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Small area estimation (SAE) of health and demographic outcomes in low- and middle-
income countries (LMICs) is central to policy evaluation and resource allocation, yet it is
complicated by the sparsity and complex design of the survey data on which such estimates
typically rely. Household surveys like the Demographic and Health Surveys (DHS) are gen-
erally powered at the first administrative (adminl) level, so design-based estimates at lower
levels are often imprecise or unavailable, particularly for rare outcomes. Model-based ap-
proaches can address this sparsity by borrowing strength across areas through spatial random
effects, but this borrowing can induce extreme shrinkage when data are limited, affecting
both point and variance estimates. This dissertation develops a set of Bayesian hierarchical
spatial models which address instability and excessive shrinkage in SAE, motivated through-
out by subnational estimation of child health outcomes in LMICs.

The first methodological contribution is the direct-assisted Bayesian unit-level (DABUL)
model, designed for estimating rare event prevalence at an administrative level too sparse
to support standard area-level models. The DABUL model incorporates higher-level design-
based estimates from the same underlying data as benchmarks via either a hard constraint
or a soft constraint which accounts for uncertainty of the benchmarks. By applying this
method to simulated data and neonatal mortality rate (NMR) estimation in Zambia using

the 2013 DHS, we show that the soft DABUL model reduces aggregation discrepancy and



both variants of the DABUL model yield more conservative intervals than those under a
standard unit-level model, which may be particularly preferable for extreme areas.

The second contribution addresses a different source of instability. The design-based
variance estimates used as input in Fay-Herriot (FH) models are themselves estimated with
error which is frequently ignored despite their affect on interval estimation, particularly when
sample size is low. Two candidate sampling distributions for the design variance estimator
are proposed and incorporated into a variance-smoothing FH framework. One sampling dis-
tribution incorporates complex survey design assumptions, while the other, simpler sampling
distribution relies on stronger design assumptions. A simulation study and application to
height-for-age z-scores in Kenya using the 2022 DHS show that both variance-smoothing ap-
proaches outperform a standard FH model without variance smoothing under proper scoring
rules, with the simpler sampling distribution recommended for its more favorable shrinkage
behavior and ease of implementation.

The third contribution extends multivariate areal spatial modeling frameworks from the
disease mapping literature to the FH setting and proposes a class of multivariate latent
models using a BYM2 spatial structure that includes independent, correlated, and shared-
component variants. Theoretical results characterize how the conditional posterior mean
and variance of a primary outcome depend on the relationship between sampling and latent
covariance structures. A simulation study and application to NMR estimation in Kenya using
the 2022 DHS show that joint modeling with correlated outcomes can substantially improve
estimation of a noisy primary outcome relative to a univariate FH model, particularly when
latent correlation exceeds sampling correlation or auxiliary outcomes carry lower uncertainty
than the primary outcome.

Together, these three contributions demonstrate that explicitly modeling design-based
sampling error and structured dependence across administrative levels, areas, or outcomes,
offers a coherent strategy for improving SAE for LMICs in the data-sparse settings charac-

teristic of complex surveys.
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Chapter 1

INTRODUCTION

1.1 Motivation

Estimation of health and demographic outcomes in low- and middle-income countries (LMICs)
is essential for goal-setting and policy evaluation for both national statistical agencies and
international organizations, like the World Health Organization (WHO). Subnational esti-
mation is of particular importance because understanding the variability across a country
can allow for more targeted assessments and interventions. The context of subnational esti-
mation in LMICs introduces distinct challenges because we often do not have access to high-
quality, high-resolution data that may be available in higher income countries (AbouZahr
et al., 2015). We often must rely on household surveys like the Demographic Health Surveys
(DHS; Corsi et al., 2012) and the Multiple Indicator Clusters Surveys (MICS; UNICEF,
2026) for subnational estimation. These surveys are generally powered at the first adminis-
trative (adminl) area level, so we can usually obtain reliable design-based estimates at this
level. However, these design-based estimates can be very imprecise, especially if the outcome
is rare or has a high rate of missingness (Wakefield et al., 2019). Design-based estimates
at a lower level, such as the second administrative (admin2) level, are generally not reliable
due to missingness and high uncertainty. In these cases, we turn to model-based estimation
methods, which use area-level random effects, and covariates when available, to borrow in-
formation across areas through latent spatial models (Rao and Molina, 2015; Besag et al.,
1991).

The inclusion of area-level random effects induces shrinkage, which can be useful in
attenuating noisy data. However, when data are particularly sparse, the shrinkage effect can
be too extreme, yielding estimates which severely underestimate spatial variation (Wakefield
et al., 2020). The inclusion of spatial structure in the random effects model, along with

covariates, can help to reduce this overshrinkage effect. While spatial modeling is often



neglected in the SAE literature, leveraging spatial structure across areas is particularly useful
in the context of LMICs because high-quality explanatory covariates are not always available
(Wakefield et al., 2025). This dissertation works at the intersection of spatial and survey
statistics by examining some of the challenges of SAE with sparse data and proposing several

Bayesian hierarchical spatial models which address these challenges.

1.2 Surveys in low- and middle-income countries

The methodological developments in this dissertation are motivated by the challenges that
arise when using complex survey data for subnational estimation. In particular, we consider
the two-stage stratified cluster sampling design that is used in the DHS and MICS. Under
this design, all households in a country are divided into enumeration areas, which we will
simply refer to as ‘clusters’. Each cluster is classified as either urban or rural and grouped
into strata, which are usually defined by adminl area crossed with urban/rural status. For
example, Zambia has 10 adminl areas and 20 sampling stratum: two for each adminl area.
In the first stage of sampling, a fixed number of clusters is sampled from each strata, with
probability proportional to listed size, and in the second stage, a fixed number of households
are sampled from each sampled cluster with equal probability. A household roster is created
for each sampled household, which lists all usual residents and any visitors who stayed the
night before. Of those listed on the household roster, each woman aged 15 to 49 is interviewed
and each child under the age of 5 has biometric data recorded. In a subsample of households,
adult men are also interviewed. As a result of this design, the number of clusters sampled
from lower area levels is random, often leading to high data sparsity which can affect quality
of estimates.

In Figure 1.1 we map the number of sampled clusters in the two datasets used in this
dissertation: the 2013 Zambia DHS (ICF International, 2014) and 2022 Kenya DHS (ICF
International, 2022). We observe that there is a large proportion of admin2 areas for which

fewer than 5 clusters are sampled, and 6 admin2 areas in Kenya for which no clusters are



sampled. This problem of data sparsity is compounded when the outcome measure is a rare
event, which we will explore in Chapters 2 and 4. For rare events, reliable estimation can
be difficult at even the adminl level, because sampled clusters do not guarantee sampled
events. For example, in the 2022 Kenya DHS, each adminl area sampled an average of 9.2
neonatal deaths across the 2018-2022 period, with 10 out of the 47 areas sampling 5 or fewer

deaths.

2013 Zambia DHS
Number of sampled clusters _

1 20 40 60 80

First administrative areas Second administrative areas

) ZZ & 77 2

&7 %i % ¢ %

N7 45 5
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7 %, ; 7
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2022 Kenya DHS
Number of sampled clusters H

1 10 20 30 40 50

First administrative areas Second administrative areas

Figure 1.1. Number of sampled clusters in each adminl and admin2 area in the 2013
Zambia and 2022 Kenya DHS. Admin2 areas with fewer than 5 sampled clusters are marked
by hatching and areas with no sampled clusters are filled in gray.



Aside from the level of data sparsity that is often present in surveys in LMICs, another
important consideration is accounting for the survey design itself. In particular, surveys
generally oversample urban strata, so if the outcome of interest is associated with urban /rural
status (as is often the case) then this must be accounted for in the model. Ideally, sampling
weights should also be included in the modeling framework, as is the case in area-level models

and some novel unit-level models as discussed in Section 1.3.3 and Chapter 2.

1.3 Small area estimation methods
1.3.1 Area-level models

The most commonly used area-level model in SAE is the Fay-Herriot (FH) model (Fay and
Herriot, 1979), which uses design-based estimates as model input, rather than the raw data.
A primary advantage of this model is that it directly accounts for the survey design (Rao
and Molina, 2015). However, when data are sparse, design-based point or variance estimates
can be unstable, limiting the areas for which data can be incorporated into the model.
Moreover, excessive shrinkage of the point and interval estimates can occur when there is a
large proportion of areas for which stable design-based estimates are not available (Wakefield
et al., 2020; Gao and Wakefield, 2023).

In the sampling level of the FH model, the design-based variance is generally assumed
to be known, but in practice, it is estimated from the data, often via Taylor linearization or
jackknife procedures (Wolter, 2007, chap. 6; Korn and Graubard, 2011, chap. 2.4; Sdrndal
et al., 2003, chap. 5.5; Lohr, 2021, chap. 9.1). While such estimators are design-consistent,
they can be imprecise or have downward bias for finite samples, particularly when sample
size is small (Sérndal et al., 2003, p. 176; Lohr, 2021, p. 369). When the outcome of
interest is a proportion or total, one may smooth these variance estimates using a generalized
variance function (GVF), which exploits the mean-variance relationship assumed under a
binomial distribution (Valliant, 1987; Wolter, 2007, chap. 7; Korn and Graubard, 2011,

chap. 5.6; Lohr, 2021, chap. 9.4). Another common strategy, for any type of outcome,



is to jointly model the mean and variance. Previous work in this area uses a chi-square
sampling distribution for the design variance estimator which makes strong implicit design
and population assumptions (You and Chapman, 2006; Maiti et al., 2014; Sugasawa et al.,
2017; Erciulescu et al., 2019). In Chapter 3 we examine the assumptions implied by this
sampling distribution and compare its performance in a FH with that of a newly derived

sampling distribution which more explicitly considers the complex survey design.

1.3.2 Unat-level models

When data are too sparse for an area-level model, we may consider using a unit-level model,
such as a generalized linear mixed model which uses the cluster-level data as model input
(Battese et al., 1988). This type of model is useful when data are too sparse to obtain
design-based estimates, but generally has the limitation of not explicitly accounting for
survey design (Pfeffermann, 2013; Wakefield et al., 2020). There has, however, been some
development towards unit-level SAE models which incorporate survey weights directly into
the model likelihood, most commonly through pseudo-EBLUP approaches that combine unit-
level mixed models with design-weighted estimating equations (You and Rao, 2002; You and
Rao, 2003), or through Bayesian pseudo-likelihood methods that weight unit-level likelihood
contributions within a hierarchical model (Savitsky and Toth, 2016; Si et al., 2020). In
Chapter 2 we propose a Bayesian hierarchical unit-level model which partially accounts for
survey design by incorporating higher level design-based estimates into the likelihood.

In the latent layer of a unit-level model, one can use either area-level random effects or
some continuous spatial model, such as a Matérn covariance model (Diggle and Giorgi, 2019;
Paige et al., 2022), which is commonly known as a geostatistical model. We will use the
former because it better serves our primary goal of obtaining the most precise administrative-
level estimates possible under the constraints of data sparsity. A primary disadvantage of
geostatistical models for SAE is that unit-level estimates must then be aggregated to the

area level. A secondary reason we disfavor continuous spatial models in this context is



because listed cluster locations for these surveys are jittered for privacy reasons. Another
consideration when using a unit-level model is that we must assume the distribution of the
cluster-level data. When the outcome is continuous, a Gaussian likelihood is a logical choice,
whereas for binary outcomes we may choose an overdispersed Poisson or Binomial likelihood

to account for within-cluster dependence (Dong and Wakefield, 2021).

1.8.3 Current challenges and developments

In the preceding sections, we have discussed the issues of data sparsity, overshrinkage, co-
variate availability, and accounting for survey design. Here we discuss some other current
challenges in SAE modeling, all of which are considered throughout this dissertation, where
some are explored more thoroughly than others. Some of these considerations apply more

specifically to the Bayesian spatial modeling context which this dissertation concerns.

Benchmarking The shrinkage bias introduced by SAE models generally yields estimates
which are inconsistent across different area levels. For example, the aggregation of state-level
model-based estimates may not be consistent with the national design-based estimate. This
is undesirable for many of the statistical offices which use these estimates. Consistency in
aggregation is not only desirable for logistical reasons, but also because estimates at higher
levels are generally more precise and accurate because there are more data in each area.
Many benchmarking procedures have been introduced in the SAE literature to ensure con-
sistency of aggregated small area estimates with higher-level estimates. The majority of
these procedures are for small area means (Pfeffermann and Barnard, 1991; You and Rao,
2002; Wang et al., 2008; Bell et al., 2013), while some have also been developed for gen-
eralized linear models (Datta et al., 2011; Berg and Fuller, 2018). There is also a body of
work exploring the use of posterior projections to conduct Bayesian inference in constrained
parameter spaces (Dunson and Neelon, 2003; Astfalck et al., 2018; De Nicolo et al., 2024).

However, the majority of these benchmarking procedures do not account for the uncertainty



of the benchmarks and are sensitive to benchmark misspecification, which can be problem-
atic when using design-based estimates as benchmarks because they are often quite noisy.
Zhang and Bryant (2020), Nandram and Sayit (2011), and Okonek and Wakefield (2024) all
propose inexact Bayesian benchmarking methods which can incorporate the uncertainty of
the benchmarks into the posterior distribution via a soft constraint. However, these frame-
works require that the benchmarks and small area estimates are produced from separate
data sources. In Chapter 2 we propose a unit-level Bayesian model for rare events which
uses higher-level design-based estimates from the same data as benchmarks by imposing
either a hard benchmarking constraint or a soft constraint which accounts for uncertainty of

the benchmarks.

Interval coverage The uncertainty intervals resulting from models with area-level random
effects typically attain the nominal coverage rate only on average across areas rather than
for each area individually (Yu and Hoff, 2018). As Yu and Hoff (2018) and Burris and Hoff
(2020) demonstrate, areas whose means are far from the global mean can have coverage rates
well below the nominal level, approaching zero in extreme cases. To address this, Yu and
Hoff (2018) propose an adaptive interval procedure that extends the approach of Pratt (1963)
by treating the implied distribution for the area mean as a prior and using it to determine
the shape of the interval rather than the center, subject to an exact frequentist coverage
constraint. This construction guarantees coverage at the nominal level for every area, albeit
with wider intervals than those under the conventional random effects model. Burris and
Hoff (2020) extend this framework to linking models commonly used in estimating small area

means, including the spatial Fay—Herriot model.

Model validation Model validation in SAE presents a fundamental methodological chal-
lenge distinct from conventional predictive settings, as independent validation data are rarely
available at the area level. External validation against census values, though widely regarded

as the gold standard (Merfeld et al., 2022), is possible only for a narrow set of variables,



subject to temporal lag, and frequently absent altogether in LMICs (Dong et al., 2026).
Information criteria such as AIC, DIC, and WAIC are in-sample measures that rely on
asymptotic approximations to a complexity penalty which can be unreliable when the num-
ber of areas is moderate (Kawano et al., 2026). Moreover, leave-one-area-out cross-validation
evaluates extrapolation to unsampled areas, rather than estimation quality for sampled areas
(Marshall and Spiegelhalter, 2003; Kawano et al., 2026). Kawano et al. (2026) explore the
properties of Gaussian data thinning (Neufeld et al., 2024) in the SAE setting, splitting each
direct estimate into two marginally independent components that sum to the original obser-
vation, thereby creating a train-test split that does not require unit-level data. However, this
method, like other area-level cross-validation methods, implicitly assumes the distribution
of the design-based estimator is known, which is only true asymptotically and thus difficult

to justify in the sparse data settings that motivate model-based estimation.

Computation Within Bayesian spatial modeling, there is an active area of computational
research aimed at developing scalable methods for inference with large numbers of areas
(Rue et al., 2009; Banerjee et al., 2015; Botella-Rocamora et al., 2015). However, in the
sparse data contexts we consider here, these issues are of less practical concern. Instead, we
are more burdened by the tradeoffs between data sparsity and model complexity. Perhaps
the most commonly used software for Bayesian spatial modeling is the INLA package in R,
which provides fast approximate inference using integrated nested Laplace approximation
(Rue et al., 2009). Although INLA is quite useful for routine modeling, we use Stan software
(Stan Development Team, 2024) throughout this dissertation because of its high flexibility

in specifying novel modeling frameworks.

1.4 Structure of dissertation

The rest of the dissertation is structured as follows. In Chapter 2 we introduce the direct-

assisted Bayesian unit-level (DABUL) model, which uses adminl-level design-based estimates



as benchmarks in a unit-level model for admin2-level rare event prevalence. We apply this
model to the estimation of admin2-level neonatal mortality rate (NMR) in Zambia using
the 2013 DHS. In Chapter 3 we consider the case where the design variance estimator is
downwardly biased due to data sparsity, and explore sampling distributions to jointly model
the design variance along with the mean in a FH model. We apply these variance smoothing
FH models to the estimation of adminl-level average height-for-age z-score (HAZ) in Kenya
using the 2022 DHS. In Chapter 4 we address over-shrinkage in FH models by studying the
theoretical properties of multivariate FH models and extending multivariate spatial models
from the disease mapping literature to the SAE context. We explore how these multivariate
FH models can improve estimation of a noisy outcome when jointly modeled with other,
less noisy, outcomes. We apply these multivariate FH models to the estimation of adminl-
level NMR in Kenya using the 2022 DHS, and two auxiliary outcomes. We conclude with a

summary of our findings and discussion of future work in Chapter 5.



Chapter 2

DIRECT-ASSISTED BAYESIAN UNIT-LEVEL MODELING FOR SMALL
AREA ESTIMATION OF RARE EVENT PREVALENCE

2.1 Introduction

In terms of simplicity and fewest assumptions, the ideal method for obtaining estimates
from complex surveys is a design-based weighted estimator, such as the Horvitz-Thompson
(Horvitz and Thompson, 1952) or Héjek estimator (Hajek, 1971). These estimates use sam-
pling weights which incorporate the sampling probability, and possibly non-response and
post-stratification adjustments. While these design-based weighted estimators are consis-
tent and asymptotically normal (Breidt and Opsomer, 2017), they also produce very large
design-based variance estimates when data are sparse. In SAE problems there is often insuf-
ficient data to produce design-based estimates with reasonable precision, making it necessary
to use a model-based approach with random effects. By borrowing information across ar-
eas, precision is increased at the cost of introducing some shrinkage bias (Datta and Ghosh,
2012; Wakefield et al., 2020). The bias introduced by these model-based approaches often
makes higher level combinations of these small area estimates inconsistent in aggregate. For
example, the aggregation of state-level model-based estimates may not be consistent with
the national design-based estimate.

There have been many procedures introduced in the SAE literature which ensure aggre-
gation accuracy of small area estimates to more reliable, higher-level estimates, referred to as
benchmarks. There is a vast literature on this topic and we highlight a relevant subset here.
One early development is the use of nested error linear regression models for estimating small
area means (Pfeffermann and Barnard, 1991; You and Rao, 2002). Wang et al. (2008) de-
rived a unique best linear unbiased estimator for small area means from augmented area-level
linear models under a single benchmarking constraint, and Bell et al. (2013) extended this

result to accommodate multiple benchmarking constraints. Datta et al. (2011) developed
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a class of benchmarked Bayes estimators under area-level generalized linear models. All of
these methods modify the best linear unbiased predictor of the small area means to achieve
the benchmarking constraint, which leads to increased variance under the model (Bell et al.,
2013). Berg and Fuller (2018) proposed two benchmarking procedures for nonlinear models:
one which uses a linear additive adjustment, and the other which uses an augmented model
for the expectation function. All of the aforementioned methods consider benchmark con-
straints which are estimated from the same data. There is also a body of work exploring the
use of posterior projections to conduct Bayesian inference in constrained parameter spaces
(Dunson and Neelon, 2003; Astfalck et al., 2018; De Nicolo et al., 2024). As Astfalck et al.
(2018) notes, this framework is quite sensitive to misspecification of constraints, which im-
plies that it would not provide reliable estimates when using design-based weighted estimates
as constraints because of their large uncertainty. Zhang and Bryant (2020) and Nandram
and Sayit (2011) proposed inexact Bayesian benchmarking methods which can incorporate
the uncertainty of the benchmarks into the posterior distribution via a soft constraint. How-
ever, both of these frameworks require that the benchmarks and small area estimates are
produced from separate data sources. Violating this assumption would yield benchmarked
small area estimates that underestimate uncertainty (Okonek and Wakefield, 2024).

The contribution of this chapter is a pair of unit-level Bayesian mixed effects models
with a likelihood modified to incorporate higher-level design-based direct estimates obtained
from the same data source. The set of models we will introduce use design-based estimates
as constraints while accounting for the fact that these constraints are estimated from the
same data. As Stefan and Hidiroglou (2021) note, “statistical agencies favor an overall
agreement between the sum of the model-based small area estimates and the direct estimate
at a higher level that corresponds to the union of the small areas”. The two models differ
in that one enforces a hard constraint, while the other uses a soft constraint, accounting for
the uncertainty of the benchmark. The goal of the latter is fundamentally different from

exact benchmarking procedures, because its primary goal is to use higher-level estimates to
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encourage consistency in aggregation while taking the uncertainty of the benchmark into
account, as opposed to imposing a hard benchmark constraint. Consistency in aggregation
with design-based estimates is not only desirable for logistical reasons, but also because
these estimates take the survey design into account, which model-based estimates typically
do not. We propose two variations of our model because while taking the uncertainty of the
benchmark into account is the more principled approach, there may be practical cases in
which exact benchmarking is preferred by the practitioner. We will focus on the estimation
of rare event prevalence, as this is a setting in which issues of data sparsity tend to be
most severe, making this direct-assisted unit-level model necessary. Examples of commonly
measured outcomes that can be considered rare events, depending on the study population,
include neonatal mortality, vaccination (or no vaccination) status, and HIV status. While
the monitoring of these rare events at subnational levels is of substantive importance, the
exceedingly small number of sampled events poses unique challenges in prevalence estimation.

In section 2.2 we will introduce the context of SAE in LMICs, which motivates the
new model. In section 2.3 we will present a standard Bayesian unit-level model for rare
events and in section 2.4 we will extend this model and introduce the soft and hard direct-
assisted Bayesian unit-level (DABUL) models and discuss its implementation. In section
2.5 we conduct a simulation study comparing the DABUL models to a standard unit-level
Bayesian model. Section 2.6 presents an application of the DABUL models to estimation of
the neonatal mortality rate (NMR) in Zambia and a corresponding cross-validation study.

We conclude with a discussion in Section 2.7.

2.2 Small area estimation in low- and middle-income countries

As described in Chapter 1, it is common to utilize nationally representative samples collected
by the Demographic and Health Surveys (DHS) (Corsi et al., 2012) and Multiple Indicator
Cluster Surveys (MICS) (UNICEF, 2026) to obtain estimates in LMICs at the adminl or

admin2 level. DHS and/or MICS carry out surveys in the majority of LMICs, often as

12



frequently as every five years. The DHS and MICS are conducted using a two-stage stratified
cluster sampling design, where the sampling strata are defined by urban/rural crossed with
the first (or for some countries, second) administrative area. In the first stage, a selection
of enumeration areas (EAs) are sampled from each strata, where the probability a given
EA will be selected is proportional to the number of households in that EA, relative to the
others in its strata. In the second stage, a fixed number of households are sampled with
equal probability from each EA. Under this design, a ‘cluster’ refers to either an EA or a
segment of an EA.

The NMR is one of a multitude of demographic and health outcomes that is often es-
timated from these surveys. Accurate and precise estimation of the NMR at subnational
levels is particularly important because it allows government officials at the country or re-
gional level to evaluate which regions need more targeted interventions. The Sustainable
Development Goals (SDGs) provide a target of no more than 12 deaths per 1000 live births
by 2030 (sdgs.un.org/2030agenda). As previously stated, using a design-based weighted
estimator to estimate the subnational NMR would be ideal, but is often not feasible due to
small area-level sample sizes and the relative rarity of neonatal death. The sampling frame
for most DHS and MICS are powered at the adminl level, so estimates at smaller area levels
using design-based methods, or even area-level models, such as the Fay-Herriot model, are
often not reliable. However, estimates at the admin2 level are desired because this is often
the level at which health interventions are administered. As a result of this sampling design,
it is often helpful to use unit-level models to obtain small area estimates (Rao and Molina,
2015), where the units are the sampled clusters. Because the households in each cluster are
recorded with the same location and sampling weight, it is natural to combine data within
the same cluster and model these summed counts.

The methods of this chapter are motivated by estimation of the NMR in cases where
design-based estimates are reliable at the first, but not second, administrative level. The

model can easily be simplified to accommodate a case where the design-based estimates
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are reliable at the national level, but not the adminl level. We will use NMR-specific
terminology throughout (i.e., births and neonatal deaths), but our proposed model can be
applied to prevalence estimation of any rare event using complex survey data. For example, if
HIV status is the indicator of interest, ‘births’ can be replaced by ‘individuals’ and ‘neonatal

deaths’ replaced by ‘individuals with positive HIV status’.

2.3 Bayesian unit-level models for rare event prevalence
2.3.1 Sampling Model

Suppose we seek to estimate the prevalence of a rare event, neonatal mortality, at the admin2
level using sparse survey data. It is common to fit such a model under the assumption
that the number of events follows an overdispersed Poisson distribution (Diggle and Giorgi,
2019), where the overdispersion accounts for the within-cluster dependence in outcomes.
Specifically, let n. and Z. represent the number of births and neonatal deaths in a fixed time
period in the sampled households in sampled cluster ¢, respectively, where each cluster is
contained in one of my admin2 areas. Then, for neonatal mortality rate in cluster ¢ (i.e.,
probability of death in the neonatal population in cluster ¢), ., and overdispersion parameter

A, we assume that for each cluster, c,
Ze | re, A ~ Negative-binomial(n.r., A) (1)

with the parameterization

D(Z. + nere /)

\Ze (1 4\~ Zetnere/N) 9
TZ + Ul ) LA @)

P(Z. | nere, A) =

Under this parameterization, E[Z. | n, re, A] = ner. and Var(Z. | ne,re, A) = (1 4+ X)nere.

We link this distribution with the regression model,

log(re) = o + bjlecsy () (3)
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where b; is an admin2-level random effect (independent and identically distributed or with
spatial structure) and d;(j) is the set of clusters in &' administrative area j. Throughout,
we use b;L.cs,(;) to denote the only nonzero term of the summation, i bilees,(j)- Appendix
Al provides a summary of definitions and notation introduced throughout this chapter.
When this model is fit with sparse data there is often a large amount of shrinkage because
information in each admin2 area is very limited. One way to mitigate this shrinkage effect
is to use a regression model with nested spatial effects which includes a set of fixed effects

at the adminl level and a set of random effects at the admin2 level, i.e., replacing (3) with

log(rc) =a+ 61']10661 (%) + bjllc€52(j) (4)

where (; is an adminl-level fixed effect and [ is fixed at 0 to preserve identifiability. As

above, we use 3;1.¢c5,(;) to denote the only nonzero term of the summation, > Bilces, (i)

2.3.2 Motivating example: NMR in Zambia

To demonstrate the difference between regression models (3) and (4), consider the example
of NMR estimation in Zambia at the admin2-level using all births between 2009 and 2013
sampled in the 2013 Zambia DHS (ICF International, 2014). Zambia has 10 adminl areas
and 115 admin2 areas. A summary of these data is displayed in Figure 2.1. The numbers
of observed births and neonatal deaths in each adminl area are sufficiently large to use an
area-level model, such as Fay-Herriot (Fay and Herriot, 1979), with an average of 1319 births
and 32 deaths observed in each area. However, the number of observed births and neonatal
deaths in each admin2 area are prohibitively small, with an average of 115 births and 2.8
deaths observed in each area, and 21.7% of areas observing no neonatal deaths at all. At
this level of data sparsity, a unit level model is useful for estimation at the admin2 level
(Wakefield et al., 2025).

We must account for the stratified sampling design of the DHS survey (adminl area
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Figure 2.1. Summary of births and neonatal deaths between 2009 and 2013 recorded in
the 2013 Zambia DHS. The top row provides maps of the total number of observed births
in each adminl and admin2 area. The bottom row provides maps of the total number of
neonatal deaths in each adminl and admin2 area. Each map has a different color scale to
make differences between areas more clear.

crossed with urban/rural), so instead of estimating a global intercept, we include one urban

and one rural intercept as follows,

IOg(TC) = OéU]chJU + O-/R]ICGJR + bjllcE(Sz(j) (5)

log(re) = avlees, + arlecs, + Bilces, iy + bjlees, (i) (6)
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where 0y and dp are the sets of urban and rural clusters, respectively, and f3; is fixed at 0
to preserve identifiability.

We estimate the NMR at the admin2 level under regression models (5) and (6) using
the Stan software (Stan Development Team, 2024). While a variety of random effect mod-
els at the admin2 level could be employed, we use a BYM2 spatial effect. Introduced by
Riebler et al. (2016), the BYM2 model is a re-parameterized version of the Besag-York-
Mollié (BYM) model (Besag et al., 1991), which includes both unstructured, independent
and identically distributed (IID), spatial effects and structured, intrinsically conditional au-
toregressive (ICAR), spatial effects, (Besag, 1974). The BYM2 model has two parameters:
0%, which indicates the total variance of the random effects, and ¢, which indicates the
proportion of this variation that is explained by the structured component. The structured
component has a sum-to-zero constraint to ensure identifiability. More specifically, in (6),
the structured component of the spatial effect has a separate sum-to-zero constraint for the
areas within each first adimistrative area, while in (5) there is only one global sum-to-zero
constraint. In Appendix A2 we compare NMR estimates and uncertainty under model (6)
using 11D and BYM2 spatial effects, which shows that, in this example, choice of spatial
effect model makes little difference, so we choose BYM?2 as it provides the option of more
structure (by including an ICAR component in addition to an IID component) and has the
added benefit of allowing more spatially informative estimation in areas without observed
data.

For hyperpriors, we set ¢ ~ Beta(0.5,0.5) and use a penalized complexity (PC) prior for
o? with hyperparameters U = 1 and o = 0.01, which corresponds to the prior belief that
P(oc > 1) = 0.01 (Simpson et al., 2017). We place diffuse priors on the overdispersion and
regression parameters: A ~ Exp(1), (ay, ar) ~'4 N (—=3.5,3%) and 3; ~ N(0,1). The priors
on the urban and rural intercepts are centered at -3.5 to reflect the prior belief that neonatal
death is a rare event (e = 0.03). Neonatal mortality rate estimates in many Sub-Saharan

African countries, including Zambia, which are available on the UN-IGME Child Mortality
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Estimation dashboard (childmortality.org), confirm that this is a reasonable prior mean
for the overall level. The priors on the regression parameters (ay, ag, 3) are chosen with the
goal of being relatively diffuse on the exponential scale, while still accounting for the prior
belief that the outcome measure is a rare event. More information regarding these prior
choices is presented in Appendix A3. We aggregate the urban and rural estimates within
each admin2 area using urban/rural population fractions estimated using the method in Wu
and Wakefield (2024). This method is a logistic classification model which uses pixel-level
population density and defines a threshold for classifying pixels as urban or rural. This
threshold is calibrated by urban/rural composition at the adminl level which is reported
by DHS (Corsi et al., 2012). The pixel-level population density is obtained from WorldPop
(Tatem, 2017), a large-scale producer of high-resolution age-specific population distributions
for a wide array of countries.

In Figure 2.2 we map the NMR (deaths per 1000 live births) estimates under non-nested,
nested, and direct methods. We observe that including a set of fixed effects at the adminl
level in the nested model significantly reduces shrinkage, by inducing shrinkage at a more
local level. The nested model estimates, mapped on the top right, have a range of 18 — 33
deaths per 1000 live births, while the estimates from the non-nested model, mapped on
the top left, are nearly homogeneous with a range of 22 — 26 deaths per 1000 live births.
In the bottom right panel of Figure 2.2, we also include a map of the admin2-level direct
estimates (for areas where at least 1 neonatal death is observed) to illustrate the magnitude
of shrinkage, but we caution that they are estimated from very small sample sizes and have
large uncertainty (of the 87 out of 115 areas which have valid estimates, 70% of areas have
coefficient of variation greater than 50% and 23% have coefficient of variation greater than
100%). In Appendix A4 we provide maps of the coefficients of variation for the estimates
in Figure 2.2. To further compare the model-based and direct estimates, we aggregate the
admin2-level model-based estimates to the adminl level with population weights calculated

using WorldPop data (Tatem, 2017). In Figure 2.3, observe that the aggregation of the
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Figure 2.2. Map of NMR estimates in Zambia (2009-2013) under various models. The top
row displays results from unit-level Bayesian negative binomial models with BYM?2 spatial
effects at the admin2 level, while the bottom row displays Hajek direct estimates at the
adminl and admin2 level, respectively. The map on the top left displays the estimates
obtained from the model with spatial effects only at the admin2 level (5), while the map on
the top right displays the estimates obtained from the model with nested spatial effects (6).

estimates to the adminl level can be quite far from the consistent design-based estimate.
This figure further highlights the overwhelming shrinkage of estimates under the non-nested
model. In some adminl areas, such as the Eastern, Northern, Luapala, and Central regions,
aggregated estimates from the nested model are in close agreement with their corresponding
design-based estimates. However, for other areas, such as the Lusaka, Muchinga, Western,
and Copperbelt regions, aggregated estimates from the nested model are quite different

from their corresponding design-based estimates. While employing nested spatial effects can
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mitigate shrinkage in unit-level models, it is not sufficient to achieve small area estimates
which agree in aggregation with higher-level design-based estimates. In fact, there is no
guarantee that aggregated model-based estimates will be at all similar to their design-based
counterparts. Because design-based estimators are consistent, it is desirable to consider a

model which will encourage consistency with them in aggregation.
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Figure 2.3. NMR estimates at the admin2 level in Zambia (2009-2013) under various
models. The colored circles denote the admin2-level estimates using unit-level Bayesian
negative binomial models with BYM2 spatial effects at the admin2 level and the colored
diamonds denote their aggregations to the adminl level. The black diamonds denote Hajek
direct estimates at the adminl level.

2.4 Direct-assisted Bayesian unit-level model

In the following section we introduce the DABUL models: an extension of the standard

unit-level Bayesian model with nested random effects which incorporates direct design-based
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estimates to encourage consistency with design-based estimates in aggregation.

First, consider a model for a full enumeration of the population in which all births in all
clusters are observed. Let Y be the vector containing the total number of neonatal deaths
in all households, Y., in each cluster ¢, so that the vector has length equal to the total
number of clusters in the population. Let Y; be the sub-vector containing the elements of
Y corresponding to all clusters in the adminl area i, and Y;, be the sum of the elements
in this sub-vector. Similarly, let N be the vector containing the total number of births in
all households, N., in each cluster ¢, so that the sum of the elements of N is the total
number of births in the population. Let N; be the sub-vector containing the elements of N
corresponding to all clusters in the adminl area i, and N;; be the sum of the elements in
this sub-vector. Also, let r be the vector containing elements r., and r; be the sub-vector
containing the elements of r corresponding to clusters in the adminl area, 7. Let ® denote the
Hadamard product (elementwise multiplication; see Appendix A1l for more details). Then

an equivalent way to define a negative binomial distribution is

P(YI | I‘i,/\) = P(Yi,Y;_;,_ | I’i,)\) = P(Yl | Y;_;,_,I'i,)\) X P(Y;_,_ | I‘i,)\) (7)

for clusters in adminl area, i, where

Yi | }/;_;,_,ri,)\NDCM(Y;‘_;,_,Ni@I'i/)\) (8)
and
Yii | ri, A ~ Negative-binomial Z Nere, A . (9)
c€61(1)

Here DCM abbreviates the Dirichlet compound multinomial distribution (Mosimann, 1962),

also referred to as the multivariate Pélya distribution , which is defined by the probability
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mass function,

L(Y; + 1)r(l D eesi (i) Vere) H (Y, 4+ Ner. /)

PYi Y; ) ia)\ - .
(Y3 | Yig, 15,0 D(Vie 3 T Nere) ot Nrc/)\) Y. +1)

This alternative expression follows directly from the additive property of negative bino-
mial random variables and the relationship between the negative binomial and DCM dis-
tributions. Specifically, if x = (21, ..., x,) are independent random variables, each following
a negative binomial distribution with mean parameter @ = (64, ..., 6,), respectively, and a
common overdispersion parameter A, then z; := """  x; follows a negative binomial distri-
bution with mean >  6;, and overdispersion parameter A. It also holds that x | z4,0,
follows a DCM distribution with parameter vector 8 /.

When all births and neonatal deaths in each cluster are observed (i.e. Y and Yj; is
known), this alternative parameterization of the negative binomial distribution is equivalent
to the parameterization presented in (2). We will now consider a survey sampling context in
which 1) we use two-stage sampling, so that only some clusters are sampled and only some of
the births and corresponding neonatal deaths are observed in each of those sampled clusters,

i.e., Y is not known, and 2) each Y;; can be estimated through a design-based estimate.

2.4.1 Accounting for survey sampling

We first assume Y;, is known for all 7, so that only point 1) needs to be considered. Suppose
the birth and death observations are collected using the two-stage cluster sampling design
described in section 2. In this situation, we must incorporate the fact that not all births,
and corresponding deaths, are observed in each sampled cluster. For each cluster c, let .
be an indicator variable denoting whether the cluster was sampled and let n. and Z. be the
number of births and neonatal deaths across all of the sampled households in that cluster.
Also, let the vectors v, 7;, Z and Z; be defined analogously to Y and Y;. Note that if v. =0

for a cluster ¢, this implies n. = Z. = 0 because that cluster was not sampled. Observe then,
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for each cluster c,
Ze | Ye,ve = 1 ~ Hypergeometric (N,, Y, n.) , P(Z.|~v.=0)=1(Z.=0). (10)

2.4.2 Incorporating higher level design-based estimates

As alluded to in the previous section, in this survey sampling context each Y;, is not known,
and must be estimated. We have established that the DABUL models pertain to the situation
in which there is sufficient data to use design-based estimates at the adminl level, though
not at the admin2 level. We will denote the design-based prevalence estimate for an adminl
area i as r;”. The only difference between the two DABUL models is how the design-based
estimates are incorporated into the likelihood. For the hard DABUL model, we can simply
set Y, = rzp ' X N;., to apply a hard benchmarking constraint. For the soft DABUL model,
we account for the uncertainty of the design-based estimate by using the property that
design-based estimators are asymptotically normal (Breidt and Opsomer, 2017, Section 3).

On the logit scale, we can specify
logit (TiDl) | Yie ~ N (logit (Yir /Nit) V;Dl) (11)

where V;P! is the design-based variance of logit (riD 1), which accounts for the uncertainty in-
duced by the sampling design. This variance can be estimated using the svydesign function
in the survey package (Lumley, 2024), to estimate the prevalence, which is then transformed
to the logit scale using the delta method. If this method does not produce stable variance
estimates, a variance smoothing method may be employed (e.g., using generalized variance
functions described in chapter 7 of Wolter (2007)), but we will not consider this option here.

Then, the joint distribution of (Z,rP1) conditional on (Y,Y,~) under the hard DABUL
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model can be expressed as,

P(Zx® | Y. Y. y) = P(Z]rP. Y, 5) P (x™ | Y,)

o [[P(Zi| v/ Yi,v,)I(r =Yii/Nit). (12)

=1

Similarly, the joint distribution of (Z,rP1) conditional on (Y,Y,~) under the soft DABUL

model can be expressed as,

P(Z,xP* | Y, Y, y) = P(Z|rP,Y,v)P(P|Y,)
mi
- HP(ZI | TiDl7Yi’7i)P(riDl | Yit). (13)
i=1
By definition, " is a weighted sum of Z;, so it follows that P(Z; | ", Y;, ;) is a product of
Hypergeometric distributions conditional on the survey-weighted sum of Z;, giD '(Z;), being
equal to riD '. More explicitly, for adminl area i,

P(Zi, g7 (Z:) = v | Y3,7,)

D
P(Zl | T; 1,Yi77i) P(ng (Zl — TDI | Yi ﬂ}/)

(g (Zs) =)
P(gP (Zs) = | Y5,7,)

|| P<Zc’}/c>’)/c:1) : (14)
c€dy (i):
Ye=1

TV
Hypergeometric (10)

Note that g”* (Z;) = r”* | Y;,~, follows the distribution of a weighted sum of Hypergeometric

)

random variables.

24



2.4.8 Combining likelihood components

The joint distribution of (Z,rP*,Y,,Y) conditional on (v, r,\) can be expressed as,

my
P(Z,I‘D17Y+,Y | v, T, )‘) X HP(ZarDl |Y7Y+77)P(E+7Yi ’ ria)‘>
=1

my
X H‘\P(ZarDl |Y7Y+77)J\F)(Y1 | Y;—Hriy/\)\P(}/i—i- | ri7)‘§15>

i=1 (12) or (13) DCM (8) Neg-bin (9)

where Y is the sub-vector of Y containing the elements corresponding to sampled clusters
and m, is the number of adminl areas.

Observe that in this joint distribution, the latent variables corresponding to the unob-
served clusters (i.e., Y \ Y®) are only included in the DCM distribution. Estimation of
these latent variables will cause an identifiability issue because there is no data for these
clusters, so the total neonatal death counts from all of the unobserved clusters in an adminl
area can be collapsed into one group. Because we can estimate Y(*) and Y, this collapsing

ensures identifiability. Hence, we replace (8) with

(Y, Yy = V) | Vi ri, A~ DOM | Yip, [ (NP 0 x™)/A | Y Nore | /A (16)

i i
cE€0 (’L)
Ye=0

(s)

where Y, is the sum of the elements in Y® and N and r!®

are the sub-vectors of Nj
and r; containing elements corresponding to the observed clusters in adminl area :. Note
that this distribution has dimension equal to the total number of observed clusters plus one,
as does the corresponding probability vector. By making this adjustment we do not lose any
information and reduce the dimension of the latent variable vector from the total number of
clusters, to the total number of observed clusters, which is of significantly smaller magnitude.
This reduction increases numerical stability and computational efficiency.

This completes the derivation of the posterior distribution under the DABUL models,
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which can be expressed as follows,

m(r, Nk, Y® Y, | Z,1P ) x f’(Z,rDl,YJr,Y | v, 1, A) P(r| k)m(A k) (17)

(15)

where K is the set of regression parameters and hyperparameters. Figure 2.4 depicts the
components of this model in a visual form and compares it to the standard unit-level Bayesian
model with nested spatial effects. Observe the only difference between the hard and soft

DABUL models is how rP? is used to estimate Y.

Standard unit-level Bayesian

hi hical model | Direct-assisted Bayesian unit-level model |
ierarchical mode

h Survey data, (Z,n, ¥} —

Survey data, (Z,n,¥)

Design-based estimate, ™
eV ¥e = 1 = Hypergeometsic (N, ¥, i ) far saeh firs aﬂ\‘il‘iﬂl‘llﬂfe’ ";n [
far each cluster, ¢ :
1 Yoo = Py EQ
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x||f:ﬂ1lrfq_f! =~ Hypergeametric BVS conditional on |nsil{*‘(ﬂ'jIT'cf ~ Harrnal {'M“{_%:I-ﬁ}
AP (20} =™ For each first administrative area, { [Fard) e T
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[ iz) L 1
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Figure 2.4. Comparison of DABUL models with the standard unit-level Bayesian model.
The cluster-length vector Y, indexed by ¢, denotes the total number of neonatal deaths in
each cluster. The vector Y®) is the sub-vector of Y containing the elements corresponding
to sampled clusters and Z is the vector of observed deaths in each sampled cluster, indexed
by c.

2.4.4 Implementation

Estimation of the posterior distribution (17) is not straightforward because most Bayesian

inference software, including Stan (Stan Development Team, 2024) and the INLA package
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in R (Rue et al., 2009), are not built to accommodate discrete latent variables that cannot
be marginalized out. As a result, we implement a NUTS-within-Gibbs sampler, described
in Algorithms 1 and 2, which uses a No-U-Turn Sampler (NUTS) to update all continuous
parameters and inverse transform sampling to update the discrete parameters. Introduced
by Hoffman et al. (2014), NUTS is an efficient extension of Hamiltonian Monte Carlo and is
the computational framework for Stan. We implemented the NUTS step of our algorithm in
R according to Algorithm 3 in Hoffman et al. (2014), with assistance from the code provided
by Mértens (2017). We modified the algorithm to include a scaling matrix, denoted 3, in the
proposal density to better account for correlation between parameters, as is done in Stan.
The gradient of the log-likelihood with respect to all continuous parameters was derived
analytically to avoid costly numerical approximations at each step of the NUTS sampler.

The tuning parameter, ¢, is chosen to optimize the step size of the random walk.

Algorithm 1 NUTS-within-Gibbs sampler for soft DABUL model
Input: (Z,~,n,N); (rP1, VP1): ¢ 3 M, lgpq :=logn(a,B3,b,0%, 6, A | YO Y, Z ~)
for m in 1:M do
(o, B,b,02, ¢, )™ «— NUTSOneStep((a, B,b,02, ¢, \) ™Y lrpa, (YS, Y, )m=D ¢ )
for each cluster, ¢ do
" — exp(a + Bilces, i) + bjleesy ()

end for
for each adminl area, ¢ do

Draw YZT) ~ P <Yz+ | Y(S)(mfl),'y,r(m),)\(m),riDl,Vim) using inverse transform

sampling
end for
for each observed cluster, ¢ do

Draw Y™ ~ P (Y| Y,

((c—1)

(m) < (s) (m—1)

Y Vi, Ze ™ A ) using

(c+1):nclusters » it
inverse transform sampling

end for
end for

Output: a,3,b,\,0%,¢6,Y® Y,

All components of the posterior distribution (17) have a closed form except for
P (giD WZy) =P Y, 'yi), the probability mass function of a weighted sum of independent

Hypergeometric random variables. Although ¢”'(Z;) | Y;,~; follows a discrete distribution,

27



Algorithm 2 NUTS-within-Gibbs Sampler for hard DABUL model
Input: (Z,v,n,N); rP*; ¢, B, M, lrpq = logn(a, B,b,02, 0, A | YO, Y, Z,~)
Yy = rP' Ny, for each adminl area i
for m in 1:M do
(@, B,b, 0%, ¢, \)™ «— NUTSOneStep ((a, B,b, 0%, 6, N e, YOy, e 2)
for each sampled cluster, ¢ do
rm exp(a + Billces, iy + bileesy ()
Draw Y™ ~ P (YC | Ygs:chl)(m)’ YEzll):nclusters
inverse transform sampling

end for
end for

Output: a,3,b,\,0%,¢,Y®)

m—1
( )7 Y;—H an Ve, r((:m)7 )\(m)) using

the domain contains all the possible weighted sums of Z;, which is very dense because each
Z. has a different corresponding weight. Therefore, in practice, we can treat P(gzp YZ;) =
21| Y;,4;) as a probability density function (with continuous domain). At each iteration
of the algorithm this component must be approximated for the inverse transform sampling
of Y step. We approximate this term by drawing 2000 multivariate samples from the
independent Hypergeometric distributions implied by the proposed and current states and
taking the weighted sum of each sample vector, resulting in 2000 draws from the distribution
of g”(Z;) | Yi,7;. Gaussian kernel density estimation is then applied to this empirical
distribution, using the density function in R, to approximate P(g’*(Z;) = rP* | Yi,7,).

The bandwidth is chosen using Silverman’s rule-of-thumb method (Silverman, 2018).

2.5 Simulation Study

In this study we will compare the performance of the proposed DABUL models to an anal-
ogous, standard unit-level Bayesian model with nested spatial effects. We start by defining
a neighborhood structure with 8 adminl areas and 159 admin2 areas. There is a minimum
number of 13 admin2 areas in each adminl area and a maximum of 27. A map of these
areas is provided in Figure 2.5. This neighborhood structure and map is modified from that

of Angola.
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The total number of urban and ru- Fjgure 2.5. Admin2 area neighborhood

. . . structure for simulation study.
ral clusters in each adminl area is drawn

Administrative areas of generated surface

from A/ (700, 100%) and N'(800,100%) distri-
butions, respectively, and the total number
of births in each urban cluster and each ru-
ral cluster is drawn from A/(100,10%) and
N (125,10%) distributions, respectively. All
draws are rounded to the nearest natural

number. These values are calibrated to

be comparable to the sampling frames in

LMICs used by DHS and MICS. Within each
adminl area, the clusters are distributed evenly across admin2 areas so that the number of
births and clusters in an admin2 area are similar to other admin2 areas within its adminl
area.

The total number of neonatal deaths in each cluster, Y,, is drawn from a negative binomial

distribution with mean N.r. and overdispersion parameter A = 0.25, where 7. is defined as

log(re) = avlees, + arlecs, + Bilees, () + bjlees, () (18)

where ay = 10g(0.02), ag = log(0.025), and B = (—0.2, —0.1, —0.05, —0.025, 0.025, 0.05,0.1, 0.5).
Separate urban and rural intercepts are specified to replicate real-world conditions in which
prevalence are often different between urban and rural areas. This corresponds to a neonatal
mortality rate between 16 and 41 per 1000 live births, which Figure 2.2 shows is a reasonable
range. Additionally neonatal mortality rate estimates in many Sub-Saharan African coun-
tries, including Zambia, which are available on the UN-IGME Child Mortality Estimation
dashboard (childmortality.org), confirm that this is a reasonable choice. The choice of

overdispersion parameter d = 0.25 is also reasonable compared to the overdispersion param-
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eter estimate in the motivating Zambia example, 0.19 (90% credible interval: [0.08,0.32]).
The random spatial effects b are drawn from a BYM2 model with parameters o2 and ¢,
which is equivalent to a mean-zero multivariate normal distribution with covariance matrix,
o?((1— @)1+ ¢Q;), where Q; is the unique Moore-Penrose generalized inverse of the scaled
structure matrix, Q., as described in Riebler et al. (2016). The values of 0% and ¢ vary over
three different hyperparameter settings: in the first, 02 = 0.15% and ¢ = 0.25; in the second,
0% = 0.05% and ¢ = 0.25; and in the third 6? = 0.052 and ¢ = 0.7. The choices of o are
reasonable compared to the o parameter estimate in the motivating Zambia example, 0.12
(90% credible interval: [0.03,0.31]). For the choice of ¢, anywhere in the range of (0,1) is
reasonable, so we pick two distinct values in that range. Through these settings, we can ob-
serve whether the relative performance of the DABUL model is affected by spatial precision
or dependence.

For each simulation setting, 500 datasets are independently sampled from a single gen-
erated risk surface using two-stage stratified cluster sampling (the same method which is
used by DHS and MICS, except that in the second stage we directly sample births instead
of households). A summary of the four simulation settings is provided in Table 2.1. A pro-
portion of urban and rural clusters are sampled from each adminl area. For the majority of
simulation settings, 8% and 5% of urban and rural clusters are sampled, respectively, but for
one setting, only 5% and 3% are sampled so that the effect of sample size can be observed.
Note that urban clusters are oversampled as this is often the case for DHS and MICS. Sim-
ilarly, note that clusters are sampled at the adminl level to mimic DHS and MICS, which
are powered at the adminl level. Due to this sampling design, there may be admin2 areas
which have very small samples, or no sampled clusters at all.

For each sampled urban cluster, the number of births sampled is drawn from N (15,4)
and for each sampled rural cluster, the number of births sampled is drawn from N(20,4).
Each birth in a cluster has equal probability of being sampled. A summary of the resulting

datasets (i.e., average numbers of observed births and deaths per administrative area) is
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Table 2.1. Summary of simulation parameters and sampled datasets

Simulation setting

1 2 3 | 1a
Spatial variance: o2 0.15> 0.05% 0.05% | 0.15*
Proportion of variation explained by structured effect: ¢ | 0.25 0.25 0.7 | 0.25
Percentage urban clusters sampled 8% 8% 8% 5%
Percentage rural clusters sampled 5% 5% 5% | 3%
Avg. # of births per 1st admin area 1640 1640 1640 | 1007
Avg. # of neonatal deaths per 1st admin area 40 39 39 23
Avg. # of births per 2nd admin area 83 83 83 51
Avg. # of neonatal deaths per 2nd admin area 2.0 2.0 2.0 1.2
Pct. 2nd admin areas w/ no observed neonatal deaths 232 229 230 | 39.7

displayed in Table 2.1. For each of these 2000 sample datasets (4 settings x 500 samples),

we obtain the following:

1. Héajek direct estimates and standard errors at the adminl level using the SUMMER (Li

et al., 2024) and survey (Lumley, 2024) packages in R.

2. Admin2-level prevalence estimates from a standard unit-level Bayesian model using
Stan (Stan Development Team, 2024), by fitting the nested BYM2 regression model
specified in (18) under the assumption that each Y, follows a negative binomial distri-

bution with mean N_.r. and overdispersion parameter .

3. Admin2-level prevalence estimates from the soft DABUL model with the regression
equation specified in (18) using Algorithm 1 for 1000 iterations, after 1000 iterations

of burn-in, for 4 chains.

4. Admin2-level prevalence estimates from the hard DABUL model with the regression
equation specified in (18) using Algorithm 2 for 1000 iterations, after 1000 iterations

of burn-in, for 4 chains.

As in the motivating example, we aggregate the urban and rural estimates within each

admin2 area using urban/rural population fractions. The run time of each DABUL model
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was approximately 130 minutes, while the run time of each standard unit-level model in
Stan was approximately 2 minutes.

We compare the performance of the admin2-level prevalence estimates using four met-
rics. First, we quantify the discrepancy, or absolute difference, between the adminl level
aggregated estimates and the direct estimates, averaged across all simulations. For adminl

area 1, the average discrepancy is calculated by

500

Z wp® _ D1 ()
j T

k 1 |7€¢()

(k)

where 7,7 is the admin2-level prevalence estimate for the kth sample dataset, w; is the

population weight for admin2 area j, and ((i) is the set of admin2 areas in adminl area

1. Second, we evaluate the absolute error of the admin2-level estimates, averaged across

500 | (k)
T rjl,

all simulations, calculated by = 200 Dh—1

where r; is the population prevalence for

admin2 area j. Then, we compare the coverage and average width of the admin2-level 90%

credible intervals, calculated by

500
>0 (e [@P6).0 99)))
k=1
and
L0 (k)
500 2 (@ 95) - M 5)).

respectively, where Q;k)(q) is the ¢* quantile of the posterior distribution for admin2 area j
and sample dataset k. Additionally, coefficients of variation of the admin2-level estimates,

(k)

calculated by =% 2001 100 x 22 (k> , are presented in Appendix A5, where S D ) is the stan-

500
dard deviation of the posterior dlstrlbutlon for admin2 area j and sampled dataset k.
Figure 2.6 displays the discrepancies between aggregated admin2-level model-based es-

timates and adminl-level direct estimates. The top panel depicts the average discrepancies

across simulations for each adminl area, model, and simulation setting. From this figure
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we observe that discrepancies are uniformly lower among the aggregated soft DABUL esti-
mates, compared to the aggregated standard unit-level model estimates. As expected, the
discrepancies among the aggregated hard DABUL estimates are consistently near zero, as a
result of enforcing a hard benchmarking constraint. Both of these observations are consistent
across all four simulation settings. The bottom panel depicts the distribution of the average
percent decrease in discrepancy of the soft DABUL estimates for each adminl area, relative
to the standard unit-level estimates, across all simulations, for each simulation setting. We
observe that the aggregated soft DABUL estimates have 58.4 —63.9% lower discrepancy with
the adminl-level direct estimates, on average, compared to aggregated estimates from the
standard unit-level model. Percentage decrease in discrepancy is larger when the standard
unit-level model has larger discrepancy with the direct estimates (scenario la). Figure A6
presented in Appendix A5 further shows this pattern.

Figure 2.7 displays the absolute error of the admin2-level estimates, i.e., the absolute value
of the difference between the prevalence estimate and the true prevalence in that area. The
top panel depicts the average absolute error across simulations for each admin2 area, model,
and simulation setting. The bottom panel depicts the distribution of the average absolute
error of each admin2 area across all simulations, for each model and simulation setting. This
figure suggests that absolute error is comparable across all models and simulation settings,
with a slightly lower average absolute error for standard unit-level model estimates.

Figures 2.8 and 2.9 compare the coverage and width of the 90% credible intervals for
the admin2-level estimates. Note that coverage of area-specific Bayesian credible intervals in
unit-level models (and that of frequentist confidence intervals, for that matter) are expected
to attain the desired coverage on average, but the interval for each specific area does not
necessarily have the target coverage (Yu and Hoff, 2018). Moreover, in an extensive simu-
lation study, Osgood-Zimmerman and Wakefield (2023) found that coverage of area-specific
credible intervals from unit-level models did not obtain the nominal level in a range of sce-

narios. From Figures 2.8 and 2.9, we observe that the DABUL estimates have wider credible
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Figure 2.6. Discrepancy between aggregated model-based admin2-level estimates and

design-based adminl-level estimates, across 500 simulations for each of 4 settings.

intervals and more consistent coverage at or above the target threshold, compared to the

standard unit level model. This higher variability is due to the estimation of the additional

parameters Y (and Y, for the soft DABUL model). We observe that the coverage and

width of the hard DABUL credible intervals are slightly lower than the soft DABUL credible

intervals as a result of not accounting for the uncertainty of the benchmarks. While the

credible intervals from the standard unit level model are narrower and have a marginal rate

that is closer to the target rate, there are also significantly more areas for which the credi-
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Figure 2.7. Absolute error of admin2-level estimates, across 500 simulations for each of 4
settings.

ble intervals have considerable undercoverage. From these results we observe that DABUL
estimates provide more conservative credible intervals, with the benefit that a much higher

proportion of areas do not have undercoverage.

2.6 Application to Zambia DHS data

We return to the example of NMR estimation in Zambia and compare the performance of

the DABUL models to the standard unit-level model with nested spatial effects. We use the
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Figure 2.8. Coverage of 90% credible intervals for admin2-level estimates, across 500
simulations for each of 4 settings.

same priors and hyperpriors as in the motivating example. We use WorldPop population
estimates (Tatem, 2017) and sampling frame information from the 2013 Zambia DHS (ICF
International, 2014) to obtain population counts. The run time of each of the DABUL
models was approximately 90 minutes, while the run time of the standard unit-level model

in Stan was approximately 1 minute.

Figure 2.10 provides a map of the NMR estimates resulting from each of the three models
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Figure 2.9. Width of 90% credible intervals (in deaths per 1000 births) for admin2-level
estimates, across 500 simulations for each of 4 settings.

and Figure 2.11 compares the credible interval width for each admin2 area. A scatter plot
comparing the NMR estimates from each of the DABUL models to the standard nested model
is presented in Appendix A6. From these figures, we observe that the NMR point estimates
are fairly similar between models, with the DABUL estimates having less shrinkage towards
the adminl level. The credible interval widths from the DABUL estimates are uniformly
wider than those resulting from the standard unit-level model, which is in agreement with

the simulation results.
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Figure 2.10. Map of NMR estimates at the admin2 level in Zambia (2009-2013) using the
DABUL models, as compared to a standard unit-level Bayesian model, both with BYM?2
spatial effects at the admin2 level nested based on adminl level.
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Figure 2.11. Width of 90% credible intervals of NMR estimates (in deaths per 1000 live
births) at the admin2 level in Zambia (2009-2013) using the DABUL models, as compared
to a standard unit-level Bayesian model.

In Figure 2.12 we evaluate whether the aggregated soft DABUL model estimates have
less discrepancy with the direct estimates than the aggregated standard model estimates do.

For 6 out of the 10 regions, the DABUL model estimates have similar or less discrepancy
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with the direct estimates, while 5 of these regions have a significant reduction in discrepancy.
Two of the regions for which discrepancy increases (Luapala and Central) have substantially
higher uncertainty, with coefficients of variation of 30% and 31%, respectively, compared to
the other adminl-level direct estimates, which have coefficients of variation between 18%
and 23%. This is an expected consequence of taking the uncertainty of the benchmarks
into account: when uncertainty is higher, the estimates are less likely to adhere to the
benchmark. Additionally, the DABUL models produce results with reduced shrinkage, so if
the more populous admin2 areas happen to be more extreme areas, the aggregated estimate
will be pulled in that direction. If estimates under the soft DABUL model do not have
sufficient agreement in aggregation for a particular dataset, the practitioner may instead
choose to use the hard DABUL model, with the warning that uncertainty of the benchmarks

will not be accounted for.

2.6.1 Model comparison

To compare performance of the DABUL models to the standard unit-level model in this
data example, we use a leave-one-area-out cross-validation procedure. While there are cross-
validation procedures for count data (Czado et al., 2009), these methods are difficult to
use in the context of rare events because the resulting predictive distribution is generally
too noisy to meaningfully distinguish predictive ability across the narrow relevant domain.
Therefore, instead of leaving out one cluster at a time, we leave out all of the clusters in one
admin2 area at a time, and then predict the logit transformed design-based estimate for that
admin2 area (Wakefield et al., 2025). By using this approach, we avoid using the predictive
distribution of a count variable, in favor of the predictive distribution of a Gaussian variable,
which is much more stable. We systematically leave one admin2 area out at a time, and
use each of the 3 models to predict the design-based estimate for that admin2 area. This
means we can only evaluate predictive ability for admin2 areas which have valid design-

based estimates and variances. This condition is met for 75% of admin2 areas (87 out of
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Figure 2.12. NMR estimates at the admin2 level in Zambia (2009-2013) using the soft
DABUL model, as compared to a standard unit-level nested Bayesian model. The colored
circles denote the admin2-level estimates and the colored diamonds denote their aggregations
to the adminl level. The black diamonds denote Héjek direct estimates at the adminl level.

115), as the remaining 25% have no observed deaths, so design-based estimates cannot be
ascertained. While cross-validation is one of several ways we assess model performance, we
emphasize that these results are presented with the caveat that there are valid criticisms of
using cross-validation for spatially dependent data and a consensus on best practices has not
yet been reached (Biirkner et al., 2020; Adin et al., 2024).

We use three metrics to evaluate predictive ability. First, we calculate absolute error,

which is defined as ‘ﬁj — b2

77|, where 7_; is the admin2-level estimate for area j, when area

7 data are excluded from the model, and er 2 is the design-based estimate for admin2 area j.

Note that this metric only evaluates accuracy of the point estimate prediction with respect
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to the design-based point estimate. We present this standard metric with caution because
it may not be the best description of model performance, as it does not take the high

: D
uncertainty of r;”

into account. Second, we approximate the log score (or log-CPO) on the
logit scale, which is defined as log p_; (logit (T]D 2)), where p_; is the predictive density based
on the model which excludes area j data. This density does not have a closed form, but we

can approximate it by

Mm

(loglt

(loglt ) \ 10g1t< ) VD2>

o
Il

where ¢ ( | logit < ) VD 2) is the density of a normal random variable with mean, logit ( “?) ,
and variance, VjD 2 and f_j is the b*" draw from the posterior distribution of admin2-level
prevalence in area j, based on the model which excludes area j data. This metric also eval-
uates the accuracy of the point estimate, but with respect to the whole distribution of the
design-based estimate. Lastly, we calculate the interval score, a proper scoring rule (Gneiting
and Raftery, 2007) which favors narrow intervals containing the true parameter value. Let
(I_;,u_;) denote the 90% credible interval for admin2-level prevalence in area j, based on the
model which excludes area j data. Then we define the interval score for administrative area
7 as

2 2
uj;— 1+ EmaX{O, l; —logit(7_;)} + —max {0, logit(r_;) —u-;}

where we take v = 0.1. We average each of these 3 metrics over the 87 admin2 areas and
compare them across models in Table 2.2. The mean absolute error is very similar across all
models, with the soft DABUL model have the lowest value (0.0122). The average log score
is also quite similar across models, with the standard unit-level model having the highest
value (0.440). The average interval score was lowest for the soft DABUL model (3.1) and
highest for the standard unit-level model (4.2). This result shows that although the DABUL
intervals are more conservative, this is offset by having better coverage, so, according to this

proper scoring rule, the DABUL intervals are preferred over those of the standard unit-level
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model.

Table 2.2. Summary of cross-validation metrics averaged over admin2 areas with valid
design-based estimates (87 out of 115). The best scores are in bold.

Standard unit-level (nested) Soft DABUL Hard DABUL
Mean absolute error 0.0125 0.0122 0.0126
Average log score 0.440 0.424 0.421
Average interval score 4.2 3.1 3.9

2.7 Discussion

We first observe that in the case of rare events and small sample size, when there are mul-
tiple nested areas, using a model with a nested structure can help reduce overshrinkage.
We have demonstrated the value of a nested unit-level Bayesian model for estimating rare
event prevalence which utilizes design-based estimates at a higher aggregation level. We
presented two models: the hard DABUL model which imposes a hard benchmarking con-
straint, and the soft DABUL model which takes uncertainty of the benchmark into account,
thus imposing a soft constraint. In our simulation study and application to Zambia DHS
data, we observe that the DABUL models produce conservative credible intervals with much
lower frequency of undercoverage, compared to the standard unit-level model. Although the
hard DABUL model slightly underestimates the variance by not taking the uncertainty of
the direct estimates into account, the resulting credible intervals are still fairly conservative.
For this reason, and for the obvious benefit of exact agreement in aggregation, our results
suggest that the hard DABUL model may be preferable over the soft DABUL model in
some cases. However, our cross-validation study suggests, via average interval scores, that
while both DABUL models provide credible intervals which are superior to that of the stan-
dard unit-level model, the soft DABUL model provides the credible intervals with the best
performance. Further study is necessary to determine the costs and benefits of choosing
between the two DABUL models, however, the soft DABUL model remains the more con-

servative, principled approach because of its proper accounting for the large uncertainty of
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the benchmarks.

One criticism of the use of generalized linear unit-level models for complex survey data,
is that they do not directly take sample design into account. Solutions have been developed
for the case of linear models (You and Rao, 2002), but they do not extend to the generalized
linear case (Wakefield et al., 2025). While the DABUL models do not completely solve this
open problem, they are an improvement in the sense that they take design-based estimates
at a higher aggregation level into account.

The DABUL models could also be extended to include covariates, which is encouraged
whenever covariates with predictive power are available. We do not include covariates here
because previous work has shown that available covariates in LMICs have little effect on
predictive power in estimating NMR when spatial random effects are already included in the
model (Golding et al., 2017, Wakefield et al., 2019). It is straightforward to include covariates
in the DABUL models, though the aggregation step can introduce additional error.

Because the DABUL models, as derived, use a Negative Binomial sampling model, they
require the outcome to be a rare event. While this model could theoretically be extended
to estimate prevalence of non-rare events by using a Binomial or Beta-Binomial sampling
model, these distributions do not enjoy the same additive properties as the Poisson and
Negative Binomial distributions. As a result, the distributions of Y, and Y; | Yii quickly
become unwieldy as they require summing over a complete enumeration of the state space.
Conversely, this model could easily be extended to continuous outcomes because the Normal
distribution does share these additive properties. The only necessarily changes to the model
would be to replace (8) and (9) with the Gaussian distributions implied by the Gaussian
likelihood.
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Chapter 3

SAMPLING DISTRIBUTIONS FOR COMPLEX SURVEY DESIGN
VARIANCE ESTIMATORS IN A FAY-HERRIOT MODEL

3.1 Introduction

The Fay-Herriot area-level model is a common choice for SAE because it accounts for the
design by modeling survey-weighted estimates and enables borrowing of information across
areas through covariates and random effects, which often increases precision and is particu-
larly beneficial when areas have little or no data (Fay and Herriot, 1979). In the sampling
model for weighted means, the variances of the weighted mean estimators are assumed to be
known, but in practice, estimates of these variances are used. A common estimator of this
variance is obtained via Taylor linearization (Wolter, 2007, chap. 6; Korn and Graubard,
2011, chap. 2.4; Sérndal et al., 2003, chap. 5.5; Lohr, 2021, chap. 9.1). While such estima-
tors are design-consistent, they can be imprecise, particularly when sample size is small. A
less-considered detriment is the tendency for this variance estimator to have downward bias
for small sample sizes (Sarndal et al., 2003, p. 176; Lohr, 2021, p. 369). As a result, taking
variance estimates as known in the Fay-Herriot model can result in interval estimates which
are not only imprecise, but have systematic undercoverage for small sample sizes.

This work is motivated by the challenges posed by estimating small area means using
survey data in LMICs. The major surveys conducted in LMICs, particularly the Demo-
graphic and Health Surveys (DHS) (Corsi et al., 2012) and Multiple Indicator Cluster Sur-
veys (MICS) (UNICEF, 2026), use stratified two-stage cluster designs where at the first
stage a fixed number of clusters are sampled from each stratum using probability propor-
tional to size (PPS) sampling, and at the second stage a fixed number of households are
sampled from each cluster. These strata are generally chosen to be the adminl areas crossed
with urban and rural classification, resulting in data which is powered to provide reliable

survey-weighted estimates at the adminl level. This design makes estimation for unplanned
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domains, for example, admin2 areas, challenging because data are sparse.

As an example, Figure 3.1 maps the number of clusters sampled from adminl and admin2
areas in the 2022 Kenya DHS (ICF International, 2022). Design-based estimation for the 47
admin] areas is feasible, as they are planned domains with an average of 36 clusters sampled
per area. On average, 1.76% of rural clusters and 3.8% of urban clusters in each adminl
area are sampled. While the number of urban and rural clusters sampled from each adminl
area is fixed under the survey design, the number of clusters sampled from each admin2 area
is random. In this survey, 6 out of Kenya’s 300 admin2 areas have no sampled clusters and
127 have fewer than five sampled clusters. As a result, there are several areas for which
weighted mean estimates cannot be obtained and many for which estimates are imprecise or

have unstable variance estimates.

Number of sampled clusters “

1 10 20 30 40 50

First administrative areas Second administrative areas

Figure 3.1. Number of sampled clusters in each adminl and admin2 area in the 2022 Kenya
DHS. Admin2 areas with fewer than 5 sampled clusters are marked by hatching and areas
with no sampled clusters are filled in gray.

For example, consider the estimation of average height-for-age z-score (HAZ) for children
under 5. The HAZ measures how many standard deviations a child’s height is from the

median height for children of the same sex and age, using median and standard deviations
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from the WHO Multicentre Growth Reference Study Group (2006). This measure is useful
to evaluate child nutritional status relative to the international population. Reducing the
rate of stunting, defined as a HAZ below —2, is one of the Sustainable Development Goals
(SDGs) targeting malnutrition (United Nations General Assembly, 2015). In Figure 3.2 we
map the design-based mean and standard deviation estimates for HAZ for children under 5,
using the Kenya 2022 DHS. Note that design-based variance estimates cannot be obtained
for admin2 areas with only one sampled cluster. We observe notable between-area variation
at the adminl and admin2 levels. In this context it is particularly detrimental to use a Fay-
Herriot model at the admin2 level which assumes the variances of the weighted estimates
are known, as data sparsity makes variance estimates more unstable.

There is a vast literature concerning how variance estimates may be adjusted or have
their uncertainty accounted for. When the outcome of interest is a proportion or total, one
common strategy is to use a generalized variance function (GVF), which exploits the mean-
variance relationship assumed under a binomial distribution (Valliant, 1987; Wolter, 2007,
chap. 7; Korn and Graubard, 2011, chap. 5.6; Lohr, 2021, chap. 9.4). However, in the
case of continuous outcomes, justifying any particular choice of GVF becomes difficult, as
there is not a clear mean-variance relationship to exploit. Some work has been done by the
US Bureau of Labor Statistics to use GVF's for time series analyses of continuous outcomes
(Cho et al., 2002; Mclllece, 2018), but this requires frequent, data-rich surveys.

Another common strategy is to jointly model the mean and variance, so that the un-
certainty of the variance estimate is taken into account. This strategy requires specifying a
sampling distribution for the design variance estimator. Previous work, including You and
Chapman (2006), Maiti et al. (2014), Sugasawa et al. (2017), Erciulescu et al. (2019), and
Parker et al. (2024), assume that the survey is a stratified simple random sample with each
area of interest, 7, being a stratum, and assume individual outcomes within each stratum
are identically and independently distributed (IID) normal. These assumptions result in the

variance estimator, V;, having the sampling distribution V;/df; x X?ifﬂ where V; is the true
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Figure 3.2. Design-based mean and standard deviation estimates for HAZ at the adminl
and admin2 levels using 2022 Kenya DHS. Areas for which design-based estimates cannot
be obtained are filled in gray.

design variance and the degrees of freedom (df;) are equal to the sample size minus one.
Gao and Wakefield (2023) modify this sampling distribution to account for a stratified
cluster sampling design by using the appropriate nominal degrees of freedom, which is the
number of sampled clusters minus the number of strata (Korn and Graubard, 2011, p. 34).
Little attention has been paid to the underlying design and population assumptions implied
by this sampling distribution and whether interval estimates of small areas means resulting
from such a model are robust to violations of these assumptions. In this work we will
thoroughly examine the assumptions which are intrinsic to the commonly used sampling

distribution, introduce a sampling distribution which makes fewer design assumptions, and
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assess their performance in a Fay-Herriot model with complex survey data.

We begin in Section 3.2 by introducing the two-stage cluster sampling design and defin-
ing the Fay-Herriot model using a superpopulation framework. In Section 3.3 we derive two
sampling distributions for the design variance estimators under a stratified two-stage clus-
ter sampling design and several design and superpopulation assumptions. In Section 3.4 we
fully specify our variance smoothing Fay-Herriot model using each of the candidate sampling
distributions under a Bayesian framework. In Section 3.5 we conduct a simulation study in
which we compare these sampling distributions to the empirical distribution of the design
variance estimator, as well as the model performance of a standard Fay-Herriot model (with-
out variance smoothing) against Fay-Herriot models with variance smoothing using each of
the proposed sampling distributions. In Section 3.6 we apply these models to HAZ data

from the Kenya 2022 DHS and conclude with a discussion of our findings in Section 3.7.

3.2 Fay-Herriot model for stratified two-stage cluster samples
3.2.1 Notation and setup

Appendix Bl provides a summary of definitions and notation introduced throughout this
chapter. Consider a population composed of strata H = {1,..., H}, where H > 1 is the
number of strata. Stratum h € H, contains M, clusters, the set of which is denoted Uj,.
Cluster ¢ € U = Upex Uy, contains N, individuals. Let y., denote the value of some continuous
outcome for individual £ = 1, ..., N, in cluster ¢ € U. Suppose we are interested in estimating
the population means of this continuous outcome measure for a set of areas, ¢ = 1, ..., K
wherein area i spans the subset, H; C H. Let Uy; be the subset of clusters in U, which are
contained in area i, with My; = |Uy;|. It follows that Uy; = () for h € H \ H;. We take as the

parameters of interest, the area-specific population means,

Ne
0, — Zhe% ZCGUM Zezl Yer
;=
ZhG’Hi ZCGUM Nc ’
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Now consider a survey design in which at the first stage, m; < M), clusters are sampled
with PPS sampling based on the population size of the cluster, for h € H, the set of which
is denoted S), C Uj,, and in the second stage, n. < N, individuals are sampled with equal
probability from each cluster ¢ € S = Uy Si. Let the indicator variable, (., denote whether
individual ¢ in cluster ¢ was sampled. Note that this is negligibly different from the DHS
design, which samples households at the second stage, rather than individuals. For the first
stage, the sampling probability is determined by the listed size of cluster ¢, L., in a master
sampling frame which is usually based on the most recent census. Thus the first stage
sampling probability for cluster ¢ in stratum h, is p1. = mpLe/ Y ey, Le- In practice, the
true size of cluster ¢, N., will likely be different from that which is listed in the sampling
frame, so in the second stage, the sampled clusters are re-enumerated and the second stage

sampling probability is pas . = n./N.. The sampling weight for cluster ¢ in stratum h is

1 . NC ZC’GU}L LCI

We = = 7
P1,cP2,c cMpne

As a result of this design, each individual in the same cluster has the same sampling weight,
w.. We assume throughout that n. < N, and m;, < M}, therefore the finite population
corrections are negligible.

Let Sp; be the subset of clusters in S, which are contained in area i, with my; = [Shil,
and let m.; = > he, Mhi be the total number of sampled clusters in area i. Note that if area
1 is a planned domain, Sy; = Sj, for all h € H;, whereas if area ¢ is an unplanned domain,

Shi & Sh, for h € H;. Then the Hajek estimator (Héjek, 1971) for 6; is

0, — ZhGHi ZCGS;”- WrYe

;= (19)
ZhE’Hi Zceshi wz

where 7, = (Zévc chycg> /ne and wi = wen,.
Following Equation 2.3-10 of Korn and Graubard (2011), we apply the Taylor lineariza-

tion method to expression (19) and obtain a design-consistent estimator for Varp(f;) condi-
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tioning on cluster sampling weights and sample sizes,

N 1 my, e A 1 . N

Vi= (zhem > w;)Q hez’}-[, —— CGZSh wy(Fe — 0;) — — CIEZSh wy (Jor — 0;) (20)
where w¥ = 0 for all ¢ € S, \ Sp; and h € H;, as these clusters are outside the area of
interest. When the area is an unplanned domain we sum over the clusters in the larger
planned domain to account for the additional variability introduced by the fact that the
number of sampled clusters in the unplanned domain is random. See Appendix B2.1 for
more details. Expression (20) is equivalent to the expression in SAS Institute Inc. (2016,
p. 9282-9283), and yields estimates which are nominally the same as those obtained using
the survey package (Lumley, 2024). If only one cluster is sampled from area i, 0; = g, so it
follows that V; = 0. While adjustments have been proposed to allow for variance estimation
in this limiting case (Wakefield et al., 2026), we do not explore them here and assume that
m.; > 1.

The standard Fay-Herriot model is

where X; is an area-specific auxiliary variable vector, 3 is a vector of fixed effect regression
parameters, and b = (by, ..., bx )T is a vector of the residual between-area variation, which are
modeled as normal area-level random effects. In the original formulation of the Fay-Herriot
model, the random effect is IID normal, but one may also include a spatially structured
component in the random effect (Rao and Molina, 2015, chap. 4.4.4; Chung and Datta,
2020; Gao and Wakefield, 2023; Wakefield et al., 2025).

3.2.2 Variance smoothing Fay Herriot model

Now we will extend this framework to jointly model the design variances along with the

means. It is common in the variance smoothing literature (You and Chapman, 2006; Maiti
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et al., 2014; Sugasawa et al., 2017; Erciulescu et al., 2019; Parker et al., 2024) to use the
sampling distribution,
Vi

Vi | Vi~ FX(QHZ- (22)

where df; = (Zhem > eesi, n.) — 1 and V; is the true design variance. You and Chapman
(2006) give V; a diffuse inverse-gamma prior, which Maiti et al. (2014) and Sugasawa et al.
(2017) note often leads to unstable estimation. The former modifies You and Chapman’s
model by taking an empirical Bayes approach, and the latter suggests using more informa-
tive hyperparameters and including covariates. Erciulescu et al. (2019) chooses a normal
distribution for log(V;) conditional on covariates. As Maiti et al. (2014) note, the sampling
distribution expressed in (22) is only valid under simple random sampling of IID normal
data. A reasonable modification of (22) for the complex survey case, to account for stratifi-
cation and clustering, is to simply plug in the appropriate nominal degrees of freedom for a
complex survey, df; = 7, ., (mu; — 1), as is done in Gao and Wakefield (2023).

In contrast to the above work which takes a design-based approach by directly modeling
the design variance, V;, we will use a superpopulation approach and model the superpopu-

lation variance, o2, along the with the superpopulation mean, 6;. In particular, we assume
Yer | 0i7 Vhs 01'2 ~ N(ghiu O-z'2)7 forallc € Uhi7 (23)

where 0; = 0; + 1, is the superpopulation mean for strata h and area 4, (73),4, are stratum
mean effects, and o7 is the within-stratum superpopulation variance for area i. These strata-
specific means are well-defined under the Fay-Herriot model if v, = 0 for one h € H; and
we use the proportion of the population that belongs to each strata as an auxiliary variable
in the latent mean model, as we will specify in Section 3.4. It follows from (19) that, for

fixed cluster sampling weights and sample sizes, the design variance under superpopulation

51



assumption (23) and the survey design described in Section 3.2.1 is

_ 52 Zhe?—ti ZCGSM wi? /ne

Vi(0?) = o .
(Zhem ZCESM wy)?

K3 K3

(24)
We choose a latent model for o2 which mirrors that of the latent mean model, namely,
log(o?) = ZIn + e

where Z; is an area-specific auxiliary variable vector, i is a vector of fixed effect regression
parameters, and e = (eq, ..., ex ) is a vector of residuals, modeled as normal area-level random
effects. This formulation allows for leveraging of any existing spatial structure, via the
random effect and covariates, and an intuitive interpretation of the random effects and

covariates.
3.3 Sampling distributions for the complex design variance estimator

3.3.1 Simple sampling distribution

Here we derive a sampling distribution for (20) which is similar to the one used in Gao and
Wakefield (2023), but follows a superpopulation framework. We impose five assumptions on

the survey design which are sufficient to obtain this sampling distribution:

(i) Area i is a planned domain (i.e., Sy; = Sy, and my; = my, for all h € H;).
(ii) The same number of clusters are sampled from each stratum in area i (mp; = m.;/|H;|).
(iii) Every sampled cluster in area ¢ has the same sample size, ny.

(iv) The total number of individuals in stratum h, > _,; N, is equal for all strata h € H;.

celUy

(v) Re-enumeration of cluster sizes as described in Section 3.2.1 is not needed for any

cluster in area 1.
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Note that assumptions (iii), (iv), and (v) imply that all clusters in area i have the same

sampling weight. Under these design assumptions the variance estimator (20) simplifies to

[ zz[yc

heH; cESh;

] | )

CGS

See Appendix B2.2 for more details.
Under these design assumptions and superpopulation assumption (23), it follows that

Ue ~ N (Oi, 0% /ng), for all ¢ € Sy;, and

V. ‘ 2 Z VT( ) (26)
R |H | Xmpi—1 = ’H ’sz [H:]

heH;

where
2
vi(o?) = & (27)
Zhe?—[i ZCGSM N

is the design variance of 6; under this model.

As a consequence of assuming cluster sample sizes are equal, we can relax the assumption
of independence within clusters and allow for all clusters in area i to have the same within-
cluster correlation. To illustrate this, suppose that individual outcomes in cluster ¢ € Uy;

2

are normally distributed with mean, 6;, variance o, and a correlation of py, between all

individuals in cluster ¢. Then it follows that

Var(y.) = o7 (1 + po (no — 1)) /no,

so the within-cluster correlation is absorbed into the estimation of 2.

3.3.2 Survey-weighted sampling distribution

In this section we derive a sampling distribution for (20), under the survey design described in

Section 3.2.1, thus requiring fewer design assumptions than the simple sampling distribution
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presented in (26). From superpopulation assumption (23) and simple random sampling

within each cluster it follows that

where @; is composed of subvectors, (g, )nen,, of length m;, with elements (¥.)ces,, ¥ is a
vector composed of subvectors, (v,1,,,) e, and D; is a a diagonal matrix with elements

(1/nC)CGUhE’Hi Sp

Let B; be a block diagonal matrix with blocks (Bh>hem where B;, = & (Imh — mth 1t )

mp—1 Mhp~my,

and 1,,, is an mp—length column vector of 1s. Let w;* be a vector composed of subvec-

1Tw;*

tors, (wj)nen,, with elements (w}),g and define T; = W; (Im - 1“’"*T>, where W; =
diag (w;*). Note that (g;,vi, D, B;, w;*) must maintain consistent ordering. Then we can

express the weighted mean estimator (19) and its corresponding variance estimator (20) as,

wi*Tgi ~ 1 _ T _
= 1Tw;* Vi = myz M,;y; (29)
K2

where M; = T B;T;. See Appendix B2.3 for more details regarding the equality of the
form of the variance estimator expressed in (20) and the matrix form expressed in (29).
Let r; < m.; denote the rank of Di/ QMZ-DZV 2, q; denote the r;—dimensional vector of non-
zero eigenvalues of Di/ 21\/IZ~D2/ 2, and v;; denote the m.;—length eigenvector corresponding
to eigenvalue g;;, scaled such that v};Divij = 1. Then under (28), we obtain a sampling

distribution for f/i, as a sum of scaled chi-squares, namely,
9 2 o} S 2

Vilvi,op ~ ———= X1 (03

|~ T’ ;:1 e

where x3(d;;) denotes a chi-square distribution with 1 degree of freedom and noncentrality

parameter, d;; = (vijT'yi)Q /2. Recall from Equation (24) that under these superpopulation
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assumptions, the design variance of 6; is

V*(O'g) 2 ZhEH ZCES;”' wZQ/nc _ 0_2 wi*TDiwi*
¢ ¢ 2 i 5
(ZheH D e, wy) (1Tw;*)

so it follows that this sampling distribution for V;, which we will refer to as the ‘survey-

weighted’” sampling distribution, can also be expressed as

‘/i | 7’&'70-1'2 *TD w; * Z%]Xl ZJ (30)

For ease of implementation in the Fay-Herriot model, it is preferable to approximate the
sum of non-central chi-square random variables of (30) with a single random variable. The
Satterthwhaite approximation is a single scaled chi-square random variable which matches
the first two moments of a sum of scaled chi-squares (Satterthwaite, 1946). The mean and
variance of 37 ¢i;x*(1, i) are Q1 = Y7 qij(1+0;;) and Qy = 2377 5 (14-26;5), respectively,
so by applying this moment-matching approach, we obtain the Satterthwhaite-approximated
survey-weighted (SASW) sampling distribution,

‘/i*(o—zg) (2 Xz
wi*TDiwi* 2Q1 2Q%3/Q2"

Vi | ¥, 07 (31)
In Appendix B3 we illustrate via several examples that this approximation has high accuracy.
Note that V; | 02,; is a biased estimator for V;*(¢2) under this sampling distribution. We
show in Appendix B4 that, under mild design assumptions, this bias is downward (i.e.,

E[V; | 02,~;] — Vi*(02) < 0), which reflects the fact that while V; is a consistent estimator for

the design variance, it is generally a downwardly-biased estimator for finite samples (Sérndal

et al., 2003, p.176; Lohr, 2021, p. 369).

%)



3.4 Variance smoothing Fay-Herriot model specification

Let 8 = (04,...,0k) and o? = (0?,...,0%) denote the superpopulation means and within-
stratum superpopulation variances for areas ¢ = 1, ..., K. For each area 7, we obtain a Hajek
estimate for 6; from expression (19), denoted éi, and an estimate for the design variance from

expression (20), denoted V;. We define a Fay-Herriot model with variance smoothing

0; | 9i,0¢2 NN(@',%(%Q))? Vi | 01’27’7 ~ Ui(af) Ci(’YanQ)Xi(%ogy (32)
0; = X B+ piv+b, log(0?) = Zin +e;,

where X; and Z; are area-specific auxiliary variable vectors, (3, ) and 1 are vectors of fixed
effect regression parameters, p; is the urban population proportion, and b and e are vectors
of the residual between-area variation modeled as normal area-level random effects, described
in more detail below. The functions v;(0?), ¢;(7,0?) and d;(v, 0?) are defined to attain the

simple (26) or SASW sampling distribution (31). For the simple sampling distribution,

vi(o?) = Vi(07) = oF [ (m.ny), (33)

¢i(v,07) = 1/(m, — |Hi]), di(v,07) = m.; — | Hi,

where no = (3_,c3, D ees,, M) /M. For the SASW sampling distribution,

* 'wi*TDi’wi*
o) = =T (31)
2 9 2\2
ci(v,07) = Qa(1,9,) dy(y, 0?) = 20 (7,0i)°

- 2Q1(y, o)) wir T Dyw* Q2(7,07)
where Q1(7,0?) and Qs(7y,0?) are as defined in (31).
The area-level random effects, b and e, can either be IID normal with precision hy-

perparameters 7, and 7., respectively, or the BYM2 spatial model with hyperparameters

(T, ®p) and (7e, ¢e), respectively. The BYM2 model, introduced by Riebler et al. (2016),
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is a re-parameterized version of the Besag-York-Mollié (BYM) model (Besag et al., 1991),
which includes both unstructured IID normal random effects and structured, intrinsically
conditional autoregressive (ICAR), spatial random effects (Besag et al., 1991). The BYM2
model has two parameters: 7, indicating the overall precision of the random effect, and ¢,
indicating the proportion of variation that is explained by the structured component. The
structured component has a sum-to-zero constraint to ensure identifiability and is scaled such
that the marginal standard deviation of the random effect is approximately 1/1/7 (Riebler
et al., 2016).

For (n, 3,7) we use normal priors with fixed mean and variance. For the hyperparameters
of b and e, we use penalized complexity (PC) priors for 7, and 7, with hyperparameters u and
a, which correspond to the prior belief that P(1/,/7, > u) = « (Simpson et al., 2017), and for
¢p and ¢, we use Beta priors, which encourage shrinkage towards the simpler, non-spatially

structured model.

3.5 Simulation study

In this study we seek to compare the simple and SASW sampling distributions to the empir-
ical distribution of the design variance estimator and assess the importance of accounting for
the uncertainty of the design variance estimator by using each of these sampling distributions.
We compare the performance of Fay-Herriot models with variance smoothing using the sim-
ple and SASW sampling distributions to the performance of the standard Fay-Herriot model
with no variance smoothing. We also compare the performance of these variance smoothing
models when informative covariates for the variance are unavailable and the variance is not
spatially structured. The focus of our study is estimating means and their uncertainty at

the admin?2 level, which are unplanned domains.
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3.5.1 Simulation design

To mimic our motivating context we use the geography of Kenya, which has 47 admin1 areas
and K = 300 admin2 areas and choose simulation settings which mimic the sampling frame
and design of the 2022 Kenya DHS (ICF International, 2022). For the sampling frame, we
use the total number of clusters in each stratum h, M, provided in the 2022 Kenya DHS
report. The number of clusters in the sampling frame of each admin2 area is not reported,
so we group clusters within each stratum into their nested admin2 areas so that the number
of clusters is proportional to its total population, for which we use WorldPop estimates
(Tatem, 2017). Each admin2 area has the under-5 population estimated by WorldPop and
each individual is assigned to a cluster in its respective area with equal probability.

The survey uses a stratified two-stage cluster design with H = 92 strata: an urban and
rural stratum for each admin1 area, except for two areas which are solely urban. Let HY C H
and H® C H denote the subsets of urban and rural strata, respectively. For each stratum
h, we draw a fixed number of clusters, my, with PPS sampling, which is summarised in
Figure 3.1 (except for one simulation setting, noted below, in which we increase the number
of sampled clusters). We assume the listed size of each cluster in the sampling frame is
correct (i.e., L. = N,.) and, therefore, we do not require re-enumeration at the second stage.
See Appendix B5.1 for an additional simulation setting which considers re-enumeration of
cluster sizes.

While the DHS samples a fixed number of households from each cluster, we directly
sample individuals from each cluster, with the distribution of sample sizes across clusters
being chosen to closely emulate the sample sizes in the 2022 Kenya DHS. For each urban
cluster, the number of sampled individuals, n.., is drawn from a negative binomial distribution
with size, 8, and mean, 9. For each rural cluster, the number of sampled individuals, n.,
is drawn from a negative binomial distribution with size, 4, and mean, 11. See Appendix
B6 for more details. The sampling weight for an individuals in cluster ¢ € S}, is the inverse

of their sampling probability so, according to this design, w. = (3 .y, Ner)/(mpne), where
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Zcer,,, N, is the population size in stratum h. Note that this simulation design breaks the
assumptions on the simple sampling distribution that the domain is planned and all strata
and clusters have equal sample size and sampling weights.

We define the superpopulation mean and within-stratum superpopulation variance for

area ¢ in stratum h as

O = X B+l (heHY) +b;, log(on) =Zin+rl(heH) +e, (35)

where X; and Z; are each vectors of length 4 with the first element equal to 1 and the
remaining elements having values generated from a standard normal distribution. We choose
B = (-1,-0.15,-0.1,0.25)T, 5 = (0.5, -0.15,-0.1,0.25)T, and v and k are area-specific
urban effects which vary across settings. Note that the simulated covariates are different for
the mean and variance latent models. The between-area variation is quantified by area-level
random effects, b = (by,...,bx) and e = (e, ..., ex) which are generated from independent
BYM2 models with parameters (1/\/7 = 0.32,¢, = 0.75) and (1/\/7. = 0.22,¢. = 0.75).
Given these choices of (8, m, T, Te, ¢p, e ), approximately 50% of the between-area variability
in the mean and within-stratum variance can be explained through the covariates, and 75%
of the remaining 50% can be explained through the spatial structure.

Five simulation settings, summarized in Table 3.1, are used to assess how the models
perform under correct specification, increased sample size, and misspecification of the latent
models and population distribution. In setting 1, we simulate data to be correctly specified
under superpopulation assumption (23) and the model defined in (32). Specifically, we choose
k; = 0 and v; = 1 for each area ¢, which restricts the model to have equal within-stratum
superpopulation variance within each area (o7, = 0?), and equal difference between stratum
means among all areas (7; = 7). Then for each individual ¢ in cluster ¢ € Uy;, we generate
Yot ~ N(0pi, 02,). In setting la we generate outcomes in the same manner, but sample five

times as many clusters as in the 2022 Kenya DHS.
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Table 3.1. Summary of simulation settings, where 6;; and o7, are as defined in (35)

Setting ‘ Description ‘ Urban effects ‘ Superpopulation distribution
1 correctly specified vi =11k =0 N0y, 03,)
la correctly specified v =1r =0 N6y, 02,)

with 5 times more
sampled clusters

2 varying urban v~ N(1,1%) N (Oni, 07;)
effects ki ~ N (log(1.5),0.25%)
3 t-distributed data vi=1kr =0 t-distributed with mean 6;;,
variance o7, and df= 5
4 within-cluster vi=1;k=0 normal with mean 6y,
correlation variance o7, and within-cluster

correlation, p = 0.25

In setting 2, we test misspecification of the latent mean and variance models. We generate
outcomes in the same manner as in setting 1, with the only difference being that we draw ~; ~
N(1,12) and k; ~ N (log(1.5),0.25?), which implies that the within-stratum superpopulation
variance in an area is 50% higher, on average, in the urban stratum than in the rural stratum.
In settings 3 and 4, we test violations of superpopulation assumption (23). Both settings
use the same latent models as in setting 1. In setting 3, we relax the normality assumption
and generate independent outcomes from a t-distribution with 5 degrees of freedom, shifted
and scaled so that the mean and variance is ); and o7,, respectively. In setting 4, we
relax the assumption of independence within clusters by generating outcomes from a normal
distribution with mean 6y;, variance o7, and a correlation of p = 0.25 within each cluster.
For each of the 5 settings we generate a fixed population surface and sample G = 100
datasets using the stratified two-stage cluster sampling design described above. A summary

of admin2 area sample sizes is provided in Table 3.2.

3.5.2 Candidate models

For each dataset g sampled from the simulated population, we use the design-based mean esti-
mates and variance estimates, (é(g), \7(9)), to fit four types of Fay-Herriot variance smoothing

models, as defined in (32). For all models, X is the same matrix as in the data generat-

60



Table 3.2. Summary of admin2 sample sizes across 100 simulations for each setting.

Settings 1-4 | Setting la
Mean (SD) | Mean (SD)
Number of sampled clusters:
Urban 2.2 (2.0) 11.2 (8.2)
Rural 3.4 (2.7) 17.0 (11.3)
Number of sampled individuals:
Urban 20.0 (19.4) | 101.0 (75.6)
Rural 37.3 (31.9) | 186.3 (126.9)
Number of areas (out of 300):
With no sampled clusters 7.7 (2.3) 0.9 (0.6)
With < 5 sampled clusters 128.0 (5.8) 4.3 (1.0)

ing process, 3 is a vector of fixed effect regression coefficients, and b are BYM2 area-level
random effects.

The first type of model variation is whether the simple or SASW sampling distribution
is used and the second type is whether the latent variance model is structured. For the
structured latent variance model, Z is the same matrix as in the data generating process, n
is a vector of fixed effect regression coefficients, and e are BYM2 area-level random effects.
For the unstructured latent variance model, Z is a vector of 1s, n is an intercept term, and
e is an IID normal area-level random effect. Crossing these two types of model variations
yields four models which we will call ‘Simple-struct’, ‘Simple-unstruct’, ‘SASW-struct’, and
‘SASW-unstruct’. Note that whether the model is labeled structured or unstructured refers
only to the latent variance model, as the latent mean model is structured in all variations.
We choose these four models to not only compare the performance of the simple and SASW
sampling distributions, but to observe how these results may change if information regarding
the structure of the variance is not available, as is often the case in applied settings.

For comparison, we also fit two Fay-Herriot models which do not use variance smoothing.
The first model, which we refer to as the ‘standard’ model, is specified in (21). The second

model, which we refer to as the ‘oracle’ model, uses the sampling distribution,
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where V;, the empirical design variance, is

2
1 ~ 1 ~
V, = 8(9) N 9(9)
Ten 26;( P (36)

7»| g'€G;

and G; is the subset of dataset indices for which area ¢ has valid design-based mean and
variance estimates (m.; > 1). We include this model to compare performance when the
design variance is correctly estimated without smoothing, which cannot be reliably done in
a real data setting. Both comparison models use the same latent mean model as the four
variance smoothing models.

The same priors on regression parameters and hyperparameters are used for all models.
For the intercept of log(a?), 11, we choose a prior of N'(0.5,0.5%), and for all other regression
parameters we choose a prior of A/(0,22). For the PC priors on 7, and 7, we choose u = 1
and o = 0.01. For ¢, and ¢. we choose a shrinkage prior of Beta(0.5,1) which has mean,
0.33, and standard deviation, 0.3.

We use the Stan software (Stan Development Team, 2024) for all models, and estimate the
posterior distribution using 4 chains of 1000 iterations after 1000 iterations of burn-in. Stan
diagnostics indicate convergence and efficient sampling for all models and simulations. For
settings 1-4, the average run times across 100 simulations for the ‘Simple-struct’, ‘Simple-
unstruct’, ‘SASW-struct’, and ‘SASW-unstruct’” models were 26, 20, 63, and 51 seconds,
respectively. Due to increased sample size in setting la, models had longer run times:
‘Simple-struct’, ‘Simple-unstruct’, ‘SASW-struct’, and ‘SASW-unstruct’ models had average

run times of 34, 27, 184, and 184 seconds, respectively.

3.5.3 Results

Assessment of simple and SASW sampling distributions We first evaluate how well
the theoretical design variance under each model, ‘/Z-T(O'?) for the simple sampling distribution,

defined in (33), and V;*(0?) for the SASW sampling distribution, defined in (34), approximate

62



the true design variance, V;, obtained empirically through simulation, defined in (36). We
assume that the Monte Carlo error in the empirical estimate of V; is negligible. We do

2 and ~, but plug in the correct values, which are defined in

not use model estimates of o
the simulation design, so that we may assess accuracy of these sampling distributions when
parameters are correctly specified. We will address parameter estimation under each model

in the next subsection.

For each area i, we evaluate the average theoretical-to-truth design variance ratios,

1 V7o) 1 V70

d d 37
e AR T D i v (37)
9€G; 9€G;

for the simple and SASW sampling distributions, respectively. In Figure 3.3 we observe that,
on average, the theoretical design variance under each of the models underestimates the
design variance, conditional on correct specification of the within-stratum superpopulation
variance. This underestimation of the variance is a result of conditioning on the sampling
weights and sample sizes of the sampled clusters which are, in fact, random. The simple
sampling distribution underestimates the design variance by a larger magnitude because the
additional design assumptions, as noted in Section 3.3.1, result in underestimation of the
variability imposed by the complex design. Thus we observe that, conditional on the within-
stratum superpopulation variance being correctly specified, both models produce estimates
of the design variance which shrink towards 0, with more shrinkage under the simple sampling
distribution than the SASW sampling distribution.

In Appendix B5.2 we compare the simple and SASW sampling distributions to the em-
pirical sampling distribution of the design variance estimator and observe that the SASW
sampling distribution is a slightly better approximation, while the simple sampling distribu-

tion tends to underestimate the mean of the design variance estimator.

Variance estimation Here we evaluate how well the within-stratum superpopulation vari-

ance, o7, is estimated for each area i under each variance smoothing model, and how this
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1: correctly specified 1a: 5x sampled clusters 2: varying urban effects 3: t-distributed data 4: within cluster correlation

0.104

Model HE simple HE SAsw

Figure 3.3. Average theoretical-to-truth design variance ratio (37) for each model and area,
across 100 simulations for each of 5 settings. The gray lines indicate the average ratio across
areas and the red line indicates the point where the theoretical variance is equal to the true
variance. Values below the red line indicate underestimation.

propagates to estimation of the design variance, V;. For each area 7, we evaluate the average

estimate-to-truth ratio for the within-stratum superpopulation variance,

G ~2(g)

1 Z oy

G o2 (38)
g=1 7

for each of the variance smoothing models, where @2(9) denotes the posterior mean estimate
for o7 using sample dataset g. For each area i we also evaluate the average estimate-to-truth

ratio for the design variance

1 VEQ)(’&.’ZQ(.‘]))
[ Z Vi (39)
9€G;
for each model, where v\”(0?) = V9(6?) for the simple variance smoothing models,

vi9(62) = V*9(62) for the SASW variance smoothing models, and v\? (62) = V;) for
the standard model. Note that these ratio measures differ from (37) because we plug in the
estimate of o under each model.

In Figure 3.4 we present the average estimate-to-truth ratios for the within-stratum

superpopulation variance and design variance, for each area i, model, and setting, across

G = 100 sampled datasets. In Figure 3.4A we observe that the within-stratum superpop-
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2

ulation variance, o;, is overestimated, on average, for all models. This is probably due
to the sparsity and subsequent noise in the data, as we see the overestimation decreases
as sample size increases. In Figure 3.4B, we observe that the design variance, V;, is also
overestimated, on average, for all smoothing models, but to a lesser degree than the within-
stratum superpopulation variance. We find that the shrunken theoretical design variance
under each model, observed in Figure 3.3, counteracts the inflated within-stratum super-
population variance estimates. Moreover, the simple sampling distribution counteracts this
inflated within-stratum superpopulation variance more strongly because its theoretical de-
sign variance underestimates the design variance by a larger magnitude. As sample size
increases, inflation of the within-stratum superpopulation variance and underestimation of
the theoretical design variance both decrease, resulting in more accurate design variance
estimates. In the presence of within-cluster correlation, estimation of o2 is poor because,
as previously stated, it is misspecified, but the estimation of design variance is comparable
to the other simulation settings because the correlation is absorbed into the estimation of

o?. As expected, the design variance estimates without smoothing underestimate the true

design variance, except for when sample size is increased.

Mean estimation Now we compare the performance of the point estimates and credible
intervals for the area-level means under each model using four metrics. Let 91(9) denote the
posterior mean estimate for 6;, for area i, using sample dataset g, and (lz(g), ugg)) denote its
corresponding 90% credible interval. First, we evaluate the root mean squared error (RMSE)

for each area 1,

G2 (#-0)"

g=1
Next, we evaluate the coverage and average width of the 90% credible intervals for each area
i,

1< (@) () IRTACEE
5;I<916[li U, ]), a;(% -1 )
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A. Within-stratum superpopulation variance

1: correctly specified 1a: 5x sampled clusters 2: varying urban effects 3: t-distributed data 4: within cluster correlation
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Figure 3.4. Estimate-to-truth ratios for within-stratum superpopulation variance (38) and
design variance (39) for each area ¢ and model across 100 simulations, for each of 5 settings.
The gray lines indicate the average ratio across areas, and the red line indicates the point
where the estimate is equal to the truth. Values above the red line indicate overestimation.

Finally, we evaluate the average interval score, a proper scoring rule discussed in Gneiting
and Raftery (2007), which favors narrow intervals containing the true parameter value. The

average interval score for 90% credible intervals for area i is

G
1 2 2
- (9) _ Z(Q) = {0 l(g) _ 9} = {0 9 _ (9)}
G ;1 (uZ P amax )b i ¢+ amax ,0; —u, ,

where we take o = 0.1. In Figure 3.5 we present the RMSE and the coverage, average width,
and average interval score of 90% credible intervals, per area, for each model, across G = 100
sampled datasets for each setting.

In Figure 3.5A we observe that all variance smoothing models have comparable RMSE
to the oracle model, on average, which is lower than that of the standard model, except for

when sample size is increased, at which point the standard model performs comparably. In
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Figures 3.5B and 3.5C we observe that, on average, all variance smoothing models produce
more conservative credible intervals and the standard model produces credible intervals with
undercoverage. This follows directly from the findings in Section 3.5.3 that the design vari-
ance is overestimated, on average, for all variance smoothing models, and underestimated,
on average, for the standard model. The simple variance smoothing models produce intervals
which are slightly less conservative as a result of its theoretical design variance underesti-
mating the true design variance by a larger magnitude. We observe that when sample size
increases, all credible intervals are closer to the nominal rate, on average. In Figure 3.5D,
we observe that the variance smoothing models produce credible intervals which are more
favorable than those under the standard model, with the simple variance smoothing models

being slightly preferred over the SASW smoothing models.

Summary of findings From this simulation study, we conclude that, under the tested
settings, the standard model without variance smoothing underestimates uncertainty of the
area-level means leading to undercoverage, so using either variance smoothing model is pre-
ferred over the standard model. While within-cluster correlation yields poor estimation of
the within-stratum superpopulation variance due to misspecification, the design variance is
well estimated, yielding point and interval estimates which have comparable performance to
those when the model is correctly specified. Moreover, the simple variance smoothing model
is slightly preferred over the SASW variance smoothing model because its theoretical design
variance has stronger shrinkage towards 0, which is beneficial in counteracting the inflated
estimation of the within-stratum superpopulation variance, intrinsic to cases of sparse data.
We observe that using a structured latent variance model has very little influence on model
performance; the choice of sampling distribution for the design variance estimator is more

influential.
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Figure 3.5. RMSE of area-level point estimates and coverage, average width, and average
interval score of 90% credible intervals, for each area and model, across 100 simulations, for
each of 5 settings. The gray lines indicate the mean across areas.

3.6 Data example: height-for-age z-score in Kenya

We return to the example of HAZ at the admin2 level in the 2022 Kenya DHS, introduced

in Section 3.1. We obtain design-based estimates, (él, f/z), for each admin2 area ¢ that has
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at least two sampled clusters (288 out of 300 areas). We use (8, V) to fit two variance

smoothing Fay-Herriot models, as defined in Section 3.4,

0; | 0;,07 ~ N (0;,vi(07)), Vi | 0f, 7 ~ vi(of) iy, 07) Xi(w—g),

0; = X8+, log(c?) =n + e,

where X; is an area-specific auxiliary variable vector further defined below, 3 is a vector
of fixed effect regression coefficients, n is an intercept term, and b and e are vectors of the
residual between-area variation, modeled as area-level BYM2 random effects. The same
priors and hyperpriors are used as in the simulation study. The functions v;(0?), c;(7, 0?)
and d;(7y,0?), defined in (33) and (34), are chosen to attain the simple (26) or SASW (31)
sampling distributions. For comparison, we also fit a standard Fay-Herriot model as defined
in (21), where X;, 8, and b retain the same definitions as in the variance smoothing models.

For the area-specific auxiliary variables in the latent mean model we use the urban
under-5 population proportion, population density, yearly average temperature, yearly total
precipitation, elevation, motorized travel time to healthcare, and yearly average nighttime
lights. See Appendix B7 for more details. We do not use auxiliary variables for the latent
variance model because, in practice, a principled approach for choosing covariates for the
latent variance is less straightforward than for the latent mean, and in the simulation study
we found their inclusion was not influential on model performance, even when informative
covariates are chosen. We use the Stan software (Stan Development Team, 2024) for all
models, and estimate the posterior distribution using 4 chains of 1000 iterations after 1000
iterations of burn-in. The run times for the standard, simple variance smoothing, and SASW
variance smoothing models were 26, 29, and 69 seconds, respectively. Stan diagnostics
indicate convergence and efficient sampling for all models.

Figure 3.6 presents the mean estimates and width of 90% credible intervals under the
standard model and each of the variance smoothing models. We observe that the mean

estimates are fairly similar across models, with slightly more shrinkage towards the average in
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the variance smoothing models. The credible interval widths among the variance smoothing
models are slightly higher on average than for the standard model, but there are several
areas for which the standard model yields higher uncertainty than the variance smoothing

models.

—

15 -1.0 -05
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Width of 90% credible intervals "

03 06 09

Standard Simple SASW

Figure 3.6. Mean estimates and width of 90% credible intervals for HAZ using 2022 Kenya
DHS, under a standard Fay-Herriot model and two types of variance smoothing Fay-Herriot
models.

Figure 3.7 more clearly illustrates the effect of the variance smoothing models on the
credible intervals, where admin2 areas that have extremely narrow or wide intervals under
the standard model are indicated in purple and orange, respectively. We observe that the
variance smoothing models produce more reasonable uncertainty estimates. As observed in

the simulation study, the simple and SASW variance smoothing models perform similarly
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and, on average, produce more conservative intervals than the standard model. In Appendix
B8 we use scatter plots to compare the mean and standard deviation estimates under each

model to the design-based estimates.
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Figure 3.7. Mean estimates with 90% credible intervals for HAZ using 2022 Kenya DHS,
under a standard Fay-Herriot model and two types of variance smoothing Fay-Herriot models.
admin2 areas which have extremely narrow or wide credible intervals under the standard
model are indicated in purple and orange, respectively.

-2.04

Second adminstrative area (ordered by mean estimate under Simple model)

In Figure 3.8 we visualize the uncertainty of estimates under each model by mapping the
posterior probability that a given area has a HAZ which is in the lowest 10% and 25% of
areas. The posterior probability that area i is in the lowest p% of areas is calculated by,

| 4000 | X
—— ) Te =) I (é(s) > 5(.5)) <
4000 < {K; i 70) =P
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where HNZ@ and 0~j(;) are the s* posterior draws for 6, and 0;, respectively. We observe that
the variance smoothing models produce very similar results to each other and, although
uncertainty is higher on average for these models, the posterior probabilities are still quite
informative in comparison to that of the standard model.

Posterior probability of membership in lowest decile
Standard Simple

Posterior probability of membership in lowest quartile
Standard Simple

Probability _
0

.00 0.25 0.50 0.75 1.00

Figure 3.8. Posterior probabilities of membership in lowest decile and quartile for HAZ
using 2022 Kenya DHS, under a standard Fay-Herriot model and two types of variance
smoothing Fay-Herriot models.

3.7 Discussion

We began by establishing the limitations of assuming the design variance is known in a Fay-
Herriot model, particularly when data are sparse, and motivating the importance of jointly

modeling the design variance along with the mean. While joint smoothing Fay-Herriot
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models have been employed in previous literature, their choices of sampling distribution
make strong implicit design and population assumptions. This work thoroughly considers
the choice of sampling distribution for the variance estimator in a complex survey setting
and the assumptions made on the superpopulation and survey design.

We considered two sampling distributions for the design variance estimator under super-
population assumption (23), one which arises from the common recommendation of using
df = #clusters — #strata, and another which makes less strict assumptions on the sur-
vey design by allowing for unplanned domains and varying sampling weights and sample
sizes. We illustrated through a simulation study that while the latter is, in fact, a closer ap-
proximation of the empirical distribution of the design variance estimator, using the simple
sampling distribution in the Fay-Herriot model does not hinder model performance. In fact,
the additional assumptions of the simple sampling distribution results in more shrinkage of
the design variance towards 0 which can be helpful in counteracting the observational noise
inherent to sparse data. We also found that while the SASW sampling distribution requires
independence of outcomes within clusters, variance smoothing models using both sampling
distributions are robust to violations of this assumption. In our simulation study we verified
that the standard Fay-Herriot model can produce intervals with undercoverage in cases of
sparse data and, although variance smoothing models produce more conservative intervals,
they are preferred over those of the standard model, according to proper scoring rules.

We applied these models to the estimation of HAZ using the 2022 Kenya DHS and
showed that, although the variance smoothing models produce more conservative intervals
than the standard model, they can still provide informative posterior probabilities, which is
particularly useful in policy and evaluation settings. From these results we conclude that
both variance smoothing models are preferred over the absence of variance smoothing, and
the simple variance smoothing model is a suitable choice because of its shrinkage properties
and more straightforward implementation.

While this work is motivated by data collected using a two-stage stratified cluster sam-
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pling design, the derivations and results hold generally for survey designs with cluster sam-
pling where each individual in the cluster has the same sampling probability. These models
could be extended for multi-stage sampling designs in which individuals in a cluster have
different sampling probabilities, but further study is required to assess model performance
in this setting. To extend these variance smoothing models for estimation of area-level pro-
portions, we would need to assume that the distribution of the cluster-level proportions can
be approximated by a normal distribution. If the conditions for approximating the binomial
distribution of the cluster-level proportions with a normal distribution are met (i.e. non-rare
events and sufficient sample size) these variance smoothing models may be a viable option.
In the DHS setting, cluster sample sizes are generally too small for normality of proportions
to be a reasonable assumption, however further study is required to determine how robust

the model would be to violations of this assumption.
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Chapter 4

MULTIVARIATE AREAL SPATIAL MODELING USING COMPLEX
SURVEY DATA

4.1 Introduction

There is a rich literature on multivariate areal spatial models in disease mapping, how-
ever, there has been much less development for such models in the context of SAE. SAE
is a framework of statistical methods which use survey data to estimate outcome measures
for small subregions. As described in Chapter 1, surveys such as the Demographic Health
Surveys (DHS; Corsi et al., 2012) and Multiple Indicator Cluster Surveys (MICS; UNICEF,
2026) are key sources of subnational health monitoring in LMICs for local and federal govern-
ments, as well as international organizations such as the World Health Organization (WHO).
Multivariate modeling can be especially useful when estimating survey outcomes with high
sampling variance, which is particularly common when an outcome is a rare event or has
a high rate of missingness. In these cases, jointly modeling the outcome of interest with
auxiliary outcomes allows us to leverage shared spatial variation to improve estimation of
the primary outcome.

The most commonly used area-level model for SAE is the Fay-Herriot (FH) model (Fay
and Herriot, 1979), which accounts for the survey design by using survey-weighted area-level
estimates as model input, rather than the raw data. Suppose we have m areas and are
interested in estimating outcome measure 7;, for areas ¢ = 1, ..., m. We obtain design-based
estimates, (71, ...,Mm), by calculating survey-weighted means of the outcome observations.
Let 6; = g(n;) and 0; = g(7);) where g is some link function which converts the outcome
measure to the real line. The univariate FH model links a latent model for (6, ...,60,,)
with the observation model, 0, | 0; ~ N (0;,0;), for each area i, where ¥; is a design-based
estimate of the sampling variance of 9}, v; = Var <9AZ | 91-). In practice, v; is usually estimated

from the survey data and treated as fixed in the observation model (Fay and Herriot, 1979;
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Pfeffermann, 2013; Rao and Molina, 2015; You and Hidiroglou, 2023; McGovern et al.,
2026a). Analogously, the multivariate FH model, which jointly models R outcome measures
from the same survey, links a latent model for (64, ...,0,,) with the observation model,
éi | 0; ~ Ny (01-, VZ>, for each area i, where ‘72 is a design-based estimate of the sampling
covariance matrix of ;. As in the univariate case, this sampling covariance matrix is usually
estimated from the data and assumed to be known in the multivariate FH model (Datta
et al., 1998; Huang and Bell, 2004; Erciulescu and Opsomer, 2022; Porter et al., 2015).
This matrix is generally non-diagonal and encodes the correlated sampling error between
outcome measures. Using a fixed covariance matrix in the observation model raises distinct
considerations beyond what has been studied in the disease mapping context. In particular,
we would like to assess how different choices of latent models interact with this observation
model to affect model performance.

Datta et al. (1998) introduced the most commonly used multivariate FH model (Datta
et al., 1999; Huang and Bell, 2004; Arima et al., 2017; Erciulescu and Opsomer, 2022) with
a latent model consisting of independent and identically distributed (IID) random area-
level effects with between-outcome correlation within each area. This formulation models
common spatial variation between outcomes within each area, but does not leverage spatial
dependence between areas. The absence of spatial modeling is particularly detrimental in
the context of SAE because when data are sparse and high-quality covariates are not always
available, leveraging spatial structure can be especially useful in obtaining more reliable and
precise estimates.

In the disease mapping literature, several areal spatial models have been extended for
multivariate modeling by including correlation structure, including the multivariate condi-
tional autoregressive (MCAR) model (Gelfand and Vounatsou, 2003) and the multivariate
Besag-York-Mollie (MBYM) model (MacNab, 2011). With the exception of Porter et al.
(2015), which uses the MCAR (Jin et al., 2005), these correlated spatial models have been

seldom studied in the context of multivariate FH models. Another way to specify the latent
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model arises from the shared component model (SCM) framework in the disease mapping
literature. Introduced by Knorr-Held and Best (2001), the SCM follows the paradigm that
correlation between outcomes is driven by underlying, unmeasured confounding. The ran-
dom effects for each outcome are modeled as a linear combination of underlying random
effects which are shared across outcomes. SCMs have also rarely been used in FH mod-
els, with the exception of Schumacher and Wakefield (2025) which incorporates SCMs in a
bivariate FH model.

While correlated areal spatial models and SCMs have been compared in the context of
disease mapping (MacNab, 2010; Martinez-Beneito, 2013; Retegui et al., 2023), their theo-
retical properties and performance when incorporated into a multivariate FH model has not
been thoroughly studied. There is a growing literature within the multivariate disease map-
ping context regarding optimizing computation for high-dimensional data (Botella-Rocamora
et al., 2015; Vicente et al., 2023), however, this work is of less practical use in the SAE con-
text because of the sparsity of complex survey data. Conversely, the study of multivariate
FH models concerns how to improve estimation within the confines of data sparsity and
survey design.

This chapter makes two primary contributions at the intersection of spatial modeling
and SAE. First, we adapt multivariate areal spatial models from the disease mapping liter-
ature to define a class of generalized multivariate BYM2 (GMBYM2) spatial models which
encompass both correlated BYM2 models and SCMs with BYM2 components. The uni-
variate BYM2 model, introduced by Riebler et al. (2016), is a re-parameterized version of
the Besag-York-Mollié (BYM) model (Besag et al., 1991), which includes both unstructured
IID normal random effects and structured, intrinsically conditional autoregressive (ICAR)
spatial random effects. Second, we study theoretical properties of the multivariate FH model
under a Bayesian framework, with a particular focus on how the fixed sampling covariance
matrix in the observation model interacts with the covariance of the latent random effects

distribution. We integrate four GMBYM2 models into a multivariate FH model framework
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and evaluate how well each of them estimate a primary outcome, compared to a univariate
FH model.

We begin in Section 4.2 with a review of the univariate FH model and apply this model
to the estimation of neonatal mortality rate (NMR) in adminl areas of Kenya using the 2022
Kenya DHS (ICF International, 2022), which demonstrates the appeal of a multivariate FH
model. In Section 4.3 we review the literature on multivariate FH models, introduce the
GMBYM2 model class, and propose four models from this class. In Section 4.4 we derive
a general form of the conditional posterior distribution under the multivariate FH model,
which allows us to investigate shrinkage properties and precision of the proposed GMBYM2-
FH models as a function of variance and correlation at the observation and latent levels. In
Section 4.5 we conduct a simulation study where we compare the proposed GMBYM2 FH
models with a univariate FH model to validate our theoretical findings and assess model
performance for a wider range of parameter settings. In Section 4.6 we return to our motivi-
ating example and use the four proposed GMBYM2-FH models to jointly estimate neonatal
mortality rate (NMR) in Kenya with two, less noisy, auxiliary outcomes. We conclude in

Section 4.7 with a discussion of our findings and model selection recommendations.

4.2 Univariate Fay-Herriot model

Consider a population divided into H sampling strata, the set of which is denoted by H.
Each strata, h € H, is composed of M), clusters, the set of which is denoted by U}, and
each cluster, ¢ € Uy, contains N, individuals. Let 3., denote the value of some outcome r
for individual ¢ = 1, ..., N, in cluster ¢ € U, and h € H. Suppose we are interested in the

population quantity

N
_ c i =
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for areas 1 = 1, ..., m, where Uy; C Uy, is the set of clusters in stratum h which are contained

in area 1.

We can then use survey data to obtain a design-based estimate for 7;,., denoted 7)., for
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each area ¢, by computing the survey-weighted mean. For example, consider the stratified
two-stage cluster sampling design used in the DHS and MICS, wherein the first stage, for
each stratum h € H, my, clusters are sampled from U, with probability proportional to size,
the set of which is denoted by .S;,, and in the second stage, n. individuals are sampled from
cluster ¢ € Upey Sp with equal probability. Let Sp; € S), be the set of sampled clusters in
stratum h which are contained in area i. Then we obtain a design-based estimator (H&jek,

1971) fi ;
) for n;, ..
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77.
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where w, is the sampling weight for individuals in cluster ¢ € S and (., denotes whether

(40)

individual ¢ in cluster ¢ € S was sampled. This estimator is design-consistent and asymp-
totically normal (Breidt and Opsomer, 2017) with some unknown sampling variance, v, ;, =
Var(7;, | mir), which is often estimated via Taylor linearization (Wolter, 2007, chap. 6; Korn
and Graubard, 2011, chap. 2.4; Sdrndal et al., 2003, chap. 5.5; Lohr, 2021, chap. 9.1).

Let 0;. = g,(n;) and 0;, = g-(1ir), where g, is a link function which converts the measure
for outcome r to the real line. For example, if outcome r is binary, we may take g, to be the

logit function. Then a univariate FH model (Fay and Herriot, 1979) for outcome r is

A

Qir | eir ~ N(eiraﬁir) ) 01'7" = X;Fﬂr + bir 1=1,...,m (41)

where X; is the 7th column of X, a p X m matrix of area-specific auxiliary variables, 3, is
a vector of fixed effect regression parameters, (bi,, ..., by )T is a vector of normal area-level
random effects, and ©;, is a design-based estimate of v;, = Var(éir | 6,-), obtained by applying
the delta method to the estimator of v, ;.. The sampling variance is most commonly treated
as known in the FH model (Fay and Herriot, 1979; Pfeffermann, 2013; Rao and Molina, 2015),
though FH models which jointly model the mean and variance have been studied (You and
Chapman, 2006; Sugasawa et al., 2017; Gao and Wakefield, 2023; You and Hidiroglou, 2023;

McGovern et al., 2026a). When outcome r is continuous, v;,, follows a chi-square distribution
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asymptotically under simple random sampling, but for a complex survey, the distribution of
the estimator is unknown and can be approximated by a chi-square distribution with degrees
of freedom adjusted for survey design (Korn and Graubard, 2011, p. 34; McGovern et al.,
2026a). For example, under a stratified two-stage cluster sampling design, the degrees of
freedom can be approximated by the number of sampled clusters minus the number of strata
(Korn and Graubard, 2011, p. 34; McGovern et al., 2026a).

In the original formulation of the FH model, the random effect vector is IID normal,
but one may instead use a spatially structured component in the random effect to leverage
spatial dependence (Rao and Molina, 2015, chap. 4.4.4; Chung and Datta, 2020; Wakefield
et al., 2025). We will model the random effects using a BYM2 spatial model (Riebler et al.,
2016). We define (biy, ..., byn,)* | 02, ¢, ~ BYM2(02, ¢,) by

(b1 wves biar) T [ 075 by~ Noy (0,07 (6:Q5 + (L= )10 ) (42)

where o2 indicates the overall variability of the random effect, ¢, indicates the proportion of
variation that is explained by the structured component, and @, is the generalized inverse
of the scaled neighborhood structure matrix Q,, as defined in Riebler et al. (2016). The
structured component is scaled such that the marginal variance of the random effect is
approximately equal to o2 (Riebler et al., 2016). In computations we work with the singular
precision matrix for the structured component and must enforce the sum-to-zero constraint,

which is implied by the Moore-Penrose generalized inverse.

4.2.1 Univariate FH estimates using 2022 Kenya DHS data

The 2022 Kenya DHS is powered to provide estimates at the adminl-level with an average
of 36 clusters sampled from each of 47 adminl areas. Despite this design, estimation of some
outcomes at the adminl level may not be reliable, especially when the outcome is rare or has

a high rate of missingness. One such example is the rate of neonatal deaths, which is defined
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as death of a live born infant in the first 28 days of life. The Sustainable Development
Goals (SDGs; United Nations General Assembly, 2015) provide a target of no more than 12
neonatal deaths per 1000 live births by 2030. Estimation of neonatal mortality rate (NMR)
at the subnational level is important because it allows government officials at the country or
regional level to evaluate which regions need more targeted interventions. The 2022 Kenya
DHS records an average of 9.2 deaths in each adminl area across the 2018-2022 period, with
10 out of the 47 areas observing 5 or fewer deaths (ICF International, 2022). Due to this
data sparsity, design-based estimates can be extremely noisy, resulting in FH estimates with
extreme shrinkage.

In Figure 4.1 we map the design-based and univariate FH estimates and their correspond-
ing standard deviation estimates for NMR and two other outcomes: average height-for-age
z-score (HAZ) and proportion of mothers who had at least 4 antenatal care visits. We obtain
the design-based estimates using the survey package (Lumley, 2024) in R. We use the Stan
software (Stan Development Team, 2024) for the univariate FH models, and estimate the
posterior distribution using 4 chains of 2000 iterations after 1000 iterations of burn-in. We
use a normal prior for 5, with mean u, and standard deviation 2. We choose 3 = —3 to
reflect that NMR is a rare outcome and for the two auxiliary outcomes we choose p, = 0.
The choice of prior standard deviation corresponds to a fairly uninformative prior for each
outcome on its natural scale because, recall, the binary outcomes are transformed to the logit
scale and the continuous outcome is a z-score. For each o, we use a penalized complexity
(PC) prior with hyperparameters u = 1 and « = 0.01, which corresponds to the prior belief
that P(o, > 1) = 0.01 (Simpson et al., 2017), and for each ¢, we use a Beta(0.5,1) prior
which has mean, 0.33, and standard deviation, 0.3, and mildly encourages shrinkage towards
the simpler, non-spatially structured model.

In the first column of Figure 4.1 we observe that the design-based estimates for NMR
have very high uncertainty in most areas and the univariate FH point estimates have extreme

shrinkage. Conversely, we observe in the second and third columns that the univariate FH
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estimates for the other two outcomes do not exhibit overshrinkage and have slightly lower
uncertainty than the design-based estimates. The raw correlation between the design-based
estimates for NMR and average HAZ is 0.248 and the raw correlation between the design-
based estimates for NMR and proportion of mothers who had at least 4 antenatal care visits
is —0.125. While these raw correlations are not extremely high, this could be a result of the
noisiness of the design-based estimates, particularly that of NMR. These findings suggest
that jointly estimating NMR with the other, less noisy, outcomes may improve estimation

by leveraging shared spatial structure between the outcomes.

Neonatal deaths per 1000 live births

Average height-for-age z-score

Proportion of mothers who had at least 4 antenatal visits

Design-based
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Univariate FH
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Figure 4.1. Design-based and univariate FH estimates of 2018-2022 neonatal mortality rate,
average height-for-age z-score, and proportion of mothers who had > 4 antenatal visits, using
the 2022 Kenya DHS.

4.3 Multivariate Fay-Herriot model

Now we extend the univariate FH model to jointly model R outcomes. We use expres-
sion (40) to obtain design-based estimates, 7, = (71, ..., Mir), for n; = (Wi, ...,Mir), for

areas ¢ = 1,..,m. As in the univariate case, 7), is design-consistent and asymptotically
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multivariate normal (Breidt and Opsomer, 2017) with some unknown sampling covariance,
V.. = Cov(7); | m;), which is often estimated via Taylor linearization.

Let 6, = (91(M:1), ...,gR(ﬁiR))T, 0; = (g1(na), ...,gR(mR))T, and b; = (b1, ..., bir)T for each

area ¢. The multivariate FH model is
0, | 0; ~ Ng (91‘, Vz) ) 0ir = X B, + by 1=1,...,m, (43)

where b = (b} ,...,b} )T is a vector of random effects modeled by a mean-zero multivariate
normal distribution with some covariance ¥, and Vl is a design-based estimate of V; =
Cov(éi | 8;). Note that the sampling covariance, V;, for area ¢ can also be expressed as
V= diag(vilﬂ)ﬂidiag(v;ﬂ) where v; = (v;1, ..., v;g) and ; is an R X R sampling correlation
matrix. Analogous to the univariate case, we apply the multivariate delta method (Rao,
1973) to an estimate of V,; to obtain Vi, the distribution of which is unknown under
complex sampling, but can be approximated by an inverse-Wishart with degrees of freedom
adjusted for survey design. As in the univariate FH model, the sampling covariance matrix
is generally treated as fixed in the multivariate FH model (Fay, 1987; Datta et al., 1998;
Porter et al., 2015; Erciulescu and Opsomer, 2022). Observe that the multivariate FH model
differs from the univariate FH model by accounting for between-outcome correlation at the
observation level and allowing the borrowing of information across outcomes in the latent
model, depending on the choice of random effects distribution.

Fay (1987) and Datta et al. (1991) first introduced the multivariate FH model with

independent outcome-specific random effects,

b | 07 ~ N (0,07), t=1,...,m and r=1,..., R, (44)

for hyperparameters (o7, ...,0%). This formulation does not model shared latent spatial
variability across outcomes or leverage latent spatial structure. It is most common in the

multivariate FH literature to use an extension of (44), originally implemented in Datta et al.
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(1998).
b | S~NR(0,%), i=1..m, (45)

where ¥ is an R X R covariance matrix (Datta et al., 1999; Huang and Bell, 2004; Arima
et al., 2017; Erciulescu and Opsomer, 2022). This formulation allows for correlation between
outcomes at the latent level, but still assumes independence between areas.

Multivariate FH models which leverage spatial structure are largely understudied with
two notable exceptions. Porter et al. (2015) substitutes a multivariate CAR model (Gelfand

and Vounatsou, 2003) into the Datta et al. (1998) multivariate FH model to obtain,

b | Em,ZRNNmR (O7Em®2R)7 (46)

where 32, is an m X m covariance matrix characterized by a CAR model, X5 is an unstruc-
tured R x R matrix, and ® denotes the Kronecker product. This formulation requires CAR

hyperparameters to be equal for all outcomes. Alternatively, Schumacher and Wakefield

(2025) use a bivariate SCM,

bii = w1 + Ywio 1=1,...,m

bigz’wig Z:]_,...,m

where (Wig, ..., Wi) T | 02, op ~ BYM2(02, ¢y) for k = 1,2 and v € R. While useful in
the bivariate case, extending this model for R > 2 is nontrivial and requires incorporating

constraints in the correlation structure.

4.3.1 The Generalized Multivariate BY M2 model

Here we introduce a class of spatial models we will call Generalized Multivariate BYM2
(GMBYM2) models. We will study several models within this class and discuss their relation

to existing models in the SAE and disease mapping literature. Under the GMBYM?2 model,
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the random effects, b = (b],...,b%)T, are modeled by a mean-zero multivariate normal

distribution with mR X mR covariance matrix,

v=Q, @, +1I,2%, (47)

for some R x R covariance matrices, ¥, and 1, where Q, is the Moore-Penrose generalized
inverse of the scaled neighborhood structure matrix @Q,, as defined in Riebler et al. (2016).
This form is a BYM2 analog of the general modeling framework introduced by Martinez-
Beneito (2013), which uses the MCAR spatial model (Gelfand and Vounatsou, 2003). In
contrast to the Martinez-Beneito (2013) framework, this covariance form is the sum of two
distinct Kronecker products because the BYM2 model has both a structured and an un-
structured component. The covariance parameters, 1, and 1,,, model the between-outcome
covariance within the structured and unstructured variance components, respectively. Thus,
the pairwise correlation between outcomes r and 7’ implied by the structured and unstruc-
tured variance components are characterized by Cor(¢,), and Cor(t,),., respectively.
Analogous to Martinez-Beneito (2013), we will show that the GMBYM2 model encompasses
both correlated spatial models and shared component models which use BYM2 random

effects. The models proposed in the remainder of this section are summarized in Table 4.1.

MV-Sep The first model we will study in this class is a BYM2 analog of the original

multivariate FH model in (44),

(biry oo )T | 02, 0 ~ BYM2(02,6,) r=1,..,R,

or, equivalently,

b|2,®~Nur(0,Q; @S+ 1,0 (Iz — &)%) (48)

where ¥ = diag(o?, ...,0%) and ® = diag(¢1, ..., or). As in (44), latent correlation between

outcomes is assumed to be 0, as the latent model is composed of R independent latent
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models. Therefore, when implemented into a multivariate FH model, the MV-Sep model
only accounts for correlation between outcomes through the sampling covariance matrix in

the observation model.

MV-Cor The next model we will study in the GMBYM2 class is an extension of the most
commonly used multivariate FH model (45). The area-level random effects for each outcome
r are modeled by a BYM2(02, ¢,) model, and within each area, the latent correlation between

outcomes is estimated by an R X R correlation matrix, A. Precisely, the MV-Cor model is
b|Z, @~ N,z (0,Q; ® (BX)?A(RE)? + 1, ® (I- @)X)2A(1 - @)%)'/?)  (49)

where 3 and ® are as defined for the MV-Sep model. This formulation leverages spatial
dependence between areas and borrows information across outcomes through shared spatial
variation. This latent model is a BYM2 analog of the MCAR (Gelfand and Vounatsou, 2003)
and MBYM models (MacNab, 2011).

MV-Sym Now we propose a symmetric SCM model and show how it can be characterized

within the GMBYM2 model class. We choose
bir = V204 + Zris i=1,...,mandr=1,...,R (50)

where zp = (2k1, ... zhm)T is a BYM2 random effect vector with hyperparameters aik and
¢k, for k= 0,1,...,R, and v, € R determines the relative contribution of the shared
random effect to outcome r. This formulation implies that all drivers of correlation, which
are modeled as z,, are shared across all outcomes. When this model is used in disease
mapping, the constraint Zle log(7,) = 0 is usually applied to maintain identifiability (Held
et al., 2005). This constraint implies that all correlation between outcomes must be positive.

This constraint may be reasonable in some disease mapping contexts where comorbidity

86



can be assumed, but this is a rather strong assumption for general outcomes. There are
many cases where outcomes could have negative pairwise correlation or we do not want to
assume directionality of the correlation. Therefore, we propose maintaining identifiability
by enforcing the constraints, 02, = 1 and 7,- > 0 for some fixed r* € [1, ..., R].

To express with MV-Sym model as a member of the GMBYM2 model class, we must

define the forms of ¥, and v,. Let 2* = (zOT, 21, z%)T and

b | 0 1 .. 0 |
TR 0 0 .. 1

where zj and 7, are as defined in (50). It follows that, under the MV-Sym model, b = (I, ®
P*)z*, so, using the mixed-product property of Kronecker products (i.e (A® B)(C® D) =
AC ® BD), the MV-Sym model can be expressed as a GMBYM2 model (47) with

¢, =P®.3..PT  and o, = P (I, — ®..)5.. PT (51)

where .. = diag(0Z,,02,,...,0% ) and ®,. = diag(¢.0, ¢21, ..., p=,r). See Appendix C1.1
for derivation. In Appendix C1.1 we also show that under the MV-Sym model, the pairwise

correlations implied by the structured and unstructured components are characterized by

Tr Yrt
Cor(th,)rr = ] V20 0 g 5 \ /2
(45502, (2 + 5502,)

and

= r r!
Cor (¥, ) = s Uiy N2 (2 () 3\
7”' (1_(15.2,0) O-Zm ’Yr/ (1_¢z,0) UZ,T’

for r # 1’ respectively. Observe that as the variance of the outcome-specific surface, ag,r,
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increases with respect to the variance contribution from shared surface, 2, the correlation
converges to 0. This intuitively implies that correlation between outcomes is stronger when
more of each outcome’s variability is shared. Moreover, we observe that the pairwise correla-
tion implied by the structured and unstructured components are distinct, unless ¢, o = ¢, ,
for r = 1,..., R. In particular, when the variability in the shared surface is more spatially
structured relative to the other surfaces (i.e. ¢,9 > ¢.,), the correlation increases towards 1
in the structured component and decreases towards 0 in the unstructured component. These
forms will be useful in Section 4.4.2 when we examine theoretical properties of the MV-Sym

model as a function of correlation.

MV-Asym Lastly, we propose an asymmetric SCM model which focuses more explicitly
on improving estimation of the primary outcome, » = 1, by using auxiliary outcomes r =

2, ..., R. We choose

R
bin =21+ Y Yoo i=1...m
=2 (52)

bir = 24, 1=1,....mandr=2,..., R

where z, = (21, ..., znm)T is a BYM2 random effect vector with hyperparameters air and
¢op, for r =1,.., R, and 7. € R for r = 2,..., R determines the relative contribution of
the random effect for each auxiliary outcome r > 1 to the random effect for the primary
outcome, r = 1. Note that the MV-Asym model is equivalent to a measurement error model
(Fuller, 2009), where the auxiliary outcomes are treated as covariates with sampling errors
which are correlated with that of each other and the primary outcome. In contrast to the
MV-Sym model, this formulation only models pairwise correlation with the primary outcome

and does not model pairwise correlation between auxiliary outcomes.
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To derive the forms of 1, and ), under the MV-Asym model, let z = (zrlr, s z%)T and

I 7 YR

0 1 0
o ,

0 0 1

where z, and ~, are as defined in (52). It follows that, under the MV-Asym model, b =
(I, ® P)z, so, using the mixed-product property of Kronecker products, the MV-Asym
model can be expressed as a GMBYM2 model (47) with

Y, =P®.3X.PT  and ¢, =PIz ®.)%.P" (53)

where X, = diag(0?,...,02 ;) and ®, = diag(¢.1, ..., #z,r). See Appendix C1.2 for deriva-
tion. In Appendix C1.2 we also show that under the MV-Asym model, the pairwise correla-

tions implied by the structured and unstructured components are characterized by

Yr'\/ ¢Z,T/UZ,T/
Cor(¢u)1r/ = - 172
(@JUEJ + s Vg@!ag,e)

and

Yr! \ (1 - ¢z,r’>az,r/
1/2
R
(0= 6u)02s + 220 = 020)0?, )

for " > 1, and Cor(v, ), = Cor(¥,),» = 0 for r > 1’ > 1, respectively. Observe that as

COY(1/’U)17~’ =

2

z,r!

the variance contribution to the primary outcome from the surface for outcome ', %o
decreases relative to the other variance contributions, the correlation between the primary
outcome and outcome 7’ converges to 0. As with the MV-Sym model, we observe that the
pairwise correlation implied by the structured and unstructured components are distinct,

unless ¢, , are equal for r = 1,..., R. In particular, when the variability of the surface for
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outcome 7’ is more structured than that of the other surfaces, the correlation between the
primary outcome and outcome 7’ increases towards 1 in the structured component and de-
creases towards 0 in the unstructured component. These forms will be useful in Section 4.4.2

when we examine theoretical properties of the MV-Asym model as a function of correlation.

Observe that the MV-Sym and MV-Asym models are less complex than the MV-Cor

model because they make assumptions about the correlation structure between outcomes.

Form Pairwise correlation
MV-Sep
P, PX 0
P, I-®)X 0
MV-Cor
Y, (PX)'2A(®Z)!? A
Y, (I-2)%)?A(I- 2)%)"? Ay
MV-Sym
P, P'®.3..P* !
JCrrgmar,) (23, )
Y, P(I1-®,)%,.P" Tt
¢ (73 + e "2) (Vfﬁ (fiii’,’éf "3,w>
MV-Asym
. Pa.5.p po s
0, otherwise
¥ PUL-2.)25.P N v ki
0, otherwise

Table 4.1. Summary of proposed GMBYM2 models. The first column defines the variance
components which specify the model. The second column is the pairwise correlation between
outcomes r and ', where r # r’, implied by each variance component.
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4.4 Theoretical properties of the GMBYM2 FH models

We derive closed form expressions for the conditional posterior mean and variance under a
multivariate FH model and use them to compare theoretical properties of the univariate FH

model with that of the GMBYM2 FH models proposed in Section 4.3.1.

4.4.1 Conditional posterior distribution under the multivariate FH model

) m

~ ~ ~T\ T ~
Let ©® = (OIT, o Bﬁ)T, O = (9?, . OT) , and V be a block diagonal matrix with elements

<V1, - Vm> Then a multivariate FH model as defined in (43) can also be expressed as
OO~ N,z (@,V) OB~ Nup (X" ®L,) B, W) (54)

for some mRxmR covariance matrix ¥, where X is as defined in (41) and 3 = (,BIT, s ,sz)T.
It follows that the posterior mean and variance of @, conditional on hyperparameters (3, ¥),

are

Ele|s,v,0, V} - (V*I + xp—l)_l (V”é T Xt Im)ﬁ> (55)

and

Var (@ 18,9, 6, V) - (V’l v \Il‘l)_l, (56)

respectively. We can also write the conditional posterior mean of @ as
A o~ "~ -1 a1 a
El018w.6,V]= (V' +e) vl (V'6+e (X 01,)8)

_ (ImR + \IIV‘I)_l (\IJV_I(:) H(XTRL)B+ 6 - é))
_ (1mR + xm“/”)l ((\m‘/‘l 41,0+ (XTR1,)8 - é))

:@—s(é—(mem)ﬁ)
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where § = (ImR + \IJV_I> - is the ‘shrinkage matrix’ which determines how far the poste-
rior mean will deviate from the design-based estimates. This parameterization is quite useful
as we can compare S across models to better understand the theoretical properties of the
conditional posterior means under each model as the sampling variance, V, and the latent
variance, W, vary. Specifically, if (:)(1) and (:)(2) are the conditional posterior means under

two models and S and S® are their corresponding shrinkage matrices, then

=)

o) ~(2)

0 = (s¥-5W) (6 (X" @L,)8).
Therefore, if the shrinkage matrices for two models are equal, then the conditional posterior

means under those two models are equivalent. Furthermore, to compare the conditional

posterior means for one outcome, r, across models, we can use the property

A (

6, -8" = (s® -sM) (6 - (X"®1,)8), (57)

where (:)r is the outcome-specific subvector of © and S, is the m x mR submatrix of S
containing the rows corresponding to outcome r. Note that we can also use this param-

eterization to specify the conditional mean under the univariate FH model with SY»V =

<ImR + \Psepdiag(f/)*l) , where diag(V) is a diagonal matrix with elements composed of

vectors, (01, ..., V).

4.4.2 llustration of conditional posterior distribution properties

Now we assess how the conditional posterior distribution under the multivariate FH mod-
els differ from that under the univariate FH model, and how this varies as a function of
the covariance parameters at the observation and latent levels. Here we will compare the
GMBYM2 FH models proposed in Section 4.3.1 to a univariate BYM2 model, but we show
in Appendix C2 that the findings in this section are generalizable to the broader class of

multivariate FH models defined in (54). For this illustration, we use 2 auxiliary outcomes
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for a total of R = 3 and m = 64 areas with a square grid spatial structure. For the BYM2
hyperparameters, we choose ¢, = 0.5 and 02 = 1 for all outcomes. We use two configura-
tions for the sampling variance. In the first configuration, we choose v;, = 1 for all areas
and outcomes so that the signal-to-noise ratio is equal across outcomes, which reflects that
all outcomes have equal levels of uncertainty. In the second configuration we choose v;; = 1
and 9, = 0.252 for r = 2,3 so that the signal-to-noise ratio is higher for the auxiliary out-
comes, which reflects that the the auxiliary outcomes have less uncertainty than the primary
outcome.

For ease of comparison between models, we assume that the pairwise sampling correlation,
Cor(Vl-)M/ = w, for some w € [0,1), for all areas and outcomes, and all nonzero pairwise
latent correlation is equal to p € [0,1). To apply this equicorrelation assumption to each
model, we can define A (for the MV-Cor model) and « (for the MV-Sym and MV-Asym
models) such that the nonzero pairwise correlations are all equal to p. This equicorrelation
assumption also implies that ¢, = ¢* for all r = 1,2, 3 because this is the only way to ensure
Cor(vp,) = Cor(®,) in the MV-Sym and MV-Asym models. Under the equicorrelation
assumption, the conditional posterior distributions under the MV-Sym and MV-Cor models

are equivalent. As a result of fixing the hyperparameters (0?,03,02) in this illustration,

for the MV-Asym model, we must bound p above by \/% to ensure that o2, > 0. See

z,l =

Appendix C3 for more details.
In Figure 4.2, we plot the normalized Frobenius distance between the shrinkage sub-
matrices corresponding to the primary outcome under the GMBYM2 and univariate FH

models
| | SV sPmv |,
|| STVl 7

(58)

for SMV € {Slsep,Slcor,Slsym,stym}, along with the conditional posterior variance (56) of
the primary outcome under each model, as a function of p, for several values of w. It
follows from (57) that when the Frobenius distance between the shrinkage matrices is 0,

the conditional posterior means are equal. We observe that for the MV-Cor, MV-Sym, and
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MV-Asym models, there is some p* for which the conditional posterior mean and variance
are equivalent to that under the univariate FH model, and at this point the conditional
posterior variance is maximized. Across all settings, we observe that the MV-Cor, MV-Sym,
and MV-Asym models are very similar when p < p*, but when p > p*, the MV-Asym model
deviates more strongly from the univariate FH model, both in terms of mean and variance.
For the MV-Cor and MV-Sym models, p* equals w when the signal-to-noise ratio is equal
across all outcomes. We prove this result analytically in Appendix C4 where we show this is
a result of V; being proportional to v, and ,. Lastly, we observe that when the primary
outcome is noisier than the auxiliary outcomes, p* is less than w. This insight is useful
because it implies that when the primary outcome is noisier than the auxiliary outcomes,
the latent correlation does not have to be as strong for there to be potential benefits of using
a multivariate FH model.

We conclude that the conditional posterior mean and variance of an outcome under a
multivariate FH models differs most from its univariate counterpart when sampling correla-
tion is lower than latent correlation or the other outcomes its jointly modeled with are less
noisy. In Appendix C2 we show that changes in 02, ¥;., and ¢, modify overall levels, but the
same patterns shown in Figure 4.2 persist. Crucially, these results all condition on correct
hyperparameter specification, which cannot be assumed in practice, especially when using

sparse data.

4.5 Simulation Study

Through this simulation study we evaluate how the theoretical differences between the uni-
variate FH and multivariate FH models examined in Section 4.4 affect estimation of the
primary outcome in practice. Specifically, we assess the accuracy and shrinkage of point es-
timates and the coverage and width of 90% credible intervals under each GMBY2-FH model,
compared to that under the univariate FH model, for different choices of latent correlation

and sampling covariance parameters.

94



Model MV-Asym === MV-Sep === MV-Sym/MV-Cor Univariate Signal—to—noise ratio === equal = = unequal

A. Normalized Frobenius distance between S'}’W and Sﬁ’“i"

w=0 w=0.25 w=05 w=0.75
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p

B. Conditional posterior variance for primary outcome
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Figure 4.2. Properties of the conditional posterior distribution under GMBYM2-FH models
compared to that under the univariate FH model, as a function of pairwise latent correlation,
p, for different values of pairwise sampling correlation, w. The solid lines indicate that
signal-to-noise ratio is equal for all outcomes, and the dotted lines indicate that the primary
outcome has a lower signal-to-noise ratio than the other outcomes.

4.5.1 Simulation design

We use one primary and two auxiliary outcomes for a total of R = 3 and m = 64 areas with
a square grid spatial structure. For each realization, j = 1, ..., 500, we generate bY) ¢ RME
under the MV-Cor latent model (49). We choose ¥ to be a 3 x 3 diagonal matrix with
elements equal to 1, ® to be a 3 x 3 diagonal matrix with elements equal to 0.5, and A

to be a correlation matrix with all off-diagonal elements equal to p, which will vary across
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settings. This construction implies that each outcome-specific random effect vector follows a
BYM2 distribution with 62 = 1 and ¢, = 0.5, and that latent pairwise correlation between
each outcome is equal to some p. Recall from Section 4.4.2 that the MV-Cor and MV-Sym
models are equivalent in this equicorrelation case when conditioning on (X, ®, A), so this
simulation design does not favor one model over the other. This latent model is chosen to
reflect the real-world situation where pairwise correlations are present that the MV-Asym
and MV-Sep models do not account for.

We choose the outcome-specific intercepts to be equal to 0 and do not include covariates,
so it follows that 05” = bgj) for area ¢ = 1,...,m. In contrast to Section 4.4.2, we want to
generate more realistic sampling covariance matrices, ng ), which reflect the fact that in real
survey data the sampling correlation can be quite different across areas. We define V§j =
diag(v'/?)Qdiag(v'/2) where v = (v1, vq, v3) varies across settings and € is a 3 x 3 correlation
matrix with off-diagonal elements equal to some w which also varies across settings. Then
we generate Vl(-j ) from an inverse-Wishart distribution with mean Vy, and 20 degrees of
freedom. By generating the sampling covariance matrix in this manner we can allow for
differences across areas, while evaluating model performance for different average levels of
sampling correlation, w. Note that this construction allows for sampling correlation between
outcomes to be negative. Then, for areas ¢ = 1,...,m, we use (ng ), ng )) to generate design-

based estimates,

éi]) N NR (653)7 VEJ)) )

Recall from Section 4.3 that the distribution of the design-based sampling covariance estima-
tor, VZ-, can be approximated by an inverse-Wishart distribution with the degrees of freedom
adjusted for sampling design. Thus we generate \71(] ) from an inverse-Wishart distribution
with mean ng ) and degrees of freedom equal to 34, which mirrors the survey design and
average sample sizes in the 2022 Kenya DHS (ICF International, 2022).

We choose simulation settings which vary the latent correlation parameter, p, and the

sampling variance, V;. For the latent correlation parameter, p, we use four settings: p =
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0,0.25,0.5, and 0.75. For the sampling covariance matrix we use 3 settings. For the first
setting we choose v; = 1, vy, = v3 = 0.25%2, and w = 0; for the second setting we choose
v; = 1, vy = v3 = 0.252, and w = 0.5; and for the third setting we choose v; = vy = v3 = 1,
and w = 0. The first two settings allow us to assess how the average level of sampling
correlation affects model performance, while the first and third settings allow us to assess
how model performance changes when the auxiliary outcomes have less uncertainty relative
to the primary outcome. We cross the 3 choices of sampling covariance matrix with the 4

choices of latent correlation for a total of 12 simulation settings.

4.5.2 Model Implementation

For each setting and realization, j, we use ((:)(j), V(j)> to fit the MV-Sep (48), MV-Cor (49),
MV-Sym (50), and MV-Asym (52) FH models. For comparison, we also fit a univariate FH
model (41) for the primary outcome with the univariate BYM2 latent model defined in (42).

For all models and outcomes r = 1,2,3, we use a normal prior for 5, with mean 0
and standard deviation 2, a penalized complexity (PC) prior for o, with hyperparameters
u = 2 and o = 0.01, which corresponds to the prior belief that P(o, > 2) = 0.01 (Simpson
et al., 2017), and a Beta(0.5,1) prior for ¢, which has mean, 0.33, and standard deviation,
0.3, and mildly encourages shrinkage towards the simpler, non-spatially structured model.
For the MV-Cor model, we use a Lewandowski-Kurowicka-Joe (LKJ) prior for A, with
shape parameter equal to 2. Note that LKJ(1) corresponds to a uniform prior over valid
correlation matrices, while a larger shape parameter value concentrates mass toward the
identity matrix. We choose A ~ LKJ(2) to provide mild shrinkage towards the identity
matrix, which regularizes the correlation estimates away from the boundary of the parameter
space. For the MV-Sym and MV-Asym models, we use a normal prior for each 7, with mean
0 and standard deviation 2. To increase stability of the MV-Sym model, we choose the
outcome, r*, for which ~,« > 0 to be the outcome with the lowest sampling variance because

it has the least noise. In practice, v, must be bounded away from 0 because when it gets too
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close to 0, sign identifiability is lost and the posterior distributions of each 7, can become
bimodal, causing convergence issues. Therefore, we bounded 7, > 0.25 to prevent these
convergence issues, making the prior for 7,« a truncated normal distribution. This lower
bound affects the interpretation of the MV-Sym model because the relationship of each
outcome to the shared surface is not precisely symmetric.

We use the Stan software (Stan Development Team, 2024) for all models, and estimate
the posterior distribution using 4 chains of 2000 iterations after 1000 iterations of burn-in.
Stan diagnostics indicate convergence and efficient sampling for all models and simulations.
The average run times across 500 simulations for the univariate, MV-Sep, MV-Cor, MV-
Sym, and MV-Asym FH models were 8, 102, 92, 102, and 108 seconds, respectively. The
average effective sample sizes across 500 simulations for the univariate, MV-Sep, MV-Cor,

MV-Sym, and MV-Asym FH models were 2304, 2298, 2021, 2332, and 2237, respectively.

4.5.83 Metrics

We compare the point estimates and 90% credible intervals for the primary outcome measure
r = 1 under each model using four metrics. Let éffg ) denote the posterior mean estimate for
Qg) under model g, and (lg’g), ugg)) denote its corresponding 90% credible interval. First,
for each realization j, we evaluate the percent change in root mean squared error (RMSE)

for each GMBYM2-FH model, compared to the univariate FH model,

RMSEUMY) — RMSEU-Um)

EVISEGUT x 100%,

where

64
. 1 i N2
RMSEU9) — = § : <9£{79) _ 92({))

for model g. Next, for each realization j, we evaluate the ratio of the between-area variability

of the point estimates under model g and the between-area variability of the true parameters,
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which we will refer to as the ‘shrinkage factor’,

. . 2
64 nJ, 64 A7,
S (099 — & 0L 057

. A\ 2
64 64
St (0 - &3k o)

The shrinkage factor measures the between-area shrinkage of the point estimates, where a
value less than 1 indicates shrinkage.
Finally, for each realization j, we evaluate average coverage of the 90% credible intervals

across areas under each model, g,

64

1 . . .
st (0 e 17 ud?]),

i=1

and the percent change in average interval width for each of the GMBYM2-FH models,

compared to the univariate FH model,

Zgil <u({,MV) _ l({‘,MV)) _ Z('j: <u({,Univ) _ l({,Um’v)

p— e ) x 100%.
Zﬁil (ug,Unw) _ l@({,Unzv))

4.5.4 Results

In Figure 4.3 we present the percent change in RMSE of the point estimates under each
GMBYM2-FH model, relative to that under the univariate FH model, and the shrinkage
factor for each model, across 500 realizations for each simulation setting. The columns indi-
cate different sampling covariance settings and the rows indicate different latent correlation
settings. We observe that the MV-Cor, MV-Sym, and MV-Asym models perform very sim-
ilarly, with RMSE and shrinkage decreasing relative to the univariate FH model as latent
correlation increases. This decrease is more pronounced when sampling correlation is lower
and auxiliary outcomes have less uncertainty. As for the MV-Sep model, when both sam-

pling and latent correlations are high, the model performs worse than the univariate FH
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model, exhibiting higher RMSE and an increase in shrinkage. When either or both levels of

correlation are low, the MV-Sep model performs very similarly to the univariate FH model.

Model Bl Mv-Sym =2 Mv-Asym BE Mv-Cor EBE Mv-Sep B= Univariate
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Figure 4.3. Percent change in RMSE of point estimates under each GMBYM2-FH model,

relative to that under the univariate FH model, and shrinkage factor for the univariate and

each GMBYM?2 FH model, for 500 realizations for each simulation setting, which varies
latent correlation, p, and average sampling correlation, w.
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In Figure 4.4 we present the coverage of the 90% credible intervals under each model
and percent change in average interval width under each GMBYM2-FH model, relative to
that under the univariate FH model, for 500 realizations for each simulation setting. In
agreement with the point estimates, we observe that the MV-Cor, MV-Sym, and MV-Asym
models perform similarly, with coverage similar to the univariate FH model and average

interval width decreasing relative to the univariate FH model as latent correlation increases.
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As in Figure 4.3, this decrease is more pronounced when sampling correlation is lower and
auxiliary outcomes have less uncertainty. We observe that when latent correlation is low,
the MV-Cor produces slightly more anti-conservative intervals, which are more narrow and
have lower coverage. Also in agreement with Figure 4.3, we observe that the MV-Sep model
performs similarly to the univariate FH model, except for when the sampling and latent
correlation are high, at which point the MV-Sep model performs worse than the univariate

FH model, with intervals that have low coverage.

Model - MV-Sym * MV-Asym — MV-Cor * MV-Sep — Univariate

B B e
B et e
T g

T T T T T T T T T T T T T T T T T T T T T T T T T T T

Figure 4.4. Coverage of 90% credible intervals for the univariate and each GMBYM2 FH
model and percent change in average credible interval width for each GMBYM2-FH model,
relative to univariate FH model, for 500 realizations under each simulation setting, which
varies latent correlation, p, and average sampling correlation, w.

Through this simulation study we conclude that when correlation is low, the GMBYM2-

101



FH models perform similarly to the univariate FH model, and when correlation is high the
MV-Sep model performs worse than the univariate FH model, while the MV-Cor, MV-Sym,
and MV-Asym models outperform the univariate FH model in terms of RMSE, shrinkage,
and efficiency of credible intervals. Moreover, this improvement in estimation is more dra-
matic when the auxiliary outcomes have lower uncertainty than the primary outcome. An
important consequence of our findings is that, under the tested settings, GMBYM2-FH mod-
els do not perform significantly worse than the univariate FH model when correlation is low,
which implies that using a multivariate FH model when we are unsure of the true correlation

structure would not negatively impact estimation.

4.6 Data Example

We return to the estimation of adminl-level NMR using 2022 Kenya DHS data introduced
in Section 4.2.1 and use the proposed GMBYM2-FH models to jointly model NMR with two
auxiliary outcomes: average HAZ and proportion of mothers who had at least 4 antenatal
visits. We obtain design-based estimates for 1; = (11, 50, i3) T, denoted f; = (D1, flio, Niz) T,

and an estimate of its sampling covariance matrix, Cov (7, | 1;), denoted V,;, for i =

0,5
1,...,47, using expression (40) and the survey package (Lumley, 2024) in R. We define
0ir = g-(nir) and 0, = g-(Mi) where g, is the identity function for the continuous outcome
and the logit function for the binary outcomes. Then for area ¢, we obtain an estimate
of the sampling covariance matrix of éi, denoted V;, by applying the multivariate delta
method (Rao, 1973) to Vm We observe that, across areas, the pairwise sampling correlation
between NMR and average HAZ is —0.03 on average (SD = 0.22) and the pairwise sampling
correlation between NMR and proportion of mothers who had at least 4 antenatal care visits
is 0.025 on average (SD = 0.23). Recall from the simulation study that the GMBYM2-FH

models (except for MV-Sep) perform better, on average, when average sampling correlation

across areas is low.

We use ((:), V) to fit the four proposed GMBYM2-FH models and compare them to
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the univariate FH (41) estimates for NMR presented in Section 4.2.1. For all models and
outcomes r = 1,2, 3 we use the same priors on (3,,02, ¢,) as in Section 4.2.1. We choose the
same priors for the correlation parameters as in the simulation study, and for the MV-Sym
model, we choose average HAZ to be the outcome for which ~,- is nonnegative and restrict
Y= > 0.1 to maintain sign-identifiability. We use the Stan software (Stan Development
Team, 2024) for all models, and estimate the posterior distribution using 4 chains of 2000
iterations after 1000 iterations of burn-in. Stan diagnostics indicate convergence and efficient
sampling for all models. The run times for the univariate, MV-Sep, MV-Cor, MV-Sym, and
MV-Asym FH models were 6, 86, 80, 91, and 88 seconds, respectively. The effective sample
sizes for the univariate, MV-Sep, MV-Cor, MV-Sym, and MV-Asym FH models were 2248,
1927, 2243, 1983, and 1974, respectively.

In Figure 4.5 we visualize the posterior distributions of the latent pairwise correlations
under each model. Recall from Section 4.3.1 that this latent pairwise correlation is defined
by Ay, for r = 2,3 under the MV-Cor model, and is defined by a function of (v, o, ¢) for the
structured and unstructured components under the MV-Sym and MV-Asym models. We
observe that the pairwise correlation between NMR and average HAZ is estimated similarly
across models, though the distributions have different shapes. We observe that under the
MV-Sym model the pairwise correlation between NMR and proportion of women who had
at least 4 antenatal care visits is estimated to very close to 0, in contrast to the other models
which estimate negative correlation between the two outcomes. This discrepancy is likely a
result of the construction of the MV-Sym model: because the two auxiliary outcomes are not
strongly correlated (as we observe in the bottom row), the shared surface estimated under
the MV-Sym model cannot simultaneously capture the correlation NMR has with each of
the auxiliary outcomes.

In Figure 4.6 we present NMR estimates and width of the corresponding 90% credible
intervals for adminl areas in Kenya, using the univariate and GMBYM2 FH models. In Ap-

pendix C5 we also present estimates and credible interval widths for the auxiliary outcomes,
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Figure 4.5. Posterior distributions of latent pairwise correlation under MV-Cor, MV-Sym,
and MV-Asym FH models, using 2022 Kenya DHS data.

under each of the models. In agreement with the simulation study, we observe that the NMR
estimates under the MV-Sep and univariate FH models are very similar and that the NMR
estimates under the MV-Cor, MV-Sym, and MV-Asym models exhibit reduced shrinkage.
Also in agreement with the simulation study, we observe that for most areas the intervals un-
der the MV-Cor model are narrower than the those under MV-Sym and MV-Asym models.
There are a few areas for which the MV-Cor, MV-Sym, and MV-Asym models yield wider
intervals than the univariate FH model, which is likely the result of these models having
less shrinkage. This effect is particularly clear in some of the eastern adminl areas, where
we observe an increase in both the NMR estimates and their corresponding interval widths.
Because of the reduction in shrinkage, the MV-Cor, MV-Sym, and MV-Asym models retain

more spatial variability which can be advantageous in identifying extreme areas.
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Figure 4.6. 2018-2022 NMR estimates and widths of 90% credible intervals for adminl
areas in Kenya under the univariate and GMBYM2 FH models, using 2022 Kenya DHS
data.

4.7 Discussion

We began by establishing interest in using multivariate areal spatial models to improve
estimation of a noisy primary outcome from complex survey data, and introduced the distinct
considerations relevant to the multivariate FH model, particularly those resulting from the
fixed covariance matrix in the observation model. We reviewed the existing multivariate FH
literature, the majority of which does not utilize spatial structure, and introduced a class
of multivariate latent models which use a BYMZ2 spatial model. Four models in this class
were proposed: MV-Sep, which models independent latent distributions for each outcome;
MV-Cor, which uses a correlated spatial model; and MV-Sym and MV-Asym, which utilize
the SCM framework.
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A general form was derived for the conditional posterior distribution under the multi-
variate FH models and followed by an examination of how the conditional posterior mean
and variance for the primary outcome change under each model as a function of sampling
and latent covariance. The MV-Cor, MV-Sym, and MV-Asym models all have some value
of latent correlation, p*, for which the conditional posterior mean and variance are equiv-
alent to that under the univariate FH model. As latent correlation, p, increases relative
to sampling correlation, w, the conditional posterior variance decreases and the conditional
posterior mean deviates further from that under the univariate FH model. This inflection
point, p* is lower when sampling correlation, w, is low or the auxiliary outcomes are less
noisy than the primary outcome.

In a simulation study, we assessed how the proposed GMBYM2-FH models performed in
practice, in comparison to a univariate FH model. When latent correlation is high, the MV-
Cor, MV-Sym, MV-Asym models all performed better than the univariate FH model in terms
of RMSE, shrinkage, and interval efficiency. In agreement with our theoretical findings, the
superior performance of the GMBYM2-FH model over the univariate FH model is amplified
when sampling correlation is lower than latent correlation or the auxiliary outcomes have
lower uncertainty than the primary outcome. The MV-Sep model performs similar to or
worse than the univariate FH model, depending on strength of correlation. This is likely
because the MV-Sep model introduces additional noise through the sampling correlation,
but does not gain power by leveraging correlation at the latent level. Our application of the
GMBYM2-FH models to the estimation of NMR in adminl areas in Kenya validated our
simulation study by yielding estimates from the MV-Sep model which were similar to that
under the univariate FH model, and estimates from the other GMBYM2-FH models which
had reduced shrinkage as compared to the univariate FH model.

While the MV-Cor, MV-Sym, and MV-Asym models performed similarly in our sim-
ulation study, there are a few key distinctions to be made when choosing between them.

First, the MV-Sym model imposes the assumption that all underlying drivers of correlation
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must be present in all outcomes which, as observed in the data example in Section 4.6, can
be misspecified when auxiliary outcomes are correlated with the primary outcome, but not
with each other. Moreover, the constraints imposed on the hyperparameters to allow for
negative correlations limit the interpretability of the MV-Sym model, as whichever outcome
has the constraint is favored in the shared surface. The MV-Cor model produces slightly
more anti-conservative intervals, on average, when latent correlation is low, and is also the
most complex of the three candidate models. The MV-Asym model, on the other hand, is
more parsimonious because it only models correlation with the primary outcome. For these
reasons, we have a slight preference towards the MV-Asym model, though we conclude that,
under the tested settings, all three models are preferred over the univariate or MV-Sep FH

model.
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Chapter 5

CONCLUSION

This dissertation has focused on Bayesian spatial modeling frameworks for SAE which in-
corporate design-based estimates when data are too sparse for a standard Fay-Herriot (FH)
model.

In Chapter 2 we introduced the DABUL model, a unit-level Bayesian hierarchical model
for rare event prevalence which incorporates higher-level design-based direct estimates from
the same data source, as either a soft or hard benchmarking constraint. The hard bench-
marking constraint imposes exact agreement in aggregation, while the soft benchmarking
constraint accounts for the uncertainty of the higher-level design-based estimates. In a sim-
ulation study we found that the soft DABUL model significantly reduces discrepancy in
aggregation and that both DABUL models produce more conservative intervals with lower
frequency of undercoverage for extreme areas than a standard unit-level model. In a cross-
validation study for admin2-level NMR estimation using the 2013 Zambia DHS, we found
that the soft DABUL model performed best in terms of average absolute error and interval
score. This work has been published as McGovern et al. (2026b).

In Chapter 3 we proposed two sampling distributions for the complex design variance
estimator and compared their performance in a variance smoothing FH model. The sim-
pler sampling distribution arises from the common recommendation of using a chi-squared
distribution with degrees of freedom equal to number of sampled clusters minus number of
sampled strata, while the other sampling distribution makes less strict assumptions on the
survey design and, as we validate through simulations, is a closer approximation of the empir-
ical sampling distribution. In a simulation study, we found that the two variance smoothing
models perform similarly to each other and produce better intervals than the FH model
without variance smoothing, according to proper scoring rules. Based on the simulation

study, we recommend the use of the simpler sampling distribution because, aside from its
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easier implementation, we found that the additional assumptions of the simpler sampling
distribution results in more shrinkage of the design variance towards 0, which helps to coun-
teract the observational noise inherent in sparse data. We also applied these models to the
estimation of height-for-age z-score using the 2022 Kenya DHS, which validated our simula-
tion study findings. We provide a vignette for implementing the simple variance smoothing
model here. A paper is available as McGovern et al. (2026a).

In Chapter 4 we studied theoretical properties of the multivariate FH model and adapted
multivariate areal spatial models from the disease mapping literature and incorporated them
into multivariate FH models. We introduced a class of multivariate latent models which use
a BYM2 spatial model, and proposed four models in this class: MV-Sep, which models
independent latent distributions for each outcome; MV-Cor, which uses a correlated spatial
model; and MV-Sym and MV-Asym, which utilize the SCM framework. We derived a
general form for the conditional posterior distribution under the multivariate FH models and
studied how the conditional posterior mean and variance for the primary outcome change
under each model as a function of sampling and latent covariance. In a simulation study,
we found that when latent correlation is high, the MV-Cor, MV-Sym, MV-Asym models all
performed better than the univariate FH model in terms of RMSE, shrinkage, and interval
efficiency, and that this superior performance is amplified when sampling correlation is lower
than latent correlation or the auxiliary outcomes have lower uncertainty than the primary
outcome. Our application of the GMBYM2-FH models to the estimation of NMR in adminl
areas in Kenya validated our simulation study findings. While the MV-Cor, MV-Sym, and
MV-Asym models performed similarly, we recommend the MV-Asym model for improving
estimation of a primary outcomes because it’s more parsimonious than the MV-Cor model
and less restrictive than the MV-Sym model.

Future directions include extending the study of sampling distributions of the design
variance estimator to accommodate binary outcomes and multivariate modeling. The sam-

pling distributions studied in Chapter 3 only hold for binary data if we may assume the
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cluster-level proportions are normally distributed. Further study is required to determine
how robust a variance smoothing FH model for binary outcomes would be to violations
of this assumption, or if there is another more suitable sampling distribution to consider.
There is also potential to merge the models introduced in Chapters 3 and 4 by incorporating
an inverse-Wishart sampling distribution into a multivariate variance smoothing FH model,

which may make the joint modeling of a higher number of outcomes more practical.
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Appendix A

APPENDIX TO CHAPTER 2

A1l Definitions and notation

® denotes the Hadamard product, i.e., for 2 m—length vectors, x and y, x®y is an m—length

vector with elements (x ©® y); = x;y;.

Element ‘ Description ‘ Corresponding vector(s)
my, number of k¥ administrative areas
A set containing all clusters
3(J) set containing all clusters in k* admin area j
(0u,0R) set of all urban and rural clusters, respectively
Ve indicator variable denoting whether cluster ¢ ¥y={7v.:c€ A}
was sampled ¥ ={7.:c€ (i)}
number of births in the sampled households
Ne in cluster ¢ n={n.:ceA}
number of births in all households in cluster ¢ N={N.:ce A}
NC Nz: {chceél(i)}
N = (N, :7, =1}
N+ = > N. | number of births in adminl area i Ny ={Ny:i=1..,m}
c€61 (1)
Z. number of neonatal deaths in the sampled Z={Z :ceA}
households in cluster ¢ Z,={Z.:ce€ (i)}
number of neonatal deaths in all households Y ={Y.:ce A}
Y. in cluster ¢ Y, ={Y.:ce (i)}
Y = {Y;: e = 1}
YW =y, ny®
Yir = > Y. | number of neonatal deaths in adminl area i Y, ={Yi :i=1,...,m}
c€d1 (%)

number of neonatal deaths in the sampled
households in adminl area ¢

risk of neonatal death in cluster ¢
design-based prevalence estimate for k"

administrative area ¢
. . . ~D
design-based variance of logit(7;*)
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Y = (v =1, my)
r={r.:ceA}
ri={rc:ce€ ()}

rPe = {pPh g =1, my )
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A2 Comparison of spatial models for Zambia NMR

We compare NMR estimates and uncertainty under model (6) using IID and BYM2 spatial
effects. From these figures, we observe that, in this example, choice of spatial effect model
makes little difference, so we choose BYM2 as it provides the option of more structure (by
including an ICAR component in addition to an IID component) and has the added benefit of
allowing more informative estimation in areas without observed data. Note that uncertainty
of estimates under the BYM2 spatial effect is lower on average, and those for which it is

higher are areas which have both low sample size and surrounding neighbors with low sample

size.
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Figure A1l. Admin2-level NMR estimates
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Figure A2. Width of 90% credible intervals for admin2-level NMR estimates
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A3 Priors on regression and overdispersion parameters

The priors on the regression parameters (ay, ag,3) are chosen with the goal of being rel-
atively diffuse on the exponential scale, while still accounting for the prior belief that the
outcome measure is a rare event. Figure A3 displays how variability of the Normal distri-
bution is translated on the exponential scale in the case of rare events. Note that when the
variance on the linear scale is large, as in the panel on the right, the distribution on the expo-
nential scale has very high probability near 0, so the variability on the desired scale actually
decreases. From this figure we can deduce that the chosen prior on (ay, ag), N (—3.5,3%), is
in fact a diffuse prior in this context. The chosen prior for the fixed effects 3, N (0,1), has a
smaller variance to avoid a prior on the linear predictor with such high variability that the

implied prior on the exponential scale shrinks towards 0.

SD=1 SD=3 SD=10

|-

000 025 050 075  1.00 000 025 050 075  1.00 000 025 050 075  1.00
Prevalence Prevalence Prevalence

Figure A3. Exponential transformations of Normal distributions with mean —3.5 and
variances 12, 32, and 102, respectively.

The prior on the overdispersion parameter, Exp(1), is chosen to reflect the belief that the
variance of the outcome is likely to be less than two times its mean (with 63% probability),
and that its more than four times the mean with fairly low probability, (5%). This is a
reasonable assumption, because if the overdispersion is much larger than 1, the increased

variability implies that the outcome is not rare in some areas. To test the sensitivity of

126



this prior choice we fit regression model (6) to the Zambia DHS data using the chosen prior
and using an alternative prior, Exp(0.25), which puts much less weight near 0. Figure A4
shows that the resulting posterior distributions of the overdispersion parameter are nearly

identical.

Prior: A~Exp(1)

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Prior: A~Exp(0.25)

— e

[ [ [ [ [ [ [ |
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

A

Figure A4. Posterior distribution of the overdispersion parameter in the nested negative
binomial model, fit to Zambia neonatal mortality data, under two different choices of prior.
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A4 Coefficient of variation for Zambia NMR estimates in motivating example

Non-nested model Nested model

Admin 1 direct estimates Admin 2 direct estimates

North-Western North-Western

Eastern»

Lusaka

Southern
g

Coefficient of Variation (%)10

25 50 100

Figure A5. The maps on the top row display coefficients of variation for the NMR estimates
under unit-level Bayesian negative binomial models with BYM2 spatial effects at the admin2
level, while the maps on the bottom row display coefficients of variation for the Hajek direct
estimates at the adminl and admin2 level, respectively. The range of coefficients of variation
for the non-nested and nested model are 10 —16% and 18 —32%, respectively, while the range
of coefficients of variation for the adminl- and admin2-level direct estimates are 18 —32% and
13—173%, respectively. The latter reflects the extremely high uncertainty of the admin2-level
direct estimates, even among those areas which have sufficient data to make valid estimates.
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A5 Additional simulation results

2.54

2.0+

Avg. discrepancy with direct estimate

oo+ +++ +++HF+++H+++HFE A+ HFE T
2 4 6 8 2 4 6 8 2 4 6 8 2 4 6 8
First administrative area, in order of population NMR

Model ® Soft DABUL -} Hard DABUL A Standard unit-level (nested)

80+ | 1

70

65 $

% decrease in discrepancy b/w UL and soft DABUL

Simulation setting

Figure A6. Discrepancy between aggregated model-based admin2-level estimates and
design-based adminl-level estimates, among the subset of simulations for which the ag-
gregated standard unit-level model estimate has a discrepancy with the direct estimate that
is larger than 0.001.

Figure A6 is similar to Figure 2.6, except we only examine the areas for which the
standard unit-level model has significant discrepancy with the direct estimates (greater than
0.001). We observe similar patterns to those in the previous figure, but the decrease in
discrepancy, displayed in the bottom panel, is more significant, with aggregated soft DABUL

estimates having 74.7 — 76.8% lower discrepancy with the adminl-level direct estimates, on

average, compared to aggregated estimates from the standard unit-level model. In other
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words, when there is larger discrepancy between the aggregated standard unit-level estimates
and direct estimates, the soft DABUL model reduces the discrepancy with direct estimates

by a larger magnitude.

Model — Soft DABUL ---- Hard DABUL --- Standard unit-level (nested)
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Figure A7. Coefficient of variation for admin2-level estimates, across 500 simulations for
each of 4 settings.
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A6

Additional plot of Zambia NMR estimates
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Figure A8. NMR estimates (deaths per 1000 live births) at the admin2-level in Zambia
(2009-2013) using the DABUL models, as compared to a standard unit-level nested Bayesian
model, both with BYM2 spatial effects at the admin2-level nested based on adminl level.
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Appendix B

APPENDIX TO CHAPTER 3

B1 Definitions and notation

Set ‘ Size ‘ Definition

H H | sampling strata

‘H; | H; | sampling strata which span area ¢

U, | M, | clusters in strata h € H

Un; | My; | subset of Uy, where clusters are contained in area 7
Sy, | my | sampled clusters in strata h € H

Shi | mu; | subset of S}, where clusters are contained in area @

Element ‘ Definition

| Corresponding term(s)

m.
N,
nC
We

*
wC

SN S

number of sampled clusters in area 7
number of individuals in cluster ¢

number of sampled individuals in cluster ¢
sampling weight for individuals in cluster ¢
NeWe

mr:il (Imh - mthmh 1;Fnh>

T!B;T;

nonzero eigenvalues of D, / ’M,D; /2
eiegenvector corresponding to eigenvalue g;;
noncentrality parameter, & (vi~;)
outcome for individual £ in cluster c
indicator variable denoting whether
individual ¢ in cluster ¢ was sampled

cluster-level sample mean, (Zév chycg) /N

superpopulation mean for area 7

stratum h mean effect

stratum-specific mean for area i, 0y; = 0; + v,
Hijek estimator for 6;

within-stratum population variance for area ¢
design variance, Var(0; | 0)

design-based estimator for V;
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D; = diag{n. : ¢ € Upep, S}

wy = {w; :c€ Sy}
'w: = {w: S Uhe?{ish}
W, = diag(w})
Ti — Wz (Iml - 1wi*T>

1Taw;*

B, = blockdiag{By, : h € H;}

'gh:{gc:cesh}
gi:{chCGSh,hG'Hi}

Yi = {lm, : h € H;}




B2 Form of the design variance estimator
B2.1 Decomposition of summations over clusters inside and outside the domain

Consider an area of interest, i, which is either a planned domain (i.e. Sy; = Sy, for all h € H,;)
or an unplanned domain (i.e. Sy; & Sy, for some h € H;). For all ¢ € Sp, \ Sp; and h € H;,
let wr = 0, as these clusters are outside the area of interest. Following Equation 2.3-10 of
Korn and Graubard (2011), we apply the Taylor linearization method to expression (19) and

obtain the design-consistent estimator for V; expressed in (20),

2
i T T a8 - X w0

2
(Zhe?{i ZCGS}L wz) heH,; ceSy, M c'eSy,

To more clearly express the variance contributions of the clusters inside and outside of

the area of interest, we can write (20) in terms of only its nonzero elements,

2
) 1 mp _ A 1 ~ A
Vi= w: yc_ez - wZ/ ycl—ﬁi

(D hen, Zceshi 5)? Z{ my — 1 Z [ ( ) mp Z ( )]

We hEH,; cESh; c'€Shi
2
mp . N 1 ./ — ~
Ol LIS U
c€Sp\Shi ¢'€Shi
2
1 mp, ~ 1 ~
= " wy(Ye — 0;) — — wy (Yo — 0:)
(Zhe?{i ZCGShi wC)2 hez?-tl{ My = 1 CEZS'M [ M C’GZSM'
2
mp, 1 . /- ~
+mh— 1 Z [m_h Z wer (e _9i>] }
CES}L\SM c'€Sy;
2
1 mp, ~ 1 ~
= * wZ(gc - Qz) - w:’(gc’ - 0@)
SO SR 2}{ 12 )
2
Mp — Mp; %/ A
o~ (50— 0,
T | 5 -] |
c'€Shi

where the first term inside the larger summation is a sum over the clusters inside the area of

interest and the second term is a sum over the clusters outside the area of interest. From this
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expression we observe that when the area of interest is an unplanned domain, the number
of clusters in the larger planned domain is incorporated in the last term, thus accounting
for the additional variability introduced by the fact that the number of sampled clusters
in the unplanned domain is random. Moreover, if the area of interest is a planned domain
(my, = my;), the last term becomes zero because the number of sampled clusters is fixed,

and the estimator simplifies to

. | i o .
Vi= ( 2 Z m:jh—l Z wc(yc_‘gl)_m Z wc’(yc'_9i>

ZhE'Hi ZCESM C heHt,; cESh; c'ESh;

B2.2 Form of the variance estimator under simple sampling distribution assumptions (Equa-

tion 25)

In this section we show that the design variance estimator presented in (20),

m
h c'eSy

Véz( ! 22 h_lz[w:(gc_éi)_iZw:’<gc’_éi)] )

Zhem ZCGSh wc hEM,; €Sy,

simplifies to the estimator presented in (25),

Mpi

V= |%|Zzly‘

heH; ceSy,

zyc],

ces

under the design assumptions presented in Section 3.3.1.

Under assumption (i), the area of interest is a planned domain, so (20) can be written as

2

2 .
(Zhem ZCGS’M wc) heH,; 1 cESh; Mhi ¢/ ESp;

Then under assumption (ii), the same number of clusters are sampled from each stratum in
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area ¢ (i.e., mp; = m.;/|H;|) so it follows

Vi = ! )i m Z > [ - 77; > wilge —éz')] :

(ZhGHZ ZCGS}L hEH CGS}LL Cleshi

Then under assumptions (iii), (iv), and (v) w} = w} for all ¢ € Upey, Shi, so it follows,

12
R w*Z R 1 R
) % (o)
V (m w* m _|H|hEZ’Hc€ZS;” [( mhic’ezshi Y |
2
- Z Z [(yc m Z gc’) - <1_ mhz) éz
hE’H cESh; hi c'€Sh; Mhi |
2
= Ye — Yer .

B2.3 Matrixz form of the variance estimator (Equation 29)

In this section we show that the variance estimator (20),

et DU DI EUSTIRE D e

Zhé'Hi ZCESh wz) heH; m ceSy ceSy

can be written in the form of expression (29),

1

AR S
(1T'wz- )

g, Mg

Recall from Section 3.3.2, g; is composed of subvectors, (¥, j,)nen,, with elements (¥.)ccs,

and M; = T]B;T;. Let B; be a block diagonal matrix with blocks (Bh)hem such that

B, = i (Imh - L o Loy, K ) Let w} be a vector composed of subvectors, (w},)nes,, with

elements {w}}.cs, and define T; = W; (Im _ 1wi*'T*>7 where W; = diag (w;*). Note that

1Tw;

— * . . . . o, T * *
(¥;, Bi, w}) must maintain consistent ordering. By definition, 17 w;* =37, 5, > o W, S0
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to prove equality it suffices to show

(Tigi) BiTigi = Y e > |wi@e —6:) - mi dowi@e—0)| - (59)

By definition, T; is a square matrix of dimension ZhGH, my, with diagonal elements,

;UT for (c,c’) € S = Upen,Sh-

*2 .
Tr=, and off-diagonal elements, T; . =
2

Ti,cc - wz -
Then it follows that T;g; is a vector composed of subvectors, (Ly)pe3,, where Ly, is a vector

of length my, with elements

lyc _ A
L - U) yc w, Z ]_T’LU = (yc - 91)
ces

for ¢ € Sy, and

(Tiw:)"BiT;y; = Z L, B,L,
heH;

1

Observe that the matrix (Imh - L 1 1t ) is idempotent, so it is equal to the square

mp ~myp,

of itself, and (Imh — Wi lmh . ) Ly, is an my,—length vector with elements

1 1
[(Imh hlmhlﬁh) Lh} =Lye—— Y Ly

m
h ceSy

for ¢ € Sy, so it follows that

(Ts5:) ' BiTig; = Z p— =y <Lhc - — Z Lhc>

heH,; ceSy, C’GS;L

which results in the equality in expression (59).
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B3 Accuracy of Satterthwhaite approximation

In this section we evaluate how well the Satterthwhaite approximation (31) approximates
the survey-weighted sampling distribution (30). We find that the approximation is highly
accurate using sampling weights and sample sizes from various admin2 areas in the Kenya

2022 DHS and different sets of parameters.

Area 37 Area 120 Area 130 Area 136

Area 138 Area 153 Area 187 Area 266

Figure B1. Quantile-quantile plots comparing survey-weighted sampling distribution, on
the x-axis, to its Satterthwhaite approximation, on the y-axis, when v = 1 and ¢? = 1, using
the sampling weights and sample sizes from 8 admin2 areas in the 2022 Kenya DHS.

Area 37 Area 120 Area 130 Area 136

Area 138 Area 153 Area 187 Area 266

Figure B2. Quantile-quantile plots comparing survey-weighted sampling distribution, on
the x-axis, to its Satterthwhaite approximation, on the y-axis, when v = 2 and ¢? = 4, using
the sampling weights and sample sizes from 8 admin2 areas in the 2022 Kenya DHS.
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B4 Bias of design variance estimator under SASW sampling distribution (Equa-

tion 31)

Recall from Section 3.3.2, D; is a a diagonal matrix with elements (1/ nC)CEUheHi s, Wit is a

vector composed of subvectors, (W} )ney,, with elements (w}) and M; = T} B;T; where

ceSy?
T; = diag (w;*) (Im _ izTuw*T*> and B; is a block diagonal matrix with blocks (By,) new, Such
that By, = m”:’_Ll (Imh — mihlmh 17?%). Also recall, g; is the vector of non-zero eigenvalues
of Diﬁl\/IiDi/2 and 9;; = % (v}}%)z, where v;; denotes the m.;—length eigenvector corre-

sponding to eigenvalue g;;, scaled such that viTjDivij = 1 and ~; is a vector composed of

subvectors, (Yn1m, ) ey, The SASW sampling distribution (31) is defined as

V;*(U?) Q2 X2
2,
wi T Dw* 2Q, 751

9 2
‘/;|0-i77'iN

where Q1 = 377 ¢;j(1 + d;;) and Qo = 2377 q7;(1 + 26;).
Then it follows that

E[V; | 02,7 = —2L_y¥(o?)

wi*TDiwi* ‘ !
so Vi | 02,4; is a biased estimator for the theoretical design variance, V*(02), by a factor of
Q1/(w*TDjw;*). We will provide conditions under which Q; /(w;*TD;w;*) < 1.

From the definitions of g; and é; it follows that
1
= Z ¢ij + Z i50;; = tr(M;Dy) + U—?ViTMiDiMiVi-
J J

The first term, tr(M;D;), can be expressed as w;*"D;w;* — R;, where
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rey s { ey

m
heH,; ceSy, c'eSy

2
. ZhGHz‘ Zc’esh w:'/ncl w 1 *
Zhe?—ti Zc/esh wy ‘ ’

SO

0, wDyw* — R + 5y MiD; My, = MED;Myy; — R;

wi*TDiwi* wi*TDiwi* wi*TDiwi*

Then it follows that Q;/(w;*TDsw;*) < 1 when R; > v;TM;D;M;~;/02. Note that both

R; and v;TM;D;M;~;/0? are nonnegative. The second term, ~;TM;D;M;v;/0?, can be

m Y (Y s - Ly
— | wi —— wl
my, — 1 o; = e
cESh CESh

Zh Th Zcesh wy
Zh Zcesh wé

a similar value for all ¢ € S}, which is generally the case unless there are extreme differences

expressed as

where YV = . We observe that ~v;TM;D;M;v;/0? tends to zero when w? takes
at the cluster size re-enumeration stage. This term also decreases when the within-stratum
variance is larger than the between-stratum variance. On the other hand, R; only tends
to zero when, in addition to w}, n. also takes similar values for all ¢ € S}, which is a less

reasonable assumption (see Appendix B6).
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B5 Additional simulation results
B5.1 Re-enumerated cluster sizes

In the simulation design described in Section 3.5.1 we assume the listed cluster sizes are
correct and do not require re-enumeration (i.e. L. = N.). In this section we evaluate
whether cluster re-enumeration, and the resulting difference in sampling weights, significantly
modifies the results we observe in the main text. We use the same setup and parameters
here as in setting 1, with the modification that each cluster ¢, is sampled with probability
proportional size using L. (instead of N.) where L, is generated from a normal distribution
with mean 0.85N, and standard deviation 0.2/, rounded to the nearest whole number. The
mean of L, is chosen to reflect the fact that, due to population growth, we expect the listed
cluster size to underestimate the true size, on average. In Figure B3 we observe that there
are some very slight differences in model performance when cluster sizes are re-enumerated,
namely the RMSE and coverage rates are more variable across areas, but all conclusions

made in the main text also hold for this setting.

140



A. RMSE B. Coverage of 90% credible intervals (clipped at 50%)

1: listed cluster sizes are correct 5: cluster sizes are re-enumerated 1: listed cluster sizes are correct 5: cluster sizes are re-enumerated
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Figure B3. RMSE of area-level point estimates and coverage, average width, and average
interval score of 90% credible intervals, for each area and model, across 100 simulations. The
gray lines indicate the mean across areas and the red line in panel B indicates the nominal
rate of the credible intervals.
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B5.2 Comparison of sampling distributions

In this section we assess how closely the simple and SASW sampling distributions adhere
to the empirical sampling distribution of the design variance estimator. We do not use

2 and «, but simply plug in the correct values, which are defined in

model estimates of o
the simulation design, so that we may assess accuracy of these sampling distributions when
parameters are correctly specified.

We use two metrics to evaluate how the simple and SASW sampling distributions com-
pare to the empirical distribution of the design variance estimator, V; for i = 1,..., K, which
we have obtained through simulation. To directly compare the sampling and empirical
distributions we use the average Wasserstein distance of order 2, an empirical measure for
differences between distributions (Sommerfeld and Munk, 2018; Bernton et al., 2019; Panare-

tos and Zemel, 2019). For each area i, we evaluate the average Wasserstein distance of order

2

1 1 & O A\ 2
Y =y (Qi (4) - @(J))
e 99 4
9€G; j=1
where QZ(-Q) (4) is the j' percentile of the simple or SASW sampling distribution of V; for
dataset g and Q;(j) is the j™ percentile of the empirical distribution of V;. Note that
the simple and SASW sampling distributions vary by dataset because they depend on the

sampling weights and sample sizes of the sampled clusters. To determine the directionality

of this difference in distributions, for each area i we evaluate the difference in means,

1 A N N
KWV — E[V; }
G 2 \BUW - BV,
9€G;
where E@[V;] is the mean of V; under the simple or SASW sampling distribution for dataset
g and IE[IA/Z] is the mean of V; under the empirical distribution.
In Figure B4A we observe that, on average, the SASW sampling distribution is a slightly

better approximation of the empirical distribution of the design variance estimator. Both
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sampling distributions are closer to the empirical distribution when sample size is larger and
further when there is within-cluster correlation. In Figure B4B we observe that, on average
the simple sampling distribution underestimates the mean of the design variance estimator,
while the SASW sampling distribution estimates the mean fairly well, on average, except
when there is within-cluster correlation. Poorer performance when there is within-cluster
correlation is expected because the theoretical design variance is misspecified, as it is a

function of both ¢? and p.

A. Average Wasserstein distance of order 2

1: correctly specified 1a: bx sampled clusters 2: varying urban effects 3: t-distributed data 4: within cluster correlation

0.25
!
0.20

SEER N RNE F e e - -

0.00 -

B. Average difference in means

1: correctly specified 1a: 5x sampled clusters 2: varying urban effects 3: t-distributed data 4: within cluster correlation
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Figure B4. Comparison of simple and SASW sampling distributions to empirical distri-
bution of the design variance estimator. Averages are computed for each area across 100
simulations for each of 5 settings. The red line in panel B indicates the point where the
estimate is equal to the truth and values below the red line indicate underestimation.
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B6 Distribution of cluster sizes in 2022 Kenya DHS

We present the distribution of cluster sample sizes for urban and rural clusters in the 2022
Kenya DHS, which we use to calibrate the sample sizes in our simulation study. We use a

negative binomial distribution with the parameterization,

ne+s—1 e s
P(n|size = s, mean = p) = ( a ) ( i > :

Ne w+s W+ s

Urban clusters Rural clusters

|~

I T T T T 1 [ T T T T T T 1
0 10 20 30 40 50 0 5 10 15 20 25 30 35

sampled individuals sampled individuals

Figure B5. Distribution of urban and rural cluster sample sizes in the 2022 Kenya DHS.
The urban cluster size distribution is compared to a negative binomial distribution, denoted
by a red curve, with size = 8 and mean = 9. Similarly, the rural cluster size distribution is
compared to a negative binomial distribution, with size = 4 and mean = 11.
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B7 Auxiliary variables for Kenya example

For the area-specific auxiliary variables in the latent mean model we use the urban under-5
population proportion, population density, yearly average temperature, yearly total precipi-
tation, elevation, motorized travel time to healthcare, and yearly average nighttime lights.
The urban under-5 population proportions are estimated using the method in Wu and
Wakefield (2024), a logistic classification model which uses pixel-level population density ob-
tained from WorldPop (Tatem, 2017) and defines a threshold for classifying pixels as urban
or rural, which is calibrated by the urban/rural composition at the adminl level reported by
DHS (Corsi et al., 2012). High-resolution surfaces for yearly average temperature, elevation,
and yearly total precipitation were obtained from WorldClim (Fick and Hijmans, 2017).
High-resolution surfaces for yearly average nighttime lights and motorized travel time to
healthcare was obtained from Earth Observation Group, NOAA National Centers for Envi-
ronmental Information (2022) and Weiss et al. (2018), respectively. For each high-resolution
surface, we obtained the area-specific auxiliary variable by taking the population-weighted
average of the value over each area. We took the log transformation of variables with skewed
distributions (population density, nighttime lights, and time to healthcare) and then stan-

dardized each variable (except for the urban proportion).
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Figure B6. Maps of standardized admin2 area-level auxiliary variables in Kenya
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B8 Scatter plots of Kenya HAZ estimates

In this section we compare the mean and standard deviation estimates of HAZ under each
model to the design-based estimates. As in Section 3.6 we observe that both variance smooth-
ing models exhibit more shrinkage of the mean and variance compared to the standard model.
It is important to note that this shrinkage is not necessarily a negative characteristic, as the
design-based estimates are quite noisy due to low sample size. The design-based standard
deviation estimates, in particular, are not very reliable, as is noted throughout the main text

and exhibited in Section 3.5.3 of the simulation study.

A. Mean

Simple SASW Standard

Model-based

45 10 05 00
Direct
B. Standard deviation
Simple SASW Standard

Model-based

Direct

Figure B7. Scatter plots comparing mean and standard deviation estimates of HAZ under
each model against the design-based estimates.
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Appendix C

APPENDIX TO CHAPTER 4

C1 Derivation of random effect distribution under the SCM models

C1.1 MV-Sym

* _ (4T T T\ T
Let 2" = (zo,zl,...,zR) and

P*

mo1
72 0
YR 0 0

1

where z; and 7, are as defined as in (50). We will show this implies that the MV-Sym model

(50) is a GMBYM2 model (47) with

Y, =P®,.%..P7

and

P, =P Iz — ®..)2.. P (60)

where 3. = diag(02,02,,...,02 ) and ®.. = diag(d.,0, ¢ 1, .., Pz R).

Recall from (50) that zy | 02, ¢.x ~ BYM2(02 ,, ¢.x) for k = 0,1,..., R, so it follows

that

Z* ‘ Ez*a Qz* ~ MR+1)m (Oa Q*_ ® (QZ*EZ*) + Im X ((IR - q)z*)zz*)) .

The random effects under the MV-Sym model (50) can be expressed as b = (I, ® P*) z*

and thus follow a mean-zero multivariate normal distribution with variance

I, @P)[Q, 8,3, +1,® (g - ®.)%,.] I, P)"

=1, P")[Q; @ ®.-%.-] (I,® P") + (1, @ P*) I, ® (Iz — ®.-)%.-] (I, ® P*T)

148



- Q, @ P®,.3..P"+1, P(Iz — ®..)%,. P

with 1, and 1, taking the forms in (60).
Next we will derive the pairwise correlation between outcomes r # 7’ implied by 1,
and 1,. Observe that the diagonal and off-diagonal elements of 1, have the forms 1, ,, =

u,rr

bo07: + @,Nir and 1, ... = ¢. 07V, respectively. Then it follows that

,l/)u,rr’ sz,(]’)/r’)/r’
Cor(th,)r = = 1/2

(YumWurr) " (02072 + 02002,) % (02072 + bor0?)

Y
- 1/2 1/2°
¢z,r 2 ¢z7r/ 2
<’73 + $2,0 O-z,r> (77"/ + $2,0 Oz,r’)

Similarly, Cor(%,).+ can be derived by replacing ¢.. with (1 — ¢, .).

C1.2 MV-Asym

Let z = (27, ...,zIT%)T and

I 7 YR

0 1 0
j ,

0 0 1

where z, and 7, are as defined in (52). We will show this implies that the MV-Asym model
(52) is a GMBYM2 model (47) with

Y, =P®.3X.PT  and ¢, =PIz &)X, P" (61)

where 3, = diag(o? |, ...,07 z) and ®, = diag(¢. 1, ..., P,r)-
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Recall from (52) that zy | 02, ¢ x ~ BYM2(02 ,, ¢-x) for k =1,..., R, so it follows that

The random effects under the MV-Asym model (52) can be expressed as b = (I, ® P) z

and thus follow a mean-zero multivariate normal distribution with variance
1, ®P)[Q, 8.2, + 1, (Iz - ®.)%.] (I, P)"

= (L,®P)[Q; ©9.%.] (I, P") + (I, ® P)[I, ® (Iz — ®.)%.] (L, ® P")
=Q, ® P$.X.P"+1,@ P(Iz — ®,)%.P"

=Q. ¢, +1, 09,

with 4, and 4, taking the forms in (61).
Next we will derive the pairwise correlation between primary outcome, r = 1, and auxil-
iary outcome, 7 > 1, implied by ,, and 4, Observe that v, ;; = ¢.107, + S, V{002,

Yyyirs = 2070 and 1, 1,0 = Y2h2 w07 ., vespectively. Then it follows that

'd)u,lr’
(qvbu,llvvbu,r’r’) V2

2
Yr! ¢z,r’0-z,7~/ . Ve A/ (bz,r/gz,r’

(¢z,1f7§,1 + 25;2 ’V?@,Wg,z)m(¢z,r'037r/)1/2 (@,10371 + Zf:z 7?(252,40;5)1/2'

Similarly, Cor(#,)1x can be derived by replacing ¢, . with (1 — ¢, .).

COI‘(’lpu)lr/ =
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C2 Additional plots for Section 4.4.2

In Figure C1 we show that changes in o2, ©j;., and ¢, modify overall levels, but the same

T
patterns shown in in Figure 4.2 persist. For this illustration, we choose w = 0.5 and vary
¢r, 0r, and D;.. As in the main text, 0,1 = 0%, and 0 = d?0? for r = 2,3 where d = 1
for the equal signal-to-noise ratio setting and d = 0.25 for the unequal signal-to-noise ratio

setting. Therefore, as we vary o2, 0, varies along with it. The first column of Figure C1

uses the same parameter values for ¢,, o,, and v;. as in Section 4.4.2, so it is identical to
the third column in Figure 4.2. In the second column, we choose ¢, = 0 for all outcomes r,
which effectively reduces these GMBYM2 models to their IID analogs because we are now
assuming all spatial variability is unstructured. We observe that the same patterns persist,
indicating that our theoretical findings are not specific to the GMBYM2 model class, but

generalizable to the broader class of multivariate FH models. In the third column, we choose

02 = 0.5 for all outcomes 7, and, again, observe that the same patterns persist.
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Model == MV-Asym === MV-Sep === MV-Sym/MV-Cor === Univariate Signal-to-noise ratio == equal == unequal

A. Normalized Frobenius distance between S and %"

9=0.5and o =1 ¢-=0and o?=1 ¢:=0.5and 6?= 0.5

000 025 050 075 100000 025 050 075 100000 025 050 075  1.00
p
B. Conditional posterior variance for primary outcome
¢r=05and o’ =1 ¢r=0and o?=1 ¢r=0.5and 0? = 0.5
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R . \ .‘:
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Figure C1. Properties of the conditional posterior distribution under GMBYM2-FH models
to that under the univariate FH model as a function of pairwise latent correlation, for
different values of ¢,, 02, and ¥;,..
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C3 Bound on p in MV-Asym model for Section 4.4.2

We show that under the assumptions that Cor(v,)i,» = Cor(¢,)1,» = p € [0,1), for v’ =

2,...R, and ¢, = ¢*, for r = 1,..., R, it follows that p is bounded above by \/ﬁ when

(0%, ...,0%) are fixed. Recall from Section 4.3.1, that under the MV-Asym model,

Yr'\/ (bz,r/gz,r’
Cor(¢u)1r/ = - 12
(60021 + Xis 1202002,

and
Vr! (1 - sz,'r’)O-z,r’

1/2
(= 6)o2, + S0, 2 0 = 620)02,)

for ' > 1. By applying the above assumptions we obtain

Cor(wv)lr' =

YkO 2 r

1/2°
R
(021 + s ndo?,)

p:

For this hold for all " > 1, it must be true that

d
P2+ (R- D))"

(62)

for > 0.
Also, it follows directly from (52) that the variance of (byy, ..., b,,1) under the MV-Asym
model,

R
o7 =021+ vaaf =02+ (R—-1)d*
r=2

All variances must be nonnegative, so it follows that

ol =01 —(R-1)d>>0
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which implies that

d< 2
R—1

Then, plugging this back into (62), we obtain

d 1
< )
- VR-1

p:
o

—_
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C4 Sufficient conditions for equivalence between multivariate and univariate FH

conditional posterior means

A

Suppose the sampling correlation matrix, Cor(V;) = Q for all areas i = 1,...,m, and the
latent dependence, Cor(¢p,) = Cor(v,) = A, for positive semi-definite matrices Q and A.
Further, suppose the latent spatial dependence parameter is equal across all outcomes (i.e.,
¢ = ¢*), all areas have equal sampling variance (i.e., ¥; = ©"), and the sampling and latent

2 = c; = ¢0*). We will show that under

variances are proportional across outcomes (i.e., o
these conditions, A = Q implies SMV = SY"V and, equivalently, the conditional posterior
mean under the multivariate FH model is equal to that under the univariate FH model.

Under the above conditions we can write,

A,

Vi _ V* _ Tl/?ﬂrl/?) ,lpu _ C¢T1/2AT1/2, and 1/)u _ C(l . (b)Tl/QATl/Q,

where Y = diag(9"). Tt follows that if A = Q, then V' = Lap, = 7Loap, 50

1

SW = (L + ¥V ) = (Lur + (Q; @9, + L, @%,) (L, © V1))~

— (Lpr+(Q; @,V ' + 1, @, V)™

— (Lnp + (QF ® c¢"Tg + 1, ® ¢(1 — ¢")Ig))

= (Lo + (Q ' SE " 41, @ ¢(1 — ¢")=E 1))

= Lur+ (Q: © 'S +1, 0 (1-¢)Z) (Lyoe= )

= (g + T (1, © diag(* 1)) "
1

= (Lur + ¥5%diag(V) ™) =S,
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C5 Estimates of auxiliary outcomes in Kenya example

Average HAZ
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Figure C2. Estimated average height-for-age z-scores and widths of 90% credible intervals
for admin]1 areas in Kenya under the univariate and GMBYM2-FH models, using 2022 Kenya
DHS data.
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Figure C3. Estimated proportion of mothers who had at least 4 antenatal care visits

and widths of 90% credible intervals for adminl areas in Kenya under the univariate and
GMBYM2 FH models, using 2022 Kenya DHS data.

156



	LIST OF FIGURES
	LIST OF TABLES
	GLOSSARY
	DEDICATION
	ACKNOWLEDGMENTS
	INTRODUCTION 
	Motivation
	Surveys in low- and middle-income countries
	Small area estimation methods
	Structure of dissertation

	DIRECT-ASSISTED BAYESIAN UNIT-LEVEL MODELING FOR SMALL AREA ESTIMATION OF RARE EVENT PREVALENCE 
	Introduction
	Small area estimation in low- and middle-income countries 
	Bayesian unit-level models for rare event prevalence 
	Direct-assisted Bayesian unit-level model
	Simulation Study
	Application to Zambia DHS data
	Discussion

	SAMPLING DISTRIBUTIONS FOR COMPLEX SURVEY DESIGN VARIANCE ESTIMATORS IN A FAY-HERRIOT MODEL 
	Introduction 
	Fay-Herriot model for stratified two-stage cluster samples 
	Sampling distributions for the complex design variance estimator 
	Variance smoothing Fay-Herriot model specification
	Simulation study 
	Data example: height-for-age z-score in Kenya 
	Discussion 

	MULTIVARIATE AREAL SPATIAL MODELING USING COMPLEX SURVEY DATA 
	Introduction 
	Univariate Fay-Herriot model
	Multivariate Fay-Herriot model 
	Theoretical properties of the GMBYM2 FH models 
	Simulation Study 
	Data Example 
	Discussion 

	CONCLUSION 
	APPENDIX TO CHAPTER 2
	Definitions and notation 
	Comparison of spatial models for Zambia NMR 
	Priors on regression and overdispersion parameters
	Coefficient of variation for Zambia NMR estimates in motivating example 
	Additional simulation results 
	Additional plot of Zambia NMR estimates 

	APPENDIX TO CHAPTER 3
	Definitions and notation 
	Form of the design variance estimator 
	Accuracy of Satterthwhaite approximation 
	Bias of design variance estimator under SASW sampling distribution (Equation 31)
	Additional simulation results
	Distribution of cluster sizes in 2022 Kenya DHS 
	Auxiliary variables for Kenya example 
	Scatter plots of Kenya HAZ estimates 

	APPENDIX TO CHAPTER 4
	Derivation of random effect distribution under the SCM models
	Additional plots for Section 4.4.2
	Bound on  in MV-Asym model for Section 4.4.2 
	Sufficient conditions for equivalence between multivariate and univariate FH conditional posterior means 
	Estimates of auxiliary outcomes in Kenya example 


