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Chair of the Supervisory Committee:

David Masiello

Department of Chemistry

Reliable modeling and tailoring of the optical responses of fabricated dielectric nanostruc-

tures is critical to the design and implementation of next generation nano-optical devices, in

addition to understanding the mechanisms of charge and energy transfer at atomic scales.

Perhaps, no two instruments have been as indispensable in the spectroscopic characteriza-

tion of atomic scale systems as the laser, and the scanning transmission electron microscope

(STEM). Concerning the later, recent advances in electron beam monochromation and aber-

ration correction have allowed for accurately probing target responses from thermal to X-ray

energies with high spectral and spatial resolution. The majority of this disseration will focus

specifically on electron energy loss (EEL) and gain (EEG) spectroscopies, where spectro-

scopic measurements are generated by a near-field mediated inelastic scattering process

between a series of fast moving electrons and the induced field response of an interrogated

target.

In this dissertation, I will restrict the discussion of target excitation to the spectral

window of optical-IR energies, as it is at these relatively low energies that electromagnetic

surface mode phenomena such as surface plasmon and surface phonon mode resonances

occur. At higher energies, stretching from the ultraviolet to x-ray, the inelastic scattering

signal is capable of characterizing electronic interband transitions, core electron excitations,

and ionization energies.



Intrinsic to this discussion is the role that hybridization plays between ensembles of di-

electric particles, and how dielectric nanostructures can couple with a resonant background

environment via their induced electromagnetic fields. I then explore how these complex

coupling e↵ects are reflected in the EELS/EEGS signals, generated via the inelastic scat-

tering of fast electrons. I attempt to accomplish this by first orienting the reader with

classical dielectric theory, and an intuitive characterization of the electromagnetic surface

modes intrinsic to dielectric interfaces. I then construct physical models of the spectroscopic

observables generated under light excitation and via near-field ion probes. Crucial to all of

this, is a robust procedure for mapping the electromagnetic surface modes onto harmonic

oscillator coordinates, along with an analysis of the system eigenmodes, and a derivation

of their e↵ective masses. This is accomplished by way of the method of Green’s functions.

This proves to be a powerful and versatile technique for describing the physical and optical

properties of the dielectric interfaces which I study herein. My hope is that this intuitive

approach to modeling the response of dielectric nanostructures in the presences of light

and applied electromagnetic fields, will aid the reader of this dissertation in interpreting

spectroscopic measurements in a laboratory setting.
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Chapter 1

A SHORT HISTORICAL PERSPECTIVE

In tandem with Lorentz’s force law, Maxwell’s equations provide the mathematical foun-

dation for classical electrodynamics, a branch of the physical sciences describing the interac-

tion of electric charges and currents, and the corresponding fields which they source. Upon

formulating this system of coupled partial di↵erential equations, James Clerk Maxwell was

the first to demonstrate that light itself was in fact an electromagnetic wave [5]. This

quickly led to a formal description of light-matter interactions as an extension of classical

Newtonian mechanics. Accompanying Newton’s theory of gravitation, Maxwell had intro-

duced an additional classical field theory to the arena of contemporary physics, detailing

what would later be acknowledged as one of the four fundamental forces which governs all

electromagnetic interactions between charge carriers in our observable universe [6].

Prior to the quantum revolution of the early 20th century, Maxwell had supplied an

elegant description of electromagnetic phenomena at su�ciently large length scales and field

strengths. However, as the sensitivity of instrumentation improved, allowing experimenters

to probe electromagnetic phenomena on increasingly small length scales and at very low field

intensities, it became apparent that a quantum theory describing the interaction between

light and matter was necessary. Pioneering work by Paul Dirac [7], Enrico Fermi [8], Hans

Bethe [9], and later Shin’ichirō Tomonaga [10], Julian Schwinger [11, 12], Richard Feynman

[13, 14, 15], Freeman Dyson [16, 17] and countless others, led to the the formulation of

quantum electrodynamics (QED), the first relativistic quantum field theory.

Broadly speaking, the study of light-matter interactions is categorized under the branch

of physical science known as ‘optics’. More specifically, when considering interactions over

a spacial range comparable to that of the wavelength of an impinging light source we com-

monly refer to the sub-discipline of ‘nano-optics’. It is at this scale where innumerable and

interesting features arise when electromagnetic fields interact with nanometer sized objects
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with varying dielectric properties, tailored to specific applications. Understanding, mod-

elling, fabricating and applying these nanoscopic light-matter interfaces is the focus of the

modern and burgeoning field of nano-optics and nano-photonics. The physicists, material

scientists, chemists, and engineers working at the forefront of this scientific endeavor must

borrow from a diverse array of scientific disciplines and theoretical toolkits to accomplish

these tasks.

Fundamental to this venture is the combined e↵ort of theory and experiment, whereby

spectroscopic measurements and high resolution spacial imaging techniques verify the pre-

dictions of proposed physical models of nanoscale light-matter interactions and aids in de-

termining their relative accuracy. Historically, experimentation has also served to inform

theoreticians about the emergence of previously unrecognized physical phenomena [18].

Some of the earliest attempts at spectroscopic measurement date back to Newton [19],

who’s experiments with crystal prisms demonstrated that a source of white light could be

separated into an array of distinct colors. Newton’s corpuscular theory gave way to the wave

interpretation of light pioneered by Huygens, Young and Fresnel [20], and soon verified

by the discoveries of Maxwell. In the interim, experimentalists such as Fraunhofer [21],

Balmer [22] and countless others [23, 24, 25] developed increasingly sophisticated methods

for separating the emission spectra of light sources, such as the radiant light of the sun, and

the incandescent light of heated elements. They observed the presence of bands or spectral

lines, which served as a spectral fingerprint for a given material’s emissive properties. These

finding gave way to theoretical developments by Rydberg [26], Lyman [27] and Paschen [28],

and their respective formulas for the observed spectral emission series of the elements. In

short order, Bohr’s had developed his quantum mechanical model of the atom, relating the

emission lines of hydrogen to transitions of the element’s lone electron between quantized

energy states.

As a theoretical description of light-matter interactions matured throughout the 20th

century, spectroscopic techniques followed suit as instrumentalists and engineers developed

and refined increasingly sensitive methods of perturbing and measuring the response of

matter in the presence of an applied electric or magnetic field. Today, spectroscopists

utilize a diverse array of probes, including but not limited to nuclear magnetic resonance
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spectroscopy, laser spectroscopy, and near-field electron energy loss spectroscopy, to discern

atomic structure, probe the density of states of a quantum or classical system, and to study

the variety of processes leading to radiative absorption and emission of light by matter. The

next several sections of this dissertation will aim to orient the reader with an introduction to

modeling the dielectric properties of matter, and how certain spectroscopic observable are

modeled, specifically the cases of laser based spectroscopy and inelastic electron scattering

(EELS/EEGS).
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Chapter 2

THEORETICAL FOUNDATIONS

In this chapter we introduce the reader to the fundamental concepts necessary for un-

derstanding the dielectric properties of matter, and how this dielectric description is used

to model light-matter interactions at both bulk and microscopic scales. We begin with a

classical derivation of the dielectric function with two distinct approaches. Next, using the

method of scalar Green’s functions, we demonstrate how to solve for the induced scalar fields

of dielectric objects in the presences of external charge distributions. Finally we prescribe

a method for mapping the induced moments of the dielectric objects onto harmonic oscil-

lator equations of motion, a technique which proves to be exceedingly useful in modeling

spectroscopic observables.

2.1 Modeling the Dielectric Properties of Matter

As is customary, we begin with Maxwell’s equations, the governing laws of classical electro-

dynamics

r ·E = 4⇡⇢ (2.1)

r ·B = 0 (2.2)

r⇥E = �1

c
Ḃ(x, t) (2.3)

r⇥B =
1

c
Ė+

4⇡

c
J (2.4)
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where ⇢ and J are the respective charge and current densities which source the electric and

magnetic fields. The fields may be sourced by both free charges (f) due to a source of ions,

and bound charges (b) resulting from the polarization of a material in the presence of an

external field.

⇢ = ⇢f + ⇢b (2.5)

J = Jf + Jb (2.6)

The free charge and current density may always be expressed in terms of a sum of point

charges as

⇢f =
X

j

qj�(x� xj) (2.7)

Jf = ⇢fvd (2.8)

Where vd represents the average drift velocity of the free charges. We then introduce the

polarization density P as a vector field sourced by a system’s bound charges as

�r ·P = ⇢b. (2.9)

Appealing to the continuity equation to relate the current density of the bound charges to

the polarization density field

r · Jb = �
@⇢b

@t

= r · @P
@t

(2.10)
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Therefore, when a material’s magnetic polarization is negligible, we write

Jb =
@P

@t
(2.11)

Because J = Jf + Jb, using Eqn. (2.11), we find Ampere’s law may be expressed as

r⇥B =
1

c
Ḋ+

4⇡

c
Jf , (2.12)

and for Gauss’s law (2.1)

r ·D = 4⇡⇢f . (2.13)

We have derived the macroscopic Maxwell Equations in the presence of polarizable material,

to which we will now label

r ·D = 4⇡⇢f (Gauss’s law) (2.14)

r ·B = 0 (No magnetic monopole law) (2.15)

r⇥E = �1

c
Ḃ(x, t) (Faraday’s law of induction) (2.16)

r⇥B =
1

c
Ḋ+

4⇡

c
Jf (Ampère’s law) (2.17)

Above, the displacement field has been introduced, and it is defined in terms of the electric

and polarization field as

D = E+ 4⇡P. (2.18)

Eqn (2.18) is referred to as the constitutive relation of the electric field. We relate the

polarization field to the electric field strength by way of the electric susceptibility �, as P =

�E. For fields which may vary both in time and space, we define this relationship between
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the vector fields in terms of a spatiotemporal convolution integral, where the susceptibility

inherits the role of a causal response function. When the magnitude of the field is su�ciently

weak, the causal response may be approximated as linear. Therefore

P(x, t) =

Z
dx

0
dt

0
�(x� x

0; t� t
0)E(x0

, t
0), (2.19)

Where the coordinates x
0 and t

0, represent the location of an impulse introduced by the

electric field in space and time. Considering the Fourier transform of the polarization field

P(k,!) =

Z
dxdt P(x, t)e�i(k·x�!t)

=

Z
dxdt

Z
dx

0
dt

0
�(x� x

0; t� t
0)E(x0

, t
0)

�
e
�i(k·x�!t)

= �(k,!)E(k,!)

(2.20)

In the final line of Eqn. (2.20), we have applied the convolution theorem to evaluate the

integrals. Therefore, the Fourier transform of the displacement field evaluates to

D(k,!) = (1 + 4⇡�(k,!))E(k,!)

= "(k,!)E(k,!).

(2.21)

In Eqn. (2.21), we have defined a non-local, dispersive dielectric function ", which encodes

the dynamic response of a bulk material’s bound charges to an applied electric field. In a

’local’ approximation of the dielectric function or in the long wavelength limit (i.e. k = 0),

the response of the dielectric material is spatially independent, and we may easily transform

back into direct space, relating the electric and displacement fields via a frequency dependent

dielectric function as

D(x,!) = "(!)E(x,!), (2.22)
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where now, the dispersive properties of the material are only dependent on the frequency

of the applied electric field.

2.2 Classical Models of the Dielectric Function

Figure 2.1: A one-dimensional chain of two di↵erent types of atoms, with masses m1 and
m2, which alternate along the length of the chain. The atoms are bound by a force constant
, and each atom pair occupies a unit cell of length a. The relative position of each atom
xN , yN is indicated by its subscript.

A simple model [29, 30] which aids in developing intuition about the optical properties

of a solid is that of the one-dimensional two-atom chain. We assume the chain extends

far enough in each direction that its length can be safely modeled as infinite, avoiding the

introduction of boundary conditions. Considering only nearest neighbor interactions, and

ignoring interactions between electrons and dissipation e↵ects, we may immediately write

down the equations of motion for two neighboring atoms which comprise a single unit cell,

at positions xn and yn

m1ẍn = �(xn � yn�1)� (xn � yn) (2.23)

m2ÿn = �(yn � xn+1)� (yn � xn). (2.24)
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The solutions are taken to be waves of the form

xn(t) = xke
i(kna�!t) (2.25)

yn(t) = yke
i(kna�!t) (2.26)

Where k is the oscillation wavenumber. Substituted into (2.24), we may recast the coupled

equations of motion into matrix form as

0

@ 2�m1!
2 �[1 + e

�ika]

�[1 + e
ika] 2�m2!

2

1

A

0

@xk

yk

1

A =

0

@0

0

1

A (2.27)

The nontrivial solutions for matrix equations of the type Āx = 0, are found by setting the

determinant of the matrix equal to zero, as det|Ā| = 0. Solving for !, we find a set of

four solutions, two of which are negative and discarded. The two remaining positive valued

eigenfrequencies are

!±(k) =

"


µ

✓
1±


1� 2µ

m1 +m2
(1� cos ka)

�◆ 1
2

# 1
2

, (2.28)

where µ = m1m2/(m1 + m2) is the reduced mass of the unit cell. Plotting the eigenfre-

quencies as a function of wavenumber k, we observe the emergence of two branches in the

resulting dispersion plot which repeat over the first Brillouin zone. The upper branch is

commonly referred to as the optical branch, and the frequencies !+(k) correspond to eigen-

frequencies of the optically active normal modes, as we will demonstrate in this section. The

eigenfrequencies of the lower branch !�(k) are referred to as the acoustic modes. In the long

wavelength limit, the wavenumber k = 0, and the resulting normal mode frequencies are

!+(0) =
p

2/µ and !�(0) = 0. Substituted into (2.27), we solve for the long wavelength
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Fourier amplitudes of the oscillators

x0 = �
m2

m1
y0 ; if !+(0) = ! (2.29)

x0 = y0 ; if !�(0) = ! (2.30)

And we observe that the oscillation amplitudes of x0 and y0 within the unit cell are of op-

posite in sign, and scaled with respect to the ratio of the their masses, indicating that they

oscillate out-of-phase with one another. As for the acoustic branch, the amplitudes of oscil-

lation are exactly equal in magnitude, indicating an in-phase oscillation of the atoms. We

Figure 2.2: (a)Dispersion diagram for a two atom unit cell with mass ratio m1/m2 = 2 over
the first Brillouin zone, where !+ represent the optical modes, and !� the acoustic modes.
(b) Out-of-phase oscillation of the optical mode, and (c) in-phase oscillation of the acoustic
modes in the long wavelength limit (k = 0).

now introduce an external driving force in the form of a time oscillating electric field acting

uniformly on the oscillators in the long wavelength limit. The time dependent force of the
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external field at the unit cell position is F (t) = eE(t). Under a steady-state approximation

xn(t) = x0(!)e
�i!t (2.31)

yn(t) = y0(!)e
�i!t (2.32)

E(t) = E(!)e�i!t (2.33)

Solving for x0 and y0 in the long wavelength limit, we find

x0(!) =
e

m1

E0(!)

!
2
0 � !2

(2.34)

y0(!) = �
e

m2

E(!)

!
2
0 � !2

(2.35)

Where above, where have relabeled the long wavelength optical mode frequency !+(0) = !0.

Perturbing the oscillating atoms from their equilibrium positions results in an induced charge

distribution, which can be well approximate as dipolar in character. The resulting dipole is

proportional to the net amplitude of displacement between the two atoms, and is defined

as p = �e(x0 � y0). By observation, we notice that only the optical mode amplitudes for

the oscillators produce a non-zero dipole moment, demonstrating that the acoustic modes

do not directly couple to an applied electric field. Working in the frequency domain, the

polarization field [31] is defined as

P (!) = Np(!)

=
Ne

2

µ

E(!)

!
2
0 � !2

= �(!)E(!),

(2.36)
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Where N is the dipole number per unit volume. Now, by observation, the electric suscep-

tibility is

�(!) =
Ne

2

µ

1

!
2
0 � !2

. (2.37)

Recalling the constitutive relation (2.18), we may immediately write down the dielectric

function of the one dimensional, diatomic crystal, and defining the material’s plasma fre-

quency as !p =
p
4⇡Ne2/µ

"L(!) = 1 +
!
2
p

!
2
0 � !2

(2.38)

Eqn (2.38) is commonly referred to as the Lorentz oscillator model of the dielectric function,

which can be broadly applied to model the optical response of a material’s charge carriers

bound by a central potential. Such optically active responses may include phonons, excitons,

and a variety of electronic excitations of a material’s bound core and valence electrons, all

of which are e↵ectively modeled using a Lorentz oscillator response function. An alternative

derivation of the Lorentz oscillator model may begin with considering a unit cell consisting

of a single atom, and a harmonically bound electron. As before, we may write down an

equation of motion for the electron under the influence of a time oscillating electric field. We

ignore the motion of the much heavier nuclei to which the electron is bound, and coupling

to the field of all other surrounding electrons, we arrive at

ẍel + �ẋel + !
2
0xel =

e

m
E(t) (2.39)

In Eqn (2.39), xel represents the displacement of the electron from its equilibrium position,

!0 is the natural oscillation frequency, m�ẋel represents an unspecified force due to dissi-

pation preventing the oscillations from continuing indefinitely, and m ⇡ mel is the reduced

mass of the electron-nucleus system. Again, assuming steady-state solutions of the form

xel(t) = xel(!)e�i!t, E(t) = E(!)e�i!t, we immediately produce a solution for the Fourier

amplitude of the electron’s oscillation.

xel(!) =
e

m

E(!)

!
2
0 � !2 � i�!

(2.40)
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The resulting dipole moment is defined as p(!) = exel(!), and as before, we recall the

constitutive relations to derive the dielectric function, now including the e↵ects of dissipation

"L(!) = 1 +
!
2
p

!
2
0 � !2 � i�!

. (2.41)

In general a particular material may host an ensemble of optically active excitations, due to

a variety of electrons which experience a unique binding potential to the nuclei. Therefore,

in general we may write

"L(!) = 1 + !
2
p

X

i

fi

!
2
i
� !2 � i�i!

, (2.42)

Where fi is a unitless parameter, representing the oscillator strength of a particular reso-

nance in a material. Formally, we define the oscillator strength as fi = Ni/Ntot, where Ni is

the charge carrier number density, and Ntot is the total charge carrier number density. Then,

we define !2
p = 4⇡Ntote

2
/m. There are classes of materials which at ambient temperatures

possess an ensemble of electrons which are unbound to a particular nucleus. Considering

these electrons ’free’ (i.e. !0 = 0, as they experience no restoring force or binding potential),

the corresponding equation of motion under the influence of an external, time dependent

field is

ẍel + �ẋel =
e

m
E(t). (2.43)

In a procedure identical to that of the bound charge carriers, we quickly arrive at the

following expression for the so call ’Drude’ dielectric model, which encodes the material’s

optical response due to the presence of a free electron gas. We write

"D(!) = 1�
!
2
p

!2 + i�!
. (2.44)

The Drude dielectric function is typically used to model the optical responses of metals and

other special classes of materials which possess conductive properties in the presence of an

applied electric field or voltage potential, at ambient temperatures. In sum, the contribution

of both a free electron gas and a collection of harmonically bound charges can contribute to
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the optical properties of a material, and that material’s dielectric function can be e↵ectively

modeled by a composite ’Drude-Lorentz’ dielectric model

"(!) = "D(!) + "L(!)

= "1 �
!
2
p

!2 + i�!
+ !

2
p

X

i

fi

!
2
i
� !2 � i�i!

(2.45)

Where "1 is included to model the contribution of a static, real valued response of a

material, which is greater than or equal to unity.

2.3 The Electromagnetic Surface Modes of Spherical Particles and Planar In-
terfaces

Figure 2.3: (a) A sphere of radius a and (b) a slab of depth d which extends infinitely
along its lateral directions, perpendicular to the unit vector n̂. Both objects are described
by a dielectric function "(!), in the presence of an external source, represented by a delta
function.

Considering Eqn (2.22), and writing down the electric field in terms of the electric scalar

potential � and the magnetic vector potential A

E(x,!) = �r�(x,!)� 1

c

@A(x,!)

@t
(2.46)
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Where the potential fields are defined up to a gauge degree of freedom, represented by the

function G, as

�! �� 1

c

@G
@t

(2.47)

A! A+rG. (2.48)

The presence of G leaves the fields and Maxwell’s equations unchanged. In this section we

will work under a ‘quasistatic’ approximation, where we consider the speed of light to be

infinite. In this regime our expression for the displacement field simplifies to

D(x,!) = �"(!)r�(x,!) (2.49)

To solve for the potential � in Eqn. (2.49), we employ the method of Green’s functions

[31, 32, 33]. In the regions of space where there is free charge, we replace the charge

density in Gauss’s law with an infinitesimal impulse in the form of a delta function. In the

presence of a source, and under a quasistatic approximation, Gauss’s law assumes the form

of Poisson’s equation, the inhomogeneous form of Laplace’s equation. In general, Laplace’s

equation may be solved analytically in any curvlinear coordinate system where the equation

is fully separable. The choice of what coordinate system to work in is typically dictated

by the geometry of the object which harbors the system’s bound charges. This drastically

simplifies solving the resulting boundary value problem. Here, we will restrict ourselves to

finding a solution for the particular case of first a sphere, and then a slab of varying depth

and infinite lateral extent. Starting with the sphere in the presence of a source external

to the dielectric material, we introduce a Green’s function as a solution to the following

equations

r > a : �r2
G(x,x0;!) = 4⇡�(x� x

0)

r < a : �"(!)r2
G(x,x0;!) = 0,

(2.50)
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where x and x
0 represent an arbitrary observation point and the position of the source,

respectively. Defining three spatial regions indicated by labels I, II, III, where due to the

absence of free charge, the potential will satisfy Laplace’s equation.

�r2�(x,!) = 0 (2.51)

A general solution to (2.51) in spherical coordinates is well known in term of the solid

harmonic functions as

�(x,!) =
X

`m

⇣
A`m(!)r` +B`m(!)r�(`+1)

⌘
Y`m(✓,�). (2.52)

Above, Y`m(✓,�) are the spherical harmonic functions, while A`m and B`m are to-be-

determined expansion coe�cients, and r is the radial coordinate. For regions I,II, and III,

using (2.52), we then enforce the physical constraints that the potential must trend towards

zero at infinite distances, and must remain finite at the center of the sphere. Therefore, we

infer the form of the Green’s function in regions I-III as

GI(x,x
0;!) =

X

`m

A`m(x,!)r`Y`m(✓,�)

GII(x,x
0;!) =

X

`m

⇣
B`m(x,!)r` + C`m(x,!)r�(`+1)

⌘
Y`m(✓,�)

GIII(x,x
0;!) =

X

`m

D`m(x,!)r�(`+1)
Y`m(✓,�).

(2.53)

Next, recalling the completeness relation of the spherical harmonic functions

1

sin ✓
�(✓ � ✓0)�(�� �0) =

X

`m

Y`m(✓,�)Y ⇤
`m

(✓0,�0), (2.54)
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we enforce the boundary conditions, that in the absence of free charge

n̂ · (DI �DII) = 0, (2.55)

and in the presence of free charge

n̂ · (DII �DIII) = 4⇡�, (2.56)

and that everywhere, G is a continuous and well behaved function. In spherical coordinates,

the surface density due to a spatially infinitesimal impulse is � = (r2 sin ✓)�1
�(✓�✓0)�(���0).

Finally, we solve for the scalar Green’s function both within and external to the sphere

r > a : GII,III(x,x
0;!) =

1

|x� x0| �
X

`m

4⇡

2`+ 1

a
2`+1

r`+1r0`+1
Y`m(✓,�)Y ⇤

`m
(✓0,�0)�`m(!)

r < a : GI(x,x
0;!) = 4⇡

X

`m

r
`

r0`+1
Y`m(✓,�)Y ⇤

`m
(✓0,�0)⌘`m(!)

(2.57)

In the region r > a which includes contributions to the net potential from both the free

source and bound charge response, we recover both the Green’s function solution to Poisson’s

equation, and the ‘induced’ Green’s function. The unitless response functions �` and ⌘`

depend on the sphere’s dielectric function as

�`m(!) =
`("(!)� 1)

`("(!) + 1) + 1
(2.58)

⌘`m(!) =
1

`("(!) + 1) + 1
. (2.59)

In the case of the dielectric slab with an external source, it is easiest to work in a cylindrical

coordinate system to solve the associated boundary value problem. As is indicated in figure

(2.3) there are four spacial regions to consider. For simplicity, we define the upper surface of



19

the slab to live at z = 0. The potential will again satisfy Laplace’s equation (2.51) in these

four spatial regions. A general solution to Laplace’s equation in cylindrical coordinates is

�(x,!) =
1X

n=�1
e
in�

Z 1

0
dkJn(k%)e

±kz
, (2.60)

when the unit vector normal to the slab’s surface is directed along coordinate z. The terms

Jn(k%) are the cylindrical Bessel function of the first kind. We define the radial coordinate

as % =
p
x2 + y2, and k is a continuously indexing wavenumber. Again, imposing physical

constraints on the values of the potential at z = 0, d and z = ±1, the Green’s function in

regions I-IV are

GI(x,x
0;!) =

1X

n=�1
e
in�

Z 1

0
dkJn(k%)Akn(x,

0
!)e�kz

GII(x,x
0;!) =

1X

n=�1
e
in�

Z 1

0
dkJn(k%)

⇣
Bkn(x

0
,!)ekz + Ckn(x

0
,!)e�kz

⌘

GIII(x,x
0;!) =

1X

n=�1
e
in�

Z 1

0
dkJn(k%)

⇣
Dkn(x

0
,!)ekz + Ekn(x

0
,!)e�kz

⌘

GIV(x,x
0;!) =

1X

n=�1
e
in�

Z 1

0
dkJn(k%)Fkn(x

0
,!)ekz

(2.61)

Applying the boundary conditions (2.55),(2.56), defining the surface density � = %
�1
�(%�

%
0)�(�� �0), and recalling the completeness relation of the cylindrical functions

1

%
�(%� %0)�(�� �0) = 1

2⇡

1X

n=�1
e
in(���

0)
Z 1

0
dk kJn(k%)Jn(k%

0), (2.62)

we solve for the Green’s function in the region of the source (I,II) [2, 34]

GI,II(x,x
0;!) =

1

|x� x0| �
1X

n=�1
e
in(���

0)
Z 1

0
dkJn(k%)Jn(k%

0)e�k(z+z
0)
⇣I,II(k,!) (2.63)
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Within the slab (III)

GIII(x,x
0;!) = 2

1X

n=�1
e
in(���

0)
Z 1

0
dkJn(k%)Jn(k%

0)e�k(z+z
0)
⇣III(k,!) (2.64)

And below the slab (IV)

GIII(x,x
0;!) = 4

1X

n=�1
e
in(���

0)
Z 1

0
dkJn(k%)Jn(k%

0)e�k(z+z
0)
⇣IV(k,!). (2.65)

Again, in the region z > 0, we recover the Green’s function solution for Poisson’s equation,

and the ‘induced’ Green’s function due to the response of the bound charges on the slab.

The response functions are

⇣I,II(k,!) =
("(!)� 1)(1� e

�2kd)

("(!) + 1)2 � ("(!)� 1)2e�2kd
(2.66)

⇣III(k,!) =
("(!)� 1)e�2kd + ("(!) + 1)

("(!) + 1)2 � ("(!)� 1)2e�2kd
(2.67)

⇣IV(k,!) =
"(!)

("(!) + 1)2 � ("(!)� 1)2e�2kd
(2.68)

For both the sphere and slab, we observe that the surface resonance conditions are deter-

mined by the pole structure of Eqns. (2.58) and (2.66). It is then apparent that the sphere

hosts an infinite number of discreet surface resonances, indexed by integer value `, while

the slab simultaneously hosts a pair of surface resonances that evolve continuously with the

product of the slab depth and the wavenumber kd. In the particular case where the depth

of the slab d!1, the response function in each region of space surrenders its dependence

on the indexing wavenumber k. Particularly in region I, the response function simplifies

to ⇣I,II(!) = �("(!) � 1)/("(!) + 1), and we recover the well known response function for

the ‘semi-infinite’ half-space. Having derived the Green’s function for the sphere and the

slab, determining the electric potential is now a matter of integrating the Green’s function

against an arbitrary source or charge distribution. To understand this general property of
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the Green’s function, we consider the trivial solution to the potential

4⇡⇢(x,!) = 4⇡

Z
dx

0
⇢(x0

,!)�(x� x
0). (2.69)

Using Eqn. (2.50), we find

4⇡⇢(x,!) = r2
Z

dx
0
⇢(x0

,!) G(x� x
0). (2.70)

Finally by observation, we solve for the potential in terms of its associated Green’s function

�(x,!) =

Z
dx

0
G(x,x0;!)⇢(x0

,!). (2.71)

Here, we see that the potential is the convolution of the charge density against the causal

Green’s function, which encodes the material’s dynamic response.

2.4 Deriving Generalized Coordinates and Equations of Motion for Electro-
magnetic Surface Mode Responses

Figure 2.4: Schematic representation of the harmonic oscillator degrees of freedom for the
surface modes of the sphere and the semi-infinite dielectric slab. Each `-dependent surface
mode of the sphere possess a unique e↵ective mass m` and natural frequency !`, and a
wavenumber dependent e↵ective mass mk and natural frequency !s for the semi-infinite
slab. These parameters define the dynamics of a generalized coordinate of the surface
modes for the sphere and slab, which are acted on by external forces F`m and Fn, defined
by the form of the external charge distribution, and system’s mode functions, f`m and ⇤n.
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Considering the time domain representation of the surface response functions permits

a definition for the dynamic induced potentials of the sphere �sph and the slab �slab, as a

product of a time-dependent amplitude and space-dependent mode function decomposition

[35]. We consider the induced Green’s function in the regions r > a, and z > 0 for the

sphere and slab, respectively, and define

�sph(x, t) =

Z
dx

0
dt

0
Gsph(x,x

0; t� t
0)⇢(x0

, t
0)

=
X

`m

f`m(x)u`m(t)

(2.72)

�slab(x, t) =

Z
dx

0
dt

0
Gslab(x,x

0; t� t
0)⇢(x0

, t
0)

=
1X

n=�1

Z 1

0
dk⇤n(k,x)Qn(k, t)

(2.73)

We define the mode functions as

f`m(x) = �e
r

4⇡

2`+ 1

a
`�1

r`+1
Y`m(✓,�) (2.74)

⇤n(k,x) = �ek2ein�Jn(k%)e�kz (2.75)

And the time dependent coordinates as

u`m(t) = �a
3

e2

Z
dx

0
dt

0
f
⇤
`m

(x0)⇢(x0
, t

0)�`m(t� t
0) (2.76)

Qn(k, t) = �
1

(ek2)2

Z
dx

0
dt

0⇤⇤
n(k,x

0)⇢(x0
, t

0)⇣(k, t� t
0) (2.77)

Where ⇣ = ⇣I,II. The mode functions describe the spatial profile of the induced potential of

the `m and kn modes of the sphere and the substrate, respectively, and u`m(t) and Qn(k, t)
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represent the time dependent amplitudes of their surface mode oscillations. The causal

response functions �`m(t� t
0) and ⇣(k, t� t

0) are defined in the time domain by the inverse

Fourier transform of their frequency dependent representations. In the d ! 1 limit for

the slab ⇣(k, t� t
0)! ⇣(t� t

0). Then, by employing a Lorentz oscillator dielectric function

(2.41), transformation of the response functions into the time domain may be performed

analytically

Figure 2.5: Time Domain representation of the surface response functions of a Ag sphere,
and an MgO semi-infinite slab. In both cases, the impulse time is initiated at t

0 = 0, and
the temporal response is reported in femto and pico second range, respectively. The period
of oscillation is determined by the real part of the complex eigenfrequencies, ⌦`m and ⌦s.
The decay envelope, and lifetime of the oscillation is dictated by the dissipation frequency
�.

�`m(t� t
0) =

1

2⇡

Z 1

�1
d! �`m(!)e�i!(t�t

0)

=
!̃
2
`m

⌦`m

e
�(t�t

0)/2 sin⌦`m(t� t
0)

(2.78)



24

⇣(t� t
0) =

1

2⇡

Z 1

�1
d! ⇣(!)e�i!(t�t

0)

=
!̃
2
s

⌦s

e
�(t�t

0)/2 sin⌦s(t� t
0).

(2.79)

The terms ⌦`m =
q
!
2
`m
� �2/4 and ⌦s =

p
!2
s � �2/4 are the real valued eigenfrequencies

of the sphere and substrate surface modes, and !2
`m

= !
2
0 + `!

2
p/[`("1 + 1) + 1], !2

s = !
2
0 +

!
2
p/("1+1) are their natural oscillation frequencies. In both cases, these are proportional to

the natural frequency of the bulk dielectric function, and dressed by an additional frequency

term due to a restoring force introduced by the presence of an interface. Finally, the terms

!̃
2
`m

= `!
2
p(2`+1)/[`("1+1)+1]2 and !̃2

s = 2!2
p/("1+1)2 encode the extent of polarization

of the sphere and slab surface modes, as both are proportional to the material’s plasma

frequency, and therefore the charge carrier density. Comparing Eqns. (2.78) and (2.79) to

the particular solution of a damped driven harmonic oscillator x(t) =
R
t

�1 gHO(t�t0)F (t0)/m

(i.e. gHO(t � t
0) = ⌦�1

e
��(t�t

0)/2 sin⌦(t� t
0)) allows for extracting expressions for the

generalized forces which act on coordinates u`m and Qn along with the e↵ective mass of the

surface modes. In each case, we observe that the forces involve an integral of the spatial

mode function against the charge distribution

F`m(t) = �
Z

dx
0
f
⇤
`m

(x0)⇢(x0
, t) (2.80)

Fn(k, t) = �
Z

dx
0⇤⇤

n(k,x
0)⇢(x0

, t) (2.81)

m`m =
e
2

a3!̃2
`m

(2.82)

mk =
(ek2)2

!̃2
s

(2.83)

Together, these terms permit the construction of the following equations of motion for the
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surface responses.

m`mü`m(t) +m`m�u̇`m(t) +m`m!
2
`m

u`m(t) = F`m(t) (2.84)

mkQ̈n(k, t) +mk�Q̇n(k, t) +mk!
2
sQn(k, t) = Fn(k, t) (2.85)

This is a significant result. We have explicitly demonstrated that the electromagnetic sur-

face modes of the sphere and the slab obey harmonic oscillator dynamics when the ma-

terial’s bound charges are perturbed from equilibrium in the presence of external charge

distributions. Considering all surface modes indexed by `,m, n, the continuous indexing

wavenumber states, and in the limit of no damping, Eqns. (3.26) and (2.85) can be derived

from the following Hamiltonians

Hsph =
X

`m


p`m · p⇤

`m

2m`m

+
1

2
m`m!

2
`m

u`m · u⇤
`m

+
1

2
(F`m · u⇤

`m
+ F

⇤
`m

· u`m)

�

= H
0
sph +

X

`m

V`m

(2.86)

Hslab =
1X

n=�1

Z 1

0
dk


Pn ·P⇤

n

2mk

+
1

2
mk!

2
sQn ·Q⇤

n +
1

2
(Fn ·Q⇤

n + F
⇤
n ·Qn)

�

= H
0
slab +

1X

n=�1

Z 1

0
dk Vkn

(2.87)

Above, we have separated our Hamiltonians into two parts, and unperturbed Hamilto-

nian, H0
i
, accounting for the internal system energies, and the second part, Vi, representing

a perturbation due to external charges. Employing the canonical commutation relation

[u`m, p`0m0 ] = ih̄�``0�mm0 and [Qnk, Pn0k0 ] = ih̄�nn0�kk0 , we quantize our unperturbed Hamil-
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tonians and introduce standard bosonic raising and lowering operators as

H
0
sph =

X

`m

h̄!`m


a
†
`m

a`m +
1

2

�
(2.88)

H
0
slab =

X

n

Z 1

0
dk h̄!s


b
†
kn
bkn +

1

2

�
(2.89)

and we define the position and momentum operators as

u`m =

s
h̄

2m`m!`m

⇣
a
†
`m

+ a`m

⌘
(2.90)

p`m = i

r
h̄m`m!`m

2

⇣
a
†
`m
� a`m

⌘
(2.91)

Qn =

s
h̄

2mk!s

⇣
b
†
kn

+ bkn

⌘
(2.92)

Pn = i

r
h̄mk!s

2

⇣
b
†
kn
� bkn

⌘
. (2.93)

We will find these definitions useful in a quantum mechanical treatment of inelastic ion

scattering processes addressed in the following section.



27

Chapter 3

MODELING THE OBSERVABLES OF FAR-FIELD LIGHT AND
ION-SCATTERING SPECTROSCOPIES

In this chapter we will demonstrate the utility of mapping the surface mode dynamics of

spherical and planar objects onto a harmonic oscillator model. As we shall see, the oscillator

serves both as a powerful tool for developing intuition about basic oscillatory systems, as

well as a useful and versatile method for modeling spectroscopic measurements, despite the

model’s relative simplicity.

3.1 The Aborption, Scattering and Extinction Cross Sections of a Dipolar
Surface Mode

Figure 3.1: The absorption (red), scattering (blue) and extinction (black) cross sections
of a radiating dipole, modeled as a harmonic oscillator. The dipole’s natural frequency is
!0 = 1 eV, its damping rate is � = 0.2 eV, and the e↵ective mass is m = 6⇥ 10�18 gm

We begin with a simple example of an oscillating dipole coupled to far-field radiation.

Considering the equation of motion for the surface modes of the sphere in the first line
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of Eqn. (3.26), we consider the lowest order mode (` = 1), corresponding to a dipolar

surface charge density accumulated at the sphere-vacuum interface, induced by an external

field. Including a driving force exerted by the field of a time oscillating planewave, F (t) =

eE0e
�i!t, we write the corresponding equation of motion as

mü(t) +m�u̇(t) +m!
2
0u(t) = eE0e

�i!t (3.1)

The general solution for this inhomogenous di↵erential equation is

u(t) = e
� �

2 t


u0 cos(!0t) +

v0

!0
sin(!0t)

�
+

e

m

E0e
�i!t

!
2
0 � !2 � i�!

= uh(t) + up(t)

(3.2)

The first term in Eqn. (3.2) (the ‘homogeneous solution’ uh(t)) decays exponentially at a

rate determined by the dissipation frequency � as time progresses. The terms u0 = u(t = 0),

v0 = u̇(t = 0) are the initial displacement from equilibrium, and the initial velocity of the

oscillator. Eventually the second term (the ‘particular solution’ up(t)) which oscillates

continuously at amplitude E0, dominates the response as information about the oscillatory

system’s initial conditions decays away. Hence, at the ‘steady-state’ limit, when initial

conditions no longer contribute to x(t) under the influence of a continuous, time-oscillating

external force, we find

lim
t!1

u(t) =
e

m

E0e
�i!t

!
2
0 � !2 � i�!

=
e

m

E0e
�i(!t�')

p
(!2

0 � !2)2 + (�!)2
.

(3.3)

The relative phase of the oscillator with respect to the driving field is ' = tan�1
�
�!/[!2

0 � !2]
�
.

When the oscillator is driven at the natural frequency (i.e. ! = !0), the oscillator is ' = ⇡/2

out-of-phase relative to the driving field. We calculate the average power extinguished by

integrating the scalar product of the dissipative force, Fdamp(t) = m�u̇(t), and the time
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rate of change of the oscillator, u̇(t) at steady-state. However care must be taken to only

integrate the real part of the complex force and coordinate

hP iext =
1

⌧

Z
⌧

0
dt Pext

=
1

⌧

Z
⌧

0
dt Re {Fdamp(t)} · Re {u̇(t)}

=
e
2
E

2
0

2m

�!
2

(!2
0 � !2)2 + (�!)2

=
1

2
m�!

2|u(t)|2,

(3.4)

where the oscillation period ⌧ = 2⇡/!. We see that the time averaged dissipated power is

proportional to the damping rate. We consider two distinct mechanisms which contribute to

the total dissipation of the oscillator’s energy: non-radiative absorption, whereby oscillations

of the system’s bound charges decay to produce heat via internal loss, and radiative losses,

whereby energy is carried away via radiation into the electromagnetic far-field. Therefore

Fdamp = Fabs + Frad. We can derive Frad by considering the Larmor power radiated from

an accelerated point charge [36]

Prad =
2e2

3c3
ü
2
. (3.5)

Therefore, time averaged power radiated away from the charge is

hP iscat =
1

⌧

2e2

3c3

Z
⌧

0
dt ü · ü

=
1

⌧

2e2

3c3


u̇(t) · ü(t)

���
⌧

0
�
Z

⌧

0
dt

...
u (t) · u̇(t)

�

= �1

⌧

Z
⌧

0
dt Frad(t) · u̇(t).

(3.6)
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Using Eqn. (3.3) we can demonstrate that the surface term evaluates to zero over an optical

cycle, and we arrive at the result that Frad = �2e2/3c3 ...u = 2e2!2
/3c3u̇. Naturally, we

introduce a radiative and non-radiative damping rate as

Fdamp = m(�abs + �rad)u̇, (3.7)

where �abs is the rate of energy dissipation to heat, and �rad = 2e2!2
/3mc

3 is the rate of

energy dissipation to radiative losses. It should be noted that unlike �abs, which we model

as frequency independent, �rad has a quadratic dependence on the driving frequency. Now,

we di↵erentiate between the absorbed and scattered power, yielding

hP iabs =
e
2
E

2
0

2m

�abs!
2

(!2
0 � !2)2 + (�!)2

=
1

2
m�abs!

2|u(t)|2

(3.8)

hP iscat =
e
2
E

2
0

2m

�rad!
2

(!2
0 � !2)2 + (�!)2

=
1

2
m�rad!

2|u(t)|2.

(3.9)

Defining the dipole polarizability ↵(!) = e
2(!2

0 � !2 � i�!)�1
/m, and the magnitude of

the time averaged Poynting vector of the incident field as |hSi| = cE
2
0/8⇡, we arrive at the

absorption, scattering, and extinction cross sections, generally defined by �i = hP ii/|hSi|

�abs(!) =
4⇡!2

c
(m/e

2)�abs|↵(!)|2 (3.10)

�scat(!) =
4⇡!2

c
(m/e

2)�rad|↵(!)|2

=
8⇡

3
k
4|↵(!)|2

(3.11)
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�ext(!) =
4⇡!2

c
(m/e

2)�|↵(!)|2

= 4⇡kIm{↵(!)}

= �abs(!) + �sca(!),

(3.12)

where above, k = !/c. The result that the total extinction is the sum of absorption and

scattering should be expected due to the conservation of total system energy. From our

definition of �rad, it is straightforward to define the radiation corrected polarizability in

terms of a non-radiative (nr) polarizability as

↵(!) =
↵nr(!)

1� i
2
3k

3↵nr(!)
, (3.13)

where for a point dipole, the non-radiative polarizability can be expressed in terms of the

Clausius-Mossotti relation, ↵nr(!) = a
3("(!)� 1)/("(!) + 2).

3.2 The Field of a Relativistic Ion, and its Utility as a Spectroscopic Probe

In this section we derive the field of a fast moving ion relative to a fixed reference frame.

Considering the resulting spectral representation of the field, we evaluate it’s utility as a

spectroscopic probe. Beginning with Maxwell’s equations for mascroscopic media (2.17).

Taking the curl of Faraday’s law

r⇥r⇥E = �1

c
r⇥ Ḃ (3.14)

For the right hand side we write

r⇥r⇥E = r(r ·E)�r2
E

=
4⇡r⇢f
"

�r2
E

(3.15)
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Figure 3.2: (a) Various representations of the electric field of the traveling electron. In
panels (a) and (b) demonstrate the evanescent character of the field along coordinates z

and R, as the ion travels through the vacuum, and the Lorentz contraction factor �L is
real valued. In panels (c) and (d), as the ion travels faster than the speed of light in a
dispersive, lossy material, where �L is complex valued (i.e. Re " = 4, Im " = 1). The
oscillatory character of the electric field indicates the onset of radiation, a feature known
as the ‘Cherenkov e↵ect’. Panels (a)-(d) are all calculated at h̄! = 10 eV, and the fields
are evaluated over the range R = 0� 200 nm, and at z = 100 nm, for an electron traveling
at velocity v = 0.7c. Panel (e) demonstrates the evolution of |E|2 across a broad energy
spectrum as a function of the ion velocity. As its velocity approaches the speed of light, the
spectral distribution of the ion begins to resemble that of a white-light source.
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while for the left hand side, we substitute in Ampère’s law

�1

c
r⇥ Ḃ = � 1

c2

h
D̈+ 4⇡J̇f

i
. (3.16)

Equating these two results, we construct the wave equation of the electric field in the

presence of macroscopic media, sourced by free charges. The current density for an ion

moving at velocity v is Jf = v⇢f . Therefore, our wave equation may be written as

r2
E� 1

c2
D̈ = 4⇡


r⇢f
"

+
v

c2
⇢f

�
. (3.17)

Assuming a local dielectric function description will su�ce, we’ll consider D, E, and ⇢ in

terms of a Fourier decomposition

D(x, t) =
1

(2⇡)4

Z
dkd! D(k,!)ei(k·x�!t)

=
1

(2⇡)4

Z
dkd! "(!)E(k,!)ei(k·x�!t)

E(x, t) =
1

(2⇡)4

Z
dkd! E(k,!)ei(k·x�!t)

⇢f (x, t) =
1

(2⇡)4

Z
dkd! ⇢f (k,!)e

i(k·x�!,t)
,

(3.18)

which permits a trivial evaluation of the electric field’s Fourier amplitude

E(k,!) = �i4⇡
k

"(!) �
!

c2
v

k2 � !2

c2
"(!)

⇢f (k,!). (3.19)

If we define the free charge to be a single traveling point particle, defined spatially by a

delta function as ⇢f (x, t) = e�(x � [r0 � vt]), where e is a unit of charge, then the charge
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density in Fourier space is

⇢(k,!) = e

Z
dxdt �(x� [r0 � vt])e�i(k·x�!t)

= 2⇡e�(k · v � !)eik·r0

(3.20)

The vector r0 is an arbitrary point of observation. Considering an ion traveling along

direction ẑ, the ion velocity v = vẑ, the delta function is v�1
�(kz � !/v), and we write the

electric field in direct space as

E(x,!) = � ie

⇡v"(!)
e
i
!
v z

Z
dk?e

ik?·R
k?R̂+ !

v�
2
L
ẑ

k
2
? +

⇣
!

v�L

⌘2 (3.21)

where the Lorentz contraction factor �L = [1�(v/c)2"(!)]�1/2. From the integral definition

of the modified Bessel function

2⇡K0(�R) =

Z
dk?

e
ik?·R

k
2
? + �2

(3.22)

and the recursive property @RK0(�R) = ��K1(�R), we find for the electric field in frequency

space [37, 38]

E(x,!) = � 2e!

v2�2L"(!)


iK0

✓
!R

v�L

◆
ẑ� �LK1

✓
!R

v�L

◆
R̂

�
e
i
!
v z. (3.23)

In Fig. (3.2), we explore the spatial and spectral properties of the traveling ion’s electric

field. Embedded within the Bessel functions of Eqn. (3.23) is the Lorentz contraction factor.

Beneath the Cherenkov threshold (i.e (v
p
" < c) the field of the swift ion decays evanescently

as demonstrated in panels (a)-(b). However, the argument of the Bessel functions assume

an imaginary value for a real valued dielectric constant under the condition v
p
" > c. For

dielectrics which possess an imaginary component, the radiated fields are oscillatory and

decay exponentially as they propagate within the material. This oscillatory property of

the fields signals the onset of Cherenkov radiation (c)-(d). In (a)-(d) we examine these
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features of the field at a single energy of 10 eV, at a fixed value of z = 100 nm, while

the radial component varies over a range of R = 0 � 200 nm. In panel (e), we examine

the spectral distribution of the swift-ion field over a range of velocities. We see that the

spectral profile of the modulus-square of the field becomes more evenly distributed across

all energies when ion’s velocity approaches the speed of light. In this velocity regime,

both the evanescent and radiating fields act as a broad spectrum white light source. This

demonstrates the utility of a relativistic free charge carrier as a spectroscopic probe. In the

vicinity of a system of either free or bound charges, an exchange of energy mediated by the

field interactions of the probing ion with an interrogated system leads to an experimentally

measurable energy lost or gained by the probe. These inelastic scattering events occur

across a very wide range of energies depending on the type of excitations native to the

target material. For decades now, ion scattering instruments have excelled in measuring

optical band excitations due to bulk and surface plasmon resonances inherent to Drude-

type materials, and interband transitions characteristic in the ultra-violet regime, and even

ionization energies and core electron excitations at which tend to reside in the x-ray band.

More modern ion scattering instruments are capable of high fidelity measurements deep

into the infrared spectrum, probing bulk and surface phonon resonances hosted by typical

insulating dielectric materials. In the next few sections, we will discuss in depth as to how

we model this process under both a classical and quantum mechanical framework.

3.3 A Classical Approach to Modeling Inelastic Ion Scattering

Considering an ion moving along a straight line trajectory external to the dielectric objects,

the average energy exchanged with its environment is characterized by the set of equations

[39]

h�Ei =
Z 1

�1
dt P (t)

=

Z 1

0
d(h̄!) h̄! �(!).

(3.24)
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Figure 3.3: Schematic of an ion with charge e traveling along direction ẑ external to an
Ag-sphere with 10 keV of kinetic energy. Panels (a) and (b) demonstrate the scattering
probability for a radius a = 25 nm. In panel (d), the ion travels only 1 nm from the
sphere surface (i.e. R = a + 1 nm), and in panel (b), 100 nm from the sphere surface (i.e.
R = a+ 100 nm). Panels (c) and (d) consider the same impact factors, R, but for a sphere
with a radius a = 5 nm. For the smaller impact factors, when the ion is nearly touching
the sphere surface, we see the contribution of many higher order multipole response, some
of which provide a greater contribution to �(!) than the dipole response in the case of the
larger sphere. As the impact factorR is dramatically increases (i.e. R� a), the contribution
of the higher order modes decreases, and the dipole mode begins to dominate the spectral
response of the spherical particle. A Drude dielectric function has been implemented to
model the response of the free electron gas, with parameters "1 = 5.7, � = 0.01 eV, and
!p = 9.3 eV
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We have considered a convenient scenario where the electron, traveling from the infinite

past, interacts with the with a target sample, and travels on into the infinite future, hence

the bounds on the time integral t = ±1. �(!) is the experimentally observed probability

distribution density function for an ion scattered inelastically at energy h̄!. The power

exchanged between the field and a current is defined as

P (t) =

Z
dx E(x, t) · J(x, t). (3.25)

There is some freedom here in how we define the electric field and the current density,

as long as the total energy of interaction is conserved. For example, we may define the

electric field E as the field induced by the probe ion, and J by the current of the fast ion.

Conversely, utilizing the generalized coordinates describing the time dependent amplitudes

of oscillation for the surface modes and the generalized forces acting on them, we may rewrite

Psph(t) =
P

`m
F`m(t) · u̇`m(t) to characterize the energy of interaction between the probe

and the sphere, or Pslab(t) =
P

n

R
dk Fn(k, t) · Q̇n(k, t) for the slab. In this approach, the

collective bound charges inherit the role of the current, and the external probe supplies the

force. Considering the latter case, we then attempt to solve for the scattering probability

�(!).

3.3.1 Ion Scattering o↵ of a Spherical Target

First for the sphere, we consider Eqn. (2.84). A Fourier transform supplies the steady state

solution

u`m(!) =
F`m(!)

m`m

1

!
2
`m
� !2 � i�!

=
↵`m(!)

e2
F`m(!).

(3.26)

Above, we have defined a polarizability ↵`m(!) = e
2(!2

`m
� !

2 � i�!)�1
/m`m, the pole

structure of which defines the eigenfrequencies of the multipole responses on the dielectric

sphere. Therefore, the expression for the average energy in terms of the power may be
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written in terms of the Fourier transforms of the generalized coordinates and forces as

h�Ei = 1

2

X

`m

Z 1

�1
dt [F`m(t) · u̇⇤

`m
(t) + F

⇤
`m

(t) · u̇`m(t)]

=
1

2

X

`m

i

2⇡

Z 1

�1
d! F`m(!) ·

Z 1

�1
d!

0
!
0
u
⇤
`m

(!0)� c.c.

�
�(! � !0)

=
1

⇡

X

`m

Z 1

0
d! ! Im {F⇤

`m
(!) · u`m(!)} .

(3.27)

In the final line of (3.27) we have equated the domains of integration over !, and now we

can immediately evaluate �(!) from Eqn. (3.24), yielding

�sph(!) =
1

⇡h̄
2

X

`m

Im {F⇤
`m

(!) · u`m(!)} (3.28)

An identical approach for the slab reveals

�slab(!) =
1

⇡h̄
2

X

n

Z 1

0
dk Im {Fn(k,!)

⇤ ·Qn(k,!)} , (3.29)

When the scattered ion is travelling parallel, and external to the dielectric material. This

compact and straightforward derivation of the inelastic ion scattering probability high-

lights the utility of the harmonic oscillator model derived in the previous section. For

completeness, we will now derive an expression for �(!) considering the field of the di-

electric objects induced by the current distribution of the swift ion, under a quasistatic

approximation. The induced field is Eind = �r�ind, and therefore, the power is P (t) =

�
R
dx r�ind(x, t) · J(x, t). Recalling the continuity equation r · J = ⇢̇, and integrating by

parts, we find

P (t) =

Z
dx �ind(x, t)⇢̇(x, t). (3.30)
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We calculate the time averaged energy as

h�Ei =
Z

dxdt �ind(x, t)⇢̇(x, t)

=
1

⇡

Z
dx

Z 1

0
d! ! Im {⇢⇤(x,!)�ind(x,!)} .

(3.31)

As in the case of the generalized forces and coordinates, we have used a method of Fourier

decomposition to express ⇢ and �ind in a spectral representation. Again, equating the do-

main of integration over ! with that of the integral of the scattering probability distribution,

we identify �(!) as

�(!) =
1

⇡h̄
2

Z
dx Im {⇢⇤(x,!)�ind(x,!)}

=
1

⇡h̄
2

Z
dxdx

0 Im
�
⇢
⇤(x,!)Gind(x,x

0;!)⇢(x0
,!)

 
,

(3.32)

where we’ve utilized the result of Eqn. (2.71) to relate the scattering probability to the

induced Green’s function. For a single ion moving external to the dielectric object along

direction ẑ, we define the charge distribution ⇢(x, t) = e�(R �R0)�(z � vt), where R0 =

x0x̂+ y0ŷ is the radial cylindrical coordinate of the ion. The spectral representation of the

charge density is then trivial to compute

⇢(x,!) =
e

v
�(R�R0)e

i
!
v z (3.33)

In this case, our expression for �(!) evaluates to

�(!) =
⇣

e

h̄v

⌘2 1

⇡

Z
dzdz

0 Im
n
Gind(R0, z,R0, z

0)e�i
!
v (z�z

0)
o
. (3.34)

Now, solving for the scattering probability is a matter of evaluating the integral over the

induced Green’s function. In the case of the sphere, recalling the relationship between the
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spherical harmonic functions and the associated Legendre polynomials, where cos ✓ = z/r

Y`m(✓,�) =

s
2`+ 1

4⇡

(`�m)!

(`+m)!
P`m(cos ✓)eim�

, (3.35)

and the non-trivial integral identity [34, 40]

Z 1

�1
dz r

�(`+1)
P`m

⇣
z

r

⌘
e
ikz = 2

✓
ik

|k|

◆
`�m

k
`

(`�m)!
Km(|k|R), (3.36)

where Km(x) is the modified Bessel function of the second kind, we produce the scattering

probability for the sphere, yielding

�sph(!) =
4a

⇡

⇣
e

h̄v

⌘2X

`m

⇣
!a

v

⌘2` K
2
m

�
!R0
v

�

(`�m)!(`+m)!
Im {�`m(!)} , (3.37)

in the case of an ion beam traveling completely external to the sphere. When the radial

coordinate R is large, so that the traveling ion is very far away from the sphere, the ratio of

the higher order Bessel functions to the growing factorial terms in the denominator decreases

rapidly for large values of `m. This fall-o↵ of higher order mode contributions occurs even

more rapidly for smaller values of the sphere radius a. Therefore when R� a, only the ` = 1

term significantly contributes to the scattering probability, and we can safely approximate

a purely dipolar scatting probability as

R� a : �sph(!) ⇡
|E(x,!)|2

⇡h̄
2 Im {↵nr(!)} , (3.38)

where ↵nr(!) = a
3("(!) � 1)/("(!) + 2) is the well known Clausius-Mossotti polarizability

for a non-radiating point dipole. E(x,!) is the spectral representation of the fast ion’s

field from Eqn. (3.23) evaluated in the quasistatic limit, where �L = 1. Here, we may

conveniently introduce a first-order radiative correction using our result from Eqn. (3.13),

where the total contribution to the inelastic scattering by the dipole may be separated into
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radiative and non-radiative contributions. The radiative contribution simplifies to

�radsph(!) =
|E(x,!)|2

⇡h̄
2

2

3
k
3|↵(!)|2

=
2e2

3⇡h̄2
k
3|u(!)|2.

(3.39)

Commonly, this radiative contribution to inelastic ion scattering is referred to as cathodo-

luminescence, and it is proportional to the photon emission probability from a material in

the presence of a fast moving ion. It can be thought of as the inverse process of the pho-

toelectric e↵ect, whereby electrons are emitted in the presence of electromagnetic radiation

with su�cient energy to overcome a material’s work function [29].

3.3.2 Ion Scattering o↵ of a Planar Surface

Moving on now to considering an ion moving external and parallel to a slab’s surface, we

utilize Eqns. (2.63) and (3.34). First defining a charge distribution in its spectral form

as ⇢(x,!) = e�(z � z0)ei!R/v, and then using the addition theorem [31] for the Bessel

functions J0(kR) = J0(kvt)J0(kvt0) + 2
P1

n=1 Jn(kvt)Jn(kvt
0) cos k�, where the coordinate

R =
p
(vt)2 + (vt0)2 � 2(vt)(vt0) cos k�, and � = 0 is the angle between vt and vt

0. Therefore

R = v(t� t
0) = v⌧ , and we evaluate the scattering probability as

�slab(!) =
1

⇡

⇣
e

h̄

⌘2 Z
dt

Z 1

0
dk e

�2kb Im

⇢
⇣(k,!)

Z 1

�1
d⌧ J0(kv⌧)e

i!⌧

�
. (3.40)

The Fourier transform of the Bessel functions are well known, and for the integral on ⌧ we

find
Z 1

�1
d⌧ J0(kv⌧)e

i!⌧ =
2

v

⇥
⇣
1�

⇥
!

kv

⇤2⌘

q
k2 �

�
!

v

�2 , (3.41)

and the scattering probability rate reduces to [41, 34]

@�slab(!)

@t
=

2

⇡v

⇣
e

h̄

⌘2 Z 1

!
v

dk
e
�2kb

q
k2 �

�
!

v

�2 Im {⇣(k,!)} . (3.42)
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Figure 3.4: Panels (a) and (b) demonstrate the inelastic scattering probability of an Ag-slab
with varying depth (i.e. d = 10�50 nm), and varying kinetic energies (i.e. KE = 10�40 keV)
of the fast ion probe, which travels parallel and external to the slab’s surface. As the slab
depth d is increased, a decrease in peak splitting between the transverse (+) and longitudinal
(-) Fuchs-Kliewer (FK±) modes of the slab occurs, eventually converging to the single
resonance associated with the semi-infinite half space ("(!)�1)/("(!)+1). Additionally, as
the kinetic energy of the ion increases, we observe peak splitting due to the evolving points
of intersection between the electron and slab dispersion curves (c). As expected the FK±
modes encoded in the pole structure of the slab’s surface response function ⇣(k,!) coincide
with the peaks in the surface plot of Im {⇣(k,!)}. We’ve used the same Drude dielectric
function parameters that were used in the example for the sphere in Figure 3.3.
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In the limit that the slab depth d ! 1, the response function limd!1 ⇣(k,!) = ("(!) �

1)/("(!) + 1) surrenders its dependence on the indexing wavenumber k and the remaining

integral evaluates to the zeroth order modified Bessel function of the second kind, as

K0

✓
2!b

v

◆
=

Z 1

!
v

dk
e
�2kb

q
k2 �

�
!

v

�2 , (3.43)

and the scattering probability rate simplifies to

lim
d!1

@�slab(!)

@t
=

2

⇡v

⇣
e

h̄

⌘2
K0

✓
2!b

v

◆
Im

⇢
"(!)� 1

"(!) + 1

�
. (3.44)

In the case of the slab of finite depth, we observe that the resulting resonance structure in

�slab(!) is inherently dependent upon both the slab depth and the probing ion’s velocity,

as depicted in Fig 3.4. The slab’s dispersion diagram demonstrates a profile of allowed

momentum transfer to the system’s bound charges across across a range of frequencies.

The peaks in the dispersion curve coincide with the real valued eigenmodes of the slab

extracted from the poles of (2.63). These are commonly referred to as the transverse and

longitudinal Fuchs-Kliewer modes. The resulting momentum conservation is reflected in

the scattering spectrum at the energies where the scattering probability is maximal. In

addition, varying the slab depth alters the pole structure of the response function ⇣(k,!),

also leading to increased peak splitting in the scattering spectrum.

3.3.3 Ion Scattering in Bulk Material

From Eqn. (3.25), if we define the current J(x, t) = ev�(x � re(t)), where rel(t) is the

time dependent location of the traveling ion, the power exchanged between the probe and

the near field is defined by ev · E(re(t), t). Then from Eqn. (3.24), we solve for scattering

probability, yielding

�(!) =
ev

⇡h̄
2
!
·
Z 1

�1
dt Re{E(re(t),!)e

�i!t}. (3.45)
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Using Eqn. (3.2), we then solve immediately for the bulk inelastic scattering probability,

expressing it as a time dependent rate

@�(!)

@t
=

1

v

⇣
e

⇡h̄

⌘2
Im

8
><

>:
� 1

�
2
L"(!)

Z
dk?

1

k
2
? +

⇣
!

�Lv

⌘2

9
>=

>;

=
1

⇡v

⇣
e

h̄

⌘2
Im

⇢
� 1

�
2
L"(!)

ln
�
�
2
L + 1

��
.

(3.46)

To arrive at the final line of Eqn. (3.46), we have evaluated the integral in cylindrical

coordinates (i.e.
R
dk? = 2⇡

R
!/v

0 k?dk?), and an upper bound !/v has been imposed on

the wavenumber perpendicular to the trajectory of the traveling ion.

3.4 A Quantum Approach to Modeling Inelastic Ion Scattering (Energy Loss
and Gain)

To apply a quantum mechanical treatment to modeling inelastic ion scattering, we utilize

time dependent perturbation theory [42, 43]. If we consider a quantum state | t0i at some

initial time t = t0, and its evolution to | ti at some future time t, the time evolution is

determined by unperturbed Hamiltonian H0, according to the time dependent Schrödinger

equation

ih̄
@

@t
| ti = H0 | ti . (3.47)

The time evolved eigenstates of H0 are related by a phase factor | ti = e
�iE0(t�t0)/h̄ | t0i.

Substituted into Eqn. (3.47), we arrive at the time independent Schrödinger equation

H0 | t0i = E0 | t0i , (3.48)

indicating that these state vectors are stationary states which when projected into direct

space (i.e. hx| i) rotate through the complex plane of their Hilbert space at frequency

E0/h̄. Consider now that our quantum state is perturbed due to an external potential V .
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The time dependent Schrödinger equation becomes

ih̄
@

@t
| ti = [H0 + V ] | ti . (3.49)

To examine how this perturbation will a↵ect our quantum state, it is convenient to work

in the interaction picture, where our state vectors are defined in terms of their Schrödinger

picture counterparts via a unitary operator, as
��� ̃(t)

E
= e

iH0t/h̄ | ti, where the ‘tilde’ in-

dicates that we are transformed into the interaction picture. Additionally, we define the

perturbative operator in the interaction picture as Ṽ (t) = e
iH0t/h̄V e

�iH0t/h̄. Substituting

our transformed state vector and operator Ṽ into (3.47), we find

@

@t

��� ̃(t)
E
=

1

ih̄
Ṽ (t)

��� ̃(t)
E
. (3.50)

We observe that in a perturbation, the time derivative of the state vector in the interaction

picture is zero, and the state does not evolve in time. Now, a straightforward integration

step yields
��� ̃(t)

E
=
��� ̃(t0)

E
+

1

ih̄

Z
t

t0

dt
0
Ṽ (t0)

��� ̃(t0)
E
, (3.51)

where we have arrived at an iterative equation defining the state vector at some arbitrary

time t, after it has evolved from its initial state at time t0 due to the influence of the
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perturbation V . Writing the first few terms in the iterative series, we find

��� ̃(t)
E
=
��� ̃(t0)

E
+

1

ih̄

Z
t

t0

dt
0
Ṽ (t0)

(��� ̃(t0)
E
+

1

ih̄

Z
t
0

t0

dt
00
Ṽ (t00)

��� ̃(t00)
E)

+ ...

=
��� ̃(t0)

E
+

1

ih̄

Z
t

t0

dt
0 ˜V (t0)

��� ̃(t0)
E
+

1

(ih̄)2

Z
t

t0

dt
0
Ṽ (t0)

Z
t
0

t0

dt
00
Ṽ (t00)

��� ̃(t0)
E
+ ...

=

"
1 +

1

ih̄

Z
t

t0

dt
0
Ṽ (t0) +

1

(ih̄)2

Z
t

t0

dt
0
Ṽ (t0)

Z
t
0

t0

dt
00
Ṽ (t00) + ...

# ��� ̃(t0)
E

= U(t, t0)
��� ̃(t0)

E
,

(3.52)

where we have formed a formal perturbative or ‘Dyson’ series [17, 44], and defined the

unitary time evolution operator U(t, t0). Projecting the time evolved state onto an arbitrary

eigenstate |fi of the unperturbed Hamiltonian we find

D
f

��� ̃(t)
E
= hf |U(t, t0)

��� ̃(t0)
E

=
X

j

cj(t),

(3.53)

where each contributing term of the Dyson series is represented by the projection coef-

ficient cj(t). For weak perturbations, the first order term provides a good approxima-

tion for the time evolved state. Considering the sphere’s Hamiltonian from Eqn. (2.86),

the perturbative contribution to the system Hamiltonian from each mode `m is V`m =

(F`m · u⇤
`m

+ F
⇤
`m

· u`m) /2. Additionally, we may also express the perturbation via the

induced potential (2.72) in terms of the sphere’s mode function (2.74) and generalized co-

ordinate (2.90) as V`m = ef`m(x)u`m, where e is a unit of charge. Preparing the initial

state in the infinite past (i.e. t0 ! �1, and V ! 0), before the onset of the perturba-
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tion, we define
��� ̃(t0)

E
= |n`0m0 ki, where |n`mi is an initial multipole moment state of

the sphere and |ki is the initial state of the probing electron. We denote the final state

as
��n0

`1m1
k
0↵. The initial and final states are eigenstates of the unperturbed Hamiltonian,

where H0 |n`m ki = E`mk |n`m ki. Under a first order approximation, the scattering prob-

ability amplitude of finding our system in a final excited multipole state is simply

c1(t) =
⌦
n
0
`1m1

k
0��n`0m0 k

↵
+

1

ih̄

Z
t

�1
dt

0 ⌦
n
0
`1m1

k
0�� Ṽ`m(t0) |n`0m0 ki . (3.54)

For a complete set of orthonormal states, the first term
⌦
n
0
`1m1

k
0��n`0m0 k

↵
= �n`0m0

n
0
`1m1

�kk0 ,

and therefore goes to zero if we find our system in a final eigenstate which di↵ers from the

initial eigenstate, as we would expect in an inelastic scattering process. Then, acting the

unitary operators U,U † on the intial and final eigenstates, we find

c1(t) =
1

ih̄

Z
t

�1
dt

0 ⌦
n
0
`1m1

k
0�� e

i
h̄H0t

0
V`me

� i
h̄H0t

0 |n`0m0 ki

=
1

ih̄

⌦
n
0
`1m1

k
0��V`m |n`0m0 ki

Z
t

�1
dt

0
e
i(!`m+qzv)t0

=
1

ih̄

⌦
n
0
`1m1

k
0��V`m |n`0m0 ki e

i(!`m+qzv)t

i(!`m + qzv)

=
1

ih̄
T̄fi

e
i(!`m+qzv)t

i(!`m + qzv)
.

(3.55)

Above, we haved introduced the transition frequency !`m = (E0
`1m1

� E`0m0)/h̄, and have

assumed a ‘non-recoil’ approximation for the inelastically scattered ion (i.e. qzv ⇡ (k0z�kz)v,

where v is the ion velocity). The term T̄fi represents the remaining time-independent matrix

element. For an ion traversing a focused path along direction z both prior to and after the
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scattering event, we introduce the following ansatz for the ion wavefunction

 (x) = hx|ki

=
1p
L
 (R)eikzz.

(3.56)

L represents the quantized box length, introduced for the purposes of normalization. For

a tightly focused beam of ions, reminiscent of STEM electrons with beam widths of 1Å

[45, 46], we may approximate that the radial part of the ion wavefunction satisfies the

condition | (R)|2 ⇡ �(R�R0), whereR0 is the traveling ion’s radial coordinate. Evaluating

the remaining matrix element by inserting the resolution of identity 1 =
R
dx |xi hx|, and

find

T̄fi =

Z
dxdx

0 ⌦
n
0
`1m1

k
0��x

↵
hx|V`m |xi0 hx|0 |n`0m0 ki

=
1

L

⌦
n
0
`1m1

��u`m |n`0m0i
Z

dz f`m(R0, z)e
iqzz

(3.57)

Now, considering the trajectory of the ion extending to infinite bounds along z, the final

integral is easily evaluated with the identity reported in Eqn. (3.36). We find for the

projection coe�cient

c1(t) = �
2e

ih̄L

⌦
n
0
`1m1

��u`m |n`0m0i a`�1

✓
i
qz

|qz|

◆
`�m

q
`
zKm(|qz|R0)eim�

p
(`�m)!(`+m)!

e
i(!`m+qzv)t

i(!`m + qzv)
.

(3.58)
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Introducing a finite linewidth to the transition frequency under the limit !`m = lim�!0+ !`m+

i�, we may trivially evaluate the transition probability rate as

d

dt
|c1(t)|2 =

✓
2e

h̄L

◆2

|
⌦
n
0
`1m1

��u`m |n`0m0i |2a2`�2 q
2`
z K

2
m(|qz|R0)

(`�m)!(`+m)!

2�e2�t

(!`m + qzz)2 + �2

=
1

⌧i!f

,

(3.59)

and then evaluate the transition rate in the limit � ! 0+, resulting in

1

⌧i!f

= 2⇡

✓
2e

h̄L

◆2

|
⌦
n
0
`1m1

��u`m |n`0m0i |2a2`�2 q
2`
z K

2
m(|qz|R0)

(`�m)!(`+m)!
�(!`m + qzv)

=
2⇡

h̄
2 |
⌦
n`1m1 k

0��V`m |n`0m0 ki |2�(�E/h̄).

(3.60)

Above, we have arrive at ‘Fermi’s golden rule’ for the ion-sphere scattering process, having

utilized the definition for the delta function 2⇡�(�E/h̄) = lim�!0+ 2�/[(!`m + qzv)2 + �
2],

and defined �E/h̄ = !`m+ qzv. We find the total transition probability by integrating over

the entire temporal domain of the ion trajectory, via

P`m =

Z
L/v

0
dt

1

⌧i!f

=
L

v

1

⌧i!f

.

(3.61)

Finally, the total inelastic scattering probability per unit energy is calculated by integrating

over the final momentum state of the electron, and summing over all multipole states of the
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target, as

�(!) =
L

2⇡h̄v2

X

`m

Z
dqz P`m �(

!

v
+ qz)

=
4

⇡
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e

h̄va

⌘2X

`m
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!a

v

⌘2` K
2
m( |!|R0

v
)

(`�m)!(`+m)!
Im{↵`m(!)},

(3.62)

where we have defined the multimode polarizability as

↵`m(!) =
1

h̄

|
⌦
n
0
`1m1

��u`m |n`0m0i |2

!`m � ! � i�
. (3.63)

Having illustrated that the electromagnetic surface modes of both the sphere and slab

obey harmonic oscillator dynamics, we now see that the inelastic scattering probability is

inherently dependent on the allowed transitions of the target. The corresponding probability

for transitions between states |n`0m0i !
��n0

`1m1

↵
is determined by calculating the remaining

matrix element defined in the numerator of Eqn. (3.63). To accomplish this, one can utilize

the well known solutions to the 3D-isotropic harmonic oscillator wavefunctions in spherical

coordinates [47]. We will demonstrate now that the occupation number for a collection

of oscillators which obey boson statistics at finite temperature is determined by the Bose-

Einstein distribution (i.e. n = (exp(h̄!/kBT )� 1)�1, where kB is the Boltzmann constant).

We begin by considering the expectation value for the energy of the oscillator with the

unperturbed Hamiltonian

hEi = hn|H |ni

= hn| h̄!
✓
a
†
a+

1

2

◆
|ni

= h̄!

✓
n+

1

2

◆
.

(3.64)
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It is therefore apparent that the expectation value of the set of creation and annihilation

operators a†a, which we name the number operator, is simply

ha†ai = hn| a†a |ni

= n,

(3.65)

and n is the occupation number, representing the measured average energy one would find

by probing an ensemble of non-interacting, identical oscillators, or a singular system after

many uncorrelated measurements. The average energy can also be calculated by consider-

ing the probability for occupation of a state from the Boltzmann factor and the partition

function. For a quantum harmonic oscillator, the occupation probability of state m is

P (m) = e
��Em/q(�), where Em = h̄!(m + 1/2) is the energy of the m

th eigenstate of the

oscillator, � = (kBT )�1, and q(�) =
P1

j=0 e
��Ej is the partition function, which sums over

all of the available energetic states of the oscillator. The average energy is then

hEi =
1X

m=0

P (m)Em

=

P
m
h̄!(m+ 1/2)e��h̄!(m+1/2)

P
j
e��h̄!(j+1/2)

=
h̄!

2
�

@

@�

P
m
e
��h̄!m

P
j
e��h̄!j

(3.66)

Taking the opportunity to rewrite the remaining sums in terms of a geometric series (i.e.
P1

k=0 x
k = 1

1�x
; |x| < 1), the average energy of the oscillator evaluates to

hEi = h̄!

✓
1

e�h̄! � 1
+

1

2

◆

= h̄!

✓
n+

1

2

◆
,

(3.67)
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Figure 3.5: (a) The thermally assisted scattered loss probability, and (b) the thermally
assisted scattered gain probability for an amorphous carbon sphere at temperatures ranging
from T = 0� 2000K. Gaussian white noise has been artificially added to both signals in an
attempt to replicate the contribution from typical ambient noise present in an experimental
setting. In panel (c) the temperature is evaluated as proportional to the natural logarithm
of the ratio of the scattered loss and gain signals, as dictated by the principle of detailed
balance. The scatter loss and gain are contributed to by a surface phonon mode supported
by the carbon sphere. To model the phononic response of the carbon sphere, we have utilized
a Lorentz oscillator dielectric function, with a damping rate of � = 39.1 meV, a natural
frequency !0 = 17 meV, a plasma frequency !p = 148 meV, and a static contribution of
✏1 = 3.39.
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where we have found that the occupation number is equal to the Bose-Einstein distribution.

Therefore, considering the influence of finite system temperature at thermal equilibrium

gives rise to two distinct inelastic scattering processes. First, we consider the process by

which a quanta of energy is lost by the ion, and inherited by the oscillator as dictated by

the Knocker-delta term �n0
`mn`m+1. In the second process, a quanta of energy is gained by

the ion and lost by the oscillator as dictated by �n0
`mn`m�1. Considering the ratio of the two

scattering probability distributions, we find

�gainsph (!)/�losssph(!) =
n`m

n`m + 1

= e
��h̄!

.

(3.68)

This result, in the form a Boltzmann factor, is in agreement with the well known principle

of detailed balance. It indicates that the rate of absorption and emission of a quanta of

energy are equal when the system is in contact with a thermal bath. This relationship

between the gain and loss contributions to the inelastic scattering signal has been exploited

in nanolocalized temperature measurements in dielectric materials [48, 49].

3.4.1 Inelastic Coulomb Scattering

As an addendum to our section on the quantum treatment of inelastic ion scattering, we

also include a few brief remarks on Coulomb scattering. We will see shortly that the result

is very similar to that of the sphere. Beginning with the Green’s function of the Coulomb

potential

GCoul(x,x
0) =

1

|x� x0|

=
X

`m

r
0`

r`+1

4⇡

2`+ 1
Y`m(✓,�)Y ⇤

`m
(✓0,�0),

(3.69)
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The Coulomb potential in the presence of an arbitrary charge distribution ⇢(x, t) may be

decomposed into a spatial mode function �`m(x) and an electric multipole moment u`m(t)

as

�Coul(x, t) =

Z
dx

0
GCoul(x,x

0)⇢(x0
, t)

=
X

`m

�`m(x)u`m(t),

(3.70)

where we define the mode function and multipole moment as

�`m(x) =

r
4⇡

2`+ 1

Y`m(✓,�)

r`+1
(3.71)

u`m(t) =

r
4⇡

2`+ 1

Z
dx

0
r
0`
Y

⇤
`m

(✓0,�0)⇢(x0
, t). (3.72)

Critically, we have enforced that the mode functions tend to zero at large distances (i.e.

limr!1 �`m(x) = 0) from the target location r
0. It is worth noting here that the mode

functions we have identified for the Coulomb potential are nearly identical to that of the

sphere, save an additional parameter of the sphere’s radius in Eqn. (2.74). The multipole

moment can be naturally elevated to a quantum mechanical operator defined via the matrix

element

hx|u`m
��x0↵ = e

r
4⇡

2`+ 1
r
0`
Y

⇤
`m

(✓0,�0)�(x� x
0). (3.73)

We then define the interaction energy as V (x, t) = e�Coul(x, t), where e is a unit of charge.

Following an approach identical to evaluating the inelastic scattering probability for the

electromagnetic surface modes on the sphere, we find the inelastic scattering probability

per unit energy lost by the traveling charge in the presence of the Coulomb potential,

yielding

�(!) =
4

⇡

⇣
e

h̄v

⌘2X

`m

⇣
!

v

⌘2` K
2
m

⇣
|!|R0

v

⌘

(`�m)!(`+m)!
Im {↵`m(!)} , (3.74)
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where we have defined the multi-mode electrostatic polarizability for the single electron

atom as

↵`m(!) =
1

h̄

| hn1 `1 m1|u`m |n0 `0 m0i |2

!fi � ! � i⌘
. (3.75)

We note here that inelastic scattering is possible only under the condition that the matrix

element is non zero. This is determined by selection rules for transitions between final and

initial states. As in the case of the surface modes of the sphere, these selection rules will be

dictated by the eigenstates of the atom. Using Eqn. (3.73), and inserting the resolution of

identity into our matrix element, we find

hn1 `1 m1|u`m |n0 `0 m0i =
Z

dxdx
0 hn1 `1 m1|xi hx|u`m

��x0↵ ⌦
x
0��n0 `0 m0

↵

= e

r
4⇡

2`+ 1

Z
dx  ⇤

n1`1m1
(x)r`Y`m(✓,�) ⇤

n0`0m0
(x)

(3.76)

In this case, we are considering the eigenstates of the Hydrogen atom, where the known

transition rules are `1 = `0 ± `, and m1 = m0,m0 ±m.
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Chapter 4

COUPLING BETWEEN ELECTROMAGNETIC SURFACE MODES

In this chapter we explore coupling between electromagnetic surface modes of dielectric

objects, mediated by their induced electric fields. We begin with a simple example of two

coupled radiating dipolar oscillators, and again derive the time averaged power associated

with and absorption, scattering and extinction. We then explore the e↵ects of this coupling

on the inelastic scattering signal and examine the spectral image of the dipole system at

the spectral peaks of the scattering probability.

4.1 The Absorption, Scattering and Extinction Cross Sections of Two Electro-
magnetically Coupled Dipolar Surface Modes

Expanding from the single oscillator case represented by Eqn. (3.1), we consider the case

of two electromagnetically coupled oscillating dipoles, represented by the time dependent

coordinates u1(t) and u2(t). The coupled equations of motion are

m1ü1(t) +m1�1u̇1(t) +m1!
2
1u1(t) = eEtot(r1, t) (4.1)

m2ü2(t) +m2�2u̇2(t) +m2!
2
2u2(t) = eEtot(r2, t), (4.2)

where mi are the e↵ective masses of the dipolar surface modes, the dissipation rates are

the sum of the non-radiative and radiative contributions �i = �i,abs + �i,rad, where �i,rad =

2e2!2
/3mic

3, and !i are the natural frequencies of the coupled dipole oscillators. The

external fields Etot(ri, t) = Edip(ri, t) + Epw(ri, t) evaluated at the location of each dipole

ri, include the contribution of the field of an external planewave, and the radiated fields of

the neighboring dipoles. Considering the limiting case where the two dipoles are spatially

confined to a common confocal point, and therefore experience an identical driving force
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Figure 4.1: Surface plots exploring the evolution of the absorption and scattering cross
sections for the dipolar surface modes of two electromagnetically coupled Ag-spheres in a
head-to-tail collinear (!!) configuration. In the lower panels, the sphere radius a1 is fixed
at a value of 15 nm, while the radius a2 is varied from 0 to 15 nm. When a2 = 0, we recover
the response of only a single sphere with a peak in both scattering and absorption around
h̄! ⇡ 3.35 eV. As the size of the second sphere is increased, we observe a splitting of the
cross sections into a low and high energy branch, indicating the formation of two normal
mode responses for the dimer system. When the two sphere radii are equal, only the lower
energy mode remains. In the upper panels, the interparticle distance is varied from 0 to 60
nm. As the interparticle distance is increased, the dipolar surface modes become decoupled,
and the maximum of the cross sections returns to normal mode energy of the single particle.
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from the external field. We model the incident field as that of a planewave, and write

Epw(ri, t) = E0e
�i!t (4.3)

The electric dipole radiation field is

Ei,dip(x, t) = eui(t) ·⇤(x� ri), (4.4)

where we have introduced the dipole relay tensor

⇤(x) = k
3


1

(kr)3
(3r̂r̂� 1)� i

(kr)2
(3r̂r̂� 1)� 1

kr
(r̂r̂� 1)

�
e
ikr

. (4.5)

The unit vectors r̂ point in the direction between the dipole and an observation point.

Defining a coupling term g = e
2
û1 ·⇤(r) · û2, where the vector r = r1 � r2 is the distance

between the dipoles, we then write down the following coupled equations of motion

m1ü1(t) +m1�1u̇1(t) +m1!
2
1u1(t)� gu2(t) = eE0e

�i!t (4.6)

m2ü2(t) +m2�2u̇2(t) +m2!
2
2u2(t)� gu1(t) = eE0e

�i!t
. (4.7)

Evaluated in the steady-state limit where ui(t) = ui(!)e�i!t, we find

(!2
1 � !2 � i�1!)u1(!)�

g

m1
u2(!) =

e

m1
E0 (4.8)

(!2
2 � !2 � i�2!)u2(!)�

g

m2
u1(!) =

e

m2
E0. (4.9)
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Figure 4.2: Examination of the coupling term g = e
2
û1·⇤(r) · û2 as a function of unitless

kr and the common angle � which evolves from a collinear orientation !!, to a parallel
orientation "", between two dipoles interacting via their induced fields. We have plotted
both the real and imaginary parts of g, where in particular Im{g} contributes to constructive
(Im{g} > 0) and destructive (Im{g} < 0) interference in far field scattering between the two
coupled dipoles. At small distances (i.e. kr ! 0) between the coupled dipoles, Im{g} !
0, and the coupling parameter is almost entirely real valued and near-field interactions
dominate. In the near-field limit, we observe that for a collinear orientation, Re{g} > 0,
indicating an energetically favorable configuration of the dipoles. In a parallel orientation
Re{g} < 0, indicating an energetically unfavorable configuration of the dipoles.

Solving the linear system of equations, we find solutions for the Fourier amplitudes of the

oscillator coordinates, which are

u1(!) =
eE0

m1

Z2(!) +
g

m2

Z1(!)Z2(!)� g2

m1m2

(4.10)

u2(!) =
eE0

m2

Z1(!) +
g

m1

Z1(!)Z2(!)� g2

m1m2

, (4.11)

We have used the abbreviated notation Zi(!) = !
2
i
� !2 � i�i! for each individual dipole’s

spectral response. We notice in the limit that |r1 � r2| ! 1, g ! 0, the oscillators are
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completely decoupled, and we recover the solution for the Fourier amplitude of a single

oscillator found in Eqn. (3.1). Now, writing our solutions in the time domain, we find

u1(t) = u1(!)e
�i!t

=
eE0

m1

�����
Z2(!) +

g

m2

Z1(!)Z2(!)� g2

m1m2

����� e
�i(!t�'1)

=
eE0

m1
|A1(!)| e�i(!t�'1)

(4.12)

u2(t) = u2(!)e
�i!t

=
eE0

m2

�����
Z1(!) +

g

m1

Z1(!)Z2(!)� g2

m1m2

����� e
�i(!t�'2)

=
eE0

m2
|A2(!)| e�i(!t�'2).

(4.13)

The relative phase terms 'i = tan�1 (Im{Ai}/Re{Ai}). Having solved the equations of

motion for each oscillator, we can now evaluate the means by which power is dissipated

by the system. As in the previous case of the single oscillator, we computed the total

power extinction via hP iext = 1
⌧

R
⌧

0 dt Re{Fdamp(t)} · Re{u̇(t)}, where Fdamp represented

the sum of dissapative forces acting on an oscillator. Unlike the single oscillator, we have

an additional coupling force included in our equations of motion which will contribute to

the dissipated power over an optical cycle, along with the already familiar absorption and

scattering processes. From Eqns. (4.7), the time averaged power contribution from each
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oscillator due to coupling is

hP i1coup =
1

⌧

Z
⌧

0
dt Re{�gu2(t)} · Re{u̇1(t)}

=
!

2

e
2
E

2
0

m1m2
|A1(!)||A2(!)|Im{g}

(4.14)

hP i2coup =
1

⌧

Z
⌧

0
dt Re{�gu1(t)} · Re{u̇2(t)}

=
!

2

e
2
E

2
0

m1m2
|A1(!)||A2(!)|Im{g},

(4.15)

and the total contribution to the power from coupling is

hP itotcoup = hP i1coup + hP i2coup

= !
e
2
E

2
0

m1m2
|A1(!)||A2(!)|Im{g}

= !|u1(!)||u2(!)|Im{g}.

(4.16)

Evidently, the power dissipated due to coupling introduces an interference term to the total

scattered power between the coupled dipoles

hP itotsca = hP i1sca + hP i2sca + hP itotcoup

=
!
2

2

⇥
m1�1,rad|u1(!)|2 +m2�2,rad|u2(!)|2

⇤
+ !|u1(!)||u2(!)|Im{g}

(4.17)
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The individual scattering terms are calculated in the usual way hP iisca = m�i,rad⌧
�1

R
⌧

0 dt Re{u̇i(t)}·

Re{u̇i(t)}. For the absorbed power we find

hP itotabs = hP i1abs + hP i2abs

=
!
2

2

⇥
m1�1,abs|u1(!)|2 +m2�2,abs|u2(!)|2

⇤
.

(4.18)

Before taking a final step in deriving the optical cross sections, we’ll now define the e↵ective

or dressed polarizability for each of the coupled dipoles as pi(!) = eui(!) = ↵̃i(!)E0. After

some algebra we find

↵̃1(!) =
↵1(!) +

g

e2
↵1(!)↵2(!)

1� g2

e4
↵1(!)↵2(!)

(4.19)

↵̃2(!) =
↵2(!) +

g

e2
↵1(!)↵2(!)

1� g2

e4
↵1(!)↵2(!)

, (4.20)

Where ↵i(!) = e
2
Zi(!)�1

/mi are the uncoupled, radiative corrected polarizabilities of

each dipole defined in Eqn. (3.13). Implementing these terms into our expressions for the

absorbed and scattered power and dividing by the magnitude of the time averaged Poynting

vector for planewave light, we find

�abs(!) =
4⇡!2

c

⇥
(m1/e

2)�1,abs|↵̃1(!)|2 + (m2/e
2)�2,abs|↵̃2(!)|2

⇤
(4.21)

�sca(!) =
8⇡

3
k
4
⇥
|↵̃1(!)|2 + |↵̃2(!)|2

⇤
+ 8⇡k|↵̃1(!)||↵̃2(!)|Im{g} (4.22)

�ext(!) = �abs(!) + �sca(!). (4.23)

Importantly, we see the emergence of an interference term in the scattering cross section of

the two coupled dipolar surface modes, which can constructively or destructively interfere.

The nature of this interference is be dictated by the imaginary part of the coupling term g,
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which has a complicated dependence on the oscillation frequency, the particle separation,

and the relative orientation of the the two coupled dipoles, as illustrated in Fig. 4.2.

4.2 The Inelastic Scattering Probability for Two Electromagnetically Coupled
Dipoles

4.2.1 A Classical Approach

Figure 4.3: Inelastic scattering spectra, and spectrum images of the total loss probability
�EEL (blue) and and the radiative contribution �CL (red) for a pair of Ag spheres. We
examine the case of a homodimer (left) with sphere radii a1 = a2 = 15 nm, and a inter-
surface separation of 5 nm, and a heterodimer (right), where a1 = 20 nm, a2 = 10 nm.
In the case of the homodimer, we see that there are no peaks in �CL for the out-of-phase
oscillations of the surface modes due to total destructive interference in far field radiation.
At normal mode energies (a) and (e), we observe a colinear in-phase oscillation !!, and
a resulting nodal region between the surface modes. At energies (b) and (f) we observe an
anti-parallel out-of-phase oscillation "# at a slightly lower energy than the more intensely
radiant parallel in-phase oscillation "" at energies (c) and (g). Finally, the anti-colinear out-
of-phase oscillations ! (d) and (h) reside at the highest energy. With a combination of
spectroscopic measurement and spectrum imaging, the inelastic scattering signal is capable
of determining the energy and spatial profile for the eigenmodes modes of a simple dimer
system or more complicated electromagnetically coupled nanostructures.

From Eqns. 4.7, instead of considering the influence of a planewave, we replace the
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source of the external field with that of a point charge from an electron, and we write

m1ü1(t) +m1�1u̇1(t) +m1!
2
1u1(t)� gu2(t) = eEel(r1, t) (4.24)

m2ü2(t) +m2�2u̇2(t) +m2!
2
2u2(t)� gu1(t) = eEel(r2, t). (4.25)

After Fourier transforming each of the coupled equations, we immediately produce solutions

to the coupled equations of motion in the frequency domain.

u1(!) =
Eel(r1,!)

e
↵1(!) +

gEel(r2,!)
e3

↵1(!)↵2(!)

1� g2

e4
↵1(!)↵2(!)

(4.26)

u2(!) =
Eel(r2,!)

e
↵2(!) +

gEel(r1,!)
e3

↵1(!)↵2(!)

1� g2

e4
↵1(!)↵2(!)

(4.27)

The uncoupled, radiative corrected polarizability terms above are again defined by Eqn.

(3.13). Then from Eqn. (3.28), we solve for the inelastic scattering probability of the

coupled dipole system. We find

�dip-dip(!) =
1

⇡h̄
2 [Im {Fel(r1,!)

⇤ · u1(!)}+ Im {Fel(r2,!)
⇤ · u2(!)}] , (4.28)

where the spectral representation of the force of the electron on the dipoles Fel(ri,!) =

eEel(ri,!), is defined by Eqn. (3.23).
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4.2.2 Cathodoluminescence of Coupled-Radiating Dipoles

To isolate the radiative contribution to the inelastic scattering, we consider the energy

radiated across a spherical boundary, over an arbitrary time period ⌧ , for which we write

h�Ei = 1

⌧

Z
⌧

0
dt

Z
d⌦ r

2
S(x, t) · r̂

=

Z
d⌦ r

2hS(x, t)i · r̂

=

Z 1

0
d(h̄!) h̄!�CL(!).

(4.29)

Above, hS(x, t)i = c[E1(x, t) + E2(x2, t)] ⇥ [B1(x, t) + B2(x, t)]⇤/8⇡ is the time averaged

Poynting vector for two radiating sources, and Ei, Bi are their associated electric and

magnetic far-fields. In turn, these fields can be expressed in terms of the coupled dipolar

coordinates in the frequency domain as

rEi(ri,!) = ek
2[(r̂⇥ ui(!))⇥ r̂]eikri (4.30)

rB
⇤
i (ri,!) = ek

2[(r̂⇥ u
⇤
i (!))⇥ r̂]e�ikri . (4.31)

With Eqn. (4.29), we then solve for the contribution to the inelastic scattering signal due

to radiative losses

�CL(!) =
2e2

3⇡h̄2
k
3 |u1(!) + u2(!)|2 , (4.32)

where the e↵ects due to coupling are embedded in the definition of the dipolar coordinates

in Eqns. (4.26) and (4.27). The modulus square of the sum of the two coupled oscillator

coordinates introduces an interference term in the far-field scattering measurement inherent

to CL. In Fig. 4.3 we see that the out-of-phase oscillation between the coupled surface modes

leads to total destructive interference in far field scattering in the case of the homodimer.
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4.2.3 Normal Mode Analysis, and a Quantum Mechanical Approach

Moving to a cartesian coordinate system, and constructing a system Hamiltonian for our

two electromagnetically coupled dipoles from Eqns. (2.86) and (2.91), we find

H =
p
2
1

2m1
+

p
2
2

2m2
+

1

2
m1!

2
1u

2
1 +

1

2
m2!

2
2u

2
2 � u1 ·⇤(r) · u2, (4.33)

where ⇤(r) = e
2(3r̂r̂ � 1)/r3 in the quasistatic limit, and only the near field term of the

dipole relay tensor contributes to the inter-dipole coupling, where r = |r1�r2|. We begin by

a re-scaling of operators xi and pi defining the dimensionless parameters M+ = (m1/m2)1/4,

and M� = (m2/m1)1/4

0

@p1

p2

1

A =

0

@M+ 0

0 M�

1

A

0

@p
0
1

p
0
2

1

A

0

@u1

u2

1

A =

0

@M� 0

0 M+

1

A

0

@u
0
1

u
0
2

1

A ,

(4.34)

which yields an expression for the Hamiltonian with a common geometric massm =
p
m1m2,

for oscillator 1 and 2, as

H =
p
02
1

2m
+

p
02
2

2m
+

1

2
m!

2
1u

02
1 +

1

2
m!

2
2u

02
2 � u

0
1 ·⇤(r) · u0

2 (4.35)

The ladder operators are related to the position and momentum operators by

a12 =

r
m!12

2h̄

✓
û
0
12 + i

p̂
0
12

m!12

◆

a
†
12 =

r
m!12

2h̄

✓
û
0
12 � i

p̂
0
12

m!12

◆
,

(4.36)
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and the position and momentum operators may then be defined in terms of a12, a
†
12 as:

û
0
12 =

r
h̄

2m!12

⇣
a
†
12 + a12

⌘

p̂
0
12 = i

r
h̄m!12

2

⇣
a
†
12 � a12

⌘
.

(4.37)

We now diagonalize our Hamiltonian via a unitary transformation. Utilizing the Baker-

Campbell-Haussdor↵ formula

e
�S

H0e
S =

1X

n=0

[H, (S)n]

n!

= H̃0

(4.38)

and defining the generating function S = i�(x01p
0
2�x

0
2p

0
1)/h̄, we transform our Hamiltonian

into a normal mode basis, writing

H̃0 =
p
2
+

2m
+

p
2
�

2m
+

1

2
m!

2
+u

2
+ +

1

2
m!

2
�u

2
�, (4.39)

where the operators in the ±-basis are related to the operators in the 1, 2-basis via the

rotation matrix in terms of the coupling angle �

0

@p
0
1

p
0
2

1

A =

0

@cos�� � sin��

sin�� cos��

1

A

0

@p+

p�

1

A

0

@u
0
1

u
0
2

1

A =

0

@cos�� � sin��

sin�� cos��

1

A

0

@u+

u�

1

A

. (4.40)
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Explicitly, the normal mode momentum and position operators are defined as

u± =
X

�

n̂
�

±u
�

± (4.41)

p± =
X

�

n̂
�

±p
�

±, (4.42)

where the scalar terms of the normal mode operators are defined by

u
�

+ = u
0
1,� cos�� + u

0
2,� sin�� (4.43)

u
�

� = �u01,� sin�� + u
0
2,� cos�� (4.44)

p
�

+ = p
0
1,� cos�� + p

0
2,� sin�� (4.45)

p
�

� = �p01,� sin�� + p
0
2,� cos�� (4.46)

We define the coupling angle and the normal mode frequencies as

�� =
1

2
tan�1

✓
2g�

m[!2
2 � !2

1]

◆

!
�

+ =
h
!
2
1 cos

2
�� + !

2
2 sin

2
�� �

g�

m
sin�� cos��

i 1
2

!
�

� =
h
!
2
1 sin

2
�� + !

2
2 cos

2
�� +

g�

m
sin�� cos��

i 1
2
,

(4.47)

where � = x, y, z indicates components of the dipole’s orientation in Cartesian coordinates.

If we choose a dipole separation along the x-axis, we define the components of the coupling
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parameter g� as

g
x =

2e2

r3
(4.48)

g
yz = �e

2

r3
. (4.49)

As in the previous case of a single particle, we introduce a time dependent perturbative

term to our Hamiltonian.

H̃ = H̃0 + V, (4.50)

where V = �u1 · F(r1, t) � u2 · F(r2, t). From Eqn. (2.80) considering only the general-

ized force acting on the ` = 1 surface modes due to a traveling point charge with charge

distribution ⇢(x, t) = e�(R�R0)�(z � vt), we find

F(r1, t) = �e
a1x̂+ b1ŷ + (vt)ẑ

[a21 + b
2
1 + (vt)2]

3
2

(4.51)

F(r2, t) = �e
a2x̂+ b2ŷ + (vt)ẑ

[a22 + b
2
2 + (vt)2]

3
2

. (4.52)

In the normal mode basis, the perturbative term becomes

V = �u+ · F+(t)� u� · F�(t), (4.53)

where we define the normal mode forces as

F+(t) = F(r1, t)M� cos�� + F(r2, t)M+ sin�� (4.54)

F�(t) = �F(r1, t)M� sin�� + F(r2, t)M+ cos��. (4.55)
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Again, moving into the interaction picture, and expanding the Dyson series to first order,

we evaluate the probability amplitude to find the system in an excited state in the normal

mode basis

D
n
0
+n

0
�

��� ̃(t)
E
=

1

ih̄

Z
t

�1
dt

0 ⌦
n
0
+n

0
�
��� u+(t) · F+(t)� u�(t) · F�(t) |n+n�i . (4.56)

In a manner analogous to the single particle case, we find the scattering probability in the

normal mode basis to be

�dip-dip(!) =
1

e2⇡h̄
2
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i ⇣
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(4.57)

where the normal mode polarizabilities are defined as

↵
�

+(!) =
e
2

m

1

(!�
+)

2 � !2 � i�!
(4.58)

↵
�

�(!) =
e
2

m

1

(!�
�)

2 � !2 � i�!
. (4.59)

The terms n
�
± are the occupation numbers of the symmetric (+) and antisymmetric (�)

modes of the coupled oscillators, the value of which, at finite system temperature, is deter-

mined by the Bose-Einstein distribution, where n
�
+ = n

�
� when the system is at a uniform

temperature.
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4.3 Coupling Between the Surface Modes of a Slab and a Dipole Mode on a
Sphere

Reproduced with permission from:

• Beutler, Elliot K., Maureen J. Lagos, and David J. Masiello. ”Infrared surface phonon

nanospectroscopy of an interacting dielectric-particle–dielectric-substrate dimer using

fast electrons.” Physical Review B 103, no. 16 (2021): 165418 [2].

Copyright ©(2021) American Physical Society. All rights reserved.

Recent advances in electron microscopy have led to dramtic improvements in atomic scale

spatial imaging and spectroscopic resolution of inelastic scattering processes. This is due to

improvements in monochromation and aberration correction of the incident electron beam

[46, 50, 45, 51, 52, 53]. These developements have layed ground for a detailed examination of

progessively lower energy nanoscale excitations, such as the molecular vibrations of organic

and biological compounds [54, 55], as well as surface and bulk phonons hosted by macro-

scopic samples, thin films, individual nanoparticles, and nanoparticle assemblies of varying

morphology, none of which had been previously characterized by electron energy loss spec-

troscopy (EELS) [56, 57, 58, 59, 60, 48, 61]. Unlike a plane wave light source, a uniformly

moving electron carries an evanescent field akin to the broad spectrum white light source

produced by synchrotron radiation. When utilized as a spectroscopic probe, it is capable of

characterizing target excitations across a broad spectral range, from low energy collective

surface and bulk resonances to valence electronic transitions to core-loss events at high en-

ergy. As the available spectroscopic window of the electron microscope has extended ever

lower in energy, now down to thermal energies (⇠ 25 meV), the vibrational modes probed

by the electron beam on individual nanoparticles become apparent [50, 62, 63, 57]. In this

regime, dielectric nanoparticles and their planar dielectric substrates may be co-resonant.

When placed in proximity, independent nanoparticle and substrate excitations are able to

appreciably couple in the near-field, and it is the composite nanoparticle-substrate assem-

bly that is ultimately interrogated by the electron beam. The consequences of such phonon

mode hybridization may be perceptible through inelastic electron scattering, producing a
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Figure 4.4: Schematic of the composite sphere-slab dielectric system in the presence of a
uniformly moving electron. Relevant parameters including the sphere radius a, the position
of the electron rel(t), and the time-dependent LSPh coordinate of the sphere u0 at a fixed
position r0 are defined, along with the generalized coordinate of the substrate surface re-
sponse Qn(k, t) and the energy of interaction Hsph,slab. When the sphere rests directly on
top of the slab, the height h = a.



73

Figure 4.5: Comparison of (a) Eq. (4.73) to (b) simulation for the monomers (free space
sphere and slab), and the dimer (composite sphere-slab system) after background subtrac-
tion. For the simulated composite system, the numerical scattering probability for a d = 2
nm dielectric slab is subtracted from the result for a composite a = 20 nm sphere posi-
tioned on top of a slab of identical dimensions. A Lorentz oscillator dielectric function
parametrized to the bulk response of MgO is used to describe the material responses of the
sphere and slab. The electron beam height is b = 3a, traveling uniformly with 10 keV of
kinetic energy, and the location of the charge distributions are defined by r0 = (0, a, 0) and
rel = (0, b, vt) for the sphere and probe, respectively. In both simulation and theory �TERP

is normalized to �LSPh.

rich and nuanced spectrum deserving of an in-depth analysis. Previous work [64, 65] has

explored substrate e↵ects in electron scattering measurements of nanoparticle targets, par-

ticularly how their presence can renormalize the eigenfrequencies of the target’s excited

surface modes. Others have investigated the potential for energy transfer facilitated by the

spectral overlap of a nanoparticle’s surface mode resonances with the band gap energies of

its supporting semiconductor substrate, an adsorbate molecule, or an adjacent nanoparticle

[66, 67, 68, 69, 70, 71, 72].

In this section, we present a theoretical model-based approach to interpreting the mea-
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sured scattering probability of a composite dielectric nanoparticle-substrate “dimer” system

for a ’grazing’ electron beam geometry, showcasing that a consideration of only the nanopar-

ticle’s renormalized eigenmodes is insu�cient in interpreting the resulting scattering signal

when both the sample and substrate materials are dispersive in the same spectral region.

For simplicity, we will consider a spherical nanoparticle target positioned directly adjacent

to the surface of a dielectric slab, where both the particle and slab host nearly co-resonant

surface mode responses in the infrared. We then investigate the resulting interaction be-

tween the electron probe, nanoparticle, and slab encoded in the spectrum of the scattered

electron beam.

We begin by working within a classical dielectric formalism, and construct a system

Hamiltonian after defining time-dependent coordinates for the oscillatory surface modes

of both the sphere and substrate. This allows for a characterization of the energies of

interaction and associated forces between the electron probe, nanoparticle, and substrate at

the level of the equations of motion. We then examine the linear response of the dielectric

sphere, deriving its e↵ective polarizability in the presence of a substrate of varying depth, by

solving the coupled equations of motion in Fourier space. Correspondingly, we also derive

the linear response of the semi-infinite dielectric slab in the presence of the sphere. This

permits an exploration of how the system evolves in response to an external perturbing

field when the distance between the sphere and substrate surface is altered, and when the

thickness of the supporting substrate is varied. The near-field interactions between the

surface modes on the sphere and substrate are visualized with the aid of induced electric

near-field profiles, simulated using plane-wave excitation with specific polarization. Finally,

we derive an expression of the sphere-substrate dimer’s corresponding scattering probability

for a dielectric slab of varying thickness, and compare the results to a simulated electron

scattering experiment based on numerical solution of Maxwell’s equations. In both cases, we

consider an aloof ‘grazing’ trajectory, with the path of the electron beam oriented parallel to

the thin film surface and traveling entirely in vacuum, avoiding the excitation of bulk phonon

mode resonances [61]. Excellent agreement between simulations and the developed model

highlights the importance of the substrate (which we henceforth refer to more generally as

a dielectric slab) as a separate dynamical component that can strongly modify the infrared
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responses of the nanoparticle target.

Figure 4.6: Evolution of Im e↵y(!) for an a = 20 nm sphere when the sphere height (h) and
the slab depth (d) are varied. The dielectric response of the sphere and slab are defined by
a common Lorentz oscillator dielectric function (i.e., e"1(!) = e"2(!)), parametrized to the
bulk response of MgO. In panel (a), the sphere is ’moon-landed’ onto a 100 nm thick slab
from an initial distance of 100 nm between the sphere and the slab surfaces. In panel (b),
the depth of the slab is decreased from d = 100 nm to 0 nm, and the FK± (h̄⌦±) modes
are allowed to evolve as kd is varied. ⌦0 is the ` = 1 eigenfrequency of the free-space sphere
(blue line) and ⌦s is the eigenfrequency of the free-space semi-infinite slab (red curves).
Panel (c) provides a closer examination of the mixed surface mode responses in the region
of 0  d  a. We observe that as the slab depth becomes increasingly small, the normal
mode responses resolve to the free-space eigenfrequencies.

From Eqns. (2.86) and (2.87) the Hamiltonian for the sphere and the slab respectively,

we can define the total system Hamiltonian in the presence of an electron as

H = H
0
el +H

0
sph +H

0
slab +Hel,sph +Hel,slab +Hsph,slab. (4.60)

The term H
0
el is the kinetic energy of the electron probe with charge density ⇢el(x, t) =

�e�(x � rel(t)), while the terms H
0
sph and H

0
slab account for the internal energies of the

sphere and dielectric slab. Hel,sph and Hel,slab represent the energies of interaction between

the electron and the dielectrics, while Hsph,slab represents the energy of interaction between

the dielectric bodies. For simplicity, we restrict the response of the sphere to the lowest order

` = 1 dipole mode and move from the spherical-multipole basis to Cartesian coordinates.
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The vector u0(t) defines the LSPh coordinate with natural frequency !0, e↵ective mass m0,

and charge distribution ⇢0(x, t) = �eu0(t) · r�(x � r0). Hamiltonians for the individual

dielectrics are defined from Eq. (4.60) as

Hsph = H
0
sph +Hel,sph +Hsph,slab

=
p
2
0

2m0
+

1

2
m0!

2
0u

2
0 � u0 · Fel +

Z
dx ⇢0(x, t)�slab(x, t)

(4.61)

Hslab = H
0
slab +Hel,slab +Hsph,slab

=
1X

n=�1

Z 1

0
dk


PnP

⇤
n

mk

+mk!
2
sQnQ

⇤
n �

�
F

⇤
el,nQn + Fel,nQ

⇤
n

��
+

Z
dx ⇢0(x, t)�slab(x, t),

(4.62)

where the energy of interaction between the LSPh and semi-infinite slab is calculated by

integration of ⇢0 with �slab. In the presence of both a traveling electron and a oscillating

dipolar charge distribution the slab potential is calculated from the slab’s induced Green’s

function. For aloof electron trajectories, we consider Eqn. 2.73, where ⇢ = ⇢el + ⇢0. From

Hamilton’s equations

u̇0 =
@H

@p0
(4.63)

ṗ0 = �
@H

@u0
, (4.64)

applied to Eqn. (4.61), and followed by a Fourier transform from time to frequency, we find

the Fourier amplitudes for the dipolar surface mode response in the presence of the slab

of finite depth. For the particular case where the locations of the charge distributions are

defined as rel(t) = (0, b, vt) and r0 = (0, a, 0) and the electron travels directly over of the
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center of the sphere, we find

uz(!) =
↵z(!)

e2


Fel,z(r0,!) +

Z 1

0
dkF̄k,z(r0,!)⇣(k,!))

�
(4.65)

uy(!) =
↵y(!)

e2


Fel,y(r0,!) +

Z 1

0
dkF̄k,y(r0,!)⇣(k,!))

�
, (4.66)

where the terms ↵yz are the modified polarizabilities of the dipolar modes of the sphere

perpendicular and parallel to the slab surface, respectively. These polarizabilities, dressed

by the presence of the slab of varying depth are

↵xz(!) =


↵nr(!)

�1 � 1

2

Z 1

0
dk k

2
e
�2kh

⇣(k,!)

�
(4.67)

↵y(!) =


↵nr(!)

�1 �
Z 1

0
dk k

2
e
�2kh

⇣(k,!)

�
. (4.68)

Features of the slab dressed polarizability ↵y are explored in Fig. 4.6 under both the case

of varying slab depth d and sphere height above the slab h. In each of these cases, we see

that the imaginary part of ↵y returns to the value of the bare eigenfrequencies of the slab’s

Fuchs-Kliewer modes, and the sphere’s dipolar Fröhlich mode [73]. The terms Fel,z and Fel,y

represent yz-components of the force contributed by the fast electron, while the terms F̄k,z

and F̄k,y integrated against the surface response function of the slab, represent the force

contributed by the electron’s wake potential [74] generated by the presence of the dielectric

slab, and they are proportional to the Fourier transform of Bessel functions J0(kvt) and
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J1(kvt). Explicitly, we write

Fel,y(r0,!) =
b� h

R

2e2|!|
v2

K1

✓
|!|R
v

◆
(4.69)

Fel,z (r0,!) =
2e2!

v2
iK0

✓
|!|R
v

◆
(4.70)

F̄k,z(r0,!) = �i
2e2!

v2

e
�k(b+h)

q
k2 �

�
!

v

�2 for k � |!|
v

(4.71)

F̄k,y(r0,!) =
2e2

v

k e
�k(b+h)

q
k2 �

�
!

v

�2 for k � |!|
v
. (4.72)

To calculate the inelastic scattering probability, we refer to Eqn. (3.32), where for the

electron charge distribution, we again call upon Eqn. (3.33), and consider the contribution

to the induced potential from both the sphere and the slab, yielding

�(!) = lim
z0!1

2z0
⇡

⇣
e

h̄v

⌘2 Z 1

!/v

dk
e
�2kb

q
k2 �

�
!

v

�2 Im {⇣(k,!)}

+
1

⇡h̄
2 Im

⇢
u0(!) ·


Fel(r0,!) +

Z 1

0
dk ⇣

⇤(k,!)F̄k(r0,!)

�⇤�
.

(4.73)

We observe that the first term of Eqn. (4.73) is trivally related to the inelastic scattering

rate of an ion o↵ of a finite slab in Eqn. (3.42). The term z0 is the path length of the probing

electron. This result is expected due to the principle of superposition of the induced electric

and scalar fields. The second term includes the e↵ects of mode mixing between the surface

modes of the sphere and the finite slab. Therefore, the first term can be interpreted as

”background”, and subtracted to produce Fig. 4.5, where we make a comparison between

our theory and a fully retarded numerical electrodynamic simulation using the electron

driven discrete dipole approximation, with an electron source (e-DDA) [75, 76].
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4.4 Nanometer-Scale Spatial and Spectral Mapping of Exciton Polaritons in
Structured Plasmonic Cavities

Reproduced with permission from:

• Bourgeois, Marc R., Elliot K. Beutler, Siamak Khorasani, Nicole Panek, and David

J. Masiello. ”Nanometer-Scale Spatial and Spectral Mapping of Exciton Polaritons in

Structured Plasmonic Cavities.” Physical Review Letters 128, no. 19 (2022): 197401.

[1]

Copyright © (2022) American Physical Society . All rights reserved.

Exciton polaritons (EPs) are a type of hybrid light-matter coupled quasiparticles which

form as a consequence of strong coupling between an optical cavity mode with a system

of quantum emitters, which have garnered interest due to their potential application in

modifying chemical reaction dynamics and also due to their long-range transport proper-

ties. Advancing research in the areas of material science, chemistry, and nanophotonics

have explored an expansive catalogue of cavity architectures, including the LSP modes

inherent to metallic nanoparticles in the optical regime. The induced electric fields of

LSPs exhibit strong spatial variation, leading to position-dependent exciton-cavity cou-

pling strengths between a localized surface resonance and a surrounding excitonic medium.

When extended into a periodic array, plasmonic nanoparticles host tunable lattice plasmon

polaritons (LLPs), which arise due to hybridization of LSPs within the array, resulting

di↵ractive photonic modes. In contrast to the singular LSP excitations of an isolated metal-

lic nanoparticle, LLPs exhibit strong energy-momentum dispersion characteristics due to

the di↵ractive light-like component of the hybrid lattice modes. In either case, the result-

ing nanoscale spatial variation of the cavity-emitter coupling strength has led to di�culties

in spatially mapping the resulting plasmon-exciton excitation. Recent advances in energy

monochromation and aberration correction in scanning transmission microscopes (STEMs)

have paved the way for performing a spatial mapping of plasmon mediated EPs on their

natural energy and length scales using inelastic scattering spectroscopy techniques (EELS).
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Figure 4.7: (a) Analytic LEEG probability spectra and dispersion diagram for a Ag NP
array, as a function of the parallel wavevector component qk, with a comparison to the dis-
persionless single particle LEEG probability. b Comparison of the analytical and numerical
evaluation of the LEEG spectrum for a single particle and the one dimensional array. The
figure inset shows a spatial map of the probability at the LPP energy around a particle
contained within a single unit cell. The incident electron speed is v = 0.7c with an impact
parameter of 5 nm from the particle surface. The incident field intensity is I0 = 109 W/cm2

In this section we will demonstrate that laser-stimulated lattice electron energy gain spec-

troscopy (LEEGS) is well suited to the task of spatially mapping EP in the case of an array

of metallic nanoparticles supporting LPPs embedded in an excitonic medium with numeri-

cal calculations. Additionally, we establish, based on an analytic analysis of the relativistic

LEEG probability, that a laser stimulated inelastic scattering measurement can probe LPP

modes with high momentum, energy and spatial resolution in the absence of coupling to a

excitonic medium. We accomplish working with the dipole approximation. This limitation

is suitable for modeling the resulting plasmon assisted LPP, due to the size of the unit cell

of the periodic array which we will consider, in a region where dipole-dipole coupling dom-
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inates. Within the dipole approximation in a vacuum environment, the induced electric

dipole moment pj at position rj with the lattice is determined by solving the system of

equations

↵�1(!) · pj = E0(rj ,!) +
X

` 6=j

⇤(rj , r`) · p`. (4.74)

Above, E0(rj ,!) is a driving electric field evaluated at the position of jth dipole, while

the second term accounts for the scattered electric fields from the adjacent ` 6= j dipoles

in the array. ⇤(x) is the familiar dipole relay tensor, introduced in Eqn. (4.5). The fully

relativistic electric dipole polarizability tensor is evaluated from the ` = 1 electric Mie

coe�cient from Eqn. (C.11), as ↵(!) = 1(3/2k3)a1(!). Eqn. (4.74) can be solved using

the Bloch wave ansatz pj(rj ,!) = pj(!)e
iqkyj considering an infinite 1D lattice array, with

the array periodicity distributed along direction ŷ, and where qk is the reciprocal space

momentum directed along the array periodicity, and limited to the first Brillouin zone. The

ansatz readily supplies the Fourier amplitude solution for the jth positioned dipole as

pj(qk,!) =

2

4↵�1(!)�
X

` 6=j

⇤(rj , r`)e
iqka`

3

5
�1

·E0([R, qk],!)

= ⇧(qk,!) ·E0([R, qk],!)

(4.75)

where R = xx̂+ zẑ are the transverse directional components perpendicular to the lattice,

and ⇧ is the lattice dressed polarizability of the dipole at site n. Then, the nth dipole

moment, is found using the inverse Fourier transform as

pn(rn,!) =

Z
dqk
2⇡

e
iqkyn⇧(qk,!) ·E0(R, qk,!). (4.76)

Considering the electric field of a planewave, its Fourier representation is

E0(R, qk,!) = ê0(2⇡)
2E0

2

⇥
�(qk �Kk)�(! � !0) + �(qk +Kk)�(! + !0)

⇤
, (4.77)
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which when inserted into the expression for the dipole moment above yields

pn(rn,!) = e
iKkyn⇧(Kk,!) · ê0⇡E0�(!�!0)+ e

�iKkyn⇧(�Kk,!) · ê0⇡E0�(!+!0). (4.78)

Transforming into the time domain, we find

pn(rn, t) = ⇧(Kk,!0) · ê0
E0

2
e
i(Kkyn�!0t) + c.c.

= p
+(r, t) + p

�(r, t).

(4.79)

As derived by Garcia de Abajo [77, 38], the EEGS probability is expressed in terms of the

target’s induced field is

PEEG(!) =
⇣

e

h̄!

⌘2 ����
Z

dz
0
Ez(Re, z

0)e�i!z
0
/v

����
2

, (4.80)

where the coordinates (Re, z
0) indicate the electron trajectory propagating along direction

ẑ. In terms of the induced dipole at lattice site n, the induced electric field may be expressed

in terms of the dyadic Green’s tensor as

Ez(Re, z
0)e�i!t = ẑ ·

X

n

(
⇥
1k2 +rere

⇤ eik|re�rn|

|re � rn|

)
·⇧(Kk,!) ·E0e

iKkRne
�i!z

0
/v (4.81)

. From the integral identity for the modified Bessel functions of the second kind [31], we

may now evaluate the integral over the electron coordinate z
0, as

Z
dz

0
e
�i!z

0
/v

e
ik|r�(Re,z

0)|

|r� (Re, z
0)| = 2K0

✓
!Re

�Lv

◆
e
�i!z

0
/v
. (4.82)

Then substituting the gradient operators re ! �rn, and choosing a polarization direction

of x̂, we find for the integrand of PEEG(!)

X

n

ẑ ·
⇥
1k2 +rnrn

⇤⇢
2K0

✓
!Ren

�Lv

◆
e
�i!zn/v

�
· x̂ ⇧xx(Kk,!)E0e

iKkna, (4.83)
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which yields the following result for the gain probability of the lattice under planewave

excitation

PEEG(!) =

✓
2e!

h̄�Lv
2

◆2

|⇧xx(Kk,!)|2
2⇡

c
I0

�����
X

n

bx

Ren

K1

✓
!Ren

�Lv

◆
e
iKkna

�����

2

, (4.84)

where I0 is the intensity of the x-polarized planewave, and Ren is the distance from the

electron to the nth lattice site along the electron impact plane. To examine the validity of

the analytic model, fully relativistic scattering calculations were performed using discrete

volume element Maxwell solvers [78] for periodic dielectric targets under far-field planewave

excitation. A comparison between model and simulation is examined in Fig. 4.7 Having

demonstrated the unique advantages of LEEGS for spatially mapping LPP excitations in

isolated periodic NP arrays, we now consider LPP-EPs that can emerge for a 1D Ag NP ar-

ray embedded in an excitonic slab medium. The exciton medium is modeled using a Lorentz

oscillator dielectric function ✏(!) = 1+f!
2
0/(!

2
0 � !2 � i�!), where !0 is the exciton transi-

tion frequency, � is the exciton damping rate, and f is an e↵ective oscillator strength. Note

that while this is a standard approach for accounting for the exciton response in strong

coupling systems with macroscopic numbers of emitters [79, 80, 81, 82, 83], this form of the

exciton medium response is equivalent to replacing the discrete two-level system emitters

by classical oscillators, which is a good approximation in the low excitation limit [84]. To

avoid the possibility of Fabry-Pérot modes polluting the spectral features of interest, a slab

thickness of 120 nm is employed in our calculations. In experiments, the Rabi splitting

observable in the strong coupling regime can be varied by either increasing the emitter’s

transition dipole moment, or the concentration of emitters within the mode volume. Within

the context of the Lorentz oscillator model, both are equivalent to increasing the value of the

e↵ective oscillator strength f . Fig. 4.8a shows the relative PEEG(!) and �abs(!) spectra at

points P1 and P2 for the combined array-slab (f = 0.0445) system, i.e., the spectra at points

P1 and P2 each normalized by the maximum value at P1. The point absorption spectrum

is determined numerically using the relation �abs(!) = !|E(R, z)|2Im{"(!)}. While the

spectra at P2 have the same shape as those observed at P1, the UP and LP amplitudes are

considerably reduced. Although the demonstration of Rabi splitting in absorption spectra
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Figure 4.8: Spatially and spectrally resolving variations in LPP-EPs using STEM LEEG
spectroscopy. Panel (a) examines normalized relative energy gain and absorption spectra
at two di↵erent positions in the impact plane. Both positions P1 and P2 are located 5 nm
from the sphere surface, however P1 is positioned in a ‘hot spot’ of high gain probability,
indicated in the spectral gain maps of panel (b), while P2 is near a dark nodal region of the
LPP-EP spatial mode map, resulting in a weaker lattice-gain signal.

is a more appropriate indication of strong coupling [80, 85, 86], local absorption measure-

ments on the nanoscale remain experimentally challenging [87, 88, 89, 90] and dark-field

scattering measurements are often easier to obtain for LSP-based systems. Despite ulti-

mately measuring a scattering response, the variation in the PEEG(!) amplitudes at the

UP and LP energies can be used to create spatial maps of the optically excited LPP-EPs

as the STEM electron beam is raster scanned throughout the unit cell. Similar to what

has been observed for LSP-EPs [86], both sets of spectrum images presented in Figs. 4.8b,c

exhibit a characteristic dipole distribution indicating the role played by the electric dipole
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LSPs comprising the delocalized LPP mode at K|| = 0. Interestingly, absorption and LEEG

observables each capture the contracted spatial extent of the UP relative to that of the LP.

We attribute this di↵erence to the in-phase (out-of-phase) coupling between the LSP and

slab modes at the LP (UP) energy as indicated by the electric field distributions in the

insets in Fig. 4.8a. By fitting the decay profiles of the normalized absorption and LEEG

observables in Figs. 4.8b,c along the x-direction to a mono-exponential function, we find

that the 1/e decay length of the LEEG spectrum image UP and LP are 63.19 nm and 70.79

nm, respectively – both ⇠ 14% larger than the decay constants of the absorption spectral

images. Therefore, despite measuring a scattering response, LEEG measurements are a re-

liable reporter of the sub-di↵raction-limited spatial variation of upper and lower polaritons

at the nanometer-scale.
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[74] FJ Garćıa de Abajo and PM Echenique. Wake potential in the vicinity of a surface.
Physical Review B, 46(5):2663, 1992.



92

[75] Nicholas W Bigelow, Alex Vaschillo, Vighter Iberi, Jon P Camden, and David J
Masiello. Characterization of the electron-and photon-driven plasmonic excitations of
metal nanorods. ACS Nano, 6(8):7497–7504, 2012.

[76] Nicholas W Bigelow, Alex Vaschillo, Jon P Camden, and David J Masiello. Signatures
of Fano interferences in the electron energy loss spectroscopy and cathodoluminescence
of symmetry-broken nanorod dimers. ACS Nano, 7(5):4511–4519, 2013.

[77] Ana Asenjo-Garcia and FJ Garćıa De Abajo. Plasmon electron energy-gain spec-
troscopy. New Journal of Physics, 15(10):103021, 2013.

[78] Bruce T Draine and Piotr J Flatau. Discrete-dipole approximation for scattering
calculations. Journal of the Optical Society of America A, 11(4):1491–1499, 1994.
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Appendix A

THE HARMONIC OSCILLATOR GREEN’S FUNCTION

For a damped, forced harmonic oscillator, the corresponding Newton equation is

Lx(t) =
F(t)

m
(A.1)

Where the linear operator L is defined as

L =
d
2

dt2
+ �

d

dt
+ !

2
0 (A.2)

The associated Green’s function is defined by

LgHO(t� t
0) = �(t� t

0) (A.3)

Expressing the Green’s function and the impulse delta function in terms of a spectral de-

composition

gHO(t� t
0) =

Z 1

�1

d!

2⇡
g(!)e�i!t (A.4)

�(t� t
0) =

Z 1

�1

d!

2⇡
e
�i!(t�t

0)
, (A.5)

it is then a trivial matter to construct the spectral representation of the harmonic oscillator

Green’s function

gHO(!) =
1

!
2
0 � !2 � i�!

. (A.6)
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Figure A.1: Plot of the poles of the spectral representation of the harmonic oscillator Green’s
function, residing in the complex !-plane. By enforcing causality t� t

0
> 0, the contour is

closed in the lower half of the complex plane (i.e. �⇡  ✓  0).



97

Therefore, in the time domain, the Green’s function is defined as

gHO(t� t
0) =

Z 1

�1

d!

2⇡

e
�i!(t�t

0)

!
2
0 � !2 � i�!

. (A.7)

This integral is simple to evaluate with the aid of contour integration. We begin by identi-

fying the poles of the integrand, !± = �i�/2±⌦0, where ⌦0 =
p
!
2
0 � �2/4. Then, defining

! = Re
i✓, where R is a purely real quantity measuring the magnitude of !, and the angle

✓ determines the projection of ! into the complex plane, we write the contour integral

gHO(t� t
0) =

I
d!

2⇡

e
�iR{cos ✓+i sin ✓}(t�t

0)

(! � !+)(! � !�)

= 2⇡i
X

k

ak,

(A.8)

where we have utilized Cauchy’s residue theorem to evaluate the integral, and ak are the

residues of the integrand. By enforcing causality, where the response at time t must occur

after the impulse provided by the delta function at time t
0 (i.e. t � t

0
> 0, and requiring

that the integrand must go to zero as R ! 1, we close the contour integral in the lower

half of the complex plane. Observing that we have two simple poles in this region, the two

associated residues are evaluated by

a+ =
1

2⇡
lim

!!!+
(! � !+)

e
�i!(t�t
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(! � !+)(! � !�)
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(A.9)
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All together, the harmonic oscillator Green’s function is

gHO(t� t
0) =

e
��(t�t

0)/2

⌦0
sin⌦0(t� t

0) (A.10)
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Appendix B

THE HARMONIC OSCILLATOR’S CREATION AND
ANNIHILATION OPERATORS

Considering the Hamiltonian of an oscillatory body in the absence of external damping

or internal frictional forces,

H =
p
2

2m
+

1

2
m!

2
u
2
, (B.1)

we can apply Hamilton’s equations,

@H

@p
=
@u

@t
;
@H

@u
= �@p

@t
, (B.2)

to arrive at the Newton equation for the simple harmonic oscillator

mü(t) +m!
2
u(t) = 0. (B.3)

It is then customary to propose a solution u = e
±st which produces the auxillary equation

s
2 + w

2 = 0, (B.4)

, with solutions s = ±i!. Therefore, a general solution to the equation of motion and its

first derivative on time is

u(t) = Ae
i!t +Be

�i!t

u̇(t) = i!
�
Ae

i!t �Be
�i!t

�
(B.5)
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The coe�cients A,B are determined by the system’s initial conditions (i.e. t = 0). Defining

u0 = u(0), v0 = u̇(0), we then construct the matrix

0

@u0

v0

1

A =

0

@ 1 1

i! �i!

1

A

0

@A

B

1

A (B.6)

. Solving for the coe�cient vector via matrix inversion, we find

0

@A

B

1

A = � 1

2i!

0

@�i! �1

�i! 1

1

A

0

@u0

v0

1

A . (B.7)

Defining the initial momentum p0 = mv0 and using the solutions for the coe�cients in terms

of the initial position and momentum, we find

u(t) =
u0

2

�
e
i!t + e

�i!t
�
+

p0

2im!

�
e
i!t � e

�i!t
�
. (B.8)

After some rearranging, we find

u(t) =
1

2

⇣
u0 +

p0

im!

⌘
e
i!t +

1

2

⇣
u0 �

p0

im!

⌘
e
�i!t

= A
†
e
i!t +Ae

�i!t
,

(B.9)

. Imposing the commutation relation [u0, p0] = ih̄, we readily find the commutator for our

newly defined operators [A,A†] = h̄/2m!. We may then non-dimensionalize our resulting
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operators, defining a
† =

p
2m!/h̄A† and a =

p
2m!/h̄A. Finally, we notice then that

a
† =

r
m!

2h̄

⇣
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p0
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⌘

a =

r
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⌘
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⌘

(B.10)
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Appendix C

MIE SCATTERING

An exact solution to the scattering and extinction cross section of a spherical particles

(regardless of particle size) by an incident plane wave are found by solving the vector

Helmholtz equation in spherical coordinates. The Helmholtz equation for the electric and

magnetic fields can be easily derived from Maxwell’s equations

r2
E+ k

2
E = 0

r2
H+ k

2
H = 0

(C.1)

. In the absence of charges, the electric and magnetic fields must satisfy the conditions

r ·E = 0

r ·H = 0

r⇥E = i!µbH

r⇥H = �i!"bE,

(C.2)

where µ, " = n
2 are the respective magnetic and electric permeabilities of the surrounding

environment. A general solution to these conditions are satsified by the vector spherical
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harmonic functions

M
eo

mn = r⇥ (r eo

mn)

N
eo

mn =
r⇥r⇥ (r eo

mn)

k
,

(C.3)

where M and N are the respective magnetic and electric vector harmonic functions.

They both depend on the general solution to the associated scalar Helmholtz equation,

where the even and odd solutions are  
e
mn = Re{eim�

Pmn(cos ✓)zn(kr)} and  
o
mn =

Im{eim�
Pmn(cos ✓)zn(kr)}, in terms of the Associated Legendre polynomials, and a to-be-

determined form of the spherical Bessel functions. Next, the incident planewave (polarized

along direction x̂) is expanded in the vector spherical harmonic basis as:

Epw = E0e
ik cos ✓

x̂

= E0

1X

n=1

i
n

2n+ 1

n(n+ 1)

⇣
Im{M(1)

1n }� iRe{N(1)
1n }

⌘

Hpw =
k

!µb

E0

1X

n=1

i
n

2n+ 1

n(n+ 1)

⇣
Re{M(1)

1n }+ iIm{N(1)
1n }

⌘
,

(C.4)

where the superscript (1) indicates that the radial parts of the scalar solutions  are spherical

Bessel functions jn(x) of the first kind. The expansion coe�cients for the planewave are

obtained by evaluating the integrals over the solid angle d⇥ = d✓d� sin ✓, as

R
d⇥ Epw ·M(1)

R
d⇥ |M(1)|2

, (C.5)

where all coe�cients for m 6= 1 are zero. Then, imposing the boundary conditions allowing

us to relate the expansion coe�cients of the incident, internal and externally scattering

field, along with the conditions of ‘finiteness’ of the fields at the origin and at infinity, we
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solve for the scattered fields, external to the spherical boundary as

Esca =
1X

n=1

En

⇣
ianRe{N(3)

1n (k, r)}� bnIm{N(3)
1n (k, r)}

⌘

Hsca =
k

µb!

1X

n=1

En

⇣
anRe{M(3)

1n (k, r)}+ ibnIm{N(3)
1n (k, r)}

⌘
(C.6)

and the fields within the spherical dielectric boundary as

Eint =
1X

n=1

En

⇣
idnRe{N(3)

1n (k1, r)}+ cnIm{N(3)
1n (k1, r)}

⌘

Hint = �
k

µb!

1X

n=1

En

⇣
dnRe{M(3)

1n (k1, r)}+ icnIm{N(3)
1n (k1, r)}

⌘
,

(C.7)

where the superscript (3) indicates that the radial part of the generating functions  are

the spherical Hankel functions hn(x) of the first kind, and En = i
n
E0(2n + 1)/n(n + 1).

Applying the interfacial boundary conditions, we find expressions for the coe�cients:

an(!) =
µn

2
1[⇢jn(⇢)]

0
jn(⇢1)� µ1n

2[⇢1jn(⇢1)]0jn(⇢)

µn
2
1[⇢hn(⇢)]

0jn(⇢1)� µ1n
2[⇢1jn(⇢1)]0hn(⇢)

(C.8)

bn(!) =
µ1[⇢jn(⇢)]0jn(⇢1)� µ[⇢1jn(⇢1)]0jn(⇢)

µ1[⇢hn(⇢)]0jn(⇢1)� µ[⇢1jn(⇢1)]0hn(⇢)
(C.9)

cn(!) =
µ1[⇢hn(⇢)]0jn(⇢)� µ1[⇢jn(⇢)]0hn(⇢)

µ1[⇢hn(⇢)]0jn(⇢1)� µ[⇢1jn(⇢1)]0hn(⇢)
(C.10)

dn(!) =
µ1n1n[⇢hn(⇢)]0jn(⇢1)� µ1n1n[⇢jn(⇢)]0hn(⇢)

µn
2
1[⇢hn(⇢)]

0jn(⇢1)� µ1n
2[⇢1jn(⇢1)]0hn(⇢)

. (C.11)

The terms ⇢ = kr, and ⇢1 = k1r, where k = !/c, and k1 = n1!/c, and n, n1 are the indicies

of refraction of the background and the target material. Then, from the Poynting vector,
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the total scattering cross section may be obtained

�sca(!) =
2⇡

k2

1X

n=1

(2n+ 1)
�
|an(!)|2 + |bn(!)|2

�
, (C.12)

which depend only on the coe�cients of the external scattered fields. These coe�cients,

are often referred to as the ‘Mie’ scattering coe�cients. If the coe�cients are expanded in

a power series around kr = 0 in the small particle limit, for the first non-zero term in the

power series we find for coe�cient a1(!) = �i23k
3
↵nr(!). Substituted into Eqn. C.12, we

see that Eqn. 3.11 is recovered.


	List of Figures
	List of Figures
	Glossary
	A Short Historical Perspective
	Theoretical Foundations
	Modeling the Dielectric Properties of Matter
	Classical Models of the Dielectric Function
	The Electromagnetic Surface Modes of Spherical Particles and Planar Interfaces
	Deriving Generalized Coordinates and Equations of Motion for Electromagnetic Surface Mode Responses

	Modeling the Observables of Far-Field Light and Ion-Scattering Spectroscopies
	The Aborption, Scattering and Extinction Cross Sections of a Dipolar Surface Mode
	The Field of a Relativistic Ion, and its Utility as a Spectroscopic Probe
	A Classical Approach to Modeling Inelastic Ion Scattering
	A Quantum Approach to Modeling Inelastic Ion Scattering (Energy Loss and Gain)

	Coupling between electromagnetic surface modes
	The Absorption, Scattering and Extinction Cross Sections of Two Electromagnetically Coupled Dipolar Surface Modes
	The Inelastic Scattering Probability for Two Electromagnetically Coupled Dipoles
	Coupling Between the Surface Modes of a Slab and a Dipole Mode on a Sphere
	Nanometer-Scale Spatial and Spectral Mapping of Exciton Polaritons in Structured Plasmonic Cavities

	Bibliography
	The Harmonic Oscillator Green's Function
	The Harmonic Oscillator's Creation and Annihilation Operators
	Mie Scattering

