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Professor Behcet Acikmese
Aeronautics & Astronautics

Convex optimization has matured into a reliable technology, with efficient algorithms and
software available for most problem classes. Despite this maturity, developing solvers that are
faster on small problems and capable of scaling to larger ones remains important. Latency-
sensitive applications such as real-time trajectory optimization, real-time control, and port-
folio backtesting demand fast solves on smaller problems, and applications in supply chain
optimization, machine learning, and signal processing require solvers that scale to very large
problems.

This dissertation presents three main contributions towards these goals, two practical
and one theoretical. First, we present QOCOGEN, a custom solver generator for quadratic-
objective second-order cone programs (SOCPs). QOCOGEN autocodes a primal-dual interior
point method that exploits the sparsity structure of the problem at hand, achieving nearly a
4x speedup over QOCO, a generic implementation of the same algorithm. Second, we develop
a GPU-accelerated backend for QOCO to solve large quadratic-objective SOCPs, achieving
nearly a 70x speedup over Q0c0’s CPU backend on some large problems. Both Qoco (with
its CPU and GPU backends) and QOCOGEN are open-source and can be called from modeling
languages such as CVXPY and CVXPYGEN. Third, we derive Fast Douglas—Rachford splitting
(FDR), an accelerated operator-splitting method for minimizing the sum of a convex and a

strongly convex function. FDR achieves an accelerated O(1/N?) convergence rate for the



squared distance to the optimal solution, with a leading constant that is a factor of four better
than the fastest previously known methods. We also construct a complexity lower bound
establishing the optimality of both FDR’s O(1/N?) convergence rate and the leading-order

constant.
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Chapter 1
INTRODUCTION

This thesis develops structure-exploiting and accelerated methods for convex optimiza-
tion. Structure-exploiting refers to methods that take advantage of specific properties of
a problem class, such as sparsity structure, rather than applying a generic solution tech-
nique. In particular, we develop a code generator to exploit known, fixed sparsity patterns
in problem data which allows the use of custom linear algebra rather than generic sparse
linear algebra routines, leading to faster solves. Accelerated is used in two senses. The first
refers to hardware acceleration, using specialized hardware (like GPUs), to speed up solving
optimization problems. The second refers to algorithmic acceleration, as in Nesterov’s accel-
erated gradient method, where a “base” algorithm is modified to achieve faster worst-case

convergence rates without significantly increasing per-iteration cost.

1.1 Background

Optimization studies how to minimize some cost (or maximize some reward) subject to some
set of constraints. This makes it a very general framework to model problems in fields such as
logistics and supply chain planning, finance, energy distribution, structural design, machine
learning, control, and estimation. Although optimization provides a natural framework for
many real problems, solving them in general is intractable.

Convex optimization problems are an important exception, since all local minimizers are
global minimizers. This property makes them tractable to solve to global optimality with

mature, reliable algorithms.



1.1.1 Hierarchy of convex optimization problems

We will now focus on some specific examples of convex optimization problems.

Linear programs (LPs) are a subclass of convex problems with a linear objective function
and linear (in)equality constraints as shown by Problem (1.1). These problems are common
in logistics and supply chain planning, compressed sensing, and signal processing [38].

minimize c¢'z
X

subject to Ax =05 (1.1)
Gz <h

Quadratic programs (QPs) are a subclass of convex problems with a convex quadratic
objective function and linear (in)equality constraints as shown by Problem (1.2). These

problems are common in control, machine learning, and finance [28, 29, .

1
minimize ixTPa: +c'x
subject to Ax =0 (1.2)

Gr <h

Second-order cone programs (SOCPs) are a subclass of convex problems with a linear
(or quadratic) objective function, linear (in)equality constraints, and second-order cone con-
straints as shown by Problem (1.3). Note that although SOCPs with quadratic objectives
can be rewritten as SOCPs with a linear objective by introducing an epigraph variable and
an additional second-order cone constraint, it is computationally beneficial for solvers to han-
dle this quadratic objective directly [16, 92]. These problems are also common in control,

machine learning, finance, and robust optimization [3, 4, 20, , 198].



minimize ¢z
X

subject to Az = b,
(1.3)

Gz < h,
|Fia+ gl <dlaz+ fi, i=1,....m

Semidefinite programs (SDPs) are a subclass of convex problems with a linear objective
function and linear (in)equality constraints over the cone of positive semidefinite matrices, as
shown by Problem (1.4). SDPs are used in approximation algorithms to NP-hard problems,
robust control, and machine learning [30, 39, 88]. Although they are convex, SDPs are quite
difficult to solve as they have worse numerical conditioning and scale more poorly than LPs,

QPs, and SOCPs [179].

minimize c¢'z
x

subject to Az =1b (1.4)

i=1

These problem classes form a nested hierarchy of convex programs,
LP c QP c SOCP c SDP.

Every LP can be cast as a QP, every (convex) QP as an SOCP, and every SOCP as
an SDP, with each generalization providing additional modeling power at the expense of

increased computational difficulty.

1.1.2  Historical background

Since the feasible set of linear programs is a polyhedron, and the objective function is linear,
if the linear program is feasible and bounded, then there exists an optimal solution at a

vertex. This observation was used by George Dantzig to develop the simplex algorithm in



1947, the first algorithm for linear programming. This algorithm starts at a vertex of the
polyhedron and moves to an adjacent vertex with a lower cost until the optimal solution is
found. The simplex method was known to perform very well in practice, but in 1972 Victor
Klee and George Minty produced a linear program which showed that the simplex method
had a worst case runtime that was exponential in the problem dimension [109]. Eventually,
in 1979, the ellipsoid method was introduced by Leonid Khachiyan, the first polynomial-time
algorithm for linear programming [105]. However, this algorithm performed much worse than
simplex in practice [191].

Then, in 1984, Narendra Karmarkar developed a polynomial-time algorithm for linear
programs which was a primal IPM, though not a path-following IPM, and it was reported to
be competitive with simplex in practice [104]. Soon after, Masakazu Kojima, Shinji Mizuno,
and Akiko Yoshise [110], as well as Renato Monteiro and Ilan Adler [137], developed primal-
dual IPMs for linear programs which iterate on both the primal and dual variables while
tracking the central path. These primal-dual IPMs have better practical performance than
pure primal or pure dual methods [191, 192].

In 1992, Sanjay Mehrotra dramatically improved the practical performance of the primal-
dual IPM with his predictor-corrector [134]. To this day, Mehrotra’s predictor-corrector
underpins many IPM codes such as ECOS [09], CLARABEL [92], and QOcoO [1(].

Finally, in 1994, Yurii Nesterov and Arkadii Nemirovski extended interior point methods
from linear programming to general convex optimization [1412]. They introduced the idea of
a self-concordant barrier function and they proved that any convex optimization problem
for which a self-concordant barrier function can be constructed can be solved in polynomial
time with a path-following IPM. Notable problem classes that have such barriers include
LPs, QPs, SOCPs, and SDPs. Shortly after this, the SDP solvers SeDuMi [178] and SDPT3
[184] were developed. By 2004, in their book titled Conver Optimization, Stephen Boyd and
Lieven Vandenberghe argued that convex optimization was a technology in the sense that
“there are very effective algorithms that can reliably and efficiently solve even large convex

problems” [32].



However, the problem sizes and time budgets encountered in modern applications can
exceed what traditional solvers can handle. Latency-sensitive applications such as model pre-
dictive control (MPC) and real-time trajectory optimization can require solve times below
what general-purpose solvers can deliver. For example, MPC for power electronics requires
QP solves in tens to hundreds of microseconds [103]. In finance, backtesting a strategy with
daily rebalances over 20 years requires 5000 solves, and if a sweep is done over hyperparame-
ters such as risk aversion factors and planning horizon, the total number of solves can easily
exceed one million. In order for researchers to iterate on strategies quickly, it is important
that each of these solves is as fast as possible [29].

Problems arising in signal processing, machine learning, logistics, and supply chain opti-
mization can be too large for traditional solvers, motivating work on developing new algo-
rithms and software for large-scale optimization [9, 18, 53, ]. Thus, despite the maturity
of convex optimization algorithms, there remains a need for solvers that are both faster on

small problems and capable of scaling to larger ones, which is the focus of this thesis.
1.2 Contributions and thesis outline

Each of the three main contributions of this thesis advances one of the aforementioned
themes. The first contribution is QQCOGEN, a custom solver generator for quadratic objective
SOCPs that generates a structure-exploiting primal-dual IPM written in C and is around 4 X
faster on small problems than QOCO, an implementation of the same algorithm that does not
exploit structure [16]. The second contribution is a GPU backend for QOCO that leverages
hardware acceleration to solve substantially larger problems than the CPU implementation
[18]. However, even with GPU acceleration, IPMs have a fundamental scalability limit due to
their reliance on factorizing large KKT systems. The third contribution is the Fast Douglas—
Rachford splitting method (FDR), an accelerated operator-splitting method for minimizing
the sum of a convex and a strongly convex function [19]. As an operator-splitting method, it
can avoid the linear system solves that limit the scalability of IPMs, provided the proximal

operators of the splitting are inexpensive to evaluate. The acceleration improves the worst-



case convergence rate of the Douglas—Rachford splitting method without increasing per-
iteration cost. The resulting rate is a factor of four better than the fastest previously known
method for strongly-convex composite optimization. Additionally, the O(1/N?) convergence
rate and leading-order constant of FDR’s rate are optimal.

This thesis also includes two chapters on earlier work from my PhD that does not directly
align with the themes above. These chapters are included for completeness, and present a
GPU-accelerated batch sequential convex programming framework [50] and a preconditioner
for ill-conditioned constraints [51].

Chapter 2 discusses algorithms for constrained convex optimization, focusing on conic and
quadratic programming, along with their tradeoffs and ideal use cases. The algorithms are
not covered in great detail, but I provide references for further reading. Then I discuss several
software implementations, the problem classes they solve, their strengths and weaknesses,
and my opinions on each. This discussion of strengths and weaknesses reflects my own
experience using and benchmarking these solvers.

Chapter 3 presents QOCO and QOCOGEN, the primal-dual interior point method they
implement, and how QOCOGEN exploits the sparsity structure of problems to reduce solve
time. This chapter is based on [1(].

Chapter 4 discusses the GPU backend for QOCO and the implementation of a modular
backend abstraction that allows the CPU and GPU backends to share a unified codebase.
This chapter is based on [15].

Chapter 5 presents the Fast Douglas—Rachford splitting algorithm, its convergence proof,
and the lower bound construction used to certify the optimality of FDR’s O(1/N?) conver-
gence rate and leading constant. My collaborator, Uijeong Jang, was responsible for the
lower bound construction and I developed the algorithm and its convergence proof. This
chapter is based on [19].

Chapter 6 discusses the implementation of a GPU-accelerated batch implementation for
sequential convex programming (SCP) that allows many nonconvex trajectory optimization

problems to be solved in parallel. This is particularly useful for Monte Carlo analysis or for



multistart algorithms where multiple initial guesses are provided to a solver, a trajectory is
computed for each, and the best solution is selected. The software implementation of this is
in the SCVXGEN package [102]. This chapter is based on [50].

Chapter 7 discusses a constraint preconditioner called the QR preconditioner. 1t is well
known that operator-splitting algorithms suffer when applied to ill-conditioned problems.
Typically, the ill-conditioning comes from the Hessian of the objective function having a large
condition number. This chapter discusses ill-conditioning that arises from nearly parallel
equality constraints and presents a preconditioner to mitigate this type of ill-conditioning.
This chapter is based on [51].

Chapter 8 provides an honest reflection on the work in each chapter and discusses future

directions.



Chapter 2

ALGORITHMS AND SOFTWARE FOR CONVEX
OPTIMIZATION

For most users, the right approach for solving convex optimization problems is to use a
modeling language like cvxpy [5, 67] or JuMP [77, , 123] with its default solver. Aside
from curiosity or pedagogical reasons, there are a few situations where implementing your own
solver is justified: when problems need to be solved faster than standard solvers can manage
or when problems are too large for standard solvers to handle. In either case, building an
effective solver typically requires exploiting some problem structure that off-the-shelf solvers
ignore. For example, when solving optimal control problems with an interior-point method,
a Riccati-based factorization can exploit the block-banded structure of the KKT system to
speed up the linear system solve at each iteration [158]. If your problem is too large for
any available solver, either because the data does not fit in a single machine’s memory, or
because solving on one machine is too slow, you may need to write a distributed solver that
runs across multiple machines. However, distributed algorithms and solvers are beyond the
scope of this chapter.

Algorithms and software are closely connected for practitioners: you can have the best
algorithm in the world from a theoretical standpoint, but without a good software imple-
mentation, it is of little use in practice. Conversely, the best software in the world is of little
help if it implements an algorithm poorly suited to your application. This chapter aims to

help readers understand both pieces.



2.1 Algorithms

2.1.1 Interior-point methods

Interior-point methods (IPMs) are second-order methods for convex optimization, meaning
they use not only gradient information but Hessian information as well. Specifically, the
Hessian is used to form the Newton system solved at each iteration to compute the step
direction. At a high level, path-following IPMs approach the optimal solution by following a
central path through the interior of the feasible region, traced out by a sequence of problems
parameterized by a barrier parameter that is gradually driven to zero. The IPM algorithm
is not presented here, but it will be covered in detail in Section 3.2.

Most of the benefits and drawbacks of IPMs stem from the use of Hessian information.
IPMs are very robust to ill-conditioning in problem data, and tend to converge to a high-
accuracy solution in few iterations (typically under 25). Additionally, they require very little
or no parameter tuning to work effectively.

However, a linear system must be solved at each iteration to compute the step direction,
which means IPMs do not scale particularly well as the problem dimension grows or if the
problem data is dense. Although IPMs can effectively solve sparse problems with up to
millions of variables using GPU-accelerated sparse direct solvers [18, 53], for much larger
or dense problems, it may not be possible to store the matrix factors in memory, or the
factorization time may become cumbersome.

Another drawback of IPMs is that they are difficult to warm-start. If a good guess for the
optimal solution is known, IPMs typically cannot exploit this guess to converge faster than
from a cold start. Warm-starting IPMs is an active area of research and several methods
have been presented in [52, 91, |, but I have not tried these myself and cannot comment
on their maturity. For linear programs specifically, another drawback is that IPMs converge
to the interior of the optimal face, rather than to a vertex (basic feasible solution). However,

with a crossover procedure, an interior-point solution can be converted to a vertex solution

[25].
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Some good references on IPMs are [21, 90, , ].

2.1.2  Operator-splitting methods

Operator-splitting schemes solve minimization problems involving the sum of multiple func-
tions by using only each function’s gradient (if differentiable) or proximal operator, along
with applications of a linear operator and its transpose when one is present. Here, “operator”
refers to a monotone operator associated with each function, typically its subdifferential or
gradient. These methods are called operator-splitting because they use the proximal oper-
ator of each function separately to construct an algorithm for the overall problem. Recall

that for a closed, convex, and proper function f, the proximal operator prox,; : R? — RY is

) 1
prox. () = argmin {f(z) + 2—Hz - x||2}
z€R Y

where v > 0 is the proximal step-size.

Operator-splitting methods are very general and encompass dual ascent, the method
of multipliers (augmented Lagrangian method), the proximal method of multipliers (prox-
imal augmented Lagrangian method), and the alternating direction method of multipliers
(ADMM) [166].

Equation (2.1) gives an example of a problem that can be solved with an operator-splitting
scheme, where f, g, and h are closed, convex, and proper. Although this problem appears
unconstrained, constraints can be imposed by including an indicator function of a convex set
in any of these functions. These methods are most useful when the proximal operators of f,

g, and h can be computed efficiently.

minixmize f(z) 4+ g(Az) + h(x) (2.1)

Depending on the properties of the functions and linear operator A, different operator-
splitting schemes can be applied. If A is smooth, Condat—V1 can be used [55, 188]. If A =1
and h is smooth, Davis—Yin splitting can be applied [63]. If h = 0, PDHG can be applied
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[44]. If h = 0 and A = I, Douglas—Rachford splitting can be applied [70]. If h =0, A = I,
and either f or g is smooth, forward-backward splitting can be applied [51]. If g = h = 0,
the proximal point method can be applied [163]. If g = h = 0 and additionally f is smooth,
gradient descent can be applied. Strictly speaking, these last two algorithms are not operator-
splitting methods because only one operator is involved. Although the specific algorithm
depends on the problem structure, operator-splitting methods share common behaviors.

Operator-splitting methods are typically classified as first-order methods, though this
is a slight oversimplification. Although they do not use Hessian information of the overall
objective, evaluating a proximal operator involves solving a minimization problem, and for
some functions, this implicitly uses second-order information. For example, the proximal
operator of a quadratic function requires solving a linear system.

In practice, operator-splitting methods behave like first-order methods: they have a cheap
per-iteration cost (assuming the proximal operators are easy to evaluate), are easy to warm-
start, and when applied properly avoid forming and solving linear systems, allowing them to
scale much better than IPMs. On the other hand, they are extremely sensitive to problem
conditioning, require careful tuning of algorithm parameters (such as step-sizes) for best con-
vergence, and struggle to converge to high-accuracy solutions. On ill-conditioned problems,
it is not uncommon to see them fail to return a solution at all. Heuristics like adaptive step-
size selection and Ruiz equilibration can mitigate some of these issues but do not eliminate
them. These properties make operator-splitting methods best suited to problems too large
for IPMs.

Operator-splitting methods can be viewed as meta-algorithms or algorithm templates:
depending on how the original optimization problem is specified (i.e., how f, g, and h are
chosen in Problem (2.1)), the same splitting method can yield different algorithms with
different properties. To make this concrete, we will examine the algorithm underpinning
0sQp [177], which is ADMM applied to a specific reformulation of a quadratic program. We
first present the ADMM setup before specializing to the QP case.

The problem ADMM solves is
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minimize f(z) + g(2) (2.2a)

T,z

subject to Az + Bz =c. (2.2b)

The ADMM algorithm is equivalent to applying Douglas—Rachford splitting to the dual
of Problem (2.2) [166] and is

Tp1 = argmin L,(x, zp, uy) (2.3a)
Zpp1 = argmin L,(xp41, 2, ug) (2.3b)
Ups1 = g + p(ATgi1 + Bzgrr — ), (2.3¢)

where £,(z, z,u) = f(z) + g(z) + u' (Az + Bz — ¢) + (p/2)||Ax + Bz — c||? is the augmented
Lagrangian of (2.2).

0SQP solves convex quadratic programs in the following standard form

1
minimize -z' Pz +q 'z
v 2 (2.4)
subject to | < Ax < u.

The obvious way to solve this problem is to apply ADMM to the following:

1
minimize éxTPx +q¢ v+ Te(2)

z,z ~—
o) 9(z) (2.5)

subject to Ax —z=0

where Z¢(z) is the indicator function of C = [I,u]| defined as
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0, ifzeC
Ie(z) =
oo, otherwise.

Applying ADMM to (2.5) yields the algorithm

Ter1 = (P+ pATA) ' [pAT (2 — p 7 'yi) — 4 (2.6a)
Zer1 = He(aAzpy + (1 — a)ze + p tyi) (2.6b)
Ykt1 = Uk + plaAziir + (1 — @) zp — 2141) (2.6¢)

where a € (0,2) is an overrelaxation parameter.

However, this requires that P+pAT" A be invertible, which imposes additional assumptions

on P and A. To avoid making such assumptions, the authors of 0SQP introduce an equivalent

reformulation of Problem (2.4)

1
minimize =%' P +q' &+ Taz—3(7,2) + Zc(2)
2727172 \2 \/—/
~ 9(2,2) (2.7)

f(&,2)

subject to  (Z,Z2) — (z,2) = 0.

After some simplification, ADMM applied to Problem (2.7) is
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P+ol AT x oxy —
(1, V1) < Solve linear system = b (2.8a)
A —p | | vk 2= P Yk
2k+1 — 2 + p_l(l/k+1 — yk) (28b
Tpy1 ¢ QTp1 + (1 — @)ag (2.8¢c

zia1 — e [aZpr 4+ (1 — @)z + p 'y

—~
o
(08
(oW
= D

Y1 < Y + paZppr + (1 — a)2p — 2p41), (2.8e

where p, o > 0 are ADMM penalty parameters. Notice that this linear system is always
invertible, since o,p > 0. Although Algorithms (2.6) and (2.8) are both applications of
ADMM, the latter is applied to a reformulation whose linear system is invertible without
any assumptions on the problem data. This illustrates how the choice of problem formulation,
not just the splitting scheme, leads to different algorithms with different properties.

Some good references on operator-splitting methods are [31, , ].

2.1.3 Active set methods

Active set methods are a class of algorithms for solving quadratic programs of the form

1
minimize —2' Pz +c'z
v 2 (2.9)
subject to Az <b.

The simplex method for linear programming is a well-known example of an active set
method. Active set methods take advantage of the fact that equality constrained problems
are easier to solve than inequality constrained problems, since equality-constrained QPs
reduce to a single linear system solve. A constraint a] x < b; is said to be active at x if

a; x = b;. Suppose we knew a priori the set of constraints Z that will be active at the
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optimal solution. We could then rewrite Problem (2.9) equivalently as

1
minimize —x'Px+c'z
v 2 (2.10)
subject to  Azx = bz.

where we discard all the inactive constraints. This problem can then be solved via the

following linear system, obtained from the KKT conditions for Problem (2.10).

P ALl |z —c
Ar 0 A bz

However, the set of active constraints at the optimal solution is not known a priori.
Active set methods therefore start with a guess for the set of active constraints, called the
working set, and solve the equality constrained QP corresponding to this working set. Having
solved the equality-constrained QP, the algorithm then takes a step from the current iterate
toward the subproblem solution. If this step would violate a constraint not in the working
set, the step is shortened so that the iterate reaches the boundary of the violated constraint,
and that constraint is added to the working set. This ensures that all iterates remain primal
feasible. If the full step can be taken without violating any constraints, the algorithm checks
the dual variables of the subproblem solution. If all are nonnegative, the current iterate is
optimal and the algorithm terminates. Otherwise, the constraint with the most negative
multiplier is removed from the working set. Iterating in this way, the algorithm eventually
arrives at the optimal active set and corresponding optimal solution. This is a description
of a primal active set method. Dual active set methods also exist. They maintain dual
feasibility at each iteration and terminate when the primal iterate becomes feasible.

These methods warm-start extremely well. Given a good guess for the optimal active
set (from a previously solved problem), they can converge in a few iterations, which makes

them very attractive for model-predictive control where the optimal active set changes very
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little between two consecutive solves. For example, an active set method was used to solve
the optimization problems arising in MPC for the Atlas humanoid robot [I12]. Active set
methods can also obtain high-accuracy solutions.

However, active set methods have several limitations. They are restricted to linear and
quadratic programs with linear inequality constraints, and cannot handle conic constraints
such as those in second-order cone programs. Without a good initial guess for the active
set, they can require many iterations to converge, since each iteration only adds or removes
a single constraint from the working set. They also scale poorly to large problems, as
identifying the correct active set is a combinatorial problem. Finally, they struggle with
degenerate constraints (when multiple constraints activate simultaneously) and are prone to
numerical issues, since refactoring the KKT system from scratch at each iteration would be
prohibitively expensive, so implementations instead apply rank-one updates to the existing
factorization, which can accumulate numerical errors over many iterations.

Given their strong warm-starting capabilities and limited scalability, active set methods
are best suited to small, sequential problems like MPC. A good reference on active set

methods is [113, Chapter 16].

2.1.4  Algorithm recommendation

In my opinion, interior-point methods should be used by default due to their robustness and
because they require little to no tuning. Operator-splitting methods should be considered
only if problems are too large to solve with an IPM (i.e., when you encounter out-of-memory
issues or factorizations are too slow). Active set methods should be considered only if you

are solving a sequence of related small QPs, such as in MPC.

2.1.5 The role of theory and convergence rates

Before closing this section, it is worth making a few remarks regarding algorithm convergence
rates. For optimization algorithms, the convergence statement is typically stated in terms

of worst-case convergence rates of algorithms. For example, gradient descent (GD) on a
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smooth convex function satisfies f(zx) — f(z+) = O(1/k), meaning that on all smooth convex
functions, the function value suboptimality converges at O(1/k). Nesterov’s accelerated
gradient (NAG) method achieves the faster rate f(zy)— f(z,) = O(1/k?) [111]. However, this
faster worst-case rate does not mean that NAG outperforms GD on all smooth minimization
problems, since the worst-case rate is an upper bound taken over an entire function class,
and any particular problem may converge much faster than the worst-case suggests. More
generally, an accelerated variant with a better worst-case rate will not necessarily outperform
its base variant on every problem instance [166, Chapter 12].

This is a recurring theme in optimization: algorithms tend to perform better in practice
than their worst-case rates suggest. This can be seen in the extreme case of Mehrotra’s
predictor-corrector [135], a heuristic for primal-dual interior-point methods that does not
have a convergence guarantee. However, this scheme has extremely good practical perfor-
mance and tends to outperform short-step and long-step IPMs which do have convergence
guarantees [192]. Tts strong practical performance has made it the basis for many IPM
implementations such as ECOS [09], CLARABEL [92], and QOCO [10].

Just because an algorithm has the best worst-case theoretical convergence rate does not
mean it will be the best algorithm for your specific problem. In my opinion, convergence
rates are not particularly important when choosing an algorithm for a specific problem class.
The best thing to do is try many algorithms and see what works best. This is not to say
theory is useless. Convergence theory is interesting in its own right and can deepen our
understanding of mechanisms like acceleration. But it should not be the deciding factor

when you are looking for a good algorithm to solve your problem.
2.2 Software

Now I will discuss some solvers I have used. If I do not mention a particular solver, it means

I do not have enough experience with it to make reliable comments.
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2.2.1 Gurobi

GUROBI is a commercial solver that can solve LPs, QPs, SOCPs, mixed-integer LPs, mixed-
integer QPs, and mixed-integer nonlinear programming problems. It also has infeasibility
detection. They do provide a free license for academic use. I would say the specialty of
GUROBI is in LPs and MILPs.

GUROBI has many different algorithms depending on the problem it solves. For linear
programs, a primal simplex, dual simplex, and interior-point method are available. I have
found GUROBI to be the best LP solver and mixed-integer solver I have used by a wide
margin. However, it does struggle to solve extremely large LPs, and this can be observed
in [9]. That said, in GUROBI 13.0, there are CPU and GPU primal-dual hybrid gradient
(PDHG) implementations that allow it to solve large-scale linear programs.

I have also found GUROBI to be very robust on QPs although it can be much slower than
other open-source solvers such as CLARABEL and QOCO on small- to medium-sized QPs. 1
have also observed that GUROBI can struggle on SOCPs. This can be seen in the group lasso

and total-variation denoising problems in Table 4.1.

2.2.2 Mosek

MOSEK is a commercial solver that can solve LPs, QPs, SOCPs, conic programs with expo-
nential and power cones, SDPs, mixed-integer LPs, mixed-integer QPs, and mixed-integer
conic problems. MOSEK detects infeasibility by solving a homogeneous embedding of the
original problem [156]. They also provide a free license for academic use. For continuous
conic optimization, MOSEK implements a primal-dual interior-point method [60]. T would
say the specialty of MOSEK is conic optimization (SOCPs, exponential and power cones, and
SDPs). MOSEK is by far the best solver I have ever used for SDPs.

However, I have noticed MOSEK struggles on QPs and SOCPs with a quadratic objective
function. Since MOSEK’s standard form can only handle linear objectives, the quadratic

objective must be replaced with an epigraph variable and a second-order cone constraint. It
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appears that this reformulation results in some performance degradation as can be seen in

the numerical results sections of [16] and [92].

2.2.53 ECOS

ECOS is an open-source solver written in C that can solve LPs, QPs, SOCPs, and conic
programs with exponential cones and implements a primal-dual interior-point method [69,

|. Tt also has infeasibility detection by using a homogeneous embedding. I have found it
to be quite robust on linear programs and SOCPs with linear objectives.

However, like MOSEK, since it can only handle linear objectives, quadratic objectives have
to be replaced with an epigraph variable and a second-order cone constraint. I have seen that
ECOS struggles on quadratic programs and SOCPs with quadratic objectives (see numerical
results of [10] and [92]). ECOS also does not appear to be maintained, so if bugs are found,

they will likely not be patched.

2.2.4  Clarabel

CLARABEL is an open-source solver written in Rust that can solve LPs, QPs, SOCPs, conic
programs with exponential and power cones, and SDPs [92]. Notably, it can directly handle
quadratic objectives, instead of the epigraph reformulation needed by ECOS and MOSEK. It
also detects infeasibility by using a homogeneous embedding. I have found CLARABEL to be
very robust on LPs, QPs, and SOCPs. CLARABEL implements a primal-dual interior-point
method. I have not tried CLARABEL on problems with exponential or power cones. CLARA-
BEL is the default conic solver in CVXPY for good reason, as it is very robust and also does
not suffer from the same performance degradation that MOSEK and ECOS experience with
quadratic objectives. CLARABEL also has a GPU backend to solve large-scale optimization
problems, but this is in a separate Julia repository [53].

I have seen CLARABEL struggle on SDPs arising from the performance estimation problem
[182], which MOSEK is able to solve with no issue. Also, although CLARABEL’s GPU backend

can be called from CVXPY, it is very involved to set up the Python-Julia interface and due to
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the just-in-time compilation of Julia, the first solve is extremely slow. I have also observed
that the GPU backend can be significantly slower (up to 3x slower) than Qoco’s GPU
backend on some problems. This can be seen in the largest group lasso and Huber regression

problems in Table 4.1.

2.2.5 QOCO

Disclaimer: Of course my take on QOCO will be a bit biased since I developed it, but I will
try to be objective.

QOCO is an open-source solver written in C that implements a primal-dual interior-point
method and can solve LPs, QPs, and SOCPs [16]. QOCO also has a custom solver generator
called QOCOGEN which generates a custom solver written in C that leverages custom linear
algebra to exploit the sparsity structure of the problem and results in a nearly 4x speedup
over QOCO on small optimization problems (up to 10* nonzeros). QOcCo also has a GPU-
accelerated backend which allows it to solve large-scale optimization problems (with up to 108
nonzeros) [18]. QOCO is very robust and tends to be the fastest solver on small- to medium-
sized problems (up to ~ 10° nonzeros) with its CPU backend. With its GPU backend it
tends to be the fastest solver, or comparable with CLARABEL’s GPU implementation, on
large problems (up to 10° — 10® nonzeros). Additionally, the GPU backend is also written
in C, so it is very easy to switch between using the CPU and GPU backend from Python
and CVXPY unlike CLARABEL. I have also observed that on some problems, Qoco’s GPU
backend significantly outperforms CLARABEL’s GPU backend (up to 3x faster).

QOCO does not have infeasibility detection, since it does not solve a homogeneous embed-
ding of the original problem, as ECOS, MOSEK, and CLARABEL do. However, if QOCO is given
an infeasible or unbounded problem, it will return the status QOCO_NUMERICAL_ERROR, which

can serve as an indication of infeasibility or unboundedness, though not a formal certificate.
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2.2.6 PIQP

PIQP is an open-source solver written in C4++ that can solve LPs and QPs and implements
an algorithm that combines an IPM with the proximal method of multipliers [171]. This
algorithm behaves like an IPM in the sense that it returns high-accuracy solutions and is
robust to ill-conditioning. PIQP detects infeasibility by checking for divergence of either
the primal or dual variables. PIQP also has a backend that exploits the sparsity structure
of multistage problems to accelerate the linear system solve at each iteration [172]. PIQP
is extremely robust, very fast, and my go-to solver for QPs. It is very clear that a lot of
thought was put into the code to extract maximum performance from the CPU.

There are very few downsides to PIQP. The main one is that since it factors a linear

system at every iteration, it will not scale well to large-scale optimization problems.

2.2.7 0SQP

0SQP is an open-source solver written in C that can solve LPs and QPs and implements
ADMM [177]. 0sQP detects infeasibility by checking certificates constructed from the differ-
ences of consecutive iterates [12]. 0SQP is under very active development and well supported.
New features are always being added, such as differentiating the solution with respect to
problem parameters, and an FPGA implementation [189]. 0SQP also has a GPU-accelerated
backend [170]. As it implements an operator-splitting method, it can also effectively warm-
start, making it attractive for applications such as MPC.

However, 0SQP inherits the usual drawbacks of operator-splitting methods: it struggles
to return high-accuracy solutions and is sensitive to problem conditioning, even with Ruiz
equilibration enabled. I have had several poor experiences with the accuracy of 0sQpP and
prefer to use PIQP.

It is also unclear whether 0SQP can scale to solve optimization problems larger than
what can be solved with GPU-accelerated IPMs such as CLARABEL and QOco. In [170],

optimization problems with up to 10% nonzeros are solved, however, GPU-accelerated IPMs
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can also solve problems up to this size. Additionally, 0sQP factors a linear system each time
p is updated, but between updates, the factorization is reused. For large problems, block
elimination is performed on the linear system to arrive at a condensed, positive-definite linear
system which is then solved with the preconditioned conjugate gradient method (PCG).
However, the performance of PCG is highly dependent on the conditioning of the condensed
linear system and must be performed at every ADMM iteration (usually thousands are
required), so it is unclear whether 0SQP can outperform GPU-accelerated IPMs on large-
scale optimization problems. Therefore, even if I had a large-scale QP, I would first try a

GPU-accelerated IPM.

2.2.8 SCS

SCs is an open-source solver written in C that can solve LPs, QPs, SOCPs, conic programs
with exponential and power cones and SDPs. It implements Douglas—Rachford splitting
[144] and detects infeasibility by solving a homogeneous embedding of the original problem.
scs also has a GPU-accelerated backend.

Like 0sQP, scs inherits the drawbacks of operator-splitting methods described above,
and I have had similarly poor experiences with its accuracy. It also requires linear system
solves, which are handled with PCG for large problems, so the same scaling concerns apply.

Therefore, even for a large-scale conic problem, I would first try a GPU-accelerated IPM.

2.2.9 PDLP

PDLP is an open-source solver written in C++ for massive-scale LPs (up to 10° nonzeros)
that implements PDHG (an operator-splitting method) with enhancements [9]. PDLP detects
infeasibility by checking for divergence of its iterates [10]. Unlike 0sQP and SCS, PDLP does
not require the solution of a linear system and only requires matrix-vector products. If
you have extremely large linear programs that cannot be solved with an IPM (even with
GPU acceleration), this is the only practical solver to use. There are also GPU-accelerated

implementations of PDLP [121].
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PDLP inherits the same operator-splitting drawbacks as 0SQP and ScCs, but its ability to
avoid linear system solves entirely makes it the only practical option for extremely large LPs
that cannot be solved with an IPM, even with GPU acceleration. I would not use PDLP

outside these problems.
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Chapter 3

QOCO: A QUADRATIC OBJECTIVE CONIC OPTIMIZER
WITH CUSTOM SOLVER GENERATION

Second-order cone programs (SOCPs) with quadratic objective functions are common
in optimal control and other fields. Most SOCP solvers which use interior-point methods
are designed for linear objectives and convert quadratic objectives into linear ones via slack
variables and extra constraints, despite the computational advantages of handling quadratic
objectives directly. In applications like model-predictive control and online trajectory opti-
mization, these SOCPs have known sparsity structures and require rapid solutions. When
solving these problems, most solvers use sparse linear algebra routines, which introduce com-
putational overhead and hinder performance. In contrast, custom linear algebra routines can
exploit the known sparsity structure of problem data and be significantly faster. This work
makes two key contributions: (1) the development of QOCO, an open-source C-based solver
for quadratic objective SOCPs, and (2) the introduction of QOCOGEN, an open-source cus-
tom solver generator for quadratic objective SOCPs, which generates a solver written in C
that leverages custom linear algebra. Both implement a primal-dual interior-point method
with Mehrotra’s predictor-corrector. On the benchmark problems we run, QOCO is more
robust than many commonly used solvers and is faster on small- to medium-sized problems.
Additionally, solvers generated by QOCOGEN are significantly faster than QOCO and are

free of dynamic memory allocation making them amenable for use on embedded systems.

3.1 Introduction

We consider the quadratic objective second-order cone program (SOCP)
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1
minimize 5:17TPx +c'x
X

subject to Gz = h (3.1)
Ax =b,

with optimization variable z € R"™. The cost is defined by the positive semidefinite
matrix P = PT > 0 and vector ¢ € R®. The constraints are defined by matrices A € RP*"
and G € R™™ and vectors b € RP and h € R™. The generalized inequality <y denotes
membership in a closed, proper cone IC, i.e. h — Gx € K. We restrict K to be the Cartesian

product

]C1261XCQX"'XCK,

where C; is either the non-negative orthant or a second-order cone, which are self-dual.
Each cone C; corresponds to a subset of constraints, inducing a partition on G and h, i.e.,
h; — Gijx € C; for + = 1,..., K. Throughout this work, we assume that Problem 3.1 is
feasible and has a bounded optimal objective.

Problem 3.1 appears in various applications, including model predictive control (MPC)
(28], network flow optimization [32], portfolio optimization [129, |, robust optimization
[19, 20], and filter design [ 19], among others. Additionally, the solution of SOCPs is used as a
subroutine in algorithms for nonconvex optimization such as sequential convex programming
(SCP) [126, 74, 117, 109],

Problem 3.1 can be reformulated as a SOCP with a linear objective by introducing a

slack variable t,
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minimize ¢+c¢'x

x,t
1 1
subject to 2 <t+ =
P2, 2
2
Gz j;c h
Az =b.

If P is large (has many rows and columns), then computing P2 can be prohibitively
expensive, making this reformulation impractical. Solving this reformulation can also be
slow if the matrix square root P'/? has significantly more nonzero elements than P. Thus, it
is advantageous for a SOCP solver to natively handle quadratic objective functions without
resorting to the linear objective reformulation.

Some SOCP solvers that can solve Problem 3.1 directly include CLARABEL [92], GUROBI
(93], cosmo [34], and scs [144]. However, cOSMO and SCS implement operator-splitting
methods. These methods are preferred for large-scale problems due to their low per-iteration
cost but can struggle with problem scaling, conditioning, and achieving high-accuracy solu-
tions [183]. For modestly sized SOCPs, an interior-point method (IPM) is preferred, due to
its robustness to scaling and conditioning of the problem, and ability to converge to high
accuracy solutions [166, Chapter 1]. One of the few open-source IPMs that can directly
solve Problem 3.1 is CLARABEL. In addition to solving SOCPs, CLARABEL can also handle
semidefinite programs, as well as problems involving exponential cones, power cones, and
generalized power cones. Additionally, it supports infeasibility detection by solving a ho-
mogeneous embedding of Problem 3.1. However, CLARABEL is written in Rust. Although
Rust is memory-safe due to its ownership system and can be used in embedded systems,
its ecosystem is far less mature than that of C, and for legacy systems, such as aerospace
software, C is still preferred.

Many engineering applications including linear MPC, nonlinear MPC [160], portfolio
backtesting, sequential quadratic programming (SQP) [27, |, and SCP, require solving
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SOCPs with a fixed, known sparsity structures in P, A, G and a constant cone . These
problems often arise in real-time settings, where computational efficiency is critical. For
example, sequential convex programming (SCP) iteratively solves a sequence of SOCPs with
quadratic objectives and identical sparsity patterns to find stationary points of nonconvex
problems. SCP has been widely applied in aerospace trajectory optimization, where real-
time performance is essential. Notable applications include powered-descent guidance [50),

, ], in-space rendezvous [23, 47], and hypersonic entry guidance [132, |. SCP
is also the solution method used by NASA’s SPLICE program for lunar landing guidance
41, 100, 136, 162].

Most general-purpose SOCP solvers, such as CLARABEL [92], cOSMO [31], ECOS [0Y],
GUROBI [93], MOSEK [l 1], and scs rely on sparse linear algebra routines. Although sparse
linear algebra allows the aforementioned solvers to solve SOCPs regardless of their spar-
sity structures, it can be quite slow due to the extra overhead of determining where the
nonzero elements are before performing floating point operations, which leads to more CPU
instructions being issued, more memory accesses, and more cache misses. However, when
the sparsity structure of the problem matrices is known beforehand, it is possible to generate
a custom solver that implements customized linear algebra routines tailored to the sparsity
structure of the problem. Specifically, in sparse linear algebra matrices are stored as three
arrays: a row/column index array, column/row pointer array, and data array. Before per-
forming a floating point operation on a nonzero element in the matrix, sparse linear algebra
routines must first index into the pointer and index arrays to determine the location of the
element in the data array. In customized linear algebra, the index and pointer arrays do not
exist, and we directly index into the data array, eliminating the overhead of sparse linear
algebra, resulting in significantly faster operations. We discuss this further in Section 3.4.1.

A custom solver generator is a tool that takes the sparsity structure of an optimization
problem as an input and outputs a solver (typically in C) optimized for that specific sparsity
structure without relying on sparse linear algebra. Two notable custom solver generators are

CVXGEN [131] and BSOCP [75, 76]. CVXGEN, which is academically licensed but not open-
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source, solves quadratic programs (QPs) rather than SOCPs (i.e. K in Problem 3.1 is the
non-negative orthant) and BSOCP, which is neither academically licensed nor open source,
solves linear objective SOCPs (i.e. P = 0 in Problem 3.1). Both have demonstrated sub-
stantial speed improvements over general-purpose solvers and have had a significant impact
on aerospace trajectory optimization. For instance, after the development of lossless convex-
ification [3, 1], BSOCP was flight-tested on Masten’s Xombie vehicle to validate G-FOLD, a
powered-descent guidance algorithm based on lossless convexification [169]. Later, CVXGEN
was used by SpaceX for landing their Falcon 9 boosters [20].

A seemingly related but distinct tool is CVXPYGEN [168]. It leverages CVXPY to parse
the optimization problem to the standard form for solvers and generates C code for updating
problem data and retrieving solutions. CVXPYGEN then wraps a backend solver without (or
with very little) modification to its source code. Because it customizes only the parsing and
solution retrieval while relying entirely on an existing solver, we do not classify CVXPYGEN

as a custom solver generator.

3.1.1 Contribution

This work makes two key contributions: (1) QOCO, an open-source C-based solver for
quadratic objective SOCPs, and (2) QOCOGEN, an open-source custom solver generator
for quadratic objective SOCPs which generates a custom solver written in C '. Qoco and
solvers generated by QOCOGEN implement the same algorithm as CLARABEL, a primal-dual
interior point method with Mehrotra’s predictor-corrector, but directly solve Problem 3.1
rather than a homogeneous embedding.

We demonstrate that QOCO is more robust than most commercial and open-source solvers,
and is faster on small- to medium-sized problems. We also show that QOCO,,.m (the name
of a solver generated by QOCOGEN) is significantly faster than QOCO. Both solvers are easy

to use since QOCO and QOCOGEN can be called from cvxPY [5, (7] and CVXPYGEN [1(8]

IBoth are available on GitHub at


https://github.com/qoco-org
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respectively, allowing users to formulate optimization problems in a natural way following
from math rather than manually converting the problem to the solver-required standard form.
Additionally, QOCO can be called from C/C++, Matlab, and Python, and QOCOGEN can be
called from Python. Both implement a primal-dual interior point method with Mehrotra’s
predictor-corrector [135]. However, they both use a variety of numerical enhancements to
quickly and robustly solve the linear system that arises in the step direction computation.
Specifically, we use an LDLT factorization along with the Approximate Minimum Degree
(AMD) [7, 64] heuristic to permute the coefficient matrix, minimizing fill-in for the factor
L. We also apply static and dynamic regularization to the coefficient matrix to ensure that
the matrix is invertible and the factorization succeeds. After solving the linear system, we
apply iterative refinement to ensure that the original, unregularized system was solved to

high accuracy, further enhancing numerical stability and robustness.

3.1.2 Outline

Section 3.2 introduces the primal-dual interior point method implemented in QOCO and
QOCOGEN. Section 3.3 explains the techniques used to ensure a stable factorization of the
KKT matrix, which is essential to compute the step direction. Section 3.4 discusses the
advantages of custom linear algebra over sparse linear algebra, and how QOCOGEN generates
custom solvers which exploit the known sparsity structure of problem data. Finally, Section

3.5 presents extensive numerical results comparing QOCO and QOCO,,..., t0 existing solvers.

3.1.3 Notation

We use (a, b) to denote the concatenation of vectors a € R* and b € R?, resulting in a vector
in R*™. The non-negative orthant in R’ is denoted by RY, = {u € R’ | u; > 0}, and for any
u € RZ_H we use u; to refer to its i element. The g-dimensional second-order cone is defined
as Q7 = {(ug,u1) € R X R | |luy|la < uo}, where any u € Q7 is written as u = (ug, u)
with ug € R and u; € R?"!. Finally, when a vector z lies in the Cartesian product of cones,

ie., z€Cy xCy x -+ x C, we denote z; as its i*" subvector belonging to cone C;.
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3.2 Primal-dual interior point method

In this section, we describe the primal-dual interior point algorithm we implement in QOCO
and QOCOGEN, as outlined in Algorithm 1. This algorithm is equivalent to the coneqp algo-

rithm outlined in [180] and follows a derivation similar to those presented in [21, Chapter 6],

[6, 192].

If strong duality holds for Problem 3.1, the optimal primal-dual solution (z*,s* y*, z*)
satisfies the Karush-Kuhn-Tucker (KKT) conditions [32, Chapter 5], which can be written

as

Pr+c+ATy+GT2=0 (3.2a
Az =b (

@
N
o

Gx+s=h

w w
DO ()
o, o
N— S— S— N— SN—

sizi=0fori=1,... K

(s,2) e Kx K. (3.2¢

The primal-dual interior point method applies a modified Newton’s method to Equations
(3.2a) - (3.2d), and a line search to satisfy Equation (3.2¢). The modifications to Newton’s
method correct for linearization errors in the Newton step and bias the search directions
towards the interior of K. This prevents the iterates from prematurely approaching the
boundary of the cone K, enabling longer steps without violating Equation (3.2¢). It also
ensures iterates do not converge to spurious solutions that satisfy Equations (3.2a) - (3.2d),

but not Equation (3.2¢) [192].

3.2.1 Central path derivation

To understand how the algorithm biases the search directions towards the interior of K, we

first introduce the concept of the central path.
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Problem 3.1 can be equivalently rewritten as

1
minimize ExTPx +c' x4+ I (h — G)

x

subject to Az = b,

where Zi, the indicator function of the cone K, is defined as

0, foru e K
I (u) =

oo, otherwise.
We then replace the indicator function, Zy(u), with a smooth barrier function, ¢x(u),
which approaches oo as its argument approaches the boundary of the cone.

We use the barrier function

K

P (u) = Z ¢i(usi),

i=1
where ¢; is the barrier function for C;. The barrier function for the non-negative orthant

and the second-order cone are

Qb(u) _ - Zé:l log uj) for CZ = RZ_
—(1/2) log(ug — UlTul), for C; = 91,

where log is the natural logarithm.

Their gradients are

—1/u,...,—1/w), for C; = R
Vo= " o ' (33)
—(u" Ju)" Ju, for C; = Q4,

where
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10
0 —I,,

After replacing the indicator function with the barrier function, we obtain

K
1
minimize §$TP33' + CTI’ +7 Z ¢z(hz — GZ.T)
’ i=1 (3.4)

subject to Ax = b,

where 7 > 0 is a scalar. Denoting the optimal solution of Problem 3.4 as x*(7), it can be
shown that as 7 — 0, 2*(7) — z* [21].

The KKT condition for Problem 3.4 are

K
P]I+C+ATy—TZG;rV¢Z(hZ—GZ.T> =0
=1

Ax =0
h—Gx e K.

If we define s = h — Gx and z; = —7V¢;(h; — Gyx) for i = 1,... K, we can rewrite the
KKT conditions as

Pr+c+ATy+GT2=0 (3.5a)
Az =b (3.5b)

Gr+s=h (3.5¢)
zi=—TV¢i(s;) fori=1,... K (3.5d)

)

(s,2) e Kx K, (3.5e

where the condition z € K arises because if u € IC, then —V(u) € K [180].

It is desirable to write Equation (3.5d), in a form where s; and z; appear symmetrically.
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To this end, we define the Jordan product [0, 81, |, a commutative and linear operation,

for the non-negative orthant and second-order cone as

_ !
(winvit, - - ., ugv), for C; = R,
U; OV; =
-
(u; Vi, UioVi1 + Viowir), for C; = QF,

and the Jordan product for K as

uwov = (U3 0V, Uy OV, ..., UK O VK), (3.6)
where u;, v; € C;.

The identity element e; for cone C; is defined as

(1,1,...,1), for C; = Ry
(1,0,...,0), for C; = Q1

and the identity element for I is

e=(ey,...,ex). (3.7)

Taking the Jordan product with s; on both sides of Equation (3.5d) and substituting
Equation (3.3), we obtain

Pr+c+ATy+GT2=0 (3.8a)
Az =b (3.8b)

Gr+s=h (3.8¢)
siozi=T1e;fori=1,... K (3.8d)

)

(s,2) e Lx K. (3.8¢e



34

We then rewrite Equation (3.8d) by stacking s; and z; and using Equations (3.6) and
(3.7) to obtain

Pr+c+ATy+GT2=0 (3.9a)
Az =b (3.9b)

Gr+s=h (3.9¢)

soz=rTe (3.9d)

(s,2) € Kx K. (3.9¢)

The central path is defined as the trajectory of points parameterized by 7 > 0, satisfying
Equations (3.9a) - (3.9¢). We denote the central path with the tuple (z*(7), s*(7), y*(7), 2*(7)).
From the above analysis, we see that the central path equations given by Equations (3.9a)
- (3.9¢) are equivalent to the optimality conditions for the barrier formulation of Problem
3.1 given by Problem 3.4. It can be shown that as 7 — 0, (2*(7),s*(7),y*(7), 2" (7)) —
(@, 5", y", 2") [21].

The primal-dual interior-point method applies Newton’s method to move towards the
central path rather than directly towards points satisfying Equation (3.2d). Since the central
path lies within the cone, maintaining proximity to it allows the algorithm to take longer

steps without violating Equation (3.2¢) [192].

3.2.2  Nesterov-Todd scaling

If Newton’s method were applied directly to Equations (3.5a) - (3.5d), the coefficient ma-
trix of the resulting linear system would lack symmetry (see Appendix A.1). As a result,
it would be necessary to store the entire matrix, rather than only the upper or lower tri-
angular portion. Additionally, solving this system would require matrix factorizations for

non-symmetric matrices, which are generally more computationally expensive than those for
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symmetric matrices.

To derive a symmetric linear system, we introduce the following change of variables

S=WTs, 2=Wg,

where we choose W such that the above transformation preserves cone membership and

leaves the central path equations unchanged

se < s5ekK, 2zeK <= zZ2e€K, soz=7Te < 5o0Z=re. (3.10)

Using this transformation, the central path equations can be equivalently expressed as

Pr+c+ATy+GTz2=0 (3.11a)
Az =b (3.11b)

Gr+s=h (3.11c)

(W= Ts)o (Wz2) =Te (3.11d)

(s,2) e Kx K. (3.11e)

There are many matrices, W, which satisfy Equation (3.10). In particular, we use the
Nesterov-Todd scaling matrix [139, |. This scaling matrix is determined based on the

current iterates s, and z; and the unique point w that satisfies

V2or(w)sy = zp, (3.12)

where VZ¢x(w) is the Hessian of the barrier function evaluated at w. Since the barrier
function is strictly convex, V2¢x(w) is positive definite.

From this, we compute Wy as



36

Vi (w) ™t = W, W,. (3.13)

A key property that follows from Equations (3.12) and (3.13) is

This property allows us to define

For more details on how to compute the scaling point w and the scaling matrix Wy, see

[186].

3.2.3  Computing search directions

Given the current iterate (xy, sk, Yk, 2zx) we define the duality measure as

e = Sp, 2/, (3.16)

which represents the average violation of the complementary slackness condition given by
Equation (3.2d). To compute a search direction for updating the current iterate, we apply
Mehrotra’s predictor-corrector method [135]. This scheme computes a Newton step with
three key objectives: reducing the duality measure, maintaining proximity to the central
path, and correcting for the linearization error introduced during this step.

Applying Newton’s method to Equation (3.11) first requires a linearization of the cen-
tral path equations around the current iterate (zy, Sk, Yk, 2x). This is done by substituting
(x,8,y,2) with (z; + Az, sk, + As,yx + Ay, 2z, + Az) and ignoring the higher order term
(W=TAs) o (WAZ2). This results in a linear system of the form
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PAz + ATAy + GTAz = —r, (3.17a)
AAx = —r, (3.17b)
GAz + As = —r, (3.17¢)
(W, "s1) o (WpA2) 4+ (W TAs) o (Wizi) = —7. (3.17d)
Here, (7, 7y,72,7s) are residual vectors that will be defined later.
Using Equation (3.15), we can rewrite the system as
PAx +ATAy+ GTAz = -1, (3.18a)
AAz = —r, (3.18b)
GAzr + As = —r, (3.18c)
Ao (WieAz + Wi TAs) = —r,. (3.18d)

To obtain a symmetric system, we can eliminate As and rewrite the equations in matrix

form as

P AT GT Ax Ty
A 0 0 Ayl = -1y (3.19a)
G 0 -W Wil |Az —r, + W, (A \rs)

As = —r, — GAx, (3.19b)

where the operator \ represents the inverse of the Jordan product o, meaning that z\ (z o

y) =1y

To account for the higher order term we ignored when forming Equation (3.17), we apply
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(wk, Sk, Yk, Zk)

Predictor Ste

Combined Step

(ﬂ3k+1, Sk+1; Yke+1) Rk+1

Central Path

Feasible Set

Figure 3.1: Mehrotra’s predictor-corrector.

Mehrotra’s predictor-corrector [135]. This method consists of a predictor step, where a search
direction is computed by taking a Newton step on Equation (3.11) with 7 = 0, followed by
a combined step. The combined step incorporates centering and correction terms that will
help keep the next iterate close to the central path while compensating for the linearization
error incurred by ignoring the (W~TAs) o (WAz) term when linearizing Equation (3.11).
Note that the predictor step is used to estimate this linearization error. Figure 3.1 illustrates
Mehrotra’s predictor-corrector.
To compute the predictor step, also called the affine scaling direction, (Ax,, Asq, Ay,, Az,),

we solve Equation (3.19) with the residual vectors
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ry = Pxy+c+ Ay, + Gz, (3.20a)
ry = Azy — b (3.20b)
r,=Gxr+ s, —h (3.20¢)
Ts = Ak O Ak (3.20d)

Since taking a full step along the affine scaling direction can violate the constraint (s, z) €

K x K, we compute the centering parameter o € [0, 1] as

a =sup{a € [0,1] | (sk, zr) + a(As,, Az,) € K x £}

 (sp+ aAs,) T (2 + alz,)

Sg 2k

o = max{0, min{1, p}*}.

The centering parameter balances the need to reduce the duality measure while main-
taining proximity to the central path, allowing for a longer step in the next iteration [192].
Finally, we compute the combined direction, which includes both predictor and corrector
information. This direction, (Az, As, Ay, Az) is obtained by solving Equation (3.19) with

the residual vectors

ry = Pxi+c+ ATy, + Gz, (3.21a)
ry = Axp — b (3.21Db)
r.=Grp+ s, —h (3.21c)
re = A\, O\ + (Wk_TASa) o (WrAz,) — oure (3.21d)

This direction moves the next iterate closer to (x*(oux), s*(our), y*(opr), 2" (opk)), a
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point on the central path where the duality measure is reduced by a factor of o. Note
that the residual vector ry has two additional terms when compared to Equation (3.20d):
(W, T As,)o(Wy,Az,) and —ojue. The former is to correct for linearization error in Newton’s
method, and the latter is to maintain proximity to the central path and arises when applying
Newton’s method to Equation (3.9d) with 7 = op.

We then compute the next iterate by performing a line search to ensure (sgi1,2k4+1) €

IC x KC. Specifically, we update the iterate as

($k+1, Sk+1, Yk+1, 2k+1) = (9% Sk Yk, Zk) + Oé(A% As, Ay, AZ)

where

o
a = sup {oz €[0,1] | (sk, 2x) + m(As,Az) €K x IC}

The factor of 0.99 ensures that (Sgi1, 2x+1) remains strictly in the interior of IC x .

3.2.4  Initialization

To initialize the primal-dual interior point method, we follow the approach outlined in [136].
The initialization procedure consists of two steps. First, we find (z,s,y, z) that satisfy
Equations (3.9a) - (3.9¢). If s and 2z do not satisfy Equation (3.9¢), a correction is applied
to ensure they are in K.

We begin by solving the optimization problem

1
minimize éa:TP:B +c'z+ |Gz — hlf3
subject to Az =b.

Since this is an equality-constrained quadratic program, the KK'T conditions correspond

to the linear system
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P AT G| |z —c
A0 ollyl=10v]- (3.22)
G 0 —I| |z h

We then set s = —z. This results in the tuple (z,s,y, z) satisfying Equations (3.9a) -
(3.9¢), but s and z may not necessarily satisfy Equation (3.9¢).

We then initialize x¢ and yy as x¢o = x, yo = y, and initialize sy as

s, ifsel
Sp —

s+ (1+ as)e otherwise,

where as = inf{a | s + ae € K} and e is defined in Equation (3.7). We initialize z, as

z, if ze C
zZ0 =

z+4 (1 + «a,)e, otherwise
where a, = inf{a | z + @e € K}. Note that o, and «, are the minimum scalings of e
that need to be added to s and z respectively to move them to the boundary of I, but we

scale e by (1 + ay) and (1 + «,) to ensure that sy and zy are strictly in the interior of K.
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Algorithm 1 Primal-dual interior point method

Ensure: Optimal solution (z*, s*, y*, 2¥)
1: Initialization:

2:  Solve KKT system (3.22) for x,y, 2

3 Xo4— T, Yoy

4: S —2

5. if s € K then

6: Sg < S

7: else

8: as < inf{a | s+ ae € K}

9: so s+ (14 ay)e

10: end if

11: if z € K then

12: 20 & 2

13: else

14: a, « inf{a | z 4+ ae € £}

15: so— 2+ (1+a)e

16: end if

17: repeat

18: Compute duality measure:

19: W < Spze/m
20: Compute Nesterov-Todd scaling:
21: Construct Wy,
22: Calculate )\, = W,;Tsk = Wiz
23: Compute affine direction (Az,, As,, Ay,, Az,):
24: Solve KKT system (3.19) with residuals (3.20)
25: Calculate centering parameter:
26: a < sup{a € [0,1] | (sk, zx) + @(Asq, Az,) € K}
97. D (skJraAsa)TT(:kJraAza)

Sk 4

28: o + max{0, min{1, p}*}
29: Compute combined direction (Az, As, Ay, Az):
30: Solve (3.19) with residuals (3.21)
31: Compute step-size:
32: a<—sup {a € [0,1] | (s, 21) + 555 (As, Az) € K}
33: Update iterates:
34: Tpa1 < T + aAx
35: Spr1 ¢ Sk + aAs
36: Ykt < Yr + @Ay
37: Zpi1 < 2k + Az

38: until Stopping criteria (3.28) satisfied.
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3.3 Algorithm implementation

This section describes the implementation of the primal-dual interior point method in QOCO
and QOCOGEN. We focus on three key aspects: the matrix factorization used to solve the
system in (3.19), numerical techniques for ensuring a robust factorization and solution of
(3.19), and the stopping criteria. These aspects apply to both QOCO and QOCOGEN, but
while both use the same underlying matrix factorization, their implementations are different.

These differences will be discussed in Section 3.4.1.

3.3.1 Linear system solve

The coefficient matrix in (3.19), which we will refer to as the Karush-Kuhn-Tucker (KKT)

matrix is given as

P AT G
K=1|A4 0 0 : (3.23)
G 0 —W W,

Algorithm 1 requires solving the linear system K¢ = r for two different residual vectors 7.
Since K remains constant for both solves, we factorize it once and then apply two backsolves.
The KKT matrix (3.23) is symmetric but indefinite, meaning it has both positive and
negative eigenvalues. A common approach for factoring such matrices is the Bunch-Parlett

factorization [37], which factors K as

IKI" = LDL", (3.24)

where II is a permutation matrix, L is a lower triangular matrix, and D is a block
diagonal matrix with 1 x 1 and 2 x 2 blocks. However, II must be selected during runtime
with knowledge of the data in K, as the factorization may not exist for all permutations.

Additionally, K may not be invertible if, for example, A is not full row rank.
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Static regularization To ensure a numerically stable factorization that exists for all per-

mutations I (allowing us to select IT based solely on the sparsity pattern of K'), we apply

static reqularization [92, 131, 177] to the KKT matrix
P|AT el el | 0 0
K=1|alo 0 +1 0 | —el 0 |- (3.25)
Gl o —wiw, 0] 0 —el

In QOCO and QOCOGEN, we use €5 = 1075,
Now K is a quastdefinite matrix, which is a special case of a symmetric indefinite matrix
where the (1,1) block is positive definite and the (2,2) block is negative definite [137].

For such matrices, the LDLT factorization

K" = LDL", (3.26)

exists for any permutation II, and D will be a diagonal matrix with known signs for its
diagonal elements [187].

A judicious choice of II can minimize the fill-in for the factor L. Fill-in is the introduction
of non-zero elements in positions of a matrix where they previously did not exist. Excessive
fill-in can lead to several negative consequences, including increased storage requirements
(since more non-zero elements must be stored in memory) and increased computational cost
(due to more floating-point operations). Finding an optimal II to minimize fill-in is NP-
complete [193], but heuristic methods such as the Approximate Minimum Degree (AMD)
ordering can effectively compute near-optimal permutations [7]. In QOCO and QOCOGEN, we
use Tim Davis’ implementation of the AMD ordering [64] to determine II.

After computing II, the LDLT factorization consists of two phases: a symbolic and
numeric factorization. The symbolic factorization determines the elimination tree, a data
structure which encodes dependencies between elements in the matrix during the factoriza-

tion process, and the sparsity pattern of the factor L. It only requires the sparsity pattern of
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the regularized KKT matrix K, which remains unchanged throughout Algorithm 1. There-
fore, the symbolic factorization needs to be computed only once. The numeric factorization
calculates the numerical values of L and D, which depend on the values of the nonzero
elements of K. Since these values change at each iteration of Algorithm 1, the numeric
factorization must be computed at every step.

To compute the LDLT factorization, we use a modified version of QDLDL [177] with
dynamic reqularization for Q0CO, and a custom LDLT routine for QQCOGEN which we will

discuss in Section 3.4.1.

Dynamic regularization Although the LDL" factorization must theoretically exist for
K , due to the nature of floating-point arithmetic it is possible for diagonal elements D;; to be
rounded to zero or be very close to zero leading to divide-by-zero errors and the factorization
failing. To alleviate this and factor K in a stable manner, we apply dynamic regqularization
as given by Algorithm 2, which bounds the magnitude of D;; away from zero, by some ¢; > 0,

and corrects for its sign if necessary [09, 92, ]. In QOCO and QOCOGEN, we use €4 = 1075,

Algorithm 2 Dynamic regularization

1: Given: ¢4 >0

2: if D;; should be positive then
3: if D; <0 then

4: D = ¢4

5: else

6: Dii = Dy; + €q

7 end if

8: else if D;; should be negative then
9: if D; > 0 then
10: D;; = —¢4
11: else
12: D;;=D;; — ¢4
13: end if
14: end if
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Iterative refinement After static and dynamic regularization we end up solving the linear
system K ¢ = r rather than system K¢ = r. To get a solution to the latter system, we apply
iterative refinement [157, Section 2.5.1]. This process corrects the solution by iteratively
reducing the residual error, ||r — K¢||, ensuring higher numerical accuracy without requiring

an additional factorization. It involves iteratively solving the system

KAE* = r — K¢k, (3.27)

and updating 51 = ¢ + A¢F where £° solves the first linear system (ie. K& = r).
Note that since we have already computed the factorization of K , one iteration of Equation

(3.27) only requires backsolves and no matrix factorization.

3.3.2  Stopping criterion

Algorithm 1 terminates when three conditions are met: primal feasibility (3.28a), stationarity
(3.28b), and complementary slackness (3.28¢). We use both absolute and relative tolerances
to ensure robustness across different problem scales. Our stopping criteria is met if the

following conditions hold:

Al’k—b
ka+sk—h

< €abs T €rel MAX { || ATk [ oo, [[0] oo, |Gk |00 [|Pllsos |5k l|oo }

(3.28a)

prk + ATyk + GTZk + CHoo S €abs + €rel maX{HPmkHom HATkaoo> HGTZkHooa HCHOO}
(3.28h)

|55 2| < €ans + s max {1, [prl, |di|}, (3.28¢)

where the primal and dual objectives are
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1 1
Dk = éx{Pwk +clmy,  dy = —§$;P1’k — by —h' 2.

3.4 Sparsity exploiting custom solver

This section discusses QOCOGEN, which generates an implementation of Algorithm 1 called
QOCO, iom- Unlike generic solvers which use sparse linear algebra, QOCO, yom Uses a custom
LDLT factorization and other tailored linear algebra routines, which exploit the known
sparsity structure of problem data, to solve Problem 3.1 significantly faster.

While QOCO can solve instances of Problem 3.1 with any sparsity pattern for P, A, and
G and cone K, the use of custom linear algebra in QOCO. .. restricts it to instances with
the same sparsity structure for P, A, and G and optimizes over the same cone . This makes
QOCO,som useful for applications that repeatedly solve optimization problems with identical
sparsity structures, such as sequential convex programming [120].

Figure 3.2 illustrates the usage of QOCO, QOCOGEN, and QOCO, om- In the figure, the
matrices (P, A, G) contain two pieces of information: their sparsity patterns str(P, A, G)
(the location of nonzero elements) and the values of the nonzero elements data(P, A, G). We
see that QOCO takes in (P, A, G), which contains both the sparsity patterns and nonzero
elements for the matrices, and the rest of the problem data and returns the optimal solution
(x*, s*,y*, 2*). In contrast, QOCOGEN only takes in the sparsity patterns of (P, A, G) and cone
K, and then generates QOCO,,yom- This instance of QOCO, .o can then solve optimization
problems where the sparsity patterns of (P, A, G)) do not change, but the nonzero values for
(P, A, G) and the vector data (c,b, h) can change.

Although QOCO avoids dynamic memory allocation during the solution process, it still
relies on setup and cleanup functions for dynamic memory allocation and deallocation
before and after solving the problem. In contrast, QOCO ... €xclusively uses static memory
allocation, making it well-suited for resource-constrained embedded systems, where dynamic

memory allocation can lead to non-deterministic behavior and memory fragmentation.
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(P, A, G, e,b,h, K)——  QOCO  ——(a*, s* y*, %)

data(P, A, G),c,b, h

Generates
str(P,A,G),K——{ QOCOGEN QOCO yiom ——(x*, 8%, y*, 2%)

Figure 3.2: Usage of QOCO, QOCOGEN, and QOCO s om-

3.4.1 Custom linear algebra

A key difference between QOCO, o and QOCO is that QOCO, . Uses custom linear algebra
routines rather than sparse linear algebra. The main motivation for custom routines is
to speed up the LDL" factorization of the regularized KKT matrix, which is the most
computationally expensive step of Algorithm 1. Typically, the KKT matrix is factored using
a sparse linear algebra routine that stores the matrix in either compressed sparse column
(CSC) or compressed sparse row (CSR) format. However, these sparse routines involve more
than just the floating-point operations required for factorization. They also incur additional
overhead to locate nonzero elements and their positions in the matrix. For example, in a CSC
matrix, accessing data first requires indexing into the column pointer and row index arrays.
This results in more CPU instructions, increased memory accesses, and a higher likelihood
of cache misses. We provide empirical evidence supporting these claims in Appendix A.2.
When the sparsity structure of the KKT matrix is known a priori it is possible to write
a custom LDL' factorization routine which only contains code to perform the necessary
floating-point operations and data accesses, eliminating the additional overhead that typical
sparse linear algebra routines have. This makes the custom LDLT factorization significantly
faster than a sparse LDL' factorization. We also note that since the AMD ordering we
employ to compute the permutation matrix IT only depends on the sparsity pattern of the

KKT matrix, we can determine II at the time of code generation, so the generated code does
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Adata stores the nonzeros of A in column-major format, i.e.
Adata[0] = a00

Adata[1] = a20

Adata[2] = a02

ef custom_matvec(y, Adata, x):

QB OH O H

y[0] = Adata[0]*x[0] + Adata[2]*x[2]
y[1l =0
y[2] = Adata[1]=*x[0]

Listing 3.1: Custom matrix-vector multiplication.

not include the code to compute the AMD ordering.

A concrete example of a custom linear algebra routine for matrix-vector multiplication
is given by Listing 3.1, where the sparsity pattern of A is fixed and defined in Equation
(3.29). Note that the custom routine only includes the necessary floating-point operations.
Although Listing 3.1 depicts Python code, the custom linear algebra routines in QOCO. s om

are in C.

Yo agp 0 ap2| | %o
|l =10 0 0 T (3.29)
Y2 ap 0 0 T2

A

A drawback of these custom routines is that the amount of code generated increases with
problem size. Consequently, both the time required to generate and compile QOCO. 0 and
the resulting binary size increase for larger problems. On processors with small caches, such
as the Raspberry Pi Compute Module 4, these large binaries can degrade performance due

to increased instruction cache misses. This effect is discussed further in Section 3.5.

3.4.2 Code generation

QOCOGEN is written in Python and example code for generating QOCO. .0 fOr a problem
family defined by Equation (3.30) is given by Listing 3.2. The generated solver QOCO,om 18

customized to the sparsity pattern of the matrices P, A, G which are passed to the function
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import qocogen
import numpy as np
from scipy import sparse

# Define problem data
P = sparse.diags([2, 2, 2, 0], 0).tocsc()

¢ = np.array ([0, 0, 0, 11)

G = -sparse.identity (4).tocsc()
h = np.zeros(4)

A = sparse.csc_matrix([[1, 1, O, 0], [0, 1, 1, 011)
b = np.array([1, 1])

1 =1

n = 4

m = 4

p = 2

nsoc = 1

q = np.array ([3])

# Generate custom solver.
gqocogen.generate_solver(n, m, p, P, ¢, A, b, G, h, 1, nsoc, q)

Listing 3.2: Generating a custom solver with QOCOGEN.

qocogen.generate _solver() as sparse scipy matrices.

miniwmize a4+ 23+ 23+ ay
subject to x4+ x5 =1
Ty + a3 =1 (3.30)
r1 >0
Va3 +al < a
The file tree for QOCO,y0m 18 given by Figure 3.3. The file qoco_custom.c contains the
qoco_custom_solve() function which implements Algorithm 1, 1d1.c contains the custom
LDL" factorization of the regularized KKT matrix, CMakeLists.txt is the CMake config-
uration file which automates the build process [108], runtest.c gives an example of calling
QOCO,om With default data and times the resulting solve, and the remaining files contain

various helper functions needed to implement Algorithm 1.
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goco_custom/
cone.c
cone.h
kkt.c
kkt.h
ldl.c
1dl.h
goco_custom.c
qoco_custom.h
runtest.c
utils.c
utils.h
workspace.h
CMakeLists.txt

Figure 3.3: QOCO, o file structure.

Listing 3.3 provides an example of calling QOCO, ., from C, updating the problem data,

and solving it again.
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#include "qoco_custom.h"

int main() A{
// Instantiate workspace.
Workspace work;

// Set default settings, but settings can be modified with
// work.settings.setting_name =
set_default_settings (&work) ;

// Loads the default data for the problem
// (i.e. the data passed to the qocogen.generate() call).
load_data (&work) ;

// Solve original problem.
qoco_custom_solve (&work) ;
printf ("\nobj: %f", work.sol.obj);

// Can modify non-zero elements of P,A,G and c, b, h.
update_P (&work, Pnew);
update_A (&work, Anew);
update_G (&work, Gnew);
update_c (&work, cnew);
update_b (&work, bnew);
update_h (&work, hnew);

// Solve updated problem.
gqoco_custom_solve (&work) ;
printf ("\nobj: %f", work.sol.obj);

Listing 3.3: Calling QOCO, s om from C/CH+.




93

3.5 Numerical results

We benchmark QOCO and QOCO, ... against several conic interior-point solvers ?: the open-
source solvers ECOS [09] and CLARABEL [92], the commercial solvers GUROBI [93] and MOSEK
[11], and against the academically licensed custom solver generator CVXGEN which generates
a primal-dual interior point method for quadratic programs. We do not test against the
custom solver generator BSOCP since it is not academically licensed. For all solvers, we use
their default settings but set the tolerances €gps = €. = 1077,

All numerical results were generated on a desktop computer with an AMD Ryzen 9
7950X3D processor running at 4.2 GHz and with 128 GB of RAM. Additionally, the model-
predictive control problems in Section 3.5.2 were also solved on the Raspberry Pi Compute
Module 4 (CM4), a resource-constrained, embedded Linux system with 4GB of RAM. Our
benchmarks are written in Python and we use Cvxpy [5, (7] to interface with the solvers.

In our experiments, we define problem size as the total number of nonzero elements in

A, G, and in the upper half of P. We evaluate our solvers on a set of benchmark problems

we developed, a set of model-predictive control problems from [111], the Maros—Mészaros
problems [130], and least-squares problems derived from the SuiteSparse repository [65]. To
evaluate the solvers’ performance, we use performance profiles [65] and the shifted geometric

mean, both of which are frequently used to assess solver performance [09, 81, 92, , ].

When reporting solve times for QOCO,uom, We exclude code generation and compilation
times and report them separately. We do this because the primary use cases for QQCOGEN
and QOCO, o Prioritize minimizing solve time, making solve time alone the most relevant
performance metric, and the one-time cost of generating and compiling the solver is less
critical. Typical examples include MPC and real-time trajectory optimization, where code
generation and compilation can be done offline before deploying the solvers online.

When minimizing setup time (code generation and compilation) is important, such as

iterating problem formulations or one-off solves, QOCOGEN and QOCO, .., may be less at-

2Qur benchmarks are publicly available at


https://github.com/qoco-org/qoco-benchmarks
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tractive than general-purpose solvers like QOCO. Additionally, as problem sizes become
larger, code generation and compile times become longer and binary sizes become larger
due to the explicit coding style used by custom linear algebra and depicted in Listing 3.1.
Nevertheless, the combined code generation and compilation times remain reasonable (under
ten minutes) for problems with sizes under 10,000.

We also expect QOCO,.;om performance to degrade once binaries become large compared
to the cache size of the processor, due to increased instruction cache misses. On desktop
computers, which have larger caches, excessive code generation time and compile times
are typically experienced prior to degraded performance due to instruction cache misses.
On systems with comparatively smaller caches, such as the Raspberry Pi CM4, instruction
cache misses start to hinder performance for problem sizes over approximately 4,000 in our

benchmarks, before code generation and compilation time becomes significant.

Shifted geometric mean We use the normalized shifted geometric mean to assign a scalar
value to the performance of a solver on a test set of problems. The shifted geometric mean

of N runtimes for solver s is computed as

1/N
_ k’

gs = LH(t&p + k)

=1

where ; , is the runtime of solver s on problem p and k = 1 is the shift. If the solver does
not find an optimal solution, then the runtime is set to 10 seconds for benchmark problems,
0.5 seconds for the MPC problems, 1200 seconds for the Maros-Mészaros problems, and 600
seconds for the SuiteSparse least-squares problems. These times were chosen to be roughly
an order of magnitude higher than the slowest successful solve on the respective problem set.

We then define the normalized shifted geometric mean for solver s as

re = gs/msln957

so the solver with the lowest shifted geometric mean will have a normalized shifted geo-
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metric mean of 1.00.

Performance profiles We also plot the relative and absolute performance profiles to

compare solvers. We first define the relative performance ratio of solver s on problem p as

Usp = tsp/ min Lsp-

The relative performance profile then plots fI(7) where

1 N
fo(r) = N ZIST(us,p)7
p=1

and Z<.(z) = 1 if 2 < 7 and Z<,(z) = 0 otherwise. If the relative performance profile
passes through the point (z,y) for solver s, this means that solver s solves a fraction y of
the problems within a factor of z of the fastest solver.

The absolute performance profile plots f&(7) where

1 N
for) = 55 D Ter(tan).
p=1

If the absolute performance profile passes through the point (x,y) for solver s, this means
that solver s solves a fraction y of the problems within = time. For both relative and absolute
profiles, the profile of the highest-performing solver will lie above the profiles of the other

solvers.

3.5.1 Benchmark problems

We solve optimization problems from five problem classes: robust Kalman filtering, group
lasso regression [195], the losslessly convexified powered-descent guidance problem [1], Markowitz
portfolio optimization [129], and the oscillating masses control problem [190]. The first three
of these are SOCPs and the last two are QPs. For each of the five classes, we consider 10

different problem sizes, generating 20 unique problem instances per size, for a total of 1000
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distinct optimization problems. Details on the problems we solve can be found in Appendix
A.3. For these problems, we plot runtime as a function of problem size in addition to report-
ing performance profiles and shifted geometric means. We test QOCO on all problems, but
only test QOCO, o ON the smaller problems, as code generation and compile times become
prohibitively long for the larger instances.

For each solver, we solve each optimization problem 100 times and record the minimum
runtime, which includes both setup and solve time. Since the computer runs various back-
ground processes that can artificially inflate execution time, we conduct 100 runs and report
the minimum execution time, thereby providing a more accurate measure of the solver’s
performance.

Although the oscillating masses and portfolio optimization problems are QPs and can be
solved with CVXGEN, we limit testing to the two smaller oscillating masses problems. For
larger instances, CVXGEN was unable to generate code due to the size of the problems. For
the portfolio optimization problems, we do not test CVXGEN due to the sparsity pattern of
the factor matrix F' in Problem A.3. To specify the sparsity pattern of F' in CVXGEN, we
must manually provide the locations of nonzero elements into the web interface, which would
have been prohibitively expensive, since F' has hundreds of nonzero elements. In contrast, to
generate code with QOCOGEN, we pass in problem data as sparse scipy matrices rather than
manually specifying sparsity patterns. Although we can specify F' as a dense matrix and
only populate the nonzero elements for CVXGEN, this would severely hinder its performance
and result in an unfair comparison.

When computing normalized shifted geometric mean, relative performance profiles, and
absolute performance profiles, all solvers must be tested on the same set of problems. Since
we test QOCO.om ON only half of the problems we provide two versions of the aforementioned
metrics. The first version, given by Figure 3.5, includes CLARABEL, ECOS, GUROBI, MOSEK,
and QOCO evaluated on all problems. The second version, given by Figure 3.6, also includes
QOCO.usom, but the solvers are evaluated on the half of the benchmark problems which

QOCO,ui0m 18 tested on.
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Figures 3.4, 3.5, and 3.6 show that QOCO,.... is the fastest solver on our benchmark
problems by a significant margin and is as performant as CVXGEN on the 40 smallest os-
cillating mass problems. This latter result is unsurprising, as QOCO,,.m Uses an identical
algorithm to CVXGEN when solving QPs and both utilize custom linear algebra routines.
Additionally, QOCO is the fastest open-source generic solver on all of the problems, although
it is slower than Mosek on the group lasso problems and slower than Gurobi on some of the
largest portfolio optimization problems. However, we notice that if we disable presolve for
Mosek and Gurobi, QOCO is faster on these problems as well.

Table 3.1 reports the code generation time, compilation time, code size, and binary size of
the generated solvers. We see that all problems have sizes under 10,000 and as the problem
size increases, code generation time, compilation time, code size, and binary size all increase,

but all solvers still take less than eight minutes to generate and compile.
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Problem Size Codegen Time (s) Compile Time (s) Code Size (KB) Binary Size (KB)
group_lasso_N_1 761 4.2 4.3 545 234
group_lasso_N_2 2022 16.9 77.0 1292 590
group_lasso_N_3 3783 38.7 37.6 2397 1150
group_lasso_N_4 6044 70.5 69.3 3923 1898
group_lasso_N_5 8805 112.3 96.9 5949 2918
portfolio_N_2 804 2.8 4.1 481 226
portfolio_N_4 2008 11.1 45.0 1082 518
portfolio_N_6 3612 25.3 473.9 1890 918
portfolio_ N_8 5616 45.5 46.0 2982 1482
portfolio N_10 8020 72.9 106.1 6309 3026
levx N_15 644 3.6 19.3 1057 482
levx_N_50 2114 39.3 57.0 3795 1590
levx N_75 3164 89.9 85.5 5694 2434
levx N_100 4214 163.8 140.1 7934 3322
levx N_125 5264 263.0 193.3 9675 4026
robust_kalman_filter_N_25 775 5.8 11.3 759 318
robust_kalman_filter_N_50 1550 23.2 128.8 1491 582
robust_kalman _filter N_75 2325 53.0 34.1 2236 890
robust_kalman_filter N_125 3875 155.2 76.8 3730 1450
robust_kalman _filter N_175 5425 311.0 122.5 5235 2022
oscillating_masses_N_8 1344 4.7 22.9 1112 478
oscillating_masses_N_20 3312 28.2 33.3 2785 1150
oscillating_masses_IN_32 5280 72.4 60.4 4450 1806
oscillating_masses_N_44 7248 138.5 86.3 6122 2450
oscillating_masses_N_56 9216 226.9 123.6 7839 3102

Table 3.1: Code generation time, compilation time, and resulting code and binary sizes for

benchmark problems.
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3.5.2  Model-predictive control problems

We consider a set of 64 model-predictive control problems taken from [111] and also used by
[92]. Note that we exclude the eight “nonlinear chain” problems as they took too long to
generate custom solvers for. We run these problems on our desktop computer with the AMD
Ryzen 9 7950X3D, as well as the Raspberry Pi CM4. Similarly to the benchmark problems,
we solve each MPC problem 100 times and record the minimum runtime. These problems

take the following form

T T S a7
minimize Z Ui Uk ? Y U + (2, —2") " P(x, — 27)
no k=0 |Wr — Uy, ST R| |up —u

subject to  xg = Tinit
T = Axy + Buy, + fi
Y = Cay, + Duy, + e,
Ain < Mz, + Nug, < diax
Umin < U < Umax

Ymin S Yk S Ymax

-
dmin

<Tz, <d

max*

Table 3.2 shows that all problems except SpringMass_1 problem have sizes under 10,000
and combined generation and compilation times under ten minutes. Additionally, among
problems with sizes under 10,000, all but quadcopter_3 require less than five minutes to
generate and compile solvers.

Figure 3.7 shows the numerical results on the desktop computer. We see that CLARABEL,
GUROBI, and MOSEK solve all problems successfully, QOCO and QOCO, ... €ach fail on only
one, and ECOS fails on seven. Among the 63 problems solved by both QOCO and QOCO..om,

QOCO,srom 18 the fastest solver by a wide margin, followed by QocCoO.
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Figure 3.8 shows the results on the Raspberry Pi CM4, and we see that all solvers solve
the same number of problems as on the desktop. We also see that problems are solved
roughly an order magnitude slower on the CM4, as it is a less powerful processor. We again
see that among the 63 problems solved by both QOCO and QOCO,s;om, QOCOustom OF QOCO is
always the fastest solver, but on the nine largest problems, QOCO is faster than QOCO, om-
This occurs for the largest problems, since the QOCO, .., binaries are larger than the CM4’s
L2 cache, likely leading to many instruction cache misses and increased solve time.

We observe QOCO outperforming QOCO, s 0m Only on the CM4 and not on the desktop
computer. This is due to the substantially smaller cache on the CM4 (1 MB of L2 cache)
compared to the AMD Ryzen 9 7950X3D (16 MB of L2 cache and 128 MB of L3 cache). On
the desktop processor, the QOCO,. .., binaries for all tested problems fit comfortably within
the L2 cache. If we were to benchmark problems on the desktop where the QOCO. s, binary
approached the 16 MB L2 cache size, we would expect to see some performance degrada-
tion. If the binary size approached the 128 MB L3 cache limit, we expect the performance
degradation to be significant and could lead to QOCO outperforming QOCO, ... However,
for problems of this scale, code generation and compilation time will be prohibitively long,
on the order of several hours to even a day, making the use of QOCOGEN and QOCO.,som

impractical.
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Table 3.2: Code generation time, compilation time, and resulting code and binary sizes for
mpc problem instances.

Problem Size Codegen Time (s) Compile Time (s) Code Size (KB) Binary Size (KB)
aircraft_1 504 1.4 2.7 412 182
aircraft_2 524 14 2.6 413 186
aircraft_3 464 1.1 2.3 376 170
aircraft_4 504 1.4 2.7 412 182
aircraft_10 584 2.2 3.8 470 198
aircraft_11 636 2.3 3.9 480 202
aircraft_12 636 2.3 3.8 480 202
aircraft_13 3116 56.0 32.7 2230 890
ballOnPlate_1 398 1.5 24 328 150
ballOnPlate_2 398 1.5 24 328 150
ballOnPlate_3 398 1.5 24 328 150
ballOnPlate_4 658 4.1 4.3 509 214
binaryDistillationColumn_1 2936 8.9 179.2 3107 1338
binaryDistillationColumn-2 2936 8.8 179.4 3107 1338
dcMotor_1 564 1.8 34 456 194
dcMotor_2 1114 6.7 18.1 858 354
dcMotor_3 5514 175.3 78.4 4184 1602
dcMotor_4 5514 175.3 78.5 4184 1602
dcMotor_5 1114 6.7 18.0 858 354
dcMotor_6 1114 6.8 17.8 857 354
doublelnvertedPendulum_1 502 1.1 24 390 178
doubleInvertedPendulum_2 502 1.2 24 389 178
doublelnvertedPendulum_3 542 14 2.7 425 190
fiordosExample_1 119 0.1 0.6 132 74
fiordosExample_2 139 0.2 0.7 150 78
fiordosExample_3 119 0.1 0.6 132 74

Continued on next page
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Problem Size Codegen Time (s) Compile Time (s) Code Size (KB) Binary Size (KB)
forcesExample_1 171 0.2 0.8 163 86
forcesExample_2 170 0.2 0.8 161 86
forcesExample_3 189 0.3 0.8 174 90
forcesExample_4 369 1.1 1.8 287 134
helicopter_1 201 0.3 0.9 197 98
helicopter_2 1051 7.7 14.0 863 378
helicopter_3 536 2.1 3.2 449 186
nonlinearCstr_1 1164 7.2 16.3 829 338
nonlinearCstr_2 1164 7.2 16.5 829 338
nonlinearCstr_3 294 0.5 1.3 247 114
pendulum_1 435 1.1 2.0 332 154
pendulum_2 432 1.1 2.0 329 150
pendulum_3 155 0.1 0.7 153 86
quadcopter_1 1592 15.0 118.2 1770 782
quadcopter-2 3172 60.0 57.0 3656 1594
quadcopter_3 7912 409.8 197.9 9408 3974
quadcopter_4 3172 60.0 57.0 3655 1594
quadcopter_5 3072 51.3 55.1 3686 1590
quadcopter_6 1678 15.7 123.5 1797 794
robotArm_1 276 0.6 1.3 243 114
robotArm_2 1056 8.9 12.7 795 330
shell_1 739 4.1 15.7 974 458
shell 2 1469 16.0 146.7 2017 858
shell .3 739 4.0 15.7 974 458
spacecraft_1 1137 8.6 15.6 835 338
spacecraft_2 1137 8.6 15.8 835 338
springMass_1 21239 2521.6 567.3 17247 6326
springMass_2 2159 204 178.8 1704 658

Continued on next page
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Problem Size Codegen Time (s) Compile Time (s) Code Size (KB) Binary Size (KB)
springMass_3 2144 20.3 167.4 1690 654
springMass_4 4279 82.3 53.5 3382 1314
toyExample_1 199 0.3 0.8 178 90
toyExample_2 389 1.1 1.9 296 138
toyExample_3 199 0.3 0.8 178 90
toyExample_4 959 6.5 8.2 650 278
toyExample_5 1909 26.4 99.8 1259 490
tripleInvertedPendulum_1 2739 22.2 272.7 2109 822
tripleInvertedPendulum-2 2919 28.2 28.3 2291 926
tripleInvertedPendulum_3 2919 28.1 28.3 2289 926
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3.5.8 Maros—Mészdros problems

The Maros—Mészaros problems are a set of 138 challenging QPs that include a wide range
of problem sizes (from 3 to around 300,000 variables) and contain very difficult problems
that have ill-conditioning and poor scaling [130]. These properties make the Maros—Mészaros
problems a good test set to assess the robustness of solvers. We test QOCO but not QOCO.,som
on these problems since many problems are far too large to generate code for. Additionally,
we run each problem once rather than the 100 runs we do for the benchmark and MPC
problems since many of the Maros—Mészaros problems are extremely large, and running
them 100 times per solver is extremely cumbersome.

Figure 3.9 shows that the proprietary solver Gurobi successfully solved the largest fraction
of the problems followed by QOCO, CLARABEL, MOSEK, and ECOS. We can also see that for
the majority of the problems, QOCO was the fastest solver, whereas MOSEK and ECOS tended
to be the slowest. The latter result is unsurprising as MOSEK and ECOS can only handle linear
objectives and the reformulation of the quadratic objective into a second-order cone likely
introduces significant fill-in, slowing these solvers down. We also observe that for many
of the largest problems, Gurobi is the fastest solver, due to multithreading in its matrix

factorization.
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Figure 3.9: Performance profiles for Maros—Mészaros problems

3.5.4  SuiteSparse least-squares problems

Finally, we consider a set of 23 least-squares problems Az ~ b, where the matrix A € R™*"
is drawn from the SuiteSparse Matrix Collection [65]. Following [177] and [92], we get an
approximate solution to each least-squares problem by solving a Huber regression and lasso
regression problem for a total of 46 problems, which can both be formulated as constrained
quadratic programs [32]. These optimization problems are quite large with some having over
a million optimization variables, so we do not test QOCO.,om due to the prohibitively long
code-generation time. Additionally, we run each problem once rather than 100 times.

The Huber regression problem is given by

m
minimize Z ¢(a, © —b;),
X
i=1
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where a; is the i row of A and ¢ : R — R is defined as

22 if 2] <4
¢(z) = ,
6(2z| —6) if|z]| > 6

where we use § = 1.

The lasso regression problem is given by

minimize || Az — b||5 + Az,
x

where we set A = ||ATb]|s0.

Figure 3.10 shows that QOCO and CLARABEL successfully solve all problems, with Qoco
being the fastest on most instances. After QOCO and CLARABEL, the solvers which solve
the largest fraction of problems are MOSEK, GUROBI, and ECOS in that order. As with
the Maros—Mészaros problems, we observe that Gurobi is the fastest on some of the largest
problems, due to it multithreaded matrix factorization.

In total, there are 184 Maros—Mészaros problems and SuiteSparse least-squares problems,
and GUROBI solves 176, QOCO solves 175, CLARABEL solves 172, MOSEK solves 171, and ECOS

solves 129.
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Figure 3.10: Performance profiles for SuiteSparse least-squares problems

3.6 Conclusion

We have presented Qoco, a C-based solver, and QOCOGEN, a custom solver generator
for quadratic objective second-order cone programs (SOCPs). Both implement primal-
dual interior-point methods, with QOCOGEN generating custom solvers written in C, called
QOCO.om, that exploit the sparsity pattern of problems to gain a computational advantage.
We demonstrate that QOCO is a fast and robust solver, and QOCO, ... is significantly faster
than QOCO, making it a useful tool for real-time applications, such as model-predictive con-
trol, trajectory optimization, and other domains where computational efficiency is critical.
Since both QOCO and QOCOGEN are open-source, they are accessible to users in both
academia and industry. QOCO and QOCOGEN are integrated with CVXPY and CVXPYGEN

respectively, allowing users to formulate optimization problems in a natural way following
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from math rather than manually converting the problem to the solver-required standard
form. This integration enhances usability of our solvers.
Documentation and installation instructions for QOCO and QOCOGEN are available at

https://qoco-org.github.io/qoco/index.html.


https://qoco-org.github.io/qoco/index.html
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Chapter 4
GPU ACCELERATION FOR QOCO

We present a GPU-accelerated backend for QOCO, a C-based solver for quadratic ob-
jective second-order cone programs (SOCPs) based on a primal-dual interior point method.
Our backend uses NVIDIA’s cuDSS library to perform a direct sparse LDLT factorization
of the KKT system at each iteration. We also develop custom CUDA kernels for cone opera-
tions and show that parallelizing these operations is essential for achieving peak performance.
Additionally, we refactor QOCO to introduce a modular backend abstraction that decou-
ples solver logic from the underlying linear algebra implementations, allowing the existing
CPU and new GPU backend to share a unified codebase. This GPU backend is accessible
through a direct Python interface and through CVXPY, allowing for easy use. Numerical
experiments on a range of large-scale quadratic programs and SOCPs with tens to hundreds
of millions of nonzero elements in the KKT matrix, demonstrate speedups of up to 50-70

times over the CPU implementation.
4.1 Introduction

We consider the following quadratic objective second-order cone program (SOCP)

s 1
minimize §:CTPJJ +c'x
xT

subject to Gx < h (4.1)

Ax =b,
with optimization variable x € R™. The objective is defined by P = 0 and ¢ € R". The
equality and conic constraints are defined by A € RP*" G € R™*" b € RP, and h € R™.

The conic inequality Gx <x h denotes h — Gz € K, where K is the Cartesian product
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and Cy, is either the non-negative orthant or a second-order cone. We assume that Problem
(4.1) is feasible and has a bounded optimal objective.

In this work, we focus on solving large-scale instances of Problem (4.1) with tens to
hundreds of millions of nonzero elements in the KKT matrix using the QOCO solver [1(], a
C-based solver for quadratic objective SOCPs that implements a primal-dual interior point

method [186].

4.1.1 Related work

While GPUs have dramatically accelerated machine learning workloads, leveraging them in
optimization algorithms has historically been challenging. The main difficulty is that sparse
linear algebra, especially sparse matrix factorizations, is significantly more challenging to
accelerate than dense linear algebra [101]. As a result, most GPU accelerated optimization
methods have relied on algorithms that avoid direct sparse factorizations 114, , .

Two main approaches have been considered: first-order optimization methods such as
PDLP [121], which require only matrix-vector multiplications that are straightforward to
accelerate on a GPU, and using indirect methods such as the preconditioned conjugate
gradient method to solve linear systems rather than direct sparse factorizations [114, ,

|. However, the first-order methods are highly sensitive to problem conditioning and can
struggle to converge to high accuracy solutions.

Interior-point methods (IPMs), however, are more robust and can achieve high accuracy,
but have required using indirect methods to solve the linear system for GPU implementation
[176]. These indirect methods require only matrix-vector multiplications, which allow them
to be accelerated on a GPU, but the iteration count of these methods depends on the
condition number of the linear system, which can be extremely large, leading to long per-

iteration runtime [113].
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In late 2023, NVIDIA released cuDSS, a high-performance direct sparse solver for GPUs,
which could be integrated into optimization algorithms. Since its release, cuDSS has been
integrated as a linear system solver in the conic solvers CUCLARABEL [53] and MOREAU [14],

as well as in the nonlinear programming solver MADNLP [175].

4.1.2  Contribution

We present three main contributions. First, we develop a cUDA backend for the Qoco
solver that uses cuDSS to perform a direct sparse LDL" factorization of the KKT system
!, This enables GPU acceleration while avoiding indirect solvers, whose performance is
sensitive to conditioning. Second, we implement custom CUDA kernels for parallel cone
operations required by the interior-point method and show that these parallelized operations
are necessary to achieve good performance on the GPU. Third, we refactor QOCO to use a
modular backend abstraction that decouples solver logic from the underlying linear algebra
implementation, allowing both CPU and GPU backends to share a unified codebase.

We present benchmarks that demonstrate a 50 — 70x speedup over the CPU version of
QOCO on some large problem instances. This GPU-accelerated version of QOCO can be called
directly through a Python interface or through CVXPY [67], making it easy to use.

Compared to CUCLARABEL [53], an existing GPU-accelerated IPM for conic optimiza-
tion, our C-based implementation avoids the just-in-time compilation overhead of Julia, and

provides a unified interface for CPU and GPU backends within Python and CVXPY scripts,

making prototyping and comparing the backends easier.
4.2 Implementation

Each iteration of QOCO’s primal-dual IPM requires solving two linear systems with the same
coefficient matrix (the KKT matrix) and performing various cone operations on K. The

numerical factorization of the KKT matrix can be accelerated with cuDSS and the cone

1Our implementation can be found at


https://github.com/qoco-org/qoco

7

operations are parallelizable because K is the Cartesian product of many cones, C.

4.2.1 Modular backend

To support both CPU and GPU backends without duplicating code, we refactor the main
IPM loop of QOCO to be backend-agnostic. All solver code shared between the two backends
operates on abstract data types rather than backend-specific data structures.

Specifically, we introduce the types QOCOMatrix and QOCOVector, which represent matri-
ces and vectors used in QOCO. Each backend provides its own implementation of these types.
The CPU implementation stores data in CPU memory, whereas the GPU implementation
stores pointers to both CPU and GPU memory.

The linear system solver is abstracted through a Linsys interface that defines initialize,
factor, solve, and update functions. Each backend provides its own implementation of this
interface. The CPU backend uses the QDLDL linear system solver [177], while the GPU back-
end uses cuDSS.

Cone operations such as Jordan products, projecting onto cone K, and computing the
Nesterov-Todd scalings are implemented separately for the CPU and GPU backends so that
these operations can be parallelized on the GPU.

At compile time, a CMake flag selects the desired backend and includes the corresponding
implementations of QOCOMatrix, QOCOVector, Linsys, and the cone operations.

The Python interface exposes both backends with pybind11, allowing users to select the
CPU or GPU implementation at runtime. This is illustrated in Listing 4.1.

4.2.2  Linear system solver

The primary operation accelerated by the GPU backend is the LDLT factorization of the
KKT system in Equation (4.2), where Wj, is the Nesterov-Todd scaling matrix. In the CPU
version of QOCO, this factorization dominates the runtime and its cost grows rapidly with

problem size. Therefore, we accelerate this factorization on the GPU using cuDSS.
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2l problem.solve(solver="Q0C0", algebra="builtin")

s|problem.solve(solver="Q0C0", algebra="cuda")

# Solve with CPU backend with Python interface.
solver_cpu = qoco.Q0C0(algebra="builtin")
solver_cpu.setup(n, m, p, P, ¢, A, b, G, h, 1, nsoc, q)
result_cpu = solver_cpu.solve ()

# Solve with GPU backend with Python interface.
solver_gpu = qoco.Q0CO(algebra="cuda")
solver_gpu.setup(n, m, p, P, ¢, A, b, G, h, 1, nsoc, q)

result_gpu = solver_gpu.solve()

# Solve with CPU backend in CVXPY.

# Solve with GPU backend in CVXPY.

Listing 4.1: Calling CPU and GPU backends from Python interface and CVXPY

P AT GT x T
A 0 0 yl = |ry (4.2)

G 0 —T/V,;r Wil | 2z r,
cuDSS has three phases: analysis, factor, and solve. The analysis phase is executed once
and computes a fill-reducing reordering of the KKT matrix, applies this permutation to the
KKT matrix, and computes a symbolic factorization that determines the sparsity pattern of
the factors. This phase is the most expensive part of the solve, and for large optimization
problems, it can take longer than the IPM iterations themselves. This is because cuDSS
computes the reordering on the CPU, since the graph algorithms used for this step are
difficult to accelerate on the GPU. The factor phase is executed once per IPM iteration and
computes the LDLT factor of the KKT matrix. The solve phase is executed twice per IPM

iteration and performs triangular solves using the factored system.

4.2.8  GPU performance considerations

Simply using cuDSS as a linear system solver is not sufficient for developing a high-performance

GPU backend due to certain implementation and hardware-level challenges that have to be
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addressed. Since data transfer between the CPU and GPU is significantly slower than mem-
ory access within the GPU, it is important to minimize CPU-GPU data transfers. To address
this, during the setup phase of the solver, all internal QOCO data structures are allocated on
the CPU and then copied to the GPU. During the solve phase, all computation is performed
on the GPU. After convergence, the optimal solution is copied back to the CPU.

Another issue is that all cone operations on K must also be executed on the GPU, which
can be extremely slow if parallelism is not exploited. As discussed earlier, operations on K
decompose into independent operations on each cone Ci. Therefore, these operations are
trivially parallelizable.

We have observed in our implementation that this parallelism should be exploited. In
earlier versions of our GPU backend, the cone operations were executed serially on a single
GPU core. Although this produced a correct algorithm, it was up to an order of magnitude
slower, especially on problems with many second-order cones, and the time spent on cone
operations exceeded the runtime of the matrix factorization, which should be the main
computational bottleneck of the solve phase. The reason is that GPUs are designed for
massively parallel workloads, while CPUs outperform GPUs on sequential computations.
Therefore, parallelizing cone operations is not merely a performance optimization, but a
requirement for an efficient GPU implementation. To do this, we implemented custom CUDA
kernels for the cone operations. Each kernel implements the necessary operations for a single
cone Cg, and we map cones to GPU threads by launching a grid of thread blocks whose total

number of threads matches the number of cones.
4.3 Numerical results

Here, we benchmark QOCO-GPU against the CPU implementation of QOCO, as well as
CUCLARABEL, MOSEK, and GUROBI 2. For all solvers, we use their default settings but

set the tolerances €ups = €0 = 1077, All results were generated on a computer with an Intel

20ur benchmarks are publicly available at


https://github.com/qoco-org/qoco-gpu-benchmarks
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19-14900k processor, 96 GB of RAM, and an NVIDIA GeForce RTX 5090 with 32 GB of
VRAM.

In this section, problem size is defined as the total number of nonzero elements in A,
G, and the upper half of P. We evaluate the solvers on a set of benchmark problems
which include three quadratic programs (QPs): Huber regression, single-period portfolio
optimization [129], and multi-period portfolio optimization [29], and two second-order cone
programs (SOCPs): group lasso regression [198] and total variation denoising [12]. The
runtime of each solver, which includes setup and solve time, is limited to an hour. To compare
the performance of solvers, we use performance profiles [68] and the shifted geometric mean.

Details on how these metrics are computed can be found in [16, 53, 92, 177].

4.3.1 Benchmark problems

We consider the following QPs: single period portfolio optimization, multiperiod portfolio
optimization, and Huber regression.

The single period portfolio optimization problem is

minimize z' Dz +y'y—~'u'x
Y
subject to y=F'x

e N,

where I € RF¥100% for k2 110, 50, 100, 200, 500, 900, 1300, 1800} and A, is the n-dimensional
unit simplex.

The multiperiod portfolio optimization problem is
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’ t=1
s.t. Wy = Wy
17w, =1, t=1,....T
yt:Fth, tzl,,T
0 <y <0.01, t=1,...,T

”thlSLmax, t:].,...7T,

where F' € R000%%0 j5 the factor loading matrix, and we solve for time horizons
T: {2,5,10,15,25,50,75, 125}

The Huber regression problem is given by

minimize Z o(a, © —b;),
i=1
where a; denotes the i'" row of A and ¢ : R — R is the Huber loss. We take A € RI0V*V

for N € {50,200, 500, 1000, 2000, 4000, 6000, 10000}.
We consider the following SOCPs: group lasso regression and total variation denoising.

The group lasso regression problem is

N
minimize [|Az — b3 + A @],
i=1
where z = [z, 2@ +M)] represents a partitioning of the regression variables into groups
with each £ corresponding to one group. We choose A € R?VN*10N anqd solve for N:
{5, 20, 50, 100, 150, 300, 450, 750}.

The total variation denoising problem is
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A
min TV(U) + 51U - Y2,

where || - || is the Frobenius norm, TV is the total-variation operator and Y is the corrupted
image. We test with the following images from the sk-image collection [185]: brick, camera,

grass, chelsea, coffee, astronaut, immunohistochemistry, and logo.

4.3.2  Benchmark results

Figure 4.1 shows the performance profiles and shifted geometric mean across benchmark
problems and Table 4.1 reports the total runtime results, including setup and solve times for
each solver, where the cell corresponding to the fastest solver for each problem instance is
highlighted. Table 4.1 also includes percentage of the total runtime spent in setup for QOCO-
GPU when the solver is called directly through its Python interface, as this information is
not available through CVXPY. Missing entries correspond to runs that exceed the one hour
time limit or did not converge. For the total variation denoising problems, GUROBI failed to
converge to the desired accuracy.

For smaller problems, the CPU version of QOCO outperforms QOCO-GPU, but once the
KKT matrix contains around 10° nonzeros, the GPU version becomes faster. For the largest
problems we observe speedups of up to 70x over QOCO. As problems get larger, around 10°
to 10° nonzeros in the KKT matrix, we also observe that both GPU solvers (QOCO-GPU and
CUCLARABEL) outperform all CPU solvers (QOCO, MOSEK, and GUROBI). QOCO-GPU and
CUCLARABEL exhibit similar performance on most problems, but for a few problems, such as
the largest Huber regression problem and largest group lasso regression problem, QOCO-GPU
is approximately 2 — 3x faster than CUCLARABEL.

Overall, QOCO-GPU has the lowest shifted geometric mean, followed by CUCLARABEL,
MOSEK, QOCO, and GUROBI. It is expected that QOCO is amongst the slowest solvers on
these large problems, since it uses a single-threaded matrix factorization, whereas MOSEK

and GUROBI use multithreaded factorizations.
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Finally, for larger problems, up to 75% of QOCO-GPU’s runtime is spent in the setup

phase, where the dominant cost is the reordering step in cuDSS’s analysis phase.

bottleneck has also been observed in [1417] and |

This

]. However, the analysis phase only needs

to be performed once. If the problem data changes, the reordering can be reused as long

as the sparsity pattern of the problem remains fixed. This makes QOCO-GPU well suited for

large parameteric optimization problems, where the initial cost of the analysis phase can be

amortized over multiple solves.

Table 4.1: Runtime in seconds for benchmark problems (QOCO-GPU shows setup time

percentage in parentheses)

Problem Size QOCO-GPU QOCO CuClarabel Mosek Gurobi
huber_50 5500  0.057 (17%) 0.003 0.036 0.011 0.027
huber_200 52000  0.084 (40%) 0.031 0.069 0.097 0.069
huber_500 280000  0.165 (56%) 0.280 0.152 0.605 0.663
huber_1000 1060000 | 0.416 (69%) 1.868 0.431 4.153 5.278
huber_2000 4120000 = 1.534 (78%) 18.510 1.650 36.219 20.051
huber_4000 16240000 | 5.885 (79%)  159.576 6.435  331.281 89.658
huber_6000 36360000 | 13.167 (78%)  478.210 25.557 1390.174  252.042
huber_10000 100600000 | 39.816 (76%) 1459.514 107.326 - 439.726
portfolio_10 8020  0.078 (11%) 0.003 0.046 0.008 0.003
portfolio_50 140100  0.100 (36%) 0.063 0.115 0.064 0.050
portfolio_100 530200 | 0.159 (51%) 0.350 0.181 0.237 0.191
portfolio_200 2060400 = 0.393 (64%) 5.282 0.427 1.015 0.813
portfolio_500 12651000 | 2.206 (76%) 79.760 2.560 6.763 5.564
portfolio_900 40771800 | 7.501 (71%)  406.031 7.738 20.330 26.248
portfolio_1300 84892600 « 17.128 (67%) 1149.773 18.409 47.382 61.083
portfolio_1800 162543600 | 34.458 (65%) 2618.632 37.001  108.825  170.539
multiperiod_portfolio_2 385600 0.247 0.891 0.244 0.302 0.511
multiperiod_portfolio_5 956500 0.568 3.742 0.589 1.148 1.516

Continued on next page
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Problem Size QOCO-GPU QOCO CuClarabel Mosek Gurobi
multiperiod_portfolio_10 1908000 1.209 15.418 1.266 3.215 5.662
multiperiod_portfolio_15 2859500 1.955 33.728 2.097 7.102 12.838
multiperiod_portfolio_25 4762500 3.601 85.747 3.776 14.854 35.032
multiperiod_portfolio_50 9520000 8.427  346.344 9.208 76.905  277.693
multiperiod_portfolio_75 14277500 14.317  871.908 15.257  411.356  693.854
multiperiod_portfolio_125 23792500 43.295 2952.094 40.338  229.780 3221.442
group-lasso_5 8305  0.055 (19%) 0.004 0.043 0.006 0.069
group_lasso_20 110220  0.097 (41%) 0.107 0.081 0.032 2.944
group_lasso_50 650550  0.234 (69%) 1.104 0.226 0.216 34.604
group-lasso_100 2551100 | 0.716 (80%) 4.666 6.445 0.986  229.384
group-lasso_150 5701650 | 1.543 (83%) 16.067 3.134 2.171  877.229
group_lasso_300 22653300  6.551 (82%)  112.120 6.309 13.908 -
group-lasso_450 50854950 15.627 (79%)  342.902 14.973 49.441 -
group-lasso_750 141008250 | 54.863 (74%) 1400.521 165.127  336.563 -
tv_denoising_camera 2092037 6.110 18.302 6.229 23.394 -
tv_denoising_grass 2092037 6.064 21.103 5.880 38.575 -
tv_denoising_brick 2092037 6.141 18.471 6.381 18.190 -
tv_denoising_chelsea 2966850 8.706 1058.975 13.401 26.812 -
tv_denoising_coffee 5267013 16.804 2287.905 24.972 64.232 -
tv_denoising_astronaut 5753869 18.558 2702.704 27.056 99.934 -
tv_denoising_immunohistochemistry 5753869 18.457 2681.049 26.344 96.628 -
tv_denoising_logo 7233017 27.720 - 36.955  153.639 -

4.4 Limitations

Although the GPU backend provides substantial speedups on large problems, there are a

few limitations. The sparse direct factorization can lead to significant fill-in, which increases

memory usage and can lead to out-of-memory errors on the GPU for extremely large prob-

lems. This limitation is shared with any solvers, such as CUCLARABEL, that rely on sparse

direct methods. Additionally, the GPU backend only offers a speedup for sufficiently large
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Figure 4.1: Performance profiles for benchmark problems

problems. For smaller problems, the overhead of the GPU kernel launches and the CPU-
GPU memory transfers can outweigh the speedups offered by the GPU. Finally, the runtime

bottleneck of this backend on large problems is the runtime of cuDSS’s analysis phase.
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Chapter 5
FAST DOUGLAS-RACHFORD SPLITTING

When minimizing the sum of a convex and a strongly convex function, or when finding
the zero of the sum of a monotone operator and a strongly monotone operator, Chambolle
and Pock (2010) and Davis and Yin (2015) proposed accelerated mechanisms that achieve
an O(1/N?) convergence rate for the squared distance to the solution, but the optimality
of this rate was not established. In this work, we present Fast Douglas—Rachford Splitting
(FDR), an accelerated method that improves the constants established in the prior works,
and provide a complexity lower bound establishing that both the O(1/N?) convergence rate

and the leading-order constant of FDR’s rate are optimal.
5.1 Introduction

We consider the composite minimization problem
minimize f(z) + g(x) (5.1)
z€R4
where f: RY — R U {oo} is closed, convex, and proper and g: R? — R U {oo} is closed,
proper, and p-strongly convex. When f and g are proximable, i.e., their proximal operators

can be evaluated efficiently, Douglas—Rachford splitting (DRS) [70, 110]

xk+1/2 = prOXag(Zk‘)
T41 = prOXaf(2$k+1/2 — %)

2+l = 2k + Tht1 — Tht1/2,

with stepsize o > 0, is a widely used solution method.
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While convergence of DRS only requires g to be convex, strong convexity of g produces

the rate

loy — z.]1* = O(1/N).

The problem setup can be further generalized to the monotone inclusion problem

find 0¢ (A+B)z (5.2)

z€R4

where A is maximal monotone and B is maximal monotone and p-strongly monotone.

For a maximal monotone operator A, let
Joa = (I+aA)™!
denote its resolvent. Douglas—Rachford splitting applied to (5.2), with stepsize o > 0, is

Th+1/2 = Jom(21)
Thp1 = Jan(2%h11/2 — 2k)

Zk+1 = 2k T Th1 — Tht1/2,

and attains the same O(1/N) rate under p-strong monotonicity of B.

In optimization, an acceleration is a modification of a base algorithm that improves the
worst-case convergence rate of a given performance measure. While the classical Nesterov
acceleration [111] achieves the optimal accelerated rate for function-value suboptimality, the
modern theory of accelerations considers a broader range of performance measures, including
distance to the solution and the squared fixed-point residual. In particular, the Chambolle—
Pock [13] and Davis—Yin splitting [63] methods admit accelerated variants—based on mech-
anisms distinct from Nesterov’s acceleration—that can be applied to Problem (5.1) to obtain

an accelerated rate of O(1/N?) for the squared distance to the optimal solution. However,
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it was unknown whether this O(1/N?) rate is optimal for this problem class, or whether the

leading constants achieved by these accelerated methods are tight.

Contributions. This work presents two main contributions. First, we present an im-
proved accelerated algorithm for Problems (5.1) and (5.2) whose leading constant improves
upon those of the accelerated Chambolle-Pock and Davis-Yin methods by a factor of 4.
Specifically, the iterates satisfy

lwo — @l + lluo — wall*  llwo — 2ll® + [luo — ual®
- 1+ 4N2p2 AN2)2 ’

where z, denotes an optimal solution, u, is a corresponding dual solution, xy and ug are the
primal and dual initializations respectively, p is the strong convexity parameter, and N is the
iteration count. Second, we establish a matching complexity lower bound showing that both
the O(1/N?) convergence rate and the leading-order term (||zg — z,||* + [Jug — u.||?) /A N? 12

are optimal for this problem class.

5.1.1 Notation and preliminaries

Throughout, N denotes the set of natural numbers, R? the d-dimensional Euclidean space,
(+,-) the standard inner product, and || - || the induced norm.

We recall standard definitions from convex analysis and monotone operator theory [164,

, 166].

A function f: RY — R U {oo} is closed if its epigraph, defined as

epi f = {(a,t) R x R | f(x) <1},

is a closed set. It is convex if

fO0r+(1—0)y) <O0f(x)+ (1 —0)f(y) Va,y € R*and # € [0,1],
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and proper if it never takes the value —oo and has finite value for some z, € R%.

The subdifferential of f at x is

Of(x)={veR| fy) = f(z)+ (v,y — ),y € R'}.

We write f'(z) € df(x) to denote a subgradient.
A function g: R* — RU{oo} is p-strongly convex if g(2)—&||2||? is convex, or equivalently,

if for all z,y € R? and all v € dg(z),

9) = 9(2) + (v,y — ) + Slly — x|

If f is closed, convex, and proper, then its subdifferential 0f is a monotone operator,

which means that

(v—w,x—y) >0 Y,y R Yvecdf(r), Yw e df(y).

Similarly, if ¢ is closed, proper, and p-strongly convex, then dg is a p-strongly monotone

operator, meaning that

(v—w,z—y) > pllz—y|* Vae,yeRY, Vo e dg(x), Vw € dg(y).

For a function f: R? — R U {co}, define

argmin f(x) = {z € R | f(2) < f(z) Vo € R},

z€R4
For a closed, convex, and proper function f and v > 0, the proximal operator prox. ; :

R — R% is

) 1
prox. ;(r) = argmin {f(z) + 2—||z - x||2}
z€R4 Y

From the optimality conditions of this minimization problem, if y = prox, f(x), then
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0e af<y>+§<y—x>.

Equivalently,

y=x—~f"(y).

Consider the primal-dual problem pair

mineig}iize f(z)+ g(x) (P)
maxiﬂr{l}ize — [*(—u) — g*(u) (D)

where f: R? — R U {oo} is closed, convex, and proper, and g : RY — R U {oo} is closed,
proper, and p-strongly convex. Assume that the primal problem () admits a minimizer z,,
which is unique by strong convexity of ¢, and total duality holds. Let u, € dg(x,) denote a

corresponding dual solution to (D). Then necessarily —u, € 9f(x,) [160].

Lemma 1. If (x4, uy) is a primal-dual solution (i.e. u, € 0g(z,) and —u, € 0f(x,)), then

T, = prox, (v, +yu,) and x, = prox. ;(r, — yu,) for v > 0.

Proof. We can verify the equalities by writing optimality conditions for the proximal operator

0 € dg(z,) + %(l‘* — (2 +yu,))

= 0g(xy) — Us.

Since u, € dg(z,), the inclusion holds.
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0€df(xy)+ %(90* — (T, — 7“*))

= 0f (xy) + u.

Since —u, € 0f(x), the inclusion holds.

5.1.2  Acceleration mechanisms and performance measures

We quickly review other acceleration mechanisms that have been published in prior works.
Note that each of these acceleration mechanisms is distinct in the sense that the metric they

accelerate differs.

Nesterov-type Acceleration. The classical Nesterov accelerated gradient method (NAG)
reduces the function-value suboptimality at an accelerated O(1/N?) rate [141]. In the mod-
ern literature, the Optimized Gradient Method (OGM) [73, , | improves the leading
constant of NAG by a factor of 2 and attains the exact optimal worst-case rate for this setup
with an exact matching complexity lower bound [71].

In the composite minimization setup where one function is smooth and the other is prox-
imable, NAG can be extended to FISTA [18] and OGM to OptISTA [97]. Analogously,
OptISTA is exactly optimal for the smooth composite convex minimization setup and im-
proves the leading constant of FISTA by a factor of 2.

In Problem (5.1), however, neither function is assumed to be smooth, so Nesterov-type
acceleration does not apply directly. To clarify the distinction, suppose instead that g were

L-smooth rather than p-strongly convex. Then FISTA applied to Problem (5.1) is
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1
Tk+1 = PIOXy/p, (yk - ZVQ(Z/k)>

(FISTA)
) (Tpy1 — T1)

t—1
Ykt1 = Tgg1 + y

k+1

where

1+ /1442
Fact 1. If {x}} is generated by FISTA, then for any N > 1, the following bound is satisfied

for any minimizer x, [15, Theorem /.4]

2Lz — x,|]?

f(l‘N>+g<l’N)—f(l‘*)—g(lL’*)§ e

Nesterov acceleration can be applied to the corresponding dual of (5.1), since the dual
involves the sum of a convex and a smooth, convex function. However, the quantity that is
reduced at an accelerated rate in this case is the dual-function-value suboptimality, and this

is different from the distance to the solution.

Halpern Acceleration. The Halpern acceleration [94], also referred to as the anchor
acceleration in the modern literature, reduces the squared fixed-point residual at an acceler-
ated O(1/N?) rate [106, 115]. Specifically, suppose T: RY — R is a non-expansive operator.
Then, the optimized Halpern method (OHM)

1 +k+1
e
E+27% T k42

Tk+1 = Tk

exhibits the rate
4o — a,?

ITey_1 — 2y < Nz

where z, € Fix T (i.e. x, = Tx,).

OHM can be applied directly to Problem (5.1) by taking T to be the Peaceman—Rachford



93

splitting (PRS) operator. This algorithm is

Yes1 = 2PTOX, (T1) — g

1 k+1 @ ( ) )
Tht1 = o + TOX, —
1= %0 T Ty ProXog\Yk+1) — Yk+1),

(OHM)

where a > 0. This yields the rate
I Terszn—1 — 2n-1]]> = O(1/N?),

where Tprg = (2prox,, —I) o (2prox,,; — 1) is the PRS operator.
However, the quantity that is reduced at an accelerated rate in this case is the fixed-point

residual of the PRS operator, and this is different from the distance to the solution.

Chambolle—Pock—Davis—Yin Acceleration. The accelerated Chambolle and Pock method
[13, Alg. 2] applied to (5.1) is

Uk41 = Uk — OkRk + UkprOXf/gk(Zk — (1/ow)us)
Thy1 = pl"OXTkg(ZL‘k + TrUgs1) (CP)

Zkr1 = Tt + Ok (a1 — 1),

where
1

Thet1 = OkTh, Okp1 = 0/0k , O = Ve
o
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and 79, 09 > 0 with 7909 < 1, and zy = . Similarly, the accelerated Davis—Yin method [63,

Alg. 2] applied to (5.1) is

o = Prox,,(yo)

1
wy=—(yo—
0 %( 0 — 7o)
Ty = prox,, (Ye—1 + Ve-1ur-1) (DYS)
U = (Yk—1 + Ve—1Up—1 — Tp)
k—1

Y = PI"OX%f<5Uk — VrUg),

where 1y € R? is an initialization, and the proximal stepsizes are given by

Yk
=——+——fork=0,...,N—1,
Vi+1 T+ 2

where vy € (0, 00).

Fact 2. If {xy} is generated by CP with Too0 = 1, then for any € > 0, there ezists Ny such
that for all N > Ny [/3, Theorem 2],

lox — 2|* <

Lte (oo =zl | Juo — P
N2 (272 12 ’
where x, is the minimizer of Problem (5.1) and u, € dg(x,), equivalently —u, € 0f(x,), is

a corresponding dual solution.

Fact 3. If {x} is generated by DYS and x, is the minimizer of Problem (5.1), then ||xy —
z,||* = O(1/N?) [03, Theorem 1.2].

Conceptually, our method in Section 5.2 can be viewed as a Chambolle-Pock—Davis—Yin-
type acceleration, but further refined to achieve the optimal constant in the leading order

term.



95

5.1.3 Prior works

Several prior works have sharpened the convergence theory for Douglas—Rachford splitting
[70, 116] and its variants under additional regularity assumptions on the functions in (5.1)
or operators in (5.2). Giselsson and Boyd [37] prove a tight global linear convergence of
Douglas—Rachford splitting when one of the functions is both strongly convex and smooth.
Davis and Yin [62] establish improved convergence rates for Douglas—Rachford splitting and
ADMM under several regularity assumptions, including strong convexity, smoothness, and
linear regularity. Giselsson [30] proves a tight global linear convergence rate for Douglas—
Rachford splitting applied to Problem (5.2) assuming one operator is strongly monotone and
cocoercive and when one operator is strongly monotone and the other is cocoercive. Ryu et
al. [165] develop a performance-estimation framework for operator splitting methods and use
it to derive tight contraction factors for Douglas—Rachford splitting in monotone inclusion
problems like Problem (5.2) under assumptions such as strong monotonicity, cocoercivity, and
Lipschitz continuity. Condat et al. [57] provide a unified treatment of accelerated proximal
splitting that recovers the Chambolle-Pock and Davis-Yin methods as special cases, and
establish last-iterate O(1/N?) rates. Condat et al. [50] propose a stochastic algorithm that
recovers the Davis—Yin algorithm as a special case and admits accelerated rates under strong
convexity. Patrinos et al. [151] analyze DRS through the Douglas-Rachford envelope and
derive accelerated variants in that framework, although their assumptions and performance
measures differ from ours. ADMM is an algorithm closely related to DRS, and its linear
convergence was shown by Franga and Bento [33] and Deng and Yin [66]. More recently,
Briceno-Arias and Rolddn [31] proposed a modified Peaceman—Rachford splitting method,
a closely related variant of Douglas—Rachford splitting [78], for problems in which the two
functions have combinations of strong convexity and smoothness. The proposed method
achieves an improved linear convergence rate relative to previously known bounds in that
setting.

If one term in (5.1) is additionally smooth, the problem can be treated by forward—
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backward splitting [36, 152] and accelerated variants such as FISTA [18] and APGD [58].
Briceno-Arias [35] studies this smooth composite setting when both smooth and nonsmooth
terms may contribute strong convexity and shows that the sharpest theoretical rate for

FISTA is obtained by leveraging all available strong convexity through the smooth term.
5.2 Fast Douglas—Rachford Splitting

We now present Fast Douglas—Rachford Splitting (FDR):

Wy = To — NolUo

Yet1 = Prox,, , (25 — wy)

(FDR)
W1 = (1 + M) Ykl — (nkﬂ) (2x), — wy,)
Nk Mk

Lh+1 = Prox, s (Wkt1)

for k=0,...,N — 1, where N € N is a pre-specified total iteration count, zy,u, € R? are

respectively primal and dual starting points, and the proximal stepsizes are given by

2N

:]_—|—4—]{;]V,u,2 fOI']{]IO,...,N.

Nk

In Section 5.2.1, we establish the following convergence guarantee for FDR.

Theorem 2. Let N > 1 and let f: R — R U {co} be closed, convex, and proper, and
g: R — RU{oo} be closed, proper, and p-strongly convex with p > 0. Assume that a primal
solution x, € argmin(f + g) and a dual solution u, satisfying u, € dg(x,), —u, € Of(zy)
exist. Then, the iterates generated by FDR satisfy the rate

o — 2]* + [luo — w?
14+ 4N2p?

loy — @|* <

Discussion. For FDR, the total number of iterations N must be specified a priori, as

the proximal step-size sequence {n;}+_, explicitly depends on N. Additionally, Theorem 2



97

provides a guarantee on the final iterate, x. Both properties are shared by exact optimal
methods such as OGM and OptISTA.

We observe that if the step-sizes are constant (g =7, = -+ = ny), our algorithm reduces
to Peaceman—Rachford splitting up to our choice of initialization [155].

Moreover, as N,k — oo the ratio niy1/m — 1, so the later FDR iterations resemble
Peaceman—Rachford splitting with varying, decreasing proximal stepsizes.

Theorem 2 shows that FDR improves the leading asymptotic constant of the acceler-
ated Chambolle-Pock and Davis—Yin methods by a factor of four. Details are provided in
Appendix B.1.

5.2.1 Proof of Theorem 2

We establish the convergence rate of FDR with a Lyapunov analysis, which is a widely used
proof template in the analysis of first-order methods [97, , , |. For notational
simplicity, define

R? = ||lzg — a]|* + [luo — wa|*.

Specifically, define

V.1 =vR* —V?| = 2Nu(xo — 7,) + (uo — uy)|)?
Vo = V3|2, + 2N pae, — 29 — 2N pag|?
Vi = V?|(1 + 4kNp)z, + 2Npu, — (1 4+ 4kNp?) 2z, —wi)||? Vh=1,...,N -1

Vy = oy — z* + ANV e + f (27,

where x and wy, are generated by (FDR), f'(xy) = (wy — xy)/nn, and

1
v 1+4N2p2



Once we establish that the Lyapunov sequence is dissipative, i.e., that

VN <Vy_i1 <<V < VW<V,

it follows immediately that

o — 2l + [luo — w?
1+4N2p2 ’

oy — 2| < Vy <o <V < VR =

which implies the stated rate

o — 2]” + [luo —
14+ 4N2pu?

loy — 2|* <

It remains to show that the Lyapunov sequence is non-increasing.

Case 1: Vg <V_;

98

Vo — Vo1 = V2w, + 2Npu, — x9 — 2N pug||* — vR? + V3| — 2N u(zo — 2,) + (uo — uy) ||

= 2|2, — zo + 2N (e — uo)||? + V22N (e — 20) + (ug — u,)||* — vR?
= V2 [(1L+4N?2)|[wg — 21”4+ (1 + AN?p) g — w,[|*] — v R
= (o — 2. |* + uo — w.* = B?)

=0

Case 2: V; <V, for N > 2
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First, we will give some formulas and definitions.

lall> = [|b]]* = (a + b,a — b) (5.3a)
Q=1+4Ny? (5.3b)
QTh =T (53(3)
To + Uy —
Jy) = 0T oo — Y1 (5.3d)
Mo
w — T
fllay) = ——— (5.3¢)
m
—121)02
Pl + o () = B )2 (5.30)
Mo
2no(1 +Qu =02 -1 (5.3g)

Vi — Vo = V2[||Qx, + 2N pu, — Q221 — w1)|]? — |7, + 2N pa, — x9 — 2N pag||?]

= V2[[|Q, + mows — Qxy = f'(21))]|*~

2 + Mot — (y1 +mog' (y))II] > using (5.3d) and (5.3¢)

= 2 [(Qa, + nows — Qg + Qi f' (1) + 24 + Mot — 11 — 109’ (1),

Q. + o, — Qa1 + Oy f'(21) — 20 — Mo + 31 + 109" (y1))] - > using (5.3a)

= [{(1+ Q)z, — y1 — Qa1 + 2n0ue + Qo f' (1) — 10g’ (1),

(=1 + Q2w +y1 — Qv + Qu f'(21) + nog' (11))]

= 2 [((1 4+ Q)zy — y1 — Qa1 + 2nows + no(f' (1) — ¢’ (1)),

(=1+ Dz, +y1 — Qg + (11 — 21)Q)] > using (5.3¢) and (5.3f)

=V [((1+ Q)aw — y1 — Qa1 + 2nous +no(f' (1) — g (1)), (1 + Q) (y1 — @) + 2Q(z, — 21))]

=V [((1+ Q) (y1 — @), (1 + Qs — y1 — Qg + 2nous +10(f'(21) — 9'(11))) +

(2Q(ze — 21), (1 + Q)2e — y1 = Q1 + 20w, + 1m0 (f'(21) — ¢'(31)))]
)2

=V [((1+Q)(y1 — 2), (1 + Q)aw — y1 — Qg + 2n0us + (Y1 — 21)Q — 2009 (y1))+
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2z, — x1), 1+ Q)y — y1 — Qg + 2n0us + 210 f'(21) — (y1 — 21)Q)] > using (5.3f)
=2y — 20, (14 Q%20 + (9% = Dy — 2Q(1 + Q) + 20(1 + Q) (ue — ' (1)) +

(r — 21,21 + Q) — 2Q(1 + Q)yy + 470Q2(us + f'(21)))]

= [y — 2y, (1 4+ Q)22 + (92 — D)y — 291 + Q) + 2n0(1 + Q) (uy — ¢’ (1)) +

(0 — 21, 400Q2us + f(21)))]

= V({1 — 0, (0 = ) (1 — 22) + 200(1 + Q) (s — ¢' (1)) — 4n0Qwx — 21, =ty — f'(21))]
= v {2n0(1 + Q)[~(y1 — 24, ¢' (1) — wa) + pllyr — 2.lP] = 4o — 21, —up — f'(21))}

<0

)

where the final inequality holds by monotonicity of df, u-strong monotonicity of dg, since
—u, € 0f(x,), and because 219(1 + ) > 0 and 47,02 > 0.
Case 3: Vpr1 <V, Vk=1,...,N =2

First we will give some important formulas and definitions.

2T — Wi — Yr41

9 (Y1) = ™ (5.4a)

(@) = % (5.4b)

Ay =1+ 4kNp? (5.4¢)

Appr =1+ 4(k+1)Ny? (5.4d)

Mk = 1D, = 2Np (5.4e)

f(@rg) + 9 (Yrrr) = (e _;\I;;I)Akﬂ (5.4f)

Vi1 — Vi = V2[||Ak+117* + 2N pty — A1 (2241 — wk+1)||2

— || Agzy + 2N pu, — Ag (225 — wk)HQ]
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= V[ Appa2s + 2N pue — Ay (21 — en f (2140)) |
— [|Agz, + 2N py, — A (Yrs1 + 0rg (W) || > from (5.4a) and (5.4b)
= V2[((Akp1 + D)y + AN pue — Ay (Trgr = meen f(2011)) — Dr(yrr + 9 (Yri1)),
Akt = Ap)2e = Apir (@1 = Qe f/(Tr41)) + Dr(Yrerr + 09 (1)) = from (5.3a)
= V2 [(Dpr1 (e = Trpr) + Dr(s = Yryr) + 4N pe + Appaira f (rg1) — Aweg’ (),
Ap1 (7o = T1) — Di(@h = Yrr1) + D1 [ (Ts1) + Dpnig (Yres1))]
= 2 [AY e — e = ARl =yl + 2881 (2 — Thgn, ey (T011))
+ 20020 — Ynrn, kg (Y1) + Ak | (@) I — Afnillg’ (g I
+ <4NMU*, Ak+1($* - $k+1) - Ak(% - yk+1) + Ak+1nk+1f/(xk+1> + Awkg’(yk+1)>]
= VQ[@* — Tk+1, 2Ai+177k+1f,($k+1) + 401 N pu, + A%H(iﬂ* — Tpi1))
+ (T = Yhr1, 200009 (Y1) — 406N py, — AZ (2 = Y1)
+ AN 1P Que A ' (2r11) = ' (Yhsa)s F(@hg0) + 9 (gh))] > from (5.4e)
= ’/2[<33* = Tht1, 2Ai+177k+1f/(xk+l) + 4Ak 1 N puy, + Ai—}—l(x* — Thy1))
(T = Yryr, 20009 (Y1) — 4A8N pu, — AF (24 — Yr11))
+ 2N A1 Quy + f/(2ks1) = 9" (Yrs1), Yka1 — Trgr)] > from (5.4f)
= V(4 = Trp1, ONApprpof (2h41) + SN Apprpitt, — 2N Ag 1 g (i1 +
Aiﬂ(?ﬁ* — Tp41)) + (T = Yrr1, 2N (28, + Arg1)g (Y1) — ANp(Ag + A1) us
— 2N A1 f (1) — A2 (2, — Yrs1))] > from (5.4e)
= V(s — @pr1, SN Ay po(f (Ths) + ) + Ay (T — Yiy1))
+ (@0 — Y1, AN Ak + D)9 (k1) — AN (A + D)t + (Trsr — Y1) Ay
— Af(ze = yrr))] > from (5.41)
= V[ =8N A1 (s — 2, f/(Thg1) + )
(e = Yry, AN (A + A1) (9 (Y1) — u) + (A1 — A7) (20 — Yip))]

= V{ 8N A1 pu(Trsr — 2o, [/ (Th41) + 1)
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+ AN p(Ag + D) [~ (Tx = Y1, s — 9" (Yr1)) + pllze — i)’}

<0

where the final inequality holds by monotonicity of df, u-strong monotonicity of dg, since
—u, € 0f(z,), and because the coefficients 8N Ay 1 and 4N pu(Ag + Agy1) are non-negative.
Case 4: Vy < Vy_; (including the case V; <V, when N = 1)

First, we will give some formulas and definitions.

20N_1 — WN_1 — YN

J'(yn) = (5.5a)

NIN-1
fllay) = N (5.5b)

UhY

An_1 =14+ 4(N —1)Ny? (5.5¢)
Ay =1+4N?y? (5.5d)
ANflanl = ANT]N = 2N,LL (556)

, , —an)A
Flaw) + g/ (y) = 02N (5.50)

Vv — Vnot = ||lon — z|? + AN? 202 |ue + f(2n)]|? = V2| An—12e + 2N pa, — An_1(2en—1 — wy—1)|?
= |lon — 2 ? + AN 2V Juy + f/(2n) 1P = VP [ Aoz, + 2N — Ay i (yn +1v-19'(yw) ||
= oy = 2ul® + 4N @202 lus + f(2n)[? = V2| Ana (2 — yv) + 2N (e — g/ (yw)) [ (5.5¢)
= [l — z* + N p(us + f'(2n)) + Av-i (e = yn) + 2Np(us — ¢'(yn)),
2N p(us + f'(xn)) = An-a(@e —yn) = 2Np(ue — ¢'(yn))) & from (5.3a)
= [lon — ol + v 2N p(u, + f/(2n)) + Av-i(ze — yn) + 2N p(us — ¢ (yn),

(ynv — 2n)AN — An_1(ze — yn)) > from (5.5f)

= llox = z.l” + 2N p(u + f'(2n) + Ax-a (2 — yn) + 2Np(us — g'(yw),
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(An_1 +AN)(yy — 72) — An(zy —2,)) = add and subtract Ay,

= 22N p(uy + f'(2n)) = An-alyy — 2.) + 2N p(uy, = g'(yn)), (A1 + An) (yn — 2.))+
V(A (on — 2.) + 2N (s + (o)) — Av_1(yx — 2.) + 2Np(us — (), — Al — 2.))
= V2N pu, + (yv — 25)Ax — 2Npg (yn) — An-a1(yy — 22) + 2N p(u — ¢'(yw)),
(An—1+An)(yn — 2,)) + V*(=An(rn — 20) + 2Np(u, + f'(an) = An-1(yn — 20)+

IN i, + 2N uf (zn) + (2n — yn)Ans —An(zy — ))& from (5.50)

= V(AN p(ue — ¢’ (yn)) + (Ax — An_1)(yn — 2.) + (20 — 28) An, (An_1 + An) (yn — 2.))+
V2N p(uy + f'(zn) — (An + An_1)(yny — z.), —An(zy — 2,))

= V(AN p(u, — ¢'(yn)) + (An — Anv-1)(yn — 22), (Anv—1 + Ax) (yn — 2.))+

V(AN p(u, + f'(zn)), —An(zy — 1))

= 8Nu(1+2N@2N — 1)) (—(g'(yn) — we, yn — ) + pllyn — 2.]]°)+

ANpv(—(f'(zn) + w25 — 24))

<0

where the final inequality holds by monotonicity of 0f, p-strong monotonicity of dg, since

—u, € df(z,), and because 8N (1 + 2N (2N — 1)p?)v? > 0 and 4Npuv > 0.

5.3 Matching lower bound

In this section, we present a complexity lower bound that matches the O(1/N?) rate and its
leading constant of Theorem 2.

We follow a standard approach: we first construct a pair of worst-case functions for the
class of methods satisfying the proximal span condition, and then apply a resisting oracle

technique to extend the lower bound to apply to all deterministic algorithms.
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5.8.1  Prozimal span condition

Intuitively, for first-order methods, the span condition is defined by requiring that each iterate
belongs to the span of the previous iterates and the associated first-order information. This
notion has been formalized in various forms in prior works [1358, 40, 71, , 12, , 97].
In our particular setting, we consider composite problems accessed through proximal
oracles. Before giving the formal definition in Section 5.3.3, we use the term deterministic
N-step prox-prox method informally to refer to any deterministic algorithm that makes a
total of 2N proximal oracle calls, each call being to either f or g, and then outputs a point
xn. Since the method has access to two starting points, namely zy and ug, the corresponding
proximal span condition can be stated as below for fixed iteration count N > 0. Specifically,

for fixed (zg,u), we say a trajectory or a sequence

2N—-1

{(Zi, 0s, %‘)}izo ) $N}

satisfies the proximal span condition if

9; €{0,1} fori=0,...,2N —1,
20 € xo + span{ug }
z; — prox,, ¢(z;) for some v; > 0, if 9; =0,
d; = pros;(=1) K fori=0,...,2N — 1,
z; — prox,, ,(2;) for some v; > 0, if §; = 1,

2z € xg + span{ug, dy, . .., d;_1} fori=1,...,2N —1,

TN € xo + spanfug, do, ..., don-_1}

and we say a method satisfies the proximal span condition if the trajectory {(zi, 8is Vi) }?50_1, xN}

produced by the first-order deterministic method satisfies the proximal span condition for
any starting point (zg, ug).

To clarify, we make no assumption on either the order of the proximal oracle evaluations
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or which function is queried at each step. We only assume that the total number of proximal
oracle evaluations is 2/V.

Under the proximal span condition, we establish the following lower bound.

Theorem 3. Fiz a positive integer N and let > 0. For any initial pair (xo,up) € R*VH2 x
R2V*2 " there exist a closed, proper, and convex function f: R*N*2 — R U {oo}, a closed,
proper, and p-strongly conver function g: R**2 — R U {co}, z, € argmin(f + g), and
Uy € 0g(x,) with —u, € Of (xy) such that the following holds:

For every deterministic N -step prox-prox method satisfying the proximal span condition,

if xy denotes its final output when run from (zo,ug) on the pair (f,g), then

[0 — @u* + Jluo — u.?
~  144N2u2 +4Np

5.83.2  Proof of Theorem 3

We now construct a worst-case instance for first-order deterministic prox-prox methods sat-
isfying the proximal span condition. Throughout this subsection, the starting pair (zq, ug)
is given and fixed.

Fix N € N and g > 0. Choose an orthonormal set of vectors

€-1,€0,€1,...,E2N

of R?¥*2 such that ug € span{e_;}. Let t € R? such that

2N
t:.= thel S Rd.
=0

where t; > 0 for 0 <7 < 2N. We define two closed convex sets by

Cy = {y ER™H2 1y 1 =0, yo=to, (Yar_1,v2x) € [(0,0), (tor_1,tax)], k=1,... 7N}>
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and

D, = {y ERMIE 1y 1 =0, (Yar, Yars1) € [(0,0), (for, o)), k=0,..., N — 1},

where y; is shorthand for (y,e;) for —1 < < 2N and [(0,0), (a,b)] is the line segment with

endpoints (0,0) and (a,b). We then define closed, proper, and p-strongly convex g

7
g(x) = §Hl’ — 2o* + (w0, — o) + Ogrcy, (),

and closed, proper, and convex (possibly non-smooth) f as
f(x) == —(uo, ® — o) + dzgs 0, (T).

Then minimizing f + ¢ is equivalent to minimizing

Ella = o
over (xg + Ct) N (xo + D;). Because

CoNDy={ycR¥™*2 .y | =0,y =t; for 0 <i < 2N},
we have
(o +C)N(zo+ D) ={zo+y e Ry 1 =0,y; =t; for 0 <i <2N}.

Hence x, := x¢ + t is the unique minimizer of f + g.

Moreover, the proximal mappings admit the explicit representations

prox. (o +y) = w0 + lp, (y + yuo),
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and

Y — o
prox,,(ro +y) = 2o + g, (m) :

where IIp, and Ils, denote the Euclidean projections onto D, and C, respectively.

For k= —1,0,...,2N, define

Sy 1= span{e_1,€q, ..., €k}, S_q :=span{e_;}.

The sets C; and D, are arranged so that the two proximal operators reveal coordinates one
at a time. We will refer to this as the proximal zero-chain property, and the next lemma

formalizes this construction.

Lemma 4. For every v > 0 and every k= —1,0,...,2N — 1,
(VRS S, = pI'OX,Yf(SCO + y) =9+ HDt(y + ’YUO) € 29 + Sk+1,

and
Y — Yuo
L+

Proof. Both C, and D, are Cartesian products of one-dimensional and two-dimensional

yeS, == prox ,(ro+y) =0+ Hct( ) € Ty + Spi1.

blocks, and hence their Euclidean projections act blockwise. Since ug € span{e_;} and both
C; and D, impose the constraint z_; = 0, the shift by +yu, only affects the e_;-component
and does not reveal any new coordinate. Therefore, if y € Sk, then after projecting onto
either C; or Dy, at most the next coordinate e,,; can become nonzero. This proves the

claim. O

This lemma shows that if y € S, then

(o +y) — prox,,(zo +y) € Sk

because each proximal evaluation reveals at most one new coordinate. Consequently, for

any prox-prox method satisfying the proximal span condition, the final output x generated
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after at most 2N proximal evaluations must belong to
To + San-1.

Since
2N
l’*—on:t: E tiei
=0

has a nonzero esy-component, we obtain

inf —z P =t >0.
yexolfsw,l |y — .|l oN

Thus, after at most 2N proximal oracle calls, no method satisfying the proximal span con-
dition can guarantee an error smaller than 2, on this instance. The next lemma rewrites

the optimality conditions at the endpoint x, = z¢ + ¢ in blockwise form.

Lemma 5. Let
2N

Ty =T +1= l’o+ztz‘€i7
=0

and let

2N
gx = Z gi€; € R?
i=0

where g; € R for 0 <i < 2N. Assume that
g« € it + Ne,(t)  and — g« € Np,(t).

Then, with

Uy = U T Gx,

we have

uy € 0g(z,), —uy, € Of(xy).



Moreover, the above inclusions on g, are equivalent to the blockwise inequalities
(92k11 — Mloks1, Gory2 — florya) - (tory1, torga) > 0, k=0,...,N—1,

(ng’a 92k+1) . (tQk‘at2k+1) S 07 k= 07 cee 7N - 17

and gony = 0.

Proof. Recall that
9(@) = Sllz — oll? + (uo, = 30) + by (@),

and

f(z) = —(uo,z — x0) + do1p, ().

Since x, = xg + t, we have
ag@*) = ,u(x* - xO) + uo + Nagrcy (x*) = put + up + th(t)7
where we used the translation rule

Nﬂ?o-‘rct (JIO + t) - NCt(t>‘

Hence, if
g« € lj“t + th(t),
then
Uy 1= U + Gi € Og(T).
Similarly,

Of (xy) = —ug + Nygtn, (24) = —up + Np, (1),

and therefore

—gx € NDt (t) - —Ux = _(UO + g*) € af(l’*)

109
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It remains to characterize the normal cone conditions explicitly. Since C; is the Cartesian

product of the singleton constraint zy = to, the constraint z_; = 0, and the line segments

[(070>:(t2k71,t2k>], k= 1,...,N,

its normal cone at t is the product of the corresponding blockwise normal cones. The
equality constraints fixing the coordinates —1 and 0 contribute the full normal spaces in
those coordinates, and hence impose no restrictions on the corresponding components of a
normal vector. Thus, only the two-dimensional segment blocks need to be considered. For a

segment

[(0,0), (a,b)],

the normal cone at the endpoint (a,b) is {w € R? : w - (a,b) > 0}. Applying this with

W = (Gokt1 — M2kt1, Gokta — Mokt2)

gives

(9241 — Mbokt1, Gokto — Mbokt2) « (topt1, togsa) > 0, k=0,...,N—1

Likewise, D; is the product of the segment blocks

[(0,0), (tak, tars1)], k=0,...,N—1,

together with the constraint z_; = 0. Therefore,

—0gx € NDt (t)

is equivalent to

(92k> 92r41) - (Lars torg1) <0, k=0,...,N—1.

Finally, D, leaves the coordinate 2N free and hence its normal component there must vanish.
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So, goy = 0 and this proves the result. O

We now choose the coefficients of ¢ and g, so that every blockwise inequality is satisfied

with equality under the normalization
lwo = wull* + [luo — w.]|* = 1.

Lemma 6. Define

X p
th, = : k=0,...,N —1,
2k \/(1 + 2N p) (1 + 2kp) (1 + (2k + 1)p)
t;k+1:\/ a ., k=0,...,N—1,
(T+2Np) (14 2k + 1)) (1 + (2k +2)p)
Py
2N — 1—{—2N,u’
and
Gor = — (1 + 2kp)ty, Gopy1 = (14 2k + 2) )54, k=0,...,N—1,
with

gy = 0.
Then the pair
2N 2N
tzztzeiv g*zzg:ei
i=0 i=0

with

Te =20+, Ue=1Uy+ Gu



satisfies
2N 2N
lzo — 2ull® + luo — wel® = Y () + > () = 1,
i=0 =0

(9§k+1 - Mt§k+17 9§k+2 - Mt§k+2) ) (t§k+17 t§k+2) =0, k=0,...

(ggka 9§k+1) ) (tgkatngrl) =0, k=0,...,N—1,

so that u, € 0g(xy), —uyx € Of(x,), and therefore x, € argmin(f + g).

Proof. We first verify the inequalities.
For each £k =0,..., N — 2, we have

9§k+1 - ,utng = (1 + (Zk + 1)M)t§k+17

and

Gorro — Mop o = —(1+ (25 + 3) )5y o

Therefore,

(9§k+1 - Nt§k+1a 9§k+2 - Nt§k+2) : (t§k+1a t§k+2)

= (1+ 2k + D) (t3541)" — (1 + (25 + 3)p1) (£340)".

By the definition of t3,_ ; and 5, ,,

I

(1+ (2k + Dp) (t310)* =

and
1

(1+2Np)(1+ 2k +2)u)’

(1+ (2% + 3)1) (t3442)° =

Hence

(9§k+1 - Nt§k+1a 9§k+2 - Nt§k+2) : (t§k+1a t§k+2) =0.

(1+2Np)(1 + (2k +2)p)
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For k=N —1,

Gon_1 — Moy = (14+ 2N = D))ty , Gon — Moy = —pthy.

Therefore,
(gon—1 — Hton_15 9oy — Mton) - (Bon_ 15 toN)
= (1+ (2N = D)p)(tsy_1)* — pltsy)*.
Now
u M
t* 2 — — ’
Uavar)” = TN (1T N = D1+ 2N~ (1 @N = D) (1 + 2N
SO
W
14+ Q2N —-Dp)(thy )= ———.
(L+( )W)ty 1) (1+2Np)?
Also,
1
)= ————s
Hence

(1+ (2N - 1)#)(t§N—1)2 = #(th)Q’

and therefore

(951\/—1 - ﬂth—p Gon — /Lt;N) ) (t;N—la t;N) =0.

Thus,

(9§k+1 - Mt§k+1> 9§k+2 - Mt§k+2) ) (t§k+1at§k+2) =0, k=0,...,N—1
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Similarly, for each k =0,..., N — 1,

(935> 9511) * (B3 Bon) = —(1+ 2hkp)(£5,)° + (L + (2k + 2)p) (511)*.

Again, by the definitions,

1

(1 2kp1) (#5)° = (1+ 2Np) (1 + (2k + D)’

and
1

(14 (2k+2)p)( §k+1)2 - (1+2Np)(1+ 2k + 1)p)’

Therefore,

(ggkaggk-i-l) ’ (t;k?tgk—i-l) = 07 k= 07 ce 7N — 1.

Thus, all block inequalities are satisfied with equality. It remains to verify the normalization

constraint. For each 7 =0,...,2N — 1,

()2 = L _ 1 ( 1 1 )
e TR 7 (W e T % R WY 78 G W R e p vy

Hence
D e (B
) TN 2 \T+ e TG+ 0p)  T42Np ' T+2Np)
Adding (t5,)% = m yields

Next, for each K =0,...,N — 1,

p(1 + 2kp)
(1+2Np)(1+ (2k+ 1)p)’

(931)" = (1 + 2kp)*(t3,)* =



and
1+ (2k +2)p)
)2 = (1+ (2k +2)p 2 M .
Therefore,
(G5)° + (ghn)? = o 1+ 2kp 1+ (2k+2)p
Jor) T AT2ke1) = N\ T 2k + D 1+ (2k + g
B po 2+ (@k+2)p  2p
S 142Np 14+ 2k+1Dp 1+2Nu
Summing over k =0,..., N — 1 and using g5 = 0, we obtain
2N N-1
2N
*\2 * \2 * 2\ __
j;()(gj) - ar ((gzkz) + (955+41) ) = m

Combining the two identities gives

2N
(t)? _
;: +§:% ]AQNM+1+2NM

Together with the fact that

oy —wl®= it =l = (E50)?
and
(55)? = 1 _ lwo — @l + luo — ua?
2N (1+2Np)? 1+4N2p2 + 4Ny
we obtain
[0 — 241> + [Juo — u?

= 1+ 4NZ2 1+ ANy

This proves Theorem 3.
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5.3.83 FEaxtension using the resisting oracle technique

Next, using the so-called resisting oracle technique, we extend the result of Theorem 3 to all
deterministic N-step prox-prox methods. First, we make a formal definition.
Let N > 0 be a positive integer. A deterministic N-step proz-prox method A is a mapping

from an initial pair (2o, ug) and a tuple of functions (f, g) to a sequence of outputs

2N—-1

A((fﬂo,ﬂo), (f7 g)) = {{(Zi>5i,’71)}i:0 ) xN}?

where §; € {0,1} and y; > 0 for i = 0,...,2N — 1. For clarity, we call {z; }o<;<an_1 the query
points and xy the final output. Moreover, A requires that the output sequence depends on
(f,g) only through (¢, ug), previous query points, and previous proximal oracle calls. More

precisely, letting

prox. (z;), & =0, »
Yi = g
prox. (z), & =1,

0,...,2N —1,

there exist deterministic maps Ay, ..., Agy such that
(20, 00, 70) = Ao(Zo, uo),

(21751771) = AZ ((l’o,Uo), {(Zj76j7’7j7yj)}§';%)>7 1= 17 R 2N — 1;
and
_ 2N—-1
TN = A2N<($ojuo), {25, 95,75, Y5) 2o )

With this definition, we are now ready to formally state the more general lower bound.

Theorem 7. Fiz a positive integer N and let p > 0. Let d > AN +4. For every deterministic
N-step proz-prox method A on RY and every initial pair (zo,up) € R x RY, there exist a

closed, proper, and convex function f: R — RU {oo} and a closed, proper, and p-strongly
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convex function g: R? — R U {oc}, together with x, € argmin(f + g) and u, € dg(x,) with
—u, € 0f(xy), such that, if xx denotes the final output of A when run from (xg,ug) on

(f.9), then
2o — . ]I” + lJuo — .|

1+4N2u? +4Np

loy — 2|* >

Theorem 7 extends Theorem 3 from methods satisfying the proximal span condition to
all deterministic N-step prox-prox methods, using the resisting-oracle technique. To do this,
we introduce a prox-prox zero-respecting condition. It is closely related to the proximal span
condition and may in fact be somewhat redundant here, but we include it for clarity of
exposition.

Let f,g: R — RU{cc}, and let
{{(22767,’71)}225(;17 i‘N}

be a sequence with §; € {0,1} and ~; > 0 for i = 0,...,2N — 1. Define, for each i =
0,...,2N — 1,

We say that the trajectory
{{(%ﬁn%)}?ﬁi;l, 57N}

is proz-prox zero-respecting with respect to (f,g) if

i—1
supp(z;) C U supp(azk), i=0,...,2N -1
k=0

and
IN—1

supp(in) C | supp(dy).
k=0

where the support is taken with respect to the fixed orthonormal basis with the convention
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supp() = 2.

The next lemma formalizes that, for functions (f, g) constructed in Theorem 3, the zero-
respecting condition is enough to recover the proximal span condition with (zq,ug) = (0,0).
The key idea is that proximal residuals can reveal new coordinates only consecutively,
one at a time. All supports below are taken with respect to the orthonormal coordinates

e_1,€p,-..,ean used in the construction of (f,g) in Section 5.3.2.
Lemma 8. Let f,g: R*V*2 - RU {co} be the functions defined in Theorem 3. Let

2N—-1

{(51',(51‘,%)}1-:0 ) fN}
be proz-prox zero-respecting with respect to (f,g), and define

~ Zi—pI'OX, gi, (SZ:O,
d; = s (1) i=0,...,2N — 1.

Zi — pI‘OX%g(gZ‘), 52 = ]_,
Then {(2,, i, %)}?5(;1, EN} satisfies the proximal span condition with initial pair (xq,ug) =

(0,0), namely,

51' S Span{afg, SN ,dhdz;l}, 1

0,...,2N — 1,

TN € span{aNZO, . ,cigN_l}.

Consequently, the proof of Theorem 3 applies to every prox-prox zero-respecting trajectory

with (zo,up) = (0,0).

Proof. For notational simplicity, define

E_, :={0}, E,, :=span{eg,...,en}, m=0,...,2N —1.
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We prove by induction on & = 0,...,2N — 1 that there exists my, € {—1,0,...,k} such that
span{czo, . ,Jk} =E,,.
For k = 0, the zero-respecting property gives
supp(Zy) C @,
so Zp = 0. Hence, by the prox-zero-chain property,
dy € span{eg}.

Therefore span{do} is either {0} or span{ey}, so the claim holds with mg = —1 or mg = 0.

Now suppose the claim holds for k£ — 1, namely,

Span{czo, . ,cik,l} =5,

k—1°

Then
k—1
U supp(d;) € {0,...,mg_1}.
i=0
Here, we use the convention {0,...,—1} = @& when my_; = —1. Since the trajectory is
prox-prox zero-respecting,
k—1
supp(Z) C | supp(dy),
i=0
and thus
Z, € span{eg, ..., em,_, } = Em,_,-

Applying the prox-zero-chain property, we obtain

dy € span{eg, ..., €m, s Cmy_,+1}-
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Therefore
span{dy, ..., dj}

is either

span{eg,...,em, } = Em,_, or span{eg,...,em, +1} = Emy_i41-

Thus by induction, for each £ =0,...,2N — 1,
k—1 .
U Supp(dz) - {Oa s 7mk;—1}7

=0

so the zero-respecting property implies

Z, € span{eg, ..., €m,_,} = Span{cio, . ,Jk_l}.

Likewise,
IN-1 )
supp(Zy) C U supp(d;) € {0, ..., man_1},
i=0
and therefore
Tn € span{eg, ..., Cmyy  } = span{czo, . ,dQN_l}.

This proves that the trajectory satisfies the proximal span condition with initial pair (xq, ug) =

(0,0). O
We now turn to the lifting construction used in the resisting-oracle argument.

Lemma 9. Let U € R¥*¢ have orthonormal columns with d' > d. For any vectors zo,uy €
RY if f: RY — RU {00} is a closed, proper, and convex function, then fy : RY — RU {oo}
defined by

fula) = f(U" (z — x0)) — (o, 2 — o)

s a convex, closed, and proper function.
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Proof. Since the mapping 2 — U (x — ) is affine and f is convex, closed, and proper, the
composition

x — f(UT(x — xo))

is convex, closed, and proper. Moreover, the function
x = —(ug, x — To)
is affine and finite-valued on R?. Therefore,
fu(z) = f(UT(x — xo)) — (ug, © — xo)

is the sum of a proper, closed, convex function and an affine function. Hence fy is proper,

closed, and convex. O

Lemma 10. Let U € R**? have orthonormal columns with d > d. For any vectors xg, uy €
RY | if g: R? = R U {oo} is closed, proper, and p-strongly convex, then the function gy :
R — R U {oo} defined by

gu(2) = g(UT (2 = 20)) + (o, 2 — 2) + | Pe —w)|’, P =1-UUT,

18 p-strongly convex.

Proof. Fix z,y € RY and let v € dgy(z) be arbitrary and write it uniquely as
v=Us~+ uy+ uP(x — o)
where s € dg (UT(x — mo)). Since g is p-strongly convex, we have

g(UT(y—20)) = g(UT(x —x0)) + (s, UT(y — x)) + %IIUT(y —z)|.
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Also,

(U, y — xo) = (uo, x — xo) + (uo,y — ),

and

p f p
5Py = o) [|* = 1P — o) [|* + (P (x — 20),y — ) + 5Py = )%

Adding these identities and inequalities yields

gu(y) > gu(x) + (Us + up + pP(x — x0), y — x)
1 1
T - )+ P - o)

Since
1T (y = 2)* + [|1P(y — 2)II* = [ly — =%,
we obtain
9u(y) = gu (@) + (Us + uo + uP(a = z0), y —2) + Sy — |
I
= gu(@)+ (v, y =) + Sy — =[I”
Therefore gy is p-strongly convex. O]

From now on, U € R¥*? has orthonormal columns, z, uy are fixed, and fy and gy are
defined as in the previous two lemmas. Next, we derive explicit formulas for the proximal

mappings of the lifted functions.

Lemma 11. For every z € RY and every v > 0, assume that U'ug = 0. Write
Z:= UT(Z_xO)a P, = P(Z—x0)7
where P =1 —UU". Then

prox. ;. (z) = wo + U prox, ;(Z) + p. + yuo,
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and therefore

 — pros g, (2) = U (% — pros,(2)) - o

In particular,

U' (2 —prox,;, (2)) = Z — prox, ;().

Proof. Since U'U = I; and P =1 —UU", every z € R? admits a unique decomposition

r=1z9+ Uz +p, F€R? p e range(P),
and we write

z2=x0+UZ+ p,, 5:=U"(z—1), p.:=P(z—m).
Since U ug = 0, we have g € range(P), and hence
(uo, ® — x0) = (uo, UT + p) = (uo, p).
Using range(U) L range(P), we obtain
lz = 2| = 12 = 21> + |p - p:I,

and therefore

1 ) . 1, ., 1 )

folz) + %Hﬂﬁ —z||” = f(Z) = (uo, ) + %Hﬂf — 2"+ gllp —p:|*.

Hence the minimization separates. Minimizing with respect to =, we get

T = prox. (),
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while the minimizing p satisfies

—\P—Dz) — U :Oa
7( ) — uo

SO

D = Pz + YUp.

This proves that

prox. ; (2) = wo + U prox, ;(Z) + p. + yuo.

Subtracting from z = zo + UZ + p, gives
z —prox, ;. (z) = U(Z — prox,;(2)) — yuo.
Finally, since U ug = 0, applying U yields

U'(z— prox ; (2)) = Z — prox (2).

Lemma 12. For every z € R and every v > 0, assume that U'ug = 0. Write
Z:=U" (2 — 1), p. = P(z — x9),

where P:= 1 —UU". Then

. 1
prOngU(z) =Ty + UprOX'yg(Z) + 1+ 4 (p- — Yuo),
and
- . TH g
— =U(Z— B .
z —prox,, () (2 —prox,(2)) + T ’Wp +7 T U

In particular,

U' (2 — prox,,, (2)) = Z — prox,,(2).



Proof. Again write

r=x0+UZ+p, z=x0+UZ+ p,, p, p. € range(P).

Since U Tug = 0, we have uqy € range(P), and therefore

(uo, v — x0) = (U0, UT + p) = (ug, p).
Using range(U) L range(P), we obtain
1.

lo = 2l* = |z = ZI* + lIp — p.

Hence

1 1 1
gu(@) + 5-llw = 2| = g(&) + (uo. p) + ngll2 + g“f —Z|* + %Hp — P

2y

The minimization separates. Minimizing with respect to , we get
T = prox., ,(2),
while the minimizing p satisfies
1
uo + pp + ;(p—pz) =0.

Equivalently,

(14 vp)p = p. — Yuo,

SO

125

1.
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This proves that

1

prox., (z) = xo + U prox,,(2) + Tt n (p. — yup)-
Subtracting from
z=x0+UZ+0p,
gives
z — prox,, (z) = U(Z — prox,,(2)) +p. — T (p. — yuo)
= U(Z — prox,,(2)) + o D+ J Up.

L+ yp L+

Finally, since U uy =0 and U p, = 0, applying U yields
U' (2 — prox,,, (2)) = Z — prox.,(2).

]

These identities allow us to match proximal evaluations in the lifted space with projected

proximal evaluations in the original space. We are now ready to carry out the resisting-oracle

construction.

Lemma 13. Let N > 0 be a positive integer. Assume >0, d > d+ 2N + 2, and let A be

any deterministic N-step proz-prox method with initial pair (xo,uo) € RY x RY. Let
fiR* 5 RU{cc} and g¢:R?— RU{occ}

be such that f is closed, proper, and convex and g is closed, proper, and p-strongly convex.

Then there exists a matrix

U c Rd/xd
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with orthonormal columns such that U ug = 0, and if

2N—-1

A((zo,u0), (fu,9v)) = {{(zi, 00 m) }_y 2}

and we define the projected iterates

then the sequence
~ IN-1 .
{{(Z’i> 61‘771')}1':0 y TN
is prox-proz zero-respecting with respect to (f, g).

Proof. Let e, ..., eq1 be the standard basis of R?. First, we recursively construct
IyCL C---ChLyC{0,...,d—1},
an orthonormal family {v;};er,, C R?, and a method trajectory

(207 do, Yo, ?Jo)a ceey (ZQN—la dan—1, Y2N-1, yQN—1>7

where y; € R? is intended to be the output of the i-th prox call.
We begin with
[0 = .

Next, fix ¢ € {0,...,2N — 1}, and suppose that I;, the vectors {v;};cr,, and the previous

trajectory

(207 050, ?Jo), ceey (Zi—la Oi1s Vi1, yi—l)

have already been constructed. Since A is deterministic, the trajectory determines the next
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query triple (z;, 0;,7;). Define

and the corresponding residual

Set
Iiy1 = I; Usupp(d;).

Since y; = z; — d;, we also have

SUPP(?]&) C L.

We now choose the new vectors
{vitjerann

as an orthonormal family in S;*, where

S; = span({uo, 20 — X, ..., % — To}t U {Uj}j€]i>.

This is possible because

dim S; < (i +2) + |L],

hence
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Now define
qi == (Zz - $0) - Z(%‘» Zi — 5170>Uj,
JEL;
and y; € RY by
To + Z (9i); vj + G + Yito, 0; =0,
Yi = J€li 1
To + Z (%i);v5 + (¢ —vivo), 6i=1.
. L+ vip
J€lit1
This completes the recursive construction for ¢ = 0,...,2N — 1. Since A is deterministic,

this transcript uniquely determines the final output zy € R%. Then choose the orthonormal

vectors indexed by j ¢ Iy in the orthonormal complement of

Son41 = SpaTl({Um 20 — Ly---3R2N-1 — Lo, TN — xo} U {Uj}jEIQN)-

This is possible because

dim SQN_H S (2N + 2) + ’[2N‘7

SO

dim Syyy; > d — (2N +2) — |Ly| > d — |y

Now set

U:=[vg| - |vas] €eR¥*Y,  P.=T-UU".

By construction, each column of U is orthogonal to g, and therefore U "uy = 0.
For the next step, we claim that if A is run on (fy,gu), then after i oracle calls its

trajectory is exactly

(Z(]a 607 Yo, yO)v R (’Zi—lv 5i—17 Yi—1, yi—1>7 L= 07 ER) 2N7

and consequently, its final output is xy. We prove this by induction on i. For ¢ = 0, we only



130

have the initial state (x, up) and empty transcript, so the claim is immediate. Now assume
the claim holds for some i € {0,...,2N — 1}. Then A run on (fy, gy) has seen exactly the

same trajectory

(207 05 Y0, yo), ceey (Zi—la Oi1s Vi1, yi—l)

as in the recursive construction. Hence, its next query is exactly (z;, &, v;)-

Now for every j ¢ I;, the vector v; is orthogonal to z; — x¢, so (vj, z; — o) = 0. Therefore,
U (2 — x0) = %, P(zi — x0) = ;.
Now we apply Lemma 11 and Lemma 12. If §; = 0, then

prox%fU(zi) =20+ Uprox,yif(UT(zi — xo)) + P(z; — o) + viuo

= xo + U prox, ;(Zi) + g + vito.
Since 7; = prox,, ;(Z;) and supp(¥;) € 11, this gives

prox,, ; (z) = o + Z (7i); vj + @i + vitto = Ys-

J€lit1
If 9; = 1, then
T 1
prox., . (2) = o + Uproxwg(U (z; — xo)) + T (P(zZ —x9) — %u())
1
= U 2i i — Yilo)-
o + pI‘OX%g(Z ) + 1 i Vil (q Y uU)

Since #; = prox,,,(2;) and supp(y;) C I;y1, this gives

1
14+ vip

prox. g, () =m0+ Y (Bi);v; + (¢ — viwo) = yi-

J€Lita

Thus the true i-th oracle output is exactly y;, which proves the induction step. Hence
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the actual run of A on (fy, gv) has exactly the recursively constructed 2/N-step transcript.
Since the final output depends only on this trajectory, the final output is exactly z .

We now verify the zero-respecting property. For each ¢ = 0,...,2N — 1, define

- Z —prox, (%), 6 =0,

Zy —prox, (%), & =1

Since y; = prox.  (2;) when ¢; = 0 and y; = prox,, (z;) when §; = 1, Lemma 11 and

vifu

Lemma 12 give

Next, we show that

If 9; = 0, then by construction,

Yi = To + Z (%) vj + @ + Yio.

J€Lita
Multiplying by U, and using U "¢, = 0 and U "y = 0, we obtain
U (y;i — w0) = Ui

If 9; = 1, then
1

L+ yip

Yi = xo + Z (W) vj + (@i — viuo),

J€Llita

and again U'¢; = 0 and U "uy = 0 imply

UT(% —x9) = ;.
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Since also

we conclude that

Because Iy = @ and

Iiv1 = I; Usupp(d;) = I; Usupp(d;),

it follows by induction that

Moreover,

i1
supp(Z;) = supp(z) C I; = U supp(cik), 1=0,...,2N — 1.
k=0

Finally, for every j ¢ I,y we have v; € SZLNJrl and xy — xg € Soni1, SO

<Uj,ZL‘N — ZL‘()> = 0.

Therefore
2N—1
supp(iy) = supp (U (zn — 20)) € Loy = | J supp(di).
k=0
Hence
2N—1 .
supp(in) C | supp(dy),
k=0
which is exactly the prox-prox zero-respecting property. O

Combining the resisting-oracle lemma with the zero-respecting property, we obtain the
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desired lower bound for arbitrary deterministic prox-prox methods.

Proof. By Theorem 3 with initial pair (0, 0), there exist a closed, proper, and convex function
f:R2+2 5 RU {oo} and a closed, proper, and p-strongly convex function §: R2V+2 —
R U {oo} with

i, € argmin(f + §), i, € 0§(%,), —i, € Of(Z,).

Since d > 4N +4 = (2N +2) + (2N + 2), by Lemma 13 there exists a matrix
Ue RdX(ZNJrZ)

with orthonormal columns such that U'ug = 0, and if

A((xo,UO fU?gU) {{ Ziy 2771 }2N 17 ijN},

and we define

then the projected sequence

{{(zz, i, %)}QN ! ,IN

is prox-prox zero-respecting with respect to ( f ,G). Therefore, by Theorem 3 and Lemma 8§,

[1Z4]1% + [l]1?
T 1+ AN%2 £ ANy

(5.6)

125 — 2" >

Now define

and

T, =29+ Uy, Uy = Uy + Uty



We first show that z, € argmin(f + g). Every z € R? can be written uniquely as
z=x9+Uy+p, y € R**2 p c range(P),
where P := I — UU". By definition of fi; and gy, we have
f(2) = fy) — (o, Uy +p),

and

9(2) = §ly) + (o, Uy + p) + SlIpll*.

Hence

(f +9)(2)

; i [
F(y) +3(y) + S lpl*
This is minimized exactly when

y € argmin(f +g) and p=0.

Thus

xy = x9 + UZ, € argmin(f + g).

Next we show that u, € dg(z,) and —u, € Jf(z,). By definition,
9(@) = §(U (@ = 20)) + (o, = o) + TP = 20)|I”

Hence

dg(x) =U0g(U" (z — x0)) + uo + pP(z — x0).

Since

Ty :$0+Uﬂ~f*,

134
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we have
U'(z, — 10) = &, P(z, — xy) = 0.

Therefore

0g(xy) = U 0g(Z4) + up.

Since i, € 0g(Z,), we conclude that

Uy = ug + Utly € 0g(x4).

Similarly,
f(z) = f(UT(x — :UO)) — (ug,  — xq).
So,
of (z) = U&f(UT(:c — 9)) — o,
and

8f(a:*) = Uaf(f;*) — Up-

Thus, we conclude that —u, = —uy — Ut, € 0f(z,). Putting altogether, we have

2o — 2.1 = UL = |17,
and
Juo — w.|” = U@, = ||a.].
Thus
20 — zo||* + [uo — wal® = 21”4+ fla ]|
Finally,

any — =N — 29— UZy = U(Zn — Z,) + Plxy — x0),
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and the two terms on the right-hand side are orthogonal. Hence
lon = zul® = 125 = Zul* + [|1P(2n = zo)|I* = |12x — Z.*.

Combining with (5.6) yields

2o — @|” + [Juo — w|?
1+ 4N%2 + ANy

lan — a2

5.4 Numerical Results

We compare FDR with FISTA,| Douglas—Rachford splitting (DRS), accelerated Chambolle—
Pock (CP), and accelerated Davis—Yin splitting (DYS) on a family of elastic-net regression

problems. Each instance has the form

minimize || Az — b)) + 2|2 + A2,
x R 2 N~

=f(=z)

—(x)

We randomly generated 100 instances with A € R**100 and b € R* being computed as
AZywe + €, where € is drawn from a Gaussian with standard deviation 0.01, and ., is
generated randomly with only 10% of elements being nonzero. We use = A = 1073.

Since the guarantee on FDR’s squared distance to the solution is on the final iterate, xy,
the FDR curve in Figure 5.1 reports the terminal error ||z;, — x,||* obtained by running FDR
for N = k iterations. The solid curves are the median of each algorithm’s performance, and
the shaded region shows the interquartile range for each on the 100 instances.

Figure 5.1 shows that FDR eventually achieves the smallest error among the tested meth-
ods. The observed FDR errors also remain below the theoretical bound, which is valid, but
we see these errors are much smaller than the theoretical upper bound on these random

elastic-net instances.
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Figure 5.1: Median squared distance to the solution over 100 elastic-net instances. Shaded
bands show the interquartile range.

5.5 Conclusion

In this work, we presented Fast Douglas-Rachford Splitting (FDR), an accelerated Douglas—
Rachford-type method for minimizing the sum of a convex and a p-strongly convex function.

We established the guarantee

o — 2l” + [luo — w®

2

which improves upon the leading asymptotic constant of the accelerated methods of Chambolle—
Pock and Davis-Yin by a factor of 4. We further established a complexity lower bound
showing that both the O(1/N?) convergence rate and the leading-order constant achieved
by FDR are optimal.

It is worth noting that the acceleration mechanism and the lower-bound construction are
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fundamentally different than those of Nesterov acceleration. In this sense, the accelerated
methods of Chambolle-Pock, Davis—Yin, and FDR should be viewed as belonging to a class
of acceleration mechanism distinct from the Nesterov-type acceleration. Developing a more
principled understanding of the different classes of acceleration mechanisms is an interesting
direction for future work.

Finally, while our lower bound asymptotically matches the upper bound in the leading-
order term, a gap remains in the higher-order terms. Since FDR was discovered through
BnB-PEP [(1], a framework for discovering optimal first-order algorithms, we conjecture
that the upper bound achieved by FDR is in fact exactly optimal, implying that the current
lower bound is likely loose. We leave the task of fully tightening the lower bound to future

work.
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Chapter 6

GPU-ACCELERATED BATCH SEQUENTIAL CONVEX
PROGRAMMING

Monte Carlo analysis is critical for certifying the safety and performance of guidance, nav-
igation, and control (GNC) systems [125]. For a 6-DoF powered-descent guidance algorithm,
Monte Carlo analysis would involve generating hundreds or even thousands of dispersed ini-
tial conditions around the nominal initial condition, computing trajectories with these initial
conditions, and assessing statistics such as solve-times, percentage of converged trajectories,
and propellant consumption. However, generating thousands of trajectories serially can be
time consuming, and can lead to increased development times. Since Monte Carlo simulation
is embarrassingly parallel [95], we propose performing Monte Carlo analyses on a graphics
processing unit (GPU) to exploit its parallel computing capability.

Due to their parallel computing capability and high memory bandwidth, GPUs have
become increasingly popular in fields that require solving large-scale problems (in which
parallelism can be exploited). Most notably, GPUs have become a staple in machine learning
for training deep learning models. For example, OpenAl has a supercomputer with 10,000
GPUs to train its large language models [113], and Tesla, reportedly, also has a 10,000-GPU
cluster to perform training for its machine learning-based full self-driving technology [174].
Additionally, many modern machine learning tools such as JAX, TensorFlow, and PyTorch,
provide programmers with user-friendly, high-level interfaces to leverage the compute power
of GPUs [2, 33, 153].

GPUs have also been used outside of machine learning for a variety of tasks. For example,
[96] uses a GPU for running projectile simulations, i.e., propagating the equations of motion

for a projectile, in parallel. In [159], the authors develop a framework to perform trajectory
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optimization on GPUs; however, they consider a restrictive trajectory optimization problem
template that does not model dynamics or generic nonconvex path constraints. The only
constraints considered are maximum speed, maximum acceleration, and keepout zone con-
straints. As a result, the generated trajectories are not guaranteed to obey the equations of
motion of the vehicle.

In this paper, we demonstrate a GPU-based parallelized implementation for Monte Carlo
analysis of trajectory optimization problems with general nonlinear dynamics and nonconvex
path constraints. The solutions obtained are guaranteed to be feasible with respect to the
original nonlinear dynamics, and all the imposed constraints are guaranteed to be satisfied
at all points in time, i.e., in continuous-time (subject to successful convergence and up to
numerical integration and optimization tolerances). This final guarantee on continuous-time
constraint satisfaction is a result of the problem formulation proposed in [80]. To demonstrate
this framework, we consider the 6-DoF powered-descent guidance algorithm [180].

General trajectory optimization problems, such as the 6-DoF PDG problem, can be posed
as nonconvex optimization problems in continuous-time [128]. Given the nonconvexity of
these problems, it is typically prohibitively expensive, if not outright impossible, to obtain
globally optimal trajectories. As a result, we must turn to solution procedures, such as
sequential convex programming (SCP) [127], that yield locally optimal solutions. At a high
level, SCP involves (1) convexification (often via linearization) of all nonconvex constraints
about some reference trajectory to yield an infinite-dimensional convex optimization problem;
(2) discretization, to convert the problem to a numerically tractable finite-dimensional convex
optimization problem; and finally (3) finding a solution to this finite-dimensional convex
subproblem to update the reference trajectory. This process is applied iteratively until
convergence. As the name suggests, this process is inherently sequential in nature. However,
we can leverage parallelism to simultaneously solve for many trajectories in Monte Carlo
analysis.

There are a number of factors that make developing a GPU-based parallelized implemen-

tation of SCP challenging. SCP requires the use of many linear algebra operations and the
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solution to a sequence of convex optimization subproblems. For a CPU-based implemen-
tation, we can use linear algebra packages such as OpenBLAS [200] and open-source convex
optimization solvers such as 0sQP and ECOS [09, 177]. However, OpenBLAS binaries are com-
piled for CPU architectures and NVIDIA’s linear algebra libraries, cuBLAS and cuSPARSE,
are written such that functions from these libraries must be called by the CPU, even though
the computations are performed on the GPU. This is undesirable for our implementation of
SCP, since we require all computations for a single trajectory to be performed by a single
GPU thread. Similarly, although a GPU-accelerated implementation of 0SQP exists, the
solver itself must be called by the CPU [170]. Although off-the-shelf convex optimization
solvers could be modified to work on the GPU, custom parser frameworks are typically re-
quired—to put the convex subproblem in the canonical form prior to being passed to the
solver—as well [07, |. Thus, for our GPU-based implementation of SCP, we implement
Level 1, 2, and 3 BLAS operations for discretization and other such operations, and the
first-order proportional-integral projected gradient (PIPG) solver [101, |, customized to
the trajectory optimization problem template [79, 99], allowing us to bypass parsing en-
tirely. Further, as in the sequential conic optimization (SecO) framework described in [99],
this framework completely eliminates the need for sparse linear algebra operations, is entirely

matrix-factorization /inversion-free, and is implemented using a library-free codebase.
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6.0.1 Notation

Rn=Rn x 1 Vectors are matrices with one column

1,,0, Vector of ones and zeros, respectively, in R" (subscript inferred whenever omitted)
Or e Matrix of zeros in R™*™

I, Identity matrix in R™*"

Vit Collection of vectors or matrices Vi, for k=1,... n

v+ [0 — max{0,d} applied element-wise for vector v

v? [0+ % applied element-wise for vector v

(u,v) Concatenation of vectors u € R™ and v € R™ to form a vector in R"*™

[A B] Concatenation of matrices A and B with same number of rows

A . : :

[B} Concatenation of matrices A and B with same number of columns

6.1 Problem formulation

We consider a continuous-time dynamical system of the form:

—= =E(1) = F(E(1).C(1) (6.1)

for t € [0,t], with state £ € R™ and control input ( € R, which are subject to path

constraints:

9(&(t),C(t)) < 0y, (6.2a)
h(&(t),¢(t)) = On, (6.2b)

where g and h are vector-valued functions. The operators “<” and “="

are interpreted
element-wise. Boundary conditions at the initial and final times could also be specified.
The goal of trajectory optimization is to generate a solution £(t),((t) for (6.1) that

satisfies the path constraints, boundary conditions, and optimizes a linear function of the



143

terminal state £(f;), i.e., solve the following Mayer form optimal control problem [l 14, Sec.
3.3.2]:

mitnigmgize E(te) T ecost (6.3a)

subject to £(t) = F(&(t),((t)) t €[0,t] (6.3b)

9(&(1),¢(1)) <0 t € 10,1] (6.3¢)

h(&(t),C(t) =0 t € [0, tg] (6.3d)

Elf(()) = Zi, Eff(tf) = Zf (636)

where E; € R"*" and E; € R™"*" select components of the initial and final state, respec-

tively.

6.1.1 Time-Dilation and Constraint Reformulation

When the final time, t¢, is an unknown, we adopt a well-known technique called time-dilation

[80, , | to convert a free-final-time problem to an equivalent fixed-final-time problem:

= &(r) = 2 s(r) = s(r)F(E(T), ¢(7)) (6.4)

for 7 € [0, 1], where ¢(7) is a strictly increasing function with domain [0, 1]. Note that £ and

¢ are re-defined to be functions of 7 € [0, 1] instead of ¢. The dilation factor:

is treated as an additional control input and is required to be positive. The control input is

then re-defined to be u = ((, s), and the final time is given by:

b= /0 s(rdr
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Next, to address the long-standing issue of inter-sample constraint violation in direct

methods [21], we augment the path constraints to the time-dilated system dynamics (6.4) as
follows:
. ¢ F(E(r),¢(7))
s = "7 s _ fanu) (69
y(7) 1Tg(&(7), C(m) & + 1Th(&(7), ¢(7))?

for 7 € [0,1], where z = (£, y) is the re-defined state. Periodic boundary condition on the

constraint violation integrator:

y(0) = y(1) (6.6)

ensure that the path constraints are satisfied for all 7 € [0, 1]. We refer the reader to [30, 167]

for further details.

6.1.2 Discretization

Discretization is a crucial step in direct numerical optimal control for computational tractabil-
ity, i.e., for obtaining an approximate finite-dimensional optimization problem from the orig-
inal infinite-dimensional optimal control problem. The first step is to generate a grid with

N nodes within the interval [0, 1]:
O=m<...<7y=1 (67)

The time duration over sub-interval |7y, 741] is given by:

Tk+1
Aty = / s(T)dr

Tk
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for k=1,...,N — 1, and the following constraints are specified on the dilation factor and

time duration:

Smin S S(T) S Smax

N-1

ty = Z Aty < bt max

k=1

Atrnin S Atk S Atmax

Next, we parameterize the control input with a first-order-hold (FOH):

u(r) = (M) - <l) v
Tk+1 — Tk Tk+1 — Tk
for 7 € [, k1] and k = 1,..., N — 1. In practice, the combination of time-dilation and
FOH parameterization for control input is sufficient for accurately modeling a large class of
optimal control problems. See [125] for a detailed discussion on the relative merits of popular
discretization and parameterization techniques in numerical optimal control.

We treat the node-point values of the state and control input, x; and uy, respectively, as

decision variables, and re-write the system dynamics (6.5) equivalently as:

Tia = T+ / " far), u(r)dr (6.8)

Tk

fork=1,..., N—1, where x(7) is the solution to (6.5) over [y, 7441 with initial condition zy,
and u(7) is FOH-parameterized using uy and ug41. Then, (6.8) can be compactly expressed

through function f : R™ x R x R"™ x R" — R"* as follows:

Tr+1 = fk(ka,uk,UkH) (6-9)
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The boundary condition (6.6) is relaxed to:

Ykl — Yp S €

fork=1,..., N —1 and a sufficiently small € > 0, so that all feasible solutions do not violate
LICQ [80]. Note that y; is the value of the state y in (6.5) at node 7.

The discretized optimal control problem with parameterized control input is given by:

minimize T\ eost (6.10a)

subject to zr11 = fr(@r, up, ugs1) k=1,....,N—1 (6.10b)

Ey(xp1 —ap) <€ k=1,...,N—1 (6.10c)

Umin < Uk < Umax k=1,....,N (6.10d)

Ex, = (z,0), Ery = 2 (6.10e)

where

Ecost = (€cost, 0) (6.11)

Ey = [01xn. 1] (6.12)

B | B e (6.13)

Otane 1

Ly = [E; 0,,] (6.14)
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6.1.3 Sequential Convex Programming

We adopt the prox-linear method [74], an SCP algorithm, to solve:
N-1
mi:ﬁiﬁize T 0 eost + Wep Z leker — fe(Tr, Ug, wrsr) |1 (6.15a)
k=1
subject to Ey(xpy1 —xx) < € (6.15b)
Umin < Uk < Unmax (6.15¢)
B, = (2,0), By = 2 (6.15d)

where the (only) nonconvex constraint of (6.10) is exactly penalized with ¢;-norm. For a
large enough, finite wep,, we can show that a solution of (6.15) that is feasible with respect
to (6.10b) is also a solution of (6.10). See [113, Chap. 17| for a detailed discussion.

The penalized problem (6.15) can be compactly stated as:

mi%irgize L(Z) 4+ wep||G(Z) |1 (6.16)
S
where Z = (x1,...,ZN,u1,...,uy) and Z is a convex set corresponding to constraints

(6.15b), (6.15¢), and (6.15d).
The prox-linear method determines a stationary point of (6.16) by solving a sequence of

convex subproblems. At iteration j + 1, it solves the following convex problem:

minimize L(Z) + wollG(Z) + VG(2')(Z = 27) | + %HZ — 7|2 (6.17)

where Z7 is the solution from iteration j. The sequence Z7 can be shown to converge for
an appropriate choice of the proximal term weight wpox. Further, if the converged point is
feasible for (6.10), then it is also a KKT point.

There are two important steps in the construction of each convex subproblem—(1) com-

putation of VG: the gradient of fj, with respect to the previous iterate, and (2) scaling.
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Gradient of Discretized Dynamics

At each iteration of SCP, the discretized dynamics constraint (6.10b) is linearized with
respect to the previous iterate, denoted by Zy, uy, for k=1,..., N.

For each k = 1,..., N — 1, let Z*(7) denote the solution to (6.5) over [r;, Tx4+1] generated
with initial condition Z; and control input u(7), which is parameterized using uy, for k =
1,...,N. Note that, in general, z%(74,1) # %11 before SCP converges [101].

The Jacobians of f in (6.5), evaluated with respect to z*(7), u(7), are denoted by:

A7) = Ox
Bk(T) — af(j ((;;)L?u(T))

for 7 € [, Tk11)-

The discretized dynamics constraint (6.8) is linearized as follows:
Tht1 = Ak(L'k + Bk_uk + B,‘:ukH + wyg (618)

for k=1,...,N — 1, where Ay, B, , B;", wy, result from the solution to the following initial

value problem over 7 € [, Tki1]:

b, (7, 7) = AF(r) D (7, 75)

@, (r,m) = AHD)®, (7,7m) + BA(7) (M)

Tk+1 — Tk

(7, m) = A1) (7, 7) + BY(7) (l>

Te4+1 — Tk
(I)m(Tka Tk) = Inz
®’l:(7-k77-k) = OTLIXTLU
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Ap = P (Thr1, )
By =, (The1, )
Bl = O (g1, k)

_ =k = — 5 +5
W =T (Tk+1) — Akxk — Bk U — Bk Uk+1

Convex Subproblem with Scaling

The final step in the construction of the convex subproblem involves scaling the decision
variables. In particular, we treat z, and 4, as the decision variables, which are linearly

related to z; and uy as follows:

rr = P2y + T, (619&)
where P, and P, are selected to ensure that ; and uy, for Kk =1,..., N, are roughly on the

same order of magnitude, which greatly aids in convergence. Next, we define:

A =P AP, (6.20a)
Ar=—1,, (6.20b)
B, = P;'B; P, (6.20¢)
Bf = P7'BfP, (6.20d)
Wy, = P (Thy) — Tasn) (6.20e)

Finally, the convex subproblem (6.17), which is a quadratic program (QP), can be stated
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as:
N—-1
minimize wcosthecost + prOX Z ||xk||2 + ||uk||2 + Wep Z 1nw luk + Iuk) (621&)
Pt k=1
subject to A,;i’k + AZ@]CJ’»:[ + B,;?lk + B[jakJrl + ,U/,: — py, + w =0 (621b)
Ey(.’i'kJrl - ii‘k) S ék (621C)
i >0, g >0 (6.21d)
ﬂk,min S ak S ﬂk,max (6216)
Edy =5, Exdy = 3% (6.21f)
where

A 1T 1A -
Ep — EEyPI Ey - Eny (17k+1 — Jik)
N _1 _

Uk min/max = Pu (umin/max - uk)

= EP B ((2,0) — Ein)

?:'f = lEf ( EfCL’N)
6.2 Convex optimization solver

The convex subproblem (6.21) is a quadratic program (QP), which can be represented in the

canonical form as:

1

minimize izT]Ajz +pz (6.22a)
subject to Gz =§ (6.22b)
Hz<h (6.22¢)

where



151

z= (581, BNy ULy e ANy Y ey gy MY ,,uj{,_l) € Retnu)N+2na(N=1) (g 935)
P = blkdiag(we Ln, 1nu)5s 02nu(N—1)x2na(N-1)) (6.23b)
D = Weost (Ony (N—1), €5 Oy N-42n, (N—1)) (6.23c)

+ Wye (O(natna)ns Lon,(N-1)) (6.23d)
G= [Gz . éu] (6.23¢)
G, = [fr onx(N_l)W] + [onm(N_l)W A+] (6.23f)
G = [B™ O tpen + [Onaiv-1n BY] (6.23¢)
Gy = [In.v-1) = Inov-1) (6.23h)
A~ =blkdiag(A7,..., Ay_,) (6.230)
A* = blkdiag(AT,..., AL_) (6.23;)
B~ = blkdiag(By, ..., By_,) (6.23k)
B* = blkdiag(By,...,Bf_,) (6.231)
g=—(1,...,0n_1) (6.23m)
Hy=—[In-1® Ey Ony(v-1y5n ] + [Ony(v-1)5n In-1 @ B, (6.23n)
H= |:-E[y Ony(N—l)XnuN—i-an(N—l)] (6.230)
h = (W maxs - - > U maxs — U mins -+ - — U omins 020y (N—1)s €1 - -+, EN1) (6.23p)
We adopt the proportional-integral projected gradient (PIPG) algorithm [196] with ex-

trapolation (shown in Algorithm 3) to solve (6.22). The input to the algorithm consists of

maximum iterations jnax, the extrapolation parameter p, the step-size a, which depends on

the singular values of P and H , and the step-size ratio w, which is chosen heuristically to

balance the convergence rates of the primal and dual iterates.

Algorithm 3 can be customized to exploits the sparsity structure of the parameters (6.23)
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Algorithm 3 pipG

Inputs: juax, p, o, w

Initialize: (!, 771, x*
I B+ wa
2: fOI‘j = 1,.~~7jmax do

3: 2 T — (P4 p+ G + HT )

4 Balt e 5

5: Efi”?l — Z

6: g < max{f min, MIn{ Gk max, G }} k=1,...,N
7o ()T max{0, ()} k=1,...,N
8: (pg, )P+ max{0, (p;; )"} k=1,...,N
0wt e+ BGRAT — ) — )

10: vt max{0,x7 + B(H (227" — ¢7) — h)}

1: P (1= p)7 + paiTt
122 e (1= p)yp? + pw’*!
13 T (1= p)y?d + poit!
14: end for

Return: 2/, w/, v/
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of (6.22). The recursive calls to PIPG within SCP are warm-started with the primal-dual
solution from the previous subproblem to accelerate its convergence. See [79, 99, ] for

further details on custom, real-time implementations of PIPG.
6.3 6-DoF powered descent guidance

The 6-DoF rocket model is based on [181], with the inclusion of an independent torque control
input by means of reaction control thrusters (as shown in [99]), and with the aerodynamics
forces and moments ignored.

The system dynamics (6.1) and constraint function (6.2) are given by:

¢ = (m,rz,v7, 9708, WB) (6.24a)
¢ = (Ts:¥8) (6.24D)
— || T2
vz
F(£,¢) = LOr 5Ts + g1 (6.24c)
%Q(ws)(Iﬂ—B
| J5' (s x T — wp X Jsws + 75) |

mdry —m
—elT'rI
H’UZH% - UI’QIIHX

4||Hoqz 5|3 + (1 — o8 Opax)?

9(¢,¢) = wsl3 — w2, (6.24)

| Ts]|2 — €] T sec dmax
1 T5l2 — Tinax
—1Tsll2 + Tuin

H’YBH% _7r2nax

The numerical values for the parameters within the system dynamics (o, g7, J5, rr.58, Hp),
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boundary conditions (z;, zf), and constraint bounds (Mry, Yes: Umaxs @maxs Tmaxs Tmin) COITE-
spond to the baseline problem in [180]. Note that the non-differentiability of the constraint
functions for thrust magnitude bounds at Tz = 03 does not affect the linearization operations

within SCP in practice with an appropriate initial guess for the thrust vector.
6.4 GPU architecture and code implementation

6.4.1 QOverview

Loosely speaking, CPUs are designed to execute code serially. Consider the problem of
adding two vectors. A CPU is designed to add these two vectors by looping through the
elements of each vector and adding the corresponding elements. In contrast, GPUs have
many specialized hardware units that allow them to perform many floating point operations
in parallel. A GPU would add two vectors together by adding the corresponding elements
in parallel by assigning each scalar addition to a different compute thread.

In GPU programming, a single sequence of instructions is called a thread. Back to the
example of adding two vectors on a GPU, a single thread would execute a single scalar
addition. Threads in turn are organized into a grid of thread-blocks. In the vector addition
example, we would want to have the same number of threads as the number of elements in
each vector. To write programs for the GPU, NVIDIA provides the compute unified device
architecture (CUDA) platform, which is an extension of the C programming language.

CUDA enables the programmer to write special GPU functions called kernels, which, when
called, are executed a specified number of times in parallel. When the programmer writes a
kernel, they are specifying how a single thread should execute the given code; when calling
a kernel, the programmer specifies the number of threads per thread-block and the number
of thread-blocks in the grid. The product of these two numbers is the number of threads
being called. Each thread of execution has a unique identifier based on its thread-block index
within the grid and its thread index within the thread-block. The thread ID in a kernel is

an integer in [0, N), where N is the number of threads called. However, before performing
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computations on the GPU, we must first ensure that the data the kernel is operating on is
in GPU memory rather than in CPU memory. This typically requires the programmer to
allocate memory on the GPU to store this data, using the cudaMalloc() function, and to
then copy the data from the CPU to the GPU using the cudaMemcpy () function.

When the kernel is called, the thread-blocks are then distributed to streaming multi-
processors (SM), which contain a collection of CUDA cores. These CUDA cores execute the
threads within a thread-block. When a SM finishes executing all threads on a thread-block,
the GPU allocates it another thread-block.

In all of this, the programmer only has to worry about creating a grid of thread-blocks
when they call the kernel. The GPU is responsible for allocating thread-blocks to SMs, which
are in turn are responsible for allocating threads to CUDA cores. The thread hierarchy is
summarized by Figure 6.1.

As an example, consider the code in Listing 6.1. The first function is how one would
write a function to add two vectors on a CPU. The second function is how one would write
a CUDA kernel to add two vectors in parallel. When launching this kernel, each GPU thread
executes the code within the kernel in parallel. The first line in this kernel computes the
unique thread ID for the thread; subsequently this thread will perform one scalar addition
for the index that matches its thread ID. The main() function shows how to call the serial
version of this vector addition and how to call the CUDA kernel. We must first allocate the
memory for arrays a, b, and ¢ on the GPU and then copy the data in the arrays from the
CPU to the GPU. Finally, the kernel can be called with the desired grid size and thread-block

size.
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Figure 6.1: Thread hierarchy in the GPU
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/* Performs the vector addition ¢ = a + b serially, where all vectors have

N elements. */
void add_vector_serial (int* a, int* b, int* c, int N)

{

for(int i = 0; i < N; i++)
{
c[i] = alil + bl[il;
}
}
/* CUDA kernel to perform c¢c = a + b, where all vectors have N elements.
__global__ void add_vector_parallel(int* a, int* b, int* c, int N)
{
/* Get the ID of the thread executing this function. */
int thread_id = blockIdx.x*blockDim.x + threadIldx.x;
/* Safeguard if the kernel is launched with more threads than the
number of elements. */
if (i < N)
{
cl[i] = ali]l + blil;
}
}
int main ()
{
/* Declare pointers for arrays in CPU memory. x/
int* al[N];
int* b[N];
int* c[N];
/* Helper function to fill a and b with data. x/
initialize(a, b);
/* Declare pointers for arrays in GPU memory. */
int* d_a, d_b, d_c;
/* Allocate memory for arrays in GPU memory. x/
cudaMalloc ((void**) &d_a, N * sizeof (int));
cudaMalloc ((voidx**) &d_b, N * sizeof (int)));
cudaMalloc ((voidx**) &d_c, N * sizeof (int)));
/* Copy data in array from CPU to GPU memory. x/
cudaMemcpy(d_a, a, N * sizeof(int), cudaMemcpyHostToDevice);
cudaMemcpy(d_b, b, N * sizeof(int), cudaMemcpyHostToDevice);
cudaMemcpy(d_c, ¢, N * sizeof (int), cudaMemcpyHostToDevice);
/* Call serial addition function on CPU. */
add_vector_serial(a, b, c, N);
/* Call parallel addition kernel on GPU. x*/
add_vector_parallel<<<grid_size, block_size>>>(d_a, d_b, d_c, N);
}

*/

Listing 6.1: Code for serial (CPU) and parallelized (GPU) vector addition




158

6.4.2 Code Structure

The data transfer bandwidth between the CPU and the GPU is much slower than that
between the CUDA cores and the GPU memory. Thus to achieve peak performance, it is
important to minimize data transfer between the CPU and GPU. Consequently, we chose
the following execution model: create an array of problem instances with varying initial
conditions on the CPU, allocate the necessary memory on the GPU to store these problem
instances, copy the problem instance data to the GPU, launch a kernel that solves all of these
trajectory optimization problem instances on the GPU, and finally copy back the trajectories
from the GPU to the CPU. In this paradigm, we are assigning each thread one trajectory to
compute. Each thread is able to access the problem instance it needs to solve by indexing
into the array of problem data using its unique thread ID. Figure 6.2 shows the flow of data
in our implementation.

By taking this approach we only have to incur the costly overhead of CPU-GPU commu-
nication once when sending the problem instances to the GPU and once when copying the
computed trajectories back from the GPU.

A key difficulty with implementing this procedure on the GPU is the need to implement
all operations from scratch in CUDA, since we are unable to use off-the-shelf linear algebra
routines and convex optimization solvers. Therefore, all code necessary to solve for a tra-
jectory was implemented in cUDA, including Level 1, 2, and 3 BLAS operations and the

PIPG usom algorithm.

6.5 Numerical results

This section presents and analyzes Monte Carlo results for the 6-DoF powered-descent guid-
ance problem outlined in Section 6.3 using the solution procedure in Section 6.1. We then
compare the computation time between a serial CPU implementation and parallel GPU im-
plementation for Monte Carlo simulations of various sizes. All results were obtained on a

machine with an AMD Ryzen 9 7950X3D CPU and an NVIDIA RTX 3090 GPU.



159

GPU Thread

Initial Condition:

GPU Thread

CPU Memory PU Memory PU Memory; Output File

GPU Thread

Figure 6.2: Data flow between the CPU and the GPU

When conducting the Monte Carlo, we disperse the initial position according to the

following uniform distribution:

rz(0) ~ |U(3,6) (6.25)

For all simulations, we use the same weights, weost, Wiy, and wy,, defined in Equation 6.21a,
we set the maximum number of SCP iterations to 25, and we use 2500 PIPG iterations with
the same hyperparameters w and p for each subproblem solve. We find that SCP converges
within 25 iterations for all 256 of these trajectories, which is the first demonstration of
robustness to variations in initial conditions for SCP with PIPG as a subproblem solver.
Figures 6.3 and 6.4 show the trajectories obtained. An extensive Monte Carlo analysis of
the 6-DoF PDG problem is provided in [125].

Figure 6.5 depicts timing results for serial CPU and parallel GPU Monte Carlos for
varying Monte Carlo batch sizes and for various thread-block sizes. For the GPU simulations,
only the solve-time is reported since execution times for malloc and memcpy were an order
of magnitude smaller than the solve-time.

As mentioned in Section 6.4, calling a kernel requires two parameters: thread-block size
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Figure 6.3: Trajectories generated from 256 Monte Carlo runs
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Figure 6.4: Statistics from 256 Monte Carlo runs

and grid size, which is the number of thread-blocks in the grid. The product of these two
parameters dictates the number of threads launched. This gives users a choice in choosing
the thread-block and grid size when launching a kernel. For example, if we wanted to perform
a Monte Carlo with a batch size of 512, we could choose a thread-block size of 128 and grid

size of four or a thread-block size of 256 and grid size of two. Here, we perform Monte Carlo
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Figure 6.5: CPU and GPU Monte Carlo solve-times. GPU results are plotted for the indi-
cated thread-block sizes.

runs on the GPU with maximum thread-block sizes of 64, 128, and 256. For batch sizes
below the maximum thread-block size, we set the thread-block size to be the batch size, and
the grid size to one. For example, if we had a maximum thread-block size of 64 and were
conducting a Monte Carlo run with a batch size of four, we would set the thread-block size
to 4 and grid size to one. On the other hand, if we were conducting a Monte Carlo run with
a batch size of 128, we would set the thread-block size to 64 and the grid size to two.

From Figure 6.5, it is evident that the Monte Carlo run on the GPU is slower than that
on the CPU for small batch sizes, and faster for larger batch sizes, with a crossover point
roughly between 1024 and 2048 Monte Carlo runs. Since CPUs, unlike GPUs, are optimized
for serial tasks such as SCP, it is unsurprising that for smaller runs, the CPU is faster.
However, as the batch size increases, the GPU is able to leverage parallelism to provide
acceleration. In other words, although the GPU takes longer than the CPU to solve a single
SCP problem, it is able to accelerate the Monte Carlo run when given a large number of
problems to solve.

The log-log timing plot for the CPU implementation, shown in Figure 6.5a, is linear with
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a constant slope, as expected, since doubling the number of runs will double the solve-time
for a serial implementation. However, the timing plots for the GPU exhibit three phases as
the batch size increases. Initially, the solve-time increases until the maximum block size is
reached, then the solve-time stays relatively constant, and finally, it increases again. In the
first phase, since all threads are in a single thread-block, all the computations for the Monte
Carlo are being performed by a single streaming multiprocessor. After the number of runs
exceeds the maximum size of the thread-block, a second thread-block is populated, which
allows a second streaming multiprocessor to compute these trajectories in parallel with the
first thread-block. This results in the second phase, wherein the solve-time curve is flat. The
number of runs after which the curve flattens out is dictated by the maximum thread-block
size. The third phase, where increasing the number of runs increases the solve-time again,
is likely due to the GPU not being able to allocate any more streaming multiprocessors to

the thread-blocks, forcing them to execute thread-blocks serially.
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Chapter 7
CONSTRAINT PRECONDITIONING

Solving optimal control problems in real-time is at the heart of model predictive control
(MPC). This control scheme is optimization-based, where we solve a fixed time horizon
optimal control problem recursively to generate state and control trajectories which satisfy
relevant system constraints while minimizing a predefined cost function.

In this chapter, we consider optimal control problems in the form

1
minimize §zTPz +q'z (7.1a)
subject to Hz—g=0 (7.1b)
zeD (7.1c)

where H € R™*" m <n, and P > 0. Constraint 7.1b contains the linear dynamics and set
D contains state and control constraints. We assume that set I is the Cartesian product of
sets that have closed-form projections, such as balls, boxes, second-order cones, half-spaces,
and the intersection of a ball and second-order cone [15, 17]. This assumption applies to
many typical state and control constraints in MPC [98].

First-order optimization algorithms are popular for solving MPC problems due to their
ability to warm-start from any prescribed solution (e.g., one that can be obtained from
the previous solution in a recursive MPC scheme), which greatly reduces solve-times and
per-iteration computational cost. Unlike second-order methods, first-order methods do not
require expensive matrix factorizations, making them attractive for resource constrained

embedded systems [13].
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However, ill-conditioned optimization problems degrade the performance of methods in
this class. Consequently, first-order optimization algorithms use preconditioning and param-
eter selection to improve their convergence behavior. Preconditioning transforms the given
optimization problem into an equivalent problem which is able to be solved in fewer itera-
tions. This is achieved by performing a change of variables or transforming the constraints of
the problem to reduce the condition number of a matrix related to the optimization problem,
such as the KKT matrix. Whereas preconditioning modifies the given optimization problem,
parameter selection modifies the optimization algorithm itself. Parameter selection involves
choosing parameters of an optimization algorithm such as step-size or relaxation parameters
for fastest convergence [35].

Modified Ruiz equilibriation [177] and the hypersphere preconditioner [99] are two existing
preconditioning techniques for first-order primal-dual algorithms. These preconditioners aim
to reduce the condition number of the KKT matrix. Both perform a change of variables
and additionally, modified Ruiz equilibriation scales the constraints with a diagonal matrix.
These two preconditioner transform set DD in Problem 7.1 since they both employ a change
of variables. This requires special structure in the matrices defining the change of variables
in order to preserve closed-form projections onto D, which is needed to solve Problem 7.1 by
using Proportional-Integral Projected Gradient (PIPG), a first-order primal-dual optimization
algorithm [195, , ].

Our first contribution is the development of the QR preconditioner. This proposed pre-
conditioner does not perform a change of variables, meaning set D is not transformed and
consequently closed-form projections are preserved. Instead, the QR preconditioner trans-
forms the equality constraints by scaling them with a triangular matrix to minimize the
condition number of the KKT matrix. Since a triangular matrix is used for transforming
the constraints as opposed to a diagonal matrix, the QR preconditioner has more degrees
of freedom to transform the constraints than modified Ruiz equilibriation. The QR pre-
conditioner requires a matrix factorization to perform this constraint transformation, unlike

the aforementioned preconditioners, making it more computationally expensive. However,
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in our numerical examples the factorization time was a small percentage of the overall solve-
time. Additionally, in settings requiring the solution of multiple optimization problems with
identical equality constraints, such as quasi-convex optimization and MPC, performing the
preconditioning offline and solving the preconditioned problem online will result in improved
real-time performance.

Our second contribution is a step-size selection heuristic for PIPG. For fastest convergence,
PIPG requires carefully selecting step sizes, a process that is currently manually tuned. We
eliminate manual tuning of step-sizes by introducing a step-size selection heuristic based on

choosing step-sizes to minimize the upper bound on the primal-dual gap.

7.0.1 Related work

In this section we will discuss two existing preconditioning methods.

The hypersphere preconditioner [99] performs a change of variables to make the Hessian
of the objective function some positive multiple of the identity matrix, making the objective
function perfectly conditioned. This preconditioner avoids transforming the constraints. It
is applicable to PIPG when the Hessian of the objective function is diagonal or has an easy to
compute Cholesky factorization, and the change of variables induced by the preconditioner
preserves the ability to project onto set D in closed-form.

Modified Ruiz equilibration [177] preconditions the objective function and transforms the
constraints by performing a linear change of variables with a diagonal matrix and scaling the
constraints with a diagonal matrix to make the preconditioned KK'T matrix have equal row
and column norms, a heuristic for good conditioning. Similar to the hypersphere precondi-
tioner, to be applicable to PIPG the change of variables induced must preserve the ability to

project onto set D in closed-form.

7.0.2 Notation

We denote the n x 1 vector of zeros as 0,,, the m x n matrix of zeros as 0,,x,, the n x n

identity matrix as I,,, the Euclidean projection of point z onto the convex set D as Ilp[z],
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the concatenation of vectors u and v as (u,v), the vector formed from the i*® through the

j™ component of z as 2%, and the Euclidean norm of a vector z as ||z|| := V2T 2.

7.1 Proportional-integral projected gradient

Proportional-Integral Projected Gradient (PIPG), shown in Algorithm 4, is a first-order
primal-dual conic optimization algorithm capable of infeasibility detection. This algorithm
is specialized to handle common constraints sets which arise in optimal control problems,
such as boxes, balls, and second-order cones, via closed-form projections [195, , ].
PIPG has been demonstrated to be faster than many state-of-the art optimization solvers
such as ECOS, MOSEK, GUROBI, and 0sQP [196]. It has also been extensively applied to
trajectory optimization problems including three-degree-of-freedom (DoF) powered-descent
guidance and has been used as a subproblem solver within sequential convex programming
for multi-phase powered-descent guidance, 6-DoF powered-descent-guidance, and spacecraft

rendezvous problems [47, 50, 79, 99, 101].

Algorithm 4 pipG

Require: k., o, [,z € D, vl
Ensure: 2*.
1: for k=1,2,... kp.x — 1 do
2 whtl =k 4 B(HZF — g)
3: 2 = H]D)[Zk - Oé(PZk +q+ Hka—H)]
Ay TR
5: end for

In Algorithm 4, 2* and w* are the iterates of the primal and dual variables respectively.
Thus, we refer to o and S as the primal and dual step-sizes. For the convergence results to

hold for PIPG, the primal and dual step-sizes must satisfy the algebraic relationship

(Amax +08) < 1.

We parameterize this family of step-sizes with v > 0 as



167

1

T — = 7.2
“ Amax + 7Y b (7.2)

SR

where A\pax is the maximum eigenvalue of P and ¢ is the maximum eigenvalue of H'H. In
practice we choose « to be equal to the upper bound and do not observe convergence issues.

We will discuss how to choose v in Section 7.3.
7.2 QR preconditioner

In this section, we derive and provide a geometric interpretation for the QR preconditioner.

7.2.1 Derwation

First, we derive a preconditioner that only modifies Constraint 7.1b of Problem 7.1 and
minimizes the condition number of the KK'T matrix. First, we need the following assumptions

on the constraint matrix H and the Hessian of the objective function P.
Assumption 1. H € R™*" has full row rank.

Assumption 2. P is positive definite and has mazimum and minimum eigenvalues Apax

and Apin respectively.

The KKT conditions of Problem 7.1 are as follows

P HT z* —Np(z*
L] e TR (7.3)
H Omxm w* —g {Om}
K

where z* and w* are the optimal primal and dual solutions respectively and Np(2*) is the
normal cone of set D at z*. We denote the KKT matrix as K.
If Assumptions 1 and 2 hold and oy, and oy, are the maximum and minimum singular

values of H, the eigenvalues of K lie in the following set [22]

ANK)cZ Uzt
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where

1

I = |:§ <)\min - )\r2nin + 40r211ax> )
1
2

<)\max - )‘?nax + 4012111n):|

1
I+ == |:>\mina 5 <)\max + /\ilax + 401211&X>:| :

The spectral condition number of K is defined as [22]

~ max [A(K)]
AR = T

The condition number quantifies the difficulty in terms of the number of iterations to
solve Equation 7.3 with an iterative method. Thus, a smaller condition number for IC results
in faster convergence for PIPG which solves the KKT conditions in Equation 7.3.

The upper bound for the Z" interval is larger in magnitude than the lower bound for the
7~ interval since Apax = Amin > 0 and 0. > 0 by Assumptions 1 and 2. We can construct

an upper bound on the condition number of I as follows

)\max + )\r2nax + 4Ur2nax
V Adax T 4012nin — Amax ’

/\max + A?nax + 4o-?nax
2)\min ‘

k(K) < max (

Lemma 14. The singular values for H which minimize the condition number of the KKT

‘ o . 2
Matric are Omin = Omax = \/ AmaxAmin T Aoy

Proof. We will first prove by contradiction that o, and op,;, which minimize the bound on

the condition number given by Equation 7.4 must be equal.
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Suppose that we have o, < 0max Which minimize the bound on the condition number.
Both arguments of the max operator are monotonically increasing in o,.y, S0 we can reduce
Omax and further reduce the bound on the condition number which produced a contradiction.

Since opmin = Omax at optimality, the first argument of the max operator and its derivative

are

)\max + )\?nax + 40’?[1&)(

h(amax) -
V /\iw,x + 4O—r2nax - )\max
h/( ) _8)\max0max >\12nax + 40121'1ax
Omax) =

5 -
( V /\?nax + 4Jr2nax - /\max>

Since Apax > 0 and opax > 0, A (0max) is negative and thus h(omay) is monotonically
decreasing in op.x.

It is also clear that the second argument of the max operator in Equation 7.4 is mono-
tonically increasing in o,.¢. To minimize the maximum of a monotonically decreasing and
monotonically increasing function, we must set the two arguments equal. By setting the ar-
guments equal we obtain the minimum and maximum singular values of H which minimize

the KKT condition number

_ _ 2
Omax = Omin — \/)\max)\min + >\min'

]

If HH" = (AminAmax + A2, )1, then the singular values of H are \/ AmaxAmin + A2
which minimize the condition number of the KKT matrix by Lemma 14. For HH' to be
some scaling of the identity matrix, it is sufficient for the rows of H to be orthogonal. To do
this, we will apply a QR factorization to H ', and transform Constraint 7.1b into Constraint

7.5¢ as follows
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Hz—g=0 (7.5a)
= R'Q'z—g=0 (7.5Db)
=Q'z-R "g=0 (7.5¢)
=nQ'z—R Tg)=0 (7.5d)
= Hz—§=0 (7.5€)

where H' = QR is the thin or economy QR factorization of HT, H = nQ", g =nR g,
and Assumption 1 ensures invertibility of R" [39]. Note that Assumption 1 is equivalent to
requiring that linear independence constraint qualification (LICQ) of Constraint 7.1b holds

for Problem 7.1 [113]. We can arbitrarily scale the constraint in Equation 7.5d by some

n > 0 and the rows of H will still be orthogonal. If we choose n = \/ AmaxAmin + A2, then

HHT = (AminAmax + A2 ) [, thus minimizing the condition number of the KKT matrix.

min

The QR preconditioner is given by Algorithm 5.

Algorithm 5 QR Preconditioner

1: function QR_PRECONDITIONER(H, ¢, Amax, Amin)

S W S

3 Q,R=qr(H") > economy QR factorization
4: H = nQT
5

6
T

g=nRTg
return H, g
end function

7.2.2  Geometric Interpretation

To interpret this preconditioner geometrically, we will consider the simplified problem of
using PIPG to minimize a bivariate quadratic function subject to two equality constraints

with nearly parallel normal vectors. Figures 7.1 and 7.2 depict the level curves of the objective
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function and the PIPG iterates before and after the QR preconditioner is applied.

PIPG Iterates

1.5

—O— Iterates
—— Equality constraints
*  Optimum

1.0 1

0.5+

0.0

—0.51

—1.0 1

—1.5

—20 -15 -10 -05 00 05 10 15 20

Figure 7.1: PIPG iterates with nearly parallel equality constraints
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Figure 7.2: PIPG iterates after applying QR preconditioner

We can see that in Figure 7.1, PIPG takes several iterations to converge. Notice that Line

3 of PIPG takes a step in the negative gradient direction of the objective function in order
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to minimize the objective, then takes a step in a direction given by a linear combination
of the rows of H (the H'w**! term) to satisfy Constraint 7.1b. The rows of H are the
normal vectors of the hyperplanes which define the equality constraints in Problem 7.1. If
we have two equality constraints with nearly parallel hyperplane normals (as in Figure 7.1),
we require smaller coefficients in w**! for the linear combination of the hyperplane normals,
given by H "wF*!, to move the iterates in a direction nearly parallel to hyperplane normals
(up and to the right in Figure 7.1), but require large coefficients for the iterates to move in
a direction nearly orthogonal to the hyperplane normals (down and to the right in Figure
7.1). The coefficients of this linear combination are given by our current iterate of the dual

k+1 for the iterates to move nearly orthogonal to the

variables w**1. To get large enough w
hyperplane normals, we must wait for the integrator given by Line 2 to accumulate enough
error, resulting in slow convergence.

The QR preconditioner transforms the equality constraints given by Equation 7.1b to a
equivalent set of equality constraints with the same feasible set as the original constraints,
but one whose hyperplane normal vectors are all orthogonal and of the same length, making

it easy for iterates to move in all directions. After applying the QR preconditioner, we can

see the resulting iterates in Figure 7.2 where the optimum is achieved in far fewer iterations.

7.3 Parameter selection

In this section we will discuss how to select the step-sizes o and  to minimize the upper
bound on the primal-dual gap for the iterates of PIPG.

For convergence of PIPG, the primal and dual step-sizes must satisfy the relationship

A + 08) < 1 (7.6)

where o and [ are the primal and dual step-sizes respectively, Apax is the maximum eigen-
value of P, and o is the maximum eigenvalue of H " H.

There are infinite choices for @ and S which satisfy the above relationship, and it has
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been observed that for fastest convergence a “proper” choice for a and S must be made.
From Proposition 1 of [197], we see that zero primal-dual gap is a sufficient condition for
optimality of Problem 7.1. Thus, we propose to choose step-sizes which minimize the upper
bound on the primal-dual gap.

In [196], the authors introduce a positive, scalar parameter, referred to as w, to select an
a and 8 which satisfy the relationship given by Equation 7.6. We introduce a different scalar
parameter v, to choose an « and [ using Equation 7.2. Using ~ instead of the previously
introduced w makes the analysis in this section tractable.

Theorem 1 from [197] provides an upper bound on the primal-dual gap for Algorithm 4.

We will rewrite this theorem to explicitly show dependence on ~

L(ZF w*) — L(*,0") < @ (7.7)
)\max+7 1 *[12 g 1 * (|2
O Al e o el (7.8)
1 1
h EZZJH’ aF = Ezwjﬂ
Jj=1 Jj=1

where {27, w’ }le are generated by Algorithm 4, (2*, w*) is the optimal primal-dual solution
of Problem 7.1, and £(z,w) = 32" Pz+q"z+w' (Hz— g) is the Lagrangian of Problem 7.1.
Both v and ¢ are defined to be positive real numbers. Under this assumption, we see that

f(v) given by Equation 7.8 is convex in v and has a minimizer given by

Since 7* is a function of the optimal primal-dual solution (z*,w*), we cannot directly
choose the optimal step-sizes. Instead, we suggest a heuristic where for every fixed number
of iterations of PIPG, we pick the value for v which minimizes an approximation of Equation

7.8, where the optimal primal-dual solution, (z*, w*), is replaced with our current iterates of
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the primal and dual variables, (2*,w*). The value of v which minimizes this approximation

of Equation 7.8 after the k" iteration of PIPG is

lv! — w]

3 = Vo

l21 = 2*|1°
The proposed step-size selection algorithm is given by Algorithm 6. We can combine
Algorithms 4, 5, and 6 into Algorithm 7 to show how our proposed algorithms should be
used within PIPG.
Although choosing v to minimize the upper bound on the primal-dual gap given by
Equation 7.7 only guarantees improving the worst-case performance of PIPG, we observe

improved convergence in our numerical results.

Algorithm 6 Parameter selection for PIPG

function STEP_SELECTION(z!, v!, 2%, w*, Apax, 0)

1:

2 4= (| — 0t — )
3 a = 1/()\max + "A)/*)

4 B=40
5
6:

return «, 3
end function

Algorithm 7 pipG w/ QR Preconditioner and Parameter Selection

Require: kmam kupdatey Ulinit ﬁinit; Zl S D7 Ulu H? g.
Ensure: z*.

1: ﬁ, § = QR_PRECONDITIONER(H, ¢, Amax; Amin)
2« 5 = it ﬁinit

3: for k=1,2,... , knax — 1 do
if mod(k, kupdate) == 0 then

«, 3 = STEP_SELECTION(z!, v

end if
whtl = ok JrB(lﬁIZk —§)
Skl HD[zk _ ozA(sz +q+ [f[ka—O—l)]
9: oMl =kt 4 BH (ML — 2F)
10: end for

1 k .,k
2, W 7/\max>a)
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7.4 Numerical results

In this section, we assess the performance of Algorithms 5 and 6 on two MPC problems:

regulation of an oscillating mass-spring system and quadrotor obstacle avoidance, a quadratic
program (QP) and a second-order cone program (SOCP) respectively. We first define the two
problems, discuss implementation details of our algorithms, and finally present the numerical

results.

7.4.1 Oscillating Mass Control

The first MPC problem considers regulation of a one-dimensional mass-spring system to
equilibrium by applying forces to each of the masses [190]. In this problem there are N
masses connected to their neighbors by springs with the masses at the end being connected
to a wall with springs.

The state at time-step t is given by z; = (r;,v;), where r, € RY is the displacement of
the masses from their respective equilibrium positions, and v, € R" is the velocity of the
masses. The control at time-step t, u, € RY, is the input forces acting on each of the N
masses. We constrain the displacement of the masses (7.9d), the speed of the masses (7.9¢),
and the force applied to each mass (7.9f). We discretize the dynamics with a zero-order-hold

and sample-time of At and can write the problem as follows

T T—1
migﬁigiize % (; r] Qury + ; utTRtut> (7.9a)
subject to w4y = Axy + By,  t e [1,T —1] (7.9b)
T1 = Tinit (7.9¢)
17t o0 < Tmax tell,T) (7.9d)
1]l co < Vrmax tel,T] 7.9¢)
)

(
|t |loo < Umax te[l,T—1]. (7.9f
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All the masses have unit mass, all the springs have unit spring constant, the following

non-dimensional parameters are used,

T =30, At=0.1, N =38,
T = 0.75, Vmax = 0.75, Upax = 0.5

Qt = blkdlag([]\[, 5IN)> Rt == IN.

Each component of the initial state x;,; is drawn from the uniform distribution on the
interval [-0.5, 0.5].

The dynamics given by Equation 7.9b can be written as Constraint 7.1b with appropriate
choice of H and g. Constraints 7.9d, 7.9¢e, and 7.9f can be written as Constraint 7.1c, where

D is the Cartesian product of boxes.

7.4.2  Quadrotor Path Planning

The second MPC problem considered is the three-degree-of-freedom quadrotor path planning
problem with obstacle avoidance. The state at time-step t is defined as z; = (ry,v;), where
r, € R? is the position of the quadrotor, and v, € R? is the velocity of the quadrotor. The
control at time t, u; € R3, is the thrust produced by the quadrotor’s propellers.

Unlike the oscillating masses regulation problem, where the goal is to regulate all the
masses to their equilibrium positions, the objective in this problem is to track a reference
trajectory given by z; which linearly interpolates the initial state x;,;; and the desired target
state Tiarger. However, this reference trajectory intersects the obstacle, forcing the optimizer
to compute a trajectory that avoids that obstacle. The dynamics of this system are given by
a double integrator in three dimensions subject to gravity. These dynamics are discretized

with a zero-order-hold to obtain the discrete-time linear system given by 7.10b, where
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1|/
mol (AL

02x1
—(1/2)g(At)?
02><1

—g(At)

g = 9.8 is the non-dimensional gravitational acceleration and m is the mass of the quadrotor.

We impose two control constraints: an upper bound on thrust (7.10f) and a thrust
pointing constraint (7.10g). The thrust pointing constraint is a proxy to constrain the
tilt angle of the quadrotor, since we are using a three-degree-of-freedom model and cannot
directly constrain the quadrotor’s tilt.

A cylindrical keep-out zone can be written as
lry® = rella > p

where . is the position of the center of the obstacle and p is the radius of the obstacle. This
constraint, however, is nonconvex.
This nonconvex keep-out-zone constraint can be replaced with a convex rotating half-

space constraint, as in [195]. This rotating half-space constraint is written as 7.10d with

a; = [cos(ypt + @) — sin(ypt + ¢)]"

-
bp=—a,r.—p

where 1) is the rotation rate of the half-space and ¢ is the initial phase offset of the half-space.
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This problem can be written as

mlgtlrurtuze — ( T (zy — &) Qu(y — 3y) (7.10a)
o -1
+ Z uTRtut)
t=1
subject to xyy1 = Axy + Buy + ¢ tel,T—1] (7.10b)
T = Tinit (7.10c)
a/ e < by te 1,7 (7.10d)
|2 < Vmax te1,T] (7.10e)
lut]l2 < Umax tel,T—1] (7.10f)
08 (Omax) ||te]|2 < u, e tel, T —1] (7.10g)

where e = [0 0 1]". Additionally, the following non-dimensional parameters are used

T=30, At=02 m=3, ¢ =—
¢=—n/4, r.=1[2525]", p=0.25
Vmax = 1.9, Umax = 39, Omax = 0.1745
Q. = blkdiag (213, I3), R, = 0.5I5

Zinit = [005 00 0], Zpaget = [555000).

With proper choice for H and g, we can rewrite the dynamics given by Constraint 7.10b
in the form of Constraint 7.1b. Constraint 7.10d represents a half-space, Constraint 7.10e
represents a ball, and Constraints 7.10f and 7.10g represent the intersection of a ball and a
second-order cone. We can write all of these constraints as Constraint 7.1c, where D is the

Cartesian product of the aforementioned sets.
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7.4.3 Implementation Details

We generate our numerical results using MATLAB. From Algorithm 5, we determine that
the maximum eigenvalue of H' H is n?. If Algorithm 5 is not used, we use power iteration
to compute the maximum eigenvalue of H'H [39]. To compute maximum and minimum
eigenvalues of P, A\pna.x and Ay, respectively, we simply take the maximum and minimum
diagonal elements of P since P is diagonal in our examples. For general P > 0, we can
compute the maximum eigenvalue with power iteration and minimum eigenvalue with either
shifted power iteration or inverse power iteration. In all examples, we use kypdate = 25 when
testing Algorithm 6. When running examples without using Algorithm 6, we set v = o
which makes the dual step-size = 1 consistent with the implementation in [197]. We run
the oscillating-mass problem 50 times with 50 different initial conditions drawn from the
distribution described in the previous section.

Figures 7.3 and 7.4 depict the sparsity pattern of H for MPC problems before and after
applying the QR preconditioner. Applying the preconditioner results in significant fill-in, i.e.,
the introduction of nonzero elements in a sparse matrix where they did not exist previously.
In the PIPG implementation, H is stored as a sparse matrix when the QR preconditioner
is not applied, but H is stored as a dense matrix when the preconditioner is applied. This
choice of data structure results in faster matrix-vector multiplication for each case. Without
preconditioning, the percentage of nonzero elements in H is small enough that sparse ma-
trix vector multiplication is faster than dense matrix vector multiplication. However, after
applying the QR preconditioner, H contains too high of a percentage of nonzero elements
for sparse matrix-vector multiplication to be faster than dense matrix-vector multiplication.
Consequently, the QR preconditioner is limited to problems and embedded systems where the
extra storage requirement for the preconditioned, dense H matrix is not restrictive. Before
preconditioning, when we store H for both problems in compressed sparse column (CSC),
it takes roughly 187 kilobytes for the oscillating masses problem and 11.6 kilobytes for the

quadrotor problem. After applying our preconditioner and storing the preconditioned matrix
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as a dense matrix, it takes roughly 2581 kilobytes for the oscillating masses problem and 363
kilobytes of storage for the quadrotor problem. As the problem size increases, the storage

requirements for the dense matrix become more demanding.

Figure 7.3: Sparsity plot of H for the oscillating mass problem

Figure 7.4: Sparsity plot of H for the oscillating mass problem
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7.4.4 Analysis of results

We assess the effect of the our algorithms using two metrics: relative distance to optimum

and feasibility as defined below

eITOT gt = 12 = 2l EITOT fons = 12" ~ glleo

t— T T TR

. 2%l - 2%l

where z* is the solution to 7.1 computed by Gurobi [93] using YALMIP [120]. We terminate

PIPG when the relative error, error,y, decreases below 1.0 x 107*, indicating the solution has
a relative error of 0.01%.

For the oscillating masses problem, we test the QR preconditioner against modified Ruiz
equilibration. For this problem, modified Ruiz equilibration preserves closed-form projection
onto set D since set D is a box before and after transformation. Additionally, we test the hy-
persphere preconditioner (HS) on the quadrotor problem, since in this case, the transformed
set DD still has a closed-form projection. If our state cost matrix ¢); penalized each component
of velocity by different weights or the control cost matrix R; penalized each component of
thrust with different weights, the HS preconditioner will induce a change of variables which
will result in the transformed set D containing ellipsoids and no longer having closed-forms
projections. The hypersphere preconditioner involves multiplying the preconditioned cost
function by some A > 0 similar to how the QR preconditioner multiplies the equality con-
straints by some 7 > 0, however the authors do not provide a way of selecting this A [99].
In our numerical results, we choose the A for the hypersphere preconditioner such that the
condition number of the KK'T matrix given by Equation 7.4 is minimized.

Figure 7.5 depicts the distribution of the absolute value of the eigenvalues for the KKT
matrix of the oscillating masses problem and quadrotor problem before and after applying the
QR preconditioner. Applying the preconditioner shrinks the interval on which the eigenvalues
are distributed, making the maximum and minimum eigenvalues closer in magnitude to each
other, reducing the condition number of the KKT matrix.

Figures 7.6 and 7.7 show that the QR preconditioner and the step-size heuristic cause
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PIPG to converge in fewer iterations when applied independently. When applied together,
we observed a further reduction in iteration count. Applying the QR preconditioner also
results in fewer iterations to convergence than applying modified Ruiz equilibration or the
hypersphere preconditioner. Note that for the oscillating-mass problem, PIPG without step-
selection and the QR preconditioner requires many more than 1500 iterations to meet our
stopping criteria, but we only plotted the first 1500 iterations for clarity.

Tables 7.1 and 7.2 contain the solve-times for our numerical examples. The solve-times in
the table do not include preconditioning time for any of the preconditioners, since for MPC
problems we can perform the preconditioning offline and only have to incur cost of solving
the preconditioned problem. We observe that the time to perform the QR preconditioning
was very small for the problems we considered: 11.9 and 1.75 milliseconds for the oscillating
masses problem and quadrotor problem respectively. Our two proposed algorithms result in
solve-time reductions, and we see that the QR preconditioner is more effective at reducing

solve-times than modified Ruiz equilibration and the hypersphere preconditioner.

Masses w/o QR{ ®@ee e»® coesm e
Masses w/ QR A D a» o )
Quad w/o QR e 0 00 © ® OONNSHEEEENEED
Quad. w/ QR 1 emm oo

103 10-2 10-! 100 10!
MK

Figure 7.5: Eigenvalue distribution of the KK'T matrix for the oscillating masses and quadro-
tor problems with and without applying the QR preconditioner
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Figure 7.7: erroryy (left) and errorge,s (right) for the quadrotor problem
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Table 7.1: Average solve-time in milliseconds over 50 runs for the oscillating masses problem



Without Precond. | With HS | With QR
Without Step Select. | 226.92 169.50 93.68
With Step Select. 114.91 91.80 62.04
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Table 7.2: Average solve-time in milliseconds over 100 runs for the quadcopter problem
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Chapter 8
REFLECTIONS AND FUTURE DIRECTIONS

This chapter reflects honestly on the technical content, strengths, weaknesses, and future

directions of each chapter of this thesis.
8.1 QOCO and QOCOGEN

The main strengths of QOCO are that it is fast on small- to medium-sized problems, robust
to ill-conditioned problems, and it is easy to use since it can be called from cvxpy and
CVXPYGEN.

The main limitation of QOCO is that it does not have infeasibility detection. When I
developed the solver, the intended use case was solving subproblems in sequential convex
programming, which are always feasible [126]. However, this lack of infeasibility detection
prevents QOCO from being a general-purpose solver. Additionally, QOCO can only handle
SOCPs and not SDPs or exponential and power cones.

With infeasibility detection and support for additional cones, QOCO would closely resem-
ble CLARABEL, differing mainly in the implementation language (C rather than Rust) and
achieving slightly faster solve times, as shown in the benchmarks of Section 3.5. In this sense,
QOCO’s value lies less in its novelty and more in providing a clean C-based implementation
of the primal-dual IPM for quadratic objective SOCPs.

The novelty of this work is QOCOGEN, the first open-source structure-exploiting custom
solver generator for SOCPs. The main strengths of QOCOGEN are the speedups it achieves
on small problems, its robustness on ill-conditioned problems, and its applicability to general
sparsity patterns. It is also easy to use through its integration with CVXPYGEN, and the

generated solvers are library-free with only static memory allocations, making them suitable
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for deployment on embedded systems.

The main limitation of QOCOGEN is that the custom linear algebra responsible for its
speed also causes code generation and compile times to grow rapidly with problem size,
which limits its applicability to small problems.

A promising direction for future work is to develop structure-exploiting techniques that
accelerate IPMs without requiring excessive code generation and compile times while being
applicable to various problem structures. The methods in [158, | target optimal control
and multi-stage problems and replace the generic sparse factorization with specialized dense
linear algebra routines that exploit the structure of multi-stage KKT systems. The limitation
is that these methods only apply to problems with a specific structure. I think the most
interesting direction is a generalization of these techniques to problems with arbitrary sparsity
patterns. One approach is to compute a permutation of the KKT system that produces dense
blocks, then factor using dense operations. Whether such a permutation can always be found
efficiently is an open question, but if it can, it would provide solve time speedups without
excessive code generation and compile times, while retaining the general applicability of

QOCOGEN to arbitrary sparsity patterns.
8.2 GPU acceleration for QOCO

The strength of Q0C0’s GPU backend is that it enables QOCO to solve much larger problems
than a CPU-based IPM implementation can handle, achieving up to a 50x speedup over the
CPU backend on large problems. The modular backend abstraction allows the CPU and
GPU backends to share a single codebase, making it easy for users to switch between them
and making code maintenance easier.

The main limitation is that the scalability is still constrained by the sparse direct factor-
ization, which can introduce significant fill-in, increasing memory usage and causing out-of-
memory errors on the GPU for large problems. Instead of using a sparse direct factorization,
an indirect method such as preconditioned conjugate gradient (PCG) can be used to solve

a condensed KKT system. While this method avoids fill-in and keeps memory usage low,
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the condensed KKT system becomes increasingly ill-conditioned as the IPM approaches the
solution, causing PCG iteration counts to grow and slowing down the solver [191].

A promising direction for increasing scalability without the drawbacks of indirect methods
is to develop a distributed implementation of QOCO that performs the matrix factorization
across multiple GPUs or multiple computers, storing the factor across multiple machines.
This approach would allow the IPM to scale to problems whose factors exceed the mem-
ory of a single machine or single GPU. The cuDSS library [1] supports multi-GPU matrix
factorizations and the MUMPS library [8] allows distributed factorizations across multiple
computers.

Even a distributed implementation would eventually hit the scaling limits of sparse direct

factorization, at which point operator-splitting methods become the only viable option.
8.3 Fast Douglas—Rachford splitting

This chapter presents Fast Douglas—Rachford splitting (FDR), an accelerated operator-
splitting algorithm for strongly-convex composite optimization. FDR improves the leading
constant in the worst-case O(1/N?) convergence rate by a factor of four over the previously
best known methods. We also provide a lower bound construction that matches FDR’s
O(1/N?) asymptotic rate and its leading constant. A gap remains in the higher-order terms
between FDR’s convergence rate and the lower bound. We conjecture that FDR is optimal
rather than the lower bound being tight. Closing this gap by finding a tighter lower bound
is the most interesting open question raised by this work.

FDR is accelerated in the sense that its worst-case convergence rate is better than that
of Douglas—Rachford splitting (DRS), but in practice accelerated algorithms are not uni-
versally faster than their unaccelerated variants [166, Chapter 12]. Characterizing the class
of problems on which FDR outperforms DRS in practice is an interesting open question.
A second limitation is that FDR, like many accelerated methods for strongly-convex mini-
mization, requires knowledge of the strong-convexity constant, which is rarely available in

practice. Developing a variant of FDR that does not require this knowledge, potentially by
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using adaptive restart strategies [110], is a natural direction for future work.
8.4 GPU-accelerated batch sequential convex programming

We present a GPU-accelerated batch solver for nonconvex trajectory optimization problems
that implements the SCP algorithm. This enables fast Monte Carlo analysis and fast multi-
start methods where multiple initial guesses are used to generate multiple trajectories and
the best is selected. To our knowledge, this was the first GPU implementation of SCP, and
the software is open-source and available in the SCVXGEN package [102]. Our results show
that these batch solves are about twice as fast as a serial implementation when batch sizes
of over 2048 are used.

The main drawback of this design is that it treats the GPU like a CPU. Each GPU
thread is given a full nonconvex problem to solve, but the SCP algorithm requires significant
control flow, whereas a GPU is optimized for massive parallelism of floating point operations.
A better design would run a single SCP instance that contains the entire batch, where
the dominant per-iteration operations (discretization and convex subproblem solution) are
parallelized on the GPU. This design exposes the GPU to large, regular blocks of floating-

point work rather than serial code with frequent branching.
8.5 Constraint preconditioning

This chapter observes that ill-conditioning can occur not only in the objective function but
also in the equality constraints, and proposes a preconditioner that reduces the condition
number of the equality constraint matrix to exactly 1. Applied to the PIPG algorithm, the
preconditioner measurably accelerates convergence on problems with nearly-parallel equality
constraints.

The biggest drawback of this preconditioner is that it introduces a significant amount of
fill-in to the equality constraint matrix. This limits the preconditioner to small optimization
problems, even though it would be most effective for operator-splitting methods, which are

most useful for large optimization problems. One useful extension could be a preconditioner
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that reduces the condition number of the equality constraints rather than making it unity,
while preserving the sparsity pattern.

The preconditioner in this chapter was applied only to PIPG, but it should work for any
operator-splitting algorithm for linearly constrained problems, including PDHG [15] (which
is equivalent to PIPG in this setting [197]). A formal characterization of which algorithms
benefit and under what conditions is an open question. Similarly, the analytical link between
constraint preconditioning and the convergence rate of operator-splitting methods was not
established in this work. In the equality-constrained case, this connection is clear. The
algorithm is a fixed-point iteration of a linear operator, and reducing the condition number
of the equality constraint matrix reduces the operator’s contraction factor. In the presence
of inequality constraints, the connection is more subtle, but the fixed-point operator of an
operator-splitting method is piecewise linear, and near the optimal solution, it is linear on
the piece corresponding to the optimal active set [1241]. Reducing the condition number
of the combined equality and active inequality constraints should improve the local linear
convergence rate. Building on this observation, a practical extension of the preconditioner
to inequality constraints would run the operator-splitting algorithm without preconditioning
until the active set is detected, then apply the preconditioner to the equality and active

inequality constraints and continue.
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Appendix A
SUPPLEMENTARY MATERIAL FOR QOCO

A.1 Nonsymmetric Newton system

In this section we will show that Newton steps applied to Equations (3.5a), (3.5b), (3.5¢),
(3.5d) result in a nonsymmetric linear system which is less efficient to store and factor than
the symmetric system presented in Equation (3.19).

We must first introduce the arrow matrix, a matrix that will allow us to rewrite the
Jordan product, defined in Equation (3.6), as a matrix-vector multiplication. The arrow

matrix can be written for vectors in the non-negative orthant and second-order cone as

diag(z) if z € R
AI'W(I') = Ty [EI
if x € 91.

T l‘o]
\

For a vector in cone K where

’C201XCQX"'XCK,

and C; is the non-negative orthant or a second-order cone, we can write the arrow matrix

as

Arw(z) = blkdiag(Arw(xy),...,Arw(zg)) where x; € C;,

Note that if z is in the interior of K, then Arw(z) is positive definite and thus is invertible.

We can then write the Jordan product for two vectors u,v € K as
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We now linearize Equations (3.9a) - (3.9¢) about the current iterate, (xy, sk, Yk, 2 ), Write

the Jordan products using the arrow matrix and get the linear system

-P 0

0 Arw(z)
A 0
G I

AT
0
0
0

GT
Arw(sy)
0
0

We can attempt to symmetrize the coefficient matrix by multiplying the second equation

by Arw(s;)™! to get

P

A
G

0

0
1

AT G
0 Arw(sy) 'Arw(z,) 0

0
0

I
0
0

Az
As
Ay
Az

(A1)

However, the coefficient matrix above will only be symmetric if Arw(s;) *Arw(z;) is

symmetric. This can only be ensured if X only consisted of the non-negative orthant and no

second-order cones. In other words, the system in (A.1) would only be symmetric if Problem

3.1 was a quadratic program rather than a second-order cone program. Even if we were to

eliminate As from Equation (A.1), we would still not have a symmetric linear system.

A.2 Custom LDL factorization performance

This section provides empirical evidence supporting our claims in Sections 3.1 and 3.4.1.

Specifically, we show that sparse linear algebra incurs extra overhead from identifying and

locating nonzero elements, leading to more CPU instructions, memory accesses and cache

misses. In contrast, a custom implementation that hardcodes the exact memory accesses
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and floating point operations reduces these inefficiencies. We specifically compare QDLDL
(used in QOCO) against our custom LDLT factorization (used in QOCO,uom ), Since the most
expensive operation in a generic implementation of Algorithm 1 is the LDL" factorization.
To compare the two matrix factorization implementations, we use Linux perf, a profiling tool
that provides CPU performance metrics, which will allow us to quantify the computational
overhead of sparse versus custom factorizations.

As a representative example of a matrix we would factor, we consider the KKT matrix

associated with the Linear Quadratic Regulator (LQR). The LQR problem is

T T-1
C. . 1 T T
rnlng}guze 5 <Z T, Qrrr + Z Uy, Rkuk>
k=1 k=1
subject to Zpp = Apzp + Byur  Vk € [1, T— 1]
L1 = Tinit,

and its associated KKT matrix is

P HT
H —el

where

P = blkdlag(Ql, QQ, ey QT, Rl, Rg, ceey RT71>

A —1 By
Ay -1 By
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Notice that we apply static regularization to ensure that the (2,2) block of K is negative
definite, making K quasidefinite. The sparsity pattern of K is depicted by Figure A.1.

N

-

N

Figure A.1: Sparsity pattern of LQR KKT matrix for T=>5

For simplicity, we assume time-invariant system and cost matrices, i.e., Qp = Ry = [
and fixed matrices A € R®*® B € R®3. We choose the elements of A and B randomly
and consider time horizons T": {5,15,50,75,100}. The actual elements of these matrices do
not matter much, as our goal with these experiments is to understand the CPU behavior
which (to first order) is unaffected by the value of elements in the matrices. To get accurate
profiling results, we run each matrix factorization 1 million times to get the average runtime,
number of instructions, number of L1 data cache loads, number of L1 cache misses, number
of branches, and number of branch mispredictions.

From Table A.1, we can see that the custom LDL" factorization is about four times faster

than the sparse factorization because it does much less work: issuing fewer instructions,
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performing fewer memory accesses, and incurring fewer L1 cache misses. Although QDLDL
has a far more branches than our custom LDL' implementation, the branches are quite
predictable, and pipeline stalls are avoided.

By hardcoding the exact memory accesses and floating point operations, our custom
LDLT factorization eliminates much of the overhead associated with sparse matrix opera-
tions. This substantial reduction in memory accesses and instructions leads to a significantly

faster factorization.



Table A.1: Perf results for qdldl and custom LDLT factorization
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Runtime (us) Instructions L1 cache loads L1 cache misses Branches Branch misses
Size qdldl custom qdldl custom qdldl custom qdldl  custom qdldl custom qdldl  custom
5 2.103 0.435 36650 4858 14049 1851 0 0 5419 5 1 0
15 7.507 1.777 132796 | 18053 50550 6442 572 27 19124 8 4 0
50 27.077 6.117 469289 | 62046 179709 = 21468 2539 1204 67081 17 11 1
75 38.848 8.485 709731 | 93912 279033 | 32211 3735 1828 101347 24 14 2
100 49.577 © 12.894 950101 | 125747 365981 | 43559 5567 2459 135597 35 18 5

A.3 Problem classes

In this section, we describe the five problem classes considered in our numerical experiments,

along with various problem sizes and instances within each problem class.

We use the

notation U(a, b) to denote a uniform distribution on the interval [a, b], V' (i, o) for a Gaussian

distribution with mean p and standard deviation o, 0,,, for the matrix of all zeros in R™*™

and

A3

I,, for the identity matrix in R™*".

.1  Robust Kalman filter

We consider the robust Kalman filtering problem for vehicle tracking, as outlined in [59].

This problem is a quadratic objective second-order cone program (SOCP) and takes the form

N-1
minimize (Jlwell3 + 7¢p(vr))
Tk, Wk ,Vk k=0
subject to  xpy1 = Az + Bwy, Vk € [0, N — 1]
Yk =Cuz,+v, Vke [O,N— 1],

where ¢, is the Huber loss function
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12115 [zl < p
¢p(z) =

2

2p2ll2 = p* 2]l > p.

In this problem, z;, € R* represents the state of the vehicle at timestep k, w;, € R? is
an unknown force vector acting on the vehicle at timestep k, v, € R? is the measurement
noise vector at timestep k, and y;, € R? represents a noisy measurement of the vehicle’s state
at timestep k. The matrices A and B are known dynamics matrices for the system, and
C' is the known observation matrix. To reconstruct the vehicle’s state trajectory, we solve
Problem A .2.

We use the system matrices

10 (1—2At)At 0
4|01 0 (1—2At) At
00 1—yAt 0

00 0 1 —yAt
A0
5 0 iA#
At 0
0 At
1000
¢= :
0100

which correspond to a two-dimensional double integrator model with linear velocity drag
and unit mass, where the input is a force and we observe the position of the vehicle. We

use v = 0.05 for the velocity drag parameter, At for the discretization time, and p = 2 and
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7 = 2 for the Huber loss function.

Problem sizes To generate different problem sizes, we vary the number of timesteps N.
We consider the following values for N: {25, 50,75, 125, 175, 225, 300, 375, 450, 500}. For each
of these problem sizes, we set At = T/(N — 1), where T = 50 is the time horizon.

Problem instances For each problem size, we generate 20 random problem instances,
corresponding to 20 different observation trajectories y;. To do this, we first randomly
generate the force and noise vectors w; and v, respectively, for ¢t € [0, N — 1]. Then, we
forward-simulate an initial state of xy = [0 0 0 0] through the dynamics defined in the
constraints of Problem A.2. Each element of w; and v; is drawn from a standard Gaussian
distribution N (0, 1). Additionally, for 20 % of the elements of v;, we introduce outlier noise

by drawing elements from N(0, 20), to simulate noise with a larger magnitude.

A.3.2 Lossless convexification

The losslessly convexified powered-descent guidance problem is an optimal control prob-
lem that aims to compute a soft landing trajectory for a rocket while respecting relevant
constraints. One important constraint is the lower thrust bound on the engine, which is non-
convex. However, it has been shown that this constraint admits a lossless convex relaxation
[4, 3]. This means that the solution to the relaxed convex problem guarantees a solution

to the original nonconvex problem. The losslessly convexified problem can be written as an

SOCP
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minimize — zp

subject to  xpy1 = Az + Bug +¢g Vk € [0,T — 1]
Zkr1 = 21 — aopAt Yk € [0,T — 1]
luglle < op Vk €0, T —1]
log(Myet — apakAt) <z < log(myet — ap1kAt) Yk € [0, T — 1]

[Zk - Zo,k]2

5 S O S ﬂgyk[l — (Zk — ZO,k)] Vk € [O,T — 1]

pig |1 — [z — 2zox] +
eg Uy > 05 c0S(0max) VEk €[0,T — 1]

Lo = Tinit; 20 = log(mwet)> T 2 log<mdry)a

where 7, € RS is the position and velocity of the rocket at timestep k, u;, € R? is the thrust
per unit mass at timestep k, z; € R is the natural logarithm of the rocket’s mass at timestep
k, and oy, € R is a slack variable at timestep k. Further we define 2y, == log(myet — ap2kAt),
pig = pre”, and poy = pee”*°. The parameter p; € R is the minimum thrust of the
engine, ps € R is the maximum thrust of the engine, o € R is a mass depletion parameter
that describes how efficient the engine is, mye € R is the sum of the dry mass of the rocket
and the initial fuel mass, 0. € R is the maximum angle from vertical that the thrust vector
can make, i, € RO is the initial state of the rocket, At € R is the discretization time, and
es is the third canonical basis vector in R?. The dynamics matrices A and B, and the vector

g, are defined as
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A Iy At(I3)
_O3><3 [3

B 5Ot (I3)
At(I)

g=1[00 —0.5g5At 00 — gAt].

For this problem class we use the parameters

go = 9.807, p1 =100, py = 500, Mary = 25, Myet = 35, Omax = 7/4, a = 0.001.

Problem sizes To generate different problem sizes, we vary the number of timesteps T
The discretization time is computed as At = t;/(T" — 1), where t; = 20. We consider the
following values for T: {15, 50, 75,100, 125, 150, 200, 250, 300, 350}

Problem instances For each problem size (i.e., for each number of timesteps), we generate
20 random problem instances, which involves generating a random initial state ;. We

generate Ty as

U(—10, 10)
U(-10,10)
(200, 400)
Linit ~~
0
0
0
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A.3.83 Group lasso

The group lasso problem is a quadratic objective SOCP. It is a variation of the least-squares
regression problem, where the regression variables are partitioned into disjoint groups, and
a regularization term is added to encourage group sparsity. Let x = [0, 2@ .. . (V)]
represent the partitioning of the regression variables, where each z( is a group of variables.

We can write the problem as

N
minimize || Az — bl|3 + A > 2o
i=1
This can be written as an SOCP by introducing a slack variable t € RY, and an auxiliary
variable y € R™ to avoid computing A" A and maintain sparsity in the Hessian of the

objective function. The problem is now

N
minimize lyll5 + )\Zti
z,

i=1
subject to  ||#@ ||, <t; Vi€ [1,N]

y = Ax — b,
where A € R™*" b e R™.

Problem sizes To generate different problem sizes, we vary the number of groups N. We

consider the following values for N: {1,2,3,4,5,8,10,12,14,16}.

Problem instances For each problem size (i.e., for each number of groups) we generate 20
random problem instances, corresponding to the generation of the matrix A and the vector
b. We set A to have m = 250N rows and n = 10N columns, where x is partitioned into N

groups, each containing ten regression variables. The matrix A is sparse, with 10% of its
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elements nonzero, and the nonzero elements are drawn from the uniform distribution ¢/(0, 1).

To generate b, we first generate & € R™ and partition it into N groups of ten variables.
Half of the groups are set to zero, and the remaining elements are drawn from the standard
Gaussian distribution N'(0,1). Next, we generate an error vector e € R™ with elements
drawn from N(0,1/n). Finally, we compute b = A% + e. Note that each problem instance
will have a different sparsity pattern for A, which requires us to generate a new custom solver

for each instance.

A.8.4 Portfolio optimization

We consider the Markowitz portfolio optimization problem with a no-short-selling constraint

[129, 32]. This problem is the QP

minimize ~z' Yz —p'x
€T
n
subject to sz =1
i=1

r; >0 Vie][ln],

where © € R" is the allocation vector, with x; representing the percentage of resources
invested in asset 7, i € R™ is the vector of expected returns, and ¥ € S} is the covariance
matrix of asset returns.

Typically, the return covariance matrix > is approximated as the sum of a low-rank
matrix and a diagonal matrix. Thus, we write ¥ = FEF" + D, where F € R"** is a factor
matrix of rank k. We then add the auxiliary variable y and the constraint y = F' 'z to avoid
computing FF'T and maintain sparsity in the Hessian of the objective function. The final

problem can be rewritten as
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minimize 2 Dz +y'y -y 'p'x
w’y

subject to y=F 'z

S
i=1
r; >0 Vie][l,n].

Problem sizes To generate different problem sizes, we vary the number of factors, k. We

consider the following values for k: {2,4,6,8, 10, 15, 20, 25, 30, 35}.

Problem instances For each problem size (i.e., each number of factors), we generate 20
random problem instances. This corresponds to generating the matrices D, F, and the
vector . We set the number of assets to n = 100k, and for all instances, we take v = 1.
The diagonal elements of D are drawn from N(0,1), and the elements of p are drawn from
N(0, \/E) The matrix F' is a sparse matrix, with 50% of its elements being nonzero, and
its nonzero elements are drawn from A(0,1). Note that each problem instance will have a
different sparsity pattern for F', which requires us to generate a new custom solver for each

instance.

A.3.5 Oscillating masses

The oscillating masses problem is an optimal control problem involving a system of N masses
in one dimension, where each mass is connected to its neighboring mass by a spring, and the
outermost two masses are attached to a fixed wall. The goal is to apply forces to each mass

to bring the system to equilibrium [190]. This problem can be formulated as a QP
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T T-1
mingﬁiglize % (; z, Qg + ; u;Ruk>
subject to 41 = Axgp + By, VE€[0,T —1]
Lo = Linit
|Tk|loo < Tmax VK € [0, 7]

Jtilloo < Umax V€ [0,T — 1]

where 7, € R?V is the position and velocity of the masses at timestep k, u, € RY is
force applied to each mass at timestep k, and Q € S?" and R € S penalize deviation from

equilibrium and control effort respectively.

The dynamics matrices A and B are derived from an exact discretization of the

continuous-time linear dynamics, using a zero-order hold on control input

A= eACAt

B=A YA~ Ly)B.,

where

A Onxn  In
_LN Onxn
B — OnxnN
In
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Here, Ly € RV*Y is a symmetric tridiagonal matrix with —2 on the main diagonal and
1 on the subdiagonal and superdiagonal.

For this problem class, we use the parameters

N =4, At = 0.25, Trax = 2, Umax = 5.

Problem sizes To generate different problem sizes, we vary the number of timesteps T

We consider the following values for T {8,20, 32, 44, 56, 76,96, 116, 136, 156 }.

Problem instances For each problem size (i.e., each number of timesteps), we generate
20 random problem instances. This involves generating a random initial state ., as well
as the matrices Q and R. We draw each element of zy,;; from N(0, 1), then clip the elements
such that they lie within the interval [—0.92pax, 0.9Zmax). This ensures that the initial state
satisfies the state constraints, making the resulting problem feasible. The matrices ) and
R are generated as diagonal matrices, with each diagonal element drawn from the uniform

distribution (0, 10).
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Appendix B
SUPPLEMENTARY MATERIAL FOR FDR

B.1 Leading constants for accelerated splitting methods

In this appendix we provide the asymptotic leading constants of the accelerated Davis—Yin
splitting algorithm and the accelerated Chambolle-Pock algorithm when specialized to (P).
B.1.1  Accelerated Davis—Yin Splitting

From Proposition A.1 in [63], the iterates of Algorithm (DYS) satisfy
(L4 2y llznrn = el + villunen — well® < llaow = 2all® + il — w)*.

Furthermore, in the proof of Theorem 1.2 in Appendix A of [63], we see that the proximal

step sizes satisfy
I 14 2%mu

2 2
Yie+1 Vi

9

and

. 1
Jim (k+ 1)y = "

After N proximal evaluations of g we obtain

1
lews — 2l < s <—2||5L“0 P+ o — u*n?)
70
_712\771 2 2 2
= 2t (g — P + o — ).
0
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Setting 72 = 1 to match our assumed initial condition yields the asymptotic rate

lwo = @l” + Juo — w®
N2u2 :

lzn-1— I*HZ ~

B.1.2 Accelerated Chambolle—Pock

The convergence rate of the accelerated Chambolle—Pock algorithm is given in [13, Theorem

2], assuming oo = 1/75. For any € > 0, there exists Ny such that for all N > Nj,

L+e (llwo —z® | luo — u
2
ey — x.|” < e ( 1272 + e
L+e 2 2 2
- N2,u27'02 (HQ:O_x*H + 7o w0 — ul| )

Setting 7¢ = 1 to match our assumed initial condition and taking e — 0 yields

2o — @ll* + [luo — w|f?
~ N2 :

B.1.3  Comparison with FDR

Recall that FDR satisfies

lwo — @l + lluo — wall*  llwo — 2ll® + [luo — ual®
1+ 4N2pu2 4N2)2 '

loy — 2* <

Thus FDR improves the asymptotic constant of both accelerated Davis—Yin splitting and
accelerated Chambolle-Pock by a factor of 4.
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