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In modern data analysis, we often want to test for a difference in means between groups

selected based on the observed data. This is a challenging task: when the null hypothesis is

selected based on the data, classical tests (e.g., a z-test) that do not account for this will fail to

control the Type I error. In this dissertation, we leverage the selective inference framework to

develop valid tests for a difference in means when the groups under investigation are selected

based on the output of a statistical learning method.

We first consider the task of quantifying the uncertainty of spikes estimated from calcium

imaging data. Here, the scientific question can be cast as a test of equality of (weighted)

means between groups that are defined through a changepoint detection algorithm. Next, we

describe a new test of a null hypothesis that is selected based on the output of the graph fused

lasso. Our proposal conditions on less information than existing approaches, thereby leading

to higher power while guaranteeing Type I error control. The final chapter is motivated

by statistical challenges that arise in single-cell transcriptomics studies, where researchers

are interested in ascertaining whether the estimated clusters are truly different from each

other. We develop a finite-sample, correctly-sized test for a difference in cluster means when

the clusters are obtained via k-means clustering, and demonstrate that our method leads to

conclusions that align better with the underlying truth than classical tests.
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in (3.14) . . . . . . . . . . . . . . . . . . . . 131

B.4 Proof of Proposition 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

B.5 Proof of Corollary 1 and Proposition 10 . . . . . . . . . . . . . . . . . . . . . 136

B.6 Proof and an empirical analysis of Proposition 11 . . . . . . . . . . . . . . . 137

B.7 Proof of Proposition 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

B.8 Modification of Algorithm 4 to compute p∗
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2.1 (a): One simulation with y1, . . . , y10,000 (grey dots) generated according to
model (2.1) with γ = 0.98, σ = 0.2, and zt = 0 for all t. The `0 problem
in (2.14) was solved with λ = 0.1, resulting in 47 estimated spikes with flu-
orescence increases. Estimated calcium is displayed in blue. We display one
estimated spike at time τ̂ = 3, 060 with y3,000, . . . , y3,100. (b): Quantile-
quantile plot for the Wald p-values (defined in (2.4)) based on 100 simulations
(2,988 hypothesis tests). (c): Quantile-quantile plot for the selective p-values
(defined in (2.9) with h = 1) based on 100 simulations (2,988 hypothesis tests). 8

2.2 Data generated according to (2.1), with T = 80, σ = 0.1, γ = 0.98, and one
spike at t = 40. Solving the `0 problem (2.14) with λ = 0.75 yields a single
estimated spike at t = 40. (a): We plot the original data, which corresponds
to y′(φ) with φ = ν>y = 1.02, where ν is constructed according to (2.7) with
τ̂j = 40 and h = 40. The estimated calcium concentration is displayed in
blue. (b): The perturbed dataset y′(φ) with φ = 0 is shown. Now there is no
increase in calcium at t = 40 on y′(φ), and no spike is estimated. (c): The
perturbed dataset y′(φ) with φ = 2 is shown. There is now a very pronounced
increase in calcium at t = 40, and a spike is estimated. (d): The set of φ for
which 40 ∈ M(y′(φ)) and φ > 0 is displayed in blue; other values of φ are in
orange. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3 (a): Quantile-quantile plot for the naive p-values defined in (2.30), which have
inflated selective Type I error. (b): Quantile-quantile plot for p-values from
our proposed selective test in (2.9), which controls selective Type I error. (c):
Under the model (2.1), detection probability (2.32) is an increasing function of
1/σ. (d): Conditional power (2.31) increases as a function of 1/σ for all h. For
a given value of σ, a larger value of h corresponds to higher conditional power,
with the caveat that the meaning of the null hypothesis in (2.6) changes as
a function of h, and the null hypothesis that holds for a smaller h might not
hold for a larger value of h. The constant h appears in the definition of ν in
(2.7). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
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2.4 (a): Selective confidence intervals achieve correct nominal coverage (95% cov-
erage at level α = 0.05) across all values of h (defined in (2.7)) and σ (defined
in (2.1)). The mean (and standard deviation) over 500 simulated datasets are
displayed. (b): Naive confidence intervals have poor coverage when 1/σ is
small, for all values of h. (c): For h = 1, selective confidence intervals are
on average wider than naive intervals, but the difference decreases as 1/σ in-
creases. (d): The midpoint of the selective confidence interval is, on average,
smaller than ν>y. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.5 Illustrative example for recording 29 from Chen et al. [2013], which uses the
GCaMP6f indicator, after preprocessing as described in Theis et al. [2016].
The cell’s fluorescence trace is displayed in grey. Estimated spikes from (2.37)
are displayed in orange; the spikes with p-values from (2.9) below 0.05 (with
h = 20) are displayed in blue; and the true spike times are shown in black. . 28

2.6 Result for recordings from the Chen et al. [2013] dataset. (a): The correlations
between the true spike times and the spikes estimated from (2.37) are plotted
in orange. The correlations between the true spike times and the subset of
the spikes from (2.37) with p-value (2.9) below 0.05 are plotted in blue. For
each recording, the black line represents the 2.5% and 97.5% quantiles of
the resampling distribution with 1,000 samples. (b): As in (a), but Victor-
Purpura distance is displayed instead of correlation. . . . . . . . . . . . . . . 29

3.1 (a): We generated β on an 8 × 8 grid. There are three true connected com-
ponents, which take on values of −3, 0, and 3. (b): A noisy realization from
the model Y ∼ N (β, I64). In this particular example, running 13 steps of the
dual path algorithm for the graph fused lasso results in perfect recovery of
the true connected components of β (displayed in grey). (c): For each pair
of estimated connected components, we tested the null hypothesis of equal-
ity in means using pHyun in (3.10) and pĈ1,Ĉ2

in (3.11). (d): The conditional

null distributions of ν>Y , where ν is chosen to test for a difference in means
between Ĉ1 and Ĉ2, conditional on the conditioning sets in the definitions of
pHyun in (3.10) and pĈ1,Ĉ2

in (3.11). In (d), the test statistic |ν>y| = 3.36 is
displayed as a dashed black line; this value is quite large relative to the null
distribution of pĈ1,Ĉ2

, but modest relative to that of pHyun. . . . . . . . . . . 42
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3.2 Data generated according to the model in Figure 3.1. (a): The data y in
Figure 3.1(b) corresponds to y′(φ) with φ = ν>y = 3.36. Applying the graph
fused lasso with K = 13 steps in the dual path algorithm results in three
estimated connected components, displayed in grey boxes. Here, ν is chosen
to test for a difference between the means of Ĉ1(y) (lower left) and Ĉ2(y)
(middle). (b): The perturbed dataset y′(φ) with φ = 0. Applying the graph
fused lasso with K = 13 results in two connected components, displayed in
grey boxes. (c): The perturbed dataset y′(φ) with φ = −5. Applying the
graph fused lasso with K = 13 results in Ĉ1(y) and Ĉ2(y). (d): The set of φ
for which Ĉ1(y), Ĉ2(y) ∈ CC13(y′(φ)) is displayed in blue; other values are in
orange. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.3 (a): One realization of y generated according to (3.22) with δ = 3 and σ = 1
(grey dots), along with the true signal β (black curve). (b): When δ = 0, tests
based on both pHyun in (3.10) and pĈ1,Ĉ2

in (3.11) control the selective Type
I error in the sense of (3.6). By contrast, the naive p-value in (3.21) leads to
a test with inflated selective Type I error. (c): The power of the tests based
on both pHyun and pĈ1,Ĉ2

increases as a function of |ν>β|. For a given bin of

|ν>β|, the test based on pĈ1,Ĉ2
has higher power than the test based on pHyun;

the power of each test increases as σ decreases. . . . . . . . . . . . . . . . . . 50

3.4 (a): The piecewise constant segments of β in (3.23). (b): When δ = 0, tests
based on both pHyun in (3.10) and pĈ1,Ĉ2

in (3.11) control the selective Type I
error. By contrast, the test based on pNaive in (3.21) has an inflated selective
Type I error. (c): The power of the tests based on pHyun and pĈ1,Ĉ2

increases

as a function of |ν>β|. For a given bin of |ν>β|, the test based on pĈ1,Ĉ2
has

substantially higher power than that based on pHyun. The power of both tests
increases as σ decreases. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.5 (a): The observed drug overdose death rates (deaths per 100,000 persons) for
the 48 contiguous U.S. states in the year 2018. (b): Applying the graph fused
lasso to the drug overdose data results in five estimated connected components.
(c): For each pair of estimated connected components, we computed pNaive in
(3.21), pHyun in (3.10), and pĈ1,Ĉ2

in (3.11). For brevity, we use the notation

β̄l =
∑

j∈Ĉl βj/|Ĉl|. (d): For each pair of estimated connected components,
we constructed confidence intervals for the difference in means, corresponding
to pNaive, pHyun, and pĈ1,Ĉ2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
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3.6 (a): The observed teenage birth rates (births per 1,000 females aged 15–19)
for the 48 contiguous U.S. states in 2018. (b): The graph fused lasso solution
with K = 30 results in five connected components, displayed in distinct colors.
(c): For each pair of estimated connected components, we computed pNaive in
(3.21), pHyun in (3.10), and pĈ1,Ĉ2

in (3.11). Pairs for which the test based on
pĈ1,Ĉ2

results in a rejection at α = 0.05, but not for the test based on pHyun,
are in bold. (d): Confidence intervals for the differences in means for each
pair of connected components. . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.1 Left: One simulated dataset generated from (4.1) with µ = 0100×2 and σ = 1.
We apply k-means clustering to obtain three clusters. The cluster centroids
are displayed as triangles. Center: Quantile-quantile plot of the naive p-
values (defined in (4.4)) applied to 2,000 simulated datasets from (4.1) with
µ = 0100×2 and σ = 1. Right: Quantile-quantile plot of our proposed p-values
(defined in (4.9)) applied to the same simulated datasets. . . . . . . . . . . . 60

4.2 Left: One simulated dataset generated from (4.1) with µ = 0100×2 and σ = 1.
We apply k-means clustering on the training set to obtain three clusters.
Center: We apply the training set clusters to the test set using a 3-nearest
neighbors classifier. Right: Quantile-quantile plot of the naive p-values (4.4)
applied to the test set, aggregated over 2,000 simulated datasets. . . . . . . . 61

4.3 One simulated dataset generated from model (4.1) with µi = 1{1 ≤ i ≤ 10} [ 2.50 ]+
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√
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with true species labels (Adelie: circle; Gentoo: square; Chinstrap: triangle)
and clusters estimated using k-means clustering (cluster 1: green; cluster 2:
orange; cluster 3: purple; cluster 4: pink). Right: We test the null hypothesis
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4.7 Top left: Centroids of six clusters from the “no cluster” dataset (Ĉ1 to Ĉ6
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Ĉ1,Ĉ2
control the selective Type I error. By contrast, the

naive p-value leads to an inflated selective Type I error. (b): Under the
simulation setup in Section 3.5.2, the power of tests based on pHyun and p∗
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Chapter 1

INTRODUCTION

As the availability of large datasets has drastically increased in the past few decades, the

goal of data analysis in many applications has shifted from testing pre-specified hypothe-

ses to testing data-driven hypotheses. In particular, data analysts may want to perform

some exploratory data analyses to generate new hypotheses or to select a subset of “in-

teresting” hypotheses, and then test those hypotheses on the same data. For instance, in

single-cell RNA-sequencing analyses, researchers often first cluster the cells, and then test

for a difference in the expected gene expression levels between the clusters to quantify up- or

down-regulation of genes, annotate known cell types, and identify new cell types [Aizarani

et al., 2019, Doughty and Kerkhoven, 2020, Golub, 2010, Grün et al., 2015, Peters et al.,

2014, Zhang et al., 2019]. However, testing hypotheses suggested by the data is a challeng-

ing task: once we have used the data to generate the null hypotheses, standard statistical

inference tools — e.g., a t-test for a difference in means between two groups — will fail to

control the Type I error [Fithian et al., 2014]. In fact, the inferential challenges resulting

from testing data-guided hypotheses have been described as a “grand challenge” in the field

of genomics [Lähnemann et al., 2020]. State-of-the-art toolkits in the field continue to over-

look this issue [Stuart et al., 2019, Van den Berge et al., 2020], and one goes so far as to

state that “Rather than attaching strong probabilistic interpretations to the p-values, we

view the p-values simply as useful numerical summaries for ranking the genes for further

inspection.” Testing data-guided hypothesis also arises in the field of neuroscience [Button,

2019, Kriegeskorte et al., 2009], social psychology [Hung and Fithian, 2020], and physical

sciences [Friederich et al., 2020, Pollice et al., 2021].

This dissertation aims to bridge the gap between the practice of testing data-driven
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hypotheses and the existing statistical toolkits for testing such hypotheses. In particular, we

are interested in developing a test of the null hypothesis H0 that controls the selective Type

I error [Fithian et al., 2014], when H0 is chosen based on the output of a statistical learning

method applied to the data. That is, we wish to ensure that the probability of rejecting H0

at level α, given that H0 holds and we decided to test it, is no greater than α:

PH0(reject H0 at level α | H0 is tested) ≤ α, for all α ∈ (0, 1). (1.1)

To tackle this problem, we take a selective inference (also known as post-selection inference

and conditional inference) approach, which has been applied extensively in high-dimensional

linear modeling [Charkhi and Claeskens, 2018, Fithian et al., 2014, Lee et al., 2016, Loftus

and Taylor, 2014, Rügamer et al., 2022, Schultheiss et al., 2021, Taylor and Tibshirani, 2018,

Tibshirani et al., 2016, Yang et al., 2016], changepoint detection [Benjamini et al., 2019,

Chen et al., 2021b, Duy et al., 2020, Hyun et al., 2018, 2021, Jewell et al., 2022, Le Duy

and Takeuchi, 2021], and correcting selection bias [Hung and Fithian, 2020, Weinstein et al.,

2013, Zhong and Prentice, 2008, Zollner and Pritchard, 2007]. In a nutshell, the key insight

of selective inference is as follows: to obtain a valid test of H0, we need to condition on

the aspect of the data that led us to test it. In Chapters 2–4, we leverage this insight to

develop correctly-sized tests for a difference in (weighted) means between two groups that are

defined through the observed data, e.g., via the output of a changepoint detection or clustering

algorithm. In addition to our methodological contributions, we demonstrate the practical

use of our tests on calcium imaging data, single-cell RNA-sequencing data, and datasets of

drug overdose death rates and teenage birth rates in the contiguous United States.

In Chapter 2, we consider the task of quantifying the uncertainty of spikes estimated

from calcium imaging data. Calcium imaging is an increasingly important technology in the

field of neuroscience, which allows for simultaneous recording from huge numbers of neurons

in behaving animals [Ahrens et al., 2013, Chen et al., 2013, Prevedel et al., 2014]. When

a neuron spikes, calcium floods the cell. Due to the use of fluorescent calcium indicators,
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this leads to a rapid increase in fluorescence. Thus, for a single neuron, calcium imaging

results in a time series of fluorescence intensities that serves as a first-order approximation

for the unobserved spike times. Typically, the scientific interest lies in the unobserved spike

times, rather than the observed fluorescence traces. In recent years, several algorithms

have been developed to estimate a neuron’s spike times based on its observed fluorescence

traces [Deneux et al., 2016, Friedrich and Paninski, 2016, Friedrich et al., 2017, Jewell and

Witten, 2018, Jewell et al., 2019, Pnevmatikakis et al., 2013, Theis et al., 2016, Vogelstein

et al., 2010]. However, quantifying the uncertainty associated with these estimated spikes

remains an open problem. In particular, after estimating spike times from calcium imaging

data, it is natural to consider testing the null hypothesis that the spike did not occur — i.e.,

that there is no increase in calcium — at a timepoint at which we estimated a spike. This

is a challenging task, because we will observe a large difference in fluorescence intensities

before and after an estimated spike, even in the absence of a true spike. To tackle this

problem, we build on a well-studied model for calcium imaging data, which states that

calcium decays exponentially in the absence of a spike, and instantaneously increases when

a spike occurs [Friedrich and Paninski, 2016, Friedrich et al., 2017, Jewell and Witten, 2018,

Jewell et al., 2019, Vogelstein et al., 2010]. We propose a computationally-efficient test for

the change in calcium associated with an estimated spike. This test accounts for the fact

that the spikes are estimated from the same data used for testing, and as a result, provides

selective Type I error control. Moreover, we illustrate the use of this proposed approach to

a publicly-available, benchmark calcium imaging dataset [Theis et al., 2016]. The work in

Chapter 2 is in press in Biostatistics [Chen et al., 2021b].

In Chapter 3, we tackle the problem of testing hypotheses that are a function of the

output of the graph fused lasso [Tibshirani and Taylor, 2011], a widely-popular method

to reconstruct signals that are piecewise constant on a graph, with broad applications in

genomics [Gong et al., 2018, Kim and Xing, 2009], imaging analysis [Kang et al., 2018,

Xin et al., 2014], and so forth. Its solution can be segmented into connected components

— that is, elements that share a common value. It’s natural to consider testing the null
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hypothesis that the means of two connected components estimated from the graph fused

lasso are equal. For instance, when the graph fused lasso is used to denoise the chromatin

interactions across the entire genome [Gong et al., 2018], testing this hypothesis corresponds

to the scientific question of whether two estimated regions of the genome have the same rate

of chromatin interactions. Since the hypothesis is itself a function of the same data used

for testing, naive procedures such as a two-sample z-test fail to control the selective Type

I error. To overcome this problem, Hyun et al. [2018] proposed a test that controls the

selective Type I error by quantifying the probability of observing the such a large difference

in the sample means, conditional on all outputs of the algorithm used to obtain the graph

fused lasso solution. However, this proposal conditions on far more information than is

needed to determine the null hypothesis under consideration, thereby leading to extremely

low power in practice [Jewell et al., 2022, Le Duy and Takeuchi, 2021, Liu et al., 2018]. This

motivates us to propose a new test for this task that conditions on less information than

existing approaches, which leads to substantially higher power while guaranteeing selective

Type I error control. In a nutshell, we compute the probability of observing such a large

difference in the sample means, conditional only on the pair of connected components used

to construct the null hypothesis. Our method leads to higher power in simulation, as well

as more discoveries on datasets of drug overdose death rates and teenage birth rates in

the contiguous United States [Centers for Disease Control and Prevention, 2020a,b]. This

chapter is based on Chen et al. [2021a], which has been tentatively accepted by the Journal

of Computational and Graphical Statistics [Chen et al., 2021a].

In Chapter 4, we investigate the problem of testing for a difference in means between two

groups defined via the output of k-means clustering [Lloyd, 1982, MacQueen et al., 1967], an

extremely popular method to partition the observations into clusters, each represented by the

empirical mean, referred to as the centroid, for the observations in that cluster. For instance,

in single-cell transcriptomics studies, where the datasets consist of millions of unlabeled cells,

estimated clusters via k-means clustering are commonly used to approximate the underlying

biological groups (e.g., different cell types or cell states). After obtaining the cluster labels,
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researchers are often interested in testing for a difference in means between the centroids

to ascertain whether the identified cell types are truly different from each other. This is

a challenging task, because the cluster labels, and consequently the null hypothesis, are a

function of the data, and classical tests that do not account for this will fail to control the

Type I error. In this chapter, we propose a finite-sample test that controls the selective

Type I error for a difference in means between a pair of clusters obtained using k-means

clustering. In addition, we show that the proposed p-value can be efficiently computed, and

demonstrate that, when applied to hand-written digits data and single-cell RNA-sequencing

data, our method leads to conclusions that align better with the underlying truth than

classical tests. The content in Chapter 4 is adapted from Chen and Witten [2022].

We close with a discussion in Chapter 5. Detailed proofs of technical results, as well as

some additional information, can be found in the Appendix.
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Chapter 2

QUANTIFYING UNCERTAINTY IN SPIKES ESTIMATED
FROM CALCIUM IMAGING DATA

2.1 Introduction

In the field of neuroscience, recent advances in calcium imaging have enabled recording from

large populations of neurons in vivo [Ahrens et al., 2013, Chen et al., 2013, Prevedel et al.,

2014]. When a neuron spikes, calcium floods the cell; the presence of fluorescent calcium

indicator molecules causes it to fluoresce. Thus, for each neuron, calcium imaging results

in a time series of fluorescence intensities that can be seen as a noisy approximation to its

unobserved spike times. Typically, the neuron’s observed fluorescence trace is not of scientific

interest; instead, the interest lies in the unobserved spike times.

A number of methods have been developed to estimate spike times from the fluorescence

trace of a neuron [Berens et al., 2018, Jewell and Witten, 2018, Jewell et al., 2019, Pachitariu

et al., 2018, Stringer and Pachitariu, 2019, Theis et al., 2016, Vogelstein et al., 2010]. One line

of work makes use of a simple model that relates the unobserved calcium ct and the observed

fluorescence Yt at the tth time step [Friedrich and Paninski, 2016, Jewell and Witten, 2018,

Jewell et al., 2019, Vogelstein et al., 2010],

Yt = ct + εt, εt
i.i.d.∼ N (0, σ2), t = 1, . . . , T,

ct = γct−1 + zt, t = 2, . . . , T, (2.1)

where zt ≥ 0 for all t, and zt > 0 indicates the presence of a spike at the tth time step.

At most time steps, zt = 0, corresponding to no spike. Between spikes, calcium decays

exponentially at a rate γ ∈ (0, 1); γ can be viewed as a property of the calcium indicator,

and is taken to be known. Model (2.1) suggests estimating the underlying calcium ct by



7

solving the optimization problem

minimize
c1,...,cT≥0; z1,...,zT

{
1

2

T∑
t=1

(yt − ct)2 + λ
T∑
t=2

1{zt 6= 0}

}
subject to zt = ct − γct−1 ≥ 0 , (2.2)

where λ ≥ 0 is a tuning parameter that trades off the number of estimated spikes and the fit

to the observed fluorescence [Jewell and Witten, 2018], and 1{A} is the indicator function

that equals 1 if the event A occurs, and 0 otherwise. The `0 penalty
∑T

t=2 1{zt 6= 0} is non-

convex, which has motivated a number of authors to consider a convex relaxation to (2.2)

using an `1 penalty [Friedrich and Paninski, 2016, Friedrich et al., 2017, Vogelstein et al.,

2010]. An efficient dynamic programming algorithm that yields the global optimum to (2.2)

has also been proposed [Jewell and Witten, 2018, Jewell et al., 2019].

Despite the extensive literature on estimating a neuron’s spike times from its fluorescence

intensity [Jewell and Witten, 2018, Jewell et al., 2019, Pachitariu et al., 2018, Theis et al.,

2016, Vogelstein et al., 2010], quantifying the uncertainty associated with these estimated

spikes remains in large part an open problem. More precisely, suppose we observe a T -vector

of fluorescence intensities under model (2.1), and estimate the J spike times τ̂1, . . . , τ̂J . For

fixed j ∈ {1, . . . , J}, consider testing whether there is a spike at τ̂j, i.e.,

H0 : cτ̂j+1 − γcτ̂j = 0 versus H1 : cτ̂j+1 − γcτ̂j > 0, (2.3)

where the one-sided alternative reflects the fact that a spike leads to an increase (rather than

a decrease) in calcium. Despite the apparent simplicity of (2.3), obtaining a test with correct

size requires care. For instance, motivated by a Wald test, we can consider the p-value

PH0

(
Yτ̂j+1 − γYτ̂j ≥ yτ̂j+1 − γyτ̂j

)
, (2.4)

where y1, . . . , yT is the observed fluorescence, and (2.1) implies that Yτ̂j+1−γYτ̂j ∼ N (0, (1 + γ2)σ2)

under H0. But this naive approach ignores the fact that estimation (2.2) and inference (2.3)

for τ̂j were performed on the same data [Button, 2019, Fithian et al., 2014]. Thus, even in

the absence of a true spike, we will observe a large value of yτ̂j+1 − γyτ̂j ; see Figure 2.1(a).

Figure 2.1(b) demonstrates that (2.4) does not control the selective Type I error : the prob-
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ability of a false rejection given that we decided to test this null hypothesis [Fithian et al.,

2014].

(a) (b) (c)

Figure 2.1: (a): One simulation with y1, . . . , y10,000 (grey dots) generated according to
model (2.1) with γ = 0.98, σ = 0.2, and zt = 0 for all t. The `0 problem in (2.14) was solved
with λ = 0.1, resulting in 47 estimated spikes with fluorescence increases. Estimated calcium
is displayed in blue. We display one estimated spike at time τ̂ = 3, 060 with y3,000, . . . , y3,100.
(b): Quantile-quantile plot for the Wald p-values (defined in (2.4)) based on 100 simulations
(2,988 hypothesis tests). (c): Quantile-quantile plot for the selective p-values (defined in
(2.9) with h = 1) based on 100 simulations (2,988 hypothesis tests).

In this paper, we leverage the selective inference framework, which enables us to test a

null hypothesis that was selected using the data, to develop a valid test for (2.3). Related

approaches have been developed for a number of problems, including penalized regression

[Fithian et al., 2014, Lee et al., 2016, Tibshirani et al., 2016] and changepoint detection [Hyun

et al., 2021, Jewell et al., 2022]. In a nutshell, to obtain a test that controls the selective

Type I error, we condition on the aspect of the data that led us to test this particular null

hypothesis. In particular, since we have chosen to test the null hypothesisH0 : cτ̂j+1−γcτ̂j = 0

in (2.3) because τ̂j is an estimated changepoint, our p-value should be computed conditional

on the event that τ̂j is an estimated changepoint. As seen in Figure 2.1(c), this results in a

test that controls the selective Type I error.

Some authors have considered quantifying the uncertainty in the location of an estimated
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spike τ̂j [Merel et al., 2016, Pnevmatikakis et al., 2016]. Others have applied a Bayesian lens

to the uncertainty associated with the magnitude of the change in calcium associated with

an estimated spike τ̂j [Deneux et al., 2016, Merel et al., 2016, Pnevmatikakis et al., 2016,

Soltanian-Zadeh et al., 2018, Theis et al., 2016, Vogelstein et al., 2009]. Despite the flexibility

and robustness of Bayesian methods, they do not provide a straightforward way to test (2.3).

First, they provide an uncertainty estimate for the change of calcium at every timepoint. As

a result, we still need to account for selection if we only choose to test the null hypothesis for

the estimated spikes [Yekutieli, 2012]. Second, even with appropriate adjustments, Bayesian

hypothesis testing typically will not control Type I error [Ghosh, 2011].

The current paper is closely related to the literature on changepoint detection. Jewell

and Witten [2018] showed that (2.2) is equivalent to a changepoint detection problem, which

allows us to tap into the toolbox of inferential procedures for changepoint detection [Fry-

zlewicz, 2014, Harchaoui and Lévy-Leduc, 2010, Song et al., 2016, Yao, 1988, Yao and Au,

1989, Zou et al., 2020]. Despite the abundant literature on this topic, a few gaps remain

to be filled, as reviewed in Niu et al. [2016]: (i) much of the prior work has focused on

quantifying the uncertainty associated with either the number or locations of the estimated

changepoints; and (ii) most existing inferential procedures are asymptotic and approximate.

Two recent exceptions include Hyun et al. [2021] and Jewell et al. [2022], which took a se-

lective inference approach and computed finite-sample p-values for testing the changes in

mean around changepoints estimated using an `1 and an `0 penalty, respectively. Our work

is closest to Jewell et al. [2022], and extends their proposal to the model (2.1).

In this paper, we propose a general framework to quantify the uncertainty associated with

the set of spikes estimated from calcium imaging data, using any spike detection algorithm.

Our testing framework controls the selective Type I error associated with the null hypothesis

(2.3). However, in practice it might be very hard to carry out this framework for an arbitrary

spike detection algorithm. Thus, in the special case of spikes estimated by solving a variant of

the `0 optimization problem in (2.2), we provide an algorithm that can be used to efficiently

compute p-values and confidence intervals associated with these estimated spikes.
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The rest of this paper is organized as follows. In Section 2.2, we detail the null hypothesis

of interest, and develop a framework to test it for spikes estimated using any spike estimation

procedure, under model (2.1). We develop an efficient algorithm to compute the p-values

for spikes estimated via a variant of (2.2) in Section 2.3, and develop confidence intervals

in Section 2.4. We apply our proposal in a simulation study in Section 2.5, and to calcium

imaging data in Section 2.6. The discussion is in Section 2.7. Proofs and other technical

details are relegated to the Appendix.

Throughout this paper, upper case Y denotes a random variable, and lower case y denotes

a realization of Y . For a vector ν ∈ RT , ‖ν‖2 denotes its `2 norm, ν> its transpose, and

Π⊥ν the projection matrix onto its orthogonal complement, i.e., Π⊥ν = I − νν>

‖ν‖22
where I

denotes the identity matrix. We use N to denote the natural numbers and R to denote

the real numbers. The notation 1{·} and
d
= denote an indicator function and equality in

distribution, respectively.

2.2 Selective inference for spike detection

2.2.1 Defining the null hypothesis

We wish to test for an increase in calcium at τ̂j, an estimated spike time. With ν ∈ RT

defined as

νt =


−γ, t = τ̂j,

1, t = τ̂j + 1,

0, otherwise,

(2.5)

we can re-write (2.3) as

H0 : ν>c = 0 versus H1 : ν>c > 0. (2.6)

However, (2.5) only considers the two timepoints immediately before and after τ̂j, leaving

most data unused. In order to take advantage of a larger data window, we will generalize



11

the contrast vector ν under a simple assumption.

Assumption 1: There are no spikes within a window of ±h of τ̂j. In other words,

γhcτ̂j−h+1 = γh−1cτ̂j−h+2 = . . . = γcτ̂j and cτ̂j+1 = cτ̂j+2γ
−1 = . . . = γ−h+1cτ̂j+h.

Under Assumption 1, and treating τ̂j as fixed, the log likelihood of Yτ̂j−h+1, . . . , Yτ̂j is pro-

portional to
∑τ̂j

t=τ̂j−h+1

(
Yt − cτ̂jγt−τ̂j

)2
. Thus, the maximum likelihood estimator for cτ̂j is

ĉτ̂j = γ2−1
γ2−γ−2h+2

∑τ̂j
t=τ̂j−h+1 Ytγ

t−τ̂j . Similarly, using the h observations Yτ̂j+1, . . . , Yτ̂j+h, the

maximum likelihood estimator for cτ̂j+1 is ĉτ̂j+1 = γ2−1
γ2h−1

∑τ̂j+h
t=τ̂j+1 Ytγ

t−(τ̂j+1). This suggests

that we can test for an increase in calcium at τ̂j using (2.6) with ν defined as

νt =


− γ(γ2−1)
γ2−γ−2h+2γ

t−τ̂j , τ̂j − h+ 1 ≤ t ≤ τ̂j,

γ2−1
γ2h−1

γt−(τ̂j+1), τ̂j + 1 ≤ t ≤ τ̂j + h,

0, otherwise.

(2.7)

Details of the form of ν if τ̂j + h > T or τ̂j − h + 1 < 1, as well as a visualization of ν in

(2.7), are provided in Appendix A.2.

2.2.2 A selective test for H0 : ν>c = 0 versus H1 : ν>c > 0

Suppose that we test for an increase in calcium only at timepoints at which (i) we estimate a

spike; and (ii) there is an increase in fluorescence associated with this estimated spike. This

motivates the following p-value to test (2.6):

PH0

(
ν>Y ≥ ν>y

∣∣ τ̂j(y) ∈M(Y ), ν>Y > 0
)
, (2.8)

where M(Y ) is the set of spikes estimated from Y . Roughly speaking, this p-value answers

the question: Assuming that there is no true spike at τ̂j, what’s the probability of observing

such a large increase in fluorescence at τ̂j, given that we decided to test for a spike at τ̂j?

The p-value in (2.8) leads to a test that controls the selective Type I error [Fithian et al.,

2014], i.e., the probability of falsely rejecting the null hypothesis, given that the we decided
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to conduct the test. However, computing (2.8) is hard because the conditional distribution

of ν>Y given τ̂j(y) ∈ M(Y ) and ν>Y > 0 depends on the nuisance parameter Π⊥ν c, where

Π⊥ν = I−νν>/‖ν‖2
2 is the projection matrix onto the orthogonal complement of ν. Therefore,

to overcome the computational difficulty, we further condition on
{

Π⊥ν Y = Π⊥ν y
}

to eliminate

the dependence on the nuisance parameter, arriving at the p-value:

p = PH0

(
ν>Y ≥ ν>y

∣∣ τ̂j(y) ∈M(Y ), ν>Y > 0,Π⊥ν Y = Π⊥ν y
)
. (2.9)

Following arguments in Section 5 of Lee et al. [2016] and Section 3 of Fithian et al. [2014], the

test that rejects the null hypothesis in (2.6) when (2.9) is less than α controls the selective

Type I error at level α. This p-value is the focus of this paper.

Proposition 1. Suppose that Y ∼ N (c, σ2I). Then,

P
(
ν>Y ≥ ν>y

∣∣ τ̂j(y) ∈M(Y ), ν>Y > 0,Π⊥ν Y = Π⊥ν y
)

= P
(
φ ≥ ν>y

∣∣ τ̂j(y) ∈M(y′(φ)), φ > 0
)
,

(2.10)

for φ ∼ N
(
ν>c, σ2||ν||22

)
, where

y′(φ) = Π⊥ν y + φ · ν

||ν||22
= y +

(
φ− ν>y
||ν||22

)
ν. (2.11)

Furthermore, for p defined in (2.9), and φ0 ∼ N (0, σ2||ν||22),

p = P
(
φ0 ≥ ν>y

∣∣ τ̂j(y) ∈M(y′(φ0)), φ0 > 0
)
. (2.12)

It follows that to compute the p-value in (2.9), we must characterize the set

S = {φ : τ̂j ∈M(y′(φ))} . (2.13)

Of course, the practical details of computing the set (2.13) will depend on the function

M(·) that yields the estimated spikes. The task of characterizing the set (2.13) is the focus

of Section 2.3.
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(a) (b) (c)

(d)

Figure 2.2: Data generated according to (2.1), with T = 80, σ = 0.1, γ = 0.98, and one spike
at t = 40. Solving the `0 problem (2.14) with λ = 0.75 yields a single estimated spike at
t = 40. (a): We plot the original data, which corresponds to y′(φ) with φ = ν>y = 1.02,
where ν is constructed according to (2.7) with τ̂j = 40 and h = 40. The estimated calcium
concentration is displayed in blue. (b): The perturbed dataset y′(φ) with φ = 0 is shown.
Now there is no increase in calcium at t = 40 on y′(φ), and no spike is estimated. (c): The
perturbed dataset y′(φ) with φ = 2 is shown. There is now a very pronounced increase in
calcium at t = 40, and a spike is estimated. (d): The set of φ for which 40 ∈M(y′(φ)) and
φ > 0 is displayed in blue; other values of φ are in orange.

In (2.11), y′(φ) results from perturbing y by a function of φ along the direction defined

by ν. Elements of y that fall outside of the support of ν are not perturbed. Then, S in (2.13)

is the set of φ such that applying M(·) to the perturbed data y′(φ) results in an estimated

spike at τ̂j.

As an example, we generate data from (2.1) with T = 80, σ = 0.1, and γ = 0.98 with

a true spike at t = 40, and c41 − γc40 = 1. This results in φ = ν>y = 1.02. Solving the

optimization problem in (2.2) with λ = 0.75 results in a single estimated spike at t = 40,

which means that S = {φ : 40 ∈ M(y′(φ))}. The set-up is displayed in Figure 2.2(a). In

panel (b), we perturb the observed data with φ = 0. Now a spike is no longer estimated

at t = 40, so 0 /∈ S. In panel (c), we perturb the observed data with φ = 2 to exaggerate

the increase in fluorescence; now a spike is estimated at t = 40, so 2 ∈ S. In panel (d), we
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display the set S ∩ (0,+∞) = (0.29,+∞).

2.3 Computation of the selective p-value

Proposition 1 indicates that we can compute the p-value defined in (2.9) provided that we

are able to compute the set S defined in (2.13). In this section, we will show that S can be

efficiently computed for spikes estimated by solving a variant of the `0 optimization problem

in (2.2) that omits the positivity constraint ct − γct−1 ≥ 0: namely,

minimize
c1,...,cT≥0

{
1

2

T∑
t=1

(yt − ct)2 + λ
T∑
t=2

1{ct 6= γct−1}

}
. (2.14)

In Section 2.3.1, we briefly review the work of Jewell and Witten [2018] and Jewell et al.

[2019], who showed that the solution to (2.14) can be characterized through a recursion

involving piecewise quadratic functions. The rest of this section is quite technical. An

overview is as follows:

• In Section 2.3.2, we introduce functions C(φ) and C ′(φ) such that S = {φ : C(φ) ≤

C ′(φ)}.

• Then, in Section 2.3.3, we show that C(φ) and C ′(φ) are piecewise quadratic in φ.

• We can therefore apply approaches from Rigaill [2015] and Maidstone et al. [2017]

for efficient manipulation of piecewise quadratic functions, to efficiently compute {φ :

C(φ) ≤ C ′(φ)}, and in turn, S in (2.13).

2.3.1 An algorithm to solve (2.14)

Jewell and Witten [2018] noted that (2.14) is equivalent to a changepoint detection problem,

minimize
0=τ0<τ1<...<τk<τk+1=T,k


k∑
j=0

min
α≥0

1

2

τj+1∑
t=τj+1

(yt − αγt−τj+1)2

+ λk

 , (2.15)
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in the sense that {t : ĉt+1 − γĉt 6= 0} = {τ̂1, . . . , τ̂J}, where ĉ1, . . . , ĉT and τ̂1, . . . , τ̂J , J

are solutions to (2.14) and (2.15), respectively. Furthermore, let F (s) denote the optimal

objective of (2.15) for the first s data points y1:s = (y1, . . . , ys), and define

Cost(y1:s, α; γ) = min
0≤τ<s

{
F (τ) +

{
1

2

s∑
t=τ+1

(
yt − αγt−s

)2

}
+ λ

}
. (2.16)

In words, Cost(y1:s, α; γ) is the optimal cost of partitioning the data y1:s into exponentially

decaying regions with decay parameter γ, given that the calcium at the sth timepoint equals

α. It turns out that Cost(y1:s, α; γ) admits a recursion that can be solved efficiently, which

provides intuition for characterizing the set S in the next section.

Proposition 2 (Proposition 1 and Section 2.2.3 in Jewell et al. [2019]). For Cost(y1:s, α; γ)

defined in (2.16) and Cost(y1, α; γ) defined as 1
2
(y1 − α)2, the following recursion holds:

Cost(y1:s, α; γ) = min

{
Cost

(
y1:(s−1), α/γ; γ

)
,min
α′≥0

Cost
(
y1:(s−1), α

′; γ
)

+ λ

}
+

1

2
(ys − α)2, (2.17)

. Also, Cost(y1:s, α; γ) is a piecewise quadratic function of α.

In words, the recursion in (2.17) considers the following two possibilities: (i) there is no

spike at the (s − 1)th time point, in which case the calcium decays exponentially, and the

cost equals Cost
(
y1:(s−1), α/γ; γ

)
; (ii) there is a spike at the (s − 1)th time point, and the

cost equals the optimal cost up to s− 1, minα′≥0 Cost
(
y1:(s−1), α

′; γ
)
, plus the cost of placing

a changepoint, λ.

Building on Proposition 2, Jewell et al. [2019] made use of the recent literature on func-

tional pruning [Maidstone et al., 2017, Rigaill, 2015] to efficiently compute the cost functions

Cost(y1:s, α; γ), as a function of α, using clever manipulations of the piecewise quadratic func-

tions involved in the recursion (2.17). This approach has a worst-case complexity of O(s2),

and is often much faster in practice. Once the cost functions have been computed, it is

straightforward to identify the changepoints in (2.15), and, in turn, the spikes in (2.14).

Details are provided in Section 2.2 of Jewell et al. [2019].
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2.3.2 Characterizing S for spikes estimated using (2.14)

In what follows, we leverage ideas from Jewell et al. [2022] to develop an efficient algorithm to

analytically characterize (2.13), i.e., the set of values φ such that solving (2.14) on perturbed

data y′(φ) yields an estimated spike τ̂j. Throughout this section, we define y1:s = (y1, . . . , ys),

yT :s = (yT , . . . , ys), y
′
1:s(φ) = ([y′(φ)]1, . . . , [y

′(φ)]s), and y′T :s(φ) = ([y′(φ)]T , . . . , [y
′(φ)]s).

Let M(y) denote the spikes estimated by applying (2.14) to the data y. To begin, we

characterize the set S using the Cost(y1:s, α; γ) function defined in (2.16).

Proposition 3. Let {τ̂1, . . . , τ̂J} = {t : ĉt+1 − γĉt 6= 0} be the timesteps of the estimated

spikes from (2.14). For Cost(y1:s, α; γ) in (2.16), we have that

C(φ) = min
α≥0

{
Cost

(
y′1:τ̂j

(φ), α; γ
)}

+ min
α′≥0

{
Cost

(
y′T :(τ̂j+1)(φ), α′; 1/γ

)}
+ λ (2.18)

equals the objective of (2.15) applied to data y′(φ), subject to the constraint that τ̂j is an

estimated spike. Furthermore,

C ′(φ) = min
α≥0

{
Cost

(
y′1:τ̂j

(φ), α; γ
)

+ Cost
(
y′T :(τ̂j+1)(φ), γα; 1/γ

)}
(2.19)

equals the objective of (2.15) applied to data y′(φ), subject to the constraint that τ̂j is not

an estimated spike. Moreover, for S defined in (2.13),

S = {φ : C(φ) ≤ C ′(φ)} . (2.20)

Therefore, to characterize S in (2.13), it suffices to characterize C(φ) in (2.18) and C ′(φ)

in (2.19). To do this, we will leverage the toolkit from Jewell et al. [2022] to analytically

characterize Cost(y′1:s(φ), α; γ) as a function of both φ and α. While this is related to the task

of efficiently characterizing Cost(y1:s, α; γ) in terms of α in Section 2.3.1, it is substantially

more challenging, due to the presence of the additional parameter φ.
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2.3.3 Efficient computation of S via Cost(y′1:s(φ), α; γ)

While Proposition 2 cannot be directly applied to Cost(y′1:s(φ), α; γ), we can arrive at a very

similar result by adapting Theorem 2 from Jewell et al. [2022].

Proposition 4. For τ̂j − h+ 1 ≤ s ≤ τ̂j and y′(φ) defined in (3.12),

Cost(y′1:s(φ), α; γ) = min
f∈Cs

f(α, φ), (2.21)

where Cs is a collection of s− τ̂j +h+1 piecewise quadratic functions of α and φ constructed

with the initialization

Cτ̂j−h =
{

Cost(y′1:(τ̂j−h)(φ), α; γ)
}
, (2.22)

and the recursion

Cs =

 ⋃
f∈Cs−1

{
f(α/γ, φ) +

1

2
(y′s(φ)− α)2

}⋃{
gs(φ) +

1

2
(y′s(φ)− α)2

}
, (2.23)

where

gs(φ) = min
f∈Cs−1

min
α≥0

f(α, φ) + λ. (2.24)

Proposition 4 applies when τ̂j − h ≥ 1; Appendix A.6 details the extension for τ̂j − h <

1. Proposition 4 indicates that Cost(y′1:s(φ), α; γ) is in fact a bivariate piecewise quadratic

function of both φ and α (in contrast to a univariate piecewise quadratic function of α, as in

Cost(y1:s, α; γ)). Moreover, Cost(y′1:s(φ), α; γ) can be efficiently computed with the recursion

in (2.23).

To compute C(φ) in (2.18), we first use Proposition 4 to compute the collection Cτ̂j
such that Cost

(
y′1:τ̂j

(φ), α; γ
)

= minf∈Cτ̂j f(α, φ). Using a slight modification of Proposi-

tion 4 (see Proposition 18 in Appendix A.5), we also compute the collection C̃τ̂j+1 such that
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Cost
(
y′T :(τ̂j+1)(φ), α′; 1/γ

)
= minf∈C̃τ̂j+1

f(α′, φ). Then, we have that

C(φ)
a.
= min

α≥0

{
min
f∈Cτ̂j

f(α, φ)

}
+ min

α′≥0

{
min

f∈C̃τ̂j+1

f(α′, φ)

}
+ λ

b.
= min

f∈Cτ̂j

{
min
α≥0

f(α, φ)

}
+ min

f∈C̃τ̂j+1

{
min
α′≥0

f(α′, φ)

}
+ λ.

(2.25)

Here, a. follows from combining the definition of C(φ) in (2.18) with the expression for

Cost(y′1:s(φ), α; γ) in (2.21) and the expression for Cost(y′T :s(φ), α; 1/γ) in Appendix A.5; b.

follows from changing the order of minimizations. Furthermore, since Proposition 4 states

that the functions in Cτ̂j are piecewise quadratic in φ and α, it follows that minα≥0 f(α, φ) is

a piecewise quadratic function of φ only. A similar result in Appendix A.5 guarantees that

the functions in C̃τ̂j+1 are piecewise quadratic in φ and α; therefore, for each f ∈ C̃τ̂j+1, we

have that minα′≥0 f(α′, φ) is piecewise quadratic in φ. Because minimization and summation

over piecewise quadratic functions yields a piecewise quadratic function, it follows that C(φ)

is piecewise quadratic in φ.

We now consider computing C ′(φ) in (2.19). Plugging in the expressions for Cost(y′1:s(φ), α; γ)

in (2.21) and Cost(y′T :s(φ), α; 1/γ) in Appendix A.5 into (2.19), we have

C ′(φ) = min
α≥0

{
min
f∈Cτ̂j

f(α, φ) + min
f∈C̃τ̂j+1

f(γα, φ)

}

= min
α≥0

{
min

f∈Cτ̂j ,f̃∈C̃τ̂j+1

{
f(α, φ) + f̃(γα, φ)

}}

= min
f∈Cτ̂j ,f̃∈C̃τ̂j+1

{
min
α≥0

{
f(α, φ) + f̃(γα, φ)

}}
.

(2.26)

By Proposition 4 and Appendix A.5, both f(α, φ) and f̃(γα, φ) are piecewise quadratic in

α and φ, which implies that minα≥0

{
f(α, φ) + f̃(γα, φ)

}
is a piecewise quadratic function

of φ. Therefore, C ′(φ) is the minimum over a set of piecewise quadratic functions of φ, and

thus is itself piecewise quadratic in φ.
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Finally, since both C(φ) and C ′(φ) are piecewise quadratic in φ, we can apply ideas

from the functional pruning literature to compute the set S = {φ : C(φ) ≤ C ′(φ)} efficiently

[Maidstone et al., 2017, Rigaill, 2015]. The procedure and computation time are summarized

in Algorithm 2 (see Appendix A.7) and Proposition 5, respectively.

Proposition 5. Once Cost
(
y1:(τ̂j−h), α; γ

)
and Cost

(
yT :(τ̂j+h+1), α; 1/γ

)
have been computed,

Algorithm 2 can be performed in O(h2) operations.

The worst-case complexity of computing Cost
(
y1:(τ̂j−h), α; γ

)
and Cost

(
yT :(τ̂j+h+1), α; 1/γ

)
isO(T 2), but it is often much faster in practice [Jewell et al., 2019]. Furthermore, Cost(y1:(τ̂j−h), α; γ)

was already computed to solve (2.14). Therefore, estimating J changepoints via (2.14)

and then computing their corresponding p-values has a worst-case computation time of

O(T 2 + Jh2), and is often much faster in practice. An empirical analysis of the timing

complexity of Algorithm 2 can be found in Appendix A.9. We walk through Algorithm 2 on

a small example in Appendix A.10.

2.4 Confidence intervals with correct selective coverage

We now construct a (1 − α) confidence interval for ν>c, the change in calcium associated

with an estimated spike τ̂j.

Proposition 6. Suppose that (2.1) holds, and let τ̂j denote a spike estimated by solving

(2.14). For a given value of α ∈ (0, 1), define functions θL(t) and θU(t) such that

F
S∩(0,∞)

θL(t),σ2||ν||22
(t) = 1− α

2
, F

S∩(0,∞)

θU (t),σ2||ν||22
(t) =

α

2
, (2.27)

where F
S∩(0,∞)

µ,σ2 (t) is the cumulative distribution function of a normal distribution with mean

µ and variance σ2, truncated to the set S ∩ (0,∞). Then [θL(ν>Y ), θU(ν>Y )] is a (1 − α)

confidence interval for ν>c, in the sense that

P
(
ν>c ∈

[
θL(ν>Y ), θU(ν>Y )

] ∣∣∣ τ̂j(y) ∈M(Y ), ν>Y > 0,Π⊥ν Y = Π⊥ν y
)

= 1− α. (2.28)
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Thus, the confidence interval guarantees coverage conditional on the selection procedure

[Fithian et al., 2014, Lee et al., 2016, Tibshirani et al., 2016]. Computing θL (and θU) in

(2.27) amounts to a root-finding problem, which can be solved, e.g., using bisection [Chen

and Bien, 2020].

2.5 Simulation study

Recall that our selective inference framework involves testing the null hypothesis of no in-

crease in calcium at timepoints for which the following two conditions hold: (i) this timepoint

was an estimated spike in the solution to (2.14); and (ii) ν>y > 0 for this particular time-

point. We let {τ̃1, . . . , τ̃M} denote the set of timepoints satisfying these two conditions, i.e.,

the set of timepoints to be tested using our selective inference approach. That is,

{τ̃1, . . . , τ̃M} =
{
τ̂1, . . . , τ̂J : ν>y > 0

}
, (2.29)

where {τ̂1, . . . , τ̂J} denotes the set of spikes estimated from (2.14). (2.29) slightly abuses

notation, since ν in (2.7) is a function of τ̂j. Therefore, the right-hand side of (2.29) should

be interpreted as the estimated spike times associated with an increase in fluorescence in a

window of ±h.

2.5.1 Selective Type I error control under the global null

We simulated y1, . . . , y10,000 according to (2.1) with γ = 0.98, σ = 0.2, and zt = 0 for all

t = 2, . . . , 10, 000. Thus, the null hypothesis H0 : ν>c = 0 holds for all contrast vectors ν

defined in (2.7), regardless of the timepoint being tested, and the value of h in (2.7).

We solved (2.14) with the tuning parameter λ selected to yield J = 100 estimated spikes;

thus, J = 100 in (2.29). Then, for each τ̂j, we constructed four contrast vectors ν, defined

in (2.7), corresponding to h ∈ {1, 2, 10, 20}. Then, provided that ν>y > 0, we computed the

selective p-values in (2.9) and the naive (Wald) p-values defined as

P
(
ν>Y ≥ ν>y

)
. (2.30)

The results, aggregated over 1,000 simulations, are displayed in Figure 2.3. Panels (a) and
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(b) display quantile-quantile plots of the naive and selective p-value quantiles versus the

Uniform(0,1) quantiles, respectively; we see that for all values of h, (i) the naive procedure

in (2.30) is anti-conservative; and (ii) the proposed selective test based on (2.9) controls the

selective Type I error.

2.5.2 Power and detection probability

Recall that we test H0 : ν>c = 0 only for timepoints in the set {τ̃1, . . . , τ̃M} defined in (2.29).

Therefore, we separately consider the conditional power of the proposed test [Hyun et al.,

2021, Jewell et al., 2022] and the detection probability of the spike estimation procedure.

Given a dataset y = (y1, . . . , yT ) with K true spikes τ1, . . . , τK , and recalling the definition

in (2.29), we define the conditional power to be the ratio between (i) the number of true

spikes for which the nearest null hypothesis among those tested (i.e., the set {τ̃1, . . . , τ̃M} in

(2.29)) is within b timepoints of the true spike and has a p-value less than α; and (ii) the

number of true spikes for which the nearest tested hypothesis falls within b timepoints:

Conditional power =

∑K
i=1 1

(
pm(i) ≤ α, |τi − τ̃m(i)| ≤ b

)∑K
i=1 1

(
|τi − τ̃m(i)| ≤ b

) , (2.31)

where m(i) = argminm|τi − τ̃m| indexes the timepoint to be tested that is closest to the

ith true spike time, and pm(i) is the corresponding p-value. Since (2.31) conditions on the

event that the closest tested timepoint τ̃m(i) is within b timepoints of the true spike time τi,

we also consider the detection probability, which tells us how often this event occurs:

Detection probability =

∑K
i=1 1

(
|τi − τ̃m(i)| ≤ b

)
K

. (2.32)

We evaluate the detection probability and conditional power on data generated from (2.1)

with T = 10, 000, γ = 0.98, zt
i.i.d.∼ Poisson(0.01) for all t = 2, . . . , T , and σ ∈ {1, 2, . . . , 10}.

In (2.14), λ is chosen to yield J = 100 estimated spikes, i.e., J = 100 in (2.29); this is

the expected number of spikes in this simulation. We generate 500 datasets, and consider
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(a) (b)

(c) (d)

Figure 2.3: (a): Quantile-quantile plot for the naive p-values defined in (2.30), which have
inflated selective Type I error. (b): Quantile-quantile plot for p-values from our proposed
selective test in (2.9), which controls selective Type I error. (c): Under the model (2.1),
detection probability (2.32) is an increasing function of 1/σ. (d): Conditional power (2.31)
increases as a function of 1/σ for all h. For a given value of σ, a larger value of h corresponds
to higher conditional power, with the caveat that the meaning of the null hypothesis in (2.6)
changes as a function of h, and the null hypothesis that holds for a smaller h might not hold
for a larger value of h. The constant h appears in the definition of ν in (2.7).
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h ∈ {1, 2, 10, 20} in (2.7). Results with α = 0.05 and b = 2 are displayed in Figure 2.3.

Panels (c) and (d) display the detection probability and conditional power, respectively.

Both quantities increase as 1/σ increases. Interpreting the relationship between conditional

power and h requires more care: larger values of h typically give rise to higher conditional

power for the same value of σ. However, the null hypothesis in (2.6) changes as a function of

h, and it may be the case that H0 holds for a smaller value of h, but not for a larger value.

2.5.3 Confidence interval coverage and width

We now generate data from (2.1) with T = 10, 000, γ = 0.98, zt
i.i.d.∼ Poisson(0.01) for

t = 2, . . . , T , and σ ∈ {1, 2, . . . , 6}. The tuning parameter λ in (2.14) is chosen to yield

J = 100 estimated spikes, i.e., J = 100 in (2.29). For each timepoint τ̃m in (2.29), we

construct 95% selective confidence intervals
[
θL
(
ν>y

)
, θU
(
ν>y

)]
for the parameter ν>c, with

h ∈ {1, 2, 10, 20}. As a comparison, we also construct 95% confidence intervals for ν>c

based on the naive p-value (2.30), which do not account for the fact that we decided to test

H0 : ν>c = 0 after looking at the data:

[
ν>y − 1.96σ||ν||2, ν>y + 1.96σ||ν||2

]
. (2.33)

Suppose that we construct M confidence intervals (see (2.29) for the definition of M), we

define their coverage, average width, and average midpoint relative to the value of ν>y, as

follows:

Coverage =
1

M

M∑
m=1

1
(
ν>c ∈

[
θL
(
ν>y

)
, θU
(
ν>y

)])
, (2.34)

Width =
1

M

M∑
m=1

(
θU
(
ν>y

)
− θL

(
ν>y

))
, (2.35)

Midpoint =
1

M

M∑
m=1

(
θL
(
ν>y

)
+ θU

(
ν>y

)
2

− ν>y

)
. (2.36)
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There is a slight abuse of notation in (2.34)–(2.36), since ν is a function of τ̃m (see (2.7)).

Panels (a) and (b) of Figure 2.4 display the coverage of the selective and naive confidence

intervals, respectively. The selective intervals achieve the nominal 95% coverage of the pa-

rameter ν>c across all values of σ and h. The naive intervals have poor coverage when 1/σ

is small. As 1/σ increases, however, the coverage of the naive approach improves. This is

because when 1/σ is very large (and hence σ is very small), the spikes estimated by solving

the `0 problem (2.14) do not change much as a function of φ, and thus the truncation set

{φ : τ̂j ∈ M(y′(φ))} in (2.13) is very large; this means that ignoring this conditioning set

has little effect on the confidence interval computed. A similar observation was made for the

lasso in Zhao et al. [2021].

Figure 2.4(c) investigates the average width of the naive and selective confidence intervals

as a function of σ, for h = 1. Selective intervals are much wider, on average. But the

difference in width diminishes as 1/σ increases. This is congruent with our observations in

panel (b): selective intervals can be well-approximated by naive intervals when 1/σ is large.

To understand how selective intervals achieve the nominal coverage, we plot the average

midpoint of the selective intervals, after subtracting out ν>y, in panel (d). If a confidence

interval is symmetric around ν>y (as is the case for the naive interval in (2.33)), then this

value equals zero. A positive value indicates that the interval is shifted upwards relative

to ν>y, and a negative value indicates the opposite. We see that for all values of h and σ,

the selective intervals have a negative value of the midpoint after subtracting out ν>y. This

indicates that the selective approach provides an interval that is centered below the observed

value of ν>y.

Throughout this section, we have assumed that σ2 in (2.1) is known. However, if it is

unknown, we propose to use σ̂2 = 1
T−1

∑T
t=1 (yt − ĉt)2 as an estimator for σ2 in evaluating

the p-value in (2.9), where ĉt is the solution to (2.14). In Appendix A.13, we demonstrate

that this estimator leads to adequate selective Type I error control and substantial power in

a simulation study.
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(a) (b)

(c) (d)

Figure 2.4: (a): Selective confidence intervals achieve correct nominal coverage (95% cov-
erage at level α = 0.05) across all values of h (defined in (2.7)) and σ (defined in (2.1)).
The mean (and standard deviation) over 500 simulated datasets are displayed. (b): Naive
confidence intervals have poor coverage when 1/σ is small, for all values of h. (c): For h = 1,
selective confidence intervals are on average wider than naive intervals, but the difference
decreases as 1/σ increases. (d): The midpoint of the selective confidence interval is, on
average, smaller than ν>y.
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2.6 Application to calcium imaging data

2.6.1 Overview of data and analysis plan

Here we examine data aggregated as part of the spikefinder challenge [Theis et al., 2016].

The data consist of simultaneous electrophysiology and calcium recordings for a number of

neurons. We consider the spike times recorded through electrophysiology to be the true, or

“ground truth”, spike times, against which we assess the accuracy of the spikes estimated

via calcium imaging [Berens et al., 2018, Theis et al., 2016]. The calcium recordings have

been resampled to 100 Hz, and linear trends removed, as described in Theis et al. [2016].

As in prior work [Jewell et al., 2019, Pachitariu et al., 2018], we set the value of γ in

(2.14) based on known properties of the calcium indicators (0.986 for GCamp6f and 0.995

for GCamp6s). In settings where the properties of the calcium indicators are unknown, we

can leverage a proposal from Fleming et al. [2021] for estimating γ. Since the calcium has a

nonzero baseline, we solve a slight modification of (2.14):

minimize
c1,...,cT≥0,β0

{
1

2

T∑
t=1

(yt − ct − β0)2 + λ
T∑
t=2

1{ct 6= γct−1}

}
. (2.37)

We first computed the average firing rates for data from Chen et al. [2013], which are 0.53

and 0.42 spikes per second for GCamp6f and GCamp6s recordings, respectively. For each

recording, we solved (2.37) over a two-dimensional grid of (λ, β0) values on the first 25% of

the recording, and considered only the 20 pairs that yield an estimated average firing rate

closest to the average firing rate of the corresponding calcium indicator. Among the 20 pairs,

we then chose the (λ, β0) pair that results in the smallest objective in (2.37) on the first 25%

of the recording.

We quantify the accuracy of the estimated spikes resulting from (2.37) by comparing them

to the ground truth spikes recorded using electrophysiology on the remaining 75% of each

recording, using two widely-used metrics: (i) The correlation between the true and estimated

spikes, after downsampling to 25 Hz, as described in Theis et al. [2016]. Larger values of
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the correlation suggest better agreement between the true and estimated spikes. (ii) The

Victor-Purpura distance between the true and estimated spikes, with cost parameter 10, as

proposed in Victor and Purpura [1996, 1997]. Smaller values of the Victor-Purpura distance

suggest better agreement between the true and estimated spikes.

We also quantify the accuracy of the subset of estimated spikes from (2.37) for which

the p-values in (2.9) are below 0.05. As before, we computed the p-value (2.9) only on the

estimated spikes for which ν>y > 0. For each recording, we used σ̂2 =
∑T

t=1 (yt − ĉt)2 /(T−1)

to estimate the variance parameter σ2, where ĉt is the solution to (2.37). We used h = 20

in (2.7); this choice is motivated by the half decay times of the calcium indicators used in

Chen et al. [2013], which are approximately 150 ms and 250 ms for GCamp6f and GCamp6s,

respectively. Results for other values of h, as well as diagnostics to model (2.1), are in

Section A.12 of the Appendix.

2.6.2 Results for a single cell

In Figure 2.5, we display results for a single cell: recording 29 of dataset 7 from the

spikefinder challenge. Each panel displays the following quantities, at varying levels of

zoom: (i) the fluorescence trace (grey dots); (ii) the estimated spikes from (2.37) (orange

ticks); (iii) the estimated spikes from (2.37) for which the p-values from (2.9) with h = 20

are below 0.05 (blue ticks); and (iv) the true spikes (black ticks).

We see that the estimated spikes with p-values less than 0.05 match very closely with

the true spikes. For example, (2.37) estimates spikes near 79.3, 83.0, 89.1, and 92.9 seconds.

None of these correspond to a true spike, and none have a p-value less than 0.05. Thus, the

spikes with p-values above 0.05 appear to be false positives. By contrast, those with p-values

below 0.05 are mostly true positives. The quantitative measures defined in Section 2.6.1

further indicate that considering only spikes with p-values below 0.05 increases accuracy:

the correlations between the true spikes and the estimated spikes including and excluding

p-values below 0.05 are 0.54 and 0.62, respectively, and the Victor-Purpura distances are 278

and 244, respectively.
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Figure 2.5: Illustrative example for recording 29 from Chen et al. [2013], which uses the
GCaMP6f indicator, after preprocessing as described in Theis et al. [2016]. The cell’s fluo-
rescence trace is displayed in grey. Estimated spikes from (2.37) are displayed in orange; the
spikes with p-values from (2.9) below 0.05 (with h = 20) are displayed in blue; and the true
spike times are shown in black.

2.6.3 Results for recordings in Chen et al. [2013]

We now examine datasets 7 and 8 of the spikefinder challenge. Their original source is

Chen et al. [2013]. The data consist of 58 recordings; each is approximately 230 seconds long.
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Figure 2.6 displays the accuracy — relative to the ground truth spikes obtained via

electrophysiology — of the spikes estimated via (2.37) (in orange), along with the subset

of those spikes for which the p-value is below 0.05 (in blue). Accuracy is measured using

Victor-Purpura distance and correlation. We find that the spikes from (2.37) with p-values

below 0.05 are more accurate than the full set of spikes from (2.37). These results are based

on h = 20 in (2.9). Results for h = 5 and h = 50 are similar; see Figures A.3 and A.4 in

Section A.12 of the Appendix.

(a)

(b)

Figure 2.6: Result for recordings from the Chen et al. [2013] dataset. (a): The correlations
between the true spike times and the spikes estimated from (2.37) are plotted in orange.
The correlations between the true spike times and the subset of the spikes from (2.37) with
p-value (2.9) below 0.05 are plotted in blue. For each recording, the black line represents the
2.5% and 97.5% quantiles of the resampling distribution with 1,000 samples. (b): As in (a),
but Victor-Purpura distance is displayed instead of correlation.



30

It is natural to wonder whether retaining only estimated spikes with p-values below 0.05

improves the correlation and Victor-Purpura distance merely as a byproduct of reducing

the number of estimated spikes, rather than due to the high quality of the estimated spikes

with p-values below 0.05. We assess this using a resampling approach. Let M denote the

number of spikes for which p-values are computed, and let M̃ denote the number that are

below 0.05. We sample M̃ out of M estimated spike times for which p-values are computed

without replacement, and compute the correlation and Victor-Purpura distance between the

true spike times and the sampled subset. We do this 1,000 times, and record the 2.5% and

97.5% quantiles of the accuracy measures obtained. These are shown as the endpoints of the

black lines displayed in Figure 2.6. We see that even after taking into account the effect of

a smaller number of estimated spikes, excluding spikes with p-values greater than 0.05 still

provides improved accuracy, measured using either correlation (56 out of 58 recordings) or

Victor-Purpura distance (51 out of 58 recordings).

2.7 Discussion

Methods developed in this paper are implemented in the R package SpikeInference, avail-

able at https://github.com/yiqunchen/SpikeInference. We provide a tutorial for the

package at https://yiqunchen.github.io/SpikeInference/. Code for reproducing the

results in this paper can be found at https://github.com/yiqunchen/SpikeInference-experiments.

Our work leads to a few future directions of research.

2.7.1 Alternative conditioning sets and contrast vectors for testing (2.6)

Instead of conditioning on the jth estimated spike τ̂j to obtain the p-value in (2.9), we could

instead condition on τ̂j and its immediate neighbors, τ̂j−1 and τ̂j+1. This would allows us to

https://github.com/yiqunchen/SpikeInference
https://yiqunchen.github.io/SpikeInference/
https://github.com/yiqunchen/SpikeInference-experiments
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define the contrast vector ν as

νt =


− γ(γ2−1)

γ2−γ2(τ̂j−1−τ̂j)
· γt−τ̂j , τ̂j−1 + 1 ≤ t ≤ τ̂j

γ2−1

γ2(τ̂j+1−τ̂j)−1
· γt−(τ̂j+1), τ̂j + 1 ≤ t ≤ τ̂j+1

0, otherwise,

leading to a p-value given by P
(
φ ≥ ν>y

∣∣ {τ̂j−1, τ̂j, τ̂j+1} ⊆ M(y′(φ)), φ > 0
)
, where φ ∼

N (0, σ2||ν||22). This approach eliminates the need to specify a window size h, and instead

chooses the window size adaptively. Computing this new p-value requires only minor modifi-

cations of the results in Section 2.3, using ideas from Jewell et al. [2022]; we leave the details

to future work.

As an alternative, we could keep the conditioning set in (2.9), but define a contrast vector

ν that uses different numbers of timepoints to the left and right of τ̂j (in contrast to (2.7)).

2.7.2 Selective inference for other spike detection methods

In this paper, we considered selective inference on spikes estimated via the `0 problem in

(2.14). However, another line of research [Friedrich and Paninski, 2016, Friedrich et al., 2017,

Vogelstein et al., 2010] involves estimating spikes via an `1-penalized approach:

minimize
c1,...,cT≥0;z1,...,zT

{
1

2

T∑
t=1

(yt − ct)2 + λ
T∑
t=2

|zt|

}
subject to zt = ct − γct−1 ≥ 0. (2.38)

Spikes are estimated at timepoints for which ĉt 6= γĉt−1. To conduct inference on these

estimated spikes, we could leverage the framework in Section 2.2.2, along with recent de-

velopments in selective inference for the lasso and related problems [Hyun et al., 2021, Lee

et al., 2016].
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2.7.3 Propagating uncertainty to downstream data analysis

This article focused on quantifying the uncertainty associated with ν>c, the change in calcium

associated with an estimated spike. It is also of interest to propagate this uncertainty to

downstream analyses, such as the neural decoding model [Pillow et al., 2011, Ventura, 2008].

This model is similar to (2.1) with zt
i.i.d.∼ Poisson(f(θt)) for a function f ; the goal is to

estimate the coefficients θt. We could leverage the framework proposed in Wei et al. [2019]

to propagate uncertainty of estimating ν>c to θt.
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Chapter 3

MORE POWERFUL SELECTIVE INFERENCE FOR THE
GRAPH FUSED LASSO

3.1 Introduction

We consider a vector Y ∈ Rn, assumed to be a noisy realization of a signal β ∈ Rn,

Yj = βj + εj, εj
i.i.d.∼ N (0, σ2), j = 1, . . . , n, (3.1)

with known variance σ2. We assume that β has some underlying structure of interest. For

instance, β might be sparse, with few non-zero elements, or piecewise constant, meaning that

the elements of β are ordered, and adjacent elements tend to take on equal values.

It is natural to estimate β by solving the optimization problem

β̂ = argminβ∈Rn

{
1

2
‖y − β‖2

2 + λ‖Dβ‖1

}
, (3.2)

where D is an m×n penalty matrix that encodes the structure of β. Problem (3.2) is a special

case of the generalized lasso with an identity design matrix [Arnold and Tibshirani, 2016,

Hastie et al., 2015, Tibshirani and Taylor, 2011]. While the ideas in this chapter apply for a

general design matrix, we make use of an identity design matrix to simplify the discussion.

Many well-known regression problems involving `1 penalties can be viewed as special cases

of the generalized lasso; examples include the lasso [Tibshirani, 1996], the fused lasso signal

approximator [Friedman et al., 2007, Rinaldo, 2009, Tibshirani et al., 2005], the graph fused

lasso [Hastie et al., 2015, Tibshirani and Taylor, 2011], and trend filtering [Kim et al., 2009,

Tibshirani, 2014].

Despite the abundant literature on algorithms for computing β̂ in (3.2) [Arnold and Tib-
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shirani, 2016, Friedman et al., 2007, Johnson, 2013, Ramdas and Tibshirani, 2016, Tibshirani

and Taylor, 2011, Xin et al., 2014, Zhu, 2017] and on its theoretical properties [Harchaoui

and Lévy-Leduc, 2010, Rinaldo, 2009, Sadhanala et al., 2016, Tibshirani and Taylor, 2011],

the topic of inference for the generalized lasso remains less developed. In this work, we focus

on testing a null hypothesis that was determined after observing β̂ in (3.2).

More precisely, suppose that we perform the graph fused lasso, a special case of (3.2),

β̂ = argminβ∈Rn

1

2
‖y − β‖2

2 + λ
∑

(j,j′)∈E

|βj − βj′ |

 , (3.3)

where G = (V,E) is an undirected graph, V = {1, . . . , n}, and (j, j′) ∈ E indicates that the

jth and j′th vertices in the graph are connected by an edge [Tibshirani and Taylor, 2011].

For sufficiently large values of the non-negative tuning parameter λ, we will have β̂j = β̂j′ for

some (j, j′) ∈ E. We can segment β̂ into connected components — that is, sets of elements

of β̂ that are connected in the original graph and share a common value. We might then

consider testing the null hypothesis that the true mean of β is the same across two estimated

connected components, i.e.,

H0 :
∑
j∈Ĉ1

βj/|Ĉ1| =
∑
j′∈Ĉ2

βj′/|Ĉ2| versus H1 :
∑
j∈Ĉ1

βj/|Ĉ1| 6=
∑
j′∈Ĉ2

βj′/|Ĉ2|, (3.4)

where Ĉ1 ⊆ V and Ĉ2 ⊆ V are connected components of β̂, with cardinality |Ĉ1| and |Ĉ2|,

and Ĉ1 ∩ Ĉ2 = ∅. This is equivalent to testing H0 : ν>β = 0 versus H1 : ν>β 6= 0, where

νj = 1
{
j ∈ Ĉ1

}
/|Ĉ1| − 1

{
j ∈ Ĉ2

}
/|Ĉ2|, j = 1, . . . , n. (3.5)

Here, H0 is chosen based on the data, i.e., we selected the contrast vector ν in (3.5) because

Ĉ1 and Ĉ2 are estimated connected components. We focus on developing a test of H0 that

controls the selective Type I error [Fithian et al., 2014], i.e., one for which the probability of
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rejecting H0 at level α, given that H0 holds and we decided to test it, is no greater than α:

PH0(reject H0 at level α | H0 is tested) ≤ α, ∀α ∈ (0, 1). (3.6)

It is not hard to see that a standard two-sample z-test of H0 : ν>β = 0, with p-value

PH0

(
|ν>Y | ≥ |ν>y|

)
, fails to account for the fact that we decided to test H0 after looking

at the data, and therefore does not control the selective Type I error rate (3.6). To address

this problem, Hyun et al. [2018] propose an elegant approach for testing H0 : ν>β = 0

that makes use of the selective inference framework developed by Lee et al. [2016], Fithian

et al. [2014], and Tibshirani et al. [2016]. Their key insight is as follows: the set of Y that

yields a particular output for the first K steps of the dual path algorithm for solving (3.2)

is a polyhedron, of the form {Y : AY ≥ 0}, for a matrix A that can be explicitly computed.

Thus, conditional on Y belonging to this polyhedral set, the linear contrast ν>Y follows a

truncated normal distribution, with parameters that are a function of A, σ2, and ν, for any

ν that is based on the output of (3.2). It is thus possible to compute valid p-values for the

null hypothesis in (3.4) in the sense of (3.6), by conditioning on the outputs from the first K

steps of the dual path algorithm.

Our work relies on a simple observation: the proposal considered in Hyun et al. [2018]

involves conditioning on much more information than is used to construct the contrast vector

ν in (3.5). As pointed out by Fithian et al. [2014] and Liu et al. [2018], conditioning on

unnecessary information leads to reduced power. In this chapter, we make use of recent

ideas from Jewell et al. [2022] to develop a computationally-efficient test of H0 : ν>β = 0

that conditions on substantially less information than Hyun et al. [2018], thereby obtaining

much higher power while still guaranteeing valid inference in the sense of (4.5).

While this chapter was in preparation, Le Duy and Takeuchi [2021] independently de-

veloped a test of H0 : ν>β = 0 that has higher power than Hyun et al. [2018]. Compared

to that paper, our proposal (i) conditions on less unnecessary information; (ii) enjoys better

numerical stability; and (iii) leads to more interpretable p-values. Detailed discussion and
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experimental results are provided in Appendix B.13.

The rest of this chapter is organized as follows. In Section 3.2, we briefly review the dual

path algorithm for solving (3.2), and the existing proposals for selective inference for this

problem. In Section 3.3, we introduce our selective inference procedure, which provides a

computationally-efficient approach to condition on less information than Hyun et al. [2018].

Section 3.4 outlines some extensions, and Section 3.5 compares the performance of our pro-

posal to that of Hyun et al. [2018] in simulation. A real data application is in Section 3.6,

and a discussion of future work is in Section 3.7. Proofs and other technical details are

relegated to the Appendix.

Throughout this chapter, we will use the following notational conventions. The ith row

of a matrix A is denoted Ai. Given a set S of positive integers, AS is the submatrix with

rows in S, A−S is the submatrix with rows not in S, and |S| is the cardinality of the set

S. For a vector ν ∈ Rn, ||ν||1, ||ν||2, and ||ν||∞ denote its `1, `2, and `∞ norms, respectively.

In addition, Π⊥ν denotes the projection matrix onto the orthogonal complement of ν, i.e.,

Π⊥ν = In − νν>

||ν||22
, where In is the n-dimensional identity matrix. We use 1(·) to denote the

indicator function. For a positive integer m, we define [m] = {1, 2, . . . ,m}.

3.2 Background on the generalized lasso

In this section, we review the selective inference framework of Hyun et al. [2018] for testing

hypotheses based upon the generalized lasso estimator (3.2), which includes the graph fused

lasso as a special case. Their framework relies on the dual path algorithm of Tibshirani and

Taylor [2011] for solving (3.2). Thus, we begin with a very brief overview of that algorithm.

3.2.1 The dual problem, and the dual path algorithm

Tibshirani and Taylor [2011] develop an efficient path algorithm for solving the dual problem

for (3.2), which takes the form

û(λ) = argmin
u∈Rm

∥∥y −D>u∥∥2

2
subject to ‖u‖∞ ≤ λ, (3.7)
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and is related to (3.2) through the identity β̂(λ) = y−D>û(λ), where the notation β̂(λ) and

û(λ) makes explicit that β̂ and û are functions of λ. This dual path algorithm is detailed in

Appendix B.1. While the details of the algorithm are not important for the current paper,

we briefly summarize the main idea. The algorithm begins with λ =∞, and then proceeds

through a series of steps, corresponding to decreasing values of λ. The kth step involves

computing a boundary set Bk ⊆ [m], which consists of the subset of indices of the vector u

for which the inequality constraint in (3.7) is tight. The signs of the elements of u associated

with this boundary set, sBk , are also computed. These quantities satisfy

β̂(λ) = PNull(D−Bk )

(
y − λ ·D>BksBk

)
(3.8)

for a range of λ values corresponding to the kth step [Tibshirani and Taylor, 2011]. In (3.8),

DBk and D−Bk correspond to the submatrices of D with rows in Bk and not in Bk, respec-

tively, and PNull(D−Bk ) is the projection matrix onto the null space of D−Bk . To summarize,

(3.8) indicates that β̂(λ) can be computed from (Bk, sBk), for an appropriate range of λ

values.

The next proposition considers the special case of the graph fused lasso problem (3.3).

Proposition 7. Let Bk denote the boundary set that results from the kth step of the dual

path algorithm for (3.3), and let β̂ denote the solution to (3.3). Let G−Bk denote the subgraph

of G with edges in the boundary set Bk removed, and let C1, . . . , CL denote the L connected

components of G−Bk . Then, under (3.1), with probability 1, β̂j = β̂j′ if and only if j, j′ ∈ Cl
for some l ∈ [L].

We close with a brief summary of the main points in this section:

• For the generalized lasso (3.2), β̂ can be computed from λ and (Bk, sBk) from the dual

path algorithm.

• In the special case of the graph fused lasso (3.3), the connected components of β̂ can

be computed from Bk from the dual path algorithm.
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3.2.2 Existing work on selective inference for the generalized lasso

The main idea behind selective inference is as follows: when testing a null hypothesis that

is a function of the data, to control the selective Type I error in the sense of (3.6), we must

condition on the information used to construct that null hypothesis [Fithian et al., 2014,

Lee et al., 2016, Tibshirani et al., 2016]. In particular, to test a null hypothesis of the form

H0 : ν>β = 0 where ν is a function of the data, we must condition on the information used

to construct ν.

In a recent elegant line of work, a number of authors have shown that the model selection

events of several well-known model selection procedures, including the lasso [Lee et al.,

2016], stepwise regression [Loftus and Taylor, 2014, Tibshirani et al., 2016], and marginal

screening [Reid et al., 2017], can be written as polyhedral constraints on Y . More precisely,

conditioning on the selected model (and in some cases, additional information) is equivalent

to conditioning on a polyhedral set {Y : AY ≤ b}, where the matrix A and the vector b can

be explicitly computed. Thus, we can test null hypotheses that are a function of the selected

model by considering the null distribution of Y truncated to a polyhedral set.

Recently, Hyun et al. [2018] extended this line of work to develop an approach for selective

inference for the generalized lasso (3.2). Their key insight is as follows:

The set of Y that leads to a specified output for the first K steps of the dual path

algorithm for (3.2) is a polyhedron, i.e., {Y : AY ≤ 0}, for a matrix A that can

be explicitly computed.

Proposition 8 details this result.

Proposition 8 (Proposition 3.1 in Hyun et al. [2018]). Consider solving (3.2) using the dual

path algorithm for y ∈ Rn. For the kth step, k = 1, . . . , K, define

Mk(y) ≡ (Bk(y), sBk(y), Rk(y), Lk(y)) (3.9)

where the boundary set Bk(y) and the sign vector of the boundary set sBk(y) are defined in
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Algorithm 3 (see Appendix B.1), and Rk+1(y) = (sign(ai) : i /∈ Bk(y)) and Lk+1(y) = {i : i ∈

Bk(y), ci < 0, di < 0}, for ai, ci, and di specified in Algorithm 3.

Then the set
{
Y ∈ Rn :

⋂K
k=1 {Mk(Y ) = Mk(y)}

}
is of the form {Y : AY ≤ 0} for some

matrix A that can be constructed explicitly based on M1(y), . . . ,MK(y).

Motivated by this result, Hyun et al. [2018] proposed to test H0 : ν>β = 0, where ν is a

function of the generalized lasso estimator, via a p-value of the form

pHyun ≡ PH0

(
|ν>Y | ≥ |ν>y|

∣∣∣∣∣
K⋂
k=1

{Mk(Y ) = Mk(y)} ,Π⊥ν Y = Π⊥ν y

)
. (3.10)

In words, pHyun answers the following question:

Assuming that there is no difference between the population means of Ĉ1 and

Ĉ2, then what’s the probability of observing such a large difference in the sample

means of Ĉ1 and Ĉ2, given that the first K steps of the dual path algorithm yield

the same results as on the observed data?

In (3.10), conditioning on Π⊥ν Y eliminates the nuisance parameter Π⊥ν β; see Section 3.1 of

Fithian et al. [2014]. Now, under (3.1), the conditional distribution of ν>Y is normal with

mean zero and variance σ2||ν||22, truncated to a set that can be characterized and efficiently

computed using Proposition 8. This yields the p-value in (3.10). Furthermore, unlike the

z-test based on the naive p-value PH0

(
|ν>Y | ≥ |ν>y|

)
, a test that rejects H0 when the p-value

in (3.10) is less than some level α controls the selective Type I error rate, as in (3.6).

We emphasize that the p-value in (3.10) conditions on the event
⋂K
k=1 {Mk(Y ) = Mk(y)};

that is, on all of the outputs of the first K steps of the dual path algorithm (rather than

simply the Kth step). However, typically the contrast vector ν in H0 : ν>β = 0 is constructed

using only (at most) the output of the Kth step in the dual path algorithm. In what follows,

we will consider conditioning on much less information than (3.10). This will result in a

test that controls the selective Type I error in the sense of (3.6), and that has substantially

higher power under the alternative.
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3.3 Proposed approach

3.3.1 What should we condition on?

To control the selective Type I error in (3.6), we must condition on the aspect of the data that

led us to test the specific null hypothesis H0 : ν>β = 0 [Fithian et al., 2014, Hyun et al., 2018].

If a data analyst wishes to choose the contrast vector ν in the null hypothesisH0 : ν>β = 0

by inspecting the elements of β̂ resulting from the Kth step of the dual algorithm of the gen-

eralized lasso problem (3.2), then there is no reason to condition on
⋂K−1
k=1 {Mk(Y ) = Mk(y)}

(as was done by Hyun et al. [2018]), since the outputs of the first K − 1 steps of the dual

path algorithm are not considered in constructing ν. In fact, according to (3.8), which states

that BK and sBK uniquely determine β̂, the data analyst need only condition on BK and

sBK , rather than on MK = (BK , sBK , RK , LK).

Furthermore, the data analyst might construct the contrast vector ν in H0 : ν>β = 0 to

take on a constant value within each connected component of β̂, as in (3.4) and (3.5). Recall

from Proposition 7 that the connected components of β̂ are equivalent to the connected

components of the subgraph G−BK . Therefore, it suffices to condition only on the connected

components of the subgraph G−BK , or even on just the pair of connected components under

investigation in (3.4).

What is the disadvantage of conditioning on
⋂K
k=1 {Mk(Y ) = Mk(y)}, as in Hyun et al.

[2018]? Conditioning on too much information leads to a loss of power [Fithian et al., 2014,

Jewell et al., 2022, Lee et al., 2016, Liu et al., 2018]. We wish to condition on less information

to achieve higher power than Hyun et al. [2018], while controlling the selective Type I error

(3.6). Of course, this could result in computational challenges, as the conditioning sets

described in the use cases above are not polyhedral, so the conditional distribution of ν>Y

is no longer a normal truncated to an easily-characterized set.

In what follows, we focus on the case where the data analyst constructs the contrast

vector ν to take on a constant value in each connected component of β̂, and consider a
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p-value of the form

pĈ1,Ĉ2
≡ PH0

(
|ν>Y | ≥ |ν>y|

∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCK(Y ),Π⊥ν Y = Π⊥ν y
)
. (3.11)

In (3.11), Ĉ1(y) and Ĉ2(y) are two connected components estimated from the data realization

y and used to construct the contrast vector ν in (3.5), and CCK(Y ) is the set of connected

components obtained from applying K steps of the dual path algorithm for (3.3) to the

random variable Y . Roughly speaking, this p-value answers the following question:

Assuming that there is no difference between the population means of Ĉ1 and

Ĉ2, then what’s the probability of observing such a large difference in the sample

means of Ĉ1 and Ĉ2, given that these two connected components were estimated

from the data?

While our proposed p-value pĈ1,Ĉ2
conditions on far less information than Hyun et al.

[2018], the recent proposal of Le Duy and Takeuchi [2021] takes an intermediate approach.

They condition on the full boundary set BK at the Kth step of the dual path algorithm (and

thus, implicitly, on all of the connected components in CCK(Y )), whereas we condition only

on the two connected components of interest. See Appendix B.13 for further discussion and

power comparison.

3.3.2 Illustrative example

We now demonstrate that conditioning on less information leads to increased power, using

an example involving the graph fused lasso applied to a two-dimensional grid graph.

To begin, we constructed a graph composed of 64 nodes arranged in an 8× 8 grid, such

that each node is connected to its four closest (up, down, left, right) neighbors. We generated

data on this grid according to (3.1), where β has three piecewise constant segments, C1, C2,

and C3, with means of 3, 0, and −3, respectively. The true values of β, as well as the

data generated from this model, are shown in Figures 3.1(a)–(b). On this particular data
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(a) (b)

(c)

H0 pHyun pĈ1,Ĉ2

β̄Ĉ1
= β̄Ĉ2

0.63 < 0.001
β̄Ĉ2

= β̄Ĉ3
0.25 < 0.001

β̄Ĉ1
= β̄Ĉ3

0.17 < 0.001

(d)

Figure 3.1: (a): We generated β on an 8×8 grid. There are three true connected components,
which take on values of −3, 0, and 3. (b): A noisy realization from the model Y ∼ N (β, I64).
In this particular example, running 13 steps of the dual path algorithm for the graph fused
lasso results in perfect recovery of the true connected components of β (displayed in grey).
(c): For each pair of estimated connected components, we tested the null hypothesis of
equality in means using pHyun in (3.10) and pĈ1,Ĉ2

in (3.11). (d): The conditional null

distributions of ν>Y , where ν is chosen to test for a difference in means between Ĉ1 and Ĉ2,
conditional on the conditioning sets in the definitions of pHyun in (3.10) and pĈ1,Ĉ2

in (3.11).

In (d), the test statistic |ν>y| = 3.36 is displayed as a dashed black line; this value is quite
large relative to the null distribution of pĈ1,Ĉ2

, but modest relative to that of pHyun.

set, K = 13 steps of the dual path algorithm for the graph fused lasso recovered the true

connected components exactly.

For each pair of connected components, we then constructed a contrast vector ν as in
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(3.4), so that H0 : ν>β = 0 posits that the two components being tested have the same mean.

We tested H0 using the p-values pHyun and pĈ1,Ĉ2
given in (3.10) and (3.11), respectively. The

p-values for all pairs of connected components are displayed in Figure 3.1(c). Because pHyun

conditions on unnecessary information, the test based on pHyun has extremely low power

and it cannot reject any H0. By contrast, the test based on pĈ1,Ĉ2
has higher power. In

Figure 3.1(d), we display the null distribution of ν>Y , conditional on the conditioning sets

in (3.10) and (3.11).

3.3.3 Properties of pĈ1,Ĉ2

The following result establishes key properties of pĈ1,Ĉ2
in (3.11).

Proposition 9. Suppose that Y ∼ N (β, σ2In). Define

y′(φ) = Π⊥ν y + φ · ν

||ν||22
= y +

(
φ− ν>y
||ν||22

)
ν. (3.12)

Let φ ∼ N (0, σ2||ν||22). Then, under H0 : ν>β = 0,

pĈ1,Ĉ2
= P

(
|φ| ≥ |ν>y|

∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCK(y′(φ))
)
. (3.13)

Moreover, the test that rejects H0 if pĈ1,Ĉ2
≤ α controls the selective Type I error at level α.

Therefore, to compute the p-value in (3.11), it suffices to characterize the set

SĈ1,Ĉ2
≡
{
φ ∈ R : Ĉ1(y), Ĉ2(y) ∈ CCK(y′(φ))

}
. (3.14)

We can think of y′(φ) in (3.12) as a perturbation of the data by a function of φ along the

direction defined by ν. Figure 3.2 illustrates this intuition in the toy example from Figure 3.1,

in the context of a test for the difference in the means of Ĉ1 and Ĉ2 (see Figure 3.2(a)). Panel

(a) displays the observed data, for which φ = ν>y = 3.36, where ν is defined in (3.5). In panel

(b), we perturb the observed data to φ = 0. Now the graph fused lasso with K = 13 no longer
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(a) (b) (c)

(d)

Figure 3.2: Data generated according to the model in Figure 3.1. (a): The data y in
Figure 3.1(b) corresponds to y′(φ) with φ = ν>y = 3.36. Applying the graph fused lasso with
K = 13 steps in the dual path algorithm results in three estimated connected components,
displayed in grey boxes. Here, ν is chosen to test for a difference between the means of Ĉ1(y)
(lower left) and Ĉ2(y) (middle). (b): The perturbed dataset y′(φ) with φ = 0. Applying
the graph fused lasso with K = 13 results in two connected components, displayed in grey
boxes. (c): The perturbed dataset y′(φ) with φ = −5. Applying the graph fused lasso with
K = 13 results in Ĉ1(y) and Ĉ2(y). (d): The set of φ for which Ĉ1(y), Ĉ2(y) ∈ CC13(y′(φ))
is displayed in blue; other values are in orange.

detects the three connected components. In panel (c), we perturb the observed data to φ =

−5; in this case, the graph fused lasso with K = 13 estimates all three connected components.

Therefore, φ = 3.36 and −5 are in the set
{
φ ∈ R : Ĉ1, Ĉ2 ∈ CC13(y′(φ))

}
, but φ = 0 is not.

Panel (d) displays
{
φ ∈ R : Ĉ1, Ĉ2 ∈ CC13(y′(φ))

}
= (−∞,−1.71) ∪ (1.69, 12.3) ∪ (36.3,∞).

We now leverage ideas from Jewell et al. [2022] to develop an efficient approach to compute
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the set (3.14). First, we characterize the set SĈ1,Ĉ2
in (3.14) in Proposition 10. Recall that

Mk(y) = (Bk(y), sBk(y), Rk(y), Lk(y)) is the output of the kth step of Algorithm 3. We first

present a corollary of Proposition 8.

Corollary 1. The set
{
φ ∈ R :

⋂K
k=1 {Mk(y

′(φ)) = Mk(y)}
}

is an interval.

Proposition 10. Let I be the set of possible outputs of Algorithm 3 that yield Ĉ1 and Ĉ2

and can be obtained via a perturbation of y defined in (3.12), i.e.,

I ≡

{
(m1, . . . ,mK) : ∃α ∈ R such that Ĉ1(y), Ĉ2(y) ∈ CCK(y′(α)),

K⋂
k=1

{Mk(y
′(α)) = mk}

}
.

(3.15)

Then, there exists an index set J and scalars . . . < a−2 < a−1 < a0 < a1 < a2 < . . . such

that

1. the set SĈ1,Ĉ2
in (3.14) is the union of |J | intervals:

SĈ1,Ĉ2
=
{
φ ∈ R : Ĉ1(y), Ĉ2(y) ∈ CCK(y′(φ))

}
=
⋃
i∈J

[ai, ai+1]; (3.16)

2. |I| = |J | (i.e., the sets I and J have the same cardinality); and

3. ∀i ∈ J , ∃(m1, . . . ,mK) ∈ I such that [ai, ai+1] =
{
φ ∈ R :

⋂K
k=1 {Mk(y

′(φ)) = (m1, . . . ,mK)}
}

.

In words, Proposition 10 states that the set SĈ1,Ĉ2
in (3.14) can be expressed as a union

of intervals, each of which can be computed by applying Corollary 1 on a perturbation of y.

Next, we use Proposition 10 to develop an efficient recipe to compute SĈ1,Ĉ2
by constructing

the index set J and scalars . . . < a−2 < a−1 < a0 < a1 < a2 < . . .. To begin, we run the first

K steps of the dual path algorithm on the data y. We then apply Corollary 1 to obtain the set

[a0, a1] =
{
φ ∈ R :

⋂K
k=1 {Mk(y

′(φ)) = Mk(y)}
}

. By construction, [a0, a1] ⊂ SĈ1,Ĉ2
, because

Ĉ1 and Ĉ2 are connected components estimated from the data y. Therefore, we initialize the
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index set J as {0}. Then, for a small η > 0, we apply Corollary 1 to obtain the interval{
φ ∈ R :

⋂K
k=1 {Mk(y

′(φ)) = Mk(y
′(a1 + η))}

}
. If the left endpoint of this interval does not

equal a1, then we must repeat with a smaller value of η until we obtain an interval of the form

[a1, a2]. We can then check whether Ĉ1, Ĉ2 ∈ CCK(y′(a1 +η)): if so, then [a1, a2] ⊂ SĈ1,Ĉ2
and

we update J to include {1}. Otherwise, J remains unchanged. We continue in this vein,

along the positive real line, until we reach an interval for which the right endpoint equals∞.

Finally, we proceed along the negative real line: we apply Corollary 1 to compute the

interval [a−1, a0] =
{
φ ∈ R :

⋂K
k=1 {Mk(y

′(φ)) = Mk(y
′(a0 − η))}

}
. If Ĉ1, Ĉ2 ∈ CCK(y′(a0 −

η)), then J is set to J ∪ {−1}; otherwise, J remains unchanged. We iterate until the

algorithm outputs an interval for which the left endpoint equals −∞. Finally, SĈ1,Ĉ2
=⋃

i∈J [ai, ai+1]. The procedure is summarized in Algorithm 4 of Appendix B.3.

In our implementation, we initialize with η = 10−4, which proves to be an efficient choice

in experiments in Section 3.5 (see details in Appendix B.3). In principle, the running time of

Algorithm 4 can be quite slow, and potentially even exponential in K. However, in practice,

the runtime of Algorithm 4 is nowhere near the worst-case upper bound (see Appendix B.11

for a detailed empirical study of the timing complexity of Algorithm 4). In addition, in

Proposition 11, we describe an “early stopping” rule that guarantees a conservative p-value

and only requires running Algorithm 4 until we reach intervals containing |ν>y| + δ and

−|ν>y| − δ for some δ > 0, as opposed to ∞ and −∞. Then, the set is appended with

(−∞,−|ν>y|−δ] and [|ν>y|+δ,∞). This “early stopping” rule also applies to the extensions

in Section 3.4.

Proposition 11. Provided that P
(
φ ∈ SĈ1,Ĉ2

)
> 0, for any δ > 0, we have that

P
(
|φ| ≥ |ν>y|

∣∣∣ φ ∈ S̃Ĉ1,Ĉ2

)
≥ P

(
|φ| ≥ |ν>y|

∣∣∣ φ ∈ SĈ1,Ĉ2

)
, (3.17)

where S̃Ĉ1,Ĉ2
≡ (−∞,−|ν>y| − δ] ∪ SĈ1,Ĉ2

∪ [|ν>y|+ δ,∞).

3.4 Extensions
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3.4.1 Confidence intervals for ν>β

We now construct a (1−α) confidence interval for ν>β, the difference between the population

means of two connected components Ĉ1 and Ĉ2 resulting from the graph fused lasso.

Proposition 12. Suppose that (3.1) holds, and let Ĉ1 and Ĉ2 be two connected components

obtained from performing K steps of the dual path algorithm for the graph fused lasso (3.3).

For a given value of α ∈ (0, 1), define functions θl(t) and θu(t) such that

F
SĈ1,Ĉ2

θl(t),σ2||ν||22
(t) = 1− α

2
, F

SĈ1,Ĉ2

θu(t),σ2||ν||22
(t) =

α

2
, (3.18)

where F
SĈ1,Ĉ2

µ,σ2 (t) is the cumulative distribution function of a N (µ, σ2) random variable,

truncated to the set SĈ1,Ĉ2
defined in (3.14). Then [θl(ν

>Y ), θu(ν
>Y )] has (1 − α) selective

coverage [Fithian et al., 2014, Lee et al., 2016, Tibshirani et al., 2016] for ν>β, i.e.,

P
(
ν>β ∈

[
θl(ν

>Y ), θu(ν
>Y )

] ∣∣∣ Ĉ1, Ĉ2 ∈ CCK(Y ),Π⊥ν Y = Π⊥ν y
)

= 1− α. (3.19)

Computing θl and θu in (3.18) amounts to a root-finding problem, which can be solved

using bisection [Chen and Bien, 2020]. A similar result is used to construct confidence

intervals corresponding to pHyun in Hyun et al. [2018].

3.4.2 An alternative conditioning set

The conditioning set for pĈ1,Ĉ2
involves the connected components of the graph fused lasso

solution after K steps of the dual path algorithm. However, in practice, a data analyst

might prefer a more “user-facing” choice of K, such as the value that yields L connected

components in the solution β̂.

For this reason, we now consider a slight modification of pĈ1,Ĉ2
,

p∗
Ĉ1,Ĉ2

= PH0

(
|ν>Y | ≥ |ν>y|

∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CC(Y ),Π⊥ν Y = Π⊥ν y
)
, (3.20)
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where the subscript K on CC has been dropped, indicating that the number of steps of

the graph fused lasso algorithm is no longer fixed; instead, the function CC now represents

the graph fused lasso estimator tuned to yield exactly L connected components. Thus, in

p∗
Ĉ1,Ĉ2

, we condition on datasets for which Ĉ1(y), Ĉ2(y) are among L connected components

estimated using the graph fused lasso. It is not hard to show that Proposition 10 and

Algorithm 4 require only minor modifications to enable the computation of the p-values

p∗
Ĉ1,Ĉ2

; details are provided in Section B.8 of the Appendix.

3.5 Simulation study

We consider testing the null hypothesis H0 : ν>β = 0 versus H1 : ν>β 6= 0, where, unless

otherwise stated, ν is defined in (3.5) for a randomly-chosen pair of estimated connected

components Ĉ1, Ĉ2 of the solution to (3.3). We consider three p-values: pHyun in (3.10),

pĈ1,Ĉ2
in (3.11), and the naive p-value

pNaive ≡ PH0

(
|ν>Y | ≥ |ν>y|

)
, (3.21)

and compare the selective Type I error (3.6) and power of the tests that reject H0 when

these p-values are less than α = 0.05.

In the simulations that follow, comparing the power of the tests requires a bit of care.

Because the null hypothesis H0 : ν>β = 0 involves the contrast vector ν, which is a function

of the data, the effect size |ν>β| may differ across simulated datasets from the same data-

generating distribution. Therefore, in what follows, we consider the power as a function of

|ν>β|. Alternatively, we can separately assess the detection probability (i.e., the probability

that Ĉ1 and Ĉ2 are true piecewise constant segments) and the “conditional power” [Gao

et al., 2020, Hyun et al., 2021] (i.e., the probability of rejecting H0, given that Ĉ1, Ĉ2 are

true piecewise constant segments). Details are in Appendix B.9.
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3.5.1 One-dimensional fused lasso

We first consider the special case of the graph fused lasso on a chain graph, in which the

observations are ordered, and there is an edge between each pair of adjacent observations.

This leads to the one-dimensional fused lasso problem [Tibshirani and Taylor, 2011]. We

simulated from the “middle mutation” model of Hyun et al. [2021], where the signal contains

two true changepoints of size δ, and in turn, three connected components:

Yj
ind.∼ N (βj, σ

2), βj = δ × 1{101 ≤ j ≤ 140}, j = 1, . . . , 200. (3.22)

Figure 3.3(a) displays an example of this synthetic data with δ = 3 and σ = 1.

Selective Type I error control under the global null

We simulated y1, . . . , y200 according to (3.22) with δ = 0 and σ = 1. Therefore, the null

hypothesis H0 : ν>β = 0 holds for all contrast vectors ν in (3.5), regardless of the pair of

estimated connected components under consideration.

We solved (3.3) with K = 2 steps in the dual path algorithm, which yields exactly

three estimated connected components by the properties of the one-dimensional fused lasso.

Then, for each simulated dataset, we computed pĈ1,Ĉ2
in (3.11), pHyun in (3.10), and the

naive p-value in (3.21).

Figure 3.3(b) displays the observed p-value quantiles versus Uniform(0, 1) quantiles, ag-

gregated over 1,000 simulated datasets. We see that (i) the test based on the naive p-value

in (3.21), which does not account for the fact that the connected components were esti-

mated from the data, is anti-conservative; and (ii) tests based on pHyun and pĈ1,Ĉ2
control

the selective Type I error (3.6).

Power as a function of effect size

Next, we show that the test based on pĈ1,Ĉ2
has higher power than that based on pHyun.

We generated 1,500 datasets from (3.22) with σ ∈ {0.5, 1, 2}, for each of ten evenly-spaced
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values of δ ∈ [0.5, 5]. For every simulated dataset, we solved (3.3) with K = 2. We then

rejected H0 : ν>β = 0 if pHyun or pĈ1,Ĉ2
was less than α = 0.05. Recalling that ν in (3.5) is

a function of the data, and the effect size |ν>β| will vary across simulated datasets drawn

from an identical distribution, we created seven evenly-spaced bins of the observed values

of |ν>β|, and then computed the proportion of simulated datasets for which we rejected H0

within each bin.

Results are in Figure 3.3(c). The power of each test increases as the value of |ν>β|

increases. For a given bin of |ν>β|, the test based on pĈ1,Ĉ2
has higher power than the test

based on pHyun. For a given test and bin of |ν>β|, a smaller value of σ results in higher

power. As an alternative to binning, we can use regression splines to estimate the power as

a smooth function of the effect size; see Appendix B.9.

(a) (b) (c)

Figure 3.3: (a): One realization of y generated according to (3.22) with δ = 3 and σ = 1
(grey dots), along with the true signal β (black curve). (b): When δ = 0, tests based on
both pHyun in (3.10) and pĈ1,Ĉ2

in (3.11) control the selective Type I error in the sense of
(3.6). By contrast, the naive p-value in (3.21) leads to a test with inflated selective Type I
error. (c): The power of the tests based on both pHyun and pĈ1,Ĉ2

increases as a function

of |ν>β|. For a given bin of |ν>β|, the test based on pĈ1,Ĉ2
has higher power than the test

based on pHyun; the power of each test increases as σ decreases.
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3.5.2 Two-dimensional fused lasso

We consider the graph fused lasso on a grid graph, constructed by connecting each node to

its four closest neighbors (up, down, left, right). This leads to the two-dimensional fused

lasso problem, also known as total-variation denoising [Rudin et al., 1992, Tibshirani and

Taylor, 2011].

The signal β consists of with 64 observations arranged in an 8 × 8 grid. It has three

piecewise constant segments with means δ, 0, and −δ, displayed in Figure 3.4(a):

Yj
ind.∼ N (βj, σ

2), βj = δ × 1{j ∈ C1}+ (−δ)× 1{j ∈ C3}, j = 1, . . . , 64. (3.23)

Selective Type I error control under the global null

We simulated y1, . . . , y64 according to (3.23) with δ = 0 and σ = 1. Thus, the null hypothesis

H0 : ν>β = 0 holds for any contrast vector ν under consideration.

For each simulated dataset, we solved (3.3) with K = 15 steps in the dual path algorithm,

which typically yields between 2 and 4 estimated connected components. Then, provided

that there was more than one connected component in the solution β̂, we computed pNaive

in (3.21), pHyun in (3.10), and pĈ1,Ĉ2
in (3.11). We rejected H0 if the p-values are less than

α = 0.05.

Panel (b) of Figure 3.3 displays the observed p-values quantiles versus the Uniform(0, 1)

quantiles, over 1,000 simulated datasets. As in Section 3.5.1, the tests based on both pHyun

and pĈ1,Ĉ2
control the selective Type I error in (3.6), whereas the test based on pNaive is

anti-conservative.

Power as a function of effect size

We generated data according to (3.23) with each of eight evenly-spaced values of δ ∈ [0.5, 4]

and σ ∈ {0.5, 1, 2}. For each simulated dataset, we solved (3.3) with K = 15 steps in the

dual path algorithm. Provided that there were at least two estimated connected components,
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we then computed pHyun in (3.10) and pĈ1,Ĉ2
in (3.11), and rejected H0 if the p-values were

less than 0.05.

In Figure 3.4(c), we display the proportion of simulated datasets for which we rejected

H0 using the two tests, over seven evenly-spaced bins of |ν>β|. For a given bin, the test

based on pĈ1,Ĉ2
has substantially higher power than that based on pHyun; the power of each

test increases as σ decreases.

(a) (b) (c)

Figure 3.4: (a): The piecewise constant segments of β in (3.23). (b): When δ = 0, tests
based on both pHyun in (3.10) and pĈ1,Ĉ2

in (3.11) control the selective Type I error. By
contrast, the test based on pNaive in (3.21) has an inflated selective Type I error. (c): The
power of the tests based on pHyun and pĈ1,Ĉ2

increases as a function of |ν>β|. For a given bin

of |ν>β|, the test based on pĈ1,Ĉ2
has substantially higher power than that based on pHyun.

The power of both tests increases as σ decreases.

3.5.3 Allowing for unknown variance

Throughout this section, we have assumed that σ2 in (3.1) is known. In Appendix B.10, we

investigate the Type I error control and power of several variance estimators in simulations.

3.6 Data applications

In this section, we apply our proposed p-value pĈ1,Ĉ2
to a dataset consisting of two measures:

(i) drug overdose death rates (deaths per 100,000 persons), and (ii) teenage birth rates
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(births per 1,000 females aged 15–19), in each of the 48 contiguous states in the United

States [Centers for Disease Control and Prevention, 2020a,b]. In what follows, we consider

the two measures after applying a log transformation. We can think of the data as noisy

measurements of the true drug overdose death and teenage birth rate rates in each state,

which are known to exhibit geographic trends [Amin et al., 2017, Schieber et al., 2019,

Ventura et al., 2014]. Therefore, we solve the graph fused lasso in (3.3) with a custom graph

that encodes the geography of the 48 states: each state is a node, and there is an edge

between each contiguous pair of states. We then consider testing the equality of measures

for pairs of estimated connected components.

For each pair of connected components, we computed three p-values: pĈ1,Ĉ2
in (3.11),

pHyun in (3.10), and pNaive in (3.21). We also computed confidence intervals for ν>β, the

difference between population means of a pair of estimated connected components, us-

ing pĈ1,Ĉ2
and pHyun, as described in Section 2.4, along with the naive confidence inter-

val
[
ν>y − z1−α/2 · σ‖ν‖2, ν

>y + z1−α/2 · σ‖ν‖2

]
, where zα is the αth quantile of the stan-

dard normal distribution. For each p-value and confidence interval, we plugged in σ̂2 =∑L
l=1

∑
j∈Ĉl

{
yj −

(∑
j′∈Ĉl yj′

)
/|Ĉl|

}2

/(48−L) as an estimate for σ2 in (3.1), where Ĉ1, . . . , ĈL

are the estimated connected components.

3.6.1 Drug overdose death rates in the contiguous U.S. in 2018

Figure 3.5(a) displays the drug overdose death rate in a color map. We solved (3.3) with

K = 30 steps in the dual path algorithm, which resulted in five connected components (see

Appendix B.12 for results with other choices of K); the results are displayed in Figure 3.5(b).

We have estimated a constant drug overdose death rate in five geographical regions, which we

refer to as the Northeast (Ĉ1), Ohio (Ĉ2), the West and Mountain region (Ĉ3), the Southeast

(Ĉ4), and the Midwest (Ĉ5). Among these regions, the Northeast and Midwest have the

highest estimated drug overdose rates.

We assess the equality of the means of each pair of connected components using pNaive

in (3.21), pHyun in (3.10), and pĈ1,Ĉ2
in (3.11). The results are in Figure 3.5(c). The subset
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of pairs for which pĈ1,Ĉ2
is below 0.05 and pHyun is not is displayed in bold. For instance,

the Northeast (Ĉ1) and the Southeast (Ĉ4) have a statistically significant difference in mean

drug overdose death rates using the test based on pĈ1,Ĉ2
, but not using the test based on

pHyun, at level α = 0.05. Confidence intervals corresponding to these p-values are displayed

in Figure 3.5(d). Intervals based on pHyun are much wider than those based on pĈ1,Ĉ2
across

all ten pairs of connected components. In addition, the confidence intervals based on pĈ1,Ĉ2

are not much wider than those based on pNaive, even though the latter do not have correct

coverage for the true parameter ν>β.

(a) (b) (c)

H0 pNaive pĈ1,Ĉ2
pHyun

β̄1 = β̄2 0.78 0.78 0.45
β̄1 = β̄3 < 0.001 < 0.001 0.890
β̄1 = β̄4 0.003 0.024 0.820
β̄1 = β̄5 0.12 0.49 0.68
β̄2 = β̄3 0.007 0.64 0.58
β̄2 = β̄4 0.10 0.70 0.65
β̄2 = β̄5 0.29 0.78 0.52
β̄3 = β̄4 0.03 0.21 0.36
β̄3 = β̄5 0.003 0.039 0.650
β̄4 = β̄5 0.36 0.24 0.60

(d)

Figure 3.5: (a): The observed drug overdose death rates (deaths per 100,000 persons) for the
48 contiguous U.S. states in the year 2018. (b): Applying the graph fused lasso to the drug
overdose data results in five estimated connected components. (c): For each pair of estimated
connected components, we computed pNaive in (3.21), pHyun in (3.10), and pĈ1,Ĉ2

in (3.11). For

brevity, we use the notation β̄l =
∑

j∈Ĉl βj/|Ĉl|. (d): For each pair of estimated connected
components, we constructed confidence intervals for the difference in means, corresponding
to pNaive, pHyun, and pĈ1,Ĉ2

.



55

3.6.2 Teenage birth rates in the contiguous U.S. in 2018

Figure 3.6(a) displays the teenage birth rate in each of the 48 states. We solved the graph

fused lasso with K = 30 steps of the dual path algorithm, which results in five estimated

connected components displayed in Figure 3.6(b); Appendix B.12 contains additional results

for K = 20. For each pair of estimated connected components, we computed the p-values

pNaive, pHyun, and pĈ1,Ĉ2
, along with the corresponding confidence intervals for the difference

in means. The results are displayed in Figures 3.6(c) and (d).

As in Section 3.6.1, at level α = 0.05, the test based on pĈ1,Ĉ2
makes more rejections

than that based on pHyun. Additionally, the confidence intervals based on pĈ1,Ĉ2
are much

narrower than those based on pHyun; in some cases, the former are of comparable length to

those based on pNaive.

3.7 Discussion

We have proposed a new procedure for testing for the difference in the means of two connected

components resulting from the graph fused lasso. Our approach conditions on less informa-

tion than existing approaches, leading to substantially higher power while still controlling

the selective Type I error.

Methods developed in this paper are implemented in the R package GFLassoInference.

Instructions on how to download and use this package can be found at https://yiqunchen.

github.io/GFLassoInference. Code and files to reproduce the results in the paper can be

found at https://github.com/yiqunchen/GFLassoInference-experiment.

3.7.1 Incorporating the selection of the tuning parameter

Throughout this paper, we have chosen K, the number of steps in the dual path algorithm

for (3.3), without making use of the data. However, in practice, the tuning parameter K is

often selected based on the data. For instance, we could choose the value of K that minimizes

the modified Bayesian information criterion [Hyun et al., 2018, Zhang and Siegmund, 2007].

https://yiqunchen.github.io/GFLassoInference
https://yiqunchen.github.io/GFLassoInference
https://github.com/yiqunchen/GFLassoInference-experiment
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(a) (b) (c)

H0 pNaive pĈ1,Ĉ2
pHyun

β̄1 = β̄2 0.67 0.99 0.74
β̄1 = β̄3 < 0.001 < 0.001 0.57
β̄1 = β̄4 0.001 0.005 0.26
β̄1 = β̄5 < 0.001 < 0.001 0.30
β̄2 = β̄3 < 0.001 0.02 0.260
β̄2 = β̄4 0.13 0.24 0.26
β̄2 = β̄5 0.02 0.10 0.24
β̄3 = β̄4 < 0.001 0.04 0.71
β̄3 = β̄5 < 0.001 0.002 0.61
β̄4 = β̄5 0.34 0.38 0.71

(d)

Figure 3.6: (a): The observed teenage birth rates (births per 1,000 females aged 15–19) for
the 48 contiguous U.S. states in 2018. (b): The graph fused lasso solution with K = 30
results in five connected components, displayed in distinct colors. (c): For each pair of
estimated connected components, we computed pNaive in (3.21), pHyun in (3.10), and pĈ1,Ĉ2

in
(3.11). Pairs for which the test based on pĈ1,Ĉ2

results in a rejection at α = 0.05, but not for
the test based on pHyun, are in bold. (d): Confidence intervals for the differences in means
for each pair of connected components.
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We leave details to future work.

3.7.2 Extension to other generalized lasso problems

Ideas in this paper apply beyond the setting of the piecewise constant model in (3.1) and the

graph fused lasso estimator in (3.3). For instance, we can consider extending our proposal

to the trend filtering problem, which postulates that the underlying signal is ordered and

piecewise polynomial [Kim et al., 2009, Tibshirani, 2014]. Because trend filtering is a special

case of (3.2) and can be solved using the dual path algorithm, an extension of the approach

in Section 3.3 can be applied.

In addition, we can extend our proposal from an identity matrix in (3.2) to any design

matrix X ∈ Rn×q with full column rank, i.e., β̂ = argminβ∈Rn
{

1
2
‖y −Xβ‖2

2 + λ‖Dβ‖1

}
.

Hyun et al. [2018] showed that a p-value similar to (3.10) can be used in this case to test the

hypothesis (3.4). Therefore, we can directly apply the computational insights in Section 3.3

to obtain a more powerful test.

We leave the details of outlined extensions, as well as comparisons to recent selective

inference tools for trend filtering (e.g., Leiner et al. [2021], Mehrizi and Chenouri [2021]), to

future work.

3.7.3 Relaxing assumptions in (3.1)

While the idea of conditioning on less information to improve the power of a selective infer-

ence procedure applies regardless of the distributions of the observations, the assumptions in

model (3.1) are critical to the proof of Proposition 9, and therefore, the efficient computation

of pĈ1,Ĉ2
. A line of recent work in selective inference has focused on relaxing these assump-

tions in high-dimensional linear modeling [Charkhi and Claeskens, 2018, Tian and Taylor,

2018, Tibshirani et al., 2018a], and may be applicable to the generalized lasso. Alternatively,

we can extend (3.1) to other exponential family distributions by leveraging the recent devel-

opments in generalized data carving [Leiner et al., 2021, Rasines and Alastair Young, 2021,

Schultheiss et al., 2021].
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Chapter 4

SELECTIVE INFERENCE FOR K-MEANS CLUSTERING

4.1 Introduction

Testing for a difference in means between two groups is one of the most fundamental tasks

in statistics, with numerous applications. If the groups under investigation are pre-specified,

i.e., not a function of the observed data, then classical hypothesis tests will control the

Type I error rate. However, it is increasingly common to want to test for a difference in

means between groups that are defined through the observed data, e.g., via the output of a

clustering algorithm. For instance, in single-cell RNA-sequencing analysis, researchers often

first cluster the cells, and then test for a difference in the expected gene expression levels

between the clusters to quantify up- or down-regulation of genes, annotate known cell types,

and identify new cell types [Aizarani et al., 2019, Doughty and Kerkhoven, 2020, Grün et al.,

2015, Lähnemann et al., 2020, Zhang et al., 2019]. In fact, the inferential challenges resulting

from testing data-guided hypotheses have been described as a “grand challenge” in the field

of genomics [Lähnemann et al., 2020], and papers in the field continue to overlook this issue:

as an example, seurat [Stuart et al., 2019], the state-of-the-art single-cell RNA sequencing

analysis tool, tests for differential gene expression between groups obtained via clustering,

with a note that “p-values [from these hypotheses] should be interpreted cautiously, as the

genes used for clustering are the same genes tested for differential expression.” Testing data-

guided hypothesis also arises in the field of neuroscience [Button, 2019, Kriegeskorte et al.,

2009], social psychology [Hung and Fithian, 2020], and physical sciences [Friederich et al.,

2020, Pollice et al., 2021]. When the null hypothesis is a function of the data, classical tests

that do not account for this will fail to control the Type I error.

In this paper, we develop a test for a difference in means between two clusters estimated
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from applying k-means clustering [Lloyd, 1982, MacQueen et al., 1967], an extremely popular

clustering algorithm with numerous applications [Hand and Adams, 2015, Xu and Wunsch,

2008]. We consider the following simple and well-studied model [Gao et al., 2020, Löffler

et al., 2021, Lu and Zhou, 2016] for n observations and q features:

X ∼MN n×q
(
µ, In, σ

2Iq
)
, (4.1)

where µ ∈ Rn×q has unknown rows µi, and σ2 > 0 is known. Given a realization x ∈ Rn×q of

X, we first apply the k-means clustering algorithm to obtain C(x), a partition of the samples

{1, . . . , n}. We might then consider testing the null hypothesis that the mean is the same

across two estimated clusters, i.e.,

H0 :
∑
i∈Ĉ1

µi/|Ĉ1| =
∑
i∈Ĉ2

µi/|Ĉ2| versus H1 :
∑
i∈Ĉ1

µi/|Ĉ1| 6=
∑
i∈Ĉ2

µi/|Ĉ2|, (4.2)

where Ĉ1, Ĉ2 ∈ C(x) are estimated clusters with cardinality |Ĉ1| and |Ĉ2|. This is equivalent

to testing H0 : µ>ν = 0q versus H1 : µ>ν 6= 0q, where

νi = 1
{
i ∈ Ĉ1

}
/|Ĉ1| − 1

{
i ∈ Ĉ2

}
/|Ĉ2|, i = 1, . . . , n, (4.3)

and 1{A} equals 1 if the event A holds, and 0 otherwise. At first glance, we can test the

hypothesis in (4.2) by applying a Wald test, with p-value given by

pNaive = PH0

(
‖X>ν‖2 ≥ ‖x>ν‖2

)
, (4.4)

where ‖X>ν‖2 ∼ (σ‖ν‖2)χq under H0. But this “naive” approach ignores the fact that H0 is

chosen based on the data, i.e., we constructed the contrast vector in (4.3) because Ĉ1 and Ĉ2

were obtained by clustering. Therefore, we will observe substantial differences between the

cluster centroids
∑

i∈Ĉ1 xi/|Ĉ1| and
∑

i∈Ĉ2 xi/|Ĉ2|, even in the absence of true differences in

their population means (left panel Figure 4.1). The center panel of Figure 4.1 illustrates that
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the test based on (4.4) does not control the selective Type I error: that is, the probability

of falsely rejecting a null hypothesis, given that we decided to test it [Fithian et al., 2014].

Figure 4.1: Left: One simulated dataset generated from (4.1) with µ = 0100×2 and σ = 1.
We apply k-means clustering to obtain three clusters. The cluster centroids are displayed
as triangles. Center: Quantile-quantile plot of the naive p-values (defined in (4.4)) applied
to 2,000 simulated datasets from (4.1) with µ = 0100×2 and σ = 1. Right: Quantile-quantile
plot of our proposed p-values (defined in (4.9)) applied to the same simulated datasets.

Notably, the problem of testing for a difference in means between two groups obtained via

clustering cannot be easily overcome by sample splitting, as pointed out in Gao et al. [2020]

and Zhang et al. [2019]. To see why, we divide the observations into a training and a test

set. We apply k-means clustering on only the training set (left panel of Figure 4.2), and then

assign the test set observations to those clusters (to obtain the center panel of Figure 4.2,

we applied a 3-nearest neighbor classifier). Finally, we compute the naive p-values (4.4) only

on the test set. Unfortunately, this approach does not work: while we clustered only the

training data, we still used the test data to label the test observations, and consequently to

construct the contrast vector ν in (4.3). Therefore, the Wald test based on sample-splitting

remains extremely anti-conservative, as shown in the right panel of Figure 4.2, and does not

lead to a valid test of H0 in (4.2).

In this paper, we develop a test of H0 that controls the selective Type I error. That is,

we wish to ensure that the probability of rejecting H0 at level α, given that H0 holds and
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we decided to test it, is no greater than α:

PH0(reject H0 at level α | H0 is tested) ≤ α, ∀α ∈ (0, 1). (4.5)

To develop the test, we leverage the selective inference framework, which has been applied

extensively in high-dimensional linear modeling [Charkhi and Claeskens, 2018, Fithian et al.,

2014, Lee et al., 2016, Loftus and Taylor, 2014, Rügamer et al., 2022, Schultheiss et al.,

2021, Taylor and Tibshirani, 2018, Tibshirani et al., 2016, Yang et al., 2016], changepoint

detection [Benjamini et al., 2019, Chen et al., 2021b, Duy et al., 2020, Hyun et al., 2018,

2021, Jewell et al., 2022, Le Duy and Takeuchi, 2021], and clustering [Gao et al., 2020,

Watanabe and Suzuki, 2021, Zhang et al., 2019]. The key insight behind selective inference

is as follows: to obtain a valid test of H0, we need to condition on the aspect of the data

that led us to test it. In our case, we chose to test the null hypothesis in (4.2) because Ĉ1

and Ĉ2 were obtained via k-means clustering. Therefore, we compute a p-value conditional

on the event that k-means clustering yields Ĉ1 and Ĉ2. This results in selective Type I error

control (4.5), as seen in the right panel of Figure 4.1.

Figure 4.2: Left: One simulated dataset generated from (4.1) with µ = 0100×2 and σ = 1.
We apply k-means clustering on the training set to obtain three clusters. Center: We
apply the training set clusters to the test set using a 3-nearest neighbors classifier. Right:
Quantile-quantile plot of the naive p-values (4.4) applied to the test set, aggregated over
2,000 simulated datasets.
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There is a rich literature on estimating and quantifying the uncertainty in the number of

clusters [Chen et al., 2004, Chen and Li, 2009, Dobriban, 2020, Li and Chen, 2010, McLachlan

et al., 2019], as well as assessing cluster stability and heterogeneity [Aw et al., 2021, Chung,

2020, Chung and Storey, 2015, Jin and Wang, 2016, Kerr and Churchill, 2001, Kimes et al.,

2017, Suzuki and Shimodaira, 2006]. Others have examined the asymptotic properties of clus-

tering models from a Bayesian perspective [Cai et al., 2020, Guha et al., 2019, Nobile, 2004].

In addition, k-means clustering is a special case of the expectation-maximization algorithm,

which allows us to tap into the active line of research on the statistical guarantees of the

expectation-maximization algorithm [Balakrishnan et al., 2017, Cai et al., 2019, Wang et al.,

2015, Yi and Caramanis, 2015, Zhang and Zhang, 2014]. However, most prior work focused

on scenarios where the number of clusters is correctly specified, and the estimated clusters

memberships are close to the truth. By contrast, we are interested in a correctly-sized test for

the null hypothesis (4.2), even when Ĉ1, Ĉ2 do not correspond to true clusters. In addition, ex-

isting work often relies on asymptotic approximations and bootstrap resampling. Two recent

exceptions include Zhang et al. [2019] and Gao et al. [2020], who took a selective inference ap-

proach and computed finite-sample p-values for testing the difference in means between esti-

mated clusters obtained via linear classification rules and hierarchical clustering, respectively.

Our work is closest to Gao et al. [2020], and extends their framework to k-means clustering.

We provide an exact, finite-sample test of the difference in means between a pair of clusters

estimated via k-means clustering under model (4.1), without the need for sample splitting.

The rest of this paper is organized as follows. In Section 4.2, we briefly review the work

of Gao et al. [2020], and outline our proposed test of a difference in means after k-means

clustering. In Section 4.3, we provide a computationally-efficient approach to compute the

p-values corresponding to our proposed test. Section 4.4 outlines some extensions, and we

evaluate our proposal in a simulation study in Section 4.5. We apply our proposal to three

real datasets in Section 4.6, and discuss future work in Section 4.7. Proofs and additional

results are relegated to the Appendix.

Throughout this paper, we will use the following notational conventions. For a matrix
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A, Ai denotes the ith row and Aij denotes the (i, j)th entry. For a vector ν ∈ Rn, ‖ν‖2

denotes its `2 norm, and Π⊥ν is the projection matrix onto the orthogonal complement of

ν, i.e., Π⊥ν = In − νν>/‖ν‖2
2, where In is the n-dimensional identity matrix. Moreover,

dir(ν) = ν/‖ν‖2 if ν 6= 0n and 0n otherwise, where 0n is the n-vector of zeros. We let 〈·, ·〉

and 1{·} denote the inner product of two vectors and the indicator function, respectively.

4.2 Selective inference for k-means clustering

4.2.1 A brief review of k-means clustering

In this section, we review the k-means clustering algorithm. Given samples x1, . . . , xn ∈ Rq

and a positive integer K, k-means clustering partitions the n samples into disjoint subsets

Ĉ1, . . . , ĈK by solving the following optimization problem:

minimize
C1,...,CK

{
K∑
k=1

∑
i∈Ck

∥∥∥∥xi −∑
i∈Ck

xi/|Ck|
∥∥∥∥2

2

}

subject to
K⋃
k=1

Ck = {1, . . . , n}, Ck ∩ Ck′ = ∅,∀k 6= k′.

(4.6)

It is not typically possible to solve for the global optimum in (4.6) [Aloise et al., 2009]. A

number of algorithms are available to find a local optimum [Arthur and Vassilvitskii, 2007,

Hartigan and Wong, 1979, Zha et al., 2002]; one such approach is Lloyd’s algorithm [Lloyd,

1982], given in Algorithm 1. We first sample K out of n observations as initial centroids

(step 1 in Algorithm 1). We then assign each observation to the closest centroid (step 2).

Next, we iterate between re-computing the centroids and updating the cluster assignments

(steps 3a. and 3b.) until the cluster assignments stop changing. The algorithm is guaranteed

to converge to a local optimum [Hastie et al., 2001].

In what follows, we will sometimes use c
(t)
i (x) and m

(t)
k (x) rather than c

(t)
i and m

(t)
k to

emphasize the dependence of the cluster labels and centroids on the data x.
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Algorithm 1: Lloyd’s algorithm for k-means clustering [Lloyd, 1982]

Input: Data x1, . . . , xn ∈ Rq, number of output clusters K, maximum iteration T ,
random seed s.

Output: Cluster assignments
(
c

(t)
1 , . . . , c

(t)
n

)
.

1. Initialize the centroids
(
m

(0)
1 , . . . ,m

(0)
K

)
by sampling K observations from

x1, . . . , xn without replacement, using the random seed s.

2. Compute assignments c
(0)
i ← argmin

1≤k≤K

∥∥∥xi −m(0)
k

∥∥∥2

2
, i = 1, . . . , n.

3. Initialize t = 0.
while t ≤ T do

a. Update centroids: m
(t+1)
k ←

(∑
i:c

(t)
i =k

xi

)
/
∑n

i=1 1
{
c

(t)
i = k

}
, k = 1, . . . , K.

b. Update assignment: c
(t+1)
i ← argmin

1≤k≤K

∥∥∥xi −m(t+1)
k

∥∥∥2

2
, i = 1, . . . , n.

c. if c
(t+1)
i = c

(t)
i for all 1 ≤ i ≤ n

break
else

t← t+ 1.

end

return
(
c

(t)
1 , . . . , c

(t)
n

)
.
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4.2.2 A test of (4.2) for clusters obtained via k-means clustering

Here, we briefly review the proposal of Gao et al. [2020] for selective inference for hierarchical

clustering, and outline a selective test for (4.2) for k-means clustering.

Gao et al. [2020] proposed a selective inference framework for testing hypotheses based on

the output of a clustering algorithm. Let C(·) denote the clustering operator, i.e., a partition

of the observations resulting from a clustering algorithm. Since H0 in (4.2) is chosen because{
Ĉ1, Ĉ2 ∈ C(x)

}
, where Ĉ1, Ĉ2 are the two estimated clusters under consideration in (4.2),

Gao et al. [2020] proposed to reject H0 if

PH0

{
‖X>ν‖2 ≥ ‖x>ν‖2

∣∣∣ Ĉ1, Ĉ2 ∈ C(X),Π⊥ν X = Π⊥ν x, dir(X>ν) = dir(x>ν)
}

(4.7)

is small. In (4.7), conditioning on
{

Π⊥ν X = Π⊥ν x, dir(X>ν) = dir(x>ν)
}

eliminates the nui-

sance parameters Π⊥ν µ and dir(µ>ν), where Π⊥ν = In−νν>/‖ν‖2 and dir(µ>ν) = µ>ν/‖µ>ν‖2

(see, e.g., Section 3.1 of Fithian et al. [2014]). Gao et al. [2020] showed that the test that

rejects H0 when (4.7) is below α controls the selective Type I error at level α, in the sense of

(4.5). Furthermore, under (4.1), the conditional distribution of ‖X>ν‖2 in (4.7) is (σ‖ν‖2)χq,

truncated to a set. When the operator C(·) denotes hierarchical clustering, this set can be

analytically characterized and efficiently computed, leading to an efficient algorithm for com-

puting (4.7).

We now extend these ideas to k-means clustering (4.6). Since the k-means algorithm

partitions all n observations, it is natural to condition on the cluster assignments of all

observations rather than just on
{
Ĉ1, Ĉ2 ∈ C(X)

}
. This leads to the p-value

PH0

[
‖X>ν‖2 ≥ ‖x>ν‖2

∣∣∣∣ n⋂
i=1

{
c

(T )
i (X) = c

(T )
i (x)

}
, Π⊥ν X = Π⊥ν x, dir(X>ν) = dir(x>ν)

]
, (4.8)

where c
(T )
i (X) is the cluster assigned to the ith observation at the final iteration of Algo-

rithm 1. However, computing (4.8) requires characterizing
⋂n
i=1

{
c

(T )
i (X) = c

(T )
i (x)

}
, which

is not straightforward, and may necessitate enumerating over possibly an exponential num-
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ber of intermediate cluster assignments c
(t)
i (·) for t = 1, . . . , T − 1. Hence, we also condition

on all of the intermediate clustering assignments in Algorithm 1:

pselective = PH0

[
‖X>ν‖2 ≥ ‖x>ν‖2

∣∣∣∣ T⋂
t=0

n⋂
i=1

{
c

(t)
i (X) = c

(t)
i (x)

}
, Π⊥ν X = Π⊥ν x,

dir(X>ν) = dir(x>ν)

]
.

(4.9)

In (4.9), c
(t)
i (X) is the cluster assigned to the ith observation at the tth iteration of

Algorithm 1. Roughly speaking, this p-value answers the question:

Assuming that there is no difference between the population means of Ĉ1 and

Ĉ2, what is the probability of observing such a large difference between their

centroids, among all the realizations of X that yield identical results in every

iteration of the k-means algorithm?

The p-value in (4.9) is the focus of this paper. We establish its key properties below.

Proposition 13. Suppose that x is a realization from (4.1), and let φ ∼ (σ‖ν‖2)χq. Then,

under H0 : µ>ν = 0 with ν defined in (4.3),

pselective = P

[
φ ≥ ‖x>ν‖2

∣∣∣∣∣
T⋂
t=0

n⋂
i=1

{
c

(t)
i (x′(φ)) = c

(t)
i (x)

}]
, (4.10)

where pselective is defined in (4.9), and

x′(φ) = x+
(
φ− ‖x>ν‖2

)(
ν/‖ν‖2

2

) {
dir(x>ν)

}>
. (4.11)

Moreover, the test that rejects H0 : µ>ν = 0 when pselective ≤ α controls the selective Type I

error at level α, in the sense of (4.5).

Proposition 13 states that pselective can be recast as the survival function of a scaled χq
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random variable, truncated to the set

ST =

{
φ ∈ R :

T⋂
t=0

n⋂
i=1

{
c

(t)
i (x′(φ)) = c

(t)
i (x)

}}
, (4.12)

where x′(φ) is defined in (4.11). Therefore, to compute pselective, it suffices to characterize the

set ST . In (4.11), x′(φ) results from applying a perturbation to the observed data x, along

Figure 4.3: One simulated dataset generated from model (4.1) with µi = 1{1 ≤ i ≤ 10} [ 2.5
0 ]+

1{11 ≤ i ≤ 20} [ 0
−2.5 ] + 1{21 ≤ i ≤ 30} [

√
18.75
0

] and σ = 1. Left: The original data x cor-
responds to φ = ‖x>ν‖2 = 4.37. Applying k-means clustering with K = 3 yields three
clusters, displayed in pink, blue, and orange. Here, ν is chosen to test for a difference in
means between Ĉ1 (pink) and Ĉ2 (blue). Center: The perturbed data x′(φ) with φ = 0.
Applying k-means clustering with K = 3 does not yield the same set of clusters as in the
left panel. Right: The perturbed data x′(φ) with φ = 6. Applying k-means clustering with
K = 3 yields the same set of clusters as in the left panel.

the direction of x>ν, the difference between the two cluster centroids of interest. Figure 4.3

illustrates a realization of (4.1) for k-means clustering with K = 3. The left panel displays

the observed data x, which corresponds to x′(φ) with φ = ‖x>ν‖2 = 4.37. Here, ν defined in

(4.3) was chosen to test the difference between Ĉ1 (shown in pink) and Ĉ2 (shown in blue).

The center and right panels of Figure 4.3 display x′(φ) with φ = 0 and φ = 6, respectively.

In the center panel, with φ = 0, the blue and pink clusters are “pushed together”, resulting

in ‖x′(φ)>ν‖2 = 0; that is, there is no difference in empirical means between the two clusters

under consideration. Applying k-means clustering no longer results in these clusters. By
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contrast, in the right panel, with φ = 6, the blue and pink clusters are “pulled apart” along

the direction of x>ν, which results in an increased distance between the centroids of the blue

and pink clusters, and k-means clustering does yield the same clusters as on the original

data. In this example, ST = (3.59,∞).

4.3 Computation of the selective p-value

In Section 4.2, we have shown that the p-value pselective (4.9) involves the set ST in (4.12).

Here, we start with a high-level summary of our approach to characterizing ST . We rewrite ST
as
{
φ ∈ R :

⋂n
i=1

{
c

(0)
i (x′(φ)) = c

(0)
i (x)

}}
∩
{
φ ∈ R :

⋂T
t=1

⋂n
i=1

{
c

(t)
i (x′(φ)) = c

(t)
i (x)

}}
. Next,

we consider the first term in the intersection: according to step 2. of Algorithm 1, for

i = 1, . . . , n, c
(0)
i (x′(φ)) = c

(0)
i (x) if and only if for i = 1, . . . , n, the initial randomly-sampled

centroid to which [x′(φ)]i is closest coincides with the initial centroid to which xi is closest.

This condition can be expressed using K − 1 inequalities. Furthermore, the same intuition

holds for the second term in the intersection, except that the centroids are a function of the

cluster assignments in the previous iteration. We formalize this intuition in Proposition 14,

proven in Appendix C.2.

Proposition 14. Suppose that we apply the k-means clustering algorithm (Algorithm 1) to

a matrix x ∈ Rn×q, to obtain K clusters in at most T steps. Define

w
(t)
i (k) = 1

{
c

(t)
i (x) = k

}
/

n∑
i′=1

1
{
c

(t)
i′ (x) = k

}
. (4.13)

Then, for the set ST defined in (4.12), we have that

ST =

(
n⋂
i=1

K⋂
k=1

{
φ :

∥∥∥∥[x′(φ)]i −m
(0)

c
(0)
i (x)

(x′(φ))

∥∥∥∥2

2

≤
∥∥∥[x′(φ)]i −m

(0)
k (x′(φ))

∥∥∥2

2

})
∩ (4.14) T⋂

t=1

n⋂
i=1

K⋂
k=1

φ :

∥∥∥∥∥[x′(φ)]i −
n∑

i′=1

w
(t−1)
i′

(
c
(t)
i (x)

)
[x′(φ)]i′

∥∥∥∥∥
2

2

≤

∥∥∥∥∥[x′(φ)]i −
n∑

i′=1

w
(t−1)
i′ (k)[x′(φ)]i′

∥∥∥∥∥
2

2


. (4.15)

Recall that c
(t)
i (x) denotes the cluster to which the ith observation is assigned in step 3b.
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of Algorithm 1 during the tth iteration, and that m
(0)
k (x) denotes the kth centroid sampled

from the data x during step 1 of Algorithm 1. In words, Proposition 14 says that ST can be

expressed as the intersection of O(nKT ) sets. Therefore, it suffices to characterize the sets

in (4.14) and (4.15). We now present two lemmas.

Lemma 1 (Lemma 2 in Gao et al. [2020]). For ν in (4.3) and x′(φ) in (4.11), we have that∥∥∥[x′(φ)]i − [x′(φ)]j

∥∥∥2

2
= aφ2+bφ+γ, where a =

{
(νi − νj)/‖ν‖22

}2
, b = 2

[
(νi−νj)/‖ν‖22

〈
xi − xj , dir(x>ν)

〉
−{

(νi − νj)/‖ν‖22
}2‖x>ν‖2

]
, and γ =

∥∥xi − xj − (νi − νj)(x>ν)/||ν||22
∥∥2

2
.

Lemma 2. For ν in (4.3), x′(φ) in (4.11), and w
(t)
i (k) in (4.13), we have that∥∥∥[x′(φ)]i −

∑n
i′=1 w

(t−1)
i′ (k)[x′(φ)]i′

∥∥∥2

2
= ãφ2 + b̃φ + γ̃, where ã =

(
νi −

∑n
i′=1w

(t−1)
i′ (k)νi′

)2
/‖ν‖42,

b̃ =
(
2/‖ν‖22

){(
νi −

∑n
i′=1 w

(t−1)
i′ (k)νi′

)〈
xi −

∑n
i′=1 w

(t−1)
i′ (k)xi′ ,dir(x>ν)

〉
−
(
νi −

∑n
i′=1 w

(t−1)
i′ (k)νi′

)2

(‖x>ν‖2)/‖ν‖42
}

and γ̃ =
∥∥∥xi −∑n

i′=1w
(t−1)
i′ (k)xi′ −

(
νi −

∑n
i′=1w

(t−1)
i′ (k)νi′

)
(x>ν)/‖ν‖22

∥∥∥2

2
.

It follows from Lemmas 1 and 2 that all of the inequalities in (4.14) and (4.15) are in fact

quadratic in φ, with coefficients that can be analytically computed. Therefore, computing

the set ST requires solving O(nKT ) quadratic inequalities of φ.

Proposition 15. Suppose that we apply the k-means clustering algorithm (Algorithm 1) to

a matrix x ∈ Rn×q, to obtain K clusters in at most T steps. Then, the set ST defined in

(4.12) can be computed in O(nKT (n+ q) + nKT log (nKT )) operations.

4.4 Extensions

4.4.1 Non-spherical covariance matrix

Thus far, we have assumed that the observed data x is a realization of (4.1), which implies

that cov(Xi) = σ2Iq. However, this assumption is often violated in practice. For example,

expression levels of genes are highly correlated, and neighbouring pixels in an image tend to

be more similar. For a known positive definite matrix Σ, we now let

X ∼MN n×q (µ, In,Σ) . (4.16)
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Under (4.16), we can whiten the data by applying the transformation xi → Σ−
1
2xi [Bell

and Sejnowski, 1997], where Σ−
1
2 is the unique symmetric positive definite square root of

Σ−1 [Horn and Johnson, 2012]. Note that Σ−
1
2Xi ∼ N (Σ−

1
2µi, Iq). Moreover, as Σ−

1
2 � 0,

testing the null hypothesis in (4.2) is equivalent to testing

H0 :
∑
i∈Ĉ1

Σ−
1
2µi/|Ĉ1| =

∑
i∈Ĉ2

Σ−
1
2µi/|Ĉ2| versus H1 :

∑
i∈Ĉ1

Σ−
1
2µi/|Ĉ1| 6=

∑
i∈Ĉ2

Σ−
1
2µi/|Ĉ2|. (4.17)

Therefore, to get a correctly-sized test under model (4.16), we can simply carry out our

proposal in Section 4.2 on the transformed data Σ−
1
2xi instead of the original data xi.

Instead of applying the whitening transformation, we can directly accommodate a known

covariance matrix Σ by considering the following extension of pselective in (4.9):

pΣ,selective = PH0

[
‖Σ−

1
2X>ν‖2 ≥ ‖Σ−

1
2x>ν‖2

∣∣ T⋂
t=0

n⋂
i=1

{
c

(t)
i (X) = c

(t)
i (x)

}
,

Π⊥ν X = Π⊥ν x, dir
(

Σ−
1
2X>ν

)
= dir

(
Σ−

1
2x>ν

)]
.

(4.18)

Proposition 16. Suppose that x is a realization from (4.16), and let φ ∼ (‖ν‖2)χq. Then,

under H0 : µ>ν = 0 with ν defined in (4.3),

pΣ,selective = P

[
φ ≥ ‖Σ− 1

2x>ν‖2

∣∣∣∣∣
T⋂
t=0

n⋂
i=1

{
c
(t)
i

(
Π⊥ν x+

(
φ

ν

‖ν‖22

){
dir
(

Σ−
1
2x>ν

)}>
Σ

1
2

)
= c

(t)
i (x)

}]
,

(4.19)

where pΣ,selective is defined in (4.18). Furthermore, the test that rejects H0 : µ>ν = 0 when

pΣ,selective ≤ α controls the selective Type I error at level α.

In addition, we can adapt the results in Section 4.3 to compute the set{
φ ∈ R :

⋂T
t=0

⋂n
i=1

{
c

(t)
i

(
Π⊥ν x+

(
φν/‖ν‖22

){
dir
(

Σ−
1
2x>ν

)}>
Σ

1
2

)
= c

(t)
i (x)

}}
by modifying the

results in Lemmas 1 and 2. Details are in Section C.5 of the Appendix.
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4.4.2 Unknown variance

When σ is unknown, we can plug in an estimate σ̂ in (4.9):

p̂selective(σ̂) = P

[
φ(σ̂) ≥ ‖x>ν‖2

∣∣∣∣∣
T⋂
t=0

n⋂
i=1

{
c

(t)
i (x′(φ(σ̂))) = c

(t)
i (x)

}]
, (4.20)

where φ(σ̂) ∼ (σ̂‖ν‖2)χq. If we use a consistent estimator of σ, then a test based on the

p-value in (4.20) provides selective Type I error control (4.5) asymptotically.

Proposition 17. For q = 1, 2, . . . , suppose that X(q) ∼ MN n×q
(
µ(q), In, σ

2Iq
)
. Let x(q)

be a realization from X(q) and let c
(t)
i (·) be the cluster to which the ith observation is as-

signed during the tth iteration of step 3b. in Algorithm 1. Consider the sequence of null

hypotheses H
(q)
0 : µ(q)>ν(q) = 0q, where ν(q) defined in (4.3) is the contrast vector resulting

from applying k-means clustering on x(q). Suppose that (i) σ̂ is a consistent estimator of σ,

i.e., for all ε > 0, limq→∞ P
(
|σ̂(X(q))− σ| ≥ ε

)
= 0; and (ii) there exists δ ∈ (0, 1) such that

limq→∞ P
H

(q)
0

[⋂T
t=0

⋂n
i=1

{
c

(t)
i

(
X(q)

)
= c

(t)
i

(
x(q)
)}]

> δ. Then, for all α ∈ (0, 1), we have

that limq→∞ P
H

(q)
0

[
p̂selective(σ̂) ≤ α

∣∣∣ ⋂T
t=0

⋂n
i=1

{
c

(t)
i

(
X(q)

)
= c

(t)
i

(
x(q)
)}]

= α.

In practice, we propose to use the following estimator of σ [Huber, 1981]:

σ̂MED(x) =

{
median

1≤i≤n,1≤j≤q

(
x̃2
ij

)
/Mχ2

1

}1/2

, (4.21)

where x̃ is obtained from subtracting the median of each column in x, and Mχ2
1

is the

median of the χ2
1 distribution. If µ is sparse, i.e.,

∑n
i=1

∑q
j=1 1{µij 6= 0} is small, then (4.21)

is consistent with appropriate assumptions; see Appendix C.7.

4.5 Simulation study

Throughout this section, we consider testing the null hypothesis H0 : µ>ν = 0q versus H1 :

µ>ν 6= 0q, where, unless otherwise stated, ν defined in (4.3) is based on a randomly-chosen

pair of clusters Ĉ1 and Ĉ2 from k-means clustering. We consider four p-values: pNaive in (4.4),
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pselective in (4.9), p̂selective in (4.20) with σ̂MED defined in (4.21), and p̂selective in (4.20) with

σ̂Sample =
{∑n

i=1

∑q
j=1 (xij − x̄j)2/(nq − q)

}1/2

, where x̄j =
∑n

i=1 xij/n. In the simulations

that follow, we compare the selective Type I error (4.5) and power of the tests that reject

H0 when these p-values are less than α = 0.05.

4.5.1 Selective Type I error under the global null

We generate data from (4.1) with µ = 0n×q; therefore, H0 in (4.2) holds for any pair of

estimated clusters. We simulate 3,000 datasets with n = 150,σ = 1, and q = 2, 10, 50, 100.

For each simulated dataset, we apply k-means clustering with K = 3, and then compute

pNaive, pselective, p̂selective(σ̂MED), and p̂selective(σ̂Sample) for a randomly-chosen pair of clusters.

Figure 4.4 displays the observed p-value quantiles versus the Uniform(0,1) quantiles. We

see that for all values of q, (i) the naive p-values in (4.4) are stochastically smaller than a

Uniform(0,1) random variable, and the test based on pNaive leads to an inflated Type I error

rate; (ii) tests based pselective, p̂selective(σ̂MED), and p̂selective(σ̂Sample) control the selective Type

I error rate in the sense of (4.5).

Figure 4.4: Quantile-quantile plots for pNaive (pink), pselective (green), p̂selective(σ̂MED) (orange),
and p̂selective(σ̂Sample) (purple) under (4.1) with µ = 0n×q, stratified by q.

4.5.2 Conditional power and detection probability

In this section, we show that the tests based on our proposal (pselective, p̂selective(σ̂MED), and

p̂selective(σ̂Sample)) have substantial power to reject H0 when it is not true. We generate data
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from (4.1) with n = 150 and

µ1 = . . . = µn
3

=

− δ
2

0q−1

 , µn
3

+1 = . . . = µ 2n
3

=

0q−1
√

3δ
2

 , µ 2n
3

+1 = . . . = µn =

 δ
2

0q−1

 . (4.22)

Here, we can think of C1 = {1, . . . , n/3}, C2 = {(n/3) + 1, . . . , (2n/3)}, C3 = {(2n/3) +

1, . . . , n} as the “true clusters”. Moreover, these clusters are equidistant in the sense that

the pairwise distance between each pair of population means is |δ|. Recall that we test H0

in (4.2) for a pair of estimated clusters Ĉ1 and Ĉ2, which may not be true clusters. Hence,

we will separately consider the conditional power and detection probability of our proposed

tests [Gao et al., 2020, Hyun et al., 2021, Jewell et al., 2022]. The conditional power is

the probability of rejecting H0 in (4.2), given that Ĉ1 and Ĉ2 are true clusters. Given M

simulated datasets with true clusters {C1, . . . , CL}, we estimate it as

Conditional power =

∑M
m=1 1

{{
Ĉ(m)

1 , Ĉ(m)
2

}
⊆ {C1, . . . , CL}, p(m) ≤ α

}
∑M

m=1 1
{{
Ĉ(m)

1 , Ĉ(m)
2

}
⊆ {C1, . . . , CL}

} , (4.23)

where p(m) and Ĉ(m)
1 , Ĉ(m)

2 correspond to the p-value and clusters under consideration for the

mth simulated dataset. Because the quantity in (4.23) conditions on the event that Ĉ1 and

Ĉ2 are true clusters, we also estimate how often that event occurs:

Detection probability =
M∑
m=1

1
{
{Ĉ(m)

1 , Ĉ(m)
2 } ⊆ {C1, . . . , CL}

}
/M. (4.24)

We generate M = 200, 000 datasets from (4.22) with q = 10, σ = 0.25, 0.5, 1, and δ =

2, 3, . . . , 10. For each simulated dataset, we apply k-means clustering with K = 3 and

reject H0 : µ>ν = 0q if pselective, p̂selective(σ̂MED), or p̂selective(σ̂Sample) is less than α = 0.05.

In Figure 4.5, the left panel displays the detection probability (4.24) of k-means clustering

as a function of δ in (4.22), and the right panel displays the conditional power (4.23) for

the tests based on pselective, p̂selective(σ̂MED), and p̂selective(σ̂Sample). Under model (4.1), the
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detection probability and conditional power increase as a function of δ in (4.22) for all values

of σ. For a given value of δ, a larger value of σ leads to lower detection probability and

conditional power. The conditional power is not displayed for δ = 2, 3, σ = 1 because the

true clusters were never recovered in simulation. Moreover, for a given value of δ and σ, the

test based on pselective has the highest conditional power, followed closely by the test based

on p̂selective(σ̂MED). Using σ̂Sample in p̂selective leads to a less powerful test, especially for large

values of δ. This is because σ̂Sample is a conservative estimator of σ in (4.1), and its bias

is an increasing function of δ, the distance between true clusters. By contrast, σ̂MED is a

consistent estimator under model (4.22) (see Appendix C.7).

As an alternative to the conditional power in (4.23), in Appendix C.8, we consider a

notion of power that does not condition on having correctly estimated the true clusters.

Figure 4.5: Left: The detection probability (4.24) for k-means clustering with K = 3 under
model (4.1) with µ defined in (4.22), and σ = 0.25 (solid lines), 0.5 (dashed lines), and 1
(long-dashed lines). Right: The conditional power (4.23) at α = 0.05 for the tests based on
pselective (green), p̂selective(σ̂MED) (orange), and p̂selective(σ̂Sample) (purple), under model (4.1)
with µ defined in (4.22) and σ = 0.25, 0.5, 1. The conditional power is not displayed for
δ = 2, 3, σ = 1 because the true clusters were never recovered in simulation.

4.6 Real data applications
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4.6.1 Palmer Penguins [Horst et al., 2020]

Here we analyze the Palmer penguins dataset from the palmerpenguins package in R [Horst

et al., 2020]. We consider the 165 female penguins with complete observations, and apply

k-means clustering with K = 4 to two of the collected features: bill depth and flipper

length. Figure 4.6 displays the estimated clusters. We assess the equality of the means of

H0 pNaive p̂selective(σ̂MED)
µ̄1 = µ̄2 < 10−10 3.3× 10−5

µ̄1 = µ̄3 < 10−10 0.007
µ̄1 = µ̄4 < 10−10 0.24
µ̄2 = µ̄3 < 10−10 2.2× 10−6

µ̄2 = µ̄4 < 10−10 7.8× 10−6

µ̄3 = µ̄4 < 10−10 0.10

Figure 4.6: Left: The bill depths and flipper lengths of female Palmer penguins, along
with true species labels (Adelie: circle; Gentoo: square; Chinstrap: triangle) and clusters
estimated using k-means clustering (cluster 1: green; cluster 2: orange; cluster 3: purple;
cluster 4: pink). Right: We test the null hypothesis that the means of two estimated
clusters are equal, for each pair of clusters estimated via k-means clustering, using pNaive in
(4.4) and p̂selective(σ̂MED) in (4.20) with σ̂MED defined in (4.21). Here, µ̄i =

∑
j∈Ĉi µj/|Ĉi|.

each pair of estimated clusters using pNaive in (4.4) and p̂selective(σ̂MED) in (4.20) with σ̂MED

defined in (4.21). The results are in Figure 4.6. The naive p-values are small for all pairs of

estimated clusters, even when the underlying species distributions are nearly identical (e.g.,

both clusters 1 and 4 are a mix of Chinstrap and Adelie penguins). By contrast, our proposal

results in large p-values when testing for a difference in means between clusters composed of

the same species (clusters 1 and 4, clusters 3 and 4), and small p-values when the clusters

correspond to different species (e.g., clusters 1 and 2, clusters 2 and 3).

4.6.2 MNIST Dataset [Lecun et al., 1998]

In this section, we apply our method to the MNIST dataset [Lecun et al., 1998], which

consists of 60,000 gray-scale images of handwritten digits. Each image has an accompanying
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label in {0, 1, . . . , 9}, and is stored as a 28×28 matrix that takes on values in [0, 255]. We first

divide the entries of all the images by 255. Next, since there is no variation in the peripheral

pixels of the images [Gallaugher and McNicholas, 2018], which violates model (4.1), we add an

independent perturbation N (0, 0.01) to each element of the image. Finally, we vectorize each

image to obtain a vector xi ∈ R784. We first construct a “no cluster” dataset by randomly

H0 pNaive p̂selective(σ̂MED)
“No cluster”

µ̄1 = µ̄2 < 10−10 < 10−10

µ̄1 = µ̄3 < 10−10 0.01
µ̄1 = µ̄4 < 10−10 0.22
µ̄1 = µ̄5 < 10−10 < 10−10

µ̄1 = µ̄6 < 10−10 0.53
µ̄2 = µ̄3 < 10−10 < 10−10

µ̄2 = µ̄4 < 10−10 1.4× 10−8

µ̄2 = µ̄5 < 10−10 < 10−10

µ̄2 = µ̄6 < 10−10 0.49
µ̄3 = µ̄4 < 10−10 0.14
µ̄3 = µ̄5 < 10−10 1.1× 10−6

µ̄3 = µ̄6 < 10−10 0.45
µ̄4 = µ̄5 < 10−10 2.0× 10−8

µ̄4 = µ̄6 < 10−10 0.77
µ̄5 = µ̄6 < 10−10 0.48

“Cluster”
µ̄1 = µ̄2 < 10−10 < 10−10

µ̄1 = µ̄3 < 10−10 8.0× 10−6

µ̄1 = µ̄4 < 10−10 6.2× 10−7

µ̄2 = µ̄3 < 10−10 6× 10−3

µ̄2 = µ̄4 < 10−10 10−3

µ̄3 = µ̄4 < 10−10 4× 10−4

Figure 4.7: Top left: Centroids of six clusters from the “no cluster” dataset (Ĉ1 to Ĉ6 from
left to right, top to bottom). Bottom left: Same as top left, but for the “cluster” dataset.
Right: We test the null hypothesis of no difference between each pair of cluster centroids
using pNaive and p̂selective(σ̂MED). Here, µ̄i =

∑
j∈Ĉi µj/|Ĉi|.

sampling 1,500 images of the 0s; thus, n = 1, 500 and q = 784. To de-correlate the pixels

in each image, we whitened the data (see Section 4.4.1) using Σ̂−
1
2 = U(Λ + 0.01In)−

1
2U>

as in prior work [Coates and Ng, 2012], where UΛU> is the eigenvalue decomposition of the

sample covariance matrix.

We apply k-means clustering with K = 6. The centroids are displayed in the top left

panel of Figure 4.7. For each pair of estimated clusters, we compute the p-values pNaive

and p̂selective(σ̂MED) (see Figure 4.7). The naive p-values are extremely small for all pairs

of clusters under consideration, despite the resemblance of the centroids. By contrast, our
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approach yields modest p-values, congruent with the visual resemblance of the centroids. In

addition, for the most part, the pairs for which p̂selective(σ̂MED) is small are visually quite

different (e.g., clusters 1 and 2, clusters 1 and 5, and clusters 4 and 5). In other words, even

though all estimated clusters are composed of digit 0s, the pairs for which p̂selective(σ̂MED) is

small usually correspond to 0s with different stroke patterns.

To demonstrate the power of the test based on p̂selective(σ̂MED), we also generated a “clus-

ter” dataset by sampling 500 images each from digits 0, 1, 3, and 8; thus, n = 2, 000 and

q = 784. We again whitened the data to obtain uncorrelated features. After applying k-

means clustering with K = 4, we obtain four clusters that roughly correspond to four digits:

cluster 1, 94.0% digit 1; cluster 2, 72.4% digit 3; cluster 3, 83.6% digit 0; cluster 4, 62.4%

digit 8 (see the bottom left panel of Figure 4.7). Results from testing for a difference in

means for each pair of clusters using pNaive and p̂selective(σ̂MED) are in Figure 4.7. Both sets

of p-values are small on this “cluster” dataset.

4.6.3 Single-cell RNA-sequencing data [Zheng et al., 2017]

In this section, we apply our proposal to single-cell RNA-sequencing data collected by Zheng

et al. [2017]. Single-cell RNA-sequencing quantifies gene expression abundance at the resolu-

tion of single cells, thereby revealing cell-to-cell heterogeneity in transcription and allowing

for the identification of cell types and marker genes. In practice, biologists often cluster

the cells to identify putative cell types, and then perform a differential expression analysis,

i.e., they test for a difference in gene expression between two clusters [Grün et al., 2015,

Lähnemann et al., 2020, Stuart et al., 2019]. Because this approach ignores the fact that the

clusters were estimated from the same data used for testing, it does not control the selective

Type I error.

Zheng et al. [2017] profiled 68,000 peripheral blood mononuclear cells, and classified them

based on their match to the expression profiles of 11 reference transcriptomes from known

cell types. We consider the classified cell types to be the “ground truth”, and use this

information to demonstrate that our proposal in Section 4.2 yields reasonable results.
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As in prior work [Duò et al., 2018, Gao et al., 2020], we first excluded cells with low

numbers of expressed genes or total counts, as well as cells in which a large percentage of

the expressed genes are mitochondrial. We then divided the counts for each cell by the total

sum of counts in that cell. Finally, we applied a log2 transformation with a pseudo-count of 1

to the expression data, and considered only the subset of 500 genes with the largest average

expression levels pre-normalization. We applied the aforementioned pre-processing pipeline

separately to memory T cells (N = 10, 224) and a mixture of five types of cells (memory T

cells, B cells, naive T cells, natural killer cells, and monocytes; N = 43, 259).

To investigate the selective Type I error in the absence of true clusters, we first constructed

a “no cluster” dataset by randomly sampling 1,000 out of 10,224 memory T cells after pre-

processing (thus, n = 1, 000 and q = 500). Since the gene expression levels are highly

correlated, we first whitened the data as described in Section 4.4.1 by plugging in Σ̂−
1
2 =

U(Λ + 0.01In)−
1
2U> [Coates and Ng, 2012], where UΛU> is the eigenvalue decomposition of

the sample covariance matrix.

We applied k-means clustering to the transformed data with K = 5, and obtained five

clusters consisting of 97, 223, 172, 165, and 343 cells, respectively (see Figure C.3 left panel

in Appendix C.9). For each pair of estimated clusters, we computed the p-values pNaive and

p̂selective(σ̂MED). The results are displayed in the top panel of Table 4.1. On this dataset,

the naive p-values are extremely small for all pairs of estimated clusters, while our proposed

p-values are quite large. In particular, at α = 0.05, the test based on pNaive concludes that all

five estimated clusters correspond to distinct cell types (even after multiplicity correction),

whereas our approach does not reject the null hypothesis that the expression levels (and

thus cell types) are, in fact, the same between estimated clusters. Because this “no cluster”

dataset consists only of memory T cells, we believe that conclusion based on p̂selective(σ̂MED)

aligns better with the underlying biology.

Next, we construct a “cluster” dataset by randomly sampling 400 each of memory T

cells, B cells, naive T cells, natural killer cells, and monocytes from the 43, 259 cells; thus,

n = 2, 000 and q = 500. After whitening the data, we applied k-means clustering to obtain
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Table 4.1: P-values pNaive in (4.4) and p̂selective in (4.20) with σ̂MED defined in (4.21) corre-
sponding to the null hypothesis that the means of two estimated clusters are equal, for each
pair of estimated clusters in the “no cluster” (top) and the “cluster” datasets (bottom).

H0 µ̄1 = µ̄2 µ̄1 = µ̄3 µ̄1 = µ̄4 µ̄1 = µ̄5 µ̄2 = µ̄3 µ̄2 = µ̄4 µ̄2 = µ̄5 µ̄3 = µ̄4 µ̄3 = µ̄5 µ̄4 = µ̄5

pNaive < 10−10 < 10−10 < 10−10 < 10−10 < 10−10 < 10−10 < 10−10 < 10−10 < 10−10 < 10−10

p̂selective(σ̂MED) 0.30 0.31 0.43 0.12 0.12 0.002 0.10 0.005 0.04 0.05

H0 µ̄1 = µ̄2 µ̄1 = µ̄3 µ̄1 = µ̄4 µ̄1 = µ̄5 µ̄2 = µ̄3 µ̄2 = µ̄4 µ̄2 = µ̄5 µ̄3 = µ̄4 µ̄3 = µ̄5 µ̄4 = µ̄5

pNaive < 10−10 < 10−10 < 10−10 < 10−10 < 10−10 < 10−10 < 10−10 < 10−10 < 10−10 < 10−10

p̂selective(σ̂MED) 4.0× 10−4 < 10−10 < 10−10 < 10−10 < 10−10 < 10−10 < 10−10 < 10−10 5.0× 10−8 < 10−10

five clusters. We see that these clusters approximately correspond to the five different cell

types (cluster 1: 82.5% naive T cells; cluster 2: 95.3% memory T cells; cluster 3: 99.2% B

cells; cluster 4: 91.5% nature killer cells; cluster 5: 83.3% monocytes); estimated clusters

are visualized in the right panel of Figure C.3 in Appendix C.9. We evaluate the p-values

pNaive and p̂selective(σ̂MED) for all pairs of estimated clusters, and display results in the bottom

panel of Table 4.1. Both sets of p-values are extremely small on this dataset, which suggests

that the test based on our p-value has substantial power to reject the null hypothesis when

it does not hold.

4.7 Discussion

We have proposed a test for a difference in means between two clusters estimated from k-

means clustering, under (4.1). Methods developed in this paper are implemented in the R

package KmeansInference, available at https://github.com/yiqunchen/KmeansInference.

Data and code for reproducing the results in this paper can be found at

https://github.com/yiqunchen/KmeansInference-experiments. Next, we outline a few

directions for future research.

While the p-value in (4.9) leads to selective Type I error control, it conditions on more

information than is used to construct the hypothesis in (4.2). In practice, data analysts

likely only make use of the final cluster assignments (leading to the p-value in (4.8)), as

opposed to all the intermediate assignments (leading to the p-value in (4.9)). Empirically,

https://github.com/yiqunchen/KmeansInference
https://github.com/yiqunchen/KmeansInference-experiments
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conditioning on too much information results in a loss of power [Fithian et al., 2014, Jewell

et al., 2022, Liu et al., 2018]. In future work, we will investigate the possibility of leveraging

recent developments in selective inference [Chen et al., 2021a, Jewell et al., 2022, Le Duy

and Takeuchi, 2021] to compute the “ideal” p-value (4.8).

We could also consider extending our proposal to other data generating models. The

normality assumption in (4.1) is critical to the proof of Proposition 13, because it guarantees

that under H0 in (4.2), ‖X>ν‖2, dir(X>ν), and Π⊥ν X are pairwise independent. However,

this normality assumption is often violated in practice, which might result in inflated Type

I error rate in real data analysis (e.g., a few pairs of visually-similar centroids in the top

left panel of Figure 4.7 correspond to small p-values). For instance, in single-cell genomics,

the data are count-valued and the variance of gene expression levels varies drastically with

the mean expression levels of that gene [Eling et al., 2018, Stuart et al., 2019]. This has

motivated some authors to work with alternative models for gene expression including Pois-

son [Witten, 2011], negative binomial [Risso et al., 2018], and curved normal [Lin et al.,

2021]. To extend our framework to other exponential family distributions, we may be able

to leverage recent proposals to decompose X into f(X) and g(X) such that both f(X) and

g(X)|f(X) have a known, computationally-tractable distribution [Leiner et al., 2021, Rasines

and Alastair Young, 2021].
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Chapter 5

DISCUSSION

5.1 Summary

In this dissertation, we proposed new tests for a difference in means between two groups

after selection; that is, when the groups under investigation are defined through the observed

data. In Chapter 2, we tackle the problem of quantifying the uncertainty of spikes estimated

from calcium imaging. Building on a well-studied model for calcium imaging data [Friedrich

and Paninski, 2016, Friedrich et al., 2017, Vogelstein et al., 2010], we formulate the problem

of interest as testing for a change in weighted means of the calcium concentration around an

estimated spike. Our proposal accounts for the fact that the spikes are estimated from the

data, thereby providing selective Type I error control and correct selective coverage.

In Chapter 3, we consider testing for a difference in means between two groups defined

via the output of the graph fused lasso [Tibshirani and Taylor, 2011], a popular method

to reconstruct piecewise constant signals. The solution to the graph fused lasso can be

segmented into connected components, which are groups of elements that share a common

value. It’s natural to wish to test whether the means are equal across two estimated connected

components. We propose a new test for this task that conditions on less information than

existing approaches [Hyun et al., 2018], which leads to substantially higher power while

guaranteeing selective Type I error control.

We pivot to the multivariate setting in Chapter 4, where we consider testing for a differ-

ence in cluster means after applying k-means clustering to the data. Our work is motivated

by the field of genomics, where datasets in single-cell transcriptomics consist of millions of

unlabeled cells, to which researchers routinely apply clustering algorithms. Under a simple

and well-studied matrix-variate normal model, we propose a finite-sample, computationally-
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efficient test that controls the selective Type I error for this task. Our proposal leads to

conclusions that align better with the underlying truth than classical tests on both hand-

written digits data and single-cell RNA-sequencing data.

Methods developed in Chapters 2–4 are implemented in open source software available

online (links can be found in Sections 2.7, 3.7, and 4.7); we have extensively documented our

software, with vignettes demonstrating usage of our methods on real data applications.

5.2 Future work

The tests proposed in Chapters 2–4 were developed under the assumption that the obser-

vations are normally distributed. The normality assumption is critical, as it guarantees the

efficient computation of our proposed p-values. For instance, in Chapter 4, the normality

assumption in (4.1) is critical to the proof of Proposition 13, because it guarantees that under

H0 in (4.2), ‖X>ν‖2, dir(X>ν), and Π⊥ν X are pairwise independent. Similarly, in Chapter

3, we rely on the property of a multivariate normal distribution to prove Proposition 9, and

consequently, to compute pĈ1,Ĉ2
.

However, this normality assumption might be violated in practice. For instance, in single-

cell genomics, the data are count-valued, which has motivated several authors to work with

alternative models for gene expression such as Poisson [Witten, 2011] and negative bino-

mial [Risso et al., 2018]. A line of recent work in selective inference has focused on relaxing

these assumptions in high-dimensional linear modeling [Charkhi and Claeskens, 2018, Tian

and Taylor, 2018, Tibshirani et al., 2018a] by carefully analyzing the asymptotics of the

selection events, and may be applicable to the settings in Chapters 2–4. Alternatively, we

may be able to leverage the recent developments in generalized data splitting and carving

to extend our selective inference approach to other exponential family distributions [Leiner

et al., 2021, Rasines and Alastair Young, 2021, Schultheiss et al., 2021]. As an example, in

the context of testing for equality in cluster means in Chapter 4, this amounts to decom-

posing the data X into f(X) and g(X) for some functions f and g such that both f(X)

and g(X)|f(X) have a known, computationally-tractable distribution [Leiner et al., 2021,



83

Rasines and Alastair Young, 2021].

In the future, it may be worthwhile to investigate the connections between ideas in this

dissertation and related developments in machine learning. Recent work has recast parameter

inference after selection as a binary classification problem [Liu et al., 2022, Markovic et al.,

2019]. Building on these observations, we could leverage toolkits from adaptive data analysis

such as disagreement-based active classification [Balcan et al., 2010, Settles, 2011] to provide

computationally-efficient selective inference tools for any black-box selection procedures. As

another example, multiverse analysis, an approach that outlines and executes all “reasonable”

data analysis plans, and then interprets the full range of possible outcomes collectively, has

emerged as a popular tool for data analysis [Dragicevic et al., 2019, Simonsohn et al., 2019,

Steegen et al., 2016]. Examining the role of rigorous statistical procedures, such as those

developed in this dissertation, in empirical practice such as multiverse analysis will be an

important direction of future work.
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Kovács, S., Li, H., and Bühlmann, P. (2020). Seeded intervals and noise level estimation in

change point detection: a discussion of fryzlewicz (2020). Journal of the Korean Statistical

Society, 49(4):1081–1089.

Kriegeskorte, N., Simmons, W. K., Bellgowan, P. S. F., and Baker, C. I. (2009). Circular

analysis in systems neuroscience: the dangers of double dipping. Nature Neuroscience,

12(5):535–540.
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Appendix A

A.1 Proof of Proposition 1

We first prove the statement (2.10). The following equalities hold:

P
(
ν>Y ≥ ν>y

∣∣∣ τ̂j(y) ∈M(Y ),Π⊥ν Y = Π⊥ν y, ν
>Y > 0

)
a.
= P

(
ν>Y ≥ ν>y

∣∣∣ τ̂j(y) ∈M(Π⊥ν y + ΠνY ),Π⊥ν Y = Π⊥ν y, ν
>Y > 0

)
b.
= P

(
φ ≥ ν>y

∣∣∣ τ̂j(y) ∈M
(
y′(φ)

)
,Π⊥ν Y = Π⊥ν y, ν

>Y > 0
)

c.
= P

(
φ ≥ ν>y

∣∣∣ τ̂j(y) ∈M
(
y′(φ)

)
, φ > 0

)
.

Here, a. follows from the fact that Y = Π⊥ν Y + ΠνY , and the fact that we have conditioned

on the event Π⊥ν Y = Π⊥ν y. To prove b., we first note that I = Πν + Π⊥ν and ΠνY = νν>

||ν||22
Y ,

which implies

Π⊥ν y + ΠνY = y − Πνy + ΠνY = y − ν>y

||ν||22
ν +

ν>Y

||ν||22
ν = y′(φ),

where we define φ = ν>Y ∼ N (ν>c, σ2||ν||22). Finally, c. follows from the fact that Y ∼

N (c, σ2I) implies independence of φ = ν>Y and Π⊥ν Y .

Now to prove (2.12), we note that under H0 in (2.6), ν>Y ∼ N (0, σ2||ν||22). Therefore,

applying the result above with ν>c = 0 completes the proof.
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A.2 General case for the contrast vector ν

The definition (2.7) only applies when τ̂j − h + 1 ≥ 1 and τ̂j + h ≤ T . In the case that

τ̂j − h+ 1 < 1 or τ̂j + h > T , we define the contrast vector ν as follows:

νt =


−γ γ2−1

γ2−γ2(τ̂L−τ̂j)
· γt−τ̂j , τ̂L ≤ t ≤ τ̂j

γ2−1

γ2(τ̂R−τ̂j)−1
· γt−(τ̂j+1), τ̂j + 1 ≤ t ≤ τ̂R

0, otherwise

, (A.1)

where τ̂L = max(1, τ̂j − h+ 1), and τ̂R = min(T, τ̂j + h).

In Figure A.1, we plot the contrast vector in (2.7), generated with T = 50, γ = 0.98,

τ̂j = 20, and h = 5.

Figure A.1: Plot of the contrast ν generated according to (2.7), with T = 50, γ = 0.98,
τ̂j = 20, and h = 5.

A.3 Proof of Proposition 3

Recall that the `0 problem (2.14) is equivalent to the changepoint detection problem (2.15),

in the sense that (2.14) results in an estimated changepoint at τ̂j if and only if τ̂j is in the
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solution to (2.15).

We first prove that C(φ) defined in (2.18) equals the objective of (2.15) applied to data

y′(φ), subject to the constraint that τ̂j is in the solution.

C(φ) = min
α≥0

{
Cost

(
y′1:τ̂j

(φ), α; γ
)}

+ min
α≥0

{
Cost

(
y′T :(τ̂j+1)(φ), α; 1/γ

)}
+ λ

a.
= min

α≥0

{
Cost

(
y′1:τ̂j

(φ), α; γ
)}

+ min
α≥0

{
Cost

(
y′(τ̂j+1):T (φ), α; γ

)}
+ λ

b.
= min

0=τ0<τ1<...<τk<τk+1=τ̂j ,k


k∑
j=0

min
α≥0

1

2

τj+1∑
t=τj+1

(
y′t(φ)− αγt−τj+1

)2+ λk


+ min
τ̂j=τ̃0<τ̃1<...<τ̃l<τ̃l+1=T,l


l∑

j=0

min
α≥0

1

2

τ̃j+1∑
t=τ̃j+1

(
y′t(φ)− αγt−τ̃j+1

)2+ λl

+ λ

c.
= min

0=τ0<τ1<...<τk<τk+1=τ̂j ,k,
τ̂j=τ̃0<τ̃1<...<τ̃l<τ̃l+1=T,l


k∑
j=0

min
α≥0

1

2

τj+1∑
t=τj+1

(
y′t(φ)− αγt−τj+1

)2

+
l∑

j=0

min
α≥0

1

2

τ̃j+1∑
t=τ̃j+1

(
y′t(φ)− αγt−τ̃j+1

)2+ λ(k + l)

+ λ

d.
= min

0=τ0<τ1<...<τk<τk+1=T,
k,τ̂j∈{τ1,...,τk}


k∑
j=0

min
α≥0

1

2

τj+1∑
t=τj+1

(
y′t(φ)− αγt−τj+1

)2+ λk

.

Here, a. follows from Lemma 5 and b. follows from Lemma 4. Part c. follows from

combining the two minimization problems, and finally part d. follows from treating (k + l)

as a new variable in the optimization problem.

Next, we show that C ′(φ) defined in (2.19) equals the objective of (2.15) applied to data

y′(φ), subject to the constraint that τ̂j is not in the solution.
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C ′(φ) = min
α≥0

{
Cost

(
y′1:τ̂j

(φ), α; γ
)

+ Cost
(
y′T :(τ̂j+1)(φ), γα; 1/γ

)}
a.
= min

α≥0

 min
0=τ0<τ1<...<τk<τk+1=τ̂j ,
α0,...,αk−1≥0,αk=α,k

1

2

k∑
j=0

τj+1∑
t=τj+1

(
y′t(φ)− αjγt−τj+1

)2
+ λk


+ min
τ̂j=τ0<τ1<...<τk<τk+1=T,

α0,...,αk≥0,αk=γα,k

1

2

k∑
j=0

τj+1∑
t=τj+1

(
y′T+τ̂j+1−t(φ)− αj(1/γ)t−τj+1

)2
+ λk




b.
= min

α≥0

 min
0=τ0<τ1<...<τk<τk+1=τ̂j ,
α0,...,αk−1≥0,αk=α,k

1

2

k∑
j=0

τj+1∑
t=τj+1

(
y′t(φ)− αjγt−τj+1

)2
+ λk


+ min
T=τ̃0>τ̃1>...>τ̃k>τ̃k+1=τ̂j ,

α0,...,αk≥0,αk=γα,k

1

2

k∑
j=0

τ̃j+1∑
t=τ̃j+1

(
y′t(φ)− αjγt−τ̃j+1

)2
+ λk




c.
= min

0=τ0<τ1<...<τk<τk+1=τ̂j ,
α0,...,αk−1≥0,αk=α,k,

τ̂j=τ̃k̃+1<τ̃k̃<...<τ̃1<τ̃0=T

α̃0,...,α̃k̃≥0,α̃k̃=γα,k̃

1

2

k∑
j=0

τj+1∑
t=τj+1

(
y′t(φ)− αjγt−τj+1

)2
+ λk +

1

2

k̃∑
j=0

τ̃j+1∑
t=τ̃j+1

(
y′t(φ)− α̃jγt−τ̃j+1

)2
+ λk̃



d.
= min

0=τ0<τ1<...<τk<τk+1=T,
α0,...,αk≥0,k,
τ̂j 6=τj ,∀j=1,...,k.

1

2

k∑
j=0

τj+1∑
t=τj+1

(
y′t(φ)− αjγt−τj+1

)2
+ λk


e.
= min

0=τ0<τ1<...<τk<τk+1=T,
k,τ̂j /∈{τ1,...,τk}


k∑
j=0

min
α≥0

1

2

τj+1∑
t=τj+1

(
y′t(φ)− αγt−τj+1

)2+ λk

.

Part a. follows from expanding Cost(·) using Lemma 3. We then change the optimization

variable in the second term from τj to τ̃j = T+τ̂j−τj, which does not change the optimization

problem because the mapping between τ̃j and τj is invertible; re-indexing the summation

completes part b. Next, c. follows from combining the two optimization problems. In step

d., we observe that the two constraints αk = α (i.e., fitted value at timepoint τ̂j is α) and

α̃k̃ = γα (i.e., fitted value at timepoint τ̂j +1 is γα) are equivalent to a single constraint that
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τ̂j is not a changepoint. Finally, step e. follows from pulling the optimization over αj inside

the summation.

To summarize, we have proven that

C(φ) = min
0=τ0<τ1<...<τk<τk+1=T,

k,τ̂j∈{τ1,...,τk}


k∑
j=0

min
α≥0

1

2

τj+1∑
t=τj+1

(
y′t(φ)− αγt−τj+1

)2

+ λk

, (A.2)

and

C ′(φ) = min
0=τ0<τ1<...<τk<τk+1=T,

k,τ̂j /∈{τ1,...,τk}


k∑
j=0

min
α≥0

1

2

τj+1∑
t=τj+1

(
y′t(φ)− αγt−τj+1

)2

+ λk

. (A.3)

By inspection of (A.2) and (A.3), we conclude that {φ : C(φ) ≤ C ′(φ)} =

{φ : τ̂j ∈M(y′(φ))}, which completes the proof.

We present the technical lemmas used in the proof below.

Lemma 3. For Cost(y1:s, α; γ) defined in (2.16), we have

Cost(y1:s, α; γ) = min
0=τ0<τ1<...<τk<τk+1=s,

α0,...,αk≥0,αk=α,k

1

2

k∑
j=0

τj+1∑
t=τj+1

(
yt − αjγt−τj+1

)2
+ λk

. (A.4)
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Proof.

Cost(y1:s, α; γ)
a.
= min

0≤τ<s

{
F (τ) +

1

2

(
s∑

t=τ+1

(yt − αγt−s)2

)
+ λ

}

b.
= min

0≤τ<s

{
min

0=τ0<τ1<...<τk<τk+1=τ,k

1

2

 k∑
j=0

min
α≥0


τj+1∑

t=τj+1

(
yt − αγt−τj+1

)2+ λk


+

1

2

(
s∑

t=τ+1

(
yt − αγt−s

)2)
+ λ

}

c.
= min

0=τ0<τ1<...<τk<τk+1=τ<s,
α0,...,αk≥0,k,τ

1

2

k∑
j=0

τj+1∑
t=τj+1

(
yt − αjγt−τj+1

)2
+ λk +

1

2

s∑
t=τk+1+1

(
yt − αγt−s

)2
+ λ


d.
= min

0=τ0<τ1<...<τk<τk+1=s,
α0,...,αk≥0,αk=α,k

1

2

k∑
j=0

τj+1∑
t=τj+1

(
yt − αjγt−τj+1

)2
+ λk

.
Here, a. follows from the definition in (2.16) and b. follows from the definition of F (τ),

the optimal cost of segmenting the first τ data points. Part c. follows from pulling the

minα≥0 operation out of the summation, which is performed separately for each data segment

y(τj+1):τj+1
. Finally, part d. follows by inspection.

Lemma 4. For Cost(y1:s, α; γ) defined in (2.16), we have

min
α≥0
{Cost(y1:s, α; γ)} = min

0=τ0<τ1<...<τk<τk+1=s,k


k∑
j=0

min
α≥0

1

2

τj+1∑
t=τj+1

(
yt − αγt−τj+1

)2

+ λk

.
Proof.

min
α≥0
{Cost(y1:s, α; γ)} a.

= min
α≥0

 min
0=τ0<τ1<...<τk<τk+1=s,

α0,...,αk≥0,αk=α,k

1

2

k∑
j=0

τj+1∑
t=τj+1

(
yt − αjγt−τj+1

)2
+ λk




= min
0=τ0<τ1<...<τk<τk+1=s,

α0,...,αk≥0,k

1

2

k∑
j=0

τj+1∑
t=τj+1

(
yt − αjγt−τj+1

)2
+ λk


b.
= min

0=τ0<τ1<...<τk<τk+1=s,k

1

2

k∑
j=0

min
α≥0

1

2

τj+1∑
t=τj+1

(
yt − αγt−τj+1

)2

+ λk

.
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Here, a. follows from Lemma 3. b. follows from noting that αj can be minimized inde-

pendently for each data segment y(τ̂j+1):τ̂j+1
.

Lemma 5. For Cost(y1:s, α; γ) defined in (2.16), we have

min
α≥0
{Cost(y1:s, α; γ)} = min

α≥0
{Cost(ys:1, α; 1/γ)}.

Proof.

min
α≥0
{Cost(y1:s, α; γ)} a.

= min
0=τ0<τ1<...<τk<τk+1=s,

α0,...,αk≥0,k

1

2

k∑
j=0

τj+1∑
t=τj+1

(
yt − αjγt−τj+1

)2
+ λk


b.
= min

s=τ̃0>τ̃1>...>τ̃k>τ̃k+1=0,
α0,...,αk≥0,k

1

2

k∑
j=0

s−τ̃j+1∑
t=s−τ̃j+1

(
yt − αjγt−(s−τ̃j+1)

)2
+ λk


c.
= min

s=τ̃0>τ̃1>...>τ̃k>τ̃k+1=0,
α0,...,αk≥0,k

1

2

k∑
j=0

τ̃j∑
t=τ̃j+1

(
ys−t − αj(1/γ)t−τ̃j+1

)2
+ λk


d.
= min

α≥0
{Cost(ys:1, α; 1/γ)}.

Part a. follows from Lemma 3. In step b., we change the optimization variable from τj to

τ̃j = s− τj, which does not change the optimization problem because the mapping between

τ̃j and τj is invertible. Step c. follows from re-indexing the summation, and finally d. follows

from Lemma 3 again.

A.4 Proof of Proposition 4

To begin, we will prove (2.21) using an induction argument. The following claim serves as

the “base case” for the recursion.

Lemma 6.

Cost
(
y′1:(τ̂j−h+1)(φ), α; γ

)
= min

f∈Cτ̂j−h+1

f(α, φ), (A.5)
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where

Cτ̂j−h+1 =

{
Cost

(
y′1:(τ̂j−h)(φ), α/γ; γ

)
+

1

2

(
y′τ̂j−h+1(φ)− α

)2
,

min
α′≥0

{
Cost

(
y′1:(τ̂j−h)(φ), α′; γ

)}
+ λ+

1

2

(
y′τ̂j−h+1(φ)− α

)2
}
. (A.6)

Proof. To prove Lemma 6, we will first compute Cost
(
y′1:(τ̂j−h+1)(φ), α; γ

)
using the def-

inition in (2.16); we will then show that this equals minf∈Cτ̂j−h+1
f(α, φ), with Cτ̂j−h+1 in

(A.6).

Per the definition of ν in (4.3), y′1:(τ̂j−h)(φ) = y1:(τ̂j−h); therefore, Cτ̂j−h =

Cost
(
y′1:(τ̂j−h)(φ), α; γ

)
= Cost

(
y1:(τ̂j−h), α; γ

)
. From Proposition 2, this means that Cτ̂j−h is

a piecewise quadratic function of α only.

Now we consider the function Cost
(
y′1:(τ̂j−h+1)(φ), α; γ

)
. There are two possibilities:

1. There is no changepoint at the (τ̂j − h)th time step. In this case,

Cost
(
y′1:(τ̂j−h+1) (φ) , α; γ

)
equals

Cost
(
y′1:(τ̂j−h)(φ), α/γ; γ

)
+

1

2

(
y′τ̂j−h+1(φ)− α

)2

,

where α/γ accounts for the exponential calcium decay.

2. There is a changepoint at the (τ̂j − h)th time step. In this case,

Cost
(
y′1:(τ̂j−h+1)(φ), α; γ

)
equals

min
α′≥0

{
Cost

(
y′1:(τ̂j−h)(φ), α′; γ

)}
+ λ+

1

2

(
y′τ̂j−h+1(φ)− α

)2

,

where the changepoint incurs a penalty of λ, and there can be an arbitrary change in

the calcium from timepoint τ̂j − h to τ̂j − h+ 1.
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Therefore,

Cost
(
y′1:(τ̂j−h+1)(φ), α; γ

)
= min

{
Cost

(
y′1:(τ̂j−h)(φ), α/γ; γ

)
+

1

2

(
y′τ̂j−h+1(φ)− α

)2

,

min
α′≥0

{
Cost

(
y′1:(τ̂j−h)(φ), α′; γ

)}
+ λ+

1

2

(
y′τ̂j−h+1(φ)− α

)2
}

= min
f∈Cτ̂j−h+1

f(α, φ), (A.7)

where the last equality follows from (A.6). This completes the proof.

We will now prove the inductive step for the recursion, which relies on the following

claim.

Lemma 7. Suppose that for some s ∈ {τ̂j − h+ 1, . . . , τ̂j − 1},

Cost (y′1:s(φ), α; γ) = min
f∈Cs

f(α, φ). (A.8)

Then,

Cost
(
y′1:(s+1)(φ), α; γ

)
= min

f∈Cs+1

f(α, φ), (A.9)

where Cs+1 is defined recursively according to (2.23).

Proof. To begin, we apply Proposition 2 with y′(φ) instead of y and get

Cost
(
y′1:(s+1)(φ), α; γ

)
= min

{
Cost (y′1:s(φ), α/γ; γ) ,min

α′≥0
Cost (y′1:s(φ), α′; γ) + λ

}
+

1

2

(
y′s+1(φ)− α

)2
.

(A.10)

Applying the inductive hypothesis in (A.8) with α/γ instead of α, we have that

Cost (y′1:s(φ), α/γ; γ) = min
f∈Cs

f(α/γ, φ), (A.11)



111

and

min
α′≥0
{Cost (y′1:s(φ), α′; γ)} = min

α′≥0

{
min
f∈Cs

f(α′, φ)

}
. (A.12)

Therefore,

Cost
(
y′1:(s+1)(φ), α; γ

)
a.
= min

{
min
f∈Cs

f(α/γ, φ), min
α′≥0

{
min
f∈Cs

f(α′, φ)

}
+ λ

}
+

1

2

(
y′s+1(φ)− α

)2
(A.13)

b.
= min

{
min
f∈Cs

f(α/γ, φ) +
1

2

(
y′s+1(φ)− α

)2
, min
f∈Cs

{
min
α′≥0
{f(α′, φ)}

}
+ λ+

1

2

(
y′s+1(φ)− α

)2}
,

(A.14)

where a. follows from (A.8) and (A.10), and b. follows from exchanging the order of mini-

mization and distributing the 1
2

(
y′s+1(φ)− α

)2
term inside.

Furthermore,

min
f∈Cs+1

f(α, φ)
a.
= min
f∈
{(⋃

f∈Cs

{
f(α/γ,φ)+ 1

2 (y′s+1(φ)−α)
2
})⋃{

gs+1(φ)+ 1
2 (y′s+1(φ)−α)

2
}} f(α, φ) (A.15)

b.
= min

{
min
f∈Cs

{
f(α/γ, φ) +

1

2

(
y′s+1(φ)− α

)2}
, gs+1(φ) +

1

2

(
y′s+1(φ)− α

)2}
(A.16)

c.
= min

{
min
f∈Cs
{f(α/γ, φ)}+

1

2

(
y′s+1(φ)− α

)2
, min
f∈Cs

{
min
α≥0
{f(α, φ)}

}
+ λ+

1

2

(
y′s+1(φ)− α

)2}
,

(A.17)

where a. follows from the definition of Cs+1 in (2.23); b. follows from noting that

minf∈A⋃
B f = min {minf∈A f,minf∈B f}; and c. follows from the definition of gs+1(φ) in

(2.24).

Now by inspection, (A.14) is equal to (A.17); this completes the proof.

The inductive proof of (2.21) follows directly from combining Lemmas 6 and 7.

We will now show that for τ̂j−h+1 ≤ s ≤ τ̂j, Cs is a collection of piecewise quadratic func-

tions of α and φ. We will show this by induction. We first make the following observations,

which follow from simple algebra:

• Observation 1: For τ̂j − h+ 1 ≤ s ≤ τ̂j,
1
2
(y′s(φ)− α)2 is a quadratic function of φ and

α, where y′(φ) is defined in (3.12).
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• Observation 2: If both f1(α, φ) and f2(α, φ) are piecewise quadratic functions of α and

φ, then f1 + f2 is also a piecewise quadratic function of α and φ.

• Observation 3: If f(α, φ) is a piecewise quadratic function of φ and α, then

minα≥0 f(α, φ) is a piecewise quadratic function of only φ.

• Observation 4: If Cs is a finite set of piecewise quadratic functions of φ and α, then

minf∈Cs f(α, φ) is a piecewise quadratic function of φ and α.

In our induction, Lemma 8 serves as our “base case”. The induction step is presented in

Lemma 9.

Lemma 8. Cτ̂j−h+1 is a collection of piecewise quadratic functions of α and φ.

Proof. Applying the recursion in (2.23), we see that

Cτ̂j−h+1 =

{
Cost

(
y′1:(τ̂j−h)(φ), α; γ

)
+

1

2

(
y′τ̂j−h+1(φ)− α

)2
,

min
α≥0

{
Cost

(
y′1:(τ̂j−h)(φ), α; γ

)}
+ λ+

1

2

(
y′τ̂j−h+1(φ)− α

)2
}
.

By Proposition 2, Cost(y′1:(τ̂j−h)(φ), α; γ) = Cost(y1:(τ̂j−h), α; γ) is a piecewise quadratic

function of α. Furthermore, 1
2
(y′τ̂j−h+1(φ) − α)2 is a quadratic function of φ and α, ac-

cording to Observation 1. Therefore, the first term in Cτ̂j−h+1 is a piecewise quadratic

function of φ and α according to Observation 2. As for the second term, we note that

minα≥0

{
Cost(y′1:(τ̂j−h)(φ), α; γ)

}
is a piecewise quadratic function of φ according to Obser-

vation 3, so its sum with λ+ 1
2
(y′τ̂j−h+1(φ)− α)2 is piecewise quadratic in φ and α.

Lemma 9. Suppose that for some s ∈ {τ̂j −h+ 1, . . . , τ̂j − 1}, Cs is a collection of piecewise

quadratic functions of α and φ. Then,

Cs+1 =

(⋃
f∈Cs

{
f(α/γ, φ) +

1

2

(
y′s+1(φ)− α

)2
})⋃{

gs+1(φ) +
1

2

(
y′s+1(φ)− α

)2
}

(A.18)
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is also a collection of piecewise quadratic functions of α and φ, where gs+1 is defined in

(2.24).

Proof. According to the induction hypothesis, each f ∈ Cs is a piecewise quadratic function

of α and φ. Therefore, f(α/γ, φ) + 1
2
(y′s+1(φ) − α)2 is a piecewise quadratic function of α

and φ for all f ∈ Cs, according to Observation 2. Furthermore, from Observations 3 and 4,

we can see that

gs+1(φ) = min
f∈Cs

min
α≥0

f(α, φ) + λ

is a piecewise quadratic function of φ.

Combining Lemmas 8 and 9 completes the argument that for s ∈ {τ̂j − h, . . . , τ̂j}, Cs is

a collection of piecewise quadratic functions.

To complete the proof of Proposition 4, it remains to show that for s ∈ {τ̂j − h, . . . , τ̂j},

|Cs| = s − τ̂j + h + 1, where |Cs| is the cardinality of the set Cs. According to (2.22), Cτ̂j−h
consists of a single function. At each iteration of the recursion in (2.23), only one additional

function is added; therefore, Cs consists of 1 + s− (τ̂j − h) = s− τ̂j + h+ 1 functions.

A.5 Extension of Proposition 4 to y′T :(τ̂j+1)(φ)

The following proposition is a straightforward extension of Proposition 4 to the sequence

y′T :(τ̂j+1)(φ) with decay parameter 1/γ to account for the time reversal.

Proposition 18. For τ̂j + 1 ≤ s ≤ τ̂j + h,

Cost(y′T :s(φ), α; 1/γ) = min
f∈C̃s

f(α, φ), (A.19)

where C̃s is a collection of τ̂j + h + 2− s piecewise quadratic functions of α and φ, f(α, φ),
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constructed with the initialization

C̃τ̂j+h+1 =
{

Cost
(
y′T :(τ̂j+h+1)(φ), α; 1/γ

)}
, (A.20)

and the recursion

C̃s =

 ⋃
f∈C̃s+1

{
f(αγ, φ) +

1

2
(y′s(φ)− α)

2

}⋃{
gs(φ) +

1

2
(y′s(φ)− α)

2

}
, (A.21)

where

gs(φ) = min
f∈C̃s+1

min
α≥0

f(α, φ) + λ (A.22)

and y′(φ) is defined in (3.12).

A.6 General case for Propositions 4 and 18

Propositions 4 and 18 assumed that τ̂j − h ≥ 1 and τ̂j + h+ 1 ≤ T (where T is the length of

the observed data), respectively. We now provide details for the cases where τ̂j − h < 1 and

τ̂j + h+ 1 > T .

• Case 1: τ̂j − h < 1. Define τ̂L = max{1, τ̂j − h} and initialize with

Cτ̂L =
{

Cost
(
y′1:τ̂L

(φ), α; γ
)}

(A.23)

in Proposition 4 instead of (2.22), with the convention y′1:1(φ) = y′1(φ).

• Case 2: τ̂j + h+ 1 > T . Define τ̂R = min{T, τ̂j + h+ 1} and initialize with

Cτ̂R =
{

Cost
(
y′T :τ̂R

(φ), α; 1/γ
)}

(A.24)

in Proposition 18 instead of (A.20), with the convention y′T :T (φ) = y′T (φ).



115

A.7 Algorithm for computing S in (2.20)

Algorithm 2: Computing S in (2.20) for a spike τ̂j resulting from (2.14)

Input : Data y1:T , spike location τ̂j, exponential decay parameter γ
Output: Set S

1. Compute the collection of functions Cτ̂j using Proposition 4.

2. Compute the collection of functions C̃τ̂j+1 using Proposition 18.

3. Compute C(φ) using (2.25).

4. Compute C ′(φ) using (2.26).

5. Compute S = {φ : C(φ) ≤ C ′(φ)}.

A.8 Proof of Proposition 5

Throughout the proof, we assume that the number of pieces in the piecewise quadratic

functions under consideration is a constant that does not depend on h and T . Moreover,

we will leverage the toolkit from Jewell et al. [2022], Maidstone et al. [2017], Rigaill [2015],

which allows for efficient manipulation of both univariate and bivariate piecewise quadratic

functions. Provided with an efficient implementation of the toolkit, we make the following

two observations for our timing complexity analysis:

• Observation 1: minf∈C f(φ) can be computed in O(|C|) operations, provided that f(φ)

is a piecewise quadratic function of φ;

• Observation 2: ∀f1, f2 ∈ C, f1(α, φ) + f2(α, φ) can be computed in O(1) operations,

provided that f1(α, φ) and f2(α, φ) are piecewise quadratic functions of α and φ with

O(1) pieces.

Finally, we recall that if f(α, φ) is a piecewise quadratic function of α and φ, then
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minα≥0{f(α, φ)} is a piecewise quadratic function of φ only and can be computed ana-

lytically.

Now we will characterize the computational complexity of Algorithm 2:

1. Step 1: We first consider the time to compute Cs for some s ∈ {τ̂j − h + 1, . . . , τ̂j},

assuming that we have computed Cs−1.

(a) We first compute
⋃
f∈Cs−1

{f(α/γ, φ) + 1
2
(y′s(φ) − α)2}, which takes O(|Cs−1|) =

O(s− τ̂j + h) operations.

(b) We then compute gs(φ) using (2.24): the inner minimization over α ≥ 0 takes

O(1) operations for each f ∈ Cs−1 since it admits an analytical solution; the outer

minimization over Cs−1 takes O(|Cs−1|) = O(s − τ̂j + h) operations according to

Observation 1.

In summary, computing Cs from Cs−1 takes O(s − τ̂j + h) operations for any s ∈

{τ̂j − h + 1, . . . , τ̂j}. The first step of Algorithm 2 requires computing Cs for all s ∈

{τ̂j − h+ 1, . . . , τ̂j}, a total of O
(∑τ̂j

t=τ̂j−h+1 (t− τ̂j + h)
)

= O(h2) operations.

2. Step 2: Applying the same logic used in analyzing Step 1 to the second step of Algo-

rithm 2, we conclude that computing C̃τ̂j+1 takes O(h2) operations using Proposition

18.

3. According to (2.25), computing C(φ) requires minf∈Cτ̂j {minα≥0 f(α, φ)} and

minf∈C̃τ̂j+1
{minα′≥0 f(α′, φ)}. Both terms can be computed in O(|Cτ̂j |) = O(h) op-

erations using Observation 1; moreover, the summation will take O(1) operations ac-

cording to Observation 2. Hence Step 3 takes O(h) operations in total.

4. According to (2.26),

C ′(φ) = min
f∈Cτ̂j ,f̃∈C̃τ̂j+1

{
min
α≥0

{
f(α, φ) + f̃(γα, φ)

}}
.
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(a) Computing the set
{
f(α, φ) + f̃(γα, φ)

∣∣∣ f ∈ Cτ̂j , f̃ ∈ C̃τ̂j+1

}
takes O(|Cτ̂j | ·

|C̃τ̂j+1|) = O(h2) operations, since each addition takes O(1) operations (Obser-

vation 2) and there are |Cτ̂j | · |C̃τ̂j+1| such sums.

(b) Minimizing over α ≥ 0 for each f(α, φ) + f̃(γα, φ) takes O(1) operations, so the

cost of minimization over the entire collection is O(h2).

(c) Computing C ′(φ) as the minimum of O(h2) piecewise quadratic functions of φ

requires O(h2) operations by Observation 1.

To summarize, we need O(h2) operations to compute C ′(φ).

5. To carry out Step 5, we first compute min{C(φ), C ′(φ)}, the minimum of two piece-

wise quadratic functions of φ only, which takes O(1) operations by Observation 1.

In O(1) operations, we can obtain S in (2.13) by computing the set of φ such that

min{C(φ), C ′(φ)} = C(φ).

To summarize, computing S defined in (2.13) using Algorithm 2 takes O(h2) operations.

A.9 Empirical timing results for Proposition 5

In this section, we investigate the claim from Proposition 5 that computing the set S defined

in (2.13) requires O(h2) operations, where h is the window size that appears in (2.7).

Figure A.2 displays the running time, computed on a MacBook Pro with a 1.4 GHz Intel

Core i5 processor, as a function of the window size, h, over 50 replicate datasets simulated

according to (2.1) with T = 10, 000, γ = 0.98, and zt
i.i.d.∼ Poisson(0.01); the tuning parameter

λ for the `0 problem in (2.14) is set to 0.3, which yields between 50 and 100 spikes. With

h = 20, the average running time is 2.1 seconds for each dataset. In addition, a quadratic fit

is plotted for reference. We see that the running time is indeed approximately quadratic in

the window size h.
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Figure A.2: Running time of Algorithm 2 over 50 replicate datasets, as a function of the
window size, h. Each point represents a separate dataset. Each dataset is simulated according
to (2.1), and the `0 problem is solved with λ = 0.3. A quadratic equation (Time = 0.003h2−
0.002h+ 0.695) is plotted for reference.

A.10 An illustrative example for Propositions 4 and 18

In this section, we walk through a very simple example of characterizing the set S =

{φ : τ̂j ∈M(y′(φ))} in (2.13) using Proposition 3.

Suppose y1:4 = (8, 4, 6, 3), and we want to compute S for τ̂j = 2 with h = 1 (i.e.,

τ̂j − h = 1, τ̂j + h = 3), γ = 1
2
, and λ = 1. We first compute ν according to (2.7) and y′(φ)

according to (2.11):

ν =


0

−0.5

1

0

 , y′(φ) =


8

5.6− 0.4φ

2.8 + 0.8φ

3

 .

According to (2.20), to compute S, it suffices to compute C(φ) in (2.18) and C ′(φ) in

(2.19).
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We first compute C(φ) using Proposition 4. We start with Cτ̂j−h = C1.

1. C1 has only one function

C1 = Cost(y′1(φ), α; γ) =
1

2
(8− α)2.

2. To compute C2, we apply (2.23):

C2 =
{1

2
(8− α/0.5)2 +

1

2
(5.6− 0.4φ− α)2,

1

2
(5.6− 0.4φ− α)2 + g2(φ)

}
,

where

g2(φ) = min
α≥0

Cost(y1, α; γ) + λ = 0 + λ = 1.

This completes the calculation

Cost
(
y′1:τ̂j

(φ), α; γ
)

= Cost(y′1:2(φ), α; γ) = min
f∈C2

f(α, φ).

For the reverse direction, we will apply Proposition 18 to compute sets C4 and C3.

1. C4 consists of a single function:

C4 = Cost(y′4(φ), α; 1/γ) =
1

2
(3− α)2.

2. Applying (A.21), we get

C3 = min
{1

2
(3− α/2)2 +

1

2
(2.8 + 0.8φ− α)2,

min
α′≥0

{
1

2
(3− α′/2)2

}
+ λ+

1

2
(2.8 + 0.8φ− α)2

}
,
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which yields

Cost
(
y′T :τ̂j+1(φ), α; 1/γ

)
= Cost(y′4:3(φ), α; 1/γ) = min

f∈C3
f(α, φ).

According to (2.18),

C(φ) = min
α≥0

{
Cost(y′1:2(φ), α; γ)

}
+ min

α≥0

{
Cost(y′4:3(φ), α; 1/γ)

}
+ λ,

where

min
α≥0

{
Cost

(
y′1:2(φ), α; γ

)}
= min

{
min
α≥0

{
1

2
(8− α/(0.5))2 +

1

2
(5.6− 0.4φ− α)2

}
,min
α≥0

{
1

2
(5.6− 0.4φ− α)2 + 1

}}

= min

f̃1(φ) =


0.064φ2 − 0.512φ+ 1.024 φ ≤ 54

0.08φ2 − 2.24φ+ 47.68 φ > 54

, f̃2(φ) =


1 φ ≤ 14

0.08φ2 − 2.24φ+ 16.68 φ > 14



=



1 φ ≤ 0.047

0.064φ2 − 0.512φ+ 1.024 0.047 < φ ≤ 7.953

1 7.953 < φ ≤ 14

0.08φ2 − 2.24φ+ 16.68 φ > 14

,
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and

min
α≥0

{
Cost

(
y′4:3(φ), α; 1/γ

)}
= min

{
min
α≥0

{
1

2
(3− α/2)2 +

1

2
(2.8 + 0.8φ− α)2

}
,min
α≥0

{
1

2
(2.8 + 0.8φ− α)2 + 1

}}

= min

f̃1(φ) =


0.32φ2 + 2.24φ+ 8.42 φ < −5.375

0.064φ2 − 0.512φ+ 1.024 φ ≥ −5.375

, f̃2(φ) =


0.32φ2 + 2.24φ+ 4.92 φ < −3.5

1 φ ≥ −3.5



=



0.32φ2 + 2.24φ+ 4.92 φ ≤ −3.5

1 −3.5 < φ ≤ 0.047

0.064φ2 − 0.512φ+ 1.024 0.047 < φ ≤ 7.953

1 φ > 7.953

.

Therefore,

C(φ) =



0.32φ2 + 2.24φ+ 5.92 φ ≤ −3.5

2 −3.5 < φ ≤ 0.047

0.064φ2 − 0.512φ+ 2.024 0.047 < φ ≤ 7.953

2 7.953 < φ ≤ 14

0.08φ2 − 2.24φ+ 17.68 φ > 14

.
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Moreover, according to (2.19),

C ′(φ) = min
α≥0
{Cost(y′1:2(φ), u/0.5; γ) + Cost(y′4:3(φ), α; 1/γ)}

= min

{
min
α≥0

{
1

2
(8− α/0.25)2 +

1

2
(5.6− 0.4φ− α/0.5)2 +

1

2
(3− α/2)2 +

1

2
(2.8 + 0.8φ− α)2

}
,

min
α≥0

{
1

2
(8− α/0.25)2 +

1

2
(5.6− 0.4φ− α/0.5)2 + 1 +

1

2
(2.8 + 0.8φ− α)2

}
,

min
α≥0

{
1

2
(5.6− 0.4φ− α/0.25)2 + 1 +

1

2
(3− α)2 +

1

2
(2.8 + 0.8φ− α)2

}
,

min
α≥0

{
1

2
(5.6− 0.4φ− α/0.25)2 + 1 + 1 +

1

2
(2.8 + 0.8φ− α)2

}}
= 0.4φ2 + 2.

Finally, to determine S, we take the minimum of these two functions:

min {C(φ), C ′(φ)} =



0.32φ2 + 2.24φ+ 5.92 φ ≤ −3.5 Minimizer: C(φ)

3 −3.5 < φ ≤ −1.581 Minimizer: C(φ)

0.4φ2 + 2 −1.581 ≤ φ < 0.837 Minimizer: C ′(φ)

0.064φ2 − 0.512φ+ 3.024 0.837 < φ ≤ 7.953 Minimizer: C(φ)

3 φ ≥ 7.953 < φ ≤ 14 Minimizer: C(φ)

30.08φ2 − 2.24φ+ 17.68 φ > 14 Minimizer: C(φ)

.

According to (2.20), S = (−∞,−1.581) ∪ [0.837,∞) for this example.

A.11 Proof of Proposition 6

We first present an auxiliary result.

Lemma 10 (Lemma A.2. in Kivaranovic and Leeb [2020]). Let F Sµ,σ2 denote the cumulative

distribution function for a normal random variable with mean µ and variance σ2, truncated
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to the set S ⊆ R. For each t ∈ S, F Sµ,σ2(t) is continuous and monotonically decreasing in µ .

We now present the proof of Proposition 6.

According to Lemma 10, F
S∩(0,∞)

µ,σ2‖ν‖22
(t) is a monotonically decreasing function of µ for each

t ∈ S ∩ (0,∞). Since α
2
< 1− α

2
, it follows that θL(t) and θU(t) defined in (2.27) are unique,

and that θL(t) < θU(t).

In addition, monotonicity implies that ∀t ∈ S ∩ (0,∞), (i) ν>c > θL(t) if and only if

F
S∩(0,∞)

ν>c,σ2‖ν‖22
(t) < 1− α/2; and (ii) ν>c < θU(t) if and only if F

S∩(0,∞)

ν>c,σ2‖ν‖22
(t) > α/2.

These two observations imply that

{
ν>c : ν>c ∈ [θL(t), θU(t)]

}
=
{
ν>c :

α

2
≤ F

S∩(0,∞)

ν>c,σ2‖ν‖22
(t) ≤ 1− α

2

}
,∀t ∈ S ∩ (0,∞).

(A.25)

Recall that Y ∼ N (c, σ2I). This implies that

P
(
ν>c ∈

[
θL(ν>Y ), θU(ν>Y )

] ∣∣ τ̂j ∈M(Y ),Π⊥ν Y = Π⊥ν y, ν
>Y > 0

)
a.
= P

(α
2
≤ F

S∩(0,∞)

ν>c,σ2‖ν‖22
(ν>Y ) ≤ 1− α

2

∣∣∣ τ̂j ∈M(Y ),Π⊥ν Y = Π⊥ν y, ν
>Y > 0

)
b.
= P

(
F
S∩(0,∞)

ν>c,σ2‖ν‖22
(Z) ∈

[α
2
, 1− α

2

])
c.
= 1− α.

To prove a., we note that (A.25) holds for all t ∈ S ∩ (0,∞); therefore it holds for ν>Y

conditioning on
{
τ̂j ∈M(Y ),Π⊥ν Y = Π⊥ν y, ν

>Y > 0
}

as well. Step b. follows from Proposi-

tion 9 and letting Z denote a normal random variable with mean ν>c and variance σ2||ν||22,

truncated to the set S ∩ (0,∞). The last step follows from the probability integral trans-

form, which states that for a continuous random variable X, FX(X) is distributed as the

Uniform(0,1) distribution.
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A.12 Additional information for data analysis in Section 2.6

Data for the spikefinder challenge are available for download at

https://s3.amazonaws.com/neuro.datasets/challenges/spikefinder/spikefinder.train.zip.

In what follows, we reproduce Figure 2.6 with different choices of h (defined in (2.7)).

In Figures A.3 and A.4, we compare the accuracy — as measured by the Victor-Purpura

distance and correlation — of the spikes estimated via (2.37) (in orange), as well as the

subset of spikes estimated via (2.37) for which the p-value is below 0.05 (in blue). The black

lines indicate the 2.5% and 97.5% quantiles of the accuracy measures obtained over 1,000

resampled datasets, where each resampled dataset contains a subset of the estimated spikes

from (2.37); details are as in Section 2.6.3. The results using h = 5 and h = 50 are quite

similar to those with h = 20 (see Figure 2.6): the subset of spikes estimated via (2.37) for

which the p-value is below 0.05 is the most accurate in almost every recording.

In addition, we performed simple diagnostics of the normality assumption of the error

terms in (2.1). In Figure A.5, we plot the residuals (yt − ĉt) for recordings from the Chen

et al. [2013] dataset; for most recordings, residuals appear approximately normal.

A.13 Estimation of the error variance σ2 in (2.1)

Throughout the paper, we have assumed that σ2 in (2.1) is known. However, if it is unknown,

we propose to use σ̂2 = 1
T−1

∑T
t=1 (yt − ĉt)2 as an estimator for σ2 in evaluating the p-value

in (2.9). In Figure A.6, we present the results of a simulation study using the estimator σ̂2

and demonstrate that it leads to (i) adequate selective Type I error control under the global

null (see Figure A.6(a)), (ii) substantial power under the alternative (see Figure A.6(b)), and

(iii) correct selective coverage of the parameter ν>c (see Figure A.6(c)).
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(a)

(b)

Figure A.3: Results for the Chen et al. [2013] dataset. Details are as in Figure 2.6 but with
h = 5.
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(a)

(b)

Figure A.4: Results for the Chen et al. [2013] dataset. Details are as in Figure 2.6 but with
h = 50.
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Figure A.5: Residuals, yt− ĉt, for recordings from the Chen et al. [2013] dataset, where ĉt is
the solution to (2.37).

(a) (b) (c)

Figure A.6: (a): Quantile-quantile plot for selective p-values computed using estimated
variance σ̂2 based on 100 simulations (2,988 hypothesis tests) under the global null. (b):
Conditional power for selective p-values with estimated variance σ̂2. (c): Selective con-
fidence intervals computed using estimated variance σ̂2 achieve correct nominal coverage
(95% coverage at level α = 0.05) across all values of h and σ.
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Appendix B

B.1 Dual path algorithm for (3.2) with X = I [Tibshirani and Taylor, 2011]

Algorithm 3 details the dual path algorithm for computing the generalized lasso problem

(3.2) with an identity design matrix [Tibshirani and Taylor, 2011]. For a matrix A ∈ Rm×m,

we use A† to denote its Moore-Penrose inverse; for a vector a ∈ Rn, we use diag(a) to denote

the n× n diagonal matrix with elements of a on the diagonal.
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Algorithm 3: Dual path algorithm for the generalized lasso problem (3.2) when
X = I.

Input: Input data y ∈ Rn, Penalty matrix D ∈ Rm×n, Number of steps K
Output: Solution β̂
Initialize k = 0, λ0 =∞, B0 = ∅, sB0 = ∅ ;

1. Compute û =
(
DD>

)†
y.

2. Compute λ1 = maxi∈[m] |ûi|, i∗ = argmaxi∈[m] |ûi|.
3. Update Bk+1 ← Bk ∪ i∗, sBk+1

← sBk ∪ sign(ûi∗).
4. Record the solution ∀λ ∈ [λ1,∞]:

û(λ) = û, β̂(λ) = y −D>û(λ).

5. k ← k + 1
while λk > 0 and k ≤ K do

1. Compute

a = (D−BkD
>
−Bk)

†D−Bky, b = (D−BkD
>
−Bk)

†D−BkD
>
Bk
sBk .

2. Compute hitting times t
(hit)
i = max

{
ai
bi+1

, ai
bi−1

}
,∀i ∈ [m] \Bk.

3. Set hk+1 = maxi/∈Bk t
(hit)
i and i∗ = argmaxi/∈Bk t

(hit)
i .

4. Compute

c = diag(sBk)DBk

(
y −D>−Bka

)
, d = diag(sBk)DBk

(
D>BksBk −D

>
−Bkb

)
.

5. Compute leaving times t
(leave)
i = ci

di
· 1{ci < 0} · 1{di < 0},∀i ∈ Bk.

6. Set lk+1 = maxi∈Bk t
(leave)
i and i� = argmaxi∈Bk t

(leave)
i .

7. Set λk+1 = max{hk+1, lk+1}.
8. if hk+1 ≥ lk+1 then

Bk+1 ← Bk ∪ i∗, sBk+1
← sBk ∪ sign(t

(hit)
i∗ )

else

Bk+1 ← Bk \ i�, sBk+1
← sBk \ sign(t

(leave)
i� )

end
9. Record the solution: ∀λ ∈ [λk+1, λk]:

û(λ) = a− λb, β̂(λ) = y −D>û(λ).

10. k ← k + 1
end
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B.2 Proof of Proposition 7

The proof of Proposition 7 is similar to the arguments in Section 6.2 of Tibshirani and Taylor

[2011].

We first prove the “if” direction:

j, j′ ∈ Cl for some l ∈ [L] =⇒ β̂j = β̂j′ . (B.1)

First recall the result in (3.8), which states that β̂ = PNull(D−Bk )

(
y − λD>BksBk

)
. It follows

that β̂j =

([
PNull(D−Bk )

]
j

)>(
y − λD>BksBk

)
and β̂j′ =

([
PNull(D−Bk )

]
j′

)>(
y − λD>BksBk

)
,

where
[
PNull(D−Bk )

]
j

denotes the jth row of the matrix PNull(D−Bk ), written as a column

vector. Therefore, to prove (B.1), it suffices to prove that

j, j′ ∈ Cl for some l ∈ [L] =⇒
[
PNull(D−Bk )

]
j

=
[
PNull(D−Bk )

]
j′
. (B.2)

To prove (B.2), we first compute PNull(D−Bk ). The null space Null(D−Bk) has dimension L

and admits the basis {1C1 , . . . ,1CL} [Tibshirani and Taylor, 2011], where the jth element of

1Cl equals 1{Node j ∈ Cl}, j = 1, . . . , n. Therefore, denoting |Cl| the cardinality of the set

Cl, we have that

PNull(D−Bk ) =
L∑
l=1

1Cl1
>
Cl

|Cl|
.

It follows from algebra that

[
PNull(D−Bk )

]
j

=
L∑
l=1

[1Cl ]j
|Cl|

1Cl ,
[
PNull(D−Bk )

]
j′

=
L∑
l=1

[1Cl ]j′

|Cl|
1Cl . (B.3)

Now, according to the definition of 1Cl and the assumption that j and j′ are in the same

connected component, we have [1Cl ]j = [1Cl ]j′ ,∀l ∈ [L], which implies that
[
PNull(D−Bk )

]
j

=[
PNull(D−Bk )

]
j′

and therefore completes the proof for (B.2).
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Next, we will prove the “only if” direction: that with probability one,

β̂j = β̂j′ =⇒ j, j′ ∈ Cl for some l ∈ [L]. (B.4)

Combining the results in (3.8) and (B.3), we have that

β̂j =
L∑
l=1

[1Cl ]j
|Cl|

(1Cl)
>(y − λD>BksBk), β̂j′ =

L∑
l=1

[1Cl ]j′

|Cl|
(1Cl)

>(y − λD>BksBk). (B.5)

We proceed to prove (B.4) by contradiction. Suppose without loss of generality that j ∈

C1, j
′ ∈ C2 and C1 ∩ C2 = ∅, we will show that, with probability one, β̂j 6= β̂j′ . Combining

our assumption and (B.5), we have that

β̂j − β̂j′ =
1

|C1|
(1C1)

>(y − λD>BksBk)− 1

|C2|
(1C2)

>(y − λD>BksBk)
=

(
1C1

|C1|
− 1C2

|C2|

)>(
y − λD>BksBk

)
. (B.6)

By our assumption, 1C1/|C1| − 1C2/|C2| is a non-zero vector. In addition, it follows from

algebra that entries of the vector λD>BksBk can only take values that are integer multiples of

λ. Under model (3.1), y ∼ N (0, σ2In), which implies that the inner product in (B.6) will be

non-zero with probability one. Therefore, we have proven that with probability one, (B.4)

holds.

B.3 Algorithm for computing SĈ1,Ĉ2
in (3.14)

We now present an algorithm to compute SĈ1,Ĉ2
(3.14).

In Algorithm 4, we initialize with η = 10−4, and apply Corollary 1 to obtain the set

[ã1, a2] =
{
φ ∈ R :

⋂K
k=1 {Mk(y′(φ)) = Mk(y′(a1 + η))}

}
(see step 4(a) in Algorithm 4 with i = 1).

If the left endpoint ã1 > a1 + ε (where ε is a small constant set to 1.5× 10−8 by default), we

repeat with a smaller value of η (see step 4(b)i of Algorithm 4).

In a simulation study, we investigate how often, using the initialization η = 10−4, we need
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Algorithm 4: Characterizing the set SĈ1,Ĉ2
in (3.14)

Input : Data y, Ĉ1, Ĉ2, number of steps K for Algorithm 3, η = 10−4

Output: SĈ1,Ĉ2
in (3.14)

1. J ← {0}, i← 1, j ← 0.

2. [a0, a1] =
{
φ ∈ R :

⋂K
k=1 {Mk(y

′(φ)) = Mk(y)}
}

, where Mk was defined in (3.9).

3. while ai <∞ do

(a) Compute [ãi, ai+1] =
{
φ ∈ R :

⋂K
k=1 {Mk(y

′(φ)) = Mk(y
′(ai + η))}

}
.

(b) while ãi 6= ai do

i. η ← 1
2
· η,

ii. [ãi, ai+1] =
{
φ ∈ R :

⋂K
k=1 {Mk(y

′(φ)) = Mk(y
′(ai + η))}

}
.

end

(c) if Ĉ1, Ĉ2 ∈ CCK(y′(ai + η)) then
J ← J ∪ {i}.

end

(d) i← i+ 1.

end

4. while aj > −∞ do

(a) [aj−1, ãj] =
{
φ ∈ R :

⋂K
k=1 {Mk(y

′(φ)) = Mk(y
′(aj − η))}

}
.

(b) while ãj 6= aj do

i. η ← 1
2
· η,

ii. [aj−1, ãj] =
{
φ ∈ R :

⋂K
k=1 {Mk(y

′(φ)) = Mk(y
′(aj − η))}

}
.

end

(c) if Ĉ1, Ĉ2 ∈ CCK(y′(aj − η)) then
J ← J ∪ {j − 1}.

end

(d) j ← j − 1.

end

SĈ1,Ĉ2
←
⋃
i∈J [ai, ai+1].
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to perform the halving operation in step 4(b)i of Algorithm 4. Results are aggregated in

Figure B.1. We almost never have to halve the initial value 10−4, and the number of halving

operations never exceeds seven.

(a) (b)

Figure B.1: (a): Number of halving operations for η (defined in Section 3.3.3 and Al-
gorithm 4 of Appendix B.3) in the one-dimensional fused lasso simulations described in
Section 3.5.1 with σ = 1. (b): Same as (a), but for the two-dimensional fused lasso simu-
lations described in Section 3.5.2 with σ = 1.

B.4 Proof of Proposition 9

We first prove the statement (3.13). The following equalities hold for an arbitrary vector

ν ∈ Rn:

P
(
|ν>Y | ≥ |ν>y|

∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCK(Y ),Π⊥ν Y = Π⊥ν y
)

a.
= P

(
|ν>Y | ≥ |ν>y|

∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCK(Π⊥ν y + ΠνY ),Π⊥ν Y = Π⊥ν y
)

b.
= P

(
|ν>Y | ≥ |ν>y|

∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCK
(
y′
(
ν>Y

))
,Π⊥ν Y = Π⊥ν y

)
c.
= P

(
|ν>Y | ≥ |ν>y|

∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCK
(
y′
(
ν>Y

)))
.

(B.7)
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Here, a. follows from the fact that Y = Π⊥ν Y + ΠνY , and the fact that we have conditioned

on the event Π⊥ν Y = Π⊥ν y. To prove b., we first note that I = Πν + Π⊥ν and ΠνY = νν>

||ν||22
Y ,

which implies

Π⊥ν y + ΠνY = y − Πνy + ΠνY = y − ν>y

||ν||22
ν +

ν>Y

||ν||22
ν = y′(ν>Y ),

where the notation y′(·) is defined in (3.12). Finally, c. follows from the fact that Y ∼

N (β, σ2I) implies independence of ν>Y and Π⊥ν Y .

Now under H0 in (3.4), we have that

pĈ1,Ĉ2

a.
= PH0

(
|ν>Y | ≥ |ν>y|

∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCK(Y ),Π⊥ν Y = Π⊥ν y
)

b.
= PH0

(
|ν>Y | ≥ |ν>y|

∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCK
(
y′
(
ν>Y

)))
c.
= P

(
|φ| ≥ |ν>y|

∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCK (y′(φ))
)
.

Here, step a. is the definition of pĈ1,Ĉ2
in (3.11), and step b. follows from applying the result

in (B.7). In c., we used the fact that under H0, ν>Y ∼ N (0, σ2||ν||22)
d
= φ, which completes

the proof.

Next, we will prove that the test that rejects H0 : ν>β = 0 when pĈ1,Ĉ2
≤ α controls the

selective Type I error as in (3.6). First of all, a test for the null hypothesis in (3.4) controls

the selective Type I error in (3.6) if

PH0

(
reject H0 at level α

∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCK (Y )
)
≤ α, ∀α ∈ (0, 1). (B.8)

In what follows, we will write pĈ1,Ĉ2
as pĈ1,Ĉ2

(
ν>y

)
to emphasize that pĈ1,Ĉ2

is a function of

the observed difference in means ν>y. Moreover, using the result in (3.13), we have that

pĈ1,Ĉ2

(
ν>y

)
= 1− F̃

SĈ1,Ĉ2

0,σ2||ν||22

(
|ν>y|

)
, (B.9)

where F̃
SĈ1,Ĉ2

0,σ2||ν||22
(·) is the cumulative distribution function of the magnitude of a N (0, σ2||ν||22)
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random variable, truncated to the set SĈ1,Ĉ2
. For all α ∈ (0, 1), we have that

PH0

(
pĈ1,Ĉ2

(ν>Y ) ≤ α
∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCK(Y ),Π⊥ν Y = Π⊥ν y

)
a.
= P

(
pĈ1,Ĉ2

(ν>Y ) ≤ α
∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCK(Π⊥ν y + ΠνY ),Π⊥ν Y = Π⊥ν y

)
b.
= PH0

(
pĈ1,Ĉ2

(ν>Y ) ≤ α
∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCK

(
y′
(
ν>Y

))
,Π⊥ν Y = Π⊥ν y

)
c.
= PH0

(
pĈ1,Ĉ2

(ν>Y ) ≤ α
∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCK

(
y′
(
ν>Y

)))
d.
= PH0

(
1− F̃

SĈ1,Ĉ2

0,σ2||ν||22

(
|ν>Y |

)
≤ α

∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCK
(
y′
(
ν>Y

)))
e.
= PZ

(
F̃
SĈ1,Ĉ2

0,σ2||ν||22
(Z) ≥ 1− α

)
f.
= α.

(B.10)

Steps a. through c. follow from the same line of argument in (B.7). In step d., we use the

identity in (B.9). To prove step e., we first note that, under H0, the conditional cumulative

distribution function of |ν>Y | given Ĉ1(y), Ĉ2(y) ∈ CCK
(
y′
(
ν>Y

))
, is exactly F̃

SĈ1,Ĉ2

0,σ2||ν||22
;

the equality follows by denoting Z the corresponding random variable. Finally, f. is a direct

consequence of the probability integral transform, which states that for a continuous random

variable Z, FZ(Z) is distributed as the Uniform(0,1) distribution.

Now for the test that rejects H0 if pĈ1,Ĉ2
≤ α, we have that

PH0

(
pĈ1,Ĉ2

≤ α
∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCK(Y )

)
= EH0

[
1(pĈ1,Ĉ2

≤α)

∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCK(Y )
]

a.
= EH0

[
EH0

[
1(pĈ1,Ĉ2

≤α)

∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCK(Y ),Π⊥ν Y = Π⊥ν y
] ∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCK(Y )

]
b.
= EH0

[
α
∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCK(Y )

]
= α.

(B.11)

In the proof above, step a. follows from the tower property of conditional expectation.

To prove b., we apply the results from (B.10).
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By inspection of (B.8) and (B.11), we conclude that the test based on pĈ1,Ĉ2
controls the

selective Type I error, which completes the proof.

B.5 Proof of Corollary 1 and Proposition 10

We first prove Corollary 1: that is,
{
φ ∈ R :

⋂K
k=1 {Mk(y

′(φ)) = Mk(y)}
}

is an interval,

where Mk is defined in (3.9).

Proof.

{
φ ∈ R :

K⋂
k=1

{
Mk(y

′(φ)) = Mk(y)
}} a.

=
{
φ ∈ R : Ay′(φ) ≤ 0

}
b.
=

{
φ ∈ R : A

(
y − ν>y

||ν||22
ν +

φ

||ν||22
ν

)
≤ 0

}
c.
=
{
φ ∈ R : φ · (Aν) ≤ (ν>y)Aν − ||ν||22Ay

}
d.
=

[
max

i:(Aν)i<0

(
ν>y

)
(Aν)i − ||ν||22(Ay)i

(Aν)i
, min
i:(Aν)i>0

(
ν>y

)
(Aν)i − ||ν||22(Ay)i

(Aν)i

]
.

Here, a. follows from Proposition 8, which states that the set{
Y ∈ Rn :

⋂K
k=1 Mk(Y ) = Mk(y)

}
= {Y ∈ Rn : AY ≤ 0} for some matrix A, where ≤

is interpreted as the component-wise inequality. Next, b. follows from the definition of y′(φ)

in (3.12). Finally, c. and d. follow from solving the linear inequality in φ. Note that in d.,

we implicitly assumed that ∃i (or i′) such that (Aν)i < 0 (or (Aν)i′ > 0); if that doesn’t

hold, the corresponding expression in d. is replaced by −∞ (or +∞).
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We proceed to prove Proposition 10.

SĈ1,Ĉ2

a.
=
{
φ ∈ R : Ĉ1, Ĉ2 ∈ CCK(y′(φ))

}
b.
=

⋃
(m1,...mK)∈MK

{
φ ∈ R : Ĉ1, Ĉ2 ∈ CCK(y′(φ)),

K⋂
k=1

{Mk(y
′(φ)) = mk}

}

c.
=

⋃
(m̃1,...m̃K)∈I

{
φ ∈ R : Ĉ1, Ĉ2 ∈ CCK(y′(φ)),

K⋂
k=1

{Mk(y
′(φ)) = m̃k}

}

d.
=

⋃
(m̃1,...m̃K)∈I

{
φ ∈ R :

K⋂
k=1

{Mk(y
′(φ)) = m̃k}

}
e.
=
⋃
i∈J

[ai, ai+1],

where in b., MK is the set of all possible outputs of the first K steps of the dual path

algorithm. In the proof above, a. is the definition of SĈ1,Ĉ2
, and b. follows from the def-

inition of MK . Furthermore, steps c. and d. follows from the definition of the index set

I (see (3.15)). Finally, to prove e., we apply Corollary 1, which implies that for each m̃k,{
φ ∈ R :

⋂K
k=1 {Mk(y

′(φ)) = m̃k}
}

is an interval. This concludes the proof of Proposition 10.

B.6 Proof and an empirical analysis of Proposition 11

The proof of Proposition 11 is similar to the proof of Proposition 4 in Jewell et al. [2022].

First, note that by the definition of S̃Ĉ1,Ĉ2
in Proposition 11, P

(
φ ∈ SĈ1,Ĉ2

)
> 0 =⇒
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P
(
φ ∈ S̃Ĉ1,Ĉ2

)
> 0. Next, we have that

P
(
|φ| ≥ |ν>y|

∣∣∣ φ ∈ S̃Ĉ1,Ĉ2

)
a.
=

P
(
|φ| ≥ |ν>y|, φ ∈ S̃Ĉ1,Ĉ2

)
P
(
φ ∈ S̃Ĉ1,Ĉ2

)
b.
=

P
(
|φ| ≥ |ν>y|, φ ∈ SĈ1,Ĉ2

)
+ P

(
|φ| ≥ |ν>y|, φ ∈ S̃Ĉ1,Ĉ2

\ SĈ1,Ĉ2

)
P
(
φ ∈ SĈ1,Ĉ2

)
+ P

(
φ ∈ S̃Ĉ1,Ĉ2

\ SĈ1,Ĉ2

)
c.
=

P
(
|φ| ≥ |ν>y|, φ ∈ SĈ1,Ĉ2

)
+ P

(
φ ∈ S̃Ĉ1,Ĉ2

\ SĈ1,Ĉ2

)
P
(
φ ∈ SĈ1,Ĉ2

)
+ P

(
φ ∈ S̃Ĉ1,Ĉ2

\ SĈ1,Ĉ2

)
≥

P
(
|φ| ≥ |ν>y|, φ ∈ SĈ1,Ĉ2

)
P
(
φ ∈ SĈ1,Ĉ2

)
= P

(
|φ| ≥ |ν>y|

∣∣∣ φ ∈ SĈ1,Ĉ2

)
.

Here, a. follows from Bayes’ rule and the fact that P
(
φ ∈ S̃Ĉ1,Ĉ2

)
> 0, and b. is a direct

consequence of the law of total probability. Step c. follows from the definition of S̃Ĉ1,Ĉ2
,

which implies that
{
φ : |φ| ≥ |ν>y|

}
∩
{
φ : φ ∈ S̃Ĉ1,Ĉ2

\ SĈ1,Ĉ2

}
=
{
φ : φ ∈ S̃Ĉ1,Ĉ2

\ SĈ1,Ĉ2

}
.

Next, we investigate the approximation error of using S̃Ĉ1,Ĉ2
to compute the p-

value instead of SĈ1,Ĉ2
. In what follows, we denote P

(
|φ| ≥ |ν>y|

∣∣∣ φ ∈ S̃Ĉ1,Ĉ2

)
as

pĈ1,Ĉ2
(δ) for brevity. In prior work, several choices of δ have been proposed (e.g.,

max
{

0, 10σ‖ν‖2 − |ν>y|
}

[Jewell et al., 2022] and max
{

0, 20σ − |ν>y|
}

[Liu et al., 2018]).

In this section, we computed pĈ1,Ĉ2
(δ) with δ = max{0, 10σ‖ν|2−|ν>y|} for the experiments

in the one-dimensional fused lasso case (Section 3.5.1 of the main text). Results are aggre-

gated and displayed in Figure B.2. Panel (a) displays the p-values pĈ1,Ĉ2
versus pĈ1,Ĉ2

(δ)

with δ = max{0, 10σ‖ν‖2 − |ν>y|} on the − log10 scale under the global null. We see that

the two set of p-values are nearly identical; the same holds for the datasets simulated with

true changepoints (see Figure B.2(b)). Regarding computational efficiency, this choice of δ

reduces the overall running time of Algorithm 2 by 15–20%, depending on the specific simu-

lation parameters. In conclusion, we suggest using δ = max{0, 10σ‖ν‖2 − |ν>y|} to balance
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the inferential accuracy and computational efficiency.

(a) (b)

Figure B.2: (a): For the one-dimensional fused lasso simulations described in Section 3.5.1,
the p-values pĈ1,Ĉ2

and pĈ1,Ĉ2
(δ) with δ = max{0, 10σ‖ν‖2−|ν>y|} on the − log10 scale. (b):

Same as (a), but for the simulations described in Section 3.5.1.
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B.7 Proof of Proposition 12

The proof of Proposition 12 is similar to the proof of Theorem 6.1 of Lee et al. [2016], the

proof of Corollary 3.1 of Chen and Bien [2020], and the proof of Proposition B.7 in this

dissertation.

Recalling the definition that F
SĈ1,Ĉ2

µ,σ2||ν||22
(t) is the cumulative distribution function of a

N (µ, σ2||ν||22) random variable, truncated to the set SĈ1,Ĉ2
defined in (3.14), we have that

F
SĈ1,Ĉ2

µ,σ2||ν||22
(t) is a monotonically decreasing function of µ for each t ∈ SĈ1,Ĉ2

(see, e.g., Lemma

A.2. of Kivaranovic and Leeb 2020). Since α
2
< 1− α

2
, it follows that θl(t) and θu(t) defined

in (3.18) are unique, and that θl(t) < θu(t).

In addition, monotonicity implies that for all t ∈ SĈ1,Ĉ2
, (i) ν>β > θl(t) if and only if

F
SĈ1,Ĉ2

ν>β,σ2||ν||22
(t) < 1 − α/2; and (ii) ν>β < θu(t) if and only if F

SĈ1,Ĉ2

ν>β,σ2||ν||22
(t) > α/2. In other

words, we have that

{
ν>β : ν>β ∈ [θl(t), θu(t)]

}
=
{
ν>β :

α

2
≤ F

SĈ1,Ĉ2

ν>β,σ2||ν||22
(t) ≤ 1− α

2

}
, ∀t ∈ SĈ1,Ĉ2

. (B.12)

Now, under (3.1), Y ∼ N (β, σ2In), which implies that

P
(
ν>β ∈

[
θl(ν

>Y ), θu(ν
>Y )

] ∣∣∣ Ĉ1, Ĉ2 ∈ CCK(Y ),Π⊥ν Y = Π⊥ν y
)

a.
= P

(α
2
≤ F

SĈ1,Ĉ2

ν>β,σ2‖ν‖22
(ν>Y ) ≤ 1− α

2

∣∣∣ Ĉ1, Ĉ2 ∈ CCK(Y ),Π⊥ν Y = Π⊥ν y
)

b.
= P

(α
2
≤ F

SĈ1,Ĉ2

ν>β,σ2‖ν‖22
(ν>Y ) ≤ 1− α

2

∣∣∣ Ĉ1, Ĉ2 ∈ CCK(y′(ν>Y ))
)

c.
= P

(
F
SĈ1,Ĉ2

ν>β,σ2‖ν‖22
(Z) ∈

[α
2
, 1− α

2

])
d.
= 1− α.

In step a., we use the fact that (B.12) holds for all t ∈ SĈ1,Ĉ2
; therefore it holds for ν>Y con-

ditioning on the event
{
Ĉ1, Ĉ2 ∈ CCK(Y ),Π⊥ν Y = Π⊥ν y

}
as well. Next, step b. follows from

the definition of y′(φ) in (3.12), and the fact that under H0 and (3.1), ν>Y is independent of

Π⊥ν Y . To prove c., we first recall that ν>Y , conditional on
{
Ĉ1, Ĉ2 ∈ CCK(y′(ν>Y ))

}
, is a
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N (ν>β, σ2||ν||22) random variable, truncated to the set SĈ1,Ĉ2
(see Appendix B.4). Moreover,

letting Z denote that random variable completes the proof for c. The last step follows from

combining the fact that the cumulative distribution of Z is F
SĈ1,Ĉ2

ν>β,σ2‖ν‖22
and the probability

integral transform.

B.8 Modification of Algorithm 4 to compute p∗
Ĉ1,Ĉ2

For the graph fused lasso with an arbitrary graph, it may be the case that for two integers

K,K ′, |CCK(Y )| = |CCK′(Y )| and CCK(Y ) 6= CCK′(Y ) [Tibshirani and Taylor, 2011]. In

other words, CC(Y ) in (3.20) need not to be unique. Therefore, we cannot directly apply the

recipes in Section 3.3 to characterize p∗
Ĉ1,Ĉ2

in (3.20).

In what follows, we propose to characterize a variant of p∗
Ĉ1,Ĉ2

that makes use of the

smallest value of K to yield exactly L connected components:

p̃∗
Ĉ1,Ĉ2

≡ PH0

(
|ν>Y | ≥ |ν>y|

∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCargmink{k:|CCk(Y )|=L}(Y ),Π⊥ν Y = Π⊥ν y
)
.

(B.13)

We remark that the definitions of p̃∗
Ĉ1,Ĉ2

in (B.13) and p∗
Ĉ1,Ĉ2

in (3.20) coincide in the special

case of the one-dimensional fused lasso, when the number of estimated connected components

L is uniquely determined by the number of steps in the dual path algorithm K, and, as a

result, CC(Y ) is uniquely defined.

Using a similar argument to Proposition 9, we have that for φ ∼ N (0, σ2||ν||22),

p̃∗
Ĉ1,Ĉ2

= P
(
|φ| ≥ |ν>y|

∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCargmink{k:|CCk(y′(φ))|=L}(y
′(φ))

)
. (B.14)

Therefore, the key to computing p∗
Ĉ1,Ĉ2

in (3.20) is to characterize the set

S∗
Ĉ1,Ĉ2

≡
{
φ : Ĉ1(y), Ĉ2(y) ∈ CCargmink{k:|CCk(y′(φ))|=L}(y

′(φ))
}
. (B.15)

The algorithm for characterizing the set S∗
Ĉ1,Ĉ2

in (B.15) requires only minor modifications

to Algorithm 4. Details are provided in Algorithm 5.
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Algorithm 5: Characterizing the set S∗
Ĉ1,Ĉ2

in (B.15)

Input: Data y, Ĉ1, Ĉ2, number of connected components L, η = 10−4

Output: S∗
Ĉ1,Ĉ2

in (B.15)

1. J ← {0}, i← 1, j ← 0.

2. [a0, a1] =
{
φ ∈ R :

⋂K∗

k=1 {Mk(y
′(φ)) = Mk(y)}

}
, where

K∗ = argmink {|CCk(y)| = L}.
3. while ai <∞ do

(a) Compute [ãi, ai+1] =
{
φ ∈ R :

⋂K∗

k=1 {Mk(y
′(φ)) = Mk(y

′(ai + η))}
}

, where

K∗ = argmink {|CCk(y′(ai + η))| = L}.
(b) while ãi 6= ai do

i. η ← 1
2
· η,

ii. [ãi, ai+1] =
{
φ ∈ R :

⋂K∗

k=1 {Mk(y
′(φ)) = Mk(y

′(ai + η))}
}

, where

K∗ = argmink {|CCk(y′(ai + η))| = L}
end

(c) if Ĉ1, Ĉ2 ∈ CCK∗(y′(ai + η)), then J ← J ∪ {i}.
(d) i← i+ 1.

end
4. while aj > −∞ do

(a) [aj−1, ãj] =
{
φ ∈ R :

⋂K∗

k=1 {Mk(y
′(φ)) = Mk(y

′(aj − η))}
}

, where

K∗ = argmink {|CCk(y′(aj − η))| = L}.
(b) while ãj 6= aj do

i. η ← 1
2
· η,

ii. [aj−1, ãj] =
{
φ ∈ R :

⋂K∗

k=1 {Mk(y
′(φ)) = Mk(y

′(aj − η))}
}

, where

K∗ = argmink {|CCk(y′(aj − η))| = L}
end

(c) if Ĉ1, Ĉ2 ∈ CCK∗(y′(aj − η)), then J ← J ∪ {j − 1}.
(d) j ← j − 1.

end
5. S∗

Ĉ1,Ĉ2
←
⋃
i∈J [ai, ai+1]
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Figure B.3 displays the results for the test based on p∗
Ĉ1,Ĉ2

with L = 3 for the two-

dimensional fused lasso simulations described in Section 3.5.2. Panel (a) demonstrates that

the test based on p∗
Ĉ1,Ĉ2

controls the selective Type I error. In panel (b) of Figure B.3,

we see that the test based on p∗
Ĉ1,Ĉ2

has substantially higher power than the test based on

pHyun. Figures B.3(c) and (d) investigate the detection probability (defined in (B.17)) and

conditional power (defined in (B.16)) of p∗
Ĉ1,Ĉ2

.

B.9 Additional power comparisons

In Section 3.5, we considered the power of the tests based on pĈ1,Ĉ2
and pHyun as a function

of the binned effect size |ν>β|. Here, we conduct three additional analyses on the same

simulated datasets from Section 3.5.

In the first analysis, we separately consider two quantities considered in prior work [Gao

et al., 2020, Hyun et al., 2021, Jewell et al., 2022]: (i) the detection probability (i.e., the

probability that Ĉ1 and Ĉ2 are true piecewise constant regions in the original signal β) of

the graph fused lasso estimator in Eq. (3) of the main manuscript, and (ii) the conditional

power of the tests based on pĈ1,Ĉ2
and pHyun (i.e., the probability of rejecting H0 : ν>β = 0,

given that Ĉ1 and Ĉ2 are true piecewise constant regions).

Given M simulated datasets, we can estimate the conditional power as

Conditional power =

∑M
m=1 1

{
∃j, j′ s.t. Ĉ

(m)
1 = Cj, Ĉ

(m)
2 = Cj′ , p

(m) ≤ α
}

∑M
m=1 1

{
∃j, j′ s.t. Ĉ

(m)
1 = Cj, Ĉ

(m)
2 = Cj′

} , (B.16)

where p(m) and Ĉ
(m)
1 , Ĉ

(m)
2 correspond to the p-values and estimated connected components

under consideration for themth simulated dataset. Here, Cj is the jth true piecewise constant

segment in β. Because the quantity in (B.16) conditions on the event that Ĉ
(m)
1 and Ĉ

(m)
2

correspond to true piecewise constant segments, we also estimate how often this occurs:

Detection probability =

∑M
m=1 1

{
∃j, j′ s.t. Ĉ

(m)
1 = Cj, Ĉ

(m)
2 = Cj′

}
M

. (B.17)
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(a) (b)

(c) (d)

Figure B.3: (a): For the two-dimensional fused lasso model in (3.23), when δ = 0, tests
based on pHyun and p∗

Ĉ1,Ĉ2
control the selective Type I error. By contrast, the naive p-value

leads to an inflated selective Type I error. (b): Under the simulation setup in Section 3.5.2,
the power of tests based on pHyun and p∗

Ĉ1,Ĉ2
increases as a function of |ν>β|. For a given bin

of |ν>β|, the test based on p∗
Ĉ1,Ĉ2

has substantially higher power than that based on pHyun.

(c): Under the same setup as (b), the detection probability defined in (B.17) increases as
a function of the difference in means between two piecewise constant segments (δ in (3.23)).
Moreover, a larger value of noise variance σ2 leads to a smaller detection probability. (d):
Under the same setup as (b), the test based on p∗

Ĉ1,Ĉ2
has substantially higher conditional

power (defined in (B.16)) than that based on pHyun. For both tests, power increases as a
function of δ (defined in (B.17)).
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We evaluated detection probability and conditional power on data generated from the

one-dimensional and two-dimensional fused lasso models, with the same simulation setup

as in Sections 3.5.1 and 3.5.2, respectively. Results aggregated over 1,500 simulations are

displayed in Figure B.4. Panels (a) and (b) display the detection probability and conditional

power (with α = 0.05) for the one-dimensional fused lasso, respectively. Both quantities

increase as the difference in means between the two piecewise constant segments (δ in (3.22))

increases. By contrast, both quantities decrease as the variance σ2 increases. In addition,

for a given value of σ and δ, the conditional power of the test based on pĈ1,Ĉ2
is higher than

that based on pHyun. We observe similar trends in the two-dimensional fused lasso case; see

Figure B.4(c)–(d). In the second analysis, instead of binning |ν>β|, we fit a regression spline

using the gam function in the R package mgcv [Wood, 2017] to obtain a smooth estimate for

the one-dimensional fused lasso simulations in Section 3.5.1. The results are in Figure B.5.

As in Figure 3.3(c), the power of the tests that reject H0 if pĈ1,Ĉ2
or pHyun is below α = 0.05

increases as |ν>β| increases. For a given value of |ν>β|, the test based on pĈ1,Ĉ2
has higher

power than that based on pHyun.

Finally, in the third analysis, we assess the sensitivity of our conclusions to the choice

of K in the dual path algorithm, using the one-dimensional fused lasso model in (3.22).

Recall that in Section 3.5.1, we choose K = 2 so the number of estimated connected

components resulting from the one-dimensional fused lasso equals the true number of

connected components in (3.22).

Here, we repeat the experiments in Section 3.5.1 with K = 4, which yields five estimated

connected components. Results are displayed in Figure B.6. Panel (a) displays the observed

p-value quantiles versus Uniform(0,1) quantiles, aggregated over 1,000 simulated datasets.

As in the case of K = 2, only tests based on pHyun or pĈ1,Ĉ2
control the selective Type I error.

In Figure B.6(b), we see that the power of the tests based on pHyun or pĈ1,Ĉ2
increases as

|ν>β| increases. For a given value of |ν>β|, the test based on pĈ1,Ĉ2
has substantially higher

power than the test based on pHyun. In other words, the substantial increase in power, as

well as the selective Type I error control, of the test based on pĈ1,Ĉ2
, does not depend on
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(a) (b)

(c) (d)

Figure B.4: (a): For the one-dimensional fused lasso simulations described in Section 3.5.1,
the detection probability of the tests based on both pHyun and pĈ1,Ĉ2

increases as a function
of the difference in means between two piecewise constant segments, δ, across all values of
σ. (b): For the one-dimensional fused lasso simulations described in Section 3.5.1, the
conditional power of the tests based on both pHyun and pĈ1,Ĉ2

increases as a function of

|ν>β|, across all values of σ. For a given bin of |ν>β| and a given value of σ, the test based
on pĈ1,Ĉ2

has higher conditional power than the test based on pHyun. (c): Same as (a), but
for the two-dimensional fused lasso simulations described in Section 3.5.2 (d): Same as (b),
but for the two-dimensional fused lasso simulations described in Section 3.5.2.
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correctly specifying K.

B.10 Estimation of the error variance σ2 in (3.1)

Throughout this section, we have assumed that σ2 in (3.1) is known. In practice, we can

plug in an estimate σ̂ when computing the p-values pĈ1,Ĉ2
and pHyun. That is, we use

pĈ1,Ĉ2
(σ̂) = P

(
|φ(σ̂)| ≥ |ν>y|

∣∣∣ Ĉ1(y), Ĉ2(y) ∈ CCK(y′(φ(σ̂)))
)
, (B.18)

where φ(σ̂) ∼ σ̂ · N (0, ||ν||22).

In this section, we investigate the empirical selective Type I error control and power of

the following estimators of σ2:

• σ̂2
Residual = 1

n−L
∑L

l=1

∑
j∈Ĉl

(
yj −

(∑
j′∈Ĉl yj′

)
/|Ĉl|

)2

, where Ĉ1, . . . , ĈL are the L esti-

mated connected components of the graph fused lasso solution β̂;

Figure B.5: Additional analysis of the data in Section 3.5.1. We used a generalized additive
model to obtain the power of the tests based on pHyun in (3.10) and pĈ1,Ĉ2

in (3.11) as a

smooth function of |ν>β|.
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(a) (b)

Figure B.6: (a): For the one-dimensional fused lasso simulations in Section 3.5.1, when
δ = 0 and the graph fused lasso is solved using the dual path algorithm with K = 4,
tests based on pHyun and pĈ1,Ĉ2

control the selective Type I error. By contrast, the naive
p-value leads to an inflated selective Type I error. (b): For the one-dimensional fused lasso
simulations in Section 3.5.1 with σ = 1, the power of tests based on pHyun and pĈ1,Ĉ2

increases

as a function of |ν>β|. For a given bin of |ν>β|, the test based on pĈ1,Ĉ2
has substantially

higher power than that based on pHyun.
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• σ̂2
Sample = 1

n−1

∑n
i=1 (yj − ȳ)2, where ȳ is the mean of the data y; and

• σ̂2
MAD =

mediani=2,...,n(|zi−z̃|)√
2Φ−1(3/4)

, where z̃ = mediani=2,...,n(zi), and zi = yi − yi−1.

(a) (b) (c)

Figure B.7: (a): Quantile-quantile plot for p-values pHyun and pĈ1,Ĉ2
computed using the

estimated variances σ̂2
Residual for the one-dimensional fused lasso simulations described in

Section 3.5.1 of the manuscript. Results are based on 1,000 simulated datasets under the
global null. (b): Same as (a), but for the variance estimator σ̂2

Sample. (c): Same as (a), but
for the variance estimator σ̂2

MAD.

Figure B.7 displays the quantiles of the p-values pHyun and pĈ1,Ĉ2
computed using the

estimated variances with the same simulation setup as in Section 3.5.1. All three estimators

(σ̂2
Residual with L = 3, σ̂2

Sample, and σ̂2
MAD) lead to selective Type I error control under the

global null.

In addition, we compared the power of the tests based on estimated variance with that

obtained using the true variance. Results from a simulation study with the same setup as

in Section 3.5.1 are aggregated in Figure B.8. We see that the tests based on σ̂2
Residual with

L = 3 or σ̂2
MAD result in nearly identical power to the test based on the true variance σ2.

By contrast, using σ̂2
Sample leads to a less powerful test, especially for larger values of |ν>β|.

Moreover, the test based on pĈ1,Ĉ2
is more powerful than the counterpart based on pHyun,

regardless of the chosen variance estimator.
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Figure B.8: The power of the tests based on both pHyun and pĈ1,Ĉ2
computed using the true

variance and three different variance estimators at level α = 0.05, for the one-dimensional
fused lasso simulations described in Section 3.5.1 of the manuscript. Tests based on the true
variance have the highest power, followed closely by the ones based on σ̂2

MAD and σ̂2
Residual.

Tests based on σ̂2
Sample have the lowest power.
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Our empirical results agree with observations made in related problems for selective

inference: (i) when the global null does not hold, σ̂2
Sample is a conservative estimator of the

true variance σ2 [Gao et al., 2020, Hyun et al., 2021, Rügamer and Greven, 2020, Tibshirani

et al., 2018a]; (ii) σ̂2
Residual has good empirical performance when L is correctly specified;

and (iii) in the case of the one-dimensional fused lasso, σ̂2
MAD is an asymptotically consistent

estimator under appropriate assumptions [Jewell et al., 2022, Kovács et al., 2020].

B.11 Timing complexity for Algorithm 4

In this section, we first characterize the computational complexity of Algorithm 4 using the

following Proposition.

Proposition 19. Recall that Mk(y) = (Bk(y), sBk(y), Rk(y), Lk(y)) is the output of the kth

step of the dual path algorithm (see Algorithm 3 in Appendix B.1). Define

Ĩ ≡

{
(m1, . . . ,mK) : ∃α ∈ R such that

K⋂
k=1

{Mk(y
′(α)) = mk}

}
. (B.19)

Then, computing the p-value pĈ1,Ĉ2
using Algorithm 4 in Appendix B.3 requires running the

dual path algorithm O(|Ĩ|) times, where | · | denotes the cardinality of a set.

We omit the proof of Proposition 19, as it directly follows from Algorithm 4 and the

definition of Ĩ. Proposition 19 implies that the time complexity for Algorithm 4 is instance-

dependent, and can in principle be prohibitively large. For instance, in the one-dimensional

fused lasso case, |Ĩ| is upper bounded by 2K · n!
(n−K)!

, where n is the number of observations,

and K is the number of steps in the dual path algorithm. This upper bound comes from

the observation that in the one-dimensional fused lasso problem, Mk(y) in (3.9) is equivalent

to the location and sign of the estimated changepoint during the kth step of the dual path

algorithm (see Algorithm 3 in Appendix B.1) [Hyun et al., 2018, Tibshirani and Taylor, 2011].

However, in practice, we are nowhere near this worst case scenario: in the experiments in

Section 4.5, |Ĩ| is of reasonable size. In particular, for the one-dimensional fused lasso
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simulations described in Section 3.5.1, the upper bound postulates that |Ĩ| can be as large

as 158, 400 (n = 200, K = 2). However, as displayed in Figure B.9(a), empirically, |Ĩ| falls

under 500 in all instances.

In addition, because we re-implemented the polyhedron approach in Hyun et al. [2018]

using the ideas from Arnold and Tibshirani [2016], each graph fused lasso instance and

its corresponding intervals of the form [ai, ai+1] (see Section 3.3 for more details) can be

computed efficiently.

Figure B.9(b) displays the running time of Algorithm 2, computed on a MacBook Pro

with a 1.4 GHz Intel Core i5 processor, over 1,000 replicate datasets simulated according

to the one-dimensional fused lasso model in Section 3.5.1 with n = 200, δ = 0, σ = 1. The

graph fused lasso problem is solved using the the dual path algorithm with K = 2. The

average running time for running Algorithm 4 to test each hypothesis H0 : ν>β = 0 is 2.7

seconds.

When the empirical size of Ĩ defined in (B.19) is large, we could alternatively use an im-

portance sampling approach to obtain an approximate p-value with ideas from, e.g., Rügamer

et al. [2022], Rügamer and Greven [2020], Yang et al. [2016].

(a) (b) (c)

Figure B.9: (a): Empirical distribution of |Ĩ| over 1,000 replicate datasets. Each dataset
is simulated according to the one-dimensional fused lasso model described in Section 3.5.1.
We solved the graph fused lasso problem with K = 2 steps in the dual path algorithm. (b):
Same as (a), but for the running time of Algorithm 4. (c): Same as (b), but for the running
time of computing pHyun.
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B.12 Additional results for data applications

Here, we repeat the analysis in Sections 3.6.1 and 3.6.2 withK = 27 andK = 20, respectively.

Results are displayed in Figures B.10 and B.11. Similar to the case of K = 30, the test based

on pĈ1,Ĉ2
leads to more rejections than the test based on pHyun at α = 0.05. Furthermore,

the confidence intervals based on pĈ1,Ĉ2
are considerably shorter than those based on pHyun,

and in some cases, even comparable to the naive confidence intervals that do not have proper

coverage for the true parameter ν>β.

(a) (b) (c)

H0 pNaive pĈ1,Ĉ2
pHyun

β̄1 = β̄2 0.24 0.22 0.59
β̄1 = β̄3 < 0.001 < 0.001 0.90
β̄1 = β̄4 0.005 0.02 0.82
β̄2 = β̄3 < 0.001 0.04 0.73
β̄2 = β̄4 0.20 0.27 0.69
β̄3 = β̄4 0.04 0.50 0.36

(d)

Figure B.10: (a): The observed drug overdose death rates (deaths per 100,000 persons) for
the 48 contiguous U.S. states in the year 2018. (b): Applying the graph fused lasso to the
drug overdose data with K = 27 results in four estimated connected components. (c): For
each pair of estimated connected components, we computed pNaive, pHyun, and pĈ1,Ĉ2

. For

brevity, we use the notation β̄l =
∑

j∈Ĉl βj/|Ĉl|. (d): For each pair of estimated connected
components, we constructed confidence intervals for the difference in means, corresponding
to pNaive, pHyun, and pĈ1,Ĉ2

.
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(a) (b) (c)

H0 pNaive pĈ1,Ĉ2
pHyun

β̄1 = β̄2 0.67 0.99 0.74
β̄1 = β̄3 < 0.001 0.07 0.57
β̄1 = β̄4 0.001 0.01 0.26
β̄1 = β̄5 < 0.001 0.63 0.30
β̄2 = β̄3 < 0.001 0.08 0.27
β̄2 = β̄4 0.13 0.34 0.26
β̄2 = β̄5 0.02 0.65 0.24
β̄3 = β̄4 < 0.001 0.12 0.71
β̄3 = β̄5 < 0.001 0.14 0.61
β̄4 = β̄5 0.34 0.78 0.71

(d)

Figure B.11: (a): The observed teenage birth rates (births per 1,000 females aged 15–19)
for the 48 contiguous U.S. states in 2018. (b): The graph fused lasso solution with K = 20
results in five estimated connected components, displayed in distinct colors. (c): For each
pair of estimated connected components, we computed pNaive, pHyun, and pĈ1,Ĉ2

. Pairs for
which the test based on pĈ1,Ĉ2

results in a rejection at α = 0.05, but not for the test based
on pHyun, are in bold. (d): Confidence intervals for the differences in means for each pair of
connected components.
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B.13 A comparison of pĈ1,Ĉ2
and pLeDuy

In this section, we first briefly review the p-value proposal of Le Duy and Takeuchi [2021]

(henceforth referred to as pLeDuy), and elaborate on the conceptual differences between pLeDuy

and pĈ1,Ĉ2
(3.11). Next, we provide results from a simulation study that compares the se-

lective Type I error (3.6) and the power of the tests based on pĈ1,Ĉ2
, pHyun, and pLeDuy.

In the simulations that follow, we will only consider the one-dimensional fused lasso prob-

lem, since the extension to a non-chain graph has not been implemented by Le Duy and

Takeuchi [2021] at the time of writing. We used the software for computing pLeDuy pro-

vided by the authors at https://github.com/vonguyenleduy/parametric_generalized_

lasso_selective_inference.

B.13.1 A conceptual comparison of pĈ1,Ĉ2
and pLeDuy

Le Duy and Takeuchi [2021] consider the p-value pLeDuy defined as

pLeDuy ≡ PH0

(
|ν>Y | ≥ |ν>y|

∣∣∣ {i :
(
Dβ̂(Y )

)
i
6= 0
}

=
{
i :
(
Dβ̂(y)

)
i
6= 0
}
,Π⊥ν Y = Π⊥ν y

)
,

(B.20)

where, with a slight abuse of notation, β̂(Y ) is the solution to (3.2) with data Y . Using a simi-

lar argument to Proposition 9, they showed that (B.20) can be recast as the cumulative distri-

bution function of a N (0, σ2||ν2||) random variable, truncated to a set that can be efficiently

computed. We note that in the case of the graph fused lasso (3.3), the set
{
i :
(
Dβ̂(Y )

)
i
6= 0
}

is equivalent to the set of edges used to determine the connected components of β̂; in other

words, conditioning on the event
{
i :
(
Dβ̂(Y )

)
i
6= 0
}

=
{
i :
(
Dβ̂(y)

)
i
6= 0
}

is equivalent to

conditioning on {BK(Y ) = BK(y)}, for an appropriate choice of K [Tibshirani and Taylor,

2011].

What advantages, then, does our proposal pĈ1,Ĉ2
in (3.11) offer when compared to pLeDuy?

• Smaller conditioning set: first of all, we condition on even less information when con-

structing pĈ1,Ĉ2
: pLeDuy conditions on the set of edges that are used to determine the

https://github.com/vonguyenleduy/parametric_generalized_lasso_selective_inference
https://github.com/vonguyenleduy/parametric_generalized_lasso_selective_inference
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connected components of β̂, and therefore implicitly, on all of the connected compo-

nents in β̂ (see, e.g., Proposition 7). By contrast, in (3.11), we condition only on the

pair of connected components under investigation, thereby obtaining higher power.

• Interpretability: the conditioning set for pĈ1,Ĉ2
is based on the connected components

of β̂ after running the dual path algorithm for K steps. By contrast, pLeDuy conditions

on the output of (3.3) with a specific λ. We argue that, as a result, pĈ1,Ĉ2
is more

interpretable. Consider the widely-popular one-dimensional fused lasso problem and a

pair of estimated piecewise constant segments Ĉ1, Ĉ2. pĈ1,Ĉ2
answers the question:

Assuming that there is no difference between the population means of Ĉ1 and

Ĉ2, then what’s the probability of observing such a large difference in the

sample means of Ĉ1 and Ĉ2, given that Ĉ1 and Ĉ2 are among the K + 1

piecewise constant segments estimated from the data?

On the other hand, pLeDuy answers the question:

Assuming that there is no difference between the population means of Ĉ1 and

Ĉ2, then what’s the probability of observing such a large difference in the

sample means of Ĉ1 and Ĉ2, given that Ĉ1 and Ĉ2 are among the piecewise

constant segments estimated from the data with a specific λ?

Here, pĈ1,Ĉ2
is answering the question about K+ 1 piecewise constant segments, where

K is a very interpretable quantity (i.e., the number of estimated changepoints). In

contrast, for pLeDuy, the meaning of λ could vary greatly across different datasets —

the value of λ that yields K estimated changepoints on one dataset could yield far

more or fewer estimated changepoints on another dataset.

• Numerical stability: Le Duy and Takeuchi [2021] solved the primal problem (3.3) using

an iterative solver, which in practice leads to numerical issues when identifying the
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set
{
i :
(
Dβ̂(Y )

)
i
6= 0
}

[Arnold and Tibshirani, 2016], and consequently, in computing

pLeDuy. By contrast, we chose to work with the dual problem (3.7), which avoids these

numerical issues and yields the exact connected components of β̂ when computing

pĈ1,Ĉ2
.

B.13.2 A simulation study comparing pHyun, pĈ1,Ĉ2
, and pLeDuy

Next, we conducted a simulation study to compare the selective Type I error and power

of the tests based on the following p-values: pHyun in (3.10), pĈ1,Ĉ2
in (3.11), and pLeDuy

in (B.20). We tested the null hypothesis H0 : ν>β = 0, where ν is defined in (3.5) for a

randomly-chosen pair of adjacent piecewise constant segments Ĉ1, Ĉ2 in the solution to the

one-dimensional fused lasso problem.

The signal β ∈ R500 is piecewise constant with 10 changepoints {τ1, . . . , τ10} (or equiva-

lently, 11 piecewise constant segments), and the values of β alternate between 0 and δ after

each changepoint:

Yj
ind.∼ N (βj, σ

2), βj =
11∑
i=0

δ × 1{i odd, τi ≤ j ≤ τi+1}, j = 1, . . . , 500, (B.21)

where τ0 ≡ 0 and τ11 ≡ 500. Figure B.12(a) displays an instance of (B.21) with δ = 3 and

σ = 1.

In the simulations that follow, the software accompanying Le Duy and Takeuchi [2021]

returned an empty string for pLeDuy for around 27% of the hypotheses. Upon inquiring, the

authors of Le Duy and Takeuchi [2021] said that this is due to numerical stability issues in

identifying the conditioning set in pLeDuy. Consequently, the displayed results for pLeDuy are

based on the subset of the hypotheses for which the authors’ software successfully returned

a p-value.

We first investigate the selective Type I error control by simulating y1, . . . , y500 from

(B.21) with δ = 0 and σ = 1. Therefore, the null hypothesis H0 : ν>β = 0 holds for all

contrast vectors ν, regardless of the pair of piecewise constant segments under investigation.



158

For pHyun and pĈ1,Ĉ2
, we solved (3.3) with K = 10 steps in the dual path algorithm, which

yields exactly 11 piecewise constant segments by the properties of the one-dimensional fused

lasso. For pLeDuy, we selected the tuning parameter λ so that (3.3) yields exactly 11 piecewise

constant segments on the data.

Figure B.12(b) displays the observed p-value quantiles versus Uniform(0, 1) quantiles,

aggregated over 1,000 hypothesis tests. We see that all three tests based on pHyun (3.10),

pĈ1,Ĉ2
(3.11), and pLeDuy (B.20) control the selective Type I error as in (3.6).

Next, we show that the test based on pĈ1,Ĉ2
has higher power than the test based on

pLeDuy, and both tests have higher power than the test based on pHyun. We generated 500

datasets from (B.21) for each of ten evenly-spaced values of δ ∈ [0.5, 5]. For each simulated

dataset, we solved (3.3) with K = 10 for pHyun, and pĈ1,Ĉ2
, and chose the tuning parameter

λ so that (3.3) yields 10 estimated changepoints for pLeDuy. We rejected the null hypothesis

H0 : ν>β = 0 if the p-value was less than α = 0.05. As in Section 3.5.1, we consider the

power as a function of |ν>β|.

Figure B.12(c) displays the power estimated by first creating six evenly-spaced bins of the

observed values of |ν>β|, and then computing the proportion of simulated datasets for which

we rejected H0 within each bin. Alternatively, we could estimate the power as a smooth

function of |ν>β| using a regression spline (see Figure B.12(d)). In both cases, the test based

on pĈ1,Ĉ2
has 10–15% higher power than the test based pLeDuy, and both have substantially

higher power than the test based on pHyun.
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(a)

(b) (c) (d)

Figure B.12: (a): One realization of y generated according to (B.21) with δ = 3 and σ = 1
(grey dots), along with the true signal β (blue curve). (b): When δ = 0, tests based on
pHyun in (3.10), pĈ1,Ĉ2

in (3.11), and pLeDuy in (B.20) control the selective Type I error in
(3.6). (c): The power of the tests based on pHyun, pĈ1,Ĉ2

, and pLeDuy increases as a function

of the effect size |ν>β|. For a given bin of |ν>β|, the test based on pĈ1,Ĉ2
has the highest

power, followed by the test based on pLeDuy, and finally the test based on pHyun. (d): Same
as (c), but the power of the three tests are estimated using the gam function in the R package
mgcv [Wood, 2017] instead of binning.
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Appendix C

C.1 Proof of Proposition 13

The proof of Proposition 13 is similar to the proof of Theorem 1 in Gao et al. [2020], the

proof of Theorem 3.1 in Loftus and Taylor [2014], the proof of Lemma 1 in Yang et al. [2016],

and the proof of Theorem 3.1 in Chen and Bien [2020].

For any non-zero ν ∈ Rn and X ∈ Rn×q, we have that

X = Π⊥ν X + (In − Π⊥ν )X = Π⊥ν X +
νν>X

‖ν‖2
2

= Π⊥ν X +

(
‖X>ν‖2

‖ν‖2
2

)
ν
{

dir
(
X>ν

)}>
. (C.1)

Lemma 11. Under (4.1) and H0 : µ>ν = 0q, we have that ‖X>ν‖2, Π⊥ν X, and dir(X>ν)

are pairwise independent.

Proof. We first prove that X>ν is independent of Π⊥ν X. The definition of Π⊥ν implies that

Π⊥ν ν = 0n, and it follows from the properties of the matrix normal distribution that Π⊥ν X

and X>ν are independent. Therefore, ‖X>ν‖2 and dir(X>ν) are independent of Π⊥ν X as

well, since both are functions of X>ν.

Next, we will show that ‖X>ν‖2 and dir(X>ν) are independent. Under (4.1) and H0 :

µ>ν = 0q, we have thatX>ν ∼ N (0q, σ
2‖ν‖2

2Iq). It follows thatX>ν is rotationally invariant,

and therefore ‖X>ν‖2 is independent of dir(X>ν) (see, e.g., Proposition 4.1 and Corollary

4.3 of Bilodeau and Brenner 1999).

We now proceed to prove the statement in (4.10). Recalling the definition of pselective in
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(4.9), under H0 : µ>ν = 0q with ν defined in (4.3), we have that

pselective = PH0

[
‖X>ν‖2 ≥ ‖x>ν‖2

∣∣∣∣∣
T⋂
t=0

n⋂
i=1

{
c

(t)
i (X) = c

(t)
i (x)

}
, Π⊥ν X = Π⊥ν x, dir(X>ν) = dir(x>ν)

]
a.
= PH0

[
‖X>ν‖2 ≥ ‖x>ν‖2

∣∣∣∣∣
T⋂
t=0

n⋂
i=1

{
c

(t)
i

(
Π⊥ν X +

(
‖X>ν‖2
‖ν‖22

)
ν
{

dir
(
X>ν

)}>)
= c

(t)
i (x)

}
,

Π⊥ν X = Π⊥ν x, dir(X>ν) = dir(x>ν)

]
b.
= PH0

[
‖X>ν‖2 ≥ ‖x>ν‖2

∣∣∣∣∣
T⋂
t=0

n⋂
i=1

{
c

(t)
i

(
Π⊥ν x+

(
‖X>ν‖2
‖ν‖22

)
ν
{

dir
(
x>ν

)}>)
= c

(t)
i (x)

}
,

Π⊥ν X = Π⊥ν x, dir(X>ν) = dir(x>ν)

]
c.
= PH0

[
‖X>ν‖2 ≥ ‖x>ν‖2

∣∣∣∣∣
T⋂
t=0

n⋂
i=1

{
c

(t)
i

(
Π⊥ν x+

(
‖X>ν‖2
‖ν‖22

)
ν
{

dir
(
x>ν

)}>)
= c

(t)
i (x)

}]
d.
= PH0

[
‖X>ν‖2 ≥ ‖x>ν‖2

∣∣∣∣∣
T⋂
t=0

n⋂
i=1

{
c

(t)
i

(
x′
(
‖X>ν‖2

))
= c

(t)
i (x)

}]
.

(C.2)

Here, step a. follows from substituting X with the expression in (C.1), and step b. follows

from replacing Π⊥ν X and dir(X>ν) with Π⊥ν x and dir(x>ν), respectively. Next, in step c.,

we used Lemma 11. Finally, step d. follows from the definition of x′(φ) in (4.11).

Note that under (4.1) and H0 : µ>ν = 0q, we have that ‖X>ν‖2 ∼ σ‖ν‖2χq, which

concludes the proof of (4.10).

It remains to show that the test that rejects H0 : µ>ν = 0 when pselective ≤ α controls

the selective Type I error at level α, in the sense of (4.5). First of all, recall that we decided

to test the null hypothesis in (4.2) based on the output of Algorithm 1. Therefore, pselective

controls the selective Type I error at level α if, for any c
(T )
i (x), i = 1, . . . , n,

PH0

[
reject H0 at level α

∣∣∣∣∣
n⋂
i=1

{
c

(T )
i (X) = c

(T )
i (x)

}]
≤ α, ∀α ∈ (0, 1). (C.3)
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To prove (C.3), we first note that the following holds for any α ∈ (0, 1):

PH0

[
pselective(‖X>ν‖2) ≤ α

∣∣∣∣∣
T⋂
t=0

n⋂
i=1

{
c

(t)
i (X) = c

(t)
i (x)

}
, Π⊥ν X = Π⊥ν x, dir(X>ν) = dir(x>ν)

]
a.
= PH0

[
pselective(‖X>ν‖2) ≤ α

∣∣∣∣∣
T⋂
t=0

n⋂
i=1

{
c

(t)
i

(
Π⊥ν X +

(
‖X>ν‖2
‖ν‖22

)
ν
{

dir
(
X>ν

)}>)
= c

(t)
i (x)

}
,

Π⊥ν X = Π⊥ν x, dir(X>ν) = dir(x>ν)

]
b.
= PH0

[
pselective(‖X>ν‖2) ≤ α

∣∣∣∣∣
T⋂
t=0

n⋂
i=1

{
c

(t)
i

(
Π⊥ν x+

(
‖X>ν‖2
‖ν‖22

)
ν
{

dir
(
x>ν

)}>)
= c

(t)
i (x)

}
,

Π⊥ν X = Π⊥ν x, dir(X>ν) = dir(x>ν)

]
c.
= PH0

[
pselective(‖X>ν‖2) ≤ α

∣∣∣∣∣
T⋂
t=0

n⋂
i=1

{
c

(t)
i

(
Π⊥ν x+

(
‖X>ν‖2
‖ν‖22

)
ν
{

dir
(
x>ν

)}>)
= c

(t)
i (x)

}]
d.
= PH0

[
pselective(‖X>ν‖2) ≤ α

∣∣∣∣∣
T⋂
t=0

n⋂
i=1

{
c

(t)
i

(
x′
(
‖X>ν‖2

))
= c

(t)
i (x)

}]
e.
= PH0

[
1− FSTq (‖X>ν‖2) ≤ α

∣∣∣∣∣
T⋂
t=0

n⋂
i=1

{
c

(t)
i

(
x′
(
‖X>ν‖2

))
= c

(t)
i (x)

}]
f.
= α.

(C.4)

Here, steps a. through d. follow from the same line of argument in (C.2). Moreover, (4.10)

implies that, for a given sequence of cluster assignments c
(T )
i (x), i = 1, . . . , n, pselective is the

survival function of a χq random variable, truncated to the set ST defined in (4.12). Letting

F STq (·) denote the cumulative distribution function of this truncated χq random variable, we

arrive at step e. Finally, to prove f., we first note that under H0, the conditional cumulative

distribution function of ‖X>ν‖2 given
⋂T
t=0

⋂n
i=1

{
c

(t)
i

(
x′
(
‖X>ν‖2

))
= c

(t)
i (x)

}
is exactly

F STq . The equality, therefore, follows from the probability integral transform, which states

that for a continuous random variable Z, FZ(Z) follows the Uniform(0,1) distribution.
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Finally, we have that

PH0

[
pselective(‖X>ν‖2) ≤ α

∣∣∣∣∣
n⋂
i=1

{
c

(T )
i (X) = c

(T )
i (x)

}]

= EH0

[
1
{
pselective(‖X>ν‖2) ≤ α

} ∣∣∣∣∣
n⋂
i=1

{
c

(T )
i (X) = c

(T )
i (x)

}]
a.
= EH0

(
EH0

[
1
{
pselective(‖X>ν‖2) ≤ α

} ∣∣∣∣∣
T⋂
t=0

n⋂
i=1

{
c

(t)
i (X) = c

(t)
i (x)

}
,

Π⊥ν X = Π⊥ν x, dir(X>ν) = dir(x>ν)

] ∣∣∣∣∣
n⋂
i=1

{
c

(T )
i (X) = c

(T )
i (x)

})
b.
= EH0

[
α

∣∣∣∣∣
n⋂
i=1

{
c

(T )
i (X) = c

(T )
i (x)

}]
= α.

In the proof above, a. follows from the tower property of conditional expectation, and b. is

a direct consequence of (C.4).

Therefore, we conclude that the test based on pselective controls the selective Type I error

in (4.5), which completes the proof of Proposition 13.

C.2 Proof of Proposition 14

We will derive the expression for ST in Proposition 14 using an induction argument. For a

positive integer K, we let [K] denote the set {1, . . . , K}.

The following two claims (Lemmas 12 and 13) serve as the “base cases” for the proof.

Lemma 12. Recall that c
(t)
i (x) denotes the cluster to which the ith observation is assigned

during the tth iteration of step 3b. of Algorithm 1 applied to data x, and that m
(0)
k (x) denotes

the kth centroid sampled from x during step 1 of Algorithm 1. For S0 defined as

S0 =

{
φ ∈ R :

n⋂
i=1

{
c

(0)
i (x′(φ)) = c

(0)
i (x)

}}
, (C.5)
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we have that

S0 =
n⋂
i=1

K⋂
k=1

{
φ :

∥∥∥∥[x′(φ)]i −m
(0)

c
(0)
i (x)

(x′(φ))

∥∥∥∥2

2

≤
∥∥∥[x′(φ)]i −m

(0)
k (x′(φ))

∥∥∥2

2

}
. (C.6)

Proof. We first prove that the set in (C.5) is a subset of the set in (C.6). For an arbitrary

φ0 ∈ (C.5) and 1 ≤ i ≤ n, we have that

c
(0)
i (x′(φ0)) = argmin

1≤k≤K

∥∥∥[x′(φ0)]i −m
(0)
k (x′(φ0))

∥∥∥2

2

a.
=⇒

∥∥∥∥[x′(φ0)]i −m
(0)

c
(0)
i (x′(φ0))

(x′(φ0))

∥∥∥∥2

2

≤
∥∥∥[x′(φ0)]i −m

(0)
k (x′(φ0))

∥∥∥2

2
,∀k ∈ [K]

b.
=⇒

∥∥∥∥[x′(φ0)]i −m
(0)

c
(0)
i (x)

(x′(φ0))

∥∥∥∥2

2

≤
∥∥∥[x′(φ0)]i −m

(0)
k (x′(φ0))

∥∥∥2

2
,∀k ∈ [K].

Here, the first line follows from the definition of c
(0)
i in step 2 of Algorithm 1, and step a.

follows from the definition of the argmin function. Step b. follows from the assumption that

φ0 ∈ (C.5) satisfies c
(0)
i (x′(φ0)) = c

(0)
i (x). Because this holds for an arbitrary 1 ≤ i ≤ n, we

have proven that φ0 ∈ (C.5) =⇒ φ0 ∈ (C.6); or equivalently, (C.5) ⊆ (C.6).

We proceed to prove the other direction. For an arbitrary φ0 ∈ (C.6) and an arbitrary

1 ≤ i ≤ n, we have that∥∥∥∥[x′(φ0)]i −m
(0)

c
(0)
i (x)

(x′(φ0))

∥∥∥∥2

2

≤
∥∥∥[x′(φ0)]i −m

(0)
k (x′(φ0))

∥∥∥2

2
,∀k ∈ [K]

a.
=⇒ c

(0)
i (x) = argmin

1≤k≤K

∥∥∥[x′(φ0)]i −m
(0)
k (x′(φ0))

∥∥∥2

2

b.
=⇒ c

(0)
i (x) = c

(0)
i (x′(φ0)).

Here, step a. follows from the definition of argmin, and step b. follows from combining the

definition of c
(0)
i (x′(φ)) in step 2 of Algorithm 1. We conclude that φ0 ∈ (C.6) =⇒ φ0 ∈

(C.5).

Combining these two directions, we have proven that (C.6) = (C.5).
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Lemma 13. Recall that c
(t)
i (x) denotes the cluster to which the ith observation is assigned

in the tth iteration of step 3b. of Algorithm 1 applied to data x, and that m
(0)
k (x) denotes

the kth centroid sampled from x during step 1 of Algorithm 1. For S1 defined as

S1 =

{
φ ∈ R :

1⋂
t=0

n⋂
i=1

{
c

(t)
i (x′(φ)) = c

(t)
i (x)

}}
, (C.7)

and w
(t)
i (k) defined in (4.13), we have that

S1 =
n⋂
i=1

K⋂
k=1

{
φ :

∥∥∥∥[x′(φ)
]
i
−m(0)

c
(0)
i (x)

(x′(φ))

∥∥∥∥2

2

≤
∥∥∥[x′(φ)

]
i
−m(0)

k (x′(φ))
∥∥∥2

2

}
∩ n⋂

i=1

K⋂
k=1

φ :

∥∥∥∥∥[x′(φ)
]
i
−

n∑
i′=1

w
(0)
i′

(
c

(1)
i (x)

)[
x′(φ)

]
i′

∥∥∥∥∥
2

2

≤

∥∥∥∥∥[x′(φ)
]
i
−

n∑
i′=1

w
(0)
i′ (k)

[
x′(φ)

]
i′

∥∥∥∥∥
2

2


.

(C.8)

Proof. We first prove that (C.7) ⊆ (C.8). For an arbitrary φ0 ∈ (C.7) and an arbitrary

1 ≤ i ≤ n, we have that

c
(1)
i (x′(φ0)) = argmin

1≤k≤K

∥∥∥[x′(φ0)]i −m
(1)
k (x′(φ0))

∥∥∥2

2

a.
=⇒ c

(1)
i (x) = argmin

1≤k≤K

∥∥∥[x′(φ0)]i −m
(1)
k (x′(φ0))

∥∥∥2

2

b.
=⇒ c

(1)
i (x) = argmin

1≤k≤K

∥∥∥∥∥∥[x′(φ0)]i −

∑n
i′=1 1

{
c
(0)
i′ (x′(φ0)) = k

}
[x′(φ0)]i′∑n

i′=1 1
{
c
(0)
i′ (x′(φ0)) = k

}
∥∥∥∥∥∥

2

2

c.
=⇒

∥∥∥∥∥∥[x′(φ0)]i −

∑n
i′=1 1

{
c
(0)
i′ (x′(φ0)) = c

(1)
i (x)

}
[x′(φ0)]i′∑n

i′=1 1
{
c
(0)
i′ (x′(φ0)) = c

(1)
i (x)

}
∥∥∥∥∥∥

2

2

≤

∥∥∥∥∥∥[x′(φ0)]i −

∑n
i′=1 1

{
c
(0)
i′ (x′(φ0)) = k

}
[x′(φ0)]i′∑n

i′=1 1
{
c
(0)
i′ (x′(φ0)) = k

}
∥∥∥∥∥∥

2

2

,∀k ∈ [K]

d.
=⇒

∥∥∥∥∥∥[x′(φ0)]i −

∑n
i′=1 1

{
c
(0)
i′ (x) = c

(1)
i (x)

}
[x′(φ0)]i′∑n

i′=1 1
{
c
(0)
i′ (x) = c

(1)
i (x)

}
∥∥∥∥∥∥

2

2

≤

∥∥∥∥∥∥[x′(φ0)]i −

∑n
i′=1 1

{
c
(0)
i′ (x) = k

}
[x′(φ0)]i′∑n

i′=1 1
{
c
(0)
i′ (x) = k

}
∥∥∥∥∥∥

2

2

,∀k ∈ [K]

e.
=⇒

∥∥∥∥∥[x′(φ0)]i −
n∑

i′=1

w
(0)
i′

(
c
(1)
i (x)

)
[x′(φ0)]i′

∥∥∥∥∥
2

2

≤

∥∥∥∥∥[x′(φ0)]i −
n∑

i′=1

w
(0)
i′ (k)[x′(φ0)]i′

∥∥∥∥∥
2

2

,∀k ∈ [K].

In the equations above, the first line follows from step 3b. of Algorithm 1 with t = 0. Next,

step a. follows from the definition of (C.7), which implies that c
(1)
i (x′(φ0)) = c

(1)
i (x). Step b.
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is a direct consequence of step 3a. of Algorithm 1 with t = 0. In steps c. and d., we used

the definitions of the argmin function and (C.7). Finally, we apply the definition of w
(t)
i in

(4.13) to get e. Because this holds for an arbitrary 1 ≤ i ≤ n, φ0 ∈ (C.7) implies that φ0 is

an element of the second set in the intersection in (C.8).

Moreover, φ0 ∈ (C.7) implies that φ0 ∈ (C.5), which, according to Lemma 12, further

implies that φ0 is an element of the first set in the intersection in (C.8). To summarize, we

have proven that φ0 ∈ (C.7) =⇒ φ0 ∈ (C.8), and as a result, (C.7) ⊆ (C.8).

Next, we prove that the set in (C.8) is a subset of the set in (C.7). For an arbitrary

φ0 ∈ (C.8) and an arbitrary 1 ≤ i ≤ n, we have that

φ0 ∈ (C.8)
a.

=⇒

∥∥∥∥∥∥[x′(φ0)]i −

∑n
i′=1 1

{
c
(0)
i′ (x) = c

(1)
i (x)

}
[x′(φ0)]i′∑n

i′=1 1
{
c
(0)
i′ (x) = c

(1)
i (x)

}
∥∥∥∥∥∥

2

2

≤

∥∥∥∥∥∥[x′(φ0)]i −

∑n
i′=1 1

{
c
(0)
i′ (x) = k

}
[x′(φ0)]i′∑n

i′=1 1
{
c
(0)
i′ (x) = k

}
∥∥∥∥∥∥

2

2

,∀k ∈ [K]

b.
=⇒

∥∥∥∥∥∥[x′(φ0)]i −

∑n
i′=1 1

{
c
(0)
i′ (x′(φ0)) = c

(1)
i (x)

}
[x′(φ0)]i′∑n

i′=1 1
{
c
(0)
i′ (x′(φ0)) = c

(1)
i (x)

}
∥∥∥∥∥∥

2

2

≤

∥∥∥∥∥∥[x′(φ0)]i −

∑n
i′=1 1

{
c
(0)
i′ (x′(φ0)) = k

}
[x′(φ0)]i′∑n

i′=1 1
{
c
(0)
i′ (x′(φ0)) = k

}
∥∥∥∥∥∥

2

2

,∀k ∈ [K]

c.
=⇒ c

(1)
i (x) = argmin

1≤k≤K

∥∥∥∥∥∥[x′(φ0)]i −

∑n
i′=1 1

{
c
(0)
i′ (x′(φ0)) = k

}
[x′(φ0)]i′∑n

i′=1 1
{
c
(0)
i′ (x′(φ0)) = k

}
∥∥∥∥∥∥

2

2

d.
=⇒ c

(1)
i (x) = argmin

1≤k≤K

∥∥∥[x′(φ0)]i −m
(1)
k (x′(φ0))

∥∥∥2

2

e.
=⇒ c

(1)
i (x) = c

(1)
i (x′(φ0)).

Here, step a. follows from the definition of (C.8). In step b., we first apply Lemma 12,

which implies that (C.8) ⊆ (C.6). Therefore, φ0 ∈ (C.8) =⇒ c
(0)
i (x) = c

(0)
i (x′(φ0)), for

all i = 1, . . . , n, k = 1, . . . , K, yielding the desired equality. Next, step c. follows from the

definition of the argmin function. Finally, steps d. and e. follow directly from the definitions

of m
(t)
k and c

(t)
i in steps 3a. and 3b. of Algorithm 1, respectively.

Because the result above holds for an arbitrary i, we have that φ0 ∈ (C.8) =⇒ c
(1)
i (x) =

c
(1)
i (x′(φ)), i = 1, . . . , n. Combining this result with the observation that (C.8) ⊆ (C.6), we

have that (C.8) ⊆ (C.7), which concludes the proof.

Next, we will prove the inductive step in the proof of Proposition 14, which relies on the
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following claim.

Lemma 14. Recall that c
(t)
i (x) denotes the cluster to which the ith observation is assigned

in the tth iteration of Algorithm 1 applied to the data x, and that m
(0)
k (x) denotes the kth

centroid sampled from x during initialization. For some 1 ≤ T̃ ≤ T − 1, define

ST̃ =

φ ∈ R :
T̃⋂
t=0

n⋂
i=1

{
c

(t)
i (x′(φ)) = c

(t)
i (x)

} . (C.9)

Suppose that the following holds for T̃ :

ST̃ =

n⋂
i=1

K⋂
k=1

{
φ :

∥∥∥∥[x′(φ)]i −m
(0)

c
(0)
i (x)

(x′(φ))

∥∥∥∥2

2

≤
∥∥∥[x′(φ)]i −m

(0)
k (x′(φ))

∥∥∥2

2

}

∩

 T̃⋂
t=1

n⋂
i=1

K⋂
k=1

φ :

∥∥∥∥∥[x′(φ)]i −
n∑

i′=1

w
(t−1)
i′

(
c
(t)
i (x)

)
[x′(φ)]i′

∥∥∥∥∥
2

2

≤

∥∥∥∥∥[x′(φ)]i −
n∑

i′=1

w
(t−1)
i′ (k)[x′(φ)]i′

∥∥∥∥∥
2

2


, (C.10)

where w
(t)
i (·) is defined in (4.13). Then, for ST̃+1 defined as

ST̃+1 =

φ ∈ R :
T̃+1⋂
t=0

n⋂
i=1

{
c

(t)
i (x′(φ)) = c

(t)
i (x)

} , (C.11)

we have that

ST̃+1 =

n⋂
i=1

K⋂
k=1

{
φ :

∥∥∥∥[x′(φ)]i −m
(0)

c
(0)
i (x)

(x′(φ))

∥∥∥∥2

2

≤
∥∥∥[x′(φ)]i −m

(0)
k (x′(φ))

∥∥∥2

2

}

∩

T̃+1⋂
t=1

n⋂
i=1

K⋂
k=1

φ :

∥∥∥∥∥[x′(φ)]i −
n∑

i′=1

w
(t−1)
i′

(
c
(t)
i (x)

)
[x′(φ)]i′

∥∥∥∥∥
2

2

≤

∥∥∥∥∥[x′(φ)]i −
n∑

i′=1

w
(t−1)
i′ (k)[x′(φ)]i′

∥∥∥∥∥
2

2


.

(C.12)

Proof. Using the definitions in (C.9) and (C.11), we have that

ST̃+1 = ST̃ ∩

(
n⋂
i=1

{
φ ∈ R : c

(T̃+1)
i (x′(φ)) = c

(T̃+1)
i (x)

})
. (C.13)

Therefore, it suffices to prove that (C.13) = (C.12), under the inductive hypothesis
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(C.10).

We start by proving that (C.13) ⊆ (C.12). For an arbitrary φ0 ∈ (C.13) and an arbitrary

1 ≤ i ≤ n, we have that

c
(T̃+1)
i (x′(φ0)) = c

(T̃+1)
i (x)

a.
=⇒ c

(T̃+1)
i (x) = argmin

1≤k≤K

∥∥∥[x′(φ0)]i −m
(T̃+1)
k (x′(φ0))

∥∥∥2

2

b.
=⇒

∥∥∥∥∥∥[x′(φ0)]i −

∑n
i′=1 1

{
c
(T̃ )
i′ (x′(φ0)) = c

(T̃+1)
i (x)

}
[x′(φ0)]i′∑n

i′=1 1
{
c
(T̃ )
i′ (x′(φ0)) = c

(T̃+1)
i (x)

}
∥∥∥∥∥∥

2

2

≤

∥∥∥∥∥∥[x′(φ0)]i −

∑n
i′=1 1

{
c
(T̃ )
i′ (x′(φ0)) = k

}
[x′(φ0)]i′∑n

i′=1 1
{
c
(T̃ )
i′ (x′(φ0)) = k

}
∥∥∥∥∥∥

2

2

c.
=⇒

∥∥∥∥∥∥[x′(φ0)]i −

∑n
i′=1 1

{
c
(T̃ )
i′ (x) = c

(T̃+1)
i (x)

}
[x′(φ0)]i′∑n

i′=1 1
{
c
(T̃ )
i′ (x) = c

(T̃+1)
i (x)

}
∥∥∥∥∥∥

2

2

≤

∥∥∥∥∥∥[x′(φ0)]i −

∑n
i′=1 1

{
c
(T̃ )
i′ (x) = k

}
[x′(φ0)]i′∑n

i′=1 1
{
c
(T̃ )
i′ (x) = k

}
∥∥∥∥∥∥

2

2

d.
=⇒ φ0 ∈ (C.12).

Here, the first statement follows from the definition of ST̃+1. Next, steps a. and b. follow from

the definitions of c
(T̃+1)
i and m

(T̃+1)
k (x′(φ0)) in steps 3b. and 3a. of Algorithm 1, respectively.

In step c., we used the fact that φ0 ∈ (C.13) =⇒ φ0 ∈ ST̃ =⇒ cT̃i (x′(φ0)) = cT̃i (x). Finally,

d. follows from the definition of w
(t)
i in (4.13).

We continue with the reverse direction. Applying the inductive hypothesis (C.10), to-

gether with the definition of ST̃+1 in (C.12) and the definition of w
(t)
i in (4.13), we have

that

(C.12) = ST̃ ∩

 n⋂
i=1

K⋂
k=1

φ :

∥∥∥∥∥∥[x′(φ)]i −

∑n
i′=1 1

{
c
(T̃ )
i′ (x) = c

(T̃+1)
i (x)

}
[x′(φ)]i′∑n

i′=1 1
{
c
(T̃ )
i′ (x) = c

(T̃+1)
i (x)

}
∥∥∥∥∥∥

2

2

≤

∥∥∥∥∥∥[x′(φ)]i −

∑n
i′=1 1

{
c
(T̃ )
i′ (x) = k

}
[x′(φ)]i′∑n

i′=1 1
{
c
(T̃ )
i′ (x) = k

}
∥∥∥∥∥∥

2

2


.

(C.14)
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For an arbitrary φ0 ∈ (C.12) and any 1 ≤ i ≤ n, the following holds:

∥∥∥∥∥∥[x′(φ0)]i −

∑n
i′=1 1

{
c
(T̃ )
i′ (x) = c

(T̃+1)
i (x)

}
[x′(φ0)]i′∑n

i′=1 1
{
c
(T̃ )
i′ (x) = c

(T̃+1)
i (x)

}
∥∥∥∥∥∥

2

2

≤

∥∥∥∥∥∥[x′(φ0)]i −

∑n
i′=1 1

{
c
(T̃ )
i′ (x) = k

}
[x′(φ0)]i′∑n

i′=1 1
{
c
(T̃ )
i′ (x) = k

}
∥∥∥∥∥∥

2

2

,∀k ∈ [K]

a.
=⇒

∥∥∥∥∥∥[x′(φ0)]i −

∑n
i′=1 1

{
c
(T̃ )
i′ (x′(φ0)) = c

(T̃+1)
i (x)

}
[x′(φ0)]i′∑n

i′=1 1
{
c
(T̃ )
i′ (x′(φ0)) = c

(T̃+1)
i (x)

}
∥∥∥∥∥∥

2

2

≤

∥∥∥∥∥∥[x′(φ0)]i −

∑n
i′=1 1

{
c
(T̃ )
i′ (x′(φ0)) = k

}
[x′(φ0)]i′∑n

i′=1 1
{
c
(T̃ )
i′ (x′(φ0)) = k

}
∥∥∥∥∥∥

2

2

,∀k ∈ [K]

b.
=⇒ c

(T̃+1)
i (x) = argmin

1≤k≤K

∥∥∥[x′(φ0)]i −m
(T̃+1)
k (x′(φ0))

∥∥∥2

2

c.
=⇒ c

(T̃+1)
i (x) = c

(T̃+1)
i (x′(φ0)).

Here, to derive step a., we first note that by (C.14), any element φ0 of (C.12) is

also an element of ST̃ . Therefore, using the definition of ST̃ in (C.9), we have that⋂T̃
t=1

{
c

(t)
i (x′(φ0)) = c

(t)
i (x)

}
, and step a. follows directly. Next, steps b. and c. follow di-

rectly from steps 3a. and 3b. of Algorithm 1 with t = T̃ . By inspecting the form of (C.13),

we conclude that φ0 ∈ (C.12) =⇒ φ0 ∈ (C.13).

In conclusion, we have proven that (C.12) = (C.13), which completes the proof.

The inductive proof of Proposition 14 follows from combining Lemmas 12, 13 and 14.

C.3 Proof of Lemmas 1 and 2

We first prove Lemma 1, which is also Lemma 2 in Gao et al. [2020].

Proof. We first express the inner product 〈[x′(φ)]i, [x
′(φ)]j〉 as a function of φ. From (4.11),

we have that [x′(φ)]i = xi+νi

(
φ−‖x>ν‖2
‖ν‖22

)
dir(x>ν) = xi−νi ||x

>ν||2
||ν||22

dir(x>ν)+
(

νi
||ν||22

φ
)

dir(x>ν).
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Therefore,

〈
[x′(φ)]i, [x

′(φ)]j

〉
=

〈
xi − νi

||x>ν||2
||ν||22

dir(x>ν) +

(
νi
||ν||22

φ

)
dir(x>ν), xj − νj

||x>ν||2
||ν||22

dir(x>ν) +

(
νj
||ν||22

φ

)
dir(x>ν)

〉
=

(
(νiνj)

1/2

||ν||22
φ

)2

+

〈
xi − νi

||x>ν||2
||ν||22

dir(x>ν),

(
νj
||ν||22

)
dir(x>ν)

〉
· φ

+

〈
xj − νj

||x>ν||2
||ν||22

dir(x>ν),

(
νi
||ν||22

)
dir(x>ν)

〉
· φ

+

〈
xi − νi

||x>ν||2
||ν||22

dir(x>ν), xj − νj
||x>ν||2
||ν||22

dir(x>ν)

〉
=

(
(νiνj)

1/2

||ν||22

)2

φ2 +

(
νj
||ν||22

〈
xi,dir(x>ν)

〉
+

νi
||ν||22

〈
xj ,dir(x>ν)

〉
− 2

νiνj ||x>ν||2
||ν||42

)
φ

+

〈
xi − νi

||x>ν||2
||ν||22

dir(x>ν), xj − νj
||x>ν||2
||ν||22

dir(x>ν)

〉
.

Next, using the expression for 〈[x′(φ)]i, [x
′(φ)]j〉 above, we have that

∥∥∥[x′(φ)]i − [x′(φ)]j

∥∥∥2

2
=
〈

[x′(φ)]i − [x′(φ)]j, [x
′(φ)]i − [x′(φ)]j

〉
=
〈
xi − xj − (νi − νj)

||x>ν||2
||ν||22

dir(x>ν) +

(
(νi − νj)
||ν||22

φ

)
dir(x>ν),

xi − xj − (νi − νj)
||x>ν||2
||ν||22

dir(x>ν) +

(
(νi − νj)
||ν||22

φ

)
dir(x>ν)

〉
=

(
νi − νj
||ν||22

)2

φ2 + 2

(
νi − νj
||ν||22

〈
xi − xj, dir(x>ν)

〉
−
(
νi − νj
||ν||22

)2

||x>ν||2

)
φ

+

∥∥∥∥xi − xj − (νi − νj)
x>ν

||ν||22

∥∥∥∥2

2

.

This completes the proof of Lemma 1.

We continue with the proof of Lemma 2. Using the definition of w
(t−1)
i (k) in (4.13), we
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have that∥∥∥∥∥∥[x′(φ)]i −

∑n
i′=1 1

{
c

(t−1)
i′ (x) = k

}
[x′(φ)]i′∑n

i′=1 1
{
c

(t−1)
i′ (x) = k

}
∥∥∥∥∥∥

2

2

=

∥∥∥∥∥[x′(φ)]i −
n∑

i′=1

w
(t−1)
i′ (k)[x′(φ)]i′

∥∥∥∥∥
2

2

,

where

[x′(φ)]i −
n∑

i′=1

w
(t−1)
i′ (k)[x′(φ)]i′ =

(
n∑

i′=1

w
(t−1)
i′ (k)

νi
||ν||22

)
φ+

n∑
i′=1

w
(t−1)
i′ (k)

(
xi − νi

||x>ν||2
||ν||22

dir(x>ν)

)

is a linear function of φ. The rest of the proof follows directly from the same set of calcula-

tions in the proof of Lemma 1.

C.4 Proof of Proposition 15

Recall that n, q,K, T denote the number of samples (see (4.1)), the number of features (see

(4.1)), the number of clusters (see Algorithm 1), and the maximum number of iterations for

which Algorithm 1 is run.

According to Proposition 14, to compute the set ST in (4.12), it suffices to compute the

intersection of the two sets in (4.14) and (4.15).

We first make the following observations for our timing complexity analysis:

• Observation 1: according to Lemma 1, the set in (4.14) is an intersection of nK

quadratic inequalities.

• Observation 2: according to Lemma 2, the set in (4.15) is an intersection of nKT

quadratic inequalities.

• Observation 3: we can solve a quadratic inequality in O(1) time using the quadratic

formula.

• Observation 4: we can intersect the solution sets of N quadratic inequalities in

O(N logN) time [Bourgon, 2020].
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Equipped with these observations, we will analyze the timing complexity of computing

the set (4.14). Note that the coefficients for each of the nK quadratic inequalities can

be computed in O(nq) operations: first, using the property that x>ν =
∑

i∈Ĉ1 xi/|Ĉ1| −∑
i∈Ĉ2 xi/|Ĉ2|, we can compute ‖x>ν‖2 and dir(x>ν) in O(nq) operations. Then, computing

the coefficients a, b, and γ in Lemma 1 takes O(1), O(q), and O(q) operations, respectively.

For each inequality, obtaining the solution set requires O(1) operations (see Observation 3).

Finally, intersecting the solution sets of the n(K − 1) quadratic inequalities incurs another

O(nK log(nK)) operations. Thus, the computational cost for (4.14) totals to O(nKq +

nK log(nK)) operations.

Next, we analyze the cost of computing the set (4.15). Note that using Observation 2, we

need to solve nKT quadratic inequalities. Here, for each quadratic inequality of the form in

Lemma 2, it takes O(n),O(n+ q), and O(n+ q) operations to compute the coefficients ã, b̃,

and γ̃, respectively. Therefore, obtaining the nKT solution sets will take O(nKT (n + q))

time. Finally, intersecting these sets using Observation 4 adds another O(nKT log(nKT ))

operations.

Combining the costs for computing the set in (4.14) and the set in (4.15), we conclude that

the cost for computing the set ST in (4.12) is O(nKT (n+ q) + nKT log(nKT )) operations.

C.5 Proof of Proposition 16 and computation of pΣ,selective

The proof of Proposition 16 is similar to that of Proposition 13.

First note that for any non-zero ν ∈ Rn and X ∈ Rn×q, we have that

X = Π⊥ν X +
νν>XΣ−

1
2 Σ

1
2

‖ν‖2
2

= Π⊥ν X +

(
‖Σ− 1

2X>ν‖2

‖ν‖2
2

)
ν
{

dir
(

Σ−
1
2X>ν

)}>
Σ

1
2 . (C.15)

Lemma 15. Under (4.16) and H0 : µ>ν = 0q, ‖Σ−
1
2X>ν‖2, Π⊥ν X, and dir

(
Σ−

1
2X>ν

)
are

pairwise independent.

Proof. As in the proof of Lemma 11, Π⊥ν ν = 0n, and it follows from the property of the
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matrix normal distribution that X>ν is independent of Π⊥ν X. Because both ‖Σ− 1
2X>ν‖2

and dir(Σ−
1
2X>ν) are functions of X>ν, both are independent of Π⊥ν X.

Next, we will show that ‖Σ− 1
2X>ν‖2 and dir(Σ−

1
2X>ν) are independent. Under (4.16)

and H0 : µ>ν = 0q, we have that Σ−
1
2X>ν ∼ N (0q, ‖ν‖2

2Iq). It then follows that Σ−
1
2X>ν is

rotationally invariant, and therefore ‖Σ− 1
2X>ν‖2 is independent of dir(Σ−

1
2X>ν) [Bilodeau

and Brenner, 1999].

Then, recalling the definition of pΣ,selective in (4.18), we have that

pΣ,selective = PH0

[
‖Σ−

1
2X>ν‖2 ≥ ‖Σ−

1
2x>ν‖2

∣∣ T⋂
t=0

n⋂
i=1

{
c

(t)
i (X) = c

(t)
i (x)

}
, Π⊥ν X = Π⊥ν x,

dir
(

Σ−
1
2X>ν

)
= dir

(
Σ−

1
2x>ν

)]
a.
= PH0

[
‖Σ−

1
2X>ν‖2 ≥ ‖Σ−

1
2x>ν‖2

∣∣∣∣∣
T⋂
t=0

n⋂
i=1

{
c

(t)
i

(
Π⊥ν X +

‖Σ−
1
2X>ν‖2
‖ν‖22

ν
{

dir
(

Σ−
1
2X>ν

)}>
Σ

1
2

)
= c

(t)
i (x)

}
,

Π⊥ν X = Π⊥ν x, dir(Σ−
1
2X>ν) = dir(Σ−

1
2x>ν)

]
b.
= PH0

[
‖Σ−

1
2X>ν‖2 ≥ ‖Σ−

1
2x>ν‖2

∣∣∣∣∣
T⋂
t=0

n⋂
i=1

{
c

(t)
i

(
Π⊥ν x+

‖Σ−
1
2X>ν‖2
‖ν‖22

ν
{

dir
(

Σ−
1
2x>ν

)}>
Σ

1
2

)
= c

(t)
i (x)

}
,

Π⊥ν X = Π⊥ν x, dir(Σ−
1
2X>ν) = dir(Σ−

1
2x>ν)

]
c.
= PH0

[
‖Σ−

1
2X>ν‖2 ≥ ‖Σ−

1
2x>ν‖2

∣∣∣∣∣
T⋂
t=0

n⋂
i=1

{
c

(t)
i

(
Π⊥ν x+

‖Σ−
1
2X>ν‖2
‖ν‖22

ν
{

dir
(

Σ−
1
2x>ν

)}>
Σ

1
2

)
= c

(t)
i (x)

}]
.

Here, step a. follows from substituting X with the expression in (C.15). Step b. follows

from replacing Π⊥ν X and dir(Σ−
1
2X>ν) with Π⊥ν x and dir(Σ−

1
2x>ν), respectively. Finally,

in step c., we used Lemma 15. Now, under (4.16) and H0 : µ>ν = 0q, we have that

‖Σ− 1
2X>ν‖2 ∼ ‖ν‖2χq, which concludes the proof of (4.19).

It remains to show that the test that rejects H0 : µ>ν = 0 when pΣ,selective ≤ α controls

the selective Type I error, in the sense of (4.5). We omit the proof here, as it follows directly

from the proof of Proposition 13 in Appendix C.1.

Next, we discuss how we could modify the results in Section 4.3 to compute the p-value
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pΣ,selective. First note that according to Proposition 16, it suffices to compute the set

SΣ
T =

{
φ :

T⋂
t=0

n⋂
i=1

{
c

(t)
i

(
Π⊥ν x+

(
φ

‖ν‖2
2

)
ν
{

dir
(

Σ−
1
2x>ν

)}>
Σ

1
2

)
= c

(t)
i (x)

}}
. (C.16)

In addition, letting x̃′(φ) denote Π⊥ν x+
(

φ
‖ν‖22

)
ν
{

dir
(

Σ−
1
2x>ν

)}>
Σ

1
2 , we see that x̃′(φ) is in

fact a linear function of φ with

[x̃′(φ)]i = xi − νi
||x>ν||2
||ν||22

dir(x>ν) +

(
||x>ν||2
||Σ− 1

2x>ν||2
νi
||ν||22

φ

)
dir(x>ν). (C.17)

Therefore, a minor modification of Proposition 14 yields the following corollary.

Corollary 2. Suppose the k-means clustering algorithm (see Algorithm 1) with K clusters

the data x, when applied to the data x, runs for T steps. Then, for the set SΣ
T defined in

(C.16), we have that

SΣ
T =

(
n⋂
i=1

K⋂
k=1

{
φ :

∥∥∥∥[x̃′(φ)]i −m
(0)

c
(0)
i (x)

(φ)

∥∥∥∥2

2

≤
∥∥∥[x̃′(φ)]i −m

(0)
k (φ)

∥∥∥2

2

})
∩ T⋂

t=1

n⋂
i=1

K⋂
k=1

φ :

∥∥∥∥∥[x̃′(φ)]i −
n∑

i′=1

w
(t−1)
i′

(
c
(t−1)
i′ (x)

)
[x̃′(φ)]i′

∥∥∥∥∥
2

2

≤

∥∥∥∥∥[x̃′(φ)]i −
n∑

i′=1

w
(t−1)
i′ (k)[x̃′(φ)]i′

∥∥∥∥∥
2

2


.

(C.18)

We also have the following extensions of Lemmas 1 and 2, which enable efficient compu-

tation of the expressions in Corollary 2.

Lemma 16 (Section 4.2 in Gao et al. [2020]). For x̃′(φ) in (C.17) and ν in

(4.3),
∥∥∥[x̃′(φ)]i − [x̃′(φ)]j

∥∥∥2

2
= a′φ2 + b′φ + γ′, where a′ =

(
||x>ν||2

||Σ−
1
2 x>ν||2

)2(
νi−νj
‖ν‖22

)2

, b′ =

2

(
||x>ν||2

||Σ−
1
2 x>ν||2

)(
νi−νj
‖ν‖22

〈
xi − xj ,dir(x>ν)

〉
−
(
νi−νj
‖ν‖22

)2

‖x>ν‖2
)

, and γ′ =
∥∥∥xi − xj − (νi − νj) x

>ν
||ν||22

∥∥∥2

2
.

Lemma 17. For x̃′(φ) in (C.17), ν in (4.3), and w
(t)
i (k) in (4.13),∥∥∥[x̃′(φ)]i −

∑n
i′=1 w

(t−1)
i′ (k)[x̃′(φ)]i′

∥∥∥2

2
= ã′φ2 + b̃′φ+ γ̃′, where

ã′ =
1

‖ν‖42

(
||x>ν||2
||Σ−

1
2x>ν||2

)2(
νi −

n∑
i′=1

w
(t−1)
i′ (k)νi′

)2

,
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b̃′ =

(
2||x>ν||2

‖ν‖22||Σ−
1
2x>ν||2

){(
νi −

n∑
i′=1

w
(t−1)
i′ (k)νi′

)〈
xi −

n∑
i′=1

w
(t−1)
i′ (k)xi′ ,dir(x>ν)

〉
−‖x

>ν‖2
‖ν‖42

(
νi −

n∑
i′=1

w
(t−1)
i′ (k)νi′

)2}
,

and

γ̃′ =

∥∥∥∥∥xi −
n∑

i′=1

w
(t−1)
i′ (k)xi′ −

(
νi −

n∑
i′=1

w
(t−1)
i′ (k)νi′

)
x>ν

‖ν‖22

∥∥∥∥∥
2

2

.

Proofs of Lemmas 16 and 17 follow from the same set of calculations in the proofs of

Lemmas 1 and 2 in Appendix C.3.

C.6 Proof of Proposition 17

Proof of Proposition 17 is similar to the proof of Lemma 1 in Markovic et al. [2017] and the

proof of Lemma 7 in Tibshirani et al. [2018b].

We first present an auxiliary lemma.

Lemma 18. For any c
(t)
i (x), i = 1, . . . , n; t = 1, . . . , T , p̂selective(σ̂) defined in (4.20) is a

continuous and monotonically increasing function of σ̂.

Proof. By the definition in (4.20), we have that

p̂selective(σ̂) =

∫∞
‖x>ν‖2(

1
2
)q/2−1 tq−1

Γ(q/2)
‖ν‖−q2 σ̂−q exp

(
− t2

2σ̂2‖ν‖22

)
1{t ∈ ST}dt∫∞

0
(1

2
)q/2−1 tq−1

Γ(q/2)
‖ν‖−q2 σ̂−q exp

(
− t2

2σ̂2‖ν‖22

)
1{t ∈ ST}dt

, (C.19)

where ST defined in (4.12) is a function of c
(t)
i (x), i = 1, . . . , n; t = 1, . . . , T . By inspection,

(C.19) is a continuous function of σ̂, because the product or ratio of two continuous functions

is still continuous. It remains to show that (C.19) is increasing in σ̂. This follows directly

from Lemma S3. of Gao et al. [2020].

Provided that σ̂ converges to σ in probability, we can combine Lemma 18 and the con-

tinuous mapping theorem to see that p̂selective(σ̂) converges to pselective(σ) in probability, i.e.,

for all ε > 0, limq→∞ P(|p̂selective(σ̂)− pselective(σ)| ≥ ε) = 0. Next, letting Aq denote the event⋂T
t=0

⋂n
i=1

{
c

(t)
i

(
X(q)

)
= c

(t)
i

(
x(q)
)}

, we will show that under the assumptions in Proposi-

tion 17, p̂selective(σ̂) converges to pselective(σ) in probability, conditional on Aq. For any ε > 0,
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we have that

lim
q→∞

P
H

(q)
0
{|p̂selective(σ̂)− pselective(σ)| ≤ ε | Aq}

a.
= lim

q→∞

P
H

(q)
0
{|p̂selective(σ̂)− pselective(σ)| ≤ ε, Aq}

P
H

(q)
0

(Aq)

b.

≥ lim
q→∞

P
H

(q)
0

(Aq)− P
H

(q)
0
{|p̂selective(σ̂)− pselective(σ)| > ε}

P
H

(q)
0

(Aq)

c.
=

limq→∞ P
H

(q)
0

(Aq)− limq→∞ P
H

(q)
0
{|p̂selective(σ̂)− pselective(σ)| > ε}

limq→∞ P
H

(q)
0

(Aq)

d.
=
δ

δ
= 1.

Here, step a. follows from Bayes rule, and the observation that the denominator is non-zero

for finite q. In step b., we used the lower bound that for events A,B defined on the same

probability space, P(A ∩ B) = P(A) − P(A \ B) ≥ P(A) − P(BC). Next, c. follows from

distributing the limit, which is valid because of the assumption that limq→∞ P
H

(q)
0

(Aq) = δ >

0; finally, d. follows from the fact that p̂selective(σ̂) converges to pselective(σ) in probability for

any sequence of µ(q), q = 1, 2, . . ., which implies the convergence under H0 : µ(q)>ν(q) = 0 as

well.

Finally, we have that

lim
q→∞

P
H

(q)
0
{p̂selective(σ̂) ≤ α | Aq}

a.
= lim

q→∞
P
H

(q)
0
{pselective(σ) ≤ α | Aq}

b.
= lim

q→∞
α = α. (C.20)

Here, step a. follows from p̂selective(σ̂) converging to pselective(σ) in probability, conditional on

Aq. Step b. follows from the fact that the result of Proposition 13 applies for any positive

integer q. This completes the proof of Proposition 17.

Proposition 17 assumes that we have a consistent estimator σ̂ of σ. In Appendix C.7,

we analyze different estimators of σ in (4.1), and prove that, under appropriate sparsity

assumptions on µ in (4.1), σ̂MED in (4.21) is a consistent estimator for σ.
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As an alternative, we can also use an asymptotically conservative estimator of σ as in

Gao et al. [2020]. This leads to an asymptotically conservative p-value; details are stated in

Corollary 3.

Corollary 3. For q = 1, 2, . . . , suppose that X(q) ∼ MN n×q
(
µ(q), In, σ

2Iq
)
. Let x(q) be

a realization from X(q) and c
(t)
i (·) be the cluster to which the ith observation is assigned

during the tth iteration of step 3b. of Algorithm 1. Consider the sequence of null hypothe-

ses H
(q)
0 : µ(q)>ν(q) = 0q, where ν(q) defined in (4.3) is the contrast vector resulting from

applying k-means clustering on x(q). Suppose that (i) σ̂ is an asymptotically conservative

estimator of σ, i.e., limq→∞ P
(
σ̂(X(q)) ≥ σ

)
= 1; and (ii) there exists δ ∈ (0, 1) such that

limq→∞ P
H

(q)
0

[⋂T
t=0

⋂n
i=1

{
c

(t)
i

(
X(q)

)
= c

(t)
i

(
x(q)
)}]

> δ. Then, ∀α ∈ (0, 1), we have that

limq→∞ P
H

(q)
0

[
p̂selective(σ̂) ≤ α

∣∣∣ ⋂T
t=0

⋂n
i=1

{
c

(t)
i

(
X(q)

)
= c

(t)
i

(
x(q)
)}]
≤ α.

We omit the proof of Corollary 3, as it follows directly from combining the proof of

Proposition 17 and the fact that p̂selective(σ̂) is a monotonically increasing function of σ̂ (see

Lemma 18).

Finally, we remark that, in principle, the result in Proposition 17 can be extended to

an unknown covariance matrix Σ. However, estimating Σ is challenging, especially when

q is comparable to, or larger than, n [Avella-Medina et al., 2018, Bickel and Levina, 2008,

Rousseeuw, 1987]. It may be possible to leverage recent advances in robust covariance matrix

estimation (e.g., Belomestny et al. [2019], Chen et al. [2018], Han and Liu [2014]) to obtain

a consistent estimator of Σ under model (4.16).

C.7 Estimating σ in (4.1)

Proposition 17 states that, under appropriate assumptions, a consistent estimator of σ in

(4.1) leads to asymptotic selective Type I error control. In this section, we analyze the

asymptotic behavior of the two variance estimators considered in Section 4.5, σ̂2
MED and

σ̂2
Sample. In particular, we prove that under model (4.1) and a sparsity assumption on µ

(defined in (4.1)), a close analog of σ̂2
MED in (4.21) that does not subtract the column median
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is a consistent estimator of σ2. Moreover, we prove that σ̂2
Sample is a conservative estimator

of σ2, and characterize its exact bias.

We first introduce an auxiliary result that specifies the rate of convergence for a median-

based estimator of the variance in the sparse vector model [Comminges et al., 2021]. For a

vector θ ∈ Rn, we use ‖θ‖0 to denote its `0 norm, i.e. ‖θ‖0 =
∑n

i=1 1{θi 6= 0}.

Lemma 19 (Proposition 6 in Comminges et al. [2021]). Consider the model

Yi = θi + σξi, i = 1, . . . , d, (C.21)

where σ is unknown, and the independently and identically distributed noise ξi satisfies that

(i) E(ξi) = 0; (ii) E(ξ2
i ) = 1; and (iii) E(|ξi|2+ε) < ∞ for some ε > 0. We further assume

that the signal θ is s-sparse, i.e., ‖θ‖0 ≤ s. Denoting by Mξ21
the median of ξ2

1, we consider

the following estimator of σ2:

σ̄2
MED = median(Y 2

1 , . . . , Y
2
d )/Mξ21

. (C.22)

Then, there exist constants γ ∈ (0, 1/8), C > 0 depending only on the cumulative distribution

function of ξ1 such that for all integers s and d satisfying 1 ≤ s < γd,

sup
σ>0

sup
‖θ‖0≤s

1

σ2
E
{∣∣σ̄2

MED − σ2
∣∣} ≤ C max

(
1

d1/2
,
s

d

)
. (C.23)

Building on Lemma 19, in Corollary 4, we analyze the properties of an estimator closely

related to σ̂2
MED in (4.21). In particular, this estimator σ̃2

MED does not subtract the median

of each column in the input data. While σ̂2
MED and σ̃2

MED are very similar provided that µ is

sparse, we expect σ̂2
MED to perform better empirically in scenarios where µ is sparse up to a

constant shift, i.e., there exists a matrix C such that (i) each column of C takes on the same

value; and (ii) µ+ C is sparse.
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Corollary 4. Under model (4.1), consider

σ̃2
MED(X) =

{
median

1≤i≤n,1≤j≤q

(
X2
ij

)}
/Mχ2

1
, (C.24)

where Mχ2
1

is the median of the χ2
1 distribution. Then, there exist constants γ0 ∈ (0, 1/8),

c0 > 0 such that for all integers s and q satisfying 1 ≤ s < γ0q,

sup
σ>0

sup
max

1≤i≤n
‖µi‖0≤s

1

σ2
E
{∣∣σ̃2

MED − σ2
∣∣} ≤ c0 max

{
1

(nq)1/2
,
s

q

}
. (C.25)

Proof. First note that (4.1) can be re-written into the form of (C.21):

Xij = µij + σξij, i = 1, . . . , n, j = 1, . . . , q, (C.26)

where ξij is independently and identically distributed as N (0, 1). Therefore, the estima-

tor σ̃2
MED(X) in (C.24) is the estimator (C.22) applied to the model (C.26). Moreover,

max
1≤i≤n

‖µi‖0 ≤ s implies that
∑n

i=1

∑q
j=1 1{µij 6= 0} ≤ ns. Applying Lemma 19, we have that

sup
σ>0

sup
max

1≤i≤n
‖µi‖0≤s

1

σ2
E
{∣∣σ̃2

MED(X)− σ2
∣∣} ≤ c0 max

{
1

(nq)1/2
,
ns

nq

}
= c0 max

{
1

(nq)1/2
,
s

q

}
,

where c0 is some universal constant.

In words, Corollary 4 states that under model (4.1), the rate of convergence of σ̃2
MED

in mean (and therefore, in probability) is max
{

1/(nq)1/2, s/q
}

. In particular, σ̃2
MED is a

consistent estimator of σ2 provided that s/q → 0 as q →∞.

Next, we investigate the property of the sample variance estimator σ̂2
Sample.

Proposition 20. Under model (4.1), for σ̂2
Sample(X) =

∑n
i=1

∑q
j=1

(
Xij − X̄j

)2
/(nq− q), we



180

have that

E
{
σ̂2
Sample(X)

}
− σ2 =

1

2n(n− 1)q

q∑
j=1

n∑
i=1

n∑
i′=1

(µij − µi′j)2. (C.27)

Moreover, for any integers s and q such that ns ≤ q, we have that, for some constant c̃0,

sup
σ>0

sup
max

1≤i≤n
‖µi‖0≤s

1

σ2
E
{∣∣σ̂2

Sample(X)− σ2
∣∣} ≥ c̃0

s

q
. (C.28)

Proof. We start with the proof of (C.27). Under (4.1), the following holds:

E
{
σ̂2

Sample(X)
}

= E

{
n∑
i=1

q∑
j=1

(
Xij − X̄j

)2
/(nq − q)

}

=
1

(n− 1)q
E

[
n∑
i=1

q∑
j=1

{
X2
ij − (X̄j)

2
}]

=
1

(n− 1)q

n∑
i=1

q∑
j=1

σ2 + µ2
ij −

σ2

n
+

1

n2

(
n∑

i′=1

µi′j

)2



= σ2 +
1

n2(n− 1)q

n∑
i=1

q∑
j=1

n2µ2
ij −

(
n∑

i′=1

µi′j

)2


= σ2 +
1

n(n− 1)q

q∑
j=1


(

n∑
i=1

nµ2
ij

)
−

(
n∑

i′=1

µi′j

)2


= σ2 +
1

2n(n− 1)q

q∑
j=1

n∑
i=1

n∑
i′=1

(µij − µi′j)2.

Here, the last equality follows from Langrange’s identity, which states that

(
∑n

i=1 a
2
i )(
∑n

i=1 b
2
i )− (

∑n
i=1 aibi)

2
= 1/2

∑n
i=1

∑n
i′=1 (aibi′ − ai′bi)2.

To prove the second statement, we consider a specific matrix µ̃ ∈ Rn×q with exactly

ns ≤ q non-zero entries. In addition, each column of µ̃ has at most one non-zero entry and

each row of µ̃ has exactly s non-zero entries. This is possible because ns is assumed to be less
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than q. Finally, we assume that the square of the minimal non-zero entry of µ̃, min
i,j:µ̃ij 6=0

µ̃2
ij, is

lower bounded by some universal constant M . Then, we have that

sup
σ>0

sup
max

1≤i≤n
‖µi‖0≤s

1

σ2
E
{∣∣σ̂2

Sample(X)− σ2
∣∣}

a.

≥ sup
σ>0

1

σ2
EX∼MN (µ̃,In,σ2Iq)

{∣∣σ̂2
Sample(X)− σ2

∣∣}
b.

≥ sup
σ>0

1

σ2
EX∼MN (µ̃,In,σ2Iq)

{
σ̂2

Sample(X)− σ2
}

c.

≥ sup
σ>0

1

σ2

1

2n(n− 1)q

q∑
j=1

n∑
i=1

n∑
i′=1

(µ̃ij − µ̃i′j)2

≥ sup
σ>0

1

σ2

1

2n(n− 1)q

q∑
j=1

n∑
i=1

n∑
i′=1

1{µ̃ij 6= 0}1{µ̃i′j = 0} (µ̃ij − µ̃i′j)2

d.

≥ sup
σ>0

1

σ2

M(n− 1)ns

2n(n− 1)q

≥ c̃0
s

q
.

Here, a. follows from picking any µ̃ satisfying the conditions outlined above, since by con-

struction, max
1≤i≤n

‖µ̃i‖0 = s. Steps b. and c. follow from the inequality E(|X|) ≥ E(X) and the

expression for E
{
σ̂2

Sample(X)
}

in (C.27), respectively. Finally, to prove d., we note that for

each of the ns columns with exactly one non-zero element, there are n− 1 pairs of (i, i′), i =

1, . . . , n; i′ = 1, . . . , n such that the product 1{µ̃ij 6= 0}1{µ̃i′j = 0} is non-zero. Moreover,

each of pair contributes at least M by the assumption that mini,j:µ̃ij 6=0 µ̃
2
ij ≥M .

Contrasting the results in Corollary 4 and Proposition 20, we note that, under

(4.1), the convergence of σ̃2
MED depends critically on the sparsity parameter s (or,

equivalently, the `0 norm of µi), whereas the convergence of σ̂2
Sample is determined by∑q

j=1

∑n
i=1

∑n
i′=1 (µij − µi′j)2. Thus, in scenarios where the underlying means µi, i = 1, . . . , n

are sparse (e.g., (4.22) in Section 4.5), we expect σ̃2
MED (and therefore its “centered” analog

σ̂2
MED in (4.21)) to be a less conservative estimator of σ2. As a result, we expect the test

based on p̂selective(σ̂MED) to be more powerful than that based on p̂selective(σ̂Sample), as shown
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in Figure 4.5 of Section 4.5.

C.8 Additional power comparisons

In Section 4.5.2, we compared the conditional power of the tests based on pselective,

p̂selective(σ̂MED), and p̂selective(σ̂Sample) under (4.22). Here, we conduct two additional anal-

yses.

In the first analysis, we consider a different notion of power that does not condition on

Ĉ1 and Ĉ2 being true clusters. In this case, comparing the power of the tests requires a bit

of care, because the effect size ‖µ>ν‖2 may differ across simulated datasets from the same

data-generating distribution. As a result, we consider the power of the tests as a function of

‖µ>ν‖2. We fit a regression spline using the gam function in the R package mgcv [Wood, 2017]

to obtain a smooth estimate of power on the same simulated datasets from Section 4.5.2. The

results are in Figure C.1. The power of the tests that reject H0 if pselective, p̂selective(σ̂MED),

or p̂selective(σ̂Sample) is less than α = 0.05 increases as ‖µ>ν‖2 increases. For a given value of

‖µ>ν‖2 and σ, the test based on pselective has the highest power, followed by that based on

p̂selective(σ̂MED); the test based on p̂selective(σ̂Sample) has the lowest power.

In the second analysis, we consider the conditional power (defined in (4.23)) of the tests

based on pselective, p̂selective(σ̂MED), and p̂selective(σ̂Sample) under a different data generating

model than (4.22). We generate data from (4.1) with n = 150 and

µ1 = . . . = µn
3

=

 θ1

00.9q

 , µn
3

+1 = . . . = µ 2n
3

=

 θ2

00.9q

 , µ 2n
3

+1 = . . . = µn =

 θ3

00.9q

 , (C.29)

where, q is taken to be a multiple of 10, and for δ > 0, θ ∈ R3×0.1q has orthogonal rows,

with ‖θi‖2
2 = δ/2 for i = 1, 2, 3. As in Section 4.5.2, we can think of C1 = {1, . . . , n/3}, C2 =

{(n/3) + 1, . . . , (2n/3)}, C3 = {(2n/3) + 1, . . . , n} as “true clusters”. Under (C.29), the

pairwise distance between each pair of true clusters is δ.

We generate M = 100, 000 datasets from (C.29) with q = 50,σ = 0.25, 0.5, 1, and δ =
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Figure C.1: Left : Additional analysis of the data in Section 4.5.2 with σ = 0.5. We fit a
regression spline to display the power of the tests based on pselective (green line), p̂selective(σ̂MED)
(orange line), and p̂selective(σ̂Sample) (purple line) as a function of ‖µ>ν‖2. Right : Same as
left, but for σ = 1.

2, 3, . . . , 10. For each simulated dataset, we apply k-means clustering with K = 3 and

reject H0 : µ>ν = 0q if pselective, p̂selective(σ̂MED), or p̂selective(σ̂Sample) is less than α = 0.05.

Figure C.2(a) displays the detection probability (4.24) of k-means clustering as a function

of δ in (C.29). Under model (4.1), the detection probability increases as a function of δ

in (C.29) across all values of σ. For a given value of δ, a larger value of σ leads to lower

detection probability. Figure C.2(b) displays the conditional power (4.23) for the tests based

on pselective, p̂selective(σ̂MED), and p̂selective(σ̂Sample). For some combinations of δ and σ, the

conditional power is not displayed, because the true clusters are never recovered in simulation.

For all tests and values of σ under consideration, conditional power is an increasing function

of δ. For a given test and a value of δ, smaller σ leads to higher conditional power. Moreover,

for the same values of δ and σ, the test based on pselective has the highest conditional power,

followed closely by the test based of p̂selective(σ̂MED). Using p̂selective(σ̂Sample) leads to a less

powerful test, especially for larger values of δ. As a comparison, we included the detection

probability and conditional power under model (4.22) with q = 50 in panels (c) and (d) of

Figure C.2. The tests under consideration behave qualitatively similarly as a function of δ



184

(a) (b)

(c) (d)

Figure C.2: (a): Detection probability defined in (4.24) for k-means clustering with K = 3
under model (4.1) with n = 150, q = 50, and µ in (C.29), across δ = ‖θi− θj‖2 in (C.29) and
σ = 0.25 (solid lines), 0.5 (dashed lines), and 1 (long-dashed lines). (b): The conditional
power (4.23) at α = 0.05 for the tests based on pselective (green), p̂selective(σ̂MED) (orange), and
p̂selective(σ̂Sample) (purple), under model (4.1) with n = 150, q = 50, and µ in (C.29). (c):
Same as (a), but for µ in (4.22). (d): Same as (b), but for µ in (4.22).
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and σ. Under (4.22), we observe an even larger gap between the power of the test based on

p̂selective(σ̂Sample) and the power of the test based on p̂selective(σ̂MED).

C.9 Additional results for real data applications

In this section, we visualize the estimated clusters for the single cell RNA-sequencing data

in Section 4.6.3.

Figure C.3: Left: The two-dimensional UMAP embedding [McInnes et al., 2018] of the “no
cluster” dataset after preprocessing (as described in Section 4.6.3), colored by the estimated
cluster membership via k-means clustering. Right: Same as left, but for the “cluster”
dataset.

C.10 Applying p̂selective(σ̂MED) to other data-generating models

In this section, we investigate the empirical performance of our method on non-normal data.

We repeat the experiments in Section 4.5 with data generated from Poisson and negative

binomial models after applying variance-stabilizing transformations [Anscombe, 1948, Bar-

Lev and Enis, 1988].

• Poisson: To investigate the empirical Type I error control for Poisson data, we first
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generate data from

Xij
ind∼ Poisson(5), i = 1, . . . , 300 ; j = 1, . . . , 50, (C.30)

and apply the Anscombe transformation [Anscombe, 1948] x→ 2
√
x+ 3/8 to the data.

Next, we perform k-means clustering and computed p̂selective(σ̂MED) on the transformed

data. Results aggregated from 1,000 simulated data sets are displayed in Figure C.4(a).

We see that the naive p-values lead to an anti-conservative test, whereas the test based

on p̂selective(σ̂MED) appears to control the selective Type I error.

Next, we show that the test based on p̂selective(σ̂MED) has power to reject H0 when it is

not true. We generate data from

Xij
ind∼ Poisson

((
µ2
ij − 3/8

)2
)
, i = 1, . . . , 300 ; j = 1, . . . , 50, (C.31)

where

µ1 = . . . = µ100 =

5− δ
2

549

 , µ101 = . . . = µ200 =

 549

5 +
√

3δ
2

 , µ201 = . . . = µ300 =

5 + δ
2

549

 ,
(C.32)

and 5q is the q-dimensional vector of all fives. Here, we can think of C1 =

{1, . . . , 100}, C2 = {101, . . . , 200}, C3 = {201, . . . , 300} as the “true clusters”. More-

over, these clusters are equidistant in the sense that the pairwise distance between

each pair of population means is δ. We generate M = 2, 000 datasets from (C.31) with

δ = 4, 5, . . . , 9. For each simulated dataset, we apply k-means clustering with K = 3

on the Anscombe transformed data and reject H0 : µ>ν = 050 if p̂selective(σ̂MED) is less

than α = 0.05. The conditional power (defined in (4.23)) increases as a function of δ

in (C.32) (see Figure C.4(c)).
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• Negative Binomial: To investigate the empirical Type I error control for negative

binomial data, we generate data from

Xij
ind∼ Negative Binomial(5; 1), i = 1, . . . , 300 ; j = 1, . . . , 50, (C.33)

and apply the log transformation x → log(x+ 1) to the data. Next, we perform

k-means clustering and computed p̂selective(σ̂MED) on the log-transformed data. We

display results aggregated from 1,000 simulated data sets in Figure C.4(b); the test

based on p̂selective(σ̂MED) appears to control the selective Type I error rate.

Next, we investigate the power of the test based on p̂selective(σ̂MED) for negative binomial

data after log transformation. We generate data from

Xij
ind∼ Negative Binomial(exp (µij − 1); 1), i = 1, . . . , 300 ; j = 1, . . . , 50, (C.34)

where

µ1 = . . . = µ100 =

10− δ
2

1049

 , µ101 = . . . = µ200 =

 1049

10 +
√

3δ
2

 , µ201 = . . . = µ300 =

10 + δ
2

1049

 ,
(C.35)

and 10q is the q-dimensional vector of all tens. As in the Poisson case, we can think

of C1 = {1, . . . , 100}, C2 = {101, . . . , 200}, C3 = {201, . . . , 300} as the “true clusters”,

and the pairwise distance between each pair of population means is δ. We generate

M = 2, 000 datasets from (C.34) with δ = 7, 8, . . . , 15. For each simulated dataset,

we apply k-means clustering with K = 3 on the log transformed data and reject

H0 : µ>ν = 050 if p̂selective(σ̂MED) is less than α = 0.05. The conditional power (defined

in (4.23)) increases as a function of δ in (C.35) (see Figure C.4(d)).

To sum up, the test based on p̂selective(σ̂MED) leads to adequate Type I error rate control

and substantial power on Poisson and negative binomial data with variance-stabilizing trans-
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formations. However, prior work has suggested that if the mean counts are small, then no

data transformation can be expected to stabilize variances [Warton, 2018]. In future work,

we will investigate other strategies to extend our framework to non-normal data (see, e.g.,

Section 4.4 of the dissertation).

(a) (b)

(c) (d)

Figure C.4: (a): Quantile-quantile plots for pNaive and p̂selective(σ̂MED) for Anscombe-
transformed Poisson data. (b): Quantile-quantile plots for pNaive and p̂selective(σ̂MED) for
log-transformed negative binomial data. (c): Conditional power (defined in (4.23)) at
α = 0.05 for the tests based on p̂selective(σ̂MED) for Anscombe-transformed Poisson data. (d):
Conditional power (defined in (4.23)) at α = 0.05 for the tests based on p̂selective(σ̂MED) for
log-transformed negative binomial data.
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