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Abstract

Some Inverse Problems in Analysis and Geometry

Yernat M. Assylbekov
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Professor Gunther Uhlmann
Department of Mathematics

The aim of a typical inverse problem is to recover the interior properties of a medium
by making measurements only on the boundary. These types of problems are motivated by
geophysics, medical imaging and quantum mechanics among other fields. In this thesis, we
consider two inverse problems arising in partial differential equations and geometry.

The first part is devoted to the Calderén’s problem with partial data. We consider
the problem of developing a method to reconstruct a potential ¢ from the partial data
Dirichlet-to-Neumann map for the Schrodinger equation (—Ag+¢)u = 0 on a fixed admissible
manifold (M, g), where A, is the Laplace-Beltrami operator. If the part of the boundary
that is inaccessible for measurements satisfies a certain flatness condition in one direction,
then we reconstruct the local attenuated geodesic ray transform of the one-dimensional
Fourier transform of the potential ¢. This allows us to reconstruct ¢ locally, if the local
(unattenuated) geodesic ray transform is constructively invertible. We also reconstruct ¢
globally, if M satisfies certain concavity condition and if the global geodesic ray transform
can be inverted constructively.

In the second part, we study the Gaussian thermostat ray transforms on both closed Rie-
mannian surfaces and compact Riemannian surfaces with boundary. We establish results on
the injectivity of the thermostat ray transform, under certain conditions, and the surjectivity

of its adjoint.
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GLOSSARY

M: a smooth manifold;

M™% the interior of a smooth manifold M;

OM: the boundary of a smooth manifold M ;

T M: the tangent bundle of a smooth manifold M:;

TM \ {0}: the tangent bundle of a smooth manifold M excluding the zero section;
(M, g): a Riemannian manifold with metric g;

SM: the unit sphere bundle of a Riemannian manifold (M, g);

supp f: the support of a function or distribution f;

H?*(M): Sobolev space of order s over (M, g);

Ck(M): the space of functions on M with continuous derivatives up to order k.
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Chapter 1

INTRODUCTION

In inverse problems one aims to recover the interior properties of a medium by making
measurements only on the boundary. Such problems are motivated by geophysics, medical
imaging and quantum mechanics among other fields. In this thesis, we consider two inverse

problems arising in partial differential equations and geometry.

In the first part, we focus on the Calderén’s problem with partial and local data. We
consider the problem of developing a method to reconstruct a potential ¢ from the partial
Dirichlet-to-Neumann map for the Schrédinger equation (—A,+¢)u = 0 on a fixed admissible
manifold (M, g). If the part of the boundary that is inaccessible for measurements satisfies a
certain flatness condition in one direction, then we reconstruct the local attenuated geodesic
ray transform of the one-dimensional Fourier transform of the potential q. This allows us
to reconstruct ¢ locally, if the local (unattenuated) geodesic ray transform is constructively
invertible. The constructive inversion problem for local or global geodesic ray transforms
is one of the major topics of interest in integral geometry. We also reconstruct ¢ globally,
if M satisfies certain concavity condition and if the global geodesic ray transform can be
inverted constructively. We derive a certain boundary integral equation which involves the
given partial data and describes the traces of complex geometrical optics solutions. For the
construction of complex geometrical optics solutions we use a new family of Green’s functions

for the Laplace-Beltrami operator and the corresponding single layer potentials.

In the second part, as a joint work with Hanming Zhou, we study Gaussian thermostat
ray transforms on both closed Riemannian surfaces and compact Riemannian surfaces with
boundary. We establish certain results on the injectivity of the thermostat ray transform

and the surjectivity of its adjoint. The injectivity result assumes certain condition involving



conjugate points for a modified Jacobi equation. Surjectivity of the adjoints is expressed
in terms of distributions invariant under the thermostat flow. The proofs are based on
subelliptic type estimates and Pestov identity.

In this introduction we describe these problems in more details. We also give a short
survey on earlier results and techniques. The results of this thesis are stated in Chapter 2

and Chapter 3.
1.1 The Calderon problem with partial and local data

In 1980, Alberto Calderén [8] proposed the problem whether one can determine the electrical
conductivity of a medium from voltage and current measurements at the boundary. In the
mathematical literature, this problem is known as Calderén’s inverse conductivity problem.
A more precise mathematical formulation of the problem is as follows:

Let Q C R™", n > 3, be a bounded domain with C**° boundary 0€2. The objective of

Calderén problem is to recover the electrical conductivity v of the conductivity equation
div(yVu) =0 in €,

from the Dirichlet-to-Neumann map A, (u|aq) = 70, u|sq where v is the outer unit normal
to 0€). This map, also known as voltage-to-current map, encodes all possible voltage and
current measurements at the boundary.

Calderén’s problem can be reduced to the problem of determining an electric potential ¢
from the Dirichlet-to-Neumann map associated to the Schrodinger operator —A + ¢, where
g =~ Y2AN/2,

In the fundamental paper by Sylvester and Uhlmann [61] it was shown that C? isotropic
conductivities can be uniquely determined from the knowledge of the Dirichlet-to-Neumann
map. The main contribution of this paper is the construction of complexr geometrical op-
tics (CGO) solutions for the conductivity equation. This method led to many results in
Calderén’s problem. Moreover, the construction of CGO solutions were generalized to other

types of partial differential equations to solve several inverse problems. The reader is re-



ferred to the recent survey article by Uhlmann [63] for an exposition on the progress made
in Calderén’s problem and applications of CGO solutions to other inverse problems.

The uniqueness result in [61] was extended to a reconstruction procedure by Nachman
[39] and independently by Novikov [41].

The technique of CGO solutions was generalized to so-called admissible manifolds [17]
using Carleman estimate approach following [7, 31]. A compact Riemannian manifold (M, g)
with boundary of dimension n > 3, is said to be admissible if it is conformal to a submanifold
with boundary of (R x My, e @ go) where (Mo, go) is simple (n — 1)-dimensional manifold
and e is Euclidean metric on R. The uniqueness result of Sylvester and Uhlmann [61] was
then generalized to the setting of admissible manifolds. Calderén problem on admissible
geometries is closely connected to the invertibility of the attenuated geodesic ray transforms
on the transversal manifold M. The reconstruction procedure of Nachman [39] was extended
to admissible geometries [30].

Making measurements only on part of the boundary is important in real life applications.
Inverse problems with such restrictions are more difficult. When the Dirichlet-to-Neumann
map is known only on part of the boundary, the first uniqueness result is due to Bukhgeim
and Uhlmann [7]. They prove that a C? isotropic conductivity can be uniquely determined
in  if the Dirichlet-to-Neumann map is restricted to, roughly speaking, slightly more than
half of the boundary. This result has been improved significantly by Kenig, Sjostrand and
Uhlmann [31] where they show that the knowledge of the Dirichlet-to-Neumann map on a
possibly very small open subset of the boundary determines the isotropic conductivity in €2
uniquely. The approaches of [7, 31| are based on Carleman estimates with boundary terms.
Constructive proof of the result in [31] is given by Nachman and Street [40]. For recent
results on Calder6n’s inverse problem with partial data, see [28].

There is also a result by Isakov [26] where he proves a uniqueness result when I' . =T", =
I' and the inaccessible part of the boundary for measurements is either part of a hyperplane
or part of a sphere. This work is based on a reflection argument.

In the current part of the thesis we consider partial data Calderén’s problem on mani-



folds. The methods of [31, 26] were unified and extended to so-called admissible manifolds
(which will be described below) by Kenig and Salo [29] obtaining improved results. The
latter was possible due to improved Carleman estimates with boundary terms and the in-
vertibility of local and global geodesic ray transforms. In Chapter 2 of this thesis, we develop
a reconstruction procedure for the partial data Calderén problem on admissible geometries.
This is a constructive version of a proof of the uniqueness result of Kenig and Salo [29], and
extends the constructive proof of Nachman and Steet [40] in the Euclidean setting. For the
proof, we derive a certain boundary integral equation which involves the given partial data
and describes the traces of CGO solutions. Then we construct of CGO solutions, following
[40], using a new family of Green’s functions for the Laplace-Beltrami operator A, and the

corresponding single layer potentials.
1.2 Invariant distributions and tensor tomography for Gaussian thermostats

Let (M, g) be a compact oriented Riemannian manifold (with or without boundary) and E
be a smooth vector field on M (called the external field). A parameterized curve 7(t) on M

satisfying the equation
(E(), ) .
712

is called a thermostat geodesic. Here and in what follows D, denotes the covariant derivative

Dy = E(7) - (1.1)

along . This differential equation defines a flow ¢; = (v(¢),7(¢)) on SM (the unit sphere
bundle of M) which is called a Gaussian thermostat (or isokinetic dynamics, see [25]). The
flow ¢ reduces to the geodesic flow when E = 0. As in the case of geodesic flows, Gaussian
thermostats are reversible in the sense that the flip (z,v) — (z, —v) changes ¢; with ¢_,. We
denote the Gaussian thermostat by (M, g, F) and the generating vector of the thermostat
flow by Gg, which is a vector field on SM.

In this thesis we will consider the case when M is a surface (i.e. a 2-dimensional manifold).

Then for (z,v) € SM we can write



where 7 indicates the rotation by 7/2 according to the orientation of M. Thus on surfaces,

the equation (1.1) can be rewritten as

where

Az, v) = (E(x),v). (1.3)

Notice that for Gaussian thermostats, A corresponds to a 1-form on M. If X is a smooth
function on M, (1.2) defines the magnetic flow on surfaces associated with the magnetic
field €2 = A dVol,, where dVol, is the area form of M. One can consider a general function
A€ C®(SM), and call the induced flow a generalized thermostat.

In dynamical systems, Gaussian thermostats provide interesting models in non-equilibrium
statistical mechanics [19, 20, 53]. Gaussian thermostats also arise in geometry as the flows

of metric connections with non-zero torsion; see [65].

Tensor tomography problem

Given a Gaussian thermostat (M, g, F), we define the thermostat ray transform of a smooth

function ¢ on SM to be .
Te) = [ et a0 ar

When M is closed, 7 is a closed thermostat geodesic with period 7. A basic question
of integral geometry is whether the ray transform is injective. Of course, this question
makes sense only in the case when the flow has sufficiently many closed orbits. Anosov
flows constitute a wide class of flows with sufficiently many closed orbits. Recall that a
Gaussian thermostat (M, g, F) is said to be Anosov if there is a continuous invariant splitting
T(SM)=RGg @ E* @ E?® in such a way that there are constants C' >0 and 0 < p <1<

such that for all ¢ > 0 we have
ldoleell < Cn and |doyle < C ',

where the norms are taken with respect to the Sasaki Riemannian metric on SM.



There is a natural obstruction to the injectivity of the ray transform, i.e. the functions
of the type ¢ = Ggu with u € C*°(SM). However, in applications one often needs to invert
the ray transform of functions on SM arising from symmetric tensor fields. Therefore, we
consider this particular case which is known as the tensor tomography problem.

Let o = ¢4, i dx" @ - - @ dx'™ be a smooth symmetric m-tensor field on M. ¢ induces

a smooth function ¢ € C*°(SM) defined by
O(x,v) := iy () v -Uim, (x,v) € SM.

In what follows we will drop the hat, and we hope that it will be clear from the context when
we mean the function on SM induced by the tensor. By C'*(S,,(M)) we denote the bundle
of smooth symmetric m-tensor fields on M.

If m = 0, the transform I (/ acting on functions on M) is said to be s-injective if it
is injective. If m > 1, we say that I,, (I acting on m-tensors) is s-injective if I,,0 = 0
implies that ¢ = Ggh for some h € C*°(S,,_1(M)). The tensor tomography problem asks
under what conditions [, is s-injective. The tensor tomography problem on Anosov surfaces
(the case of geodesic flows) was studied in [15, 57, 45, 24, 9, 23], and [11, 2] for magnetic
Anosov surfaces. In this part of the thesis, we will focus on the tensor tomography problem
for Gaussian thermostats. In [13] Dairbekov and Paternain proved the s-injectivity of 1, for
m = 0, 1, but considering more general Anosov thermostats. In [5] Assylbekov and Dairbekov
extended this result to the case when the Riemannian metric is replaced by a Finsler metric.
They have shown that for m = 0 injectivity result holds even when the flow is not Anosov,
but has no conjugate points. When m = 2, Jane and Paternain [27] proved s-injectivity
under the assumption that the external field is divergence free and the surface has negative
Gaussian curvature.

Similarly there is a tensor tomography problem for Gaussian thermostats on compact
Riemannian surfaces with boundary. In this case, the ray transform is along thermostat
geodesics joining boundary points. For the boundary case, the tensor tomography problem

for geodesic flows has been extensively studied, see e.g. [38, 3, 50, 56, 58, 59, 44, 37, 48] and



the references therein. The case of magnetic flows was considered in [14, 1]. We will study

the boundary case in the last section of Chapter 3.
Invariant distributions

One key ingredient in the proof of the s-injectivity of I for the case of Anosov surfaces (the
case of geodesic flows) by Paternain, Salo and Uhlmann [45] was the surjectivity of the adjoint
of the geodesic ray transform acting on 1-forms. The problem of the surjectivity of the adjoint
appears in range characterization problems [51, 46]. This is also an interesting problem in its
own right. We also investigate the surjectivity of the adjoint of the thermostat ray transform.
However, in the case of thermostat flows the surjectivity of I seems not enough for proving
the s-injectivity of 5. In general, thermostats do not preserve the Liouville measure on SM
unless £ = 0 (see [12, 13]). This is a crucial difference with the case of geodesic flows and
magnetic flows, and this makes the problem much harder.

Since the thermostat ray transforms Iy and I; are s-injective for two-dimensional Anosov
thermostats, one can consider the surjectivity of I and I7. One of the aims of the current
thesis is to show that I and I; are indeed surjective. Using duality arguments, one can
express surjectivity of the adjoints in terms of certain distributions that are invariant under

the Gaussian thermostat flow; see Section 3.1.



Chapter 2

RECONSTRUCTION IN THE PARTIAL DATA
CALDERON PROBLEM

2.1 Statement of results

Let (M, g) be a compact oriented Riemannian manifold with boundary. Following Bukhgeim
and Uhlmann [7], we work with the following Hilbert space which is the largest domain of

the Laplace-Beltrami operator A,:
Ha, (M) ={u € L*(M) : Aju € L*(M)}.

The trace maps tr(u) = ulgy and tr,(u) defined on C*°(M) have extensions to

_ Ou
- E‘aM
a bounded operators Ha, (M) — H~V*(OM) and Ha, (M) — H=3/(0M), respectively; see

Proposition 2.2.1.

Now we introduce the following space on the boundary 0M:
Hy(OM) = {tr(u) : u € Ha, (M)} C H2(0OM).

The topology on H,(0M) is defined in Section 2.2, right before Proposition 2.2.4. Under
this topology, the operator tr : Ha, (M) — H4,(0M) is bounded.
Suppose that ¢ € L>(M) such that 0 is not a Dirichlet eigenvalue of —A, + ¢ in M.
Then for f € Hy(OM), the Dirichlet problem has a unique solution v € Ha, (M)
(—Ay+q@u=0 in M,

tr(u) =f on OM.
The Dirichlet-to-Neumann map is defined by

Ngqo(f) = tr(u).



By the results of Section 2.2, A, is a bounded linear operator A, : H,(OM) — H=3/2(OM).
Given two open subsets I'_,I'y C OM. The partial data inverse problem is to determine ¢
from the knowledge of A, ,f on I'_ for all f € H,(OM) supported in I';.

We need to introduce the notion of admissible manifolds.

Definition. A compact Riemannian manifold (M, g) with boundary, of dimension n > 3,
is said to be admissible if (M, g) CC R x (Mo, g0), g = c¢(e® go) where ¢ > 0 smooth function
on M, e is the Euclidean metric and (M, go) is a simple (n — 1)-dimensional manifold. We
say that a manifold with boundary (My, go) is simple, if M, is strictly convex, and for any
point © € M, the exponential map exp, is a diffeomorphism from its maximal domain in
T, My onto Mj.

Compact submanifolds of Euclidean space, the sphere minus a point and hyperbolic space
are all examples of admissible manifolds.

If (M, g) is admissible, points of M can written as = (1, 2’), where z; is the Euclidean

coordinate. We define

OMy ={x € OM : £0,¢(z) > 0},

OMian = {x € OM : 0,0(x) = 0},

where ¢(z) = x1. The function ¢ is a natural limiting Carleman weight in (M, g); see [17].
In the results below we assume that there is a part which inaccessible for measurements
[y € OMian, and the accessible part will be denoted by T’y = 0Ma, \ T

The first main result of our thesis, says that one can reconstruct the local attenuated
geodesic ray transform of the one-dimensional Fourier transform (with respect to x;-variable)
of the potential ¢ from the partial knowledge of the Dirichlet-to-Neumann map with I'; D
OM,UTl,and ' D0M_UT,.

Theorem 2.1.1. Let (M,g) be an admissible manifold, and suppose that ¢ € C(M) such
that 0 is not a Dirichlet eigenvalue of —Ay+q. Let I'; C OMiay be closed such that for some
open B2 C OMy one has

I, C R x (OM, \ E).
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Let Ty = OMian \ Ty and let T C OM be a neighborhood of OMyL UT,. Then for any given
geodesic v : [0,T] — My with endpoints on E and for any A € R, the integral

/0 e (g} (20, 7(1)) dt

can be constructively recovered from the knowledge of A, ,(f) on I'_ for all f € H,(OM)

supported in I'y. Here q is extended outside of M by zero, and (cq) is the one-dimensional

Fourier transform of q with respect to x1-variable.

This is a constructive version of the corresponding uniqueness result by Kenig and Salo
29, Theorem 2.1].
In the next result, we consider the local geodesic ray transform I in an open subset O

of the transversal simple manifold (M, go) which is defined for f € C(M,) as
Iof(v) = /f(v(t)) dt, -y is a geodesic contained in O with endpoints on M.
g

We say that I is constructively invertible in O, if any f € C(M,) can be recovered in O
from the knowledge of Ip f.
Using Theorem 2.1.1 one can constructively recover potentials in the set where the local

geodesic ray transform is invertible.

Theorem 2.1.2. Suppose that (M, g), q € C(M), E C OMy and 'y are as in Theorem 2.1.1.
Assume that O C My is open such that O N OMy C E and the local ray transform is

constructively invertible on O. Then q can be constructively determined in M N (R x O) from

the knowledge of Ay 4(f) on T for all f € H,(OM) supported in T'.

This result gives a constructive proof of the corresponding uniqueness result by Kenig
and Salo [29, Theorem 2.2]; the latter is the above mentioned generalization of the result of
Isakov [26].

Constructive invertibility of the local ray transform, to the best of the author’s knowledge,
is known in the following cases: if M, has dimension n > 3 and if p € OM, is such that

OMj is strictly convex near p, then there is an open O C M, containing p on which Iy is
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constructively invertible; this result is due to Uhlmann and Vasy [64]. In two dimensions, no
such result is known. Even injectivity of the local geodesic ray transform is an open question.

If OM;,, has zero measure in OM, we give the reconstruction procedure to determine
potentials globally. The problem is reduced to the constructive invertibility of the global

geodesic ray transform on the transversal simple manifold M.

Theorem 2.1.3. Let (M,g) be an admissible manifold, and suppose that ¢ € C(M) such
that 0 is not a Dirichlet eigenvalue of —Ay + q. Suppose that OMia, is of zero measure in
OM. If the global geodesic ray transform is constructively invertible in My, then q can be
constructively determined in M from the knowledge of A, ,(f) on OM_ for all f € H,(OM)
supported in OM, .

This is a generalization with refinements to admissible manifolds of the corresponding
result by Nachman and Street [40] in Euclidean setting. More precisely, comparing to [40], we
do not assume that the subsets of Dirichlet data inputs overlap with the subsets of Neumann
data measurements. So our reconstruction procedure is new even in Eulidean space. The
version of Theorem 2.1.3 was given by Kenig, Salo and Uhlmann [30] for full data case on
admissible manifolds of dimension three.

Constructive invertibility of the global ray transform is known in the following cases:

o (My,g0) = (Q,e) where Q C R” is open and bounded with C* boundary, and e is the
Euclidean metric. In this case inversion formula is given in the book of Sharafutdi-

nov [55, Section 2.12].

e (Mo, go) of dimension n > 3, have strictly convex boundary and is globally foliated by
strictly convex hypersurfaces. For such case, there is a layer stripping type algorithm

for reconstruction developed by Uhlmann and Vasy [64].

o (Moy, go) is a simple surface. In this case, there is a Fredholm type inversion formula

which was derived by Pestov and Uhlmann [50]; see also the article of Krishnan [32].
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The problem of constructive inversion of local or global geodesic ray transforms is of
independent interest in integral geometry.

The structure of the chapter is as follows. In Section 2.2 we give some preliminaries
about trace operators and Green’s identity for the space Ha,(M). We also consider the
well-posedness of the Dirichlet problem for the Schrédinger equation (—A, 4+ ¢)u = 0 with
boundary condition in H,(OM). Section 2.3, following the arguments of [40] and modifying
them, is devoted to the construction of the new Green’s operators for the Laplace-Beltrami
operator, and in Section 2.4 the corresponding single layer potentials are constructed. The
solvability of the required boundary integral equation is given in Section 2.5. Then we
construct complex geometrical optics solutions in Section 2.6, and we use these solutions to

give reconstruction procedures in Section 2.7.

2.2 Trace operators and the Dirichlet-to-Neumann map

Let (M, g) be a compact Riemannian manifold with boundary. We use the notation d Vol,
for the volume form of (M, g) and dogys for the induced volume form on the boundary OM.

For any two functions u,v on M, define an inner product

(ulo) sz 1= [ uaola aVol,(a).

and the corresponding norm will be denoted by || - ||z2(x). For any two functions f,h on

I' € OM, define an inner product

(fIh)r = /F F(@)R(@) dor (),

and by || - ||r will be denoted the corresponding norm. We also write for short

1/2
IVull 20y = (/M \Vu(x)|§d\/olg(x)) )

Following Bukhgeim and Uhlmann [7], we work with the following Hilbert space which is the

largest domain of the Laplace-Beltrami operator Ay:

Hp, (M) ={u e L*(M): Aju € L*(M)}.

g9
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The norm on Ha, (M) is

||U||§1Ag(M) = HUH%?(M) + HAQUH%Q(M)'

The proof of the following result is essentially the same as in [7] (see also, for example [34]).

We include it here for the completeness and accuracy of the exposition.

Proposition 2.2.1. The trace maps tr(u) = u|gy and tr,(u) = %‘BM defined on C*(M)
have extensions to a bounded operators Ha (M) — H=Y*(OM) and Ha,(M) — H=3/2(0M),
respectively. Moreover, if u € Ha,(M) and tr(u) € H**(OM), then u € H*(M) and

tr,(u) € HY2(OM).

Proof. First, we show that the trace map tr has an extension to a bounded operator
Ha, (M) — H7Y*(OM). Let u € C*(M) and w € HY*(OM). By the surjectivity of
the trace map on H?*(M), there is v € H*(M) such that

tr(v) =0, tr,(v)= %

=w, |[vllzzan < Cllwllmeon:
oM

Using Green’s formula, we get

(tr(u)|w)aM:/ tr(uw)wd(OM),

oM
- / tr(u)Ez, (0) d(OM), = / (B0 — BA,u) dVol, .

Therefore,

|(er(w)lw)om| < llull s, an vl a2y < Cllullms, oo 1wl mzean-

This proves that the map tr : C°(M) — H~'/2(0M) is bounded and controlled by the
Ha,(M)-norm. Since C*°(M) is dense in Ha, (M), we can extend tr to a bounded linear
map Ha, (M) — H-2(0M).

Next, we show that the trace map tr, has an extension to a bounded operator Ha, (M) —
H=32(OM). Let u € C=(M) and w € H*?(OM). By the surjectivity of the trace map on
H?(M), there is v € H*(M) such that

ov

() =w, tn() = 5| =0, [ulion < Clullgeom
oM
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Using Green’s formula, we get

(try(u)|w)aM:/ tr, (u)wd(0M),

oM

— /6 . tr, (u)tr(v) d(OM), = / (TAyu — ulgv) d Vo, .

M

Therefore,

|t (w)|w)om| < l[ullma, onllvllmzon < Cllullaa,onllwlmse o).

This proves that the map tr, : C®(M) — H~*?(0M) is bounded and controlled by the
Ha,(M)-norm. Since C*°(M) is dense in Ha, (M), we can extend tr, to a bounded linear
map Ha, (M) — H*?(0M).

Now, we give the proof of the last statement. First, we consider the case when tr(u) = 0.

Let u € C*°(M) with tr(u) = 0. Using, Green’s identity, we have
llli ary = Nl Z2an) + 1Vl

= [JullZ2ar) = (0, Ague) L2y
(2.1)

1
< Nl + 5 (Wl + 180l
S CHU’H%IAQ(M)’

for some constant C' > 0. By [62, Theorem 1.3] in Chapter 5, we have
ullzzary < CllAGullT200) + CllullF
for some another constant C' > 0. Combining this with (2.1), we obtain
lullrary < Cllullfy, o, v € C®(M),  tr(u) =0.
By density arguments, we obtain
lull 2 < Cllullfiy, o, w € Ha, (M), tr(u) =0.

This proves the last statement for the case when tr(u) = 0.
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Suppose now that u € Ha, (M) with tr(u) € H¥?(0M). By the surjectivity of the trace
operator, there is v € H?*(M) such that tr(v) = tr(u). Set w := u — v, then w € Ha (M)
with tr(w) = 0. By what we have proved above, w € H?(M), and hence v € H*(M). [

The proof of Proposition 2.2.1 gives the following.

Corollary 2.2.2. Foru € Ha,(M) and v € H*(M) we have the generalized Green’s identity
(ul(=Ag)v) 20y = (= Ag)ulv) L2(ar)
= (tr, (), tr(v)) g-s/2a/2anr) — (b (W), 21, (0)) -1/20/2(00),

where (-, -) g-ssam 15 the duality between H™*(OM) and H*(OM).

Now we introduce the following space on the boundary OM:

Hy(OM) = {tr(u) : u € Ha, (M)} C H'2(0OM).
Assume that ¢ € L>(M) and let us introduce the Bergman space b,(M) as follows
by(M) ={u € L*(M) : (=A; + q)u =0} C Ha,(M).

The topology on this space is a subspace topology in L2(M). It is not difficult to check that
by(M) is a closed subspace of L*(M).
We need the following result to define a topology on H,(0M):

Proposition 2.2.3. If ¢ € L>®(M) and 0 is not a Dirichlet eigenvalue of —A, + q in M,
then tr : by(M) — H,(OM) is one-to-one and onto.

Proof. Let u,v € by,(M) is such that tr(u) = tr(v). Set w = u — v, then w € b,(M) and
tr(w) = 0. By the last statement of Proposition 2.2.1, w € H*(M). By assumption, 0 is not
a Dirichlet eigenvalue of —A, + ¢ in M. Therefore, (—A, + ¢)w = 0 with w|sp; = 0 imply
that w = 0.

Let h € Hy(OM). By definition of H,(0M), there is u € Ha,(M) such that tr(u) = h.
Take v € Hj(M) being the solution to the Dirichlet problem (—A, + ¢)v = (=4, + q)u,
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vlorr = 0. Set w = u —v. Then w € Ha, (M), (-Ay + ¢)w = 0 and tr(w) = 0. In other
words, w € by(M) with tr(w) = h. O

Let P, denote the inverse of tr : by, (M) — H,(OM). We define the norm on H,(0M) as

| fll2, 000y = [P0 fllz2(an)-

In particular, by Proposition 2.2.3, this implies that tr : by — H,(OM) as well as Fp :
Hy(OM) — by are bounded. Next, we give the following solvability result of the Dirichlet
problem with boundary data in H,(9M):

Proposition 2.2.4. The operator tr : Ha, (M) — Hy(OM) is bounded. If ¢ € L>*(M)
and 0 is not a Dirichlet eigenvalue of —A, + q in M, then tr : by(M) — H,(OM) is a

homeomorphism.

Proof. Let uw € Ha,(M). Consider v € Hj(M) being the solution to the Dirichlet problem
(—Ay)v = (=Ag)u, v|gar = 0. Set w = u —v. Note that u + v is bounded Ha, (M) —
L*(M), and hence u — w is bounded Ha, (M) — bo(M) as well, since (—A,)w = 0. Since
tr @ by = Hy(0M) is bounded and since tr(w) = tr(u), we can conclude that the map
u > tr(u) is bounded Ha, (M) — Hy(OM).

Since the inclusion b, < Ha, (M) is bounded, by the first part of the proposition, the
map tr : by — Hy(M) is bounded. Bijectivity of the latter map, which follows from Propo-
sition 2.2.3, together with Open Mapping Theorem, implies the last statement. O

We also extend the domain of the Dirichlet-to-Neumann map to H,(0M):

Proposition 2.2.5. Suppose that ¢ € L= (M) and 0 is not a Dirichlet eigenvalue of —A,+q
in M. Then (Aqg — No)|uom is a bounded operator Hy(OM) — (Hqa(OM))*. Moreover, the
following integral identity holds

(h, (Agg = Mg 0) [ -17212000) = (Po(R)|q Py (f)) L2 ar)s (2.2)

for all f,h € Hy(OM).
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Proof. Suppose that f,h € Hy(OM). Let u € Ha, (M) be the unique solution to the bound-
ary value problem

(A +q@u=01in Q, tr(u)=f,
and let uy be the unique solution to the boundary value problem
(—Ay)ug =0 in Q, tr(uy) = f.
Set w := u — ug, then we have
(—Aj))w=—qu in Q, tr(w)=0.

By the last statement of Proposition 2.2.1, we can conclude that w € H?(M). Note that by
Proposition 2.2.4, there is v, € Ha, (M) such that (=Ay)v, = 0 and tr(vs) = h. Now, we

can apply Corollary 2.2.2 and get

(Uh|qU)L2(M) = —(Uh’(—Ag)w)B(M)

= —((—Ag)’l}h|’w)L2(M) + <h,try(w))H71/z,1/2(aM).
Since (—A,)v, =0 and tr,(w) = tr,(u —ug) = (Agq — Ayo)f, we obtain
(P, (Ngg = Ng0) ) -1/20720000) = (Vn|qu) L2(an)- (2.3)

The right-hand side depends continuously on f, h € H,(OM). Hence, so does the left hand-
side and this together with (2.3) implies that the result. O

2.3 The Green’s operators

Let (M, g) be an admissible manifold and let ¢ € L>(M). Let us introduce certain notations
which will be used thoughout the thesis. For 7 € R, we consider the following disjoint

decomposition OM = St U S, where

St={x € OM :sgn(1)d,p(x) > |37|7'}, S;:=0M\S; .
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For 0 > 0, we can write S; = S_; U S? 5, where

Sos={x € OM :sgn(7)d,p(z) < =4},
Sys={x € OM : -6 <sgn(r)d,(x) < (3|7])"'}.

Constructions of Green’s operators and the corresponding single layer potentials, as well
as construction of complex geometrical optics solutions are based on the following Carleman

estimates with boundary terms for the conjugated operator
eT.Il (_Ag + q)e—T331 .

Proposition 2.3.1. Let (M, g) be an admissible manifold and let ¢ € L>*(M). There are

constants Cy, 19 > such that for all 7 € R with |T| > 79 and § > 0, we have
@I 210y ulls-, + 10vullso, + Irlllull 2 + Vel z2qar)
< Colle™ (=Ag + g)e ™ ull 2y + Col ||| Byullsx  (2:4)
for all uw € C*°(M) with u|gp = 0.
Proof. This estimate was proven by Kenig and Salo; see [29, Proposition 4.2]. O

Define
Df ={ue C®M) : ulogy = tI',,('LL)|S$ = 0}.

The aim of this section is to prove the following result.

Theorem 2.3.2. Let (M, g) be an admissible manifold. There is a constant 1o > 0 such that

for all T € R with |T| > 19, there is a linear operator
G,: L*(M) — L*(M)

such that
e (=AY e ™G =v, v€E L*(M)
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and

(2.5)

—T

G (=Aye ™ u=u, ueDr

This operator satisfies

Co

7l

1G fllzany < = lzany, € LA(M),

where Cy > 0 is independent of 7. Moreover, G, : L*(M) — €™ Ha, (M) and for all
v € L*(M) support of tr(G,v) is in ST.

Let 7, be the orthogonal projection onto £, the closure of e ™1 (—A,)e™ D} in L*(M).
Lemma 2.3.3. Let nt :=1d —m,. Then 7+ is the orthogonal projection onto
A, ={ue L*(M):e™ (=A,)e ™u =0 and tr(u) is supported in S*}.

Proof. 1t is enough to show that w is orthogonal to e~ ™1 (—A,)e™ D if and only if u is in

A.. Suppose that u € A,. Then for v € DI, we have
(ule™™ (=Ag)e™ v) 2y = (€™ (= Ag)e™ ™ ulv) r2ary — (tr(w), t1, (V) g-1/2072001)-
Since tr(u) supported in S}, tr,(v) =0in S} and €™ (—A,)e ™ u = 0, we obtain
(ule™™ (=Ay)e™v) L2y = 0,

which means that u is orthogonal to e™™(—A,)e™D}. Converse is as in [40, Lemma 3.3].

]

Proposition 2.3.4. Let (M, g) be an admissible manifold. There is 1o > 0 such that for all
7 € R with |7| > 19 and for a given v € L*(M), there is a unique solution u € L*(M) of the

equation

e (=Aye ™Mu=v in M

such that tr(u) is supported in S, mu = u and ||ul| 2 < COﬁHUHLz(M) with constant

Co > 0 independent of T.
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Proof. First, we show the existence. Define a linear functional L on e” ™' (—A,)e™ D} by
L(e—rm(_Ag)emuw) = ('U|w)L2(M)a w e D:’
Then we have

|L(e™ ™ (=Ag)e™ w)| < vl L2an |w L2 ar)

]' T —TX
< Corlollzaan €™ (<Ag)e ™ w0

where in the last step we have used the Carleman estimate (2.4). By the Hahn-Banach
theorem, we may extend L to a linear continuous functional L on £,. On the orthogonal

complement of £, in L?*(M) we define L to be zero. By the Riesz representation theorem,

there exists u € L*(M) such that

L(f) = (ulf)rzany, [ € L*(M).

In particular,
(ule ™ (= A )™ w) 2y = L(eT™ (=A™ w)
(2.6)
= (v|w)r2(ar, w € DY
If we take w € C§°(M™) in the above equation, we obtain e ™! (—A,)e™ u = v. Moreover,

1
lullz2ary < COWHUHLQ(M)-

Since L = 0 on the orthogonal complement of £, in L2(M), we have that u € £, and hence
U = U.
To finish the proof, we need to show that tr(u) is supported in SF. For arbitrary w € D7,

using the generalized Green’s identity from Corollary 2.2.2, we get
(ule™ ™ (=Ag)e™ w) p2ary = (tr(u), tr, (W) g-1/21/2(901) + (VW) L2(01)-

According to (2.6), we have (tr,(w),tr(u))sy = 0. Since w € DS was arbitrary, we can

conclude that tr(u) is supported in S7.
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Now, we prove uniqueness. Suppose that v’ € L?(M) is another solution of the equation
e (—A,)e ™’ = v satisfying all the conditions of the proposition. Then e™!(—A,)e™ ™ (u—
u') =0, tr(u — ') is supported in S}, and 7. (v — v') = u — /. However, by Lemma 2.3.3,

7r(u—u') = 0. Thus, we obtain u — v’ = 0 which finishes the proof. O

Let H, : L>(M) — L?(M) be the solution operator obtained in the previous result. In
other words, the operator H, is defined by H,v = u, where u and v are as in Proposition 2.3.4.

The following is an immediate corollary of the preceeding result.

Corollary 2.3.5. Let (M,g) be an admissible manifold. There is 79 > 0 such that for all

T € R with |T| > 79, there is a linear operator
H,: L*(M) — L*(M)

such that
e (=Ay)e T Ho =v, v e L*(M)

and 7. H, = H,. This operator satisfies

1

1H-Fllzzan) < Corzll fllzzan

where Cy > 0 is independent of 7. Moreover, H, : L*(M) — €™ Ha, (M) and for all
v € L*(M) support of tr(H,v) is in Si.

Thus, the operator H, satisfies Theorem 2.3.2 except (2.5). We shall accodingly modify
H. to obtain (2.5). We need the technical result.

Lemma 2.3.6. Let T, := H,n_.. Then T =1T_,.

Proof. Note that T*rt = 7 H*(Id —7,) = 7_,H* — 7_,H*n, = 0, where in the first step
we have used the fact that 7* = 7_, (since 7_, is projection) and in the last step we have

used that Hm, = H* (this follows from 7, H, = H, which is true by Corollary 2.3.5). Also
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note that 7,7+ = H_,m 7 = 0. Thus, T/7+ = T_,m = 0, and hence, to prove the lemma

it is sufficient to show that

Tre ™ (=Ag)e™ v = H_re ™ (=Ay)e"™ v

T

for all Df. Observe that 7, T* = 7% H* =7 _.H* = T*_(since 7>_ = 7_,). Therefore, it

is enough to show that

(™ (=Ag)e ™ w|Tre™ ™ (=Ag)e™ ) L2(ar

= ("™ (=Ag)e T w|H _re T (=Ag)e" M) 2y,
for all w € D, and for all v € DF. We have

(™ (=Ag)e ™ w|Tre™ ™ (—=Ag)e™ V) L2 (a)
= (7 (=Ay)e M w|m_ He ™ (= Ay)eT ) r2(ar
= (Hym_ ™ (=Ag)e ™ wle ™ (=Ag)e™ ™ v) r2(an)

= (Hre™ (=Ay)e ™ wle ™ (=Ag)e™™ ) r2(ar).

Since by Corollary 2.3.5 we know that tr(H,e™ (—A,)e ™ w) is supported in S}, we can

T

use Green’s identity and the fact that v € D to get

(™ (=Ag)e ™ w|Tre ™ (=Ay)e™™ ) r2(ar

= (€7 (=Ay)e T Hre™ (=Ag)e” T w|v) p2
Since €™ (—A,)e ™ H, = Id by Corollary 2.3.5, we obtain

(™ (=Ag)e T w|Tre™ ™ (=Ay)e™ ) r2(ar)
= (™ (=Ag)e ™ wlv) r2(ary

= (wle”™ (=Ag)e™ V) r2(ar)-

Here, in the last step we used the Green’s identity and that w|sn = v|on = 0.
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Using that tr(H_,e ™ (—A,)e™ ) is supported in ST, w € DF_ and the Green’s

T)

identity, we obtain

(™ (=Ag)e ™ w|H_re” ™ (=Ag)e™ v) L2 ()
= (wle” T (=Ag)e™ H_re” ™ (—=Ag)e™ ) r2(an)

= (’U}|€_TI1 (—Ag)eTxl’U)lﬂ(M).

In the last step we used the fact that e” ™ (—A,)e™ H_, = Id (by Corollary 2.3.5). The

proof of the lemma is thus complete. O]

Proof of Theorem 2.5.2. Define G, = H, + - H*_. By Corollary 2.3.5 and Lemma 2.3.3, it
follows that
e (=Aye ™G =v, veE L*(M),

1
1G fllzzon < Co—= | fllrzany, [ € L*(M),

7]
G, : L*(M) — e™ Ha, (M) and that for all v € L*(M) support of tr(G,v) is in S}
It is left to prove (2.5). For this, we need first to show that G = G_.. Using Lemma 2.3.6,

we can show
Gi=H'+H 7t =H7 +T,)+H ,~T ,=H . +7- H' =G _,.
Using this, for f € L?(M) and u € DT, we have
(fIGre™ (=Ag)e ™ u)r2ary = (G- fle™ (=Ag)e™ ™ ) r2(r).

We have shown that tr(G_, f) is supported in S,. This fact together with u € DX allows

us to use the generalized Green’s identity from Corollary 2.2.2 and get

(fIGe™ (=Ag)e ™ u) 2y = (€77 (= Dg)e™ Gr flu) r2ary = (flu)r2(ar)-

Here, in the last step we used the already proven fact that e™ ™ (—A,)e™ G_, = Id. This
finishes the proof. O
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2.4 Single layer operators

The aim of this section is to construct the single layer operators S, corresponding to the
Green’s operators GG, constructed in the previous section.

Let 79 > 0 be as in Theorem 2.3.2. For 7 € R with |7| > 79, consider the operator
(troG,)* 1 e T (H (OM))* — L*(M).
In other words, (tr o G;)* defined for h € e™ ™ (H,(OM))* by
(FI(57 0 G ) secany = (670 Go) fo g svmsonnys f € LA(M).
Proposition 2.4.1. For all h € e” ™ (H,(OM))* we have
e T (=AY (tro G,)*"h =0

and the support of tr((tro G, )*h) is in ST . Moreover, suppose that B is a neighborhood of
S+ such that B C OMqgn(zy, and that the support of h is in OM \ B. Then (tr o G;)*h = 0.

Proof. Let h € e ™ (H,(OM))*. Then for all f € DT, we obtain

(67'.731 (_Ag)6—7x1f| (tI‘ o GT)*h)LQ(M)
= ((tr (©] GT)eTrl (_Ag)e—T$1f7 h>H—1/271/2(6M) (27)

<tr(f)7 h>H*1/2,1/2(3M) =0.

Here, we have used (2.5) and tr(f) = 0. If we take f € C§°(M) in (2.7) and use the

generalized Green’s identity in Corollary 2.2.2, we can show that
(fle ™ (~Ag)™ (bx 0 G, ) h) paany = (€7 (= Ag)e™™ f|(tx 0 Gr)*h) ary = 0.

Hence, we obtain e ™1 (—A,)e™ (tr o G;)*h = 0 for all h € e™ ™ (H,(OM))*.

Let us now show that the support of tr((tr o G;)*h) is in ST.. For arbitrary f € DT _,
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using the generalized Green’s identity from Corollary 2.2.2, we get

(tr((tr o G7)*h), tr,(f)) m-1/21/2(00n)
— (ex((t7 0 G2)"h), £2, () r-s/220nn
— (tr,((tr o G;)"h), tr(f)) gr-3/23/200m)
= (™ (D)™ (5x 0 G )" Bl f)12qan
— ((5r 0 Gy hle™ (—Ag)e ™™ f) an
—((62 0 G,) hle™ (= Ag)e ™™ fizn) = 0,

where in the last step we have used (2.7).
Now, we prove the last statement of the proposition. If & is supported in M \ B, then
for all f € L*(M) we have

(f|(tr © G ) h)L2 M) <(tr © GT)f: h>H*1/2!1/2(Si) - 0

This is because by the last statement of Theorem 2.3.2, (tr o G,)f is supported in S;". The

proof of the proposition is thus complete. n
For 7 € R with |7]| > 79, define the operator S; for h € (H,(OM))* b
S;h=e " (tro(troG;)") (" h).

Proposition 2.4.2. For 7 € R with || > 7, the operator S; is bounded (H,(OM))* —

Hy(OM), and for h € (H(OM))*, S:h depends only on h|an_ and supported in B.

sgn(7)

Proof. By Proposition 2.4.1, we have that the operator (tr o G;)* : e ™ (H,(OM))* —
e ™ Ha, (M) is bounded, and hence the operator tr o (tr o G,)* : e ™ (H (OM))* —
e 7" H,(OM) is bounded as well. This implies the boundedness of (tr o (tr o G,)*)*

e (Hy(OM))* — ™ H4(OM). Therefore, S; is a bounded operator (H,(0M))* — H,(OM).
tifh e
(Hg(OM))*. By duality, for h € (H,(0M))*, S;h = e ™' (tr o (tr o G,)*)* (™ h) depends

We have by Proposition 2.4.1 that tr o (tr o G,)*(e”™h) is supported in S

only on hlgn san(r)



26

By the last statement of Proposition 2.4.1, if h € (H,(0M))* is supported in M \ B then
tr((troG,)*(e7™h)) = 0. By duality, for any h € (Hya(OM))*, e~ ™1 (tro(troG,)*) (e h)
supported in B. O

2.5 Boundary integral equation

In the present section, we prove the solvability of the following boundary integral equation:

for 7 € R with |7]| > 79

(Id+S:(Ay g —Ngo))h=f, f,heH,(OM). (2.8)
To prove the solvability of (2.8), we need the following result on basic properties of the
operator S-(Ag, — Ago).

Proposition 2.5.1. Suppose that g € L>*(M) and 0 is not a Dirichlet eigenvalue of —A,+q
in M. There is 1o > 0 such that for all T € R with |T| > 79, the operator S-(Agq,— Ago) is a
bounded operator Hq,(OM) — Hy(OM), and for f € Hy(OM), S;(Agq — Ago)f is supported

in B and can be computed from the knowledge of A, f|on_ Moreover, the following

sgn(7) ’

factorization identity holds
S:(Ngg — Ngo) =troe ™G e™¢P,.

Proof. First part of the proposition is a consequence of Proposition 2.2.5 and Proposi-

tion 2.4.2. To prove the last statement, consider h € (H,(OM))* and f € H,(OM). Then

(h,tr o e ™ Gre™ g By (f)) i-1/2/2inry = (€77 (b 0 G7)" (e 7™ W) |q Py (f)) 12y
By Proposition 2.4.1, e™'(tr o G;)*(e""™"'h) is in by. Using (2.2), we show that
(€™ (tr o G-)" (e ™ h)|qPy(f)) L2 (any
= (e"tr ((tr o Go)" (e h)) (Ngyg — Ng0) f) 1/21/2(01)
= (h,e”™ (tro (tro G,)")" (™ (Agq — Ng0) ) r-1/21720001)
= (1, S:(Ng.q = Ng0) [)u-1/202(00)-

The proof is thus finished. m
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The following result shows that the boundary integral equation is equivalent to the certain

integral equation; compare with [30, Proposition 3.2].

Proposition 2.5.2. Suppose that g € L>*(M) and 0 is not a Dirichlet eigenvalue of —A,+q
in M. There is 79 > 0 such that for all T € R with |7| > 79 and for all f,h € H,(OM),
(Id+S-(Agqg — Ngo)) h = f holds if and only if (Id4+e ™G e™q) P,(h) = Fy(f).

Proof. Suppose that f,h € H,(OM) satisfies (Id+S;(Ay, — Ago)) h = f. Note that by

Theorem 2.3.2, we can show that
Ay (Id4e ™G e q) Py(h) = qPy(h) — qPy(h) = 0.
Therefore, it is enough to prove that
tr ((Id+e 7™ G e q) Py(h)) = f,

or equivalently

h+tr (e TG ™ qP,(h)) = .

Using the factorization identity in Proposition 2.5.1, we can see that the left hand-side is
(Id+S-(Agq — Ago)) h, which is equal to f by assumption.
The converse direction can be shown by applying tr to the both sides of the identity

(Id +e ™G ™ q) Py(h) = Py(f)
and using the factorization identity in Proposition 2.5.1. [

Corollary 2.5.3. Suppose that ¢ € L®(M) and 0 is not a Dirichlet eigenvalue of —Ay+ ¢
in M. There is 1o > 0 such that for all T € R with |T| > 79, the operator Id +S; (A, ,—Ago) :
Hy(OM) — H,(OM) is an isomorphism if and only if so is the operator Id +e ™" G e q :
by(M) — bo(M).

The following proposition combined together with the above two results implies the solv-

ability of the boundary integral equation (2.8).
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Proposition 2.5.4. Suppose that g € L= (M) and 0 is not a Dirichlet eigenvalue of —A,+q
in M. There is 1o > 0 such that for all T € R with |T| > 19, the operator Id +e ™1 G e™q :

by(M) — by(M) is an isomorphism.

Proof. Since ||Gr||r2(any—r2(my < O(|7|71) by Theorem 2.3.2, the operator Id +G-q : L*(M) —
L?(M) is an isomorphism for big enough |7| > 1. Then for such 7, the operator Id +e~ ™G e™1q :
L*(M) — L?*(M) is an isomorphism whose inverse is e ™1 (Id +G,q) " *e™'. Let u € by and
w = e ™ (Id+G,q) 'e™ u. We need to show that w € b,. Applying Id+e "G e™q to
w, we get that

w4+ e "Ge™ quw = u.

Since €™ (—A,)e” ™' G, = 1d (by Theorem 2.3.2), we get (—A,)e™ ™G e™" = Id and hence

(—Ay,+ qQuw = O

2.6 Complex geometrical optics solutions

Let ¢ € L>(M) be such that 0 is not a Dirichlet eigenvalue of —A;+¢ in M, and let 7 € R
with || > 79. In this section we construct the complex geometrical optics solutions for the

Schrodinger equation (—A, + ¢)u = 0 in M whose trace is supported in Iggn(r).

2.6.1 Solution operator

To construct the complex geometrical optics solutions, we need to generalize Proposition 2.3.4
to the case when the solution is determined on S} .

Set D = {¢ € C°(M) : tr(¢)) = 0} and define
My ={(e7™ (=Ag)e™ ¥, tr, (V)] g¢) 1 ¥ € D} C L*(M) x L*(S]).

Lemma 2.6.1. For 7 € R with |7| > 0, let (u,uf) € L*(M) x L*(S}). Then (u,u]) is
in orthogonal to the closure of M. if and only if €™ (=Ay)e” ™ u = 0, tr(u)|g- = 0 and

tr(u)] g = u?.
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Proof. Suppose that (u, ;) is orthogonal to M,. Then for i) € D, we have

(ule™™ (=Ag)e™™ ) 200y + (Uﬂtru(l/}ﬂsi)si = 0.

Taking ¢ € C5°(M™), this gives €™ (—A,)e ™" u = 0.
Now, consider arbitrary 1 € D. Using the generalized Green’s identity from Corol-

lary 2.2.2, we get

(ule™™ (=Ag)e™ ) 2(ary = — (e (W), tr0 (V) 5172072 (00r).
Combining this together with the previous equality gives that tr(u)|g- = 0 and tr(u)|g+ =
To prove the converse, suppose that (u,u;) is such that e™ (=Ay)e™ ™ u = 0, tr(u)|g- =
0 and tr(u)|g+ = uf. Then for ¢ € D, we have
(ule™™ (=Ag)e™ ) 2(ar)

= (™ (=B ) o) — (b() £ () - 1v20s20m0

= —(tr(u), tr, (V) g-1/212(00)

= —(Uj|tru(¢)|si)si7

which means that (u,u}) is orthogonal to M.. O

Let us denote by m., the operator of orthogonal projection onto the closure of M, in

L2(M) x L2(S3).

Proposition 2.6.2. Let (M, g) be an admissible manifold. There are constants Cy, 79 > 0
such that for all T € R with |7| > 79, § > 0 and for given f € L*(M) and f- € L*(S-),

there exists a unique solution v € L*(M) of the equation
e (=Aye ™ Mu=f in M
such that tr(u)|g- = f, mr(u,tr(u)|g+) = (u, tr(u)|g+) and

1 1 _ _
||u||L2(M) S COmeHLQ(M) + COWHJCT ||L2(S:,5) -+ C()HfT HLQ(SE’[;)‘
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Proof. Define a linear functional [ : M. — C by

U™ (=A)e™ b tr,(W)]s;) = (fI0)2an) — (f7em (1)) .

On the orthogonal complement of M, we define [ to be zero. By the Carleman estimate (2.4),

we have

[Le™ (=Ag)e™ ), tr, () g1 )]

< Al zan 1l zan + 117 sz llern (D)=, + 117 llso  [leru ()50,

1 1 _ _
< G (il Mz + Gzl Loy + 165 s

< (le™™ (= Ag)e™ Pll 2an + V2 [lex, ()52 -
By Riesz representation theorem, there is (u,u}) € L*(M) x L*(S) such that
U, w?) = (ulw) pagany + (6w )
for (w,wt) € L*(M) x L*(SF). In particular, for ¢ € D, we have

(ule™™ (=Ag)e™ )2 + (uf [eru (V) = (f1¥)2an — (£7 [Er0(¥)) o -

Taking ¢ € C§°(M™), gives that e™(—A,)e ™'u = f. Moreover,

1 1

ull L2y < COHHJCHB(M) + COWH]CT_||L2(S;6) + CO||fT_||L2(5275)-

Since [ = 0 on the orthogonal complement of M, in L?(M)x L*(S]), we have that (u, tr(u)|g+)
is in the closure of M, and hence m,(u, tr(u)|g+) = (u, tr(u)|g+).

For arbitrary ¢) € D, using the generalized Green’s identity from Corollary 2.2.2, we get

(ule™™ (=Ag)e™ V) r2(ar) + (tx(w), tru (V) g1/2072000) = (1Y) 12(01)-

Comparing this with the previous equality, this gives that tr(u)|g- = f; and tr(u)|g+ = uf.
Now, we prove uniqueness. Suppose that v’ € L?*(M) is another solution of the equation

e (—=Ay)e ™ u = f satisfying all the conditions of the proposition. Then e™!(—A,)e™ ™! (u—
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u') =0, tr(u—u')|g- =0, tr(u—u')|g+ =uf —u'}, and (u—u',uf —u'}) is in the closure of

M.. However, by Lemma 2.6.1, (v — v/, u} — u/}) is orthogonal to the closure of M,. Thus,

we obtain v — v/ = 0 which finishes the proof. H

Let R, : L*(M) x L*(S-) — L*(M) be the solution operator obtained in the previous
result. In other words, the operator R, is defined by R, (f, f=) = u, where u, f, f= are as in
Proposition 2.6.2.

2.6.2 Construction of complex geometrical optics solutions

Now, we are ready to construct complex geometrical optics solutions whose traces are sup-

ported in Iy (r). These are the solutions of the form
u=-e " (a+ry), (2.9)

where 7 is a correction term and a is an amplitude.

Construction in the case ¢ =0

Recall that the transversal manifold (M, go) is assumed to be simple. Let v : [0,7] — M,
be the given geodesic in (My, go) with endpoints on E. Choose another simple manifold
(]\Afo,go) such that (M, go) CC (Mé“t,gg) and extend the geodesic « in MO. Choose € > 0
such that v(t) € ]\%\MO for all t € (—2¢,0)U(T, 2¢) and set p = y(—e) which is in M\ Mo.
Simplicity of (MO, go) implies that there are globally defined polar coordinates (r, f) centered
at p. In these polar coordinates y corresponds to r — (r,6,) for some 6y € S"2. Following

[17, Section 5.2], we choose the following specific a:
CL(.Z'l, r, 9) — efiﬂ"’g’71/401/2€i)\(z1+ir)b(0)’

where A € R and b € C*(S5"?) is fixed such that b is supported near 6y so that a = 0 near
OM, \ E.
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Assume now that u has the required form (2.9). Then the equation (—Aj)uy = 0 is
equivalent to

e (=Ag)e g = f, (2.10)
where f :=e™ Aje ™ a. Set & = x; +ir. Then a starightforward calculation shows that

f _ _eirreﬂb(_Ag)eﬂ-@|g|71/401/26i>\(11+ir)b(0)

= T[T (A, ), + (20D, d7), + Ag®) — A,)([g] e 2N ).

Here the Riemannian inner product (-, -), was extended as a complex bilinear form acting on
complex valued 1-forms. It was shown in [17, Section 5] that (d®,d®), = 0 and (2(d®, d-), +
A,®)(|g|~ /e @+ p(9)) = 0. Hence, we get

f=—eT(=0)(|lg| e 2N 0)). (2.11)

This shows that || f||L2a) S 1 as 7 — oo.
We want to ensure that tr(ug) is supported in I'ygn(ry where I'sgn(r) D OMggn(ry U T'a. To
achieve this, following [29], we take a small parameter 4 > 0 to be chosen later, and define

the following sets
V™= {x € S :distor(z,T5) < S or @ € OIM_ggniny}, T2° =S\ V™.
Note that 9Mgn(ry U OMean C (S5 )nt. For the boundary condition, we set

—a on V7™,
fT,é =

0  on I79

Defining f; in such a way, we have f |.rs.5,, = 0. Recall that It C R x (0Mj \ E) and a

was chosen in a way to satisfy a = 0 near M, \ E. Therefore, I slvronons., = 0, and hence

we have
f‘;5|8Mtan = O

Since || f7 5|l (s-) S 1, we obtain the following estimates

||f7_75||L2(s* ) N UaM(ST_,(s)
7,0
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and

1/ 7sllz2cs0,) S oom ({2 € OM = =6 < sgn(7)dyp(x) < 0})
+ oon ({z € OM : 0 < sgn(1)d,p(x) < (3|7))7'}).

If we set
To = RT(f7 f;(s)a

then, by Proposition 2.6.2, 7y solves (2.10) with tr(ro)[s- = f;; and satisfies

1 1 _
7ol 2y S it WUaM(ST,a)

+ oon ({x € OM : =6 < sgn(7)d,p(x) < 0})

+ oon ({x € OM : 0 < sgn(1)d,p(x) < (3|7])7'}).
Thus, there is constant Cy > 0 such that

1 1
Irllzsan < Co (4 + Gyt + 0me(0) +0s0(1) )

Il @l
We choose § such that Cyos—0(1) < /2. Then we take |7| > 7 large enough so that
Co (i + 1 + oT_m(l)) <e/2.
| (olr])1?
Therefore, we get ||rol[z2(a) — 0 as 7 — oo. This will give the complex geometrical optics
solution ug = e~ ™' (a + 1) to (—=Ay)ug = 0 whose trace is supported in I'ypn(r). Thus, we

have proved the following proposition.

Proposition 2.6.3. Let (M, g) be an admissible manifold. Suppose that ~ : [0,T] — My is
a given geodesic in (Mg, go) with endpoints on E, and let 0y € S"~2 be as in the begining of
Section 2.6.2. For 7 € R with |7| > 79 and § > 0, for any A\ € R and for any b € C°°(S"?)
supported sufficiently close to 0y, there is a solution ug € Ha, (M) to the equation (—Ag)ug =
0 of the form

uy = e " (a + rg),
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and satisfying
supp(tr(ug)) C Lgn(r)
where

a= 7,7'r|g| 1/461/2ei/\(x1+ir)b(9)

’

and ||ro|| L2y = 0 as T — o0.

Remark 2.6.4. Modifying the above arguments in appropriate places, one can construct
complex geometrical optics solutions whose traces are supported in OMgn(r) if OMiay has
zero measure in OM. Let us indicate these modifications. Up to (2.11) everything is same
except that we do not put any restrictions on b, so that we do not require a to vanish on
any part of the boundary. In order to ensure that supp(tr(u)) C 0Mggn(r, for fixed § > 0,
we set

frsi=—a

Since || f 5|l pwo(sz) S 1 and oon (0Mian) = 0, we obtain the following estimates

”f7'6HL2 S7s) ~ S UBM(S;,(S)

and

1fsllzzese ) S oon ({2 € OM = =6 < sgn(7)dyp(x) < 0})
+ oon ({x € OM : 0 < sgn(7)d, () < (3|7])7'}) .

We use Proposition 2.6.2 to solve (2.10) for rq with tr(rg)|g- = f;; and to show that rq
satisfies the same estimate as before for some Cy > 0 constant:

1 1

H7’()HL2 ) < Co (— +

|7_’ ((5|7’|)1/2 + 07%00(1) + 05%0(1)) :

Thus, we have constructed the complex geometrical optics solution ug € Ha, (M) to (—=Ag)ug =
0 of the form

up =e "(a+ro)

whose trace is supported in 0Mggn(ry and ||7o|z2(ar) — 0 as 7 — 0.
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Construction for general ¢

Next, we construct complex geometrical optics solutions for the Schrodinger equation (—A,+

q)u =0 in M with ¢ € L>(M) such that supp(tr(u)) C sgn(r).-

Proposition 2.6.5. Let (M, g) be an admissible manifold and let ¢ € L>=(M) be such that
0 is not a Dirichlet eigenvalue of —Ay, + q in M. Suppose that v : [0,T] — My is a given
geodesic in (Mo, go) with endpoints on E. For any T € R with |T| > 79, there is a solution

u € L*(M) to the equation (—A, + q)u = 0 of the form

—Tx]

u=1up+e r1,

where ug s as in Proposition 2.6.3 and one has

(Id4+G; o q)r1 = —Grqe™ uy,

and ||r|[L2ony S ‘71| as T — 00. Moreover, tr(u) is supported in Uggn(r).

Proof. Consider the following integral equation
(Id4+G; o q)r1 = —Grqe™ uy. (2.12)

Since ¢ € L>*(M) and ||G-||r2(my—r2n) S ﬁ by Theorem 2.3.2, for sufficiently large this

integral equation has a unique solution r; = —(Id+G, o ¢) *G,qe™ uy in terms of the

1

~

Using the fact that (—A,)e ™ G, = e™ ™ (by Theorem 2.3.2) and that (—A,)ue = 0, and

implies that ||ry| 2 S =

~ Tl

convergent Neumann series. Then |G-||2(an)—r2(a)

using (2.12), we can show

(—Ag+qJu = (=Ag + quo + (—Ag +q)e” '
= quo + (—Ay + q)(—e T Grqr1 — e T Grqe™ ug)

TTary — quo — qe” T Grqry — qe” T GrgeT  ug

=qup — e
— _e—Tr1q(Id +GT o q)7’1 _ qe—TlequTmluo
=e "qGrqe™  uy — qe” T Grge  ug

= 0.



36

Let us now prove the last part of the proposition. By Proposition 2.6.3, we have that
tr(ug) is supported in Igyy(r). Note that Theorem 2.3.2 implies that tr(G,qr) is supported
in SI. These, together with (2.12) imply that the trace of u = ug + e~ ™1y is supported in
Lsgn(r)- O

Remark 2.6.6. If 0M,,, has zero measure in OM, one can replace ug in the above proposition
with the one obtained in Remark 2.6.4. Then the proof of Proposition 2.6.5 shows that so-
obtained complex geometrical optics solution v € Ha, (M) to (—=Ay + q)ug = 0 of the form

—Tx]

U=1uy+e 1

L as 7t — oo.

<
~ |7

has supp(tr(u)) C OMggn(r) and [|r1]|z2(an)
2.7 Proofs of the main results

Proof of Theorem 2.1.1. Suppose that ¢ € C'(M) such that 0 is not a Dirichlet eigenvalue of
—A, 4 q. Assume the knowledge of (M, g) and A, ,f on I'_ for all f € H(OM) supported in
['y. Then by Proposition 2.2.5, the following integral identity holds

(tr(ug), (Agg — Ago)tr(ur)) 1721720001 = (U2lqu) 20y, (2.13)

where u; € Ha, (M) is a solution of (—=A, + q)u; = 0 in M with tr(u;) supported in I'y,
and uy € Ha, (M) is a solution of (—=Ag)us = 0 in M with tr(uz) supported in I'_.

Let 7 > 19 and let v : [0, 7] — M, be the given geodesic in (My, go) with endpoints on

E. By Proposition 2.6.5, there is u; € Ha, (M) solving (—Ay + q)u; = 0 in M with tr(u,)

supported in 'y, and having the form
w; = e~ (e_iTT|g|_1/401/2ei)\(m1+iT)b<t9) 4+ 4+ TO) _ u/1 Te Ty,

where |[7o|| L2y S ﬁ and ||7'|| 2y — 0 as 7 — +o0 (here ) is a solution to (—Ay)u) =0
as in Proposition 2.6.3).
By Proposition 2.6.3, there is a Ty € Ha, (M) solving (=Ag)u, = 0 in M with tr(u,)

supported in I'_, and having the form

Uy = eTe (eiTr’g’—1/4cl/2€i)\(r1+ir) + 7"//)
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where |[7"||L2(ary — 0 as 7 — 4-00. Then uy will be the complex geometrical optics solutions

to (—Ay)us = 0 in M with tr(us) supported in I'_, and having the form

Uy = eT{L’1< 7177“’9’ 1/401/267i)\($17’i’r‘) + W)

The important thing to note is that v} as well as uy depend only on (M, g), i.e. indepen-
dent on ¢. Since tr(uq) is supported in ', and tr(us) is supported in I'_, the left hand-side
of (2.13) requires only the given partial data of A, .

Now, we show that tr(u;) can be reconstructed from the above mentioned partial knowl-
edge of A, ,. By Proposition 2.6.5 and Proposition 2.5.2, one can check that tr(u;) satisfies

the following boundary integral equation
(Id +S7-(Ag’q — Agp))tr(ul) = tr(u’l)

Then Corollary 2.5.3 and Proposition 2.5.4 imply solvability of the above boundary integral
equation for sufficiently large 7. Substituting this solution tr(u;) into the left hand-side of

(2.13), we can determine
(uz|qur)r2(ar)

for all complex geometrical optics solutions uy, us of the above form.

Using the decay properties of 7/, r”, 7 and taking limit as 7 — oo, we can reconstruct

/ cqlg| /22N @FB(9) d Vol .
M

Now we extend ¢ as zero to R x M;,. Since dVol, = \g|*/?dx, dr df, the above expression

/ / —2Ar </ 2i’\’”1(cq)(:c1,r, 0) dxl) dr do.
Sn— 2

Varying b € C*>°(S™"2) so that the support of b is sufficiently close to §, and noting that

becomes

the term in the brackets is the one-dimensional Fourier transform of ¢ with respect to the

x1-variable, which we denote by ¢, we determine

/ e (/cq\)(Q)\, r,0p) dr.
0
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Recalling that r — (r,60y) corresponds to the given geodesic v : [0,T] — My with endpoints
on E, we finish the proof. m

Proof of Theorem 2.1.2. Assume that O C M, is open such that O NdM, C E and the local
geodesic ray transform is invertible on O. According to Theorem 2.1.1, we can constructively

determine
T —_—
| e e a (2.14)
0

for all geodesics v : [0,7] — O with v(0),v(T") € E. This is the local attenuated geodesic
ray transform of (/cq\)(Q)\, -) in O, with attenuation —2\. Setting A = 0, we determine an
unattenuated local geodesic ray transform of (/c;)(O7 -) in O. Then using the constructive
invertibility assumption for the local geodesic ray transform, we recover (/cq\)((), -) in O.

Now, we go back to (2.14) and differentiate it with respect to A at A = 0. Since we
have reconstructed (/cq\)(O, -), we constructively determine the local geodesic ray transform of
(% (/cq\)> (0,-) in O. Using the invertibility assumption for the local geodesic ray transform
again, we obtain <%(/cq\)> (0,-) in O.

Using this argument iteratively by taking higher derivatives of (2.14) with respect to A,

we can reconstruct

k —_—
(%(09)) (0,+) in O for all integers k > 0.

—

Since ¢ is compactly supported in z-variable, its Fourier transform (cq)(), -) is analytic with
respect to A\. Therefore, we have reconstructed the Taylor series expansion of (cg)(),-) in O.
Then we determine ¢ in M N (R x O) by inverting the one-dimensional Fourier transform of

cq with respect to the x-variable. O

Proof of Theorem 2.1.3. Let (M, g) be a known admissible manifold such that 0M,,, is of
measure zero in M. Suppose that ¢ € C(M) such that 0 is not a Dirichlet eigenvalue of
—A, + ¢. Assume the knowledge of A, ,f on OM_ for all f € H(OM) supported in OM, .
Using Remark 2.6.4 and Remark 2.6.6, as in the proof of Theorem 2.1.1, we can construct
up € Ha, (M) and uy € Ha, (M) solving (—=Ay + q)uy = 0 in M with tr(u;) supported in



39

OM_ and solving (—A,)us = 0 in M with tr(us) supported in OM_, respectively, and having

the forms

wy = €T e g AR EI) 1! ) =+ e,

Uy = 67'1‘1( —z'rr|g| 1/4 1/2 —iA(x1—1r) _{_r//)

where [|7o|2r) S % |7"|L2(ary — 0 and [|7"|| 2y — 0 as 7 — +oo (here u} is a solution
to (—A,)u} =0 as in Remark 2.6.4).
Continuing as in the proof of Theorem 2.1.1, but replacing I'y by 0M,, for any A € R,

we can constructively determine

/0 e (cq) (20, 1(1)) dt

for all geodesics 7 : [0,7] — My in (Mo, go). Using the constructive invertibility assumption
for the global geodesic ray transform, we reconstruct ¢ in M via similar steps as in the proof

of Theorem 2.1.2. O



40

Chapter 3

INVARIANT DISTRIBUTIONS AND TENSOR
TOMOGRAPHY FOR GAUSSIAN THERMOSTATS

3.1 Statement of results

Injectivity results for I,

For the case of Gaussian thermostats we obtain several injectivity results of the thermostat
ray transform under various assumptions. In order to state these results we need to introduce

some notations.

Let (M, g, F) be a two-dimensional Gaussian thermostat. Since M is assumed to be
oriented there is a circle action on the fibres of SM with infinitesimal generator V' called
the vertical vector field. Let X denote the generator of the geodesic flow of g. We complete
X,V to a global frame of T(SM) by defining the vector field X, := [V, X], where [, ] is
the Lie bracket for vector fields. In this global frame, the generating vector field Gg for a
Gaussian thermostat (M, g, E') equals X + AV.

Define the thermostat curvature to be the quantity K := K — div, F/, where K is the
Gaussian curvature of the surface (M, g). The quantity K can also be written as K + X, A+
A + GgV . Notice that K is a smooth function on M. Following [45], we introduce a

definition involving a modified thermostat Jacobi equation.

Definition 3.1.1. Let (M, g, F) be a Gaussian thermostat on a closed oriented Riemannian
surface. We say that (M, g, E) has no -conjugate points if for any thermostat geodesic ,

all non-trivial solutions to the $-Jacobi equation along ~

§=VNy+ (PK—=GgV(A)y =0 (3.1)
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vanish at most once. The terminator value of (M, g, F) is defined to be
Brer = sup{p € [0,00] : (M, g, E') has no -conjugate points}.

It is clear that 1-conjugate points are the same as usual conjugate points for thermostat

geodesics (see [4, 42] for more details on the thermostat Jacobi equation).

Theorem 3.1.2. Let (M, g, E) be an Anosov Gaussian thermostat on a closed oriented
Riemannian surface. Assume that Py > (m + 1)/2 for some integer m > 2, then I, is

s-1njective.

Theorem 3.1.2 generalizes the corresponding injectivity result in [45] which is for the
geodesic ray transform. In particular, [45] showed the s-injectivity of I on Anosov surfaces,
before which it was only known for Anosov surfaces without focal points [57]. Recently
Guillarmou [23] settled the tensor tomography problem on Anosov surfaces for tensor fields
of any order. It was proved that s-injectivity of I5 also holds on 2D Anosov magnetic surfaces
[2]. The problem of proving s-injectivity of I for 2D Anosov Gaussian thermostats without
the assumption on terminator values is still open. The difficulty comes from the fact that in
general V() is nonzero for Gaussian thermostats, see Section 3.2 for details.

The condition on S, is closely related to the works [10, 49] where absence of S-conjugate
points also appears in the case of geodesic flows on manifolds with boundary. When the
thermostat curvature is non-positive, i.e. K < 0, it is not difficult to see that i, = co. We

get the following result as a corollary of Theorem 3.1.2, and it generalizs an earlier result

[27] which is for m = 2.

Corollary 3.1.3. Let (M,g,E) be an Anosov Gaussian thermostat on a closed oriented
Riemannian surface of non-positive thermostat curvature. Then I,, is s-injective for any

integer m > 2.

According to the result of Wojtkowski [65, Theorem 5.2] a Gaussian thermostat on a

closed surface with negative thermostat curvature is always Anosov.
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Corollary 3.1.4. Let (M, g, E) be a Gaussian thermostat on a closed oriented Riemannian

surface of negative thermostat curvature. Then I, is s-injective for any integer m > 2.

At the end of this chapter, we apply the ideas from Anosov Gaussian thermostats to
study the injectivity of the thermostat ray transform on compact surfaces (M, g) with smooth
boundaries. We will focus on a class of Gaussian thermostats which are called simple Gaus-
sian thermostats (see Section 3.8 of this chapter for precise definition). Roughly speaking,
simple Gaussian thermostats are the analogues of Anosov Gaussian thermostats for manifolds
with boundary.

Simplicity is related to the boundary rigidity problem [36] which is a motivation for the
tensor tomography problem. It was shown by Pestov and Uhlmann [51] that simple surfaces
are boundary rigid. Later this rigidity result was generalized to 2D simple magnetic systems

[14] and 2D simple systems involving magnetic fields and potentials [6].

Theorem 3.1.5. Let (M, g, FE) be a simple Gaussian thermostat on a compact oriented
Riemannian surface with boundary. Assume that Bier > (m + 1)/2 for some integer m > 2,

then I,, s s-injective.
In particular, Sy, = oo when the thermostat curvature is non-positive.

Corollary 3.1.6. Let (M,g,E) be a simple Gaussian thermostat on a compact oriented
Riemannian surface with boundary of non-positive thermostat curvature. Then I, is s-

injective for any integer m > 2.

The tensor tomography problems for simple surfaces [44] and 2D simple magnetic systems
[1] were proved without curvature assumptions, using a different method which was developed
for the boundary case. It is an interesting problem to show s-injectivity of I,,,m > 2 for
simple Gaussian thermostats on surfaces.

For manifolds with boundaries, there are also local tensor tomography problems, i.e.
whether one can determine a symmetric tensor near a boundary point, up to the natural

obstruction, from its integrals along curves near this point? For manifolds of dimension three
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and higher, there are recent works by Uhlmann and Vasy [64], Stefanov, Uhlmann and Vasy
[60] for the geodesic case, and Zhou [64, Appendix] for general smooth curves, including the

thermostats. However, the local problem for surfaces is still open.

Invariant distributions

To study the adjoints, let us briefly introduce distributions on SM. Let ~ be a closed
thermostat geodesic and 4, denote the measure on SM which corresponds to integrating

over (7,%) on SM. We can define the thermostat ray transform by the distributional pairing

Lp(y) = (4, ¥).

Denote by D'(SM) the space of distributions on C*°(SM). Both of these spaces are reflexive,
so the dual of D'(SM) is C*°(SM). Any differential operator P can act on a distribution
pu € D'(SM) via duality, that is (Pu,p) := {(u, P*p) for any ¢ € C*°(SM). Since Gg =
—(Gg + V(X)* (see Section 3.2), we define the following subspace of D'(SM):

D/, (SM) = {u € D(SM) : (G + V(\)u = 0}.

Hence a distribution p is in D} (SM) if and only if (i, Ggy) = 0 for all p € C*(SM).

mv
This agrees with the definition of the thermostat ray transform given by the distributional
pairing.

Without loss of generality we can consider the thermostat ray transform [ as the map

I:C®(SM)— L(D;,,(SM),R), Ip(u)= (u,¢) for u € D, (SM).

mv mv

By L(F,R) we mean the space of continuous linear maps from a locally convex topological
space F' to R. Equip this space with the weak* topology, then I becomes a continuous linear

map from a Frechét space into L(Dj,, (SM),R) which is locally convex. Since Dj,, (SM)

mv mv

is a closed subspace of a reflexive space D'(SM), it is also reflexive. Therefore, the dual

of L(D},,(SM),R) is the space of invariant distributions D}, ,(SM). This implies that the

mv mv

adjoint of the thermostat ray transform I is the map

I 2D (SM) = D(SM), (I"u, ) = (u, L) for p € CF(SM).
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On an oriented surface any v € C*°(SM) admits a Fourier expansion u = Y . u,, (see
Section 3.2) where

27
| wloteope
0

1
U (T, 0) == Py

and p; is the flow generated by V. One can use duality to decompose a distribution into its
Fourier components. That is, if u € D'(SM) then (ug, @) = (u, px) for all ¢ € C*(SM).
Now we can give the statements of our results which express the surjectivities of I and I

in terms of the existence of some invariant distributions.

Theorem 3.1.7. Let (M,g,E) be an Anosov Gaussian thermostat on a closed oriented
Riemannian surface. Given f € C*°(M), there exists w € H '(SM) with (Gg+V (\)w =0

and wy = f.

As was explained in [45], by the ergodicity of Anosov flows, the only L? solutions to
Xw = 0 on geodesic flows are constants. Therefore, the optimal regularity that we can

expect for solutions to (Gg+ V(A\)w =01is H 1.

Theorem 3.1.8. Let (M, g, E) be an Anosov Gaussian thermostat on a closed oriented
Riemannian surface. For a given solenoidal 1-form « (i.e. divergence free), there exists

we H Y SM) with (Gg+ V(A\)w =0 and w_; + w; = a.

One can consider the surjectivity of I for m > 2, however the constraint on m-tensors
may not have explicit geometric meanings as that in the geodesic case. One can also derive
surjectivity results on surfaces with boundaries by similar techniques. For the boundary case
one should expect to show the existence of smooth invariant functions. This is known for
I; and I} on simple manifolds of any dimension, see [51] and [16]. For I}, m > 2, there are
results on simple surfaces [46].

Finally, it’s also worth pointing out that recently Paternain, Salo and Uhlmann gener-
alized the techniques for the study of I and I* on Anosov surfaces to higher dimensional

Anosov and simple manifolds [47].
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3.2 Pestov identity

Note that we have a global frame {X,X,,V} for T(SM), which satisfies the structure
equations given by X = [V, X ], X| = [X, V] and [X, X || = —KV where K is the Gaussian
curvature of the surface. Using this frame we can define a Riemannian metric on SM by

declaring { X, X, V} to be an orthonormal basis and the volume form of this metric will be
denoted by d>33.

Recall the generating vector field of a Gaussian thermostat (M, g, F) is Gg = X + AV.
The fact that X, X,V are volume preserving implies the following lemma which was proved

in [13, Lemma 3.2].

Lemma 3.2.1. Let (M, g, E) be a Gaussian thermostat on a closed oriented Riemannian

surface. Then the following hold:
Lg,d¥* =V (\)dY?, Ly, d2*=0, Lyd2*=0,
where Ly denotes the Lie derivative along the vector field Z.

For any two functions u,v : SM — C define the L? inner product:

(u,v) ::/ v d¥3,
SM

the corresponding norm will be denoted by || - ||.
The space L?(SM) decomposes orthogonally as a direct sum
L*(SM) = P Hy,
keZ
where Hy, is the eigenspace of —iV corresponding to the eigenvalue k. A function u € L*(SM)

has a Fourier series expansion

o
u = Z U
k=—o0
where up € Hy, then [[u? = Z|jugl]* with |[ul]? = (u,u)l/Q. We denote the subspace



46

Consider the isothermal coordinates (x,y) on the surface (M, g) such that the metric can
be written as ds* = e*(dx? + dy*) where p € C*(M,R). This gives coordinates (z,y, ¢) on
SM where ¢ is the angle between a unit vector v and %. In these coordinates, the elements

in the Fourier expansion of f = f(z,y, ) are given by

1 2 o ‘
Te(@,y, ) = (2—/ f(x,y,go’)e”w dgp’)e”w_
™ Jo

In particular, for a given symmetric tensor field f of order m, fi, = 0 for |k| > m + 1.

We define the H'-norm of a function v € C*°(SM) as
lullzrsan = 1Geull® + [IX1w = VOVul* + [Vul* + [lul®

Notice that [|u|3 g is equivalent to the standard H'-norm [jul* + [|Vu||?, where Vu =

(Xu, X u, Vu).

Lemma 3.2.2. Let (M,g,E) be a Gaussian thermostat on a closed oriented Riemannian

surface. For any two functions u,v € C*°(SM,C) the following hold
(Vu,v) = —(u, Vo), (Xiu,v)=—(u, X, v)

and

(Ggu,v) = —(u, Ggv) — (V(AN)u,v).

Proof. We will use the following consequence of Stokes’” theorem. Let N be a closed oriented
manifold and © be a volume form. Let X be a vector field on N and f € C*°(N). Then the
following holds

/N%(f)@:—/Nfo@. (3.2)

Now, the statement of the lemma is the consquence of Lemma 3.2.1 and (3.2). ]
In particular, Lemma 3.2.2 implies the following expressions for the adjoints
X =-X,, V==V, Gp=—-(Gg+V(}\).

The following integral identity will play a fundamental role in our arguments. Its proof

can be found in [13, Theorem 3.3], which is valid for more general thermostats.
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Theorem 3.2.3 (Pestov identity). Let (M, g, E) be a Gaussian thermostat on a closed ori-
ented Riemannian surface. If u € C*°(SM,C), then

||GEVu||2 — (KVu,Vu) = ||VGEu||2 — ||G':Eu||2

Remark 3.2.4. The Pestov identity above also holds for Gaussian thermostats on a compact

oriented surfaces with smooth boundaries provided that u|gsy = 0.
3.3 «-controlled thermostats

For a € [0, 1], we say that a Gaussian thermostat (M, g, F) on a closed surface is a-controlled
if for any v € C*°(SM) (for compact surfaces with boundaries, we additionally assume

ulp(smy = 0) the following holds
IGpull® — (Ku,u) > o Gpull*.
It is obvious that if K < 0, then (M, g, E) is 1-controlled.

Theorem 3.3.1. Let (M, g, E) be an Anosov Gaussian thermostat on a closed surface. Then

there is an o > 0 such that
IGEel® = (K, 9) = a (IGeell” + ll¢l®)
for all p € C*(SM).
Proof. Consider the following Riccati type equation
Ge(r=V\)+r(r—=V(X\)+K=0.

It was shown in [13] that for Anosov thermostats there are real-valued continuous solutions
r* (on SM) to this equation, which are differentiable along the thermostat flow and satisfy

r* —r~ > 0. We prove that the following integral identity holds

IGpel” — (K, ) = |Gryp —ro + V(A% (3.3)
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where r = r*.

Gy — 1o+ V(Nel* = GE(e)[* + [rel” + [V(N)el* — 2Re(rGr(v) #)
+2Re(V(NGr(p) ) — 2rV (A el
Since r satisfies the Ricatti equation,

Gep — 1o+ V(Mg = [Gr(@)]* = Kl + V(N
= Gg((r = VN))lel") = rV(N)lel*.

Integrate this over SM and use (3.2) together with Lemma 3.2.1 to derive (3.3).
Let A:=Ggpo—rTp+ V(N and B := Ggp —r~ ¢+ V(A)p, the equation (3.3) implies
|Al| = || B||- We obtain the following expressions for ¢ and Gge

p=(t-r)" (A= D),
GEQO = (1 - C)A+CB7
where ¢ := ::_TV,A From these equations one concludes that there is an a > 0 such that
2ael* < 1A%, 2a]Grell® < (A%

Combining above inequalities with (3.3), this completes the proof. O

Remark 3.3.2. The proof of Theorem 3.3.1 shows that the following more general statement

holds: if there is a bounded measurable function r : SM — R such that
Ge(r—=V\)+r(r—=V(\))+ pK <0,

then the Gaussian thermostat (M, g, F) is (8 — 1)/S-controlled.

3.4 Surjectivity of I}

This section is devoted to the surjectivity of the adjoint of the thermostat ray transform

acting on functions, i.e. Ij. To prove the surjectivity of I}, we need to study the properties
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of the operator P := VGpg. Appling Lemma 3.2.2, it is easy to see that P* = (Gg+V(\))V.
If F is a subspace of D'(SM), we denote by F, the subspace of those v € F such that
(v,1) =0.

Lemma 3.4.1. Let (M, g, E) be an Anosov Gaussian thermostat on a closed oriented Rie-

mannian surface. Then there is a positive constant C' such that
[ull zsar) < C[Pull

for all u € C3°(SM).

Proof. Apply Pestov identity and Theorem 3.3.1 for u € C*°(SM)

IVGpull® = |GEVull* = (KVu, Vu) + | Gpul|*

(3.4)
> [|Gpull* + a(|GeVul® + [[Vu]?).
Recall the commutation relation [Gg, V]u = X, u — V(A)Vu, which implies that
IX1u = VO)Vul* < 2(|GeVull® + [V Grull).
Therefore,
1
|GEVul* > §\|Xlu —V\)Vul?* = [|[VGpul®. (3.5)

Thus, there are constants C’, C" > 0 such that
C'Vull? < (Gpull® + [ Xiu = VO Vul® + [[Vu|* < C7|| Pyl

here Vu = (Xu, X, u,Vu). By the Poincaré inequality, there are constants D, D’ > 0
satisfying
lull* < D(IGpull® + | X Lul* + [[Vul]*) < D[[Vull?

for all w € C(SM). Hence, there is C' > 0 such that
[l (sary) < CllPull

for all u € C(SM). O
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Lemma 3.4.1 implies a solvability result for the adjoint P*.

Lemma 3.4.2. Let (M, g, E) be an Anosov Gaussian thermostat on a closed oriented Rie-

mannian surface. For any f € H;'(SM) there is h € L*(SM) such that
P*h=f in SM.
Moreover, ||h|| < C||fllz-1(smy with C > 0 being independent of f.

Proof. Consider the subspace PC°(SM) of L?(SM). By Lemma 3.4.1, any element w of
PC(SM) has the form w = Pu for some u € C°(SM). For a given f € H;'(SM),

consider the linear functional
L:PCX(SM)— C, L(Pu)=(u,f).
Lemma 3.4.1 implies that the functional L satisfies
L) < | flla-scsan el sany < ClF a1 Pall

This says that L is continuous on PCS°(SM). Therefore, by Hahn-Banach Theorem, the

operator L has a continuous extension
L:L(SM) = C, L) < Cllf s lIv])-
Now, we apply the Riesz Representation Theorem to find h € L*(SM) satisfying
L) = (v, h), bl < Cllflla-1san)-
If w e CP(SM), we have
(u, P*h) = (Pu, h) = L(Pu) = (u, f).
It follows that P*h = f, since f is orthogonal to constants. O]

Now, we are ready to prove the surjectivity of Ij. Actually Theorem 3.1.7 is a particular

case of the next result (let a = 0).
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Theorem 3.4.3. Let (M, g, E) be an Anosov Gaussian thermostat on a closed oriented
Riemannian surface. Given a € H;'(SM) and f € L*(M), there exists w € H*(SM) with
(Ge+V(A\)w=a and wy = f.

Proof. For a given f € C*(M), by Lemma 3.4.2, there is h € L?(SM) satisfying
P'h=a—(Gg+V(\)f in SM.
Setting w := Vh + f, we get

(GE+VMN)w=(Gg+VN)Vh+ (Gg+V(N)f
= Ph+(Gp+V(\)f =a

and it is easy to see that wg = f. O
3.5 Surjectivity of I}

Let (M, g, E') be a Gaussian thermostat on a compact oriented surface. Consider the following

first order differential operators introduced by Guillemin and Kazhdan [24]
1 , 1 :
77+:§(X+2Xl), n,zﬁ(X—@Xl).

It was shown that ni : Qp — Qgqq for £ € Z, and that these operators are elliptic. We
introduce the following differential operators p4 : Qp — Q41 for k € 7Z, corresponding to

the Gaussian thermostat (M, g, F'), given by
fy =0 MV, po=n-+ A4V, (3.6)

where A = A; +A_; (notice that A corresponds to a 1-form). Thus uy +pu- = Gg = X +AV.
For fixed m > 1, we define the projection operator T,, : C*(SM) — ®Ik\2m+l Q. by
T,,u= Z Up,.
|[k|[>m+1
We also consider the operator @, : C*°(SM) — ®|k|2m+1 Q. defined by Q,,u :=T,,VGgu.

The next proposition will be the key ingredient for the proofs of the main results.
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Proposition 3.5.1. Let (M, g, E) be an a-controlled Gaussian thermostat on a closed ori-
ented Riemannian surface, and let m > 1 be an integer. Then for any given u € @\k\zm QO

the following holds
1Qmull* = (1 = (m = 1)* + am®)([lp—wn | + s u—m]?)
+ (1= m® + alm+ 1) (|-t [I* + [ prwmma|?) + [[o]* + afjwlf?,
where v =T, Ggu and w = T,,GgV u.
Proof. Let u € @5, - Since Gg = piy + i,
IGeul* = Npcuwnal® + ocual® + lasummal® + el + ol
Similarly
IGEVull* = (m + 12—t |+ m? [ p—wn]* + (m+ 1) ||
+m |t |* + [fw]*.
Since VGpu =3 <., th(Gpu)k + Qmu, we have
IVGrull* = m?||p—tms | + (m = 1| p—wn|® + m?| |
+ (m = 1) * + (| Q]|
By the Pestov identity and the hypotheses, we get
IVGrul* > af|GeVul* + |G pull*.
Making the appropriate substitutions we obtain our result. O

Lemma 3.5.2. Let (M, g, E) be an Anosov Gaussian thermostat. Suppose that there is a
constant C' > 0 such that
1Gpull < Cl|Quul

for all u € ®Ik\2m Q. Then there exists another constant D > 0 such that
[l (sany < D Quul]

for all w € D>, -
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Proof. Let u € @IkIZm Q. By the definitions of T, and @),,, we have
1Pull* = > KI(Geu)il + |Qmull* < CilIGpul® + [|Qmul?
|k|<m
for some constant C'; > 0. The hypothesis guarantees the existence of a constant C'y > 0
such that
[Pul| < Ca| @rul

for any u € ®\k\2m Q. Now we apply Lemma 3.4.1 to finish the proof. O

Lemma 3.5.3. Let (M, g, FE) be an Anosov Gaussian thermostat which is a-controlled, for

some o > (m — 1)/(m + 1) then there is a constant C' > 0 such that
[ull 1 (sar) < CllQmul|
holds for any u € @\k\zm Q.
Proof. By Proposition 3.5.1, for a > (m — 1)/(m + 1), there is a constant C' > 0 satisfying
1@mull = Cl|Gpul. (3.7)
Now, one can conclude the proof by applying Lemma 3.5.2. O

Remark 3.5.4. As an immediate corollary of Lemma 3.5.3 and the smooth Livsic theorem
(Lemma 3.5.5 below), one obtains that on an Anosov Gaussian thermostat which is a-
controlled for a > (m — 1)/(m + 1), I, is s-injective. In particular, an Anosov Gaussian
thermostat with non-positive thermostat curvature is 1-controlled, this is enough for proving
Corollary 3.1.3.

Let us state the smooth Livsic theorem from [35, Theorem 2.1 reformulated in a way

convenient for our thesis.

Lemma 3.5.5. Let (M, g, E) be an Anosov Gaussian thermostat on a closed oriented Rie-
mannian surface, and let f € C°(SM). Then If = 0 if and only if Gpu = f for some
ue C®(SM).
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Proof. This result was proven in a greater generality assuming that the flow is transitive [35].
Transitivity of Anosov Gaussian thermostats on surfaces follows from the work of Ghys [21].

]

However, in Section 3.7 we will prove Theorem 3.1.2 which is a stronger version of the

injectivity of I,,,, namely o = (m —1)/(m + 1).

Lemma 3.5.6. Let (M, g, E) be an Anosov Gaussian thermostat which is a-controlled for
some a > (m —1)/(m +1). For any f € H*(SM) with fr = 0 for |k| < m — 1, there is
h € L*(SM) such that

Qrh=f 1in SM.

Moreover, ||h|| < C||fllg-1(samy with C > 0 being independent of f.

Proof. Consider the subspace @, GBIkIZm Qp of L>(SM). By Lemma 3.4.1, any element v of
Qm D jgj>m O has the form v = Qpu for some u € @y, Q- For a given f € Ho'(SM),

we consider the linear functional

L:Qu@ %—C, L(Pu) = (u,f).

lk|>m

Lemma 3.5.3 implies that this functional satisfies

| L(@mu)| < L flla=risany lull arsany < ClFla-(say |@mull.

This means that L is continuous on €P 5, 2. Therefore, by Hahn-Banach theorem L has

a continuous extension
L:LX(SM)—C, L) <Ol flla-sm vl
Now, we apply the Riesz representation theorem to find h € L?(SM) satisfying

L(v) = (v, h), bl < Cllflla-1san-
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If ue C*(SM), we have

(u, Qph) = (Quush) = (Qulu— Y w),h) = L@Qulu— Y w))

|k[<m—1 |k|<m—1
|k|<m—1
The last equality holds because f, = 0 for all k satisfying |k| < m — 1. O

Now, we give the proof of our main result on the surjectivity of I7.

Proof of Theorem 3.1.8. Set a := —(Gg+V(\))a. Since da = 0, by [45] this is equivalent to
nia—_1 +n_cy = 0. On the other hand, (MV +V(A\))a—1 = (A1V +V(A_1))ay = 0, which
imples ap = 0. By Theorem 3.3.1, an Anosov thermostat is a-controlled for some o > 0.

Therefore, we can apply Lemma 3.5.6 with m = 1 to find h € L?(SM) such that
Q:h=(Gg+V(\)VTh=—(Gg+V(}\))a.

Set w :=VTh+ «, then (Gg + V(\)w =0 and w_y +w; = . O

3.6 Injectivity of operators i, i

The following result on the injectivity of p., pu_ is one of the crucial components in the proof

of Theorem 3.1.2. It does generalize the corresponding result obtained in [24].

Proposition 3.6.1. Let (M, g, E) be a Gaussian thermostat on a closed oriented Riemannian
surface of genus > 2. Consider the operators py : Qi — Qi1 defined as in (3.6), then

fy Qe — Qi is ingective for k> 1 and p— = Q — Qp_1 is ingective for k < —1.

This is a consequence of the following lemmas. The first lemma says that the kernel
of p4 is invariant under the conformal change of the metric and the Gaussian thermostat:

(9,E) = (e*g,e > E).

Lemma 3.6.2. Let (M,qg,E) be a Gaussian thermostat on an oriented surface, and let

u € Q, be such that pyu = 0. Then u = e™u satisfies iru = 0 for any smooth function
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o € C®(M,R). Here fi; denotes the operator defined as in (3.6) for the Gaussian thermostat
(M, §, E) with § = ¢**g and E = e > E.

Before giving the proof we introduce some conventions. If A is a notation for some object
in the context of the thermostat (M, g, E), by A we denote the same ob ject but in the context
of the thermostat (M, g, E) For example, since SM denotes the unit sphere bundle with
respect to the metric g, then SM denotes the unit sphere bundle with respect to the metric
g. Another example, by a we denote the 1-form dual to the external vector field E with

respect to the metric g. Then @& denotes the 1-form dual to the external vector field E with

respect to the metric g.

Proof. Consider the isothermal coordinates (z,y) on (M, g) such that the metric can be
written as ds* = e*(dz* + dy*) where p € C*(M,R). This gives coordinates (x,y, ) on

SM where ¢ is the angle between a unit vector v and 88—33. In these coordinates, we have

V= % and
_ 0 .0 dp . dp 0
pu— p — —_— —_—— —_ —_
X =e (cosgoaz +smg08y + ( I sin ¢ + 2y cosap) 090) ,
_ .0 0 dp dp . 0
= — p — _ _— _ _ B — .
X e ( smgpax+cosg08y (8x cosga—l—ay Slngp) &p)

Consider u € €, and write u(z,y,¢) = h(z,y)e™?. Then a straightforward calculation,

using these formulas, shows that

e () = e"PY(he )l D, (38)
_ 1[0 - 0
where 0 = 3 (% - za—y).
In order to write py we set o, := %(E1 — 1E?) where E' and E? are coordinates of the

vector field , i.e. E = (E', E?). A straightforward calculation shows that
O(+(£E, Y, 90) = OKZ<ZU, y) epeigo‘
Combine this with (3.8) and (3.6), we obtain

pir(u) = e™VP(9 — me?a,) (he ™)l M (3.9)
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The same coordinates (x,y) will be isothermal on (M, §) and the metric § can be written
as di* = 27 (dz® + dy?®). Then the coordinates on SM will be (x,y,¢) where ¢ is as

before. In these coordinates we have

[t (ﬂ) _ e(m—l)(p—i—o) (8 _ m€2p+20&2) (iLe—m(p—&-o))ei(m—H)@ (310)

for any @ € Q,, written as @(z, y, ¢) = h(z, y)e"?.
Assume that p,u = 0, where u € ), is written as u(z,y,p) = h(z,y)e"™?. Then from
(3.9) we conclude that (0 — me®*’a,)(he™™") = 0.

—20

Now consider @& = €™ u. Then @ = he'™¥ with h = €™°h, and &, = e *°a,. Therefore,

by (3.10), we have

[y (ﬂ) = e(m—l)(l)-‘ra)(a _ m€2p+200~42>(ile_m(p+a))ei(m+1)‘»0

— e(m—l)(p+0)(a _ mez”az)(he_mp)ei(ml)“’.
Thus, we conclude that i u = 0. [

Lemma 3.6.3. Let (M, g, E) be a Gaussian thermostat on an oriented surface. If (M, §, E)
is the conformal Gaussian thermostat, that is § = €*g and E = e 2°E, then diV§E' =

e% divy .

Proof. The proof follows by straightforward computations in isothermal coordinates (z,y)

on (M, g). The Christoffel symbols are

dp dp
F%l = _F§2 = F%z = %a F%z = _Fi = Fiz = a_y

If E = (E', E?) in coordinates (z,y), then the expression for div, E is
OE'  OF? op op
divyE =V \E' + VB> = — + — + 2 LE'"+ ZF*|.
Vo Ve ox + Jy + (3x +ay
Note that the metric g can be written as ds* = e**27(dz? + dy?). Therefore the Christoffel

symbols for g are

dp+o)

oz 0pto)
F%l = _F%Q =T 5} Y,

_ n2 n2 _ 7l
12 — or ) I-‘22__]‘—‘11_F12_
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Since E = (¢ E', ¢ 2’ E?) in coordinates (z,%), the expression for divy E is
_ - OE' OFE? dp dp

div E=V\E' +VyF? = | — + — +2| —E'+ —E*
Vo Ve ‘ ox * dy * ox + oy

—e % divy E.

O

Lemma 3.6.4. Let (M, g, F) be a Gaussian thermostat on a closed oriented surface of genus
> 2, then there exists a function o € C*°(M,R), such that the conformal Gaussian thermostat

(M, e* g, 2° E) has negative thermostat curvature.

Proof. Let K, K be the Gaussian curvatures of (M, g) and (M, €% g) respectively. It is well
known that K = e=2°(K — A,0), here A, is the Laplacian under the metric g. On the other
hand, a straightforward calculation shows that the thermostat curvature of (M, g, E') has the

form

K=K —div, E.
Above discussion together with Lemma 3.6.3 implies that the thermostat curvature of (M, €27 g, e 2" )
1s
K=K —div; E = e (K — Ayjo — div, E).
To prove the lemma, we need to find a real-valued smooth function ¢ and a constant

¢ < 0 for the following equation
K —Ayjo—div, E=c<0. (3.11)
Notice that on a closed connected Riemannian surface, the solvability condition for (3.11) is
0 :/ K — ¢ —divy, F dVol, :/ K — cdVol,.
M M

By the Gauss-Bonnet theorem and the assumption that the genus > 2 (i.e. the Euler

characteristic x(M) < 0), we can choose

fMKdVolg _ 2w (M)
Vol (M) — Vol, (M)

< 0,
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where Vol, (M) is the volume of M under the metric g.
Thus there exists o € C*°(M,R) such that

N oy 21X (M)
K=e?—2—2 <.
© Vol,(M)
O

Lemma 3.6.2 and 3.6.4 imply that to prove Proposition 3.6.1, we only need to show that

it’s true for the case K < 0.

Lemma 3.6.5. Given a Gaussian thermostat (M, g, E) on a closed oriented surface with
K=K —divy £ <0, where K is the Gaussian curvature of (M, g), then py @ Qp — Qpyq is

injective for k > 1 and u_ : Qp — Q1 s injective for k < —1.
Proof. Let u € €, since Gg = puy + p—, the following expressions hold

Gpu = pyutp_u, GpVu=ikpiu-+ikp_u,

VGgru =i(k+ 1)psu+i(k — 1u_u.
Substituting these into the Pestov identity, we obtain an integral identity
2k|p—ul* = 2kl ull? + £ (Ku, ).
According to our hypothesis K < 0, we come to the following inequality
2kl p-ull* < 2k pyull”. (3.12)
Consider the case £k > 1 and assume p,u = 0, we get
0 < [lp—u* <0,

Thus u = 0 as desired. Using similar ideas for the case £ < —1 one can prove that y_u =0

implies u = 0. O
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3.7 Injectivity of I,

Before giving the proof of the s-injectivity of I,,, it is worth pointing out that if the terminator
value of a Gaussian thermostat (M, g, E') is Bier, then (M, g, E) is free of fi,-conjugate points.
Indeed assume that (M, g, ) has fi,-conjugate points, i.e. there exists a thermostat geodesic
7 and a non-trivial solution y() to the Bie-Jacobi equation along v such that y(0) = y(7') = 0
for some T' > 0. Notice that §(T") # 0, thus there is a small neighborhood U of S, such that
for all § € U there are -conjugate points. This contradicts the definition of the terminator
values.

Since (M, g, E) has no fi,-conjugate points, by Remark 3.3.2, it is (Bier — 1)/Brer-
controlled. Notice that for Anosov Gaussian thermostats, there are no conjugate points
in the usual sense, which means that Sy, > 1 (actually one can get [ > 1 for Anosov

Gaussian thermostats).

The following injectivity result will imply Theorem 3.1.2.

Theorem 3.7.1. Let (M, g, E) be a Gaussian thermostat on a closed surface of genus g > 2
which is (m — 1)/(m + 1)-controlled for m > 1. Let ¢ be a symmetric m-tensor and suppose

that there is a smooth solution h to the transport equation
Then h s of degree m — 1.

Proof. Let u = ZIkIZm hi, then Ggu has degree m and @,,u = 0. By Proposition 3.5.1 and
the assumption @ = (m — 1)/(m + 1), we get that

-ty =0 and piu_,, =0.
Thus
Gpu = pi—Umy1 + pyU—(mi1)

and

GeVu=1i(m+ 1)p_tmir — i(m + 1) ppu_ ).
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Therefore,

Xiu—=VA)Vu=I[Gg,V]u
=i(m 4+ 1) pt— i1 — i(m 4 1)U (mg1) — M U1 + TN U (1)

= Ub—Um1 — YU (1)

It is known that X, u—V (A\)Vu = ip_u—ipyu. Hence p_u = pi_tpqy and ppu = pypti_(m41),
in particular, g ur = 0 and p_u_g = 0 for £ > m. Then Proposition 3.6.1 implies that u = 0,

thus h is of degree m — 1. m

Proof of Theorem 3.1.2. Let ¢ be a symmetric m-tensor, such that [, = 0. By Lemma 3.5.5,
there is h € C*°(SM) such that Ggh = ¢.

On the other hand, a closed oriented surface whose unit sphere bundle carries an Anosov
flow must have genus > 2. Indeed, by a classic result of Plante and Thurston [52], if an
Sl-bundle over a closed oriented surface carries an Anosov flow, the fundamental group of
the bundle must grow exponentially. However the fundamental group of any S'-bundle over
a 2-sphere or torus only has polynomial growth.

Finally, by Remark 3.3.2 and the discussion about terminator values at the beginning of
this section, (M, g, E) is (m — 1)/(m + 1)-controlled.

Now Theorem 3.1.2 is a direct consequence of Theorem 3.7.1. O
3.8 Results for surfaces with boundary

As mentioned in the introduction, some of the arguments above also work for compact
surfaces with boundary. The main change when dealing with the boundary case is that the
functions need to vanish on the boundary whenever appropriate.

In this section we assume that (M, g) is a compact oriented Riemannian surface with
smooth boundary OM, we will prove Theorem 3.1.5 which is an injectivity result for Gaussian
thermostats (M, g, E) on surfaces with boundary. Let A denote the second fundamental form

of M and v(z) the inward unit normal to OM at x. We say that OM is strictly thermostat
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convex if

A(z,v) > (E(z) — (E(x),v)v,v(zx)) (3.13)

for all (x,v) € S(OM), here E is the external field.

For x € M, we define the thermostat exponential map by
expZ(tv) = o ¢u(v), t>0, veES,M

which is C''-smooth on T, M and C*-smooth on T,,M \ {0}.

We say that (M, g, F) is simple if 1) M is strictly thermostat convex and 2) the thermo-
stat exponential map exp? : (expZ?)~!'(M) — M is a diffeomorphism for every x € M. These
two conditions guarantee that every two points on M are connected by a unique thermostat
geodesic and there is no conjugate points. In this case, M is diffeomorphic to the unit ball
of R™, which is simply connected.

Results in Section 3.2 are still valid in the boundary case if the trace of u or v vanishes.

The Pestov identity also holds:

Theorem 3.8.1. Let (M, g, E) be a Gaussian thermostat on a compact oriented surface with

boundary. If u € C*(SM,C) and u|opsyr = 0, then
|GeVul]* — (KVu, Vu) = |VGgul]* — ||Ggul*.

Notice that the estimate of Theorem 3.3.1 plays an important role in the arguments for
the case of closed surfaces. To establish our result for the boundary case, we need a similar

estimate. Given a Riemannian surface M with boundary, denoting dSM the boundary of

SM, we define a subset of 0SM,
0+ SM = {(z,v) € 0SM : (v,v(x)), > 0}.

Note that v(x) is the inward unit normal to M at z. We start with the following existence

result of distinct solutions to the Riccati equation on 2D simple Gaussian thermostats.
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Lemma 3.8.2. Let (M, g, E) be a simple Gaussian thermostat on a compact oriented surface
with boundary. Then there exist smooth nowhere equal solutions v and r~ to the Riccati
type equation

Gpr+7m = V\r+K—-GgV(\) =0. (3.14)

Proof. We embed M into larger compact surfaces M, M with boundary such that M C
Mt M ¢ M™ c M, and extend g and E smoothly onto M such that (M,g,E) and
(M, g, E) are simple too.

We consider a maximum thermostat geodesic ~, : [0, I] — M with z = (72(0),4.(0)) €
0,5 M. Let 1, be the solution to the thermostat Jacobi equation

yz - V()‘)yz + (K - GEV<)‘))yz =0

along ~, satisfying y,(0) = 0, 9,(0) = 1. By the simplicity of (M, g, E), 7. has no conjugate

y=(t)
y=(t)

+00. Notice that r(z,t) smoothly depends on z € 8+SM. We do the same thing for all the

points, thus r(z,t) = is a solution to the Riccati equation on (0, {] with lim;_,o7(t) =
thermostat geodesics on M , which can be parametrized by z € 8+S]T/[/ , to get a well-defined
smooth solution r*(z, £) = r(z(z, &), 7 (x, €)) to the Riccati equation (3.14) on SM™ where
(,8) = (7.(7(2,8)), 3. (77 (x,£))), 7 (x,€) is the length of the unique thermostat geodesic
segment connecting m(z) and x with £ € SxM tangent to 7, at x. It is not difficult to see
that z and 7~ smoothly depend on (z, &) € SMi™. Moreover Hm, o 5 o577 (@,€) = +o0.

Notice that by our definition of M and M , the restriction to M of a thermostat geodesic 7
of (]T/f . g, E) (if nonempty), 7|7, is a thermostat geodesic of (M , g, F). By a similar approach
as above with the initial condition y,(0) = 0, ,(0) = 1 at z € 9, SM for the thermostat
Jacobi equation, one can get a smooth solution r~ to the Riccati equation (3.14) on Shfint
with lim, ¢ 5 g7 7 (2,§) = +oo.

Since SM C SM and 9, SM is compact, there exists K > 0 such that SUD ;. £)ea, SN rt(z,§) <
K. We can find a smaller compact surface U, whose boundary 0U is uniformly, sufficiently
close to OM, with M ¢ U C M™ and (U, g, F) is still simple. Then there exists ¢ > 0 such

that supy, g 7" < K + c and infy, sy 7~ > K + ¢, i.e. r™ and 7~ never coincide on 9,.5U.
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Now we claim that »* # r= on SM (Actually r* # r~ on S]\Z"”t). We prove by
contradictions, assume that there exists (x,&) € SM such that r(x,&) = r~(x,&). Consider
the restrictions of 7™ and r~ onto the thermostat geodesic v, ¢ : [—I7, IT] = U, I7, [T > 0,
with (72.6(0), ¥2.6(0)) = (x,€) and Y,¢(—17), 12¢(I7) € OU. Notice that the zeroth order
term of the Riccati equation (3.14) is a polynomial with respect to r. Moreover, [—17, I*]
is compact, thus the zeroth order term of (3.14) is Lipschitz continuous in r when it is
restricted on 7, ¢. By the Picard-Lindelof theorem of first order ODEs, one has the global
existence and uniqueness of the solution to the Riccati equation on 7, ¢ with 7(0) = r*(z,§) =
r~(x,€). This implies that r* = r~ along 7,¢. In particular, there is z € 9;.SU such that
r*(z) = r~(z). However, since ™ and r~ are never equal on 0, SU, we reach a contradiction.

Therefore, r™ and 7~ are two distinct solutions to the Riccati equation (3.14) on SM. O
The following is an analogue of Theorem 3.3.1 on compact surfaces with boundary.

Theorem 3.8.3. Let (M,qg,E) be a simple Gaussian thermostat on a compact oriented

surface with boundary. Then there exists an o > 0 such that

IGEel” = (Ko, 0) = a (|Geell” + [lell?)
for all ¢ € C*(SM,C) with plosy = 0.
Proof. Applying Lemma 3.8.2, the proof is almost identical to the proof of Theorem 3.3.1. [

Applying Theorem 3.8.1 and 3.8.3, the results of Sections 3.4 and 3.5 also hold for the
boundary case. To prove Theorem 3.1.5, we need the following lemma on the injectivity of

p+ which is an analogue of Proposition 3.6.1.

Lemma 3.8.4. Let (M, g, E) be a Gaussian thermostat on a compact oriented Riemannian
surface with boundary. Consider the operators p+ : Q0 — Qs defined asin (3.6). Letk > 1,
if pyu = 0 where u € Qu, ulosyr = 0, then u = 0; if u_u = 0 where u € Q_y, ulosy = 0,

then u = 0.
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Proof. Notice that M can be embedded into a closed surface of genus > 2. By Lemma 3.6.4,
we only need to show the injectivity of pu4 for Gaussian thermostats of negative thermostat

curvature, which is straightforward by applying Theorem 3.8.1. O]

With the help of above lemma, we obtain the following injectivity result whose proof is

similar to that for Theorem 3.7.1.

Proposition 3.8.5. Let (M, g, E) be a Gaussian thermostat on a compact oriented surface
with boundary which is (m—1)/(m+1)-controlled for m > 1. Let ¢ be a symmetric m-tensor

and suppose that there is a smooth solution h, hlgsyr = 0, to the transport equation
Then h is of degree m — 1.

To prove Theorem 3.1.5, we need a version of Livsic Theorem for surfaces with boundary.
Given a 2D simple Gaussian thermostat (M, g, E), let 7(x,v), (z,v) € SM be the time that
the thermostat geodesic v, , starting at x in direction v exits M. The simplicity assumption
implies that 7 is finite for all (z,v) € SM and it is smooth on SM except S(0M), the unit
sphere bundle of the boundary oM.

Given f a smooth function on SM, it is easy to see that

(z,v)
uf (2,0) = — / F(oalt), Aen(®)) dt (3.15)

solves the transport equation

GEu:f

in SM. Moreover, if I f = 0, we obtain u/|5sy = 0. The ingredient is the following regularity

statement.

Proposition 3.8.6. Let (M, g, E) be a simple Gaussian thermostat on a compact oriented
surface with boundary. Given f € C®(SM) with If =0, let u/ be the function defined by
(3.15), then uf € C>(SM) too.
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The proof of Proposition 3.8.6 for simple surfaces can be found in [43], a similar argument
works for simple Gaussian thermostats, thus we leave it to the reader. Now Theorem 3.1.5

follows from Proposition 3.8.6 and 3.8.5.
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