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Abstract

A Finite Approximation Framework for Infinite Dimensional Functional Problems

Brayan Ortiz

Chair of the Supervisory Committee:
Dr. Noah Simon
Department of Biostatistics

It is often of interest to non-parametrically estimate regression functions. Penalized regres-
sion (PR) is one effective, well-studied solution to this problem. Unfortunately, in many cases,
finding exact solutions to PR problems is computationally intractable. In this manuscript,
we propose a mesh-based approzrimate solution, or MBS, for those scenarios. MBS trans-
forms the complicated functional minimization of PR, to a finite parameter, discrete convex
minimization allowing us to leverage the tools of modern convex optimization. We show ap-
plications of MBS for both univariate and multivariate regression with a number of explicit
examples (including isotonic regression and partially linear additive models), and explore how
the number of parameters must increase with our sample-size in order for MBS to maintain
the rate-optimality of PR. We also give an efficient algorithm to minimize the MBS objective
while effectively leveraging the sparsity inherent in MBS.
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Chapter 1
INTRODUCTION

Supervised learning is naturally motivated in hypothesis-driven problems: we may be
interested in understanding a possibly nonlinear association between an outcome and a set
of predictors. For example, one might be interested in a person’s risk of cardiovascular disease
(CVD) given information such as their body mass index (BMI) and exercise habits. Risk
estimates can help guide preventative measures against outcomes such as CVD. We might
hypothesize that an increase in BMI tends to increase risk of CVD, but some levels of BMI
might share the same CVD risk. Additionally, this relationship may change with exercise
level. We can learn the association between CVD, the predictors of BMI and exercise.
Using data from a random sample of N people, we aim to train a statistical model that
flexibly estimates a potentially non-linear association between an outcome and predictors,
then predict that outcome for new people.

As a statistical problem, we measure a response y; and p covariates x; € [a, b]?, on each
of i = 1,..., N observations. We assume the response is generated from a general model

with the form
v = f*(x) + wy,

where f* is an unknown function from a (sometimes known) function class F, and w; are iid
errors with E [w;|x;] = 0 and var [w;|z;] = 02 < co. We are interested in finding an estimate
f of f* based on the observed data. When F is known, minimax rate optimal estimators for
f* € F can be derived, but may not be easy to calculate.

For finite dimensional families or “parametric classes,” minimax optimal estimators are
generally easy to calculate, e.g. linear regression, and achieve a fast rate of convergence.

However, assuming f* lives in a specific parametric F severely constrains the shape of f*.



When incorrect, this parametric specification will lead to an inconsistent estimator.

Without prior knowledge of f*, it is generally preferable not to impose strict shape
constraints (as assumed by a parametric model). In this case, one might instead assume
that f* lies in a more general family that instead only constrains the overall roughness of
f*. In particular, it is common to choose a roughness measure P(-), and bound ¢ € R, and

consider infinite dimensional classes of the form
Fpe=1{f:[a,0]" = R|P(f) < c}.

Generally, P(f) measures the variation of derivatives of f. Examples include total variation,
Sobolev norms, and smoothing spline measures of roughness [33, 10]. Often these can be
written as P(f) = >, |Dsf|l5 1 < ¢ < oo. Here, Dy is a partial derivative operator, where
s is a multi-index of p-many integers denoting the partial derivative order for each feature
(see Chapter 3). In this thesis, we will be particularly concerned with measures of the

aforementioned type.

For F = Fp,, one might consider the empirical minimizer:

f = argmin||y — £}, (1.1)

fEFpe
where ||z[|3 = + Zi\;l 22, For many choices of P(f), f is a minimax rate-optimal estimator.
In particular, this is the case provided Fp,. is not too “large” (where the size of Fp, is
characterized by its entropy, a quantity which we will discuss more formally in Chapter 2).
As entropy of a class increases, the optimal rate of convergence slows down, i.e. larger N is

needed for small prediction error.

In practice, while we may believe P(f*) < oo, we rarely know a good bound c¢. Un-
fortunately, accidentally using ¢ < P(f*), would result in an inconsistent estimator. If we
alternatively try to solve (1.1) using ¢ = oo, then, for any reasonable P(-), our solution

will interpolate the data points (in effect imposing no smoothness) resulting in a useless



estimator.

When we believe P(f*) < oo, we can use penalized regression to find a solution over
Froo :={f :[a,0]" = R[P(f) < oo}.

Under Fpo, we can estimate a flexible and rate optimal solution, f , from the following
minimization problem [8, 33]:

N

f = argmin =3 (0~ f (@) + AP (f) (12)

feFpe Y i

where Ay > 0 is a tuning parameter and P(-) is treated as a penalty function which penalizes
“complexity.” We allow the data to inform the complexity of f in (1.2) by exchanging
goodness of fit measured in the squared loss term for structure governed by the penalty.
Solutions to penalized problems have good theoretical properties even for unknown P(f*):
for Fps not too large (again in terms of entropy) and carefully chosen Ay, these penalized-
regression-based estimates converge at minimax rates ([21], [33]). Examples of penalized
regression include smoothing splines, lasso, fused lasso, trend filtering and locally adaptive

regression splines [10, 29, 31, 18, 32, 20].

Computationally, when P(-) is convex and F can be finitely parametrized, e.g. the span
of a finite number of basis functions, f can be solved efficiently (in polynomial time) in both
theory and practice ([35], [10]). Even when F cannot be finitely parametrized, sometimes
the solution for an observed set of data falls in a calculable finite dimensional subfamily, and
so we can efficiently solve (1.2). This is the case for smoothing splines, the fused lasso, and

in general for reproducing kernel Hilbert spaces ([10], [32], [35]).

However, finite parametrizations of F can have computational issues. For many variation-
based problems that can be finitely parametrized, the solution to (1.2) is known to be a
spline, with knots at the observed data-points. Using either natural splines or B-splines

to parametrize the solution results in an optimization problem that, in some problems,



can be extremely poorly conditioned [32] (such as in the goodness of fit term, for natural
splines, or the penalty term, for B-splines); and in the case of natural splines, does not
leverage sparsity. Additionally, in many cases, precisely solving (1.2) may not be required for
minimax-optimal statistical accuracy (computationally cheaper alternatives may maintain
statistical optimality).

In this dissertation, we propose a computationally tractable framework for approximately
solving (1.2), as well as other function-estimation problems, when the true solution may not
fall in a simple, easy-to-characterize, finite dimensional subfamily. We approximate the
penalized regression problem (1.2) on a mesh, reducing the original infinite dimensional
problem to a finite dimensional problem (with asymptotically growing dimension). In this
framework, we decouple the approximation of the goodness of fit term and the approximation
of the penalty. We exploit this decoupling to develop a computationally tractable approxi-
mation to (1.2) that maintains statistical optimality. This allows us to calculate statistically
optimal approximate solutions for penalties P(-) that previously had no computationally
tractable proposals. For example, there is interest in solving (1.2) with P(f) defined as
the total variation (TV) semi-norm [28, 33]. For p > 1, when f* lives within the class of
functions of bounded total variation, solving (1.2) with this total variation penalty results in
an estimator that achieves a faster convergence rate than the contemporary methods used
in practice such as thin plate splines (the generalization of smoothing splines) [33, 11, 36].
Unfortunately, for p > 1, to date, no computationally efficient solution for the total-variation
penalized problem has been proposed. The one proposal we know of for general p > 1 by
[34] scales poorly and ignores the symmetry of the variation norm. Using our framework, we
propose a solution to the TV problem.

Chapter 2 focuses on describing our mesh-based approach for univariate non-parametric
penalized regression. In our framework, we alter the optimization problem in (1.2) slightly.
We partition the sample space into a grid and use the fitted-values on the grid as our op-
timization parameters. Using the grid fitted values, we replace the penalty function with

a finite-difference/Riemann approximation. The fitted values at the data points are ap-



proximated by cleverly interpolating between grid fitted values. We show that approximate
solutions constructed this way retain minimax optimality like the exact solutions to (1.2)
under conditions dependent on /N.

In Chapter 3, we extend this framework to multivariate data, using multivariate interpo-
lators and finite-difference/Riemann approximations to multiple penalties. We will propose a
solution to the multivariate total variation problem with a vignette provided in Appendix E.
Most notably, we introduce MTV, an R package with the computational backend written in
C 4 + for finding solutions with bounded multivariate total variation.

In Chapter 4, we show how the framework extends to other applied problems. We consider
three problems. First, we consider the problem of estimating a potentially non-linear and
monotonic association between an outcome and predictor, i.e. an isotonic regression problem
[2]. Also, we describe the partially linear additive model where we aim to fit a surface over
features that may confound a primary linear relationship between an outcome and predictors
of interest [15]. Finally, we discuss an interaction problem where we want to estimate the
effect of a primary feature on an outcome as it varies according to coefficients on a shared
surface over secondary features.

We conclude with a general discussion of the ideas presented in this thesis in Chapter 5.



Chapter 2

MESH BASED SOLUTIONS TO UNIVARIATE PENALIZED
REGRESSION

2.1 Introduction

In Chapter 1, we introduced the general regression problem that we aim to solve. Here, in
Chapter 2, we describe our proposal for univariate regression, where we measure a response
y; and a covariate x; € [a,b], on each of i = 1,..., N observations. With broad generality,

we can assume a generative model of the form

yi = " (z;) + w;,

where f* is an unknown function from a known function class F, and w; are iid errors with
E [w;]z;] = 0 and var [w;]x;] = 0% < co. We are interested in estimating f* based on the
observed data.

One common approach is to use penalized regression as given in (1.2) ([8], [33]):

‘+ ANP(f),

= argmm —
e-7:P e}

||'Mz

where

Froo = {f +]a,0] = R|P(f) < oo},

An > 0 is a tuning parameter, and P(-) is a penalty function which penalizes “complexity.”
With carefully chosen Ay, we know that f converges at a minimax rate that is respective
of P(f) and the parametrization of F [21, 33]. However, for hard problems, computational

efficiency depends on the true solution falling in a simple finite dimensional subfamily, which



is not guaranteed.

We propose a computationally tractable framework for approximately solving (1.2), for
a broad class of roughness penalties P(:), when the true solution does not fall in a simple
finite dimensional subfamily. In our framework, we alter the optimization problem in (1.2)
slightly. First, we select a mesh of m points over the domain of x; and use the fitted-values
at those points as our optimization parameters. Next, we change the penalty function to a
finite-difference/Riemann approximation over the m mesh points. Finally, the fitted values
at the data points are approximated by an interpolation scheme between fitted values at mesh
points. In this way, we approximate P(f) independently of a chosen parametrization of F.

We refer to the general approach as MBS, or mesh based solution.

More formally, we consider a finite set of points, or mesh, D = {dy,...,d,,} C [a,b], such
that the observed zy,...,xy are within the convex hull of D. Using D, we formulate an

approximation to our original problem (1.2):

n

fp = argmin;_ cgm %Z (y; — Qwi(fD))Q +AvPp (fp), (2.1)

i=1

where Pp(fp) is an approximation to P(f) based on finite-differences/Riemann sums using
only our fitted values on the mesh, fp = (f(dy),....f(dy)); and Q : R™ — F is an
interpolator; where Q.. (fp) = [Q(fp)] (x;) takes in fitted values on our mesh, and an z;
(potentially not on the mesh), and calculates an interpolated fit at a point z;. For Pp
convex and €. (fp) linear in fp, (2.1) is a convex problem. Our estimate of f* is given
simply by Q(fp).

In Section 2.2, we discuss choices of Pp(fp) (2.2.1) and Q,,(fp) (2.2.2) and how they
impact the closeness of the approximate solution to the exact solution. We briefly discuss
similarities to other contemporary nonparametric univariate methods (Section 2.3). We de-
scribe an efficient solver for convex objective function (2.1) based on the alternating direction
method of multipliers (ADMM) in Section 2.4. In Section 2.5, we run a simulation study

highlighting that, for even a modest number of mesh points, the approximation error induced



by replacing (1.2) by (2.1) can be smaller than estimation error of the original problem. In

Section 2.6, we provide theoretical results supporting our findings.
2.2 Univariate MBS Proposal

We discuss, in detail, our MBS proposal for approximating (1.2). For now we restrict our-

selves to penalties of the form

P(H = [ 1170 aa

_ o
~adr

for some integer r > 0 and ¢ > 0, and where f(") f(d). These Sobolev-norm penalties
are a fairly broad class, which include smoothing splines and total-variation penalties among
others (one can also apply these ideas with r = 00).

A mesh, D, on [a, b], can be written as

D:a:dlgdgg...ﬁdm,lgdm:b.

Let 6 = (01,...,0m,—1) denote the bin widths within the mesh, where §; = d;;1 — d; for

j=1,...,m—1. Define ,,4, = max; d;. Often, we specify D as a regular or even mesh with
widths d, where 6 = 0; =d;11 —d; = bﬁ for j =1,...,m — 1. Note, we will often want to
think of fp = (f (d1),..., f(dy)) as a function, so we sometimes slightly abuse notation by

using f(d;) = (fp);-

For our discrete, approximate problem (2.1) we need to specify two pieces:

e Pp(fp): an approximation to P(f) calculated using only dy, ..., d,, and fp = (f (dy), ...

e O, (fp): an interpolation function, which allows us to map fp to a function that can
be evaluated on the entirety of [a, b]; this is important as, generally, z; ¢ D for observed

x;. This interpolation should be a linear function of fp to retain convexity of (2.1).

The degree to which our solution to the mesh-based problem (2.1), retains the nice properties

f(d) "



of the solution to (1.2) will depend on our choice of D, Pp and Q,,(fp). We will discuss how

to make these choices below.

2.2.1 Choosing Pp(fp)

We use finite-differences/Riemann sums to approximate P. This is chosen in part because

of the form we have assumed for P: P(f) = [ |f"V(d) }é 0d. We approximate the operator

2 using discrete differences. We define the normalized first order difference function A}, :

R™ — R™ ! such that
f(digr) — f(ds)

[ArlnfD]l = 52 )
where i = 1,...,m — 1. For regular D, we define a normalized rth order difference function
AT R™ — R™" such that
AL fol, = (A7 [AL )], = - = [Ah s [h, [ [AL S]],
where i = 1,...,m —r. We now approximate the integral with a Riemann sum (again using

our mesh D). Thus, for general r and ¢, our approximation becomes

3

Polfo) = 3 |otiart ol

)

(2.2)

The algebraic formulation of Pp(fp) will be useful in the multivariate case. As with other
penalized methods, our penalty Pp(fp) will not be able to approximate high frequency
periodic variation at frequencies smaller than the mesh widths, 9.

In Appendix A, we present matrix representations for Pp(fp), for both regular and
irregular mesh cases, which will be useful for deriving solvers for univariate MBS. Briefly, we

show in Appendix A that

Pp(fp) = ’ E, (2.3)

5%4—15%“)]%’
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where recursively Aﬁ{") — Afl":ll) ) Ag) and

-1 1 0 ... 0 0
AW 0 Ll 00
0 0 0 -1 1

2.2.2  Choosing Q. (fp)

There is a vast literature on function interpolation/estimation [9]. Popular choices in-
clude linear interpolation, higher order piecewise polynomial interpolation and, in particular,
splines-based interpolation. In our case, a good interpolator, .. (fp), will be linear in fp
to preserve convexity of (2.1) and permit a computationally inexpensive solution to (2.1).
We briefly discuss a general approach to interpolation, then discuss a particular piecewise

polynomial interpolator that meets both of our criteria.

Consider the general problem of interpolating b points 61, = [f (dy) , ..., f (db)]", via f <
Z?Zl a;1; a linear combination of pre-specified basis elements 11, . .., ¢ and coefficients o =
(av,. .. ,ab)T. With design matrix U where W;; = ; (d;), we find coeflicients « by solving
the linear system Wo = 0y, where 614, = (01, ... ,Gb)T. Thus, & = ¥~16,,. To find f(xnew)
for a new point Tpee: first evaluate Zpe, over the basis, ¥ = (U1 (Tnew)s - - - ,zbb(xnew)]T;
then compute f(xnew) = Ta = ¢ U 0,,. Note that this is linear in 6;,. Spline-based
interpolations can be defined using this framework by specifying the basis elements ¢, ..., ¥
appropriately. For example, interpolating via regression splines is given by defining 1, ..., ¢,

as the truncated power basis [32].

We now motivate a special local polynomial, then we construct it using the general frame-
work described in the previous paragraph. Suppose we have values fp = (f(dy), ..., f(dn))T,

where d; < ds... < d,,,. We can interpolate at a point z; € [d;,ds] to approximate f(x;)



11

using the line connecting f(d;) and f(ds),

f(dz) — f(dy)

f(a) = f(dy) + & —d,

(1'1 — dl)

For o € [dg,d3], the approximation uses f(d2) and f(ds); and so forth. In general, an
observation can be fit from a kth order polynomial that uses only k£ 4 1 points, since that
uniquely defines a kth degree polynomial. We propose to interpolate at points x1 € [dy, dg11]
and o € [dgy1, doks1] using only f(dy),..., f(dgr1) and f(dgy1), ..., f(dags1), respectively.
Using only k& + 1 points to fit at each x; allows for fast computation as we will see in the
next paragraph. However, this type of local interpolation is different from spline-based

interpolation described before, since it lacks continuous first derivatives globally.

We now formally construct our special local polynomial using the general interpolation
framework, which requires determining the points 6., that we interpolate over and the basis
elements 11, ...,y that define the interpolation. For local interpolation at a point xz;, we

~ ~ ~ T ~ o~
find a neighborhood of k + 1 local mesh points d = (dl, . ,dk+1> such that x; € [dy, dg11]-

. . T
Let 01.p11 = (f(dl), . ,f(dk+1)> = (6y,... ,9k+1)T be the evaluations of f for the mesh

neighborhood about x;. We define an interpolation of 0., using the basis functions:

Vy(x) = 1,9(x) = ..., and Ypyi(2) = 2"

Based on these basis functions, this local polynomial interpolator coincides with the spline
interpolator for £ = 0,1. As in the general approach, we consider a design matrix ¥ &€
REFDXEHD) with U, = ’QZ)](CL/) Thus, we can calculate coefficients & = ¥10;,,,. To
find the value of f(mz) at a point z;, we form ¥ = (1 (), - .. ,wkﬂ(xi))T and compute
j:(xz) =PTa = U0, = 0; 01.41. Note that ¢; is specific to x;. At a new point
z; & [dl,dkﬂ], we move to another set of neighboring mesh points d’ which leads to 0.

Hence, we call this interpolation scheme the simple piecewise polynomial interpolator or
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SPPI. As before, for observations © = (x1,...,x,), we can write
Q$<fD) = OfDa
where O = (o4, ... ,on)T, and for x; € [d;, d;+x], we the vector o; as

0. =(0,...,0,6,,0,...,0)",

where 0; occupies indices j through j + k.

As it was generated from the simple piecewise polynomial, the interpolation matrix, O, is
k-banded, which allows for easy storage and manipulation. However, it is unclear what order
k interpolation we will want to use. Under our current penalized regression framework, we
penalize rth order smoothness by approximating P(f) via rth order differences and Riemann
sums, as discussed in Section 2.2.1. By penalizing against rth order smoothness, we set an
a priori belief that the solution lacks higher (than r) order smoothness. Intuitively then,
we should not interpolate at a higher order than the assumed smoothness, or allow & > r.
For other methods with different spline based interpolations, setting £ = r is a requirement.
For example, in rth order smoothing splines, rth order splines must be used to evaluate
the rth order smoothing spline penalty P(f) and so observations are fit using the rth order
spline. However, we approximate P(f) using rth order differences which are independent of
whichever kth order interpolator we choose. Thus, in our framework, it is possible to set
k < r and in general we allow £ < r. We will show later both via simulation and theory that
the closer k is to r, the fewer points we need in our mesh to achieve a close approximation of
the exact solution. However, for many problems, k£ = 1,2 (linear and quadratic interpolation)
may do well enough with a modest number of mesh points, (conservatively, no more than
m = v/N mesh points should be needed, see 2.6.1). This is important since low order

interpolators such as linear and quadratic SLPs are not computationally demanding.
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2.2.3  Writing the Uniwvariate MBS Problem

We have introduced Pp(fp) and €2,,(fp). For response y and data & with related kth-order

interpolation matrix O, the MBS objective (2.1) can be written simply as

- . ¢
fp = argmin|jy — Ofp|% + Ax ’ 52—"—1A5;;+1>fDH . (2.4)
fDER™ YA

Often, we may let Ay absorb the constants related to § and write (2.4) as
~ . r Z
fp = argmin [y - Ofplly + v AL foll, - (2.5)
DER™

We denote the fitted values of f at the observed z-values as f = O fp.

In Figure 2.1, we show a small example using MBS solving (2.5) with [ = 1 and various
k,r. We compare our MBS fits to the true underlying regression curve. The fits were based
on observations y; = sin(2rz;) + w;, where x; ~ Unif[0, 1] and w; ~ N(0,1), fori =1,..., N.
Where the vertical lines intersect the blue lines denote the m = 20 mesh fitted values, the
optimization parameters of (2.5). By solving (2.5) with & = r, we get rth-order piecewise
polynomials with adaptively chosen knots. With piecewise constant structure and many
sequential mesh fitted values fit to be the same, the MBS fit in Figure 2.1a looks like a fused
lasso or Oth order trend filtering solution. Similarly, MBS fits in Figures 2.1bc look like 1st
and 2nd order trend filter solutions. In the next section, we discuss the close relationship

between MBS and other univariate methods.

2.2.4 Basis Representation of MBS

Here we show that one can equivalently write our MBS objective (2.1) using a basis expansion.
As an alternative to the route we discussed above, one might consider optimizing (1.2) over
a linear class F = span (¢1, ..., %x) with basis elements 11, ...,%xk. As we will discuss in
Section 2.3, for some bases, the rth order total variation | |% > Bk¢k(x)| dz has a simple

representation, however often it does not. In cases where it does not, we could approximate
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Figure 2.1: Comparison of MBS estimates for simulated data. We draw N = 100 noisy
observations (transparent) from f(z) = sin(27x) (black). In blue, we draw MBS estimates
with m = 20 and (r, k) varying, [ = 1. Vertical lines are drawn at the mesh.

it using a similar discretization strategy as before: For a given element of our linear space

f =2 Bry and a mesh D = (dy,...,dy,) define fp (8) = D, Outlr(dr), ..., >, Oti(dn)].

Now consider the problem:

f = argmin E Z (yi - Z Ortbr ($¢)> + APp (fp (0)) (2.6)

This is exactly equivalent to our original formulation for MBS | given by (2.5) if, the matrix

Up, with elements Wp ;) = ¥i(d;), is a basis for R™. In particular, in this case our
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interpolator is precisely Q, (fp(6)) = >, Oxtr(x).

Note that if we define (¢, ...,1k) by the “rising polynomial basis” given in Appendix B,
then the basis-expansion-based interpolation-scheme is equivalent to that described in Sec-
tion 2.2.2 using the SPPI. However, the SPPI as defined earlier with sparse ¥ leads to
more efficient matrix operations than the rising polynomial basis (see Appendix B). For
this computational reason, we prefer implementing interpolation using the simple piecewise

polynomial over the rising polynomial basis.

2.3 Comparisons to Other Univariate Methods

There are two other methods for approximately solving (1.2) with a total variation penalty:
¢ trend filtering (TF) by [32] and locally adaptive regression splines (LocARS) by [20]. Like the
exact solution to the functional problem (1.2), both TF and LocARS give minimax rate-optimal
solutions. These two methods use the basis expansion framework discussed in Section 2.2.4.

They both solve a total variation problem

N
o . 1
frv € argmin —Z P+ ATV (F7), (2.7)
fEJ:RfSt”Ct N i1
over two different linear subspaces, Fr*"*“!. For LocARS, one uses F*" = span ({45 . ..

where the 9[4S are from the r-th order truncated power basis with knots at the observa-
tions, x;. For TF one uses Fy*"* = span (¢77, ... ¥%F), where the )TF are from the r-th

order falling factorial basis with knots at the observations, x;. More details on these bases
can be found in [32]. These bases are chosen in part because functions in their span permit
a simple, finite dimensional representation of TV ( f (7")). This is in contrast to MBS where
the penalty was instead approximated via Pp(fp). In fact, for each of these bases, (2.7) can

be rewritten as a simple lasso problem:

2 N
0 = argmlnlz (yz ZHk@/Jk (x; ) + A Z 10k, (2.8)

N
R k=r+1

Y

LocARS
N

)
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with f — Zszl ék@/)k, where 1, = YIT or ¢y, = RS for TF and LocARS, respectively.
While the lasso form of these problems is useful for interpretation, solving either TF or
LocARS by applying a general purpose lasso solver to (2.8) is very inefficient, as the design
matrix is poorly conditioned. TF, unlike LocARS, is more amenable to efficient computation:

One can rewrite TF as a particular instance of MBS,

N

. 1
fp € argmin N Z (yi — fp () + A\Pp (fp) (2.9)
fpeRY i=1
where we use a mesh with grid points at the observations D = (z1,...,x,), and Pp is our

discretized TV penalty from before. There are 2 main downsides to using the observations
as our mesh: 1) We have N optimization parameters, which can slow down computation,
when for statistical accuracy many fewer may be needed; and 2) the uneven spacing of the
observations means that (2.9) is still a poorly conditioned problem — this leads to instability
for many convex solvers (as noted in [27]). The ability of our method to use a regular mesh,
with fewer than N mesh points is a potentially significant asset in problems with large sample

size.

MBS has an additional advantage when the features lie in 2 or more dimensions (dis-
cussed further in the next chapter). The obvious extensions of TF and LocARS to higher
dimensions use complicated and potentially computationally inefficient basis expansions in
2+ dimensions (eg. thin plate splines). As we will see in Chapter 3, MBS allows us to work
with multivariate local polynomial interpolators. These are simple objects, and allow us to
maintain a sparse representation of our interpolation matrix. In addition, because we work
with a discrete approximation to our penalty of choice, we can simultaneously use sparse rep-
resentations of our discretized penalty and our interpolator. This allows us to easily extend

our method and computation to multiple features and thousands of observations.
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2.4 Solving MBS Optimization

In this section, we describe an ADMM solver for the univariate MBS problem when ¢ = 1.
Note that in this case the solver will be similar to the standard ADMM algorithm for the
trend filtering problem given by [27]. For an ADMM algorithm as described by [6], we begin
by rewriting (2.4) with £ =1 as

min ly — Ofplla + M\ ||, subject to a = ATTD £y, (2.10)

fDERm,aeRm7k71

We write the augmented Lagrangian as
p . p
L(fp,acu) = ly = Ofplls + Mllaly + Sl = AL o+ ullf = S llull3,

where we treat p as a step-size variable for the dual update that gets smaller when the primal
() and dual (u) variables get closer. The ADMM iterates for fp are found by solving for
fD in

Vi, L(fp,o,u) =0.
The same is done for «, while the dual variable u is updated by the primal residual, r/"! =

» Dprimal
aitl — ALY lj;rl. This results in the following ADMM iterates:

B (0TO+p(AG)TAG) T (OTy + p( A5 ) (@ +u))), (211)
QI Sy, (AUFY I i) (2.12)
R S AREAN G CAR (2.13)

We sequentially calculate fgrl, a1 then w/*! to complete one ADMM cycle. We can
initialize p = A, but it is useful to let p change at each iteration based on how far apart
the primal and dual residuals are from each other [6]. Note that the dual residual is given

. T .
by ritl = p (A%H)) (u/*t — 7). Although there is no theoretical justification, there is
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empirical evidence to support this adaptive p strategy [6]. We can further optimize the
calculations by using warm-starts of f;, @ and wu.

Our ADMM stopping criteria require that both the primal and dual residuals meet a
Jj+1

tolerance: ||r7*! |y < e and [|7F )]s < € (we choose € = 107%). However, satisfying these

primal
stopping criteria can require a large number of iterations, so it is important for each iteration
to be computationally inexpensive. We can determine the complexity of each iteration by
analyzing the cost of the matrix operations for each update. When using kth order SPPIs,
O becomes banded with bandwidth k+ 2. Meanwhile, ALY s also banded with bandwidth
r+2. Since k < r, the fp-update can be implemented with time O (m(r + 2)% + n(r + 2))
and O (m(r + 2)?) after the first iteration with caching. Updating o with coordinate-wise
soft-thresholding (Sy/,) requires time O(m — k — 1), while updating u takes O (m(r + 2))

time. Considering k and r as constants, a full iteration of ADMM updates can be done in

linear time.

2.4.1 Parallelized ADMM

Since each iteration runs linearly in m, large values of m will be computationally difficult.
One way to reduce computational complexity is to distribute the fitting procedure across
multiple processors. Using consensus ADMM, we can split each ADMM iteration across
the mesh points [6]. In the ADMM we described in Section 2.4, targets of optimizations
were fp = (f(dy),..., f(dn)), training observations were fit using some interpolation of
fp which had the form Ofp, and we approximated the penalty using sums of differences,
Pp(fp) = ||A5§+1)fD ||1. For consensus ADMM, we will partition the mesh points D such that
D = (Dy,...,Dy), with D; € R™ where Zf\il m; = m*. For our consensus description
here, we will assume m; = my = ... = my,, which is not unusual since the size of each
partition could be determined by the interpolation order, m; = k£ + 1. Using this mesh
notation, the mesh fitted values can be partitioned as f5"* = (fp,,..., fp,;)". Note that if
we interpolate via SPPI, then the last element of fp, will be the same as the first element of

fDicrs ot fo,lmi] = fp,, [1]; s0 m* =m+ M — 1 and fi"" € Rm+M-1,
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Let O; denote the interpolation matrix for observations that fall in D;. Using the con-

a .
vention that [a;b] = , we define a matrix O; = [0;...;0;0;;0;...;0] € RV*™i_ For
b

example, O; = [01;0] € RV>*™1_ TIn this way, Ofp = Zf\il OifDi. Note that each O; is
sparse, but not banded. Finally, we can evaluate our approximation to the penalty using

2 by AW ol = M 1A ol

Using f2"", the objective we aim to minimize is

min

M
A AL fo,

2
N =1

1 8.t fDi [ml] = fDi+1[1L (2'14)

M ~
y—>_ Oifp,
=1

for v = 1,..., M — 1, where the constraint is necessary since we define O; by the SPPI.
Let b; € R™M=1"guch that b;[im;] = 1, b[im; + 1] = —1, and otherwise, b; = 0, for
1=1,...,M — 1. We define a matrix

by
B = . c RMflmeerl

b

For example, if m; =3 for i =1,2,3 (so M = 3), then

001 -100 0 0O
B =

000 0 01 -12020

It will be useful to denote the blocks B; of B = [By,..., B,,], which are specific to D;. In

our previous example,

0 01 -1 0 0 0O 00
Blz 732: 7B3:

000 0 01 -1 0 0

Note that B, B;;; = 0. We can rewrite the constraint in (2.14) as Bf5"" = 0.
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We begin to solve (2.14) by introducing primal variables via some equality constraints:

i O;
z = R - A;fp,, where A; = € RN+tmizr=bxmi for § = 1,...,M. Let
: (r+1)
al Aml
21 A
A= A Ay ... Ay| € RYFmTrUeRACL ] RN e
B
ZM
z
RNAmi—r+M=2xm+M-1 " and § = e RNFmimr+M=2" Fyrthermore, let 1,0 = 7; and
0
14,0 = a;. We aim to solve the following minimization problem:
M 2 M
min ||y — Z L.0| + )\Z 14,01 subject to Cf5"" — 6 = 0. (2.15)
i=1 N i=1
Uy
: Uy, : N+m;—r+M-2
We denote the dual variables by u; = and pu = e Ry . We
Uy UN+m;—r—1
v

can write the Lagrangian equation as

2

1+ 1 (CFR™ = 0) + | CFR™ — 0]]3.(2.16)

(fpart )

M
Y — Z 1,0
i=1

+ A 1a,0

N

Note the following equalities:

N+m;—r—1
pI (O™ —0) = Y ul(Aifp, — =)+ Z (Bifp, + Bis1fp,, —0)  (2.17)
N+m;—r—
part 2 i ' 2 — 2
lCrp™ =ol3=">_ NAifo. —2l35+ Y IIBif, + Bisafo.,.ll3- (2.18)

With the equalities, we are able to separate 6 and [} “! into sums of z and fp,- We now



21

aim to find the iterates for the primal and dual variables:

A 9 . . 2
]+1 < argmm (HAT-&-l — Oég + u]ai”Q + HOZfDL — ’)/ZJ + U?YZ ) ‘B@f[)1 + Bi+1fDi+1 + Vsz)
DZ
(2.19)
M
2t argmin ||y — lez +/\ZH1%Z”1+Z_HZZ_U —Aif ]H : (2.20)
zi i=1
W] + AT - AT (2.21)
VIt v+ BT+ Biafhr (2.22)
The z;-update splits into v; and «; updates:
ot argmin ol + 5 P Z |ACHD 25—yl ||} and (2.23)
Jj+1 : j+1
T ; — . 2.24
v argmin ||y Z Vi ul; — Oif}) , (2.24)
The y-update can be solved as the following minimization problem:
. _ P i
minlly — MR +5 Y Il — s = OifpM 3 st 7 = - Zv (2.25)
Let Ofp =+ >, O, fp,. With fixed 7, (2.25) has solution
v =l + O fi ! + —oR . (2.26)
To compute 7, we can solve the unconstrained problem given by
P j+1
min —||y MA|R + Z 17—’ = Of" | (2.27)
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Hence,

, 1 1
I+ = i+0f ). 2.28
gl W e +0) (2.28)
Plug ~; from (2.26) into ufyjl to get
g+1 Ar It _in
—ut +O0fp -7, (2.29)

which shows that all y-dual variables are equal or in consensus and can be replaced with a

single dual variable u, € RY.

Plugging 7¥ into the fp,-update we see that

2
j“ — argmln HATHf —al +u, H2—|— HO fo, — O; fD +OfD — +uj (2.30)
2
+ HB’Lsz + Bi+1fDi+1 + Vng)
Thus, the iterates are given as follows:
j+1 DT A L ATA N  (ACEDT (G i
AR (Ami ATH) 4 O, OZ-> (AT (o —ul) (2.31)

+0; (Oi]%i ~Ofy +7 - ui) + Bl (Bif), +1)), (2.32)

ol Sy (ALY T — ) (2.33)
Wit el 4+ ol — AU I (2.34)
vt v + B + Bia b (2.35)
7 g (o0 (20 + 07, (236)
W + Ofp T - A (2.37)

We distribute each set of ( j+1, oz{“, ufyjl) to M processors, then compute v, 4 and u., on a

central processor. With enough processors, the M distributed computations could have as
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little as m; = k + 1 optimization parameters. In future work, we will be implementing this

procedure.

2.5 Simulation Study

In this section, we conduct a simulation study showing how the estimation and approximation
error decrease as functions of m, N, r, and k for MBS solutions. We generate a response y; =
f(z;)+e€;, where f(2) = €™, x; € U0, 1] and ¢; ~ N(0, 1) with sample sizes of N = 40, 80, 120.
For each (z,y)-pair, we solve the ¢; MBS problem using m = 4,5,6,7,8, 10, 20, 30,90, r =
0,1,2 and k& = 0,1,2 (via SLP). Note that we maintain k& < r by solving the following
pairings: r=0and k=0;r=1and k=0,1; as wellasr =2 and k = 0,1, 2.

When tuning A\, we choose 50 logarithmically spaced values from 1073 to A4z, Where

Ay = H (O (Aq(qzﬁ-l))-i-)TyH

[ee]

and AT = AT(AAT)7!is the generalized inverse for matrix A. For each (m, r, k)-configuration

1
of MBS, we calculate RMSE = (25.00 MSEj) * where

MSE; = fj (7w = san)

and f denotes the MBS estimate.

As expected, when we hold r and k constant, RMSE tends to decrease towards a limit
(specific to N) as m increases (Figure 2.2). Holding sample size constant, we see that the
limiting RMSE we approach for r = 0 (Figure 2.2a) is greater than the limiting RMSE for
r = 1 (Figure 2.2b), and (though it is difficult to see) the limiting RMSE for r = 2 is the
smallest of the three values of r. We expect the limiting error to decrease in r since the error
should decrease like N *%;1, based on the minimax rate for functions of bounded variation
[33]. By choosing to solve (2.5) with r = 2, we assume the underlying conditional mean f has

bounded derivatives up to f©. Here, f is an exponential function here with infinitely many
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Figure 2.2: Results for 500 simulations over data generated from an exponential function
with noise for N = 40,80, 120. MBS models were fit over varying m, r, and k. Line type
denotes k: 0 (~), 1 (--), and 2 (—). Top row ranges for all m; bottom row ranges for
m < 10.

bounded derivatives, so we could choose a high order r. However, the difference between

N~ evaluated at r = 2 versus 7 = 3 or 7 = 4 is negligible.

Next, we note that as we interpolate at an order close to our strongest assumption of the
smoothness, i.e. k — r, we require smaller m to approach the limiting RMSE. In Figure 2.2¢
when r = 2, the linear (kK = 1) and quadratic (k = 2) interpolator are essentially equally
close to the limiting RMSE with modest m = 6. This indicates that £ = 1 with a modest

number of mesh points might generally be sufficient for computationally efficient estimation
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when r» > 1.

Of course, we have been fitting the MBS solution using uniformly spaced data, which may
be giving optimistic results. With non-uniformly spaced data, it is possible we may need
many more mesh points to avoid underfitting. We investigate this by repeating the same
simulation as above, but for non-uniformly distributed data. The response is generated the
same as before, but y; = f(#;) + ¢, where ¥; = log(z;) or ¥; = z?. We consider only a
sample size of N = 80. In Table 2.1, we show the results for r = 2. Based on Table 2.1,
interpolating with £ = 2 tends to require no more than m = 10 to achieve the limiting
RMSE using log-spaced data. However, MBS with & = 1 tended to require 10 < m < 20
for a similar limiting RMSE as k£ = 2, but may need m > 60 to achieve the exact same
RMSE. Using quadratically spaced data (7; = x?), the RMSE for k = 2 with m = 4,5,6,7
tended to be smaller than k£ < 2, but £ = 1 hit the same limiting RMSE as £k =2 by m =8
(Table 2.1). Overall, with uniformly spaced data (Figure 2.2), we also saw that lower order
interpolators required larger m, but the limiting RMSE for » = 2 was achieved by m < 10
for both £ = 1 and k = 2. With the log-spaced data, we saw that k£ < r could require
potentially much more discretization than k = r, although the RMSEs may be close enough
in practice. This is evidence that non-uniformly spaced data may require more larger values

of m than uniformly spaced data, but still, m < N.

T, k m= 3 6 7 8 10 20 30 60

0 0.318 0.304 0.293 0.280 0.270 0.255 0.230 0.223 0.220
10243 0.231 0.224 0.220 0.218 0.216 0.214 0.214 0.214
2 0227 0219 0.216 0.213 0.212 0.212 0.212 0.212 0.212

r? 0 2009 1.531 1.226 1.030 0.888 0.698 0.384 0.308 0.252
1 0346 0.271 0.247 0.238 0.234 0.231 0.229 0.229 0.230
0.240 0.236 0.235 0.234 0.232 0.231 0.231 0.232

)
e
[\
~J
DS

Table 2.1: Prediction results for fitting MBS for » = 2 with non-uniformly spaced data.

We minimize MBS using an ADMM solver. Unfortunately this algorithm can require
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many iterations; however each iteration is quick, running linearly in m. In Figure 2.3, we
show how the average time per MBS solution changes as a function of m and k. The average
solution time tends to be smaller for greater values of k£ with fixed r. In particular, for m < 20,
computation time is generally no more than 10%° = 3.6 seconds. However that required time
increases substantially for m > 20. It is important for computational tractability that a
good fit can be found without a large number of mesh points.

In the next section, we give theoretical results supporting our observation that MBS can
achieve an optimal solution with enough mesh points. We also provide some theory to
support our finding that higher order interpolators can reduce the required number of mesh

points.

30
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Figure 2.3: Timing results for 500 simulations over a response generated from an exponential
function with log-spaced data and noise for N = 80. MBS models were fit over varying m,
r, and k. Line type denotes k: 0 (~), 1 (=), and 2 (—).

2.6 Convergence of MBS for Penalized Regression

In this section, we discuss theoretical properties of the MBS estimate. First, we introduce
some notation. We follow this with an outline of the results of this section. We now would

like to discuss the MBS estimate as a function (as opposed to just values on a mesh). In
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Section 2.2.2, we defined interpolation at a point by Q,,(fp), which used mesh fitted values
fp to estimate f(x;). Now, we generalize the interpolator function by € : R™ — F such that
for fp € R™ Q(fp) € F, with [Q(fp)] (z;) = Qu,(fp) . As a reminder, the MBS estimate of
f* is given by < fD> where fp minimizes the following problem:

fp = argmin Lp(fp), (2.38)
fpER™

where

N
Z — Q. (fp))* + AnPp (fp)-

We would like the convergence rates of 2 ( fD> to be similar to the convergence rates of the

exact solution of a variation problem, f , given by

f = argmin L (f) (2.39)
fEFPco

where

Z +)\Np(f)-

We define a gridding function by D : F — R™ such that for g € F and D = {dy,...,d.},
D(g) = (9(dy), ..., 9(dy))". Finally, for f € F, we note the empirical Lo-norm by I f112 =

LS P

Using these notation conventions, we outline then present our theoretical results. We
consider the interpolated solution to the discretized problem, €2 ( fD>, as an approximate

solution to the functional problem given by (2.39). However, MBS is computationally sub-

(1) <(a ().

We characterize this computational sub-optimality in Lemma 2.6.1. We then show how this

optimal in the sense that

optimization sub-optimality affects statistical performance in Theorem 2.6.2. We begin with



28

the sub-optimality lemma.

Lemma 2.6.1 (Sub-Optimality Inequality) For all f € Fpoo, suppose there exist 0,, and

€m Such that

Sup |Pp (D (f)) — P(f)l < em (2.40)
and
Sup 19 (D (f)) = f(2)| < 6. (2.41)

With Ay > 0, we have
3 3L(f) + Op (02, V emA
L0 (o)) < min { A O On Y nd) 2.2)
L(f)+ Op (Com V enAn)

Proof See Appendix C.1.

Lemma 2.6.1 shows MBS minimizes the functional problem nearly as well as the exact
penalized regression solution depending on the penalty approximation error (2.40) and in-

terpolation error (2.41).

We aim to show that under certain conditions, {2 < fD> is rate optimal. To prove rate
optimality, we need to characterize the class F that we are estimating over. One standard
way to do this is entropy. Let H (8, F, || - ||») = log N (6, F, || - ||») denote the d-entropy of a
function class F for the || - ||,-metric, where N (6, F,| - ||) is the number of balls of radius
0 needed to cover F, also known as the d-covering number. We use entropy and d-entropy
interchangeably. Entropy is useful when describing the “size” of a class F: larger entropy
implies a more rich class of functions. However, if entropy is too large, then it becomes
harder to find the function that minimizes an objective, which implies a slower minimax rate

for F. To specify the size of F, we can assume a growth rate in the J-covering number: with
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0 < a < 2, we suppose that
H (6, Fpy:={feF:P(f) <1} [n) <cd77, (2.43)

i.e. the d-covering number grows polynomially in §. This condition essentially holds for many
functional classes, such as functions with bounded total variation (o = 1) or in rth order
Sobolev spaces (o = %) [33]. To be more precise, in these problems the entropy condition
above only formally holds when we intersect the space with a bounded ball centered around
the truth. For ease of exposition, we do not dwell on this issue (though a straightforward

modification to our proofs using the Cauchy-Schwartz inequality would rectify this issue).

The same entropy bound holds for the normalized functions when P(f) + P(f*) > 0:

H((S{ (f)+P( )'foP71’P(f)+P(f)>0},II ||n>§ 2077 (2.44)

Furthermore, we assume the errors have sub-Gaussian tails:

SUp max K? (IE@'Q‘Q/K2 - 1) <o’ (2.45)
Let (w, f)y = + SV w;f(x;) denote the empirical inner product between the errors and

regression function. By Lemma 8.4 in [33], with P(f*) > 0,

|(w, [ — [l

= Op(N~V?), 2.46
reron 1 — SIS (PU) + P(F))E e (2:40)

(2.46) is important since it relates the empirical process term (w, f — f*)n to the complexity
of the functions measured by P(:). In Theorem 10.1 of [33], an optimal rate of convergence
is established as a consequence of (2.46). For our rate of convergence result, we modify

Theorem 10.1.

Using these entropy conditions and empirical process results, we show in the following

theorem that the rate of convergence for MBS is off from the minimax rate of the exact
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solution of (1.2) by an amount characterized by the optimization sub-optimality.

Theorem 2.6.2 (Rate of Convergence) Assume (2.44) and (2.45). Let P(f*) > 0 and
M =0, (N%%> (the minimax rate under Fpy). If

L (Q (fD)) < L(f) + Tom, (2.47)
then we have
lo (o) - r jv — 0, (Ax + 6T xm).- (2.48)

Proof See Appendix C.2.

Based on Lemma 2.6.1, we know that I'y,,, = Op(,,, V € AN). Since Ay is the dominant
term in Ay + Ay€,, with €, — 0, we are not concerned about €,Ay. We need only worry

about 9,,, which is the excess error due to interpolation. Ideally, Ay > 6,,, so that

lo(7) ~ 7] = 0s ).

N

i.e. an MBS estimate achieves the minimax rate.

2.6.1 MBS Convergence Rates using Polynomaial Interpolators

In the simulations of this chapter, we used a piecewise polynomial interpolator, i.e. SLP, to
fit the data. It is not difficult to derive point-wise rates for the interpolation error from an
interpolating polynomial of kth degree on a regular m-mesh. Assuming f*(z) < K for all

x € X (see Appendix C.2.1),

90, (D(f)) — fx:)| = O(m~*+D), (2.49)
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Ideally, the additional error from using a mesh is dominated by the error of the penalized

regression problem
N™7ta > m D),

For the penalized regression problems that we have been approximating, with P(f) =

i | f) (l‘)’ Ox, the entropy conditions are satisified by oo = % So, we require
Nz > kD),

Fortunately, modestly grown m achieves this property. Conservatively, if m > N k%l, then
Ay > N7t > m~ D In summary, MBS estimates can have negligible error and achieve the

minimax rate with a modestly grown mesh.

2.7 Discussion

It can be intractable to solve the exact problem given by (1.2). In this chapter, we have
introduced an inexact problem, the MBS objective given by (2.1), whose calculable solutions
efficiently approximate (1.2). MBS approximates (1.2) via discretization: We optimize over
fp, the values of our function on a mesh, and use an interpolator and discrete derivative/in-
tegral approximations to relate this back to the original problem (1.2). Using the proposed
simple piecewise polynomial interpolator, we implemented our solution using an ADMM
solver that has a per iteration complexity that is linear in the number of mesh points m.
Other methods that approximate (1.2) include TF and LocARS. These methods depend
on the true solution falling in a finite dimensional subfamily that we can parametrize using
a basis set. However, instead of finding the true solution in its finite dimensional subfamily,

MBS aims to grow a mesh until we have achieved an efficient estimator of f*.

A primary goal of our approximation framework is to reduce computational complexity

for difficult problems. Through simulation, we showed that m > /N can be enough for many
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problems with & = 1 (linear interpolation) and r > 2. This allows us to simplify previously
solved problems by requiring fewer optimization parameters and decrease computational
costs while solving problems with difficult penalties P(f). However, in practice, we may need
a strategy to determine a suitable m. A practical strategy may be to train two MBS models
of differing mesh size and compare RMSE of each fitted model on the training data. We can
estimate (2 <fD1> with m; = v/ N and Q (fD2> with my = 2¢/N (each with tuning parameter

chosen via cross-validation). If

RMSE (Q( fDl))
RMSE (Q( fDQ))

— 1| <7,

for some small number v, then accept Q(fp,) as the fitted solution. Otherwise, the mesh

can be increased further.

We showed that the MBS solution becomes computationally difficult for large values of m.
Using higher order interpolators, the number of mesh points needed for an optimal MBS can
be reduced, but problems with particularly large sample sizes may still be difficult to op-
timize (m = VN is still large for N > 1,000,000). It will be important to implement
the MBS solution with multi-threading so that computation time is not an obstacle given

enough computational resources, as discussed in 2.4.1.

Using entropy and assuming finite P(f) < oo, we were able to prove that under some
conditions on the interpolator (€2, (fp)), the MBS achieves the minimax rate of convergence.
In the case of polynomial interpolators, we show that the closer the interpolation order £ is to
the order of smoothness we penalize r, the fewer the number of mesh points m necessary for
our estimate 2 ( fD> to be rate-optimal. However, there is no theoretical cost for using too
many mesh points, only a computational cost. One issue is that our results in Section 2.6.1
assume that the function class over-which we are optimizing has a uniformly bounded k-th
derivative — this is not strictly true in Sobolev classes (only the Sobolev semi-norm of this

derivative is bounded). It would be interesting to investigate whether the minimax optimality



of Q2 < fD> can be proven without such a condition.
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Chapter 3

MESH BASED SOLUTIONS TO MULTIVARIATE PENALIZED
REGRESSION

3.1 Introduction

We now consider the learning problem of predicting a response from multiple predictors.
Suppose we are interested in understanding a nonlinear association between an outcome
and some predictors. As a regression problem, we measure a response y; and a covariate
x; € la,b?, on each of i = 1,..., N observations. As before, we can assume a generative

model of the form

v = f () + w;,

where f* is an unknown function from a function class F, and w; are iid errors with

2

E [w;]x;] = 0 and var [w;|a;] = 02 < co. We aim to find an estimate f of f* based on

the observed data. Ideally, we find an easily calculable f that is minimax optimal under a

flexible class F.

As in the univariate case, we would like to solve over the infinite-dimensional class Fp :
Froo :={f:]a,0]" = R|P(f) < oo},

where P(f) is some measure of roughness. For example, bivariate thin plate splines solve

over Fp o, with P(f) defined as follows:

B 92f\° 2f \°  [9*F\°
P(f)_//<<8_x%> +2(8x18x2) +<3_I%> 0x10x5.

The Sobolev-norm representations of P(f) we considered in Chapter 2 can also be extended
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to multivariate data, which is discussed in Section 3.2.1 of this chapter.

We can solve over Fp o, using penalized regression ([8], [33]):

N

F = argmin = 5" (5 — £ (@)’ + AP (f), (3.1)
feFpoe Y T
where Ay > 0 is a tuning parameter. We treat the roughness measure P(-) as a penalty
function which penalizes “complexity.” As discussed before, with carefully chosen Ay, we
know that f converges at the minimax rate under Fpo, for many choices of P(f) [21, 33].

It is generally statistically and computationally hard to calculate a good f in multivari-
ate scenarios. To estimate a function using multivariate predictors, in general, the sample
size, N, needed, even with a minimax optimal estimator, to achieve a fixed MSE increases
exponentially as the number of covariates increases — this is known as the curse of dimen-
sionality [3]. Furthermore, before solving over F = Fp,, we must parametrize Fpo, often
via basis functions, as in the univariate case. However, the basis functions we might consider
using for problems such as thin plate splines can have computational challenges such as knot
selection.

In Chapter 2, we introduced a computationally tractable framework for approximately
solving over f* € Fpo with univariate data, which we called MBS. In this chapter, we
extend MBS such that we can tractably approximate the solution to the penalized regression
problem for multivariate data given by (3.1). The optimization problem in (3.1) is altered
slightly just as with univariate MBS. However, we now need to select a mesh of points over
the domain of each x; and use the fitted-values on the Cartesian product of all mesh points
as our optimization parameters. As before, we replace the penalty function with a finite-
difference/Riemann approximation over the mesh points. Finally, the fitted values at the
data points are approximated by a multivariate interpolation scheme between fitted values at
mesh points. As with univariate MBS, approximating P(f) using only differences and sums
allows us to select a parametrization of F strictly for computational tractability.

More formally, we consider a finite set of points, or mesh, D; = {dy;, ..., dn,;;} C [a,b],
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such that for a feature x.; the observed z,;,...,xy; are within the convex hull of D;. The
multivariate mesh is given by D = D; x ... x D,, the Cartesian product of the univariate
meshes, yielding M = H?:l m; many mesh points. Using D, we formulate an approximation

to our original problem (3.1):

N
fp = argmin % Z:; (yi — Q,(f0))* + AnPp (fp), (3.2)

fpERM

where fp denotes the fitted values of the M mesh points. Pp(fp) is an approximation to
P(f); and Q : RM™ — F is a multivariate interpolator. We call (fD> the MBS.

It is perhaps not immediately clear how to interpolate on the multivariate mesh D, much
less how to approach the approximation Pp(fp) of P(f). In Section 3.2, we describe the
form we assume for P(f). We construct Pp(fp) and Qg (fp) such that the approximate
solution has closeness to the exact solution depending on the total number of mesh points
M, while maintaining computational tractability. We state the objective function for multi-
variate MBS and describe how the ADMM solver we defined in Chapter 2 readily extends to
the multivariate problem in Section 3.3.1. In Section 3.4, we run a simulation study demon-
strating our solution to the previously unsolved problem of finding solutions with bounded
total variation for multivariate data. We highlight that with enough mesh points we can pro-
duce minimax-achieving solutions to total variation problems that can computationally and

statistically outperform other methods such as thin plate splines. We end with a discussion

in Section 3.5 where we note the minimax optimality of a multivariate MBS.
3.2 Multivariate MBS

We begin by introducing the Sobolev-like form we assume for P(f) in the general case,

i.e. p > 2. Suppose for p covariates, we are interested in p orders of differences given in

the multi-index r = (ry,...,7,). Let D" f = % denote the partial derivative, where
1 9Tp
r| = Y P . r;. In general, we may be interested in collections of partial derivatives, i.e.
r In g 1 y be interested i llecti f partial derivati i

{r1,...,rs}. We assume that our penalty takes the form of a Sobolev-like semi-norm of the
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following form:

SISl 1< < oo

P(f)=I1le= (3.3)

sup, [|D™ fllee € =00
For example, with p = 2 and ¢ = 1, the collection of first order differences, {r; = (1,1), 1y =
(1,0),7r3 = (0,1)}, specifies the penalty for estimating a function of bounded total variation
[33] (essentially a bivariate fused lasso if the data fall on a grid). In Section 3.4, we discuss

our approach to estimating solutions with bounded total variation for any p > 1.

For our approximation, we introduce some notation. Suppose we have p covariates each
with a regular mesh of sizes denoted in the vector m = (my,...,m,). We indicate the
bin widths for each of the meshes by § = (d1,...,0,), where §; = d;41; — d;; for any i.

Furthermore, we will assume in this section that
R™ =R"™ x ... x R™.

The functional values on the grid are denoted by the p-tensor fp € R™. Let (fp); = f(d;) =
f(di,...;,), where 4 = (iy,...,i,). Furthermore, we denote the unit vectors of length p by e;

for j =1,...,p, where

3.2.1  Riemann Approzimations to Sobolev-like Norms on a Bivariate Mesh

Recall the univariate normalized first order difference function for an m-mesh Al : R™ —
R™~! defined in the previous section. We generalize Al (via an extra index) so that we have

a normalized first order difference function for the jth covariate and any pair of indices such

that A}, ; : R™ — R™~% and

(A, ifp]. =
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For any pair of indices, we define the rth order normalized difference operator Ay, , : R™ —

R™~"¢ by the recursive formula

[Arm,ij} [Armlej,j [ ;,ij]]i )

where i; =1,...,m; —land i, =1,...,m, forr=1,...,p (r # j).
With the generalized first order difference, we approximate D" f by

A’l" fD A:rlll 1A:72122 mpprJ
where m, = m and m;_; = m; —r;e;. Thus, our r = (r4,...,7,)-order Riemann approxi-
mation of P(f) = ||f||5 using regular meshes for each covariate is given by
Pp(fp)= > [(6162...8,) " [AT, folil* (3.4)
i=m—k
= D 10d )AL AT, AT ol (3.5)
i<=m—k
where ¢ <m —r = {iy <my —r,...,i, —rp}. For a collection of partials {ry,...,rg}, we

use the following approximation:
Y Y e ) AL
s=1 'I,Sm Ts

As can be seen, the Riemann approximation extends in a straightforward manner from
the univariate case to the multivariate case. In Appendix A, we present a matrix notation

for both the univariate and bivariate MBS problems.

3.2.2  Multivariate Interpolation:

We now describe our approach to multivariate interpolation from a mesh at a sample point

x = (1,...,7,). In Chapter 2, we described the “simple piecewise polynomial interpolator,”
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which defines a k degree polynomial interpolation at a point using only k£ + 1 local points. In
this section, we aim to extend the SPPI to the multivariate case. First, we modify some of the
notation previously defined in the section on the univariate SPPI, Chapter 2 Section 2.2.2.
Next, we discuss multivariate polynomial interpolation in a general framework. Then we

introduce the multivariate simple piecewise polynomial interpolator.

Recall the previously defined d, which denoted in the univariate case the neighborhood
of k£ + 1 mesh values about a sample point. In parallel, N* denotes a neighborhood of the

Hp) nearest mesh

mesh surrounding @. For an order R interpolation, N* contains the L = ( )
elements, e.g. N* = {d,...,d}. We denote the fitted values for the mesh points used in

the interpolation as Oy= = (0y,...,60r).

Next, we discuss multivariate polynomial interpolation then introduce the multivariate
SPPI. Suppose we want to interpolate at a point @ = (21, ..., z,) via an kth order polynomial:

the kth order polynomial in general form is given by
fe@) =B+ Bimi+ D BiunTiTip+-t D BiqTi Ty
J<p J1<j2<p J1<..Jk<p

For the kth order polynomial in p dimensions, we have T = [1 +p+ ((127) +p)+.. } total
parameters contained in 8 = (5o, 51, ..., By, - - .)T € R”. Using basis elements as in Chapter

2, we can write fr(x) as

fex) =BT [Wa(x), ... vr(x)]",

where

Q/Jl(x) = lan(X) = L1y v¢p+1(x) = Tp;

Vpra(x) = xf, Vpi3(X) = 2122 ..+, Ygpra(X) = 217,

For a point @, we form a system of linear equations to find the coefficients 3. Using
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{di}iz1,..1 € N®, we get the following system of linear equations:
B =0

with § = [fy,...,6;] (our approximation of fy=), and W;; = ;(d;) (j = 1,...,T and
i=1,...,L). The coefficients are given by 3 = T19. At a new sample point, X,ey, in that

region, we interpolate with

anew (fD> = ([d}l(xnew), . ;wL(Xnew)] ‘I’il) é

=a'l,

where a denote the weights for a linear combination.

We have described multivariate interpolation over L-interpolants at a point of interest x.
We would like a linear operator similar to the univariate case, i.e. Qx(fp) = Ofp. In the
univariate case, the L = k+ 1 nearest mesh points made a neighborhood of k + 1-consecutive
points about an observed data value x;, making the interpolation matrix O banded. However,
in this case, the L = 3 points will not be consecutive in one direction. For example, in a

bivariate scenario with m = (4,4), suppose we have

fldig) fldig) fldis) fldia)
iy - fldap) f(da2) [fldo3) f(daa) |

fldsp) f(ds2) fldsz) f(dsa)

flday)  fldag) fldaz) fldaa)

The L interpolants to an observation x; could be (f(di1), f(d12), f(da2)). We can define an



41

observation specific interpolation matrix O; such that

aiy1 Q12 00

OZ» _ 0 a2 9 0 0 ,
0 0 00
0 0 00

where a = (a1,1,a1,2, a22) are weights determined as previously described. Using O;, we can

describe an interpolation using the inner product (-):

O, (fp) = (Oi; f) (3.6)
= tr(O] fp) (3.7)
=arfi +azxfo +asfs. (3.8)

Alternatively, we could define f}) as the stacking of the rows of fp into a single column, i.e.
fo=(f(di), - f(dia), f(dan), - F(ds), o fdan), s F(daa)) (3.9)
In turn, we could define a vector g; as the stacking of the rows of O;, i.e
8 = (a1.1,019,0,0,0,a99,0,...,0)" .
Using this notation, we arrive at an interpolation matrix O, i.e
O = (61,05, ...,0,) .

For multivariate data X = (q,... ,mp)T € R™?  we define Qx(fp) as the interpolation of

the observed multivariate data using the p-tensor fp € R™, i.e.

Qx(fp) = Ofp. (3.10)
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Note that (3.10) applies for any p. When the dimensions of the tensor fp grow with m and
p, fp will grow in length (because of the stacking).

Here, we discuss the relationship between the kth order of interpolation and the rth
order penalty we have assumed is bounded. Recall that in univariate MBS, we required
k < r, which guarded us against using an interpolator that assumed more smoothness than
we assumed by P(f). However, univariate penalized regression as we have shown it only
requires considering a single order of smoothness. In multivariate MBS, the collections of
partials {7y, ..., s} can designate both isotropic (same order) and anisotropic (mixed order)
partial derivatives. For example, in a bivariate setting, the collection of first partials contains
the isotropic (or pure) partial, 7; = (1, 1), and the anisotropic (or mixed) partials 7o = (1,0)
and r3 = (0,1). Here, we do not want to interpolate with k£ > 1, since we are assuming at
most first order smoothness in both predictors by P(f). Furthermore, since we approximate
the penalty (via differences/sums) independently of the interpolation, we can choose k < 1
or k=0. Let {r] = (1,1),...,7% = (5,5")} denote the collection of orders for isotropic
partials such that 1 < 2... < S’ for integer S’ > 1. Thus, intuitively, the rule we follow with

multivariate MBS is £ < §’.

3.3 The Multivariate MBS Objective

Suppose we observe response y; = f(x;) + w; for multivariate predictors x; € RP (i =

1,...,N) with w; ~ (0,0?). The {ry,...,rs}-order MBS with kth-order interpolation esti-

mates fp = (f(d1), ..., f(dw))" on a regular m-mesh are given by
| X S
s o ) 2 161 ATs e
i Z (vi — (Os, fp))* + A; ;j (6165 .. 6,)[A7s folil. (3.11)

O; is the kth-order interpolation matrix specific to an observation x; as described in the

previous subsection.

Often, it will be useful to use O and f;, the stacked versions of the interpolation matrices
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O1,...,0, and the p-tensor fp. We can rewrite the problem in (3.11) as

S
f}gré%lm“y—Of;“;+AZ ST (5162 .- 6,) AT ol (3.12)

s=1 <m—rg

or (by absorbing the constants into \)

112 o
min ||y = Ofp|| +AIDfIL, (3.13)

fpER™

for carefully constructed difference operator D. Our fitted values for X are given by f = O f;).

3.3.1 Solving Multivariate MBS

With the MBS objective given in (3.13), we see that we can immediately apply the same
convex solver, the alternating direction method of multipliers (ADMM), as in Chapter 2.

The ADMM updates themselves do not change in form:

B (07O +p( AL TAL™) T (OTy + (AT (@ ), (3.14)
QI = Sy, (ALFY I i) (3.15)
W Qi — A%“) grl_ (3.16)

All details of the ADMM are the same as shown in Chapter 2 Section 2.4. However, the
computational complexity of these iterates has changed from the univariate problem. The
simple piecewise polynomial in the univariate case permitted banded and sparse interpolation
matrix O. When using the kth order multivariate local polynomial that we have defined,
we require the L = (k;p) nearest points, which will not be consecutive in a given row of O.
Although O is now not banded, it is still a sparse matrix. Similarly, the difference matrix
D used in the penalty approximation is still sparse. C+ + and Python can be utilized to

efficiently operate over sparse matrices.
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3.4 Simulation Study

-1.0

10 o 45

(¢) m = (15,15)

(b) m = (4,4)

Figure 3.1: Comparison of MBS estimates fit on simulated multivariate data with underly-
ing conditional mean given by bivariate exponential function. We observe N = 100 noisy
observations (transparent) of a bivariate exponential function shown in (a) and wireframe.

We draw MBS fits (blue) using {r; = (1,1),7, = (1,0),73 = (0,1)} and k£ = 0.

In the multivariate setting, MBS approximates problems previously thought to be intractable.
.., %), we define a

Consider the difficult total variation problem. For p covariates, (z1,
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multi-index of integers r = (ry, ..., 7,), wherer; € {0,1} and [r[ = 3 7_, r;. In the MBS frame-

work, we approximate the penalty

O0xy ...0x),

olr
P(f) = /‘mf(m)

re{0,1}»
where {0,1}? ={0,1} x...x {0, 1}, i.e. the Cartesian product. In the bivariate setting, our

penalty parameter becomes

813181’2.

xth

)| Ox1029 + ‘ (21, x2)

0
8x18x2+/‘8xlax2f(x1,x2)

When P(f) is finite, solutions have bounded total variation. [33] derived uniform convergence

‘61'1

rates for solutions with bounded total variation: showing that the error of the total variation
solution decreases like N™2+4. We created an R package that uses our C++ implementation,
MTYV, to find solutions with bounded total variation in p dimension. MTV uses MBS by
approximating P(f) using differences across a mesh and piecewise constant interpolation.

For details, see Appendix E.

In Figure 3.1, we show MBS fits approximating the bivariate fused lasso based on noisy
data generated from the exponential function shown in Figure 3.1a. MBS is fit to the
exponential curve using m = 15, i.e. a 15 by 15 mesh on the predictor space. The fit
is piecewise-constant and at the level of discretization shown, it is not clear how well we
are approximating the bivariate exponential function. In Figure 3.2, we show results for a
simulation study using much larger sample sizes and a wide range of m. For this smooth
exponential function, using as small as m = 40 or M = 1,600 begins to produce near-optimal

fits for large problems such as N = 10, 000.

As we saw in Figure 3.2, the total variation solution is piecewise constant, which may not
be appealing. Often, when we think of fitting complex functions or potentially non-linear
functions, we think of using wavy functions. Intuitively, we might think that total variation

with it’s piecewise-constant fits will be best suited for fitting functions that are piecewise
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Figure 3.2: Comparison of MBS estimates fit on data with underlying conditional mean given
by bivariate exponential function. We simulated N = 1,000, 5, 000, 10, 000 noisy observations
of a bivariate exponential function shown in Figure 3.1. For each of 500 simulations, we
approximated the bivariate fused lasso using MBS over a range of m.

constant, such as the Tower function in Figure 3.3a. Furthermore, we might think that total
variation will not accurately fit functions more wiggly than the exponential function we have
shown, such as the Sombrero function in Figure 3.3b. In the more wiggly case, we might
prefer something like the thin plate spline solution (TPS), which extends the smoothing spline
problem into multivariate space [11, 36].

We conduct an experiment to investigate how well the total variation solution fits the true
underlying function compared to TPS, which produces smooth fitted functions. In a simula-
tion, we generated N = 100 noisy observations from both the Tower and Sombrero function
and fit the data using MBS for total variation and TPS over 500 iterations. MBS was fit using
a regular mesh on each covariate using m = 5,10, 15, 20, 40, 60, 80 mesh points per covariate
to see how the fit changes as the mesh becomes more fine. The tuning parameter A was
selected as in the univariate problems of Chapter 2: we calculate a \,,,., choose 100 values

between 0.001 and A4z, then perform cross-validation (10-fold here). For each MBS and TPS
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fit, we calculate the mean squared error (MSE). We calculate the median of the 500 MSEs
and evaluate the results of the simulations using the ratio of those medians, i.e. Relative

. _ MedianM SE(MBS)
Median MSE = MedianMSE(TPS) *
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Figure 3.3: Plotting the Tower and Sombrero functions. We observe N = 100 noisy obser-
vations (points) from a set of towers (a) and a sombrero (b) in bivariate space.
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Figure 3.4: Comparing MBS and thin plate spline estimates of tower and sombrero functions.
We simulated N = 100 noisy observations from bivariate functions shown in Figure 3.3. For
each of 500 simulations, we approximated the bivariate fused lasso using MBS over a range

of m and fit TPS using the fields package in R. We plot the Relative RMSE = %&]ﬁ?.

In Figure 3.4, we see that MBS tends to have smaller MSE than TPS by m > 40 when
fitting the Towers function. Figure 3.4 suggests that it may be possible to improve our
fit of the Towers function further with a larger m. However, for the Sombrero function,
our simulation suggests TPS tends to have smaller MSE than MBS. There is some non-
monotonicity in the trend for the relative MMSE for the Sombrero function. For MBS, we
might expect monotonic relative MMSE, but there can be irregularity due to placement of
the mesh points, so it is not surprising to see non-monotonically decreasing relative MMSE.
Overall, the MBS fits have similar error to the TPS fits: by m > 40, MBS tends to produce
fits with MSE within 5% of the MSE for TPS fits. For larger sample sizes, N > 500, the TPS
required an enormous amount of computational time, so we do not include a comparison. In
Figure 3.5, we show results for MBS total variation solutions for the bivariate functions using
N = 1,000. Although fitting total variation solutions may not be aesthetically appealing,

these solutions achieve the minimax rate over functions of bounded variation and can compete



20

with existing methodology for much less computational costs.

0.55 0.60
| |

0.50
|

RMSE
0.40 0.45
| |

0.35
|

0.30

Figure 3.5: Simulation results of fitting the tower and sombrero functions with a large
sample size. We simulated N = 1,000 noisy observations from bivariate functions shown
in Figure 3.3. For each of 500 simulations, we approximated the bivariate fused lasso using
MBS over a range of m.

3.5 Discussion

In this chapter, we have shown the extension of MBS for multivariate problems for a broad
class of variational problems controlled by P(f). Our approximation Pp(fp) to P(f) is easily
calculable using only differences of adjacent mesh points. The multivariate local polynomial
we propose requires little computation by only requiring a fraction of the mesh fitted points
to fit an observed point. Thus, we have defined Pp(fp) and . (fp) to be inherently sparse.
Consequently, the ADMM algorithm can solve quickly utilizing both convexity and sparsity
of the MBS objective.

Thus, we can now solve problems that were previously intractable. We have imple-
mented our solution to total variation problem for multivariate predictors in an R package

called MTV. The vignette is given in Appendix E. The total variation solution will be
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useful in problems where we need to account for variation with special structure. In disease
mapping, for example, to estimate disease risk over a geographic region we often assume
spatial structure, since it is difficult to collect all information relevant to disease variation.
In the disease mapping literature, Bayesian hierarchical modeling approaches are common,
which can be computationally intense. Furthermore, their accuracy in fitting disease risk
depends on well-specified models for difficult problems such as those that require locally-
adaptive behavior when modeling a rare outcome [13, 22, 5]. As more complex models are
specified, more optimization parameters are introduced usually increasing the complexity of
the Markov chain Monte Carlo estimation procedure used in these problems. Although the
total variation solution we have proposed also is computationally intense for even moderate
p, it can be useful for these kinds of problems, since it is locally-adaptive and requires no
more optimization parameters than the size of the mesh.

In Chapter 2, we proved minimax optimality of MBS for F characterized by entropy.
For higher dimension problems with p > 1, the theory is essential the same, but the entropy
increases which in turn results in slower minimax rates. For example, we discussed in Chapter
2 that for univariate regression functions of bounded variation the entropy bound (2.43) is
satisfied with o = 1, which leads to the rate ||f — f*||y = Op(N"3). [33] shows that for
functions of bounded variation in R?, (2.43) is satisfied with o = 5 and that If = flln =
Op(N *13*0). For functions of bounded variation in RP, the rate becomes Op(N 7%) — this
is the minimax rate over that class. The same proof techniques used in Chapter 2 show
that our mesh-based multivariate estimator attains the minimax rate over the corresponding
non-parametric multivariate class (given that the selected mesh is sufficiently fine, as a
function of N and our interpolator). While our method requires a potentially large number
of optimization variables to use in the mesh (~ NP/2), it can leverage sparsity, and in many
applications provides more computational tractable estimators than other alternatives (such

as thin plate splines).
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Chapter 4
EXTENSIONS OF MESH BASED SOLUTIONS

4.1 Introduction

By this point, we have explored our approach to the prediction problem that we intended to
solve in Chapters 2 and 3. Statistically, we observe an outcome, y; € R, and set of predictors,

x; € RP, generated from
yi = (i) + wi, (4.1)

where f* is an unknown function from a function class F, and w; are iid errors with
E [wi|z;] = 0 and var [w;|z;] = 0% < co. We assume f* lives in an infinite dimensional

function class such that P(f*) < oo, i.e. f* € Fpoo, where
Froo :={f : R" = R|P(f) < oo}

and P(-) is some measure of roughness. It is common to estimate f* using penalized regres-
sion by solving (3.1):

N

f = argmin ~ 3" (5 — f (@) + AP (f).

fe}—P,oo i=1

where Ay > 0 is a tuning parameter. We treat the roughness measure P(-) as a penalty
function which penalizes “complexity.”

Instead of finding the exact solution of an infinite dimensional problem, we have pro-
posed approximating f using the solution to a finite dimensional problem with optimization

parameters given as the fitted values at a mesh of points, which we call a mesh based solution
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or MBS. For each covariate x;, we choose m; evenly spaced points as a convex hull over ;.
For p covariates, a mesh, D, is the Cartesian product over each of the m; points. Using D,

we formulated an approximation to our original problem (3.1) as given in (3.2):

N
o = argmin =3 (5 = Qu (o) + AwPo (/).

fDERM i—1
where fp denotes the fitted values of the M mesh points. Pp(fp) is an approximation
to P(f); and Q : RM — F is a multivariate interpolator (such as the simple piecewise
polynomial). We called € (fD> the MBS. We showed that 2 (fD> is a minimax rate-
optimal estimator of f* under conditions dependent on the number of mesh points and the
interpolator function, €.

In this chapter, we show how MBS can be tailored to address other problems. It will
be demonstrated that the ADMM algorithm is a flexible approach to solving convex prob-
lems. In Appendix D, we give an overview of ADMM and its properties. We consider
three extensions. For each of the extensions, we discuss scientific context followed by how
an MBS changes computationally.

First, we discuss partially linear additive models, or PLAMs. In a common experimental
setting, we may be interested in estimating the linear relationship between an outcome y;
and predictors x; = (2;1,...,2;) € RP, but we suspect that features z; = (21, ..., 2ziq) € R?

may have a potentially non-linear association to both the outcome and predictors, i.e.
Yi = xif + f*(2:) + wi,

where 5 = (f,... ,Bp)T € RP and otherwise we are in the typical regression setting of
Chapters 2 and 3. Using penalized regression and MBS, we can estimate potentially non-

linear f*(z;) and 8. As a penalized regression problem, we want to solve:

fe]:P,txwﬁERP

(F.8) = argmin =3 (5=~ f (20 + WP (). (12)
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We aim to simultaneously estimate 5 and f*, while using P() to penalize the wiggliness of
our estimate of f*. In Section 4.2, we discuss the MBS approach and derive ADMM iterates

for solving it.

For our second class of problem, we consider the problem of predicting a potentially
non-linear, as well as non-decreasing, association between an outcome and predictor. These
problems are common. For example, although there is empirical evidence to the contrary,
scientists often initially think that incidence of heart disease increases potentially non-linearly
as body mass index (BMI) increases with perhaps some intervals of BMI sharing the same
risk, i.e. a monotone non-decreasing relationship with potential curvature. We have been
discussing penalized regression where we find an estimate that is flexible by solving under
Fpr. We modify that penalized regression solution to include a monotonicity constraint,
i.e. univariate penalized isotonic regression. As a penalized regression problem with outcome

y; and predictor x;, we are interested in finding the following minimizer:

N
A o1
Fon = argmin 37 e = £ @)+ AP (f) st m S = flan) < flaw), (43
€ i=1
for any z;,z, € R. In Section 4.3 of this chapter, we derive ADMM iterates for penalized

isotonic regression.

The third problem we discuss is an interaction problem. In the general problem, an
outcome depends on p-many primary features, but each dependence has variation that can be
described by ¢g-many secondary features. We build up to the general problem by introducing
the problem here in the case where p = 1 and in Section 4.4 we generalize to p > 1. In the
interaction problem for p = 1, we want to estimate the effect of a primary feature x; on an
outcome y; as it varies as a function of other secondary features that share coefficients over a

surface 5*(2;) (z; = (#i1,- - ., 2ig) € R?). In terms of data generating mechanism, we believe

v = z;,0%(zi) + w;.
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These types of problems are readily motivated in spatial modeling contexts, where we suspect
heterogeneity in the effect of an exposure on an outcome and want to characterize it. For
example, an epidemiologist may be interested in predicting the effect of age on disease
incidence as it varies over other information such as sociodemographics. As a penalized
regression problem, we aim to estimate the heterogenous effect of x; on y; governed by g*
with §:
. 1 <
[ = argmin — Z (i — 268 (2:))” + AP (B). (4.4)
BEFP o Y 0
We use MBS to estimate the coefficients 5*(z;) of ;. In Section 4.4, we discuss the prob-
lem in generality for p primary features and derive the ADMM-like iterates for the general
interaction problem.
For each of the problems, we make particular use of the ADMM. The ADMM algorithm
from Chapters 2 and 3 can be easily modified to solve constrained problems, provided we

preserve convexity of the objective function. We end this chapter with a discussion of other

possible extensions and future work, Section 4.5.

4.2 Partially Linear Additive Models

In a partially linear additive model, we estimate the linear relationship between an outcome
y; and predictors @; = (21, ..., %) € RP, while adjusting for the potentially non-linear effect

of features z; = (21, ..., 2i) € RY, ie.
yi = x84 [*(2:) + wi, (4.5)

where 5 = (B, . .. ,Bp)T € RP. Using MBS, we estimate f*(z;) and 3 by approximating (4.2).
To solve the MBS approximation: we select a mesh D over z; with M total mesh points and

approximate (4.2) with (4.6):

<fD,B> = argmin

1 & ,
foeri perr N ; (i — i — Q= (o))" + AnFo (). (4.6)



o6

Let x; be the ith row of the matrix X € RV*P. With interpolation matrix O € R¥*™ and

difference matrix D and /;-based penalty, we can rewrite (4.6) as:

(fo.8) = argmin |ly = X8 = Ofol} + A IDfoll; (4.7)

fpeR™,BeRP

Since linear operations on parameters preserve convexity, the addition of X3 in the squared
loss term preserves convexity. Since the ¢;-norm is also convex, (4.7) is a convex objective

function. Hence, we can proceed with deriving the ADMM knowing the iterates will converge.

To solve via ADMM, we first set our primal variables: 0 = fo = (fp;p) and a =

A0 = Dfp, where A = (D,0). The ADMM problem is then given by

min ly — XB—Ofply +Mlall, st a= A6 (4.8)

fpER™ BERP acR™Mm—T—1

Our goal now is to calculate the gradient of § = (fp;3) in an equation that introduces the
constraints via multiplier terms, i.e. a Lagrangian function. We introduce a dual variable u

and write the Lagrangian function as
Lo(fp. B, eyu) = ly = XB = Ofply + Ml +uT(Dfp — a)+ plDfp — af5.
Next, we find the gradients for § and fp:

VBEP(fDaﬁvaau) = _XT(y_XB_OfD) (49)
Vi Lo fpBrasu) = —OT(y — XB — Ofp) + D u+ pDT(Dfp — a). (4.10)

Solving for 8 and fp in Vg and Vy,, respectively, we get the ADMM iterates for PLAMs:

B (XTX) X (y—0f), (4.11)

b (0T0+p(D'D)) " (OT(y = Xp*) + D (o + ). (4.12)
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The iterates for a and u are the same as the iterates for (2.1), since the gradient of a does
not depend on 3 and u is defined as a step variable updating the dual. Computationally, we
have only added a least squares estimate at each iteration: we can cache (X' X) !X Ty at
the first iteration, but we will need to multiply the storable (X' X)X TO by the updating
fo € RM. Thus, the procedure as a whole still runs in linear time in M per iteration. Note
that the iterate for 3 is the difference of the least-squares estimates of slope for y and O fp

(the smoothed version of z;), which is precisely the first order trend we aimed to estimate.

4.3 Penalized Isotonic Regression

For our second problem, we believe a predictor, z;, and outcome, y;, have a potentially non-
linear and monotonic relationship. We are interested in estimating f* that is isotonic, but
has unknown curvature otherwise. We aim to find a data-driven estimate of f* via penalized

isotonic regression.

As a penalized isotonic regression problem, we aim to find the following minimizer in (4.3):

~ . 1
fmon = argmin —
feF

(i — F @)+ AP (f)  stox <zy = f(m) < flz),

NE

=1

for all z;, x,, € R. As an MBS problem, we select a mesh D = {d, ..., d,,} and an appropriate
kth order interpolator 2 relative to the rth order P(-) we will be approximating (k < r) and
solve the minimization problem:

1

fp = argmin —
fpeR™

(i — Qu, (f0)) > + ANPp (fp)  st. d <d, = f(d) < f(d,), (4.13)

WE

=1

for all d;,d, € R. Note that fp = (f(d1),...,f(dn))", where d; < ... < d,. With

interpolation matrix O, difference matrix D (let D' denote the first difference matric) and
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(1-based penalty, we can rewrite (4.13) as:

fo = afrgrgin ly = Ofplx +XDfplly + st di <dy = f(d;) < f(d). (4.14)
pER™

In our previous problems, we set a primal variable o« = D fp, which was accompanied by a

dual variable v and step-size p. In this problem, we use the constraint

o D
=z = fp-
I

f)/

The ADMM problem we aim to solve is

min - My=Ofplly+Allal+1 (') stz = (a59) = (Dfo; fo), (4.15)

fDER™ acRm—T—1,

where I, (+) is the convex indicator of the non-negative orthant. We introduce a dual variable

u = (uq; u,) and write the augmented Lagrangian as

Ly(fa,zu) =y = Ofoliy + Mlaly + L.(D' ') + u" (Dfps fp) — 2) + gl!(DfD; fp) = #l3-

This results in the following updates:

fp ar%min ly — Ofpl% + gH(DfD; o) — 2 +ull? (4.16)
D

z ¢ argmin Ao} + I (D) + gH(DfD; fp) — 2z +ul3 (4.17)

u+u+z—(Dfp; fp). (4.18)

The fp-update is straightforward to derive. We can break the z-update into two parallel
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updates since z = (a; )"

a(—argmin)\HaHl—l—gHDfD—a—l—ua||% (4.19)

— argmin I, (D7) + 21 fp — v + u, |2 4.20

7 ¢ argmin [ ( 7) 2HfD Y+ Uy 3 (4.20)
v

As before, the a-update is solved by the soft-thresholding operator. In the v-update, setting
v =IR(fp—u,) makes || fp —vy+u,||3 =0and I, (D'"v) = 0, since I R(-) indicates isotonic
regression on fp + u,.

The iterates reduce to the following form:

S (0TO+p(D™D) " (OTy +p(DT (0 +ul) +~7 +ud)), (4.21)
o/t Sy, (DL =) (4.22)
T ITR( {,“ — ujv), (4.23)
W ul + o/t — DL (4.24)
AR RTINS AR (4.25)

Since TR(f5™ +uf) can be run in linear time in m (fp € R™), each iteration of the procedure

as a whole can still be run in linear time in m.

4.4 The Interaction Problem

In Section 4.1, we introduced the so-called interaction problem as the problem of estimating
a heterogenous effect of a covariate on an outcome. For the general case, we want to estimate
the effect of a set of primary features @; = (x;1,...,2;,) on an outcome y; as it varies as
a function of other secondary features that share coefficients on a surface, f*(z;) (z; =

(zi1, - -, 2ziq) € RY). In terms of data generating mechanism, we believe

Yi = CEZTB*(ZZ) + w;.
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As a penalized regression problem, we aim to estimate the heterogenous effect of @x; on y;
governed by 8* with f:

N
- 1 2
f = argmin N Z (vi — =/ B () + AnQ (B). (4.26)
ﬁe}—P,oo i=1
In our approach to this problem, we assume each covariate has a conditional association with
y; that varies over z; and the surface over z; can be different per feature. One way we can

simplify (4.26) is to assume the penalty decouples as Q(8) = >=0_, P(5):

(Bl,...,Bp> —argmlan(yZ meﬂ zz> +)\NZP BJ (4.27)

V;BicF P

where P(/37) governs the shape of each coefficient surface (7.

Let x; and z; be the ith rows of matrix X € R¥*P and Z € RV*9. For each 57 we aim to
estimate, we construct a mesh D; of m; mesh points over Z and solve for the fitted values

of the mesh points, 6{), as the solution to the following minimization:

(B Bh) = argmin |y - ZXO%HN + AZ 127551, (4.28)
V ﬂj cR"™j j=1 j=1
where O’ and D’ are interpolation and difference matrices, respectively. We treat O’ ij as

the coefficients of the jth primary feature, ;.

Our procedure for finding iterates to the problem is similar to the partially linear additive
model, but we have increased the number of optimization parameters. Furthermore, the
iterates are not traditional ADMM iterates, which is easier to see if we do not attempt to
separate the parameters into separable primals: first set o; = D7 6%) and introduce dual

variables u;. Let SBp, ., u. denote the collection of j elements for each variable. We write
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the Lagrangian function as:

2

L,(Bp,a.,u.) =

P
y— Y X0'p]
j=1

A Mgl u) (DB —ay)+ > plIDI B — a3
j j i

N

L,(Bp,a.,u.) looks difficult, but it is not much harder than previous problems for finding

the gradient of fé. The iterates can be found as:

-1
ﬁﬁ—(OFXT@IV+§:XOW%N+mﬂﬂWyO (07X Ty + p, D7 (o + )

k#j
(4.29)
Qa < S/\/pj (Djﬁi) — Uj) , (430)
uj + uj + o — DI, (4.31)

The ﬁ{j iterates depend on all other 8% (k # j), which means there are p — 1 interior points.
When p = 1, we avoid this problem and ADMM works with theoretical guarantees. For now,
we can discuss this as a pseudo-ADMM and update each ﬂfj in turn, but it is not clear what
convergence properties this procedure will have.

As an MBS solution, the complexity of each iterate is governed by the size of the mesh
D; over Z € RV*4 which for p = 1 could be a straightforward problem to solve. However,
suppose we chose the same number of mesh points, m?, per mesh D;. For p > 1 primary
features of interest, we would need to solve for pm? mesh fitted values, as well as the 2p other

dual variables. This problem can easily become computationally intense, even as an MBS.
4.5 Discussion

In this chapter we discussed extensions of MBS. We described MBS formulations for a penal-
ized isotonic regression problem, partially linear additive models, and interaction problems.
Our goal was to demonstrate how the MBS approach can be included into many problems

with constraints that can be translated into a convex objective. In the problems we con-



62

sidered, the MBS offers novel approaches that reduce the overall computation compared to
previous methods. For example, there exist nonparametric penalized regression methods
that solve the penalized isotonic regression problem [14, 27]. In our approach to penalized
isotonic regression, we can reduce the number of optimization targets, while still producing
flexible and computationally tractable fits to data. Similar to [27], we used ADMM, but
in our derivation of ADMM-based penalized isotonic regression, we only required one step-
size parameter instead of two, which is a useful reduction in the overall complexity of the

problem.

We discussed partially linear additive models and gave an example where we wanted to
estimate the linear relationship between a predictor and outcome in the presence of con-
founding. For the confounding features, we provided a flexible nonparametric estimate of
their shared surface. Then we were able to estimate the linear trend between predictor
and outcome adjusted for those confounders. The confounder surface and linear trend are

simultaneously estimated using ADMM.

Under the PLAM problem, we found the coefficient of the linear relationship to be B =
(X TX )71 X7 (y -0 fD>. It may be possible to make an inference procedure based on this

coefficient. We can re-write (4.5) as
y=XB+O0fp+w. (4.32)

To test Hpuy : 3 = 0, we might assume normally distributed errors w, w; ~ N(0,0%) and
design a score test based on the derivative of the log-likelihood of the model under the null
hypothesis. Based on the partially linear additive model in (4.32), a score-like statistic might

be given as

where y,.; = Ofp. However, determining asymptotic and finite-sample behavior of this
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procedure would be difficult, since our estimation of § depends on a tuning parameter. It
could be an interesting topic for future work.

Finally, motivated by an epidemiological problem, we considered an interaction problem.
Our goal was to estimate the heterogenous effect of a set of p-many predictors on an outcome,
where that heterogeneity may come from (in part) a set of g-many secondary features. As
discussed in Chapter 2, we can grow a mesh until we achieve a minimax rate optimal estimator
of the surface shared by the secondary features. For p = 1 and m > 1, our ADMM-based
approach works with guaranteed convergence (though even moderate m has computational
difficulties). However, our proposed pseudo-ADMM for p > 1 lacks theoretical guarantees
and will be computationally intense for moderate sizes of p and q.

For each application case, we translated the problems into a convex objective to be solved
via ADMM. The ADMM iterates changed in a way that allowed us to easily track changes in
computational complexity. Of course, there are other problems we could consider, but these

were only to show the user interface of the MBS framework.



64

Chapter 5

DISCUSSION

This dissertation has been about fitting functions when we assume the true data generat-
ing function lives in an infinite dimensional functional class. We began with the experiment

where we observe an outcome, y; € R, and set of predictors, x; € RP, as
yi = (@) + w;.

We have chosen to assume f* lives in an infinite dimensional function class, i.e. f* € Fp,
where

Froo = {f : R = R[P(f) < oo}

and P(f) is some measure of smoothness. We can solve over Fp, to find an estimate fof
f* using penalized regression as in (3.1) [8, 33]:

1
f = argmin —
fe]:P,oo i=1

(yi — f (®))* + AP (f),

] =

where Ay > 0 is a tuning parameter and we treat the roughness measure P(-) as a function

b

penalizing “complexity.” As discussed before, with carefully chosen Ay, we know that the
exact solution f converges at the minimax rate under JF, p for many choices of P(f) [21, 33].
However, that exact solution can be difficult to compute as we have discussed for many

choices of P(f) whether univariate or multivariate.

Instead of finding the exact solution of an infinite dimensional problem, we have proposed
approximating f using the solution to a finite dimensional problem with optimization param-

eters given by a mesh, which we call a mesh based solution or MBS. For each covariate x;,
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we choose m; evenly spaced points as a convex hull over @;. For p covariates, a mesh, D, is
the Cartesian product over each of the m; points. Using D, we formulated an approximation
to our original problem (3.1) as given in (3.1):

N
o = argmin =3 (5= Qu, (/o) + AwPo (/).

foeRM SV 5y
where fp denotes the fitted values of the M mesh points. Pp(fp) is an approximation to
P(f); and Q : RM — F is a multivariate interpolator. We called (fD> the MBS. We
showed that 2 ( fD> converges to f* at the minimax rate for the class Fp; under some

conditions dependent on (2.

The MBS approach is similar to other penalized regression methods such as trend filter
and locally adaptive regression splines. However, previous methods used observed points as
knots of a basis set then adaptively choose the optimal set of knots, which can be problematic
computationally either because of the basis set itself or the poor conditioning that comes
with knots at observed points. MBS overcomes this by optimizing over the fitted values fp at
mesh points D that need not have been observed. The fitted values fp are then used in both
the penalty approximation and in fitting the observed data in a computationally inexpensive
way. Interestingly, [24] described a piecewise linear Bayesian regression approach to isotonic
regression that also does not require specification of knots, but places priors on the knot
locations. However, it requires Markov chain Monte Carlo to retrieve a smooth estimate
of the regression, which introduces computational difficulties for large problems. In Section
4.3, we discussed our approach to univariate penalized isotonic regression that is agnostic of

knot locations and can be defined to be computationally tractable.

MBS allowed for a novel solution to the total variation problem for any number of covari-
ates. The MTV package will be available on CRAN soon, which provides an implementation for
the total variation solution. Other solvers written in Python can be found on GitHub that
solve for univariate and bivariate nonparametric regression problem with the Sobolev-like

penalties that we have been discussing. In the future, we may pursue implementing multi-
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variate MBS for higher order variational problems. Furthermore, as discussed in Chapter 2,
it will be important to implement these MBS solutions using consensus ADMM to overcome
computational obstacles when a large mesh is required, as is the case for multivariate MBS.

In Chapter 4, we discussed some extensions of MBS for an isotonic regression problem, a
partially linear additive model, and an interaction model. We demonstrated the flexibility of
the ADMM algorithm that we have been using to solve MBS. However, we did not provide
real data applications of the methods proposed. It will be useful to package into software
the isotonic regression and partially linear additive model solutions.

Finally, our MBS proposal has been built throughout these chapters using a regular or
evenly spaced mesh. Using a large regular mesh, we were able to fit a computationally
tractable and minimax rate-optimal estimator based on data that may or may not be reg-
ularly spaced. However, it may be possible to exploit irregular spacing of the inputs for
computational benefit. It would be interesting work to consider a mesh of points defined
at user specified quantiles: choose m percentiles of interest, pi,...,p,,, and estimate the
points d; = F~!(p;) with sample quantiles, dj = Fﬁl(pj). Quantile-driven mesh points,
ch, e ,ch, could be useful when fitting data with clustering, especially in the multivariate
setting. Currently, as proposed, we need to grow the mesh quite finely to account for sparsely
and densely populated areas of the sample space simultaneously. There is no statistical cost
for having too many mesh points under our penalized framework, but there is a computa-
tional cost in storing and defining matrices by so many optimization parameters. However,

using quantiles, we could focus on growing the mesh in regions with the most information.
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MATRIX NOTATION OF UNIVARIATE/BIVARIATE MBS

We denote a first order difference matrix by

-1 1 0 0 O
Ag) _ 0 -11 0 c Rin—Dxn_
0 0 0 -1 1

r r—1 1 1 n—r)xn
AD = ATTD AL — A AW L AD g R
We define an averaging operator matrix by
(r+1)-many
0 .0
Ak — 1 1 -0 c R(n—r)xn
"oor+1
1 1 1

A° gives the identity matrix.

(A.2)

Suppose p = 1 and we choose an m-mesh D (not necessarily regular). We use finite-

differences/Riemann sums to approximate the Sobolev norm denoted by P(f):

Pp(fp) = HA%)fDHE
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where fp = [f(d1),...,f(dy)]" and Aﬁ;?D is an rth order normalized difference over D:

AR = (B0) " (B0 A,) (B AR, L) (BE) AN, ) (B) AR,
(A.5)

with

m—r--m

Agz) — diag (A(l) A" D) c R(m—r—l)x(m—r—l)‘

Ar D produces the averages of the r + 1 adjacent values of the mesh. AE),TA:,ZD gives the
rth order differences of the r adjacent mesh point averages.
Through this generalized matrix formulation, we can formulate the approximating norms

with some algebra. For example, with » =1 and ¢ = 2, we have

M2 (f(dcz'l+2)*§(di+1) _ f(dyl)g(di))Z
14+2 Qi1 1+1—0g
PD(fD) = Z diyo—d;

i=1 2

On a regular m-mesh D with mesh widths d, (A.5) reduces nicely. For integers r > 0 and

¢ > 0, our Riemann approximation to P(f) takes the following form:

Po(fo) = 5720 fo (A6)

In the bivariate case with regular meshes chosen for each covariate, we arrive at simple
expressions of the Riemann approximation. Let D = (Dy, Ds) denote regular meshes for

covariates x1 and xq, respectively, i,e. m = (m, mz). Define § € R™ such that

f(dl,la dQ,l) f(d1,27 d2,1) .. f(dl,m17 d2,1)
dyq,d dyo,d e dym,,d
4 f( 1,1' 92)  fldi2,da2) f(dimy,da2) ‘ (A7)
f(dl,l) d2,m2) f(dl,Qa d2,m2) CREI f(dl,mla d2,m2>

Furthermore, let 7 = (r1,72) denote the partials we seek to estimate. Similar to previous
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notation, but with sub-indices for the covariates, the r;th-order differences for the jth variable
can be calculated through A%ﬁeb‘l, where 0l = 0 and 0 = @7 In this bivariate case with
pure partials, i.e. taking differences only for one covariate or isotropic differences, with mesh

widths denoted by & = (01, 02),

14

T3 5T A (r5) gli]
Pp (fD) = 5]' 5j’Am; 0 i
where j = 1,2 and j' = 1,2 (5 # j).
For mixed partials or anisotropic derivatives with = = (rq,75), we can calculate the

approximating differences using
T I rg \ T
AR)0 = ATVO(AT)

or

r r T r T
ARO = AGT(AT)T.

Thus, we can estimate P(f) with

1 1 14
Po (fo) = ||5 "85 " Al .

In the general bivariate case, for {rq,...,rs},

5% 7"1,56%—1”2,3A(7-S)9H
1 2

m

PD(fD)ZXS:’
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Appendix B
RISING POLYNOMIAL BASIS

Here, we define the Kth order rising polynomial basis.  Suppose we define a
mesh D = (dy,...,d,). For some integer @, set m = 1+ QK. Let T =
(d1+K,d1+2K, e ,d1+(Q_1)K,dm) = (t1,...,tg). The Kth order rising polynomial has ba-

sis elements given by
wl(x) = 171/12(35) =Z,... 7¢K+1($) = xK7 and @Z’q,k(ﬂf) = ($ - tq-i-l)lj— - (Z’ - tq)lj-v

where g =1,...,Qand k=1,... K.
To see the structure of this basis, suppose we have a mesh with 5 points, D = {d; < dy <
... < ds}. Let points zy € [dy,d2], xo € [da,d3], and z3 € [d4,d5]. For a linear interpolator

k = 1, we evaluate the basis elements for each element to form the basis matrix, ¥p, as

follows:
I _<£L'1 - dl) 0 0 0
‘;[ID = 1 i) d1 — dg —(.IQ — d2) 0 0 . (B].)
]_ T3 d1 — dg dg — d3 dg — d4 —(ZE3 — d4)
For ordered points x1 < x5 < ... < xy, ¥p based on the rising polynomial basis will tend

to have a roughly lower triangular form.
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Appendix C
PROOFS OF THEORETICAL RESULTS

C.1 Sub-Optimality Lemma

First, we introduce notation for the estimators compared in this section. The exact solution
of PR is given by (1.2)
f = argmin L (f)

fE-FP,oo

where

Z )2+ NP (f).

We refer to L(f) as the functional loss of f.

On a mesh D, we solve our approximation to penalized regression via (2.1):

f~D = argmin Lp(fp),
fpER™

where

N
Lp fD_%Z — Q. (f0))* + AvPp (f).

=1

The functional estimate, i.e. MBS, is given by (2 (fD>.

At best, MBS, Q ( fD>, approximates the solution of a penalized regression problem, f.
MBSis computationally sub-optimal in the sense that

(1) <2 (o ()

However, under certain conditions, it can be as optimal as penalized regression exact solu-

tions, as we show next.
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Lemma C.1.1 (Sub-Optimality Inequality) For all f € Fpoo, suppose there exist 0, and
€m such that (2.40) holds,

sup [Pp (D (f)) = P(f)] < ém,

fe-FP,oo

and (2.41) holds,

sup Qg (D (f)) — f(2)] < 0.
fEFP oo

With Ay > 0, we have

. (Q ( N )) < min 3L(f) + Op (62, V eémAn) _

A

L(f) + Op (Cbm V emAn)

Proof We know Lp <fD) < Lp (D (f)) After some algebra, we find

o () =1 () 0 (o (1) P (0(8)). (e
With similar algebra and by applying Cauchy-Schwarz Inequality, we show
Lo (D(F)) < L(f)+ 6%+ 20y = FIMIQDW) = fllv +endn (C3)

From here, we have two bounds for Lp <D (f)) We know ||y — f||3 < L(f), since P(f) >0

and Ay > 0. Hence, we can deduce

A+ o2 +2(ly = FBVIRDUE) = FIR) +ends (C4)
)+ ok 42 (L) V) +emn (C.5)

f
< 3L ( ) +Op (02, V emAn) - (C.6)
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However, by using the fact that L ( f) < L(f*), it is not difficult to show
ly = flly < llwlly +0p(AY?) < C.

Hence, another bound follows that will be useful:

h
T
—
S
—
~>
~
~—
IA

L (f) 482 1206, + emAy (C.7)
<L (f) 4 Op (Cop V emAn) . (C.8)
|
C.2 Rate of Convergence for () (fD>

We repeat some of the details given in Chapter 2 then follow it with a proof of the minimax
rate-optimality of MBS. Let H (§, F, @,) = log N (6, F, Q,) denote the §-entropy of F for the
Lo(Q,)-metric, where N (6, F,Q,) is the d-covering number and @, denotes the empirical
measure. Let us suppose that F is a cone, and that (2.43) holds:

H(0.{feF P(f)<1},Qn) <crd™,

for all § > 0 and some constants ¢; > 0 and 0 < o < 2. Let v > 522, The same entropy

bound holds for the normalized functions when P(f) + P(f*) > 0, ie. (2.44) holds:

H(5 {ﬁ . f € F.P(f)+ P(f) >o},@n> < oy,

Furthermore, we assume the errors have sub-Gaussian tails as shown in (2.45):

sup max K2 (IEe'EZ‘Z/K2 — 1) <o

n t=1,..n
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By Lemma 8.4 in [33], with P(f*) > 0, (2.46) holds:

wp (w, f — )]
rer ||f = fIIN P (Pf) + P(f)%

= Op(N~1/2).

In Theorem 10.1 of [33], an optimal rate of convergence is established assuming (2.44)
and (2.45). Since the sub-optimality of our estimator has been quantified in Lemma 1.1, we

need only modify Theorem 10.1 for a rate of convergence.

Lemma C.2.1 (Rate of Convergence) Let P(f*) > 0 and

Ay =0, (N775) (C.9)
for0<a <2 If
L(2 (/o)) <L(f)+Twm (C.10)
then we have (2.48):
lo (7o) - r jv — 0, (\y + 6T m).

Proof Rewriting L <Q (fp>> <L (f) +IT'nm < L(f*) + Ty, we get a basic inequality:

jﬁANP (2(/p)) <2(w.Q(Fo) = F) + WP (f)+ 20w (C11)

< 3max {2 (w, 0 (fD) _ f*)N , ANP(f*),er,m} .
(C.12)

When I'y,, is the maximum, then (2.48) follows:

[ (70) = #7]|, < Or 6T ).
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Otherwise, using similar techniques as Theorem 10.2 of [33] gives us

2(7) - [, < 0r 00

Hence,

= 0y (Ay +6Tnm) -

|2 (7) -

C.2.1 Interpolation Error on the Mesh

Consider z; € [0,1]. Let D = (dy,...,d,) denote the equally spaced grid such that ¢,, =
diy+1 —d) = % Suppose f € C*[a, b]. One approach to fitting an observation z; over the

specified grid D is to use a kth-order Lagrange interpolating polynomial:

961 fD Z f m] xz (C13)

J=0,j#1

where Ly, j(z;) = [[}_, d . By Theorem 3.3 of [9],

SeG)
f(xi) = Q. (fp) + Gr (C.14)

Jj=
where (; € [0,1]. With f**+)((;) < K, it follows that

Tl cz ¥

0

< ﬁ(m — 1)lok+t (C.16)

< K'oFH (C.17)



Hence, using a regular grid and a kth-order interpolating polynomial for ,,(fp),

10, (fp) — f(z:)| = O (m~*+D) .

30
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Appendix D
ADMM OVERVIEW

We discussed extensions of MBS. Since we solve MBS as the solution to a convex optimiza-
tion problem using the alternating direction method of multipliers (ADMM), MBS readily
permits additional constraints. Consider the constrained optimization problem for some

parameters § € R" in general:
minh(f) subject to 6 € C, (D.1)

where h(-) is some cost function and C is a set of constraints we would like to impose on
the problem. An ADMM modifies (D.1) by introducing a separable primal variable, «, and

including the constraints into the cost of the minimization:
min h(f) + g(a) subject to Af — Ba = c, (D.2)

where ¢(+) is an indicator function that is non-zero when 6 € C. If there were more con-
straints, then we would modify the matrices A and B to include other primal variables, as
we have done for the problems of isotonic regression and partially linear additive models.

(D.1) is then translated and modified into a single Lagrangian function:
L,(0,c,u) = h(6) + g(a) +u" (A0 — Ba — ¢) + §||A9 ~ Ba — ¢,

where u is a dual-update step variable and p denotes the length of the step. Provided f(-) and
g(+) are convex, the solution (é, &, 1), which is the saddle point of £,(6, ., u), has guaranteed

global convergence. We used in Section 3 the general form for iterates of ADMM, which we
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can state formally here as

6« argmmh(e)+g||A9—Ba—c+u||g (D.3)
0

a «+— argmin g(a) + gHAG — Ba — ¢+ ul|3 (D.4)

u <+ u+ A — Ba —c. (D.5)

Usually, the minimizations here are solved taking gradients or using projection arguments.
For example, in our problems, we have defined h(-) as a squared-loss term, which is smooth,
so we can calculate the gradient without much difficulty.

In the penalized regression problems in this dissertation where we solve for Fp,, with
Sobolev-like norms P(+), h(#) has contained the goodness of fit or squared loss term over lin-
ear operations on € or fp in our case, which preserve convexity. Furthermore, g(«) holds the
penalty term, which we have been defining with the convex ¢;-norm both for structure and
convexity, i.e. ||Dfp|1 for some difference matrix D. The iterates of the original MBS prob-

lem were given in Chapters 2 and 3 as:

fo < (0TO0+p(D™D)) " (OTy+ pD (@ +u)), (D.6)
Oé%S)\/p (DfD—u), (D?)
u<+—u+a—Dfp. (D.8)

As we introduce further constraints and structure, we need to modify these iterates, as
we have shown for the problems of isotonic regression and partially linear additive models.
For any additional constraints, we need only preserve convexity of h(-) and g(-) to ensure
convergence of iterates. Stopping criteria for the ADMM can be determined from the primal
and dual variable residuals. Although each ADMM iteration can be cheap, difficult problems
require a large number (> 1,000) of iterations. Using varying step-size p based on the

magnitude of the primal and dual variable residuals, it is possible to reduce the overall



number of iterations. Although, this is only proven empirically.
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Appendix E
VIGNETTE TO R PACKAGE, MTV

E.1 Abstract

Total variation is a widely applicable regularization problem that is commonly used in signal
and image denoising. We introduce the R package MTV, which is used for solving the
multivariate total variation problem. Using an alternating direction method of multipliers
algorithm (ADMM), we are able to solve problems large in sample size and number of

features.
E.2 Introduction

To introduce total variation, we consider the univariate or one-dimensional case first. We

begin by observing a response y; as a function of covariates z; € X:

yi = f(xi) + €,

where E[e;] = 0, Zo\[6)] = 0? <ocand f € F (fori =1,...,N). A total variation problem

seeks to estimate f by f , such that

N
f = min - > (yi — f(2:)* + AP(f),
i=1
where P(f) = [|f((¢)|0t (i.e. the total variation norm). MTV in the univariate setting
uses a mesh based solution, which is described in [26]. For a mesh based solution, we consider
a set of m points, d; < ... <d,, such that d; < z; and d,,, > z; for all x; € X'. The points d;

need not have been observed. We aim to estimate their value 6; = f(d;). Let 6 = 0; such
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that d; < x; < d;j41 (nearest neighbor). The mesh based solution to the univariate problem

approximates f(x1),..., f(zn) by the values 6 = (é(l), o ,é(N)):

. . 1 N m
0= min 5> (v = 0) H;!@m 6.

where || D0y = > 72, [0;41 — 0] using the £-norm and first difference matrix

-1 1 0 ... 0 0

0 -1 1 .. 00 !
Dm: . . . . . . ERmixm.

0 0 0 .. —11

The optimization is quickly solved using an alternative direction method of multipliers
(ADMM) algorithm [6]. Furthermore, using m > N3 (with regular spacing), is enough
for statistical optimality of the solution 0 [26].

Since the optimization problem encourages adjacent points 6 to be the same, we draw
piecewise-constant fits as our solution. To begin our demonstration, we generate some data

from a piecewise constant function:

set .seed (123)
N <- 100
x <— matrix(runif(N) ncol=1)
y <— matrix(pcwise (x) + rnorm(N,0,0.1) ,ncol=1)
To fit a total variation solution to this data, we need only use the mvtv function, which

by default will perform 5-fold validation and stores the solution path for each . Let m = 20
for this problem:

# Setting a seed for cross—wvalidation procedure
set .seed (123)

m <— matrix(20,ncol=1)
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# Verbose = FALSE to suppress algorithm details
fit <— mvtv(x,y,m, verbose=FALSE)

We include an S3 generic plot function with additional flags. By default, we plot the
predicted surface for the model with minimum cross-validated mean squared error and overlay

observed data (Figure E.1):

plot (fit)

3.0
|

25
|

2.0
|

15

0.5

0.0 0.2 0.4 0.6 0.8 1.0

X

Figure E.1: Total variation solution for piecewise constant function at best cross-validated
model.

The plot function can also be used to see fits at other values of A\, such as lambda

corresponding to 1 standard error rule (for greater parsimony) or an arbitrary number (Fig-

ure E.2):

par (mfrow=c (1,2))
plot (fit , lambda = fit$lambda.lse)
title (main = ”"One_standard_error._rule”)

plot (fit , lambda = 2.0)
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title (main = " Arbitrary.value:.2.0")

One standard error rule Arbitrary value: 2.0

30
|
30
|

20
20

15
15

10
10

05
05

Figure E.2: Total variation solution for piecewise constant function at other solutions.

Aside from the number of knots, the user can also define the mesh itself. In Figure E.3,

we show that by setting m = N and d; = z1,...,dy = xx, we return the fused lasso solution

31, 1].

par (mfrow=c (1,2))

# Setting a seed for cross—wvalidation procedure
set.seed (123)

m <— matrix (N, ncol=1)

xsorted <— sort(x, index.return=TRUE)

mesh <— matrix(xsorted$x, ncol = 1)

ysorted <— matrix(y[xsorted$ix], ncol = 1)

# Verbose = FALSE to suppress algorithm details
fl _mvtv <— mvtv(mesh, ysorted ,m, mesh = mesh, verbose=FALSE)
plot ( f1 _mvtv)

title (sub = 7 (a)”)
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library (genlasso)

fl _genlasso <— fusedlassold (ysorted)

cvfl <— cv.trendfilter (fl _genlasso ,verbose = FALSE)

plot ( fl _genlasso ,lambda=cvfl$lambda.min, xlab = "x” ylab="y” ;pch=20,cex=0.5)
title (sub = 7 (b)”)

30
30

25
25

5w
20

15

10
10

05

x<
@ (b))

Figure E.3: (a) Fused lasso given by MultivarTV. (b) Fused lasso given by genlasso.

E.3 MTYV for Multivariate Data

For multivariate data, the total variation problem becomes difficult. Let (z1,...,z,) denote
p covariates. Furthermore, we define a multi-index of integers r = (rq,...,r,), where r; €
{0,1} and |r| = ?:1 r;. In our approach, we approximate the penalty

olrl
mf(a:) Oy ...0xy,

rn=3 |/

re{0,1}p
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where {0,1}? ={0,1} x...x {0, 1}, i.e. the Cartesian product. In the bivariate setting, our

0x10xy + /

When P(f) is finite, solutions have bounded total variation. MTV continues to approximate

penalty parameter becomes

f(xl, $2) 8951(91’2.

83518902 -+ ‘_f 33'1,]72)

0
‘_f $1>x2 (9&:101’2

P(f) using differences across a mesh. For details, see [26]. We can fit the multivariate
problem using the same ADMM algorithm as in the univariate case, so mvtv uses the same

algorithm regardless of dimensionality.

E.3.1 Towers Function

We want to fit a multivariate surface as the solution to a total variation problem. One
surface that we can use for demonstration is one that resembles four towers on a plain. In
Figure E.4, we plot the towers as a wireframe and overlay points generated from the towers

function with noise.

x1 <— seq(0,1,length.out=40); x2 <— xl1

x1x2 <— expand.grid (x1,x2)
y <— matrix(towers (x1x2[,1],x1x2[,2]) ,nrow=40,ncol = 40)

set.seed (117)

z1l <— runif(100)

z2 <— runif(100)

z3 <— towers(zl,z2)

ynoisy <— z3 + rnorm(length(z3),0,0.5)

scatter3D (zl,2z2,ynoisy ,theta=30,phi=30,xlab="x1" jylab="x2"  zlab="y
cex=1,pch=20,surf= list (x = x1,y = x2,z = y,facets=NA, fit =

z3))
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15

- 1.0

~ 05

0.0

Figure E.4: Plot of N=100 points drawn from Towers function (drawn as mesh) with noise.

The noisy towers can be fit well by a total variation solution. In this example, we will also
compare the total variation fit against a thin plate spline, the generalization of smoothing
splines [11] fit using the fields package by [12]. Based on Figure E.5, we indeed get four
towers from our total variation solution. In Figure E.6, we see the thin plate spline solution,

which is much more smooth and provides hills instead of towers.

set .seed (117)

mym <— floor (length(ynoisy) " {2/3})

mym <— matrix (rep (mym,2) ,ncol=1)

data <— cbind(zl,z2)

tvmod <— mvtv(data, ynoisy ,mym, verbose=FALSE)
plot (tvinod , adddata = TRUE)
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Figure E.5: Total variation solution for noisy towers.

fit <— Tps(data,ynoisy)
out.p <— predictSurface(fit, xy = c(1,2))
plot.surface (out.p, type="p”)
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Figure E.6: Thin plate spline solution for noisy towers.

As we increase the sample size say to N = 2,000, the total variation solution more
accurately predicts the Towers (Figure E.7). The thin plate spline solution takes a large

amount of time to calculate, so we do not present it.

set.seed (117)

z1 <— runif(2000)

z2 <— runif(2000)

z3 <— towers(zl,z2)

ynoisy <— z3 + rnorm(length(z3),0,0.5)
data <— cbind(zl,z2)

mym <— floor (length(ynoisy) " {1/3})
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mym <— matrix(rep (mym,2) ,ncol=1)
tvmod <— mvtv(data, ynoisy ,mym, verbose=FALSE)
plot (tvmod, adddata = FALSE)

1.0
0.8
- 0.6

- 0.4

0.2

0.0

Figure E.7: Total variation solution for noisy towers with many data points.

E.4 Notes and Limitations

The regression model used by MTV performs optimally when the distance between the obser-
vations and the mesh points is small. In order to minimize that distance, we need to increase
the number of knots. MTV allows the user to specify m; knots per feature x;. It will be best
practice to choose a same large number of knots per each feature and allow regularization to
smooth the solution. However, as we discuss next, the number of features does impact the

functionality of MTV.
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The primary implementation function mvtv accepts any number of features. However,
the generic plot function does not accept mvtv-objects built on p > 2. We can still plot
the residuals versus fitted values for any size problem using the plotResiduals function

(Figure E.8).

set.seed (117)

n <— 300
p<-3
m<— 4

data <— matrix(runif(n*p),ncol = p)

y <— matrix(runif(n), ncol=1)

m <— matrix(rep(m,p))

set.seed (123) # cufold will yield different stuff without seed
tv3 <— mvtv(data,y,m, verbose = FALSE)

plotResiduals (tv3)

0.4
|

0.2

0.0

Residuals

-0.4

T T T T T T
0.48 0.50 0.52 0.54 0.56 0.58

Fitted

Figure E.8: Residuals plot for perfectly noisy data.

For uniform noisy data regressed on uniform noisy trivariate data, we expect fitted values
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at the mean and evenly dispersed residuals, which is what we see with some small wiggling
(Figure E.8).

The larger issue with the number of features has to do with scaling. Using the same
number of knots for each feature, the number of optimization parameters is m?. For modest
m and large p, the difference matrices (even though they are stored as sparse matrices)
become larger than most personal laptops can store. We recommend a large number of knots,
m > N %, for a quality solution, but it may be best practice to use fewer at experimental

stages.



