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Nonlinear dynamical systems are ubiquitous in many fields of sciences and engineering.
Throughout the history, differential equations were widely accepted as effective tools for
describing the evolution of such systems in continuous time, with the earliest example dat-
ing back to the mid-1600s when Isaac Newton discovered his laws of motion and universal
gravitation, and combined them to explain the planetary motion. However, two difficulties
often rise in practice. First, identifying governing law of a system requires tremendous in-
sights. The dynamics are often so complex that even to build up a coarse-grained model
is a nontrivial task. Second, obtaining solutions from the governing equation is also chal-
lenging, most of which need to resort to numerical simulations. And high-fidelity simula-
tions are often expensive to conduct. Thanks to the recent advances in deep learning and
the abundance of measurement data, now we have alternative ways to address these two
challenges. In this thesis, we present several neural network architectures for nonlinear dy-
namical systems. We begin by introducing neural network-based hierarchical time-steppers
(HiTS) which enables highly accurate and efficient numerical integration over a long pe-
riod of time. Then we turn to multi-resolution convolutional autoencoder (MrCAE) which
integrates and leverages three highly successful mathematical architectures: (i) multigrid
methods, (ii) convolutional autoencoders and (iii) transfer learning, providing an adaptive,
hierarchical architecture that capitalizes on a progressive training approach for multiscale

spatio-temporal data. Finally, we introduce physics-informed Koopman network (PIKN)



which leverages automatic differentiation to impose the underlying physical laws via soft
penalty constraints so that to identify the intrinsic, linearized coordinates for nonlinear dy-
namics. The first two architectures are purely data-driven, aiming to provide an alternative
way to model nonlinear dynamical systems and run efficient simulations. The third architec-
ture is physics-informed, providing a data-efficient framework to numerically approximate

the Koopman operator, enabling fast simulations.
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Chapter 1

INTRODUCTION

Nonlinear dynamical systems are ubiquitous. From the expansion of the universe, to the
evolution of life, and to the globalization of human economics, a series of interconnected
discoveries were made, revealing the hidden face of nature while also blurring the tradi-
tional boundaries between natural science, social science, cognitive science, mathematics
and philosophy. Symmetry and complexity are two prominent features of these systems.
Starting from symmetry breaking, an inanimate matter without purpose or design, can
spontaneously create exquisite beauty, leading to emergence of new order or structure, all
based on the most basic laws. To further understand the mechanism of these systems, one
way is to do quantitative study using mathematical models, often in the form of differential
equations. Maxwell’s equations, for example, describe the behavior of electric and magnetic
fields. Navier-Stokes equations provide a mathematical description of viscous fluid flow.
Einstein field equations, relate the local spacetime curvature with the local energy, supple-
menting Newton’s law of universal gravitation. All these models are unreasonably effective
and provide high-fidelity results if properly simulated which is still a mystery to science, as
once commented by a great physicist Eugene Wigner: “The miracle of the appropriateness
of the language of mathematics for the formulation of the laws of physics is a wonderful
gift which we neither understand nor deserve. We should be grateful for it and hope that it
will remain valid in future research and that it will extend, for better or for worse, to our
pleasure, even though perhaps also to our bafflement, to wide branches of learning.” Histori-
cally when data were scarce, these models were very popular as they were hypotheses-driven
(and hence biased), people collected data mainly for validating purposes. However, there
are certain downsides for this approach. First, the majority of real-world interacting sys-
tems are far too complicated to model in their entirety. Identifying the most important

part and excluding the rest is the key to success, which requires tremendous insights. The



second level of compromises come from mathematical manipulations. Small changes of the
equations (that reflects reality) may lead to dramatic changes in the mathematical methods
for solving them, restricting the usage of the model. There’s often a sweet spot between
elegancy and usability.

Thanks to the advancement of information and sensor technologies, the presence of massive
data of different fields and ever-increasing rise of computational power now open a gate to
new modeling techniques: data-driven modeling. In these models, data are not only used
for validation, but also for extracting non-trivial and yet hard-to-find patterns. Statistical
and machine learning algorithms are the real workhorses behind the scene. At the forefront
of these algorithms are the deep neural networks (DNNs) which have long been deemed as
the gold standard by practitioners. They not only achieve superior performance in static
tasks such as image classification, but also show great potential for future state prediction
of nonlinear dynamical systems. However, a key limitation of DNNs, similar to other data-
driven models as well, is the lack of interpretability and transparency. This often leads to
the users’ misuse of models and lack of confidence. It is also observed that these models
seldom truly generalize to unseen scenarios. Another perhaps equally severe problem is that
DNNs are data-hungry and computationally demanding: for some serious learning tasks,
a DNN usually demands millions of training data points and takes months of training on
hundreds of GPUs to fully digest the information. Imposing known physical constraints

often alleviates these limitations.
1.1 Organization

This thesis addresses several challenges associated with leveraging deep learning (or neural
networks) for nonlinear dynamical system applications. In particular, we focus on promoting
the strengths and avoiding the weaknesses of both deep learning and classical approaches.
In Chapter 2, we introduce Hierarchical multiscale deep learning Time-Steppers (HiTS),
which learn flow map of different time scales of a dynamical system from data. Then a
hierarchical multiscale time-stepping scheme can be used to conduct numerical integration
which is both accurate and highly efficient. This scheme provides important advantages

over current time-stepping algorithms, including (i) circumventing numerical stiffness due



to disparate time-scales, (ii) improved accuracy in comparison with leading neural-network
architectures, (iii) efficiency in long-time simulation/forecasting due to explicit training of
slow time-scale dynamics, and (iv) a flexible framework that is parallelizable and may be
integrated with traditional numerical time-stepping algorithms. In this work, the key to
the success is that deep neural networks can represent complex flow maps associated with
large time steps, complementing the traditional numerical time-stepping algorithms which
are restricted by a local Taylor series expansion.

Chapter 3 introduces Multi-resolution Convolutional Autoencoder (MrCAE) architecture
that integrates and leverages three highly successful tools or methods: (i) multigrid methods,
(ii) convolutional autoencoders and (iii) transfer learning. The method provides an adaptive,
hierarchical architecture that capitalizes on a progressive training approach for multiscale
spatio-temporal data. This framework allows for inputs across multiple scales: starting
from a compact (small number of weights) network architecture and low-resolution data,
our network progressively deepens and widens itself in a principled manner to encode new
information in the higher resolution data based on its current performance of reconstruction.
Basic transfer learning techniques are applied to ensure information learned from previous
training steps can be rapidly transferred to the larger network. As a result, the network can
dynamically capture different scaled features at different depths of the network. In a word,
this work leverages multi-scale features from data and an adaptive architecture, allowing
for a more transparent procedure and an interpretable neural network model.

In Chapter 4, we turn to Koopman operator theory. This theory recently receives
increasing attention due to its promise to linearize the nonlinear dynamics. We propose
a physics-informed Koopman networks (PIKNs) that can be used to automatically identify
Koopman eigenvalues and eigenfunctions, which is the key to a successful linearization.
Unlike other proposed methods in the literature, we combine the strengths of physics-
informed neural networks (PINNs) and autoencoder-based Koopman networks, reducing
the need of large training data-sets while keeping the generalization property for future
state predictions. And since the network performs (Koopman) operator learning, it can be
used to solve multiple instances once it is trained. This framework clearly illustrates how

we can build in physical laws into deep learning by leveraging automatic differentiation.



Chapter 2

HIERARCHICAL DEEP LEARNING OF MULTISCALE NEURAL
NETWORK TIME-STEPPERS

2.1 abstract

Nonlinear differential equations rarely admit closed-form solutions, thus requiring numerical
time-stepping algorithms to approximate solutions. Further, many systems characterized by
multiscale physics exhibit dynamics over a vast range of timescales, making numerical inte-
gration expensive. In this work, we develop a hierarchy of deep neural network time-steppers
to approximate the dynamical system flow map over a range of time-scales. The model is
purely data-driven, enabling accurate and efficient numerical integration and forecasting.
Similar ideas can be used to couple neural network-based models with classical numeri-
cal time-steppers. Our hierarchical time-stepping scheme provides advantages over current
time-stepping algorithms, including (i) capturing a range of timescales, (ii) improved accu-
racy in comparison with leading neural network architectures, (iii) efficiency in long-time
forecasting due to explicit training of slow time-scale dynamics, and (iv) a flexible frame-
work that is parallelizable and may be integrated with standard numerical time-stepping
algorithms. The method is demonstrated on numerous nonlinear dynamical systems, in-
cluding the Van der Pol oscillator, the Lorenz system, the Kuramoto—Sivashinsky equation,
and fluid flow pass a cylinder; audio and video signals are also explored. On the sequence
generation examples, we benchmark our algorithm against state-of-the-art methods, such

as LSTM, reservoir computing, and clockwork RNN.

2.2 Introduction

Scientific computing has revolutionized nearly every scientific discipline, allowing for the
ability to model, simulate, engineer, and optimize a complex system’s design and perfor-

mance. This capability has been especially important in nonlinear, multiscale systems



where recourse to analytic and perturbation methods are limited. For instance, modern
high-fidelity simulations enable researchers to design aircraft, simulate the evolution of
galaxies, quantify atmospheric and ocean interactions for weather forecasting, and model
high-dimensional neuronal networks of the brain. Thus, given a set of governing equa-
tions, typically spatio-temporal partial differential equations (PDEs), discretization in time
and space form the foundational algorithmic structure of scientific computing [91, [51], 123].
Discretization is required to accurately resolve all relevant spatial and temporal scales in
order to produce a high-fidelity representation of the dynamics. Such resolution can be
prohibitively expensive, as resolving physics on fast time scales limits simulation times and
the ability to model slow timescale processes [62, 39]. Time-stepping schemes are typically
based on Taylor series expansions, which are local in time and have a numerical accu-
racy determined by the step size At. However, there is a growing effort to develop deep
neural networks (DNNs) to learn time-stepping schemes unrestricted by local Taylor se-
ries constraints [184] 210] 198, 126]. We build on the flow map viewpoint of dynamical
systems [275, 35, [198] in order to learn hierarchical time-steppers (HiTSs) that explicitly
exploit the multiscale flow map structure of a dynamical system over a disparate range of
time-scales. In leveraging features at different timescales, we can produce an accurate and
efficient computational scheme that can provide exceptional efficiency in long-time simula-
tion/forecasting and that can be integrated with classical time-stepping algorithms.
Numerical discretization has been extensively studied since the earliest days of scien-
tific computing. Numerical analysis has provided rigorous estimates of error bounds for
the diversity of discretization schemes developed over the past few decades [91] 511, [123].
Spatial discretization predominantly involves finite element, finite difference, or spectral
methods. Multigrid methods have been extensively developed in physics-based simulations
where coarse grained models must be progressively refined in order to achieve a required
numerical precision while remaining tractable [163 [244]. The resulting discretized dynamics

may be generically represented as a nonlinear dynamical system of the form

d
52 = F=(),1) (2.1)

in terms of a state x € R” (typically D > 1). The dynamics are then integrated with



a time-stepping algorithm. As with spatial discretization, there is a wide range of tech-
niques developed for time-stepping, including explicit and implicit schemes, which have
varying degrees of stability and accuracy. These schemes approximate the discrete-time

flow map [R1], 265]

t+At
x(t + At) = F(z(t), At) = /t f(z(r),7)dr, (2.2)

often through a Taylor-series expansion. Runge-Kutta, for which the Euler method is a

subset, is one of the standard time-stepping schemes used in practice. Generically, it takes

the form ~ k
Xn+1 ~ FAt(Xn) é Xn -+ Atz bjhj (23)
j=1
where i1
h; = f (Xn +9 <Z aj,khk) st + cht> (2.4)
k=1

and x,, = x(t,) = x(nAt). Note that the contributions h; are hierarchically computed in
the Runge-Kutta scheme. The weightings b;, ¢; and «a;j are derived from Taylor series
expansions in order to minimize error. For instance, the classic fourth-order Runge-Kutta
scheme, for which k = 4 above, has a local truncation error of O(At%), which leads to a
global time-stepping error of O(At*). Euler stepping, for which k = 1, has local and global
time-stepping errors of O(At) and O(At?) respectively. Importantly, the error is explicitly
related to the time-step At, making such time-discretization schemes local in nature.

In contrast to schemes such as Runge-Kutta, that approximate the flow map with a local
Taylor series, it is possible to directly construct an approximate flow map F using DNN
architectures. There are several approaches to modeling flow-map time-steppers using neural
networks, which will be reviewed below. The approach taken in this work is to develop
a hierarchy of approximate flow maps Fj (x,At;) to facilitate the accurate and efficient
simulation of multiscale systems over a range of time-scales; similar flow map composition
schemes have been demonstrated to be highly effective for simulating differential equations
without neural networks [275], 35 [147]. Flow maps also provide a robust framework for
model discovery of multiscale physics [29] 28]. Various existing DNN architectures can be
integrated into this hierarchical framework. Flow map approximations based on the Taylor

series are typically only valid for small time steps, as the flow map becomes arbitrarily



complex for large time steps in chaotic systems. However, DNN architectures are not limited
by this small time step constraint, as they may be sufficiently descriptive to approximate
exceedingly complex flow map functions [96].

Neural networks have been used to model dynamical systems for decades [75] [166].
They are computational models that are composed of multiple layers and are used to
learn representations of data [129] [76]. Due to their remarkable performance on many
data-driven tasks [121], 241, [165] 224] 49| 230], various new architectures that favor in-
terpretability and promote physical insight have been recently proposed, leading to many
successful applications. In particular, it has been shown that neural networks may be
used in conjunction with classical methods in numerical analysis to obtain discrete time-
steppers [207), 184], 210, 198, 213, [117]. Other applications include reduced order model-
ing [180, 247], multiscale modeling [99} 254] 58, [139], scientific computing [206], 1T, 228 [57],
coordinate transformations [149] 4], attractor reconstructions [I87, [146], operator learn-
ing [144, 248] and forecasting [I81], 188, [246] 264]. Neural network models are increasingly
popular for two reasons. First, the universal approximation theorem guarantees that arbi-
trary continuous functions can be approximated by neural networks with sufficiently many
hidden units [53]. Second, neural networks themselves can be viewed as discretizations of
continuous dynamical systems [258, [262] [153| 42} [45] 82] [195], which makes them suitable for
studying dynamics. Among all architectures, recurrent neural networks (RNNs) are natural
candidates for temporal sequence modeling; however, training has proven to be especially
difficult due to the notorious exploding/vanishing gradient problem [93] [15]. To alleviate
this problem, new architectures have been proposed [94] 100, [185], for example, augmenting
the network with explicit memory using gating mechanism, resulting in the long short term
memory (LSTM) algorithm [94], or adding skipped connections to the network, leading to
residual networks (ResNet) [85].

In this work, we expand on [198] and employ a deep residual network (ResNet) as the
basic building block for modeling the flow-map dynamics . Unconstrained by the typical
form of a Taylor-series based time-stepping scheme , a multiscale modeling perspective
is taken to strengthen the performance of our proposed multiscale, low-map models. Our

multiscale HiTS algorithm consists of ResNet models trained to perform hierarchical time-
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Figure 2.1: Multiscale hierarchical time-stepping scheme. Here, we employ neural
network time-steppers over three time scales. The red model takes large steps, leaving the
finer time-stepping to the yellow and blue models. The dark path shows the sequence of

maps from xg to x;.

stepping tasks. The contributions of this work are summarized as follows:

e We propose a novel method to couple neural network HiTSs trained across different
time scales, shown in Fig. resulting in more accurate future state forecasts without

losing computational efficiency.

e Neural network HiTSs may be coupled with classical numerical time-steppers. This
hybrid time-stepping scheme can be naturally parallelized, accelerating classical nu-

merical simulation algorithms.

e By coupling models across different scales, each individual model only needs to be
trained over a short period without being exposed to the exploding/vanishing gradient

problem, enabling faster training.

e Despite the structural simplicity, the coupled model can still be used to capture long-

term dependencies, achieving state-of-the-art performance on sequence generation.

The paper is organized as follows. We motivate the proposed approach and present the

methodology in Sec. Our approach is then tested on several benchmark problems in



Sec. In Sec. we conclude and discuss future directions. Our code is publicly available

at https://github.com/luckystarufo/multiscale_HiTS.

2.3 DMultiscale Time-Stepping with Deep Learning

Here we outline our multiscale hierarchical time-stepping based on deep learning, illustrated
in Fig. Our approach constructs a hierarchy of flow maps, Fj(x, At;), each approx-
imated with a deep neural network. This enables accurate and efficient simulations with
fine temporal resolution over long time scales, as compared in Fig. We begin with
a motivating example, followed by a summary of notation and description of the training
data. Then we will introduce our multiscale hierarchical time-stepping scheme, including
descriptions on how to vectorize operations and create hybrid time-steppers by combining

with classical numerical methods.

2.3.1 Motivating example

To explore the effect of time step size on simulation performance, we consider the following

simple linear differential equation for a harmonic oscillator

=y (2.5a)

Y= —x. (2.5b)

We individually train 8 neural networks with step sizes At of 0.008, 0.016, 0.032, 0.064, 0.128,
0.256, 0.512 and 1.024 on 500 sampled trajectories and test them on 100 new trajectories.
Linear interpolation is used to estimate the state at time steps that are not directly obtained
from the neural network time-stepping scheme. To evaluate the forecasting performance, we
calculate the averaged error at each time step against the ground truth analytical solution.
In this experiment, training and testing data are both sampled from the region {(z,y)| 2%+
y? < 1}, and we only train one step forward for each neural network time-stepper.

Results are plotted in where it is clear that the proposed multiscale time-
stepper outperforms all fixed step models. Networks equipped with small time steps offer
accurate short-term predictions, although error accumulates at each step and quickly dom-

inates. Networks with large time steps can handle long-term predictions, although they
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Figure 2.2: Performance of multiscale HiTS on harmonic oscillator example. This
figure shows the time-stepping performance of different neural network time-steppers. 100
testing trajectories are used for benchmarking each time-stepper and the mean squared
errors at each step are plotted in the base-10 logarithmic scale. The black curve represents
our proposed multiscale scheme whereas other colors represent time-steppers at particular

scales.

fail to provide information between steps. Time-steppers with some intermediate step sizes
(eg. At = 0.064) perform well in general as they balance these two factors. However, by
leveraging all time steppers across each scale, it is possible to create a multiscale HiTS,
given by the black curve, that is both accurate and efficient over long time scales and with
fine temporal resolution. Details of the methodology will be presented in the remainder of

this section.

2.8.2 Notation and training data

For training data, we collect n trajectories sampled at p instances with time step At:

SO = {(@" ) a2yl an)} (26)

fori=0,1,--- ,n — 1. This data is used to train neural network flow map approximations,
Fj(x, Atj), for j=1,2,--- ,m.
We follow [198] and employ the residual network as our fundamental building block

of our deep learning architecture. Residual networks were first proposed in [85] and have
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gained considerable prominence since. Specifically, our network only models the difference

between time steps x,41 and x,, so that it is technically the flow map minus the identity:
Torar, =z + Fj(x, At) (2.7)

where

Fj(x,At;) = oar (Anr-1 (-~ 01 (Ag) --+)) (2.8)

is a feed-forward neural network. The network is parameterized by the linear operators
A;, and o; are nonlinear activation functions that are chosen to be rectified linear units
(ReLU). The extra addition creates a skipped connection from the inputs to the outputs.

Here, the architecture Fj learns the increment in states between each At; step. It is possible

to compose the networks to take multiple steps forward in time: ng) = Fj o Fj 0---0 ﬁ‘j.
k times
Finally, we formulate our training objective function as
LSy 0
MSE = np ; ;(itikAtj - mt:kAtj)Q (2.9)

which is the classical mean squared loss function.

2.8.8 Multiscale hierarchical time-stepping scheme

Multiscale modeling is ubiquitous in modern physics-based simulation models. Computa-
tional challenges arise in these simulations since coarse-grained macroscale models are usu-
ally not accurate enough and microscale models are too expensive to be used in practice [61].
By coupling macroscopic and microscopic models, we hope to take advantage of the sim-
plicity and efficiency of the macroscopic models, as well as the accuracy of the microscopic
models [259]. Many efforts have been made towards this goal, resulting in many algorithms
that exploit multiscale structure in space and time, including the multi-grid method [30],
the fast multipole method [79], adaptive mesh refinement [19], domain decomposition [242],
multi-resolution representation [55], multi-resolution dynamic mode decomposition [125],
etc. Mathematical algorithms such as heterogeneous multiscale modeling (HMM) [256], 260)]
and the equation-free approach [114] attempt to develop general guidelines and provide

principled methods for this field. In this work, however, we develop data-driven models
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using neural networks, which have different considerations than physics-based simulation
models. Regardless, the goal is still to produce accurate and efficient computational models.

Coupling neural network time-steppers across different time scales is rather straight-
forward, as shown in [Fig. 2.1l One can clearly see the time-steppers with small At are
responsible for the accurate time-stepping results over short periods, while the models with
larger At steps are used to ’reset’ the predictions over longer periods, preventing error
accumulations from the short-time models. Mathematically, suppose we have f‘j(-; Atj)
approximating the true flow map of time step size At; = 2™ At (j = 1,2,---,m) where
At represents the unit step size. To forecast the state, for example after a time period of
qAt (¢ < 2™), we would need to step forward ¢; times with model j for j = 1,2,--- ,m,
where ¢ = 2" gy + 2™ 2gy + - - - + 20¢,,, is the binary representation of g. All other inter-
mediate time steps will be obtained via linear interpolation. So instead of stepping forward
in a sequential manner (i.e. using the smallest scaled model to step forward for ¢ steps),
we have reduced the total number of steps to order O(logs q). There are additional benefits
of this multiscale coupling in time. First, training each individual network is simpler, as
it is possible to use trajectories with small p so that each model may focus on its own
range of interest, circumventing the problem of exploding/vanishing gradients. Second, the
framework is flexible, so that for forecasting it is possible to vectorize the computations or
utilize parallel computing technologies, enabling fast time-stepping schemes. Moreover, it
can be easily combined with classical numerical time-steppers, resulting in hybrid schemes,
boosting the performance of simulation algorithms.

The proposed multiscale coupling procedure may resemble those used in multiscale sim-
ulations (e.g., HMM). However, the data-driven microscopic cannot provide accurate long-
time forecasts on its own, so the coupling here is not only for efficiency but also to improve
the long-time fidelity of the model. It should also be noted that before coupling neural
network time-steppers across different time scales, cross validation is used to filter the mod-
els. This is practically helpful because qualities of different models may vary and we want
to couple the best set of models. Specifically, suppose we have m neural network models
{Fl,ﬁ‘g, e ,ﬁ‘m}, ordered by their associated step sizes. We first determine the upper
bound index u so that ensembling {Fl,FQ, - ,Fu} has the best time-stepping perfor-
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Figure 2.3: Vectorized computation. The three neural networks in this diagram are used
sequentially, ordered by their associated step sizes from large to small. For each network, we
stack all currently existing states and step forward (in the beginning, we only use the initial
state), resulting in vectorized computations. These newly generated states are further fed
to the next neural network in queue. Once we finish using all networks, the states will be
rearranged in terms of chronological order and intermediate time steps will be obtained via

interpolation.

mance among {Fl,ﬁ‘Q, ‘e ,Fk} for all k. Next, we seek a lower bound index [ so that

{Flaﬁ‘l—i-l, e ,Fu} performs best among {Fk,pk_l’_l, e ,Fu} for all k.

Vectorization. The diagram for vectorized computations is illustrated in The
basic idea is to start by using the time-steppers with the largest At step and generate

the future states corresponding with this stepper. We then stack the new states with
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Algorithm 1 Vectorized multiscale hierarchical time-stepping

Input: a set of neural network time-steppers Fs
Output: a list of predicted states X's sorted in chronological order

1: function VECTORIZEDMULTISCALETIMESTEPPING (F's)

2: Sort(Fs); > models are ordered with decreasing step sizes
3: Xs = List(); > create an empty list
4: Append(xo, X s); > append initial state to the list
5: foriin1,2,--- ,m: do

6: K; := the number of steps forward with F;

7 Xewr = Stack(X s); > stack together all states in X's
8: Xnpext = Fi.Forward(ch, K;); > step forward K; steps with F; and X,
9: Append(Xpezt, X S); > update the list with new states
10: end for

11: Rearrange(Xs);
12: Interpolate(X s); return Xs

13: end function

the original states and feed them to the next-level neural network time-stepper. After we

proceed through all time-steppers, we rearrange the states and use interpolation to fill in

the state at all intermediate time steps. Details are given in

Hybrid time-steppers. The flexibility of our multiscale coupling approach makes it pos-
sible to combine these time-steppers with classical numerical time-stepping algorithms. The
algorithm is detailed in[Algorithm 2]and the concept is illustrated in[Fig. 2.4] This approach
provides an innovation in the computational paradigm of numerical simulations. If one were
to use classical numerical time-steppers (eg. Runge-Kutta method) alone, opportunities for
vectorized computations or parallel computations are limited due to the serialized nature:
one cannot march forward to the future without knowledge about the past. Our hybrid
scheme, on the other hand, bypasses the difficulty by utilizing large scaled neural network

time-steppers, enabling vectorized computations (or parallel computations) at the bottom
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Algorithm 2 Hybrid time-stepping scheme

Input: a set of neural network time-steppers Fs
Output: a list of predicted states X's sorted in chronological order

1: function HYBRIDTIMESTEPPING(F's)

2: Sort(Fs); (models are ordered with decreasing step sizes)

3: Xs = List(); > create an empty list
4: // Use neural network time-steppers for large steps

5: Append(xo, X s); > append initial state to the list
6: foriin1,2,--- ,u: do > u is the number of HiTSs to use
7 K; := the number of steps forward with Fi;

8: Xewr = Stack(Xs); > stack together all states in X's
9: Xnext = F,-.Forward(ch, 1:"1-); > step forward K; steps with Fi and Xy,
10: Append(Xnext, X 8); > update the list with new states
11: end for

12: // Use classic numerical time-steppers for fine steps

13: K := the number of steps forward with runge-kutta time stepper;

14: Xewr = Stack(Xs); (stack together all states in Xs)

15: Xneat = RKA(Xcur, K); > step forward K steps with runge-kutta time-stepper and
Xeur

16: Append(Xpezt, X S); > update the list with new states

17: Rearrange(Xs); return Xs

18: end function

level where we use classical numerical time-steppers for accurate simulations.
2.4 Numerical Experiments

We will now provide a thorough exploration of our proposed multiscale hierarchical time-
steppers. We begin by comparing against single time-scale neural network time-steppers
and Runge-Kutta algorithms on simple dynamical systems. We then explore this approach

on more sophisticated examples in spatiotemporal physics and sequence generation.
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Figure 2.4: Hybrid time-stepper. A hierarchy of coarse neural network time-steppers

generate states that are fed to a fourth order Runge-Kutta solver for fine-scale time-stepping.

2.4.1 Benchmark on time-stepping

We first benchmark the multiscale neural network HiTS against the single time-scale neural
network time-steppers on five simple nonlinear dynamical systems: a nonlinear system with
a hyperbolic fixed point, a damped cubic oscillator, the Van der Pol oscillator, a Hopf
normal form, and the Lorenz system. For each example, we train 11 single time-scale neural
network time-steppers with separate time steps, and then combine them into a multiscale

neural network HiTS with the methods described in[Section 2.3.31 More details about these

numerical experiments can be found in [Appendix A.1.1}

IF1g. 2.5| shows that the multiscale scheme outperforms all single time-scale schemes in
terms of accuracy, as shown by the black curve in the last column. On the sampled testing

trajectory, in the third column, our multiscale scheme achieves nearly perfect time-stepping
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Figure 2.5: Performance of multiscale HiTSs on nonlinear systems. In the first
two columns, systems of equations and phase portraits are visualized. In the third column,
we visualize the predictions of multiscale time-steppers on a testing trajectory. In the last
column, mean squared errors at each step are visualized in the base-10 logarithmic scale for

different time-steppers.

for a time period of 51.20 for the first four nonlinear systems. For the Lorenz system,
discrepancy occurs in the forecast after about 5 time units, when the trajectory switches
lobes. Indeed, the error plot suggests the time-stepper becomes unreliable even after a single
time unit, due to the intrinsic chaotic dynamics. The challenges of chaos are exacerbated
by measurement noise on the data, as shown in the Appendix A, although there are many
applications where low noise make this a viable approach, even for chaotic dynamics. Many

works have shown success in predicting the Lorenz system; however, the tasks considered are
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Figure 2.6: Accuracy vs computational efficiency plot. A. Comparison between mul-
tiscale neural network time-stepper and all single time-scale neural network time-steppers.
B. Comparison between hybrid time-stepper and Runge-Kutta time-steppers with uniform
step sizes. In both plots, horizontal and vertical axes represent time and integrated Lo error

respectively, visualized in the base-10 logarithmic scale.

different from that explored in this work, and they usually fall into the following categories:

e The model is trained with data from a single trajectory and then tested with the same

initial state [213] 207].

e The resulting model offers accurate short-term predictions while generating similar

dynamical statistics for long times [38] [187].

e The model predicts the Lorenz system with regular adjustments or intermittent ex-

ternal forcing or under a data assimilation framework [32, [188].

In contrast, we train the model with batches of trajectories and test with unseen initial
conditions; we also test long-term predictions without any external inputs. In fact, almost
all previous models belong to single-scaled models in our discussion.

The trade-off between computational accuracy and efficiency are visualized in[Fig. 2.6/A.

Here, we report the Lo error, averaged over all time steps and test trajectories. The single
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time-scale scheme curves have a “U” shape for each example, indicating that accuracy
first improves and then deteriorates as we spend more time in the computation. This
finding is consistent with [207], which states that there is a problem-dependent sweet-
spot for the hyperparameter At. Our multiscale HiTS always achieves the best accuracy,
usually with a reasonable computational efficiency, due to the vectorized computations of
array programming. For the cubic oscillator, Van der Pol oscillator, and Lorenz system,
there seems to exist a single-scale neural network time-stepper with higher efficiency and
competitive accuracy compared to our multiscale scheme. This is due to the greedy method
we use for the cross validation process: we always prefer models with higher accuracy at
the cost of efficiency. However, one can adjust the balance between accuracy and efficiency
depending on the objective. The hyperparameter tuning of At is implicitly conducted in
the cross validation process before coupling the various scales.

Though the multiscale scheme improves the computational efficiency of neural network

time-steppers, they still cannot easily match the efficiency of most classic numerical algo-

rithms (see [Appendix A.2.3| for more details). Indeed, evaluating a neural network model

(forward propagation) typically requires more computational effort than applying a classic
discretization scheme that only involves a few evaluations of the known vector field. A hybrid
time-stepper, on the other hand, may break this bottleneck by combining large-scale neural
network time-steppers with classic numerical time-steppers to make the computations inher-
ently parallelizable. Therefore, we benchmark the hybrid time-steppers against the classic
numerical time-steppers in[Fig. 2.6]B. In particular, we use a fourth-order Runge-Kutta inte-
grator, with 7 different sizes of uniform time step. For simplicity, the hybrid time-steppers
are constructed from the same fourth-order Runge-Kutta (RK4) time-steppers with one
large-scale neural network time-stepper at the highest level. More details can be found in

[Appendix A.1.2]

1g. 2.6|B shows the trade-off between accuracy and efficiency for our hybrid time-stepper
and the classic RK4 scheme. Our hybrid time-stepper offers an efficiency gain over the
Runge-Kutta time-stepper with the same minimal step size. This suggests the marginal
benefits of enabling vectorized computation is potentially greater than the costs of evaluating

a neural network time-stepper. But the accuracy of hybrid time-steppers are usually slightly
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lower than the purely numerical time-steppers with rare exceptions (e.g., the Hopf normal
form example), as the global error are usually dominated by the error of neural network
time-steppers, which are model agnostic and purely data-driven, limiting their ability to

produce high-fidelity simulations.

2.4.2 Benchmark on sequence generation

In addition to integrating simple low-dimensional dynamical systems, here we show that it is
possible to forecast the state of more complex, high-dimensional dynamical systems. In the
field of machine learning, this is often termed sequence generation. Importantly, we bench-
mark our architecture against state-of-the-art networks, including long short-term memory
networks (LSTMs) [94], echo state networks (ESNs) [187], and clockwork recurrent neural
networks (CW-RNNs). Here, our goal is to train different architectures that can generate
the target sequence as accurately as possible. The sequences we explore include a simulated
solution of the Kuramoto—Sivashinsky (KS) equation, a music excerpt from Bach’s Fugue
No. 1 In C Major, BWYV 846, a simulation of fluid flow past a circular cylinder at Reynolds
number 100 [233] [50], and a video frame of blooming flowers. Within each individual exper-

iment, the various architectures have nearly the same number of parameters; more details

about the data preprocessing and choice of parameters are described in [Appendix A.1.3]

From one can visually see that the multiscale HiTS provides the best sequence
generation results, and these results are confirmed by the integrated Lo errors shown in
We also see that the LSTM and CW-RNN can learn the first few steps accurately,
whereas the ESN tends to smooth the signals. It should be noted that our sequence gener-
ation task are very different from the tasks considered in [I86], where they use observations
of the system’s past evolution to predict future states. An ESN is usually trained by finding
a set of output weights through linear regression, if the reservoir is large enough, it can in
principle reproduce the observed dynamics perfectly, which would make it an inappropriate
benchmark. An ESN with the same number of parameters as the other architectures often

cannot fully describe the dynamics, resulting in coarse or smoothed approximations.

In a nutshell, the competing architectures fail to capture the long-time behaviors, as error
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Figure 2.7: Outputs of different network architectures (column) on each training
sequence (row). We use different visualization schemes to show the results: for the KS
equation and the music excerpt, we plot the time series evolution, that is, the horizontal
axes represent time; For the cylinder flow and the video frame, since each state is a 2D
array, we choose to visualize the last frame of our reconstruction, however, we also visualize
the time evolution of some states averaged over a small patch of pixel values. For a video

that shows the performance, visit: https://youtu.be/2psX5efLhCE.

accumulation is inevitable for serialized computations. However, our proposed framework
should not be viewed as a replacement for these state-of-the-art methods, as they take a
different approach and philosophy for sequence generation. RNNs tend to uncover the full
dynamics with the help of memory in their internal states, whereas our scheme performs
reconstruction using the time-stepping schemes learned at different time scales, though these
schemes may only be accurate for a few steps. Instead, our multiscale framework should
be used to strengthen these existing approaches, as it can utilize data-driven models across
different scales, avoiding local error accumulations and potentially boosting the accuracy

and efficiency.
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Sequences HiTS | LSTM ESN CW-RNN
Fluid flow | 1.23e-7 | 9.20e-8 | 2.22¢-8 6.79e-7

Video frame | 7.09¢-5 | 1.44e-2 1.62¢-3 8.05e-2

Music data | 8.59e-7 | 4.65e-5 2.69e-4 4.70e-5

KS equation | 1.04e-3 | 3.50e+0 | 3.51e+40 3.59e+0

Table 2.1: The integrated Lo error between the generated sequence and the exact sequence.

2.5 Conclusions & Discussion

In this work, we have demonstrated an effective and general data-driven time-stepper frame-
work based on synthesizing multiple deep neural networks for hierarchical time-steppers
(HiTSs) trained at multiple temporal scales. Our approach outperforms neural networks
trained at a single scale, providing an accurate and flexible approach for integrating nonlin-
ear dynamical systems. We have carefully explored this multiscale HiTS approach on sev-
eral illustrative dynamical systems as well as for a number of challenging high-dimensional
problems in sequence generation. In the sequence generation examples, our approach out-
performs state-of-the-art neural network architectures, including LSTMs, ESNs, and CW-
RNNs. Our method explicitly takes advantage of dynamics on different scales by learning
flow-maps for those different scales. The coupled model still maintains computational ef-
ficiency thanks to the vectorized computations of array programming. Moreover, exactly
due to this coupling scheme, each individual network can focus on their intrinsic ranges of
interest, bypassing the exploding/vanishing gradient problem for training recurrent neural
networks. In addition, we demonstrate the joint use of our neural network time-steppers
with the classical time-steppers, resulting in a new computational paradigm: numerical
simulation algorithms are now parallelizable rather than serialized in nature, leading to
performance boosts in computational speed.

This work highlights fundamental differences between physics-based simulation models
and data-driven models. In the former, the error of the time-stepping constraints are deter-

mined strictly by Taylor series expansions which are local in nature and limit the time-step
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At. The latter is a more general flow-map construction that can be trained for any time
step At. Thus the error is not limited by a local Taylor expansion, but rather by pairs of
training data mapping the solution to a future At. In the end, we show our proposed scheme
is capable of learning long-term dependencies on some more realistic data sets, achieving
state-of-the-art performance.

However, some cautionary remarks are warranted: as with all DNN architectures, ob-

taining reliable large scaled time-steppers comes at the cost of significant training because of

the increasing complexity (see [Appendix A.2.4]). Specifically, one usually needs to acquire

large enough data sets to train the appropriate deep NN architecture. Deriving a rigor-
ous a priori error bound using neural networks is rather involved compared to traditional
time-stepping algorithms [I50]. Deriving error bounds requires a rigorous formulation of
the function space and introduction of an appropriate norm. Omne remedy for this is to
evaluate the trained model on some unseen test trajectories so that the generalization error
can be empirically controlled before putting into practical use. Lastly, we have assumed full
observation of the system states, although full-state measurements are often unavailable in
real-world applications. When the system states are partially observed, techniques such as
time-delay embedding [32} 4, 109, [I82] may be applied as a preprocessing step to address
the presence of latent variables, which is related to the closure problem.

This work also suggests a number of open questions that motivate further investigation.
In particular, nearly every sub-field within numerical integration can be revisited from this
perspective. For example, bringing the idea of adaptive step sizes into this framework
may potentially lead to even more efficient and accurate time-stepping schemes. Although

this important element may be naturally addressed, it is not yet built in to the proposed

methodology in its present form. In addition, as mentioned in [Appendix A.2.4] the incre-

ments of the flow maps mostly exhibit obvious multiscale features. Since deep learning is
essentially an interpolation method [I56], to leverage more effective training, new sampling
strategies may be proposed to address this problem [60} 28]. This is of crucial importance
for deep learning, as neural networks are data-hungry and the curse of dimensionality makes
it impossible to generate largely enough data sets for high dimensional systems. It is also

important to introduce principled approaches to deal with uncertainty quantification within
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this framework, as real-world systems may be stochastically forced. Similarly, models at dif-
ferent scales may have different associated levels of confidence, which the current multiscale
modelling approach does not address. These are both important areas of ongoing research.
Bayesian statistical techniques provide one potential approach to enhance the functionality

of these methods, by making distribution, rather than point, forecasts.
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Chapter 3
MULTIRESOLUTION CONVOLUTIONAL AUTOENCODER

3.1 abstract

We propose a multi-resolution convolutional autoencoder (MrCAE) architecture that in-
tegrates and leverages three highly successful mathematical architectures: (i) multigrid
methods, (ii) convolutional autoencoders and (iii) transfer learning. The method provides
an adaptive, hierarchical architecture that capitalizes on a progressive training approach for
multiscale spatio-temporal data. This framework allows for inputs across multiple scales:
starting from a compact (small number of weights) network architecture and low-resolution
data, our network progressively deepens and widens itself in a principled manner to encode
new information in the higher resolution data based on its current performance of recon-
struction. Basic transfer learning techniques are applied to ensure information learned from
previous training steps can be rapidly transferred to the larger network. As a result, the net-
work can dynamically capture different scaled features at different depths of the network.
The performance gains of this adaptive multiscale architecture are illustrated through a
sequence of numerical experiments on synthetic examples and real-world spatial-temporal

data.

3.2 Introduction

The multiscale spatio-temporal dynamics observed in many complex systems poses signifi-
cant challenges for modeling and prediction. Although we are often primarily interested in
macroscale phenomena, the microscale dynamics must also be modeled and understood, as
it plays an important role in driving the macroscale behavior. Indeed, a given system may
have multiple fast and slow time scales as well as a number of micro to macro spatial scales
that interact to produce the complex dynamics observed. This makes modeling multiscale

systems particularly difficult unless the time scales are disambiguated in a principled way.
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Coarse graining and mesh-refinement (multigrid methods) are two principled mathematical
techniques for addressing multiscale behavior. In the former, the microscale physics are
averaged over to produce an effective macroscale model, while in the latter, computational
models are refined where the macroscale variables produce large errors. In this paper, we
present a multi-resolution convolutional autoencoder (MrCAE), a decomposition scheme in-
spired by multigrid computational methods to progressively refine a multiscale description
of spatio-temporal data. It leverages and exploits aspects of multigrid methods and trans-
fer learning to produce an effective multi-scale analysis tool for characterizing large scale
spatio-temporal data. The multiscale spatio-temporal dynamics observed in many complex
systems poses significant challenges for modeling and prediction. Although we are often pri-
marily interested in macroscale phenomena, the microscale dynamics must also be modeled
and understood, as it plays an important role in driving the macroscale behavior. Indeed,
a given system may have multiple fast and slow time scales as well as a number of micro to
macro spatial scales that interact to produce the complex dynamics observed. This makes
modeling multiscale systems particularly difficult unless the time scales are disambiguated
in a principled way. Coarse graining and mesh-refinement (multigrid methods) are two
principled mathematical techniques for addressing multiscale behavior. In the former, the
microscale physics are averaged over to produce an effective macroscale model, while in
the latter, computational models are refined where the macroscale variables produce large
errors. In this paper, we present a multi-resolution convolutional autoencoder (MrCAE),
a decomposition scheme inspired by multigrid computational methods to progressively re-
fine a multiscale description of spatio-temporal data. It leverages and exploits aspects of
multigrid methods and transfer learning to produce an effective multi-scale analysis tool for
characterizing large scale spatio-temporal data.

Multigrid methods [163] [244] have been extensively developed for physics-based simula-
tion models where coarse grained models must be progressively refined in order to achieve a
required numerical precision while keeping the simulation tractable. Multigrid architectures
provide a principled method for targeting the refinement process, constituting a mature field
with wide spread applications in the engineering and physical sciences. In contrast, coarse

graining methods attempt to construct a macroscale physics model by progressive construc-
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tion of coarse grained variables and their dynamics. Mathematical algorithms such as the
heterogeneous multiscale modeling (HMM) [261), 257] and equation-free method [115] provide
principled methods for multiscale systems. Additional work has focused on testing for the
presence of multiscale dynamics so that analyzing and simulating multiscale systems is more
computationally efficient [67 [69].

Data-driven methods, specifically neural networks (NNs), have emerged as an attractive
alternative for characterizing multi-scale physics [75], 271], 255, 161, 149, 411, 84, 200, 209].
The structure of convolutional neural networks (CNNs) are especially relevant for multiscale
data as the convolutional window extracts features of the data at an appropriate, coarse-
or fine-grained resolution. As a result, CNNs have demonstrated exceptional performance
in image processing tasks [76]. Indeed, in the wake of AlexNet [12I], many aspects of CNN
design have been thoroughly studied individually, such as the spatial filters [231], 227], non-
linear activation functions [269], width and depth of the network [276], skip connections [86],
batch normalization [98], etc [3]. As more complex neural architectures and designs arise,
NNs have become increasingly popular, which enables the process of automating architec-
ture engineering by jointly considering all design factors [237, [138], 281]. However, the design
choices of NN algorithms are highly automated and often uninterpretable, which makes in-
tegrating domain knowledge difficult. This motivates the innovations of the current work;
here, we propose a multi-resolution convolutional autoencoder (MrCAE) that begins by pro-
cessing on downsampled (ie “coarse”) data in order to capture large-scale, low-dimensional
structure, and then progressively refines both the data and the neural network while em-
ploying transfer learning in building each stage’s neural network. This progress-refinement
approach provides a principled framework for leveraging multiresolution and transfer learn-
ing ideas and an in-depth understanding over modern end-to-end architectures, enabling
one to build multiscale models that result in more compact networks and more compact
encodings than those produced by traditional CAE methods.

Importantly, our architecture can be used to leverage data in an intelligent way: querying
data that targets the refinement process. Thus a hierarchy of models is constructed with
less data, producing highly compact networks and encodings. The method is well aligned

with the arguments in [46]: ’Initially, a small model may be preferred, in order to prevent
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overfitting and to reduce the computational cost of using the model. Later, a large model

may be necessary to fully utilize the large dataset.’.

Many encoder-decoder based models have been proposed for physical applications due
to their ability to impose physics-based constraints. This includes the linearization of the
dynamics in order to construct Koopman embeddings [149] [73], dimensionality reduction for
parsimonious model discovery via sparse regression [41], and forecasting [213], for instance.
In these applications, encoder-decoder architectures are used to project data into some
new coordinate systems which leverage physical constraints of the intrinsic dimension of
the dynamical evolution. Here, we use it to capitalize on the spatial, multi-scale features
manifest in many complex systems. So we envision our proposed architecture to be a
critical piece of many future multi-scale neural network architectures. Additionally, our
work is intimately connected to reduced order modeling [16], 123} [36], 199] [90] 234] whose
primary goal is to exploit tailored low-rank features extracted from training data, rather

than represent dynamics in terms of some universal basis.

Our paper is organized as follows: the multi-resolution network architecture is proposed

in the progressive training algorithm is presented in experimental

results are in and the conclusions and discussions follow in Our
code is publicly available at https://github.com/luckystarufo/MrCAE.

3.3 Network Architecture

details the overall architecture of our MrCAE. It consists of several levels of
autoencoders. Each level is associated with the data of a particular resolution. The network
is built up recursively: in the base level, a small autoencoder is trained to encode and
reconstruct the coarsest data. We then refine the data so that our inputs are of a higher
resolution and embed the existing architecture into a new autoencoder (the transfer learning
step) to learn the new, refined data. In this way, we construct a hierarchy of trained neural
networks. The mathematical details of the construction are given in the subsections that

follow.


https://github.com/luckystarufo/MrCAE
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Coarse Inputs Architecture Outputs Model

Level 1

Level 2

¢
- Lovel 3

Refined

Figure 3.1: A Schematic Overview of the Network Architecture. In this example,
there are 4 levels for the architecture which are colored in red, yellow, cyan and purple
respectively. They are recursively built up to process data across different resolutions —
architectures built for processing coarser data are later embedded into the next-level archi-

tectures to ensure knowledge transfer.

3.3.1 Hierarchical Construction

The technical details for constructing each level of the network is demonstrated in
we perform a deepening operation (except for the base level) followed by a sequence
of widening operations.

The deepening operation inserts a convolutional /deconvolutional layer between the cur-
rent and previous level inputs/outputs. This is the transfer learning step H We denote
the inserted convolutional filter as ¢®) and the deconvolutional filter as d*), and let for_4
be the existing network at level (k — 1), g™®) be the network after we apply this deepening

operation. Mathematically, we have
g(k) —d® o fon_, © ®) (3.1)

In our setup, we make the resolution differ by a factor of 2 along each spatial dimension

between two adjacent levels, which is typical of a multi-resolution analysis [123]. As a

! Transfer learning refers to the idea of using trained results from a task to improve the learning of another
task. Here, we are using the trained results of reconstructing coarse-grained data to benefit the training
on higher resolution data.
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Level (k-1) = . FilterGroup 2
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Figure 3.2: Build up Network Architecture at Level k. Within level k, we perform

one deepening operation and a sequence of widening operations. The deepening operation
(shown in blue) is the transfer learning step, creating a convolutional filter that connects
the new input (fine) to the previous level input (coarse). Widening operations (shown in
purple) are performed sequentially by allocating more convolutional filters so that it can

capture new, higher-resolution features.

result, convolutional /deconvolutional filters with a kernel size 3 x 3 and stride size 2 are
used to ensure compatible dimensions. Similar to [46], the two inserted layers are properly
initialized to ensure knowledge transfer. More technical details about the initialization are
covered in the There is another, perhaps more intuitive, way to understand
the design: data at coarser levels can be regarded as obtained by applying a sequence
of hard-coded down-sampling (convolutional) operations to the finest data and vice versa.
When we proceed to a new level, the network replaces one of these hard-coded operators

with trainable convolutional/deconvolutional filters.

The widening operation expands the network capacity in order to capture the new,
finer-grained features of the higher resolution data. Specifically, it adds a group of new
convolutional pathways through the network, and then continues training. See the Filter-
Groups in Figure Note that each new pathway is separate, not adding any connections
to old pathways; this reduces the risks of overfitting. Mathematically speaking, the widen-
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Figure 3.3: Adaptive Filters (I). For each widening operation shown in [Section 3.3, new
convolutional filters are only applied to the regions that are still poorly resolved. The

progressive refinement ensures a parsimonious use of the parameters.

ing operations at level k create a list of new pathways for the network, we denote them as

wgk),wgk), e ,w,(ci). Then we have,

fo. =g® + 0 4. 4 wh, (3:2)

3.3.2 Adaptive Filters

The way we perform a sequence of widening operations is shown in Suppose
we have performed j groups of widening operations and finished the subsequent training.
We proceed by computing the mean squared error of a 3 X 3 region around each pixel. Our
(j + 1) group of filters will be only applied to the regions where the reconstructions exhibit
high error; details are explained in[Section 3.4 Then a subsequent training is performed for
the new architecture. We do this recursively until all regions can be reconstructed within
some error threshold /bound. This process bears a close resemblance to mesh refinement [19]
of multigrid methods [163],[244] and therefore is highly adaptive and ensures a parsimonious

use of parameters.
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It is worth noting that we do not use nonlinear activation functions, in contrast to the
classical designs in which convolutional filters are usually followed by a Rectified Linear
Units (ReLU). We find it actually gives us a performance boost in terms of the training
progress while also making the filters highly interpretable. In our design, the highly adaptive
filters play the role of the nonlinear activation functions: by explicitly specifying where to
apply the filters, we are forcing those filters to be activated in the relevant regions while
leaving them inhibited in other regions. Additionally, this implies that the resulting, trained

network is fully linear, enabling extremely fast matrix-based representations.

3.4 Training

3.4.1 Framework

To accompany our adaptive architecture, we have developed a progressive training frame-
work which is outlined in The training is performed whenever the architecture
changes, thus it can effectively utilize the new pathways for representing new data. Early
stopping criteria are implemented as well, however, we reference the full training details in

in order to maintain clarity and simplicity for the description of the archi-

tecture.

3.4.2 Loss Function

Our loss function is designed to capture the general, low-rank dynamics as well as identifying
outlier/singularities. It is of the same functional form across each level. However, different
resolution data are used to calculate this quantity. Suppose we are training the network at
level & (0 < k < N) with data set D) ¢ RmwxnyxTy (mg, ng, Ty are the width, height of
each snapshot and the number of snapshots), and D) .= f9k<D(k)) is the corresponding
reconstruction through the network, where @ are the parameters of the current network

fo,, at level kﬂ Let 7, j, t to be the indices of the row, column and snapshot. We formulate

2In fact, at level k, the network keeps growing itself as we perform the deepening operation and the

S . . . . . (1) plkn) .
sequence of widening operations, which gives rise to different networks g, fok , , fHk respectively.
Here, without causing ambiguity, we refer them all as fo, .
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Algorithm 3 Progressive Training

Define N to be the number of levels
Define E to be the maximum training epochs
Define training data with increasing resolutions {D(), ... DWN=1)}
Initialize a model object M
foriin0,1,--- ,N —1: do
Perform deepening operation on M;
Perform E epochs training;
while Reconstruction at this level is not fully resolved do
Perform widening operation on M;
Perform E epochs training;
end while

end forreturn M

our loss function £(0, D*)) to be the following:

L(0k, D)) = wL e (01, DF)) + (1 — w) Lonae (O, DP) (3.3)
where
) 1 L 0 A
k)\ A 2
LonelO DY) = 5SS (DY, - DY) (.9
i=1 j=1 t=1
1 &) AW
k) k Ak) 2
Emax(gky D( )) - ngg‘x ?k ;(‘Di,j,t - Di,j,t) (35)

The first term in is the classic mean squared error (MSE) to ensure an overall sat-
isfactory reconstruction. The second term captures the worst case scenario which primarily
corresponds to the highly variable dynamics over some regions in the spatio-temporal data.
The loss function is a weighted sum of these two terms modulated by a control parameter w
(0 <w < 1). Based on our experience, we find setting w = 0.5 is suitable for dynamics that
have a clear separation of spatial scales, so that the network pays more attention to the
singularities or highly variable regions. But for those without persistent spatial patterns,

we recommend setting w close to 1.
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3.4.8 Measuring Error

In addition to the loss function in [Eq. (3.3), we define two other important quantities. The
first quantity is developed for tracking the overall training progress. The loss function in
only gives us the information of how it performs at a specific level. Nothing can
be said about the reconstructions at higher levels. In this case, knowledge transfer between
adjacent levels cannot be evaluated. What we need is a metric that reflects the overall
training progress. Therefore, we define a metric that estimates the reconstruction error

with respect to the finest resolution data at each level:
£othl(p, DV) = gl (6, DN ) 4 (1 - w)gen(9, DV V) (3.6)
myn_1nN-1TN_1

Lot = > > Yo -uNI@E) @3

77”L1\f17”L1\f1TJ\7111]1t1

Tn_1
1 _ ~
ch! = max e 3 (D4~ U D)) (58)
’ =1
where
U =UUoldo---old (3.9)
N——

S

is a composition of a sequence of up-sampling operation I which is chosen to be a bi-linear
interpolation with a kernel size 3 x 3 and a stride size 2. This is similar to the prolongation
operator from multigrid methods. It should be noted that this metric is only proposed for
the purpose of validating the effectiveness of knowledge transfer across different levels of
the model, it would be absent in the realistic settings where we have a growing data set so
that the finest data D=1 may not be accessible initially.

The other metric is used to provide feedback for the adaptive filters. Within a widening
operation, the new group of convolutional filters are only applied to the regions that still
need to be further refined. Technically, this is achieved by applying the filters to all regions
of the inputs first (and therefore obtaining the convolved features), then determining the
irrelevant ones. To tell if a convolved feature should be masked out or not, we first calculate
the mean squared error of each pixel along the time axis, followed by performing a down-

sampling operation A (local average) since the width and height of the convolved features
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Figure 3.4: Adaptive Filters (II). This picture illustrates the implementation details of
applying adaptive filters. It is done by calculating the mask (shown at the top) and con-

volved features of all regions (shown at the bottom) followed by a point-wise multiplication.

are both reduced by a factor of 2 compared to the original inputs. Finally, we threshold it

by a prescribed tolerance € to obtain the mask M:

T,
1 ~
M= H{A[Tk > (D =D, = } (3.10)

t=1

The process is illustrated in

3.5 Experimental results

In this section, we test the performance of our MrCAE on a range of data displaying increas-
ing levels of complexity. Several unsteady fluid flow fields are analyzed, as fluid dynamics
exhibit a range of multiscale behavior and have been the focus of intense modeling efforts,
with and without machine learning [234] 37]. In the first part, we show the performance
of our network on each individual case. Specifically, we show the reconstructions on some
testing snapshots and heat maps of the regions being refined across each level and the error
plot with respect to that reflects the overall training progress. In the second part,

we benchmark our network against a structurally similar network: residual encoder-decoder
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network (RED-Net[I60]). We show our architecture scales better in terms of the number of
network parameters and the size of encoding.

All data are resized so that each snapshot has the shape (2P — 1) x (29 — 1) (with some
positive integers p and ¢) before data ingestion into the network, all snapshots are shuffled

randomly and split in to training set (70%), validation set (20%) and testing set (10%).

3.5.1 Individual experiments

Two oscillatory modes

For the first example (Section 3.5.1)), we consider two nonlinear spatial modes driven by

sinusoidal temporal modes with different frequencies:

O(z,y,t) = u(z,y) cos (wot) + v(z,y) cos (wit + Z) (3.11)
where
u(z,y) = Cosh(x;;] 1)cosh(y;01)
1 z—1)? 1) (3:12)

We generate it in the domain of [—5,5] x [=5, 5] using 127 x 127 grids, and 500 snapshots
are uniformly collected from the time interval [0, 87]. We set wy = 0.5, w; = 4.0, o9 = 10.0
and o1 = 0.25 in our experiment.

shows the synthetic spatio-temporal data. We visualize the two different
spatial modes and their associated temporal modes. 6 sampled snapshots are drawn from the
test set which are marked in red. This is an example where small spatial (high-frequency)
content is modulated by a large, slow-varying background mode.

For this example, we construct a network of 3 levels, with each level having 1, 2 and 3
groups of adaptive filters (a.k.a. widening operations) correspondingly. The output recon-
structions across different levels shown in become sharper and sharper as the
network grows. The regions that adaptive filters being applied are shown in [Section 3.5.1k.
One can clearly see the network faithfully picks up the high-frequency content with more

convolutional filters while leaving other regions less parametrized which is consistent with
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our intuition. We can also see the proposed error metric on the validation set keeps decreas-
ing throughout the training process except for the starting phase of each operation, which

is the effects of random initialization, suggesting an effective knowledge transfer.

Two oscillatory modes with one drifting

For the second example, we also consider two nonlinear modes driven by different sinusoidal
temporal modes. However, only one of the nonlinear modes is purely spatial, the other
one is modulated by time. This synthetic example is meant to replicate the effects of
traveling waves or the drifting dynamics that usually appears in the spatial-temporal data.

Mathematically, we have:

O(z,y,t) = u(x) cos (wot) + v(z,t) cos (wit + %) (3.13)
where
1 —1
u(x,y) = cosh (:1: - ) cosh (y )
g0 00
(@ t) = — - ex (_(x—3+0.5t)2 n (y+3_0.5t)2) (3.14)

We generate the data in the domain of [—5,5] x [—5,5] using 127 x 127 grids, and
500 snapshots are uniformly collected from the time interval [0,47]. We set wg = 0.5,
w1 = 4.0, o9 = 10.0, 01 = 0.25 and v = 1.0 in our experiment. shows the
two spatial-temporal modes, sampled test snapshots, reconstructions across different levels,
refined regions and the logarithmic error plot.

In this example, we construct a network of 3 levels, with 3, 3 and 3 groups of adaptive
filters applied on each level. Similarly, we see the network keeps refining itself by growing new
pathways, our adaptive filters successfully capture the high-frequency contents drifting along
the diagonal and knowledge learned in the previous level can be successfully transferred to

the next level.

Channel flow

The channel flow dataset is acquired from the Johns Hopkins Turbulence Database [136),

190], [77]. Data was generated by solving the Navier-Stokes equations in a domain of size
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87 x 2 x 3w using 2048 x 512 x 1536 nodes. For more details, refer to [I10]. We sample the
slice of z = 1.5 and down-sample the other two spatial dimensions both by a factor of 8,
so that the spatial dimensions of our snapshots are 255 x 63. 500 snapshots are collected

with At = 0.052 between each snapshot.

In this example, we set up a network of 4 levels with each level having 0, 3, 3, 4 groups
of adaptive filters. (At level 0, no adaptive filters are used because all pixels can be well-
reconstructed with the deepening operation alone.) shows the increasingly
refined outputs at each level and the heat maps of regions that the adaptive filters apply.
Notably, we see from the heat maps that the network spends more effort processing the
regions near the boundary which intuitively makes sense: there are more detailed small-
scale vortical behaviors arising within these regions. The plot of the decreasing error on the

validation set also justifies the knowledge transfer of each operation.

Forced isotropic turbulence

The forced isotropic turbulence data set is also acquired from the Johns Hopkins Turbulence
Database [136], 190, 274]. The data is generated from a direct numerical simulation of forced
isotropic turbulence on a 1024 x 1024 x 1024 periodic grid, using a pseudo-spectral parallel
code. The range of spatial dimensions x, y and z are [0, 27r]. We sample the slice of z = 7 and
down-sample the other two spatial dimensions both by a factor of 8 so that each snapshot is
of size 127 x 127. 503 snapshots are collected with At = 0.02 between each snapshot. This is
an example without a clear separation of scales, although it still possesses rich microscopic
dynamics across all regions.

For this example, we set up a network of 4 levels with each level having 0, 4, 4, 4
groups of adaptive filters. (At level 0, no adaptive filters are used because all pixels can
be well-reconstructed with the deepening operation alone.) As shown in the
network still offers reasonably well and progressively refined reconstructions of sampled
test snapshots and the error plot also shows the effectiveness in knowledge transfer. But
the heat maps of refined regions do not exhibit clear spatial patterns due to the isotropic

nature of the data. In this case, one should be very cautious when attempting to use the
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hierarchical representations encoded in the network since neural networks are fundamentally
interpolation methods [I56] and lacking of interpretations often suggests the representations

are hard to generalize.

Sea surface temperature

In this example, we consider the global sea surface temperature (SST) data. The NOAA OI
SST V2 data set is open source and can be downloaded at http://www.esrl.noaa.gov/
psd/. The data is collected each month and spans a 20 year period from 1990 to 2010. In
this example, we set up a network of 4 levels with each level having 2, 2, 4, 4 groups of
adaptive filters. shows the increasingly refined reconstructions at higher and
higher levels and the heat maps of regions where the adaptive filters apply. One observation
is that network explores the middle regions more exhaustively. We conjecture that the
underlying reason could be the temperature at the North Pole (top) and the South Pole
(bottom) are less variant. In addition, one can see the boundaries of the highly intensive
regions align well with edges of the continents which suggests the transition from the land

to the ocean.

3.5.2 Benchmarks

We benchmark MrCAE against the RED-Net[160], which is structurally similar to ours. We
run experiments of the network with and without rectified nonlinear units (ReLU) which
results in two candidate comparisons: RED-Net(Linear) and RED-Net(+ReLU). We also
include our MrCAE without adaptive filters, but equipped with the rectified nonlinear units,
which is named MrCAE(+ReLU).

Although RED-Nets were not primarily proposed to do progressive training with data
of increasing spatio-temporal resolution, for fair comparison, we also use different resolution
data to train them and use the metric in to evaluate their performance.

The procedure is as follows: throughout the training of our MrCAE network, we obtain
a sequence of network architectures at different hierarchical levels. For each specific archi-

tecture, we train a corresponding one (with the same network depth and the same number
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of filters across each layer) for all other networks used for comparison. The key differences

among the four candidate networks are as follows:

e number of parameters: MrCAFEs have sparse connections which requires less pa-
rameters whereas connections in RED-Nets are dense. This is due to the fact that

different group of filters are independently patched in MrCAEs.

e size of encoding: MrCAE(PR) explicitly utilizes a sparse coding scheme whereas

the other three types of networks don’t have this feature.

Results are shown in[Section 3.5.2|and [Section 3.5.2l Axes in both plots are in logarithmic

scales.

Number of parameters

In we show that MrCAEs use significantly fewer parameters in comparison
with similar architectures of RED-Nets. In other words, due to the sparse connections, it
scales better when the network grows. Moreover, the error curves for MrCAEs seem to
steadily decrease as the network grows which is highly desirable. But for RED-Nets, the
curves are quite variable — more parameters does not necessarily offer better results. And
despite the parsimonious use of parameters, MrCAEs can achieve reasonable accuracy and
sometimes, in the toy examples where the dynamics are not that complex, outperform other
networks. We conjecture the reasons are of two folds: First, this spatio-temporal data has
a clear separation of scales and our adaptive filters are primarily designed to efficiently
leverage this feature. And second, the progressive training process may have some guiding
effects for the network parameters which lowers the risks of getting stuck in some local

minima.

Size of encoding

In we show the validation error versus the size of encoding. By utilizing
the adaptive filters, we are able to hierarchically encode different regions: some filters

are only applied to highly variable regions. Therefore in practice, with similar architecture,
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MrCAE(PR) can always generate a smaller encoding size which leads to a better compression
ratio. (It should be noted that unlike other types of networks, in principle, we should count
not only the encoded information but also the corresponding positions which is similar to
storing sparse matrices when we calculate size of encoding for MrCAE. However, since the
position information is shared across all the snapshots and in practice there would be a
large number of snapshots, the size of the position information becomes negligible, so we
don’t include it in our calculation.) In the isotropic turbulence example, this gain is less
obvious because of its isotropic nature: there’s very little structured spatio-temporal data

in this application.
3.6 Discussion

In summary, we have equipped the highly-successful convolutional autoencoder (CAE) with
both adaptive filters and multiscale modeling capabilities, giving rise to a flexible workflow
which allows for improved interpretability, control of the modeling framework, and in-depth
understanding over modern end-to-end architectures. Our proposed MrCAE architecture
integrates and leverages three highly successful mathematical architectures: (i) multigrid
methods, (ii) convolutional autoencoders and (iii) transfer learning. Instead of training an
extremely large black box model end-to-end, our model progressively utilizes a refinement
strategy to build a hierarchical structure which leverages increased data due to improved
spatial resolution. As a consequence, it enables automatic data augmentation across differ-
ent spatial resolutions, and outputs insightful intermediate models and results for distinct
spatial scales. These intermediate models can either guide the next-level architecture design
or be put into immediate use which may be favored by online algorithms.

In addition, we develop a masking mechanism for the use of adaptive convolutional
filters which resembles the mesh refinement process. It fully exploits the spatial patterns
(which often shows up in many interested spatio-temporal physical systems) in the data
set and therefore the size of encoding is small, the use of parameters is parsimonious in
nature and the interpretation for each convolutional filter is clear. Though it is highly
effective in resolving reconstruction errors, cautions must be taken when there is no clear

spatio-temporal separation of scales in the data set.
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There are many ongoing challenges and promising directions that motivate future works.
Our network is currently very shallow. However, many successful applications achieved by
neural networks rely heavily on its depth, as these architectures are reported to create more
abstractions and therefore finding more efficient representations [76]. Moreover, our original
objective for building up this framework is to do multi-scale forecasting. By adopting such
an encoder-decoder architecture, now we are able to build different forecasting tools for
different parts of the hierarchical representations. Then, through the decoder, we are able to
map it back to the original space. It will be very interesting to see how different forecasting
algorithms will be built into the network and how they will affect the encoder-decoder

architecture.
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Figure 3.5: a. Two separated spatial and temporal modes for the example of two oscillatory
modes. Red dots correspond to the sampled test snapshots. b. Original data and the
reconstructions of the sampled test snapshots across each level of the network. c. Regions
that different groups of adaptive filters apply across different levels of the architecture. Here,
R](-k) represents the regions that the j* group of adaptive filters being applied at level k. d.
Logarithmic error plot (in terms of the metric presented in on the validation
set throughout the training.
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Figure 3.6: From top to bottom: a. Two separated spatial and temporal modes for the
example of two oscillatory modes with one drifting. Red dots correspond to the sampled
test snapshots. b. Original data and the reconstructions of the sampled test snapshots
across each level of the network. c. Regions that different groups of adaptive filters apply
across different levels of the architecture. Here, R§k) represents the regions that the ;%

group of adaptive filters being applied at level k. d. Logarithmic error plot (in terms of the
metric presented in [Section 3.4.3)) on the validation set throughout the training.
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Figure 3.7: a. Original data and reconstructions of the channel flow example across different
levels of the network over the sampled test snapshots. b. Heat maps that reflect the regions
that adaptive filters apply across different levels of the architecture. The brighter the pixel,

the more filters are applied. c. Logarithmic error plot (in terms of the metric presented in

Section 3.4.3)) on the validation set throughout the training.
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Figure 3.8: a. Original data and the reconstructions of the forced isotropic turbulence
example across different levels of the network over the sampled test snapshots. b. Heat maps
that reflect the regions that adaptive filters apply across different levels of the architecture.
The brighter the pixel, the more filters are used. c. Logarithmic error plot (in terms of the

metric presented in [Section 3.4.3|) on the validation set throughout the training.
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Figure 3.9: a. Original data and reconstructions of the sea surface temperature example
across different levels of the network over the sampled test snapshots. b. Heat maps that
reflect the regions that adaptive filters apply across different levels of the architecture. The

brighter the pixel, the more filters are used. c. Logarithmic error plot (in terms of the

metric presented in [Section 3.4.3) on the validation set throughout the training.
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number of parameters and the validation error are on logarithmic scales. In this figure, each
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dation error versus size of encoding for our method versus other state-of-the-art methods.
Both the size of encoding and the validation error are on logarithmic scales. MrCAE pro-
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Chapter 4
PHYSICS-INFORMED KOOPMAN NETWORK

4.1 abstract

Koopman operator theory is receiving increased attention due to their promise to linearize
the nonlinear dynamics. Neural networks that were developed to represent Koopman op-
erators are of great success thanks to their capability of approximating arbitrarily complex
functions. However, despite their great potential, they typically require large training data-
sets either from measurements of a real system or high-fidelity simulations. In this work,
we propose a novel architecture inspired by the physics-informed neural network, which
leverages automatic differentiation to impose the underlying physical laws via soft penalty
constraints during model training. We demonstrate that it not only reduces the need of
large training data-sets, but also maintains high effectiveness in approximating Koopman

eigenfunctions.

4.2 Introduction

Nonlinear dynamical systems give rise to a rich diversity of complex phenomenons. Dealing
with nonlinearity is the central task of many areas of sciences and engineering such as cli-
mate science, neuroscience, ecology, finance, and epidemiology. A classic yet popular view
of dynamical systems is based on the state space models, where the behavior of multiple
trajectories can be simultaneously studied and categorized in a qualitative manner. How-
ever, the geometry in state space becomes more complex when the dynamics is nonlinear,
making the system hard to analyze, predict and control. In 1931, Koopman introduced his
operator theoretic perspective of dynamical systems, complementing the traditional geomet-
ric perspectives. In his theoretic framework, a Koopman operator is defined which acts on
observation functions (observables) in a function space. Under this operator, the evolution

of the observables are linear although the function space maybe infinite-dimensional. As a
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consequence, approximating the Koopman operator and seeking its eigenfunctions become
the key to linearize the nonlinear dynamics.

The leading computational methods for approximating Koopman operator is dynamic mode
decomposition (DMD). It is a data-driven approach in that it can be used in absence of
any physical models. Using the snapshots of state measurements of a system, the DMD
algorithm seeks a best linear operator that approximately advances these states. There are
many variants of dynamic mode decomposition, however, most of them require an a priori,
judicious selection of the observables; and there is no guarantee that these observables span
a invariant Koopman subspace. Another limitation is that a typical application of DMD
starts from a single trajectory and thererfore the approximation of the Koopman operator
is only restricted to these measurements. As a result, it often fails to generalize to other
trajectories unless the system is ergodic so that the training trajectory visits close to any
other points in the state space.

To address these challenges, neural networks were proposed to approximate the Koopman
operator. In terms of architecture, autoencoder was the most commonly used building
block: through an encoding transformation z = ¢(x), the inputs were first lifted to a latent
space where the dynamics can be propagated linearly, then a decoder network was built to
map the latent states back to the original space. To enforce linearity in the latent space,
a constraint of the form [|¢(xx4p) — KPo(xy)|| was added to the loss function, where K is
the matrix that approximates the Koopman operator. The neural network approach gen-
eralizes well mainly due to three reasons: (i) it automatically selects the observables; (ii)
it can approximate arbitrarily complex functions and (iii) multiple trajectories were used
for training. A successfully trained neural network can identify coordinate transformations
that make strongly nonlinear dynamics approximately linear and therefore enabling nonlin-
ear prediction, estimation, and control. However, the weakness is also obvious: one would
need to acquire a large enough data-set to successfully train a neural network which is nei-
ther efficient nor practical.

On another line of research, physics-informed neural networks (PINNs)[203] were introduced
in 2019. They can seamlessly integrate the measurement data and physical governing laws

by penalizing the residuals of the differential equation in the loss function using automatic
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differentiation. Although obtaining more measurement data is generally beneficial, a large
data-set is not a necessity. However, these data-efficient architectures also come with costs:
(i) the underlying physics needs to be known so that to be imposed via soft penalty con-
straints during model training (i.e. it’s not purely data-driven); (ii) PINNs can only solve
one solution instance at a time and (iii) the solution is not accurate outside the training
time horizon.

In this work, we propose physics-informed Koopman networks (PIKNs) which combines the
strengths of both PINNs and autoencoder-based Koopman networks. More specifically, we
reduces the need of large training data-sets for identifying Koopman eigenvalues and eigen-
functions while keeping the generalization property for future state predictions. And since
the network performs (Koopman) operator learning, it can be used to solve multiple in-
stances once it is trained. The paper is organized as follows. In Section we briefly intro-
duce Koopman operator theory and our methodology. Then we mention some related works
in Section [£.4] and highlight the connections and differences. Our approach is then tested on
several benchmark problems in Section In Section we conclude and discuss future

directions. Our code is publicly available at https://github.com/luckystarufo/PIKN.
4.3 Method

4.3.1 Koopman operator theory

We begin with an autonomous ordinary differential equation defined on a finite-

dimensional space X C R".

d
%x(t) = f(x(t)) (4.1)

And we can define the time-t flow map operator as F! : X — X which advances states

forward along the trajectory by a time ¢, so that
x(to +t) = F'(x(to)) (4.2)

In 1931, B.O.Koopman provided an alternative description for dynamical systems in terms
of evolution of functions of possible measurements y = ¢g(x) of the states, where g : X — C

is called a measurement function which belongs to some set of functions G(X). For most
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of the cases, this set of functions G(X) is not defined a priori. Hilbert spaces such as
L?*(X,du) or reproducing kernel Hilbert spaces (RKHS) are common choices for modern
applied analysis. In all cases, however, G(X) is of significantly higher dimension than X, so
we are trading dimensionality for linearity.

The family of Koopman operators K! : G(X) — G(X), parameterized by ¢ are given by

K'g(x) = g(F'(x)) (4.3)

One can easily check K! is linear, and the evolution in equation is analogous to any
linear systems except it is infinite-dimensional.
If the dynamics in equation is sufficiently smooth, one can also define the infinitesimal

generator £ of the Koopman operator family as

e (4
From the definition, we can easily see
Lo(x(t)) = lim PELETD Z9XO)_ &) (45)
On the other hand, we also have
d d
Sgx(t)) = Vg Lx(0) = Vg - £(x(0) (46)
Therefore, we conclude
Lg=Vg-f (4.7)

This is why the generator £ was called the Lie operator historically: it is the Lie derivative
of g along the vector field f(x) when the dynamics is given by equation Moreover,
this important consequence will be the key for the physics-informed Koopman networks
(PIKNSs).

Applied Koopman analysis attempts to seek key measurement functions that behave linearly
in time. Eigenfunctions of the Koopman operator are natural candidates. A Koopman

eigenfunction ¢(x) corresponding to an eigenvalue \! satisfies

K'o(x) = XNp(x) (4.8)
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It is simple to show that Koopman eigenfunctions ¢(x) that satisfies equation for \ #£
0 are also eigenfunctions of the Lie operator, although with a different eigenvalue p =
log(A)/t = log(\). In general, eigenvalues and eigenfunctions are both complex-valued.

Once we have a set of such eigenfunctions {¢1, 2, -, par}, observables that can be formed
as a linear combination of these eigenfunctions, i.e., g € span{gok}kM: 1 have a particularly

simple evolution under the Koopman operator
M M
03 =Y epr(x) = Klgx) = aor(x) (4.9)
k=1 k=1

This also implies span{cpk},i\/[: , is an invariant subspace under the Koopman operator Kt
and {1, 2, -+ ,pa} can be viewed as the new coordinates on which the dynamics evolve.
Although the promise of Koopman operator theory is tempting, there are certain challenges

as well, for example,

e The Koopman operator of a system may not admit a discrete spectrum. Certain

systems fundamentally fail to fit into this framework.

e Some asymptotic methods can be used to approximate certain eigenfunctions for sim-
ple dynamics (eg. polynomial nonlinear dynamics), however, there is no analytical

procedure to seek for the eigenvalue and eigenfunction pairs in general.

e Some computational methods (eg. DMD) can be used to approximate eigenfunctions
using snapshots of measurements, but the approximation is only restricted to those
measurements, sometimes leading to spurious modes. And the identified basis may

not span a Koopman invariant subspace.

In addition, since our ultimate goal is to study nonlinear dynamical systems using linear
theory, we do not need to restrict ourselves to equation Instead, we can generalize it as
9(x) = Y(p1(x), 2(x), -, pum(x);w)
lL (4.10)
K'g(x) = p(Ajp1(x), Nwa(x), -, Aypoar (x); w)
where 1) is an arbitrary transformation parameterized by w. In fact, [149] [74] all share this

viewpoint.
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4.8.2  Auto-encoder based architecture

Neural networks are computational models that are composed of multiple layers and used to
learn representations of data. Importantly, the universal approximation theorem guarantees
that a neural network with sufficiently many hidden units and a linear output layer is capa-
ble of representing any arbitrary function. Auto-encoder is a special type of neural network
which is particularly suitable for our application and widely used in the literature [149, [74].
There are two separate parts of the network: an encoder and a decoder. The encoder learns
the representation of the relevant Koopman eigenfunctions which provides intrinsic coordi-
nates that linearize the dynamics. And the decoder seeks an inverse transformation to recon-
struct the original measurements. Ideally, if we define ¢ : x — (¢1(x), 2(x), ..., op (%),
then up to a constant, the encoder learns this transformation ¢ and the decoder learns
the v as shown in equation m (Alternatively, if we specify a linear decoder, then the
learning regime would correspond to equation ) Therefore without losing generality, we
will name the encoding/decoding transformation as ¢ and 1, respectively.

Within the auto-encoder, the dynamics is supposed to be linear. Therefore in previous
works, a squared matrix K is often used to drive the evolution of the dynamics, and the
choice of its size usually requires certain insightful observations or a process of trial and
error. Sometimes there is no invariant, finite-dimensional Koopman subspace that captures
the evolution of all the measurements, then that matrix K will only be an approximation
of the true underlying linear operator.

There are different ways to train the auto-encoder architecture in the literature [149, [74],
however, all of them would require a large amount of measurement data. Normally, the
training data-set X is arranged as a 3D tensor, with its dimensions to be (i) number of
sequences (with different initial states), (ii) number of snapshots and (iii) dimensionality of
the measurements, respectively. Then the constraint of linear dynamics can be enforced by
a loss term resembling ||¢(x,4+1) — Ko (x,)||, or more generally, linearity is enforced over
multiple steps ||¢(xp+p) — KP(x,,)||, generating recurrencies in the neural network archi-
tecture. We will see, however, such large data-sets are not necessary (but beneficial) for the

physics-informed Koopman networks (PTKNs).
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4.8.8  Physics-informed Koopman network

In physics-informed Koopman networks (PIKNs), we do not enforce linearity using snap-
shots of measurement data, we take advantage of equation the linearity constraint is
enforced through minimizing the quantity ||Veg(x) - f — purpr(x)|], Vk =1,2,3,--- , M.
Or more generally, a squared matrix L is used to approximate the Lie operator £ and we
minimize ||[L¢(x) — V@(x) - f||. Finding the eigenvalue and eigenfunction pairs of the Lie

operator corresponds to performing eigendecomposition to the matrix L.

For ODE

To be more specific, let’s first consider an ordinary differential equation of the form in
equation We start from sampling a set of collocation points X := {x1,x2, -+ ,xn}.
The key to note here is that this set of collocation points do not need to come from any
trajectories of the dynamics but simply some randomly generated points, avoiding a bulk of
simulations or measurement data collections. The objective of the network is to identify a

few key coordinates z = ¢(x) spannned by a set of Koopman eigenfunctions ¢ (x) : R" —

R, k=1,2,---, M along with a dynamical system z = Lz. So our objective function is
going to be
1 N
Jiinear = 37 D (@il Lo(xi) = Vo(xs) - £(xi)[|* + wallxi — Czs|?) (4.11)
i=1

if the decoder is linear (where C represents the reconstruction coefficients), or for a more

general decoder

2

Tnonlinear = E leLd) XZ v¢(xl) : f(xl)HQ + w2||xi - ¢(Z1>H2) (412)

Here, w1 and wy are the weights for each loss term. The first term encourages linear dynamics
within the latent space and the second term makes it a valid auto-encoder. One can further
enforce L to have a diagonal structure, then those diagonal elements will approximate the
Koopman eigenvalues and the corresponding outputs of the encoder will approximate the
Koopman eigenfunctions, respectively. But this constraint is not necessary as it is equivalent

to performing eigendecomposition of a general-structured L after training.
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For PDE

For application to partial differential equations of the form
w = f(u,uy,...) (4.13)

the goal is still to seek coordinates v = ¢(u) that has linear evolution v = Lv and can be
used to reconstruct the original measurements u = ¥ (v). The big difference is, however,
the input/output of the network are functions of spatial variables u(x,t) instead of the
spatial variables x(t) itself as in the ODE cases. Therefore, we need to sample a set of
”collocation points” in an appropriate function space, which is usually restricted by some
known boundary conditions. In addition, the training set also includes spatial derivatives
of u as shown in equation [4.13] Those will be obtained either from analytical derivations
or some numerical methods. All the functions will be represented on some equally-spaced

grids in our work.

4.3.4 Data integration

Like PINNs, we can easily integrate information from measurement data. Suppose we
have snapshots of measurements Xgq1 := {x(t9),x(t1), -+ ,x(tp)} for an ODE system or

Udata = {u(x, to),u(x,t1),--- ,u(x,t,)} for a PDE, by adding extra loss terms

Tdata = ; D (wslle" 2 (x(to)) — d(x(t;))|1” + wallx(t;) — 1 (z(t;))]|?) (for ODE)
§=0

Tdata = ; D (wslle" M g(u(x, to)) — dlu(x, t;))|I” + walu(x, t;) — (v(x,t;))|%) (for PDE)
j=0

(4.14)

we can penalize the network predictions that do not match the real measurements, where
At; = t; —tg, Vj=1,2,---,p. And elAt .= UTeAAT where L = UTAU is the eigen-
decomposition of L. Again, the first term is the linearity loss and the second term is the
reconstruction loss. And integration of information from data highly resembles the DMD

algorithms.
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4.4 Related Work

4.4.1 Dynamic Mode Decomposition

Dynamic mode decomposition (DMD), which was originally introduced by Schmid[220], is
the leading computational method to approximate the Koopman operator from data[l124,
245]. Rowley et al. were the first to establish the connection between DMD and Koopman
operator theory[2I11]. One of the major advantages of DMD is its simple formulation in
terms of linear regression. For this reason, many methodological innovations have been in-
troduced, for example, Jovanovic et al.[I05] uses sparsity promoting optimzation to identify
the fewest DMD modes; [23] [64] accelerate DMD using randomized linear algebra; extended
DMDI266] suggests to include nonlinear measurements; higher order DMD[I27] acts on
delayed coordinates and generates more complex models; multiresolution DMDJ[125] deals
with multiscale systems that exhibit transient or intermittent dynamics; Proctor et al.[196]
extended the algorithm to disambiguate the natural dynamics and actuation; algorithms
include total least-squares DMDI8§]|, forward-bacward DMD[56] and variable projection[5]
improve the performance of DMD over noise sensitivity. These methods are now widely
applied to many fields in science and engineering such as fluid dynamics[6, 12, [13], [168],
epidemiology[197], neuroscience[31], finance[I59], plasma physics[238], robotics[17, 18] and

video processing[80, 63, 20]. For a more comprehensive review, one can refer to [33].

4.4.2 Deep Learning for Linear Embeddings

Hand-crafted basis functions or measurements from DMD sometimes fail to represent the
complex Koopman eigenfunctions. Neural networks turn out to be more effective in approx-
imating them, leading to linear embeddings of the nonlinear dynamics[236], [132], [149] 273].
They have achieved great successes in long-term dynamic predictions[126], fluid control[169]
and also recently be extended to account for uncertainties[I70], modeling PDEs[74] and
jointly used with optimal control[83] 2]. There are also innovations on the side of neu-
ral network architectures, for example, neural ODEs are used for dictionary learning[239]
and graphical neural networks are used to learn compositional Koopman operators[I37].

However, all the listed works are purely data-driven and do not address the issue of data
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efficiency.

4.4.8 Physics-Informed Neural Network

Physics-informed neural networks (PINNs) were first proposed in[206}, 203] and have received
lots of attention due to its flexibility to integrate measurement data and the physics (gov-
erning equations). They have been applied to various classes of PDEs[I83] 65, 277] and ex-
tended to deal with uncertainties[272] 278], 280}, 229] 270]. Another line of research of PINNs
focus on its training and performance. For example, domain decomposition is considered in
some variations of PINNs[I16], [103] [101], leading to parallel implementations[2206, [89]; multi-
fidelity framework[164], dynamic weights of the loss function]249] and hard constraints[145]
have also been thoroughly studied, in order to achieve stable training results. Theoretical
insights into the convergence of PINNs are presented in[225], 167, 251]. Recently, PINNs
have also been jointly used with DeepONets[250], entering the realm of operator learning.
Similar to our work, the key motivation of using PINNs there is to eliminate the need of

large data-sets for training DeepONets.
4.5 Experiments

In this section, we demonstrate our approach by applying it to several ODE and PDE ex-
amples. We start with easy examples to showcase the basic usage and verify its correctness.
Then we proceed to more challenging examples to reveal the benefits and potential pitfalls

of this approach.

4.5.1 Simple nonlinear system with discrete spectrum

First, we consider a simple nonlinear system with a single fixed point and a discrete eigen-
value spectrum:

T = pry
(4.15)

.I:Q = )\(xg — .%'%)

For A < g < 0, the system exhibits a slow attracting manifold given by o = z3. In our

experiment, we use 4 = —0.1 and A = —1. This example is simple and widely adopted
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as a benchmark for Koopman/DMD related algorithms because it’s possible to explicitly
define a three-dimensional Koopman invariant subspace (spanned by Koopman eigenvalue

and eigenfunction pairs) that contains the state variables z1 and x5:

R po 00 oy
a m =10 QM 0 m
©x 0 0 A [#x
- b o (4.16)
7 r ¥
w| 1o o |
= (p2
o B RS N A
) ) B2
where ¢(x) = [Py, 2u, P = [T1,2%, 29 — bz}] and b = ﬁ is a constant. If nonlinear de-

coding is allowed, a two-dimensional Koopman invariant subspace spanned only by {¢,, ¥x}

is sufficient because

G (4.17)

T2 = @)+ b‘Pz
Therefore, we should at least expect our network to find one three-dimensional Koopman
invariant subspace with a linear decoder or a two-dimensional Koopman invariant subspace
with a nonlinear decoder. In Fig we show the results of trained PIKNs with and with-
out a linear decoder in two columns respectively. The networks have accurately identified
the Koopman eigenvalues and eigenfunctionsE] within the corresponding invariant subspace.
Both models show very strong predictive power while the one equipped with a linear decoder

provides more robust results. Specific details about the network architecture and training

procedure are provided in the Appendix.

4.5.2  Heat equation

The first PDE we consider is the one-dimensional heat equation:

Ut = Ugg, T E (—7,7) (4.18)

'We don’t expect eigenfunctions to be exactly [x1, x2,x0 — bxf] because each one is still a valid eigen-
function (associated with the same eigenvalue) when being multiplied by some factors. Therefore, this
statement is correct up to some constant.
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Figure 4.1: The two columns show the PIKN results w/o a linear decoder network, respec-
tively. The first row shows the eigenvalues and eigenfunctions identified by PIKNs where
the red dots represent the collocation points for training; the second row shows a 10000-step
forward prediction of the dynamics starting from a initial state (z1,22) = (0.3,0.65) and
with At = 0.001; the third row visualizes the mean absolute error over 1000 different tra-
jectories with initial conditions uniformly sampled from [—1, 1] x [—1, 1], the shaded region

covers one standard deviation away from the mean error.

with periodic boundary conditions. The heat equation can be linearized by the Fourier
transform and the spectrum is discrete due to the periodic boundary conditions. Theoreti-

cally, the discrete-time eigenvalues are
wr = —k?, k=0,+1,42,... (4.19)

To approximately represent v and u,,., we discretize the spatial domain with n = 64 equally
spaced grids. As a consequence, the value of k only ranges from —32 to 31. Therefore, we
expect our network to at least mimic a discrete Fourier transform and its inverse transform,

identifying the right eigenvalues after training. In addition, we study the effects of data
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integration. More specifically, we compare the results obtained from the networks that is
purely physics-informed, purely data-driven and a mixture of both which we call it hybrid
model. More details of the experiments can be found in the Appendix.

Indeed, Fig shows that the transformation coeflicients collide with the frequencies of the
corresponding Fourier modes. The phase difference is expected because Discrete Fourier
transformation is not unique for diagonaling the heat equation. The networks nearly iden-
tify all the correct eigenvalues of the heat equation, however, the purely physics-informed
network fails to discover the low-frequency modes. In addition, we observe it identifies an
eigenvalue with a small positive real part (around 0.00005) which is not visualized in this
plot. On the contrary, the purely data-driven network misses the high-frequency modes
but all identified eigenvalues have negative real parts; the hybrid model presents the most
satisfying accuracy among all. The reason behind it might be the multiscale feature of the

system:

e For data-driven model, we use simulation data which are integrated over time. Slow
dynamics (which are associated with the slow frequencies) are more persistent which

dominate in the overall loss.

e For physics-informed model, we use the spatial derivatives of the states which are

more sensitive to the high-frequency transient modes.

e The hybrid model leverages these two time scales and achieves a nice balance for

identifying all eigenvalues.

Fig shows the error curves of the networks trained in different ways. The left plot shows
physics-informed network is good at short-term predictions while the data-driven network is
more promising in long-term predictions. The hybrid network merges the best part of these
two and consistently offer the most accurate predictions. We also find from the right plot
that the performance of the hybrid model is not sensitive to the number of simulation data
used for training. More importantly, training with the largest number of simulation data

does not necessarily gives the best prediction results. This is probably because in principle
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Figure 4.2: The eigenvalues (with negative real part) of the matrix L from different neural
networks are plotted along with the exact, discrete-time eigenvalues of the heat equation at
the bottom. The top row shows the coefficients of the linear transformation corresponding

to the selected eigenvalues.

the physics-informed training is sufficient for finding all modes, adding simulation data can
only help better discover the persistent modes. This suggests that if the network is physics-
informed, data demand from simulation is low although data integration is beneficial for

identifying a more accurate model.
4.5.8 Burger’s equation
For the next example, we consider the nonlinear PDE known as the Burger’s equation
Ut = —UUy + Uy, T € (—m, ) (4.20)

with homogeneous boundary conditions. It is known that the Burger’s equation can be
linearized through Cole-Hopf transformation which was discovered in 1950 and 1951 by
Eberhard Hopf[95] and Julian Cole[4§], independently of one another, and later noticed by
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Figure 4.3: The left plot shows the predictive power of three different neural networks.
The prediction task is evaluated on 1000 newly simulated test trials. The shaded region
highlights one standard deviation from the mean squared error. The right plot shows the
error curves of 5 hybrid models. These models differ on the number of simulated trajectories
used for training. And the error is visualized in a logarithmic scale of base 10. Both plots

are 10-step forward predictions with At = 0.001.

Kutz et al [I74] and exploited by many others[I78, [§]. The Cole-Hopf transformations are
defined as:

u:=C(v) = _2@&
e—%ffw u(s,t)ds (421)
v:=H(u) =

B fﬂ'ﬂ- 6_%ff7‘ u(s,t)dsdx

If u(z,t) satisfies the Burger’s equation with a homogeneous boundary condition
u(—m,t) = u(mw,t) = 0 and an initial condition u(x,0) = ug(x), then v(z,t) = H(u(x,t))

solves the heat equation:

Vt = Vgg, T € (—7,7)
Vg (—m,t) = vp(m,t) =0 (4.22)

v(x,0) :=vo(z) = H(up(x))
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The solution of it, by using a standard separation of variables approach, can be derived as
> 2
v(z,t) = Co+ Z Cy cos(kx)e F1 (4.23)
k=1
where Co = 5= [ _vo(z)dz and Cp = L [7_wo(z) cos(kz)dz.
Conversely, it is also shown in [8] that if v(z,t) solves the above heat equation and further

satisfies

v(x,t) >0, x € (—m,m),t>0

/w e 1 (4.24)

-
then u(z,t) = C(v(x,t)) is also a solution for the original Burger’s equation. To satisfy
these constraints, we can require Cy = % and ) 22, |Ck| < % More details and the ex-
perimental setups can be found in the Appendix.

In fig the identified eigenvalues for Burger’s equation of each training strategy are
plotted along with the exact Koopman eigenvalues. We see that the data-driven model
is still able to effectively identify the low frequencies (i.e. p = —0.942,—3.965) while
gradually losing track on high-frequency modes. The reason behind might still be that
high-frequency modes are transient and therefore is negligible during training. The physics-
informed learning regime, however, is proved to be challenging. Though it shows potential
in identifying some high-frequency modes (eg. p = —62.223, —80.005), it’s not clear how to
interpret them especially in the case that three other positive eigenvalues are also observed
(1 =9.74,4.65,2.01). The hybrid model seems to combine both features and reveal a more
appealing spectrum, however, positive eigenvalues are also observed (u = 3.668,2.732). The
modes (or latent representation) of a sampled input is visualized against the exact Koop-
man modes up to some scaling, we see there is no good alignment, indicating the learned
transformations are not Cole-Hopf. Indeed, Cole-Hopf transformations may not be only one
to linearize Burger’s equation, similar to the problem arised in section

Therefore, we turn to study the models provided by different training strategies. Fig
shows the error curves of future state predictions of networks trained in different ways.
The left plot shows data-driven model is unbeatable, whereas the physics-informed network

suffers from a lower reconstruction accuracy as well as bad long-term prediction accuracy
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Figure 4.4: The first row shows the identified modes (or latent representation) of a sampled
test input from different network architectures along with the exact Koopman modes. The
second row shows eigenvalues (with negative real part) from different neural networks along
with the exact, discrete-time eigenvalues of the Burger’s equation identified through Cole-

Hopf.

due to the existence of the positive eigenvalues. The situation is similar for the hybrid
model with slightly weaker effects. Although the data-driven model is superior for Burgers’,
we notice that the performance deteriorates badly when the availability of training data is
limited. The right plot shows the performance of data-driven models and hybrid models
trained with different number of trajectories. As number of training trajectories goes below
500, hybrid models are preferable for predictions, indicating the value of adding physical

constraints to the training.
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Figure 4.5: The left plot shows the predictive power of three different neural networks.
The prediction task is evaluated on 1000 newly simulated test trials. The shaded region
highlights one standard deviation from the mean squared error. The right plot shows the
error curves of data-driven models and hybrid models trained with different numbers of
simulated trajectories. The error is visualized in a logarithmic scale of base 10. Both plots

are 10-step forward predictions with At = 0.001.

4.6 Discussion and Conclusion

In this work, we have demonstrated an effective deep learning framework for identifying
Koopman eigenvalue and eigenfunction pairs for reconstructing the original nonlinear dy-
namics. In order to validate our method, we have carefully gone through three examples on
which the analytical form of the Koopman eigen-decomposition can be derived. Our results
show that (i) through automatic differentiation, the lie equation can be imposed via soft
penalty to regularize the network, reducing the need of large training data sets as being
used in previous works; (ii) since the framework is under the scope of operator learning, our
model can be used for future state predictions on unseen initial states.

This work also suggests a number of open questions that motivate further investigation. For
example, choosing the dimension of the latent space is tricky in practice as there could be
trade-offs between computation and accuracy, studying reduced-order models would shed

light on this matter; in addition, many nonlinear systems may have different Koopman
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eigen-decompositions over different domains[I79], being able to identify the boundaries of
these domains would greatly expand the scope of applications of this approach. It is also
interesting to see how these model can benefit the control problems, as in the real world, it

is the ultimate goal of studying nonlinear dynamics.
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Appendix A

HIERARCHICAL DEEP LEARNING OF MULTISCALE NEURAL
NETWORK TIME-STEPPERS

A.1 Methods and data

A.1.1 Multiscale neural network HiTS

The setup of our multiscale neural network HiTS relies on a sequence of successfully trained,
single time-scale neural network time-steppers. Here, we document the working details. For
all systems, we first specify a domain of interest D in the state space, over which we uniformly
sample the initial states of training, validating, and testing trajectories. For all systems
except for the Lorenz system, the time steps of the single time-scale neural network time-

steppers are chosen to be 0.01, 0.02, 0.04, 0.08, 0.16, 0.32, 0.64, 1.28, 2.56, 5.12 and 10.24.

Systems Samples Sampled re- | Network architectures | Cross-
(train/  wvali- | gion D in validated
date/test) state space NNTSs

Hyperbolic | 1600/320/320 | [—1,1]2 [2, 128, 128, 128, 2] 3-10

Cubic os- | 3200/320/320 | [—1,1]? [2, 256, 256, 256, 2] 1-4

cillator

Van  der | 3200/320/320 | [-2,2]  x | [2, 512, 512, 512, 2] 2-5

Pol [—4,4]

Hopf bi- | 3200/320/320 | [—0.2,0.6]x | [3, 128, 128, 128, 3] 2-11

furcation [-1,2] X

[—1,1]
Lorenz 6400/640/640 [—0.1,0.1]3 [3, 1024, 1024, 1024, 3] | 6 - 8

Table A.1: Parameters and setups for the neural network time-steppers.
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Validating and testing trajectories are different from the training trajectories and they last
51.20 time units. For the Lorenz system, the process is slightly different. We simulate 3
long trajectories to form training, validating, and testing data sets (one for each). For each
of these 3 trajectories, we cut off the initial 5 time units to make sure the collected data
are on the attractor. 11 neural network time-steppers are trained for the Lorenz system
as well; however, they have time steps of 0.0005, 0.001, 0.002, 0.004, 0.008, 0.016, 0.032,
0.064, 0.128, 0.256 and 0.512 due to the inherently chaotic dynamics. The validating and
testing trajectories last 2.56 time units. For convenience, we term these single time-scale
neural network time-steppers NNTS 0 - NNTS 10 within each individual experiment. In
our experiments, all trajectory data are simulated with the odeint function provided by
the Scipy package and are considered as the ground truth. Upon training, the number of
forward steps p is set to 5, and we use the Python API for the PyTorch framework and the
Adam optimizer with a learning rate of 1e —3. The training ends when the maximum epoch
is reached (which is set to 100000) or when the mean squared error on one-step prediction
is lower than le — 8. Upon evaluation, we use the procedure presented in [2.3.3] coupling
the cross-validated HiTSs to perform testing. The number of training/validating/testing
samples, regions of interest, network architectures, and indices of cross validated neural
network time-steppers are shown in We note that here the network size is fixed
across all scales for each particular example, although this isn’t necessary. In fact, we observe
that width and depth of the network are not sensitive parameters for this method as long as
the network capacity is large enough to represent the flow map. In practice, we suggest that
the training error is a good indicator of how well the neural network represents the flow map.
We recommend larger, both deeper and wider, networks for approximating more complex
flow maps, including maps with larger temporal gaps and those coming from more complex
systems. This complexity is why we have created larger networks for learning the Lorenz
system. In addition, the ResNet is adapted as the base structure and the ReLLU activation
function is used, which are in alignment with [85]; however, fully-connected networks also
perform well, wince they can also be used for universal function approximations. Other
nonlinear activation functions, such as exponential linear units were also tested, although

there were no significant changes of the results.
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Sequences HiTS LSTM ESN CW-RNN
Fluid flow 15388 15408 15400 15622
Video frame | 31216 30976 31360 31560
Music data 1020416 1018368 1024000 1042328
KS equation | 4069760 4091232 4070400 4076232

Table A.2: Number of parameters for different architectures of the sequence generation

experiments.

A.1.2 Hybrid time-steppers

We benchmark our proposed hybrid time-stepper against a commonly used numerical time-
stepper, a fourth-order Runge-Kutta integrator with uniform step size. For the first four
nonlinear system examples, we simulate with step sizes of 0.01, 0.02, 0.04, 0.08 and 0.16. For
the Lorenz system, we shrink the sizes accordingly to 0.0005, 0.001, 0.002, 0.004 and 0.008.
For convenience, we term them RK 0 - RK 4 for each individual experiment. For simplicity,
our hybrid time-steppers are constructed to be the same Runge-Kutta time-steppers (i.e.
RK 0 - RK 4) associated with one single time-scale neural-network time-stepper. The step
size of this neural network time-stepper is set to be 0.512 for Lorenz and 10.24 for others.

Similarly, we term them Hybrid 0 - Hybrid 4 for convenience.

A.1.8 Details for sequence generation examples

In we benchmark our multiscale HiTS against long short-term memory net-
works (LSTMs), echo state networks (ESNs), and clockwork recurrent neural networks
(CW-RNNs) on sequence generation tasks over four data sets: the Kuramoto—Sivashinsky
(KS) equation, a music snippet from Fugue No. 1 In C Major, BWV 846, an animation of
fluid flow passing a cylinder, and a video frame of blooming flowers.

Information for these data sets and preprocessing steps are as follows:

e For the KS equation, 4001 snapshots on 512 evenly distributed spatial points over the

interval (0,167) are simulated with a spectral method. These data are used to train
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Sequences| Network architectures in multiscale HiTS

Fluid [22, 256, 22], [22, 64, 22|, [22, 16, 22], [22, 4, 22]

flow

Video [64, 128, 64], [64, 64, 64], [64, 32, 64], [64, 16, 64]

frame

Music [128, 2048, 128], [128, 1024, 128], [128, 512, 128], [128, 256, 128],
data [128, 128, 128]

KS equa- | [512, 2048, 512], [512, 1024 ,512], [512, 512, 512], [512, 256, 512],
tion [512, 128, 512]

Table A.3: Network architectures in multiscale HiTS for sequence generation experiments.

different network architectures.

e For the music data, we sample at 1102 Hz for 2 seconds. Then, a time-delay embedding
with 128 delays is applied to produce a richer feature space, resulting in a training

tensor of size 128 x 2077.

e For the simulated fluid flow example, data is generated using the immersed boundary
projection method (IBPM) [233, 50] at a Reynolds number of 100; details on the
numerical simulation may be found in [33]. We apply principal component analysis
(PCA) to the streamwise velocity field u, and use the dynamics on the first 22 modes

to train the neural networks.

e The video frame of blooming flowers consists of 175 image snapshots of 540 x 960 pixels
and 3 channels (RGB). Similar to the fluid flow data, we preprocess it by applying

PCA and work with its reduced representation in the first 64 PC dimensions.

For each sequence, we setup different types of neural network architectures so that they
have about the same number of trainable parameters; see for the summary of

number of network parameters. The specific procedures are as follows:
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e We first set up our multiscale neural network time-steppers. For the fluid flow and
video frame examples, we use 4 neural network time-steppers with step sizes 1, 4, 16,
and 64, respectively. For the music data, we use 5 time-steppers and the corresponding
step sizes are 1, 5, 25, 125, and 625. For the KS example, we use 5 time-steppers with
step sizes of 1, 6, 36, 216, and 1296. For each individual example, one step size equals
to the time interval between two adjacent snapshots. For simplicity, all HiTSs only

have one hidden layer, and detailed network architectures are shown in

e Once the multiscale HiTSs are trained for each data set, we calculate the total number
of parameters and use this information to create the other three types of architectures

by carefully choosing the number of hidden units.

e For the CW-RNN; it has two other hyper-parameters: the number of internal modules
and their associated clock rates. We set these parameters to match those in multiscale

HiTSs for fair comparison.

A.2 Additional results

A.2.1 Computation time for neural network time-steppers

As a supplement to [Fig. 2.6/A, [Table A.4 shows the computational time for all single time-

scale neural network time-steppers along with the timings for our multiscale time-steppers.
It is not surprising to see that the computation accelerates as the step size grows. The mul-
tiscale scheme is more efficient than the finest scale neural network time-stepper in use (see

Table A.1|for the coupled NNTSs), which suggests the benefit of vectorized computation.

A.2.2  Noisy measurements

In [Table A 5| [Table A.6] [Table A.7| [Table A 8| [Table A 9| [Table A.10|and [Fig. A 1] we study

the accuracy of neural network time-steppers with different temporal gaps and the robust-

ness of our results with respect to noise in the observations of the system states. Gaussian
random noise with different variances are independently applied to each component of the

dynamics. The variances are set to be 0% (noise free), 1%, 2%, 5%, 10% and 20% of the
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Systems | Hyperbolic | Cubic oscillator | Van der Pol | Hopf bifurcation | Lorenz
NNTS 0 10.06s 24.74s 48.95s 9.98s 42.98s
NNTS 1 3.75s 7.68s 21.48s 3.69s 19.01s
NNTS 2 1.89s 3.62s 8.74s 1.87s 8.51s
NNTS 3 1.01s 1.84s 4.00s 1.03s 4.10s
NNTS 4 0.565s 1.00s 2.06s 0.59s 2.03s
NNTS 5 0.34s 0.77s 1.09s 0.37s 1.09s
NNTS 6 0.24s 0.65s 0.60s 0.27s 0.565s
NNTS 7 0.18s 0.39s 0.36s 0.22s 0.30s
NNTS 8 0.15s 0.27s 0.24s 0.21s 0.18s
NNTS 9 0.13s 0.17s 0.19s 0.17s 0.12s
NNTS 10 0.12s 0.14s 0.15s 0.17s 0.09s
multiscale 0.89s 6.73s 7.96s 1.84s 0.73s

Table A.4: Computation time for multiscale and all single time-scale neural network time-

steppers.

variance of that component averaged over all trajectories across the data sets. We observe
that larger noise corruption levels generally lead to inferior accuracy, but our multiscale
scheme consistently works better than any single time-scale NNTSs. Similar to the results
shown in [207], neural networks with larger temporal gaps tend to show more robustness
and the optimal value of the temporal gap is usually problem-dependent, indicating the
temporal gap is a crucial parameter for data-driven modeling. By leveraging our proposed

multiscale coupling strategy, it is automatically taken into account.

A.2.8 More benchmark results against Runge-Kutta time-steppers

Fig. A.2|shows the mean squared errors of different schemes versus simulation time. Again,
they are plotted in a base-10 logarithmic scale. Our multiscale schemes provide competitive
results compared to the Runge-Kutta schemes in terms of accuracy. This is especially

notable for the purely data-driven, neural network-based multiscale time-stepping scheme:
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— Hyperbolic = Cubic — Van der Pol — Hopf — Lorenz
® Single time-scale neural network time-steppers % Multiscale neural network HiTSs
Noise free 1% noise 2% noise

. 4 . , . 6
-1.0 -05 0.0 0.5 1.0 1.5 -1.0 -05 0.0 0.5 1.0 1.5 -1.0 -05 0.0 0.5 1.0 15

5% noise 10% noise 20% noise

error

-1.0 -05 0.0 0.5 1.0 1.5

Figure A.1: Accuracy and efficiency trade-offs under 0%, 1%, 2%, 5%, 10% and 20% noise

corruptions

the true model of the underlying dynamics is unavailable, which is in sharp contrast to the
classical simulation setting. In other words, neural network time-steppers can identify the
dynamics and generate accurate predictions at the same time. Hybrid time-steppers, on
the other hand, also provide competitive accuracy. And the accuracy level is dominated by
either the numerical time-stepper or the neural network time-stepper, whichever is worse.
Therefore, the hybrid time-steppers usually bear a slightly lower accuracy than the purely

numerical time-steppers.

[Table A.11] and [Table A.12] shows the computational time and accuracy of the various

algorithms which are supplements for For Runge-Kutta time-steppers, computa-
tions speed up as the time step increases. Both our multiscale neural network hierarchical
time-stepping scheme and hybrid time-stepping scheme provide efficient computations. In

particular, the hybrid time-steppers outperform the corresponding RK integrators, as the
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Systems | Hyperbolic | Cubic oscillator | Van der Pol | Hopf bifurcation | Lorenz
NNTS 0 1.5e — 3 3.1e — 3 1.3e — 1 4.9e — 3 1.6e+1
NNTS 1 2.0e — 4 7.0e — 4 6.9¢ — 3 1.2 — 3 22e+1
NNTS 2 1.7¢e — 5 4.0e — 4 3.3e—3 1.2e — 3 1.5e+1
NNTS 3 1.6e — 5 2.0e — 4 4.1e—3 1l.1e—3 8.0e +0
NNTS 4 1.5e — 6 3.0e — 4 3.9e — 3 9.0e — 4 2.5e+1
NNTS 5 1.8e — 6 3.0e — 4 2.2e — 2 9.0e — 4 4.4e +0
NNTS 6 4.8 — 6 3.0e — 4 9.3¢e — 2 9.0e — 4 4.1e40
NNTS 7 5.4e — 5 1.2e — 3 4.2e — 1 2.5e — 3 4.7e +0
NNTS 8 5.0e — 4 9.8¢ — 3 1.0e +0 2.4e — 2 5.6e +0
NNTS 9 3.2e -3 5.0e — 2 2.9e+0 1.5e — 1 1.8e+1
NNTS 10 1.0e — 2 1.0e — 1 3.2¢e +0 1.3e—1 5.le+1
multiscale 5.1e — 8 2.0e — 4 3.2e — 3 4.1e—5 4.1e4+0

Table A.5: Integrated L2 between the predicted and the exact measurement with noise free

data.

vectorized computations accelerate these simulations. The hybrid time-steppers generally
beat the multiscale neural network time-steppers in terms of the speed. This speed-up may
stem from the computation on each individual step: evaluating a large neural network model
(forward propagation) requires more computational effort than applying the Runge-Kutta

scheme, which only involves four evaluations of the vector field.

A.2.4 Remarks on learning flow maps

Though there is evidence that our schemes can boost the performance of neural network
time-steppers, as well as classical numerical simulation algorithms, each individual result
heavily depends on the system under study. Theoretically, there is nothing preventing us
from fitting the flow maps with arbitrarily long time periods; however, this is not always
possible. For example, in the Lorenz system, one can clearly see the performance of NNTS

10 is unsatisfactory: the one-step prediction error is on the order of @(1). The reason could
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Systems | Hyperbolic | Cubic oscillator | Van der Pol | Hopf bifurcation | Lorenz
NNTS 0 7.2¢ — 3 3.4e—2 1.6e+0 1.9¢ — 2 9.0e +1
NNTS 1 4.9¢ — 3 2.7e — 2 3.1le+0 5.9e — 3 41le+1
NNTS 2 5.0e — 4 6.4e — 3 24e+0 1.2e — 2 34e+1
NNTS 3 7.8 — 5 3.9e —3 1.6e — 1 7.0e — 3 28e+1
NNTS 4 7.3e—5 1.3e — 3 7.8¢ —2 1.2e — 3 1.9e +1
NNTS 5 5.8¢ — 5 1.1le—3 9.0e — 2 1.0e — 3 1.3e+1
NNTS 6 9.5¢ — 6 8.0e — 4 1.2e —1 7.0e — 4 9.7¢+0
NNTS 7 5.7e — 5 1.7¢ — 3 4.2e — 1 2.4e — 3 l.le+1
NNTS 8 5.0e — 4 1.0e — 2 1.0e 4+ 0 2.4e — 2 1.2e+1
NNTS 9 3.2e —3 5.0e — 2 2.9e+40 1.5e — 1 23e+1
NNTS 10 1.0e — 2 1.0e — 1 3.2e +0 1.3e — 1 5.2e +1
multiscale 1.7¢ — 6 6.0e — 4 1.7e — 2 5.4e —5 9.8e+0

Table A.6: Integrated Lo between the predicted and the exact measurement with 1% Gaus-

sian noise.

either be that the current architecture is not large enough to encode the map, or the training
data set is not large enough to fully capture the complexity of the corresponding flow map.
Chaotic dynamics will generally present this challenge, as the flow map complexity grows
exponentially with time. As presented in we are fitting the At—lag flow map

minus the identity with the neural network

F(th, At) N Tt At — L. (A].)

To see what these increments look like, for the first four nonlinear systems, we have visualized
xjat — xo, for j = 1,2,---64 with xs uniformly sampled from their associated region on
interest D, shown in As for the Lorenz system, the process is similar but the
initial states are sampled from the region [—9, —7] x [6, 8] x {27} because this region is close

to the strange attractor, and At is set to 0.008 for Lorenz and 0.16 for others. Results are

shown in
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Systems | Hyperbolic | Cubic oscillator | Van der Pol | Hopf bifurcation | Lorenz
NNTS 0 1.3e — 2 7.8e —2 1.6e+0 4.2e — 2 l.le+2
NNTS 1 3.1le—3 3.1le—2 3.1le+0 l.le—2 6.8e +1
NNTS 2 2.5e — 3 1.3e — 2 2.4e+0 8.5e — 2 4.5e+1
NNTS 3 2.0e — 4 5.3¢e — 3 1.6e —1 2.1e — 3 4.9e +1
NNTS 4 4.5e — 5 2.6e — 3 7.8¢ — 2 1.0e — 3 22e+1
NNTS 5 2.7e — 5 2.1e — 3 9.0e — 2 1.0e — 3 1.9e+1
NNTS 6 1.3e =5 2.0e — 3 1.2e -1 8.0e — 4 1.9e +1
NNTS 7 6.le — 5 3.0e — 3 4.2e—1 2.4e -3 1.6e+1
NNTS 8 5.0e — 4 1.1e — 2 1.0e 4+ 0 2.4e — 2 1.9e+1
NNTS 9 3.2e -3 5.2e — 2 2.9e+0 1.5e — 1 28e+1
NNTS 10 l.1e — 2 1.0e — 1 3.2¢e +0 1.3e—1 5.2e +1
multiscale 6.1le — 6 1.6e — 3 1.7e — 2 9.0e — 5 1.6e +1

Table A.7: Integrated Lo between the predicted and the exact measurement with 2% Gaus-

sian noise.

In the examples of hyperbolic fixed point and Hopf bifurcation, the plots do not visually
grow more complex as time proceeds. For the Van der Pol oscillator, complexity grows in the
beginning stage but later it tends to maintain that level of complexity. For the Cubic oscil-
lator example, the complexity keeps growing with time; however, there are clear structures,
as more spirals are generated. The most interesting case is the Lorenz system: not only
does the complexity grow, but earlier stripe patterns (period doubling) also disappear as
time proceeds, leading to tremendous difficulties in training. To fully capture this growing
complexity, one may need an exponentially growing data set and network architecture. In
addition, one seemingly common feature from all plots is that the multiscale effects become
more pronounced as time proceeds, leading to the emergence of patterns. Whether we can
utilize this feature to perform more effective training may be a promising direction that

motivates future work.
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Systems | Hyperbolic | Cubic oscillator | Van der Pol | Hopf bifurcation | Lorenz
NNTS 0 8.7e — 2 2.7e — 1 7.8e + 1 1.9¢ — 1 8.8e 42
NNTS 1 1.2e — 1 1.6e —1 2.0e+1 7.9e — 2 9.8¢ +1
NNTS 2 2.8¢ —3 9.7¢ — 2 5.3e 4+ 0 9.7¢e — 3 7.6e+1
NNTS 3 2.9¢ — 3 4.1e —2 3.4e+40 3.4e —3 83e+1
NNTS 4 1.2¢ — 3 6.2¢ — 2 3.9e 40 4.5e — 3 5.5e+1
NNTS 5 2.1e — 4 1.9¢ — 2 3.9e 40 2.9e -3 54e+1
NNTS 6 6.8 — 4 9.1e — 3 3.8 40 1.5e — 3 5.4e+1
NNTS 7 1.6e — 3 3.le—2 3.5e 40 2.4e —3 6.8e + 1
NNTS 8 3.7¢ — 3 3.8¢ —2 2.9e+40 2.4e — 2 7le+1
NNTS 9 7.8e — 3 6.0e — 2 24e+0 1.5e — 1 74e+1
NNTS 10 1.6e — 2 l.le—1 2.3e+0 1.3e — 1 8.2e+1
multiscale 3.6e — 5 7.2e —3 2.2e+0 3.1e — 4 2.8¢+1

Table A.8: Integrated Lo between the predicted and the exact measurement with 5% Gaus-

sian noise.

A.2.5 Van der Pol oscillator example

The multiscale nature of a problem often leads to numerical stiffness when it comes to
scientific computing. Many classic numerical solvers become unstable unless the step size
is set to be extremely small, which in turn, poses severe computational challenges. Here,
we explore how this would affect our multiscale hierarchical neural network time-stepping
scheme. We explore this by varying the parameter u = 2,5, 10, 20, 50, 100 of the Van der

Pol system:
. 1.
b= (e — 328 —y)
o1
y=-z
1

We choose to work with this form so that the state variables evolve approximately on the

(A.2)

same scale across different values of pu. A higher value of p indicates stiffer dynamics. For
this set of experiments, all setups and network architectures are exactly the same to those

used in [Appendix A.1JA.1.1] for the Van der Pol example. Shown in are the
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Systems | Hyperbolic | Cubic oscillator | Van der Pol | Hopf bifurcation | Lorenz
NNTS 0 1.6e — 1 2.8¢ —1 5.2e +1 7.8e — 1 5.3e +2
NNTS 1 1.2e — 1 1.5e — 1 5.3e 4+ 0 2.7e — 1 5.le+2
NNTS 2 1.2e — 1 l.le—1 4.1e+0 l.le—1 9.9e +1
NNTS 3 1.9¢ — 2 7.6e — 2 3.5¢+0 3.0e — 2 8.le+1
NNTS 4 7.4e — 3 6.7¢ — 2 4.2e+4+0 9.9e — 3 8.4e+1
NNTS 5 3.7Te — 4 5.9e — 2 4.0e 4+ 0 2.2e — 3 8.2e+1
NNTS 6 6.8¢ — 4 5.7¢ — 2 3.8e 40 3.5e — 3 5.7e +1
NNTS 7 1.7¢ — 3 2.9¢ — 2 3.5e+0 3.1le—3 5.3e +1
NNTS 8 3.9e — 3 8.3e —2 3.1le+0 2.5e — 2 9.0e +1
NNTS 9 8.0e — 3 7.1le—2 2.6e 40 1.5e — 1 6.9e + 1
NNTS 10 1.6e — 2 l.le—1 2.4e 40 1.3e—1 98¢ +1
multiscale l4e—14 2.4e — 2 3.1le+0 1.1e —3 4.4e+1

Table A.9: Integrated Lo between the predicted and the exact measurement with 10%

Gaussian noise.

computation time and the integrated L2 error from ¢ = 0 to ¢t = 50 with varying parameters
of pw’s. We also present the best integrated Lo error achieved by all single scaled neural
network time-steppers for comparison purposes. We observe that the computation time are
similar across different groups, suggesting unchanged efficiency. This is not surprising as
the computation speed only rely on the size of the neural networks used in the proposed
framework. However, the accuracy deteriorates as p increases, indicating the challenge lies

on the training side: the more stiff the problem, the more complex the flow maps would

be, which is consistent with our conjectures from [Appendix A.2A.2.4] However, they still

outperform the single scaled neural network time-steppers thanks to the corrections from

larger scaled networks.
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Systems | Hyperbolic | Cubic oscillator | Van der Pol | Hopf bifurcation | Lorenz
NNTS 0 3.9e —1 2.9e -1 4.2e+1 1l4e —1 7.4e + 2
NNTS 1 1.2e —1 3.7e—1 3.3e+0 1.9¢ — 1 3.8e 42
NNTS 2 6.1le — 2 1.le—1 3.9e 40 1.9¢e — 1 1.5e 42
NNTS 3 3.5e — 3 1l4e—1 3.8 +0 2.2e — 2 8.9e+1
NNTS 4 1.9¢ — 2 l.le—1 5.0e +0 2.5e — 2 8.7e+1
NNTS 5 9.7e — 4 6.4e — 2 3.5e 40 1.5e — 2 8.3e+1
NNTS 6 1.4e — 3 1.2e —1 3.1le+4+0 7.6e — 3 6.5e 41
NNTS 7 2.1e —3 9.7¢ — 2 3.3e+0 7.0e — 3 5.0e +1
NNTS 8 4.3e — 3 8.3e — 2 3.2e 40 2.9¢ — 2 7.9e+1
NNTS 9 8.3e —3 1.0e — 1 2.8¢+0 1.5e — 1 7.8e+1
NNTS 10 1.6e — 2 1.3e —1 2.6e +0 1.3e —1 9.6e 41
multiscale 5.4e — 4 5.7e — 2 3.2e+0 4.3e — 3 5.0e +1

Table A.10: Integrated Lo between the predicted and the exact measurement with 20%

Gaussian noise.

Systems | Hyperbolic | Cubic oscillator | Van der Pol | Hopf bifurcation | Lorenz
RK 0 2.55s 3.18s 2.82s 3.93s 3.87s
RK 1 1.28s 1.60s 1.30s 2.21s 1.97s
RK 2 0.74s 1.01s 0.78s 1.07s 1.17s
RK 3 0.46s 0.64s 0.42s 0.60s 0.98s
RK 4 0.30s 0.43s 0.30s 0.35s 0.60s

Hybrid 0 1.36s 2.25s 1.37s 1.89s 3.17s

Hybrid 1 0.72s 0.96s 0.69s 1.01s 1.78s

Hybrid 2 0.37s 0.55s 0.42s 0.59s 0.99s

Hybrid 3 0.24s 0.30s 0.29s 0.37s 0.74s

Hybrid 4 0.19s 0.23s 0.22s 0.26s 0.62s

multiscale 0.89s 6.73s 7.96s 1.84s 0.73s

Table A.11: Computation time of various schemes on testing trajectories.
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Systems | Hyperbolic | Cubic oscillator | Van der Pol | Hopf bifurcation | Lorenz
RK 0 1.8 —9 4.8¢ — 5 2.0e — 3 9.8e — 4 2.5e+0
RK 1 1.9¢ -9 4.8¢ —5 2.0e — 3 9.8¢ — 4 2.5e+40
RK 2 2.0e — 9 4.8¢ — 5 2.0e — 3 9.8e — 4 2.5e+0
RK 3 3.1le—9 4.8¢ — 5 2.1e — 3 9.8e — 4 2.5e+0
RK 4 1.8e — 8 4.6e — 5 4.1e —3 9.9e¢ — 4 2.5e+0

Hybrid 0 1.7¢ — 8 2.8¢ —4 2.0e — 2 8.6e — 5 25e+1

Hybrid 1 1.8¢ — 8 2.8e — 4 2.0e — 2 8.5e — 5 2.4e+1

Hybrid 2 1.8e — 8 2.8¢ — 4 2.0e — 2 8.5e — 5 24e+1

Hybrid 3 1.9e -8 2.8 —4 2.0e — 2 8.be — 5 2.4e+1

Hybrid 4 3.4e — 8 2.8¢ — 4 2.0e — 2 8.7e — 5 2.4e+1

multiscale 5.1e — 8 2.0e — 4 3.2e — 3 4.1e—5 4.1e+0

Table A.12: Integrated Ly error of various schemes on testing trajectories.

7 2 5) 10 20 50 100

computation time (HiTS) | 7.96s 8.13s 8.02s 7.98s 8.07s 8.10s

Lo error (multiscale) 59e—5|37e—4|73e—3|62e—2]|22e—2|33e—2

Ly error (best NNTS) 5le—4|22e—3|87e—3|12e—1|86e—2|6.3c—2

Table A.13: Computation time and integrated Lo error of multiscale hierarchical neural

network time-stepping scheme under varying levels of stiffness of Van der Pol oscillator.
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— At=dt At = 2dt At = 4dt —— At =8dt —— At=16dt —— multiscale/hybrid

Note: df represents the unit time step size for each example, it is set to 0.0005 for Lorenz and 0.01 for others

Multiscale Hybrid
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Figure A.2: Stepwise error comparisons with Runge-Kutta integration. For each plot,
the horizontal axis represents simulation time and vertical axis represents Lo error. Both axes are
visualized in base-10 logarithmic scale. The left column shows the comparisons between multiscale
time-steppers and Runge-Kutta time-steppers. The right column shows the comparisons between
hybrid time-steppers and Runge-Kutta time-steppers. For both columns, mean squared errors at

each time step are plotted.
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Figure A.3: Increments of flow maps. We visualize x;ja; — ®o, for j = 1,2,---64 where
x is the state of each example. For the Lorenz system, we set At = 0.008 and the region we
visualize is [-9, —7] x [6, 8] x {27} whereas for other examples, At = 0.16 and the regions
are in [Table A1l
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Appendix B
MULTIRESOLUTION CONVOLUTIONAL AUTOENCODER

B.1 Remarks on filter initialization

As we perform the deepening operation or widening operation, we are essentially adding
properly initialized convoltuional and deconvolutional filters to the existing network.

For a deepening operation, one convolutional filter Cy and one deconvolutional filter Dy
are added to the network to connect the inputs and outputs from two adjacent levels. Both
of the two filters are of kernel size 3 x 3 and applied with stride size 2 without padding, and

they are initialized with the following matrices:

0 0 O egcl) 6562) e%)
Co=[0 1 o+ | & (B.1)

00 0 [e &

d d d

% % % Egl) €§2) 653)
o= |31 [ |0 A ®2

d d d

i % % Ez(ﬂ) f:(az) 51(53)

In a nutshell, Cy is initialized with a down-sampling operator while Dy is initialized with
an interpolation operator so that the transition is smooth between each level. We also add
some uniformly distributed random noise (egjc-), 62(-;[) € [—¢,€]) to break the symmetry.

To perform a widening operation, we create a group of convolutional filters and de-
convolutional filters where the channel number is specified by the user. Also for the sake
of ensuring a smooth transition, we initialize all entries of these filters with independent,
uniformly distributed random variables from [—¢, €] so that immediately after the change of

the architecture, reconstructions won’t be affected by much.
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B.2 Remarks on training

In addition to specifying the tolerances (threshold for residuals on all pixels) for different
training phases as shown in we set a maximum number of epochs to stop the
training. We also implement a stopping criterion as the convergence slowns down: if the
relative error decrease every ten epochs is less than 0.001, we stop the training and move

to the next operation to expand the network capacity.
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Appendix C
PHYSICS-INFORMED KOOPMAN NETWORK

C.1 Experimental setups

For all networks in the experiments, L is set to a zero matrix initially and all other parame-
ters are randomly initialized using the default initializer of Pytorch. The exponential linear
unit (ELU) is used as the nonlinear activation function as we expect the transformations in

PIKN to be relatively smooth.

Simple nonlinear system with discrete spectrum

In this example, we have trained two different types of PIKN: a PIKN with a linear decoder
and a PIKN with a nonlinear decoder. In both experiments, 1000 collocation points were
uniformly sampled from [—1,1] x [—1, 1] for training, an Adam optimizer with a learning
rate of 1e —4 has been applied. The total number of training epochs is set to 50000 and the
weights in the loss function are set to w; = wy = 1. The encoder part of both architectures
are the same: a 2-layer fully-connected neural network with hidden layer containing 50

neurons. The major differences between the two architectures are as follows:

e The linear decoder is simply a linear layer without a bias term whereas the nonlinear
decoder is symmetric to the encoder: a 2-layer fully-connected neural network with

hidden width 50.

e For the PIKN with a linear decoder, we have a three-dimensional latent space whereas
for the PIKN with a nonlinear decoder, it is two-dimensional.
Heat equation

In the PIKN architecture for Heat equation, encoder and decoder are both linear and the

latent dimension is set to 64, the same as the number of spatial grids. Number of training
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epochs is 100000 and an Adam optimizer has been applied for the training algorithm. In
this set of experiments, we use an adaptive learning rate: initially set to 0.01, it keeps
decreasing by a factor of 0.5 if no improvements are made over the recent 5000 epochs, until
it hits the minimal value of 0.000001.

With the network architecture and training parameters fixed, we train it in three different
ways. Namely, we set different values for the weights wi,ws, w3, wy in the loss function,

leading to three different training regimes:
e w1 =0.0001,ws = 1,w3 = 0,wy = 0: the network is purely physics-informed.
o w; =0,wy =0,w3 =1,wy = 1: this corresponds to a purely data-driven learning.

e w; = 0.0001,wy = 1,ws = 1,wy = 1: this represents the scenario where we train
a physics-informed network with data integration. For simplicity, we call it hybrid

training.

Notice that the value of wy is set on a different order compared to other weights, it is because
this loss term involves calculation of numerical derivatives which usually has a greater
amplitude. This is a well-known issue for physics-informed neural network and has been
thoroughly studied. Adaptive re-weighting schemes were proposed to fix it [249, [155] 282].
In our case, however, we find that choosing a fixed, small value wy = 0.0001 is sufficient for
achieving a fast convergenedﬂ

For the physics-informed learning, we create 1000 trial functions {u(l), u@, . ,u(looo)} for
training purpose. Each trial function u9) is a superposition of the Fourier modes that satisfy
the periodic boundary conditions. In our case, this amounts to using sin (kz) and cos (kx)
for k =0,1,2,... as basis functions. The value of k is restricted to be no greater than 32
due to the choice of our grid spatial resolution. The spatial derivatives of the trail functions

(1) (1000

{uzz, um R T )} are calculated using numerical spectral method.

In the data-driven regime, we use simulation data obtained from a solver based on spectral

! Another way to get around this is to learn the pseudo-inverse of L instead. Then the loss term reads
lp(xs) — LIVo(xi) - £(xi)||. In that case wy and ws can be both set to 1 because the two loss terms are
approximately on the same scale.
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method. We run the simulation with 1000 different initial states. For each run, the initial
state of u is obtained through the same procedure as we obtain the trial functions u(*).
Then we sample snapshots of the state v with a temporal gap At = 0.01 for 5 steps (i.e.
p=2>5).

For the hybrid training regime, both of the above two data sets are used. However, to study
the effects of the amount of simulation data, we conduct 10, 50, 100, 500, 1000 simulation

runs in 5 separate groups of experiments.

Burger’s equation

The architecture for Burger’s equation consists of a nonlinear encoder and a nonlinear de-
coder. Both encoder and decoder are 3-layer fully connected neural network with hidden
width 512. The latent dimension is set to the same as the number of modes we use for data
generation, which will be clarified shortly. Spatial grids and training parameters (learning
rates and number of training epochs) are set to be the same as in the heat equation exper-
iments.

To generate the data, we take advantage of the Cole-Hopf transformations as previously

discussed, resulting in the following procedure:

e Choose a number of modes K (i.e. Cy =0 for k > K).

Create a list of {C’l, Co, - ,CK} with each Cj, uniformly sampled from (—1, 1).
e Obtain a number a uniformly sampled from (0, 1).

Create a list of {C,Cy,--- ,Ck} with each Cj = % (so that 25:1 |ICk] = a <
k=1 k
1)

Generate v(z,t) = = + SI5_| Cy cos(kx)e .

T

e Obtain u(z,t) = C(v(x,t)).
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This data generation process guarantees the existence of at least one transformation (Cole-
Hopf transformation followed by a Fourier transformation) that linearizes the nonlinear
Burger’s equation with eigenvalues p, = —k? (k= 1,2, ..., K?). In our experiments, we set
K =10.

We also study the three different learning regimes, with different combinations of w1, ws, ws
and wy. The only difference from the setup of the heat equation experiments is that w; is
set to 0.01.

For physics-informed learning, we create 1000 trial functions {u(l),u(2),...,u(1000)} for
training. Bach trial function u() is a snapshot at a random time point t¢) & [0,0.1)

of the u(x,t) generated from the above procedure and projected onto the spatial grids.

To generate {uél),ug), . ’ug(clooo)} and {ugclx),ug%), . ,uélxooo)}, we take advantage of the
u = C(v) = —2% again, so that
ug = 2(22)2 — gtez
13)1) 1;) v (C.1)
Ugy = 6 ””v;z —2 ”f;” —~ 4(?””)3

where vy, Uy, and vy, are easy to derive.

For data-driven learning, we also obtain data from the above procedure. We sample snap-
shots of the state u(z,t) with a temporal gap At = 0.02 for 5 steps. For the hybrid regime,
both types of data are used.

To study the effects of number of training trajectories for data-driven learning and hybrid
learning, we conduct 5 groups of experiments for each, using 1000, 500, 100, 50, 10 training

trajectories respectively.

C.2 Additional results

Potential pitfalls of using nonlinear transformations

For each architecture, we have run the training algorithm for 10 times and the results are
robust in the sense that the identified eigenvalues are all centered around the real ones we
derived analytically, which are presented in Table [C.I] One can see our PIKNs faithfully
recover the desired Koopman eigenvalues. The one with the linear decoding provides slightly

more robust results, indicating the benefits of adding more known constraints.
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We notice that, however, the PIKN with nonlinear decoder doesn’t always identify the
eigenvalue p1 = —0.1. If we significantly change the initialization of the network parameters,
sometimes other values emerge. This indicates other transformations exist to linearize the
dynamics and reconstruct the state variables. As an example, one can easily check cpﬁ = x’f
for all 5 € N are all valid Koopman eigenfunctions associated with eigenvalues 5 and can
be used for reconstruction. The lesson here is that by using a nonlinear decoder, we not only

increase the flexibility of the Koopman operator theory framework, but also dramatically

increase the searching space, which may lead to different learning outcomes.
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PIKN(linear decoder) PIKN (nonlinear decoder)
w1 = —0.10000689, ps = —0.19914131, p1 = —0.09756267,
Experiment 1
ua = —0.9996788 e = —0.99973810
w1 = —0.10009335, ps = —0.19947967, p1 = —0.09644943,
Experiment 2
w3 = —1.0004123 o = —0.99867420
p1 = —0.10005733, p = —0.19892442, p1 = —0.09592330,
Experiment 3
us = —1.0003881 o = —0.99915651
p1 = —0.10008135, ps = —0.20019206, w1 = —0.09784412,
Experiment 4
pus = —0.9986593 pe = —1.00298023
. p1 = —0.09990316, pe = —0.20018657, p1 = —0.09837312,
Experiment 5
us = —0.9991975 ue = —1.00187280
. p1 = —0.09997816, ps = —0.19966313, p1 = —0.09764695,
Experiment 6
us = —1.0005931 po = —1.00517617
. p1 = —0.10009032, pg = —0.19991782, p1 = —0.09866422,
Experiment 7
us = —1.0000535 o = —0.99622254
. p1 = —0.09998395, pa = —0.19948480, p1 = —0.09856838,
Experiment 8
us = —0.9996783 pe = —1.00204348
. p1 = —0.09996726, ps = —0.19905518, p1 = —0.09929386,
Experiment 9
us = —1.0005406 o = —0.99679565
. p1 = —0.10004932, pg = —0.19994377, p1 = —0.09756234,
Experiment 10
us = —0.9993069 pe = —1.00279380
p1 = —0.10 + 6.22e — 04,
w1 = —0.10 £ 2.74e — 03,
summary p2 = —0.20+4.37e — 04,
o = —1.00 + 9.68e — 04
u3 = —1.00 £ 5.99¢e — 05

Table C.1: Eigenvalues identified by PIKNs at all training runs. The first column represents

the PIKN with a linear decoder and the second column is the one with a nonlinear decoder.
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