©~Copyright 2022
Elliot Karl Beutler



Inelastic Electron Scattering Spectroscopy: Probing Electromagnetic
Surface Mode Resonances of Metallic and Dielectric Interfaces on the
Nanoscale

Elliot Karl Beutler

A dissertation
submitted in partial fulfillment of the
requirements for the degree of

Doctor of Philosophy

University of Washington

2022

Reading Committee:
David Masiello, Chair
Brandi Cossairt

Bruce Robinson

Program Authorized to Offer Degree:
Chemistry



University of Washington

Abstract
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Elliot Karl Beutler

Chair of the Supervisory Committee:
David Masiello
Department of Chemistry

Reliable modeling and tailoring of the optical responses of fabricated dielectric nanostruc-
tures is critical to the design and implementation of next generation nano-optical devices, in
addition to understanding the mechanisms of charge and energy transfer at atomic scales.
Perhaps, no two instruments have been as indispensable in the spectroscopic characteriza-
tion of atomic scale systems as the laser, and the scanning transmission electron microscope
(STEM). Concerning the later, recent advances in electron beam monochromation and aber-
ration correction have allowed for accurately probing target responses from thermal to X-ray
energies with high spectral and spatial resolution. The majority of this disseration will focus
specifically on electron energy loss (EEL) and gain (EEG) spectroscopies, where spectro-
scopic measurements are generated by a near-field mediated inelastic scattering process
between a series of fast moving electrons and the induced field response of an interrogated

target.

In this dissertation, I will restrict the discussion of target excitation to the spectral
window of optical-IR energies, as it is at these relatively low energies that electromagnetic
surface mode phenomena such as surface plasmon and surface phonon mode resonances
occur. At higher energies, stretching from the ultraviolet to x-ray, the inelastic scattering
signal is capable of characterizing electronic interband transitions, core electron excitations,

and ionization energies.



Intrinsic to this discussion is the role that hybridization plays between ensembles of di-
electric particles, and how dielectric nanostructures can couple with a resonant background
environment via their induced electromagnetic fields. I then explore how these complex
coupling effects are reflected in the EELS/EEGS signals, generated via the inelastic scat-
tering of fast electrons. I attempt to accomplish this by first orienting the reader with
classical dielectric theory, and an intuitive characterization of the electromagnetic surface
modes intrinsic to dielectric interfaces. I then construct physical models of the spectroscopic
observables generated under light excitation and via near-field ion probes. Crucial to all of
this, is a robust procedure for mapping the electromagnetic surface modes onto harmonic
oscillator coordinates, along with an analysis of the system eigenmodes, and a derivation
of their effective masses. This is accomplished by way of the method of Green’s functions.
This proves to be a powerful and versatile technique for describing the physical and optical
properties of the dielectric interfaces which I study herein. My hope is that this intuitive
approach to modeling the response of dielectric nanostructures in the presences of light
and applied electromagnetic fields, will aid the reader of this dissertation in interpreting

spectroscopic measurements in a laboratory setting.
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Chapter 1

A SHORT HISTORICAL PERSPECTIVE

In tandem with Lorentz’s force law, Maxwell’s equations provide the mathematical foun-
dation for classical electrodynamics, a branch of the physical sciences describing the interac-
tion of electric charges and currents, and the corresponding fields which they source. Upon
formulating this system of coupled partial differential equations, James Clerk Maxwell was
the first to demonstrate that light itself was in fact an electromagnetic wave [5]. This
quickly led to a formal description of light-matter interactions as an extension of classical
Newtonian mechanics. Accompanying Newton’s theory of gravitation, Maxwell had intro-
duced an additional classical field theory to the arena of contemporary physics, detailing
what would later be acknowledged as one of the four fundamental forces which governs all

electromagnetic interactions between charge carriers in our observable universe [0].

Prior to the quantum revolution of the early 20th century, Maxwell had supplied an
elegant description of electromagnetic phenomena at sufficiently large length scales and field
strengths. However, as the sensitivity of instrumentation improved, allowing experimenters
to probe electromagnetic phenomena on increasingly small length scales and at very low field

intensities, it became apparent that a quantum theory describing the interaction between

light and matter was necessary. Pioneering work by Paul Dirac [7], Enrico Fermi [3], Hans
Bethe [9], and later Shin’ichiré6 Tomonaga [10], Julian Schwinger [11, 12], Richard Feynman
[13, 14, 15], Freeman Dyson [16, 17] and countless others, led to the the formulation of

quantum electrodynamics (QED), the first relativistic quantum field theory.

Broadly speaking, the study of light-matter interactions is categorized under the branch
of physical science known as ‘optics’. More specifically, when considering interactions over
a spacial range comparable to that of the wavelength of an impinging light source we com-
monly refer to the sub-discipline of ‘nano-optics’. It is at this scale where innumerable and

interesting features arise when electromagnetic fields interact with nanometer sized objects



with varying dielectric properties, tailored to specific applications. Understanding, mod-
elling, fabricating and applying these nanoscopic light-matter interfaces is the focus of the
modern and burgeoning field of nano-optics and nano-photonics. The physicists, material
scientists, chemists, and engineers working at the forefront of this scientific endeavor must
borrow from a diverse array of scientific disciplines and theoretical toolkits to accomplish
these tasks.

Fundamental to this venture is the combined effort of theory and experiment, whereby
spectroscopic measurements and high resolution spacial imaging techniques verify the pre-
dictions of proposed physical models of nanoscale light-matter interactions and aids in de-
termining their relative accuracy. Historically, experimentation has also served to inform
theoreticians about the emergence of previously unrecognized physical phenomena [15].

Some of the earliest attempts at spectroscopic measurement date back to Newton [19],
who’s experiments with crystal prisms demonstrated that a source of white light could be
separated into an array of distinct colors. Newton’s corpuscular theory gave way to the wave
interpretation of light pioneered by Huygens, Young and Fresnel [20], and soon verified
by the discoveries of Maxwell. In the interim, experimentalists such as Fraunhofer [21],
Balmer [22] and countless others [23, 24, 25] developed increasingly sophisticated methods
for separating the emission spectra of light sources, such as the radiant light of the sun, and
the incandescent light of heated elements. They observed the presence of bands or spectral
lines, which served as a spectral fingerprint for a given material’s emissive properties. These
finding gave way to theoretical developments by Rydberg [20], Lyman [27] and Paschen [28],
and their respective formulas for the observed spectral emission series of the elements. In
short order, Bohr’s had developed his quantum mechanical model of the atom, relating the
emission lines of hydrogen to transitions of the element’s lone electron between quantized
energy states.

As a theoretical description of light-matter interactions matured throughout the 20th
century, spectroscopic techniques followed suit as instrumentalists and engineers developed
and refined increasingly sensitive methods of perturbing and measuring the response of
matter in the presence of an applied electric or magnetic field. Today, spectroscopists

utilize a diverse array of probes, including but not limited to nuclear magnetic resonance



spectroscopy, laser spectroscopy, and near-field electron energy loss spectroscopy, to discern
atomic structure, probe the density of states of a quantum or classical system, and to study
the variety of processes leading to radiative absorption and emission of light by matter. The
next several sections of this dissertation will aim to orient the reader with an introduction to
modeling the dielectric properties of matter, and how certain spectroscopic observable are
modeled, specifically the cases of laser based spectroscopy and inelastic electron scattering

(EELS/EEGS).



Chapter 2

THEORETICAL FOUNDATIONS

In this chapter we introduce the reader to the fundamental concepts necessary for un-
derstanding the dielectric properties of matter, and how this dielectric description is used
to model light-matter interactions at both bulk and microscopic scales. We begin with a
classical derivation of the dielectric function with two distinct approaches. Next, using the
method of scalar Green’s functions, we demonstrate how to solve for the induced scalar fields
of dielectric objects in the presences of external charge distributions. Finally we prescribe
a method for mapping the induced moments of the dielectric objects onto harmonic oscil-
lator equations of motion, a technique which proves to be exceedingly useful in modeling

spectroscopic observables.

2.1 Modeling the Dielectric Properties of Matter

As is customary, we begin with Maxwell’s equations, the governing laws of classical electro-

dynamics

V-E =4mp (2.1)
V.B=0 (2.2)
VxE = —%B(x,t) (2.3)

1. 4
VxB=-E+ 3 (2.4)
C C



where p and J are the respective charge and current densities which source the electric and
magnetic fields. The fields may be sourced by both free charges (f) due to a source of ions,
and bound charges (b) resulting from the polarization of a material in the presence of an

external field.

p=pf+po (2.5)

J=J;+Jy (2.6)

The free charge and current density may always be expressed in terms of a sum of point

charges as

pr =Y ad(x —x;) (2.7)
;

J¢=psva (2.8)

Where vq represents the average drift velocity of the free charges. We then introduce the

polarization density P as a vector field sourced by a system’s bound charges as
-V -P=p,. (2.9)

Appealing to the continuity equation to relate the current density of the bound charges to
the polarization density field

/)

Vide=—%

(2.10)

opP

=V o



Therefore, when a material’s magnetic polarization is negligible, we write

opP

J, = =
T ot

(2.11)

Because J = J¢ + Jp, using Eqn. (2.11), we find Ampere’s law may be expressed as

1. 4
VxB=-D+—J, (2.12)
c c
and for Gauss’s law (2.1)

V-D = 4mp;. (2.13)

We have derived the macroscopic Maxwell Equations in the presence of polarizable material,

to which we will now label

V-D =4mp; (Gauss’s law) (2.14)
V-B =0 (No magnetic monopole law) (2.15)
VxE= —%B(x, t) (Faraday’s law of induction) (2.16)
VxB= %D + %Jf (Ampere’s law) (2.17)

Above, the displacement field has been introduced, and it is defined in terms of the electric

and polarization field as

D =E + 47P. (2.18)

Eqn (2.18) is referred to as the constitutive relation of the electric field. We relate the
polarization field to the electric field strength by way of the electric susceptibility x, as P =

xE. For fields which may vary both in time and space, we define this relationship between



the vector fields in terms of a spatiotemporal convolution integral, where the susceptibility
inherits the role of a causal response function. When the magnitude of the field is sufficiently

weak, the causal response may be approximated as linear. Therefore
P(x,t) = /dx’dt’x(x —x';t —tEX,t), (2.19)

Where the coordinates x’ and t/, represent the location of an impulse introduced by the

electric field in space and time. Considering the Fourier transform of the polarization field

Pk,w) = /dxdt P(x,t)e kx—wt)
= /dxdt [/ dx'dt' x(x — x';t — B, ') | e " kx—w1) (2.20)

= x(k,w)E(k,w)

In the final line of Eqn. (2.20), we have applied the convolution theorem to evaluate the

integrals. Therefore, the Fourier transform of the displacement field evaluates to

D(k,w) = (1 +4nx(k,w))E(k,w)
(2.21)

= c(k,w)E(k, ).

In Eqn. (2.21), we have defined a non-local, dispersive dielectric function e, which encodes
the dynamic response of a bulk material’s bound charges to an applied electric field. In a
"local” approximation of the dielectric function or in the long wavelength limit (i.e. k= 0),
the response of the dielectric material is spatially independent, and we may easily transform
back into direct space, relating the electric and displacement fields via a frequency dependent
dielectric function as

D(x,w) = e(w)E(x,w), (2.22)



where now, the dispersive properties of the material are only dependent on the frequency

of the applied electric field.

2.2 Classical Models of the Dielectric Function

a
—_—
K K K K K K K
- Tp—1 Yn—1 In Yn Tn41 Yn+41 -

Figure 2.1: A one-dimensional chain of two different types of atoms, with masses m; and
mg, which alternate along the length of the chain. The atoms are bound by a force constant
k, and each atom pair occupies a unit cell of length a. The relative position of each atom
xnN,yn is indicated by its subscript.

A simple model [29, 30] which aids in developing intuition about the optical properties
of a solid is that of the one-dimensional two-atom chain. We assume the chain extends
far enough in each direction that its length can be safely modeled as infinite, avoiding the
introduction of boundary conditions. Considering only nearest neighbor interactions, and
ignoring interactions between electrons and dissipation effects, we may immediately write
down the equations of motion for two neighboring atoms which comprise a single unit cell,

at positions z,, and y,

mi1dn = —k(Tp — Yn—1) — K(Tn, — Yn) (2.23)

m??jn = _H(yn - xn-‘rl) - H(yn - xn)' (2‘24)
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The solutions are taken to be waves of the form

Zn(t) = zpelra=et) (2.25)

yn(t) _ ykei(kna—wt) (2.26)

Where k is the oscillation wavenumber. Substituted into (2.24), we may recast the coupled
equations of motion into matrix form as
2k —miw?  —k[l 4 e~ Tk 0
‘ | ] = (2.27)
—k[L+ €% 2K — mow? Yk 0
The nontrivial solutions for matrix equations of the type Ax = 0, are found by setting the
determinant of the matrix equal to zero, as det|A| = 0. Solving for w, we find a set of
four solutions, two of which are negative and discarded. The two remaining positive valued

eigenfrequencies are

Jun
N|=

wy (k) = [Z (1 + [1 - mli“mu — cos ka)D2] , (2.28)

where = mymsa/(my + mg) is the reduced mass of the unit cell. Plotting the eigenfre-
quencies as a function of wavenumber k, we observe the emergence of two branches in the
resulting dispersion plot which repeat over the first Brillouin zone. The upper branch is
commonly referred to as the optical branch, and the frequencies w4 (k) correspond to eigen-
frequencies of the optically active normal modes, as we will demonstrate in this section. The
eigenfrequencies of the lower branch w_ (k) are referred to as the acoustic modes. In the long
wavelength limit, the wavenumber k£ = 0, and the resulting normal mode frequencies are

wy(0) = \/2k/p and w_(0) = 0. Substituted into (2.27), we solve for the long wavelength
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Fourier amplitudes of the oscillators

xo = —@yo ;o if wi(0)=w (2.29)
m1

o=y ; if w_(0)=w (2.30)

And we observe that the oscillation amplitudes of xg and yg within the unit cell are of op-
posite in sign, and scaled with respect to the ratio of the their masses, indicating that they
oscillate out-of-phase with one another. As for the acoustic branch, the amplitudes of oscil-

lation are exactly equal in magnitude, indicating an in-phase oscillation of the atoms. We

10*°
(a‘) —W+
— )
T
E
3
0
—T 0 T

ka [unitless]

Figure 2.2: (a)Dispersion diagram for a two atom unit cell with mass ratio m;/mgy = 2 over
the first Brillouin zone, where w represent the optical modes, and w_ the acoustic modes.
(b) Out-of-phase oscillation of the optical mode, and (c) in-phase oscillation of the acoustic
modes in the long wavelength limit (k = 0).

now introduce an external driving force in the form of a time oscillating electric field acting

uniformly on the oscillators in the long wavelength limit. The time dependent force of the
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external field at the unit cell position is F'(t) = eE(t). Under a steady-state approximation

T (t) = zo(w)e ™! (2.31)
yn(t) = yo(w)e ™" (2.32)
E(t) = B(w)e ™! (2.33)

Solving for xzp and yg in the long wavelength limit, we find

zo(w) = i% (2.34)
mi wo w

e FEw)

mo w3 — w?

Yo(w) = — (2.35)

Where above, where have relabeled the long wavelength optical mode frequency w4 (0) = wy.
Perturbing the oscillating atoms from their equilibrium positions results in an induced charge
distribution, which can be well approximate as dipolar in character. The resulting dipole is
proportional to the net amplitude of displacement between the two atoms, and is defined
as p = —e(xo — yo). By observation, we notice that only the optical mode amplitudes for
the oscillators produce a non-zero dipole moment, demonstrating that the acoustic modes
do not directly couple to an applied electric field. Working in the frequency domain, the

polarization field [31] is defined as

P(w) = Np(w)
62 w
_ Nuw?(—i? (2.36)
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Where N is the dipole number per unit volume. Now, by observation, the electric suscep-
tibility is

Ne? 1
X(w) = ——

powi—w?

(2.37)
Recalling the constitutive relation (2.18), we may immediately write down the dielectric

function of the one dimensional, diatomic crystal, and defining the material’s plasma fre-

quency as w, = \/4rNe?/u

w2

er(w) =1+ —5"— (2.38)

wg — w?
Eqn (2.38) is commonly referred to as the Lorentz oscillator model of the dielectric function,
which can be broadly applied to model the optical response of a material’s charge carriers
bound by a central potential. Such optically active responses may include phonons, excitons,
and a variety of electronic excitations of a material’s bound core and valence electrons, all
of which are effectively modeled using a Lorentz oscillator response function. An alternative
derivation of the Lorentz oscillator model may begin with considering a unit cell consisting
of a single atom, and a harmonically bound electron. As before, we may write down an
equation of motion for the electron under the influence of a time oscillating electric field. We
ignore the motion of the much heavier nuclei to which the electron is bound, and coupling

to the field of all other surrounding electrons, we arrive at
.. . e
Kel + YXel + WiXel = EE(t) (2.39)

In Eqn (2.39), x¢ represents the displacement of the electron from its equilibrium position,
wp is the natural oscillation frequency, m~vyx. represents an unspecified force due to dissi-
pation preventing the oscillations from continuing indefinitely, and m = mg is the reduced
mass of the electron-nucleus system. Again, assuming steady-state solutions of the form
Xl (t) = Xe(w)e ™! E(t) = E(w)e” ™!, we immediately produce a solution for the Fourier
amplitude of the electron’s oscillation.

e E(w)

=—— 2.40
Xal(w) mwg — w? —iyw (240)
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The resulting dipole moment is defined as p(w) = exe(w), and as before, we recall the

constitutive relations to derive the dielectric function, now including the effects of dissipation

w2

0

In general a particular material may host an ensemble of optically active excitations, due to
a variety of electrons which experience a unique binding potential to the nuclei. Therefore,

in general we may write

i

2.42
T (2.42)

er(w) = 1—1—%2;%2 —
Where f; is a unitless parameter, representing the oscillator strength of a particular reso-
nance in a material. Formally, we define the oscillator strength as f; = N;/Niot, where N; is
the charge carrier number density, and N is the total charge carrier number density. Then,
we define wg = 41 Niore? /m. There are classes of materials which at ambient temperatures
possess an ensemble of electrons which are unbound to a particular nucleus. Considering
these electrons 'free’ (i.e. wy = 0, as they experience no restoring force or binding potential),
the corresponding equation of motion under the influence of an external, time dependent
field is
Xel T VXl = %E(t)- (2.43)

In a procedure identical to that of the bound charge carriers, we quickly arrive at the
following expression for the so call 'Drude’ dielectric model, which encodes the material’s

optical response due to the presence of a free electron gas. We write

w2

eplw)=1—- ——+L—. 2.44

p(w) w? + iyw (2.44)

The Drude dielectric function is typically used to model the optical responses of metals and
other special classes of materials which possess conductive properties in the presence of an

applied electric field or voltage potential, at ambient temperatures. In sum, the contribution

of both a free electron gas and a collection of harmonically bound charges can contribute to
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the optical properties of a material, and that material’s dielectric function can be effectively

modeled by a composite 'Drude-Lorentz’ dielectric model

e(w) =ep(w) +er(w)
(2.45)
_ wp w2
T fe T w2+ww Zw —w2—ww

Where e is included to model the contribution of a static, real valued response of a

material, which is greater than or equal to unity.

2.3 The Electromagnetic Surface Modes of Spherical Particles and Planar In-
terfaces

Figure 2.3: (a) A sphere of radius a and (b) a slab of depth d which extends infinitely
along its lateral directions, perpendicular to the unit vector n. Both objects are described
by a dielectric function e(w), in the presence of an external source, represented by a delta
function.

Considering Eqn (2.22), and writing down the electric field in terms of the electric scalar

potential ® and the magnetic vector potential A

10A(x,w)

E(x,w) = -Vo(x,w) — R

(2.46)
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Where the potential fields are defined up to a gauge degree of freedom, represented by the

function G, as

190G
R (2.47)
A — A+ VG (2.48)

The presence of G leaves the fields and Maxwell’s equations unchanged. In this section we
will work under a ‘quasistatic’ approximation, where we consider the speed of light to be

infinite. In this regime our expression for the displacement field simplifies to
D(x,w) = —e(w)VO(x,w) (2.49)

To solve for the potential ® in Eqn. (2.49), we employ the method of Green’s functions
[31, 32, 33]. In the regions of space where there is free charge, we replace the charge
density in Gauss’s law with an infinitesimal impulse in the form of a delta function. In the
presence of a source, and under a quasistatic approximation, Gauss’s law assumes the form
of Poisson’s equation, the inhomogeneous form of Laplace’s equation. In general, Laplace’s
equation may be solved analytically in any curvlinear coordinate system where the equation
is fully separable. The choice of what coordinate system to work in is typically dictated
by the geometry of the object which harbors the system’s bound charges. This drastically
simplifies solving the resulting boundary value problem. Here, we will restrict ourselves to
finding a solution for the particular case of first a sphere, and then a slab of varying depth
and infinite lateral extent. Starting with the sphere in the presence of a source external
to the dielectric material, we introduce a Green’s function as a solution to the following

equations

r>a: —V2G(x,x;w) = 4n6(x — X')
(2.50)

r<a: —e(w)VG(x,x;5w) =0,
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where x and x’ represent an arbitrary observation point and the position of the source,
respectively. Defining three spatial regions indicated by labels I, II, III, where due to the

absence of free charge, the potential will satisfy Laplace’s equation.
—~ V20(x,w) =0 (2.51)

A general solution to (2.51) in spherical coordinates is well known in term of the solid

harmonic functions as

D(x,w) = Z (Agm(W)T'g + Bgm(w)r_(@rl)) Yo (0, ¢). (2.52)

om
Above, Yy, (0,¢) are the spherical harmonic functions, while Ay, and By, are to-be-
determined expansion coefficients, and r is the radial coordinate. For regions I,II, and III,
using (2.52), we then enforce the physical constraints that the potential must trend towards
zero at infinite distances, and must remain finite at the center of the sphere. Therefore, we

infer the form of the Green’s function in regions I-1II as

G1(x,X50) = Y A (%,0)r Ve (6, ¢)

Im

Gu(x,xw) = 3 (Bom(x,0)r" + Com(x,0)r™ D) Yo (0, 0) (2.53)

Im

Gri(x, x';w) ZDZm x,w)r~ DY, (0, ).

Next, recalling the completeness relation of the spherical harmonic functions

1
sin 0

510 = 060 = ) = 3 Yin 0.0 6, (2.54)
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we enforce the boundary conditions, that in the absence of free charge

n- (D;—Dy) =0, (2.55)

and in the presence of free charge

n - (D — Dinp) = 4no, (2.56)

and that everywhere, G is a continuous and well behaved function. In spherical coordinates,
the surface density due to a spatially infinitesimal impulse is o = (r?sin 0)~16(0—0")6(¢p—¢').

Finally, we solve for the scalar Green’s function both within and external to the sphere

' 1 4w a®t! x ol !
T>a: GH,HI(X)X ,OJ) = ‘X — X/‘ - Z 2W+1 SIS nm(ea ¢)}/€m(9 7¢ )Bfm(w)
Im
/ rt x (nl 1l
r<a: Gi(x,x5w)= 4”2 myém(eaéf))yzm(e s &) Mem (W)
Im

(2.57)

In the region r > a which includes contributions to the net potential from both the free
source and bound charge response, we recover both the Green’s function solution to Poisson’s
equation, and the ‘induced’ Green’s function. The unitless response functions [, and 7y

depend on the sphere’s dielectric function as

B@m(w) = (258)

1

Nem (w) = O (2.59)

In the case of the dielectric slab with an external source, it is easiest to work in a cylindrical
coordinate system to solve the associated boundary value problem. As is indicated in figure

(2.3) there are four spacial regions to consider. For simplicity, we define the upper surface of
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the slab to live at z = 0. The potential will again satisfy Laplace’s equation (2.51) in these

four spatial regions. A general solution to Laplace’s equation in cylindrical coordinates is

Z einé / dkJ,, (ko)e™, (2.60)

n=—oo

when the unit vector normal to the slab’s surface is directed along coordinate z. The terms
Jn(ko) are the cylindrical Bessel function of the first kind. We define the radial coordinate
as o= \/m , and k is a continuously indexing wavenumber. Again, imposing physical
constraints on the values of the potential at z = 0,d and z = 00, the Green’s function in

regions [-IV are

Gr(x,x';w) Z m‘f’/ dkJp (ko) Apn(x,' w)e ™

n=—oo

Gu(x,x";w) Z en? / dkJ, (ko) (B;m(x w)e" + Cpn (x',w)e™ k)

n=—oo

(2.61)

G (x,x';w) Z WZ)/ dkJn (ko) (Dlm(x w)e" + B (¥, w)e” kz)

n=—oo

Grv(x,x';w) Z Zw/ dkJy, (ko) Fin (X', w)

n=—oo

Applying the boundary conditions (2.55),(2.56), defining the surface density o = o~ '6(p —

0')0(¢ — ¢'), and recalling the completeness relation of the cylindrical functions
1 1 - P
“5(0—0)o(p—¢') = — "M’d’)/ dk kJy (ko) Jn (ko' 2.62
S3(e—2)3(6— @) 2WZ€ i Tn(ko)Jn(ke), (2.62)
we solve for the Green’s function in the region of the source (I,II) [2, 34]

Gr(x, x;w) =

Z ei(@=9) / dk Jy (ko) Jn (ko )e P+ ¢ pp(k,w)  (2.63)

|x x/|
n=—oo
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Within the slab (III)

o0

G (x,x';w) =2 Z 6m(¢>¢>’)/ dk Jp (ko) Jn (ko' )e ") ¢ (k, w) (2.64)
n=-—00 0
And below the slab (IV)
Gui(x,xjw) =4 > @) / dkJy (ko) Jn (ko) e *E) (v (k, w). (2.65)
n=—oo 0

Again, in the region z > 0, we recover the Green’s function solution for Poisson’s equation,
and the ‘induced’ Green’s function due to the response of the bound charges on the slab.

The response functions are

(e(w) = 1)(1 —e=?)

k) = ) 4 1)2 = (e(w) — 12620 (2.66)
w) — 1)e~2kd w)+1

(k) = (iiL)L 1)22 ) (6(1))2:2fzd (2.67)

Qv (k,w) = £w) (2.68)

(e(w) 4+ 1)2 — (e(w) — 1)2e—2kd

For both the sphere and slab, we observe that the surface resonance conditions are deter-
mined by the pole structure of Eqns. (2.58) and (2.66). It is then apparent that the sphere
hosts an infinite number of discreet surface resonances, indexed by integer value ¢, while
the slab simultaneously hosts a pair of surface resonances that evolve continuously with the
product of the slab depth and the wavenumber kd. In the particular case where the depth
of the slab d — oo, the response function in each region of space surrenders its dependence
on the indexing wavenumber k. Particularly in region I, the response function simplifies
to (11(w) = —(e(w) — 1)/(e(w) + 1), and we recover the well known response function for
the ‘semi-infinite’ half-space. Having derived the Green’s function for the sphere and the
slab, determining the electric potential is now a matter of integrating the Green’s function

against an arbitrary source or charge distribution. To understand this general property of
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the Green’s function, we consider the trivial solution to the potential
drp(x,w) = 47r/dx' p(x',w)d(x — x'). (2.69)
Using Eqn. (2.50), we find
4rp(x,w) = V2 /dx' p(x' w) G(x —x). (2.70)
Finally by observation, we solve for the potential in terms of its associated Green’s function
O(x,w) = /dx’G(x, x;w)p(x',w). (2.71)

Here, we see that the potential is the convolution of the charge density against the causal

Green’s function, which encodes the material’s dynamic response.

2.4 Deriving Generalized Coordinates and Equations of Motion for Electro-
magnetic Surface Mode Responses

F,
|

Figure 2.4: Schematic representation of the harmonic oscillator degrees of freedom for the
surface modes of the sphere and the semi-infinite dielectric slab. Each ¢-dependent surface
mode of the sphere possess a unique effective mass my and natural frequency wy, and a
wavenumber dependent effective mass my and natural frequency ws for the semi-infinite
slab. These parameters define the dynamics of a generalized coordinate of the surface
modes for the sphere and slab, which are acted on by external forces Fy,, and F;,, defined
by the form of the external charge distribution, and system’s mode functions, f,, and A,.
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Considering the time domain representation of the surface response functions permits
a definition for the dynamic induced potentials of the sphere ®,}, and the slab ®g,p, as a
product of a time-dependent amplitude and space-dependent mode function decomposition
[35]. We consider the induced Green’s function in the regions r > a, and z > 0 for the

sphere and slab, respectively, and define

Oypn(x,t) = /dx'dt'Gsph(x, x'st —t)p(x', 1)

(2.72)
= Z fém (X)ufm (t)
Im
Dyap(x,t) = /dx’dt/Gslab(x,x/;t —tp(x',t)
(2.73)

=y /OOO dkAn (k,x)Qn (k1)

n=—oo

We define the mode functions as

4 /—1
Fom(x) = —ey /ﬁ%nm(e, ®) (2.74)

An(k,x) = —ek?e™ J, (ko)e™** (2.75)

And the time dependent coordinates as

a3
Uem(t) = ~ % / X dt’ £ (<) p(x ) Bem(t — ') (2.76)
Qn(k,t) = L /dx’dt’A* (b, x"Yp(x', )¢ (K, t — 1)) (2.77)
M (ek2)2 n ) M M

Where ¢ = (111. The mode functions describe the spatial profile of the induced potential of

the ¢m and kn modes of the sphere and the substrate, respectively, and w,, (t) and Q,,(k,t)



represent the time dependent amplitudes of their surface mode oscillations. The causal
response functions By, (t —t') and ((k,t — t') are defined in the time domain by the inverse
Fourier transform of their frequency dependent representations. In the d — oo limit for
the slab ((k,t —t') — ((t — t). Then, by employing a Lorentz oscillator dielectric function

(2.41), transformation of the response functions into the time domain may be performed

analytically
0.8 . : . : 0.6
—_(=1
0.6 s —_—t =2 04
A (= '
T_ 04 —l=44
= IR =5 &~
SO R <
| (1 ‘ \“‘H\‘ ’ ' ' “; S
e 111 g
A 0.2 |||l \‘M \\ | ©02 v ]
‘ 10
1l 0.4/ ]
=T 2 @ veo |
-0.6 : : : ‘ 0.6 ' ‘ :
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Figure 2.5: Time Domain representation of the surface response functions of a Ag sphere,
and an MgO semi-infinite slab. In both cases, the impulse time is initiated at ¢’ = 0, and
the temporal response is reported in femto and pico second range, respectively. The period
of oscillation is determined by the real part of the complex eigenfrequencies, €24, and €.
The decay envelope, and lifetime of the oscillation is dictated by the dissipation frequency

Y.

]. o0 —ZUJ 4!
Byt — 1) = %/ ds By (w)e— 1)

(2.78)

@3 :
= V=2 6in Qpp (8 — 1)
Im
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t—t) = o [ d cwpe )

27 J_ o

(2.79)

@3 :
= Q—SeW(t_t )2 5in Qg (t — t').

The terms Qg = /w?, —~2/4 and Q; = \/w? — 2 /4 are the real valued eigenfrequencies

of the sphere and substrate surface modes, and wp,, = wg + w;/[l(ecc + 1) + 1], w? = w§ +

wf, /(€00 +1) are their natural oscillation frequencies. In both cases, these are proportional to
the natural frequency of the bulk dielectric function, and dressed by an additional frequency
term due to a restoring force introduced by the presence of an interface. Finally, the terms
w0l = Ewg(%—l— 1)/[l(oo+1)+1]? and &2 = ng/(eoo +1)? encode the extent of polarization
of the sphere and slab surface modes, as both are proportional to the material’s plasma
frequency, and therefore the charge carrier density. Comparing Eqns. (2.78) and (2.79) to
the particular solution of a damped driven harmonic oscillator x(t) = ffoo guo(t—t"F(t")/m
(le. guo(t —t') = Qe =)/ 25in Q(t — t')) allows for extracting expressions for the
generalized forces which act on coordinates ug,, and @, along with the effective mass of the
surface modes. In each case, we observe that the forces involve an integral of the spatial

mode function against the charge distribution

Funlt) =~ [ dx £, (<)1) (2.80)
F,(k,t) = —/dX/A:L(k,X/)p(X/,t) (2.81)
62
M = —— (2.82)
Im
mg = (652)2 (2.83)

Together, these terms permit the construction of the following equations of motion for the
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surface responses.
M i () + M Yoo () + Mm@, i (£) = Fom (t) (2.84)

kan(kv t) + mk'VQn(kv t) + mkngH(ka t) = Fn(k> t) (2'85)

This is a significant result. We have explicitly demonstrated that the electromagnetic sur-
face modes of the sphere and the slab obey harmonic oscillator dynamics when the ma-
terial’s bound charges are perturbed from equilibrium in the presence of external charge
distributions. Considering all surface modes indexed by ¢, m,n, the continuous indexing
wavenumber states, and in the limit of no damping, Eqns. (3.26) and (2.85) can be derived

from the following Hamiltonians

Pim  Ppy | 1 « 1 « .
Hsph = Z |:w + *mﬁmwl?muﬂm "Wy, + 5 (Ffm “Upyy, + Fém ’ uﬁm)

= 2Mym, 2
(2.86)
- gph - Z Vim
m
00 o9 P, P;“l 1 9 N 1 " *
Hslab = n:ZOO 0 dk Wk + imkstn : Qn + 5 (Fn : Qn + Fn : Qn)
(2.87)

= Hglab + Z /(; dk Vin

n=—00
Above, we have separated our Hamiltonians into two parts, and unperturbed Hamilto-
nian, H? , accounting for the internal system energies, and the second part, V;, representing
a perturbation due to external charges. Employing the canonical commutation relation

[Wern s Dermy| = Th0ge Oy and [Quis Pryir] = 1hdpg dkir, we quantize our unperturbed Hamil-
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tonians and introduce standard bosonic raising and lowering operators as

1
HYp = hwpn [a}magm + 2] (2.88)
m
o0 1
HO = dk huws [b] b, + — 2.
slab ;/0 w [ kn Yk + 2:| ( 89)

and we define the position and momentum operators as

h ( +
Upy, = —la ™ +a m) 2.90
¢ v 2memWem ¢ ¢ ( )
Pom = i\/% (a}m - agm) (2.91)

h

2mpws

P, =iy hm;“’s (bl = brn) (2.93)

We will find these definitions useful in a quantum mechanical treatment of inelastic ion

Qn = (bln + b;m) (2.92)

scattering processes addressed in the following section.
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Chapter 3

MODELING THE OBSERVABLES OF FAR-FIELD LIGHT AND
ION-SCATTERING SPECTROSCOPIES

In this chapter we will demonstrate the utility of mapping the surface mode dynamics of
spherical and planar objects onto a harmonic oscillator model. As we shall see, the oscillator
serves both as a powerful tool for developing intuition about basic oscillatory systems, as
well as a useful and versatile method for modeling spectroscopic measurements, despite the

model’s relative simplicity.

3.1 The Aborption, Scattering and Extinction Cross Sections of a Dipolar
Surface Mode

5
9.5 <10 \ , . \
—0abs
2 =—=0Jsca )
iy —0Oext
E 1.5} ]
3 1 f
=
0.5+ i
0 Il 1
3.3 3.32 3.34 3.36 3.38 3.4
hw [eV]

Figure 3.1: The absorption (red), scattering (blue) and extinction (black) cross sections
of a radiating dipole, modeled as a harmonic oscillator. The dipole’s natural frequency is
wo = 1 eV, its damping rate is v = 0.2 eV, and the effective mass is m = 6 X 10718 gm

We begin with a simple example of an oscillating dipole coupled to far-field radiation.

Considering the equation of motion for the surface modes of the sphere in the first line



28

of Eqn. (3.26), we consider the lowest order mode (¢ = 1), corresponding to a dipolar
surface charge density accumulated at the sphere-vacuum interface, induced by an external
field. Including a driving force exerted by the field of a time oscillating planewave, F'(t) =

eEpe ™! we write the corresponding equation of motion as
mii(t) + mya(t) + mwiu(t) = eEge™ (3.1)

The general solution for this inhomogenous differential equation is

E —iwt
u(t) = e~ 2' |ug cos(wot) + Yo sin(wot) | + 3206%
wo mwi — w? —iyw

— uy(t) + up(t)

The first term in Eqn. (3.2) (the ‘homogeneous solution” uy(t)) decays exponentially at a
rate determined by the dissipation frequency «y as time progresses. The terms ug = u(t = 0),
vp = u(t = 0) are the initial displacement from equilibrium, and the initial velocity of the
oscillator. Eventually the second term (the ‘particular solution’ u,(t)) which oscillates
continuously at amplitude Ey, dominates the response as information about the oscillatory
system’s initial conditions decays away. Hence, at the ‘steady-state’ limit, when initial
conditions no longer contribute to z(t) under the influence of a continuous, time-oscillating
external force, we find

) e Eoe—iwt
t—00 mwi — w? — iyw

e Eoe_i(m_‘P)
m =P+ ()

The relative phase of the oscillator with respect to the driving field is ¢ = tan™! (yw/[wi — w?]).
When the oscillator is driven at the natural frequency (i.e. w = wy), the oscillator is p = 7/2
out-of-phase relative to the driving field. We calculate the average power extinguished by

integrating the scalar product of the dissipative force, Fgamp(t) = m~yu(t), and the time
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rate of change of the oscillator, u(t) at steady-state. However care must be taken to only

integrate the real part of the complex force and coordinate

1 T
<P>ext — / dt Pext
T Jo

_ % / " dt Re {Faump(£)} - Re {a(t)}

0
(3.4)
62E§ 'yw2
2m (] — W2+ (yw)?

1
= e lu)l

where the oscillation period 7 = 27/w. We see that the time averaged dissipated power is
proportional to the damping rate. We consider two distinct mechanisms which contribute to
the total dissipation of the oscillator’s energy: non-radiative absorption, whereby oscillations
of the system’s bound charges decay to produce heat via internal loss, and radiative losses,
whereby energy is carried away via radiation into the electromagnetic far-field. Therefore
Fiamp = Fabs + Fraqa. We can derive F,,q by considering the Larmor power radiated from
an accelerated point charge [30]

22
Prag = 3?112. (3.5)

Therefore, time averaged power radiated away from the charge is

122 (7
p _ L2t dt it
< >scat 7'363/0 u-u

- i;ii [u(t) i(t) ; — /OT dtiv(t) - n(t)] (3.6)
1
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Using Eqn. (3.3) we can demonstrate that the surface term evaluates to zero over an optical
cycle, and we arrive at the result that F,,q = —262/303 u = 262w2/3c31'1. Naturally, we

introduce a radiative and non-radiative damping rate as

Fdamp = m(Vabs + ’Yrad)ﬁa (37)

where 7,ps is the rate of energy dissipation to heat, and Yaq = 2€%w? / 3mc? is the rate of
energy dissipation to radiative losses. It should be noted that unlike 7,15, which we model
as frequency independent, v..q has a quadratic dependence on the driving frequency. Now,

we differentiate between the absorbed and scattered power, yielding

GQES ’Vabswz
(P)abs = 2 _ 2)2 2
2m (wg — w?)? + (W)
(3.8)
1 2 2
= §m'yabsw lu(t)]
2E2 2
(Plgcar = =2 ¥
2m (wg — w?)? + (W)
(3.9)
1 2 2
= §m7radw |u(t)‘ .

Defining the dipole polarizability a(w) = e*(w3 — w? — iyw)~!/m, and the magnitude of

the time averaged Poynting vector of the incident field as [(S)| = cE3 /87, we arrive at the

absorption, scattering, and extinction cross sections, generally defined by o; = (P);/|(S)|

4mrw? 9 9
Gansl@) = T (/€ ael () (3.10)
Tw?
Oscat(W) = : (m/62)7rad|a(w)|2
(3.11)
= T a(w)P

3
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4rrw?

Text(w) = (m/e?)y|a(w)f?

= 4rkIm{o(w)} (3.12)

= Tabs (W) + Tscalw),
where above, k = w/c. The result that the total extinction is the sum of absorption and
scattering should be expected due to the conservation of total system energy. From our
definition of 4,4, it is straightforward to define the radiation corrected polarizability in

terms of a non-radiative (nr) polarizability as

a(w) = Onr ()

- OGmW) 3.13
1 — i2 k3o (w) (3.13)

where for a point dipole, the non-radiative polarizability can be expressed in terms of the

Clausius-Mossotti relation, an(w) = a(e(w) — 1)/(e(w) + 2).

3.2 The Field of a Relativistic Ion, and its Utility as a Spectroscopic Probe

In this section we derive the field of a fast moving ion relative to a fixed reference frame.
Considering the resulting spectral representation of the field, we evaluate it’s utility as a
spectroscopic probe. Beginning with Maxwell’s equations for mascroscopic media (2.17).

Taking the curl of Faraday’s law

1 :
VxVxE:—EVxB (3.14)

For the right hand side we write

VXxVxE=VY(V-E)-V’E

(3.15)

_ ArVps
- g

— V’E
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Figure 3.2: (a) Various representations of the electric field of the traveling electron. In
panels (a) and (b) demonstrate the evanescent character of the field along coordinates z
and R, as the ion travels through the vacuum, and the Lorentz contraction factor -y, is
real valued. In panels (c¢) and (d), as the ion travels faster than the speed of light in a
dispersive, lossy material, where =, is complex valued (i.e. Re e = 4,Im ¢ = 1). The
oscillatory character of the electric field indicates the onset of radiation, a feature known
as the ‘Cherenkov effect’. Panels (a)-(d) are all calculated at hw = 10 eV, and the fields
are evaluated over the range R = 0 — 200 nm, and at z = 100 nm, for an electron traveling
at velocity v = 0.7c. Panel (e) demonstrates the evolution of |E|? across a broad energy
spectrum as a function of the ion velocity. As its velocity approaches the speed of light, the
spectral distribution of the ion begins to resemble that of a white-light source.
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while for the left hand side, we substitute in Ampere’s law
1 . 1 1. .
——VXxB=—= [D+4wa}. (3.16)
c c

Equating these two results, we construct the wave equation of the electric field in the
presence of macroscopic media, sourced by free charges. The current density for an ion
moving at velocity v is Jy = vpy. Therefore, our wave equation may be written as
1. Vpr v
V?E — 5D =dr | —L + Sp;l. 3.17
5D = | Y21 5, (317)
Assuming a local dielectric function description will suffice, we’ll consider D, E, and p in

terms of a Fourier decomposition

1 .
D(x,t) = @) /dkdw D(k, w)elkx—wt)
T
1 i(k-x—wt)
= @) dkdw e(w)E(k,w)e
T
(3.18)
1 .
E(x,t) = o5 / dkdw E(k,w)e!kx—wt)
T
1 i(kx—w,t)
pr(x,t) = @y dkdw py(k,w)e )
s
which permits a trivial evaluation of the electric field’s Fourier amplitude
ko wy
E(k,w) = —idr—2 <, (k,w). (3.19)
k2 — “re(w)

If we define the free charge to be a single traveling point particle, defined spatially by a

delta function as py(x,t) = ed(x — [rg — vt]), where e is a unit of charge, then the charge
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density in Fourier space is

pk,w) = e/dxdt §(x — [rg — vit])eilkx—wt)
(3.20)

= 2med(k - v — w)ekTo

The vector rg is an arbitrary point of observation. Considering an ion traveling along
direction Z, the ion velocity v = vz, the delta function is v 16(k, — w/v), and we write the
electric field in direct space as

. , kiR + 5z
ez“z/dkLezh'RmL (3.21)

2 w 2
B+ ()

e

E(x,w) = - mve(w)

where the Lorentz contraction factor 41, = [1—(v/c)?e(w)]~ /2. From the integral definition
of the modified Bessel function
okL R

2rKo(AR) = | dk) 5——

(3.22)

and the recursive property Op Ko(AR) = —AK1(AR), we find for the electric field in frequency
space [37, 38]

2 1w
B(xw) = ik (“B) o - ik (YY) R e, (3.23)
VL VL

v2y2e(w)

In Fig. (3.2), we explore the spatial and spectral properties of the traveling ion’s electric
field. Embedded within the Bessel functions of Eqn. (3.23) is the Lorentz contraction factor.
Beneath the Cherenkov threshold (i.e (vy/e < ¢) the field of the swift ion decays evanescently
as demonstrated in panels (a)-(b). However, the argument of the Bessel functions assume
an imaginary value for a real valued dielectric constant under the condition v/ > ¢. For
dielectrics which possess an imaginary component, the radiated fields are oscillatory and
decay exponentially as they propagate within the material. This oscillatory property of

the fields signals the onset of Cherenkov radiation (c)-(d). In (a)-(d) we examine these
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features of the field at a single energy of 10 eV, at a fixed value of z = 100 nm, while
the radial component varies over a range of R = 0 — 200 nm. In panel (e), we examine
the spectral distribution of the swift-ion field over a range of velocities. We see that the
spectral profile of the modulus-square of the field becomes more evenly distributed across
all energies when ion’s velocity approaches the speed of light. In this velocity regime,
both the evanescent and radiating fields act as a broad spectrum white light source. This
demonstrates the utility of a relativistic free charge carrier as a spectroscopic probe. In the
vicinity of a system of either free or bound charges, an exchange of energy mediated by the
field interactions of the probing ion with an interrogated system leads to an experimentally
measurable energy lost or gained by the probe. These inelastic scattering events occur
across a very wide range of energies depending on the type of excitations native to the
target material. For decades now, ion scattering instruments have excelled in measuring
optical band excitations due to bulk and surface plasmon resonances inherent to Drude-
type materials, and interband transitions characteristic in the ultra-violet regime, and even
ionization energies and core electron excitations at which tend to reside in the x-ray band.
More modern ion scattering instruments are capable of high fidelity measurements deep
into the infrared spectrum, probing bulk and surface phonon resonances hosted by typical
insulating dielectric materials. In the next few sections, we will discuss in depth as to how

we model this process under both a classical and quantum mechanical framework.

3.3 A Classical Approach to Modeling Inelastic Ion Scattering

Considering an ion moving along a straight line trajectory external to the dielectric objects,

the average energy exchanged with its environment is characterized by the set of equations

[39]

(AE) = /_ ot P(1)

(3.24)

= /OO d(hw) hw T'(w).
0
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Figure 3.3: Schematic of an ion with charge e traveling along direction z external to an
Ag-sphere with 10 keV of kinetic energy. Panels (a) and (b) demonstrate the scattering
probability for a radius a = 25 nm. In panel (d), the ion travels only 1 nm from the
sphere surface (i.e. R =a+ 1 nm), and in panel (b), 100 nm from the sphere surface (i.e.
R = a+ 100 nm). Panels (c¢) and (d) consider the same impact factors, R, but for a sphere
with a radius ¢ = 5 nm. For the smaller impact factors, when the ion is nearly touching
the sphere surface, we see the contribution of many higher order multipole response, some
of which provide a greater contribution to I'(w) than the dipole response in the case of the
larger sphere. As the impact factor R is dramatically increases (i.e. R > a), the contribution
of the higher order modes decreases, and the dipole mode begins to dominate the spectral
response of the spherical particle. A Drude dielectric function has been implemented to
model the response of the free electron gas, with parameters e, = 5.7, v = 0.01 eV, and
wp = 9.3 eV



37

We have considered a convenient scenario where the electron, traveling from the infinite
past, interacts with the with a target sample, and travels on into the infinite future, hence
the bounds on the time integral ¢ = +o00. I'(w) is the experimentally observed probability
distribution density function for an ion scattered inelastically at energy hw. The power

exchanged between the field and a current is defined as
P(t) = /dx E(x,t) - J(x,1). (3.25)

There is some freedom here in how we define the electric field and the current density,
as long as the total energy of interaction is conserved. For example, we may define the
electric field E as the field induced by the probe ion, and J by the current of the fast ion.
Conversely, utilizing the generalized coordinates describing the time dependent amplitudes
of oscillation for the surface modes and the generalized forces acting on them, we may rewrite
Pipn(t) = >4 Fem(t) - 0pn(t) to characterize the energy of interaction between the probe
and the sphere, or Pya,(t) =Y., [dk Fy(k,t) - Q,.(k,t) for the slab. In this approach, the
collective bound charges inherit the role of the current, and the external probe supplies the
force. Considering the latter case, we then attempt to solve for the scattering probability

INw).

3.8.1 Ion Scattering off of a Spherical Target

First for the sphere, we consider Eqn. (2.84). A Fourier transform supplies the steady state

solution
Fop(w 1
) = @)L
m W, — W — YW
(3.26)
(W)
= ).

Above, we have defined a polarizability agy,(w) = e*(w?, — w? — iyw) ™! /mem, the pole

structure of which defines the eigenfrequencies of the multipole responses on the dielectric

sphere. Therefore, the expression for the average energy in terms of the power may be
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written in terms of the Fourier transforms of the generalized coordinates and forces as

AB) = 53 [ @t (1) 5, (0) + B (1) - 1)
tm YT
=52.5" [/ dw Fpp(w) / dw' W', (W) —c.c.| 6(w —w) (3.27)

B % %,; /ooo dw w Im {F7,, (w) - ugm(w)} -

In the final line of (3.27) we have equated the domains of integration over w, and now we

can immediately evaluate I'(w) from Eqn. (3.24), yielding
1 *
Lopn(w) = —3 > Im{F},(w) - wm(w)} (3.28)
Im
An identical approach for the slab reveals
1 & N
Pan() = =z 3 [ db I ()" - Qul)}. (3.20)

When the scattered ion is travelling parallel, and external to the dielectric material. This
compact and straightforward derivation of the inelastic ion scattering probability high-
lights the utility of the harmonic oscillator model derived in the previous section. For
completeness, we will now derive an expression for I'(w) considering the field of the di-
electric objects induced by the current distribution of the swift ion, under a quasistatic
approximation. The induced field is Eij,q = —V®j,q, and therefore, the power is P(t) =
— [dx V®ina(x,1t) - J(x,t). Recalling the continuity equation V -J = p, and integrating by

parts, we find

P(t) = /dx Dina(x,1)p(x,1). (3.30)
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We calculate the time averaged energy as

(AE) = / dxdt By (%, £) (. 1)

(3.31)

— i/dx/ooo dw w Im {p* (%, w) Pina (x,w)} .

As in the case of the generalized forces and coordinates, we have used a method of Fourier
decomposition to express p and ®;,q in a spectral representation. Again, equating the do-
main of integration over w with that of the integral of the scattering probability distribution,

we identify I'(w) as

MNw) = ;/dx Im {p* (x, W) Pina(x,w)}

™

(3.32)

1
= hQ/dxdx' Im {p*(x,w)Gind(x,X’;w)p(x’7w)} ,
T

where we've utilized the result of Eqn. (2.71) to relate the scattering probability to the
induced Green’s function. For a single ion moving external to the dielectric object along
direction z, we define the charge distribution p(x,t) = ed(R — Rg)d(z — vt), where Ry =
ToX + yoy is the radial cylindrical coordinate of the ion. The spectral representation of the

charge density is then trivial to compute
p(x,w) = S6(R — Ro)e's? (3.33)
v

In this case, our expression for I'(w) evaluates to

e\21

INw) = (ﬂ) = /dzdz' Im {Gind(Ro,z,Rg,z')e*"%(Z*Z/)}. (3.34)

Now, solving for the scattering probability is a matter of evaluating the integral over the

induced Green’s function. In the case of the sphere, recalling the relationship between the
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spherical harmonic functions and the associated Legendre polynomials, where cosf = z/r

Y4 ?— ! )
Vi (60, 6) = \/ Gl mzﬂgm@osme’mﬂ (3.35)

and the non-trivial integral identity [34, 10]

00 . l—m l
—(+1) 2\ ike _ o [ IR k
/Oodzr Py, (T>e 2<\k|> (g_m)!Km(’k‘R)’ (3.36)

where K,,(x) is the modified Bessel function of the second kind, we produce the scattering

probability for the sphere, yielding

a (& wa 2 (2ka
i) = 5 (1) S () L ) @
Im

in the case of an ion beam traveling completely external to the sphere. When the radial
coordinate R is large, so that the traveling ion is very far away from the sphere, the ratio of
the higher order Bessel functions to the growing factorial terms in the denominator decreases
rapidly for large values of ¢m. This fall-off of higher order mode contributions occurs even
more rapidly for smaller values of the sphere radius a. Therefore when R > a, only the =1
term significantly contributes to the scattering probability, and we can safely approximate

a purely dipolar scatting probability as

x,w)|?
R>a: Typ(w)= WIm {anr(w)}, (3.38)

where ay(w) = a’(e(w) — 1)/(e(w) + 2) is the well known Clausius-Mossotti polarizability
for a non-radiating point dipole. E(x,w) is the spectral representation of the fast ion’s
field from Eqn. (3.23) evaluated in the quasistatic limit, where 41, = 1. Here, we may
conveniently introduce a first-order radiative correction using our result from Eqn. (3.13),

where the total contribution to the inelastic scattering by the dipole may be separated into
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radiative and non-radiative contributions. The radiative contribution simplifies to

rad |E(X7W)|22 3 2
M) = S 2k ()|
(3.39)
2¢2 3 9
= 37rh2k lu(w)|”.

Commonly, this radiative contribution to inelastic ion scattering is referred to as cathodo-
luminescence, and it is proportional to the photon emission probability from a material in
the presence of a fast moving ion. It can be thought of as the inverse process of the pho-
toelectric effect, whereby electrons are emitted in the presence of electromagnetic radiation

with sufficient energy to overcome a material’s work function [29].

3.8.2  Ion Scattering off of a Planar Surface

Moving on now to considering an ion moving external and parallel to a slab’s surface, we

utilize Eqns. (2.63) and (3.34). First defining a charge distribution in its spectral form

iwR/v

as p(x,w) = ed(z — zp)e , and then using the addition theorem [31] for the Bessel

functions Jo(kR) = Jo(kvt)Jo(kvt') + 23 07 | Jn(kvt)J,(kvt') cos k¢, where the coordinate

R = /(vt)2 + (vt')2 — 2(vt)(vt') cos k¢, and ¢ = 0 is the angle between vt and vt’. Therefore

R =v(t —t') = v7, and we evaluate the scattering probability as

Cglab(w) / dt / dk e 2kb Im{g(k w) / dr Jo(kvr)e m} (3.40)

The Fourier transform of the Bessel functions are well known, and for the integral on 7 we

find
/ " dr Jo(kvr)en — 2M (3.41)

and the scattering probability rate reduces to [11, 3]

Tl - 2 (3) [ e (). (3.42)
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Figure 3.4: Panels (a) and (b) demonstrate the inelastic scattering probability of an Ag-slab
with varying depth (i.e. d = 10—50 nm), and varying kinetic energies (i.e. KE = 10—40 keV)
of the fast ion probe, which travels parallel and external to the slab’s surface. As the slab
depth d is increased, a decrease in peak splitting between the transverse (4) and longitudinal
(-) Fuchs-Kliewer (FKi) modes of the slab occurs, eventually converging to the single
resonance associated with the semi-infinite half space (¢(w) —1)/(e(w)+1). Additionally, as
the kinetic energy of the ion increases, we observe peak splitting due to the evolving points
of intersection between the electron and slab dispersion curves (c). As expected the FK
modes encoded in the pole structure of the slab’s surface response function ¢(k,w) coincide
with the peaks in the surface plot of Im {((k,w)}. We’ve used the same Drude dielectric
function parameters that were used in the example for the sphere in Figure 3.3.
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In the limit that the slab depth d — oo, the response function limg_, ((k,w) = (e(w) —
1)/(e(w) + 1) surrenders its dependence on the indexing wavenumber k and the remaining

integral evaluates to the zeroth order modified Bessel function of the second kind, as

00 —2kb
Ko (%;b> Y B — (3.43)

and the scattering probability rate simplifies to

2 _

Jim arslgz(w) - % (%) Ko <2°;b> Tm {m} . (3.44)
In the case of the slab of finite depth, we observe that the resulting resonance structure in
[glab(w) is inherently dependent upon both the slab depth and the probing ion’s velocity,
as depicted in Fig 3.4. The slab’s dispersion diagram demonstrates a profile of allowed
momentum transfer to the system’s bound charges across across a range of frequencies.
The peaks in the dispersion curve coincide with the real valued eigenmodes of the slab
extracted from the poles of (2.63). These are commonly referred to as the transverse and
longitudinal Fuchs-Kliewer modes. The resulting momentum conservation is reflected in
the scattering spectrum at the energies where the scattering probability is maximal. In
addition, varying the slab depth alters the pole structure of the response function ((k,w),

also leading to increased peak splitting in the scattering spectrum.

3.3.8 lon Scattering in Bulk Material

From Eqn. (3.25), if we define the current J(x,¢) = evd(x — re(t)), where re(t) is the
time dependent location of the traveling ion, the power exchanged between the probe and
the near field is defined by ev - E(rq(t),t). Then from Eqn. (3.24), we solve for scattering
probability, yielding

M) = 5 /_ "t Re{E(ro(t), w)e ). (3.45)
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Using Eqn. (3.2), we then solve immediately for the bulk inelastic scattering probability,

expressing it as a time dependent rate

(3.46)

= % (%)QIm {_yﬁsl(w)ln (’yﬁ + 1)} .

To arrive at the final line of Eqn. (3.46), we have evaluated the integral in cylindrical
coordinates (ie. [dk, =27 fow/v k,dk, ), and an upper bound w/v has been imposed on

the wavenumber perpendicular to the trajectory of the traveling ion.

3.4 A Quantum Approach to Modeling Inelastic Ion Scattering (Energy Loss
and Gain)

To apply a quantum mechanical treatment to modeling inelastic ion scattering, we utilize
time dependent perturbation theory [12, 413]. If we consider a quantum state |t);,) at some
initial time ¢ = tp, and its evolution to [¢;) at some future time ¢, the time evolution is
determined by unperturbed Hamiltonian Hy, according to the time dependent Schrédinger
equation

ih 0 i) = Ho o). 347

The time evolved eigenstates of Hy are related by a phase factor [t;) = e~*Folt=to)/h [ty )-

Substituted into Eqn. (3.47), we arrive at the time independent Schrédinger equation

HO ‘¢t0> = Ep W}to> ) (348)

indicating that these state vectors are stationary states which when projected into direct
space (i.e. (x|¢)) rotate through the complex plane of their Hilbert space at frequency

Ep/h. Consider now that our quantum state is perturbed due to an external potential V.
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The time dependent Schrodinger equation becomes
., 0
g W) = [Ho + V][tr) . (3.49)

To examine how this perturbation will affect our quantum state, it is convenient to work
in the interaction picture, where our state vectors are defined in terms of their Schrédinger
picture counterparts via a unitary operator, as ‘@(t)> = iHot/h |t), where the ‘tilde’ in-
dicates that we are transformed into the interaction picture. Additionally, we define the
perturbative operator in the interaction picture as V(t) = e/fot/hy e—iHot/h Qubstituting

our transformed state vector and operator V into (3.47), we find

5 [50) = 570

ih

&(t)> : (3.50)

We observe that in a perturbation, the time derivative of the state vector in the interaction
picture is zero, and the state does not evolve in time. Now, a straightforward integration

step yields

90) =[pe) + & [ ar 7

2 to

zﬁ(t’)> : (3.51)

where we have arrived at an iterative equation defining the state vector at some arbitrary

time ¢, after it has evolved from its initial state at time ¢ty due to the influence of the
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perturbation V. Writing the first few terms in the iterative series, we find

zﬁ(t”)>} + o

t/

aJ)(to)> zlh/t at' v (t') {‘w t0> % at" V")

0

b)) =

@L(to)> - Z%/t: at' v (t) ~(to)> + (ml)Q/t: dt' v(t) /t: dt” v (t") &(to)> + ...

1 1 t N t
14— /dt V) + —— | at V(t’)/ " V(") ’@z) to
ih (ih)? Jy to >
= U(t,t0) [(to) )
(3.52)
where we have formed a formal perturbative or ‘Dyson’ series [17, 44], and defined the

unitary time evolution operator U(t,ty). Projecting the time evolved state onto an arbitrary

eigenstate |f) of the unperturbed Hamiltonian we find

(F[p®) = (11U 10) [d(t0) )
(3.53)

= ZCj(t)

where each contributing term of the Dyson series is represented by the projection coef-
ficient ¢;(t). For weak perturbations, the first order term provides a good approxima-
tion for the time evolved state. Considering the sphere’s Hamiltonian from Eqn. (2.86),
the perturbative contribution to the system Hamiltonian from each mode ¢m is Vg, =
(Fem vy, +F; -ugy) /2. Additionally, we may also express the perturbation via the
induced potential (2.72) in terms of the sphere’s mode function (2.74) and generalized co-
ordinate (2.90) as Vi, = efom(X)upm, where e is a unit of charge. Preparing the initial

state in the infinite past (i.e. t9 — —oo, and V' — 0), before the onset of the perturba-
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tion, we define ‘1;(750)> = |ngymo k), where |ngy,) is an initial multipole moment state of
the sphere and |k) is the initial state of the probing electron. We denote the final state
as ’n}lml K > The initial and final states are eigenstates of the unperturbed Hamiltonian,
where Hy |ngm k) = Epmk |nem k). Under a first order approximation, the scattering prob-

ability amplitude of finding our system in a final excited multipole state is simply

1 [t -
1(6) = (Mg ¥ ntgm B) + / dt (o K| Vi) Iy &) (3.54)

For a complete set of orthonormal states, the first term <n21m1 K ‘ngomo k> = Ok s

!
Tegmo ey my

and therefore goes to zero if we find our system in a final eigenstate which differs from the
initial eigenstate, as we would expect in an inelastic scattering process. Then, acting the
unitary operators U, UT on the intial and final eigenstates, we find

1 t

Cl(t) = ﬁ dt/ <n/£1m1 k/‘ e%HOtlvﬁme_%HOt, |nfom0 k>
—00

: ' i(w V)
- ﬁ <n/£1m1 k,‘ ‘/Zm |n£0m0 k;> /;OO dt/ 6( em+4z )t
(3.55)
ei(wfm"‘qZU)t

. 1 / /
~ih <"41m1 k ‘ Ve [egmo k) W

1 . eilwomtasv)t

S e T
ih fli(wgm + q.v)

Above, we haved introduced the transition frequency we,, = (Eélm1

— E¢ymg)/ N, and have
assumed a ‘non-recoil” approximation for the inelastically scattered ion (i.e. q,v ~ (kl,—k.)v,
where v is the ion velocity). The term Tfi represents the remaining time-independent matrix

element. For an ion traversing a focused path along direction z both prior to and after the
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scattering event, we introduce the following ansatz for the ion wavefunction

(x) = (x[k)
(3.56)
P(R)e™=.

4

L represents the quantized box length, introduced for the purposes of normalization. For
a tightly focused beam of ions, reminiscent of STEM electrons with beam widths of 1A
[45, 40], we may approximate that the radial part of the ion wavefunction satisfies the
condition |4 (R)|? ~ §(R—Ry), where Ry is the traveling ion’s radial coordinate. Evaluating
the remaining matrix element by inserting the resolution of identity 1 = [ dx |x) (x|, and

find

Ty; = /dde' (N, B |%) x| Vi [%)" (X[ [nggmq K)

(3.57)

1

- I <n21m1 ’ Um ’n€0m0> /d'z ffm(ROa Z)eiqzz

Now, considering the trajectory of the ion extending to infinite bounds along z, the final
integral is easily evaluated with the identity reported in Eqn. (3.36). We find for the

projection coefficient

M K (g2| Ro)eim®  eilwemtazv)t
C t = —— n/ u n ae—l (Z qz ) qz m qZ 0 : )
1( ) < €1m1‘ Em’ Zomo> ‘QZ‘ \/(E—m)!(€+m)!2(wem+qzv)

(3.58)
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Introducing a finite linewidth to the transition frequency under the limit we,;, = lim,_, o+ wep+

17y, we may trivially evaluate the transition probability rate as

d 2 2¢ \? ’ > 20—2 42 K7, (|g:|Ro) 2yet

- t — [ ==

dt|cl( )| <hL) |<n€1m1}ufm|n€0mo>| a (g_m)!(g_’_m)!(w£m+qzz>2+72

1
Tiaf’
(3.59)
and then evaluate the transition rate in the limit v — 07, resulting in
1 2 \* 2,20-2_ L K0 (|0 Ro)

= 2w () e ) P22 B 50, g0

(3.60)
27 , 9
= ?| <n€1m1 k } Vim |nfomo k) | 5(AE/FL)'

Above, we have arrive at ‘Fermi’s golden rule’ for the ion-sphere scattering process, having
utilized the definition for the delta function 27r6(AE /) = lim., o+ 2v/[(wem + ¢2v)? + 7],
and defined AE/h = wgy, + q.v. We find the total transition probability by integrating over

the entire temporal domain of the ion trajectory, via

L/v 1
Pem = / dt
0

Ti—f

(3.61)
b

U Ti—f

Finally, the total inelastic scattering probability per unit energy is calculated by integrating

over the final momentum state of the electron, and summing over all multipole states of the
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target, as

L w
D) =5z O [ dae Pon 02 40
Im

(3.62)
2 (lwlR
- % (%)2 %} (%)% (¢ f{Z;(Zi)m)!Im{“ﬂm(“)}’
where we have defined the multimode polarizability as
o) — 2' <n;$:ny ten ‘fifﬁ 2 .

Having illustrated that the electromagnetic surface modes of both the sphere and slab
obey harmonic oscillator dynamics, we now see that the inelastic scattering probability is
inherently dependent on the allowed transitions of the target. The corresponding probability
for transitions between states |ngm,) — !n}l m1> is determined by calculating the remaining
matrix element defined in the numerator of Eqn. (3.63). To accomplish this, one can utilize
the well known solutions to the 3D-isotropic harmonic oscillator wavefunctions in spherical
coordinates [17]. We will demonstrate now that the occupation number for a collection
of oscillators which obey boson statistics at finite temperature is determined by the Bose-
Einstein distribution (i.e. n = (exp(hw/kgT) — 1)1, where kg is the Boltzmann constant).
We begin by considering the expectation value for the energy of the oscillator with the

unperturbed Hamiltonian

(E) = (n[ H [n)

— (0] hw <aTa + ;) In) (3.64)

1
=h — .
w<n+2>
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It is therefore apparent that the expectation value of the set of creation and annihilation

operators a'a, which we name the number operator, is simply

(aa) = (n|aa|n)
(3.65)

:n7

and n is the occupation number, representing the measured average energy one would find
by probing an ensemble of non-interacting, identical oscillators, or a singular system after
many uncorrelated measurements. The average energy can also be calculated by consider-
ing the probability for occupation of a state from the Boltzmann factor and the partition
function. For a quantum harmonic oscillator, the occupation probability of state m is
P(m) = e PEm /q(B), where E,, = hw(m + 1/2) is the energy of the m'! eigenstate of the
oscillator, 8 = (kgT)~!, and ¢(8) = > %o e PEj is the partition function, which sums over

all of the available energetic states of the oscillator. The average energy is then

(B) =Y P(m)En,

m=0

Yo hw(m + 1/2)e=Ahw(m+1/2)
B > e Pmli+1/2)

(3.66)

_ hw % Zm G_Bhwm

2 Zj e—Bhwj

Taking the opportunity to rewrite the remaining sums in terms of a geometric series (i.e.

S k= ﬁ; |z| < 1), the average energy of the oscillator evaluates to

1 1

1
=h —
w<n+2>,

(3.67)
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Figure 3.5: (a) The thermally assisted scattered loss probability, and (b) the thermally
assisted scattered gain probability for an amorphous carbon sphere at temperatures ranging
from T = 0 —2000K. Gaussian white noise has been artificially added to both signals in an
attempt to replicate the contribution from typical ambient noise present in an experimental
setting. In panel (c) the temperature is evaluated as proportional to the natural logarithm
of the ratio of the scattered loss and gain signals, as dictated by the principle of detailed
balance. The scatter loss and gain are contributed to by a surface phonon mode supported
by the carbon sphere. To model the phononic response of the carbon sphere, we have utilized
a Lorentz oscillator dielectric function, with a damping rate of v = 39.1 meV, a natural
frequency wy = 17 meV, a plasma frequency w, = 148 meV, and a static contribution of
€00 = 3.39.
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where we have found that the occupation number is equal to the Bose-Einstein distribution.
Therefore, considering the influence of finite system temperature at thermal equilibrium
gives rise to two distinct inelastic scattering processes. First, we consider the process by
which a quanta of energy is lost by the ion, and inherited by the oscillator as dictated by
the Knocker-delta term 5n2mnzm+1‘ In the second process, a quanta of energy is gained by
the ion and lost by the oscillator as dictated by 5n2mwm,1. Considering the ratio of the two
scattering probability distributions, we find

Fgain Floss _ _ m
sph (w)/ sph (w) N n 1

(3.68)

= ¢ P,

This result, in the form a Boltzmann factor, is in agreement with the well known principle
of detailed balance. It indicates that the rate of absorption and emission of a quanta of
energy are equal when the system is in contact with a thermal bath. This relationship
between the gain and loss contributions to the inelastic scattering signal has been exploited

in nanolocalized temperature measurements in dielectric materials [18, 19].

3.4.1 Inelastic Coulomb Scattering

As an addendum to our section on the quantum treatment of inelastic ion scattering, we
also include a few brief remarks on Coulomb scattering. We will see shortly that the result
is very similar to that of the sphere. Beginning with the Green’s function of the Coulomb
potential

1

GCoul(Xa X/) = m

(3.69)

't An .
= rrgp g Yo (6. 0)Yi (0.6,
m
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The Coulomb potential in the presence of an arbitrary charge distribution p(x,t) may be
decomposed into a spatial mode function A, (x) and an electric multipole moment g, (t)

as

Doon(x,t) = /dx’ Geou(x, X )p(x', 1)
(3.70)
= Z )\gm(X)Ugm(t),
Im

where we define the mode function and multipole moment as

[ dr Y (0,
wn(®) =\ gy [ @ 70,0, 0), (3.72)

Critically, we have enforced that the mode functions tend to zero at large distances (i.e.

limy, 00 A (x) = 0) from the target location 7’. It is worth noting here that the mode
functions we have identified for the Coulomb potential are nearly identical to that of the
sphere, save an additional parameter of the sphere’s radius in Eqn. (2.74). The multipole
moment can be naturally elevated to a quantum mechanical operator defined via the matrix

element
47

20+1

(x| ugm |x') =€ Yy (0, ¢)0(x —x'). (3.73)

We then define the interaction energy as V(x,t) = e®coul(X, t), where e is a unit of charge.
Following an approach identical to evaluating the inelastic scattering probability for the
electromagnetic surface modes on the sphere, we find the inelastic scattering probability

per unit energy lost by the traveling charge in the presence of the Coulomb potential,

yielding
2 (|wlRo
Plw) = % (%)2 > (%)w (t li{:z)(!(evJr L)!Im{afm(w)} ’ (3.74)
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where we have defined the multi-mode electrostatic polarizability for the single electron

atom as

| (n1 €1 ma| wem |no Lo mo) |2

o (W) (3.75)

1
h Wi —w —1in
We note here that inelastic scattering is possible only under the condition that the matrix
element is non zero. This is determined by selection rules for transitions between final and
initial states. As in the case of the surface modes of the sphere, these selection rules will be
dictated by the eigenstates of the atom. Using Eqn. (3.73), and inserting the resolution of

identity into our matrix element, we find

(n1 €1 ma|wem |no Lo mo) = /dxdx’ (ny €1 my|x) (x| uem, ‘x’> <x"ng Lo m0>

47 * *
- 6\/;/6& nifimi (X)TZng(@? ¢)\Pno€0m0 (x)

In this case, we are considering the eigenstates of the Hydrogen atom, where the known

(3.76)

transition rules are {1 = £o £ ¢, and m; = mg, mg = m.
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Chapter 4

COUPLING BETWEEN ELECTROMAGNETIC SURFACE MODES

In this chapter we explore coupling between electromagnetic surface modes of dielectric
objects, mediated by their induced electric fields. We begin with a simple example of two
coupled radiating dipolar oscillators, and again derive the time averaged power associated
with and absorption, scattering and extinction. We then explore the effects of this coupling
on the inelastic scattering signal and examine the spectral image of the dipole system at

the spectral peaks of the scattering probability.

4.1 The Absorption, Scattering and Extinction Cross Sections of T'wo Electro-
magnetically Coupled Dipolar Surface Modes

Expanding from the single oscillator case represented by Eqn. (3.1), we consider the case
of two electromagnetically coupled oscillating dipoles, represented by the time dependent

coordinates w1 (t) and ua(t). The coupled equations of motion are

miuy (t) + miyiug (t) + mlw%ul (t) = eEtOt(rly t) (4.1)

mQﬁQ(t) —+ mg’ygflg (t) + m2w§U2(7ﬁ) = eEtot (I'Q, t), (42)

where m; are the effective masses of the dipolar surface modes, the dissipation rates are
the sum of the non-radiative and radiative contributions v; = 7; abs + Vi rad, Where ¥; raq =
2¢2w?/3m;c3, and w; are the natural frequencies of the coupled dipole oscillators. The
external fields Eo(r,t) = Eqip(r;,t) + Epw(ri, t) evaluated at the location of each dipole
r;, include the contribution of the field of an external planewave, and the radiated fields of
the neighboring dipoles. Considering the limiting case where the two dipoles are spatially

confined to a common confocal point, and therefore experience an identical driving force
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Figure 4.1: Surface plots exploring the evolution of the absorption and scattering cross
sections for the dipolar surface modes of two electromagnetically coupled Ag-spheres in a
head-to-tail collinear (——) configuration. In the lower panels, the sphere radius a; is fixed
at a value of 15 nm, while the radius as is varied from 0 to 15 nm. When as = 0, we recover
the response of only a single sphere with a peak in both scattering and absorption around
hw = 3.35 eV. As the size of the second sphere is increased, we observe a splitting of the
cross sections into a low and high energy branch, indicating the formation of two normal
mode responses for the dimer system. When the two sphere radii are equal, only the lower
energy mode remains. In the upper panels, the interparticle distance is varied from 0 to 60
nm. As the interparticle distance is increased, the dipolar surface modes become decoupled,
and the maximum of the cross sections returns to normal mode energy of the single particle.
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from the external field. We model the incident field as that of a planewave, and write
Epw(ri, t) = Ege ™! (4.3)
The electric dipole radiation field is
E; 4ip(x,t) = eu;(t) - A(x —13), (4.4)
where we have introduced the dipole relay tensor
1 i 1 ikr

(38 — 1) — W(%f —1) - -1)fe

(4.5)

The unit vectors  point in the direction between the dipole and an observation point.
Defining a coupling term g = ey - A(r) - Gig, where the vector r = ry — ry is the distance

between the dipoles, we then write down the following coupled equations of motion

myi () + miy (t) + miwiug () — gus(t) = eEge ™! (4.6)

Moty (t) + may2ua(t) + mowiug(t) — guy(t) = eEge ™" (4.7)

Evaluated in the steady-state limit where u;(¢) = u;(w)e™™*, we find

(w? — w? —iyw)u (W) — miluQ(w) = milEO (4.8)
(w2 — w? — iypw)uy(w) — iul(w) = iEO. (4.9)

ma m2
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Figure 4.2: Examination of the coupling term g = e?0;-A(r) - @iz as a function of unitless
kr and the common angle ¢ which evolves from a collinear orientation ——, to a parallel
orientation 1, between two dipoles interacting via their induced fields. We have plotted
both the real and imaginary parts of g, where in particular Im{g} contributes to constructive
(Im{g} > 0) and destructive (Im{g} < 0) interference in far field scattering between the two
coupled dipoles. At small distances (i.e. kr — 0) between the coupled dipoles, Im{g} —
0, and the coupling parameter is almost entirely real valued and near-field interactions
dominate. In the near-field limit, we observe that for a collinear orientation, Re{g} > 0,
indicating an energetically favorable configuration of the dipoles. In a parallel orientation
Re{g} < 0, indicating an energetically unfavorable configuration of the dipoles.

Solving the linear system of equations, we find solutions for the Fourier amplitudes of the

oscillator coordinates, which are

_ @EO Zg(w) + mig
1(w) = 70 0) Za) — (4.10)

mima2

GEO Zl((«t))‘i_mil
uz(w) = —, 4.11
X i) za() — 1y

mim2

We have used the abbreviated notation Z;(w) = w? — w? — iy;w for each individual dipole’s

spectral response. We notice in the limit that |r; — ro| — oo, ¢ — 0, the oscillators are
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completely decoupled, and we recover the solution for the Fourier amplitude of a single

oscillator found in Eqn. (3.1). Now, writing our solutions in the time domain, we find

up (t) = u (w)e_iwt

eEo Z2 (OJ) + 77%2 —i(wt—p1)

= e 4.12
M| Zy(w) Za(w) — 7 (4.12)
E .

_ &Xo | A (w)] e~it=1)
mi

uy(t) = ug(w)e ™!

eEq Zl(w) + mi iwt—

_ e (4.13)

mao Zl (w)ZQ (w) —

mima2

— eEo | Ag(w)] e i(wt—p2)
ma

The relative phase terms o; = tan~! (Im{4;}/Re{A;}). Having solved the equations of
motion for each oscillator, we can now evaluate the means by which power is dissipated
by the system. As in the previous case of the single oscillator, we computed the total
power extinction via (P)exy = %fOT dt Re{Fgamp(t)} - Re{u(t)}, where Fqump represented
the sum of dissapative forces acting on an oscillator. Unlike the single oscillator, we have
an additional coupling force included in our equations of motion which will contribute to
the dissipated power over an optical cycle, along with the already familiar absorption and

scattering processes. From Eqns. (4.7), the time averaged power contribution from each
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oscillator due to coupling is

(Pllowy = 7 [ dt Re{=gua(t)} - Re(in(0)}

(4.14)

272
_ w etk

2 mi1ms9

A1 (w)||Az(w)[Tm{g}

(Pl = 7 [ dt Re{mgmi ()} - Re(ia(0)}

(4.15)
L w eZEg

 2myme

A1 (w)[[Az(w)[Tm{g},

and the total contribution to the power from coupling is

(P)eoup = (Pleoup + (Pe

coup ~ coup coup

2 2
e“ g

mims

| A1 (w)][Az(w)[Im{g} (4.16)

= w

= wlui (w)l[ug(w)[Im{g}.

Evidently, the power dissipated due to coupling introduces an interference term to the total

scattered power between the coupled dipoles

(P)ich = (Plica + (Piea + (P)edup

(4.17)

= 5 [M171raa[ W ()7 + 1272 aa 0 (W) [*] + wlu (@) [uz(w) [ Im{g}
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The individual scattering terms are calculated in the usual way (P)i., = myiraa7 " [y dt Re{u;(t)}-

Re{u;(t)}. For the absorbed power we find

<P>;%ts = <P>;bs + <P>e2mbs

(4.18)
2

w
= 7 [mlfyl,abs’ul(w)‘Q + m2’Y2,abs|u2(w)’2] .

Before taking a final step in deriving the optical cross sections, we’ll now define the effective
or dressed polarizability for each of the coupled dipoles as p;(w) = eu;(w) = &;(w)Eq. After

some algebra we find

ar(w) + Fag(w)az(w)

(
1 — Lo (w)as(w)

(W) = (4.19)

5 (W) + Far(w)as(w)
ao(w) = - g—zal(w)ag(w) , (4.20)

Where «;(w) = e2Z;(w)~!/m; are the uncoupled, radiative corrected polarizabilities of
each dipole defined in Eqn. (3.13). Implementing these terms into our expressions for the
absorbed and scattered power and dividing by the magnitude of the time averaged Poynting

vector for planewave light, we find

7Tw2
Tabs(w) = 1 [(ma/€®)71,abs]61 (W) [ + (M2 /€®)ya,ans| A2 (w) ] (4.21)
Osea(w) = 8%7?4 [é1 (@) [? + |az(w)[?] + 8mk|a1 (w)[|G2(w)Im{g} (4.22)
Uext(w) = Uabs(w) + Usca(w)- (423)

Importantly, we see the emergence of an interference term in the scattering cross section of
the two coupled dipolar surface modes, which can constructively or destructively interfere.

The nature of this interference is be dictated by the imaginary part of the coupling term g,
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which has a complicated dependence on the oscillation frequency, the particle separation,

and the relative orientation of the the two coupled dipoles, as illustrated in Fig. 4.2.

4.2 The Inelastic Scattering Probability for Two Electromagnetically Coupled
Dipoles

4.2.1 A Classical Approach

—_

[en)

3.1 3.2 3.3 3.4 3.5 3.6 3.2 3.3 3.4 3.5 3.6
Energy [eV] Energy [eV]

Figure 4.3: Inelastic scattering spectra, and spectrum images of the total loss probability
I'egr (blue) and and the radiative contribution I'cy, (red) for a pair of Ag spheres. We
examine the case of a homodimer (left) with sphere radii a; = a2 = 15 nm, and a inter-
surface separation of 5 nm, and a heterodimer (right), where a; = 20 nm, ay = 10 nm.
In the case of the homodimer, we see that there are no peaks in I'cy, for the out-of-phase
oscillations of the surface modes due to total destructive interference in far field radiation.
At normal mode energies (a) and (e), we observe a colinear in-phase oscillation ——, and
a resulting nodal region between the surface modes. At energies (b) and (f) we observe an
anti-parallel out-of-phase oscillation 1 at a slightly lower energy than the more intensely
radiant parallel in-phase oscillation 11 at energies (c) and (g). Finally, the anti-colinear out-
of-phase oscillations —<— (d) and (h) reside at the highest energy. With a combination of
spectroscopic measurement and spectrum imaging, the inelastic scattering signal is capable
of determining the energy and spatial profile for the eigenmodes modes of a simple dimer
system or more complicated electromagnetically coupled nanostructures.

From Eqns. 4.7, instead of considering the influence of a planewave, we replace the
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source of the external field with that of a point charge from an electron, and we write

maiiy (t) + miyi (t) + mwiug () — gus(t) = eEe(r,t) (4.24)

mgﬁg(t) + mg"ygflg(t) + mQWSUQ(t) — gul(t) = €Eel(r2, t). (4.25)

After Fourier transforming each of the coupled equations, we immediately produce solutions
to the coupled equations of motion in the frequency domain.
Ee(ri,w) a1 (w) + gEel(;:QWJ) a1 (w)as(w)

U (w) = —= 5 € 4.26
1) 1—%4041(00)042((0) ( )

Ecl(r21w) gEcl(rlvw)
+7

() = el T T an(w)ax(w) (4.27)
1 — Loy (w)az(w)

The uncoupled, radiative corrected polarizability terms above are again defined by Eqn.
(3.13). Then from Eqn. (3.28), we solve for the inelastic scattering probability of the
coupled dipole system. We find

apaip(@) = — [0 {Fa(ry,e)"  w@)} + n {Falra,w) ws@)], (429

where the spectral representation of the force of the electron on the dipoles Fej(r;,w) =

eEq(r;,w), is defined by Eqn. (3.23).
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4.2.2  Cathodoluminescence of Coupled-Radiating Dipoles

To isolate the radiative contribution to the inelastic scattering, we consider the energy

radiated across a spherical boundary, over an arbitrary time period 7, for which we write

(AE) = 1/Tdt/dﬂ P2S(x,1) - £
T Jo
_ / 40 r2(S(x, 1)) - £ (4.29)

= /000 d(hw) hwT'cn(w).

Above, (S(x,t)) = c[Ei(x,t) + Ea(x2,t)] x [B1(x,t) + Ba(x,t)]*/87 is the time averaged
Poynting vector for two radiating sources, and E;, B, are their associated electric and
magnetic far-fields. In turn, these fields can be expressed in terms of the coupled dipolar

coordinates in the frequency domain as

rEi(r;,w) = ek?[(F x u;(w)) x t)etri (4.30)

B (ri,w) = ek?[(F x ul(w)) x Fle T, (4.31)

With Eqn. (4.29), we then solve for the contribution to the inelastic scattering signal due

to radiative losses

Ton(@) = —5 k¥ u () + wa(w)[?, (4.32)

where the effects due to coupling are embedded in the definition of the dipolar coordinates
in Eqns. (4.26) and (4.27). The modulus square of the sum of the two coupled oscillator
coordinates introduces an interference term in the far-field scattering measurement inherent
to CL. In Fig. 4.3 we see that the out-of-phase oscillation between the coupled surface modes

leads to total destructive interference in far field scattering in the case of the homodimer.
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4.2.8 Normal Mode Analysis, and a Quantum Mechanical Approach

Moving to a cartesian coordinate system, and constructing a system Hamiltonian for our
two electromagnetically coupled dipoles from Eqns. (2.86) and (2.91), we find
2 2
= Pi P2 1 2

1
= 2m1 Tm + §m1w1 u% + §m2w%u§ —up- A(I‘) U2, (433)

where A(r) = €%(38f — 1)/r3 in the quasistatic limit, and only the near field term of the
dipole relay tensor contributes to the inter-dipole coupling, where r = |r; —ra|. We begin by
a re-scaling of operators z; and p; defining the dimensionless parameters M, = (m1/m2)/4,

and M_ = (m2/m1)'/*

pry (Mg 0 Py
P2 0 M_J \p
(4.34)
w) (M- 0 u)
U2 0 M) \uf

which yields an expression for the Hamiltonian with a common geometric mass m = /mims,

for oscillator 1 and 2, as

12 12
1
S S W < T

1
=5 Tor- T3 u? + —mwiuf —uf - A(r) - ub (4.35)

2

H

The ladder operators are related to the position and momentum operators by

(4.36)
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and the position and momentum operators may then be defined in terms of aqo, aJ{Q as:

Uy = “ 7h (CLJr + a12>
12 2mwy 12
o . [hmwia [+

We now diagonalize our Hamiltonian via a unitary transformation. Utilizing the Baker-

(4.37)

Campbell-Haussdorff formula

(4.38)

and defining the generating function S = i¢ (2 ph — zhp))/h, we transform our Hamiltonian

into a normal mode basis, writing

2 2
~ S| 1
Hy = by + b= + —mwiui + Zmw?

2
om | 2m 2 g MW-t- (4.39)

where the operators in the +-basis are related to the operators in the 1,2-basis via the

rotation matrix in terms of the coupling angle ¢

Pi)  [cosgn —singy) [ps
2 singy  cos gy j

(4.40)
u} cos ¢y —sin gy Ug

Uy sin gy cos o)y uU_



68

Explicitly, the normal mode momentum and position operators are defined as

ur =) hjul (4.41)
A

pr=>» #lpl, (4.42)
A

where the scalar terms of the normal mode operators are defined by

uy = Uy ) COS ) + Uy y Sin P (4.43)
ud = —uj y Sin g 4 uy \ cos ¢y (4.44)
Py = phacos x + i, sin (4.45)
Pt = —pxSingx + py ) cos Py (4.46)

We define the coupling angle and the normal mode frequencies as

1 -1 29>\
=t — I
o =g tan <m[w%—w%1>

N

2

wf‘r = {wl cos? ¢y + w% sin? ¢y — 92 gin ¢ cos gzb)\} (4.47)
m

[T

w? = [w% sin? ¢y, + w3 cos? Py + IX sin ¢y cos gb)\} ,
m

where A = z,y, z indicates components of the dipole’s orientation in Cartesian coordinates.

If we choose a dipole separation along the x-axis, we define the components of the coupling
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parameter g’\ as

2¢?
z 62

As in the previous case of a single particle, we introduce a time dependent perturbative

term to our Hamiltonian.

where V' = —u; - F(r1,t) — ug - F(rg,t). From Eqn. (2.80) considering only the general-
ized force acting on the £ = 1 surface modes due to a traveling point charge with charge

distribution p(x,t) = ed(R — Ry)d(z — vt), we find

%4 b %
Fry, 1) = X0y + (002 (4.51)
[af + b1 + (v)?]2
% 4 b P
Fra, 1) = —et2XF b2y (002 (4.52)
[a3 + b3 + (v1)?]2
In the normal mode basis, the perturbative term becomes
V=-—u -F, (t)—u_-F_(¢), (4.53)
where we define the normal mode forces as
Fi(t) = F(ry,t)M_ cos ¢ + F(ra, t) M, sin ¢y (4.54)

F_(t) = —F(r1,t)M_sin ¢y + F(ra, t) M cos ¢y. (4.55)
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Again, moving into the interaction picture, and expanding the Dyson series to first order,
we evaluate the probability amplitude to find the system in an excited state in the normal
mode basis

TTO)EE- / dt' (n'n’ | —up () - Fa(t) —u (t) - F_(t) [ngn ).  (4.56)

:ﬁ .

!/ /
(rtynt.

In a manner analogous to the single particle case, we find the scattering probability in the

normal mode basis to be

1
Paipaip(e) = =5 > [|F¢(w)\21m{ai(w)}} ([ni + 108 41+ 720 ,1)
A

+
(4.57)
1 A2 A A A
g O [IFA@) P} @) (10 + 16,0 0 0 120 00 ).
A
where the normal mode polarizabilities are defined as
e? 1
= 4.58
Oé+(w) m (wi)2 _ (U2 _ Z"}/UJ ( )
2
1
Aw) =S (4.59)

m (wh)? — w? —iyw

The terms nd are the occupation numbers of the symmetric (+) and antisymmetric (—)

modes of the coupled oscillators, the value of which, at finite system temperature, is deter-
mined by the Bose-Einstein distribution, where nﬁ‘r = n’ when the system is at a uniform

temperature.
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4.3 Coupling Between the Surface Modes of a Slab and a Dipole Mode on a
Sphere

Reproduced with permission from:

e Beutler, Elliot K., Maureen J. Lagos, and David J. Masiello. ”Infrared surface phonon
nanospectroscopy of an interacting dielectric-particle—dielectric-substrate dimer using

fast electrons.” Physical Review B 103, no. 16 (2021): 165418 [2].

Copyright (©)(2021) American Physical Society. All rights reserved.

Recent advances in electron microscopy have led to dramtic improvements in atomic scale
spatial imaging and spectroscopic resolution of inelastic scattering processes. This is due to
improvements in monochromation and aberration correction of the incident electron beam
[46, 50, 45, 51, 52, 53]. These developements have layed ground for a detailed examination of
progessively lower energy nanoscale excitations, such as the molecular vibrations of organic
and biological compounds [54, 55], as well as surface and bulk phonons hosted by macro-
scopic samples, thin films, individual nanoparticles, and nanoparticle assemblies of varying
morphology, none of which had been previously characterized by electron energy loss spec-
troscopy (EELS) [56, 57, 58, 59, 60, 48, 61]. Unlike a plane wave light source, a uniformly
moving electron carries an evanescent field akin to the broad spectrum white light source
produced by synchrotron radiation. When utilized as a spectroscopic probe, it is capable of
characterizing target excitations across a broad spectral range, from low energy collective
surface and bulk resonances to valence electronic transitions to core-loss events at high en-
ergy. As the available spectroscopic window of the electron microscope has extended ever
lower in energy, now down to thermal energies (~ 25 meV), the vibrational modes probed
by the electron beam on individual nanoparticles become apparent [50, 62, 63, 57]. In this
regime, dielectric nanoparticles and their planar dielectric substrates may be co-resonant.
When placed in proximity, independent nanoparticle and substrate excitations are able to
appreciably couple in the near-field, and it is the composite nanoparticle-substrate assem-
bly that is ultimately interrogated by the electron beam. The consequences of such phonon

mode hybridization may be perceptible through inelastic electron scattering, producing a
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Figure 4.4: Schematic of the composite sphere-slab dielectric system in the presence of a
uniformly moving electron. Relevant parameters including the sphere radius a, the position
of the electron re(t), and the time-dependent LSPh coordinate of the sphere ug at a fixed
position ry are defined, along with the generalized coordinate of the substrate surface re-
sponse Qn(k,t) and the energy of interaction Hypp slab. When the sphere rests directly on
top of the slab, the height h = a.
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Figure 4.5: Comparison of (a) Eq. (4.73) to (b) simulation for the monomers (free space
sphere and slab), and the dimer (composite sphere-slab system) after background subtrac-
tion. For the simulated composite system, the numerical scattering probability for a d = 2
nm dielectric slab is subtracted from the result for a composite a = 20 nm sphere posi-
tioned on top of a slab of identical dimensions. A Lorentz oscillator dielectric function
parametrized to the bulk response of MgO is used to describe the material responses of the
sphere and slab. The electron beam height is b = 3a, traveling uniformly with 10 keV of
kinetic energy, and the location of the charge distributions are defined by rg = (0, a,0) and
re; = (0,0, vt) for the sphere and probe, respectively. In both simulation and theory I'rgrp
is normalized to I't,sph-

rich and nuanced spectrum deserving of an in-depth analysis. Previous work [(4, (5] has
explored substrate effects in electron scattering measurements of nanoparticle targets, par-
ticularly how their presence can renormalize the eigenfrequencies of the target’s excited
surface modes. Others have investigated the potential for energy transfer facilitated by the
spectral overlap of a nanoparticle’s surface mode resonances with the band gap energies of
its supporting semiconductor substrate, an adsorbate molecule, or an adjacent nanoparticle
[66, 67, 68, 69, 70, 71, 72].

In this section, we present a theoretical model-based approach to interpreting the mea-
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sured scattering probability of a composite dielectric nanoparticle-substrate “dimer” system
for a 'grazing’ electron beam geometry, showcasing that a consideration of only the nanopar-
ticle’s renormalized eigenmodes is insufficient in interpreting the resulting scattering signal
when both the sample and substrate materials are dispersive in the same spectral region.
For simplicity, we will consider a spherical nanoparticle target positioned directly adjacent
to the surface of a dielectric slab, where both the particle and slab host nearly co-resonant
surface mode responses in the infrared. We then investigate the resulting interaction be-
tween the electron probe, nanoparticle, and slab encoded in the spectrum of the scattered
electron beam.

We begin by working within a classical dielectric formalism, and construct a system
Hamiltonian after defining time-dependent coordinates for the oscillatory surface modes
of both the sphere and substrate. This allows for a characterization of the energies of
interaction and associated forces between the electron probe, nanoparticle, and substrate at
the level of the equations of motion. We then examine the linear response of the dielectric
sphere, deriving its effective polarizability in the presence of a substrate of varying depth, by
solving the coupled equations of motion in Fourier space. Correspondingly, we also derive
the linear response of the semi-infinite dielectric slab in the presence of the sphere. This
permits an exploration of how the system evolves in response to an external perturbing
field when the distance between the sphere and substrate surface is altered, and when the
thickness of the supporting substrate is varied. The near-field interactions between the
surface modes on the sphere and substrate are visualized with the aid of induced electric
near-field profiles, simulated using plane-wave excitation with specific polarization. Finally,
we derive an expression of the sphere-substrate dimer’s corresponding scattering probability
for a dielectric slab of varying thickness, and compare the results to a simulated electron
scattering experiment based on numerical solution of Maxwell’s equations. In both cases, we
consider an aloof ‘grazing’ trajectory, with the path of the electron beam oriented parallel to
the thin film surface and traveling entirely in vacuum, avoiding the excitation of bulk phonon
mode resonances [01]. Excellent agreement between simulations and the developed model
highlights the importance of the substrate (which we henceforth refer to more generally as

a dielectric slab) as a separate dynamical component that can strongly modify the infrared
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responses of the nanoparticle target.
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Figure 4.6: Evolution of Im a(w) for an a = 20 nm sphere when the sphere height (h) and
the slab depth (d) are varied. The dielectric response of the sphere and slab are defined by
a common Lorentz oscillator dielectric function (i.e., £1(w) = €2(w)), parametrized to the
bulk response of MgO. In panel (a), the sphere is 'moon-landed’ onto a 100 nm thick slab
from an initial distance of 100 nm between the sphere and the slab surfaces. In panel (b),
the depth of the slab is decreased from d = 100 nm to 0 nm, and the FK4 (7€) modes
are allowed to evolve as kd is varied. ) is the £ = 1 eigenfrequency of the free-space sphere
(blue line) and €y is the eigenfrequency of the free-space semi-infinite slab (red curves).
Panel (c) provides a closer examination of the mixed surface mode responses in the region
of 0 < d < a. We observe that as the slab depth becomes increasingly small, the normal
mode responses resolve to the free-space eigenfrequencies.

From Eqns. (2.86) and (2.87) the Hamiltonian for the sphere and the slab respectively,

we can define the total system Hamiltonian in the presence of an electron as
H = val + ngh + Hsolab + Hel,sph + Hel,slab + Hsph,slab' (460)

The term HY is the kinetic energy of the electron probe with charge density pe(x,t) =
—ed(x — re(t)), while the terms Hsoph and HY,, account for the internal energies of the
sphere and dielectric slab. Hej pn and He glap represent the energies of interaction between
the electron and the dielectrics, while Hgp), a1, Tepresents the energy of interaction between
the dielectric bodies. For simplicity, we restrict the response of the sphere to the lowest order

¢ = 1 dipole mode and move from the spherical-multipole basis to Cartesian coordinates.
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The vector ug(t) defines the LSPh coordinate with natural frequency wy, effective mass my,
and charge distribution po(x,t) = —eug(t) - Vo(x — ro). Hamiltonians for the individual

dielectrics are defined from Eq. (4.60) as

0
Hsph = Hsph + Hel,sph + Hsph,slab

(4.61)
pg 1 2.2
= —— + —mowgug — up - Fe + /dx po (X, 1) Pglab (%, 1)
2m0 2

0
Hslab - Hslab + Hel,slab + Hsph,slab

- > P’TLP;: * * *
= > / dk [ me T mpw; QnQy, — (Fi1.,Qn + Fel,nQn):| + /dx po(x, 1) Psian (X, 1),
n=—oo"0

(4.62)
where the energy of interaction between the LSPh and semi-infinite slab is calculated by
integration of py with ®g,p. In the presence of both a traveling electron and a oscillating
dipolar charge distribution the slab potential is calculated from the slab’s induced Green’s
function. For aloof electron trajectories, we consider Eqn. 2.73, where p = pe + po. From

Hamilton’s equations

OH
) = —— 4.
ugo apo ( 63)
OH
Ny = ——— 4.64
Po aan ( 6 )

applied to Eqn. (4.61), and followed by a Fourier transform from time to frequency, we find
the Fourier amplitudes for the dipolar surface mode response in the presence of the slab
of finite depth. For the particular case where the locations of the charge distributions are

defined as rq(t) = (0,b,vt) and ro = (0,a,0) and the electron travels directly over of the
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center of the sphere, we find

o) = D e + [ kv .0 (465
uy(w) = aye(zw) -Fel’y(ro,w) + /000 dkﬁhy(ro,w)g(k,w))- , (4.66)

where the terms oy, are the modified polarizabilities of the dipolar modes of the sphere
perpendicular and parallel to the slab surface, respectively. These polarizabilities, dressed

by the presence of the slab of varying depth are

e () = | ame(w) ! — % /0 n er%hC(k:,w)] (4.67)

ay(w) = |anr (W)™t — /000 dk er%hg‘(k,w)} . (4.68)

Features of the slab dressed polarizability o, are explored in Fig. 4.6 under both the case
of varying slab depth d and sphere height above the slab h. In each of these cases, we see
that the imaginary part of oy, returns to the value of the bare eigenfrequencies of the slab’s
Fuchs-Kliewer modes, and the sphere’s dipolar Frohlich mode [73]. The terms Fg , and Feyy
represent yz-components of the force contributed by the fast electron, while the terms Fk,z
and Fk,y integrated against the surface response function of the slab, represent the force
contributed by the electron’s wake potential [71] generated by the presence of the dielectric

slab, and they are proportional to the Fourier transform of Bessel functions Jy(kvt) and
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J1(kvt). Explicitly, we write

b— h2e?|w| lw|R

Fu(ro,w) = K 4.69

1y (ro,w) 72 K ( ” (4.69)

262w lw|R

Fo . (ro,w) = —5—iKo | —— (4.70)

v v
3 2¢2 —k(b+h)
F . (ro,w) = —i——o — for k> (4.71)
v k2 — (E)Z v

) 262k e—k(b+h)

Fpyrow)=—"5 for k> Cly (4.72)
v k2 _ (2)2 v

To calculate the inelastic scattering probability, we refer to Eqn. (3.32), where for the
electron charge distribution, we again call upon Eqn. (3.33), and consider the contribution

to the induced potential from both the sphere and the slab, yielding

' 220 e N2 [ ekab
) = Jim T2 () [ a Ja@p e

(4.73)
+ i fun(o) - [Fatrow) + [ db ¢ hwBrow)] |-

We observe that the first term of Eqn. (4.73) is trivally related to the inelastic scattering
rate of an ion off of a finite slab in Eqn. (3.42). The term zy is the path length of the probing
electron. This result is expected due to the principle of superposition of the induced electric
and scalar fields. The second term includes the effects of mode mixing between the surface
modes of the sphere and the finite slab. Therefore, the first term can be interpreted as
”background”, and subtracted to produce Fig. 4.5, where we make a comparison between
our theory and a fully retarded numerical electrodynamic simulation using the electron

driven discrete dipole approximation, with an electron source (e-DDA) [75, 76].



79

4.4 Nanometer-Scale Spatial and Spectral Mapping of Exciton Polaritons in
Structured Plasmonic Cavities

Reproduced with permission from:

e Bourgeois, Marc R., Elliot K. Beutler, Siamak Khorasani, Nicole Panek, and David
J. Masiello. ” Nanometer-Scale Spatial and Spectral Mapping of Exciton Polaritons in

Structured Plasmonic Cavities.” Physical Review Letters 128, no. 19 (2022): 197401.

[1]

Copyright (©) (2022) American Physical Society . All rights reserved.

Exciton polaritons (EPs) are a type of hybrid light-matter coupled quasiparticles which
form as a consequence of strong coupling between an optical cavity mode with a system
of quantum emitters, which have garnered interest due to their potential application in
modifying chemical reaction dynamics and also due to their long-range transport proper-
ties. Advancing research in the areas of material science, chemistry, and nanophotonics
have explored an expansive catalogue of cavity architectures, including the LSP modes
inherent to metallic nanoparticles in the optical regime. The induced electric fields of
LSPs exhibit strong spatial variation, leading to position-dependent exciton-cavity cou-
pling strengths between a localized surface resonance and a surrounding excitonic medium.
When extended into a periodic array, plasmonic nanoparticles host tunable lattice plasmon
polaritons (LLPs), which arise due to hybridization of LSPs within the array, resulting
diffractive photonic modes. In contrast to the singular LSP excitations of an isolated metal-
lic nanoparticle, LLPs exhibit strong energy-momentum dispersion characteristics due to
the diffractive light-like component of the hybrid lattice modes. In either case, the result-
ing nanoscale spatial variation of the cavity-emitter coupling strength has led to difficulties
in spatially mapping the resulting plasmon-exciton excitation. Recent advances in energy
monochromation and aberration correction in scanning transmission microscopes (STEMs)
have paved the way for performing a spatial mapping of plasmon mediated EPs on their

natural energy and length scales using inelastic scattering spectroscopy techniques (EELS).
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Figure 4.7: (a) Analytic LEEG probability spectra and dispersion diagram for a Ag NP
array, as a function of the parallel wavevector component g, with a comparison to the dis-
persionless single particle LEEG probability. b Comparison of the analytical and numerical
evaluation of the LEEG spectrum for a single particle and the one dimensional array. The
figure inset shows a spatial map of the probability at the LPP energy around a particle
contained within a single unit cell. The incident electron speed is v = 0.7¢ with an impact
parameter of 5 nm from the particle surface. The incident field intensity is Iy = 10° W/ cm?

In this section we will demonstrate that laser-stimulated lattice electron energy gain spec-
troscopy (LEEGS) is well suited to the task of spatially mapping EP in the case of an array
of metallic nanoparticles supporting LPPs embedded in an excitonic medium with numeri-
cal calculations. Additionally, we establish, based on an analytic analysis of the relativistic
LEEG probability, that a laser stimulated inelastic scattering measurement can probe LPP
modes with high momentum, energy and spatial resolution in the absence of coupling to a
excitonic medium. We accomplish working with the dipole approximation. This limitation
is suitable for modeling the resulting plasmon assisted LPP, due to the size of the unit cell

of the periodic array which we will consider, in a region where dipole-dipole coupling dom-
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inates. Within the dipole approximation in a vacuum environment, the induced electric
dipole moment p; at position r; with the lattice is determined by solving the system of

equations

o ! (w) - pj = Eo(rj,w) + > A(rj,r) - pr. (4.74)
L#j

Above, Ey(rj,w) is a driving electric field evaluated at the position of jth dipole, while
the second term accounts for the scattered electric fields from the adjacent ¢ # j dipoles
in the array. A(x) is the familiar dipole relay tensor, introduced in Eqn. (4.5). The fully
relativistic electric dipole polarizability tensor is evaluated from the ¢ = 1 electric Mie
coefficient from Eqn. (C.11), as a(w) = 1(3/2k3)ai(w). Eqn. (4.74) can be solved using
the Bloch wave ansatz p;(r;,w) = p;(w)e’¥¥% considering an infinite 1D lattice array, with
the array periodicity distributed along direction y, and where ¢ is the reciprocal space
momentum directed along the array periodicity, and limited to the first Brillouin zone. The

ansatz readily supplies the Fourier amplitude solution for the jth positioned dipole as

-1

pi(qw) = [ (w) =Y Arj,r)e ™| Eo([R, q),w)

(#j
’ (4.75)

= H(QH,UJ) : EO([R7 QII]aw)

where R = X + 2z are the transverse directional components perpendicular to the lattice,
and IT is the lattice dressed polarizability of the dipole at site n. Then, the nth dipole

moment, is found using the inverse Fourier transform as

dqy .
pn(rn7 w) = / TJequynH(qH , w) . EO(R’ q|s w). (476)
Considering the electric field of a planewave, its Fourier representation is

Eo(R, q”,w) = é0(2ﬂ')2% [5((]” — KH)(S(W — CU(]) + (S(QH + K||)<5(w + WO)] s (477)
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which when inserted into the expression for the dipole moment above yields
Pn(rtn,w) = eiK“y"H(KH yw) - éomEpd(w—wp) + e_iK”y"H(—KH yw) - éomEpd(w+wp). (4.78)
Transforming into the time domain, we find

Ey .
Pn(rn, t) = (K, wo) - éOTOQZ(KHynth) + c.c.

(4.79)
=pt(r,t) +p (r,1).
As derived by Garcia de Abajo [77, 38], the EEGS probability is expressed in terms of the
target’s induced field is
e \?2 / N, —iwz’ ?
Prrc (W) = (%) ‘ / d2'E,(Ry, 2)e™ 77| | (4.80)

where the coordinates (R, 2) indicate the electron trajectory propagating along direction
z. In terms of the induced dipole at lattice site n, the induced electric field may be expressed

in terms of the dyadic Green’s tensor as

ik|re—rp|

E.(Re,2)e ™ =2-) { [1k2 4+ V.V,] S

[re — 1y

} (K, w) - Egefifine=@'/v (4.81)

n

. From the integral identity for the modified Bessel functions of the second kind [31], we

may now evaluate the integral over the electron coordinate 2/, as

 iklr=(Re,)| OB\
dy e~ 1wz Jv € — 9K e —iwz /v' 4.89
J o “<w>e 2

Then substituting the gradient operators V., — —V,,, and choosing a polarization direction

of X, we find for the integrand of Pgpg(w)

wWRep,

> & 1K+ V] {21{0 <
” YLV

) emn/“} % Ty (K, w) Egefime, (4.83)
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which yields the following result for the gain probability of the lattice under planewave

excitation

2
2ew

2 27
> Mo (K, w)[*=1Io

. (4.84)

PerG (W) = <

S () e

YLV

hyLv?

where [ is the intensity of the x-polarized planewave, and R., is the distance from the
electron to the nth lattice site along the electron impact plane. To examine the validity of
the analytic model, fully relativistic scattering calculations were performed using discrete
volume element Maxwell solvers [78] for periodic dielectric targets under far-field planewave
excitation. A comparison between model and simulation is examined in Fig. 4.7 Having
demonstrated the unique advantages of LEEGS for spatially mapping LPP excitations in
isolated periodic NP arrays, we now consider LPP-EPs that can emerge for a 1D Ag NP ar-
ray embedded in an excitonic slab medium. The exciton medium is modeled using a Lorentz

oscillator dielectric function e(w) = 1+ fw /(w3 — w?

— iyw), where wy is the exciton transi-
tion frequency, v is the exciton damping rate, and f is an effective oscillator strength. Note
that while this is a standard approach for accounting for the exciton response in strong
coupling systems with macroscopic numbers of emitters [79, 80, 81, 82, 83], this form of the
exciton medium response is equivalent to replacing the discrete two-level system emitters
by classical oscillators, which is a good approximation in the low excitation limit [34]. To
avoid the possibility of Fabry-Pérot modes polluting the spectral features of interest, a slab
thickness of 120 nm is employed in our calculations. In experiments, the Rabi splitting
observable in the strong coupling regime can be varied by either increasing the emitter’s
transition dipole moment, or the concentration of emitters within the mode volume. Within
the context of the Lorentz oscillator model, both are equivalent to increasing the value of the
effective oscillator strength f. Fig. 4.8a shows the relative Prgg(w) and oaps(w) spectra at
points P1 and P2 for the combined array-slab (f = 0.0445) system, i.e., the spectra at points
P1 and P2 each normalized by the maximum value at P1. The point absorption spectrum
is determined numerically using the relation o.ps(w) = w|E(R, z)|?Im{e(w)}. While the
spectra at P2 have the same shape as those observed at P1, the UP and LP amplitudes are

considerably reduced. Although the demonstration of Rabi splitting in absorption spectra
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Figure 4.8: Spatially and spectrally resolving variations in LPP-EPs using STEM LEEG
spectroscopy. Panel (a) examines normalized relative energy gain and absorption spectra
at two different positions in the impact plane. Both positions P1 and P2 are located 5 nm
from the sphere surface, however P1 is positioned in a ‘hot spot’ of high gain probability,
indicated in the spectral gain maps of panel (b), while P2 is near a dark nodal region of the
LPP-EP spatial mode map, resulting in a weaker lattice-gain signal.

is a more appropriate indication of strong coupling [30, 85, 6], local absorption measure-
ments on the nanoscale remain experimentally challenging [37, 88, 89, 90] and dark-field
scattering measurements are often easier to obtain for LSP-based systems. Despite ulti-
mately measuring a scattering response, the variation in the Prpg(w) amplitudes at the
UP and LP energies can be used to create spatial maps of the optically excited LPP-EPs
as the STEM electron beam is raster scanned throughout the unit cell. Similar to what
has been observed for LSP-EPs [36], both sets of spectrum images presented in Figs. 4.8b,c

exhibit a characteristic dipole distribution indicating the role played by the electric dipole
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LSPs comprising the delocalized LPP mode at K| = 0. Interestingly, absorption and LEEG
observables each capture the contracted spatial extent of the UP relative to that of the LP.
We attribute this difference to the in-phase (out-of-phase) coupling between the LSP and
slab modes at the LP (UP) energy as indicated by the electric field distributions in the
insets in Fig. 4.8a. By fitting the decay profiles of the normalized absorption and LEEG
observables in Figs. 4.8b,c along the z-direction to a mono-exponential function, we find
that the 1/e decay length of the LEEG spectrum image UP and LP are 63.19 nm and 70.79
nm, respectively — both ~ 14% larger than the decay constants of the absorption spectral
images. Therefore, despite measuring a scattering response, LEEG measurements are a re-
liable reporter of the sub-diffraction-limited spatial variation of upper and lower polaritons

at the nanometer-scale.
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Appendix A
THE HARMONIC OSCILLATOR GREEN’S FUNCTION

For a damped, forced harmonic oscillator, the corresponding Newton equation is
F(t)
Lx(t) = ——= Al
x(f) =" (A1)

Where the linear operator L is defined as

d2

L= —
dt?

d
+rg+ wh (A.2)
The associated Green’s function is defined by

Lgno(t —t') = o(t —t) (A.3)

Expressing the Green’s function and the impulse delta function in terms of a spectral de-

composition
o dw — W
guo(t —t') = / %g(w)e t (A.4)
> d . /
5(t—t) :/ %e*zw(t*t), (A.5)

it is then a trivial matter to construct the spectral representation of the harmonic oscillator

Green’s function

gHO(w) = ——— (A.6)

2 i
Wi — w* — iyw
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Im{w}

t—t' >0

—n1<60<0

Figure A.1: Plot of the poles of the spectral representation of the harmonic oscillator Green’s
function, residing in the complex w-plane. By enforcing causality ¢ — ¢’ > 0, the contour is
closed in the lower half of the complex plane (i.e. —7 <6 <0).
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Therefore, in the time domain, the Green’s function is defined as

0 efiw(tft’)
t—t) = ——. AT
guo( ) /_OO 2 wg — w? —iyw (A7)

This integral is simple to evaluate with the aid of contour integration. We begin by identi-
fying the poles of the integrand, wy = —iy/2+ 0, where g = \/wj — 72/4. Then, defining
w = Re', where R is a purely real quantity measuring the magnitude of w, and the angle

0 determines the projection of w into the complex plane, we write the contour integral

dw e~ {cos O+isin0}(t—t')
guo(t —t') = f

I (= wp)(w— o)
(A.8)

= 2mi Zak,
k

where we have utilized Cauchy’s residue theorem to evaluate the integral, and aj are the
residues of the integrand. By enforcing causality, where the response at time ¢ must occur
after the impulse provided by the delta function at time ¢ (i.e. t —¢ > 0, and requiring
that the integrand must go to zero as R — oo, we close the contour integral in the lower
half of the complex plane. Observing that we have two simple poles in this region, the two

associated residues are evaluated by

—iw(t—t")

. e
“ o wll>IB+(w —ws) (w—wy)(lw—w-)
1 e=(t—t)/24iQ0(t—t")
T o 20
(A.9)
. e—i(t—t))
=T o wlggﬁ(w —w-) (w—wy)(w—w-)

1 e_v(t_t/)/QeiQO (t_t/)

Cor 20
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All together, the harmonic oscillator Green’s function is

e (t—t)/2

sin Qo(t — t') (A.10)
Q0

go(t —t') =
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Appendix B

THE HARMONIC OSCILLATOR’S CREATION AND
ANNIHILATION OPERATORS

Considering the Hamiltonian of an oscillatory body in the absence of external damping
or internal frictional forces,

1
H=2 4 —mw?u?, (B.1)
we can apply Hamilton’s equations,

OH Ou OH  0Op

= = == ZF B.2
op Ot Ou ot’ (B-2)

to arrive at the Newton equation for the simple harmonic oscillator
mii(t) + mw?u(t) = 0. (B.3)

+s

It is then customary to propose a solution u = e*%! which produces the auxillary equation

s +w? =0, (B.4)
, with solutions s = +iw. Therefore, a general solution to the equation of motion and its
first derivative on time is

u(t) = Ae™' + Be~ ™t
(B.5)

u(t) = iw (Aew — Be*i‘“t)
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The coefficients A, B are determined by the system’s initial conditions (i.e. t = 0). Defining

up = u(0),vo = (0), we then construct the matrix

U 1 1 A
= (B.6)
0 w  —iw B
. Solving for the coefficient vector via matrix inversion, we find
A 1 —tw —1 )
B 2w\ i 1 Vo

Defining the initial momentum py = mwvg and using the solutions for the coefficients in terms

of the initial position and momentum, we find

u(t) = % (eiwt + e—iwt) + 22.10% (eiwt _ e—iwt) ‘ (B.8)

After some rearranging, we find

:ATeiwt+Ae—iwt

. Imposing the commutation relation [ug, pg] = ih, we readily find the commutator for our

newly defined operators [A, AT] = h/2mw. We may then non-dimensionalize our resulting
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operators, defining a' = \/2mw/hA" and a = \/2mw/hA. Finally, we notice then that

(B.10)
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Appendix C
MIE SCATTERING

An exact solution to the scattering and extinction cross section of a spherical particles
(regardless of particle size) by an incident plane wave are found by solving the vector
Helmholtz equation in spherical coordinates. The Helmholtz equation for the electric and

magnetic fields can be easily derived from Maxwell’s equations

V’E + K’E =0
(C.1)
VH+KH=0

. In the absence of charges, the electric and magnetic fields must satisfy the conditions

V-E=0

(C.2)

V X E =iwuH

V X H = —iwe E,

2

where p,e = n® are the respective magnetic and electric permeabilities of the surrounding

environment. A general solution to these conditions are satsified by the vector spherical
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harmonic functions

M7, =V X (ry,)

(C.3)
_ VXV X (rdi)

Neo
mn k; ?

where M and NN are the respective magnetic and electric vector harmonic functions.
They both depend on the general solution to the associated scalar Helmholtz equation,
where the even and odd solutions are ¢, = Re{e"™?P,,,(cos0)z,(kr)} and 2, =
Im{e"™? P, (cos 0) 2, (kr)}, in terms of the Associated Legendre polynomials, and a to-be-
determined form of the spherical Bessel functions. Next, the incident planewave (polarized

along direction X) is expanded in the vector spherical harmonic basis as:

Epw — Eoezk cos 05(

n 2n+1 1) . (1)
— E e | —
Ey 1 4 ( 1) ( m{Mln } ZRe{Nln })

(C.4)

2n 2n+1 1
L) (R MDY 4 itm {N{! ) ,
- Z (ML)} -+ (N
where the superscript (1) indicates that the radial parts of the scalar solutions 1) are spherical
Bessel functions j,(z) of the first kind. The expansion coefficients for the planewave are
obtained by evaluating the integrals over the solid angle d© = dfd¢sin 0, as

[dO Epy - MW
[do MO

(C.5)

where all coefficients for m # 1 are zero. Then, imposing the boundary conditions allowing
us to relate the expansion coefficients of the incident, internal and externally scattering

field, along with the conditions of ‘finiteness’ of the fields at the origin and at infinity, we
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solve for the scattered fields, external to the spherical boundary as

o)

Eo = Y E, (mnRe{ijB(k, r)} — b, Im{ N (&, r)})
n=1
(C.6)
ko 3) . (3)
Hyeo = — En n M ’ nl N ’
o = (anRe{M) (k, 1)} + b Im {NE) (k. 1)} )
and the fields within the spherical dielectric boundary as
Ein = > By (iduRe{N{) (k1,1)} + cuIm{NE) (kr, 1)}
n=1
(C.7)
k‘ o
Hiy = — > By (dnRe{ME) (k1. 1)} + ienlm {NE) (1, 1)} )
b

n=1

where the superscript (3) indicates that the radial part of the generating functions 1) are
the spherical Hankel functions h,(x) of the first kind, and E, = "Ey(2n + 1)/n(n + 1).

Applying the interfacial boundary conditions, we find expressions for the coefficients:

[

o (o) — HRlpin(p)) dn(p1) = 0P prin(py)]dn(p)
n() 3 [phn ()] jn(p1) — p1m?[p1in(p1)] Bn(p) (©8)

_ Nl[pjn(p)]/jn(pl) - H[pljn(pl)],jn(p) (09)

o) = (D) o) — Alprin(p1 ) en(p)

— f1[pha(p)) 3n(p) — p1[pin(p)]hn(p)
c (w - Nl[phn(P)]/jn(/)l) _H[pljn(pl)]/hn(p) (ClO)
() = Pl (P 1) = pmanlpgn () ha ) (1)

i [phn () dn(p1) — pan2[p1jn(p1)) Bn(p) -

The terms p = kr, and p; = k7, where k = w/c, and k1 = njw/c, and n,n; are the indicies

of refraction of the background and the target material. Then, from the Poynting vector,
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the total scattering cross section may be obtained
2 9 9
Osca(w) = = Z(2n +1) (|an(w)\ + |bp(w)] ) , (C.12)
n=1

which depend only on the coefficients of the external scattered fields. These coefficients,
are often referred to as the ‘Mie’ scattering coefficients. If the coefficients are expanded in
a power series around kr = 0 in the small particle limit, for the first non-zero term in the
power series we find for coefficient aj(w) = —i2k3an(w). Substituted into Eqn. C.12, we

see that Eqn. 3.11 is recovered.
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