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Abstract

Submodular Optimization and Machine Learning: Theoretical Results, Unifying and Scalable
Algorithms, and Applications

Rishabh Iyer

Chair of the Supervisory Committee:
Professor Jeff Bilmes
Department of Electrical Engineering

In this dissertation, we explore a class of unifying and scalable algorithms for a number of
submodular optimization problems, and connect them to several machine learning applications.

These optimization problems include,

1. Constrained and Unconstrained Submodular Minimization,

2. Constrained and Unconstrained Submodular Maximization,

3. Difference of Submodular Optimization

4. Submodular Optimization subject to Submodular Constraints

The main focus of this thesis, is to study these problems theoretically, in the light of the
machine learning problems where they naturally occur. We provide scalable, practical and
unifying algorithms for all the above optimization problems, which retain good theoretical
guarantees, and investigate the underlying hardness of these optimization problems. We also
study natural subclasses of submodular functions, along with theoretical constructs, which
help connect theory to practice by providing tighter worst case guarantees. While the focus
of this thesis is mainly theoretical, we also empirically demonstrate the applicability of these

techniques on several synthetic and real world problems.
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Chapter 1
INTRODUCTION

1.1 Submodular Functions

Having been known as a key structural property for problems in combinatorial optimization,
economics, operations research, and game theory, submodularity is gaining popularity in a
large number of areas. Along with its natural connection to many application domains, it
also admits a number of interesting theoretical characterizations. Submodular functions are a
special class of discrete set functions, defined on the Boolean lattice [0, 1]". Formally given a

ground set V = {1,2,--- ,n}, a function f:2" — R is submodular if,
F(S)+ F(T) = f(SOT) + f(SUT), VS, T C V. (1.1)
One can define the gain of adding an item j to a set S, as,
F318) & f(SUj) = £(S) (1.2)
An equivalent definition of submodularity, is that f is submodular if and only if
f(71S) > f(4|T) for all S C T and j ¢ T. (1.3)

The function f is monotone iff f(j|S) > 0,Vj ¢ S,S C V. Moreover, if the inequalities in
Eqns and occur as equalities, the function f is modular. In other words, a modular
function satisfies f(X) = f(0) + > ;. f(¢). Furthermore, a set function f is supermodular, if
the set function g(X) = — f(X) is submodular. Through the rest of this thesis, we shall also
assume without loss of generality that f(0)) = 0.

Submodular Functions are a rich class of set functions, for which many otherwise intractable

discrete optimization problems become easy to solve or approximate. Akin to convexity,



what makes this class interesting is the existence of optimal and near optimal algorithms
for submodular function minimization and maximization. Besides having nice theoretical

properties, submodular functions also naturally arise in many real world applications.
1.2 Submodularity in Machine Learning

Though combinatorial problems abound in machine learning and a number of application
domains, the role of submodular functions in machine learning is much less well understood
than that of convex functions. In particular, while convex optimization has found enormous
applicability in machine learning, submodularity is still only beginning to show broad
applicability in machine learning and its applications. Moreover, work on submodular
optimization in the optimization and operations research literature has been largely unaware
of unique problems arising in machine learning and its applications. Therefore, existing
standard algorithms do not exploit certain variants of the submodular problems arising
in machine learning. In this dissertation, we shall investigate theoretical constructs, and
provide unifying and scalable algorithms for several natural submodular optimization problems
occurring in machine learning applications.

The general problem of machine learning, is to construct fitting models for making
predictions based on some observed data. To be precise, denote x as the input (which could
be defined via a set of features) and y € C be a structured output representation (it could
denote, for example, sets, matchings, cuts or paths etc). The task is to find a model f(x;y;A),
where A denotes a set of parameters. Hence, the prediction problem, which is also called
inference, involves optimizing (either minimizing or maximizing, depending on whether f
is a score function or a loss function) the function f(x;y;A) over the set C. The function f
could either be a discriminant function (non probabilistic), or could be a probabilistic of the
form, f(x;y; A) = p(y|x; A). In this dissertation, we assume that the output space y is binary
— i.e can be represented as a set Y C V = {1,2,--- ,n}, and is structured. y, equivalently
Y, could represent for example, a set, a matching in a graph, an s-t cut or a s-t path etc.

Correspondingly, C could represent a set of sets, a set of matchings, cuts, paths etc. Since |C|



is exponential, a naive search would clearly be infeasible.

Many machine learning problems occur as subset selection problems, and thereby fit
the problem description above. These include, for example, news, document or image
summarization, where one wants to find a subset representing a summary of the data.
Similarly, in the problem of sensor placement, one wants to find a subset of locations to
place sensors. Image segmentation, involves finding a subset of foreground pixels, while
the problems of training data subset selection and active learning, involve finding subsets
of training data to train classifiers. Many these problems can naturally be modeled as

submodular optimization problems.

Submodular functions offer a rich class of expressive models for many of these machine
learning problems. They have a unique property of enabling complex interactions between the
objects, while simultaneously retaining guarantees for inference. They occur in applications,
either as probabilistic point processes, like the pairwise Markov Random Fields (also called
Ising models) |[Geman and Geman, 1984] and Determinantal Point Processes |[Kulesza and
Taskar], 2012, Macchi, [1975], or as discriminant functions |Lin and Bilmes, 2011c| 2010,
Tschiatschek et al., 2014] [Simon et al., [2007, [He et al.| 2012, |Jegelka and Bilmes, 2011d| — i.e
directly modeled as loss or score functions in applications. Submodular functions naturally
model two interesting phenomena: they capture notions of cooperation between items |Jegelka
and Bilmes| 2011d, Boykov and Kolmogorov, 2004], and simultaneously model aspects of
coverage and diversity [Lin and Bilmes, 2011¢c, 2010} [Kulesza and Taskar] |2012]. The former
property is due to the diminishing returns property and subadditivity, since the cumulative
cost of a sum of items, is less than the sum of the individual costs of items (i.e a submodular
function f satisfies f(X) < > jex | (7). This is often very realistic in modeling costs between
items, since more the number of items one buys, larger discount in the price. This property
is also called economies of scale. The flip side of submodularity, is in relation to modeling
diversity and coverage. This follows, because natural models for coverage like set-cover
function, and diversity in the form of similarity penalizing functions or determinantal point

processes, are either submodular or closely related to submodularity |[Lin and Bilmes, [2011c|,



Kulesza and Taskar| [2012|. Hence submodular functions provide a rich class of models for

these very important and challenging machine learning applications.
1.3 Optimization Problems related to Submodular Functions

In this dissertation, we investigate five classes of optimization problems related to submodular
functions. The first two problems are minimization and maximization problems of the
following form:
Problem 1: argmin f(X), Problem 2: argmax f(X) (1.4)
Xec XeC
where f : 2V — R is a submodular set function, and C C 2" is a family of feasible solution
sets. The set C could express, for example, that solutions must be an independent set in a
matroid, a limited budget knapsack, or a cut (or spanning tree, path, or matching) in a graph.
Both these problems occur naturally in applications. Submodular minimization is natural
in applications when one wants to model notions of cooperation, attraction and algorithmic
complexity. Examples of this include image segmentation and denoising in computer vision.
Similarly applications where submodular maximization is natural, is when one wants to
capture diversity, coverage and value of information. Examples of these problems include
data summarization, feature selection and sensor placement.
Sometimes, one might want to simultaneously model diversity or coverage and cooperation.
In this case, it is natural to consider formulations for simultaneously minimizing one sub-
modular function, while maximizing another. The last three optimization problems address
this. The third optimization problem involves minimizing the difference between submodular
functions. Given two submodular functions f and g, and a set function v(X) £ f(X) — g(X),
consider the optimization problem:
Problem 3: argmin[v(X)] = argmin[f(X) — g(X)]. (1.5)
Xcv XCv
Observe that minimizing the difference of submodular functions, is equivalent to to maximizing

the difference of submodular functions. In particular, note that minimizing v(X) (Problem 3)



is equivalent to maximizing —v(X), which is again a difference of submodular functions:

Problem 3" ar)%lglvax[—v(X)] = ar)g;;rcnvax[g(X) — f(X)] (1.6)

This formulation is natural in applications where one wants to simultaneously maximize one
submodular function (say, diversity, coverage or information) while minimizing another (say,
cooperation or algorithmic complexity). Furthermore, a number of combinatorial optimization
problems can naturally be expressed as a difference of submodular functions. In fact, as we
shall show, every set function optimization problem is expressible as a difference of submodular
functions.

Finally, we consider two new optimization problems:

Problem 4: min{f(X)|g(X) > ¢}, and Problem 5: max{g(X)|f(X) <b}, (1.7

where f and g are submodular functions, and where b and ¢ refer to budget and cover param-
eters respectively. The corresponding constraints are called the submodular cover [Wolsey),
1982| and submodular knapsack |[Atamtiirk and Narayanan, 2009| respectively and hence we
refer to Problem 4 as Submodular Cost Submodular Cover (henceforth SCSC) and Problem 5
as Submodular Cost Submodular Knapsack (henceforth SCSK). Note that, Problems 4 and 5
are a special case of Problems 1 and 2, where the constraints C are themselves defined via
submodular functions. Moreover, both these problems are closely related to Problem 3, which
can be seen as a Lagrangian form of both problems. Similar to Problem 3, the motivation
for Problems 4 and 5 stems from problems that require minimizing a certain submodular
function f while simultaneously maximizing another submodular function g. In many of
these applications, one of the submodular functions naturally occurs as a constraint, and
hence Problems 4 and 5 are fitting models.

This thesis aims to investigate unifying algorithms and theoretical results for each of
the above optimization problems. We also motivate all of them by several machine learning

applications, and empirically demonstrate the applicability of our techniques.



1.4 Important Properties of Submodular Functions

In this section, we define some of the properties which we shall repeatedly use through this
thesis. Several of these ideas depends on the intimate connection between submodularity,
convexity and concavity, which we investigate in detail in Chapter [2]

Similar to convexity, submodular functions have a number of desirable properties, which
ensures that several transformations are submodular. For a more elaborate description of the

properties of submodular functions, refer to [Fujishige, 2005].

Proposition 1.1. If f is submodular then the following are also submodular:
o Complement: g(X) = f(V\ X)
o Truncations: g(X) £ min(f(X),c) where ¢ is a constant, f is monotone submodular.

o Min of two Submodular functions: h(X) = min(f(X), (X)), if m(X) = f(X) — g(X)

is monotone submodular.
e Scalar Multiplication: g(X) = cf(X) where ¢ is a non-negative constant.
o Subset Minimum: g(X) £ minycx f(Y)
e Superset Minimum: g(X) £ minyox f(Y)
e Fized Set Intersection: g(X) = f(X NY) where Y is some fized set.
e Fized Set Union: g(X) = f(X UY) where Y is some fived set.

o Mixtures of submodular functions: If fi, fo, -+, fm are m submodular functions, the

mizture function, g(X) = > 7" Nifi(X), where X; > 0, is submodular.
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Figure 1.1: Convex and Concave functions with sub and super gradients respectively

Submodular functions have been strongly associated with convex functions, to the extent
that submodularity is often regarded as the discrete analog of convexity [Fujishige, 2005|.
This relationship is evident by the fact that submodular function minimization is easy, in
that there exist strongly polynomial time algorithms which achieve it. This is akin to convex
minimization which is also easy. In addition, submodular functions also admit a natural
convex extension, known as the Lovasz extension, which is easy to evaluate [Lovasz, [1983] and
optimize. We investigate these connections in detail throughout this thesis, and particularly

in Chapter 2]

Submodular functions also have some properties, which are unlike convexity, but perhaps
more akin to concavity. Submodular function maximization is known to be NP hard. However,
there exist a number of constant factor approximation algorithms, based on simple greedy or
local search heuristics [Feige et al., 2011b, Lee et al., 2009a, [Nemhauser et al,|1978|, and some
recent continuous approximation methods |[Chekuri et al.| 2011, |[Feldman et al., [2011]. This
is unlike convexity where maximization can be hopelessly poor. Furthermore, submodular
functions have a diminishing returns property which is akin to concavity, and concave over
modular functions, sometimes called decomposable functions [Stobbe and Krause, 2010|, are

known to be submodular.



1.4.1 Discrete Semi-gradients:

Convex functions naturally have subgradients (linear lower bounds), while concave functions
have supergradients (linear upper bounds ) — shown in Figure . Submodular functions
have both sub and super gradients. While the subgradients of submodular functions were
known and studied |Fujishige, 2005|, we show that they also form linear upper bounds and
supergradients. We investigate the properties of the semigradients and semidifferentials in

Chapter [2|

Subdifferential: ~ The subdifferential 9;(Y") of a submodular set function f : 2V — R for
a set Y C V is defined |Fujishige, [2005|, analogously to the subdifferential of a continuous

convex function:
Op(Y) = {y € R" : F(X) = y(X) > [(¥) = y(¥) for all X C V'} (1.8)

For a vector x € RV and X C V, we write z(X) = > iex *(j) — in such case, we say that x
is a normalized modular function.

We shall denote a subgradient at Y by hy € 0¢(Y). The extreme points of ¢(Y) may be
computed via a greedy algorithm: Let o be a permutation of V' that assigns the elements in
Y to the first |Y| positions (¢(i) € Y if and only if i < |Y]).

Each such permutation defines a chain with elements S§ = 0, S7 = {o(1),0(2),...,0(i)}
and Sf, =Y. This chain defines an extreme point h{, of J;(Y’) with entries (see figure

for an illustration)
hy (o (i) = f(S7) = F(ST0)- (1.9)

Superdifferentials: ~ We can also define superdifferentials 9/ (Y’) of a submodular function

[Jegelka and Bilmes, 2011d, [Iyer and Bilmes, [2012a, TIyer et al. 2013b| at Y

HY)={yeR": f(X)—y(X) < f(Y)—y(Y);for all X C V} (1.10)
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Figure 1.2: Hlustration of the chain of sets and permutation o
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Figure 1.3: Illustrating the supergradients ¢, ¢ and g.

We denote a generic supergradient at Y by gy. It is easy to show that the polyhedron 9/ is

non-empty. We define three special supergradients gy, gy and gy as follows:

av () = FG TV AGY) () =G 1Y)
av (i) = FG 1Y\ () av () = G 1 0) (1.11)
(i) = 161V ALY ) = 16 10)

for j €Y for j ¢ Y.

We use these gradients to provide scalable optimization algorithms for all the optimization

problems considered in this thesis.
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1.4.2  Continuous extensions of submodular functions:

We investigate the Lovasz extension [Lovasz, 1983] and the multi-linear extension |Calinescu

et al.| 2011 as surrogates for many submodular optimization problems.

Convex relaxations:  The Lovész extension |Lovész, 1983| reveals a connection between
submodularity and convexity. Any vector y € [0, 1]", defines a permutation o, induced by
ordering its elements in non-increasing order, and correspondingly a chain of sets Sp* C
.. C Sy, with S7Y = {o,(1),--- ,0,(j)} for j € {1,2,...,n}. The Lovasz extension foff
is defined [Lovasz, |1983] as:

fly) = Zy[ay(j)](f(sfy) - f(S70) (1.12)

The Lovasz extension is convex if and only if f is submodular. Even though o, might not be
unique (there might be many orderings if y has duplicate entries) the Lovasz extension is
unique. Since it agrees with f on the vertices of the hypercube, f(X) = f(lX),VX C , fis
a natural convex extension of a submodular function. The Lovasz extension is a non-smooth
(piece-wise linear) convex function for which a subgradient h{;y can be computed efficiently

for each y € [0, 1] via Edmonds’s greedy algorithm [Edmonds, |1970]:

hc{y(o-y(j)) = f(S;y) - f(S;gl)’V] S {17 2, 7n} (1‘13)

It is not hard to see then that, f(w) = (h/ w) is a piece-wise linear function.

Ow

Multilinear relaxations: For maximization problems, a commonly used continuous
relaxation is the multilinear extension, which can be defined for any set function f as:
f@) =3 700 [ [T = o). (1.14)
XCV i€X  i¢X
The multilinear extension has particularly nice properties when the set function f is submod-

ular. In particular, g—i > 0 iff f is monotone and 8:225; - < 0 iff f is submodular. This implies

Lwhere 1x is the characteristic vector of X, i.e., 1x(j) = I(j € X)
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that for a non-decreasing set function, f is increasing along any positive direction, and for
a submodular function, f is concave along any non-negative direction. The gradient of the

multilinear extension can be obtained as:

Vi f(x) = 0f/0x; = f(xVe;) — f(xVe;—e;). (1.15)

where e; satisfies e;(j) = 1,¢;(i) = 0,7 # j, and {z V y}(i) = max(x(i),y(:)). This gradient

can be computed in O(n) evaluations of f.

Concave relaxations:  Submodular functions also admit a concave relaxation, which can
be defined in the following manner. Instead of taking a particular distribution (as in the case
of the multilinear extension), define a continuous extension as the supremum over all valid

distributions,

f(e) = max { 3" p(X)F(X), pe A, (1.16)
Xcv

where A, = {p € [0,1" : S px = 1,Vj €V, > x.jex Px = x;}. Note that the multilinear

extension is defined via a specific choice of px = J[;cx @i [[;¢x(1 — 2;). The resulting

function f(z) is concave and a valid continuous extension, and hence a concave extension of

f. Unfortunately, this extension is NP-hard to evaluate [Vondrak, [2007].

1.5 Structural Properties of Submodular Function

Since many of the worst case guarantees are often much more pessimistic compared to the
ones we observe in practice, it means that these lower bounds are specific to rather contrived
classes of functions, whereas much better results can be achieved in many practically relevant
cases. Given the increasing importance of submodular functions in machine learning, these
observations beg the question of qualifying and quantifying properties that make sub-classes
of submodular functions more amenable to learning and optimization. In this thesis, we
take additional steps towards solving these problems, by investigating several theoretical
characterizations and parameters, which provide better connections between theory and

practice - the curvature, monotonicity ratio and the submodularity ratio.
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cardinality Sl

Figure 1.4: Hlustrating Curvature

1.5.1 Clurvature

This construct concerns monotone submodular functions. While this class of functions
often admits better guarantees compared to the general class of submodular functions, the
worst case bounds for many problems are still quite bad (for example, polynomial factors of
O(y/n) in certain cases). We refine these bounds via a generic notion of curvature [Conforti
and Cornuejols, |1984, Vondrak, 2010, Iyer et al., 2013a] — the deviation from modularity
— of a monotone submodular function. This quantity provides improved bounds for both
minimization and maximization problems. Though the concept of curvature has been used
to tighten bounds for submodular maximization problems |Conforti and Cornuejols|, 1984
Vondrak, 2010, its effect on minimization problems has been open. Our results complete
a unifying picture of the effect of curvature on submodular problems. Moreover, curvature
is still a fairly generic concept, as it only depends on the marginal gains of the submodular
function, while simultaneously allowing for a smooth transition between the ‘easy’ functions

and the ‘really hard’ subclasses of monotone submodular functions.

Without loss of generality, assume that f(j) > 0 for all j € V. This follows since, if there

exists an element j € V such that f(j) = 0, we can safely remove element j from the ground
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set, since for every set X, f(j|X) = 0 (from submodularity), and including or excluding j
does not make any difference to the cost function. We define a number of variants of the

curvature.

Kp=1-— minw = nin ————-= (1.17)
eV f() ies  f(j)

The first notion of curvature sy is the worst case curvature of a set function, and correspond-

ingly is the weakest notion. This notion of curvature has been used in several papers on

submodular optimization |[Conforti and Cornuejols, 1984, Vondrak, 2010, Iyer et al., 2013a].

The curvature x¢(S) is slightly stronger, and is defined with respect to the set S. We also

define two additional notions of curvature at a set S.

S FGIS) o FTIS) + Syesn FGISUTV))
R¢(S) =1—min

>jes F () TV f(T)

K(S) =1— (1.18)

Rather than the minimum used in x;(S5), if we take the average, we obtain the average

curvature £¢(S). Finally, £¢(S) is a version of curvature defined in [Vondrak, |2010|. These

different forms of curvature are closely related.

Proposition 1.2. For any monotone submodular function and set S CV,

0 S l{f(S) S lif(S) S l%f(S) < lif(V) = Ky <1 (119)

Note that £¢(S) is the tightest notion of curvature, followed by x(S), and then £¢(S), and
finally ~; which is the worst case, and weakest notion. These different notions of curvature
appear in a number of bounds related to various submodular optimization problems. A
modular function has curvature xy = 0, and a matroid rank function has maximal curvature

I{f:1.

Proof. 1t is easy to see that all these notions of curvature are between zero and one. To show
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that x7(S) < ks(S), note that,

1-— /%f(S) — min f(T|S) + ZjESﬁT f(J|S U T\])

TCV f(1)
_ 18T Sy SUISUTA)
- TgI\E|1:Ir’1|:1 f(17)

IS SGlS)
< min{m TG G) )
R
~jes  f(4)

> 1—rg(S5)

We then prove that £¢(S) < k¢(S). Note that,

1 () = mip T
_IUISW) g

f3)

Also,

>jes [U1S\)
>ies [ ()
o 2jes —Kr(9))J ()
- Dies FU)
> 1—rg(5)

1— k() =

Hence, £¢(S) < ks(95).

Finally, we show that #7(S) < ks. In order to show this, note that,

. - STNS) + 2 jesor FUISUTN))
1 —£Kp(5) :1_71%13 fS(T)

(1.20)
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Let T be the set which obtains the minimum above. Hence,

FA1S) + Tyesor IS UT)

1—Fp(S) =1- 2
S(T) i
 Ziens JUISUTV) + Tyesrn IS UT\) (1.22)
M
N Zjeff(ﬂ:S’UT\j) (1.23)
f(T)
>jer FEIVAG)

S RN o

=T T) -

S (1.26)

Hence proved. :

Many practically interesting functions have smaller curvature and (as we show) admit
better worst case guarantees, a fact that also has been observed in practice [lyer et al.l [2013b),
Lin and Bilmes| 2011c|. An example for such functions with xy < 1, is the class of concave
over modular functions, used e.g., in applications for speech |Lin and Bilmes, 2011c|, and
computer vision [Jegelka and Bilmes, [2011d|. This class comprises, for instance, functions
of the form f(X) = 3> (w;(X))?, for some a € [0,1] and a non-negative weight vectors
w;. Sometimes these functions are defined over clusters, in which case, the weights w; are
restricted to a cluster C; C V' [Lin and Bilmes| 2011}, [Jegelka and Bilmes, |2011d} Iyer and
Bilmes, 2012b|. We shall see that this class of functions, as well as many others, can provably
be better approximated and minimized than general submodular functions, thanks to the

characterization of the curvature of a submodular function.

1.5.2  Monotonicity Ratio

We next investigate the class of general (non-monotone) submodular functions. These

problems are often harder than the subclass of monotone submodular functions. We define
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a notion of approximate monotonicity called the monotonicity ratio. This captures the
degree of monotonicity of a general submodular function. We show improved bounds both in
the context of minimization and maximization, and this notion helps extend many of the
algorithms for monotone submodular functions to the non-monotone setting. We can define

this as,

k,l f(S)
€ < |
vt SQTQV:%]@);”“S‘T\Q —f(T)7f0T k<l (1.27)

The monotonicity ratio is defined with respect to two parameters k& and [. Note that for the
definition of I/l;’l to make sense, k < [. Moreover, it is easy to see that I/l;’k =1, ij’l >1
for general set functions. For a monotone submodular function, V’}f’l = 1. Interestingly, the
definition of the monotonicity ratio does not depend on the submodularity of f, and could
potentially extend to non-submodular functions as well. However, many of the guarantees
we provide would depend on submodularity of f. Similar to curvature, we shall see that
many non-monotone submodular functions have monotonicity ratio V];’l ~ 1, thereby ensuring

improved guarantees for many algorithms |Lin and Bilmes| 2010, Krause and Guestrin| 2005a].

1.5.8  Submodularity Ratio

We consider the notion of approximate submodularity called the submodularity ratio (defined
by |Das and Kempe, 2011|, to help extend some of the algorithms known to hold for submodular
functions, to more general class of non-submodular and approzimately submodular functions.

The submodularity ratio is defined as:

Uk : 2 ves /(| L)
ko 1.28
K LgU,S:ES‘r\l;%,SﬂL:@ f(S|L) (1.28)

The submodularity ratio is defined with respect to a set U C V' and a parameter £ > 1. Note
that f is submodular if and only if vg’k =1 for all sets U and k > 1. Moreover, in general
’y][c]’k < 1. This parameter shows the decay of approximation bounds when an algorithm for
submodular maximization is applied to non-submodular functions. The submodularity ratio
measures how “close” f is to submodularity, and helps characterize theoretical bounds for

functions which are approximately submodular [Das and Kempe, 2011].
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1.6 Characterizing Subclasses of Submodular Functions

In this dissertation, we shall consider several important subclasses of submodular functions
in applications. From a theoretical perspective, such a characterization is important, a large
number of optimization problems are hard when restricted to the general family of submodular
functions. Moreover, these are the classes of functions which appear naturally in real world
applications. Below, we define several subclasses of submodular functions, which naturally

occur in practice.

1.6.1 Weighted Matroid Rank functions:

A common class of submodular functions are sums of weighted matroid rank functions, defined

F(X) =) max{w;(A)|AC X, Ae T}, (1.29)

for linear weights w;(7). These functions form a rich class of coverage functions for sum-
marization tasks |Lin) 2012]. One special case of this function is the facility location func-

tion [Nemhauser et al., 1978, [Simon et al., [2007, Tschiatschek et al., [2014]:

F(X) =) maxs;, (1.30)
iev <

for pairwise similarities s;;, with a rank 1 uniform matroid. We can generalize it to a rank &

uniform matroid, as well as other matroidal structures like the graphic matroid, partition

matroid etc.

1.6.2 Set Covers and Related Functions

Set Covers: Given a set of sets {Sy,---,S,} and the universe U = U;S;, let,

f(X) = w(UiexS)), (1.31)
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where w; denotes the weight of item j € U. This setup can alternatively be expressed via a

neighborhood function I' : 2V — 24 such that T'(X) = U;exS;. Then,
f(X) = w(I'(X)). (1.32)
This function also occurs in many applications in submodular minimization and maximiza-

tion [Bachl, 2013] [Lin|, 2012].

Bipartite Neighborhoods: This is a class of functions closely related to set covers.

Given a bipartite graph, the neighborhood functions are most generally defined as,

f(X) = d(w((X))), (1.33)

where I'(.) refers to the neighbors of the set X in the graph, (.) is a concave function, and
w is a weight vector. When v (z) = x, we get back the set cover function. These functions
have been used in many data subset selection problems, and in particular, the problem of

finding a limited vocabulary speech corpus |Lin and Bilmes, 2011a].

Probabilistic Coverage Functions: This is a generalization of the set cover function,
which has been used in a number of models for summarization problems |El-Arini et al., 2009].

This provides a probabilistic notion to the set cover function, and is defined as,

FX) =) will = [ =py)] (1.34)

ic JEX
where U is the universe (as in the set cover case). We get back the set cover function, if
Pij = I(Z S S]>
1.6.3 Graph Based Submodular Functions

Graph Cut related functions Graph Cuts are widely used, and may be written as,

f(X) = Z Sij- (1.35)
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This general class of functions can be written as [Lin and Bilmes| 2011c, |Lin, [2012],
i€V, jex ijex
With A = 1, we get back the standard graph cut function. For A < 0.5, f(X) is monotone

non-decreasing submodular function.

Truncations:  These functions are special cases of concave over modular functions, and

are defined as,
f(X) = min{w(X),a} (1.37)
A special case of this is the truncated graph-cut function. This function is defined as,
f(X) = Z min{z Sijs Qi } (1.38)
eV jeEX
These functions have found a lot of applicability in modeling coverage and diversity |Lin and

Bilmes, 2011c|. Moreover, a number of models in probabilistic inference for classification and

segmentation problems can be modeled via truncations [Stobbe and Krause, 2010].

1.6.4 Sparse Pseudo-Boolean functions.

For graphical models, in particular in computer vision, set functions are often written as

polynomials [Ishikawa) 2009]. Any set function can be written as a polynomial,

pr(@) =Y ar ], (1.39)

TCV €T

where x € {0,1}" is the indicator vector of a set. In other words, f(S) = > ,cqar.
Submodular functions are a subclass of these polynomials. We are particularly interested in
functions which are sparse, i.e have a few non-zero values of ap. This class of functions also

subsumes graph cut like functions above and the functions considered in [Stobbe and Krause),

2012, Ishikaway, 2009].
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1.6.5 Spectral functions:

Diversity can also be encouraged via spectral regularizers |Das et al., [2012]. Given a positive
definite matrix S € R™"  define Sx to be the |X| x |X| sub-matrix of the rows and
columns indexed by X. Any scalar function ) whose derivative is operator-antitone defines a
submodular function, by applying it to the eigenvalues of Sy |Friedland and Gaubert, 2011|

X

= ZM(SX)). (1.40)

The resulting class of submodular functions includes the log determinants occurring in
DPP inference |Gillenwater et al., |2012|, and, more generally, a smoothed log-determinant
function Kelmans and Kimelfeld [1983],

|X]
F(X) =logdet(Sx + 6Ix) = Zlog (Sx)+0). (1.41)

The smoothed function above is monotone for 6 > 1. Other special cases of this class of
functions are, f(X) = — XX (A (Sx) — D)2 and £(X) = SN (Sx)]7, for a € (0,1] [Das
et al., 2012].

1.6.6  Concave over modular functions:

Another useful class of functions is the class of concave over modular functions:
= hi(my(X)). (1.42)

where the functions ;s are concave functions. The saturated coverage function discussed
above is also a special case of this class of functions. A particular interesting subclass of these
are
FX) =Y (X)), (1.43)
i
where w; are modular functions and a € (0, 1]. These type of functions have extensively been

used in numerous applications |Jegelka and Bilmes|, 2011b| Iyer and Bilmes, 2012b| Lin and
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Bilmes, 2011c, [Lin) 2012]. One can also define sums of concave over modular functions. In

particular, the class of clustered sums of concave over modular functions are,

M
F(X) =) w(w;(X 1 Cur)), (1.44)
j=1
where C4,C5, - ,C)y are clusters of similar items in the ground set V. This function

simultaneously captures diversity in maximization problems |Lin and Bilmes, 2011c|, and

notions of cooperation in minimization problems [Jegelka and Bilmes| [2011d, Tyer and Bilmes|

2012b|. Another instantiation of sums of concave over modular functions are feature based

functions, defined as
FX) =) d(we(X)) (1.45)

where |F| = M, and w,.(j) captures how much item j covers feature e € F. These functions

have been used in data subset selection applications [Wei et al., 2014b| Kirchhoff and Bilmes,

2014)

1.6.7 Entropy and Mutual Information:

The natural information covering function ,entropy is submodular, when seen as a set function,
f(A) = H(Xy), (1.46)

where X 4 stands for the subset of random variables indexed by the set A. Similarly mutual

information,

f(A) = I(Xa; Xwn\a) (1.47)

is symmetric submodular. Moreover, under a conditional independence model, the mutual

information,
fA) = I(X4;C) (1.48)

is also submodular. These occur naturally in many applications involving sensor placement

and feature selection |Krause and Guestrin), 2005b| Krause et al., 2008b, Iyer and Bilmes,
2012b
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1.7 Previous Work on Submodular Optimization

The search for optimal algorithms for submodular optimization has seen substantial progress
in recent years, but is still an ongoing endeavor. Below is a summary on the recent progress

on these problems.

Submodular Minimization (Problem 1):  Unconstrained submodular minimization,

(when C = 2Y), is polynomial time, and the first poly-time algorithm used the ellipsoid method

|Grétschel et al [1981] (Grotschel et all |1984], and several combinatorial algorithms followed
[Iwata et al., 2001}, Iwatal 2002, [Fleischer and Iwata, 2003, Iwata, 2003| Iwata and Orlin|
2009, [Orlin|, 2009]. For a detailed summary, see [McCormick|, 2005]. The best complexity
to date is O(n®y + n®) [Orlin, (v is the cost of evaluating f). An alternative strategy

is to consider continuous relaxations strategies for submodular minimization. Examples of

these include the Minimum Norm Point (MNP) algorithm [Fujishige and Isotani, 2011} Frank
and Wolfe, [1956], which still has a worst case running time of O(ny + n7) [Chakrabarty
2014). Another class of continuous algorithms uses the convex relaxation of the
submodular function , , but in practice, have been observed to work slower
than MNP , . This has motivated studies on faster, possibly special case or
approximate methods [Stobbe and Krause, 2010, |Jegelka et al., 2011} Bach, [2013|. Unlike

unconstrained submodular minimization, constrained forms of submodular minimization are
very hard — even with simple constraints such as a cardinality lower bound, the problems

are NP-hard, and not approximable better than a polynomial factor of Q(y/n) |Svitkina and

[Fleischer], 2008]. Similarly the problems of minimizing a submodular function under covering

constraints |Iwata and Nagano, [2009], spanning trees, perfect matchings, paths [Goel et al.|

2009] and cuts [Jegelka and Bilmes, [2011c] have very similar hardness factors. In all of these

cases, matching upper bounds (i.e approximation algorithms) have been provided [Svitkinal
and Fleischer] 2008, [Iwata and Nagano, 2009, |Goel et al., |2009, Jegelka and Bilmes, 2011c].

Algorithms for these problems in literature are based on two basic paradigms: they are either
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combinatorial algorithms using surrogate submodular functions, or they rely relaxing the

discrete problem to a continuous version followed by rounding.

Submodular Maximization (Problem 2):  Submodular maximization has been exten-
sively studied, mainly in the past couple of years. The first set of results for submodular
maximization were shown in [Nemhauser et al., 1978, [Nemhauser and Wolsey), 1978|, where
they provide a 1 — 1/e approximation algorithm (in the form of a simple greedy heuristic) for
maximizing a monotone submodular function under a cardinality constraint. Variants of the
greedy algorithm were further extended to handle matroid and knapsack constraints [Fisher
et al., [1978| |Sviridenko|, 2004, |[Krause and Guestrin, 2005¢, |Lin and Bilmes| 2010]. The
factor 1 — 1/e was also shown to be optimal under the value oracle model |Feige, 1998|
Nemhauser and Wolsey|, |1978|. The first systematic study for non-monotone submodular
function maximization was performed by Fiege et al |Feige et al., 2011b|, where they obtain a
1/3 and a randomized 2/5 approximation for unconstrained submodular maximization. They
also show an absolute hardness of 1/2 for this problem. They raise an open question, whether
there exists a tight 1/2 approximation algorithm for this problem. This question was resolved
in |[Buchbinder et al., 2012, where they show that a simple randomized linear time algorithm
achieves an approximation factor of 1/2. Subsequently, many of these results were extended
to matroid and knapsack constraints in [Lee et al., 2009ab|. Similarly [Buchbinder et al.,
2014| propose a near optimal algorithm for non-monotone submodular maximization subject
to cardinality constraint. Similar to submodular minimization, the algorithms for submodular
maximization are either combinatorial, or based on continuous relaxations. The combinatorial
algorithms include greedy algorithms, in the form of forward greedy, randomized greedy,
reverse greedy as well as bidirectional greedy variants, and local search techniques. The
continuous relaxation algorithms use the multilinear extension, followed by variants of the
continuous greedy algorithm [Calinescu et all [2011, (Chekuri et al., |2011, [Vondrak, 2007,
Buchbinder et al., 2014].
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Difference of Submodular (DS) Optimization (Problem 3):  This problem was
first introduced in [Narasimhan and Bilmes, 2005|, where they propose the submodular-
supermodular procedure, as a general purpose approximate algorithm for minimizing the
difference of submodular functions. [Byrnes, 2009, [Kawahara and Washio, 2011| later propose
exact algorithms for this problem, which in the worst case is exponential. Subsequently, a
number of papers have investigated special cases of DS optimization [Kolmogorov and Rother)

2007, Borodin et al., 2012].

Submodular Optimization subject to Submodular Constraints — SCSC/SCSK
(Problems 4 and 5):  This is a new class of problems we investigate in this thesis. A
number of special cases of this problem have been studied in the past, including cardinality
constrained submodular minimization, submodular maximization subject to knapsack con-

straints, and the submodular set cover |[Krause and Guestrin, 2005b|, Svitkina and Fleischer],

2008, Sviridenko, 2004}, Wolsey, [1982].
1.8 Our Contributions

Though there has been phenomenal work from the algorithms and theory communities
in addressing the optimization problems above, there are still some issues in large scale

application of these techniques in machine learning. The following are our main contributions:

e Scalability: A potential stumbling block is that machine learning problems are often
large (e.g., “big data”) and are getting larger. For general unconstrained submodular
minimization, the computational complexity often scales as a high-order polynomial.
These algorithms are designed to solve the most general case and the worst-case instances
are often contrived and unrealistic. Typical-case instances are much more benign, so
simpler algorithms (e.g., graph-cut) might suffice. In the constrained case, however,
the problems often become NP-complete, thus requiring (sometimes complicated)

approximation algorithms. Hence, there is an urgent need for efficient, practical, and
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scalable algorithms for the aforementioned problems if submodularity is to have a
lasting impact on the field of machine learning. In this thesis, we address this issue, by
proposing a scalable class of algorithms, which work on large scale machine learning

problems.

Unifying Algorithms: Given the large class of potential algorithms for different classes
of optimization problems, a natural question is which algorithm to use when? Moreover,
several algorithms, are specific to the given constraint at hand. Similarly algorithms
for submodular maximization are very different in nature from their submodular
minimization cohorts. On a whole, there is no unifying algorithmic framework for these
problems. In this dissertation, we provide a unifying class of algorithmic techniques
which work for Submodular Minimization, Submodular Maximization, Difference of
Submodular Optimization, and Submodular Optimization subject to Submodular
Constraints. In several cases, we show how many of the algorithms studied in the past,
can be viewed within these frameworks. We also provide new algorithms for several of

these optimization problems.

Theoretical Guarantees and Hardness: An important component of algorithms,
and approximation algorithms is to characterize the goodness of the algorithms. Consider

a general minimization and maximization problem of a set function s,

Minimization: X* = argmin s(X), Maximization: X* = argmax s(X) (1.49)
Xec Xec

All the problems we consider in this thesis (Problems 1-5) can be represented by either
one of the above two formulations. Either an algorithm is exact, i.e it can find the
optimal solution, or it will find an approximate solution. We measure the performance
of an approximate solution by the worst case approximation factor |Vazirani, 2004]:
For minimization problems, we say that an algorithm admits an approximation factor

a > 1, if it can find a set X such that,

~

s(X™*) < s(X) < as(X7) (1.50)
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Similarly for maximization problems, an algorithm admits an approximation factor

B <1, if it can find a set X such that,

A~

Bs(X*) < s(X) < s(X*) (1.51)

An optimization algorithm is polynomial time, if its running time can be upper bounded
by a polynomial function of the input (in this case, n). In combinatorial optimization
problems, the running time also often depends on the complexity of function evaluations,
which is assumed to be given via an oracle [Fujishige, [2005]. Another important aspect
of optimization problems is the underlying hardness of the optimization problem. One
such way to quantify the hardness is NP-hardness, which informally means that it is
very unlikely that there exists a polynomial time algorithm for the given problem, unless
P=NP. A stricter notion of hardness is hardness of approximation. An optimization
problem has a hardness factor of « (equivalently £3), if no polynomial time algorithm
can achieve an approximation factor better than « (equivalently ). In this dissertation,
we address the worst case approximation factors of our algorithms, along with the

underlying hardness of the problems.

Improving the worst case results — Connecting theory and practice: Unfor-
tunately, several optimization problems considered above, are not only NP hard, but
as we shall see, do not even admit constant or logarithmic approximation factors in
polynomial time |Goel et al., 2010, Goemans et al., 2009, Iwata and Nagano, 2009,
Svitkina and Fleischer] |2008, |Jegelka and Bilmes, [2011¢, [Iyer and Bilmes, 2013|. In fact,
most of the bounds are polynomial factors of 2(y/n) and Q(n). These rather pessimistic
results however stand in sharp contrast to empirical observations seen in applications,
thus begging the need for better theoretical characterizations and connections between
theory and practice. In this dissertation, we explore subclasses of submodular functions,
as well as structural properties of submodular functions (like curvature, monotonicity
ratio, submodularity ratio etc.), with the aim of providing improved theoretical worst

case guarantees, and also improving the complexity of the optimization algorithms.
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1.9 Main Algorithmic Ideas in this dissertation

Following are the main algorithmic ideas we use throughout this dissertation. We explore

two classes of algorithms, which we use for the optimization problems above:

e Combinatorial Algorithms

e Continuous Relaxation based Algorithms.

In the paragraphs below, we argue the significance of these classes of algorithms in the light

of the issues pointed out above.

1.9.1  Combinatorial Algorithms

We investigate two classes of combinatorial algorithms.

Majorization-Minimization based Semigradient Algorithms We provide a unifying
majorization-minimization and minorization-maximization framework for all the submodular
optimization problems described above (viz. Problems 1 - 5). The resulting algorithms,
which repeatedly compute and then efficiently optimize submodular semigradients, offer new
and generalize many old methods for submodular optimization. Our approach, takes steps
towards providing a unifying paradigm applicable to both submodular minimization and
maximization (i.e Problems 1 and 2), which historically have been treated quite distinctly.
Moreover, we show how these ideas can further be extended to Problems 3-5, thus providing a
unifying and general algorithmic framework. Moreover, our algorithms are extremely scalable,
and easy to implement, and the practicality of our algorithms is important since interest in
submodularity, owing to its natural and wide applicability, has recently been in ascendance
within machine learning. We analyze theoretical properties of our algorithms for these
optimization problems, and also argue about their scalability. Majorization-minimization and
Minorization-Maximization algorithms are known to be useful in machine learning [Hunter

and Lange|, 2004]. Notable examples include the EM algorithm |[McLachlan and Krishnan,
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1997| and the convex-concave procedure [Yuille and Rangarajan) 2002|. This thesis provides

a new class of MM algorithms for many general submodular optimization problems.

Algorithms based on Approximations and Surrogate Functions The second class
of algorithms are based on using approximations or surrogate submodular function. Given a

submodular function f, let f be a surrogate submodular function such that,
fX) < f(X) <af(X),vX CV (1.52)

The idea is then to use f as a surrogate function instead of f, in the optimization problems
we study in this thesis. We show that we can transfer this multiplicative factor into the
approximation guarantee for the corresponding problem. In this thesis, we consider several
approximations, and show how we can obtain different approximation factors depending on

the tightness of the approximation.

1.9.2  Continuous Relaxation based Algorithms

This class of algorithms uses continuous relaxations of a submodular function. Denote the
continuous relaxation of f as f. The continuous relaxation f of f is a continuous function
f:[0,1]" = R such that f(1x) = f(X), where 1x is the indicator function of set X (i.e
Iy e R":1x(j) =1,5 € X and 1x(j) = 0,7 ¢ X. Relaxation approaches for submodular

optimization follow a two-stage procedure:

1. Find the optimal (or approximate) solution z to the relaxed version of the corresponding

optimization problem.

2. Round the continuous solution # to obtain the discrete indicator vector of set X.

We show that with the right choice of the continuous relaxation and rounding scheme, we
can obtain bounded approximation factors, for many of the optimization problems we study

in this thesis.
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1.10 Road-Map of this Thesis

The road-map of this thesis is as follows. Chapters [3] [4] [} [f] and [7] provide algorithms for the
optimization problems in this thesis. Chapters [3 [4], 5] [6] deal with combinatorial algorithms
for Problems 1-5, while Chapter [7] studies the continuous relaxation based algorithms for

these problems. Following is the chapter-wise summary.

e In Chapter [2, we investigate important properties of submodular functions connected
to convexity and concavity. In particular, we investigate polyhedra connected with
submodular functions, and also study the sub and super-differentials of a submodular
function in detail. We see how the polyhedral properties of submodular functions
are connected with the continuous extensions of a submodular function, namely, the
convex, concave and the multilinear extension. Several of these properties shall play an

important role in the algorithms we study in this thesis.

e Chapters 3| and [f] investigate combinatorial algorithms for submodular minimization and
maximization (Problems 1 and 2). This includes the majorization-minimization based
semidifferential based algorithms, and algorithms based on using surrogate submodular
functions. Majorization-Minimization and Minorization-Maximization based algorithms
for submodular minimization and maximization respectively, provide a unifying frame-
work for these optimization problems. In the case of minimization (Chapter , we
provide a new class of algorithms which are extremely efficient and practical. We also
investigate algorithms based on choosing surrogate (or proxy submodular functions),
and show how by choosing tight approximations, we can obtain theoretically the tightest
approximation guarantees. We perform several experiments on real and synthetic data,
to validate our algorithms. In the case of maximization (Chapter {4)), we demonstrate
that many algorithms for submodular maximization, including several greedy and
local search schemes, may be viewed as special cases of a generic minorize-maximize

framework that relies on discrete semidifferentials.
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e In Chapter 5| we investigate combinatorial algorithms for difference of submodular (DS)

optimization (Problem 3). In particular, we propose Majorization-Minimization (MM)
based algorithms, which repeatedly use the submodular semigradients (as modular
upper and lower bounds). This framework subsumes the Submodular-Supermodular
procedure Narasimhan and Bilmes [2005], an algorithm inspired by the convex-concave
procedure |Yuille and Rangarajan, 2002|. Along with the submodular-supermodular
procedure, we propose two new algorithms, the supermodular-submodular and the
modular-modular procedures. An important aspect of our algorithms (particularly,
the latter two algorithms) is that they scale very well to large scale problems. We
investigate the hardness of this problem, and show that it is not only NP hard, but also
inapproximable — thus justifying the need for heuristic methods to solve this problem.
We empirically show the validity of our methods on the problem of feature subset

selection.

In Chapter [6] we propose combinatorial algorithms for submodular optimization subject
to submodular constraints — SCSC and SCSK (Problems 4 and 5). We show that
Problems 4 and 5 are intimately connected, in that any approximation algorithm for
either problem can be used to provide guarantees for the other problem as well. We
then provide a Majorization-Minimization (MM) algorithmic framework, which is not
only scalable, but unifies several algorithms considered in the past for special cases of
SCSC and SCSK [Sviridenko, 2004, Wolsey, |1982]. We investigate the hardness of these
problems, and provide a tight approximation algorithm, which matches the hardness
this up to log factors. The tight algorithms use surrogate submodular functions. Finally,
we empirically validate our algorithms on two real world applications, involving data

subset selection, and sensor placement.

Finally, in Chapter [7] we develop a continuous relaxation methodology for Problems
1-3. For submodular minimization (Problem 1), we use the Lovasz extension, while for

submodular maximization (Problem 2), we use the multilinear extension and the concave
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extension. Similar to majorization-minimization scheme, we show that this provides
a unifying algorithmic framework for both these problems. The relaxation viewpoint,
moreover, complements the approximation guarantees obtained by the combinatorial
algorithms. We also show that this technique can also be extended to provide heuristics

for Problem 3 (i.e DS optimization).

Chapter [2] is being prepared for submission. Chapter [3| and [4] was originally presented in two

conference papers:

e R. Iyer, S. Jegelka, and J. Bilmes. Fast Semidifferential based Submodular function
optimization. In ICML, 2013b

e R. Iyer, S. Jegelka, and J. Bilmes. Curvature and Optimal Algorithms for Learning and
Minimizing Submodular Functions . In NIPS, 2013a

The former was also published as a workshop paper:

e R. Iyer, S. Jegelka, and J. Bilmes. Mirror descent like algorithms for submodular opti-
mization. NIPS Workshop on Discrete Optimization in Machine Learning (DISCML),
2012

Chapter |5 was originally published in a conference paper:

e R. Iyer and J. Bilmes. Algorithms for approximate minimization of the difference

between submodular functions, with applications. In UAI 2012b
Chapter [6] was originally published in the following conference paper:

e R. Iyer and J. Bilmes. Submodular Optimization with Submodular Cover and Submod-

ular Knapsack Constraints. In NIPS, 2013

Chapter [7] was published in a conference paper:
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e R. Iyer, S. Jegelka, and J. Bilmes. Monotone Closure of Relaxed Constraints in
Submodular Optimization: Connections Between Minimization and Maximization. In

UAI 2014
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Chapter 2

SUBMODULARITY, CONVEXITY AND CONCAVITY
2.1 Introduction

Submodular functions have been strongly associated with convex functions, to the extent that
submodularity is sometimes regarded as a discrete analogue of convexity |Fujishige, 2005].
This relationship is evident by the fact that submodular function minimization is easy, in
that there exist strongly polynomial time algorithms which achieve it. This is akin to convex
minimization which is also easy. A number of recent results, however, make this relationship
much more formal. For example, similar to convex functions, submodular functions have
tight modular lower bounds and admit a sub-differential characterization |[Fujishige, |1984a].
Moreover, it is possible |Fujishige, 1984c| to provide optimality conditions, in a manner
analogous to the Karush-Kuhn-Tucker (KKT) conditions from convex programming, for
submodular function minimization. Furthermore, the Fenchel duality theorem and the discrete
separation theorem, both of which are known to hold for convex functions have been shown to
go through for submodular functions |Fujishige, 1984c, Frank, 1982|. In addition, submodular
functions also admit a natural convex extension, known as the Lovasz extension, which is
easy to evaluate |Lovasz, [1983| and optimize. The Lovasz extension, moreover, also has no
integrality gap and minimizing a submodular function is equivalent to minimizing its Lovasz
extension. All these results show that submodularity is indeed extremely closely related to
convexity, and seem to verify the claim that submodularity is the discrete analog of convexity.

Submodular functions also have some properties, which are unlike convexity, but perhaps
more akin to concavity. Submodular function maximization is known to be NP hard. However,
there exist a number of constant factor approximation algorithms based on simple greedy or

local search heuristics |Feige et al., 2011b| Lee et al., 2009a, Nemhauser et al., [1978] and some
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Figure 2.1: Convex and Concave functions with sub and super gradients respectively

recent continuous approximation methods |[Chekuri et al., 2011, |[Feldman et al., 2011]|. This
is unlike convexity where maximization can be hopelessly difficult [Sahni, 1974]. Furthermore,
submodular functions have a diminishing returns property which is akin to concavity, and
concave over modular functions are known to be submodular. In addition submodular
function has been shown to have tight modular upper bounds [Lyer et al. 2013b, [Iyer and
Bilmes, 2012ajb, |Jegelka and Bilmes, 2011b, Jegelka et al., [2011], and as we show, form
superdifferentials and supergradients like concave functions. The multi-linear extension of a
submodular function, which has become useful recently |[Chekuri et al., 2011] in the context of
submodular maximization, is known to be concave when restricted to a particular direction. All
these seem to indicate that submodular functions are related to both convexity and concavity,

and have some strange properties enabling them to get the best of both classes of functions.

2.1.1 Motivation and Past Work

Since almost four decades, researchers have been investigating several theoretical and algo-
rithmic aspects relating to submodular functions. Most of the bulk of this work [Fujishige),
2005, Edmonds, 1970, Lovasz, 1983, Fujishige, 1984al [Frank, (1982] |Fujishige, 1984b|, has
been in relating submodular functions to convexity from a polyhedral perspective, thereby
enabling efficient algorithms for submodular minimization. From a polyhedral perspective,
Fujishige, Edmonds and others [Fujishige, 2005, [Edmonds, [1970} Fujishige, [1984a], provided
a characterization of the submodular polyhedron, the base polytope, and sub-differentials
of a submodular functions. Thanks to these results, Lovasz [Lovasz, |1983| provided an

efficient characterization of the convex extension of a submodular function, which is called
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the Lovész extension. Finally, the connection between submodularity and convexity was

made more precise when it was shown |Frank, 1982, Fujishige, 1984b], that the Discrete

Separation Theorem, Fenchel duality Theorem, and the Minkowski Sum theorems hold for
submodular functions, when seen in analogy to convexity. From an algorithmic perspective,

these results have provided several algorithms for submodular function minimization. In

particular, [Fujishigel [2005], Bachl 2013] use the submodular polyhedron and the convex

extension to provide an exact algorithm for submodular minimization. Similarly, [Iwata et al.,

2001}, Twatay, 2003| and others have used many of these ideas to provide exact algorithms for

submodular minimization.

While submodular functions have been seen to be related to concavity (as discussed
above), the polyhedral aspects of submodular functions from a maximization perspective are

much lesser understood. Most work here has been in relation to approximation algorithms

for submodular maximization [Nemhauser et al., 1978, Nemhauser and Wolsey, [1978| |Fisher|

et al.l 1978, [Sviridenko), 2004, [Krause and Guestrin, [2005¢, [Lin and Bilmes, 2010, [Feige et al.l

2011b}, Buchbinder et all, [2012]. Polyhedral aspects of submodular maximization and its

relation to concavity, has been studied only in a limited context in previous work
et al., [2011b], [Calinescu et al., 2007], Vondrak, 2007, [Dughmil, 2009, Nemhauser et al.l [1978],
Iyer and Bilmes, 2012alb, [Jegelka and Bilmes| 2011b) [Jegelka et al), [2011]. For example, a
recent chain of papers by Jan Vondrak and others [Calinescu et al., 2007, Vondrak, 2007,

Dughmi|, 2009] investigated concave extensions of a submodular function, which were shown

to be NP hard to evaluate [Vondrak, |2007]. Similarly the subgradients and supergradients of

a submodular function have inspired a unifying Majorization-Minimization framework for

submodular optimization [Narasimhan and Bilmes, 2005] [[yer and Bilmes|, [2012alJb| [Jegelkal
and Bilmes, [2011b, |Jegelka et al. 2011} [Iyer and Bilmes, 2013} Iyer et al.| 2013a]. Furthermore,

the sub and super differentials have also been used in the context of approximate inference

in a class of probability distributions defined via submodular functions (Iyer and Bilmes

[2014D], Djolonga and Krause| [2014]). However, as far as we know, no formal and unifying

characterization has been provided from a polyhedral perspective to relate submodularity
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and concavity.

In this work, we attempt to provide a first unifying characterization of the concave
aspects of submodular functions from a polyhedral perspective, thereby extending many of
the observations made in [Lovasz, [1983]. In this effort, we discover a number of interesting
connections between these different aspects of submodular functions connecting concavity,

and contrast them to known results of submodularity and convexity.

2.1.2 Road-Map of this chapter

In Sections 2.2} 2.3] and [2.5] we review the connections between submodularity and
convexity. Most of the results in these sections are from |Lovasz, (1983| [Fujishigel 2005|, and
in some cases we provide some generalizations. In Section we review polyhedral aspects
of submodularity and convexity, and investigate the submodular polyhedron, submodular
subdifferentials etc. In Section [2.3] we study the convex extensions of a submodular function,
while in Section we review the optimality conditions of submodular function minimization
from a polyhedral perspective. Finally, in Section [2.5] we review the Discrete Separation
Theorem, Fenchel Duality Theorem, and Minkowski Sum Theorem, all from the perspective
of the convex analogy of submodular functions. In Section we investigate the polyhedral
aspects of submodularity and concavity, by defining the submodular upper polyhedron, and
the submodular superdifferentials. In Section we provide a characterization of the concave
extension of a submodular function. In Section 2.8, we study the optimality conditions of
submodular function maximization from a polyhedral perspective. Finally, in Section
we provide versions of the Discrete Separation Theorem, Fenchel Duality Theorem and the

Minkowski Sum Theorem, from the perspective of concavity of a submodular function.
2.2 Polyhedral aspects of Submodularity and Convexity

Most of the results in this section are covered in [Lovasz, 1983| |Fujishige, |2005] and the
references contained therein, so for more details please refer to these texts. We use this section

to review existing work on the polyhedral connections between submodularity and convexity,



37

Figure 2.2: The Submodular Polyhedron Py and the Base Polytope B; in two dimensions

and to help contrast these with the corresponding results on the polyhedral connections

between submodularity and concavity starting in Section [2.6]

2.2.1  Submodular (Lower) Polyhedron

For a submodular function f, the (lower) submodular polyhedronﬂ and the base polytope of

a submodular function [Fujishige, 2005| are defined, respectively, as:
Pr=A{z:x(5) < f(5),VS SV} By=Prn{z:a(V)=f(V)} (2.1)

where z(S5) =

;es Ti- The submodular polyhedron has a number of interesting properties.
An important property of the polyhedron is that the extreme points and facets can easily
be characterized even though the polyhedron itself is described by a exponential number
of inequalities. In fact, surprisingly, every extreme point of the submodular polyhedron
is an extreme point of the base polytope. These extreme points admit an interesting
characterization in that they can be computed via a simple greedy algorithm — let o be

a permutation of V' = {1,2,--- 'n}. Each such permutation defines a chain with elements

¢ =0,57 ={o(1),0(2),...,0(i)} such that S§ C SY C --- C S7. This chain defines an

1Since the submodular polyhedron consists of modular lower bounds of a submodular function, we shall also
call it the lower submodular polyhedron to contrast with the submodular upper polyhedron we introduce

in Section
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extreme point h7 of P; with entries

h?(a (i) = F(S57) = F(S7a)- (2.2)

Each permutation of V' characterizes an extreme point of P and all possible extreme points
of Py can be characterized in this manner |Fujishige, 2005|. Furthermore, the problem
max,ep, y 'z, which is a linear program over a submodular polyhedron, can be very efficiently
computed through the greedy algorithm [Edmonds, 1970]. The following lemma gives the
greedy algorithm for finding this.

Lemma 2.1. [Edmonds, |1970, Lovasz, 1985] Given a vector w € Ry, consider a permutation
Ow, such that wlo,(1)] > wloy(2)] > -+ > w[ow(n)]. Define s*(0,(2)) = f(S7™)— f(ST™) for
i€{1,2,---,n}. Then argmaxep, w's = argmax,cp, w's = s*. Further MaXgep, w's =

2im wlow(@))[f(S7) = f(S7]

It is easy to see that the optimizers s* above form extreme points of the submodular
polyhedron. Given a submodular function f such that f(f)) = 0, the condition that x € Py
can be checked in polynomial time for every x. This follows directly from the fact that

submodular function minimization is polynomial time.

Proposition 2.1. Given a submodular function f, checking if x € Py is equivalent to the

condition minxcy[f(X) — x(X)] > 0, which can be checked in poly-time.

2.2.2  The Submodular Subdifferential

Another aspect of the connection between submodular functions and convexity is the sub-
modular subdifferentials [Fujishigel |1984a|. The subdifferential 0;(X) of a submodular set
function f :2Y — R for a set Y C V is defined |Fujishige, [1984al, 2005] analogously to the

subdifferential of a continuous convex function:

Op(X)={zeR": f(Y)—2(Y)> f(X) —z(X) forall Y C V} (2.3)
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Figure 2.3: The Subdifferentials d¢(Y") of a submodular function for different sets ¥ in two

dimensions. Notice that the subdifferentials partition the space R?. In this case, V = {vy,v2}.

The polyhedra above can be defined for any (not necessarily submodular) set function. When
the function is submodular however, it can be characterized efficiently. Firstly, note that for
normalized submodular functions, for any hy € 0¢(X), we have f(X) — hx(X) < 0 which
follows by the constraint at Y = (). Akin to the submodular polyhedron, the extreme points
of the submodular subdifferential also admits interesting characterizations. We shall denote a
subgradient at X by hy € 0¢(X). Similar to the submodular polyhedron, the extreme points
of 0¢(Y’) may be computed via a greedy algorithm: Let o be a permutation of V' that assigns
the elements in X to the first [X| positions (i < |X| if and only if o(z) € X) and S| = X.

An illustration of this is shown in Figure [2.4]

Y

f—‘—\
@@@@@
S, i

S5 |

S3

Figure 2.4: A visualization of the chain of sets and permutations o.

This chain defines an extreme point h% of df(X) with entries

hs(a(@)) = f(S7) = F(S71)- (2.4)
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Note that for every subgradient hx € 0¢(X), we can define a modular lower bound
mx(Y) = f(X) + hx(Y) — hx(X),VY C V, which satisfies mx(Y) < f(Y),VY C V.
Moreover, we have that mx(X) = f(X), and hence the subdifferential exactly correspond
to the set of tight modular lower bounds of a submodular function, at a given set X. If we
choose hx to be an extreme subgradient, the modular lower bound becomes mx (Y') = hx(Y),
resulting in a normalized modular functionﬂ.

The subdifferential defined in Eqn. is defined via an exponential number of inequalities.
A key observation however is that many of these inequalities are redundant. Define three

polyhedra:
0(X) ={z e R": (V) —2(Y) > f(X) - 2(X),VY C X} (2.5)
Oj(X) ={z e R": f(V) —a(Y) > f(X) — 2(X),¥Y 2 X} (2.6)
RX)={zeR": f(Y)—az(Y) > f(X)—2(X),VY : Y £ XY 2 X} (2.7)

We immediately have that 9;(X) = 0;(X) N d}(X) N 0}(X). The following Lemma shows
that the inequalities in J}(X) are redundant in characterizing d;(X) when given 9;(X) and

d7(X).
Lemma 2.2. ([Fujishige, 2005, Lemma 6.4]) Given a submodular function f, 0p(X) =
0p(X)No3(X). Hence,

(X)) ={{zeR": f(YV)—2(Y) > f(X) —x(X) for al Y € [0, X]U [X,V]} (2.8)

In the above, [A,B] = {X CV : A C X C B} whenever A C B. We see that for
X #{0,V}, many of the inequalities defining d;(X) are in fact redundant.

The subdifferential at the emptyset has a special relationship since d¢()) = P;. Similarly
9¢(V) = Ps#, where f#(X) = f(V) — f(V\X) is the submodular dual of f. Furthermore,
since f# is a supermodular function, it holds that 9;(V') is a supermodular polyhedron (for

a supermodular function g, the supermodular polyhedron is defined as P, = {z : z(X) >

9(X),VX CV}).

2A set function h is said to be normalized if h(()) = 0).
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The following lemma shows another instructive fact about the subdifferentials:

Lemma 2.3. ([Fujishige, 2005, Lemma 6.5]) For any submodular function f, 0p(X) =
0y (X) % 0y (0), where FX(Y) = F(Y).VY C X, and fx(Y) = f(YUX)—f(X). WY C V\X,

and X denotes the direct product.

Finally define:
920V(X) = fo € RV :Vj € X, f(jIX\)) < 2(j) and Vj & X, f(IX) = a(j)}.  (29)

Notice that (9?(1’1)(X ) 2 0¢(X) since we are reducing the constraints of the subdifferential.
In particular ﬁfA(l’l)(X ) just considers n inequalities, by choosing the sets Y in Eqn. (2.8])
such that [Y\X| =1 or [X\Y]| = 1. This polyhedron will be useful in characterizing local
minimizers of a submodular function (see Section and motivating analogous constructs

for local maxima (see, for example, Proposition [2.4]).

2.2.3 Generalized Submodular Lower Polyhedron

In this section, we define a generalization of the submodular polyhedron, which we call the
generalized submodular lower polyhedron. While this construct has not been defined explicitly
before, we investigate it primarily with the aim of contrasting this with the results on the
concave polyhedral aspects of a submodular function (Section .

Define the generalized submodular lower polyhedron as:
Pt ={(z,c),r eR",ceR: [z(X) + ] < f(X),VX CV} (2.10)

This generalized polyhedron P§™ C R™*! intuitively captures the affine (or unnormalized)

modular lower bounds of f. The definition above holds for any arbitrary set function, not

necessarily submodular, in which case we call it the generalized lower polyhedron. In the case

of submodular functions, this generalized lower polyhedron has interesting connections to
gen

the submodular polyhedron. In particular, note that P¥™ N {(z,c) : ¢ =0} = {(z,¢) 1z €

Py, c = 0}. In other words, the slice ¢ = 0 of the generalized submodular polyhedron is the
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Generalized Lower Submodular Polyhedron

Figure 2.5: The generalized submodular lower function for a two dimensional submodular

function f : 212 — R, satisfying f(0) =0, f({1}) =1, f({2}) = 2, f({1,2}) = 2.5.

submodular polyhedron of f. Also notice that for a normalized submodular function f, the
constraint at X = (), requires that ¢ < 0.
The generalized polyhedron has interesting connections with the subdifferential — the

following is a characterization of its facial structure.

Lemma 2.4. Given a set function f, (x,c) € P{™ lies on a face of the polyhedron if and
only if there ezists a set X such that x € 0p(X) and ¢ = f(X) — z(X).

Proof. Notice that (z,c) lies on a face of P?en if and only if there exists a set X such that
2(X)+c= f(X)andforall Y C V,z(Y)+c < f(Y). Since then z(Y)—z(X) < f(Y)— f(X),
we have that € 0;(X) and ¢ = f(X) — 2(X) that, as mentioned above, has ¢ < 0 when f is

submodular. O

The extreme points of P?en also are easy to characterize when f is submodular. Surprisingly,

all the extreme points lie exactly on the hyperplane ¢ = 0 with x being the extreme points of

Py.
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Lemma 2.5. Given a submodular function f, (z,c) is an extreme point of P}?m if and only

if  is an extreme point of Py and ¢ = 0. Furthermore, for any y € R,

(%gﬂg%m[@, y)+d = max{mgal%)[(x,w +f(X)—2(X)] | X CV}= gggyfdx, y) (211)

[ J/

b (i) (i)

J/ . S

Proof. First we show that (i) = (ii). Notice that a maximum in (i) (denoted by (z*,c*))
occurs at a face of P§™" which, by Lemma [2.4] says there exists an X such that z* € 9;(X)
with ¢* = f(X) — z(X). This subdifferential is considered in (ii)’s outer max implying
(i) > (i). Moreover, it is also easy to see that the point (z, f(X) — (X)) € P§™, for any
x € 0p(X), from the definitions of the generalized submodular lower polyhedron and the
subdifferential. Hence (ii) > (i), since it is a max over a much larger set.

We then show that (i) = (iii). It is immediate that (iii) < (i) since (iii) is a more
constrained case of (i) under ¢ = 0. Next, we show (iii) > (i), which states that for a
submodular function, the linear program over the generalized submodular polyhedron is
equivalent to a linear program over the submodular polyhedron. This result follows as a

corollary from Lemma . Specifically, for any (z,c) € P§™, we have that

T, Ow

where the last inequality follows from the facts that >, Ailgew = w and Y, A; = 1. In
particular, this also means that in the optimization problem in ii, the maximum over X C V
occurs at X = (), when 9;(X) = 0.

Lastly, note that since every linear program over the generalized submodular polyhedron
can be cast as a linear program over the submodular polyhedron, the extreme points of both

polyhedra must also be the same. O

Another way to look at this, which also shows the second part of the Lemma, is that (z, c)
is an extreme point if = is an extreme point of a subdifferential 9;(X') for some set X. Since
the extreme points of the subdifferentials are exactly the extreme points of the submodular

polyhedron, the result follows.
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Finally it is worth mentioning that similar to the submodular polyhedron, the generalized
submodular polyhedron membership problem (i.e does (x,c) € P;™) is polynomial time,
and can be solved via submodular minimization. This is again parallel to the submodular

polyhedron.

Proposition 2.2. Given a submodular function f, (z,c) € P{™ if and only if c < minxcy[f(X)—
z(X)]. Since submodular minimization is polynomial time, the generalized submodular poly-

hedral membership problem is also polynomial time.

A visualization of the generalized submodular lower polyhedron for a submodular function

on V = {vy, v} is shown in Figure [2.5]
2.3 Convex extensions of a Submodular Function

We now introduce the convex extension of a submodular functions. We shall see a number
of equivalent ways to characterize this extension and observe how they can be computed
very efficiently as what is known as the Lovész extension [Lovasz, [1983|. The results of this
section are mainly from [Lovasz, 1983 [Dughmi, 2009|. Following [Vondrak, 2007, Dughmil,
2009|, we consider two main characterizations of the convex extensions, as what we call
polyhedral characterization and distributional characterization. Again, the main purpose of
this section, is to review the existing work, and contrast the results with the ones we shall

see in Section [2.7] on the concave extensions of submodular functions.

2.3.1 Polyhedral characterization of the conver extensions

The convex extension of any set function (not necessarily submodular) can be seen as the
point-wise supremum of convex functions which lower bound the set function [Dughmi, 2009).

More clearly, let

®;={¢: ¢ is convex in [0,1]" and ¢(1x) < f(X),VX C V}. (2.13)
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Then define:

f(w) = max ¢(w), for w € [0,1]" (2.14)
ped;

It is not hard to show that f is convex and satisfies the relation f(1y) = f(X). The above
expression can in fact be simplified for any set function, and it suffices to consider affine
lower instead of convex lower bounds. In particular Eqn. (2.14]) can be expressed as a linear

program over the generalized polyhedron.

Lemma 2.6. Given a set function f, the convex extension of f in Eqn. (2.14) can be expressed
as:

v

flw) = (Lglea;%w[@,w> +c],Yw € [0, 1]" (2.15)

Proof. The proof of the equivalence follows from a simple observation. For a given w, let
ngS be an argmax in Eqn. (2.14). Then since QAS is a convex function in [0, 1]V, there exists a
subgradient # € R” at w and value d, such that (z,y) +d < d(y), Yy and (2, w) + d = ¢(w).
In other words, (z,y) + d is a linear lower bound of qg(y), tight at w. Hence, at value w,
f(w) takes value (z,w) + d. Finally notice that (z,d) € PF since 2(X) +d < d(ly) <
FX),VX CV. O

So far, in the above, we have not invoked the submodularity of f. If f is submodular
however, the above polyhedral characterization can be replaced by an linear program over

the submodular polyhedron. In other words,

Lemma 2.7. For a submodular function f, the expressions in Eqn. (2.14), (2.15) can be

rewritten as:

f(w) = maxw's,Vw € [0,1]™ (2.16)
s€Py
Proof. This follows directly from Lemma m

The above result is not surprising given that the extreme points of P]%en are identical to

the extreme points of Py, when f is submodular.
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2.3.2  Distributional characterization of the convex extension

Another way to characterize the continuous extension of a set function f is as follows. Denote
A, as the set:
A, = {{/\S,S CVE:Y Aslg=w, > Ag=1, and VS, Ag > 0}, for w e [0,1]" (2.17)
SCV SCV

Then the convex extension f can be equivalently written as:
f(w) = min S; Asf(S) (2.18)

The reason this representation is called distributional is that the convex extension here is
computed by minimizing over particular distributions over sets. Again, it is not hard to see
that this characterization is a convex extension.

For a submodular function, the distribution characterization takes on a nice form, which is

known classically as the Lovéasz extension. This result can be found, for example, in [Dughmi,

2009):

Lemma 2.8. [Dughmai, 2009/

Given a submodular function f,

n

flw) =Y wlow(@)(f(S7) = F(S74) = w(ow(n) f(S5) + Z(w(aw(i)) — w(ow(i+ 1)) f(57),

=1

(2.19)

where o, is a permutation satisfying w(oy,(1)) > w(ow(2) > - > w(ow(n)).

It is clear from above that the minimizing distribution A is a form of a chain distribution,
where the chain here is the sequence of sets Sg*, 57, -+, So» defined in Lemma . We also
see the relationship between the two characterizations in the case of submodular functions,
since Eqn. is exactly the solution of the linear program over the submodular polyhedron
(see Lemma [2.1)). Hence the two forms of convex extensions, i.e the distributional characteri-
zation from Lemma [2.8 and polyhedral characterization from Lemma are identical for a

submodular function. The resulting convex function f is the Lovasz extension.
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The equivalence between the two characterizations holds for general set functions, not

necessarily submodular. In other words, Eqn. (2.18) and Eqn. (2.14), (2.15)) are identical for
any set function. This follows directly from the arguments in [Dughmil [2009]. The only catch,

however, is that Lemmas and do not hold for general set functions and f can be NP
hard to evaluate in general [Dughmi, 2009, |[Vondrak} 2007].

2.3.3 Convex Extensions and Submodular Minimization

The Lovasz extension plays an important role in submodular minimization. In particular,

minimizing the Lovasz extension is equivalent to minimizing a submodular function:

Lemma 2.9. [Lovds, |1983]) Given a submodular function f,

min f(X) = min f(@) (2.20)

Furthermore, given the minimizer x* of the RHS above, we can obtain a set X* such that

FX) = f(a).

This implies that unconstrained submodular minimization has an integrality gap of one

and the two problems are equivalent.
2.4 Optimality conditions for submodular minimization

Fujishige [Fujishige, 1984c| provides some interesting characterizations to the optimality
conditions for unconstrained submodular minimization. The following theorem can be

thought of as a discrete analog to the KKT conditions:

Lemma 2.10. ([Fugishige, 2005, Lemma 7.1]) A set A CV is a minimizer of f: 2V — R if

and only if:
0€ 0¢(A) (2.21)

This immediately provides necessary and sufficient conditions for optimality of f:
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Lemma 2.11. ([Fujishige, 2005, Theorem 7.2]) A set A minimizes a submodular function f
if and only if f(A) < f(B) for all sets B such that BC A or A C B.

In other words, it is sufficient to check only the subsets and supersets of A to ensure
that A is a global optimizer of f. The above Lemma follows from Eqn. and Lemma
Analogous characterizations have also been provided for constrained forms of submodular
minimization, and interested readers may look at [Fujishige, 1984c|. Finally, we can provide

a simple characterization on the local minimizers of a submodular function.

Lemma 2.12. A set A CV is a local minimizerf)| of a submodular function if and only if

0e a7V (A).

As was shown in [Iyer et al., [2013b|, a local minimizer of a submodular function, in the
unconstrained setting, can be found efficiently in O(n?) complexity.

While unconstrained submodular minimization is easy, most forms of constrained sub-
modular minimization become NP hard. For example, a simple cardinality lower bound
constraint makes the problem of submodular minimization (even with monotone submodular
functions) NP hard without even constant factor approximation guarantees [Svitkina and
Fleischer| 2008|. These results, however, can be extended when the constraints are lattice

constraints [Fujishige, [2005] in which case many of the results above still hold.

2.5 Convex Characterizations: Discrete Separation Theorem and Fenchel Du-
ality Theorem

Finally we review some interesting theorems which characterize convex functions, but also go

through for submodular functions.

2.5.1 The Discrete Separation Theorem (DST)

The discrete separation theorem known in context of convexity, states that given a convex

function ¢ and a concave function v such that Vz, ¢(x) > ¢ (x), these exists a affine function

3A set A is a local minimizer of a submodular function if f(X) > f(A),VX : |X\4]| <1, and |[A\X]| =1,
that is all sets X no more than hamming-distance one away from A.
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(h,z) + ¢ such that Vx,1(z) > (h,z) + ¢ > ¥ (x). A similar relation holds for submodular
functions.
The lemma below was shown by Frank |Frank, |1982] in the context of submodular

functions:

Lemma 2.13. [Frank, 1982/, [Fujishige, 2005, Theorem 4.12] Given a submodular function
f and a supermodular function g such that f(X) > g(X),VX (and which satisfy f(0) =
g(0) = 0), there exists a modular function h such that f(X) > h(X) > g(X). Furthermore,

if [ and g are integral so may be h.

This Lemma can also be shown through the Lovasz extension. In particular, given a
submodular function f and a supermodular function g such that f(X) > ¢(X),VX, we can
construct the convex and concave extensions f and § of f and g (the concave extension §
can be constructed via the Lovasz extension of —g). From the expressions of f and g, it is
not hard to see that f (x) > g(x),Vz. Hence using the Discrete Separation Theorem from
convex analysis, we can find a linear function h, which when restricted to 0/1 vectors, gives

the modular function h.

2.5.2  Fenchel Duality Theorem (FDT)

The Fenchel duality theorem in the context of convexity [Rockafellar] (1997 provides a relation
between the minimizers of the function and it is dual. Given a convex function ¢ and a
concave function ¢, the Fenchel dual ¢* of ¢, and ¥* of ¢ is given as follows:

" (y) = Jnax ¢)[<af, y) —o(z)], ¥*(y) = zgg;gl( w)[<x, y) — ¥(y)]. (2.22)

The dual functions ¢* and ©* are convex and concave respectively. The Fenchel duality

theorem then states that:

min[¢(z) — ¢ (z)] = max[y"(y) — ¢"(y)] (2.23)

T Y
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Analogous characterizations also hold for submodular functions |Fujishige, |1984c]. Given
a submodular function f (or equivalently supermodular function g), the Fenchel dual f* (or

equivalently ¢*) is:

f(@) = wmaxle(X) ~ f(X)], g"(x) = minfa(X) — g(X)] (2.24)

The Fenchel duals f* and ¢g* are convex and concave functions respectively. Then the following

Lemma holds:

Lemma 2.14. ([Fujishige, 2005, Theorem 6.3]) Given a submodular function f and a

supermodular function g,

min[f(X) — g(X)] = max[g"(x) — f*(z)]. (2.25)

XCv T

Further if f and g are integral, the maximum on the right hand side is attained by an integral

vector x.

2.5.8 The Minkowski-Sum theorem

Submodular polyhedra and also the subdifferentials have an interesting characterization

related to Minkowski sums.

Lemma 2.15. ([Fujishige, 2005, Theorem 6.8]) Given two submodular functions fi and fs,

it holds that that (the addition of the polyhedra below corresponds to a point-wise addition):
Pt = Pr + Pryy Opspy(X) = 05, (X) + 05, (X) (2.26)

Similarly it holds that, P}} , = P{" + Py

The Minkowski Sum Theorem for the generalized submodular polyhedron, follows directly

from the definition.
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Figure 2.6: The submodular upper Polyhedron P/ in two dimensions.

2.6 Concave Polyhedral Aspects of Submodular Functions

In this section, we investigate several polyhedral aspects of submodular functions relating
them to concavity, thus complementing the results from Section [2.2] This provides a complete
picture on the relationship between submodularity, convexity and concavity. We investigate the
submodular upper polyhedron, submodular superdifferential and the generalized submodular

upper polyhedron.

2.6.1 The submodular upper polyhedron

A first step in characterizing the concave aspects of a submodular function is the submodular
upper polyhedron. Intuitively this is the set of tight modular upper bounds of the function,

and we define it as follows:
Pl ={zeR":2(5) > f(5),¥S C V} (2.27)

The above polyhedron can in fact be defined for any set function. In particular, when f
is supermodular, we get what is known as the supermodular polyhedron |Fujishige, 2005|.
Presently, we are interested in the case when f is submodular and hence we call this the

submodular upper polyhedron. Interestingly this has a very simple characterization.

Lemma 2.16. Given a submodular function f,

P {z e R 2(j) > £(j)} (2.28)
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Proof. Given z € Pf and a set S, we have z(S) = Y, g z(i) > >, .q [(2), since Vi, z(i) > f(i)
by Eqn. (2.27). Hence z(S) > >_,.¢ f(i) > f(5). Thus, the irredundant inequalities are the

singletons. O]

Thus, the submodular upper polyhedron has a particularly simple characterization due to
the submodularity of f. In other words, this polyhedron is not polyhedrally tight in that many
of the defining inequalities are redundant. This polyhedron alone is not particularly interesting
to define a concave extension. We shall define a generalization of this in Section that
shall prove useful in characterizing the concave extension.

We end this section by investigating the submodular upper polyhedron membership
problem. Owing to its simplicity, this problem is particularly simple which might seem
surprising at first glance since € P/ is equivalent to, Eqn. (2.27)), checking if maxxcy f(X)—
xz(X) < 0. This involves maximization of a submodular function which is NP hard. The

following lemma shows that this problem is actually easy.

Corollary 2.1. Given a submodular function f and vector x, let X be a set such that

f(X)—2(X) > 0. Then there exists ani € X : f(i) — z(i) > 0.

Proof. Observe that f(X) — x(X) < >, ¢ f(i) — «(d). Since the Lh.s. is greater than
0, it implies that ) ..y f(i) — x(i) > 0. Hence there should exist an i € X such that
f@) —x(i) > 0. O

Thus, it is sufficient to check the singleton values, i.e f(i) — x(), and if all these are less
than or equal to zero, then z € P/. This also follows immediately from Lemma .

An interesting corollary of the above, is that it is in fact easy to check if the maximizer
of a submodular function is greater than equal to zero. Given a submodular function f,
the problem is whether maxxcy f(X) > 0. This can easily be checked without resorting to

submodular function maximization.

Corollary 2.2. Given a submodular function f with f(0) = 0, maxxcy f(X) > 0 if and
only if there exists an i € V' such that f(i) > 0.
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Proof. 1f for any j, f(j) > 0 it implies that maxxcy f(X) > f(j) > 0. On the other hand, if
Vj, f(7) <0, we have that VX CV, f(X) <>, f(i) <0. Hence maxycy f(X)=0. [

This fact is true only for a submodular function. For general set functions, even when

(@) =0, it could potentially require an exponential search to determine if maxycy f(X) > 0.

2.6.2 The Submodular Superdifferentials

Given a submodular function f we can characterize its superdifferential as follows. We denote

for a set X, the superdifferential with respect to X as &/(X). Observe then that,
H(X)={z eR": f(V)—2(Y) < f(X) —z(X),VY CV} (2.29)

This characterization is analogous to the subdifferential of a submodular function defined in
Eqn. . This is also akin to the superdifferential corresponding to a continuous concave
function.

Each supergradient gy € 8/(X), defines a modular upper bound of a submodular function.
In particular, define m*(Y) = gx(Y) + f(X) — gx(X). Then m*(Y) is a modular function
which satisfies m* (V) < f(V),VY C X and m* (X) = f(X).

Note that the superdifferential is defined by an exponential (i.e., 2IV1) number of inequalities.
However owing to the submodularity of f and akin to the subdifferential of f, we can reduce

the number of inequalities. Define three polyhedrons as:

O[(X) ={z eR": f(Y) —x(Y) < f(X) —x(X),VY C X} (2.30)
HX)={zeR": f(V)—z(Y) < f(X)—z(X),VY D X} (2.31)
HX)={zeR": f(Y)—z(Y)< f(X)—z(X),VY:Y Z XY B X} (2.32)

A trivial observation is that: 8/(X) = 8/ (X) N adJ(X) N dJ(X). As we show below for a
submodular function f, &/ (X) and 0f(X) are actually very simple polyhedra.
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Lemma 2.17. For a submodular function f,

of(X) = {z e R": f(jIX\)) = (j),Vj € X} (2.33)
05(X) = {z e R": f(jIX) < (4),¥j ¢ X}. (2.34)

Proof. Consider 8{ (X). Notice that the inequalities defining the polyhedron can be rewritten
as 0] (X) = {x e R : 2(X\Y) < f(X) — f(Y),¥Y C X}. We then have that z(X\Y) =
djexvy TJ) £ Xjexy fFUIX\J), since Vi € X, z(j) < f(j]X\j) (this follows by considering
only the subset of inequalities of &/ (X)) with sets ¥ such that | X\Y| = 1). Hence 2(X\Y) <
> jexvy JUIX\J) < f(X) — f(Y). Hence an irredundant set of inequalities include those
defined only through the singletons.

In order to show the characterization for dJ(X), we have that 8(X) = {2 € R" :
r(Y\X) > f(Y) — f(X),VY 2 X} It then follows that, z(Y\X) = > .\ x2(j) =
S evx F(G1X), since Vj & X,(j) > FG1X). Hence a(X\Y) = 3,ep FG1X) = F(¥) -
f(X), and again, an irredundant set of inequalities include those defined only through the

singletons. O]

The above characterization significantly reduces the inequalities governing 8/(X), and
in fact, the polytopes & (X) and 0] (X) are very simple polyhedra. Recall that this is
analogous to the submodular subdifferential, where again owing to submodularity the number
of inequalities are reduced significantly. In that case, we just need to consider the sets Y
which are subsets and supersets of X. It is interesting to note the contrast between the
redundancy of inequalities in the subdifferentials and the superdifferentials. In particular,
here, the inequalities corresponding to sets Y being the subsets and supersets of X are mostly
redundant, while the non-redundant ones are the rest of the inequalities. In other words,
in the case of the subdifferential, d;(X) and 97(X) were non-redundant, while 03(X) was
entirely redundant given the first two. In the case of the superdifferentials, 8] (X) and 9] (X)
are mostly internally redundant (they can be represented using only by n inequalities), while

8] (X) has no redundancy in general.
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Figure 2.7: A visualization of the four submodular superdifferentials 9/ (Y") for different sets

Y in two dimensions V' = {v,v2}, as described in Example [2.1

In order to gain more intuition for the superdifferentials, we consider some examples in

both two and three dimensions.

Example 2.1. We consider here superdifferentials when V- = {1,1}. Then from the lemma
above, &7 (0) = {z € R? : f(4|0) < z(5),Vj € {1,1}}. Similarly 0/ ({1,2}) = {z € R? :
FGIV\G) > z(5),V) € {1,2}}. Now consider &' (1). Then the governing inequalities for this

are.

o' (1) = {z e R” :y < f({1}), (235)
zo > f({2H{1}), (2.36)
x — 22 < f({1}) — f({2})} (2.37)

The extreme points of this polyhedron are the vectors { f({1}), f({2})} and {f({1}{2}), f({2}{1})}.
The way we obtain the extreme points is as follows. Setting the inequalities and
as equalities, we get the extreme point {f({1}), f({2})}. The inequality then
is w3 = f({2}) > f({2}|{1}), which holds. We then set inequalities and as
equalities, which gives xo = f({2}|{1}) and x1 = f({1}|{2}), thus giving the second extreme

point {f({1}H{2}), F{2}{1})}. It is easy to see that inequality (2.35) is satisfied. Finally,
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if we set inequalities and as equalities, we get x1 = f({1}), 2o = f({2}|{1}).
Then we have that x1 — z2 = f({1}) — f({2}{1}) = 2f({1}) — fF({1}.{2}). Inequality (2.37),
then requires, 2f ({1}) — f({1,2}) = fF({1}) — F({2}) = F({1}) + f({2}) < f({1,2}), which
does not hold. Hence the only extreme points are the two vectors above. One can similarly

investigate 07 ({2}), which has the same extreme points.

As it is clear from the above example the superdifferentials in 2-dimensional case are easy
to find and characterize. However this is not the case in three dimensions where the shape of

the superdifferentials depends strongly on the particulars of the submodular functions.

Example 2.2. Let V = {1,2,3}. Recall that f(0) = 0. Then consider 8" ({1}) = {x € R®:
fY)—2(Y) < f({1}) —=({1}),VY C {1,2,3}} This polyhedron can be represented via the

following irredundant inequalities:

N ={z eR:z, < f({1}), for Y = {0} (2.38)
> f({2}{1}), forY ={1,2} (2.39)

z2 — a1 = f({2}) — fF({1}), forY ={2} (2.40)

> f{3H{1}), forY ={1,3} (2.41)

zs — a1 > f({3}) — F({1}), forY ={3} (2.42)

zy+as — w2 f({2,3}) = F({1})  for Y ={2,3}} (2.43)

The other two inequalities (for Y = {1,2,3} and Y = {1}) are redundant. We now consider

the extreme points of this polyhedron. We consider Eqns. (2.38]), (2.40)), (2.42)) with equality,

and we obtain an extreme point {f({1}), f({2}), F({3})}. It is easy to see that all other
inequalities are satisfied. Consider next Eqns. (2.40), (2.42)), and (2.43|) with equality and we

get a potential extreme point {f({1}) + f({2,3}) — F({2}) — F({3}), F({ZH{3}), F({3}{2})}-

Observe that z1 = f({1}) + f({2,3}) — f({2}) — f({3}) < f({1}), and hence Eqn. is
satisfied. However x4 = f({2}/{3}) may be bigger or smaller than f({2}/{1}) and Eqn. (2.39)

may or may not be violated. Similarly, x5 = f({3}|{2}) is not comparable to f({3}|{1}), and
hence Eqn. (2.41)) might or might not be violated. Consequently we cannot determine if by
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combining together Eqns. (2.40), (2.42)), and (2.43), we obtain an extreme point, unless we

have more information about the current submodular function being used. Hence we see from

this example that we cannot hope to find the extreme points analytically.

The above example shows that a particular expression (obtained via a combination of
inequalities) might or might not be extreme, depending on the particular submodular function
and its valuation. This is unlike the subdifferential, where an analytical expression is always
extreme for all submodular functions. Thus, unlike the subdifferentials, we cannot expect a
closed form expression for the extreme points of 9/(Y). Moreover, they also seem to be hard
to characterize algorithmically. For example, the superdifferential membership problem is NP

hard.

Lemma 2.18. Given a submodular function f and a setY : ) CY C V', the membership
problem y € 8/(Y) is NP hard.

Proof. Notice that the membership problem y € 8/ (Y) is equivalent to asking maxxcy f(X)—
y(X) < f(Y) —y(Y). In other words, this is equivalent to asking if ¥ is a maximizer of
f(X)—y(X) for a given vector y. This is the decision version of the submodular maximization

problem and correspondingly is NP hard when ) C Y C V. m

Given that the membership problem is NP hard, it is also NP hard to solve a linear
program over this polyhedron [Grotschel et al., 1984, |Schrijver, 2003|. The superdifferential

of the empty and ground set, however, can be characterized easily:

Lemma 2.19. For any submodular function f such that f(0) =0, 07 (0) = {z € R": f(j) <
x(4),Vj € V}. Similarly 07(V) = {z € R* : f(j|V\j) > 2(4),Vj € V}. Furthermore,
87 (0) = P! and oF (V) = PI7.

Proof. This lemma follows directly from the definitions. O

As we saw above, it is hard to characterize the superdifferential of a submodular function.
It is however possible to give inner and outer bounds as shown in the following subsections.

Using these, we can also find certain specific useful supergradients.
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Outer Bounds on the Superdifferential

It is possible to provide a number of useful and practical outer bounds on the superdifferential.
Recall that &/ (Y) and 8 (Y) are already simple polyhedra. We can then provide outer
bounds on & (V) that, together with 8/ (Y) and 8] (Y), provide simple bounds on 9/ (Y").

Define for 1 < k,l < n:
a?{A(k;,l)(X) ={zeR": f(Y)—2(Y) < f(X) — z(X),
VWY XY 22X IV\X|<k-1,|X\Y|<I-1} (2.44)
We can then define the outer bound:

af

ey (X) = N X)naj(xX)nal

! a o (X). (2.45)

Observe that 8£(k,l) (X) is expressed in terms of O(n**!) inequalities, and hence for a given
k,l we can obtain the representation of agw) (X) in polynomial time. We will see that this

provides us with a hierarchy of outer bounds on the superdifferential:

Theorem 2.1. For a submodular function f:

104 )(X) = 0] (X) N 9(X)

2 V1<K <k 1<V <1LoH(X) €O (X) SO (X) €5, (X)

(1,1)
Proof. The proofs of items 1 and 3 follow directly from definitions. To see item 2, notice that

the polyhedra 8& k) become tighter as k and [ increase finally approaching the superdifferential.
O

Similar to the submodular subdifferential, we shall call (‘)ﬁ(l 1)(Y) as the local approxima-

tion of the superdifferential. In particular,
o) (X) = {z € " 2(j) < FGIX\))V) € X.2(j) = f(IX)V) ¢ X} (2.46)

We shall see in Section that these outer bounds have interesting connections with

approximation algorithms for submodular maximization.
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While it is hard to characterize the extreme points of the superdifferential, we can provide

some specific supergradients. Define three vectors as follows:

o fUIX —=J)
QX(]):
()
Vo
i) = fUIV —=3)
L SU1X)
( V— .
Gl = fUIV =)
f()

Then we have the following theorem:

if jeX
ifj¢ X
ifjeX
ifj ¢ X
ifjeX

itj¢ X

(2.47)

(2.48)

(2.49)

Theorem 2.2. For a submodular function f, gx,dx,gx € 0/(X). Hence for every submodu-

lar function f and set X, 8/(X) is non-empty.

Proof. For submodular f, the following bounds are known to hold [Nemhauser et al., [1978]:

FY)<FX) = >0 fUIX\D)+ D fUIXNY), (2.50)
jeEX\Y JEY\X

FO) < FX) = D0 fUIXUY\D)+ D FUIX) (2.51)
jeEX\Y JEY\X

Using submodularity, we can loosen these bounds further to provide tight modular upper
bounds |[Ahmed and Atamtiirk, 2009, Jegelka and Bilmes, 2009, 2011b, Iyer and Bilmes|,
2012a,b|:

FY) < = > fUIX=h+ >0 fGm (2.52)
jexX\Y JEY\X

FOO) X)) = >0 UV =4+ > fUIX) (2.53)
jEX\Y JEY\X

f(Y) < = Y GV =4Uh+ DD fG1). (2.54)

JEX\Y JEV\X
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From the three bounds above, and substituting the expressions of the supergradients, we

may immediately verify that these are supergradients, namely that gx, gx, gx € 9/ (X). For
example, starting with Eqn. (2.52)), we have:

fY) < = > UIX =Gh+ D> f30) (2.55)
jEX\Y JEY\X
)= D FUIXANGH + D fUIXNGH + D FGI9) (2.56)
JjeX JEXNY JEY\X
= f(X) = gx(X) + gx(Y) (2.57)
n

These supergradients characterize inner bounds for the superdifferential. Define two
polyhedra:
0y (X) = {z e R": f(j) < a(j),Vj ¢ X}, (2.58)
O (X) = {z eR": f(IV\)) 2 2(j),Vj € X} (2.59)
Then define:
LX) = ol (X) N a)(X) = {z € R": f(§IX\j) > 2(5),¥j € X and f(j) < 2(j),¥j & X}
(2.60)
OL(Y) =0(Y)noj(Y) = {z € R": f(jIV\j) = 2(j).¥j € X and f(j|X) < 2(j),¥j ¢ X}
(2.61)
0f3(Y) = o0(Y) Ny (V) = {w € R": f(jIV\J) = 2(4),Yj € X and f(j) < x(j),¥j ¢ X}.
(2.62)

Then note that 81-{ ,(Y) is a polyhedron with gy as an extreme point. Similarly 0{ 5(Y) has
Jy, while 8{ 3(Y) has gy as its extreme points. All these are simple polyhedra, with a single

extreme point. Also define,
0] 1. (Y) = conv(9,(¥),0,(Y) (2.63)

where conv(.,.) represents the convex combination of two polyhedr Then 8 an(Y)isa

4Given two polyhedra Py, Py, P = conv(Py, P2) = {\z1 + (1 — N)w2, A € [0,1], 21 € Py, 72 € P}
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Figure 2.8: A visualization of the inner and outer bounds of the superdifferential. The
submodular function here is f : 2123} & R, defined as f(0) = 0, f({1}) = 1, f({2}) =
2, f({31) = 2, f({1,2}) = 2.5, f({2,3}) = 3,f({1,3}) = 2.6, f({1,2,3}) = 3, and the
superdifferential 9/ (X) is at X = {1}. The inner bounds 8{ 1(X) and 6{ o(X) are shown in
dark blue, and the superdifferential itself is shown in light blue. The outer white region is

the outer bound 8£(111)(X).



62

polyhedron which has gy and gy as its extreme points. The following lemma characterizes

the inner bounds of the superdifferential:

Lemma 2.20. Given a submodular function f,

ol (V) Cal,(V) C ol (V) C ol (v), (2.64)
ol,(v) Col(v) o\, (V) o/ (Y) (2.65)

Proof. The proof of this lemma follows directly from the definitions of the supergradients,

corresponding polyhedra and submodularity. O]

Connections between the subdifferential and superdifferential at X

Finally we point out interesting connections between 9¢(X) and 8/ (X). Firstly, it is clear
from the definitions that df(X) C 8?(1’1)()() and 9/ (X) C 8£(1’1)(X). Notice also that both
8?“’1)()( ) and 8£(1,1)(X ) (from eqns and respectively) are simple polyhedra with
a single extreme point,

ety = O T T EX (2.60)

FUIX) ijex

The point gx, is in general, neither a subgradient nor a supergradient at X. However
both the semidifferentials are contained within (different) polyhedra defined via gx. An
illustration of this is in Figure 2.9 The subdifferential 9;(X) is the red polyhedron, while
the superdifferential 9/ (X) is the blue polyhedron. Moreover, the light red and the light blue
polyhedra are 8?(1’1) (X) and 8£(171)(X) respectively, defined on X = {1}.

Examples of Inner and Outer bounds for specific superdifferentials

In this section, we investigate the inner and outer bounds of specific instances. First
consider the super differential at the emptiest /(). In this case, notice that all three

supergradients are the same vector, i.e gy = gy = gp, with individual elements being
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Figure 2.9: An Illustration to compare the relative positions of the sub and super differentials,
defined on a submodular function f : 2{123} — R, defined as f(0) =0, f({1}) =1, f({2}) =
2, F({3}) = 2, F({1,2}) = 25, f({2,3}) = 3, F({1,3}) = 26, ({1,2,3}) = 3. The sub
differentials appear in red, while the superdifferential is shown in blue, and are defined on

X = {1}.
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a0(7) =a0(j) = g0(j) = f(j),j € V. Hence the inner bounds are exactly the superdifferential,
and 8{?1(0) = 8{2(@) = 81{3(@) = 07(0). Moreover, also observe that gy is also identical to
these supergradients, and hence the outerbound 8&171)(@) = 07(0). In this case, all the inner
and outer bounds are identical to the superdifferential. This phenomenon also occurs for the
superdifferential of the grounds 8/ (V). For other sets, however, this does not hold, and the
relationship between the bounds can be strict.

In the below, we analyze the inner and outer bounds on the superdifferentials for specific

submodular functions.

Example 2.3. Consider the case when V. = {1,2}. From the above, we know that the
superdifferentials 07 (0) and 07 ({1,2}) are simple polyhedra and the inner and outer bounds
are identical to the superdifferential itself. Consider 8/({1}). Recall from Ezample

that the extreme points here are { f({1}), f({2})} and {f({1}{2}), F({2}|{1})} respectively.
Notice that g = {f({1}), f({2})} and g = {f({1}|{2}), f({2}{1})}, and hence both these

supergradients are extreme points of the superdifferential in two dimensions. Note that
g = {f{1}{2}), f{2})}. Immediately, g lies in the interior of the superdifferential for
a strictly submodular functio since (considering the inequalities governing 07 ({1}) from
Brample 1), flalb) < F({1}), F({2}) > F(bla) and f(alh) — F({2}) = F({1,2}) — F({2}) -
F{2}) < f{1}) — f({2}) (this is true since f(a,b) < f({1}) + f({2})). Hence, in this
case, O;({1}) € 0/,({1}) € 8],/ ({1}) = 0/ ({1}) and 8/5({1}) € &/, ({1}) € 8], 5, ({1}) =
or({1}). Similarly, observe that g, = {f({1}), f(b|{1}} does not belong to & ({1}), when f is
strictly submodular, since it violates the third inequality f({1})— f({2}{1}) < f{1})—f({2})
(note this inequality does not hold since it would mean f({2}{1}) > f({1}) which violates
strict submodularity). Hence 8&171)({1}) > 0/({1}). The same phenomena is true for

&' ({2}).

We can also consider the superdifferential in the three dimensional setting, when V' =

{1,2,3}. In this case, we consider an actual submodular function f : 21123} — R defined

5 A strict submodular function, is a submodular function, where all the defining inequalities act as equalities.
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as F0) = 0, F({1}) = 1, F({2}) = 2, F({3}) = 2, F({1,2}) = 25, £({2,3}) = 3, /({1,3}) =
2.6, f({1,2,3}) = 3. Consider 6/({1}). An illustration of this is in Figure 2.8l The inner
bounds 8{ 1(X) and 8{ o(X) are shown in dark blue, and the superdifferential itself is shown
in light blue. The outer white region is the outer bound 8£(1,1)(X). In this case, it holds
that f,({1) © 9/, ({1}) € 0, ((1}) € /(1)) € 0Ly ({1}) and (1)) € DLy({1}) €
81{(172)({1}) col({1}) c 8&1’1)({1}) — i.e in other words, the subset relationship is strict in

this case.

Superdifferentials of subclasses of submodular functions

While it is hard to characterize superdifferentials of general submodular functions, certain
subclasses have some nice characterizations. An important such subclass if the class of
M*-concave functions [Murotal, [2003]. These include a number of special cases like matroid
rank functions, concave over cardinality functions etc. In some sense, these functions very
closely resemble concave functions. In particular, one can maximize these functions in
polynomial time [Murotal, 2003]. These functions also admit simple characterizations of
the superdifferential. In particular, the superdifferential of this class of functions can be
represented in O(n?) inequalities. The following theorem provides a compact representation

of the superdifferential of these functions.

Lemma 2.21. Given a submodular function f which is M"-concave on {0,1}V, its superdif-

ferential satisfies,

0 (X) = 0455 (X) (2.67)

)

In particular, it can be characterized via O(n?) inequalities.

Proof. This result follows easily from Theorem 6.61 in [Murota, 2003|, where the authors show
that for a M*® convex function (which is supermodular), the subdifferential can be expressed
by just considering sets Y satisfying |X\Y| < 1,|Y\X]| < 1 (i.e of Hamming distance less

than 2). Hence the superdifferential of a M* concave function (which is submodular) can
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be expressed with the same number of inequalities, and the corresponding polyhedron is

aﬁ(z,z) (X). u

2.6.3 Generalized Submodular Upper Polyhedron

In this section, we generalize the submodular upper polyhedron from Section [2.6.1] Define

the generalized submodular upper polyhedron as the set of affine upper bounds of f:

pf

gen

={(z,c),r e R" ceR:z(X)+c> f(X),VX CV} (2.68)

Again it is easy to see that P, N{(z,c) : ¢ = 0} = {(z,¢) : © € P/,c = 0}. In other
words, the slice ¢ = 0 of the generalized submodular upper polyhedron is the submodular
upper polyhedron of f. Also note that the inequality at X = () implies that ¢ > 0. This
polyhedron shall prove to be useful while defining the concave extensions of f. The generalized

submodular upper polyhedron also has interesting connections with the superdifferentials. In

particular,

Lemma 2.22. Given a submodular function f, (x,c) € Pgen lies on a face of the polyhedron

if and only if there exists a set X such that x € 07(X) and c = f(X) — x(X).

Proof. The proof of this Lemma is analogous to the one for the generalized submodular lower
polyhedron. In particular, observe that (x,c) lies on a face of Pgen if and only if there exists

a set X such that z(X) 4+ c= f(X) and for all Y C V,2(Y) + ¢ < f(Y). It directly then
implies that z € 9/(X) and ¢ = f(X) — 2(X). O

This then implies the following corollary:

Corollary 2.3. Given a submodular function f, a point (z,c) is an extreme point of Pgen, if

and only if x is an extreme point of &/ (X) for some set X.

This implies an interesting characterization of a linear program over the generalized

submodular upper polyhedron.
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Lemma 2.23. For submodular function f, and a y € R",
min  (z,y) + ¢ =min{ min (z,y) + f(X) —=z(X) | X CV}. (2.69)
(x,c)epgen z€df (X)
Proof. To prove this result, we first show that min(m)epgen (z,y) +c < min{min,ecor x) (7, y) +
f(X)—2(X)| X € V}. In order to show this, observe that for any set X, and point
r € 01(X), (x, f(X) —x(X)) € 8/(X). Hence the the second expression can be obtained by

taking only a subset of the polyhedron P/, and hence is a upper bound. We then show

gen’

that min(%c)epgen(x,y) + ¢ > min{mingcyrxy (2, y) + f(X) —2(X) | X C V}, by invoking

Corollary The minimum on the LHS must occur at an extreme point of P/ . which

gen’
implies that x is an extreme point of &/ (X) for some set X, and ¢ = f(X) — z(X). Hence
this implies that min , 5/ (z,y) + ¢ > min{min,cor x)(z,y) + f(X) —2(X) | X CV},

,C

since the LHS equals a particular instance of the RHS. This completes the proof. n

Unfortunately however, the generalized submodular upper polyhedron is no longer easy to
characterize. This is related to the fact that the superdifferentials of a submodular function

are not easy to characterize.

Lemma 2.24. The generalized submodular upper membership problem for a submodular
function f —i.e given a x € R, ¢ € R, the problem whether (x,c) € Pgen 1s NP hard for

¢ > 0. Furthermore, for any y € R", solving a linear program over this polyhedron, i.e

ming, ocpr (x,y) + ¢ is also NP hard.

Proof. The first part of the result follows from the fact that asking whether (z,c) € ngen
is equivalent to asking whether maxxcy[f(X) — z(X) — ¢] <0, which can be rewritten as
maxxcy|f(X) — 2(X)] < c. This is the decision version of submodular maximization, which
is NP hard. The second part follows directly from the first since the membership problem on

a polyhedron is equivalent to a linear program over this polyhedron |Grotschel et al. [1984]

Schrijver, [2003]. ]

We can also prove the second part, by observing that solving a linear program over the

generalized submodular polyhedron is NP hard, is equivalent to computing the concave
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General lized Upper (Blue) and Lower (Red) ized Upper (Blue) and Lower (Red) ized Upper (Blue) and Lower (Red) Submodular Polyhedron

Figure 2.10: Three different views of the generalized submodular upper (shown in blue)
and lower (shown in red) polyhedron, for a submodular function f : 2{4% — R, with
f@)=0,f{1}) =1, f({2}) =2, f({1,2}) = 2.5. Notice that all the extreme points of the
generalized submodular lower polyhedron are on the plane ¢ = 0 — the two extreme points
are {1,1.5,0} and {0.5,2,0}. In the generalized submodular upper polyhedron, however, one
of the extreme points is on ¢ = 0 (this extreme point is {1,2,0}), while the other extreme

point is {0.5,1.5,0.5} (here ¢ > 0).

extension of a submodular function (we show this in Lemma [2.82)). Computing this concave
extension, however, is NP hard |[Dughmi, 2009, Vondrak, 2007].

Recall that in the case of the generalized submodular lower polyhedron, the extreme points
of this polyhedron were identical to the extreme points of the submodular lower polyhedron
(i.e all extreme points of the generalized submodular lower polyhedra occurred when ¢ = 0),
which meant that the linear program over the two polyhedra was the same. This is not the
case in the generalized submodular upper polyhedra. To see this, consider a simple example

with V = {1,2}.
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Example 2.4. First consider the generalized submodular lower polyhedra when V = {1,2}.

Pl = {(z,¢) e R®:c <0, (2.70)
1 4 ¢ < f({1}), (2.71)
2o+ ¢ < f({2}), (2.72)
T+ 2+ e < f({1,2})} (2.73)

Then, it is immediate that the only extreme points in this case are {f({1}), f({2}/{1}),0}
and {f({1}{2}), f({2}),0}, which are obtained by setting Eqns (2.70), (2.71), (2.73)) and
Eqns (2.70), (2.72)), (2.73)) as equalities. The extreme points in this case, are a direct product

between the extreme points of Py and ¢ = 0. Hence all extreme points lie on the face ¢ = 0.

This is not the case for the generalized submodular upper polyhedron. Consider again

the example with V' = {1, 2}.

Example 2.5. The generalized upper submodular polyhedron in this case 1s,

Pieon = {(x,¢) €R*:¢ > 0, (2.74)
z1+c> f({1}), (2.75)
zo 4 ¢ > f({2}), (2.76)
T1 439 + ¢ > f({1,2})} (2.77)

Then, it is immediate that the only extreme points in this case are {f({1}), f({2}),0}

and {F({13{2}), F{ZHH1D), F({1}) + f({2}) — F({1,2})}, which are obtained by setting
Eqns (2.74), (2.75), (2.76) and Eqns (2.75)), (2.76), (2.77) as equalities (setting the other

combination of inequalities as equalities does not give extreme points). Hence while one of the
extreme points here is { f({1}), f({2}),0}, which is the direct product between P! and ¢ = 0,

the other extreme point occurs at ¢ > 0 (when f is strictly submodular).
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Inner and outer bounds on the generalized submodular upper polyhedron

In a manner similar to the superdifferential, we can provide inner and outer bounds of the
generalized submodular upper polyhedron. In particular, let g% € 8/(X) be a supergradient,
that is easy to obtain. Then, m* (V) = f(X) + gx(Y) — ¢*(X) is a modular upper bound of
f(Y),VY C V. Given a set {gX|X C V} of such supergradients, we may define a polytope:

P! = conv-hull{(gy, f(Y) — gv(Y)),VY C V} (2.78)

g,gen

It is not hard to see that Pg C P/ since it is formed using some specific supergradients.

,gen gen
Moreover, many of these bounds can be combined together by taking the convex hull of these
polyhedra. We shall be interested by the polytopes formed by the supergradients gy, gy
and gy (which we call 77{ gen 73{ gen and 733{ gen) and supergradients related to these. These
bounds, as we shall see, have interesting connections to concave extensions (which we shall
describe Section and ultimately to submodular maximization. One can similarly also
define outer bounds of the generalized submodular upper polyhedron, by considering only a

subset of inequalities defining P/ . We do not pursue this here, however.

gen*

2.7 Concave extensions of a submodular function

Following the characterizations of the convex extensions of a submodular function, we can
define the concave extensions also two viewpoints, one in the distributional setting and
another in the polyhedral setting. These results follow in the lines of the results shown for

the convex extensions.

2.7.1 Polyhedral characterization of the concave extension

Similar to the convex extension, the concave extension of any set function (not necessarily
submodular) can be seen as the pointwise supremum of concave functions which lower bound

the set function [Dughmi, 2009]. More clearly, let

W; = {1 : 1 is concave in [0,1]" and ¥(1x) > f(X),VX C V}. (2.79)
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Then define:

flw) = min U(w). (2.80)

Following arguments similar to the convex extension, eqn. (2.80)) can be expressed as a linear

program over the generalized submodular upper polyhedron.

Lemma 2.25. The concave extension in Fqn. in any set function f can be expressed
as:

fw)= min (y,w)+ ¢ Yw € [0,1]" (2.81)

(4,0)EPYen

Proof. The proof of this Lemma follows along the lines of the proof of Lemma[2.6] For a given
w, let @/3 be an argmin in Eqn. (2.80f). Then since z@ is a concave function in [0, 1]V, there exists
a supergradient = € R™ at w and value d, such that (z,y)+d > &(y), Vy and (x,w)+d = &(w)
In other words, (z,y)+d is a linear upper bound of ¢)(y), tight at w. Hence f(w) = (z, w) +d.
Finally notice that (z,d) € PZ,, since z(X) +d > ¢(1x) > f(X),VX C V. O

gen

Unlike the case of the convex extension, however, this is not equivalent to an optimization
over the submodular upper polyhedron. Moreover, this expression requires solving a linear
program over the submodular upper polyhedron, it follows from Theorem that obtaining
the concave extension is NP hard. We shall revisit this result, in the next subsection, while
investigating the distributional characterization.

Interestingly we can define a number of concave extensions based on relaxations of the
polyhedral representation. In particular, consider the inner approximations of the generalized

submodular upper polyhedron P/

7 gens defined via a particular supergradient g. Instead of

minimizing over all affine upper bounds, we can minimize only over a particular class of

modular upper bounds. Then, we can define the following form of a concave extension:

fow) =" min  [(y,w) +¢] = min [(y,gv) + f(Y) —gv(Y)], Vw0, 1]V (2.82)
(W€)EPY gen Yev

In particular, the above turns the linear program into a discrete optimization problem.

Moreover, the concave extension fg is guaranteed to be an upper bound of f . We can define
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three variants of these extensions using the supergradients gy, gy and gy, which we call fl, fg
and fg. It is easy to see that the concave extension fg can in fact, be obtained in polynomial
time, since it involves submodular function minimization.

The class of concave extensions from Eqn. has some very interesting connections to
a form of concave extension proposed in [Vondrak, 2007| for monotone submodular functions.
In particular, where [Vondrak, [2007| defined a concave function fg:

fol@) = min{[f(Y) + > _z()fGI)[Y €V} (2.83)

JeEV

This extension, can be seen as a special case of Eqn. (2.82)) with a particular set of supergra-

dients gy for a monotone submodular function, defined as:

. 0 ifjeyY
gv(J) = (2.84)

fGIY) itjey
This supergradient is related to the supergradient gy except replacing the elements for j € Y
with 0. For a monotone submodular function, this continues to remain a supergradient.
This form of concave extension is NP hard to evaluate (see Section 3.7 in [Vondrak], 2007]).

This shall still be useful in obtaining approximate maximizers in certain special cases (we

investigate this in Section [2.7.4]).

2.7.2  Distributional characterization of the concave extension

An alternate and equivalent characterization can be provided through the distributional lens.

Lemma 2.26. Denote A, as the set:

Aw={As.SCV:) Aelg=w, Y Ag=1 (2.85)

SCv SCVv

The concave extension from Eqn. (2.81) then can also be represented as:

f(w) = max Ag f(9) (2.86)

AEAW
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The proof of the above follows on similar lines as the convex extension, and is shown
in [Dughmil 2009|. Unfortunately, unlike the convex extension, this extension is NP hard to

evaluate and optimize over.
Proposition 2.3. Given a submodular function f, it is NP hard to evaluate and optimize f

This result was shown in [Vondrak, 2007].

Similar to the polyhedral characterization, we can relax the distributional characterization
to consider specific distributions. In particular, we can obtain the multilinear extension,
through a particular distribution, Ax = [[;cy @i [ g (1 — ).

flay=>"rx)[Ja ] - =) (2.87)

XCcv i€eX  igX

It is not hard to see that this forms a lower bound on the concave extension f. This extension,
unlike most extensions seen earlier, however, is not concave. Similar to the concave extension

it is hard to evaluate this extension, and requires sampling [Vondrak, 2007].

2.7.8  Concave extensions of subclasses of submodular functions

While the concave extension f' (x) is NP hard to compute in general, it can be done efficiently
for certain subclasses of submodular functions. These include, for example, sums of weighted
matroid rank functions [Vondrakl [2007], and the class of M"-concave functions (c.f. Theorem

6.42 in [Murotal, 2003]).

2.7.4 Concave extensions and submodular maximization

The concave extensions and the multilinear extension have interesting connections to sub-
modular maximization. The following lemma from [Vondrak, 2007] connects many of these

extensions:

Lemma 2.27. [Vondrdk, |2007] For every monotone submodular function f, f(x) > f(z) >

(1= Df ).
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It is also easy to relate all the three extensions of a submodular function, viz. the convex

extension, the concave extension and the multilinear extension.

Lemma 2.28. Given a submodular function, it holds that

f(z) > f(z) > f(z) (2.88)

Proof. The proof of this result follows directly from the distributional characterization of
the convex and concave extensions. Note that the multilinear extension is a particular
distribution, the concave extension is a pointwise maximum over all distributions, while the

convex extension is a pointwise minimum over these distributions. O

The facts above were used in providing a relaxation based algorithm for maximizing a
subclass of submodular functions efficiently [Vondrak, 2007]. This relaxation based algorithm,
maximizes the concave extension f (x), which though NP hard to optimize in general, can be
maximized in certain special cases. The particular special case which is considered in |[Vondrak,
2007|, is the class of weighted matroid rank functions for which the concave extension has a
simple form. Furthermore, a simple pipage rounding trick ensures no integrality gap with
respect to the multilinear extension, thus providing a 1 — % approximation algorithm for the
problem of maximizing a monotone submodular function subject to a matroid constraint.
Furthermore, later, a conditional gradient style algorithm, also called the continuous greedy
algorithm |Vondrak, 2008| directly optimizes the multi-linear extension, thereby providing a
general 1 — 1/e approximation algorithm for monotone submodular maximization subject to
matroid constraints. This was later extended to the non-monotone case by [Chekuri et al.|

2011]).
2.8 Optimality Conditions for submodular maximization

Just as the subdifferential of a submodular function provides optimality conditions for sub-
modular minimization, the superdifferential provides the optimality conditions for submodular

maximization.
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2.8.1 Unconstrained submodular mazximization
In this section, we consider the general problem of unconstrained submodular maximization:

max f(X) (2.89)

XCV
Given a submodular function, we can give the KKT like conditions for submodular maxi-

mization, in the following theorem:
Lemma 2.29. For a submodular function f, a set A is a mazimizer of f, if 0 € 97 (A).

However as expected, finding the set A, with the property above, or even verifying if
for a given set A, 0 € 0/(A) are both NP hard problems (from Proposition [2.18). However
thanks to the submodularity, we show that the outer bounds on the superdifferential provide
approximate optimality conditions for submodular maximization. Moreover, unlike the

superdifferential, these bounds are easy to obtain.

Proposition 2.4. For a submodular function f, if 0 € 8{171)(14) then A is a local maxima
of [ (that is, VB 2 A, f(A) > f(B),&VC C A, f(A) > f(C)). Furthermore, if we define
S = argmaxyc a1\ 4y f(A), then f(S) > OPT where OPT s the optimal value.

The above result is interesting observation, since a very simple outer bound on the
superdifferential, leads us to an approximate optimality condition for submodular maximiza-
tion. The local optimality condition follows directly from the definition of 8{171)(14) and the
approximation guarantee follows from Theorem 3.4 in |Feige et al., [2011b)].

We can also provide an interesting sufficient condition for the maximizers of a submodular

function.

Lemma 2.30. If for any set A, 0 € 32{(172)(14), then A is the global maxima of the submodular
function. In particular, if a local mazima A is found (which is typically easy to do), it is

guaranteed to be a global mazxima, if 0 € 82{(172)(14).

Proof. This proof follows from the fact that 62{(1,2)(/1) C 9/(A) C 6{171)(/1). Thus, if 0 €
ol

 (12)(A), it must also belong to 07 (A), which means A is the global optimizer of f. O
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We can also provide similar results for constrained submodular maximization as we show

in the following subsection.

2.8.2 Constrained submodular maximization

We consider here a constrained submodular maximization problem, with C representing a set

of sets, also called combinatorial constraints.

max f(X) (2.90)

XeC

For example C could represent a cardinality constraint {X C V : |X| < m}, or a spanning
tree, matching, s-t path etc. Another common type of constraints are matroid constraints.
Denote Z is the independent set of a matroid M. Then C = {X : X € Z} is a matroid
constraint. Similarly C = {X C V : ¢(X) < B} represents a knapsack constraint.

Then in this case we modify the definition of 91(A) as follows:
VA € C,0l(A) = {z e R": f(X) — f(A) < z(X) — z(A),¥X € C} (2.91)

In other words we only consider the sets belonging to the constraints. Then we can

trivially define a KKT like optimality condition for this problem:

Lemma 2.31. For a submodular function f, a set A is a mazimizer of the problem maxycc f(X),

if 0 € 9(A).

Clearly finding the set above is NP-hard. However, similar to the unconstrained setting,
we show that, in a number of cases, approximating the superdifferential can lead to polynomial
time algorithms for constrained submodular maximization with worst case approximation

guarantees. Consider the following scenarios:

Constrained Monotone Submodular function Mazimization

Consider here a case where f is a monotone submodular function, and C is the con-

straint that the set belongs to the intersection of the independence sets of k matroids.
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Let My, My, --- , M}, represent k matroids, with independence sets Z;,Z,, - ,Zy. Then
C={X:X enk,Z;}. Again, analogous to the superdifferential (95 , we can also define the
outer-bounds 8{;(,{:7“ restricted to C.

Then we have the following observation, for the problem of monotone submodular maxi-

mization subject to matroid constraints.

Observation 2.1. Given a monotone submodular function f and a constraint C = NE_ T,

for any set A € C,
1. if 0 € 85’(2’“1)(14), then f(A) is guaranteed to be at least = times the optimal value.

In particular, for the special case of monotone submodular maximization subject to a
single matroid constraint, for any set A € C, if 0 € 6g @ 2)(A), then f(A) is guaranteed

to be at least % times the optimal value.

2. If k =1 and C is a cardinality (uniform matroid constraint {X : |X| < m}), for

any r >0, a set A satisfying 0 € ag 1s guaranteed to have an approximation

J(r+1,r+1)

m
2m—r"’

guarantee no worse than

The first part of the observation (i.e point 1) follow directly from Corollary 2.4 in [Lee
et al.l 2009a. In the case of &k = 1, the same result was shown in [Fisher et al., [1978]).
Moreover, it was also shown in |Fisher et al., 1978|, that for the problem of monotone
submodular maximization subject to k > 1 matroid constraints, the approximate optimality
conditions 0 € 857(2,2)(14), can be arbitrarily bad, thus requiring ‘higher order‘ optimality
conditions. We also remark that when » = 1 (i.e submodular maximization subject to a
single matroid constraint), this the same approximation factor can be obtained by the simple
greedy algorithm |[Nemhauser et al., [1978|. The second part of the above observation (which
is submodular maximization subject to cardinality constraints) follows from Theorem 8 in
|[Filmus|, [2013]. In the case when r = 1, the condition 0 € a(’;@g) provides a guarantee of
m/(2m — 1) which is a slight improvement of 1/2 in the special case of cardinality constraints.

An interesting observation is that with better forms of local optima (i.e the condition
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0 € ag is a local optima upto size r), imply better approximation guarantees to

(r1r+1)
this problem. The main insight in these results, is that the local optima which are obtained
through the local search algorithms, can all be viewed as approximate optimality conditions
on the superdifferential of a submodular function.

The approximation factor for k& > 2 matroids can actually be improved as shown in |Lee

et al., 2009b].

Observation 2.2. Given a mazimization problem of a monotone submodular function f

subject to k > 1 matroid constraints, for a set A € C, if 0 € 83; A), then f(A)

,(p+1,kp+1)(

1s guaranteed to be at least times the optimal value. In particular, for a special

1
k+1/p
case of monotone submodular maximization subject to 2 matroid constraints, for any set

A € mathcalC, if 0 € 8{; )(A), then f(A) is guaranteed to be at least 5=~ times the

,(p+1,2p+1 2+1/p

optimal value.

This result is the best known result for £ > 1 matroids and it follows from Corollary 3.1
in [Lee et al., 2009b|. Similar to the monotone setting, the observation here is that the local
optimality conditions from |[Lee et al. 2009b|, can be viewed easily as approximate optimality

conditions on the superdifferential of f.

Constrained Symmetric Submodular function Maximization

Finally we consider the case of non-monotone submodular maximization subject to k matroid

constraints. Consider the case of symmetric submodular functions.

Observation 2.3. Given a symmetric submodular function f,

1. If the constraint C = NF_|T;, for any set A € C satisfying 0 € 3{27“1)(14), f(A) s

1

w3 times the optimal value.

guaranteed to be at least

2. If C is the constraint that the set be a base of a matroid, any set A satisfying 0 € 85’(272) (A)

is guaranteed to have a valuation at least 1/3 of the optimal.
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All the results in this proposition, follow directly from the results in |Lee et al., [2009a).
The first part follows from Theorem 2.8, while the second part is implied by Theorem 5.1.

Constrained Non-monotone Submodular function Mazximization

Finally, we provide an approximation bound for non-monotone submodular maximization.

Observation 2.4. Given a non-monotone submodular function f, and C is a cardinality

(uniform matroid constraint {X : | X| < m}), for anyr >0, a set A satisfying 0 € 8{;’(”17”1)

T

18 quaranteed to have an approrimation guarantee no worse than 5

P

This result follows directly from Theorem 8 in [Filmus, 2013]. The best bounds for
non-monotone submodular maximization, require running several iterations of local search
procedures. In particular, the procedure of |Lee et al.) 2009a| runs k 4+ 1 local search
procedures to obtain a 1/(k+2+1/k) approximation algorithm for non-monotone submodular
maximization subject to a single matroid constraint. When k& = 1, running two rounds of this
local search procedure results in a 1/4 approximation. The individual local search procedures

here obtains a set A satisfying 0 € 85 2. (A).

2.9 Concave Characterizations: Discrete Separation Theorem and Fenchel Du-
ality Theorem

In Section [2.5] we investigated forms of the Discrete Separation Theorem, Fenchel Duality The-
orem and Minkowski Sum Theorem for submodular functions and their associated polyhedra
when seen from the convex perspective. We analyze forms of the Discrete Separation Theorem
and Fenchel Duality Theorem for submodular functions and their associated polyhedra, now

from the concave perspective.

2.9.1 Discrete Separation Theorem

We first show that a restricted version of the Discrete Separation Theorem holds. In particular,

we investigate the concave variant of the Discrete Separation Theorem, and show that under
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some restricted settings, given a submodular function f and a supermodular function g with
f(X) < g(X),VX, there exists a modular function h such that f(X) < h(X) < g(X). Then
the following Lemma holds:

Lemma 2.32. Given a submodular function f and a supermodular function g, such that
f(X) < g(X),VX CV, such that f(0) = g(@) or f(V) = g(V), there exists a modular
function h such that f(X) < h(X) < g(X),VX CV. Moreover, when f and g are integral

(and satisfy the conditions above), there exists an integral h satisfying the above.

Proof. Assume first that f(0) = g(0). Then Let h(X) = f(0) + > ;cx f(j|0). Then the
following chain of inequalities hold:
FIX) S R(X) = F0)+ > f(10) < 9(0) + D g(i10) < g(X) (2.92)
jex jeX
Since f(j10) = f(j) — f(0) < g(j) — g(0) = g(j]0). The rest of the inequalities follow from
submodularity (and super modularity) of f (and g). The result for when f(V) = g(V)
analogously follows by considering the functions f(V\X) and ¢g(V'\.X) which are submodular

and supermodular respectively. O

The Lemma above can in fact be generalized. In particular, it is not hard to see that the
result goes through whenever argmin [g(X) — f(X)] is either () or V. In general, we can also

provide another restricted form of the Discrete Separation Theorem:

Lemma 2.33. Given a submodular function f and a supermodular function g, such that
F(X) <g(X),VX CV, let A= argminy[g(X)— f(X)]. Then there exists a modular function
h such that f(X) < h(X) <g(X),VX: X CAorX DA

Proof. The proof of this result is analogous to the earlier one. Given A = argminy g(X) —
f(X), assume without loss of generality that f(A) = g(A). The reason, this holds without
loss of generality is that, suppose that there exists a vector h which separates f and g

when f(A) = g(A), the vector will continue to separate f and g when f < g. Then
define h(X) = f(A) + > cxa fUIA) = D jeanx fUIANS). It is easy to see that f(X) <
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hX),VX C A, X 2 A. Moreover, h(X) = f(A) + 3 cx\a fUIA) = 2jeanx FUIAV) <
9(A) + ZjeX\A 9(jlA) - ZjeAﬂX g(jlA\j) < g(X),VX C A X D A O

The Discrete Separation Theorem may not, however, hold under the most general con-
ditions on f and ¢g. However, the do hold for certain subclasses. For example, if f is a
M?®-concave function (which is submodular), and g is a M®-convex function (which is su-
permodular), the discrete separation theorem always holds (c.f Theorem 8.15 in [Murotal,

2003]).

2.9.2  Fenchel Duality Theorem

Finally we show that a version of the Fenchel duality Theorem also holds in certain restricted
cases. Given a submodular function f (or equivalently supermodular function g), define the

concave Fenchel dual functions f, (or equivalently g.) as:

fo(y) = min y(X) — f(X), g.(y) = maxy(X) — g(X). (2.93)

XCvV XCV

The Fenchel duals f, and g, are concave and convex functions respectively. Unlike the
convex Fenchel duals, obtaining these expressions exactly is NP hard, since it corresponds
to submodular maximization. These can however be approximately obtained upto constant

factors. The following Lemma then gives a restricted version of Fenchel Duality Theorem:

Lemma 2.34. Given a submodular function f and a supermodular function g such that the

Discrete Separation Theorems hold,

max f(X) — g(X) = ming.(z) — f.(x) (2.94)

XCV
Further if f and g are integral (and satisfy the DST), the mazimum on the right hand side is

attained by an integral vector x.

Proof. The proof of this result follows directly from Theorem 4 of [Fujishige and Narayanan,
2005). In particular, [Fujishige and Narayanan|, 2005| show that given set functions f and g
such that the discrete separation theorem holds, the Fenchel duality theorem will also hold
for this pair of functions f and g. m
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Unlike the Fenchel Duality Theorem from the convex perspective, the result above may
not hold in the most general setting. Moreover, if the functions f and ¢ are M"-concave
and M®-convex respectively, the Fenchel duality theorem always holds (c.f Theorem 8.21 in
[Murota, [2003]).

2.9.3 Minkowski Sum Theorem

Analogous to the results above, we show a certain restricted form of the Minkowski Sum

Theorem.

Lemma 2.35. Given two submodular functions fi and f,, it holds that that (the addition of

the polyhedra below corresponds to a point-wise addition):
phtfe — ph 4 pf (2.95)
Similarly, 01+H2(0) = 0/1(0) + 072(0) and 01 +H2(V) = 0N (V) + 9/2(V).

Proof. This result follows directly from the definitions. In particular, it is easy to see that
the extreme points of these polyhedra can be explicitly characterized by a submodular
function. For example, the polyhedron P/t has a single extreme point defined by the vector
f1(5),7 € V. Similarly, the extreme point of P’ is f5(j),j € V, and the extreme point of
Phtl2 s £1(5) + fo(4),5 € V, and hence the Minkowski sum theorem holds. O

Unlike the Minkowski Sum theorem on the subdifferential and submodular polyhedron,
the result above may not hold for the superdifferential of any arbitrary set &/(X) and the

generalized submodular upper polyhedron P/_. They do hold, however, for certain subclasses

gen*
of submodular functions, like the class of M*-concave functions. This fact easily follows from
Theorem 3 in |Fujishige and Narayanan, 2005], and the fact that M%-concave functions satisfy

the Fenchel duality theorem.
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2.10 Conclusions and Open Problems

In this manuscript, we investigated several connections between convex and concave aspects
of submodular functions. We provided characterizations of the superdifferentials, concave
extensions and separation and duality theorems related to concave aspects of a submodular
function, and connected these new results to existing results on the convex aspects of
submodular functions. To our knowledge, this is the first work in this direction. We also
show how for specific subclasses of submodular functions, like the class of M%concave set
functions, this characterization is exact, while for other submodular functions, this can be
done approximately.

We also leave a few open problems.

e Are there are other subclasses of submodular functions (apart from the class of M?-
concave set functions, for which the concave aspects, like the superdifferentials, concave
extensions and characterizations like the discrete separation theorem, Fenchel duality
theorem etc. can be provided exactly. In particular, we saw that the M®-concave set
functions, satisfy the property that 0/(X) = 8£(272)(X ). An interesting question is
whether there are other interesting subclasses of submodular functions, which satisfy
similar conditions on their superdifferential. Characterizing such functions, could have

a direct consequence on maximizing these subclasses of submodular functions.

e In section2.8] we investigated optimality conditions related to submodular maximization,
and its connection to the superdifferential. An interesting open problem is if this
characterization could provide insight into algorithms for submodular maximization,
and conditions when submodular maximization can be done exactly. Moreover, it also
is interesting that approximating the superdifferential provides different approximation
algorithms for submodular maximization. It will be interesting if there is a principled

relationship between these two.

e In Section [2.9] we study the Fenchel duality Theorem, Discrete Separation Theorem
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and Minkowski sum theorem, and show that these results hold under restricted settings.
An open question is if Edmonds intersection theorem (cf. Section 4.1 in Fujishige| [2005])

also holds under certain restricted settings.

Finally, thanks to the Minkowski sum theorem, the Lovasz extension of a submodular
function satisfies that fi 4 fo(z) = : (2) + fo(x), i.e the Lovész extension of a sum of
two submodular functions is equal to the sum of the individual Lovasz extensions. An
open problem is whether this relation holds (under restricted settings possibly) for the

concave extensions.
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Chapter 3
SUBMODULAR FUNCTION MINIMIZATION

3.1 Introduction
In this chapter, we address the problem of submodular function minimization:
Problem 1: min f(X 1
roblem 1: min f(X), (3.1)

where f : 2V — R is a discrete set function on subsets of a ground set V = {1,2,--- ,n},
and C C 2" is a family of feasible solution sets. The set C could express, for example, that
solutions must be an independent set in a matroid, a limited budget knapsack, or a cut (or
spanning tree, path, or matching) in a graph. Without making any further assumptions about
f, the above problems are trivially worst-case exponential time and moreover inapproximable.
If we assume that f is submodular, however, then in many cases the above problems can be

approximated and in some cases solved exactly in polynomial time.

3.1.1 Unifying Algorithmic Framework

In this chapter, we provide a class of combinatorial algorithms for Problem 1. The first class
of algorithms is a Majorization-Minimization style (MM) algorithm, which is scalable and
practical. This framework makes two contributions. For unconstrained minimization, we
obtain new nontrivial bounds on the lattice of minimizers, thereby reducing the possible space
of candidate minimizers. This method easily integrates into any other exact minimization
algorithm as a preprocessing step to reduce running time. In the constrained case, we obtain
practical algorithms with bounded approximation factors. We observe these algorithms to
be empirically competitive to more complicated ones. While the Majorization-Minimization

scheme of algorithms are not new to machine learning. most of these algorithms, however, lack
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theoretical guarantees. This chapter shows, by contrast, that for submodular optimization,
MM algorithms have strong theoretical properties and empirically work very well. In this
thesis, we shall denote Majorization-Minimization by MMin. As a whole, this framework
offers a new unifying perspective and basis for treating submodular minimization problems
in both the constrained and unconstrained case.

Another class of algorithms we investigate, are based on using approximations of a
submodular function. The tightest approximation is the Ellipsoidal Approximation [Goemans
et al.| 2009], which also correspondingly provides the tightest approximation guarantees for
these problems. Unlike the MM algorithms however, these methods are not practical for real

world applications.

3.1.2 Nowel theoretical characterizations

Since many of the worst case guarantees are often much more pessimistic compared to the
ones we observe in practice, it means that these lower bounds are specific to rather contrived
classes of functions, whereas much better results can be achieved in many practically relevant
cases. Given the increasing importance of submodular functions in machine learning, these
observations beg the question of qualifying and quantifying properties that make sub-classes
of submodular functions more amenable to learning and optimization. In this chapter, we also
investigate the role of complexity parameters like the curvature, approximate monotonicity
and submodularity ratio in the approximation guarantees, and show how they improve the
worst, case guarantees for practically relevant submodular functions, thus offering better
connections between theory and practice. Interestingly, we show that the same theoretical
constructs provide improved guarantees both for minimization and maximization (we shall

study submodular maximization in chapter |4)).

3.1.8  Worst case hardness and tight approrimation algorithms

We also investigate the hardness of various instances of Problem 1, and the approximation

guarantees of the algorithms, in the light of the theoretical characterizations above. We note
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that, while the Ellipsoidal Approximation scheme (EA) provides theoretically the tightest
guarantees, it is not scalable and practical. The Majorization-Minimization (MM) algorithms
on the other hand, have slightly weaker worst case factors, but are extremely scalable
and practical. Empirically however, we demonstrate that the scalable MMin algorithms
perform comparable to the Ellipsoidal Approximation class of algorithms for several real

world problems involving submodular minimization.

3.2 DMotivating Applications

Submodularity’s escalating popularity in machine learning is due to its natural applicability.
Indeed, instances of Problem 1 are seen in many forms. Submodular functions very naturally
capture notions of cooperation and attraction amongst items, and algorithmic complexity,
when seen from the perspective of submodular minimization. Below we summarize some of

the applications of Problem 1, which highlight this.

MAP inference in MRFs and Image Segmentation: Markov Random Fields with
pairwise attractive potentials are important in computer vision, where MAP inference is
identical to unconstrained submodular minimization solved via minimum cut |[Boykov and

Jolly, [2001].

Cooperative Cuts:  While the MRF based models described above can be solved very
efficiently via graph-cuts, they suffer from the shrinking bias problem, and images with
elongated edges are not segmented properly. When modeled via a submodular function,
however, the cost of a cut is not just the sum of the edge weights, but a richer function that
allows cooperation between edges, and yields superior results on many challenging tasks. This
was achieved in |Jegelka and Bilmes| 2011d| by partitioning the set of edges F of the grid
graph into groups of similar edges, and defining concave over modular functions over these.
This ensures that we offer a discount to edges of the same type. The corresponding MAP

inference corresponds to Problem 1 where V' is a set of edges in a graph, the function f is as
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described above, and C is a set of cuts in this graph. This was shown to significantly improve

many image segmentation results [Jegelka and Bilmes, [2011d)].

Cooperative Matchings:  The simplest model for matching key-points in pairs of images,
which is also called the correspondence problem, can be posed as a bipartite matching. These
models, however, do not capture interaction between the pixels, and does not work well in
practice. One kind of desirable interaction is that similar or neighboring pixels be matched
together. We can achieve this, via a minimum submodular matching |Iyer and Bilmes, 2014a],

which we illustrate in the experiments section towards the end of this chapter.

Limited Vocabulary Speech Corpora: Large scale machine learning algorithms often
have a complexity which is polynomial in the number of labels (for example, in speech
recognition vocabulary size and in object recognition it is number of object classes). Due to
the large number of labels, these systems often have large turnover times. Hence one would
like to find large size corpora with limited number of labels, so as to enable accurately and
rapidly prototyping novel and computationally expensive speech recognition architectures.
Algorithmic complexity can naturally be modeled via submodular functions. For example, in
speech recognition, the vocabulary size is an indicator of complexity and is submodular |Lin
and Bilmes| [2011a]. This problem is naturally a form of size constrained submodular
minimization, i.e minimizing algorithmic complexity which is submodular, given a constraint
|X| > k on the training dataset. For example in speech recognition, this corresponds to

minimizing the vocabulary size given a lower bound constraint on the number of utterances.

Modeling Cooperative costs:  Often submodular functions fit as natural models in
modeling costs of items. This is mainly due to economies of scale, where often there is larger
discounts in buying more items (buy one, get one free). These discounts often appear when
buying similar items (for example when buying two sets of clothes etc.), and hence can be

modeled via submodular minimization.
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Minimum Power Assignment: In wireless and power networks, one seeks a connectivity
structure that maintains connectivity at a minimum energy consumption. Submodular func-
tions often naturally model the energy consumption, since there often sharing in consumption.
This problem is equivalent to finding a suitable structure (e.g., a spanning tree) minimizing a

submodular cost function [Wan et al., 2002].

Transportation: Costs in real-world transportation problems are often non-additive. For
example, it may be cheaper to take a longer route owned by one carrier rather than a shorter
route that switches carriers. Such economies of scale, or ‘“right of usage” properties are
captured in the “Categorized Bottleneck Path Problem” — a shortest path problem with
submodular costs |Averbakh and Berman)| [1994]. Similar costs have been considered for

spanning tree and matching problems.
3.3 Combinatorial Algorithmic Framework

3.8.1 The Majorization-Minimization (MMin) framework

We define a generic Majorization-Minimization (MMin) algorithm as follows. In each iteration,
the algorithm optimizes a modular approximation formed via the current solution Y. For

minimization, we use an upper bound, defined via the supergradients of a submodular function

(see Section [1.4.1)):
m{(X) = F(V) + v (X) =gy (Y) > f(X), (3.2)

These upper bounds are tight at the current solution, satisfying mﬁ(Y) = f(Y), and
m{,(X ) > f(X),¥X C V. In almost all cases, optimizing the modular approximation is much
faster than optimizing the original cost function f.

Algorithm [I] shows our discrete MMin scheme for minimization for both constrained and
unconstrained settings. Since we are minimizing a tight upper bound, the algorithm must

make progress in each iteration.

Lemma 3.1. Algorithm |1 monotonically decreases the objective function value at every
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Algorithm 1 Supergradient Descent Algorithm for Problem 1
Start with an arbitrary X°.

while until convergence (X! = X') do
Pick a supergradient gx: at X*
X = argmin e mb. (X)

t—t+1

iteration for Problem 1, as long as a linear function can be exactly optimized over C.

Proof. By definition, it holds that f(X**) < m/,(X*'). Since X'*' minimizes m/,, it
follows that
FXH) <md, (X < mb (X7 = F(XD). (3.3)

O

Contrary to standard continuous subgradient descent schemes, Algorithm [I] produces a
feasible solution at each iteration, thereby circumventing any rounding or projection steps
that might be challenging under certain types of constraints. In addition, it is known that
for relaxed instances of our problems, subgradient descent methods can suffer from slow
convergence |[Bach| [2013]. Nevertheless, the supergradient descent algorithm still relies on
the choice of the supergradients defining the bounds. Therefore, we next analyze the effect
of certain choices of semigradients for various optimization problems. In particular, we use
MMin with the supergradients gy, gx and gx. In both the unconstrained and constrained

settings, this yields a number of new approaches for Problem 1.

3.3.2  Ellipsoidal Approximation

In the case of constrained submodular minimization, we investigate another algorithm
which provides the tightest theoretical guarantees. This algorithm is based on a generic
approximation of a submodular function, called an Ellipsoidal Approximation (EA). The

idea is to approximate an arbitrary submodular function, by an easier submodular function,
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and solve the constrained optimization problem with the easier function. The approximation
guarantees of this methods depend on how well the simpler surrogate function approximates
the original function. The Ellipsoidal Approximation computes an approximation to a
polymatroid function f in polynomial time by approximating the submodular polyhedron
via an ellipsoid. This approximation approximates any submodular function, within a factor
of a(n) = O(y/nlogn). In other words, it provides a function f(X), which is of the form
f (X) = \/m for a certain weight vector w”/, such that,

f(X) < f(X) < a(n) f(X). (3.4)

This then leads to an approximation algorithm obtained by minimizing f instead of the

function f directly. The idea of the algorithm is very simple:

e Given a submodular function f, choose an approximation f such that f (X) < f(X) <
a(n)f(X).

e Choose the set X € argmin ., f(X).

We can obtain a simple approximation guarantee for this algorithm:

Lemma 3.2. Given a submodular function f, let f be an approximation of f such that
f(X) < f(X) < an)f(X),VX C V. Then any minimizer X e argminy . f(X) of f
satisfies f(X) < a(n)f(X*), where X* is the optimal solution.

Proof. Given that f(X) < f(X) < a(n)f(X),¥X C V, let X be the optimal solution for

minimizing f over C. Then the following chain of inequalities holds,

A

F(X) < J(X) < a(n)f(X7) < a(n) f(X7) (3:5)
O

We show that we can obtain a tighter approximation guarantee, dependent on the curvature
of a submodular function. While this algorithm often provides theoretically the tightest
guarantees, the algorithm is much more involved than the MM framework. Moreover, this

algorithm only retains tight guarantees for constrained forms of submodular minimization.
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3.4 Unconstrained Submodular Minimization

We begin with unconstrained minimization, where C = 2" in Problem 1.

3.4.1  Majorization-Minimization Algorithms (MMin)

Each of the three supergradients yields a different variant of Algorithm [I} and we will call
the resulting algorithms MMin-I, IT and III, respectively. We make one more assumption:
of the minimizing arguments in Step 4 of Algorithm [I| we always choose a set of minimum
cardinality.

MMin-I is very similar to the algorithms proposed in [Jegelka et al., 2011]. Those authors,
however, decompose f and explicitly represent graph-representable parts of the function f.
We do not require or consider such a restriction here.

Let us define the sets A = {j : f(j]|0) <0} and B = {5 : f(j|V\{j}) < 0}. Submodularity
implies that A C B, and this allows us to define a latticeﬂ L = [A, B] whose least element is
the set A and whose greatest element is the set is B. This sublattice £ of [(), V] retains all
minimizers X* (i.e., A C X* C B for all X*):

Lemma 3.3. [Fujishige, |2005] Let L* be the lattice of the global minimizers of a submodular

function f. Then L* C L, where we use C to denote a sublattice.

Lemma has been used to prune down the search space of the minimum norm point
algorithm from the power set of V' to a smaller lattice |[Bach, 2013, [Fujishige and Isotani,
2011]. Indeed, A and B may be obtained by using MMin-III:

Lemma 3.4. With X° =0 and X° =V, MMin-III returns the sets A and B, respectively.
Initialized by an arbitrary X°, MMin-III converges to (X° N B) U A.

Proof. When using X° = ), we obtain X' = argminy f(0)) + 3, f(j) = A. Since A C B,

the algorithm will converge to X' = A. At this point, no more elements will be added,

I This lattice contains all sets S satisfying A C S C B
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since for all i ¢ A we have gx:1(i) = f(i | ) > 0. Moreover, the algorithm will not remove
any elements: for all i € A, it holds that gx1(i) = f(¢ | V \ i) < f(i) < 0. By a similar
argumentation, the initialization X° = V will lead to X! = B, where the algorithm terminates.
If we start with any arbitrary X° MMin-IIT will remove the elements j with f(j|V \ j) >0
and add the element j with f(j]|0) < 0. Hence it will add the elements in A that are not in X°
and remove those element from X that are not in B. Let the resulting set be X!. As before,
for all i € A, it holds that gx1(i) = f(i | V' \ i) < f(i) <0, so these elements will not be
removed in any possible subsequent iteration. The elements i € X!\ A were not removed, so
f(i | V'\ i) <0. Hence, no more elements will be removed after the first iteration. Similarly,

no elements will be added since for all 7+ ¢ X1, it holds that f(i |0) > f(i |V \i) >0. O

Lemma [3.4] implies that MMin-III effectively provides a contraction of the initial lattice
to £, and, if X° is not in £, it returns a set in £. Henceforth, we therefore assume that we
start with a set X° € L.

While the known lattice £ has proven useful for warm-starts, MMin-I and II enable us to
prune £ even further. Let A, be the set obtained by starting MMin-I at X° = (), and B,
be the set obtained by starting MMin-II at X% = V. This yields a new, smaller sublattice

L, =[Ay, B,] that retains all minimizers:

Theorem 3.1. For any minimizer X* € L, it holds that A C A, C X* C B, C B. Hence
L* C L, C L. Furthermore, when initialized with X° = () and X° =V, respectively, both

MMin-I and II converge in O(n) iterations to a local minimum of f.

By a local minimum, we mean a set X that satisfies f(X) < f(Y) for any set Y that
differs from X by a single element. We point out that Theorem generalizes part of Lemma
3 in |Jegelka et al.| [2011].

Before proving the main result, we show the following important Lemma:

Lemma 3.5. Every iteration of MMin-I can be written as X' = Xt U {j : f(j]X?) < 0}.
Similarly, every iteration of MMin-II can be expressed as X' = X\ {j : f(§|X*\ j) > 0}.
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Proof. (Lemma Throughout this chapter, we assume that we select only the minimal
minimizer of the modular function at every step. In other words, we do not choose the
elements that have zero marginal cost. We observe that in iteration ¢ + 1 of MMin-I, we add
the elements ¢ with gy: (i) < 0, i.e., X' = X' U {j: f(j|X") < 0}. No element will ever be
removed, since gx:(1) = f(i | V \ 1) < f(i | X*71) < 0. If we start with X° = (), then after
the first iteration, it holds that X' = argminy f(0) +>_. y f(j). Hence X' = A. MMin-I
terminates when reaching a set A, where f(j|A,) >0, for all j ¢ A,.

The analysis of MMin-II is analogous. In iteration ¢ 4+ 1, we remove the elements ¢ with
gxt(i) > 0, ie., X' = X"\{j : f(j|X" —j) > 0}. Similarly to the argumentation above,
MMin-IT never adds any elements. If we begin with X° = V| then X! = arg miny f(V) +
> jevix f(IV = {J}), and therefore X! = B. MMin-II terminates with a set B,. O

Now we can prove Theorem [3.1]

Proof. (Thm. Since, by Lemma MMin-I only adds elements and MMin-II only
removes elements, at least one in each iteration, both algorithms terminate after O(n)
iterations.

Let us now turn to the relation of X* to A and B. Since f(i) < 0 for all i € A, the
set X! = A found in the first iteration of MMin-I must be a subset of X*. Consider any
subset X! C X*. Any element j for which f(j | X*) < 0 must be in X* as well, because by
submodularity, f(j | X*) < f(j | X*) < 0. This means f(X*Uj) < f(X*), which would
otherwise contradict the optimality of X*. The set of such j is exactly X!, and therefore
X! C X*. This induction shows that MMin-I, whose first solution is A C X*, always
returns a subset of X*. Analogously, B 2 X*, and MMin-II only removes elements j ¢ X*.

Finally, we argue that A, is a local minimum; the proof for B, is analogous. Algorithm
MMin-I generates a chain ) = X° C X! C X%2... C A, = XT. For any t < T, consider
j € X'\ X1 Submodularity implies that f(j]A; \ j) < f(j|X*1) < 0. The last inequality
follows from the fact that j was added in iteration ¢. Therefore, removing any j € A, will

increase the cost. Regarding the elements i ¢ A, we observe that MMin-I has terminated,
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Figure 3.1: Venn diagram for the lattices obtained by MMin-I, II and III. We are searching
for the optimal set X* C V. The lattice £ contains all sets S “between” A and B, i.e.,
A C S C B. The lattice £ uses the sets A, and By instead (it contains all sets T with
A, CT C By) and therefore provides a tighter bound and smaller search space around the

optimal solution X*.

which implies that f(i | A;) > 0. Hence, adding i to A, will not improve the solution, and

Ay is a local minimum. O

Theorem has a number of nice implications. First, it provides a tighter bound on the
lattice of minimizers of the submodular function f that, to the best of our knowledge, has not
been used or mentioned before. The sets A, and B, obtained above are guaranteed to be
supersets and subsets of A and B, respectively, as illustrated in Figure |3.1, This means we
can start any algorithm for submodular minimization from the lattice £, instead of the initial
lattice 2" or £. When using an algorithm whose running time is a high-order polynomial of
|V'|, any reduction of the ground set V' is beneficial. Second, each iteration of MMin takes
linear time. Therefore, its total running time is O(n?). Third, Theorem [3.1] states that both
MMin-I and II converge to a local minimum. This may be counter-intuitive if one considers
that each algorithm either only adds or only removes elements. In consequence, a local

minimum of a submodular function can be obtained in O(n?), a fact that is of independent

interest and that does not hold for local maximizers [Feige et al., [2011b].

The following example illustrates that £, can be a strict subset of £ and therefore
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provides non-trivial pruning. Let w;,ws € RV, w; > 0 be two vectors, each defining a linear
(modular) function. Then the function f(X) = y/w;(X) +wy(X) is submodular. Specifically,
let wy = [3,9,17,14,14,10, 16,4, 13,2] and wy = [-9,4,6,—1,10,—4, —6,—1,2, —8]. Then
we obtain £ defined by A = [1,6,7,10] and B = [1,4,6,7,8,10]. The tightened sublattice
contains exactly the minimizer: A, = B, = X* =[1,6,7,8,10].

As a refinement to Theorem [3.1], we can show that MMin-I and MMin-II converge to the

local minima of lowest and highest cardinality, respectively.

Lemma 3.6. The set A, is the smallest local minimum of f (by cardinality), and B, is the

largest. Moreover, every local minimum Z is in L,: Z € L, for every local minimum Z.

As a corollary, Lemma implies that if a submodular function has a unique local

minimum, MMin-I and IT must find this minimum, which is a global one.

Proof. The proof proceeds analogously to the proof of Theorem [3.1} Let Y; be the local
minimum of smallest-cardinality, and Y, the largest one. First, we note that X° = C Y.
For induction, assume that X* C Y;. For contradiction, assume there is an element j € X‘*!
that is not in Y;. Since 7 € X1\ X it holds by construction that f(;j | Y;) < f(5 | X*) <0,
implying that f(Ys; U j) < f(Ys). This contradicts the local optimality of Y, and therefore it
must hold that X! C Y,. Consequently, A, CY,. But A, is itself a local minimum, and
hence equality holds. The result for B, follows analogously.

By the same argumentation as above for Y and Y;, we conclude that each local minimum

Z satisfies A, C Z C B, , and therefore Z € L, C L. O]

3.4.2 Extensions of MMin

In the following we consider two extensions of MMin-I and II. First, we analyze an algorithm
that alternates between MMin-I and MMin-II. While such an algorithm does not provide much
benefit when started at X = () or X° = V, we see that with a random initialization X° = R,
the alternation ensures convergence to a local minimum. Second, we address the question of

which supergradients to select in general. In particular, we show that the supergradients ¢
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and ¢ subsume alternative supergradients and provide the tightest results with MMin. Hence,

our results are the tight.

Alternating MMin-I and IT and arbitrary initializations. Instead of running only
one of MMin-I and II, we can run one until it stops and then switch to the other. Assume
we initialize both algorithms with a random set X° = R € £,. By Theorem , we know
that MMin-I will return a subset B! D R (no element will be removed because all removable
elements are not in B, and R C B by assumption). When MMin-I terminates, it holds that
gr(j) = f(j|R') > 0 for all j ¢ R, and therefore R' cannot be increased using gr,. We
will call such a set an I-minimum. Similarly, MMin-II returns a set Ry C R from which,
considering that g, (j) = f(j|R1 \ j) < 0 for all j € Ry, no elements can be removed. We
call such a non-decreasable set a D-minimum. Every local minimum is both an [-minimum
and a D-minimum.

We can apply MMin-II to the I-minimum R' returned by MMin-I. Let us call the resulting
set R2. Analogously, applying MMin-I to R; yields Ry D R;.

Lemma 3.7. The sets Ry and R? are local optima. Furthermore, Ry C Ry C R?2 C R'.

Proof. Tt is easy to see that A C Ry C B, and A C R! C B. By Lemma [3.5] MMin-I applied
to R; will only add elements, and MMin-II on R' will only remove elements. Since R! is an
[-minimum, adding an element j € V' \ R! to any set X C R! never helps, and therefore R!
contains all of R;, Ry and R?. Similarly, R, is contained in Ry, R? and R!. In consequence, it
suffices to look at the contracted lattice [Ry, R'], and any local minimum in this sublattice is a
local minimum on [@, V]. Theorem (3.1 applied to the sublattice [R;, R'| (and the submodular
function restricted to the sublattice) yields the inclusion Ry C R? so Ry C Ry C R? C R},

and both R, and R? are local minima. O
The following lemma provides a more general view.

Lemma 3.8. Let S; C S' be such that Sy is an I-minimum and S is a D-minimum. Then

there exist local minima Sy C S in [Sy, S1| such that initializing with any X° € [S1, S, an
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alternation of MMin-I and II converges to a local minimum in Sy, S?], and

; X) = i X).
o, f(X) = min f(X)

Proof. Let Sy, 52 be the smallest and largest local minima within [S;, S']. By the same
argumentation as for Lemma [3.7, using X° € [S;, S1] leads to a local minimum within [Sz, 5?).
Since by definition all local optima in [S}, S?] are within [S,, S?], the global minimum within

(S}, 81] will also be in [S,, S?]. O

The above lemmata have a number of implications for minimization algorithms. First,
many of the properties for initializing with V' or the empty set can be transferred to arbitrary
initializations. In particular, the succession of MMin-I and IT will terminate in O(n?) iterations,
regardless of what X is. Second, Lemmas and provide useful pruning opportunities:
we can prune down the initial lattice to [Ry, R?] or [Sy, S?], respectively. In particular, if any

global optimizer of f is contained in [S;, S?], it will also be contained in [Sy, S?].

Choice of supergradients. We close this section with a remark about the choice of
supergradients. The following Lemma states how ¢gx and gx subsume alternative choices of

supergradients and MMin-I and II lead to the tightest results possible.

Lemma 3.9. Initialized with X° = (), Algorithm will converge to a subset of A, with any
choice of supergradients. Initialized with X° = V', the algorithm will converge to a superset of
B, with any choice of supergradients. Moreover, if X° is a local minimum, then the algorithm

will not move with any supergradient.

The above Lemma implies that we do not loose any generality, by considering only the three
specific supergradients ¢, g and g. Moreover, it also shows that in the context of unconstrained
minimization, Algorithm [I}is bound to get stuck at local minima. Correspondingly, while it
provides useful mechanisms for pruning, this framework cannot be used as an exact algorithm

for unconstrained minimization. The proof of Lemma [3.9]is very similar to the proof of

Theorem [3.1]
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3.5 Constrained Monotone Submodular Minimization

In this section, we shall study submodular minimization under combinatorial constraints.
Even simple constraints like cardinality lower bound constraints, make Problem 1 very
hard: they do not even admit constant factor guarantees [Svitkina and Fleischer, 2008|
Jegelka and Bilmes, 2011c, (Goel et al., [2009]. This section shall primarily deal with the
functions f being monotone (which are often, more realistic in applications), while in the next
section (section [3.6), we shall extend these results to constrained non-monotone submodular
minimization. We shall first study MMin (in section , followed by the Ellipsoidal
Approximation (section . In both cases, we shall provide curvature dependent bounds,
and then show how these bounds are tight (by exhibiting curvature dependent lower bounds)
for several specific combinatorial constraints. The results of MMin and EA for specific

constraints, along with the corresponding hardness is shown in Table 3.1.

3.5.1  Magorization-Minimization (MMin) Algorithm

MDMin straightforwardly generalizes to constraints more complex than C = 2", and Theorem
still holds for more general lattices or ring family constraints. Beyond lattices, however, other
constrained submodular minimization problems are significantly harder than the unconstrained
version. Fortunately, however, MMin still works under a large class of constraints C. The only
requirement on C is that there exists an efficient algorithm which minimizes a non-negative
modular cost function over C. This subroutine can even be approximate. Such algorithms are
available for cardinality bounds, independent sets of a matroid and many other combinatorial
constraints such as trees, paths or cuts. The main performance criteria of the algorithms

shall be in the form of approximation guarantees.

The next theorem states an upper bound on the approximation factor achieved by MMin

for non-negative, non-decreasing (monotone) submodular functions.
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Table 3.1: Approximation bounds implied by MMin-I and the Ellipsoidal Approximation
Algorithm for specific constrained submodular minimization problems. All these bounds are

shown with respect to the weakest notion of curvature x;. See the text for more details.

Theorem 3.2. Let X* € argminy.. f(X). The solution X returned by MMin-I satisfies
Ry 1

f(X) < T4 (X = (1 =R (X° ))f(X*) < min{| X", Tf(X*)}f(X*)
If the minimization in Step 4 is done with approzimation factor 3, then
> BlIX~] . - 1 )

Proof. Surprisingly, it suffices to consider just the fist iteration of MMin-I, which is:

X' = argmin 7
gm0

The simple modular upper bound above, is essentially formed via the supergradient at the
emptyset X = (). Since further iterations only improve the objective, the approximation
guarantee holds at convergence as well. The following Lemma is a key ingredient in showing

this.

Lemma 3.10. Given a monotone submodular function f,

X]
02240 = - mmy
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The approximation guarantee immediately follows from the above Lemma, via the following

sequence of inequalities:

FR) < F < 050 < S 10 < T ey )

jext jex*

The first inequality follows since X is the solution just after the first iteration, while X is
after convergence, and the second one is from the definition of the modular upper bound.
The third inequality holds since X7 is the optimizer of of the function f(X) = diex )
over C, and is hence better than X* (which is also feasible). The last inequality follows from
the Lemma [3.101

To show Lemma [3.10, we shall use the following facts, which follow from the definitions

of submodularity and curvature.

Fact 1: (1—ip(X) Y £() = > FGIX\)),

JjeEX jeX

Fact 2: f(X) = f(k) > 3 F(IX\)), ¥k € X.

JEX\k
Sum the expressions from Fact 2, Vk € X, use Fact 1, and we obtain the following series of

inequalities,

IX[FX) =D fk) =D F(IX\)

keX keX jeX\k
>N FGIXG) = Y FGIX\R)
keX jeX keX
> (1X]=1) Y FUIX\)
JjEX\k
> (1X] = D)1= Kp(X) > f(k)

keX

Hence we obtain that,

X
D SO e T

keX
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From the fact that 1 — K¢(X) > 1 — k¢(X), it immediately follows that,

X
210 S T na s oY)

We immediately then have the following corollary:

Corollary 3.1. The solution X returned by MMin-1 satisfies

. X
I < T - =)

f(X7)
This result follows directly from Theorem @ since k¢ is a weaker notion of curvature.

Remark 3.1. While the results above are shown for MMin-I, they in fact hold for any
algorithm which uses either of the supergradients §,§ or g and starts at X° = (). Note that
for showing the gquarantee, it is important to start at the X° = (0. Moreover, one could also
alternate between these different supergradients, and choose the best solution at every iteration.

In this chapter, however, we just restrict ourselves to MMIn-1I.

Note that the bound above is at most O( where n = |V is the dimension of

D))
the problem. This bound also extends to a number of combinatorial constraints including
cardinality and matroid constraints, cuts, spanning trees, shortest paths and perfect matchings.
For problems where sy < 1, Theorem refines bounds for constrained minimization that
are given in |Goel et al., [2009], Svitkina and Fleischer| |2008|. To our knowledge, this is the
first curvature dependent bound for this general class of minimization problems. Table 3.1
gives a summary of the results obtained through MMin-I under different constraints. In

section [3.5.7, we shall compare our results for various instances of constraints which are

natural in applications.

3.5.2  Ellipsoidal Approzimation (EA) Algorithm

This generic approximation scheme was introduced by [Goemans et al., [2009|, where they

shows how any submodular function can be approximated by a simpler submodular function
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(which is explicitly representable) upto a factor of O(y/n). This immediately yields aO(y/n)
approximation algorithm for many of the constrained optimization problems addressed in this
chapter. We extend these bounds to curvature dependent ones, and show improved factors of
O(Wm) for these problems.

A crucial component of the algorithm, is the notion of Curve-Normalized polymatroid
function. Specifically, we define the x¢-curve-normalized version of f as
FX) = (1= 7)) Yyex F0)

JHX) =
K

(3.6)

If Ky = 0, then we set f* = 0. We call f* the curve-normalized version of f because its
curvature is kg~ = 1. The function f* allows us to decompose a submodular function f into a
“difficult” polymatroid function and an “easy” modular part as f(X) = famcut(X) + Measy (X)
where faificus(X) = w7 f"(X) and measy (X) = (1 — r5) >-;cx f(j). Moreover, we may
modulate the curvature of given any function g with x, = 1, by constructing a function
f(X) £ cg(X) + (1 — ¢)|X| with curvature x; = ¢ but otherwise the same polymatroidal
structure as g. Our curvature-based decomposition is different from decompositions such as
that into a totally normalized function and a modular function |[Cunningham) |1983|. Indeed,

the curve-normalized function has some specific properties that will be useful later on.

Lemma 3.11. If f is monotone submodular with ky > 0, then
FX) <D FG), FX) = (1 =rp) Y f0): (3.7)

jeX jex
Proof. The inequalities follow from submodularity and monotonicity of f. The first part fol-
lows from the subadditivity of f. The second inequality follows since f(X) > >~ f(4|V\j) >
(1 —rp) D jex [(), since Vj € X, f(4|V\j) = (1 — ky) f(j) by definition of ;. O

Lemma 3.12. If f is monotone submodular, then f"(X) in Eqn. (3.6) is a monotone

non-negative submodular function. Furthermore, f*(X) < Z]EX f().

Proof. Submodularity of f* is evident from the definition. To show the monotonicity, it

suffices to show that f(X)—(1 —ry) > .cx f(j) is monotone non-decreasing and non-negative
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submodular. To show it is non-decreasing, notice that Vj ¢ X, f(5]V\j) — (1 — k¢) f(j) > 0,

since (1—ky) f(7) < f(j|V'\Jj) by the definition of ;. Non-negativity follows from monotonicity
FX)-(—rf) 3 jex F)

and the fact that f*(() ) = 0. To show the second part, notice that - <
S ex £ = (k) Syex £
= K ! = - Z]EX f( ) D

The curve-normalization leads to refined upper bounds for the Ellipsoidal Approximation.

The key idea is to approximate only the curved part of f, and retain the modular part exactly.

Theorem 3.3. Given a polymatroid function f with ky <1, let f* be its curve-normalized
version defined in Equation (3.6)), and let f” be a submodular function satisfying f”(X) <
fA(X) < a(n)ff(X), for some X C V. Then the function f(X) 2 kpfr(X) + (1 —
Kp) D jex f(J) satisfies

f(x)

1—/'1)0.

. a(n)
JX) < f(X) < 7 (a(n) — 1)(1 — ry)

The above inequalities hold, even if we use an upper bound Ky instead of the actual curvature

f(X) < (3.8)

Iif.

Proof. The first inequality follows directly from definitions. To show the second inequality,

note that f*(X) > f:(%), and therefore

W AP0+ (L ) S FG) o
RpfR(X) + (L= k) Yoex F() mpf5(X) + (1= kp) X ey F()
< I{ffﬁ((i()>+(1_ﬁf)2jeXf(]) (3.10)
Kiam + (L= rs) D ex ()
R =) Sy )
= X+ (= mpat) Sy 1) Y
a(n)
- a(n)=1)(1-ky ex fU (312)
1+ §f§~3x>)+(<1 nf)zzjjexf;())
a(n) (3.13)

<

~ L+ (a(n) = 1)1 = ry)
The last inequality follows since ryf*(X) + (1 — ) D_jcx f(4) < D2jex f(4). The other
inequalities in Eqn. (6.3)) follow directly from the definitions.
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It is also easy to see that all the above inequalities will hold using an upper bound K > k¢
instead of Kk in the definition of the curve-normalized function. The bound in that case
would be,

: o) o I
e O

(3.14)

where, f(X) = ﬁffAI%(X) + (= Fp) D jex f(I), fA/;o is an approximation of f* satisfying
FR(X) < f5(X) < a(n) f5(X) and,

fﬁ _ f(X) - (1 _’{f) ZjeX f(])

(3.15)
Ky

]

The result above can directly be applied to the Ellipsoidal Approximation Algorithm.
Recall, that for any polymatroid rank function f, one can compute a weight vector w/ and
correspondingly an approximation (which is the Ellipsoidal Approximation) /wf(X) via a
polynomial number of oracle queries such that vw/(X) < f(X) < O(v/nlogn) < y/w/(X).
The following corollary provides the worst case curvature-dependent results for the Ellipsoidal

Approximation Algorithm.

Corollary 3.2. Let f be a polymatroid function with k; < 1, and let \/w/"(X) be the

ellipsoidal approzimation to the k-curve-normalized version f*(X) of f. Then the function
fUX) = kpJw!™(X) + (1= k) 3 5cx f(4) satisfies

Vvnlogn "
1+(\/ﬁlogn—1)(1—ﬁf)>f (X). (3.16)

The Ellipsoidal Approximation Algorithm then just minimizes the surrogate function

F(X) < F(X) < 0 (

f¢(X). This function has a special form: a weighted sum of a concave function and a
modular function. Minimizing such a function over constraints C is harder than minimizing a
merely modular function, but with the algorithm in |[Nikolova), 2010| we obtain an FPTAS.
The FPTAS will yield a § = (1 + €)-approximation through an algorithm polynomial in %
We call this algorithm EA
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Theorem 3.4. For a submodular function with curvature ky < 1, algorithm EA will return

a solution X that satisfies

Vnlogn
(vnlogn —1)(1 — kf) + 1)

f(X)<o0 ( ) FX7). (3.17)

The specific bounds of EA for many constrained optimization problems are in Table
3.1. While this generic scheme often provides the theoretically tightest guarantees, it is
extremely hard to implement it in practice. MMin-I, however, provides a much more practical
and scalable approach for addressing these problems. Interestingly, we see empirically that
MMin-I actually performs comparably to EA for a number of practically relevant submodular

functions (see Section [3.7).

3.5.8  Clurvature Dependent Hardness Results

Previous information-theoretic lower bounds for constrained submodular minimization [Goel
et al., 2009, Goemans et al., [2009, Iwata and Naganol 2009, |Svitkina and Fleischer| 2008| are
independent of curvature and use functions with £y = 1. These curvature-independent bounds
are proven by constructing two essentially indistinguishable matroid rank functions h and f%,
one of which depends on a random set R C V. One then argues that any algorithm would need
to make a super-polynomial number of queries to the functions for being able to distinguish A
and f® with high enough probability. The lower bound will be the ratio maxxec h(X)/f7(X).
We extend this proof technique to functions with a fixed given curvature. To this end, we

define the functions
PO = kg fUX) + (L= kp)|X] and ho(X) = mph(X) + (1= rP)[X]. (3.18)

Both of these functions have curvature x¢. This construction enables us to explicitly introduce
the effect of curvature into information-theoretic bounds for all monotone submodular
functions. In section [3.5.7, we shall investigate specific combinatorial constraints, and we

shall use this technique in providing lower bounds in each of these cases.
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3.5.4 Role of curvature

A class of functions with x; = 1 are matroid rank functions, implying that these functions
are difficult instances the MMin algorithms. But several classes of functions occurring
in applications have more benign curvature. For example, sums of concave over modular
functions have been used in a number of applications |Lin and Bilmes|, 2011c, |Jegelka and

Bilmes, 2011d} Iyer and Bilmes, 2012b].

Corollary 3.3. Given weight vectors wy, -+ ,wy > 0, and a submodular function f(X) =

Zle Ni[wi(X)]*, N >0, for a € (0,1), MMin-I minimized f upto a factor of O(|X*|'79).

For example, MMin approximates the function f(X) = Zle Aiv/w;(X) upto a factor of
| X+,

Proof. The result above follows from a simple bound on the curvature of these functions:

Lemma 3.13. Given weight vectors wy,- -+ ,w, > 0, and a submodular function f(X) =
S Ni[wi(X)]% N >0, for a € (0,1], it holds that,
a
(X)) <1 — ——
K/f( ) — |X’1_a
Plugging the bound above into Theorem proves the result.
We now show this Lemma. Let f(X) = [w(X)]*, for w > 0 and a € (0,1]. Then,

FUIXNG) = F(X) = F(X\))
= [wX)]* = [w(X) —w(G)]"

aw(j)
= (X

The last inequality again holds due to concavity of g(x) = 2. In particular, for a concave
function, g(y) — g(z) < ¢'(z)(y — x), where ¢’ is the derivative of g. Hence g(z) > g(y) +
¢ (z)(x —y). Substitute y = w(X) —w(j),r = w(X) and g(x) = 2%, and we get the above

expression.
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Hence we have,

> jex JUIX\))
ZjeX f(j)
aZjeXw(j)w(X)ail
STl
aw(X)®
B EjeXw(j)a

>

1— Ky (X) =

|X’17a

The last inequality follows from the previous Lemma. O

3.5.5 Comparing the guarantees of EA and MMin

Note that the guarantees for MMin (Theorem holds for the tightest notion of curvature,
which is basically the average over the individual gains at a set X. This is in contrast to £ ¢(X)
and k¢, which are both worst case and hence weaker — note that the curvature dependent EA
has a guarantee in terms of x;. Moreover, K¢(X™*) also depends on the curvature with respect
to the optimal set, as opposed to x; which is the curvature at V. While many submodular
functions ultimately get totally curved (in which case, the bound with respect to x becomes
meaningless), the optimal sets for constrained minimization problems may not be as curved.
Hence, though the Ellipsoidal Approximation admits a tighter characterization with respect to
n, in comparison to MMin, its dependence on curvature is weaker. In addition, the curvature
provides an interesting perspective to these algorithms — as long as the submodular function
f has bounded curvature, both EA and MMin admit a guarantee of O(1/(1 — xy)) when n
gets large. In our experiments, we noted that EA takes several hours to run on ground sets

of size n = 100.

3.5.6  Running time of MMin and EA

The bounds of Theorem hold after the first iteration. Nevertheless, empirically we often

found that for problem instances that are not worst-case, subsequent iterations can improve
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the solution substantially. Using Theorem [3.2] we can bound the number of iterations the
algorithm will take. To do so, we assume an n-approximate version, where we proceed only if
FIXHY) < (1 —n)f(X?) for some 1 > 0. In practice, the algorithm usually terminates after 5

to 10 iterations for an arbitrarily small 7.

Lemma 3.14. MMin-I runs in O(%Tlog m) time, where T is the time for mini-

mizing a modular function subject to X € C.

Proof. At the end of the first iteration, we obtain a set X* such that f(X') < 1—&-(n—+)(l—nf)f(X*)'
The n-approximate assumption implies that f(X*) < (1 —n)f(X?) < (1 —n)'f(X"). Using
that log(1 —n) < n~! and Theorem we see that the algorithm terminates after at most

O(% log m) iterations. O

Unlike the Majorization-Minimization Algorithm (MMin), the Ellipsoidal Approximation
Algorithm is higher order polynomial |[Goemans et al 2009] and does not scale to medium

and large problems.

3.5.7 Bounds for Specific Combinatorial Constraints

In this section, we apply the results above to specific optimization problems, for which we show

(mostly tight) curvature-dependent upper and lower bounds. These results are summarized

in Table 3.1.

Cardinality lower bounds (SLB). A simple constraint is a lower bound on the cardi-
nality of the solution, i.e., C = {X C V : |X| > k}. [Svitkina and Fleischer} 2008| prove
that for monotone submodular functions of arbitrary curvature, it is impossible to find a
polynomial-time algorithm with an approximation factor better than W. They show

an algorithm which matches this approximation factor.

Observation 3.1. For the SLB problem, Algorithm EA and MMin are guaranteed to be no

v/nlogn
1+(v/nlogn—1)(1—ky)

worse than factors of O( ) and T ) respectively.

—_k
E—1)(1—ky
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The guarantee for MMin follows directly from Theorem by observing that | X*| = k.
We also show a similar asymptotic hardness result, which is quite close to the bounds in
observation . These bounds are improvements over the results of |Svitkina and Fleischer]
2008| whenever ks < 1. Here, MMin is preferable to EA whenever k is small. The following
theorem shows that the bound for EA is tight up to poly-log factors.

Theorem 3.5. For ky <1 and any € > 0, there exists submodular functions with curvature

Ky such that no poly-time algorithm achieves an approx. factor of T n/2 for the

12=e—1)(1-ky)
SLB problem.

Proof. Define two monotone submodular functions h,(X) = £y min{|X|, a} + (1 — xy)| X|
and fR(X) = kymin{B + |X| N R|,|X|,a} + (1 — k;)|X|, where R C V is a random set
of cardinality a. Let o and 8 be an integer such that o« = zv/n/5 and § = z?/5 for an

z? = w(logn). Also we assume that k = « in this case. Both h,, and ff have curvature r;.

2e

Given an arbitrary € > 0, set 22 = n?* = w(logn). Then the ratio between f& and g~/ is

nl/2—¢
1+(nt/2=c—1)(1-ry

y- Clearly then if any algorithm can achieve better than this bound, it can

distinguish between fr and ¢ which is a contradiction. O

In the following problems, our ground set V' consists of the set of edges in a graph
G = (V, ) with two distinct nodes s,t € V and n = |V|, m = |€|. The submodular function
is f:28 - R.

Shortest submodular s-t path (SSP). Here, we aim to find an s-t path X of minimum
(submodular) length f(X). [Goel et al., [2009] show a O(n?/3)-approximation with matching
curvature-independent lower bound Q(n??). By Theorem (3.2, the curvature-dependent

worst-case bound for MMin is 1+(n_+)(1_m since any minimal s-t path has at most n edges.

Similarly, the factor for EA is O(5 - ﬁ@flﬁ 71T;(1—Hf))' The bound of EA will be tighter for

sparse graphs while MMin provides better results for dense ones. We can also show the

following curvature-dependent lower bound:
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Theorem 3.6. Given a submodular function with a curvature ky > 0 and any € > 0, no

polynomial-time algorithm achieves an approzimation factor better than - +(n2/"2/375 for

3=e-1)(1-ky)
the SSP problem.

Proof. The proof of this follows in very similar lines to the earlier lower bounds using our
construction and the matroid constructions in |Goel et al., 2009]. The main idea is to use their
multilevel graph, but define adjusted versions of their cost functions. In particular, define
h(X) = kymin{|X|,a}+ (1 — ;)| X| and fr(X) = kymin{B+|X|NR|, | X|,a}+ (1 — ;)| X].
In this context R is a randomly chosen s-t path of length n?? and o = n?/3. Similarly
the value of 8 = n°. The Chernoff bounds then show that the two functions above are
indistinguishable (with high probability) and hence the ratio of the two functions h and fg

then provides the hardness result. O]

Minimum submodular s-t cut (SSC): This problem, also known as the cooperative
cut problem |Jegelka and Bilmes|, [2011clld], asks to minimize a monotone submodular function
f such that the solution X C & is a set of edges whose removal disconnects s from ¢ in G.
Using curvature refines the lower bound in [Jegelka and Bilmes, 2011¢]:

Theorem 3.7. No polynomial-time algorithm can achieve an approximation factor better

nl/2—e

tha/n 1+(n1/2—e_1)(1—nf) )

for any € > 0, for the SSC problem with a submodular function of

curvature Ky.

Proof. This proof follows along the lines of the results shown above. It uses the construction

from |Jegelka and Bilmes, 2011c]. O

Theorem implies an approximation factor of O(( \/mlog‘/n@‘f)g(’f‘_ﬁf) +1) for EA and a

for MMin, where m = || is the number of edges in the graph. By

T D)

Theorem the factor for EA is tight for sparse graphs. Specifically for cut problems, there

factor of

is yet another useful surrogate function that is exact on local neighborhoods. |Jegelka and
Bilmes, 2011c| demonstrate how this approximation may be optimized via a generalized

maximum flow algorithm that maximizes a polymatroidal network flow |Lawler and Martel,
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1982|. This algorithm still applies to the combination f = lfff” + (1 — ky) f™, where we only
approximate f*. We refer to this approximation as Polymatroidal Network Approximation

(PNA).

Corollary 3.4. Algorithm PNA achieves a worst-case approzimation factor of m

for the cooperative cut problem.
For dense graphs, this factor is theoretically tighter than that of the EA approximation.

Proof. We use the polymatroidal network flow construction from [Jegelka and Bilmes, [2011c],
where the approximation f is defined via a partition of the ground set, and is separable
over groups of edges. This approximation can be solved efficiently via generalized flows in
polynomial time |Jegelka and Bilmes, |2011a,c]. Moreover adding a modular term (for the
modulation) does not increase the complexity of the problem. This approximation satisfies
(X)) < f5(X) < 5 f(X) for all cuts X € C.We then convert this expression in the form of
Theorem as QfHT(X) < f5(X) < f5(X). Then define f(X) £ /{foKfo)qt(l—/@f) >iex 1),

and using theorem [3.3] it implies that:

A n

FX) < (X)) < 5 (n—2)(1 — Ky)

f(X) (3.19)

Then let X be the minimizer of f(X) over C (using the generalized flows |Jegelka and Bilmes|
2011c|). It then follows that (let o = —2——): f(X) < af(X) < af(X*) < f(X*)

2+(n—2)(1—ky)

where X* is the optimal solution of f over C. O]

Minimum submodular spanning tree (SST). Here, C is the family of all spanning trees
in a given graph G. Such constraints occur for example in power assignment problems [Wan
et al., |2002]|. |Goel et al. 2009] show a curvature-independent optimal approximation factor

of O(n) for this problem.

Observation 3.2. For the minimum submodular spanning tree problem, algorithm MDMin

n—r

FE ey ur where 1 1is the

achieves an approximation quarantee, which is no worse than

number of connected components of G.
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Proof. This result follows directly from Theorem and the fact that | X*| =n —r. O

In this case, Algorithm EA in fact provides slightly worse guarantees. Moreover the bound

for MMin is optimal:

Theorem 3.8. For the class of submodular functions with curvature Ky < 1, no poly-time

for the SST problem

n1736
n1735—1)(1—nf)+51€f

algorithm can achieve an approximation factor of T

for any €,0 > 0.

Proof. In this case, we use the construction of |Goel et al., |2009], and define fR(X) =
kpmin{| XN R|+min{|XNR|, B}, a}+(1—r)|X|, and g/ (X) = rpmin{|X|, a}+(1—k;)| X],
where a = n'*¢, 3 = n3(1 + §) and |R| = a. For the formal graph construction, see |Goel
et al [2009]. Then with high probability R is connected in the graph |Goel et al.; 2009]. Since
fr and g are indistinguishable with high probability, so are ff and ¢*f. Then notice that the

minimum value of ff and ¢"/ are r;8 + (1 — kf)n and n respectively, and it is clear that
n173€
('3 =1)(1—kf)+0Ky

better than this, it will be able to distinguish fz and g with high probability, which is a

the ratio between them is better than ; . Hence if any algorithm performs

contradiction. O

An analogous analysis applies to combinatorial constraints like Steiner trees [Goel et al.|

2009)].

Minimum Submodular Perfect Matching (SPM): Here, we aim to find a perfect
matching in a graph that minimizes a monotone submodular function. Theorem implies

that an MMin approximation will achieve an approximation factor of at most m

This bound is also tight:

Theorem 3.9. Giwen a submodular function with a curvature ky > 0 and any € > 0, no
n1736
2+(n173€—2)(1—ﬁf)+26ﬁlf

polynomial-time algorithm achieves an approzimation factor better than

for the SPM problem.
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Proof. We use the same submodular functions as the spanning tree case, and it can be
shown [Goel et al., [2009] that with high probability the set R contains a perfect matching
and the two functions are indistinguishable. Taking the ratio of ¢"/ and f5’, provides the

above result. O

Minimum submodular edge cover: The minimum submodular edge cover involves
finding an edge cover (subset of edges covering all vertices), with minimum submodular cost.
This problem has been investigated in [Iwata and Naganol 2009|, and they show that this
problem is O(n) hard. Algorithm MMin provides an approximation guarantee which is no

worse than 2n i We can show a almost matching hardness lower bound for this

2+ (n—2)(1—ry

problem.

Theorem 3.10. Given a submodular function, with curvature coefficient ky and any €,0 > 0,

there cannot exist a polynomial-time approximation algorithm, which achieves an approxima-
1—3e

2+(n1_35$)(1fﬁf)+26ﬁf for the minimum submodular edge cover problem.

tion better than

Proof. We can use the construction of [Iwata and Nagano, [2009] to show this. However
a simple observation shows that a perfect matching is also an edge cover, and hence the

hardness of edge cover has to be at least as much as the hardness of perfect matchings. [J

3.6 Constrained Non-Monotone Submodular Minimization

In the previous section, we assumed that the submodular function f was monotone. In this
section, we show that we can extend any algorithm working with monotone functions to handle
non-monotone functions, via some simple tricks, if we make some additional assumptions. In
particular, we investigate two assumptions, one that the constraints are up monotone, and

second, the submodular function being approximately monotone.

3.6.1 Up-monotone Constraints

First we assume that the the constraint C is up-monotone — A family C of feasible sets is

up-monotone if S € C implies that all supersets 7' O S are also feasible (T € C). Examples of
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up-monotone constraints include cardinality lower bound constraints, covers etc. Define a

monotone extension of f as

f™X)= min_ f(Y). (3.20)

Y:YDOX

The following Lemma shows that minimizing f™ is equivalent to minimizing f for up-monotone

constraints:

Lemma 3.15. If f is submodular, then f™ is monotone submodular and computable in
polynomial time. If C is up-monotone, then

win f(X) = win f"(X). (3.21)

The solution for f can, moreover, be recovered: given an approrimate minimizer X of fm
over C, the set Z € argminy. - f(X) satisfies the same approximation bounds for f over C

as X has for fm™.

Proof. 1t is well known that, for any submodular f, the function f™ is monotone submodu-
lar [Fujishige, [2005]. To show the equivalence , let X™* be the exact minimizer of f™ over
C. The definition of f™ implies that there exists a set X O X™* such that f™(X™*) = f(X)
and moreover, since C is up-monotone, X € C. Hence minxec f(X) < f(X) = minyee f(X).
Conversely, let X* be the minimizer of f under C. Then f™(X*) = miny->x- f(X) < f(X*),
and therefore minycc f™(Y) < f™(X*) = minxee f(X).

To show the second part, let X™ be an approximate optimizer of f” with an approximation
factor a, ie., f™(X™) < af™(X™*). From the first part, it follows that both f and f™
have the same optimal value in C. The definition of f™ implies that there exists a set
Y™ D X™ such that f(Y™) = f™(X™). Hence Y™ € argminy-yxn f(Y) satisfies that
fY™) = fm(X™) < af™(X™) = minxee f(X). O

While f™ can be obtained directly from f via submodular function minimization, it can be
quite costly for general submodular functions. Fortunately however, many useful subclasses of

submodular functions admit much faster algorithms. For example, those functions expressible
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as generalized graph cuts [Jegelka et al.| [2011] can be minimized via max flows. By using f™
instead of f, any algorithm for constrained minimization of monotone submodular functions

straightforwardly generalizes to the non-monotone case.

Corollary 3.5. Running MMin-I on f™ obtains a worst case approximation factor of | X*|,
for the problem min{f(X)|X € C}, as long as C is up-monotone, and a linear function can

be exactly optimized under it. Similarly, running EFA on f™ provides a worst case guarantee
of O(y/n).

For example, with cardinality lower bound constraints {X : |X| > k}, MMin provides
a worst case guarantee of k while EA gives a factor of O(y/n). The upmonotonicity of the
constraints is crucial however for this to work. Hence constraints like s-t cuts, s-t paths etc.
which are not up-monotone do not inherit these guarantees. Handling such constraints with

non-monotone submodular functions remains open.

3.6.2  Approximately Monotone Submodular Functions

Next we assume that the function f is approximately monotone. In this case, we do not need
to assume the upmonotonicity of C. Moreover, we can provide an approximation guarantee

by directly running MMin on f. We do not need to construct the proxy function f.

Lemma 3.16. Given a non-monotone submodular function f, MMin provides a worst case
factor of |X*|V}"X*| for the problem min{ f(X)|X € C}, assuming that a linear function can

be exactly optimized under C.

Proof. Note that f(S) < >°,cs f(j). Moreover, by the definition of vb151 it holds that
f() < f(S)vH8l. Hence, f(5) < dies f(U) < |S|v1191. Following the proof technique of
Theorem [3.2] the result follows. O

Again in the case of cardinality lower bound constraints, this gives a factor of /{:V}’k.
Similarly, in the case of spanning trees, we have m/}c’”. While this technique provides

somewhat weaker bounds, it is much more efficient than the reduction above, since we do not
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need to construct f™. Moreover, this works for any constraint, as long as a linear function
can be optimized over it. On the negative side, the bounds will really make sense if V}"X*‘ is

bounded above.
3.7 Experiments

We will next see that, apart from its theoretical properties, our algorithms (particularly,
MMin) also perform well in practice. In fact, we shall see that in the constrained setting,
MMin performs comparable to EA, which often has the tightest theoretical guarantees. We
implement and compare algorithms using Matlab and the SFO toolbox |Krause, [2010].

3.7.1 Unconstrained minimization

We first study the results in Section for contracting the lattice of possible minimizers.
We measure the size of the new lattices relative to the ground set. Applying MMin-I and
IT (lattice £) to Iwata’s test function |Fujishige and Isotani, 2011|, we observe an average
reduction of 99.5% in the lattice. MMin-III (lattice £) obtains only about 60% reduction.
Averages are taken for n between 20 and 120.

In addition, we use concave over modular functions \/m + Awy(V\X) with randomly
chosen vectors wy,wy in [0,1]" and n = 50. We also consider the application of selecting
limited vocabulary speech corpora. |Lin and Bilmes, 2011a; |Jegelka et al., 2011] use functions
of the form +/w;(T(X)) 4+ wa(V\X), where I'(X) is the neighborhood function of a bipartite
graph. Here, we choose n = 100 and random vectors w; and wy. For both function classes,
we vary A such that the optimal solution X* moves from X* = () to X* = V. The results
are shown in Figure 3.2l In both cases, we observe a significant reduction of the search
space. When used as a preprocessing step for the minimum norm point algorithm (MN)
[Fujishige and Isotani, 2011], this pruned lattice speeds up the MN algorithm accordingly, in
particular for the speech data. The dotted lines represent the relative time of MN including
the respective preprocessing, taken with respect to MN without preprocessing. Figure

also shows the average results over 10 random choices of weights in both cases. In order
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Figure 3.2: Lattice reduction (solid line), and runtime (%) of MMin+min-norm relative to

unadorned min-norm (dotted).

to obtain accurate estimates of the timings, we run each experiment 5 times and take the

minimum of these timing values.

3.7.2 Constrained minimization.

For constrained minimization, we compare MMin-I to two methods: a simple algorithm
(MU) that minimizes the upper bound g(X) =", f(i) |Goel et al., 2009], and the more
complex Ellipsoidal Approximation algorithm (EA). MU is identical to the first iteration of
MMin-I, and has the same theoretical bounds of MMin (i.e Theorem [3.2). EA has a superior
dependence on n, albeit a weaker dependence on curvature.

We show two experiments: the theoretical worst-case and average-case instances.
Worst case. We first demonstrate the worst case behavior of MMin and EA, and their
precise dependence on curvature. We use a very hard cost function |Goemans et al., 2009|

fR(X) = min{|X N R| + 3, |X|,al, (3.22)

where a = n'/2*¢ and 3 = n*, and R is a random set such that |R| = a. This function is the

theoretical worst case. Figure [3.3] shows results for cardinality lower bound constraints; the
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Figure 3.3: Minimization of f% (Equation |3.23)) for cardinality lower bound constraints. (a)

fixed K = 0, a = n'/2T¢, B = n?* for varying ¢; (b) fixed e = 0.1, but varying x. Dashed lines:
MMin (or MU), dotted lines: EA, solid lines: worst case theoretical bound.

results for other, more complex constraints are similar. As e shrinks, the problem becomes
harder. This function has curvature xy = 1. To obtain a function with specific curvature &,

we define

FHX) = 6 fH(X) + (1= )| X]. (3.23)

In all our experiments, we take the average over 20 random draws of R. We first set k = 1
and vary e. Figure (a) shows the empirical approximation factors obtained using EA and
MMin, and the theoretical bound. The empirical factors follow the theoretical results very
closely. Empirically, we also see that the problem becomes harder as e decreases. Moreover,
EA and MMin achieve about the same empirical approximation factors, which matches the

1/2=¢ Furthermore, for this class of functions, MMin essentially

theoretical guarantee of n
works like MU i.e it converges after a single iteration. Hence we show them together. Next
we fix € = 0.1 and vary the curvature s in f. Figure[3.3|b) illustrates that the theoretical
and empirical approximation factors improve significantly as x decreases. Hence, much better

approximations than the previous theoretical lower bounds are possible if £ is not too large.
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Figure 3.4: Constrained minimization for average-case instances on spanning trees, matchings
and paths. The bars are average approximation factors and crosses show the worst observed
results. CM - Concave over Mod., CCM - Clust. Concave Mod., BS - Best Set and WC -
Worst Case

This observation can be very important in practice. Here, too, the empirical upper bounds
follow the theoretical bounds very closely. In particular, we see the theoretical and empirical
effect of curvature: as n grows, the bounds saturate and approximate a constant 1/(1 — k) —
they do not grow polynomially in n. Overall, we see that the empirical results quite closely
follow our theoretical results, and that, as the theory suggests, curvature significantly affects

the approximation factors.

Average case. We next compare the algorithms on more realistic functions that occur in
applications. Figure shows the empirical approximation factors for minimum submodular-
cost spanning tree, bipartite matching, and shortest path. We use four classes of randomized
test functions: (1) concave (square root or log) over modular (CM), (2) clustered CM (CCM)
of the form f(X)=F | Vw(X N Cy) for clusters Cy, - -+, Cy, (3) Best Set (BS) functions
where the optimal feasible set 2 is chosen randomly (f(X) = I(|X N R[> 1)+ > ;cp x wj)
and (4) worst case-like functions (WC) similar to equation (3.22)). Functions of type (1) and
(2) have been used in speech and computer vision |Lin and Bilmes, 2011c, Jegelka and Bilmes,
2011d, Iyer and Bilmes| [2012b| and have reduced curvature (k; < 1). Functions of type
(3) and (4) have xy = 1. In all four cases, we consider both sparse and dense graphs, with

random weight vectors w. The plots show averages over 20 instances of these graphs. For
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Figure 3.5: The figure on the left shows the clustering used in cooperative matching, while the

middle and the right ones show the results with cooperative matching and bipartite matching

respectively. The source of this image is from [Jegelka et a1.|, |2013b||.

sparse graphs, we consider grid like graphs in the form of square grids, grids with diagonals
and cubic grids. For dense graphs, we sparsely connect a few dense cluster subgraphs. For
matchings, we restrict ourselves to bipartite graphs, and consider both sparse and dense
variants of these.

First, we observe that in many cases, MMin clearly outperforms MU. This suggests the
practical utility of more than one iteration. Second, despite its simplicity, MMin performs
comparably to EA, and sometimes even better. In summary, the experiments suggest that
the complex EA only gains on a few worst-case instances, whereas in many (average) cases,
MMin yields near-optimal results (factor 1-2). In terms of running time, MMin is definitely
preferable: on small instances (for example n = 40), our Matlab implementation of MMin
takes 0.2 seconds, while EA takes an hour. On larger instances (n = 100), the running times

differ on the order of seconds versus couple of hours.

3.7.3  Real world Ezperiments: Cooperative Matchings

The problem of matching key-points in images, also called image correspondence, is a very

important problem in computer vision |Ogale and Aloimonos, [2005]. The simplest model

for this problem is to do matching with linear scores, i.e., bipartite matching [Jegelka et al.,
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Figure 3.6: (a) and (b) give the results on the House and Hotel dataset, showing that MMin
performs comparably to an exact algorithm PLA [Iyer and Bilmes, [2014a]. Moreover, both

submodular methods perform much better than standard matching (Mod).

2013b|, called a linear assignment. This model does not represent interaction between the
pixels. For example, we see many obviously spurious matches in figure [3.5b. Many models
try to capture this, via, for example via quadratic assignments |[Caetano et al.| [2009]. Instead
of just looking at the best linear assignment, the quadratic models try to incorporate pairwise
constraints. This is also called graph matching. We introduce a new and different model
here. First, we cluster key-points, separately in each of the two images, into k£ clusters.
Figure [3.5h shows a particular clustering of an image into k = 3 groups. The clustering can
be performed based on the pixel color map, or simply the distance of the key-points. That is,
each image has k clusters. Let {V;(l) Mk and {1/;(2) * | be the two sets of clusters. We then
compute the linear assignment problem, letting M C & be the resulting maximum matching.
We then partition the edge set £ =& U&E U...E UE where & = M N (Ve(l) X ‘/5(2)) for
(,s €{1,2,...,k} corresponding to the i’th largest intersection, and & = {€\ U¥_, &} are
the remaining edges either that were not matched or that did not lie within a frequently

associated pair of image key-point clusters. We then define a submodular function as follows:

f(S) = Zm(w(sm)) +w(SNE, (3.24)


http://vasc.ri.cmu.edu//idb/html/motion/house/
http://vasc.ri.cmu.edu//idb/html/motion/hotel/
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which provides an additional discount to the edges {&;}%_, corresponding to key-points
that were frequently associated in the initial pass. Figures and shows how the
submodular matchings gains viz-a-viz the simple bipartite matching, with £ = 3. The
minimum matching approach obtains many spurious matches between clusters (shown in
red), while the cooperation described above reduces these spurious matches. The cooperative
matching improves the performance over the modular method on these images, by about
20%.

We also test the performance of our algorithms on the CMU House and Hotel dataset |Caes
tano et al., 2009]. The house dataset has 111 images, while the hotel dataset has 101 images.
We consider all possible pairs of images, with differences between the two images ranging
from 0 : 10 : 90 in both cases. We consider three algorithms: PLA (which is an almost
exact algorithm for this problem [Lyer and Bilmes, 2014a], MMin and the simple modular
bipartite matching as a baseline (Mod). Man and PLA both use the submodular function
from Equation ([3.24). Again, we set k = 3. The results are shown in Figure [3.5(d-¢) where
we observe that the submodular methods beat Mod by about 3 — 5% on average. Moreover,
we observe that MMin performs comparably to PLA, while being computationally much less
expensive. We do not compare the ellipsoidal approximation algorithm (EA) |Goemans et al.,

2009], mainly because it is too slow to run on real world problems.
3.8 Discussion

In this chapter, we introduced a general MMin framework for submodular minimization algo-
rithms. This framework is akin to the class of algorithms for other submodular optimization
problems we shall consider in this thesis (i.e submodular maximization, difference of submodu-
lar minimization, and submodular minimization subject to submodular constraints. Moreover,
our framework may be viewed as a special case of a proximal minimization algorithm that uses
Bregman divergences derived from submodular functions [Iyer et al.; 2012]. To our knowledge
this is the first generic and unifying framework of algorithms for submodular minimization.

Following the conference version of our chapter |Lyer et al., 2013b|, which proposed
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the superdifferential based MMin and MMax scheme of algorithms, several papers have
built on the techniques proposed in this chapter. In particular, the MMin paradigm of
algorithms have been used for several real world problems, as an extremely scalable and
practical class of algorithms. |Jegelka and Bilmes, 2011d| studied MMin in the context of the
cooperative cut problem, and observed that MMin scaled very well for image segmentation.
Similarly, in this thesis, we consider the problem of cooperative matching [Lyer and Bilmes,
20144, and again notice that MMin performs comparably to more complicated algorithms.
[Khalil et al., |2014] investigate the problem of diffusion models in social networks, and
show how the problem of facilitating desirable spreads by adding edges in a social network
is a constrained submodular minimization under cardinality constraints. They use our
Majorization-Minimization framework, and observe that the algorithm scales almost linearly
with time, and correspondingly can be used for very large networks. Finally [Heng et al.,
2014] use our algorithm for the information path planning algorithm, where they observed
that the previously proposed techniques were prohibitively slow. Our framework on the other
hand, scaled to very large scale graphs.

A number of papers have built on the theoretical contributions of this work. [Djolonga and
Krause|, 2014] use the idea of sub and super-differentials, to provide upper and lower bound
modular functions as bounds on the partition function for Log-Submodular distributions.
They also use our curvature dependent bound on the modular upper bound (Lemma
to provide a bound on the approximation on the Log-Partition function. Similarly, |lyer
and Bilmes|, 2014b| use the supergradients and curvature to provide bounds on the partition
function on a class of submodular distributions. [Niepert et al., |2014] study notions of
conditional independence for set functions, and investigate the effect of curvature in this
connection. Similarly, [Kusner] 2014] extend some of the results here to adaptive submodular
functions, and investigate the role of supergradients and parameters like the curvature and

submodularity ratio in this setting.
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Chapter 4

SUBMODULAR FUNCTION MAXIMIZATION

4.1 Introduction

In this chapter, we investigate submodular function maximization:
Problem 2: X
roblem 2: max f(X)

where f: 2V — R is a submodular set function on subsets of a ground set V = {1,2,--- ,n},
and C C 2" is a family of feasible solution sets. The set C could express, for example, that
solutions must be an independent set in a matroid, a limited budget knapsack, or a cut (or

spanning tree, path, or matching) in a graph.

This chapter provides a Minorization-Maximization scheme (which we denote by MMax)
for submodular maximization problems, based on the submodular semigradients. This class of
algorithms are very similar in spirit, and somewhat complementary, to the MMin framework
proposed in Chapter [3] We demonstrate that many recently studied combinatorial algorithms
may be viewed as special cases of a generic minorize-maximize framework that relies on
discrete subdifferentials. This framework encompasses state-of-the-art greedy and local
search techniques, and provides a rich class of very practical algorithms for submodular
maximization. As a whole, this framework offers a new unifying perspective and basis for
treating submodular maximization problems in both the constrained and unconstrained case.
Similar to submodular minimization, we investigate the role of complexity parameters like
the curvature, monotonicity ratio and submodularity ratio in the approximation guarantees

we provide in this chapter.
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4.2 Motivating Applications

Submodular maximization arises naturally in many subset extraction problems. From a
modeling perspective, they naturally model aspects of coverage, diversity and information
which seem relevant in many subset selection problems. We list some of these motivating

applications below:

Sensor placement: A number of models for sensor placement have been closely related

and naturally modeled as instances of submodular maximization [Krause et al., 2008b, [20006].

Summarization: A number of summarization problems, including document and news
summarization |Lin and Bilmes| 2010, 2011c, 2012|, image collection summarization |Simon
et al., 2007| etc. are becoming increasingly important machine learning problems. Natural
properties of summaries are that they are diverse and simultaneously cover the information
from the collection. A number of submodular functions naturally model these properties, and

not surprisingly they have empirically provided large improvements in performance.

Diverse web search and retrieval: The problem of finding a diverse set of articles in
information retrieval and web search can be modeled as submodular maximization [He et al.,

2012]. These can also be extended to obtaining diverse collections for image retrieval.

Data subset selection: Present day machine learning applications tend to draw large
amounts of training data. Larger data sets come with increased demands on computational
resources; moreover, they tend to include redundant information as their size increases.
Therefore, the performance gain curves of large-scale systems with respect to the amount of
training data often show diminishing return. Submodular functions naturally capture this
notion, and pose as promising models for these problems. Moreover, these models have shown
promising results, for example in the context of speech data subset selection [Lin and Bilmes),

2009, Wei et al., |2013].
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Influence maximization: Influence maximization has been an important problem in
social network theory. Interestingly, a number of models for this problem are instances of

submodular maximization [Kempe et al., 2003].

Determinantal Point Processes:  The Determinantal Point Processes (DPPs) which
have found numerous applications in machine learning |[Kulesza and Taskar] 2012] have been
shown to naturally model diversity. They are closely related to submodular functions, and
are in fact log-submodular distributions. In particular, the MAP inference problem is a form

of non-monotone submodular maximization.

4.3 Combinatorial Algorithmic Framework

4.8.1 The Minorization-Mazximization (MMaz) framework

With the submodular subgradients (defined in Section [L.4.1)), we can define a generic MMax
algorithm. In each iteration, the algorithm maximizes a modular lower formed via the current

solution Y.

my (X) = f(Y) + hy(X) = hy(Y) < f(X). (4.1)
These bounds are tight at the current solution, i.e they satisfy my (Y') = f(V), and m} (X) <
f(X),¥X C V. In almost all cases, optimizing the modular approximation is much faster

than optimizing the original cost function f.

Algorithm 2 Subgradient Ascent Algorithm for Problem 2
Start with an arbitrary X°.

while until convergence (X! = X*) do
Pick a subgradient hy: at X
X' = argmax e mft (X)

t—t+1

Algorithm [2| show our discrete MMax scheme for submodular maximization, for both
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constrained and unconstrained settings. Since we are maximizing a tight lower bound, the

algorithm must make progress in each iteration.

Lemma 4.1. Algorithm [§ monotonically increases the objective function value at every

iteration for Problems 2, as long as a linear function can be exactly optimized over C.
Proof. Note that f(X'!) > mjft(XtH). Since X! minimizes mfft, it follows that
FXUH) = m (X = m (X = f(X). (1.2
O

Note that unlike subgradient descent used in convex analysis, this is a discrete algorithm.
Moreover, note that we use the subgradients for submodular maximization (recall that in
the case of submodular minimization, we used the supergradients), and hence we call this
Subgradient Ascent.

Just like for minimization, for submodular maximization too we obtain a family of
algorithms where each member is specified by a distinct schedule of subgradients in Algorithm 2]
We will only select subgradients that are vertices of the subdifferential, i.e., each subgradient
corresponds to a permutation of V. For any of those choices, Algorithm [2| (which we shall
henceforth call MMax) converges quickly. To bound the running time, we assume that we

proceed only if we make sufficient progress, i.e., if f(X') > (1 +n)f(X?).

Lemma 4.2. MMazx with X° = argmax; f(j) runs in time O(Tlog,,,n), where T is the

time for maximizing a modular function subject to X € C.

Proof. Let X* be the optimal solution, then

FX*) <) () < nmax f(j) = nf(XO). (4.3)

eV
iex J

Furthermore, we know that f(X*) > (1+n7)"f(X"). Therefore, we have reached the maximum

function value after at most (logn)/log(1 + n) iterations. O



129

Constraints Property Subgradient Approx. bound Lower bound
Unconstrained | non-monotone Random (RA/RP) 1/4 1/2
Unconstrained symmetric Random (RA/RP) 1/2 1/2
Unconstrained | non-monotone Local Search based (RLS/DLS) 1/3—n 1/2
Unconstrained symmetric Local Search based (RLS/DLS) 1/2—n 1/2
Unconstrained | non-monotone Bi-directional greedy (BG) 1/3 1/2
Unconstrained | non-monotone | Rand. bi-directional greedy (RBG) 1/3 1/2
Unconstrained | non-monotone Greedy (GR) 1/n 1/2

Cardinality monotone Random (RA/RP) k/n #(1 — e ")

Cardinality non-monotone Random (RA/RP) k(n —k)/n(n—1) 1/2

Cardinality symmetric Random (RA/RP) 2k(n —k)/n(n —1) 1/2

Cardinality monotone Greedy (GR) #(1 — e ff) #(1 — e fir)

Cardinality non-monotone Greedy (GR) 1/k 1/2

Cardinality | approx-monotone Greedy (GR) (1-1/e)/ I/’;’Qk 1-1/e

Cardinality non-monotone Random-Greedy (RG) 1/e 1/2

Matroid monotone Greedy (GR) 1/(1+ Ky) #(1 —e ")
Knapsack monotone Greedy (GR) 1—-1/e 1-1/e

Table 4.1: Summary of the approximation factors obtained through specific subgradients for

various forms of submodular maximization (see text for details).
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In practice, we observe that MMax terminates within 3-10 iterations. We next consider
specific subgradients and their theoretical implications. Our results rely on the observation
that many maximization algorithms actually compute a specific subgradient and run MMax

with this subgradient. To our knowledge, this observation is new.

4.4 Unconstrained Submodular Maximization

For unconstrained problems, we assume the submodular function to be non-monotone (the
problem is trivial for monotone submodular functions). The approximation guarantees

obtained via different choices of subgradients are summarized in Table 4.1.

4.4.1  Random Permutation (RA/RP).

In iteration t, we randomly pick a permutation o' that defines a subgradient at X*~!, i.e.,
X1 is assigned to the first | X*~!| positions. This corresponds to randomly choosing an
extreme subgradient in subdifferential of Xt. At X° = (), this can be any permutation.
Stopping after the first iteration we can achieve an approximation factor of 1/4 in expectation,
and 1/2 for symmetric functions. We call this procedure Random Permutation (RP). Making
further iterations only improves the solution. We call this Random Adaptive (RA).

Lemma 4.3. When running Algorithm RP (or RA) with X° = 0, it holds after one iteration
that E(f(X1')) > 1 f(X*) if f is a general non-negative submodular function, and E(f(X')) >
SF(X*) if fis symmetric.

Proof. Each permutation has the same probability 1/n! of being chosen. Therefore, it holds

that
E(f(X")) = B, (max hf (X)) (4.4)
= i' max hg (X) (4.5)



131

Let ) C 8¢ C S9---S7 =V be the chain corresponding to a given permutation o. We can
bound

max h§(X) > ) (2%) £(S9) (4.6)

XCV

because maxxycy hi(X) > f(S7),Vk and >, (Qin) = 1. Together, Equations (4.5]) and (4.6
imply that
E(f(X")) = E,(max h§ (X))

XCcv
>3 Wiyl
o k=0

_3 s s
=> n%k!(n k)Y ()

S:|S|=k
Z f(S

= Es(f(95))

By Es(f(5)), we denote the expected function value when the set S is sampled uniformly at
random, i.e., each element is included with probability 1/2. [Feige et al., 2011b| shows that
Es(f(S)) > 1f(X*). For symmetric submodular functions, the factor is 1/2. O

A key observation which proves the result above is that RP guarantees a solution, which
in expectation, is no worse than a random subset (RS). Moreover, Algorithm RA further
improves upon RP and hence RS. In practice, moreover, we find that this difference is often

significant.

4.4.2  Randomized local search (RLS) based subgradient.

Instead of using a completely random subgradient at every iteration as in RA, we fix the

positions of two elements: the permutation must satisfy that o(|X*| 4+ 1) € argmax; f(j|X")
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and o' (| X*| — 1) € argmin; f(j|X"\j). The remaining positions are assigned randomly. An
n-approximate version of MMax with such subgradients returns an n-approximate local
<n2 logn)

maximum that achieves an improved approximation factor of 1/3 —n in O iterations.

Lemma 4.4. Algorithm RLS returns an n-approximate local maximum X that satisfies
max{ f(X), f(V\X)} > (5 —n)f(X*) in 0(7‘21%) iterations. For a symmetric function, that
factor is 1/2 —n.

Proof. At termination (¢ = T'), it holds that max; f(j|X”) < 0 and min; f(j|X7* \ j) > 0;
this implies that the set X* is local optimum.

To show local optimality, recall that the subgradient 7% satisfies h%,(XT) = f(XT),
and h%7(Y) > h{r(XT) for all Y C V. Therefore, it must hold that maz;gxr f(j|XT) =
max ¢ x 7 hg(TT () <0, and min;eyr f(j|1XT\j) = hg(TT () > 0, which implies that the set X7
is a local maximum.

We now use a result by |Feige et al.,2011b| showing that if a set X is a local optimum, then
f(X) > £ f(X*)if f is a general non-negative submodular set function and f(X) > 3 f(X*)
if f is a symmetric submodular function. If the set is an n-approximate local optimum, we
obtain a % — 1 approximation (and 1/2 — n for symmetric submodular) [Feige et al., [2011b)].
A complexity analysis similar to Lemma reveals that the worst case complexity of this
algorithm is O(”Ql%). O

Note that even finding an exact local maximum is hard for submodular functions [Feige

et all [2011b|, and therefore it is necessary to resort to an n-approximate version, which

converges to an n-approximate local maximum.

4.4.8  Deterministic local search (DLS) based subgradient.

A completely deterministic variant of RLS defines the permutation by an entirely greedy
ordering. We define permutation o used in iteration ¢ via the chain ) = " € S¢° ... c S7'

it will generate. The initial permutation is 0°(j) = Argmax, , g0 f(k;|S}’f1) for j=1,2,....
-1
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In subsequent iterations ¢, the permutation o! is
ot =1(4) if t even, j € X!

argmaxy, f(k:|S§’i1) if t even, j ¢ Xt1

argminy, f(k]Sj‘il\k) if t odd, j € X*!

o=1(5) if ¢ odd, j ¢ XL,

\

Algorithm 3 Deterministic Local Search Algorithm for Unconstrained Submodular Maxi-

mization
Start with Yy = 0,n < 0

repeat

V) = argmax,cy f(v);

% Greedily add elements

while f(Yo1) > (14 7)f(Y,) do
y = argmaX,eyy, f(v[Yn);
Y1 =Y, Uy;

n<n—+1;

% Greedily remove elements
while f(Y,11) = (1+n)f(Y,) do
y = argmax,cy. f(v|Yn\v);
Yo = Yo \y;

n<4n+1;

until convergence (Y, =Y, _1);

return the better amongst Y,, and V\Y,,.

This schedule is very similar to the deterministic local search (DLS) algorithm by [Feige
et all 2011b]. This scheme is shown in Algorithm . Moreover, similar to RLS, we can
show that choosing the better amongst X and V\X (where X is the solution obtained on



134

convergence) achieves a 1/3 — n approximation (and 1/2 — 7 for symmetric). This algorithm
essentially iterates over two greedy algorithms, viz. greedily adding elements and greedily
removing elements until convergence. Moreover, note that each inner greedy iteration (which

iterates between adding and removing elements) corresponds to one subgradient iteration of
MMax.
4.4.4  Greedy Subgradient

A very common algorithm used often for submodular maximization is the greedy algo-

rithm |[Nemhauser et al., [1978|.

Algorithm 4 Greedy Algorithm for Unconstrained Submodular Maximization
Start with Yy = 0,n < 0

repeat
y = argmax, ey, f(v]Y2);
Yo=Y, Uy,

n<+n-+1;
until f(Y,) < f(Y,_1);

return Y,,_;.

While this algorithm has strong guarantees for constrained monotone submodular functions
(we shall revisit this later), it retains very weak guarantees for non-monotone submodular

functions.

Lemma 4.5. The greedy algorithm admits a worst case factor of (1/n) for non-monotone

submodular mazximization, which is tight.

Proof. Assume maxjcy f(j) > 0, otherwise, the greedy algorithm returns the empty set and

achieves the optimum. Let S denote the greedy solution, then we have f(S%) > max;cy f(4).
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Then, for any S C V, the following chain of inequalities hold
£(8) £ Y ) < 1] max F7) < I|max £()) < [S17(5°).
j€S

Therefore, f(S¢) > 1/]S]f(S), for any S C V, and hence f(SY) > 1/nf(OPT).

To show the tightness, consider the following function. Define f such that, f(S) = 1,
if x € § for some item z, and f(S) = |S| otherwise. The submodularity of the function f
can be easily checked by the definition. The greedy algorithm, in the worst case, returns
item z, while the optimum is achieved by V' \ x. In this case, the approximation factor is

1/(n—1). O

It is interesting to note however, that though the greedy algorithm can be really bad
for non-monotone submodular functions, the Deterministic Local Search Algorithm above
which uses the greedy algorithm multiple times (potentially also improving upon it) admits
constant factor guarantees. Moreover, one could also visualize an algorithm which rather
than starting at the empty set and adding elements, starts with the ground set and removes
elements. Though this technique is equally reasonable, it too can be 6(1/n). In the next two
sections, we shall see bidirectional variants of the greedy algorithm, proposed by |[Buchbinder
et al., | 2012| provide optimal constant factor approximation guarantees. In some sense, they
exploit this drawback of the unidirectional nature of the greedy algorithm and suggest a

bidirectional greedy approach.

4.4.5 Bi-directional greedy (BG) subgradient.

The procedures above indicate that greedy and local search algorithms implicitly define
specific chains and thereby subgradients. Likewise, the deterministic bi-directional greedy
algorithm by |Buchbinder et al.; |2012] induces a distinct permutation of the ground set (the
algorithm is shown in Algorithm [5| for completeness). This algorithm effectively overcomes
the difficulties of the simple greedy algorithm, and achieves an approximation factor of 1/3.
This improves upon the local search techniques by removing 7, and unlike the local search,

the 1/3 approximation holds in just O(n) time.
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This algorithm is equivalent to MMax with a specific induced subgradient. In particular,
the entire scheme of Algorithm [5can be seen as a single subgradient in MMax. Given an initial
ordering 7, the bi-directional greedy algorithm (Algorithm [5)) by |[Buchbinder et al., |2012]
generates a chain of sets. Let ¢” denote the permutation defined by this chain, obtainable by

mimicking the algorithm.

Algorithm 5 Bidirectional Greedy Algorithm of [Buchbinder et al., 2012| for Unconstrained

Submodular Maximization
Start with Ag = (), By = V, and an initial ordering of V' : 7 = {7, 72, -+ , 70}

for:=1 ton do

a; < f(AisaUT) — f(Aim1)
bi < [(Bi-1\7i) — f(Bi-1)
if a; > b; then

‘ Ai=A,_,1UT,B, =B,
else

L A=A, B = Bifl\Ti

return A, (or B,)

Lemma 4.6. The set X' obtained by MMaz with the subgradient o™ equivalent to BG satisfies
that f(X) > 5f(X*).

Proof. We run MMax with the corresponding subgradient ¢”. By construction, the set S™
returned by the bi-directional greedy algorithm is contained in the chain. Therefore, it holds

that
1 > o”
F(X7) 2 max hi (X)

> max f(S{")

> f(S7)
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The first inequality follows since the subgradient is tight for all sets in the chain. For the
second inequality, we used that S™ belongs to the chain, and hence S™ = S7 " for some j. The
last inequality follows from the approximation factor satisfied by S7 |[Buchbinder et al. 2012].
We can continue the algorithm, using any one of the adaptive schedules above to get a locally

optimal solution. This can only improve the solution. m

It is worth pointing out here, that the ordering o7 is obtained only by running Algorithm [5
In particular, having obtained the sets X,,Y, (note that X, UY, = V, we can define a

ordering via the elements in X,, and Y,,. The subgradient is formed via this natural ordering.

4.4.6  Randomized bi-directional greedy (RBG) subgradient.

Like its deterministic variant, the randomized bi-directional greedy algorithm (shown in
Algorithm [6] for completeness) by [Buchbinder et al), [2012] can be shown to run MMax with
a specific subgradient. Starting from () and V, it implicitly defines a random chain of subsets
and thereby (random) subgradients. A simple analysis shows that this subgradient leads to

the best possible approximation factor of 1/2 in expectation.

Algorithm 6 Randomized Bidirectional Greedy Algorithm of [Buchbinder et al., 2012| for

Unconstrained Submodular Maximization
Start with Ag = 0, By = V, and an initial ordering of V' : 7 = {7y, 79, -+, Tn}

for i =1 ton do

a; + f(Ai1Un) — f(Aisq)

bi < f(Bi-1\7i) — [(Bi-1)

a; «+ max{a;, 0}, < max{b;,0}

A=A 1UT, B = B4
Ay = A 1,B;= B\

/

_9
/ /
a;+b]

with probability

else with probability

return A, (or B,)

[
K
a,+b]

Like its deterministic counterpart, the Randomized bi-directional Greedy algorithm (RBG)
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by |[Buchbinder et al., [2012] induces a (random) permutation o™ based on an initial ordering

T.

Lemma 4.7. The set X' obtained by running MMax using the randomized bi-directional
greedy subgradient o™ satisfies E(f(X')) > 5 f(X*), where the expectation is taken over the

randomness in o’ .

Proof. The permutation ¢” is obtained by a randomized algorithm, but once ¢7 is fixed, the

remainder of MMax is deterministic. By an argumentation similar to that in the proof of

Lemma [4.6] it holds that

The last inequality follows from a result in [Buchbinder et al. 2012]. O

Similar to the deterministic case, the (random) subgradient here is initialized only by

running the randomized algorithm.

4.5 Constrained Submodular Maximization

In this final section, we analyze subgradients for maximization subject to the constraint
X € C. We consider both monotone and non-monotone submodular functions. Table 4.1 lists
the results obtained with specific choices of subgradients under different settings. Some of

these results are also plotted in Figure [4.1]

4.5.1 Random Subgradient (RA/RP)

Similar to the unconstrained setting, the simplest subgradient is to just choose a random one

at every iteration: we randomly pick a permutation o that defines a subgradient at X!, i.e.,
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Theoretical factors for max{f(X) | |X| = k} with monotone f Theoretical factors for max{f(X) | |X| <= k} with non-monotone f Theoretical factors for max{f(X) | [X| = k} with non-monotone f
1

—Best
—RG
RA/RP

RA/RP
GS/RG
1-1/e

—Best

—RG
RA/RP
GS

Approximation Factors

Approximation Factors
Approximation Factors

=

heoretical factors for max({f(X) | |X| <= k} with symmetric f Theoretical factors for max{f(X) | |X| = k} with symmetric f

—Best
—RG
RA/RP

|

_<

—Best
—RG
RA/RP

Approximation Factors
Approximation Factors

Figure 4.1: Theoretical Approximation guarantees for cardinality constrained submodular
maximization under various settings. The top left figure corresponds to monotone submodular
functions, the top middle figure corresponds to the problem max{ f(X)||X| < k}, while the
top right figure corresponds to max{f(X)||X| = k}, both with non-monotone submodular
functions. The bottom left figure corresponds to max{f(X)||X| < k}, while the bottom
right refers to max{f(X)||X| = k}, both with symmetric submodular functions. For the
different subgradient schemes in the legends, refer to the text. The method Best refers to
the best algorithm for the corresponding problem, based on a continuous double greedy

algorithm [Buchbinder et al., 2014]
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X1 is assigned to the first | X*~!| positions. At X? = (), this can be any permutation. We
iteratively optimize the corresponding modular upper bound, subject to the constraints.This

simple technique achieves bounded approximation factors.

Lemma 4.8. Given a monotone submodular function and a parameter k, running MMazx
with a random permutation obtains a worst case approximation factor of k/n for the prob-

lem max{f(X)||X| < k}. With a non-monotone submodular function, running MMax

k(n—k)
n(n—1)

max{f(X)||X| = k}, and a factor of *"=K) for k < n/2 and 1/4+ o(1) for k > n/2 for the

n(n—1)’

with a random permutation provides an approximation factor of for the problem

2k(n—k)

problem max{f(X)||X| < k}. When f is symmetric, the factors can be improved to D)

Proof. First we consider the case of max{f(X)||X| = k}. Each permutation has the same
probability 1/n! of being chosen. Therefore, it holds that

E(f(X")) = E, (max 1 (X))

1 (o
= 1 2 maxhy(X)

Let ) C S7 C Sg---S57 =V be the chain corresponding to a given permutation o. We then
have that, maxxcy. x—x h§(X) > f(S7). Hence, we have,
1 > o
B(f(X")) > B, (s h§ (X))

z%Zf(SZ)
:(n—nl;:)!k! Z £(S)

By E se(m) (f(S)), we denote the expected function value when the set .S is sampled uniformly

at random amongst sets of size k. |Filmus, 2013| shows that choosing a random set of size k
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obtains a guarantee of £ and ZEZ:'I; for the problem max{f(X)||X| = k} with monotone and
non-monotone submodular functions respectively.

We now handle the problem of max{ f(X)||X| < k}. When f is monotone, this problem
is equivalent to max{f(X)||X| = k}. When f is non-monotone, we can provide an algorithm

as follows. If k& < n/2, select a random set of size k, else, select a random set of size

n/2. This simple technique provides a worst case guarantee of ﬁg:’fg, for k < n/2 and
1/[4(1 =1/n)] =1/4+ o(1) for k > n/2.

Interestingly, MMax directly and automatically achieves this. If & < n/2, we can use
exactly the above proof to obtain the guarantee (since maximizing the random modular lower
bound is better than the expected value of a random subset of size k). When k > n/2, we

can slightly modify the above proof as follows.
1 o
B(F(X")) > B, (ax h§(X))
1
= mf(sg/z)
1 g
sy (S

n/2

=E

2n(n—k)

T which follows by combining

For symmetric submodular functions, the factor is

the above proof technique with the guarantee of |[Filmus| 2013| for symmetric submodular

functions. In particular, the problem max{f(X)||X| = k} achieves a factor of 2:&__1’3), while
the problem max{ f(X)||X| < k} obtains a factor of %7 for kK <n/2 and 1/2 4 o(1) for
k>n/2. O

Note that the guarantee of the random subgradient approach holds just after the first
iteration, and continuing the algorithm until convergence will only improve the objective. We
also saw how many different settings can very easily be integrated into a unified algorithm of
MMax, which naturally takes care of the constraints given. This is in contrast to the random

subset algorithm, which needs to adapt based on the value of k, for example, in the setting of

max{ f(X)[[X]| < k}.
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Also note, that the problem max{f(X)||X| < k} is equivalent to unconstrained sub-
modular maximization when & = n. Correspondingly, MMax yields a slightly improved
approximation factor of 1/[4(1 — 1/n)| (thanks to the Lemma above), even for the uncon-

strained submodular maximization with a random subgradient. This is a slight improvement

over Lemma (4.3l

4.5.2  Greedy Subgradient (GS)

We investigate the role of a greedy subgradient, which yields a greedy algorithm for submodular
maximization. In this section, we shall study the role of many of the constructs defined in

section in the approximation guarantees.

Monotone submodular maximization: = An important subgradient results from the
greedy permutation o9, defined as

o(i) € argmax FGIST). (4.7)
j¢S79, and S79 U{j}eC

This definition might be partial; we arrange any remaining elements arbitrarily. When using
the corresponding subgradient h°’, we recover a number of approximation results already

after one iteration:

Algorithm 7 Greedy Algorithm for maxxec f(X)
Start with Yy =0, n + 0

repeat
y = argmax,cyy, f(v[Yn);
Yn+1 - Yn U y,

n<4n+1;
until Y,, ¢ C;

return Y, _;.
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Lemma 4.9. Using h°’ in iteration 1 of MMaz yields the following approzimation bounds

for X1:

° %(1_(1_1/]{)@%) > %(1_6_51’)7 sz:{XQV]X| Sk}

1

°
ptryg’

for the intersection C=Nt_,Z; of p matroids

. %(1 — (%)k), for any down-monotone constraint C, where K and k are the maximum

and minimum cardinality of the mazimal feasible sets in C.

We remark that the above choice of the subgradient essentially ensures that MMax mimics
the Greedy algorithm (Algorithm [7)) in its first iteration. This result provides guarantees for

a large class of constraints (which include cardinality, matroids etc.)

Proof. We prove the first result for cardinality constraints. The proofs for the matroid and
general down-monotone constraints are analogous. By the construction of 09, the set S¢° is
exactly the set returned by the greedy algorithm. This implies that
f(X1) > argmax b’ (X)
X[ X|<k
> g (S7")
= f(S7")

(1 —e"r)
Ky

>

fX7).
The last inequality follows from |[Nemhauser et al.; 1978, |Conforti and Cornuejols, [1984]. [

Remark 4.1. Note the role of curvature in the guarantees above. [Nemhauser et al., 1978/
showed that the greedy algorithm obtains a worst case approrimation factor of 1 — 1/e for
cardinality constraints, and 1/(p+ 1) for p matroid constraints (in particular, this gives a 1/2
approximation for submodular mazimization subject to a single matroid constraint). [Conforti
and Cornuejols, |1984] improved these factors to :—f(l — e ") and ﬁ respectively. Also
note that the greedy subgradient is tight for the cardinality constrained case. In the case of

matroidal constraints however, the greedy algorithm is sub-optimal [Calinescu et al., 2007
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A very similar construction of a greedy permutation provides bounds for budget constraints,
ie., c(S) £ Y, .gc(i) < B for some given nonnegative costs c. The problem of interest here

is,

max{f(5)[c(5) < B} (4.8)

Algorithm 8 Greedy Algorithm for max.s)<p f(X)
Start with Yy =0, n + 0

repeat
v|Yn
Y = arginax,cy\y, %;
Yo = Yo Uy;

until ¢(Y,) > B;

return Y,_;.

In particular, define a permutation as:

(i) € argmax M (4.9)

jesgheszrun<e U)
The following result then follows from |[Lin and Bilmes, 2010, Krause and Guestrin), 2005a,

Sviridenko, [2004].

Lemma 4.10. Using 09 in MMaz under the budget constraints yields:

max{ max f(i), f(X")} >

i:c(i)<B

(1—1/e)f(X). (4.10)

N —

Let 7% be a permutation with i, j, k in the first three positions, and the remaining arrangement

greedy. Running O(n®) restarts of MM yields sets X (after one iteration) with

max f(Xy) > (1—1/e)f(X%). (4.11)

1,5,k€V
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The proof is analogous to that of Lemma [£.9] This Lemma essentially mimics two
variants of the greedy algorithm. One is a faster variant due to |Lin and Bilmes, [2010,
Krause and Guestrin), [2005a] (Algorithm [§). The second variant is a more computationally
complex algorithm, and enumerates all subsets of size 3 and augments them with the cost
sensitive greedy procedure shown above. This algorithm was shown to give a 1 — 1/e

approximation [Sviridenko, [2004].

Fast /Lazy variants of Greedy Algorithm: Finally we note that the greedy algo-
rithm for monotone submodular functions can be accelerated via the accelerated greedy
algorithm |[Minoux, [1978|. This algorithm effectively avoids the O(n?) computation using
submodularity. In practice, moreover, it performs much faster [Leskovec et al., 2007|. Since
we need to compute the greedy ordering to run MMax, the accelerated greedy procedure
serves as a much more effective means. |Badanidiyuru and Vondrak, [2014] recently propose a
fast though approximate lazy scheme for obtaining an ordering. This scheme also obtains an
ordering like the lazy greedy algorithm. Unlike the lazy greedy, however, it is only approxi-
mate, and obtains a factor of 1 —1/e — €. It does so in O(”log ), which is asymptotically
faster than O(n?) of the greedy algorithm. Finally, a multistage version of a greedy algorithm
was proposed by [Wei et al., 2014a|, where they use proxy functions to define the greedy
ordering. Since all these algorithms are variants of the greedy algorithm, and essentially

induce an ordering, they can all be seen as inducing an ordering with MMax.

Non-monotone submodular maximization:  The greedy algorithm provides constant
factor (and sometimes optimal) approximation factors for monotone submodular functions.
In the context of non-monotone submodular functions however, the greedy algorithm can

perform really badly.

Lemma 4.11. The greedy algorithm obtains a worst case approzimation guarantee of 0(1/k),
which is tight, for the problem max{f(X)||X| < k} when the submodular function f is

non-monotone.
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Note that this greedy algorithm is slightly different from Algorithm[7] Along with checking
for the cardinality constraint being satisfied, we also check that best gain at any iteration is
non-negative (since the function is no longer monotone). Hence this approach works only for
the problem max{ f(X)||X| < k} and not the cardinality equality setting max{ f(X)||X| = k}.
The proof of Lemma is similar to that of Lemma |4.5|

Fortunately, if the function is approximately monotone till sets of size 2k (i.e 1/];’% ~ 1),

we can retain guarantees close to 1 — 1/e.

Lemma 4.12. Given an approximately monotone submodular function f, the greedy algorithm

obtains a worst case factor of —(1 — 1/€) for the problem max{f(X)||X| < k}.
Y

Proof. This result follows directly from the proof of [Nemhauser et al. [1978|. Let S*

be the optimal solution and let S be the greedy solution. Using the proof technique

of [Nemhauser et al., 1978|, one can show that f(S¢) > (1 —1/e)f(S* U S%). This part just

requires submodularity of f and the greedy algorithm. Through the notion of approximate
k,2k

monotonicity, we know that f(S* U S¢) > £ (by definition of vy ™). The result then
Vs

directly follows from these two observations. n

An alternate way of quantifying approximate monotonicity is by looking at the gains of

sets till size [. In particular, define a parameter elf such that,

l . .
— T 4.12
€ pmn fGIT) (4.12)

This quantity was defined by |[Krause et al., 2008b|. If f is monotone, elf <0, VI.
Note that elf also provides a notion of approximation, and in particular, an additive

approximation factor rather than a multiplicative one.

Lemma 4.13. The greedy algorithm admits an additive approximation factor of satisfying:

F(5%) 2 (1= 1/e) f(57) — kel (4.13)
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Proof. This Lemma was also shown in |[Krause et al., 2008b|. For completeness, we have it

here. It is easy to see that,

F(T) = f(S)+ (k= Df(IT) = f(S) = (L= k)e},

for any sets T' C S satisfying |T'| < k and |S| = [. This follows directly from submodularity,

and the definition of ¢;. Hence,
F(STUSY) > £(S7) — ket
Following the proof of Lemma [4.12] we have
F(89) > (1= 1/e)f(5" U S®) > (1— 1/e) f(5°) — kel (114
O

A number of submodular functions, though non-monotone still are close to monotone,
and the above result holds for these functions. One example of this is the symmetric mutual
information 7(X 4; Xy 4, which has been used effectively in sensor placement problems |[Krause
et al., 2008b|. While this function is non-monotone, it is approximately monotone in the above
sense, and obtains approximation guarantees of the form (1 —€)(1 — 1/e) for a reasonable
choice of parameters, and small €. Another example, is a function of the form f(X) =
D iev Djex Sij — AD_ijex Sij- This function has effectively been used in summarization and
subset selection problem for choosing diverse sets of objects [Lin and Bilmes, 2010, 2009].
This function also is approximately monotone under reasonable assumptions [Lin and Bilmes),

2010], and satisfies 17" = 1 with high probability.

Approximately submodular functions: [Das and Kempe| |2011] introduced the notion
of approximately submodular to improve the bounds of the greedy algorithm for approximately
submodular functions.

Lemma 4.14. [Das and Kempe, |2011] Given a approzimately submodular function f, the

SG;k
greedy algorithm obtains a set S with worst case quarantee 1 — e~ 77
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For a submodular function, fy}q Gk 1, and in general, 7? ik < 1. We can in fact, seamlessly

combine Lemmata [4.14] and 4.12| to obtain the following guarantee for a approximately

monotone and approximately submodular function.

Lemma 4.15. Given a approzimately submodular and approximately monotone function f,
5G ik
Wf :

the greedy algorithm obtains a set S with worst case guarantee =5 r—.
Ve

The proof of this Lemma, follows again by adapting the notion of approximate monotonicity

in the proof of [Das and Kempe, 2011].

4.5.8  Random Greedy (RG) Subgradient

The greedy algorithm fails to obtain constant factor approximation guarantees for general
non-monotone submodular functions. A simple randomized variant of the greedy algorithm,

however, ensures constant factor guarantees [Buchbinder et al., 2014].

Algorithm 9 Random Greedy Algorithm under Cardinality Constraints
Start with Yy = ()

fori=1 to k do

Let MZ — argmaXng\}/iille‘:k Z’UEX f(U|}/;_]_),
Choose y as a uniformly random element in M;;
Yi=Yi1Uy;

return Y.

It is easy to see that this random greedy algorithm (Algorithm @ also implicitly defines a

subgradient, which when used within MMax, essentially mimics the algorithm.

Lemma 4.16. Using the random greedy subgradient within MMaz, provides a worst case
approximation factor of 1 — 1/e for monotone submodular mazimization under cardinal-
ity constraints, a factor of 1/e with non-monotone submodular functions for the problem
max{f(X)||X| < k} and # — € for the problem max{f(X)||X| = k} with non-monotone

submodular functions.
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Note that Algorithm |§] requires k to be such that n > 2k. As shown in [Buchbinder et al.|
2014|, this assumption can be made w.l.0.g through some simple reductions. Also notice the
similarity between the greedy algorithm and the random greedy algorithm. While the greedy
algorithm picks the best element at every iteration, the random greedy randomly picks one of
the top k elements at every iteration (both with respect to the current marginal gains). The

proof of Lemma is similar in lines to the previous results.
4.6 Generality of MMax and Choosing Optimal Subgradients

We list a number of algorithms above, which naturally can be seen as instances of MMax.
In particular, these algorithms naturally define permutations, or sequences of permutations
corresponding to MMax. We can only expect this to work with combinatorial algorithms.
However, a number of submodular maximization algorithms |[Chekuri et al 2011}, Calinescu
et al., 2011, Buchbinder et al.| 2014) [Feldman et al [2011, Calinescu et al., 2007 rely on
continuous relaxations and rounding. These algorithms are not combinatorial, but often
provide tighter guarantees than their discrete counterparts. For example, for the problem of
monotone submodular maximization subject to a single matroid constraints, a continuous
greedy algorithm [Calinescu et al., 2011, 2007| obtains a 1 — 1/e approximation while the
discrete greedy algorithm provides only a 1/2 approximation. In fact, [Vondrak| |2010]
improves this to a curvature dependent factor of ﬁ(l —e 5y > N—lf(l —e %), Similarly
for cardinality constrained non-monotone submodular maximization, a continuous double
greedy algorithm |Buchbinder et al., [2014] provides tighter guarantees than the random greedy
algorithm (see Figure , where this method is referred to as Best). These continuous greedy
algorithms do not yield natural subgradients or orderings. Certain combinatorial algorithms
also do not readily fit into our algorithmic framework. For example, |Lee et al., 2009a,b]|
propose local search based techniques to obtain constant factor approximations for non-
monotone submodular maximization under knapsack and matroid constraints. Unfortunately,
these algorithms require swap operations along with inserting and deleting elements. We do

not currently know how to phrase these swap operations via our framework.
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While many of these algorithms do not explicitly define a sequence of orderings and
permutations, we show that any polynomial time approximation algorithm for unconstrained
or constrained variants of submodular optimization can be ultimately seen as an instance
of our algorithm, via polynomial-time computable subgradients. In particular we show that
there exists polynomial time computable subgradients, which when instantiated within MMax,
provides a solution comparable to the given approximation algorithm. This result moreover,

holds for both constrained and unconstrained versions.

Theorem 4.1. For any polynomial-time unconstrained submodular mazximization algorithm
that achieves an approximation factor a, there exists a schedule of subgradients (obtainable in
polynomial time) that, if used within MMaz, leads to a solution with the same approximation

factor a.
The proof relies on the following observation.
Lemma 4.17. Any submodular function f satisfies

R = 2, M) = e, M), (419)

Lemma implies that there exists a permutation (and equivalent subgradient) with
which MMax finds the optimal solution in the first iteration. Known hardness results |Feige,

1998| imply that this permutation may not be obtainable in polynomial time.

Proof. (Lemma The first equality in Lemma follows from the fact that any

submodular function f can be written as

f(X) = maxh(X). (4.16)

hEPf

For the second equality, we use the fact that a linear program over a polytope has a solution

at one of the extreme points of the corresponding polytope. O]

We can now prove Theorem



151

Proof. (Thm. Let Y be the set returned by the approximation algorithm; this set is
polynomial-time computable by definition. Let 7 be an arbitrary permutation that places the
elements in Y in the first |Y| positions. The subgradient h™ defined by 7 is a subgradient
both for @ and for Y. Therefore, using X° = () and A7 in the first iteration, we obtain a set
X! with

FIXT) = hg(XT) = (V) = f(Y) = af (X7). (4.17)
The equality follows from the fact that Y belongs to the chain of 7. m

While the above theorem shows the optimality of MMax in the unconstrained setting, a

similar result holds for the constrained case:

Corollary 4.1. Let C be any constraint such that a linear function can be exactly maximized
over C. For any polynomial-time algorithm for submodular mazximization over C that achieves
an approximation factor «, there exists a schedule of subgradients (obtainable in polynomial

time) that, if used within MMaz, leads to a solution with the same approzimation factor c.

The proof of Corollary [4.1] follows directly from the Theorem
Lastly, we pose the question of selecting the optimal subgradient in each iteration. An
optimal subgradient h would lead to a function m; whose maximization yields the largest

improvement. Unfortunately, obtaining such an “optimal” subgradient is impossible:

OPT

Theorem 4.2. The problem of finding the optimal subgradient o = argmax, xcy h%.(X)

in Step 4 of Algorithm |9 is NP-hard even when C = 2V. Given such an oracle, however,

OPT

MMazx using subgradient o returns a global optimizer.

Proof. Lemma implies that an optimal subgradient at X° = () or X° = V is a sub-
gradient at an optimal solution. An argumentation as in Equation (4.17]) shows that using
this subgradient in MM leads to an optimal solution. Since this would solve submodular

maximization (which is NP-hard), it must be NP-hard to find such a subgradient.
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To show that this holds for arbitrary X (and correspondingly at every iteration), we
use that the submodular subdifferential can be expressed as a direct product between a
submodular polyhedron and an anti-submodular polyhedron [Fujishige, 2005]. Any problem
involving an optimization over the subdifferential, can then be expressed as an optimization
over a submodular polyhedron (which is a subdifferential at the empty set) and an anti-
submodular polyhedron (which is a subdifferential at V') |Fujishige, 2005|. Correspondingly,
Equation can be expressed as the sum of two submodular maximization problems. []

4.7 Experiments

We now empirically compare variants of MMax with different subgradients for various settings

of non-monotone and monotone submodular functions and constraints.

4.7.1  Unconstrained Submodular Mazximization

First consider unconstrained submodular maximization. As a test function, we use the
objective of [Lin and Bilmes, 2009], f(X) = >7,cy > icx 8ij — AD_; jex Sij» Where A is a
redundancy parameter. This non-monotone function was used to find the most diverse yet
relevant subset of objects in a large corpus. We use the objective with both synthetic and real
data. We generate 10 instances of random similarity matrices {s;;};; and vary A from 0.5 to
1. Our real-world data is the Speech Training data subset selection problem |Lin and Bilmes,
2009| on the TIMIT corpus [Garofolo et al., [1993|, using the string kernel metric [Rousu and
Shawe-Taylor, 2006| for similarity. We use 20 < n < 30 so that the exact solution can still
be computed with the algorithm of |Goldengorin et al., 1999].

We compare the following choices of subgradients: (a) Deterministic Local search (DLS),
(b) Bidirectional Greedy (BG), (¢) Randomized Bidirectional Greedy (RBG), (d) Randomized
local search (RLS), (e¢) Random Adaptive (RA) and (f) Random subgradient (RP), and (g) a
baseline Random Set algorithm (RS) that picks a set uniformly at random. RS achieves a
1/4 approximation in expectation |Feige et al., 2011b|. For random algorithms, we select the

best solution out of 5 repetitions. Figure 4.2/ shows that DLS, BG, RBG and RLS dominate.
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Figure 4.2: Empirical approximation factors for variants of MMax. See Section for legend
details.

Even though RBG has the best theoretical worst-case bounds, it performs slightly poorer
than the local search ones and BG. Moreover, MMax with random subgradients (RP) is much
better than choosing a set uniformly at random (RS). In general, the empirical approximation
factors are much better than the theoretical worst-case bounds. Importantly, the MMax
variants are extremely fast, about 200-500 times faster than the exact branch and bound

technique of |Goldengorin et al., [1999).

4.7.2  Constrained Submodular Maximization

We now look at constrained versions. We consider both monotone and non-monotone
submodular functions. We use the facility location objective, f(X) = ) .., maxjcx i;
as a test function with monotone functions. This function has been used as a coverage
function in many application settings |Lin and Bilmes, 2011} 2010, |Wei et al.|, 2013|. In the
non-monotone case, we use the same test function as the unconstrained case, i.e f(X) =
Dicv Djex Sij — AD_ijex Sij- We choose the tradeoff parameter A = 0.9. In both cases, we
consider synthetic and real data. Similar to the unconstrained setting, the synthetic data

is generated from random similarity matrices, while the real data comes from speech data
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subset selection. Again, we restrict n to lie between 20 and 30.

We compare the following choices of subgradients (a) Greedy Subgradient (GR), (b)
Randomized Greedy subgradient (RG), (¢) Random Adaptive (RA), (d) Random subgradient
(RP), and (e) a baseline random set algorithm (RS), which picks a set uniformly at random
of size k. We plot these results for k£ between 1 and n/2. Theoretically, RA, RP and RS
achieve the same worst case guarantee, while RG achieves the tightest guarantee amongst
these choices for non-monotone submodular functions. With monotone functions, RG and
GR achieve the same performance guarantee.

We see that the Greedy algorithm (GR) achieves the best performance for both non-
monotone and monotone functions (the results for the monotone setting are shown in
Figure while those for the non-monotone function are in Figure . While this is intuitive
for monotone functions, the results are somewhat surprising for non-monotone functions (since
GR can achieve factors of 6(1/n), while RG achieves constant factor guarantees). However,
our choice of the non-monotone submodular function, is in fact approximately monotone |Lin
and Bilmes, |2010|, which explains the good empirical performance of GR.

We observe that MMax with a random permutation (RP) and its adaptive variant (RA)
perform much better than the random set baseline. Moreover, the empirical factors seem to
match the theory very well. For example, the random variants (RS, RP and RA) all achieve
a factor of k/n (which grows with k), with monotone submodular functions. We observe that

these algorithm all perform better with larger values of k.
4.8 Discussion

In this chapter, we introduced a Minorization-Maximization framework for submodular
optimization algorithms. To our knowledge this is the first generic and unifying framework
of combinatorial algorithms for submodular maximization. We show how several recently
proposed combinatorial algorithms for submodular maximization, occur as instances of MMax,
with specific subgradients. Empirically, we compare these different choices of subgradients for

several submodular functions. A number of papers compare the maximization algorithms
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Figure 4.3: Empirical approximation factors for variants of MMax under cardinality con-
straints, and with the monotone submodular function as the facility location. See Section

for legend details.

we study in this chapter for other real world problems. For example, |Gillenwater, 2014]
study these algorithms for MAP inference in Determinantal Point Processes, and |Reed and
Ghahramani|, 2013| study the MAP inference problem in latent feature models, both of which
are instances of unconstrained submodular maximization. In both these cases, the authors
compare the algorithms for unconstrained submodular maximization, and find conclusions
similar to ours. Similarly, the greedy algorithm for submodular maximization has been used
in several real world applications including document summarization, image summarization,
sensor placement etc. [Lin| 2012, Tschiatschek et al., 2014} Krause and Guestrin), 2005b|. In
all these cases, the greedy algorithm has been observed to perform considerably better than

the pessimistic worst case approximation factors known so far.
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Chapter 5
DIFFERENCE OF SUBMODULAR OPTIMIZATION

5.1 Introduction

Given two submodular functions f and g, consider the following optimization problem:

Problem 3: min[v(X)] = min[f(X) — g(X)] (5.1)

XCV XCv

A

where v(X) = f(X) — ¢g(X). This problem is equivalent to Problem 3’ which is maximizing

the difference of submodular functions:

Problem 3': I;lgg/{[—v(X)] = r)?g/([g(X) — f(X)] (5.2)

We also note that Problem 3 is also equivalent to the problems of minimizing and

maximizing the difference of two supermodular functions, since min(f—g) = min((—g)—(—f)).

5.2 DMotivating Applications

A number of machine learning problems involve minimization over a difference between

submodular functions. The following are some examples:

e Sensor placement with submodular costs: The problem of choosing sensor
locations A from a given set of possible locations V' can be modeled [Krause and Guestrin,
2005b, Krause et al., 2008b| by maximizing the mutual information between the chosen
variables A and the unchosen set V\A (i.e., f(A) = I(Xa; Xy\a)). Alternatively, we
may wish to maximize the mutual information between a set of chosen sensors X 4
and a fixed quantity of interest C' (i.e., f(A) = I(X4;C)) under the assumption that
the set of features X4 are conditionally independent given C' [Krause and Guestrin,

2005b|. These objectives are submodular and thus the problem becomes maximizing a
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submodular function subject to a cardinality constraint. Often, however, there are costs
c(A) associated with the locations that naturally have a diminishing returns property.
For example, there is typically a discount when purchasing sensors in bulk. Moreover,
there may be diminished cost for placing a sensor in a particular location given placement
in certain other locations (e.g., the additional equipment needed to install a sensor in,
say, a precarious environment could be re-used for multiple sensor installations in like
environments). Hence, along with maximizing mutual information, we also want to
simultaneously minimize the cost and this problem can be addressed by minimizing

the difference between submodular functions f(A) — Ac(A) for tradeoff parameter A.

Discriminatively structured graphical models and neural computation: An
application suggested in [Narasimhan and Bilmes| 2005| and the initial motivation for
this problem is to optimize the EAR criterion to produce a discriminatively structured
graphical model. EAR is basically a difference between two mutual information functions
(i.e., a difference between submodular functions). |[Narasimhan and Bilmes, [2005| shows
how classifiers based on discriminative structure using EAR can significantly outperform
classifiers based on generative graphical models. Note also that the EAR measure is the

same as “synergy” in a neural code |Brenner et al., 2000|, widely used in neuroscience.

Feature selection: Given a set of features X, Xy, -+, X|y|, the feature selection
problem is to find a small subset of features X, that work well when used in a pattern
classifier. This problem can be modeled as maximizing the mutual information /(X 4; C)
where C'is the class. Note that I(Xa;C) = H(X4) — H(X4|C) is always a difference
between submodular functions. Under the naive Bayes model, this function is submod-
ular |[Krause and Guestrin, [2005b]. It is not submodular under general classifier models
such as support vector machines (SVMs) or neural networks. Certain features, moreover,
might be cheaper to use given that others are already being computed. For example, if a
subset S; C V of the features for a particular information source ¢ are spectral in nature,

then once a particular v € S; is chosen, the remaining features S; \ {v} may be relatively
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inexpensive to compute, due to grouped computational strategies such as the fast Fourier
transform. Therefore, it might be more appropriate to use a submodular cost model ¢(A).
One such cost model might be c(A) = 3=, \/m(A N S;) where m(j) would be the cost of
computing feature j. Another might be ¢(A) = . ¢; min(JANS;|, 1) where ¢; is the cost
of source i. Both offer diminishing cost for choosing features from the same information
source. Such a cost model could be useful even under the naive Bayes model, where
I(X 4; C) is submodular. Feature selection becomes a problem of maximizing I(X 4; C') —

Ac(A) = H(X4)— [H(X4|C)+ Ac(A)], the difference between two submodular functions.

Probabilistic Inference: A typical instance of probabilistic inference is the fol-
lowing: We are given a distribution p(z) o« exp(—v(z)) where z € {0,1}" and v
is a pseudo-Boolean function [Boros and Hammer} [2002]. It is desirable to compute
argmax_c o 13- p(2) which means minimizing v(x) over z, the most-probable explanation
(MPE) problem [Pearl, |1988]. If p factors with respect to a graphical model of tree-width
k, then v(z) = >, v;(x¢) where C; is a bundle of indices such that |C'| < k41 and the sets
C = {C;}; form a junction tree, and it might be possible to solve inference using dynamic
programming. If k is large and /or if hypertree factorization does not hold, then approxi-
mate inference is typically used [Wainwright and Jordan, [2008]. On the other hand, defin-
ing x(X) = {x € {0,1}" : &; = 1 whenever i € X}, if the set function 7(X) = v(z(X))
is submodular, then even if p has large tree-width, the MPE problem can be solved
exactly in polynomial time |Jegelka and Bilmes, 2011c|. This, in fact, is the basis behind
inference in many computer vision models where v is often not only submodular but also
has limited sized |C;|. For example, for submodular v and if |C;| < 2 then graph-cuts can
solve the MPE problem extremely rapidly [Kolmogorov and Zabih| 2004] and even some
cases with v non-submodular [Kolmogorov and Rother, 2007]. An important challenge is
to consider non-submodular v that can be minimized efficiently and for which there are
approximation guarantees, a problem recently addressed in [Jegelka and Bilmes| 2011d).

On the other hand, if v can be expressed as a difference between two submodular func-
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tions (which it can, see Lemma [5.1)), or if such a decomposition can be computed (which
it sometimes can, see Lemma [6.2)), then a procedure to minimize the difference between
two submodular functions offers new ways to solve probabilistic inference. As an example,

a large class of rich higher potentials can be expressed as |Gallagher et al., 2011|:

fl)=> we ][] (5.3)

ceC icC

C here stands for a set of sets, possibly with higher-order terms (i.e there exist
CecC:|C|l>2). Ifwe <0,VC € C, then f is submodular. If |C| is not large
(say polynomial in n), we can efficiently find a decomposition into submodular compo-
nents (which will contain the sets C' € C : we < 0) and the supermodular terms (which
contain sets C' € C : we > 0). These can potentially represent a rich class of potential

functions for a number of applications, particularly in vision.

Previously, [Narasimhan and Bilmes|, 2005] proposed an algorithm inspired by the convex-
concave procedure |Yuille and Rangarajan, 2002| to address Equation . This algorithm
iteratively minimizes a submodular function by replacing the second submodular function g by
it’s modular lower bound. They also show that any set function can be expressed as a difference
between two submodular functions and hence every set function optimization problem can
be reduced to minimizing a difference between submodular functions. They show that this
process converges to a local minima, however the convergence rate is left as an open question.

The road-map of this chapter is as follows. We first provide a constructive procedure for
finding the submodular functions f and g for any arbitrary set function v. Although our
construction is NP hard in general, we show how for certain classes of set functions v, it is
possible to find the decompositions f and g in polynomial time. In Section [5.4] we propose
two new algorithms both of which are guaranteed to monotonically reduce the objective at
every iteration and which converge to a local minima. Further we note that the per-iteration
cost of our algorithms is in general much less than |[Narasimhan and Bilmes| [2005], and

empirically verify that our algorithms are orders of magnitude faster on real data. We show
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that, unlike in [Narasimhan and Bilmes, 2005|, our algorithms can be extended to easily
optimize equation under cardinality, knapsack, and matroid constraints. Moreover, one
of our algorithms can actually handle complex combinatorial constraints, such as spanning
trees, matchings, cuts, etc. We then give a hardness result (Section that there does not
exist any polynomial time algorithm with any polynomial time multiplicative approximation
guarantees, even when it is easy to find or when we are given the decomposition f and g,
thus justifying the need for heuristic methods to solve this problem. We show, however, that
it is possible to get additive bounds by showing polynomial time computable upper and lower
bound on the optima. We also provide computational bounds for all our algorithms (including
the submodular-supermodular procedure), a problem left open in |[Narasimhan and Bilmes),
2005|. Finally we perform a number of experiments on the feature selection problem under
various cost models, and show how our algorithms used to maximize the mutual information
perform better than greedy selection (which would be near optimal under the naive Bayes

assumptions) and with less cost.

5.3 Generality of DS Functions

In this section, we show that any set function can be expressed as a DS function using
suitable submodular functions as shown below. The result was first shown in |[Narasimhan
and Bilmes, 2005] using the Lovész extension. We here give a new combinatorial proof, which
avoids Hessians of polyhedral convex functions and which provides a way of constructing (a
non-unique) pair of submodular functions f and g for an arbitrary set function v.

Before providing the main result, define «, as the distance from submodularity of the set

function v as,

o . X) = oilY 5.4
“ j7X7Y:I)I(1éI)1/QV\j[U(‘7 [X) = v(Y)] (5.4)

For a non-submodular function v, a, < 0.

Lemma 5.1. [Narasimhan and Bilmes, 2005] Given any set function v, it can be expressed

as a DS functions v(X) = f(X) — g(X),VX CV for some submodular functions f and g.
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Proof. Consider any (strictly) submodular function g, i.e., one having oy = minycycy\;{g(j|X)—
g(71Y)] > 0. Define f'(X) = v(X) + %Q(X) with any o < a,. Now it is easy to

see that f’ is submodular since minyxcyc; f/(71X) — f'(J|Y) > o, +|¢/| > 0. Hence
v(X) = f(X)— o] g(X), is a difference between two submodular functions. O

Qg

The above proof requires the computation of c, and o, which has, in general, exponential
complexity. Using the construction above, however, it is easy to find the decomposition f

and g under certain conditions on v.

Lemma 5.2. Giwen a set function v, if o, or at least a lower bound on ., can be computed

in polynomaal time, the functions f and g corresponding to v can obtained in polynomial time.

Proof. Define g as g(X) = 1/|X]. Then 8 = minxcycy[v/[X]+1— /X[ = V[Y]+1+
VIV = minxcvy[VIXT+1 - VX[ = VIX[+2+/IX[+1]=2Vn—T—yn—Vn—2.

The last inequality follows since the smallest difference in gains will occur at | X| =n — 2.

Hence a4 is easily computed, and given a lower bound on ¢, from Lemma the decomposi-
tion can be obtained in polynomial time. A similar argument holds for g being other concave

functions over | X]|. O

5.4 Algorithms for DS Optimization

In this section we investigate the general Majorization-Minimization class of algorithms for
DS optimization. These algorithms use the modular upper and modular lower bounds of a
submodular function, and reduce the general optimization problem to a sequence of simpler
optimization problems at every iteration. These modular upper and lower bounds are defined
via sub and supergradients of a submodular function (see Section for a definition of
these). This framework subsumes the Submodular-Supermodular procedure |[Narasimhan
and Bilmes| 2005|, and includes two new algorithms to minimize DS functions. All these
algorithms are guaranteed to monotonically reduce the objective at every iteration and

converge to local minima. We describe these algorithms in the subsections below.
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Algorithm 10 The submodular-supermodular (SubSup) procedure [Narasimhan and Bilmes|,
2005

L X'=0;t«0;

2: while not converged (i.e., (X' # X)) do

3:  Randomly choose a permutation o' whose chain contains the set X°.
4 X' = argminy f(X) — 2. . (X)

5: T+ t+1

6: end while

5.4.1  The Submodular-Supermodular Procedure

We now review the submodular-supermodular procedure [Narasimhan and Bilmes, 2005] to
minimize functions expressible as a difference between submodular functions (DS functions).

The submodular supermodular (SubSup) procedure is given in Algorithm [I0} At every
step of the algorithm, we minimize a submodular function which can be performed in
strongly polynomial time [Orlin, 2009, [Schrijver, [2000] although the best known complexity
is O(n®n + n®) where 7 is the cost of a function evaluation. The idea here, is to replace g
by its modular lower bound, thereby obtaining a submodular upper bound of the difference
f(X) — g(X). To make the context clear, we shall denote the subgradient of g, induced by

the ordering o* as h¥, ..

Algorithm [10] is guaranteed to converge to a local minima and moreover the algorithm

monotonically decreases the function objective at every iteration, as we show below.

Lemma 5.3. [Narasimhan and Bilmes, 2005] Algorithm |10] is guaranteed to decrease the
objective function at every iteration. Further, the algorithm is guaranteed to converge to a

local minima by checking at most O(n) permutations at every iteration.
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Proof. The objective reduces at every iteration since:

FOXTFY) — g(XHY % FXHY) - hg(t7a.t<Xt+1)
< FXY) = W (X
= FXT) = g(X7)

Where (a) follows since h%, ,,(X™*!) < g(X™1), and (b) follows since X**! is the minimizer of
f(X) =% (X)), and (c) follows since A%, . (X*) = g(X*) from the tightness of the modular
lower bound.

Further note that, if there is no improvement in the function value by considering
O(n) permutations each with different elements at o!'(|X*| — 1) and o'(|X!| + 1), then

. . . . . . . . g lod _ lod
this is equivalent to a local minima condition on v since hf., ,.(SPye 1) = f(Sx+ ;) and

hg(t,gt(s\%m—l) = f(Sth|—1)- 0

Algorithm [10| requires performing a submodular function minimization at every iteration
which while polynomial in 7 is (due to the complexity described above) not practical for large
problem sizes. So while the algorithm reaches a local minima, it can be costly to find it. A
desirable result, therefore, would be to develop new algorithms for minimizing DS functions,
where the new algorithms have the same properties as the SubSup procedure but are much

faster in practice. We give this in the following sections.

5.4.2  The Supermodular-Submodular (SupSub) procedure

In the submodular-supermodular procedure we iteratively minimized f(X)—g(X) by replacing
g by it’s modular lower bound at every iteration. We can instead replace f by it’s modular
upper bound as is done in Algorithm [11 which leads to the supermodular-submodular
procedure.

In the SupSub procedure, at every step we perform submodular maximization which,
although NP complete to solve exactly, admits a number of fast constant factor approximation

algorithms |Buchbinder et all 2012, |[Feige et al.| 2011a|. Notice that we have two modular
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Algorithm 11 The supermodular-submodular (SupSub) procedure

LX'=0;t«0;

2: while not converged (i.e., (X' # X)) do
3 X' = argminy ml, (X) — g(X)

4 tt+1

5. end while

upper bounds and hence there are a number of ways we can choose between them. One
way is to run both maximization procedures with the two modular upper bounds at every
iteration in parallel, and choose the one which is better. Here by better we mean the one in
which the function value is lesser. Alternatively we can alternate between the two modular
upper bounds by first maximizing the expression using the first modular upper bound, and
then maximize the expression using the second modular upper bound. Notice that since we
perform approximate submodular maximization at every iteration, we are not guaranteed to
monotonically reduce the objective value at every iteration. If, however, we ensure that at
every iteration we take the next step only if the objective v does not increase, we will restore
monotonicity at every iteration. Also, in some cases we converge to local optima as shown in

the following theorem.

Theorem 5.1. Both variants of the supermodular-submodular procedure (Algorithm
monotonically reduces the objective value at every iteration. Moreover, assuming a submodular
mazimization procedure in line@ that reaches a local mazima of mﬁ(t (X) — g(X), then if Algo-

rithm[11] does not improve under both modular upper bounds then it reaches a local optima of v.

Proof. For either modular upper bound, we have:

A=

FIXT) = (X < mf (X)) — g(X™)

IN=

mi (X*) = g(X")

= f(X") = g(X"),

o
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where (a) follows since f(X*1) < mf;(t (X1, and (b) follows since we assume that we take the
next step only if the objective value does not increase and (c) follows since mﬁ(t (X" = f(X)
from the tightness of the modular upper bound.

To show that this algorithm converges to a local minima, we assume that the submodular
maximization procedure in line [3| converges to a local maxima. Then observe that if the
objective value does not decrease in an iteration under both upper bounds, it implies
that met(Xt) — g(X") is already a local optimum in that (for both upper bounds) we
have m, (X*U J) — g(X* U j) > mb(X*) — g(X%),¥j ¢ X* and m(X'\j) — g(X*\j) >
ml(X") = g(X*"),Vj € X' Note that mb, , (X\j) = F(X') = f(jIX"\j) = f(X"\j) and
m§t72(Xt Uj) = f(XY) 4 f(7]1X") = f(X*Uj) and hence if both modular upper bounds are
at a local optima, it implies f(X") — g(X") = mgﬂl(Xt) —g(X") < mﬁ(t’l(Xt\j) —g(X"\j) =
FOXT\) = g(X*\j). Similarly F(X*) — g(X7) = m,(X) = g(X%) < m5(X'UJ) — (XU
J) = f(X"Uj) —g(X*Uj). Hence X" is a local optima for v(X) = f(X) — g(X), since
(X" <o(X'Uj) and v(X*) < o(XH\j). O

To ensure that we take the largest step at each iteration, we can use the recently proposed
tight (1/2)-approximation algorithm in |Buchbinder et al. 2012] for unconstrained non-
monotone submodular function maximization — this is the best possible in polynomial time
for the class of submodular functions independent of the P=NP question. The algorithm is
a form of bi-directional randomized greedy procedure and, most importantly for practical
considerations, is linear time [Buchbinder et al., [2012]. In practice we just use a combination
of a form of a simple greedy procedure, and the bi-directional randomized algorithm, by
picking the best amongst the two at every iteration. Since the randomized greedy algorithm
is 1/2 approximate, the combination of the two procedures also will be 1/2 approximate.

Lastly, note that this algorithm is closely related to a local search heuristic for submodular
maximization |Feige et al., 2011a]. In particular, if instead of using the greedy algorithm
entirely at every iteration, we take only one local step, we get a local search heuristic. Hence,

via the SupSub procedure, we may take larger steps at every iteration as compared to a local
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search heuristic.

5.4.3 The Modular-Modular (ModMod) procedure

The submodular-supermodular procedure and the supermodular-submodular procedure were
obtained by replacing g by it’s modular lower bound and f by it’s modular upper bound
respectively. We can however replace both of them by their respective modular bounds, as is

done in Algorithm [12]

Algorithm 12 Modular-Modular (ModMod) procedure

L X0=0;t«0;

2: while not converged (i.e., (X' # X)) do

3:  Choose a permutation o whose chain contains the set X*.
4 XY= argminy m’, (X) — R e (X)

5:  t<t+1

6: end while

In this algorithm at every iteration we minimize only a modular function which can be
done in O(n) time, so this is extremely easy (i.e., select all negative elements for the smallest
minimum, or all non-positive elements for the largest minimum). Like before, since we have
two modular upper bounds, we can use any of the variants discussed in the subsection above.
Moreover, we are still guaranteed to monotonically decrease the objective at every iteration

and converge to a local minima.

Theorem 5.2. Algorithm [19 monotonically decreases the function value at every iteration.
If the function value does not increase on checking O(n) different permutations with different
elements at adjacent positions and with both modular upper bounds, then we have reached a

local minima of v.
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Proof. Again we can use similar reasoning as the earlier proofs and observe that:

f(XtJrl) _ g<Xt+1) < mg(t (XtJrl) _ hg(tﬂt (XtJrl)
< mi (X1 = W o (X)

= f(X") = g(X")

We see that considering O(n) permutations each with different elements at o*(| X*|—1) and
o' (| X*[+1), we essentially consider all choices of g(X'Uj) and g(X*\j), since h%, . (S|xt+1) =
fF(Sixtj41) and h%. . (Sixtj-1) = f(S|xt|-1). Since we consider both modular upper bounds,
we correspondingly consider every choice of f(X*Uj) and f(X*\j). Note that at convergence
we have that m?,(X?) — R g (X') < m, (X) — W o (X),¥X C V for O(n) different
permutations and both modular upper bounds. Correspondingly we are guaranteed that
(since the expression is modular) Vj ¢ X' v(j|X") > 0 and Vj € X', v(j|X"\j) > 0, where

v(X) = f(X) — g(X). Hence the algorithm converges to a local minima. O

An important question is the choice of the permutation ot at every iteration X*. We observe
experimentally that the quality of the algorithm depends strongly on the choice of permutation.
Observe that f(X)—g(X) < m4,(X)—h%. . (X), and f(X*)—g(X") = mi, (X*) —h%. . (X").
Hence, we might obtain the greatest local reduction in the value of v by choosing permutation

(X)), or the one which maximizes h%, ,(X). We in fact

o* € argmin, minX(mQt(X) — 1Y Xt ot

Xt ot
might expect that choosing o ordered according to greatest gains of g, with respect to X?, we
would achieve greater descent at every iteration. Another choice is to choose the permutation
o based on the ordering of gains of v (or even mg(t) Through the former we are guaranteed
to at least progress as much as the local search heuristic. Indeed, we observe in practice that
the first two of these heuristics performs much better than a random permutation for both
the ModMod and the SubSup procedure, thus addressing a question raised in [Narasimhan

and Bilmes| |2005] about which ordering to use. Practically for the feature selection problem,

the second heuristic seems to work the best.
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5.4.4  Constrained minimization of a difference between submodular functions

In this section we consider the problem of minimizing the difference between submodular
functions subject to constraints. We first note that the problem of minimizing a submodular
function under even simple cardinality constraints in NP hard and also hard to approxi-
mate |Svitkina and Fleischer] 2008|. Since there does not yet seem to be a reasonable algorithm
for constrained submodular minimization at every iteration, it is unclear how we would use
Algorithm However the problem of submodular maximization under cardinality, matroid,
and knapsack constraints though NP hard admits a number of constant factor approximation
algorithms [Nemhauser et al., |1978, |Lee et al., 2009a] and correspondingly the cardinality
constraints can be easily introduced in Algorithm [IT} Moreover, since a non-negative modular
function can be easily, directly and even exactly optimized under cardinality, knapsack and
matroid constraints |Jegelka and Bilmes|, 2011a], Algorithm [12]can also easily be utilized. In
addition, since problems such as finding the minimum weight spanning tree, min-cut in a
graph, etc., are polynomial time algorithms in a number of cases, Algorithm [12| can be used
when minimizing a non-negative function v expressible as a difference between submodular
functions under combinatorial constraints. If v is non-negative, then so is its modular upper
bound, and then the ModMod procedure can directly be used for this problem — each
iteration minimizes a non-negative modular function subject to combinatorial constraints

which is easy in many cases |Jegelka and Bilmes, 2011a, [2010].

5.5 Hardness of Approximation

The results in this section are mostly negative, in that they demonstrate theoretically how
complex a general problem such as miny|[f(X) — g(X)] is, even for submodular f and g.
In this chapter, rather than consider these hardness results pessimistically, we think of
them as providing justification for the heuristic procedures given in Section [5.4] In many
cases, inspired heuristics can yield good quality and hence practically useful algorithms for

real-world problems. For example, the ModMod procedure (Algorithm and even the
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SupSub procedure (Algorithm can scale to very large problem sizes, and thus can provide
useful new strategies for the applications listed in Section

Note that general set function minimization is inapproximable and there exist a large class
of functions where all (adaptive, possibly randomized) algorithms perform arbitrarily poorly
in polynomial time |Trevisan, [2004]. Since every set function can be written as a difference of
submodular functions, it seems to suggest directly that Problem 3 is also inapproximable.
However, note that given a general set function v, finding the corresponding submodular
functions f and ¢, such that v(X) = f(X) — g(X) could require exponential complexity.
Hence, it is not immediate that DS optimization is also hard to approximate.

However, in this section, we show that DS optimization is NP hard to approximate, even
when we are given oracle access to the functions f and g. Hence any algorithm trying to find
the global optimum for this problem [Byrnes, 2009, Kawahara and Washio, |2011] can only be
exponential in the worst case.

The first result (Theorem shows that Problem 3 (minimizing DS functions) is
multiplicatively inapproximable (upto any polynomial factor) unless P=NP. The second result
(Theorem provides an information theoretical proof of constant factor multiplicative
inapproximability. We then improve this result, to show an information theoretic hardness
result of a polynomial factor Q(y/n/logn) (Theorem [5.5)). Unlike the earlier two hardness
results, this result holds even for a difference of Matroid rank functions [Kobayashi, 2014,
and hence, the difference of M? concave functions [Maheara and Murota, 2014]. Finally,
Theorem provides a polynomial factor multiplicative inapproximability for Problem 3’, i.e
maximizing the difference between submodular functions. Again, this result also holds to the
problems of maximizing the difference of matroid rank functions, and the difference of M?

concave functions.

5.5.1 P = NP Hardness for DS Minimization

We first provide a P=NP hardness result for DS minimization.
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Theorem 5.3. Unless P = NP, there cannot exist any polynomial time approximation
algorithm for miny v(X) where v(X) = [f(X) — g(X)] is a positive set function and f and
g are given submodular functions. In particular, let n be the size of the problem instance,
and a(n) > 0 be any positive polynomial time computable function of n. If there exists a
polynomial-time algorithm which is guaranteed to find a set X' : f(X') — g(X') < a(n) OPT,
where OPT=minx f(X) — g(X), then P = NP.

Proof. We prove this by reducing this to the subset sum problem. Given a positive modular
function m and a positive constant ¢, is there a subset S C V' such that m(S) = t? First
we choose a random set C' (unknown to the algorithm), and define ¢ = m(C'). Define a set

function v, such that v(S) =1, if m(S) =t and v(5) = ﬁ — o(1) otherwise. Observe that

ming v(S) = ﬁ — o(1), since a(n) > 1. Note that a = minxcyc;v(j|X) —v(j|Y) >
2(% —1). Hence we can easily compute a lower bound on « and hence from lemma [6.2] we

can directly compute the decomposition f and g. In fact notice that the decomposition is
directly computable since both a and § are known.

Now suppose there exists a polynomial time algorithm for this problem with an approxi-
mation factor of a(n). This implies that the algorithm is guaranteed to find a set S, such
that v(S) < 1. Hence this algorithm will solve the subset sum problem in polynomial time,

which is a contradiction unless P = NP. O

5.5.2  Information Theoretic Hardness for DS Minimization

In this section, we investigate an information theoretic hardness result, which is independent
of the P = NP question. We first show that there cannot exist a sub-exponential time
algorithm for this problem with any constant factor approximation. The theorem below
gives information theoretic hardness for this problem. Unlike the P=NP proof above though,
this is restricted to constant factor inapproximability, rather than the more general result of

Theorem [5.3] which includes polynomial approximation factors.

Theorem 5.4. For any constant 0 < € < 1, there cannot exist any deterministic (or possibly
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randomized) algorithm for minx [f(X)—g(X)] (where f and g are given submodular functions),

that always finds a solution which is at most % times the optimal, in fewer than ec’n/8 queries.

Proof. For showing this theorem, we use the same proof technique as in [Feige et al., 2011a].
Define two sets C' and D, such that V' = C U D and |C| = |D| = n/2. We then define a set
function v(S) which depends only on k = |SNC| and [ = |SN D|. In particular define v(S) =
1, if |k—1] < enand v(S) =1, if |k—I| > en. Again, we have a trivial bound on «, here since
v(j]X) > 1 —1and v(j]Y) <1— 1. Hence, o, = minycycy;[v(j|X) —v(j|Y)] > 21 — 1.
Thus, for this set function, a decomposition v = f — g can easily be obtained (Lemma .

Now, let the partition (C, D) be taken uniformly at random and unknown to the algorithm.
The algorithm issues some queries S to the value oracle. Call S “unbalanced” if |S N C| differs
from |S N D| by more than en. Recall the Chernoff bounds |Alon and Spencer; [2000]: Let
Y1,Ys, -+, Y, be independent random variables in [—1, 1], such that E[Y;] = 0, then:

t
Pr(d Y > A < 27 (5.5)

i=1
Define V; = I(i € S)[I(i € C) — I(i € D)]. Clearly Y; € [—1, 1], and we can use the bounds
above. Hence for any query S, the probability that S is unbalanced is at most 2e~<m/2, Thus,

e2n/4

we can see that even after e number of queries, the probability that the resulting set is

unbalanced is still 2e=<7/4

. Hence any algorithm will query only balanced sets regardless of C'
and D, and consequently with high probability the algorithm will obtain % as the minimum,
while the actual minimum is 1. Thus, such an algorithm will never be able to achieve an

approximation factor better than % n

We improve the above result by showing an inapproximability upto a polynomial factor

of Q(y/n/logn).

Theorem 5.5. There cannot exist a polynomial time approximation algorithm for miny v(X),
where v(X) = [f(X) — g(X)] is a positive set function and f and g are given submodular
functions, which achieves a factor better than Q(y/n/logn. This result is independent of
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P=NP, and holds even when the functions f and g are monotone submodular, and matroid

rank functions.

Proof. We use the hardness construction from |Goemans et al., 2009, [Svitkina and Fleischer,
2008|. The main idea is to construct two submodular functions f(X) and fz(X) that with
high probability are indistinguishable. Thus, also with high probability, no algorithm can
distinguish between the two functions and the gap in their values provides a lower bound on

the approximation. Then, define the DS function as,
0(X) = 5 — F(X) + fa(X) (5.6)

Define the two monotone submodular functions f(X) = min{|X|, x} and fr(X) = min{s +
| X NR|,|X|,x}, where R C V is a random set of cardinality . Let x and 3 be integers such
that kK = z1/n/5 and 8 = z?/5 for an z*> = w(logn). A Chernoff bound analysis very similar
to |Svitkina and Fleischer} 2008| reveals that any algorithm that uses a polynomial number of

«() and therefore cannot reliably

queries can distinguish f and fg with probability only n~
distinguish the functions with a polynomial number of queries.

Correspondingly, any algorithm which maximizes v(X) cannot obtain a solution better
than x. The minimum solution on the other hand, is no bigger than the value at X = R,

which is 4. This means that the worst case factor is at least /8 = Q(y/n/logn. O

This result is still somewhat weaker than the P=NP result (Theorem [5.3} which shows
that DS minimization is inapproximable upto any polynomial factor. Whether there exists a
similar information theoretic hardness result is an open problem.

The result above, however, holds even for a subclass of DS minimization problems, which
is the Difference of Matroid Rank (DR) minimization problems |[Kobayashi, [2014], since the
submodular functions above are Matroid Rank functions. Correspondingly, the hardness
factor of Q(\/W) holds for DR minimization, and correspondingly, for the difference
of M? concave functions [Maheara and Murota), 2014]. [Kobayashi, 2014] show that DR

minimization is NP hard. The result above further strengthens this to show a hardness of

approximation upto a factor of Q(y/n/logn).
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5.5.8 Information Theoretic Hardness for DS Maximization

Finally, we show an inapproximability result for maximizing the difference of submodu-
lar functions. This result is independent of P=NP, and is a general polynomial factor

inapproximability result.

Theorem 5.6. There cannot exist any polynomial time approzimation algorithm for maxx v(X)
where v(X) = [f(X) —g(X)] is a positive set function and f and g are given submodular func-
tions. In particular, let n be the size of the problem instance, and o(n) > 0 be any positive poly-
nomial time computable function of n. There cannot exists a polynomial-time algorithm which
is guaranteed to find a set X' : f(X') — g(X') > a(n) OPT, where OPT=maxyx f(X) — g(X).
This result is independent of P=NP.

Proof. We prove this result using the hardness construction from |Goemans et al. 2009,
Svitkina and Fleischer, 2008|. The main idea of their proof technique is to construct two
submodular functions f(X) and fg(X) that with high probability are indistinguishable. Thus,
also with high probability, no algorithm can distinguish between the two functions and the
gap in their values provides a lower bound on the approximation. Then, define the DS

function as,
v(X) = f(X) = fr(X) + 1/a(n) (5.7)

Define the two monotone submodular functions f(X) = min{|X|, x} and fr(X) = min{s +
|X N R|,|X|,x}, where R C V is a random set of cardinality x. Let x and 3 be an integer
such that x = zv/n/5 and 8 = 2%/5 for an 2% = w(logn). A Chernoff bound analysis very
similar to [Svitkina and Fleischer, |2008| reveals that any algorithm that uses a polynomial
number of queries can distinguish f and fR with probability only n=“®"), and therefore cannot
reliably distinguish the functions with a polynomial number of queries.

Correspondingly, any algorithm which maximizes v(X) cannot obtain a solution better
than 1/a(n). The maximum solution on the other hand, is no worse than the value at X = R,

which is k — 8+ 1/a(n). This means that the worst case factor is at least a(n)(k — ) > a(n).
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Hence, any algorithm which achieves a factor better than a(n) must distinguish between f

and fr, which is a contradiction. O

The result above holds for DR maximization as well, since the submodular functions
above are Matroid Rank functions. Hence the problems of maximizing the difference of
Matroid Rank functions, and correspondingly, correspondingly, for the difference of M®
concave functions [Maheara and Murotal [2014], are both inapproximable upto any polynomial

factor.

5.5.4 Hardness Results for Optimizing the Difference of Monotone Submodular Functions

All the hardness results above hold even when the submodular functions f and g are monotone.

This follows from the following Lemma:

Lemma 5.4. Given (not necessarily monotone) submodular functions f and g, there exists

monotone submodular functions f' and g such that,
f(X) —g(X) = f(X) =g (X),vyX CV (5.8)

Proof. The proof of this Lemma follows from a simple observation. The decomposition
theorem of |Cunningham), 1983| shows that any submodular function can be decomposed into
a modular function plus a monotone non-decreasing and totally normalized polymatroid rank

function. Specifically, given submodular f, g we have

f(X) £ f(X) —Zf(le\j) (5.9)
and
g'(X) £ g(X) - Zg(le\j) (5.10)

f',¢" are then totally normalized polymatroid rank functions. Hence we have: v(X) =

(X)) = ¢'(X) + k(X), with modular k(X) = . v(j|V\j). The idea is then to add v(j)
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to fif v(j) > 0 or add it to ¢’ other-wise. In particular, let V* = {j : v(j) > 0} and
V= ={j:v(j) < 0}. Notice that V* UV~ = V. Then,

v(X)=fI(X)+k(XNVY) —{d —k(XNV")} (5.11)

Notice above that f/(X)+ k(X NV™) and ¢’ — k(X NV ™) are both monotone non-decreasing.

Hence proved. O

This then implies the following corollary.

Corollary 5.1. Given submodular functions f and g such that v(X) = f(X)—g(X) >0, the
problem minxcy v(X) is inapprozimable, even if both f and g are monotone non-decreasing

submodular.

5.6 Additive Approximation Results and Complexity Bounds

In this section, we analyze the computational and approximation bounds for this problem.
For simplicity we assume that the function v is normalized, i.e v(()) = 0. Hence we assume
that v achieves it minima at a negative value (in the case of DS minimization) and maxima

at a positive value (in the case of DS maximization).

5.0.1 Additive Approximation Bounds

Since any submodular function can be decomposed into a modular function plus a monotone
non-decreasing and totally normalized polymatroid rank function |[Cunningham) |1983|, we
have: v(X) = f(X) — ¢'(X) + k(X), with modular k(X) = >, v(j|V\j) and f" and ¢’
being the totally normalized polymatroid functions.

The algorithms in the previous sections are all based on repeatedly finding upper bounds

for v. The following lower bound on miny v(X), provides an additive approximation bound

for DS minimization:
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Theorem 5.7. We have the following two lower bounds on the minimizers of v(X) =
J(X) = g(X):
m)}n v(X) > min f/(X) + k(X) — ¢'(V)

minv(X) > f/(0) — ¢/(V) + > min(k(j), 0)

X

Proof. Notice that

min f(X) — g(X) = min f'(X) — ¢'(X) + k(X)
> min(f'(X) + k(X)) — maxg'(X)

= min f'(X) + K(X) — ¢ (V)
To get the second result, we start from the bound above and loosen it as:

min f/(X) + k(X) = ¢'(V)
> min f'(X) + min k(X) - ¢'(V)
= f'(0) + Z min(v(j|V\5),0) = g'(V)

= /() + Z min(k(j),0) — (V) (5.12)

We can also provide an additive bound for DS maximization.

Theorem 5.8. We have the following two upper bounds on the maximizers of v(X) =

f(X) = g(X):

maxv(X) < f(V) — min{g'(X) — k(X)}

maxv(X) < f/(V) = g'(0) + ) max(k(j), 0)

jev

Proof. The proof of this follows along the same lines as the proof above. m
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The above bounds essentially provide bounds on the minima (or maxima) of the objective
and thus can be used to obtain an additive approximation guarantee. The algorithms described
in this chapter are all polynomial time algorithms (as we show below) and correspondingly

from the bounds above we can get an estimate on how far we are from the optimal.

5.6.2  Computational Bounds

We now provide computational bounds for e-approximate versions of our algorithms. Note
that this was left as an open question in |[Narasimhan and Bilmes| 2005]. Finding the local
minimizer of DS functions is PLS complete since it generalizes the problem of finding the
local optimum of the MAX-CUT problem [Schéffer] |1991]. Note that this trivially generalizes
the MAX-CUT problem since if we set f(X) = 0 and g(X) is the cut function, we get the
max cut problem.

However we show that an e-approximate version of this algorithm will converge in polyno-

mial time.

Definition 5.1. An e-approximate version of an iterative monotone non-decreasing algorithm
for minimizing a set function v is defined as a version of that algorithm, where we proceed to

step t + 1 only if v( X)) < o(XH)(1 +¢).

Note that the e-approximate versions of algorithms [10] and [I2] are guaranteed to
converge to e-approximate local optima. An e-approximate local optima of a function v is
a set X, such that v(X Uj) > v(X)(1+¢€) and v(X\j) > v(X)(1+¢€). W.lo.g., assume that

X% = (. Then we have the following computational bounds:

Theorem 5.9. The e-approzimate versions of algorithms[10, [11] and [19 have a worst case
complexity ofO(MT)), where M = f'(0)+ 3,y min(v(j[V\j),0)—g'(V), m = v(X")
and O(T) is the complexity of every iteration of the algorithm (which corresponds to respectively

the submodular minimization, maximization, or modular minimization in algorithms [10,

and .
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Proof. Observe that m = v(X') < v(X?) = 0. Correspondingly if v(X') = 0, it implies that
the algorithm has converged, and cannot improve (since we are assuming our algorithms are
e—approximate. Hence in this case the algorithm will converge in one iteration. Consider then
the case of m < 0. Note also from Theorem that M = f/(0) + 3,y min(v(4[V\5),0) —
¢ (V) < 0 and that miny f(X) — g(X) > M. Since we are guaranteed to improve by a factor
by at least 1+ € at every iteration we have that in k iterations: |m|(1+ €)* < |M| =k =
O(M). Also since we assume that the complexity at every iteration is O(T") we get

the above result. O

The bound above is for DS minimization. A very similar guarantee can be provided for
DS maximization (using an upper bound on the maximizer of the DS function). Observe that
for the algorithms we use, O(T) is strongly polynomial in n. The best strongly polynomial
time algorithm for submodular function minimization is O(n°n + n%) [Orlin, 2009] (the lower
bound is currently unknown). Further the worst case complexity of the greedy algorithm
for maximization is O(n?) while the complexity of modular minimization is just O(n). Note
finally that these are worst case complexities and actually the algorithms run much faster in

practice.

5.7 Experiments

We test our algorithms on the feature subset selection problem in the supervised setting. Given
a set of features Xy = {X1, Xy,---, Xy}, we try to find a subset of these features A which
has the most information from the original set Xy about a class variable C' under constraints
on the size or cost of A. Normally the number of features |V| is quite large and thus the
training and testing time depend on |V|. In many cases, however, there is a strong correlation
amongst features and not every feature is novel. We can thus perform training and testing
with a much smaller number of features |A| while obtaining (almost) the same error rates.
The question is how to find the most representative set of features A. The mutual

information between the chosen set of features and the target class C, I(X4;C'), captures
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Figure 5.1: Plot showing the accuracy rates vs. the number of features on the Mushroom

data set.

the relevance of the chosen subset of features. In most cases the selected features are not
independent given the class C' so the naive Bayes assumption is not applicable, meaning this
is not a pure submodular optimization problem. As mentioned in Section , I(X4;C) can

be exactly expressed as a difference between submodular functions H(X4) and H(X4|C).

5.7.1 Modular Cost Feature Selection

In this subsection, we look at the problem of maximizing I(X4;C) — A|A|, as a regularized
feature subset selection problem. Note that a mutual information I(X4;C) query can
easily be estimated from the data by just a single sweep through this data. Further we
have observed that using techniques such as Laplace smoothing helps to improve mutual
information estimates without increasing computation. In these experiments, therefore, we
estimate the mutual information directly from the data and run our algorithms to find the
representative subset of features.

We compare our algorithms on two data sets, i.e., the Mushroom data set [Iba et al.,

1988| and the Adult data set [Kohavi, |1996] obtained from |[Frank and Asuncion, 2010]. The
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Mushroom data set has 8124 examples with 112 features, while the Adult data set has 32,561
examples with 123 features. In our experiments we considered subsets of features of sizes
between 5%-20% of the total number of features by varying A. We tested the following
algorithms for the feature subset selection problem. We considered two formulations of
the mutual information, one under naive Bayes, where the conditional entropy H(X4|C)
can be written as H(X4|C) = ;.4 H(X;[C) and another where we do not assume such
factorization. We call these two formulations factored and non-factored respectively. We then
considered the simple greedy algorithm, of iteratively adding features at every step to the
factored and non-factored mutual information, which we call GrF and GrNF respectively.
Lastly, we use the new algorithms presented in this chapter on the non-factored mutual

information.

We then compare the results of the greedy algorithms with those of the three algorithms
for this problem, using two pattern classifiers based on either a linear kernel SVM (us-
ing [Chang and Lin, 2011]) or a naive Bayes (NB) classifier. We call the results obtained
from the supermodular-submodular heuristic as “SupSub”, the submodular-supermodular
procedure |Narasimhan and Bilmes, 2005 as “SubSup”, and the modular-modular objective as
“ModMod.” In the SubSup procedure, we use the minimum norm point algorithm [Fujishige
and Isotani, |2011] for submodular minimization, and in the SubSup procedure, we use the
optimal algorithm of [Buchbinder et al., 2012| for submodular maximization. We observed
that the three heuristics generally outperformed the two greedy procedures, and also that
GRF can perform quite poorly, thus justifying our claim that the naive Bayes assumption can
be quite poor. This also shows that although the greedy algorithm in that case is optimal,
the features are correlated given the class and hence modeling it as a difference between
submodular functions gives the best results. We also observed that the SupSub and ModMod
procedures perform comparably to the SubSup procedure, while the SubSup procedure is much
slower in practice. Comparing the running times, the ModMod and the SupSub procedure
are each a few times slower then the greedy algorithm (ModMod is slower due computing the

modular semigradients), while the SubSup procedure is around 100 times slower. The SubSup
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procedure is slower due to general submodular function minimization which can be quite slow.

The results for the Mushroom data set are shown in Figure 5.1l We performed a 10
fold cross-validation on the entire data set and observed that when using all the features
SVM gave an accuracy rate of 99.6% while the all-feature NB model had an accuracy rate of
95.5%. The results for the Adult database are in Figure[5.2] In this case with the entire set
of features the accuracy rate of SVM on this data set is 83.9% and NB is 82.3%.

Plot of the Error rates using SVM Plot of the Error rates using NB

——GrF-SVM —— GrF-NB
——GrNF-SVM ——GINF-NB
0281 —— SupSub-SVM ] 0241 —— SupSub-NB ||
—— ModMod-SVM —— ModMod-NB
0221 —— SubSup-SVM || 023 —— SubSup-NB ||
SVM NB

Error Rates
°
~
Error Rates
°
N

: : : : " : : : . . . . . . . .
4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
Size of the selected subset of features |A| Size of the selected subset of features |A|

Figure 5.2: Plot showing the accuracy rates vs. the number of features on the Adult data set.

In the mushroom data, the SVM classifier significantly outperforms the NB classifier and
correspondingly GrF performs much worse than the other algorithms. Also, in most cases the
three algorithms outperform GrNF. In the adult data set, both the SVM and NB perform
comparably although SVM outperforms NB. However in this case also we observe that our

algorithms generally outperform GrF and GrNF.

5.7.2  Submodular cost feature selection

We perform synthetic experiments for the feature subset selection problem under submodular
costs. The cost model we consider is ¢(A) = >, \/m(ANS;). We partitioned V' into sets

{S;}; and chose the modular function m randomly. In this set of experiments, we compare the
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Figure 5.3: Plot showing the accuracy rates vs. the cost of features for the Mushroom data

set

accuracy of the classifiers vs. the cost associated with the choice of features for the algorithms.
Recall, with simple (modular) cardinality costs the greedy algorithms performed decently in
comparison to our algorithms in the adult data set, where the NB assumption is reasonable.
However with submodular costs, the objective is no longer submodular even under the NB
assumption and thus the greedy algorithms perform much worse. This is unsurprising since
the greedy algorithm is approximately optimal only for monotone submodular functions. This

is even more strongly evident from the results of the mushrooms data-set (Figure

5.8 Discussion

We have introduced new algorithms for optimizing the difference between two submodular
functions, provided new theoretical understanding that provides some justification for heuris-
tics, have outlined applications that can make use of our procedures, and have tested in the
case of feature selection with modular and submodular cost features. Our new ModMod
procedure is fast at each iteration and experimentally does about as well as the SupSub and

SubSup procedures. The ModMod procedure, moreover, can also be used under various com-
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Figure 5.4: Plot showing the accuracy rates vs. the cost of features for the Adult data set

binatorial constraints, and therefore the ModMod procedure may hold the greatest promise

as a practical heuristic.

Another algorithm which works for general DS optimization, is the work of [Kawahara
and Washio|, 2011|, which though exact, employs a branch and bound technique, which is
inefficient in practice (the timing analysis from |[Kawahara and Washio, 2011| also depicts
that). Hence this approach is not likely to scale to large scale optimization and machine

learning problems.

A number of papers build upon our work. |[Maheara and Murotal, 2014|, extend our
framework, to handle differences of L# and M® concave functions (which generalize submodular
set functions). Similarly, a number of papers have used our algorithms for real world problems.
In the feature subset selection application considered in this chapter, we observe that using
the exact objective function with a heuristic algorithm, performs better than an approximate
objective function (which is the naive Bayes assumption) and a more accurate algorithm. This
fact was also observed in the context of Learning submodular functions for summarization
applications |Lin|, 2012, |Tschiatschek et al.,|2014]. The subproblems involved in the algorithm

of learning submodular functions, naturally occur as a difference of submodular functions,



185

when one uses the true loss function for learning. |[Tschiatschek et al., 2014] observed that
using the true loss function along with the DS optimization algorithms from this chapter,
works better using an approximate loss function (where one can then use the standard greedy
algorithm with theoretical guarantees) |Tschiatschek et al., 2014} [Lin|, [2012]. Again, we notice
that using the true objective function, can perform better than an approximate objective, even
though the approximate one admits theoretically tighter guarantees. Finally, [Pasumarthi
et al} 2014] investigate the problem of targeted influence maximization, and show that the
problem occurs as a maximization problem over a difference of submodular functions. They
use our DS optimization framework, and observe that the algorithms perform much better

than baselines which approximate the objective function.
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Chapter 6

SUBMODULAR OPTIMIZATION SUBJECT TO
SUBMODULAR CONSTRAINTS

6.1 Introduction

In this chapter, we study a new class of discrete optimization problems that have the following

form:
Problem 4 (SCSC): min{f(X)|g(X) > ¢}, and Problem 5 (SCSK): max{g(X)| f(X) < b},

where f and g are monotone non-decreasing submodular functions that also, w.l.o.g., are
normalized (f(0) = g(#) = 0)f and where b and c refer to budget and cover parameters re-
spectively. The corresponding constraints are called the submodular cover [Wolsey, [1982] and
submodular knapsack [Atamtiirk and Narayanan, [2009] respectively and hence we refer to Prob-
lem 4 as Submodular Cost Submodular Cover (henceforth SCSC) and Problem 5 as Submodular
Cost Submodular Knapsack (henceforth SCSK). Our motivation stems from an interesting class
of problems that require minimizing a certain submodular function f while simultaneously max-
imizing another submodular function g. We shall see that these naturally occur in applications
like sensor placement, data subset selection, and many other machine learning applications.
A standard approach used in literature |Iyer and Bilmes, 2012b|, [Narasimhan and Bilmes|,
2005] |[Kawahara and Washio|, [2011] has been to transform these problems into minimizing the

difference between submodular functions (DS optimization, which we studied in Chapter [5)):
Problem 3: )Iglgu‘}(f(X) — g(X)). (6.1)

Unfortunately, we saw that Problem 3 is NP-hard and inapproximable (in the worst case), even

when f and g are monotone. Although an exact branch and bound algorithm has been provided

LA monotone non-decreasing normalized (f (@) = 0) submodular function is called a polymatroid function.
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for this problem [Kawahara and Washio| |2011], its complexity can be exponential in the worst
case. While a number of well motivated heuristics in the form of majorization-minimization
style algorithms were investigated in Chapter B in this chapter, we show that reformulations
of Problem 3, in the form of Problems 4 and 5 admit algorithms with bounded approximation
guarantees. On the other hand, in many applications, one of the submodular functions

naturally serves as part of a constraint, in which case, Problems 4 and 5 are fitting models.

Problems 4 and 5 generalize a number of well-studied discrete optimization problems.
For example the Submodular Set Cover problem (henceforth SSC) [Wolsey, 1982| occurs
as a special case of Problem 4, with f being modular and g is submodular. Similarly the
Submodular Cost Knapsack problem (henceforth SK) [Sviridenko| 2004] is a special case
of Problem 5 again when f is modular and g submodular. Both these problems subsume
the Set Cover and Mazx k-Cover problems |Feigel 1998]. When both f and g are modular,
Problems 4 and 5 are called knapsack problems |Kellerer et al., 2004]. Furthermore, Problem
4 also subsumes the cardinality constrained submodular minimization problem |Svitkina and
Fleischer, 2008| and more generally the problem of minimizing a submodular function subject
to a knapsack constraints. It also subsumes the problem of minimizing a submodular function
subject to a matroid span constraint (by setting ¢ as the rank function of the matroid, and ¢
as the rank of the matroid). This in turn subsumes the minimum submodular spanning tree

problem [Goel et al., |2009], when f is monotone submodular.

The following are some of our contributions. We show that Problems 4 and 5 are intimately
connected, in that any approximation algorithm for either problem can be used to provide
guarantees for the other problem as well. We then provide a framework of combinatorial
algorithms based on optimizing, sometimes iteratively, subproblems that are easy to solve.
These subproblems are obtained by computing either upper or lower bound approximations
of the cost functions or constraining functions. We also show that many combinatorial
algorithms like the greedy algorithm for SK [Sviridenko, [2004] and SSC [Wolsey, 1982] (both
of which seemingly use different techniques) also belong to this framework and provide the

first constant-factor bi-criterion approximation algorithm for SSC [Wolsey, [1982] and hence
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the general set cover problem [Feigel |1998]. We then show how with suitable choices of
approximate functions, we can obtain a number of bounded approximation guarantees and
show the hardness for Problems 4 and 5, which in fact match some of our approximation
guarantees up to log-factors. Our guarantees and hardness results depend on the curvature
of the submodular functions f and g. We observe a strong asymmetry in the results that the
factors change polynomially based on the curvature of f but only by a constant-factor with
the curvature of g, hence making the SK and SSC much easier compared to SCSK and SCSC.
Finally we empirically evaluate the performance of our algorithms showing that the typical

case behavior is much better than these worst case bounds.
6.2 Motivating Applications

The utility of Problems 4 and 5 become apparent when we consider how they occur in

real-world applications and how they subsume a number of important optimization problems.

Sensor Placement and Feature Selection:  Often, the problem of choosing sensor
locations A from a given set of possible locations V' can be modeled [Krause et al., [2008b),
Iyer and Bilmes| 2012b| by maximizing the mutual information between the chosen variables
A and the unchosen set V\A (i.e.,f(A) = I(Xa; X1\a)). Note that, while the symmetric
mutual information is not monotone, it can be shown to approximately monotone |[Krause
et al., [2008b|. Alternatively, we may wish to maximize the mutual information between a
set of chosen sensors X 4 and a quantity of interest C' (i.e., f(A) = I(X4;C)) assuming that
the set of features X 4 are conditionally independent given C' |[Krause et al.l 2008b, [Iyer and
Bilmes, 2012b|. Both these functions are submodular. Since there are costs involved, we
want to simultaneously minimize the cost g(A). Often this cost is submodular |[Krause et al.|
2008b), Iyer and Bilmes| 2012b|. For example, there is typically a discount when purchasing
sensors in bulk (economies of scale). Moreover, there may be diminished cost for placing a
sensor in a particular location given placement in certain other locations (e.g., the additional

equipment needed to install a sensor in, say, a precarious environment could be re-used for



189

multiple sensor installations in similar environments). Hence this becomes a form of Problem
5 above. An alternate view of this problem is to find a set of sensors with minimal cooperative
cost, under a constraint that the sensors cover a certain fraction of the possible locations,

naturally expressed as Problem 4.

Data subset selection: A data subset selection problem in speech and NLP involves
finding a limited vocabulary which simultaneously has a large coverage. This is particularly
useful, for example in speech recognition and machine translation, where the complexity of
the algorithm is determined by the vocabulary size. The motivation for this problem is to
find the subset of training examples which will facilitate evaluation of prototype systems |Lin
and Bilmes| 2011a]. This problem then occurs in the form of Problem 4, where we want to
find a small vocabulary subset (which is often submodular [Lin and Bilmes| 2011a]), subject
to a constraint that the subset acoustically spans the entire data set (which is also often
submodular |[Lin and Bilmes, 2009, |2010]). This can also be phrased as Problem 5, where we
ask for maximizing the acoustic coverage and diversity subject to a bounded vocabulary size

constraint.

Privacy Preserving Communication:  Given a set of random variables Xy, --- | X,
denote J as an information source, and f as private information that should be filtered
out. Then one way of formulating the problem of choosing a information containing but
privacy preserving set of random variables can be posed as instances of Problems 4 and 5,
with f(A) = H(X4|J) and g(A) = H(Xa|'B), where H(-|-) is the conditional entropy. An
alternative strategy would be to formulate the problem with f(A) = H(X )+ H(X4|J) and
9(A) = H(Xa) + H(Xa[PB).

Machine Translation : Another application in machine translation is to choose a subset
of training data that is optimized for given test data set, a problem previously addressed with

modular functions [Moore and Lewis, 2010|. Defining a submodular function with ground
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set over the union of training and test sample inputs V = Vi, U V;, we can set f : 2% — R,
to f(X) = f(X|Vie), and take g(X) = |X|, and b ~ 0 in Problem 5 to address this problem.
We call this the Submodular Span problem.

6.3 Combinatorial Algorithmic Framework

In this chapter, we provide a framework of algorithms based on choosing appropriate surrogate
functions for f and ¢ to optimize over. This framework is represented in Algorithm We
would like to choose surrogate functions f’t and ¢g; such that using them, Problems 4 and 5
become easier. If the algorithm is just single stage (not iterative), we represent the surrogates
as f and §. The surrogate functions we consider in this chapter are in the forms of upper and
lower bounds, defined via sub and supergradients (see Section for a definition of these),
and approximations (for example, the Ellipsoidal Approximation). Our algorithms belong
to the Majorization-Minimization framework of algorithms, similar to the ones investigated
for Problems 1, 2 and 3. In the case of submodular minimization, maximization and DS
optimization, this framework subsumes a large class of known combinatorial algorithms and
provides a generic recipe for different forms of submodular function optimization. In this
chapter, we extend these ideas to Problems 4 and 5, to obtain a fast family of algorithms. The
other type of surrogate functions we consider are those obtained from other approximations of
the functions. One such classical approximation is the ellipsoidal approximations |[Goemans
et al., [2009]. While computing this approximation is time consuming, it turns out to provide

the tightest theoretical guarantees.

Algorithm 13 General algorithmic framework to address both Problems 4 and 5

1: fort=1,2,---,T do
2:  Choose surrogate functions ft and g, for f and ¢ respectively, tight at X1
3. Obtain X* as the optimizer of Problem 4 or 5 with f; and ¢, instead of f and g.

4: end for
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6.3.1 Magjorization-Minimization Algorithms

Using the modular upper and lower bounds above in Algorithm [I3], provide a class of
Majorization-Minimization (MM) algorithms, akin to the algorithms proposed in Chapters ,
and [f] An appropriate choice of the bounds ensures that the algorithm always improves the
objective values for Problems 4 and 5. In particular, choosing ft as a modular upper bound
of f tight at X*, i.e f(X) = mg(t (X), or g; as a modular lower bound of g tight at X*. This
ensures that the objective value of Problems 4 and 5 always improves at every iteration as
long as the corresponding surrogate problem can be solved exactly. Unfortunately, Problems
4 and 5 are NP-hard even if f or g (or both) are modular [Feigel 1998, and therefore the
surrogate problems themselves cannot be solved exactly. Fortunately, the surrogate problems
are often much easier than the original ones and can admit log or constant-factor guarantees.
In practice, moreover, these factors are almost 1. In order to guarantee improvement from
a theoretical stand-point however, the iterative schemes can be slightly modified using the
following trick. Notice that the only case when the true valuation of X* is better than X**!
is when the surrogate valuation of X' is better than X' (since X**! is only near-optimal
and not optimal). In such case, we terminate the algorithm at X*. What is also fortunate
and perhaps surprising, is that unlike the case of DS optimization (where the problem is
inapproximable in general, the constrained forms of optimization (Problems 4 and 5) do have
approximation guarantees. It is also interesting to note that the algorithms proposed in this
chapter, are very similar to the majorization-minimization algorithms we proposed for DS
optimization (Problem 3), and for Submodular Minimization and Maximization (Problems 1

and 2).

6.3.2 Ellipsoidal Approzimation

We also consider ellipsoidal approximations (EA) of f. Recall that we can compute this
surrogate function f , by approximating the submodular polyhedron by an ellipsoid. This
resulting function is of the form \/w/(X) for a certain modular weight vector w/ € R, and
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satisfies, \/w/(X) < f(X) < O(y/nlogn)/w/(X),VX C V.
Similar to the procedure in Chapter [3| we compute a curve-normalized version of f:

FX) = (1= 1) yex 1)

frx) £ (6.2)
Ky

The function f* essentially contains the zero curvature component of the submodular function
f and the modular upper bound »_,_ f(j) contains all the linearity. The main idea is to
then approximate only the polymatroidal part and retain the linear component. This simple
trick improves many of the approximation bounds. Given a polymatroid function f with
a curvature ry < 1, the submodular function f*(X) = rs\/w/"(X) + (1 — kf) > f(5)
satisfies:
Vnlogn

1+ (vnlogn —1)(1 — ky)

fe* is multiplicatively bounded by f by a factor depending on /n and the curvature. The

F(X) < F(X) < 0 ( ) XWX SV (63)

dependence on the curvature is evident from the fact that when xy = 0, we get a bound of
O(1), which is not surprising since a modular f is exactly represented as f(X) = >, f(j)-
We shall use the result above in providing approximation bounds for Problems 4 and 5. In
particular, the surrogate functions f or g in Algorithm can be the ellipsoidal approximations
above, and the multiplicative bounds transform into approximation guarantees for these

problems.
6.4 Relation between SCSC and SCSK

In this section, we show a precise relationship between Problems 4 and 5. From the formulation
of Problems 4 and 5, it is clear that these problems are duals of each other. Indeed, in this
section we show that the problems are polynomially transformable into each other.

We first introduce the notion of bi-criteria algorithms. An algorithm is a [a, 8] bi-criterion
algorithm for Problem 4 if it is guaranteed to obtain a set X such that f(X) < af(X*)
(approximate optimality) and ¢(X) > ¢ = fc¢ (approximate feasibility), where X* is an

optimizer of Problem 4. Similarly, an algorithm is a |3, a] bi-criterion algorithm for Problem
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5 if it is guaranteed to obtain a set X such that g(X) > Bg(X*) and f(X) < b = ab, where
X* is the optimizer of Problem 5. In a bi-criterion algorithm for Problems 4 and 5, typically
a > 1and g < 1. We call these type of approximation algorithms, bi-criterion approximation

algorithms of type 1.

We can also view the bi-criterion approximations from another angle. We can say that
for Problem 4, X is a feasible solution (i.e., it satisfies the constraint), and is a [«, ] bi-
criterion approximation, if f (X )< af (X *), where X* is the optimal solution to the problem
min{ f(X)|g(X) > ¢/B}. Similarly for Problem 5, we can say that X is a feasible solution
(i.e., it satisfies the constraint), and is a [, o] bi-criterion approximation, if g(X) > Bg(X*).
Here X* is the optimal solution to the problem max{g(X)|f(X) < ba}. We call these the

bi-criterion approximation algorithms of type 2.

It is easy to see that these algorithms can easily be transformed into each other. For
example, in the case of problem 4, a bi-criterion algorithm of type-I can obtain a guarantee of
type-II if we run it till a covering constraint of ¢/ /3 (where ¢ in this case, is the approximate
covering constraint which the type-I algorithm needs to satisfy — note that it need not be the
actual covering constraint of the problem). Similarly an algorithm of type-II can obtain a
guarantee of type-I if run till a covering constraint of Sc¢ (in this case, ¢ is the actual 'covering’
constraint, since a type-IT approximate algorithm provides a feasible set). We can similarly
transform these guarantees for Problem 5. In particular, a bi-criterion algorithm of type-I can
be used to obtain a guarantee of type-II if we run it till a budget of ¥/« (again, here b’ is the
approximate budget of the type-I algorithm). Similarly an algorithm of type-II can obtain a
guarantee of type-I if run till a covering constraint of b/« (in this case, b is the budget of the

original problem).
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Algorithm 14 Approx. algorithm for SCSK using an approximation algorithm for SCSC

using Linear search.

1:

2:

3:

Input: An SCSK instance with budget b, an [«, 5] approx. algo. for SCSC, & € € [0, 1).
Output: [(1 —€)f, a] approx. for SCSK.
cg(V), X, V.
while f(X,) > ab do
c (1—ec
X, [, B] approx. for SCSC using c.
end while

Return X, c

Algorithm 15 Approx. algorithm for SCSC using an approximation algorithm for SCSK

using Linear search.

1:

2:

3:

Input: An SCSC instance with cover ¢, an [, a] approx. algo. for SCSK, & € > 0.
Output: [(1+ €)a, 8] approx. for SCSC.
b+ argmin; 1), X, < 0.
while ¢(X,) < fc do
b+ (1+¢€)
X, (8, ] approx. for SCSK using b.
end while

Return X, b

Figure 6.1: Bi-criterion transformation algorithms for SCSC and SCSK using Linear search.

Though both type-I and type-II guarantees are easily transformable into each other,

through the rest of this chapter whenever we refer to bi-criterion approximations, we shall

consider only the type-I approximations.

A non-bicriterion algorithm for Problem 4 is when § = 1 and a non-bicriterion algorithm
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for Problem 5 is when o = 1. Algorithms [14] and [15| provide the schematics for using an
approximation algorithm for one of the problems for solving the other.

The main idea of Algorithm [14]is to start with the ground set V and reduce the value of
¢ (which governs SCSC), until the valuation of f just falls below ab. At that point, we are
guaranteed to get a ((1 — €), @) solution for SCSK. Similarly in Algorithm [I5] we increase
the value of b starting at the empty set, until the valuation at g falls above Sc. At this
point we are guaranteed a ((1 + €)a, 8) solution for SCSC. In order to avoid degeneracies,
we assume that f(V) > b > min; f(j) and g(V) > ¢ > min; g(j), else the solution to the

problem is trivial.

Theorem 6.1. Algorithm is quaranteed to find a set X, which is a [(1—€), a] approzima-
tion of SCSK in at most logy ;_q[g(V)/ min; g(j)] calls to the |, B8] approzimate algorithm
for SCSC. Similarly, Algorithm |15 is guaranteed to find a set X, which is a [(1 + €)a, 3]
approzimation of SCSC in log,, [f(V)/min; f(j)] calls to a [B,a] approximate algorithm for
SCSK.

Proof. We start by proving the first part, for Algorithm [14 Notice that Algorithm
converges when f(X,) just falls below ab. Hence f(X,) < ab (is approximately feasible) and
at the previous step ¢ = ¢/(1 — €), we have that f(X,) > ab. Denoting X7 as the optimal
solution for SCSC at ¢/, we have that f(X}) > b (a fact which follows from the observation
that X, is a [a, 5] approximation of SCSC at ¢). Hence if X* is the optimal solution of SCSK,
it follows that g(X*) < ¢’. The reason for this is that, suppose, g(X*) > ¢. Then it follows
that X* is a feasible solution for SCSC at ¢’ and hence f(X™*) > f(X) > b. This contradicts
the fact that X* is an optimal solution for SCSK (since it is then not even feasible).

Next, notice that X, satisfies that g(XC) > (¢, using the fact that X, is obtained from a
(e, B) bi-criterion algorithm for SCSC. Hence,

9(Xe) = fe=B(1 =€)’ > f(1 — €)g(X7) (6.4)

Hence the Algorithm [14]is a ((1 — €)3, a) approximation for SCSK.
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Algorithm 16 Binary Search Conversion from SCSC to SCSK.

1: Input: An SCSK instance with budget b, an [« 3] approx. algo. for SCSC, & € € [0, 1).
2: Output: [(1 —€)f, a] approx. for SCSK.

3t Cmin < MiN; g(J), Cmax < g(V)

4: while ¢ . — Coin = €Cmax doO

5. €4 [Cmax + Cmin)/2

6: X, < [a, ] approx. for SCSC using c.

~

7. if f(X.) > ab then

8: Cmax < C
9: else

10: Chmin < C
11: end if

12: end while

13: Return X,

Cmin

Algorithm 17 Binary search conversion from SCSK to SCSC.

1: Input: An SCSC instance with cover ¢, an [, a] approx. algo. for SCSK, & € > 0.
2: Output: [(1+ €)a, ] approx. for SCSC.

3t bmin <= argmin; f(j), bmax < f(V).

4: while b« — bmin > €bin do

5 b < [bmax + bmin)/2

6: X, < [B,a] approx. for SCSK using b

7. if g(X,) < B¢ then

8: binin < b
9: else

10: brnax < b
11:  end if

12: end while

13: Return Xb

max

Figure 6.2: Bicriterion transformation algorithms for SCSC and SCSK using Binary search.
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In order to show the converge rate, notice that ¢ > min; g(j) > 0. Since v > 1 and
b > min; f(j), we can guarantee that this algorithm will stop before ¢ reaches min; g(j).
The reason is that, when ¢ = min; ¢g(j), the minimum value of f(X) such that g(X) > c is
min; f(j), which is smaller than b. Moreover, since o > 1, it implies that the algorithm would
have terminated before this point.

The proof for the second part of the statement, for Algorithm [I5] is omitted since it is

shown using a symmetric argument. ]

Theorem implies that the complexity of Problems 4 and 5 are identical, and a solution
to one of them provides a solution to the other. Furthermore, as expected, the hardness
of Problems 4 and 5 are also almost identical. When f and g are polymatroid functions,
moreover, we can provide bounded approximation guarantees for both problems, as shown in
the next section.

Alternatively we can also do a binary search instead of a linear search to transform
Problems 4 and 5. This essentially turns the factor of O(1/¢) into O(log 1/¢). Algorithms
and (17 show the transformation algorithms using binary search. While the binary search also

ensures the same performance guarantees, it does so more efficiently.

Theorem 6.2. Algom'thm is guaranteed to find a set X, which is a [(1—¢€)B, a] approzima-
tion of SCSK in at most log, M calls to the [a, B] approxzimate algorithm for SCSC.
Similarly, Algom'thm is guaranteed to find a set X, which is a [(1 + €)ov, B] approzimation
of SCSC' in log, w calls to a [B,a] approximate algorithm for SCSK. When f
and g are integral, moreover, Algom'thm obtains a B, a] bi-criterion approzimate solution
for SCSK in log, g(V') iterations, and similarly Algorithm |17 obtains a [, 5] bi-criterion
approzimate solution for SCSC in log, g(V') iterations.

Proof. To show this theorem, we use the result from Theorem [6.I Let ¢ = ¢y and
' = cmax. An important observation is that throughout the algorithm, the values of ¢,

satisfy f(X,._ ) < aband f(X,,. ) > ab. Hence, f(X,) < aband f(X,) > ab. Moreover,

Cmax
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notice that /¢ = cpax/Cmin = 1/(1 — €). Hence using the proof of Theorem the

approximation guarantee follows.

In order to show the complexity, notice that cpax — ¢min 18 decreasing throughout the

algorithm. At the beginning7 Cmax — Cmin S Q(V) and at CONvergence, Cmax — Cmin Z Ecmax/Q Z

emin; g(j)/2. The bound at convergence holds since, let ¢/, .. and c,,;, be the values at the
previous step. It holds that ¢ . — ¢l > €c. ... Moreover, ¢aw — Cmin = (€ — Chuin) /2 =

[29(V)/min; 9G] ) 1o reover

€l /2 > €Cmax. Hence the number of iterations is bounded by log,
when f and g are integral, the analysis is much simpler. In particular, notice that once
Cmaz — Cmin = 1, the algorithm will stop at the next iteration (this is because at this point,
¢ = (Cmaz + Cmin)/2 is equivalent to ¢ = ¢4, ). Hence, the number of iterations is bounded

by log, g(V'), and we can exactly obtain a [/3, @] bi-criterion approximation algorithm.

The proof for the second part of the statement, for Algorithm [15] similarly follows using

a symmetric argument.

When f and g are integral, this removes the ¢ dependence on the factors and could
potentially be much faster in practice. We also remark that a specific instance of such a
transformation has been used |[Krause et al., 2008a], for a specific class of functions f and g.
We shall show in section that their algorithm is in fact a special case of Algorithm
through a specific construction to convert the non-submodular problem into an instance of a

submodular one.

Algorithm [14] and Algorithm [15|indeed provide an interesting theoretical result connecting
the complexity of Problems 4 and 5. In the next section however, we provide distinct
algorithms for each problem when f and g are polymatroid functions — this turns out to be

faster than having to resort to the iterative reductions above.
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6.5 Approximation Algorithms for SCSC

We first describe our approximation algorithms designed specifically for SCSC, leaving to
the presentation of our algorithms slated for SCSK. We first investigate a special case,
the submodular set cover (SSC), and then provide two algorithms, one of them (ISSC) is
very practical with a weaker theoretical guarantee, and another one (EASSC) which is slow

but has the tightest guarantee.

6.5.1 Submodular Set Cover (SSC)

Algorithm 18 Greedy Algorithm for max{} .  f(i)|g(X) > c} [Wolsey, 1982
Start with Yy = 0,n < 0

repeat
Y= argminvev\yn —g(]; (|1;,)n);
Yo=Y, Uy;
n<4n+1;

until ¢(Y,,) > B;

return Y,,_;.

We start by considering a classical special case of SCSC (Problem 4) where f is already a
modular function and ¢ is a submodular function. This problem occurs naturally in a number of
problems related to active/online learning |Guillory and Bilmes, 2010] and summarization |Lin
and Bilmes| 2010, 2011b]. This problem was first investigated by Wolsey |[Wolsey, 1982],
wherein he showed that a simple greedy algorithm (shown in Algorithm achieves bounded
(in fact, log-factor) approximation guarantees. We show that this greedy algorithm can
naturally be viewed in the framework of our Algorithm [13] by choosing appropriate surrogate
functions ft and g;. The idea is to use the modular function f as its own surrogate ft and
choose the function g; as a modular lower bound of g. Akin to the framework of algorithms

in |Iyer et al., |2013b], the crucial factor is the choice of the lower bound (or subgradient).
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Define the greedy subgradient (equivalently the greedy permutation) as:

o(i) € argmin {% ' J &SI, 9(50,Uj) < c} . (6.5)
Once we reach an i where the constraint ¢g(S? ; U j) < ¢ can no longer be satisfied by
any j ¢ S? ,, we choose the remaining elements for o arbitrarily. Let the corresponding
subgradient be referred to as h?. Let N be the minimum ¢ such that ¢g(S7) > ¢ and
0; = min;ggs /)

G anE Then we have the following lemma, which is an extension of [Wolsey),
- i—1
1982]:

Lemma 6.1. Choosing the surrogate function f as f and § as h® (with o defined in Eqn. (6.5)) )
in Algorithm [13, at the end of the first iteration, we are guaranteed to obtain a set X9 such

that
f(X9) .
< 1+ log, min{ Ay, A2, A3 6.6
where Ay = max{#(sfﬂ ic(S7) <1}, Ay = Q—JIV and A3 = #&%. Furthermore if g is
integral, % < H(max; g(j)), where H(d) = Z?Zl 1 for a positive integer d.

Proof. The permutation o is chosen based on a greedy ordering associated with the submodular
set cover problem, and therefore h?(S%) = ¢g(S%) > ¢ (where the inequality follows from
the definition of V), and thus S% is a feasible solution in the surrogate problem (where g is
replaced by h7). The resulting knapsack problem can be addressed using the greedy algorithm
[Kellerer et al., 2004], but this exactly corresponds to the greedy algorithm of submodular set
cover [Wolsey, [1982] and hence the guarantee follows from Theorem 1 in [Wolsey, 1982]. [

The surrogate problem in this instance is a simple knapsack problem that can be solved
nearly optimally using dynamic programming |Vazirani, 2004|. As stated in the proof, the
greedy algorithm for the submodular set cover problem [Wolsey, |1982] is in fact equivalent to
using the greedy algorithm for the knapsack problem [Kellerer et al., [2004|, which is in fact
suboptimal. When g is integral, the guarantee of the greedy algorithm is H, £ H(max; g(j)),
where H(d) = Y0, 1 [Wolsey, 1982| (henceforth we will use H, for this quantity). This
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factor is tight up to lower-order terms |Feigel [1998]. Furthermore, since this algorithm directly
solves SSC, we call it the primal greedy. We could also solve SSC by looking at its dual, which
is SK [Sviridenko| 2004]. Although SSC does not admit any constant-factor approximation

algorithms |Feige, [1998|, we can obtain a constant-factor bi-criterion guarantee:

Lemma 6.2. Using the greedy algorithm for SK [Sviridenko, |2004|] as the approzimation
oracle in Algorithm |15 provides a [1 + €,1 — e~ '] bi-criterion approzimation algorithm for
SSC, for any € > 0.

Proof. We call this the dual greedy. This result follows immediately from the guarantee of
the submodular cost knapsack problem [Sviridenko, [2004] and Theorem . O

We remark that we can also use a simpler version of the greedy iteration at every it-
eration |Lin and Bilmes| 2010} Krause and Guestrin, [2005a] and we obtain a guarantee of
(1+¢,1/2(1 —e™')). In practice, however, both these factors are almost 1 and hence the
simple variant of the greedy algorithm suffices.

An interesting connection between the greedy algorithm and the induced orderings, allows
us to further simplify this dual algorithm. A nice property of the greedy algorithm for the
submodular knapsack problem is that it can be completely parameterized by the chain of
sets — this holds for the greedy algorithm of |Lin and Bilmes|, 2010|, Krause and Guestrin),
2005a] for knapsack constraints, and the basic greedy algorithm of [Nemhauser and Wolsey),
1978| under cardinality constraints. In particular, having computed the greedy chain of sets,
and given a value of b or the budget, we can easily find the corresponding set in O(logn)
time using binary search. Moreover, this also implies that we can do the transformation
algorithms by just iterating through the chain of sets once. In particular, the linear search
over the different values of € is equivalent to the linear search over the different chain of sets.
Moreover, we could also do the much faster binary search. Hence the complexity of the dual
greedy algorithm is almost identical to the primal greedy one for the submodular set cover

problem.
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It is also important to put the bicriterion result into perspective. Notice that the bicriterion
guarantee suggests that we find only an approximate feasible solution. In particular, the dual
greedy algorithm provides a type-I bi-criterion approximation, — that the solution obtained
by running the algorithm with a cover constraint of (1 — 1/e)c is competitive to the optimal
solution with a cover constraint of c. However, we can also obtain a type-II bi-criterion
approximation by running the dual greedy algorithm until it satisfies the cover constraint of
c. In this case, we would obtain a feasible solution. The guarantee, however, would say that
the resulting solution would be competitive to the optimal solution obtained with a cover
constraint of ¢/(1 —e~!). Furthermore, these factors are in practice close to 1, and the primal

and dual greedy algorithms would both perform very well empirically.

6.5.2 Iterated Submodular Set Cover (ISSC)

We next investigate an algorithm for the general SCSC problem when both f and g are
submodular. The idea here is to iteratively solve the submodular set cover problem which
can be done by replacing f by a modular upper bound at every iteration. In particular,
this can be seen as a variant of Algorithm [13] where we start with X° = () and choose
(X)) = m&t,Z(X) at every iteration (alternatively, we can choose fy(X) = méc(tjl(X)). At
the first iteration with X° = (), either variant then corresponds to the set cover problem with
the simple modular upper bound f(X) < mi(X) =3 jex f(j) where mﬁft refers to either

variant. The surrogate problem at each iteration becomes

minimize m?, (X)

subject to g(X) > c.

This scheme is depicted in Algorithm [I9]

Hence, each iteration is an instance of SSC and can be solved nearly optimally using the
greedy algorithm. We can continue this algorithm for 7" iterations or until convergence. An
analysis very similar to the ones in Chapters and [5| will reveal polynomial time convergence.

Since each iteration is only the greedy algorithm, this approach is also highly practical and
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Algorithm 19 Iterated Submodular Set Cover Algorithm for SCSC (Problem 4)
Start with an arbitrary X°.

while until convergence (X! = X*) do
Pick a supergradient and modular upper bound mg(t at X!
X1 = argmin{m/, (X) | g(X)> ¢}
tt+1

scalable. Since there are two approaches to solve the set cover problem (the primal approach
of Lemma and the dual greedy approach of Lemma , we have two forms of ISSC, the
primal ISSC and the dual ISSC. The following shows the resulting theoretical guarantees:

Theorem 6.3. The primal ISSC algorithm obtains an approximation factor of H(Kgff)g(lffﬁf(s*)) <

o= ) He where K, = 14+ max{|X| : g(X) < ¢} and Hy is the approzimation factor

of the submodular set cover using g. Similarly the dual ISSC obtains a bi-criterion guarantee

(1+€) K, -1
of [1+(Kg—1)(1g—nf)’1 —€ |

Proof. The first part of the result follows directly from Lemma In particular, we obtain
a guarantee of

v| X~

T (X~ D —#,(57) (6.7

for the problem of min{ f(X)|X € C} where v is the approximation guarantee of solving a
modular function over C where C is the feasible set. In this case, v = H, and |X*| < K,.
When using the dual greedy approach at every iteration, we can use a similar form of
the result in the bi-criterion sense. Consider only the first iteration of this algorithm (due to
the monotonicity of the algorithm, we will only improve the objective value). We are then

guaranteed to obtain a set X such that (denote X' as the solution after the first iteration)

R X ) i K,(1+e¢)
X < FXY) < mj(XY) < (04 9mi(X") < T s

f(X7) (6.8)
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The inequalities above follow from the fact that the modular upper bound mg(X ) satisfies,

X
mé(X) < f(X) < 1+ (|X] = 1)(1 = &y)

f(X) (6.9)

and the fact that X! which is the solution obtained through the dual set cover with a cover
constraint (1 — e™1)c satisfies mg(Xl) < (1+ e)méc(X*). In the above, X* is the optimal
solution to the problem min{ f(X)|g(X) > ¢}. We could also run the dual set cover algorithm
to obtain a feasible solution (i.e., a type-II guarantee). In this case, the guarantee would

compete with the optimal solution satisfying a cover constraint of ¢/(1 —e™1). O

From the above, it is clear that K, < n. Notice also that H, is essentially a log-factor.
We also see an interesting effect of the curvature sy of f. When f is modular (kf = 0),
we recover the approximation guarantee of the submodular set cover problem. Similarly,
when f has restricted curvature, the guarantees can be much better. For example, using
square-root over modular function f(X) = Zle \/m , which is common model used in
applications [Lyer and Bilmes, [2012b}, |Lin, 2012, Jegelka and Bilmes|, 2011b|, the worst case
guarantee is Hg\/Fg (see Corollary . Moreover, the approximation guarantee already
holds after the first iteration, so additional iterations can only further improve the objective.

We remark here that a special case of ISSC, using only the first iteration (i.e., the
simple modular upper bound of f) was considered in [Wan et al., 2010, Du et al., 2011].
Our algorithm not only possibly improves upon theirs, but our approximation guarantee
is also more explicit than theirs. In particular, they show a guarantee of v;H,, where
vy = mm{%] g(X) = g(V)}. Since this factor vy itself involves an optimization problem,
it is not clear how to efficiently compute this factor. Moreover given a submodular function
f, it is also not evident how good this factor is. While our guarantee is an upper bound of
vsH,, it is much more explicit in its dependence on the parameters of the problem. It can
also be computed efficiently and has an intuitive significance related to the curvature of the
function. Furthermore, our bound is also tight since with, for example, f(X) = min{|X|, 1},
our exactly matches the bound of [Wan et al 2010, |Du et al., 2011]. Lastly our algorithm

also potentially improves upon theirs thanks to its iterative nature.
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For another variant of this algorithm, we can replace g with its greedy modular lower bound
at every iteration. Then, rather than solving every iteration through the greedy algorithm,
we can solve every iteration as a knapsack problem (minimizing a modular function over a
modular lower bound constraint) [Kellerer et al 2004], using say, a dynamic programming
based approach. This could potentially improve over the greedy variant, but at a potentially

higher computational cost.

6.5.3 Ellipsoidal Approximation based Submodular Set Cover (EASSC)

In this setting, we use the ellipsoidal approximation discussed in §6.3] We can compute the

rp-normalized version of f (f*, see §6.3), and then compute its ellipsoidal approximation

Vw!™. We then define the function f(X) = f*(X) = ks/w/ (X) + (1 — k) > jex f(4) and
use this as the surrogate function f for f. We choose g as g itself. The surrogate problem

becomes:

min {mf Wl (X) + (1= ) 3 50) \ 9(X) > } . (6.10)

jEX
While function f(X) = f¢(X) is not modular, it is a weighted sum of a concave over modular
function and a modular function. Fortunately, we can use the result from [Nikolova, [2010],
where they show that any function of the form of y/w;(X) + wy(X) can be optimized over
any polytope P with an approximation factor of (1 4 €) for any € > 0, where 7 is the
approximation factor of optimizing a modular function over P. The complexity of this
algorithm is polynomial in n and % The main idea of their proof is to reduce the problem of
minimizing \/m + wy(X), into logn problems of minimizing a modular function over
the polytope. We use their algorithm to minimize f*(X) over the submodular set cover
constraint and hence we call this algorithm EASSC. Again we have the two variants, primal
FASSC and dual FASSC, which essentially use at every iteration the primal and dual forms

of set cover.

Theorem 6.4. The primal EASSC obtains a guarantee of O(1+(\/ﬁ\/1205—ng(g1—5f)>’ where H,
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is the approximation guarantee of the set cover problem. Moreover, the dual EASSC obtains

Vnlogn _ o1
1+(\/ﬁlogn71)(lfnf)>7 L—e :

a bi-criterion approximation of [O(
Proof. The idea of the proof is to use the result from [Nikolova) 2010] where they show
that any function of the form Alm + Aomo(X) where Ay > 0, A2 > 0 and m; and
my are positive modular functions has a FPTAS, provided a modular function can easily
be optimized over C. Note that our function is exactly of that form. Hence, f**(X) can
be approximately optimized over C. It now remains to show that this translates into the

approximation guarantee. From Lemma [3.2] we know that the Ellipsoidal Approximation f

satisfies f(X) < f(X) < ~v(n)f*(X),VX where

B Vnlogn
1) =0 ((ﬁlogn— D —nf>+1>)‘ (6.1)

Then, if X is the 1+ € approximately optimal solution for minimizing f°* over {X :9(X) > ¢},

we have that:

A~

FX) < y(n)f(X) < Hyy(n)(1+ ) f(X7) < Hyy(n)(L+¢) f(X7), (6.12)

where X* is the optimal solution. We can set € to any constant, say 1, and we get the result.

The dual guarantee again follows in a very similar manner thanks to the guarantee for

the dual SSC. []

If the function f has ky = 1, we can use a much simpler algorithm. In particular,
since the ellipsoidal approximation is of the form of f**(X) = \/w/(X), we can minimize

(fea(X))? = w/(X) at every iteration, giving a surrogate problem of the form
min{w’ (X)|g(X) > c}. (6.13)

This is directly an instance of SSC, and in contrast to EASSC, we just need to solve SSC
once. We call this algorithm EASSCec. This guarantee is tight up to log factors when sy = 1.

Corollary 6.1. The primal EASSCc obtains an approximation guarantee of O(y/nlogn+/H,).
Similarly, the dual EASSCc obtains a bicriterion guarantee of [O(y/nlogn),1 —e™ .
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Proof. Let X be a set such that,

~

w(X) > Hymin{w(X)|g(X) > ¢} (6.14)
Then denote a(n) = O(y/nlogn).

F(X) < a(n)Jw(X) < /Hya(n)/w(X7) < /Hya(n) f(X7) (6.15)

In the above, X* = argmin{f(X)|g(X) > c}.

The result for the dual variant can also be similarly shown. O]

6.6 Approximation Algorithms for SCSK

In this section, we describe our approximation algorithms for SCSK. We note the dual nature
of the algorithms in this current section to those given in We first investigate a special
case, the submodular knapsack (SK), and then provide three algorithms, two of them (Gr
and ISK) being practical with slightly weaker theoretical guarantee, and another one (EASK)

which is not scalable but has the tightest guarantee.

6.6.1 Submodular Cost Knapsack (SK)

We start with a special case of SCSK (Problem 5), where f is a modular function and ¢ is a
submodular function. In this case, SCSK turns into the SK problem for which the greedy
algorithm with partial enumeration provides a 1 — e~! approximation [Sviridenko|, 2004]. The
greedy algorithm can be seen as an instance of Algorithm [13| with g being the modular lower
bound of g and f being f, which is already modular. In particular, we then get back the
framework of [Lyer et al., |2013b|, where the authors show that choosing a permutation based
on a greedy ordering, exactly analogous to Eqn. , provides the bounds. In particular,
define:

. g(j’Szfil) . o o .
o(i) € argmax {W \ J €57 F(ST,U L)) < b} , (6.16)
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where the remaining elements are chosen arbitrarily. A slight catch however is that for the

analysis to work, |[Sviridenko| 2004| needs to consider (") instances of such orderings (partial

3
enumeration), chosen by fixing the first three elements in the permutation [Lyer et al., 2013b].
We can however just choose the simple greedy ordering in one stage, to get a slightly worse
approximation factor of 1 — e~/ [Iyer et al., 2013b} Lin and Bilmes| 2010, Krause and

Guestrin|, [2005a]. This simple greedy algorithm is shown in Alg. [20]

Algorithm 20 Greedy Algorithm for max{g(X) | > ..y f(i) < b} [Wolsey, [1982]
Start with Yy = (0, n < 0

repeat
v|Yn
Y = argiax,cy\y, %;
Yo = Yo Uy;
n<n-+ 1;

until ¢(Y,,) > B;

return Y,_;.

Lemma 6.3. Choosing the surrogate function f as f and § as h® in Algom'thm yields a
set X9:

maX{i}};gﬁébg(i),g(Xg)} > 1/2(1 = 1/e)g(X7). (6.17)

Let 0% be a permutation with i, j, k in the first three positions, and the remaining arrangement
greedy. Running O(n3) restarts of one iteration of Algom'thm yields sets X, with

max f(Xy) > (1—1/e)f(X%). (6.18)

i, kEV
6.6.2 Greedy (Gr) Algorithms

In this section, we extend the greedy algorithm to the general SCSK problem, with submodular
f and g. Here we consider two variants of the greedy algorithm. The first variant, proceeds

at every iteration ¢, by choosing an element j ¢ S;_1 : f(S7, U{j}) < b which maximizes
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9(7|Si—1). In terms of Algorithm , this is analogous to choosing a permutation, ¢ such that:

o(1) € argmax{g(j[S7 )| & 571, f(S71 U{j}) < b} (6.19)

This algorithm is agnostic to the cost, and hence we call it the cost-agnostic greedy algorithm.

Algorithm 21 Cost Agnostic Greedy Algorithm for max{g(X) | f(X) < b}
Start with Yy = 0,n < 0

repeat
y = argmax, ¢y, 9(v|Ya);
Yo=Y, Uy,

n<4n+1;
until ¢(Y,,) > B;

return Y,,_;.

Theorem 6.5. The cost agnostic greedy algorithm for SCSK obtains an approx. factor of
H—lg(l — (KfK—;%)kf) > K%u where Ky = max{|X| : f(X) < b} and ky = min{|X| : f(X) <

b& Vje X, fF(XUJ) > b}

Proof. The proof of this result follows directly from [Conforti and Cornuejols, 1984, Iyer et al.|
2013b|. In particular, it holds for any down monotone constraint. It is easy to see that the

constraint {f(X) < b} is down-monotone when f is a monotone submodular function. [

In the worst case, ky = 1 and Ky = n, in which case the guarantee is 1/n. The bound
above follows from a simple observation that the constraint { f(X) < b} is down-monotone for
a monotone function f. Note that, in this variant, we do not use any specific information about
the cost function f, and hence, we call this the cost agnostic greedy algorithm. Moreover,
the bound above holds for maximizing a submodular function g over any down monotone

constraint |[Conforti and Cornuejols, |1984].
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The second variant of the greedy algorithm proceeds by considering both f and ¢g. In

particular, at every round, we choose an item j ¢ S;_1 : f(S7_, U{j}) < b which maximizes

9(j1Si—1)
f(1Si—1)

. In terms of Algorithm , this is analogous to choosing a permutation, o such that:

9(41Si-1)

7S )| 3¢ ST (57U} < b} (6.20)

o(i) € argmax{

Since this variant of the greedy algorithm is sensitive to the cost function f, we call it the

cost sensitive greedy algorithm. This variant is shown in Algorithm [22]

Algorithm 22 Cost Sensitive Greedy Algorithm for max{g(X) | f(X) < b}
Start with Yy = 0,n < 0

repeat
v|Yn
Y = argmax,cyny, g(( ||Yn;’
Yn+1 = Yn U y,
n<n—+1;

until ¢(Y,,) > B;

return Y,,_;.

Theorem 6.6. The cost sensitive greedy algorithm provides a worst case guarantee of 1 —

(=4 (5*))g(s%) G ) . ) )
e B , where S is the greedy solution and S* is the optimal solution.

Proof. Denote 57,55, --- S, as the chain of sets obtained by the greedy algorithm. Then
S¢ = S, is the solution from the greedy algorithm. For i = 1,2,--- , k, we have that,

g(S*) < g(Si—1) + Z g(j|Si-1) (6.21)
jES*\S»L;l
) g(si’Szfl) Q
< f(Si1) +jes;;“ O 70151 (6.22)

(]Isz 1) ( ‘
05 S Feilse

where the last inequality follows from the fact that £ )), from the cost sensitive
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greedy algorithm. From the definition of the curvature, it follows that,

> FUIS—) <) f3) (6.23)
jES*\SZ‘,1 JES*
< fracl(1—£¢(S%) Y f(51S™\)) (6.24)
JES*

The above holds following the definition of the curvature. Hence, we have that,

* g<sl‘sz 1) *
9(5%) = 9(Siea) < F(Siea) + o )(1% D) ;S*f GIS™\) (6:25)
< Solen) (s (6.26)

f(silSica) (1 = Kf(S5))
where the last inequality follows since f(S5*) > 3;cq. f(j|S™\j). Moreover, since f(5*) < B,

we have that,

o | 9(S;) — g(Si—1) 1
9(8%) = g(Si-1) < F(Si) = f(Si—1) (1 — K¢(S¥))

Denote 6; = g(S*) — g(S;). Also, denote ; = f(S;) — f(Si—1). We then obtain the following

B (6.27)

recursion,

61',1 — 01 1
1 < B 2
S T TR (029

which implies that,

6, < 0,1 (1— L= *””A%(S*))B") (6.29)
Solving this inequality, yields,
k
(s <JJo - =) (6.30)

Finally, using 1 — 2 < e and the fact that ) .5, = f(S;), we obtain f(S;) > (1 —
F(SE)(1-rp(5*))
e B ). O

The above result depends on the curvature K¢ of f at the optimal set S*. If f is modular,

(i.e K¢(S*) = 0. we obtain a worst case guarantee of (1 — e~ e >) When K;(S*) = 0, this is
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unbounded. However, combining the cost sensitive greedy and the cost agnostic version (by
taking the best solution of both), we can obtain bounded approximation guarantees. While
the cost agnostic greedy has bounded worst case guarantee, the cost sensitive greedy performs
much better on real world applications. One reason for this is that the submodular function
f may not have a worst case curvature for several of the classes of submodular function used

in applications.

6.6.3 Iterated Submodular Cost Knapsack (ISK)

Here, we choose ft(X) as a modular upper bound of f, tight at X*. Let ¢, = g. Then at

every iteration, we solve:
max{g(X)|m§<t (X) < b}, (6.31)

which is a submodular maximization problem subject to a knapsack constraint (SK). As
mentioned above, greedy can solve this nearly optimally. We start with X° = ), choose
fox)=%2 jex [(j) and then iteratively continue this process until convergence (note that

this is an ascent algorithm). This scheme is shown in Algorithm .

Algorithm 23 Iterated Submodular Knapsack Algorithm for SCSK (Problem 5)
Start with an arbitrary X°.

while until convergence (X! = X*) do
Pick a supergradient and modular upper bound mﬁ(t at X'
X1 = argmax{g(X) | ml.(X) < b}
t«—t+1

We have the following theoretical guarantee:
Theorem 6.7. Algorithm ISK obtains a set X' such that g(X*) > (1 — e Mg(X), where X
, , : b(1+(Kp—1)(1—k
is the optimal solution of max {g(X) | f(X) < (I fo)( f)} and where Ky = max{|X| :
f(X) < b}
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Proof. We are given that X is the optimal solution to the problem:

b(1+ (Ky—1)(1— /{f)}
Ky

max{g<x> ) < (6.32)

X is also a feasible solution to the problem:

max {g<X> 12 f) = b} (6.33)
The reason for this is that:

. K b(1+ (K;—1)(1 — ky))
2 I = 1+(Kf—1)(1—f‘”»f)f(X)S 1+<Kf_{)(1_“f) fo s

Now, at the first iteration we are guaranteed to find a set X' such that g(X') > (1—1/e)g(X).

The further iterations will only improve the objective since this is a ascent algorithm. O]

It is worth pointing out that the above bound holds even after the first iteration of
the algorithm. It is interesting to note the similarity between this approach and the iter-
ated submodular set cover ISSC. Notice that the bound above is a form of a bicriterion
approximation factor of type-II. In particular, we obtain a feasible solution at the end of the
algorithm. We can obtain a type-I bicriterion approximation bound, by running this for a

larger budget constraint. In particular, we run the above algorithm with a budget constraint

of % instead of b. The following guarantee then follows.
Lemma 6.4. The ISK algorithm of type-1 is guaranteed to obtain a set X which has a

|, where Ky = max{|X| : f(X) < b}.

Ky

bicriterion approxvimation factor of [1—e™!, TR

Proof. This result directly follows from the Lemma above, and the transformation from a

type-II approximation algorithm to a type-I one. O

6.6.4 FEllipsoidal Approximation based Submodular Cost Knapsack (EASK)

Choosing the Ellipsoidal Approximation f°* of f as a surrogate function, we obtain a simpler

problem:

max {g(X)

eVl (X) + (1= k) Y () < b} . (6.34)

jeX
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In order to solve this problem, we look at its dual problem (i.e., Eqn. (6.10)) and use
Algorithm [14] to convert the guarantees. Recall that Eqn. itself admits two variants of
the ellipsoidal approximation, which we had referred to as the primal EASSC and the dual
EASSC. Hence, we call the combined algorithms, primal and dual EASK, which admit the

following guarantees:

Lemma 6.5. The primal EASK obtains a guarantee of [1 + €, O(H(\/ﬁ\/li;offg(gkw)) . Simi-
larly, the dual EASK obtains a guarantee of [(1 +e)(1— 1/6),0(1“\/51‘({231058(1_@)) :
Proof. This Lemma, directly follows from Theorem [6.1] and Theorem O

These factors are akin to those of Theorem [6.4] except for the additional factor of 1 + €.
Unlike the greedy algorithm, ISSC and ISK, note that both EASK and EASSC are enormously
costly and complicated algorithms. Hence, it also seems at first thought that EASK would
need to run multiple versions of EASSC at each conversion round of Algorithm[14] Fortunately,
however, we need to compute the Ellipsoidal Approximation just once and the algorithm
can reuse it for different values of ¢. Furthermore, since construction of the approximation
is often the bottleneck, this scheme is likely to be as costly as EASSC in practice.

In the case when the submodular function has a curvature s = 1, we can actually provide
a simpler algorithm without needing to use the conversion algorithm (Algorithm . In this
case, we can directly choose the ellipsoidal approximation of f as y/w/(X) and solve the

surrogate problem:
max{g(X) : w/(X) < b*}. (6.35)

This surrogate problem is a submodular cost knapsack problem, which we can solve using the
greedy algorithm. We call this algorithm EASKc. This guarantee is tight up to log factors if
Ry = 1.

Corollary 6.2. Algorithm EASKc obtains a bi-criterion guarantee of [1 — e, O(y/nlogn)].
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Proof. Let X be the approximate optimizer of Eqn. (6.35). First we show that g(X ) >
(1 —1/e)g(X*) where X* is the optimizer of problem 5. Also notice that f(X*) < b since
it feasible. Also, \/w/(X*) < f(X*) < b and hence X* is feasible in Eqn. (6.35). Hence it

holds that g(X) > (1 — 1/e)g(X™).
We now show that f(X) < by/nlogn. Notice that,

F(X) < Vnlogny/wf(X) < by/nlogn (6.36)

6.7 Extensions beyond SCSC and SCSK

SCSC is in fact more general and can be extended to more flexible and complicated constraints
which can arise naturally in many applications [Krause et al., |2008a, |Guillory and Bilmes,

2011]. Notice first that

{9(X) 2 ¢} & {g'(X) =4(V)} (6.37)

where ¢'(X) = min{g(X),c}. We can also have “and” constraints as ¢;(X) = ¢;(V) and
g2(X) = g2(V'). These have a simple equivalence:

{91(X) = 1 (V) A g2(X) = g2(V)} & {9(X) = g(V)} (6.38)

when g(X) = ¢1(X) + g2(X) |Krause et al., [2008a]. Moreover, we can also handle k£ ‘and’
constraints, by defining g(X) = Zle g:(X).
Similarly we can have “or” constraints, i.e., g1(X) = g1(V') or g2(X) = g2(V'). These also

have a nice equivalence:

{91(X) = 91(V) V 92(X) = 92(V)} & {9(X) = g(V)} (6.39)

by defining g(X) = ¢1(X)g2(V) 4+ 92(X)91(V) — g1(X)g2(X) |Guillory and Bilmes| 2011].
We can also extend these recursively to multiple ‘or’ constraints. Hence our algorithms can

directly solve all these variants of SCSC.
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SCSK can also be extended to handle more complicated forms of functions g. In particular,

consider the function

g(X) = min{g1(X), g2(X), ..., gx(X)} (6.40)

where the functions g1, g, . . ., gx are submodular. Although ¢(X) in this case is not submodu-
lar, this scenario occurs naturally in many applications, particularly sensor placement |[Krause
et al., [2008a]. The problem in |[Krause et al., 2008a] is in fact a special case of Problem 5,
using a modular function f. Often, however, the budget functions involve a cooperative cost,
in which case f is submodular. Using Algorithm [14], however, we can easily solve this by
iteratively solving the dual problem. Notice that the dual problem is in the form of Problem
4 with a non-submodular constraint g(X) > c. It is easy to see that this is equivalent to the
constraint ¢;(X) > ¢,Vi = 1,2,..., k, which can be solved thanks to the techniques above.
We can also handle multiple constraints in SCSK. In particular, consider multiple ‘and’
constraints — {f;(X) < b;,i =1,2,--- |k}, for monotone submodular functions f; and g. A
first observation is that the greedy algorithm can almost directly extended to these cases,
since we do not use any specific property of the constraints, while providing the approximation
guarantees. Hence Theorem can directly be extended to this case. We can also provide
bi-criterion approximation guarantees with ‘and’ constraints. The approximate feasibility
for a [B, a] bi-criterion approximation in this setting would be to have a set X such that
fi(X) < ab;. Algorithm ISK can easily then be used in this scenario, and at every iteration
we would solve a monotone submodular maximization problem subject to multiple linear
(or knapsack constraints). Surprisingly this problem also has a constant factor (1 — 1/e)
approximation guarantee [Kulik et al.; [2009]. Hence we can retain the same approximation
guarantees as in Theorem We can also use algorithm EASKc, and obtain a curvature-
independent approximation bound for this problem. The reason for this is the Ellipsoidal
Approximation is of the form \/m , for each 7 and squaring it will lead to knapsack
constraints. If we add the curvature terms (i.e., try to implement EASK in this setting), we

obtain a much more complicated class of constraints, which we do not currently know how to
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handle.

We can also extend SCSC and SCSK to non-monotone submodular functions. In particular,
recall that the submodular knapsack has constant factor approximation guarantees even
when g is non-monotone submodular [Feige et al., [2011a]. Hence, we can obtain bi-criterion
approximation guarantees for the Submodular Set Cover (SSC) problem, by solving the
Submodular Knapsack (SK) problem multiple times. We can similarly do SCSC and SCSK
when f is monotone submodular and ¢ is non-monotone submodular, by extending ISSC,
EASSC, ISK and EASK (note that in all these cases, we need to solve a submodular set cover
or submodular knapsack problem with a non-monotone g). These algorithms, however, do

not extend if f is non-monotone, and we do not currently know how to implement these.
6.8 Hardness of SCSC and SCSK

In this section, we provide the hardness for Problems 4 and 5. The lower bounds serve to

show that the approximation factors above are almost tight.

Theorem 6.8. For any k > 0, there exists submodular functions with curvature k such that

no polynomial time algorithm for Problems 4 and 5 achieves a bi-criterion factor better than

a n1/276
BT TFmT ) {=n) for any € > 0.

Proof. We prove this result using the hardness construction from |Goemans et al. 2009,
Svitkina and Fleischer, 2008|. The main idea of their proof technique is to construct two
submodular functions f(X) and fr(X) that with high probability are indistinguishable. Thus,
also with high probability, no algorithm can distinguish between the two functions and the
gap in their values provides a lower bound on the approximation. We shall see that this
lower bound in fact matches the approximation factors up to log factors and hence this is the
hardness of the problem.

Define two monotone submodular functions f(X) = sy min{|X|,n} + (1 — x7)|X| and
fr(X) = kymin{y+|XNR|,|X|,n}+(1—rs)|X|, where R C V is a random set of cardinality

n. Let n and v be an integer such that n = x/n/5 and v = x?/5 for an 2? = w(logn). Both
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and fr have curvature k;. We also assume a very simple function g(X) = |X|. Given
!

an arbitrary € > 0, set 22 = n% = w(logn). Then the ratio between f’(R) and g*/(R) is

nl/2—e
i) (1=ry) "

A Chernoff bound analysis very similar to |Svitkina and Fleischer, [2008]
reveals that any algorithm that uses a polynomial number of queries can distinguish A* and

«() and therefore cannot reliably distinguish the functions with

fr with probability only n~
a polynomial number of queries.
We first prove the first part of this theorem (i.e., for SCSC). In this case, we consider the

problem
min{h(X)[|X| > n} (6.41)

with A chosen as f and fg respectively. It is easy to see that R is the optimal set in both
cases. However the ratio between the two is
n1/2—6

IR R (e

(n) (6.42)

Now suppose there exists an algorithm which is guaranteed to obtain an approximation factor
better than y(n). Then by running this algorithm, we are guaranteed to find different answers
for Eqn (6.41)) above. This must imply that this algorithm can distinguish between fz and g

which is a contradiction. Hence no algorithm for Problem 4 can obtain an approximation

nl/2—¢
T ()

guarantee

In order to extend the result to the bi-criterion case, we need to show that no bi-criterion
approximation algorithm can obtain a factor better than § = ~v(n). Assume there exists a
bi-criterion algorithm with a factor [« 8] such that:

o - ( ) n1/2—e
J— n)=
T T P D=y

; (6.43)

Then, we are guaranteed to obtain a set S in equation such that A(S) < aOPT and
|S| > pn, where @ > 1 and 8 < 1. Now we run this algorithm with A = f and h = fgr
respectively. With h = f, it is easy to see that the algorithm obtains a set S; such that
f(S1) < an and |Sy| > Bn. Similarly, with h = fg, the algorithm finds a set Sy such that
f(S2) < a(ky+ (1 —k)n) and |Sz| > Bn. Since fr and f are indistinguishable, S; = S, = S.
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We first assume that |S| < n. Then f(S) = |S| > n. We then have that,

JrR(S) < alky + (1 —K)n (6.44)
< an*(14 (n"* = 1)(1 — xy) (6.45)
< By(n)n* (1 + (n*?7° = 1)(1 — &y) (6.46)
< fnt/?te (6.47)
< Bn (6.48)

This implies that the algorithm can distinguish between fr and f which is a contradiction.
Now consider the second case when |S| > n. In this case, f(S) = 1. Again the chain of
inequalities above shows that fr(S) < fn < n since § < 1. This again implies that the
algorithm can distinguish between fr and f which is a contradiction. Hence no bi-criterion
approximation algorithm can obtain a factor better than y(n).

To show the second part (for SCSK), we can simply invoke Theorem and argue that
any [/, a] bi-criterion approximation algorithm for Problem 5 with

¥(n)

<
1+e

(6.49)

™| e

can be used in algorithm 3, to provide a [«, 5] bi-criterion algorithm with 5 < v(n). This

contradicts the first part above and hence the same hardness applies to Problem 5 as well. [J

The above result shows that EASSC and EASK meet the bounds above to log factors.
We see an interesting curvature-dependent influence on the hardness. We also see from our
approximation guarantees also that the curvature of f plays a more influential role than the
curvature of g on the approximation quality. In particular, as soon as f becomes modular,
the problem becomes easy, even when g is submodular. This is not surprising since the
submodular set cover problem and the submodular cost knapsack problem both have constant
factor guarantees. In particular, we know from the results from Chapter [4] that we can obtain
constant factor approximation bounds when f is modular (depending on the curvature of g).

We summarize the results in Table [6.2
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6.9 Experiments

In this section, we compare the performance of the various algorithms proposed in this chapter

on two real world problems, namely speech data subset selection, and sensor placement.

6.9.1 Limited Complexity Speech Data Subset Selection

Here we consider the speech data subset selection application |Lin and Bilmes, 2009, 2011a,
Jegelka et al| 2011, [Wei et al., [2014b| with the submodular function f encouraging limited
complexity while g tries to achieve acoustic variability (or coverage).

In this scenario, we test two different functions f (one being submodular, and another
modular). As a modular function, we define f;(X) = | X|, which represents the simplest notion
of complexity of the corpus, viz. the number of utterances. We also define a submodular
complexity parameter, as the size of the vocabulary induced by the set of utterances. This
function is of the form fo(X) = |I'(X)|, where I'(X) is the neighborhood function on a
bipartite graph constructed between the utterances and the words |Lin and Bilmes, [2011a].

For the coverage function g, we use two types of coverage functions. One is a facility
location function

91 (X) = Z max s;; (6.50)

jeX
iev ?

while the other one is a saturated sum function
92(X) = min{} " si;n Y si} (6.51)
eV jeX jev
Both these functions are defined in terms of a similarity matrix S = {s;;}:jev, using the

string kernel metric [Rousu and Shawe-Taylor, 2006| for similarity.

Submodular Coverage and Modular Complexity: In this setting, we choose the
modular complexity function f(X) = |X]| (i.e the size of the corpus), and the submodular

coverage function as the Facility Location function and the Saturated Coverage function.
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We compare the greedy algorithm for the submodular coverage and submodular knapsack.
This problem then becomes a simple speech data subset selection problem |[Wei et al., [2014b].
Perhaps unsurprisingly, both algorithms perform comparable, and are much better than a
random subset baseline (which just randomly selects items of different sizes) — the results are

shown in the top panel of Figure [6.3

Submodular Coverage and Submodular Complexity We next consider the g being
a submodular coverage function ¢g; and g9, and f being the submodular complexity function
fo. This problem then becomes a limited vocabulary speech corpus selection with acous-
tic diversity |[Lin and Bilmes| 20114, |Jegelka et al., 2011]. We compare all our different
algorithms, (ISSC, ISK, EASSC, EASSK and Gr (S and Ag)) for this setting. Again, we
vary the coverage and budget parameters in these algorithms through the range of values
of f and g. Furthermore, in our experiments, we observe that the neighborhood function f
has a curvature ky = 1. Thus, it suffices to use the simpler versions of algorithm EA (i.e.,
algorithm EASSCc and EASKc). The results are shown in the bottom panel of Figure .
Since EA is computationally very expensive, we restrict ourselves to n = 50 utterances.
We observe for this problem, that EASSC, ISSC, ISK and Gr-S perform comparably. This
implies, moreover, that the iterative variants, viz. Gr, ISSC and ISK, perform comparably
to the more complicated EA-based ones, although EASSC and EASK have better theoretical
guarantees. Finally, as expected, the cost agnostic greedy (Gr-Ag) performs much worse than

these algorithms, and in fact, is comparable to a simple baseline of choosing random subsets.

6.9.2 Sensor Placement

We next consider an application of sensor placement. The problem here is to maximize the
sensor coverage ¢, while simultaneously minimizing the cost of the sensors f. A number of
natural models for sensor coverage are are submodular|[Krause and Guestrin|, 2009, Krause
et al., 2008b]. We consider three different submodular functions as models for sensor coverage.

The first one is the symmetric mutual information function, gi(A) = I(Xa; X1\ 4), where A
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refers to the set of sensors chosen from X [Krause and Guestrin, 2009, [Krause et al. 2008b].
While this function is not monotone, it can be shown to be approximately monotone as
long as the number of sensors is not too large |[Krause et al., 2008b|. The second model
go, is the average variance reduction function |[Krause et al.. [2008a], which is monotone
submodular. Finally, we consider the information gain function g3(A) = I(Xa; Xy), where U
are the set of target variables of interest |Krause et al., 2008b} Krause and Guestrin, [2005b].
While this function is not submodular in general, it can be shown to be submodular under
certain assumptions (c.f. Chapter 7 in [Krause, 2008]). In particular, we assume that the the
measurements from A are noisy versions of the true measurements, with a noise parameter,
and they are conditionally independent given the true values [Krause, 2008|. Furthermore,
all the above information theoretic quantities are defined on multivariate Gaussians.

We consider two models of cost functions f. One is a simple additive model f(X) = w(X),
where the cost of the set of sensors is the sum of the individual costs. Often however, the
costs are not additive in practice, and a very natural model to consider is a submodular

function [Krause et al., 2008b]:

k
FX) =D i(c(X N Sy)) (6.52)

i=1
where 1);’s are concave, ¢(j) is the cost of sensor j and Sy, - -+ , Sk are groups of similar sensors.

The motivation here is that there is typically a discount when purchasing sensors in bulk
(economies of scale). Moreover, there may be a diminished cost for placing a sensor in a
particular location given placement in certain other locations (e.g., the additional equipment
needed to install a sensor in, say, a precarious environment could be re-used for multiple
sensor installations in similar environments). We consider real world data of placing sensors

to predict the pH values from the lake of Merced |[Krause and Guestrin, [2009].

Submodular Coverage with Additive Costs: In this section, we consider the problem
of maximizing the coverage functions g;, go and g3, while minimizing an additive cost function.

Again, we compare the greedy algorithm for submodular knapsack and submodular set cover,
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and observe that both algorithms perform comparably, and much better than the random

subset baseline. The results are shown in Figure [6.4

Submodular Coverage with Submodular Costs:  Finally, we compare our algorithms
in the case when we have submodular coverage and submodular cost functions. Again, we vary
the coverage and budget parameters in these algorithms through the range of values of f and
g. The results are shown in the bottom panel of Figure [6.4 Similar to the speech data subset
selection application, we observe, that EASSC, ISSC, ISK and Gr-S perform comparably, even
though the iterative algorithms ISK, ISSC and Gr-S are much more practical computationally.
Moreover, we also see that these three algorithms generally perform much better than the

random subset baseline, and often, better than the cost agnostic greedy algorithm.

6.9.3 Discussion on Running times

We investigated the algorithms proposed in this chapter, on two real world experiments.
The Ellipsoidal Approximation based techniques (EASSC and EASK), though the tightest
algorithms theoretically, are much more computationally expensive compared to the iterative
procedures (ISSC, ISK and Gr). For example, computing the Ellipsoidal Approximation
(which is the most computationally expensive part) for the Bipartite Neighborhood function
with |V| = 50 takes about 5 hours while all the iterative variants (i.e., Gr, ISSC and ISK)
take less than a second. This difference is much more prominent on larger instances (for
example |V| = 100). The results above demonstrate that empirically, however, the iterative

algorithms perform comparably to the Ellipsoidal Approximation.
6.10 Discussion

In this chapter, we propose a unifying framework for Problems 4 and 5 based on suitable
surrogate functions. We provide a number of iterative algorithms which are very practical
and scalable (like Gr, ISK and ISSC), and also algorithms like EASSC and EASK, which

though more intensive, obtain tight approximation bounds. Finally, we empirically compare
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our algorithms, and show that the iterative algorithms compete empirically with the more

complicated and theoretically better approximation algorithms.

To our knowledge, this chapter provides the first general framework of approximation
algorithms for Problems 4 and 5 for monotone submodular functions f and g. A number of
papers, however, investigate related problems and approaches. For example, [Fujishige, [2005]
investigates an exact algorithm for solving problem 4, with equality instead of inequality.
However, since problem 4 subsumes the problem of minimizing a monotone submodular
function subject to a cardinality equality constraint, and is hence NP hard [Nagano et al.|
2011]. Hence this algorithm in the worst case, must be exponential. Furthermore, a similar
problem was considered in [Krause et al., |2006] with one specific instance of a function
f, which is not submodular. They also use, a considerably different algorithm. Also, an
algorithm equivalent to the first iteration of ISSC was proposed in [Wan et al.| [2010, Du et al.|
2011] and ISSC not only generalizes this, but we also provide a more explicit approximation
guarantee (we provide an elaborate discussion on this in the section describing ISSC). We
also point out that, a special case of SCSK was considered in [Lin, 2012|, with f being
submodular, and g modular (we called this the submodular span problem). The authors there
use an algorithm very similar to Algorithm [14] to convert this problem into an instance of
minimizing a submodular function subject to a knapsack constraint, for which they use the
algorithm of [Svitkina and Fleischer] 2008|. Unfortunately, the algorithm of |Svitkina and
Fleischer, 2008| does not scale very well. Our algorithms for this problem, on the other hand,

would continue to scale very well in practice.

A number of papers build upon the work we propose in this thesis. For example, |[Kusner,
2014] consider versions of SCSC and SCSK with f being adaptive submodular, and show
approximation guarantees based on the curvature of f and g. Similarly, [lyer and Bilmes|,
2014a] propose an algorithm for SCSC and SCSK, with f being low rank sums of concave
over modular functions. [Xiong et al., [2014] propose an algorithm for mobile crowdsensing,
which involves a special case of Problem 5. They use SCSK, and observe that the algorithm

converges pretty quickly, and works well empirically. Similarly, 7 investigate connections
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between SCSK and the sparse group cover problem, and propose an algorithm very similar
to the cost-sensitive greedy algorithm proposed here. Finally, ? investigate the problem of
limited vocabulary speech corpus selection (similar to the ones we consider in the experimental
section), and use SCSC and SCSK for corpus selection on real world speech corpora like
Switchboard and Fisher. They also demonstrate how SCSK scales to the large scale Fisher
dataset, which contains about a million utterances.

We would also like to contrast the results from this chapter, to those we show for Problem
3. While the algorithms proposed in Chapter |5| are scalable and practical, and moreover
strikingly similar to the algorithms we propose here, the problem itself is very hard. Moreover,
these algorithms are not comparable to ours, since we directly model the hard constraints and
our bi-criteria results give worst-case bounds on the deviation from the constraints and the
optimal solution. This is often important, since there are hard constraints in many practical
applications (in the form of power constraints, or budget constraints). Casting it as Problem

3, however, no longer has guarantees on the deviation from the constraints.
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Approx. factor* Hardness*
Problem Algorithm
Bi-Criterion factor® (Bi-Criterion %)#
Primal Greedy H(max; f(j))* log n*
SsC !
Dual Greedy (I+¢61—2)# 1—1/e*
Primal ISSC L -
rma T+ (n—1)(1—rs(5)
(1+€)n . # - N
SCSC Dual ISSC [1+(n—1)(1—ﬁf(s*))’ 1 1/6] Q(WM) #

Primal EASSC

Dual EASSC

Primal EASSCec

Dual EASSCec

vnlognH, %
O( 1+(\/ﬁlogn—1)gl—nf))

1—1/e]#

Vnlogn
[O(megn-D=r )y

O(Vilogn /T,

[O(/nlogn),1 —1/e]#

SK Greedy 1—1/e* 1—1/e*
Greedy (CA) n%,(l — (KfK—;”g)kf)*
SCSK Greedy (CS) 11— e*w * Q(WJM)*#
ISK [1—et s [#

Primal EASK

Dual EASK

EASKc

[(1=1/e)(1+¢€),0(

P IH(Kp—1)(1—kp(S*))

VnlognHg )]#
1+(v/nlogn—1)(1—ky)

vnlogn

[1+¢€0(

[1—1/e,O(y/nlogn)]*

1+(vnlogn—1)(1—ky

)

Table 6.1: Worst case approximation factors, hardness for Problems 4 and 5 and their special

cases.
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Table 6.2: Summary of Hardness results for SCSC/ SCSK
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Figure 6.3: The top two figures show the performance of the greedy algorithms for submodular
knapsack, and submodular cover respectively, with a modular f and submodular g (being
Facility Location and Saturated Coverage respectively) — note that the green and cyan colored
lines overlap for this example, since both algorithms perform exactly identically. The bottom

two figures show the performance of the algorithms in the text for submodular functions f
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Figure 6.4: The top two figures show the performance of the greedy algorithms for submodular
knapsack, and submodular cover respectively, with a additive cost f and submodular coverage
g (being Mutual Information, Information Gain and Variance Reduction respectively). The
bottom two figures show the performance of the algorithms in the text for submodular cost

function f and submodular g.
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Chapter 7

CONTINUOUS RELAXATION ALGORITHMS FOR
SUBMODULAR OPTIMIZATION

7.1 Introduction

In Chapters [3 [, b, and [6] we provided two classes of combinatorial algorithms, one being
tight but not practical (the Ellipsoidal Approximation algorithm), while the other, being an
extremely scalable one based on the Majorization-Minimization framework. In this chapter,
we investigate a complementary continuous relaxation based framework for these optimization
problems. Similar to the combinatorial one, we show how this framework is unifying and

scalable.

The continuous relaxation techniques known for submodular optimization, have so far
either been analyzed for very specific constraints, or when general, are too slow to use in
practice. For example, in the case of minimization, they were studied only for the specific
constraints of covers [lwata and Nagano, 2009| and cuts |Jegelka and Bilmes, 2011c|, and
in the case of maximization, the techniques though general have yet to show significant
practical impact due to their prohibitive computational costs [Chekuri et al. 2011} |Calinescu
et al., [2011]. Hence discrete algorithms (for example, the class of Algorithms in Chapter [4))
are typically used in applications (e.g., [Lin, [2012]). In this chapter, we develop a unifying
continuous relaxation methodology that addresses these issues. We focus mainly on Problems
1 and 2, and show how we can extend these ideas to Problem 3 as well. We summarize
our contributions, in comparison to previous work (in Table , which lists one problem
as being still open, and other problems as being unnecessary (given a “fast” approach, the
corresponding “slow” approach is unnecessary). Our techniques are not only connective, but

also fast and scalable. In the case of constrained minimization, we provide a formulation
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applicable for a large class of constraints. In the case of submodular maximization, we show
how for a large class of submodular functions of practical interest, the generic slow algorithms
can be made fast and scalable. We note, however, that it is still an open problem to provide
a fast and scalable algorithmic framework (with theoretical guarantees) based on continuous

relaxations for general submodular maximization.

Table 7.1: Past work & our contributions (see text for explanation).

Our relaxation viewpoint, moreover, complements and improves on the bounds founds
obtained through the combinatorial algorithms described in the previous chapters (viz. the
Majorization-Minimization algorithm, and the Ellipsoidal Approximation algorithm). For
example, where the MM algorithms may have an approximation bound of k, our results
imply a bound of n — k + 1, where n = |V, so considering both these, we obtain combined
bounds of the form min(k,n — k 4+ 1) (more specifics are given in Table [7.2]). This also
holds for maximization — in certain cases discrete algorithms obtain suboptimal results, while

relaxation techniques obtain improved, and sometimes optimal guarantees.

7.2 Continuous Relaxation Framework

The idea of our relaxation strategy is as follows: the submodular function f(.5), which

is defined on the vertices of the n-dimensional hypercube (i.e., characteristic vectors), is

Constraints | Operation Algorithm Approach
or (& speed) Combinatorial Relaxation
Function Min (fast) |Goel et al., 12009, [Jegelka and Bilmesl, 2011c| |[Iwata and Naganol [2009, Jegelka and Bilmes), [2011c|
Min (slow) |Svitkina and Fleischer} 2008| Unnecessary
Specific a
Max (fast) | |Nemhauser et all|1978, Buchbinder et al.,|2012| etc. This thesis
Max (slow) Unnecessary |Buchbinder et al.l |2014} |Calinescu et al.| [2011]
Min (fast) |Tyer et al.l [2013D) This thesis
Min (slow) |Goemans et al., |2009] Unnecessary
General ~
Max (fast) |Tyer et al.l [2013D)| Open
Max (slow) Unnecessary |Chekuri et al.), |2011|
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extended to a function defined on [0, 1]”. The two functions valuate identically if the vector
x € [0,1]™ is the characteristic vector of a set. We then solve a continuous optimization
problem subject to linear constraints, and finally round the obtained fractional solution to a

discrete one — i.e. our relaxation framework follows a two-stage procedure:

1. Find the optimal (or approximate) solution & to the problem mingep, f(z) (or max,ep, f(z)).

2. Round the continuous solution 7 to obtain the discrete indicator vector of set X.

Here, Pc denotes the polytope corresponding to the family C of feasible sets — i.e., their
convex hull or its approximation, which is a “continuous relaxation” of the constraints C. The
final approximation factor is then f(X)/f(X*), where X* is the exact optimizer of f over C.

For minimization, the convex Lovdsz extension is a suitable relaxation of f. Appropriately
rounding the resulting optimal continuous solutions leads to a number of approximation
guarantees. For maximization, ideally we could utilize a concave extension. Since the tightest
concave extension of a submodular function is hard to characterize [Vondrak, [2007], we
instead use the multilinear extension that behaves like a concave function in certain directions
[Chekuri et all 2011, |Calinescu et al., 2011]. Our resulting algorithms often achieve better
bounds than discrete greedy approaches. In terms of complexity, the convex relaxation, or
the Lovasz extension is extremely simple to evaluate. Both the function valuation and its
gradient can be evaluated in O(n) complexity. The multilinear extension, and its gradient,
however has an exponential number of terms in the sum, and is hard to evaluate directly. One
possibility is to approximate this sum via sampling. However, the number of samples needed
for (theoretically) sufficient accuracy is polynomial but in many cases still prohibitively large
for practical applications [Calinescu et al., [2011] — we discuss this further in Section In
this chapter, we show that some practically useful submodular functions have alternative,
low-complexity formulations of the multilinear extension that circumvent sampling entirely.

An important quantity is the integrality gap that measures — over the class S of all

submodular (or monotone submodular) functions — the largest possible discrepancy between
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the optimal discrete solution and the optimal continuous solution. For minimization problems,

the integrality gap is defined as:

75 & gp Bixee/(X) o (7.1)
ses mingep, f(z)
For maximization problems, we would take the supremum over the inverse ratio. In both
cases, Zg is defined only for non-negative functions.

The integrality gap largely depends on the specific formulation of the relaxation. Intuitively,
it provides a lower bound on our approximation factor: we usually cannot expect to improve
the solution by rounding, because any rounded discrete solution is also a feasible solution to
the relaxed problem. One rather only hopes, when rounding, to not worsen the cost relative to
that of the continuous optimum. Indeed, integrality gaps can often be used to show tightness of
approximation factors obtained from relaxations and rounding |Chlamtac and Tulsiani, 2012].

One way to see the relationship between the integrality gap and the approximation factor
obtained by rounding is as follows. Let ROPT denote the optimal relaxed value, while DOPT
denotes the optimal discrete solution. The integrality gap measures the gap between DOPT
and ROPT, i.e Z = DOPT/ROPT. Let RSOL denote the rounded solution obtained from
the relaxed optimum. The way one obtains bounds in a rounding scheme, is by bounding the
gap between RSOL and ROPT, which naturally is an upper bound on the approximation
factor (which is the gap between DOPT and RSOL. However, notice that the gap between
RSOL and ROPT is lower bounded by the integrality gap. Hence the integrality gap captures

the tightness of the rounding scheme.
7.3 Submodular Minimization

For submodular minimization, the optimization problem in Step 1 is a convex optimization
problem, and can be solved efficiently if one can efficiently project onto the polytope Pc. Our
second ingredient is rounding. To round, a surprisingly simple thresholding turns out to be
quite effective for a large number of constrained and unconstrained submodular minimization

problems: choose an appropriate 6 € (0,1) and pick all elements with “weights” above 6, i.e.,
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Xy = {i : #(i) > 0}. We call this procedure the §-rounding procedure. In the following sections,
we first review relaxation techniques for unconstrained minimization (which are known), and
afterwards phrase a generic framework for constrained minimization. Interestingly, both
constrained and unconstrained versions essentially admit the same rounding strategy and

algorithms.

7.83.1 Unconstrained Submodular Minimization

Continuous relaxation techniques for unconstrained submodular minimization have been
well studied [Grotschel et all [1981] |Stobbe, 2013, [Bach, [2013|, [Fujishige, [2005]. In this case,
Pe = [0,1]™, and importantly, the approximation factor and integrality gap are both 1.

Lemma 7.1. [Fujishige, 2005] For any submodular function f, it holds that minxcy f(X) =
mingeo,1)» f(x). Given a continuous minimizer x* € argmin,e (o j» f(x), the discrete mini-
mizers are exactly those obtained by 0-rounding x*, for any 6 € (0,1). Given a continuous
minimizer £ € argmingcjg i f (x), the discrete minimizers are exactly the maximal chain of

sets 0 C Xg, C ... Xy, obtained by 0-rounding x*, for 6; € (0,1).

Since the Lovasz extension is a non-smooth convex function, it can be minimized up to
an additive accuracy of € in O(1/€?) iterations of the subgradient method. This accuracy
directly transfers to the discrete solution if we choose the best set obtained with any 6 € (0, 1)
[Bach, 2013|. For special cases, such as submodular functions derived from concave functions,
smoothing techniques yield a convergence rate of O(1/t) [Stobbe and Krause, 2010].

It can often be faster to instead solve the unconstrained regularized problem mingegn f (x)+
£llz[[3. A motivation for this approach is that the problem, mine 1 f(x), can be seen as
a specific form of barrier function mingegn f(z) 4 djo1j» () |Stobbel |2013|. The level sets of
the optimal solution to the regularized problem are the solutions of the entire regularization
path of minxcy f(X) + 0|X| |Bach) 2013|, and therefore a simple rounding at 0 gives the
optimal solution. The dual problem minyeg, ||z||3 is amenable to the Frank-Wolfe algorithm

(or conditional gradient) |[Frank and Wolfe, [1956]—with a convergence rate of O(1/+/%), or an
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improved fully corrective version known as the minimum norm point algorithm |[Fujishige and
[sotani, 2011|. The complexity of the improved method is still open. Moreover, regularizers
other than the ¢; norm are possible [Stobbe, 2013|. For decomposable functions, reflection

methods can also be very effective |Jegelka et al., [2013a].

7.3.2  Constrained Submodular Minimization

We next address submodular minimization under constraints, where rounding affects the
accuracy of the discrete solution. By appropriately formulating the problem, we show that
f-rounding applies to a large class of problems. We assume that the family C of feasible
solutions can be expressed by a polynomial number of linear inequalities, or at least that linear
optimization over C can be done efficiently, as is the case for matroid polytopes [Edmonds),
1970).

A straightforward relaxation of C is the convex hull Pz = conv(1lyx, X € C) of C. Often
however, it is not possible to obtain a decent description of the inequalities determining Pe,
even in cases when minimizing a linear function over C is easy (two examples are the s-t
cut and s-t path polytopes [Schrijver] 2003|). In those cases, we relax C to its up-monotone
closure C = {XUY | X eCandY CV}. With C, a set is feasible if it is in C or a superset
of a set in C. The convex hull of C is the up-monotone extension of Pe within the hypercube,
i.e. Pz = Pe = (P +R?) N[0,1]", which is often easier to characterize than Pe. If C is

already up-monotone, then Pe = Pe. The following proposition formalizes this equivalence.

Proposition 7.1. For any family C of feasible sets, the relaxed hull P of C is the convex hull
of C: P = Pz = conv(lx, X € 5) For any up-monotone constraint C, the relazation is tight:

Pec = Pe.
Although this Proposition seems intuitive, we prove it here for completeness.

Proof. Let Ps = conv-hull(1x, X € C). We need to show that Ps = Pe.
First, we observe that the characteristic vector 1x for every set X € C lies in Pc. This

follows because, by definition, for every set X € CA, there exists a set Z C V such that



236

X\Z € C. Since 1z € P¢ and 1x\z € R}, we conclude that 1x = 1z + 1x\z € 75(;, and
therefore, Ps C Pe.

We next show P; 2 Pe by investigating the polytope Pe. Since it is an intersection
of Pec + R" (which is an integral polyhedron) and [0, 1]", it follows from [Schrijver, 2003]
(Theorem 5.19), that Pe is also integral. Let 1, be any extreme point of Pe. We will show
that Z € é, and this implies Ps 2 Pe. Since 15 € Pe, there exists a vector 2 € Pe and y >0
such that x = 17 — y. This implies that z = Zfil Ailx,, X; € C. Since y > 0, it must hold
that X; C Z for all 1 <i < K. As Z contains at least one feasible set X;, Z € é, proving
the result. The second statement of the result follows from the first, because an up-monotone

constraint satisfies C = C. O

Optimization. The relaxed minimization problem min s, f (x) is non-smooth and convex
with linear constraints, and therefore amenable to, e.g., projected subgradient methods. We
first assume that the submodular function f is monotone non-decreasing (which often holds
in applications), and later relax this assumption for a large class of constraints.

For projected (sub)gradient methods, it is vital that the projection on P, can be done
efficiently. Indeed, this holds with the above assumptions that we can efficiently solve a
linear optimization over Pe. In this case, e.g. Frank-Wolfe methods [Frank and Wolfe, 1956
apply. The projection onto matroid polyhedra can also be cast as a form of unconstrained
submodular function minimization and is hence polynomial time solvable [Fujishige| 2005].

To apply splitting methods such as the alternating directions method of multipliers
(ADMM) [Boyd et al., [2011], we write the problem as min, y.,—, f(z) + I(y € P¢). One
iteration of ADMM requires (1) computing the proximal operator of f, (2) projecting onto
Pec, and (3) doing a simple dual update step. Computing the proximal operator of the Lovész
extension is equivalent to unconstrained submodular minimization, or to solving the minimum
norm point problem. In special cases, faster algorithms apply |[Nagano and Kawaharal 2013,
Stobbe and Krause, [2010, Jegelka et al., [2013a]. An approximate proximal operator for

generalized graph cuts [Jegelka et al., 2011] can be obtained via parametric max-flows in
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O(n?) [Nagano and Kawahara), 2013, (Chambolle and Darbon| 2009].

Algorithm 24 The constrained #-rounding scheme

Input: Continuous vector &, Constraints C

Output: Discrete set X
1: Obtain the chain of sets ) ¢ X; C X, C X}, corresponding to 7.
2: for j=1,2,--- /k do
3 if 3X C X, : X €C then

4: Return X
5. end if
6: end for
Rounding. Once we have obtained a minimizer = of f over 736», we apply simple

f-rounding. Whereas in the unconstrained case, Xy is feasible for any 6 € (0,1), we must now
ensure Xy € C. Hence, we pick the largest threshold 6 such that Xy € C. , 1.e., the smallest Xy
that is feasible. This is always possible since Cis up-monotone and contains V. The threshold
0 can be found using O(logn) checks among the sorted entries of the continuous solution
Z or n checks in the unsorted vector . The following lemma states how the threshold 6

determines a worst-case approximation:

Lemma 7.2. For a monotone submodular f and any & € [0,1]V and 6 € (0,1) such that
Xog={i|i; >0} €C, it holds that f(Xy) < Lf(i).

If, moreover, f(:f:) < fmin,p, f(x), then it holds that f(Xg) < %minXeC f(X).

Proof. The proof follows from the positive homogeneity of f and the monotonicity of f and
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f:
0f(Xg) =0f(1x,) (7.3)
= f(‘nge) (74)
< f(@) (7.5)
< Bmin f(x) (7.6)
z€Pe
<ﬁr)g;gf<X> (7.7)
< Br)ggclf(X) (7.8)

Inequality (7.6)) follows from the approximation bound of  with respect to min, sz, f (x),
and ([7.7) uses the observation that the optimizer of the continuous problem is smaller than
the discrete one. Finally (7.8]) follows from (|7.7) since it is optimizing over a smaller set. [

The set X, is in C and therefore guaranteed to be a superset of a solution Y, € C. As a
final step, we prune down Xp to Yy C Xp. Since the objective function is non-decreasing,
f(Yy) < f(Xp), Lemma holds for Yy as well. If, in the worst case, § = 0, then the
approximation bound in Lemma is unbounded. Fortunately, in most cases of interest we
obtain polynomially bounded approximation factors.

In the following, we will see that our 7/5c provides the basis for relaxation schemes under
a variety of constraints, and that these, together with #-rounding, yield bounded-factor
approximations. We assume that there exists a family W = {W;, Wy, ...} of sets W; C V
such that the polytope Pe can be described as

Pe = {x e [0,1]"

S > by for all W e W}. (7.9)
ieW

Analogously, this means that C = {X || X NW| > by, forall W € W}. In our analysis, we
do not require W to be of polynomial size, but a linear optimization over 730 or a projection
onto it should be possible at least within a bounded approximation factor. This is the case

for s-t paths and cuts, covering problems, and spanning trees.
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This means we are addressing the following class of optimization problems:

min f(x)
7.10
subject to z € [0,1]", le > by, VW € W ( )

iew
The following main result states approximation bounds and integrality gaps for the class

of problems described by Equation ([7.9)).

Theorem 7.1. The 0-rounding scheme for constraints C whose relaxed polytope Pe can be
described by Equation (7.9) achieves a worst case approximation bound of maxy ey |W| —
bw + 1. If we assume that the sets in W are disjoint, the integrality gap for these constraints

matches the approvimation: I3 = maxyey |W| — by + 1.

Proof. To show the first part of the theorem, we invoke Lemma [7.2] The constraints of
Equation demand that for every set W € W, at least by < |W/| elements need to
be chosen, or “covered”. Consequently, to round a vector z € 756, it is sufficient to choose
¢ = minwew T, w) as the rounding threshold, where zy; 4 denotes the i th largest entry of
2z in a set A. The worst case scenario is that the by — 1 entries of x with indices in the set
W are all 1, and the remaining mass of 1 is equally distributed over the remaining elements
in W. In this case, the value of zp,, w) is 1/(JW| — bw + 1). Since the constraint requires
Y icw Ti = bw, it must hold that xp,, w) > 1/(|W] — bw + 1). The approximation factor
then follows with Lemma [Z.2l

To analyze the integrality gap, we first show the following Lemma.

Lemma 7.3. If Pe is described by Equation then the integrality gap can be as large as
73 > maxyew |W| — by + 1. Moreover, if C and 0 are such that O-rounding provides a valid

set in 5, the integrality gap is never larger than that: I3 < %.

To show the lower bound on the gap, we construct a simple example. Assume W' =
argmaxy, ¢y |W| — b + 1 satisfies WNW' = (0, VIV € W, W # W'. This is true since the W
consists of disjoint sets. Let B’ be a subset of W’ such that |B’| = |W'| — by~ + 1. In other
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words, every feasible solution must intersect B’ Now we define f(X) = min{|X N B’|,1}. The
Lovész extension of this function is f (z) = maxjexnp ;. An optimal continuous solution for
f and W has entries x; =1for j ¢ B and zj = 1/(|W'| — by~ + 1) for j € B'. In this case,
the integrality gap is f(X*)/f(z*) = 1/(W'| = by +1)"* = W'| — by + 1.

The upper bound on the gap follows from the approximation factor:

I = max L*)v
© T mingep, f(x)
< max — 1 X0
o omingep, f(x)
_B
)

where the second inequality follows from the fact that f(X*) < X, and the last one from
Lemma [7.2 O

Note that the integrality gap matches the approximation factor, thus showing the tightness
of the rounding strategy for a large class of constraints. In particular, for the class of
constraints we consider below, we can provide instances where the integrality gap matches
the approximation factors.

A result similar to Theorem was shown in |Koufogiannakis and Young, 2013| for
a different, greedy algorithmic technique. While their result also holds for a large class
of constraints, for the constraints in Equation they obtain a factor of maxy ey [/,
which is worse than Theorem if byy > 1. This is the case, for instance, for matroid span
constraints, cardinality constraints, trees and multiset covers.

Pruning. The final piece of the puzzle is the pruning step, where we reduce the set
Xg € C to a final solution Yg - X@ that is feasible: }A/g € C. This is important when the true
constraints C are not up-monotone, as is the case for cuts or paths. Since we have assumed
that the function f is monotone, pruning can only reduce the objective value. The pruning
step means finding any subset of Xy that is in C, which is often not hard. We propose the

following heuristic for this: if C admits (approximate) linear optimization, as is the case for
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all the constraints considered here, then we may improve over a given rounded subset by
assigning additive weights: w(i) = oo if i ¢ Xy, and otherwise use either uniform (w(i) = 1)
or non-uniform (w(z) =1 — &(i)) weights.

We then solve Yy € argminy . Y icy w(i). Uniform weights lead to the solution with
minimum cardinality, and non-uniform weights will give a bias towards elements with higher
certainty in the continuous solution. Truncation via optimization works well for paths, cuts,

matchings or matroid constraints.

Non-monotone submodular functions. We can easily extend the relaxation paradigm
above to non-monotone functions, in case the constraints are up-monotone. The strategy

exactly follows from the results from Section [3.6] and Lemma [3.15] Examples of up-monotone

constraints are matroid spans (Sec. [7.3.2) and covers (Sec. [7.3.2]).

Down-monotone constraints. For down-monotone constraints, the up-monotone closure
C' will be the entire power set 2V. Here, a different construction is needed. Define a monotone
extension f4(X) = miny.ycy\x f(Y). Also, define ' = {X : V\X € C}. It is easy to see that
C’ is up-monotone. Notice that if we assume f to be normalized and nonnegative, then the
empty set will always be a great solution for down-monotone constraints, and this extension
may not make sense. However in general the submodular function may not necessarily be
normalized, and all we need for this is that the function f¢ is normalized and non-negative.

In other words, this implies that the function f itself be non-negative and minyxcy f(X) = 0.

Lemma 7.4. Given a submodular function f, the function fe is monotone non-decreasing

submodular, and can be evaluated in polynomial time. It holds that

min f(X) = min f*(X). (7.11)

XeC Xel

Moreover, minimizing ¢ over C' is equivalent to minimizing f over C in terms of the

approzimation factor.
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Matroid Constraints Set Covers Paths, Cuts and Matchings
Cardinality Trees Vertex Covers | Edge Covers Cuts Paths Matchings
CR. n—k+1 m—n+1 2 deg(G) <n Praz <1 | Cmae <m | deg(G) <n
MDMin k n Vel <n |[EC| <n Crmaz <m | Ppaz <n M| <n
EA vn vm vn vm vm vm vm
Integrality Gaps | Q(n—k+1) | Q(m—n+1) 2 Q(n) Q(n) Q(m) Q(n)
Hardnes Q(v/n) Q(n) 2—¢ Q(n) Q(v/m) Q(n2/3) Q(n)

Table 7.2: Comparison of the results of the continuous relaxation framework (CR) with the
semigradient MMin framework, the Ellipsoidal Approximation (EA) algorithm of |[Goemans
et al., [2009], hardness |Goel et al., 2009, Twata and Nagano|, 2009| Svitkina and Fleischer],
2008]|, and the integrality gaps of the corresponding constrained submodular minimization
problems. Note the complementarity between CR and SG. See text for further details. In

this case, we investigate worst case results with x; = 0.

Proof. The proof of this result is very similar to the previous Lemma. To show submodularity,
note that the function g(Z) = miny.ycz f(Y) as a function of Z is submodular |Fujishige,
2005]. Then, f4(X) = g(V\X) is also submodular. We also observe that f¢ is monotone.

If the constraints C are down-monotone, then C’ is up-monotone. Let X% be the exact
minimizer of f¢ over C’. This implies that V\ X% € C. By the definition of f¢, it implies that
3X C V\ X% such that f4(X%) = f(X). Moreover, since C is down monotone, X € C (since
VA\X% € C). Hence minxec f(X) < f(X) = minyeer f4X).

Conversely, let X* be the minimizer of f under C. Then f¢(V\X*) = minycx f(X) <
f(X*). Hence minyeer f4X) < f™(X*) = minxece f(X). The approximation factor follows

similarly. n

To demonstrate the utility of Theorem [7.1], we apply it to a variety of problems. Many of
the constraints below are based on a graph G = (V,£), and in that case the ground set is the

set £ of graph edges. When the context is clear, we overload notation and refer to n = |V)|

and m = |£|. Results are summarized in Table [7.2]
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Matroid Constraints

An important class of constraints are matroid span or base constraints (both are equivalent
since f is monotone), with cardinality constraints (uniform matroids) and spanning trees
(graphic or cycle matroids) as special cases. A matroid M = (Zp,7r¢) is defined by its
down-monotone family of independent sets Zn or its rank function ry : 2V — R. A set Y is
a spanning set if its rank is that of V: rp (V) = ry (V). It is a base if |Y| = ry(Y) = (V).
Hence, the family of all spanning sets is the up-monotone closure of the family of all bases (e.g.,
supersets of spanning trees of a graph in the case of a graphic matroid). See |Schrijver, 2003 for
more details on matroids. Let Sy denote the spanning sets of matroid M, and set k = r (V).
It is then easy to see that with C = Sy, the polytope P¢ is the matroid span polytope, which
can be described as Pe = {x € [0, 1], 2(S) > rp(V) — rpg(V\S), VS C V} [Schrijver], 2003].
This is clearly in the form of Eqn. Although this polytope is described via an exponential
number of inequalities, a linear program can still be solved efficiently over it [Edmonds|, 1970].
Furthermore, projecting onto this polytope is also easy, since it corresponds to submodular

function minimization |Fujishigel 2005|.

Corollary 7.1. Let Yy be the rounded and pruned solution obtained from minimizing the
Lovdsz extension over the span polytope. Then f(f/g) < (n—Fk+1)f(X*). The integrality gap
is alson — k + 1.

Proof. This result follows directly as a Corollary from Theorem [7.1], by observing that the
approximation factor in this case is maxgcy [S| — rm(V) + ram(V\S) — 1. Then notice
that ry=(S) = [S| — rm(V) + rm(V\S), where M* is the dual matroid of M [Schrijver]
2003|. Correspondingly the approximation factor can be expressed as maxgcy ra=(S) — 1 =
rpm(V)—1=mn—k+1. To show the integrality gap, we use Lemma . Consider the simple
uniform matroid, with W = {V'}. A straightforward application of Lemma then reveals

the integrality gap. O

In general, the rounding step will only provide an X, that is a spanning set, but not a base.

We can prune it to a base by greedily finding a maximum weight base among the elements of
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Xy. The worst-case approximation factor of n — k + 1 complements other known results for
this problem [Iyer et al., [2013b} (Goemans et al., |2009]. The semi-gradient framework of |Iyer
et al.| 2013b| guarantees a bound of k, while more complex (and less practical) sampling
based methods [Svitkina and Fleischer, |2008] and approximations |[Goemans et al., 2009]
yield factors of O(y/n). The factor k of [Iyer et al., 2013b| is the best for small k, while our
continuous relaxation works well when £ is large. Moreover, for a monotone function under
matroid span constraints, the pruning step will always find a set in the base, and hence a
matroid span constraint is, for all intents and purposes, identical to a base constraint.

These results also extend to non-monotone cost functions, with approximation bounds of
n—k+1 (Cor. and & (using |Iyer et al., 2013b|) for matroid span constraints. We can
also handle matroid independence constraints. Note that

] X) = i "X 7.12
camin X)) = pin FX, (7.12)

where f'(X) = f(V\X) is a submodular function and Span(M) and Indep(M) refer to the
Span and Independence sets of a Matroid M, and M* is the dual matroid of M [Schrijver,
2003]. Recall that the rank function of the dual Matroid satisfies ry(V) = n — rpy (V).
Hence, the approximation factors for the matroid independence constraints are k + 1 for our
relaxation based framework and n — k for the discrete framework of [Lyer et al., 2013b|. Again,
we see how our results complement those of [Iyer et al., 2013b|. Moreover, the algorithm

of [Goemans et al., 2009] achieves an approximation factor of O(y/n), in both cases.

Cardinality Constraints.  This is a special class of matroid, called the uniform matroid.
Since it suffices to analyze monotone submodular functions, the constraint of interest is
C = {X : |X| = k}. In this case, the corresponding polytope takes a very simple form:
Pe={x €[0,1]" : . x; = k}. The projection onto this polyhedron can be easily performed
using bisection [Adams et al., 2012|. Furthermore, the rounding step in this context is very
intuitive. It corresponds to choosing the elements with the k largest entries in the continuous

solution z.
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Spanning Trees. Here, the ground set V = & is the edge set in a graph and C is the set
of all spanning trees. The corresponding polytope Pc is then the spanning tree polytope.
The bound of Corollary [7.1| becomes |£| — [V|+1 = m —n + 1. The discrete algorithms
of [Iyer et al., 2013b| |Goel et al., 2009] achieve a complementary bound of |V| = n. For dense
graphs, the discrete algorithms admit better worst case guarantees, while for sparse graphs

(e.g., embeddable into r-regular graphs for small ), our guarantees are better.

Set Covers

A fundamental family of constraints are set covers. Given a universe U, and a family of
sets {S;}icv, the task is to find a subset X C V' that covers the universe, i.e., |J,cx Si = U,
and has minimum cost as measured by a submodular function f : 25 — R. The set cover
polytope is up-monotone, constitutes the set of fractional covers, and is easily represented
by Eqn. as Po = {z € [0,V | 3, cq 2(i) > 1,Vu € U}. The following holds for

minimum submodular set cover:

Corollary 7.2. The approximation factor of our algorithm, and the integrality gap for the

minimum submodular set cover problem is v = maxyey [{i : v € S;}|.

Proof. The proof of this corollary follows from the expression of the set cover polytope and
Theorem To show the integrality gap, notice that the sets W here are W, = {i : u € S;}.
Consider an instance of the set cover problem when these sets are disjoint. A direct application

of Lemma then provides the integrality gap (since the sets in W are disjoint). O]

The approximation factor in Corollary (without the integrality gap) was first shown
in [Iwata and Nagano, 2009|. The quantity - corresponds to the maximum frequency of the
elements in U.

A generalization of set cover is the multi-set cover problem |[Rajagopalan and Vazirani,
1998|, where every element u is to be covered multiple (¢,) times. The multi-cover constraints

can be formalized as Pe = {z € [0,1]¥! | Y ies, T(1) 2> ¢y, Vu € U}
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Corollary 7.3. The approximation factor and integrality gap of the multi-set cover problem

is maxyey [{i:u € S} —cu+ 1.

This result also implies the bound for set cover (with ¢, = 1). Since the rounding procedure
above yields a solution that is already a set cover (or a multi set cover), a subsequent pruning

step is not necessary.

Vertex Cover. A vertex cover is a special case of a set cover, where U is the set of edges in
a graph, V is the set of vertices, and 5, is the set of all edges incident to v € V. Corollary
immediately provides a 2-approximation algorithm for the minimum submodular vertex cover.
The 2-approximation for the special case of vertex was also shown in |Goel et al., 2009, Iwata
and Nagano, 2009]. The corresponding integrality gap is 2, too. To show this gap, consider
a graph such that each vertex is incident to exactly one edge. The sets W are the sets of
vertices for each edge and, in this case, are disjoint. As a result, Theorem implies that
the integrality gap is exactly 2. We may even take a complete graph and use the modular
function f(X) = |X|. This shows that the integrality gap is 2 even when the function is
modular (linear). In fact, no polynomial-time algorithm can guarantee an approximation

factor better than 2 — €, for any € > 0 |Goel et al., 2009].

Edge Cover. In the Edge Cover problem, i/ is the set of vertices in a graph, V is the set
of edges and S, contains the two vertices comprising edge v. We aim to find a subset of
edges such that every vertex is covered by some edge in the subset. It is not hard to see that
the approximation factor we obtain is the maximum degree of the graph deg(G), which is
upper bounded by |V|, but is often much smaller. The algorithm in [Iyer et al., 2013b| has
an approximation factor of the size of the edge cover |EC|, which is also upper bounded by

O(|V]). These factors match the lower bound shown in |Goel et al., 2009].
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Cuts, Paths and Matchings

Even though Eqn. ((7.9)) is in the form of covering constraints, it can help solve problems with
apparently very different types of constraints. The covering generalization works if we relax
C to its up-monotone closure: C demands that a feasible set must contain (or “cover”) a set in

C. To go from C back to C , we prune in the end.

Cuts and Paths. Here, we aim to find an edge set X C £ that forms an s-t path (or
an s-t cut), and that minimizes the submodular function f. Both the s-t path and s-t cut
polytopes are hard to characterize. However, their up-monotone extension Pe can be easily
described. Furthermore, both these polytopes are intimately related to each other as a
blocking pair of polyhedra (see [Schrijver, |2003|). The extended polytope for s-t paths can
be described as a cut-cover [Schrijver, [2003| (i.e., any path must hit every cut at least once):
Pe = {z € [0,1]1€ | Y eccv(e) > 1, for every s-t cut C' C £}. The closure of the s-t path
constraint (or the cut-cover) is also called s-t connectors [Schrijver] 2003|. Conversely, the
extended s-t cut polytope can be described as a path-cover [Schrijver] |2003, [Jegelka and
Bilmes, 2011c|: Pe = {z € [0,1]¥! | Y eepz(€e) > 1, for every s-t path P C £}.

Corollary 7.4. The relaxation algorithm yields an approzimation factor of Pu.. < |V| and
Crnaz < |E| for minimum submodular s-t path and s-t cut, respectively (Ppaz and Cpa, Tefer
to the mazximum size simple s-t path and s-t cut). These match the integrality gaps for both

problems.

Proof. The approximation factors directly follow from Theorem [7.I] In order to show the
integrality gaps, we need to construct a set W of s-t paths and cuts that are disjoint. It is
easy to construct such graphs. For example, in the case of s-t cuts, consider a graph with
m/ P parallel paths between s and ¢, each of length P. The integrality gap in this setting is
exactly P, which matches the approximation factor. Similarly, for the s-t path case, consider
a graph of m/C cuts in series. In other words, construct a chain of m/C vertices. Connect

each adjacent vertex with C' edges. We have m/C disjoint cuts each of size C'. The integrality
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gap and approximation factor both are C' in this setting. O

While the description of the constraints as covers reveals approximation bounds, it does
not lead to tractable algorithms for minimizing the Lovasz extension. However, the extended
cut and the extended path polytopes can be described exactly by a linear number of inequali-
ties |[Papadimitriou and Steiglitz, 1998, Schrijver} 2003|. For example, the convex relaxation
corresponding to the extended cut polytope can be described as a convex optimization problem
subject to m + 1 linear inequality constraints [Papadimitriou and Steiglitz, 1998 |Jegelka and

Bilmes| |2011¢|. In particular, the relaxed optimization problem can be expressed as:

subject to z € [0,1]€ 7 € [0, 1]V
w(v) —7m(u) + x(e) > 0,Ve = (u,v) € £
m(s) —m(t) > 1 (7.13)
In the above, the variables 7 are additional variables that intuitively represent which vertices
are reachable from s. Similarly, the extended path polytope is equivalent to the set of s-t

flows with = < 1 [Schrijver, 2003, §13.2a]. This polytope can be described via n 4 1 linear

inequalities.

min f(x)
subject to z € [0, 1]

Z Te — Z e =0,Yv eV, v #s,t

e€dt(v) e€d—(v)

Z T, — Z T, =1,
e€dt(s) eco—

Z Te — Z Te = (7.14)
e€dt(t) ecs—(t)

where 01 (v) represents the set of edges entering the vertex v and §~(v) represents the set of

edges leaving the vertex v.
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The pruning step for paths and covers becomes a shortest path or minimum cut problem,
respectively. As in the other cases, the approximations obtained from relaxations complement

the bounds of P, for paths and C,,,, for cuts shown in [lyer et al., 2013b].

Perfect Matchings. Given a graph G = (V,€), the goal is to find a set of edges X C &,
such that X is a perfect matching in G and minimizes the submodular function f. For a
bipartite graph, the polytope P¢ can be characterized as Pe = {z € [0, 1]/€! | > eesw) L(€) =
1 for all v € V}, where 6(v) denotes the set of edges incident to v. Similar to the case of
Edge Cover, Theorem implies an approximation factor of deg(G) < |V|, which matches
the lower bound shown in [Goel et al., [2009, Iyer et al., 2013a].

7.4 Submodular Maximization

To relax submodular maximization, we use the multilinear extension and the concave extension.

We first show that this extension can be efficiently computed for a large subclass of
submodular functions. As above, C denotes the family of feasible sets, and P the polytope
corresponding to C. For maximization, it makes sense to consider C to be down-monotone
(particularly when the function is monotone). Such a down-monotone C could represent, for
example, matroid independence constraints, or upper bounds on the cardinality C = {X :
| X| < k}. Analogous to the case of minimization, an approximation algorithm for down-
monotone constraints can be extended to up-monotone constraints, by using f'(X) = f(V\X).

The relaxation algorithms use the multilinear extension (Eqn. (1.14)) which in general
requires repeated sampling and can be very expensive to compute. Below, we show how this

can be computed efficiently and exactly for many practical and useful submodular functions.

Weighted Matroid Rank Functions. A common class of submodular functions are

sums of weighted matroid rank functions, defined as:

F(X) =) max{w;(A)|AC X, A€ T}, (7.15)
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for linear weights w;(j). These functions form a rich class of coverage functions for summa-
rization tasks |Lin, 2012|. Interestingly, the concave extension of this class of functions is
efficiently computable |[Calinescu et al., [2011, [Vondrak, 2007|. Moreover, for a number of
matroids, the multilinear extension can also be efficiently computed. In particular, consider
the weighted uniform matroid rank function, f(X) =", max{w;(A)|A C X, |A| < k}. The

multilinear extension takes a nice form:

Lemma 7.5. The multilinear extension corresponding to the weighted uniform matroid rank
function, f(X) = max{w(A)|A C X,|A| < k}, for a weight vector w can be expressed as

(without loss of generality, assume that the vector w is ordered as wy > wy - -+ > w,,),

min(z,k)
f(ZE) = Zwla:z Z P(l’l, ce 7J7i—17l - 1) (716)
eV =1

where
P(xy,- - 2,l) = Z Hms H (1 —xy).
ZCSi|Z|=l1s€Z  teS\Z
and S* = {1,2,--- ,i}.
Proof. Recall that the multilinear extension of f is
fla)=> fX) [z I 0=, (7.17)
Xcv s€EX  teV\X

where f(X) = max{w(A)|A C X,|A| < k}. We can rewrite this sum in terms of the weights.
Any ¢ € V is only counted if it is among the k elements in X that have largest weight.
Formally, let £i = {X : i occurs as the jth largest element in X'}. Then

min(%,k)
fay=>_ w3 3 Jle I] =, (7.18)
eV I=1 XefiseX teV\X

This sum has a nice form. We can break the sets X € £! into Y U Z, where Y is a subset of
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{1,2,--+ ,i— 1} and Z is a subset of V\{1,2,---,7 — 1}. With this, we may rewrite

Z H:Es H (1 —xy)

XecriseX  teV\X

= > II= II a-a)]le IT 0=,

YCSsi—l s€Y  teSi-1\Y uc”Z veS\Z
ZCV\s§i—1

where we wrote S; = V\S*~". Note that 3 ;¢ [1,ez %u[l,e5n2(1 — 2,) = 1 and hence,

Z Ha:s H (1—xy) = Z Ha:s H (1 — ay).

XecLiseX teV\X ZCSt, s€Z  teSi\Z
|Z|=1—1
O
Interestingly, P(z1,- - ,; [) admits a nice recursive relationship, and can be computed

efficiently, and therefore also the multilinear extension of the weighted matroid rank function.
Lemma 7.6. P(zy,--- ,x;,1) admits the following relationship,

P(l‘l,"' ,Ii,l) :ZEiP(Zlfl,"' ,ZL‘i_l,l—l)

+<1—(L’1)P(l’1, ,J]Z‘,l—]_).

Moreover, for everyi € V and l € [1,n], the matriz of values of P(xy,--- ,x;1), and hence
the multilinear extension of f can be computed in O(n?) time. Moreover, the gradient V* f (x)

can be computed in O(n3) time.

Proof. The proof of this follows directly from the fact that we divide the possible sets into
those containing ¢ and those not containing 7. Given this recursion, it is easy to see that the
entire matrix of values of P(z1,--- ,z;,1) can be obtained for all values of ¢ and [ in O(n?)

iterations. Moreover, given this matrix, we can obtain the expression of f also in O(n?. O

The above results immediately provide an expression of the multilinear extension of the

Facility Location function.
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Corollary 7.5. The multilinear extension corresponding of the Facility Location function

J(X) = > ey maxjex 54, for a similarity matriz s;;, can be expressed as

ZZS zZE z H (719)

eV =1
where j},j2,- -+, j* denote the elements closest to i € V, sorted in decreasing order by their
similarity s;. The function f(x) can be computed in O(n*logn) time, and likewise the

alternate gradient.

Proof. The expression for the multilinear extension follows immediately from Lemma
and . The extension can be computed by, for each ¢ € V, sorting the elements by s;;,
computing the products in one linear pass for each [, and then the sum over [ in another pass.
Repeating this for each i € V results in a running time of O(n(n + nlogn)).

We next consider the gradient V*f (x). For simplicity, we focus on the max function, i.e

f(X) = max;ex s;. Assume w.l.o.g. that s; > s9 > -+ > s,. The gradient of this function is

Jj—1 n
V;f(a:):sjnl—xl ZsmH 1—x).
=1 i=j+1

This follows since V?f(x) = f(z|z; = 1) — f(x), where f(z|z; = 1) is the expression
of f(x) with z; set to be 1. The multilinear extension for the max-function is f(z) =

D i S H;;{(l — 1), and hence,

j—1 i—1 j—1
flx|lz; =1) = Z Siw; H(l — 1) + 5 H(l —x).
i=1 I=1 1=1

Plugging both into the expression of the gradient, we get the above.

Then for every j, we precompute M (x,j) = {;11 (1 — ;) and store it (this can be done

in O(n), and O(nlogn) for sorting). Then

n

Vof(x) = s;M(z,j) — Y siwiM(z,9). (7.20)

i=j+1
Hence the entire alternate gradient can be computed in O(nlogn) time for the max function,

and correspondingly in O(n?logn) for facility location. n
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Lemma provides an expression for the partial alternate gradient (since it is useful
for maximizing monotone functions). For the complete gradient V¢ f (x), there is a similar
expression. The complete gradient is required for non-monotone submodular maximization,

when the facility location function is used together with a non-monotone submodular function.

We can rewrite the gradients for some other matroids too, using similar techniques as
above. For example, consider partition matroids. Let Bj, Bo,---,B,, be m blocks of a
partition of the ground set such that B; N B; = 0, Vi, j and U;B; = V. Also let dy,--- ,d,, be
numbers such that d; < |B;|,Vi. A set X is independent in a partition matroid if and only if

| X N B;| <d;,Vi. The weighted rank function corresponding to the partition matroid is,

f(X) =max{w(Y)|Vi,Y N B; C XNB,;,|YNB; <d}
=max{Y w(¥;),¥; C X N B, V| <d;}

i=1

= max{w(¥;),Y; € X N B;, |Yi| < di}.
=1

The last equality holds since the B;’s are disjoint. Hence, the weighted matroid rank function
for a partition matroid is a sum of rank functions corresponding to uniform matroids defined
over the subsets B;. Hence Lemma directly provides an expression for the multilinear

extension.

Set Cover function. This function is widely used in applications, capturing notions of
coverage |Lin} 2012|. Given a collection of sets {Si, - -+, S,} and the universe U = U;S;, define
F(X) = w(UiexS;), where w; denotes the weight of item j € U. This setup can alternatively
be expressed via a neighborhood function I' : 2V — 2“ such that I'(X) = U;exS;. Then
f(X) = w([(X)). Let T7'(j) = {i € V: j € I'(4)}. Then the multilinear extension has a

simple form:

Lemma 7.7. The multilinear extension corresponding to the set cover function f(X) =
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= ij[l —R(I,j)],

jeu

where R(x, j) = [Licp-1(;y(1 — x:). The multilinear extension can be computed in O(n?

Moreover, the gradient VZf(a:) is

and the entire vector Vf(x) can be computed in O(n?) time.

Proof. Again, we express this sum in terms of the weights w. In particular,

ij Z H%H 1 — )

jeU  XgeD(X)seX  t¢X

D ICHD IR 1 681 (R

jEU  X:XNT-1(j)#£0s€X  tgX

:ij[l— Z H%H 1 —x)]

Jjeu X:XCV\I-1(j) s€X  t¢X
=> wii- ] <1—wt>J
Jjeu ter—1(j)

where the last inequality follows from the fact that

S e I 0=

X:XCV\I-1(j) s€X  teV\X

I a-z) > J[= [ Q-2

el =1(5) X:XCV\D-1(j) s€X te{VAD ()X

= ] (-a

tel'—1(5)

(7.21)

) time.

(7.22)



255

The second part also directly follows from the first, as

Vif(z) = faley = 1) — f(z)
= Y wil-R@H+ Y. wi-fl)

J:ke€D=1(4) J:kgl=1(45)

= > wR(z,))

3k 1)

= ) w;R(z,j)
J¢r (k)

In order to compute the vector Vo f (x), first we precompute R(x,j) for all j. This can be done in

O(n?) time. Then using the values of R(z,j), we can compute V¢ f(z),Vk also in O(n?). O

The gradient V f(z) can be computed analogously.

Probabilistic Coverage Functions. A probabilistic generalization of covering functions
of the form f(X) = >, wi[1—][;cx(1—pi;)] has been used for summarization problems [El;
Arini et al., 2009]. If p;; is binary (either ¢ covers j or not), we obtain a standard set cover
function. The multilinear extension of probabilistic coverage functions is also efficiently

computable

flo) = will = [J(1 = pya;))- (7.23)

icU JjEV

This form follows from Proposition (below), since this is a pseudo-Boolean function.

Graph Cut functions. Graph cuts are a widely used class of functions. Their multilinear

extension also a admits closed form representation. Graph cut functions are of the form

f(X) = Z Sij- (7.24)

i€EX jEX

Its multilinear extension is also easily expressed:
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Lemma 7.8. The multilinear extension of the graph cut function and its gradient have closed
form expressions
fl@) =" syzi(l—x), Vif(z) = si(1—2az;)
ijev jev
For asymmetric cut functions f(X) =3 _,cy icx Sij , the expressions are
flz) = Z sty Vif(z) = Zsij (7.25)
ijev jEV
In both cases above, the multilinear extension and the corresponding gradient can be computed

in O(n?) time.

Proof. We rewrite the multilinear extension in terms of the s;; to obtain the quadratic

polynomial

f(z) = Z Sij Z H X H(l — 1) (7.26)

i,J€V  XiHeX,jgX s€X  t¢X

= Z sijTs(1 — ) (7.27)

ijev
We can similarly derive the expression for the asymmetric graph cut function and the gradients

for both expressions. [

These quadratic functions have been widely used in computer vision.
A related function is a similarity-penalizing function: f(X) = —3_, ;cy si;. This function

has been used for encouraging diversity |[Lin and Bilmes| 2011c, |Lin, [2012].

Lemma 7.9. The multilinear extension and the gradient for the function f(X) = =3, .\ sij

are

flx)=— Z siriry,  Vif(x) = — Zsijxj (7.28)

1,j€V JjeEV
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Fac. LocationH Set Cover | Graph Cuts | Diversity I/ II | Concave over card. Log—DetH
Multilinear Closed form O(n?logn) 0(n?) O(n?) O(n?) O(n?) o(n?)
Multilinear Sampling O(n7logn) O(nb) o(n7) o(n") O(n%) O(n®)
Gradient Closed form O(n?logn) O(n?) O(n?) O(n?) O(n?) o(n?)
Gradient Sampling O(n"logn) o(n") O(n®) O(n®) o(n7) o(n?)

Table 7.3: Complexity of evaluating the multilinear extensions and their gradients for both

the optimized closed forms given in this chapter and for sampling at high accuracy.

Proof. The lemma follows analogously to the case of graph cuts:

fay==>"s; > []=]JQ-=) (7.29)
ijeV  XueXjeX seX  t¢X
ijev
and similarly for the gradient. O]

This function is often used with other coverage type functions (for example, graph cut or
set cover) [Lin, 2012|, and since the multilinear extension is commutative, the above forms
provide closed form expressions for a number of objective functions that promote diversity

and coverage.

Sparse Pseudo-Boolean functions. For graphical models, in particular in computer
vision, set functions are often written as polynomials |Ishikawa) 2009]. Any set function can
be written as a polynomial, ps(z) = ;. ar [ [;er @i, where @ € {0,1}" is the characteristic
vector of a set. In other words, f(S) = > ,cgar. Submodular functions are a subclass
of these polynomials. This representation directly gives the multilinear extension as the
same polynomial, f (z) = > ey ar [ Liep i, and is efficiently computable if the polynomial
is sparse, i.e., has few nonzero coefficients ap. This is the case for graph cut like functions

above and for the functions considered in [Stobbe and Krause, 2012} Ishikawa), 2009|. This

analogy is implicitly known, but we formalize it for completeness.
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Proposition 7.2. The polynomial representation is the multi-linear extension: f(z) = pr(z).

Proof. Recall that the multilinear extension is equivalent to the expectation for a product

distribution of Bernoulli random variables, P(S) = [[,cg @i [[;¢5 ;. We see that

= Z p(S) Z ar (731)

SCv TCS

= Z ar Z p(S) (7.32)

TCV S2oT

=Y ar Y pMp(S\T|T) (7.33)

TCV SoT

=S ar[[w( Y pa) (734)

TCV €T  ACV\T

= Z ar H[L’l = py(z). (7.35)

TCV €T

In the last step, we used that p(A | T') = p(A) and that ) -y, P(A) =1forall V' CV. [

Spectral functions. Diversity can also be encouraged via spectral regularizers |[Das
et al., 2012]. Given a positive definite matrix S € R™", define Sx to be the |X| x |X|
sub-matrix of the rows and columns indexed by X. Any scalar function 1 whose derivative
is operator-antitone defines a submodular function, f(X) = Zm ¥(Xi(Sx)), by applying it
to the eigenvalues of Sx [Friedland and Gaubert|, 2011|. The resulting class of submodular
functions includes the log determinants occurring in DPP inference |Gillenwater et al., 2012],
and, more generally, a smoothed log-determinant function f(X) = logdet(Sx + dlx) =
Zm log(A\;(Sx) + 0). It is monotone for § > 1, and has an efficiently computable soft-max
extension that is similar to the multilinear extension |Gillenwater et al., |2012]. This extension
is f5(z) = log(D_ xcv exp(f(X)) [Ticx @i ;¢ x (1 — ;) and shares several desirable theoretical
properties with the multilinear extensionf] A related function that encourages diversity is

F(X) = =S EHA(Sx) — 1)? [Das et al), 2012).

4The results in |Gillenwater et al., 2012] are shown only for § = 0, i.e log-determinant functions. However,
it is easy to see that the soft max extension can be computed for any value of § > 0 efficiently
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Note that — Zm M (Sx) = —trace(SySx) = — > ijex 5ij- The multilinear extension of

this function also takes a nice form.

Lemma 7.10. The spectral function f(X) = —Zm( \i(Sx) — 1)? can also be directly

expressed as

=) S5 H2> s+ |X]. (7.36)

ijeX i€eX

The multilinear extension and its gradient are

flo)==>" shwm;+> (28 + 1),

i,JEV eV
VZ.]E(LL’) = — Z S?jl‘j + ZS“‘ +1
JjeV

Both expressions can be computed in O(n?) time.

Proof. The proof of this lemma follows from Lemma[7.9and from the fact that the multi-linear
extension of a modular function is its linear extension — i.e given a function f(X) =5,y si,

its multilinear extension is f(z) = Y icv SiTi = (5, T). O

Concave over modular functions. Finally, we consider functions of the form f(A) =
g(|A|) where g is a concave function. Such functions are submodular, and have simple

extensions.

Lemma 7.11. The multilinear extension of the concave over cardinality function f(A) =

g(|Al) is
i=1
where
P(Z‘l,"' xn; Z H:ESH 1_SUt
ZCV,|Z|=iseZ  t¢Z
The term P(xq,--- ,x,,1) can be computed in linear time (excluding the computation of

constants), and correspondingly f(x) in O(n?).
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Proof. The proof of this Lemma follows directly from definition of the multilinear extension,

and from Lemmas [7.5] and [7.6] O

One may generalize this to sums f(X) = ). g;(m;(X)) of concave over modular functions,
where the g; are concave and the m; are modular. This class of functions has a natural
concave extension: f(z) =32, gi((x,m;)).

Given expressions for the functions above, we can also handle weighted combinations
F(X) = 3. Mifi(X), since its multilinear extension is f(z) = 32, \;ifi(z). In the following

sections, we briefly describe relaxation algorithms and rounding schemes for maximization.

7.4.1 Monotone Mazimization

We first investigate monotone submodular maximization subject to matroid independence
constraints Z. The technique for maximizing the multilinear extension is the continuous greedy
algorithm [Vondrak, 2008|, which is a slight modification of the Frank-Wolfe algorithm [Frank
and Wolfe| 1956, with a fixed step size.

e Find h' = argmax,,cp, (I, Ve f(at)).
o it =zt + §ht, with the step size d = 1/n?.

Here V? is the alternate gradient. In each iteration, the algorithm takes a step /! = ' 4 §h!
(with step size § = 1/n?) in the direction h' = argmax;, cp, (I, Ve f(z')) best aligned with
the alternate gradient. This continuous greedy procedure terminates in O(n?) iterations, after
which we are guaranteed to obtain a point z such that f(z) > (1 — 1/e)f(z*) |Calinescu
et al, 2011, |Vondrak, |2007]. Moreover, using the pipage rounding technique (in particular,
the deterministic variant [Vondrak, 2008|) ensures that we can round the continuous solution
to a set in O(n?) function calls.

A naive computation of the generic multilinear extension in Eqn. (1.14]) or its gradient

takes exponential time. To compute these in polynomial time, we can use sampling. For
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obtaining an accuracy better than 1/n?, we need O(n®) samples for the multilinear exten-
sion or for each coordinate of its gradient |[Vondrak, 2008, Vondrak}, 2007]. This implies a
complexity of O(n®) function evaluations for the gradient and O(n®) function evaluations
for the extension itself, thus implying the algorithm’s complexity as O(n®*Ty ), where Ty
is the time of evaluating the gain of f. For facility location, this means a running time of
O(n®logn), and for set cover functions O(n?). The specialized expressions in Section
however lead to algorithms that run several orders of magnitude faster. With O(n?) iterations,
the time becomes O(nQTVf), where V f is the time to compute the gradient of f. Table 7.3
compares the function evaluation times for some practically very useful submodular functions.
Moreover, we can use mixtures of these submodular functions, each with efficiently computable
multilinear extensions, and compute the resulting multilinear extension also efficiently. While
this is still slower than the accelerated greedy algorithm |Minoux, |1978|, it gains power for
more complex constraints, such as matroid independence constraints, where the discrete
greedy algorithm only achieves an approximation factor of 1/2, whereas the continuous greedy
obtains at least a 1 —1/e factor. Similarly, the continuous greedy algorithm achieves a 1 —1/e
approximation guarantee for multiple knapsack constraints [Kulik et al., 2009|, while the
discrete greedy techniques do not yet have such guarantees. Hence, the formulations above

make it possible to use the optimal theoretical results with a more manageable running time.

7.4.2  Non-Monotone Maximization

In the non-monotone setting, we must find a local optimum of the multilinear extension.
We could use, for example, a Frank-Wolfe style algorithm |[Frank and Wolfe| [1956] and run
it until it converges to a local optimum. It is easy to see that at convergence, x satisfies
(V f (x),y —x) <0,Vy € Pc and is a local optimum. Practically, this would mean checking
if argmax, cp,(y, V f(x)) = z. For simple or no constraints, we could also use a method like
L-BFGS. Running this procedure twice, we are guaranteed to obtain a 0.25 approximate
solution [Chekuri et al., [2011]. This procedure works for any down-monotone constraint C.

Moreover, this procedure with a slightly different extension has been successfully applied in
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practice to MAP inference with determinantal point processes |Gillenwater et al., 2012].

A generic rounding strategy for submodular maximization problems was given by |Chekuri
et al., 2011], and works for a large class of constraints (including matroid, knapsack constraints,
and a combination thereof). Without constraints, this amounts to sampling a set by a
distribution based on the continuous solution = — it will satisfy Ex,f(X) = f(z). In
practice, however, this may not work well. Since the multilinear extension is linear in any
coordinate (holding the other ones fixed), a simpler co-ordinate ascent scheme of choosing the
better amongst 0 or 1 for any fractional co-ordinate will guarantee a deterministic procedure
of obtaining an integral solution no worse than the continuous one.

The above algorithms and rounding techniques offer a general and optimal framework,
even for many complex constraints. Moreover, many of the best algorithms for non-monotone
submodular maximization are based on the multilinear extension. For example, the best known
algorithm for cardinality constrained non-monotone submodular maximization [Buchbinder
et al., [2014] uses a continuous double greedy algorithm on the multilinear extension. However,
the practical utility of those algorithms is heavily impaired by computational complexity. In
fact, non-monotone functions even require O(n") samples [Chekuri et al., 2011]. For DPPs,
|Gillenwater et al., 2012| used an extension that is practical and close to the multilinear
extension. Since they do not use the multilinear extension, the above rounding schemes do
not imply the same approximation bounds as for the multilinear extension, leaving the worst-
case approximation quality unknown. The expressions we show above use the multilinear
extension and maintain its benefits, demonstrating that for many functions of practical
interest, sampling, and hence extremely high complexity, is not necessary. This observation
is a step from theory into practice, and allows for the improved approximations to be used in

practice.

7.4.83 Integrality Gaps

Surprisingly, the multilinear extension has an integrality gap of 1 for a number of constraints

including the matroid and cardinality constraints, since it is easy to round it exactly (using
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say, the pipage rounding or contention resolution schemes [Calinescu et al., |2011, |Chekuri
et al) 2011]). The concave extension however, can have integrality gaps arbitrarily close to
e/(e — 1) even for simple matroids |[Vondrak, 2007]. Hence, even though it is possible to
exactly optimize it in certain cases (for example, for weighted matroid rank functions), the

rounding only guarantees a 1 — 1/e approximation factor.
7.5 Difference Of Submodular (DS) Optimization

Finally, we investigate minimizing the differences between submodular functions. Given sub-
modular functions f and g, we consider the following minimization problem: minxe¢c ( f(X)—
g(X )) In fact, any set function can be represented as a difference between two non-negative
monotone submodular functions [Narasimhan and Bilmes| 2005| Iyer and Bilmes, 2012b|. In
the unconstrained setting, C = 2". A natural continuous relaxation (not necessarily convex)
is h(z) = f(z) — §(x). The continuous problem is a DC programming problem, and can be
addressed (often very efficiently) using the convex-concave procedure |Yuille and Rangarajan,
2003]. Moreover, thanks to the special structure of the Lovasz extension, there exists a simple

rounding scheme for the unconstrained version.

Lemma 7.12. Given submodular functions f and g, and a continuous vector x, there exists
a0 € (0,1) such that f(Xg) — g(Xy) > f(z) — §(z), where Xy = {x > 0}. Moreover, the
integrality gap of h(x) (in the unconstrained setting) is equal to 1.

Proof. Recall that given a point z € [0, 1]", we can find a chain of sets ) = Zy C Z; C Z» C
-+ C Z corresponding to z, such that z = Z?Zl Ajlz,. Then the Lovasz extension can be
written as f (z) = Z?:l A;f(Z;). This chain is independent of the function f and hence, given

functions f and g, we have that
h(z) = \h(Z) (7.38)

It is then easy to see that one of h(Z;) for j =1,2,--- , k must have a value less than or equal

to h(z), thus completing the proof. O
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The above lemma shows that in at most O(n), we can round the continuous solution
without any loss. Unfortunately, these results do not seem to extend straightforwardly to
combinatorial constraints. Although the relaxed difference of convex optimization problem
can itself be solved via the convex-concave procedure if the polytope Pe corresponding to
the constraints can be characterized efficiently, the #-rounding procedure no longer retains
any guarantees. However, a procedure like threshold rounding might still provide a feasible
solution if the constraints are up-monotone, and taking the best amongst the feasible rounded

sets might still work well in practice.
7.6 Discussion

In this work, we have offered a unifying view on continuous relaxation methods for submodular
optimization. For minimization problems with various constraints, we provide a generic
rounding strategy with new approximation bounds and matching integrality gaps. For maxi-
mization, we summarize efficiently computable expressions for many practically interesting
submodular functions. This is a useful step towards transferring optimal theoretical results
to real-world applications. An interesting question remains whether there exist improved
sampling schemes for cases where the multilinear extension is complex. In this chapter, we
propose relaxation based algorithms for Problems 1, 2 and 3. An open problem is whether
these techniques can be extended to Problems 4 and 5 (i.e. SCSC and SCSK as well). Note
that both these problems are special cases of Problems 1 and 2. The main difficulty, however,
is to express the constraints in this setting as linear programs. In the cases where the
constraints can be expressed through a polynomial number of linear inequalities, however, we
could use the techniques proposed in this chapter to get guarantees for both these problems.
Another open problem from this chapter, is to investigate the role of complexity parameters
like curvature etc. in the approximation bounds. Currently our bounds do not depend on

these parameters.
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Chapter 8
CONCLUSIONS

This thesis has presented unifying approaches for submodular optimization, while focussing
on scalability to large scale data subset selection applications. We show how these approaches
unify several existing algorithms, and provide new algorithms for many forms of submodular
optimization, including submodular minimization, submodular maximization, difference of
submodular optimization, and submodular optimization subject to submodular constraints.
We study theoretical properties of these algorithms, as well as the hardness of the underlying
optimization problems. We also highlight novel theoretical characterizations, which provide
better connections between theory and practice. Finally, we demonstrate the applicability
of our algorithms on synthetic data as well as several real world problems including image
correspondence, summarization, feature subset selection and limited vocabulary corpus

selection etc. We conclude with some open problems.

e In this dissertation (particularly chapters [3[ and , we investigated several theoretical
constructs like the curvature, monotonicity ratio and submodularity ratio, which offer
improved results for submodular minimization and maximization. These bounds provide
the first step in connecting theory and practice. However, there is still a big gap. Several
submodular functions obtain worst case factors close to 1 for these optimization problems,
which contrasts the weaker worst case guarantees even if we consider these parameters.
An open problem is to investigate other important constructs connected to submodular
optimization, which could shed more light into the gap between the approximation

factors observed in practice and the worst case ones.

e Another possible research direction could be to investigate the performance of our
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algorithms for subclasses of submodular functions, which occur naturally in practice.
Note that the worst case approximation bounds hold for several contrived subclasses
of submodular functions. Correspondingly, a very important problem is to investigate
classes of submodular functions which occur more naturally in applications, and study

the worst case behavior for these subclasses of functions.

e In Chapter [d] we unified several submodular maximization schemes from an algorithmic
perspective. However, we do not offer new theoretical insights into the guarantees. It
might be useful to consider a unifying theoretical perspective, and a proof framework
to derive many of the approximation guarantees for these problems. This could help in
providing improved theoretical approximation guarantees for many open problems in

submodular maximization.

e Most of the algorithms proposed in this work were based on first order (i.e modular)
upper and lower bounds, which we have called the semigradients of a submodular
function. This is akin to the gradient based algorithms in convex optimization. A
natural question is whether second order methods could provide improved guarantees
for several of these problems. In particular, one could construct second order (possibly

graph-cut) based upper and lower bounds, which might yield better theoretical results.

e Finally, we note that results presented in Chapter [7] were worst case polynomial
guarantees, and do not seem to be dependent on the curvature. An interesting open
problem, is if these approximation bounds could be naturally extended to include the

curvature of a submodular function.

The focus of this thesis was primarily theoretical, with the aim of characterizing a
unifying class of algorithms, approximation bounds and hardness results for various flavors of
submodular optimization. In every case, we motivated these applications by several real world

applications, and also investigated many of these applications in the experiments section of
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each chapter. As future work, we would like to investigate these algorithms in many other

real world applications, which motivated a lot of this work.
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