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Recent developments in abilities to produce, parse, and measure the electron’s wave function within the trans-

mission electron microscope (TEM) and scanning TEM (STEM), have sparked renewed theoretical interest

in quantum mechanical treatments of inelastic electron scattering observables and the information they con-

tain. Optical selection rules, originating from the intrinsic spin and linear momentum degrees of the photon,

are commonly leveraged in optical-based spectromicroscopies. Although quantum mechanical treatments of

inelastic electron scattering have been well understood in core-loss electron energy loss spectroscopy (EELS)

for decades, recent demonstrations shaping the electron wave function in the low-loss regime has driven re-

newed interest in quantum mechanical treatments of the electron probe. Borrowing ideas from the field of

quantum optics, the creation and manipulation of transversely structured vortex (or twisted) electron beams

has enabled vectorially-resolved electron energy loss and gain measurements of nanoscale and quantum ma-

terials. Additionally, the preparation of free electron qubits endowed with quantum information in the form

of quantized energy or topological charge, via structured laser pules, spiral phase plates, and holographic

masks, has contributed to the recognition of electrons as potential carriers of quantum information. This

dissertation explores the quantum electrodynamics of inelastic electron scattering, with particular emphasis

placed upon the investigation and development of novel electron scattering observables and the information

they encode.
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Glossary

TEM: Transmission Electron Microscope

STEM: Scanning Transmission Electron Microscope

EELS: Electron Energy Loss Spectroscopy

EEGS: Electron Energy Gain Spectroscopy

LG: Laguerre-Gauss

HG: Hermite-Gauss
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Chapter 1

Introduction

1.1 A Brief Historical Prologue

In the first quarter of the 20th century, Louis de Broglie theorized that matter can exhibit wave-like

properties [10]. The experimental demonstration of the wave-nature of matter was confirmed a few years

later in 1927, by Clinton Davisson and Lester Germer, as well as George Thompson and Alexander Reid.

These two groups independently observed electron diffraction patterns, a distinguishing hallmark of wave-like

behavior, by performing electron scattering measurements on crystalline nickel targets [11], and thin metallic

films [12], respectively. This all came a couple decades after Max Planck postulated in 1900, that light waves

could only gain or lose energy in finite and incremental amounts related to their frequency [13]. Subsequently,

it was Albert Einstein who employed the concept of light quanta in 1905 to explain the photoelectric effect [14],

and shortly thereafter in 1923 Arthur Compton experimentally demonstrated the particle-like behavior of

light [15]. The demonstration of the particle nature of light came nearly 100 years after Thomas Young first

performed his double slit experiment in 1803, providing direct evidence for the wave phenomena of light [16].

Around this time in the mid-1920s, Erwin Schrödinger, using the matter wave concept put forth by de

Broglie, introduced the Schrödinger equation to describe the time evolution of what is known as a quantum

mechanical wave-function, due to the Hamiltonian governing the system [17]. In 1927, Paul Dirac built

upon these new developments, and was able to accurately explain the emission and absorption of radiation

by matter through modeling the interaction between electromagnetic fields and atoms using a quantum

mechanical treatment [18]. In the next year, Dirac introduced a wave equation for the interaction of a electron

with the electromagnetic field, correctly taking into account special relativity and the spin-1/2 quantum

number of the electron [19]. These works birthed the field of quantum electrodynamics, a unification of

quantum theory and electrodynamics, which would lay the ground work for what became known as quantum

field theory. Following these monumental experimental and theoretical results, Hans Bethe employed the

Schrödinger equation to model electron diffraction in the non-relativistic limit [20]. A depiction of an electron
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Figure 1.1: Wave-particle duality of electrons as demonstrated by a double-slit interference experiment.
Reprinted from [26], with permission from Elsevier.

diffraction experiment is shown in Fig. (1.1), highlighting the wave-particle duality of electrons as evident

by the presence of interference fringes. In the following years, other forms matter were shown to exhibit

wave-particle duality, such as the neutron [21,22], as well as atoms [23], and even molecules [24].

Before the debate of wave-particle duality of light and matter was settled, Maxwell’s equations, in ad-

dition with Lorentz’s force law, had provided a mathematically rigorous description for the interactions of

electromagnetic waves and charged matter. Known as classical electrodynamics, these four partial differential

equations describe the dynamics of interacting electric charges and currents, and ultimately the electromag-

netic fields which they source [25]. In tandem with the quantum mechanics revolution of the 20th century,

the knowledge and application of these equations helped to lay the foundations of modern chemistry, physics,

as well as interdisciplinary subjects such as nanoscience and optics.

Prior to the development of quantum mechanics during the early 20th century, it had been known since

the late 1800s, that the resolution of light had a physical constraint. This was illuminated in late 1882, when

Ernst Abbe introduced the optical diffraction limit [27], showcasing that the smallest diameter d that light

may be focused to is given by

d =
λ

2n sin θ
, (1.1)

where n is the refractive index of the material, θ is the half-angle of the focused cone of light, and λ is the

wavelength of light. As a result, the spatial resolution of optical microscopes is fundamentally limited by the

corresponding wavelength of light. In stark contrast to the behavior of light waves, due to the revelation of

de Broglie, electron waves can reach a far greater spatial resolution depending upon the momentum of the

electron. When considering matter waves, the de Broglie wavelength is given by

λ =
h

p
, (1.2)

with h Planck’s constant and p the momentum of the particle. Hence, the wavelength of matter particles is

governed by their momentum, the product of their mass and velocity. This realization was in part, a driving
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force that helped launch the fields of electron optics and electron microscopy.

The transmission electron microscope, first developed by Max Knoll and Ernst Ruska in 1931, utilized

electromagnetic lenses, akin to how glass lenses can be used to focus or disperse light, to focus electrons

generated from an cathode ray tube [28, 29]. The first version of the transmission electron microscope

was limited in spatial resolution to ∼50 nm. However, subsequent variations and improvements to the

electromagnetic lenses improved the spatial resolution, and it was in 1933 [30] that the resolution reached

∼10 nm, surpassing the spatial resolution of ∼200 nm inherent to optical microscopes. This new found level

of spatial resolution permitted the visualization of the world at an unprecedented magnification. In addition

to viewing biological cells and their larger organelle counterparts, the electron microscope unearthed an entire

new world composed macromolecules [31], crystal structures [32], and eventually individual atoms [33].

In the beginning, transmission electron microscopes were primarily reliant on elastically scattered elec-

trons, i.e., electrons which may change trajectory as they interact with the target, though remain energetically

unchanged. However, following the advancements of the electron microscope in the 1930s and 1940s, it be-

came apparent that in addition to imaging at the nanoscale, the measurement of the energy distribution of

inelastic scattered electrons could also be of great scientific significance. Building upon the work of others,

Kai Siegbahn developed the first high resolution of, what is now known as X-ray photoelectron spectroscopy,

in the 1950s and 1960s to understand the binding energies of atomic electrons in various chemical samples [34].

This experimental technique relied upon the photoelectron effect, whereby X-rays would eject electrons from

a target sample, whose energy would then be recorded by an electron spectrometer. He was able to perform

high (energy) resolution measurements on target specimens, showcasing the powerful insight provided by

electron energy analyzers [35]. These developments of electron preparation and subsequent measurement,

including both spatial and energy resolutions, help build the foundations for electron energy loss spectroscopy.

The theoretical description of electron energy loss was first formulated by Hans Bethe in 1930, to describe

the energy loss suffered by charged particles as they traverse matter targets. Known as the stopping power of

a material, Bethe’s formula related the inelastic scattering cross section for electrons, to the optical properties

of the matter they were probing, specifically the inverse dielectric function [20,36]. This helped to set the stage

for work to come by David Bohm and his graduate student David Pines in the early 1950s on the collective

electromagnetic excitations in electron gases due to long range Coulomb interactions [37–39]. These so called

plasmons, could be observed in the low-loss part of the EELS spectrum. Furthermore, Bohm and Pines were

able to make distinctions between low-loss inelastic scattering events due to plasmons, and individual particle

(core-loss) excitations due to ionization events. The typical electron energy loss regimes for these inelastic

scattering events is < 50 eV and 50-100s of eV for low-loss and core-loss, respectively. Taken together,

low-loss and core-loss electron energy loss spectroscopies provide detailed insight into the various excitations,

be them vibrational (as in the case of phonons), or electromagnetic, as well as the chemical structure of

matter targets. In the many decades since, electron microscopies and spectroscopies have revolutionized our

understanding of the complex structure of the universe at the nanoscale. Though these were monumental
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achievements, iterations and improvements to the electron microscope and their corresponding technologies

would pave the way for not only for improved spatial and energy resolutions, but the transverse shaping of

the electron wavefunction as well.

It was experimentally proven by Richard Beth in 1936 that photons can posses spin angular momen-

tum [40]. This was done by measureing the torque exerted on quartz wave plates subject to circularly

polarized light, demonstrating that right and left circularly polarized light carry +ℏ and −ℏ units of spin

angular momentum, respectively. In addition to photon spin, optical beams can also be endowed with spatial

structuring, such as orbital angular momentum. In 1992 it was theoretically shown by Les Allen and col-

leagues that specific laser modes with a helical phase front, referred to as Laguerre-Gauss modes, possessed

such orbital angular momentum [41]. They showed that these states of light can carry ℓℏ units of orbital an-

gular momentum, with ℓ being the topological charge of the optical beam, i.e., the number of times the phase

of the wave rotates around the principle axis during a single period of propagation. This was experimentally

confirmed only a few years later in 1997, by Miles Padgett et al. whereby the authors were able to rotate

an optically trapped particle via the transfer of orbital angular momentum from a Laguerre-Gauss optical

mode [42]. In the three decades since, the ideas utilized to create, manipulate and measure these exotic

modes of light, so called vortex states or beams, have made their way to the field of electron microscopy.

Inspired by the concept of optical beams carrying orbital angular momentum, scientists at RIKEN (The

Institute of Physical and Chemical Research) developed a semiclassical description of electron vortices in

2007, starting from the Schrödinger equation for a matter-wave packet [43]. This groundbreaking work was

subsequently followed by direct experimental evidence of electron vortices in 2010, where researchers generated

electron beams with orbital angular momentum by passing plane wave electrons through a holographic

mask [44] and spiral phase plate [45]. In the following year, electron vortex beams with orbital angular

momentum of up to ±100ℏ were also created [46]. Nearly a decade later in 2021, electrostatic orbital angular

momentum sorters for the electron beam were developed. These sorters, specifically for transmission electron

microscope, allowed for the post-selection of the electron wave function carrying specific orbital angular

momentum content [47]. Taken together, the ability to pre- and post-select the electron wave function based

upon orbital angular momentum quantum number, has opened the door for the measurement of the angular

momentum content of target specimens using the transmission electron microscope [48, 49]. Combined with

the spatial and energy resolution, the additional capability to track this newfound degree of freedom has

begun to impart a lasting impact on the field of electron microscopy.
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Figure 1.2: Overview of light-matter interactions involving various light (cavity) and matter degrees of
freedom. These include atomic, molecular, plasmonic, and excitonic forms of matter, interacting with multiple
types of nanophotonic cavities that host optical excitations. Highlighted in green are the different coupling
strength regimes between light-matter degrees of freedom and the physical phenomena associated with weak,
strong, and ultrastrong coupling strengths. The bottom panel shows diagrammatic processes commonly
involved in light-matter interactions. Straight arrows represent initial (|i⟩) and final (|f⟩) material states,
whereas sinusoidal arrows represent initial (k) and final (k′) optical wave vectors. Figure taken from Ref. [2].
Copyright ©(2024) American Chemical Society. All rights reserved.

1.2 Outline of Dissertation

The contents of this dissertation are organized into parts, each part containing individual chapters. Part

I is devoted to the background knowledge and theoretical foundations relevant to the research projects I’ve

contributed to over the years, as well as the scientific papers found in part II. The material contained

in the latter half of Part I is (collectively) pulled from textbooks I’ve found useful over the years in my

graduate coursework and research endeavors [50–53]. Figure 1.2 provides a succinct overview of the types of

nanophotonic targets (coupled or uncoupled) that are frequently investigated with optical and electron beam

spectroscopies. Part II presents the scientific papers that constituted a significant portion of my PhD work,

with each chapter devoted to a single paper.

Overall, Ch. 2 contains a small collection of organized notes on the topic of modeling optical and electron

beam spectroscopies (specifically in the low-loss limit), as well as the dynamics of coupled nanophotonic
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systems. None of the material presented in this chapter is novel. Section 2.1 details the basics of Lagrangian

and Hamiltonian mechanics. It includes a brief introduction to isolated and coupled harmonic oscillators

in the classical limit. Maxwell’s Equations are introduced in Sec. 2.2, accompanied by an overview of

gauge invariance and short walk-through of the paraxial wave equation derived from the aforementioned

electrodynamic equations. Classical descriptions for the modeling of absorption, scattering, and extinction

are presented in Sec. 2.3 for the case of a dipole harmonic oscillator driven by an external electric field.

Lastly, Sec. 2.4 briefly touches upon the necessary quantum mechanical background, covering a revisitation

of the harmonic oscillator, unitary transformations, absorption of a charged particle in an external field, and,

finally, electron vortices.

Chapter 3 introduces transversely phase-shaped electron energy gain spectroscopy as a tool to probe the

spatial dependence of optically excited nanophotonic target specimens. In this work, the authors propose

to combine the energy resolution of optical probes in the continuous-wave limit, with the spatial resolution

inherent to electron beam spectroscopies. The electron wave function is treated quantum mechanically as

a scalar wave function, rather than as a point charge, as is more common in modeling low-loss electron

spectroscopy measurements. Furthermore, building upon recent advancements to pre- and post-select the

electron wave function in the orbital angular momentum basis, the authors demonstrate the additional

information that can be obtained about the material target when utilizing vortex electron states. Specifically,

the nanophotonic target is selectively pumped with an optical plane wave pulse to excite a chosen optically

bright mode, which is then spatially resolved with a vortex electron beam. This work highlights the benefits

of cross-polarized measurements using optical probes and transversely phase-structured electron beams.

Building upon the previous paper, Ch. 3 unearths a connection between a recent paper concerning

low-loss inelastic vortex-electron scattering [48] and the measurement of circular dichroism [54] in the core-

loss electron energy loss spectroscopy literature. Specifically, this work draws connections between what

is known as the transition current density for the electron beam and the polarization vector of free space

light as it appears in optical based scattering observables. Herein, the authors demonstrate that by using a

superposition of electron states, in either the focused beam or wide-field limit, the electron probe is capable

of retrieving chiral information about the target specimen if pre- and post-selection of the electron state is

possible. This is done without the aid of an optical pump as in the case of Ch. 3, as it specifically focuses

on electron energy loss, rather than electron energy gain spectroscopy. Overall, the authors establish that by

monitoring specific transitions between different electron superposition states — whether wide-field (plane

waves) or focused (Laguerre-Gauss or Hermite-Gauss transverse modes) — circular dichroism measurements

can be obtained using only the electron beam.

Finally, Ch. 5 extends the work found in the previous two papers and calculates the inelastic electron

scattering observables for transitions between a variety of defocused (plane wave) and focused beam (vortex)

electron states. These include measurements of electron energy gain and loss probabilities for focused electron

beams, as well as the double differential scattering cross section for cases involving plane wave electrons. In
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this work, the authors derive the transition current density, relevant to all inelastic scattering observables,

between arbitrary plane wave, Bessel, Laguerre-Gauss, and Hermite-Gauss electron states. Lastly, as a proof

of concept, select electronic transitions are implemented in the electron-driven discrete dipole approximation

code.
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Chapter 2

Theoretical Background and Review

2.1 Lagrangian and Hamiltonian Mechanics

In this section, we very briefly introduce the concept of Lagrangian and Hamiltonian formalisms as

outlined in [53]. For a more complete description, we refer the reader to Chapter II and Complement AII of

the aforementioned reference. When discussing a system made up of n degrees of freedom, one can describe

the dynamics of the system if the coordinates qi(t),..., qn(t) and velocities q̇i(t),..., q̇n(t) at a specific time t, are

known. These dynamical variables can be used to acquire the accelerations q̈i(t),..., q̈n(t) and subsequently

the equations of motion for a system. By integrating the equations of motion, one can obtain the position of

a system as a function of time.

Alternatively, the principle of least action can be employed to understand the dynamics of a system. This

variation principle states that the possible paths a system can take as it progresses from some initial point

A at time t1 to a final point B at time t2, will be the path qi(t) that minimizes the action S. The action is

commonly expressed in terms of the Lagrangian

S =

∫ t2

t1

dtL
(
qi(t), q̇i(t), t

)
, (2.1)

where L depends upon the dynamical coordinates qi(t) and velocities q̇i(t), and can furthermore be dependent

explicitly upon time (though not always). Depending upon the specifics of the system in question, the

coordinates and velocities may themselves be a function of time. In the case of a simple point particle, the

Lagrangian is the difference between the kinetic and potential energies of the system L = T − V , where T

and V are the kinetic and potential energies, respectively. Lagrange’s equations are given by

d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
= 0. (2.2)

Equation (2.2) can be employed to obtain the equations of motion for a particular system. Lagrange’s
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equation will be further explored in the context of coupled. and uncoupled harmonic oscillators in Sec. 2.1.1.

The momentum conjugate to qi, and it’s time derivative are obtained from the Lagrangian L

pi =
∂L

∂q̇i

ṗi = −
∂L

∂qi
.

(2.3)

The Hamiltonian associated with the Lagrangian L(qi, q̇i, t) is given by the sum of the kinetic and potential

energies H = T + V , which is obtained from the Lagrangian via

H(pi, qi) =
∑
i

q̇ipi − L(q̇i, qi). (2.4)

When considering Hamiltonian mechanics, the dynamical variables are instead the coordinates qi(t) and

momenta pi(t) rather than the coordinates and velocities. Hamilton’s equations are acquired by taking

partial derivatives of Eq. (2.4) with respective to the dynamical variables

q̇i =
∂H

∂pi

ṗi = −
∂H

∂qi
.

(2.5)

As will be seen in subsequent sections and chapters, the Hamiltonian of a system will be the starting point

for modeling the interaction of light and matter. Additionally, modeling the dynamics of interaction cavity

modes as seen in [1], begins with a Lagrangian formalism, before moving on to describe the system dynamics

in terms of a Hamiltonian. Finally, the interaction of charged particles with an electromagnetic field is

accurately described the the minimal coupling Lagrangian and Hamiltonians; a simple description of this is

discussed in Sec. 2.4.

2.1.1 Harmonic Oscillators in Brief

Harmonic oscillators are ubiquitous in nature. In this section, we briefly touch upon the concept of

the harmonic oscillator, and apply the Lagrangian and Hamiltonian mechanics formalisms presented in the

previous section to understand the dynamics of uncoupled and coupled harmonic oscillators.

For a system of i uncoupled oscillators, the Lagrangian is

L =
∑
i

1

2
miq̇

2
i −

1

2
miω

2
i q

2
i , (2.6)

and thereby the Hamiltonian is

H =
∑
i

1

2mi
q̇2i +

1

2
miω

2
i q

2
i . (2.7)

As evident by the previous two equations, the kinetic energy of a simple, single harmonic oscillator is propor-
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tional to the velocity of the displacement squared, whereas the potential energy term is proportional to the

displacement squared. For the case of a single harmonic oscillator i = 1 in Eqs. (2.6) and (2.7), producing

the following equation of motion (employing either Lagrange’s or Hamilton’s equations shown in Sec. 2.1)

q̈1 + ω2q1 = 0. (2.8)

The frequency ω is related to the spring constant k from Hooke’s law via the relationship ω =
√
k/m. Upon

defining the initial conditions q(0) = q0 and q̇(0) = q̇0, whereby q0 and q̇0 are the coordinate and velocity at

time t = 0, the solution to this differential equation is given by

q(t) = q0 cos (ωt) +
q̇0
ω

sin (ωt). (2.9)

Therefore, if one knows the Hamiltonian or Lagrangian of a system, its subsequent motion and dynamics can

be understood. It goes without saying that in the case mentioned, the energy of the system is conserved.

This will not always be physical however, and one may need to account for dissipation. To include the effects

of dissipation, we can postulate the following Lagrangian

L =
1

2
mq̇21e

γt − 1

2
mω2q21e

γt, (2.10)

which produces the equation of motion for a damped harmonic oscillator

q̈1 + γq̇1 + ω2q1 = 0. (2.11)

As will be shown in subsequent sections, much of physics and chemistry makes use of harmonic oscillators.

For the purposes of this dissertation, we will primarily deal with either a single driven harmonic oscillator

representing the collective motion of bound electrons in an atom or charge in a dielectric material, or alterna-

tively, the collective dynamics of coupled harmonic oscillators. This will not be a tutorial in solving various

differential equations, however we will walk through select cases as they ultimately relate to work in [1].

Additionally, a brief and illustrative example of harmonic oscillators is detailed in Sec. 2.3 for the case of

localized surface plasmons driven by an external electromagnetic field. This is important for the calculation

of the absorption, scattering, and extinction observables produced by oscillating charges, and is related to

material explored in [6], which concerns the investigation of cavity fields coupled to matter when employing

a microbubble cavity.

2.1.2 Coordinate Coupled Oscillators: Equations of Motion

For starters, as a proof of concept, we can write down a generic Lagrangian describing two coupled

harmonic oscillators, which are coupled through their coordinates (as opposed to say their velocities as would
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be the case of a double pendulum), and subsequently find the supermode eigenfrequencies ω± of the system.

We will refer back to this section when discussing harmonic oscillators in the context of quantum mechanics

(and unitary transformations). For such a system, the Lagrangian is

L =
1

2
m1q̇

2
1 +

1

2
m2q̇

2
2 −

1

2
m1ω

2
1q

2
1 −

1

2
m2ω

2
2q

2
2 + gq1q2. (2.12)

where g is taken to be a constant (and not a function of the frequencies themselves). The corresponding

Hamiltonian is

H =
1

2m1
p21 +

1

2m2
p22 +

1

2
m1ω

2
1q

2
1 +

1

2
m2ω

2
2q

2
2 − gq1q2. (2.13)

With this in hand, employing Lagrange’s equations, Eq. (2.2), we arrive at equations of motion for q1 and

q2, respectively

q̈1 + ω2
1q1 −

g

m1
q2 = 0

q̈2 + ω2
2q2 −

g

m2
q1 = 0.

(2.14)

When written in matrix form, the above becomes

d2

dt2

q1
q2

 =

−ω2
1

g
m1

g
m2

−ω2
2

q1
q2

 . (2.15)

It is convenient to recast the above as

q̈ = Mq, (2.16)

where M is the matrix appearing on the right hand side of Eq. (2.15) and q = [q1 q2]
T . The goal is now to

diagonalize the matrix appearing on the right hand side of Eq. (2.15). In the unique case where the masses

are equal m1 = m2 = m, no scaling is needed, and only the rotation matrix R is required for this procedure.

However, in the scenario where m1 ̸= m2, an additional scaling matrix S is needed to complete the procedure.

The rotation and scaling matrices are

R =

cos θ − sin θ

sin θ cos θ

 , (2.17)

and

S =


(

m2

m1

) 1
4

0

0
(

m1

m2

) 1
4

 . (2.18)

It is important to note that the matrix R obeys RR−1 = 1, where R−1 refers to the inverse of the matrix

R. The same can be said of the scaling matrix S. Inserting resolutions of the identity in the form of SS−1,
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and performing some algebraic manipulation, Eq. (2.16) becomes

q̈s = Ms qs. (2.19)

Here, qs = S−1q and the previously asymmetric matrix M is now symmetric and of the form

Ms =

 −ω2
1

g√
m1m2

g√
m1m2

−ω2
2

 . (2.20)

Since the matrix is now symmetric, we are in a place to perform a rotation and subsequently diagonalize.

Now we can insert resolutions of the identity in the form of the rotation matrix to arrive at

q̈± = M± q±, (2.21)

with

M± = −

ω2
1 cos

2 θ + ω2
2 sin

2 θ − g√
m1m2

sin 2θ 1
2 (ω

2
2 − ω2

1) sin 2θ −
g√

m1m2
cos 2θ

1
2 (ω

2
2 − ω2

1) sin 2θ −
g√

m1m2
cos 2θ ω2

2 cos
2 θ + ω2

1 sin
2 θ + g√

m1m2
sin 2θ

 . (2.22)

It is evident from the above, that upon the condition where

θ =
1

2
tan−1

(
2g

√
m1m2(ω2

2 − ω2
1)

)
, (2.23)

the off-diagonal terms appearing in Eq. (2.22) are zero. In such cases, the equations of motion defined by

Eq. (2.15) are said to be diagonalized, and the supermode frequencies of the coupled system ω± are readily

given as

M± = −

ω2
1 cos

2 θ + ω2
2 sin

2 θ − g√
m1m2

sin 2θ 0

0 ω2
2 cos

2 θ + ω2
1 sin

2 θ + g√
m1m2

sin 2θ


= −

ω2
+ 0

0 ω2
−

 ,

(2.24)

with

ω2
+ = ω2

1 cos
2 θ + ω2

2 sin
2 θ − g

√
m1m2

sin 2θ (2.25a)

ω2
− = ω2

2 cos
2 θ + ω2

1 sin
2 θ +

g
√
m1m2

sin 2θ. (2.25b)

Thus, the supermode frequencies of the composite system have been obtained via a simple diagonalization

procedure. Section 2.4 will walk through a similar procedure when dealing with two coupled quantum
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harmonic oscillators. Therein, the same result for the supermode eigenfrequencies will be obtained.

2.2 Electrodynamics

2.2.1 Maxwell’s Equations and Gauge Invariance

This section introduces and reviews the basis of electromagnetic theory, and has collectively been sourced

from [52, 53]. For a more complete understanding, the interested reader is encouraged to search out the

previously mentioned books. To begin, Maxwell’s equations in Gaussian units, for sources in vacuum are

given by

∇ ·E = 4πρ (2.26a)

∇ ·B = 0 (2.26b)

∇×E = −1

c

∂B

∂t
(2.26c)

∇×B =
1

c

∂E

∂t
+

4π

c
j, (2.26d)

where E and B are the respective electric and magnetic fields, which are sourced by the charge ρ and current

j densities [52,53]. These quantities are related via the continuity equation for electric charge

∂ρ

∂t
+∇ · j = 0. (2.27)

We can imagine further, that the electromagnetic fields are sourced by two different forms of material, (i)

free charge, i.e., ions and charged particles, and (ii) bound charges in the form of a polarizable medium. In

this case, the source terms appearing in Eqs. (2.26) can be further decomposed into free (denoted f ) and

bound (denoted b) charges that are due to presence of free and bound charges such as

ρ = ρf + ρb (2.28a)

j = jf + jb. (2.28b)

Furthermore, in the microscopic case, we can assume that ρf can be written as a sum over individual charge

carries, such that

ρf =
∑
i

qiδ(x− xi) (2.29a)

jf =
∑
i

qiviδ(x− xi), (2.29b)
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where vi = ẋi is the velocity of the ith charge. When considering the bound charge, per usual [cite], we

assume that the bound charge is related to the polarization of a material via

ρb = −∇ ·P, (2.30)

realizing the relationship jb = Ṗ. Making use of Eqs. (2.26a), and Eq. (2.28) we arrive at ∇ ·D = 4πρf ,

where we have introduced the displacement field D = E+ 4πP. Thus, Maxwell’s equations for macroscopic

medium are

∇ ·D = 4πρf (2.31a)

∇ ·B = 0 (2.31b)

∇×E = −1

c

∂B

∂t
(2.31c)

∇×H =
1

c

∂D

∂t
+

4π

c
jf (2.31d)

where we have chosen to set the magnetic permeability µ equal to 1, such that B = µH = H. In the case of

a linear and isotropic material, P = χ(x)E, where χ(x) is the linear susceptibility. Here, D = ϵ(x)E, with

ϵ(x) = 1 + 4πχ(x). Equations (2.26b) and (2.26c) hint that electric and magnetic fields may be decomposed

into

E = −∇ϕ− 1

c

∂A

∂t
(2.32a)

B = ∇×A, (2.32b)

where A and ϕ are the vector and scalar potentials, respectively. Insertion of these forms for the electric and

magnetic fields into Eqs. (2.32), produce equations of motion for the potentials

∇2ϕ+
1

c

∂

∂t

(
∇ ·A

)
= −4πρ (2.33a)

∇2A− 1

c2
∂2A

∂t2
−∇

(
∇ ·A+

1

c

∂ϕ

∂t

)
= −4π

c
j. (2.33b)

It can be shown that Eqs. (2.33) are unaltered upon the transformation of the vector and scalar potentials

as

A→ A+∇Λ (2.34a)

ϕ→ ϕ− 1

c

∂Λ

∂t
, (2.34b)

with Λ(x, t) an arbitrary function of space and time. The invariance of the fields under these transformations

is known as gauge invariance [52, 53]. A common Gauge used when investigating the interactions of light-
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Figure 2.1: Optical vortex beams. Panel (a) displays a schematic of structured beams, such as the Laguerre-
and Hermite-Gauss optical modes. Here, R(z) is the radius of curvature at the axial position z, w(z) is the
beam waist, and w0 is the beam waist at z = 0. The optical states propagate along the ẑ direction, with
transverse components in the {x̂, ŷ} plane.

matter is the Coulomb (alternatively known as the transverse gauge) gauge is given by

∇ ·A(x) = 0. (2.35)

In this scenario, Eq. (2.33a) becomes the well-known Poisson’s equation in electrostatics ∇2ϕ = −4πρ, which,

in the absence of free charge, reduces to Laplace’s equation ∇2ϕ = 0. When polarizable material is present,

see Eqs. (2.31d), it can instead be helpful to work in what is known as the generalized Coulomb gauge

whereby

∇ · ϵ(x)A(x) = 0, (2.36)

with ϵ(x) representing the dielectric material of the target.

2.2.2 Paraxial Wave Equation

When considering electromagnetic waves propagating in a uniform isotropic linear media, Maxwell’s

equations are reduced to the form

∇ ·E = 0 (2.37a)

∇ ·B = 0 (2.37b)

∇×E = −1

c

∂B

∂t
(2.37c)

∇×B =
ϵµ

c

∂E

∂t
, (2.37d)

where ϵ and µ are the electric permittivity and magnetic permeability of the material, respectively. Taking

the cross product of Eqs. (2.37c) and (2.37d), and then making use of the following identity ∇ ×∇ × v =

∇(∇ · v) − ∇2v, where v is a generic 3-dimensional vector, we arrive at the well known Helmholtz wave

24



equation {
∇2 − ϵµ

c2
∂2

∂t2

}E
B

 = 0. (2.38)

The most general form for a circularly polarized plane wave (linear combination of two plane waves) propa-

gating in the k = kn̂ direction is

E(x, t) =
(
ε̂1E1 + ε̂2E2

)
ei(k·x−ωt). (2.39)

Here E1 and E2 are complex amplitudes containing the phase information of the propagating linear waves,

and ε̂ the corresponding polarizations. When E1 = E2, Eq. (2.39) represents the electric field with linear

polarization. However, when the amplitudes differ in their phases, Eq. (2.39) represented elliptically polar-

ization. If E1 and E2 have the same magnitude but differ in a phase by π/2, the electric field is said to be

circularly polarized, such that E(x, t) = E0(ε̂1 ± iε̂2)ei(k·x−ωt). If a solution is proposed to Eq. (2.38) of the

form E(x, t) = E0u(x)ε̂e
i(kzz−ωt), we arrive at

(
∇2 + 2ikz

∂

∂z

)
u(x) = 0. (2.40)

In cases such that |∂2u(x)/∂z2| << |∇2
⊥u(x)| and 2kz|∂u(x)/∂z| << |∇2

⊥u(x)|, Eq. (2.40) reduces to the

well known paraxial wave equation (
∇2

⊥ + 2ikz
∂

∂z

)
u(x) = 0. (2.41)

In the cylindrical coordinate system, vortex solutions are given by

ul,p(x, t) =

√
2|ℓ|+1p!

π(|ℓ|+ p)!

zR√
z2R + z2

(√
2ρ

w(z)

)|ℓ|

L(|ℓ|)
p

[
2ρ2

w(z)2

]
ekzzei(kzz−ωt)eiℓϕe−ρ2/w(z)2

× eikzρ
2z/2(z2

R+z2)−i(2p+|ℓ|+1)tan−1(z/zR),

(2.42)

which are known as the Laguerre-Gaussian modes [41]. Here, the waist of the beam is w(z) = w0

√
1 + (2z/kzw2

0)
2,

and Rayleigh range zR = kzw
2
0/2 are written in terms of the beam radius at the focus w0 = w(z = 0). Dis-

played in Fig. 2.1 is a schematic of a paraxial optical beam. When working in the weak-focusing limit whereby

the beam waist is independent of the z-coordinate, the Laguerre-Gauss and Hermite-Gauss transverse states

take a more simplified form [48]

ΨHG
n,m(x, y) =

1

w0

√
2

πn!m!
2−

n+m
2 Hn

[
x
√
2

w0

]
Hm

[
y
√
2

w0

]
e
− x2+y2

w2
0

ΨLG
l,p (R,ϕ) =

1

w0

√
2p!

π(|ℓ|+ p)!

(√
2R

w0

)|ℓ|

L(|ℓ|)
p

[
2R2

w2
0

]
eiℓϕe

− x2+y2

w2
0 .

(2.43)
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Figure 2.2: Absorption, scattering, and extinction cross sections for a single dipole. Panel (a) depicts a
schematic of a point dipole driven by an optical plane wave represented Eext. Shown in panel (b) are the
absorption, scattering, and extinction cross sections for a single driven dipole. For the present example,
ℏω0 = 2.5 eV, ℏγnr = 0.05 eV, ℏγnr = 0.005 eV, and m = 8.31× 10−7me where me is the electron mass. The
trace colors for σabs and σscat correspond to the non-radiative and radiative dissipation processes depicted
in panel (a), respectively.

When considering a charged particle in a magnetic field, these are known as Landau states or levels. Therefore,

in the context of electron spectroscopies, Eq. (2.43) are mathematically convenient, being highly idealized

cases.

2.3 Cross sections for an externally driven dipole.

In this section, we build upon the previous sections involving Harmonic oscillators and Maxwell’s equa-

tions. This is specifically relevant to some of the work done in [6] and the works that preceded it. The

collective electromagnetic response of bound atomic electrons in a polarizable material, subject to external

driving electric field, can be modeled as a driven harmonic oscillator via the equation of motion

mẍ(t) +mγtotẋ(t) +mω2
0x(t) = F(t), (2.44)

where F(t) is a yet to be defined electromagnetic driving force. The driving force can be due to an optical

plane wave, or alternatively the electric field of a passing free electron. The damping terms can be composed

of both radiative γrad and non-radiative γnr terms, such that the γtot = γrad + γnr. For the example case
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presented here, the forcing terms are: (i) the restoring force of the oscillator Frestore = mω2
0x, (ii) the radiative

force Frad = −2e2/3c3 ...x = mγradẋ, (iii) the non-radiative force Fnr = mγnrẋ, and (iv) an external driving

force due to the applied electromagnetic field F(t) = eEext(t). When the fields vary harmonically in time

with ω, such that x(t) = x(ω)e−iωt and Eext(t) = ε̂E0e
−iωt, the steady-state solution to Eq. (2.44) is

x(ω) =
e

m

ε̂E0

ω2
0 − iωγtot − ω2

. (2.45)

The induced dipole moment (of a single bound electron) is thus p = ex. We can relate this to the atomic

polarizability of a metal under the influence of an applied electromagnetic field via p(ω) = α(ω)Eext,

α(ω) =
e2

m

1

ω2
0 − iωγtot − ω2

. (2.46)

The power radiated by a dipole harmonic oscillator can be obtained by integrating the force Fi projected

onto the velocity ẋ

⟨Pi⟩ =
1

T

∫ T/2

−T/2

Fi · ẋ dt. (2.47)

With this in mind, we can find the absorption, scattering, and extinction cross section by normalizing the

powers acquired from Eq. (2.47) by the incoming energy flux

σi =
⟨Pi⟩
S

, (2.48)

where S = cE2
0/8π is also known as the time averaged Poynting vector. Due to the complex time-dependence

of the variables, the real-part of the variables must be taken in the integrand of Eq. (2.47). If we return to

the single driven oscillator, Eq. (2.44), and assuming that the dissipation is a combination of radiative and

non-radiative, we can calculate absorption and scattering cross sections. Furthermore, we assume that the

dipole is oriented in the x̂ direction, and the force is applied along the same axis such that F(t) = ex̂E0e
−iωt.

Therefore, the equation of motion reduces to

mẍ+ (γrad + γabs)ẋ+ ω2
0x =

e

m
E0. (2.49)

Using the relations between the induced dipole excitation and the electromagnetic field (i) p(ω) = ex(ω) and

(ii) p(ω) = α(ω)Eext, we find for the absorbed power

⟨Pabs⟩ =
1

T

∫ T/2

−T/2

Re
{
Fabs

}
· Re

{
ẋ
}
dt

=
1

T
(mγnr)

∫ T/2

−T/2

Re
{
− iωx(ω)e−iωt

}2
dt

=
mγnr
2

(
ωE0

e

)2∣∣α(ω)∣∣2
(2.50)
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where we have used the polarizability defined by Eq. (2.46). Likewise, the scattered power is given by

⟨Pscat⟩ =
1

T

∫ T/2

−T/2

Re
{
Frad

}
· Re

{
ẋ
}
dt

=
mγrad

2

(
ωE0

e

)2∣∣α(ω)∣∣2 (2.51)

All together, the absorption and scattering cross section are

σabs(ω) =
4πω2

c

(
m

e2

)
γnr
∣∣α(ω)∣∣2

σscat(ω) =
4πω2

c

(
m

e2

)
γrad

∣∣α(ω)∣∣2. (2.52)

The total extinction cross section is obtained by the sum of the absorption and scattering cross sections

σext(ω) = σabs(ω) + σscat(ω). (2.53)

The absorption, scattering, and extinction cross sections for a single dipole harmonic oscillator are displayed

in Fig. (2.2) as a proof on concept. We can work through a similar procedure when dealing with two coupled

harmonic oscillators. Here we will lay out the procedure and show that the frequency and damping of the

first oscillator are influenced by the presence of the second dipole harmonic oscillator. In this scenario, we

will find that the atomic polarizability for one oscillator dresses the other. The equations of motion for the

coupled system are described by

m1ẍ1(t) +m1γ1,totẋ1(t) +m1ω
2
1x1(t)− gx2(t) = F(t)

m2ẍ2(t) +m2γ2,totẋ2(t) +m2ω
2
2x2(t)− gx1(t) = 0

(2.54)

where we have implicitly assumed that there is only coordinate-coordinate coupling in the Lagrangian. For

simplicity, we have chosen to drive only the first dipole. Again, it is assumed that the dipole harmonic

oscillators are oriented along the x̂ direction, as well as the driving force F. Working in the steady state limit

xi(t) = xi(ω)e
iωt, and projecting onto the dipole axis x̂ we arrive at

(
− ω2 − iωγ1,tot + ω2

1

)
x1 −

g

m1
x2 =

e

m1
E0(

− ω2 − iωγ2,tot + ω2
2

)
x2 −

g

m2
x1 = 0.

(2.55)
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Solving for x1 and x2

x1(ω) =
eE0/m1

ω2
1 − iωγ1,tot − ω2 − g2/m1m2

ω2
2−iωγ2,tot−ω2

x2(ω) =
g(eE0)/m1m2

(ω2
1 − iωγ1,tot − ω2)(ω2

2 − iωγ2,tot − ω2)− g2

m1m2

.

(2.56)

Inserting x2 into the equation for x1 and repackaging the frequencies and damping into the dressed parameters

for the first oscillator, we arrive at

x1(ω) =
eE0

m1D̃1

{(
ω̃2
1 − ω2

)
+ i
(
ωγ̃1,tot

)}
(2.57)

where we have introduced

ω̃2
1 = ω2

1 −
g2

m1m2D2

(
ω2
2 − ω2

)
γ̃1,tot = γ1,tot +

g2

m1m2D2
γ2,tot

(2.58)

with a denominator functions defined as Di = (ω2
i − ω2)2 + ω2γ2i,tot and D̃i = (ω̃2

i − ω2)2 + ω2γ̃2i,tot. As a

result, it is apparent that calculated absorption, scattering, and extinction cross sections for the first dipole

would inherit features from the second dipole. In such cases, as seen in the dressed parameters, the cross

section peaks would be shifted due to the presence of a second oscillator. For a detailed investigation on the

observables when a second oscillator is included, see Ref. [2].

2.4 Quantum Mechanics Background

2.4.1 Unitary Transformations

When dealing with coupled quantum systems, it can be useful to employ the method of unitary transfor-

mations [55] to obtain the eigenvalues of the coupled system. In such cases, the goal is to acquire a closed

and analytic relationship between a canonical operator O, and it’s transformed counterpart Õ. This can be

accomplished via the Baker-Campbell-Hausdorff formula and a unitary transformation operator U = eS ,

Õ = U†OU

= O + [O, S] + 1

2!
[[O, S], S] + 1

3!
[[[O, S], S], S] + ...,

(2.59)

where the unitarity of U , UU† = U†U = 1, preserves all commutation relations. For unitarity to be satisfied,

the generating function S must be anti-Hermitian, S† = −S. Following from the transformation of an
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operator Õ given by Eq. (2.59), the state |Ψ⟩ transforms as

|Ψ̃⟩ = U†|Ψ⟩

= e−S |Ψ⟩.
(2.60)

Due to the unitarity of U , it is evident that the matrix elements are unchanged under unitary transformations,

⟨Ψ|O|Ψ⟩ = ⟨Ψ|U†OUU†|Ψ⟩ = ⟨Ψ̃|Õ|Ψ̃⟩. This strategy has recently been employed in the investigation of

coupled photonic molecules [1].

2.4.2 Coordinate Coupled Oscillators Revisited

Here we detail the the case of coordinate coupled oscillators, similar to Sec. 2.1.1, though for the case of

quantum harmonic oscillators. We will show how to obtain the supermode eigenfrequencies for two coupled,

quantum harmonic oscillators by means of unitary transformations as presented in the previous section. With

begin with the Hamiltonian for two arbitrary bosonic modes (in x and p), analogous to Eq. (2.13),

H =
1

2m1
p21 +

1

2m2
p22 +

1

2
m1ω

2
1x

2
1 +

1

2
m2ω

2
2x

2
2 − gx1x2. (2.61)

Returning to the unitary transformations, when the system Hamiltonian is of the form Eq. (2.13), with

either coordinate-coordinate or momentum-momentum, the following generating function can be used to

diagonalize the system and obtain the supermode frequencies ω±

S1 =
iθ

ℏ
(α1x1p2 − α2x2p1) , (2.62)

where α1 and α2 are considered the squeezing parameters. The commutation relationships between the

momenta p1, p2, coordinates x1, x2 and the generating function S1 are

[p1, S1] = θα1p2, [p2, S1] = −θα2p1,

[x1, S1] = θα2x2, [x2, S1] = −θα1x1,
(2.63)

where [xi, pj ] = iℏδij . We are now in a position to work out the higher order commutation relations needed

by Eq. (2.59). The following series identities for cosϕ and sinϕ will prove useful:

cosϕ = 1− ϕ2

2!
+
ϕ4

4!
− ϕ6

6!
+ ...

=

∞∑
n=0

(−1)n

(2n)!
ϕ2n

sinϕ = ϕ− ϕ3

3!
+
ϕ5

5!
− ϕ7

7!
+ ...

=

∞∑
n=0

(−1)n

(2n+ 1)!
ϕ2n+1.

(2.64)
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Working out the algebra, we arrive at the transformed operators x̃i, p̃i in terms of the old operators

x̃1
x̃2

 =

 cos θ
√

α2

α1
sin θ

−
√

α1

α2
sin θ cos θ

x1
x2


p̃1
p̃2

 =

 cos θ
√

α1

α2
sin θ

−
√

α2

α1
sin θ cos θ

p1
p2

 ,

(2.65)

where we have imposed the product of the squeezings to be unity α1α2 = 1. We can preform an inverse

matrix operation to obtain the old coordinates and momenta xi, pi in terms of the new transformed operators

x1
x2

 =

 cos θ −
√

α2

α1
sin θ√

α1

α2
sin θ cos θ

x̃1
x̃2


p1
p2

 =

 cos θ −
√

α1

α2
sin θ√

α2

α1
sin θ cos θ

p̃1
p̃2

 .

(2.66)

Using the relationships above, the Hamiltonian given by Eq. (2.61) can be expressed in terms of the new

transformed variables. The old Hamiltonian expressed in terms of these new variables is

H =
1

2

( 1

m1
cos2 θ +

1

m2

α2

α1
sin2 θ

)
p̃21 +

1

2

( 1

m2
cos2 θ +

1

m1

α1

α2
sin2 θ

)
p̃22

+
1

2

(
m1ω

2
1 cos

2 θ +m2ω
2
2

α1

α2
sin2 θ − 2g

√
α1

α2
cos θ sin θ

)
x̃21

+
1

2

(
m2ω

2
2 cos

2 θ +m1ω
2
1

α2

α1
sin2 θ + 2g

√
α2

α1
cos θ sin θ

)
x̃22

+
( 1

m2

√
α2

α1
− 1

m1

√
α1

α2

)
cos θ sin θ p̃1p̃

+ g
(
(m2

√
α1

α2
ω2
2 −m1

√
α2

α1
ω2
1) cos θ sin θ − g(cos2 θ − sin2 θ)

)
x̃1x̃2.

(2.67)

From Eq. (2.67) we see that the Hamiltonian is decoupled when the following conditions are satisfied:

1

m2

√
α2

α1
− 1

m1

√
α1

α2
= 0

(m2

√
α1

α2
ω2
2 −m1

√
α2

α1
ω2
1) cos θ sin θ − g(cos2 θ − sin2 θ) = 0.

(2.68)

Invoking the unity condition α1α2 = 1, in combination with the first equation above, yields the results for

squeezing parameters: α1 =
√
m1/m2 and α2 =

√
m2/m1. Inserting these findings into the second equation

produces the result for the mixing angle

θ =
1

2
tan−1

(
2g

√
m1m2(ω2

2 − ω2
1)

)
. (2.69)
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This result for θ needed to decoupled and diagonalize two quantum harmonic oscillators is the same as that

which was previously found in the classical case when using and equation of motion approach, see Eq. (2.23).

When Eqs. (2.68) are satisfied, Eq. (2.67) reduces to a more simplified form

H =
1

2m1
p̃21 +

1

2m2
p̃22

+
1

2
m1

(
ω2
1 cos

2 θ + ω2
2 sin

2 θ − g
√
m1m2

sin 2θ
)
x̃21

+
1

2
m2

(
ω2
2 cos

2 θ + ω2
1 sin

2 θ +
g

√
m1m2

sin 2θ
)
x̃22

=
1

2m1
p̃21 +

1

2m2
p̃22 +

1

2
m1ω

2
+x̃

2
1 +

1

2
m2ω

2
−x̃

2
2,

(2.70)

with ω± defined by Eq. (2.25). To better understand the physics at play, we can explicitly express the

eigenfrequencies appearing in Eq. (2.70) in terms of the bare system parameters, as opposed to trigonometric

functions with the mixing angle θ as the argument. The trigonometric functions can be rewritten as

cos2 θ =
1

2

(
cos 2θ + 1

)
=

1

2

( 1√
1 + x2

+ 1
)
=

1

2
√
δ2ω + 4g2

m1m2

(
ω2
2 − ω2

1 +

√
δ2ω +

4g2

m1m2

)

sin2 θ = −1

2

(
cos 2θ − 1

)
= −1

2

( 1√
1 + x2

− 1
)
=

1

2
√
δ2ω + 4g2

m1m2

(
ω2
1 − ω2

2 +

√
δ2ω +

4g2

m1m2

)

sin 2θ =
x√

1 + x2
=

1

2
√
δ2ω + 4g2

m1m2

(
4g

√
m1m2

)
(2.71)

with x defined as x = 2g/
√
m1m2(ω

2
2 − ω2

1), and where we introduced δω = ω2
2 − ω2

1 inside the square roots.

We find for ω±:

ω2
+ =

1

2

(
ω2
1 + ω2

2 −

√(
ω2
2 − ω2

1

)2
+

4g2

m1m2

)

ω2
− =

1

2

(
ω2
1 + ω2

2 +

√(
ω2
2 − ω2

1

)2
+

4g2

m1m2

)
.

(2.72)

These forms for the supermode eigenfrequencies, along with those present in Eq. (2.70), are identical to

ω± as discovered in the classical case in Sec. 2.1.1, see Eqs. (2.25). There may be physical systems which

exhibit both momentum (or said differently velocity coupling) coupling in addition to coordinate coupling. A

coupled pendulum system is one such system, as well as coupled photonic cavities as demonstrated recently

in [1]. For a complete procedure on the decoupling and diagonalization of a system with momentum and

coordinate coupling, the interested reader is encouraged to seek out the aforementioned paper.
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Figure 2.3: Schematic depiction of optical absorption by a matter target. In this case, the matter target is
treated quantum mechanically, while the electromagnetic field is classical. The energy associated with the
transition dipole is represented by ℏωfi and the electromagnetic vector potential is labeled by A.

2.4.3 Charged Particle in an External Field

The Hamiltonian for a free nonrelativistic particle in an external electromagnetic field is given by

H =
1

2m

(
p− qe

c
A
)2

+ qeϕ, (2.73)

where c is the speed of light, m the mass of the particle, and qe = −e with e the elementary charge. An

illustrative example of light-matter interactions at first order, and relevant to Chapter 4, can be found in

section 5.8 of [50]. In this scenario, we are dealing with the absorption and emission of classical radiation by

atomic electrons. For a single bound electron, we begin with the Hamiltonian described by Eq. (2.73), and

choose to work in the Coulomb gauge as previously defined by Eq. (2.35), where A is a classical field, and

p the linear momentum if a single atomic (bound) electron. Under these circumstances, and neglecting the

A2, we have

H =
p2

2m
+

qe
mc

A · p, (2.74)

where ϕ has no contribution in the absence of free charge describing the matter. For a monochromatic plane

wave, the vector potential is

A = A0ε̂
[
ei

ω
c n̂·x−iωt + e−iω

c n̂·x+iωt
]
, (2.75)

with ε̂ the linear polarization of light and n̂ the direction of propagation. The two terms appearing in

Eq. (2.75) have a different physical meaning: the first term containing e+iωt is responsible for stimulated

emission, whereas the second term with e−iωt is responsible for absorption. We first focus on the case of

absorption. Here, the transition rate from an initial target state |i⟩ to a final state |f⟩ is proportional (see

previous section) to the matrix elements given by

Vfi = ⟨f
∣∣qeA0

mc

(
ε̂ · p

)
ei

ω
c n̂·x∣∣i⟩ (2.76)
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The transition rate thus takes the form

wabs
fi =

2π

ℏ

(
qeA0

mc

)2∣∣⟨f |(ε̂ · p)eiω
c n̂·x|i⟩

∣∣2δ(Ef − Ei − ℏω). (2.77)

We can acquire an absorption cross section by dividing the total energy per unit time absorbed by the

target matter as it transition from |i⟩ → |f⟩ by the energy flux of the electromagnetic field. Recalling the

relationship between the electric and magnetic fields and the vector potential in the Coulomb gauge (see Eqs.

(2.32) and (2.35) ), the energy flux is

U =
1

16π

(
E2 +B2

)
=

1

2π

ω2

c2
∣∣A0

∣∣2. (2.78)

The absorption cross section is thus given by

σabs(ω) =
4π2

ω

q2e
m2c

∣∣⟨f |(ε̂ · p)eiω
c n̂·x|i⟩

∣∣2δ(Ef − Ei − ℏω). (2.79)

When the wavelength of the electromagnetic radiation λ is much greater than the physical dimensions of the

atomic target we cam we can make the electric dipole approximation. This amounts to Taylor expanding the

exponential ei
ω
c n̂·x and retaining the zeroth order term. In this scenario, Eq. (2.79) can be expressed as

σabs(ω) =
4π2

ω

q2e
m2c

∣∣ε̂ · ⟨f |p|i⟩∣∣2δ(Ef − Ei − ℏω). (2.80)

As evident in Eq. (2.80), located inside the matrix elements is the transition dipole moment of the matter

pfi = ⟨f |p|i⟩, dotted into the polarization unit vector ε̂ of the applied driving electric field. One can imagine

reversing the roles of the probing optical field and matter target: using an electron (matter) probe to gain

insight into the polarization content of the electromagnetic fields produced by a target structure. This is the

basis of optical polarization analogs as introduced in [48] and further elaborated on in [3, 4].

2.4.4 Electron Vortices

When considering non-relativistic scalar wave-functions descriptions of the free electron (i.e., neglecting

the electron spin such that we are not dealing with spinors), the Schrödinger equation can be used to describe

the dynamics of the free electron. For example, as shown in [26, 56], vortex electron beams are solutions to

the Schrödinger equation.

Hψk(x, t) = Ekψk(x, t), (2.81)
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where ψk(x, t) is the electron state, and Ek is the associated kinetic energy, given by Ek = p2
k/2m, with p

the linear momentum. Rearranging Eq. (2.81),

(
∇2 + k2

)
ψk(x, t) = 0, (2.82)

where k2 = 2mEk/ℏ2. It is apparent that Eq. (2.82) bears a striking resemblance to Helmholtz wave equation

presented as Eq. (2.38). In cylindrical coordinates, the solutions to the Schrödinger equation take the form

of axially symmetric states

ψℓ,k(x) ∝ J|ℓ|(κr)eiℓϕeikzx∥ , (2.83)

where the time dependence has been dropped, i.e., ψk(x, t) = ψk(x)e
−i(Ek/ℏ)t and J|ℓ|(κr) are Bessel func-

tions of the first kind. Here, κ is the transverse wave number and r the radial coordinate. Due to the

azimuthal phase factor, these states are eigenfunctions of the z-component orbital angular momentum oper-

ator: L̂zψℓ,k(x) = ℓψℓ,k(x). Therefore, vortex electron states carry well-defined longitudinal orbital angular

momentum [26]. In order to arrive at Laguerre- and Hermite-Gauss states, the paraxial approximation for

the electron wave function must be applied to Eq. (2.82), similar to that done in Sec. 2.2.2. For a more

detailed discussion, see Refs. [26, 56].
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Part II

Inelastic Scattering of Transversely

Structured Free Electrons
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Chapter 3

Polarization-Resolved Electron

Energy Gain Nanospectroscopy With

Phase-Structured Electron Beams

• Marc R. Bourgeois, Austin G. Nixon, Matthieu Chalifour, Elliot K. Beutler, and David J. Masiello.

Polarization-resolved electron energy gain nanospectroscopy with phase-structured electron beams.

Nano Lett., 22(17):7158–7165, 2022. [5]

Copyright ©(2022) American Chemical Society. All rights reserved.

3.1 Abstract

Free-electron-based measurements in scanning transmission electron microscopes (STEMs) reveal valuable

information on the broadband spectral responses of nanoscale systems with deeply sub-diffraction limited

spatial resolution. Leveraging recent advances in manipulating the spatial phase profile of the transverse

electron wave front, we theoretically describe interactions between the electron probe and optically-stimulated

nanophotonic targets in which the probe gains energy while simultaneously transitioning between transverse

states with distinct phase profiles. Exploiting the selection rules governing such transitions, we propose phase-

shaped electron energy gain nanospectroscopy for probing the 3D polarization-resolved response field of an

optically excited target with nanoscale spatial resolution. Considering ongoing instrumental developments,

polarized generalizations of STEM electron energy loss and gain measurements hold the potential to become

powerful tools for fundamental studies of quantum materials and their interaction with nearby nanostructures

supporting localized surface plasmon or phonon polaritons as well as for non-invasive imaging and nanoscale

3D field tomography.

37



3.2 Introduction

Optical selection rules based on the polarization degree of freedom of light are indispensable tools for

probing mode symmetries in nanophotonic systems, but are fundamentally limited in spatial resolution by

diffraction. Below the diffraction limit, near-field based imaging techniques such as scanning near-field

optical microscopy [57, 58] and photoemission electron microscopy [59–63] have been used to spectrally and

spatially map plasmonic excitations with spatial resolution below 10 nm [64, 65]. STEM nanospectroscopies

such as electron energy-loss (EEL) spectroscopy have also been used extensively to map coupled localized

surface plasmons (LSPs) [66–72] and LSP-based exciton polariton systems [73–75] with even greater spatial

resolution. Although the connection between the photon polarization in X-ray absorption measurements and

the momentum exchange during core-loss inelastic electron scattering measurements is well-known [54,76–79],

it has largely been ignored in investigations of low-energy STEM measurements of nanophotonic systems. In

the low-loss regime, it is conventional to adopt the non-recoil approximation and to neglect transverse recoil

entirely [68]. STEM-EEL observables evaluated quantum mechanically under these assumptions or classically

for a uniformly moving point electron depend only on the component of the electromagnetic local density

of optical states (EMLDOS) of the target specimen projected along the STEM electron trajectory [80, 81].

Thus, no information on the transverse EMLDOS components is retained by the measurement. Consequently,

STEM-based 3D field tomography currently requires collecting a series of EEL measurements with varying

relative angles between the electron trajectory and the sample. This information can be used to numerically

solve the inverse problem to acquire knowledge of the 3D field profile of a target [82–86].

Building on early hints at an optical polarization analog for electron beams in low-loss measurements

[49, 87–89], a recent theoretical work [48] has shown that careful structuring of the transverse spatial profile

of the incident electron beam into first order Laguerre-Gauss (LG) vortex states or Hermite-Gauss (HG)

states along with post-selection of the outgoing transverse Gaussian state produces an EEL signal that

depends only on the target’s projected EMLDOS polarized linearly or circularly in the plane perpendicular

to the electron propagation axis. In this sense, an analog to plane wave polarization states on the Poincaré

sphere has been established for EEL via the introduction of transverse degrees of freedom of the incoming

and outgoing STEM electron states combined with the measurement of specific pre- and post-selected state

channels. This polarized version of EEL (EEL⊥) spectroscopy stands in stark contrast to conventional EEL

(EEL∥) measurements, and provides a route to probe the full EMLDOS with deeply sub-diffraction limited

spatial resolution.

In this letter we leverage phase-structured free electron beams combined with continuous-wave (cw)

laser excitation to develop phase-shaped electron energy gain (EEG⊥) nanospectroscopy capable of probing

the 3D polarization-resolved response field of an excited target with nanoscale spatial resolution. This

transversely polarized EEG nanospectroscopy further expands the rapidly developing electron microscopy

toolset and unlocks a previously unattainable detailed view into nanophotonic systems such as local chirality,

the 3D polarization-resolved mode profiles, and polarization singularities. Through an appropriate definition

38



of a transition current dictated by the probe’s transverse wave function degrees of freedom, we find also

the one-to-one mapping between Bloch and Poincaré spheres in the fully-retarded laser-stimulated EEG

observable and discuss its connection to the transition current derived in the quasistatic limit for EEL

measurements [48]. Indeed, by monitoring specific transitions between phase-structured transverse electron

states, we show the resulting EEG⊥ probability spectrum depends only on the components of the laser-

stimulated response field projected onto the direction of the transverse transition current. After deriving the

EEG⊥ probability spectrum expression we present analytic and numeric EEG⊥ calculations for prototypical

nanophotonic systems including an isolated sphere, a sphere dimer, and a chiral rod dimer structure.

3.3 Results

During the interaction between a STEM electron and an excited target, the probing electron can inelasti-

cally scatter to both lower (spontaneous loss and stimulated loss) as well as higher (stimulated gain) kinetic

energies [90–93]. In the spontaneous EEL process the evanescent field of the probe couples to both bright and

dark modes of the target. As a consequence, the final states contributing to the total EEL probability include

all outgoing longitudinal plane wave electron states |kf ⟩ and all target modes |ℓ⟩, where ℓ is a collective index

denoting the state of the target, see Figure 3.1a. In the laser-stimulated EEG and EEL processes, energy

is transferred to or from the probe from the optically excited state of the target |ℓ⟩ϵ̂, the mode composition

of which is dictated by the optical polarization ϵ̂. Importantly, while the loss portion of the spectrum is

an incoherent sum of spontaneous and stimulated loss contributions, the stimulated gain spectrum on the

anti-Stokes side of the zero-loss peak (ZLP) is free of contamination by other responses beyond the ZLP tail.

It should be noted that EEG spectroscopy has been performed with cw optical excitation and in STEMs

without a pulsed electron gun [92, 94, 95], which considerably simplifies the experimental setup as compared

to photon-induced near-field electron microscopy (PINEM) measurements that employ laser and electron

pulses with a controllable time delay [96–101]. Figure 3.1b presents a scheme of the cw laser-stimulated EEG

experiment with a single Ag nanoparticle (NP) excited optically and probed with a STEM electron. We take

the wave vector k of the stimulating plane wave (red) to be along the ẑ-oriented electron trajectory (blue).

Linearly ϵ̂ = x̂, ŷ and circularly ϵ̂ = n̂+, n̂− polarized cases with n̂± =
(
x̂± iŷ

)
/
√
2 are explicitly shown.

Owing to their large initial longitudinal momentum the paraxial approximation can be invoked to facilitate

the separation of the STEM electron’s transverse R and longitudinal z coordinates such that r = (R, z). The

probe wave function thus becomes

ψel(r) = Ψ(R)
eikz√
L
, (3.1)

where L is the quantization length along z, k is the longitudinal wave vector magnitude, and Ψ(R) is the

transverse wave function. Tight focusing in the transverse direction has typically been employed in STEM

EEL and EEG measurements to achieve high spatial resolution, and it is conventionally assumed that the

incident and transmitted electrons are characterized by the same Gaussian transverse state Ψ00(R). In
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Figure 3.1: Polarized electron energy gain spectroscopy. (a) Interaction schematics illustrating the contribu-
tions to measured conventional electron energy loss and gain measurements. Electron and plasmon modes
are represented by blue and gray arrows, respectively. The phase fronts of the stimulating laser field are
represented as red planes. (b) Schematic diagram enumerating the possible photon polarization states ϵ̂ as

well as the unit vectors Ĵfi associated with transitions between various first order Hermite-Gauss (Ψi = ΨHG
nm)

and Laguerre-Gauss (Ψi = ΨLG
ℓn ) transverse electron states to the outgoing Gaussian state Ψf = Ψ00.
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the narrow width limit |Ψ00(R)|2 = δ2(R −R0) for impact parameter R0, the conventional EEG (EEG∥)

probability spectrum is given by [90–92]

Γ
∥
EEG(ω) =

(
e

ℏωℓ

)2∣∣∣∣ ∫ dz e−iωz/v Eϵ̂(R0, z) · ẑ
∣∣∣∣2δ(ω − ωℓ), (3.2)

where −e is the electron charge, v is the electron speed, and ωℓ and ϵ̂ are the stimulating laser frequency and

polarization state, respectively. Eϵ̂(R0, z) is the positive-frequency component of the response field generated

by the target along the electron trajectory oriented in the ẑ direction at R0.

By generalizing the EEG observable to include the degrees of freedom associated with the initial |Ψi⟩ and

final |Ψf ⟩ transverse states of the probe, it can be shown (Supporting Information (SI)) that the generalized

EEG probability spectrum within the non-recoil approximation can be written as

ΓEEG(ω) =

(
1

ℏωℓ

)2∣∣Jfi

∣∣2∣∣∣∣ ∫ dz e−iωz/v Eϵ̂(R0, z) · Ĵfi

∣∣∣∣2δ(ω − ωℓ) (3.3)

expressed in terms of the transition current

Jfi(ω) =
iℏe
mv

[
⟨Ψf |∇⊥ |Ψi⟩+

imv

ℏ
⟨Ψf |Ψi⟩ ẑ

]
, (3.4)

which is completely determined by the initial and final transverse states of the electron. Note that Ĵfi will be

purely longitudinal along ẑ when |Ψi⟩ = |Ψf ⟩ and entirely transverse when |Ψi⟩ ≠ |Ψf ⟩ and ⟨Ψf |∇⊥ |Ψi⟩ ≠ 0.

Critically, the orientation of the transition current dictates which components of Eϵ̂(R0, z) contribute to the

gain signal along the electron trajectory. When ⟨R |Ψi⟩ = ⟨R |Ψf ⟩ = ⟨R |Ψ00⟩ and |⟨R |Ψ00⟩ |2 → δ2(R−R0),

as in the conventional case described above, Jfi(ω) = eẑ recovering Eq. (3.2). If, instead, ⟨Ψf |Ψi⟩ = 0, the

transition current vector will be contained within the 2D transverse plane perpendicular to the electron

trajectory. Lourenço-Martins and coworkers discovered [48] that by selecting |Ψi⟩ as one of the first-order

HG or LG states and |Ψf ⟩ = |Ψ00⟩, then the Ĵfi vectors derived in the quasistatic limit for the EEL⊥

observable coincide with the basis vectors typically employed to describe linearly and circularly polarized

light. In the SI we show that this connection between transverse state transitions and the Poincaré sphere

remains for the definitions of Ĵfi in Eq. (3.4) (Figure 3.1b). In this sense, we have extended the work of

Ref. [48] to establish an analog to plane wave polarization states on the Poincaré sphere in the context of the

fully-retarded laser-stimulated EEG observable.

For suitably defined first order HG and LG transverse states, the magnitudes of the transition cur-

rents associated with transitions to the outgoing Gaussian state are of equal magnitude (SI). Thus, since

⟨Ψf |Ψi⟩ ẑ = 0, this motivates the definition of the transverse EEG probability spectrum

Γ⊥
EEG(ω) =

(
e

ωℓmvw0

)2∣∣∣∣ ∫ dz e−iωz/v Eϵ̂(R0, z) · Ĵfi

∣∣∣∣2δ(ω − ωℓ), (3.5)
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Figure 3.2: Conventional and transverse EEG spectrum images for a 90 nm diameter Ag sphere in the
dipolar limit. Each row considers optical excitation polarization described by unit vector ϵ̂. Column 1
presents the optical response field of the excited target, column 2 (red) contains spectrum images resulting
from conventional EEG measurements, and columns 3-6 (blue) present transverse gain spectrum images for

the Ĵfi cases presented in Figure 1a. All results are evaluated at the dipole localized surface plasmon energy
of 3.25 eV for electrons traveling along ẑ at v = 0.7c.

where m is the electron mass, w0 is the beam waist at the focus, and Ĵfi ∈ {x̂, ŷ, n̂±} (Figure 3.1b).

Evidently, the EEG⊥ observable measures the Fourier transform of the response field projected onto Ĵfi

along the electron trajectory. The feasibility of detecting the EEG⊥ signal can be assessed using the ratio

of transverse to conventional gain probabilities. Assuming a 60 keV electron, with a STEM electron beam

waist of w0 = 1 Å, we estimate the ratio of EEG⊥ to EEG∥ can be as large as ∼ 10−4. While this ratio

is small, both the EEG∥ and EEG⊥ spectrum amplitudes scale with the stimulating laser intensity and

could be detected on zero background with the development of high-quality state sorters [26, 47, 102–104].

Indeed, transitions between a first order HG and outgoing plane wave state have already been experimentally

observed in the EEL observable [49]. Comparable EEG∥ and EEL∥ signal amplitudes have been demonstrated

experimentally [105] with stimulating cw laser intensities up to I0 ∼ 5 × 108 W/m2 before the onset of

photothermal heating induced particle melting.

Mode symmetries of the target can be observed directly in conventional and transverse EEG spectrum

images, which can be acquired experimentally via hyperspectral imaging. For a single spherical target in the

fully-retarded dipole limit, Eqs. (3.2) and (3.5) can be evaluated analytically for the various combinations
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of optical polarization state ϵ̂ ∈ {x̂, ŷ, n̂±} and initial and final electron transverse states such that Ĵfi ∈

{x̂, ŷ, n̂±} when |Ψi⟩ ≠ |Ψf ⟩ and Ĵfi = ẑ when |Ψi⟩ = |Ψf ⟩ (SI). Spectrum images are presented in Figure 3.2

for a single 90 nm diameter Ag sphere. Each row considers optical excitation polarization described by unit

vector ϵ̂. The first column presents the optical response fields Eϵ̂ of the excited target in the plane through the

sphere center. The gray vector field superimposed on each surface plot shows the in-plane response field at a

point in time where Eϵ̂ is primarily oriented along x̂. In the top panel, the underlying color map corresponds

to |Ex̂(R)| within the z = 0 plane. In the circularly polarized cases ϵ̂ = n̂±, the bright-to-dark contrast

represents the field magnitude, while the phase of the response field at position R when Eϵ̂ is oriented along

R̂ is indicated by the underlying color map.

Spectrum images resulting from EEG∥ measurements are presented in the second column (red) of Figure

3.2, which depend only on the Ĵfi = ẑ components of the response fields. It is worth noting that EEG∥

spectroscopy cannot distinguish between ϵ̂ = n̂± cases for achiral targets [106]. Columns 3-6 (blue) present

normalized transverse gain spectrum images for the specific Ĵfi transitions presented in Figure 3.1b. The

EEG⊥ spectrum images arising from the spherical target each exhibit left-right and top-bottom reflection

symmetries. Each optical polarization ϵ̂ produces unique EEG⊥ spectrum images that are distinguishable

from one another in all cases, illustrating the utility of EEG⊥ nanospectroscopy for directly interrogating

excited mode symmetries.

To calculate EEG spectra and spectrum images for more realistic systems beyond spherical particles in

the dipole approximation, we developed a fully numerical solution procedure stemming from the optically

induced target response field calculated via numerical solution of Maxwell’s equations [107]. Both EEG∥

and EEG⊥ spectra are evaluated using Eqs. (3.2) and (3.5), respectively, by numerically integrating the

target’s optically induced response field projected onto the direction of the transition current Ĵfi dictated by

the selection of incoming and outgoing transverse electron states over the electron trajectory (SI). We next

investigate a dimer system composed of two 50 nm diameter Ag spheres separated by a 10 nm surface-to-

surface distance in a background refractive index of unity. Its optical extinction, spontaneous EEL, EEG∥,

and EEG⊥ spectra are presented in Figure 3.3. The dimer is excited by a plane wave with wave vector along

ẑ and polarization along the dimer axis ϵ̂ = x̂. Its response field Ex̂ in the z = 0 plane is presented in the

top panel of Figure 3.3a at 3.2 eV, corresponding to the spectral location of the optically bright, in-phase

collinear dipole LSP mode.

The resonant modes of plasmonic dimers have been investigated previously using EEL∥ and EEG∥

nanospectroscopies [95, 108, 109]. Placing the electron beam on the dimer axis precisely halfway between

the spheres, the position labeled by the dark blue circle in Figure 3.3a, yields the dark blue EEL spectrum.

At this impact parameter the lowest-energy excitation the probe couples to is the optically dark out-of-phase

collinear dipole LSP mode near 3.5 eV. Alternatively, placing the electron beam at one end of the structure,

indicated by the light blue circle in Figure 3.3a, excites both the in-phase and out-of-phase collinear dipole

LSP modes at 3.2 eV and 3.5 eV, respectively, as well as higher-order coupled LSP modes as observed in
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Figure 3.3: Electron energy loss and gain for an Ag sphere dimer. (a) Normalized EEL∥ and EEG∥ spectra
for selected impact parameters indicated as colored dots in the top panel showing the LSP response field
Ex̂ near the dimer at 3.2 eV for ϵ̂ = x̂. The overlaid green arrows indicate the in-plane xy components
of the response field. The marked impact parameters are each 5 nm from the NP surfaces. Normalized
optical extinction spectra for the dimer (black) and individual sphere (gray) are included for comparison.
The stimulating plane wave field, when present, is polarized along ϵ̂ = x̂ and the electron speed is v = 0.7c
in all cases. (b) Normalized EEL∥ and EEG∥ (red border) and EEG⊥ (blue border) spectrum images for the

sphere dimer system excited by light polarized along x̂ at 3.2 eV. The transition current unit vector Ĵfi is
labeled at the bottom right of each spectrum image.
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the EEL spectrum traced in solid light blue. The EEG∥ spectrum at this impact parameter (dashed light

blue trace) is dominated by the optically-bright dimer mode near 3.2 eV as expected based on the differences

between EEL∥ and EEG∥ measurements (Figure 3.1a). The EEG⊥ spectra at the light blue impact parameter

(SI) are found to be qualitatively similar to the EEG∥ spectrum in Figure 3.3a.

Figure 3.3b shows the normalized EEL∥ and EEG∥ spectrum images (red border) alongside the normalized

EEG⊥ spectrum images (blue borders) at 3.2 eV for ϵ̂ = x̂ and Ĵfi ∈ {x̂, ŷ, n̂+}. Notably, both EEL∥ and

EEG∥ spectrum images exhibit negligible probability in the gap between the NPs despite the response electric

field associated with this mode having the largest amplitude in this region. The elevated enhancement of the

EEL∥ probability at the top edges of the spheres (i.e., the points furthest from the dimer axis) relative to

the EEG∥ probability at the bottom edges is indicative of coupling to nearby higher-energy dimer modes in

the EEL∥ observable, such as the in- and out-of-phase dipolar LSP modes oriented transverse to the dimer

axis. Signatures of the transverse modes are absent in the EEG observables as they are not stimulated by the

ϵ̂ = x̂ plane wave excitation. In the Ĵfi = ŷ case, the regions of space where this EEG⊥ probability is high

at 3.2 eV closely track those where the response field in Figure 3.3a possesses an appreciable ŷ component.

Similarly, if |Ψi⟩ = |ΨHG
10 ⟩ or |ΨLG

±10⟩, making Ĵfi = x̂ or n̂±, the spectrum image at 3.2 eV is strongly

localized along the dimer axis between the spheres where the response field is predominantly polarized along

x̂. This dimer example highlights the additional wealth of information regarding the spatially-varying vector

content of the laser stimulated field that can be accessed using EEG⊥ nanospectroscopy.

The electron transition helicity degree of freedom associated with |ΨLG
±10⟩ → |Ψ00⟩ transitions can addi-

tionally be leveraged to probe the chiral responses of targets such as the double rod Born-Kuhn structure [110]

considered in Figure 3.4. The scheme in Figure 3.4a shows the left-handed dimer composed of two 30 nm

by 100 nm Au rods arranged in an L-shape with a 40 nm relative displacement of the rod centers along ẑ.

Figure 3.4b shows the optical extinction spectra for incident wave vectors along ẑ and polarizations ϵ̂ = n̂+

(red) and n̂− (blue). As observed for related rod structures [111, 112], both incident field helicities couple,

albeit with unequal strengths, to the bonding and anti-bonding rod modes, marked as vertical dashed gray

lines, at 2.03 eV and 2.12 eV, respectively. The optical circular dichroism (CD) spectrum, the difference

between extinction spectra for ϵ̂ = n̂± polarized plane wave excitation, is shown in black and exhibits the

rod system’s chiral response.

While optical CD probes the global chirality of the target, EEG⊥ nanospectroscopy allows the local

helicity of the laser-stimulated response field to be probed directly on the nanometer length scale. Figure

3.4c presents the Ĵfi = n̂+ (left) and n̂− (right) EEG⊥ spectra of the rod system under ϵ̂ = n̂+ plane wave

excitation. The EEG⊥ spectra clearly exhibit a strong dependence on the impact parameter and on the

helicity of the electron transition current. In analogy to the optical CD observable, we define the position-

dependent EEG CD as CDϵ̂
EEG(R, ω) = Γ

Ĵfi=n̂+

EEG (R, ω) − Γ
Ĵfi=n̂−
EEG (R, ω). The EEG CD spectra at each of

the impact parameters indicated in Figure 3.4a are plotted in Figure 3.4d. Unlike the optical CD which

is positive-valued at the energy of the bonding mode, the sign of CD
n̂+

EEG varies with position. Figure 3.4e
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Figure 3.4: EEG⊥ characterization of a chiral plasmonic rod system. (a) Scheme of the Au rod system with
colored arrows indicating locations of various electron trajectories. The EEG∥ spectrum image at 2.03 eV
is included below the structure for ϵ̂ = n̂+. (b) Optical extinction spectra for incident wave vectors along ẑ
and ϵ̂ = n̂+ (blue) and n̂− (red). The optical CD spectrum, scaled by a factor of 2 for improved visibility, is

shown in black. (c) EEG⊥ spectra for ϵ̂ = n̂+ and Ĵfi = n̂+ (left) and n̂− (right). Trace colors correspond
to the electron trajectories marked in panel (a). (d) EEG CD spectra for each of the electron trajectories in
panel (a). (e) Spatial maps of the EEG CD at 2.03 eV. (f) Spatial variation of the local response field CD at
z = 0 nm and 2.03 eV.
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presents EEG CD images in the vicinity of the nanorods for stimulating laser fields of both helicities.

As shown in the SI, CDϵ̂
EEG(R, ω) ∝

∣∣Eϵ̂(R, q, ω) · n̂+|2 −
∣∣Eϵ̂(R, q, ω) · n̂−|2, which in turn is related to

the optical spin density of the component of the target’s near-field with wave vector equal to the transfer

momentum q = ω/v. While the EEG CD is nonlocal, i.e., it depends on the response field at every point

along the electron trajectory, it is reminiscent of the local field CD, which is defined here as CDϵ̂
E(R, z, ω) =

|Eϵ̂(R, z) · n̂+|2 − |Eϵ̂(R, z) · n̂−|2. This quantity is of physical interest as it dictates, for example, the

differential coupling strength of a chiral emitter at position r = (R, z) and with transition dipole vectors n̂±

to Eϵ̂(R, z) [113]. Spatial maps of CDϵ̂
E(R) are presented in Figure 3.4f in the z = 0 plane located halfway

between the displaced rod centers for both incident optical helicities. Direct comparison of the EEG and local

field CD spatial maps shows that while there are observable differences, they are qualitatively similar. This

similarity is reasonable given that the response field evaluated along the electron trajectory attains its largest

amplitude in the vicinity of the target, meaning these locations provide the dominant contributions to the

EEG⊥ signal (SI). Indeed, the connection between CDϵ̂
E(R, z, ω) and CDϵ̂

EEG(R, ω) mirrors the connection

between the local EMLDOS of physical importance and the longitudinally nonlocal generalized EMLDOS

probed directly by conventional EEL measurements [80,81].

3.4 Discussion

By leveraging transitions between phase-structured free electron transverse states combined with continuous-

wave laser excitation we have developed a version of EEG nanospectroscopy capable of probing the 3D

polarization-resolved response field of an excited target with nanoscale spatial resolution. We derive a gen-

eral expression for the EEG probability spectrum for transitions between arbitrary incoming and outgoing

transverse electron states that is valid in the fully-retarded regime. By monitoring selected transition channels

between incoming and outgoing Hermite-Gauss and Laguerre-Gauss transverse states, specific vector compo-

nents of the laser-stimulated response field can be selectively probed. Example calculations for several proto-

typical nanophotonic systems are investigated to highlight the utility of phase-shaped EEG nanospectroscopy

for determining mode symmetries, which is currently challenging using other experimental techniques. We

also demonstrate that EEG⊥ measurements allow the local helicity of the target’s laser-stimulated response

field to be probed directly. Although this work considered only cw laser-stimulated EEG measurements,

which are only sensitive to bright modes of the target, the excited target states could also be populated

by other means, for example thermally [114–116], which may allow optically dark modes to contribute to

the EEG signal. This is an example of one key advantage of phase-shaped EEG relative to polarized EEL

for 3D field tomography – the identity of the source generating the response field produced by the excited

target is fully decoupled from the probing electron in EEG processes. Taken together, phase-shaped EEG

nanospectroscopy builds on recently-developed STEM technology, such as vortex beam generation and state-

sorters, and will constitute a powerful addition to the rapidly-developing nanoscale field imaging toolset in
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the near-future.
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4.1 Abstract

Advances in the ability to manipulate free electron phase profiles within the electron microscope have

spurred development of quantum-mechanical descriptions of electron energy loss (EEL) processes involving

transitions between phase-shaped transverse states. Here, we elucidate an underlying connection between two

ostensibly distinct optical polarization analogs identified in EEL experiments as manifestations of the same

conserved scattering flux. Our work introduces a procedure for probing general tensorial target characteristics

including global mode symmetries and local polarization.

4.2 Introduction

Inherently necessitating the exchange of both energy and momentum, measurements involving the ab-

sorption and scattering of optical waves and energetic particles provide a wealth of information characterizing

atomic, molecular, and nanoscale systems. Selection rules based on the optical polarization degrees of free-

dom, in particular, are indispensable tools for probing target excitation symmetries, albeit with spatial reso-

lution limited by optical diffraction. With their atomic-scale de Broglie wavelength, high-energy (100− 200

keV) electrons in the scanning transmission electron microscope (STEM) offer superior spatial localization but

lack polarization degrees of freedom since they are accurately described by the scalar Schrödinger equation.
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Despite this deficiency, it was shown early on that transverse linear momentum transfer ℏq⊥ in widefield

near-edge electron energy loss (EEL) processes could be exploited to selectively probe atomic inner shell

excitations with distinct symmetries [78] and more recently to probe transversely polarized electric fields

on the atomic length scale [117]. A formal connection between the photon polarization ϵ̂ in X-ray absorp-

tion measurements and ℏq⊥ during core-loss inelastic electron scattering measurements was established in

the electrostatic limit [76, 77, 79, 118, 119], culminating in the experimental realization of magnetic circular

dichroism measurements within a TEM [54,120].

Improved monochromation and aberration correction technologies, on the other hand, have enabled

STEM-EEL characterization of plasmonic [70, 121], nanophotonic [122, 123], and phononic [115, 116, 124]

systems in the low-loss (≲ 10 eV) regime with nanometer-scale spatial resolution. At such low ener-

gies [68,101], the STEM-EEL observable primarily probes the component of the generalized electromagnetic

density of optical states (EMDOS) of the target specimen projected along the TEM axis [80, 81]. How-

ever, following the demonstration of vortex electron beams carrying quantized orbital angular momentum

(OAM) [44, 45], there has been considerable interest in studying OAM transfer between vortex free electron

states and atomic [125,126] as well as nanophotonic [87–89] targets. In particular, it was demonstrated that

the symmetries of excited plasmonic modes could be controlled by pre- and post-selection of the transverse

wave functions of the probing free electrons [49, 127]. More recently, a quasistatic theory was presented in

which the transition dipole d̂⊥
fi arising during transitions between spatially localized phase-shaped transverse

electron states plays the role of an optical polarization analog (OPA) in EEL processes, allowing access to

additional components of the target’s generalized EMLDOS [48]. Despite the coexistence of the d̂⊥
fi OPA

in low-loss STEM-EEL measurements, and the q̂⊥ OPA in core-loss scattering processes, the connection

between these two OPAs has yet to be made explicit.

Here we present a general theoretical framework for describing fully retarded inelastic electron scat-

tering and elucidate the notion of and relationships between OPAs in such measurements. Employing a

formalism that explicitly accounts for the swift electron transverse degrees of freedom, we uncover an un-

derlying connection between the two ostensibly distinct OPAs previously identified in linear momentum-

(LM-) and OAM-resolved measurements under wide-field and focused beam conditions. Despite their ap-

parent differences and regimes of applicability, the q̂⊥ and d̂⊥
fi OPAs arising during LM and OAM transfer

processes are both manifestations of the transverse components of the transition current density arising in

our current-current response formalism. Numerical calculations highlighting the utility of phase-shaped EEL

nanospectroscopy for determining mode symmetries and probing the 3D polarization-resolved response field

of a plasmonic dimer target with nanoscale spatial resolution are presented.
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Figure 4.1: Electron energy loss and optical extinction processes. (A) Scheme showing the EEL
process within the current-current response picture. (B) Scheme depicting the optical plane wave extinction
process within the current-current response picture. Electromagnetic radiation sourced by a point dipole
current density Jϵ̂ located at position xp and polarized along ϵ̂ interacts via the target with a mirrored
observer dipole at −xp (C) Free space optical polarization states ϵ̂ represented on the Poincaré sphere.
Underlying color maps represent the transverse phase profiles Eϵ̂(x⊥, x3 = 0) · η̂, where η̂ is a unit vector
within the x⊥ plane.

4.3 Results

Within the first Born approximation, the rate of scattering from the initial light-matter state |i⟩ |0⟩,

describing initial electron state |i⟩ and target ground state |0⟩, to a given final state |f⟩ |n⟩ is equal to that

found using Fermi’s golden rule with the interaction potential V̂ = (e/2mc)(Â · p̂+ p̂ · Â) in the generalized

Coulomb gauge [128] defined by ∇·[ε(x)A(x, t)] = 0 with zero scalar potential. The electron charge is −e and

Gaussian units are used throughout this work. Employing a mode expansion of the target’s vector potential

A(x, t) =
∑

n â
†
nA

(−)
n (x)e+iωnt + ânA

(+)
n (x)e−iωnt, the state-to-state frequency-resolved EEL transition rate

becomes (see Materials and Methods).

wloss
fi (ω) =

2π

ℏ2
∑
n

∣∣∣∣1c
∫
dx A(−)

n (x) · Jfi(x)

∣∣∣∣2δ(ω − ωif )δ(ω − ωn)

= −8π

ℏ

∫
dx dx′ Im

{
J∗
fi(x) ·G(x,x′, ω) · Jfi(x

′)

}
δ(ω − ωif )

=
4π2

ℏω

∫
dx dx′ J∗

fi(x) · ϱ(x,x′, ω) · Jfi(x
′)δ(ω − ωif ),

(4.1)

where Eif = ℏωif is the energy difference between initial |i⟩ and final |f⟩ electron states, ϱ(x,x′, ω) =

(−2ω/π)Im
{
G(x,x′, ω)

}
is the generalized EMDOS tensor, and G(x,x′, ω) is the induced vector Helmholtz
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Green’s tensor. The free electron transition current density,

Jfi(x) =
iℏe
2m

{
ψ∗
f (x)∇ψi(x)− ψi(x)∇ψ∗

f (x)
}
, (4.2)

is fully determined by the initial and final electron states and its orientation determines which components

of the generalized EMDOS tensor contribute to wloss
fi (ω) at each point in space (Figure 4.1A). Meanwhile,

the optical extinction cross section is often presented as σext(ω) = 4π(ω/c)Im
{
ϵ̂∗ · α(ω) · ϵ̂

}
, where α(ω) is

the polarizability tensor characterizing the response of the target located at xt to plane wave excitation with

polarization unit vector ϵ̂. The optical cross section can be alternatively expressed in a form very similar to

Eq. (4.1), e.g., (see Materials and Methods)

σext(ω) = 4π
ω

c

1

|Eϵ̂(xt, ω)|2
Im

{
−
∫
dx dx′ J∗

ϵ̂(x, ω) ·G(x,x′, ω) · Jϵ̂(x
′, ω)

}
, (4.3)

by imagining that the incident plane wave field Eϵ̂ is sourced by a point dipole with amplitude p located far

away from the target at position xp and characterized by current density Jϵ̂(x, ω) = −iωpδ(x−xp)ϵ̂ as shown

in Figure 4.1B. Here, Ĵϵ̂ is locked to ϵ̂, which is in principle any arbitrary free photon pure polarization state

described by a point on the Poincaré sphere (Figure 4.1C), where antipodal points {ϵ̂1, ϵ̂2} and {ϵ̂+, ϵ̂−}

describe linearly and circularly polarized light, respectively. Spatial maps of the plane wave electric field

Eϵ̂(x⊥, x3 = 0) (green arrows) with wave vector along x̂3 are shown for each of the four antipodal points

indicated. Underlying color maps show the transverse phase profiles Eϵ̂(x⊥, x3 = 0) · η̂, where η̂ is a unit

vector within the x⊥ plane and is noted within each plot.

The connection between ϵ̂ in optical measurements and Ĵ⊥
fi in EELS is determined by the identities of

the initial and final free electron states. If the electron wave function can be separated within an orthogonal

coordinate system with x = (x1, x2, x3) and translational invariance along x3, then the wave function can

be written as ψ(x) = Ψ(x⊥)e
ik3x3 = Ψ1(x1)Ψ2(x2)e

ik3x3 and the transition current density decomposes into

transverse and longitudinal parts Jfi(x) = J⊥
fi(x⊥)e

iq∥x3 + J
∥
fi(x)x̂3, where q∥ = ki3 − k

f
3 is the longitudinal

momentum transfer. These conditions on ψ(x) may be satisfied within the Cartesian as well as polar, elliptical,

and parabolic cylindrical coordinate systems [129]. Given the ability to perform EEL measurements with

pre- and post-selection of free electron transverse states with rationally sculpted phase profiles, full control

may be exerted over the characteristics of J⊥
fi(x), permitting the construction of conventional OPAs as

well as other more exotic structured light analogs [130], including radially and azimuthally polarized J⊥
fi(x)

(Supplementary Materials). In particular, OPAs can be defined by identifying pairs of initial and final states

such that Ĵ⊥
fi(x⊥) → Ĵ⊥

fi is position-independent and described by a point on the Poincaré sphere shown

in Figure 4.1C with antipodal points constructed from unit vectors x̂1 and x̂2. To do so, we note that

Jfi(x) · x̂j (j = 1, 2) vanishes provided (1) Ψj(xj) remains unchanged during interaction with the target, and

(2) Arg
{
Ψj(xj)

}
is constant. Necessary conditions and a general OPA construction are discussed more fully

in the Materials and Methods.
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Figure 4.2: Optical polarization analogs in phase-shaped EELS. Schemes showing (A) plane wave
|0 0⟩ → |k⊥⟩f LM-resolved and (B) Laguerre-Gauss |0 0⟩LG → |LG⟩f OAM-resolved EEL measurements.
(C) Schematic representation of transitions between the |0 0⟩ transverse plane wave state with constant
phase (sphere center) and other states with transverse wave vector magnitude k⊥ and non-uniform phase
arranged around the Poincaré sphere. Reciprocal space probability densities and real space transverse phase
profiles over one transverse wavelength λ⊥ = 2π/|q⊥| are shown for the states at the four antipodal points
indicated. (D) Spatial maps of the transition current density J⊥

fi(x⊥, x3 = 0) (green arrows) for transverse
state transitions represented by white arrows in panel (C). Underlying color maps represent the phase profiles
of J⊥

fi(x⊥) · η̂, where η̂ is noted within each plot. (E) Schematic representation of transitions between the
|0 0⟩LG state and superposition states with ℏℓ units of OAM arranged around the Poincaré sphere. Real
space probability density and transverse phase profiles are shown for the states at the four antipodal states
indicated for ℓ = 1. The radius of the white circle is equal to the beam waist w0. (F) J

⊥
fi(x⊥, x3 = 0) (green

arrows) for transverse state transitions represented by white arrows in panel (E) for ∆ℓ = 1 (red) and ∆ℓ = 2
(blue). Underlying color maps represent the phase profiles of J⊥

fi(x⊥) · η̂.
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Importantly, the requisite pre- and post-selection transverse phase measurements underlying the OPA

construction presented here are currently achievable; LM- and OAM-resolved EEL processes, shown schemat-

ically in Figures 4.2A and 4.2b, respectively, constitute two well-known examples of such measurements. In

its simplest realization, the LM-resolved measurement involves the preparation of an initial plane wave state

|ki⟩, which evolves into a different superposition of plane wave states via interaction with the target specimen.

Post-selection of the final transverse state |kf ⟩ fixes the LM transfer ℏq = ℏ(ki−kf ) and can be accomplished

via spatial filtering within the diffraction plane [117, 131]. Similarly, figure 4.2B depicts OAM-resolved EEL

processes, where OAM state generators [104, 132–134] and sorters [47, 102] perform selection of initial and

final vortex states with well-defined OAM. An expanded discussion of experimental considerations concerning

phase-shaped EELS measurements is provided in the Supplementary Materials.

Consider, for example, transitions between electron plane wave states |k⟩ = |k⊥⟩ |k3⟩, where |k⊥⟩ = |k1 k2⟩

denotes the transverse LM state with |0 0⟩ defining the plane wave oriented along the TEM axis. Figure 4.2C

shows a Poincaré sphere with the surface composed of all transverse plane wave states with fixed transverse

wave vector magnitude k⊥, and the |0 0⟩ state characterized by constant spatial phase profile at the sphere

center. For any transitions between the |0 0⟩ state and a state on the sphere surface, the transverse linear

momentum transfer ℏq⊥ = ℏk⊥ fixes the radius of the sphere. Spanning the equatorial plane are the |k⊥ 0⟩

and |0 k⊥⟩ states characterized by phase profiles independent of x2 and x1, respectively. The superposition

states |k±
⊥⟩ = (1/

√
2)[|k⊥ 0⟩±i |0 k⊥⟩] are located at the vertical pair of antipodal points. The reciprocal space

wave function density and real space transverse phase are shown over one transverse wavelength λ⊥ = 2π/|q⊥|

for the four antipodal points indicated.

Although |0 0⟩ → |0 0⟩ transitions lead to Ĵfi(x) purely along x̂3, Jfi(x) = (−ℏe/2mL3)(2ki − q)eiq·x

if the final state consists of a single plane wave component with wave vector kf , where J⊥
fi(x) ∝ q⊥e

iq·x

and L is the box quantization length. Figure 4.2D presents J⊥
fi(x⊥, x3 = 0) for transitions between the |0 0⟩

state and the four antipodal states on the surface of the sphere in Figure 4.2C (marked as white arrows).

The spatial periodicity of the plane wave wave functions is inherited by J⊥
fi(x⊥), leading to spatial variation

of the sign of the x̂1 and x̂2 components of J⊥
fi(x⊥) at the equatorial antipodal points, as well as sign and

orientation variation at the vertically oriented antipodal points. However, when |q⊥|d ≪ 1, where d is

the characteristic transverse length scale of the target, the magnified regions in Figure 4.2D show Ĵ⊥
fi(x)

becomes approximately independent of position and is oriented along q̂⊥ in the vicinity of the target. Thus,

the resulting Ĵ⊥
fi ≈ q̂⊥ Poincaré sphere becomes equivalent to that used to characterize optical plane wave

polarization states in Figure 4.1C. This is precisely the dipole limit discussed previously in the core-loss

literature identifying q̂⊥ as the OPA in plane wave based measurements [54,77,79,118].

Meanwhile, another Poincaré sphere can be constructed using the cylindrically symmetric and trans-

versely localized Laguerre-Gauss (LG) |ℓ p⟩LG transverse states (Figure 4.2E), where ℏℓ is the OAM, p

labels the number of radial nodes, and w0 is the beam waist. The |±ℓ 0⟩LG and superposition states

|ℓ 0⟩+ = (1/
√
2)
(
|+ℓ 0⟩LG+ |−ℓ 0⟩LG

)
and |ℓ 0⟩− = (1/i

√
2)
(
|+ℓ 0⟩LG−|−ℓ 0⟩LG

)
are located at the vertical
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and equatorial antipodal points, respectively. As in Figure 4.2C, the |0 0⟩LG state with constant transverse

phase is positioned at the sphere center such that transitions between the state at the center and states on

the sphere surface are associated with transfers of ∆ℓ units of OAM. The real space wave function densities

and transverse phase profiles are presented for ∆ℓ = 1. Jfi(x) acquires components transverse to x̂3 only

when there is a transition between transverse free electron states. Figure 4.2F shows J⊥
fi(x⊥) for transitions

(marked as white arrows in Figure 4.2E) between the uniform phase state at the sphere center and the four

antipodal points shown on the surface for ∆ℓ = 1 (red) and ∆ℓ = 2 (blue). While the ∆ℓ = 2 transition

current densities possess the symmetries required to excite quadrupolar target excitations, they do not con-

stitute an OPA as defined here due to the spatial variation of Ĵ⊥
fi(x⊥). This situation reflects the general

relationship [41] between the LG OAM states and the Hermite-Gauss (HG) states, the latter of which are

separable in the Cartesian coordinate system. Only in the particular case of ∆ℓ = 1 are the equatorial

antipodal states related to the first order HG states, characterized by phase profiles independent of y and

x, respectively, by |ℓ = 10⟩± = |1 0
0 1⟩HG [48]. In this case, the orientation and spatial phase profiles of Ĵ⊥

fi at

the four ∆ℓ = 1 antipodal points of Figure 4.2F are identical to those associated with the electric field of

circularly polarized light presented in Figure 4.1C, satisfying the necessary OPA conditions.

Due to the delocalized (localized) nature of the plane wave (LG/HG) states, it is conventional to describe

EEL measurements involving plane wave and LG/HG states in terms of the double differential scattering

cross section ∂2σ/∂Eif∂Ω and the state- and energy-resolved EEL probability Γfi observables, respectively.

Specializing to the Cartesian coordinate system with (x, y, z) = (R, z) and impact parameter R = R0, both

observables are related to wloss
fi (ω) in Eq. (4.1) by (see Materials and Methods)

 ∂2σ
∂Eif∂Ω

Γfi(R0, ω)

 =

 −L6
(

2m
4πℏ2

)2(
kf

ki

) ∫ d(ℏω)
2π

mL2

ℏ2ki

∫ dq∥
2π

× wloss
fi (ω), (4.4)

where γi/f = 1/
√
1− (v0i/f/c)

2, ki/f = mvi/f/ℏ = γi/fmv
0
i/f/ℏ, v

0
i/f are the initial and final electron speeds,

and the non-recoil approximation δ(ω − ωif ) ≈ (1/vi)δ(q∥ − ω/vi) is invoked in the lower expression. These

observables are compared for a representative nanophotonic system composed of two 60 nm × 30 nm × 15

nm Ag rods with a 10 nm surface-to-surface gap along the dimer (ŷ) axis.

Figures 4.3A,B show normalized ∂2σ/∂Eif∂Ω spectra (log scale) for 200 keV electrons in the loss energy

window containing the rods’ coupled surface plasmon modes, which were computed by adapting the e-DDA

code [135, 136] to evaluate the observables in Eq. (4.4) using Eqs. (4.1) and (4.2) as described in the

Supplementary Materials. In Figure 4.3A, the incoming electron plane wave is aligned along the TEM axis

(θ, ϕ) = (0, 0) and the outgoing plane waves emerge at angles (θ, ϕ) = (0 − 20 µrad, π/2) such that q̂⊥ is

purely along ŷ. In this low-loss regime, the dipole limit with dy ≲ 0.05λ⊥ (Figure 4.2C) is achieved for θ ≲ 1

µrad. As expected, the spectrum in Figure 4.3A for θ = 1 µrad is dominated by the bonding dipole mode

at 2.31 eV, which is accessible by optical plane wave excitation polarized along q̂⊥ = ŷ (see Figure S1). A
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Figure 4.3: Phase-shaped EEL measurements of an Ag rod dimer system. (A) Double differential
inelastic scattering cross section in the low-loss spectral region for scattering angles (θ, ϕ) = (0 − 20 µrad,
π/2) such that q⊥ = q⊥ŷ. (B) Same as (A) but for scattering angles (θ, ϕ) = (0 − 80 µrad, 0) such that
q⊥ = q⊥x̂. (C) Γfi(R, ω) within the spectral region containing the bonding (2.31 eV) and antibonding (2.64
eV) hybridized dipole modes for R0 on (solid) and off (dashed) the center of mass position. Trace colors

denote Ĵ fi, where n̂± = (1/
√
2)(x̂± iŷ). (D) Optically-induced response field at the bonding mode energy

for incident wave vector along ẑ and polarization along ŷ. In-plane xy components of the vector field are
shown in red. (E) Polarization-resolved spectrum images of bonding (left) and antibonding (right) modes

for transitions between first order LG/HG states and the Gaussian state. Ĵ fi is labeled in each spectrum
image.

direct comparison is presented in Figure S2 of the double differential inelastic electron scattering and optical

extinction cross section spectra for small electron scattering angles. As the detection angle increases in Figure

4.3A, λ⊥ decreases and higher order excitations such as the ŷ oriented antibonding mode at 2.64 eV grow into

the spectra [137]. Figure 4.3B presents ∂2σ/∂Eif∂Ω spectra for detection angles (θ, ϕ) = (0 − 80 µrad, 0),

such that q̂⊥ is along x̂. Besides the longitudinally oriented modes above 3.5 eV that dominate at θ = 0 in

panels (A) and (B), the modes near 3.25 eV in the optical extinction spectra under x̂ polarization appear

for qx ̸= 0 (see Figure S1). A clear connection between optical σext(ω) and ∂2σ/∂Eif∂Ω exists at small

detection angles consistent with the dipole limit (Figure 4.2D). The required angular resolution (≲ 1 µrad in

the present case) is currently achievable experimentally [131,132,138,139].

In the case of localized LG state transitions (Figure 4.2E), Γfi can be put into the form

Γfi(R0, ω) =
−1
πℏ2ω

Re

{∫
dRdz J∗

fi(R, z, ω) ·Efi(R, z, ω)

}
(4.5)

by introducing the induced field Efi(x, ω) = −4πiω
∫
dx′ G(x,x′, ω) · Jfi(x

′, ω) sourced by the transition

current density Jfi(x, ω) = (mL/ℏki)Jfi(x) in the presence of the target, with ω = q∥vi within the non-
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recoil approximation as explained in the Materials and Methods. When w0 is small such that Efi(x, ω) ≈

Efi(R0, z, ω),

Γfi(R0, ω) =
−1
πℏ2ω

Re

{
J ∗

fi ·
∫
dzEfi(R0, z, ω)e

−iωz/vi

}
, (4.6)

where J fi =
∫
dRJfi(R, ω) e

−iωz/vi = (−e/mvi)
{
⟨Ψf |p̂⊥|Ψi⟩ +

[
(2pi − ℏq∥)/2

]
⟨Ψf |Ψi⟩ ẑ}. Therefore, in

the narrow beam limit, the observable Γfi(R0, ω) is proportional to the real part of the Fourier expansion

coefficient of the target response field for the particular plane wave component propagating along the TEM

axis with wave vector magnitude equal to the longitudinal transfer momentum q∥ = ω/vi and polarization

direction Ĵ
∗
fi. In this limit, Ĵ

⊥
fi = 0 unless ∆ℓ = ±1 in which case Ĵ

⊥
fi = Ĵ⊥

fi = d̂⊥
fi (see Supplementary

Materials) as shown in Figure 4.2F. Figure 4.3C presents Γfi(R, ω) evaluated numerically with the e-DDA

code [135,136,140] as discussed in Supplementary Materials using Eq. (4.6) for Ĵ
⊥
fi at the antipodal points

in Figure 4.2F as well as Ĵ
⊥
fi ∥ ẑ for the transition |0 0⟩LG → |0 0⟩LG within the spectral region containing

the bonding and antibonding hybridized dipole modes. Trace colors denote Ĵ fi, while solid and dashed lines

indicate R0 positioned at, or displaced from, respectively, the dimer center of mass. At the center of mass

position, a conventional EEL process with no transition between transverse state (solid black) does (does not)

couple to the optically dark (bright) antibonding (bonding) mode. In contrast, when Ĵ fi = Ĵ
⊥
fi, the loss

functions exhibit peaks at the bonding, but not antibonding, mode. When R0 is displaced to a position of

lower symmetry, all electron scattering processes considered couple to both bonding and antibonding modes.

Polarization-resolved spectrum images can be collected via hyperspectral imaging by scanning R0 over

the target specimen. Although Γfi(R, ω) is nonlocal in the z-direction [80, 81], conventional (Ĵ fi = ẑ) and

polarization-resolved (Ĵ fi = Ĵ
⊥
fi) spectrum images can often be rationalized by considering the electric field

(Figure 4.3D). Figure 4.3E presents polarization-resolved spectrum images for loss energies matching the

bonding (left) and antibonding (right) mode energy, and for transitions between electron transverse states

indicated by the transition current unit vector Ĵ fi labeled in each image. It is evident upon comparison of

the spectrum images at the bonding mode energy and Figure 4.3D that the regions of space where Γfi(R, ω)

is large closely track positions where E · Ĵ fi is appreciable. The polarization-resolved spectrum images

at the antibonding energy exhibit the expected nodal behavior at the origin for each Ĵ fi. This example

demonstrates the additional wealth of information that can be accessed using OPAs in phase-shaped EEL

measurements, highlighting commonalities and differences arising for pre- and post-selection of transverse

plane wave and LG/HG states.

4.4 Discussion

Owing to recently developed experimental techniques for manipulating free electron wave functions, inelas-

tic electron scattering between selected phase-shaped transverse states is emerging as a powerful addition to

the rapidly-developing nanoscale imaging toolset. By employing a fully quantum mechanical treatment that

explicitly accounts for the transverse electron degrees of freedom with fully-retarded light-matter interactions,
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we show that the transition current density J⊥
fi plays the role of OPA in EEL measurements, and provide a

general prescription for constructing OPAs that mimic the polarization properties of free space optical plane

waves. The insight gained from the perspective suggested by our approach is used to demonstrate an un-

derlying connection between the two ostensibly distinct OPAs previously identified in the core- and low-loss

regimes under wide-field and focused beam conditions, respectively, and discuss the conditions required to

most closely approximate ideal OPAs. Example calculations for a plasmonic rod dimer are presented to high-

light the utility of phase-shaped EEL nanospectroscopy for determining mode symmetries and for probing the

3D polarization-resolved response field of a target with nanoscale spatial resolution. Although primary focus

is placed on developing free space photon OPAs, the procedure outlined for constructing Ĵ⊥
fi along arbitrary

curvilinear coordinate directions is general and can be applied to generate more exotic structured light [130]

analogs that can couple to other desired target mode symmetries. The fully-retarded formalism employed

here is consistent with that used to describe laser-stimulated phase-shaped electron energy gain measure-

ments [5], setting the stage for time-resolved phase-shaped measurements in ultrafast TEMs [101, 141]. The

ability to perform high-fidelity pre- and post-selection of the free electron state, as well as understanding

the role of transverse state coherence and its ability to be manipulated, in conventional and ultrafast TEM

experiments remains a current area of interest to experiment and theory. These techniques complement other

methods with state-of-the-art time and space resolution such as interferometric time-resolved photoemission

electron microscopy [63], which has been employed to image nanoscale spin and field textures with nontrivial

topology [142].

4.5 Materials and Methods

4.5.1 State- and Frequency-Resolved Electron Energy Loss Rate

Within the first Born approximation, the rate at which a free electron prepared in initial state |i⟩ tran-

sitions to a final state |f⟩, while simultaneously depositing a single excitation into the ℓth target mode (i.e.,

|0ℓ⟩ → |1ℓ⟩), is given by Fermi’s golden rule

wloss
fi =

2π

ℏ
∣∣⟨f |⟨nℓ|V̂ |0ℓ⟩|i⟩∣∣2δ(Etotal

f − Etotal
i ). (4.7)

Using the identify δ(Etotal
f − Etotal

i ) = ℏ−1
∫
dω δ(ω − ωif )δ(ω − ωℓ), where ℏωif is the energy loss of the

free electron and ℏωℓ is the energy of the excited target mode, the frequency-resolved transition rate can be

expressed as

wloss
fi (ω) =

2π

ℏ2
∣∣⟨f |⟨1ℓ|V̂ |0ℓ⟩|i⟩∣∣2δ(ω − ωif )δ(ω − ωℓ). (4.8)

Working in the generalized Coulomb gauge [128] defined by ∇ · [ε(x)A(x, t)] = 0 with zero scalar potential,

the interaction potential is V̂ = (e/2mc)(Â · p̂ + p̂ · Â), and the matrix element for an arbitrary electron

transition (|i⟩ → |f⟩) can be written in terms of the transition current density Jfi defined in Eq. (4.2).
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Explicitly,

⟨f |V̂ |i⟩ = e

2mc

∫
dx dx′ ⟨f |x′⟩⟨x′|Â · p̂+ p̂ · Â|x⟩⟨x|i⟩

=
−iℏe
2mc

∫
dx Â(x) · ψ∗

f (x)∇ψi(x)−
iℏe
2mc

∫
dx
(
ψ∗
f (x)ψi(x)

[
∇ · Â(x)

]
+ Â(x) · ψ∗

f (x)∇ψi(x)
)

=
−2iℏe
2mc

∫
dx Â(x) · ψ∗

f (x)∇ψi(x)−
iℏe
2mc

∫
dxψ∗

f (x)ψi(x)
[
∇ · Â(x)

]
=
−2iℏe
2mc

∫
dx Â(x) · ψ∗

f (x)∇ψi(x) +
iℏe
2mc

∫
dx Â(x) ·

{
∇ψ∗

f (x)ψi(x) + ψ∗
f (x)∇ψi(x)

}
=
−1
c

∫
dx Â(x) · iℏe

2m

{
ψ∗
f (x)∇ψi(x)− ψi(x)∇ψ∗

f (x)
}

= −1

c

∫
dx Â(x) · Jfi(x).

(4.9)

In going from the third to fourth lines of Eq. (4.9), the surface term generated by integrating by parts

has been assumed to vanish. The total transition rate associated with electron energy loss ℏωif is found

by summing over all possible final excited states of the target, which are denoted by ℓ in Eq. (4.8).

This is facilitated by expanding the vector potential as A(x, t) =
∑

n â
†
nA

(−)
n (x)e+iωnt + ânA

(+)
n (x)e−iωnt,

where A
(+)
n (x) = c

√
2πℏ/ωn fn(x) and A

(−)
n (x) = c

√
2πℏ/ωn f

∗
n(x) are the positive and negative frequency

components of the vector potential written in terms of spatial mode functions fn(x), which satisfy the

generalized Helmholtz equation. Since we are considering only electron energy loss,
∑

ℓ⟨1ℓ
∣∣Â(x′, t)

∣∣0ℓ⟩ =∑
nℓ c
√
2πℏ/ωℓ f

∗
ℓ (x

′)eiωℓtδnℓ =
∑

n A
(−)
n (x′) and consequently for the conjugate process,

∑
ℓ⟨0ℓ

∣∣Â(x, t)
∣∣1ℓ⟩∗ =∑

nℓ c
√
2πℏ/ωℓ fℓ(x)e

−iωℓtδnℓ =
∑

n A
(+)
n (x). Inserting these matrix elements into Eq. (4.8) yields main text

Eq. (5.9), i.e.,

wloss
fi (ω) =

∑
ℓ

2π

c2ℏ2
∣∣⟨1ℓ∣∣ ∫ dx Â(x) · Jfi(x)

∣∣0ℓ⟩∣∣2δ(ω − ωif )δ(ω − ωℓ)

=
∑
n

2π

c2ℏ2

∫
dx dx′ [A(+)

n (x) · J∗
fi(x)

][
A(−)

n (x) · Jfi(x
′)
]
δ(ω − ωif )δ(ω − ωn)

=
4π2

ℏ

∫
dx dx′ J∗

fi(x) ·
[∑

n

1

ωn
fn(x)f

∗
n(x

′)δ(ω − ωn)

]
· Jfi(x

′)δ(ω − ωif )

=
4π2

ℏ

∫
dx dx′ J∗

fi(x) ·
[
− 2

π
Im

{
G(x,x′, ω)

}]
· Jfi(x

′)δ(ω − ωif )

=
4π2

ℏω

∫
dx dx′ J∗

fi(x) · ϱ(x,x′, ω) · Jfi(x
′)δ(ω − ωif ),

(4.10)

where G(x,x′, ω) is the dyadic Green’s function [101], which connects the electric field produced at point x

to the sourcing current density J(x′, ω) through the relationship

E(x, ω) = −4πiω
∫
dx′G(x,x′, ω) · J(x′, ω). (4.11)
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Due to the reciprocity property of the Green’s dyadic G(x1,x2, ω) = GT(x2,x1, ω),∫
dx dx′ J∗

fi(x) · Im
{
G(x,x′, ω)

}
· Jfi(x

′) =

∫
dx dx′ Im

{
J∗
fi(x) ·G(x,x′, ω) · Jfi(x

′)
}
, (4.12)

and Eq. (4.10) can be alternatively expressed as

wloss
fi (ω) =

4π2

ℏ

∫
dx dx′ J∗

fi(x) ·
[
− 2

π
Im

{
G(x,x′, ω)

}]
· Jfi(x

′)δ(ω − ωif )

= −8π

ℏ

∫
dx dx′ Im

{
J∗
fi(x) ·G(x,x′, ω) · Jfi(x

′)

}
δ(ω − ωif ).

(4.13)

4.5.2 Optical Extinction Cross Section

The optical plane wave extinction cross section for an isolated dipolar target is

σext(ω) = 4π
ω

c
Im
{
ϵ̂∗ ·α(ω) · ϵ̂

}
, (4.14)

where α(ω) is the dipole polarizability tensor characterizing the target response to plane wave excitation

with polarization unit vector ϵ̂. This expression can alternatively be expressed as

σext(ω) = 4π
ω

c

1

|Eϵ̂(xt, ω)|2
Im

{
E∗

ϵ̂(xt, ω) ·α(ω) ·Eϵ̂(xt, ω)

}
, (4.15)

where Eϵ̂(xt) is the plane wave electric field at the position of the target xt. A plane wave with polarization

ϵ̂ directed along k̂ can be viewed as though sourced by a point dipole at position xp with current density

Jϵ̂(x, ω) = −iωpδ(x− xp)ϵ̂ and k̂ = −x̂p [101], since

Eϵ̂(x, ω) = −4πiω
∫
dx′G0(x,x

′, ω) · Jϵ̂(x
′, ω)

=

[
k2I+∇∇

]
eik|x−xp|

|x− xp|
· pϵ̂,

(4.16)

where Jϵ̂ and Eϵ̂ are understood to oscillate harmonically as e−iωt and the free space Green dyadic is

G0(x,x
′, ω) = − 1

4πω2

[
k2I+∇∇

]
eik|x−x′|

|x− x′|
. (4.17)

Taking the source dipole position xp to be a large distance from the target and using the fact that k̂ = −x̂p,

G0(x,x
′, ω)→ − k2

4πω2

eik|x−x′|

|x− x′|
I, (4.18)

and

Eϵ̂(x, ω)→
i

ω

∫
dx′k2

eik|x−x′|

|x− x′|
I · Jϵ̂(x

′, ω), (4.19)
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which establishes that Eϵ̂ ∥ Jϵ̂ ∥ ϵ̂ as desired. The optical extinction cross section can therefore be written as

σext(ω) = 4π
ω

c

1

|Eϵ̂(xt, ω)|2
Im

{∫
dx dx′ J∗

ϵ̂(x, ω) · (+4πiω)G0(x,xt) ·α(ω) · (−4πiω)G0(xt,x
′) · Jϵ̂(x

′, ω)

}
= −4πω

c

1

|Eϵ̂(xt, ω)|2
Im

{∫
dx dx′ J∗

ϵ̂(x, ω) · (+4πiω)G0(x,xt) ·α(ω) · (−4πiω)G0(xt,x
′) · Jϵ̂(x

′, ω)

}
= −4πω

c

1

|Eϵ̂(xt, ω)|2
Im

{∫
dx dx′ J∗

ϵ̂(x, ω) ·G(x,x′, ω) · Jϵ̂(x
′, ω)

}
(4.20)

where

G(x,x′, ω) = (+4πiω)G0(x,xt) ·α(ω) · (−4πiω)G0(xt,x
′), (4.21)

with the form of G0 defined in Eq. (4.18).

Target responses beyond the single dipole approximation can be evaluated using the discrete dipole

approximation [140], whereby the continuous target is represented by a collection of dipoles interacting self-

consistently under a driving field Eϵ̂. In this case, G(x,x′, ω) can be expanded as [48,87]

G(x,x′, ω) =
∑
jj′

(+4πiω)G0(x,xj , ω) ·
(
α−1 + 4πω2G0

)−1

jj′
· (−4πiω)G0(x

′
j′ ,x

′, ω). (4.22)

4.5.3 Optical Polarization Analogs

Suppose that the free electron wave function can be separated within an orthogonal coordinate system

with variables x1, x2, x3, i.e., ψ(x) = Ψ1(x1)Ψ2(x2)Ψ3(x3), then the transverse transition current can be

expressed as

J⊥
fi(x) =

iℏe
2m

{
Ψ∗

⊥f (x⊥)
[
∇⊥Ψ⊥i(x⊥)

]
−Ψ⊥i(x⊥)

[
∇⊥Ψ

∗
⊥f (x⊥)

]}
Ψ∗

3f (x3)Ψ3i(x3)

=
iℏe
2m

{
Ψ∗

1f (x1)Ψ
∗
2f (x2)

[
∇⊥Ψ1i(x1)Ψ2i(x2)

]
−Ψ1i(x1)Ψ2i(x2)

[
∇⊥Ψ

∗
1f (x1)Ψ

∗
2f (x2)

]}
Ψ∗

3f (x3)Ψ3i(x3)

=
iℏe
2m

{
Ψ∗

1f (x1)Ψ
∗
2f (x2)

[
1

h1

∂Ψ1i(x1)

∂x1
Ψ2i(x2)x̂1 +

1

h2
Ψ1i(x1)

∂Ψ2i(x2)

∂x2
x̂2

]
+

−Ψ1i(x1)Ψ2i(x2)

[
1

h1

∂Ψ∗
1f (x1)

∂x1
Ψ∗

2f (x2)x̂1 +
1

h2
Ψ∗

1f (x1)
∂Ψ∗

2f (x2)

∂x2
x̂2

]}
Ψ∗

3f (x3)Ψ3i(x3)

=
iℏe
2m

{
1

h1
Ψ∗

2f (x2)Ψ2i(x2)

[
Ψ∗

1f (x1)
∂Ψ1i(x1)

∂x1
−Ψ1i(x1)

∂Ψ∗
1f (x1)

∂x1

]
x̂1+

+
1

h2
Ψ∗

1f (x1)Ψ1i(x1)

[
Ψ∗

2f (x2)
∂Ψ2i(x2)

∂x2
−Ψ2i(x2)

∂Ψ∗
2f (x2)

∂x2

]
x̂2

}
Ψ∗

3f (x3)Ψ3i(x3)

(4.23)

where hµ is the scale factor associated with coordinate xµ. It is evident that the x̂µ component of the

transition current density vanishes when

Ψ∗
fνΨiν

[
Ψ∗

fµ

∂Ψiµ

∂xµ
−Ψiµ

∂Ψ∗
fµ

∂xµ

]
= 0, (4.24)
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where µ, ν = 1, 2 with µ ̸= ν. Provided Ψ∗
fνΨiν ̸= 0, and writing the wave function in polar form Ψµ =

A(xµ)e
iϕ(xµ) with A ∈ R>0 and ϕ ∈ [0, 2π], this condition can be rewritten as

Af

[
∂Ai

∂xµ
+ iϕiAi

∂ϕi
∂xµ

]
= Ai

[
∂Af

∂xµ
− iϕfAf

∂ϕf
∂xµ

]
. (4.25)

If f = i and ϕi = ϕf = ϕ, then this becomes

∂ϕ

∂xµ
= − ∂ϕ

∂xµ
. (4.26)

This condition is satisfied if the phase ϕ is strictly constant. In summary, the x̂µ component of J⊥
fi vanishes

provided (1) Ψiµ(xµ) = Ψfµ(xµ), and (2) Arg
{
Ψµ(xµ)

}
is constant.

OPAs can be defined, therefore, provided that pairs of initial Ψ⊥i and final Ψ⊥f free electron transverse

states can be identified such that the conditions

Ψ∗
fνΨiν

[
Ψ∗

fµ

∂Ψiµ

∂xµ
−Ψiµ

∂Ψ∗
fµ

∂xµ

]
= 0

Ψ∗
fµΨiµ

[
Ψ∗

fν

∂Ψiν

∂xν
−Ψiν

∂Ψ∗
fν

∂xν

]
̸= 0

(4.27)

may be simultaneously satisfied. In such cases, a Poincaré sphere may be defined from Ĵ⊥
fi ∈

{
x̂1, x̂2, x̂± =

(1/
√
2)(x̂1 ± ix̂2)

}
, and it is possible to realize Ĵ⊥

fi at an arbitrary point on this Poincaré sphere using

suitable coherent superpositions of the initial and final wavefunctions used to define the antipodal points.

Two examples of such a Poincaré sphere construction within the Cartesian coordinate systems are presented

in Figures 4.2D,F, which involve transitions between wave functions constructed from states with well-defined

linear momentum (Figure 4.2C) and OAM (Figure 4.2E), respectively. The cases of radially ρ̂ and azimuthally

φ̂ polarized Ĵ⊥
fi are discussed in the Supplementary Materials and shown in Figure S3.

4.5.4 Fully-Retarded Double Differential Inelastic Scattering Cross Section

The total frequency-resolved inelastic scattering cross section σ(ω) can be defined by dividing the state-

and frequency-resolved loss rate wloss
fi (ω) from Eq. (4.13) by the incoming plane wave particle flux ℏki/mL3

and summing over final electron states with
∑

kf
→
(
L/2π

)3 ∫
dkf , which gives

σ(ω) =
mL3

ℏki

( L
2π

)3 ∫
dkfw

loss
fi (ω)

=
mL3

ℏki

( L
2π

)3 ∫
dΩ dkf k

2
fw

loss
fi (ω).

(4.28)

The angular- and frequency-resolved cross section is then

∂σ(ω)

∂Ω
=
mL3

ℏki

( L
2π

)3 ∫
dkf k

2
fw

loss
fi (ω). (4.29)
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In addition to integrating out the explicit frequency dependence, the integral over the final wave vector

magnitude can be expressed as an integral over loss energy Eif due to the relativistic energy-momentum free

particle dispersion relation. Explicitly, dEif = −(ℏ2/m)kfdkf , and

∂σ

∂Ω
= −L6

(
2m

4πℏ2

)2 ∫
dEif

(
kf
ki

)∫
d(ℏω)
2π

wloss
fi (ω), (4.30)

where ki/f = mvi/f = γi/fmv
0
i/f/ℏ and γi/f = 1/

√
1− (v0i/f/c)

2. Consequently,

∂2σ

∂Eif∂Ω
= −L6

(
2m

4πℏ2

)2(
kf
ki

)∫
d(ℏω)
2π

wloss
fi (ω)

= −L6

(
2m

4πℏ2

)2 ℏ
2π

(
kf
ki

)
wloss

fi (ωif ),

(4.31)

which is identical to the double differential inelastic scattering cross section given in main text Eq. (4.4).

Explicit analytic double differential cross section expressions in the case of an isolated dipolar target, dis-

cussion of the quasistatic limit of this theory, and additional details concerning numerical evaluation of the

double differential cross section are included in the Supplementary Materials.

4.5.5 Fully-Retarded State- and Energy-resolved EEL Probability and the

Narrow Beam Limit

The energy-resolved loss probability is found by multiplying the frequency-resolved loss rate in Eq. (4.13)

by the time required for the electron to traverse the quantization length (mL/ℏki), and by summing over all

the possible final electron momenta directed along the TEM axis (with kzf ∥ q∥), and dividing by ℏ, giving

Γfi(R0, ω) =
mL2

ℏ2ki

∫
dq∥

2π
wloss

fi (ω)

= −4

ℏ
ki
m

∫
dq∥

∫
dx dx′Im

{
mL

ℏki
J∗
fi(x) ·G(x,x′, ω) · mL

ℏki
Jfi(x

′)

}
δ(ω − ωif ),

(4.32)

which is equivalent to the form given in main text Eq. (4.4). This state- and energy-resolved EEL probability

can be re-expressed in terms of the induced electric field sourced by Jfi in the presence of the target using

(4.11) with Jfi(x, ω) = (mL/ℏki)Jfi(x). This yields

Γfi(R0, ω) = −
4ki
ℏm

∫
dq∥ Im

{∫
dx

mL

ℏki
J∗
fi(x) ·

(
−1
4iπω

)
Efi(x, ω)

}
δ(ω − ωif )

= −
∫
dq∥ Re

{
ki

πmℏω

∫
dx

mL

ℏki
J∗
fi(x) ·Efi(x, ω)

}
δ(ω − ωif ).

(4.33)

The integral over longitudinal momentum transfers can be performed trivially by invoking the non-recoil

approximation [68], whereby the energy associated with transverse recoils is neglected during the consideration

of the trailing energy-conserving delta function in Eq. (4.33). The connection between ωif and q∥ is found
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within the limit of q∥ ≪ ki, kf as

Eif ≡ ℏωif =
√
(mc2)2 + (cℏki)2 −

√
(mc2)2 + (cℏkf )2

= mc2

√
1 +

(
cℏki
mc2

)2

−mc2
√
1 +

(
cℏkf
mc2

)2

≈ mc2
[
1 +

1

2

(
cℏki
mc2

)2]
−mc2

[
1 +

1

2

(
cℏkf
mc2

)2]
= mc2

1

2

(
cℏki
mc2

)2

−mc2 1
2

(
cℏkf
mc2

)2

=
ℏ2

2m

(
k2i − k2f

)
,

(4.34)

such that ωif ≈ viq∥.

As a result,

Γfi(R0, ω) = −
ki

πmℏω

∫
dq∥ Re

{∫
dx

mL

ℏki
J∗
fi(x) ·Efi(x, ω)

}
δ
(
ω − q∥vi

)
= − 1

πℏ2ω

∫
dq∥ Re

{∫
dR dz

mL

ℏki
J∗
fi(R, z) ·Efi(R, z, ω)

}
δ
(
q∥ − ω/vi

)
= − 1

πℏ2ω
Re

{∫
dR dz J∗

fi(R, z, ω) ·Efi(R, z, ω)

}
,

(4.35)

which is main text Eq. (4.5). In the final line, the longitudinal momentum transfer appearing in Jfi(R, z, ω)

and Efi(R, z, ω) is locked to q∥ = ω/vi. The explicit connection between this fully-retarded form of the loss

function and the quasistatic version in Ref. [48] is presented in the Supplementary Materials.

When the beam waist of the electron probe w0 is small compared to the length scale over which the

response field changes, then Efi is approximately constant over the spatial domain where the current density

is appreciable, allowing Efi(R, z, ω) ≈ Efi(R0, z, ω) in the last line of Eq. (4.35). The EEL probability in

the narrow beam width limit, therefore, is

Γfi(R0, ω) ≈
−1
πℏ2ω

Re

{∫
dR dz J∗

fi(R, z, ω) ·Efi(R0, z, ω)

}
=
−1
πℏ2ω

Re

{∫
dz
[ ∫

dRJ∗
fi(R, z, ω)

]
·Efi(R0, z, ω)

}
=
−1
πℏ2ω

Re

{∫
dz
[ ∫

dRJ∗
fi(R, z, ω)e

iωz/vi
]
e−iωz/vi ·Efi(R0, z, ω)

}
=
−1
πℏ2ω

Re

{∫
dz
[ ∫

dRJ∗
fi(R, ω)

]
e−iωz/vi ·Efi(R0, z, ω)

}
=
−1
πℏ2ω

Re

{
J ∗

fi ·
∫
dzEfi(R0, z, ω)e

−iωz/vi

}
,

(4.36)

where J fi =
∫
dRJfi(R, ω) e

−iωz/vi = (−e/mvi)
{
⟨Ψf |p̂⊥|Ψi⟩+

[
(2pi−ℏq∥)/2

]
⟨Ψf |Ψi⟩ ẑ} is z-independent.

Additional details and analytic expressions for Jfi(x, ω) and J fi in the case of transitions between localized
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Hermite-Gauss and Laguerre-Gauss transverse states are included in the Supplementary Materials.
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5.1 Introduction

Leveraging recent instrumental advancements in energy monochromation and aberration correction, in-

elastic scattering of free electrons has become an effective technique to spectroscopically characterize and

image atomic and molecular [143–145], biological [146–148], solid state [124, 149–152], and nanophotonic

[153, 154] systems with unprecedented spatial resolution. Simultaneously, optical spectroscopies and micro-

scopies based upon the absorption, scattering, extinction, and emission of electromagnetic waves continue to

be indispensable tools used to probe the same systems, albeit with spatial resolution limitations imposed by

the optical diffraction limit. Light-based spectromicroscopies can often be enhanced by taking advantage of

optical selection rules stemming from the intrinsic linear and spin angular momentum degrees of freedom of

the photon [155]. In addition to the polarization degrees of freedom arising from the intrinsic spin angular

momentum, photons can also be prepared in specific orbital angular momentum (OAM) states defined by
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the azimuthal phase eiℓϕ [41]. Due to the helical nature of their spiralling phase fronts, light beams charac-

terized by such a quantized topological charge ℓ are commonly referred to as optical vortex or twisted light

beams [156,157]. Motivated in part by the infinite dimensional Hilbert space offered by the OAM basis [158],

the ability to prepare [159], sort [160], and measure [161] these optical OAM states has driven applications

in quantum information science using photons with quantized azimuthal and radial labels [157, 162–166].

Moreover, transverse sculpting of the radiation field in general, has lead to the development of new gauge

transformations, such as the twisted light gauge [167, 168], construction of free space optical skyrmionic

beams [169], excitations of forbidden transitions in atomic isotopes [170], and the use of vortex γ ray photons

to selectively probe high energy resonances in photonuclear reactions [171].

Unlike photons, electrons prepared and measured in currently available TEMs, STEMs, or ultrafast TEMs

(UTEMs) are accurately described by the spinless free particle Schrödinger equation and consequently lack

intrinsic polarization degrees of freedom [157]. Despite this limitation, linear-momentum-based selection

rules based on quantum mechanical treatments of the inelastic scattering process have been long understood

and exploited in core-loss EEL spectroscopy [76, 79, 172, 173] and have enabled measurements of magnetic

circular dichroism [54, 77, 118, 174–176], characterization of site-specific defects in atomic crystals [177], as

well as visualization of the electromagnetic fields of atomic-scale systems [117]. Inspired by the creation and

manipulation of optical vortex states, developments of techniques for shaping the transverse phase profile [178]

and OAM content of free electrons via holographic masks [44, 46, 179], spiral phase plates [45], and shaped

laser pulses [133, 180] has been at the forefront of low-loss EEL spectroscopy (≲ 50 eV) [68]. Furthermore,

borrowing ideas from quantum optics, the preparation of free electron qubits carrying information in the form

of quantized energy or OAM states using laser pulses [100,181,182], holographic masks, or spiral phase plates

[183–185], has driven the continued development of free electrons as holders and propagators of quantum

information. In parallel, the ability to generate phase-structured incident electron states and sort them based

upon their OAM content [47] has fueled numerous investigations of inelastic electron scattering between states

with pre- and post-selected transverse phase profiles in the low-loss regime [4, 5, 48,49,87–89,127,186,187].

In this paper, we expound upon a recently introduced theoretical framework describing the fully retarded

inelastic scattering of phase-shaped free electron beams in the electron microscope [4]. Specifically, with

emphasis placed on the low-loss regime, we investigate the theory of transversely phase-shaped EEL spec-

troscopy in both narrow beam and wide field limits and laser-stimulated EEG spectroscopy in the narrow

beam limit. Sec. 5.1 presents a derivation of the energy-resolved inelastic electron scattering rate, including

both EEL and EEG processes. Transversely structured free electron states that can be prepared within

currently available TEMs and STEMs are subsequently reviewed in Sec. 5.2. Section 5.3 introduces the

transition current density associated with transitions between such states. Expressions for EEL and EEG

observables are derived in Sec. 5.4 for both wide field and focused electron beams, including those with

nonuniform transverse phase-structure, such as twisted electron beams. Numerical implementation of the

presented inelastic electron scattering theory based on the method of coupled dipoles is described in Sec.
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Figure 5.1: Scheme showing the inelastic scattering of transversely delocalized and localized free electrons
with wave functions of the separable form Ψ(x⊥)e

ik∥x3 . (a) Initial electron plane wave (red) with wave
vector k = (k⊥, k∥) interacting with the vector potential (shaded green) of a target specimen. Following
the interaction, the electron is post-selected for the plane wave state k′ = (k′

⊥, k
′
∥) (blue). The momentum

recoil wave vector associated with this transition is q = k − k′. (b) A transversely localized electron beam
with pre-selected transverse wave function Ψi(x⊥) (red) interacting with the same target and post-selected
in Ψf (x⊥) (blue).

5.5, including EEL and EEG probabilities and the EEL double differential scattering cross section (DDCS).

Numerical calculations are presented for prototypical nanophotonic systems, underscoring particular advan-

tages of our numerical approach, including its: (1) flexibility regarding target size, shape, composition, and

number, (2) facile extension to accommodate arbitrary initial and final free electron transverse states, and

(3) ability to capture signatures of matter-wave diffraction and interference arising from scattering from

individual and multiple nanoscale targets. Gaussian units are used throughout.

Inelastic free electron scattering: State- and energy-resolved EEL

and EEG rates

Here we review the retarded theory of inelastic electron scattering for the calculation of EEL and laser-

stimulated EEG processes [4, 5, 68, 75, 80, 90–92, 94]. The target material is described through its bound

electromagnetic responses characterized by dielectric function ξ(ω), while the electron probe is examined for

both delocalized and localized electron wave functions. The light-matter potential governing such interactions

takes the form

V̂ =
e

2mc

(
Â · p̂+ p̂ · Â

)
(5.1)

under minimal coupling in the generalized Coulomb gauge [128] ∇ · ξ(x)Â(x, t) = 0, where the ρ̂Φ̂ term

makes no contribution in the absence of free charges describing the target. The probing electron’s charge

and mass are −e and m, and c is the speed of light in vacuum. Â and p̂ are quantum mechanical operators

for the vector potential of the target and linear momentum of the free electron probe, respectively.
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Owing to the inherently weak nature of electron-photon coupling, the inelastic scattering probability

can be obtained using first order time-dependent perturbation theory. The transition rate describing the

scattering of an electron from initial state |ψi⟩ to final state |ψf ⟩ while simultaneously exciting/de-exciting

the target from initial state |Φν⟩ to final state |Φν′⟩ is given by

wfi =
2π

ℏ
∑
νν′

∣∣∣⟨Φν′ |⟨ψf |V̂ |ψi⟩|Φν⟩
∣∣∣2δ(Ef − Ei), (5.2)

where Ei = ℏεi + ℏων and Ef = ℏεf + ℏων′ are the initial and final energies of the composite system,

ℏεi/f = γi/fmc
2 represents the initial/final energy of the probing electron, and γi/f =

[
1 − (vi/f/c)

2
]−1/2

are the initial/final Lorentz contraction factors. Sec. 5.2 details specific TEM and STEM electron states,

including those that are phase-shaped transversely to their propagation direction (see Fig. 4.1), but for now

we remain agnostic to their identity. After some algebra, the transition matrix elements of the scattering

potential in Eq. (5.1) can be expressed as

Vν′fνi(t) = ⟨Φν′ |⟨ψf |V̂ (t)|ψi⟩|Φν⟩

= ⟨Φν′ | − 1

c

∫
dxA(x, t) · Jfi(x, t)|Φν⟩,

(5.3)

where Jfi(x, t) = Jfi(x)e
−i(εi−εf )t is the transition current density [4] with

Jfi(x) =
iℏe
2m

[
ψ∗
f (x)∇ψi(x)− ψi(x)∇ψ∗

f (x)
]

(5.4)

defined in terms of the probe scattering states ψi(x, t) = ψi(x)e
−iεit and ψf (x, t) = ψf (x)e

−iεf t. By con-

tinuity, i.e., ∇ · Jfi(x, t) = −ρ̇fi(x, t), Jfi(x, t) is connected to the transition charge density ρfi(x, t) =

−eψ∗
f (x, t)ψi(x, t).

EEL and EEG scattering rates each derive from Eq. (5.3), but involve different vector potentials of

distinct physical origin. In the case of EEL, solving the vector Helmholtz equation on the domain of the target

produces a set of eigenmode functions fν(x) and associated eigenmode frequencies ων
1, which serve as a basis

to expand the target vector potential [128]. In terms of this set {fν(x)}ν , A(x, t) =
∑

ν [A
(+)
ν (x)aνe

−iωνt +

A
(−)
ν (x)a†νe

iωνt], with A
(+)
ν (x) = c

√
2πℏ/ωνfν(x), A

(−)
ν (x) = c

√
2πℏ/ωνf

∗
ν (x), and [A

(+)
ν ]† = A

(−)
ν , where

a†ν (aν) are creation (annihilation) operators responsible for inducing optical excitations (de-excitations) in

the νth target mode. In the case of EEG, the target vector potential can still be expanded onto the {fν(x)}ν
basis, however, it is the response vector potential induced by a stimulating laser field. In either case, Eq.

1As presented, the eigenmode expansion of the vector potential is rigorously correct only for lossless dielectric cavities. Losses
can be incorporated from the outset by instead expanding the vector potential onto the basis of quasinormal modes [188–190].
The resulting EEL rate expressions exhibit equivalent dependence on the Green’s dyadic irrespective of the presence or absence
of losses
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(5.3) becomes

Vν′fνi(t) = −
1

c

[√
nνδν′,ν−1

∫
dxA(+)

ν (x) · Jfi(x)e
−iωνt

+
√
nν + 1δν′,ν+1

∫
dxA(−)

ν (x) · Jfi(x)e
iωνt
]
e−i(εi−εf )t,

(5.5)

where nν is the occupancy of the νth target mode. When carrying out the derivations of inelastic electron

scattering processes, the first and second terms in Eq. (5.5) correspond to EEG and EEL events, respectively.

The energy conserving delta function in Eq. (5.2), when written in the following equivalent forms

δ(Ef − Ei) =
1

ℏ

∫
dω

δ(ω − εif )δ(ω − ων′ν) (EEL)

δ(ω + εif )δ(ω − ωνν′) (EEG),

(5.6)

with εif = εi − εf and ωνν′ = ων − ων′ , will aid in this connection to EEL and EEG.

In EEL events, the probing electron may transfer energy to and retrieve energy from any of the target

modes which must be summed over to account for all such loss processes where the electron acts as both

pump and probe. After summing over target states ν, ν′, the EEL scattering rate becomes

wloss
fi =

2π

ℏc2
∑
ν

∫
dxdx′ J∗

fi(x) ·A(+)
ν (x)A(−)

ν (x′) · Jfi(x
′)δ(Ef − Ei), (5.7)

while, in the case of EEG, the stimulating laser field is taken to populate the specific target state ν leaving

only a sum over final target states ν′ to be performed, resulting in

wgain
fi =

2π

ℏc2

∫
dxdx′ J∗

fi(x) ·A(−)
ν (x)A(+)

ν (x′) · Jfi(x
′)δ(Ef − Ei). (5.8)

Again note that the target vector potentials A
(±)
ν (x) in the EEG rate in Eq. (5.8) are understood to

originate in response to external laser stimulation and are not induced by the probing electron’s transition

current Jfi(x).

From Eqs. (5.6) and (5.7), together with the relationship wfi =
∫
dω wfi(ω), the frequency-resolved EEL

rate wloss
fi (ω) can be derived. By expressing the target vector potential in terms of mode functions, i.e.,

A
(+)
ν (x)A

(−)
ν (x′) = (2πℏc2/ων)fν(x)f

∗
ν (x

′), Eq. (5.7) can be written in terms of the target’s electromagnetic

Green’s tensor,
←→
G (x,x′, ω) =

∑
ν fν(x)f

∗
ν (x

′)/(ω2−ω2
ν + i0+). More specifically, the EEL rate is formulated

in terms of the imaginary part of the Green’s dyadic, Im
{←→
G (x,x′, ω)

}
= −

∑
ν(π/2ων)fν(x)f

∗
ν (x

′)δ(ω−ων′ν).

As a result, the state- and frequency-resolved EEL transition rate then becomes

wloss
fi (ω) = −8π

ℏ

∫
dxdx′ J∗

fi(x) · Im
[←→
G (x,x′, ω)

]
· Jfi(x

′)δ(ω − εif )

= −8π

ℏ

∫
dxdx′ Im

[
J∗
fi(x) ·

←→
G (x,x′, ω) · Jfi(x

′)
]
δ(ω − εif ),

(5.9)

70



where the bottom line holds for reciprocal media characterized by
←→
G (x,x′, ω) =

←→
G T (x′,x, ω). Note that

for general phase-shaped EEL processes described by Eq. (5.9), the transition current density can point

arbitrarily in 3D space and is not restricted to lie along the TEM axis.

Alternatively, for the case of laser-stimulated EEG, Eqs. (5.6) and (5.8) determine the frequency-resolved

EEG rate. The positive (negative) frequency portion of the target’s laser-induced response field can be

expressed in terms of its induced vector potential as E
(±)
ν (x) = (±iων/c)A

(±)
ν (x). When the stimulating

laser excites a coherent state of the target |αν⟩, the frequency resolved EEG rate

wgain
fi (ω) = 2π

(
|αν |
ℏων

)2∣∣∣ ∫ dxE(+)
ν (x) · Jfi(x)

∣∣∣2δ(ω + εif )δ(ω − ωνν′) (5.10)

is proportional to the volume integral of the 3D vector transition current density Jfi(x) projected onto the

laser-induced electric field E
(+)
ν (x) of the target. For simplicity, the applied monochromatic continuous-wave

laser field is chosen to couple to the target’s νth excited state only. In the low photon occupancy limit

(|αν | ≈ 1), this coherent state description yields

wgain
fi (ω) = 2π

(
1

ℏων

)2∣∣∣∣ ∫ dxE(+)
ν (x) · Jfi(x)

∣∣∣∣2δ(ω + εif )δ(ω − ωνν′), (5.11)

which has been stated previously [5]. As will be shown in Section 5.4.1, if the appropriate choices for the

initial and final electron states are made, Eqs. (5.9) and (5.11) reduce to the conventional EEL and EEG

probabilities found in the literature [5,68,90,91], but, as expressed here, are generalized to potentially describe

polarized EEL and EEG measurements where the wave function of the probing electron is phase-structured

in the plane orthogonal to its motion. Therefore, the approach producing Eqs. (5.9), (5.10), and (5.11) casts

phase-shaped EEL and EEG interactions both within the same framework and on equal footing.

5.2 Transversely phase-structured free electron states

This section introduces various spinless free electron states relevant to the forthcoming discussion of

phase-structured EEL and EEG measurements in TEM and STEM instruments. The states are: (i) energy

eigenstates and thereby separable into spatial and temporal parts as ψ(x, t) = ψ(x)e−iεt and (ii) separable

within an orthogonal coordinate system x = (x1, x2, x3) into transverse and longitudinal functions ψ(x) =

Ψ(x1, x2)e
ik∥x3 . The electron wave functions are translationally invariant along the TEM axis, defined as x3 ≡

z. Transversely delocalized states are investigated first, beginning with plane wave and vortex Bessel beam

states originating as separable solutions in the Cartesian and cylindrical coordinate systems, respectively.

Subsequently, transversely localized and nondiffracting wave functions, including Hermite-Gauss (HG) and

twisted electron Laguerre-Gauss (LG) states, are presented.

Plane wave solutions are separable in Cartesian coordinates with well-defined linear momentum p = ℏk.
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Figure 5.2: Transverse free electron states. Wave functions Ψ(x, y) are visualized in the z = 0 plane with
position-dependent phase indicated by the color of the respective intensity profiles. Black represents low
wave function density. (a) Plane wave states with k⊥ along x̂ (top) and ŷ (bottom). (b) Bessel beam states
Ψℓk⊥(ρ, ϕ) with ℓ = 1, and radial wave number k⊥ (top) and 2k⊥ (bottom). (c) LG states Ψℓp(ρ, ϕ) with
ℓ = 1, and p = 0 (top) and p = 1 (bottom). (d) HG states Ψnm(x, y) with n = 1 and m = 0 (top), and
n = 0 and m = 1 (bottom). (e) In the ℓ = ±1 OAM subspace, the first order LG states |L/R⟩ can be used
as basis states spanning the Bloch sphere with antipodal points

{
|0⟩, |1⟩},

{
|+⟩, |−⟩}, and

{
|L⟩, |R⟩}; states

with constant spatial phase are defined as |G⟩ and placed at the sphere center. Colored arrows represent
transitions between |G⟩ and the states at the labeled antipodal points.

The spatial wave function describing a free electron in the 3D Cartesian space x = (x, y, z) is

ψk(x, y, z) =

(
1√
L

)3

eik·x, (5.12)

where k = (k⊥, k∥) is the wave vector and L is the box quantization length. Phase plots of two transverse

plane wave states, Ψkx
(x, y) and Ψky

(x, y), with orthogonal wave vectors k⊥ = kxx̂ and k⊥ = kyŷ and

corresponding transverse wavelengths λ⊥x = 2π/kx and λ⊥y = 2π/ky, and are displayed in the upper and

lower panels of Fig. 5.2(a) for λ⊥x = λ⊥y = λ⊥, respectively. Electrons can also be prepared in coherent

superposition states, with one example of such a state being ψχ
kxky

(x, y, z) = L−3/2
[
eikxx+eikyyeiχ

]
eik∥z/

√
2,

where the relative phase χ between the two orthogonal electron wave vector components kx and ky can take

values 0 ≤ χ ≤ 2π [54, 77,118].

When expressed in the cylindrical coordinate system defined by x = (ρ, ϕ, z), the separable solutions are

nondiffracting Bessel waves of the form [126,191–193],

ψℓk⊥(ρ, ϕ, z) ∝ J|ℓ|(k⊥ρ)eiℓϕeik∥z. (5.13)

Here, J|ℓ|(k⊥ρ) are Bessel functions of the first kind, ℓ is the azimuthal quantum number of the cylindrically

symmetric state, while k⊥ is the radial wave vector component and k∥ is the longitudinal wave vector

component, respectively [26]. Such states are eigenstates of the z-component of the OAM operator L̂z =

−iℏ∂/∂ϕ with eigenvalue ℓℏ. Specific examples of Bessel states are shown in Fig. 5.2(b) for two different

values of k⊥.
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Transversely localized free electron states can be constructed within the paraxial approximation to the

Schrödinger equation, where the electron momentum along the TEM axis is much greater than its transverse

momentum, i.e., k⊥ ≪ |k|. Since they are eigenstates of the L̂z operator, LG states carry a quantized

azimuthal component ℓ. In the nondiffracting, i.e., collimated, limit defined by infinite Rayleigh range, the

LG wave functions have the form of quantized Landau states [26,191] given by

ψℓp(ρ, ϕ, z) =

(√
2ρ/w0

)|ℓ|
w0

√
L

√
2p!

π(|ℓ|+ p)!
L|ℓ|
p

(
2ρ2

w2
0

)
e
− ρ2

w2
0 eiℓϕeik∥z, (5.14)

where L|ℓ|
p are the Laguerre polynomials, with ℓ and p being the azimuthal and radial quantum numbers,

respectively, and w0 is the z-independent beam waist. Fig. 5.2(c) displays two different LG modes with finite

beam waists w0.

Similarly, the HG family of transversely localized wave functions are solutions to the paraxial wave equa-

tion in the Cartesian coordinate system. Since the nondiffracting LG and HG states each comprise a complete

orthonormal basis, any LG (HG) state can be synthesized from the appropriate coherent superposition of HG

(LG) states [194]. Unlike the LG transverse states, the HG states lack a well-defined azimuthal phase, and

owing to the fact that they are not eigenstates L̂z, do not carry a single OAM unit of ℓ. In the nondiffracting

limit, the HG states take the form

ψnm(x, y, z) =
2−

n+m
2

w0

√
L

√
2

πn!m!
Hn

(
x
√
2

w0

)
Hm

(
y
√
2

w0

)
e
− x2+y2

w2
0 eik∥z, (5.15)

and are labeled by the indices n and m, corresponding to the order of the x- and y-dependent Hermite

polynomials, Hn and Hm, respectively. Fig. 5.2(d) displays the first-order x- and y-oriented HG modes with

beam waists w0, in contrast to the corresponding delocalized Ψkx
(x, y) and Ψky

(x, y) plane waves displayed

in Fig. 5.2(a).

Mirroring applications of optical OAM states, free electrons with quantized transverse degrees of freedom

have recently been recognized as potential carriers of quantum information, specifically as free electron

OAM qubits. Realization of such OAM qubits has been made possible via holographic masks and spiral

phase plates [44–46, 179] or through tailored light sources [133, 180]. Stemming from the separability of

the electron wave function following condition (ii), the orthogonal transverse degrees of freedom can be

used as orthonormal basis states |0⟩ and |1⟩ on the Bloch sphere (Fig. 5.2(e)). Known as the horizontal

and vertical basis states, respectively, linear combinations of |0⟩ and |1⟩ assemble the remaining antipodal

points |L/R⟩ = (1/
√
2)
[
|0⟩ ± i|1⟩

]
and |±⟩ = (1/

√
2)
[
|0⟩ ± |1⟩

]
. One example are the first order LG states

Ψ±10(ρ, ϕ) = ⟨x1x2|L/R⟩ which span the truncated ℓ = ±1, two dimensional Hilbert space [184, 185, 194],

and lie on the north and south poles of the Bloch sphere. Owing to the fact that Ψ±10(ρ, ϕ) can be expressed

as linear combinations of the first order HG states [41], Ψ10(x, y) = ⟨x1x2|0⟩ and Ψ01(x, y) = ⟨x1x2|1⟩ are the

wave functions associated with the vertical and horizontal basis states, respectively. At the center of the Bloch
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sphere lies the Gaussian mode Ψ00(x, y) = Ψ00(ρ, ϕ) = ⟨x1x2|G⟩ =
√
2/πw2

0e
−(x2+y2)/w2

0 =
√

2/πw2
0e

−ρ2/w2
0 .

More generally, higher order electron vortex states with topological charge of ±ℓ can be used to construct

Bloch spheres for ℓ values other than unity [158]. Following the work of Ref. [4], under the appropriate limits,

certain superpositions of electron plane wave states can likewise be mapped onto points on the Bloch sphere

(Fig. 5.2(e)). In this scenario, the horizontal and vertical plane wave wave functions Ψkx(x, y) = ⟨x1x2|0⟩

and Ψky (x, y) = ⟨x1x2|1⟩ can be used to construct the north and south antipodal point wave functions

Ψ
±π/2
kxky

(x, y). Specifically, Ψ
±π/2
kxky

(x, y) = ⟨x1x2|L/R⟩ = (1/
√
2)
[
Ψkx

(x, y) +Ψky
(x, y)eiχ

]
with χ = ±π/2. At

the center of the Bloch sphere is located the electron plane wave Ψk∥(x, y) = ⟨x1x2|G⟩ = 1/L with spatially

uniform transverse phase and purely longitudinal wave vector k = k∥ẑ. As will be shown in the following

section, transitions between OAM or linear momentum electron states residing on the Bloch sphere produce

transition current densities with unique vector and phase profiles.

5.3 Transition current density

Here the transition current density Jfi(x) defined in Eq. (5.4) is examined for selected transitions between

electron states introduced in the previous section. This section begins with a summary of general properties

of Jfi(x) that arise from the restrictions imposed on the forms of the wave functions, then highlights several

general and specific forms of the transition current density for transitions involving delocalized and localized

electron states. A note regarding the arguments of the transition current density: recall that the origin of

time dependence in Jfi(x, t) = Jfi(x)e
iεfit as seen in Eq. (5.3) is a consequence of condition (i) imposed

upon the electron wave functions introduced in the first paragraph of Sec. 5.2. Therefore, as a matter of

convenience and unless stated otherwise, we work with the time-independent version of the transition current

density. In addition, when discussing the transition current density for Bessel, LG, and HG free electron

states, the subscripts of Jfi(x) refer explicitly to the final and initial transverse electron states. Panels (a)

and (b) of Fig. (5.3) present LG and Bessel beam transitions, respectively, panel (c) involves transitions

between plane wave states, panels (d) and (e) showcase the transition current density using focused first

order HG states.

Stemming from conditions (i) and (ii) required of the electron wave functions as stipulated in Sec. 5.2,

the transition current density given by Eq. (5.4) can be re-expressed as the sum of longitudinal (∥) and

transverse (⊥) contributions, defined relative to the TEM axis, according to

Jfi(x) = Jfi(x⊥)e
iq∥z

=
[
J⊥
fi(x⊥) + J

∥
fi(x⊥)ẑ

]
eiq∥z.

(5.16)
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Figure 5.3: Transition current density vector fields Jfi(x) in the z = 0 plane. The arrows within each panel
show the direction and strength of the transverse component J⊥

fi(x), while the underlying color map indicates

the phase (J⊥
fi(x) · η̂) and intensity (|J⊥

fi(x)|). η̂ is displayed in the bottom right hand corner of each panel.
The initial transverse wave functions for the transition current density vector fields are labeled in the top-
center of each panel, while the final state is shown at the bottom of each column. (a) Transition current
densities involving LG Ψℓp(ρ, ϕ) initial and final states. The top panel shows the case of Ψ10(ρ, ϕ)→ Ψ10(ρ, ϕ)
with no transverse transition; the Ψ11(ρ, ϕ)→ Ψ10(ρ, ϕ) transition in the lower panel involves a transition in
radial, but not OAM, quantum numbers. (b) Transitions between Bessel states Ψℓk⊥(ρ, ϕ). The top panel
shows the transition current density for Ψ1k⊥(ρ, ϕ) → Ψ1k⊥(ρ, ϕ) with no transverse state transition, while
the lower panel considers the transition current density for Ψ1k⊥(ρ, ϕ)→ Ψ2k⊥(ρ, ϕ) with an OAM change of
∆ℓ = 1. (c) Incoming electron plane wave states transitioning to the pin hole state Ψk

′
∥
(x, y). The initial state

is characterized by q⊥ = kxx̂ in the top panel, while the lower panels involve the incident superposition plane

wave state Ψ
π/2
kxky

(x, y). The lower panel is a magnified view of the middle panel in the vicinity of the origin.

(d) Transition current densities for first-order HG and LG wave functions transitioning to the Gaussian state.

(e) Transition current densities for transitions from selected HG and LG states to the pin hole state. (f) Ĵ
⊥
fi

for transitions between free electron OAM or linear momentum states which create transition current vector
fields resembling the polarization vectors of light on the Poincaré sphere. The antipodal points

{
Ĵ

⊥
0 , Ĵ

⊥
1

}
,{

Ĵ
⊥
+, Ĵ

⊥
−
}
, and

{
Ĵ

⊥
L , Ĵ

⊥
R

}
are color coded to match the box colors outlining the panels in columns (c)

through (e), as well as the electron state transition arrows in Fig. 5.2(e).
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Explicitly, these components are

J⊥
fi(x⊥) =

iℏe
2mL

[
Ψ∗

f (x⊥)∇⊥Ψi(x⊥)−Ψi(x⊥)∇⊥Ψ
∗
f (x⊥)

]
J
∥
fi(x⊥) = −

ℏe
2mL

Q∥Ψ
∗
f (x⊥)Ψi(x⊥),

(5.17)

where Q∥ = k∥ + k′∥. It can be seen from the perpendicular component of Eq. (5.17), that interchange of

the initial and final transverse states is equivalent to conjugation of the reciprocal scattering process, i.e.,

Jif (x) = J∗
fi(x).

5.3.1 Plane wave states

First we consider transitions between individual incoming ψki(x, y, z) and outgoing ψkf
(x, y, z) plane

wave states of the probe, defined in Eq. (5.12), such that ℏq = ℏ(ki−kf ) is the momentum recoil associated

with the transition. The transition current density associated with this case is

Jkfki(x, y, z) = −
eℏ

2mL3
(2ki − q)eiq·x. (5.18)

Inspection of Eq. (5.18) reveals that the transverse component of the transition current density is directly

proportional to the transverse recoil momentum, i.e., J⊥
kfki

(x, y, z) ∝ q⊥. The phase and vector structure

of the transition current density for an initial plane wave state with transverse wave vector k⊥ = kxx̂

transitioning to the outgoing plane wave state ψk′
∥
(x, y, z) = L−3/2eik

′
∥z is shown in the first panel of Fig.

5.3(c). This final state is referred to as the pin hole state as it is selected by placement of a pin hole on the

TEM axis in the Fourier plane. In Fig. 5.3(c), it is evident that the periodicity of the plane wave states

apparent in Fig. 5.2(a) is inherited by the transition current density.

When prepared in a superposition plane wave state ψχ
kxky

(x, y, z) and post-selected in the diffraction plane

for the pin hole state, the resulting transition current density of the probe is

Jχ
k′
∥,kxky

(x, y, z) = − eℏ
2
√
2mL3

[
kxe

ikxxx̂+ kye
iχeikyyŷ +Q∥

(
eikxx + eiχeikyy

)
ẑ
]
eiq∥z. (5.19)

The phase and vector information of this transition current density are displayed in the final two panels

of Fig. 5.3(c) for χ = π/2 at two different magnification levels. Owing to the spatial dependence of the

wave functions, the x̂, ŷ-components of Eq. (5.19) are functionally dependent upon x and y. It was shown

in Ref. [4] when working in the dipole scattering regime, whereby q⊥ is such that |q⊥|d ≪ 1, with d the

transverse length scale of the target, J⊥
fi(x⊥) becomes approximately independent of position in the vicinity

of the target. Under these circumstances when the perpendicular components of the transition current

density become independent of position, J⊥
fi(x⊥) → J ⊥

fi. After normalization, Ĵ
⊥
fi = J ⊥

fi/|J
⊥
fi| can thus

be mapped onto the Poincaré sphere (Fig. 5.3(f)) [4]. In this limit, for χ = π/2, the transverse component

of Eq. (5.19) becomes circularly polarized such that it mimics the polarization of a left-handed circularly
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polarized photon, evident in the final panel of Fig. 5.3(c) boxed in red. All together, when |q⊥|d ≪ 1, the

transition current densities given by Eqs. (5.18) and (5.19) can be tailored through appropriate pre- and

post-selection to resemble any polarization state of light on the Poincaré sphere as shown in Fig. 5.3(f).

5.3.2 Bessel and Laguerre-Gauss states

By virtue of the ability to prepare free electrons in defocused vortex (Bessel) or focused vortex (LG) states,

the corresponding transition current density can exhibit both radial and azimuthal transverse vector com-

ponents. The transition current density associated with transitions between Bessel beam states ψℓk⊥(ρ, ϕ, z)

and ψℓ′k′
⊥
(ρ, ϕ, z) is [4]

Jℓ′k′
⊥,ℓk⊥(ρ, ϕ, z) =

iℏe
2m

Ψℓk⊥(ρ, ϕ)Ψ
∗
ℓ′k′

⊥
(ρ, ϕ)

[{
k⊥
2
J|ℓ|(k⊥ρ)

−1
[
J|ℓ|−1(k⊥ρ)− J|ℓ|+1(k⊥ρ)

]
− k′⊥

2
J∗
|ℓ′|(k

′
⊥ρ)

−1
[
J∗
|ℓ′|−1(k

′
⊥ρ)− J∗

|ℓ′|+1(k
′
⊥ρ)
]}

ρ̂+
i

ρ
(ℓ+ ℓ′)ϕ̂+ iQ∥ẑ

]
eiq∥z,

(5.20)

for arbitrary ℓ, k⊥ and ℓ′, k′⊥. The transition current density for ℓ′ = ℓ = 1 and k′⊥ = k⊥, with ∆ℓ = 0 is

displayed in the first panel of Fig. 5.3(b), showcasing the expected azimuthal character inherent to twisted

electron beams. Bessel beam states can also lead to unique phase and vector profiles as seen in the lower

panel of Fig. 5.3(b), wherein ∆ℓ = 1 resulting in a transition current density with a phase-structure similar

to that of circularly polarized light, as well as to the wave functions shown in Fig. 5.2(b).

Additionally, the focused LG states in Eq. (5.14) can also produce transition current densities with well-

defined units of OAM transferred. The transition current density for an initial LG electron state ψℓp(ρ, ϕ, z)

transitioning to a final state ψℓ′p′(ρ, ϕ, z) is given by

Jℓ′p′,ℓp(ρ, ϕ, z) =
iℏe
2m

Ψℓp(ρ, ϕ)Ψ
∗
ℓ′p′(ρ, ϕ)

[
1

ρ

{(
|ℓ| − |ℓ′|

)
− 4ρ2

w2
0

(
L|ℓ|
p

(
2ρ2

w2
0

)
L
|ℓ′|∗
p′

(
2ρ2

w2
0

))−1(
L
|ℓ′|∗
p′

(
2ρ2

w2
0

)
L|ℓ|+1
p

(
2ρ2

w2
0

)
− L|ℓ|

p

(
2ρ2

w2
0

)
L
|ℓ′|+1,∗
p′

(
2ρ2

w2
0

))}
ρ̂

+
i

ρ
(ℓ+ ℓ′)ϕ̂+ iQ∥ẑ

]
eiq∥z

(5.21)

valid for arbitrary ℓ, p and ℓ′, p′. Stemming from the commonalities in the underlying wave functions, it is

unsurprising that Eq. (5.20) and Eq. (5.21) look similar. This resemblance is most obvious when considering

events wherein no transverse transition occurs, as seen when comparing the first panels of Fig. 5.3(a) and

Fig. 5.3(b), for transitions between LG and Bessel states, respectively. Here, shown in the top panel of Fig.

5.3(a), is Eq. (5.21) for p′ = p = 0 and ℓ′ = ℓ = 1, which highlights the azimuthal vector component of the

LG transition current density and is similar to the corresponding Bessel beam case displayed in the top panel

of Fig. 5.3(b) for 1k⊥ transitioning to 1k⊥. The bottom panel of Fig. 5.3(a) shows the transition current

density for ∆p = 1. For inelastic scattering events where the electron does not transfer OAM to the target,
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ℓ′ = ℓ and p′ = p, and Eq. (5.21) reduces to

Jℓ′=ℓ,p′=p(ρ, ϕ, z) = −
ℏe

2mL

∣∣Ψℓp(ρ, ϕ)
∣∣2[2ℓ

ρ
ϕ̂+Q∥ẑ

]
eiq∥z, (5.22)

which is the focused vortex beam form of the transition current density of a free electron moving along

v̂ = ẑ [26, 56]. The azimuthal component of Eq. (5.22) is responsible for the spiraling behavior of the

electron current typical for vortex beams, and upon spatial integration over (ρ, ϕ) yields an electron current

with an axial inertial OAM equal to ℓℏ [26].

5.3.3 Hermite-Gauss states

Transitions between transverse HG states that are naturally expressed in the Cartesian basis provide

transition current densities with any desired x̂, ŷ-vectorial structure. Following the approach of Ref. [4], a

general form for Jn′m′,nm(x, y, z) involving arbitrary HG states can be derived from Eq. (5.4). The transition

current density for ψnm(x, y, z) transitioning to ψn′m′(x, y, z) is

Jn′m′,nm(x, y, z) =
iℏe

2mw0L

[{√
nΨn−1,m(x, y)Ψ∗

n′m′(x, y)−
√
n+ 1Ψn+1,m(x, y)Ψ∗

n′m′(x, y)

−
√
n′Ψnm(x, y)Ψ∗

n′−1,m′(x, y) +
√
n′ + 1Ψnm(x, y)Ψ∗

n′+1,m′(x, y)
}
x̂

+
{√

mΨn,m−1(x, y)Ψ
∗
n′m′(x, y)−

√
m+ 1Ψn,m+1(x, y)Ψ

∗
n′m′(x, y)

−
√
m′Ψnm(x, y)Ψ∗

n′,m′−1(x, y) +
√
m′ + 1Ψnm(x, y)Ψ∗

n′,m′+1(x, y)
}
ŷ

+ iw0Q∥Ψnm(x, y)Ψ∗
n′m′(x, y)ẑ

]
eiq∥z,

(5.23)

for arbitrary n,m, n′,m′. As seen in the form of the perpendicular component of Eq. (5.23), careful choice

regarding the pre- and post-selection of the initial/final HG transverse electron states can be intuited to

yield a transition current density with non-trivial x̂, ŷ-vectorial behavior in the plane orthogonal to the

direction of propagation. Working in the ℓ = ±1 OAM Hilbert space, Jn′m′,nm(x, y, z) is displayed in the

columns of Fig. 5.3(d) for first order electron wave functions ψ10(x, y, z) and ψ01(x, y, z), and their linear

combination ψ
χ=π/2
10,01 (x, y, z) = (1/

√
2L)
[
ψ10(x, y, z) + ψ01(x, y, z)e

iπ/2
]
, respectively, all transitioning to the

final Gaussian wave function ψ00(x, y, z) = (1/
√
L)Ψ00(x, y)e

ik′
∥z. In the zero width limit whereby w0 → 0,

for the first order transitions discussed above, the transverse components of the transition current density

become spatially independent and J⊥
fi(x) → J ⊥

fi. Under these constraints, the transition current density

unit vector J ⊥
fi can thus imitate the polarization vector ϵ̂ of free space light, as illustrated on the electron

analog of the Poincaré sphere presented in Fig. 5.3(f). When no transverse transition of the probe occurs,

i.e., n′ = n and m′ = m in Eq. (5.23), the transition current density reduces to

Jn′=n,m′=m(x, y, z) = − eℏ
2mL

Q∥
∣∣Ψnm(x, y)

∣∣2eiq∥z ẑ, (5.24)
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which is oriented parallel to the TEM axis regardless of the values for n and m. In the zero width limit,

Eq. (5.24) reduces to the classical current of a point electron source [68] when n = m = 0. Overall, the

purely longitudinal behavior of Eq. (5.24) differs from the vortex electron beam case in Eq. (5.22) wherein

the current density has a ϕ̂-component perpendicular to the electron’s direction of motion.

Alternatively, when the nm HG state transitions to the forward directed pin hole state rather than a

transversely focused Gaussian state, the transition current density becomes

Jk′
∥,nm

(x, y, z) =
iℏe

2mw0L2

[{√
nΨn−1,m(x, y)−

√
n+ 1Ψn+1,m(x, y)

}
x̂

+
{√

mΨn,m−1(x, y)−
√
m+ 1Ψn,m+1(x, y)

}
ŷ

+ iw0Q∥Ψn,m(x, y)ẑ

]
eiq∥z.

(5.25)

Eq. (5.25) is displayed in Fig. 5.3(e) for the same initial HG states as those used in Fig. 5.3(d), tran-

sitioning instead to the pin hole state ψk′
∥
(x, y, z). For the focused superposition state ψχ

10,01(x, y, z) =

(1/
√
2L)
[
ψ10(x, y, z) + ψ01(x, y, z)e

iχ
]
transitioning to the pin hole state ψk′

∥
(x, y, z), the transition current

density explicitly has the form

Jχ
k′
∥,10,01

(x, y, z) =
iℏe

2
√
2mw0L2

[{
Ψ00(x, y)−

√
2Ψ20(x, y)−Ψ11(x, y)e

iχ
}
x̂

+
{(

Ψ00(x, y)−
√
2Ψ02(x, y)

)
eiχ −Ψ11(x, y)

}
ŷ

+ iw0Q∥
{
Ψ10(x, y) + Ψ01(x, y)e

iχ
}
ẑ

]
eiq∥z.

(5.26)

The difference between Eqs. (5.19) and (5.26) originates from the choice of the initial electron wave function

being either a superposition of linear momentum or OAM states, respectively. Imposing the same condi-

tions placed upon the wave functions in Eq. (5.23) to obtain a transition current density whose transverse

vectorial components are spatially independent, Eqs. (5.25) and (5.26) can be used to construct transition

current densities on the surface of the Poincaré sphere as presented in Fig. 5.3(f). Therefore, transitions

between specific states on the Bloch sphere (Fig. 5.2(e)) produce transition current densities which mimic

the polarization structure of free space light and can thus be mapped onto the Poincaré sphere (Fig. 5.3(f)).

5.4 State- and energy-resolved Observables

Building from Secs. 5.1, 5.2, and 5.3, in this section the EEL, EEG, and DDCS observables between phase-

shaped states of the electron probe are derived. Measurements of EEL and EEG processes are discussed first,

including the narrow beam width limit common in the low-loss electron scattering regime, before moving on

to presentation of the DDCS. A comparison of the EEL and EEG scattering processes, and their relation

to the properties of the transition current density under interchange of initial/final electron states is briefly

presented. We illustrate that the transversely phase-shaped EEL, EEG, and DDCS observables, reduce to
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the familiar forms found in the literature under the appropriate limits.

5.4.1 Electron energy loss and gain probabilities in the narrow beam width

limit

In considering low-loss EEL and EEG scattering events in the narrow beam width limit appropriate to

the STEM it is customary to work within the nonrecoil approximation, where the change in the energy of

the electron is dictated entirely by its momentum change along the axis of propagation [68]. In this limit, the

forward recoil momentum ℏq∥ẑ is small compared to the electron’s initial momentum ℏki so that its change

in energy can be approximated by ℏεif =
√
(mc2)2 + (ℏcki)2 −

√
(mc2)2 + (ℏc(ki − q))2 ≈ ℏvi · q, where

ℏki/m = γivi and ℏki = pi for relativistic matter waves. Upon insertion of εif = vi ·q into the trailing delta

function in Eq. (5.9), the state- and frequency-resolved EEL rate becomes

wloss
fi (ω) = − 8π

ℏvi

∫
dxdx′ Im

[
J∗
fi(x) ·

←→
G (x,x′, ω) · Jfi(x

′)
]
δ(q∥ − ω/vi), (5.27)

where
←→
G (x,x′, ω) is the target’s electromagnetic Green’s tensor introduced in Sec. 5.1. The state- and

energy-resolved EEL probability P loss
fi (ω) = (L/vi)w

loss
fi (ω) is obtained by integrating Eq. (5.27) over the

time it takes the probe electron to traverse the path length L as it interacts with the target specimen. From

P loss
fi (ω), the state- and energy-resolved EEL probability is determined by summing over all possible final

electron states with
∑

kf
∥
→ +(L/2π)

∫∞
−∞ dq∥ and dividing by ℏ, resulting in the EEL probability per unit

energy

Γloss
fi (ω) = − 4

ℏ2

∫
dxdx′ Im

[(L
vi

)
J∗
fi(x; q∥ =

ω

vi
) ·
←→
G (x,x′, ω) ·

(
L

vi

)
Jfi(x

′; q∥ =
ω

vi
)
]
. (5.28)

Here Jfi(x; q∥ = ω/vi) = Jfi(x)|q∥=ω/vi = Jfi(x⊥)e
iq∥z|q∥=ω/vi = Jfi(x⊥)e

i(ω/vi)z makes explicit the locking

of the longitudinal recoil wave number q∥ to ω/vi imposed by the nonrecoil approximation in Eqs. (5.27) and

(5.28). Due to the frequent appearance of the L/vi factor here and in the following equations, we define a

new transition current as Jfi(x, ω = q∥vi) ≡ (L/vi)Jfi(x; q∥ = ω/vi) with dimensions of charge flux per unit

frequency. For clarity, we also abandon the general notation x = (x⊥, z) in favor of x = (R, z) as is common

in the low-loss STEM EEL and EEG literature.

Using the current Jfi(x, ω = q∥vi), the EEL probability can also be cast in terms of the target’s transition

electric field Efi(x, ω = q∥vi) = −4πiω
∫
dx′←→G (x,x′, ω) · Jfi(x

′, ω = q∥vi) resolved in frequency. Efi repre-

sents the electric field produced by the target in response to stimulation by the probing electron. Expressed

in terms of this field, the EEL probability per unit energy becomes

Γloss
fi (ω) = − 1

πℏ2ω
Re

[ ∫
dxJ∗

fi(x, ω = q∥vi) ·Efi(x, ω = q∥vi)

]
, (5.29)

which recovers the classical relationship [68, 195] between Γloss
fi (ω) and the work performed by the electron
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against its own induced field. When the electron beam waist w0 is negligible compared to the length scale

over which the response field changes, Efi can be taken as constant over the spatial domain where the current

density is appreciable and approximated by its value Efi(R, z, ω = q∥vi) ≈ Efi(R0, z, ω = q∥vi) at the impact

parameter R0. In this narrow beam width limit, Eq. (5.29) becomes

Γloss
fi (R0, ω) = −

1

πℏ2ω
Re

[ ∫
dz

(∫
dRJ∗

fi(R, z, ω = q∥vi)e
iωz/vi

)
e−iωz/vi ·Efi(R0, z, ω = q∥vi)

]
= − 1

πℏ2ω
Re

[
J ∗

fi ·
∫
dzEfi(R0, z, ω = q∥vi)e

−iωz/vi

]
,

(5.30)

where the transition currentJ fi =
∫
dRJfi(R, z, ω = q∥vi)e

−iωz/vi = (−e/mvi)
[
⟨Ψf |p̂⊥|Ψi⟩+(ℏQ∥/2)⟨Ψf |Ψi⟩ẑ

]
is z- and ω-independent. It has the transverse and longitudinal components J ⊥

fi = −(e/mvi)⟨Ψf |p̂⊥|Ψi⟩ and

J ∥
fi = −(ℏeQ∥/2mvi)⟨Ψf |Ψi⟩ẑ, respectively, which allow the EEL probability in Eq. (5.30) to be separated

into the perpendicular and parallel contributions

Γloss
fi⊥(R0, ω) = −

1

πℏ2ω
Re

[
J ⊥∗

fi ·
∫
dzEfi(R0, z, ω = q∥vi)e

−iωz/vi

]
Γloss
fi∥ (R0, ω) = −

1

πℏ2ω
Re

[
J ∥∗

fi ·
∫
dzEfi(R0, z, ω = q∥vi)e

−iωz/vi

]
.

(5.31)

Based on the forms of J ⊥
fi and J ∥

fi above, it is evident that J ⊥
fi = 0 and J ∥

fi = −(ℏeQ∥/2mvi)ẑ in the

event of no transverse transition (i.e., Ψi = Ψf and Γloss
fi⊥ = 0), while J ⊥

fi ̸= 0 and J ∥
fi = 0 when a transition

occurs in the probe’s transverse wave function (i.e., Ψi ̸= Ψf and Γloss
fi∥ = 0). In the former case, Γloss

fi∥ (R0, ω)

in Eq. (5.31) reduces to the the well known classical form for the EEL probability [68,80,81,101] in the zero

width limit w0 → 0. Specifically, Γloss
fi∥ (R0, ω) → Γcl(R0, ω) = −(2e/ℏ)2

∫
dzdz′ Im[ẑ ·

←→
G (R0, z;R0, z

′, ω) ·

ẑ e−iω(z−z′)/vi ], which is the EEL probability per unit energy for a uniformly moving classical electron with

current density Jcl(x, ω) = −eδ(R−R0)e
iωz/vi ẑ at impact parameter R0.

To construct the laser-stimulated phase-shaped EEG observable in the narrow beam width limit, we again

introduce εif = vi · q into the trailing delta function in the frequency-resolved EEG rate presented in Eq.

(5.11). As a result, the state- and frequency-resolved EEG rate and scattering probability is

wgain
fi (ω) =

2π

vi

(
1

ℏων

)2∣∣∣∣ ∫ dxE(+)
ν (x) · Jfi(x)

∣∣∣∣2δ(q∥ + ω/vi)δ(ω − ωνν′) (5.32)

and P gain
fi (ω) =

(
L/vi

)
wgain

fi (ω). In parallel to loss, the EEG probability per unit energy is determined from

P gain
fi (ω) after integrating over final states

∑
kf
∥
→ +(L/2π)

∫∞
−∞ dq∥ and dividing by ℏ, resulting in

Γgain
fi (ω) =

1

ℏ

(
1

ℏων

)2∣∣∣∣ ∫ dxE(+)
ν (x) · Jfi(x, ω = −q∥vi)

∣∣∣∣2δ(ω − ωνν′). (5.33)

As in the case of loss, if the target’s induced electric field varies little over the spatial domain of the probe’s

transition current density, then E
(+)
ν (R, z) ≈ E

(+)
ν (R0, z) to lowest order and the state- and energy-resolved
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EEG probability takes the form

Γgain
fi (R0, ω) =

1

ℏ

(
1

ℏων

)2∣∣∣∣ ∫ dzE(+)
ν (R0, z)e

−iωz/vi ·
[ ∫

dRJfi(R, z, ω = −q∥vi)eiωz/vi

]∣∣∣∣2δ(ω − ωνν′)

=
1

ℏ

(
1

ℏων

)2∣∣∣∣ ∫ dz e−iωz/viE(+)
ν (R0, z) ·J fi

∣∣∣∣2δ(ω − ωνν′),

(5.34)

with z- and ω-independent transition current J fi defined below Eq. (5.30). As in the case of EEL, the EEG

probability can also be broken into perpendicular and parallel components

Γgain
fi⊥ (R0, ω) =

1

ℏ

(
1

ℏων

)2∣∣J⊥
fi

∣∣2∣∣∣∣ ∫ dz e−iωz/viE(+)
ν (R0, z) · Ĵ

⊥
fi

∣∣∣∣2δ(ω − ωνν′)

Γgain
fi∥ (R0, ω) =

1

ℏ

(
1

ℏων

)2∣∣J ∥
fi

∣∣2∣∣∣∣ ∫ dz e−iωz/viE(+)
ν (R0, z) · Ĵ

∥
fi

∣∣∣∣2δ(ω − ωνν′),

(5.35)

where J fi = Ĵ fi|J fi| = Ĵ fiJfi. Similarly, when the transverse wave functions Ψi = Ψf , Γ
gain
fi (R0, ω) =

Γgain
fi∥ (R0, ω) and recovers the conventional EEG probability [5, 68, 90–92] in the narrow beam limit w0 → 0.

Through combination of optical polarization and pre- and post-selection of the probe’s transverse phase

profile to define its polarization, cross-polarized measurements in the STEM can be leveraged to directly

interrogate optically-excited target mode symmetries in 3D with nanoscale spatial resolution [5].

The above expressions for EEL and EEG probabilities involve interrogation of the target’s induced re-

sponse field by the transition current densities Jfi(x, ω = +q∥vi) and Jfi(x, ω = −q∥vi) of the probe. It is

natural to consider the relationship between these currents upon interchanging initial and final probe states

in both the transverse and axial directions. The reciprocal behavior of pre- and post-selection of the probe’s

transverse states, i.e., J⊥
fi(R) = J⊥∗

if (R), were discussed previously in Sec. 5.3. Additionally, along the TEM

axis, the longitudinal component J
∥
fi(R) = J

∥∗
if (R) expresses the relationship between anti-Stokes (EEG)

and Stokes (EEL) scattering processes at the level of the transition current density. Taken together,

Jfi(x, ω = +q∥vi) =
(L
vi

)[
J⊥∗
if (R) + J

∥∗
if (R)ẑ

]
ei(ω/vi)z

=
(L
vi

)([
J⊥
if (R) + J

∥
if (R)ẑ

]
e−i(ω/vi)z

)∗
= J∗

if (x, ω = −q∥vi).

(5.36)

These symmetries of the transition current density under interchange of initial and final states, and their

effect on the observables, is detailed further in the Appendix.
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5.4.2 Double differential inelastic scattering cross section in the wide field

limit

When dealing with plane wave electron states, the scattering cross section is a common observable of

interest. It is attained from the EEL transition rate wloss
fi (ω) in Eq. (5.9) by first summing over the elec-

tron final states
∑

kf
→ (L/2π)3

∫
dkf and subsequently dividing by the incoming plane wave particle flux

ℏki/mL3. The total frequency-resolved scattering cross section is given by

σ(ω) =
mL3

ℏki

( L
2π

)3 ∫
dΩf k

2
f dkf wfi(ω), (5.37)

and by integration over frequency, the angle-resolved scattering cross section is

∂σ

∂Ωf
=
mL3

ℏki

( L
2π

)3 ∫
dω k2f dkf wfi(ω)

= −mL
3

ℏki

( L
2π

)3 ∫
dω dEif

(
γfm

ℏ2kf

)
k2f wfi(ω),

(5.38)

where dEif = −(ℏ2/m)kfdkf and dΩf = sin θfdθfdϕf . Lastly, noting that ∂σ/∂Ωf =
∫
dEif∂

2σ/(∂Eif∂Ωf ),

the double differential scattering cross section (DDCS) is defined as

∂2σ

∂Eif∂Ωf
= −m

2L3

ℏ3
( L
2π

)3(kf
ki

)∫
dω wfi(ω)

=
(mL3

πℏ2
)2(kf

ki

)∫
dω dxdx′ Im

[
J∗
fi(x) ·

←→
G (x,x′, ω) · Jfi(x

′)
]
δ(ω − εif ),

(5.39)

which reduces to the DDCS common for an isolated dipolar target Eq. (5.41) in core-loss EEL scattering

[4, 118, 196] when the electrostatic limit where c → ∞ is taken. Further analytic progress is possible in the

case of a single target dipole located at position xd and characterized by frequency-dependent polarizability

tensor ←→α (ω). In this case, the induced Green’s function reduces to
←→
G (x,x′, ω) = −(4πω2)

←→
G 0(x,xd, ω) ·

←→α (ω) ·
←→
G 0(xd,x

′, ω), where
←→
G 0(x,x′, ω) = −1/(4πω2)[(ω/c)2

←→
I +∇∇]ei(ω/c)|x−x′|/|x− x′| is the vacuum

dipole Green’s function, and the DDCS can be expressed analytically. Specifically, with a single incoming

plane wave scattering to a single outgoing plane wave as described by the transition current density given by

Eq. (5.18), the fully retarded DDCS becomes

∂2σ

∂Eif∂Ωf
=

e2

ℏ2π

(
kf
ki

)
1

ε2if
Im

{
Q ·

[(
εif
c

)2←→
I − qq

]
·

←→α (εif )∣∣(εif/c)2 − q2∣∣2 ·
[(

εif
c

)2←→
I − qq

]
·Q
}
, (5.40)

where Q = 2ki − q. In the quasistatic limit (c→∞), Eq. (5.40), reduces to the more familiar form [50]

∂2σ

∂Eif∂Ω
=

e2

ℏ2π

(
kf
ki

)
1

ε2if
Im

[
Q · qq ·

←→α (εif )

q4
· qq ·Q

]
. (5.41)
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5.5 Numerical Implementation

This section details the numerical implementation of the inelastic scattering observables presented above

in Secs. 5.4.1 and 5.4.2 for transversely phase-structured free electrons in both the focused beam and wide field

limits. Our implementation generalizes the electron-driven discrete dipole approximation (e-DDA) [135,136],

built on top of the DDCSAT [140] framework, which previously utilized the vacuum electric field E0
fi of a point

electron as the source instead of an optical plane wave field. Other fully retarded and quasistatic numerical

methods for simulating extended nanophotonic targets have been formulated to model low-loss electron

beam interactions, such as the finite-difference time-domain [197, 198], metal nanoparticle boundry element

(MNPBEM) [199], and finite element [200,201] methods. In addition, transversely structured electron beams

have been implemented in MNPBEM [48,89,127,187], albeit in the quasistatic limit only. Our treatment of the

inelastic scattering of transversely structured electron beams in e-DDA is distinguished by its incorporation

of fully retarded electron-sample interactions in both focused beam and wide field limits.

e-DDA/DDA originate from the method of coupled dipoles [202], whereby the target is discretized into a

finite collection of point electric dipoles

pk(ω) =

N∑
l=1

[←→α (ω)−1 − (−4πω2)
←→
G 0(ω)

]−1

kl
·E0

fi(xl, ω) (5.42)

of polarizability←→α (ω), each driven by the vacuum transition field E0
fi(xi, ω) at frequency ω and mutually in-

teracting via their fully-retarded electric dipole fields −4πω2
∑

l

←→
G 0

kl(ω) ·pl(ω) until reaching self-consistency

at that same frequency. Here
←→
G 0

kl(ω) are the kl-matrix elements of the vacuum dipole Green’s function
←→
G 0(x,x′, ω).

Upon inversion of Eq. (5.42), all EEL observables described above may be calculated from the resulting

pk(ω) together with the applied fieldE0
fi(xk, ω) (Eq. (5.47)) evaluated at each dipole. Specifically, the focused

beam EEL probability and the wide field DDCS expressions in Eq. (5.28) and Eq. (5.39), respectively, can

be adapted to a form that is compatible with the e-DDA code via the EEL rate per unit frequency

wloss
fi (ω) = −8π

ℏ

∫
dxdx′ Im

[
J∗
fi(x) ·

←→
G (x,x′, ω) · Jfi(x

′)
]
δ(ω − εif )

=
2

ℏ

(vi
L

)2
Im
[∑

k

E0∗
fi(xk, ω) · pk(ω)

]
δ(ω − εif ).

(5.43)

Here the target’s induced Green’s function
←→
G (x,x′, ω) is expanded in terms of the polarizabilities of the N

dipoles representing the target. That is

←→
G (x,x′, ω) = −4πω2

∑
jj′

←→
G 0(x,xj , ω) ·

[←→α −1(ω)− (−4πω2)
←→
G 0(ω)

]−1

jj′
·
←→
G 0(xj′ ,x

′, ω), (5.44)

which can be derived from the response field of a polarizable body described in terms of its induced Green’s
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function
←→
G (x,x′, ω) driven by the external current density J0(x) or by the free propagation (via

←→
G 0(x,x′, ω))

of the target’s induced current density J(x) =
∑

j(−iω)pj(ω)δ(x−xj) as E(x, ω) = −4πiω
∫
dx′←→G (x,x′, ω)·

J0(x′) = −4πiω
∫
dx′←→G 0(x,x′, ω) · J(x′).

5.5.1 Numerical evaluation of state- and energy-resolved EEL and EEG

probabilities

From Eq. (5.43), the state- and energy-resolved EEL probability can be obtained following the same

procedure in Sec. 5.4.1. Specifically, the transversely phase-shaped EEL probability becomes

Γloss
fi (ω) =

1

πℏ2
Im
[∑

k

E0∗
fi(xk, ω = q∥vi) · pk(ω = q∥vi)

]
, (5.45)

when working within the nonrecoil approximation introduced in Sec. 5.4, as appropriate to focused beams

prepared in the STEM configuration. The vacuum transition electric field E0
fi appearing within Eq. (5.42)

and Eq. (5.45) can, in principle, be any of the fields sourced by the transversely focused transition current

densities described in Sec. 5.3. However, due to their complexity, only those transitions involving OAM

transfers ∆ℓ = 1 depicted as colored arrows in Fig. 5.2(e), and more specifically the resulting electric

fields sourced by the transition current densities seen in Fig. 5.3(c) and 5.3(d), have been implemented

within the e-DDA code. Explicit forms for these fields are provided in the Appendix. Phase-shaped EEG

probability spectra of nanophotonic targets under continuous-wave laser stimulation can also be evaluated

numerically using the e-DDA as detailed previously [5]. Briefly, the EEG probability in Eq. (5.34) is

numerically integrated by quadrature using the optically-induced response field of the target E
(+)
ν calculated

using DDCSAT and the Ĵfi defined by selection of a specific pair of incoming and outgoing free electron

states.

Figure 5.4 presents a comparison of normalized focused beam EEL and EEG spectra for a 25 nm radius

silver sphere calculated using e-DDA with dielectric data taken from Ref. [203]. Probing electrons have a

speed of 0.7c. Panel (a) shows phase-structured EEL (solid traces) and EEG (dashed traces) spectra at impact

parameterR0 = (1/
√
2)(40 nm, 40 nm). The optical excitation polarization ϵ̂ in the EEG calculations is along

x̂. Gray and magenta colors correspond to pre- and post-selection of HG transitions Ψ00(x, y) → Ψ00(x, y)

with Ĵ
∥
fi = ẑ, and Ψ10(x, y) → Ψ00(x, y) with Ĵ

⊥
fi = x̂, respectively. While the e-DDA calculations can

capture coupling to the higher-order multipoles, as seen in Fig. 5.4(a), the dipolar localized surface plasmon

(LSP) is clearly evident near 3.4 eV. Here it is apparent that both transitions with Ĵ fi oriented parallel

and perpendicular to the electron trajectory couple to the quadrupolar LSP mode near 3.6 eV, albeit with

different strengths. The EEG spectra, meanwhile, are dominated by the optically bright dipolar response of

the sphere, whereas the higher-order, dark modes are inaccessible by the stimulating optical pump field.

EEL spectrum images obtained by plotting Γloss
fi (R0, ω) as a function of the impact parameter R0 at the

dipole LSP energy 3.4 eV are shown in Fig. 5.4(b). In the conventional EEL case, where Ĵ
⊥
fi = 0 resulting
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Figure 5.4: Phase-shaped EEL and EEG point spectra and spectrum images of a silver plasmonic sphere of 25
nm radius evaluated using e-DDA. (a) Phase-shaped EEL (solid) and EEG (dashed) point spectra, evaluated
in the narrow beam limit, at impact parameter R0 = (1/

√
2)(40 nm, 40 nm). The optical polarization is

ϵ̂ = x̂ in the laser-stimulated EEG calculations. Gray and magenta colors correspond to Ĵ fi along ẑ and
x̂, respectively. (b) Phase-shaped EEL spectrum images at the dipole LSP resonance energy of 3.4 eV. Each

column corresponds to the labeled Ĵ fi. (c) Phase-shaped EEG spectrum images at 3.4 eV. The optical

excitation polarization state ϵ̂ varies between rows, while each column corresponds to the labeled Ĵ fi. For

ϵ̂ = {x̂, L̂}, the optical axis is chosen to be along ẑ, while for ϵ̂ = ẑ it is chosen to be along x̂. Panels with

Ĵ fi = {x̂, ŷ, L̂} and with ϵ̂ = {x̂, L̂} share a common scale, while panels with Ĵ fi = ẑ are separately scaled.
The incident velocity of the probing electron is vi = 0.7c ẑ in all cases.
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in Ĵ fi = Ĵ
∥
fi = ẑ (gray, left), the spectrum image exhibits the expected circular symmetry. Meanwhile,

when Ĵ
⊥
fi ̸= 0, producing a Ĵ

⊥
fi oriented along x̂ (ŷ), and outlined in magenta (green), the spectrum image

shows slight elongation along the direction of the transition current density. As required by symmetry, the

circularly-polarized Ĵ
⊥
fi = L̂ (red) couples with radial symmetry to the spherical target. In Fig. 5.4(b), the

Ĵ
∥
fi = ẑ plot is normalized to a maximum of 10−2 eV−1, while the Ĵ

⊥
fi ∈ {x̂, ŷ, L̂} cases share a common

normalization factor of 10−8 eV−1 for a beam waist of 1 nm. The small perpendicular to parallel ratio of

signals represents a hurdle to phase-shaped EEL spectroscopy measurements regarding limits of detection,

although measurements of this type have been achieved previously [49]. Phase-shaped EEG spectrum images

at the same dipole LSP energy 3.4 eV are presented in Fig. 5.4(c). The optical excitation polarization state

ϵ̂ varies between rows, while each column corresponds to the labeled component of Ĵ fi. For ϵ̂ = {x̂, L̂}, the

optical axis is chosen to be along ẑ. There Ĵ
⊥
fi = x̂, ŷ, and L̂ share a common scale factor, while Ĵ fi = ẑ

is separately scaled. The ratio of the transverse to longitudinal EEG probabilities is Γgain
fi⊥/Γ

gain
fi∥ ≈ 10−5,

for a 200 keV electron beam with a waist 1 nm. These findings are consistent with earlier theoretical [5]

and experimental [105] studies. For the ϵ̂ = ẑ case, the optical axis is chosen to be along x̂ and the ratio of

transverse to longitudinal EEG signals remains similarly small (∼ 10−5), but all signals are smaller by ∼ 10−3

in this excitation geometry. Comparison of Figs. 5.4(b) and 5.4(c) highlights the differing identities of the

excitation sources and roles played by Jfi in EEL and laser-stimulated EEG processes. When considering

EEL events, the STEM electron acts as both a spatially dependent pump and probe sourced by the transition

current density Jfi(R0) at impact parameter R0. In stark contrast, as alluded to in Sec. 5.1, the pump and

the probe are decoupled for laser-stimulated EEG processes. Specifically, as seen in Eq. (5.11), the pump is

the optical source exciting the target’s induced field E
(+)
ν , which is then probed by the electron’s transition

current density Jfi(R0) at R0.

5.5.2 Numerical evaluation of the inelastic double differential cross section

From Eqs. (5.39) and (5.43), the wide field inelastic DDCS can be expressed as

∂2σ

∂Eif∂Ωf
= − m2L6

(2π)3ℏ3

(
kf
ki

)∫
dω wloss

fi (ω)

= − 1

4π3

kf
ki

(
vimL

2

ℏ2

)2

Im
[∑

j

E0∗
fi(xj , ω = εif ) · pj(ω = εif )

]
.

(5.46)

We have implemented within e-DDA the plane wave transition fields defined in Appendix Eqs. (5.50) and

(5.52), sourced by the transition currents Eqs. (5.18) and (5.19), respectively, for the cases of scattering from

either a single or a coherent superposition of two incident plane waves, to a single outgoing plane wave state.

The DDCSs for inelastic scattering of wide field plane wave electron states from plasmonic nanorod

monomers and dimers are presented in Fig. 5.5. Probing electrons have an initial kinetic energy of 200 keV

and wave vector directed along the TEM axis, i.e., k̂i = ẑ, while the outgoing wave vectors kf possess a
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Figure 5.5: DDCSs for plasmonic nanorod monomer and dimer systems evaluated using e-DDA. (a) Numeri-
cally calculated DDCS (logarithmic scale) for a silver nanorod with Cartesian dimensions of 30 nm × 60 nm
× 15 nm. The incident electron is directed along ẑ with 200 keV kinetic energy and the collected scattering
direction is varied from θf = 0 µrad (along ẑ) to θf = 200 µrad, with ϕf = π/2 fixed such that q⊥ = q⊥ŷ.
The quantity d/λ⊥ (upper horizontal axis) is the rod length (60 nm) along the momentum recoil direction
divided by the transverse recoil wavelength λ⊥ = 2π/q⊥. (b) Lineout of the DDCS in panel (a) at 2.5 eV
(green). The gray trace is the DDCS of an anisotropic point dipole evaluated using the analytic expression
in Eq. (5.40). Vertical gray dashed lines indicate single particle diffraction minima. Insets show schematic
depictions of the scattering and target geometries. (c) Same as (a), but for a homodimer target composed of
two copies of the nanostructure considered in (a) and (b) arranged tip-to-tip along the y-axis with an s = 10
nm gap. (d) Lineouts from (c) at 2.30 eV (red) and 2.65 eV (blue). Vertical gray dashed lines indicate single
slit diffraction minima, while solid gray lines denote double slit interference minima at 2.30 eV.
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nonzero y-component such that the transverse momentum recoil ℏq⊥ is along ŷ. Working in the low loss

energy regime in order to observe the plasmonic modes of interest, Fig. 5.5(a) shows the calculated DDCS

(logarithmic scale) for an anisotropic silver rod with Cartesian dimensions 30 nm × 60 nm × 15 nm (width,

length, height) as a function of scattering angle θf and loss energy. The nanorod is orientated with its longest

dimension dy along the direction of collected transverse recoils (ϕf = π/2), leading to the lowest energy long-

axis dipole mode near 2.50 eV dominating the DDCS. Since the transversely polarized components of the

transition field E0
fi in Eq. (5.50) are proportional to q⊥, transversely oriented LSP modes of the nanorod do

not contribute to the DDCS at θf = 0 µrad. The apparent features at θf = 0 µrad and energies above 3.50

eV in Fig. 5.5(a) arise from longitudinal multipoles oriented along ẑ.

Figure 5.5(b) shows a lineout from panel (a) at the long-axis dipole LSP energy marked by the dashed green

line. The gray trace in Fig. 5.5(b) is calculated using the analytic form of the DDCS given in Eq. (5.40) for a

single point dipole representing the target. The anisotropy of the nanorod response is captured by detuning

the shorter axis dipole LSP energies above 2.50 eV in the dipole’s effective polarizability. As a consequence,

∂2σ/∂Eif∂Ωf ∝ |E0
fi · ŷ|2, which ensures ∂2σ/∂Eif∂Ωf |θf=0 = 0. At moderate opening angles (≳ 5 µrad)

the DDCS decreases as the opening angle increases, which starting from Eq. (5.50) and Q∥ ≫ |Q⊥| = |q⊥|

can be shown by E0
fi · ŷ ∝ Q∥q∥q⊥ · ŷ/

(
q2
⊥ + q2∥ −ω

2/c2
)
= Q∥q∥|kf | sin θf/

[
|kf |2 sin2 θf +ω2(1/v2i − 1/c2)

]
.

For a 200 keV electron with loss energy ℏϵif = 2.5 eV, |kf | sin θf ≳ ω/(γivi) at opening angles > 5µrad,

leading to ∂2σ/∂EifdΩf ∝ 1/ sin2 θf . This effect exists independent of the target geometry and represents

the decreasing probability of low loss events with moderate transverse recoil. Separately the lineouts in θf

on the order of 5 µrad range are primarily dictated by the growing in of the transverse LSP mode, as at

smaller angles E0
fi · ŷ ∝ q · ŷ = |kf | sin θf and the lineout is taken at the ŷ oriented dipole mode energy.

Unlike in the narrow beam limit, the DDCS observable has equal magnitude contributions from transverse

and longitudinal recoils, which is a well known experimental and theoretical result of EEL DDCS on an

anisotropic target [196, 204]. In addition to tracking the angular scattering behavior predicted by the point

dipole model at small scattering angles (≲ 25 µrad), the lineout shown in green exhibits a progression of

diffraction maxima/minima with increasing θf arising from the finite extent of the target. The single particle

diffraction minima, indicated by vertical gray dashed lines, are located nearby angles θm corresponding to

single slit diffraction minima predicted using dy sin θm = mλe, where integers m index the diffraction minima,

and λe is the de Broglie wavelength of the electron.

Figures 5.5(c) and 5.5(d) consider a nanorod dimer consisting of a pair of the silver rods from Figs. 5.5(a)

and 5.5(b) displaced along ŷ such that there is an s = 10 nm gap between the rod tips. The dimer’s DDCS

is presented in Fig. 5.5(c), where the bonding (red) and antibonding (blue) hybridized long-axis dipole LSP

modes are visible at energies slightly below and above 2.5 eV, respectively. Lineouts from Fig. 5.5(c) at loss

energies corresponding to the bonding and antibonding dimer modes are shown in Fig. 5.5(d), again displaying

multiple diffraction minima/maxima. In analogy to the double slit experiment, each nanorod is a source of

single-particle diffraction in addition to matter-wave interference arising from the d⊥ + s = 70 nm center-to-
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center displacement of the the nanorods. For example, each DDCS minimum observed at the bonding mode

energy (2.30 eV) occurs at an angle corresponding to either one of the single-particle diffraction minima

from Fig. 5.5(b) marked by vertical gray dashed lines, or at angles θn satisfying the double slit interference

condition nλ⊥ = dy + s, which are indicated by vertical gray solid lines. The condition for constructive

interference at the antibonding resonance energy is (n+ 1/2)λ⊥ = dy + s.

An investigation of inelastic scattering involving superposition plane wave electron states interacting with

a chiral nanophotonic target is presented in Fig. 5.6. Specifically, the target is the well-understood Born-Kuhn

structure (BK) [110], composed of two gold nanorods arranged in an L-shape with a relative displacement

ζ between the rods centered along ẑ, as demonstrated in Fig. 5.6(a). Here, the long and short axes of each

nanorod are 100 nm and 30 nm, respectively, ζ = 40 nm, and tabulated gold dielectric data are taken from the

literature [203]. Fig. 5.6(b) shows the optical extinction spectra of the BK target for incident wave vectors

along ẑ and polarizations ϵ̂ = L̂ (red) and R̂ (blue). As is well-understood (see Appendix) [111, 112] both

incident field helicities couple, albeit with unequal strengths, to the bonding and antibonding LSP modes

near 2.0 eV involving the long-axis dipoles. The optical circular dichroism CDopt = 2(σR̂
ext−σL̂

ext)/(σ
R̂
ext+σ

L̂
ext)

spectrum is shown in black, which exhibits the BK system’s chiral response and serves as a point of comparison

against the electron-based observables.

As depicted in Fig. 5.6(a), free electron plane wave superposition states ψχ
kxky

(x, y, z) are incident from

the left, while an aperture situated in the diffraction plane post-selects the outgoing free electrons along

the TEM axis with kf
⊥ = 0, i.e, ψk′

∥
(x, y, z). It has been shown previously that the response of targets

as measured by wide field EEL spectroscopy with pre- and post-selection of such states with kx = ky and

χ = ±π/2 in many ways mimic the optical response under circularly polarized optical excitation [4, 54, 118].

Indeed, Fig. 5.6(c) presents DDCS spectra of the BK target for ψχ
kxky

(x, y, z) → ψk′
∥
(x, y, z), producing the

transition current density given by Eq. (5.19), for the scenarios of χ = ±π/2. The circular dichroism CDEEL

(black) is again defined as twice the difference in the χ = ±π/2 DDCS spectra normalized by the sum, and

strongly resembles the CDopt spectrum in Fig. 5.6(b). Panel (c) presents the CDEEL spectra as a function of

convergence angle θi. Like the nanorod dimer presented in Fig. 5.5, the BK system exhibits both single slit

diffraction and double slit interference effects (Fig. 5.6(d)), though the superposition state excitation and BK

target geometry conspire to produce more complicated beating patterns than those observed in Fig. 5.5(c).

The vertical dashed gray line in Fig. 5.6(d) indicates the convergence angle θi of the spectra presented in

panel (c).

5.6 Conclusions

Development of capabilities to prepare, parse, and measure transversely phase-structured electron states

in the electron microscope has opened the door to state- and energy-resolved inelastic scattering observables,

adding to the rapidly evolving toolkit used to interrogate nanoscale systems in the low-loss regime. Here we
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Figure 5.6: Numerical evaluation of the circular dichroic response of a chiral nanorod structure probed using
wide field EEL spectroscopy within e-DDA. (a) Scheme showing the gold nanorod BK structure and probing
geometries. Superposition plane wave electron states are incident from the left, while an aperture (black)
post-selects the outgoing electron state along the TEM (ẑ) axis. (b) Optical extinction spectra for incident

plane wave wave vectors along ẑ with circular polarization states ϵ̂ = R̂ (blue) and L̂ (red). The optical
circular dichroism CDopt is shown in black and shares its secondary y-axis with panel (c). (c) DDCS spectra
of the same BK structure for superposition plane wave electron states with χ = +π/2 (red) and χ = −π/2
(blue). The CDEEL spectrum is shown in black. (d) Angle θi-resolved CDEEL spectra. The dashed gray line
in (d) indicates the fixed angle of the lineouts in (c). The incident electron kinetic energy in (c,d) is 200 keV.
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present general expressions for transversely phase-shaped EEL and continuous-wave laser-stimulated EEG

spectroscopies for transversely localized vortex and non-vortex electron states, and the DDCS for wide field

electron plane waves under minimal assumptions regarding the magnitudes of electron velocity and energy

exchange. By exploiting a quantum mechanical treatment that accounts explicitly for the transverse degrees

of freedom of the probing electron wave functions, we have showcased the ability to retrieve information

about the optical near-field and electromagnetic response of nanophotonic targets using inelastic scattering of

phase-shaped free electrons following energy-momentum post-selection. A numerical procedure for evaluating

derived observables is presented that allows for flexibility regarding particle number, size, geometry, and

material composition. Example calculations for several prototypical plasmonic monomer and dimer systems

are investigated to highlight the utility of our approach to analyze mode symmetries, local response field

characteristics, chiral responses, and matter-wave diffraction phenomena. The general procedures outlined

for constructing wide field plane wave and nondiffracting twisted and non-twisted electron beams with distinct

transverse polarization and topological textures, in addition to the state- and energy-resolved observables,

can be readily applied to many areas of atomic, molecular, and materials physics. In particular, we have

drawn attention to an application of free electron qubits, whereby transitions between different OAM qubit

states produce transition current densities with unique polarization and vector profiles, including analogs

of optical polarization states and other more general forms of structured light. The theoretical framework

presented can be extended to describe beam coherence in electron holography [205,206] via a density matrix

formalism [207], and utilized to explore the role of pure and mixed electron states in inelastic scattering and

the concurrent transfer of quantum information in the form of quantized energy and OAM [182,184,185,208].

Furthermore, the use of transversely phase-structured free electron states realizable in TEMs, STEMs, and

ultrafast TEMs can lead to additional manifestations of unique electromagnetic fields [167,168] and electron

paraxial skyrmionic beams [169], all of which could play vital roles in the investigation of novel optically

forbidden atomic, molecular, material, and topological excitations [142,170,209–211].

5.7 Acknowledgments

All work was supported by the U.S. Department of Energy (DOE), Office of Science, Office of Basic Energy

Sciences (BES), Materials Sciences and Engineering Division under Award No. DOE BES DE-SC0022921.

92



5.8 Appendix

5.8.1 Vacuum Transition Vector Potentials and Electric Fields

The transition vector potentials and electric fields associated with each of the transition current densities

in Sec. 5.3 are presented below. Specifically, the vacuum electric field

E0
fi(x, ω) =

ic

ω

[(ω
c

)2←→
I +∇∇

]
·A0

fi(x, ω)

=
i

ω

∫
dx′
[(ω

c

)2←→
I +∇∇

]
ei(ω/c)|x−x′|

|x− x′|

(L
vi

)
Jfi(x

′)

= −4πiω
∫
dx′←→G 0(x,x′, ω) ·

(L
vi

)
Jfi(x

′)

(5.47)

plays an important role in the observable EEL and EEG processes and depends upon the vector potential

A0
fi(x, ω) =

1

c

∫
dx′ e

i(ω/c)|x−x′|

|x− x′|

(L
vi

)
Jfi(x

′) (5.48)

presented here in the Lorenz gauge. Beginning with the transition current density in Eq. (5.18) associated

with the transition between single plane wave states ψki(x, y, z) and ψkf
(x, y, z) where ki and kf are arbitrary

wave vectors, the vacuum vector potential

A0
kfki

(x, ω) =
2πeℏ
mcviL2

eiq·x(
ω/c

)2 − q2Q (5.49)

and electric field

E0
kfki

(x, ω) =
2πieγi
kiL2ω

eiq·x

(ω/c)2 − q2
[(ω

c

)2←→
I − qq

]
·Q (5.50)

are readily obtained upon using the integral identity
∫
dx′ei(ω/c)|x−x′|e∓iq·x′

/|x− x
′| = −4πe∓iq·x/[(ω/c)2−

q2].

The vacuum transition vector potential sourced by the superposition plane wave state transition current

density in Eq. (5.19) takes the form

Aχ0
k′
∥,kxky

(x, ω) =
2πeℏ√
2mcviL2

eiq∥z
[

kxe
ikxx

(ω/c
)2 − k2x − q2∥ x̂+

kye
iχeikyy

(ω/c)2 − k2y − q2∥
ŷ

+Q∥

(
eikxx

(ω/c)2 − k2x − q2∥
+

eiχeikyy

(ω/c)2 − k2y − q2∥

)
ẑ

] (5.51)

for the superposition state ψχ
kxky

(x, y, z) = (1/
√
2L)
[
Ψkx

(x, y) + Ψky
(x, y)eiχ

]
eik∥z introduced in Sec. 5.2,

transitioning to the final pin hole state ψk′
∥
(x, y, z) = L−3/2eik

′
∥z oriented along the TEM (ẑ) axis. Associated
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with this vector potential is the superposition plane wave state transition electric field

Eχ0
k′
∥,kxky

(x, ω) =
−2πieℏ√
2mωL2vi

[
k2x +Q∥q∥ − (ωc )

2

k2x + q2∥ − (ωc )
2
kxe

ikxxx̂+
k2y +Q∥q∥ − (ωc )

2

k2y + q2∥ − (ωc )
2
kye

ikyyeiχŷ

+

(
k2xq∥ +Q∥q

2
∥ −Q∥(

ω
c )

2

k2x + q2∥ − (ωc )
2

eikxx +
k2yq∥ +Q∥q

2
∥ −Q∥(

ω
c )

2

k2y + q2∥ − (ωc )
2

eikyyeiχ
)
ẑ

]
eiq∥z,

(5.52)

where Q = ki + kf and q = ki − kf are the same total and recoil wave vectors defined previously.

In the case of focused beams, more specifically in the small beam-width limit, we present only the

vacuum transition fields involving one unit of OAM exchange between initial and final electron scattering

states. The narrow beam limit, whereby the transverse electron wave function reduces to the transverse delta

function [68], is adopted in all expressions. The transition vector potential and electric field associated with

the HG transition current density in Eq. (5.23) describing the scattering from ψ10(x, y, z) to ψ00(x, y, z) is

A0
00,10(x, ω) = −

2ieℏ
mvicw0

[
K0

(
q∥∆R0

γi

)
x̂+ i

q∥Q∥w
2
0

4γi

∆x

∆R0
K1

(
q∥∆R0

γi

)
ẑ
]
eiq∥z, (5.53)

and

E0
00,10(x, ω) =

2ℏe
mw0ωvi

[ω2

c2
←→
I +∇∇

]
·
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K0

(
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2
0)
∆x∆y

∆R2
0

K2

(
q∥∆R0

γi

)
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0

ω2

c2
− q2∥(1 + q∥Q∥w

2
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q∥∆R0
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ẑ
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eiq∥z,

(5.54)

where ∆R0 = |R−R0| and ∆x = |x−x0| and ∆y = |y−y0|. By symmetry, scattering from HG ψ01(x, y, z) to

ψ00(x, y, z) can be obtained from Eqs. (5.53) and by (5.54) interchanging x̂ with ŷ, resulting in A0
00,01(x, ω)

and E0
00,01(x, ω). If the transverse state does not change in the scattering process, as is the case in the

conventional EEL signal, the vacuum vector potential and electric field associated with the current density

in Eq. (5.24) where n′ = n = 0 and m′ = m = 0 become

A0
00,00(x, ω) =

( ℏe
mvic

)
Q∥K0

(q∥∆R0

γi

)
ẑ eiq∥z (5.55)

and

E0
00,00(x, ω) =

ℏe
ωmvi

Q∥

[
q2∥

γi∆R0
K1

(q∥∆R0

γ

)(
∆xx̂+∆yŷ

)
+ i
(ω2

c2
− q2∥

)
K0

(q∥∆R0

γ

)
ẑ

]
eiq∥z. (5.56)

The latter is the well known classical field of a uniformly moving point electron [68, 80] in the nonrecoil

approximation where q∥ = ω/vi and Q∥ = 2ki∥.

Transitions between LG states ψℓp(ρ, ϕ, z) and ψℓ′p′(ρ, ϕ, z) involving one unit of OAM can be derived
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from the above HG transitions by linear combination. Specifically,

A0
ℓ′=0,p′=0,ℓ=±1,p=0(ρ, ϕ, z, ω) =

1√
2

[
A0

00,10(x, ω)± iA0
00,01(x, ω)

]
(5.57)

and

E0
ℓ′=0,p′=0,ℓ=±1,p=0(ρ, ϕ, z, ω) =

1√
2

[
E0

00,10(x, ω)± iE0
00,01(x, ω)

]
. (5.58)

All electric fields introduced in the Appendix are coded within the e-DDA and can be used to calculate the

presented EEL observables in both wide field and focused beam limits.

5.8.2 Observables Under Interchange of Initial and Final States

The EEL rate wfi is proportional to
∫
dx dx′J∗

fi(x) ·
←→
G (x,x′, ω) · Jfi(x

′). By interchanging the 3D

coordinates x and x′, and invoking reciprocity, i.e., Gαβ(x,x
′, ω) = Gβα(x

′,x, ω),

∫
dx dx′[Jfi(R)eiq∥z

]∗
α
Gαβ(x,x

′, ω)
[
Jfi(R

′)eiq∥z
′]

β
=

∫
dx dx′[Jfi(R)

]∗
α
Gαβ(x,x

′, ω)
[
Jfi(R

′)
]
β
e−iq∥(z−z′)

=

∫
dx dx′[Jif (R)

]
α
Gαβ(x,x

′, ω)
[
Jif (R

′)
]∗
β
e−iq∥(z−z′)

=

∫
dx dx′[Jif (R

′)
]∗
β
Gβα(x

′,x, ω)
[
Jif (R)

]
α
e−iq∥(z−z′)

=

∫
dx dx′[Jif (R)

]∗
α
Gαβ(x,x

′, ω)
[
Jif (R

′)
]
β
e−iq∥(z

′−z)

=

∫
dx dx′[Jif (R)ei(−q∥)z

]∗
α
Gαβ(x,x

′, ω)
[
Jif (R

′)ei(−q∥)z
′]

β
,

(5.59)

where α, β = x, y, z and Einstein summation notation has been used. Eq. (5.59) can be equivalently expressed

as wfi(q∥) = wif (−q∥) provided Gαβ(x,x
′, ω) = Gβα(x

′,x, ω). Said differently, interchanging the initial and

final transverse states together with changing the sign of the recoil momentum wave vector q∥ leaves the

EEL observable invariant in a reciprocal medium. In the case of an isolated dipolar target at position xd

characterized by frequency-dependent polarizability ←→α (ω),
←→
G (x,x′, ω) satisfies the reciprocity condition

when the polarizability tensor is complex symmetric, i.e., when ←→α (ω) =←→α T (ω).

5.8.3 Laser-Stimulated Coherent States of the Target

Under the assumption that the stimulating laser field couples to a single target mode (labeled ℓ), which

is driven into the coherent state |αℓ⟩, the rate at which the probing electron gains energy as the target

transitions to the sum of final Fock states |n′ℓ⟩ is

wgain
fi =

2π

ℏc2
∑
n′
ℓ

∣∣∣∑
ν

∫
dxJfi(x, t) · ⟨n′ℓ|A(+)

ν (x)aνe
−iωνt|αℓ⟩

∣∣∣2δ(Ef − Ei)

=
2π

ℏc2
∑
n′
ℓ

∣∣∣αℓ⟨n′ℓ|αℓ⟩
∫
dxA

(+)
ℓ (x) · Jfi(x)

∣∣∣2δ(Ef − Ei).

(5.60)
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Coherent states can be written as |α⟩ = e−|α|2/2∑∞
n=0(α

n/
√
n!)|n⟩, where |n⟩ = [(a†)n/

√
n!]|0⟩. When ex-

pressed in terms of the electric fieldE
(±)
ℓ (x) = ±(iωℓ)/cA

(±)
ℓ (x) together with

∣∣⟨n′ℓ|αℓ⟩
∣∣2 = (|αℓ|2n

′
ℓ/n′ℓ!)e

−|αℓ|2 ,

Eq. (5.60) can be cast as

wgain
fi = 2π

(
|αℓ|
ℏωℓ

)2(∑
n′
ℓ

|αℓ|2n
′
ℓ

n′ℓ!

)
e−|αℓ|2

∣∣∣ ∫ dxE
(+)
ℓ (x) · Jfi(x)

∣∣∣2δ([Ef − Ei]/ℏ)

= 2π

(
|αℓ|
ℏωℓ

)2∣∣∣ ∫ dxE
(+)
ℓ (x) · Jfi(x)

∣∣∣2δ([Ef − Ei]/ℏ).

(5.61)
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[82] Anton Hörl, Andreas Trügler, and Ulrich Hohenester. Tomography of particle plasmon fields from

electron energy loss spectroscopy. Phys. Rev. Lett., 111(7):076801, 2013.

[83] Olivia Nicoletti, Francisco de La Peña, Rowan K. Leary, Daniel J. Holland, Caterina Ducati, and Paul A.

Midgley. Three-dimensional imaging of localized surface plasmon resonances of metal nanoparticles.

Nature, 502(7469):80–84, 2013.
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[90] F. J. Garćıa de Abajo and M. Kociak. Electron energy-gain spectroscopy. New J. Phys., 10(7):073035,

2008.
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[101] F. J. Garćıa de Abajo and Valerio Di Giulio. Optical excitations with electron beams: Challenges and

opportunities. ACS Photonics, 8(4):945–974, April 2021.

104



[102] Vincenzo Grillo, Amir H. Tavabi, Federico Venturi, Hugo Larocque, Roberto Balboni, Gian Carlo Gaz-

zadi, Stefano Frabboni, Peng-Han Lu, Erfan Mafakheri, Frédéric Bouchard, Rafal E. Dunin-Borkowski,

Robert W. Boyd, Martin P. J. Lavery, Miles J. Padgett, and Ebrahim Karimi. Measuring the orbital

angular momentum spectrum of an electron beam. Nat. Commun., 8(1):15536, May 2017.

[103] Dolev Roitman, Roy Shiloh, Peng-Han Lu, Rafal E. Dunin-Borkowski, and Ady Arie. Shaping of

electron beams using sculpted thin films. ACS Photonics, 8(12):3394–3405, 2021.
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