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Chapter 1

Introduction

Control systems has developed rapidly in the past century due to the advance-
ment of communication and computing technology, resulting in various appli-
cations such as the landing of rockets, communicating between satellites, and
developing efficient aircraft. A safe and reliable operation of a control system
requires an accurate estimate of the state of the system and uncertainty around
it. This is formally called estimation and uncertainty quantification (UQ).

To achieve this, the system relies on a model for the dynamics of the system
and real-time data collected from sensors such as accelerometer or odometer.
Unfortunately, there is no such thing as a perfect model or sensor. There are un-
certainties associated with modelling and noise in the sensory data that makes
the estimation and UQ problem challenging. This is where Rudolf Kalman en-
ters the story. Kalman developed his famous technique called the Kalman filter
(KF) [16, 17] which allowed engineers and scientists to extract useful informa-
tion from noisy sensory signals. Ever since, it has been used in many different
industries, with the most famous example being the Apollo program, helping
the first men land on the moon [11].

However, the application of KF to large-scale problems is computationally
limited due to the following two reasons:

1. Application of the KF requires an explicit and accurate analytical model
for the system dynamics and observation likelihood. Such analytical mod-
els are often not available in high-dimensional applications that involve
numerical solutions to partial differential equations.

2. Implementation of KF in high-dimensional setting becomes computation-
ally expensive due to propagation of error covariance matrix that scales
with the square of the state dimension.

Such limitations motivated development of sequential Monte-Carlo algo-
rithms to KF, that are genrally called Ensemble Kalman filter (EnKF) [10,
19, 2, 6]. Comapred to KF, EnKF only requires a simulator for the dynamic
model and scales well with the problem dimension[13]. As a result, it became



a workhorse for weather prediction applications in atmospheric science, where
the dimension of the state is of order 108, and it has has been operational at
the National Center for Environmental Prediction [29] and the Canadian Mete-
orological Centre [14].

There are several distinct types of the EnKF algorithm, with the most well-
known ones being the (i) EnKF with perturbed observation [9]; and (ii) The
square root EnKF [28]. The details for these algorithms appear in [20, Ch.
6-7]. An excellent recent survey on this topic appears in [6]. Error analysis of
the EnKF algorithm is an active area of research with comprehensive review of
recent developments in [4].

The objective of this thesis is to study the EnKF algorithm from both the
design and computational perspectives. In particular, the objective is to explore
the application of the recently introduced optimal transport formulation of the
Bayes’ law for construction of, what we call, the optimal transport EnKF (OT-
ENKF) [23]. The outline of the thesis, among with its contributions, is as
follows:

e Chapter 2 includes background on the estimation problem. It introduces
the class of linear Gaussian dynamical systems and the Kalman filter al-
gorithm, along with an illustration of it with a numerical example.

e Chapter 3 introduces the EnKF algorithm first from a mean-field prospec-
tive, and then its particle approximation. The algorithm is illustrated with
the aid of a numerical example. The numerical results include compari-
son with the Kalman filter, and numerical error analysis as the number of
particles grow.

e Chapter 4 introduces the new variation of the EnKF algorithm using
the optimal transportation methodology. This is called the OT-EnKF
method. Much like chapter 3, it first derives the algorithm from a mean-
field perspective, and then uses the particle process to calculate the em-
pirical cost. Two different OT-EnKF techniques are derived.

e Chapter 5 shows the results of the experiments ran to test the new OT-
EnKF techniques. First it is shown how the parameters converge to their
optimal values. Then, it is seen how the mean square error compared
between the Kalman filter and the EnKF and the OT-EnKF techniques
vary based on some changing factors. Lastly, we compare the EnKF and
OT-EnKF in a linear dynamical system to observe how they perform.

e Chapter 6 ends the thesis with a summary of what has been learned. It
further provides recommendation for future work.



Chapter 2

Background

2.1 Estimation problem

We start by considering a simple estimation problem. Assume X € R" is the
hidden state of a system, and Y € R™ is the observation signal. Assume X and
Y are both random variables with the joint probability distribution Pxy. The
problem is to estimate X based on the observation Y. To make this problem
well-defined, we use the mean-squared-error (mse) criterion

‘min E[||X — X% (2.1)
Xeo(Y)

where X represents the estimate and o(Y) is the set of random variables that
are measurable with respect to Y (in simple terms, it means that X is a function
of Y). This is known as the mse estimation problem. The minimizer can be
viewed as the projection of the random variable X to the linear subspace of
Y -measurable random variables o(Y") [15]. It is equal to, or can be used as a
definition for, the conditional expectation

E[X[Y] = /xPX‘y(x|Y)dac
where Px|y is the conditional distribution of X given Y. The fact that E[X|Y]
is the minimizer can be seen by using the decomposition:
E[|X — X|%] = E[|(X - E[X|Y]) + (E[X|Y] - X)||]
= E[|X - E[X|Y]|I’] + E[|E[X|Y] - X|?]
+ 2E[(X - E[X|Y])(E[X]Y] - X)]



and observing that the last term is zero due to the tower-property of conditional
expectations:

E[(X - E[X|[Y])(E[X|Y] - X)] = E[E[(X - E[X|Y])(E[X|Y] - X)|Y]]
E[X[Y] = X)E[(X — E[X[Y])[Y]]

EX|Y] = X)(E[X]Y] - E[X]Y])]

—_~

As a result,
E[|X — X|*] = E[| X — E[X|Y]|]*] + E[|E[X|Y] - X||*]

minimized by X = E[X|Y]. This is a valid minimizer because the conditional
expectation E[X]|Y] is measurable with respect to Y, thus belongs to o(Y).
Given the best mse estimator, we define the error covariance matrix according
to

$ = E[(X — E[X|Y])(X — E[X|Y])"]

2.2 Linear estimation

Now, consider the estimation problem in the setting that the joint distribution
Pxy is Gaussian. Suppose the mean vector and the covariance matrix of this
Gaussian distribution is given by:

m b)) by
M) B 5]
where
Y22, =E[(Z1 —E[Z1])(Z2 — E[Z]) ]

for any two random variables Z; and Zs.
It is known that, in the Gaussian case, the optimal estimator, i.e. the con-
ditional expectation, is an affine function of Y [12]

E[X[Y] = KY +b

where K is a n X m matrix and b is a n-dimensional vector. Upon using the
minimum mse estimation property of conditional expectation, the optimal values
for the parameters K and b are obtained by solving

: -~ a2
min E[|| X — KY — b||]. (2.2)
The solution is obtained by writing the first-order optimality conditions. In

particular, the gradient of the objective function J(K,b) := E[||X — KY — b|?]
with respect to K and b are given by:

Vi J(K,b) = —2E[X — KY — b]
ViJ(K,b) = —2E[(X — KY — b)Y ]

10



Solving (K, b) for Vg J(K,b) = 0 and V,J(K,b) = 0 yields

K :=Yxy¥yy (2.3a)
b:=mx — Kmy (2.3b)

Upon using the optimal estimator, the error covariance matrix is equal to
E[(X —EX[Y)(X -EX[Y])'] = Sxx — ExvZy3Srx

We use these formulas to build the Kalman filter in the next section.

2.3 Kalman filter

The Kalman filter is designed to solve the estimation problem in a dynamic
setting [16, 15]. Consider a linear dynamical system system governed by the
equations

Xt = AXt_l + 0'1,‘/;5_1 (24&)
}/t = CXt + O'th7 (24b)

for t = 1,2,3,..., where X; € R" is the state of the system, Y; € R™ is
the observation signal, V; and W; are standard Gaussian random variables of
dimensions m and n respectively, and o, and o, are n X n and m X m matrices.
The initial state Xy is a Gaussian random vector with mean mg and covariance
matrix g, which is denoted by X¢ ~ N(mg, Xo).

The Kalman filter is a sequential algorithm that gives the best mse estimate
of X; given history of the observation }; := {Y7,...,Y;}, for all ¢. From the
discussions of Section 2.1, we know that the optimal mse estimate is equal to
the conditional expectation E[X;|);]. We will use m; to denote the conditional
mean and Y; to denote the conditional error covariance:

my == E[X;|),] = arg _min E[|X, — X|?,

Xeo(Ye

S = E[(X, — my)(Xy —my) ]

The Kalman filter algorithm provides the update laws for the mean m; and the
covariance matrix >;:

(prediction) m; =Amy_q1, X, = AY, AT + 3, (2.5a)
(update) my =m; + Ki(Y: —Cmy), 3= - K:C)2, (2.5b)

where 3, = 0,0, K;, = 3, C"S;, and S; = (CS,; CT + o,0,)" L. The first
equation is an update according to the dynamic model. It provides a prediction
for the state X;. The second equation is an update due to conditioning with the
observation Y;. It has the same form as the optimal linear estimator formula

obtained in Section 2.2. The Kalman filter algorithm is also presented in Table 1.

11



Algorithm 1 Kalman Filter
Input: {¥1,Ys,..., Y7}, mo, Lo, model parameters (A4, C, %,,%,,)
Output: estimate and error covariance matrix (my, %),
fort=1toT do
Prediction step:
m; = Amy_;
Y, =A% AT+ Y%,
Update step:
K, =%,07(C2,CT +%,)7!
my =my + K (Vi — Cmy)
X= - KO)%,
end for

2.4 Numerical example

Consider a single mass-spring system that is modelled with the second-order
differential equation:

3(t) = —w?2(t) + u(t)

where z(t) is the position, w is the frequency, and u(t) represent random dis-
turbances such that Eu(t) = 0 and Eu(t)u(s) = 0.16;—s. Converting to the
state-space form with X () = [X1(t), X2(t)] = [Z(t), Z(t)] and time discretiza-
tion, the dynamics model is of the form (2.4a) with the following values for the
model parameters:

cos(wAt) —sin(wAt) ~10.0 0
sin(wAt)  cos(wAt) |’ 7B 0 0.1A¢]’

We also assume access to noisy measurements of the position which is modelled
in the form of (2.4b) with

0.1
C—[l 0],0'W_At.
The initial state is assumed to have a standard Gaussian distribution with zero
mean and identity covariance. A sample trajectory of the states of the system
X; = [X:(1), X;(2)] and the observation signal Y; is depicted in Figure 2.1 for
w = 27 and At = 0.1. We simulate the Kalman filter algorithm 1 for this
realization of the observation signal. The resulting Kalman filter estimate m; =
[ms(1), m:(2)] is depicted against the true values of the state in Figure 2.1. Tt is
observed that the error between the true state and the Kalman filter estimate
decreases with time. In order to quantify this, define the mean-squared-error in
estimating the state with the Kalman filter (KF) according to:

mSQ§F(t) = EHXt — mt||2

12
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Figure 2.1: The first three graphs illustrate the sample trajectory of the states,
observation, and Kalman-filter estimates, for the spring-mass example 2.4. It
also compares the average mean square error between the true state and the
Kalman-fitler estimate plotted against its expected value Tr(3;).

We evalaute the mse by doing empirical average over 1000 independent Monte-
Carlo simulations. The result is depicted in Figure 2.1. It is observed that the
average mse is close it its expectation
]E[”Xt — mt||2] = ]E [TI‘ [(Xt — mt)(Xt — mt)T”
= T‘I‘ [E [(Xt — mt)(Xt — mt)T”
= Tr(Et)

13



Chapter 3

Ensemble Kalman Filter

The Ensemble Kalman filter(EnKF) can be viewed as a Monte-Carlo approxi-
mation of the Kalman filter [10, 19, 2, 6]. The construction of the EnKF can
be done in two stages:

e Construct a mean-field process X; such that it has the same distribution
as the filter posterior distribution

Xt ~ T¢.

e Approximate the mean-field process by simulating a system of N con-
trolled interacting particles {X{,..., XV}~ . Then, the posterior dis-
tribution is approximated with the empirical distribution formed by the
particles:

1 N
T = Nzlé‘xtz
i=

We present these two stages for the linear model (2.4).

3.1 Mean-field process

The mean-field process X, € R"™ is constructed such that its distribution is
equal to the posterior distribution 7;. For the linear system (2.4), the posterior
is Gaussian N (my, X;) with the mean m; and covairance matrix ¥; given by
the Kalman filter update equations (2.5). As we will later discuss in Chapter 4,
there are infinitely many mean-field processes that satisfy this condition. A
simple one is given by the so-called EnKF with perturbed observation [10]:

(prediction) X, = AX; 1 +0,Vi1 (3.1a)
(update) X; =X, + K;(Y; -Y,), Y, =CX; +o,W; (3.1b)

14



where Xog ~ N (mo, Xo), V, and W, are independent copies of the process and
measurement noise V; and W, in (2.4), and the gain

K, = Cov(X; ¥, [Y)Cov(Y, .Y, V)" (3.2)

where we introduced the notation Cov(Z;, Zs) for the covariance matrix between
two random variables

Cov(Z1, Z2|Y) := E[(Z1 — E[Z1])(Z2 —EZ>) " |V]
Define the mean and the covariance of the mean-field process according to
my = E[XtD)t]a
St = ]E[(Xt - mt)(Xt - mt)T|yt]

Then, we can show that the mean and covariance of the mean-field process, are
equal to the mean and covariance given by the Kalman filter, i.e.

My =My, 2 = ¢

In order to see this, take the conditional expectation of the equation for X,
in (3.1) to obtain:
my = B[X| V)] = E[X |V] + KE[Y; — Y, V)]
=m; + K (Y; — Cmy)
where we defined m; := E[X, |),], and used the fact that W, is independent
of );. The formula for m; is obtained by taking the conditional expectation of
the equation for X; in (3.1)
my =E[X; | V] =E[AX;—1 + 0,Vi—1| V4]
= AE[X 1| V1] = Amyy
where we used the fact that X;_; and V;_; are independent of Y;. As a result,
the update equations for the conditional mean m; are similar to the update
equations for the conditional mean m; given by the Kalman filter (2.5).
my; = Am_q, (3.3a)
my =1m; + K,(Y; — Cmy) (3.3b)

Therefore, with the same initial value mo = mo, we have m; = m; for all ¢.

The fact that 3; = 3; follows from similar steps. Define the error process
et := X;—m;. Subtracting the update equations for X; in (3.1) from the update
equations for my yields

e; = Aes_1+ 0,V
€t = (I - I_(tC')et_ — [_(tO'th

15



An update equation for ¥; = [ese/ |);] is obtained by writing the Lyapunov
equations:
Y7 =Ele; (ef) | V] = A, AT + 8,
it = E[eteﬂyt] = (I — KtC)i;(I — KtC)T + I_(tEwKtT
=%, - K,.C% -, C'K, + K,(C2;CT +5,)K,
=%, - K,C%;
where we used the fact that
Ky = Cov(X;, Y, |V)Cov (Y, Y, V)~
=%, CT(CE,CT +%,)”

Therefore, the equations for ¥; are similar to ¥; in the Kalman filter (2.5)
conlcuding that 3; = 3; for all .

3.2 Particle-system

The mean-field process is approximated with a system of Ncontrolled interacting
particles {X}, ..., XN} according to:
(prediction) (X))~ = AX} | +0,Vi,
(update) X} = (X})™ + KM (Vi = (¥))7), ()" = C(X})~ + o, W

fori=1,..., N, where V; and W} are independent copies of V; and Wy, and the
gain matrix is approximated using the empirical distribution of the particles:

KN = Cov({(X)) ™, (V) L)) Cov({ (Vi )HL)) L.

Thus, we end up with an interacting particle system, where in the mean-
field limit as N — oo, we expect the distribution of the particles converge to
the distribution of the mean-field process, hence the posterior distribution of
the filter.

For numerical purposes, we define the EnKF estimate of the state of the
system according to:

1 N
=1

and the estimate for the covariance error according to:

N

N 1 i N i N
S = 5 2o = m ) my™) T
i=1

16



We expect that, in the limit as N — oo, these estimates converge to their
mean-field values m; and X;.

The EnKF algorithm is summarized in Table 2. The following example
illustrates the performance of the EnKF algorithm.

Algorithm 2 Ensemble Kalman Filter
Input: {Y1,Ys,..., Y7}, mo, o, N, model parameters (A, C, 0y, 04)
Output: particles {X},..., XN},
Generate samples { X}, ..., X'} ~ N(mg, Xo)
for t=1to T do
Prediction step:
Vi, Wi~N(,1,) for i=1,...,N
(XH~=AX}! ,+o,V}, for i=1,...,N
(Y- =CX)H)~ +o,W§ for i=1,....,N
Update step:
KM = Cov({(X)) =, ()~} Cov({(¥i)})Ly) !
Xi=XH)"+ KN, - (Yj)") for i=1,...,N
end for

3.3 Numerical example

Consider the mass-spring system introduced in 2.4. We simulate the EnKF
algorithm 2 for this problem with N = 100 number of particles. The EnKF
estimate mgN) along with the state trajectories and the observation signal, are
depicted in Figure 3.1. It is observed that both KF and EnKF give an estimate
that are close to each-other and the true state of the system. Next, we compare
the mse in estimating the error using the KF and EnKF algorithm, by taking the
average of 1000 independent simulations. The result is depicted in Figure 3.1.
It is observed that both algorithms almost achieve the minimum mse Tr(3;) on
average.

It is also insightful to compare the empirical mean mEN) and empirical co-

Variayce E,EN) evaluated on the particles with their mean-field limits m; = my
and X; = X; given by the Kalman filter.

mse(my) ™) = [ — m||?]

mse(S,) M = E[| =) - %,|2]

The result is shown in Figure 3.2. With N = 100 number of particles, the MSE
for the mean is of the order 5 x 1073, and the mse for the covariance is of the
order 5 x 1074,

As we stated earlier, it is expected that the empirical mean and the empirical
covariance converge to the exact mean and covariance given by the Kalman filter
as the number of particles N — oo. This is numerically illustrated in Figure 3.3.

17



In particular, the mes for mean and covariance is evaluated numerically for the
following values for the number of particles:

N € {10, 20,50, 100, 200, 500, 1000, 2000, 5000, 10000}

The error is linear in logarithm scale with slope approximate equal to —1. This
means that

1
mse(m) N, mse(2,) M) i

as expected from Monte-Carlo approximations.

27 A A A
14 —— True State
01 —— KF Estimate
1 —— EnKF Estimate
-2 v \ A\ =
(') 2'0 4'0 6'0 8'0 1('10
2 E
1 E
>? 0
_1 .
_2 .
2 E
> 07
-2 3 K ,
—<— Observation
—4
(') 2'0 4'0 6'0 8'0 160
2.0 —— MSE(KF)
1.5 ——— MSE(EnKF)
—=- Tr(Z)
1.0 A
0.5 1
0 20 40 6'0 80 100

Figure 3.1: Simulation result for the EnKF algorithm for the mass-spring ex-
ample 3.3. The first three graphs illustrate sample trajectory of the states of
the system along with the estimates from the Kalman filter and EnKF. The last
shows the average mean square error between the true state and the estimates
given by the KF and EnKF algorithms. The average error is plotted against its
expected value Tr(X;).
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Figure 3.2: Average mean square error between the empirical mean and the
empirical covariance given by the EnKF, and the mean and covariance given by
the Kalman filter.
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Figure 3.3: Average mean square error between the EnKF mean/covariance
and KF mean and covariance, as a function of number of particles. The average
is computed over 1000 independent simulations and the error is computed at
t = 100.
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Chapter 4

Optimal Transport EnKF

In this chapter, we construct and verify a variation of the EnKF algorithm that
is designed based on the optimal transportation theory [26, 27] The basic idea is
to create an optimal transport map that maps the prior to the posterior distri-
bution [22, 24, 25]. This new variation was motivated by the weight degeneracy
issue found in particle filters [21, 1, 3, 18]. A particle filtering algorithm pro-
ceeds by forming a weighted empirical distribution of the particles where the
weights are computed using the likelihood function [8]. This is where the weight
degeneracy issue can occur, meaning that one particle has much more weight
than the others, causing all the other particles to be taken out during the re-
sampling stage. In order to avoid particle degeneracy, the number of particles
must increase exponentially with the number of states of the system, which is
undesirable in practice.

Our aim is to use the available powerful computational hardware and soft-
ware designed for machine learning tasks to get around this issue. A potential
venue is brought on with the new mathematical methodology called optimal
transport [26, 27]. In particular, there has been a recent introduction of varia-
tional formulations of the Bayes’ formula based on optimal transportation the-
ory [23]. We explain the procedure in the next section.

4.1 Optimal transport formulation of the condi-
tioning
Consider the conditioning step of the mean-field process in the EnKF algo-
rithm (3.1). We express this step, in the general form, as
X =T(X;Yy)

where Ti(z;y) is a (possibly stochastic) map to be designed. For example, the
EnKF algorithm (3.1), the map takes the form

Ty(z;y) =z + Ky (y — Cx — Wy)
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The objective of the map is to transport the the distribution of X, , which is
equal to P(X¢|V:—1) to the distribution of X}, which is supposed to be equal to
P(X:|Y:). We express this requirement, with the following constraint:

]E[g(X't;Y})\yt,l] = Elg(Xe; Y3)[ V1], Vg
This constraint implies that, conditioned on Y1, the joint distribution of
(X+,Y:) is equal to the joint distribution of (X, Y;). Then, using X; = T'(X, ; Y:),
we formulate an optimal transportation problem to find the map T that min-

imizes the quadratic transportation cost || T'(X, ;Y;) — X, ||?, while satisfying
the constraint:

. 1 o o
min e | IG5 - X e |
st E[g(T(X7:Y0),Ys) — 9(X Yo)[Vea] =0 Vg
We can then write this as a min-max problem
. 1 o o o
mjnngx B | (R 5Y) - X 24 9(T(X 50, ¥0) - g(Xs Y i
Assuming the duality holds, the min-max can be interchanged, concluding
. 1 o o =
mxinin B | ITCX 50 = X7 24 9(T(X0 Y0, Y0~ g(Xs Y i
1 o
— mx B min{3]1s ~ X 2+ 905 Y0} ~ 9(Xs YD1
Define g(z;y) = —3||z||> + f(z;y) to end up with the problem

m?x E {nlgn{szX; + f(z, Y1)} — f(Xt;Yt)D)t_l] + const.

=— mfin E[f*(X;, Y1) + f(Xe;Y2)|Vee1] + const.

where
F*(wy) = max{z"z — f(z,9)}

is the Legandre transform with respect to x. Moreover, the optimal transport
map is equal to T'(x;y) = Vf*(z;y). This is bascially an informal derivation of
the well-known Brenier result [5] extended to the conditional case. A rigorous
treatment is found in [7]. The optimal function f is convex. Therefore, we can
change the place of f and f* to obtain the optimization problem:

X, =V.f(X;:Y))

f=arg min BIF(X7 )+ 1 (X YO o] 1
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4.2 Restriction to quadratic functions

Now that f is specified to be convex, we can further restrict it to quadratic
functions:

1
f(z,y) = ixTSx + xT(Ky +b)

where S is a n X n positive symmetric matrix, K is a n X m matrix, and b is a
n-dimensional vector. Such functions give rise to linear transport maps of the
form

Vef(z,y) =Sz + Ky +b, (4.2)

which are sufficient to represent exact transport maps from priors to posteriors
whenever Pxy is Gaussian.

We like to find the optimal quadratic function that minimizes the opti-
mization problem (4.1). In order to do so, we use the formula for the convex
conjugate

F*(wsy) = max{z"z — [(2,y)}
= m;ax{z—rj - %ZTSZ — 2" (Ky +1)}.
This is a quadratic optimization problem with the optimal value
z=8"Yx— Ky—b)
Plugging this back in the formula, we obtain
Fay) = 5o~ Ky~ )78 (e — Ky~ b)

Using the quadratic form of the function f(z;y) and its convex conjugate
f*(z;y) the optimization problem (4.1) simplifies to:

! 1 _ 1 _
min iTr(SEx) + §Tr(S ') + iTr(S 'Ky, KT)

1 - -
— Tr(S7'8,, KT) + §(b —mg)T ST Hb — my) (4.3)
where m, = E[X; V1], my = E[Y, [Vi1], b = b— Sm, — Kmy, %,

Cov(X;, X |V1-1])s By = Cov(¥,, ¥i Vr-1]) and Say = Cov(X;, ¥y Vi ):
The optimal values of S, K, and b are
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Following this, we can now construct an update equation specifically for the
case of quadratic functions.

(update) X; = S(X; —my)+ K —my) +b
The prediction step is similar to the EnKF algorithm:
(prediction) X, = AX; 1 +0,Vi4

With this, the mean-field process for the optimal transport formula is derived.
We can now approximate this using particles.

4.3 OT-EnKF algorithm

We are ready to describe the finite-N approximation of the mean-field process.
In order to do so, we express the optimization problem (4.1) for quadratic func-
tions where expectations are approximated in terms of particles. In particular,
given samples {(X})~}¥; of the mean-field process X, , the objective function
is approximated as:

JWN) Zf

i,j=1

Z (¥{)7)

where (V)™ = C(X})~ + 0, W}. With the quadratic form of the function and
its conjugate, we have:

Z\H

N
Z% DOTSCX) + (XD (RO7) ™ +b)

% §<<xt> SR 0TS - KT ) (44)

M= Z\H

with the update formula
X, =S(X})” +KY;+b

It is numerically useful to center the objective function around the mean of the
particles, i.e.

N
JN(f) = Z XN -

Jj=1

Z XM )T =)

= \
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where

*—1NXZ'* YN*—lNYi* 4.6
_N;(t)’(t)_ﬁiz:;(t) (4.6)

With the quadratic form of f, the first term in the objective function (4.5)
simplifies to

1 -1 iy— Ny—\T iy— Ny—
¥ 2 (X0 = (TSR - ()

where the linear term cancels due to centering of X. The second term is
—Z (Z}) TS~ 1Zi + const.

where
Zi = (X" = (") =K = (")) —b

A numerically useful way tom represent the final form of the objective is:

=
ol —

1 —1 i
JN(S, K, b) Zi TS+ ( hNTsiz: (4.7)
=1

where

&= (X)) — (X))~
ni = (Y{)" =)
Zj =& —Kn,—b

The new update equation will be
(update) X = (X2)7) + S((X)™ — (X)) + K(¥i — (V) ) +b
The prediction step is similar to the EnKF algorithm, given by:
(prediction) (X))~ = AX} | + 0o,V ,

The overall OT-EnKF algorithm is presented in Table 3.
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Algorithm 3 Optimal Transport Ensemble Kalman Filter

Input: {Y1,Ys,...,Yr}, mo, Lo, N, model parameters (A, C, 0,, 0y, ), initial-
ization for S, K, b, learning rate, iteration number
Output: particles {X},..., XN},
Generate samples { X}, ..., X} ~ N(myg, o)
fort=1to T do
Prediction step:
L Wi~ N(0,1,) for i=1,...,N
(XH~=AX}{ | +o,V}, for i=1,...,N
(Y~ =C X))~ +o,W} for i=1,....N
Learning algorithm:
compute (X¥)~ and (V,N)~ from (4.6)
compute & = (X})~ — (X)) and 5j = (V) — (V)"
for n = 1 to Niterations dO:
Update (S, K,b) by minimizing (4.7) using Adam
end for
Update step:
X = (X])™ + S + K(Y; — (YN)7) +b
end for

4.4 OT-EnKF algorithm-improved

This section proposes an improvement in implementing the OT-EnKF algorithm
by using a more accurate approximation of the loss function. The idea is to use
the exact observation model Y = CX + W to exactly compute the expectations
with respect to the Y variable. In particular, we replace (Y*)~ with C(X%)~ +
o W* and take the expectation over W}.

From the discussion of last section, the empirical approximation of the loss
function is simplified to (4.7). We focus on the second term asn it is the one
that involves the observation Y.

where
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Distributing the terms and simplifying yields four terms:

N
1 T 1 7
Zi D8z = NZ E)TSTeE + 25 ) KT ST Ky,
= 1 N
+ ibTS*lb Z YT ST Ky

The first term and the third term do not involve Y. For the fourth term,
substituting n; with C¢} + 0, W/ and taking the expectation over W} yields:

N
1 i - i
¥ 2 &) sTIRCE
i=1
because expectation of W} is zero. Similarly, the second term becomes
N
Z EVTCTKTS'KCE + Tr(KTST'KY,,)

where we used the fact that the covariance of W} is identity. The third term
b"S~1b is the only term in the loss function that involves b.

As a result of these simplifications, we end up with a more accurate approx-
imation of the total loss function according to

1 N
(S K b) =% 5 (€

1:1

1
+ 5Tr(lrﬁs—llrczw) - §bTS‘1b

T(S+8 -8 'KC-CTK'"S'+CTKTS'KC)E!

M\»—t

(4.8)
The overall OT-EnKF-improved algorithm is presented in Table 4.
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Algorithm 4 Optimal Transport Ensemble Kalman Filter-improved

Input: {Y1,Ys,...,Yr}, mo, Lo, N, model parameters (A, C, 0,, 0y, ), initial-
ization for S, K, b, learning rate, iteration number
Output: particles {X},..., XN},
Generate samples { X}, ..., X} ~ N(myg, o)
fort=1to T do
Prediction step:
Vi, ~N(,1I,) for i=1,...,N
(XH~=AX}{ | +o,V}, for i=1,...,N
Learning algorithm:
compute (X}¥)~ from (4.6)
compute & = (X})~ - (X)"
for n = 1 to Niterations dO:
Update (S, K,b) by minimizing (4.8) using Adam
end for
Update step:
Xi= (X)) + 8+ K(Y: - C(X[¥)")+0
end for
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Chapter 5

Numerical evaluations

This chapter involves numerical experiments where the goal is to verify the OT-
EnKF algorithms introduced here. The baselines are provided by the Kalman
filter and EnKF.

5.1 The Learning problem

The first experiment involves solving the optimization problem(4.7) for the OT-
EnKF algorithm and the the optimization problem(4.8) for the improved ver-
sion. This means that we do not implement the prediction step and only im-
plement the conditioning step for one value of the measurement. To be precise,
the state random X has Gaussian distribution X N (mg, ¥g) with

el el

and the observation model is
Y=CX+o,W
with
C= [1 O] , ow=1

The algorithm proceeds by creating N samples {X!,..., X"} from N (mq, o)
with NV = 100. This is enough to evaluate the loss function (4.8) to solve for
(S, K, b). In order to do so, we use the PyTorch module and Adam optimization
algorithm with the learning rate 0.001 for 5000 iterations. To evaluate the
objective function in (4.7), we also compute Y = CX* + W, Then, we follow
the same procedure using the Adam algorithm to solve for (S, K,b). As a
baseline, we compare the result to the exact optimal solution, when the number
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of particles are infinity. The optimal parameters are:

S=5,2(5Enne)in?
K =%,CT(CLoCT +%,)7"
b

where ¥ = %y — 30T (CXoCT + %,,)"'C%J. The numerical result of opti-
mization algorithm to find the optimal values for S, K, and b are presented in
Figure 5.1,5.2, and 5.3 respectively. It is observed that the algorithms converge
to a value close to their optimal values. The error is due to the fact that the
number of particles NV is finite.

We also demonstrate the convergence of the loss function as a function of
iterations in Figure 5.4. It is observed that both techniques reach their optimal
value.

In order to measure, how well we learn the optimal transport map, we com-
pute the error

N
1 iy FyiL g
N2 > ITXEYT) = T(X5 7)1

ij=1
where

T(z;y) =Sz — X))+ Ky —Y™) 4+
T(z;y) = S(e = XW) + K(y—Y™) +b
The numerical result, as a function of iterations is depicted in Figure 5.5. It is

observed that the error in approximating the optimal transport map converges
to zero.

5.2 Effect of the parameters in estimating the
mean and covariance

Now that the validity of both OT-EnKF methods have been numerically verified,
we like to study how different parameters affect the performance. In order to
do so, we consider the same setup as the previous section. To quantify the
performance, we evaluate the error approximating the optimal estimate for X,
denoted by m1, and the error in estimating the error covariance matrix ;. The
formula for the optimal mean and error covariance are:

my :mo-i-K(Y—mo)
Y =% — %oCT(CECT 4+ %,)7 0%

We simulate the EnKF, OT-EnKF, and OT-EnKF-improved algorithms to ap-
proximate my and ¥;. The approximation are in terms of particles, and given
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1 N
N
m{) = N > X
i=1
1 N
N i N\ /i N
SV = 5 2 X =) ™) T
=1

We use N = 100 particles for all algorithms. The mse for approximating the
mean and error covariance are defined according to

N N
Ellm™ —mq|?, BN — 5,2

The numerical result for mse in approximating the mean m; are depicted in
Figure 5.6. The top panel shows the mse as the number of iterations grows for
Yo equal to identity and o,, = 1. This is to observe what the effect of iteration
number on the mse error. It is observed that, for these values of the ¥y and oy,
the mse error converges to the mse value from EnKF algorithm.

Next, we repeat the experiment for a range of values for the initial covariance
matrix Yy and record the mse at the final iteration. The result is depicted in
the second panel in Figure 5.6. And the third experiment includes changing the
parameter o,, with g = 0.1. The result is shown in the third panel.

Same experiment, but now for mse in approximating the error covariance
matrix is depicted in Figure 5.7. The results follow the same trend as figure 5.6
with respect to iterations and ¥y. However, it diverges from it in regards to a
changing o,,.

These numerical results show an overall trend in the mse: a larger Y leads to
a larger mse for all methods. This is expected as ¥ determines the uncertainty
in the initial state. An inverse relationship is observed for o,,. A larger o,, leads
to a lower mse. Since the estimate of the state is conditioned on the observation,
the estimate will be affected by the noise. A larger observation noise will allow
the learning methods to reach a lower mse for the mean, due to the added noise,
which creates less strictness in finding the maps. However, a larger o, leads to
a larger mse for the error covariance matrices for the two OT-EnKF methods,
while it stays constant for the EnKF method.

5.3 Comparison with EnKF

This section examines how these methods perform on the mass-spring example of
Chapter 2. We simulate the EnKF algorithm 2, the OT-EnKF algorithm 3, and
the OT-EnKF-improved algorithm 4. We use NV = 100 particles, the Pytorch
module with the Adam optimization algorithm with a learning rate of 0.001,
5000 iterations, and randomly initialized S, K,b. We ran the experiments for 50
indepent simulations, and the averages of the mse’s were taken. As baseline, we
simulate the Kalman filter given in Table 1 and evaluate the mse approximating
the Kalman mean and Kalman error covariance matrix.
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The result is shown in Figure 5.8. As can be seen in the graph for mse of the
mean and the error covariance matrix, the OT-EnKF works just as well as the
EnKF in this example. However, the improved OT-EnKF works much better
than the previous two methods. The improved OT-EnKF has a smaller mse of
the means and error covariances compared against the other two methods.
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Figure 5.1: Numerical result of simulating the Adam algorithm to solve the
optimization problem (4.7) and (4.8) for the OT-EnKF and OT-EnKF-improved
algorithms respectively. The figure shows the convergence for learning the S
parameter as a function of iterations of the ADAM algorithm.
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Figure 5.2: Numerical result of simulating the Adam algorithm to solve the
optimization problem (4.7) and (4.8) for the OT-EnKF and OT-EnKF-improved
algorithms respectively. The figure shows the convergence for learning the K
parameter as a function of iterations of the ADAM algorithm.

34



by

—— Optimal
0.4 —— OT — EnKF
—— OT — EnKF Improved
0.2 1
0.0 1 T T T T T T
0 1000 2000 3000 4000 5000
b,
015 —— Optimal
——— OT — EnKF
0.10 - —— OT — EnKF Improved
0.05 A
0.00 A
0 1000 2000 3000 4000 5000
Iterations

Figure 5.3: Numerical result of simulating the Adam algorithm to solve the
optimization problem (4.7) and (4.8) for the OT-EnKF and OT-EnKF-improved
algorithms respectively. The figure shows the convergence for learning the b
parameter as a function of iterations of the ADAM algorithm.
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Figure 5.4: Numerical result of simulating the Adam algorithm to solve the
optimization problem (4.7) and (4.8) for the OT-EnKF and OT-EnKF-improved
algorithms respectively. The figure shows the value of the objective function.
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Figure 5.5: Numerical result of simulating the Adam algorithm to solve the
optimization problem (4.7) and (4.8) for the OT-EnKF and OT-EnKF-improved
algorithms respectively. The figure shows the error in approximating the optimal
transport map.
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Figure 5.6: Numerical results for the mse in estimating the mean for the OT-
EnKF and OT-EnKF-improved algorihtms. The baseline is provided by the
EnKF algorithm. The top panel shows the mse as the number of optimization
iteration grows. The second panel shows the effect of the initial covariance
matrix Yg; and the bottom panel shows the effect of the measurement noise .
The mse is computed by averaging over 50 independent simulations.
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Figure 5.7: Numerical results for the mse in estimating the error covariance
matrix for the OT-EnKF and OT-EnKF-improved algorihtms. The baseline is
provided by the EnKF algorithm. The top panel shows the mse as the number
of optimization iteration grows. The second panel shows the effect of the initial
covariance matrix Yg; and the bottom panel shows the effect of the measurement
noise o,,. The mse is computed by averaging over 50 independent simulations.
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Figure 5.8: Numerical results for comparison of the EnKF, OT-EnKF, and OT-
EnKF-improved algorithms. The mse for approximating the mean and error co-
variance matrix computed relative to the Kalman filter, are shown as a function
of time. The mse is computed by averaging over 50 independent simulations.
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Chapter 6

Conclusion

The development of the Kalman filter has helped predict the states at future
times, allowing for better control of the dynamical system. Unfortunately, not
every system is a linear system, and some are too big for the Kalman filter to
calculate within a certain period of time. This motivated the work of other
variations of the Kalman filter, such as the Ensemble Kalman filter that was
introduced in chapter 3. We then built upon the EnKF to create a new vari-
ation, called the OT-EnKF, using the optimal transport methodology. This
new technique seeks to solve an optimization problem that transports the prior
distribution to the posterior distribution. The problem was striclty restriced to
quadratic functions in this thesis. Two different methodologies of the OT-EnKF
were created and tested for the convergence of their parameters. It was found
that the parameters do indeed converge, allowing us to create a map that trans-
ports the prior distribution to the posterior distribution. It was then tested
through different factors to see how the estimated state and error covariance
matrix given by the Kalman filter compared against the estimated state and
error covariance matrix of the two OT-EnKF techniques. The EnKF was used
as a baseline. It was found that the EnKF and the OT-EnKF techniques fol-
lowed similar trends for the mse of the means. The mse of the error covariance
matrices were also similar with respect to a changing ¥¢. However, in regards to
the mse of the error covariance matrices, we found that as the observation noise
increased, the mses increased for the OT-EnKFs; however, this result stayed
constant for the EnKF. It was then tested on a linear dynamical system that
included Gaussian noise. Again, the mse of the state and the error covariance
matrices of the Kalman filter against the two OT-EnKF techniques were taken,
with the mse between the Kalman filter and EnKF again being used as a base-
line. The original OT-EnKF method worked just as well as the EnKF. However,
the improved OT-EnKF had a lower mse than both of the techniques.
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6.1 Future Work

The scope of this thesis was to see how these OT-EnKF techniques worked when
restricted to quadratic functions. Thus, a future recommendation would be to
see how these techniques work when they are not restricted to these functions.
Also, while we tested on linear systems, more work should be done to see how
the OT-EnKF methods work against the EnKF in nonlinear systems.

We would also like to simulate a situation in which particle degeneracy would
occur. We would be able to see if the two OT-EnKF methods is better than the
original EnKF method in this scenario.
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Appendix A

Code Used

Listing A.1: Simulation of Dynamical System
def sim(A,C,Q,R,m0,P0,T):
(m,n) = C.shape
x = np.empty ([n,T+1])
x[:,0] = np.random.multivariate_normal (m0,P0,1)
y = np.empty ([m,T+1])
for i in range(T):
w = np.array ([np.random.normal (0,1) ,np.random.normal (0,1)])
z = np.array ([np.random.normal (0,1)])
x[:,i41] = AQx[:,i] + Q*x(1/2)Qw
y[:,i] = Cax[:,i] + Rxx(1/2)Qz
y[:,—1] = Cax[:,—1] + Rx%(1/2)@np.array ([np.random.normal (0,1)])

return x,y
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Listing A.2: Kalman Filter

def kalmanFilter (A,C,P0O,m0,y,Q,R,T):
(m,n) = C.shape
xhat = np.empty ([n,T+1])
xhat [: ,0] = m0
P = np.empty ([n,n,T+1])
P[:,:,0] = PO
KF = np.empty ([n,m,T])

for i in range(T):
#prediction
xpred = A@xhat[:,1]
Ppred = AQP[:,: ,i1]QA.T + Q

#update
K = Ppred@C.TQinv (CQPpred@QC.T+HR)

xhat [:,i+1] = xpred + KQ(y[:,i+1]— C@xpred)
P[:,:,i+1] = Ppred — KQC@Ppred
return xhat ,P
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Listing A.3: Ensemble Kalman Filter

def enKF _inter (x0,Sigma0,numOfSamples , T,A,y,R,Q,C):
#initializing arrays

d = len(x0)
meanX = np.zeros ([d,T+1]) #making my mean array
meanX [: ,0] = x0

#making my samples

X = (np.random.multivariate_normal (x0,Sigma0 ,numOfSamples)).T

P = np.zeros ([2,2,T+1])

P[:,:,0] = (1/(numOfSamples —1))x(X.T-meanX [: ,0].T).TQ(X.T-meanX [: ,0].T)

#tranposing the samples to make a n z numOfSamples array

for i in range(T):
#initializing my measured y, control inputs, and noises array
W = np.random.normal(size = (len(A),numOfSamples))
Z = np.random.normal(size = (len(C@x0),numOfSamples))

if len(y)==1:

Ymeasure = np. tile (y[0,i+1],(1,numOfSamples))
else:

Ymeasure = np. tile (y[:,1i4+1],(numOfSamples))

#calculating x’ and zhat’
xprime = AQX + Qxx*(1/2)AW

xhat = np.mean(xprime, axis=1, keepdims = True)
Xhat = np. tile (xhat, numOfSamples)

#calculating y, covariance of y and (z,y), and K
Y = CQxprime + Rxx(1/2)QZ

if len(y==1):
yhat = np.mean(Y, keepdims = True)
Yhat = np. tile (yhat, (1,numOfSamples))

else:
yhat = np.mean(Y, axis = 1, keepdims = True)
Yhat = np. tile (yhat ,numOfSamples)

CovY = (1/(numOfSamples—1))*(Y—Yhat)@(Y—Yhat).T

CovXY = (1/(numOfSamples —1))x(xprime—Xhat)@Q(Y—Yhat).T
K = CovXY@np. linalg .inv (CovY)
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#updating my x’ and getting the mean

Xi = xprime + KQ(Ymeasure—Y)

XiMean = np.mean(Xi, axis=1)

XiMeanTile = np. tile (XiMean[:] , numOfSamples)

#concatenating it with my meanX
meanX [: ,1+1] = XiMean [:]
Pl:,:,i+1] = (1/(numOfSamples —1))(Xi.T-XiMean.T).TQ(Xi.TXiMean.T)

#new x array to use in the mnext loop

X = Xi
return meanX, P
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Listing A.4: Loss function of original OT-EnKF
def fstar (x.np,y-np,A,K,b,xmean,ymean):
Asym = 0.5%(A+A.T)
X = x.np — (KQ(y_np—ymean)) — b
return (0.5%(X.TQtorch.linalg.inv (Asym)@X) + xmean.T@x np)

def lossfun (x_np,y_np,A K, b, numOfSamples,xmean, ymean ) :
Asym = 0.5%(A+A.T)
X = 0.5*((x_np—xmean ).T@Asym@(x_np—xmean ) )
Xmean = torch.trace (X)/numOfSamples
KY = (x-np—xmean ).TQ(KQ(y_np—ymean)+b)
KYmean = torch .mean (KY)
fmean = Xmean + KYmean
fstar_mean = torch.trace(fstar (x.np,y-np,A,K,b,xmean,ymean))
fstar_mean = fstar_mean /(numOfSamples)
return (f_mean + fstar_mean)

50



Listing A.5: Original OT-EnKF
def OT_enKF_inter(x0,Sigma0,numOfSamples,T,A,y,R,C,a,k,b,n,m):
#initializing arrays

d = len(x0)
meanX = np.zeros ([d,T+1]) #making my mean array
meanX [: ,0] = x0

n_iters = 5000

#making my samples and transposing to make 2 xz numOfSamples
X = (np.random.multivariate_normal (x0,Sigma0 ,numOfSamples)).T

P = np.zeros ([n,n,T+1])
Pl:,:,0] = (1/(numOfSamples —1))*(X.T-meanX [: ,0].T).TQ(X.T-meanX [: ,0].T)

for i in range(T):
#initializing my measured y, control inputs, and noises array
W = np.random.normal(size = (len(A),numOfSamples))
Z = np.random.normal(size = (len(C@x0),numOfSamples))

#Tiling my measured
if len(y)==1:

Ymeasure = np. tile (y[0,i+1],(1,numOfSamples))
else:

Ymeasure = np. tile (y[:,14+1],(numOfSamples))

7

#calculating x’ and zhat’
xprime = AGX + Qxx(1/2)QW
xhat = np.mean(xprime, axis=1, keepdims = True)

Xhat = np. tile (xhat, numOfSamples)

#making zprime a float wvector and then making it a torch wvector
xprimeTorch = xprime.astype(np.float32)

xprimeTorch = torch.from_numpy (xprimeTorch)

#making zhat a float wvector and then making it a torch wvector
XhatTorch = Xhat.astype(np. float32)

XhatTorch = torch .from_numpy (XhatTorch)

#calculating Y and mean of Y
Y = CQxprime + Rxx(1/2)QZ
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if len(y==1):
yhat = np.mean(Y, keepdims = True)
Yhat = np. tile (yhat, (1,numOfSamples))

else:
yhat = np.mean(Y, axis = 1, keepdims = True)
Yhat = np. tile (yhat ,numOfSamples)

#making Y and Yhat a float wvector and then making it a torch vector
Y = Y.astype(np. float32)

Y_Torch = torch.from_numpy (Y)

YhatTorch = yhat.astype(np.float32)

YhatTorch = torch.from_numpy (YhatTorch)

#learning

learning_rate = 0.001

params = [a,k,b]

optimizer = torch.optim.Adam(params, lr=learning_rate)

for epoch in range(n_iters):
#below 1s getting loss function
1 = lossfun (xprimeTorch ,Y_Torch,a,k,b,numOfSamples,
XhatTorch , YhatTorch)

#gradients
1. backward ()

#update weights
optimizer .step ()

#zero gradients
optimizer.zero_grad ()

#updating my x’ and getting the mean

knp = k.cpu().detach (). numpy()
anp = a.cpu().detach ().numpy()
bnp = b.cpu().detach ().numpy ()
Xi = anp@(xprime — xhat) + knp@(Ymeasure—yhat) + bnp

XiMean = np.mean(Xi, axis=1)

#concatenating it with my meanX
meanX [: ,1+1] = XiMean [:]
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Pl:,:,i+1] = (1/(numOfSamples —1))x(Xi.T—XiMean.T).TQ(Xi.TXiMean.T)

#new x array to use in the next loop
X = Xi

return meanX, P
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Listing A.6: Loss function of improved OT-EnKF

def imp_lossfun (x.np,y-np,A,K,b,numOfSamples ,xmean ,ymean,C,R):
Asym = 0.5%(A+A.T)

I = 0.5%((x_np-—xmean ).TQAsym@(x_np—xmean))
I_mean = torch.trace(I)/numOfSamples

IT-1 = 0.5%((x-np—xmean ). T@torch.linalg.inv (Asym)Q@(x_np—xmean))
IT_1_mean = torch.trace(II_1)/numOfSamples

IT_2 = —(x-np—xmean).T@torch.linalg.inv (Asym)@KAQCQ(x_np—xmean)
IT_2_mean = torch.trace(II_2)/numOfSamples

IT_31 = 0.5%(x-np—xmean ).T@QC.TAK. T@torch. linalg . inv (Asym)@KQCQ(x_np—xmean )
I1.32 = 0.5%torch.trace (K. TQtorch.linalg .inv (Asym)QKAR)
IT_3_mean = torch.trace(II_31)/numOfSamples + I1_32

IT_4 = 0.5%(xmean—b).TQ@torch.linalg.inv (Asym)@(xmean—b)
IT_4_mean = torch.trace(II_4)/numOfSamples

f_mean = I_mean + II_1_mean + II_-2_mean + II_3_mean +II_4_mean
return (f_mean)
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Listing A.7: Improved OT-EnKF
def impOT_enKF _inter (x0,Sigma0 ,numOfSamples,T,A,y,R,C,a,k,b,n,m):
#initializing arrays

d = len(x0)
meanX = np.zeros ([d,T+1]) #making my mean array
meanX [: ,0] = x0

n_iters = 5000

CTorch = C.astype(np.float32)
CTorch = torch .from_numpy (CTorch)
RTorch = R.astype(np.float32)
RTorch = torch.from_numpy (RTorch)

#making my samples and transposing to make 2 z numOfSamples
X = (np.random.multivariate_normal (x0,Sigma0 ,numOfSamples)).T

P = np.zeros ([n,n,T+1])
Pl:,:,0] = (1/(numOfSamples —1))*(X.T-meanX [: ,0].T).TQ(X.T-meanX [: ,0].T)

for i in range(T):
#initializing my measured y, control inputs, and mnoises array
W = np.random.normal(size = (len(A),numOfSamples))
Z = np.random.normal(size = (len(C@x0),numOfSamples))
#Tiling my measured
if len(y)==1:
Ymeasure = np. tile (y[0,i+1],(1,numOfSamples))

else:
Ymeasure = np. tile (y[:,1i4+1],(numOfSamples))

)

#calculating x’ and zhat’

xprime = AQX + Qxx*(1/2)aW

xhat = np.mean(xprime, axis=1, keepdims = True)

Xhat = np. tile (xhat, numOfSamples)

#making zprime a float wvector and then making it a torch wvector
xprimeTorch = xprime.astype(np.float32)

xprimeTorch = torch.from_numpy (xprimeTorch)

#making zhat a float wvector and then making it a torch wvector
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XhatTorch = Xhat.astype(np. float32)
XhatTorch = torch .from_numpy (XhatTorch)

#calculating Y and mean of Y
Y = CQxprime + Rxx(1/2)QZ

if len(y==1):
yhat = np.mean(Y, keepdims = True)
Yhat = np. tile (yhat, (1,numOfSamples))

else:
yhat np.mean (Y, axis = 1, keepdims = True)
Yhat = np. tile (yhat ,numOfSamples)

#making Y and Yhat a float wvector and then making it a torch vector
Y = Y.astype(np. float32)

Y_Torch = torch.from_numpy (Y)

YhatTorch = yhat.astype(np.float32)

YhatTorch = torch.from_numpy (YhatTorch)

#learning

learning_rate = 0.001

params = [a,k,b]

optimizer = torch.optim.Adam(params, lr=learning_rate)

for epoch in range(n_iters):

#below 1s getting loss function

1 = imp_lossfun (xprimeTorch ,Y_Torch,a,k,b, numOfSamples,
XhatTorch , YhatTorch , CTorch ,RTorch)

#gradients

1. backward ()

#update wetghts
optimizer.step ()

#zero gradients
optimizer.zero_grad ()

#updating my x’ and getting the mean

knp = k.cpu().detach ().numpy ()
anp = a.cpu().detach ().numpy ()
bnp = b.cpu().detach ().numpy ()
Xi = anp@(xprime — xhat) 4+ knp@(Ymeasure—C@xhat) + bnp
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XiMean = np.mean(Xi, axis=1)

#concatenating it with my meanX

meanX [: ,i+1] = XiMean [:]

P[:,:,i+1] = (1/(numOfSamples —1))x(Xi.T-XiMean.T).TQ(Xi.T XiMean.T)

#new = array to use in the mnext loop
X = Xi

return meanX, P
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