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Aeronautics & Astronautics

Autonomous systems of today rely on trajectory planning to achieve complex tasks. With

the increasing capabilities of such systems, there is a need for a framework that not only

allows for accurate modeling of these tasks, but also enables real-time generation of feasi-

ble trajectories to achieve them. This dissertation presents trajectory generation methods,

using gradient-based optimization and set-based dynamic programming, for a large class of

optimal, robust, and resilient control problems. These methods are intended for adoption on-

board agile autonomous systems—such as reusable rockets—that mandate high-performance

guidance & control.

This dissertation is organized as follows: Chapter 1 provides an overview of the disserta-

tion, including literature review, motivation, research objectives, and contributions. Chapter

2 delves into the design of the sequential conic optimization (seco) framework for trajec-

tory generation and discusses practical considerations for real-time convex optimization, and

particularly, quadratic cone programming. Chapter 3 introduces a novel preconditioning

procedure for online quadratic cone programming. Chapter 4 develops a set-based dynamic

programming framework for optimal, robust, and resilient predictive control. Chapter 5

delves into temporal techniques for guidance & control. Chapter 6 discusses three relevant

rocket landing guidance & control applications, the first two using seco and the third using

set-based dynamic programming. Chapter 7 presents scvxgen, an automatic code genera-

tion software tool for general-purpose trajectory optimization via successive convexification.

Finally, Chapter 8 concludes the dissertation and suggests potential avenues for future work.
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Chapter 1

INTRODUCTION

This chapter provides chapter-wise introductions to the research directions pursued in

this dissertation, including the requisite background details and core contributions.

1.1 Background & Contributions

1.1.1 Chapter 2: Sequential Conic Optimization for Trajectory Generation

Sequential convex programming (SCP) has recently emerged as a powerful tool for solv-

ing nonconvex optimal control problems [134]. The method involves iteratively solving a

sequence of convex subproblems that approximate the original nonconvex problem. The

convergence of SCP algorithms is guaranteed under mild assumptions, and the method has

been shown to be effective in practice for a wide range of problems. The primary advan-

tage of SCP is that it only requires first-order information (i.e., gradients and not Hessians),

which is in turn beneficial for real-time applications.

SCP falls under the class of trust region methods [155]. Within SCP, there exist both

hard trust region [137, 36, 127] and soft trust region [174, 208, 176] methods in the literature.

A popular approach in SCP-based trajectory optimization is to impose a soft trust region by

augmenting the objective function with a quadratic penalty term, and to use the penalized

trust region (ptr) algorithm, which, as the name suggests, penalizes the trust region radius

in lieu of constraining it and adopting an outer-loop update rule (which is the case in hard

trust region methods).

The ptr algorithm has been shown to work very well in practice, and has been employed

to successfully solve a wide range of challenging nonconvex optimal control problems in the

context of real-time quadrotor path-planning [206, 205, 204, 219, 65], aircraft approach and
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landing [109, 110], spacecraft rendezvous and docking [132, 130, 129, 49], hypersonic entry

[143, 146], and rocket landing [176, 174, 208, 108, 103, 102, 42, 51, 65]. A comprehensive

survey of the application of SCP methods to optimal control problems that arise in the

aerospace domain can be found in [135].

The standard ptr algorithm handles nonconvex constraints via linearization and adding

slack variables to them (within each convex subproblem), and by penalizing these slack

variables. The penalty function is typically chosen to be the 1-norm in order to promote

sparsity in the slack variable solutions [208]. At and around the time of its conception,

the convergence properties of ptr remained an open question [208]. However, recently,

it was shown that in [65] that the ptr algorithm with a 1-norm penalization of all the

nonconvex constraints is practically identical to the prox-linear method for convex composite

minimization [60, 61], which is guaranteed to converge to a stationary point of the original

nonconvex problem.

The ptr algorithm originally involved a discretization procedure that required matrix in-

versions. The resulting convex subproblems were solved using interior-point methods (IPMs)

[174, 176, 208]. For the 6-DoF powered-descent guidance problem—a motivating application

that mandates real-time performance—solve-times were on the order of one second on desk-

top computers [208]. One such state-of-the-art 6-DoF powered-descent guidance algorithm is

the dual quaternion-based powered-descent guidance algorithm (dqg), originally developed

in [176], which was chosen as the candidate powered-descent guidance algorithm for NASA’s

Safe and Precise Landing – Integrated Capabilities Evolution (SPLICE) project, and has

been open-loop flight-tested on the Blue Origin New Shepard suborbital rocket onboard the

descent and landing computer (DLC) [185, 202, 75].

The implementation of the algorithm for these flight tests made use of a customized

version of a second-order IPM-based solver called bsocp, along with a parser interface called

cprs [63, 62]. As noted in [202], that implementation of dqg onboard the DLC takes over

11 seconds to execute (with an optimization horizon length of 20), and close to 6 seconds to

execute (with an optimization horizon length of 10), making it prohibitively slow in terms of
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meeting NASA’s guidance update-rate requirements for PL&HA in its current state. Further,

the customized solver leads to a very large footprint source code—around 600,000 lines of C

code. Additionally, the convex subproblems involve positive semidefinite objective function

Hessian matrices [49, Equation 26], and are hence not strongly convex.

In light of these challenges and the recent emergence of effective first-order convex op-

timization methods (see §1.1.2), in this work, we seek to devise a sequential convex pro-

gramming algorithm—for the optimal control problem at hand—that possesses the following

features:

1. The entire sequential convex programming algorithm is matrix-inverse-free: this includes

both the discretization and convex optimization layers.

2. The resulting convex subproblems are amenable to efficient solution via first-order methods

(§1.1.2):

(a) The convex subproblems are strongly convex.

(b) All the path constraints are satisfied via closed-form projections, the benefits of

which are many-fold: exact satisfaction of the constraints at each solver iteration,

reduction of the search-space, and reduction in the number of dual variables (and in

turn, memory usage).

(c) The subproblem structure lends itself to solver customization.

3. The algorithm is amenable to real-time implementations onboard computationally con-

strained flight hardware (with moderate-accuracy subproblem solves).

4. The algorithm lends itself to a low-footprint codebase that is easy to verify and validate.

In order to tackle the challenges of execution speed and code footprint, first-order op-

timization algorithms can be used instead of (second-order) IPMs. First-order algorithms

typically rely on simple linear algebra operations like matrix-vector multiplications and com-

putation of vector norms at each iteration. Unlike second-order methods, they can avoid fac-

torization of larger matrices and can be warm-started easily. In addition to these benefits,

the recently introduced first-order algorithm, the proportional-integral projected gradient



4

(pipg) method [237, 239], is capable of exploiting the structure of trajectory optimization

problems to completely avoid operations on large sparse matrices. As a result, pipg is readily

suitable for onboard, resource-constrained applications. Further, if the problem being solved

is strongly convex, pipg demonstrates faster convergence properties [239].

Recent work on the design and implementation of a customized pipg solver for the 3-

DoF lcvx algorithm demonstrated the capabilities of pipg in terms of computational effi-

ciency, code footprint, and its viability for easy verification and validation [64]. Moreover,

features such as warm-starting and extrapolation [238] for boosting the practical conver-

gence rate have further enhanced pipg’s capabilities as a conic optimization solver for use

within sequential convex programming (SCP) algorithms [134]. Further, pipg is amenable

to customization, i.e., it directly uses the optimal control problem data (the dynamics ma-

trices, constraint functions, etc) and only incorporates dense linear algebra routines with

low-dimensional matrices, i.e., it precludes the need for assembling sparse matrices, perform-

ing sparse linear algebra operations, and transforming the problem to a canonical form, all

of which are typically required by convex optimization solvers.

We take a bottom-up approach, and devise a high-level sequential convex programming

algorithm that meshes well with an existing low-level first-order convex optimization al-

gorithm, the proportional-integral projected gradient method (pipg). In other words, we

develop a specialized SCP algorithm to harness the approach taken in pipg to solve conic

optimization problems, resulting in a framework that possesses all the features mentioned

above—we call this sequential conic optimization (seco) [103, 102, 100].

1.1.2 Chapter 3: Optimal Preconditioning for Conic Optimization

The class of QCPs given by the template problem, Problem 3.1, appears often in online appli-

cations wherein optimization problems need to be solved in real-time, in a sequential fashion,

with the problem size and structure remaining the same, but with the problem data changing

between successive calls to the solver. Such a mode of operation (with the objective function

being strongly convex) is observed most notably in model predictive control (MPC) [237] and
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nonconvex trajectory optimization using sequential convex programming (SCP)—specifically

a variant of SCP called sequential conic optimization (SeCO) [102, 103]. Further, there exist

online applications that involve the solution to a single convex problem (with a strongly con-

vex objective function) [64], which would fit well into such a framework if used in conjunction

with a line search [2]. We note that several online applications, wherein the objective func-

tion is not necessarily strongly convex, exist as well [231, 158, 209, 122, 208, 176, 240, 65],

but in this work, we restrict our focus to applications with strongly convex objective func-

tions. While the theoretical results in this work only hold for problems with strongly convex

objective functions, problems with ill-conditioned non-strongly convex objective functions

might also benefit from the proposed preconditioning procedure in practice.

First-order conic optimization solvers are attractive for: (i) real-time applications, since

they are (can be) fast, (ii) implementation onboard resource-constrained embedded systems,

since they only require a small code footprint, with low memory requirements in terms of

both allocations and the compiled binary executable, (iii) easy customization, which refers

to exploitation of the sparsity structure of the optimization problem being solved—in a

manner that enables low-dimensional matrix-vector multiplications and other dense linear

algebra operations with devectorized variables—thus eliminating the need for sparse lin-

ear algebra operations entirely [102], (iv) easy verification and validation (V&V), owing to

the fact that they only rely on simple linear algebra operations, (v) usage within sequen-

tial convex programming algorithms for nonconvex optimization, given their amenability to

warm-starting, and (vi) large-scale problems, since their performance scales well with prob-

lem size [47, 18, 157, 201, 237, 239, 238]. The performance of first-order methods, however, is

highly dependent on conditioning of the problem data [81, 201]—more so than solvers based

on interior point methods (IPMs) that utilize second-order (Hessian) information.

Preconditioning is an operation that transforms a given matrix into another matrix of the

same size but with a smaller condition number—it is a heuristic often employed to improve

the performance of iterative algorithms. Simply put, applying the algorithm in question to

a transformed matrix with a smaller condition number typically leads to better performance



6

in practice (fewer iterations to convergence, for example) [232]. Several preconditioning

techniques exist in the literature for various iterative numerical methods [22].

In the context of first-order methods, diagonal preconditioners are popularly used [162,

80]. The computation of an exact diagonal preconditioner can be posed as a (computationally

expensive-to-solve) semidefinite program [82, 38]. However, in practice, matrix equilibration

[82, 194]—which refers to transforming the matrix in question such that the columns have

equal norms and the rows have equal norms—and specifically, Ruiz equilibration [183], is

a popularly used iterative algorithm for approximate preconditioning in first-order methods

that is observed to work well, while also being computationally efficient [157, 201]. Recently,

a QR factorization-based constraint matrix preconditioner was also proposed [52], which

was shown to accelerate convergence of first-order methods. However, it requires matrix

factorizations and turns sparse problems dense, thus increasing the per-iteration cost of

the solver and limiting customizability. Further, it only applies to QCPs in which L (in

Equation 3.1b) only contains the zero cone. Note that all the aforementioned approaches to

preconditioning are either iterative or based on (explicit) matrix factorizations.

In this work, we propose a three-step procedure for preconditioning conic optimization

problems that is amenable to a (mostly) analytical, factorization-free, and customizable

implementation:

1. Minimizing the condition number of the Hessian of the objective function using hyper-

sphere preconditioning: this step is optimal, in that the condition number of the resulting

objective function matrix is unity. This was first introduced in [102], but it was only

applied to problems where L only contains the zero cone.

2. Performing a (block) row-normalization of the constraint matrix, which is a simple,

customization-friendly heuristic to make the constraint matrix better conditioned: al-

though not guaranteed to reduce the condition number of the constraint matrix, this

procedure has been observed to work well in practice. When used in tandem with a

primal-dual conic optimization algorithm, it also provides the added benefit of scaling the
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dual variables favorably.

3. Minimizing the condition number of the resulting Karush-Kuhn-Tucker (KKT) matrix

by optimally scaling the objective function: in [102], the objective function scaling factor

was manually tuned to obtain good performance, whereas in this work, we obtain a

closed-form solution for the objective function scaling factor that minimizes the condition

number of the KKT matrix—this step is optimal in that sense. A customizable numerical

algorithm, the shifted power iteration method [234], can be used to efficiently estimate

this value—this is the only iterative component in the entire preconditioning process.

Note that this step is important, as the condition number of the KKT matrix is sensitive

to the scaling of the objective function—a “bad” scaling can lead to poor convergence

behavior, even if the first two steps are followed.

We refer to this three-step procedure as hypersphere preconditioning [101]. While the end

goal of preconditioning is to minimize the condition number of the KKT matrix of Problem

3.1 itself, we propose the aforementioned three-step procedure to approximately achieve

that goal while ensuring that the structure of the preconditioned problem is preserved, thus

enabling customization and facilitating online optimization.

1.1.3 Chapter 4: Set-based Dynamic Programming for Predictive Control

Modern autonomous systems require advanced real-time-capable control methods. In this

work, motivated by the autonomous precision landing problem, we develop a computation-

ally tractable and real-time-capable approach to optimal, robust, and resilient predictive

control—for a class of systems—within a unified control architecture. Our approach is set-

theoretic: we present general results for closed-loop optimal control, for control under mod-

eled state and control uncertainty, and for control in the presence of unmodeled uncertainty.

We develop a computational framework for closed-loop control via dynamic programming

over a controllable tube, i.e., a time-indexed sequence of controllable sets [225]. For compu-

tational tractability, we leverage constrained zonotopes, a representation of compact convex
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polytopes that admits efficient and scalable set operations [192].

Robust open-loop control with both state and control uncertainty can be prohibitively

conservative, motivating the need for a closed-loop control framework [37]. Global optimality

in a closed-loop setting is naturally characterized by dynamic programming [19]. Standard

approaches to dynamic programming, however, require discretization of the state space and

suffer from the curse of dimensionality, making them intractable for high-dimensional systems

[25]. Recently, it was shown that for a class of nonlinear optimal control problems, dynamic

programming can be made tractable by lossless convexification, a state-augmentation, and

employing controllable tubes [225], which we adopt in this work. The tractability of dynamic

programming, consequently, relies on the tractability of controllable tube generation, for

which we use constrained zonotopes [192].

The main contributions of this chapter are [105, 106]:

1. Robust control accounting for both control uncertainty and time-varying state uncer-

tainty.

2. A general set-theoretic result for computing the reachable set from the current state

(i.e., the instantaneous reachable set).

3. Set-based maximal decision-deferral, i.e., maintaining reachability of multiple targets

for as long as possible, which enables large diverts.

All these contributions are presented with computationally tractable implementations, as

demonstrated by means of a comprehensive autonomous precision landing case study.

Optimal predictive control for constrained systems is typically achieved by either: (i)

model predictive control (MPC) and its variants [76, 170, 142, 131], and (ii) dynamic pro-

gramming (DP) and its variants [19, 20, 25, 165, 166]. MPC involves the generation of an

open-loop control sequence over a time-horizon, only applying the first control input, and

repeating the process at each step [76, 37, 233, 4, 131]. Despite providing a feedback action to

close the loop, the nominal prediction across the time-horizon itself is feedback-agnostic, i.e.,

it is open-loop, and robust variants tend to be conservative in terms of handling disturbances
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[37]. DP, in contrast, yields globally optimal closed-loop policies, but standard techniques

rely on state-space discretization and storage of value function evaluations for each state

across the entire time-horizon, the number of which grows exponentially as a function of

the state dimension, thus limiting its use to small-dimensional systems [25]. Owing to the

closed-loop nature of DP, robust control is less conservative than open-loop approaches.

Resilient control is an emerging field of control [182, 48] that deals with keeping the system

under consideration safe in the face of unmodeled uncertainties, or, in other words, unknown

unknowns, such as disruptions and faults. Landing guidance algorithms with built-in divert

capabilities serve as a good example for this [6, 1, 88, 90, 43, 199, 121]. Reachability-steering

is an approach to resilient control that has been applied in the context of precision landing

[212, 211]. Another framework for open-loop resilient control is that of deferred-decision

trajectory optimization (ddto) [67, 90, 68], which ensures (constrained) reachability to a

collection of target terminal states for as long as possible.

Set-based methods in control [34, 37] have recently emerged as a popular approach to

deterministic optimal control [71, 199] and robust optimal control [121, 228, 229, 225]. Specif-

ically, [71, 199, 121] propose open-loop approaches that involve the construction of a con-

trollable set for the autonomous precision landing problem, and [226, 83, 227, 229, 224, 225]

propose closed-loop approaches that involve the construction of a controllable tube, i.e.,

a sequence of controllable sets, applied to spacecraft rendezvous trajectory optimization

[226, 227, 228, 224, 229]. Most set-theoretic approaches leverage polytopes, which are often

limited to low dimensions due to computational challenges [34]. However, the introduction

of constrained zonotopes (CZs) has enabled computationally tractable set operations in high

dimensions [192], which are largely beneficial in the field of control [192, 228, 229, 225].

1.1.4 Chapter 5: Temporal Techniques for Guidance & Control

A conditional constraint is one that is only activated if a certain condition is satisfied, best

described by an if-then statement. One important use-case of conditional constraints is in

modern planetary rocket landing missions that require accurate scans of the terrain during
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descent, and the ability to avoid hazardous regions. In such missions, the vehicle must

maintain a line-of-sight with the target landing site throughout the descent phase, while

simultaneously satisfying several other constraints, thus making for a compound constraint

that couples the translation and attitude states of the vehicle [177, 176].

In their native form, such constraints happen to be integer constraints, and they require

mixed-integer programming solvers to handle them. However, in the context of trajectory

optimization, it is desirable to handle such constraints within a continuous optimization

framework, to allow for the use of gradient-based solution methods.

State-triggered constraints (STCs) are a powerful tool for modeling such conditional

constraints in a direct trajectory optimization framework [207, 208, 176]. They provide

an equivalent continuous formulation of inherently mixed-integer constraints, thus allowing

for their imposition within continuous optimization frameworks. They allow for triggering a

certain constraint function based on the satisfaction of a certain condition, given by a trigger

function. This idea has also been extended to compound STCs, which allow for the triggering

of multiple constraints based on the satisfaction of multiple trigger conditions, either with

the and or or logic [207, 204]. Recently, a homotopy-based approach to handling conditional

constraints was also proposed [130].

STCs are general, in that they are automatic: once imposed, the optimizer implicitly

determines when to trigger the constraints active. However, owing to their formulation,

STCs are nonconvex by default, and in their standard form, they can violate the linear

independence constraint qualification (LICQ) [96] (they lead to zero rows in the constraint

matrix when the trigger function is not satisfied). Further, triggering is not exact in time—it

is prone to intersample violations.

The generality of STCs is beneficial when the trigger function is non-monotonic, for

example in the case where an angle-of-attack constraint is to be triggered by a velocity-based

trigger [208]. That said, we seek to develop a specialized form of compound STCs with the

and logic—in the case wherein the trigger functions are monotonic in a neighborhood around

the trigger—that satisfy the following properties:
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1. The entire compound STC is convex if the trigger and constraint conditions are individ-

ually convex.

(a) Consequently, the compound STC satisfies LICQ if the trigger and constraint con-

ditions satisfy LICQ.

2. Triggering is exact in time, i.e., it does not suffer from intersample violations.

We formulate a specialized form of compound STCs, called single-crossing compound

STCs, that satisfy the above properties. To achieve this, we first introduce the notion of

time-interval dilation. Further, we demonstrate the efficacy of single-crossing STCs, to-

gether with a hybrid control parameterization and discretization technique, in a multi-phase

trajectory optimization setting—with free-final-time and free-phase-transition-time capabil-

ities—via the seco framework (without introducing any mixed-integer constraints) [103].

Another distinct contribution of this chapter is a general set-theoretic result for closed-

loop free-final-time optimal control [105, 106].

1.1.5 Chapter 6: Rocket Landing Guidance & Control

With robotic and human missions to the Moon and Mars on the horizon, there has been

an increased interest in guidance, navigation, and control (GNC) technologies for precision

landing [195, 53, 54, 161, 154, 153]. Precision landing and hazard avoidance (PL&HA)

have been deemed high-priority capabilities by NASA to facilitate missions of exploration

to celestial bodies in the solar system [44]. Critical to achieving PL&HA is powered-descent

guidance (PDG), which refers to the generation of a feedforward control profile and the

corresponding reference state trajectories for powered-descent and landing.

Historically, missions to the Moon, i.e., the Apollo program, and Mars, i.e., the Mars

Science Laboratory (MSL) and Mars 2020 missions, made use of polynomial guidance for

the powered-descent and landing phase [111, 187, 46]. While these missions saw incredible

success, the resulting descent and landing trajectories were not propellant optimal. Further,

the landing dispersion ellipses for the Apollo missions were prohibitively large (on the order
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of kilometers) [167] in terms of enabling precision landing, which requires safely landing

spacecraft within 100 meters from the target landing site [44].

Rocket landing guidance can be considered to be the generalization of powered-descent

guidance (PDG) to include the unpowered phase(s) of flight. Precision landing techniques

for orbital rockets harness convex optimization for real-time trajectory generation [2, 32].

One such method, known as lossless convexification, was the first convex optimization-based

algorithm to compute a rocket landing guidance trajectory for a mid-flight large divert ma-

neuver onboard the vehicle. Sequential convex programming (SCP) techniques for rocket

landing have recently emerged as a way to handle more generalized nonconvexities in the

dynamics, state constraints, environmental constraints, and path constraints ([137]). Such

SCP algorithms have been demonstrated to successfully solve a wide range of 6-DoF rocket

landing problems ([207, 176, 208]).

The control problem of autonomous precision landing is particularly challenging owing

to payload capacity coming at a premium, estimation and control errors due to uncertainty

in navigation and actuation, and the lack of safety due to incomplete or outdated informa-

tion about the landing zone [200, 32, 44, 135]. At the same time, the overarching goal of

autonomous precision landing missions is to maximize the payload capacity by minimizing

propellant consumption (optimal control), while remaining robust to navigation and actu-

ation uncertainty (robust control), and maintaining safety in the presence of unforeseen

hazards (resilient control). These competing requirements naturally lead to the need for a

unified control architecture, which can be realized using set-based dynamic programming

[225, 105, 106].

Multi-Phase Rocket Landing Guidance

A traditional approach to entry, descent, and landing guidance would be to compute the

trajectories of different phases of the entry, descent, and landing sequences independently,

and to then stitch the solutions together a posteriori. However, such an approach would

pose the following challenges: (1) the composite trajectory might not be feasible, (2) the
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trajectory could be severely suboptimal even if it is feasible, and (3) posing and solving

multiple separate optimization problems would not be amenable to real-time computation.

In the optimal control literature, pseudospectral methods have been developed in the last

decade for solving multi-phase trajectory optimization problems, particularly in aerospace

applications. These methods typically parameterize the state time-history with Chebyshev

and Legendre polynomials, operate on nonuniform time-grids with node points that are

roots of these polynomials, and use linking conditions to tie together different phases of

flight. A multi-phase Radau pseudospectral method was introduced in [77] for ascent and

powered-descent guidance. The SPARTAN software package described in [186] has been

demonstrated to solve multi-phase problems arising in space applications. Further, relevant

details showcasing pseudospectral approaches are provided in [98, 128, 243]. Despite their

ability to solve multi-phase problems, pseudospectral methods are typically untenable for

real-time implementations [133].

In this work, we present a framework to formulate and solve a multi-phase rocket land-

ing guidance problem in a unified manner [103]. The guidance algorithm has the ability to

perform mid-burn engine switching after ignition. The primary features of this framework

are as follows: (1) time-interval dilation, which allows for nonuniform time-grids and free-

phase-transition-time; (2) a new formulation of compound state-triggered constraints—called

single-crossing compound state-triggered constraints—that is convex, provided the trigger

and constraint conditions are convex; (3) a new approach to handling artificial infeasibil-

ity, i.e., virtual state, that preserves the shapes of the constraint sets and does not alter

the dynamics manifold; and (4) pipg (proportional-integral projected gradient), a high-

performance first-order solver that effectively exploits the structure of trajectory optimiza-

tion problems, making it well-suited for embedded applications ([237]). Further, we use an

inverse-free exact discretization method to generate dynamically feasible solutions. Despite

the layers of apparent complexity described, the method that we present is implemented via

a low-footprint codebase that is easy to verify and validate.
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Dual Quaternion-based 6-DoF Powered-Descent Guidance

The advent of convex optimization methods at the turn of the century, along with pivotal

results on the lossless convexification (lcvx) of certain nonconvex constraints, led to the

invention of a real-time-capable PDG algorithm with strong guarantees [2, 3, 5]. This al-

gorithm was successfully flight-tested onboard a terrestrial rocket-powered landing testbed,

demonstrating the capability of generating propellant-optimal large divert trajectories in

real-time [1, 190]. The problem formulation incorporated a point-mass vehicle model and

three degree-of-freedom (3-DoF) translation dynamics. While it was demonstrated that such

a guidance algorithm was sufficient to successfully guide and land an inherently 6-DoF vehi-

cle (by using the thrust vector profile as a surrogate for the reference attitude of the vehicle),

the algorithm itself was incapable of handling coupled translation and attitude constraints.

Technologies such as terrain relative navigation (TRN) and hazard detection and avoid-

ance (HDA) require constraining the flight envelope in a manner that couples the translation

and attitude states. Recent work on 6-DoF powered-descent guidance addresses this problem

by formulating state-triggered constraints and encoding them in a continuous optimization

framework [207, 177, 204, 208, 176]. These are powerful algorithms capable of handling

difficult constraints, and have been shown to be amenable to real-time implementation. A

real-time implementation of a nonconvex planar landing guidance algorithm has also been

proposed [174].

In this work, we demonstrate a real-time-capable implementation of seco for solving

the nonconvex optimal control problem in dqg [102, 58, 100]. We describe, in detail, the

problem formulation, optimization algorithms, solver customization, and then provide nu-

merical results, including offline benchmarks and hardware-in-the-loop results. Many of the

following fundamental mathematical definitions and formalisms can be found in [176, 178],

and [103], and are presented here for the sake of completeness. The operations pertaining to

quaternion and dual quaternion algebra are documented in the Appendix.
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Set-based Control for Autonomous Precision Landing

While early work on autonomous precision landing dealt with deterministic optimal control

[2, 5], there has been recent work on stochastic guidance and feedback control for land-

ing as well [179, 180, 181]. More recently, [199] proposed a deterministic open-loop control

framework for lunar landing with divert capabilities, which was later extended to account for

navigational uncertainty in [121]—these papers made use of a convex-optimization-based sim-

plicial “facet-pushing” algorithm to construct the open-loop controllable set, first presented

in [71]. The case study we present herein serves as a closed-loop extension to the work on au-

tonomous precision landing with the proposed novel contributions: closed-loop free-final-time

optimal control, closed-loop control with robustness to both actuation (control) uncertain-

ties and time-varying navigation (state) uncertainties, and instantaneous-reachable-set- and

maximal decision-deferral-based resilient control [105, 106].

1.1.6 Chapter 7: SCvxGEN: Successive Convexification with Automatic Code Generation

Trajectory optimization refers to the computation of an optimal control profile that generates

a dynamically feasible state trajectory, subject to constraints, while optimizing a chosen

metric [134]. In motion planning and guidance and control (G&C) applications that rely on

onboard trajectory optimization, the optimized control profile serves as a feedforward control

input sequence and the corresponding state trajectory serves as the reference trajectory to be

tracked [191, 135]. Trajectory optimization also plays a major role in offline mission design

[171, 28, 135].

Methods to solve optimal control problems can be classified into indirect methods, which

take the optimize-then-discretize approach, and direct methods, which take the discretize-

then-optimize approach. Indirect methods rely on setting up a two-point boundary value

problem based on the necessary conditions for optimality that stem from Pontryagin’s max-

imum principle, and solving it to obtain a high-accuracy solution [27]. However, indirect

methods require a priori specification of the time-intervals over which constraints are active,
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are highly sensitive to initial guesses, and suffer from poor convergence behavior and slow

solve-times [135].

Direct methods, on the other hand, rely on parameterizing either the control profile only

(as is the case with shooting methods) or both the control profile and the state trajectory

(as is the case with collocation methods), by a finite number of variables, to assemble a

parameter optimization problem, which is then solved numerically [27, 171]. Owing to the

state parameterization, collocation methods typically require a large number of discretization

points, which we refer to as nodes or node points, combined with mesh-refinement heuristics,

to ensure that the solution is dynamically feasible, i.e., that the state trajectory satisfies the

dynamics of the system. Shooting methods, on the other hand, rely on integration of the

true dynamics of the system, and hence produce dynamically feasible solutions.

A notable characteristic of state-of-the-art direct methods for trajectory optimization,

including shooting-based methods, is that they typically exhibit inter-sample constraint

violation [134]. While multiple shooting itself ensures continuous-time satisfaction of the

dynamics, path constraints are only imposed at nodes due to the discrete-time nature of for-

mulations, and the continuous-time trajectory obtained by propagating the system with the

optimized controls can violate the imposed constraints in between nodes, as shown in Figure

7.1. This is often mitigated by either increasing the number of nodes or using mesh-refinement

heuristics. In [65], however, it was shown that constraint satisfaction in continuous-time can

be ensured by using an integral reformulation of constraints [147, 89, 66] within a solution

method that ensures continuous-time dynamic feasibility. The method has been used in

various applications since [51, 219, 69, 70, 216, 217, 198, 242].

Real-time trajectory optimization requires high-performance numerical optimization solvers

under the hood. Code generation has recently emerged as an effective approach to obtaining

real-time implementations of optimization algorithms with minimal user effort [141]. The

general idea is to provide for a simple user-interface to specify problems that belong to a

certain class, typically by means of a domain specific language (DSL), and to generate ef-

ficient code, tailored to that problem class (usually in C), that is amenable to real-time
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implementation. Code generation tools exist for general convex optimization, including lin-

ear programs (LPs) and quadratic programs (QPs) [140, 14], second-order cone programs

(SOCPs) [63, 189, 50], and nonconvex optimization [197]. Further, code generation tools

have been developed specifically for trajectory optimization, mostly in the context of nonlin-

ear model predictive control (NMPC) using nonlinear programming (NLP) solvers that are

either based on interior point methods (IPMs) or sequential quadratic programming (SQP)

[95, 222].

There exist many popular software tools for optimal control and embedded optimization:

see [135, Table 1] for a catalog of general optimal control problem parsers and [222, Table

1] for an overview of embedded optimization packages. Most modern direct optimal control

software, whether based on collocation or shooting methods, provide high-level modeling

interfaces and ultimately transcribe the problem into a sparse nonlinear program (NLP),

which is then solved using a generic NLP solver such as IPOPT [230] or SNOPT [79].

Among collocation-based methods—and specifically, pseudospectral methods—the mat-

lab-based GPOPS−II software [159] and its C++ counterpart, CGPOPS [10], are especially

popular for aerospace mission design. Dymos [72] offers similar capabilities in Python, target-

ing multidisciplinary trajectory optimization. Among shooting-based approaches, ACADO

[94] and acados [222] are among the most widely used optimal control software packages.

They focus on high-performance implementations of SQP-based algorithms, using structure-

exploiting quadratic program (QP) solvers such as HPIPM [74] to solve the resulting QP

subproblems. ACADO and acados are the staple for real-time nonlinear model predictive

control (NMPC) applications and have seen considerable adoption in embedded and indus-

trial settings [222].

In contrast to pseudospectral and SQP-based optimal control methods, both of which

assume twice-differentiability in the nonlinear dynamics and constraints to enable the use

of second-order information, a growing class of sequential convex programming (SCP)-based

methods has emerged. SCP-based methods only require once-differentiability in the non-

convex constraints, and can natively handle convex conic constraints. An SCP-based tool
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that has been growing in popularity is the SCP Toolbox [134], which is written in Julia, and

includes SCP algorithms such as the penalized trust region (PTR) algorithm [174] and the

guaranteed sequential trajectory optimization (GuSTO) algorithm [36]. We note that the

SCvxPyGen package is a recently introduced Python-based tool that automatically generates

code for SCP implementations [24]. It represents a preliminary step toward an SCP-based

optimal control framework with automatic code generation, but at present only supports

a restricted problem template, focusing mainly on obstacle-avoidance-type constraints, and

uses an Euler integration scheme for discretization.

scvxgen is based on the successive convexification framework [66], which combines a

multiple-shooting-based approach with sequential convex programming (SCP) to generate

trajectories that are not only dynamically feasible, but also satisfy the imposed constraints

in continuous-time, while preserving favorable convergence properties.

scvxgen is designed to be user-friendly, allowing users to specify their true free-final-

time optimal control problems in continuous-time via a simple high-level user interface that

relies on SymPy [151], a symbolic mathematics and computer algebra system in Python,

a high-level programming language [220]. scvxgen includes a modeling library for con-

ditional and logical constraints, i.e., signal temporal logic (STL) specifications, that allows

users to specify constraints in close-to-plain language, which are then internally converted

to equivalent smooth forms that are exact [218]. scvxgen automatically generates the

required Jacobians via SymPy. It can also automatically detect convexity in the optimal

control problem, and choose the solution method accordingly (either pure convex optimiza-

tion or sequential convex programming). Finally, it automatically reformulates the problem

to achieve continuous-time constraint satisfaction and generalized time-dilation [66].

scvxgen automates the generation of a custom, real-time solver for full-stack trajectory

optimization [104]. The code generated by scvxgen for the nonconvex solver, including

initial guess generation, multiple-shooting discretization/linearization, fixed-step RK4 inte-

grators, problem preconditioning, and convex optimization, is not only embeddable, but also

readable and maintainable, unlike typical code generation schemes. While the core solver
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is in C, the user can execute the solver and access the solution via the Python interface,

without having to interact with the C code.

scvxgen also provides the option to interface with different convex optimization solvers,

such as qoco [50], ecos [59], and osqp [201] via the cvxpygen framework [189], or

pipg [238] directly, and linear algebra libraries using blas routines [31, 244], for exam-

ple. scvxgen is designed to be highly efficient, generating library-free C code with static

memory allocations only (when used with qocogen or pipg) and dense linear algebra oper-

ations without any matrix inversions or factorizations (when used with pipg). It has already

been tested on both CPUs [66] for real-time trajectory optimization (see Figure 7.10 for

a numerical example) and GPUs, via automatically generated CUDA code, for fast Monte

Carlo analysis [51].

Some of the features of scvxgen are as follows (see Figure 1.1):

1. A simple user-interface in a high-level programming language that accepts continuous-

time definitions for constraints and dynamics.

2. A modeling library for signal temporal logic (STL) specifications for conditional and

logical constraints.

3. Automatic generation of the required Jacobians.

4. Automatic detection of convexity in the optimal control problem.

5. Automatic reformulation of the problem for continuous-time constraint satisfaction.

6. Automatic reformulation of the problem for generalized time-dilation.

7. Generation of highly readable (with the same variable symbols defined) embeddable C

code for full-stack SCP (including initial guess generation, multiple-shooting discretiza-

tion/linearization, and convex optimization).

8. Automatic scaling of the decision variables, preconditioning of the dynamics and con-

straints, and tuning of the hyperparameters.

9. The option to interface with different off-the-shelf convex optimization solvers via cvx-

pygen.
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10. The option to interface with blas routines (aside from the custom linear algebra library

provided).

11. The ability to generate C code with static memory allocations only, i.e., no dynamic

memory allocations in the entire SCP framework (with qocogen and pipg).

12. The ability to generate C code with dense linear algebra operations only without any

matrix-inversions/factorizations in the entire SCP framework (with pipg).

13. The ability to modify parameters and initial guesses on-the-fly, via the Python interface,

without having to recompile the generated code.
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Figure 1.1: An overview of SCvxGEN.
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Chapter 2

SEQUENTIAL CONIC OPTIMIZATION FOR TRAJECTORY
GENERATION

In this chapter, we first describe the sequential conic optimization (seco) framework for

trajectory generation in §2.1. seco involves solving a sequence of conic subproblems, the

template for which is described in §2.2. Finally, we describe a specialized conic optimization

solver to solve these subproblems in §2.3, and discuss solver customization in §2.4.

2.1 Trajectory Optimization Framework

In this section, we discuss the components of the sequential conic optimization (seco) frame-

work, shown in Figure 2.1.

Reference 
t rajectory

Linearize Discret ize

Stopping 
criterion

Init ial      
guess

Precondit ion

PIPGcustom
Power 

iterat ion

Prescale

Figure 2.1: An overview of the SeCO framework; the blocks in bold constitute the
low-level solver.

2.1.1 Initial guess generation

Sequential convex programming methods require an initial guess to begin the iterative solu-

tion procedure. The initial guess generation strategy is a design choice and what constitutes
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a “good” initial guess is highly problem dependent. Typically, linearly interpolating be-

tween the initial and terminal boundary conditions serves as a reasonable default initial

guess strategy. However, given that the quality of the initial guess can significantly impact

the convergence behavior and quality of the solution, it is generally best to embed as much

information about the problem at hand as possible in its generation [133, 176, 208, 134, 102].

2.1.2 Dynamics

Our approach to treating the dynamics closely follows the methods provided in [208, 176, 174],

with some key distinctions, such as the inverse-free propagation step, as described later in

this section. All of these approaches yield an exact discretization of the linear time-varying

(LTV) system under consideration—which means that the discrete-time trajectory exactly

coincides with the continuous-time trajectory at the temporal nodes—and are analytically

equivalent. In practice, however, the approach we propose herein leads to a much simpler

implementation, without the need for any matrix factorizations/inversions, thus also making

the implementation more numerically stable and reliable. Further, a very similar approach,

albeit in a multi-phase guidance setting, is provided in [103].

Time-dilation

The original nonlinear dynamics over the entire time-horizon are given by Equation 2.1.

Without loss of generality, we assume that the initial time is zero.

ẋ(t) = f(t, x(t), u(t)), t ∈ [0, tf ) (2.1)

Now, we define an invertible linear map, τ : [0, tf )→ [0, 1), as shown in Equation 2.2.

τ(t) =
t

t−f
, t ∈ [0, tf ) (2.2)
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This mapping is referred to as time-dilation, as it dilates (normalizes) the wall-clock time-

horizon to a chosen fixed interval—[0, 1), in our case. Next, we invoke the chain-rule to

obtain Equation 2.3, where
◦
□ denotes the derivative operator with respect to the dilated

time, τ .

◦
x(t) =

d

dτ
x(t) =

dt

dτ

d

dt
x(t) =

dt

dτ
ẋ(t) = t−f

s

ẋ(t)

= s f(t, x(t), u(t)) := F (t, x(t), u(t), s) (2.3)

The multiplier in Equation 2.3, s := t−f ∈ R+, termed the dilation factor, evaluates to the

time-of-flight. Given Equations 2.2 and 2.3, t can now be expressed as a function of τ , i.e.,

t(τ) = s τ , τ ∈ [0, 1). Henceforth, we treat τ as the independent variable instead of t, and

replace the temporal argument, t = t(τ), by τ , for notational simplicity.

Linearization

We begin by considering nonlinear systems that can be represented as ordinary differential

equations (ODEs), as given by Equation 2.4, where x(·) ∈ Rnx is the state vector, u(·) ∈ Rnu

is the control input vector, s ∈ R is the parameter, which in our case, is the time-of-flight,

and F (·) ∈ R×Rnx ×Rnu ×R→ Rnx is the nonlinear function representing the time-dilated

dynamics, which is assumed to be at least once continuously differentiable.

◦
x(τ) = F (τ, x(τ), u(τ), s) (2.4)

The first-order Taylor series expansion of Equation 2.4 about an arbitrary reference trajectory

(x(τ), u(τ), s)yields a linear time-varying (LTV) system, given by Equation 2.5. The equation

is approximate as a consequence of linearization via truncation of the higher-order (≥ 2)
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terms in the Taylor series expansion.

◦
x(τ) ≈ A(τ)x(τ) +B(τ)u(τ) + S(τ)s+ d(τ) (2.5)

where

A(τ) := ∇xF (τ, x(τ), u(τ), s) (2.6a)

B(τ) := ∇uF (τ, x(τ), u(τ), s) (2.6b)

S(τ) := ∇s F (τ, x(τ), u(τ), s) (2.6c)

d(τ) := F (τ, x(τ), u(τ), s)

− A(τ)x(τ)−B(τ)u(τ)− S(τ) s
(2.6d)

Control parameterization

We adopt a first-order hold (FOH) parameterization of the control input signal, which, in

contrast to pseudospectral discretization methods, possesses the following characteristics:

(1) inter-sample satisfaction of the convex control constraints is guaranteed (provided they

are satisfied at the discrete temporal nodes); and, (2) the resulting conic subproblem has a

sparsity pattern that is amenable to real-time implementation [133, 208]. These properties

make FOH attractive for optimal control applications.

With FOH, the control input variables are only defined at the discrete temporal nodes,

and the continuous-time control input signal is obtained by linearly interpolating between

the discrete values at successive nodes. Note that the control input signal is restricted to a

continuous piecewise-affine function of time, with only a finite number (N) of discrete control

variables, as shown in Equation 2.7.

u(τ) = σ−k (τ)uk + σ+
k (τ)uk+1, ∀τ ∈ [τk, τk+1) (2.7)



26

where

σ−k (τ) :=
τk+1 − τ
τk+1 − τk

, σ+
k (τ) :=

τ − τk
τk+1 − τk

, k = 1:N−1

As shown in Equation 2.8, the LTV dynamics in terms of deviations from the reference can

now be written using the piecewise-affine control input parameterization given by Equation

2.7. ∆□ denotes the deviation of a quantity from its reference, i.e., ∆□ := □ − □, and

∆
◦
x(τ) :=

◦
x(τ) − F (τ, x(τ), u(τ), s). Henceforth, “=” is used in lieu of “≈” for notational

simplicity, with the understanding that the LTV system is a first-order approximation of the

original nonlinear system.

∆
◦
x(τ) = A(τ)∆x(τ) +B(τ)σ−k (τ)∆uk +B(τ)σ+

k (τ)∆uk+1 + S(τ)∆s (2.8)

Equation 2.8 has a unique solution [11, 134], given by Equation 2.9, ∀τ ∈ [τk, τk+1).

∆x(τ) = Φ(τ, τk)∆x(τk) +

∫ τ

τk

Φ(τ, ζ)
{
B(ζ)σ−k (ζ)∆uk +B(ζ)σ+

k (ζ)∆uk+1 + S(ζ)∆s
}
dζ

(2.9)

where Φ(τ, τk) is a matrix that satisfies the matrix differential equation given by Equation

2.10 such that Φ(τk, τk) = Inx , and is called the state transition matrix (STM).

◦
Φ(τ, τk) = A(τ) Φ(τ, τk) (2.10)
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Discretization

Figure 2.2: Propagation of the state in the discretization procedure.

Evaluating Equation (2.9) at τ = τ−k+1, we get Equation (2.11):

∆x
(
τ−k+1

)
= Ak∆x(τk) +B−k ∆uk +B+

k ∆uk+1 + Sk∆s (2.11)

Note that Equation (2.12), which we refer to as the stitching condition, holds, as is evident

from Figure 2.2:

∆x
(
τ−k+1

)
+ x

(
τ−k+1

)
= ∆x(τk+1) + x(τk+1) = x(τk+1), k = 1:N−1 (2.12)

The discretized dynamics can now be written as shown in Equation (2.13):

∆x
(
τ−k+1

)
= ∆xk+1 + xk+1 − xpropk+1 (2.13a)

= Ak∆xk +B−k ∆uk +B+
k ∆uk+1 + Sk∆s (2.13b)

=⇒ ∆xk+1 = Ak∆xk +B−k ∆uk +B+
k ∆uk+1 + Sk∆s+ dk (2.13c)

where ∆xk := ∆x(τk), ∆x(τ1) := 0, ∆xk+1 := ∆x(τk+1), x
prop
k+1 := x

(
τ−k+1

)
, xk+1 := x(τk+1),

and u(τ) := σ−k (τ)uk + σ+
k (τ)uk+1, ∀τ ∈ [τk, τk+1).
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Here,

Ak = Inx + lim
y→τ−k+1

∫ y

τk

A(ζ)ΨA(ζ) dζ (2.14a)

B−k = lim
y→τ−k+1

∫ y

τk

{A(ζ)ΨB−(ζ) +B(ζ)σ−k (ζ)} dζ (2.14b)

B+
k = lim

y→τ−k+1

∫ y

τk

{A(ζ)ΨB+(ζ) +B(ζ)σ+
k (ζ)} dζ (2.14c)

Sk = lim
y→τ−k+1

∫ y

τk

{A(ζ)ΨS(ζ) + S(ζ)} dζ (2.14d)

dk = xpropk+1 − xk+1 (2.14e)

where

◦
ΨA(τ) = A(τ)ΨA(τ) (2.15a)

◦
ΨB−(τ) = A(τ)ΨB−(τ) +B(τ)σ−k (τ) (2.15b)

◦
ΨB+(τ) = A(τ)ΨB+(τ) +B(τ)σ+

k (τ) (2.15c)

◦
ΨS(τ) = A(τ)ΨS(τ) + S(τ) (2.15d)

xpropk+1 is evaluated as follows:

xpropk+1 = xk + lim
y→τ−k+1

∫ y

τk

F (ζ, x(ζ), u(ζ), s) dζ (2.16)

and ΨA(τ) := Φ(τ, τk).

2.1.3 Prescaling

The decision variables are prescaled to ensure that the solutions are roughly on the same

order of magnitude (between 0 and 1, in our case). This is an important aspect of numer-

ical optimization algorithms, and can significantly improve solution quality and speed up

convergence. The interested reader is referred to [134] for more details on variable scaling.
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2.2 Conic Subproblem Template

2.2.1 Constraint classification

The template seco subproblem is strongly convex, and is given by Equations 2.17, where

all the decision variables are stacked into a single high-dimensional vector, z. Here, Q is

a positive definite matrix, and D is a closed convex set that admits a closed-form projec-

tion operation. This vectorized problem possesses a sparsity structure that is amenable to

customization, as described in Algorithm 8.

minimize
z

1

2
z⊤Qz + ⟨q, z⟩ (2.17a)

subject to Hz − h = 0

z ∈ D

(2.17b)

We prefer to include as many constraints in the form z ∈ D as possible for the following

reasons: (1) The constraints z ∈ D will be satisfied at every iteration of pipg. Hence, in-

cluding more constraints in set D leads to a smaller search space. In contrast, the constraint

Hz − h = 0 is only satisfied asymptotically and does not affect the search space; (2) Trans-

forming many popular constraint sets in optimal control–such as ℓ2-norm balls, cylinders,

boxes–into conic constraints, requires extra auxiliary variables. Imposing these constraints

in the form z ∈ D eliminates the need for such auxiliary variables and, as a result, decreases

the problem size. As shown in the discretized conic subproblem in §6.2.7, every constraint

other than the dynamics is classified into set D—this means that these path constraints are

exactly satisfied at every solver iteration (up to constraint approximations), and may prove

beneficial in the case of premature termination of the solver in an emergency scenario, for

instance. The dynamics constraint belongs to the zero cone, and is satisfied asymptotically

as the solver converges to an optimum.
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2.2.2 Virtual state

Artificial infeasibility refers to the phenomenon wherein linearization of the nonconvex con-

straints in a problem can render the convex subproblem infeasible even if there exists a

feasible solution to the original nonconvex problem. In order to mitigate this, one approach

is to add slack variables to the linearized constraints, thus ensuring that the subproblem is

always feasible. These slack variables are usually unconstrained, yet heavily penalized.

The value of these slack variables should go to zero at convergence for a solution to

be feasible with respect to the original nonconvex problem. The slack variable is usually

referred to as virtual control when it is added to the linearized dynamics, and virtual buffer

when it is added to the linearized constraints [134]. It has been observed that virtual buffer

terms are usually not required if virtual control is used [208, 176]. In such cases, however, the

intermediate reference solutions will not be feasible with respect to the LTV dynamics unless

the value of the virtual control is zero. If dynamic feasibility of the intermediate reference

trajectories is of importance, one approach could be to buffer the constraints and leave the

dynamics equation unchanged.

We opt to use a third approach, called virtual state [103]. The general idea of this

approach is to entirely decouple the dynamics and the control constraints from the state

constraints, and to exactly satisfy all the constraints at each iteration, while ensuring that

the subproblem is always feasible. In order to achieve this, we introduce a new variable,

the virtual state, which acts as a copy of the original state variable. If x is the actual state

vector, u is the control input vector, and ξ is the virtual state vector, the dynamics constraint

is imposed on x, the control constraints are imposed on u, and all the state constraints are

imposed on ξ.

In order to ensure that both the dynamics and the path constraints are satisfied at

convergence, we minimize the error between x and ξ by including the squared distance

between them as a quadratic penalty term in the objective function and heavily penalizing it.

The virtual state approach has the benefit of not altering the dynamics manifold, unlike the
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virtual control approach [208, 176], and preserving the shapes of the conic state constraint

sets, unlike the virtual buffer approach [134]. The left superscript, ξ□, is used to denote

virtual state variables.

Proposition 1. Given a discrete-time subproblem with N ∈ Z++ nodes in the temporal

grid, the virtual state error penalty, given by
∑N

k=1 ∥xk − ξk∥
2
2, is convex, where xk, ξk ∈ Rn,

n being the dimension of the state, and k = 1, . . . , N .

Proof. Let yk := (xk, ξk) ∈ Rn. Therefore, ∥xk − ξk∥22 = y⊤kMyk, where M =

 1 −1
−1 1

⊗
In. Since specM ∈ {0, 2}, M is positive semidefinite (PSD). Therefore, the quadratic

form, y⊤kMyk, is convex. Since the sum of convex functions is convex,
∑N

k=1 y
⊤
kMyk =∑N

k=1 ∥xk − ξk∥
2
2 is also convex.

2.2.3 Trust region

The trust region radius is the distance between the solution to a subproblem and the tra-

jectory about which the system and nonconvex constraints are linearized to create that

subproblem. The purpose of a trust region is to: (1) make sure that the solution does not

venture too far from the reference trajectory so as to ensure that the linearization is suf-

ficiently accurate, thus preserving its validity; and, (2) mitigate artificial unboundedness,

which refers to the phenomenon wherein linearization can render the cost unbounded from

below even if it is bounded in the original nonconvex problem [134].

A quadratic trust region penalty term is added to the original cost function to ensure

that the solution to each subproblem does not venture too far from the reference trajec-

tory, preserving the validity of the linearization. This soft trust region mitigates artificial

unboundedness.
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2.3 First-Order Methods for Convex Optimization

Proportional-Integral Projected Gradient Method (pipg)

Power Iteration Method

Hypersphere Preconditioning

Figure 2.3: The SeCO subproblem solver.

In this section, we describe the development of a high-performance first-order conic opti-

mization solver, as outlined in Figure 2.3, to solve the convex subproblems in seco, which

we then customize in §2.4.

In this section, we describe the development of a high-performance first-order conic op-

timization solver, as outlined in Figure 2.3, to solve the convex subproblems in seco, which

we then customize in §2.4.

2.3.1 Problem Preconditioning

First-order methods are sensitive to problem conditioning and typically perform poorly on ill-

conditioned problems [201]. As SCP (seco) implementations typically impose a heavy weight

on the virtual term penalty relative to the original cost and trust region penalties [134], the

objective function of the resulting convex (conic) subproblem is inherently ill-conditioned.

In this work†, we use the hypersphere preconditioner [101], shown in Algorithm 1, for

problems that fit the template of seco. This procedure uses an exact Cholesky factorization

of the objective function, and a row-normalization of the constraint matrix, while effectively

exploiting the structure of the conic subproblem in seco with minimal computational over-

head—in fact, the Cholesky factor can be computed analytically, without the need for any

†A formal treatment of the proposed preconditioning procedure is provided in Chapter 3.
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Figure 2.4: An ill-conditioned bivariate
quadratic function (prior to precondi-
tioning, for instance).

Figure 2.5: A well-conditioned bivari-
ate quadratic function (after precondi-
tioning, for instance).

explicit matrix factorization/inversion operations or iterative heuristics; i.e., the structure

of the seco subproblem enables the computation of the Cholesky factor of the objective

function matrix in closed-form, as shown in the Algorithm 5. Further, to compute the op-

timal cost-scaling factor in terms of minimizing the condition number of the Karush Kuhn

Tucker (KKT) matrix of the problem [101], we adopt the shifted power iteration method, the

customized version of which we describe in Algorithm 7. Further, the transformed dynam-

ics matrix still possesses a sparsity structure that is amenable to customization, as shown

in Algorithm 8. The preconditioner transforms ill-conditioned quadratic functions to well-

conditioned quadratic functions, the level sets of which are ℓ2-norm hyperspheres; hence the

name. The effect of preconditioning on an ill-conditioned quadratic objective function, such

as the one in Figure 2.4, is depicted in Figure 2.5. In our initial testing, we observed a

reduction in the number of solver iterations to convergence of roughly 5 to 10 times with this

preconditioner. Further, we normalize the rows of the constraint matrix—this helps reduce

the condition number of the preconditioned constraint matrix in practice [101].
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Algorithm 1 Hypersphere Preconditioning

Inputs: Q, q, H, h, D

Require: Q ≻ 0, Q = Q⊤

1: L⊤L← cholQ ▷ Cholesky decomposition
2: Linv ← L−1

3: D̂← LD
4: Ĥ ← HLinv

5: Ĥ ← EĤ ▷ E: diagonal matrix with reciprocals of row-norms of Ĥ
6: ĥ← Eh
7: σmax ← Algorithm 2 ▷ power iteration
8: σmin ← Algorithm 3 ▷ shifted power iteration
9: λ←

√
σmin
2

10: q̂ ← λL⊤invq

Ensure: □ ∈ D̂⇔ L−1□ ∈ D

Return: λ, q̂, Ĥ, ĥ, D̂, L, Linv, σmax

As shown in Algorithm 1, we scale the objective function with a positive scalar, λ, that

factors into the step-sizes of pipg and hence serves as a tuning parameter. Scaling the

objective function appropriately can also help keep the magnitude of the dual variables

in check [201]. The particular choice of λ in Algorithm 1 leads to minimization of the

condition number of the KKT matrix of the preconditioned problem [101]. That said, λ can

be manually tuned to obtain good performance as well.

The preconditioned conic subproblem is shown in Problem 2.18b:

minimize
ẑ

λ

2
ẑ⊤ẑ + ⟨q̂, ẑ⟩ (2.18a)

subject to Ĥẑ − ĥ = 0

ẑ ∈ D̂

(2.18b)

The objective function matrix of the preconditioned problem is of the form λ I, with a

condition number of 1, which is the minimum attainable condition number (and hence, the
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preconditioner is optimal). The transformed projection ẑ ∈ D̂ needs to preserve membership

of the original primal variable, z, to set D, i.e., ẑ ∈ D̂ ⇔ z ∈ D [157]. The structure of

the conic subproblem in seco naturally preserves this, as is apparent from Algorithm 5.

Post-solution, the original primal variable can be recovered as follows: z = Linvẑ.

2.3.2 Power Iteration Method

The power iteration method described in Algorithm 2 computes the maximum singular value

of a given diagonalizable matrix [214]. We can exploit the structure of matrix Ĥ in trajectory

optimization problems to customize Algorithm 2 to Algorithm 6 so as to avoid sparse linear

algebra operations with large dimensional matrices and vectors.

Algorithm 2 Power Iteration Method

Inputs: Ĥ, z, ϵabs, ϵrel, ϵbuff , jmax

Require: ∥z∥2 > 0

1: σ ← ∥z∥2 ▷ initialization

2: for j ← 1:jmax do

3: w ← 1
σ Ĥz

4: z ← Ĥ⊤w
5: σ⋆ ← ∥z∥2
6: if |σ⋆ − σ| ≤ ϵabs + ϵrel max{σ⋆, σ} then ▷ stopping criterion
7: break
8: else if j < jmax then
9: σ ← σ⋆

10: end if

11: end for

12: σ ← (1 + ϵbuff)σ
⋆ ▷ buffer the (under) estimated maximum singular value

Return: σ ▷ ≈ max spec Ĥ⊤Ĥ = σmax(Ĥ
⊤Ĥ) = ∥Ĥ∥22
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2.3.3 Shifted Power Iteration Method

The shifted power iteration method described in Algorithm 3 is similar to the power iteration

method, except that it computes an estimate for the smallest singular value of a given

diagonalizable matrix instead [234]. See the appendix in [101] for a detailed description of

this algorithm. Note that the shifted power iteration method is used solely to estimate the

smallest singular value of Ĥ Ĥ⊤ to determine the optimal value for the cost-scaling factor,

λ. If λ is manually tuned instead, this algorithm is not required. The customized version of

this algorithm is given by Algorithm 7.

Algorithm 3 Shifted Power Iteration Method

Inputs: Ĥ, w, ϵabs, ϵrel, ϵbuff , jmax, σmax

Require: ∥w∥2 > 0

1: σ̃ ← ∥w∥2 ▷ initialization

2: for j ← 1:jmax do

3: z ← Ĥ⊤w

4: w ← 1
σ̃ (Ĥ z − σmaxw) ▷ σmax := ∥Ĥ∥2

5: σ̃⋆ ← ∥w∥2
6: if |σ̃⋆ − σ̃| ≤ ϵabs + ϵrel max{σ̃⋆, σ̃} then ▷ stopping criterion
7: break
8: else if j < jmax then
9: σ̃ ← σ̃⋆

10: end if

11: end for

12: σmin ← (1− ϵbuff) (σmax − σ̃⋆) ▷ buffer the (over) estimated minimum singular value

Return: σmin ▷ ≈ min spec Ĥ Ĥ⊤ = σmin(Ĥ Ĥ⊤)
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2.3.4 Proportional-Integral Projected Gradient Method (PIPG)

The proportional-integral projected gradient method, pipg, is a first-order primal-dual al-

gorithm for conic optimization [239]. It allows matrix-factorization/inverse-free and easily-

verifiable solver implementations for real-time and embedded applications [240]. pipg achieves

the optimal global convergence rates (worst-case) in theory, and performs much faster in

practice [238]. It exploits the sparsity structure of conic constraints via parallel matrix

operations and the geometric structure of constraint sets via efficient closed-form projec-

tions [237]. Unlike most off-the-shelf methods, pipg allows for warm-starting and enjoys a

light computational overhead, as it avoids the cumbersome canonical transformation proce-

dure that standard conic programs are subject to. It is also compatible with extrapolation,

which has been shown to accelerate convergence [238]. pipg not only enables versatile con-

vex optimization, but also has the ability to boost the performance of sequential convex

programming (SCP) methods for nonconvex optimization. Moreover, the seco framework

specializes SCP algorithms to exploit features of pipg to solve nonconvex optimal control

problems in real-time [103].

One of the major applications of pipg is in solving trajectory optimization problems,

given that all of the sparse linear algebra operations in Equations 4 can be devectorized [64,

Algorithm 2], as shown in Algorithm 8, and posed as simple, small-dimensional matrix-vector

manipulations that are suitable for real-time performance onboard resource-constrained em-

bedded hardware.

pipg converges to an optimal solution when the difference between two consecutive iter-

ates converges to zero [238, Theorem 1]. Hence, in practice, we terminate the solver when

the difference between two consecutive iterates is sufficiently small. In particular, given a

relative accuracy tolerance ϵrel and an absolute accuracy tolerance ϵabs, we terminate pipg
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when the following conditions are met:

∥∥ẑj+1 − ẑj
∥∥
∞ ≤ ϵabs + ϵrel max

{∥∥ẑj+1
∥∥
∞,

∥∥ẑj∥∥∞} ,∥∥ŵj+1 − ŵj
∥∥
∞ ≤ ϵabs + ϵrel max

{∥∥ŵj+1
∥∥
∞,

∥∥ŵj∥∥∞}
We note that such a combination of absolute and relative accuracy tolerances is popular

among first-order solvers [201, 156].

Algorithm 4 pipg

Inputs: q̂, Ĥ, ĥ, D̂, L, Linv, λ, σ, ρ, ϵabs, ϵrel, jcheck, jmax,

z⋆, ŵ⋆ ▷ warm start

1: ẑ⋆ ← Lz⋆ ▷ transform previous primal solution
2: ζ1 ← ẑ⋆ ▷ initialize transformed primal variable
3: η1 ← ŵ⋆ ▷ initialize transformed dual variable

4: α← 2
λ+
√
λ2+4σ

▷ step-size

5: for j ← 1:jmax do

6: ẑj+1 = πD[ζ
j − α (λ ζj + q̂ + Ĥ⊤ηj)] ▷ projected gradient step

7: ŵj+1 = ηj + α (Ĥ(2 ẑj+1 − ζj)− ĥ) ▷ PI feedback of affine equality constraint violation
8: ζj+1 = (1− ρ) ζj + ρ ẑj+1 ▷ extrapolate transformed primal variable
9: ηj+1 = (1− ρ) ηj + ρ ŵj+1 ▷ extrapolate transformed dual variable

10: if jmod jcheck = 0 then ▷ check stopping criterion every jcheck iterations

11: if
∥∥ẑj+1 − ẑj

∥∥
∞ ≤ ϵabs + ϵrel max

{∥∥ẑj+1
∥∥
∞,

∥∥ẑj∥∥∞}
and

12:
∥∥ŵj+1 − ŵj

∥∥
∞ ≤ ϵabs + ϵrel max

{∥∥ŵj+1
∥∥
∞,

∥∥ŵj∥∥∞}
then ▷ stopping criterion

13: break

14: end if

15: end if

16: end for

17: z⋆ ← Linv ẑ
j+1 ▷ recover original primal variable

18: ŵ⋆ ← ŵj+1 ▷ retain transformed dual variable

Return: z⋆, ŵ⋆
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2.4 Solver Customization

pipgcustom

Customized Power Iteration Method

Customized Hypersphere Preconditioning

Figure 2.6: The customized SeCO subproblem solver.

We define customization as the exploitation of the sparsity pattern of the optimal control

problem at hand, so as to enable low-dimensional matrix-vector multiplications and other

dense linear algebra operations with devectorized variables, and thus avoid sparse linear

algebra operations. In contrast to dense matrix-vector multiplications, sparse matrix-vector

multiplications (SpMV) typically suffer from: (i) additional computational overhead in terms

of instructions and storage; (ii) memory access patterns that are indirect and irregular; and,

(iii) more cache misses, and are hence inefficient [235, 50]. Customized algorithms preclude

these inefficient operations, and are especially effective with optimization problem sizes that

are characteristic of onboard guidance [62, 64, 50]. In this section, we describe customization

of the algorithms presented in Section 2.3, leading to the customized subproblem solver

outlined in Figure 2.6.
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2.4.1 Customized Preconditioning

Consider the vectorized conic optimization problem given by Equations (2.17), where

z = (x1, . . . , xN , ξ1, . . . , ξN , u1, . . . , uN , s) ∈ Rnz

q = (qx, qξ, qu, qs) ∈ Rnz

Q =


Qstate

Qu

Qs

 ∈ Snz
++

Qstate := Wstate ⊗ InxN , Qu := wtr InuN , Qs := wtrs , Wstate :=

wtr + wvse −wvse

−wvse wvse

, and nz

is the length of z.

Q is symmetric positive definite (SPD) and therefore has a unique Cholesky decompo-

sition [93, Corollary 7.2.9]. Further, since Q is block diagonal, the blocks are effectively

decoupled, and the Cholesky decomposition can be applied directly to the individual blocks,

as shown in Equation (2.19):

cholQ =


cholQstate

cholQu

cholQs

 (2.19)

Let L denote the Cholesky factor of Q, such that Q = L⊤L, L□ denote the Cholesky

factor of a block partition of Q, such that Q□ = L⊤□L□, and R denote the Cholesky factor of

Wstate, such that Wstate = R⊤R.

Given two SPD matrices A and B, it can be shown that chol(A⊗ B) = cholA⊗ cholB



41

[188]. Therefore,

cholQstate = cholWstate ⊗ chol InxN (2.20)

= R⊤R⊗ InxN (2.21)

= L⊤stateLstate (2.22)

where

R =
1√

wtr + wvse

wtr + wvse −wvse

0
√
wtrwvse

 ∈ R2×2 (2.23)

and Lstate = R⊗ InxN (2.24)

Since Qu is a diagonal matrix, cholQu = L⊤uLu, where Lu =
√
wtr InuN . Since Qs is a scalar,

cholQs = L2
s, where Ls =

√
wtrs .

Finally, the Cholesky factor of Q can be computed as follows: L = blkdiag{Lstate, Lu, Ls}.
Since L is block diagonal, its inverse can be written in terms of the inverses of the individual

block partitions Lstate, Lu, and Ls, as shown in Equation (2.25):

L−1 = blkdiag{L−1state, L
−1
u , L−1s } (2.25)

Given two nonsingular SPD matrices A and B, it can be shown that (A⊗B)−1 = A−1⊗
B−1 [41, Corollary 10]. Therefore,

L−1state = (R⊗ InxN)
−1 = R−1 ⊗ InxN (2.26)
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where

R−1 =
1√

wtr + wvse

1 w

0 w + 1
w

 ∈ R2×2 (2.27)

w =

√
wvse

wtr

(2.28)

and

L−1u =
1√
wtr

InuN and L−1s =
1√
wtrs

(2.29)

For embedded applications, if the problem data does not need to change, i.e., if Q is fixed,

the preconditioning parameters can be computed offline and stored onboard. However, even

in cases where the problem data may change, note that effectively, the only matrix fac-

torization/inversion operations required in the proposed preconditioning procedure are one

Cholesky decomposition of a 2× 2 matrix (Wstate) and one inversion of a 2× 2 upper trian-

gular matrix (R), both of which have closed-form expressions. An efficient implementation

of the customized hypersphere preconditioning procedure with no explicit matrix factoriza-

tions/inversions is documented in Algorithm 5. Note that all the transformations in the

algorithm only involve scaling the problem data by scalars (with the exception of one vector

addition operation). Further, these scaling factors only depend on the objective function

weights, which are independent of the problem size, thus making the algorithm suitable for

large-scale problems as well.

Further, given the optimal control structure, row normalization of the constraint matrix

can also be customized, as shown in Algorithm 5.
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Algorithm 5 Customized Hypersphere Preconditioning

Inputs: wvse, wtr, wtrs , qx, qξ, qu, qs, A
−
[1:N−1]

, E−
[1:N−1]

, B−
[1:N−1]

, B+
[1:N−1]

, S[1:N−1], d[1:N−1], Dξ, Du, Ds, λ

Require: wvse, wtr, wtrs > 0 R: Equation (2.23); R−1: Equation (2.27)

1: lx1 ←
√
wtr + wvse ▷ R{1,1}

2: lx2 ← −wvse
lx1

▷ R{1,2}

3: lξ ←
√
wtr wvse

lx1
▷ R{2,2}

4: lx1inv
← 1

lx1
▷ R−1
{1,1} =

1
R{1,1}

5: lx2inv
← −lx2

lx1 lξ
▷ R−1
{1,2} =

−R{1,2}
R{1,1}R{2,2}

6: lξinv ← 1
lξ

▷ R−1
{2,2} =

1
R{2,2}

7: lu ←
√
wtr

8: luinv ← 1
lu

9: ls ← √wtrs

10: lsinv ← 1
ls

11: D̂ξ ← lξ Dξ

12: D̂u ← lu Du

13: D̂s ← ls Ds

14: Â−
[1:N−1]

← lx1inv
A[1:N−1]

15: Â+
[1:N−1]

← −lx1inv
Inx

16: Ê−
[1:N−1]

← lx2inv
A[1:N−1]

17: Ê+
[1:N−1]

← −lx2inv
Inx

18: B̂−
[1:N−1]

← luinvB
−
[1:N−1]

19: B̂+
[1:N−1]

← luinvB
+
[1:N−1]

20: Ŝ[1:N−1] ← lsinvS[1:N−1]

21: for k = 1:N − 1 do ▷ row normalization
22: for l = 1:nx do

23: r ←
[
Â−

[k]
[l, :], Â+

[k]
[l, :], Ê−

[k]
[l, :], Ê+

[k]
[l, :], B̂−

[k]
[l, :], B̂+

[k]
[l, :], Ŝ[k][l, :]

]
24: n← ∥r∥∞
25: r ← 1

n
r

26: d̂[l, :]← 1
n
d[l, :]

27: end for
28: end for
29: σmax ← Algorithm 6
30: σmin ← Algorithm 7

31: λ←
√

σmin
2

32: q̂x ← λ lx1inv
qx

33: q̂ξ ← λ (lx2inv
qx + lξinvqξ)

34: q̂u ← λ luinvqu
35: q̂s ← λ lsinvqs

Return: q̂x, q̂ξ, q̂u, q̂s, Â
−
[1:N−1]

, Â+
[1:N−1]

, Ê−
[1:N−1]

, Ê+
[1:N−1]

, B̂−
[1:N−1]

, B̂+
[1:N−1]

, Ŝ[1:N−1], d̂[1:N−1],

D̂ξ, D̂u, D̂s, lx1 , lx2 , lξ, lu, ls, lx1inv
, lx2inv

, lξinv , luinv , lsinv , σmax
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2.4.2 Customized Power Iteration Method

Algorithm 6 Customized Power Iteration Method

Inputs: Â−
[1:N−1]

, Â+
[1:N−1]

, Ê−
[1:N−1]

, Ê+
[1:N−1]

, B̂−
[1:N−1]

, B̂+
[1:N−1]

, Ŝ[1:N−1],

ϵabs, ϵrel, ϵbuff , jmax,

x[1:N ], ξ[1:N ], u[1:N ], s, w[1:N−1]

Require:
∥∥x[1:N ]

∥∥
2
> 0,

∥∥ξ[1:N ]

∥∥
2
> 0,

∥∥u[1:N ]

∥∥
2
> 0, s > 0

1: σ ← s2

2: for k ← 1:N do ▷ Algorithm 2, Line 1
3: σ ← σ + ∥xk∥22 + ∥ξk∥22 + ∥uk∥22
4: end for

5: σ ← √σ
6: for j ← 1:jmax do

7: for k ← 1:N−1 do ▷ Algorithm 2, Line 4

8: wk ← 1
σ

(
Â−k xk + Â+

k xk+1 + Ê−k ξk + Ê+
k ξk+1 + B̂−k uk + B̂+

k uk+1 + Ŝk s
)

9: end for

10: x1 ← Â−
⊤

1 w1

11: ξ1 ← Ê−
⊤

1 w1

12: u1 ← B̂−
⊤

1 w1

13: s← Ŝ⊤1 w1

14: for k ← 2:N−1 do ▷ Algorithm 2, Line 3

15: xk ← Â−
⊤

k wk + Â+⊤

k−1wk−1

16: ξk ← Ê−
⊤

k wk + Ê+⊤

k−1wk−1

17: uk ← B̂−
⊤

k wk + B̂+⊤

k−1wk−1

18: s← s+ Ŝ⊤k wk

19: end for

20: xN ← Â+⊤

N−1wN−1

21: ξN ← Ê+⊤

N−1wN−1

22: uN ← B̂+⊤

N−1wN−1

23: σ⋆ ← s2

24: for k ← 1:N do ▷ Algorithm 2, Line 5
25: σ⋆ ← σ⋆ + ∥xk∥22 + ∥ξk∥22 + ∥uk∥22
26: end for

27: σ⋆ ←
√
σ⋆

28: if |σ⋆ − σ| ≤ ϵabs + ϵrel max{σ⋆, σ} then ▷ stopping criterion
29: break
30: else if j < jmax then
31: σ ← σ⋆

32: end if

33: end for

34: σ ← (1 + ϵbuff)σ
⋆ ▷ buffer the (under) estimated maximum singular value

Return: σ ▷ ≈ max spec Ĥ⊤Ĥ = σmax(Ĥ⊤Ĥ) = ∥Ĥ∥22
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2.4.3 Customized Shifted Power Iteration Method

Algorithm 7 Customized Shifted Power Iteration Method

Inputs: Â−
[1:N−1]

, Â+
[1:N−1]

, Ê−
[1:N−1]

, Ê+
[1:N−1]

, B̂−
[1:N−1]

, B̂+
[1:N−1]

, Ŝ[1:N−1],

ϵabs, ϵrel, ϵbuff , jmax, σmax

x[1:N ], ξ[1:N ], u[1:N ], s, w[1:N−1]

Require:
∥∥w[1:N−1]

∥∥
2
> 0

1: σ̃ ←
∥∥w[1:N−1]

∥∥
2

2: for j ← 1:jmax do

3: x1 ← Â−
⊤

1 w1

4: ξ1 ← Ê−
⊤

1 w1

5: u1 ← B̂−
⊤

1 w1

6: s← Ŝ⊤1 w1

7: for k ← 2:N−1 do ▷ Algorithm 10, Line 3

8: xk ← Â−
⊤

k wk + Â+⊤

k−1wk−1

9: ξk ← Ê−
⊤

k wk + Ê+⊤

k−1wk−1

10: uk ← B̂−
⊤

k wk + B̂+⊤

k−1wk−1

11: s← s+ Ŝ⊤k wk

12: end for

13: xN ← Â+⊤

N−1wN−1

14: ξN ← Ê+⊤

N−1wN−1

15: uN ← B̂+⊤

N−1wN−1

16: for k ← 1:N−1 do ▷ Algorithm 10, Line 4

17: wk ← 1
σ̃

(
Â−k xk + Â+

k xk+1 + Ê−k ξk + Ê+
k ξk+1 + B̂−k uk + B̂+

k uk+1 + Ŝk s− σmax wk

)
18: end for

19: σ̃⋆ ←
∥∥w[1:N−1]

∥∥
2

▷ Algorithm 10, Line 5

20: if |σ̃⋆ − σ̃| ≤ ϵabs + ϵrel max{σ̃⋆, σ̃} then ▷ stopping criterion
21: break
22: else if j < jmax then
23: σ̃ ← σ̃⋆

24: end if

25: end for

26: σmin ← (1− ϵbuff) (σmax − σ̃⋆) ▷ buffer the (over) estimated minimum singular value

Return: σmin ▷ ≈ min spec Ĥ Ĥ⊤ = σmin(Ĥ Ĥ⊤)
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2.4.4 Customized PIPG

Algorithm 8 pipgcustom

Inputs: qx[1:N]
, qξ[1:N]

, qu[1:N]
, qs,

Â−
[1:N−1]

, Â+
[1:N−1]

, Ê−
[1:N−1]

, Ê+
[1:N−1]

, B̂−
[1:N−1]

, B̂+
[1:N−1]

, d̂[2:N], x̂[1:N], û[1:N], ŝ,

D̂x1
, D̂ξ[2:N]

, D̂u[1:N]
, D̂s,

lx1
, lx2

, lξ, lu, ls, lx1inv
, lx2inv

, lξinv
, luinv

, lsinv ,

λ, σ, ω, ρ, ϵabs, ϵrel, jcheck, jmax,

∆x̂⋆
[1:N], ∆ξ̂⋆[1:N], ∆û⋆

[1:N], ∆ŝ⋆, w⋆
[1:N−1] ▷ warm start

1: ∆x1
ζ[1:N]

← lx1
∆x̂⋆

[1:N] + lx2
∆ξ̂⋆[1:N] ▷ initialize primal variables

2: ∆ξ1ζ[1:N]
← lξ ∆ξ̂⋆[1:N]

3: ∆u1
ζ[1:N]

← lu ∆û⋆
[1:N]

4: ∆s1ζ ← ls ∆ŝ⋆

5: η1
[1:N−1] ← w⋆

[1:N−1] ▷ initialize dual variable

6: α← 2

λ+

√
λ2+4ωσ

▷ step-sizes

7: β ← ωα

8: for j ← 1:jmax do

9: ∆x̂
j+1
1 ← πD̂x1

[∆x
j
ζ1
− α (λ∆x

j
ζ1

+ λ qx1
+ Â−⊤

1 η
j
1) + x̂

j
1]− x̂

j
1

10: ∆ξ̂
j+1
1 ← 0

11: ∆û
j+1
1 ← πD̂u1

[∆u
j
ζ1
− α (λ∆u

j
ζ1

+ λ qu1
+ B̂−⊤

1 η
j
1) + û

j
1]− û

j
1

12: ∆S ← Ŝ⊤
1 η

j
1

13: for k ← 2:N−1 do ▷ projected gradient step

14: ∆x̂
j+1
k
← ∆x

j
ζk
− α (λ∆x

j
ζk

+ λ qxk
+ Â−⊤

k
η
j
k

+ Â+⊤
k−1

η
j
k−1

)

15: ∆ξ̂
j+1
k
← πD̂ξk

[∆ξ
j
ζk
− α (λ∆ξ

j
ζk

+ λ qξk
+ Ê−⊤

k
η
j
k

+ Ê+⊤
k−1

η
j
k−1

) + x̂
j
k
]− x̂

j
k

16: ∆û
j+1
k
← πD̂uk

[∆u
j
ζk
− α (λ∆u

j
ζk

+ λ quk
+ B̂−⊤

k
η
j
k

+ B̂+⊤
k−1

η
j
k−1

) + û
j
k
]− û

j
k

17: ∆S ← ∆S + Ŝ⊤
k η

j
k

18: end for

19: ∆x̂
j+1
N
← ∆x

j
ζN
− α (λ∆x

j
ζN

+ λ qxN
+ Â+⊤

N−1
η
j
N−1

)

20: ∆ξ̂
j+1
N
← πD̂ξN

[∆ξ
j
ζN
− α (λ∆ξ

j
ζN

+ λ qξN
+ Ê+⊤

N−1
η
j
N−1

) + x̂
j
N

]− x̂
j
N

21: ∆û
j+1
N
← πD̂uN

[∆u
j
ζN
− α (λ∆u

j
ζN

+ λ quN
+ B̂+⊤

N−1
η
j
N−1

) + û
j
N

]− û
j
N

22: ∆ŝj+1 ← πD̂s
[∆s

j
ζ
− α (λ∆s

j
ζ
+ λ qs + ∆S) + ŝj ]− ŝj

23: for k ← 1 : N−1 do ▷ PI feedback of affine equality constraint violation

24: w
j+1
k
← η

j
k

+ β (Â−
k

(2∆x̂
j+1
k
−∆x

j
ζk

) + Â+
k

(2∆x̂
j+1
k+1
−∆x

j
ζk+1

) + Ê−
k

(2∆ξ̂
j+1
k
−∆ξ

j
ζk

) + Ê+
k

(2∆ξ̂
j+1
k+1
−∆ξ

j
ζk+1

)

25: + B̂−
k

(2∆û
j+1
k
−∆u

j
ζk

) + B̂+
k

(2∆û
j+1
k+1
−∆u

j
ζk+1

) + Ŝk (2∆ŝj+1 −∆s
j
ζ
) + d̂k+1)

26: end for

27: ∆x
j+1
ζ[1:N]

← (1− ρ)∆x
j
ζ[1:N]

+ ρ∆x̂
j+1
[1:N]

▷ extrapolate primal variables

28: ∆ξ
j+1
ζ[1:N]

← (1− ρ)∆ξ
j
ζ[1:N]

+ ρ∆ξ̂
j+1
[1:N]

29: ∆u
j+1
ζ[1:N]

← (1− ρ)∆u
j
ζ[1:N]

+ ρ∆û
j+1
[1:N]

30: η
j+1
[1:N−1]

← (1− ρ) η
j
[1:N−1]

+ ρw
j+1
[1:N−1]

▷ extrapolate dual variables

31: if j mod jcheck = 0 then ▷ check stopping criterion every jcheck iterations

32: terminate← stopping(∆x̂
j+1
[1:N]

, ∆ξ̂
j+1
[1:N]

, ∆û
j+1
[1:N]

, ∆ŝj+1, w
j+1
[1:N−1]

,

33: ∆x̂
j
[1:N]

, ∆ξ̂
j
[1:N]

, ∆û
j
[1:N]

, ∆ŝj , w
j
[1:N−1]

, ϵabs, ϵrel)

34: if terminate = true then ▷ stopping criterion

35: break

36: end if

37: end if

38: end for

39: ∆x̂⋆
[1:N] ← lx1inv

∆x̂
j+1
[1:N]

+ lx2inv
∆ξ̂

j+1
[1:N]

▷ update primal variables

40: ∆ξ̂⋆[1:N] ← lξinv
∆ξ̂

j+1
[1:N]

41: ∆û⋆
[1:N] ← luinv

∆û
j+1
[1:N]

42: ∆ŝ⋆ ← lsinv ∆ŝj+1

43: w⋆
[1:N−1] ← w

j+1
[1:N−1]

▷ update dual variable

Return: ∆x̂⋆
[1:N], ∆ξ̂⋆[1:N], ∆û⋆

[1:N], ∆ŝ⋆, w⋆
[1:N−1]
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Algorithm 9 Stopping Criterion Evaluation:

stopping(∆x̂j+1
[1:N ]

, ∆ξ̂j+1
[1:N ]

, ∆ûj+1
[1:N ]

, ∆ŝj+1, wj+1
[1:N−1]

,

∆x̂j
[1:N ]

, ∆ξ̂j
[1:N ]

, ∆ûj
[1:N ]

, ∆ŝj , wj
[1:N−1]

, ϵabs, ϵrel)

Inputs: ∆x̂j+1
[1:N ], ∆ξ̂j+1

[1:N ], ∆ûj+1
[1:N ], ∆ŝj+1, wj+1

[1:N−1],

∆x̂j[1:N ], ∆ξ̂j[1:N ], ∆ûj[1:N ], ∆ŝj , wj[1:N−1], ϵabs, ϵrel

1: zj+1
∞ ← max

{
∥∆x̂j+1

[1:N ]∥∞, ∥∆ξ̂j+1
[1:N ]∥∞, ∥∆ûj+1

[1:N ]∥∞, |∆ŝj+1|
}

2: zj∞ ← max
{
∥∆x̂j[1:N ]∥∞, ∥∆ξ̂j[1:N ]∥∞, ∥∆ûj[1:N ]∥∞, |∆ŝj |

}
3: z∆j∞ ← max

{
∥∆x̂j+1

[1:N ] −∆x̂j[1:N ]∥∞, ∥∆ξ̂j+1
[1:N ] −∆ξ̂j[1:N ]∥∞, ∥∆ûj+1

[1:N ] −∆ûj[1:N ]∥∞, |∆ŝj+1 −∆ŝj |
}

4: rj+1
∞ ← ∥wj+1

[1:N−1]∥∞
5: rj∞ ← ∥wj[1:N−1]∥∞
6: r∆j∞ ← ∥wj+1

[1:N−1] − wj[1:N−1]∥∞

7: if z∆j∞ ≤ ϵabs + ϵrel max
{
zj+1
∞ , zj∞

}
and r∆j∞ ≤ ϵabs + ϵrel max

{
rj+1
∞ , rj∞

}
then

8: terminate← true

9: else
10: terminate← false

11: end if

Return: terminate
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Chapter 3

OPTIMAL PRECONDITIONING FOR CONIC
OPTIMIZATION

Consider the following QCP [221] template:

minimize
ξ

1

2
ξ⊤P ξ + p⊤ξ (3.1a)

subject to Gξ − g ∈ L (3.1b)

ξ ∈ E (3.1c)

where L is a closed convex cone, E is a closed convex set, and P is a positive definite matrix

(P ≻ 0), i.e., the objective function is strongly convex. The cone L is a Cartesian product of

closed convex cones, such as the zero cone, the nonnegative orthant cone, second-order cones

(SOCs), and the cone of positive semidefinite (PSD) matrices. The set E is a Cartesian

product of separable closed convex sets—such as halfspaces, boxes, ℓ2-norm balls, SOCs,

etc—that possess closed-form (or easy-to-evaluate) projection operations [16, 15].

The matrix P is assumed to possess a structure that complies with the following require-

ments:

z ∈ D ⇐⇒ ξ ∈ E (3.2a)

(H z − h ∈ K) ⇐⇒ (Gξ − g ∈ L) (3.2b)

where R is the upper-triangular Cholesky factor of P , i.e., R⊤R = P , z := Rξ, D := RE,[
H h

]
:= E

[
GR−1 g

]
, and K := E L, for some positive definite diagonal matrix, E.

Here, S F := {z | S−1z ∈ F}, where S ∈ Rn×n and F is a convex set or cone, i.e., z ∈
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S F ⇐⇒ S−1z ∈ F, and
[
A b

]
denotes concatentation, where A ∈ Rm×n and b ∈ Rm.

Further, to enable online factorization-free implementations with the elements of P chang-

ing between successive calls to the solver, P would need to be diagonal or have a specialized

block-diagonal structure—such as the one described in [102]—such that its Cholesky factor-

ization is representable in closed-form. In cases wherein the Hessian of the objective function

is static and only the constraint matrix is dynamic, the Cholesky factorization of P (regard-

less of whether it is representable in closed-form) can be performed offline, such that the

online component is factorization-free.

In practice, the template given by Problem 3.1 accounts for the general class of QCPs—including,

but not limited to, quadratic programs (QPs), second-order cone programs (SOCPs), and

semidefinite programs (SDPs)—with strongly convex quadratic objective functions, subject

to the restrictions imposed on P .

This chapter is organized as follows: §3.1 describes the three-step preconditioning pro-

cedure that we propose and §3.2 provides a comparison of our method against two state-of-

the-art preconditioners, modified Ruiz equilibration [201] and the QR preconditioner [52].

3.1 Preconditioning

3.1.1 Objective Function: Hypersphere Preconditioning

The objective function can be preconditioned using the hypersphere preconditioner [102],

which uses the Cholesky factorization of P , i.e., R⊤R = P , and scales the objective function

with a scalar parameter λ > 0, to transform Problem 3.1 into the following problem:

minimize
z

λ

2
z⊤z + λ q⊤z (3.3a)

subject to Ĝ z − g ∈ L (3.3b)

z ∈ D (3.3c)
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where z := Rξ, q := R−⊤p, Ĝ := GR−1, and D := RE. This preconditioner is optimal

in the sense of minimizing the condition number of the Hessian of the objective function,

i.e., the condition number of the resulting objective function matrix, λ I, is unity. Further,

its level sets are hyperspheres; hence the name. For ease of reference, we overload the

term hypersphere preconditioner to refer to the entire three-step preconditioning procedure

described herewithin.

3.1.2 Constraints: Block Row-Normalization

The constraint matrix, Ĝ, can be preconditioned using row normalization, i.e., dividing each

row of Equation (3.3b) by the norm of the corresponding row of Ĝ, such that the rows of

the preconditioned matrix have unit norms. In practice, this procedure often helps reduce

the condition number of the constraint matrix, with the added benefit of not requiring

transformation of the primal variable, z (since the constraint matrix is only left-multiplied).

Further, row normalization should be carried out in the block sense, i.e., by normalizing

the rows of Ĝ such that the requirement given by Equation (3.2b) holds. See [157, Section

5] for a description of this requirement. If L only contains linear (in)equalities, such as the

zero cone or the nonnegative orthant cone, then the diagonal matrix, E ≻ 0, in
[
H h

]
=

E
[
Ĝ g

]
, can be left unrestricted. Otherwise, for each separable† convex set in L, only the

maximum magnitude element—among the rows of Ĝ that correspond to a separable set in

L—is considered in the corresponding rows of E.

To illustrate this, consider the following SOC constraint, where A ∈ R2×2 ≻ 0 (diagonal),

x ∈ R2, and t ∈ R:

∥Ax∥2 ≤ t, i.e., Ã x̃ ∈ L2
soc (3.4)

where ∥·∥2 is the Euclidean norm, Ã := blkdiag{A, 1}, x̃ := (x, t), and L2
soc := {(z1, z2, z3) ∈

†The separable convex sets in L form a partition, i.e., each set corresponds to unique components of the
stacked decision variable vector, z.
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R3 | ∥(z1, z2)∥2 ≤ z3} is the second-order cone. Here, (a, b) ∈ Rm+n, where a ∈ Rn and

b ∈ Rm, denotes vector concatenation. The requirement given by Equation (3.2b) implies

that a suitable choice for Esoc, given Esoc Ã x̃ ∈ Esoc L2
soc, is c I3, where c ∈ R++ and I3 is

the identity matrix in R3×3. In block row-normalization, c := 1
max{|A11|, |A22|, 1} , where Aij is

the element of A in the ith row and the jth column.

3.1.3 Optimal Objective Function Scaling Factor

The preconditioned problem is given as follows:

minimize
z

λ

2
z⊤ z + λ q⊤z (3.5a)

subject to H z − h ∈ K (3.5b)

z ∈ D (3.5c)

where λ > 0 is the objective function scaling factor, and Equation (3.5b) is obtained by

block row-normalizing Equation (3.3b), i.e.,
[
H h

]
= E

[
Ĝ g

]
, E ≻ 0 being the diagonal

matrix that performs block row-normalization and K := E L being the corresponding cone.

The following lemma and corollary relate to the KKT matrix of Problem 3.5, given by

K :=

λ I H⊤

H 0

.
Lemma 1. For a given λ > 0 and H ∈ Rm×n, where n > m and rankH = m, the spectrum

of K is:

specK =

{
λ,

λ±
√
λ2+4σ1
2

, . . . , λ±
√
λ2+4σm
2

}
(3.6)

where σ1, . . . , σm are the squares of the singular values of H. The eigenvalue λ is repeated

n−m times, and there are a total of n+m eigenvalues.

Proof. Since rankH = m and λ I ≻ 0, the matrix K is nonsingular [40, Section 10.1.1].

Consider a nontrivial eigenvector of K, p := (u, v) ̸= 0, where u ∈ Rn and v ∈ Rm. Let
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θ be the corresponding eigenvalue. Then, we have K p = θ p, which leads to the following

equations:

λu+H⊤v = θ u =⇒ H⊤v = (θ − λ)u (3.7)

H u = θ v (3.8)

Note that H⊤ defines a one-to-one transformation, since it is full column rank. Suppose

v = 0. This implies that u ∈ kerH and (θ−λ)u = 0, which in turn either implies that θ = λ

or that u = 0. However, since u cannot be trivial, we have θ = λ, i.e., θ = λ is an eigenvalue

of K, the corresponding eigenvector being (u, 0), where u ∈ kerH. Further, there are n−m
eigenvectors for θ = λ, since dimkerH = n−m.

Now, multiplying Equation (3.7) on the left by H and substituting Equation (3.8), we

get:

H H⊤v = (θ − λ)H u = θ (θ − λ) v (3.9)

Since H H⊤ is symmetric positive definite, its singular values are equal to its eigenvalues

(all positive). Consider the eigenvalues of H H⊤, σk > 0, k = 1, . . . , m. Note that these m

eigenvalues of H H⊤ have m distinct corresponding eigenvectors. Now, from Equation (3.9),

for each σk, we have:

θ (θ − λ) = σk =⇒ θ2 − λ θ − σk = 0 (3.10)

Solving for θ, we get 2m eigenvalues of K:

θ±(λ, σk) :=
λ±
√
λ2+4σk
2

, k = 1, . . . , m (3.11)

Therefore, the spectrum of K is given by Equation (3.6), where the algebraic multiplicity

of λ is n−m, and the total number of eigenvalues of K is n+m.
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Corollary 1. For a given λ > 0 and H ∈ Rm×n, where n > m and rank H = m, the

condition number of K can be given by:

κ(λ) :=
λ+
√
λ2+4σmax

2

min

{
λ,

√
λ2+4σmin−λ

2

} (3.12)

where σmax and σmin are the squares of the largest and smallest singular values of H, respec-

tively.

Proof. Since θ+(λ, σi) ≥ max{λ, |θ−(λ, σj)|}, 1 ≤ i, j ≤ m, the condition number of K as a

function of λ can be given by κ(λ) = δmax(λ)
δmin(λ)

, where:

δmax(λ) := max
k
θ+(λ, σk) = max

k

λ+
√
λ2+4σk
2

(3.13)

δmin(λ) := min{λ, min
k
|θ−(λ, σk)|} = min

{
λ, min

k

√
λ2+4σk−λ

2

}
(3.14)

The term θ+(λ, σk) in Equation (3.13) attains its maximum when σk = σmax.

∴ δmax(λ) =
λ+
√
λ2+4σmax

2
(3.15)

The term |θ−(λ, σk)| in Equation (3.14) attains its minimum when σk = σmin.

∴ δmin(λ) = min

{
λ,

√
λ2+4σmin−λ

2

}
(3.16)

∴ κ(λ) =
λ+
√
λ2+4σmax

2

min

λ,
√
λ2+4σmin−λ

2


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Theorem 2. For a given H ∈ Rm×n, where n > m and rank H = m,

λ⋆ := argmin
λ

κ(λ) =

√
σmin

2
(3.17)

where λ > 0, σmin is the square of the smallest singular value of H, and κ(λ) is given by

Equation (3.12).

Proof. Let f1(λ) := λ and f2(λ) :=

√
λ2+4σmin−λ

2
. From Equation (3.16), δmin(λ) = min{f1(λ), f2(λ)}.

It is clear that f1 is a positive and strictly increasing function of λ. Now, taking the derivative

of f2(λ) with respect to λ, we get:

df2(λ)
dλ

= 1
2

(
λ√

λ2+4σmin

− 1

)
(3.18)

Since
√
λ2 + 4σmin > λ, we conclude that df2(λ)

dλ
< 0, and hence, f2 is a positive and strictly

decreasing function of λ.

∴ min{f1(λ), f2(λ)} = 1

max

{
1

f1(λ)
,

1
f2(λ)

} (3.19)

Now, let f0(λ) :=
λ+
√
λ2+4σmax

2
. We see that df0(λ)

dλ
> 0, and hence, f0 is a positive and strictly

increasing function of λ.

∴ κ(λ) = f0(λ) max
{

1
f1(λ)

, 1
f2(λ)

}
= max

{
f0(λ)
f1(λ)

, f0(λ)
f2(λ)

}
(3.20)

∴ min
λ

κ(λ) = min
λ

max
{
f0(λ)
f1(λ)

, f0(λ)
f2(λ)

}
(3.21)

Since f0(λ)
f1(λ)

is strictly decreasing and f0(λ)
f2(λ)

is strictly increasing, the minimizer of Equation

(3.20) satisfies f0(λ)
f1(λ)

= f0(λ)
f2(λ)

, i.e., f1(λ) = f2(λ) (since f0(λ) is positive), as depicted in Fig.

3.1. ∴ λ⋆ =

√
λ⋆2+4σmin−λ⋆

2
=⇒ λ⋆ =

√
σmin

2
.
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x

f(x)

g(x)

x⋆

f(x⋆) = g(x⋆)

max{f(x), g(x)}

min
x

max{f(x), g(x)}

Figure 3.1: The minimizer of the maximum of a strictly increasing function, f(x), and
a strictly decreasing function, g(x), satisfies f(x) = g(x).

Corollary 2. With the three-step preconditioning procedure described, κ(λ⋆) ≥ 2, i.e., the

condition number of the preconditioned KKT matrix is lower-bounded by 2.

Proof. By substituting Equation (3.17) in Equation (3.12), we get:

κ(λ⋆) = 1+
√
1+8χ
2

where χ := σmax

σmin
is the condition number of H H⊤. When χ = 1, the lower bound on κ(λ⋆)

is tight.

Corollary 2 provides a limit on how much we can minimize the condition number of

the KKT matrix with the three-step preconditioning procedure described: if H H⊤ happens

to be perfectly conditioned, the condition number of the preconditioned KKT matrix is

2. In practice, row normalization is effective in reducing the condition number of H H⊤,

often by a few orders of magnitude, although rarely to unity. So, although a condition

number of unity for the KKT matrix is unattainable (due to being lower-bounded by 2),

and despite its lower bound usually not being tight (as a result of H H⊤ not being perfectly

conditioned), the proposed preconditioning procedure can reduce the condition number of

the KKT matrix enough to significantly improve the performance of first-order QCP solvers,

without sacrificing any of the following features: being (i) mostly analytical (the only iterative
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component is shifted power iteration), (ii) entirely factorization-free, and (iii) amenable to

customization—all of which are beneficial for online applications.

3.1.4 Optimal Step-Size Ratio in PIPG

Considering Problem 3.5, the primal and dual step-sizes in pipg [238], α and β, respectively,

satisfy the conditions α, β > 0, α(∥λ I∥+β∥H∥2) < 1, where ∥□∥ is defined to be the largest

singular value of □. One choice for α and β is obtained by parameterizing β in terms of α,

i.e., β := ω2α, ω ∈ R++, setting the strict inequality to an equality, and solving for α, i.e.,

α = 2
λ+
√
λ2+4ω2 σmax

and β = ω2α, where σmax := ∥H∥2. The pipg iterates for Problem 3.5

are given by (see [238] for more details):

z+ = ΠD[ζ − α (λ ζ + q +H⊤η)] (3.22a)

w+ = ΠK◦[η + β (H(2 z+ − ζ)− h)] (3.22b)

ζ+ = (1− ρ) ζ + ρ z+ (3.22c)

η+ = (1− ρ) η + ρw+ (3.22d)

The step-size ratio is given by:

β

α
= ω2 (3.23)

Typically, the solver parameter, ω, is manually tuned to obtain good performance [238], the

tuning process itself being unintuitive in practice. While [52] provides a different step-size

rule than the one considered here and adopts an adaptive heuristic based on approximately

minimizing the primal-dual gap, in this work, we establish the relationship between the

step-size ratio and the objective function scaling factor and find the connection between

their optimal values.

Theorem 3. Scaling the step-size ratio in PIPG by a factor of s2, s > 0, is equivalent to

scaling the objective function of the corresponding QCP by a factor of 1
s
, i.e., scaling ω by s
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is equivalent to scaling λ by 1
s
.

Proof. Scaling ω by s, we get the primal-dual step-sizes α̃ := 2
λ+
√
λ2+4 s2 ω2 σmax

and β̃ :=

s2 ω2 α, respectively—this corresponds to scaling the step-size ratio by s2. Now, we have

α̃ = α̂
s
and β̃ = s ω2 α̂, where α̂ := 2 s

λ+
√
λ2+4 s2 ω2 σmax

. Let β̂ := ω2 α̂. From [99, Section

II, Lemma 3, (ii)], the projection onto a convex cone is nonnegatively homogeneous (and

hence, positively homogeneous). Therefore, ΠK◦ [c z] = cΠK◦ [z], c > 0. Further, defining

ŵ := w
s
and η̂ := η

s
, dividing Equations (3.22b) and (3.22d) by s, and invoking [99, Section

II, Lemma 3, (ii)] on Equation (3.22b), we get:

z+ = ΠD
[
ζ − α̂

(
λ
s
ζ + λ

s
q +H⊤η̂

)]
(3.24a)

ŵ+ = ΠK◦[η̂ + β̂ (H(2 z+ − ζ)− h)] (3.24b)

ζ+ = (1− ρ) ζ + ρ z+ (3.24c)

η̂+ = (1− ρ) η̂ + ρ ŵ+ (3.24d)

which are the pipg iterates for the following equivalent problem, Problem 3.25, but with

step-sizes α̂ and β̂:

minimize
z

λ̂

2
z⊤ z + λ̂ q⊤z (3.25a)

subject to H z − h ∈ K (3.25b)

z ∈ D (3.25c)

where α̂ = 2

λ̂+
√
λ̂2+4ω2 σmax

, β̂ = ω2 α̂, and λ̂ := λ
s
.

Remark 1. As a consequence of Theorem 3, tuning λ is equivalent to tuning ω, i.e., there

is a one-to-one mapping between λ and ω.

Corollary 3. For a given λ > 0 in Problem 3.5, the optimal value for the PIPG solver pa-

rameter, ω—in terms of minimizing the condition number of K—is given by ω⋆ := λ
√

2
σmin

.

Proof. This directly follows from Theorems 2 and 3.
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3.1.5 Shifted Power Iteration

The maximum singular value of M := H H⊤ ∈ Rm×m, which is a parameter that factors

into the step-sizes of pipg, can be efficiently estimated using the power iteration method

[214], which, in turn, can be customized to the trajectory optimization template for efficient

implementation [102]. For the power iteration method to be convergent, the magnitude of the

dominant eigenvalue must be strictly greater than the magnitude of every other eigenvalue.

We make the assumption that the eigenvalues of matrix M satisfy this condition. The

optimal solver parameters in pipg—given by Corollary 3—however, require an estimate for

the minimum singular value of M .

General methods to compute the minimum singular value of a matrix, such as the inverse

iteration method or the singular value decomposition (SVD), are generally computationally

expensive and not amenable to customization, i.e., they are not structure-exploiting, thus

making them unsuitable for real-time applications that require online computations. How-

ever, since M ≻ 0, we can use the shifted power iteration method to estimate its smallest

singular value [234], which is described in Algorithm 10, where σmin(A) is defined to be the

smallest eigenvalue of symmetric matrix A ≻ 0. First, we perform a spectral shift on M as

follows:

M̃ :=M − σmax I (3.26)

where σmax is the largest singular value of M . This shift annihilates the largest eigenvalue of

M and consequently deflates it to form M̃ . To ensure that the shifted power iteration method

is convergent, we make the assumption that the magnitude of the dominant eigenvalue of

M̃ is strictly greater than the magnitude of every other eigenvalue. Let v be the eigenvector

corresponding to an arbitrary eigenvalue (singular value) of M , σ, i.e., M v = σ v. The

matrix-vector product M̃ v yields

M̃ v =M v − σmax I v = (σ − σmax) v (3.27)
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Algorithm 10 Shifted power iteration to estimate σmin(H H⊤)

Inputs: H, w, ϵabs, ϵrel, ϵbuff , jmax

Require: ∥w∥2 > 0

1: σ̃ ← ∥w∥2 ▷ initialization

2: for j ← 1, . . . , jmax do

3: z ← H⊤w

4: w ← 1
σ̃ (H z − σmaxw) ▷ σmax := ∥H∥2

5: σ̃⋆ ← ∥w∥2
6: if |σ̃⋆ − σ̃| ≤ ϵabs + ϵrel max{σ̃⋆, σ̃} then
7: break
8: else if j < jmax then
9: σ̃ ← σ̃⋆

10: end if

11: end for

12: σmin ← (1− ϵbuff) (σmax − σ̃⋆) ▷ buffer the overestimate

Return: σmin ▷ ≈ σmin(HH⊤)

Therefore, σ − σmax is an eigenvalue of M̃ . Further, since σ − σmax ≤ 0, matrix M̃ is

symmetric negative semidefinite. Therefore, the power iteration method can be used to

find the absolute value of its largest magnitude eigenvalue (largest singular value), which is

nothing but σ̃ := |σmin − σmax| = σmax − σmin, where σmin is the smallest singular value of

M . Finally, σmin can be obtained by subtracting σ̃ from σmax, i.e., σmin = σmax − σ̃.
Note that Algorithm 10 is amenable to customization, as shown in [102, Algorithm 5].

3.2 Numerical Results

We first consider the convex optimal control problem from [237] to demonstrate the efficacy

of the hypersphere preconditioner. To enable comparison of our method with modified Ruiz

equilibration [201], we replace the 2-norm ball constraints with their ∞-norm counterparts.
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Further, in compliance with the requirement given by Equation (3.2a), we choose the follow-

ing state cost matrix: Qt := Q = diag{1, 1, 0.5, 0.5}, t = 1, . . . , T − 1, where T is chosen to

be 50. We scale the terminal state cost matrix by a scaling factor, γ > 0, i.e., QT := γ Q.

By progressively increasing γ, we obtain smaller and smaller terminal state tracking errors,

but at the cost of increasing ill-conditioning in the problem.

With that, we compare the hypersphere preconditioner with two state-of-the-art pre-

conditioning techniques: modified Ruiz equilibration [201] and the QR preconditioner [52],

in terms of (i) minimizing the condition number of the KKT matrix of the preconditioned

problem, and (ii) performance of the proportional-integral projected gradient method (pipg)

[237, 241, 239, 238], a first-order primal-dual method for conic optimization, that has recently

gained popularity for problems that fit the trajectory optimization template [240, 125, 103,

102, 51, 49, 136, 58].

All the preconditioners and the solver are implemented in C, the code for which is gen-

erated using the matlab Coder. All the problems are first solved to high-accuracy us-

ing an off-the-shelf interior-point method (constituting the “ground truth”), and pipg is

deemed to have converged if and when the relative error between the pipg solution and

the ground truth drops below 0.5%. The code is available at https://github.com/UW-ACL/

optimal-preconditioning. Fig. 3.2 shows the effect of the preconditioners on the condition

number of the preconditioned KKT matrix, and Fig. 3.3 and Table 3.1 show their effect on

the overall solver performance.

To estimate σmin within the hypersphere preconditioner, we use the shifted power iteration

method [234], the performance statistics for which are provided in Table 3.2. The presolve

time includes the preconditioning time and the time taken by the regular power iteration

method to estimate σmax, which pipg uses for step-size determination; however, the presolve

step is largely dominated by shifted power iteration. The absolute and relative tolerances

for the termination of shifted power iteration are each set to 10−9. The convergence rate

of shifted power iteration is proportional to the ratio
σmax−σmin2

σmax−σmin
, where σmin2 is the second

smallest eigenvalue of H H⊤. We observe that shifted power iteration suffers from slow

https://github.com/UW-ACL/optimal-preconditioning
https://github.com/UW-ACL/optimal-preconditioning
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convergence when the smallest eigenvalues of H H⊤ are clustered (explaining the slower

convergence for smaller values of γ)—this is a limitation of the method.
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Figure 3.2: The condition number of the preconditioned KKT matrix as a function of
the terminal state cost matrix scaling factor, γ. “None” refers to the case where no
preconditioning is applied.
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Figure 3.3: The combined solve time (preconditioning and convex solve) as a function
of γ. The combined solve time is only plotted if PIPG was able to converge (within 105

iterations).
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None 3081 11209 105 105 105 105 105

Ruiz 1101 237 1262 10774 105 105 105

QR 2240 2098 2014 3894 28588 105 105

Hypersphere 684 672 558 529 525 524 524

γ 1 10 102 103 104 105 106

Table 3.1: The number of PIPG iterations as a function of γ. The green values indicate
the least number of PIPG iterations to convergence. The red values indicate that PIPG

hit the maximum number of iterations (105) and failed to converge.

Iterations 6081 4758 1413 1304 1294 1293 1293
PT
CST (%) 68.06 62.74 39.2 37.37 36.91 36.46 36.64

γ 1 10 102 103 104 105 106

Table 3.2: Performance of shifted power iteration within hypersphere preconditioning.
PT: presolve time; CST: combined solve time.

Hypersphere preconditioning was designed with the express goal of mitigating ill-conditioning

in the objective function Hessian [102], and we observe that it performs the best, with in-

creasing ill-conditioning, across all metrics. Although pipg requires longer solve times with

the QR preconditioner owing to the loss of sparsity, the QR preconditioner could prove

beneficial in solving problems that have dense and ill-conditioned constraint matrices. Fi-

nally, modified Ruiz equilibration is a balanced preconditioning approach, and is the only

one among the three that does not mandate strong convexity and explicitly accounts for the

affine term in the objective function.

Next, to demonstrate the benefit of choosing the optimal objective function scaling factor,

we consider a numerical example involving a practical online application. More specifically,

we consider the nonconvex multi-phase rocket landing guidance problem from [103], which is

solved using sequential conic optimization (SeCO). This involves solving a sequence of QCP

subproblems that have strongly convex objective functions, using pipg, with the application

of the hypersphere preconditioner.
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The guidance problem is solved in 6 SeCO iterations to a predetermined open-loop

terminal-error accuracy for the translation states (< 1 m in position and < 0.5 m s−1 in

velocity). Fig. 3.4 shows a comparison of cases with no objective function scaling (λ = 1)

and the optimal objective function scaling (λ = λ⋆). We observe a clear reduction in (i)

the condition number of the KKT matrix for each subproblem, and (ii) the number of pipg

iterations to convergence for each of the subproblems, thus demonstrating the importance

of properly scaling the cost function.
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Figure 3.4: The effect of the optimal objective function scaling factor, λ⋆—on (i) the
condition number, κ(λ), of the KKT matrix, and (ii) the number of PIPG iterations—at
each iteration of SeCO for the multi-phase rocket landing guidance problem [103].
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Chapter 4

SET-BASED DYNAMIC PROGRAMMING FOR PREDICTIVE
CONTROL

In this chapter, we present optimal control and set-based preliminaries in §4.1. We then

describe the set-based control architecture for robust control in §4.2 and resilient control in

§4.3. Set-based closed-loop free-final-time optimal control is described in §5.4. The proposed

set-based framework is demonstrated by means of an autonomous precision landing case

study in §6.3.

4.1 Optimal Control

In this section, we present the preliminaries that will aid in the development of the proposed

computational framework. In §4.1.1, we formulate the template deterministic optimal control

problem and construct a corresponding discrete-time convex optimal control problem with

a polytopic feasible set. In §4.1.2, we present a computationally tractable approach to

generating a polytopic inner approximation of a second-order (quadratic) cone, intersected

with a halfspace, to convert second-order cone constraint sets—which show up in several

control problems, including autonomous precision landing—to polytopes. Then, in §4.1.3,

we define constrained zonotopes and describe the associated set operations. The use of

constrained zonotopes enables the efficient generation of controllable tubes, which we describe

in §4.1.4. Finally, we present the one-step optimal control problem—that is executed online

as part of the forward rollout—in §4.1.5.
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4.1.1 The Deterministic Optimal Control Problem

We first consider a class of free-final-time optimal control problems in continuous-time, in

the Lagrange form, with a convex cost functional, a class of nonlinear dynamical systems,

and convex state and control constraints, as shown in Problem P1.

Problem P1: Template Continuous-Time Optimal Control Problem (Nonconvex)

minimize
tf , u

Cost Functional :

∫ tf

0

β h(u(t)) dt (P1a)

subject to Dynamics: ẋ(t) = Ac x(t) +Bc u(t) +Gc h(u(t)) + dc, ∀t ∈ [0, tf ] (P1b)

State Constraints: x(t) ∈ Xcvx, ∀t ∈ [0, tf ] (P1c)

Control Constraints: u(t) ∈ Ucvx, ∀t ∈ [0, tf ] (P1d)

Initial Condition: x(0) = xi (P1e)

Final Condition: x(tf) ∈ Xfcvx (P1f)

In Problem P1, tf ∈ R++ is the final time (a free variable), x(t) ∈ Rnx is the state,

u(t) ∈ Rnu is the control input, β ∈ R++ is a constant, and h : Rnu → R is a convex

function; Xcvx ⊂ Rnx and Ucvx ⊂ Rnu are the convex state and control constraint sets,

respectively; Xfcvx is the convex final state set; and xi ∈ Rnx is the fixed initial condition. In

the dynamics, Ac ∈ Rnx×nx is the system matrix, Bc ∈ Rnx×nu is the control input matrix,

Gc ∈ Rnx is a vector that governs the influence of the convex function, h, on the state

evolution, and dc ∈ Rnx is the affine term. All the constraint sets considered in this work are

assumed to be compact. Note that Problem P1 is nonconvex due to the presence of convex

functions, h, in the equality constraint given by Equation (P1b).

Problem P1 can be relaxed to Problem P2, which is convex. In Problem P2, σ(t) ∈

R, which will be treated as an auxiliary control input, is the slack variable introduced to

convexify the problem, and Ûcvx ⊂ Rnu+1 is the augmented control constraint set. Note

that Problem P2 bears resemblance to the problem templates considered in the vast body
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Problem P2: Template Continuous-Time Optimal Control Problem (Convexified)

minimize
tf , u, σ

Cost Functional : J :=

∫ tf

0

β σ(t) dt (P2a)

subject to Dynamics: ẋ(t) = Ac x(t) +Bc u(t) +Gc σ(t) + dc, ∀t ∈ [0, tf ] (P2b)

Convex Relaxation: h(u(t)) ≤ σ(t), ∀t ∈ [0, tf ] (P2c)

State Constraints: x(t) ∈ Xcvx, ∀t ∈ [0, tf ] (P2d)

Control Constraints: (u(t), σ(t)) ∈ Ûcvx, ∀t ∈ [0, tf ] (P2e)

Initial Condition: x(0) = xi (P2f)

Final Condition: x(tf) ∈ Xfcvx (P2g)

of literature on lossless convexification in optimal control [33, 134, 225], which are shown to

recover globally optimal solutions to the original nonconvex problems.

Cost-To-Go Augmentation Recently, in the discrete-time setting, a general version of

Problem P1 was shown to be losslessly convexifiable under some conditions [225]. Specifically,

[225] leverages dynamic programming for the synthesis of the online controller to achieve

global optimality in a closed loop using the so-called controllable tube (see §4.1.4). A key

insight in [225] is that the controllable tube must explicitly account for the cost-to-go, which

can be subsequently minimized in the forward rollout. Next, we discuss augmentation of the

dynamical system with the cost-to-go dynamics.

From the cost functional in Equation (P2a), J , the cost-to-go at any t ∈ [0, tf ] is given

by:

c(t) :=

∫ tf

t

β σ(τ) dτ (4.1)

Note that J = c(0). Taking the time-derivative of the cost-to-go yield the auxiliary dynamical
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system:

ċ(t) =
d

dt

∫ tf

t

β σ(τ) dτ =
d

dt

∫ t

tf

−β σ(τ) dτ = −β σ(t) (4.2)

From Equation (4.1), the boundary conditions for this auxiliary dynamical system are given

by:

c(0) =

∫ tf

0

β σ(t) dt = J = free (4.3a)

c(tf) = 0 (4.3b)

Augmenting the dynamical system with the cost-to-go dynamics (Equation (4.2)) and writing

the cost functional in terms of the cost-to-go state yields Problem P3, which is equivalent to

Problem P2.

Problem P3: Template Continuous-Time Optimal Control Problem (Augmented)

minimize
tf , u, σ, c(0)

Cost Functional : c(0) (P3a)

subject to Dynamics: ẋ(t) = Ac x(t) +Bc u(t) +Gc σ(t) + dc, ∀t ∈ [0, tf ] (P3b)

Cost-to-go Dynamics: ċ(t) = −β σ(t), ∀t ∈ [0, tf ] (P3c)

State Constraints: (x(t), c(t)) ∈ X̃cvx, ∀t ∈ [0, tf ] (P3d)

Control Constraints: (u(t), σ(t)) ∈ Ũcvx, ∀t ∈ [0, tf ] (P3e)

Initial Condition: x(0) = xi (P3f)

Final Condition: x(tf) ∈ Xfcvx , c(tf) = 0 (P3g)

In Problem P3, X̃cvx ⊂ Rnx+1 is the augmented state constraint set and Ũcvx ⊂ Rnu+1

is the augmented control constraint set, subsuming the constraint set defined by the convex

relaxation in Equation (P2c).

We adopt a zero-order hold (ZOH), i.e., a piecewise-constant control parameterization,
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and time-discretize Problem P3. Assuming the true optimal control is a continuous signal,

the control parameterization may lead to suboptimality, but since the dynamics themselves

are exactly discretized, the continuous-time trajectory will exactly pass through the discrete

temporal nodes. The state and control constraint sets are only considered at the nodes. Given

(i) the convexity of the control constraint sets, and (ii) the ZOH control parameterization,

the control constraints are guaranteed to be satisfied at and in between temporal nodes. For

the state, however, these constraints are only imposed at (finitely many) temporal nodes and

inter-sample constraint satisfaction is not guaranteed in general. The resulting discrete-time

optimal control problem is shown in Problem P4.

Problem P4: Template Discrete-Time Optimal Control Problem (Conic)

minimize
N, c1,

u1, ..., uN−1,
σ1, ..., σN−1

Cost Function: c1 (P4a)

subject to Dynamics: (xk+1, ck+1) = A · (xk, ck) +B · (uk, σk) + d, k = 1, . . . , N − 1 (P4b)

State Constraints: (xk, ck) ∈ X̃cvx, k = 1, . . . , N (P4c)

Control Constraints: (uk, σk) ∈ Ũcvx, k = 1, . . . , N − 1 (P4d)

Initial Condition: x1 = xi (P4e)

Final Condition: (xN , cN ) ∈ X̃fcvx (P4f)

In Problem P4, N is the number of temporal nodes (the horizon length), A and d are

the discrete-time counterparts of blkdiag{Ac, 0} ∈ R(nx+1)×(nx+1) and (dc, 0) ∈ Rnx+1, re-

spectively, B is the discrete-time counterpart of

Bc Gc

0nu −β

 ∈ R(nx+1)×(nu+1), and X̃fcvx :=

Xf × {0}. We assume A is given by a matrix exponential and is hence always invertible.

Problem P4 is conic since X̃cvx and Ũcvx can be arbitrary conic constraint sets.

The polytopic approximation of Problem P4 is given by Problem P5.
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Problem P5: Template Discrete-Time Optimal Control Problem (Polytopic)

minimize
N, c1,

u1, ..., uN−1,
σ1, ..., σN−1

Cost Function: c1 (P5a)

subject to Dynamics: (xk+1, ck+1) = A · (xk, ck) +B · (uk, σk) + d, k = 1, . . . , N − 1 (P5b)

State Constraints: (xk, ck) ∈ X̃ , k = 1, . . . , N (P5c)

Control Constraints: (uk, σk) ∈ Ũ , k = 1, . . . , N − 1 (P5d)

Initial Condition: x1 = xi (P5e)

Final Condition: (xN , cN ) ∈ X̃f (P5f)

In Problem P5, X̃ , Ũ , and X̃f are the polytopic approximations of X̃cvx, Ũcvx, and X̃fcvx ,

respectively. Note that there is no approximation involved if a constraint set is polytopic to

begin with.

The optimal and resilient control approaches we describe in this work are exact for the

template polytopic optimal control problem given by Problem P5. However, in the realm of

optimal control, most problems are better represented by the template of Problem P1, which

may involve second-order cone constraints that need to be approximated to fit the template

of Problem P5, as shown. In §4.1.2, we provide a numerically tractable method to obtain

“good” polytopic approximations to these convexified conic programs (Problem P4) for the

special case wherein the conic constraint sets are quadratic cones, which are also known as

standard/unit second-order cones (SOCs), ice-cream cones, or Lorentz cones [123].

4.1.2 Polytopic Inner Approximation of a Compact Quadratic Cone

For controllable tube generation as described in §4.1.4, the constraint sets are required to

be polytopic, i.e., convex, closed, and bounded. There exist methods in the literature to

obtain polyhedral outer approximations of an n-dimensional (unbounded, i.e., non-compact)

quadratic cone [21, 223]. However, in order to ensure that the generated controllable tube is

conservative rather than infeasible, i.e., to guarantee feasibility of all points in the set, the

polytopic constraint set must be an inner approximation of the original constraint set.
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Figure 4.1: Polytopic inner approximation of a 3-dimensional compact quadratic cone.

Motivated by these reasons, we propose a computationally tractable approach to obtain-

ing a polytopic inner approximation of a closed and bounded, i.e., compact, n-dimensional

quadratic cone, which is a special case of a quadratic cone, intersected with a halfspace.

We define a compact quadratic cone (CQC) as follows:

Lncqc :=
{
(z, t)

∣∣ ∥z∥2 ≤ t, 0 ≤ t ≤ tmax

}
(4.4)

where z ∈ Rn−1 and t ∈ R.

To obtain a polytopic approximation of Lncqc, we take a slice of Lncqc along t = tmax:

L̃ncqc :=
{
(z, t)

∣∣ ∥z∥2 ≤ tmax, t = tmax

}
(4.5)

Here, Z :=
{
z
∣∣ ∥z∥2 ≤ tmax

}
defines an (n− 1)-dimensional hyperball.

Now, we proceed to uniformly spread points on the boundary of the (n− 1)-dimensional

hyperball by (approximately) solving a difference-of-convex (DC) optimization problem via
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the convex-concave procedure† [224, 83, 120]. The accuracy of the approximation can be

improved by increasing the number of points. These (n − 1)-dimensional points are then

lifted to n dimensions with t = tmax.

The convex hull of the union of these points and the origin (in n dimensions) is a polytope

that is guaranteed to be an inner approximation of the original CQC. Figure 4.1 shows the

polytopic approximation of a 3-dimensional CQC with 10 points spread on the boundary of

the 2-dimensional hyperball, i.e., a circle.

4.1.3 Constrained Zonotopes

Polytopes are sets with a finite number of facets (flat sides). Convex polytopes that are

closed and bounded, i.e., compact, can be represented either as the convex hull of a finite

number of points/vertices (vertex representation: V-rep) or as the intersection of a finite

number of halfspaces (halfspace representation: H-rep). In this work, we use the term

polytopes to refer to compact convex polytopes.

Zonotopes are sets that are given by the Minkowski sum of line segments, called gen-

erators, with unit-box-constrained weights, known as latent variables, which are typically

higher-dimensional than the set itself. Constrained zonotopes (CZs) are zonotopes with

additional affine equality constraints on the weights (constrained generator representation:

CG-rep)—they are a recently introduced class of sets that can be used to describe arbitrary

polytopes, with distinct computational advantages over standard representations (V-rep,

H-rep) [192]. In fact, a set is a constrained zonotope if and only if it is a polytope [192,

Theorem 1]. While V-rep and H-rep polytopes suffer from the curse of dimensionality

with exponential blow-up [210], CG-rep CZs do not (see Table 4.1). This key characteristic

of CZs, in addition to the efficiency and accuracy of the corresponding set operations, has

led to significant adoption in set-based methods, especially in the fields of estimation and

control [192, 229].

†This is for n ≥ 3; for n ≤ 2, the uniform spreading problem can be solved in closed-form.
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Operation V-REP Polytope H-REP Polytope CG-REP CZ

Intersection × ✓ ✓

Minkowski Sum × × ✓

Affine Map ✓ ×† ✓

Table 4.1: Computational complexity for the required set operations in Algorithm
11: ✓ indicates that the operation has polynomial complexity and × indicates that
it has exponential complexity (†exponential complexity in general, but polynomial
complexity if the map is invertible).

A CZ in CG-rep is defined by the following set [192, 169, 229, 224]:

Z := Z(G, c, A, b) = {x | ∃ ξ, x = Gξ + c, ∥ξ∥∞ ≤ 1, A ξ = b} (4.6)

where x ∈ Rn, ξ ∈ Rng , G ∈ Rn×ng , c ∈ Rn, A ∈ Rne×ng , and b ∈ Rne ; n is the dimension of

the CZ, ng is the number of generators (columns of G), and ne is the number of equality con-

straints. Some useful set operations in terms of constrained zonotopes are presented in Table

4.2, where we use the following shorthand to denote a CG-rep CZ: Zi := {Gi, ci, Ai, bi},
where i ∈ Z++ is used to describe operations that involve more than one CZ. The subscript

is dropped in the description of operations that only involve one CZ. A selector matrix is

defined to be a matrix with one entry per row, which is unity.

4.1.4 Controllable Tube Generation (Offline)

We refer to the target final set as the terminal set. We refer to the set of all initial conditions

from which a given final set is reachable, in the presence of state and control constraints,

for a given trajectory time, as a controllable set. The union of all such controllable sets over

time is referred to as the controllable tube.

We start with deterministic optimal control problems. For problems that fit the tem-

plate of Problem P5, the exact controllable tube can be constructed by means of a simple

backward set-recursion, given by Algorithm 11, which is executed offline. Algorithm 11 is
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Operation Method Description

Affine Map
RZ + r

{RG, R c+ r, A, b} RZ + r := {Rx + r | x ∈ Z}, where
R ∈ Rnr×n and r ∈ Rnr

Intersection
Z1 ∩ Z2

[
G1 0

]
, c1,

A1 0
0 A2

G1 −G2

,
 b1

b2
c2 − c1

 Z1 ∩ Z2 := {x ∈ Z1 | x ∈ Z2}

Minkowski Sum
Z1 ⊕Z2

{[
G1 G2

]
, c1 + c2,

[
A1 0
0 A2

]
,

[
b1
b2

]}
Z1⊕Z2 := {x1+x2 | x1 ∈ Z1, x2 ∈ Z2}

Pontryagin Difference
Z1 ⊖Z2

[229, Algorithm 3]
(inner approximation)

Z1⊖Z2 := {x1 | ∀x2 ∈ Z2, x1+x2 ∈ Z1}

Intersection with Affine Set
Z ∩ {x | H x = h}

{
G, c,

[
A

H G

]
,

[
b

h−H c

]}
x ∈ Rn, H ∈ Rnh×n, and h ∈ Rnh

Slice
Z ∩ {x | E x = x̄}

{
G, c,

[
A
EG

]
,

[
b

x̄− E c

]} special case of intersection with affine
set, where x̄ ∈ Rnx̄ , nx̄ ≤ n, and E ∈
Rnx̄×n is a selector matrix

Projection
E Z

{EG, E c, A, b} special case of affine map, where E ∈
Rnx̄×n is a selector matrix, nx̄ ≤ n

Distance minimize
x∈Z

∥y − x∥p
y ∈ Rn is the point to be projected onto
the set to compute the p-norm distance

Containment minimize
x∈Z

∥y − x∥p
y ∈ Z if the distance is zero; y /∈ Z
otherwise

Emptiness minimize
x∈Z

0
the set is empty if the problem is infea-
sible; the set is nonempty otherwise

Support maximize
x∈Z

η⊤x
η ∈ Rn is the direction vector along
which to evaluate the support function

Extreme Point argmax
x∈Z

η⊤x
point on the boundary of the set along
the direction vector, η

Table 4.2: Useful set operations in terms of constrained zonotopes, which can be found
in [192, 169, 229, 224].

computationally tractable even in high dimensions when the sets in question are represented

as constrained zonotopes (CG-rep). This can be extended to handle problems with un-

certainties, which will be discussed in §4.2. Note that the generated controllable (backward

reachable) sets are guaranteed to be feasible with respect to Problem P4. Here, N is the

number of temporal nodes (the horizon length) and csk is the k
th controllable set, the union
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over k = 1, . . . , N of which is the controllable tube. If the cost-to-go is strictly monoton-

ically decreasing (and since the cost-to-go is bounded by construction), this set recursion

is guaranteed to terminate for a finite N , i.e., the set recursion will yield empty sets af-

ter N iterations, in which case the first nonempty controllable set, cs1, corresponds to the

maximum-feasible trajectory time. In practice, since N is not known a priori, this backward

recursion is performed starting with index 1 until it terminates at an index, N , after which

the indices are reversed.

4.1.5 One-Step Optimal Control (Online)

As shown in [225], closed-loop optimal control synthesis may be done via a forward rollout,

i.e., by solving a sequence of one-step optimal control problems. The forward rollout involves

minimization of the current cost-to-go, and one-step set-containment constraints: the next-

step controllable set for the propagated state, and the current-step control constraint set

for the control input. The optimal control problem—given by Problem P6—itself is a linear

program (LP), and can be solved using efficient LP solvers [148, 78, 97, 12].

Algorithm 11 Set Recursion for Controllable Tube Generation

Inputs: N , A, B, d, X̃ , X̃f , Ũ

1: csN ← X̃f

2: for k = (N − 1), (N − 2), . . . , 2, 1 do

3: csk = X̃ ∩A−1
(
csk+1 ⊕

(
−B Ũ − d

))
▷ ⊕: Minkowski sum

4: end for

Return: cs1,...,N



75

Problem P6: One-Step Optimal Control Problem (Polytopic)

minimize
uk, σk, ck

Cost Function: ck (P6a)

subject to Dynamics: (xk+1, ck+1) = A · (xk, ck) +B · (uk, σk) + d (P6b)

State Constraints (Controllable Set): (xk+1, ck+1) ∈ csk+1 (P6c)

Control Constraints (Polytopic): (uk, σk) ∈ Ũ (P6d)

Remark 1. The control constraint set, Ũ , in the one-step optimal control problem, Problem

P6, need not be the polytopic approximation. Instead, we can use the original conic con-

trol input set—since it is larger than the polytopic approximation by construction—and solve

Problem P7. This has the two-fold benefit of: (i) rendering the convex relaxation tight with

respect to the original conic constraint, and (ii) producing solutions with a lower cost. Con-

sequently, instead of solving a sequence of 1-step linear programs, we would solve a sequence

of 1-step conic programs, for which there exist efficient solvers [59, 238, 84, 50].

Problem P7: One-Step Optimal Control Problem

minimize
uk, σk, ck

Cost Function: ck (P7a)

subject to Dynamics: (xk+1, ck+1) = A · (xk, ck) +B · (uk, σk) + d (P7b)

State Constraints (Controllable Set): (xk+1, ck+1) ∈ csk+1 (P7c)

Control Constraints (Conic): (uk, σk) ∈ Ũcvx (P7d)

Remark 2. The recursive feasibility of Problems P6 and P7 is guaranteed by Equations

(P6c) and (P7c), respectively.

4.2 Robust Control

We describe the robust optimal control problem and distinguish between robust open-loop

optimal control and robust closed-loop optimal control in §4.2.1. We assume that the state
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measurements and the control input are subject to stochastic uncertainty, and further, that

the uncertainties in the state are time-varying; we describe the modeling of these uncertainties

in §4.2.2. The robust control approach we propose, however, requires the characterization

of bounded disturbance sets, such that the closed-loop system is robust to any state and

control disturbances that lie within these sets.

Rather than arbitrarily choosing bounded sets for this purpose, we are interested in

the systematic construction of bounded sets that allow us to make the claim that the tra-

jectory, even in the presence of random disturbance vectors sampled from known (possibly

unbounded) probability distributions, is guaranteed to stay within the controllable tube with

a user-specified probability. We describe this procedure in generality in §4.2.3. In the case

that the uncertainty is bounded to begin with, the corresponding bounded disturbance sets

can be directly used within our framework.

In the presence of disturbances that are coupled in time, the construction of the bounded

disturbance sets requires additional considerations. Once the disturbance sets are con-

structed, the state and control constraint sets, and in turn, the controllable tube, are ro-

bustified, i.e., tightened, such that they are robust to the worst-case disturbances from the

bounded sets; we describe the construction of the bounded disturbance sets and the robus-

tification of the control and state constraints in §4.2.4. Note that these steps are performed

offline. Within the confines of this shrunken feasible space, the controller synthesized online

is cost-optimal, making this approach one of robust optimal control, in that we prioritize

robustness to disturbances first, and then optimize performance among the admissible con-

trols.

4.2.1 The Robust Optimal Control Problem

In the deterministic case, the open-loop and closed-loop optimal control problems are equiv-

alent [25]. In the robust case, however, there are differences—specifically, as shown in §4.2.1,

the robust open-loop optimal control problem described in §4.2.1 is more conservative than

the robust closed-loop optimal control problem described in §4.2.1.
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Robust Open-Loop Optimal Control

Consider the optimal control problem given by Problem P5, but with the inclusion of bounded

additive disturbances, wk ∈ Wk ⊂ Rnx+1, whereWk, k = 1, . . . , N , are compact; see Problem

P8. This problem represents the robust open-loop optimal control problem, since any control

input along the future horizon only depends on the state at the beginning of the horizon.

Problem P8: Robust Open-Loop Optimal Control Problem (Polytopic)

min
N, c1

u1, ..., uN−1,
σ1, ..., σN−1

max
w1, ..., wN

c1 (P8a)

s.t. (xk+1, ck+1) = A · (xk, ck) +B · (uk, σk) + d+ wk, k = 1, . . . , N − 1 (P8b)

(xk, ck) ∈ X̃ , k = 1, . . . , N (P8c)

(uk, σk) ∈ Ũ , k = 1, . . . , N − 1 (P8d)

wk ∈ Wk, k = 1, . . . , N (P8e)

x1 = xi (P8f)

(xN , cN ) + wN ∈ X̃f (P8g)

In practice, the optimal control problem is first robustified (i.e., the constraints are tight-

ened) with respect to the worst-case disturbances from the bounded sets (owing to the

maximization over them), and then the entire sequence of controls is solved for at once.

Robust Closed-Loop Optimal Control

Consider Problem P5 again, with the same bounded additive disturbances, wk ∈ Wk ⊂
Rnx+1, k = 1, . . . , N . Now, instead of sequential maximization over disturbance and mini-

mization over controls, we leverage the additional information provided by the value of the

current state [25], and formulate an interleaved minimization and maximization problem; see

Problem P9. This problem represents the robust closed-loop optimal control problem, since

the control input at any given point in time explicitly depends on the state at the same time.
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Problem P9: Robust Closed-Loop Optimal Control Problem (Polytopic)

min
N, c1

min
u1

max
w1

. . . min
uN−1

max
wN−1

max
wN

c1 (P9a)

s.t. (xk+1, ck+1) = A · (xk, ck) +B · (uk, σk) + d+ wk, k = 1, . . . , N − 1 (P9b)

(xk, ck) ∈ X̃ , k = 1, . . . , N (P9c)

(uk, σk) ∈ Ũ , k = 1, . . . , N − 1 (P9d)

wk ∈ Wk, k = 1, . . . , N (P9e)

x1 = xi (P9f)

(xN , cN ) + wN ∈ X̃f (P9g)

In practice, Problem P9 is solved by means of dynamic programming—first, a backward

recursion, which accounts for robustification, as shown in Algorithm 12, and then a forward

rollout, i.e., a sequence of one-step optimal control problems, akin to Problem P7, but with

the robustified constraint sets instead.

Robust Closed-Loop Optimal Control vs. Robust Open-Loop Optimal Control

Consider the max-min inequality [40, Equation (5.46)]:

sup
z∈Z

inf
y∈Y

f(y, z) ≤ inf
y∈Y

sup
z∈Z

f(y, z) (4.7)

for any f : Rn × Rm → R, any Y ⊆ Rn, and any Z ⊆ Rm. When the maximum and the

minimum exist, Equation (4.7) can be written as follows:

max
z∈Z

min
y∈Y

f(y, z) ≤ min
y∈Y

max
z∈Z

f(y, z) (4.8)

Repeated application of the max-min inequality in Equation (4.8) to Problem P9 (closed-

loop) results in the minimization and maximization operations grouped together, as in Prob-

lem P8 (open-loop). Thus, we conclude that (i) the robust closed-loop optimal control prob-
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lem has a lower cost than that of its open-loop counterpart, and (ii) the open-loop approach

is more conservative than the closed-loop approach.

4.2.2 State and Control Uncertainty Modeling

Let y := (x, c) ∈ Rnx+1 be the augmented state and s := (u, σ) ∈ Rnu+1 be the augmented

controls.

Consider the following deterministic discrete-time dynamics (Equation (P5b)) in terms

of y and s:

yk+1 = Ayk +B sk + d, k = 1, . . . , N − 1 (4.9)

We first consider the case where some (or all) of the control inputs are subject to an additive

disturbance that is Gaussian and independent and identically distributed (i.i.d.):

s̃k := sk + Eu
w w

u
k , wuk ∼ N (0,Σu), k = 1, . . . , N − 1 (4.10)

where Σu ∈ Sñu is the control disturbance covariance and ñu ≤ nu + 1 is the dimension of

the uncertain controls. We define an embedding matrix to be a matrix that maps/embeds

the vector it left-multiplies to/in a (potentially) higher dimension—it only has one entry per

column, and that entry is unity (and thus an embedding matrix is full column rank); an

embedding matrix is akin to the transpose of a selector matrix. Here, Eu
w ∈ R(nu+1)×ñu is the

uncertain-control embedding matrix, i.e., it lifts wuk from ñu dimensions to nu+1 dimensions.

For k = 1, . . . , N − 1, we have:

yk+1 = Ayk +B s̃k + d (4.11a)

= Ayk +B (sk + Eu
w w

u
k) + d (4.11b)

= Ayk +B sk +BEu
w w

u
k + d (4.11c)
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Now, additionally, consider the case where some (or all) of the state measurements, ỹk, k =

1, . . . , N − 1, are uncertain with independent additive Gaussian disturbances with time-

varying covariances:

ỹk := yk + Ex
w w

x
k , wxk ∼ N (0,Σx

k), k = 1, . . . , N (4.12)

where Σx
k ∈ Sñx , k = 1, . . . , N , are the (time-varying) state covariances, where ñx ≤ nx+1 is

the dimension of the uncertain component of the state and Ex
w ∈ R(nx+1)×ñx is the uncertain-

state embedding matrix. Therefore, for k = 1, . . . , N − 1, we have:

ỹk+1 = yk+1 + Ex
w w

x
k+1 (4.13a)

= Ayk +B sk +BEu
w w

u
k + d+ Ex

w w
x
k+1 (4.13b)

= A (ỹk − Ex
w w

x
k) +B sk +BEu

w w
u
k + d+ Ex

w w
x
k+1 (4.13c)

= A ỹk +B sk + d+ (BEu
w w

u
k + Ex

w w
x
k+1 − AEx

w w
x
k) (4.13d)

Finally, we have:

ỹk+1 = A ỹk +B sk + d+ wk (4.14)

where, for k = 1, . . . , N − 1, we have:

wk = BEu
w w

u
k + Ex

w w
x
k+1 − AEx

w w
x
k =

[
BEu

w Ex
w −AEx

w

]
wuk

wxk+1

wxk

 :=M ŵk (4.15)

where ŵk := (wuk , w
x
k+1, w

x
k) ∈ Rñu+2 ñx is the concatenation of the disturbance vectors in-

fluencing the dynamics, and M :=
[
BEu

w Ex
w −AEx

w

]
∈ R(nx+1)×(ñu+2 ñx) is a linear map.

Further, note that wN = Ex
w w

x
N . Equation (4.14) represents the uncertain dynamical system.
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4.2.3 Representing Stochastic Uncertainty as a Bounded Disturbance Set

For Gaussian disturbances, which have unbounded distributions, ellipsoids are the best op-

tion to represent bounded disturbance sets, since they are the natural sets of confidence

regions due to the shape of the Gaussian kernel. Each bounded set is the p-level set of

a Gaussian distribution, which, in turn, guarantees that the true state at a given step, in

the presence of a disturbance sampled from this Gaussian distribution, will lie within the

corresponding robust controllable set with probability at least p [83].

The logical interpretation of this is as follows:

(i) The probability that a random disturbance vector sampled from the Gaussian distri-

bution lies within the corresponding bounded disturbance set is p (by construction of

the bounded disturbance set).

(ii) The true state at a given step is guaranteed to lie within the corresponding controllable

set for any disturbance from within the bounded disturbance set (by construction/ro-

bustification of the controllable tube).

(iii) From (i) and (ii), the probability that the true state at a given step will lie inside the

corresponding controllable set for a random disturbance sampled from the Gaussian

distribution is at least p.

We assume the instantaneous disturbance, w ∈ Rn, is Gaussian, with mean µ ∈ Rn and

covariance Σ ∈ Sn, i.e., w ∼ N (µ,Σ).

Consider the ellipsoid with shape matrix Σ, centered around µ ∈ Rn and parameterized

by size parameter R2 ∈ [0,∞) [83]:

E(R2;µ,Σ) := {q ∈ Rn | (q − µ)⊤Σ−1(q − µ) ≤ R2} (4.16)

Now, let η ∈ Rn be a standard normal random vector, i.e., η ∼ N (0, In). Then, w can be
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written in terms of η as follows [30]:

w = Σ
1
2 η + µ (4.17)

Then,

w ∈ E(R2;µ,Σ) =⇒ (w − µ)⊤Σ−1(w − µ) ≤ R2 (4.18a)

=⇒
(
Σ

1
2 η + µ− µ

)⊤
Σ−1

(
Σ

1
2 η + µ− µ

)
≤ R2 (4.18b)

=⇒
(
η⊤Σ

1
2

)
Σ−

1
2 Σ−

1
2

(
Σ

1
2 η

)
≤ R2 (4.18c)

=⇒ η⊤η ≤ R2 (4.18d)

=⇒ η ∈ E(R2; 0, In) (4.18e)

Consequently, we have [83, §3.3.2]:

Pw
(
w ∈ E(R2;µ,Σ)

)
= Pη

(
η ∈ E(R2; 0, In)

)
(4.19a)

= Pη
(
χ2(n) ≤ R2

)
(4.19b)

= Fχ2(n)(R
2) (4.19c)

where, since η is a normal random variable, η⊤η = ∥η∥22 can be replaced with χ2(n), which

is a chi-squared random variable with n degrees of freedom, Fχ2(n)(R
2) being its cumulative

distribution function.

Given a user-specified probability, p, we set:

R2 = F−1χ2(n)(p) (4.20)

which gives us:

Fχ2(n)(R
2) = p (4.21)
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and hence, gives us the following guarantee:

Pw
(
w ∈ E(R2;µ,Σ)

)
= p (4.22)

4.2.4 Robust Controllable Tube Generation

Robust controllable tube generation involves the contruction of bounded disturbance sets,

which we present in §4.2.4, and the tightening, i.e., robustification, of the control and state

constraint sets, which we present in §4.2.4 and §4.2.4, respectively. The set recursion algo-

rithm for robust controllable tube generation is provided in §4.2.4.

Bounded Disturbance Set Construction

While wxk and wuk in Equations (4.12) and (4.10), respectively, are independent across time,

ŵk is not, due to the coupling of wxk between time-steps. For the purpose of bounded distur-

bance set construction, and, consequently, robust controllable tube generation, however, we

make the assumption that ŵk are independent, i.e., we assume that ŵk ∼ N (0,Σŵ
k ), where

Σŵ
k := blkdiag{Σu,Σx

k+1,Σ
x
k} ∈ Sñu+2 ñx , k = 1, . . . , N − 1. Note that this assumption is

conservative, since it ignores the temporal correlation in ŵk (the temporal correlation mani-

fests as additional affine constraints on wk, which are ignored, leading to robustification with

respect to a larger disturbance set). Further, since a Gaussian distribution is closed under

linear transformations of random variables [213, Theorem 3.3.3], wk is also Gaussian.

The corresponding bounded disturbance sets are constructed as follows. First, we consider

the following ellipsoids (see Equation (4.16)) for k = 1, . . . , N − 1:

Ek(R2
k; 0,Σ

ŵ
k ) = {q ∈ Rñu+2 ñx | q⊤(Σŵ

k )
−1q ≤ R2

k} (4.23)

and for k = N :

EN(R2
N ; 0,Σ

x
N) = {q ∈ Rñx | q⊤(Σx

N)
−1q ≤ R2

N} (4.24)
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Since the robust controllable tube generated using these bounded disturbance sets will be

tightened with respect to the worst-case disturbances from these sets, the tube will be guar-

anteed to be robust with respect to the original disturbance vectors, ŵk := (wuk , w
x
k+1, w

x
k) ∈

Rñu+2 ñx , k = 1, . . . , N − 1, as well.

Next, to get the effective disturbance sets for k = 1, . . . , N − 1, each in Rnx+1, we take

linear transformations of Ek(R2
k; 0,Σ

ŵ
k ) with respect to M , which are ellipsoids themselves

[113], i.e.,

Wk := {Mq |M ∈ R(nx+1)×(ñu+2 ñx), q ∈ Ek(R2
k; 0,Σ

ŵ
k )} (4.25a)

= {l ∈ Rnx+1 | l ∈ Ek(R2
k; 0,MΣŵ

kM
⊤)} (4.25b)

For k = N , we have:

WN := {Ex
w q | Ex

w ∈ R(nx+1)×ñx , q ∈ EN(R2
N ; 0,Σ

x
N)} (4.26a)

= {l ∈ Rnx+1 | l ∈ EN(R2
N ; 0, E

x
w Σ

x
N(E

x
w)
⊤)} (4.26b)

Further, in accordance with Equation (4.20), we set R2
k = F−1χ2(ñu+2 ñx)

(p), k = 1, . . . , N − 1,

and R2
N = F−1χ2(ñx)

(p), wherein, in order to guarantee that the probability of the trajectory

at the final-step N lying inside the terminal set csN is λ, we choose p as follows [83]:

p = λ
1
N (4.27)

where λ ∈ (0, 1) and N is the horizon length. That is to say that with this choice of p, the

probability that the trajectory at the terminal time-step, N , will lie inside the terminal set,

is at least pN = λ.
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Robustification of Control Constraints

For the closed-loop system to be robust to control disturbances, we need to tighten the

control constraint set such that the commanded control lying in the tightened constraint

set implies that the true uncertain control lies in the original control constraint set, for

all possible control disturbances within the bounded control disturbance set. Again, the

tightened constraints need to be polytopic for robust controllable tube construction, but can

be conic for forward rollout. Note that the robustified control constraint set needs to be

considered in the forward rollout in the robust case.

Tightening of convex constraints in general is problem-dependent, since it depends on

the specific structure of the constraint set under consideration; for example, a robustified

halfspace constraint can be modeled as an SOC constraint [40, §4.4.2]. In §6.3.4, we provide

one such way to achieve robustification of the convex control constraints with respect to the

worst-case control disturbance for the autonomous precision landing problem.

Robustification of State Constraints and Robust Set Recursion

While we explicitly robustify the control constraint set, as shown in §4.2.4, the state con-

straint sets are implictly robustified via the backward set-recursion for robust controllable

tube generation, given by Algorithm 12. Note that Algorithm 12 is similar to Algorithm 11,

with the key differences being (i) the use of the robustified control constraint set, Ũrobust,
and (ii) the Pontryagin difference step, which implicitly robustifies the state constraints with

respect to the effective disturbance sets,Wk, k = 1, . . . , N . Note thatWk (at each time-step)

accounts for the influence of both the state and control disturbances on the evolution of the

state.
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Algorithm 12 Set Recursion for Robust Controllable Tube Generation

Inputs: N , A, B, d, X̃ , X̃f , Ũrobust, W[1:N ]

1: csN ← X̃f ⊖WN ▷ ⊖: Pontryagin difference

2: for k = (N − 1), (N − 2), . . . , 2, 1 do

3: csk = X̃ ∩A−1
(
(csk+1 ⊖Wk)⊕

(
−B Ũrobust − d

))
▷ ⊕: Minkowski sum

4: end for

Return: cs1,...,N

4.3 Resilient Control

When uncertainties/disturbances that affect the system can be modeled, controllers can be

synthesized to ensure that the closed-loop system is robust to the worst-case disturbance.

However, we would like for the system to remain safe even in the face of unmodeled uncer-

tainties, i.e., unknown unknowns, such as disruptions and faults. In other words, we want

the system to be resilient. This section deals with control in such situations, referred to

as resilient control—it is a deterministic framework, designed to enable uncertainty-agnostic

“backup” maneuvers to ensure safety.

Note that resilient control is distinct from robust control, in that decisions such as choos-

ing the appropriate backup maneuver to execute need to be made in real-time to ensure

safety with respect to unforeseen events, as opposed to characterizing the (known) sources

of uncertainties that constantly (but mildly) affect the system, and synthesizing controllers

offline.

Specifically, we describe two forms of resilient control in this section: (i) instantaneous

reachability (§4.3.1), and (ii) maximal decision-deferral (§4.3.2). In both cases, the controller

synthesized online is cost-optimal, and hence, this approach is one of resilient optimal control.
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A key benefit of our set-based framework is the ability to seamlessly incorporate robustness

to modeled uncertainty into the resilient control framework—with resilience to unmodeled

uncertainty—by considering robust controllable tubes.

4.3.1 Instantaneous Reachability

In real-time control applications, it may be desirable to determine feasibility of a set of pre-

selected target terminal points in a computationally tractable manner, i.e., to be able to

quickly assess whether or not they are feasible (reachable), in the event that the nominal

target becomes infeasible or unsafe due to an unforeseen event during the maneuver. Further,

in certain applications, there could be a priori-determined safety maps corresponding to a set

of targets, with a requirement that the trajectory of the system terminate in a safe region—in

this case, any chosen target would have to be in the intersection of the set of safe regions

(known a priori) and the physically-reachable envelope of the system (to be computed in

real-time).

Consider a feasible state trajectory with an associated sequence of controls. A translation-

invariant subspace (of the state space) is one wherein any translation of the entire state

trajectory in that subspace is also a valid state trajectory for the same sequence of controls.

States that lie in a translation-invariant subspace do not show up on the right-hand side of

the dynamics. A good example of a translation-invariant subspace is the position space for

systems that adhere to Newton’s second law of motion. Translation-invariant coordinates

are also known as cyclic coordinates [114, 134].

Assumption 1. The state, x, is assumed to be partitioned as x = (x̂, x̂∁), where x̂ are

cyclic coordinates corresponding to a translation-invariant subspace of interest, and x̂∁ are

the remaining coordinates.

Note that x̂∁ may contain translation-invariant coordinates.

The instantaneous forward reachable set in a subspace of interest is the set of all terminal

state coordinates in that subspace, reachable from the current state at time-index k, in N−k
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steps. We use the term “instantaneous” to indicate that the reachable set of terminal states

at the horizon endpoint is computed with respect to the current state, rather than solely

with respect to the initial condition of the overall trajectory. Using the controllable tube,

it is possible to obtain a closed-form expression for the instantaneous reachable set in any

translation-invariant subspace of the state space.

Now, we are ready to present the main instantaneous reachability result:

Notation. For a set A ⊂ Rn and vector a ∈ Rn, A⊕a := A⊕{a}, and −A := {−z | z ∈ A}.

Theorem 1. Let Assumption 1 hold. Let xk = (x̂k, x̂
∁
k) be the current state at time-index

k ∈ {1, . . . , N}. Let csk ⊂ Rnx+1 be the controllable set at time-index k of the controllable

tube, and let P ⊂ Rnx be the projection of csk onto the state coordinates, i.e.:

P := {x | (x, c) ∈ csk} (4.28)

Assume xk ∈ P. Let the singleton {x̂f} be the target final set corresponding to the x̂-subspace

of P. Consider the slice of P along x̂∁k, projected onto the x̂-coordinates:

S(x̂∁k) :=
{
s | (s, x̂∁k) ∈ P

}
(4.29)

Then, the instantaneous reachable set in the x̂-subspace is:

R(x̂k, x̂∁k) = x̂k ⊕ (−S(x̂∁k))⊕ x̂f (4.30)

Proof. We prove the theorem in two steps.

(i) x̂k ⊕ (−S(x̂∁k))⊕ x̂f ⊆ R(x̂k, x̂∁k)
Consider any s ∈ S(x̂∁k). By the definitions of P and S(x̂∁k), x̂f is reachable from (s, x̂∁k).

Given the translation-invariance of the x̂-subspace, translate the trajectory by τ = x̂k − s.
Then the translated current state is now the current state, (s + τ, x̂∁k) = (x̂k, x̂

∁
k), and the
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corresponding translated final condition in the x̂-subspace is x̂f + τ = x̂f + x̂k − s. Since s is
arbitrary, we have:

x̂f + x̂k − s ∈ R(x̂k, x̂∁k), ∀ s ∈ S(x̂∁k)

⇐⇒
{
x̂f + x̂k − s | s ∈ S(x̂∁k)

}
⊆ R(x̂k, x̂∁k)

⇐⇒ x̂f ⊕ x̂k ⊕ (−S(x̂∁k)) ⊆ R(x̂k, x̂∁k)

(ii) R(x̂k, x̂∁k) ⊆ x̂k ⊕ (−S(x̂∁k))⊕ x̂f
Consider any r ∈ R(x̂k, x̂∁k). By the definition of R(x̂k, x̂∁k), r is reachable from (x̂k, x̂

∁
k).

Given the translation-invariance of the x̂-subspace, translate the trajectory by τ = x̂f − r.
Then the translated final condition in the subspace is now the final condition in the x̂-

subspace, r + τ = x̂f , and the corresponding translated initial condition is (x̂k + τ, x̂∁k) =

(x̂k + x̂f − r, x̂∁k). By the definitions of P and S(x̂∁k), and since the target final set in the

x̂-subspace is a singleton, we have that x̂f is reachable from (s, x̂∁k) if and only if s ∈ S(x̂∁k).
Now, since r is arbitrary, we have:

x̂k + x̂f − r ∈ S(x̂∁k), ∀ r ∈ R(x̂k, x̂∁k)

⇐⇒
{
x̂f + x̂k − r | r ∈ R(x̂k, x̂∁k)

}
⊆ S(x̂∁k)

⇐⇒ x̂f ⊕ x̂k ⊕ (−R(x̂k, x̂∁k)) ⊆ S(x̂∁k)

⇐⇒ −R(x̂k, x̂∁k) ⊆ (−x̂k)⊕ S(x̂∁k)⊕ (−x̂f)

⇐⇒ R(x̂k, x̂∁k) ⊆ x̂k ⊕ (−S(x̂∁k))⊕ x̂f

Since both (i) and (ii) hold, R(x̂k, x̂∁k) = x̂k ⊕ (−S(x̂∁k))⊕ x̂f .

Remark 3. The instantaneous reachable set in the chosen translation-invariant subspace,

R(x̂k, x̂∁k) (Equation (4.30)), is nothing but a reflection of S(x̂∁k) (Equation (4.29)) about the

origin, translated by (x̂k + x̂f).
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Remark 4. If the controllable set is convex and represented as a constrained zonotope,

Equation (4.30) can be efficiently computed in an optimization-free manner, only making use

of simple set operations. This procedure is described in Algorithm 13, and is demonstrated

by means of a simple example in Figure 4.2.

Once the instantaneous reachable envelope is computed, a list of pre-selected target ter-

minal points can be assessed for feasibility by checking for containment within the envelope,

i.e., if a target terminal point is contained within the envelope, it is guaranteed to be reach-

able; if it is not contained in the envelope, it is guaranteed to be unreachable. Also, given

a pre-determined safety map corresponding to the terminal set, a target terminal point can

be chosen such that it lies in the intersection of the set of safe regions and the instanta-

neous reachable envelope. Further, there could be situations where the goal is to move as

far away from the nominal target terminal point as possible, in which case the system can

be commanded to divert to an appropriately chosen point on the boundary of the envelope.

Remark 5. If the target final set is not a singleton and has a nonempty interior, then the

corresponding R(x̂k, x̂∁k) is no longer the instantaneous reachable set (in the x̂-subspace).

However, it is guaranteed to contain—i.e., it is a superset/an outer-approximation of—the

true instantaneous reachable set (in the x̂-subspace). Specifically, condition (i) in the proof

of Theorem 1 will hold, but condition (ii) need not. However, this outer-approximation may

still be useful, especially in cases where the goal is to ensure that the target final set is free

of debris, for example. Further, this bears resemblance to the notion of the obstacle region

in robot motion planning [115, §4.3].
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Algorithm 13 Computation of the Instantaneous Reachable Set in a Translation-Invariant Subspace

Inputs: (1) Current controllable set: csk
(2) Current states for which to compute the reachable set: x̂k

(3) Target final states for which to compute the reachable set: x̂f

(4) Complement of the current initial states for which to compute the reachable set: x̂∁
k

1: P ← project onto the state coordinates in csk
2: S ← slice P along x̂∁

k and project it onto the x̂ coordinates
3: R ← x̂k ⊕ (−S)⊕ x̂f

Return: R
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Current State

Current-State Shifts

Slice of Controllable Set, Projected onto
Translation-Invariant Subspace of Interest: S
Shifted Controllable Set Slice Copy: S1

Shifted Controllable Set Slice Copy: S2

Shifted Controllable Set Slice Copy: S3

Target Final State Corresponding to S
Target Final State Corresponding to S1

Target Final State Corresponding to S2

Target Final State Corresponding to S3

Polytope Traced by Current-State Shifts

Instantaneous Reachable Set (Translated Polytope)

Figure 4.2: Computation of the instantaneous reachable set in a translation-invariant
subspace of interest, given a slice of a current-state-containing controllable set pro-
jected onto that subspace.
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Given a controllable set that contains the current state, i.e., the current initial condi-

tion, xk ∈ Rnx , we first project away the cost-to-go dimension in the (nx + 1)-dimensional

controllable set to obtain an nx-dimensional polytope, P ∈ Rnx .

Let x̂k ∈ Rnx̂ be the initial condition of the translation-invariant states of interest, where

nx̂ < nx, and let x̂∁k ∈ Rnx−nx̂ be the initial condition of the remaining states, i.e., of the

states that are complementary to the considered translation-invariant states.

We first take a slice of P along x̂∁k to obtain a degenerate polytope in Rnx , after which

we project away the collapsed dimensions to obtain a lower-dimensional polytope in Rnx̂ ,

S ∈ Rnx̂ .

The polytope S lives in a translation-invariant subspace. Recall that the controllable set

is the set of all initial conditions of the full state, x ∈ Rnx , from which the target terminal

set is reachable, and S is the set of all initial conditions of the translation-invariant states

of interest, x̂ ∈ Rnx̂ , from which the corresponding projected target terminal set (in Rnx̂), is

reachable. Note that we require this projected terminal set, {x̂f} ⊂ Rnx̂ , to be a singleton.

The question we are trying to answer is the following: if the system can reach a fixed

terminal point x̂f from all points in S, what is the set of all points that are reachable from

a fixed initial point x̂k in S? Given the translation invariance of the controllable tube with

respect to S, we can consider the (fixed) initial condition, x̂k, and translate S around it (such

that the fixed initial condition point remains inside all translates) to trace the instantaneous

feasible reachable envelope in that subspace, which is exact for the template of Problem P5.

This procedure is demonstrated in Figure 4.2 by means of a simple and intuitive example,

and is described in Algorithm 13, wherein Line 3 is derived as follows: given slice S,

C := x̂k ⊕ (x̂k ⊕ (−S)) (4.31)

gives the “hula-hooped” polytope around the initial condition point (yielding the black poly-
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tope in Figure 4.2), and,

R := C ⊕ (x̂f − x̂k) (4.32)

is the translated polytope, i.e., the polytope obtained by translating C such that the initial

condition point coincides with the terminal point (yielding the solid gray polytope in Figure

4.2). Putting Equations (4.31) and (4.32) together, we get:

R = x̂k ⊕ (x̂k ⊕ (−S))⊕ (x̂f − x̂k) (4.33a)

= x̂k ⊕ (−S)⊕ x̂f (4.33b)

4.3.2 Maximal Decision-Deferral

In real-time trajectory generation applications, it is often the case that more information

comes in (through hazard detection sensors, for instance) as the system gets closer to the

nominal target. While the robust control approach we propose can account for bounded and

well-characterized state and control uncertainties (see §4.2), it is not equipped to mitigate

unmodeled uncertainties/disruptions—such as a dangerous event occurring or a hazard/ob-

stacle being detected at the last minute—that might lead to mission failure if the system

were to continue proceeding towards the nominal target.

In such cases, it is desirable to have a collection of pre-selected targets as a contingency

measure. While §4.3.1 dealt with determining feasibility of these targets, in this subsection,

we determine how to ensure reachability to a collection of targets for as long as possible,

which in turn enables divert decision-making as late as possible. Deferred-decision trajec-

tory optimization (ddto) was recently introduced as a deterministic open-loop framework

to tackle such problems [67, 68]. In this work, we propose a tractable set-based, closed-

loop implementation of ddto, that can also seamlessly incorporate robustness to modeled

uncertainties.

For this, we construct controllable tubes associated with each of the targets offline. The
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controllable tubes can either be deterministic, or robust to state and/or control uncertain-

ties, as described in §4.2. In the case where the targets (final conditions) differ only in a

translation-invariant subspace, it suffices to construct one controllable tube and consider

translated copies of it. In the one-step OCP solved online, we require the system to stay in

the intersection of controllable sets, with a prioritized ordering of targets to determine the

intersection logic.

If the chosen intersection is nonempty, the one-step OCP is solved. If the OCP returns

a feasible solution, we proceed to the next intersection check. If the OCP is infeasible, we

select the next best intersection or target based on the prioritized ordering, and proceed. The

forward rollout algorithm with decision-deferral for the case of two targets—one nominal and

one backup—is given by Algorithm 14. The nominal target is the highest-priority target.

In Algorithm 14, we assume that the controllable tubes associated with the two targets

have the same number of controllable sets (which would be the case if the controllable tube

for the backup target is a translated copy of the controllable tube for the nominal target,

for instance). The containment check in the optimal horizon computation also checks for

nonemptiness of the intersection.

We make use of the key insight that optimal trajectories form a tree-like structure and do

not exhibit arbitrary clumping, i.e., once the trajectory trunk (common segment) branches

out, the branch trajectories do not intersect again [68, §4 and Figure 3], and only check for

emptiness until either an intersection is empty or the problem becomes infeasible—once an

empty intersection or an infeasible problem is encountered, another optimal horizon compu-

tation is triggered, and the system proceeds to the nominal target (for which feasibility is

guaranteed) for the remainder of the forward rollout. If the nominal target becomes unsafe

while the system is in a valid intersection of controllable tubes, the system can feasibly divert

to the backup target, since reachability to it was maintained by design.

Within the constraints imposed by the problem structure resulting from the chosen inter-

section logic, the resulting trajectory maintains reachability to the targets for as long as pos-

sible, i.e., it maintains maximal decision-deferrability, and further, since we directly leverage
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Algorithm 14 Forward Rollout with Decision-Deferral

Inputs: (1) Initial condition: xi

(2) Controllable tube for the nominal target: csnominal
1,...,N

(3) Controllable tube for the backup target: csbackup1,...,N

1: cseffective[1,...,N ] ← csnominal
[1,...,N ] ∩ csbackup[1,...,N ]

2: k⋆ ← optimal horizon(xi,cs
effective
[1,...,N ] ) ▷ Algorithm 15

3: branch ← false

4: xk⋆ ← xi

5: for k = k⋆, . . . , N − 1 do

6: if branch is false then

7: if cseffectivek+1 is empty OR one-step OCP is infeasible then

8: branch ← true

9: cseffective[1,...,N ] ← csnominal
[1,...,N ]

10: k⋆ ← optimal horizon(xi,cs
effective
[1,...,N ] ) ▷ Algorithm 15

11: else

12: xk+1, uk ← one step optimal control(xk,cs
effective
k+1 ) ▷ solve Problem P7

13: end if

14: else

15: xk+1, uk ← one step optimal control(xk,cs
effective
k+1 ) ▷ solve Problem P7

16: end if

17: end for

Return: uk⋆,...,N−1 ▷ optimal control sequence

the optimal control approach developed in §5.4, in the deterministic case, the (free-final-time)

trajectory thus obtained is globally optimal with respect to the chosen cost metric.
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Chapter 5

TEMPORAL TECHNIQUES FOR GUIDANCE & CONTROL

In this chapter, we first discuss the notions of time-interval dilation and hybrid control

parameterization/discretization in §5.1 and §5.2, respectively. These concepts aid in the de-

velopment of single-crossing state-triggered constraints, which are described in §5.3. Finally,

we present a set-based approach to closed-loop free-final-time optimal control in §5.4.

5.1 Time-Interval Dilation

The original nonlinear dynamics, governing the evolution of state x(t) ∈ Rnx with control

input u(t) ∈ Rnu , over the entire time-horizon, are given by Equation (5.1).

ẋ(t) = f(t, x(t), u(t)), t ∈ [0, tf ) (5.1)

Now, we consider the dynamics in the sub-interval [tk, tk+1), where 0 ≤ tk < tk+1 ≤ tN = t−f ,

k = 1 :N−1—where a : b denotes the range of integers between (and including) integers a

and b—and define an affine map, τk(t), as shown in Equation (5.2).

τk(t) :=
t− tk

t−k+1 − tk
∋ τk(t) : [tk, tk+1)→ [0, 1) (5.2)

This mapping is referred to as time-interval dilation, as it normalizes the wall-clock time-

interval to a known fixed interval—in our case [0, 1)—by either shrinking or expanding—and

hence dilating—the original time-interval. Next, we apply the derivative operator with re-

spect to the dilated time τk, denoted by
◦
□, to Equation (5.1), and invoke the chain-rule, as
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shown in Equation (5.3), where t ∈ [tk, tk+1).

◦
x(t) =

d

dτk
x(t) =

dt

dτk

d

dt
x(t) =

dt

dτk
ẋ(t) =

(
t−k+1− tk

)
sk

ẋ(t)

= sk f(t, x(t), u(t)) := F (t, x(t), u(t), sk) (5.3)

The multiplier in Equation (5.3), sk := t−k+1− tk ∈ R+, which is nothing but the length of the

kth wall-clock time-interval, is termed the dilation factor. By treating a phase-based subset of

sk, k = 1:N−1, i.e., such that k ⊆ 1:N−1, as decision variables and discretizing the system

over them, we allow the optimizer to decide what the temporal spacing of discrete nodes

should be in each phase rather than use a uniform temporal grid over the entire horizon.

In the approach we propose, this is the key to enabling free-transition-time multi-phase

trajectory optimization within a single-shot optimization framework, without requiring any

mixed-integer or nonconvex constraints to handle the discrete temporal events/switching.

The number of discrete temporal nodes allocated to each phase is a user-defined param-

eter. As long as there is a sufficient number of nodes/degrees of freedom per phase for the

optimizer to work with, this method is fairly insensitive to node allocation. Although it is

possible to allow each dilation factor to be an independent decision variable, we choose to

partition the temporal grid based on the phases of flight, and evenly space the temporal

nodes within each phase. This measure is taken to mitigate extreme inter-sample constraint

violation, which tends to occur when fully adaptive grids are used. The time-dilated dy-

namics given by Equation (5.3) will be used henceforth. Note that using the time-dilated

dynamics given by Equation (5.3) in lieu of Equation (5.1) converts the original free-final-

time optimal control problem to an equivalent fixed-final-time optimal control problem, with

the effective horizon being [0, N−1). When compared with the uniform temporal grid case

of time-dilation, only nphase − 1 additional variables are needed, nphase being the number of

phases. Furthermore, the dynamics are not rendered any more nonlinear than they would

be with uniform spacing.
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5.2 Hybrid Control Parameterization & Discretization

We adopt a hybrid control parameterization: a first-order hold (FOH) on the control input

signal throughout the horizon and a zero-order hold (ZOH) on the control input signal only

during discrete switching events such as engine startup and downselection. Both of these

control parameterizations have two key properties that make them attractive for optimal

control applications: (1) inter-sample satisfaction of the convex control constraints is guar-

anteed (provided they are satisfied at the discrete temporal nodes), which is in contrast to

pseudospectral methods; and, (2) the resulting conic subproblem has a sparsity pattern that

is amenable to real-time implementation [133, 208].

In the FOH case, the control profile is parameterized as shown in Equation (5.4), where

t ∈ [tk, tk+1) and τk ∈ [0, 1), as given by Equation (5.2).

u(τk) = (1− τk)uk + τk uk+1, k = 1:N−1 (5.4)

The LTV dynamics can now be written: (1) using the piecewise-affine control input pa-

rameterization given by Equation (5.4); and, (2) in terms of deviations from the refer-

ence, as shown in Equation (5.5). The reference quantities are denoted by □, and ∆□

denotes the deviation of a quantity from its reference, i.e., ∆□ := □ − □, and ∆
◦
x(τk) :=

◦
x(τk) − F (τk, x(τk), u(τk), sk). The approximate nature of the equation is an artifact of lin-

earization of the original nonlinear dynamics via truncation of the higher-order (≥ 2) terms

in the Taylor series expansion.

∆
◦
x(τk) ≈ A(τk)∆x(τk) +B(τk) (1− τk)∆uk

+B(τk) τk∆uk+1 + S(τk)∆sk

(5.5)

The state transition matrix (STM) associated with Equation (5.5), denoted by Φ(τk, 0),

τk ∈ [0, 1), satisfies the following matrix differential equation:
◦
Φ(τk, 0) = A(τk) Φ(τk, 0), with
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Φ(0, 0) = Inx . The unique solution to Equation (5.5) is given by Equation (5.6) [11, 134].

∆x(τk) = Φ(τk, 0)∆x(0) +

∫ τk

0

Φ(τk, ζ) · (5.6)

· {B(ζ) (1− τk)∆uk +B(ζ) τk∆uk+1 + S(ζ)∆sk} dζ

Figure 5.1: Propagation of the state with time-interval dilation. ∆x(t1) := 0, where
t1 := 0. The stitching condition for k = 1 : N − 1 is given by ∆x

(
t−k+1

)
+ x

(
t−k+1

)
=

∆x(tk+1) + x(tk+1) = x(tk+1).

Evaluating Equation (5.6) at τk = 1−, we get Equation (5.7). We replace the limits 0

and 1 with 0k and 1k, respectively, to explicitly indicate the dependence on index k, i.e.,

τk(tk) := 0k and τk
(
t−k+1

)
:= 1−k .

∆x
(
1−k

)
= Ak∆x(0k) +B−k ∆uk +B+

k ∆uk+1 + Sk∆sk (5.7)

Ak, B
−
k , B

+
k , and Sk can be computed as the solution to the initial value problem (IVP)



100

given by Equations (5.8), respectively, integrated from 0k to 1−k .

◦
ΨA(ζ) = A(ζ)ΨA(ζ) (5.8a)

◦
ΨB−(ζ) = A(ζ)ΨB−(ζ) +B(ζ) (1− ζ) (5.8b)

◦
ΨB+(ζ) = A(ζ)ΨB+(ζ) +B(ζ) ζ (5.8c)

◦
ΨS(ζ) = A(ζ)ΨS(ζ) + S(ζ) (5.8d)

where function ΨA(ζ) is defined such that ζ 7→ Φ(ζ, 0k), and the initial conditions for Equa-

tions (5.8) are: ΨA(0k) = Inx , ΨB−(0k) = ΨB+(0k) = 0nx×nu , and ΨS(0k) = 0nx . Note that

Equation (5.9), which we refer to as the stitching condition, holds, as is evident from Figure

5.1.

∆x
(
1−k

)
+ x

(
1−k

)
= ∆x(1k) + x(1k) (5.9)

The discretized dynamics can now be given by Equation (5.10), where ∆xk := ∆x(0k),

xpropk+1 := x
(
1−k

)
, xk+1 := x(1k), and u(τk) := (1− τk)uk + τk uk+1, for 1 ≤ k ≤ N−1.

∆xk+1 = Ak∆xk +B−k ∆uk +B+
k ∆uk+1 + Sk∆sk

+ xpropk+1 − xk+1

(5.10)

The discretized dynamics in terms of the absolute variables are recovered from Equation

(5.10), as shown in Equation (5.11).

xk+1 = Ak xk +B−k uk +B+
k uk+1 + Sk sk + (5.11)

xpropk+1 −
(
Ak xk +B−k uk +B+

k uk+1 + Sk sk
)

Equation (5.11) represents an exact discretization of the LTV dynamics, which means that

the error between the continuous-time trajectory and the discrete-time trajectory at the

discrete temporal nodes is analytically zero.
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In order to obtain the corresponding expressions for the ZOH case, the following changes

are incorporated: (1) Equation (5.8b) is replaced by Equation (5.12) (and accordingly, B−k

is replaced by Bk); and, (2) B
+
k is set to a zero matrix with the same dimensions.

◦
ΨB(ζ) = A(ζ)ΨB(ζ) +B(ζ) (5.12)

5.3 Single-Crossing State-Triggered Constraints

We introduce a specialized formulation of compound state-triggered constraints (STCs) for

problems in which the trigger functions are activated only once and are strictly monotonic in a

neighborhood around the trigger. We refer to these constraints as single-crossing compound

state-triggered constraints.

Let g(·) be a trigger function that is said to be activated on the set {x | g(x) ≤ g⋆} for
some trigger value g⋆. Further, let g−1(g⋆) be a well-defined pre-image. Then, g(·) is called a

single-crossing trigger function if x⋆ := g−1(g⋆) is a singleton and g(·) is strictly monotonic

in a neighborhood around x⋆. Such a formulation is especially useful in applications such

as rocket landing that require certain STCs to be satisfied for mission success, wherein it is

reasonable to expect the trigger conditions to be activated once and only once. For instance,

it is reasonable to expect/require a rocket in descent from a certain initial altitude, hi, with

its target landing location at the origin, to certainly cross a trigger altitude 0 < htrigger < hi

once during its descent, and not surpass that altitude after.

For the purpose of demonstration, we consider a compound STC with one trigger condi-

tion and multiple constraint conditions to be imposed with the and logic. Let g(·) be the

trigger function and cj(·), j = 1 :nc, be the constraint functions, where nc is the number of

constraint conditions. The purpose of the compound STC [207, Section II.B] is to satisfy

the condition given in Equation (5.13), where x(t) is the state. ∀t ∈ [0, tf ),

g(x(t)) ≤ 0⇒
nc∧
j=1

cj(x(t)) ≤ 0 (5.13)
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In maneuvers with a single-crossing trigger condition, the trigger condition is activated once

and only once, i.e., g(x(t)) = 0 is guaranteed to activate at some t = ttrigger, g(x(t)) > 0 ∀t ∈
[0, ttrigger), and g(x(t)) < 0 ∀t ∈ (ttrigger, tf ). Using this fact, the single-crossing compound

STC is formulated as shown in Equation (5.14). We emphasize that ttrigger itself is free, and

hence the compound constraint is state-triggered and not time-triggered.

g(x(t)) ≥ 0 ∀t ∈ [0, ttrigger) (5.14a)

g(x(t)) = 0, t = ttrigger (5.14b)

g(x(t)) ≤ 0

c1(x(t)) ≤ 0
...

cnc(x(t)) ≤ 0


∀t ∈ (ttrigger, tf ) (5.14c)

If the trigger conditions and the constraint conditions above are individually convex, the

compound STC is entirely convex. This is in contrast to existing formulations of STCs

in the literature that are inherently nonconvex, regardless of the convexity of the trigger

and constraint conditions [207, 208, 176]. However, those methods are more general, in

that they do not mandate the trigger condition to be single-crossing—we trade off this

generality for convexity/simplicity in our method. Further, we note that the single-crossing

STC formulation bears resemblance to the method adopted in [29].

The aforementioned approaches in the literature use uniform temporal spacing of discrete

nodes over the entire horizon. As a result, along with the fact that inter-sample constraint

satisfaction is typically not guaranteed in general, these approaches do not guarantee the im-

position of the constraints exactly at the specified trigger conditions. The triggering of these

constraints (in time) is only accurate up to the spacing of the grid, and the corresponding

solutions usually demonstrate violation of these constraints with respect to the triggers. This

issue becomes more prevalent in maneuvers over very long time horizons, especially when

the set of feasible trigger windows is much smaller in comparison, and can be detrimental to



103

mission success if accurate triggering is required.

We leverage time-interval dilation to impose single-crossing STCs, and treat the windows

within which these constraints need to be imposed as distinct phases of flight. This allows

for a fine grid in phases that involve critical constraints that need to be satisfied to ensure

mission success, and a coarser grid in the more benign phases of flight—thus enabling one-

shot multi-phase trajectory optimization. If the solution converges to a feasible trajectory,

the STCs are guaranteed to be satisfied at the triggers (since the triggers are imposed as

waypoints as in Equation (5.14b)), and at every discrete temporal node within the trigger

window.
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5.4 Set-based Free-Final-Time Optimal Control

Figure 5.2: The open-loop approach (left) vs. the closed-loop approach using a con-
trollable tube, i.e., a collection of controllable sets (right): the closed-loop approach
(Algorithm 16) recovers a globally optimal solution to the open-loop problem (Prob-
lem P5).

In this section, we present a computationally tractable set-based approach to free-final-

time optimal control. We present the computation of the optimal horizon length in §5.4.1,

and the corresponding free-final-time forward rollout algorithm in §5.4.2.

5.4.1 Optimal Horizon Computation

With the existing controllable tube architecture (see Chapter 4), we can compute the free-

final-time cost-optimal closed-loop trajectory, for a given initial condition, directly. The

proposed approach requires simple and cheap set operations and the solution to small-

dimensional linear programs. A notable contribution here is that this method can apply

to problems that fit the template of Problem P5 in general, as long as the backward set-
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recursion terminates for a finite N ; i.e., we make no assumptions on the relationship between

the cost metric and the trajectory time. However, additional information about this rela-

tionship, if known, can be leveraged to accelerate the search. For example, if the relationship

is known to be unimodal [7, 8], a golden section search can be employed [26, 112].

During online execution, the initial condition of the system may be contained in several

of the controllable sets. In other words, there may exist feasible solutions to the terminal

set starting from many different controllable sets—if the system can reach the terminal set

in M ≤ N steps (with M − 1 control actions) for example, it could potentially reach the

terminal set inM+1 steps (withM control actions) and/orM−1 steps (withM−2 control

actions), and so on, as well.

A natural approach then is to check for containment of the initial condition point in the

controllable sets starting from the terminal set, going backward in time, and to then stop

when the first containment is achieved. This would correspond to the minimum-time solution

[34]. However, rather than choosing the minimum-time controllable set (or any other time-

slice based on such heuristics), we can instead choose the time-slice that corresponds to the

least possible cost-to-go, which is easy to evaluate in real-time.

Now, we present a general set-theoretic result for free-final-time optimal control that we

then leverage within our computational closed-loop control framework.

Theorem 2. Let x = xi ∈ Rnx be the initial condition (current state). Further, let:

K := {k ∈ {1, . . . , N} | xi ∈ {x | (x, c) ∈ csk}} (5.15)

Ck(xi) := {c | (xi, c) ∈ csk}, k ∈ K (5.16)

ck := min
c∈Ck(xi)

c (5.17)

where K is the set of indices of controllable sets csk, k = 1, . . . , N , that contain xi, and, for

any k ∈ K, Ck(xi) is the slice of csk at xi projected onto the cost-to-go coordinate, and ck is

the minimum of Ck(xi). Assume K is nonempty and, for all k ∈ K, csk is compact. Then
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the globally optimal horizon length is N − k⋆, where:

k⋆ = argmink∈K ck (5.18)

and the corresponding globally optimal cost is:

c⋆ := ck⋆ (5.19)

Proof. Consider any k ∈ K. Let the optimal trajectory cost to go from xi to Xf in N − k
steps be Jk. By construction, (x, c) ∈ csk if and only if there exists a sequence of N − k
feasible one-step control actions from x to Xf , with cost less than or equal to c, i.e.:

Jk ≤ c, ∀ c ∈ Ck(xi) ⇐⇒ Jk ≤ min
c∈Ck(xi)

c ⇐⇒ Jk ≤ ck (5.20)

Next, since the last dimension in csk is the cost-to-go state (by construction), we have that

(xi, Jk) ∈ csk, which implies Jk ∈ Ck(xi). Therefore, we have:

min
c∈Ck(xi)

c ≤ Jk ⇐⇒ ck ≤ Jk (5.21)

From Equations (5.20) and (5.21), we have:

Jk = ck (5.22)

Taking the minimum of Equation (5.22) over k ∈ K, we get:

min
k∈K

Jk = min
k∈K

ck (5.23)

which is attained at k⋆ = argmink∈K ck. Hence, the globally optimal horizon length is N−k⋆

and the corresponding globally optimal cost is c⋆ = ck⋆ .
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Remark 6. If csk, k ∈ K, are compact convex sets, then each Ck(xi) is a closed interval in

R, and minc∈Ck(xi) c is its left endpoint.

To compute the minimum cost-to-go, we first slice the (nx + 1)-dimensional controllable

tube along the nx-dimensional initial condition point, project it onto the cost-to-go coordinate

(to obtain an interval, i.e., a set in one dimension), and then compute the left extreme

point of the remaining one-dimensional cost-to-go set (interval). This value corresponds

to the minimum possible cost-to-go from that particular controllable set. Note that this

set, although 1-dimensional, is a constrained zonotope, so computing the left extreme point

requires solving a linear program.

We perform this computation for each of the time-slices that contain the initial condition,

and pick the time-slice with the least cost-to-go among them. Then, the forward rollout

algorithm, as described in §5.4.2, starting from this set, will produce the globally optimal

trajectory.

Algorithm 15 Optimal Horizon Computation

Inputs: (1) Initial condition: xi
(2) Controllable tube: cs1,...,N

1: K ← containment check(xi,cs1,...,N ) ▷ Equation (5.15)

2: for k ∈ K do

3: Ck ← slice csk along xi and project it onto the cost-to-go coordinate

4: ck ← min
c∈Ck

c

5: end for

6: k⋆ ← argmink∈K ck

Return: k⋆ ▷ optimal start index

Algorithm 15 gives us the optimal starting index, k⋆, i.e., the controllable set index from
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which to initiate the sequence of N − k⋆ control actions, which is guaranteed to give us the

globally optimal trajectory.

5.4.2 Forward Rollout

The forward rollout of one-step optimal control problems, from the current controllable set

(with index k) to the next (with index k + 1), is described in Algorithm 16. Note that this

is distinct from an open-loop approach, wherein the sequence of optimal control actions is

determined in one shot—unlike that, the sequence of optimal control actions is determined

one step at a time here, allowing for the incorporation of feedback at every step, making it

a closed-loop approach; see Figure 5.2 for a depiction of the same.

Algorithm 16 Forward Rollout

Inputs: (1) Initial condition: xi
(2) Controllable tube: cs1,...,N

1: k⋆ ← optimal horizon(xi,cs1,...,N ) ▷ Algorithm 15

2: xk⋆ ← xi

3: for k = k⋆, . . . , N − 1 do

4: xk+1, uk ← one step optimal control(xk,csk+1) ▷ solve Problem P7

5: end for

Return: uk⋆,...,N−1 ▷ globally optimal control sequence
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Chapter 6

ROCKET LANDING GUIDANCE & CONTROL

In this chapter, we discuss three rocket landing guidance & control applications: multi-

phase rocket landing guidance via SeCO in §6.1, dual quaternion-based 6-DoF powered-

descent guidance via SeCO in §6.2, and set-based autonomous precision landing in §6.3.

6.1 Multi-Phase Rocket Landing Guidance

As a representative example for multi-phase rocket landing guidance via seco, we consider

the problem of terrestrial precision landing of a vehicle akin to Starship, which is designed

to be a fully reusable rocket and currently in development [193].

We consider a nonlinear planar model of the vehicle, given by Equations (6.1), with

x̂ being the vertical axis and ẑ being the horizontal axis in the inertial frame (and the

longitudinal and lateral axes in the body frame, respectively). We use a simple, tractable

aerodynamic model to account for the aerodynamic effects on the vehicle during descent

[208]. In practice, however, numerical databases can be used along with seco [143]. Further,

with our approach, aerodynamic-free polynomial coast-phase ballistic trajectory predictions,

such as the one provided in [208], are not required. We note that [116] provide an SCP-

based 6-DoF multi-phase rocket landing guidance implementation, but impose nonconvex

STCs and implement inexact (trapezoidal) discretization, unlike our approach.

The original state vector is defined as follows: x(t) := (m(t), r(t), v(t), θ(t), ω(t)), where

m(t) ∈ R+ is the mass, r(t) ∈ R2 is the position, v(t) ∈ R2 is the velocity, θ(t) ∈ R is the

body tilt angle with respect to the inertial vertical, and ω(t) ∈ R is the angular velocity of

the body.

The control input vector is defined as follows: u(t) := (T (t), δ(t)), where T (t) ∈ R is the
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thrust magnitude and δ(t) ∈ R is the gimbal deflection angle.

Further, we define a virtual state vector and impose all the state constraints, including the

boundary conditions, on this variable, in accordance with §2.2.2: ξ(t) :=
(
mξ(t), rξ(t), vξ(t), θξ(t), ωξ(t)

)
.

ṁ(t) = −αeT (t) (6.1a)

ṙ(t) = v(t) (6.1b)

v̇(t) =
1

m(t)
(FI(t) + AI(t)) + g (6.1c)

θ̇(t) = ω(t) (6.1d)

ω̇(t) =
1

J(t)

(
FBẑ(t) lcm − ABẑ(t) ljcp

)
(6.1e)

where

αe :=
1

Ispg0
(6.2a)

FI(t) := T (t)

 cos(θ(t) + δ(t))

−sin(θ(t) + δ(t))

 (6.2b)

AI(t) := RI←B(t)AB(t) (6.2c)

FB(t) := T (t)

 cos(δ(t))

−sin(δ(t))

 (6.2d)

AB(t) := −
ρairSarea∥v(t)∥2

2
CaeroR

⊤
I←B(t)v(t) (6.2e)

RI←B(t) :=

 cos θ(t) sin θ(t)

− sin θ(t) cos θ(t)

 (6.2f)

Here, αe ∈ R++ is the thrust-specific fuel consumption (TSFC), Isp ∈ R++ is the specific

impulse of the rocket engine, g0 ∈ R++ is standard Earth gravitational acceleration, g :=

(−g0, 0), RI←B(t) ∈ SO(2) is the rotation matrix that maps coordinates in the body frame to
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the inertial frame, ρair ∈ R++ is the ambient atmospheric density, Sarea ∈ R++ is the reference

area, Caero := diag{cx̂, cẑ} is the aerodynamic coefficient matrix, where cx̂, cẑ ∈ R++ are the

aerodynamic coefficients along the body x̂ and ẑ axes, respectively, and J(t) ∈ R++ is the

moment of inertia of the vehicle about the body ŷ axis (out-of-plane). The body of the

vehicle is assumed to be a uniform solid cylinder, and hence, the moment of inertia about

its central diameter is given by J(t) := m(t)
(
l2r
4
+

l2h
12

)
, where lr ∈ R++ and lh ∈ R++ are the

radius and height of the fuselage, respectively.

The engines are assumed to be co-located, and the location of the vehicle mass-center

is assumed to be fixed in the body frame. The thrust moment-arm (the distance between

the vehicle mass-center and the engine gimbal hinge point) is denoted by lcm ∈ R++, and

ljcp ∈ R+ is the aerodynamic moment-arm (the distance between the vehicle mass-center and

the center-of-pressure), where j ∈ {0, 1}; j = 0 for the unpowered phase of flight and j = 1

for the powered phases of flight—l0cp is assumed to be maintained at zero via independent

aerodynamic controls by means of forward and aft flaps (aerodynamic control surfaces), i.e.,

the center-of-pressure and the mass-center are assumed to be coincident when the vehicle is

in the coast phase.

At the engine ignition (PDI) epoch, it is assumed that the following events occur: (1) the

forward flaps are fully extended (to maximize drag towards the nose-cone); and, (2) the aft

flaps are fully folded (to minimize drag towards the aft section of the vehicle). As a result,

the center-of-pressure shifts away from the mass-center, towards the nose-cone, and induces

an aerodynamic torque (pitching moment) on the vehicle. Hence, l1cp is set to a nonzero value,

and it is kept fixed for the remainder of the trajectory. This, along with gimbaling of the

rocket engines, is used to induce the flip maneuver to get the vehicle upright in preparation

for terminal descent.

The guidance problem is partitioned into four phases: (1) the unpowered, subsonic coast

phase; (2) the high-thrust (3-engine) burn phase; (3) the low-thrust (1-engine) burn phase;

and, (4) the altitude-triggered terminal descent phase, separated by the following impor-

tant discrete events/epochs: (1) powered-descent initiation (PDI) or engine ignition, tignition;
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(2) engine downselection or switching from a triple-engine burn to a single-engine burn,

tswitch; and, (3) altitude-based triggering of the terminal descent phase, ttrigger. We empha-

size that putting all of these phases together implicitly leads to a free-ignition-time, free-

engine-switching-time, and free-final-time optimal control problem (subject to the temporal

constraints imposed).

For the discretized problem, the temporal grid we choose is as given by Equation (6.3),

where N is the number of discrete temporal nodes and kignition, kswitch, and ktrigger are the

nodes at which the discrete events occur.

k ∈ {1, . . . , kignition, . . . , kswitch, . . . , ktrigger, . . . , N} (6.3)

6.1.1 Common constraints

The dynamics and temporal constraints are imposed over the entire horizon. The dynamics

constraint is given by Equation (6.15b). The constraint given by Equation (6.4) is imposed

on the dilation factors to ensure they are bounded.

smin ≤ sl ≤ smax, l ∈ {1:nphase} (6.4)

In order to enable the imposition of a single-crossing compound STC in the altitude-triggered

terminal descent phase, we impose a minimum altitude constraint in the first three phases,

as given by Equation (6.5).

rξxk ≥ htrigger, k ∈ {1:ktrigger−1} (6.5)

6.1.2 The unpowered coast phase, k ∈ {1:kignition−1}

The center-of-pressure is coincident with the mass-center, i.e., j = 0 and ljcp = l0cp = 0 in

the dynamics. In implementation, the thrust magnitude is set to zero (the gimbal angle is

inconsequential), and a zero-order hold (ZOH) is assumed on the control input signal for
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this phase, in order to avoid control input constraint violation when the engines are ignited

in the next phase. A first-order hold (FOH) can also be assumed here, if the engine startup

time is significant and needs to be taken into account (with appropriate constraints on the

dilation factor).

The following initial conditions are imposed:

mξ
1 = mi, r

ξ
1 = ri, v

ξ
1 = vi,

θξ1 = θi, ω
ξ
1 = ωi, T1 = 0

(6.6)

where mi, ri, vi, θi, and ωi are the initial values for the mass, position, velocity, body

tilt angle, and angular velocity, respectively. The thrust magnitude at the first node is

constrained to be zero.

6.1.3 The high-thrust burn phase, k ∈ {kignition :kswitch−1}

The center-of-pressure shifts towards the nose-cone of the vehicle, i.e., j = 1 and ljcp = l1cp > 0

in the dynamics. We model this as a discrete change in its value, which is then held constant

for the remainder of the trajectory. The following constraints are imposed on the control

variables:

3Tmin ≤ Tk ≤ 3Tmax (6.7)

max{−δmax,−δ̇maxs̄k−1 + δ̄k−1} ≤ δk

≤ min{δmax, δ̇maxs̄k−1 + δ̄k−1}
(6.8)

where Tmin and Tmax are the lower and upper bounds on the thrust magnitude for a single

engine, respectively, −δmax and δmax are the lower and upper bounds on the gimbal deflec-

tion angle, respectively, and −δ̇max and δ̇max are the lower and upper bounds on the gimbal

rate, respectively. Equation (6.8) combines the gimbal angle and rate constraints, by using

reference values in the lower and upper bounds to make them constants and hence, avoid

overlapping projections on the same variable. This constraint is, however, exact at conver-
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gence, and this formulation has been observed to work well in practice. Although there are

only nphase dilation factor decision variables, we consider the length of s̄ to be N−1, such
that the dilation factors are repeated to span each phase.

ZOH is assumed on the control input signal between kswitch−1 and kswitch, in preparation

for engine downselection, which marks the beginning of the next phase. FOH can also be

assumed here, if the engine shutdown time is significant and needs to be accounted for. In

order to ensure that the gimbal deflection angle profile does not have any discontinuities, we

set the gimbal rate to zero between these nodes, as shown in Equation (6.9).

δkswitch
= δ̄kswitch−1 (6.9)

6.1.4 The low-thrust burn phase, k ∈ {kswitch :ktrigger−1}

This phase is similar to the high-thrust burn phase, apart from the fact that the switch

from 3 to 1 engines occurs at kswitch, and the bounds on the thrust magnitude are changed

accordingly, as shown in Equation (6.10). The combined gimbal constraint is left unchanged

from the previous phase, and is shown in Equation (6.11). FOH is assumed on the control

input signal in this phase, and for the remainder of the trajectory.

Tmin ≤ Tk ≤ Tmax (6.10)

max{−δmax,−δ̇maxs̄k−1 + δ̄k−1} ≤ δk

≤ min{δmax, δ̇maxs̄k−1 + δ̄k−1}
(6.11)

6.1.5 The terminal descent phase, k ∈ {ktrigger :N}

The final phase, the terminal descent phase, is the most heavily and tightly constrained

phase of flight. This is designed as such in order to enable closed-loop precision landing, i.e,

to ensure that the generated guidance trajectories (the feedforward control input signal and

the reference state profiles) are amenable to tight tracking via feedback controllers. Such a

phase would be especially useful if sub-meter touchdown accuracy is required, for instance,
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if the vehicle is to be retrieved by the launch tower itself [13].

The constraint on the thrust magnitude is left unchanged from the previous phase, and

is shown in Equation (6.12).

Tmin ≤ Tk ≤ Tmax (6.12)

An altitude-triggered single-crossing compound STC, with five constraint conditions, is im-

posed, as shown in Equations (6.13). The constraint conditions include the following: maxi-

mum speed, maximum tilt, maximum angular speed, glideslope, and tighter gimbal deflection

bounds. The altitude constraint forms the trigger condition. All of these constraints are im-

posed in the interval k ∈ {ktrigger :N− 1}.

rξxk

= htrigger, if k = ktrigger

≤ htrigger, otherwise
(6.13a)

|rξzk | ≤

 tan γgs htrigger, if k = ktrigger

tan γgs r̄
ξ
xk
, otherwise

(6.13b)

∥vξk∥2 ≤ vmax (6.13c)

|θξk| ≤ θmax (6.13d)

|ωξk| ≤ ωmax (6.13e)

max{−δmaxTD
,−δ̇maxs̄k−1 + δ̄k−1} ≤ δk (6.13f)

≤ min{δmaxTD
, δ̇maxs̄k−1 + δ̄k−1}

The altitude and glideslope constraints are treated differently at the trigger epoch and after.

The altitude constraint is posed as an equality at the trigger—this ensures that the constraint

conditions are exactly satisfied at the trigger. Further, the glideslope constraint is cast in

the form of box constraints in terms of the reference values, in order to enable closed-form

projections (without this measure, there would be two constraints on rξxk at every temporal
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node, thus precluding closed-form projections). Similar to the combined gimbal constraint,

this constraint is exact at convergence. The bounds on the gimbal deflection angle are

tightened in this phase as well, i.e., δmaxTD
< δmax.

The following terminal boundary conditions are imposed:

mξ
N ≥ mdry, r

ξ
N = rf , v

ξ
N = vf ,

θξN = θf , ω
ξ
N = ωf , δN = 0

(6.14)

where mdry is the dry mass of the vehicle, and rf , vf , θf , and ωf are the terminal values

for the position, velocity, body tilt angle, and angular velocity, respectively. The gimbal

angle at the final node is constrained to be zero to avoid plume-impingement on the retrieval

structure.

6.1.6 The discrete seco subproblem

We impose a soft trust region on the decision variable and use the penalized trust region

(ptr) algorithm [208, 174, 176]. The discretized conic subproblem with virtual state(s) and

a soft trust region is shown in Problem (6.15), which is strongly convex.

min
u, s

wcJ(xN) +
1
2
(wtrJtr + wvseJvse) (6.15a)

s.t. xk+1 = RHS of DT dynamics, k = 1:N−1 (6.15b)

ξk ∈ X , k = 1:N (6.15c)

uk ∈ U , k = 1:N (6.15d)

sk ∈ S , k = 1:nphase (6.15e)

where x ∈ Rnx is the state vector, ξ ∈ Rnx is the virtual state vector, u ∈ Rnu is the

control input vector, and s ∈ R++ is the dilation factor (vector); X , U , and S are the

state, control, and temporal constraint sets, respectively, which are assumed to be closed

and convex; J(xN) is the original cost function, assumed to be in the Mayer form [23],
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Jtr :=
∑N

k=1

(
∥xk − xk∥22 + ∥uk − uk∥

2
2

)
+

∑nphase

k=1 ∥sk − sk∥22 is the trust region penalty, and

Jvse :=
∑N

k=1 ∥xk − ξk∥
2
2 is the virtual state error penalty, wc, wtr, and wvse being their

respective weights.

Problem (6.15) can be vectorized, i.e., assembled into the form of Problem (6.16), by

stacking all the decision variables into a single vector, z. For more details, see [238].

min
z

1

2
z⊤Qz + ⟨q, z⟩ (6.16a)

s.t. Hz − h = 0 (6.16b)

z ∈ D (6.16c)

We define J(xN) in Equation (6.15a) to be −mN , i.e., the final mass of the vehicle is

maximized (thus minimizing propellant consumption). The discrete seco subproblem, which

is a second-order cone program (SOCP), can now be given as follows:

min Objective function: Equation (6.15a)

s.t. Common constraints, §6.1.1:

Equations (6.15b), (6.4), and (6.5)

Coast phase, §6.1.2:

Equations (6.6)

High-thrust burn phase, §6.1.3:

Equations (6.7), (6.8), and (6.9)

Low-thrust burn phase, §6.1.4:

Equations (6.10) and (6.11)

Terminal descent phase, §6.1.5:

Equations (6.12), (6.13), and (6.14)
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6.1.7 Numerical results

For our numerical implementation of the multi-phase rocket landing guidance algorithm, we

choose a grid of N = 16 discrete temporal nodes, with one node allocated to the unpowered

coast phase, and 5 nodes allocated to each of the remaining three phases of flight, i.e,

kignition = 2, kswitch = 7, ktrigger = 12. The following parameters are used, where the ones

pertaining to the vehicle/maneuver were either estimated or obtained from public sources

[56, 186, 134].

g0 = 9.81ms−2, Isp = 330 s, lr = 4.5m, lh = 50m,

lcm = 0.4 lh, l
0
cp = 0m, l1cp = 0.2 lh, ρair = 1.225 kgm−3,

Sarea = 545m2, vterminal = 85ms−1, mi = 100000 kg,

cx̂ = 0.0522, cẑ = 0.4068, Tmax = 2200 kN, Tmin = 880 kN,

δmax = 10◦, δ̇max = 15◦s−1, htrigger = 100m, γgs = 5◦,

vmax = 20ms−1, θmax = 5◦, ωmax = 2.5◦s−1, δmaxTD
= 1◦,

mdry = 85000 kg, ri = (1000, 100)m, vi = (−90, 0)ms−1,

θi = 90◦, ωi = 0◦s−1, rf = (0, 0)m, vf = (0, 0)ms−1,

θf = 0◦, ωf = 0◦s−1, smin = 0.6 s, smax = 10 s

Averaged over 100 full seco solves, we report a mean run-time of the pipg solver (to

solve the entire nonconvex problem) of 13.7 ms. In comparison, ecos† requires 37.1 ms, on

average, to solve the problem. For the comparison, we assess the quality of the converged

solutions in terms of the difference in propellant consumption (0.02%) and the number of

seco iterations required to converge (7). A real-time guidance solution obtained via pipg is

shown in Figure 6.1. Here, we observe that the optimizer chooses to initiate the powered-

descent phase at an altitude of 490.34 m and a speed of 86.28 ms−1 (which is very close

to the terminal velocity). Further, we note that the numerous prototype flight tests and

independent analyses corroborate many of our observations [56].

†For this problem, ecos is faster than both mosek and gurobi.
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Figure 6.1: A real-time multi-phase rocket landing guidance solution obtained via
SeCO.
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6.2 Dual Quaternion-based 6-DoF Powered-Descent Guidance

In this section, we formulate the dual quaternion-based 6-DoF rocket landing guidance prob-

lem in compliance with the SeCO framework, and provide offline and onboard benchmarking

results.

6.2.1 Equations of Motion

One of the defining characteristics of dqg is the representation of the 6-DoF equations of

motion using unit dual quaternions, which yield an elegant parameterization of the dynamics

by naturally coupling the translational and rotational states and enabling the representation

of certain key operational constraints, such as the line-of-sight constraint, as convex con-

straints (in theory) [118, 176]. However, the use of the dual quaternion parameterization

is ultimately a design choice, and other parameterizations can be adopted as well, such as

Cartesian coordinates for the translational states and unit quaternions for attitude [208]. The

interested reader is referred to [117, 119, 175, 176] for detailed descriptions of parameterizing

rigid body dynamics via unit dual quaternions.

States

The state vector is 15-dimensional, and consists of mass, m, the 8-dimensional unit dual

quaternion that couples translation and attitude, q, and the (reduced-order) 6-dimensional

dual velocity, ω, as shown in Equations (6.17e). The vector ω̃ represents the 8-dimensional

dual velocity, in which the fourth and eighth terms are zero; q is the attitude (unit) quater-

nion. In this work, we adopt the scalar-last convention to represent quaternions. See the

Appendix for definitions of unit quaternions and unit dual quaternions. The subscripts I
and B denote that the quantity in question is expressed in the inertial frame or the body

frame, respectively. Further, r ∈ R3 is the position, ω ∈ R3 is the angular velocity, and
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v ∈ R3 is the velocity; the aforementioned representations are summarized as follows:

m ∈ R (6.17a)

q :=


q

1

2

rI
0

⊗ q
 =


q

1

2
q ⊗

rB
0


 ∈ R8 (6.17b)

ω̃ :=



ωB
0


q∗ ⊗

vI
0

⊗ q

 =



ωB
0


vB

0



 ∈ R8 (6.17c)

ω :=

ωB
vB

 ∈ R6 (6.17d)

x :=


m

q

ω

 ∈ R15 (6.17e)

Controls

The control input vector is 6-dimensional, with three parameters describing the thrust vector:

the thrust magnitude, T ∈ R, the gimbal deflection angle, δ ∈ R, and the gimbal azimuth

angle, ϕ ∈ R, and a 3-dimensional body torque vector, τ ∈ R3, as shown in Equations (6.18).

The thrust vector is effected by means of a gimbaled main engine and the torque input is

assumed to be effected by means of reaction control system (RCS) thrusters.
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b̂x

b̂y

b̂z

(Tx, Ty , Tz)
Tz

Tx

Ty

b̂x

b̂y

b̂z

(T, δ, ϕ)

T

ϕ

δ

Figure 6.2: Parameterization of the thrust vector (expressed in the body frame) in
terms of Cartesian coordinates (left) and spherical coordinates (right). In this work,
we use the latter.

We choose to parameterize the thrust vector in terms of spherical coordinates, as shown

in Figure 6.2, for the following reasons: (1) all the control constraints in dqg become nat-

urally convex, and hence, in combination with the first-order hold (FOH) parameterization

(described in §2.1.2), intersample satisfaction of the control constraints is guaranteed; (2)

the control rate constraints can be imposed exactly; and, (3) with a mild assumption, both

the magnitude and rate constraints (throttle and gimbaling) can be combined and made

projection-friendly, which is beneficial in terms of implementing the solver, as described in

§2.2.1. Further, with the spherical coordinate parameterization, we note that the thrust

magnitude solution possesses a piecewise-affine profile, which will not be the case if the

Cartesian coordinate parameterization is adopted; these parameterizations are summarized

as follows:

TB =



Tx

Ty

Tz

τx

τy

τz


=



T sin δ cosϕ

T sin δ sinϕ

T cos δ

τx

τy

τz


∈ R6 (6.18a)
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u =



T

δ

ϕ

τx

τy

τz


∈ R6 (6.18b)

T : thrust magnitude

δ: gimbal deflection angle defined from the body vertical (z) axis

ϕ: gimbal azimuth angle defined from the body x-axis

τx, τy, τz: body torque inputs

Here, TB is the wrench vector expressed in the body frame [207], and u is the control input

vector. The convexity and simplicity of the resulting control constraints come at the cost of

additional trigonometric nonlinearities in the dynamics, as shown in Equation (6.18a).

Mass-Depletion

In addition to accounting for thrust due to the main engine, we consider the effect of thrust

due to the RCS thrusters on mass-depletion. In order to do so, we assume that two diagonally

opposite RCS thrusters fire at any given instant to achieve the desired net torque, such that

the thrust due to each thruster is orthogonal to the body vertical (z) axis.

Assuming the mass-center of the vehicle is equidistant from the top-mounted RCS thrusters

and the bottom-mounted RCS thrusters/gimbaled main engine, the mass-depletion dynamics

can be given by Equation (6.19):

ṁ(t) = −
(
αme T (t) + αrcs

∥τ(t)∥2
lcm

)
(6.19)

Here, αme ∈ R+ and αrcs ∈ R+ are the thrust-specific fuel consumption (TSFC) parameters

for the main engine and an RCS thruster, respectively, and lcm ∈ R++ is the length of the



124

moment-arm of the vehicle, i.e., the distance between the mass-center of the vehicle and the

bottom-mounted RCS thrusters/gimbaled main engine.

Kinematics

This dual quaternion kinematic equation requires the use of the 8-dimensional dual velocity

vector, where the fourth and eighth terms are zero, and is given by Equation (6.20):

q̇(t) =
1

2
q(t)⊗ ω̃(t) (6.20)

Dynamics

For the dynamics, we assume that the moment of inertia is a linear function of the vehicle

mass (as opposed to assuming a constant value as in [176]), and thereby account for the effect

of mass-depletion on the attitude of the vehicle. The moment of inertia can be assumed to

be an affine function of the vehicle mass as well, if required [177]. The dynamics can be

given by Equation (6.21):

ω̇(t) = J(t)−1


 03×3 −ω×B(t)

−ω×B(t) 03×3

J(t)ω(t) + ΦTB(t) +m(t)gB(t)

 (6.21)

where

J(t) :=


03×3 m(t)I3

m(t)J 03×3


6×6

Φ :=


I3 03×3

l× I3


6×6

gB(t) :=


gB(t)

03×1


6×1
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gI := [0, 0, −g]⊤

gB(t)
0

 = q∗(t)⊗

gI
0

⊗ q(t)
where J ∈ S3

++ is the inertia tensor of the vehicle about its mass-center, l = [0, 0,−lcm]⊤

is the body-fixed moment-arm vector, and g ∈ R+ is the acceleration due to gravity at the

celestial body under consideration.

6.2.2 Control Constraints

All components of the thrust vector are bounded, as shown in Equations (6.22), where

Tmin ∈ R++ and Tmax ∈ R++ are the lower and upper bounds on the thrust magnitude,

respectively, and δmax ∈ R++ is the upper bound on the gimbal deflection angle. Further,

they are rate-limited, as shown in Equations (6.23), where Ṫmax ∈ R++, δ̇max ∈ R++, and

ϕ̇max ∈ R++ are the rate-limits on the thrust magnitude, the gimbal deflection angle, and

the gimbal azimuth angle, respectively. An upper bound is levied on the magnitude of the

body torque input about each body axis, as shown in (6.24). We emphasize that every single

control constraint is naturally convex, owing to the spherical coordinate parameterization.

Thrust Vector Bounds

Tmin ≤ T (t) ≤ Tmax (6.22a)

0 ≤ δ(t) ≤ δmax (6.22b)

0 ≤ ϕ(t) ≤ 2π (6.22c)
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Thrust Vector Rate-Limits ∣∣∣Ṫ (t)∣∣∣ ≤ Ṫmax (6.23a)∣∣∣δ̇(t)∣∣∣ ≤ δ̇max (6.23b)∣∣∣ϕ̇(t)∣∣∣ ≤ ϕ̇max (6.23c)

Torque Bounds

∥τ(t)∥∞ ≤ τmax (6.24)

6.2.3 State Constraints

We classify state constraints into global state constraints, state-triggered constraints, initial

condition constraints, and terminal condition constraints, which we describe in this subsec-

tion.

Global State Constraints

Global state constraints involve constraints that are imposed on the state over the entire

time-horizon. These constraints include a maximum tilt constraint, a maximum angular

body rate constraint, a maximum speed constraint, and a minimum altitude constraint, as

shown in Equations (6.25), respectively:

∀t ∈ [0, tf ) ,∥∥q[1:2](t)
∥∥
2
≤ sin

θmax

2
(6.25a)∥∥ω[1:3](t)

∥∥
∞ ≤ ωmax (6.25b)∥∥ω[4:6](t)
∥∥
2
≤ vmax (6.25c)

q(t)⊤Mg q(t) ≥ hmin (6.25d)
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where

Mg :=

04×4 [z̃I ]
⊤
⊗

[z̃I ]⊗ 04×4


Here, tf ∈ R+ is the time-of-flight, θmax ∈ R+ is the maximum tilt angle from the inertial

vertical (z) axis, ωmax ∈ R+ is the maximum angular speed about any body axis, vmax ∈ R+

is the maximum speed, hmin ∈ R+ is the minimum altitude, zI := [0, 0, 1]⊤, and z̃I := [z⊤I , 0]
⊤

(pure quaternion).

State-Triggered Constraints

State-triggered constraints (STCs) include the constraints that are to be activated only

when the vehicle is within the prescribed trigger window. Here, we consider slant-range-

based triggering, and tightly constrain the body tilt angle, angular body rates, maximum

speed, and the maximum line-of-sight angle to the target landing site—which is assumed to

be at the origin, without loss of generality—as shown in Equations (6.26), respectively:

∀t ∋ ρmin ≤
∥∥2 q[5:8](t)

∥∥
2
≤ ρmax,∥∥q[1:2](t)

∥∥
2
≤ sin

θstcmax

2
(6.26a)∥∥ω[1:3](t)

∥∥
∞ ≤ ωstcmax (6.26b)∥∥ω[4:6](t)
∥∥
2
≤ vstcmax (6.26c)

q(t)⊤Ml q(t) +
∥∥2 q[5:8](t)

∥∥
2
cosµstcmax ≤ 0 (6.26d)

where

Ml :=

04×4 [p̃B]
∗⊤
⊗

[p̃B]
∗
⊗ 04×4


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Here, ρmax ∈ R++ and ρmin ∈ R++ are the maximum (activation) and minimum (deactiva-

tion) trigger distances from the target landing site, respectively; θstcmax , ωstcmax , and vstcmax

are assumed to be smaller than their counterparts in Equations (6.25); µstcmax ∈ R+ is the

maximum line-of-sight angle; and p̃B := [p⊤B , 0]
⊤ (pure quaternion), where pB ∈ R3 is a unit

vector in the body frame that represents the body-fixed sensor-pointing direction. We choose

not to impose the minimum altitude constraint in the trigger window, with the observation

that the simultaneous satisfaction of the maximum tilt and maximum line-of-sight angle

constraints implicitly precludes subsurface solutions if θstcmax ≤ π
2
−µstcmax−γboresight, where

γboresight is the angle made by the body-fixed sensor with the body vertical (z) axis, i.e., the

(acute) angle between pB and b̂z.

These constraints are imposed to enable accurate scans of the potential landing site during

descent using the hazard detection LiDAR (HDL) [172, 173], for instance, and to initiate

diverts if necessary.

Initial Conditions

The initial condition constraints are given by Equations (6.27):

m(0) = mi (6.27a)

q(0) =


qi

1

2

rIi
0

⊗ qi
 (6.27b)

ω(0) =


ωBi

q∗i ⊗

vIi
0

⊗ qi
 (6.27c)

where mi ∈ R++ is the initial mass of the vehicle, qi ∈ R4
u is the initial attitude quaternion,

rIi ∈ R3 is the initial position expressed in the inertial frame, ωBi ∈ R3 is the initial angular

velocity expressed in the body frame, and vIi ∈ R3 is the initial velocity expressed in the
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inertial frame.

Terminal Conditions

The terminal conditions subsume the following details—at the final time tf : (1) the vehicle

is upright (zero pitch and yaw); (2) the roll is free; (3) the angular body rates are zero; and,

(4) the (inertial) horizontal components of velocity are zero. By infusing these details into

the expressions rather than treating them as problem parameters, the terminal condition

constraints are rendered convex. Here, mf ∈ R++ is the final mass of the vehicle, rIf ∈ R3

is the final position expressed in the inertial frame, and vzIf ∈ R is the final velocity along

the inertial vertical (z) axis. If desired, the entire final dual quaternion can be fixed as well.

The terminal condition constraints are given by Equations (6.28):

m(tf ) ≥ mf (6.28a)

q[1:2](tf ) = 02×1 (6.28b)1
2
[rIf ]⊗

02×2

I2

 −I4


4×6

q[3:8](tf ) = 04×1 (6.28c)

ω̃(tf ) =


04×1 02×1

q[3:4](tf )

∗ ⊗

02×1

vzIf

0

⊗
 02×1

q[3:4](tf )


 =


04×1

02×1

vzIf

0


(6.28d)

∴ ω(tf ) =

05×1

vzIf

 (6.28e)
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6.2.4 The Continuous-Time Nonconvex Optimal Control Problem

minimize
tf , u(t)

−m(tf )

subject to ∀t ∈ [0, tf )

Dynamics ẋ(t) = f(t, x(t), u(t))

Control constraints Tmin ≤ T (t) ≤ Tmax

0 ≤ δ(t) ≤ δmax

0 ≤ ϕ(t) ≤ 2π∣∣∣Ṫ (t)∣∣∣ ≤ Ṫmax∣∣∣δ̇(t)∣∣∣ ≤ δ̇max∣∣∣ϕ̇(t)∣∣∣ ≤ ϕ̇max

∥τ(t)∥∞ ≤ τmax

Global state constraints
∥∥∥q[1:2](t)

∥∥∥
2
≤ sin

θmax

2∥∥∥ω[1:3](t)
∥∥∥
∞
≤ ωmax∥∥∥ω[4:6](t)

∥∥∥
2
≤ vmax

q(t)⊤Mg q(t) ≥ hmin

State-triggered constraints
∥∥∥q[1:2](t)

∥∥∥
2
≤ sin

θstcmax

2

∀t ∋ ρmin ≤
∥∥∥2 q[5:8](t)

∥∥∥
2
≤ ρmax

∥∥∥ω[1:3](t)
∥∥∥
∞
≤ ωstcmax∥∥∥ω[4:6](t)

∥∥∥
2
≤ vstcmax

q(t)⊤Ml q(t) +
∥∥∥2 q[5:8](t)

∥∥∥
2
cosµstcmax ≤ 0

Initial conditions m(0) = mi

q(0) =


qi

1

2

rIi
0

⊗ qi


ω(0) =


ωBi

q∗i ⊗

vIi
0

⊗ qi


Terminal conditions m(tf ) ≥ mf

q[1:2](tf ) = 02×1 1
2
[rIf ]⊗

02×2

I2

 −I4


4×6

q[3:8](tf ) = 04×1

ω(tf ) =

05×1

vzIf


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The continuous-time nonconvex optimal control problem is given by §6.2.4, where we

minimize propellant consumption (by maximizing the final mass of the vehicle).

6.2.5 Constraint Reformulations

We choose to combine certain intersecting path constraints for the following reasons: (1) to

reduce the number of constraints imposed (and in turn, reduce the number of operations that

the solver needs to carry out); and, (2) to ensure that all the path constraint sets possess

closed-form projection operations. Closed-form expressions only exist for the projection

onto the intersection of convex sets in special cases—such as the intersection of a cone and

a ball, and the intersection of two halfspaces—but this is not the case in general, even if the

individual constraint sets can be projected onto [15]. Although iterative methods such as the

alternating direction method of multipliers (admm) [39] can be used to compute projections

onto the intersection of such convex sets, we opt to reformulate the intersecting constraint

sets so as to enable closed-form projections instead.

Combined Thrust Vector Constraints

Given the FOH parameterization of the control input, the thrust vector magnitude con-

straints, in discrete-time, can be expressed as shown in Equations (6.29):

Tmin ≤ Tk ≤ Tmax, k = 1:N (6.29a)

0 ≤ δk ≤ δmax, k = 1:N (6.29b)

0 ≤ ϕk ≤ 2π, k = 1:N (6.29c)

where N is the size of the chosen temporal grid, i.e., the number of discrete temporal nodes

in the discrete-time subproblem. Further, the thrust vector rate constraints can be expressed
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as shown in Equations (6.30):

−Ṫmax ≤
Tk − Tk−1
( s
N−1)

≤ Ṫmax, k = 2:N (6.30a)

−δ̇max ≤
δk − δk−1
( s
N−1)

≤ δ̇max, k = 2:N (6.30b)

−ϕ̇max ≤
ϕk − ϕk−1
( s
N−1)

≤ ϕ̇max, k = 2:N (6.30c)

which are exact, owing to the FOH parameterization [146]. The variable s is the dilation

factor, and s
N−1 is the length of each of the uniformly spaced time-intervals.

These thrust vector magnitude and rate constraints can be combined by means of an

approximation leveraging the reference solution, as shown in §6.2.7, such that Tk, δk, and ϕk,

k = 1 :N , are the sole decision variables. This form of the constraints enables closed-form

projections, ensures that the original thrust vector constraints are never violated, and is

exact at convergence.

Combined State Constraints

We propose a new approach to modeling state-triggered constraints (STCs) [207, 208, 177,

135] that allows for the combination of the global state constraints and the STCs, thus

avoiding intersecting constraint sets on the state variables and, in turn, enabling closed-form

projection operations onto the constraint sets. For the dual quaternion variable specifically,

we reformulate the constraints so as to enable (closed-form) projections onto the intersection

of halfspaces.

With the assumption that the global state bound on any given variable, □max, is greater

than its STC counterpart, □stcmax , i.e., □max > □stcmax , we observe that the bounds can be

expressed in a single expression as follows:

g(□) ≤ max{−ψ(t)□max, □stcmax} (6.31)
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where g(·) is the constraint function under consideration. The trigger function, ψ(t), given

by Equation (6.32):

ψ(t) := sgn
{(
ρmax −

∥∥2 q[5:8](t)
∥∥
2

) (∥∥2 q[5:8](t)
∥∥
2
− ρmin

)}
∋ ψ : [0, tf )→ {−1, 0, +1}

(6.32)

takes the value −1 if the vehicle is outside the trigger window, +1 if the vehicle is inside the

trigger window, and 0, if the vehicle is at either of the triggers. With this formulation, the

RHS of Equation (6.31) can automatically switch between the global bound and the STC

bound based on the value that the trigger function assumes.

Further, an approximation, similar to the one made with the thrust vector constraints, is

made to the trigger function, and the global state constraints and the STCs are combined,

as shown in §6.2.7. Note that the combined state constraints are exact at convergence.

6.2.6 Projections

As shown in the discrete-time conic subproblem in §6.2.7, which is a second-order cone

program (SOCP), every single path constraint admits a closed-form projection operation.

The constraint sets listed in green possess direct closed-form projection operations. The ones

listed in blue and yellow involve closed-form projections onto the intersection of halfspaces;

the maximum tilt constraint is linearized to enable that. The interested reader is referred to

[17] for a description of these closed-form projection operations.
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6.2.7 The Discretized Conic Subproblem

minimize
s, u[1:N]

−wmmN

cost term

+
1

2

(
wtr

N∑
k=1

(
∥xk − xk∥22 + ∥uk − uk∥22

)
+ wtrs∥s− s∥22

)
soft trust region term

+
1

2
wvse

N∑
k=1

∥xk − ξk∥22

virtual state penalty term

subject to Dynamics

zero cone xk+1 = Ak xk +B−k uk +B+
k uk+1 + Sk s + dk (K0) k = 1:N− 1

Combined control constraints

box Tmin ≤ T1 ≤ Tmax (D)

box 0 ≤ δ1 ≤ δmax (D)

box 0 ≤ ϕ1 ≤ 2π (D)

box max

(
Tmin, −Ṫmax

s

N − 1
+ Tk−1

)
≤ Tk ≤ min

(
Tmax, Ṫmax

s

N − 1
+ Tk−1

)
(D) k = 2:N

box max

(
0, −δ̇max

s

N − 1
+ δk−1

)
≤ δk ≤ min

(
δmax, δ̇max

s

N − 1
+ δk−1

)
(D) k = 2:N

box max

(
0, −ϕ̇max

s

N − 1
+ ϕk−1

)
≤ ϕk ≤ min

(
2π, ϕ̇max

s

N − 1
+ ϕk−1

)
(D) k = 2:N

box ∥τk∥∞ ≤ τmax (D) k = 1:N

Combined state constraints

box
∥∥∥ξω[1:3]

k

∥∥∥
∞
≤ max

(
−ψk ωmax, ωstcmax

)
(D) k = 2:N− 1

ball
∥∥∥ξω[4:6]

k

∥∥∥
2
≤ max

(
−ψk vmax, vstcmax

)
(D) k = 2:N− 1

halfspace q
[1:2]⊤

k
ξq

[1:2]
k ≤

∥∥∥q[1:2]
k

∥∥∥
2
sin

θstcmax
2

(D) k ∋ ψk ≥ 0

halfspace Linearize Equation (6.26d) (maximum line-of-sight angle) (D) k ∋ ψk ≥ 0

halfspace q
[1:2]⊤

k
ξq

[1:2]
k ≤

∥∥∥q[1:2]
k

∥∥∥
2
sin θmax

2
(D) k ∋ ψk < 0

halfspace Linearize Equation (6.25d) (minimum altitude) (D) k ∋ ψk < 0

Boundary conditions

singleton ξm1 = mi (D)

singleton ξq1 =


qi

1

2

rIi
0

⊗ qi
 (D)

singleton ξω1 =


ωBi

q∗i ⊗

vIi
0

⊗ qi
 (D)

halfspace ξmN ≥ mf (D)

singleton ξq
[1:2]
N = 0 (D)

subspace

 1
2
[rIf ]⊗

02×2

I2

 −I4

 ξq
[3:8]
N = 0 (D)

singleton ξωN =

05×1

vzIf

 (D)
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6.2.8 Results

6.2.9 Offline Benchmarking

We benchmark pipgcustom against three state-of-the-art convex optimization solvers: ecos,

mosek, and gurobi [59, 152, 86], by means of a lunar approach-phase test case, with a fixed

final attitude quaternion, qf . We use the absolute-variable version of the solver described

in [102], which does not include row normalization. The solver parameter, λ, is manually

tuned. The pipgcustom solver is implemented via C code, generated using the matlab Coder

[139, 138]. The yalmip convex optimization modeling tool in matlab is used to parse

the problem and interface with the off-the-shelf solvers [124]. All trials are run on a 2018

MacBook Pro with a 2.6 GHz 6-core Intel Core i7 processor and 16 GB of RAM.

For consistency, the dqg problem instance is set up such that each benchmarked solver

solves the problem to a predetermined open-loop accuracy in exactly 5 seco iterations. The

entire dqg problem is solved 100 times and the mean total (across all seco iterations)

discretization-, parse-, and solve-times are reported, as shown in Figures 6.6. The same

procedure is carried out across 4 different problem sizes, representative of onboard guidance:

N ∈ {10, 15, 20, 25}, where N is the number of discrete temporal nodes. The terminal

position and velocity error tolerances (between the computed solution and the open-loop

single-shot integrated trajectory) are set to 10 m and 0.25 m/s, respectively—similar to the

tolerances chosen in [176]. Note that it is possible to significantly reduce parsing time for the

other solvers for online execution [174], and the desktop parsing times are only reported for

completeness; as such, the true performance comparison is between solve-times. The dqg

parameter values chosen for the benchmark test are given in Table 6.1. The 3-dimensional

landing trajectory and the line-of-sight angle as a function of time (corresponding toN = 15),

obtained via pipgcustom, are shown in Figures 6.3 and 6.4, respectively.

We observe that the solution framework (seco) itself leads to a speedup, regardless of the

solver chosen, when compared with previously used SCP methods and solve-times reported

in the literature [174, 176, 202]. Further, pipg is significantly faster than the solvers it is

benchmarked against, as shown in Figure 6.5, and over an order of magnitude faster than

the previously reported mean solve-time for dqg [176] for the same problem size.
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Figure 6.3: The 3D landing trajectory obtained via SeCO in real-time (N = 15).
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Figure 6.6: DQG benchmark test results.
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Parameter Value

g 1.625 m s−2

g0 9.81 m s−2

Ispme
300 s

αme
1

Ispmeg0
sm−1

Isprcs
200 s

αrcs
1

Isprcsg0
sm−1

τmax 50 kgm2 s−2

Tmax 3000 kgm s−2

Tmin 600 kgm s−2

Ṫmax 0.75 · (Tmax − Tmin) kgm s−3

δmax 5◦

δ̇max, ϕ̇max 5◦ s−1

lcm 1 m

pB
[
0.5, 0, −

√
3
2

]⊤
mi 1500 kg

mf 750 kg

J diag{4.2, 4.2, 0.6} m2

Parameter Value

θmax 90◦

ωmax 5◦ s−1

vmax 90 m s−1

hmin 100 m

ρmax 1250 m

ρmin 500 m

θstcmax 20◦

ωstcmax
1◦ s−1

vstcmax
30 m s−1

µstcmax
2◦

rIi
[3000, 600, 3000]

⊤
m

rIf
[0, 0, 100]

⊤
m

vIi
[−60, 30, −30]⊤ ms−1

vzIf
−2 m s−1

qi [−0.15, 0.3, −1, 1]⊤ (normalized)

qf [0, 0, −1.25, 1]⊤ (normalized)

ωBi [0, 0, 0]
⊤ ◦ s−1

Table 6.1: The DQG parameter values chosen for the solver benchmark test.

6.2.10 Onboard (Hardware-in-the-Loop) Testing

We consider a terrestrial rocket landing mission scenario for an upcoming closed-loop (dqg-

in-the-loop) rocket landing flight test campaign [150, 149], and solve the problem, for 100

divert sites on a uniform grid, as shown in Figure 6.7. The custom solver used for this appli-

cation, based on deviation variables, is detailed in Chapter 2. We perform row-normalization,

and manually tune the solver parameter, λ. The problem formulation is identical to Problem

6.2.4, with a few modifications, such as an independent thrust and torque model (without

gimbaling of the rocket engine in guidance and with control allocation handled outside of

guidance), the inclusion of aerodynamic forces, independent component-wise torque bounds,

a state-triggered glideslope constraint to replace the state-triggered tilt constraint, and im-

position of the initial condition constraint on the true state (as opposed to the virtual state).

See [58] for more details on the problem formulation. The pipgcustom solver is implemented

via C code, which, again, is generated using the matlab Coder [139, 138]. The solver is
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executed onboard the NASA SPLICE Descent and Landing Computer (DLC), which consists

of a cluster of 4 ARM Cortex A53 processors, on which the flight software runs [184].

For the terrestrial landing scenario considered in [75] for the suborbital flight tests of

the Blue Origin New Shepard reusable launch vehicle (with dqg executed in an open-loop,

onboard the DLC), with the older SCP algorithm and a customized version of the IPM-based

subproblem solver, bsocp, the 10-node version took an average (over 3 runs) of 2.65 seconds,

with all 3 runs taking 4 SCP iterations each.

For the lunar landing scenario considered in [202], with the older SCP algorithm and the

IPM-based subproblem solver, bsocp [63, 62], the 10-node version took an average (over

100 runs) of 5.85 seconds, with 97 runs taking 4 SCP iterations each, and the remaining 3

runs taking 5 SCP iterations each. The 20-node version, on the other hand, took an average

(again, over 100 runs) of 11.36 seconds, with 27 runs taking 4 SCP iterations each, and the

remaining 73 runs taking 3 SCP iterations each. Neither of these versions met the SPLICE

goal of a guidance update-rate of 1 second, or even the SPLICE requirement of a guidance

update-rate of 3 seconds.

In contrast, the custom solver proposed in this work, applied to the terrestrial landing

scenario considered in [58], with 15 nodes, took an average (over 100 divert scenarios) of

0.5887 seconds, with all 100 runs taking 5 SCP (seco) iterations each. Note that this not

only meets, but exceeds both the SPLICE requirement of a guidance update-rate of 3 seconds

and the SPLICE goal of a guidance update-rate of 1 second, by a significant margin. Further,

we note that this marks the first time in the duration of the NASA SPLICE program that

the 1-second goal has been achieved onboard the DLC.

These results are presented in Figure 6.8. We note that this does not represent a direct

comparison, owing to the differing problem formulations and parameters considered in the

preceding tests between the different solvers. That said, given the similarity in mission

complexity and the fact that all solvers were executed on the same computing platform (the

DLC), we conclude that our proposed solver is roughly 5 to 10 times faster than the old

solver.
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6.3 Set-based Control for Autonomous Precision Landing

To demonstrate the controllable tube-based optimal, robust, and resilient control framework

that we propose in Chapter 4, we consider an autonomous precision landing case study. We

formulate the optimal control problem in §6.3.1, describe the closed-loop simulation setup

in §6.3.2, and demonstrate free-final-time optimal control in §6.3.3, robust control in §6.3.4,

and resilient control in §6.3.5. We use pycvxset [224] for all the set-based computations.

6.3.1 Formulation

The original nonconvex continuous-time 3-DoF minimum-fuel precision landing guidance

optimal control problem [2] is given by Problem P10. In Problem P10, tf is the final time,

Problem P10: Continuous-Time Precision Landing Problem (Nonconvex)

minimize
tf , T

−m(tf) (P10a)

subject to ∀ t ∈ [0, tf ]

ṙ(t) = v(t) (P10b)

v̇(t) =
1

m(t)
T (t)− g ez (P10c)

ṁ(t) = −α ∥T (t)∥2 (P10d)

Tmin ≤ ∥T (t)∥2 ≤ Tmax (P10e)

e⊤z T (t) ≥ ∥T (t)∥2 cos θmax (P10f)

Hgs r(t) ≤ hgs (P10g)

∥r(t)∥∞ ≤ rmax (P10h)

∥v(t)∥∞ ≤ vmax (P10i)

mdry ≤ m(t) ≤ mwet (P10j)

r(0) = ri, v(0) = vi, m(0) = mwet (P10k)

r(tf) = rf , v(tf) = vf , m(tf) ≥ mdry (P10l)

r(t) ∈ R3 is the position, v(t) ∈ R3 is the velocity, m(t) ∈ R is the vehicle mass, T (t) ∈ R3
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is the thrust vector in Cartesian coordinates, g ∈ R++ is the acceleration due to gravity, α

is the thrust-specific fuel consumption, Tmin, Tmax ∈ R++ are the minimum and maximum

thrust magnitude bounds, respectively, e⊤z := (0, 0, 1), θmax is the maximum tilt angle from

the vertical, Hgs ∈ Rnh×3 and hgs ∈ Rnh are the parameters defining the glideslope constraint

(as the intersection of nh halfspaces; see [134, Equations S10 and S11]), rmax, vmax ∈ R++

are the component-wise bounds on position and velocity, respectively, mwet, mdry ∈ R++ are

the wet-mass and dry-mass of the vehicle, respectively, ri, rf ∈ R3 are the initial and final

conditions for the position, respectively, and vi, vf ∈ R3 are the initial and final conditions for

the velocity, respectively. Since this is a three-degree-of-freedom formulation, all quantities

are defined relative to a reference frame fixed to the celestial body under consideration.

The autonomous precision landing problem has been extensively studied, and it has been

shown that the nonconvex thrust lower bound constraint in Equation (P10e) can be losslessly

convexified by means of a convex relaxation, such that the solution to the relaxed problem is

a globally optimal solution to the original problem [2, 5, 134]. The thrust pointing constraint

given by Equation (P10f) would be nonconvex for θmax > 90◦, but we only require θmax ≤ 90◦.

Note that the state constraints in Equations (P10h) and (P10i) are only included to ensure

that the state is bounded (as required for controllable tube generation). Typically, rmax and

vmax are set to large values, however, and are not expected to be active.

Problem P10 can be equivalently written in terms of the mass-normalized thrust by means

of a log-mass transformation [2], with u(t) := 1
m(t)

T (t) and z(t) := lnm(t). Consequently,

the control magnitude bounds become:

Tmin e
−z(t) ≤ ∥u(t)∥2 ≤ Tmax e

−z(t) (6.33)

and the log-mass dynamics are:

ż(t) = −α ∥u(t)∥2 (6.34)
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both of which are nonconvex. First, we replace the time-varying bounds in Equation (6.33)

with the following time-invariant bounds, such that the resulting constraint is a conservative

approximation of the original constraint:

Tmin

mdry

≤ ∥u(t)∥2 ≤
Tmax

mwet

(6.35)

Note that the lower bound constraint in Equation (6.35) is still nonconvex. For this, we can

employ one of the following two remedies:

(i) The standard convex relaxation to convexify the nonconvex lower bound [2, 5, 134],

i.e.,

σ(t) ≥ Tmin

mdry

(6.36)

Note that this does not exactly fit the template of Problem P1, since this serves as a

convex relaxation to the original nonconvex constraint. However, when implemented,

we observe that the relaxation is tight in practice, i.e., lossless convexification holds

[2, 5, 134]. Although we consider a polytopic inner approximation to the conic frus-

tum defined by the control magnitude bounds, satisfaction of the polytopic constraint

does not necessarily guarantee satisfaction of the original constraint—the lower bound

constraint can be violated, since the polytopic approximation we consider is of a con-

vex relaxation to a nonconvex constraint set. This has the adverse consequence of

expanding the feasible control space—beyond that of the original control constraint

set—in some regions. That said, the degree to which this constraint is violated can

be arbitrarily controlled by choosing the number of points to be spread on the unit

sphere. Further, this issue can be eliminated entirely by ensuring that the projection

of the polytopic approximation onto the non-lifted space is an inner approximation to

the original nonconvex set.
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(ii) Replacing the lower bound constraint with the following conservative convex constraint:

e⊤z u(t) ≥
Tmin

mdry

(6.37)

With the conservative constraint given by Equation (6.37), the control magnitude, and

in turn, the slack variable, are implicitly lower-bounded by Tmin

mdry
. With Equation (6.37),

the problem fits the template of Problem P1, in which case the only nonconvexity stems

from the log-mass dynamics (Equation (6.34)). For the discretized version of this

template, there exists a blanket lossless convexification guarantee [225]. We consider

the conservative convex constraint given by Equation (6.37) in the remainder of this

work.

Further, we replace ∥u∥2 by σ in the corresponding pointing constraint, e⊤z u(t) ≥ ∥u(t)∥2 cos θmax

(even though it is convex), hence converting the second-order cone into an equivalent halfs-

pace, which mitigates the need for an additional polytopic approximation.

The (Mayer) cost function, after the log-mass transformation, can be given by:

J := −z(tf) (6.38)

which can be equivalently expressed as a running cost:

J = −
∫ tf

0

ż(τ) dτ = −
∫ tf

0

−ασ(τ) dτ =

∫ tf

0

ασ(τ) dτ (6.39)

Now, the cost-to-go can be defined as follows:

c(t) :=

∫ tf

t

ασ(τ) dτ (6.40)
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Taking the time-derivative of Equation (6.40), we get:

ċ(t) =
d

dt

∫ tf

t

ασ(τ) dτ =
d

dt

∫ t

tf

−ασ(τ) dτ = −ασ(t) (6.41)

From Equation (6.40), we can derive the boundary conditions for this auxiliary dynamical

system:

c(0) =

∫ tf

0

ασ(τ) dτ (6.42a)

c(tf) = 0 (6.42b)

Now, consider the following:

z(tf) = z(0)−
∫ tf

0

ασ(τ) dτ (6.43a)

=⇒
∫ t

0

ασ(τ) dτ = z(0)− z(tf) (6.43b)

Substituting Equation (6.43b) in Equation (4.3a), we get:

c(0) = z(0)− z(tf) = lnmwet − z(tf) (6.44)

Collecting Equations (6.41), (6.42b), and (6.44), we have the following auxiliary dynamical

system:

ċ(t) = −ασ(t) (6.45a)

c(0) = lnmwet − z(tf) (6.45b)

c(tf) = 0 (6.45c)
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with the bounds on the cost-to-go state being:

0 ≤ c(t) ≤ lnmwet − lnmdry = ln
mwet

mdry

(6.46)

Although the right-hand-side (RHS) of Equation (6.45) is identical to the RHS of the log-mass

dynamics given by Equation (6.34), Equations (6.45) represent a different system due to the

different boundary conditions. In this work, we employ the standard procedure of augmenting

the physical system with the auxiliary cost-to-go system, making the resulting system 8-

dimensional, which, in turn, leads to 8-dimensional polytopes (CZs) in the controllable tube.

Remark 7. The similarity between the log-mass dynamics (Equation (6.34)) and the cost-

to-go dynamics (Equation (6.45)) can be exploited to eliminate the log-mass variable and

dynamics entirely, and to equivalently rewrite the problem in terms of the cost-to-go variable

and dynamics, in which case the polytopes in the controllable tube would be 7-dimensional,

instead of 8-dimensional. Particularly, we observe (and can leverage the fact) that the log-

mass and the cost-to-go are related by:

c(t) = z(t)− z(tf) (6.47)

with the bounds on the cost-to-go state given by Equation (6.46). Using this formulation

would require additional considerations to account for the initial condition of the log-mass at

every step; particularly, this would require either (i) taking the intersection of the controllable

set with the halfspaces defined by the log-mass bounds (prior to solving the one-step optimal

control problem), in which case potential infeasibility can be detected prior to solving the

one-step OCP, or (ii) imposing the halfspaces directly in the one-step OCP, in which case

potential infeasibility would be detected via solving the one-step OCP itself.

Given how well CZs scale with problem dimension, we do not observe a marked differ-

ence in performance with the formulation resulting from Remark 7, and hence retain the
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8-dimensional formulation for simplicity. Note that the cost-to-go state, c(t), serves as a

proxy for the (instantaneous) “required fuel” to reach the target.

Finally, we discretize the log-mass-transformed and cost-to-go-augmented problem using

a ZOH control parameterization, as described in §4.1.1—the discretized conic optimal control

problem is given by Problem P11. The state constraints in Problem P11 are polytopic to

Problem P11: Discrete-Time Precision Landing Problem (Conic)

minimize
N, c1,

u1, ..., uN−1,
σ1, ..., σN−1

c1 (P11a)

subject to (rk+1, vk+1, zk+1, ck+1) = A · (rk, vk, zk, ck) +B · (uk, σk) + d, k = 1, . . . , N − 1 (P11b)

∥uk∥2 ≤ σk k = 1, . . . , N − 1 (P11c)

σk ≤
Tmax

mwet
k = 1, . . . , N − 1 (P11d)

e⊤z uk ≥
Tmin

mdry
k = 1, . . . , N − 1 (P11e)

e⊤z uk ≥ σk cos θmax k = 1, . . . , N − 1 (P11f)

Hgs rk ≤ hgs k = 2, . . . , N − 1 (P11g)

∥rk∥∞ ≤ rmax k = 2, . . . , N − 1 (P11h)

∥vk∥∞ ≤ vmax k = 2, . . . , N − 1 (P11i)

lnmdry ≤ zk ≤ lnmwet k = 2, . . . , N − 1 (P11j)

0 ≤ ck ≤ ln
mwet

mdry
k = 2, . . . , N − 1 (P11k)

r1 = ri, v1 = vi, z1 = lnmwet, c1 ≤ ln
mwet

mdry
(P11l)

rN = rf , vN = vf , zN ≥ lnmdry, cN = 0 (P11m)

begin with. The control constraint set, however, is conic, due to Equation (P11c)—the con-

trol input slack constraint that arises as a result of lossless convexification is a 4-dimensional

quadratic cone (note that the following applies in both continuous time and in discrete time):

Uslack :=
{
(u, σ) ∈ R4

∣∣ ∥u∥2 ≤ σ, σ ≥ 0
}

(6.48)

where u ∈ R3 and σ ∈ R. The set is closed and convex, but not compact, and a linear

approximation of this set would yield an unbounded set. However, since the controllable
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tube generation method using constrained zonotopes requires the control input constraint

set to be a bounded polytope, we also consider the upper bound constraint on the control

magnitude, which is a halfspace:

Uub :=
{
(u, σ) ∈ R4

∣∣ σ ≤ Tmax

mwet

}
(6.49)

Now, consider the intersection of the sets given by Equations (6.48) and (6.49), Uslack and

Uub, respectively:

Ucqc := Uslack ∩ Uub =
{
(u, σ) ∈ R4

∣∣ ∥u∥2 ≤ σ, 0 ≤ σ ≤ Tmax

mwet

}
(6.50)

The set given by Equation (6.50), Ucqc, is a compact quadratic cone. We compute a polytopic

inner approximation of Ucqc by following the procedure described in §4.1.2.

With this approximation applied to the discretized precision landing guidance problem,

we get the discrete-time polytopic precision landing guidance problem that fits the template

of Problem P5, which is shown in Problem P12. Note that Equations (P11c) and (P11d) in

Problem P11 are replaced by Equation (P12c) in Problem P12.

6.3.2 Closed-Loop Simulation Setup

In this subsection, we describe the closed-loop optimal control architecture in §6.3.2 and the

problem and simulation parameters in §6.3.2, and discuss the sources of approximation and

conservatism in §6.3.2.

Architecture

The closed-loop optimal control architecture for autonomous precision landing is shown in

Figure 6.9. Specifically, the figure depicts the architecture adopted for the deterministic

simulations in this section.

The framework involves both offline and online components. Offline, we first obtain a
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Problem P12: Discrete-Time Precision Landing Problem (Polytopic)

minimize
N, c1,

u1, ..., uN−1,
σ1, ..., σN−1

c1 (P12a)

subject to (rk+1, vk+1, zk+1, ck+1) = A · (rk, vk, zk, ck) +B · (uk, σk) + d, k = 1, . . . , N − 1 (P12b)

(uk, σk) ∈ Ucqc k = 1, . . . , N − 1 (P12c)

e⊤z uk ≥
Tmin

mdry
k = 1, . . . , N − 1 (P12d)

e⊤z uk ≥ σk cos θmax k = 1, . . . , N − 1 (P12e)

Hgs rk ≤ hgs k = 2, . . . , N − 1 (P12f)

∥rk∥∞ ≤ rmax k = 2, . . . , N − 1 (P12g)

∥vk∥∞ ≤ vmax k = 2, . . . , N − 1 (P12h)

lnmdry ≤ zk ≤ lnmwet k = 2, . . . , N − 1 (P12i)

0 ≤ ck ≤ ln
mwet

mdry
k = 2, . . . , N − 1 (P12j)

r1 = ri, v1 = vi, z1 = lnmwet, c1 ≤ ln
mwet

mdry
(P12k)

rN = rf , vN = vf , zN ≥ lnmdry, cN = 0 (P12l)

Figure 6.9: A closed-loop optimal control architecture for autonomous precision land-
ing with integrated divert capabilities.
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polytopic approximation (Problem P5) of the conic optimal control problem, Problem P4.

Next, we generate the controllable tube based on the polytopic optimal control problem, using

Algorithm 11 (or Algorithm 12 in the robust case), the recursion for which is guaranteed

to terminate for the autonomous precision landing problem owing to the limited fuel. The

controllable tube is then stored onboard the system. What follows is the description of a

notional closed-loop control framework for autonomous precision landing with integrated

divert capabilities, as shown in Figure 6.9.

Given the translation-invariance of the position subspace, rather than generating a con-

trollable tube for each target landing site, we only construct one controllable tube corre-

sponding to the origin, and either (i) translate the tube to the landing site in question via

a Minkowski sum operation, or (ii) shift the reference frame such that the corresponding

landing site becomes the origin. Next, we perform containment checks (see Table 4.2) to

determine which of the controllable sets in the controllable tube contain the current state.

Once these controllable sets have been determined, Algorithm 15 is executed to determine

the optimal starting controllable set, i.e., the one that corresponds to the lowest cost-to-

go value. Then, the forward rollout (Algorithm 16) is commenced from that controllable

set, which involves solving a sequence of one-step optimal control problems (of the form of

Problem P7).

The forward rollout is executed in the nominal mode of operation, i.e., as described in

Algorithm 16, for as long as the target landing site is safe. In case it is deemed unsafe at

any point in time, computation of the instantaneous feasible divert envelope, i.e., the instan-

taneous reachable set in the horizontal position subspace, is triggered. Given a collection

of candidate landing sites (assumed to be priority-ordered), the next best landing site can

be determined by performed containment checks against the feasible divert envelope: if the

landing site is contained within the divert envelope, it is guaranteed to be reachable (by con-

struction); if it is not contained in the divert envelope, it is not reachable. It could also be

used to (i) determine a feasible site in a safe region (by taking the intersection of the divert

envelope with a safety map, for instance), and (ii) achieve maximal diverts or “flyaway”s to
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ensure safety of the delivered payload [9], i.e., a point on the boundary of the divert envelope

can be chosen in any desired direction, and a closed-loop solution to it is guaranteed to exist

by construction (based on Problem P12). Once a new landing site is chosen, the controllable

tube is then translated to that site, and the process is repeated until touchdown.

Problem Parameters

The problem parameter values chosen for the optimal, resilient, and robust control simula-

tions are listed in Table 6.2. In the table, ∆t refers to the discretization sampling time, and

npoints refers to the number of points to be spread on the 3D unit sphere for the polytopic

approximation of the conic control constraint set; rbackupf is the backup landing site used in

the resilient control simulations.

The closed-loop robust control (Monte Carlo) simulation is run for a fixed final time,

i.e., a fixed horizon length, N , in order to stay consistent with the adopted probabilistic

framework. The 3-sigma control uncertainty is denoted by δu3σ—note that Ru =
δu3σ
3

and

Σu = R2
u I3 ∈ R3. The time-varying 3-sigma position and velocity uncertainties are de-

noted by δr3σ(k) and δv3σ(k), respectively, where k = 1, . . . , N . Similarly, note that Σx
k =

blkdiag

{(
δr3σ(k)

3

)2
I3,

(
δv3σ(k)

3

)2
I3

}
∈ R6. Finally, we note that δr3σ(1) corresponds to a 30

m initial 3-sigma navigation uncertainty in position, and δv3σ(1) corresponds to a 0.6 m s−1

initial 3-sigma navigation uncertainty in velocity; the value for δu3σ corresponds to roughly

0.5% the maximum control magnitude.

Sources of Approximation and Conservatism

Here, we catalog the sources of approximation and conservatism in the proposed closed-

loop control framework. As shown in Equation (6.33), the original bounds on the control

magnitude are (time-varying) nonlinear functions of the log-mass; instead, we only consider

conservatively chosen time-invariant bounds, as shown in Equation (6.35). Further, we in-

troduce conservatism in the control magnitude lower bound, as shown in Equation (6.37).
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Parameter Value

g 1.625 m s−2

Tfull 10500 kgm s−2

Tmax 0.8Tfull

Tmin 0.2Tfull

mwet 1905 kg

mdry 1505 kg

θmax 50◦

rmax 4000 m

vmax 100 m s−1

rf (0, 0, 0) m

vf (0, 0, 0) m s−1

γmax 80◦

Hgs



cos γmax 0 − sin γmax

0 cos γmax − sin γmax

− cos γmax 0 − sin γmax

0 − cos γmax − sin γmax


hgs (0, 0, 0, 0)

Parameter Value

N free

∆t 3 s

α 0.00115 sm−1

ri (875, 0, 635) m

rbackupf (1700, 0, 0) m

vi (40, 0,−30) m s−1

npoints 302

N 20

∆t 15 s

α 0.0002875 sm−1

ri (4000, 4000, 4000) m

vi (−10,−10,−10) m s−1

npoints 14

λ 0.95

δu3σ 0.023 m s−2

δr3σ(k) 1.5 (N − k + 1) m

δv3σ(k) 0.03 (N − k + 1) m s−1

Table 6.2: Problem parameters. Left: common; right top: closed-loop optimal and
resilient control simulations; right bottom: closed-loop robust control (Monte Carlo)
simulations, where k = 1, . . . , N .
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Next, we consider a polytopic inner approximation to the control constraint set for control-

lable tube generation via set recursion, which effectively shrinks the controllable space—this

approximation can be made arbitrarily accurate by choosing more points to spread on the

unit sphere (see §4.1.2).

In the robust case, specifically, there are three additional sources of conservatism: (i)

the independence assumption on the effective disturbance for robustification, in which case

the controllable tube is robust to the worst-case disturbance at each time-step without ac-

counting for coupling of the state disturbances in time, (ii) invocation of the triangle and

reverse triangle inequalities to tighten the control constraints in §6.3.4, and (iii) the Pon-

tryagin difference algorithm [229, Algorithm 3] in the set recursion for robust controllable

tube generation, which returns an inner approximation of the true Pontryagin difference

that worsens as the latent dimension of the constrained zonotope(s) increases, i.e., as the

number of columns, ng, of G in Equation (4.6) increases. Choosing more points on the unit

sphere to obtain the polytopic approximation of the conic control set, for example, will lead

to constrained zonotopes that are larger in latent dimension, thus making the Pontryagin

difference more conservative. Note, however, that the conservatism introduced by (i), (ii),

and (iii) is in the right direction, i.e., they lead to the robust controllable tube being more

robust than necessary, thus preserving all the claimed probability guarantees.

6.3.3 Optimal Control: The Optimal Guidance Algorithm

We solve the deterministic, free-final-time (minimum-fuel) autonomous precision landing

guidance problem using Algorithm 11 for controllable tube generation and Algorithm 16 for

the forward rollout. Within the forward rollout, we solve Problem P6 as is and do not invoke

Remark 1 here to demonstrate global optimality. For comparison, we also solve Problem P12

directly in an open-loop setting, and show the control magnitude profiles in Figure 6.10.
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Figure 6.10: Algorithm 16—with the one-step optimal control problem in accordance
with Problem P6—recovers a globally optimal solution to the polytopic open-loop free-
final-time (minimum-fuel) problem (Problem P12), which is solved in concert with a
golden section search.

6.3.4 Robust Control: Robustness to Navigation and Actuation Uncertainties

In this subsection, we describe robust control in the context of the autonomous precision

landing problem. Specifically, we model navigation and actuation uncertainty in §6.3.4,

describe practical aspects of robust controllable tube generation in §6.3.4, and describe ro-

bustification of the control and state constraints in §6.3.4 and §6.3.4, respectively. Finally,

we present Monte Carlo simulation results in §6.3.4.

Navigation and Actuation Uncertainty Models

We assume that the estimated position and velocity are subject to additive navigation (state)

uncertainty and that the control input is subject to additive actuation (control) uncertainty,

both of which are modeled as Gaussian disturbances, in accordance with §4.2.2. Note that we

treat the augmented control slack variable, σ, such that it is not directly perturbed; instead,

we robustify the original control constraints first and then convexify them (i.e., introduce σ).

We also assume that the log-mass state and the cost-to-go state can be estimated perfectly

(since they are functions of the applied control input and not the commanded control input).

The bounded disturbance sets for the uncertainties, as required by Algorithm 12, are

constructed in accordance with §4.2.3.
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Robust Controllable Tube Generation

We schedule the state covariances such that the corresponding disturbance ellipses decrease in

size over time (the standard deviations decrease linearly)—this accounts for the improvement

in the accuracy of the navigation estimates as the system approaches the landing site (as

more information is acquired by the sensors). In the robust controllable tube set recursion

algorithm (Algorithm 12), the terminal set constrained zonotope needs to be full-dimensional

and have a MinRow representation for the Pontryagin difference step to be computationally

tractable [229, Definition 3 and Proposition 1]. To generate this full-dimensional terminal set,

we first perform a deterministic set recursion (Algorithm 11) for one ∆t-second time interval,

and then proceed with robust set recursion. This has the added benefit of guaranteeing the

existence of a solution to the original terminal set for any true state lying in the thus-

generated full-dimensional terminal set, and can thus account for reserve fuel, for example,

in an exact manner, without requiring conservative estimates. In practice, we observe that

the conditions required for Pontryagin differencing to be tractable [229, Definition 3 and

Proposition 1] do not hold when the set is generated via a one-step recursion. To mitigate

this, we perform a two-step recursion, but with a sampling time of ∆t
2
instead (such that the

effective interval is still ∆t).

Robustification of Control Constraints

Here, we present one approach to robustifying the control constraint set with respect to the

worst-case control disturbance.

Control Magnitude Bounds To robustify the control magnitude bound constraint, we

first consider the original constraint given by Equation (6.35), and tighten the bounds with

respect to the worst-case disturbance from the control disturbance set. Once the tightened

bounds are obtained, the lower bound constraint is replaced with the conservative convex

counterpart of Equation (6.37).
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The control magnitude constraint, Equation (6.35), with actuation uncertainty, is given

by:

Tmin

mdry

≤ ∥uk + wuk∥2 ≤
Tmax

mwet

, k = 1, . . . , N − 1 (6.51)

To be able to account for the slack variable that will be introduced for lossless convexification,

we seek a representation of Equation (6.51) that is solely in terms of ∥uk∥2. As such, we

approximate the thrust magnitude constraint given by Equation (6.51) as follows.

Invoking the triangle and reverse triangle inequalities, we get:

|∥uk∥2 − ∥wuk∥2| ≤ ∥uk + wuk∥2 ≤ ∥uk∥2 + ∥wuk∥2 (6.52)

We make the assumption that ∥wuk∥2 ≤ ∥uk∥2, i.e., the magnitude of the bounded disturbance

will be less than or equal to the control input magnitude, to ensure that any constraint

tightening we perform will not make the control magnitude constraint set infeasible. With

this assumption, Equation (6.52) can be written as:

∥uk∥2 − ∥wuk∥2 ≤ ∥uk + wuk∥2 ≤ ∥uk∥2 + ∥wuk∥2 (6.53)

Now, our goal is to represent Equation (6.53) such that it is solely in terms of uk. For this,

we consider the Equation (6.53) for all possible disturbances in the disturbance set:

∥uk∥2 − ∥wuk∥2 ≤ ∥uk + wuk∥2 ≤ ∥uk∥2 + ∥wuk∥2 ∀wuk ∈ Wu (6.54a)

⇐⇒ inf
wu

k ∈Wu

(∥uk∥2 − ∥wuk∥2) ≤ ∥uk + wuk∥2 ≤ sup
wu

k ∈Wu

(∥uk∥2 + ∥wuk∥2) (6.54b)

⇐⇒ ∥uk∥2 − sup
wu

k ∈Wu

∥wuk∥2 ≤ ∥uk + wuk∥2 ≤ ∥uk∥2 + sup
wu

k ∈Wu

∥wuk∥2 (6.54c)
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Therefore,

∥uk∥2 − ψu ≤ ∥uk + wuk∥2 ≤ ∥uk∥2 + ψu (6.55)

where,

ψu := sup
wu

k ∈Wu

∥wuk∥2 (6.56)

Now, the control bound constraint can be rewritten (approximated) in terms of uk as follows:

Tmin

mdry

≤ ∥uk∥2 − ψu ≤ ∥uk + wuk∥2 ≤ ∥uk∥2 + ψu ≤
Tmax

mwet

(6.57a)

=⇒ Tmin

mdry

+ ψu ≤ ∥uk∥2 ≤
Tmax

mwet

− ψu (6.57b)

Equation (6.57b) represents a conservative tightening of the thrust magnitude bound con-

straint set, in that it is guaranteed to be smaller than or equal to the tightened constraint

set that would have resulted had the approximation not been introduced.

Further, we derive a closed-form expression for ψu by making the assumption that the

control disturbance is isotropic, in that the projection of the effective disturbance ellipsoid

(given by Equation (4.25b)) onto the control dimensions is a 3-dimensional ball, which in

turn implies that Σu in Equation (4.10) is of the form R2
u I3, where Ru > 0 is the radius of

the 3D ball. Therefore:

ψu = Ru (6.58)

=⇒ Tmin

mdry

+Ru ≤ ∥uk∥2 ≤
Tmax

mwet

−Ru (6.59)

Note that the control disturbance can be ellipsoidal as well if desired, but we make the

isotropic assumption for simplicity. Finally, we (i) retain the upper bound constraint in
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Equation (6.59), but replace the 2-norm term with the slack variable, and (ii) replace the

lower bound constraint with the conservative convex constraint (see Equation (6.37)), to

yield the following tightened constraints:

σk ≤
Tmax

mwet

−Ru (6.60a)

e⊤z uk ≥
Tmin

mdry

+Ru (6.60b)

Thrust Pointing As with the control magnitude bound constraints, the thrust pointing

constraint with actuation uncertainty, for k = 1, . . . , N − 1, is robustified and reformulated

as follows:

e⊤z (uk + wuk) ≥ ∥uk + wuk∥2 cos θmax, ∀wuk ∈ Wu (6.61a)

⇐⇒ inf
wu

k ∈Wu

e⊤z (uk + wuk) ≥ sup
wu

k ∈Wu

∥uk + wuk∥2 cos θmax (6.61b)

⇐= inf
wu

k ∈Wu

(e⊤z uk + e⊤z w
u
k) ≥ sup

wu
k ∈Wu

(∥uk∥2 + ∥wuk∥2) cos θmax (6.61c)

⇐⇒ e⊤z uk + inf
wu

k ∈Wu

e⊤z w
u
k ≥ (∥uk∥2 + sup

wu
k ∈Wu

∥wuk∥2) cos θmax (6.61d)

⇐⇒ e⊤z uk − ψu ≥ (∥uk∥2 + ψu) cos θmax (6.61e)

⇐⇒ e⊤z uk −Ru ≥ (∥uk∥2 +Ru) cos θmax (6.61f)

⇐⇒ e⊤z uk −Ru ≥ (σk +Ru) cos θmax (6.61g)

Robustification of State Constraints

The position and velocity states are assumed to be subject to time-varying uncertainty.

While the log-mass and cost-to-go states are assumed to be estimated perfectly, and while

we do not explicitly subject the augmented control slack variable, σ, to uncertainty, the

influence of actuation uncertainty on them calls for additional consideration.

Specifically, since there are no explicit sources of disturbance affecting the log-mass and

cost-to-go states, the Pontryagin difference step in the robust set recursion algorithm (Algo-
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rithm 12) is agnostic to the influence of control disturbances on them. As such, we need to

“manually” ensure that the bounds on these states are appropriately tightened.

The log-mass dynamics with actuation uncertainty are given as follows, for k = 1, . . . , N−
1:

zk+1 = zk − α ∥uk + wuk∥2 (6.62)

We consider the worst-case mass depletion and for this, we consider the most adversarial

disturbance. From the RHS of Equation (6.55), since α > 0, we get:

zk+1 = zk − α (∥uk∥2 + ψu) = zk − α (∥uk∥2 +Ru) (6.63)

Similarly, the worst-case cost-to-go “depletion”, for k = 1, . . . , N − 1, would be:

ck+1 = ck − α (∥uk∥2 +Ru) (6.64)

Rather than explicitly tightening the bounds for these states—which would result in time-

varying state constraint sets—we directly consider the worst-case depletion dynamics given

by Equations (6.63) and (6.64) in the robust set recursion (with the original bounds)—this

is an equivalent approach that implicitly achieves the effect of tightening the bounds, since

both z and c are strictly monotonically decreasing quantities.

The Pontryagin difference step in Algorithm 12 accounts for robustification of the con-

straints on the remaining states that are influenced by control and/or state disturbances.

Monte Carlo Simulation

To demonstrate the closed-loop robust control framework and highlight the probabilistic

guarantees, we perform a Monte Carlo simulation with the problem parameters given in Table

6.2. For the same problem parameters (and boundary conditions), we run 100 cases with

different random disturbance sequences sampled from Gaussian distributions, in accordance
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with §4.2. We set the probability that the terminal state estimate, ỹN , lies in the robustified

terminal set, X̃f ⊖WN—which corresponds to the probability that the true terminal state,

yN , lies in the true terminal set, X̃f—to be λ = 95%. In other words, the true terminal state

is guaranteed to lie in the true terminal set with an 95% probability. We plot the terminal

values of the true position in Figure 6.11 and the true velocity in Figure 6.12; all 100 trials

are successful, in that all the true terminal state values lie inside the true terminal set in all

100 trials. Note that the success-rate is 100% despite the requested probability only being

95%, owing to the conservatism in the robustification (in the right direction).
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Figure 6.11: Terminal position values from the Monte Carlo simulation, projected
onto the x-z plane.
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Figure 6.12: Terminal velocity values from the Monte Carlo simulation, projected onto
the x-z plane.
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6.3.5 Resilient Control: Instantaneous Divert Envelope and Decision-Deferral

We demonstrate two modes of closed-loop resilient control for autonomous precision landing,

the first based on the computation of the instantaneous feasible divert envelope, i.e., the

instantaneous reachable set in the horizontal position subspace (see §4.3.1), and the second

based on the set-based deferred-decision trajectory optimization framework (see §4.3.2).

Figure 6.13: Construction of the instantaneous feasible divert envelope for Problem
P12 using Algorithm 13. The 3D set depicted is the projection of the 8D controllable
set onto the position coordinates.

The first mode of resilient control relies on computation of the instantaneous feasible

divert envelope (based on Algorithm 13), and is depicted in Figure 6.13. We note that

divert envelope thus generated is exact with respect to Problem P12. Here, we consider

two landing sites, a nominal site and a divert (backup) landing site—the numerical values

for parameters chosen for these simulations are provided in Table 6.2. In Figure 6.14, we

show the (independent) optimal free-final-time trajectories corresponding to the two landing
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sites, the corresponding control magnitude profiles (in which lossless convexification holds),

the instantaneous reachable set (i.e., the instantaneous divert envelope) at the 1st time-step

(corresponding to time t = 0 s), and the instantaneous reachable set at the 8th time-step

(corresponding to time t = 21 s). Note that at t = 0 s, both the target landing sites are

reachable, but at t = 21 s, neither of the reachable sets contains the other, i.e., by committing

to a landing site too early (at t = 0 s) and performing the forward rollout (Algorithm 16)

accordingly, the other landing site is no longer reachable at t = 21 s.

The second mode of resilient control involves the set-based counterpart of the deferred-

decision trajectory optimization (ddto) framework [68]. Here, we consider the same scenario

as the previous case, but instead, use the forward rollout algorithm with decision-deferral

(Algorithm 14). In this mode, the system is required to remain in the intersection of the

controllable tube (corresponding to the nominal site) and the translated controllable tube

(corresponding to the divert site) for as long as possible. The two trajectories, the corre-

sponding control magnitude profiles (in which lossless convexification holds), and the instan-

taneous reachable sets at t = 0 s and t = 21 s, are shown in Figure 6.15. Note that both the

target landing sites are reachable at (and until) t = 21 s in this case, unlike in the previous

divert case, thus demonstrating the benefit of deferring decision. In the event one of the

target landing sites becomes unsafe during the first 21 seconds, with decision-deferral, we

preserve the ability to divert to the other site, whereas this would not be possible in the

feasible divert case.
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Figure 6.14: Feasible divert mode: Free-final-time trajectory optimization using the controllable tube and
its translation, with Algorithm 16: at t = 21 s, the two divert envelopes are mutually exclusive, and thus the
system en route to one landing site is unable to reach the other.
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Figure 6.15: Maximal decision-deferral mode: Free-final-time deferred-decision trajectory optimization
(DDTO) using the controllable tube and its translation, with Algorithm 14: at t = 21 s, the divert envelope(s)
contain both the landing sites as a result of deferring decision for as long as possible, and hence, both the sites
are reachable until then, in contrast to the feasible divert mode (see Figure 6.14).
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Chapter 7

SCVXGEN: SUCCESSIVE CONVEXIFICATION WITH
AUTOMATIC CODE GENERATION

scvxgen is a software-based framework for general-purpose and real-time trajectory op-

timization. By general-purpose, we mean that scvxgen can natively handle a general class

of nonconvex trajectory optimization problems, including problems with multiple phases and

logical constraints, for which we provide equivalent smooth formulations via a modeling li-

brary. In general, scvxgen only requires that the nonconvex functions in question are once

continuously differentiable (C1). This is in contrast to many existing trajectory optimization

methods, which rely on sequential quadratic programming (SQP), and, consequently, require

the nonconvexities to be twice continuously differentiable (C2). By real-time, we mean that

scvxgen can solve challenging real-world problems fast enough to be amenable to online im-

plementation for embedded applications. This is achieved through the automatic generation

of high-performance custom code for the problem at hand.

7.1 Formulation

In this section, we set up the general template optimal control problem that can be solved

using scvxgen. We first discuss the integral constraint reformulation (§7.1.1) that helps us

achieve continuous-time constraint satisfaction via a state augmentation, and then discuss

time-dilation (§7.1.2), which helps make free-final-time problems tractable, via a control

input augmentation.

We consider dynamical systems of the form:

ẋ(t) = f(x(t), u(t)), a.e. t ∈ [0, tf ] (7.1)
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where t ∈ [0, tf ] is the wall-clock time, tf > 0 is the final time, x(t) ∈ Rnx is the state

vector, u(t) ∈ Rnu is the control input vector, f : Rnx × Rnu → Rnx is a once continuously

differentiable (C1) vector-valued function, □̇ is the derivative with respect to t, and a.e.

t ∈ [0, tf ] stands for “holds almost everywhere on [0, tf ]”, which simply means “holds for all

t ∈ [0, tf ], except for a finite set of points, i.e., a set of measure zero” [196]. We set the

initial time to 0 to simplify notation, but it can be any nonzero value < tf . Further, f can

be time-varying, i.e., a function of t, as well, but we omit the explicit temporal argument

without loss of generality, since t can be be treated as a state (with ṫ = 1) and augmented

to the original state vector.

7.1.1 Continuous-Time Constraint Reformulation

c(x(t)) ≤ 0

inter-sample
violation

c(x(t)) ≤ 0

continuous-time
satisfaction

Figure 7.1: Direct methods for trajectory optimization impose path constraints (such
as c(x(t)) ≤ 0) at finitely-many discrete temporal nodes (shown on the left, with green
nodes), invariably causing inter-sample violation (region shaded in red) in the state
trajectory x obtained by simulating the dynamical system in an open-loop by applying
the optimized control input signal. The CT-SCvx framework mitigates this phenomenon
(shown on the right, blue nodes) [66].

Direct optimal control methods are able to ensure continuous-time satisfaction of nonlinear

dynamics at solution convergence using direct shooting-type discretization schemes [35, 168,

134]. So the key idea in ensuring continuous-time satisfaction of path constraints as well

is a reformulation that embeds the constraints in the dynamics, i.e., the integral constraint

reformulation.
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Consider the following inequality and equality path constraints, respectively:

q(x(t), u(t)) ≤ 0nq (7.2)

r(x(t), u(t)) = 0nr (7.3)

where q : Rnx × Rnu → Rnq and r : Rnx × Rnu → Rnr are once continuously differentiable

(C1) vector-valued functions, and the inequalities and equalities are element-wise. Now, we

consider the following C1 scalar-valued continuous exterior penalty functions:

pq(z)

= 0 if z ≤ 0

> 0 otherwise

(7.4)

pr(z)

= 0 if z ≤ 0

> 0 otherwise

(7.5)

and the scalar-valued penalty function:

fy(x(t), u(t)) =

nq∑
i=1

pq(wqi qi(x(t), u(t))) +
nr∑
j=1

pr(wri rj(x(t), u(t))) (7.6)

where wqi > 0, i = 1, . . . , nq, and wrj > 0, j = 1, . . . , nr, are scalar weights, and qi and rj

are scalar-valued elements of q and r, respectively. In practice, wqi and wri are chosen so as

to precondition (see §7.2.2) the corresponding qi and ri functions, respectively. Consider the

following rectified linear unit (relu) function:

relu(z) := max{0, z} (7.7)
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One choice for the exterior penalty function is [66]:

pq(z) := relu(z)2 (7.8)

pr(z) := z2 (7.9)

Another choice (with better numerical conditioning) is [218]:

pq(z) :=

√
relu(z)2 + a2 − a (7.10)

pr(z) :=
√
z2 + a2 − a (7.11)

where a > 0 is any (typically small) positive number. Note that both of the aforementioned

choices are smooth and also exact, in that they do not introduce any approximations.

Further, note that x(t) and u(t) satisfy path constraints given by Equations (7.2) and

(7.3), at all times (a.e.) t ∈ [0, tf ], if and only if the following integral condition holds [66,

Lemma 2]:

∫ tf

0

fy(x(t), u(t)) dt = 0 (7.12)

Next, we define an auxiliary state, y(t). Now, Equation (7.12) can be represented via the

following boundary value problem:

ẏ(t) = fy(x(t), u(t)) (7.13)

y(0) = y(tf) (7.14)

which is satisfied if and only if Equation (7.12) holds [66, Corollary 3]. We augment the

original dynamical system given by Equation (7.1) with Equation (7.13), as follows:

ẋ(t)
ẏ(t)

 =

 f(x(t), u(t))
fy(x(t), u(t))

 ∈ Rnx+1, a.e. t ∈ [0, tf ] (7.15)
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7.1.2 Generalized Time-Dilation

Free-final-time optimal control problems are typically intractable with dynamics in the stan-

dard form (Equation (7.1)), since tf is not an explicit variable. Time-dilation is a transfor-

mation that exposes tf as an explicit variable and converts the free-final-time problem to

an equivalent fixed-final-time problem in normalized time [203, 208, Section III.A.1]. The

dilation factor can either be treated as a single scalar parameter variable [203, 208, 100] or

multiple discrete scalar parameter variables [103, 49, 42, 109]; it can also be generalized as

a continuous-time control input variable [51, 66].

Consider dynamics in a sub-interval of [0, tf ], [tk, tk+1], where 0 = t1 ≤ tk < tk+1 ≤ tN =

tf , k = 1, . . . , N − 1, N being the number of discrete temporal nodes chosen. Consider the

following invertible mapping τ : [tk, tk+1]→ [0, 1]:

τ(t) :=
t

tf
, t ∈ [tk, tk+1] (7.16)

which normalizes (dilates) each wall-clock time-interval, [tk, tk+1], to a fixed interval, [0, 1].

Let the derivative with respect to τ be denoted by
◦
□. Taking the derivative of the left

hand side (LHS) of Equation (7.15) with respect to τ and invoking the chain rule, we get

a.e. t ∈ [tk, tk+1], i.e., a.e. τ ∈ [0, 1]:

 ◦x(t)
◦
y(t)

 =
d

dτ

x(t)
y(t)

 =
dt

dτ

d

dt

x(t)
y(t)

 =
dt

dτ
:= s(τ)

ẋ(t)
ẏ(t)

 (7.17)

Note that t can be expressed as a function of τ , i.e., t(τ), t : [0, 1] → [tk, tk+1]. Henceforth,

we treat τ as the independent variable, and write □(t(τ)) as □(τ). Next, we augment the

control input vector with s(τ), and obtain the following equivalent transformed system:

 ◦x(τ)
◦
y(τ)

 = s(τ)

 f(x(τ), u(τ))
fy(x(τ), u(τ))

 =: F

x(τ)
y(τ)

,
u(τ)
s(τ)

 , a.e. τ ∈ [0, 1] (7.18)
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7.1.3 Control Parameterization and Discretization

In order to obtain continuous-time solutions to optimal control problems, we first adopt

a control parameterization, i.e., a parameterization for the augmented control input that

completely describes the continuous-time control input signal with a finite number of discrete

parameters. Specifically, we consider three control parameterization techniques: zero-order

hold (ZOH) parameterization, in which the control input is assumed to be piecewise-constant

(and discontinuous), first-order hold (FOH) parameterization, in which the control input is

assumed to be piecewise-affine (and continuous), and impulse-input (IMP) parameterization,

in which the control input is assumed to be a discrete train of impulses. In what follows, we

present a unified description of control parameterization and discretization.

Consider the following control parameterization in wall-clock time-interval [tk, tk+1], k =

1, . . . , N − 1, where τ ∈ [0, 1]:

u(τ) = σ−(τ)uk + σ+(τ)uk+1 (7.19)

where u(τ), and σ−(τ) and σ+(τ) take the following parameterization-dependent values:

ZOH FOH IMP

σ−(τ) 1 1− τ δ(τ)
σ+(τ) 0 τ 0

Table 7.1: Control input interpolation parameters.

where δ(·) is the Dirac-delta function. The dilation factor control input, s(τ), is only

allowed to assume either ZOH or FOH. The node values of the augmented state and aug-

mented control, (xk, yk) and (uk, sk), respectively, k = 1, . . . , N , are treated as the decision
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variables, yielding the following discrete-time nonlinear system:xk+1

yk+1

 =

xk
yk

+

∫ 1

0

F

x(τ)
y(τ)

,
u(τ)
s(τ)

 dτ (7.20a)

=: Fk

xk
yk

,
uk
sk

,
uk+1

sk+1

 (7.20b)

7.1.4 Optimal Control Problem

After performing the integral constraint reformulation (§7.1.1), generalized time-dilation

(§7.1.2), and control parameterization and discretization (§7.1.3), we are now ready to present

the general discrete-time optimal control problem template:

Problem 7.21: General Optimal Control Problem

minimize
u1,...,uN ,
s1,...,sN

Cost Function:
N∑

k=1

L(xk, uk) or e⊤c xN or

N−1∑
k=1

Ls(sk, sk+1) (7.21a)

subject to Dynamics (Augmented):

xk+1

yk+1

 = Fk

xk
yk

,
uk
sk

,
uk+1

sk+1

 , k = 1, . . . , N − 1 (7.21b)

Inequality Constraints: g(xk, uk) ≤ 0, k = 1, . . . , N (7.21c)

Equality Constraints: h(xk, uk) = 0, k = 1, . . . , N (7.21d)

Convex Conic Constraints: (xk, uk) ∈ Zk, k = 1, . . . , N (7.21e)

Control Bounds: umin ≤ uk ≤ umax, k = 1, . . . , N (7.21f)

Dilation Bounds: smin ≤ sk ≤ smax, k = 1, . . . , N (7.21g)

Control Rate Bounds (FOH): |uk+1 − uk| ≤ u̇max min{sk, sk+1}, k = 1, . . . , N − 1 (7.21h)

Auxiliary Constraints: yk+1 − yk ≤ ϵlicq, k = 1, . . . , N − 1 (7.21i)

Initial Condition: Ei x1 = x̃i (7.21j)

Final Condition: Ef xN = x̃f (7.21k)

where, in the case of ZOH, (uN , sN) = (uN−1, sN−1), and in the case of IMP, (uN , sN) =

(0nu , sN−1), with ZOH assumed only on the dilation factor. We have already described the
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augmented dynamics in §7.1.3 (Equation (7.20b)), which includes constraints—for which

continuous-time satisfaction is desired—in integral form. Next, we describe the remaining

components of the template optimal control problem.

Remark 8. Problem (7.21) is convex when the cost function (7.21a) is convex and the

dynamics (7.21b), inequality constraints (7.21c), and equality constraints (7.21d), are affine.

Note that for the dynamics to be affine: (i) the problem must be fixed-final-time, in which

case sk, k = 1, . . . , N , are constants, and (ii) the problem must not have continuous-time

constraints (i.e., must not have yk, k = 1, . . . , N , and the associated auxiliary dynamics).

Cost Function The cost function in (7.21a) can either define a running cost, a terminal

cost, or a minimum-time cost. The running cost is
∑N

k=1 L(xk, uk), where L : Rnx×Rnu → R

is either convex or a C1 nonconvex function. The terminal cost is of the form e⊤c xN , where

ec ∈ Rnx is a basis vector with only one element, which is ±1. The minimum-time cost

function is
∑N−1

k=1 Ls(sk, sk+1), where Ls(sk, sk+1) := sk if ZOH is used and Ls(sk, sk+1) :=

sk+sk+1

2
if FOH is used.

Inequality and Equality Constraints The inequality and equality node constraints, i.e.,

the inequality and equality constraints only imposed at the nodes, are given by Equations

(7.21c) and (7.21d), respectively. These constraints can either be affine or C1 nonconvex

constraints, which are treated accordingly.

Convex Conic Constraints The convex conic constraints on the state and control are

given by Equation (7.21e), where each Zk, k = 1, . . . , N , is a Cartesian product of convex

conic sets.

Control, Dilation, and Control Rate Bounds We explicitly bound the control input

variables and the dilation factors element-wise, as shown in Equations (7.21f) and (7.21g),
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respectively. The dilation bounds, smin and smax, are assumed to be strictly positive. In the

case of FOH, control rate constraints can be imposed element-wise, as shown in Equation

(7.21h), which is derived as follows—consider the control rate, where the the control input

is FOH-parameterized:

u̇(τ) =
◦
u(τ)

dτ

dt
=
uk+1 − uk
s(τ)

=
uk+1 − uk

(1− τ) sk + τ sk+1

, τ ∈ [0, 1] (7.22)

From Equation (7.22), the control rate constraint can now be given as:

|u̇(τ)| ≤ u̇max, ∀ τ ∈ [0, 1] (7.23a)

⇐⇒ |uk+1 − uk| ≤ u̇max ((1− τ) sk + τ sk+1), ∀ τ ∈ [0, 1] (7.23b)

⇐⇒ |uk+1 − uk| ≤ u̇max min{sk, sk+1} (7.23c)

which can be equivalently written as the following convex constraints:

|uk+1 − uk| ≤ u̇max sk (7.24a)

|uk+1 − uk| ≤ u̇max sk+1 (7.24b)

where u̇max ∈ Rnu is element-wise strictly positive. However, control rate constraints can be

imposed in general (with both ZOH and FOH) by treating the control input in question as

a state, its derivative as the new control input, and bounding this new control input.

Auxiliary Constraints While setting the boundary conditions of the auxiliary dynamical

system for the continuous-time constraints to be equal to each other—as shown in Equation

(7.14)—suffices for Equation (7.12) to hold, and in turn, for the continuous-time constraints

to be satisfied at all (a.e.) times, the reformulated constraints (i) violate the linear inde-

pendence constraint qualification (LICQ) at all feasible points and (ii) cause inexactness of

the penalty term, the exactness of which is crucial to the solution method we describe in

§7.2 [66, Subsection 3.1]. To mitigate these pathologies, we employ the relaxation shown in
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Equation (7.21i), where ϵctcs is a small positive number that is numerically significant (i.e.,

larger than machine precision) yet physically insignificant. See [66, Figure 4] for the effect of

choice of ϵctcs on continuous-time constraint violation for a real-world application, wherein

ϵctcs ≈ 10−4 ensures that the continuous-time constraint violation is less than 1%.

Boundary Conditions We assume fixed boundary conditions on some or all of the states,

as shown in Equation (7.21j) and (7.21k), where Ei ∈ Rni×nx and Ef ∈ Rnf×nx are wide (or

identity or zero) matrices that select components of the state, and x̃i and x̃f are the fixed

boundary conditions, where ni, nf ≤ nx.

State-Triggered Constraints State-triggered constraints (STCs) [177, 208, 176] are con-

ditional constraints of the form trigger condition implies constraint condition, i.e.:

gstc(x(t)) ≤ 0 =⇒ cstc(x(t)) ≤ 0 (7.25)

where the trigger function, gstc, and the constraint function, cstc, are vector-valued functions

that are not necessarily convex. The constraints themselves are referred to as the trigger

condition and the constraint condition, respectively.

State-triggered constraints provide a continuous encoding of if-type constraints, which

are mixed-integer constraints in their native form [132]. Another approach to handling

discrete logical constraints in a continuous optimization framework is via homotopy [130].

Multiple STCs can be imposed together, either with the AND logic or the OR logic (or with a

combination of them) [207, 204], and are referred to as compound STCs. Compound STCs

can also be satisfied in continuous-time using the integral constraint reformulation [216].

Multi-Phase Trajectory Optimization For a class of state-triggered constraints, wherein

(i) the trigger condition is only activated once and (ii) the trigger function is monotonic in

a neighborhood around the trigger condition activation point, compound conditional con-

straints can also be formulated as single-crossing compound STCs, enabling multi-phase tra-
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jectory optimization [103, 42, 109, 110]. Note that all state-triggered constraint formulations,

except for the single-crossing compound STC formulation, after the continuous encoding, are

inherently nonconvex, regardless of whether the trigger and constraint conditions are indi-

vidually convex or not. However, single-crossing compound STCs are entirely convex in the

special case where the trigger conditions are linear and the constraint conditions are convex,

but do require time-interval dilation, which adds nonlinearity to the dynamics [103].

7.2 Successive Convexification

Optimal control problem
Isoperimetric constraint reformulation

& generalized time-dilation

Control parameterization,
discretization,

& exact penalization

Initialization

1st

Iteration?
Convexification

Converged? Solve convex
subproblem

Update
hyperparameters

Solution

No

Yes

Yes No

Figure 7.2: The successive convexification (SCvx) framework [66]. The blocks show
the construction of optimal control problem to be solved, which is performed offline.
The blocks show the components of the prox-linear method—with the block
demarcating the iterative components—which is executed online.

7.2.1 Convexification

Our solution method relies on solving a sequence of convex approximations to the original

discrete-time nonconvex problem, Problem 7.21. To this end, we successively convexify the
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problem by (i) linearizing the nonconvexity stemming from Equations (7.21b), (7.21c), and

(7.21d), and (ii) preserving the remaining constraints that are convex to begin with.

Linearization of Nonlinear Dynamics

We linearize the discrete-time nonlinear dynamics in Equation (7.20b) in a matrix-inverse-

free manner using the variational approach to multiple shooting [168, 85, 103, 66]. Consider

the Jacobians of the right hand side (RHS) of Equation (7.18) with respect to the augmented

state and augmented control, respectively, in a given wall-clock time-interval, t ∈ [tk, tk+1],

where τ ∈ [0, 1]:

A(τ) := ∇(x,y) F

x(τ)
y(τ)

,
u(τ)
s(τ)

 (7.26)

B(τ) := ∇(u,s) F

x(τ)
y(τ)

,
u(τ)
s(τ)

 (7.27)

Consider the following reference trajectory:x̄k
ȳk

,
ūk
s̄k

 , k = 1, . . . , N (7.28)

Linearizing the RHS of Equation (7.20b) around the reference trajectory (7.28) yields the

following first-order approximation:∆xk+1

∆yk+1

 = Ak

∆xk
∆yk

+B−k

∆uk
∆sk

+B+
k

∆uk+1

∆sk+1

+

∆xpropk+1

∆ypropk+1

 , k = 1, . . . , N − 1

(7.29)
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where, for k = 1, . . . , N : ∆xk
∆yk

 :=

uk − ūk
sk − s̄k

 (7.30)

∆uk
∆sk

 :=

uk − ūk
sk − s̄k

 (7.31)

and for k = 1, . . . , N − 1:

Ak := ΦA(1) = Inx +

∫ 1

0

A(τ) ΦA(τ) dτ (7.32)

B−k := ΦB−(1) =

∫ 1

0

(
A(τ) ΦB−(τ) +B(τ)σ−(τ)

)
dτ (7.33)

B+
k := ΦB+(1) =

∫ 1

0

(
A(τ) ΦB+(τ) +B(τ)σ+(τ)

)
dτ (7.34)∆xpropk+1

∆ypropk+1

 :=

xpropk+1 − x̄k+1

ypropk+1 − ȳk+1

 (7.35)

where:

◦
ΦA(τ) := A(τ) ΦA(τ) (7.36)

◦
ΦB−(τ) := A(τ) ΦB−(τ) +B(τ)σ−(τ) (7.37)

◦
ΦB+(τ) := A(τ) ΦB+(τ) +B(τ)σ+(τ) (7.38)xpropk+1

ypropk+1

 :=

x̄k
ȳk

+ Fk

x̄k
ȳk

,
ūk
s̄k

,
ūk+1

s̄k+1

 (7.39)

Linearization of Nonconvex Constraints

The nonconvex constraint functions in Equations (7.21c) and (7.21d), respectively, are lin-

earized about the reference trajectory (7.28) to yield the following first-order approximations,
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k = 1, . . . , N :

g(xk, uk) = Gx
k∆xk +Gu

k ∆uk + gk (7.40)

h(xk, uk) = Hx
k ∆xk +Hu

k ∆uk + hk (7.41)

where:

Gx
k := ∇x g(xk, uk)

∣∣∣
(x̄k, ūk)

(7.42)

Gu
k := ∇u g(xk, uk)

∣∣∣
(x̄k, ūk)

(7.43)

gk := g(x̄k, ūk) (7.44)

Hx
k := ∇x h(xk, uk)

∣∣∣
(x̄k, ūk)

(7.45)

Hu
k := ∇u h(xk, uk)

∣∣∣
(x̄k, ūk)

(7.46)

hk := h(x̄k, ūk) (7.47)

7.2.2 Pre-Solve

Scaling

Scaling of decision variables plays an important role in numerical optimization and numerical

optimal control algorithms [155, 28, 134]. Although, in theory, convexification of the original

optimal control problem is sufficient to be able to solve it, practice suggests otherwise [176].

Specifically, sequential convex programming (SCP)-based algorithms are typically not scale-

invariant, and benefit significantly from good scaling, both numerically and with respect

to optimality [134]. Finite precision arithmetic suffers when variables have largely varying

relative magnitudes. Further, proximal optimization methods like successive convexification

that rely on a proximal term (“a soft/penalized trust region” [174]), or on a trust region con-

straint (“a hard trust region” [134]), are sensitive to relative magnitude differences between

the decision variables, especially in terms of meeting termination tolerances [132, 134].
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The goal of variable scaling (scaling of variables) is to ensure all decision variables that

the numerical solver sees are roughly on the same order of magnitude to mitigate the afore-

mentioned undesirable effects. A popular variable scaling technique that has been widely

used in the trajectory optimization literature is that of linear/affine scaling [174, 134].

Example. As a representative example, consider two decision variables, thrust T and point-

ing angle δ. Let T ≤ Tmax, where Tmax = 2200 kilo-Newtons, and δ ≤ δmax, where

δmax = 1◦ ≈ 0.0175 radians be constraints imposed [103]. A change of 10% the maxi-

mum magnitude would be 220000 N for T and 0.00175 radians for δ, the values for which

are on completely different orders of magnitude, and, if provided to a numerical solver di-

rectly, would result in numerical errors, skewed trust regions, and inconsistent convergence

checks (given a termination tolerance). Now consider the scaled variables T̂ and δ̂, and

the corresponding linear scaling factors PT := Tmax and Pδ := δmax, respectively, such that

T = PT T̂ and δ = Pδ δ̂. Treating T̂ and δ̂ as the decision variables instead would ensure that

both decision variables have a maximum magnitude of roughly unity, and would mitigate the

aforementioned issues.

We aim to equivalently transform the problem to one in which the decision variables

have, roughly, a magnitude less than unity. Consider the following, k = 1, . . . , N :xk
yk

 = Px

x̂k
ŷk

 (7.48)

uk
sk

 = Pu

ûk
ŝk

 (7.49)

where Px ≻ 0 ∈ Rnx+1 and Pu ≻ 0 ∈ Rnu+1 are positive-definite diagonal scaling matrices,

and x̂k, ŷk, ûk, and ŝk are the scaled absolute variables. Subtracting the reference trajectory
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from both sides of Equations (7.48) and (7.49), we get:

∆xk
∆yk

 =

xk − x̄k
yk − ȳk

 = Px

x̂k
ŷk

−
x̄k
ȳk

 = Px

x̂k
ŷk

− P−1x

x̄k
ȳk


:=∆x̂k

(7.50)

∆uk
∆sk

 =

uk − ūk
sk − s̄k

 = Pu

ûk
ŝk

−
x̄k
ȳk

 = Pu

ûk
ŝk

− P−1u

x̄k
ȳk


:=∆ûk

(7.51)

We treat the scaled deviation variables, ∆x̂k and ∆ûk, k = 1, . . . , N , as the decision variables.

Equation (7.29) can be equivalently written as in terms of the scaled variables as:

Px

∆x̂k+1

∆ŷk+1

 = Ak Px

∆x̂k
∆ŷk

+B−k Pu

∆ûk
∆ŝk

+B+
k Pu

∆ûk+1

∆ŝk+1

+

∆xpropk+1

∆ypropk+1

 , k = 1, . . . , N − 1

(7.52)

Similarly, the constraints can be equivalently written in terms of the scaled variables.

Automatic Scaling Typically, optimal control problems contain enough information for

the determination of good scaling factors for the decision variables [132]. For the control

input and dilation factor variables, the (absolute value of) user-chosen element-wise bounds

(Equations (7.21f) and (7.21g)) serve as good scaling factors. For the augmented-state vari-

ables, the scaling matrix can either be predetermined based on problem data, or can be

automatically computed on-the-fly, without the need for user intervention, as follows:

Px =


max{∥1xprop∥∞, 1}

. . .

max{∥nxxprop∥∞, 1}
max{∥yprop∥∞, 1}

 ∈ Rnx+1 (7.53)
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where ix, i = 1, . . . , nx, and y are the scalar components of the augmented state, and ixprop,

i = 1, . . . , nx, and y
prop are the respective propagated multiple shooting trajectories, which

are accessible at every nonconvex solver iteration.

Preconditioning

While scaling of variables helps ensure they are on the same order of magnitude, it can

adversely affect the numerical conditioning of the resulting problem data. Moreover, the

constraints and objective function can be ill-conditioned to begin with. Consider the scaled

variables from the example in 7.2.2. Assembling the constraints in the example into a

canonical affine inequality constraint that a numerical solver would see, we get:PT 0

0 Pδ

T̂
δ̂

 ≤
Tmax

δmax

 (7.54)

where the constraint matrix has a condition number of PT

Pδ
≈ 1.26 · 108, making the problem

ill-conditioned. The affine inequality constraint in Equation (7.54) can be preconditioned by

normalizing the rows of the constraint matrix, which would yield:1 0

0 1

T̂
δ̂

 ≤
1
1

 (7.55)

which is equivalent to Equation (7.54), but now, with a condition number of unity.

Preconditioning is a heuristic that seeks to compute an invertible transformation that

minimizes the condition number of the matrix in question, often employed to improve the

performance of iterative numerical methods [232, 22]. In numerical optimization, diagonal

preconditioning and matrix equilibration are popular preconditioning techniques [162, 80, 82].

Specialized preconditioners have also been developed for quadratic cone programs with

strongly convex objective functions [52, 101]. Perhaps the most commonly used precon-

ditioning technique in off-the-shelf convex solvers, however, is an iterative method called
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Ruiz equilibration [183], modified with a cost-scaling step [201, 59, 50]. While most modern

convex solvers are inherently robust to ill-conditioning and/or possess internal precondition-

ers at the solver level, we implement the proposed preconditioning and objective function

scaling techniques to mitigate ill-conditioning in the problem even before it is passed to the

convex solver, which we have observed to be useful, especially when first-order convex solvers

are used.

For the prescaled dynamics in Equation (7.52), we first complete the similarity transfor-

mation by multiplying throughout by P−1x :

∆x̂k+1

∆ŷk+1

 = P−1x Ak Px

∆x̂k
∆ŷk

+ P−1x B−k Pu

∆ûk
∆ŝk

+ P−1x B+
k Pu

∆ûk+1

∆ŝk+1

+ P−1x

∆xpropk+1

∆ypropk+1


k = 1, . . . , N − 1 (7.56)

Then, for all constraints in the convexified problem, including the similarity-transformed

dynamics in Equation (7.56), we apply block row-normalization from [101, Section II.B]

in the ℓ∞-norm sense, which normalizes the rows of the affine constraints, and scales each

scalar-valued convex conic constraint by a positive scalar. Further, we divide the objective

function by a function of the largest magnitude coefficient of its terms. The combined effect

of the preconditioning procedure we employ is similar to that of modified Ruiz equilibration

[201]. However, unlike modified Ruiz equilibration, the method we use: (i) only normalizes

the rows of the constraint matrix rather than fully equilibrating it, i.e., rather than ensuring

all rows have the same norm and all columns have the same norm, and (ii) is not iterative.

7.2.3 Prox-Linear Method

Within the successive convexification framework, we adopt the prox-linear method [60, 61],

a convergence-guaranteed sequential convex programming (SCP) method. The prox-linear

method is closely related to the penalized trust region (PTR) algorithm popularly used

in trajectory optimization [203, 177, 132, 208, 176, 135], the connection between which is
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described in [65, Remark 26].

A notable characteristic of this method is that it only requires the nonlinear dynamics

and nonconvex constraints to be once continuously differentiable (C1), as opposed to twice

continuously differentiable (C2), as is the case with sequential quadratic programming (SQP)-

based methods [236, 87, 164].

Exact Penalty

Let z = ((x̂1, ŷ1), . . . , (x̂N , ŷN), (û1, ŝ1), . . . , (ûN , ŝN)) ∈ R((nx+1)+(nu+1))N be the stacked

scaled absolute variable vector. Consider the following stacked version of Problem 7.21:

minimize
z ∈Ω

C(z) (7.57a)

subject to Deq(z) = 0 (7.57b)

Dineq(z) ≤ 0 (7.57c)

where Ω is a convex set corresponding to all the convex constraints, C(z) is the convex

cost, Deq(z) includes all the nonconvex equality constraints, and Dineq(z) includes all the

nonconvex inequality constraints in Problem 7.21.

Now, the penalized problem is defined as follows:

minimize
z ∈Ω

C(z) + λ⊤eq |Deq(z)|+ λ⊤ineq relu(Dineq(z))

exact penalty term

(7.58)

where λeq and λineq are element-wise positive vectors of appropriate dimensions. For large

enough, finite values of λeq and λineq (element-wise), it can be shown that any solution to

Problem 7.58, in which the exact penalty term evaluates to zero, is also a solution to Problem

7.57 [57].
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Penalized Trust Region

The prox-linear method computes a stationary point of Problem 7.58 by solving a sequence

of convex approximations to Problem 7.58, which is originally nonconvex due to terms Deq(z)

and Dineq(z). At each iteration in the sequence, the convex subproblem is given by:

minimize
z ∈Ω

C(z) + λ⊤eq |Deq(z̄) +∇Deq(z̄)∆z|+ λ⊤ineq relu(Dineq(z̄) +∇Dineq(z̄)∆z)

exact penalty term (convexified)

+ wtrust
1

2
∥∆z∥2

penalized trust region

(7.59)

where wtrust > 0 is the penalized trust region weight, ∆z := z − z̄, and z̄ is the scaled

reference solution, i.e., the solution to the convex subproblem at the previous iteration in

the sequence. While the prox-linear method is not scale-invariant (choice of scaling affects

the penalized trust region term in Problem 7.59), it is preconditioning-invariant.

Convex Subproblem

After convexification of Problem 7.21 (§7.2.1), carrying out the pre-solve steps (§7.2.2), and

with the exact penalty and penalized trust region modifications (§7.2.3), the stacked convex

problem, Problem 7.59, can be written explicitly as follows:
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Problem 7.60: Convex Subproblem

minimize
∆û1,...,∆ûN ,
∆ŝ1,...,∆ŝN

wcost

 N∑
k=1

L̂(∆x̂k + ˆ̄xk,∆ûk + ˆ̄uk) or ê
⊤
c (∆x̂N + ˆ̄xN ) or

N−1∑
k=1

(∆ŝk + ˆ̄sk) + (∆ŝk+1 + ˆ̄sk+1)

2


+

N−1∑
k=1

λ
⊤
k

(
ν
+
k + ν

−
k

)
+

N∑
k=1

(
λ
⊤
gk

νgk + λ
⊤
hk

(
ν
+
hk

+ ν
−
hk

))

+ wtrust
1

2

N∑
k=1

(
∥∆x̂k∥

2
2 + (∆ŷk)

2
+ ∥∆ûk∥

2
2 + (∆ŝk)

2
)

(7.60a)

subject to Â
−
k

∆x̂k

∆ŷk

 + Â
+
k

∆x̂k+1

∆ŷk+1

 + B̂
−
k

∆ûk

∆ŝk

 + B̂
+
k

∆ûk+1

∆ŝk+1

 + Ek

∆x
prop
k+1

∆y
prop
k+1

 = Ek

(
ν
+
k − ν

−
k

)
, k = 1, . . . , N − 1

(7.60b)(
ν
+
k , ν

−
k

)
≥ 0, k = 1, . . . , N − 1

(7.60c)

Ĝ
x
k∆x̂k + Ĝ

u
k∆ûk + Egk

gk ≤ Egk
νgk , k = 1, . . . , N (7.60d)

νgk ≥ 0, k = 1, . . . , N (7.60e)

Ĥ
x
k∆x̂k + Ĥ

u
k ∆ûk + Ehk

hk = Ehk

(
ν
+
hk
− ν

−
hk

)
, k = 1, . . . , N (7.60f)(

ν
+
hk

, ν
−
hk

)
≥ 0, k = 1, . . . , N (7.60g)

(∆x̂k,∆ûk) ∈ Ẑk, k = 1, . . . , N (7.60h)

ûmin ≤ ∆ûk + ˆ̄uk ≤ ûmax, k = 1, . . . , N (7.60i)

ŝmin ≤ ∆ŝk + ˆ̄sk ≤ ŝmax, k = 1, . . . , N (7.60j)∣∣(∆ûk+1 + ˆ̄uk+1
)
−

(
∆ûk + ˆ̄uk

)∣∣ ≤ ˆ̇umax min
{
∆ŝk + ˆ̄sk, ∆ŝk+1 + ˆ̄sk+1

}
, k = 1, . . . , N − 1

(7.60k)(
∆ŷk+1 + ˆ̄yk+1

)
−

(
∆ŷk + ˆ̄yk

)
≤ ϵ̂licq, k = 1, . . . , N − 1 (7.60l)

Êi
(
∆x̂1 + ˆ̄x1

)
= ˆ̃xi (7.60m)

Êf
(
∆x̂N + ˆ̄xN

)
= ˆ̃xf (7.60n)

where □̂ is used to denote scaled variables and preconditioned problem data, ν+k , ν
−
k ,

k = 1, . . . , N − 1 and ν+hk , ν
−
hk
, k = 1, . . . , N , are the slack variables associated with the ℓ1-

norm penalty to linear cost reformulation for the linearized equality constraints [65], and νgk ,

k = 1, . . . , N , are the slack variables for the linearized inequality constraints. The diagonal

positive definite matrices, Ek ∈ Rnx+1, k = 1, . . . , N − 1, are constructed by multiplying

the row-normalization coefficient matrix for the augmented dynamics by P−1x , to remain

consistent with the similarity-transformation. The diagonal positive definite matrices, Egk ∈
Rng and Ehk ∈ Rnh , k = 1, . . . , N , contain the row-normalization coefficients for the linearized

inequality and equality constraints, respectively. The vector exact penalty weights, λk, k =

1, . . . , N − 1, and λhk , k = 1, . . . , N , are elements of λeq in Problem 7.59, and λgk , k =

1, . . . , N , are elements of λineq in Problem 7.59.
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7.2.4 Hyperparameter Auto-Tuning

Exact Penalty Auto-Tuning

SCP algorithms used in trajectory optimization have typically made use of scalar weights for

the penalty term, which are computed by performing a line search (by trial-and-error) [134,

66]. However, recently, primal-dual SCP algorithms have been introduced [144, 145, 126],

which consider auto-tuned vector penalty weights (dual variables), the benefits of which are

two-fold: (i) the penalty weight being a vector provides additional degrees-of-freedom over

a single scalar weight, and (ii) these vector weights are auto-tuned based on the amount

of constraint violation. The associated weight updates are similar are akin to the weight

updates in augmented Lagrangian methods [91, 163]. Specifically, at each iteration of the

prox-linear method, we consider the following weight update rules based on the integration

of the amount of violation in the nonconvex constraints:

λk = λk + α
∣∣∆xpropk+1

∣∣, k = 1, . . . , N − 1 (7.61)

λgk = λgk + αrelu(gk) , k = 1, . . . , N (7.62)

λhk = λhk + α |hk|, k = 1, . . . , N (7.63)

α = αβ (7.64)

where α ≥ 0 is the integration step-size, and β ≥ 0 is the step-size multiplier [55].

Adaptive Trust Region Weighting

To ensure convergence of the prox-linear algorithm, the trust region penalty must be scaled

in proportion to the Lipschitz constant of the penalized cost function [60, Lemma 5.1]. In

practice, however, estimating this constant in advance is prohibitively expensive, and even

when available, such a choice of penalty weight often leads to extremely slow convergence

[215]. To overcome these difficulties, we employ an adaptive trust region weighting strategy

[45, 215], as shown in Algorithm 17. In this approach, the trust region weight is adjusted
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dynamically after each prox-linear iteration: it is increased when the convexification becomes

inaccurate, reflecting a locally larger Lipschitz constant, and decreased when the convexifi-

cation accuracy improves. The method can also reject candidate solutions if the nonconvex

cost fails to decrease, thereby balancing progress with stability. Figure 7.3 depicts the con-

vexification accuracy metric, the terms in which are defined in the equations that follow.

z

Jnl(z)Jlin(z, z̄)

predicted
improvement

actual
improvementJ̄nl

J⋆lin

J⋆nl

z̄ z⋆

Figure 7.3: Depiction of the convexification accuracy metric, ρcvx :=
actual improvement

predicted improvement =
J̄nl−J⋆

nl

J̄nl−J⋆
lin

.

J̄nl := wcost J̄ +
N−1∑
k=1

λ⊤k


∣∣∆x̄propk+1

∣∣∣∣∆ȳpropk+1

∣∣
+

N∑
k=1

(
λ⊤gkrelu(ḡk) + λ⊤hk

∣∣h̄k∣∣) (7.65)

J⋆nl := wcost J +
N−1∑
k=1

λ⊤k


∣∣∆xpropk+1

∣∣∣∣∆ypropk+1

∣∣
+

N∑
k=1

(
λ⊤gkrelu(gk) + λ⊤hk |hk|

)
(7.66)

J⋆lin := wcost J +
N−1∑
k=1

λ⊤k (ν
+
k + ν−k ) +

N∑
k=1

(
λ⊤gkνgk + λ⊤hk(ν

+
hk

+ ν−hk)
)

+ wtrust
1

2

N∑
k=1

(
∥∆x̂k∥22 + (∆ŷk)

2 + ∥∆ûk∥22 + (∆ŝk)
2
) (7.67)

ρcvx :=
actual improvement

predicted improvement
=
J̄nl − J⋆nl
J̄nl − J⋆lin

(7.68)
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Algorithm 17 Adaptive Trust Region Weighting

Inputs: wtrust, ∆z⋆,

J̄nl, J
⋆
nl, J

⋆
lin, 0 ≤ ρcvx0 < ρcvx1 < ρcvx2 , 0 < βdecrease < 1 < βincrease, wtrustmin , wtrustmax

/* Determine Convexification Accuracy */

1: predicted improvement ← J̄nl − J⋆lin

2: if predicted improvement is 0 then

3: Return: wtrust, ∆z

4: else
5: actual improvement ← J̄nl − J⋆nl

6: ρcvx ← actual improvement
predicted improvement

7: end if

/* Solution Acceptance */

8: if ρcvx < ρcvx0 then

9: ∆z ← 0 ▷ reject solution

10: else
11: ∆z ← ∆z⋆ ▷ accept solution

12: end if

/* Update Trust Region Weight */

13: if ρcvx < ρcvx1 then

14: wtrust ← min(βincreasewtrust, wtrustmax) ▷ increase trust region weight

15: else if ρcvx ∈ [ρcvx1 , ρcvx2) then

16: wtrust ← wtrust

17: else if ρcvx ≥ ρcvx2 then

18: wtrust ← max(βdecreasewtrust, wtrustmin) ▷ decrease trust region weight

19: end if

Return: wtrust, ∆z
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7.3 Software

In this section, we describe the scvxgen software. Specifically, we describe the high-level

user interface in §7.3.1 and automatic custom code generation in §7.3.2.

7.3.1 Modeling Interface

The modeling interface is written in the Python programming language [220], and consists of

a user-friendly custom domain specific language (DSL) that relies on SymPy [151]—a pop-

ular computer algebra system (CAS) in Python—for symbolic manipulation and automatic

generation of Jacobians.

A notable feature of this interface is that the user only needs to provide the true optimal

control problem definition in continuous-time. All the required problem reformulations,

including the integral constraint reformulation (§7.1.1), time-dilation (§7.1.2), and control

parameterization and discretization (§7.1.3), are automatically handled by the software. An

example optimal control problem definition is provided in Listing 7.1.

7.3.2 Automatic Custom Code Generation

Once the optimal control problem is defined via the high-level user interface and is parsed

and reformulated by the software, as described in §7.3.1, the software automatically gen-

erates custom code for the entire successive convexification stack, from default initial-guess

generation to solution. This includes code generation for: (i) the Jacobians of the augmented

system via SymPy, (ii) the convex subproblem solver either directly (pipg) or via cvxpy-

gen [189] (for off-the-shelf solvers, including the default solver, qoco), and (iii) the rest

of the stack, including custom linear algebra routines, preconditioning, multiple-shooting,

and fixed-step RK4 integration routines, via custom templates. We provide the option to

interface with blas routines [244] as well.

A key feature of our software is that the C code it generates is highly readable—it uses the

same symbols that the user defines, for example—and can be modified post-code-generation
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if needed. Further, it is possible to generate library-free C code that uses static memory

allocations only (see Remark 9), which is desirable for safety-critical applications, especially

in the field of aerospace [107, 92, 73].

Automatic Convexity Detection

The general optimal control problem template we consider is convex when the conditions

detailed in Remark 8 hold. Specifically, for a given free-final-time optimal control problem

devoid of continuous-time constraints to be a convex optimal control problem, it suffices to

check for linearity (affineness) in the dynamics (Equation (7.21b)), the inequality constraints

(Equation (7.21c)), and the equality constraints (Equation (7.21d)). We assume that the

nonlinear convex constraints are explicitly imposed via Equation (7.21e). To determine

whether a function is affine or not in practice, we leverage the fact that a C1 function,

l(z), is affine in z if and only if its Jacobian, ∇z l(z), is constant. If linearity is detected

in a function, it is imposed as a convex constraint, and is not exact-penalized. Further, if

a problem is deemed to be entirely convex, custom code is generated accordingly without

exact penalization or a penalized trust region.

Customized Convex Solvers

scvxgen provides the ability to interface with off-the-shelf convex solvers, such as qoco

[50], that are supported by cvxpygen, a code generator for convex optimization solvers

[189]. scvxgen also provides the ability to generate pipgcustom, a customized first-order

solver based on the proportional-integral projected gradient (pipg) method [237, 239, 238],

generated directly for the problem at hand. qoco, the quadratic objective conic optimizer,

is the default convex optimization solver in scvxgen. Altogether, qoco, qococustom, and

pipgcustom, are our in-house-developed convex optimization solvers.

QOCO and QOCOGEN qoco is a state-of-the-art convex optimization solver writ-

ten in C. It is based on an interior-point method (IPM), and is designed to solve feasible
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second-order cone programs (SOCPs) with quadratic objectives, making it ideal for the

subproblems that arise in successive convexification. qocogen is a solver generator that

produces a customized C-based solver (called qococustom), based on the same algorithm as

qoco, but tailored to a specific problem family. By exploiting the fixed sparsity structure of

the problem, qococustom achieves significantly faster solves solve-times than both qoco and

other SOCP solvers in general [50]. This is especially advantageous in successive convexifi-

cation, wherein the subproblems share the same sparsity pattern across all iterations. While

qococustom can be significantly faster than qoco, it comes at the cost of often requiring

longer compile-times, owing to code-customization. That said, the fact that they share the

same algorithm makes qoco ideal for prototyping and qococustom ideal for deployment in

high-performance applications, wherein the solver only needs to be compiled once. Further,

being based on an IPM, qoco and qococustom are numerically robust and are suitable for

high-accuracy solves. Both qoco and qocogen are available via the cvxpygen interface.

PIPG pipg is a first-order method for convex optimization that has recently emerged as

a fast solver for specialized trajectory optimization applications [64, 240, 103, 136]. The

algorithm in pipg itself can be directly customized to the sparsity structure of trajectory

optimization problems, and the problem-specific solver thus generated, pipgcustom, often leads

to the simplest source-code and fastest compilation times when compared with off-the-shelf

solvers, making it well-suited for safety-critical guidance and control applications requiring

strict verification and validation (V&V) procedures [125, 58, 100]. Further, this simplicity

has also aided in the demonstration of scvxgen on a GPU, via the generation of cuda code

[51]. See [64, 51, 100] for customized implementations of pipg, and [51], in particular, for the

customized implementation used within scvxgen. While pipg has been shown to achieve

fast solve-times for specialized applications that only require moderate-accuracy solves, it

often requires extensive manual tuning, which has led to research on preconditioning for

quadratic cone programs to improve its performance [52, 101]. As such, we provide pipgcustom

as an experimental solver within scvxgen.
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Remark 9. When qococustom or pipgcustom and the provided custom linear algebra routines

are used, the generated C codebase is entirely library-free and involves static memory allo-

cations only. Further, with pipgcustom, the entire successive convexification stack is matrix-

inversion- and factorization-free.

The Main Algorithm

The main algorithm that the C code generated by scvxgen implements is given by Algo-

rithm 18. For consistency, we refer to the main nonconvex solution method/framework, with

the following attributes:

1. The applied integral constraint reformulation (§7.1.1)

2. Generalized time-dilation (§7.1.2)

3. Control parameterization and multiple-shooting discretization/linearization (§7.1.3 & §7.2.1)

4. The prox-linear method with exact penalization (§7.2.3)

5. Exact penalty auto-tuning (§7.2.4) and adaptive trust region weighting (§7.2.4)

as, simply, successive convexification (scvx). Being an SCP-based method, scvx requires

an initial guess, which can either be constructed automatically as a straight-line between

user-chosen endpoints for each element in the state and control input vectors, or be provided

manually. The solution is deemed to have converged when the following conditions are met:

∥∆z⋆∥∞ ≤ δtrust (7.69)

N−1∑
k=1

(
ν+k + ν−k

)
+

N∑
k=1

νgk +
N∑
k=1

(
ν+hk + ν−hk

)
≤ δpenalty (7.70)

where ∆z = ∆z⋆ is the candidate solution (see §7.2.3), and δtrust > 0 and δpenalty > 0 are the

chosen trust region and penalty term convergence tolerances, respectively.
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Algorithm 18 Successive Convexification (scvx) via scvxgen

/* Initial Guess */

1: Generate initial guess trajectory

2: for k = 1, . . . , max iters do

/* Convexification */ ▷ §7.2.1
3: Linearize augmented dynamics ▷ §7.2.1
4: Linearize nonconvex node constraints ▷ §7.2.1

/* Prescaling */ ▷ §7.2.2
5: Prescale trajectory
6: Prescale augmented dynamics
7: Prescale node constraints

/* Preconditioning */ ▷ §7.2.2
8: Precondition augmented dynamics
9: Precondition node constraints

/* Exact-Penalty Auto-Tuning */ ▷ §7.2.4
10: Update dual variables

/* Solution */

11: Scale objective function
12: Solve convex subproblem ▷ solve Problem 7.60
13: Unscale objective function

/* Adaptive Trust Region Weighting */ ▷ §7.2.4
14: Update trust region weight

/* Post-Processing */

15: Unscale trajectory
16: Evaluate termination criteria

17: end for
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import scvxgen as scvx

# Parameters

parameters = scvx.Parameters('g')
g, = parameters

# States

states = scvx.States('x y v')
x, y, v = states

# Controls

controls = scvx.Controls('theta ')
theta , = controls

# Symbolic entities

sin = scvx.sympy.sin

cos = scvx.sympy.cos

pi = float(scvx.sympy.pi)

# Dynamics

dynamics = scvx.Dynamics(

v * sin(theta),

-v * cos(theta),

g * cos(theta)

)

# Default numerical values

time = scvx.Time(guess=2, t_min_factor =0.25 , t_max_factor =5) # temporal attributes

parameters.set_value (9.81) # acceleration due to gravity (Earth)

states.set_initial (0, 10, 0) # initial condition

states.set_final (10, 5, scvx.Free()) # final condition

controls.set_initial (5 * pi / 180) # initial -guess start point

controls.set_final (100.5 * pi / 180) # initial -guess end point

controls.set_minimum (0) # lower bound

controls.set_maximum (100.5 * pi / 180) # upper bound

# Settings

settings = scvx.Settings(N_disc =2)

# Set up problem

problem = scvx.Problem(

parameters=parameters , states=states , controls=controls ,

time=time , dynamics=dynamics , settings=settings

)

# Generate C code and compile it (once)

problem.generate_code ()

problem.compile_code ()

# Solve problem (Earth)

output_earth = problem.solve()

# Plot solution and simulation (Earth)

states.plot(show=True)

theta.plot(show=True)

# Solve problem (Mars)

# (Modify parameters and re-solve the problem without re-compiling the generated code)

output_mars = problem.solve(modified_parameters ={'g' : 3.71})

# Plot solution and simulation (Mars)

states.plot(show=True)

theta.plot(show=True)

Listing 7.1: The SCvxGEN modeling interface in Python, defining the Brachistochrone
optimal control example (See §7.4.1). The user can generate C code for the entire
successive convexification stack, solve the problem, modify parameters on-the-fly, and
access/plot the solution and simulation, all directly via Python. The generated C code
forms a standalone codebase that can be used for embedded applications.
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7.4 Numerical Examples

In this section, we present numerical results for a wide-range of examples arising in classical

optimal control, robotics, and aerospace trajectory optimization, including many real-world

examples with logical constraints.

7.4.1 Brachistochrone

We start with the Brachistochrone problem, which is a classical optimal control problem

that aims to compute the path that minimizes the time it takes to reach a target position

from an initial position, in the presence of gravity. We take the problem formulation and

parameters from [72], with the problem definition given in Listing 7.1. For this problem, we

only use two nodes along with the FOH control parameterization, since the optimal control

profile is known to be a straight line. scvxgen finds the globally optimal path traversal

time of 1.81 seconds.

Figure 7.4: The Brachistochrone problem.
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Figure 7.5: The optimal Brachistochrone trajectory (left) and optimal control profile
(right). For this problem, SCvxGEN found the globally optimal solution in under 70
microseconds on a MacBook Pro (M2 Pro chip; 16 GB of RAM).

7.4.2 Static & Dynamic Obstacle Avoidance

The static and dynamic obstacle avoidance examples are from [66], where scvxgen was

used to solve the problem. The corresponding trajectories are shown in Figures 7.6 and

7.7, respectively. This example clearly demonstrates the benefit of the integral constraint

reformulation—even with a sparse discretization grid, the trajectory (in black) does not clip

any of the obstacles. The same goes for the control input profile—an interesting characteristic

of the solution is that the control lower bound constraint is active in between nodes.
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Figure 7.6: An obstacle avoidance trajectory obtained using SCvxGEN (in black) com-
pared against a node-only trajectory optimization method that exhibits intersample
obstacle clipping (in blue). The problem was solved in 59.4 milliseconds (averaged over
1000 solves).
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Figure 7.7: A dynamic obstacle avoidance motion planning solution obtained using
SCvxGEN (in black).
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7.4.3 3-DoF Rocket Landing (Convex)

We solve the 3-DoF rocket landing problem with lossless convexification [2]. scvxgen

automatically detects convexity in the problem, and switches to a pure convex solve mode.

The generated solver is called within a one-dimensional time-of-flight search algorithm via the

Python interface. The resulting control input profile, with lossless convexification holding,

is shown in Figure 7.8.
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Figure 7.8: Lossless convexification holds for the 3-DoF rocket landing problem.

7.4.4 6-DoF Rocket Landing

The 6-DoF rocket landing example is from [66], where scvxgen was used to solve the

problem. The solutions are shown in Figure 7.10. Similar to the obstacle avoidance example

(§7.4.2), the scvxgen solution demonstrates continuous-time constraint satisfaction.
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Figure 7.9: The 6-DoF rocket landing position and tilt trajectories. The tilt trajec-
tory from the SCvxGEN solution (in black) satisfies the maximum tilt constraint in
continuous-time. The guidance problem was solved in 42.5 milliseconds (averaged over
1000 solves).
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Figure 7.10: The 6-DoF rocket landing guidance control input profile obtained using
SCvxGEN (in black) compared against a node-only trajectory optimization method that
exhibits intersample constraint violation (in blue).

7.4.5 Spacecraft Rendezvous with Impulsive Controls

We consider the spacecraft rendezvous guidance problem from [49] with impulse controls, and

solve the minimum-time version of the problem. Figure 7.11 shows the position trajectory

of the spacecraft, and Figure 7.12 shows the speed profile of the spacecraft, both of which

demonstrate continuous-time constraint satisfaction. The problem definition in scvxgen is

given in Listing 7.2, to demonstrate the imposition of constraints.
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Figure 7.11: Spacecraft rendezvous with a keep-out zone constraint, satisfied in
continuous-time.
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Figure 7.12: The maximum speed constraint in the spacecraft rendezvous problem is
satisfied in continuous-time.
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import scvxgen as scvx

# Parameters

parameters = scvx.Parameters('n rc1:4 rho_c v_max u_max')
n, rc1 , rc2 , rc3 , rho_c , v_max , u_max = parameters

rc = scvx.Vector(rc1 , rc2 , rc3)

# States

states = scvx.States('r1:4 v1:4')
r1, r2 , r3 , v1 , v2, v3 = states

r = scvx.Vector(r1, r2 , r3)

v = scvx.Vector(v1, v2 , v3)

# Controls

controls = scvx.Controls('u1:4')
u1, u2 , u3 = controls

u = scvx.Vector(u1, u2 , u3)

# Dynamics

dynamics = scvx.Dynamics(

v,

3 * n**2 * r1 + 2 * n * v2 + u1,

-2 * n * v1 + u2,

-n**2 * r3 + u3

)

# Inequality constraints (continuous -time)

inequality_constraints = scvx.InequalityConstraints(

rho_c **2 - (r - rc).norm()**2, # squared to ensure differentiability

v.norm()**2 - v_max **2 # squared to ensure differentiability

)

# Node constraints (discrete -time)

node_constraints = scvx.NodeConstraints(

scvx.NormCone(Au_cone=scvx.sympy.matrices.eye(3), d_cone=u_max), # required (CT constraints will not capture impulsive

controls)

scvx.AutoInequality(rho_c - (r - rc).norm()), # optional

scvx.NormCone(Ax_cone=scvx.sympy.diag(0, 0, 0, 1, 1, 1), d_cone=v_max) # optional

)

# Numerical values

time = scvx.Time(guess =3000, t_max_factor =1.25, t_min_factor =0.75) # temporal attributes

parameters.set_value (0.00113 , 0, 300, 0, 200, 0.5, 0.1) # system/constraint parameters

states.set_initial (150, 1000, 200, 0, 0, 0) # initial condition

states.set_final(0, 0, 0, 0, 0, 0) # final condition

states.set_scale (150, 1000, 200, 0.5, 0.5, 0.5) # scaling factors (optional)

controls.set_initial (0.0, 0.0, 0.0) # initial -guess start point

controls.set_final (0.0, 0.0, 0.0) # initial -guess end point

controls.set_minimum(-u_max.value , -u_max.value , -u_max.value) # lower bounds

controls.set_maximum(u_max.value , u_max.value , u_max.value) # upper bounds

# Settings

settings = scvx.Settings(

N_disc =15,

disc_order =-1 # impulse -train (IMP)-based discretization

)

# Set up problem

problem = scvx.Problem(

time=time ,

parameters=parameters ,

states=states ,

controls=controls ,

dynamics=dynamics ,

inequality_constraints=inequality_constraints ,

node_constraints=node_constraints ,

settings=settings

)

# Generate code

problem.generate_code ()

# Solve problem

output = problem.solve() # code automatically compiles the first time if not compiled previously

# Plot results

states.plot(show=True , save=True)

controls.plot(show=True , save=True)

Listing 7.2: Definition of the spacecraft rendezvous guidance problem (see §7.4.5) in
SCvxGEN. This listing showcases the description of continuous-time and discrete-time
constraints within the SCvxGEN modeling interface.
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Chapter 8

CONCLUSIONS

This chapter provides chapter-wise conclusions to the research directions pursued in this

dissertation, including potential avenues for future research.

8.1 Summary of Contributions & Future Work

8.1.1 Chapter 2: Sequential Conic Optimization for Trajectory Generation

Chapter 2 provides a comprehensive trajectory optimization framework called sequential

conic optimization (seco). For nonconvex optimal control problems that can be modeled to

fit the template conic subproblem structure, it is shown that this framework can be used to

obtain high-performance guidance algorithms (as detailed in Chapter 6).

An avenue for future work is to extend the sequential optimization framework to natively

handle a class of nonconvex path constraints, i.e., to handle them directly without lineariza-

tion in a manner that is exact at every solver iteration. Consider the subproblem template

given by Equations 2.17, with set D replaced by Dncvx (a nonconvex set):

minimize
z

1

2
z⊤Qz + ⟨q, z⟩ (8.1a)

subject to Hz − h = 0

z ∈ Dncvx

(8.1b)

In Chapter 2, the set D is assumed to be a closed convex set. In common trajectory opti-

mization examples, the path constraints imposed through this set are temporally separable

and possess closed-form projection operations [237, 64, 240]. However, there exist several

commonly imposed path constraints in trajectory optimization that are nonconvex and yet
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possess closed-form projection operations; for example, the thrust magnitude constraint (in

Cartesian coordinates), that is best represented as an annulus [160]. Such a template would

lead to a sequential nonconvex optimization framework, wherein only the constraints that do

not possess closed-form projections (such as the dynamics) are linearized at each iteration.

Analyzing the convergence properties of pipg with the closed convex set D (as in Equation

2.17), replaced by a nonconvex set Dncvx (as in Equation 8.1), is a potential research direction.

Despite this modification, the complexity of the algorithm would remain the same as that

of the original pipg algorithm, and all the numerical methods proposed to improve the

performance of pipg would likely apply as presented.

8.1.2 Chapter 3: Optimal Preconditioning for Conic Optimization

In Chapter 3, we propose a three-step preconditioning procedure, the hypersphere precon-

ditioner, to improve the performance of conic optimization solvers for online applications

that involve solving quadratic cone programs (QCPs) with strongly convex objective func-

tions. This preconditioner is amenable to a mostly analytical, fully factorization-free, and

customizable implementation, while significantly improving the performance of first-order

conic optimization solvers, making it particularly beneficial for online applications that in-

volve solving a sequence of QCPs with dynamically changing problem data. We derive an

analytical expression for the optimal objective function scaling factor in the sense of mini-

mizing the condition number of the KKT matrix of the preconditioned problem, and obtain a

lower bound on it. We demonstrate the efficacy of the hypersphere preconditioner by means

of numerical experiments in both convex optimization and sequential convex programming

settings.

Future work involves expanding the class of problems to which the proposed precondi-

tioning procedure can apply. Generalizing the preconditioning procedure to problems with

non-strongly convex objective functions would allow for its use within most NMPC and

SCP-based trajectory optimization frameworks [135, 134, 146, 51, 49, 219, 109].
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8.1.3 Chapter 4: Set-based Dynamic Programming for Predictive Control

We have developed a unified computational framework for closed-loop optimal, robust, and

resilient predictive control for autonomous systems. Motivated by the autonomous precision

landing problem, we have proposed a set-based framework for robust control with respect

to both state and control uncertainty, instantaneous reachable set computation, and maxi-

mal decision-deferral. The framework is based on dynamic programming over controllable

tubes, achieving computational tractability using constrained zonotopes, a parameterization

of compact convex polytopes that enables efficient high-dimensional set operations.

This work aims at bridging the gap between traditional open-loop guidance approaches

and closed-loop control methods for applications such as precision landing.

Avenues for future research include generalizing the class of problems considered, reducing

the number of sources of approximation, and implementing the computational framework

via high-performance code to assess onboard viability for autonomous systems in terms of

memory requirements and solve-times.

8.1.4 Chapter 5: Temporal Techniques for Guidance & Control

Chapter 5 deals with temporal techniques for trajectory optimization. The main theme

of this chapter is to leverage the notion of time to develop more capable optimal control

problem formulations without sacrificing performance, i.e., to treat time itself as a degree-of-

freedom to achieve certain trajectory generation capabilities within a continuous optimization

framework (without having to resort to mixed-integer programming).

To that end, in Chapter 5, an extension to the idea of time-dilation [203] is proposed,

which we refer to as time-interval dilation, that treats the time intervals between consecutive

discrete temporal nodes themselves as decision variables (as opposed to only the final time).

This extension allows for the formulation of a class of optimal control problems that can

be solved using existing sequential convex programming frameworks, but with the added

capability of achieving certain trajectory generation capabilities that were not possible before,



208

such as accounting for discrete switches in the dynamics and enabling multi-phase trajectory

optimization with free-phase-transition-times.

Further, we use time-interval dilation to formulate a specialized class of compound state-

triggered constraints (STCs), wherein the trigger function is strictly monotonic in a neighbor-

hood around the trigger. In this special case, we show that the compound STC possesses the

following properties (which are not enjoyed by the original STC formulation): (i) triggering

is exact in time, i.e., it is not subject to intersample violations, and (ii) the entire compound

STC is convex if the trigger function and the constraint conditions are individually convex.

Finally, we have proposed a set-based approach to closed-loop free-final-time optimal

control.

8.1.5 Chapter 6: Rocket Landing Guidance & Control

In Chapter 6, we present two guidance algorithms for rocket landing using the seco frame-

work: one based on a terrestrial multi-phase landing scenario for a Starship-like vehicle [193]

and the other, using a dual quaternion-based description of the 6-DoF equations of motion

[117, 118, 119, 177, 176], applied to a lunar landing scenario. Further, we present a set-based

autonomous precision landing case-study.

In §6.1, we formulate and solve a multi-phase, free-transition-time rocket landing guidance

problem posed as a single unified optimal control problem using a framework that handles

discrete temporal events and state-triggered constraints in a continuous optimization setting

rather than mixed-integer programming, by means of time-interval dilation, which allows for

phase-transition-times to be treated an decision variables. Further, we propose a specialized

formulation for compound state-triggered constraints (STCs), which we refer to as single-

crossing compound STCs. We solve the resulting optimal control problem using the seco

framework, and observe that pipg performs 2.7 times faster than ecos, a state-of-the-art

convex optimization solver.

In §6.2, we formulate the nonconvex dqg problem—with mission-critical constraints—in

compliance with the seco framework, and solve it using pipgcustom, a custom first-order conic



209

optimization solver developed for this application. We observe that this solver is able to

solve the entire nonconvex problem in a matter of milliseconds, and is much faster than

other state-of-the-art convex optimization solvers across varying problem sizes, and under

one second onboard the SPLICE flight computer, thus meeting NASA’s real-time requirement

for powered-descent guidance.

In §6.3, the set-based control architecture proposed in Chapter 4 has been validated

through a comprehensive autonomous precision landing case study.

One avenue for future work is to explore bilevel convex optimization techniques for 6-DoF

powered-descent guidance. This approach would likely involve solving two purely convex

problems in succession, potentially with an intermediate lifting step. A similar idea was

presented in [42] to generate an initial guess trajectory for sequential convex programming,

which, however, was not dynamically feasible. We propose to extend this idea to generate

dynamically feasible 6-DoF powered-descent guidance trajectories. Such an approach would

be able to guarantee feasibility—a feature that SCP algorithms do not yet possess—albeit

in a restricted setting.

Another avenue for future work is extending the proposed set-based control methods to

handle the (nonconvex) 6-DoF rocket landing guidance problem. At present, generaliza-

tion of these techniques to nonconvex optimal control problems—beyond the problem class

considered in [225]—remains an open challenge.

8.1.6 Chapter 7: SCvxGEN: Successive Convexification with Automatic Code Generation

In Chapter 7, we present a software tool to automatically generate code generation for tra-

jectory optimization, scvxgen. The tool is capable of automatically generating embeddable

C code for full-stack SCP for trajectory optimization.

The underlying framework, continuous-time successive convexification (ct-scvx) [65],

is explained in detail, along with its ability to generate trajectories with continuous-time

constraint satisfaction. Finally, the capabilities of the software are demonstrated by means

of relevant optimal control problems motivated by real-world applications.
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Sostaric, and Behçet Açıkmeşe. Constrained visibility guidance for 6-DOF powered

descent maneuvers with terrain scanning using sequential convex programming. In

AIAA SciTech 2024 Forum, page 1759, 2024.

[43] Francesco Capolupo and Antonio Rinalducci. Descent & landing trajectory and guid-

ance algorithms with divert capabilities for moon landing. In AIAA SciTech 2024

Forum, page 0086, 2024.

[44] John M Carson III, Michelle M Munk, Ronald R Sostaric, Jay N Estes, Farzin Amza-

jerdian, James B Blair, David K Rutishauser, Carolina I Restrepo, Alicia M Dwyer-

Cianciolo, George Chen, et al. The splice project: Continuing nasa development of

gn&c technologies for safe and precise landing. In AIAA SciTech 2019 Forum, page

0660, 2019.

[45] Coralia Cartis, Nicholas I. M. Gould, and Philippe L. Toint. On the evaluation com-



215

plexity of composite function minimization with applications to nonconvex nonlinear

programming. SIAM Journal of Optimization, 21(4):1721–1739, October 2011.

[46] Jordi Casoliva, Gurkirpal Singh, Paul Brugarolas, and David W Way. Reconstructed

flight performance of the powered descent guidance and control system for the Mars

2020 perseverance mission. AAS, 2021.

[47] Antonin Chambolle and Thomas Pock. A first-order primal-dual algorithm for convex

problems with applications to imaging. Journal of Mathematical Imaging and Vision,

40(1):120–145, December 2010.

[48] Luiz FO Chamon, Alexandre Amice, Santiago Paternain, and Alejandro Ribeiro. Re-

silient control: Compromising to adapt. In 2020 59th IEEE Conference on Decision

and Control (CDC), pages 5703–5710. IEEE, 2020.
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and Behçet Açıkmeşe. Successive convexification for trajectory optimization with

continuous-time constraint satisfaction. arXiv preprint arXiv:2404.16826, 2024.

[66] Purnanand Elango, Dayou Luo, Abhinav G Kamath, Samet Uzun, Taewan Kim, and
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Pedrotty, Chris Kuhl, Behçet Açıkmeşe, Stefan R Bieniawski, Lloyd Strohl, et al.

Post-flight performance analysis of navigation and advanced guidance algorithms on a

terrestrial suborbital rocket flight. In AIAA SciTech 2022 Forum, page 0765, 2022.

[76] Carlos E Garcia, David M Prett, and Manfred Morari. Model predictive control:

Theory and practice—a survey. Automatica, 25(3):335–348, 1989.

[77] José V Garrido and Marco Sagliano. Ascent and descent guidance of multistage rockets

via pseudospectral methods. In AIAA SciTech 2021 Forum, page 0859, 2021.

[78] Jared Lee Gearhart, Kristin Lynn Adair, Justin David Durfee, Katherine A Jones,

Nathaniel Martin, and Richard Joseph Detry. Comparison of open-source linear pro-

gramming solvers, 2013.

[79] Philip E Gill, Walter Murray, and Michael A Saunders. Snopt: An sqp algorithm for

large-scale constrained optimization. SIAM review, 47(1):99–131, 2005.

[80] Pontus Giselsson and Stephen Boyd. Diagonal scaling in Douglas-Rachford splitting

and ADMM. In IEEE Conference on Decision and Control, 2014.

[81] Pontus Giselsson and Stephen Boyd. Preconditioning in fast dual gradient methods.



219

In IEEE Conference on Decision and Control, 2014.

[82] Pontus Giselsson and Stephen Boyd. Metric selection in fast dual forward–backward

splitting. Automatica, 62:1–10, December 2015.

[83] Joseph D Gleason, Abraham P Vinod, and Meeko MK Oishi. Lagrangian approxima-

tions for stochastic reachability of a target tube. Automatica, 128:109546, 2021.

[84] Paul J Goulart and Yuwen Chen. Clarabel: An interior-point solver for conic programs

with quadratic objectives. arXiv preprint arXiv:2405.12762, 2024.
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[143] Skye Mceowen and Behçet Açıkmeşe. Hypersonic entry trajectory optimization via

successive convexification with abstracted control. In AIAA SciTech 2022 Forum,

page 0950, 2022.

[144] Skye Mceowen, Daniel J Calderone, Aman Tiwary, Jason S Zhou, Taewan Kim, Pur-
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Appendix A

QUATERNION & DUAL QUATERNION ALGEBRA

A.1 Quaternion Algebra

A.1.1 Unit quaternions

a =
[
a⊤v , a4

]⊤
, b =

[
b⊤v , b4

]⊤ ∈ R4
u :=

{
q ∈ R4

∣∣∣ q⊤q = 1
}

where

av = [a1, a2, a3]
⊤ , bv = [b1, b2, b3]

⊤ ∈ R3 and a4, b4 ∈ R

Note: All quaternions are in accordance with the scalar-last convention.

A.1.2 Conjugation

a∗ :=
[
−a⊤v , a4

]⊤
A.1.3 Skew-symmetric matrix operator

a×v :=


0 −a3 a2

a3 0 −a1
−a2 a1 0


A.1.4 SO(4) matrix operators

[a]⊗ :=

a4I3 + a×v av

−a⊤v a4



[b]∗⊗ :=

b4I3 − b×v bv

−b⊤v b4


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A.1.5 Multiplication

a⊗ b :=
[
a4bv + b4av + av × bv, a4b4 − a⊤v bv

]⊤
= [a]⊗b

= [b]∗⊗a

A.1.6 Cross product

a⊘ b := [a4bv + b4av + av × bv, 0]⊤

A.2 Dual Quaternion Algebra

A.2.1 Unit dual quaternions

a =
[
a⊤1 , a

⊤
2

]⊤
, b =

[
b⊤1 , b

⊤
2

]⊤ ∈ R8
u :=

{
q =

[
q⊤1 , q

⊤
2

]⊤ ∈ R8
∣∣∣ q⊤1 q1 = 1 and q⊤1 q2 = 0, q1, q2 ∈ R4

}
A.2.2 Conjugation

a∗ :=

a∗1
a∗2


A.2.3 Multiplication matrix operators

[a]⊗ :=

[a1]⊗ 04×4

[a2]⊗ [a1]⊗



[b]∗⊗ :=

[b1]
∗
⊗ 04×4

[b2]
∗
⊗ [b1]

∗
⊗


A.2.4 Multiplication

a⊗ b := [a]⊗b = [b]∗⊗a

A.2.5 Cross product

a⊘ b := [a1 ⊘ b1, a1 ⊘ b2 + a2 ⊘ b1]⊤
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