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In this era of big data, many systems of interest to researchers are too large to fully
sample. Thus, significant downsampling is necessary, but determining the best locations for
optimal full-state reconstructions is an NP-hard problem. Solving for the optimal sensor
selections would require the researcher to test all (;) combinations of placing p sensors given
n possible locations, which is only feasible for very small systems. Instead, researchers have
developed techniques to calculate near-optimal sensor placements, usually based on convex
relaxations or greedy algorithms. This text focuses on a well-known greedy algorithm, the
column-pivoted QR decomposition, which is performed on basis modes from a low-rank
decomposition of the system, to pick out sensor locations that are approximately maximally
informative and robust to noise.

The column-pivoted QR decomposition is efficient and has proven optimality guarantees,
but it does not account for several important practical considerations, including sensor cost,
purpose, and type. In this work, we extend the QR decomposition to account for some of
these real-world constraints. First, we modify the algorithm to account for a heterogeneous

cost function on sensor location, selecting sensors that are approximately Pareto optimal in



cost and reconstruction quality. Next, we demonstrate that the cost-constrained column-
pivoted QR decomposition can be applied to modal bases beyond the most common basis of
singular vectors. In this way, we can select sensors and actuators for control systems, account
for a system’s estimated equations of motion, and even select sensors without training data.
Finally, we approach the problem of multi-fidelity sensor selection, that is, determining where
and how many of each type of sensor to place, given a fixed budget and access to cheap,
high-noise sensors and expensive, low-noise sensors. This problem is complex and has a very
large parameter space, but we develop guidelines for asymptotic cases of sensor cost and
noise level. The above methods are demonstrated on examples from physics, climate science,
and facial recognition, showing that it is possible to improve sensor effectiveness and decrease

cost by considering real-world practicalities.
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Chapter 1

INTRODUCTION

Measurements have long been essential to the field of physics, from Tycho Brahe’s body
of astronomical data that led Kepler to his discovery that the planets follow elliptical orbits,
to the experiments measuring the speed of light that led James Clerk Maxwell to prove
that light is an electromagnetic wave [1]. And from the complicated relationship between
a quantum system and its measurement, to detectors at the LHC that are still discovering
new physics about and perhaps beyond the standard model. But many systems are too large
to measure fully, including fluid flows, electrical grids, atmospheric conditions for weather
prediction, and the spread of disease for epidemiology. This is particularly true as computers
are becoming ever more sophisticated, allowing us to study ever larger systems, but physical
sensors still cost money and have constraints on where they can be placed. Therefore sparse
sensing is important to many diverse fields, including scientific experiments [2,|3], reduced
order modeling |4, /5], control theory [619], climate science [10-12], robotics [13,/14], and
industry [15H18|. Principled sparse sensing develops methods for the optimal selection of a
limited number of sensors to obtain the best possible full-state reconstructions. A brute-force
search for the selection of p sensors out of n possible locations requires checking (Z) sensor
combinations, which quickly becomes intractable for even moderately large values of n and
p. There are many near-optimal, more tractable solution methods, including relaxations of
the combinatorially-hard full optimization problem into a convex, solvable formulation, and
greedy solutions that select sensors one at a time, rather than searching for the global opti-
mum. Some of these methods are briefly outlined below, but most of them fail to account

for real-world considerations and restrictions on the sensors, particularly cost, noise, and



application. In this work, we use the column-pivoted QR decomposition, a fast, greedy algo-
rithm for near-optimal sensor selection, and adapt it for practical considerations. First, we
modify the algorithm to account for a heterogeneous cost function on sensor location, yield-
ing sensor selections that approximately simultaneously minimize sensor cost and maximize
reconstruction quality. Next, we apply the cost-constrained column-pivoted QR algorithm
to modal decompositions beyond the usual singular value decomposition (SVD), expanding
its capabilities to sensor selection for control systems, systems with coherent behavior in
both space and time, and systems without full-state training data. Finally, we consider
multi-fidelity sensor selection, and begin to develop guidelines for the selection of two types
of sensors, one with low noise level and high cost, the other with high noise level and low
cost. These three developments would allow researchers to place sensors more cheaply and
more effectively for better real-world applicability. An outline of our approach is shown in
Figure|l.1, which uses sea surface temperature snapshots to demonstrate our process of using
full-state measurements to obtain a modal decomposition, combining it with a cost function
on sensor location for the modified QR decomposition, and obtaining sensors with varying
levels of cost and reconstruction accuracy depending on how heavily the cost function is

weighted.

The rest of the text is organized as follows: this chapter concludes with a brief outline of
common sparse sensing techniques. Chapter [2] introduces the sparse sensing problem setup
and notation, and then the column-pivoted QR decomposition. In Chapter [3] we present
an extension of the QR decomposition to select sensors that simultaneously account for
reconstruction quality and sensor cost. Chapter [d] explores the optimum number of sensors
and basis modes for two common modal decompositions. In Chapter [, we go on to apply
the cost-modified algorithm to other modal decompositions to best account for the dynamics
of the system at hand. And we consider the selection of sensors with two different costs

and noise levels in Chapter [6] Finally, conclusions and possible future work are presented in

Chapter [7]
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Figure 1.1: A basic illustration of our cost-constrained sensor selection procedure. Snap-
shots are used to obtain a modal decomposition, which, along with a cost function on sensor
location, is used to obtain sensor selections. The cost-constrained column-pivoted QR algo-
rithm yields sensors with simultaneously low cost and reconstruction error, with the balance
dictated by a cost function weighting.

1.1 Background

This section reviews sparse sensing methods with similar frameworks to our own. Since the
focus of this text is on full-state reconstruction, we consider the problem of finding sensor
locations that minimize the reconstruction error. We assume point sensors, and obtain

reconstructions by applying a linear map to the values at the sensors; this can be viewed as



an interpolation problem, where the sensors are interpolation points.

A brute-force solution of the sensor placement problem may be obtained by searching
over all possible subsets of the sensors, but this approach quickly becomes intractable, as
the number of subsets increases combinatorially. However, randomly placed sensors perform
surprisingly well. For instance, Wright et al. observed that, given a generic basis in which
samples of the signal will be sparse, it is possible to perfectly reconstruct a signal that has
been downsampled or randomly projected [19]. The compressed sensing literature provides
a theoretical basis for the surprising effectiveness of random, or rather incoherent, measure-
ments in this setting; see, inter alia, [20H24]. Such an approach does not necessarily make use
of any full-state observations of the system (though some model for the system is implied),
and random sensors have been observed to be less efficient than sensors that take this data

into account [25].

A common data-driven approach is to start with a tailored basis derived from the observed
samples, typically given by the dominant singular vectors [5}[25H27]. See [4},128] for early
examples of signal reconstruction from a limited number of sensors using such a basis. A
number of heuristic choices for the locations have been developed, including placing sensors

at the extrema of the singular vectors [10}29,30].

Before continuing our discussion of sensor selection in a tailored basis, we require some
notation. Assume there are m samples of data x; € R”, and let these samples form the

columns of a matrix X:

X_: Xl X2 oo Xm . (11)

Thus the rows of X correspond to spatial locations. Furthermore, let ¥ be some basis matrix
derived from X (W is often taken to be the right singular vectors of X, see Section for
a discussion of the SVD, but other bases are permitted). For an index set J, let @ ; denote
the matrix formed by the rows of ¥ with index in J. If the size of J is fixed, it is known that
the set of indices .J that maximizes the product of the singular values of @ (or equivalently

maximizes the determinant of ® ;) provides optimal interpolation points for ¥ [31}32].



The problem of finding such a J is nonconvex and NP-hard, but there are reasonable
approximate algorithms to solve the sensor selection optimization problem. Gu and Eisenstat
developed a polynomial time algorithm for computing J when the optimality criterion is
relaxed slightly [31]. In [33], Li et al. considered the related problem of dual volume sampling,
which would allow the placement of more sensors than there are samples of data, using a
probabilistic framework. Joshi and Boyd reformulated determinant maximization as an
approximate convex problem, which may be solved in polynomial time and is observed to
provide nearly optimal sensors [34]. While these approaches scale polynomially in the number
of sensors and the size of the data, they are not as computationally efficient as some of the
existing greedy algorithms for interpolation, especially for high-dimensional data. Further,
the examples on which the greedy algorithms are known to fail appear to be pathological,
i.e. it is incredibly unlikely that the greedy approach will fail in practice.

The greedy sensor selection algorithm which is of greatest interest in this paper is based
on the column pivoted QR decomposition. In particular, for a given number of sensors p,
one simply selects J to be the first p column pivots of ¥* (see Section for an explanation
as to why this is a greedy approach for maximizing the product of the singular values of
©,). This algorithm is the basis for practical approaches to computing the interpolative
decomposition [32,35], which is commonly used to compress low-rank matrices. The algo-
rithm is also used in the discrete empirical interpolation method (DEIM) from reduced order
modeling [5,27], in its more stable Q-DEIM formulation [36]. For high-dimensional problems
with many samples of data, standard techniques from the burgeoning field of randomized

algorithms for linear algebra may be used to improve the efficiency of these schemes [37,38].

1.1.1  Submodularity

In a line of research parallel to the linear algebra based methods described above, the sensor
selection problem is often formulated as submodular function optimization. A set function is
submodular if it obeys a diminishing returns property: adding an element to a set produces

a greater change in the function than adding the same element to a superset of that set.



Greedy methods for optimizing submodular functions are well studied; see [39] for a proof
of the near-optimal performance of greedy methods for submodular functions and, inter
alia, [40-46] for further developments. In particular, [41] provides a comprehensive review
of submodular functions and the maximization thereof.

The topic is of interest in this work because certain performance metrics for sensor place-
ment — including the determinant maximizing metric used here — are submodular, which
means that greedy methods enjoy some optimality guarantees. For example, [47,48] leverage
the submodularity of the mutual information between chosen and unchosen sensor locations
to find near-optimal observation locations to model Gaussian processes. The FrameSense
algorithm developed in [44] is a fast greedy method that minimizes the frame potential of
the basis matrix W, a measure of the orthogonality of its rows. Under certain assumptions
on the structure of the linear model, maximizing the frame potential implies a near-optimal
bound on the mean square error of parameter recovery. Submodularity-based methods can
be extended to include a cost function on sensor location, as in [42,43/49,50].

The related problem of controlling a system based on a limited number of measurements
and actuators has also been thoroughly explored, as in [6,[51H53]. Furthermore, it can be
shown that certain controllability and observability metrics are submodular, and thus near-
optimal sensor and actuator locations can be chosen using simple greedy algorithms [54-57].
The submodularity properties are extended to include a heterogeneous cost function in [58].

It can be verified through numerical experiment that the reconstruction error of a ma-
trix after interpolation is not itself submodular in the interpolation points. However, the
log-determinant is a good proxy for reconstruction, see [32], and is submodular. While the
standard optimality guarantees either do not apply or are significantly weakened for a pos-
sibly decreasing submodular function like the log-determinant, the method is empirically
effective for reconstruction, and the QR decomposition approach for computing the sensor
locations is efficient and scalable. Therefore, in this text we adapt the QR decomposition ap-
proach to the cost-constrained setting, apply the adapted algorithm to dynamically relevant

bases, and use it for multi-fidelity sensor selection.



1.2 Published work

The work presented here has resulted in several publications. At the time this was written,
the first two papers listed have been peer reviewed and published, while the third has been
peer reviewed and accepted for publication by the IEEE Sensors Journal, and is in the pro-
cess of being published. The majority of the content of this thesis has been reproduced with

permission from the following:

Emily Clark, Travis Askham, Steven L. Brunton, and J. Nathan Kutz. Greedy sensor place-
ment with cost constraints. IEEE Sensors Journal, 19(7), 26422656, 2018.
(©2018 IEEE.

Emily Clark, J. Nathan Kutz, and Steven L. Brunton. Sensor Selection With Cost Con-
straints for Dynamically Relevant Bases. IEEE Sensors Journal, 2020.
(©2020 IEEE.

Emily Clark, Steven L. Brunton, and J. Nathan Kutz. Multi-fidelity sensor selection:
Greedy algorithms to place cheap and expensive sensors with cost constraints. arXwv preprint

arXiw:2005.03650, 2020.



Chapter 2
METHODS

This chapter introduces the sparse sensing problem and the column-pivoted QR decom-

position as a greedy approximate method of solving it.
2.1 Problem formulation

Consider a high-dimensional system, such as the discretization of a PDE or a set of high-
definition photographs. We wish to sparsely sample the state of the system and then recon-
struct the full state from these sparse measurements. The goal is to determine the optimal
sampling points that yield the best reconstructions for a given number of sensors.

Assume we have access to high-fidelity training data, either from a high-precision simu-
lation or an experiment with full sensing. Gathering the training data is a one-time expense,
and it will be used to learn the optimal sensing locations. Once m full-state snapshots

x; € R™ have been collected, they are gathered into a data matrix

X"=1x% Xp o Xy |- (2.1)

With this training data, we construct a modal basis to represent the system, such that any

snapshot x; can be constructed from the decomposition
X; = \Ilai, (22)

where the columns of ¥ € R™*" are the basis modes, and a; € R" are the coefficients of x; in
the W basis. Usually the number of basis modes r < min(m,n), so that ¥ is a reduced basis,

and often W is taken to be the first  spatial modes of the singular value decomposition (SVD)



of X", The SVD is analogous to an eigenvalue decomposition for non-square matrices, and

is given by
X" =UXV*, (2.3)

where U and V are orthonormal, the columns of U are the coherent spatial modes of X', the
columns of V are the temporal modes, and X is diagonal with entries oy > 09 > -+ > 0, > 0.
The o, are the singular values, and they denote the amount of energy contained in the *®

mode.

For reduced order modeling, it is very common to take

v = U:,l:'r‘v (24)

where U. 1., is the first r columns of U, which provides the optimal rank-r approximation of

a data set. That is, by the Eckart-Young theorem [59],

U.,, = argmin || X" — @& X"||p, (2.5)
¥, rank¥=r

where || - || is the Frobenius norm.

This is the default choice for most sparse sensing applications, but there is flexibility
to choose the basis that is right for the system and application at hand, see e.g. [60] and
Chapter

Now let X* € R™* be a test set of £ new snapshots to be downsampled. Given p < n
sensors, we must select p locations to measure, indexed by the set J, where |J| = p and for
all indices 7 € J, 1 < 7 <n. We downsample using the selection matrix C; € RP*"  where

the rows of C; are the unit vectors e}. Thus the measurements Y (.J) € RP*¢ are given by

Y(J) = C,X" (2.6a)
= C,Ta" (2.6b)



10

= ®Jate, (26C)

where a®* € R™*¢ are the coefficients of the test set in the ¥ basis, and @ ; = C,;¥ is the
measurement matrix, consisting of the rows of ¥ that are in J.
To perform full-state reconstruction given sparse measurements, we take the minimum

norm least squares solution,

a“(J) =0Y(J) (2.7)
Xte(J) = wa'(J), (2.8)

where @T, is the pseudoinverse of ®;. The fractional reconstruction error for the system

given the measurements J is

X" = X*()||r

E(J) = 2.
Xt — w0 C, X"
|| Xt |

With this performance metric, the sparse sensor selection problem is to find the optimal
index set .J such that

A

J = argmin E(J). (2.10)
J

This is a combinatorially hard problem, and we employ a greedy solution, as described in

the next section.

2.2 Column-pivoted QR decomposition

Our greedy sensor selection method is the column-pivoted QR decomposition, as described
in [36]. The QR decomposition was introduced for the solution of least squares problems in
1965 by Businger and Golub [61], and in 2016, Drma¢ and Gugercin [36] showed that the

greedy determinant maximization of the column-pivoted QR algorithm is highly effective for
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sensor placement. For a given matrix V.€ R™" r < n, the QR decomposition with column
pivoting is given by:

VP = QR, (2.11)

where Q € R™" is unitary, R € R"™ " is upper triangular, and P € R™*" is a column

permutation matrix.

The procedure for the column-pivoted QR decomposition with Householder reflections is
as follows: First initialize the permutation matrix to Py = I,,, then select the column v; of

V with the largest norm and swap it with the first column of V via the permutation matrix:

Pl:(ej € v €1 € €4 - en)' (2.12)

Next apply a Householder transformation [62] Q;, a unitary transformation that reflects v;

onto the first unit vector e;. If u = v; — ||vj||e; is the hyperplane that bisects v; and ey,
and w = ﬁ, then the first Householder reflection Q; is given by
Q =1, — 2ww", (2.13)
and
heil
Quv; = 0 - (2.14)

Apply the Householder reflection to VP to obtain

il *

0 \'%
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Algorithm 1 QR pivoting.
Input: matrix V € R™" number of sensors p < r
Output: Partial permutation matrix P

1: P« 1T,
2: fOI’kZl,...,de
3 jr ¢ argmax|| Vi, ||
Jjzk
4: Swap(P.x, P, ).
5: Calculate Householder reflection Qy such that Q ( Vij, Visige - Vige ) "=
T

(NVhrgell 0 - 0)"

6: V¢« diag(I_,, Q) VP

return P. .,

Repeat the process on the submatrix V' i.e. identify the column V;, with the largest

norm, swap it with the first column of V', and transform it so that its subdiagonal elements

are zZero:
lvill =
0 [Vull = -+
Q:Q1 VP, = (2.16)
0 0
V//

Continue to iterate until the right-hand side is upper triangular and the decomposition is

achieved:

Q. - Qi VP, =R. (2.17)

Thus P from Equation is P,,and Q=Qj--- Q.
Note that the k' Householder transformation is acting on a vector of length » — k + 1,
and so Qy is augmented by the appropriate identity matrix. Also see Algorithm [1]

This algorithm imposes a diagonal dominance structure in R, i.e.
k
ral> =) lral’, 1<i<k<r, (2.18)
j=1

and therefore maximizes the determinant of the r x r left-hand submatrix of R. In fact,
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because the Householder transformations are unitary, at every iteration this procedure max-

imizes the determinant of the upper left submatrix that has been made upper triangular.

To perform sensor selection, we apply the column-pivoted QR algorithm to ¥* and take
CT = P.,,, where P. ., are the first p columns of P. In other words, the sensor locations
correspond to the rows of W with the iteratively largest norms, such that the determinant
of ®, those selected rows, is maximized. Or, to generalize to the case of p # r (i.e. @ is

nonsquare), equivalently the determinant of @*© ; is maximized.

Thus, QR with column pivoting does not solve Equation but rather it greedily solves

argmax |det @450, (2.19)
J

an approach that is equivalent to D-optimal experimental design [63], which seeks to max-
imize det ®@5© ;. Other optimal experimental design approaches include A-optimal design,
which minimizes the trace of (©%© ;)" and therefore the variance of &', and E-optimal

design, which maximizes the smallest eigenvalue of ®%© ; for stable reconstructions.

Determinant maximization maximizes the volume of the measurement matrix, ensuring
that it selects informative locations. Moreover, it causes @ ; to be stable under inversion by
minimizing its condition number

) = Jmaz. (2.20)

Omin

where ¢ are the singular values of ® ;. This is achieved because for a square r x r matrix

O,
|det ©] =[] o, (2.21)
=1

and the condition number minimization also generalizes to the case of a non-square © ;.
A large condition number leads to amplification of any noise in the signal when the full-
state reconstruction is performed, so although we have not directly solved the optimization
problem in terms of reconstruction error, we can be assured that the column-pivoted QR

decomposition selects desirable sensor locations.



14

Although the greedy QR decomposition algorithm does not necessarily converge to the
optimal solution of either Equation or 2.19] it is easy and fast to implement, being
included on any standard software package and requiring O(nrp) operations (note that typi-
cally the vectors corresponding to the Householder reflector are stored rather than the matrix
Q itself in an efficient implementation). We find empirically that it performs well in prac-
tice when compared to random sensor selections. We also highlight the work of Drma¢ and
Gugercin [36] who showed the algorithm to be highly effective for sensor placement.

Notice that our problem setup and Algorithm [I] do not require ¥ to be orthogonal,
which will allow us to apply QR pivoting to any appropriate basis for sensor selection, as

demonstrated in the following chapters.
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Chapter 3
GREEDY SENSOR SELECTION WITH COST CONSTRAINTS

The problem of optimally placing sensors under a cost constraint arises naturally in the
design of industrial and commercial products, as well as in scientific experiments. In this
chapter, we extend the greedy column-pivoted QR algorithm to account for a cost function on
sensor location, and demonstrate the effectiveness of the new algorithm on data sets related to
facial recognition, climate science, and fluid mechanics. This algorithm is scalable and often
identifies sparse sensors with near-optimal reconstruction performance, while dramatically
reducing the overall cost of the sensors. We find that the cost-error landscape varies by
application, with intuitive connections to the underlying physics. Additionally, we include
experiments for various pre-processing techniques and find that a popular technique based

on the singular value decomposition is often suboptimal.

3.1 Introduction

Determining the optimal placement of sensors under a cost constraint is relevant to many
fields of scientific research and industry. Indeed, such considerations are critical in evaluat-
ing global monitoring systems and characterizing spatio-temporal dynamics (e.g. the brain,
ocean and atmospheric dynamics, power grid networks, fluid flows, etc). For these applica-
tions, it is typical that only a limited number of measurements can be made of the system
due to either prohibitive expense (i.e. either sensors are expensive, or they are expensive to
place, or both) or the inability to place a sensor in a desired location (inaccessibility).
There are various high-level objectives for sensor selection, most of which are well studied.
Common objectives include classification [64.65], reconstruction [41/10,2528-30,34], reduced-

order modeling [4,5,27,36], and control [56,/58|. In contrast, the case in which different sensor
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locations may have different associated costs has received relatively little attention, with the
notable exception of the submodularity literature [41-46,49,/50,58]. As reconstruction error
is not itself submodular (see Section for more on submodularity), the goal of this
chapter is to develop an algorithm that directly targets the reconstruction objective, while

incorporating heterogeneous constraints on the measurement locations.

To this end, we modify the column-pivoted QR algorithm to develop a heuristic, greedy
sampling strategy whereby the sensor selection optimization is formulated as a cost-constrained
problem in a relaxed form.ﬂ [25,36]. We further introduce a parameter representing the bal-
ance between the quality of the reconstruction and the cost, and thus can evaluate a cost-error

curve.

In the techniques described in Section[1.1], an optimal map and set of sensor locations are
found for a fixed number of sensors. This is equivalent to the cost-constrained sensor selection
problem when each sensor has the same cost. In the case that some sensor locations should
be entirely excluded, corresponding to an infinite cost, i.e. an inaccessible measurement
location, and the remaining locations are of uniform cost, again the algorithms above may
be used by simply narrowing the search to the allowed sensor locations (note that such a

restriction has implications for the stability of the interpolation map).

We show that it is simple to modify the pivoted QR decomposition based scheme to
incorporate a cost constraint for problems in between these extremes, i.e. for problems in
which some sensor locations cost more than others but may be more informative. The method
is obtained by writing the cost-constrained problem in a relaxed form, which introduces a
parameter representing the balance between the quality of the reconstruction and the cost,
and then varying that parameter to trace out a cost-error curve. For each value of the

parameter, we use a greedy algorithm to add sensor locations one by one.

We test the performance of our method on data sets from facial recognition, climate sci-

IMATLAB code for our algorithm can be found at https://github.com/askhamwhat/
sensors-cost-paper, along with a simple example of its use and codes to make some of the figures

from Section


https://github.com/askhamwhat/sensors-cost-paper
https://github.com/askhamwhat/sensors-cost-paper
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ence, and fluid mechanics using a standard training-set/testing-set apparatus. In many cases,
the proposed algorithm displays a significant advantage over methods based on randomly
selected sensors. We also compare with known performance bound approximations where

applicable and find that our algorithm is often near the approximately optimal solution.

Furthermore, we include a brief discussion of the effect of data pre-processing (i.e. the
choice of W) on the quality of the sensor locations; in particular, we compare the performance
when applied to the raw data, the first several singular vectors of the data, and randomized
projections of the data. We find that with the unmodified column-pivoted QR decomposi-
tion, using the raw data (taking ¥ = X) yields the lowest reconstruction error at a given
number of sensors, while randomized projections of the data lead to slightly higher errors at
a reduced computational cost. Taking the first several singular vectors of X gives the highest
reconstruction errors of the three pre-processing methods tested. The results are the same
when a cost function is incorporated using our modified QR decomposition, but additionally

we note that all three pre-processing techniques yield comparable costs.

The remainder of this chapter is organized as follows: We develop an algorithm for cost-
constrained sensor selection in Section which is a simple extension of existing methods.
Section [3.3] describes the three data sets used as examples. We discuss pre-processing in
Section [3.4], then apply our method to the three data sets and discuss the performance in

Section [3.5} Finally, some concluding remarks are given in Section |3.6

3.2 Algorithm for sensor selection under cost constraints

We now define the sensor selection problem with cost constraints. Let ; € R’} be the costs
associated with each sample location and let B denote the desired upper bound on the

budget. Then the cost-constrained problem can be written as

J = argmin E(J) s.t. an <B. (3.1)

J jed



18

Our algorithm will actually focus on the following relaxation of (3.1]). Note that, for a given
B, there exists a A such that the problem

J = arg min E(J) + )\an (3.2)

jed
and have the same solution. Because we are often interested in the cost-error landscape,
we seek the solution of for a number of values of A, so that a cost-error curve is traced
out. We note that the main algorithm presented in this chapter does not actually solve ((3.2)).
Instead, it provides a greedy approximate solution that uses a heuristic strategy to bias the
sensors in favor of stability.

We can now derive a greedy algorithm for the relaxed version of the cost-constrained
sensor selection problem (3.2). The algorithm is based on the column-pivoted QR algorithm
described in Section [2.2] where the pivot column is now chosen to balance the decrease in
the error E(J) with the increase in the total cost >, ;n;.

Let (®%)* denote the lower right submatrix of a partial QR factorization of ¥* that
has not yet been made upper triangular at the k'™ iteration, and let n®) be the last n — k
elements of Pyn, where Py, is the permutation matrix at the k" step. That is, p® is the
subset of 7 with indices that have not yet been selected as column pivots.

To incorporate the effect of the cost of a sensor, we update the factorization by finding
the j5! that satisfies

. * k
75 = arg max || (&) || — 4n". (3.3)
J

where v > 0 is some fixed parameter in the optimization. This process is summarized in
pseudocode in Algorithm

The scalar weighting ~ simultaneously converts the units of 1 to those of ||¥*|| and
determines the relative importance of cost and reconstruction accuracy. When v = 0, the
pivot chosen by the formula is the same as the pivot in column-pivoted QR; a very
large value of v approaches the minimum-cost sensor array. What constitutes a small or

large value of 7 depends on both the system and the cost function, and we select a set of
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Algorithm 2 QR pivoting with cost function.

Input: matrix V € R™" cost function n € R", weighting +, number of sensors p < r
Output: Partial permutation matrix P

1: P+ 1,
2: fOI’kZl,...,de
3. Jg < argmax ||V, || —n;
Jjzk
4: Swap(P.;, P. ;).
5: Calculate Householder reflection Qy such that Qi ( Vij, Visige -+ Vi )T -
T

([ Virgll 0 oo 0).
6: V¢« diag(I_,, Q) VP
7. m<<Pn

return P. .,

~ values empirically so as to trace out a cost versus error curve. It will be shown in the
following sections and chapters that this method often approximately follows the Pareto
front of simultaneously minimum reconstruction error (or maximum performance metric,
where applicable) and minimum cost, when compared to random sensor arrays.

Note that in the case of completely inaccessible locations (equivalent to infinite cost), the

unmodified QR decomposition can be performed on the subset of allowed sensor locations.

Remark 1 The pivot as chosen in does not necessarily correspond to the natural greedy
choice, i.e. the pivot that minimizes E(J*) +~ Y . jum; with J*=! fized. Such a pivot could
be computed, though at greater cost than the present algorithm. Further, there is another
reason to avoid such a strategy: it completely ignores the stability of the resulting map. By
instead pivoting based on column size, we bias the algorithm toward choosing stable pivots

while still incorporating some sense of the reduction in error.
3.3 Description of data sets

In this section, we provide details about the three example data sets considered below, as
well as the cost functions and parameters used. An example snapshot from each system is

given in Figure [3.1]
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Figure 3.1: An example from each of the three data sets considered in this work. Pictured
from left to right are one of the Yale B faces, a snapshot of global sea surface temperature,
and a snapshot of vortex shedding of a fluid flowing around a stationary cylinder.

Two types of training set will be considered: interpolative and extrapolative. By inter-
polative, we mean that we have sampled a subset of the data that draws from all regions
of the parameter space. By extrapolative, we mean that we have purposefully missed data
from a portion of the parameter space. The data that is left out forms the testing set. Find-
ing good sensor locations for the extrapolative training sets is a harder problem; the sensor
locations must reasonably generalize to samples of data which may be unlike anything in the

training set.

The first example is the Extended Yale Face Database B, referred to here as the eigenface
data set . It comprises about 64 images each of 38 individuals under various lighting
conditions. The images are downsized to 32 x 32 pixels. Unless otherwise stated, the tests are
conducted on an interpolative training set, by randomly selecting 80% of the images. A 20-
fold cross validation is performed. When an extrapolative training set is used, the algorithm
is trained on the first 80% of the images, meaning that some individuals appear only in
the test set. Three cost functions are tested for the eigenfaces: (i) a Gaussian function,
such that it is most expensive to place sensors in the center of the face, (ii) a step function
uniformly penalizing sensors in the middle ninth of the photographs, and (iii) a step function
penalizing the left third of the images. All three cost functions are plotted in the left column

of Figure[3.4] The range of values used for the parameter v is dependent on the cost function
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considered. With the Gaussian cost function, + ranges from 0 to 1.9 x 10°, while the two
step functions both take v between 0 and 6 x 10?.

The next data set we consider is the NOAA_OISST_V2 mean sea surface temperature set
[70-72|, comprising weekly global sea surface temperature measurements between the years
of 1990 and 2016. There are a total of 1400 snapshots on a 360 x 180 spatial grid. The
algorithm is trained on 1100 snapshots (randomly selected for the interpolative training set,
or the first 1100 in sequence for the extrapolative set) and tested on the remaining 300. Ten
cross validations are performed for the interpolative trials. The cost function used is a step
function that penalizes placing sensors too far from shore, being zero for locations one and
two pixels off land, and equal to one everywhere else. Values of v range from 0 to 225.

Our final example is the vortex shedding of a fluid flowing around a stationary cylinder.
The flow data is generated using the immersed boundary projection method [73,[74] to nu-
merically simulate the Navier-Stokes equations with Reynolds number 100. There are 151
snapshots in time, each on a 199 x 449 spatial grid. The training sets consist of 120 snapshots.
As before, these snapshots are chosen randomly for the interpolative training set, while the
first 120 are taken in sequence to form the extrapolative training set. In the interpolative
case, 30 cross validations are performed. We choose a cost function that is uniformly equal
to one in the lower half of the domain and zero in the upper half, to exploit the symmetry
of the system. Values of « are between 0 and 15.

These data sets were chosen because they represent classic examples from several branches
of the sensor selection literature. The face data has been used to demonstrate classification
methods by discriminating between men and women, or between individuals, as in [19,
65,/75]. Sensor selection for ocean data reconstruction has a long history, including the
papers [10,29,30], in which sensors were placed at the extrema of the SVD modes. The
flow behind a stationary cylinder is a prototypical example from the reduced order modeling
community, which often uses the empirical interpolation method [27] or the discrete empirical
interpolation method (DEIM) [5,136] to create a low-rank model of a system for future state

prediction. See [25] and the citations therein for a more in-depth exploration of the data sets
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and how they have been analyzed historically. Some of the existing methods, such as gappy
POD and DEIM, could be adapted to include a heterogeneous sensor cost function; however,
we have chosen to adapt the pivoted QR algorithm because it is robust, computationally
efficient, and when unmodified it provides near-optimal results [25[32,|36]. Many of the
existing methods for these problems perform some pre-processing, often by applying the
algorithm to singular vectors of the data rather than the data directly, a concept which we

will explore in the next section.

Remark 2 The weighting v is an arbitrary scalar, and its values were chosen by trial and
error to ensure that a cost-error curve was traced out in sufficient detail for each data set

and cost function.

3.4 Data, singular vectors, and random projections

Before proceeding to the cost-constrained selection examples, we will first briefly discuss
the question of data pre-processing for sensor selection. In the notation of Section [2.1], pre-
processing refers to the process of creating the matrix W from the training data X" (we then
apply the QR-based algorithm to ¥*). When selecting p sensors, a common choice for the
matrix W is to set it as the first p right singular vectors of X" [5,125,136]. Inspired by the
randomized linear algebra community [37,38], we also consider setting ¥ = X"G, where
the entries of G € R™*?" are drawn from a standard normal distribtuion, i.e. the columns of
W are random linear combinations of the columns of X". We also consider the performance
when setting ¥ = X', i.e. the performance without pre-processing. The number of singular
vectors or random linear combinations used is open-ended; we found that, as described above,
p singular vectors and 2p random linear combinations gave reasonably optimal performances
for each pre-processing technique, respectively.

Our data sets are the Extended Yale Face Database B, the Optimally Interpolated Sea
Surface Temperature data set from NOAA, and simulation data for fluid flow behind a

cylinder. For the face and sea surface temperature data, we consider both interpolative and
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Figure 3.2: Reconstruction error versus the number of sensors for the three data sets de-
scribed in Section using p SVD modes, 2p randomized linear combinations (abbreviated
RM in the legend, for randomized modes), and the raw data without pre-processing. The top
row shows a log plot of the normalized singular values, with the vertical gray line indicating
the Gavish-Donoho cutoff r . The remaining plots show the average reconstruction error
given sensors placed by performing the unmodified column-pivoted QR decomposition on
W formed using the three pre-processing methods discussed in the text. The first column
provides eigenface results, the second gives sea surface temperature reconstruction errors,
and the third shows errors for the flow behind a cylinder on a log scale. The middle row
of the figure shows interpolative error, where the training set consists of a randomly-chosen
subset of the data, while the bottom row gives the extrapolative data, which trains on the
first 80% of the parameter space. All plots also show a rough estimate of the minimum error
at a given number of sensors (the solid red line), obtained by projecting the full image onto
the SVD modes.
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extrapolative training sets. In this section, we do not make such a distinction for the fluid
simulation data, as it is much lower rank and periodic in time.

The top row of Figure [3.2] shows the spectrum of normalized singular values for all three
data sets. These plots include a gray line at the Gavish-Donoho [76] optimal hard-threshold
cutoff, which is an estimate of the rank beyond which the SVD modes represent additive
noise. It is apparent that the fluid flow data set is fundamentally different from the other
two, having a sharp elbow at the cutoff, as opposed to a slow decay.

The remainder of Figure plots the relative interpolation error computed for
the test set as a function of the number of sensors using each of the three methods for pre-
processing (SVD modes, randomized modes, and the raw data) described above. The sea
surface temperature and eigenface data sets both have an interesting feature not present in
the fluid flow data: the error from the SVD basis has a local minimum at a very small number
of modes — five for the temperature data and approximately seventy for the eigenfaces.
While the error for the interpolative training set begins to slowly decrease again as the
number of sensors is increased, the performance of the extrapolative data gets worse as more
sensors are added, up until at least 150 sensors. These results are corroborated by the work of
Peherstorfer et al |77, who determine that the increase in error is due to noise amplification
as sensors are added, and that the error increases ~ /p. They prove that the reconstructions
can be stabilized through oversampling, taking p > r, but their work was completed after
that of [78], which forms the basis for this chapter. Therefore, for the remainder of this
chapter, we will employ a randomized basis with » > p. In Chapter ] we will undertake a
more thorough comparison of an SVD basis with oversampling and a randomized basis with
undersampling, and find that the two methods yield nearly identical results.

The reconstruction errors for sensors based on random linear combinations or the raw
data do not exhibit noise amplification (except for a weak effect with extrapolative sea surface
temperature data), nor do any of the cylinder trials. Indeed, the error for the random linear
combinations and the raw data behaves as expected, decaying at a rate that follows the error

obtained from projecting the test set onto the first p singular modes of the training set (this
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] Color \ Method \Description

[ Raw, QR Performing the QR-based algorithm directly on the raw data.

Raw, RS Randomly-placed sensors, using the raw data as a basis.

The QR-based algorithm on the randomized modes ¥ = GX',
* RM, QR, 2p G € R?X™ a matrix with randomized entries.

RM. RS. 2 Using randomly-selected sensor locations, and 2p randomized modes
P12 2P as a basis.

° SVD, QR, 1p | The QR-based algorithm on the first p SVD modes.

Table 3.1: A brief description of the sensor selection methods used to create Figure [3.3] and
the colors in which they are plotted.

rough indicator of optimal behavior is plotted as a solid red line in the figure).

We make a few conclusions based on these pre-processing results. If the goal of pre-
processing is to improve the quality of the sensors, then it appears that using no pre-
processing is the preferred method, except when placing a very small number of sensors,
where the SVD mode method displays an advantage. If the goal of the pre-processing is to
reduce the size of the problem and speed up the optimization procedure, then it appears that
using randomized linear combinations of the modes is preferable to using a limited number
of SVD modes. (Note that these SVD modes would have to be computed with an accelerated
procedure in order for using them to represent a speed-up for the QR-based sensor selection
algorithm, again, with the caveat that SVD modes behave better for a small number of

sensors. )

3.5 Applications

When factoring in the effect of cost, the behavior is similar to the cost-free case analyzed in
the previous section, with respect to pre-processing. Figure [3.3| provides an overview of the
performance for the various pre-processing methods, now with a non-zero cost associated
with each location. In the plots, we generate several cost, error pairs for each pre-processing

technique by varying the cost function weighting + in the QR-based algorithm. We also plot
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Figure 3.3: A comparison of cost versus error results with the following pre-processing meth-
ods: Taking the full raw data as a basis, ¥ = X'"; taking 2p randomized linear combinations
of X' where p is the number of sensors; and taking ¥ to be the first p SVD modes of X'".
The training set is interpolative, not extrapolative. Sensors are placed with our modified
QR-based algorithm for each of the three bases and data sets, for both a comparatively
large and small number of sensors. Additionally, cost and error results are calculated for
randomly-selected sensors with the first two pre-processing methods. The randomized sensor
results are cross validated as usual, and there are 100 data points per method. Random-
ized sensors using the SVD basis had significantly higher reconstruction errors than any
other method, and the results are not shown here. A Gaussian cost function is used for the
eigenface example. The abbreviations in the legend are explained in Table [3.1]
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the performance of randomly drawn sensors for the sake of comparison. All three data sets
are considered, with both a large and small number of sensors. See Table for details on
the figure labels.

For both the eigenface and sea surface temperature data sets, using the raw data at 100
sensors leads to the lowest error at a comparable cost, and randomized linear combinations
with 2p modes gives the next lowest error, followed by SVD with p modes. At 5 sensors, the
latter is reversed, with SVD performing comparably to or better than the raw data, as is
the case with both trials for the fluid flow behind a cylinder. We observe that our QR-based
method generally outperforms the best randomly-chosen sensors. The randomized sensors
sometimes yield lower errors, particularly with a large number of sensors, but our principled
method is capable of producing lower costs. We note that the randomized data performs
worse than the raw data in all examples, but the behavior is consistent and may be worth
the reduced computational cost in some applications.

In the remainder of this section, we more closely analyze the performance of our algorithm
for each of the data sets. For brevity, we consistently use a randomized linear combination
of data vectors for the pre-processing technique in these examples, noting that the behavior

described above would be maintained if all techniques were tested.

3.5.1 Figenfaces

The algorithms are first tested on the eigenface data set. All three cost functions and a few
corresponding sensor arrays are shown in Figure [3.4] These are the average locations from
placing 200 sensors over the twenty cross-validation runs, shown as a scatter plot on top
of the dominant eigenface mode. Marker size and color indicate the frequency with which
a sensor was placed at a given location, with white indicating the most frequent, shading
through yellow and red to black for the least frequent. As expected, when the cost function
weighting is increased, sensors are gradually pushed out of the regions of higher cost. This
allows the total cost to be lowered at the expense of decreasing reconstruction accuracy, as

demonstrated in the right-hand column of the figure, which plots cost and error on separate
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Figure 3.4: Average sensor locations for eigenface reconstruction for three different cost
functions. The cost functions are plotted in the left column, where white indicates regions
of highest cost and black shows regions of zero cost. The three central columns show the
locations of 200 sensors placed by the QR-based algorithm, averaged over 20 cross validations,
for increasing values of the weighting factor . The final column plots cost and error against
for each cost function, with bands indicating error bars. Both interpolation and extrapolation
results are given. The vertical gray lines indicate the value of « at which the sensors are
plotted in the middle column. The bottom row shows typical example reconstructions of one
of the photos, for reference.
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Figure 3.5: The cost landscape for eigenface reconstruction for all three cost functions,
with cost plotted as a two-dimensional color map against error and the number of sensors.
Contours indicate lines of constant cost.
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Figure 3.6: Cost versus error for eigenface reconstruction with three different cost functions.
Results are given for the case of 200 sensors.
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Figure 3.7: Cost versus error for eigenface reconstruction with a Gaussian cost function, for
several different numbers of sensors.

axes, as a function of 7. Note that v is an arbitrary weighting, and the same value of v can
have very different effects depending on the cost function. Extrapolative cost and error are
shown in the same panel, where the extrapolative error is higher than the interpolative, at
an identical cost. Additionally, the bottom row of the figure shows several reconstruction
examples for one of the faces.

For many practical applications of these methods, the final goal will be to minimize
reconstruction error given a predetermined budget. To that end, cost-error landscapes are
constructed by calculating sensor array cost and reconstruction error for different numbers
of sensors. The results are shown in Figure [3.5] which shows the landscapes for each cost
function, plotted as a color map according to cost. Cost contours on this color map represent
a hypothetical budget, so the optimum configuration for a given budget can be found by
following the appropriate contour to the lowest possible error. Note that the upper edges
of the contour plots indicate the minimum cost and maximum error for a given number of
sensors, and the lower edges indicate the minimum error and maximum cost.

Cross sections of the cost landscapes as plots of cost versus error are given in Figures
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3.6] and 3.7 The former shows cross sections for each of the three cost functions, using 200
sensors, and the latter shows cost versus error for a Gaussian cost function with 25, 100, 200,

and 300 sensors.

3.5.2  Sea surface temperature

Next we consider the sea surface temperature data set. Average sensor locations over ten
cross validations with 200 sensors are shown in Figure|3.8| as a scatter plot where the size and
color of a data point indicate the frequency with which a sensor was placed in that location
(blue being the least frequent, red being the most frequent). As the cost function weighting
is increased, more sensors move within the unblocked regions offshore, until the cost reaches
zero. Plots of cost and error as functions of v are given in the fourth panel, and the bottom
row shows two example reconstructions. As with the eigenfaces, the interpolative trial has a
much lower error than the extrapolative trial. Notice that although the reconstruction error
increases as cost decreases, here the error does not even reach 3%, even when the cost is
ZEro.

The landscape of cost as a function of error and the number of sensors is shown in Figure
3.9, again visualized as a color map with contours of constant cost. Cross sections of cost

versus error for 25, 100, 200, and 300 sensors are shown in Figure [3.10

3.5.8  Fluid flow around a cylinder

Finally, we test the algorithm on periodic vortex shedding behind a stationary cylinder. This
data set is low-rank, periodic, and vertically symmetric, making it a significant contrast to the
previous two examples. The vertically symmetric cost function further allows the algorithm
to take full advantage of the symmetry of the fluid flow. In Figure [3.11] sensor locations for
several values of v are shown. The locations are shown for 14 sensors, averaged over the 30
cross validations and then graphed as a scatter plot on top of an example fluid flow snapshot.

The size and color of a data point indicate how frequently a sensor was placed at its location,
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Figure 3.8: Sensor locations for sea surface temperature reconstruction with 200 sensors.
The cost function considered was a step function which was zero up to two pixels off land
and equal to one everywhere else. Locations are shown for three different values of the
weighting factor ~, and are averaged over ten cross validations. Size and color of a data
point indicate the frequency with which a sensor was placed there. The fourth image plots
cost and error against -, for both interpolative and extrapolative data sets. The bottom row
shows a comparison of an example temperature snapshot along with two reconstructions of
it yielding two different accuracies.
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Figure 3.9: The cost landscape for sea surface temperature reconstruction, plotted as a color
map against error and the number of sensors. Contours show lines of constant cost.
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Figure 3.10: Plots of cost versus error for sea surface temperature reconstruction, with
varying numbers of sensors.
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with white being the most frequent and black being the least frequent. As expected, when

v is increased, the sensors migrate until they occupy the upper half of the plane.

The fourth panel of the figure plots the cost and error on separate axes, as functions of ~.
Because of the symmetry of the data set, the reconstruction error is essentially unchanged
with 7, even as the cost goes to zero. Furthermore, because the flow is periodic, the extrap-
olative data performs slightly better than the interpolative data. The figure’s bottom row

shows example reconstructions of a snapshot.

The fluid flow cost-error landscape is shown in Figure [3.12] Notice that there is hardly
any variation in the error, so rather than plotting cost as a color map, the error versus
number of sensor curves for v = 0 (highest cost) and v = 15 (lowest cost) are shown. These
curves are essentially identical, further emphasizing that for this particular data set and cost

function, the total cost can be lowered with no penalty to the error.

Cost versus error plots are given in Figure [3.13] which shows results for 4, 8, 12, and
20 sensors. Regardless of the number of sensors, these cross sections are essentially vertical

lines, within the standard deviation of the error.

3.5.4  Run time for the experiments

To get a sense of how long it takes to compute sensor locations, we provide some average
run time information in Table 3.2l Note that m denotes the number of training samples,
n denotes the dimension of the data, p denotes the number of sensors, and ¢ denotes the
average run time in secondsﬂ for a single value of v. For all applications, p is selected to
be the maximum number of sensors placed in any of the experiments above. The times are
averaged over 26 runs for the Yale faces data, 5 runs for the sea surface temperature data,

and 29 runs for the cylinder flow data. All times are for the raw data without preprocessing.

2All experiments were run on a laptop with an Intel Core i7-6600u CPU (2.60 GHz, 4 cores) and 16 Gb
of RAM.
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Figure 3.11: Sensor locations and reconstructions of the flow behind a cylinder, obtained by
the QR-based algorithm, using 14 sensors. The cost function was a step function blocking the
lower half of the domain. The first three plots show the placements of the sensors averaged
over 30 trials. The fourth shows cost and error plotted against v, where the bands indicate
error bars. The bottom row gives a comparison of the true image of a snapshot along with
two different reconstructions.
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Figure 3.12: The cost landscape for reconstruction of a fluid flow behind a cylinder. Instead
of the color maps made for the previous two data sets, curves of error versus the number
of sensors are shown for high and low values of 7. The gray band indicates the maximum
variation in the error.
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Figure 3.13: Plots of cost versus error for cylinder flow reconstruction, with varying numbers
of sensors.
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’Dataset \m \n \p \t ‘
Yale Faces 1931 | 1024 | 400 | 0.82
Cylinder 129 | 89351 | 20 | 0.52
Sea Surface Temperature | 1100 | 44219 | 300 | 25.65

Table 3.2: Average run time information for running Algorithm [2 on the raw data for each
application.

3.6 Conclusions

We have developed a QR-based greedy algorithm to place sensors for reconstruction with
a cost constraint on sensor locations. This algorithm is tested on three different data sets,
eigenfaces, weekly sea surface temperature data, and vortex shedding of a fluid flowing around
a cylinder. In all cases, the method is demonstrated to be capable of lowering sensor cost at
the expense of marginal increases in reconstruction error.

The algorithm presented here provides a way to place sensors under a cost constraint,
which could have applications in manufacturing, atmospheric sensing, fluid flow sensing, and
many more fields. Specifically, the algorithm allows one to address three critical engineer-
ing design principles in regard to sensors selection: (i) For a fixed budget of sensors, where
are the best measurement locations, (ii) What is the minimal number of sensors required
to achieve a given reconstruction error, and (iii) How well can inaccessible regions be re-
constructed in practice. Depending upon the application, one or all of these questions may
be of central concern. The computationally tractable approach presented here provides a

principled mathematical method for answering these questions.
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Chapter 4

OVER- AND UNDERSAMPLING FOR THE SVD AND
RANDOMIZED BASES

In Chapter [3, we noticed that using a basis of SVD modes with an equal number of
sensors p and modes 7 caused the reconstruction error to unexpectedly increase with the
number of sensors. This effect was also observed in, e.g. [79], and in Chapter [3| we avoided it
by using a randomized rank reduced basis with r = 2p as suggested in, e.g. [37,38]. However,
Peherstorfer et al [77] proved that with an SVD basis and p = r, error increases as /p due
to the amplification of noise in the system when the reconstruction is performed. They
showed that this can be avoided by using more sensors than SVD modes, which leads to
lower reconstruction errors that decrease with p. We now perform a systematic comparison
of the two rank reduction and sampling methods: SVD with oversampling (p > 7), and
randomized rank reduction with undersampling (r > p). We calculate the reconstruction
error as a function of » and p for the Yale B Face data set with both bases, and determine
the minimum possible error at a given number of sensors, and the number of modes at which
this minimum error occurs. We find that the two methods have nearly identical minimum
errors, and that for the SVD basis, this minimum error occurs at approximately p = 1.4r
oversampling, while for the randomized basis, the error is nearly always minimized with
r = 800 modes (the maximum number of modes we tested), independent of the number
of sensors. We also compare two oversampling techniques, randomized oversampling and
principled oversampling through eigenvalue tuning. We find that for the eigenface data set,
the slight improvement in reconstruction error by principled oversampling is probably not

worth the increased runtime to perform it.

Section [4.1] briefly presents sparse sensing with the SVD and randomized bases, and
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justifies over- and undersampling, respectively. In Section[d.2]we perform a direct comparison

between the two bases with varying degrees of over- and undersampling.
4.1 Introduction

In this section, we briefly summarize theoretical results regarding oversampling in an SVD

basis and undersampling with a randomized basis.

4.1.1  SVD with oversampling

The first basis considered here consists of the first r left singular vectors of X'

X" = USV* (4.1)

v = U:,l:?"a (42)

This is the default choice for many sparse sensing applications. The SVD provides the optimal
low-rank approximation of a data set [59], and the SVD basis has proven highly effective for
sparse sensing, see, for example, |25,36]. However, Peherstorfer, Drma¢, and Gugercin [77]
discover that the convention of taking the same number of modes and sensors in an SVD
basis leads to noise amplification, with the result that reconstruction error actually increases
with p.

From [77], Lemma 3.1: Let there be noise present in the system, such that the state of

the test set with noise is given by
Xt = X" + e, (4.3)

where € € R™*¢ has Gaussian i.i.d. entries with standard deviations o € R”. We take an

SVD basis with p = r. The expectation over noise of the reconstruction error is

Ec (X"~ wOCXLl) < 102 (IX* ~ ¥ X" |lo + BlIColl) . (44)
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The term due to the projection error, ||X' — WW*X*||y, decreases with r [59], while the
noise term, ,/p||C ;0 ||«, increases as /p, quickly dominating the reconstruction.
This can be mitigated through oversampling, taking p > 7.

From [77], define the coherence of a subspace U = span(¥), for ¥ an orthonormal basis

of U, as

n
pltd) = — max [[3p;]]s, (4.5)

where 9! is the i" row of W.
Let the set of sensor locations K be randomly drawn with replacement from {1,...,n},

and let Ck be the corresponding selection matrix. Futhermore, let 6 > 0, p > (8/3)ru(U) log(2r/0),
and v = \/M log(2r/§). Finally, define

3p

£ = min { \/11_ — \/11_ - %u(m} . (4.6)

Then, from [77], Theorem 4.6:

lofle  [rn

-\ 7

Ecy [Be (11X = X )| < (14X — 9 @X*|; +

with probability at least 1 — J, where E¢,. is the expectation over random sensor selections.
Thus as p — oo, the upper bound on the error expectation converges to the projection error
bound, ||X* — ®W*X*||,.

Thus, even with random sensors, oversampling negates noise amplification. Peherstorfer
et al also present several principled oversampling techniques, one of which we will consider
below: principled oversampling through eigenvalue tuning. The method places sensors so as
to maximize the smallest eigenvalue of ®;, which should provide highly stable reconstruc-
tions. This is accomplished by a greedy algorithm that at every step k =r+1,...,p, adds
the row of ¥ that has maximum inner product with the k" right singular vector of @ ji-1.
This procedure is outlined in Algorithm [3| see [77,80] for a more complete treatment of

interpolant selection via eigenvalue tuning.
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Algorithm 3 Oversampling through eigenvalue tuning, ODEIM+E, from [77].
Input: Matrix ¥ € R™" QR sensors J, |J| = r.
Output: ODEIM+E sensors, J, |J| = p.
1. fork=r+1,...,pdo
[~, ~, W] < SVD(¥ )
for j=1,...,n do
d(j) < ||WTr‘I’T]||2
[~, I] + sort(¢, ‘descend’)
1< 1
while any(/(i) = J) do
141+ 1
J(k) « 1(7)
return J

4.1.2  Randomized basis with undersampling

The second basis we consider is randomized linear combinations of the columns of X, as
described in, e.g., [37.,|38,81]:
¥ =X"G, (4.8)

where G € R™*" has i.i.d. Gaussian random entries. This basis is faster to calculate than
the SVD, making it particularly useful for large data sets, and it is able to capture much
of the system’s energy with high statistical likelihood. The likelihood of randomized rank
reduction sufficiently capturing the system’s energy increases with the number of modes,

where the number of modes should be greater than the rank of the system.

From [38], Theorem 1.1: Select a target rank r,, and an oversampling parameter ¢ > 2,
where r; + ¢ < min{n,m}, where X** € R™™. Then, with randomized basis ¥ = X*QG,

where ¥ € R"*(re+a),
4./
Bg (X — 90X"|],) < 1+ L i m} | o, (4.9)
q —

where o, is the (r; + 1) singular value of X'
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In fact,

Xt — OIX||, < [14 9/ F q\/m] Oret1; (4.10)

with probability at least 1 — 3¢9, implying that only small values of ¢ are necessary, and
that for large values of ¢, the error from the randomized basis is within a polynomial factor
of the theoretical minimum of o,,; with high probability. We note that these results are
actually presented for an orthogonal basis which is initialized as in Equation [4.8} but whose
columns are then orthogonalized through a Graham-Schmidt procedure. However, the results
generalize to a non-orthogonal basis, and our sparse sensing setup and QR algorithm do not
require an orthogonal basis.

Because X' is downsampled through sparse sensing, here the target rank is the number
of sensors, r; = p. Thus, to construct a randomized basis, we should take » = p + ¢, for

q=0.

4.2 Effects of the number of sensors and modes

We now present a thorough exploration of the effect of the number of sensors and modes
on reconstruction error for the two bases described above. We vary the number of modes
and sensors to determine the optimal amount of over- and undersampling for each basis and
which basis has the best performance overall. The tests are performed on the Extended
Yale Face Database B [6669], as described in Section [3.3] Recall that the data has a slow
singular value decay with a Gavish-Donoho cutoff [76] around rank 350. We randomly select
80% of the snapshots for X! and the rest of the photographs form the test set X,

We select the number of modes r, the number of sensors p, and a basis, either Equation [4.2]
or then use Algorithm [1] to select sensors in the case of p < r. When p > r, unless
otherwise stated randomized oversampling is performed, that is, the first r sensors are the
set J of QR pivots, and the remaining p — r sensors are randomly drawn from the set of
unselected locations, {1,...,n}\J.

We let the sensors have 2% signal-to-noise levels, such that the measurements are given
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Figure 4.1: Reconstruction error for the eigenface data set, taking a basis of SVD modes. The
left plot shows error versus the number of sensors as the number of modes is held constant,
while the right plot gives error versus the number of modes, holding the number of sensors
constant. The blue line indicates one mode (sensor), shading through to red with 400 modes
(sensors) in increments of 50. The dots show the point at which the number of sensors is
equal to the number of modes. Randomized oversampling is performed where p > r.

by
Y(J) = C;X" + ¢, (4.11)

where € € RP*¢ has Gaussian i.i.d. entries with variance 2% of the overall variance of the data
set. We perform reconstruction as in Equation and evaluate the sensor performance by
the fractional reconstruction error, Equation [2.9b, The results are averaged over 20 random

training and test sets, each with 10 realizations of random noise.

Figure [4.1] and show results of varying the number of modes and sensors, with an
SVD basis for the former figure and a randomized basis for the latter. Both figures have the
same layout. The left plot shows reconstruction error versus the number of sensors, where
each line has a constant number of modes, while on the right, error is plotted as a function
of the number of modes, where each line has a constant number of sensors. The blue lines
have one mode (sensor), and the colors shade through to red with 400 modes (sensors). For

the randomized basis, we continue through to 800 modes, shown in yellow.
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Figure 4.2: Reconstruction error for the eigenface data set, taking a basis of randomized
modes, with randomized oversampling in the case of more sensors than modes. The left plot
shows error versus the number of sensors as the number of modes is held constant, while the
right plot gives error versus the number of modes, holding the number of sensors constant.
The blue line indicates one mode (sensor), shading through to red with 400 modes (sensors),
and on the left plot, continuing on to yellow with 800 modes.

Figure makes it clear that oversampling is indeed preferred in an SVD basis. On the
left plot, the error continues to decrease as sensors are added beyond the number of modes,
and equivalently on the right plot there are minima when r» < p. Meanwhile, the lines in
Figure have pronounced peaks at p = r, suggesting that the randomized basis performs
well with either over- or undersampling, but very poorly when the number of modes and

sensors are very similar.

We also test principled oversampling through ODEIM-+E. This is significantly slower to
perform than randomized oversampling, and in this case it performs only slightly better. This
can be seen in Figure [£.3] which shows reconstruction error versus p, with 1, 100, 200, and
300 modes. Results are shown for randomized modes in the upper plot and SVD modes in
the lower, with the solid line showing randomized oversampling and the dashed line showing
ODEIM+E. Beyond r = 1, principled oversampling outperforms ODEIM+rand by only
about 1% for both basis choices, and given the increased runtime to perform ODEIM+E,

demonstrated in Figure 4.4 we determine that for the eigenface data set, it makes sense
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Figure 4.3: A comparison of randomized oversampling ODEIM+rand, with principled over-
sampling through eigenvalue tuning, ODEIM-+E. In both subplots, error versus the number
of sensors is plotted as the number of modes is held constant, with blue showing one mode
and red showing 300 modes. Where p > r, randomized oversampling is shown as a solid line
and principled oversampling is shown as a dashed line. The upper plot shows results with a
randomized basis, and the lower plot gives results with an SVD basis.

to use randomized oversampling. The right subplot of Figure .4 shows the CPU time to
place the last p — r sensors in an SVD basis using both methods, plotted as a function of
the number of sensors. Each line shows time versus p for a constant number of modes,
and it is apparent that as the number of modes increases, the time to perform randomized
oversampling remains approximately constant as the number of modes increases, while the

time to perform ODEIM+E increases by up to two orders of magnitude.

Most importantly for this section, we must determine which basis provides the lowest
reconstruction error. In Figure 4.5, we consider both bases and determine the lowest error
at a given number of sensors, plotted on the left, and the number of modes at which this
minimum error occurs, plotted on the right. We also consider the local minima present in the
randomized mode plots by calculating the minimum error with r < p. The results indicate
that the randomized and SVD bases have nearly identical minimum errors, but while the
SVD basis prefers oversampling, the randomized basis requires close to the full 800 modes.

When the randomized basis is restricted to oversampling, the minimum error is up to 10%
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Figure 4.4: Time comparisons for basis choice (left) and oversampling method (right). For
basis choice, we consider the combined time to construct the randomized and SVD bases
and then to perform the column-pivoted QR decomposition. On the right, we calculate
the time to perform randomized oversampling (solid lines) and principled eigenvalue-based
oversampling (dashed lines), with an SVD basis. We use 1 to 300 modes and up to 400
sensors, with 1 mode plotted in blue and 300 modes in red. Both r and p increase in
increments of 50.

higher than with undersampling or taking the SVD basis. The randomized basis is faster to
construct than the SVD basis, as shown on the left plot of Figure [£.4] which plots the CPU
time to construct ¥ and perform the column-pivoted QR decomposition, as a function of
the number of modes for both bases. Thus the randomized basis is appealing, particularly
for a very large data set where the speed-up is highly desirable. However, in many sensor
placement examples, one of the goals is to perform rank reduction, a task for which the SVD
is better suited, and so a researcher should carefully consider their data set and their sparse

sensing goal before selecting a basis.

Note that fitting a linear regression to p(r) for the SVD data yields a slope of about

= 1.4r. (For the randomized modes with oversampling, p = 1.6r.) In this text, we take
p = 2r when we use an SVD basis, to ensure that the degree of oversampling is identical
for any number of sensors, since sensors and modes must be integers. Similarly, if we take a

randomized basis, we use r = 2p modes, to achieve a balance between performance and rank
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Figure 4.5: On the left is plotted the minimum possible error at a given number of sensors,
for a basis of randomized modes in green, SVD modes in black, and randomized modes
restricted to fewer modes than sensors in blue. The right panel shows the number of modes
at which the minimum error occurs, also as a function of the number of sensors, in the same
color scheme as that on the left. Also included for reference is the line » = p. No noise is
incorporated here, to save on runtime.

reduction.
4.3 Conclusions

We test the effect of over- and under-sampling given one of two common basis choices. With
an SVD basis, oversampling stabilizes the reconstruction, while with a randomized reduced
basis, taking more modes than sensors captures more of the system’s energy and leads to
improved results. We find that for the Yale B Face data set, the SVD with oversampling
yields nearly identical reconstructions to randomized modes with under-sampling, but while
the SVD performs best with only moderate oversampling, the randomized basis results im-
prove continually as more modes are added. In most applications, sparse sensor placement
is performed alongside rank reduction, so the SVD will probably be the preferred choice.
However, randomized rank reduction is faster to perform, so it may be preferable for a very

large system.
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Chapter 5

SENSOR SELECTION WITH COST CONSTRAINTS FOR
DYNAMICALLY RELEVANT BASES

We apply the cost-modified column-pivoted QR decomposition to dynamical systems for
which the usual singular value decomposition (SVD) basis may not be available or preferred.
In considering different bases, we are able to account for the dynamics of the particular
system, yielding sensor arrays that are nearly Pareto optimal in sensor cost and performance
in the chosen basis. This flexibility extends our framework to include actuation and dynamic
estimation, and to select sensors without training data. We provide three examples from the
physical and engineering sciences and evaluate sensor selection in three dynamically relevant
bases: truncated balanced modes for control systems, dynamic mode decomposition (DMD)
modes, and a basis of analytic modes. We find that these bases all yield effective sensor arrays
and reconstructions for their respective systems. When possible, we compare to results using

an SVD basis and evaluate tradeoffs between methods.

5.1 Introduction

Modal decompositions and model reduction are fundamental to many fields of science and
engineering [82-84]. Historically, such decompositions were based on special functions, such
as Fourier modes, Legendre polynomials, and Bessel functions. The development in the late
1960s [85] of an efficient numerical procedure for computing the singular value decomposi-
tion (SVD) allowed for data-driven modal decompositions that far outperformed generalized
functional techniques. The SVD is now the dominant paradigm for model reduction in many
applications, and for good reason—for a given number of modes, it is guaranteed to capture

the greatest amount of the system’s energy (variance) [59]. However, ordering modes based
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on energy does not result in the most effective basis for every task. For control systems,
modes obtained via balanced truncation [86] are often more effective than SVD modes. Sim-
ilarly, the dynamic mode decomposition (DMD) [87-90] provides an alternative basis that
simultaneously captures spatial correlation and evolution in time. Sparse sensor optimization
is often based on SVD modes [25/[78], although this approach has been previously extended to
include these alternative bases [91,/92]. The goal of this chapter is to apply the cost-modified
column-pivoted QR decomposition [78] to these alternative bases. This extension of the
method increases the practicality of sensor selection by both accounting for sensor cost and
using a basis that is matched to the task at hand (i.e., reconstruction, estimation, or control).
First, we demonstrate balanced sensor and actuator selection for control systems, following
the method of Manohar et al. [92], which we modify to include a cost function. Next, we
perform sensor selection on a dynamic mode decomposition (DMD) basis [87]. The DMD
gives approximate equations of motion for the system, allowing us to construct a Kalman
filter that outperforms interpolative reconstructions in the presence of noise. Finally, we
apply our method to universal basis modes, such as Fourier modes, Bessel functions, or a
polynomial basis. This is useful for systems that admit a universal basis or for which the
equations of motion are known and solvable for a modal decomposition. In this way, it is

possible to perform principled sensor selection without training data.

In all three applications, we show that the modified column-pivoted QR decomposition
yields sensor (and actuator) arrays with accurate reconstructions, while accounting for costs
on sensor (and actuator) location. For the DMD and analytic mode examples, we also provide
comparisons with sensors selected using an SVD basis. We find that the SVD basis and
sensors often lead to better reconstructions, but the dynamically relevant bases have other
advantages—information about the dynamics in the case of DMD modes, and no need for
high-fidelity training data with analytically calculated modes. Along with the standard SVD
basis, the balanced, DMD, and analytic bases span a wide range of possible cost-constrained
sensor selection applications, from fields like industry, fluid dynamics, and experimental

physics. Presumably this algorithm can be applied to other modal decompositions as well,
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meaning that a researcher is free to choose the most relevant basis for his or her system and
task.

The remainder of the chapter is organized as follows: In Section [5.2] we describe sensor
and actuator selection for control systems, including an example from physics. Section 5.3
considers cost-constrained sensor selection for DMD modes, with an example from climate
science. Section explores sensor selection with cost for universal basis modes, demon-

strated on another example from physics. We present conclusions in Section [5.5]

5.2 Balanced sensor and actuator selection for control systems

There is a large body of work regarding optimal sensor and actuator selection for control.
Some, including [93,94], pose sensor and actuator selection as a convex optimization problem.
Many take advantage of submodular or supermodular performance metrics to design greedy
algorithms, for example [55,95-97]. Nestorovi¢ and Trajkov [98] design a sensor and actuator
selection method for flexible structures such as cantilever beams based on balanced truncation
and the Hy and H,, norms, which is similar to the framework considered here. We follow
the method of Manohar et al. [92] and perform the cost-constrained column-pivoted QR
decomposition on truncated balanced modes for sensor and actuator selection. An outline
of this method follows, [84},92] contain full details.

Consider the control system

x = Ax+ Bu (5.1a)

y = Cx, (5.1b)

where x € R” is the system state, A € R"*" gives the dynamics without actuation, u € R?
is the actuation or input, B € R"*? describes the effect of the input on the state, and, as
before, y € R? is the measurements, and C € RP*" is the selection matrix.

We seek a suitable basis to place sensors (select rows of the identity matrix to form

C) and actuators (select columns of the identity matrix to form B). We employ balanced
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truncation [86,99,100], which uses the controllability and observability Gramians to construct

a basis in which the system is simultaneously maximally controllable and observable.

The controllability and observability Gramians W, and W, are given by
W, = / ABB* e dt (5.2)
0

WO—/ eATCrCetMdt. (5.3)
0

Their eigenvectors define the directions in which the system is most controllable and observ-
able, ranked by the magnitude of the corresponding eigenvalues. The balancing transforma-

tion makes the controllability and observability Gramians equal to each other and diagonal:

W.=W,=X, (5.4)
where

W, = &*W., (5.5)

W, = &*"W,U, (5.6)

®* = U~! and ¥ is diagonal. The transformation matrix can be calculated by solving an

eigenvalue problem:
WW, ¥ = ¥x? (5.7)

With the eigenvalues ranked in decreasing order, the first » modes of ¥ and ® define the r

most jointly observable and controllable directions for the system.

These modes are used to perform a rank-reduced change of basis, such that the new
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control system is written as:

a, =® A¥,a, + ¢ Bu (5.8a)

y = C‘Ilrar, (58b)

where W, and ®, are the first r columns of ¥ and ®.

To select sensors and actuators with a cost function, we initialize B and C to identity
matrices, calculate the Gramians and the truncated balancing modes, and perform the cost-
constrained column-pivoted QR decomposition of Algorithm [2| on W} for sensor selection
and on @} for actuator selection. We note that this method can be applied to either open or
closed loop systems, and refer the reader to [92] for a more in-depth discussion of balanced
sensors and actuators for open and closed loop control.

As a performance metric, take the Hy norm,
tr (CW.C*) = tr (B*W,B), (5.9)

which is a system’s output energy, or the root mean square of its impulse response. A small
output energy indicates that the sensor and actuator arrays are able to quickly stabilize the
system after an input is applied, and therefore we wish to minimize the H, norm. However,

we calculate a proxy:
log det CW.C* = log det B"W,,B. (5.10)

As shown in Summers [96], maximizing Equation is equivalent to minimizing the Hy
norm. Furthermore, Manohar [92] demonstrates that arg maxc logdet CW .C* simplifies to
arg maxc | det CW,|, hence why the greedy determinant maximization of the QR algorithm
is desirable.

Our modification of adding a cost function during sensor and actuator selection removes

any performance guarantees, but as will be shown in the next section, it is possible to
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Figure 5.1: A one-dimensional system of N identical masses with mass m, connected by
springs with spring constant k, and damped by a factor of b.

effectively select sensors and actuators while accounting for a nonuniform cost on location.

5.2.1 FEzxample

We demonstrate balanced sensor and actuator selection on a system of N identical masses
with mass m, connected by identical damped springs, with spring constant k£ and damping
b 93], as illustrated in Figure This is a simple benchmark system, and by choosing
N = 16 masses, it is possible to compare the principled sensor and actuator selections to a
brute force search over every possible sensor/actuator configuration.

The equation of motion for the i*" mass is given by
mwz = k(l’l’,1 + Tiv1 — 2.771) + b(jl'ifl + jl'lpH — 25[}2) + fl',

where z; is the displacement of the i*" mass from equilibrium and f; is an external forcing.
T
The full state is x = ( T, - Ty Xy - In ) , and we let m =k =0b=1. Thus, the

system with full actuation and sensing is given by

ON HN ON

X = X + f (5.11a)
T T In

Yy = ]IQNX, (511b)

where Oy is an N x N matrix of zeros and T is an N x N Toeplitz matrix with —2 along
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Figure 5.2: Sensor (actuator) performance metric as a function of the number of sensors
(actuators) for the spring-mass system, with no cost function. The black dashed lines show
the number of sensors and actuators we use in the example below.

the diagonal and 1 along the first super- and subdiagonals.

The goal is to place sensors by selecting rows of C = Ipx and to place actuators by

T
selecting columns of B = ( oy Iy ) , with cost functions on sensor and actuator locations.

We take N = 16 masses and place six sensors and four actuators. We find empirically that
this leads to near-optimal results, as shown in Figure which plots the sensor performance
log det CW_.C* as a function of the number of sensors on the left, and actuator performance
log det B*W,B versus the number of actuators on the right, without incorporporating a
cost function. The black dashed lines show the number of sensors and actuators we use.
Although five sensors is optimal by a small margin, we prefer to select an even number of
sensors, and therefore we choose six. Similarly, six actuators very slightly outperforms four,
but we prefer to place fewer actuators than sensors, since there are fewer possible actuator

locations.

We assume we have access to both position and velocity sensors and that the two types
of sensors do not interfere with each other, so that the algorithm is free to select any six
locations in x. Since this is a toy example, we are free to select any reasonable cost function.

We choose a Gaussian cost function for both position and velocity sensors, such that it is
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Figure 5.3: Sensor performance results and locations for the spring-mass system, placing
6 out of 32 possible sensors. The left plot shows cost versus performance metric log det
CW_.C*. The large colored data points show the modified-QR-selected sensors as the cost
function weighting is increased, with red representing v = 0 and blue representing v = 10.
The gray points give the cost and performance metric for every possible configuration of
sensor selection. On the right are the sensor locations at three values of 7, where each bar
corresponds to a sensor at the location x; or z;, shown in the same colors as the indicated
corresponding points on the left. The Gaussian cost function is shown on the top right. The
black line indicates the separation between position and velocity variables in x.

most expensive to place either type of sensor in the center of the array. We select an inverted
Gaussian as the actuator cost function, making it more expensive to place actuators at the

edges of the array. The cost functions are shown in the upper right-hand panels of Figure
and 5.4

Because the actuation takes the form of an externally applied force f, which causes a
change in the velocity of the masses, the actuators are restricted to acting on the velocity
coordinates, which can be seen in Equation [5.11al Therefore, after calculating the truncated
balanced and adjoint modes, we perform the cost-modified column-pivoted QR decomposi-
tion only on the final N rows of the adjoint mode matrix for actuator selection. Equivalently,

we could set the first N rows to zero before performing the QR decomposition, or assign
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Figure 5.4: Actuator performance results and locations, placing 4 out of 16 possible actuators
for the spring-mass system. Plotted on the left are cost versus performance metric log det
B*W,B. As in Figure 5.3 the large colored data points show the results with principled
actuator selections, shaded from red to blue as the cost function weighting is increased from
zero to ten, while the gray points give the cost and performance metric for every possible
configuration of actuator selection. The black symbols show the cost and performance using
four to seven balanced modes with v = 0. The right plots show three sets of actuator
locations, with the bars corresponding to actuator selections, as the cost function weighting
is increased. Colors correspond to the indicated points on the left. The inverted Gaussian
cost function is shown on the top right. Recall that actuators are restricted to the velocity
variables, the locations to the right of the black bar on the plots.

those coordinates an infinite cost. Because this cuts the domain of possible actuators in half,
we find that twice the number of modes are required to achieve good performance, i.e. to
place four actuators, truncate at eight balanced adjoint modes before performing the QR

decomposition.

Results in terms of the Hy-norm metric substitute are shown in Figure |5.3[and which
plot cost versus log det CW_.C* and log det B"W B for the sensor and actuator arrays,
respectively. The large colored data points are the results from the arrays chosen by QR
pivoting, with red corresponding to v = 0, and blue indicating a large value of 7. The gray

points show the results from every other combination of choosing 6 out of 32 sensors or 4
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out of 16 actuators. The principled sensors approximately follow the curve of simultaneously
maximal Hy proxy and minimal cost. The best-performing configuration (cost function
weighting set to zero) outperforms 99.8% of all other arrays, and with a high cost function
weighting, the algorithm identifies the configuration with the lowest possible cost. Similarly,
when the cost function weighting is set to zero, the selected actuators outperform all but three
of the possible actuator selection permutations, and with a high value of 7, the algorithm
again selects the lowest-cost permutation. Interestingly, the algorithm always selects three
position and three velocity sensors.

The plots on the right-hand sides of Figure |5.3| and show the sensor and actuator
configurations for three different values of ~, in colors corresponding to those in the left
panels. As the cost function weighting is increased, the sensors and actuators are pushed out
of regions of high cost. The cost functions are also shown in green for reference. Finally, the
left plot of Figure [5.4] also shows the performance of QR-selected actuators with v = 0 and
a number of balanced modes increasing from four to seven (shown in black, with symbols
indicating the number of modes). Using eight modes yields the best results in terms of
log det B*W,B.

We also test sensor and actuator performance by evolving the system in time and applying
linear-quadratic-Gaussian (LQG) control. To evaluate sensor performance, a small amount
of system disturbance and noise are added in, both with covariance 0.005, and we construct
a Kalman filter to obtain a state estimation X(¢). We integrate the system from time ¢ = 0
to t = 50 and stack the true states and their estimations into the columns of data matrices

as shown:

X

[ x(0) x(t2) - x(50) | (5.12a)

X=[x(0) x(1) -+ x(0) | (5.12b)

The reconstruction error is then given by Equation [2.9b] Better sensor arrays will provide

more informative measurements, and will therefore have lower reconstruction errors.
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Figure 5.5: Sensor and actuator results using LQG control and state estimation for an
example time series of the spring-mass system. The state is initialized at x(0) = 0, except
for xg(0) = 1. The upper left plot shows sensor cost versus full-state reconstruction error.
Red indicates v = 0, blue corresponds to v = 10, and gray shows results from 1820 random
permutations of selecting 6 out of 32 possible sensors. The plot on the upper right similarly
shows actuator cost versus the LQR actuation cost J = f050 (XTQX + uTRu) dt. The gray
dots show all 1820 possible configurations of placing 4 out of 16 actuators. Finally, the
trajectory x19(t) is plotted for the various sensor/actuator selections, with the black reference
trajectory using no control and having no additive system or measurement noise.

At every time step, the state estimate is passed to a linear-quadratic regulator (LQR),
designed to drive the entire system towards x = 0. The performance of the actuator array

is evaluated by calculating the LQR cost over the full timespan,
50
J= / (x"Qx + u"Ru) dt, (5.13)
0

where Q and R are identity matrices. Good actuator configurations will be able to bring

the system to equilibrium quickly, and will have lower values of J.
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Figure 5.6: Sensor and actuator results for the spring-mass system using LQG control, with
the inital condition x(0) = 0, except for x;(0) = 1. As in Figure the upper left plot
shows sensor cost versus reconstruction error, the upper right plot gives actuator cost versus
J = 050 (XTQX + uTRu) dt, and the lower plot gives an example time series, in this case
x3(t). Red points and lines indicate a cost function weighting of zero, blue indicates a high
value of v, and gray gives non-principled sensor and actuator selections. The black line in
the lower plot shows z3(¢) with no control or noise.

We test two different initial conditions, one with all positions and velocities set to zero
except for the eighth mass, which has position zg(0) = 1, and the other where z,(0) = 1
with all other variables set to zero. Results are given in Figure and The figures
have the same format, with the upper left subplot showing sensor cost versus reconstruction
error, the upper right plot showing actuator price as a function of actuation cost J, and the
lower subplot plotting the trajectory of one of the masses over time (x14(t) in Figure and
z3(t) in Figure [5.6)). The colored dots and lines show the results with the principled sensor
and actuator arrays, with the usual color scheme of red indicating v = 0, shading through to

blue for large values of 7. The gray points and lines are results from all 1820 permutations
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for placing 4 out of 16 actuators, each using a random array of sensors (there are close to
a million sensor placement permutations, so checking every possible sensor array with every
possible actuator array is not feasible). The results for the upper plots are averaged over 25
realizations of noise, while the trajectories were all generated with the same noise vectors.

For both sets of initial conditions, the sensor configurations with v = 0 provide effec-
tive, but not optimal, reconstructions compared to the randomly-selected arrays. As ~ is
increased, the cost decreases and the reconstruction error goes up by about 4% total. This
can be seen qualitatively on the trajectory plots, where after ¢t ~ 20, the red lines cluster
more tightly about zero, while the blue lines have more variation.

As for the actuators, in the case of Figure , x1(0) = 1, the QR-selected actuators are
surprisingly far from optimal, though the performance decreases with the actuator cost, as
expected. However, when zg(0) = 1, Fig the actuator array chosen with the largest value
of v leads not only to the lowest actuator cost but also to the optimum value of J. This
seems counterintuitive, but because the center mass was given a large initial displacement,
actuators placed in the center of the array are best suited to driving the entire system to
zero in this case. Furthermore, the shape of the actuator cost versus J distributions is
different than the sensor cost versus error distributions, and does not show a Pareto front.
This is due to the difference in performance metrics. As described in Section 5.2, the QR
algorithm acts as a greedy optimizer for the Hy norm proxy, Equation [5.10] This metric
is related to the reconstruction error, which is in turn closely related to the Kalman filter
cost function, the expectation of the error covariance. However, the Hy norm is not directly
related to the LQR actuation cost function .J, so we find that our actuator arrays are not
optimal with respect to this performance metric. It may be that this method is suited only
to sensor selection, and not actuator selection, though perhaps some modified balancing
transformation that accounts for the directions of highest control cost as given by Q and R
could improve results.

This example demonstrates that the column-pivoted QR decomposition on balanced

modes for control systems can be modified to include a cost function on sensors and ac-
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tuators. The method will select sensors and actuators to approximately simultaneously
minimize cost and maximize performance, though for practical use the sensors lead to good
reconstructions, but the actuators do not necessarily perform well in terms of the LQR cost

function, depending on the initial conditions.
5.3 Sensor selection in a DMD basis

Dynamic mode decomposition (DMD) was introduced in the fluid dynamics community as a
method of dimensionality reduction [87]. Conceptually, DMD is comparable to a spatial SVD
combined with a temporal Fourier decomposition, in that it extracts spatially coherent modes
that exhibit oscillatory or growth/decay behavior in time. This provides a highly effective
reduced order model that can be used for short-time prediction, and can be adapted for
applications such as control [101] and regime identification [102]. Furthermore, DMD has
strong connections to the Koopman operator [88[103]: DMD approximates the Koopman
operator advancing the state forward in time. Systems are often sparse in a DMD basis [104],
and DMD has been paired with compressed sensing in both space [105],/106] and time [107].
Sparse sensing for multiresolution DMD was formulated by Manohar et al. [91]. Here we
provide a sparse sensing method for DMD modes allowing for a heterogeneous cost on sensor
location.

We calculate the dynamic mode decomposition as follows [89]: We begin by collecting
a set of m full-state snapshots, spaced equidistant in time (an alternative formulation does

not require snapshots to be spaced equally in time [108]),

X = [ x(t) x(ts) -+ X(tm) } : (5.14)

We then organize the snapshots into two matrices offset from each other by one time step:

Xi = | x(t) x(t2) - x(twr) | (5.15a)

X = | x(ta) x(ta) -+ x(tn) |- (5.15b)
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The goal of DMD is to find the best-fit matrix A such that
X, ~ AX;, (5.16)

i.e. the matrix A that advances the system forward by one time step. We take the r-mode

truncated SVD of X;:
X;=U,%, V.. (5.17)
The full least squares solution of Equation is given by
A =X,XI =X, V.= 1U, (5.18)

but since a primary goal of DMD is rank truncation, only the leading r eigenvalues and
eigenvectors of A are of interest here. Therefore, we calculate the projection A of A onto

the leading r spatial SVD modes,

A = UAU, (5.19a)

=UX,V, 2. (5.19b)
We take the eigenvalue decomposition:
AW = WA. (5.20)

The eigenvalues along the diagonal of A are identical to the leading r eigenvalues of the full

matrix A, and the leading eigenvectors are given by

¥ =X,V, X 'W. (5.21)
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The k' state x;, = x(t;,) can then be expressed in terms of these eigenmodes and eigenvalues:
x; = WA b, (5.22)
or the continuous-time equivalent
x(t) = Web, (5.23)

where b is the vector of amplitudes b = ¥ix;, and € is a diagonal matrix whose diagonal
entries are the continuous-time eigenvalues w; = log \;/dt.

Thus, the eigenvectors W are coherent spatial modes that form a reduced basis for the
system of interest. We use this basis for sensor selection by performing the cost-modified

column-pivoted QR decomposition on ¥*.

5.3.1 FExample

As an example system, take the NOAA sea surface temperature data set [70-72], as described
in Section [3.3] The system is approximately periodic due to seasonal variations, so we expect
DMD to give a reasonably good description of its behavior. To simulate a realistic sensor
selection scenario, we again use a cost function that uniformly penalizes placing sensors more
than two grid points from land. An example sea surface temperature snapshot and the cost
function are shown in Figure

We provide two performance metrics for the sensor arrays, interpolative error and ex-

trapolative error:

||Xt — X[
It — Xt
Eept = W7 (5-24b)

where the columns of X! are the training set, the first 80% of snapshots, which are used to
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Figure 5.7: An example sea surface temperature snapshot (upper) and the cost function used
(lower), where gray indicates regions of uniformly low cost and white denotes uniformly high
cost.

train the DMD modes. The columns of X' are their reconstructions. X and X are the
test set, the remaining 291 snapshots and reconstructions sequentially following the training

set.

The sea surface temperature data set has a slow singular value decay with a Gavish-
Donoho cutoff |[76] around 400 modes. Thus we test our sensor selection method with both a
small number of sensors (5) and a large number of sensors (200), though both cases represent
significant downsampling from the original snapshots with dimension ~ 10°. Our results are
shown in Figure 5.8 Red data points have a cost function weighting of zero, while blue points
have a large weighting, v = 1. As the cost function is weighted more heavily, the sensor array

cost decreases to zero, leading to a small increase in reconstruction error, though remarkably
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Figure 5.8: Cost versus reconstruction error for the sea surface temperature system using
DMD modes as the cost function weighting is increased from zero (red) to one (blue). Results
are shown for 5 sensors on the top row and for 200 sensors on the bottom row. The small
gray points are results from 500 random sensor arrays.

this increase is by less than 1%. Results from 500 random sensor arrays are also shown for
comparison in gray, since the system is far too large to check every possible permutation
(there are ~ 10?° ways to place just five sensors). The QR-based algorithm places most of
the sensors close to land even without incorporating the cost function, so not only do the
random sensors generally lead to higher reconstruction errors, they also have higher costs.
As expected, interpolation errors are lower than extrapolation errors. Unexpectedly, there is
little improvement in increasing from 5 to 200 sensors, and in fact extrapolation errors are

higher with more sensors. This is most likely related to overfitting and noise amplification,
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Figure 5.9: Error as a function of the number of DMD modes (equal to the number of
sensors) for the sea surface temperature data set. Interpolation error is shown on the left
and extrapolation error is on the right. No cost function is used.

see for more details. Interpolation and extrapolation error with no cost function are
plotted with r ranging from 1 to 200 in Figure [5.9, It is apparent that while interpolation
error decreases slightly as the number of modes is increased, the extrapolation error increases
significantly, as suggested by Figure [5.8]

We also provide a comparison to other basis choices in Figure .10, We test randomized
rank reduction as described in , and take twice the number of modes as sensors for greatly
improved performance. These results are plotted as open circles. Results with an SVD basis
are shown as crosses, and we follow the guidelines of [77], performing the modified QR
decomposition on the first p/2 SVD modes and placing the remaining p/2 sensors randomly
to avoid noise amplification. Both of these basis choices lead to lower reconstruction errors
at 200 sensors than the DMD basis, shown as closed circles, though the random sensors used
with the SVD basis lead to higher costs. However, the benefit of DMD is the information it
provides about the system’s dynamics, which allows us to construct a Kalman estimator for

the DMD amplitudes. From Equation [5.23] the time-varying amplitudes are given by

b(t) = ¢%¥'b(0). (5.25)
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Figure 5.10: Cost versus reconstruction error for the sea surface temperature system, using
DMD, randomized, and SVD modes with p = 5 and 200 sensors. For the DMD modes,

we test both the usual linear algebra reconstruction method of Equation and a Kalman
estimator (triangles).

We can then evolve the system forward in time according to

d
—b = Qb. 2.26

We include added sensor noise with 2% variance (this noise is applied to all of the sensor
arrays for Figure [5.10). The Kalman estimator, results plotted as triangles, significantly
outperforms the other three methods, suggesting that sensors and reconstruction methods

that account for the dynamics of a system are preferable when possible.
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5.4 Sensor selection in an analytic basis

In many physical systems, a tailored data-driven basis is not necessary because the system
is well-described by a universal basis, or because its equations of motion are known and can
be solved analytically to yield a modal decomposition. It is then possible to write the state
according to Equation [2.2] where a are Fourier coefficients and ¥ is a DFT matrix with
r = n. Then the sparse sensing problem is similar to compressed sensing [20], in which a
universal basis with random measurements is used to reconstruct a signal. Here, however,
the signal is not required to be sparse in W, since we use least squares, rather than L;-
regularized reconstruction. Other examples of Equation [2.2]include polynomial interpolation
and Gaussian quadrature.

Alternatively, the system can be time-varying:
x(t) = Wa(t). (5.27)

This is mathematically similar to the DMD formulation of Equation[5.23], the main differences
being that the spatial modes are here assumed to be found analytically, rather than through
data-driven methods, and we make no assumptions about the form of the time dependence.

As in previous sections, once W is calculated, Algorithm [2| can be applied to ¥* for

cost-constrained sensor selection.

5.4.1 Ezxzample

We test the performance of an analytic basis for sensor selection on a vibrating two-dimensional
circular membrane, since the equations of motion for this system are known and can be solved
for a modal decomposition. The membrane satisfies the following partial differential equa-

tion:

0*u 10 ([ Ou 1 0%u
2 = c? (;5 <T§> + ﬁ@) 5 (5.28)
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with 6 € (—m, 7], r € [0,a]. We take the boundary and initial conditions

u(a,0,t) =0 (5.29a)
u(r,0,0) = a(r,0) (5.29b)
ou

5, (0,0)=0. (5.29¢)

This system can be solved analytically through separation of variables. The solution is a

Bessel series in 7 and a Fourier series in 8 and t:

u(r,0,t) = i AonJo <\/)\_0n7‘> cos <c )\Ont> +
n=1
i i (A cosmb + By, sinmb) J,, (\/ )\mnr> coS <c )\mnt> , (5.30)

m=1n=1

where Apn = (Zmn/a)?, With 2,,, the n'® zero of the m'™ Bessel function.

Thus, the basis modes of the system are cos(m#)J,, (\/)\mnr) and sin(mb).J, (\/)\mnr),
forming the columns of the basis. Practically, the basis matrix must be finite, so we truncate

at m = M, n = N modes:

‘IIMN:<J0( Mir) o Jo (VAnr)  cos(0)Jr (V) sin(0) 4 (VAaur) - cos(6) (Vi)
sin(0)J; (VAinr) -+ sin(M6)Jy (VAunr) ) (5.31)

The entire system evolves as

u(t) = Wy cos (C\/A—MNt> b, (5.32)

where AMN isa diagonal matrix with entries )\017 ey )\0N7 )\11, /\11, )\127 )\12, ey )\1]\], /\1N, Ce 7)\MN7 /\MNa

and the cosine is taken elementwise on the diagonal entries. The vector by, gives the coef-
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ficients:
T
byy = (Apw -+ Aow An Bu - Ay Bix -+ Ayx Buy ) - (5:33)

Our goal is to sparsely sample in space and then estimate the time-varying coefficients
cos (c\/A M Nt) by n, subsequently obtaining a reconstruction of the full state t(t). We select

sensors by performing the cost-constrained column-pivoted QR decomposition on ¥ .

For this experiment, we take a = 10, ¢ = 1, and a grid of 101 points each in r and 6. We
also truncate the modes at M = 6 and N = 5 for a total of 55 basis modes. The system is

initialized with random coefficients, with lower modes weighted more heavily, i.e.

1.5

Amn7an TN
> n(m+1)

(5.34)

Not only does this lead to more accurate reconstructions when undersampling, it is also
often the case in physical systems that the lower modes are the most active. We choose a
radially symmetric cost function with a maximum in the center and a minimum at r = 13/2,

f(r)=10.6 4 0.5cos (2%), pictured in the lower right panel of Figure m

We take v € [0, 20], and evaluate sensor performance by propagating the initial conditions
forward in time steps of 0.1 up to t = 10. The true states are stacked into the columns of a
snapshot matrix U, and the error is given by |[U—U]|/||U||r, where U is the reconstruction
obtained with the chosen sensor array. We calculate this error with 50 different sets of random
initial conditions and take the average, plotted in the first column of Figure[5.11} which shows
sensor cost plotted against this average error as 7 is increased (red data points correspond
to v = 0, blue show v = 20). The remaining panels in the figure show reconstructions of an
example state with the sensor arrays chosen with various numbers of sensors and values of
~. The true state is shown on the bottom left of the figure. Even with just 10 sensors, when
v = 0, the reconstruction is imperfect but retains some main features of the true state. With

55 sensors, the state can be reconstructed exactly. As the cost function weighting increases,
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Figure 5.11: Results for sensor selection with a cost function for the vibrating drum system
with 55 Bessel function basis modes. The number of sensors increases moving down the rows.
The first column shows the cost versus reconstruction error as the cost function weighting is
increased (red points indicate v = 0, blue points have high values of ~, gray points show 100
random sensor arrays). Note that all plots in the first column have the same z- and y-axis
scales. The remaining three columns show reconstructions of an example snapshot with the
indicated number of sensors and value of . The sensor locations are given as well, with color
corresponding to that on the cost versus error plots. The true state and the cost function
are shown on the bottom row, in both a surface and a pcolor plot.

the reconstruction quality degrades, even with 55 sensors. A large jump in reconstruction
error occurs when there are no longer any sensors close to the center of the domain. The
figure also shows results from 100 random sensor arrays, which suggest that the principled
sensors follow the curve of minimum cost and reconstruction error quite well, though the

system is too large to check every possible sensor permutation.
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Figure 5.12: Cost versus reconstruction error for the vibrating drum system, using the
analytic Fourier /Bessel modes of Equation and SVD modes calculated from snapshots.
As in Figure [5.11] results are shown for different numbers of sensors and multiple cost
function weightings, with the usual color scheme of red indicating v = 0 shading through to
blue representing a large value of ~.

We also compare reconstruction results with sensors selected using an SVD basis, shown
in Figure which plots cost versus reconstruction error for 10, 25, 40, and 55 sensors.
Sensors selected with analytic Fourier/Bessel modes are shown as circles, with SVD results
shown as crosses. In both cases, red indicates a cost function weighting of zero and blue
corresponds to a large cost function weighting. To calculate the SVD basis, we initialize
a random system with coefficients as in Equation and evolve it forward for 1000 time

steps to obtain snapshots. We then randomly place 700 snapshots into a training matrix and
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perform the SVD to obtain a basis. After using this basis and Algorithm [2] to select sensors,
we test them on the remaining 300 snapshots, and compare to reconstructions of the same
snapshots using sensors from the analytic basis. We take the same number of SVD modes
as sensors since there is no noise in the system, and take the average cost and error over 50

random training and test sets.

As demonstrated in Figure [5.12] while the SVD and analytic modes have comparable
performance at a small number of sensors, the SVD basis is able to reconstruct the system
perfectly to machine precision at 40 sensors. With the SVD basis, the active modes are mixed
together, which is more beneficial for rank reduction—with sensors selected using analytic
modes, even with 54 sensors there may be little information about the 55" mode. This can be
seen clearly in Figure [5.13] which shows error versus the number of sensors using both bases
and no cost function. The SVD basis consistently outperforms the analytic basis, requiring
just 30 sensors to reconstruct the full state perfectly, whereas the analytic modes need the
full 55. However, the SVD requires data to calculate the basis, so in cases where high-fidelity
full state data is not available, we have shown that analytically calculated modes are a viable
alternative. Furthermore, the figure shows comparisons to random sensors using both bases
for reconstruction. In the analytic basis, principled sensors have lower reconstruction errors
than random sensors, and random sensors perform very poorly in an SVD basis, highlighting

the importance of choosing the right method for the application at hand.

The results in this work indicate that if a dynamical system may be represented as the
evolution of a superposition of known basis modes, these modes can be used for sparse
sensor selection, even with a cost function on sensor location. Though a data-driven SVD
basis leads to better sensor arrays, analytic modes often give comparable reconstructions. In
a more complex signal, such as a sound signal being represented in a Fourier basis, where
both high and low frequencies can be equally present and it is unknown which frequencies
will be dominant, it is difficult to effectively downsample using this method. The problem
is similar to that of compressed sensing, where in most real-world examples, the number

of sensors required to reconstruct the signal with high probability is large and leads to a
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Figure 5.13: Error versus the number of sensors for the vibrating drum system, using both
analytic Fourier/Bessel modes and data-driven SVD modes. Principled sensors selected by
the QR algorithm are shown in red, compared to random sensors with both bases in gray.
No cost function is used.

computationally prohibitive reconstruction problem [84]. These examples demonstrate how
data-driven methods are usually more efficient at extracting patterns from a system than

historical analytic-function-based methods.

5.5 Conclusions

In this chapter, we explore cost-constrained QR pivoting for sensor selection, applying the
algorithm to three new types of basis modes: balanced modes for sensor and actuator se-
lection for control systems, DMD modes for dynamical systems, and universal or analytic
modes. We find that all three types of modes make effective bases for sensor selection for
their respective systems, and that the cost-constrained algorithm selects sensors that are
nearly Pareto optimal in cost and performance. The new bases do not necessarily outper-
form a standard SVD basis, but they can still be beneficial. Sensors placed using a DMD
basis can be used to construct a Kalman estimator, which does perform better than the
SVD or randomized bases when measurement noise is present. And when no full-state data

is available, analytic modes can be a good substitute for a data-driven basis.

These results suggest that sensor selection methods must account for real-world restric-
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tions. A researcher or engineer can improve their full state estimations by selecting an
appropriate basis, but they must also consider practicalities like a sensor cost landscape, the
purpose of the sensors (acutation versus reconstruction), the dynamics of the system being

studied, and the availability of full-state training data.
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Chapter 6

MULTI-FIDELITY SENSOR SELECTION: GREEDY
ALGORITHMS TO PLACE CHEAP AND EXPENSIVE
SENSORS WITH COST CONSTRAINTS

We develop greedy algorithms to approximate the optimal solution to the multi-fidelity
sensor selection problem, which is a cost constrained optimization problem prescribing the
placement and number of cheap (low signal-to-noise) and expensive (high signal-to-noise)
sensors in an environment or state space. Specifically, we evaluate the composition of cheap
and expensive sensors, along with their placement, required to achieve accurate reconstruc-
tion of a high-dimensional state. We use the column-pivoted QR decomposition to obtain
preliminary sensor positions. How many of each type of sensor to use is highly dependent
upon the sensor noise levels, sensor costs, overall cost budget, and the singular value spectrum
of the data measured. Such nuances allow us to provide sensor selection recommendations
based on computational results for asymptotic regions of parameter space. Our extensive
exploration of multi-fidelity sensor composition as a function of data characteristics is the

first of its kind to provide guidelines towards optimal multi-fidelity sensor selection.

6.1 Introduction

One facet of the sensor selection problem rarely addressed is the optimal placement of mul-
tiple types of sensors that can have significantly different costs and performance metrics.
Sensors often measure different quantities (multi-modal sensing), or they could measure
the same quantity but with different qualities (multi-fidelity sensing), i.e. different noise
level, bias, sampling rate, range, power consumption, construction cost, placement cost, or

longevity. Given access to two or more types of sensor, what principled mathematical method



7

can determine how many of each type to select? Where should they be placed in order to
optimize relevant factors such as performance and cost? This chapter considers the sparse
selection of multi-fidelity sensors with each having significantly different costs and signal-to-
noise levels. Specifically, our proposed sparse selection procedure is aimed at determining the
optimal number of each sensor type and their placement so as to simultaneously minimize
reconstruction error and financial cost.

Because of the wide range of sparse sensing applications, there is a significant body of
theoretical work on principled sensor selection spanning many disciplines, see Chapter |1 for
some prominent examples. However, there is typically a disconnect between mathematical
methods and practical implementations of sensor selection. Specifically, it is usual to assume
one type of sensor, idealized conditions, and the availability of full-state training data, while
neglecting important factors like sensor type, noise, and cost. Bridging the gap between
idealized models and real-world practicalities is currently an open problem.

Importantly, multi-fidelity sensor placement has received little consideration, and this is
a central aim of our study. The goal for multi-fidelity sensor placement is to judiciously use
expensive, high-performance sensors in combination with cheap, low-performance sensors to
provide accurate state-space reconstructions as cheaply as possible. For us, the difference
between cheap and expensive sensors will be associated with the additive noise at measure-
ment. Cheap sensors have large additive noise, and expensive sensors have low additive
noise.

The literature on the optimal selection of multiple types of sensors is somewhat lim-
ited. Lahat et al [109] advocate for the benefits of multimodality for state estimation, and
the structure monitoring community makes use of multiple types of sensors for fault detec-
tion and response reconstruction. Sparse strain gauges, accelerometers, and displacement
transducers are selected by means of greedy [110-112] or genetic |113,/114] algorithms. In
the case of sensors that measure the same quantity with different qualities, Kammer [115]
describes a method for sensor selection in the case of location-dependent noise levels. For

energy-harvesting Internet of Things networks, convex optimization formulations have been
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developed that account for sensor noise level, transmission power, and energy harvesting
capabilities [116-118|. These methods are powerful, but a convex relaxation is just one pos-
sibility for handling the overarching NP-hard problem of sensor selection. In this chapter,
we continue to use the column-pivoted QR decomposition to obtain sensor locations, which

is a fast, greedy algorithm that is available on any standard software package.

The multi-fidelity optimization procedure can be stated colloquially as follows: Is it better
to purchase a large number of cheap sensors, a small number of expensive sensors, or a mix
of both? In the latter case, how many of each type should be used, and where should they
be placed? Alternatively, someone may already have sensors with low signal-to-noise levels,
and needs to determine whether it is worth the time and money to design sensors with higher
signal-to-noise levels. Quantitative answers to these questions can not only address feasibility
issues, but can potentially save manufacturers significant amounts of money. However, the
multi-fidelity sparse sensor selection problem is complicated and nuanced, depending on the
rank of the data considered, the relative and absolute costs and noise levels of the sensors,

and the available budget.

In this work, we characterize optimal sensor selection with two types of sensors in a few
asymptotic regimes of very low or very high costs and noise levels, for systems whose data is
of low, medium, and high rank, given a fixed budget. We present empirical results and use
them to formulate an initial set of guidelines for selecting a sensor type. Broadly, if both types
of sensors have low noise levels, it is usually better to use a larger number of cheap sensors.
When the cheap sensors have a much higher noise level than the expensive sensors, a small
number of expensive sensors tends to perform better. And when both sensors have similar,
high noise levels, the rank of the system is the determining factor, with high-rank systems
favoring a larger number of cheap sensors, and low-rank systems preferring a smaller number
of expensive sensors. Thus to evaluate the multi-fidelity sparse sensor selection problem, the
nature of the measurement data plays a significant role. To our knowledge, this is the first
systematic study of the role of multi-fidelity, cost constrained sensor selection as a function of

the data, cost, and noise. We intend this study to serve as a starting point for the discovery
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of a coherent rule set for multi-fidelity sensor selection, which should also include expansions
such as the selection of more than two types of sensor.
Section [0.2] below describes the multi-fidelity sensor selection problem and presents results

and general guidelines from several asymptotic regimes. The discussion and conclusions are

given in Section [6.4]

6.2 DMulti-fidelity sensor selection

The basic sensor selection problem setup and the column-pivoted QR decomposition solution
we employ are the same as in Chapter [2 but we now consider the central aim of this
chapter: multi-fidelity sensor selection. Specifically, cheap and expensive sensors will simply
be characterized by the additive noise in a measurement. Cheap sensors will have higher
additive noise than expensive sensors. Thus the cost of an expensive sensor improves the
signal to noise ratio for the measurement.

We now allow for the presence of inhomogeneous measurement noise:
Y(J) = C;X" + ¢, (6.1)

where the elements of € € RP** are given by €;; oc N'(0, 0]2-). Once the noisy measurements
have been obtained, the full state reconstruction is identical to Equation[2.7] For the purposes
of this chapter, let the sensor noise variances take one of two values, o; € {a(e’””),a(Ch)},
with o(¢*?) corresponding to expensive sensors and o(*® to cheap sensors. This implies
olezp) ~ s(ch)

We choose a basis of SVD modes for ¥, which, as demonstrated in Chapter [4] provides
nearly identical reconstruction errors to randomized rank reduction but with far fewer modes.
We use 7 = p/2 modes (rounded up when p is odd) and randomized oversampling, which is
orders of magnitude faster than principled oversampling and performs only slightly less well.
Therefore, to place a total of p sensors, we perform the column-pivoted QR decomposition

on the first p/2 modes and use the first p/2 pivots, then randomly place the remaining
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p/2 sensors. Now we must further consider the distributions of the p(¢® cheap and p(°P)
expensive sensors given the selected locations (where pler) 4 pleh) = p). For example, the

expensive sensors could be placed at the first p(¢*?) locations:

h
Ul:p(ezp) = O_(GZBP), Gp(ezp)+1:p = U(C )7 (62)

or the expensive sensors could be placed on the last set of selected locations:
Ul:p(Ch) = O-(Ch)a O-p(Ch)+1:p = O-(exp)' (63)

There is logic behind either choice. Since the QR algorithm selects pivots in order of approxi-
mate importance, measuring the first set of selected locations with high accuracy should lead
to better overall reconstructions. However, locations are chosen to have iteratively maximal
variance, so that the final set of locations, although randomly chosen in this case, almost
certainly has a smaller variance than the first set. Thus the first set of QR selected locations
has a larger signal-to-noise ratio for a given sensor, meaning that even cheap noisy sensors
should be able to capture these modes relatively accurately, while using expensive sensors
to accurately measure the last set of locations means better resolving fine details on the

reconstruction.

In fact, the expensive sensors can be placed in any configuration, and we find that the
optimal distribution depends on basis choice and the parameters of the particular problem.
However, for the examples and conditions considered below, the performance is slightly better
when the expensive sensors are placed on the first set of locations, following Eq. [6.2] In the
asymptotic cases we will consider below, it will be better to use just one type of sensor, so the
choice is less important. Therefore, for clarity, we only show results from placing expensive

sensors on the first set of sensor locations.

The parameter space for the multi-fidelity sensor selection problem also includes the cheap

erp (ch)

and expensive sensor noise levels (™ and ¢(¢*?), and the costs of both types of sensor, ¢
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and c(*P). We assume there is a set budget B, such that
C(Ch)p(ch) + C(eﬂﬁp)p(eﬂﬁp) < B. (6.4)

Depending on all of these factors, it may be best to use all cheap sensors, all expensive
sensors, or a mixture of both. We will explore different parameter regimes and their effect

on what type of sensor to use and where to place them in the next section.

6.3 Multi-fidelity sensor results

Because the parameter space is combinatorially large, we consider only a few asymptotic
regimes and determine in these cases whether all cheap or all expensive sensors perform
better. The cases explored below fall into one of nine categories comprising combinations of
very low and very high o(°®P) g(h) plezp) and pleh).

We also wish to account for different kinds of data, so we construct three data sets with
slow, medium, and fast singular value decays. We do this by using the left and right singular
vectors from the Yale B Face data set combined with artificial singular values. We fit a
power law function, y = ax’, to the true singular values of the eigenface data set and find

that they have the approximate form
y = (1.21 x 10°)z~ 1. (6.5)

We assume that the exponent b = —1.14 corresponds to medium singular value decay, and
construct the artificial data sets with b = —0.6, —1.1, and —1.6 (retaining a = 1.21 x 10°).
The singular values are plotted in Figure[6.1] The data set with b = —1.6 has low rank, with
90% of the system’s energy being captured by just 23 modes. The data set with b = —1.1
needs 355 modes, while the data set with b = —0.6 is high rank, requiring 798 modes to
capture 90% of its energy.

For reference, reconstruction results with one type of sensor are shown for the three
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Figure 6.1: The singular values of the eigenface data set, plotted in black, and the artificial
singular value spectra used in this section, shown in blue.

artificial data sets in Figure [6.2, Each subplot shows reconstruction error plotted against
the number of sensors for one of the three data sets. We consider two high and two low
noise levels. When o = 1% and 2%, the data sets with fast and medium decaying singular
values have very low reconstruction errors. For both high noise level cases, these data sets
have very high errors and exhibit noise amplification, due to a small signal-to-noise ratio
combined with a condition number greater than one [25]. The b = —0.6 data set always has
high reconstruction errors, but the error always decreases as more sensors are added.

The main results of this paper are shown in Figure 6.3, The figure is split into nine
sections, where the left column has low noise (0 = 1%, o(*®) = 2%), the middle column
has low o(¢*?) = 1% and high ¢(*» = 40%, and the right column has high-noise sensors, with
o) = 35% and o™ = 40%. The top row has a small number of maximum allowed sensors,
2 and 4 for expensive and cheap, respectively. The middle row uses a maximum of 2 expensive
and 400 cheap sensors, and the bottom row has a maximum of 300 expensive and 400 cheap
sensors. In each section, results from the three data sets are plotted separately. From left
to right they have b = —1.6, —1.1, and —0.6. Each of the panels shows reconstruction error
as the proportion of cheap and expensive sensors is varied. Along the z-axis, the number of

expensive sensors increases from zero to p(**»™®) (marked “E”), while the number of cheap
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Figure 6.2: Reconstruction error versus number of sensors for three data sets with three
different singular value exponents b. Results are given with just one type of sensor at a time,
with four different noise levels, two very low and two very high.

sensors decreases from p(¢»™e®) (marked “C”) to zero. At the midpoint, a mix of cheap
and expensive sensors is used. All combinations satisfy Equation where the budget and
sensor costs are adjusted to satisfy both set values of p(¢*P™a%) and p(chmaz) for every row.
Results are averaged over 20 randomized training and test sets, each with 20 cross validations

over sensor location and 10 noise realizations.

If the error is lower at point “C”, then it is better to use all cheap sensors and the plot is
colored red. Blue plots have lower reconstruction errors at “E”, meaning that it is preferable
to use all expensive sensors. The plots are shaded from dark to light, with dark indicating
that there is a large difference in reconstruction error between the two types of sensors, and
light meaning that the reconstruction errors are similar. Finally, plots are colored white
when there is less than a 2% difference in using all cheap and all expensive sensors.

Although we have not yet found a rule for when to use all cheap versus all expensive
sensors, the figure does reveal some trends. When both noise levels are very low, it is almost
always better to use a large number of cheap sensors. When o(¢*?) is low and o(“" is high,
or when both sensor types have high noise levels, it is more often better to choose a small

number of expensive sensors.

There are exceptions to the general trends, and it is clear that the rank of the data set
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Figure 6.3: Results for placing two different types of sensors in the nine asymptotic regimes
of cheap and expensive sensor number and noise level. The plots show reconstruction error
versus the number of cheap and expensive sensors, with the first data points (marked as C on
the x-axis) using all cheap sensors and the last (E on the z-axis) using all expensive sensors.
The plots are color coded based on whether error is lower using all cheap sensors (red), all
expensive sensors (blue), or if the results are inconclusive (white, errors are within 2% of
each other), as well as shaded from light to dark based on the magnitude of the difference.

plays an important role in the results. The system with b = —1.6 is more likely to perform
better with a small number of expensive sensors since the system is low rank and does not
require a large number of modes or sensors for an accurate reconstruction. Meanwhile, the
high-rank data with b = —0.6 usually does better with a larger number of cheap sensors, even
when those cheap sensors have a high noise level. Finally, the system with medium singular
value decay requires a moderate number of sensors and modes for good reconstruction, and

is the most likely to have comparable performances with all cheap and all expensive sensors.

In these asymptotic regimes, it is never preferable to have a mix of cheap and expensive
sensors, and there are a few cases where a mixture has the worst performance, such as the
b = —1.6 panel of the middle row and column. Apparently the balance between improving

results by adding sensors and improving results by reducing noise is suboptimal in this case.

We note that many of these reconstructions are very poor no matter which sensors are




85

Var_v o_(ch) U(exp) = 1%, p(e.\'p,max) =2, p(ch,max) =4
o = 6%, oW =129 oM = 18% oM =249, oM =30% o =36%
1 1 1 - 1 1 1
5
—
b=-1.6 | E05 0.5 ——| |05} 0.5 ] |0.5 — |05
0 0 0 0 0 0
© E| C E| C El C E|l C E| C E
Sensors
1 1 1 1 1 1
s i "“———._____
_ Eo0.5 0.5 — |0.5—— 0.5 0.5 0.5
b=-1.1 | =
0 0 0 0 0 0
C E| C E| C E| C E| C E
Sensors
1= | 1 1 1 - 1 1
=
o
b=-0.6 |505 0.5 0.5 0.5 0.5 0.5
0 0 0 0 0 0
C E| C E| C E| C E| C E
Sensors

Figure 6.4: Slices across cheap sensor noise level. Each row corresponds to one singular value
exponent and each column has a different value of ¢(°®)| beginning at 6% and increasing to
36%. All panels are in the regime of low o(°®®) p(c®P) and p(?"). As the results transition
from favoring all cheap sensors to favoring all expensive sensors, the data sets with b = —1.6
and —1.1 pass through a point where it is optimal to have a mix of one expensive sensor and
two cheap sensors, shown in purple. The rest of the color scheme is as in Figure 6.3

used. An eigenface reconstruction with error greater than around 20% begins to look un-
recognizable, so the high-noise or low-sensor cases where the reconstruction errors approach
or exceed 100% are entirely dominated by noise. In a real-world case like this, the engineer
or scientist would need to either purchase a larger number of expensive sensors or design

sensors with less noise.

As previously discussed, the parameter space for the multi-fidelity sensor problem is
very large, and exploring all cases between the asymptotic regimes shown in Figure is
prohibitive. However, in Figure [6.4] and [6.6] we show a few intermediary results, made

by varying one parameter at a time.

exp,mazx)

Fig. shows results for all three singular value exponents, holding o(¢#) p( ,
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Figure 6.5: Slices across maximum number of cheap sensors. As in Figure [6.4] each row
corresponds to a value of b, but here each column has a different maximum number of cheap
sensors, increasing from left to right, equivalent to decreasing ¢(“®. In this case, p(*" is
labeled on the z-axis, but with ple*Pmaz) = 2 plerP) implicitly increases along the z-axis from
zero to two. All panels have 0(¢*?) = 1% and o(*" = 40%.

and p(c»™ma®) constant at low values, and increasing ¢(°® from a low to a high value. The
data sets with fast and medium singular value decays both transition from favoring all cheap
sensors to all expensive sensors, passing through a small window of o(“") values where a mix
of sensor types produces the best results (shown in purple). A mix only outperforms the use
of all cheap or all expensive sensors by about 3 or 4%. The data set with slow singular value
decay slightly favors the use of all cheap sensors at low values of o(”) and at higher values
of o(*" it achieves comparable results with either all cheap or all expensive sensors. There
is no point in Fig. where it is significantly better to use a mix when b = —0.6, and since
the system has a very high rank, all of the reconstructions are very poor. It is interesting
how infrequently a mix of sensor types is optimal, though presumably a wider search over

parameter values would locate more conditions where a mix significantly outperforms the
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Figure 6.6: Slices across singular value exponent. Each column has a different value of b,

increasing from —1.6 to —0.6. The top row is in the regime of low ¢(*® and ¢(**?) and high

p® and p¢*P). The lower row has high noise values, with low p{¢*?) and high p(°").

use of all one type of sensor.

In Fig. we vary the maximum number of cheap sensors, with plezPmaer) = 2 glewp) —
1%, and o(" = 40%, with results shown for all three values of b. In this case, increasing
the maximum number of cheap, noisy sensors intensifies the results seen in this regime in
Figure For the b = —1.6 and —1.1 systems, adding additional, highly noisy sensors
decreases the reconstruction quality, and for p(®»™e®) — 300, a mix of sensor types yields
the worst performance. Meanwhile, for the high-rank system, adding sensors improves the
reconstruction, even though the cheap sensors have extremely high noise levels. Based on
the parameters chosen here, none of the reconstructions are very good (notice the range of

the y-axes) for any of the data sets.

Finally, we vary the singular value exponent b for two different sets of the remaining
parameters, as shown in Fig. In both cases, the systems transition from preferring a
small number of expensive sensors to a large number of cheap sensors as b is increased from

—1.6 to —0.6. This is reasonable, as the rank of the system increases with b, meaning that
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Figure 6.7: Sensor location results for the sea surface temperature data set, selecting up to
six expensive sensors with 1% noise level and up to 100 cheap sensors with varying noise
levels. The cheap sensors are shown in red and the expensive sensors in blue. The insets
give the error versus the number of cheap and expensive sensors, as in previous figures. The
trade-off between cheap and expensive sensors, and their combined use, is highly informative
for the global monitoring of the sea surface temperature.

more modes and sensors are required to obtain an accurate reconstruction. At no point in

Fig. is it better to have a mix of sensor types, and when both sensor types have high
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noise levels and the system is low rank, a mix gives the poorest results.

To demonstrate that the trends above also apply to real-world data, we consider the
NOAA weekly sea surface temperature (SST) data [70H72]. This data set consists of weekly
sea surface temperature snapshots from 1990 to 2016, on a 360 x 180 grid. The system
appears to have medium singular value decay, with b = —1.2. We select sensors as above,
using an SVD basis with p = 2r oversampling in the case of p > 10, where noise amplification
begins to be significant (when p < 10, we set r = p). Expensive sensors have 1% noise level
and p(e*Pmaz) — 6 and we allow up to 100 cheap sensors with noise levels of 2, 3, and 5%.
Results are given in Fig.[6.7] where the panels show example sensor placements corresponding
to optimum performance given the conditions: 100 cheap sensors when o(? is low, and 6
expensive sensors when (" is relatively high. When o¢(*® = 3%, the performances are
comparable for each distribution of sensors, so for interest we plot the locations of a mix
of 3 expensive and 50 cheap sensors. We find that the expensive sensors are more likely to
be placed in landlocked seas or lakes, as these measurements are mostly independent from
the oceans. The insets show error versus the number of cheap and expensive sensors, as in
previous figures.

The reconstructions are highly dependent on the cheap sensor noise level. The system
transitions from preferring a large number of cheap sensors to a small number of expensive
sensors as 0" increases from 2 to just 5%. These reconstructions are of high quality, with
errors between about 4 and 8%, which may be the reason why they are so sensitive to
noise—the sensors are already resolving details of the snapshot, but with too much additive
noise, the fine resolution is lost.

Finally, recall that with a mix of sensors, the expensive sensors were placed at the first
QR pivots. However, we also tested 100 other random combinations of placing 3 expensive
sensors out of 53 sensors total, and found that remarkably, the average reconstruction errors
varied by less than 0.2% as the expensive sensor locations were varied.

All of these figures cover only a small section of the total parameter space for the multi-

fidelity sensor selection problem. We have discovered trends in the results, but no analytic
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rule for when to choose all cheap, all expensive, or a mix of sensors, and where to place them
in the case of a mix. Future work must continue to investigate the influence of sensor noise

levels, costs, budget, and system rank on reconstruction quality and the choice of sensor

type.

6.4 Conclusions

We consider sparse, multi-fidelity sensor selection for full-state reconstruction in the case of
two types of available sensors: (i) low noise with high cost (large signal-to-noise) and (ii) high
noise with low cost (low signal-to-noise). The problem and results are complex and nuanced,
with a large, non-convex parameter space. Regardless, we provide an initial exploration of
a few asymptotic cases of low and high noise levels, and low and high numbers of sensors.
Because results are dependent on the rank of the measured data, we construct three artificial
data sets with slow, medium, and fast singular value decay. We employ the column-pivoted
QR decomposition for sensor placement and find a few general trends for the multi-fidelity
sensor selection. Under our chosen asymptotic conditions, it is never better to use a mix
of both types of sensors. If both sensors have low noise, it is usually better to use a large
number of cheap sensors than a small number of expensive sensors. If the cheap sensors
have much higher noise levels than the expensive sensors, then a small number of expensive
sensors usually performs better. And if both types of sensor have very high noise levels,
reconstructions are generally very poor and which type performs better is rank-dependent:
low-rank systems slightly favor a small number of expensive sensors, while high-rank systems
do slightly better with a large number of cheap sensors.

Multi-fidelity sensor selection is a highly complex problem, and this chapter is just an
initial exploratory study. Even so, to our knowledge it is the first of its kind, and it lays the
groundwork for the future development of a complete set of rules for multi-fidelity sensor
selection based on cost, noise level, budget, and the singular value spectrum of the data
set. This will lead to more efficient sensor arrays with better reconstructions and cost

effectiveness.
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Chapter 7

DISCUSSION AND FUTURE DIRECTIONS

In this work, we have considered several extensions of a well-known greedy sparse sensor
selection method to increase its real-world applicability, with a particular emphasis on sensor
cost. We described the column-pivoted QR algorithm and motivated greedy determinant
maximization for sensor selection, and then developed an extension of the algorithm that
accounts for a heterogeneous cost function on sensor location. This modified algorithm selects
locations that are approximately Pareto optimal in cost and reconstruction quality. We
considered two common basis choices for modal decompositions, and showed the importance
of selecting the optimum number of sensors and modes for each basis. We then applied the
cost-constrained QR algorithm to other, dynamically relevant bases, demonstrating that it
is important to select the right basis given a system and application. Finally, we turned to
the complex problem of multi-fidelity sensor selection, and developed guidelines for choosing
cheap or expensive sensors in asymptotic cases of low signal-to-noise sensors with high cost

and high signal-to-noise sensors with low cost.

This has not been a complete treatment of all the practical aspects of sensor selection.
Certain simplifications we have made include assuming point sensors and linear interpola-
tion maps. These have a wide applicability, but nonlinear bases, such as neural network
autoencoders [119], and sensors with a finite range, e.g. [48,]120], would account for many
more real-world problems. Autonomous vehicles are just one example of a system that relies
heavily on extended imaging sensors [121], and that requires excellent parameter recovery.

One weakness of the cost-constrained column-pivoted QR decomposition advocated here
is its lack of performance guarantees. We believe that it is worth systematically exploring

both the effect of using a more cost-intensive selection scheme, as in the Gu and Eisenstat
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approach [31], and the effect of using performance metrics other than determinant maxi-
mization, like the frame potential [44] and mutual information [47,48|, for cost-constrained
reconstruction. This may be the subject of future research.

In applying our algorithm to truncated balanced modes for sensor and actuator selection,
we found that it may not be preferred for actuator selection, as it does not optimize for
the LQR control performance metric. Perhaps there is some modification to the balancing
transformation that accounts for the directions of high control cost.

We considered several different bases for sensor selection, but we expect that others will
also be effective, and it will be interesting to apply the cost-constrained QR algorithm to
more complex systems. In particular fluid flows, such as the flow near a turbulent jet [122],
flow near an adjustable flap [3], and control of the flow over an open cavity [123,124]. Many
interesting systems are multiscale in space or time, and we could consider sensor selection
for such systems, similar to [91].

As for the multi-fidelity sensor selection problem, we performed only an initial empiri-
cal exploration. The ultimate objective is to discover a set of principles for how many of
each sensor type to use and where to place them, given the rank of the data, the sensor
costs and noise levels, and a set budget. Such principles are difficult to discover except in
various asymptotic regimes. Regardless, the work suggests how further studies can be used
to reveal more trends, even in non-asymptotic cases. Further extensions could include a
weighted or statistical reconstruction method, which could help account for sensor noise,
improving reconstructions and perhaps making a mix of sensor types more viable. If a mix
of sensor types is preferred, the optimal configuration of cheap and expensive sensors must
be determined—should the expensive sensors be placed on the first set of QR pivots, the
last set, or in some other configuration entirely? It would also be interesting to consider
more than two types of sensors, or sensors that are multi-fidelity in some other way, like
modality, bandwidth, or time resolution. We could also improve cost effectiveness by using
the cost-constrained QR decomposition. Or we may find that a greedy selection algorithm

is not preferred for such a complex multi-parameter problem, and that a convex relaxation
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may be more suitable, as in [116,[117].

We note that the sensor cost does not have to be in dollars, but could instead be a
measure of the difficulty of installing sensors in certain locations. With this understanding,
our cost-constrained sensor selection method could be used to reveal new physics by placing
sensors in the optimum locations near totally inaccessible regions. When combined with
computer simulations, the measurements could reveal the true conditions inside, for example,
a tokamak fusion reactor |125] or a supersonic scramjet [126], both of which have such extreme
conditions that they would destroy a sensor placed directly at the most informative locations.

Sensor selection is often treated simplistically mathematically, but all the practicalities of
physical sensors, like cost and noise level, make it a highly complex problem. This text treats
just a few facets of the practical problem, but even so, it is an important step in bridging
the gap between idealized mathematical sensor selection methods and the real world with
restrictions like budget and noise. This work combines mathematical principles with real-
world restrictions to achieve sensor selections that are nearly optimal in terms of performance,
cost, and noise. Moreover, these initial treatments should lead to further developments,
yielding better reconstructions as well as cost savings for practitioners looking to deploy

networks of sensors.
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