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There has been a recent increase in interest towards a nonequilibrium phenomenon called
the measurement-induced quantum phase. These phases occur in “hybrid” systems where
unitary evolution is interspersed with projective measurements. We look at two such systems.
First we investigate a bosonic system of qudits. This is a one-dimensional chain with a d-
dimensional local Hilbert space at each site. We forward a generalization of the stabilizer
formalism to simulate hybrid dynamics on the system for certain prime numbers d and
find evidence of both a measurement-induced entanglement transition and a measurement-
induced purification transition. We find critical exponents v ~ 1.3 for all studied cases,
consistent with known results for d = 2. We then investigate a fermionic system. Viewing the
system as populated with Majorana fermions, we show a connection to a previously studied
statistical mechanics model. We then generalize this model by leveraging the Gaussian state
formalism. We simulate the hybrid dynamics of this generalized system under free fermion
unitary evolution and measurement of local occupation number. We find evidence of a
measurement-induced purification transition, and find the corresponding phase diagram.
These models advance what is known about these classes of models and demonstrate the

robustness of their corresponding measurement-induced quantum phases.
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2.1

A diagram of the dynamical procedure in Ref. [1]. The vertical lines represent
the worldlines of qubits (represented by circles at the bottom of the diagram),
and the boxes depict operations being applied to the qubits over time. The
blue boxes are two-qubit unitary transformations, and the yellow boxes are
single-qubit projective measurements. Notice that the pairing of the qubits
for the unitary gates alternates at each time step, leading to a “bricklayer”
pattern of blue boxes. . . . . . . . ...

Caricature of an entangled quantum system, illustrating the difference be-
tween volume-law and area-law entanglement scaling. The circles are qubits,
and the lines represent entanglement between qubits. The volume-law system
has qubits entangled at all distances, so the total entanglement between a re-
gion A and the rest of the system will be proportional to the total number of
qubits in A. The area-law system has qubits entangled over short distances,
so the entanglement between A and A will only depend on qubits near the
interface between the two regions. . . . . . ... ..o o Lo

A diagram of the dynamics that are studied throughout this chapter. The
system is a one-dimensional chain of qudits. This circuit diagram represents
the history of the quantum state, with time increasing in the vertical direction
and vertical lines representing individual qudits. The blue boxes are two-site
Clifford unitary gates which are chosen randomly using a uniform distribution
over all possible Clifford gates. The yellow boxes are single-qudit projective
measurements onto the generalized Pauli Z eigenbasis as described in the
text, and are applied with probability p to every qudit between applications
of Clifford gates. The pairing of sites for the two-site unitary gates alternate,
and one time step is defined to include two layers of unitary gates so as to
include both possible pairings. . . . . . . . . .. ...
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2.2

2.3

Graph of subsystem entropy versus time for subsystems of size N/2 in systems
of size N = 250 with various values of d. Different colors represent different
values of measurement probability p. All points represent the average of 20
realizations. Entanglement between two halves of the system reaches a con-
stant value after a sufficient number of time steps, which is indicative of a
steady state as described in the text. We see that the half-system entangle-
ment entropy increases linearly with time until reaching a steady value after
a time 7' << N, which is a general rule for other system sizes. The stabilizer
length distribution also attains a steady profile after the same time period.
Note that the system reaches a steady state more quickly with larger values of
d, and that for a fixed p, the entropy of the steady state increases with larger
values of d. . . . . . .

The bipartite subsystem entanglement entropy S(L) between the average con-
tiguous region of size L and the rest of the system for qubits of order d = 3.
The Rényi entropies S,, used here are defined in Eq. 2.12 and are identical
for all n > 1. Note that separating a contiguous subsystem splits the system
into two parts, which implies S(L) = S(IN - L); thus we only plot values for
L up to N /2. Different colors represent different values of the measurement
probability p. The phase transition occurs around p ~ 0.28. In the low-p
phase, the subsystem entanglement entropy increases linearly; the entropy is
proportional to the “volume” L of the one-dimensional subsystem, and thus
the entropy scales as a volume-law. In the high-p phase, the subsystem entan-
glement entropy reaches a constant value that is independent of the subsystem
size L. This is thus proportional to the “area” of the subsystem, and thus the
entropy scales as an area-law. Near the critical point p. » 0.28, the subsystem
entanglement entropy increases logarithmically with subsystem size L, which
is indicative of a critical phase that separates the volume-law and area-law
phases. . . . . ..
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2.6

Data collapse for d = 3. The vertical axis gives the average Rényi entropy
between two equal halves of the subsystem, S (%), normalized to be zero at
the critical value p. = 0.28 by subtracting the entropy at the critical value,
Sm-t(%). The Rényi entropies S, defined in Eq. 2.12 are identical for all
n > 1. Renormalization group considerations imply that there should exist
thermodynamic quantities which are a function of a special combination of
variables as in Eq. (2.24). From this, we can extract the critical value p. ~ 0.28
and the correlation length exponent v ~ 1.3. These values were extracted by
fitting the above data to a fifth order polynomial, and finding the values of p.,
v which minimized the error of the fit. The figure on the right is the absolute
value of the same data, plotted with a logarithmic scale on the vertical axis.
This highlights how well the data collapses near the critical point. . . . .. ..

Data collapse for d = 5. The vertical axis gives the average Rényi entropy
between two equal halves of the subsystem, S (%), normalized to be zero at
the critical value p. = 0.38 by subtracting the entropy at the critical value,
Sm-t(%). The Rényi entropies S, defined in Eq. 2.12 are identical for all
n > 1. Renormalization group considerations imply that there should exist
thermodynamic quantities which are a function of a special combination of
variables as in Eq. (2.24). From this, we can extract the critical value p. ~ 0.38
and the correlation length exponent v ~ 1.3. These values were extracted by
fitting the above data to a fifth order polynomial, and finding the values of p.,
v which minimized the error of the fit. The figure on the right is the absolute
value of the same data, plotted with a logarithmic scale on the vertical axis.
This highlights how well the data collapses near the critical point. . . . .. ..

Data collapse for d = 97. The vertical axis gives the average Rényi entropy
between two equal halves of the subsystem, S (%)7 normalized to be zero
at the critical value p. = 0.495 by subtracting the entropy at the critical
value, Sm't(%). The Rényi entropies S, defined in Eq. 2.12 are identical
for all n > 1. Renormalization group considerations imply that there should
exist thermodynamic quantities which are a function of a special combination
of variables as in Eq. (2.24). From this, we can extract the critical value
pe & 0.495 and the correlation length exponent v ~ 1.3. These values were
extracted by fitting the above data to a fifth order polynomial, and finding
the values of p., v which minimized the error of the fit. The figure on the right
is the absolute value of the same data, plotted with a logarithmic scale on the

vertical axis. This highlights how well the data collapses near the critical point. 60
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Graph of the normalized stabilizer length distribution Dg(L) versus stabilizer
length L for system size N = 500 with d = 3. The value of Dg(L) is 1/N
times the average number of stabilizers that are supported on regions of size
L. Different colors represent different values of measurement probability p.
The critical value of p occurs around p. ~ 0.28, and is indicated by the dis-
appearance of the bump in the graph centered at N /2. We can see in the
low-p volume-law phase that the normalized length distribution function fol-
lows the profile Dg(L) o< L=2 for small values of L. In the high-p area-law
phase, this is modified by an exponential damping factor, with a p-dependent
falloff coefficient. . . . . . . . . . L

Graph of the normalized stabilizer length distribution Dg(L) versus stabilizer
length L for system size N = 500 and d = 5. The value of Dg(L) is 1/N
times the average number of stabilizers that are supported on regions of size
L. Different colors represent different values of measurement probability p.
The critical value of p occurs around p. ~ 0.38, and is indicated by the dis-
appearance of the bump in the graph centered at N /2. We can see in the
low-p volume-law phase that the normalized length distribution function fol-
lows the profile Dg(L) o< L2 for small values of L. In the high-p area-law
phase, this is modified by an exponential damping factor, with a p-dependent
falloff coefficient. . . . . . . . . ..

Graph of the normalized stabilizer length distribution Dg(L) versus stabilizer
length L for system size N = 500 and d = 97. The value of Dg(L) is 1/N
times the average number of stabilizers that are supported on regions of size
L. Different colors represent different values of measurement probability p.
The critical value of p occurs around p. ~ 0.495. We can see in the low-p
volume-law phase that the normalized length distribution function follows the
profile Dg(L) o< L72 for small values of L. In the high-p area-law phase,
this is modified by an exponential damping factor, with a p-dependent falloff
coefficient. . . . . . . L
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ability p for mixed systems with d = 3. The Rényi entropies S,, defined in Eq.
2.12 are identical for all n > 1. Because the system is generally not a pure
state, no subsystems are taken and the full density matrix is used to calculate
S,. For small values of p, the measurements do not happen frequently enough
to purify the state, and the state is still mixed after N time steps. This is
indicative of a “mixed” phase in which measurements require a number of
time steps exponential in N to purify the state. For large values of p, the
measurements are able to purify the state within N time steps and the final
Rényi entropy is zero. The purification transition occurs at p. ~ 0.28, the same
value as the entanglement transition ford=3. .. ... ... ... ... .....

The statistical Rényi entropy S,, after N time steps versus measurement prob-
ability p for mixed systems with d = 5. The Rényi entropies S,, defined in Eq.
2.12 are identical for all n > 1. Because the system is generally not a pure
state, no subsystems are taken and the full density matrix is used to calculate
Sp. For small values of p, the measurements do not happen frequently enough
to purify the state, and the state is still mixed after N time steps. This is
indicative of a “mixed” phase in which measurements require a number of
time steps exponential in N to purify the state. For large values of p, the
measurements are able to purify the state within /N time steps and the final
Rényi entropy is zero. The purification transition occurs at p. ~ 0.38, the same
value as the entanglement transition for d=5. .. ... ... ... ........

The statistical Rényi entropy S,, after N time steps versus measurement prob-
ability p for mixed systems with d = 97. The Rényi entropies S,, defined in
Eq. 2.12 are identical for all n > 1. Because the system is generally not a pure
state, no subsystems are taken and the full density matrix is used to calculate
S,. For small values of p, the measurements do not happen frequently enough
to purify the state, and the state is still mixed after N time steps. This is
indicative of a “mixed” phase in which measurements require a number of
time steps exponential in N to purify the state. For large values of p, the
measurements are able to purify the state within /N time steps and the final
Rényi entropy is zero. The purification transition occurs at p. » 0.495, the
same value as the entanglement transition for d=97. . .. ... ... ... ...
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3.2
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The protocol for the hybrid dynamics described in the text. The vertical di-
rection represents time; odd and even time steps correspond to the two com-
plementary ways of pairing neighboring Majorana operators. For each such
pairing, nearest neighbor gates are applied which either perform a measure-
ment (and record the outcome), apply a certain unitary gate, or do nothing.
For odd time steps, the unitary gate is applied to a pair with probability p,
and a measurement performed with probability (1 -p)g. For even time steps,
the unitary gate is applied to a pair with probability p, and a measurement
performed with probability (1-p)(1—-¢). . . . .. ... .. . . ... ... ....

A trajectory of the circuit model with measurements, shown here with open
boundary conditions. This diagram corresponds to the circuit shown in Fig.
3.1. The state is assumed to initially be an eigenstate of fermion occupation
number at each site, though this need not be the case. Rotated by 45° this
becomes a configuration of the completely packed loop model with crossings
(CPLC). The solid thick lines represent Majorana worldlines. The spanning
number n; is given by the number of lines connecting the bottom (initial state)
and top (final state) of the configuration. Here, ng = 2, given by the two blue
lines. . . . . e

This simplified graphical view of the fermionic stabilizer state at the final time
shows how the worldlines connect parts of the state in Fig. 3.2. The dotted
ovals denote which Majorana operators are paired up into physical fermions.
The entanglement entropy between two regions is %logQ times the number of
Majorana worldlines connecting them, due to reasons similar to those for Eq.
2.17. Here, the entanglement between the second and third physical fermion
(red bracket) and the rest of the system is 2-Flog2=1log2. . ..........
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3.6

3.7

(Left) Phase diagram for the CPLC [2]. The difference in Goldstone and
Short Loops phases is determined by the behavior of the spanning number,
ns. In the Short Loops phases, the average spanning number (n,) decreases
with increasing system size, approaching zero in the thermodynamic limit. In
the Goldstone phase, (n,) increases logarithmically with system size. In the
more general fermion model, the spanning number generalizes to the second
Rényi entropy between the system and ancilla, as described in the text. The
difference in the Short Loops I and Short Loops II phases is determined by
the existence or absence of a macroscopic loop or edge mode around the con-
figuration; see Fig. 3 of Ref. [2]. (Right) Phase diagram for the more general
free fermion model, with CPLC phase diagram for reference. The large blue
dots are locations in the phase diagram which are studied in more depth for
this chapter. Note the g <> (1 —¢) symmetry, mentioned in Sec. 3.2. The
top line of the diagram at p = 1 corresponds an evolution with only unitary
gates and no measurements, thus leading to a volume-law phase. The sides
of the diagram at ¢ = 0,1 correspond to an evolution with only one type of
measurement present, and while the CPLC has no phase transition on these
lines, the more general model does. . . . . . . ... ... ... ... ...

Entropy law for a point inside the Goldstone phase in the generalized free
fermion model. The blue line is a fit to the logarithm alog(bz) +c. The values
obtained were: a =0.203, b= 0.281, ¢ =1.091. The 95% confidence bounds on
a are (0.1957,0.2107). . . .« . o e

Graphs of S for p = 0.50, ¢ near 0.64 in the general free fermion model.
Most smaller system sizes (/N < 1000) have on the order of 10,000 — 20,000
realizations which are averaged over, while larger system sizes have on the
order of 200 — 2,000 realizations. The data collapse values for ¢. and v were
calculated by fitting the data to a fifth-order polynomial for various values of
qc, v and finding the values which minimized the residual sum of squares (sum
of squares error). . . . ...

Entropy law for a point on the edge of the phase diagram (¢ = 0.00). This
point is in the area-law phase (short loops phase) of the CPLC, but inside the
Goldstone phase for the general model. The blue line is a fit to the logarithm
alog(bx) + c¢. The values obtained were: a = 0.238, b = 0.646, ¢ = 1.228. The
95% confidence bounds on a are (0.2282,0.2473). . ... ... ... ... ...
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3.8 Graphs of S for ¢ = 1.00, p near 0.72 for the generalized free fermion model.
Most smaller system sizes (/N < 500) have on the order of 3,000 — 10,000
realizations which are averaged over, while larger system sizes have on the
order of 100 — 500 realizations. The data collapse values for p. and v were
calculated by fitting the data to a fifth-order polynomial for various values of
Pe, v and finding the values which minimized the residual sum of squares (sum
of squares error). The data collapse indicates the presence of a continuous
phase transition for ¢ = 1.00 near p = 0.72, a feature of the generalized free
fermion model that is not shared with the CPLC. . . ... ... ... ... ...
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Chapter 1

INTRODUCTION

For centuries, the study of phase transitions has been a rich subject in physics. During
much of this history, investigations have focused on equilibrium phase transitions. In the
past several decades, however, the physics of nonequilibrium quantum phase transitions has
significantly advanced. Bolstered by advancing technologies in quantum preparation and
manipulation, recent additions to this family of phenomena involve the study of “hybrid
systems,” or systems which evolve according to a process of unitary gates and projective
measurements. These are the measurement-induced entanglement transition [1, 3] and the
closely related measurement-induced purification transition [4, 5]. Advances in qubit con-
trol and measurement have allowed the recent experimental realization of these phases with
current quantum devices [6, 7]. Theoretical advances include connections to quantum infor-

mation and error correction [4, 8], topology in quantum systems [9, 10, 11], and conformal

field theory [12, 13].

Simulations of quantum systems generally have to grapple with the many-body problem,
as quantum state spaces are exponentially difficult to simulate on classical computers. We
confront this challenge by developing two different numerical methods. In the first approach,
we generalize an early model of a measurement-induced phase transition [1]: a bosonic system
of qubits described by the stabilizer formalism. In this new setting, we advance an extension
of the stabilizer formalism to describe qudits of prime order [14, 15] and demonstrate the

existence of a measurement-induced quantum phase transition.

In the second approach we consider one-dimensional fermionic systems. These systems, as
opposed to bosonic systems, have a natural free fermion limit. Despite the relative simplicity

of free fermion systems, there is a wealth of nonequilibrium phenomena that have yet to be



fully described, including novel CFTs and an incomplete identification of universality classes.
One advantage of this simplification is that free fermion systems can be efficiently represented
in computations using the so-called Gaussian formalism. We exploit this feature to study
a quantum-theoretic property of the system, called the purity, as it evolves under hybrid
dynamics. The purity of a system can be seen in similar contexts as a measure of total
quantum information in a system [4]. While the entanglement properties of monitored free
fermions have been studied extensively, purity properties are not as well understood [5].
Using the Gaussian formalism, we uncover a purification transition between a mixed phase
that protects quantum information and a critical “Goldstone” phase that exposes quantum
information [16]. Furthermore, we demonstrate a connection to a previously known statistical
mechanics model [2] and push the boundary of what is understood about this class of models.
By using the Gaussian model to probe phases away from high symmetry points, we access
phase transitions that were not previously available, an observation with relevance in a
broader context.

In this introduction, we will provide the background of this novel class of nonequilibrium
quantum phase transitions. We first review phase classifications from the full history of
physics, focusing on what makes phases different from each other. We will introduce one of
the first systems shown to theoretically exhibit a measurement-induced phase transition and

use it to explain the concepts necessary to understand this class of transitions.
1.1 Equilibrium Phases

In this thesis, we rely on the differences between equilibrium and nonequilibrium phases.
An equilibrium phase can be described by the properties of a system at thermodynamic
equilibrium, such as global pressure, temperature, and chemical potential. By contrast, a
nonequilibrium phase may have these quantities varying across the medium or have no way
of defining these quantities. For instance, if such a system system reaches a steady state,
there may still be fluxes of energy or mass through the system. These fluxes are not expected

from a system in thermodynamic equilibrium.



We now give a short review of equilibrium phases, focusing on the qualitative differences

that make phases distinct from one another.

1.1.1  Symmetry Breaking

From the 1940’s to the 1970’s, a number of physicists (most notably Landau and Ginzburg)
established the paradigm of symmetry breaking phases. The core idea is one can distinguish
a “disordered” phase from an “ordered” phase through symmetry. The ordered state has
less symmetry than the disordered state i.e., in the ordered state there are fewer actions that
will be a symmetry of the system than in the disordered state.

This is illustrated in the following two examples. Figures 1.1 and 1.2 show two systems
where two distinct phases are differentiated using symmetry breaking. Fig. 1.1 demonstrates
translational symmetry breaking. In the disordered phase, the system has full translational
symmetry. More precisely, statistical mechanics describes the system as an ensemble of
possible configurations, and this ensemble of states has complete, continuous translation
symmetry. Intuitively, since the arrangement of atoms is random one can translate the system
by any amount and the atoms will still have a random arrangement. In the ordered phase,
however, this is not true. Since the system has a regular repeating crystal structure, not
every translation is a symmetry of the system. The only translations which are symmetries
for the ordered phase are the discrete translations in which every atom takes the previous
location of another atom in the crystal. Therefore, the number of symmetries of the system
has been reduced from a continuous symmetry in the disordered phase to a discrete set of
symmetries in the ordered phase.

Fig. 1.2 shows a system which demonstrates rotational symmetry breaking. An example
would be a magnetic material where the arrows indicate the local magnetic moment of the
material. Again, since the direction of the arrows is random in the disordered phase, when
the system is rotated there is no distinction between the original and rotated states i.e., the
directions will still be random. In the ordered phase, however, any rotation in the plane other

than a full 360° rotation will change the common direction of the arrows. A rotation around
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Figure 1.1: Two phases distinguished by
translational symmetry breaking. In the dis-
ordered state, the statistical ensemble de-

scribing the state has continuous transla-

Figure 1.2: Two phases distinguished by
rotational symmetry breaking. Arrow
positions are ignored for this example. In

the disordered state, the statistical ensemble

tional symmetry because the particles are describing the state has rotation symmetry

randomly distributed. In the ordered phase in all three dimensions because the arrow

this is no longer the case, as the crystal struc- ~ directions are randomly distributed. In the

ture requires the particles to be translated —ordered phase this is no longer the case, as

into specific positions in order for such a the arrows have a common direction.

translation to be a symmetry.

an axis parallel to the common direction will remain a symmetry. In this case this would be
a rotation around the vertical axis. Therefore, the symmetry of the system has been reduced
from a full set of rotations in the disordered phase to the smaller set of rotations around the

vertical axis in the ordered phase.

In this paradigm, we can introduce the idea of a local order parameter, a quantity which is
locally defined but constant across the system and whose value determines the phase. For the
system in Fig. 1.2, one can take the average of all arrows in a small region. In the disordered

phase, the ensemble average of this quantity is zero since the directions of the arrows are



random. In the ordered phase, it is nonzero and points along the common direction of all
arrows. Thus, this order parameter distinguishes the phases. Note that although the order
parameter is local, only including arrows near a specific point, its value is identical at all

points in space.

1.1.2  Topological Invariants

As powerful as the symmetry breaking paradigm is, it cannot describe phases which are not
distinguished by a local order parameter. Such an example is found in quantum systems,
where certain quantum phases are distinguished by a topological order parameter. Topology
is a field of mathematics that deals with the connectedness and large-scale properties of
objects. The standard example is to consider the difference between a sphere and a torus.
There is a clear invariant that separates them: the torus has one hole, while the sphere has
none. In technical terms, the sphere is a genus 0 surface while the torus is a genus 1 surface.
Any small region of a surface, though, does not have enough information to determine the
genus; one must examine the entire object. In other words, no local quantity can distinguish
the two, and one must consider the entire surface to make the distinction. Furthermore,
the genus must be an integer, which has the consequence that a sphere cannot smoothly
deform into a torus. If a sphere were to be deformed into a torus, then there must be at
least one specific point in the deformation where the genus changes from 0 to 1'. These
topological invariants, such as the genus of a surface, can be used to differentiate certain
quantum phases of matter. The point where such an invariant changes from one value to
another will indicate a phase transition between them. Thus, these phases are described by
nonlocal, topological order parameters.

However, unlike our sphere and torus analogy, the topological nature of these systems is
generally something more abstract. Let us discuss one of the earliest examples, the Thouless-

Kohmoto-Nightingale-den Nijs (TKNN) invariant [17]. This was originally applied to the

More precisely, there must be a point where the genus is degenerate - the number of holes cannot be
defined. This is the point where the genus can change from 0 to 1.



Integer Quantum Hall Effect (IQHE) [18], but more generally explains topological phenomena
in a class of materials called Chern insulators [19].

A description of the IQHE follows. When a magnetic field is applied in a perpendicular
direction to a current, there is a voltage in the direction perpendicular to both the current and
the magnetic field. This is the classical Hall effect which can be explained by the magnetic
Lorentz force acting on the charge carriers in the conductor. This voltage can drive a current
and has an associated conductance, o,,. In 1980, it was discovered that the Hall conductance
is quantized in exact multiples of €2/h in a two-dimensional conductor with a magnetic field
applied perpendicular to the plane of the conductor [18].

This quantization can be explained in terms of a topological order parameter. The
Brillouin zone? of the conductor is a two-dimensional electron state space, where each electron
quantum state is identified with a two-dimensional crystal momentum, k. The Brillouin zone
is finite, with periodic boundaries. It has a size that is determined by the atomic spacing
in the material containing the electrons. In the limit of infinite conductor size, the Brillouin
zone is a continuous space, and one can study the behavior of electronic wavefunctions which
are localized around some crystal momentum k.

Because each point of the Brillouin zone represents a quantum state, there is a subtlety
in these localized wavefunctions. As the electron state moves along a path I' within the

Brillouin zone, it will pick up an overall complex phase

o0 = o e (kITalR (1.1)

This complex phase e~ is called the geometric phase or Berry phase. This phase reflects the
properties of the system that give rise to a nontrivial connection between nearby points of
the Brillouin zone. This is mathematically very similar to the Aharonov-Bohm phase, which
affects electron wavefunctions in real space within the vicinity of a magnetic field.

The topology is manifested when we consider the phase accrued by an electron wavefunc-

2When a magnetic field is present as in the case of the IQHE, one technically uses a slight modification
called the magnetic Brillouin zone. This will not affect the discussion.



tion as it traverses a closed path I'. In such a case, the line integral can be turned into a
surface integral by Stokes’s theorem?. Because the Brillouin zone is closed and has periodic
boundary conditions, there are two choices for this surface integral. Both integrals must
give the same complex phase e since they represent the same physical quantity. However,
because the integral occurs in the exponent, the surface integrals can differ by an integer
multiple of 27 and the complex phases will agree. This is where the topological nature of
the TKNN invariant first manifests. The fact that the Brillouin zone is closed is a global
property that allows for the existence of two surface integrals, and the nature of complex
phases allows the two integrals to disagree by 2mn for n € 7Z.

Now consider the limit as the path I' expands to become the perimeter of the Brillouin
zone. This path encircles the full area of the Brillouin zone. It is still considered to divide
the Brillouin zone into two surfaces, but one of those surfaces has zero area. The surface

integral corresponding to this is trivially zero, implying that the complex phase is equal to

1. Thus, e ® =1 and we are left with the result
0=-i f (k|Vi|k) - dl = 27 (1.2)
T

for n € Z. This value n in this context is known as the TKNN invariant. Through a linear
response equation known as the Kubo formula, this value n is shown to be directly related
to the Hall conductivity in the IQHE. In particular, the Hall conductivity o, is given by

e2n
Opy = —. 1.3
Y h ( )
The unique aspect of this analysis is that the quantization of n into integer values relies
crucially on the topology of the Brillouin zone. Looking at the behavior of an electron
wavefunction in a small region of the Brillouin zone will not contain the necessary information
to calculate this quantity. This makes it fundamentally different from the symmetry breaking

phases, which have local order parameters. In addition, the nonlocal nature of this quantity

3 Assuming that the path has trivial homology i.e., it does not wrap around the Brillouin zone’s periodic
boundaries.



makes it robust to disorder and perturbation. A small perturbation cannot change n by a
small amount, as n must be an integer. This is what allows us to call it an invariant.

In the years following the discovery and explanation of the Integer Quantum Hall Ef-
fect, many other quantum phases were discovered that relied on the topology of quantum
states; the Quantum Anomalous Hall Effect, topological insulators, Weyl semimetals, and
symmetry-protected topological phases are all prominent examples. In more general cases
such as these, it can be convenient to define topological order through quantum entangle-
ment.

There is an understanding that topological order is contained in the long-range entangle-
ment properties of a system. Topological properties are not changed by any local action, and
thus one would expect that applying a finite number* of local quantum unitary operations
to a state will preserve its topological order [20]. This can be used as a definition of a topo-
logical phase. The trivial product state is clearly topologically trivial, and thus every state
that can be mapped to the trivial product state by a finite number of unitary operations
is a topologically trivial quantum state (by definition). Such local unitary actions can only
entangle locally, and thus a topologically trivial state can only have local, or “short-range”
entanglement. This leaves topological states to have a long-range entanglement which the
local actions cannot remove nor create. In this sense, the topological properties of a sys-
tem depend on the nature of its quantum entanglement. The idea that entanglement can

distinguish phases will continue to appear in the examples that follow.

1.2 Nonequilibrium Phases

Though the examples of the previous section had a variety of differences, they had the com-
mon property of being considered equilibrium phases. That is, the defining properties of these

systems are manifested while the systems are in thermodynamic equilibrium. By removing

4Here, we group unitary operations that do not overlap into one operation called a layer. The precise
statement here is that in the limit of infinite system size, the number of layers necessary for this procedure
remains constant and is thus independent of system size.



this requirement, one can probe nonequilibrium phases, also called dynamical phases. In
these, the system does not reach thermodynamic equilibrium; and even if the system reaches

a steady state, there is often some nonzero flux of energy through the system.

One example of a nonequilibrium phase is the quantum many body localized (MBL) phase.
The MBL phase is an interacting phase of matter where an initially nonequilibrium state
will not relax to equilibrium as otherwise expected®. Quantum systems which do relax to
thermal equilibrium, called ergodic states, exhibit the behavior expected from the eigenstate
thermalization hypothesis (ETH). This hypothesis states that if such an ergodic system is
initially in a physical® nonequilibrium state then that state will, after a long enough time,
evolve into a state in which observables appear thermal and information about the initial
state is lost [21]. One expects that at late times, quantum correlations present in the initial
state are spread across the system in an inaccessible way. Thus, time averaged expectation
values of local observables can be described as they are in statistical mechanics, in terms of

microstates and macroscopic conserved quantities such as particle number and total energy.

The MBL phase describes a type of quantum system which does not conform to the
eigenstate thermalization hypothesis. Specifically, it is a perfect interacting insulator at
a nonzero temperature [22]. This can be explained in terms of competition between two
opposing behaviors. There exist localization phenomena that tend to constrain degrees of
freedom while thermalization tends to spread and dilute information across the system. A
many body localized system exhibits strong localizing behaviors that are supported by many
body dynamics. From this it follows that energy cannot spread easily across the system,
and this is characteristic of an insulator. An ideal MBL state is a perfect insulator and the
system cannot exchange particles and energy between regions, which prevents the system
from reaching thermal equilibrium. As a result, a nonequilibrium state which is in the MBL

phase will never reach thermodynamic equilibrium, even after an infinite amount of time.

®Specifically, the state does not thermalize for a very long time, parametrically long in system size.

bi.e., a state that can be reasonably prepared in an experiment. Specifically, we are excluding any

individual many-body excited eigenstates, which are themselves stationary states.
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In fact, such systems resist thermalization even when driven by an external driving force,

which is normally expected to heat the system.

The conflict between the two opposing behaviors can also be seen in how MBL phases
have distinct entanglement properties. This is quantified in “volume-law” and “area-law”
behaviors, which will be fully introduced in Sec. 1.3.1. For an ergodic system, thermalization
and information spreading suggest that eigenstates with a finite nonzero energy density will
have entanglement scaling that follows a volume-law. MBL systems in contrast tend to
have strong localizing behaviors and demonstrate entanglement scaling that follows an area-
law. This key observation, that localization can change the entanglement characteristics of
a system, will be an important concept moving forward.

Another example of a nonequilibrium phase is that of a Floquet topological phase. A
Floquet system is one which is driven by some periodic external force; as such, there is a
nonzero flux of energy at all times. Floquet systems are able to support topological phases
that are impossible in an equilibrium setting [23]. This is possible in large part due to the
fact that Floquet systems can conserve quasienergy. In the same way that spatial periodicity
leads to a conserved periodic crystal momentum, temporal periodicity leads to a conserved
periodic quasienergy, and this allows for the formation of novel band structures. The difficulty
of experimentally probing Floquet states of matter lies in the fact that a driving force tends to
add energy to the system. At long times, this thermalizes the system, increasing local entropy
density, and leading to a featureless state which prevents observation of relevant quantum
effects [23]. Experiments can combat the problem of thermalization by focusing on short
time scales, and using driving frequencies that are much larger than the relevant energies of
the system so as to prevent transitions between states. From a theoretical perspective, one
way to combat this is to focus on free (i.e., non-interacting) fermionic systems. In the limit
of weak interactions, fermionic systems have an extrinsic number of conserved quantities,
namely the fermion occupation numbers. Even in interacting fermion systems, one can
expect to find systems where there are a large number of conserved quantities, and this

prevents thermalization. In addition, one can look for nonthermalizing regimes such as the
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proposed Floquet MBL phases.
1.3 Measurement-Induced Quantum Phases

The previous examples of nonequilibrium phases have demonstrated the following important
aspect of such phases: driven or interacting systems tend to quickly thermalize, and inter-
esting nonequilibrium phases need a mechanism that prevents this, such as localization. It
was recently realized that projective measurements can serve as a novel source of localiza-
tion [24, 1]. For example, the measurement of a particle occupation number collapses the
wavefunction and may localize the particle to a single site, depending on the measurement
outcome. It has now been shown that this source of localization is sufficient to prevent ther-
malization and stabilize a nonequilibrium phase. This novel nonequilibrium phase is known
as a measurement-induced quantum phase.

The simplest examples of systems which exhibit a measurement-induced quantum phase
involve systems subjected to unitary evolution along with regular projective measurements.
A hallmark of such a phase is the nature of the system entanglement. Unitary evolution
tends to entangle degrees of freedom across the system, while projective measurements tend
to disentangle degrees of freedom. The system can then exhibit an “area-law” or “volume-

WM

law” entanglement depending on which factor is stronger, and this indicates different phases
of the system. A definition of area-law and volume-law behaviors will be given in Sec. 1.3.1.

Phases of this type will be the focus of the remainder of this introduction. The primary
concepts will be introduced by first looking at a concrete example. The following is a
description of one of the earliest examples of a measurement-induced quantum phase, as
described by Li, Chen, and Fisher in Ref. [1]. A diagram of the setup is given in Fig. 1.3.
There is a one-dimensional chain of N qubits i.e., bosons with a two-dimensional local Hilbert
space. The dynamics of the system are split into time steps, which are applied sequentially
to our system. At odd time steps, a random two-qubit unitary gate is applied to pairs of

qubits, as shown in the diagram. There is choice in the random probability distribution.

The Haar random distribution over all possible two-site unitary gates is the most general
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Figure 1.3: A diagram of the dynamical procedure in Ref. [1]. The vertical lines represent
the worldlines of qubits (represented by circles at the bottom of the diagram), and the boxes
depict operations being applied to the qubits over time. The blue boxes are two-qubit unitary
transformations, and the yellow boxes are single-qubit projective measurements. Notice that

the pairing of the qubits for the unitary gates alternates at each time step, leading to a

“bricklayer” pattern of blue boxes.

choice, and a uniform distribution over all two-site Clifford unitary gates is also common.
The Clifford unitaries are often chosen to improve computational efficiency, as described in

Ch. 2 of this thesis.

After applying the unitary gates, the system is subjected to projective measurements.
Each qubit is measured with a probability p. This measurement will project the qubit into
an independent state determined by the Born probability of the measurement and it will
no longer be entangled with the rest of the system. At even time steps, random two-qubit
unitary gates are again applied to the alternate pairing of qubits. Afterwards, each qubit is

again measured with probability p.

There are two independent sources of randomness in this procedure. The first source
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comes from the application of the operations, as there is randomness in what is applied
and where it is applied. The second source comes from the inherent randomness of quantum
measurement contained in the Born probability. Because of this randomness, one works with
an ensemble of states. Starting with an identical initial state, many realizations are made
using the procedure and each system will evolve into a different final state. Quantities such
as entanglement are averaged over this ensemble. Note that the states are exactly known
at all times. Therefore, this is an ensemble of quantum trajectories, and not a statistical
ensemble.

The two operations, unitary evolution and projective measurement, create a form of frus-
tration in the system. The unitary gates tend to entangle qubits with each other, and as more
are applied, the system entanglement increases. The measurements tend to remove entangle-
ment from the system, since the measured particles can no longer be entangled with the rest
of the system. There is competition between these two elements, and a higher probability
of measurement p will lead to less entangled systems. More specifically, the expectation is
that after a long enough time the system will reach a steady state (though not necessarily
a thermal state) where these two forces balance each other. Then the entanglement will
not significantly change over time and only undergo small fluctuations. In this steady state,
dynamics with a larger value of p will result in less entangled systems.

This can be most easily seen in the extreme cases of p =0, 1. For p = 0, no measurements
are applied, and the unitary gates should result in a system that is maximally entangled.
For p = 1, every site is measured at every time step and this removes all entanglement.
Therefore it is expected that the entanglement will decrease as p increases. What is less
obvious, however, is that the nature of this entanglement, as defined in the next section,

should change dramatically at a specific value of p.

1.8.1 Subsystem Entanglement

To identify a change in the nature of entanglement, one must first specify a measure of

entanglement for the system. Given some region A of the system and its complement A,
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Figure 1.4: Caricature of an entangled quantum system, illustrating the difference between
volume-law and area-law entanglement scaling. The circles are qubits, and the lines represent
entanglement between qubits. The volume-law system has qubits entangled at all distances,
so the total entanglement between a region A and the rest of the system will be proportional
to the total number of qubits in A. The area-law system has qubits entangled over short
distances, so the entanglement between A and A will only depend on qubits near the interface

between the two regions.

the subsystem entanglement entropy S(A) gives a measure of the entanglement between A
and A. Mathematically, this is a function of the reduced density matrix of A, as described
in Sec. 2.6.1. One way this can be used to probe the character of the entanglement in a
system is to see how S(A) varies with the size of A. If S(A) is proportional to the volume of
the region A, we say that the entanglement entropy has a volume-law behavior. However, if
S(A) is proportional to the area of the boundary between A and A, we say that the system
has an area-law behavior. In general, we can think of volume-law systems as having greater

entanglement, and more long-range entanglement, than area-law systems.

The motivation for this is shown in Fig. 1.4. In this caricature of a one-dimensional
entangled quantum system, only two particles are entangled at any given time, and the
entanglement between each entangled pair is identical to every other pair. Colored circles
represent the qubits of the system, and black lines connect entangled qubits. The subsystem

entanglement entropy S(A) is given by the number of lines connecting the region A with
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the rest of the system A. The right side of Fig. 1.4 shows a system that has an area-law
behavior of entanglement scaling. The qubits are generally entangled with nearby qubits.
As the region A grows in size, the subsystem entanglement entropy will only depend on the
entanglement of particles that are near the border between A and A. Since the entanglement
entropy is proportional to the size of the boundary, we call this an area-law behavior. In the
case of one dimension, this means that S(A) will approach a constant value as the size of A
increases because the “area” of a one-dimensional region A consists only of its two endpoints.

The system on the left side in Fig. 1.4 shows a system that has a volume-law behavior of
entanglement scaling. We see that in this system, entangled pairs of particles can be sepa-
rated by any distance. Therefore, as we increase the size of A, the subsystem entanglement
entropy is expected to have some contribution from many particles inside of the region, and
not only those near the boundary. Therefore, S(A) is proportional to the “volume” of the
region A, which is the length of the one-dimensional subsystem.

Turning back to the system of unitary gates and projective measurements, both volume-
law and area-law behaviors are expected. For p = 0, the unitary gates will lead the system
to a maximally entangled volume-law state. For p = 1, the entanglement is removed at the
end of each time step; therefore the subsystem entanglement entropy is a constant, namely
zero. Thus, it is considered an area-law state. The volume-law and area-law behaviors are
drastically different, and it would be reasonable to believe that the system cannot smoothly
transition from one behavior to the other as p is varied. Rather, there might be a spe-
cial point, a critical value of p, that separates the volume-law dynamics from the area-law
dynamics.

This is what is found when the system is simulated. There is a critical point, at ap-
proximately p. ~ 0.16, where for values p < p., the system shows volume-law entanglement
scaling, and for values p > p,, there is area-law entanglement scaling. At the critical point
Pe, the system is neither volume-law nor area-law entangled, but is rather in a critical phase
that has logarithmic-law entanglement scaling. That is to say that the entanglement entropy

S(A) is proportional to the logarithm of the subsystem size.
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1.3.2  Purification Transitions

The behaviors of these measurement-induced phases are relevant to quantum computation
efforts. If the system is meant to model quantum memory, then the measurements can be
interpreted as disturbances from the outside. While it is always a goal to reduce such noise,
these results imply that there may be a critical rate of noise where the effects on the quantum
memory change drastically. To study this, however, it is more appropriate to focus on the

purity of the system instead of the subsystem entanglement entropy.

In quantum mechanics, uncertainty can be broadly separated into two categories. The
first comes from inherent quantum uncertainties arising from quantum superpositions. The
second is the more familiar uncertainty arising from a lack of knowledge about a system. It is
important to understand this distinction. If we know the exact quantum state of a particle,
then it may still be impossible to know beforehand the outcome of a measurement. This is
due, however, to quantum effects and not a lack of knowledge, because we knew exactly the
quantum state of the particle before it was measured. Furthermore, superpositions can hold
quantum information e.g., through quantum correlations between particles, while clearly no
information is held in one’s lack of knowledge about a quantum system. A quantum system
whose state is exactly known is said to be in a pure state while a mized state describes a

system where full information is not available.

While investigating measurement-induced phase transitions, it was discovered that there
can also exist phase transitions in the purity of a system [4]. The setup for such a system
is similar to what was discussed above. An ensemble of identical systems is prepared and
subjected to hybrid dynamics of unitary operations and projective measurements. The initial
systems, however, are each a mixed state that has an incomplete description. There is
competition between the two elements of the dynamics: when measurements are taken and
their results recorded they tend to reveal information about the state and increase the purity,
while the unitary operations spread the information across the state and make it more difficult

to extract via local measurements. In addition, much like the entanglement transitions, it
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has been observed that there are certain systems in which the behavior of the system purity
will undergo a phase transition as the rate of measurements is increased past a critical value.
For a small rate of measurement p, a large number of measurements are required to extract
all quantum information from the system. In this case, the number of measurements is
exponential in system size. For a large rate of measurement, the system purifies completely
after a number of measurements comparable to system size.

This has immediate consequences for quantum computing. In such a model, the system
can be seen as a quantum memory, and the measurements act as external noise. In the
theoretical models, the observer takes the role of an outside interfering force. Therefore, in
the “mixed” phase at low measurement rates, the quantum information is preserved since the
external observer cannot extract the system’s information until after an exponential amount
of time. Therefore, these results imply that there is a critical rate of noise, after which the
noise becomes far more destructive to the state, and the system will no longer be able to

effectively protect its quantum information from the external actions [4, 8].

1.8.3 Outline

The work in this thesis involves simulating quantum systems which exhibit these measurement-
induced phases. In general, quantum systems are difficult to simulate on classical computers,
especially systems with a large amount of entanglement. This is due in large part to the
exponential nature of the state space of a quantum system. For N particles which each
have d internal degrees of freedom, the Hilbert space is a dV-dimensional complex vector
space. We would generally need on the order of 2dV real numbers to define our state, and
this number is prohibitively large for classical computers. Thus, various methods have been
invented that allow efficient simulations of certain classes of quantum systems. We focus on
two of these methods.

The first method is called the stabilizer formalism. In this method, a quantum state is
defined implicitly by a set of Hilbert space operators called Pauli strings. These Pauli strings

can be specified with a relatively small amount of information, and so allow us to efficiently
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simulate systems where the quantum state can always be described by these Pauli strings.

The second method is called the Gaussian state formalism. A Gaussian state of a system
of fermions can be completely described by the two-point correlation function of the state.
The Gaussian formalism takes advantage of this to efficiently represent Gaussian states for
computation. Free fermion operations and certain measurements will preserve the Gaussian
property of a state, and this can be used to simulate a free fermion evolution and measurement
with a numerically tractable computation.

The following is an outline of each of the thesis’s chapters. In Ch. 2, we look at bosonic
systems using the stabilizer formalism. We review the formalism, and use it to implement
a generalization, such that the on-site Hilbert space dimension can be increased from d = 2
to any prime number d. We then give the results of simulations involving prime d and show
that the phase transitions persist, while also extracting exponents which characterize the
transitions. In Ch. 3, we work with fermionic systems through the framework of Gaussian
states. We review the Gaussian state formalism and define a system with an exact mapping to
a classical statistical mechanics model with a known phase transition. We then generalize this
system and find that the phase transition persists. The transition is between phases which are
qualitatively similar to the statistical mechanics model, however certain symmetries become

lifted and enable phase transitions where there previously were none.
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Chapter 2

BOSON STABILIZER ENTANGLEMENT TRANSITIONS

In this chapter, we discuss the simulation of measurement-induced phase transitions using
the stabilizer formalism. In particular, while the transition has been seen many times for
qubits (i.e., systems composed of many two-level systems), we will characterize the phase
transition for qudits (i.e., systems composed of many d-level systems), when the on-site
Hilbert space dimension is a prime number. We introduce a generalization [14, 15] which
allows us to take the Pauli stabilizer formalism most often introduced for qubit systems and
apply it to a qudit system. With this formalism, we can apply a circuit of Clifford unitary
gates and projective measurements to a system of qudits, and study both the entanglement

properties and purity properties as a function of time.

For d = 2, it has been shown that there is both a measurement-induced entanglement
transition [1] and a measurement-induced purification transition [4] at the same critical rate
of measurement. It has been shown analytically that for circuit with completely random (i.e.,
Haar random) unitary gates, the transition persists and the critical rate of measurement
pe should increase with d. The primary analytical result from these previous studies is
that in the limit d — oo, the phase transition occurs at p. = 0.5 and is described by the
2D percolation transition [25, 26]. Apart from this limit, little progress has been made in
analytically understanding the entropy of these systems [27]. It is known that the percolation
universality class does not describe the transition at finite d. In addition, these results do
not necessarily extend to Clifford circuits, and the behavior of these circuits at finite d has

not been studied in depth.

We show that for certain prime d, these phase transitions persist. For all d we study,

we find that entanglement transitions can be characterized by the correlation length critical
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exponent v ~ 1.3, which is close to the value of the percolation critical exponent v = 4/3.
This is interesting as the universality class of Clifford circuits is not expected to be the same
as that of Haar random circuits [25]. Furthermore, although the true Clifford universality
class has not been identified, our results support the idea that Clifford transitions share the
same critical exponent v for various values of d. We find that the critical value p. increases
with d, which agrees with the analytic result, and we can study how the value approaches
the d = oo limit. In addition, we find that for every value of d we studied, a purification

transition exists and occurs at the same critical value as the entanglement transition.

2.0.1 Description of Model

The dynamical setup we consider is shown in Fig. 2.1. We study a one-dimensional chain
of N qudits of prime order d with periodic boundary conditions. At each time step, we
apply random Clifford unitary gates to pairs of neighboring sites and perform projective
measurements with probability p at each site.

To study the entanglement transition, we start with a trivial product state and apply the
above dynamics for enough time steps that the system reaches a steady state. This steady
state is the point at which the quantities described below are relatively constant, and do not
evolve in time with the exception of small fluctuations. We then calculate the following two
quantities: the bipartite subsystem entanglement entropy S(L) averaged over all subsystems
of length L < N, and the normalized stabilizer length distribution Dg(L) as defined in Sec.
2.6.3 below. This is repeated for various values of measurement probability p, and the values
of these two quantities reveal the existence of two quantitatively distinct phases at different
values of p: a volume-law phase and an area-law phase.

To study the purification transition, we start with a completely mixed state and apply
the above dynamics for N time steps, where N is the size of the system. This models a
system in which the measurement results are recorded, and thus the statistical uncertainty
of the system decreases with time. We then measure the entropy of the mixed state, which

is inversely related to the statistical certainty of the state, also known as the purity. This is
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Figure 2.1: A diagram of the dynamics that are studied throughout this chapter. The sys-
tem is a one-dimensional chain of qudits. This circuit diagram represents the history of the
quantum state, with time increasing in the vertical direction and vertical lines representing
individual qudits. The blue boxes are two-site Clifford unitary gates which are chosen ran-
domly using a uniform distribution over all possible Clifford gates. The yellow boxes are
single-qudit projective measurements onto the generalized Pauli Z eigenbasis as described in
the text, and are applied with probability p to every qudit between applications of Clifford

gates. The pairing of sites for the two-site unitary gates alternate, and one time step is

defined to include two layers of unitary gates so as to include both possible pairings.



22

repeated for various values of p. This shows the existence of two phases: a purifying phase
where the system becomes a pure state within a time scale of order N, and a mixed phase
where the system purifies on time scales much longer than N.

The structure of this chapter is as follows. First, in Sec. 2.1 we introduce the stabilizer
formalism as applied to qubits. This demonstrates how states can be efficiently represented
using this formalism, and introduces a class of unitary transformations called Clifford oper-
ations. In Sec. 2.2 we introduce the extension to qudits, which have a d-dimensional on-site
Hilbert space. We explain the differences between this extension and the previous d = 2 case.
This shows that states can be efficiently represented in much the same way for any value
of d. In Sec. 2.3 we outline some of the algebraic properties of the stabilizer representa-
tion. In particular, commutation requirements of stabilizer operators can be encoded into a
symplectic vector space, and Clifford operations performed on the state are represented by
symplectic matrices. In Sec. 2.4 we demonstrate a method for finding a random symplectic
matrix, which itself is the representation of a random Clifford unitary acting on our system.
In Sec. 2.5 we introduce a tool for extracting data from our state, called the “clipped gauge.”
In Sec. 2.6 we explain how to use the clipped gauge to calculate the key quantities used to
describe the system, namely the subsystem entropy, purity, and the normalized stabilizer
length distribution. Finally, we produce our results in Sec. 2.7, in which we characterize the

phase transitions for systems of qudits with d = 3, 5, and 97.
2.1 Quantum Bits

The first section of the chapter is dedicated to reviewing the stabilizer formalism as applied
to qubits. For more information, see Ref. [28]. The significance of the stabilizer formalism is
that a certain class of quantum states called stabilizer states on N qubits can be described by
an N x 2N matrix of integers modulo 2. This is drastically better than the direct description
of the state wavefunction, which would require 2 complex numbers.

We will consider a one-dimensional system of N qubits. This system will have a Hilbert

space of dimension 2V, being the tensor product of the local two-dimensional qubit Hilbert
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spaces.
On a single qubit space, there are three important operators called the Pauli matrices:
0 1 0 —1 1 0
X = Y = Z = (2.1)
10 1 0 0 -1
All three are unitary and hermitian matrices which square to the identity matrix. All three
mutually anticommute, and the product of any two will be another Pauli matrix (or the

identity 7), up to a factor of +i.

2.1.1 Stabilizers

A Pauli string is an operator of the 2V-dimensional Hilbert space which is a tensor product
of one Pauli matrix (or I) for each site in our system, with an additional overall factor of +1
or +i. Since the product of Pauli matrices is another Pauli matrix or the identity, the set of
all Pauli strings is closed under multiplication, and thus this set is a group. The Pauli group
on N qubits, P%,, is the set of all Pauli strings. Since Y =X Z, we can use the Pauli matrices
X and Z as a basis to write any Pauli string in the form g = (¢)%(-1)2 X" Z{? X2 Z54...,
with bj,a; € {0,1}. Here, X; =1 ®...® X ® ... ® I is the Pauli X operator acting on site j
and acting as the identity at all other sites. Note that since Pauli matrices at the same site
anticommute, Pauli strings will either anticommute or commute depending on the number
of sites that share anticommuting Pauli operators.

A subgroup S of P% is a stabilizer group if there is some subspace Vs of our Hilbert
space such that for every element g € S and for all vectors [¢)) € Vs, we have g|) = + ).
Since Pauli strings either commute or anticommute, we see that the elements of & must all
mutually commute, since they share a +1 eigenvector. If this were not true for two elements
g and h, it would lead to the contradiction |¢) = gh|y) = =hg|¢p) = = |¢b). In addition, —1
cannot be an element of the stabilizer group, since it only has —1 as an eigenvalue. These

two conditions are both necessary and sufficient for a subgroup S ¢ P% to be a stabilizer

group.
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In practice, the stabilizer group is almost always described by a generating set, G. A
generating set is a subset of § such that every element in S can be written as a product of
elements in G. These elements are called generators, and are said to generate the set S. We
will usually focus on minimal generating sets, which have the smallest number of generators
possible while still generating S. These have generators which are independent, in that no
generator in G can be written as a product of other generators in G, otherwise it would be
a redundant generator. This has the immediate consequence that each stabilizer in § is a
unique product of elements in G. If this were not true, and there were to exist some element
g for which g = g192...90m = 9195...g)y for some generators g; and g}, then we would have
G = 919599t 95+, contradicting the independence of the generators. Note however that
the smallest generating set is not unique. There will be many subsets of §, whose elements
are independent of other elements in that subset, that have the same number of generators.

All Pauli strings square to the identity matrix, up to a factor of £1. Since all stabilizers
have a +1 eigenstate, g2 = +I for stabilizers. This means that we can write any element g € S
as g = (g1)"(g2)?(g3)®..., where g; € G and a; € {0,1}. The order of the terms does not
matter, since all of the stabilizers mutually commute. All stabilizers can be written as such
a product, and all such products are valid stabilizers. Since we have already shown that
each such combination must also be unique, we see that for such a minimal generating set,
|S| = 2191, Furthermore, all stabilizer groups must contain 2% elements for some integer .

The size of G is directly related to the size of our stabilized subspace Vs. We show this
by first introducing the projector Ps onto Vs and then using the fact that dim(Vs) = Tr(Ps)

for projectors. The projector is given by

Ps=IS' Y g. (2:2)

geS

First, we prove that this is a projector by showing (Ps)? = Ps:

PsPs =S| (Z 9) ( > g') =187 ( > 9 g’) (2.3)

geS g'eS geS \g’eS
Sy ( 5 g") _Is12s| ( 5 g") P,
geS \g"’eS g''eS
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where the second line follows from the group theory result that ¢,(h) = g-h is an isomorphism
of §.

This projector has the required property that all vectors in the projected subspace (i.e.,
vectors 1) such that Ps|i)) =[1))) are +1 eigenstates of elements in the stabilizer group:

glv) =gFslv) = (|5| > 9'1¥) )= [SI7H X g-g'[) =[S Y0 9" [¥) = Ps|y) = +[¢)

g'eS g'eS g'"eS
Finally, we can calculate the dimension of Vs by taking the trace:
Te(Ps) = Tr (|5|—1 3 g) IS Y Ta(g) = IS 12 = 28
ges geS

This follows from the fact that for a tensor product, Tr(A ® B) = Tr(A)Tr(B). All of the
Pauli matrices are traceless, and so the only term to contribute to the sum is Tr(7) = 2.
Therefore, a stabilizer group of size |S| = 2/9 will stabilize a subspace of dimension 2V-191.

It is also convenient to point out that the projector Ps can be written entirely in terms
of a generating set G. This is a consequence of the fact that every stabilizer can be written

in the form g = (g1)*(92)*2(g3)*... = [1,,eg(gi)* for some exponents a;:

P-lst 52w ()

geS ai,az,.. E{U 1} 9i€G
_H( (I"'gz):HPg (24)
9i€G 9€g

where P, = %(1 +g) is the projector onto the +1 eigenspace of g. This again emphasizes the
idea that all of the properties of S are contained directly in G.

We can now describe the primary advantage of the stabilizer formalism. When |G| =
the stabilized subspace is one-dimensional i.e., the generators specify a single state (up to
an overall phase). This state is called the codeword of the stabilizer group. This will be
the state of our quantum system. This state can be described by N generators, and each
generator g = (i)%1(-1)2 X1 Z12 X2 Z5*... can be described by 2N + 2 bits a;,b;. The overall
factor of %1 (-1)%2 will be unimportant, as it does not affect the entanglement properties of

the state, and will be ignored for the remainder of the chapter. This will be demonstrated in
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Sec. 2.6.1, where we will see that the formula for bipartite entanglement entropy is related
to the Pauli matrices that make a stabilizer, but is not related to the overall factor. Thus,
we can describe the state using 2/N? bits. This is a drastic simplification from the canonical
description of a state as a vector in the Hilbert space, which in general requires 2 complex

numbers.

2.1.2 Measurement

Another important property of the stabilizer formalism is that it allows us to perform pro-
jective measurements. Projections of the state onto single-site Pauli eigenstates can be
described entirely in the stabilizer formalism. Therefore we can use the formalism to study
dynamics which include such projective measurements.

To be concrete, let 1) be a codeword described by the generating set G, and let a
projective measurement be applied to the state which collapses it into an eigenstate of Z,,
the Pauli Z operator at site z. The projector for this measurement is given by P; = 1(1+sZ,),
where s = +1 is the eigenvalue after projection. Z, is a Pauli matrix at site x, and thus a
Pauli string acting as the identity at all other sites. This means Z, must either commute or
anticommute with the generators of [1)). Rearrange the elements of G such that all elements
gj, j <l commute with Z,, and those with j > [ anticommute with Z,. Note that at this
point, if [¢)) is already a Z, eigenstate, £Z, € S, and thus all of the generators commute with
it. Then measurement will be trivial, since the state does not change, and the outcome is
determined by the Z, eigenvalue of |[¢)). Otherwise, we need to change the set G while keeping
it a generating set of S. In particular, if two generators g; and g; anticommute with Z,,
we can replace one with their product g;gx, which commutes with Z,. Since the generators
are independent, this results in another generating set for the same stabilizer group, but
with one less generator that anticommutes with Z,. If we continue this for the remaining
anticommuting generators, we will be left with a generating set where only one generator
does not commute with Z,. We’ll call this anticommuting generator g*.

Consider the commuting generators, g # g*, as elements of their own generating set G*.
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These n — 1 generators stabilize a two-dimensional subspace. Our original codeword, [},
lives in the ¢g* = +1 eigenspace of this stabilized subspace. If we now apply the projector P
to our state, the generators of G* will still be stabilizers of our state, as they commute with

Z, and therefore also commute with P;:

9P ) = Po(g i) = +(Fs[¢)).

Thus the state after projection will be stabilized by G* and sZ,. All of these elements are
independent and mutually commute, and thus form a generating set which we will call G'.
Since |G’| = N, there is a unique codeword stabilized by the stabilizer group generated by G,
and the above shows that every element in G’ stabilizes Py |t)). Thus G’ stabilizes the state
which results from a Z, measurement.

Therefore, we can compute the result of a measurement by staying in the stabilizer
formalism. This is done by modifying the generating set to only have one noncommuting
generator, and then replacing that generator with +£7,. In our simulation, however, we do
not keep track of the overall sign. This forces the state into one particular measurement
outcome, instead of randomly choosing between the possible outcomes. This does not have
major consequences for our results, because the Born probability is equal for both possible

outcomes:

P(Zy = +1) = [(U|P.J0) [P = | (] 21+ Z)g* [0)] = (g™t (1= Z) [)[ = P(Z, = -1).

Thus, both outcomes will contribute equally to the average over all possible circuit realiza-
tions. Since the observables that are calculated at the end of the simulation are insensitive

to the overall signs of the generators, we can safely ignore this sign.

2.1.8  Clifford Operations

The Clifford group is defined as the group of all unitary operators that preserve the Pauli
group under conjugation i.e., for all Pauli strings g € P%, a Clifford unitary operator U

satisfies UgUT € P%. We define Cy to be this set of operators on N qubits (modulo the overall
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U(1) phase factor for each U, which always cancels under conjugation). The most relevant
property of this group is that applying a Clifford operation to a codeword returns another
codeword, and therefore the result can be described by a group of stabilizers. Further, we
can easily calculate the generating set of this new codeword. Since g € G is a stabilizer of
the state [¢), (UgUT) (U [¢)) = +U |¢p). Thus, the elements of UGU' = {UgU"|g € G} stabilize
the state U |¢)). Since the Clifford group induces a group isomorphism under conjugation,
all of the elements of UGU' are independent, and thus still form a valid generating set for

the codeword.

The canonical matrix form of Clifford operators (i.e., complex 2V x 2V matrices) is not
well suited to our approach. Instead, we represent the operators by their action on Pauli
strings. This associates each Clifford operation to a matrix of integers, and automatically
ignores the overall U(1) factor. We will give a formal introduction to this representation in

Sec. 2.3.

2.2 Quantum d-level Systems

We now introduce the generalization of the above to systems of qudits, following the work
of Refs. [14, 15]. Each site now hosts a d-dimensional local Hilbert space, where d is taken
to be a prime number. The generalized Pauli matrices now have d eigenvalues which are the

d-roots of unity. We denote these eigenvalues by w such that w? = 1.

We now describe this formalism by giving the following list of major differences between

the qubit and qudit cases.

e We define the generalized Pauli matrices Z and X by the following actions on the
d-level system: Z|k)=wkl|k), and X |k) =|k+1 mod d). These are often also called
the clock and shift matrices. We define Y = Zt Xt All generalized Pauli matrices are

unitary, but not hermitian.
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— As an example, for d = 3,

00 1 01 0 1 0 0
X=110 0 Y=10 0 w? Z=|0 w 0 (2.5)
010 w 0 0 0 0 w?

e The generalized commutation relations are
ZX =wXZ XY =wYX YZ=wZY (2.6)

The cyclicity in this definition between X,Y, and Z motivates the above definition of
Y.

e The generalized Pauli group P¢ is the group of all generalized Pauli strings, each of
which is the tensor product over all sites of the system where the factors are products
of generalized Pauli matrices and the identity at each site. In general, two Pauli strings

will have a commutation relation of the form gh = w™hg for some m € Z,.

e For a system with N sites, the Hilbert space is d¥ dimensional. Many of the previous

proofs continue to hold, with the on-site dimension 2 replaced by d.

— A stabilizer group is a commuting subgroup S of Pg.

— The operator

Ps=|8["3 g (2.7)
geS

is a projector onto the stabilized subspace Vs of states with g|¢) = +|¢) for all
g € S. This justifies the name stabilizer group.

— A generating set G c S contains generators from which we can produce all elements
in the stabilizer group through multiplication. If the generators are independent,
al a2

then any element g € § can be written as a unique product g = g¢{'g5>... for

generators g; € G and exponents a; € Zg. This shows that |S| = dl9l.
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— We can write the projector Ps in terms of elements of a generating set,

Ps=1]F, (2.8)
9¢G

where P, =d™! Zz;é g* is the projector onto the +1 eigenspace of the generator g.

— Taking the trace of Ps gives the result dim(Vs) = dV-191. This means that we
can still represent a codeword with N generators or 2N? integers. However, those

integers will be taken from 7, instead of Z,.

e Measurements at site x are enacted by the projector
d
P,=d! Z(wm)"“(Zm)’C (2.9)
k=1

which projects the state into a Z, = w™ eigenstate.

e The process for taking a Z, measurement has the same form. The state is first repre-
sented through a generating set. Then this set is modified into a new generating set
that generates the same stabilizer group, and that has only a single generator that does

not commute with Z,. The final noncommuting generator is then replaced by Z,.

However, generators can have any multiple of w as a phase when commuting past the
operator Z,. We still multiply elements together to make commuting generators, but
we may need to multiply powers of generators together in order to force the product
to commute. This is the primary reason that we require d to be prime. Replacing a
generator with a power of itself, g; — (g;)*, does not need to result in a generating set
which generates the same stabilizer group if k& divides d. For example, if d = 6 then
g2 can be generated from powers of g, but g cannot be generated from powers of g2,
and thus replacing ¢ with ¢g? will result in a generating set which does not generate
the same stabilizer group. This cannot happen for prime d, and thus taking powers of

generators is always a valid replacement.
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e The Clifford group Cy is now defined to be the group of unitary operators which map
generalized Pauli strings to generalized Pauli strings under conjugation: UPLUt = P
For a codeword [¢) which is described by the generating set G of generalized Pauli
strings, the codeword U [¢) is described by the generating set UGU'.

2.3 State and Operator Representations

We now turn to describe how the state will be represented using the stabilizer formalism. It
was previously mentioned that the system will be described by a N x 2N matrix if integers
modulo d. We now describe this in detail, and explain how this matrix updates when acted
on by our dynamics.

There are two operations which are applied to the system. We alternately apply a random
two-qudit Clifford operation to each pair of neighboring sites and then take a projective Z,
measurement with probability p for every site . We will first introduce a concrete notation
for representing our state in an efficient way. We will then introduce the corresponding
representation of Clifford operations. The following formalism will apply to qudits of prime
order d.

For a Pauli string g, we write 7#(g) to represent the row vector of 2N integers mod d
which describe the string in terms of its exponents. Specifically, if g = X" Z]?XJ*Z3*...,
then 7(g) = (a1, as, as,...) € (Zq)?N. Note that this is different from the more common
representation which groups together the exponents from the X and Z operators. We again
mention that we are explicitly ignoring the overall phase of the generator, as it will have
no impact on the quantities that will be calculated. A set of N independent generators will
uniquely identify a codeword (up to an overall phase), and thus the state will be represented
by a N x 2N matrix called the check matriz in which each row corresponds to a generator.

We note that multiplication of Pauli strings corresponds to the addition of row vectors

(up to an overall phase):

F(XMZ02X0Z0) = F (Wb X Z02t2) = (aq + by, ag +by) = F (XM Z92) + 7 (X" Z"2)
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As a result, the generators of our codeword are independent if and only if the rows of the
check matrix are linearly independent. In addition, Clifford operations can be represented

as matrices acting on 7(g). Clifford conjugation implies linearity for its action on 7(g):
U(gh)U' = (UgU)(URUY) — 7(gh)Cu =7(9)Cu + F(h)Cy

where Cyp is the matrix representing the action of conjugation by U.
However, not all matrices represent the action of a Clifford operator. First, the matrices
must be invertible modulo d, since the Clifford operators are invertible. Second, they must

preserve the commutation relations between any Pauli strings:
(UgUNY(URUT) = UghU' = W*URgU' = WK (URUT) (U gU™).

This leads us to consider a method for finding the commutation relation of any two Pauli
strings using only their row representation. This can be done by introducing an inner product
on the vector space (Z4)?V, which we denote (-,-). This inner product will encode the

commutation relations of the operators by giving the exponent of w:
gh = W@ Mg

The algebra of the Pauli strings allows a consistent definition of this inner product, and
requires it to have the following two properties:
linearity: (U,0+w) = (u,0) + (U, w)
antisymmetry: (0, W) = —(w, v)

An inner product which satisfies these properties is called a symplectic inner product!. These

properties imply that there exists a symplectic metric €2 such that

QO =-Q

(6, @) = 0"

!The definition of a symplectic form (-,-) also requires that it be nondegenerate. However, we have an
explicit form of the symplectic metric Q2 which is invertible, and this implies that the inner product will
be nondegenerate.
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This allows us to state our constraint on valid Clifford actions, Cy;. Conjugation by a

Clifford operator U does not change the commutation relations. Therefore,
<T)OU, ’lI)OU) = <17,Uj) —— CUQC(} =( (210)

This is the defining property that Cy be a symplectic matriz. Therefore, to find a random
Clifford action on our system, we must find a random symplectic matrix on this vector space.

There is a subtlety here. By writing the action of a Clifford operator in this way, we
only retain information about how the Pauli operators are mapped to each other. We also
need some data about the phases if we want to uniquely determine the Clifford action. For
instance, when d = 2 the two mappings

Xr—-Y=:XZ XY ==XZ
and

Z 7 L -7

are both automorphisms of PZ. In the row representation they both have the action X — X 7,
and Z — Z. These phases do not affect the values of the quantities that will be measured,
so they can be ignored. But it must still be shown that this does not affect the uniformity
of our sampling i.e., whether choosing a symplectic matrix with a uniform distribution will
correspond to choosing a Clifford operator with a uniform distribution.

With some thought it can be seen that all such mappings are enacted by a single Clifford
operator multiplied by different Pauli strings (which are themselves Clifford operators). For

instance, in the above example

UXU'=iXZ — (U)X (UY) =-iXZ
UzU' =7 = (UY)Z(UY) =-Z

Therefore, each valid symplectic mapping Cy represents a class of Clifford operators which
are related to each other by the multiplying of Pauli strings [29]. In particular, all such
classes are of the same size. Thus choosing a random symplectic matrix will correspond to

a uniform distribution over Clifford operators.
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2.4 Picking Symplectic Matrices

The symplectic group Sp(Zg,2n) is the group of all 2n x 2n matrices with coefficients in Zg.
Clifford operations are represented by elements of this group. In order to generate a random
two-qudit Clifford action, we must find a method for picking a random element of Sp(Zg4,4),
a 4 x 4 symplectic matrix corresponding to a random two-site Clifford unitary gate.

The following method for picking a random symplectic matrix is adapted from Ref. [29].
The core idea is that a random 2n x 2n symplectic matrix can be created by picking a random
symplectic basis for the abstract vector space (Z4)?". We do this by using a modified version

of Gram-Schmidt orthonormalization.

2.4.1 Gram-Schmidt Process

Start with a set of vectors Q c (Z4)?". The set can be of any size, and the vectors can be
linearly dependent. We choose one vector v from the set, then search Q to find any vector
which is conjugate to it i.e., a w € Q such that (v,w) = 1. As long as there is at least one
vector y such that (v,y) = k, then we can choose w = k~'y. The inverse k! is always defined

when d is prime. Then, other vectors in @ are mapped to a new set Q' via

frof'=f={v. flw+(w, fv. (2.11)

These will all be orthogonal (in the symplectic sense) to both v and w, since

(0, 1) = (v, f) = (v, [ ){v, 0) + (w, f){v,0)
= (v, )= (v, ) (1) +(0) =

(w, f1) = {w, f) = (v, f){w, w) + (w, f )} (w,v)

= (w,

fY=(0) + (w, f)(-1) =0.
Note that after this mapping, a vector f’ which is orthogonal to both v and w must be

linearly independent of both w and v. This is because w is now the only vector in Q'

such that (v,w) # 0. Therefore if a vector f’ has any nonzero w component it cannot have
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(v, f'y = 0. The same follows for v. Thus, all elements f’ must lie in a vector subspace
perpendicular to the span of v and w.

We now have a symplectic pair, (v,w), and an independent set of vectors Q' such that
Q and Q' u{v,w} span the same vector space. If we want a symplectic basis for the entire
space, then we repeat this process on Q' until we have enough independent symplectic pairs

to span the vector space.

2.4.2  Random 74 Symplectic

Now, we can pick a random symplectic matrix from the group Sp(Zg4,4), which corresponds
to a two-qudit Clifford operator. This is based on the process described in [29]. We essentially
form a random symplectic basis for the vector space (Z4)?*, and these become the columns
of our matrix.

We start with the most basic basis for the space, which we arrange as the identity matrix
ie., e =(1,0,0,0), e =(0,1,0,0), etc. This forms our set Q, with 4 elements. Next, choose a
random nonzero vector vy € (Zg)*. Then, search through Q for a conjugate vector, and call it
f. If we find any vector f with a nonzero symplectic product, we can pick f = (f, vl)_lf. We
use f to project the other vectors in @ onto the subspace orthogonal to v; via the mapping

fir fi=fi- (Ul,fi)f«
Now that we have picked a symplectic partner f of v1, we need to turn this into a random
symplectic partner w; of vy, chosen from a uniform distribution over all possible symplectic
partners. Fortunately, our set of vectors f/ gives us an easy way to do this. Because of the
linearity of the symplectic product, all vectors which are symplectic partners of v, will differ
from each other by vectors which are orthogonal to v;. Our vectors f/ form a basis which
spans the three-dimensional subspace of (Z4)* which is orthogonal to vy, and thus give a

way to describe each possible symplectic pair w;. To prove this, assume the opposite: there

are coefficients ¢; such that ) ¢; f/ = 0. Then,

3
0= Zczf Z;szl (Z;Cl vl?fl )
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However, the vectors { f;, f } originally formed a basis, and so form an independent set. The
above is a linear superposition of independent vectors, and thus the equation can only be
satisfied if every ¢; =0 mod d. We can thus get a random symplectic partner by choosing a

random orthogonal vector from this subspace and adding it to our chosen symplectic partner

f.

We use this to get a random symplectic partner wy, and use v; and w; to orthogonalize
the remaining subspace via the Gram-Schmidt process described in Eq. 2.11. The images of
the three remaining vectors will be linearly dependent, since they span the two-dimensional
subspace orthogonal to both v; and w;. We then perform the modified Gram-Schmidt
orthogonalization process on these three vectors to get a symplectic matrix.

Note that one of the vectors will be discarded in the final step. At some point in the
process, one vector will become orthogonal to all the other vectors in the set. Since the set
spans our vector space, this can only happen if that vector is equal to zero.

This process does not randomize the final two vectors but only orthogonalizes them. Thus
this process gives us a random sampling of the mapping of the first two Pauli operators, which
correspond to the operators of the first qudit. To find a fully random symplectic matrix, we
will now find a random 2 x 2 symplectic matrix Cy and multiply the previous 4 x 4 result
with I @ (5. This results in a completely random 4 x 4 symplectic matrix, as demonstrated

using the following proof [29]. For a finite group G with a nested chain of subgroups
GicGyc...cG,1cG,=G
we can make a map from the cosets to the group via
(Gn]Gr1) x (Gt |Gro) x ... x (Go|G1) x Gy = G
(Lgn]: [gn-1], - [92],91) = G- g1+ - g2~ 1.

This map is an isomorphism. If we write the elements of Sp(Z4,2) as I & Cy, we can see that
these are a subgroup of Sp(Z4,4) which act as the identity for a certain two-dimensional

subspace. We will take this subspace to be the first two vectors acted on by the matrix. Thus
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a coset in Sp(Zg,4)/Sp(Zy4,2) is represented by a matrix of the form we have constructed:
a matrix corresponding to a symplectic basis with a particular choice for only the first two
vectors. The result immediately follows. By using our process to find a representative of
the class Sp(Zq4,4)/Sp(Z4,2), we can uniformly sample all of Sp(Zg4,4) by finding a random
element I & Cy € Sp(Zy,2) and multiplying it with our representative.

For d = 2, there are 6 possible 2 x 2 symplectic matrices, so it is easy to find them
explicitly. For higher levels, we repeat the above algorithm using two-component vectors to

get a random 2 x 2 symplectic matrix.
2.5 The Clipped Gauge

Now, we focus on the process of extracting information from our system. In particular, there
are three quantities which we focus on. For pure states, these are the bipartite subsystem
entanglement entropy and the normalized stabilizer length distribution. The latter quantity
is intimately related to the entanglement entropy, as we will show in Sec. 2.6.3. For mixed
states, this is the total entropy (or purity), which is a measure of the statistical entropy of
the mixed state. In order to calculate these quantities, we first manipulate the generating set
so that it conforms to a set of constraints. This places the generating set in what is known
as the clipped gauge [30] which gives an unambiguous way of extracting these quantities.
Given a stabilizer group S, the choice of a minimal generating set G is not unique. It is
helpful to view this ambiguity as a type of gauge invariance, and choosing a specific G is akin
to choosing a gauge. In this language, the clipped gauge is a gauge-fixing condition which,
in some sense, forces each of our generators to act on the smallest region possible. There
is still some gauge freedom, even given the clipped gauge condition; but any generating set
which is in the clipped gauge will have the same number of stabilizers acting in the same
region. This gives us an unambiguous way to study the average length of the stabilizers
in the stabilizer group, which is a way of quantifying how entangled the system is. It also
simplifies the process of finding all stabilizers which act only in some region A, which form

the group S, ¢ S, and is crucial to calculating the subsystem entropy.
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We define the clipped gauge as follows. We first define the function p;(x) to be the
number of stabilizers which have their leftmost nontrivial action at site x of our system.
pr(x) is defined similarly, but for the rightmost nontrivial action. With this, the clipped
gauge condition is [30, 1]:

1. For all sites x in the system, p;(z) + p,(x) < 2.

2. For any site x, if p;(x) =2 or p.(x) = 2, then the action of the two generators which

have their left (right) endpoint at = have a different action at the site x.

The clipped gauge is possible with d-level systems. We show this by giving the algorithm
which places a generating set into the clipped gauge for d-level systems. The centerpiece
of this algorithm involves a modified matrix row reduction, where we replace rows with
linear combinations of other rows in the matrix. In terms of operators, this is equivalent
to replacing a generator in the set with a product of other generators. The algorithm is as

follows:

e First represent the generating set in the form of an N x 2N check matrix. Each row
7(g) represents a generator g, and each entry corresponds to the exponent of an X or

Z operator in a Pauli string.

e Perform row reduction on this matrix, focusing on the left endpoints.

— By adding rows to each other, we are creating a different generating set where
one generator is replaced by the product of other generators. Since the generators
are independent, the rows are linearly independent; and since row reduction does
not change the span of the row vectors, our new generating set will generate the

same stabilizer group.

— After row reduction, there cannot be more than one leftmost nonzero entry per

column. There may be two nonzero entries for a pair of columns that represent
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a single qudit e.g., (10) ~ X and (02) ~ Z2, but their actions at this site must
be independent. This satisfies the second condition of the clipped gauge for left

endpoints, and also implies p;(z) < 2.

e Do row reduction again, focusing on the right endpoints. Start cancelling rightmost
entries by adding multiples of the row whose left endpoint is farthest to the right, so
that the left endpoints will not be changed. Continue until there is only one right
endpoint per column. Again we can have two operators on one site, but they must act

independently, so p.(x) < 2.

It is clear from the above that the resulting matrix will satisfy the second property of the
clipped gauge. To show that it satisfies the first property, we must show that there are not
three or more endpoints at any one site. This follows from the requirement that all stabilizers
in the generating set must commute with each other. For if we had three endpoints at a site
x e.g., two left endpoints and one right endpoint, then the generator with its right endpoint
at x only overlaps the other two generators at site x. Thus, its action at x must commute
with the action of the other two generators at z in order for the generators to mutually
commute. However, the other two generators have actions at x which are independent of
each other, as shown above, and it is impossible for any operator in the Hilbert space of x
to commute with them both. This is a contradiction, and the conclusion is that we cannot
have a site with two left endpoints and a right endpoint; p;(z) + p,(x) < 2. For pure states,
Since there are N sites and 2N endpoints, p;(z) + p.(x) = 2 for all sites; however, for mixed

states we will generally have the inequality.

2.6 Entropy and Length Distribution

We now describe the equations used to calculate two significant quantities which result
from our calculations: the subsystem entanglement entropy and normalized stabilizer length

distribution.
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2.6.1 Entropy from stabilizers

To characterize the entanglement entropy, we will use a bipartite subsystem entanglement
entropy. We first choose a subsystem of sites A, and denote as A the subsystem’s complement
which contains every site not in A. In the next section, we will specialize to contiguous
subsystems. However, the results of this section do not require A to be contiguous.

A convenient measure of bipartite entropy to use for stabilizer states is given by the Rényi

entropies. The n'" Rényi entropy, for n > 1, is defined as

1
1-n

Sn(A) = logg Tr(pa™) (2.12)

Note that we are defining these entropies with a base d logarithm. p4 = Trz7p is the reduced
density matrix for subsystem A, given by a partial trace over the complement A, which we
will now describe. Schematically, we can write our density matrix as
p=l) (W= Y, CinCiyliaka) (Lamal (2.13)
Jkim

where |j4) is a set of basis states on A and |kj) is a set of basis states on A. The partial

trace over A is given by

pa=Tri(p) =3 C5Crlia) (lal.

glr
This density matrix generally represents a mixed state over the subsystem A.

It’s worth noting that the Rényi entropy becomes the von Neumann entropy in the limit

n — 1, where the von Neumann entropy is defined by

S =-Tr(palogpa).

The von Neumann entropy is a direct quantum generalization of the Shannon entropy from
information theory. For a stabilizer codeword, we will show that the Rényi entropies are the
same for all values of n, and thus equal to the von Neumann entropy.

The Rényi entropy is convenient, because it can be calculated directly from the generating

set of our stabilizer group. We give a derivation of this, following Appendix C in Ref. [30],
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but generalized to qudits. As shown following Eq. (2.2), the sum of all elements in the
stabilizer group is a projector onto the stabilized codeword:
Ps=|S|" Y g=d™ g
ges ges
For a pure state, p = [¢) (¢| is a projector onto [¢)), from which it follows p o< Ps. We can
find the overall factor by comparing the trace of Ps to Tr(p) = 1. However, the trace of a
projector is equal to the dimension of the subspace that it projects onto, and Ps projects
onto a one-dimensional codeword. Thus, Tr(Ps) =1, and we conclude that p = Ps.
If we now split the system into two parts, A and A, we have

pa=Trzp=d™ Y Tra(g)
geS

However, any element g in § is a tensor product of generalized Pauli matrices at each site. An
important property of the partial trace it that it, like the full trace, has following factoring
property:

Tra(Q® R) =Tra(Q) - Tra(R). (2.14)
Using this and the fact that Tr(X) = Tr(Y) = Tr(Z) = 0, we see that Tr;(g) will vanish
unless it acts as the identity on A. If so, Tr(I) = d implies that the value of the partial trace
over these identities will be dl4l, leading to

pa=dNdA N gla=d MY gla,
9eSa 9€Sa

where Sy is the subgroup of elements in S which act trivially on A, and the operators g|4
are the restriction of the elements g to the subsystem A.

We can create a generating set G4 for S4. It is important to note that in general, G4 ¢ G;
that is, given a generating set G we cannot in general expect G4 to simply be the set of
elements in G which act trivially on A. This is because there might be combinations of the
generators in G which act trivially on A even though they themselves do not. Applying Eq.
(2.2) to S4, we can rewrite py as

pa=d S, l|5A|_1 2. 9|A] = d"|S4|Ps,

9eSa
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Since Ps, is a projector, (Ps,)? = Ps,, and
pa2 = d IS 4 ps = d9A1AL (2.15)

Thus, for any value of n, the Rényi entropy is

1
Sn(A) = ———log,Tr((pa)")
— — nlogd {(d|gA|_|A|)n_1TrpA}
= —log, {dl941A1} = A| - |G 4]. (2.16)

Therefore, if we have an efficient way of deciding the size of the generating set G4, it will

immediately give us the subsystem entropy of A.

2.6.2 Calculating Entropy in the Clipped Gauge

We will now give the details of using the clipped gauge to calculate the subsystem entropy. We
show that in the clipped gauge, all of the necessary data to calculate the bipartite subsystem
entanglement entropy for contiguous subsystems A; will be contained in the locations of the
endpoints of the generators. We first show that for contiguous subsystems A of the state, the
generating set G4 is the set of generators (in the clipped gauge) that are supported entirely
within the subsystem. From this we will deduce that the subsystem entanglement entropy
can be calculated entirely from the number of generators that have one endpoint in each
of the subsystems A and A, and thus S,(A) can be calculated from the locations of the
endpoints of the generators in the clipped gauge.

We first look at the subsystem entanglement entropy for properly contiguous subsystems.
For a system with sites labelled 1,2,..., N, a properly contiguous subsystem of length L
is defined to be a subsystem containing all sites 7,7 + 1,...,5 + L — 1, where the rightmost
endpoint (j + L —1) < N. Since we are considering periodic boundary conditions, we should
also consider the subsystem entropy of “periodic-contiguous” subsystems consisting of sites

gy, N, 1,2, as well. However, a property of any bipartite entanglement entropy is that
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the entropy S(A) is the same as the entropy of its complement S(A). So we can calculate
the entropy of this periodic-contiguous subsystem by finding the entropy of its properly
contiguous complement.

The entropy of a region A is determined by the subgroup S4 of stabilizers supported on
A, which clearly doesn’t depend on the choice of generators G4 we use to define it. However,
for a generating set G of S, it’s not generally true that G4 ¢ G. In particular, there may be
some combination of g{'g32... of g; € G, not all of which are trivial on A, which nonetheless
combine into an element which is trivial on A, and thus can be used as a generator in G4.

This is not the case in the clipped gauge for properly contiguous subsystems. Multiplying
generators cannot decrease the size of the resulting stabilizer, and therefore elements in Sy
cannot be generated by generators in G that act outside of A. To be specific, we say that
the stabilizer ¢ has support A, if the subsystem A, is the smallest (properly) contiguous
subsystem on which the element g acts nontrivially. The statement that we will now show is
that support of a product of clipped gauge generators is the smallest contiguous region which
includes the supports of the factors. In particular, a product involving generators which act
nontrivially on A must itself act nontrivially on A.

For the following, we assume that the factors being multiplied together are not inverses
of each other e.g., (¢)¥ and (¢g)%*. Refraining from this, we can otherwise multiply any
power of any generator together. To be concrete, focus on the right endpoint of the product
of two independent generators (or powers of two generators). If the generators have their
endpoints at different sites, then the right endpoint of the product must be the rightmost
endpoint of the factors. However, if two independent generators in the clipped gauge share
a right endpoint, the two actions at that right endpoint must be independent. Therefore,
there is no way that their right endpoints can cancel, and the rightmost endpoint of their
product is equal to their shared right endpoint. Furthermore, there can be no more than
two endpoints at one site, and so no third generator can exist which cancels the action at
that site and reduce the support of the product. The same is true of the left endpoint.

Therefore, multiplying independent generators can only increase the size of the support of
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their product, and the support of the product must include the supports of all of its factors.

Stabilizers supported within a region A must be the product of generators which are also
only supported in A, if those generators are in the clipped gauge. The size of G4 is given
by the number of generators which are supported in the region A. Therefore, for properly
contiguous subsystems A, we can easily calculate the subsystem entanglement entropy by
counting the number of generators which are supported entirely within A.

We will turn this into a more general equation. Let n'} be the number of clipped gauge
generators which are supported in A, n9" the number of generators with both endpoints in
A, and nGo® = nG°* the number of generators with one endpoint in A and the other in A.
Note that since A is properly contiguous, generators with both endpoints in A are generally
not supported in A since they may cross through A: nyt # ni;{. However, what we will show
is that we can effectively set ny" = n'2.

Since there are always two endpoints at each site when in the clipped gauge, we have the

following relations:

2/ A| = 20 + e

2| A| = 209 + o

Therefore, in the clipped gauge,

. 1 |
Su(A) = [A] = [Ga] = |A] - nif = 0 + 50 —nif = ong® (2.17)
1 -
=n9" + 57’&055 -n9" = |A| - n9™ (2.18)

The first line makes it clear that S, (A) = S,(A), since both have the same number noss
of generators with an endpoint in both subsystems. The second line shows us that we can
effectively think of n9"™ as ni;f i.e., for the purposes of calculating subsystem entanglement
entropy, we can consider any generator with both endpoints in the system A as being a

generator of G4, as long as that system is contiguous in a system with periodic boundary

conditions.
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2.6.3 Stabilizer Length Distribution

Another piece of data that we will extract from our systems is the normalized stabilizer
length distribution Dg(L), which for a particular system is defined as

Dg(L) = % > 04,1, (2.19)

9€G

where ¢, is the length of the support of g. Thus Dg(L) equals the number of generators
g € G in the clipped gauge that have a support of size L, divided by system size N. Note
that this is slightly different than the length distribution introduced in other places, as both
endpoints contribute to the length ¢, of ¢ (contrast Refs. [1, 4]).

This quantity is well defined in the sense that a stabilizer state will have a unique length
distribution, because the support of generators is unique for any generating set which satisfies
the clipped gauge. This can most easily be seen through the fact that the positions and
lengths of generators can be inferred from the subsystem entanglement entropy. For example,
in a two-site subsystem A, S, (A) = 2 —|Ga|. This allows us to calculate the number of
generators supported on A. Further, we can use the entropy of each individual site to
calculate the number of generators of length one which are supported on A, and thus infer
the number of generators of length two. This generalizes up to subsystems of length L, and
allows us to calculate the lengths and locations of all generators by using the entropies S, (A).
Since these entropies are independent of the generating set, it must be that the lengths and
locations of the generators are the same for all generating sets in the clipped gauge.

This relationship is reciprocal, as the subsystem-averaged subsystem entanglement en-
tropy S(L) can be calculated from the length distribution, as we now show. First, we define
S(L) as the average entropy of all N possible contiguous (with periodic boundary conditions)
subsystems A of our system such that the length |A| = L:

1 1

W=y 58y %

> onges. (2.20)
ARL 2
We only consider regions of length L < N/2 since S(L) = S(N - L), which follows from the

fact that S, (A4) = S,(A).
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Consider generators g which have a support of length ¢, < N/2. If ¢, < L then this
generator will contribute once to the value of n%** for 2¢, distinct subsystems. If ¢, > L, it
will contribute to n°* for 2(L - 1) subsystems. If £, > N/2, we can use the fact that only
the locations of the endpoints are considered by n%°® to effectively think of a generator that
is connected in the opposite direction around the periodic boundary of the system. We are
then looking at the complement of the support of g as the support of this effective generator,
and this has a size of N —{,. It will contribute to n§°* for 2(N - {,) subsystems. Thus,

1 N
S(L) = N Y min(L-1,45, N -{,) => Dg({) min(L-1,(, N - )
Y 0=1
Where we used the fact that the number of generators with length ¢ is equal to NDg(?).
Thus, the subsystem-averaged subsystem entanglement entropy S(L) can be calculated from

the normalized stabilizer length distribution Dg(L).

2.6.4 Purity (Total Entropy)

A mixed state can be described in the stabilizer formalism. It is described as a state with
a generating set which is too small to fully define the state. It was shown in Eq. 2.2 and
following that the projector
Ps=d9Y g=T]P,
ges 9€G
projects onto the stabilized subspace Vs of the stabilizer group S, with dim(Vs) = Tr(Ps) =
N —|G|. See also Eq. 2.7 and Eq. 2.8. For |G| = N, this defines a codeword [¢), and
Ps = p =) (¢| is the density matrix of this pure state.
We now consider a generating set |G| < N, and an operator of the form
p=d™ > g=d9INT]P, Tr(p) = 1.
prers 9¢G

This operator is a valid density matrix, as it is hermitian and has a trace of 1. However, it
is not a projector. A calculation following the logic of Eq. 2.3 shows p? = dl9-V p. Therefore,

p is a density matrix representing a mixed state.
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For a mixed state, one can use the purity of the state, defined as
Tr(p?) = e72.

This is inversely proportional to the Rényi entropy Ss. However, instead of being a subsystem
entanglement entropy, it is the statistical entropy of the entire state. To avoid confusion, we
will call this the total entropy in this context. When the total entropy is large, the purity is
small; when the state is pure and the total entropy is zero, the purity is equal to unity. For

a mixed state, this total entropy Sy (which is identical to S, for any n > 1) is
1 1 n—
log, Tr (p") = log, Tr ((d(|g|_N))( Y p)
n

1- 1-n
log,, ((dag\—m)("‘”) = N-g|. (2.21)

Sy =

1-n
Notice that this agrees with Eq. 2.16 for the case where the subsystem A is the entire system:
|A|= N and G4 =G. Thus S,, = N for a completely mixed state, and S,, = 0 for a pure state.
There are many similarities between pure and mixed states, as their density matrix is
defined via G in much the same way. However, measurements can now reveal new information
about the state, increasing its purity. In this formalism, the measurement results are not
actually recorded. However it is important to note that this models a system in which the
measurement results are recorded, and these will decrease the statistical uncertainty of the
system. We need to determine when and how this happens.
Let the generating set G define a mixed state. When we perform a Z measurement, the

density matrix p transforms as
PzpPz
P =75 p
TI'(Pprz)

There are three possibilities. The first possibility is that not all generators g commute with

(2.22)

7. We follow the prescription for pure states, and manipulate the generators until all but
one commutes with Z. Call this noncommuting generator g*. Then,

PypPy = Py (d|g|‘NPg* I1 Pg) Py =d9-N ( I Pg) (PzP,.Py) (2.23)

g#g* 9#g*

oc 91N ( 1T pg) P, =d9-N[] P,

g*g* geg’
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where the set G’ is the set G with ¢g* replaced with Z. This proves that when there is at least
one noncommuting generator, the procedure is the same as it is for pure states: manipulate
the generating set until only one generator does not commute with Z, and then replace that
generator with 7.
The second possibility is that all generators commute with Z. Then,
PypPy = pPz =d9N ] P,
geg’

where the set G’ is the set G with the additional element Z. The denominator of Eq. 2.22
forces the trace of the new density matrix to equal 1, and thus the new density matrix
is dl9'-N [1jeqr Py- In this case, the generating set gets larger, and we have learned new
information about the system.

However, there is a catch. The third possibility is that all of the generators commute
with Z, but Z is already an element of S, if not of G. In this case, we can choose a generating
set that already contains Z, and the density matrix will not change after measurement. In
this case, we do not learn any new information about the state.

Thus, we have the following process. If there are some generators which do not commute
with Z, then perform the measurement algorithm as normal. If all generators commute with
7, then first determine if Z can be generated by the generating set. In practice, this means
finding if 7(Z) is in the row space of the check matrix of G. If it is, then the state does not
change. If it is not, then Z is added to the list of generators. With this we can apply our

dynamics to mixed states, and calculate the total entropy.
2.7 Methodology and Results

We are now in a position to describe the implementation of the above methods and share
the results.

A diagram of our procedure is shown in Fig. 2.1. We begin with an initial trivial state. For
pure states, this is a product state in which every site is a Z eigenstate. For mixed states, this

is a completely mixed state which contains no information about the system. The dynamics
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involve the application of two-site Clifford unitary gates and projective measurements. First,
the Clifford operations are applied on pairs of qudits. Next, each qudit is measured in the
Z basis with a probability p which is constant throughout the procedure. Then, Clifford
operations are applied again, but to the alternate pairing of sites. We use periodic boundary
conditions throughout, so that site N and 1 form a pair at this step. Lastly, we again apply
a Z measurement with probability p at each site. These four processes together constitute a
single time step.

For pure states, the subsystem entanglement entropy S,(A) and normalized length dis-
tribution Dg(L) evolve as more time steps are applied. After the application of a sufficient
number of time steps, these two functions no longer evolve with time except for small fluc-
tuations. At this point the system has reached a steady state. The subsystem entanglement
entropy and the normalized stabilizer length distribution are calculated using the methods
outlined in the previous section. This process is repeated for an ensemble of systems, and
we find the ensemble average of the entanglement entropy and length distribution. This is a
pure state ensemble and not a statistical ensemble, as the quantum states are always known.
After a large number of such systems are realized and the average taken, the value of p is
changed and the process repeated.

For mixed states, our simulations do not necessarily reach a steady state. The total
entropy of the system decreases monotonically with time, and thus the system will always
eventually become a pure state. Rather, we detect a phase transition based on how long the
mixed state takes to purify. Systems in the expected mixed phase will purify on time scales
which are exponential in system size N [4]. We thus apply a number of time steps equal to
the system size N, and then measure the total entropy of the final state. This process is
repeated for an ensemble of systems, and we find the ensemble average of the total entropy.
We still do not view this as a statistical ensemble in the usual sense, but rather view this as
ensemble of states which are not necessarily exactly known and are given an equal weight to
be averaged over.

The above procedures were implemented numerically in MATLAB, where each state is



20

represented as a N x 2N matrix for various system sizes N. This code was executed on the
‘klone’ cluster of the University of Washington’s high performance computing resource, Hyak.
The systems were evolved in parallel, over the span of weeks. For pure states, most larger
system sizes (/N > 500) have on the order of 1,500 realizations which are averaged over, while
smaller system sizes have on the order of 15,000 to 20,000 realizations. For mixed states,
each state must be evolved for more time steps, and each time step is more computationally
demanding. Most larger system sizes (N > 500) have on the order of 200 to 400 realizations

which are averaged over, while the N =250 systems have on the order of 9,000 realizations.

2.7.1 Summary of Results

The primary results follow. We studied systems in which d = 3, 5, and 97. First, we find
that the phase transition persists in each case that was studied. The critical value p. of the
transition increases monotonically as d increases, and seems to approach p. = 0.5 for large d.
This is consistent with an analytical d — oo expansion of a circuit with Haar-random unitaries
in Ref. [25]. We also perform a data collapse for the half-system subsystem entropy S(%),
and find that for each d the correlation length exponent v is approximately equal to 1.3.

For the purity, we find that the purification transition exists in the systems we studied.
Further, it seems that the transition happens at the same critical value as the entanglement
transition.

What follows are the data of our calculations, the graphs supporting our conclusions, and

a discussion of their relevance.

2.7.2  Reaching the Steady-State

First we focus on pure states. Since we want to measure the entanglement entropy after the
system has reached a steady state, we must determine how many time steps are required
before the steady state is reached. We do this by calculating subsystem entanglement entropy
after every time step to identify how long it takes before it stabilizes to a constant value.

Specifically, we look at the entropy for regions which are half the total system size, S (%),
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as a function of time. It is seen numerically that for every L, S(L) converges to a constant
value after the same sufficient number of time steps, and the length distribution Dg(L) also
converges in the same time period. Results for d =2, 3, 5, and 97 are shown in Fig. 2.2.
From these graphs we can make some helpful insights which determine how many time
steps should be applied to each system; in particular, the steady state is reached for times
on the order of N/3 and this number decreases with increasing d. In addition, for a fixed d,

the number of necessary time steps is largely independent of p.

2.7.83 Pure States: Entanglement Entropy and Length Distribution

The first method for differentiating the phases is to look at the scaling of the subsystem-
averaged subsystem entanglement entropy as a function of subsystem size. The entropy S(L)
is found by averaging the subsystem entanglement entropy for all contiguous subsystems of
length L. For small p the subsystem entanglement entropy scales as a volume-law i.e., the
entropy is proportional to the length of the subsystem. For larger values of p, the entropy
scales as an area-law and reaches a constant value which is independent of L. At the critical
point p. which separates the two phases, the entanglement entropy scales in proportion to
the logarithm of the subsystem size.

An example of this behavior is shown in Fig. 2.3. This data is from a system with
d = 3 and system size N = 500. Finding the subsystem entropy always involves splitting the
system into two parts. Because we have taken periodic boundary conditions, both parts are
contiguous, and thus S(L) = S(N — L). Therefore we only plot S(L) up to length L = N/2.

We see all three behaviors in this plot. For low p, S(L) is linear for medium sized
subsystems, indicating a volume-law phase. For large p, the entropy saturates to a constant
value, indicating an area-law phase. Near the critical value, p. ~ 0.28, the entropy increases
slowly, approximating a logarithm S o< log(L).

Using the half-system entropy, S (%), we are able to perform a finite-size data collapse.
One of the consequences of renormalization group theory is the prediction that for continuous

phase transitions, certain thermodynamic observables () will have a special dependence near
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the phase transition. For finite system size N and temperature 7', Q(N,T) can generally
depend on N and T in an arbitrary way. However, near the critical temperature 7, the

observable should behave as [31]
QN.T) = I f(IN) (2.24)

where t = (T - T.)/T. is the reduced temperature, and x and v are critical exponents.
The intuition comes from the fact that near the critical point the system is expected to
become scale invariant. Thus, when approaching the critical point, it is expected that a
change in reduced temperature can be compensated for by a change in the length scale. The
combination tN/* allows these two variables to compensate for each other in such a way.
For our model, the measurement parameter p takes on the role of temperature. We find

in our systems that [1]

S(%)_Scrit(%) ~ f((p_pc)Nl/V)a (225)

where Sm't(%) is the value of S (%) at p = p.. With this scaling form, we can extract a value
for the correlation length exponent v from our data.

The results for d = 3, 5, and 97 are shown in Figs. 2.4, 2.5, and 2.6 respectively. In each
case, we find a data collapse of the variables, and plot the best fit. There are a variety of
ways to fit the data collapse, and no rigorous standard has been adopted. To find the best
fit values for our data, we fitted the data to a fifth order polynomial and calculated the error
for various values of p. and v, then chose the parameters that minimized the error. The
results of this are shown in Table 2.1.

There are a few interesting consequences of these data. Many papers related to hybrid
dynamics for a one-dimensional system find a connection to the universality class of perco-
lation in two dimensions [3, 25, 26, 32, 33, 34]. However, the percolation transition is not
expected to describe Clifford circuits [25] or qudits with finite d [27]. In spite of this, the
two-dimensional percolation transition correlation length exponent of v = 4/3 is close to our

measured v ~ 1.3 in each case. In addition, the authors in Refs. [25, 32] find that for qudit
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Pe v
0.16 1.3
0.28(1) | 1.30(5)
0.38(1) | 1.29(5)
97 | 0.496(2) | 1.29(5)

Tt W N | X

Table 2.1: Table of numerical results. The data here are based on the graphs of Figs 2.4,
2.5, and 2.6. The d =2 data is taken from Ref. [1]. p. and v are found using a data collapse
of the half-system entropy S(%) as a function of (p—p.)N'/*, as described in the text. The
reported values for p. and v give the smallest error when fitting a fifth order polynomial to
the collapsed data. Note that v has a relatively smaller effect on the collapse than p., and

thus the uncertainties are larger.

circuits with Haar random unitary gates, the critical value p. should increase monotonically

with d; this is in agreement with our calculated p. values for the systems we studied.

The normalized stabilizer length distribution Dg(L) gives us an additional method of
finding the location of the phase transition. This is because in the volume-law phase, Dg(L)
has a prominent peak at L = N/2. Heuristically, since the clipped gauge only allows two gen-
erator endpoints per site, this is the longest that all generators can be simultaneously, leading
to maximal entanglement. Starting at p = 0, all generators have length N/2 in the steady
state. As p increases, this peak broadens and eventually disappears. The disappearance of

this peak centered at L = N/2 is indicative of the phase transition.

The graphs for d = 3, 5, and 97 are shown in Figs. 2.7, 2.8, and 2.9 respectively. These
graphs also show the characteristic falloff of the stabilizer lengths as being proportional to
1/L? in the volume-law phase i.e., at small p values. In the area-law phase, this is modified

by an exponential falloff which is dependent on p.
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2.7.4 Mixed States: Purity and Total Entropy

The last quantity we calculate in this model is the purity of the system. The total entropy of
an individual system monotonically decreases; we cannot lose information about the system
once we have gained it. Thus, we do not find a steady state in these systems. Rather, we
evolve a completely mixed state of N qudits by N time steps, and then measure the total

entropy of the resulting density matrix.

The results for d = 3, 5, and 97 are shown in Figs. 2.10, 2.11, and 2.12, respectively.
Our main result is that the phase transition persists for all values of d that we studied,
and that the critical value p. of this transition is at the same critical value as the system’s

entanglement transition.

The difference between the purifying phase and the mixed phase of a system is in how
long the system takes to purify. For small values of p, the system is in the mixed phase. The
number of time steps it takes for the total entropy S, to become zero is much longer than
the system size N. Thus, the total entropy is not zero after N time steps. For large values
of p, the system is in the purifying phase. The measurements are able to purify the system
in a number of steps less than the system size IV, and thus the total entropy is zero after NV

time steps.

From a quantum information perspective, the total entropy .S,, represents the amount of
quantum information that the state is able to hide from the measurements. In the mixed
phase, the measurements occur infrequently enough that the system can protect some quan-
tum information from the outside measurements. Because of the unitary operations, this
quantum information becomes spread over enough of the system that the local measure-
ments cannot access it [4]. In the purifying phase, the measurements happen frequently

enough that the system cannot protect any quantum information.
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2.8 Discussion

We have generalized a well-known class of entanglement transitions to qudits of prime order
d. We have shown that the characteristic phase transition of this model is robust to changes
in on-site Hilbert space dimension. In addition, we give evidence that the critical value p.
of the transition increases with increasing d, and approaches p. = 0.5 in the large-d limit.
We extracted the correlation length exponents of these transitions, and found that they
are all consistent with v ~ 1.3, which is close to the correlation length exponent of the
bond percolation transition of v = 4/3. This is surprising, as the universality class of Clifford
circuits on qudits is not expected to be described by the percolation universality class [27, 25].
A complete description, or even identification, of the Clifford CFT remains to be seen. It
is therefore beneficial to know that the critical exponent v seems to stay constant at finite
values of d.

We also studied the purity dynamics of these systems by calculating the total entropy
after N time steps. We found that the purification transition also exists, and for the systems
studied it occurs at the same critical rate of measurement as the entanglement transition.
It is not clear a priori that the two transitions would need to be related in this way, and
this represents more evidence that the two are in fact linked in the case of Clifford unitary
evolution.

This work was facilitated through the use of advanced computational, storage, and net-
working infrastructure provided by the Hyak supercomputer system and funded by the Stu-
dent Technology Fee at the University of Washington.
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Figure 2.2: Graph of subsystem entropy versus time for subsystems of size N/2 in systems

of size N = 250 with various values of d. Different colors represent different values of mea-

surement probability p. All points represent the average of 20 realizations. Entanglement

between two halves of the system reaches a constant value after a sufficient number of time

steps, which is indicative of a steady state as described in the text. We see that the half-

system entanglement entropy increases linearly with time until reaching a steady value after

a time T << N, which is a general rule for other system sizes. The stabilizer length distribu-

tion also attains a steady profile after the same time period. Note that the system reaches a

steady state more quickly with larger values of d, and that for a fixed p, the entropy of the

steady state increases with larger values of d.
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Figure 2.3: The bipartite subsystem entanglement entropy S(L) between the average con-
tiguous region of size L and the rest of the system for qubits of order d = 3. The Rényi en-
tropies S, used here are defined in Eq. 2.12 and are identical for all n > 1. Note that separat-
ing a contiguous subsystem splits the system into two parts, which implies S(L) = S(N - L);
thus we only plot values for L up to N/2. Different colors represent different values of the
measurement probability p. The phase transition occurs around p ~ 0.28. In the low-p phase,
the subsystem entanglement entropy increases linearly; the entropy is proportional to the
“volume” L of the one-dimensional subsystem, and thus the entropy scales as a volume-law.
In the high-p phase, the subsystem entanglement entropy reaches a constant value that is in-
dependent of the subsystem size L. This is thus proportional to the “area” of the subsystem,
and thus the entropy scales as an area-law. Near the critical point p. » 0.28, the subsystem
entanglement entropy increases logarithmically with subsystem size L, which is indicative of

a critical phase that separates the volume-law and area-law phases.
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Figure 2.4: Data collapse for d = 3. The vertical axis gives the average Rényi entropy between
two equal halves of the subsystem, S (%), normalized to be zero at the critical value p. = 0.28
by subtracting the entropy at the critical value, S..;+(5). The Rényi entropies S, defined
in Eq. 2.12 are identical for all n > 1. Renormalization group considerations imply that
there should exist thermodynamic quantities which are a function of a special combination
of variables as in Eq. (2.24). From this, we can extract the critical value p. ~ 0.28 and the
correlation length exponent v ~ 1.3. These values were extracted by fitting the above data
to a fifth order polynomial, and finding the values of p., v which minimized the error of the
fit. The figure on the right is the absolute value of the same data, plotted with a logarithmic

scale on the vertical axis. This highlights how well the data collapses near the critical point.
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Figure 2.5: Data collapse for d = 5. The vertical axis gives the average Rényi entropy between
two equal halves of the subsystem, S (%), normalized to be zero at the critical value p. = 0.38
by subtracting the entropy at the critical value, S..;+(5). The Rényi entropies S, defined
in Eq. 2.12 are identical for all n > 1. Renormalization group considerations imply that
there should exist thermodynamic quantities which are a function of a special combination
of variables as in Eq. (2.24). From this, we can extract the critical value p. ~ 0.38 and the
correlation length exponent v ~ 1.3. These values were extracted by fitting the above data
to a fifth order polynomial, and finding the values of p., v which minimized the error of the
fit. The figure on the right is the absolute value of the same data, plotted with a logarithmic

scale on the vertical axis. This highlights how well the data collapses near the critical point.
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Figure 2.6: Data collapse for d = 97. The vertical axis gives the average Rényi entropy
between two equal halves of the subsystem, S (%), normalized to be zero at the critical value
pe = 0.495 by subtracting the entropy at the critical value, Sm-t(%). The Rényi entropies
S, defined in Eq. 2.12 are identical for all n > 1. Renormalization group considerations
imply that there should exist thermodynamic quantities which are a function of a special
combination of variables as in Eq. (2.24). From this, we can extract the critical value
pe ~# 0.495 and the correlation length exponent v ~ 1.3. These values were extracted by
fitting the above data to a fifth order polynomial, and finding the values of p., v which
minimized the error of the fit. The figure on the right is the absolute value of the same
data, plotted with a logarithmic scale on the vertical axis. This highlights how well the data

collapses near the critical point.
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Normalized Length Distribution Dg(L) for d = 3, N = 500
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Figure 2.7: Graph of the normalized stabilizer length distribution Dg(L) versus stabilizer
length L for system size N = 500 with d = 3. The value of Dg(L) is 1/N times the average
number of stabilizers that are supported on regions of size L. Different colors represent
different values of measurement probability p. The critical value of p occurs around p, ~ 0.28,
and is indicated by the disappearance of the bump in the graph centered at N/2. We can
see in the low-p volume-law phase that the normalized length distribution function follows
the profile Dg(L) o< L=2 for small values of L. In the high-p area-law phase, this is modified

by an exponential damping factor, with a p-dependent falloff coefficient.
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Normalized Length Distribution Dg(L) for d =5, N = 500
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Figure 2.8: Graph of the normalized stabilizer length distribution Dg(L) versus stabilizer
length L for system size N =500 and d = 5. The value of Dg(L) is 1/N times the average
number of stabilizers that are supported on regions of size L. Different colors represent
different values of measurement probability p. The critical value of p occurs around p, ~ 0.38,
and is indicated by the disappearance of the bump in the graph centered at N/2. We can
see in the low-p volume-law phase that the normalized length distribution function follows
the profile Dg(L) o< L=2 for small values of L. In the high-p area-law phase, this is modified

by an exponential damping factor, with a p-dependent falloff coefficient.
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Normalized Length Distribution Dg(L) for d = 97, N = 500
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Figure 2.9: Graph of the normalized stabilizer length distribution Dg(L) versus stabilizer
length L for system size N =500 and d = 97. The value of Dg(L) is 1/N times the average
number of stabilizers that are supported on regions of size L. Different colors represent
different values of measurement probability p. The critical value of p occurs around p, ~ 0.495.
We can see in the low-p volume-law phase that the normalized length distribution function
follows the profile Dg(L) o< L=2 for small values of L. In the high-p area-law phase, this is
modified by an exponential damping factor, with a p-dependent falloff coefficient.
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Total Rényi Entropy versus Measurement Probability for d = 3
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Figure 2.10: The statistical Rényi entropy S,, after N time steps versus measurement proba-
bility p for mixed systems with d = 3. The Rényi entropies .S,, defined in Eq. 2.12 are identical
for all n > 1. Because the system is generally not a pure state, no subsystems are taken and
the full density matrix is used to calculate S,,. For small values of p, the measurements do
not happen frequently enough to purify the state, and the state is still mixed after N time
steps. This is indicative of a “mixed” phase in which measurements require a number of time
steps exponential in N to purify the state. For large values of p, the measurements are able
to purify the state within N time steps and the final Rényi entropy is zero. The purification

transition occurs at p. ~ 0.28, the same value as the entanglement transition for d = 3.
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Total Rényi Entropy versus Measurement Probability for d = 5
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Figure 2.11: The statistical Rényi entropy .5,, after NV time steps versus measurement proba-
bility p for mixed systems with d = 5. The Rényi entropies .S,, defined in Eq. 2.12 are identical
for all n > 1. Because the system is generally not a pure state, no subsystems are taken and
the full density matrix is used to calculate S,,. For small values of p, the measurements do
not happen frequently enough to purify the state, and the state is still mixed after N time
steps. This is indicative of a “mixed” phase in which measurements require a number of time
steps exponential in N to purify the state. For large values of p, the measurements are able
to purify the state within /V time steps and the final Rényi entropy is zero. The purification

transition occurs at p. ~ 0.38, the same value as the entanglement transition for d = 5.
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Total Rényi Entropy versus Measurement Probability for d = 97
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Figure 2.12: The statistical Rényi entropy S,, after IV time steps versus measurement prob-
ability p for mixed systems with d = 97. The Rényi entropies S, defined in Eq. 2.12 are
identical for all n > 1. Because the system is generally not a pure state, no subsystems are
taken and the full density matrix is used to calculate S,,. For small values of p, the measure-
ments do not happen frequently enough to purify the state, and the state is still mixed after
N time steps. This is indicative of a “mixed” phase in which measurements require a number
of time steps exponential in N to purify the state. For large values of p, the measurements
are able to purify the state within N time steps and the final Rényi entropy is zero. The

purification transition occurs at p. » 0.495, the same value as the entanglement transition

for d = 97.
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Chapter 3

FREE FERMION PURIFICATION TRANSITIONS

In this chapter, we focus on the purification properties of free fermion systems. We do
this by expanding the scope of a known purification transition involving a one-dimensional
system of Majorana fermions. While the entanglement properties of monitored free fermions
have been studied extensively, purification is not as well understood [5], and there are still

many open questions in this field.

To advance this knowledge, we apply hybrid dynamics to a one-dimensional system of Ma-
jorana fermions; these dynamics involve unitary gates acting on pairs of Majorana fermions,
and measurements projecting onto pairs of Majorana fermions. Both of these operations
have an associated probability, which can be varied to probe a phase diagram for the system.
Under a particular choice of unitary gates, namely gates which interchange pairs of Majorana
fermions, this system reduces exactly to a classical statistical mechanics model known as the
completely packed loop model with crossings (CPLC). In this model, a phase transition is
known to exist, although it has a different interpretation. The free fermion unitary gates are
viewed as a generalization of this model, and this allows us to probe the robustness of the

model and its associated phase transitions.

We unveil a phase transition between a “mixed” phase, which has area-law behavior,
and a critical “Goldstone” phase in which the entropy increases logarithmically with system
size [16]. Furthermore, we demonstrate the robustness of the transition by finding a phase
diagram of the model, which retains some of the properties of a corresponding phase diagram
of the CPLC. However, there are additional nontrivial features which are introduced. In
particular, there exists an enhanced symmetry in the CPLC which exists on the edges of the

phase diagram, and prevents a phase transition at those extremes. This restriction is lifted in
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our model, and we find a phase transition where the original model had none. We extract the
critical exponents at various points along the phase transition line, but can neither confirm
nor rule out the possibility that our model shares the universality class of the original CPLC

phase transitions.
3.1 Introduction

Recently the study of hybrid quantum circuits, involving both unitary dynamics and projec-
tive measurements, has received a great deal of attention [1, 3, 27]. By focusing on the en-
semble of quantum trajectories of pure states defined by the various measurement outcomes,
one can study new types of nonequilibrium phase transitions, with the canonical example
being the entanglement transition. In the entanglement transition, the ensemble-averaged
subsystem entanglement entropy changes behavior as the measurement rate is increased.
For low measurement rates, the system exhibits a volume-law phase where the subsystem
entanglement entropy increases in proportion to the size of the subsystem, while for higher
measurement rates the system exhibits an area-law phase where the subsystem entanglement
entropy increases in proportion to the size of the boundary of the subsystem.

A closely related concept is that of a “purification” transition, where instead of pure
quantum state trajectories one studies the purifying behavior of an initial maximally mixed
state as the rate of measurement is varied. For low measurement rates, the system generally
exhibits a mixed phase where the system stays mixed for times which are parametrically long
in system size [4], while for high measurement rates the system exhibits a purifying phase in
which the measurements evolve the system into a pure state on a relatively short timescale.
Note that this mixed phase and purifying phase correspond to the volume-law and area-law
phases, respectively, for the entanglement transition. In fact, for many systems in the mixed
phase, the system exhibits a type of volume-law behavior where the final entropy increases
in proportion to the size of the system.

In the special case of free fermion dynamics [26], in which measurements are only of Fock

space fermion mode occupation numbers and unitary operations are exponentials of bilinears
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of the creation and annihilation operators, the volume-law-like mixed phase is known to be
unstable to any non-zero measurement rate [8, 35]. However, such free fermion dynamics
can still accommodate an interesting phase transition from a purifying phase to a so-called
“Goldstone” phase [2]. The latter still exhibits purifying behavior, but on time scales para-
metrically longer in system size. More precisely, in the Goldstone phase the entropy for a
system of length L after a time of order L scales as log L, whereas in the purifying phase this
entropy would be close to 0 i.e., the state would have approximately purified long before this
time scale was reached. This phase transition can be realized in a specific free fermion model,
one that can be solved [36] by exact mapping to a known statistical mechanical model, the

completely packed loop model with crossings (CPLC) [2].

A natural question one may ask is, how generic is the CPLC phase diagram in the context
of free fermion hybrid dynamics? In other words, do the purifying and Goldstone phases
persist when the dynamics of this specific free fermion model are deformed slightly away
from the point that is dual to the CPLC? Is the phase transition still continuous, and is it
in the same universality class as that of the CPLC?

In this chapter, we investigate these questions by extending the CPLC-dual free fermion
model to a more general family of free fermion models. We follow Ref. [36] and observe that
the CPLC-dual model has a convenient description in terms of a one-dimensional chain of
Majorana fermions. This mapping has unitary gates that swap neighboring pairs of Majorana
fermions and measurements which project onto the occupation number of a free fermion
mode defined by a neighboring pair of Majorana operators. These gates are implemented
with respect to one pairing of Majorana operators and its complementary pairing in an
alternating fashion, as described in detail below. The phase diagram is a function of two
parameters, p and ¢, which control the rate of measurements and the asymmetry between
measurements of the two complementary pairings of Majorana modes, respectively. Our
generalized model replaces the unitary SWAP gate, which may be thought of as a 7 rotation
in the SO(2) group rotating v into 7, by a rotation by a random angle inside this SO(2).

The measurement gates are as in the CPLC, and the phase diagram is once again a function



70

of the two parameters p and q.

Our generalized model no longer admits an easily solvable statistical mechanical dual, al-
though in principle some statistical mechanical dual should exist, as discussed below. There-
fore to study it, we instead leverage the free fermion nature of the dynamics to perform
efficient Monte Carlo simulations using the Gaussian state formalism. The essential feature
of both the CPLC and our generalized models which makes this possible is the fact that, for
a particular quantum trajectory, the many-body quantum state of 2N Majorana fermions
remains Gaussian, meaning that it can be efficiently encoded in a correlation matrix with
O(N?) entries. This allows us to avoid having to simulate dynamics in a Hilbert space
exponentially large in V.

We find that the general features of the CPLC phase diagram persist in the generalized
model. The area-law and Goldstone phases remain, but the phase transition between them
shifts. An important qualitative difference is that the Goldstone phase persists down to
finite p < 1 for ¢ = 0, 1 in the generalized model, in contrast to the CPLC. This implies
that the unitaries in the generalized model are more scrambling in some sense than those of
the CPLC, because they can support the Goldstone phase with commuting measurements
(i.e., at ¢ = 0, 1). The CPLC, on the other hand, requires non-commuting measurements
[11, 37, 38, 39] to support the Goldstone phase. Our result is consistent with the result
that a volume-law entanglement cannot be maintained in free fermion systems at finite
measurement rates [35, 8], comports with the results found in Ref. [40] in the case of
continuous monitoring, and bears resemblance to the results of Refs. [12, 41] in the case of
non-unitary free fermion evolution; see also Ref. [9] for additional exploration of free fermion
phases and phase transitions with weak measurements, and Refs. [42) 43] for further study
of the phase transition from an area-law phase to a logarithmic phase. We would also like
to note that the transitions found in the CPLC have also been studied using entanglement
negativity and other measures in the context of monitored dynamics in Ref. [33].

We also perform a finite size scaling analysis that allows us to extract a correlation length

critical exponent v ~ 2.4 for the generic transition between the two phases. The accuracy
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of our analysis is not sufficient to definitively conclude that this corresponds to a different

universality class from the CPLC, which has veprce ~ 2.75 [2].

The rest of this chapter is structured as follows. In Sec. 3.2 we review the CPLC
and construct the duality mapping between this model and a model of free fermion hybrid
dynamics. In particular, we highlight the connection between the “spanning number” in
the CPLC and the entropy in the quantum model. In Sec. 3.3 we discuss more general
free fermion models, and introduce the Gaussian state formalism that allows us to efficiently
simulate them. In Sec. 3.4 we present the results of our Monte Carlo numerical simulations
of the more general free fermion models. In Sec. 3.5 we summarize our results and consider
future directions. In particular, we discuss a qualitative change in the shape of the phase
boundary between the CPLC-dual and generalized models, and propose a symmetry-based

explanation of this difference.

3.2 Mapping to the CPLC

This section outlines a particular implementation of the duality between the CPLC and a
quantum model of Majorana worldlines, first proposed in Ref. [36]. We consider a one-
dimensional chain of N spinless fermions, and write the operator algebra in terms of 2N
Majorana fermions v, k = 1,...,2N. These are related to the usual creation and annihilation
operators aj,a;, 7=1,...,N, by:
; 1 .
Voj-1 = a5+ a; a; = 5 (72j-1 = 172))
. 1 .
25 = i(a; - a;) @; =5 (72j-1 + i725)
These Majorana operators are unitary, hermitian, and square to the identity. Any two
Majorana operators with different indices will anticommute. We have iyyj_172; = (-1)"% =
T

1 - 2n;, where n; = aja; is the occupation number operator at site j, taking eigenvalues 0

and 1.
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3.2.1  Hybrid unitary-measurement circuit

We take periodic boundary conditions, so that a subscript of N +1 below is to be interpreted
as 1. The time step is labeled by a positive integer, and the protocol depends on the parity
of this time step. The quantities p and ¢ are two real numbers between 0 and 1 which serve
as control parameters. For convenience, let us first define the two-Majorana unitary gate

Ur,r+1; (r: ]-772N) by

1
Ur,’r+1 = E (]- - ’Yr’7r+1) . (31)

This gate acts as follows:

Ur,r+1(’7r)U:77~+1 = VYr+1

Ur,r+1 ('7r+1)U:,T+1 = —Yr

while commuting with all ; such that j #r,r +1.

Odd time steps: We perform two-Majorana gates on all pairs (25 — 1,25) of nearest
neighbor Majorana operators. For each such pair (25 - 1,27), the gate is chosen from three
possibilities: (1) with probability p we act with Us;_;25; (2) with probability (1 - p)g we
measure ys;_172;; (3) with probability (1-p)(1-¢) we do nothing i.e., act with the identity
gate.

Even time steps: We perform two-Majorana gates on all complementary pairs (27,25 +1)
of nearest neighbor Majorana operators. For each such pair (25,25 + 1), the gate is chosen
from three possibilities: (1) with probability p we act with Usja,.1; (2) with probability
(1-p)(1-q) we measure iva;¥2;41; (3) with probability (1-p)g we do nothing i.e., act with
the identity gate. Note that we have effectively exchanged ¢ < (1 - ¢) for this step.

This protocol is illustrated in Figure 3.1. The variable p determines the rate of unitary
application: p = 0 describes a system where no U, ,,; gates are applied, and p = 1 corresponds
to acting with only U, ,,; gates. The variable ¢ acts as a measurement ratio describing the
relative frequency of the two types of noncommuting measurements, either of the on-site pair

(27 - 1,27), or the between-site pair (27,25 +1). We note here a symmetry: with periodic
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Figure 3.1: The protocol for the hybrid dynamics described in the text. The vertical direction
represents time; odd and even time steps correspond to the two complementary ways of
pairing neighboring Majorana operators. For each such pairing, nearest neighbor gates are
applied which either perform a measurement (and record the outcome), apply a certain
unitary gate, or do nothing. For odd time steps, the unitary gate is applied to a pair with
probability p, and a measurement performed with probability (1 -p)q. For even time steps,
the unitary gate is applied to a pair with probability p, and a measurement performed with

probability (1 -p)(1-¢q).

boundary conditions, mapping ¢ - (1—-¢q) is equivalent to shifting each Majorana operator by
one, Vx = Yg+1- Since none of the operators in the dynamics depend explicitly on the index
k, this is a symmetry. Thus, the phase diagrams will have g < (1 -¢) symmetry. We expect
that with open boundary conditions, the symmetry will still hold in the thermodynamic

limit.

3.2.2  Connection to Completely Packed Loop Model with Crossings

Having defined our quantum model, we now describe an exact mapping to a known statistical
mechanics model, the completely packed loop model with crossings (CPLC). To do this, it

will be useful to introduce the notion of a fermionic stabilizer for a state in our 2%V dimensional
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many-body Fock space. We define the stabilizer group of the fermionic stabilizer state |¥)
in an way analogous to bosons, as defined in Sec. 2.1. We define a generating set G to
be a set of N independent commuting Majorana bilinear operators g = +i;7;, such that
for each bilinear, ¢g|¥) = +|¥). Their independence implies that each Majorana operator
v appears exactly once in this set of bilinears. We think of two Majorana fermions with
indices j and k as being paired together if the bilinear +iv;7; is an element of the generating
set. The stabilizer group is the group which is generated by multiplication of elements in
this generating set, along with the identity. A state |¥) is a stabilizer state if such a set of
stabilizers exist. Furthermore, a stabilizer group generated by N independent commuting
Majorana bilinears will uniquely define a fermionic stabilizer state ), up to an overall phase.
The proof for this mirrors that for the bosonic qubit case given in Sec. 2.1: the generators
g are independent commuting Majorana bilinears which square to the identity, and thus the
size of the stabilizer group is 219!, and the dimensionality of the stabilized subspace is 2V-191.

The notion of a fermionic stabilizer state is useful because it is preserved by the dynamics
of this section: the quantum trajectory of an initial stabilizer state consists only of stabilizer
states. To see this, let us assume that we have a stabilizer state |¥), and let us act with one
time step of our dynamics, analyzing the action of each of the gates in turn. If the gate is
the identity, certainly the stabilizer nature of the state is unchanged, since the state itself is
unchanged. If the gate is U, .1, then the effect on the algebra is to swap 7, and 7,,1, up to

a sign. In particular, for any stabilizer g,

g19) = +|0) = Uppr [¥) = Upri1 (919)) = (UrrgUf

r,r+1

) Ur,r+1 |\I]> = +Ur,r+1 |\I[)

meaning that the new state U, .1 |V) is stabilized by the operators U, ,.1gU, f effectively

rr+l’
given by exchanging v, and +,,1; thus the state is still a stabilizer state.

Finally, let us analyze what happens when we measure 77,7,,1. First, in the case when
the Majorana fermions with indices r and r+ 1 are already paired by the stabilizers, then the

state is an eigenstate of iy,7,,1. A measurement will return the eigenvalue for this bilinear

but does not change the state. Now suppose that r and r + 1 are not paired, but rather r is
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paired with s and r + 1 is paired with ¢; then the generating set G consists of N —2 bilinears
along with the two elements +i7,7vs and +iv,,17;. This means that the operator £v,.vsVr11M
is in the stabilizer group generated by G, and |¥) is an eigenstate of this operator as well.
Since i7,7v,,1 commutes with this operator, measuring iv,7v,;1 will not change eigenvalue
of |¥) under +7v,7vs7¥,+17:. Thus, measurement brings |¥) to an eigenstate of both of these
operators, and hence also of i,y = (17 Vr1) (Ve YsYr117e). The other elements of G also
commute with i7,7,,1, and thus the new state after measurement, |¥’), is stabilized by the
original N — 2 elements of G along with +i7,7,,1 and +i7,y,. The signs of the bilinears
depend on the measurement outcome, but the Majorana operator content does not. These
N commuting bilinears are enough to uniquely define the state |¥’) (up to overall sign),
and thus |U’) is a fermionic stabilizer state with a stabilizer group generated by this set of
bilinears. This can be seen as a type of entanglement swapping [44] between the Manorana

fermions due to the joint measurement iy,7,1.

The pairing rules so described can be tracked by representing the entanglement pairing
through a configuration of loops, as in Figure 3.2. The loops can be viewed as inhabiting a
checkerboard pattern of squares, corresponding to an alternating sequence of even and odd
steps in time (which increases in the vertical direction). Each square of the checkerboard
corresponds to a pairing of Majorana operators and has one of three different types of
configurations in it: an exchange of lines (corresponding to a unitary gate), a configuration
preserving the position of the lines (corresponding to doing nothing i.e., applying the identity
gate), and a “capped off” configuration (corresponding to a measurement on the Majorana
bilinear). Thus, by the discussion in the previous paragraph, the stabilizers of the final state

are given by the pairing of the top endpoints in the diagram, as illustrated in Fig. 3.3.

The probability of each configuration occurring is the product of the various probabilities
p, (1=p)gq, and (1 -p)(1-q) over all the squares of the checkerboard pattern. This is just
the Boltzmann weight of the completely packed loop model with crossings (CPLC) [2].
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Figure 3.2: A trajectory of the circuit model with measurements, shown here with open
boundary conditions. This diagram corresponds to the circuit shown in Fig. 3.1. The state
is assumed to initially be an eigenstate of fermion occupation number at each site, though this
need not be the case. Rotated by 45° this becomes a configuration of the completely packed
loop model with crossings (CPLC). The solid thick lines represent Majorana worldlines. The
spanning number ng is given by the number of lines connecting the bottom (initial state)

and top (final state) of the configuration. Here, n, = 2, given by the two blue lines.

Figure 3.3: This simplified graphical view of the fermionic stabilizer state at the final time
shows how the worldlines connect parts of the state in Fig. 3.2. The dotted ovals denote
which Majorana operators are paired up into physical fermions. The entanglement entropy
between two regions is %logZ times the number of Majorana worldlines connecting them,
due to reasons similar to those for Eq. 2.17. Here, the entanglement between the second and

third physical fermion (red bracket) and the rest of the system is 2- 5 log2 = log 2.
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3.2.3  Spanning Number and Entropy

In the previous section we outlined a correspondence between a model of free fermion hybrid
dynamics and the CPLC. In order for this correspondence to be useful, we have to identify
corresponding observables in the two models. In the CPLC, this observable is the spanning
number ng, which is the number of loops which connect the top and bottom of a realization.
In particular, each loop configuration is realized on a cylinder with circumference 2N and
lateral height 2/NV, which in the Majorana language corresponds to periodic boundary condi-
tions and evolution for 2N time steps; the spanning number counts the number of lines that
connect the top of the cylinder to the bottom. The spanning number is averaged over loop

configurations, weighted by the Boltzmann weights defined above.

The spanning number has an appealing physical interpretation in our free fermion model
in terms of entanglement entropy. For specificity we will work with the second Rényi entropy
Sa, but we note that for fermionic stabilizer states (like bosonic stabilizer states) all Rényi
entropies 5, and the von Neumann entropy are identical. The clearest way to formulate this
entropy observable is by bringing in another “ancilla” copy of the many-body Hilbert space,
spanned by ancilla Majorana fermions 7}, 1 < j <2N. The initial state is stabilized by the 2V
bilinears i7;; which form the generating set; thus the system and the ancilla are maximally
entangled with each other. At the final time 2N, the entanglement entropy between the
system and the ancilla is given by %logQ times the number of bilinear generators of the final
state that link the system and ancilla. Since this generating set satisfies the clipped gauge
condition of Sec. 2.5, this value for the entanglement entropy comes from reasoning similar
to that which leads to Eq. 2.17. The base of the logarithm is dependent on the logarithm
used to define entropy in this context, and for this chapter it is the natural logarithm. The
number of such bilinears is simply the number of worldlines that link the bottom (initial)
and top (final) edge of the spacetime i.e., just the spanning number n,. Thus the final state
entropy, averaged over quantum trajectories, is precisely the average spanning number, up

to the factor of §log2.
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We note that there is another way of viewing this entropy. If we were to focus solely on
our system by tracing out the ancillary system, we get a maximally mixed state. Since the
free fermion dynamics include measurements, they expose information about the initially
mixed state and the system evolves toward a pure state. Then, the entanglement between
the system and ancilla is equal to the total (statistical) entropy of the partially mixed state.

Reference [2] shows that the spanning number is an order parameter for the phases that
appear in the CPLC. Specifically, there are two primary phases, as shown in the left side of
Figure 3.4. The first is the short-loops phase, in which with the spanning number vanishes
in the thermodynamic limit where N approaches infinity. Note that this can be further
separated into two short-loops phases as described below. The second is a Goldstone phase
in which the spanning number scales as log N in the thermodynamic limit. Note that the
name “Goldstone” phase is inherited from the CPLC, in which this phase can be described
by the Goldstone phase of a particular nonlinear sigma model. Ref. [2] explores several
features of this phase diagram. In particular, it is noted that at p = 0 (i.e., the case of
measurements only) the CPLC reduces to a model of the bond percolation transition tuned
by q. Furthermore, at both ¢ = 0 and ¢ = 1, it is shown that the field theory describing
the CPLC possesses an extra U(1) symmetry which guarantees that the short-loops phase

1
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extends all the way to p = 1. At values of ¢ different from ¢ =0, 5, and 1, there is a transition
from the short-loops to the Goldstone phase at some critical p with 0 < p < 1. Reference
2] studies this phase transition at p = %, q = 0.82 and extracts a correlation length scaling
exponent v = 2.745(19).

Further, there is a distinction between the two short-loops phases, which is identified as
being a topological distinction. At g > % with open boundary conditions, the configurations
will tend to have a long macroscopic loop circling the configuration, which is absent when
q< % This is reminiscent of an edge mode in a topological insulator; thus in the Anderson
localization language, these two short-loops phases correspond to trivial and topological

insulating phases.

The goal for the remainder of this chapter is to examine the extent to which the CPLC
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Figure 3.4: (Left) Phase diagram for the CPLC [2]. The difference in Goldstone and Short
Loops phases is determined by the behavior of the spanning number, n,. In the Short Loops
phases, the average spanning number (n,) decreases with increasing system size, approaching
zero in the thermodynamic limit. In the Goldstone phase, (n,) increases logarithmically
with system size. In the more general fermion model, the spanning number generalizes to
the second Rényi entropy between the system and ancilla, as described in the text. The
difference in the Short Loops I and Short Loops II phases is determined by the existence or
absence of a macroscopic loop or edge mode around the configuration; see Fig. 3 of Ref. [2].
(Right) Phase diagram for the more general free fermion model, with CPLC phase diagram
for reference. The large blue dots are locations in the phase diagram which are studied in
more depth for this chapter. Note the ¢ < (1 —¢q) symmetry, mentioned in Sec. 3.2. The
top line of the diagram at p = 1 corresponds an evolution with only unitary gates and no
measurements, thus leading to a volume-law phase. The sides of the diagram at ¢ = 0,1
correspond to an evolution with only one type of measurement present, and while the CPLC

has no phase transition on these lines, the more general model does.
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phase diagram, viewed in terms of the hybrid Majorana dynamics, is robust to more general
free fermion dynamics. In order to pursue this, we now introduce the formalism of Gaussian

states.
3.3 Generalizing to a Free Fermion Model

To generalize beyond the specific case of the CPLC dual, we will replace the unitary gate
U,r+1, which effectively swaps 7, and 7,.1, with a more general local free fermion unitary
gate. In this context, a “free fermion” unitary is one which is generated by fermion bilinear
operators i.e., U = exp (iA,;j%yj) with A a real anti-symmetric 2n x 2n matrix. The action

of U by conjugation is an orthogonal rotation of the 2n Majorana operators:

Uy U™t = [exp(=4)];; 7

In particular, fermionic operators become mapped to a linear combination of fermion oper-
ators, instead of a combination of products of operators.

For the measurements, the most general measurements we might want to consider are
of the fermion linear optics (FLO) type [45], which can always be thought of as projecting
onto eigenstates of some 77,7, operator after an appropriate basis transformation. However,
for this work we will simply retain the same measurements as in the CPLC dual model
introduced above, namely measurements of the operators 7y, 7,,1-

The generalization we will investigate involves taking the same protocol as Sec. 3.2.1,
but replacing the fixed unitary gates U, .1 with unitary gates which are randomly drawn
from the set of all two-Majorana free fermion unitary gates. For the Majorana algebra, all

such unitary gates have the action

Y1 = cos(a)y1 —sin(a)7y2, (3.2)

72 = sin(a)y1 + cos(a)z

for some angle . The case of the U,.,,; defined for the CPLC above corresponds to a = -3.

In our general model, we will draw « randomly and uniformly from the interval [0, 27].
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Because acting with a generic unitary gate of the above form now maps a Majorana
operator to a superposition of Majorana operators, we can no longer apply the stabilizer for-
malism of Section 3.2 to relate the entanglement entropy and the spanning number. Instead,
we will perform numerical Monte Carlo studies of the hybrid dynamics. The numerics will

start with a maximally mixed state p, and apply

CpoCT

"~ TH(CpC) 33

Po = p

where C' is a (non-unitary) circuit composed from a product of randomly chosen unitaries
and projectors corresponding to a particular quantum trajectory. Specifically, the probability
density associated with a particular circuit C' is equal to the CPLC Boltzmann weight (a
product of powers of p, ¢, (1-p), and (1-¢)), multiplied by the uniform probability density
associated with the choice of each unitary, multiplied by the Born probability Tr CpyCt
associated with the measurement outcomes in C. Even though the states appearing in the
quantum trajectories are no longer stabilizer states, they still have the property of being
“Gaussian”, and this allows for efficient numerical simulation. We now review the formalism

of these Gaussian states.

3.3.1 Gaussian state formalism

This exposition follows Ref. [45] closely; see Ref. [46] for a more recent introduction. First,
we show that the density matrix p of a mixed state, when viewed as an operator, has some
expansion as a polynomial over the operators 7;. Every density matrix p can always be
written as the convex sum of pure state density matrices, p = }3; p;p;, where 0 < p; <1 and
Y;p; = 1. Each pure state |¥;) corresponding to p; can be written as a superposition of
states raised from the vacuum |0) using the creation operators a}, and therefore |¥;) = A;10)
for some A; which is the linear combination of products of a} i.e., it can be written as a
polynomial in a;. Then, p; = |¥;) (¥;| = A, |0) (0|A}. Noticing that the projector |0) (0| onto

the vacuum is given by |0) (0] = [1; aja;r., we see that p; has an expansion in terms of a; and

T

a;, and thus so does p. Replacing a; and a} with v9;_1 and 7,; completes the proof.
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Given such an expansion, we can form an associated element of a Grassmann algebra by
keeping the coefficients and replacing each 7; with a Grassmann number 6;. A Grassmann
number 6; is an element of an anticommuting algebra, with 6,6; = —6;6; and (¢;)? = 0. These
are considered as an independent algebra, and are not to be used alongside the operators of
our Hilbert space. p is then called Gaussian if the Grassmann algebra element corresponding

to its polynomial expansion is of the form

%exp(%@TMH) (3.4)
where 0 is a 2N-dimensional column vector of the elements 0;, and M is a 2N x 2N real anti-
symmetric matrix, called the covariance matriz in the language of Ref. [46] (or correlation
matrix in the language of Ref. [45]) of the state. This covariance matrix describes two-point
correlation functions,

Tr(pivive) = (iv; ) = M, for j+k

“Tx(pln)) = (35)

0 for j =k
Therefore, Gaussian states have the defining property that all observables can be calculated
from no information other than the two-point correlation functions of the state. Each co-
variance matrix M can be transformed, by an orthogonal rotation, to block diagonal form
with NV 2 x 2 blocks on the diagonal. Each block is anti-symmetric, and so determined by a
single real number \; on the off-diagonal, where —1 < \; <1 for all j. The |\;| are called the
Williamson eigenvalues of M, and a pure state p corresponds to all |;| = 1.

Let us see how a Gaussian state evolves under our hybrid evolution. First, evolving p
under free fermion unitary transformations corresponds to a conjugation of M by the rotation
in Eq. (3.2), which then rotates the appropriate two-dimensional subspace of §; while acting
as the identity on the complement. This is a consequence of the fact that M, = (iy;7x), and
since the unitary gates act as a rotation of the Majorana fermions, they have a representation
as a rotation on the covariance matrix. The result is the covariance matrix of the new state,

which remains Gaussian. Now let us consider evolving p under a measurement of y;7;41
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(with post-selection i.e., projecting onto an eigenspace of iv;7,,1 and normalizing). Reference
[45] shows that in this case the normalized, post-selected post-measurement state remains
Gaussian. Its covariance matrix M’, for the measurement outcome s = +1, is determined
as follows. Let K be the 2NV x 2N anti-symmetric matrix whose entries K, p = (a0 j41 —
daj+10p;). In other words, K is zero everywhere except in the 2 x 2 block corresponding
to (4,7 + 1), in which it is the 2 x 2 anti-symmetric matrix with the number 1 on the off-
diagonal. Let L = (I - sMK)'M. Then we define M;, = Lqp if a,b ¢ {j,j + 1}, and
M, = sKqp otherwise. The resulting matrix M’ has Williamson eigenvalues equal to +1
if M does as well, meaning pure states will evolve into pure states. The probability of the
outcome s is 3PE(M)Pf(sK — M~'), where Pf(-) denotes the Pfaffian of an antisymmetric
matrix.

We can try to simplify the equation for L using a Taylor expansion in M; j,; of the form
(1 -=z)7t. Since K is only nonzero in the (4,7 + 1) block, we find that KM K = -M; ;1 K.
Thus, (MK)" = (-M; j1)" *MK, and a Taylor expansion of sM K gives

sMK

1-sME) ' =1+ 2%
( 5 ) ]_+8Mj,j+1

(3.6)

There are limits on when such a Taylor expansion is justified; however, it can be shown by
direct substitution that Eq. (3.6) is indeed the inverse of (1 - sMK). Thus,

L=M+ %ﬁfl
Note that performing the evolution takes resources which are polynomial in N, since we
follow the covariance matrix rather than the full quantum many body state. This is the
advantage of the Gaussian state formalism.

In terms of the Williamson eigenvalues A, j =1,..., N of M, we can find the eigenvalues
of the density matrix p, which will be used to calculate the entropy of the state. There exist

some linear combinations of Grassmann variables §; = R;;0; in which the correlation matrix

M is (block) diagonal, and correspond to the fermionic operators v; = Rjkyk- Then,

1 1Mo _ 1 135 Ai€25-1825 — 15 iXj&25-1825 — L5 1+ M4 3.7
e - = oF Ijle = o [ 11+ Njigaj-1695) (3.7)
=

2N 2N j=1
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where we can split the exponential into a product of exponentials because the bilinears §2;-1&2;
mutually commute. Each exponential in the product evaluates to a two term polynomial
because (£2j-1&25)% = 0. If we write our Hilbert space in terms of the corresponding fermionic
operators 7]’., then we have N fermionic modes, and the operator Wéj-ﬂéj measures the

fermion parity P =+1 of this mode. Thus'
1 - ! ! 1 !/
p= 2_NH(1+/\j272j—172j) = Q_NH(lJF)‘ij) (3.8)
j j

From this, we see that p has 2V eigenvalues given by 2=V [1,(1+ ), corresponding to the
eigenvectors which are the mutual eigenstates of all iyy; ;7.

Now, we can calculate the entropies. We notice that the density matrix given by Eq. 3.8
is of a simple form. The N modes described by P/ are independent, and thus we can find

the total entropy by adding the entropy of each mode [46]:

1+)\z 1+)\z ]_—)\Z 1—)\Z
Slz—Tr(plogp):—Z[ 5 log( 5 )+ 5 log( 5 )]

However, it will be more convenient to work with the second Rényi entropy. The n*" Rényi

entropy is defined as

1
Sp = 1 log Trp™,

-n
with the von Neumann entropy being the limit of S, as n — 1. Note that in this chapter,

we take all logarithms to be the natrual logarithm. Again, we can find the total entropy by

adding the entropies of each mode, which each have eigenvalues of %(1 £ )
2 S 1 2, 1 2
52 = —lOgTI'p = - EIOg 1(1 + )\J) + 1(1 - )\])
]:

= - Jj log(%(l + )\3))

=1

M=

(log2 —log(1+A%))

<
I
—_

1
Nlog2—§Trlog(1—M2). (3.9)

I'Notice that for pure states, when Aj = £1, then p is a product of the projectors %(1 + )\jP]{) onto the
Pj =-)\; eigenspace.
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In the last step, we used the fact that M? has two copies of —(\;)? as its eigenvalues. This can
be seen by considering the block-diagonal form of M, where the antisymmetric 2 x 2 matrices
square to —(\;)? times the 2 x 2 identity matrix. Therefore, the second Rényi entropy can

be extracted from the covariance matrix directly.

3.4 Results

3.4.1 Phase diagram

The above procedures were implemented numerically in MATLAB, where each state is rep-
resented as a 2N x 2N matrix for various system sizes N between 250 and 2000. The system
of 2N Majorana fermions evolves under 2N time steps before the entropy is calculated via
Eq. 3.9. The code was executed on the ‘mox’ and ‘klone’ clusters of the University of Wash-
ington’s high performance computing resource, Hyak. The systems were evolved in parallel
using MATLAB’s Parallel Computing Toolbox. Most system sizes have on the order of a
few thousand realizations or more which are averaged over to calculate the final data.

Our main results are summarized in the phase diagram given on the right side in Fig.
3.4. We find that the two distinct phases persist in the more general free fermion model,
though the line separating them has changed. Fig. 3.5 shows the entropy scaling for the
point p = 0.7,q = 0.7, inside the Goldstone phase, demonstrating that the logarithmic-law
scaling persists in the more general model. In Fig. 3.6, we probe the phase transition by
varying ¢ for fixed p = 0.5, which parallels Fig. 12 in Ref. [2] for the CPLC, and find a
continuous phase transition at ¢ = 0.64(6).

One of the distinct differences between the models is the existence of a phase transition
on the boundaries of the phase diagram, when ¢ = 0,1. In the CPLC, these values of ¢
introduce an extra symmetry on the model, preventing a phase transition [2]. However, the
entropy scaling for the point p = 0.8, ¢ = 0 is shown in Fig. 3.7, a point which would be in
the area-law phase of the CPLC. We instead see a logarithmic-law scaling, demonstrating

that it is instead in the Goldstone phase of our model. By probing the entropy as a function
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Entropy versus System Size for p = 0.70,q = 0.70
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Figure 3.5: Entropy law for a point inside the Goldstone phase in the generalized free fermion
model. The blue line is a fit to the logarithm alog(bx) + ¢. The values obtained were:

a=0.203, b=0.281, ¢ = 1.091. The 95% confidence bounds on a are (0.1957,0.2107).

of p for fixed ¢ = 1, we find a phase transition at p = 0.72(2), shown in Fig. 3.8.

It is also worth noting that these new phase transitions occur at the most experimentally
feasible parts of the phase diagram. At ¢ = 1, all measurements in the evolution are of on-
site fermion parity, with no multi-site projective measurements. Further, the measurements
all mutually commute, giving an entanglement transition that uses commuting projective

measurements, which is not seen anywhere else in the phase diagram.

3.4.2  Eaxtracting v at the generic transition

A finite-size data collapse helps to confirm that this model shows properties of critical phe-

nomena. The underlying idea is that for temperatures close to the critical temperature 7T of
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Entropy vs. ¢, at p = 0.50 Entropy vs. z; v = 2.43, ¢. = 0.646
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Figure 3.6: Graphs of S for p = 0.50, ¢ near 0.64 in the general free fermion model. Most
smaller system sizes (N < 1000) have on the order of 10,000 - 20,000 realizations which
are averaged over, while larger system sizes have on the order of 200 — 2,000 realizations.
The data collapse values for ¢. and v were calculated by fitting the data to a fifth-order
polynomial for various values of ¢., v and finding the values which minimized the residual

sum of squares (sum of squares error).

a continuous phase transition, thermodynamic properties should scale as a universal function
of L/§, where L is the (linear) system size and & is the correlation length [31, 47]. For large
system size and small reduced temperature ¢t = (T' - T,)/T., a thermodynamic observable @
should go as

Q(L,T) = LM f(tL11)

for some function f. The intuition for the one parameter scaling form tL'/¥ is that as we
approach the scale-invariant critical point, a change in length scale can be compensated for
by a change in temperature. Here, v is the correlation length exponent.

In our work, the tuning parameter 7' is not the temperature but rather p or ¢, depending
on context. Thus, we define

r=NY(T-T,)

and make plots of the entropy S versus this parameter x. By varying the values of v and
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Entropy versus System Size at p = 0.80,¢ = 0.00
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Figure 3.7: Entropy law for a point on the edge of the phase diagram (g = 0.00). This point
is in the area-law phase (short loops phase) of the CPLC, but inside the Goldstone phase for
the general model. The blue line is a fit to the logarithm alog(bx) + ¢. The values obtained
were: a =0.238, b =0.646, ¢ = 1.228. The 95% confidence bounds on a are (0.2282,0.2473).

T., we attempt to find the values that give the best collapse of the data points onto a single
function of x.

We first study the case p = 0.50, with ¢ playing the role of T". The results for this case are
shown in Fig. 3.6. We obtain the values for v and ¢. by minimizing the error when fitting

the collapsed data to a fifth order polynomial. We obtain values
q. = 0.64(6) v~ 241(6) (3.10)

We note that the value for ¢, is smaller than for the p = 0.5 transition in the CPLC, which is
at ¢.coprc ~ 0.82. The value of v is also smaller, with vopre » 2.745 at p = 0.5 [2]. However,

the uncertainties in v from numerical errors and possible irrelevant scaling variables leave us
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Figure 3.8: Graphs of S for ¢ = 1.00, p near 0.72 for the generalized free fermion model. Most
smaller system sizes (N < 500) have on the order of 3,000 — 10,000 realizations which are
averaged over, while larger system sizes have on the order of 100 -500 realizations. The data
collapse values for p. and v were calculated by fitting the data to a fifth-order polynomial for
various values of p., v and finding the values which minimized the residual sum of squares
(sum of squares error). The data collapse indicates the presence of a continuous phase
transition for ¢ = 1.00 near p = 0.72, a feature of the generalized free fermion model that is

not shared with the CPLC.

unable to definitively rule out the possibility that our model is in the same universality class
as the CPLC transition.

Further, we find a phase transition at the boundaries of the phase diagram, when ¢ =0
and 1, where none exists in the CPLC. The data for this is shown in Fig. 3.8. Here, we
obtain values

pe=0.72(2) v~ 2.5(8)

This v is larger than the value found at p = 0.5, though still less than what was found for

the CPLC. Again, this is consistent with the points being in the same universality class.
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3.5 Discussion

In this work we have investigated the purification transition in certain fermionic models of
hybrid unitary-measurement dynamics in one dimension. We used an exact duality from
the known CPLC classical statistical mechanics model to understand one particular case,
and then numerically investigated a particular generalization away from this finely-tuned
point. We found that the generalized model retains all of the phases present in the exactly
solved model, albeit with shifted phase boundaries. This includes a phase transition at the
boundary values ¢ = 0, 1 where there were previously no phase transitions. Although we only
investigated one specific generalization away from the exactly solvable fixed point, we expect

this robustness to persist in general.

One outstanding question that remains is to find a statistical mechanical dual for a
general free fermion model in the above class. Quantities such as the second Rényi entropy
may be described using a certain replica limit following Section VI of Ref. [48]. Following
the strategy which is applied to subsystem entanglement transitions in Ref. [34], one may
then hope to interpret such a quantity as the partition function of a statistical mechanics
model. One way to do this is to focus on the full replicated system as a single system, where
each site hosts a Hilbert space which is the full Hilbert space corresponding to the replicated
degrees of freedom at that site. Focusing on the 2n Majorana operators at each of these
replicated sites, where n is the number of replicas, one can insert a resolution of the identity
at each of these replicated site Hilbert spaces, which can be taken as the average over all
SO(2n) rotations of a particular projector. Although it will certainly be difficult to make
rigorous statements about the replica limit, one may hope that at least some symmetry based
arguments can be made, leveraging the symmetries of the SO(2n) integrals. For example,
one may hope to explain the existence of a phase transition at ¢ = 0,1 in the generalized
models, in contrast to the lack of such a transition in the CPLC dual model, by showing

that the CPLC dual has an enhanced symmetry at ¢ = 0,1 (see also Ref. [2]).

In addition, the CPLC distinguishes between the two short loop phases, see Fig. 3.4.
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The “Short Loops II” phase at ¢ > % is distinguished by the existence of a macroscopic loop
which circles the configuration when open boundary conditions are used. This is tied to a
topological phase in Ref. [2]. The two area-law phases in the generalized model are also tied
to the same topological phases, which in the quantum system can be distinguished e.g. by
measuring a string order parameter. How to define and numerically measure such an order
parameter in an associated statistical mechanics model is a question that we leave for future

investigation.
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