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Languages undoubtedly exhibit many surface differences; However, past works such as God-
dard and Wierzbicka [1994] and von Fintel and Matthewson [2008] have identified semantic
properties that are evident in a vast number of languages, i.e. semantic universals. This
thesis concerns itself with universal properties of quantifiers (words such as “some”, “few”,
etc.). Although there are many possible explanations for universal properties of quantifiers,
I work off of the claim that quantifier universals are explained by ease of learning, i.e. that
universal properties are universal in natural language quantifiers precisely because they result
in quantifiers which are more easily learnable.

In this thesis, I investigate the claim that representation length in a language of thought
Fodor [1975], together with a degree of universality of a quantifier’s meaning, can serve as
a predictor for ease of learning and thus provide more explanation for quantifier universals.
Through use of an artificial quantifier gleeb whose meaning is expressed in a language of
thought and varied over separate experiments, I study the ease with which both human par-
ticipants and a Bayesian model learn its meaning through observation of usage contexts. In
the end, this method of Bayesian learning far outperforms humans at the same tasks. Results
nevertheless exhibit a human and model preference for non-order-based quantifiers. In addi-
tion, although models tend toward shorter meaning representations, a degree of universality

seems not to significantly affect model learning.
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Chapter 1

INTRODUCTION AND BACKGROUND

This thesis examines a cognitive explanation for why certain properties in quantifiers (words
such as “some”, “few”, etc.) are universal in natural language. That is, among all the
properties quantifiers could have, why is it that only some properties have become universal
and others have not? Steinert-Threlkeld and Szymanik [2020] suggest that because such
universals become established across numerous languages, they likely result in part from
more general features of human cognition. Based upon this notion, this work is rooted in
the claim that universals are explained by ease of learning. More precisely put: universal
properties are universal in quantifiers precisely because they result in quantifiers which are
easier to learn. This claim suggests that some causal link exists between ease of learning and

presence in language.

To look further into this claim, this thesis uses a Bayesian concept learning model with
a modified prior which allows implementation of degrees of monotonicity and conservativity
such at those seen in Posdijk [2019] and Carcassi et al. [2019]. This is used to study to what
degree a quantifier meaning’s minimum description length in a language of thought (LOT)
along with its measured “universality” can be used to predict its ease of learning. In addition,
this Bayesian model’s learning capabilities are compared with those of human participants
for a more complete picture. It is predicted that quantifiers with a lower LOT length and
higher degree of universality are more easily learned, with model performance closer to
human performance as measured by coefficient of determination (R?); in the affirmative
case, more evidence can be provided for ease of learning’s connection to quantifier universals,
namely, that there is evidence for a learning bias in humans for monotonic and conservative

quantifiers, and not merely a bias for shorter quantifier descriptions. Though there has



been previous work in quantifier universals and learnability, this is among the first to take
a Bayesian, concept-learning approach with such a modified prior. Before continuing on, I
will first elucidate some of the most important background necessary for this study, as well

as highlight previous work in this area.
1.1 Generalized Quantifiers

Quantifiers can be defined simply as semantic objects denoting number or, as the name
implies, quantity. In surface form, these objects are expressed through determiners like

)

“some”, “few”, etc.; however, quantifiers can also sometimes be nouns themselves, such as
proper nouns like “John”. A more flexible definition for quantifiers is that of a generalized
quantifier (Barwise and Cooper [1981]), wherein a quantifier simply denotes' a set of sets.
This is commonly used as the semantic definition of quantified noun phrases like “every

student”, which itself denotes the set of sets seen in the expression below.
“Every student” = {X | {x | x is a student} C X}

Interpreted in words, “every student” is the set of all sets X such that each X contains all
the students in the universe. Given this notion of the generalized quantifier “every student”,
we can apply this logic to the sentence “every student is happy” and evaluate the truth of

this sentence as in the expression below.

“Every student is happy” <= {h|his happy} € {X |{z |z is a student} C X}

<= {x|zisastudent} C{h|hishappy}

In words, “every student is happy” is true iff the set of all happy things is one of the sets X
that contains every student in the universe. Note: there could theoretically be many such

sets that contain every student. For example, if we had known apriori that every student

IMore technically, a generalized quantifier is defined using semantic type theory as a function
({e,t), {{e,t),t)). That is, a function which takes a set as input and returns a set of sets. For the purposes
of this thesis; however, I use type theory as minimally as possible.



got an internship, the set of “internship-getting things” would also be one set containing all
students in the universe. Thus, we can see that the truth conditions of sentences containing

generalized quantifiers can be expressed in terms of binary relations between sets.

1.2 Quantifier Universals

As it turns out, even in a universe of only two objects, there can exist already some ~ 60, 000
possible binary set operations that could be expressed using quantifiers (Keenan and Stavi
[1986]). There are, however, only a comparatively small amount of such operations that are
actually expressed in natural language. Furthermore, quantifiers expressing them exhibit

universal properties, two of which will be elaborated upon below.

1.2.1  Monotonicity

Monotonicity is one proposed universal property of generalized quantifiers. The monotonicity
universal (Barwise and Cooper [1981]) states that all simple determiners are monotone.
Monotone quantifiers can take two forms (among others) that are specifically relevant to this

thesis: monotonically increasing and monotonically decreasing.

Definition 1 A generalized quantifier Q* is monotonically increasing iff given two sets X

andY, X CY — (Q(X) = Q(Y)) (Barwise and Cooper [1981])

Definition 2 A generalized quantifier Q) is monotonically decreasing iff given two sets X

andY, X CY — (Q(Y) = Q(X)) (Barwise and Cooper [1981])

To illustrate monotonically increasing quantifiers, take the following example. Let
X = {z|x runs fast} and Y = {y | y runs}. We can therefore ascertain that X C Y

since all things that run fast do indeed run. Now let a DP (determiner phrase) Q = “every

ZHere I assume a Q of type (1) for ease of explanation. This would correspond to a quantifier used in a
noun phrase such as “every student”, instead of simply “every”, which would correspond to type (1, 1).



cheetah”. If we let Q(X) be defined as “every cheetah runs fast” and Q(Y) be defined as

“every cheetah runs”, then by our definitions above, the expression below must be true.
XY € {Z|{z]|zisacheetah} C Z}

With X as a subset of Y, we can see that Q(X) entails Q(Y). In other words, if every
cheetah runs fast, then every cheetah runs. Extending this logic means that if Q(X) is true,
then so is every Q(I) where [ is a superset of X. This property means that Q = “every
cheetah” is upward entailing and therefore a monotonically increasing quantifier. Note that
the pattern of entailment does not go the other way; i.e. when X C Y with the quantifier
@, Q(Y) does not entail Q(X) nor any other subsets.

To illustrate monotonically decreasing quantifiers, take the following similar exam-
ple. Let X = {z |z runs fast} and Y = {y | y runs}. We can again ascertain that X CY
since all things that run fast do indeed run. Now let a DP () = “no cheetah”. If we let Q(X)
be defined as “no cheetah runs fast” and Q(Y) be defined as “no cheetah runs”, then by a

definition similar to those above, the expression shown below must be true.
XY e{Z|{z]|zisacheetah} NZ =0}

With X as a subset of Y, we can see this time that Q(Y") entails (X)), unlike the opposite
case in monotonically increasing quantifiers. In other words, if no cheetah runs, then no
cheetah runs fast. Extending this logic means that if Q(Y") is true, then so is every Q([)
where [ is a subset of Y. This property means that () = “every cheetah” is downward
entailing and therefore a monotonically decreasing quantifier. Note again that the pattern
of entailment does not go the other way; i.e. when X C Y with the quantifier @), Q(X) does
not entail Q(Y') nor any other supersets.

Finally, there is the case where a quantifier is neither monotonically increasing nor de-
creasing, i.e. non-monotone. In this case, it does not entail upward nor downward. An
example of such a quantifier is “exactly one”. I will not walk through such a detailed exam-

ple to show this. Instead, simply recognize that under the same circumstances as the last



examples (X, Y, Q(X), Q(Y)), neither Q(X) entails Q(Y) nor does Q(Y') entail Q(X). That
is, if exactly one cheetah runs, it is not necessarily true that exactly one cheetah runs fast
(no downward entailment). Similarly, if exactly one cheetah runs fast, it is not necessarily

true that exactly one cheetah runs (no upward entailment).

1.2.2  Conservativity

Conservativity is another proposed universal property of generalized quantifiers. The conser-
vativity universal (Barwise and Cooper [1981]) states all simple determiners are conservative.
In terms relevant to the experiments in this thesis, given a model of the universe consisting
of two sets X and Y, the conservation of this model is simply the intersection of those two
sets, X N'Y. We can then ascertain the definition for conservativity below. The definition
of conservativity implies that the semantic denotation of a conservative quantifier ) only

depends on X and X NY and not X —Y.

Definition 3 A generalized quantifier Q3 is conservative iff given two sets X and Y,

QX)Y) < Q(X, XnNY)

To exemplify a conservative quantifier, take the case of the quantifier “every”. If we assume
X is the set of dogs and Y is the set of things that eat, then note that the denotations of the

following sentences are equivalent by conservativity:

1. Every dog eats

2. Every dog is a dog who eats

In other words, when applying “every” to “dogs” and “things that eat”, we receive the same

truth values as applying “every” to “dogs” and “dogs who eat”.

3Here @ denotes a type (1,1) function, as opposed to a type (1) function as assumed above.



1.3 Quantifier Learning

There is a history* of work regarding the learning of novel quantifiers using experiments with
artificial quantifiers such as gleeb; however, for this thesis, I focus on extending approaches
which attempt to establish a connection between ease of learning and universality with both
machine and human learning experiments. In addition, I base my learning model upon

previous work in Bayesian concept learning.

1.3.1 Bayesian Concept Learning in a Language of Thought

¢

In cognitive science literature, concept learning can be defined as “...the search for and
listing of attributes that can be used to distinguish exemplars from non exemplars of various
categories.” (Bruner et al. [1956]). From this definition and several subsequent works in
cognitive science, we see that concepts are marked by a few defining features; according
to Goodman et al. [2008a], concepts are firstly “...mental representations that are used to
discriminate between objects, events, relationships, or other states of affairs”. Secondly,
concepts are “learned inductively from the sparse and noisy data of an uncertain world”.
Lastly, concepts are “formed by combining simpler concepts, and the meanings of complex
concepts are derived in systematic ways from the meanings of their constituents”. Based on
this definition, examples of concepts may therefore include things as common as our notion
of number, given that it is compositional, used to discriminate between objects, and is able
to be learned among sparse and noisy data. Given that these concepts form an integral
basis for our functioning in the world, we may naturally ask how they can be acquired. For
example, how is it that we may learn to use the concepts of color and number to distinguish
“two red circles” from “three yellow circles”? Studies which investigate the acquisition of
these capabilities fall under the umbrella of concept learning.

Bayesian concept learning, as introduced in Goodman et al. [2008a], is a method for

describing the acquisition of concepts, which has shown success in several areas of cognitive

4See: Hunter and Lidz [2012], Spenader and Villiers [2019], Chemla et al. [2019]



science through its combination of both logical representations of concepts along with statis-
tical inference. At its core, this method of learning constructs representations using logical
primitives and infers the most likely meanings given sample data. An example of such a
study is Piantadosi et al. [2012], where the authors apply their formulation to the acquisi-
tion of quantifier meanings in natural language, i.e. the concept of quantity /number. This
work argues that listeners, when determining the meaning of a quantifier in speech, perform
Bayesian inference over the hypothesis space of possible meanings, which are represented
by strings consisting of logical primitives. This notion of Bayesian learning over a space of
logically-constructed hypotheses has been expanded upon in recent years to lead to a frame-
work for Bayesian concept learning in an LOT (Fodor [1975]). This formulation seeks to
combine Bayesian inference techniques with more specified conceptual representations based
on earlier notions of conceptual thought in cognitive science, using such languages of thought
as “...psychological theories that are subject to empirical evaluation”. An example of this
can be seen in Piantadosi et al. [2016], which features an array of concept learning exper-
iments with usage of this framework. Importantly for this thesis, this framework provides
reliable modeling of key phenomena in human concept learning, being able to predict more
fine-grained aspects of human learning curves. In addition, through its usage of a modifi-
able, language-of-thought prior, it is possible to experiment with priors (possible quantifier
meanings) which satisfy certain semantic universals; this proves key for the work shown in

this thesis.

1.3.2 FEase of Learning and Semantic Universals

The study of linguistic universals is the study of properties found in a vast number natural
languages. Such studies®, along with those which focus on semantic universals, are not novel.
In recent years, several advancements have been made not only in identifying semantic

universals, but also in studying explanations for their existence. Most notably for this work

SExamples include Goddard and Wierzbicka [1994] and von Fintel and Matthewson [2008]



is Steinert-Threlkeld and Szymanik [2020], where, by use of an RNN learning model, pre-
liminary evidence is shown that quantifier universals can be explained by ease of learning.
Importantly for this thesis, it is noted that there are multiple other possible explanations
for quantifier universals — not just the ease with which an RNN model learns a quantifier’s
meaning. In particular, one of such methods mentioned is the minimum description length in
an LOT), as seen in Piantadosi et al. [2016]. Steinert-Threlkeld and Szymanik note: ”...while
neural network learnability provides a unified explanation of semantic universals in many
different domains, whether or not other general notions of complexity from the literature
also can remains open...It is, for instance, possible that minimal description length in an
appropriate LOT can explain both the presence of the universals and their ease of learning.”
This direction is precisely where this thesis continues toward. It has been shown in earlier
work that minimum description length in an LOT is a reliable predictor of learnability; how-
ever, in addition to utilizing description length and its relation to learnability, consideration
is also taken to include measures of monotonicity and conservativity in order to test whether

there exists a human learning bias for quantifiers with these universal properties.



Chapter 2
METHODS

To test the claim that that representation length in an LOT together with degrees of
monotonicity and conservativity of a quantifier’s meaning can serve as a predictor for ease
of learning, this thesis introduces a Bayesian concept learning model and human quantifier

learning experiments of an artificial quantifier, gleeb.
2.1 Human Learning Experiments

2.1.1 Ezxperimental Setup

In work conducted at University of Amsterdam by Jakub Szymanik, Sonia Ramotowska, and
Leendert van Maanen, 30 participants were asked to complete 8 artificial quantifier learning
experiments; the experiments featured varying meanings of the unknown quantifier gleeb
including: “first 3”7, “between 3 and 67, “at most 27, etc. In these experiments, participants
were asked to learn the meaning of the quantifier, gleeb, through observation of 96 of its
use contexts. Participants were shown these contexts in succession, each featuring n € [1, 8]
objects each. Objects shown were of shape € {circle, triangle}, and varied in color € {red,
blue}. Upon seeing each context, the human participants were asked to identify whether
the sentence, “Gleeb triangles are red”, is true or false. An example of this is shown in
Figure 2.1. After answering true or false, the participant is shown the correct answer; this
is, therefore, a form of supervised learning. At the end of each experiment, performance is
measured as the percentage of humans getting the correct answer at a given context. For
example, at the 45th context (out of 96), there may have been 60% of humans who answered
correctly, thus 60% would be the human accuracy measure for this context.

In the Bayesian theoretical framework we first presume that a participant has prior
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Figure 2.1: Example context (Szymanik, Ramotowska)

assumptions about what the meaning of gleeb could be. That is, the participant has a space
of possible hypotheses of word meanings and their probabilities already constructed in their
mind. Then, upon seeing each context, they attempt to use the contexts (i.e. data) seen
so far. In other words, the participant is presumed to be performing inference using the
data seen to search over this space of possible meanings to search for a suitable meaning for
gleeb. “Suitable” in this case would, of course, mean most likely when combined with the
participant’s apriori assumptions. With more data, it is therefore plausible that a participant
can gradually learn the meaning of gleeb by updating their prior assumptions through trial
and error. Of interest for this thesis, is whether a bias for monotonicity and conservativity
(besides merely a bias for shorter quantifier meanings) is included in the participant’s apriori

assumptions.

2.2 A Bayesian Concept Learning Model

2.2.1 Modeling Framework

After completing human experiments, Bayesian concept learning models® are trained over

the same data as those shown to human participants. For the study, there are as many

I'Repo can be accessed on Github


https://github.com/dj1121/bayes_quantifier
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models trained as there are humans, and their performance is measured through a posterior
predictive probability to approximate percentage of humans correct per data seen, as used
in previous work in this learning scenario. The goal of the models is to use given data to
learn the probability distribution of hypotheses which are quantifier meanings expressed in
a language of thought (i.e. meanings expressed with logical primitives like N, U, etc.), or
P(h|d). As the nomenclature of the learning style suggests, this can be calculated using

Bayes’ rule:

P(h|d) « P(d|h)P(h)

First, just as in the human case, a prior probability P(h) is calculated to model the apriori
assumptions of the model about possible meanings of gleeb. In this case, meanings of gleeb
are represented by strings in an LOT and weighted by length such that longer meanings are
less likely. Since the prior plays a large part in this study, it is explained in more depth
in Definition 6. Next, given the same data as one of the humans (one model per human),
the likelihood P(d|h) models the probability of hypotheses given the current data seen. In
other words, it answers the question: “Given what I see in this context, how likely is it
that the meaning of gleeb is this one?”. Following common practice for Bayesian learning
experiments, a single likelihood calculation? is performed over each context (data point) with

a € [0,1] representing noise in the data:

log(a) If meaning true in context

log(1 — «) Else

Finally, using a Metropolis-Hastings sampler, the prior and likelihood are used to estimate
the posterior distribution P(h|d) over k steps of sampling. This process is repeated for each
model, corresponding to each human, and is run over successive chunks of data, mimicking

how humans are presented the data in successive screens. That is, likelihood calculations and

2For a more detailed explanation, see Goodman et al. [2008b]
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sampling are performed every time a new context is seen. At each context seen, the top 100
hypotheses (ranked by posterior score) are stored. For example, as the model comes across
the 50th successive context, by using data from 0 contexts through the first 49 contexts, it
will infer the top 100 hypotheses for the 50th context. After all of the data has been seen in
this manner, the top 100 hypotheses from all numbers of contexts seen is used to form a fixed
hypothesis space over which a predictive posterior probability for each number of contexts
seen can be calculated. This fixed hypothesis space is pruned to eliminate hypotheses which
are semantically equivalent before calculating posterior probabilities. For example, if there
were a total of 10 contexts, 1000 hypotheses would be in the fixed hypothesis space before
pruning, i.e. 100 per each context. By calculating the posterior predictive probabilities over
each amount of data seen, a measure of model performance is achieved at each amount of
data seen. This can then be plotted and compared with human accuracy. Of course, in this
modeling framework, posterior probabilities (and thus learnability) may highly depend on
differing definitions of a prior, which must be taken into account. Therefore, defining a prior

in more detail will be the task of the next subsection.

2.2.2 A Weighted LOT Prior

As this thesis attempts to establish a connection between learnability and quantifier univer-
sals, it is undoubtedly important to specify how quantifier meanings are represented, and
how universality in these meanings is to be formulated. In this setup, as mentioned be-
fore, hypotheses (possible meanings of the gleeb) are represented as strings in a language
of thought. This language of thought consists of lambda expressions over two sets (A and
B) and set-theoretic primitives such as U, N, and more. In this way, hypotheses can be
constructed using combinations of these set-theoretic primitives embedded into lambda ex-
pressions. Set A is to be used to contain all triangles in a context, and set B is used to
contain all red objects. These LOT expressions represent a learner’s apriori assumptions
about which meanings are possible, as well as a probability distribution P(h) where longer

meanings are less probable. The inner workings of this formulation of P(h) depend on a
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probabilistic context-free grammar (PCFG) G, which is formalized by G = (M, T, R, S, P):

e M is a set of non-terminal symbols. Non-terminal symbols must be expanded fully until
reaching a string with only terminals in order to obtain a well-formed parse (expression in

the language of thought).

T is a set of terminal symbols, which are primitives in the language of thought. Terminal

symbols, by definition, cannot be further expanded in a parse tree.

R is a set of production rules. Production rules define how non-terminals can expand into

strings of non-terminals, terminals, or a combination of both.

S is the start symbol. In other words, S is the non-terminal from which all parses must start.

P is a set of production rule probabilities. Probabilities in P are defined uniformly, favoring
hypotheses which are shorter in length since production rule probabilities are multiplied as

a parse tree grows deeper.

The non-terminals M, terminals 7', and productions R which were used for this thesis are sum-
marized in Figure 2.2 below. For example, given Figure 2.1 above, we might assume that the
meaning of gleeb is “more than 2”. If that is the case, and a set A is made up of all triangles in
the context and a set B is the set of all red things in the context, a possible hypothesis® for this
quantifier’s meaning would thus be A A, B : |AN B| > 2. Similarly, another hypothesis such as
ANA,B:|[(ANB)N(ANB)| > 2 would be valid — though it may not be the best once we examine
other contexts in which gleeb is used. Using these two example hypotheses and our definition of a
prior, one can ascertain that the first would have a smaller prior probability than the second, since
each primitive used brings us further down a PCFG parse tree, in turn multiplying more proba-
bilities together to create a smaller and smaller resultant prior probability. Using this framework,
the goal of the Bayesian learner, much like the human learner, is to find which of these possible
hypotheses in the language of thought is most fitting for the meaning of gleeb across all contexts

which form the dataset.

31 use slightly different notation from the PCFG above for readability purposes. The interpretation is
not affected.
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BOOL — subset(SET, SET)
— card-1t(CARD, NUM)
— card-gt(CARD, NUM)
— card-lteq(CARD, NUM)
— card-gteq(CARD, NUM)
— and(BOOL, BOOL) | or(BOOL, BOOL) | not(BOOL)

CARD — cardinality(SET)

SET — intersection(SET,SET)

— union(SET,SET)
— set-difference(SET,SET)
—a | b

NUM—>1 |2 |3 |45 ]6 |7 |81]9 10

Figure 2.2: PCFG used for this thesis; production probabilities uniform, non-terminals are
written in capital letters, terminals are written in lowercase letters. The terminals a and b
correspond to sets A and B. Production probabilities are assumed to be uniform. The start

symbol is BOOL.

In addition to this weighting based upon length, also included are degrees of monotonicity and
conservativity, as defined below and adapted from Carcassi et al. [2019] and Posdijk [2019]. For
the degree of monotonicity in Definition 4, I employ random variables 1, ]lf2 and the space of
possible models as follows: 1g is the value that the quantifier ) assigns to a given context. ]152
is whether a context has a subcontext that the quantifier considers true. H(1g), quantifies the
uncertainty about what truth value ) will assign to a context. The conditional entropy H (]lQ|]lg)

quantifies the uncertainty about what ) will assign to a context, given that one knows whether

the model has a subcontext that ) considers true. For example, H (]1Q|]15) is minimized (0) for
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an upward monotone quantifier since if it is known that a context has a true subcontext, and

the quantifier is upward monotone, the quantifier must be true in that context. The mutual

information, I(1g; ]15) =H(lg)—H (HQ\IS), measures how much information ]1;52 provides about

1g. For example, given an upward monotone quantifier, the mutual information is simply equal

09:19) i

to H(1g). This can then be used to define a degree of (upward) monotonicity as H(ig)

with some manipulation, is equivalent to the form seen in Definition 4. As an extension of Carcassi
et al. [2019], the max of both upward and downward monotonicity measures is taken, where our
downward measure is calculated in the same manner, but searches in supercontexts instead of

subcontexts in order to calculate the distribution of ]15.

H(1q[13)
H(1g)

H(lg|13)

Definition 4 Mong := max{l — H(1o) }

71_

To calculate a degree of conservativity, the exact same formulations as above are used, but with
another random variable ]1220") This random variable maps to either true or false depending on
whether the quantifier is true in the conservation of a given context. The conservation of a context
consisiting of two sets, A and B, is simply the intersection of these two sets, AN B.

H(lg|1g™)

Definition 5 Cong :=1 — A

Thus, given a quantifier )’s prior (log) probability pg (as determined by its length in the LOT),
these measures are combined with hyperparameters A;, Ay € [0,1] to obtain a final weighted prior

probability for a proposed quantifier’s meaning;:

Definition 6 Py := pg + Ai(loga(Mong))) + A2(log2(Cong))
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Chapter 3
RESULTS

Nearly all models were quickly able to learn the meaning of gleeb, with most achieving near 100%
posterior predictive probabilities within seeing 10 use contexts of the quantifier and sample steps
k = 1000. This number of sample steps is, in comparison to previous studies with £ = 100, 000,
far lower, which would normally cause worse performance. Nevertheless, the models achieve high
performance on both sample steps settings, as evidenced by learning curves averaging their posterior
predictive probabilities over each number of contexts seen. High performance also holds even as
A1 and A9 are raised in value to signify more weight toward degree of monotonicity and degree of
conservativity. Finally, among all models, it was clear to see a bias for shorter hypotheses, which
was expected and is consistent with previous studies. The pattern of high performance, which
held for all non-order-dependent quantifiers, is exemplified in Figure 3.1 and Figure 3.2. Such a
performance pattern may be due to the order in which data was presented to humans and models
and/or difficulty of the concepts being learned.

However, notably, this performance pattern excludes models for quantifiers whose meanings
are order-dependent. The case of order-dependent quantifier meanings can be seen in Figure 3.3.
In this case, model performance better fits human performance as measured by an r? closer to
zero (less negative), though this is might due to the fact that a majority of the human subjects
did not posit order-dependent quantifier meanings (or at least did not report doing so) and that
the grammar used in these models to generate hypotheses did not posses the logical primitives to

construct such meanings, rather than an indication of fit due to other reasons.
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Human and Model Learning Curves Human and Model Learning Curves
(02013018_at_least_3_0.0_0.0) (02231642_at_least_3_1_1)
r"2: -4.613388615607612 r"2: -4.600979866432789

1.0 1.0
0.9 0.9
0.8 0.8
0.7 0.7
0.6 0.6
0.5 0.5
0.4 0.4
0.3 0.3
0.2 0.2
0.1 % Humans Correct 0.1 % Humans Correct

~—— Avg. Posterior Predictive ~—— Avg. Posterior Predictive
0.0 0.0

0 12 24 36 48 60 72 84 96 0 12 24 36 48 60 72 84 96

# Contexts Seen # Contexts Seen
(a) (b)

Figure 3.1: Learning curves for gleeb meaning of “at least 3 7. The y axis represents proba-
bilities from [0, 1]. The average posterior predictive is plotted in yellow, which is intended to
fit to the average human learning curve in blue. n = 30, k = 1000. r? is provided for curve
similarity. This curve shows the high performance of the Bayesian learner. This pattern of

learning appeared in all non-order-dependent quantifiers tested, not just “at least 3”. (a)

)\1:)\220, (b))\lz)\gzl
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Human and Model Learning Curves Human and Model Learning Curves
(02224950_between_3_6_0_0) (02190016_between_3_6_1_1)
r"2:-12.76843798401052 r2:-12.427209093126557

1.0 1.0
0.9 0.9
0.8 0.8
0.7 0.7
0.6 0.6
0.5 0.5
0.4 0.4
0.3 0.3
0.2 0.2
0.1 % Humans Correct 0.1 % Humans Correct

~—— Avg. Posterior Predictive ~—— Avg. Posterior Predictive
0.0 0.0

0 12 24 36 48 60 72 84 96 0 12 24 36 48 60 72 84 96

# Contexts Seen # Contexts Seen
(a) (b)

Figure 3.2: Learning curves for gleeb meaning of “between 3 and 6”. The y axis represents
probabilities from [0,1]. The average posterior predictive is plotted in yellow, which is
intended to fit to the average human learning curve in blue. n = 30, k = 1000. 72 is provided
for curve similarity. This curve shows the high performance of the Bayesian learner. This

pattern of learning appeared in all non-order-dependent quantifiers tested, not just “between

3and 67, (a) Ay =X =0,(b) Ay = Ay =1
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Human and Model Learning Curves Human and Model Learning Curves
(02014020_first_3_0.0_0.0) (02221154_first_3_1_1)

10 r2:-0.6232155659531242 10 r"2:-0.60984 15953014056
0.9 0.9
0.8 0.8
0.7 0.7
0.6 0.6
0.5 0.5
04 0.4
0.3 0.3
0.2 0.2
04 — % Humans Correct 0.4 — % Humans Correct

—— Avg. Posterior Predictive —— Avg. Posterior Predictive
0.0 0.0

0 12 24 36 48 60 72 84 96 0 12 24 36 48 60 72 84 96

# Contexts Seen # Contexts Seen

(a) (b)

Figure 3.3: Learning curves for gleeb meaning of “first 3”. The y axis represents probabilities
from [0, 1]. The average posterior predictive is plotted in yellow, which is intended to fit to
the average human learning curve in blue. A\; = 0, Ay = 0, n = 30, k = 1000. r? is provided

for curve similarity.(a) Ay = A2 = 0,(b) Ay = Ay =1
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Chapter 4
DISCUSSION

To the question of whether a bias for monotonicity and conservativity serve to better model
human learning patterns of quantifiers, there still remains no clear answer. Overall at fault is the
fact that the learning setup formulated in this thesis does not allow proper investigation into this
question. Certainly, model posterior predictive probabilities could have been adjusted to be lower
to better match human performance, though the quality and the quantity of such changes (e.g.
reducing sample steps to 1, forcefully reducing model confidence by adjusting « noise level, etc.)
would have amounted to severely underpowering the model, which would make the results far less
credible.

These results differ from results seen in previous quantifier concept learning experiments such
as Piantadosi et al. [2016]. Though there are a multitude of reasons that this could occur, barring
more obvious model errors, one reason may lie in the manner in which data was presented to
both models and humans. More specifically, in previous studies, the same data was presented to
all humans and in the same order, rather than IID random samples for each human. Posterior
predictive probability of a context given all previous contexts was therefore intended to capture the
percentage of people correctly guessing the context. In this experimental setup, this percentage is
not explicitly represented, since sets of data shown to humans were random. Given this, estimates
of this percentage are undoubtedly noisier. Another possible explanation for high performance in
models is simply that the target concepts were easily learnable.

What can be confidently stated from the results seen is that, given this data, Bayesian concept
learning can easily and reliably predict the meaning of a novel quantifier gleeb. This conclusion
does not ultimately differ much from previous studies, however, it is useful in that it now excludes
the question of whether Bayesian concept learning is fruitful for this research question. In future
iterations of this work, clear next steps will be to test different modeling architectures, and per-

haps reiterate Bayesian methods with altered human experimentation/data setup. Other modeling
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architectures could include simple neural networks, linear classifiers, etc. If it is indeed the case
that target concepts (i.e. quantifier meanings like “between 3 and 6”, etc.) are simply too easily

learnable, then it should be apparent that other models present similar over-performance problems.
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Chapter 5
CONCLUSION

In this thesis, I've introduced novel methods for investigating explanations for semantic quanti-
fier universals by using a Bayesian concept learning model over hypotheses constructed in a language
of thought. Results showed that this method of learning does not serve as a fruitful direction for
investigating this problem, as model performance highly exceeds human performance, making di-
rect comparisons of learning curves of little use to the question. In future work, it will undoubtedly
be important to evaluate varied model learning setups, even those such as simple linear classifiers.
In addition, future iterations of this work ought to test Bayesian methods on varying human exper-
imental/data setups. Though the results in this thesis do not directly answer the original question
at hand, they serve as a useful and necessary step in leading the broader work of explanations for

quantifier universals toward a more insightful destination.
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