(©Copyright 2019
Yungi Bu



Brain Connectivity Networks
in Theory and Practice

Yunqgi Bu

A dissertation
submitted in partial fulfillment of the
requirements for the degree of

Doctor of Philosophy

University of Washington

2019

Reading Committee:
Johannes Lederer, Chair
Kwun Chan
Tyler McCormick

Program Authorized to Offer Degree:
Public Health: Biostatistics



University of Washington

Abstract

Brain Connectivity Networks
in Theory and Practice

Yungi Bu

Chair of the Supervisory Committee:
Professor Johannes Lederer
Statistics

The main purpose of this thesis is to develop statistical methods to explore the human
brain connectivity and its relationship to cognitive diseases, such as Alzheimer’s disease.
Among a variety of different imaging methods, resting-state functional magnetic resonance
imaging (rs-fMRI) data are popularly used for estimating brain connectivity networks in
the absence of tasks. In neuroimaging, Gaussian graphical models are mainstream tools
for modeling statistical dependencies as functional connectivity across anatomically distinct
regions of the human brain. Brain connectivity here is an undirected graph estimated from
high-dimensional fMRI data.

We show, however, that standard Gaussian graphical modeling methods such as neigh-
borhood selection and graphical lasso can fail to provide accurate and reproducible graph
recovery when estimating brain connectivity networks. This problem persists even under
the best circumstances of optimal tuning and sufficiently large sample sizes, which is often
not achieved in real applications with these methods. In Chapter 1, we attempt to solve
this problem by leveraging the three-dimensional spatial positions of the nodes into a neigh-
borhood selection framework to gain more accurate graph estimations. These positions are
incorporated into the tuning parameters of each nodes’ penalized regression in the form of

pairwise distances between brain regions. This approach (named SI) is motivated by the



biological rationale that direct brain connections are more likely between close regions than

between distant regions.

Clinically, fMRI data is often obtained longitudinally for each subject. However, dis-
cussion for estimating networks in a longitudinal clinical setting are scarce. Human brain
connectivity has been shown to be reproducible across individuals. Recent advances in data
acquisition and preprocessing have also largely improved the reliability of functional mag-
netic resonance imaging for estimating functional brain networks. In Chapter 3, driven by
these developments, we exploit the presence of shared connectivity structure in order to pro-
duce more accurate brain connectivity estimates for individual patients in clinical settings.
More specifically, we propose an approach that can incorporate information from baseline
fMRI assessment when estimating networks in follow-up fMRI data. For this new approach
(named Geofuse), we manage to jointly estimate two graphs under one neighborhood selec-
tion model. For each regression, we add an additional fused lasso penalty on the basis of
SI from Chapter 1 to encourage the two groups of parameters for the two graphs to shrink

together, yielding more stable networks across repeated scans of the same individuals.

Both approaches SI and Geofuse are computationally convenient and efficient. Using data
from an Alzheimer’s disease dataset and the Consortium for Reliability and Reproducibility,
we illustrate that SI (for single graph estimation) and Geofuse (for joint graph estimation)
both produce more stable brain connectivity networks than state of the art methods. These

two approaches may, therefore, be of particular value to the clinical neurosciences.

In Chapter 2, we study a topic outside of neuroscience, namely personalized medicine.
Sometimes, the development of a market-ready companion diagnostic test (CDx) for iden-
tifying the best treatment for individual patients may lag behind the development of the
actual drug, and we use a clinical trial assay (CTA) to enroll patients into the drug pivotal
clinical trial instead. Thus, when CDx becomes available, a bridging study is required to

assess the drug efficacy in the CDx intended use population (CDx IU). Due to randomization



related missingness of the CDx results, one challenge we face is covariate imbalance between
treatment arms for the subpopulation with both positive CDx and CTA. In Chapter 2, we
address this challenge in bridging studies under a causal inference framework and evalu-
ate the performance of two methods: 1) the propensity score method with doubly robust

estimation. 2) the optimal matching method.
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Chapter 1

INTEGRATING ADDITIONAL KNOWLEDGE INTO THE
ESTIMATION OF GRAPHICAL MODELS FOR
BRAIN CONNECTIVITY NETWORKS

This chapter is an adapted version of my arXiv paper [6].
Abstract

Brain connectivity networks derived from fMRI data are considered a prime gateway
to understanding cognitive diseases of the human brain. We show, however, that standard
methods for Gaussian graphical modeling can fail to provide accurate graph recovery for
estimating brain connectivity. This problem persists even when optimal tuning is applied and
large sample sizes are available. We attempt to solve this problem by leveraging information
that is readily available but typically neglected: the spatial positions of the measurements.
These positions are incorporated into the tuning parameter of neighborhood selection in
the form of pairwise distances between brain regions. This approach is computationally
convenient and efficient, carries a lucid Bayesian interpretation in concordance with biological
rationale, and improves standard methods in terms of statistical stability. Applied to data
about Alzheimer’s disease, our approach allows us to highlight the central role of lobes in
the connectivity structure of the brain and an increased connectivity within the cerebellum

for Alzheimer’s patients compared to other subjects.

1.1 Introduction

Brain connectivity networks derived from fMRI data are considered a prime gateway to

understanding cognitive diseases. Along with other fields, brain research has boosted the



interest in statistical methodology for uncovering dependence networks. A standard frame-
work for dependence networks is Gaussian graphical models [40]. Gaussian graphical models
have become particularly popular after the development of methods and algorithms that can
handle large and high-dimensional data.

Two widely-used approaches to Gaussian graphical models are neighborhood selection
and graphical lasso. Neighborhood selection aims at graph reconstruction by aggregating
local estimates [49]. Graphical lasso, on the other hand, is based on a global objective
function [2, 18, 70]. Both approaches are now accompanied by a bulk of literature on theory
and computation; we refer to [8, 31] and references therein. However, we show that even with
optimal tuning and large sample sizes, standard methods for Gaussian graphical modeling
can fail to provide accurate graph recovery when estimating brain connectivity networks.

Accordingly, the purpose of this paper is to estimate brain connectivity networks more
accurately. In detail, we are interested in estimating brain connectivity networks by analyzing
resting-state functional magnetic resonance imaging (fMRI) data that describe the levels of
co-activation between brain regions [63| as measured by changes in blood flow [36]. Brain
regions have spatial coordinates, so in addition to the fMRIs, there is information in terms
of pairwise distances between brain regions. Our key idea is to leverage this additional
knowledge for more effective graph estimation. Our main strategy for this is to strengthen the
role of tuning parameters. Commonly, tuning parameters are considered an inconvenience,
because they need to be calibrated for each data set specifically. We instead think of this
adaptability as an asset that can make tuning parameters a potent instrument for funneling
external information into the estimation process. More specifically, for our goal of brain
network estimation, we use tuning parameters to make neighborhood selection receptive
to additional knowledge. We first show numerically that without such an integration, the
sample size (or the number of fMRI scans per person) needed for accurate graph recovery of
the brain network is exceedingly large. We then show that adopting our notion can lead to
four general improvements:

Accuracy: We show by simulations that our approach can render graph estimation more



accurate.

Stability: We adopt notions of stability and show the reliability of our approach with the
fMRI data.

Accessibility: We point out that our approach is amenable to straightforward and efficient
implementations based on existing software. In particular, our approach preserves the general

forms of the standard penalties and does not introduce any additional penalty terms.

Interpretability: We demonstrate that our approach has a lucid, biological Bayesian in-

terpretation.

On actual brain fMRI data collected from patients with and without Alzheimer’s disease,
the estimated brain connectivity networks are stable and in agreement with biological rea-
soning. Also compared to competing methods, our approach manifests the central role of the
lobes in the connectivity structure more clearly. We find that connections are significantly
more likely within the lobes than between the lobes, despite that we provide our method

only with the pairwise distances and not with the lobe affiliations of the regions.

The remainder of the paper is structured as follows. In Section 1.2, we show how stan-
dard methods can fail to provide accurate graph recovery of brain connectivity networks
and explain the biological motivations of incorporating additional spatial knowledge into the
estimation process. Then in Section 3.2, we introduce our general concept for this incorpora-
tion. Next, in Section 1.4, we confirm that our approach can harvest additional knowledge to
improve graph estimation for brain connectivity networks with simulations and a sensitivity
analysis under three different scenarios of model misspecifications. And in Section 1.5, we
study the brain networks estimated on real fMRI data and their stability for our method as

well as for competing methods. In Section 1.6, we conclude with a discussion.

Data, details on the preprocessing, and implementations of our methods can be found on

https://github.com/LedererLab/fMRI.



1.1.1 A brief review of Gaussian graphical models

We give a brief review of Gaussian graphical models, our main tool for estimating brain con-
nectivity graphs. Gaussian graphical models assume samples from a centered p-dimensional
normal distribution N,(0,Y) with a symmetric, positive definite covariance matrix X. The
distribution is then complemented with an associated undirected graph G = (V, £) that has
node set V = {1,...,p} and edge set & = {(i,j) € V x V]i # j and (¥7);; # 0}. The
corresponding adjacency matrix is defined by A € RP*?| A;; = 1if (4,5) € £ and A;; =0
otherwise.

The crux of Gaussian graphical models is that the conditional and marginal dependence
structures of the samples are concisely captured by the edge set £. Indeed, the Hammersley-
Clifford theorem [5, 25] states that the ith and jth coordinate of a sample from N,(0,X)
are conditionally independent given all other coordinates if and only if (¥7');; = 0, that
is, (i,7) ¢ €. Moreover, the ith and jth coordinate are independent if and only if one
cannot construct a chain of the form (i, k1), (k1, k2), ..., (ki, j) by using only elements in £.
Our goal is consequently to uncover the edge set £ from data. For this aim, we develop
estimators £ = & (X) of € based on independent identically distributed Gaussian samples

X1,..., X, € R? summarized in the data matrix X = (X;,...,X,,)" € R¥?,

1.2 DMotivation

Functional Magnetic Resonance Imaging (fMRI) is a promising gateway to understanding the
human brain [63]. Our specific goal is to use brain activity records from resting-state fMRI
to infer co-activation networks among brain regions. For this, we rely on data collected
from outpatients at the Department of Neurology at Beijing Hospital. The imaging and
preprocessing details can be found in Appendix C.

The preprocessed data set comprises 37 subjects in total: 22 patients with Alzheimer’s
disease (AD), 5 patients with mild cognitive impairment (MCI), and 10 patients with normal

cognition (NC). Each subject’s data contains n = 210 consecutive scans. Each of the p =



116 variables is an average intensity over all voxels in an anatomical volume of interest
defined by Automated Anatomical Labeling [61]. Autocorrelation was accounted for with an
autoregressive integrated moving average model [24, 32.

The brain regions have spatial coordinates, so aside from the intensity fMRI data, we
have additional knowledge in terms of pairwise distances between the 116 regions. How and
why should we incorporate this additional knowledge into estimating the brain connectivity
network? Our biological motivation is that direct connections are more likely between close
brain regions than between distant brain regions. Distant brain regions are more likely to
be connected indirectly, that is, through other regions. Our concept in Section 3.2 based on

graphical models is ideal for incorporating this understanding.

1.2.1 The need for additional knowledge

Here, we show that even with optimal tuning and large sample sizes, standard methods for
Gaussian graphical modeling can fail to provide accurate graph recovery. For this, we conduct
a simulation study comparing four of the most popular methods: thresholding the partial
correlation matrix (THR); neighborhood selection with the “or-rule” (MB(or)); neighborhood
selection with the “and-rule” (MB(and)); and graphical lasso (GLASSO).

We simulate data with the aim of mimicking settings encountered in the brain fMRI
data. For this, the number of nodes is set to p = 116, which equals the number of brain
regions. Then, a standard preferential attachment algorithm [3] is used to construct 115 edges
between these nodes. The resulting edge set £ determines which off-diagonal entries of the
inverse covariance matrix X! are non-zero. The values of these entries are then independently
sampled uniformly at random from [—1, —0.2] U[0.2,1]. The diagonal entries of ¥ are set to
a common value such that the condition number equals 100. With 3! constructed this way,
vectors are independently sampled from the Gaussian distribution N, (0, 3) and summarized
in data sets with sample sizes n € {50, 100, 200, 400, 600, 800, 1000}.

The accuracy of graph recovery is assessed via Hamming distance. Hamming distance

between the estimated edge set € and the true edge set & is defined by dH(é ,E) = ’{(z, J) |



(i,7) € E.(i,5) € EYU{(i,5) | (i,5) € &, (i,)) € £}|. In terms of the corresponding adjaceny
matrices A and A, this equals dg(€,E) = ||A — A1, where || - ||; is the entrywise ¢;-norm;
larger Hamming distances indicate less accurate estimation. The tuning parameters of all
methods are calibrated to minimize Hamming distance, noting that the true graphs are
known in simulations. This “oracle” tuning allows us to study the maximal potential of the

standard methods’ accuracies.

Hamming Distance

Sample Size n
50 100 200 400 600 800 1000
THR 115 115 112 64 46 36 29
MB(or) 108 107 99 98 96 94 90
MB(and) | 104 81 76 48 40 31 27
GLASSO | 103 84 77 58 44 34 32

Method

Table 1.1: Graph estimation with optimally-calibrated standard methods becomes more
accurate as the sample size n increases. However, even with n = 1000, which is much larger
than the number of nodes p = 116, the minimum Hamming distance is still 27. Given that
there are only 115 true edges in total, 27 wrongly assigned edges mark a poor performance.
Thus, graph estimation with standard methods can still be highly inaccurate even when the
sample sizes are very large.

Table 1.1 contains the Hamming distances averaged over 50 repetitions. For n = 1000,
MB(and) is the most accurate approach among all four methods, having an average Ham-
ming distance of 27. Observe, however, that 27 wrongly assigned edges still mark a poor
performance given that there are only 115 true edges in total. For smaller sample sizes,
the accuracies of the methods decline even further. In view of real data being commonly
high-dimensional, where p is of the same order as n — or even larger, these observations thus

provide substantial motivation for the inclusion of additional knowledge.



1.3 Method

Now, we are ready to introduce and discuss how to amend the estimation process with addi-
tional knowledge. We first explain our statistical scheme to incorporate additional knowledge
into graph recovery. The resulting method can be computed efficiently with standard soft-
ware packages. Then, we establish a theory for exact graph recovery for our method. Last,
we provide a direct Bayesian interpretation of the method to bridge our biological motivation

with the additional spatial knowledge of the brain.

1.3.1 Neighborhood selection with additional knowledge

A basis particularly suited for our approach is neighborhood selection. The main idea of
neighborhood selection is that graph recovery can be established through a sequence of
regressions. The corresponding regression parameter 37 € RP~! for a given node j determines
the edges between node j and the other nodes: (£L); # 0 < (i,§) € &, where . :=
I ,ﬁj-;l, O,ﬁj, cee 5;_1) € RP is 37 with a zero added as the jth entry. With this in
mind, the standard regression estimators are of the form

ol . , ,
v e aﬁrgmlln{;w — X818l (el p}). (1.1)
ERP—

Here, the vector X7 € R" denotes the jth column of the data matrix X, the matrix X7 €
R™*(P=1) denotes X without the jth column, the positive numbers 7!, ..., 77 € (0,00) are
tuning parameters, and | - | is a norm (or more generally, a convex, positive function, such
as the Ridge penalty). A standard example is neighborhood selection with the lasso, where
| - | is set to the ¢;-norm. Adopting the “and-rule,” the edge set £ is finally estimated by
E={(i,3) i #3, (B); #0and (B5); # 0}.

The choice of MB(and) as the basis for our approach is motivated by the simulation
results in Section 1.2.1 and the fact that there is a myriad of existing software packages

for solving problems of the form (1.1). In principle, however, one could apply the following

recipe also to MB(or) and GLASSO.



Now our proposal is to incorporate additional knowledge by “upgrading” the univariate
tuning parameters r',... r? to vectors. For this, we assume additional knowledge in the
form of a matrix D € RP*P. In our case, D;; is the pairwise distances between brain regions
¢ and j. In other applications, D;; could be the Euclidean distance between nodes i and
J where the nodes correspond to brain regions, countries, galaxies, etc. D;; could also be
the (conditional) correlation between nodes ¢ and j estimated on the present data set with
an initial estimator (specializing our method to adaptive lasso-type approaches [73], for
example) or more interestingly, with the same or different estimators on other data sources.
Next, to incorporate D into neighborhood selection, we transform the one-dimensional tuning
parameters 17 € (0,00) into multi-dimensional tuning parameters r’ € (0,00)?. We then
enrich these tuning parameters with additional knowledge by setting (v/); = # - f(D;;),
where f: R — (0,00) is a positive link function. In our brain connectivity application, the
link function is defined as f(z) = x® to capture the three-dimensionality of the coordinates.
This yields tuning parameters of the form (r7); = 77 - D};. Here 7/ is an overall tuning
parameter for the jth node’s regression. As customary in high-dimensional statistics, the
free parameter 7 balances the weights of the data (X7 in our case) and the structural
assumptions (captured by | - | and D in our case). In practice, 7 can be calibrated via
10-fold cross-validation. The above node-wise regression (1.1) is then generalized to

. (1 . .
i € arguin {10 - XU I, 0 A1), (e (o)), (12)

BeRP™1

where the circle o indicates element-wise multiplication, /- ; € RP~!is r/ € RP omitting the
jth element, and the estimator Eis generalized accordingly.

Let us discuss three practical and methodological aspects of (1.2). The first important
observation is that while there are now p “tuning” parameters per regression, there is still only
one free parameter (namely 77) that requires calibration. This is highly desirable: for one
parameter, efficient calibration schemes are known [1, 10, 56]; in contrast, the calibration of
multiple free parameters, which would appear when adding additional penalty terms instead

of adopting our approach, remains a major challenge in both theory and computations.



Second, for the link function f, there are often natural choices, such as our choice to reflect
the three-dimensionality of distances. Third, note that our approach retains the “flavor”
of the original penalty. This means that our concept maintains the general properties of
the penalty, such as the sparsity generating effect of ¢;-penalties [60], and it means that
the practical implementation of (1.2) can be based on standard software packages, such as
glmnet [17] in the case of ¢;-penalization.

In the following, we set the penalty in (1.2) to the ¢;-norm and refer to this specification

of our method as SI. An R implementation of SI is provided in Appendix A.

1.3.2 Theory

Here, we show our approach is amenable to the standard proof techniques in high-dimensional
statistics. We apply the primal-dual witness technique to SI to show that we can exactly
recover the true graph under classical assumptions. Note first that a sufficient condition for
exact graph recovery is that the estimators (1.2) provide exact variable selection at each
node j, cf. [20, Section 7.3]. We denote the corresponding target regression vector by /37
and the noise by /. We can then formulate versions of the standard irrepresentability
and beta-min conditions and bounds for the tuning parameters [8, 31, 62, 71]. To this
end, denote by X7 the matrix X restricted to the columns that have index in the set
SI = {k e {l,....,p} | k # jand (k,j) € E} and by X7 the matrix X restricted to
the columns that have index in {k: e{l,....,p} | k# jand (k,j) ¢ 5}. This means that
X7 corresponds to X7 on the support of 37 and X7 to the remaining parts of X .
In the same spirit, we allow ourselves to use the analogous notations r/, v’ . and (B7),.

For each j € {1,...,p}, we then assume that (X 7)" X/ is invertible and that there is a

constant b; > 0 such that
Irl o (X 7TX, )X Xy /(x7); < 1—by

foralli € {k € {1,...,p} | k# j and (k,7) ¢ £}. One can check that the more informative D

is, the weaker is the condition on the design. Moreover, we assume that for each j € {1,...,p}
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and corresponding tuning parameter r?, the regression vectors satisfy

1 , 1 XTX 7 n) "ty
in (@) > L e [T
ie{l, )52y \(rd); L ve{£1}I5% 2(rl)k
ke{1,...,)89)}

These irrepresentability and beta-min conditions are precisely the standard ones for lasso
regression except for the generalization to vector-valued tuning parameters r’. Finally, we

assume that the tuning parameters are chosen such that

i

1> max .
i€{1,0 p—1-51]} (rl,)ib;
and
n|((X9TX N1 X3Ted)
1 > max (X - ) - ) .
ie{l,....|SI} (ri)z

This again is an extension of standard bounds for tuning parameters to our setting.

We can now prove the following result.

theorem 1.3.1 (Exact Graph Recovery With SI). Under the mentioned assumptions, SI

provides exact graph recovery, that is,
E=¢.

This result implies that SI can provide exact graph recovery if conditions that are analogous
to the ones formulated in the literature are met. The proof follows the primal-dual witness
rationale [65], see also [31, Chapter 11.4|, and is deferred to Appendix B. Importantly, the

assumptions, result, and proof follow well-established standards in high-dimensional theory.

1.3.83 Bayesian interpretation

Finally, our approach has a direct Bayesian interpretation. For a given index j, we consider

the hierarchical Bayesian model

X7 | B,0 ~ N(X_]ﬂaJQ Lixn) s (1.3)
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) J i (rj,j%‘ ‘
P(Bi | o,(r";):) = %e S e {1, p—1}). (1.4)

This model is a generalization of the model considered in the seminal paper that introduces
the Bayesian lasso [52]. The parameters (r’); in our general model are hyperparameters that
specify the shape of the prior distribution of each of the regression coefficients (37);. The
negative log-posterior distribution of £ is now given by
ogP(3 Xooort) = (310 - X S0 ) e,
02\ 2 — J

where ¢ is a term independent of 5. The mode of this distribution is

A 1, .. , LA

i € argnin {2100 = X0+ 0 A (€ (),

perr~! i—1

which equals the estimator yielded by our approach SI, that is, (1.2) with the penalty norm
set to the ¢;-norm. Similarly, replacing the double-exponential distribution in (1.4) with
a Gaussian distribution, the posterior mode equals the estimators yielded by our approach
when the penalty in (1.2) is set to the ¢y-norm.

This analysis shows that the tuning parameters relate our frequentist and Bayesian no-
tions about the additional knowledge. In our frequentist estimator, the larger (r?);, the
more likely the edge (,7) is excluded from the estimate. In our Bayesian view, the larger
(r” ;)i> the more the assumed distribution of (37); is concentrated around zero. Thus, fun-
neling the additional knowledge into the tuning parameters of the frequentist estimator can
be viewed as transforming the original priors, which are the same all across the coefficient
vector, into informed priors tailored to each coefficient based on our biological rationale. In
general, the Bayesian view provides further support for our concept — without inflicting the

computational challenges that typically come with Bayesian methods.
1.4 Simulations

We now confirm that our method SI can improve graph estimation by conducting a simulation

study and a sensitivity analysis.



12

First, we demonstrate in a simulation study that our approach can harvest additional
knowledge to improve graph estimation. To generate data, we imitate the brain connectivity
application in Section 1.5: the number of nodes p = 116 corresponds to the number of
brain regions; the number of samples n = 210 corresponds to the number of fMRI scans
per subject; the additional knowledge D;; is the Euclidian distance between brain regions
i and j. The edge set is constructed based on independent Bernoulli(p;;) distributions,
pij = inv.logit(10 — D;;/3), such that an edge (4, j) is included if the corresponding Bernoulli
outcome is one. The form of the distributions captures our rationale that direct connections
are predominately between close regions. An anatomical map of a graph generated by the
preceding scheme is displayed in the left panel of Figure 1.2. Next, the off-diagonal non-zero
entries in the inverse covariance matrix Y1 as specified by the edge set are set to 0.3. The
diagonal entries are set to 0.2 + 0.3 - oin, Where o, is the minimal singular value of the
adjacency matrix. This construction ensures that X' has full rank. Finally, n i.i.d. samples

are generated from N,(0,X).

We run our approach SI against standard methods for graph estimation. The standard
methods competing are THR, MB, and GLASSO. Motivated by the simulation results in
Section 1.2.1, we adopt the “and-rule” for SI and MB. A total of 40 data sets are generated,
on which each method is run as a function of its free tuning parameter. The average ROC
curves for graph recovery are plotted in the right panel of Figure 1.2. We find that the ROC
curve of SI dominates the other curves, demonstrating that SI can improve graph recovery
when additional knowledge is available.

Next, we demonstrate the performance of our approach with a sensitivity analysis under
three different data generation scenarios. Again we let n x p = 210 x 116. To generate
data, we start from the hierarchical Bayesian model, sample 37 from the double-exponential
distribution (1.4). For the three data generation schemes, we generate data with (1) the true
(x’ ) (x? )i

i 3
2 OCDij? o2

model (2) model misspecification

(rij)i

o2

to (S1)y; = 2(BUEN)s + B/(S1Y);5). The diagonal entries of 1 are then set to a common

x D;j, (3) no additional knowledge used

= ¢. We set the diagonal of the precision matrix X! to 1, and the off-diagonal entries
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Figure 1.2: Left panel: One example of the 40 simulated graphs. Right panel: ROC curves
demonstrating that SI can outperform standard methods when additional knowledge is avail-
able.

value such that the condition number equals 100. Last, i.i.d. samples are generated from

the Gaussian distribution N, (0, X).

The average ROC curves for graph recovery over 40 repetitions are plotted in Figure 1.4.
We find that the ROC curve of SI dominates the other curves when additional knowledge is
used correctly. Our advantage decreases with the degree of model misspecifications, but our
estimator’s performance remains close to state-of-the-art methods even when the “knowledge”

is completely wrong.

While the simulations provide us with some evidence, they cannot cover all cases that
one could potentially encounter in practice. We thus complement the above analysis with a
stability study on real fMRI data in the following section. Together, the results provide us

with sufficient confidence to argue in favor of SI.
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Figure 1.4: ROC curves under three data generation schemes demonstrating that: (1) SI
can largely outperform standard methods when the additional knowledge is correct; (2) SI
can outperform standard methods when the additional knowledge is partly correct; (3) SI is
underperforming standard methods only slightly when the additional knowledge is completely
wrong.

1.5 Real data analysis

To iterate, our biological rationale for SI with the additional pairwise distances between brain
regions is that direct connections are more likely between close regions than between distant
regions. The SI incorporates this notion: First, graphical models, in general, distinguish
between direct connections (conditional dependence) and indirect connections (marginal de-
pendence). Second, the mentioned rationale that the distance between two nodes influences
the likelihood of them being directly connected can be reflected naturally by how the link
function f incorporates the additional distance information D. Importantly, we do not gen-
erally exclude direct or indirect long-range connections. This means that two distant nodes

can very well be connected, but more likely, this connection will be indirect.

We now analyze the fMRI data on Alzheimer’s disease with our method and compare
the results to those of competing methods. We then draw insights about brain connectivity

patterns from our estimates and contrast those insights with those that have been established
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in Alzheimer’s research.

1.5.1 Specification of the analysis

We compare our approach SI to THR, MB, and GLASSO. Again, we adopt the “and-rule” for
SI and MB. The tuning parameters in MB are selected via 10-fold cross-validation. Since the
tuning parameter in GLASSO is not amenable to the same cross-validation scheme, GLASSO
is calibrated via BIC. In absence of established selection criteria for thresholding, THR is
calibrated such that the number of connections equals the number of connections for SI.
Note that the coordinates of the observations in the present data set correspond to
volume regions in the brain. The observations in another type of fMRI-induced data that
received considerable attention recently correspond to the cerebral cortex [21]. We would then
recommend our approach with geodesic distances among the regions as additional knowledge
and a link function of form f(z) = z? to capture the two-dimensionality of the spherical

coordinates.

1.5.2  Stability study

A reliable statistical method should provide similar outcomes across similar data sets. We
thus study stability as a notion of similarity among outcomes of a method. In particular, we
consider stability as a facet of reproducibility.

We employ two measures of stability. Both measures rely on data splitting with the main
idea that agreement of estimates based on two parts of a data set indicates that the method
is reliable, while largely disagreeing estimates raise a red flag. For the first comparison of
different methods on the fMRI data, we proceed as follows. Given a patient and a method,
we split the data containing the 210 scans randomly into two sets of 105 scans; then, we

compute stability in terms of what we would call graph agreement

w6 ., IA- Al

El+1E T 1AL+ 1AL



16

for the graphs Eand & (with corresponding adjacency matrices A and fl) that are estimated
on the two halves of the data. We finally take averages over 20 random splits each for all
patients.

For the second comparison, we adopt the estimation stability concept of [68]. To this
end, we split the data into v equal subsets of scans and compute the corresponding adjacency
matrices 1211, ..., A,. We then compute
AN AT AR

I3 321 Al
where || - [|¢ is the Frobenius norm. This definition of ES, corresponds to |68, Page 1491],

ES, =

Y

other than our definition is one minus the original one and [68|’s regression accuracy is
replaced by a graph recovery accuracy here. Compare also to [44, Page 473]. We finally

average ES, over all patients.

Method GA ES, ES; ESj
SI 0.62 075 0.39 0.02
MB 0.42 0.53 -0.27 -1.43
GLASSO 0.55 0.69 0.13 -0.59

Table 1.2: SI has higher stability on the fMRI data set than standard methods.

The values of GA, ES,, ES5, and ESyq are summarized in Table 1.2. (The sample sizes in
the split data are not sufficiently large for the comparison of THR.) Note that for both GA
and ES; large values mean high stability. Thus, SI is consistently the most stable method,
suggesting that it can integrate additional knowledge effectively and make graph estimation
more reproducible.

We have shown that SI can outperform standard methods when additional knowledge
is available, can improve stability of graph estimation, is supported by theory, and has a
Bayesian interpretation that matches our biological understanding while still being compu-

tationally convenient.
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1.5.3 Results for brain connectivity

Having confirmed our approach’s potential, we can now analyze the fMRI data on Alzheimer’s
disease. We compare our method with existing techniques and then work out the differences
between brain connectivity networks of AD patients and normal aging subjects. For the
latter task, we particularly focus on 42 regions of interest (ROI) for AD that have been
identified in the literature [34, 35|. These regions are located in the frontal lobe, parietal
lobe, occipital lobe, and temporal lobe. We provide evidence for three main claims: (1)
connections are significantly more likely within the lobes than between the lobes among; (2)
AD and NC differ mainly in their intra-lobe connections; (3) the connectivities of AD and
NC differ from each other significantly within each of the four lobes. These insights could

not be derived from competing methods.

To compare methods, graphs for one subject from each of the disease groups are displayed
in Figure 1.5. The graphs are estimated based on all the data available for one subject.
Each column in the figure corresponds to one (fixed) subject of the three groups AD, MCI,
and NC; each row corresponds to one of the four methods SI, THR, MB, and GLASSO.
The plots show anatomical maps, that is, the nodes are positioned according to their 3D
coordinates. Edges between close regions (distances in the lower quartile) are colored orange;
edges between more remote regions are colored blue. The total number of edges is stated
below each map. While showing only one set of graphs per group for illustration, we find
two patterns across all subjects: (i) With cross-validation as the most common calibration
scheme applied, SI yields the most sparse networks. This finding shows that SI can lead to
more manageable models. (ii) SI yields some edges between distant regions, but most edges
are between spatially close regions (orange). In strong contrast, the other methods do not
exhibit such a preference. This finding confirms our expectations about the four methods,

and it shows that the estimates provided by SI are in agreement with the biological rationale.

To highlight contrasts among the study groups, the within-group averages of the esti-
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mated adjacency matrices are compared:

_ 1 ~

group .__ k

A T N group Z A ’
kegroup

where group € {AD, MCI,NC} is the study group, A* is the SI estimate of the adjacency
matrix for subject k£, and N#°" is the total number of subjects in the group. We first consider
the entire brain to obtain an overview of the results. The contrast between the average
graphs of AD and NC, that is, A*P — ANC is displayed in Figure 1.6. The entries in the
heat-map thus denote the frequencies of the edges in the AD group minus the corresponding
frequencies in the NC group. The columns and rows are arranged such that spatially close
regions tend to be close in the figure. Our main observation is that the overall graphs for the
two groups seem to be similar, but there is high variability between AD and NC concentrated
in some regions (see blue and yellow entries close to the diagonal). In particular, we find an
increase in connectivity within the cerebellum for AD patients compared to NC patients, in
concordance with the findings in [39].

For further analysis, we now focus on the mentioned 42 ROI. The corresponding subgraphs
for the AD and NC groups are provided in Figure 1.8. The left panel displays AP, the
average graph estimates for the AD group, and the right panel AN®, the average graph
estimates for the NC group, both restricted to the 42 ROI. The red squares highlight the
lobes. The two plots indicate that connections are more likely within the lobes than between
the lobes (the majority of gray and black cells are inside the red squares). To bring this
visual observation on statistical grounds, we give the results for testing intra versus inter
connectivities in Table 1.3. Precisely, we consider for each group € {AD,MCI,NC} and

lobe € {frontal, parietal, occipital, temporal}, the quantity

Aintm—inter = ! Z ( 1 Z A?;OUP

Plobe ie{ ROINlobe } Plobe je{ roINIobe }

1 _

- § : Ag?oup

42 — Piobe " ) 7
je{ ROTI\ lobe }
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where piope 18 the number of nodes in the lobe in the 42 ROI. This means that Aj.trainter
is the difference of the intra (within-lobe) and inter (between-lobes) connectivities averaged
over each region in the lobe. The (individual) p-values correspond to the t-tests of the
null-hypothesis Hg : Ajntrainter = 0. These findings provide evidence for our first claim that
connections are significantly more likely within the lobes than between the lobes.

Competing methods such as GLASSO do not relate to a lobe structure, see Figure 1.11. In
clear contrast, looking again at Figures 1.8 and 1.9, we see much more within-lobe connections
in our plots (black cells within the red squares). Importantly, other short connections that
are between-lobe connections are not picked up by our method even though the penalty for
all the short connections are the same. This means that SI accentuates the biological lobe
structure of the brain rather than just selecting arbitrary short distance connections, which
provides us with further confidence in our method’s compatibility with the data.

The 42 region subgraph of Figure 1.6 is provided in Figure 1.9. The heat map shows
AAP _ ANC the contrast between the average graphs of AD and NC, restricted to the
42 ROI. The figure indicates that AD and NC differ mainly in their intra-lobe connections
(the majority of yellow and blue cells are inside the red squares). The results of a statistical
analysis of this observation are stated in Table 1.4. Precisely, we consider the quantity
Aintrainter With ASUWP — |/_1AD — ANC|. This means that Ajtrainter 1S the difference of the
intra and inter absolute connectivity contrast between AD and NC averaged over the regions
in the lobe. The p-values correspond to the t-tests of the null-hypothesis Hy : Ajniracinter = 0.
These findings provide evidence for our second claim that AD and NC differ mainly in their
intra-lobe connections.

Figure 1.9 also indicates that the connectivities of AD and NC indeed differ considerably
within each lobe. Similar claims have been made in multiple papers [22, 23, 35, 59, 66]. We
state the results of a corresponding statistical analysis in Table 1.5. Precisely, we consider
for lobe € {frontal, parietal, occipital, temporal}, the quantity

[IAD-NC| . 1 Z ‘AgD _ Agc _

Plobe (plobe - 1)
i,je{ ROINlobe }




20

This means that T''AP-NCl is the absolute contrast between the AD and NC graphs averaged
over all (potential) connections in the lobe. The p-values correspond to the t-tests of the
null-hypothesis Hy : [ AP-NCl = (. These findings provide evidence for our third claim that
the connectivities of AD and NC differ from each other significantly within each of the four

lobes.
1.6 Discussion and further research

We have shown that strengthening the role of tuning parameters based on pairwise distance
is an effective approach to incorporate additional spatial knowledge in estimating brain
connectivity networks more accurately. In particular, we have shown that this approach
can improve stability of graph estimation, and has a clear biological Bayesian interpretation
while still being computationally convenient.

The proposed method SI is particularly tailored for graph estimation of brain connectivity
based on brain fMRI data and additional knowledge. More broadly, our scheme allows for
the inclusion of general, application-specific information matrices D and link functions f.
The information matrix D is typically predetermined in a given application. Similarly, the
form of f often follows clear scientific rationales as can be seen in our brain connectivity case.
One could also consider data-driven selections of f from a set of candidate functions by using
score testing or related methods, cf. [26]; however, the sample sizes of typical data might
be too small for a thorough non-parametric selection of the link function. Importantly, via
the link function f and the information matrix D, our approach can be tailored to a wide
range of applications in bioinformatics, speech recognition, computer vision, and digital
communications. For example, we envision implementations in genomics, where the goal is
to estimate gene regulatory networks based on gene expression levels [15]. The additional
knowledge that researchers commonly want to invoke for this are previously established
sub-networks or networks estimated in other studies.

Finally, we believe that our pipeline is amenable to other types of data and further infer-

ential techniques: heavy-tailed or otherwise non-Gaussian data could be approached based
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on [41]; additional inferential tools could be established by combining our ideas with [37].
From the Alzheimer’s disease data considered in this paper, we find an increase in connec-
tivity within the cerebellum for AD patients compared to NC subjects. More importantly,
unlike any competing method, SI generates brain connectivity networks that accentuate the
four biological lobes of the brain: connections are significantly more likely within the lobes
than between the lobes, and AD patients and NC subjects differ mainly in their intra-lobe
connections, with significant differences in all four lobes. This emphasizes the lobe structure’s

important role in brain connectivity.
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Figure 1.5: Anatomical maps of the estimated brain connectivity networks show that in
contrast to standard methods, SI entails direct connections mostly between spatially close
regions (orange lines).
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Figure 1.6: Contrast of average brain graphs between the AD and NC groups. Yellow
indicates that an edge occurs more frequently in the AD group; blue indicates that an edge
occurs more frequently in the NC group. The diagonal is colored in red. The graph indicates
that there are considerable differences between the groups in some regions.
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Figure 1.8: Average brain graphs within the 42 ROI for the AD and NC group. The graphs
indicate that connections are more likely within-lobes than between-lobes.

GI‘Ollp Lobe Aintra-inter p
Frontal lobe 0.265 < 0.0001
Parietal lobe 0.330 0.0001

AD
Occipital lobe 0.280 0.0001
Temporal lobe 0.168 < 0.0001
Frontal lobe 0.191 < 0.0001
Parietal lobe 0.261 0.0003
MCI
Occipital lobe 0.351 < 0.0001
Temporal lobe 0.199 < 0.0001
Frontal lobe 0.259 < 0.0001
Parietal lobe 0.346 0.0001
NC
Occipital lobe 0.301 0.0002

Temporal lobe 0.173 < 0.0001

Table 1.3: Connections are significantly more likely within-lobes than between-lobes.
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Figure 1.9: Contrast of averefge brain graphs between the AD and NC groups within the
42 ROI. The graph indicates that the contrasts between the groups are located mainly
within the lobes and that the graphs of AD and NC indeed differ considerably from each
other within the lobes.

Group Lobe Aijntracinter p
Frontal lobe 0.079 0.0001
Parietal lobe 0.064 0.0001
|AD-NC|
Occipital lobe 0.049 0.0014

Temporal lobe 0.040 < 0.0001

Table 1.4: AD and NC differ significantly more within-lobe than between-lobes.

Lobe [1AD-NC| P

Frontal lobe 0.083 < 0.0001
Parietal lobe 0.072 < 0.0001
Occipital lobe  0.060 0.0035
Temporal lobe  0.045 < 0.0001

Table 1.5: The connectivities of AD and NC differ from each other significantly within each

of the four lobes.
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Figure 1.11: Top panel: average brain graphs from GLASSO within the 42 ROI for the AD
and NC group. Bottom panel: Contrast of average brain graphs from GLASSO between the
AD and NC groups within the 42 ROI. The plots do not exhibit a strong connection with
the lobe structure.
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Chapter 2

DRUG EFFICACY FOR BRIDGING STUDY
IN COMPANION DIAGNOSTIC TEST TRIALS

This chapter is an adapted version of my published paper [7].

Abstract

Personalized medicine is an area of growing attention in medical research and practice. A
market-ready companion diagnostic test (CDx) is used in personalized medicine for identi-
fying the best treatment for an individual patient. Unfortunately, development of CDx may
lag behind the development of the drug, and consequently we use a clinical trial assay (CTA)
to enroll patients into the drug pivotal clinical trial instead. Thus, when CDx becomes avail-
able, a bridging study will be required to assess the drug efficacy in the CDx intended use
population (CDx IU). Due to missingness of the CDx results that could be associated with
randomization, one challenge we face in a bridging study is covariate imbalance between
treatment arms for the subpopulation with both positive CDx and CTA. In this paper, we
will evaluate the performance of two methods in bridging studies under a causal inference
framework. Particularly, we aim to use the propensity score method with doubly robust
estimation and optimal matching to address the challenge. We work under the framework
suggested by Meijuan Li (2015) on how to estimate drug efficacy in the CDx intended use
population, using data from both the bridging study and the CTA drug pivotal clinical trial.
Both approaches are discussed in the context of a randomized bridging study, and a targeted
design clinical trial with simulations, followed by analyzing simulated data that mimics a

real ongoing clinic trial.
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2.1 Introduction

Personalized medicine is an area of growing attention in medical research and practice. A
market-ready companion diagnostic assay (CDx) that measures biomarkers is used in per-
sonalized medicine for choosing the best treatment for an individual patient. Such compan-
ion diagnostic devices for treatments include: Vysis ALK Break Apart FFPE FISH Test for
Crizotinib, HER2 FISH pharmDx and THC HercepTest for Herceptin, and cobas 4800 BRAF
V600 Mutation Test for Vemurafenib [43]. CDx is essential for the both safety and efficacy
aspects, and one main function of CDx is to identify the subpopulation who are most likely

to benefit from the therapeutic product [16].

Ideally, we use CDx for patient enrollment into the device-drug pivotal clinical trial.
This is to ensure appropriate clinical and analytical validation studies are planned ahead
and carried out for CDx with the therapeutic product simultaneously. Unfortunately, the
development of CDx may sometimes lag behind the development of the drug, consequently,
CDx is unavailable during the clinical trial. Under this circumstance, instead of CDx, a
clinical trial assay (CTA) is used for enrolling patients into the clinical trial. We also save
the remaining specimen material, so that when CDx is ready to market, the kept specimen
material can be retested by CDx for the bridging study. The purpose of retesting is to
evaluate drug efficacy in the CDx intended use population (CDx IU) in an effort to “bridge"
the drug efficacy results from CTA to CDx without repeating the clinical trial again with
CDx.

Since the clinical trial has a targeted design, only patients with positive CTA results are
enrolled into the randomized trial. Idealy, we would retest all patients tested by CTA for the
clinical trial using CDx. However, retesting may not be possible for some cases, and yield
only a subset of patients with valid CDx results. Reasons for missing CDx results include,
for example, consent for retesting of specimen could not be obtained from patient due to
bad treatment outcome, no remaining or insufficient amount of specimen left for retesting,

and poor quality of remaining specimen to obtain a valid retest result. With missingness of
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CDx results that could be associated with randomization, we face the challenge of covariate
imbalance between treatment arms for the subgroup of patients with both positive CDx and
CTA test results in the bridging study. Methods to deal with missing data, such as imputing
CDx results can be done, but due to very limited information, the quality of imputation
results can be unreliable and model driven. Thus, in this paper, we take another approach
and evaluate the performance of two methods in bridging studies under a causal inference
framework. Particularly, we aim to use the propensity score method with doubly robust
estimation and optimal matching to address the challenge. We work under the framework
suggested by Meijuan Li [43] directed at estimating drug efficacy in the CDx IU population,
using data from the bridging study and CTA-drug pivotal clinical trial. Both approaches
are discussed in the context of a random sample design bridging study and a targeted design
clinical trial with simulations, followed by an illustration of analyzing simulated data that

mimics a real ongoing clinic trial.

2.2 Methodology

2.2.1 Notation

Let D be the true biomarker status for a patient, where D = 1 if the true biomarker
status is positive (denoted as D+) and D = 0 if the true biomarker status is negative
(denoted as D—). The true biomarker status D is measured by both CDx and CTA tests,
where CDx = 1 if a patient has positive CDx test results (denoted as CDx+) and CDx
= 0 if a patient has negative test results (denoted as CDx—). Similar notation is used for
CTA. The following parameters defined are population dependent and the population under
consideration in this paper is the CDx IU population. Let ¢1; = Pr(CTA+|CDx+) denote
the proportion of CTA+ patients that are CDx+ in the CDx IU population. Similarly we
define @19 = Pr(CTA+|CDx—), ¢1; = Pr(CDx+|CTA+) and ¢19 = Pr(CDx+|CTA—) in
the CDx IU population.

Let N be the total number of patients screened for the CTA+ drug pivotal clinical trial
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with valid CTA results (i.e. eligible for bridging study). Of these N patients, N; of them
are CTA+, thus, enrolled into the randomized trial based on a targeted study design. Let
n be the number of patients enrolled for the bridging study. Idealy, we would retest all NV
patients screened for the pivotal trial using CDx and obtain valid results, so that n = N.
However, retesting may not be possible for some cases and yield only a subset of n patients

with valid CDx test result, so n < V.

CDx
Positive Negetive Total
CTA
Positive n11 n1o n1. = N1 + N1o
Negetive no1 Moo No. = No1 + Moo
Total nNi1=mn11+Ng1 Nog=MNp+Ngg N=mn1.+nNg =n71+nog

Table 2.1: Cross-tabulation of the test results from CDx and CTA for the bridging study
sample.

A bridging study is done with this size n sample. Test results for these patients from CDx
can be compared to those previously obtained using CTA. The number of patients within
each of the four combinations of the CDx and CTA test results from the bridging study is
represented in Table 2.1. Let § denote drug efficacy, in other words, the therapeutic effect
difference between treatment and control on clinical outcomes. Let 011 = dorarncpezr be the

drug efficacy for CTA+ and CDx+. Similarly, let dp1 = dcra_ncpzr and 6.4 = dcpes -

2.2.2  Estimate drug efficacy dcpey and Var(chH)

In bridging study, our main goal is to estimate drug efficacy for the CDx+ patients (i.e.
0.1). Easily, 4 = dcpes can be written as a weighted average of 017 = dcrarncpz+ and

do1 = dcTA-NCDat, With weights ¢1; = Pr(CTA+|CDx+) and 1 — ¢1; = Pr(CTA—|CDx+)
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respectively. Thus, we have

01 = ¢nuéu + (1 — @11)d0- (2.1)
Assuming the estimates of @11, 411 and dp; are unbiased, asymptotically normally and mutu-
ally independent, then we can easily show that 5.1 = @11511 +(1— @11)501 is asymptotically

normal with mean (11611 + (1 — ¢11)dp1 and variance [58, 48|,

Var(g.l) = (,D%IVCLT(gn) -+ (1 — @11)2‘/(17’(501) + [((511 — 501)2 + VCLT(gn) (2 2)
+ Var(do)]Var(én).

Thus in order to estimate 6., and Var(g.l), we need to estimate @11, 011, dg1 and their
corresponding variances.
Under the random sample design from the CDx IU population for a bridging study,

naturally, we assume that nq; follow a binomial distribution, ny; ~ Binomial(n.1, ¢11). Then

we have the MLE of ¢;; and variance as follows:

o ni
= 2.3
P11 o ( )
. 5 (1 — &
Var(p) = w (2.4)
1

Provided there is a large enough sample size to secure statistical power, outcome data
from the clinical trial of patients that are CTA+ and CDx+ could be used to estimate
011 and Var(gn), or a subset of the sample could be used. This method does not have the
benefit of treatment balance within the CTA and CDx both positive population, with respect
to baseline covariates used as stratification factors in the randomization. We evaluate the
performance of two approaches to resolve this problem. First approach, we utilizing the
doubly robust estimator for causal effect estimations [19]. Second approach, we implement

the optimal full matching method to estimate d;; [55].

2.2.2.1 Doubly robust estimatior

We first discuss estimateing d1; based on propensity score methods with the doubly robust

estimator. Let Z be the indicator of treatment where Z = 1 if treated, and Z = 0 if in
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control. Columns of X are covariates measured prior to treatment (baseline). Y; and Yj
are potential outcomes under treatment and control from a causal inference framework, also
Y = ZY1+(1—2)Yj is the observed outcome. For each individual, we observe (Z;, X;,Y;),i €

{1,--- ,n11}. The doubly robust estimator for d;; is

: _ ZiY;  Zi—é _ 1-2)Y. Zi—é&
011,pr = N7 Z[ - mi (X)) —ny! Z[ - mo(X;)]

: é; €; 1—¢; 1—¢;
=1

[19]. Here e(X) = P(Z = 1]|X) is the propensity score, thus the probability of receiving
treatment given the observed covariates. Logistic regression with treatment as outcome and
observed baseline variables X as predictors is fitted to estimate e; = e(X;). Meanwhile,
m,(X) = E(Y|Z = z,X) is the regression model of outcome for only the group where
treatment Z = z, z € {0,1}. Logistic regression is fitted for binary outcomes. The doubly
robust estimator combines a form of outcome regression with a model for the treatment (i.e.,
the propensity score) to estimate the causal effect E(Y; — Yp) such that only one of the two
models need be correctly specified to obtain an unbiased effect estimator [47].

Two types of variance estimators are considered for Var(8117 pRr), including the sandwich
estimator and the bootstrap estimator. From Lunceford and Davidian [47], the sandwich

estimator of variance is n=2Y_ I? with

ZiY;  Zi—é
=i X) - = .
él’ éz ml( ) 1— €; 1— €;

(1-2)Y; Zi—é

I, mo(X;) — 811,DR-

2.2.2.2  Optimal full matching

We also estimate d1; using the optimal full matching method without restrictions on treatment-
control balance. Full matching closely matches many more subjects than would matching
with a fixed number of controls, and uses as many observations as suitable to be included
in a comparison [29]. In a full matching, the sample is divided into a collection of non-
overlapping matched sets that are either 1 : c or ¢ : 1 for the number of treatment patients
verses control patients, ¢t and ¢ can be any positive numbers, not fixed for different matched

sets. In other words, each matched set consists either of a treated individual and any positive
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number of controls, or a single control and any positive number of treated individuals [28|.
A matched set assembles treated and control individuals that are comparable with respect
to baseline covariates. The problem of finding an optimal full matching is equivalent to a
standard problem of finding a minimum cost flow in a certain network, i.e. to a standard
combinatorial optimization problem for which good algorithms exist [55]. Bootstrapping

variance of Var(éAlL pr) is considered for the full matching method.

2.2.8  Simulation settings with sensitivity analysis

Given that we do not have any CTA negative patients enrolled in the targeted design clinical
trial, we have no outcome results to estimate dy; or Var(gol) directly. Instead we conduct a
sensitivity analysis suggested by Meijuan Li [43] under the reasonable assumption that do;
is in between 0 and d;;. In other words, we assume the treatment effect for the CTA-&CDx
patients is at worse equal to no effect, and at best the same as the treatment effect for
CTA and CDx both positive patients. To be more precise, we assume o1 = 0511, for some
¢ € [0,1]. Also assuming Var(dy1) = Var(dy), we can estimate the drug efficacy in CDx

intended use population and its associated variance as follows:

5~1 =[(1=c)pn + 0]3117 (2.5)

Var(51) = (262, — 2011 + DVar(byy) + [(1 — ¢)26%, + 2Var(81,)]Var(én) (2.6)

[43]. Plugging in the sandwich and bootstrap estimators for Var(gn) gives two estimators
for Var(g.l). We also compare those results to the bootstrap variance of 8.

We generated data with a dichotomous treatment Z (50% treated) and a binary true
status of the tested biomarker D (30% positive). CTA and CDx are generated to be positive
with probability 0.97 when D is positive, and positive with probability 0.07 when D is
negative. CTA, Z, D, and normal baseline variables X = (X, X;) are used to generate the

missingness of CDx (16.3% missing). The binary potential outcomes (Y7, Yy) are simulated
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based on D and X with different sets of coefficients. The mean difference between Y7, Y is
-0.36 when D is positive, and -0.04 when D is negative.

We simulate 1000 cohorts of size 1000. For each simulated cohort, any bootstrap is carried
out with 100 resamples with replacement. Drug efficacy and variance are estimated in each
simulated cohort with all regression models correctly specified using methods discussed in
section 2.2. For 4.1, we determine the 95% confidence interval coverage for each method of
variance estimation by assessing the proportion of intervals that contained the true value in
the 1000 cohorts. Results are presented for when c is 0, ¢y and 1, where ¢y = 0.2545 is the

truth for the simulated cohorts.
2.3 Results

All the following numerical computation is performed using RStudio over R version 3.0.2 on
a standard MacBook Air with 1.8GHz Intel Core i5 and 4GB 1600MHz DDR3 memory. For

optimal full matching, we use the R implementation from the package optmatch [29].

2.3.1 Simulation results

Simulation results are presented in Table 2.2.

The fitted propensity scores mostly overlap for the treated and controlled groups. The
doubly robust estimator method performs better than the optimal matching method in
all of our simulation setting scenarios. With the doubly robust estimator method, in the
scenario of ¢ = ¢y, the drug efficacy results are unbiased, all estimated standard errors
slightly underestimate the true variability of our estimate. And when ¢ = 1, 301 = 511,
which means we are assuming the treatment effect for the CTA-&CDx patients is equal
to the treatment effect for CTA and CDx both positive patients. This assumption is very
far from the truth for our simulation setting where ¢ = ¢y = 0.2545. Thus as expected, our
estimate performs poorly under both methods when ¢ = 1. Clearly, a reasonable choice of ¢ is
important to achieve unbiased results. Bootstrap confidence intervals for 5.1, in comparison,

provided better coverage across all scenarios considered. Thus, we recommend reporting
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11 95% CI Coverage, %
¢ Bias MSE SE, SEy; SE
Method SE, SE, SE;,
Doubly 0 -0.0049 0.0019 0.0412 0.0436 0.0424 935  94.1 93.4
robust  ¢g -0.0186 0.0024 0.0412 0.0436 0.0447 90.3  91.6 92.3
estimator 1 -0.0588 0.0059 0.0412 0.0436 0.0500 67.0  68.7 77.1
0 -0.0258 0.0030 - 0.0500 0.0480 - 91.5 90.3
Optimal
co -0.0404 0.0041 - 0.0490 0.0500 — 84.9 85.7
matching
1 -0.0833 0.0101 - 0.0490 0.0566 — 57.7 67.8

Table 2.2: Bias, MSE, estimated standard errors and 95% confidence interval coverage for
drug efficacy in the CDx+ population (d.;), under doubly robust estimator and optimal
matching methods for d;; estimation.

Abbreviations: MSE, mean squared error; CI, confidence interval; SE;, standard error from equation (6)
by plugging the sandwich estimator for Var(gu); SEp1, standard error from equation (6) by plugging the
bootstrap estimator for Var(gu); SEy2, standard error estimated from the 100 bootstrapped estimates of
6.1. All standard error estimates is an average over 1000 simulated cohorts. ¢y = 0.2545 is the truth of ¢
for the simulated cohorts.

estimates using the doubly robust estimator method for 9;; and bootstrapped estimates for

the standard errors and confidence intervals.

2.3.2  Application: Real example results

The study under consideration is a ongoing randomized, double-blind, placebo-controlled
phase 3 study in subjects with a newly diagnosed subtype of a disease. The primary objective
of this study is to evaluate if the drug additional to other treatments prolongs event-free
survival among subjects within this subtype. The market-ready CDx is desired for the
classification of the subtype of the disease. However, CDx is not available at the onset of
enrollment. Instead, the CTA is used to screen all subjects.

As the clinical trial is currently ongoing and blinded, original data is not yet available,

thus we simulated data mimicking the setup of the ongoing trial. The binary outcome in our
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simulated data is an indicator of death within 3 years. We analyze the data using doubly
robust estimator methods for d1;. For 6 choices of ¢ € {0,0.2,0.4,0.6,0.8, 1}, we estimate ¢

with all types of variances mentioned and their corresponding 95% confidence intervals.

c 6, SE, SE, SEj; ol

SE, based SE;,; based SE;, based
0.0 -0.230 0.035 0.034 0.034 -0.299, -0.162 -0.297, -0.164 -0.296, -0.165
0.2 -0.234 0.035 0.034 0.034 -0.302,-0.165 -0.300, -0.167 -0.300, -0.167
0.4 -0.237 0.035 0.034 0.035 -0.305,-0.169 -0.303,-0.171 -0.305, -0.169
0.6 -0.240 0.035 0.034 0.035 -0.308,-0.172 -0.306, -0.174 -0.309, -0.172
0.8 -0.243 0.035 0.034 0.035 -0.311, -0.176 -0.309, -0.178 -0.313, -0.174
1.0 -0.247 0.035 0.034 0.036 -0.315,-0.179 -0.313,-0.181 -0.317,-0.176

Table 2.3: Estimation (of 4,), estimated standard errors and 95% confidence intervals for
drug efficacy in the CDx+ population, under doubly robust estimator methods for d;; esti-
mation.

Abbreviations: CI, confidence interval; SEg, standard error from equation (6) by plugging the sandwich
estimator for Var(d11); SEp1, standard error from equation (6) by plugging the bootstrap estimator for

Var(gu); SEy2, standard error estimated from the standard deviation of 100 bootstrapped estimates of
0.1

Results are presented in Table 2.3. Among patients with CTA results, 5% of the them
are missing test results of the CDx test. As an example of the results presented, when
¢ = 0.6 and we use the bootstrap standard errors, the estimated drug efficacy for the CDx+
population is -0.240 (95% CI: -0.309, -0.172). Indicating that the probability of death within
3 years is 24.0% lower for the treatment group compared to the controls. This result is not
abnormal if the true difference in probability is between 17.2% lower to 30.9% lower for the

treatment group verses controls.
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2.4 Discussion

Using the propensity score method with doubly robust estimation and optimal full matching
to solve the covariate imbalance problem in bridging study with missing CDx results, we
evaluate the performance of the two methods under a causal inference framework. In the
presence of the unknown ratio ¢, we conduct a sensitivity analysis over ¢. We showed that
estimate of drug efficacy in the CDx positive patients using the doubly robust estimator
method for d;; and bootstrapped estimates for the standard errors give good results with a
reasonable choice of ¢. We also analyzed simulated data mimicking the setup of the ongoing
trial. Survival outcome with censoring instead of a binary outcome could be explored in

future research.
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Chapter 3

INCREASING THE STABILITY OF GRAPHICAL MODELING
BY USING DATA ACROSS IMAGING SCANS
AND STRUCTURAL BRAIN INFORMATION

Abstract

Recent advances in data acquisition and preprocessing have largely improved the reliability
of functional magnetic resonance imaging for estimating functional brain networks. This
opens doors toward its use for longitudinal mapping of network changes in clinical settings.
However, discussion for estimating networks in a longitudinal clinical setting are scarce.
Here, we propose an approach that incorporates information from baseline assessment when
estimating networks in follow-up data. Using data from the Consortium for Reliability and
Reproducibility, we illustrate that our approach produces stable networks across repeated
scans of the same individuals. The approach may, therefore, be of particular value to the

clinical neurosciences, and we will make code and documentation openly available on Github.
3.1 Introduction

Resting-state fMRI has become a mainstream gateway to brain connectivity networks in the
absence of tasks. A popular statistical framework for those networks is Gaussian graphical
models. Since these models are typically high-dimensional, that is, the number of nodes rival
or even exceeds the number of observations, estimation is often conducted via regularized
maximum likelihood-like approaches such as neighborhood selection (MB) [49] and graphical
lasso (GLASSO) [2, 18, 70]. The first approach aims at graph reconstruction by aggregating
local estimates [49], while the second one is based on a global objective function |2, 18, 70].

Both approaches are now accompanied by a bulk of literature on theory and computation;
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we refer to [8, 31| and references therein.

A topic that has become increasingly prominent in the discussion of such graphical models
is reproducibility [68]. One aspect of reproducibility is stability, which means similarity
among outcomes of a statistical method across similar data sets. fMRI can be obtained
multiple times per person. Human brain connectivity has been shown to be reproducible
across individuals [13]. Thus network estimations with more stable within-person brain
connectivity network edges are preferred. Then an important question is how to leverage
data for most stable estimations of brain connectivity networks.

Although some more sophisticated techniques can jointly estimate related Gaussian graph-
ical models from multiple high-dimensional data, stability across these estimated connectivity
networks has received limited attention. Understanding the stability of the estimated within-
subject connectivity is crucial to the validity of all scientific results directly drawn from brain
connectivity networks, as we need to detangle the actual findings from the within-subject
variations. More stable within-subject connectivity gives us more confidence comparing sim-
ilarities and differences between subjects.

In this paper, we extend neighborhood selection to borrow strength across different fMRI
scans to reveal more similar within-subject connectivity structures. This joint Gaussian
graphical model procedure links the estimation of separate graphical models through a fused
penalty as proposed in [4|. Pairwise distances between brain regions are also integrated into
the model to leverage the structural information as in Chapter 1 [6]. The advantage of this
method is the ability to jointly estimate more stable edges across graphs, which leads to
improvements compared to fitting just separate models, as it can borrow information from
other related graphs. Thus for each subject, we can inform the brain connectivity structure
from latter fMRI scans with previously obtained fMRI scans for more accurate estimation.

Related literature: Abundant literature focus on the joint estimation of multiple preci-
sion matrices through varies penalties: [14, 27, 64, 11, 33, 30, 50, 51, 72, 54, 67, 42, 69| A few
Bayesian approaches also attempts to jointly estimate multiple precision matrices [53, 46, 12|.

Also, [45] propose a Bayesian neighborhood selection method to jointly estimating multiple
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brain networks. [4] proposed the penalized neighborhood selection approach with fused lasso

to identify differences in Gaussian graphical models with similar structures.

3.2 DMethod

Starting from the well-established neighborhood selection framework with additional knowl-

edge defined in Chapter 1, for one node j € {1,...,p}, the node-wise regression is

. (1. » .
3 e argmln{éan - X, J@”% + ||r]_j o ﬁ”l}7 (3.1)

BeRP—1

where the circle o indicates element-wise multiplication. We extend this idea to the problem
setting of two data matrices X; and Xy € R™*P by incorporating fused penalties. We aim
to leverage the fact that X; and X, are scans from the same person to encourage the two
groups of parameters 37, 55 € RP~! to shrink together. For each j € {1,...,p}, we consider

a joint node-wise regression

f _ 1 . 1 : . .
1,05 € argmin ¢ S| X=X i34 1 X5 = X5 Bl jo Silh o B+ | Bi—Balh ¢
9 9 j j
B1,B2€RP~1
(3.2)
The jointly estimated corresponding regression parameters 6{, ,Bg € RP~! for a given node j
determines the edges between node j and the other nodes. The vectors X7, X] € R” denote
the jth column of the data matrices X7, X5, the matrices ij, X{j e R™@=1 denote X1, X
without the jth column. Tuning parameters are r’ € RY and 47 € Ry.. Weset (r/); = /- D,
and +/ = 7/ -vg. rj_j € RP1is r/ € R? omitting the jth element. Here 7/ is an overall tuning
parameter for the jth node’s regression. As customary in high-dimensional statistics, the free
parameter 77 balances the weights of the data and the structural assumptions (all the penalty
terms). vg balances the ratio between the fuse penalty and other penalties. In practice, 7/
can be calibrated via 10-fold cross-validation.

In the following, we refer to our method as Geofuse for the integrated geometric infor-

mation and fused lasso.
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3.3 fMRI data

The fMRI dataset we use consists of 30 healthy young adults from the Hangzhou Normal
University of the Consortium for Reliability and Reproducibility (CoRR-HNU) dataset [9,
74]. Each participant received ten resting-state fMRI scans across one month, one scan every
three days. We utilized all 300 scans in our analysis. Imaging was performed with a GE
MR750 3.0 Tesla scanner (GE Medical Systems, Waukesha, WI) with 8-channel standard
head coil (EPI: TR/TE = 2000 ms/30ms, FOV = 220 x 220 mm, flip angle = 90°, matrix
= 64 x 64, voxel size = 3.4 x 3.4 x 3.4 mm, slices = 43). A detailed description of the dataset
can be found on http://fcon_1000.projects.nitrc.org/indi/CoRR/html/hnu_1.html.
The preprocessing of the fMRIs was done by Tobias Kaufmann in the same manner as
in his paper|38]. Preprocessing details can be found in the method section. We applied
the group-wise graph-theory-based 100-parcellation whole-brain atlas defined in [57]. Each
preprocessed data contains n = 295 consecutive scans over p = 93 nodes. An autoregressive

integrated moving average model [24, 32| was applied to account for autocorrelation.
3.4 Stability study

A reliable statistical method should provide similar outcomes across multiple data sets of
one person. We thus study stability as a notion of within-subject similarity among outcomes
of a method. We use two specific measures: GA and ES. The first measure, GA, assesses

the similarity between two graphs Eand € (with corresponding adjacency matrices A and

A) as follows: o

dw(EE) | JA-A

e+ € Al + Al

where Hamming distance between two graphs & and € is defined by dy( g, 5 |{ i,7)

(i,) € €,(i,5) € EYU{(i.j) | (i,)) € E,(i,7) € 5}‘ The second measure, ES, we adopt the

estimation stability concept of [68]. We compute

L e A = 2 Al
I3 520 Al

ES, = 1-—

Y
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where || - ||r is the Frobenius norm. This definition of ES, corresponds to |68, Page 1491],
other than our definition is one minus the original one and [68]’s regression accuracy is

replaced by a graph recovery accuracy here. Compare also to [44, Page 473].

We compare our approach Geofuse to MB and GLASSO. Specifically for Geofuse, we
pair each scan from Scan 2 to Scan 10 with Scan 1 of the same person for joint estimation.
We adopt the “and-rule” for neighborhood selection, the overall tuning parameters i are
selected via 5H-fold cross-validation while 78 = 1. For GLASSO and MB, graph estimation
is done on each scan separately. We adopt the “and-rule” for neighborhood selection in MB
and select the tuning parameters via 10-fold cross-validation. Since the tuning parameter in
GLASSO is not amenable to the same cross-validation scheme, GLASSO is calibrated via
BIC.

To calculate within-subject stability for one person with GA, we compute the average of
all 45 pairwise GA of Scan 2 to 10 from that person. To calculate within-subject stability
for one person with ES, we compute ESg over the pooled adjacency matrices of Scan 2 to 10
from that subject. For all three methods considered, the values of within-subject GA and

ESy averaged over all patients are summarized in the left table in Table 3.1.

For comparison, we also estimate the group stability of all 30 subjects, shown in the right
table of Table 3.1. For GA each time we pick one scan each from two different people from
Scan 2 to 10 to compute GA, then average over all the GA to get a group GA. We compute

ESso70 over the pooled adjacency matrices of Scan 2 to 10 from all 30 subjects.

Both measures rely on the main idea that agreement of estimates arising from two scans of
the same person indicates that the method is reliable, while largely disagreeing estimates raise
a red flag. Note that for both GA and ES, large values mean high stability. Thus, Geofuse
is consistently the most stable method, suggesting that it can leverage multiple fMRI data
effectively and make graph estimation more reproducible. We also observe that across all
methods, within-person stability is higher than group stability, showing the within-person

reproducibility of the human brain connectivity as expected.
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Within-subject stability Group stability
Method GA ESg Method GA ES,;
Geofuse 0.67 0.59 Geofuse 0.65 0.57
MB 0.39 -0.21 MB 0.33 -0.86
GLASSO 0.59 0.43 GLASSO 0.58 0.28

Table 3.1: Geofuse has higher stability on the fMRI data set than standard methods, indi-
cating that it can leverage multiple fMRI data effectively and make graph estimation more
reproducible. All methods have higher within-person stability than group stability, showing
the within-person reproducibility of human brain connectivity.

3.5 Brain connectivity results

Having established the stability of our approach, we can now analyze and visualize the
fMRI data brain connectivity network estimations. To compare methods, two graphs and
their differences (from Scan 1 and Scan 7) for one person are displayed in Figure 3.1. The
first row graphs are estimated jointly based on Geofuse. Second and third row graphs are
estimated separately. Each column in the figure corresponds to estimations from Scan 1, Scan
7, and their network differences. Each row corresponds to one of the three methods Geofuse,
MB, and GLASSO. The plots show anatomical maps, that is, the nodes are positioned
according to their 3D coordinates. Edges between close regions (pairwise distances in the
lower quartile) are colored orange; all other edges are colored blue. While showing only one
person’s graphs for illustration, we find two patterns across all subjects: (i) a closer analysis
shows that jointly estimated networks from Geofuse are more similar compared to networks
estimated separately by other methods. (ii) Geofuse yields more edges between spatially
close regions (orange) than the other methods do, the other methods do not exhibit such a
preference for short connections. This finding shows that the estimates provided by Geofuse
are in agreement with the biological rationale that direct connectivities in the brain are more

likely to be between spatially close regions stated in Chapter 1.
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To compare among subjects, the within-person averages of the estimated adjacency ma-

trices are calculated:

where fl; is the estimate of the adjacency matrix for Subject i (i € 1,2,...,30) of Scan
7. Corresponding heatmaps are displayed for two subjects in the top row of Figure 3.3.
The entries in the heat-map denote the frequencies of the edges within each person. Their
differences and the within-person brain graphs averaged over all subjects is displayed in the
bottom row.

Our main observation is that the graphs for the two subjects under Geofuse seem to be
similar, there is no visible structural variability between the two subjects in either direction
(see red and yellow entries on the orange background of the Subject 28 - Subject 7 heatmap
in Figure 3.3). In particular, we find the within-person heatmaps to be quite similar to the
all-subject averaged heatmap in pattern. The results and patterns we see under Geofuse are
not present for GLASSO or MB as shown in 3.5 and 3.7. In clear contrast, the two competing
methods’ heatmaps for the two subjects and the group average do not present many visible
patterns, we can not identify any particular regions of interest from the heatmaps of these
two methods.

Through linear regression adjusted for subject id and implementing the Bonferroni correc-
tion, we find three observations on other graph metrics: (1) Edge density and max coreness
of the graphs differ significantly by subject age (mean: 24 range: 20 - 30) across all the
methods we applied. (2) Mean alpha centrality of the graphs differ significantly by subject
age under Geofuse, but not under the other two methods. (3) Max edge degree, edge density,
and max coreness all differ significantly by scan day (from baseline scan) under Geofuse, but

not under the other two methods.
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Scan 1 Scan 7 Scan7 - Scan 1

Geofuse

GLASSO

Figure 3.1: Anatomical maps of the estimated brain connectivity networks. First row: one
person’s example of the two estimated graphs from one model under Geofuse. Second row:
graph estimation of corresponding scans from the same person under MB. Third row: graph
estimation of corresponding scans from the same person under GLASSO.
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Figure 3.3: Average within-person brain graphs for two subjects under Geofuse. Their
differences and the within-person brain graphs averaged over all subjects. The graphs of the
two subjects indicate some none structural differences between the two subjects while being

quite similar to the group average.
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Figure 3.5: Average within-person brain graphs for two subjects under GLASSO. Their
differences and the within-person brain graphs averaged over all subjects.
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Figure 3.7: Average within-person brain graphs for two subjects under MB. Their differences
and the within-person brain graphs averaged over all subjects.
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Appendix A
R CODE FOR GRAPH ESTIMATION WITH SI

See also https://github.com/LedererLab.

1 library (glmnet) # Required for cv.glmnet.

2

3 LambdaGrid <— function( lambdaMax, numLambda, factor ) {

4

© 0 N O L

10

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32

# Construct an adaptive tuning parameter grid ranging between
factor*xlambdaMax

# and factor*(lambdaMax/numLambda) with grid increments of 1 / 1i.

#

# Args:

# lambdaMax: Largest tuning parameter.

# numLambda: Number of elements that should be in the grid.

# factor: Scaling factor that will be applied to to all elements
in the grid.

#

# Returmns:

# Vector of tuning parameters of size numLambda.

#

# Raises:

# Error if numLambda is zero or negative.

if ( numLambda < 0 ) {
stop( ’Number of grid elements must be greater than 0.’ )

3
lambdas < vector ( mode="1list", length = numLambda )

lambdas < lapply( seq_along(lambdas),
function( y, n, i ) { factor*lambdaMax/i 1},
y lambdas,
n names (lambdas) )

return( unlist (lambdas) )
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33 BetaCol <— function( X, D, 1 ) {

34

35
36
37
38
39
40
41
42
43

44
45
46

47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73

# Populate a column of the adjacency matrix ( Beta ) when
constructing a

# connectivity network.

#

# Args:

# X: An n x p design matrix.

# D: A p x p matrix containing pairwise distances between regions
# i: Index of the column being updated.

#

# Returmns:

# Vector corresponding to the i’th column of the adjacency matrix
#

# Raises:

H

Error if requested index i is larger than number of columns of
X.

n < dim(X) [1]
p « dim(X) [2]

if( i >n) o
stop( "Requested index ", i,
" is larger than numbers of columns in design matrix ", p )

y < X[,1i]
predictors < scale( X[,-i] )

# Get distances of the i’th region to other regions.
Di <~ D[-1i,i]

factor < sum( Di3 )/( p - 1)
lambdaMax < max( abs( crossprod( predictors, y ) ) ) / n

lambdas < LambdaGrid( lambdaMax, 1000, factor )

# Calibrate the tuning parameter and select
# estimator accordingly.
model <— cv.glmnet( x = predictors,
y =75
lambda = lambdas,
intercept = TRUE,
penalty.factor = Di"3 )
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75
76
7

78
79

80
81
82
83
84
85 }
86
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beta <— array( data = 0, dim = p )

# Construct a vector using elements from the model, except for the
i’th element

H+

which is set to =zero.

H

The model generated by cv.glmnet has the intercept as the first
term, which

# needs to be removed before populating beta.

betal[-i] < coef ( model )[-1,]

return( beta )

87 GraphEstimation <— function( X, D, reproducible = TRUE ) {

88

89
90
91
92

93

94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112

# Estimate a connectivity network ( adjacency matrix ) using the SI

method.

#

# Args:

# X: An n x p design matrix.

# D: A p x p matrix containing pairwise distances between regions

# reproducible : Set to TRUE to make results reproducible between
runs.

#

# Returmns:

# Adjacency matrix of dimension p x p.

#

# Raises:

# Error if either X or D contain any non-numeric entries.

# Error if matrix dimensions are incorrect.

# Error if matrices are 1 x 1 or smaller.

# Error if either X or D contain missing ( NA ) values.

if ( 'is.numeric(X) ) {
stop( "The design matrix must contain all numeric values." )

¥

if ( 'is.numeric(D) ) {
stop( "The distance matrix must contain all numeric values." )

¥

n < dim(X)[1] # number of samples
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114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133

134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152 }
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p < dim(X) [2] # number of regions

if ( ¢ dim(D) [1] !'= dim(D)[2] ) || ( dim(D)[1] !'= p ) ) {
stop( "Matrix dimensions are incorrect. Design matrix is ",
dim(X) [1], "x", dim(X)[2] , " and Distance matrix is ",
dim (D) [1], "x", dim(D) [2] )

}

if( (n<1) Il (p<L 1)) A

stop( "All matrix dimensions must be greater than 1 x 1" )

}

missing_X < sum( is.na(X) )
missing D < sum( is.na(D) )

if ( missing_X > 0 ) {

stop( "Design matrix contained ", missing X, " missing values." )
}
if ( missing D > 0 ) {
stop( "Distance matrix contained ", missing D, " missing values."
)

if ( reproducible ) {
set.seed (42)
}

betaMatrix <— matrix( data = NA, nrow = p, ncol = p )
for (i in 1 : p ) {

betaMatrix[,i] < BetaCol( X, D, i )
}

# Compute matrix of non-zero entries in the coefficient matrix.
adjacencyMatrix < sign( abs( betaMatrix ) )

# Apply the ‘and’ rule.
return( adjacencyMatrix * t( adjacencyMatrix ) )

154
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Appendix B
TECHNICAL PROOF

We now prove Theorem 1.3.1. For this, we first recall some notation: (7 is the jth
regression target vector, X_7 corresponds to X/ on the support of 57 denoted by S7 :=
supp(/?) and X7 to the remaining parts of X7, and &/ is the noise vector of the jth
regression. For ease of notation, we also denote the size of the jth support by s/ := [SJ|.

We now establish the primal-dual construction.

lemma B.1 (Primal-Dual Witness Construction). Assume that X 97 X_7 is invertible for
each j € {1,...,p}. Let rj_j = (7,02, )T € R be a fized, positive vector for any
j €{1,...,p}. Here, vl corresponds to the sub-vector of rj_j on the support of B2 and v,
corresponds to the rest of r{j. Define vectors &7 = (447, dj,*T)T € RP~! (primal vector) and
2= (37,22, )T € RP! (dual vector) as follows:

Primal construction: define &I € R* such that

&l € argmin {|X7 — X733+ vl o Bl1}
BERS™

where the circle o indicates element-wise multiplication, and set &, := 0, , -
*

Dual construction: define 27 such that
22X (X - XTI+ =0,.
Now, the following holds:
(i) 2 € drlo s,

and

(1) |7 ,]a <1 = & € RP7 s the unique lasso solution.
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127 |4 above is the dual norm of the weighted norm v’ , o & ,|;. In general, the dual norm

for a weighted norm |w o 8|y is denoted by [B]a = |+ © B]co-

Proof of lemma B.1. We can summarize the properties of the sub-vectors in the following

four relations.
1. The vector & € R* satisfies

& € argmin {| X7 — X 78[5 + |rl o Bl };
BERS

2. It holds that &/, := 0, , 4;

3. The vector 29 € R* satisfies

—2X 7N (XT = XPal) + 2 = 0

4. The vector 27 € RP~! satisfies

—2XT(X) - X)) + (]) =0, 1.

Part 1: duality on S We first show result (i), that is,
& € Ofxlodl]y.

By 1. and the KKT conditions for the oracle lasso (with design matrix X_7), there is a

k € Ori 0 42|, C R* such that

—2X 7 N(X) =X 7al)+ Kk =0
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By 3., we conclude that 2/ = &, so that 2/ € 9|r? o &J|, as desired.

Part 2: unique lasso solution We now show that
(i) |2 .]a <1 = @& € RP!is the unique lasso solution.

We proceed in four steps.
Step 1: lasso solution. We first show that if |27, |, < 1, the pair (&7, 27) constructed above
is a primal-dual solution pair of the KKT conditions for the lasso, that is, 27 € 9|r’_ ;o]
and

22X (XT - X&)+ 2 =0, .
According to Part 1, 27 € 9|r/ o 44|;. In view of the assumption |2/ ,[4s <1 < 1 and 2., it

then holds that 27 € 9|r’. ; 0 a7 ;. Moreover, by 4.,
22X (XT - XT@) 42 =0, .

This implies that indeed (&7, 2%) is a primal-dual solution pair of the KKT conditions of the
lasso.

Step 2: support size. We now show that if [27,|; < 1, it holds that supp(4’) c S for all
39 € RP~! that satisfy

(7 € argmin {I1X? = X77pB]5+ ”rj—j o B}
BERP~!

For this, assume that /37 is a lasso solution. Then, Bj minimizes the above objective function.
However, by Step 1, (&7, 27) is a feasible primal-dual pair for the X 7-lasso, and thus, also
&7 minimizes the above objective function. Hence,

X0~ XSPR 4 I 0 Pl = X7~ XTI+ el ).
Since, by Step 1, 2/ € 8||rj_j o &|y, it holds that ||I'j_j o &)y = (%7,47). Indeed, for all
ie{l,...,p},
sign(df)(r_j)iéﬂ = (r]_])zl&f\ if i € supp(&’)

20 =0= ()l ifi ¢ supp(a’)
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Plugging this into the previous display yields
|X7 = XI5 + el 0 F)u = | X7 = XTIl |5+ (2, 87).
We can now subtract (37, /) on both sides to obtain
X — XB I 0 il — (5, B) = X7 — XTail} + (5, (40— )
By 4. above, it holds that 2/ = 2X 7 T(XJ — X9&7), so that we can further deduce
X0~ XTI 0 Pl — (2, ) = 1K = XTI+ (X (X0~ Xa0),80 ).
Rearranging this yields
[t 0 Bl — (2, %) = [ X7 = XT3+ (-2X (X = X&), - &) — | X) = XT3
Setting f : 8 — | X7 — X 73|53 makes the right-hand side equal to
f@7) +(f'(a7), 5" — &) - f(B).
However, since f is convex, it holds that
F(87) = f(&) + (f(&), 5" —a).
Collecting terms yields
[0 B = (27, 3%) < 0.
Hence,
vl 0 Bli < (7, 8%).
Recall that by Step 1, 2 € 9|’ 0 47|y, so that |27]4 < 1. Hence,
(&, 57) = (&, BI) + (2L, L) < [l Bl + (2L, L),
so that

[l o B0 < (L. AL
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Now, in view of the strict dual feasibility condition |3’ ,[s < 1, we have

< (ZL)il(B2): ifi e supp(FL))

=0 =|(BL)  ifi ¢ supp(B.).

Together with the above display, this means that (57); = 0 for all i ¢ supp(&/). This
concludes the proof of Step 2.
Step 3: uniqueness. We now show that 47 = &J for all 37 € RP~! that satisfy

B € argmin {| X7 — X983+ |r’ 0 8|1}
BeRP—1

From Step 2, we deduce that 37 = (577,0)7, so that

B € argmin {| X7 — X755 + |l o B}

BERS
However, since the minimal eigenvalue of (X’:J? X7 s larger than zero according to the
assumptions of lemma B.1, this problem has a unique solution. O

With lemma B.1 proven, we can now establish a result on support recovery and /£..-loss.
To this end, we assume an irrepresentability condition, that is, we assume that X 7T X7 is

invertible and for a constant b; > 0, it holds that
vl o (XTTX)TIXTITX 1 /(x7); < 10y
foralli e {ke{l,...,p} | k#jand (k,j) ¢ £}.

lemma B.2 (Support Recovery Under Irrepresentability Condition). Assume that the Ir-
representability Condition is satisfied with constant b; > 0, j € {1,...,p}. Moreover, assume
that

1> 2| XTI (L, =X (X TX )T X T afby

and

1> n|(X7TX )X TTE,.
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Then,
(i) supp() C 7,

and

(i) 18w = Blla < Vn+ [(X7TX7 /n) " 2]a/(2n).
Proof of lemma B.2. Step 1: Under the assumptions stated in the lemma, it holds for any
primal-dual pair (47, 27) € RP~! x RP~! constructed as in lemma B.1 that

122, a < 1.

To show this, we want to rewrite 4. in the construction in lemma B.1, solve for 27, and
then show that this norm is smaller than 1. We first invoke the model to rewrite 4. of the

construction in lemma B.1 as

Z]

—x

: o . o 57
—2X T (X8I + e — XTT67) + (f* ) =0, ;.
Rearranging, we find

A , J (&I o 5
o (3B ()} o () o,

We can write this in block matrix form according to

XTX XOTXT\ (8. — X iTed 5
—2 . . s o —2 —§T i + ; = Op—l' (Bl)
X,;ZTX J X,,ZTX,] 0 X_Jles

We now solve this equation for 27, via
—2XTTX((B). —ad) —2XT T 2L =0,
and hence, by rearranging,
g = XTTXI(2((B]). —al)) +2X7I T (B.2)
We now want to solve Equation (B.1) for 2((87). — &J) and plug this in. We find

—2XTX (B —ad) —2X T+ 2 =0,
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and hence, by rearranging,
2XTX (B —al) = —2X 7T 4 AL

Since the matrix X 77 X7 is invertible by the Irrepresentable Condition, we can solve this

equation for 2((47), — a?) and find
2((B1)s — &) = —2AX 7T X)X Tl + (X7 TX )L (B.3)
Combining this equation with Equation (B.2) yields

H = — X ITXIIXTTX)TIX T
+ XTITX (X ITX )14 42X T

=2X (L, X (XT X)X el 4 XTITX (X TX )T
The assumption of lemma B.2 yields for the norm of the first part
2 X (L — X (XTI TN g < by
For the norm of the second term, we find

IXZITX (X 7TX ),

= max | X' T X I(X X DT/ (00, (definition of | - |4)

= max |(X, (X7 TX 7)) TX (), (transpose property)

=max [# (X ITX X IT X/ (09, (transpose property)

<max |y e o (XXX X, /() (Holder's inequality)

<m0 (X,2TX) XX /), (2l < 1)
i#]

<1-—1b;. (Irrepresentable Cond.)



68

Collecting terms gives
I da < bj+(1=b;) =1,

Thus as proven in lemma B.1 Step 2, we now have supp(Bj ) C Y.

Step 2: Under the assumptions stated in the lemma, it holds that
182 = Blla < 1/n+1/n|(XZTX )" 2l]a/2.
To show this, we deduce as in Step 1, see Equation (B.2), that
(B = B = —(XTX )X 4+ (XTTX) e 2,
Taking dual-norms on both sides yields

18 = Bl
= = (CTTXI) X+ (XTTX) A 2

<NXTTXI) XTI o+ WX X)) TE 20 (triangle inequality)
<1/n+ |(X77TX7)712 /2 (lemma B.2 assum.)
=1/n+1/n-n|(X77TX7)7 2 /2] (1=1/n-n)
=1/n+ |(X7TX 7 /n)" 294/ (2n) (linearity of norm)
as desired. O

Combining the inequality of lemma B.2 (i) and the beta-min condition yields for all
ie{l,...,sl}
1 i _ i ~iT =i /)13 1
(B = Bl < 1t (XX ) ) <

Thus, S/ C supp(f7). Together with supp(37) C S7 from lemma B.2 (i), this implies

supp(,@j ) = 57, that is, SI provides exact graph recovery,
£E=¢.

This completes the proof of Theorem 1.3.1.
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Appendix C
DETAILS ON IMAGING AND PREPROCESSING DATA

The fMRI data in the paper is collected from outpatients at the Department of Neu-
rology at Beijing Hospital from April 2012 through December 2013. Imaging was per-
formed with Philips Achieva 3.0 T with 16-channel standard head coil (FFE-EPI: TR/TE
= 3000ms/35ms, FOV = 220mmx220 mm, flip angle = 90°, matrix = 64 x 64, slice
thickness = 44mm, slice gap = 0, slices = 34). The preprocessing of the fMRIs was
done with SPM8 in Matlab. Steps include: slice timing correction, realignment, spatial
normalization, and averaging within volume. An autoregressive integrated moving aver-
age model [24, 32| was applied to account for autocorrelation. The preprocessed data
and a detailed description of the preprocessing pipeline can be found on our GitHub page

https://github.com/LedererLab/fMRI.



