, which is also the case for our work.

Kernels with finite rank. The previous works examine the role of invariance in decreasing
the generalization error of kernel methods. This is different from our guiding question of
how exploiting invariances can lead to a decrease in the rank of a kernel. The recent work
[18] considers the generalization error of kernel ridge regression for kernels of finite rank. In
particular, the authors proved sharp upper and lower bounds on the test error showed that
variance is bounded linearly in the rank of the kernel. This suggests that low-rank kernels,
such as those that arise from exploiting invariance, could be less prone to over-fitting data.

Permutation invariant kernels. The work [36] defined argumentwise invariant kernels,
which coincides with our notion of an invariant kernel, and discussed the use of these kernels

for modeling invariant functions via Kriging, also known as Gaussian process regression.
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The authors showed that the use of argumentwise invariant kernels led to invariant paths in
conditional simulations as well as the invariance of the Kriging mean and variances functions.
This work was built upon in [35], where the authors dsicussed argumentwise degeneracy of
kernels and studied pathwise invariances of random fields. The focus of our work is different:
while our notion of invariant and argumentwise invariant kernels overlap, we are concerned
with how invariance affects the rank of kernels and leads to stabilization. Furthermore,
the authors of [36] compute invariant kernels by averaging kernels over a group and so
their methods do not scale well to high dimensional data, whereas we provide methods for
computing certain &, —invariant kernels in high dimensions.

The paper [49] defined antisymmetric and symmetric kernels on R?, with their notion of
symmetric kernels coinciding with our definition of & —invariant kernels. These antisym-
metric and symmetric kernels were applied to problems in quantum chemistry and physics
to exploit known symmetries in data. The authors showed that the degree of the feature
space generated by an G, —invariant polynomial kernel of degree m is bounded by the sum
Z;n: 0 p(7), which is comparable to our Example 2.1.1. However, in our verification of Exam-
ple 2.1.1, we show that this is a special case of our main theorem, Theorem 2.2.7. While there
is some overlap between our results and the work in [49], our arguments generalize to a much
wider class of groups. Moreover, the authors of [49] relied on either averaging kernels over
the whole group &, and/or evaluating large number of hyperpermanents to compute the
value of &, —invariant kernels. This becomes infeasible for high dimensional problems since
the size of the permutation group is exponential in the dimension. In contrast, we utilize
the theory of symmetric polynomials to provide efficient methods of computing & ;-invariant
kernels for large values of d.

Representation stability and generalization across dimensions. Originally introduced in
algebraic topology [20, 19], representation stability has since been applied to study limits of
several mathematical objects [87, 88, 86, 22, 3]. Closer to our setting, [56] used representation
stability to parameterize sequences of convex sets of increasing dimension, and [57] employed
it to design equivariant neural networks that accommodate inputs of arbitrary dimension. To
our knowledge, no generalization bounds across dimensions have been established. However,
in the context of Graph Neural Networks (GNNs) [37, 70, 14, 107], there has been noteworthy
progress on the related notion of transferability. GNNs can handle graphs of arbitrary size
and as these graphs increase in size, converging to a graphon, the question of whether GNN
outputs also converge arises. Recent results [85, 64] show that they do, ensuring that the

outputs on “related” graphs of different sizes remain close to one another.
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2.2 Polynomial kernels and their rank

We begin by recording some background on kernels, following the standard texts on the
subject [91, 93]. To this end, let V be a finite-dimensional vector space with a fixed basis.
A kernel K: V x V — R is any symmetric function of its two arguments. The main use
of kernels in applications is to measure pairwise similarity between data points z,,...,z,, €

17 J
semidefinite (PSD) if the matrix K is positive semidefinite for any data points. Typical

V via the n x n symmetric matrix K = [K(z;,2;)]7;.;. The kernel K is called positive

examples of PSD kernels on R? are the polynomial kernel K (z,y) = (14 z"y)™, the Taylor
features kernel K(z,y) = exp(—(|z|? + |y|?)/202) - .7 &80 and the Gaussian kernel

j=1 o251

K(z,y) = exp(—|x — y|?/20?), where o is some fixed bandwidth parameter.
A kernel K is said to admit a rank r-factorization if there exist maps ¢, ¥: V —

R"—called feature maps—satisfying

K(z,y) = (o(x),d(y))  Vo,yeV.

The rank of K, denoted rank K, is the minimal r such that K admits a rank r-factorization.

Importantly, the rank of K upper-bounds the rank of the corresponding kernel matrix:

rank K < rank K.

2.2.1 Group invariance and symmetrization.

We will be interested in the interplay between kernel rank and group invariance. Namely,
let G be a group acting on V. A kernel K on V'is called G-invariant if the following equality
holds:

K(gxz,hy) = K(x,y) Ve,y eV, g,he€q. (2.7)

Notice that in (2.7), the group G acts independently on the two coordinates x and y. This
should be contrasted with the much weaker property of G-translation invariance, which
stipulates that (2.7) holds only with h = ¢g. Importantly, G-invariant kernels are well-defined
on the orbit space V /G, i.e., the set of orbits of V under the action of G.

Any kernel can be symmetrized with respect to any finite group G simply by averaging:

K*(z,y) = @p > K(gz,hy).
g,heG
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The analogous construction for infinite groups requires averaging with respect to a transla-

tion invariant measure on G, called the Haar measure. The precise formalism is as follows.

Assumption 2.2.1 (Haar measure). Suppose that G is a compact Hausdorff topological
group, equipped with the Borel o-algebra and the right Haar measure p normalized to satisfy

u(G) = 1. Suppose moreover that G acts continuously on V.

To shorten the notation, we will use the symbol E, to mean expectation with respect
to the Haar measure g on G. A key property of the Haar measure is the invariance
E,¢(gh) = E,¢(h) for any measurable function ¢ and group element h € G. In particu-

lar, any continuous function f yields the G-invariant symmetrization
F(@) = E flga).
Similarly, any continuous kernel K on V yields the new G-invariant kernel by averaging
K*(z,y) == E Klga, hy).

The following lemma is standard; we provide a short proof in Section A.1.1.
Lemma 2.2.2. The kernel K* is G-invariant. Moreover, if K is PSD then so is K*.

The main thrust of our work is to show that the rank of the symmetrized kernel K* is

often much smaller than the rank of K.

2.2.2  Invariant polynomials and kernel rank

In the rest of this chapter, we focus on kernels that are polynomials of a fixed degree. To be
precise, let R[V],, be the vector space of all polynomials over V with total degree at most
m. Any linear action of a group G on V promotes to a linear action of G on the polynomial
ring R[V],, by

(9- @) = f(g~ ).

The symbol R[V]¢ will denote the set of G-invariant polynomials f € R[V],,, meaning
flgx) = f(x) VeeV, ged.

The dimension of R[V]S, a linear subspace of R[V],,, will play a key role in this chapter.
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Definition 2.2.3 (Polynomial kernel). A kernel K: V x V' — R is a polynomial kernel if
K (z,y) is a polynomial for all z,y € V. The degree of K(z,y) is its maximal degree in x (or
equivalently in y, by symmetry).

Assumption 2.2.4. We fix the following setting.
A.1 The function K is a degree m polynomial kernel on V.
A.2 The group G acts on V satisfying Assumption 2.2.1.
A.3 The set of polynomials {f;, ..., fy} forms a basis of the vector space R[V],),.

It will be convenient to express K as a bilinear form with respect to the basis {f;}¥,—the

content of the following standard lemma. A short proof can be found in Section A.1.2.

Lemma 2.2.5 (Bilinear form). Suppose that Assumption 2.2./ holds. Then there exists a

unique matriz C € RN*N | which is necessarily symmetric, such that for all z,y € V, it holds:

K(x,y)=F(z)"-C- F(y), (2.8)
K*(z,y) = F*(x)" - C- F*(y), (2.9)

where we set F(z) = [f(x), ..., fx(2)]" and F*(z) = [f{ (), ..., fa(2)].

Conveniently, the rank of the matrix C in equation (2.8) coincides with the rank of K; the

following lemma is proved in [4, Proposition 3.6] and [4, Corollary 3.8] in greater generality.

Lemma 2.2.6 (Exact rank formula). Suppose Assumption 2.2.J holds. Fiz a matriz C
satisfying (2.8). Then rank K = rank C. Moreover, there exist polynomial maps ¢, ¥: V —
Rk K satisfying K(x,y) = (p(x),¥(y)) for all z,y € V. In addition, K is PSD if and only
if C is PSD, and then we can set ) = .

The following is the main theorem of the section, and it verifies the estimate (2.3). It
shows that we may upper bound the rank of a polynomial kernel by the dimension of the

vector space R[V]¢ | consisting of G-invariant polynomials of degree at most m.

Theorem 2.2.7 (Rank and polynomial invariants). Suppose Assumption 2.2.) is satisfied.
Then, the following inequalities hold:

rank K < dim (span{fj, ..., fx}) = dim(R[V]$). (2.10)
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Note that dim (span{fj,..., fx'}) is upper bounded by |{f},..., fx}|, the number of dis-

tinct symmetrizations of the basis elements f;, ..., fy. While it is not true in general that the
G

) (see Illustra-

number of G—symmetrizations of basis elements coincides with dim(R[V]
tion 1), the two quantities do agree for permutation groups applied to the monomial basis,
and so for our examples, it suffices to count the orbits of monomials under the relevant

permutation actions. This is the content of the following lemma and illustration.

Example 1. Suppose 7 /47 acts on R? by 90° counterclockwise rotation, where the primitive
generator sends (a,b) — (—b,a). Consider the space of degree 2 polynomials R[x,, 5], with
the basis {1, 2,29, 2%, 23 + 23, 2,24 }. For all g € Z/4Z, the equality g - (2% + 23) = 2% + 23
holds and so (z? 4+ z3)* = 2? + 23. Note that (2%)* = 1 (2% + 23 + 2} + 23) = (2% + 23). It
follows that (z%)* and (2% +23)* are not equal but are linearly dependent. So, the number of

G—symmetrizations of the basis is not equal to the dimension of the span of symmetrizations.

Lemma 2.2.8. Suppose G C &, acts on V. = R? by permutating coordinates and let
fis-- [y be the monomial basis of R[V],,,. Then,

[{f1, s fa}] = dim(span{f{, ..., fx}) = dim(R[V]).

Proof. Let f7 ..., f; be representatives of all G—orbits. As G acts via permutation and
each f; is a monomial, each fz*] is a linear combination of monomials, with each monomial
in R[V]

follows that any nontrivial linear combination Z;: ey fz*] is not equal to zero. Thus, the set

m appearing in exactly one f;; Since all monomials are linearly independent, it

{ PR f;r} is linearly independent and the desired equalities hold. O

2.3 The four examples

Concrete applications of Theorem 2.2.7 require a few combinatorial constructions, which we

now recall and use to prove the bounds in Examples 2.1.1-2.1.4.

2.8.1 Partitions and compositions.

Fix some positive integer j € N. A composition of j is an ordered sequence of strictly positive
integers (aq, @y, ...) that sum to j. If the values «; are required to only be nonnegative, then
the sequence is called a weak composition. If the number of terms in the sequence is d, then
the sequence is called a (weak) composition of j into d parts. We let the set C(j) consist

of all compositions of j and we let C,;(j) consist of all weak compositions of j into d parts.
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The cardinality of these two sets will be written as
c(j) := Card C(j) and cy(4) :== Card Cy(j).

In particular, ¢(j) and ¢;(j) can be explicitly written as

c(j) =271 and cg(g) = (j + ;l B 1) .

A partition of j is a composition of j with ordered elements a; > ay > ... A partition of j
into d parts is defined analogously. We denote by P(j) the set of all partitions of j and by
P,(j) the set of all partitions of j with at most d parts. The cardinality of these two sets

will be written as
p(j) == Card P(j)  and  p,(j) == Card Py(j).

We will use the shorthand « F j to mean that « is a partition of j, while the number
of parts of o will be denoted by |a|. It is sometimes convenient to identify the partition
a b jas a multiset o = {1#1,2¢2 ... j#i}. We denote the multipilicities of parts of a by
the vector p(a) = (p9(a), ..., u;(a)) and the product of factorials of the multiplicities by
n(@) =TI, (el

By convention, the number of compositions and partitions of zero is equal to 1.

Example 2. As a concrete example, 4 can be partitioned in 5 distinct ways:
4 3+1 2+2 24+1+1 1+14+1+1.

Consequently, we have p;(4) = 1, p5(4) = 3, p3(4) = 4, and p,(4) = 5. Arbitrarily permuting
the elements within each partition yields a composition. Padding each composition with

zeros yields a weak composition.

We will now give a simple direct proof of Theorem 2.1.1. The result also follows from
facts about the invariant ring R[V]®« that will require introducing algebraic results that are

not necessary in this chapter, see for example [34].
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2.8.2  Verification of Example 2.1.1

We plan to apply Theorem 2.2.7 and Lemma, 2.2.8. Assume that V = R? and fix a monomial
basis of R[V],,. Each monomial in R[V],, can be written as 2 := z{'z5? ... 2 for some set

of nonnegative integers ay, ..., a,. The degree of the monomial is j := Zf: L

the action of &, on R? is given by coordinate permutations, the action of &, of R[V],, is

a; < m. Since

given by a permutation of the monomials. Namely, for all 0 € &, the equality holds:

oy ey gt = gl w = x Wy ® L
Consequently, the G,;—orbit of a degree 7 monomial x“ can be labeled by a partition of

j into at most d parts. Thus, the number of &,;—orbits of the monomial basis of R[V]

is 327 pald). Noting py(j) < p(j) when d < j and p,(j) = p(j) for d > j and applying
Theorem 2.2.7 completes the proof.

2.3.3 Verification of Example 2.1.2

Recall that we are interested in the group of permutations &, acting on matrices X € R¥>* =
V' by permuting rows. Fix a monomial basis of R[V],,. It is straightforward to see that each
monomial X? can be labeled by a matrix of nonnegative integers € R¥* whose i’th row
B; is a weak composition of some integer j, into k parts and we have Zj: Vi =3 < m.
By permuting the rows, we may find at least one monomial in the & ;-orbit of X? so that
Jj1 = Jo = ... > j4. Note that when d > m, all nonzero entries of 3 will be in the first m rows.
We identify the row sums (jy,...,j;) with a partition of j into at most d parts. Identifying
the partition a - j with the multiset a = {1#1, ..., j*i}, each & —orbit representative with
row sums « corresponds to a distinct choice of u; weak compositions of ¢ for each i < j.
It follows that the number of &;—orbits is given by Z;n:o Zaw Z:1 (k@@= and s

Hila)
independent of d for all d > m, as claimed. Applying Theorem 2.2.7 completes the proof.

2.8.4 Verification of Example 2.1.3

Each monomial X# € R[V]

the exponent of x,;

monomial, z;; can be replaced by z; for all pairs ¢, j. It follows that we need only consider

., corresponds to a matrix 8 € R¥? with each entry B,; being

in the monomial. Since every adjacency matrix is symmetric, in each

symmetric matrices of exponents since we can replace the ij" entry of the exponent matrix

B with %(ﬁij + B;;), making some entries of the matrix odd multiples of % and not integers.



28

Next, let j be the degree of X? and let o be the vector of row sums of §, that is
o = Zj B;;- By simultaneously permuting the rows and columns of X, equivalently those
of 3, we can find a monomial in the &;—orbit of X? such that « is ordered, meaning
o > 0y... > ay. When d > 2m, we must have that o; = 0 for all ¢ > 2m and so we
need only consider 2m x 2m matrices. Noting that 2« is a partition of 2j, we deduce that
the number of &,—orbits is upper bounded by Z;n:() ZaFQj q, where g, is the number of
symmetric non-negative integer matrices with row sums equal to o and is independent of d

when d > 2m. An application of Theorem 2.2.7 completes the proof.

2.8.5 Verification of Example 2.1.4

Recall that the data points are matrices X € R%¥*. The first fundamental theorem of
invariant theory for the orthogonal group [105, Theorem 2.9.A] shows that any degree m
polynomial in R[V] that is invariant under simultaneous orthogonal action on the rows z; is a
degree m/2 polynomial of the pairwise inner-products (z;, j>. That is, any such polynomial
f(z) = f(A(z)) where A(z) = [(z;, ;)] € R4 If the polynomial f is in addition invariant
under relabeling of the rows, we can find a representing element for its G-orbit such that f is
invariant under conjugation by permutations. A completely analogous argument to the proof
in Theorem 2.1.3 shows that the number of such invariants is bounded by E;n:/ 02 Zak2j Q-

Invoking Theorem 2.2.7 completes the proof.

2.4 Proof of Theorem 2.1.5 and Consequences

In this section, we will prove Theorem 2.1.5. The arguments will be based on the theory
of characters from representation theory. This is a systematic approach that applies to
any finite group or, more generally, to any compact Lie group G acting continuously on an
Euclidean space. See [33, 92, 94], for the representation theory facts used in this section.

Suppose that a group G acts linearly on a vector space V. This action can be summarized
by a map (group homomorphism) p: G — GL(V'), called a representation of G. By choosing
a basis for V, we may identify p(g) with a matrix M, so that for any z € V

gx = p(g)(z) = Mya.
Definition 2.4.1 (Character). The character of p is the function x : G — R defined as

x(g) := Trace(M,).
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The main use of characters for us is to compute the dimension of the invariant space
VEéi={zeV:gr=1a VgeGqG}.

This is the content of the following lemma, an easy consequence of [92, Corollary 2.4.1].

Lemma 2.4.2 (Invariants and characters). Let G be a compact Lie group acting linearly

and continuously on a vector space V. Then,

dim(V9) = £ x(9), (2.11)
g~Unif G

where the expectation is taken with respect to the Haar probability measure.

In particular, one can in principle estimate dim(V®) by sampling elements g € G ac-
cording to the Haar measure. In the case when G is a finite group acting linearly on a vector

space V, the expression (2.11) simply becomes
dim(VY) = ﬁ Z x(g) = Trace (IClr'l Z Mg> .
geG geG

We next aim to apply Lemma 2.4.2 in order to compute dim(R[V]%). In order to do so,
we need to describe how the representation p of G' on V promotes to a representation p’ of
G on R[V],,. Let N denote the size of the (monomial) vector space basis of R[V],, . Since

G acts linearly on R[V],, we may write
g-f=Mg-[fl,

where [f] € RY is the vector of coefficients of f in the monomial basis and M} is an N x N

matrix. Applying Lemma 2.4.2 therefore yields the expression

dim(R[V]S) = E Trace(M,). (2.12)
g~Unif G

Let us look at a concrete example that illustrates the expression (2.12).

Example 3. Consider the permutation group G = &, = {e, g} acting on R?, where e is the

identity permutation and g = (12). Then the representing matrices are

10 0 1
ple) = [o 1], and p(g) = [1 0]'
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Picking m = 2, the space R[z;,z5]y = span{l,z, 2y, 23, 125,23} has dimension N = 6.

The representation p’ of G on R[xq, x5, has the form

100 0 0 0] 1 0 0 0 0 0
01000 0 001000
Mg:001000,andM_;:010000
00010 0 000001
000010 000010
00000 1, 00010 0

The character x” of p’ is then given by x’(e) = Trace(p’(e)) = 6 and x’'(g) = Trace(p’(g)) =
2. By (2.12), we expect dim(R[x;,25]5) = 4. Indeed, a basis for R[zy,z,]S is given by

2 2
{17'7;1 =+ Lo, X1 + Iy, $1$2}.

More generally, in order to apply (2.12) we need to compute the trace of the representing
matrix M;. This can be explicitly calculated directly from the action of G on V. As shown
in [78, Equation 8| and [63, Section 2.12], the entries of M/ are indexed by pairs of weak
compositions «, 5 € Cy(k) of all integers k& < m into d parts. In particular, the diagonal

entries of M/ are given by
perM [a]
(Mg;>ao¢ = .
n(a)

Here, Mg(a) is the principle submatrix of M, € R?*? indexed by a € R?, the symbol

(2.13)

perM[a] denotes the permanent of the matrix M [a], and n(«a) is the product of the facto-
rials of the multiplicities of entries in a. Summing the expressions (2.13) across « yields the
second equality in (2.5).

Alternatively, we may express the trace of Mé as the sum of its eigenvalues. To this
end, let A;,..., A\, be the eigenvalues of M . Then it is shown in [63, Section 2.15.14] and
[78, Section 3] that the eigenvalues of M, are A\, = Hle A" where a € Cy(k) is some weak
composition of k& < m into d parts. Summing eigenvalues yields the first equality in (2.5).

A consequence of Lemma 2.4.2 is a lower bound on the dimension dim(R[V]$) of invariant

polynomials where V'is d—dimensional and G C &, acts by permuting basis elements of V.

Corollary 2.4.3. Suppose that the finite group G C &, (with identity element 1) acts on

the d—dimensional vector space V by permuting basis elements. Then, the inequality holds:

dimR[V],, 4"
>

dim R[V1]€ .
im R[V]& Il > Gl
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Proof. Note that since 1 is the identity element of G, the action of 1 on R[V],,, is represented
by the identity matrix and thus x’(1) = dimR[V],,,. As Vis d—dimensional, the dimension

is equal to the number of monomials in d variables with degree at most m :
N fm+d—1
(1) =dimR[V],, = .
v =amavl, -3 (")

Moreover, since G acts by permuting basis elements of V', G acts on R[V],, by permuting
monomials and thus each element g € G is represented by some permutation matrix. In
particular, x’(g) is equal to the number of monomials fixed by g. As all constant monomials

are fixed by each element g € G, the inequality x’(g) > 1 holds for each g. We compute

dim R[V]S = |é S X'(9)

Noting that (erd 1 > 4 completes the proof. O

It follows that in order for the dimension R[V]% to stabilize, we must have that the size
of the group |G| scales at approximately the same rate as dim R[V],,,. As another illustration

of Lemma 2.4.2, we now use it to compute dim R[V]G for a cyclic group G C &,,.

Lemma 2.4.4 (Invariants under cyclic permutations). Let G = Z/dZ act on V = R? by

cyclic permutation. Then, assuming m < d, the following equality holds:

|ms/d] . B
dim(ue[V]g’;)ZHCll( 3 Z (‘77;:1)).

r: s=ged(r,d)>1 Jj=

Proof. Let o be a d—cycle generating Z/dZ. Then, the equality

S

holds by Lemma 2.4.2. So, we need to calculate the trace of each element ¢” acting on R[V],,

dim R[V

&.M—‘
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Note that each element 0" permutes the monomials in R[V],, and so the trace x’(c") is equal
to the number of monomials fixed by the permutation ¢”. As the monomial 1 is fixed by all
permutations, we will now focus on monomials of degree at least 1.

Note that for the d—cycle o, a monomial is fixed if and only if it is of the form x{'x§ ... z§
for some integer «. This monomial has total degree d - . By assumption the dimension d is
larger than the degree m of polynomials being considered and so no nontrivial monomials
are fixed by d—cycles. Thus, x’(c) = 1. Moreover, for every r with ged(r,d) = 1 we have
that o” is also a d—cycle and so x'(¢") = 1.

If ged(r,d) > 1 the permutation " = 7 ... 7, decomposes as a product of s := ged(r, d)
disjoint cycles of length ¢ := d/s. In order for a monomial to be fixed by ¢”, exponents
corresponding to the entries of each cycle 7; must all be equal and so each monomial of
degree j fixed by ¢” corresponds to a weak composition of j into s parts such that every
part is divisible by £. Let C*(5) be the set of weak compositions of j into s parts divisible
by £. Note that in order for C¢(j) to be non-empty, we must have that j is divisible by £.
Using a simple stars and bars argument, we have |C:(j)| = |C,(j/0)| = (j/ t:fl_l). It follows
that the equality

—1+Z|Cf ) =1+ mz/e <j+5_1)
s—1 )’

holds. Thus, altogether we have that the equality

i, £, E005)

r: s=ged(r,d)>1 J

dim R[V

&.M—‘

holds as desired. t

‘We now use Lemma 2.4.4 to calculate dim R which bounds the rank of kernels

on the space V = R&xdxk

of d x d images. Images are represented as 2D arrays X = (z; j)?j:l
of pixels where each entry z;; is a vector in R* for some dimension k. For example, grayscale
images can be represented as d X d matrices where the value of each entry determines how
dark the corresponding pixel is (k = 1), and RGB images are represented as 2D arrays with
entries in R3 determining the red, green, and blue values for each pixel (k = 3).

Setting £k = 1, note that we can capture the effect of translating a d x d image in an
infinite plane by the action of Z/dZ x Z/dZ on the rows and columns of the image so that

the translated image stays in the original d x d frame. This is important since a kernel may
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only take in a d X d dimensional input. Functions of images should be invariant under the
set of translations since any translation of an image does not change its content. The group
of translations is Z/dZ x Z /dZ with the 2D cyclic permutation (o, 7) € Z/dZ x Z/dZ acting
on X = (z ”)l jo1 by (0,7)- X =0X 7'. Note that while we concentrate on grayscale images,
the same argument could be used to give an analogous bound for the rank of kernels on

other spaces of images, such as RGB images.

Theorem 2.4.5 (2D-cyclic permutations). Let the group G = Z/dZ x Z/dZ act on matrices
V = R by conjugation, that is (o,7) - X = o X71'. Then, the following equality holds:

. 1 ([ Nss' Jd2 + 5" — 1
ameig = L33 (7 > H( 8+ )

r=1r'=1 7=0 )\Ecd /(ss’ (J s’/dQ)
where for each r,r’" we define s := ged(r,d) and s" := ged(r’, d).

Proof. Let o be a d—cycle generating Z/dZ. Then, the equality
1 A
dim R[V =5 ; Z:: (0", 0"

holds by Lemma 2.4.2. As in Lemma 2.4.4, the character x’(o", a’”/) is equal to the number of
monomials in R[V],, that are fixed by the pair of permutations (67, 0" ). To each monomial
X in R[V],, we associate the matrix of exponents a and X is fixed by (¢”, ") if and only
if « = M, ,a(M_)". So, the number of monomials of degree j that are fixed by (", o)
is equal to the number of non-negative matrices whose entries sum to j that are invariant
under the action of (o, " ).

Let s = ged(r,d) and s” = ged(r’,d). Then, ¢" = 04 ... 0, decomposes as a product of s
disjoint cycles of length d/s and 0" decomposes as a product of s’ = T, ... Ty disjoint cycles
of length d/s’. In order for a matrix a to be invariant under (¢”, a’”/), the rows corresponding
to each o; must be equal and the columns corresponding to each 7; must be equal. It follows
that the row sums of a must correspond to a weak composition A = (A, ..., A;) of j into s
parts divisible by d/s. Then, the rows corresponding to o, are all equal, have entries that sum
to A;/(d/s) and are invariant under column permutations by o"". So, each row corresponding
to o, is a weak composition of \;s/d into s” parts divisible by d/s’. It follows that \; must
be divisible by d?/(ss”) and so \ is a weak composition of j into s parts divisible by d?/(ss’).
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Thus, the total number of degree j monomials fixed by (0", 07”/) is given by the sum

Z HC’d/S)\s/d) Z H(Ass/d2+5—1>

)\Ecdz/ss (]) =1 )\Ecdz/?q () =

So, the equality holds:
P < S Nss'/d?+s —1
oo =3 ()

In order for the set C’d /35 (4) to be non-empty we must have that j is divisible by d?/ss’

and so this is equivalent to:

lmss’/d?] 5 /2 ’
P A;ss'jd? 48" —1
X (J , O ) = Z Z ( S, _ 1 ) °

j= 2/(ss
7=0 e/ /)(jss’/dQ)Z

Then, by Lemma 2.4.2, we have

d d
dimR[V]S = d—12 >

| (
: . s’ —1
r=lr'=1 I=0 e/ (jss 1a2) T

\;ss'Jd? + s — 1)

The proof is complete. O

[V],Zn/dzxz/dZ does not

We now use the equality in Theorem 2.4.5 to show that dim R
stabilize and is polynomial in d. The right hand side of the equality in Theorem 2.4.5 is
minimized when d is a prime number and m is less than d. If d is prime and o generates
Z/dZ, then for any choice of r,7" < d, the permutations ¢” and o are both d—cycles. In
order for a monomial X% of degree j to be fixed by (O'T,O'r/), all entries in the exponent
matrix o must be equal. However, since we assume that j < d?, this condition can only be
satisfied when j = 0 and so x’(¢", O'T/> = 1. If exactly one of r, 7’ is equal to d, the monomial
X is fixed by (¢”,0"") is fixed if and only if all rows/columns in « are equal. Since the
degree of the monomial is less than d, this is once again only true when all entries of « are
zero and so x'(0”,0"") = 1. Thus, x’(¢",¢" ) > 1 if and only if r = 7 = d and so (¢”,0"")

is the identity. Since every monomial in R[V],, is fixed by the identity, it follows that the

m
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equality x(0?,0?) = dimR[V],, = Z;n:o (j+d271) holds. Then, we compute the bound

421
. z/dzxzjdz 1 o (i4+d?—1
dlmlR[V]m/ : :d2<d2+z( a2 —1 )>
=1
d2m—2
mm

7/dZx7/dZ
m

It follows that dim R[V] is polynomial in d and does not stabilize.

2.5 Representation stability and free kernels

We have seen in several interesting and relevant examples that the rank of G—invariant
kernels becomes dimension-independent because dim(R[V]$) is independent of dim V. This
stabilization can be understood in the context of a broader phenomenon called representation
stability [20, 19]. In this section, we introduce some of the key definitions from the literature
on representation stability and show that our examples fit into this framework. Importantly,
we will be able to parametrize invariant kernels in a way that enables comparing data from
different dimensions of interest. As we will see in the next section, this is useful for learning
problems where we have access to training data in multiple dimensions and would like to

learn a function that can take inputs across dimensions.

2.5.1 Representation stability background.

The basic objects of study are a sequence of groups {G;}4cy acting on a sequence of Eu-
clidean spaces {V,}4cn, and satisfying certain compatibility conditions. In particular, we
assume that G, acts on V; by orthogonal transformations. The following is the formal
definition; see (2.14) for the setup.

Gq G G2
Yd-1 Q Yd Q Yd+1 Q Yd+2
g ppm— (T g — (T Y — (2.14)
Yd-1 Ya Yd+1 Yd+2

Definition 2.5.1 (Consistent sequence). Let G; C G5 C ... be a nested sequence of compact
groups acting on a sequence of Euclidean spaces V;,V,,.... Suppose moreover, that there

exist linear isometries vy, : V; — V| that are G;—equivariant, meaning

Ya(9z) = gya(x)  Vz €V, g€ Gy



36

Then the sequence of pairs V := {(Vy,v4) }qen is called a {G;}-consistent sequence.

We can identify V,; with v,(V;) C V,,,, in which case the orthogonal projection from
V4,1 onto V;; coincides with the adjoint of v, [57, Section 1.1.1]:

vy = projvd Vd € N.
We say that a sequence {x,; € V,} is a free element of {V,} if the following holds:
Ty = projvd(de) Vd e N.

Thus, points of a free element in higher dimensions project onto points in lower dimensions.
Importantly, when the groups G, are in a sense “sufficiently large”, the invariant spaces
Vde become isomorphic to each other and hence of the same dimension. Let us give a name

to this situation.

Definition 2.5.2 (Stability degree). Given a consistent sequence V = {(Vy,v4)}aen, its

stability degree is the smallest D € N such that the maps proj,, restrict to an isomorphism
d

between Vdﬁ‘ﬁ“ and Vde for all d > D.

We will focus on one sufficient condition, from [57, Definition 2.2], which ensures that

the stability degree is finite.

Definition 2.5.3 (Generation degree). The consistent sequence V = {(Vy,v,) e 1S finitely
generated if there exists D € N such that the equality

RIG4Vp =V, holds for all d > D.

The generation degree of V is the smallest such D.

Recall that RG] = {357 a;9; | r € N,and Vi € [r],a; € R, g; € G} is the set of linear
combinations of finitely many elements in G, while R|G4|V, = {p-v | p € R[G,],v € V,} is

the set of all products between R[G,] and V. Here is a small example.

Example 4. Take G, = &, acting by permuting coordinates of V, = R? and let v,;: R —
R4*! be the zero padding map that sends x + (z,0). Then, the generation degree of V
is one, since R is identified with span{e,;} C R? and we can generate any vector v € R?
via v = ij | Vi9; - €1, where g; permutes the first and ith coordinates only, i.e., g; is the
transposition (17). In this example, the stability degree is also one, since (R?)®¢ is the line

spanned by the all-ones vector for any d.
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Importantly, finite generation ensures that the invariants stabilize [57, Proposition 2.3].

Proposition 2.5.4 (Finite generation implies stability). If V = {(V,, v4) }qen 5 @ consistent

Gd+1

sequence generated in degree D, the orthogonal projections proj,, : V, 5™ — Vde are injective
d

for all d > D and isomorphisms for large d.

We refer the reader to [57, 56, Appendix B] for a discussion of a possible gap between
the stability and generation degrees, although in our main examples they coincide.

A direct corollary of Proposition 2.5.4 is the existence of a free basis of invariants.

Lemma 2.5.5 (Free basis). Let V = {(V;,74) taen be a consistent sequence with stability
degree D. Then there exists k € N and a collection of free elements {b5d>, s b;:”}deN such
that bgd), bgﬂd) forms a basis of Vde foralld > D.

In particular, we can parameterize any free invariant element {z, € Vde} using a finite

amount of parameters o € R¥ by the expression
k
Ty = Zaibgd) Vd > D,
i

where D is the stability degree. We emphasize that the coefficients «;, fully describe the
free-element {x; € Vde} and are in particular dimension-independent. We will see that this

is the underlying reason why polynomial kernels have constant rank in our examples.

2.5.2  Representation stabiliy of polynomial invariants and free kernels.

We now turn to representation stability of polynomial invariants—the main setting of this
chapter. To this end, it is elementary to see that any consistent sequence of V = {(V;,7,4) }gen
induces a consistent sequence of polynomial spaces F,, = {(R[V,],,,74)} upon setting

Yalf) == fo projy, , meaning that if € R[V,],,, then v,(f)((z,z4.,)) = f(z). The se-
quence (2.14) induces the consistent sequence depicted in (2.15).

Gy Gai1 Ggio
Yd-1 Q Yd Q Yd+1 Q Yd+2
e RIVyly &= RVl &= R[Vasolm &— - (2.15)
Yd-1 Yd Yd+1 Ya+2

In particular, When 7, has stability degree D, for all d > D, there exists a free basis

{ fl(d), ,id) € [R[Vd]gﬂ} of invariant polynomials. In this case, a free element of F,, is any
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sequence {f; € R[V,],,} satisfying f;(z) = f;.1(74(x)) for all x € V; and d > D. The

following simple example illustrates this setup.

Example 5. Recall the setting of Illustration 4 where G, = &, and {V, = R¢}. The zero
padding map ~,(z) = (x,0) makes {(R%,7,)} a consistent sequence. Then, the polynomial
vector spaces R[V,],, also form a consistent sequence when paired with the transition map
Yo )@y, xg,x40) = f(xy,...,24). In the linear case m = 1, the stability degree of the

consistent sequence of polynomial spaces is D = 1 and has the free basis

{ﬁd)“”) =1, £ (z) = iw} '

We now return to the settings in Examples 2.1.1, 2.1.2, 2.1.3, and 2.1.4 and show that the
corresponding sequences (R[V,],,,,7,) are consistent and have finite stability degree. The fol-
lowing result can be derived as a corollary of [56, Theorem A.13]; however, its statement and

proof require additional category theory notions. We include a direct proof for completeness.

Theorem 2.5.6 (Stability degree in the running examples). Let V; and G, be the vector
spaces and groups appearing in Examples 2.1.1, 2.1.2, 2.1.3, and 2.1.4. Then, for the zero-
padding map 7,4, the sequences V = {(V;,74) }aen are consistent and the stability degree of
F n = ARVl s Ya) Faen s bounded by D = m, D =m, D = 2m, and D = 2m, respectively.

Proof. We first prove that each sequence V = {(Vy,7v4)}4en is consistent. By definition,
G, C G4 C ... are sequences of compact groups acting linearly on the Euclidean spaces
{V,}. The zero-padding map ~, is a linear isometry, and thus we need only check that , is
G —equivariant. In each of the sequences, the zero-padding map v, is equal to v, =id; 0
where id,; is the identity map on V,;. Moreover, as the group G is a subgroup of G, the
action of G; on V, , is given by g-x = (¢ @ id,)(x) for all g € G; and x € V,;_ ;. Then, for
any x € V, the equalities y,(9-2) =g- 2@ 0= (¢ @id,)(x®0) = g - v,4(x). It follows that
v4 is G —equivariant.

Now, we show that each consistent sequence F,, = {(R[V],; Va) taen IS generated in
dimension D, i.e. for all d > D, the equality R[V,],, = R[G,]R[Vp],,. Note that if any
consistent sequence is generated in dimension D, it is also generated in dimension d > D and
thus we need only show that R[Vp,4],, = R[6p,1]R[Vp],,. Since any polynomial is a linear
combination of monomials, it suffices to show that for each monomial f ; € R[Vp,,],, there

exists a group element g € G such that fp ; =g - fp for some monomial fp, € R[Vp],,.
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First, consider the sequence {(V;,74)}4en appearing in Example 2.1.1. Let f,, ., =

+1 _a; <7 -
[T x}" be a monomial in R[V,
=1 Vi m

Ay > 0. 1f @y, > 0, there exists j < m such that a; = 0. Define the monomial f,, =
(Hm xai) -x?m“ € R[V,,],, and let o € &, ; be the transposition defined by o(j) = m+1

i=1""t
and o(m + 1) = j. Then, f,,., =0 f,,.
Now, consider the sequence {(V;,7,)}4en appearing in Example 2.1.2. Recall that data

points in V,; are matrices X € R¥™*. Let f,,.; = H;qzl

where each X is the vector [z;1, ..., z;,] and A, is the vector [a,q, ..., a;;] of exponents. Then

1)m- a1 =0, then f,, ., € R[V,],, so assume that

XZA" be a monomial in R[V,, 1],

>_a;; =m. Asin the previous example, if A, ., is the zero vector, f,, 1 € R[V,,],,,- Suppose
that A,, ; is not the zero vector. Then, there exists some j < m such that A; is the zero
vector. Define the monomial f,, = (Hzl XZA"') -Xfm“ € R[V,,],, and let 0 € &, be the
transposition defined by o(j) = m + 1 and o(m + 1) = j. Then, we have that the equality
fms1 =0 f,, holds.

Consider the sequence {(Vy,7,4) }4en @ppearing in Example 2.1.3 and choose a monomial
Joms1 = H?ZH XZA " in RV, 111, - Since elements of V,; are symmetric matrices, we assume
without loss of generality that the matrix A with rows A; is also symmetric. If A, . is
the zero vector, we have that f,, . € R[V;,,],,. Suppose that A,,, . is not the zero vector.
Then, we have that there exists j < 2m such that A; is the zero vector. As in the previous
arguments, define the monomial f,,, = (Hffl X?i) -X]Am“ € R[V,,,],, and let 0 € 65,
be the transposition defined by o(j) = 2m + 1 and o(2m + 1) = j. Then, the equality
foms1 = 0 - fa,, holds.

Finally, consider the sequence {(V,74)}4en @ppearing in Example 2.1.4. Recall that
the data points are matrices X € R?* and the group G, consists of both simultaneous

orthogonal transformations on the rows of X and permutations of the rows of X. Let f,,, ., =

H?ZH XZAZ' be a monomial in R[V;,,,1],,, where each X; is the vector [z;;,...,x;,] and A,
is the vector [a;;, ..., a;,] of exponents. As in the previous example, if A,,, ., is the zero

vector, fo,, 11 € R[Va,,],n- Suppose that A,,, . is not the zero vector. Then, there exists some
J < 2m such that A; is the zero vector. Define the monomial f,,, = (Hf:”l X{‘i) -X;‘z’"“ €
R[Vapmlm and let o € G, be the transposition defined by o(j) = m +1 and o(m +1) = j.
Then, the equality f,,,.; = o - fy,,. holds.

Now, since each of the sequences are generated in dimension D = m, D = m, D = 2m,
and D = 2m respectively, by Proposition 2.5.4, the orthogonal projections proj[R[Vd]m :
[R[Vdﬂ]fnd“ — R[Vd]ﬁd are injective for all d > D. However, by Theorems 2.1.1, 2.1.2, 2.1.3,

and 2.1.4, we have that the dimensions dim I]Q[Vd],gid are constant for d > D and so the
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orthogonal projections proj[R[V] are isomorphisms. It follows that the stability degree of
dlm

each sequence 7, is at most D as desired. O

Typical kernels, including those that are polynomials in the inner product, can be used
to compare data across different dimensions. For example, the polynomial kernel K(z,y) =
(1+27y)™ can be used to compare data points x € R% and y € R% with d, < d, by simply

zero-padding x into a vector in R%. Formally, we define a free kernel as follows.

Definition 2.5.7 (Free Kernel). Let X = {K,; : V; x V; = R}, be a sequence of kernels
and let V = {(V;,74) }aen be a consistent sequence. We say that X is a free kernel if for any
dimension d and any choice of z,y € V, the equality K;(z,y) = K 1 (v4(2),v74(y)) holds.

Moreover, X is a free G—invariant kernel if in addition, each K is G';—invariant.

Let X be a free kernel. Recall that Lemma 2.2.5 showed that for each d, we may write
Ky(z,y) = Fy(x) " CyFy(y),

where F,; = (f{d),...,f,@)T stacks some basis for R[V}],,, the integer k is bounded by
the rank of K,;, and C; € R¥* is a symmetric matrix. Now if {(R[V,],n,Va)}aen 15 a
consistent sequence with finite stability degree D, then by switching basis, we may ensure
that ffd), s ,id) is a free basis of R[V}],,. The following theorem shows that upon this
change of basis the matrix C; becomes independent of d. In words, this means that free

kernels admit a free description.

Lemma 2.5.8 (Free kernels admit a free parametrization). Suppose that V = {(V;,v,)}
is a consistent sequence and that the induced consistent sequence F ,, = {(R[Vyl,,74)} has
stability degree D. Let X = {K }4en be any free G—invariant polynomial kernel of degree
at most m. Then, for any free basis F; = (f£d>, . f,gd))T for F ., there exists a symmetric
matriz C € R¥*F such that for all d > D, we can write

Ky(z,y) = Fy(z)"CF,(y) forallz,y€V,. (2.16)

Proof. By Lemma 2.2.5, for each d there exist some symmetric matrices C; € R¥** such
that K (z,y) = F,(2)TC,Fy(y) for all 2,y € V,, and F, = (f\¥, ...,f,gd))T stacks a basis
for R[V,],,- Upon switching basis, we may assume that fid), ey f,id) is a free basis. Next we

show that the matrices C; are equal for all d > D. Since X is a free kernel, for all choices
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of x,y in V the equality K,(x,y) = K4, (7v4(x),74(y)) holds. Thus, we conclude

Fd<$)TCdFd(y) = Ky(x,y) = Fd+1(’Yd(x))TCdHFdH(’Yd(y))-

Moreover, due to the freeness of the polynomial basis {F,;} e, Fyi1(7q(x)) = Fy(x) for all
x € V,, and therefore

Fy (’Yd(w))TCdHFdH (va(y)) = Fd<x)TCd+1Fd<y)-

It follows that Cy,; = Cy = ... = Cp for all d > D, as claimed. O

2.6 Generalization of polynomial regression across dimensions

Standard regression problems seek to determine a function p* on a vector space V from
finitely many noisy observations of the form y; = p*(z;) +¢,. In this section, we consider the
problem of learning invariant polynomials from data generated across different dimensions.
Setting the stage, consider a sequence of groups G = {G;}4c) acting on a sequence of vector

spaces {V} en- Suppose that there exists a sequence of (latent) invariant polynomials
py € RVylm!  Vd>1,
which generate the observation model
y=pix)+e for x € RY.

We are provided a training sample S = U;i 5S¢ from this model, where each set S; =
{(z;,9;)} € V; xR consists of feature/label pairs in a fixed dimension and the noise values
g; are independent and identically distributed with E[e] = 0 and E[¢?] = 0. We will focus
on the fixed design setting wherein the feature vectors x; are fixed, i.e. not random. We let
n = |S| be the total number of training examples and X = {z}, , cg be the collection of
feature vectors (in potentially different dimensions) of the training set. Our goal is to predict
Py from S for some arbitrary dimension d. Clearly, without making further assumptions,
this goal is untenable since the invariants pj may bear no resemblance to p for any d +d.

In order to make the problem tractable, we assume that V = {(V,,7,)} is a consistent
sequence relative to G for some transition maps v, and that the sequence of invariant spaces
Fo = {(R[Vd]g“,'yd)}deN has a finite stability degree D < oo. Without loss of generality,
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we will assume D = 1, since we can always truncate the sequence to begin at d = D. In
particular, J,, admits a free basis {¢<1d), ...goggd) € I]?[Vd]?nd}dew of invariant polynomials.
Thus for all d > 1 the following two key properties hold:

1. (Basis) The collection (p(ld), s goggd) forms a basis for ¢, = R[V,]5.

2. (Consistency) Equality holds:
o (@) = "V (ale)) Vo eV, i€ {l . k)

In order to link the invariants p; across dimensions, we will assume that {p}},c, is a free

element of . Thus, we may write
k
pp=Y ajpl  vd>1

for some vector a* € R*. Henceforth, with a slight abuse of notation, we will drop the
dimension d index and simply write ¢(z) = (¢1(), ..., 9x(x))" as the dimension index can

be inferred from the dimension of z. Define now the matrix

O(X) = (p(xq), ..., p(x,,)) € RV, (2.17)

We assume throughout that ®(X) has rank k, which in particular entails n > k.
With this notation, we may write pj(x) = (p4(z),a*) for each d > 1 and z € V.

Therefore, we aim to estimate the free element {p}} o by solving the regression problem:

min = 3" ((p(r), a) — g,)?. (2.18)

acRk 20 4
1=1

Note that the solution of (2.18) is simply:

1

&= ((X)T0(X)) " o(X)Ty. (2.19)

The choice & of coefficients induces a sequence of invariant polynomials
pa(x) == (p4(x),a) Y deN.

Once more, we will drop the dimension d index for simplicity. We evaluate the performance

of this sequence of polynomials using finite test data in a potentially different dimension
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T :={(z;,y;)} C UZ; V; x R where once more y; = p*(z;) + ¢; with i.i.d. noise ;. Given

any estimator &, define the risk
* ~ 1 ~ 2
Re@) = D Elb@) -y,
(z,y)€T

where the index o indicates the latent sequence of polynomial generating the labels y.
Our goal is to establish a bound on the excess risk, Rp(&) — min,cpr Ry(a). To this end,
let us introduce a notion of Gram matrices that will play a crucial role: for a finite set
AC UZZ , Va, define the Gram matrix

All proofs of results in this section appear in Appendix A.2.

Theorem 2.6.1 (Upper bound). The estimator @ in (2.19) is unbiased with excess risk:

Rﬁfm(&) — a“élu& Rgﬁ*)(a) = U;Trace (Z5'2,) . (2.20)
Example 6. Recall the setting of Illustration 5. In this case, the basis size is two. For
concreteness, assume that the training data S C R? x R lie in some dimension d, while the
test set T C R x R is independent of S and lives in a different dimension d. Suppose that
the feature vectors {z}, ,cg in S are drawn i.i.d. from a standard Gaussian distribution
N(0,1;) and similarly the feature vectors in T are i.i.d. with distribution N (0, I;). A quick

computation reveals that

10 10
ESg = and ESp= [ .

Then, for any sufficiently small A > 0 the excess risk is bounded by

2 2 7
o . o d
R < - —_ —
- Trace (X5'Ep) < (1+A) - (1 + d)

with probability at least 1 — 4 (exp(—58A|S|) + exp(—58A|T|)) We defer the proof of this
bound to Appendix A.2.2. When d = d the upper bound scales like the intrinsic dimension

of the parameter space over the number of data points, which is standard for regression
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in a fixed dimension [8]. On the other hand, when d > d, the bound reveals a graceful

degradation of the excess risk.

In general, the bound in Theorem 2.6.1 appears difficult to compute explicitly. Nonethe-
less, we now show that this bound is optimal among any estimation procedure in a minimax
sense. Namely, as before, suppose we have a fixed samples of feature vectors for training
Xg C UZ,V, and for testing X C U3, Vy, both of which might have vectors in different
dimensions. Given any parameter a € R¥ we consider the dataset S = {(z,y) | z € X4}
where for each x the label is given by y = (¢(x),a) + €, here the noise ¢ is i.i.d. with

distribution N(0,0?). We define the test set T in a completely analogous fashion.

Theorem 2.6.2 (Lower bound). Assume that & is any estimator having access to training
data S and o € R¥ is arbitrary. Then, the minimaz excess risk on test set T is exactly

2
igfsup {RE_,?‘) (@) — min RE_,?‘) (o/)} = %Trace (Z5',). (2.21)

a’€Rk
2.7 Computing Free Bases

This section studies how to compute a free basis of invariant polynomials and provides
computationally efficient bases for permutation and set-permutation invariant polynomials.

Setting the stage, let {(V,v4)}aen be a consistent sequence of {G;} 4 —representations
with R[V}],, having finite stability degree. Monomials yield a natural choice for a basis of
the polynomial spaces R[V,],,; the next result shows that if 7, is the zero-padding map, and
G, C 6, acts by permutation on the basis of V, then the set of polynomials obtained by

summing all monomials in a G ;-orbit yields a free basis of invariants.

Proposition 2.7.1 (Free basis via symmetrization). Consider {(Vy,v4)}qen, @ consistent
sequence of {G 4} en—representations, where 7, is the zero-padding map, G4 C S, acts by
permuting coordinates of V;, and suppose F ., = {(R[Vyln:Va) taew has stability degree D.

Then, if f1<d), s ](\2 is the monomial basis of R[V,],,, the set of monic polynomials

i geGy

1 a .
Bd:{c > g-f§>:z:1,...,Nd}
deN

forms a free basis of invariants for F,,, where each c; is a normalizing constant. *

m

3The normalizing constants c; can be explicitly computed by taking the & -sum of a monomial and
dividing so that the result is monic.
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Proof. By Lemma 2.2.8, we have that B, forms a basis of [R[Vd]gd for each dimension
d > D and so it remains to check that each G;—summed monomial is a free element of

{R[V,],, } den- Picking a monomial ffdﬂ), each monomial g-fde)

appears ¢; times in the sum
de G, 9 fi(dﬂ). By dividing by the normalizing constant c,, we ensure that the coefficient
on each monomial in the orbit is one. Since 7, is the zero-padding map, the projection v}
sets the value of variables that are in R[V,,],, but not R[V,],, equal to zero. It follows

that ~} <cL decd+1 g- f(dH)) is the sum of all monomials in the orbit of fi(dﬂ) that are

(2

also contained in R[V}],,. If two monomials f](-dH), fj(-,dH) are in the orbit of f;dﬂ) and are

contained in R[V}],,, there exists some permutation o € G, such that f;dﬂ) = Ufj(.,dﬂ).
Setting f;d) = ’y(’;(f;dﬂ)), it follows that
il 3 e f ) = S e
d C. 7 C. J
v geGyiq J geGy
(d+1) is a free element as desired. ]

7

holds for some j and thus ci deGd 9-f

In particular, taking V; and G; = G, to be the vector spaces and groups appearing in
Examples 2.1.1, 2.1.2, 2.1.3, and 2.1.4, we can apply Lemma 2.7.1 to conclude that the & ;-
averaged monomials form a free basis of invariants for [R[Vdﬁd. However, as the dimension
d increases, calculating the & ;-orbit of monomials becomes prohibitively costly. Thus, it is
desirable to design free bases of invariants that remain tractable as d grows. While we are not
aware of such constructions for graphs (Example 2.1.3) and point clouds (Example 2.1.4),
we provide efficiently-computable free bases for permutation invariant (Example 2.1.1) and

set permutation invariant kernels (Example 2.1.2) in the following two sections, respectively.

2.7.1 Permutation Invariants

The foundation for the free bases of both permutation and set permutation invariant poly-

nomials are elementary symmetric polynomials.

Definition 2.7.2 (Elementary Symmetric Polynomials). The elementary symmetric poly-
. . . . k

nomial of degree k in d variables x = (xq,...,x,) is e, () = Zl§i1<...<ik§d szl x; . For

a given partition X\ = m, the elementary symmetric polynomial indexed by A is ey(x) =

ey, () ...ey, (z) where e, (z) is the AR elementary symmetric polynomial.

Elementary symmetric polynomials are well studied combinatorial objects. In particu-

lar, they form an algebra basis of the ring of symmetric polynomials, and the elementary
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symmetric polynomials indexed by partitions form a vector space basis of the space of sym-
metric polynomials [32, 96, 99, 105]. The key to the efficient computability of elementary

symmetric polynomials is the following recursion:

€j(l’1, LR xd) = xdejfl('xla 7$d—1> + €j<$1¢ 7$d—1> (222)

We leverage this recursion to show that the elementary symmetric polynomials indexed by

partitions form a free basis of invariants.

Proposition 2.7.3 (Free basis of permutation invariant polynomials). Let V, = R? and
consider the consistent sequence of {S ;}en-representations F,, = {(R[Vy]s Ya) taen where
v4 1S the zero-padding map. The set {e,(zq,...,x4) : A j < m} of all elementary symmetric

polynomials indexed by partitions forms a free basis of invariants for F ,,.

Proof. Elementary symmetric polynomials indexed by partitions of 7 < m form a vector
space basis of [R[Vd]gd and so we need only prove that they are free elements. Since 7,

is the zero-padding map, for each f(zq,...,z4) € R[V,],, we have that v}f(z{,...,z4) =

m

f(zy,...,24-1,0). So, by (2.22), for each elementary symmetric polynomial e;(xy, ..., 7,),
’72(6]'($17 '”7xd)> = €j<$1, 7xd7170>
= €j<$1, 7xd71> + 0- €j,1(1’1, 7xd71) = ej(wh 7xd71)'

It follows that the elementary symmetric polynomials are free elements of 7, . Moreover,

for a given partition A\, we can see that

Yalex(@y, o zq)) = vi(en (@1, xg) ey (T, ... 2q))
= ey (T1, ., Tq_1,0) ey (T1,.T41,0)
d
= | ](ex (@15 qq) + 0y 4 (T1, s Tg1))
i=1
=ey (g, xy_q)

and so the elementary symmetric polynomials indexed by partitions of j < m are also free

elements of 7. Ul

For any given dimension d, and r = dim(lR[Vd]?nd), let Eﬁg): RY — R” be a mapping
producing a vector of all evaluations of elementary symmetric polynomials indexed by parti-

tions of degree at most m. As before we will drop the index d and simply write E,,,. Suppose
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that one has access to the matrix C representing a kernel K with respect to the basis of
elementary symmetric polynomials indexed by partitions. Then, for data points =,y € R,

Procedure 1 describes the evaluation of K(x,y).

Procedure 1 Permutation Invariant Kernel Computation

Input: Data points x,y € R, matrix C representing K.
1: Set B, (z)=FE, (y) =0€R"
2: for all j such that 0 < 7 <m do
3:  Store e;(7)
Store e;(y)
end for
: for j =0tom do
for all A\ j do
Set E,, (), = szl ex, (@)
Set E,,,(y)\ = szl ex, (y)
10: end for
11: end for
Output: E,, (z)'CE,,(y)

Proposition 2.7.4 (Complexity of evaluating a permutation invariant kernel). Suppose
that {K : V; x V; — R} is a free kernel with rank equal to r = dim(R[V, ;). Suppose one
has access to the matriz C € R™" representing K, in the basis of elementary symmetric
polynomials indexzed by partitions, i.e., K (x,y) = E,,(x)'CE,,(y). Then, the number of

floating point operations required to compute K (x,y) following Procedure 1 is

4md + Zm:Z(M\ —1)+ (ip(]) + 1> (2 in:p(j) — 1) )
j=0 J=0

=0 X
Proof. The number of flops necessary to compute K,(z,y) can be upper bounded as follows.

1. The number of flops required to complete the loop in Step 2 is given by the number
of flops necessary to compute the elementary symmetric polynomials in the entries of
x and y. Thanks to (2.22), computing the elementary symmetric polynomials requires
filling in the entries of an m x d matrix, with each entry requiring one addition and
one multiplication. So, in total, evaluating the elementary symmetric polynomials in

x and y takes 4md flops.
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2. For each partition A\, combining the elementary symmetric polynomials to form the
elementary symmetric polynomial indexed by A takes |\| — 1 multiplications, where ||
is the number of parts of A\. Thus, the number of flops required to complete the loop
in Step 6 by generating all elementary symmetric polynomials indexed by partitions
ofall j <m is ETZO EAH (|A| = 1) operations.

3. Finally, evaluating the output E,,(z)" CE,,(y) via naive matrix multiplication takes
(X", pl) + DETT, () — 1) operations.

The sum of these operations amounts to the stated bound. O

One can further upper bound the number of flops by by 4md+(m?+m)p(m)-+2m?p(m)?,
and using the Hardy-Ramanujan asymptotic formula for p(m), the number of flops grows
at a rate of 4dmd + (m+ 1) exp (w\/m) + exp (27r\/m> . Note that this completes the
proof of the first statement in Theorem 2.1.7. While there is an unavoidable exponential
dependence on the degree m, the dependence on the dimension of the data is linear and thus

this method scales well as the degree is held constant and dimension increases.

Example 7 (Permutation Invariant Taylor Features). We now turn our attention to a

concrete invariant kernel that arises in practice and provide an efficient method for its
m (z,y)!
j=0 J!

Taylor features kernel. The permutation invariant Taylor features kernel is

K*(z,y) = Z f:@’(;('y)y

ce&, j=0

computation. Consider the non-invariant kernel K(x,y) = > , which is a rescaled

We provide an efficient way to evaluate K*(x,y) by explicitly determining the matrix
C representing the symmetric bilinear form corresponding to K* with respect to the basis
of elementary symmetric polynomials indexed by partitions. First, we write the kernel as
a linear combination of monomial symmetric polynomials, a well-known vector space basis
of the space of symmetric polynomials. Given a partition A F j, the monomial symmetric
polynomial indexed by A is m,(z) = ﬁEUGGd 2N where n()\) is the product of the
factorials of the multiplicities of the parts of .
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For a given degree m we successively compute

Z (z,o(y)™ = Z (T1Yo(1) + -+ Ta¥o(a)™

ceS, ceS,

d
-5,z (e,

0eG, AeCy(m

d d
2 () (1)
AeCy(m) i=1 €6, i=1

d
= 3 (T) (Hm?i)wmxy)
AeCy(m) i=1

where the constant 7()\) appears since it counts how many times the monomial Hf: N

: d X
appears in the sum ZGEGd Hi:l Yoli)-

Since each composition A is a permutation of some partition of m, and each monomial

A

K3
7

H?: L xf‘ appears exactly once in the sum, the equality

> (T) (Hmf) n(Nmy(y) = (T) n(A\)my (z)m, (y) holds.

AeCy(m) AFm

Note that the coefficients ('\') and 7()) are independent of the dimension d.

Using the above computations, K*(z,y) can be written as
K*(z,y) = M,,(z) ' CM,,(y)

where M,,(x) is the vector of all monomial symmetric polynomials in z and the matrix C
is diagonal with entries % . (i)n()\) for each partition A F j < m.

While the monomial symmetric polynomials do form a convenient vector space basis for
the ring of symmetric polynomials, they are not efficiently computable in high dimensions. In
contrast to monomial symmetric polynomials, we have seen that the elementary symmetric
polynomials can be efficiently computed using the recursive relationship (2.22). Thus, in
order to efficiently compute the kernel K*(x,y) we now need only compute the change of
basis matrix from monomial symmetric polynomials to elementary symmetric polynomials
indexed by partitions.

It is known that each elementary symmetric polynomial e, (z) of degree i can be writ-

ten as a linear combination of monomial symmetric polynomials: e, (z) = Eum‘ My, m,,(z)
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where M, , is the number of binary matrices with row sum equal to A and column sum
equal to u, see [99]. The quantities M), can be calculated recursively due to [72]. Let B
be the change of basis matrix from monomial symmetric polynomials to elementary sym-
metric polynomials indexed by partitions and E,, (z) the vector of all elementary symmetric

polynomials indexed by partitions of integers up to degree m. Then,
K*(z,y) = E,,(z)' B"TCB'E,,(y).

For a given kernel K (x,y), the matrix B~ CB~! is independent of both the dimension d and
the individual data points and thus can be precomputed. Then, to evaluate K*(z,y) for a
given pair of points z, y we need only evaluate the elementary symmetric polynomials, which
can be done efficiently using the above recursion, and form the elementary symmetric poly-
nomials indexed by partitions by multiplying elementary symmetric polynomials together.

When the degree of the kernel m is small, the latter is fast.

2.7.2 Set-Permutation Invariants

We now turn our attention to set-permutation invariant kernels and build upon the theory
in Section 2.7.1 to provide an efficiently computable free basis of set-permutation invariant
polynomials. First, we overview the necessary background on multisymmetric polynomsials,
following the discussion in [32]. Then, we show that a—polarized elementary symmetric
polynomials indexed by partitions form a free basis of set-permutation invariant polynomials.
Finally, we determine the complexity of evaluating a set-permutation invariant kernel using

this basis and show that it is linear in the number of points d.

Definition 2.7.5 (Multisymmetric Polynomial). Let x4, ..., z; be k—dimensional vectors of
indeterminates. A polynomial f(xy,...,x,) in the entries of x,,...,x, is multisymmetric if
it is invariant under the action of &, given by o - f(zq,...,x4) = f(:na(l), »%—(d)) .

Multisymmetric polynomials are the natural generalization of symmetric polynomials
needed to study set-permutation invariant kernels and are classical objects in combinatorics
and invariant theory, see [32, 96, 105] for an overview. We define multi-degree, the natural

generalization of degree to polynomials in the entries of indeterminate vectors.

Definition 2.7.6 (Multi-Degree). Let f(zq,...,z4) = Hj:l H;:l ang be a monomial in the
k—dimensional indeterminate vectors xy, ..., x4. The multi-degree of f is the k—dimensional
vector @ = Zle(ozil, .y oy ). The total degree of fis |a| = ijl Zle @;;- We denote by

f,, the component of f with multi-degree c.
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We now introduce the polarization operator Pol, which maps symmetric polynomials in

d variables to multisymmetric polynomials in the k—dimensional vectors x, ...,z .

Definition 2.7.7 (Polarization). Let f(¢q,...,t;) be a polynomial in d variables. The po-
larization of fis Pol(f)(xy,...,z,5) = f(z11 + . + T1gy e s Tgy + ... + T g,). For multi-degree
a, the a—polarization of fis Pol,(f)(zq,...,x4) = fo(x11 + oo+ T1g, oo s Tgp + ... +Tg5), the

component of Pol(f) with multi-degree .

Example 8. Let d = 3 and k& = 2. First, consider the second elementary symmetric poly-

nomial in 3 variables, e5 (2, Ty, T3) = ;T4 + 123 + T5x5. The polarization of e, is
Pol(ey) = (z11 + 212) (@) + Tap) + (11 + T12) (%31 + T3) + (%91 + Tgo) (X1 + T32)-

There three different multi-degrees with total degree 2 are (2,0),(1,1),(0,2) and each of

these multi-degrees corresponds to a different multi-homogeneous component of Pol(e,) :

P01(2,0)(62>(33171’27373) = T11T91 + T11%31 + To1 T3y
P01(1,1)(62>($17$27$3) = T11Tp + T11T30 + T12Tgy + T1aT31 + To1T3g + TooT3y

Pol g o) (€2) (@1, 9, T3) = T15T9g + T1T30 + TooTso.
Polarization commutes with both the addition and multiplication of polynomials:

Pol(f + g) = Pol(f) + Pol(g),
Pol(fg) = Pol(f)Pol(g).

Thus, given the relationship (2.22), there is a recursive relationship between the polarizations

of elementary symmetric polynomials:

Pol(e,,)(xy, ..., z4) = Pol(e,, ) (x1,...,xq 1) + (xgy + ..., zgp)Pol(e,, 1)(x1, ..., 24 1)

We will be interested in the a—polarizations of elementary symmetric polynomials. A simple

computation yields the equality

k
POla(6m><$1’ L) xd) = POla(6m><$1’ L) xd—l) + (Z $dj> POla—5j <em—1)(l‘17 7xd—1)a
j=1

where §; = (0,...,0,1,0,...,0) is the 4" indicator vector, see [32, Section 2.3].
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By [96, Theorem 3.4.1], the set of all a-polarized elementary symmetric polynomials, with
a varying over all possible multi-degrees, form an algebra basis of the space R[x, ..., 4]
of all invariant polynomials in the entries of z,,...,z,. It follows that taking products of
a—polarized elementary symmetric polynomials of degree at most m generates a vector space
basis of R[z, ..., xd]gd. In order to avoid double-counting, we introduce vector partitions to

index the different products of a—polarized elementary symmetric polynomials.

Definition 2.7.8 (Vector Partition). Fix an integer m > 0. A k—vector partition of m into
d parts is a collection of k—dimensional non-negative integer vectors A = (A,..., A;) such
that A\; > Ay > ... > A, in the graded lexicographic order and ijl Z?Zl Aij = m. 4 Each

A; is a part of A and we use the shorthand A I, m to denote a k-vector partition of m.

For a vector partition A F, j, the polarized elementary symmetric polynomial indexed

by A is given by

d
E\(zq,...,x4) = HPOlAi (eP\il) (Xyy ey yg),
=1

7

where |),;| = E;C: L Aij- We now show that the set of all polarized elementary symmetric
polynomials indexed by vector partitions of total degree at most m form a free basis of

invariants for the sequence F,, = {(R[V ], Ya) Faen-

Proposition 2.7.9 (Free Basis of Set-Permutation Invariant Polynomials). Let V; and G
be the vector spaces and groups from Example 2.1.2. Consider the consistent sequence
T = ARV s Ya) aen of {Gytaen—representations where v, is the zero-padding map.
The set {E\(xqy,...,x4) : A i 7 < m} of all polarized elementary symmetric polynomials

indexed by k-vector partitions of all 7 < m forms a free basis of invariants for F,,.

Proof. We first show that the set of all polarized elementary symmetric polynomials indexed
by vector partitions forms a basis by showing that the number of k—vector partitions of
integers at most m is exactly equal to the number of distinct products of a—polarized
elementary symmetric polynomials with degree at most m and is equal to dim I]?[Vd]gﬁ as
given in Example 2.1.2.

First, recall that our proof of Example 2.1.2 amounted to choosing unique G, ;—orbit

representatives of non-negative integer d X k matrices whose entries totaled at most m.

4X\, > ),/ in the graded lexicographic order if either Z?Zl Aij > Z;:l A, oor if Z?Zl Aij = SF A

J j=1 J
and \; > A,/ in the lexicographic order.
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We previously argued that each orbit contains at least one matrix whose row sums form
a partition of some integer j < m. Note that there is exactly one matrix in each orbit
such that the rows are ordered in the graded lexicographic order. This matrix is in direct
correspondence with a k—vector partition and thus it follows that the number of k—vector
partitions of integers at most m is equal to dim R[V,]5¢.

Since there is one elementary symmetric polynomial for each degree j < m, the number of
a—polarized elementary symmetric polynomials of degree j is equal to the number of distinct
multi-degree vectors o with total degree |a| = j. Note that each multi-degree vector is in
direct correspondence with a weak composition of j and so there are exactly (j ;El) distinct
a—polarized elementary symmetric polynomials of degree j. To generate a vector space basis
of Rlzq, ... ,xd]s’ld, we take products of a—polarized elementary symmetric polynomials such
that the total degree is at most m. We count the number of distinct products as follows:
for each partition a = {1#1, ..., j#i} of j < m, choose y,(«) polarized elementary symmetric
polynomial of degree i for all ¢ = 1,...,j. The product of the chosen polarized elementary

symmetric polynomials is an &, —invariant polynomial of degree j. For each i, there are
(ck(i)ﬂu(a)*l
Hi(e)

i. Taking the sum over all possible degrees, there are ZT:O Zakj g: L m;’éa()a )_1) distinct

products of polarized elementary symmetric polynomials of degree at most m. This is exactly

) possible choices for the polarized elementary symmetric polynomials of degree

d

the dimension of Rz, ..., xd}g as given in Theorem 2.1.2 and so the set of all products of

a-polarized elementary symmetric polynomials with total degree at most m forms a basis
S,
of the space R[zy, ..., z4]m".
Since v, is the zero-padding map by assumption, for each polynomial f(xq,...,x,;) €
R[V,],,, we see that its projection onto R[V,_,],,, is v f(zq,...,z4) = f(zq,..., 24 1,0). Then,
for each polarized elementary symmetric polynomial Pol,(e;)(zy,...,7,) we compute the

following sequence of equalities:

’72P0104 (6]')(‘7:17 ’xd) = P01a<€j)<x1) vy Lg_1, 0)
k
= POla(ej)(xh ) xdfl) + ZO ’ POlaf(si (61;1)(131, 7xd71)
=1

= POla(ej)($17 ceey xd—l)

It follows that the polarized elementary symmetric polynomials are free elements. Taking
the relevant products, we have that polarized elementary symmetric polynomial indexed by

vector partitions form a free basis of invariants. O
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For any given dimensions d, k, and r = dim([R[Vd]nGﬁ), let PV : RT*F — R" be a mapping
producing a vector of all evaluations of a—polarized elementary symmetric polynomials
indexed by vector partitions of degree at most m. As before we will drop the index d and
simply write P,,. Suppose that one has access to the matrix C representing a kernel K
with respect to the basis of polarized elementary symmetric polynomials indexed by vector

partitions. Then, for data points z,y € R?, Procedure 2 describes the evaluation of K (z,y).

Procedure 2 Set-Permutation Invariant Kernel Evaluation

Input: Data points x,y € R¥**, matrix C representing K.
1: Set P (z)=P,(y)=0€R"
2: for j =0tom do
3:  Compute Pol(e;)(z)
Compute Pol(e;)(y)
for all o € C,(j) do
Store Pol,, (e;)(x
Store Pol,, (e;)(y
end for
end for
10: for j =0 to m do
11:  for all A, jdo

12: Set P, (x)) = H?Zl Pol, (e, )(z)
13: Set P (y)p = Hj:1 POIAi(e\Ai\)@)
14: end for

15: end for

Output: P, (z)"CP,,(y).

We use Procedure 2 to evaluate set-permutation kernels in the numerical experiments;

see Section 2.8.1 for details.

Proposition 2.7.10 (Complexity of evaluating a set-permutation invariant kernel). Suppose
that {K, : R¥* x Rk — R} is a free set-permutation invariant kernel. Suppose one has
access to the matrix C representing K, with respect to the basis of polarized elementary
symmetric polynomials. Then, the number of floating point operations required to compute

K (z,y) via Procedure 2 is upper bounded by

d(2k —1)(k — 1)™

m)!

(m 4+ 1) -exp(y/2m/3) - (k — 1)™* + exp(24/2m/3) - (k — 1)2™F +

In particular, this quantity scales linearly in the dimension d.
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Proof. We upper bound the number of flops necessary to compute K,(z,y) as follows.

1. Completing the loop in Step 2 requires evaluating all a—polarized elementary sym-

metric polynomials. Given the recursive relationship between a—polarized elementary

Y

) multi-degrees with total degree m. Determining each

symmetric polynomials, evaluating all of them entails filling the entries of a d x (

m+k—1
k—1

entry requires k£ additions and k£ — 1 products and so in total evaluating all a—polar-

matrix since there are (

ized elementary symmetric polynomials takes d - (m,jf; 1) - (2k — 1) flops. Note that
<m+k—1) _ <m+k—1> < (k—l)""

k—1 m m!

2. Completing the loop in Step 10 requires computing all distinct products of a—polar-
ized elementary symmetric polynomials of degree at most m. Recall that the quan-
tity dim R[Vd]g‘i grows at most exp(y/2m/3) - (k — 1)™* and so there are at most
exp(y/2m/3) - (k—1)™* polarized elementary symmetric polynomials indexed by par-
titions to evaluate. Evaluating each polarized elementary symmetric polynomial in-
dexed by vector partition requires taking the product of m a—polarized elementary
symmetric polynomials. It follows that the number of flops required to complete the
loop in Step 10 is mexp(y/2m/3) - (k — 1)™k,

3. Evaluating the output P, (z)"CP,,(y) via naive matrix multiplication takes (r +
1)(2r—1) operations and so the number of operations required is at most (exp(/2m/3)-
(k—1)™F +1)(2(exp(y/2m/3) - (k — 1)™F) —1).

Taking the sum of the number of operations at each step yields the stated upper bound.
Note that while there is an unavoidable exponential dependence on both £ and m, but a

linear dependence on the dimension d. ]

The proof of Proposition 2.7.10 also completes the proof of Theorem 2.1.7. We now build
on Ilustration 7 and introduce a specific example of a set-permutation invariant kernel that

can be evaluated efficiently in high dimensions.

Example 9 (Set-Permutation Invariant Taylor Features). While there is an unavoidable
exponential dependence on k in the complexity of evaluating the basis of polarized elemen-
tary symmetric polynomial indexed by vector partitions, there are set-permutation invariant

kernels for which computation is much quicker. For instance, consider the kernel defined by

(wy,0(y)) + .. + T, 0
K(z,y) |6d| Z Z (1) (zy, (?/k:)>

0c6, j=
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where z; is the i'" column of the matrix X € R¥*. Note that K is the sum of k invariant
Taylor features kernels as described in Example 7. Since the complexity of evaluating a
permutation invariant kernel is linear in dimension d, and K is evaluated by evaluating k
permutation invariant kernels, the complexity of evaluating K is linear in both d and k.

However, it is clear that the above kernel is not full rank; the rank of K is k - Z;n: . p(7)
which is in general less than the maximum rank of a set-permutation invariant kernel given
in Example 2.1.2. With this in mind, consider instead the invariant Taylor features kernel
for sets given by

K(z,y) = (x1,0(y1)) + oo + (2, 0(yg))

33
ZZH

We would like to be able to write the above kernel in terms of the invariant inner products

L
6.4l

%MS ng

Zo_e s (@i o(y;))Ni, since we have seen in Illustration 7 that these inner products are easy
d
to compute. Although the sum over o0 € &, does not commute with the product, we can

approximate the invariant Taylor features kernel for sets with the kernel defined by

K(z,y Glf: Z H pREE (2.23)
§=0 AeC(

)i=1l o6,

In Section 2.8.1, we use the kernel in (2.23) to classify a mixture of Gaussians and compare

its performance to the non-invariant Taylor features kernel.

2.8 Numerical Experiments

In this section, we perform three numerical experiments that support the theory in this
chapter. Our first experiment showcases the use of the invariant kernels defined in (2.23) to
classify sets of points. For our second experiment, we use the invariant regression estimator
(2.19) to learn sequences of symmetric polynomials that generalize well across dimensions.
Our final experiment uses the formula in Theorem 2.1.5 to estimate the dimensions of dif-
ferent spaces of invariant polynomials where the true value is known. We wrote these
experiments in Python with some key functions imported from SageMath. The code and

data to reproduce these results can be found at

https://github.com/j4ck-k/invariant-kernels.


https://github.com/j4ck-k/invariant-kernels
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2.8.1 Classifying Sets of Points

The kernel K defined in (2.23) is an example of an invariant kernel under set permutations.
We use this kernel to classify sets of points; the data points in each set are drawn from
a fixed Gaussian distribution. We sample from a collection of seven mean-zero Gaussian
distributions. Each covariance matrix is diagonal, with diagonal entries in {1,2,0.5}.

We run multiple experiments, for each of them approximately half of the sets have been
sampled from the standard normal distribution, and the task is to correctly classify which
data points are in this class. Since the distribution does not depend on the order in which
the points were sampled, the classifier should be invariant under reshuffling of the data;
therefore, an invariant kernel K is appropriate for this task.

Let {(z;,y;)}1, be the training data set—z; is the stacked set of Gaussian samples
and y; € {—1, 1} encodes whether or not the set was drawn from a standard Gaussian—and
My = [K(x;,2;)]},—; the Gram matrix corresponding to this data. We construct a classifier
by first computing o* by solving

a€cR™

"1 A
ar e argminz iHyl — (Mga);|? + iaTMKa, or, equivalently, o* = (Mg + A,,) 'y
=1

where the regularizing parameter \ is chosen via 4—fold cross validation.” The classification

function is then given by

n
1) =0 Yokt ).
i—1

We run experiment using training sets of size n € {200, 400, 600, 800, 1000} Each classifier

is then tested using an unseen set of 200 data points, and its success is measured based on
the accuracy of the classifications on the test set. The accuracy of the classifier on the test

set {(x;,y;)}" is calculated using the formula

Card{i: f(z;) = yz}

n

Accuracy(f) =

To construct the training and test sets, we sample the sets of points from a mixture of
Gaussians with probability 0.5 of being sampled from the standard normal distribution and

equal probability of being sampled from the remaining distributions.

5Note that we are using the £, loss function for ease of computation.
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We compare the performance of the invariant kernel K and non-invariant Taylor fea-

tures approximation to the Gaussian kernel. For this comparison, we run two batches of

experiments summarized in Figures 2.1a and 2.1b.
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Figure 2.1: Comparison of performance between (i) the set-permutation invariant kernel
(2.23) and (47) the non-invariant Taylor features kernel for classifying points drawn from
a mixture of Gaussians (Illustration 7). We present two experimental scenarios: Figure
2.1a (left) shows results with fixed dimension k = 2 across varying degrees m € {1,...,5},
while Figure 2.1b (right) shows results with fixed degree m = 2 across varying dimensions
k€ {1,...,m}. In each setting, the invariant kernel outperforms the non-invariant kernel.

Setting 1: Classifying points in R? with Kernels of Varying Degree. We first fix
the dimension k£ = 2 and test invariant and non-invariant kernels of degree m € {1,2,3,4,5}.
As shown in Figure 2.1a, invariant kernels of degrees higher than one far outperformed their
non-invariant counterparts. Test accuracies of nonlinear invariant kernels were approxi-
mately 98%, whereas all non-invariant kernels had accuracy below 50%, which is worse than
if the function simply randomly assigned classifications to each point cloud. Moreover, the
linear invariant kernel also had much greater success than all of the non-invariant kernels.
This demonstrates that for this task, even the simplest invariant kernel is more powerful

than any non-invariant kernel for this task. We highlight that increasing the degree of both
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the invariant and non-invariant kernels had little effect on the accuracy of the predictions,
and thus, for this task, it suffices to consider only the relatively simple quadratic kernels.
Setting 2: Classifying point in R* with Quadratic Kernels. We now fix the degree
m = 2 of both the invariant and non-invariant kernel and test their performance on sets of
points in dimension k € {2,3,4,5}. As shown in Figure 2.1b, the invariant kernel once again
had almost perfect classification accuracy, whereas the non-invariant kernel had an accuracy

of approximately 50%, which is equivalent to the accuracy of a random guess.
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Figure 2.2: Mean Square Error (left) and Mean Percentage Error (right) versus test dimen-
sion using the estimator defined (2.6). For each degree, data was collected from ten randomly
generated symmetric polynomials. Each estimator was trained on 10,000 noisy data points in
dimension d = 100 and tested on 200 noisy data points in dimensions d = 100, 200, ..., 1000.
The highlighted regions indicate a 95% confidence interval for the values.

2.8.2 Generalization Across Dimensions

We now leverage the theory in Section 2.6 to learn sequences of symmetric polynomials
on data across different dimensions. We consider symmetric polynomials of degrees m €
{2,3,4,5}. For each degree m, we learn ten randomly generated symmetric polynomials, and
so in total we learn 40 different symmetric polynomials. Each polynomial is a random linear
combination of elementary symmetric polynomials indexed by partitions with coefficients
sampled from the standard Gaussian distribution. For each polynomial f, our training set
consists of 10,000 points {x,;} C R'% along with the noisy outputs {f(z;) + ¢;} where z;

is sampled from the standard Gaussian distribution and e; is randomly sampled from a
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Gaussian distribution with mean zero and variance 02 = 1072. We construct a predictor

as in (2.19) and then test its performance as the dimension of the test set increased from
d =100 to d = 1000.

Figure 2.2 shows the mean squared error (MSE) and mean percentage error (MPE) of
each learned predictor function as the dimension of the test sets increased. The MSE and

MPE on the set {(z;,y,;)}, for each predictor were calculated according to the formulas

1 Ly — flay
MSE() = =3, — fz))? and MPE(f) = -3 TS
N N Yi

The mean MSE stays close to zero for each predictor of degree m € {2,3,4}, but rapidly
increased for degree m = 5 and dimensions greater than d = 500. However, the MPE of the
predictors consistently decreased as both degree m and test set dimension d increased, with

all predictors having less than a 1% error in dimension d = 1000.

2.8.8 Estimating dim(R[V]S) Using Theorem 2.1.5

Figure 2.3 displays Monte Carlo estimates of the dimension of R[V]S for three different
choices of vector space V and group G. The estimates were formed by calculating an empir-
ical average of the formula in Theorem 2.1.5 with an increasing number of samples. Fach
experiment was repeated 10 times and Figure 2.3 plots the average estimate and the 95%
confidence interval.

The first plot shows the estimate for the dimension of the space R[V]{ where V = R?
and G = O(d), the group of orthogonal transformations. To construct the estimates of the
dimension, we randomly sampled orthogonal matrices using the algorithm described in [69].
As any polynomial that is invariant under orthogonal transformations must be a polynomial
in the square norm, the dimension d is arbitrary. Moreover, we can directly calculate that
the true dimension is dim(R[V]{) = 3. As shown in Figure 2.3, the estimated dimension
quickly stabilizes to be approximately 3 as the number of samples increases.

The second plot shows the estimate for the dimension of R[V]§ where V = R? for d > 4
and G = G, acts via coordinate permutation. Random elements of the group &, were
sampled using the random_element function in Sage. Our estimate quickly approaches the
true value computed in Example 2.1.1, i.e., dim(R[V]{) = Z;’f:op(j) =12.

The final plot shows the estimate for the dimension of R[V]S where V' C R¥*9 is the
space of all adjacency matrices of graphs on d vertices and G = &, acts via simultaneous

permutation of rows and columns. As shown in Example 2.1.3, the rank of kernels on graphs
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does not stabilize until the number of nodes d is at least twice the degree m of the kernel.
Thus, for ease of computation, we use a smaller degree for this example. As in the previous
example, random elements of the group &, were sampled using Sage’s random_element
function. The exact value of this dimension dim(R[V]$) = 10 was calculated by summing

the first three values in the sequence [31].
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Figure 2.3: Monte Carlo estimates of dim(R[V]{) for orthogonal transformations, coordinate
permutations and graph permutations. The estimates are calculated using the empirical av-
erage approximation to the formula in Theorem 2.1.5 with an increasing number of samples.
In each case, we see that the estimate stabilises around the correct dimension relatively
quickly. The highlighted regions are the 95% confidence intervals for the estimate.

2.9 Conclusion

In this chapter, we studied G—invariant polynomial kernels of fixed degree and proved that
their ranks are independent of the input data dimension for important examples such as
unordered sets, graphs, and point clouds. We provided elementary combinatorial arguments
for these facts and also gave a general formula for computing invariant kernel ranks by
leveraging representation theory. Moreover, we highlighted a direct connection between rank
stabilization of invariant kernels and the phenomenon of representation stability. The theory
of representation stability in turn allows us to learn sequences of polynomials that generalize
well to data of arbitrary dimension. In particular, we provided a minimax optimal regression
procedure for cross-dimensional generalization. Finally, we provided efficiently computable
bases for the spaces of permutation invariant and set-permutation invariant polynomials,
enabling high dimensional computation. Our developed theory was validated by the results

of numerical experiments.
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Chapter 3
DENSITY ESTIMATION ON RECTIFIABLE SETS

This chapter is the content of the paper [45]. Kernel density estimation is a popular
method for estimating unseen probability distributions. However, the convergence of these
classical estimators to the true density slows down in high dimensions. Moreover, they do
not define meaningful probability distributions when the intrinsic dimension of data is much
smaller than its ambient dimension. We build on previous work on density estimation on
manifolds to show that a modified kernel density estimator converges to the true density
on d—rectifiable sets. As a special case, we consider algebraic varieties and semi-algebraic
sets and prove a convergence rate in this setting. We conclude the chapter with a numerical

experiment illustrating the convergence of this estimator on sparse data.

3.1 Introduction

Density estimation is a canonical problem in statistics: given n random vectors X, ..., X, €
RP sampled independently from a probability distribution P, we would like to estimate the
density of P at some unseen point z € R”. One popular method for estimating unseen

density functions is through the use of a kernel density estimator:

KDE,, (z) = thZK(”Xh_x”> (3.1)

n

where K is some kernel function and h,, is a user-defined bandwidth parameter. The kernel
density estimator defines a new probability distribution on R” that we hope converges to
the true distribution P as the number of samples n increases. Indeed, foundational work by
Parzen [79] (when D = 1) and Cacoullos [15] (when D > 1) showed that when the bandwidth

parameter h,, is chosen appropriately so that lim h, = 0 and lim

d _
oo P, nh{, = oo, then

n—00
the estimator KDE,, converges to the true density p. In particular, when A, is chosen in

—1/(D+4

proportion to n ), the mean square error (MSE) of p is of the order

MSE [KDE, (2)] = O <n4/<1D+4>> (3.2)
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as n — 00. So, while the estimator KDE,, (z) does well-approximate the true density p(z)
as the number of samples increases, this convergence slows down as the ambient dimension
of the data D increases.

In many modern applications, although data is sampled in some high dimensional space
RP, we see that the intrinsic dimension of the data is much smaller. In these cases, the
support of the probabiliy measure P is some domain  C R? with dimension d that is much
smaller than the ambient dimension D. Now, the kernel density estimator defined in (3.1)
no longer defines a meaningful probability distribution on € : in order to account for the
low-dimensionality of 2, we must normalize the estimator to be zero outisde of {2 and infinite

on €2. One proposed workaround is to define the estimator

pute) = g o8 (=), (3.3

n

a modified version of the estimator in (3.1) that uses the intrinsic dimension d of the
data, rather than its ambient dimension D. We expect this new estimator to approximate
the density of each point x € 2 as the number of samples n grows.

The setting where € is a d—dimensional Riemannian submanifold of R” was studied
in [80] (when € is known), [77] (when only dim {2 = d is known) and [10] (where dim$2 is
possibly unknown). It was shown that when the bandwidth parameters h,, are chosen pro-

portionally to n—1/(d+4

), then the mean square error MSE [p,, (2)] is of the order O (m)
as n — oo, mirroring the convergence rate of KDE, .

However, the assumption that data lies on a manifold is very strong and is unreasonable
in many important examples. For example, a natural way to ensure vector data has a
low intrinsic dimension is to assume some level of sparsity. In a similar vein, if data is
matrix valued, we may assume that the data is low rank or positive semi-definite. The
sets of sparse vectors, low rank matrices, and positive semi-definite matrices do not lie on
manifolds yet do have intrinsic senses of dimension that should be exploited when estimating
densities on these spaces. In this chapter, we study the estimator p,, (z) on d—rectifiable sets,
which can be thought of as the natural measure-theoretic generalizations of d—dimensional
submanifolds and include the aforementioned examples as special cases. An important
property of rectifiable sets is that they have approrimate tangent spaces at almost every
point. When these approximate tangent spaces satisfy a certain condition, discussed in

Section 3.3, we prove the following theorem, whcih is the main result of this chapter.
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Theorem 3.1.1: (KDE on rectifiable sets)

Let Q C RP be a d—rectifiable set and P a probability measure on 0 with density p
with respect to the d—dimensional Hausdorff measure H?¢. Assume that the kernel K
is continuous and vanishes outside of [0,1] Then, when bandwidth parameters h,, are

chosen appropriately, the equality

MSE [p, ()] = O (m) . (3.4)

holds with probability 1, where m is a measure of how well Q) is approrimated by its

approximate tangent spaces.

Note that this theorem mirrors the results of [10, 77, 80] in a more general setting.
As a consequence of this theorem, we prove that the convergence rate achieved in these
previous works holds when  is locally a smooth manifold.! We emphasise that although
this result can also be achieved with minor modifications to the arguments in [10, 77, 80],

our perspective that this is a special case of a more general setting is novel.

Theorem 3.1.2: (KDE on a.e. smooth spaces)

Suppse  is locally a smooth manifold almost everywhere. Assume that K is twice
differentiable and vanishes outside [0, 1] and the density p is twice differentiable. Then,

when the bandwidth parameters h,, are chosen in proportion to n~ Y4 the equality

MSE [p, ()] = O (ﬁ) . (3.5)

holds with probability 1.

L J

The proof of Theorem 3.1.2 amounts to showing that a neighbourhood of z € € is
approximated by the tangent space T,,Q with only O(h2) error. Note that since algebraic
varieties and semi-algebraic sets are smooth almost everywhere, this includes the case that

Q) is a d—dimensional algebraic variety or semi-algebraic set.

'While our results are stated for sets that are locally smooth manifolds since we are interested in examples
such as semi-algebraic sets, the hypothesis can be weakened to spaces that are locally only C? without
changing the proof. Minor modifications may be made to the proof so that the result holds on spaces that
are locally only C2.
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Outline

The rest of this section contains a brief overview of related literature. In Section 3.2, we
discuss all necessary background material on d—rectifiable sets. The proofs of Theorems
3.1.1 and 3.1.2 are contained in Section 3.3 and Section 3.4 respectively. We conclude with
Section 3.5 which details a numerical experiment using p,, to estimate a known density

function on sparse vectors.

Related Literature

Although little attention has been paid to density estimation on non-smooth spaces, there
is a wealth of literature on nonparametric density estimation on manifolds, beginning with
[41]. The work [41] uses the techniques of Fourier analysis to estimate probability den-
sities on manifolds, yet is limited since it requires knowledge of the eigenfunctions of the
Laplace-Beltrami operator on the space. The kernel density estimator (3.3) on Riemannian
submanifolds was first studied in [80], but again is limited since knowledge of the space is
required. This was generalized to unknown submanifolds by [77]. The analysis in [77] relies
on the observation that compactly supported kernels essentially become delta functions as
the bandwidth parameter approaches zero. This fact was first observed in [21] in the context
of estimating the Laplace-Beltrami operator on manifolds. The setting where data lies on
a manifold with boundary was studied in [11], where an additional estimator known as the
boundary direction estimator is used to renormalize kernels so that density estimations are
consistent as points approach the boundary of the space without needing prior knowledge
of the boundary’s location.

Our analysis in the proofs of Theorems 3.1.1 and 3.1.2 relies on the existence of (approxi-
mate) tangent spaces to the domain 2. The work [48] also focuses on the existence of tangent
spaces and introduces a kernel density estimator that is defined on the tangent space to the
manifold €. Although it is shown that this estimator does converge to the true denstiy on
the domain, this approach is severely limited since it requires knowledge and evaluation of
the exponential map on Q.

More recently, kernel density estimation on unknown submanifolds without boundary
was studied in [10]. Under certain conditions relating to the reach of the submanifold, [10]
provides convergence rates of the kernel density estimator that depend on the smoothness of
the probability density function. This convergence rate mirrors the convergence rate in our
Theorem 3.1.1, however our result is dependent on the smoothness of the data’s domain and

not the probability density function itself. The analysis in [10] uses local parametrizations
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of the space by its tangent space, much like our arguments in the proof of Theorem 3.1.2.
We emphasise that our main result Theorem 3.1.1 is not predicated on the existence of such

parametrizations since they do not exist in general for d—rectifiable sets.

3.2 Preliminaries

In this section we provide a brief background on rectifiable sets. For a more thorough
treatment of the material, we refer the reader to [95]. First, we recall the definition of
d—rectifiability.

Definition 3.2.1 (d—Rectifiable). A set Q C RP is d—rectifiable if it can be decomposed
as Q - QO U (UJENFJ(AJ>) Whel"e ‘%d(Q0> - O, AJ C le and F] : [Rd — lRD is LlpSChltZ

Rectifiable subsets of RP can be viewed as a natural measure-theoretic generalization of
embedded submanifolds of R”. Indeed, for each point z € € there is some neighbourhood
that is covered by countably many embedded d—dimensional C'' —submanifolds of R”. An

alternative characterization of d—rectifiable sets arises using approximate tangent spaces.

Definition 3.2.2 (Approximate tangent space). Let Q@ C RP be A %—measurable and 6 a
positive A ?—measurable function on Q with meK 9dH? < oo for all compact sets K C RP.
For x € ), the d—dimensional subspace 7,22 C R is an approximate tangent space to {2

with respect to 6 if the equality

tim [ )b+ hdsct(y) o) [ fasey) (36)
~0Ja—z)/n T,

holds for all continuous compactly supported functions f. Here, the set (Q —z)/h = {y €
RP : 2 + hy € Q} is the blow up of Q around =.

Note that any tangent space is also an approximate tangent space. In particular, if a
set ) is locally a differentiable manifold at x, then 2 has an approximate tangent space at
z. The following theorem shows that a d—rectifiable set  C R” has approximate tangent

spaces H ¢—almost everywhere.

Theorem 3.2.3 ([95, Theorem 3.1.9]). Suppose Q C RP is H¢—measurable and 6 a positive
Fe—measurable function on Q with fQﬂK 0dFH e < oo for all compact sets K C RP. Then,
Q is d—rectifiable if and only if 1 has an approzimate tangent space T,$2 with respect to 6
for H—almost every x € Q.
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Theorem 3.2.3 will be the main tool necessary in the proof of Theorem 3.1.1. We will
see that the rate at which the mean square error MSE [p,,(z)] converges to 0 is controlled
by the rate of convergence in (3.6). Since any tangent space to ) is also an approximate
tangent space, if 2 is locally a d—dimensional differentiable manifold almost everywhere
then Q is d—rectifiable as a direct consequence of Theorem 3.2.3. In particular, objects such

as d—dimensional algebraic varieties and semi-algebraic sets are also d—rectifiable sets.

Lemma 3.2.4. Suppose 2 is a d—dimensional algebraic variety or semi-algebraic set. Then,
Q is d—rectifiable.

Proof. If Q) is a d—dimensional algebraic variety or semi-algebraic set, there exists a Whitney
stratification of ) - a decomposition of €2 into finitely many non-interecting smooth mani-
folds with dimension at most d that satisfy certain compatibility conditions, see [106]. In
particular, for ?—almost every = € Q, there exists a d—dimensional tangent space T, to

Q at x. Since T,() is also an approrimate tangent space, €2 is d—rectifiable. O

3.3 Proof of Theorem 3.1.1

In this section, we prove Theorem 3.1.1. First, we fix some assumptions on the set €2 and
the kernel K.
Assumptions. We fix the following setting:

A.1 The kernel K is continuous and vanishes outside of the interval [0, 1], and the equality
oo K (Ju])du = 1 holds.

A.2 The domain Q C RP is d—rectifiable and the approximate tangent spaces to 2 with
respect to p satisfy

/ fy)p(z + hy)d I (y) = p(x) / fy)dH 4 (y) + O(h™)
(Q—=)/h T, Q

for some fixed m > 0 and each compactly supported continuous function f.

The assumption on K is standard and is satisfied by most reasonable examples. The
assumption on the approximate tangent spaces of {2 is necessary to quantify the rate at
which the mean squared error MSE [p,,(z)] converges to zero as the number of samples
n grows. Note that without this assumption, we may still conclude that the equality
lim MSE [p,,(x)] = 0 holds, but cannot quantify the rate of this convergence.

n—oo
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Recall that the mean square error of the predictor p,,(z) can be decomposed into its

squared bias and variance:

MSE [p,, (z)] = E [(E [p, (2)] — p(x))?]
= (E [p, (x)] — p(x))* + E [(E[p,(2)] - p(2))’]
= Bias [p,, (x)]* + Var [p, (z)]

We prove that both the bias and variance of p, converge to zero as the number of
samples n grows. This argument is similar in spirit to those of [79], [80], and [77]. We begin

by considering the bias Bias [p,, (z)].
Lemma 3.3.1. For H{%—almost every x € Q the equality

[ K (E52 ) apt) = pia) -+ 00,

holds. In particular, if h,, is chosen such that lim h, = 0, then Bias [p, (x)] = O(hI"™)

n—oo ''n

with probability 1.

Proof. Since p is the density of the probability measure P with respect to the Hausdorff

measure K¢, the equalities

% QK(”“?*””) dP(y) = hld /K(”:C;ywp(y)dl)(y)

- / K(Jul)p (e + uh)d?c (u)
(Q—x)/h

hold, with the second equality following from the change of variables u = %(m —y). As Q is

d—rectifiable, there exists an approximate tangent space 7, () with respect to the density p

for almost every = in 2 and the equality
/ K(Jul)p(z + uh)dH*(u) = p(z) / K(|Jul)d7(u) + O(h™)
(Q-z)/ T,Q

holds by assumption A.2 since K is a compactly supported continuous function. Now, since

Q) is assumed to be a subset of R”, the approximate tangent space T, is a d—dimensional
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subspace of RP. So, there exists some isometry mapping T,,§2 to R%. Thus, the equality holds:

[, Fubaoett = [ aupaoett =
Rd

Then, we have that 77 fQ K (@) dP(y) — p(x) = O(h™) holds for almost every = € Q.
We now show that with probability 1, the equality Bias[p,, ()] = O(h") holds. Recall
that by the definition of bias,

Bias 5, (o) = | 5 (200) | i)

=7 /Q ("5 ap) - pio

By our previous argument, we have that Bias [p,,(z)] = O(h?). This concludes the proof. [

>

>

We now utilize similar arguments to show that the variance Var [p,, ()] converges to zero

as the number of samples n increases.

nhé

n

Lemma 3.3.2. Suppose that h,, is chosen such that lim h, =0 and lim

n—oo ''n

Then, with probability 1, the equality holds for all h < hy:

Var [p, (z)] = O <n;17,g> .

Proof. Recall that by the definition of variance,

vt =Seloe (5] (s () oo

We will consider each term in the sum independently. Consider the first term in (3.7)

el (522 [ ()

Using a similar argument to that in the proof of Lemma 3.3.1, we compute:

n—00 = Q.

L1yl _ b 2 m
i | woi? () ppari = [ Kb+ o0

Cp(x) hy!
<
= “uhg *O(nhz)’
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where C' > !I% , K?(|u|)du. Note that such a constant C' exists since K is continuous and

nh% = oo and so it

compactly supported. By assumption, lim h, = 0 and lim, , . nhS

n—oo ''n

follows that the first term in (3.7) converges to zero at the rate O(1/(nh%)).
Now, observe that by the arguments in the proof of Lemma 3.3.1, the equality holds:

(el () -

Dividing by the number of samples n, the second term in (3.7) is O(1/n) as n increases. As
we may assume that h,, < 1, note that O(1/n) C O(1/(nh%)). So, we have that the equality

Var o, (@] = 0 (i

holds, as desired. This completes the proof. O

The proof of Theorem 3.1.1 is now a simple combination of Lemmas 3.3.1 and 3.3.2.
Proof of Theorem 3.1.1. Since the mean square error of p,, (z) can be decomposed into

squared bias and variance, we compute:
MSE [p,, ()] = Bias [p,, (x)]* + Var [p,, ()]
1
— h2m -
o (1 + 25g)

Choosing the bandwidth parameter h,, in proportion to n~H/(d+2m) e achieve our desired

rate of convergence:

lim MSE[p, (z)] = O (1)

n—00 n2m/(d+2m)

This concludes our proof of Theorem 3.1.1. 0

3.4 Proof of Theorem 3.1.2

In this section, we prove that the convergence rate (3.4) holds when  is locally a smooth
manifold almost everywhere. To this end, we introduce the following lemma, which quantifies
the approximation error when integrating over the tangent space 7T ,{) as opposed to the blow

up (2 — x)/h. The proof uses standard techniques but is included for completeness.
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Lemma 3.4.1. Suppose there exists some hy > 0 such that B(xz,hy) N Q is a smooth
d—dimensional submanifold of RP. Let f be even, twice differentiable and compactly supported

and 0 a twice differentiable function on Q). Then, the equality holds:
/ F)0(a + hy)d Ty / F)b(@)dy) + O(h?)

Proof. As the Hausdorff measure is preserved under affine isometries, we may assume with-
out loss of generality that z = 0 and 7, = R? C RP, i.e. T,Q = {(z,0) € RP : z € R%}. So,

we prove the following equality:

F(0)8(hy)dTc i (y) = / F(2.0)6(0)d= + O(h?) (3.8)

Q/h R

Note that since fis assumed to be compactly supported, we may intersect the domain of
the integral with some compact set. Thus, we may assume that all functions and derivatives
are bounded on our domain. First, we expand the integrand using the Taylor expansion of

the function 6. Since 6 is assumed to be twice differentiable, the equality holds:

Fy)0(hy)dF(y) = 6(0) f(y)d%d(?J)Jrh/ Fy)(DO(0), y)d T (y)+O(h?) (3.9)

Q/h Q/h Q/h
We will independently consider each integral in the sum. Since €2 is a smooth manifold
about 0, for small enough h we may assume that the domain Q/h can be locally parametrized
as {(y/h),o(y)/h : y € U} where ¢ is a smooth map with ¢(0) = 0 and D¢(0) = 0 and
U is some neighbourhood of the origin in R?. Define the map 1, : R? — RP as 1, (z) =

(z,¢(hz)/h). We now perform a change of variables using this parametrization of Q/h :

/ Fly)dci(y) = / £z, 0(h2) /1) (2)dF04 (y)
Q/h Rd

where J,(y) = +/det(Dy,(2)T Dy, (2)) is the Jacobian determinant of the map ¢,. By
definition, the differential Dy, (2) is

Dy, (2) = [D ;dm)]

where I is the d x d identity matrix. We approximate D¢(hz) with a second order Taylor
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approximation around 0. First, note that the Taylor expansion of ¢(hz) is given by
h2
¢(hz) = $(0) + hDH(0)(2) + - D?*$(0) (2, 2) + O(h?) (3.10)
and so taking the derivative with respect to z,

D¢(hz) = D(0) + h*D?$(0)(2) + O(h®) = h2D?¢(0)(2) + O(h?)

since Dgp(0) = 0 by assumption. So, Dy, (2)" Dy, (2) = I, + h*(Dg(0)(2)) " (Dp(0)(2)) +

O(h%). Using the Taylor expansion of the determinant near the identity, we compute

det(I, + h*(Dg(0)(2)) " (D(0)(2)) + O(h%)) = 1 + h*Trace((D¢(0)(2)) " (Dp(0)(2))) + O(h*)
=1+ O(h?).

It follows that the equality

VAt (DG, (2 Db, (=) = 1+ O(hY)

holds. In particular, we have shown that the equality holds:

Fdsti(y) = | f(z é(hz)/h)dz + O(h?)

Q/h R

We now compute the Taylor expansion of f(z, ¢(hz)/h) in the normal direction to R? ¢ RP.
Given the Taylor expansion of ¢(hz) in (3.10), it follows that the equality

f(z,0(h2)/h) = f(2,0) + g(DJ(za 0), D?¢(0)(z, 2)) + O(h?) (3.11)

holds, where D f(z,0) is the differential of f at (2,0) in the normal direction. Note that

since fis assumed to be even, D f(z,0) is an odd function of z. We compute
h
[t otmamdz= [ f00dz+5 [ (D150, D6(0)( )z + 002)
Rd Rd R

= f(z,0)dz + O(h?),
[Rd

where the final equality holds since the inner product (D, f(z,0), D?¢(0)(z, z)) is an odd
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function of z. Thus, we have shown that the equality

0(0) | fy)dFt(y) = 0(0) | f(2,0)dz+ O(h?)
Q/h R

holds. We now need only show that the second term in the sum (3.9) is O(h?). Again, we
use the change of variables y = (z, ¢(hz)/h) :

h/ FW)(DO(0),y)d7(y) = h/ f(z,¢(hz)[R)(DB(0), (2, 6(hz)/h))dz + O(h?)
Q/h Re

Using the Taylor expansion of ¢(hz)/h in (3.10) note that the equalities hold:

(DO(0), (2, ¢(hz)/h)) = (D(0), (2,0) + (0, gDQqﬁ(O)(% z) + O(h?)))

= (D(0), (2,0)) + g(DG(O)» (0, D*$(0)(2, 2))) + O(h?)

Taking the product with the expansion of f(z,¢(hz)/h) in (3.11), we compute

B[ £z 0(h2)/R)DOO), (2, 6(h2) [))dz = h [ F(2,00(DO(0), (2,0))dz + O(h?)
R4 R

Since f is an even function by assumption, the product f(z,0)(D#(0),(z,0)) is an odd
function of z. It follows that the equality

/ f(2,0)(D#(0), (2,0))dz =0
R

holds and thus only the O(h?) term remains. This completes the proof. O

Proof of Theorem 3.1.2. By Lemma 3.4.1, the convergence rate in Theorem 3.1.1 holds
with m = 2. It follows that the equality

MSE [p,, (z)] = O (n4/<1d+4>>

—1/(d+4) 49 desired. O

We have shown that the kernel density estimator p,, (x) converges to to the true density

holds for almost every x € €2 when h,, is chosen in proportion to n

p(z) at the rate O(n *(@+49)) on sets that are locally smooth d—dimensional manifolds,

mirroring the classical results of [79, 15]. By Lemma 3.2.4, this includes all d—dimensional
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algebraic varieties and semi-algebraic sets. This is a much more rich class of spaces than just
d—dimensional manifolds. For example, the spaces of sparse vectors and low-rank matrices
are algebraic varieties and the space of positive semi-definite matrices is a semi-algebraic set.
Our result ensures that kernel density estimation can be used to estimate unknown density
functions on these spaces and converges to the true denstiy at the same rate as classical
kernel density estimation. The next section illustrates this convergence rate by estimating

a known density function on sparse vectors.

3.5 Example: Density Estimation on Sparse Data

One common structure used in dimensionality reduction is assuming that data is d—sparse:
although the data lives in the high-dimensional space R”, each sample only has d non-zero
coordinates where d is typically much smaller than D. We now illustrate the convergence of
the estimator p,, by estimating a probability density on d—sparse vectors.

We fix the following distribution on the set of d—sparse vectors in R” : data is sampled
from a mixture of Gaussians by uniformly at randomly selecting a d—dimensional coordiante
hyperplane and randomly sampling a vector according to the standard d—dimensional nor-
mal distribution in the hyperplane. For a d—sparse vector € R, the true density of this

distribution at the point x is given by

1 exp (—|z]*/2)

M T

since there are (g ) d—dimensional coordinate planes and each hyperplane is chosen uniformly

(3.12)

at random.
To estimate the density p we use the Kernel density estimator p,(x) with K chosen to

be the truncated Gaussian kernel

1 lz—y|?
K (“95 - y||) _ ) mn(F)—F(-1)) P <_ 22 ) lz =yl <h
h 0 lv =yl > h

where F'is the cumulative distribution function of the standard normal distribution. We use
the truncated Gaussian kernel rather than the standard Gaussian kernel since it is compactly
supported on the interval [0, 1].

Note that the set of d—sparse vectors is a d—dimensional variety in R since it is the

vanishing locus of the set of all degree d + 1 monomials. Thus, from the result of Theorem
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3.1.2 we expect the MSE of the estimator p,,(x) to converge to 0 at the rate O(n~%/(¢+4))
regardless of the ambient dimension D of the data. We fixed the level of sparsity of the data
at d = 3 and tested the estimator p,, in ambient dimensions D = 5,10, 50. In each setting,
we constructed an estimator using training sets of various sizes: we began with using only
100 training points and increased the number of data points in increments of 100 until the
training set consisted of 10,000 points. For a training set of size n, the bandwidth parameter

—1/7 in accordance with the choice of parameter in Theorem 3.1.2.

h,, was chosen to be n
We calculated the empirical MSE of these predictors using a test set of 500 points. For each

regime, we repeated the experiment 10 times. Our results are shown in Figure 3.1.

1074
— D=5
D=10
s —— D=50
1075 4
10—6 4
w
%))
=
10—7 4
10—8 4
107° 1+ T T T T T
0 2000 4000 6000 8000 10000

Training Samples

Figure 3.1: MSE of the predictor p,, in various ambient dimensions and using varying sizes
of training sets. The shaded regions indicate a 95% confidence interval. Note that the
curve corresponding to each ambient dimension D has the same shape, illustrating that the
convergence rate is independent of the ambient dimension.

3.6 Conclusion

In this chapter, we studied the problem of probability density estimation on d—rectifiable
sets and proved that a suitably modified kernel density estimator converges to the true
density at a rate consistent with previous results. This work extends the literature on
density estimation on manifolds to a much richer class of spaces. The theory developed is

supported by a numerical experiment estimating a known density on sparse vectors.
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Chapter 4

UNIVERSAL GROBNER BASES OF (UNIVERSAL) MULTIVIEW
VARIETIES

This chapter is the content of the paper [28] and is joint work with Duff and Thomas.
Multiview ideals arise from the geometry of image formation in pinhole cameras, and uni-
versal multiview ideals are their analogs for unknown cameras. We prove that a natural
collection of polynomials form a universal Grobner basis for both types of ideals using a cri-
terion introduced by Huang and Larson, and include a proof of their criterion in our setting.
Symmetry reduction and induction enable the method to be deployed on an infinite family
of ideals. We also give an explicit description of the matroids on which the methodology

depends, in the context of multiview ideals.

4.1 Introduction

In this chapter, we apply a recent universal Grébner basis criterion due to Huang and
Larson [43] to show that certain sets of polynomials form universal Grébner bases for two
families of ideals from computer vision.

First, we recover a result for multiview ideals, originally [2, Theorem 2.1].

Theorem 4.1.1: (Universal Grobner Basis for Multiview Ideals)

or an arrangement of n generic pinhole cameras, the associated 2-,3-, and 4-focals

form a universal Grobner basis of the multiview ideal I,,.

We then extend this result to prove a new result about a universal Grobner basis of

universal multiview ideals, introduced in [1].

Theorem 4.1.2: (Universal Grobner Basis for Universal Multiview Ideals)

or an arrangement of n unknown cameras, the associated 2-,3-, and 4-focals form a

universal Grobner basis of the universal multiview ideal I, .

We define multiview and universal multiview ideals in Sections 4.4 and 4.5. Both form

families of ideals indexed by 2 < n € N. The Huang-Larson criterion for a set of polynomials
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to form a universal Grobner basis is for a fixed ideal, and it relies on an abstract simplicial
complex that is generated by the supports of the candidate polynomials. In order to apply
this criterion to a family of ideals, we first need a handle on the corresponding family of
simplicial complexes. We rely on combinatorics, symmetry reduction, and finally induction,
to reduce the checks to a small finite number. We also give explicit descriptions of the
complexes as transversal matroids.

This chapter is organized as follows. In Section 4.2 we give the necessary background
on simplicial complexes and matroids, followed by the Huang-Larson criterion for a set of
square-free polynomials to form a universal Grobner basis. For our results, we only need to
apply this criterion in the special setting where the underlying varieties are irreducible. In
Section 4.3, we include a self-contained proof of the Huang-Larson criterion in this special
setting. In Section 4.4 we apply the criterion to multiview ideals and in Section 4.5 to
universal multiview ideals. In the former case we recover a known result (Theorem 4.1.1)
using this new technique. Using a similar approach we prove Theorem 4.1.2, a new result

which generalizes [1, Theorem 3.2], and resolves the first open question in [1, §8.1].

4.2 Background

4.2.1  Simplicial Complexes and Matroids

In this subsection, we collect some standard combinatorial terminology and facts that play
a role in our results.

An abstract simplicial complexr A = (S,J) consists of a finite ground set S and a
downward-closed family of subsets J: if A C S satisfies A € J, then we have B € J whenever
B C A. The elements of J are known as the faces of A, and inclusion-maximal faces are
called facets. The dimension of a face is one less than its cardinality, and the dimension of
a complex is the largest dimension over all of its facets. A complex is pure if all of its facets’
dimensions are equal. Two complexes are isomorphic if there is a face-preserving bijection
between their ground sets.

Next we recall some basic aspects of Stanley-Reisner theory —see eg. [71, 98, Ch. 1] for
more details. The Stanley-Reisner ideal of a simplicial complex A on S is the monomial
ideal J, in Clx; : i € S] generated by the square-free monomials z# := II,_ 4, such that A
is a nonface of A, ie., A ¢ A. If A is pure then J, is equidimensional, i.e., all its associated
prime ideals have the same dimension. On the other hand, every ideal J in Clz; : i € 5]

generated by square-free monomials is the Stanley-Reisner ideal of a simplicial complex A ;
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on S; x4 € J if and only if A is a nonface of A;. The inclusion-minimal nonfaces of A
are in bijection with the minimal generators of J. The simplicial complex A ; is called the
Stanley-Reisner complex of J.

A matroid M = (S,7) on a finite ground set S is an abstract simplicial complex, known
also as an independence complex, which satisfies the augmentation axiom: if I,,1, € J with
#I, < #I,, then there exists s € Iy \ I; with I; U {s} € J. Basic matroid theory shows
that all independence complexes are pure; their faces and facets are known, respectively,
as the independent sets and the bases of the matroid. The rank function r,,; of a matroid
M = (S,7) is the set function satisfying

Ty (X)=max{#I |1 €J, I C X} vX CS.

The rank of M = (S,7) is defined as 7,,(S) and equals the size of any basis of M.

Example 10. The uniform matroid U, ,, has ground set [n] := {1,...,n}, and its indepen-

dent sets are all subsets of [n] of size at most k.

Example 11. Let G be a bipartite graph on vertex set S UT. We define the G-transversal
matroid on S, denoted M[G, S| = (S,7), to consist of all subsets I C S that can be covered
by a matching in G.

In general, we say a matroid is uniform (resp. transversal) if its is isomorphic to some
uniform (resp. transversal) matroid. Thus, all uniform matroids are transversal: for the
complete bipartite graph K ,,, we have U, ,, = M[K, ., [n]]

New matroids can be built from old ones using the matroid union theorem. Given n
matroids M, = (S1,74),..., M, = (S,,7,,), their union

M=M;V--VM,=(S,79)
is defined so that S =S5, U---U S, and
J={Lu---ul,|I,€7y,..,1,€7,}.

Note that the ground sets S; need not be disjoint in the definition of matroid union. When
the ground sets are pairwise disjoint, meaning S; NS, = () whenever ¢ # j, the matroid union
is instead called the direct sum and denoted M, & --- & M ,.
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Theorem 4.2.1. [76, Theorem 12.3.1] The union of matroids M = My V -V M, is also
a matroid, whose rank function r,, is related to the rank functions ry,...,r, of M, ..., M,

as follows:

7a¢(X) = min {inm +#(X\Y)|Y C X} .
i=1

Remark 4.2.2. In general, unions of bases need not be bases. For example, if M ; and M,

are the rank-1 uniform matroids on {1} and {1,2}, respectively, then
By =By ={1} = B UB,={1} {12},

so B; U B, is not a basis in the union M = M; V.M ,. However, if B = B; U---U B,, with the
B, pairwise disjoint, then B is a basis for M = M, V---V M ,,, as this implies r,,(B) = #B,

with the minimum in Theorem 4.2.1 attained at any Y C B.

4.2.2  Universality Criterion for Grébner Bases

The paper [43] gives a criterion for determining whether a set of nonzero square-free poly-
nomials is a universal Grobner basis of an ideal. In this section, we give a brief overview of
this criterion and describe our general strategy for proving Theorems 4.1.1 and 4.1.2.

Fix a variety V C C¥. For any polynomial f € Clxy,...,zy], define the spread of f to
be the collection of ¢ € [N] such that z; is in the support of f. For a collection of nonzero
polynomials fi,..., f, let A(fy,..., f,.) be the simplicial complex on [N] whose nonfaces are
generated by the spreads of fi,..., f,.

There is a natural embedding of Vin the projective space PV obtained by homogenizing
each coordinate x;, i.e., sending x; + [x; : 1]. Let V denote the closure of Vinside PY. Given

a subset U C [N], consider the projection

Ty i PN = PU (4.1)
([331 PTNp)s e [T $2ND = ([SUZ Fx N 1€ U) .
The following theorem gives a sufficient condition for when {fi,..., f.} forms a universal

Grobner basis for the vanishing ideal J(V).

Theorem 4.2.3 (Theorem 2.7 in [43]). Let V C C¥ be a closed subvariety, and f, ..., f. €
T(V)N{0} be square-free polynomials. If 7,;(V) = PV for every facet U of A(fy, ..., f,), then
{fis-, fr} is a universal Grobner basis of J(V).
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To apply Theorem 4.2.3, we must show that the projection 7, : V— PY is for each facet
of the simplicial complex A(f,..., f,). Since our varieties are affine, it will be convenient
to instead consider the projections 7, : V — CY. The following simple lemma expresses the
the surjectivity, and hence dominance, of 7;; in terms of the original affine variety V, when

V' is irreducible.

Lemma 4.2.4. Let V. C CV be irreducible. For any subset U C {1,..., N}, the projection
my : V. — CY is dominant if and only if 7 : V— PY is surjective.

Proof. Consider the following diagram:

VeV V¥
1k
cU v, pU
Since the horizontal inclusion maps are birational isomorphisms, the image of 7; is dense

if and only if the image of 7;; is dense. Furthermore, dominance and surjectivity of 7 are

equivalent by the projective elimination theorem. O

While Theorem 4.2.3 gives a sufficient condition for a collection of polynomials to form
a universal Grobner basis of a single ideal, in this chapter we wish to prove that a given
sequence of sets of polynomials form universal Grobner bases for a nested sequence of ideals

I,,, indexed by n € N. Our general strategy is as follows:

1. For each n, describe the simplicial complex A, needed in Theorem 4.2.3 for I, and

determine a “growth rule” as n increases.
2. Use symmetry to reduce the number of facets that need to be checked in Theorem 4.2.3.
3. Prove a base case via direct computation in Macaulay2 [38].

4. Finally, apply induction to prove the general case.

4.3 A proof of Theorem 4.2.3 in the irreducible case

In this section, we provide a short proof of Theorem 4.2.3 under the assumption that the
variety Vis irreducible. This gives us a self-contained route towards our main results, where

this assumption always holds.
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Our task is to show that under the hypothesis of Theorem 4.2.3, {fi, ..., f,.} is a Grobner

basis for J(V') with respect to any monomial order < on Clzy,...,zy].
Let Clzy, ..., T, T 1, Ton) De the coordinate ring of PV where variable x; is paired
with ., for i = 1,..., N. The multi-homogenization of a polynomial f € Clz,...,zy] is

" € Clzy, ..., oy defined as

deg, (f)  deg, (f)

fh(331>---7$N> = Tn41 "‘szzN 'f(xl/xNJrlv"'va/xQN)' (4.2)
The vanishing ideal of Vin Clzy, ..., z5y] is
JWV)=(f"] feIV)). (4.3)

In order to show that {f,..., f,} is a Grobner basis of 7(V') with respect to any monomial
order on C[zy, ...,z ], it suffices to argue that {f!, ..., f*} is a Grobner basis for J(V) with

respect to any product order such that z;, y <z, for all 7, j. These orders can be viewed as

natural extensions of monomial orders on C[zy, ..., 2 5] to monomial orders on C[x, ..., Zop].
If f, ..., f* form a Grébner basis of J(V) with respect to <, then fi, ..., f,. form a Grébner
basis of J(V') with respect to the corresponding monomial order on Clx,, ...,z ], see for

example, [29, Exercise 15.39)].

Fix such an order < on C|xy, ..., Z4y] and define the monomial ideal

J o= (1) in (1) C Clry, oy 2an]. (4.4)

To show that fI, ..., f* form a Grébner basis of J(V) with respect to <, we will apply the

following result of Conner, Han, and Michalek [24] to I = J (V).

Lemma 4.3.1 (Lemma 3.1 in [24]). Suppose I is a homogeneous prime ideal and g, ..., g,

are elements of I. Assume the following hold for the monomial order <:
1. The initial terms in_(g; ), ...,in_(g,) are square-free,
2. The initial ideal J := (in_(g,), ...,in_(g,)) is equidimensional, and
3. The equalities dim I = dim J, and deg I = degJ hold.
Then, gy, ..., g, is a Grobner basis of I with respect to the monomial order < .

Since the variety Vis irreducible by assumption , so is the variety V. Thus, the vanishing

ideal J(V) is prime and homogenous. By assumption (in the setting of Theorem 4.2.3),
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the initial monomials in_(f]'),...,in_(f") are square-free and so we need only prove that
conditions (2) and (3) hold. Let sprf denote the spread of a polynomial f.

The following lemma, summarizing two results in [43], will be useful for us.

Lemma 4.3.2. Suppose V C CV is a closed subvariety. For a subset U C [N], we have that
7y (V) # PY if and only if there is a nonzero f € J(V) such that sprf C U. Alternatively,
7 (V) = PY if and only if 7(V)NClz,; : i € U] = 0.

Proof. This is an easy consequence of Lemmas 2.1 and 2.2 in [43]. O

Since the variety V is irreducible, the sets U C [N] with 7, (V) = PY are precisely the
independent sets in an algebraic matroid [76, §6.7], whose rank is dim V. The bases in this
matroid correspond to transcendence bases of rational functions in the set {z,...,z5} C
C(V). As in [84], we call this the algebraic matroid of V.

Lemma 4.3.3. Under the hypotheses of Theorem 4.2.3 (and since V is irreducible), the
simplicial complex A(fy, ..., f,) is the algebraic matroid of V. In particular, A(fy, ..., f,.) is

a pure complex of dimension dimV — 1.

Proof. Under the hypotheses of Theorem 4.2.3, every face of A(fy,..., f,.) is independent in
the algebraic matroid of V. On the other hand, if U is a nonface of A(fy,...,f,), then U
contains the spread of some f;, and Lemma 4.3.2 implies U is dependent. Thus, the algebraic
matroid of Vcoincides with the simplicial complex A(fy, ..., f,.). Furthermore, since the bases

of a matroid all have the same size, A(fy, ..., f,) is a pure simplicial complex. O

Returning to the proof of Theorem 4.2.3, we now prove that condition (2) holds, i.e., that
J = (in_(f}),...,in_(f")) is equidimensional, using Stanley-Reisner theory. Observe that
the Stanley-Reisner complex A ; is closely related to the simplicial complex A(fy,..., f,);
for any f € Clzy,...,zy] there is a bijective correspondence between sprf in [N] and the
support of in_(f") in [2N]. Hence, the nonfaces of A; and A(fy,..., f,) are in bijection.
Moreover, by [43, Lemma 2.10], there is a bijection sending facets U € A(f, ..., f,.) of size
k to facets U € A ; of size k+ N.

Example 12. For example, if f = x; + z,25 € Clzy, 7y, 73], then sprf = {1,2,3} and A 4,
has the single generating nonface {1,2,3}. Double the variables by letting =, <> z,, x5 <>
T5, 24 <> 3. Then fP =z 2526 + 2,792, and for any term order with in_(f") = x x5,
the complex Ay, (pn) is generated by the nonface {1,5,6}. The indices 2,3 in {1,2,3}
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have been replaced by 5,6 in {1,5,6}. We also have the following bijective correspondence

between facets:

F={1,2} € Ay & F={1,2,3,4,5} € Ay, (),

F={13} €Ay & F={1,2346} €A )

F={23} €Ay ¢ F'={2,3,4,5,6} € Ay ()
Lemma 4.3.4. The ideal J is equidimensional.

Proof. As observed in the previous discussion, the ideal J is the Stanley-Reisner ideal of the
simplicial complex A ;= Ay, (ny o (g~ Recall that the Stanley-Reisner ideal of a pure
simplicial complex is equidimensional and so it suffices to prove that A ; is pure.

There exists a bijection mapping each facet U € A of size k to a facet UeA y of size
k + N. Therefore, since A(f, ..., f,) is pure, so is A ;. O

We now establish condition (3). First we show the equality dim J(V) = dim J.
Lemma 4.3.5. The equality holds:
dim J(V) = dim J
Proof. Note that dim J(V) is given in terms of the affine variety V by the equalities
dimJ(V) = N +dimJ(V) = N + dim(V). (4.5)
Since J is the Stanley-Reisner ideal of A, (1) i _(sny), we have that

dim J = dim A<in<<f{L)7...,iIl<<f7}-L)> + 1

=N +dimA(f,...,f)+1 ([43, Lemma 2.10])

= N +rank A(fy,..., f,)

= N +dim(V) (by Lemma 4.3.3)

=dim J (V) (by (4.5))
This completes the proof. ]

Finally, we show that the degrees of the ideals J(V) and J are equal.
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Lemma 4.3.6. The equality holds:
deg J(V) = deg J
Proof. The variety V(J) C PY is a union of linear subspaces indexed by facets,

V(J) = U Lp.

FEA G (#1),inc(£1)

F a facet

Since J is generated by square-free monomials, it is a radical ideal and defines a subvariety
of P2N=1_ of degree
deg(J) = #facets of A ; = #3B,

where B denotes the set of bases in the algebraic matroid of V.

Let I := J(V) and in_(I) = (in_(f") | f € I) be the initial ideal of J(V). Note that the
degin_(I) = degland dimin_(/) = dim / = dim J by Lemma 4.3.5. Then, since J C in_(I),
we have that

deg I = degin_(I) <degJ = #B < > #75" (py),
UeB

where each p;; € PV is a generic point in the codomain of the projection 7. Each term
#7;' (py) in the sum above is a multidegree of the variety V= V(J(V)). A result of van der
Waerden [102] expresses the standard degree deg.J (V) as the sum of multidegrees,

S #75 (py) = deg(9(T).
UeB
(See also [50, Proposition 1.7.3], for a more general statement.) Thus, we have

degl <degJ < Z #7t (py) = deg I
UeB

and so deg J(V) = deg J as desired O

Thus, condition (3) is also satisfied, and f7, ..., f* form a Grébner basis of J(V) with

respect to the monomial order < .
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4.4 Multiview Ideals

In this section, we define the multiview ideal and the family of polynomials known as k—fo-
cals, which will form a universal Grébner basis of the multiview ideal. We begin with a brief
overview of the necessary background from the literature on computer vision. For further
details, we refer the reader to [1, 2].

The standard model of a pinhole camera is a surjective linear map P? --» P? which is
represented up to scale by a 3 x 4 matrix A of full rank. The camera maps a world point
q € P3 to its image point Aq € P2.

A configuration of n cameras, represented by the matrices A,,..., 4,,, is generic if all

n’
4 x 4 minors of the matrix [AlT AZ] are nonzero. We fix a generic configuration of
cameras (A, ..., A,). The multiview variety of (Ay,...,A,) is the closure in (P?)" of the

image of the rational map,

P3 -—» (P?)"
g (Ayq, ..., A,Q).

This is an irreducible variety containing the n-tuples of images of world points ¢ € P3. Its
vanishing ideal is the multiview ideal associated to cameras (A, ..., A, ). Equivalently, this
is the vanishing ideal of the affine cone over the multiview variety. Although the multiview
ideals for n generic cameras will vary with the cameras, the combinatorics governing such
ideals will depend only on n—thus, abusing notation, we let I,, denote the multiview ideal
associated to n generic cameras. To mirror the setting of [43], we work primarily with the
affine cone over the multiview variety, which we denote by M,,.

For a subset o C [n] of size k, and z; = (2,1, %;9,2;3) ', a k—focal is a maximal minor of
the 3k x (4 + k) matrix

Ay oz 0 0
A,, 0 x5 = 0 (46)
A, 00 - omy

The work [2] proves that the set of all 2—, 3—, and 4—focals forms a universal Grobner basis
of I,,. We recover this result using Theorem 4.2.3.

Note that, since 3k > 4 4+ k for k > 2, a maximal minor is determined by a choice of
4 + k rows of the above matrix. Thus, each k—focal is uniquely determined by a choice of k

cameras and a choice of 4 + k coordinates from the 3-tuples z, ..., ;. It will be convenient
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to consider a coarse classification of focals which we call the profile. For any polynomial
f € Clzq,...,x,], the profile of fis an n—dimensional vector prof(f) with each coordinate
corresponding to the index of a camera and each entry being the number of coordinates

appearing as a variable in f, from the corresponding x,. For example, consider the 2-focal

f=det

A oz O
Ay 0 xy|

We see that prof(f) = (3,3,0...,0) all three coordinates of z; and z, appear as variables
in the determinant. Note that if f is a k—focal and any entry of prof(f) is equal to 1, then
f is a monomial multiple of some focal of lower degree. For example, consider the 3-focal g
given by the minor
A oz 0 0
g=det| A, 0 =z, O
Az 0 0

Then prof(g) = (3,3,1,0...,0) and by Laplace expansion we see that ¢ is x4; - f. Since
any monomial multiple of a focal is a redundant generator of the multiview ideal, we only

consider focals f where prof(f) has no entry equal to 1.

4.4.1  The simplicial complex

For n > 4, define A, to be the simplicial complex whose nonfaces are generated by the
spreads of the 2—, 3—, 4—focals of a generic camera configuration (A4, ..., 4,,). We determine
the dimension and number of facets of A, and show that each facet has one of two profiles
up to permutation of cameras.

Note that each face U € A,, corresponds to the support of some square-free monomial
2V = HMGU ;; € Clzy, ..., x,]. Thus, for U € A,, we define its profile as prof(U) = prof(z").
The following results show that if U € A, is a facet, it has one of two profiles up to
permutation of cameras.

First, consider the case where n = 4. Up to permutation of cameras, any 2—,3—, or
4—focal has profile (3,3,0,0),(3,2,2,0), or (2,2,2,2). To each k—focal f we associate a
spread monomial: the product of all variable z;; in the spread of f. The facets of the

simplicial complex A, correspond to all square-free monomials in the 12 variables

L11,L125 %13, L21yL22s L23, L31,L32; L33, Lga1y Lg2s Ty3
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with maximal support that are not divisible by any spread monomial. For example, one

such monomial is
L11L19L13L21L22T31T 41

which has profile (3,2,1,1). Another possibility is the monomial

L11L19L21L22L31T32T 41

which has profile (2,2,2,1). We show that up to permutation, any facet of A, has profile
(3,2,1,1) or (2,2,2,1).

Lemma 4.4.1. The complex A, is pure, 6-dimensional and has 648 facets whose profiles are
obtained from all permutations of (3,2,1,1) and (2,2,2,1), and choices of image variables

from each camera.

Proof. Recall that the Stanley-Reisner ideal of A, is generated by all square-free monomials
HMGW:UU where Wis a nonface of A,. The nonfaces of A, are generated by the spreads of all
2—,3—, and 4—focals and each of these focals has profile (3,3,0,0),(3,2,2,0) or (2,2,2,2)
up to permutation of cameras. Therefore, the Stanley-Reisner ideal of A, is generated by
monomials with profile (3,3,0,0),(3,2,2,0) or (2,2,2,2) up to permutation. Moreover, any
focal is uniquely determined by a choice of k cameras and 4 + k coordinates z;; and so for
any permutation and choice of x coordinates that could lead to a square-free monomial with
profile (3,3,0,0),(3,2,2,0) or (2,2,2,2), it is simple to construct a corresponding k—focal.
Thus, the Stanley-Reisner ideal of A, is generated by all square-free monomials with profile
(3,3,0,0),(3,2,2,0) or (2,2,2,2) up to permutation.

The profile of each facet U of A, is a 4-dimensional vector prof(U) with entries in
{0,1,2,3}. Up to permutation of cameras, prof(U) may be written in lexicographic order.
Since the monomial corresponding to U must not be divisible by any monomial in the
Stanley-Reisner ideal, prof(U) can have at most one entry equal to 3. Once the first entry
is chosen to be 3, prof(U) must be the largest vector below (3,2,2,0) in lexicographic order.
It follows that prof(U) = (3,2,1,1). If the first entry of prof(U) is 2, then prof(U) is the
largest vector below (2,2,2,2) in the lexicographic order and so prof(U) = (2,2,2,1). It
follows that any facet of A, has profile (3,2,1,1) or (2,2,2,1). On the other hand, any
square-free monomial with profile (3,2,1,1) or (2,2,2, 1) is not divisible by any monomial in
the Stanley-Reisner ideal of A, and thus corresponds to a facet of the complex. Thus, the
facets of A, are in bijection with the set of all monomials with profile (3,2,1,1) of (2,2,2,1)

up to permutation. In particular, A, is a pure 6-dimensional simplicial complex.
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By the above discussion, all facets of A, have profile (3,2,1,1) or (2,2,2,1). For facets
with profile (3,2,1,1) there are 4 ways to choose the camera that contributes 3 variables
and then 3 ways to choose the one that contributes 2 variables which is a total of 12. The
cameras that contribute 2 or 1 variables have 3% ways to pick the variables. Therefore, there
is a total of 12 x 27 = 324 such facets. By a similar argument, for the facet (2,2,2,1), there
are 4 ways to choose the camera that contributes 1 variable and 3* ways for the various
cameras to choose the variables they want to contribute, making another 324 possibilities.

Together, we have 648 facets, each of dimension 6. [

We now consider the general case n > 4. Again, we show that up to permutation of
cameras the facets of A, have profile (3,2,1,1,...,1) or (2,2,2,1,...,1).

Theorem 4.4.2. The simplicial complex A, for n > 4 is pure, (n + 2)—dimensional and
has only two profiles of facets up to permutation of cameras and choice of variables in each
camera plane. There are n(n — 1)3""1 facets with profile (3,2,1,1,...,1) and (3)3" facets
with profile (2,2,2,1,...,1).

Proof. Following the same argument as in Lemma 4.4.1, the Stanley-Reisner ideal of A, is

generated by all square-free monomials with profile one of
(3,3,0...,0),(3,2,2,0,...,0) or (2,2,2,2,0,...,0)

up to permutation of cameras.

Choose a facet U € A,,. As in Lemma 4.4.1, U corresponds to a maxmimally supported
square-free monomial that is not divisible by any monomial in the Stanley-Reisner ideal.
Up to permutation of cameras, we may assume that prof(U) is in lexicographic order. In
particular, the first entry of prof(U) is either 2 or 3.

The non-faces of A, are generated by the spreads of all 2—, 3—, 4—focals and so, as in
Lemma 4.4.1, the Stanley-Reisner ideal of A, is generated by all monomials corresponding
to vectors of the form (3,3,0,0,0,...),(3,2,2,0,0,...) or (2,2,2,2,0...) up to permutation
of cameras. If the first entry of prof(U) is 3, then prof(U) = (3,2,1,1,...,1) since this
is the maximal element below (3,2,2,0,...,0) in the lexicographic order. If the first en-
try of prof(U) is 2, then prof(U) = (2,2,2,1,1...,1) since this is the maximal element
below (2,2,2,2,0,...,0) in the lexicographic order. Thus, every facet of A, has profile
(3,2,1,1,...,1) or (2,2,2,1,...,1). Note that the sum of entries in each of these vectors is

n + 3 and so the simplicial complex A, is pure and (n + 2)—dimensional. Moreover, any
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square-free monomial with profile (3,2,1,1...,1) or (2,2,2,1,...,1) up to permutation of
cameras is not divisible by any element of the Stanley-Reisner ideal. It follows that the
facets of A,, are in bijective correspondence with all square-free monomials with profile
(3,2,1,1...,1) or (2,2,2,1,...,1) up to permutation.

We now count the number of facets. For facets with profile (3,2,1,1,...,1), there are
n choices of camera contributing 3 variables and (n — 1) choices of camera contributing
2 variables, and the remaining cameras each contribute 1 variable. There are 3 choices
of variables for each camera contributing either 1 or 2 variables and so in total there are
n(n—1)3""1 facets with profile (3,2,1,1, ..., 1). For facets with profile (2,2,2,1,...,1), there
are (g) choices of cameras contributing 2 variables and the remaining cameras each contribute
one variable. For each of the n cameras there are 3 choices of variables and so in total there
are (3)3" facets with profile (2,2,2,1,...,1). O

The simplicial complex A _ is in fact the independence complex of a matroid, a result

n
that will follow from Lemma 4.3.3 and the next subsection. Our next result answers the

question, what kind of matroid?

Theorem 4.4.3. The simplicial complex A,, is a transversal matroid of rank n+ 3, isomor-
phic to the union of the uniform matroid Us 5, on all z-variables and the direct sum U??L

over the n subsets {x;1,x;9,T;3}.

Proof. Let U be any facet of A,,. Whether U has profile (3,2,1,1,...,1) or (2,2,2,1,...,1),
it must must contain at least one element from {z,,, z;5, 2,3} for each i = 1,...,n. In other
words, U must contain a basis B of the direct sum U?Z Now, since the remaining 3 elements
of U\ B form a basis of U3 3,,, we have that U is a basis in U 5, V U?Z A similar proof
shows that any face of A, is a union of independent sets in U 5, and U?Z The class of

transversal matroids is closed under union ([76, Corollary 12.3.8]), completing the proof. [

The structure of A, as a transversal matroid can be seen by explicitly constructing a
bipartite graph G = (S U T, E) with A, = MG, S], according to the following rule: set
vertices S = {xy1,..., 2,3}, T = {a,b,c} U{vy,...,v,}, and edges

E — U {.Z‘Z-jvi,xija,.%ijb, ZL‘UC}
1<i<n
1<5<3

In matroid theory, it is well-known that every transversal matroid is representable over a
sufficiently large (finite) field (cf. [76, Ch. 6].) On the other hand, the matroids A,, are not
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realizable over arbitrary fields. For example, starting from A,, we may delete the variables
Zo1, T3y, T4 and contract the variables ,;, %15, 99, T34, T45 to obtain the uniform matroid
U, 4 on the remaining variables xy3,..., 743 as a minor. This implies that A, for n > 4
is not representable over the field with two elements. In particular, the matroid A, is

non-graphic [76, Chapter 5].

4.4.2  Applying the Huang-Larson theorem

Let M, C C3" denote the affine cone over the multiview variety from n generic cameras and
let I,, denote its vanishing ideal. By Lemma 4.2.4, it is sufficient to prove that for each facet
U € A,, the projection 7, : M,, — CY is dominant.

First, we prove that it suffices to check that the projection is dominant for a small
number of facets. The structure of the simplicial complex A, is highly symmetric. There
is a natural permutation action of the symmetric group &,, on both the simplicial complex
and the polynomial ring C[x4, ..., z,] that corresponds to the permutation of cameras. For
each permutation 7 € &,, and face U = {z,;} of A, we write 7U to denote the face {z ;) ;}
of A,,. Note that by Theorem 4.4.2, if U is a facet of A, then so is 7U for each permutation
T € 6, and any facet W € A, can be written as 7U for some 7 € &,, and some facet U with
profile (3,2,1,1,...,1) or (2,2,2,1,...,1).

The symmetric group &,, acts on the polynomial ring C[zy, ..., x,] in the same way and

]
n
we see that the k—focals of the camera configuration (A4, ..., A,,) exhibit similar symmetries.
For each polynomial f € Clzy,...,x,], we write 7f to denote the polynomial achieved by
replacing z;; with z_;) ;. Note that if f is a k—focal arising as a maximal minor from the
subset o C [n], then 7f is a k—focal arising as a maximal minor from the subset 7(o) C [n].

We now use these symmetries to reduce the number of computations needed to prove

that 2—, 3—, 4—focals form a universal Grébner basis of the multiview ideal.

Lemma 4.4.4. It suffices to prove that the map (4.1) is dominant for facets with profile
(3,2,1,1,...,1) and (2,2,2,1,...,1).

Proof. By Theorem 4.4.2, each facet of A, corresponds to some permutation of either
(3,2,1,1...,1) or (2,2,2,1,...,1). Thus, if W is a facet of A, there exists a facet U with
profile (3,2,1,1,...,1) or (2,2,2,1...,1) and a permutation 7 € &,, such that W = 7U.

By Lemma 4.2.4 it suffices to work with 7;;. Suppose that the projection 7, is dominant
for all facets U with profile (3,2,1,1,...,1) and (2,2,2,1,...,1). Let W = 7U. Choose g

in the intersection I, N Clz;; : ij € W] where [, is the multiview ideal. It follows that
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we can write g = > h,f, where each f, is a 2—,3—,0or 4—focal. Note that 7 log =
1o > hafa € I, NClz;; :ij € U] since 771f,, is still a 2—,3—,4—focal for each focal f,,
and each permutation 7. Since we assume that 7;; is dominant, it follows from Lemma 4.3.2
that g = 0. Thus, it suffices to show that 7, is dominant when U is a facet with profile
(3,2,1,1,...,1) or (2,2,2,1,...,1), as desired. O

We can now prove that the set of all 2—,3— and 4—focals forms a universal Gréobner
basis of the multiview ideal I, .

Proof of Theorem j.1.1. By Lemmas 4.2.4 and 4.4.4, it is sufficient to check that (4.1)
is a dominant map for facets with profile (3,2,1,1,1,...,1) and (2,2,2,1,1,...,1).

Assume the statement holds for up to n — 1 cameras. Now suppose we have n cameras.
Without loss of generality, we assume that the nth camera contributes one index to a facet
U € A,,. Suppose this variable is z,,;. Choose a generic point p = (py, ..., p,,_1,P,) in the
affine space CY, where p; corresponds to an entry in U for camera i. Since p is generic, then so
is ¢ = (py, .-, Py_1), SO that by induction there is a generic point a = (aq,...,a,_;) € M,_,
that projects to ¢ under 7y where W is obtained from U by dropping the last entry.

Since a € M,,_; there is some point in P3 that is imaged to a; by camera A; for 1 <i <
n —1. Let x(a) € C* be a nonzero point for which A;x(a) and a,; are scalar multiples for
alli=1,...,n—1. Since (A4, ..., 4,,) is generic, note that each row of A,, must be nonzero.
Furthermore, since a is generic, we may assume the 5" coordinate of A, x(a) is some nonzero

scalar ¢. By construction,

(plv c 9 Pn—1> C) = (WW(a>7 G?Anx(a» € 7-[-U(‘]\4n>

Since M,, is a cone in each factor, it follows that

<p17 7pn—17pn) - (p17 ooy PDpn—1s (pn/c) : C) € 7-‘—U(]\In)?

completing the proof that 7; is dominant.
We verified that the statement holds in the base case of n = 4 by a direct computation
in Macaulay2. Thus, by induction on the number of cameras, the set of 2—, 3—, 4—focals

forms a universal Grobner basis of the multiview ideal I,, for any n > 4. O
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4.5 The universal multiview ideal

For n unknown cameras, the universal multiview variety consists of all points
(Alu 7Anap17 7pn) € <[P3><4)n X (I]DQ)TL

such that for each i = 1, ..., n there is some world point ¢ € P3 such that A,q = p;. Much like
in the previous section, the universal multiview variety is irreducible, as it is the closed image
of a rational map (P11)" x P3 --» (P x P2)". Let M, be the affine cone over the universal
multiview variety and fn the vanishing ideal of Mn. Note that the difference between M,
and ]\an is that the former lies in (P?)™ and its vanishing ideal I,, lies in C[z, ..., ,,] where
x,; consists of the three variables corresponding to the ¢th camera plane, while Mn lies in
(P34)" x (P2)™ and its vanishing ideal I, lies in a polynomial ring C[A,, ..., A, @/, ..., z,]
with 12n variables coming from the n cameras A;,..., A, and 3n variables of the image
plane coordinates z, ..., z,,.

In this section, we use the Huang-Larson theorem to show that the set of all 2—, 3—, 4—fo-
cals of n unknown camera matrices and image points in the polynomial ring C[A, x] form a
universal Grobner basis for the universal multiview ideal fn It was shown in [1, Theorem
3.2] that the 2—,3—,4—focals form a Groébner basis for fn under certain product orders.
Thus, in particular, these focals generate fn Our result that the 2—, 3—,4—focals form a

universal Grébner basis of fn strengthens [1, Theorem 3.2], and is a new result.

4.5.1 The simplicial complex

For n > 4, let En be the simplicial complex whose nonfaces are generated by the spreads
of 2—,3—,4—focals in the polynomial ring C[A,x]. Recall that a k—focal is a maximal
minor of the matrix (4.6). Both A, and f)n have nonfaces generated by the spreads of
2—,3—,4—focals, except that in f)n (and fn), the entries of A are variables. Regardless, we
expect a relationship between the facets and nonfaces of A, and f)n We describe a simple
process for generating all facets of f)n from the facets of A,,.

Identify the ground set of bn with the union of the variables in A and x coming from
all n cameras — a total of 15n = 12n + 3n elements.The spread of a polynomial f € C[A, x|
is identified with the set of A and x variables present in f while profiles, as before, will
record the number of x variables from the n cameras. The following observations will help

us understand Dn
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Lemma 4.5.1. IfU € Dn s a facet, then the following three conditions hold:
1. If x;; ¢ U then a;, € U for all values of k =1,2,3,4.

2. There are exactly n+3 variables x;; € U such that a;j;;, € U for all values of k = 1,2, 3, 4.

Moreover, these x—variables form a facet of A,,.

3. If U contains more than n + 3 x—wvariables then (2) holds and for each remaining

x;; € U there is exactly one value of k such that a;;, ¢ U.
It follows that bn is a pure (13n 4 2)—dimensional simplicial complez.

Proof. The nonfaces of f?n are generated by the spreads of 2—,3—, and 4—focals with
profiles (3,3,0,0,...,0), (3,2,2,0...,0) and (2,2,2,2,...,0) up to permutation of cameras.
Any such focal, f, is the determinant of a submatrix of (4.6) with 4 + k chosen rows. It
will be convenient to think of f as a polynomial in all the x-variables from the chosen rows
with (symbolic) coefficients the 4 x 4 minors of the camera rows appearing in these chosen
rows. Note that each camera variable from the chosen rows appears in at least one 4 x 4

determinant and hence, in the spread of f. This means that
1. if z;; € sprf, then a,;;, € sprf for all k =1,2,3,4, and
2. if w;; & sprf, then a,;, & sprf for all k =1,2,3,4.

From this, we conclude that if U € bn then the collection of variables z;; € U such that
a;j, € U for all k =1,2,3,4 must form a face of A,,. Otherwise, U contains the spread of
some k—focal. In particular, U has at most n + 3 such x—variables.

We now consider the faces of Dn Choose U € f)n and let U, be the collection of
x—variables in U. There are two cases to consider: either U, € A, or U, ¢ A,,.

Suppose that U, € A,,. Then, U does not contain the x—spread of a 2—, 3—, or 4—focal,
and the same is true for U U{A}. It follows that U U{A} € D, . Moreover, if U is a facet of
f)n then it must be that Uy is a facet of A,,. In particular, there are n+ 3 variables z;; € U,
as well as all the A variables, and (1) and (2) hold.

Now, suppose that U, ¢ A,. Assume the U, contains n + 3 variables. Recall that any
facet of A, also contains n + 3 variables and the profile of each facet is nonzero in every
entry. It follows that prof(U, ) has at least one entry equal to 0 since any other valid way to
arrange n + 3 x—variables leads to the profile of a facet. So, there exists some index i such

that x;; ¢ U for all choices of j. Consider W = UU{z;; }. Since U does not contain the spread
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of any k—focal, if W contains the spread of the k—focal f then the i*" entry of prof(f) must
be equal to 1. However, this implies that f is a monomial multiple of a generating focal.
So, since U does not contain the spread of a focal, neither does W and therefore W € f)n
It follows that U is not a facet of ﬁn. Using the same argument, if U, contains fewer then
n + 3 variables then U is not a facet of D,. We conclude that if U € D, is a facet, then U,
contains at least n 4 4 variables.

Assume Uy contains at least n + 4 variables. As discussed above, the variables x;; € Uy
such that a,;;;, € Uforall k = 1,2, 3,4 form a face of A,,. For the remaining x—variables, there
is at least one value of k such that a,;, ¢ U. If U is a facet, and thus maximally supported,
there are exactly n + 3 variables in U, such that a,;;;, € U for all values k = 1,2,3,4 and
these x—variables form a facet of A,,. Moreover, there is at exactly one value of k such that
a5, & U for each remaining x—variable. For each z,; ¢ U we have that a,; € U for all
values of k = 1,2, 3,4 again because U is maximally supported.

Given each of the properties (1), (2), and (3), a counting argument shows that any
facet of 13” contains 13n + 3 variables. It follows that En is a pure (13n + 2)—dimensional

simplicial complex. ]

From the proof of Lemma 4.5.1 we see that if U is a facet of A,, then the union U U{A}
of U with all variables corresponding to entries in all n camera matrices is a facet of f)n.
Moreover, every facet of En has the same size. We now show that all facets of Bn can be

found using a simple recursive process.
Theorem 4.5.2. FEvery facet of bn can be found using the following process:
1. Choose a facet U € A, and set Uy :=U U {A}.

2. For £ >1, choose x;; ¢ U,y and set U, := (U,_y U{x;;}) \ {a;;.} for some a, ;.

Proof. By the previous discussion, U, is a facet of bn for each choice of U. Moreover, each
U, is a face of ﬁn. Since f)n is pure and U, is the same size as U, we see that U, is also
facet. Thus, we only need to show that the process is exhaustive.

Choose some facet W € f)n By Lemma 4.5.1, if z;; ¢ W, then a,;, € W for all values of
k and there are exactly n + 3 variables x; ; ,...,x; _; € Wwith a;; € W for all k. Set
U=Az; .2 .; .tand Uy =UU{A} If W contains exactly n+ 3 of the x—variables,
then U, = W. Suppose then that W contains n+3+m of the x—variables with m > 0. Then,
for each z; € W there exists some value of k, = 1,2,3,4 such that a,,;, ¢ W. So,
n+3+0Jn+3+¢ 17k,
setting U, = U,_, U{x;
W using the desired process. O

, T

esreineaned M@, }, we see that W = U,,,. Thus, we have constructed
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Analogously to Theorem 4.4.3, we now describe the matroid structure of Zn

Theorem 4.5.3. The simplicial complex Zn is a transversal matroid of rank 13n + 3,
isomorphic to the union of the uniform matroid Us 5, on all variables and the direct sum

U?Qw over the n subsets {x;1,%;9,T;5, 11y, Q34 }-

Proof. Note first that every facet U, = U U {A} appearing in Theorem 4.5.2 is a basis of
the described matroid union. Indeed, Theorem 4.4.3 implies U = U’ U U”, where U’ is a
basis of U 5, and U” is a basis of U{5. Furthermore, since U” U {A} is a basis of U35
disjoint from U’, we deduce that Uy is a basis of U3 5, V Z[éfgfw.

Next, observe that any of the facets U, constructed in Theorem 4.5.2 is a basis in the

matroid union 2y 5, V U4 5. For example, we have

U, = (Uo U {%}) \ {aijk} =U'U (U” U{AFN {aijk:} U {%}> )

with U” and U” as in the preceding paragraph, and similarly for ¢ > 2. Finally, combining
the observations of Lemma 4.5.1 and Theorem 4.5.2, we deduce that all facets of the union

Us s, V U%ﬁs have the form U, for some choice of U, and /. O]

4.5.2  Applying the Huang-Larson theorem

Our goal now is to prove that the 2—,3—, 4—focals form a universal Grébner basis of fn.
By Lemma 4.2.4, it is sufficient to show that for each facet U € bn the projection m; :
M, — CY is dominant. Since the number of facets of D, is large, even in the case where
n = 4, it is necessary to reduce the dominance checks to a limited number of facets. To this
end, we show that we need only consider facets of bn corresponding to facets of A, followed

by a symmetry reduction analogous to Lemma 4.4.4.

Lemma 4.5.4. It suffices to prove that 7, is dominant for all facets U of the form U =
W U{A} where W is a facet of A,,.

Proof. Assume that for some facet U’ of bn the projection 7y, is dominant. Let U =
(U"U{z;;}) \{a;;;} for some values of i, j, k.

Choose a generic point Q € CYV. We will argue that there is a point P € ]\7[“ such that
7 (P) = Q. We consider a generic point Q" € CU” obtained from @ by deleting the entry in
position z;; and adding an entry in position a,;,. By assumption, there is a point P e Mn
such that 7, (P’) = Q’. The projection 7;(P’) agrees with @) in all positions except the

one indexed by z,;. Note that the entry of P’ in position a,, is irrelevant for the projection
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7y since U does not contain a We will use this flexibility to construct a P € Mn, from
P’ such that m;(P) = Q.

Suppose P’ = (A}, ..., A}, Py, .-, Pp,) and gq;; is the entry of @ in position z,;. We modify

ijk

p; in the jth position to obtain a preimage for @ in Mn under ;. Since P’ € Mn, there

is some y and scalars A\, such that Ayy = \;p, for 1 < ¢ < n. Modify P’ to P by replacing
a:;jkykJr)‘;(q“*P;j) Then
- Yk ) ’
(A;y); = Mgy; and so m(P) = Q. It follows that 7y, = M, — CY is dominant.

By Theorem 4.5.2, we now need only check that the projections 7;; are dominant for
facets of the form U = W U {A} for some facet W of A,,, as desired. O

(3

A} with A; as follows: replace the jk entry of A; with A, =

The result of Lemma 4.5.4 greatly reduces the number of facets that must be considered
to check the hypotheses of Theorem 4.2.3. We can further reduce the number of facets to

be checked using symmetry, as in Lemma 4.4.4.

Lemma 4.5.5. In Lemma /.5.4, we can further restrict to facets W of A, with profile
(3,2,1,1,...,1) and (2,2,2,1,...,1).

Proof. This follows from the same argument as in Lemma 4.4.4 O

We can now prove that the set of all 2—,3—, and 4—focals forms a universal Grébner
basis of the universal multiview ideal fn

Proof of Theorem /.1.2 By Lemmas 4.5.4 and 4.5.5, it suffices to check that (4.1) is a
dominant map for facets of D,, of the form U = W U {A} where W € A, is a facet with
profile (3,2,1,1,...,1) or (2,2,2,1,...,1).

Suppose the statement holds for fn,1 and we now have n cameras. This n‘" camera
contributes 12n camera variables, and without loss of generality, one variable z,,; to the facet
U € bn Choose a generic point Q = (By, ..., B,,,qy,---,q,) € CY. Since Q is generic, so is the
point Q" = (By,...,B,, 1,1, -+, 1) € CV" where U’ is attained from U by removing each
variable corresponding to the n'* camera. Note that U’ is also of the form U’ = W/U{A, _;}
for a facet W’ € A,,_,. By induction, there exists (By, ..., B, 1,p1:- Py_1) € M, | that
projects to Q" under m;,. We can assume that the cameras are exactly By, ..., B,_; since
U’ contains all camera variables. In particular, there exists y € C* and scalars ), such that
for 1 <¢ <n—1, we have that B,y = \,;p,. Since B,,,y are generic, we may assume that the

4" coordinate of B,y = ¢ # 0. By construction,

(By,...., B, 1,B,, a1+ qy1,¢) € T (M ).
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Then, since M,, is a cone in each factor,

Q — <B1, ees 7B7’L7q17 ...’qn) — <B1, "'7B7’L7q17 ceey (qn/C) . C) c WU(Mn>7

completing the proof that 7; is dominant.
We verified that the statement holds in the base case of n = 4 by a direct computation
in Macaulay2. Thus, by induction on the number of cameras, the set of 2—, 3—,4—focals

forms a universal Grobner basis of the universal multiview ideal fn for any n > 4. O

4.6 Conclusion

In conclusion, this chapter demonstrates that Theorem 4.2.3 is a useful tool for proving
universal Grobner basis results in the emerging field of algebraic vision [47]. Specifically, we
have obtained a new proof of the previously-known result Theorem 4.1.1, and an entirely
new result in Theorem 4.1.2. We are optimistic that the techniques developed here can be
adapted to other problems; in particular, to families of ideals appearing in [1], such as the

resectioning varieties studied in [23].
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Chapter 5
VISUALIZING DATA WITH TREE-SNE

This chapter is the content of the paper [46]. The clustering and visualisation of high-
dimensional data is a ubiquitous task in modern data science. Popular techniques include
nonlinear dimensionality reduction methods like t-SNE or UMAP. These methods face the
‘scale-problem’ of clustering: when dealing with the MNIST dataset, do we want to distin-
guish different digits or do we want to distinguish different ways of writing the digits? The
answer is task dependent and depends on scale. We revisit an idea of Robinson & Pierce-
Hoffman that exploits an underlying scaling symmetry in t-SNE to replace 2-dimensional
with (241)-dimensional embeddings where the additional parameter accounts for scale. This
gives rise to the t-SNE tree (short: tree-SNE). We prove that the optimal embedding depends
continuously on the scaling parameter for all initial conditions outside a set of measure 0: the
tree-SNE tree exists. This idea conceivably extends to other attraction-repulsion methods

and is illustrated on several examples.

5.1 Introduction and Results

5.1.1  The problem of clustering.

From fields such as computer vision to computational linguistics, large sets of high dimen-
sional data are increasingly commonplace. Thus, it is necessary to develop tools that can
be used for their analysis and visualisation. While traditional linear techniques are often
remarkably powerful, the visualisation problem poses a new type of challenge. Even if data
in 1000 dimensions is intrinsically close to a 5-dimensional submanifold (the manifold hy-
pothesis), embedding five dimensions into two or even three dimensions poses a considerable
challenge. One popular dimensionality reduction technique is t-distributed stochastic neigh-
bour embedding (t-SNE), first introduced by van der Maarten and Hinton in [62]. As a
completely non-linear method, t-SNE does not try to produce an isometric or low-distortion
embedding. Instead, it tries to group the data into clusters. This works remarkably well in
practice and has been very widely used. Indeed, it has become apparent [13] that a broad

range of methods (including Laplacian eigenmaps [9], ForceAtlas2 [44], UMAP [65, 51] and
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t-SNE [62]) can be seen as special cases of a general attraction-repulsion method: we start
with points in R? that represent the high-dimensional data and then induce each point to
move towards other points in R? that represent ‘similar’ high-dimensional data. Simultane-
ously, points are repelled by all of the other data points. If the underlying data is highly
clustered, then the same cluster structure in R? is a steady state of that dynamical system,
see [58, 6, 16] for details.

...........................................

Figure 5.1: A schematic of subclusters in the MNIST dataset.

5.1.2 The problem of scale

Since t-SNE embeddings exhibit cluster structures that are representative of those seen in
the high-dimensional data, a typical use case for t-SNE is producing a 2D visualisation that
aids with identification of clusters within a dataset. However, the question of scale is often
overlooked in this clustering process. Although often treated as a static problem, clustering
may be viewed as a dynamic problem with a hierarchical structure. As a motivating example,
consider the MNIST dataset which contains 70,000 images of handwritten numerical digits.
Typically, these images are clustered based on what digits they represent. However, this
clustering is not helpful if we are, for example, trying to distinguish different handwriting
styles within the dataset. In this case, a more granular clustering is needed. Since many
digits can be written in multiple ways, we expect there to be subclusters corresponding to
different handwriting styles within the clusters corresponding to each digit. Figure 5.1 gives

a schematic of example clusters and subclusters within the MNIST dataset.
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One solution to the problem of scale are hierarchical clustering methods, see [74, 75]
for an overview. These methods are often computationally expensive and so an alternative
method is desirable. It has been observed that variants of t-SNE using kernels with heavier
tails tend to produce clusters with finer granularity, see for example [52]. However, there
is currently no good way to choose a kernel that corresponds to a particular granularity
outside of trial and error. Thus, the problem of scale persists within t-SNE embeddings and
clusterings. Note that this is not exclusive to t-SNE and is a problem with all clustering

methods yet is often ignored in practice.

>

Granularity
\

Figure 5.2: Slices of the MNIST tree-SNE embedding are interpolated to create a tree. Each
color corresponds to a digit.

5.1.3 Tree-SNE

To address the problem of scale, we explore a hierarchical variant of t-SNE known as tree-
SNE that was introduced in [83]. The idea is to exploit a one-parameter family [52] of
kernels that produce t-SNE-type embeddings with finer and finer granularity. We begin
with generating an ordinary t-SNE embedding of the data. Then, additional layers are
generated by changing the parameter in the kernel and optimizing a certain loss function.
Each embedding forms a layer of the tree-SNE embedding and the points in each layer can
be interpolated to plot smooth trajectories of each of the data points. Figure 5.2 contains
slices of a tree-SNE embedding of the MNIST dataset, along with the tree that comes from
interpolating each layer.

We see in Figure 5.2 that each of the main branches of the tree splits into smaller

branches as the layers increase. These correspond to different ways of writing the same
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digit. In Figure 5.3, we show example branches and subbranches that correspond to the
clusters and subclusters in Figure 5.1. Each branch is labelled with the average image of

elements belonging to the cluster.

Figure 5.3: Subbranches of the MNIST tree correspond to different handwriting styles.
Images are the average of elements in the corresponding cluster.

In particular, we see that as the layers of the embedding increase there are clusters that
reveal structure with finer granularity and there is a continuous structure to the tree: the
points follow a continuous trajectory and do not jump around from layer to layer. As has
been previously observed in [52], t-SNE embeddings generated with heavier tailed kernels
tend to produce finer clusters and so it is expected that clusters at the top of the tree-SNE
embedding are more granular than those at the bottom. However, the continuous structure

of the tree is non-trivial and will be the main focus of this chapter.

5.1.4 Main Result

Our main result concerns the continuous structure of tree-SNE embeddings, as observed in
Figure 5.2. We prove that this structure is not coincidental and is a consequence of the tree-
SNE algorithm’s design. Recall that each layer of a tree-SNE embedding is generated using
a kernel from a one parameter family. We show that as the parameter varies continuously,

so does the embedding.

Theorem 5.1.1: (The Tree-SNE Tree exists)

Suppose (yy,...,y,) € R is a t-SNE embedding in R? with parameter . Under
mild conditions, for each o’ in some neighbourhood of o there is a t-SNE embedding

(Y1s -, yh) € R in a neighbourhood of (y1, ..., Yy,)-
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To be more specific, we view the point (a, ¥, ...,y,) € RT"? as belonging to the zero
set of a function F'. The function F'is the gradient of the loss function minimized to find t-
SNE embeddings when the parameter « is not treated as a constant. The ‘mild conditions’
referred to in our theorem ensure that F' is smooth and generically has a constant rank.
This will allow us to conclude that the zero set of F'is generically a smooth manifold of a
dimension 1+ d(d+1)/2 around (o, yy, ..., ¥,,), with one of these dimensions accounting for
changes in the parameter a. These ‘mild conditions’ are necessary but are not restrictive.

Indeed, they are satisfied by generic datasets and initializations, see Section 5.3.

Organisation.

In Section 5.2, we recount the necessary background information on t-SNE and describe
the tree-SNE algorithm. In Section 5.3, we prove our main theorem to show that the tree-
SNE algorithm indeed produces tree-like embeddings for generic datasets and initialisations.
Finally, in Section 5.4 we use tree-SNE to visualise two different datasets from the HathiTrust

library and examine structures revealed in the embeddings.

5.2 Preliminaries

In this section, we give a brief overview of both t-SNE and tree-SNE. Throughout, we fix a
dataset {z;,...,2,} C RP, where one may think of the dimension D as large. We begin by

describing dimensionality reduction and data visualisation with t-SNE.

5.2.1 T-SNE

Given a high-dimensional dataset {x{,...,z,,} C RP, the central goal of t-SNE is to find a
low-dimensional set of points {y;,...,,} C R? that preserves the overall structure of the
data. In particular, we aim to find an embedding such that if x; and z; are “close” in RP,
then y; and y; are “close” in R? with high probability. Typically, the dimension d is chosen
such that d = 2 or d = 3 as this enables us to use the t-SNE embedding {y,,...,y,} as a
proxy for visualizing the high-dimensional dataset {z,...,xz,}.

The t-SNE method consists of two stages. First, affinities p;; are determined between
each pair of points z; and z; in RP. The affinity p;; between the points z; and z; is a
probability that represents the similarity of z; and z; within the dataset: a high affinity
is associated to pairs that are close together, whereas low affinities are assigned to pairs of

points that are far away from each other. The affinity p;; between z; and z; is determined
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using the pair of directional affinities P, and p; ;. For each j %+ 1, the directional affinity Pjli

is defined as

D= exp(—Hﬂ?i—ﬂ?jW/G?)
1 S e exp(—l; — w /o)

where the variance o2

7 is a user determined parameter. The directional affinity between z;

and itself is set to p;; = 0 for all . Note that for each value of 7, the directional affinities
determine a probability distribution on {z, ..., ,, }. The variance o is chosen such that the

perplexity of this distribution, defined

P =exp (— log2 - ijli log, pjli) )
J#i
has some pre-specified value. Typical values of the perplexity P are between 5 and 50. For

each pair 7, j the affinity p;; is the normalised average of Py and p; 5,

_ Pjji TPy
T
Once affinities between all pairs of points z; and x; have been determined, a low dimen-

sional embedding of the data {y,,...,y,} C R? is found. For each pair of points y;, Y; € R4
the affinity ¢;; is defined

g = K(“Z/i_yj”)
EAND S R )

where K is a kernel. Traditionally, the kernel K corresponds to the t-distribution with
one degree of freedom, K(d) = (1 + d?)~'. However, more general t-distributions can be

considered. As in [52], we consider kernels given by

1

ol = s e

where o > 0 is a parameter. This corresponds to a scaled t-distribution with 2 — 1 degrees
of freedom. Note that choosing a = 1 yields the standard t-distribution kernel and the
taking the limit as o — oo gives the Gaussian kernel K__(d) = exp(—d?). This corresponds
to the SNE method of Hinton and Roweis [42]. Moreover, a < 0.5 corresponds to a t-

distribution with negative degrees of freedom and so represents a distribution with heavier
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tails than any (non-scaled) t-distribution. Note that when o < 0.5 the resulting distribution
is no longer a probability distribution. A common misconception about the t-SNE method
is that the kernel must correspond to a probability distribution, however this is not correct.
Since we only consider a finite number of points, distributions may always be renormalized
and it is not, for instance, necessary for any particular integral to be finite. As in the
high-dimensional space, the affinity between y, and itself is set as ¢;; = 0. The embedding
{y1, .-+, ¥y, } is chosen so that the Kullbeck-Leibler (KL) divergence

Pij
£(y17 7yn) == me log ik}
i#] bij
is minimized. The gradient of £ is given by
0L Z
dy, = Z(pij — qi) Ko (ly; — yj“)l/a(yi — ;)
7 j=1

and so an embedding that minimizes the loss function may be found using a random initial-

isation and applying first order methods such as gradient descent.

5.2.2 Tree-SNE

We now describe how tree-SNE builds on t-SNE to generate collections of embeddings that
reveal finer substructures within data. The central idea of tree-SNE is that iteratively
decreasing the degrees of freedom in the t-distribution kernel yields embeddings that capture
the structure of data in increasing granularity. This sequence of embeddings can then
be stacked atop one another and interpolated to reveal a tree-like structure with different
branches corresponding to different subclusters in the data. Tree-SNE takes in a sequence
of parameters {a?}", and produces a sequence of embeddings {(y(li), ,ygf )) m .. As with
t-SNE, each embedding is produced in two stages. First, affinities between each pair x;, z;
of data points in R” are calculated so that the directional affinities at each point have some

perplexity P that is dependent on a(¥). Then, the embedding (y(lw, ,yif )) is a minimizer of

the loss function £. Each embedding (ygi), ,y%m) forms a layer of the tree-SNE embedding.
The parameters {a?}7 , are chosen such that a*) = 1 and o™V < o for all i. Similarly,
the perplexities P¥) decrease as the layer of the embedding increases. Thus, as the layers of
the tree-SNE embedding increase, the t-distribution has heavier and heavier tails and this
leads to finer structures of the data being revealed.

Typically, t-SNE embeddings are found using a random initialisation. However, since
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the loss function £ is highly non-convex, different random initialisations lead to different
embeddings. To ensure that the tree-SNE embedding has a continuous structure from one
layer to the next, we use the embedding {y(1i>, ,y,(f)} as the initialisation for layer ¢ + 1.
Assuming that the difference between a'* and a"*1) is small, we expect that if {y(lw, ,y,(f )}
minimizes £ with parameter a(¥ then there should be a minimizer for £ with parameter
a1 in some small neighbourhood of {ygi), ,yff)}. We prove that this is the case in
Section 5.3. Note that the random initialisation of the t-SNE embedding in the first layer
may serve as an intrinsic sanity check: since different initialisations produce different trees,
any structures that persist across multiple initialisations is likely to be trustworthy. This

idea is used in the work [39].

5.3 Proof of Continuous Structure

In this section, we prove that, under mild assumptions, the tree-SNE method described in
Section 5.2.2 produces a sequence of embeddings with a continuous structure. Although tree-
SNE is a discrete process with a finite set of parameters producing a finite set of embeddings,
we consider a continuous version of the problem and treat the embedding vy, («), ..., y, () as
a function of the parameter o which may take any value in (0, 1]. Similarly, the perplexity
P(a) is also a function of the parameter a. Our goal is to prove that each point y;(a) is a
continuous function.
We consider the map F : R1*"¢ — R" defined by

0L 0L
F(avyla"'vyn): ( )

o0 0y

n

Since the embedding vy, (), ..., ¥, («) is a minimizer of £, in particular the condition
V£ = 0 is satisfied and so every embedding lies on the zero-set of F. As the function £ is
not convex, it is not true that every point in the zero-set of F' corresponds to a minimizer of
L. However, given an appropriate choice of parameters such as step size, first order methods
like gradient descent return the point in the zero-set of F' closest to their initialisation. We

restate a refined version of our main result in the following theorem.

Theorem 5.3.1 (The Tree-SNE tree exists - refined). Suppose (a,yq,...,y,,) is a generic

point in the zero set of F'. Then, the zero set of F is a smooth, properly embedded, 1+ d(d +

[RlJrnd (

1)/2 dimensional submanifold of Yy s -y Yy, ). Moreover, in this neighbourhood the

parameter o s not constant.
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We argue that this is sufficient to prove the contuous structure of a tree-SNE embed-
ding. Indeed, fix a parameter « and suppose that (yi,...,y, ) is the corresponding layer of
the tree-SNE embedding. The result of Theorem 5.3.1 tells us that for each o’ in some
neighbourhood of « there exists a set of points (yj, ... ,¥,,) in a neighbourhood of (y,, ..., v,,)
so that (o, y1,...,y,,) is in the zero set of F. So, by initializing the o’ layer of the tree-SNE
embedding at (yy,...,¥,, ), gradient descent will return the embedding (y1,...,v,,), or some
other set of points in the neighbourhood of (y,, ..., y,,). It follows that, when the parameters
{am}?l1 are chosen appropriately and each layer is initialized using the preceding layer, the
tree-SNE embedding will have a continuous structure. The main tool that we use is the
constant-rank level-set theorem. This is a standard result in the theory of manifolds. For

details, see for example [55].

Theorem 5.3.2 (Constant-Rank Level Set). Let M and N be smooth manifolds, and ¢ :
M — N a smooth map with constant rank r in some neighbourhood of p. Fach level set of ¢

is locally a properly embedded submanifold of codimension r in M.

To prove Theorem 5.3.1, we will show that F'is smooth and generically has rank nd —
d(d + 1)/2. Then, using the constant rank level-set theorem, we show that at a generic
point, the zero set of F is locally a properly embedded submanifold of R'*™¢ of dimension

1+d(d+1)/2 where « is not constant. First, we fix the following set of assumptions.
Assumption 5.3.3. We assume the following conditions are satisfied.

(A) The dataset {z,,...,,} C RP is fixed.

(B) The perplexity P(«) is a smooth function of «

(C) Given the affinities p;; calculated using perplexity P(«a), there is at least one set of
points ¥y, ..., ¥, € R? such that V2£ has rank nd — d(d + 1)/2.

Assumptions (A) and (B) will ensure that the map F'is smooth, whereas Assumption
(C) will ensure that F generically has rank nd —d(d + 1)/2. This is the key to ensuring that

the constant-rank level set theorem applies in our setting.

5.8.1 A Discussion of Assumption (C)

Note that since the loss function £ is defined using pairwise distances, it is invariant under
all rigid transformations of R?. It follows that the rank of V.£? is at most nd — d(d + 1)/2

since the space of all rigid transformations is d(d + 1)/2 dimensional. Since this is the only
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invariance exhibited by the function, we expect the Hessian V.£? to achieve this rank at
any generic embedding y, ..., y,,- While Assumption (C) is generically satisfied, it is indeed
possible for the Hessian V2£ to have rank lower than nd — d(d + 1)/2, as shown in the

following proposition.

Proposition (Rank Deficient Hessian). Let n = 3 and d = 2. Suppose that the set
{y1,Y2,y3} C R? is the vertex set of an equilateral triangle with side length r. Then, the
rank of V2L is at most nd —d(d+1)/2 — 1.

Proof. Recall that the rank of V2 is at most nd — d(d + 1)/2 since £ is invariant under
all rigid transformations of R?. Note that any additional invariance of £ causes the rank of
the Hessian V2£ to drop. Since the set {y;,95,%5} C R? is the vertex set of an equilateral
triangle, in particular we have that for each choice of i # j, the distance between y; and y;
is [ly; — j, | = 7. Note that each of the probabilities g;; is given by

K(r) 1

TS K 6

and so is independent of the side length r. It follows that £(y;,y,,ys) is invariant under
scalings of the side length 7. This is not a rigid transformation of R? and so the rank of V2.£
is at most nd —d(d +1)/2 — 1. O

Although Assumption (C) only requires that the desired rank be achieved for one set
of points, if this condition is satisfied, the Hessian at any generic embedding v, ...,y, will
have rank nd — d(d 4+ 1)/2 due to the lower semicontinuity of rank. This the content of the

following lemma.

Lemma 5.3.4. Suppose Assumption (C) is satisfied. Then, for any generic set of points
Y1y s Y, the Hessian V2L has rank nd — d(d +1)/2.

Proof. For any set of points vy, ...,¥,, the rank of V2£ is at most 7 = nd — d(d + 1)/2

since £ is invariant under all rigid transformations of R?. Suppose the rank is equal to r

at yy,...,Y,. Then, there exists an 7 x 7 minor m(y,...,y,) of V2£ that is non-zero at
Y1s---, Y, Note that £ is analytic and so this minor is also analytic. Thus, the zero set of
m(yy, .-, Y,) is measure zero. Moreover, the zero set of all 7 x  minors of V2£ is measure

zero and so a generic embedding does not land in this set. Since the rank function is lower
semicontinuous, rank V2£ may only increase in a neighbourhood of ¥y, ...,y,,. If the rank
of the Hessian V2£ is equal to nd — d(d + 1)/2 at y,, ..., ¥, it follows that rank V2Z is
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constant in a neighbourhood of y,, ..., y,,. It follows that at a generic set of points, the rank
of V2L is exactly nd — d(d + 1) /2. O

Note that if Assumption (C) is not satisfied, then it will be satisfied for a random small
perturbation of the affinities. This corresponds to a small perturbation of the perplexity of
each distribution. Since t-SNE is known to be robust to changes in perplexity [62], this does

not have a significant effect on the embedding.

Lemma 5.3.5. Suppose for a set of affinities p;; that Assumption (C) is not satisfied. Then,

with €;; sampled i.i.d from N(0,0?), satisfies Assumption (C)

replacing p;; with p;; + € y

with probability 1. ’
Proof. Since p;; is not a function of the embedding y,, ..., y,,, each entry of V24 is linear
in p;;. Note that V>£ has rank strictly less than nd — d(d + 1)/2 if and only if all of its
nd—d(d+1)/2 minors are equal to 0. The set of all p,; satisfying these polynomial constraints
is measure zero. Thus, any random perturbation of the affinities will not land in this set
with probability 1. O

5.3.2 The Tree-SNE Tree Exists.

We now show that, in the setting of Assumption 5.3.3, the map F : R'*"d — Rnd ig
smooth and has constant rank nd — d(d + 1)/2 in some neighbourhood of a generic point
(a,yy,...,y,) € R,

Lemma 5.3.6. The map F : R*™"? — R™? js smooth and has constant rank nd —d(d +1)/2

around a generic point (a, Yy, ..., Y,)-
Proof. Recall that the partial derivative of £ with respect to y, is given by

0L
0. = 42(1%]‘ - qij>Ka(”yi - yjH)l/a<yi - Z»/j)-
Vi G

Assuming that y, # y; for all i # j, note that g;; and K (|y; — y;|) are smooth functions

of yy,...,y,. It follows that g

j is a smooth function of yy,...,y,. We now justify that g—j
is a smooth function of a. Assuming that o # 0, it is clear that g;; and K, ([y; — yjH)l/a
are smooth functions of a. Thus, we need only justify that p;; is a smooth function of a.
Recall that the affinities p,; are smooth functions of the bandwidths o; chosen to assure that

the distribution around each data point has the perplexity P(«). Note that it is sufficient
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to prove that the bandwidths o, are smooth functions of a. By assumption, the perplexity
P(a) is a smooth function of a. Consider the function G : R1*" — R™ defined by

G<a7 015+ 7Un) = ?(OZ) - exp(— 10g2 Z]#Z p]\z 10g2 p]\z) i1

where we view each directional affinity p;, as a smooth function of the bandwidth o;. The

set of parameters and bandwidths used to find the tree-SNE embeddings are in the zero set

of G. It is clear the G is a smooth function. Suppose that for a given a*, o7,..., 0}, the
equality G(a*, 07, ...,0) = 0 holds. Then, by the implicit function theorem, oy, ..., 0, are
a continuous function of « in a neighbourhood of (a*, o7, ..., 0} if the matrix

n

J = |5, (P(a) —exp(—log2 3%, pyilog, py))|

is invertible. Note that J is diagonal and so is not invertible whenever the equality

0

y‘i(?(@ — exp(—log2 ijﬁ log, pji;)) =0

i

for some value of i. Generically, the equality does not hold and so the implicit function
theorem applies. It follows that F'is a smooth function as desired. We now show that F
has constant rank nd — d(d + 1)/2 in some neighbourhood of a generic point (@, y;, ..., ¥, )-
Recall that the rank of F'is the rank of its Jacobian VF'. The Jacobian VF'is given by

924 9%«
0y, 0a e 0y,, 0

V2L

VF =

and so the rank of F'is at least the rank of the Hessian V.£2. Note that VFis an (nd+1) x nd
matrix and so its rank cannot exceed nd. However, like £, the function F' is invariant
under all rigid transformations of R?. The space of all rigid transformations of R? is d(d +
1)/2—dimensional and so it follows that rank VF < nd — d(d + 1)/2. By assumption, V2<£
generically has rank nd—d(d+1)/2 and so we must have that rank VF = nd—d(d+1)/2. By
the lower semicontinuity of rank, F has constant rank of nd —d(d+1)/2 in a neighbourhood

of a generic point, as desired. O

We now apply the constant-rank level-set theorem to prove our main theorem and con-
clude that tree-SNE embeddings have continuous structure.

Proof of Theorem 5.3.1. Choose a generic point (a,yy,...,y,) in the zero set of F.
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Then, as shown in Lemma 5.3.6, the hypothesis of the constant-rank level-set theorem is
satisfied. In particular, we have that the zero-set of F around (a,yy,...,¥,) is a properly
embedded, 1 + d(d + 1)/2 dimensional submanifold of R'*??. It remains to argue that the
parameter « is not constant in this neighbourhood. Indeed, since F'is invariant under all rigid
transformations of RY, any level set of F'is at least d(d+1)/2 dimensional. Suppose that « is
constant in this neighbourhood. Then, there exists some nontrivial vector (v, ...,v,) € R*?
such that (o, y; + vy, ..., ¥, +v,) = 0. However, we would then have that (v,...,v,)" is

in the nullspace of V2£. Since V2£ has rank nd — d(d + 1)/2 by assumption, this is a

contradiction. It follows that « is not constant, as desired. ]

5.4 Examples

We used tree-SNE to visualize two datasets constructed from the HathiTrust Library. The
full HathiTrust dataset consists of 13.6 million works described by millions of features that
correspond to word counts on each page of the work. We use the preprocessed dataset from
[90] that reduces each work to a 100-dimensional vector. We generated embeddings using
the default parameters described in [83]. Each layer of the embeddings was found using FTt-
SNE [59] with default parameters. Code to reproduce these examples, as well as the MNIST
example seen in Section 5.1, can be found at https://github.com/j4ck-k/tree-sne.

a=1.00 a=0.40

a=0.16 a=0.06

Figure 5.4: Tree-SNE embedding of 100,000 works of American and English literature. Red
points correspond to English literature and blue points correspond to American literature.


https://github.com/j4ck-k/tree-sne
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5.4.1 FEnglish and American Literature

For our first example, we use tree-SNE to visualize a set of 100,000 works of English and
American literature from the HathiTrust library dataset. This dataset was constructed
from the full HathiTrust dataset by filetering works classified as either PR (the Library of
Congress code for English literature) and PS (the Library of Congress code for American
literature) and taking the first 100,000 works for computational simplicity and efficiency.
Our dataset is approximately 55% English and 45% American literature.

We generates a 50 layer embedding with degrees of freedom between 1 and 0.01. Fig-
ure 5.4 shows the tree-SNE embedding of the dataset along with slices of several layers.
Points are color coded depending on Library of Congress code. In each plot, red points are
works classified as PR and blue points are works classified as PS. When a = 1 we see that,
although the two classifications are being pushed to opposite sides of the embedding, there is
no separation between works of English and American literature. Clusters begin to appear

in subsequent layers of the plot.

a=1.00 a=0.40
- -
a=0.16 a=0.06
L]
’
- ° . * N
- L
a=0.03 a=0.01
v v

Figure 5.5: The trajectories of 109 works in the tree-SNE embedding in Figure 5.4. These
works form a cluster in the tree approximately halfway through the embedding and subse-
quently split into more informative subclusters towards the top of the tree.

To illustrate how the tree-SNE embedding captures the evolution of clusters within the
data, we track the paths of 109 works that form a single cluster roughly halfway into the
embedding. This cluster was chosen because it contains a mix of American (80 works) and
English (29 works) literature and its relatively small size allows us to easily examine the
works that appear as well as subclusters that form within the data. The trajectories of these

works are shown in Figure 5.5.
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The 109 works in this cluster are mostly pieces of travel writing and journals by writers
from the 19th century. Given that these works center a common theme, a macro-level cluster
is expected. We see that as the cluster evolves within the tree, additional branches begin
to appear. Notably, in the final layer of the embedding, all except one subcluster is formed
entirely of either English or American literature. The one exception is a cluster containing
13 works of English literature and 18 works of American literature. However, the American
literature in this subcluster consists entirely of travel writings from the novelist Nathaniel

Hawthorne during his time in the United Kingdom and continental Europe.

Figure 5.6: Tree-SNE embedding of Shakespeare and contemporaries. Gold points are works
attributed to Shakespeare, red points are by Marlowe, and blue points are by Bacon.

5.4.2 The Anti-Stratfordian Theory

Although it is widely accepted that the plays and poems attributed to Shakespeare were
indeed written by William Shakespeare of Stratford-upon-Avon, there is a fringe theory
amongst literary historians that these works were produced by another author. This is
known as the Anti-Stratfordian Theory. Motivated by the cluster formed by Shakespeare
and his contemporaries in Figure 5.4, we apply tree-SNE to explore this authorship question.

Two prominent candidates for Shakespearean authorship are the philospher Sir Francis

Bacon and the playwright Christopher Marlowe. We constructed a dataset of 2419 English
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language works by Shakespeare (68 works), Bacon (87 works), Marlowe (114 works), and
additional contemporaries from the HathiTrust database. Many of these contemporaries
have also been proposed as candidate authors for Shakespeare’s work yet are not as popular
as Marlowe and Bacon. Since this dataset is relatively small, we generate a tree-SNE em-
bedding with only 10 layers corresponding to degrees of freedom between 1 and 0.25. The
embedding and slices of three layers are in Figure 5.6.

We applied DBSCAN to various layers in the embedding to determine clusters within
the data. Initially, there is little separation between any of the included authors, although
we see that works by Bacon are more central and works by Marlowe and Shakespeare are
pushed towards the corners of the embedding. As the layers of the embedding increase, we
see that clusters consisting of works attributed to a single author start to appear. In the
final layer of the embedding, there are two larger clusters containing works of Shakespeare.
More than half of the works attributed to Shakespeare appear in one large cluster of 304
works. This cluster mostly consists of plays and many authors including Marlowe, but not
Bacon, are represented. Other than Shakespeare, ten authors (including Marlowe) appear
at least ten times in this cluster. Bacon and Shakespeare only appear together in one cluster
that contains 6 works of Bacon, 7 works of Shakespeare, and 256 works total. Thus, the
vast majority of the works attributed to these authors do not appear in the same clusters
within the data. Within the confines of this small experiment, it appears that Marlowe is
a more likely candidate than Bacon for the true author of works attributed to Shakespeare,

although there is limited evidence to support the Anti-Stratfordian theory.

5.5 Conclusion

We have successfully shown that the tree-SNE procedure introduced in [83] generates contin-
uous structures that produce finer and finer clusterings within high-dimensional data. More-
over, by creating tree-SNE embeddings of three high-dimensional datasets, we observed that
these clusterings are indeed meaningful and elucidate both macro- and micro-level structures
within data. While we have shown that tree-SNE embeddings have continuous strucutre, it
is yet unclear why and when different branches form within the tree. To fully understand
this, a greater understanding of the inner workings of t-SNE is needed. An interesting ques-
tion is to uncover these threshold degrees of freedom for highly structured data, such as

points sampled from a mixture of mixtures of Gaussians.
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Appendix A

APPENNDIX TO CHAPTER 2

A.1 Proofs from Section 2.2

A.1.1 Proof of Lemma 2.2.2

The fact that K* is invariant follows directly from right-translation invariance of the Haar
measure, ((Sg) = pu(S), for all g € G and all Borel sets S. Suppose now that K is PSD and

fix arbitrary points x,...,z, € V. Using linearity of the integral, we compute

> ey = [ [ 37 ceign e dutgiduin)

1,7=1 1,j=1

>0

and therefore K* is PSD.

A.1.2  Proof of Lemma 2.2.5

Writing the polynomial kernel K in terms of the basis fi, ..., fy yields the equation

N N
K(z,y) = Z / Cijfj<x)fi<y)7

for some constants c;;. Let us now argue uniqueness. To this end, suppose that there exists

another matrix C satisfying (2.8). Then we may write K (z,y) in two ways:

N [/ N N [/ N
Z ( Cijfj(x)> fily) = K(z,y) = Z (Z 5ijfj(x>) fi(y).
1 i=1 \ j=1

i=1 \j=

J
any index ¢ = 1,..., N. Again using linear independence, we deduce c;; = Eij for all 1, j,

Linear independence of f; implies the equality Z;\L L Cij fi(x) = Z;\i . ¢;;f;(x) for any x and

as claimed. Finally, symmetry of K(x,y) in = and y implies that (2.8) remains true with
C replaced by (C + CT)/2. Uniqueness of the matrix C satisfying (2.8), which we already
established, therefore implies that C'is symmetric. Taking the expectation E j of both sides
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in (2.8) directly yields (2.9).

A.1.8  Proof of Theorem 2.2.7

Define ?(x> - [fl(x>7 tery fN(x>]7 ?*(x) = [fik(x>7 7f]*\/'(x>]7 and V(l’) = [gl (‘T’.)7 7g'r(x>]
where {g;}7_; is a basis for span{f7, ..., fi’}. Then expanding f; in the {g;} basis we deduce
that there exists a matrix B € R™¥ such that F,(z) = V(z)B for all z € R%. Consequently

using (2.8), we deduce
K(z,y)=V(x)- (BCB")-V(x)".

Forming a rank r factorization BCBT = LR' for some L, R € R™" therefore yields the
equality K (z,y) = (V(z)L,V(z)R), thereby verifying the inequality rank K < r in (2.10).

Next, we show the equality in (2.10). Clearly, since f; lie in R[V]S, the inequality holds:

r < dim(R[V]S). (A.1)

m

It remains to argue that dim(R[V]%) < r. Choose h(z) € R[V]S. Since R[V]G is

m

a subspace of R[V],,, it follows that there exist coefficients ¢y, ...,cy such that h(z) =

m?

Zl]\i L €ifi(z). Then, as h is invariant under the action of G and G acts linearly on R[V],,,,

the equalities
N
hz) = h*(z) =) e fi(x)
i=1

hold. Tt follows that fj(x),..., fx(x) form a spanning set for R[V]$ and thus the inequality
dim(R[V]¢) < r holds as claimed.

A.2 Proofs from Section 2.6

A.2.1 Proof of Theorem 2.6.1

The proof follows along similar lines as the standard argument for linear regression in a fixed
dimension [8, Proposition 3.5]. The fact that the estimator is unbiased follows immediately
from its definition and the fact that y = ®(X)a* + ¢ with Ee = 0. Take any a € R?,
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expanding and using the fact that the noise is i.i.d, we derive

R0 = = 3 Elp(e),a) — (pla),a) +&)?
‘T‘ (z,y)eT
—o2 o 3 Elple),a) - (pla),a"))’
|T’ (z,y)eT
:R<;*><a*>+,; S E({p(a),a) — (p(x),0))?.
(

z,y)e€T
In particular, the risk R, is minimized at o*. Then, the excess risk of & is equal to
R(‘l*) & _R(a*) o) =FEla—=a* 2
T T Sr

— E [[(@(X) ®(X)) " (X) Ty — o’

Xr

—E |(@(x)Te(x)) ! o(X) " (y — 2(X)a")]

X

1 2

=E[[(®X)T®(X)) &(X) "¢

Zr
= ETrace (7 ®(X) (2(X)T0(X)) ' Sy (2(X) (X)) ®(X)T¢)
= o?Trace ((®(X)T®(X)) ' y)

o2
= —Trace (¥5'3;),
n
where the second to last inequality uses the cyclic invariance of the trace.

A.2.2  Proof of Illustration 6

Let ¥g = EXg and £ = EX,. We can upper bound

Trace (Sg'Ey) < Trace ($5'E;) 4 Trace (|[S5! — £5 [S7— 1))

Q1 Q2 (A.2)
+ Trace (|S5! — 51 ) + Trace (5! |7 — Z4])

Qs Qu

where we use |A| to denote the matrix with component-wise absolute values of A. To bound

each one of these terms we will use the following lemma.

Lemma A.2.1. Letn = |S| and fir 6 € (0,1/6), then with probability at least 1 —4 exp(—dn)
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we have

.. < 10°.
22

e e 0 e
25t =25, <26, |zsl—zslng2\/;, and |Sg' — 33 y

Similarly, let m = |T| and fix § € (0,00), with probability at least 1 — 4 exp(—dm) we have
that

Before proving this lemma, let us show how it proves the conclusion from Illustration 6.
Assume that the bounds in the Lemma hold with a fixed § € (0,1/6). It is immediate that
Q=1+ g. Furthermore,

d d
< - — 2_7<
Qo <40 +408% - - < ( )

)

Q4 <26+ 1053 <106 - (

&\&4
S~

&\&‘
.l ey

Q< 45-=<45- ((1+

Combining all of these bounds yields

d
Trace (Xg'2,) < (1+586) - (1 + d) ,
setting A = 0/58 proves the promised bound. We now proof Lemma A.2.1.

Proof of Lemma A.2.1. Let us start with the statement for S. Enumerate the samples in S
as (1,Y1), -, (x,,y,). For each z;, let z; = Z;l:l@ji)j be the sum of its coordinates. Let
Zy =52 zpand Zp = 5 37" 27, Then, we have

1z 1 2 —Z
D= (_ ’f1> and T3l = ——— ( “2 Zl) : (A.3)
1 *2 Zg—21 \—2% 1

2 2 T 1 —-A 2
=1 _ =1 _ | 222} Zy—Z7
Sl oSl = s 1 .

) > _32
Zo—2% Zo—2%

Thus,

Ul

The random variables z; ~ N(0,d) and so z; ~ N(0,-%) and z, = 2w with w ~ 2, a

chi-squared distribution with n degrees of freedom.
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Fact 1 ([103]). Let z ~ N(0,02), then for any ¢t > 0 we have P(|z| > t) < 2exp (—%) .

Fact 2 ([54]). Let w ~ x2, then for any ¢t > 0 we have that
max {P(2v/nt + 2t < w—n),P(w—n < —2v/nt)} < exp(—t).

Equipped with these two facts, it is easy to derive that for any fixed & > 0, we have
P(|z1] > Véd) < 2exp (—in?) and max {P(2(6 + 62)d < 2, — d),P(z — d < —28d)} < exp(—dn).

Consider the event
E={lz|<Vod and (1-20)d <z < (1+45)d}.

A union bound argument yields P(£) > 1 — 4exp (—dn), which matches the stated proba-
bility. For the rest of the proof assume that & holds with § € (0,1/6).

We are finally ready to prove the three stated bounds for S. We will repeatedly use that
0/(1—30) <26 for § < 1/6. Let us start with the first statement:

52 AR (-8 =

Similarly,
20 ! &l Voed ., Jd
-2 B2 " E-F - a-s0d - Va

where the last inequality follows for any § < 1/6 and d > 1. Finally,

d—zy+ 2}
(2 — 21)d

d—z 72 1) 0
_|_ 22|j;'21_ 5 <102,
(|22l = |27Dd = (1 —30)d d

1 1]
Zy— 22 d|

This completes the statement involving S.

To show the statement for T we use a very similar strategy. Notice that ¥, can also be
written as in (A.3) for a z; and z, with an analogous distribution where we substitute d
with d. Then, assuming again that we are in &—defined with the the new z, and Z, and
with d in place of d—yields the stated probability bound. Hence, (ET — iT)ll = 0, while

|(2T—ET)12|=|zl|g\/@, and \(ET—ET)QQ\:|22—d|g45d,

which completes the proof. O
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A.2.3 Proof of Theorem 2.6.2

The proof follows along similar lines as the argument in [73], also summarized in [8, Section
3.7). Define n = |S|. We have already proved an upper bound that matches (2.21), so
we focus on proving a lower bound. We can lower bound the supremum using a prior on
a~N (0, % -1 ) where A > 0 is any fixed positive scalar. Let Y denote the random vector

of new observations Y; = (¢(x,), @) +¢; with z; € S. In particular,
infsup { R (G(Y)) = R ()} = infsup Ey |6 — a3,
a o a o T

> infE,Ey [[6(Y) - ol | o]
a T (A.4)
= infEyE, [Ja(Y) —alf, [7]

> EyinfE, [[a(Y) —al}, |7],

where the second line uses the prior, and the fourth line uses Jensen’s inequality. We can
recognize a minimizer for the inner infimum via first-order optimality conditions as the
conditional mean &, = E[a | Y]. In order to explicitly compute &,, observe that (a,Y) =

(o, ®(X)a + €) is a jointly Gaussian vector:

o | I o(X)T
(,Y)~N|[0,— .
An | ®(X) (X)P(X)T +Mn-T
Next, we will use the following two standard lemmas, whose proofs are elementary.

Yoz 2
Lemma A.2.2. Let (X,Y)~ N (07 [Em xy

yr vy

]) , then, E(X | Y) =%, %, 1V

Lemma A.2.3. Let Q € R¥" be a rank r matriz, then, QT (QQ" — Id)_l =(Q"Q - IT)_l Qr.

Thus using Lemma A.2.2, we compute

2

@:U¢MF<2

g

n

;v O(X)D(X)T + a2l> Y

=7 (}J\;CI)(X)Té(X)—i—azI)_ o(X)Y

= (®(X)T®(X) + And) "'

d(X)Y

where the second line follows from Lemma A.2.3. Substituting this expression into (A.4)
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yields
infsup { Ry (@) — Ry () }

> EyE, (@00 TX) + And) ™ &(X)TY — a”i
T

—E, |[(@(X)TR(X) + And) " (X)T (B(X)a +e) — aH;T
—E, [(@(X)T@(X) + ) O(X)T (@(X)a — (B(X) + Anl)a—e) — a”;
= Eo. (@(X)T®(X) + And) " B(X)T (e — n)\a)H2

Xp

—E, A (Ss+A-D7 a”z YE s+ AD e (x)" 5H;

A0'2 —92 0'2 —92
=—T by A XY —T by Al XX
~ race(( g+ M) T)—i-n race(( g+ A s T)
2
= T Trace ((Sg+ AI) > (g + Al) Sy)
n
O'2 -1
= ;Trace ((ZS + Al) ET) .

Taking A — 0 yields a lower bound of %ZTrace ((E S)_l ET), establishing the result.
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