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Autonomous robots operating in complex and dynamic real-world scenarios must exhibit

fast and reactive behaviors to adapt to environment changes, and learn to improve their

performance over time. While recent advances in reinforcement learning (RL) have shown

remarkable progress in learning complex decision-making directly from experience, the sam-

ple inefficiency of existing methods limits their application to robotics domains where data

collection can be dangerous, time-consuming and expensive. In contrast, traditional model-

based optimization approaches for robot control can leverage prior knowledge of physics and

task structure to efficiently plan a robot’s motion, and have a rich history of successful ap-

plication in safety-critical systems. However, the complexity of real-world environments can

be hard to model precisely, and assumptions made by practical approaches can significantly

limit performance. In this thesis, we propose principled methods to combine data-driven ap-

proaches with model-based optimization that enable efficient, adaptive and self-improving

robots. We address key challenges in designing such methods with varying degrees of prior

model knowledge.

First, we show that even with access to perfect models, the real-time performance of

existing motion planning algorithms can be sensitive to environment changes. We propose

adaptive planning frameworks that leverage past experience to directly optimize the per-

formance of motion planners across the distribution of environments the robot encounters.

Second, for tasks where our prior models are approximate, long horizon planning can be



error prone. We show how model-predictive control (MPC), offers an efficient solution for

generating adaptive behaviors via finite horizon optimization. We present a GPU accelerated

MPC framework for real-world reactive manipulation that can rapidly optimize complex task

objectives while ensuring qualitative behavior requirements. Further, we present a general

framework that improves over MPC using model-free RL to overcome the effects of model-

bias over time. Finally, we consider situations without access to prior models, and explore

policy learning from static datasets of interactions. We show how learning predictive models

from such datasets in an adversarial manner can enable learning policies that can improve

over arbitrary reference policies regardless of data coverage, with formal guarantees.

This thesis contributes general algorithmic frameworks that are broadly applicable across

robotics domains, as well as efficient open-source implementations of practical systems that

can be leveraged by the wider community. The methods we present are supported by strong

theoretical guarantees and empirical performance across a wide variety of benchmark tasks,

and real-world manipulator control in dynamic environments.
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Chapter 1

INTRODUCTION

As autonomous robots transition from controlled laboratory settings into the real world,

they must demonstrate fast and adaptive behaviors to handle the complexities of dynami-

cally changing environments. For instance, consider an autonomous car navigating through

a crowded intersection or an industrial robot tasked with stacking boxes from one pallet to

another. In both cases, the robot must produce smooth and safe motions under uncertainty,

reason over long horizons to ensure task success, and satisfy several task and robot-specific

constraints. For reliable operation across such challenging scenarios, there is a need for flexi-

ble decision-making algorithms that enable robots to rapidly optimize complex behaviors and

importantly, learn from experience to improve their performance in data-efficient manner.

In this thesis, we propose pragmatic techniques for learning-based robot control that effi-

ciently utilize experience by exploiting various sources of prior knowledge that are available

in the robotics domain. This includes prior knowledge of physics (such as black-box simula-

tors or analytical models of dynamics), task structure and even static datasets collected by

human teleoperation or safe reference controllers.

Traditional behavior generation approaches based on model-based planning and opti-

mal control offer a promising way forward. Model-based approaches have a rich history in

control of complex, safety critical systems [141, 163, 393, 505] owing to their ability to ex-

ploit knowledge of physics and task structure to optimize complex objectives and nonlinear

constraints. These algorithms work by constructing predictive models of the robot and the

environment, and using principled techniques to optimize the robot’s long-term behaviors.

However, real-time requirements necessitate the use of approximate models that can signifi-

cantly limit performance. Furthermore, these approaches generally don’t have a mechanism

to incorporate experience, so the robot does not overcome errors to improve performance

over time, or generalize to novel situations.
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Model-free RL offers a general-purpose framework for learning control laws for complex

dynamical systems directly from experiential data, without the need for domain exper-

tise [455]. Indeed, modern deep RL approaches that leverage expressive neural networks

for function approximation have led to breakthroughs in a variety of domains, such as

game-playing [328, 413], protein folding [225] , and simulated robot control [189]. Since

these approaches make minimal assumptions about problem structure, it is attractive to

explore their applicability to real-robot control as well, and there have been some successful

demonstrations in controlled settings on complex tasks like contact-rich dexterous manipu-

lation [19]. However, RL methods achieve their flexibility by discovering optimal behaviors

through trial and error learning. This typically requires a large amount of data to suc-

ceed, and fundamentally limits their broad adoption to the control of safety critical robotic

systems where data collection can be dangerous (both to the robot and the environment),

time-consuming and expensive.

A successful approach for adaptive robot decision-making must incorporate the best

elements of both model-based and model-free paradigms - exploiting prior knowledge and

structure to achieve good performance initially and continuously improving with experience.

This motivates the primary research statement of this thesis

A principled combination of fast, model-based optimization and learning from experience

is key for enabling efficient, adaptive and self-improving robots.

Guided by key research questions that arise from this overarching principle, this thesis

proposes general algorithmic frameworks and practical systems aimed at enabling robots to

perform a wide range of tasks in dynamically changing environments. Next, we provide an

overview of the work presented in this thesis that can be broadly categorized based on the

nature of prior knowledge that we have access to.

Data-driven Motion Planning

First, we study the problem of motion planning with access to perfect models of the robot

and the environment, where the task is to find a collision free motion for a robot from a start

to goal configuration. There is a rich history of literature on efficient algorithms [163, 543]
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that provide strong theoretical guarantees, however, their real-time performance can be

sensitive to the actual distribution of environments the robot encounters. To address this

issue, we develop frameworks that leverage past experience to directly improve the expected

performance of planners over a distribution of problems.

Chapter 2: Leveraging Experience in Lazy Search. Search based algorithms

formulate motion planning as finding the shortest feasible free path on a graph. In robot

motion planning, collision checking edges is the computational bottleneck affecting real-time

performance. Lazy search algorithms are efficient at solving such problems, and work by

lazily computing the shortest potentially feasible path, evaluating edges along that path, and

repeating until a feasible path is found. In order to minimize total edge evaluations, a good

selector must choose edges that are not only likely to be invalid, but also eliminate future

paths from consideration. We present an approach to learn such a selector by leveraging

prior experience. We cast optimal edge selection to a Markov Decision Process (MDP)

on search state and compute oracular selectors that can efficiently solve the MDP during

training. Such oracles enable us to use imitation learning to train effective policies, that can

then solve similar problems quickly. We evaluate our algorithm on a wide range of problems

and show that the learned selector outperforms baseline commonly used heuristics. We

further provide a novel theoretical analysis of lazy search in a Bayesian framework and

regret guarantees on our imitation learning approach to motion planning.

Chapter 3: Differentiable Gaussian Process Motion Planning. In this chapter,

we study the class of gradient-based trajectory optimization approaches for motion planning.

While fast and effective on a wide range of robotics tasks, these algorithms have parameters

that are typically set in advance (and rarely discussed in detail). Setting these parameters

properly can have a significant impact on the practical performance, sometimes making the

difference between finding a feasible plan or failing at the task entirely. We propose a method

for leveraging past experience to learn how to automatically adapt the parameters of Gaus-

sian Process Motion Planning (GPMP) algorithms. Specifically, we propose a differentiable

extension to the GPMP2 algorithm [131], so that it can be trained end-to-end from data.

Through several experiments we validate our algorithm and illustrate the benefits of our

proposed learning-based approach to motion planning.
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Model-Predictive Control and Reinforcement Learning

Next, we study the common scenario in real-world robot control where we only have ac-

cess to prior approximate models. Here, long horizon planning algorithms from previous

chapters can suffer from compounding errors due to model-bias. Instead, we focus on the

framework of model-predictive control (MPC), that generates feedback controllers by re-

peatedly optimizing approximate models over finite horizons. We show how we can design

scalable MPC frameworks that enable real-world reactive manipulation and how MPC can

be improved via model-free RL.

Chapter 4: Fast Joint-Space Model-Predictive Control for Reactive Ma-

nipulation. Sampling-based MPC is a promising tool for feedback control of robots with

complex, non-smooth dynamics, and cost functions [506]. However, the computationally

demanding nature of these algorithms has been a key bottleneck in their application to

high-dimensional robotic manipulation problems in the real world. To contend with this, we

have developed a system for fast, joint space sampling-based MPC for manipulators that is

efficiently parallelized using GPUs. Our approach handles task and joint space constraints

while computing control commands at upwards of 125Hz. Further, the method tightly inte-

grates perception into the control problem by utilizing learned cost functions from raw sensor

data, and is deployed on a Franka Panda robot for a variety of dynamic manipulation tasks.

We study the effects of different cost formulations and MPC parameters on the synthesized

behavior and provide key insights for the principled application of sampling-based MPC for

manipulators. We also provide highly optimized, open-source code to be used by the wider

robot learning and control community.

Chapter 5: Blending MPC & Value Function Approximation for Efficient

Reinforcement Learning. Biased dynamics models and short planning horizons can sig-

nificantly limit the performance of MPC in practice. In this chapter, we present a general

framework for improving on MPC with model-free RL. We leverage a key insight that MPC

can be viewed as constructing a series of local Q-function approximations, and show how

we can systematically trade-off learned value estimates against the local Q-function approx-

imations. We present a theoretical analysis that shows how error from inaccurate models
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in MPC and value function estimation in RL can be balanced, and propose an algorithm

that smoothly reduces the dependence on MPC as our value function estimate improves.

We validate our approach on challenging high dimensional manipulation tasks with biased

models in simulation, and show that it obtains performance comparable with MPC with

access to true dynamics while being more sample efficient as compared to model-free RL.

Model-based Offline Reinforcement Learning

Finally, we consider the case where we have no prior model knowledge, and study learning

policies from static datasets (collected by safe reference policies). We show how learning

predictive models from such datasets can robustly optimize policies without degradation

over the reference.

Chapter 6 Adversarial Model-based Offline Reinforcement Learning This chap-

ter presents a novel model-based offline RL framework, called Adversarial Model for Offline

Reinforcement Learning (ARMOR), which can robustly learn policies to improve upon an

arbitrary reference policy regardless of data coverage. ARMOR is designed to optimize

policies for the worst-case performance relative to the reference policy through adversarially

training an MDP model. We theoretically prove that ARMOR, with a well-tuned hyper-

parameter, can compete with the best policy covered by data, when the reference policy is

within data support. Simultaneously, ARMOR is also robust to hyperparameter choices:

the learned policy, with any admissible hyperparameter, will never degrade the performance

of the reference policy, even when the reference policy is not covered by the dataset. We

empirically validate these properties by designing a scalable implementation of ARMOR and

testing it on several benchmark tasks, showing it achieves competent performance with both

state-of-the-art offline model-free and model-based RL algorithms, and can robustly improve

diverse reference policies over a range of hyperparameter choices.
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Chapter 2

LEVERAGING EXPERIENCE IN LAZY SEARCH

2.1 Introduction

This chapter focuses on the paradigm of search-based motion planning that formulates robot

motion planning as finding a shortest feasible path on a graph where the vertices represent

robot states and edges represent possible motions between them [241]. We develop algo-

rithms that leverage past experience to find the shortest path on a graph while minimizing

planning time. In the domain of robot motion planning, planning time is dominated by

edge evaluation [183]. Therefore, the goal here is to check the minimal number of edges,

invalidating potential shortest paths along the way, until we discover the shortest feasible

path – this is the central tenet of lazy search [50, 121]. In this chapter, we explore how we

can learn within this framework which edges to evaluate (Fig. 2.1).

How should we leverage experience? Consider the “Piano Mover’s Problem” [422] where

the goal is to plan a path for a piano from one room in a house to another. Collision checking

all possible motions of the piano can be quite time-consuming. Instead, what can we infer

if we were given a database of houses and edge evaluations results?

1. Check doors first - these edges serve as bottlenecks for many paths which can be

eliminated early if invalid.

2. Prioritize narrow doors - these edges are more likely to be invalid and can save checking

other edges.

3. Similar doors, similar outcomes - these edges are correlated, checking one reveals

information about others.

Intuitively, we must consider all past discoveries about edges to make a decision. While this

has been explored in the Bayesian setting [89, 97], we show that more generally the problem
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can be mapped to a Markov Decision Process (MDP). However, the size of the MDP grows

exponentially with the size of the graph. Even if we use approximate dynamic programming,

we still need to explore an inordinate number of states to learn a reasonable policy.

Interestingly, if we were to reveal the status of all the edges during training, we can

conceive of a clairvoyant oracle [95] that selects the optimal sequence of edges to invalidate.

In fact, we show that the oracular selector is equivalent to set cover, for which greedy

approximations exist. By imitating clairvoyant oracles [95], we can drastically cut down

exploration and focus learning on the relevant portion of the state space [451]. This leads to

a key insight: use imitation learning to bootstrap the selector to match oracular performance.

We propose a new algorithm, StrOLL, that deploys an interactive imitation learning

framework [402] to train the edge selector (Fig. 2.2). At every iteration, it samples a world

(validity status for all edges) and executes the learner. At every timestep, it queries the

clairvoyant oracle associated with the world to select an edge to evaluate. This can be

viewed as a classification problem where the goal is to map features extracted from edges to

the edge selected by the oracle. This datapoint is aggregated with past data, which is then

used to update the learner.

We also theoretically analyze the problem in the Bayesian setting to characterize lower

bounds. We show that the problem can be mapped to an instance of Bayesian Active

Learning, and hence is NP-Hard. However, this mapping allows us to harness the theory of

adaptive submodularity to derive analytic, near-optimal policies for edge evaluation. To the

best of our knowledge, this is the first such bound on lazy shortest path.

2.1.1 Contributions

To summarize, this chapter makes the following key contributions

1. In Section 2.2, we show how edge selection in lazy search can be mapped to an MDP

and in Section 2.3 we show how it can be challenging solve even for small graphs.

2. In Section 2.4, we show that larger MDPs can be efficiently solved by imitating clair-

voyant oracles.



8

3. In Section 2.7, we perform extensive experiments on a wide range of planning datasets

show that the learned policy can outperform competitive baselines.

4. In Section 2.6, we introduce the paradigm of Bayesian Lazy Shortest Path and present

a theoretical analysis that maps it to the Bayesian Decision Region Determination

(DRD) problem for which near-optimal policies can be derived.

5. In Section 2.5, we provide theoretical bounds on the performance StrOLL by first

deriving the optimal edge selector under the assumption of independent bernoulli edges

followed by a regret analysis that exploits a connection between imitation learning of

clairvoyant oracles to hindsight optimization. We also provide theoretical bounds on

the performance StrOLL via a regret analysis that exploits a connection between

imitation learning of clairvoyant oracles to hindsight optimization. We also show that

in the special case of independent Bernoulli edges, the optimal edge selector lies within

the policy class of StrOLL.

2.2 Problem Formulation

2.2.1 The Shortest Path (SP) Problem

Let G = (V,E) be an explicit graph where V denotes the set of vertices and E the set of

edges. Given a start and goal vertex (vs, vg) ∈ V , a path ξ is represented as a sequence

of vertices (v1, v2, . . . , vl) such that v1 = vs, vl = vg, ∀i, (vi, vi+1) ∈ E. We define a world

ϕ : E → {0, 1} as a mapping from edges to valid (1) or invalid (0). A path is said to be

feasible if all edges are valid, i.e. ∀e ∈ ξ, ϕ(e) = 1. Let ℓ : E → R+ be the length of an edge.

The length of a path is the sum of edge lengths, i.e. ℓ(ξ) =
∑

e∈ξ ℓ(e). The objective of the

SP problem is the find the shortest feasible path:

min
ξ

ℓ(ξ) s.t. ∀e ∈ ξ, ϕ(e) = 1 (2.1)

We now define a family of shortest path algorithms. Given a SP problem, the algorithms

evaluate a set of edges Eeval ⊂ E (verify if they are valid) and return a path ξ∗ upon halting.

Two conditions must be met:
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Evaluate an edge 
on the path

Update 
Graph

Start

SELECTOR
Graph,  
Path

Edge

Is path to  
goal feasible?

Stop
Y

N

Compute potential  
shortest path

Prior database

Figure 2.1: The LazySP [121] framework. LazySP iteratively computes the shortest path, queries a

Selector for an edge on the path, evaluates it and updates the graph until a feasible path is found. The

number of edges evaluated depends on the choice of Selector.

Sample a world 
from database.

Execute learner (evaluate 
edges) to a get a state.

Query clairvoyant oracle for  
edge (action) to evaluate. 

Continue aggregating data 
till the end, update learner.

Figure 2.2: Overview of StrOLL- a training procedure for a Selector to select edges to evaluate in the

LazySP framework.

1. The returned path ξ∗ is verified to be feasible, i.e. ∀e ∈ ξ∗, e ∈ Eeval, ϕ(e) = 1

2. All paths shorter than ξ∗ are verified to be infeasible, i.e. ∀ξi, ℓ(ξi) < ℓ(ξ∗), ∃e ∈
ξi, e ∈ Eeval, ϕ(e) = 0
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2.2.2 The Lazy Shortest Path (LazySP) Framework

We are interested in shortest path algorithms that minimize the number of evaluated edges

|Eeval|.1 These are lazy algorithms, i.e. they seek to defer the evaluation of an edge as much

as possible. When this laziness is taken to the limit, one arrives at the Lazy Shortest Path

(LazySP) class of algorithms. Under a set of assumptions, this framework can be shown to

contain the optimally lazy algorithm [178].

Algorithm 1 describes the LazySP framework. The algorithm maintains a set of evalu-

ated edges that are valid Eval and invalid Einv. At every iteration, the algorithm lazily finds

the shortest path ξ on the potentially valid graph G = (V,E \ Einv) without evaluating any

new edges (Line 4). It then calls a function, Selector, to select an edge e from this path

ξ (Line 5). Based on the outcome, this edge is added to either Eval or Einv. This continues

until conditions in Section 2.2.1 are satisfied, i.e. the shortest feasible path is found.

The algorithm has one free parameter - the Selector function. The only requirement

for a valid Selector is to select an edge on the path. As shown in [121], one can design a

range of selectors such as:

1. Forward: select the first unevaluated edge e ∈ ξ. Effective if invalid edges are near

the start.

2. Backward: select the last unevaluated edge e ∈ ξ. Effective if invalid edges are near

the goal.

3. Alternate: alternates between first and last edge. This approach hedges its bets

between start and goal.

4. FailFast: selects the least likely edge e ∈ ξ to be valid based on prior data.

5. PostFailFast: selects the least likely edge e ∈ ξ to be valid using a Bayesian posterior

based on edges checked so far.

1The framework can be extended to handle non-uniform evaluation cost as well



11

Algorithm 1: LazySP
Input : Graph G, start vs, goal vg, world ϕ

Parameter: Selector

Output : Path ξ∗, evaluated edges Eeval

1 Eval ← ∅ ▷ Valid evaluated edges

2 Einv ← ∅ ▷ Invaid evaluated edges

3 repeat

4 ξ ← ShortestPath(E \ Einv)

5 e← Selector(ξ, Eval, Einv) ▷ Select edge on ξ

6 if ϕ(e) ̸= 0 then

7 Eval ← Eval ∪ {e}
8 else

9 Einv ← Einv ∪ {e}
10 end

11 until feasible path found s.t. ∀e ∈ ξ, e ∈ Eval;

12 return {ξ∗ ← ξ, Eeval ← Eval ∪ Einv};

While these baseline selectors are very effective in practice, their performance, i.e. the

number of edges evaluated |Eeval| depends on the underlying world ϕ which dictates which

edges are invalid. Hence the goal is to compute a good Selector that is effective given a

distribution of worlds, P (ϕ). We formalize this as follows

Problem 1 (Optimal Selector Problem). Let the edges evaluated by Selector on world ϕ

be denoted by Eeval(ϕ,Selector). Given a distribution of worlds, P (ϕ), find a Selector

that minimizes the expected number of evaluated edges, i.e.

minEϕ∼P (ϕ) [|Eeval(ϕ,Selector)|]

Problem 1 is a sequential decision making problem, i.e. decisions made by the selector in

one iteration (edge selected) affects the input to the selector in the next iteration (shortest

path). We show how to formally handle this in the next section. It is interesting to note
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that Problem 1 can be solved optimally under certain strong assumptions as detailed in

Section 2.5.

2.2.3 Mapping the Optimal Selector Problem to an MDP

Problem 1 can be mapped to a Markov Decision Process (MDP) ⟨S,A,T,R, γ⟩ as follows:

State Space The state s = (Eval, Einv) is the set of evaluated valid edges Eval and evalu-

ated invalid edges Einv. This can be represented by a vector of size |E|, each element being

one of {−1, 0, 1} - unevaluated, evaluated invalid, and evaluated valid respectively. For sim-

plicity, we assume that the explicit graph G = (V,E) is fixed.2 Since each e ∈ E can be in

one of 3 sets, the cardinality of the state space is |S| = 3|E|. The MDP has an absorbing

goal state set G ⊂ S which is a set of states where all the edges on the current shortest path

are evaluated to be valid, i.e.

G = {(Eval, Einv) | ∀e ∈ ShortestPath(E \ Einv), e ∈ Eval} (2.2)

Action Set The action set A(s) is the set of unevaluated edges on the current shortest

path, i.e.

A(s) = {e ∈ ShortestPath(E \ Einv), e /∈ {Eval ∪ Einv}} (2.3)

Transition Function Given a world ϕ, the transition function is deterministic s′ =

Γ(s, a, ϕ):

Γ(s, a, ϕ) =


(Eval ∪ {e}, Einv) if ϕ(e) = 1

(Eval, Einv ∪ {e}) if ϕ(e) = 0

(2.4)

Since ϕ is latent and distributed according to P (ϕ), we have a stochastic transition

function

T(s, a, s′) =
∑
ϕ

P (ϕ)I(s = Γ(s, a, ϕ))

2We can handle a varying graph by adding it to the state space.
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Reward Function The reward function penalizes every state other than the absorbing

goal state G, i.e.

R(s, a) =


0 if s ∈ G

−1 otherwise
(2.5)

γ is a discount factor that is used to favor immediate rewards over later ones. We can

define the value of a given policy π as V π(s) = E
[∑∞

t=0 γ
tc(st, at) | s0 = s

]
and the action-

value function as Qπ(s, a) = E
[∑∞

t=0 γ
tc(st, at) | s0 = s, a0 = a

]
where the expectation is

over the policy and transition function. Further, we can also define the advantage function

Aπ(s, a) = Qπ(s, a)− V π(s) which measures how good an action is compared to the action

taken by the policy in expectation.

2.3 Challenges

In this section, we examine tiny graphs and show that even for such problems, a choice

of world distributions where edges are correlated can affect Selector choices. However,

by solving the MDP using tabular Q-learning we can automatically recover the optimal

Selector.

2.3.1 Experimental setup

We train selectors on two different graphs and corresponding distribution of worlds P (ϕ).

Environment 1 Fig. 2.3(a) illustrates the distribution of Environment 1. The graph

has 6 edges. With 70% probability, top_left edge is invalid. If top_left is invalid,

then middle_right is always invalid. If top_left is valid, then with 50% probability,

top_right is invalid plus any one of remaining four are invalid.

The optimal policy is to check top_left edge first.

– If invalid, check middle_right (which is necessarily invalid) and check bottom two

edges which are feasible. This amounts to 4 evaluated edges.

– If valid, check other edges in order as they all have 50% probability of being valid.
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50% prob 
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Figure 2.3: Distribution over worlds for (a) Environment 1 and (b) Environment 2. The goal is to find a

path from left to right. Edges are valid (green) or invalid (red)

Environment 2 Fig. 2.3(b) illustrates the distribution of Environment 2. The graph

has 8 edges. 60% of the time top_left, middle_right and bottom_left are invalid.

Else, the top_right and the middle_right are invalid. Intuitively, 60% of the time,

SelectAlternate is optimal and 40% of the time, SelectBackward is the best.

2.3.2 Solving the MDP via Q-learning

We apply tabular Q-learning [502] to compute the optimal value Q∗(s, a). Broadly speak-

ing, the algorithm utilizes an ϵ−greedy policy to visit states, gather rewards, and perform

Bellman backups to update the value function. Environment 1 has 729 states, Environment

2 has 6561 states. The learning parameters are shown in Table 2.1.

Fig. 2.4 shows the average reward during training for Q-learning. Environment 1 con-

verges after ≈ 1000 episodes, environment 2 after ≈ 3000 episodes. Table 2.2 shows a

comparison of Q-learning with other heuristic baselines in terms of average reward on a vali-

dation dataset of 1000 problems. In Environment 1, the learner discovers the optimal policy.

Interestingly, Alternate also achieves this result since the correlated edges are alternating.

In Environment 2, the learner has a clear margin as compared to heuristic baselines, all of
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Table 2.1: Q-learning parameters.

Parameter Env. 1 Env. 2

Number of episodes 3000 3500

Exploration episodes 100 150

ϵ0 1 1

Discount factor 1 1

Learning rate 0.5 0.5

Table 2.2: Avg. reward after 1000 test episodes.

Method Env. 1 Env. 2

Tabular Q-learning −3.85 −5.24
Forward −4.54 −6.00
Backward −4.42 −5.79
Alternate −3.86 −6.00
Random −4.48 −5.90

(a) Environment 1 (3000 train episodes) (b) Environment 2 (3500 train episodes)

Figure 2.4: Average reward per epsiode of Tabular Q-learning.

which are vulnerable to one of the modes. This shows that, even on such small graphs, it is

possible to create an environment where heuristic baselines fail. However, the fact that the

learner can recover optimal policies is promising.

2.3.3 Challenges on scaling to larger graphs

While we can solve the MDP for tiny graphs, we run into a number of problems as we try

to scale to larger graphs:

Exponentially large state space The size of the state space is |S| = 3|E|. This leads to

exponentially slower convergence rates as the size of the graph increases. Even if we could

manage to visit only the relevant portion of this space, this approach would not generalize
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across graphs.

Convergence issues with approximate value iteration We can scale to large graphs

if we use a function approximator. In this case, we have to featurize (s, a) as a vector f ,

i.e. we are trying to approximate Q(s, a) ≈ Q(f). Fortunately, we have a set of baseline

heuristics( Section 2.2.2) that can be used as a feature vector. This choice allows us to

potentially improve upon baselines and easily switch between problem domains.

We run into another problem - approximate value iteration is not guaranteed to con-

verge [170]. This is exaggerated in our case where f is a set of baseline heuristics that may

not retain the same information content as the state s. Hence multiple states map to the

same feature f , which leads to oscillations and local minima.

Sparse rewards Every state gets a penalization except the absorbing state, i.e. rewards

are sparse. Because we are using a function approximator, updates to Q(f) for reaching the

goal state are overridden by updates due to −1 penalization.

2.4 Approach

Our approach, StrOLL (Search through Oracle Learning and Laziness ), is to imitate

clairvoyant oracles that can show how to evaluate edges optimally given full knowledge of

the MDP at training time. To deal with distribution mismatch between oracle and learner,

we use established techniques for iterative supervised learning.

2.4.1 Optimistic Value Estimate using a Clairvoyant Oracle

Consider the situation where the world ϕ is fully known to the selector, i.e. the 0/1 status of

all edges are known. The selector can then judiciously select edges that are not only invalid,

but eliminate paths quickly. We call such a selector a clairvoyant oracle. We show that the

optimal clairvoyant oracle, that evaluates the minimal number of edges, is the solution to a

set cover problem.

Theorem 1 (Clairvoyant Oracle as Set Cover). Let s = (Eval, Einv) be a state. Let V ∗(s, ϕ)

be the optimal state action value when the world ϕ is known. Then V ∗(s, ϕ) is the solution
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to the following set cover problem

− min
Eeval⊂{e∈E | ϕ(e)=0}

|Eeval|

s.t. ∀ξ, ℓ(ξ) < ℓ(ξ∗), ξ ∩ Einv = ∅,

ξ ∩ Eeval ̸= ∅

(2.6)

where ξ∗ is the shortest feasible path for world ϕ.

Proof. (Sketch) Let Ξ = {ξ1, . . . , ξn} be the set of paths that satisfy the constraints of (2.6)

1. Shorter than ξ∗, i.e. ℓ(ξi) < ℓ(ξ∗)

2. Paths are not yet invalidated i.e. ξ ∩ Einv = ∅

Let {e ∈ E | ϕ(e) = 0} be the set of invalid edges. Each edge e covers a path ξi ∈ Ξ if

e ∈ ξi. We define a cover as a set of edges Eeval that covers all paths in Ξ, i.e. ξi∩Eeval ̸= ∅.
If we select a min cover, i.e. min |Eeval| then all shorter paths will be eliminated. Hence

this is equal to the optimal value −V ∗(s, ϕ).

Theorem 1 says that given a world and a state of the search, the clairvoyant oracle selects

the minimum set of invalid edges to eliminate paths shorter than the shortest feasible path.

Let πOR(s, ϕ) be the corresponding oracle policy. We note that the optimal clairvoyant

oracle can be used to derive an upper bound for the optimal value

Q∗(s, a) ≤ QπOR(s, a) =
∑
ϕ

P (ϕ|s)QπOR(s, a, ϕ) (2.7)

where P (ϕ|s) is the posterior distribution over worlds given state and QπOR(s, a, ϕ) is the

value of executing action a in state s and subsequently rolling-out the oracle. Hence this

upper bound can be used for learning.

2.4.2 Approximating the Clairvoyant Oracle

Since set cover is NP-Hard, we have to approximately solve (2.6). Fortunately, a greedy

approximation exists which is near-optimal. The greedy algorithm iterates over the following
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Algorithm 2: Approximate Clairvoyant Oracle
Input : State s = (Eval, Einv), world ϕ

Output: Action a

1 Compute shortest path ξ̂ = ShortestPath(E \ Einv)

2 ∆← 0|E|×1

3 for e ∈ ξ̂, ϕ(e) = 0 do

4 ∆(e)← ℓ(ShortestPath(E \ {Einv ∪ {e}}))− ℓ(ξ̂)

5 return Action a = argmax
e∈ξ̂

∆(e);

rule:
ei = argmax

e∈E,ϕ(e)=0
|{ξ | ℓ(ξ) < ℓ(ξ∗), ξ ∩ Einv = ∅, e ∈ ξ}|

Eeval ← Eeval ∪ {ei}
(2.8)

The approach greedily selects an invalid edge that covers the maximum number of shorter

paths, which have not yet been eliminated. This greedy process is repeated until all paths

are eliminated.

There are two practical problems with computing such an oracle. First, exhaustively

enumerating all shorter paths {ξ | ℓ(ξ) < ℓ(ξ∗)} is expensive, even at train time. Second,

if we simply wish to query the oracle for which edge to select on the current shortest path

ξ̂ = ShortestPath(E \ Einv), it has to execute (2.8) potentially multiple times before

such an edge is discovered - which also can be expensive. Hence we perform a double

approximation.

The first approximation to (2.8) is to constrain the oracle to only select an edge on the

current shortest path ξ̂ = ShortestPath(E \ Einv)

≈ argmax
e∈ξ̂, ϕ(e)=0

|{ξ | ℓ(ξ) ≤ ℓ(ξ∗), ξ ∩ Einv = ∅, e ∈ ξ}| (2.9)

The second approximation to (2.9) is to replace the number of paths covered with the

marginal gain in path length on invalidating an edge.

≈ argmax
e∈ξ̂, ϕ(e)=0

ℓ(ShortestPath(E \ {Einv ∪ {e}}))− ℓ(ξ̂) (2.10)
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Alg. 2 summarizes this approximate clairvoyant oracle.

2.4.3 Bootstrapping with Imitation Learning

Imitation learning is a principled way to use the clairvoyant oracle πOR(s, ϕ) to assist in

training the learner π(s). In our case, we can use the oracle action value QπOR(s, a) as a

target for our learner as follows:

argmax
π∈Π

Es∼dπ(s) [Q
πOR(s, π(s))] (2.11)

where dπ(s) is the distribution of states. Note that this is now a classification problem since

the labels are provided by the oracle. However the distribution dπ depends on the learner’s

π. [401] shows that this type of imitation learning problem can be reduced to interactive

supervised learning. We simplify further. Computing the oracle value requires rolling out

the oracle until termination. We empirically found this to significantly slow down training

time. Instead, we train the policy to directly predict the action that is selected by the oracle.

This is the same as (2.11) but with a 0/1 loss [402] -

argmax
π∈Π

Es∼dπ(s) [I(π(s) = πOR(s, ϕ))] (2.12)

We justify this simplification by first showing that maximizing action value is same as

maximizing the advantage QπOR(s, a)−V πOR(s). Since all the rewards are −1, the advantage

can be lower bounded by the 0/1 loss. We summarize this as follows:

max
π∈Π

Es∼dπ(s) [Q
πOR(s, π(s))]

= max
π∈Π

Es∼dπ(s) [Q
πOR(s, π(s))− V πOR(s)]

≥ max
π∈Π

Es∼dπ(s) [I(π(s) = πOR(s, ϕ))− 1]

(2.13)

Finally, we do not use the exact clairvoyant oracle but rather an approximation (Sec-

tion 2.4.2). In other words, there can exist policies π ∈ Π that outperform the oracle. In

such a case, one can potentially apply policy improvement after imitation learning. However,

we leave the exploration of this direction to future work.
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Algorithm 3: StrOLL
Input : World distribution P (ϕ), oracle πOR

Parameter: Iter N, roll-in policy πroll, mixing {βi}Ni=1

Output : Policy π̂

1 Initialize D ← ∅, π̂1 to any policy in Π

2 for i = 1, . . . , N do

3 Initialize sub-dataset Di ← ∅
4 Let mixture policy be πmix = βiπroll + (1 − βi)π̂i

5 for j = 1, . . . ,m do

6 Sample ϕ ∼ P (ϕ);
7 Rollin πmix to get state trajectory {st}Tt=1

8 Invoke oracle to get at = πOR(st, ϕ)

9 Di ← Di ∪ {(st, at)}Tt=1 ;

10 Aggregate data D ← D ∪Di;

11 Train classifier π̂i+1 on D;

12 return Best π̂ on validation;

2.4.4 Algorithm

The problem in (2.12) is a non-i.i.d classification problem - the goal is to select the same

action the oracle would select on the on policy distribution of learner. [402] proposed an

algorithm, DAgger, to exactly solve such problems.

Alg. 3, describes the StrOLL framework which iteratively trains a sequence of policies

(π̂1, π̂2, . . . , π̂N ). At every iteration i, we collect a dataset Di by executing m different

episodes. In every episode, we sample a world ϕ which already has every edge evaluated.

We then roll-in a policy (execute a selector) which is a mixture πmix that blends the learner’s

current policy, π̂i and a base roll-in policy πroll using blending parameter βi. At every time

step t, we query the clairvoyant oracle with state st to receive an action at. We use the

approximate oracle in Alg. 2. We then extract a feature vector f from all (st, a) tuples and
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create a classification datapoint. We add this datapoint to the dataset Di. At the end of m

episodes, this data is then aggregated with the existing dataset D. A new classifier π̂i+1 is

trained on the aggregated data. At the end of N iterations, the algorithm returns the best

performing policy on a set of held-out validation environments.

We have two algorithms based on the choice of πroll:

1. StrOLL: We set πroll = πOR. This is the default mode of DAgger. This uses the

oracle state distribution to stabilize learning initially.

2. StrOLL-R: We set πroll to be the best performing heuristic on training as defined in

Section 2.2.2. This uses a heuristic state distribution to stabilize learning. Since the

heuristic is realizable, it can have a stabilizing effect on datasets where the oracle is

far from realizable.

In the next section we discuss the different sources of error in our proposed framework and

provide regret guarantees on the performance of StrOLL.

2.5 Theoretical Bounds on Performance

We wish to bound the performance of the policy output by StrOLL π̂ versus the optimal

MDP policy π∗.

Es∼dπ(s)

[
V π∗

(s)− V π̂(s)
]
≤ ϵ (2.14)

where V π∗
(s) is the value of the optimal policy, V π̂(s) is the value of the STROLL policy and

dπ(s) is the distribution of states visited by the learner. To understand the sub-optimality

bound ϵ, we need to examine the various components of this error.

2.5.1 Component 1: Unrealizability of the Clairvoyant Oracle

The first source of approximation error comes from our use of a clairvoyant oracle. The

clairvoyant oracle has access to the true status of all edges in the graph whereas the learner

is only privy to the status of edges checked so far. The realizability gap between the two

is vast, resulting in a trivially large regret bound [401]. Instead, [95] shows that imitating
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the clairvoyant oracle is in fact equivalent to imitating a corresponding hallucinating oracle,

that computes an instantaneous posterior over worlds given the edge evaluations so far and

computes the expected clairvoyant oracle action value over this posterior i.e,

QOR(s, a) = Eϕ∼P (ϕ|s) [Q
πOR(s, a, ϕ)] (2.15)

where QOR(s, a) is the value of action a in state s, P (ϕ|s) is the posterior over worlds and

QπOR(s, a, ϕ) is the action value computed by the clairvoyant oracle.

The hallucinating oracle policy is defined as one that greedily maximizes the action value

QOR(s, a)

π̃OR
∼= argmax

a∈A
QOR(s, a) (2.16)

The hallucinating oracle uses the same information as the learner and is equivalent to

the well-known QMDP policy [305]. The QMDP approximation, also known as hindsight

optimization operates under the assumption that the agent’s uncertainty over the true world

will be entirely eliminated after the next action. Thus, it simply estimates the expected Q-

function weighted by the posterior probability over worlds. This results in an agent that

chooses actions that maximize long-term rewards for all worlds weighted by their probability,

while ignoring explicit information gathering. Policies based on this assumption have been

shown to be effective in several POMDP domains in prior work [219, 256, 525]. However, the

QMDP algorithm requires sampling from the true posterior over worlds which is intractable

in general. Nevertheless, Lemma 1 of [95] state we are effectively imitating this hallucinating

oracle by imitating the clairvoyant oracle.

Hence, we assume that the error between the value of the optimal MDP policy and the

hallucinating oracle is bounded by∣∣∣∣∣∣V π∗
(s)− V π̃OR(s)

∣∣∣∣∣∣
∞
≤ ϵhal (2.17)

We note that ϵhal can be large for problems requiring a great deal of active information

gathering and is hence difficult to quantify in general.
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2.5.2 Component 2: Approximations in the Oracle Selector

As discussed in Sec. 2.4.2, we make two simplifying approximations to efficiently compute the

oracle at train time. Hence, instead of accurately computing QπOR(s, a, ϕ), an approximation

QπAOR(s, a, ϕ) is computed instead.

Consequently, this results in an approximate hallucinating oracle π̃AOR that computes an

approximate action value QAOR(s, a) = Eϕ∼P (ϕ|s) [Q
πAOR(s, a, ϕ)] and greedily maximizes it

π̃AOR
∼= argmax

a∈A
QAOR(s, a) (2.18)

We can then bound the error between value of the hallucinating oracle and the approxi-

mate hallucinating oracle by

∣∣∣∣V π̃OR(s)− V π̃AOR(s)
∣∣∣∣
∞ ≤ ϵapp (2.19)

2.5.3 Component 3: Errors from Imitation

StrOLL imitates the actions demonstrated by the approximate oracle policy. Since our

imitation learning back-end is DAgger, we inherit the performance bounds from [402].

The error between the learnt policy π̂ and the demonstrator policy π̃AOR can be bounded

using Theorem 4.1 in [402].

Es∼dπ(s)

[
V π̃AOR(s)− V π̂(s)

]
≤ ϵim

= A∞ϵclass + ϵreg +O(
1

N
)

(2.20)

where ϵclass is the classification error of the best policy in the policy class on the aggregated

dataset, A∞ is the maximum advantage w.r.t π̃AOR and ϵreg is the average regret.

We can now combine all components

Es∼dπ(s)

[
V π∗

(s)− V π̂(s)
]

≤ Es∼dπ(s)

[
V π∗

(s)− V π̃AOR(s)
]
+ ϵim

≤
∣∣∣∣∣∣V π∗

(s)− V π̃AOR(s)
∣∣∣∣∣∣
∞

+ ϵim

≤
∣∣∣∣∣∣V π∗

(s)− V π̃OR(s)
∣∣∣∣∣∣
∞

+ ϵapp + ϵim

≤ ϵhal + ϵapp + ϵim

(2.21)
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2.5.4 Special Case: Optimal Selector for Independent Bernoulli Edges

In this section we show that under certain conditions, StrOLL indeed contains the optimal

policy in it’s policy class. We will show here that if P (ϕ) is an independent Bernoulli

distribution over edges p and no two paths ξi, ξj share an edge, the optimal Selector is

the one that picks the edge on the shortest path with the lowest probability. As we show

later in Section. 2.7.1, this selector is part of the StrOLL policy class. Intuitively, the

selector tries to eliminate each path as quickly as possible - the lack of overlap implies the

selector does not have to reason over the consequences of eliminating a path.

We first define a selector FailFast:

FailFast ≡ argmin
e∈ξ

p(e) (2.22)

We then show that FailFast eliminates a path optimally:

Lemma 2. Given a path ξ, FailFast minimizes the expected number of edges from ξ that

are required to be evaluated to invalidate ξ.

Proof. Given a path ξ, a sequence of edges

S = {e1, e2, . . . , en} belonging to the path, and the corresponding priors of the edges being

valid (p1, p2, . . . , pn), let the expected number of edge evaluations to invalidate ξ be Eeval(S)

which is given by

Ep [Eeval(S)] = (1− p1) + 2p1(1− p2) + . . .

=
n∑

l=1

(
l−1∏
m=1

pm

)
(1− pl) l

(2.23)

Without loss of generality, let pi > pi+1 for a given i. Consider the alternate sequence of

evaluations

S′ = {e1, e2, . . . , ei+1, ei . . . , en} where the positions of the edges ei, ei+1 are swapped.
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Consider the difference:

Ep [Eeval(S)]− Ep

[
Eeval(S

′)
]

= . . .+

i−1∏
m=1

pm [(1− pi)i+ pi(1− pi+1)(i+ 1)] + . . .

− . . .+
i−1∏
m=1

pm [(1− pi+1)i+ pi+1(1− pi)(i+ 1)] + . . .

=
i−1∏
m=1

pm [−i(pi − pi+1) + (i+ 1)(pi − pi+1)]

=
i−1∏
m=1

pm(pi − pi+1)

> 0

(2.24)

Since each such swap results in monotonic decrease in the objective, there exists an unique

fixed point, i.e., the optimal sequence S∗ has p1 ≤ p2 ≤ . . . ≤ pn.

2.6 The Bayesian Lazy Shortest Path Problem

In this section, we ask the question – “What are the minimal number of edge evaluations

required to identify the shortest path under uncertainty?”. Formally, we define the Bayesian

Lazy Shortest Path Problem —given a prior over world P (ϕ), what is the minimal number

of edges needed to be evaluated until we can certify with certainty that a given path is

the shortest feasible path. There is an important distinction from the LazySP paradigm

—we do not need to evaluate every candidate shortest path in sequential order. The prior

P (ϕ) maybe such that potential worlds ϕ maybe ruled out by evaluating edges that do not

necessarily lie on the shortest path. This can, in theory, give rise to algorithms that with

very little evaluation collapse posterior over worlds such that a particular path ξ can be

claimed as the shortest feasible.

We adopt a treatment similar to [89, 97] where we show that the problem is equivalent

to a problem in Bayesian Active Learning. While the problem is NP-Hard, we show that it

is adaptive submodular which we leverage to derive greedy, near-optimal policies. Fig. 2.5

presents an overview of this connection. While the algorithm is simple to implement, it

suffers from scalability as it requires explicit enumeration of all possible paths. Nonetheless,
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⇠2 is shortest feasible path

{Ri} \ H(xA)RegionsRegions {Ri} \ H(xA)

Stage 1: 
Get a prior over worlds and 

a candidate set of paths

Stage 2: 
Cluster worlds into regions corresponding to a 

single path being the shortest feasible

Stage 3: 
Funnel uncertainty to a  

single region

Figure 2.5: Overview of mapping the Bayesian Lazy Shortest Path to Decision Region Determination. Stage

1 illustrates inputs to Problem 2. Stage 2 illustrates the mapping in Section 2.6.2. Stage 3 illustrates the

algorithm Algorithm 4

it serves as an important theoretical result and intuition pump for comparing efficacy of

various Selector s in LazySP.

2.6.1 Preliminaries: Decision Region Determination (DRD)

We first describe the problem of Bayesian Decision Region Determination (DRD). Given a

set of hypotheses, a set of tests and a set of regions (cluster of hypotheses), the goal is to

perform a minimal set of tests to identify a region of hypotheses where the true hypothesis

belongs3. We formalize this below.

Let H = {h1, · · · , hn} be a set of candidate hypotheses, only one of which is true. We

have a prior distribution P (h). Let T = {t1, · · · , tl} be a set of tests. Running a test t ∈ T
returns a binary outcome xt ∈ {0, 1} depending on the underlying hypothesis. Thus each

hypothesis can be considered as a mapping from tests to outcomes h : T → {0, 1}. The cost

of performing a test is c(t)4.

Let a region R ⊆ H be a set of a hypotheses. We will use {Ri}mi=1 to denote the a set of

3As opposed to the problem of optimal decision tree (ODT), where the true hypothesis must be identified.
4If we are only interested in minimizing the number of tests, then c(t) = 1 for all t
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regions.

For a set of tests A ⊆ T that are performed, let the observed outcome vector be denoted

by xA. Let the version space H(xA) be the set of hypotheses consistent with outcome xA,

i.e. H(xA) = {h ∈ H | ∀t ∈ A, h(t) = xA(t)}. We assume that at least one hypothesis is

true, i.e. |H(xT )| ≥ 1.

We define a policy π as a mapping from the current outcome vector xA to the next test

to select. A policy terminates when at least one region is valid, or all regions are invalid.

Let h be the underlying hypothesis on which it is evaluated. Denote the outcome vector of a

policy π as xA (π, h). The expected cost of a policy π is c(π) = Eh [c(xA (π, h)] where c(xA)

is the cost of all tests t ∈ A. The objective is to compute a policy π∗ with minimum cost

such that all the uncertainty is funneled into one region,

π∗ ∈ argmin
π

c(π) s.t ∀h,∃Rd : H(xA) ⊆ Rd (2.25)

Obtaining an approximate policy π for which c(π) ≤ c(π∗).O(log n) is NP-hard [69].

Fortunately, variants of DRD [168, 216] has been shown to have the property of adaptive

submodularity [167]. This property implies that greedy policies are near-optimal. We har-

ness this property in Section 2.6.3.

2.6.2 Bayesian Lazy Shortest Path as a DRD problem

We formally define the Bayesian Lazy Shortest Path problem, noting a distinction with the

Optimal Selector problem Problem 1. We are given a prior distribution of worlds, P (ϕ).

We are given a set of all candidate shortest paths {ξi}. Let Eeval(ϕ, π) denote the edges

evaluated and outcomes by a policy π on world ϕ. Let c(Eeval(ϕ, π)) denote the cost of

edge evaluation. Let P (ξi is feasible|Eeval(ϕ, π)) be the posterior probability of a path being

feasible. We then have the following problem:

Problem 2 (Bayesian Lazy Shortest Path (SP)). Minimize the cost of edge evaluation until

a path is declared to be shortest feasible with probability 1, i.e. it is deemed feasible and all
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shorter paths are deemed infeasible.

min Eϕ∼P (ϕ) [cEeval(ϕ, π)]

s.t. ∃ξ∗ : P (ξ∗ is feasible|Eeval(ϕ, π)) = 1.0

∀ξi : ℓ(ξi) ≤ ℓ(ξ∗), P (ξi is feasible|Eeval(ϕ, π)) = 0.0

(2.26)

We now map this problem to Bayesian Decision Region Determination in Table 2.3.

Notably, each region consists of the number of worlds for which ξi is the shortest path. This

mapping is also illustrated in Fig. 2.5

Table 2.3: Mapping Bayesian Lazy Shortest Path to DRD

Bayesian Lazy Shortest Path Decision Region Determination

World (ϕ) Hypothesis (h)

Evaluate edge (e) Execute test (t)

Set of worlds for which path ξi Region Ri ⊂ H
is shortest feasible

Cost of evaluating edge (c(e)) Cost of executing test (c(t))

2.6.3 Efficienty solving DRD using the EC2 algorithm

The DRD problem in (2.25) has a special property – the regions are disjoint. [168] addresses

this disjoint setting and propose a greedy algorithm, EC2, that is near-optimal. The idea

behind EC2 is elegant —define a graph with edges between hypotheses that we care to

distinguish between. Tests ‘cut’ edges inconsistent with outcomes, distinguishing between

the two hypothesis. The aim is to cut all inconsistent edges with minimum expected incurred

cost. We adopt this algorithm to solve the Bayesian Shortest Path Problem.

The EC2 algorithm defines a graph G = (V, E), illustrated in Fig. 2.5, where the

nodes are hypotheses and edges are between hypotheses in different decision regions E =

∪i ̸=j {(h, h′) | h ∈ Ri, h
′ ∈ Rj}.
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The weight of an edge is w((h, h′)) = P (h)P (h′). An edge is said to be ‘cut’ by an

observation if either hypothesis is inconsistent with the observation, i.e. weight is 0. We can

define the weight for all existing edges as a sum over individual weights w(E) =
∑
e∈E

w(e).

Notice that if we drive w(E)→ 0, we effectively disambiguate between hypothesis in different

regions, i.e. we solve the DRD problem.

We define w({Ri}) as the total weight of edges between regions. Since regions are disjoint,

the total weight can be computed efficiently as

w({Ri}) =
1

2

∑
i ̸=j

P (Ri)P (Rj)


=

1

2

(
(
∑
i

P (Ri))
2 −

∑
i

P (Ri)
2

) (2.27)

We can then define an objective function fEC (xA) that measures progress, i.e., how many

edges have been cut by looking at the weight of the pruned regions to the original regions,

i.e.

fEC (xA) = 1− w({Ri} ∩ H(xA))

w({Ri})
(2.28)

The objective function fEC (xA) is initially 0 when no edges have been cut. When all

the edges have been cut, i.e., w({Ri}∩H(xA)) = 0, the objective is fEC (xA) = 1. Our goal

is to maximize this objective while incurring minimum cost of evaluating tests. We do so

efficiently by observing that fEC () is adaptive submodular :

Lemma 3. The objective function fEC () is strongly adaptive monotone and adaptive sub-

modular

Proof. See proof of Proposition 2 in [168]

The property above suggest a powerful technique — greedily maximizing fEC () is near-

optimal [167]. EC2 does just this. First note that given a test t, we can compute the

expected marginal gain of a test as

∆(t | xA) = Ext

[
fEC

(
xA∪{t}

)
− fEC (xA)

]
(2.29)
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A greedy policy πEC selects a test t∗ ∈ argmax
t

∆(t | xA)
c(t) . Expanding this we get:

argmax
t

1

c(t)
Ext

[
fEC

(
xA∪{t}

)
− fEC (xA)

]
=

1

c(t)
Ext

[
w({Ri} ∩ H(xA))− w({Ri} ∩ H(xA∪{t}))

w({Ri})

]
=

1

c(t)
Ext

[
w({Ri} ∩ H(xA))− w({Ri} ∩ H(xA∪{t}))

] (2.30)

Theorem 4. The greedy policy πEC is near-optimal, i.e.

c(πEC) ≤ (2 log(1/pmin))c(π
∗) (2.31)

where pmin = minh∈H P (h) is the minimum prior probability for any hypothesis and π∗ is

the optimal policy for the DRD problem.

Proof. See proof of Theorem 3 in [168].

2.6.4 Algorithm

We are now ready to apply the mapping in Section 2.6.2 to derive a greedy, near-optimal

policy for evaluating edges until the shortest path is found. Algorithm. 4 describes the

algorithm. It takes as input a set of candidate paths {ξi}and a prior over worlds P (ϕ). It

then clusters the worlds according to regions Ri such that all such worlds correspond to ξi to

be the shortest feasible path. We define two lambda functions. First, computes a posterior

over region P (Ri|xA) given a set of edge evaluation outcomes xA. Secondly, compute a

weight function w({Ri} ∩ H(xA)) using Eq. 2.27. This is the weight of all remaining edges

that need to be cut. It then iteratively evaluates edges. In each iteration, it greedily selects

an edge using Eq. 2.30. The edge is evaluated, outcome is received and xA updated. If the

uncertainty over worlds has been funneled into a single region Ri, then we know for certain

the shortest feasible path is ξi. The iteration terminates and this path is returned.

2.6.5 Practical Challenges

Practically, implementing Algorithm. 4 is difficult due to a number of challenges:
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Algorithm 4: Bayesian Lazy Shortest Path
Input : Set of candidate paths {ξi}, prior over worlds P (ϕ)

Output : Shortest feasible path ξ∗

1 Create regions Ri = {ϕ | ξi shortest feasible path in ϕ}
2 Create function to compute posterior over regions

P (Ri|xA)←
∑

ϕ∈Ri
P (ϕ|ϕ consistent with xA)

3 Create function to compute weights equation 2.27

w({Ri} ∩ H(xA))← 1
2

(
(
∑
i
P (Ri|xA))

2 −∑
i
P (Ri|xA)

2

)
4 Initialize list of (edges evaluated, outcome) xA ← ∅

5 repeat

6 Select edge e∗ that maximizes expected marginal gain equation 2.30

argmax
e

Exe

[
w({Ri}∩H(xA))−w({Ri}∩H(xA∪{e}))

c(e)

]
7 Evaluate e∗ and observe outcome xe∗

8 Add xA ← xA ∪ (e∗, xe∗)

9 until shortest feasible path found, i.e. ∃Ri,H(xA) ⊆ Ri;

10 return {ξ∗ ← ξi};

1. It requires enumerating the full set of candidate paths {ξi} which can be O(E!).

2. At each iteration, the complexity is O(|R| |ϕ|), i.e. the number of paths times the

number of worlds, which makes computation quite expensive.

3. It assumes realizability of the world at test time.

Depsite these shortcomings, it offers a very clean, analytic policy that could potentially

be used if one were dealing with a small number of candidate paths. We leave exploring

such algorithms for future work.
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(a) Alternate |Eeval| = 292

(b) StrOLL |Eeval| = 180

Figure 2.6: Snapshots of search progress using uniformed versus learned selectors on a bugtrap environment.

The thicker gray edges depict the candidate shortest path with current selected edge in dark gray. Edges

evaluated to be valid are shown in green and invalid edges are in red. The uninformed Alternate selector

evaluates several valid edges thus wasting search effort whereas StrOLL focuses on edges more likely in

collision thus leading to fewer overall edge evaluations as depicted in the top progress bar.

2.7 Experiments

2.7.1 Experimental Setup

We use datasets from [97] in our experiments. The 2D datasets contain graphs with approx-

imately 1600-5000 edges and varied obstacle distributions. The two 7D datasets involve a

robot arm planning for a reaching task in clutter with large graphs containing 33286 edges.

Learning Details

We only consider policies that are a linear combination of a minimal set of features, where

each feature is a different motion planning heuristic. The features we consider are:

1. Prior- the prior probability of an edge being invalid calculated over the training

dataset.

2. Posterior- the posterior probability of an edge being invalid given collision checks

done thus far (described below)
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(a) Alternate |Eeval| = 292 (b) StrOLL |Eeval| = 180

Figure 2.7: Edges evaluated (green valid, red invalid) on a world from Baffle. (a) Alternate evaluates

several valid edges (b) StrOLL evaluates many fewer edges, all of which are invalid and eliminate a large

number of paths.

3. Location- score ranging from 1 (first unchecked edge) to 0 (last unchecked edge).

4. ∆-Length- hallucinate that an edge is invalid, then calculate the difference in length

of new shortest path compared with the current shortest path.

5. ∆-Eval- hallucinate that an edge is invalid, the calculate the fraction of unevaluated

edges on the new shortest path.

6. P∆-Length- calculated as Posterior × ∆-Length, it weighs the ∆-Length of an

edge with the probability of it being invalid and is effective in practice (Table 6.1).

Posterior Selector: We define the posterior selector used in a manner similar to

FailFast from Section 2.5.4

PostFailFast ≡ argmin
e∈ξ

p(e|st) (2.32)

where st is the state of search at time t. We aproximate the posterior using the training

dataset of N worlds similar to [89, 97] as follows - for each training world ϕi a score zi is

calculated based on the discrepancy between st and the sti where the latter is what the state

of the search would be if agent were operating in ϕi, i.e

zi = −|st − sti|
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where, the difference follows directly from defintion in Section 2.2.3. The probability for ϕi

is then given by a softmax over training worlds,

P (ϕi|st) =
ezi∑N
k=0

ezk

Then, for every e ∈ ξ,

p(e|st) =
N∑
k=0

P (ϕk|st)ϕi(e) (2.33)

2.7.2 Baselines

We compare our approach to common heuristics used in LazySP as described in Section

2.2.2. We also analyze the improvement in performance as compared to vanilla behavior

cloning of the oracle and reinforcement learning from scratch.

2.7.3 Analysis of Overall Performance

O 1. StrOLL has consistently strong performance across different datasets.

Fig. 2.10 shows that StrOLL is able to learn policies competitive with other motion

planning heuristics. No other heuristic has as consistent a performance across datasets.

O 2. The learner focuses collision checking on edges that are highly likely to be invalid and

have a high measure of centrality.

Fig. 2.11 shows the activation of different features across datasets. The learner places high

importance on Posterior, ∆-Length and P∆-Length. Posterior is an approximate

likelihood of an edge being invalid and ∆-Length is an approximate measure of centrality

i.e. edges with large ∆-Length have large number of paths passing through them (Note

that the converse may not always apply).

O 3. On datasets with strong correlations among edges, heuristics that take obstacle distri-

bution into account outperform uninformed heuristics, and StrOLL is able to learn signifi-

cantly better policies than uninformed heuristics.

Examples of such datasets are gate, baffle, bugtrap and blob. Here, StrOLL and

StrOLL-R eliminate a large number of paths by only evaluating edges which are highly
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Figure 2.8: (a) StrOLL-R (green) vs StrOLL (orange) (b) Densification of data.

likely to be in collision and have several paths passing through them (Figs. 2.6, 2.7). In the

7D datasets, obstacles are highly concentrated near the goal region, which explains the strong

performance of the uninformed Backward selector. However, due to a very large number

of edges and limited training sets, Posterior and ∆-Length are inaccurate causing the

learner to fail to outperform Backward.

O 4. On datasets with uniformly spread obstacles, uninformed heuristics can perform better

than StrOLL.

Examples of such datasets are twowall and forest where the lack of structures makes

features such as posterior uninformative. This combined with the non-realizability of the

oracle makes it difficult for StrOLL to learn a strong policy.

2.7.4 Case Studies

Q 1. How does performance vary with training data?

Fig. 2.8(a) shows the improvement in median validation reward with an increasing num-

ber of training iterations. Also, Fig. 2.8(b) shows that with more iterations, the learner

visits diverse parts of the state-space on x-axis not visited by the oracle.

Q 2. How significant is the impact of heuristic roll-in on stabilizing learning in high-dimensional

problems?

Fig. 2.8 shows a comparison of the median validation return per iteration using StrOLL



36

(a) (b)

0 25 50 75 100 125 150 175

Training Episodes

-20

-40

-60

-80

-100

-120

-140

-160

Av
er

ag
e 

Re
wa

rd
s

0 20 40 60 80 100

-40

-50

-60

-70

-80

-90

-100

-110

-120

Re
wa

rd
s

Percentage Mixing

StrOLL

Q-Learning

StrOLL
Alternate

Figure 2.9: (a) Running average reward for 200 episodes of training. Q learning suffers due to large state

space and sparse rewards. (b) Performance on validation set of 200 worlds with contamination from different

distribution.
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Figure 2.10: Edges evaluated by different algorithms across different datasets (median, upper and lower C.I

on 200 held-out environments). Highlighted is the best performing selector in terms of median score not

counting the oracle.

versus StrOLL-R on clutter1 dataset. Heuristic roll-in helps converge to a better policy

in lesser number of iterations. Interestingly, the policy learned in the first iteration of

StrOLL-R is significantly better than StrOLL, demonstrating the stabilizing effects of
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Figure 2.11: Weight bins depicting relative importance of each feature learned by the learner. StrOLL

focuses on edges that are highly likely to be invalid and have high measure of centrality.

heuristic roll-in.

Q 3. How does performance compare to reinforcement learning with function approximation?

Fig. 2.9(a) shows training curves for StrOLL and Q-Learning with linear function

approximation and experience replay. StrOLL is more sample efficient and converges to a

competitive policy faster.

Q 4. How does performance vary with train-test mismatch?

Fig. 2.9(b) shows a stress-test of a policy learned on one wall by running it on a vali-

dation set which is increasingly contaminated by environments from forest. The learned

policy performs better than the best uninformed heuristic on forest for up to 60% con-

tamination.

2.8 Related Work

In domains where edge evaluations are expensive and dominate planning time, a lazy ap-

proach is often employed [50] wherein the graph is constructed without testing if edges are

collision-free. LazySP [121] extends the graph all the way to the goal, before evaluating
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edges. LWA* [105] extends the graph only a single step before evaluation. (LRA*) [319] is

able to trade-off between them by allowing the search to go to an arbitrary lookahead. The

principle of laziness is reflected in similar techniques for randomized search [163, 183].

Several previous works investigated leveraging priors in search. FuzzyPRM [353] eval-

uates paths that minimize the probability of collision. The Anytime Edge Evaluation

(AEE*) framework [347] uses an anytime strategy for edge evaluation informed by priors.

BiSECt [97] and DiRECt [89] casts search as Bayesian active learning to derive edge eval-

uation policies. However, none of these approaches formalized the problem of minimizing

edge evaluation till the shortest feasible path is found. Our paper formalizes this problem,

examines it in both the Bayesian setting as well as offers a practical learning based approach

by leveraging imitation learning.

Efficient collision checking has its own history in the context of motion planning. Other

approaches model belief over the configuration space to speed-up collision checking [101, 206],

sample vertices in promising regions [47] or grow the search tree to explore the configuration

space [61, 204, 270]. However, these approaches make geometric assumptions and rely on

domain knowledge. We work directly with graphs and are agnostic to the domain.

Several recent works use imitation learning [401, 402, 451] to bootstrap reinforcement

learning. THOR [450] performs a multi-step search to gain advantage over the reference

policy. LOKI [87] switches from IL to RL. Imitation of clairvoyant oracles has been used in

multiple domains like information gathering [95], heuristic search [43], and MPC [227, 463].

2.9 Discussion

In this chapter, we examined the problem of minimizing edge evaluations in lazy search

on a distribution of worlds. We first formulated the problem of deciding which edge to

evaluate as an MDP and presented an algorithm to learn policies by imitating clairvoyant

oracles, which, if the world is known, can optimally evaluate edges. Further, we provide a

theoretical analysis of our proposed framework that details different sources of approximation

error. We also analyzed the problem in the Bayesian setting and draw a novel connection to

Bayesian Active Learning. However, the current approach has certain limitations. First, we

only consider learning edge selector policies that are a linear combination of heuristic edge
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selectors. Although we found using baseline heuristics as features to yield strong results,

the limited representational power of hand designed features can affect the performance

of the policy. This can be improved in the future by considering more general function

approximators such as Graph Neural Networks [510] to represent the selector policy. Second,

while imitation learning of clairvoyant oracles is effective, the approach may be further

improved through reinforcement learning [87, 450] since in in practice we do not use the

exact oracle but a sub-optimal approximation which means that errors in the oracle will

transfer to the learner, limiting performance.
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Chapter 3

DIFFERENTIABLE GAUSSIAN PROCESS MOTION PLANNING

3.1 Introduction

In the previous chapter, we presented an imitation learning framework that leverages past

experience to accelerate lazy search-based motion planning. This chapter focuses on how

past experience can also be used to improve the performance of another class of planning

algorithms based on gradient-based trajectory optimization. Trajectory optimization is a

powerful approach for effectively solving the planning problem and state-of-the-art algo-

rithms can find smooth, collision free trajectories in almost real-time for complex systems

such as robot manipulators [336, 393, 415]. Although these approaches are easy to imple-

ment and generally applicable to a wide range of tasks, they have certain parameters which

can strongly affect their performance in practice. This leads to two major problems: (i)

there is no formal way of setting parameters for a given task and thus requires manual tun-

ing that can be time-consuming and arduous; and (ii) the planner needs to be re-tuned if

the distribution of obstacles in the environment changes significantly, making it brittle in

practice, i.e. a planner that works well on one type of environment might completely fail on

another. The above issues need to be addressed in order to create flexible robotic systems

that can work seamlessly across a variety of environments and tasks. In order to do so,

we ask the following question: can we leverage past experience to learn parameters of the

planner in a way that directly improves its expected performance over the distribution of

problems it encounters?

This work focuses on GPMP2 [131], a state-of-the-art motion planning algorithm that

formulates trajectory optimization as inference on a factor graph and finds solutions by

solving a nonlinear least squares optimization problem, where the inverse covariances of the

factors manifest as weights in the objective function. While GPMP2 has been shown to be a

leading optimization-based approach to motion planning [336], in Section 3.2.2 we illustrate
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Figure 3.1: The computational graph of dGPMP2 where ϕF are user defined planning parameters that are

fixed and ϕL are learned planning parameters. See Section 3.3 for details.

its sensitivity to its objective function parameters (specifically factor covariances). To con-

tend with this problem, we leverage the key insight that GPMP2 can be rebuilt as a fully

differentiable computational graph and learn the parameters for its objective function from

data in an end-to-end fashion. This allows us to develop a learning strategy that can improve

GPMP2’s performance on a given distribution of problems. Our differentiable version can

be trained in a self-supervised manner or from expert demonstrations to predict covariances

that are time and space varying, in contrast to fixed, hand-tuned covariances, as used in the

vanilla approach. Building on top of a structured planner offers interpretability and allows us

to explicitly incorporate planning constraints such as collision avoidance and velocity limits.

We perform several experiments in simulated 2D environments to demonstrate the benefits

of our approach which we call Differentiable GPMP2 (dGPMP2), illustrated in Fig. 3.1.

3.2 Problem Formulation

We begin by reviewing the GPMP2 [336] planner that we will later reconstruct as a differ-

entiable computational graph. Then, we discuss limitations of GPMP2 with respect to its

sensitivity to objective function parameters, thus motivating our learning algorithm.
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3.2.1 Planning as inference on factor graphs

We take a probabilistic inference perspective on motion planning as described in the GPMP2

framework [131]. The planning problem is posed as computing the maximum a posteriori

(MAP) trajectory given a prior over trajectories and a likelihood of events of interest that

the trajectory must satisfy. By selecting appropriate distributions, sparsity can be induced

in the MAP problem, which allows for efficient inference. Following [131], we describe the

essential components of GPMP2 here.

The Prior: In GPMP2, a continuous-time Gaussian process (GP) is used to define

a prior distribution over trajectories, θ(t) ∼ GP(µ(t),K(t, t′)), where µ(t) is the mean

function and K(t, t′) is the kernel. For the purposes of our approach, we represent the

trajectory using N support states, θ = [θ1, . . . ,θN ]T at different points in time and define

the mean vector and covariance matrix as

µ = [µ1, . . . ,µN ]T, K = [K(ti, tj)]
∣∣∣
ij,1≤i,j≤N

(3.1)

and this GP defines a prior on the space of trajectories

P (θ) ∝ exp
{
− 1

2
∥θ − µ∥2K

}
, (3.2)

where ∥θ − µ∥2K
.
= (θ − µ)TK−1(θ − µ) is the Mahalanobis distance. The GP prior distri-

bution is generated by an LTV-SDE [36]

θ̇ = A(t)θ(t) +B(t)u(t) +w(t), (3.3)

where A(t) and B(t) are system matrices, u(t) is a bias term, and w(t) ∝ GP(0,Qcδ(t−t′))
is a white noise process with Qc being the power spectral density matrix of the system and

δ being the Dirac delta function. The first and second order moments of the solution to

Eq. equation 3.3 gives us the mean and covariance of the desired GP prior. The resulting

inverse kernel matrix of the GP has an exactly sparse block-tridiagonal structure making it

ideal for fast inference. Here, we use the constant velocity prior model, where the covariance

for a single time step is specified by

Qti,ti+1 =

1
3∆t

3
iQc

1
2∆t

2
iQc

1
2∆t

2
iQc ∆tiQc

 , (3.4)
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where ∆ti = ti+1−ti. The full GP covariance is obtained by composing Qti,ti+1 at every time

step along with the start and goal covariances, Ks and Kv. Please refer to [131] and [36]

for details. One important thing to note here is that the GP prior covariance is completely

parameterized by the power spectral density matrix Qc.

The Likelihood function: The likelihood function is used to capture planning re-

quirements in the form of events e that the trajectory must satisfy. These include constraints

such as collision avoidance, joint or velocity limits, or other task relevant objectives. We

define the likelihood function as a distribution in the exponential family given by

L(θ; e) ∝ exp
{
− 1

2
∥h(θ)∥2Σ

}
, (3.5)

where h(θ) is a vector-valued cost function and e are the events of interest.

Inference: Given the prior and likelihood, the MAP problem can be solved as

θ∗ = argmax
θ
{P (θ|e)} = argmin

θ

{
− log

(
P (θ)L(θ;e)

)}
θ∗ = argmin

θ

{1
2
∥θ − µ∥2K +

1

2
∥h(θ)∥2Σ

}
. (3.6)

In general, h(θ) can be non-linear and thus the above equation is a Nonlinear Least Squares

(NLLS) problem which can be solved using iterative approaches like Gauss-Newton or

Levenberg-Marquardt (LM) algorithms. At any iteration i, these algorithms proceed by

first linearizing the cost function around the current estimate of the trajectory, θi, using a

Taylor expansion h(θ) = h(θi) +Hδθ, where H = ∂h
∂θ

∣∣∣
θ=θi

and then solving the following

linear system to find the update, δθ:

(
K−1 +HTΣ−1H

)
δθ = −K−1(θi − µ)−HTΣ−1h(θi). (3.7)

Gauss-Newton optimization in particular updates the current estimate with the following

rule

θi+1 = θi + δθ. (3.8)

GPMP2 exploits the sparsity of the linear system in Eq. 3.7 to formulate MAP inference

on a factor graph and solve it efficiently. While GPMP2 is a state-of-the-art method that
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outperforms several leading sampling and optimization based approaches to motion plan-

ning [336], it still has some practical limitations with respect to setting the parameters in its

objective in Eq. 3.6. Next, we will discuss these limitations in-depth with a few examples.

3.2.2 Sensitivity to objective function parameters

The performance of GPMP2 is dependent on the values of QC (the parameter that governs

the covariance of the GP prior) and Σ (the covariance of the likelihood) as per its objective

function from Eq. 3.6. For example, for collision avoidance, the distribution of obstacles in

the environment affects what relative settings of QC and obstacle covariance σobs (such that

Σ = σ2obs × I) will be effective in solving the planning problem.

Different datasets require different relative settings of parameters. Due to the nonlinear

interactions between these parameters it might not be possible to find a fixed setting that

will always work, and in practice it can be a tedious task to find a setting that works for

many different environments. For example, in environments like the one in Fig. 3.2(a)-3.2(b),

where the planner needs to find a trajectory that goes around the cluster of obstacles, a small

obstacle covariance is required to make the planner navigate around the “tarpit.” But, at

the same time, if a large dynamics covariance is used, it might try to squeeze in between

obstacles where the cost can have a local minima. So a smaller dynamics covariance is

needed as well. Another example is shown in Fig. 3.2(c)-3.2(d) with dispersed obstacles

near the start and goal. Here an entirely different setting of covariances is effective. Since

obstacles are small and diffused, solutions can generally be found close to the straight line

initialization. A smaller dynamics covariance helps with that. Also, the start and goal can

be very near obstacles which means that a small obstacle covariance might lead to solutions

that violate the start and goal constraints. Having a smaller obstacle covariance can also

lead to trajectories that are very long and convoluted as they try to stay far away from

obstacles.

Small changes in parameters can lead to trajectories lying in different homotopy classes.

For example, Fig. 3.2(e)-3.2(f) illustrates how even minor changes in the obstacle covariance

can lead to significant changes in the resulting trajectories. This makes tuning covariances
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(a) σobs = 0.1,

QC = 0.5× I

(b) σobs = 0.01,

QC = 0.5× I

(c) σobs = 0.1,

QC = 0.5× I

(d) σobs = 0.01,

QC = 0.5× I

(e) σobs = 0.03,

QC = I

(f) σobs = 0.01,

QC = I

Figure 3.2: (a)-(b) tarpit dataset For the same QC , a smaller σobs is required to encourage the planner

to navigate around obstacles. (c)-(d) forest dataset For the same QC , a larger σobs is required to focus

on finding solutions near the straight line trajectory. (e)-(f) multi_obs dataset A small change in obstacle

covariance can lead to significant changes in the trajectory. In all figures, the red dashed trajectories are the

initializations and the blue trajectories are the optimized solutions.

harder, as the effects are further aggravated over large datasets with diverse environments

leading to inconsistent results.

With sufficient domain expertise, the parameters can be hand-tuned. However, this pro-

cess can be very inefficient and becomes increasingly hard for problems in higher dimensions

or when complex constraints are involved. An ideal setup would be to have an algorithm

that can predict appropriate parameters automatically for each problem. Therefore, in this

work, we rebuild the GPMP2 algorithm as a fully differentiable computational graph, such

that these parameters can be specified by deep neural networks which can be trained end-

to-end from data. When deployed, our differentiable GPMP2 approach (dGPMP2) can then
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automatically select its own parameters given a particular motion planning problem.

3.3 A Structured Computational Graph for Motion Planning

In this section, we first explain how GPMP2 can be interpreted as a differentiable computa-

tion graph. Then, we explain how learning can be incorporated in the framework and finally,

we show how the entire system can be trained end-to-end from data.

3.3.1 Differentiable GPMP2

Our architecture consists of two main components: a planning module P that is differentiable

but has no learnable parameters and a trainable module W that can be implemented using

a differentiable function approximator such as a neural network as shown in Fig. 3.1. As

discussed in Section 3.2, GPMP2 performs trajectory optimization via MAP inference on a

factor graph by solving an iterative nonlinear optimization, where at any iteration the factor

graph is linearized at the current estimate of the trajectory to produce the linear system in

Eq. equation 3.7 and an update step is computed by solving that linear system. At a high

level, our planning module P implements this update step as a computational graph. The

trainable module W is then set up to parameterize some desired planning parameters and

outputs these as ϕL at every iteration. These parameters correspond to factor covariances

used by P to construct the linearized factor graph. Additionally, P takes as input a set of

fixed planning parameters ϕF to allow parameters that can be user-specified and are not

being learned, for example, obstacle safety distance and covariances of constraint factors like

start, goal, and velocity. The key insight is that since all operations are differentiable for

solving Eq. 3.7, we can easily differentiate through it using standard autograd tools [366]

and thus train W in an end-to-end fashion from data.

Similar to GPMP2, during the forward pass, dGPMP2 iteratively optimizes the trajec-

tory where at the ith iteration, the planning module P takes the current estimate of the

trajectory θi and planning parameters ϕL and ϕF as inputs (where ϕL is the output of

the trainable module W and ϕF are user-defined and fixed) and produces the next estimate

θi+1 as shown in Fig. 3.1. The new estimate then becomes the input for the next iteration.

This process continues until θi+1 passes a specified convergence check or a maximum of T
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iterations and the optimization terminates (C). At the end of the optimization, we roll out

a complete differentiable computation graph for the motion planner.

Notation: θi refers to the trajectory estimate at the ith iteration of the optimization

that goes from 1, . . . , T and θi is the ith state along the trajectory that goes from 1, . . . , N .

The planning module: θi is fed into the planning module along with a signed dis-

tance field of the environment and additional planning parameters (ϕF and ϕL) such as

factor covariances, safety distance, robot kinematics, start-goal constraints, and other task

related constraints. These inputs are used to construct the linear system in Eq. equation 3.7

corresponding to the linearized factor graph of the planning problem. Similar to stan-

dard GPMP2, constraints are implemented as factors with fixed small covariances and the

likelihood function for obstacle avoidance is the hinge loss function (see Section 6.5) with

covariance Σ. The trajectory update δθi is then computed by solving this linear system,

using Cholesky decomposition of the normal equations [119, 336], and the new trajectory

θi+1 is computed using a Gauss-Newton step. The above procedure is fully differentiable

and allows computing gradients in the backwards pass with respect to θi, GP covariance K,

and likelihood function covariance Σ.

The trainable module: The trainable module W outputs planning parameters ϕL.

These correspond to covariances of factors in Eq. 3.7 that we wish to learn from data.

In practice, we can choose to learn the GP covariance K, the likelihood covariance Σ, or

both. Additionally, this approach allows us to learn individual covariances for different

states along the trajectory [θ1, . . . ,θN ] and different iterations of the optimization thus

offering much more expressiveness than a single hand-tuned covariance. We implement W

as a feed-forward convolutional neural network that takes as input the bitmap image of the

environment, the signed distance field and the current trajectory θi, and outputs a parameter

vector ϕi
L at every iteration i. Note that, given our architecture, W can be customized as

per individual needs based on problem requirements or parameters chosen to be learned.

After a forward pass, we roll out a fully differentiable computation graph that outputs a

sequence of trajectories {θ1, . . . ,θT }. Then we evaluate a loss function on this sequence and

backpropagate that loss to update the parameters of W such that it produces parameters

ϕL that allow us to optimize for better quality trajectories on the dataset as measured by
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the loss. We explain our loss function and the training procedure in detail below.

3.3.2 Learning factor graph covariances

Imitation loss: Consider the availability of expert demonstrations for a planning problem.

These may be provided by an asymptotically optimal (but slow) motion planner [237] or by

human demonstration [389]. dGPMP2 can be trained to produce similar trajectories by

minimizing an error metric between the demonstrations and learner’s output with

Limitation = ||θe − θ||22 (3.9)

where θe is the expert’s demonstrated trajectory and the metric is the L2 norm.

Task loss: Naively trying to match the expert can be problematic for a motion planner.

For example, when equally good paths lie in different homotopy classes, the learner may land

in a different one than the expert. In this case, penalizing for not matching the expert may

be excessively conservative. If using human demonstrations as an expert, a realizability gap

can arise when the planner has different constraints as compared with the human. Thus, we

use an external task loss as a regularizer that encourages smoothness and obstacle avoidance,

while respecting start and goal constraints, as is often used in motion planning [543]:

Lplan = Fsmooth + λ×Fobs, (3.10)

where Fsmooth corresponds to the GP prior error and Fobs is the obstacle cost that are

described in Eq. equation 3.6 and λ is a user specified parameter. In practice, the perfor-

mance is not sensitive to the setting of λ. Then, the overall loss for a single trajectory

is, L = Limitation + Lplan. Note that our framework allows for any choice of loss function

depending on the application.

Training: During training we roll out our learner for a fixed number of iterations T and

use Backpropagation Through Time (BPTT) [406] on the sum of losses of the intermediate

trajectories in order to update the parameters of the trainable module W. Then, the total

loss minimized for our learner over a batch of size K is

Ltotal =
1

K

1

T

K∑
k=1

T∑
i=1

Lk,i. (3.11)
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3.4 Experiments

We test our approach on 2D navigation problems with complex environment distributions

and problems with user-specified velocity constraints. Many real world motion planning

problems such as warehouse automation (KIVA systems), extra-terrestrial rovers, in-home

robots (Roomba), navigation from satellite data, and last mile delivery, among others, are

inherently 2D. These problems are challenging partly because of local minima generated

by complex distributions of obstacles and other constraints such as velocity limits. The

sensitivity of planners to parameter settings further adds to the difficulty. This is captured by

the datasets we consider, where the forest distribution consists of small obstacles scattered

around the workspace and requires the robot to squeeze through several narrow corridors

and the tarpit distribution contains a small number of larger obstacles clumped together

near the center of the workspace and requires the robot to avoid the cluster of obstacles

entirely. It is challenging for a single planner with fixed parameters to solve problems from

both distributions.

3.4.1 Implementation details

All our experiments and training are performed on a desktop with 8 Intel Core i7-7700K @

4.20GHz CPUs, 32GB RAM and a 12GB NVIDIA Titan Xp. We consider a 2D point robot

in a cluttered environment and planning is done in a state space θi = [x, y, ẋ, ẏ]T . The robot

is represented as a circle with radius r centered on its center of mass and the environment is

a binary occupancy grid. A Euclidean signed distance field is computed from the occupancy

grid to evaluate distance to obstacles and check collisions. We utilize the same collision

likelihood factor as GPMP2 [131], h(θi) = c(x(θi)), where x(θi) = [x, y]T is the position

coordinates of the center of mass and the hinge loss cost function c is

c(x) =


−d(x) + ϵ d(x) ≤ ϵ

0 otherwise

(3.12)

where ϵ = r+ϵsafe with ϵsafe as a user defined safety distance, and d is the signed distance. In

our current experiments, we consider σobs as the learned parameter ϕL and QC , ϵsafe,Ks,Kg
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(a) Expert (b) GPMP2,

σobs = 0.15

(c) GPMP2,

σobs = 0.01

(d) dGPMP2

Figure 3.3: Example comparison of (d) dGPMP2 against (b)-(c) GPMP2 (fixed hand tuned covariances)

and (a) Expert on forest (top row) and tarpit (bottom row) datasets. Hand tuned covariances that work

well on one distribution of obstacles fail on the other and vice versa. By imitating the expert, dGPMP2 is

able to perform consistently across different environment distributions. Green circle is start, cyan is goal,

dashed red line is initialization, and Qc = 0.5× I, r = 0.4m for all. Trajectory is in collision if at any state

the signed distance between robot center of mass and nearest obstacle is less than or equal to r.

to be the fixed parameters ϕF . Although, performance of the planner depends on both QC

and Σ, for our task they trade off against each other and thus we can achieve a similar behav-

ior by varying one relative to the other. Since in our setup the environment changes, learning

the likelihood covariance Σ is more relevant. In other problem domains learning QC instead

might be more relevant such as [389]. It is important to note the difference in expressiveness

of Σ between GPMP2 where Σ = σ2obs × I, and dGPMP2 where Σ = diag(σ2obs1 , . . . , σ
2
obsN

)

with any σobsi being a function of the current trajectory and the environment.

Loss function: It can be expensive to gather a large number of human demonstrations

to train the planner. Hence, we use a self-supervised approach. Sampling based asymptoti-

cally optimal planning methods such as RRT* [237] are effective in finding good homotopy

classes to serve as an initialization for local trajectory optimizers, but can be slow to converge
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and produce non-smooth solution paths. We use a combination of RRT* and GPMP2 as

our expert. Expert trajectories are generated by first running RRT* and are then optimized

with GPMP2 to yield smooth solutions. This allows dGPMP2 to learn by utilizing the best

combination of local and global planning. We use the loss function defined in Section 3.3.2

with this expert.

Network architecture: For W we use a standard feed-forward neural network model

consisting of convolutional and fully connected layers. The network consists of 5 convolu-

tional layers with [16, 16, 16, 32, 32] filters respectively, all 3x3 in size. This is followed by

two fully connected layers with [1000, 640] hidden units. We use ReLU activation with batch

normalization in all layers and a dropout probability of 0.5 in the fully connected layers.

The input to the neural network is a 128x128 bitmap of the environment stacked on top of

the euclidean signed distance field of the same dimensions. Backpropagation is performed

for fixed number of iterations, T = 10. At every iteration, the network outputs a different

likelihood covariance for each state along the trajectory.

Comparing planners: The convergence for the optimization is based on the following

criterion: a tolerance on the relative change in error across iterations tol(δerror), magnitude

of update tol(δθ), and max iterations Tmax. On convergence the final trajectory is returned.

We report the following metrics on a test set of environments: (i) success, percent of prob-

lems solved i.e. when a collision free trajectory is found, (ii) average gp_mse, mean-squared

GP error measuring smoothness and (iii) collision_intensity, the average portion of

trajectory spent in collision when a collision occurs.

We test our framework on two different planning tasks to demonstrate (i) how learning co-

variances improves performance and (ii) how the planner’s structure allows us to incorporate

constraints. We compare against a baseline GPMP2 with hand-tuned parameters. However,

we do not compare against other sampling and optimization-based planners and refer the

reader to [336] for benchmarks of GPMP2 against leading sampling and optimization-based

planners.
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Table 3.1: Comparison of dGPMP2 versus GPMP2 with fixed hand tuned covariances. dGPMP2 learns the

obstacle covariance σobs using training set of 5000 environments. QC = 0.5× I for all. Total trajectory time

is 10s with 100 states along the trajectory and λ = 1.0 for training.

GPMP2
dGPMP2

σobs = 0.15 σobs = 0.01

forest only

success

71.02 52.18 66.67

tarpit only 55.56 74.08 68.00

mixed 62.67 64.00 67.33

gp_mse 0.002 0.0484 0.0015

num_iters 55.69 86.74 50.00

coll_intensity 0.0464 0.0414 0.0374

3.4.2 Learning on complex distributions

In this experiment, we show that if the planner’s parameters are fixed, performance can

be highly sensitive to distribution of obstacles in the environment. However, if a function

can be learned to set the parameters based on the current planning problem, this can help

the planner achieve uniformly good performance across different obstacle distributions. We

construct a hybrid dataset which is a mixture of two distinct distributions of obstacles,

forest and tarpit, as shown in Fig. 3.3. We use a test set of 150 randomly sampled

environments from this mixed dataset and further subdivide it into two sets for each of the

constituent distributions (roughly equal in proportion). We then hand-tuned parameters

for GPMP2 to find the best covariances for the individual distributions and compared them

against dGPMP2 on three different test sets: two for the individual distributions and one

for a mixed (roughly equal of the two distributions). Since there is no formal mathematical

procedure for tuning parameters or even well-known heuristics, we rely on a manual line-

search. Although this can likely be automated to find best static covariances for one given

environment distribution, it is not practical when the environment distribution changes

or when the parameters need to be adapted based on the location of the robot in the
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environment or the time-step on the trajectory.

The results in Table 3.1 show that for GPMP2 the best parameters on one distribution

perform poorly on the other distribution in terms of success, although their performances

on the mixed dataset are similar. Conversely, dGPMP2 has uniform and consistent perfor-

mance across both distributions even though it is only trained on the mixed dataset. This

demonstrates that dGPMP2 does not require manual tuning for every distribution of plan-

ning environments, but can automatically predict the covariances to use based on the current

trajectory and environment as can be seen in Fig. 3.3. Additionally, dGPMP2 has the lowest

gp_mse on the mixed dataset meaning the trajectories produced are still smooth. dGPMP2

also converges in fewer number of iterations than the GPMP2 due to the covariance being

more expressive and varying over iterations.

Limitations: Since BPTT is known to have issues with exploding and vanishing gradi-

ents for long sequences, we use a small number of iterations (T = 10) during training which

prevents the learner from sufficiently exploring during training. The network architecture is

a simple feed-forward network and does not have any memory and hence the learner does not

learn to escape local minima very well. We believe that these issues can be addressed in the

future using learning techniques such as Truncated Backpropagation Through Time [507],

policy gradient methods [416, 418], and recurrent networks like LSTMs [195].

3.4.3 Planning with velocity constraints

We show that our learning method can explicitly incorporate planning constraints by in-

cluding velocity limit factors into the optimization. We use a hinge loss similar to obstacle

cost to bound the robot velocity ẋ and ẏ and set the covariance to a low value, Kv = 10−4,

analogous to joint limit factors in [336]. We evaluate the average constraint_violation

on a dataset with multiple randomly placed obstacles and study the effect of incorporating

constraints during training. Table 3.2 shows a comparison between dGPMP2 trained with

mild constraints and tested on problems with mild and tight constraints versus dGPMP2

trained using tight constraints and tested on problems with tight constraints (details in the

Table 3.2 caption). We see that, by incorporating tight constraints during training, dGPMP2
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Table 3.2: Performance of dGPMP2 with velocity constraints on different combinations of training

and testing. Mild constraints are vxmax = 1.5m/s, vymax = 1.5m/s, and maxtime = 15s, tight

constraints are vxmax = 1.0m/s, vymax = 1.0m/s, and maxtime = 10s for the same start and goal.

maxtime is maximum time allowed for the trajectory.

Training condition Mild Mild Tight

Testing condition Mild Tight Tight

success 96 96 98.12

constraint_violation 0.0022 0.104 0.097

can learn to handle tight constraints while avoiding obstacles. This illustrates that dGPMP2

can successfully incorporate constraints within its structure, and that the method can learn

to plan while respecting user-defined planning constraints.

3.5 Related Work

Machine learning has been used to accelerate motion planning by combining reinforcement

learning (RL) with sampling based planning [147], learning cost functions from demon-

stration [395], learning efficient heuristics [43], and learning collision checking policies [42].

As machine learning becomes more accessible, there has been a growing interest in using

deep learning for planning such as end-to-end networks to perform value iteration [465] or

learning a latent space embedding and a dynamics model that is suitable for planning by

gradient descent within a goal directed policy [444]. Such approaches have demonstrated

that learning to plan is a promising research direction as it allows the agent to explicitly

reason about future actions. However, learning-based approaches still fall short on several

fronts. Combining learning and planning in a way where domain knowledge, constraints,

and uncertainty are properly handled is challenging, and learned representations are often

difficult to interpret.

Recent work in structured learning techniques offer avenues towards contending with

these challenges. Several methods have focused on incorporating optimization within neural

network architectures. For example, [104] implicitly learns to perform nonlinear least squares
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optimization by learning an RNN that predicts its update steps, [24] learns to perform

gradient descent, and [77] utilizes a ODE solver within its network. Other methods like [23]

learn a sequential quadratic program as a layer in its network, which was later extended

to solve model predictive control [22]. [62] learns structured dynamics models for reactive

visuomotor control. Taking inspiration from this body of work, in this paper we present a

differentiable inference-based motion planning technique that through its structure allows

us to combine the strengths of both traditional model-based methods and modern learning

methods, while mitigating their respective weaknesses.

Another related field of work is on automatic parameter tuning of motion planning al-

gorithms. Approaches such as [60, 66] treat the planner as a black-box and use machine

learning tools such as Bayesian optimization, bandits, and random forests to optimize a

single configuration of parameters that improves planner performance. However, such a sin-

gle configuration does not adapt to changes in the environment distribution which hinders

generalization. Additionally, the number of parameters optimized in these approaches is far

fewer than ours and they do not incorporate high dimensional inputs such as images.

3.6 Discussion

This chapter presented dGPMP2, a novel differentiable motion planning algorithm, by re-

formulating GPMP2 as a differentiable computational graph. We developed a method that

learns to predict objective function parameters as part of the differentiable planner and

demonstrates competitive performance against planning with fixed, hand-tuned parameters.

The experimental results show that this strategy is indeed an effective way to leverage expe-

rience to further improve upon traditional state-of-the-art motion planning algorithms. In

order to investigate the properties of the algorithm in a controlled setting, the experiments

in this work were limited to point robots in 2D environments . However, since the formula-

tion was built on the GPMP2 planner, we believe that it can be extended to handle more

complicated motion planning problems including articulated robots in 3D workspaces.
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Chapter 4

FAST JOINT-SPACE MODEL-PREDICTIVE CONTROL FOR
REACTIVE MANIPULATION

4.1 Introduction

In the previous chapters, we considered robot motion planning under the assumption of full

model knowledge. However, this assumption can be highly restrictive in several real-world

settings where the complexity of dynamic environments makes it challenging to model them

exactly. Often the best we can achieve is the development of approximate predictive models.

Furthermore, most implementations of motion planning algorithms run at a slow rates on

high dimensional systems [21, 238, 267, 480], making them unsuitable for dynamic scenarios

where robots must constantly update their motion plans in response to sensory input. In

this chapter, we show how the paradigm of sampling-based MPC can enable robust decision-

making by optimizing complex behaviors with approximate models at fast control rates. We

detail the design of an efficient sampling-based MPC framework that implements a highly

parallelized control architecture and enables real-world manipulators to perform a variety of

dynamic tasks. In the following chapter, we take this a step further and demonstrate how

MPC can be improved from experience through model-free RL to systematically overcome

different sources of bias resulting from short planning horizons and approximate models.

Real-world robot manipulation can greatly benefit from real-time perception-driven feed-

back control [49, 235]. Consider an industrial robot tasked with stacking boxes from one

pallet to another or a robot bartender moving drinks placed on a tray [313]. In both cases,

the robot must ensure object stability via perception while respecting joint limits, avoiding

singular configurations and collisions, and handling task constraints such as maintaining ori-

entation during transfer. This leads to a complex control problem with competing objectives

that is difficult to solve in real-time.
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Classic approaches to solving these tasks rely on operational-space control (OSC) [84,

128, 345], where the different task costs are formulated in their respective spaces and then

projected into the joint space (i.e., the control space of the robot) via a Jacobian map. OSC

methods are inherently local as they only optimize for the next time step while ignoring

future actions or states.

MPC based approaches attempt to find a locally-optimal policy over a finite horizon

starting from the current state using a potentially imperfect dynamics model. An action

from the policy is executed on the system and the optimization is performed again from

the resulting next state which can overcome the effects of model-bias. MPC has been suc-

cessfully applied on real robotic systems allowing them to rapidly react to changes in the

environment [35, 84, 141, 423, 505]. Existing MPC methods that operate in the joint space

of a manipulator are limited to gradient-based approaches [468, 504] which require the cost

and dynamics to be differentiable. However, manipulation tasks often involve discontinuous

phenomena such as contact and complex cost terms that are hard to differentiate analyti-

cally. Sampling-based methods such as Model-Predictive Path Integral (MPPI) [506] and

Cross Entropy-Method (CEM) offer a promising alternative. Here, control sequences are

sampled using a simple policy followed by rolling out the dynamics model to compute a

sample-based gradient of the objective function. These algorithms make no restrictive as-

sumptions about the cost, dynamics or policy class, are straightforward to parallelize and

can be effectively applied on highly dynamic systems [493, 505]. These properties have also

been a major factor in the increased adoption of sampling-based MPC by the Model-based

RL community in recent years [103]

However, a key question still remains to be answered - how well do these control algo-

rithms transfer to high-dimensional robots like manipulators? In this chapter, we describe

an integrated system for sampling-based MPC that aims to answer this question. Our pro-

posed framework, Stochastic Tensor Optimization for Robot Motion (STORM) implements

a highly-parallelized control architecture that can optimize complex task objectives while si-

multaneously ensuring desirable properties such as smoothness, constraint satisfaction, and

low control latency.

A major criticism of sampling-based MPC algorithms for full joint space control has been
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Figure 4.1: Our sampling-based model-predictive control framework operates in the joint space to enable

a robot to achieve manipulation objectives such as tracking a moving target or balancing a ball on a plate

while respecting constraints such as joint limits, singularity avoidance and collision avoidance via learned

collision checking from raw sensor data.

their inability to produce smooth (low-jerk) trajectories [344]. To address this challenge,

we study different sub-components of sampling-based MPC and make several novel contri-

butions such as low discrepancy action sampling, smooth interpolation and cost-function

design, and demonstrate their effectiveness in scaling sampling-based methods to real robot

manipulators. We also demonstrate that STORM can incorporate learned components

in the control loop, by using learned self and environment collision costs. We integrate

our system on a real Franka Panda robot arm where we demonstrate that feedback driven

sampling-based MPC is able to solve complex and dynamic manipulation tasks with simple

models.

4.1.1 Contributions

1. We present a novel sampling-based MPC with the introduction of low discrepancy

sampling, smooth trajectory generation and behavior-based cost functions that are

key for producing smooth, reactive, and precise robot motions.

2. We also present a feedback control framework that directly integrates learned percep-

tion components into the control loop in the form of a learned self collision cost and

a discrete collision checker between the robot links and raw environment pointcloud
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from [112].

3. We provide an open-source and highly optimized implementation of sampling-based

joint-space MPC, which achieves a control rate of 125Hz on a single GPU, a speedup

of 100x compared to existing MPPI based manipulation implementations [112].

4. We empirically evaluate the key components of the approach in simulation and a real-

world Franka Panda robot on dynamic control tasks.

4.2 Problem Formulation

We consider the problem of generating a feedback control law (or policy) for a robot manip-

ulator with d joints performing user-specified tasks in an unstructured environment where

it is subject to non-linear constraints and must react in real-time to overcome errors due

to its internal dynamics model, state estimation, and perception. The problem can be

modelled as optimal control of a discrete-time stochastic dynamical system described by

the equation, xt+1 ∼ P (xt+1|xt, ut), where P (xt+1|xt, ut) defines the probability of transi-

tioning into state xt+1 conditioned on xt and control input ut ∈ Rd. The robot chooses

controls using a deterministic or stochastic closed-loop policy ut ∼ π (·|xt), incurs an in-

stantaneous cost c(xt, ut) and transitions into the next state, and the process continues for

a finite horizon T . The goal is to design a policy that optimizes a task-specific objective

function, π∗ = argmin
π∈Π

Eπ,P

[∑T−1
t=0 c(xt, ut)

]
where Π is the space of all policies.

The above setup is akin to optimizing a finite horizon Markov Decision Process (MDP)

with continuous state and action spaces as done in reinforcement learning approaches [540].

Solving for a complex globally optimal policy is a hard problem especially since the task

objective c could be sparse or difficult to optimize. MPC can be viewed as a practically

motivated strategy that simplifies the overall problem by focusing only on the states that

the robot encounters online during execution and rapidly re-calculating a “simple” locally

optimal policy. At state xt, MPC performs a look-ahead for a shorter horizonH < T using an

approximate model P̂ (x̂t+1|x̂t, at), approximate cost function ĉ(xt, at) and a parameterized

policy πϕ to find the optimal parameters ϕ∗ that minimize an objective function L
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Variable Description

θt, θ̇t, θ̈t joint position, velocity, acceleration

xt = [θt, θ̇t, θ̈t] robot state at time t

ut joint space command at time t

h ∈ [0, H) number of steps in horizon H

n ∈ [0, N) batch of control sequences

K iterations of optimization

dt change in time between steps in horizon

dt vector of dt [0, H)

ϕt = {ϕt,h} parameters of policy at time t.

πϕt distribution over control given state

µt = µt,h sequence of H Gaussian means

Σt = Σt,h sequence of H Gaussian Covariances

u = un,h batch of N control sequences of length H

x̂ = x̂n,h batch of N state sequences of length H

ĉ = ĉn,h batch of N cost sequences of length H

L MPC loss function

Algorithm 5: Sampling-

Based MPC
Input : θ0,

Parameter: H, N, K

1 for t = 1 . . . T do

2 xt ← get_state()

3 πθ ← shift()

4 for i = 1 . . .K do

5 u← sam-

ple_controls(πϕt , H,N)

6 x̂, ĉ, q̂← gener-

ate_rollouts(xt, H)

7 ϕt ← up-

date_distribution(

ĉ,u)

8 ut =

next_command(πϕ)

9 execute_command(ut)

Figure 4.2: We summarize the notations used on the left and the sampling based MPC algorithm on the

right.

ϕ∗ = argmin
ϕ

L(ĉ, q̂, πϕ, P̂ , xt) (4.1)

where q̂(·) is a terminal cost function that serves as a coarse approximation of the cost-to-go

beyond the horizon. An action is sampled from πϕ∗ and the optimization is performed again

from the resulting state after applying the action to the robot. The optimization is hot-

started from the solution at the previous timestep by using a shift operator, which allows

MPC to produce good solutions with few iterations of optimization (usually 1 in practice).

In the next section, we first introduce a sampling-based MPC technique to solving the

optimization in Eq. 4.1 and discuss the objective function, policy class, and update equations.

We then present our approach for applying it to manipulation problems. An overview of the

notation used in the paper is presented in Fig. 4.2.
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4.3 Sampling-Based Model Predictive Control

Sampling-based MPC iteratively optimizes simple policy representations like time indepen-

dant Gaussians over open-loop controls with parameters ϕt such that πϕt =
∏H−1

h=0 πϕt,h
.

Here, ϕt represent the sequence of means µt = [µt,0 . . . µt,H−1] and covariances Σt =

[Σt,0 . . .Σt,H−1] at every step along the horizonH. A standard algorithm is shown in Fig. 4.2.

At every iteration, the optimization proceeds by sampling a batch of N control sequences of

length H, un∈[0,N),h∈[0,H), from the current distribution (Line 5), followed by rolling out the

approximate dynamics function using the sampled controls to get a batch of corresponding

states x̂n∈[0,N),h∈[0,H) and costs ĉn∈[0,N),h∈[0,H) (Line 6). The policy parameters are then

updated using a sample-based gradient of the objective function (Line 7). After K ≥ 1

optimization iterations we can either sample an action from the resulting distribution or

execute the first action from the mean (Line 8). We next describe how the distribution is

updated. Consider the function Ĉ(·),

Ĉ(xt, ut) =

H−2∑
h=0

γhĉ(x̂t,h, ut,h) + γH−1q̂(x̂t,H−1, at,H−1). (4.2)

where γ ∈ [0, 1] is a discount factor that is used to favor immediate rewards. A widely used

objective function is the exponentiated utility or the risk-seeking objective,

L = Eπθ,P̂

[
exp

(−1
β
Ĉ(xt, ut)

) ∣∣∣∣x̂0 = xt

]
(4.3)

where β is a temperature parameter. For this choice of objective, the mean and covariance

are updated using a sample-based gradient as,

µt,h = (1− αµ)µt−1,h + αµ

∑N
i=1wiut,h∑N

i=1wi

(4.4)

Σt,h = (1− ασ)Σt−1,h + ασ

∑N
i=1wi(ut,h − µt,h)(ut,h − µt,h)⊤∑N

i=1wi

(4.5)

where αµ and ασ are step-sizes that regularize the current solution to be close to the previous

one and,

wi = exp
−1
β

(
H−2∑
h=0

γhĉ(x̂h,i, ah,i) + γH−1q̂(x̂H−1,i, aH−1,i)

)
. (4.6)
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The update equation for the mean is the same as the well-known Model-Predictive Path In-

tegral Control (MPPI) algorithm [506]. We refer the reader to [494] for the connection and

derivation of update equations. While covariance adaptation has previously been explored

in the context of Path Integral Policy Improvement [446] to automatically adjust explo-

ration, standard implementations of MPPI on real systems generally do not update the

covariance [494, 506]. However, we observed that updating the covariance leads to better

performance with a fewer number of particles, such as stable behavior upon convergence to

the goal. Once an action from the updated distribution is executed on the system, the mean

and covariance are shifted forward with default values appended at the end to warmstart

the optimization at the next timestep (Line 3).

The above formulation of MPC offers the flexibility to extract different behaviors from

our algorithm by tuning different knobs such as the choice of approximate dynamics, running

cost, terminal cost, the policy class and parameters such as the horizon length, number of

particles, step sizes and discount factor γ. Next, we switch our focus to the domain of robot

manipulation and build our approach for sampling-based MPC by systematically evaluating

the effects of a subset of key design choices on the overall performance of the controller.

4.3.1 Approximate Model

The MPC paradigm allows us to effectively leverage simple models that are both computa-

tionally cheap to query and easy to optimize, as re-optimizing the control policy at every

timestep can help to overcome the effects of errors in the approximate model. We leverage

this error correcting property of MPC and utilize the kinematic model of the manipulator as

our approximate transition model. Let the robot state be defined in the joint space as x =

[θ, θ̇, θ̈] ∈ R3d and the commanded action be the joint acceleration u ∈ Rd. At every optimiza-

tion iteration, we compute the state of the robot across the horizon (x̂ = [Θn,h, Θ̇n,h, Θ̈n,h],

h ∈ [0, H), n ∈ [0, N)) by integrating the sampled control sequences un∈[0,N),h∈[0,H) from

the robot’s initial state xinit = [θinit, θ̇init, θ̈init] (i.e., current state of the real robot). This

can be efficiently implemented as a tensor product followed by a sum:

Θ̈ = u Θ̇ = θ̇init + Sl(1) diag(dt)Θ̈ Θ = θinit + Sl(1) diag(dt)Θ̇ (4.7)
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where Sl(1) is a lower triangular matrix filled with 1, and dt is a vector of delta timesteps

across the horizon. We use variable timesteps, with a smaller dt for the earlier steps along the

horizon for higher resolution cost near the robot’s current state and larger ones for later steps

to get a better approximation of cost-to-go, similar to [141]. We intentionally write Θn,h

as Θ to highlight the fact that we compute the states across the batch and horizon with a

tensor operation without the need to iteratively compute the states across the horizon. This

significantly speeds up the computation and is key to achieving the 8ms control latency.

Given a batch of states x̂, the Cartesian poses X ∈ SE(3), velocities Ẋ, and accelera-

tions Ẍ of the end-effector are obtained by using forward kinematics FK(Θ), the kinematic

Jacobian J(Θ), and its derivative J̇(Θ) as

X = FK(Θ) Ẋ = J(Θ)Θ̇ Ẍ = J̇(Θ)Θ̇ + J(Θ)Θ̈ (4.8)

We can compute the forward kinematics in batch as they depend only on the current state.

This provides an easily parallelizable formulation of the robot model that is amenable to

GPU acceleration.

4.3.2 Cost Function

The cost function ĉ(s, a) encodes high-level robot behavior directly into the MPC optimiza-

tion. This can be viewed as a form of cost-shaping that allows MPC to achieve sparse task

objectives while also satisfying auxillary requirements such as avoiding joint limits, ensuring

smooth motions and safety. We consider cost functions that are a weighted sum of simple

cost terms, where each individual term encodes a desired robot behavior that can be easily

implemented in a batched manner.

Reaching Goal Poses

Given the desired and current Cartesian poses for the end-effector wXg,
wXee ∈ SE(3)

respectively in the world frame w, we compute a task-space cost term that penalizes their

distance

ĉpose(
wXee,

wXg) = ||α1(I − wR⊤
g

wRee)||2 + ||α2(
wR⊤

g
wdee − wR⊤

g
wdg)||2 (4.9)
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where wRee,
wRg are the rotation components and wdee,

wdg are translation components of

the current and goal end-effector pose respectively. The weight vectors α1, α2 ∈ R3 allow

us to weigh errors in different directions and orientations with respect to each other and

can be set to different values to obtain qualitatively different behavior such as partial pose

reaching or enforcing partial pose constraints. For example, we can set a high weight in α1

along a desired axes to maintain the goal orientation throughout the motion of the robot as

we demonstrate in our experiments.

Stopping for Contingencies

The finite horizon makes MPC myopic to events that can occur further in the future. Thus,

it is desirable to ensure that the robot can safely stop within the horizon in reaction to events

that might be observed at timestep H − 1, especially in dynamic environments. We encode

this behavior by computing a time varying velocity limit θ̇max ∈ RH for every timestep in

the horizon based on a user-specifed maximum acceleration θ̈max and the time until H − 1.

This means the joint velocity of the robot must allow it to come to a stop at the end of the

horizon by applying the max acceleration. Any state that exceeds this velocity is penalized

by a cost which is expressed as

θ̇max = Su(1)θ̈maxdt ĉstop(θ̇t) =


||θ̇max,t − |θ̇|||2 if θ̇max,t − |θ̇| > 0.0

0, otherwise
(4.10)

where Su(1) is an upper triangular matrix filled with 1.

Joint Limit Avoidance

Given minimum and maximum limits on joint state θmin, θmax respectively, we penalize the

joint state θt only if it exceeds a safety threshold defined by a kjl ratio of its full range.

θ̂min = θmin + kjl(θmax − θmin) θ̂max = θmax − kjl(θmax − θmin)

ĉjoint(θt) =


||θt − θ̂min||2 if θt < θ̂min

||θ̂max − θt||2 else if θt > θ̂max

0 otherwise

(4.11)
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where θ̂min, θ̂max adds a safety threshold from the actual bounds of the robot. In our

experiments, we chose kjl = 0.1.

Avoiding Cartesian Local Minima

The manipulability score describes the ability of the end-effector to achieve any arbitrary

velocity from a given joint configuration. It measures the volume of the ellipsoid formed by

the kinematic Jacobian which collapses to zero at singular configurations. Thus, to encourage

the robot to optimize control policies that avoid future kinematic singularities, we employ a

cost term that penalizes small manipulability scores [247, 484]

ĉmanip(θt) =


1.0−

√
J(θt)J(θt)⊤, if

√
J(θt)J(θt)⊤ < km

0.0, otherwise
(4.12)

Self Collision Avoidance

Computing self-collision between the links of the robot for a large number of configurations

can be computationally expensive [112, 386]. Hence, similar to previous approaches [112,

386], we train a neural network that predicts the closest distance 1 between the links of

the robot given a joint configuration (θ). One difference in our approach is the use of

positional encoding (i.e.,[sin(θ), cos(θ)]) as we found this to improve the accuracy of the

distance prediction [325]. Our network (which we call jointNERF) has three layers with

[256, 128, 64] neurons and ReLU activations. We compute a cost term as shown below,

ĉself-coll(θt) = max(0, jointNERF(θt)) (4.13)

Environment Collision Avoidance

Safe operation in cluttered environments requires a tight coupling between perception and

control for collision avoidance. Gradient-based approaches [543] generally rely on either

known object shapes or pre-computed signed distance fields that provide gradient informa-

tion for optimization. However, our sampling-based approach can handle discrete costs and

1Distance is positive when two links are penetrating and negative when not colliding.
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as such we explore collision avoidance without using signed distances. Specifically, we use

a learned collision checking function from Danielczuk et al. [112] that operates directly on

raw pointcloud data and classifies if an robot link pointcloud pcl is in collision with the

environment pointcloud pcenv given the robot link’s pose X l.

ĉcoll(pcl, pcenv, X l) =


1, if collision,

0, otherwise.
(4.14)

Finally our running cost function is given by

ĉ(xt, ut) = αpĉpose + αsĉstop + αj ĉjoint + αmĉmanip + αc(ĉself-coll + ĉcoll) (4.15)

4.3.3 Sampling Strategy for Control Sequences

The method used for sampling controls from the Gaussian policy can have a great impact on

the convergence of the optimization and can help embed different desirable behaviors such

as ensuring smoothness. Pseudorandom sequences typically used in Monte Carlo integration

exhibit an undesirable clustering of sampled points which results in empty regions. Whereas

low-discrepancy sequences, where low discrepancy refers to the degree of deviation from per-

fect uniform sampling, alleviate this problem by defining deterministic samplers that corre-

late each point to avoid groupings [352]. Halton sequences [179] are a widely used form of low

discrepancy number generators that attempt to improve the rate of convergence of Monte

Carlo algorithms, and are reported to achieve superior performance in high-dimensional

problems [127]. In particular, the Halton sequence uses the first pi, . . . , pd prime numbers to

define a sequence, w1,w2, . . ., for integers i ≥ 0 and b ≥ 2 where wi = (ϕp1(i), . . . , ϕpd(i))

and ϕb(i) =
∑∞

a=1 iab
−a, with i =

∑∞
a=1 iab

a−1 for i0, i1, · · · ∈ {0, 1, . . . , b − 1} 2. We

incorporate Halton sequences for sampling controls that can provide a better estimate of

the objective function gradient. Controls from the Halton sequence are sampled once at

the beginning and then transformed using the mean (µt) and Covariance Σt of the current

Gaussian policy.

2See http://extremelearning.com.au/unreasonable-effectiveness-of
-quasirandom-sequences/ for a visualization of different low-discrepancy methods.

http://extremelearning.com.au/unreasonable-effectiveness-of
-quasirandom-sequences/
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Figure 4.3: We compare our sampling scheme

on a planar robot reacher task. The holo-

nomic robot must move from its initial posi-

tion (green cross) to the desired position (red

cross) while avoiding obstacles(grey regions).

The path taken by the robot is the black dot-

dashed line and red circles are positions of

the robot after every 30 timesteps. The blue

lines are the top 5 rolled out trajectories. Our

Halton B-Spline is able to find a smooth short

path to the goal while Random B-Spline takes

a longer path. Halton with a comb filter is not

smooth as shown by the sudden path changes.

Furthermore, we explore two different strate-

gies for enforcing smoothness in sampled control

sequences. The first method is a comb filter that

uses user-specified coefficients [c1, c2, c3] to filter out

each sampled control trajectory along the horizon

as ut,h = c1ut,h + c2ut,h−1 + c3ut,h−1 This method

has previously been used with sampling-based con-

trol techniques [449, 521], however, it requires ex-

tensive tuning and filtered trajectories are not guar-

anteed smooth as neighboring samples can have

large difference in magnitude.

We propose an alternate strategy to enforce

smoothness by fitting B-splines of degree 3 to con-

trols sampled using a Halton Sequence. The re-

sulting curve is sub-sampled at a finer resolution

to obtain smooth joint acceleration samples which

are then integrated to obtain corresponding joint

velocity and position trajectories using Eq. 4.7. In

Fig. 4.3 we show a qualitative comparison between

different combinations of sampling and smoothing

strategies for a planar robot trying to reach a goal

while avoiding obstacles where we see that our Halton + B-Spline sampling strategy is able

to better explore the action space while maintaining smoothness.

Covariance Parameterization: Conventionally, sampling-based MPC algorithms such

as MPPI parameterize the covariance of the Gaussian policy to be of the form Σt,h = σu∗Id×d

where σu is a scalar value and Id×d is a d×d identity matrix, which forces the covariance to be

the same across all control dimensions. However, in the case of manipulators it is desirable

to allow the covariance of different joints to adapt independently so they can potentially

optimize different cost terms such as pose reaching versus increasing manipulability. Thus

we also consider covariance of the form ΣU
t,h = σTu Id×d where σu = [σ1, . . . , σd]. Each term in
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t
Figure 4.4: We show a sequence from our collision avoidance experiment where the robot has to move

between thin walls to reach the orange ball held by the human. The robot tries to reach the ball but moves

only as close as possible as any further motion would cause the elbow to hit the right book.

σu is then adapted based on the rollouts. Adapting the covariance along action dimensions

has also been employed by [103] for CEM.

Our sampling strategy also offers us the flexibility of incorporating certain fixed set of

action trajectories which could be task-dependent or even a library of pre-defined desired

motions. We leverage this fact by incorporating a set of zero acceleration or “null” particles

which allows the robot to coast at a constant velocity once the robot is accelerated sufficiently

and also easily stop at the goal as demonstrated in our experiments.

4.4 Experiments

Through our experiments we aim to analyze the effectiveness of STORM as a framework for

real-time, perception-driven feedback control in real-world manipulation scenarios. To this

end, we first study the performance of STORM in reacting to changing end-effector targets

from perception data while satisfying task constraints such as maintaining user-specified

orientation and avoiding obstacles in cluttered scenes. Second, we consider the dynamic task

of balancing a ball on a tray grasped by the end effector that uses an approximate model

of the ball dynamics. We provide supplementary material, results of ablation studies in

simulation for different components of our framework such as cost terms, sampling strategy

and policy parameterization, a comparison to MoveIt! and OSC [187] for the standard

pose reaching problem as well as a qualitative comparison to Reimannian Motion Policies

(RMPs) [394] at https://sites.google.com/view/manipulation-mpc.

https://sites.google.com/view/manipulation-mpc
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4.4.1 Tracking Moving Targets while Handling Task Constraints

A key strength of feedback-based MPC over “plan and execute” and OSC approaches is its

ability to simultaneously optimize complex cost functions over a long horizon while demon-

strating reactive behavior. We demonstrate this by having the robot react to changing goal

poses obtained from noisy perception, while satisfying task constraints such as maintaining

desired orientation and avoiding obstacles. In these experiments, a ball held by a human is

tracked using a depth camera and the robot tries to reach the ball as the human moves it

to different locations in the workspace.

Obstacle Avoidance: Demonstrating reactive motion and reasoning about obstacle

avoidance in cluttered environments, while simultaneously coordinating large degrees of free-

dom leads to a hard online optimization problem. Standard planning and OSC approaches

often fall short in optimizing for such behavior.
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Figure 4.5: We move the ball across the

workspace while having a high weight on

maintaining a specific orientation of the

end-effector. Our control scheme can main-

tain the orientation during motion as seen

by the very low orientation error (< 3%).

To test our method’s capability to handle such

scenarios, we setup two different table top environ-

ments, one consisting of two blocks representing com-

mon pick and place environments as shown in Fig. 1

and an environment with thin walls to represent a

densely occupied space, as shown in Fig. 4.4. We use

our perception based ball tracker to make the robot

reach different positions in the environment. During

the experiment, we also move the ball to some posi-

tions that are not reachable by the robot due to pos-

sibility of collision between the robot’s links and the

obstacles. As seen in Fig. 4.4, the robot handles these

situations very well as it prioritizes collision avoidance

over reaching the pose accurately. We present our full

obstacle avoidance experiments as well as several ex-

periments in simulation in the accompanying videos.

Orientation Constraints: Several common manipulation tasks such as moving a filled
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cup require maintaining orientation during motion which reduces the feasibility region of

a controller. We test this scenario by imposing orientation constraints on the end-effector

while tracking the ball. Our controller achieves a median quaternion error of 1.2485% while

tracking the ball with sufficient accuracy as shown in Fig. 4.5.

4.4.2 Dynamic Object Balancing

We consider a hard dynamic manipulation task where the robot tries to balance a ball placed

on a tray grasped by a parallel jaw gripper as shown in Fig. 6.1. The location of the ball is

tracked using the RGBD input from a RealSense camera at 30Hz. We use a simplified dynam-

ics model of the object rolling on the tray under acceleration due to gravity and do not explic-

itly account for friction or inertial properties of the ball and do not perform any system iden-

tification. Fig. 4.6 shows a snapshot of the robot performing the task. The purpose of this

task is to demonstrate the robustness of MPC under severe model-bias while optimizing com-

plex objectives and dealing with noisy perception. We refer the reader to the supplementary

material on the project website for more details of the experimental setup and ball dynamics.

Figure 4.6: Snapshot of Ball Balancing

Analysis: Fig. 4.7 shows a superimposed plot of

the (x,y) trajectories ball with respect to the tray

frame for 10 different trials of the experiment. We

observe that, even with our highly biased model and

noise due to perception and state estimation, our

MPC framework is able to achieve a median error

of 3.9 cm in positioning the ball at the center of the

tray. Moreover, the robot did not drop the ball in

any trial. This experiment demonstrates the efficacy of MPC in correcting for model bias

while maintaining reactivity and handling complex task constraints.

Our experimental results indicate that accurate and reactive manipulation behavior can

be obtained by using relatively simple models and intuitive cost functions in an MPC frame-

work. Sampling-based MPC also provides us the flexibility to encode different desired be-
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Figure 4.7: Dynamic Balancing Task: Trajectories of ball in tray frame for 10 different episodes. In every

episode the robot starts from the home configuration and the ball is placed at an arbitrary location on

the tray. Our framework is able to achieve a median error of 3.9 cm. Note that due to perception errors,

sometimes the center of the ball is detected to be outside the tray when near the edge.

haviors such as smooth motions directly in the optimization and tightly couple perception

with control which are key components for real-world robot control.

4.5 Related Work

Perception driven feedback control on high dimensional systems is a large field of research

with several existing approaches [234]. Operation Space Controllers (OSC) are some of the

fastest algorithms available for feedback control, with methods achieving control latency of

1-2 ms [84, 128, 187, 386]. However OSC methods rely heavily on a higher level planner for

avoiding local minima (e.g.obstacles).

A more global approach has been explored by reformulating standard motion planning

methods to do feedback control via online replanning [21, 238, 267, 341, 480]. However most

of these methods run at a slow rates on high dimensional systems, with control latencies

between 140ms and 1000ms [21, 238, 267, 480]. Murray et al. [341] researched leveraging

a custom chip to do fast parallel collision checking and use this with a PRM style planner
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to replan at 1ms for reaching Cartesian Poses in a semi-structured environment. Their

chip based collision checker uses a complete pointcloud of the environment obtained by

placing many cameras in the environment and combining their pointclouds. This is an

highly unrealistic setting for real world manipulation in unstructured environments.

In the realm of Model predictive control approaches, only gradient based joint space

MPC methods have shown to work on real manipulation systems as their control latency

is in an acceptable range (20ms - 125ms ) for feedback control [141, 150, 212]. Ishihara et

al. [212] explore two stage hierarchical ILQR for fast MPC on a humanoid robot. Their two

stage approach enables a very low control latency of 20ms. Erez et al. [141] explore ILQR

on humanoid robots leveraging a simulator for the dynamics model. Fishman et al. [150] use

gradient based MPC for finding trajectories for a manipulator while simultaneously predict-

ing user intent in a human robot interaction setting. They solve the optimization problem

leveraging Levenberg-Marquardt at a control latency of 140ms. Hogan and Rodriguez [198]

explore gradient based MPC in the task space for planar non-prehensile manipulation lever-

aging a learned mode switcher to switch between different dynamic models. They are able

to obtain a control latency of 5ms as their dynamic models are smooth.

Sampling-based methods have a rich history in MPC. Model-Predictive Path Integral

Control (MPPI) [505] is one of the leading sampling-based MPC approaches that has shown

great performance on real-world aggressive off-road autonomous driving by leveraging learned

models [506] and GPU acceleration [504]. Wagener et al. [493] analyze MPC algorithms from

the perspective of online learning and show connections between different methods such as

Cross-Entropy method (CEM) and MPPI and have also demonstrated control rates of 40Hz

with 1200 samples and a horizon of 2.5 seconds for off-road driving using GPU acceleration.

However, in the context of manipulation, sampling-based control in joint space has only

been explored by optimizing in the joint position space without considering velocity and

acceleration limits [112, 208, 209]. Danielczuk et al. [112] learn a collision classifier and do

online replanning in joint space leveraging an inverse kinematic function to get a goal joint

configuration and find straight line paths in joint space to reach the goal while avoiding

collisions. Their approach doesn’t handle different task spaces directly in the form of cost

functions and also has a much larger control latency of 1000 ms. Hyatt et al. [208, 209]
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compare sampling based MPC with gradient based MPC on large dimensional robots with

piecewise linear functions. They show that sampling based MPC can run at 200Hz (5ms)

even with large number of dimensions due to it’s parallelizability on the GPU. However,

they do not explore collision avoidance or task space cost terms in their approach and leave

it for future work. Pinneri et al. [375] provide a method for adding correlated noise to action

samples in Cross-Entropy Method to reduce the number of particles required for obtaining

good performance on high-dimensional control tasks. However, their multi-threaded CPU

implementation is unable to achieve real-time performance. Their experiments are also

limited to simulation with access to true dynamics.

Sampling based optimization has also been used for motion planning in high dimensional

systems [231, 249, 250]. Kalakrishnan et al. [231] formulate planning as a stochastic trajec-

tory optimization problem and plan over the joint position space to reach Cartesian positions

while orientation constraints on the end-effector. They structure their co-variance matrix

based on the finite difference matrix to sample delta joint positions that start and stop at 0

with a smooth profile in between. This sampling along with projecting the weighted action

through this matrix, pushes the optimization towards a smooth trajectory for execution

on the real robot. Kobilarov [249, 250] explored using cross-entropy optimization for mo-

tion planning and showed global convergence in very tight environments on quadrotors and

simple planar environments.

4.6 Discussion

In this chapter, we presented a sampling-based MPC framework for manipulation that lever-

ages approximate dynamics models to optimize behaviors in the joint space and is able

achieve smooth and reactive motions while respecting constraints. We demonstrated its

performance on several real-world dynamic manipulation tasks. The first key component of

our approach is a fully tensorized kinematic model that allows for GPU-based acceleration

of rollouts. Second, we demonstrated how intuitive cost terms can encourage desirable be-

haviors. Third, this formulation allows us to leverage diverse sampling strategies to embed

desirable properties directly into the optimization. This work opens up exciting directions

for future research. First, performance can be made more robust by directly accounting for
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state uncertainty in the control loop. Second, at higher speeds and in presence of multiple

objects, the simple models used might induce significant bias. This might require reasoning

about more complicated dynamical interactions, and it is interesting to explore how general

purpose GPU-based simulators [296] can be integrated into the framework as well. This

question also motivates our exploration in the next chapter of how more generally model-

free RL can be used to mitigate the effects of model-bias while maintaining computational

speed.
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Chapter 5

BLENDING MPC & VALUE FUNCTION APPROXIMATION FOR
EFFICIENT REINFORCEMENT LEARNING

5.1 Introduction

In recent years, model-free RL approaches have led to exciting breakthroughs in challenging

sequential decision-making problems including simulated high-dimensional robotics control

tasks [176, 420] as well as video and board games [430, 431]. While these approaches are

extremely general, and can theoretically solve complex problems with little prior knowledge,

they also typically require a large quantity of training data to succeed. In robotics and

engineering domains, data may be collected from real-world interaction, a process that can

be dangerous, time consuming, and expensive.

In Chapter 4, we demonstrated how MPC can offer a simpler, more practical alternative.

In contrast to RL that typically uses data to learn a global model offline, which is then

deployed at test time, MPC solves for a policy online by optimizing an approximate model

for a finite horizon at a given state. This policy is then executed for a single timestep and the

process repeats. As also discussed in Chapter 4, MPC is one of the most popular approaches

for control of complex, safety-critical systems such as autonomous helicopters [3], aggressive

off-road vehicles [505] and humanoid robots [142], owing to its ability to use approximate

models to optimize complex cost functions with nonlinear constraints [320, 321].

However, approximations in the model used by MPC can significantly limit performance.

Specifically, model bias may result in persistent errors that eventually compound and become

catastrophic. For example, in non-prehensile manipulation, practitioners often use a simple

quasi-static model that assumes an object does not roll or slide away when pushed. For more

dynamic objects, this can lead to aggressive pushing policies that perpetually over-correct,

eventually driving the object off the surface.

Recently, there have been several attempts to combine MPC with model free RL, showing
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that the combination can improve over the individual approaches alone. Many of these

approaches involve using RL to learn a terminal cost function, thereby increasing the effective

horizon of MPC [44, 312, 541]. However, the learned value function is only applied at the

end of the MPC horizon. Model errors would still persist in horizon, leading to sub-optimal

policies. Similar approaches have also been applied to great effect in discrete games with

known models [25, 430, 431], where value functions and policies learned via model-free RL

are used to guide Monte-Carlo Tree Search. In this chapter, we focus on a broader question:

can machine learning be used to both increase the effective horizon of MPC, while also

correcting for model bias?

One straightforward approach is to try to learn (or correct) the MPC model from real

data encountered during execution; however there are some practical barriers to this strategy.

Hand-constructed models are often crude-approximations of reality and lack the expressivity

to represent encountered dynamics. Moreover, increasing the complexity of such models leads

to computationally expensive updates that can harm MPC’s online performance. Model-

based RL approaches such as [103, 343, 428] aim to learn general neural network models

directly from data. However, learning globally consistent models is an exceptionally hard

task due to issues such as covariate shift [400].

We propose a framework, MPQ(λ), for weaving together MPC with learned value es-

timates to trade-off errors in the MPC model and approximation error in a learned value

function. Our key insight is to view MPC as tracing out a series of local Q-function ap-

proximations. We can then blend each of these Q-functions with value estimates from

reinforcement learning. We show that by using a blending parameter λ, similar to the trace

decay parameter in TD(λ), we can systematically trade-off errors between these two sources.

Moreover, by smoothly decaying λ over learning episodes we can achieve the best of both

worlds - a policy can depend on a prior model before its has encountered any data and then

gradually become more reliant on learned value estimates as it gains experience.
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5.1.1 Contributions

1. We present a framework that unifies MPC and model-free RL through the perspective

of value function approximation.

2. We present a theoretical analysis of finite horizon planning with approximate models

and value functions.

3. We empirically evaluate our proposed approach on challenging manipulation problems

with varying degrees of model-bias.

5.2 Problem Formulation

5.2.1 Reinforcement Learning

We consider an agent acting in an infinite-horizon discounted Markov Decision Process

(MDP). An MDP is defined by a tuple M = (S,A, c, P, γ, µ) where S is the state space,

A is the action space, c(s, a) is the per-step cost function, st+1 ∼ P (·|st, at) is the stochas-

tic transition dynamics and γ is the discount factor and µ(s0) is a distribution over ini-

tial states. A closed-loop policy π(·|s) outputs a distribution over actions given a state.

Let µπ(S,A,c,P,γ,µ) be the distribution over state-action trajectories obtained by running pol-

icy π on M. The value function for a given policy π, is defined as V π
(S,A,c,P,γ,µ)(s) =

Eµπ
(S,A,c,P,γ,µ)

[∑∞
t=0 γ

tc(st, at) | s0 = s
]

and the action-value function as Qπ
(S,A,c,P,γ,µ)(s, a) =

Eµπ
(S,A,c,P,γ,µ)

[∑∞
t=0 γ

tc(st, at) | s0 = s, a0 = a
]
. The objective is to find an optimal policy

π∗ = argmin
π

Es0∼µ

[
V π
(S,A,c,P,γ,µ)(s0)

]
. We can also define the (dis)-advantage function

Aπ
(S,A,c,P,γ,µ)(s, a) = Qπ

(S,A,c,P,γ,µ)(s, a)−V π(s), which measures how good an action is com-

pared to the action taken by the policy in expectation. It can be equivalently expressed in

terms of the Bellman error asAπ
(S,A,c,P,γ,µ)(s, a) = c(s, a)+γEs′∼P,a′∼π

[
Qπ

(S,A,c,P,γ,µ)(s
′, a′)

]
−

Ea∼π

[
Qπ

(S,A,c,P,γ,µ)(s, a)
]
.

5.2.2 Model-Predictive Control as Q-Function Approximation

MPC is a widely used technique for synthesizing closed-loop policies for MDPs. Instead of

trying to solve for a single, globally optimal policy, MPC follows a more pragmatic approach
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of optimizing simple, local policies online. At every timestep on the system, MPC uses an

approximate model of the environment to search for a parameterized policy that minimizes

cost over a finite horizon. An action is sampled from the policy and executed on the system.

The process is then repeated from the next state, often by warm-starting the optimization

from the previous solution.

We formalize this process as solving a simpler surrogate MDP M̂ = (S,A, ĉ, P̂ , γ, µ̂,H)

online, which differs from (S,A, c, P, γ, µ) by using an approximate cost function ĉ, transition

dynamics P̂ and limiting horizon to H. Since it plans to a finite horizon, it’s also common

to use a terminal state-action value function Q̂ that estimates the cost-to-go. The start

state distribution µ̂ is a dirac-delta function centered on the current state s0 = st. MPC

can be viewed as iteratively constructing an estimate of the Q-function of the original MDP

(S,A, c, P, γ, µ), given policy πϕ at state s:

Qϕ
H(s, a) = E

µ
πϕ

M̂

[
H−1∑
i=0

γiĉ(si, ai) + γHQ̂(sH , aH) | s0 = s, a0 = a

]
(5.1)

MPC then iteratively optimizes this estimate (at current system state st) to update the

policy parameters

ϕ∗t = argmin
ϕ

Qϕ
H(st, πϕ(st)) (5.2)

Alternatively, we can also view the above procedure from the perspective of disadvantage

minimization. Let us define an estimator for the 1-step disadvantage with respect to the

potential function Q̂ as A(si, ai) = c(si, ai)+γQ̂(si+1, ai+1)−Q̂(si, ai). We can then equiva-

lently write the above optimization as minimizing the discounted sum of disadvantages over

time via the telescoping sum trick

argmin
π∈Π

E
µ
πϕ

M̂

[
Q̂(s0, a0) +

H−1∑
i=0

γiA(si, ai) | s0 = st

]
(5.3)

Although the above formulation queries the Q̂ at every timestep, it is still exactly equiv-

alent to the original problem and hence, does not mitigate the effects of model-bias. In the

next section, we build a concrete method to address this issue by formulating a novel way to

blend Q-estimates from MPC and a learned value function that can balance their respective

errors.
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5.3 Approach

In this section, we develop our approach to systematically deal with model bias in MPC by

blending-in learned value estimates. First, we take a closer look at the different sources of

error in the estimate in Eq. 5.1 and then propose an easy-to-implement, yet effective strategy

for trading them off.

5.3.1 Sources of Error in MPC

The performance of MPC algorithms critically depends on the quality of the Q-function

estimator Qϕ
H(s, a) in Eq. 5.1. There are three major sources of approximation error. First,

model bias can cause compounding errors in predicted state trajectories, which biases the

estimates of the costs of different action sequences. The effect of model error becomes more

severe as H −→∞. Second, the error in the terminal value function gets propagated back to

the estimate of the Q-function at the start state. With discounting, the effect of error due to

inaccurate terminal value function diminishes as H increases. Third, using a small H with

an inaccurate terminal value function can make the MPC algorithm greedy and myopic to

rewards further out in the future.

We can formally bound the performance of the policy with approximate models and

approximate learned value functions. In Theorem 5, we show the loss in performance of

the resulting policy as a function of the model error, value function error and the planning

horizon.

Theorem 5 (Proof Appendix 5.7.1). Let MDP M̂ be an α-approximation of M such that

∀(s, a), we have
∣∣∣∣∣∣P̂ (s′|s, a)− P (s′|s, a)∣∣∣∣∣∣

1
≤ α and |ĉ(s, a)− c(s, a)| ≤ α. Let the learned

value function Q̂(s, a) be an ϵ-approximation of the true value function
∣∣∣∣∣∣Q̂(s, a)−Qπ∗

M(s, a)
∣∣∣∣∣∣

∞
≤

ϵ. The performance of the MPC policy is bounded w.r.t the optimal policy as
∣∣∣∣∣∣V π∗

M (s)− V π̂
M(s)

∣∣∣∣∣∣
∞

≤ 2

(
γ(1− γH−1)

(1− γH)(1− γ)αH
(
cmax − cmin

2

)
+
γHαH

1− γH
(
Vmax − Vmin

2

)
+

α

1− γ +
γHϵ

1− γH
)

(5.4)

This theorem generalizes over various established results. Setting H = 1, ϵ = 0 gives

us the 1-step simulation lemma in [242] (Appendix 5.7.1). Setting α = 0, i.e. true model,

recovers the cost-shaping result in [450].
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Further inspecting Eq. 5.4, we see that the model error increases with horizon H (the

first two terms) while the learned value error decreases with H, which matches our intuitions.

In practice, the errors in model and value function are usually unknown and hard to

estimate making it impossible to optimally set the MPC horizon. Instead, we next propose

a strategy to blend the Q-estimates from MPC and the learned value function at every

timestep along the horizon, instead of just the terminal step such that we can properly

balance the different sources of error.

5.3.2 Blending Model Predictive Control and Value Functions

A naive way to blend Q-estimates from MPC with Q-estimates from the value function

would be to consider a convex combination of the two

(1− λ) Q̂(s, a)︸ ︷︷ ︸
model-free

+λ Qϕ
H(s, a)︸ ︷︷ ︸

model-based

(5.5)

where λ ∈ [0, 1]. Here, the value function is contributing to a residual that is added to

the MPC output, an approach commonly used to combine model-based and model-free

methods [286]. However, this is solution is rather ad hoc. If we have at our disposal a value

function, why invoke it at only at the first and last timestep? As the value function gets

better, it should be useful to invoke it at all timesteps.

Instead, consider the following recursive formulation for the Q-estimate. Given (si, ai),

the state-action encountered at horizon i, the blended estimate Qλ(si, ai) is expressed as

Qλ(si, ai)︸ ︷︷ ︸
current blended estimate

= (1− λ) Q̂(si, ai)︸ ︷︷ ︸
model-free

+λ( ĉ(si, ai)︸ ︷︷ ︸
model-based

+γ Qλ(si+1, ai+1)︸ ︷︷ ︸
future blended estimate

) (5.6)

where λ ∈ [0, 1]. The recursion ends at Qλ(sH , aH) = Q̂(sH , aH). In other words, the

current blended estimate is a convex combination of the model-free value function and the

one-step model-based return. The return in turn uses the future blended estimate. Note

unlike Eq. 5.5, the model-free estimate is invoked at every timestep.

We can unroll Eq. 5.6 in time to show Qλ
H(s, a), the blended H−horizon estimate, is

simply an exponentially weighted average of all horizon estimates

Qλ
H(s, a) = (1− λ)

H−1∑
i=0

λiQϕ
i (s, a) + λHQϕ

H(s, a) (5.7)
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whereQϕ
k(s, a) = E

µ
πϕ
(S,A,c,P,γ,µ)

[∑k−1
i=0 γ

iĉ(si, ai) + γkQ̂(sk, ak) | s0 = s, a0 = a
]

is a k-horizon

estimate. When λ = 0, the estimator reduces to the just using Q̂ and when λ = 1 we recover

the original MPC estimate Qϕ
H in Eq. 5.1. For intermediate values of λ, we interpolate

smoothly between the two by interpolating all H estimates.

Implementing Eq. 5.7 naively would require running H versions of MPC and then com-

bining their outputs. This is far too expensive. However, we can switch to the disadvantage

formulation by applying a similar telescoping trick

Qλ
H(s, a) = E

µ
πϕ

M̂

[
Q̂(s0, a0) +

H−1∑
i=0

(γλ)iA(si, ai)

]
(5.8)

This estimator has a similar form as the TD(λ) estimator for the value function. However,

while TD(λ) uses the λ parameter for bias-variance trade-off, our blended estimator aims

trade-off bias in dynamics model with bias in learned value function.

Why use blending λ when one can simply tune the horizon H? First, H limits the

resolution we can tune since it’s an integer – as H gets smaller the resolution becomes

worse. Second, the blended estimator Qλ
H(s, a) uses far more samples. Say we have access

to optimal horizon H∗. Even if both Qλ
H and Qϕ

H∗ had the same bias, the latter uses a strict

subset of samples as the former. Hence the variance of the blended estimator will be lower,

with high probability.

5.4 The MPQ(λ) Algorithm

We develop a simple variant of Q-Learning, called Model-Predictive Q-Learning with λ

Weights (MPQ(λ)) that learns a parameterized Q-function estimate Q̂θ. Our algorithm,

presented in Alg. 6, modifies Q-learning to use blended Q-estimates as described in the

Eq. 5.8 for both action selection and generating value targets. The parameter λ is used

to trade-off the errors due to model-bias and learned Q-function, Q̂θ. This can be viewed

as an extension of the MPQ algorithm from [44] to explicitly deal with model bias by

incorporating the learned Q-function at all timesteps. Unlike MPQ, we do not explicitly

consider the entropy-regularized formulation, although our framework can be modified to

incorporate soft-Q targets.
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Algorithm 6: MPQ(λ)

Input: Initial Q-function weights θ, Approximate dynamics P̂ and cost function ĉ

Parameter: MPC horizon H, λ schedule [λ1, λ2, . . .], discount factor γ, minibatch

size K, num mini-batches N , update frequency tupdate

1 D ← ∅
2 for t = 1 . . .∞ do

// Update λ

3 λ = λt

// Blended MPC action selection

4 ϕt ← argmin
ϕ

E
µ
πϕ

M̂

[
Q̂θ(s0, a0) +

∑H−1
i=0 (γλ)iA(si, ai) | s0 = st

]
5 at ∼ πϕt

6 Execute at on the system and observe (ct, st+1)

7 D ← (st, at, ct, st+1)

8 if t%tupdate == 0 then

9 Sample N minibatches
({

sk,n, ak,n, ck,n, s
′
k,n

}K

k=1

)N

n=1

from D

// Generate Blended MPC value targets

10 ŷk,n = ck,n + γminE
µ
πϕ

M̂

[
Q̂θ(s0, a0) +

∑H−1
i=0 (γλ)iA(si, ai) | s0 = s′k,n

]
11 Update θ with SGD on loss L = 1

N
1
K

∑N
n=1

∑K
k=1

(
ŷk,n − Q̂θ(sk,n, ak,n)

)2

At every timestep t, MPQ(λ) proceeds by using H-horizon MPC from the current state

st to optimize a policy πϕ with parameters ϕ. We modify the MPC algorithm to optimize

for the greedy policy with respect to the blended Q-estimator in (5.8), that is

ϕ∗t = argmin
ϕ

E
µ
πϕ

M̂

[
Q̂θ(s0, a0) +

H−1∑
i=0

(γλ)iA(si, ai) | s0 = st

]
(5.9)

An action sampled from the resulting policy is then executed on the system. A commonly

used heuristic is to warm start the above optimization by shifting forward the solution from

the previous timestep, which serves as a good initialization if the noise in the dynamics
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in small [494]. This can significantly cut computational cost by reducing the number of

iterations required to optimize ( 5.9) at every timestep.

Periodically, the parameters θ are updated via stochastic gradient descent to minimize

the following loss function with N mini-batches of experience tuples of size K sampled from

the replay buffer

L(θ) = 1

N

1

K

N∑
n=1

K∑
k=1

(
ŷk,n − Q̂θ(sk,n, ak,n)

)2
(5.10)

The H-horizon MPC with blended Q-estimator is again invoked to calculate the targets

ŷj = c(sj , aj) + γmin
ϕ

E
µ
πϕ

M̂

[
Q̂θ(s0, a0) +

H−1∑
i=0

(γλ)iA(si, ai) | s0 = s′k,n

]
(5.11)

Using MPC to reduce error in Q-targets has been previously explored in literature [44,

312], where the model is either assumed to be perfect or model-error is not explicitly ac-

counted for. MPC with the blended Q-estimator and an appropriate λ allows us to generate

more stable Q-targets than using Qθ or model-based rollouts with a terminal Q-function

alone. However, running H-horizon optimization for all samples in a mini-batch can be

time-consuming, forcing the use of smaller batch sizes and sparse updates. In our experi-

ments, we employ a practical modification where during the action selection step, MPC is

also queried for value targets which are then stored in the replay buffer, thus allowing us to

use larger batch sizes and updates at every timestep.

Finally, we also allow λ to vary over time. In practice, λ is decayed as more data is

collected on the system. Intuitively, in the early stages of learning, the bias in Q̂θ dominates

and hence we want to rely more on the model. A larger value of λ is appropriate as it

up-weights longer horizon estimates in the blended-Q estimator. As Q̂θ estimates improve

over time, a smaller λ is favorable to reduce the reliance on the approximate model.

5.5 Experiments

Task Details: We evaluate MPQ(λ) on simulated robot control tasks based on the MuJoCo

simulator [478], including a complex manipulation task with a 7DOF arm and in-hand

manipulation with a 24DOF anthropomorphic hand [384] as shown in Fig. 5.1. For each
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Figure 5.1: Tasks for evaluating MPQ(λ). Left to right - cartpole, peg insertion with 7DOF arm, and

in-hand manipulation to orient align pen(blue) with target(green) with 24DOF dexterous hand.

task, we provide the agent with a biased version of simulation that is used as the dynamics

model for MPC. We use Model Predictive Path Integral Control (MPPI) [506], a state-of-

the-art sampling-based algorithm as our MPC algorithm throughout.

1. CartpoleSwingup: A classic control task where the agent slides a cart along a rail

to swingup the pole attached via an unactuated hinge joint. Model bias is simulated

by providing the agent incorrect masses of the cart and pole. The masses are set lower

than the true values to make the problem harder for MPC as the algorithm will always

input smaller controls than desired as also noted in [388]. Initial position of cart and

pole are randomized at every episode.

2. SawyerPegInsertion: The agent controls a 7DOF Sawyer arm to insert a peg

attached to the end-effector into a hole at different locations on a table in front of the

robot. We test the effects of inaccurate perception by simulating a sensor at the target

location that provides noisy position measurements at every timestep. MPC uses a

deterministic model that does not account for sensor noise as common in controls.

This biases the cost of simulated trajectories, causing MPC to fail to reach the target.

3. InHandManipulation: A challenging in-hand manipulation task with a 24DOF

dexterous hand from [384]. The agent must align the pen with target orientation

within certain tolerance for succcess. The initial orientation of the pen is randomized

at every episode. Here, we simulate bias by providing larger estimates of the mass and
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inertia of the pen as well as friction coefficients, which causes the MPC algorithm to

optimize overly aggressive policies and drop the pen.

Appendix 5.7 provides more details of the tasks, success criterion and biased simulations.

Baselines: We compare MPQ(λ) against both model-based and model-free baselines -

MPPI with true dynamics and no value function, MPPI with biased dynamics and no value

function and Proximal Policy Optimization (PPO) [420].

Learning Details: We represent the Q-function with a feed-forward neural network.

Simulation parameters like mass or friction coefficients are biased using the formula m =

(1 + b)mtrue, where b is a bias-factor. We also employ a practical modification to Alg. 6 to

speed up training as discussed in Section 5.4. Instead of maintaining a large replay-buffer

and re-calculating targets for every experience tuple in a mini-batch, as done by [44, 312],

we simply query MPC for the value targets online and store them in a smaller buffer, which

allows us to perform updates at every timestep. For PPO, we used the publically available

implementation at https://bit.ly/330z5vi. Refer to the Appendix 5.7.2 for more details.

5.5.1 Analysis of Overall Performance

O 5. MPQ(λ) is able to overcome model-bias in MPC for a wide range of λ values.

Fig. 5.2(a) shows a comparison of MPQ(λ) with MPPI using true and biased dynamics

with b = −0.5 and H = 64 for various settings of λ. There exists a wide range of λ values for

which MPQ(λ) can efficiently trade-off model-bias with the bias in the learned Q-function

and out-perform MPPI with biased dynamics. However, setting λ to a high value of 1.0

or 0.95, which weighs longer horizons heavily, leads to poor performance as compounding

effects of model-bias are not compensated by Qθ. Performance also drops as λ decreases

below 0.6. MPQ(λ) outperforms MPPI with access to the true dynamics and reaches close

to asymptotic performance of PPO. This is not surprising as the learned Q-function adds

global information to the optimization and λ corrects for errors in optimizing longer horizons.

O 6. Faster convergence can be achieved by decaying λ over time.

As more data is collected on the system, we expect the bias in Qθ to decrease, whereas

model-bias remains constant. A larger value of λ that favors longer horizons is better

https://bit.ly/330z5vi
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Figure 5.2: CartpoleSwingup experiments. Solid lines show average rewards over 30 validation

episodes (fixed start states) and 3 different seeds. The dashed lines are average reward of MPPI

for the same validation episodes. Shaded region depicts the standard error of the mean Training is

performed for 100k steps with validation after every 4k steps. In (b),(d),(e), (f) λF denotes the λ

value at the end of training. PPO asymptotic performance is reported as average reward of last 10

validation iterations. (g) shows the best validation reward at the end of training for different horizon

values and MPPI trajectory samples (particles) using λ = 1.0 and λ = 0.8
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during initial steps of training as the effect of a randomly initialized Qθ is diminished due

to discounting and better exploration is achieved by forward lookahead. Conversely, as Qθ

gets more accurate, model-bias begins to hurt performance and a smaller λ is favorable. We

test this by decaying λ in [1.0, λF ] using a fixed schedule and observe that indeed faster

convergence is obtained by reducing the dependence on the model over training steps as

shown in 5.2(b). Figures 5.2(d) and 5.2(e) present an ablations that show that MPQ(λ) is

robust to a wide range of decay rates with H = 64 and 32 respectively. When provided with

true dynamics, MPPI with H = 32 performs better than H = 64 due to optimization issues

with long horizons. MPQ(λ) reaches performance comparable with MPPI H = 32 and

asymptotic performance of PPO in both cases showing robustness to horizon values which

is important since in practice we wish to set the horizon as large as our computation budget

permits. However, decaying λ too fast or too slow can have adverse effects on performance.

An interesting question for future work is whether λ can be adapted in a state-dependent

manner. Refer to Appendix 5.7.2 for details on the decay schedule.

O 7. MPQ(λ) is much more sample efficient compared to model-free RL on high-dimensional

continuous control tasks, while maintaining asymptotic performance.

Figures 5.2 and 5.3 show a comparison of MPQ(λ) with the model-free PPO baseline.

In all cases, we observe that MPQ(λ), through its use of approximate models, learned value

functions, and a dynamically-varying λ parameter to trade-off different sources of error,

rapidly improves its performance and achieves average reward and success rate comparable

to MPPI with access to ground truth dynamics and model-free RL in the limit. In In-

HandManipulation, PPO performance does not improve at all over 150k training steps.

In SawyerPegInsertion, the small magnitude of reward difference between MPPI with

true and biased models is due to the fact that despite model bias, MPC is able to get the

peg close to the table, but sensor noise inhibits precise control to consistently insert it in

the hole. Here, the value function learned by MPQ(λ) can adapt to sensor noise and allow

for fine-grained control near the table.

O 8. MPQ(λ) is robust to large degree of model misspecification.

Fig. 5.2(c) shows the effects of different values of the bias factor b used to vary the
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(c) SawyerPegInsertion Reward
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Figure 5.3: Robustness and sample efficiency of MPQ(λ). (a),(b) Varying bias factor over mass, inertia and

friction of pen (c),(d) Peg insertion with noisy perception. Same bias factor b is used for all altered properties

per task. Curves depict average reward over 30 validation episodes with multiple seeds and shaded areas are

the standard error of the mean. Asymptotic performance of PPO is average of last 10 validation iterations.
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mass of the cart and pole for MPQ(λ) with a fixed λ decay rate of [1.0, 0.75]. MPQ(λ)

achieves performance better than MPPI (H = 64) with true dynamics and comparable

to model-free RL in the limit, for a wide range of bias factors b, and convergence rate is

generally faster for smaller bias. For large values of b, MPQ(λ) either fails to improve

or diverges as the compounding effects of model-bias hurt learning, making model-free RL

the more favorable alternative. A similar trend is observed in Figures 5.3(a) and 5.3(b)

where MPQ(λ) outperforms MPPI with corresponding bias in the mass, inertia and friction

coefficients of the pen with atleast a margin of over 30% in terms of success rate. It also

achieves performance comparable to MPPI with true dynamics and model-free RL, but

is unable to do so for b = 1.0. We conclude that although MPQ(λ) is robust to large

amount of model bias, if the model is extremely uninformative, relying on MPC can degrade

performance.

O 9. MPQ(λ) is robust to planning horizon and number of trajectory samples in sampling-

based MPC.

TD(λ) based approaches are traditionally used for bias-variance trade-off in model-free

value function estimation. In our framework, λ plays a similar role, but it trades-off bias

due to the dynamics model and learned value function against variance due to long-horizon

rollouts. We empirically quantify this on the CartpoleSwingup task by training MPQ(λ)

with different values of horizon and number of particles with λ = 1.0 and λ = 0.8 respec-

tively. Results in Fig. 5.2(g) show that - (1) using λ can overcome effects of model-bias by

irrespective of the planning horizon (except for very small values of H = 1 or 2) and (2)

using λ can overcome variance due to limited number of particles with long horizon rollouts.

The ablative study in Fig. 5.2(f) lends evidence to the fact that is preferable to simply decay

λ over time than tuning the discrete horizon value to balance model bias. Not only does

decaying λ achieve a better convergence rate and asymptotic performance, the performance

is more robust to different decay rates (as evidenced from Fig. 5.2(d)), whereas the same

does not hold for varying horizon.
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5.6 Discussion

In this chapter, we presented a general framework to mitigate model-bias in MPC by blending

model-free value estimates using a parameter λ, to systematically trade-off different sources

of error. We developed a practical algorithm that is theoretically well-founded and achieves

performance close to MPC with access to the true dynamics and asymptotic performance

of model-free RL, while being sample efficient. For future work, an interesting avenue is

to explore how λ can be automatically adapted in a state-dependent fashion. In particular,

reasoning about the model and value function uncertainty may allow us to vary λ to rely more

or less on our model in certain parts of the state space. Another promising direction is to

extend the framework to explicitly incorporate constraints by exploring different constrained

MPC approaches.

5.7 Appendix

5.7.1 Proofs

We present upper-bounds on performance of a greedy policy when using approximate value

functions and models. We also analyze the case of finite horizon planning with an approx-

imate dynamics model and terminal value function which can be seen as a generalization

of [450]. For simplicity, we switch to using V̂ (s) to the learnt model-free value function

(instead of Q̂(s, a))

Let V̂ (s) be an ϵ-approximation
∣∣∣∣∣∣V̂ (s)− V π∗

M (s)
∣∣∣∣∣∣
∞
≤ ϵ. Let MDP M̂ be an α-

approximation ofM such that ∀(s, a), we have
∣∣∣∣∣∣P̂ (s′|s, a)− P (s′|s, a)∣∣∣∣∣∣

1
≤ α and

|ĉ(s, a)− c(s, a)| ≤ α.

A Gentle Start: Bound on Performance of 1-Step Greedy Policy

Theorem 6. Let the one-step greedy policy be

π̂(s) = argmin
a∈A

ĉ(s, a) + γΣs′P̂ (s
′|s, a)V̂ (s′) (5.12)

The performance loss of π̂(s) w.r.t optimal policy π∗ on MDP M is bounded by
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∣∣∣∣∣∣V π̂
M(s)− V π∗

M (s)
∣∣∣∣∣∣
∞
≤

2
(
γϵ+ α+ γα

(
Vmax−Vmin

2

))
1− γ (5.13)

Proof. From equation 5.12 we have ∀s ∈ S

ĉ(s, π̂(s)) + γ
∑
s′

P̂ (s′|s, π̂(s))V̂ (s′) ≤ ĉ(s, π∗(s)) + γ
∑
s′

P̂ (s′|s, π∗(s))V̂ (s′)

ĉ(s, π̂(s))− ĉ(s, π∗(s)) ≤ γ
(∑

s′

P̂ (s′|s, π∗(s))V̂ (s′)−
∑
s′

P̂ (s′|s, π̂(s))V̂ (s′)

)

(using
∣∣∣∣∣∣V̂ (s)− V π∗

(S,A,c,P,γ,µ)(s)
∣∣∣∣∣∣
∞
≤ ϵ)

ĉ(s, π̂(s))− ĉ(s, π∗(s)) ≤

γ

(∑
s′

P̂ (s′|s, π∗(s))V π∗

(S,A,c,P,γ,µ)(s
′)−

∑
s′

P̂ (s′|s, π̂(s))V π∗

(S,A,c,P,γ,µ)(s
′)

)
+ 2γϵ

(using |ĉ(s, a)− c(s, a)| ≤ α)

c(s, π̂(s))− c(s, π∗(s)) ≤

2γϵ+ 2α+ γ

(∑
s′

P̂ (s′|s, π∗(s))V π∗

(S,A,c,P,γ,µ)(s
′)−

∑
s′

P̂ (s′|s, π̂(s))V π∗

(S,A,c,P,γ,µ)(s
′)

)

Now, let s be the state with the max loss V π̂
(S,A,c,P,γ,µ)(s)− V π∗

(S,A,c,P,γ,µ)(s),

V π̂
(S,A,c,P,γ,µ)(s)− V π∗

(S,A,c,P,γ,µ)(s) =

c(s, π̂)− c(s, π∗) + γ
∑
s′

(
P (s′|s, π̂)V π̂

(S,A,c,P,γ,µ)(s
′)− P (s′|s, π∗)V π∗

(S,A,c,P,γ,µ)(s
′)
)

Substituting from equation 5.14

V π∗

(S,A,c,P,γ,µ)(s)− V π̂
(S,A,c,P,γ,µ)(s) ≤

2γϵ+ 2α+ γ
∑
s′

P̂ (s′|s, π∗(s))V π∗

(S,A,c,P,γ,µ)(s
′)− γ

∑
s′

P̂ (s′|s, π̂(s))V π∗

(S,A,c,P,γ,µ)(s
′)

− γ
∑
s′

P (s′|s, π∗)V π∗

(S,A,c,P,γ,µ)(s
′) + γ

∑
s′

P (s′|s, π̂)V π̂
M(s′)
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Add and subtract γ
∑

s′ P (s
′|s, π̂)V π∗

(S,A,c,P,γ,µ)(s
′) and re-arrange

V π∗

(S,A,c,P,γ,µ)(s)− V π̂
(S,A,c,P,γ,µ)(s) ≤

2γϵ+ 2α+ γ
∑
s′

(
P̂ (s′|s, π∗)− P (s′|s, π∗)

)
V π∗

(S,A,c,P,γ,µ)(s
′)

− γ
∑
s′

(
P̂ (s′|s, π̂)− P (s′|s, π̂)

)
V π∗

(S,A,c,P,γ,µ)(s
′)

+ γ
∑
s′

P (s′|s, π̂)
(
V π̂
(S,A,c,P,γ,µ)(s

′)− V π∗

(S,A,c,P,γ,µ)(s
′)
)

≤ 2γϵ+ 2α+ 2γα

(
Vmax − Vmin

2

)
+ γ

∑
s′

P (s′|s, π̂)
(
V π̂
(S,A,c,P,γ,µ)(s

′)− V π∗

(S,A,c,P,γ,µ)(s
′)
)

Since s is the state with largest loss∣∣∣∣∣∣V π∗

(S,A,c,P,γ,µ)(s)− V π̂
(S,A,c,P,γ,µ)(s)

∣∣∣∣∣∣
∞
≤

2γϵ+ 2α+ 2γα

(
Vmax − Vmin

2

)
+ γ

∑
s′

P (s′|s, π̂)
∣∣∣∣∣∣V π∗

(S,A,c,P,γ,µ)(s)− V π̂
(S,A,c,P,γ,µ)(s)

∣∣∣∣∣∣
∞

≤ 2γϵ+ 2α+ 2γα

(
Vmax − Vmin

2

)
+ γ

∣∣∣∣∣∣V π∗

(S,A,c,P,γ,µ)(s)− V π̂
(S,A,c,P,γ,µ)(s)

∣∣∣∣∣∣
∞

Re-arranging terms we get

∣∣∣∣∣∣V π∗

(S,A,c,P,γ,µ)(s)− V π̂
(S,A,c,P,γ,µ)(s)

∣∣∣∣∣∣
∞
≤

2
(
γϵ+ α+ γα

(
Vmax−Vmin

2

))
1− γ (5.14)

which concludes the proof.

Bound on Performance of H-Step Greedy Policy

Notation: For brevity let us define the following macro,

⟨V, π,M⟩H = Eµπ
(S,A,c,P,γ,µ)

[
H−1∑
i=0

γic(si, ai) + γHV (sH)

]
(5.15)

which represents the expected cost achieved when executing policy π on (S,A, c, P, γ, µ)
using V as the terminal cost. We can substitute different policies, terminal costs and MDPs.

For example,
〈
V̂ , π̂,M̂

〉
H

is the expected cost obtained by running policy π̂ on simulator

M̂ for H steps with approximate learned terminal value function V̂ .
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Lemma 7. For a given policy π, the optimal value function V π∗
M and MDPs M,M̂ the

following performance difference holds

∣∣∣∣∣∣〈V π∗
M , π,M

〉
H
−
〈
V π∗
M , π,M̂

〉
H

∣∣∣∣∣∣
∞
≤

γ

(
1− γH−1

1− γ

)
αH

(
cmax − cmin

2

)
+ γHαH

(
Vmax − Vmin

2

)
+

1− γH
1− γ α

Proof. We temporarily introduce a new MDP M′ that has the same cost function as a M,

but transition function of M̂〈
V π∗
M , π,M

〉
H
−
〈
V π∗
M , π,M̂

〉
H

=
〈
V π∗
M , π,M

〉
H
−
〈
V π∗
M , π,M′

〉
H

+
〈
V π∗
M , π,M′

〉
H
−
〈
V π∗
M , π,M̂

〉
H

(5.16)

Let ∆P (s0 . . . sH) = P (s0 . . . sH) − P̂ (s0 . . . sH) represent the difference in distribution of

states encountered by executing π on (S,A, c, P, γ, µ) and M̂ respectively starting from state

s0.

Expanding the RHS of (5.16)

=
∑

s0,...,sH

∆P (s0 . . . sH)

(
H−1∑
i=0

γic(si, ai) + γHV π∗
M (sH)

)
+Eµπ

M̂

[
H−1∑
i=0

γi (c(si, ai)− ĉ(si, ai))
]

(5.17)

Since the first state s1 is the same

=
∑

s1,...,sH

∆P (s1 . . . sH)

(
H−1∑
i=1

γic(si, ai) + γHV π∗
M (sH)

)

+ Eµπ
M̂

[
H−1∑
i=0

γi (c(si, ai)− ĉ(si, ai))
]

≤
∣∣∣∣∣
∣∣∣∣∣ ∑
s1,...,sH

∆P (s1 . . . sH)

(
H−1∑
i=1

γic(si, ai) + γHV π∗
M (sH)

)∣∣∣∣∣
∣∣∣∣∣
∞

+

∣∣∣∣∣
∣∣∣∣∣Eµπ

M̂

[
H−1∑
i=0

γi (c(si, ai)− ĉ(si, ai))
]∣∣∣∣∣
∣∣∣∣∣
∞

≤
∣∣∣∣∣
∣∣∣∣∣ ∑
s1,...,sH

∆P (s1 . . . sH)

(
H−1∑
i=1

γic(si, ai) + γHV π∗
M (sH)

)∣∣∣∣∣
∣∣∣∣∣
∞

+
1− γH
1− γ α

(5.18)

where the first inequality is obtained by applying the triangle inequality and the second
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one is obtained by applying triangle inequality followed by the upper bound on the error in

cost-function.

≤

∣∣∣∣∣∣
∣∣∣∣∣∣
∑

s2,...,sH+1

∆P (s2 . . . sH+1)

∣∣∣∣∣∣
∣∣∣∣∣∣
∞

sup(
H−1∑
i=1

γic(si, ai) + γHV π∗
M (sH)−K) +

1− γH
1− γ α

(5.19)

By choosing K =
∑H−1

i=1 γi(cmax+ cmin)/2+γ
H(Vmax+Vmin)/2 we can ensure that the term

inside sup is upper-bounded by γ(1− γH−1)/(1− γ)((cmax − cmin)/2) + γH(Vmax − Vmin)/2

≤ γ
(
1− γH−1

1− γ

)
αH

(
cmax − cmin

2

)
+ γHαH

(
Vmax − Vmin

2

)
+

1− γH
1− γ α (5.20)

The above lemma builds on similar results in [7, 228, 400].

We are now ready to prove our main theorem, i.e. the performance bound of an MPC

policy that uses an approximate model and approximate value function.

Proof of Theorem 5

Proof. Since, π̂ is the greedy policy when using M̂ and V̂ ,〈
V̂ , π̂,M̂

〉
H
≤
〈
V̂ , π∗,M̂

〉
H〈

V π∗
M , π̂,M̂

〉
H
≤
〈
V π∗
M , π∗,M̂

〉
H
+ 2γHϵ (using

∣∣∣∣∣∣V̂ − V π∗
M

∣∣∣∣∣∣
1
≤ ϵ)

(5.21)

Also, we have〈
V π∗
M , π̂,M

〉
H
−
〈
V π∗
M , π∗,M

〉
H

=
(〈
V π∗
M , π̂,M

〉
H
−
〈
V π∗
M , π̂,M̂

〉
H

)
−
(〈
V π∗
M , π∗,M

〉
H
−
〈
V π∗
M , π∗,M̂

〉
H

)
+
(〈
V π∗
M , π̂,M̂

〉
H
−
〈
V π∗
M , π∗,M̂

〉
H

) (5.22)

The first two terms can be bounded using Lemma 7 and the third term using Eq. 5.21 to

get
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〈
V π∗
M , π̂,M

〉
H
−
〈
V π∗
M , π∗,M

〉
H

≤ 2

(
γ
1− γH−1

1− γ αH

(
cmax − cmin

2

)
+ γHαH

(
Vmax − Vmin

2

)
+

1− γH
1− γ α+ γHϵ

) (5.23)

Now, let s be the state with max loss V π̂
M(s)− V π∗

M (s)

V π̂
M(s)− V π∗

M (s) =
〈
V π̂
M, π̂,M

〉
H
−
〈
V π∗
M , π∗,M

〉
H

=
(〈
V π̂
M, π̂,M

〉
H
−
〈
V π∗
M , π̂,M

〉
H

)
+
(〈
V π∗
M , π̂,M

〉
H
−
〈
V π∗
M , π∗,M

〉
H

)
= γH

(
V π̂
M(sH+1)− V π∗

M (sH+1)
)
+
(〈
V π∗
M , π̂,M

〉
H
−
〈
V π∗
M , π∗,M

〉
H

)
≤ γH

(
V π̂
M(s)− V π∗

M (s)
)

+ 2

(
γ(1− γH−1)

1− γ αH

(
cmax − cmin

2

)
+ γHαH

(
Vmax − Vmin

2

)
+

1− γH
1− γ α+ γHϵ

)
(5.24)

where last inequality comes from applying Eq. equation 5.23 and the fact that s is the state

with max loss. The final expression follows from simple algebraic manipulation.

5.7.2 Experiment Details

Task Details

CartpoleSwingup

• Reward function: x2cart + θ2pole + 0.01vcart + 0.01ωpole + 0.01a2

• Observation: [xcart, θpole, vcart, ωpole] (4 dim)

SawyerPegInsertion We simulate sensor noise by placing a simulated position sen-

sor at the target location in the MuJoCo physics engine that adds Gaussian noise with

σ = 10cm to the observed 3D position vector. MPPI uses a deterministic model that does

not take sensor noise into account for planning. Every episode lasts for 75 steps with a

timestep of 0.02 seconds between steps
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• Reward function: −1.0 ∗ ||xee − xtarget||1 − 5.0 ∗ ||xee − xtarget||2
+5 ∗ 1 (||xee − xtarget||2 < 0.06)

• Observation:
[
qpos, qvel, xee, xtarget, xee − xtarget, ||xee − xtarget||1, ||xee − xtarget||2

]
(25

dim)

An episode is considered successful if the peg stays within the hole for atleast 5 steps.

InHandManipulation This environment was used without modification from the

accompanying codebase for [384] and is available at https://bit.ly/3f6MNBP

• Reward function: −||xobj − xdes||2 + zTobjzdes+ Bonus for proximity to desired pos +

orien, zTobjzdes represents dot product between object axis and target axis to measure

orientation similarity.

• Observation: [qpos, xobj , vobj , zobj , zdes, xobj − xdes, zobj − zdes] (45 dim)

Every episode lasts 75 steps with a timestep of 0.01 seconds between steps. An episode is

considered successful if the orientation of the pen stays within a specified range of desired

orientation for atleast 20 steps. The orientation similarity is measured by the dot product

between the pen’s current longitudinal axis and desired with a threshold of 0.95.

Learning Details

Validation: Validation is performed after every N training episodes during training for

Neval episodes using a fixed set of start states that the environment is reset to. We ensure

that the same start states are sampled at every validation iteration by setting the seed value

to a pre-defined validation seed, which is kept constant across different runs of the algorithm

with different training seeds. This helps ensure consistency in evaluating different runs of

the algorithm. For all our experiments we set N = 40 and Neval = 30.

MPQ(λ): For all tasks, we represent Q function using 2 layered fully-connected neural

network with 100 units in each layer and ReLU activation. We use Adam [246] for opti-

mization with a learning rate of 0.001 and discount factor γ = 0.99. The buffer size is 1500

https://bit.ly/3f6MNBP
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Parameter CartpoleSwingup SawyerPegInsertion InHandManipulation

Horizon 32 20 32

Num particles 60 100 100

Covariance (Σ) 0.45 0.25 0.3

Temperature( β) 0.1 0.1 0.15

Filter coeffs [1.0, 0.0, 0.0] [0.25, 0.8, 0.0] [0.25, 0.8, 0.8]

Step size 1.0 0.9 1.0

γ 0.99 0.99 0.99

Table 5.1: MPPI Parameters

for CartpoleSwingup and 3000 for the others, with batch size of 64 for all. λ is smoothly

decayed according to the following sublinear schedule

λt =
λ0

1 + κ
√
t

(5.25)

where the decay rate κ is calculated based on the desired final value of λ. For batch size we

did a search from [16, 64] with a step size of 16 and buffer size was chosen from 1500, 3000,

5000. Batch size was tuned for cartpole and then fixed for the remaining two environments

and buffer size was chosen independently.

Proximal Policy Optimization (PPO): Both policy and value functions are repre-

sented by feed forward networks with 2 layers each with 64 and 128 units for policy and value

respectively. All other parameters are left to the default values. The number of trajectories

collected per iteration is modified to correspond with the same number of samples collected

between validation iterations for MPQ(λ). We collect 40 trajectories per iteration. Asymp-

totic performance is reported as average of last 10 validation iterations after 500 training

iters in SawyerPegInsertion and 2k in InHandManipulation.

MPPI parameters MPPI parameters are reported in Table 5.1. In addition to the

standard MPPI parameters, in certain cases we also use a step size as introduced by [494].

For InHandManipulation and SawyerPegInsertion we also apply autoregressive filter-

ing to smoothen the sampled trajectories with tuned filter coefficients. This has been found
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to be useful in prior works [312, 449] for high dimensional control tasks. The temperature,

initial covariance and step size parameters were tuned using a grid search with true dynam-

ics. Temperature and initial covariance were searched within [0.0, 1.0] and step size from

[0.5, 1.0] with a discretization of 0.05. The number of particles were searched from [40, 120]

with a step size of 10 and the horizon was chosen from 4 different values [16, 20, 32, 64].

The best performing parameters were chosen based on average reward over 30 episodes with

a fixed seed value to ensure reproducibility. The same parameters were then used in the

case of biased dynamics and MPQ(λ), to clearly demonstrate that MPQ(λ) can overcome

sources of error in the base MPC implementation.
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Chapter 6

ADVERSARIAL MODEL-BASED OFFLINE REINFORCEMENT
LEARNING

6.1 Introduction

The chapters so far have focused on planning and model-predictive control approaches that

can enable robots to perform a variety of complex tasks. However, these methods require

prior access to accurate and fast predictive models to succeed. This assumption can be

violated in many real-world dynamic interactions such as fluid dynamical systems [491],

contact-rich manipulation [19] or even modelling human behavior for autonomous driving.

In such scenarios, we must rely on data-driven approaches for learning control policies. How-

ever, as discussed before, collecting robot experience is often challenging in terms of safety,

time and money. Thus, data must be collected by qualified reference policies that satisfy

certain safety and performance guarantees, such as human teleoperation or safe reference

controllers. This poses severe challenges to learning based approaches based on RL, as the

data collected by such policies is generally non-exploratory, sub-optimal and sparse. How

can we develop practical methods for maximally utilizing such mixed-quality datasets? In

this chapter, we explore this question and present a method to enable robust policy learning

with strong performance guarantees.

We focus on the paradigm of offline reinforcement learning (ORL), which is a general

framework for learning decision-making policies from logged datasets of interaction [224,

274, 291, 512]. In comparison with alternate learning techniques, such as off-policy RL

and imitation learning (IL), offline RL reduces the data assumption needed to learn good

policies and does not require collecting new data. Theoretically, offline RL can learn the

best policy that the given data can explain: as long as the offline data includes the scenarios

encountered by a near-optimal policy, an offline RL algorithm can learn such a near-optimal

policy, even when the data is collected by highly sub-optimal policies and/or is not diverse.
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Figure 6.1: Robust Policy Improvement: ARMOR can improve performance over the reference policy (REF)

over a broad range of pessimism hyperparameter (purple) regardless of data coverage. ORL denotes best

offline RL policy without using the reference policy, and reference is obtained by behavior cloning on expert

dataset.

Such robustness to data coverage makes offline RL a promising technique for solving real-

world problems, as collecting diverse or expert-quality data in practice is often expensive or

simply infeasible.

The fundamental principle behind offline RL is the concept of pessimism, which considers

worst-case outcomes for scenarios without data. In algorithms, this is realized by (explicitly

or implicitly) constructing performance lower bounds in policy learning which penalizes

uncertain actions. Various designs have been proposed to construct such lower bounds,

including behavior regularization [160, 162, 264, 277, 509], point-wise pessimism based on

negative bonuses or truncation [224, 245], value penalty [265, 530], or two-player games [85,

481, 512]. Conceptually, the tighter the lower bound is, the better the learned policy would

perform; see a detailed discussion of related work in Section 6.6.

Despite these advances, offline RL still has not been widely adopted to build learning-

based decision systems beyond academic research. One important factor we posit is the issue

of performance degradation: Usually, the systems we apply RL to have currently running

policies, such as an engineered autonomous driving rule or a heuristic-based system for

diagnosis, and the goal of applying a learning algorithm is often to further improve upon

these baseline reference policies. As a result, it is imperative that the policy learned by the

algorithm does not degrade the base performance. This criterion is especially critical for

applications where poor decision outcomes cannot be tolerated.

However, running an offline RL algorithm based on pessimism, in general, is not free
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from performance degradation. While there have been algorithms with policy improvement

guarantees [85, 160, 162, 265, 277], such guarantees apply only to the behavior policy that

collects the data, which might not necessarily be the reference policy. In fact, quite often

these two policies are different. For example, in robotic manipulation, it is common to have

a dataset of activities different from the target task. In such a scenario, comparing against

the behavior policy is meaningless, as these policies do not have meaningful performance in

the target task.

In this chapter, we propose a novel model-based offline RL framework, called Advesarial

Model for Offline Rinforcement Learning (ARMOR), which can robustly learn policies that

improve upon an arbitrary reference policy by adversarially training a Markov decision pro-

cess (MDP) model, regardless of the data quality. ARMOR is designed based on the concept

of relative pessimism [85], which aims to optimize for the worst-case relative performance

over uncertainty. In theory, we prove that, owing to relative pessimism, the ARMOR policy

never degrades the performance of the reference policy for a range of hyperparameters which

is given beforehand, a property known as Robust Policy Improvement (RPI) [85]. In addi-

tion, when the right hyperparameter is chosen, and the reference policy is covered by the

data, we prove that the ARMOR policy can also compete with any policy covered by the data

in an absolute sense. To our knowledge, RPI property of offline RL has so far been limited

to comparing against the data collection policy [85, 160, 162, 264, 277, 509]. In ARMOR,

by adversarially training an MDP model, we extend the technique of relative pessimism to

achieve RPI with arbitrary reference policies, regardless of whether they collected the data

or not (Fig. 6.1). In addition to theory, we design a scalable deep-learning implementation

of ARMOR to validate these claims that jointly trains an MDP model and the state-action

value function to minimize the estimated performance difference between the policy and the

reference using model-based rollouts. Our implementation achieves state-of-the-art (SoTA)

performance on D4RL benchmarks [155], while using only a single model (in contrast to

ensembles used in existing model-based offline RL works). This makes ARMOR a better

framework for using high-capacity world models (e.g.[177]) for which building an ensemble

is too expensive. We also empirically validate the RPI property of our implementation.
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6.2 Preliminaries

We assume that the learner has access to a Markovian policy class Π and an MDP model

classM.

Assumption 1 (Realizability). We assume the ground truth model M⋆ is in the model class

M.

In addition, we assume that we are provided a reference policy πref . In practice, such

a reference policy represents a baseline whose performance we want to improve with offline

RL and data.

Assumption 2 (Reference policy). We assume access to a reference policy πref , which can

be queried at any state. We assume πref is realizable, i.e., πref ∈ Π.

If πref is not provided, we can still run ARMOR as a typical offline RL algorithm, by

first performing behavior cloning on the data and setting the cloned policy as πref . In this

case, ARMOR has RPI with respect to the behavior policy.

Robust Policy Improvement RPI is a notion introduced in [85], which means that

the offline algorithm can learn to improve over the behavior policy, using hyperparameters

within a known set. Algorithms with RPI are more robust to hyperparameter choices, and

they are often derived from the principle of relative pessimism [85]. In this work, we extend

the RPI concept to compare with an arbitrary reference (or baseline) policy, which can be

different from the behavior policy and can take actions outside data support.

6.3 Adversarial Model for Offline Reinforcement Learning

ARMOR is a model-based offline RL algorithm designed with relative pessimism. The goal

of ARMOR is to find a policy π̂ that maximizes the performance difference J(π̂) − J(πref)
to a given reference policy πref , while accounting for the uncertainty due to limited data

coverage. ARMOR achieves this by solving a two-player game between a learner policy and

an adversary MDP model:

π̂ = argmax
π∈Π

min
M∈Mα

JM (π)− JM (πref) (6.1)
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based on a version space of MDP models

Mα = {M ∈M : ED(M)− min
M ′∈M

ED(M ′) ≤ α}, (6.2)

where we define the model fitting loss as

ED(M) := −∑D logPM (s′ | s, a) + (RM (s,a)−r)2/V 2
max (6.3)

and α ≥ 0 is a bound on statistical errors such that M⋆ ∈ Mα. In this two-player game,

ARMOR is optimizing a lower bound of the relative performance J(π) − J(πref). This is

due to the construction that M⋆ ∈ Mα, which ensures minM∈Mα JM (π) − JM (πref) ≤
JM⋆(π)− JM⋆(πref).

One interesting property that follows from optimizing the relative performance lower

bound is that π̂ is guaranteed to always be no worse than πref , for a wide range of α and

regardless of the relationship between πref and the data D.

Proposition 8. For any α large enough such that M⋆ ∈Mα, it holds that J(π̂) ≥ J(πref).

This fact can be easily reasoned: Since πref ∈ Π, we have maxπ∈ΠminM∈Mα JM (π) −
JM (πref) ≥ minM∈Mα JM (πref)− JM (πref) = 0. In other words, ARMOR achieves the RPI

property with respect to any reference policy πref and offline dataset D.

This RPI property of ARMOR is stronger than the RPI property in the literature. In

comparison, previous algorithms with RPI [85, 160, 162, 264, 277, 509] are only guaranteed

to be no worse than the behavior policy that collected the data. In Section 6.3.2, we will

also show that when α is set appropriately, ARMOR can provably compete with the best

data covered policy as well, as prior offline RL works [e.g., 85, 481, 512].

6.3.1 An Illustrative Toy Example

Why does ARMOR have the RPI property, even when the reference policy πref is not covered

by the data D? While we will give a formal analysis soon in Section 6.3.2, here we provide

some intuitions as to why this is possible. First, notice that ARMOR has access to the

reference policy πref . Therefore, a trivial way to achieve RPI with respect to πref is to

just output πref . However, this naïve algorithm while never degrading πref cannot learn

to improve from πref . ARMOR achieves these two features simultaneously by 1) learning
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Figure 6.2: A toy MDP illustrating the RPI property of ARMOR. (Top) The true MDP has deterministic

dynamics where taking the left (al) or right (ar) actions takes the agent to corresponding states; start state is

in yellow. The suboptimal behavior policy visits only the left part of the state space, and the reference policy

demonstrates optimal behavior by always choosing ar. (Bottom) A subset of possible data-consistent MDP

models in the version space. The adversary always chooses the MDP that makes the reference maximally

outperform the learner. In response, the learner will learn to mimic the reference outside data support to

be competitive.

an MDP Model, and 2) adversarially training this MDP model to minimize the relative

performance difference to πref during policy optimization.

We illustrate this by a one-dimensional discrete MDP example with five possible states

as shown in Figure 6.2. The dynamic is deterministic, and the agent always starts in the

center cell. The agent receives a lower reward of 0.1 in the left-most state and a high reward

of 1.0 upon visiting the right-most state. Say, the agent only has access to a dataset from

a sub-optimal policy that always takes the left action to receive the 0.1 reward. Further,

let’s say we have access to a reference policy that demonstrates optimal behavior on the

true MDP by always visiting the right-most state. However, it is unknown a priori that the

reference policy is optimal. In such a case, typical offline RL methods can only recover the

sub-optimal policy from the dataset as it is the best-covered policy in the data.

ARMOR can learn to recover the expert reference policy in this example by perform-

ing rollouts with the adversarially trained MDP model. From the realizability assumption

(Assumption 1), we know that the version space of models contains the true model (i.e.,

M⋆ ∈Mα). The adversary can then choose a model from this version space where the refer-



105

ence policy πref maximally outperforms the learner. In this toy example, the model selected

by the adversary would be the one allowing the expert policy to reach the right-most state.

Now, optimizing relative performance difference with respect to this model will ensure that

the learner can recover the expert behavior, since the only way for the learner to stay com-

petitive with the reference policy is to mimic the reference policy in the region outside data

support. In other words, the reason why ARMOR has RPI to πref is that its adversarial

model training procedure can augment the original offline data with new states

and actions that would cover those generated by running the reference policy. 1

6.3.2 Theoretical Analysis

Now we make the above discussions formal and give theoretical guarantees on ARMOR’s

absolute performance and RPI property. To this end, we introduce a single-policy concen-

trability coefficient, which measures the distribution shift between a policy π and the data

distribution µ.

Definition 1 (Generalized Single-policy Concentrability). We define the generalized single-

policy concentrability for policy π, model classM and offline data distribution µ as CM(π) :=

supM∈M
Edπ [E⋆(M)]
Eµ[E⋆(M)] , where E⋆(M) = DTV (PM (· | s, a), PM⋆(· | s, a))2+(RM (s,a)−R⋆(s,a))2/V 2

max.

Note that CM(π) is always upper bounded by the standard single-policy concentrability

coefficient ∥dπ/µ∥∞ [e.g., 224, 392, 515], but it can be smaller in general with model class

M. It can also be viewed as a model-based analog of the one in [512]. A detailed discussion

around CM(π) can be found in [481].

First, we present the absolute performance guarantee of ARMOR, which holds for a

well-tuned α.

Theorem 9 (Absolute performance). Under Assumption 1, there is an absolute constant

c such that for any δ ∈ (0, 1], if we set α = c · (log(|M|/δ)) in Equation 6.2, then for any

reference policy πref and comparator policy π† ∈ Π, with probability 1−δ, the policy π̂ learned

1Note that ARMOR does not depend on knowledge of the true reward function and similar arguments
hold in the case of learned rewards.
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by ARMOR in Equation 6.1 satisfies that J(π†)− J(π̂) is upper bounded by

O
((√

CM(π†) +
√

CM(πref)
)

Vmax
1−γ

√
log(|M|/δ)

n

)
.

Roughly speaking, Theorem 9 shows that π̂ learned by ARMOR can compete with any

policy π† with a large enough dataset, as long as the offline data µ has good coverage on π†

(good coverage over πref can be automatically satisfied if we simply choose πref = µ, which

yields CM(πref) = 1). Compared to the closest model-based offline RL work [481], if we set

πref = µ (data collection policy), Theorem 9 leads to almost the same guarantee as [481,

Theorem 1] up to constant factors.

In addition to absolute performance, below we show that, under Assumptions 1 and 2,

ARMOR has the RPI property to πref : it always improves over J(πref) for a wide range of

parameter α. Compared with the model-free ATAC algorithm in [85, Proposition 6], the

threshold for α in Theorem 10 does not depend on sample size N due to the model-based

nature of ARMOR.

Theorem 10 (Robust strong policy improvement). Under Assumptions 1 and 2, there exists

an absolute constant c such that for any δ ∈ (0, 1], if: i) α ≥ c · (log(|M|/δ)) in Equation 6.2;

ii) πref ∈ Π, then with probability 1 − δ, the policy π̂ learned by ARMOR in Equation 6.1

satisfies J(π̂) ≥ J(πref).

The detailed proofs of Theorems 9 and 10, as well as the discussion on how to relax As-

sumptions 1 and 2 to the misspecified model and policy classes are deferred to Section 6.9.1.

6.4 Practical Implementation

In this section, we present a scalable implementation of ARMOR (Algorithm 7) that ap-

proximately solves the two-player game in Equation 6.1. We first describe the overall design

principle and then the algorithmic details.

6.4.1 A Model-based Actor Critic Approach

For computational efficiency, we take a model-based actor critic approach and solve a reg-

ularized version of Equation 6.1. We construct this regularized version by relaxing the
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Algorithm 7: ARMOR (Adversarial Model for Offline Reinforcement Learning)

1 Input: Batch data Dreal, policy π, MDP model M , critics f1, f2, horizon H,

constants β, λ ≥ 0, τ ∈ [0, 1], w ∈ [0, 1],

1: Initialize target networks f̄1 ← f1, f̄2 ← f2 and Dmodel = ∅ for k = 0, . . . ,K − 1 do
2:

Sample minibatch Dmini
real from dataset Dreal and minibatch Dmini

model from dataset

Dmodel.

3: Construct transition tuples using model predictions

DM :=
{
(s, a, rM , s

′
M ) : rM = RM (s, a), s′M ∼ PM (· | s, a), (s, a) ∈ Dmini

real ∪ Dmini
model

}
4: Update the adversary networks; for i = 1, 2,

ladversary(f,M) := LDM
(f, π, πref) + β

(
EwDM

(f,M, π) + λEDmini
real

(M)
)

(6.4)

M ←M − ηfast
(
∇M l

adversary(f1,M) +∇M l
adversary(f2,M)

)
fi ← ProjF (fi − ηfast∇fi l

adversary(fi,M)) and f̄i ← (1− τ)f̄i + τfi

5: Update actor network with respect to the first critic network and the reference policy

lactor(π) := −LDM
(f1, π, πref) (6.5)

π ← ProjΠ(π − ηslow∇πl
actor(π))

6: If k%H = 0, then reset model state: S̄π ← {s ∈ Dmini
real } and S̄πref

← {s ∈ Dmini
real }

7: Query the MDP model to expand Dmodel and update model state

Āπ := {a : a ∼ π(s), s ∈ S̄π} and Āπref
:= {a : a ∼ πref(s), s ∈ S̄πref

}

Dmodel := Dmodel ∪ {S̄π, Āπ} ∪ {S̄πref
, Āπref

}

S̄π ← {s′ | s′ ∼ detach(PM (· | s, a)), s ∈ S̄π, a ∈ Āπ}

S̄πref
← {s′ | s′ ∼ detach(PM (· | s, a)), s ∈ S̄πref

, a ∈ Āπref
}
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constraint M ∈ Mα in the inner minimization of Equation 6.1 to a regularization term

and introducing an additional critic function. To clearly elaborate this, we first present the

regularized objective in its complete form, and subsequently derive it from Equation 6.1.

Let F : {f : S × A → [0, Vmax]} be a class of critic functions. The regularized objective

is given as

π̃ ∈ argmax
π∈Π

LdπrefM
(π, f) (6.6)

s.t. fπ ∈ argmin
M∈M,f∈F

LdπrefM
(π, f) + β

(
Eρπref ,π(π, f,M) + λED(M)

)
where ED(M) =

∑
D − logPM (s′ | s, a)+(RM (s,a)−r)2/V 2

max is the model-fitting error, LdπrefM
(π, f) :=

Ed
πref
M

[f(s, π)− f(s, πref)] is equal to the performance difference (1− γ)(JM (π)− JM (πref)),

Eρπref ,π(π, f,M) denotes the squared Bellman error on the distribution ρπref ,π that denotes

the distribution generated by first running πref and then rolling out π in M (with a switching

time sampled from a geometric distribution of γ), and β, λ act as the Lagrange multipliers.

This regularized formulation in Equation 6.6 can be derived as follows. Assuming Qπ
M ∈

F , and using the facts that JM (π) = Ed0 [Q
π
M (s, π)] and the Bellman equation Qπ

M (s, a) =

rM (s, a) + γEs′∼PM (s,a)[Q
π
M (s′, π)], we can rewrite Equation 6.1 as

max
π∈Π

min
M∈M,f∈F

Ed
πref
M

[f(s, π)− f(s, πref)]. (6.7)

s.t. ED(M) ≤ α+ min
M ′∈M

ED(M ′)

∀s, a ∈ supp(ρπref ,π), f(s, a) = rM (s, a) + γEs′∼PM (s,a)[f(s
′, π)]

We then convert the constraints in Equation 6.7 into regularization terms in the inner min-

imization by introducing Lagrange multipliers (β, λ), following [85, 512], and drop the

constants not affected by M,f, π, which results in Equation 6.6.

6.4.2 Algorithm Details

Algorithm 7 is an iterative solver for approximating the solution to Equation 6.6. Here we

further approximate dπref
M and ρπref ,π in Eq. (6.6) using samples from the state-action buffer

Dmodel. We want ensure that Dmodel has a larger coverage than both dπref
M and ρπref ,π. We do

so heuristically, by constructing the model replay buffer Dmodel through repeatedly rolling
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out π and πref with the adversarially trained MDP model M , such that Dmodel contains a

diverse training set of state-action tuples.

Specifically, the algorithm takes as input an offline dataset Dreal, a policy π, an MDP

model M and two critic networks f1, f2. At every iteration, the algorithm proceeds in two

stages. First, the adversary is optimized to find a data-consistent model that minimizes the

performance difference with the reference policy. We sample mini-batches of only states and

actions Dmini
real and Dmini

model from the real and model-generated datasets respectively (Line 3).

The MDP model M is queried on these mini-batches to generate next-state and reward

predictions. The adversary then updates the model and Q-functions (Line 4) using the

gradient of the loss described in Equation 6.4, where

LDM
(f, π, πref) := EDM

[f(s, π(s))− f(s, πref(s)]

EwDM
(f,M, π) := (1− w)E tdD (f, f,M, π) + wE tdD (f, f̄ ,M, π)

EDmini
real

(M) := EDmini
real

[− logPM (s′ | s, a) + (RM (s,a)−r)2/V 2
max]

LDM
is the pessimistic loss term that forces the f to predict a lower value for the learner

than the reference on the sampled states. EwDM
is the Bellman surrogate to encourage the Q-

functions to be consistent with the model-generated data DM . We use the double Q residual

algorithm loss similar to [85], which is defined as a convex combination of the temporal

difference losses with respect to the critic and the delayed target networks, E tdD (f, f ′,M, π) :=

ED
[
(f(s, a)− r − γf ′(s′, π))2

]
. ED(M) is the model-fitting loss that ensures the model is

data-consistent. β and λ control the effect of the pessimistic loss, by constraining Q-functions

and models the adversary can choose. Once the adversary is updated, we update the policy

(Line 5) to maximize the pessimistic loss as defined in Eq. (6.5). Similar to [85], we choose

one Q-function and a slower learning rate for the policy updates (ηfast ≫ ηslow).

We remark that EwDM
not only affects f1, f2, but also M , i.e., it forces the model to

generate transitions where the Q-function is Bellman consistent. This allows the pessimistic

loss to indirectly affect the model learning, thus making the model adversarial. Consider

the special case where λ = 0 in the loss of Line 3. The model here is no longer forced

to be data consistent, and the adversary can now freely update the model via EwDM
such

that the Q-function is always Bellman consistent. As a consequence, the algorithm becomes
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equivalent to IL on the model-generated states. We empirically study this behavior in our

experiments (Section 6.5).

Lines 6 and 7 describe our model-based rollout procedure. We incrementally rollout both

π and πref from states in Dmini
real for a horizon H, and add the generated transitions to Dmodel.

The aim of this strategy is to generate a distribution with large coverage for training the

adversary and policy, and we discuss this in detail in the next section.

Finally, it is important to note the fact that neither the pessimistic nor the Bellman

surrogate losses uses the real transitions; hence our algorithm is completely model-based

from a statistical point of view, that the value function f is solely an intermediate variable

that helps in-model optimization and not directly fit from data.

6.5 Experiments

We test the efficacy of ARMOR on two major fronts: (1) performance comparison to existing

offline RL algorithms, and (2) robust policy improvement over a reference policy that is not

covered by the dataset, a novel setting that is not applicable to existing works2. We use the

D4RL [155] continuous control benchmarks datasets for all our experiments and the code

will be made public.

Experimental Setup: We parameterize π, f1, f2 and M using feedforward neural net-

works, and set ηfast = 5e− 4, ηslow = 5e− 7, w = 0.5 similar to [85]. In all our experiments,

we vary only the β and λ parameters which control the amount of pessimism; others are

fixed. Importantly, we set the rollout horizon to be the max episode horizon defined in

the environment. The dynamics model is pre-trained for 100k steps using model-fitting loss

on the offline dataset. ARMOR is then trained for 1M steps on each dataset. Refer to

Section 6.9.7 for more details.

6.5.1 Comparison with Offline RL Baselines

By setting the reference policy to the behavior-cloned policy on the offline dataset, we

can use ARMOR as a standard offline RL algorithm. Table 6.1 shows a comparison of

2In Section 6.9.7 we empirically show how imitation learning can be obtained as a special case of ARMOR
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Dataset ARMOR MoREL MOPO RAMBO COMBO ATAC CQL IQL BC

hopper-med 101.4 95.4 28.0 92.8 97.2 85.6 86.6 66.3 29.0

walker2d-med 90.7 77.8 17.8 86.9 81.9 89.6 74.5 78.3 6.6

halfcheetah-med 54.2 42.1 42.3 77.6 54.2 53.3 44.4 47.4 36.1

hopper-med-replay 97.1 93.6 67.5 96.6 89.5 102.5 48.6 94.7 11.8

walker2d-med-replay 85.6 49.8 39.0 85.0 56.0 92.5 32.6 73.9 11.3

halfcheetah-med-replay 50.5 40.2 53.1 68.9 55.1 48.0 46.2 44.2 38.4

hopper-med-exp 103.4 108.7 23.7 83.3 111.1 111.9 111.0 91.5 111.9

walker2d-med-exp 112.2 95.6 44.6 68.3 103.3 114.2 98.7 109.6 6.4

halfcheetah-med-exp 93.5 53.3 63.3 93.7 90.0 94.8 62.4 86.7 35.8

pen-human 72.8 - - - - 53.1 37.5 71.5 34.4

hammer-human 1.9 - - - - 1.5 4.4 1.4 1.5

door-human 6.3 - - - - 2.5 9.9 4.3 0.5

relocate-human 0.4 - - - - 0.1 0.2 0.1 0.0

pen-cloned 51.4 - - - - 43.7 39.2 37.3 56.9

hammer-cloned 0.7 - - - - 1.1 2.1 2.1 0.8

door-cloned -0.1 - - - - 3.7 0.4 1.6 -0.1

relocate-cloned -0.0 - - - - 0.2 -0.1 -0.2 -0.1

pen-exp 112.2 - - - - 136.2 107.0 - 85.1

hammer-exp 118.8 - - - - 126.9 86.7 - 125.6

door-exp 98.7 - - - - 99.3 101.5 - 34.9

relocate-exp 96.0 - - - - 99.4 95.0 - 101.3

Table 6.1: Performance comparison of ARMOR against baselines on the D4RL datasets. The values for

ARMOR denote last iteration performance averaged over 4 random seeds, and baseline values were taken

from their respective papers. The values denote normalized returns based on random and expert policy

returns similar to [155]. Boldface denotes performance within 10% of the best performing algorithm. We

report results with standard deviations in Section 6.9.7.
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the performance of ARMOR against SoTA model-free and model-based offline RL base-

lines. In the former category, we consider ATAC [85], CQL [265] and IQL [255], and for

the latter we consider MoREL [245], MOPO [530], and RAMBO [398]. We also compare

against COMBO [529] which is a hybrid model-free and model-based algorithm. In these

experiments, we initially warm start the optimization for 100k steps, by training the policy

and Q-function using behavior cloning and temporal difference learning respectively on the

offline dataset to ensure the learner policy is initialized to be the same as the reference.

Overall, we observe that ARMOR consistently outperforms or is competitive with the best

baseline algorithm on most datasets. Specifically, compared to other purely model-based

baselines (MoREL, MOPO and RAMBO), there is a marked increase in performance in

the walker2d-med, hopper-med-exp and walker2d-med-exp datasets. We would like to high-

light two crucial elements about ARMOR, in contrast to other model-based baselines -

(1) ARMOR achieves SoTA performance using only a single neural network to model the

MDP, as opposed to complex network ensembles employed in previous model-based offline

RL methods [245, 398, 529, 530], and (2) to the best of our knowledge, ARMOR is the

only purely model-based offline RL algorithm that has shown performance comparable with

model-free algorithms on the high-dimensional Adroit environments. The lower performance

compared to RAMBO on halfcheetah-med and halfcheetah-med-replay may be attributed to

that the much larger computational budget used by RAMBO is required for convergence on

these datasets.

6.5.2 Robust Policy Improvement

Next, we test whether the practical version of ARMOR demonstrates RPI of the theoretical

version. We consider a set of 14 datasets comprised of the medium and medium-replay

versions of D4RL locomotion tasks, as well as the human and cloned versions of the Adroit

tasks, with the reference policy set to be the stochastic behavior cloned policy on the expert

dataset. We chose these combinations of dataset quality and reference, to ensure that the

reference policy takes out-of-distribution actions with respect to the data. Unlike Sec. 6.5.1

3The variation in performance of the reference for different dataset qualities in the same environment is
owing to different random seeds.
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Figure 6.3: Verification of RPI over the reference policy for different β (purple). ORL denotes the perfor-

mance of offline RL with ARMOR (Table 6.1), and REF is the performance of reference policy.3

here the reference policy is a black-box given as a part of the problem definition. This opens

the question of how the learner should be initialized, since we can not trivially initialize the

learner to be the reference as in the previous experiments.4 In a similar spirit to Sec. 6.5.1,

one might consider initializing the learner close to the reference by behavior cloning the

reference policy on the provided dataset during warmstart, i.e, by replacing the dataset

actions with reference actions. However, when the reference chooses out of support actions,

this procedure will not provide a good global approximation of the reference policy, which

can make the optimization problem harder. Instead, we propose to learn a residual policy

where the learned policy outputs an additive correction to the reference [434]. This is an

appropriate choice since ARMOR does not make any restrictive assumptions about the

structure of the policy class. Figure 6.3 shows the normalized return achieved by ARMOR

for different β, with fixed values for remaining hyperparameters. We observe that ARMOR

is able to achieve performance comparable or better than the reference policy for a range of β

values uniformly across all datasets, thus verifying the RPI property in practice. Specifically,

there is significant improvement via RPI in the hammer, door and relocate domains, where

running ARMOR as a pure offline RL algorithm(Section 6.5.1) does not show any progress 5.

Overall, we note the following metrics:

4In Section 6.9.7 we provide further experiments for different choices of reference policies.
5We provide comparisons when using a behavior cloning initialization for the learner in Section 6.9.7.
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• In 14/14 datasets, ARMOR shows RPI (i.e., ARMOR policy is no worse than the

reference when measured by overlap of confidence intervals). Further, considering the

difference between ORL and REF as a rough indication of whether the reference is

within data support, we note that in 12/14 cases REF is strictly better than ORL,

and in all those cases ARMOR demonstrates RPI.

• In 5/14 datasets, the ARMOR policy is strictly better than the reference. (Criterion:

the lower confidence of ARMOR performance is better than upper confidence of REF).

It is important to note that this metric is highly dependent on the quality of the refer-

ence policy. Since the reference is near-expert, it can be hard for some environments

to improve significantly over it.

6.6 Related Work

There has been an extensive line of works on reinforcement with offline/batch data, especially

for the case with the data distribution is rich enough to capture the state-action distribution

for any given policy [26, 75, 146, 274, 310, 339, 340, 513, 514]. However, this assumption is

not practical since the data distribution is typically restricted by factors such as the quality

of available policies, safety concerns, and existing system constraints, leading to narrower

coverage. As a result, recent offline RL works in both theoretical and empirical literature

have focused on systematically addressing datasets with inadequate coverage.

Modern offline reinforcement learning approaches can be broadly categorized into two

groups for the purpose of learning with partial coverage. The first type of approaches rely on

behavior regularization, where the learned policy is encouraged to be close to the behavior

policy in states where there is insufficient data [e.g., 161, 264, 277, 429]. These algorithms

ensure that the learned policy performs at least as well as the behavior policy while striving

to improve it when possible, providing a form of safe policy improvement guarantees. These

and other studies [160, 255, 509] have provided compelling empirical evidence for the benefits

of these approaches.

The second category of approaches that has gained prevalence relies on the concept

of pessimism under uncertainty to construct lower-bounds on policy performance without
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explicitly constraining the policy. Recently, there have been several model-free and model-

based algorithms based on this concept that have shown great empirical performance on

high dimensional continuous control tasks. Model-free approaches operate by constructing

lower bounds on policy performance and then optimizing the policy with respect to this lower

bound [255, 265]. The model-based counterparts first learn a world model and the optimize a

policy using model-based rollouts via off-the-shelf algorithms such as Natural Policy Gradient

[230] or Soft-Actor Critic [176]. Pessimism is introduced by either terminating model rollouts

using uncertainty estimation from an ensemble of neural network models [245] or modifying

the reward function to penalize visiting uncertain regions [530]. [529] propose a hybrid

model-based and model-free approach that integrates model-based rollouts into a model-free

algorithm to construct tighter lower bounds on policy performance. On the more theoretical

side, the offline RL approaches built upon the pessimistic concept [e.g., 224, 311, 392, 427,

481, 512, 533] also illustrate desired theoretical efficacy under various of setups.

Another class of approaches employs an adversarial training framework, where offline RL

is posed a two player game between an adversary that chooses the worst-case hypothesis (e.g.,

a value function or an MDP model) from a hypothesis class, and a policy player that tried

to maximize the adversarially chosen hypothesis. [512] propose the concept of Bellman-

consistent pessimism to constrain the class of value functions to be Bellman consistent

on the data. [85] extend this framework by introducing a relative pessimism objective

which allows for robust policy improvement over the data collection policy µ for a wide

range of hyper-parameters. Our approach can be interpreted as a model-based extension

of [85]. These approaches provide strong theoretical guarantees even with general function

approximators while making minimal assumptions about the function class (realizability

and Bellman completeness). [78] provide an adversarial model learning method that uses

an adversarial policy to generate a data-distribution where the model performs poorly and

iteratively updating the model on the generated distribution. There also exist model-based

approaches based on the same principle [398, 481] for optimizing the absolute performance.

Of these, [398] is the closest to our approach, as they also aim to find an adversarial MDP

model that minimizes policy performance. They use a policy gradient approach to train the

model, and demonstrate great empirical performance. However, their approach is based on
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absolute pessimism and does not enjoy the same RPI property as ARMOR.

6.7 Discussion

The RPI of ARMOR is highly valuable as it allows easy tuning of the pessimism hyper-

parameter without performance degradation. We believe that leveraging this property can

pave the way for real-world deployment of offline RL. Thus, we next present a discussion of

RPI.

When does RPI actually improve over the reference policy?

Given ARMOR’s ability to improve over an arbitrary policy, the following question natu-

rally arises: Can ARMOR nontrivially improve the output policy of other offline algorithms,

including itself?

If this were true, can we repeatedly run ARMOR to improve over itself and obtain the

best policy any algorithm can learn offline? Unfortunately, the answer is negative. Not only

can ARMOR not improve over itself, but it also cannot improve over a variety of algorithms

(e.g., absolute pessimism or minimax regret). In fact, the optimal policy of an arbitrary

model in the version space Mα is provably unimprovable ( Corollary 17; Section 6.9.6).

With a deep dive into when RPI gives nontrivial improvement (Section 6.9.6), we found

some interesting observations, which we highlight here.

Return maximization and regret minimization are different in offline RL These

objectives generally produce different policies, even though they are equivalent in online

RL. Their equivalence in online RL relies on the fact that online exploration can eventually

resolve any uncertainty. In offline RL with an arbitrary data distribution, there will generally

be model uncertainty that cannot be resolved, and the worst-case reasoning over such model

uncertainty (i.e., Mα) leads to definitions that are no longer equivalent. Moreover, it is

impossible to compare return maximization and regret minimization and make a claim about

which is better. They are not simply an algorithm design choice, but are definitions of the

learning goals and guarantees themselves—and are thus incomparable: if we care about

obtaining a guarantee for the worst-case return, the return maximization is optimal by



117

definition; if we are more interested in a guarantee for the worst-case regret, then regret

minimization is optimal. We also note that analyzing algorithms under a metric that is

different from the one they are designed for can lead to unusual conclusions, e.g., [511] show

that optimistic/neutral/pessimistic algorithms are equally minimax-optimal in terms of their

regret guarantees in offline multi-armed bandits. However, the algorithms they consider are

optimistic/pessimistic with respect to the return (as commonly considered in the offline RL

literature) not the regret which is the performance metric they are interested in analyzing.

πref is more than a hyperparameter—it defines the performance metric and learn-

ing goal Corollary 17 in Section 6.9.6 shows that ARMOR has many different fixed points:

when πref is chosen from these fixed points, the solution to Equation 6.1 is also πref . Further-

more, some of them may seem quite unreasonable for offline learning (e.g., the greedy policy

to an arbitrary model inMα or even the optimistic policy). This is not a defect of the algo-

rithm. Rather, because of the unresolvable uncertainty in the offline setting, there are many

different performance metrics/learning goals that are generally incompatible/incomparable,

and the agent designer must make a conscious choice among them and convey the intention

to the algorithm. In ARMOR, such a choice is explicitly conveyed by πref , which makes

ARMOR subsume return maximization and regret minimization as special cases.

6.8 Conclusion

In this chapter, we presented a model-based offline RL framework, ARMOR, that can im-

prove over arbitrary reference policies regardless of data coverage, by using the concept

of relative pessimism. ARMOR provides strong theoretical guarantees with general func-

tion approximators, and exhibits robust policy improvement over the reference policy for a

wide range of hyper-parameters. We also presented a scalable deep learning instantiation

of the theoretical algorithm. Our empirical evaluations demonstrate that ARMOR indeed

enjoys the RPI property, and has competitive performance with several SoTA model-free

and model-based offline RL algorithms, while employing a simpler model architecture (a

single MDP model) than other model-based baselines that rely on ensembles. This also

opens the opportunity to leverage high-capacity world models [177] with offline RL in the
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future. However, the presented approach also has some limitations. While RPI holds for

the pessimism parameter, the others still need to be tuned. In practice, the non-convexity of

the optimization can also make solving the two-player game challenging. For instance, if the

adversary is not strong enough (i.e., far from solving the inner minimization), RPI would

break. Further, runtime of ARMOR is slightly slower than model-free algorithms owing to

extra computations for model rollouts.

6.9 Appendix

6.9.1 Proofs for Section 6.3

Technical Tools

Lemma 11 (Simulation lemma). Consider any two MDP model M and M ′, and any π :

S → ∆(A), we have

|JM (π)− JM ′(π)| ≤ Vmax

1− γEdπ [DTV (PM (· | s, a), PM ′(· | s, a))] + 1

1− γEdπ [|RM (s, a)−RM ′(s, a)|] .

Lemma 11 is the standard simulation lemma in model-based reinforcement learning lit-

erature, and its proof can be found in, e.g., [481, Lemma 7].

6.9.2 MLE Guarantees

We use ℓD(M) to denote the likelihood of model M = (P,R) with offline data D, where

ℓD(M) =
∏

(s,a,r,s′)∈D

PM (s′ | s, a). (6.8)

For the analysis around maximum likelihood estimation, we largely follow the proving

idea of [11, 309], which is inspired by [538].

The next lemma shows that the ground truth model M⋆ has a comparable log-likelihood

compared with MLE solution.

Lemma 12. Let M⋆ be the ground truth model. Then, with probability at least 1 − δ, we

have

max
M∈M

log ℓD(M)− log ℓD(M
⋆) ≤ log(|M|/δ).
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Proof of Lemma 12. The proof of this lemma is obtained by a standard argument of

MLE [see, e.g., 485]. For any M ∈M,

E [exp (log ℓD(M)− log ℓD(M
⋆))] = E

[
ℓD(M)

ℓD(M⋆)

]
= E

[ ∏
(s,a,r,s′)∈D PM (s′ | s, a)∏
(s,a,r,s′)∈D PM⋆(s′ | s, a)

]

= E

 ∏
(s,a,r,s′)∈D

PM (s′ | s, a)
PM⋆(s′ | s, a)


= E

 ∏
(s,a)∈D

E
[
PM (s′ | s, a)
PM⋆(s′ | s, a)

∣∣∣∣ s, a]


= E

 ∏
(s,a)∈D

∑
s′

PM (s′ | s, a)


= 1. (6.9)

Then by Markov’s inequality, we obtain

P [(log ℓD(M)− log ℓD(M
⋆)) > log(1/δ)]

≤ E [exp (log ℓD(M)− log ℓD(M
⋆))]︸ ︷︷ ︸

=1 by Equation 6.9

· exp [− log(1/δ)] = δ.

Therefore, taking a union bound overM, we obtain

P [(log ℓD(M)− log ℓD(M
⋆)) > log(|M|/δ)] ≤ δ.

This completes the proof.

The following lemma shows that, the on-support error of any model M ∈ M can be

captured via its log-likelihood (by comparing with the MLE solution).

Lemma 13. For any model M , we have with probability at least 1− δ,

Eµ

[
DTV (PM (· | s, a), PM⋆(· | s, a))2

]
≤ O

(
log ℓD(M

⋆)− log ℓD(M) + log(|M|/δ)

n

)
,

where ℓD(·) is defined in Equation 6.8.
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Proof of Lemma 13. By [11, Lemma 25], we have

Eµ

[
DTV (PM (· | s, a), PM⋆(· | s, a))2

]
≤

− 2 logEµ×PM⋆

[
exp

(
−1

2
log

(
PM⋆(s′ | s, a)
PM (s′ | s, a)

))]
, (6.10)

where µ× PM⋆ denote the ground truth offline joint distribution of (s, a, s′).

Let D̃ = {(s̃i, ãi, r̃i, s̃′i)}ni=1 ∼ µ be another offline dataset that is independent to D.

Then,

− n · logEµ×PM⋆

[
exp

(
−1

2
log

(
PM⋆(s′ | s, a)
PM (s′ | s, a)

))]
= −

n∑
i=1

logE(s̃i,ãi,s̃′i)∼µ

[
exp

(
−1

2
log

(
PM⋆(s̃′i | s̃i, ãi)
PM (s̃′i | s̃i, ãi)

))]

= − logED̃∼µ

[
exp

(
n∑

i=1

−1

2
log

(
PM⋆(s̃′i | s̃i, ãi)
PM (s̃′i | s̃i, ãi)

)) ∣∣∣∣∣ D
]

= − logED̃∼µ

exp
 ∑

(s,a,s′)∈D̃

−1

2
log

(
PM⋆(s′ | s, a)
PM (s′ | s, a)

) ∣∣∣∣∣∣ D
 . (6.11)

We use ℓM (s, a, s′) as the shorthand of −1
2 log

(
PM⋆ (s′|s,a)
PM (s′|s,a)

)
, for any (s, a, s′) ∈ S × A × S.

By [11, Lemma 24] [see also 309, Lemma 15], we know

ED∼µ

exp
 ∑

(s,a,s′)∈D
ℓM (s, a, s′)− logED̃∼µ

exp
 ∑

(s,a,s′)∈D̃

ℓM (s, a, s′)

 ∣∣∣∣∣∣ D
− log |M|


≤ 1.

Thus, we can use Chernoff method as well as a union bound on the equation above to

obtain the following exponential tail bound: with probability at least 1− δ, we have for all

(P,R) =M ∈M,

− logED̃∼µ

exp
 ∑

(s,a,s′)∈D̃

ℓM (s, a, s′)

 ∣∣∣∣∣∣ D
 ≤ − ∑

(s,a,s′)∈D

ℓM (s, a, s′) + 2 log(|M|/δ).

(6.12)

Plugging back the definition of ℓM and combining Eq. 6.10, Eq. 6.11, Eq. 6.12, we obtain

n · Eµ

[
DTV (P (· | s, a), PM⋆(· | s, a))2

]
≤ 1

2

∑
(s,a,s′)∈D

log

(
PM⋆(s′ | s, a)
P (s′ | s, a)

)
+ 2 log(|M|/δ).
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Therefore, we obtain

n · Eµ

[
DTV (P (· | s, a), PM⋆(· | s, a))2

]
≲

∑
(s,a,s′)∈D

log

(
PM⋆(s′ | s, a)
P (s′ | s, a)

)
+ log(|M|/δ)

= log ℓD(M
⋆)− log ℓD(M) + log(|M|/δ). (ℓD(·) is defined in Equation 6.8)

This completes the proof.

6.9.3 Guarantees about Model Fitting Loss

Lemma 14. Let M⋆ be the ground truth model. Then, with probability at least 1 − δ, we

have

ED(M⋆)− min
M∈M

ED(M) ≤ O (log(|M|/δ)) ,

where ED is defined in Eq. (6.3).

Proof of Lemma 14. By defition, we know

ED(M) = − log ℓD(M) + (RM (s,a)−r)2/V 2
max

By Lemma 12, we know

max
M∈M

log ℓD(M)− log ℓD(M
⋆) ≤ log(|M|/δ). (6.13)

In addition, by [512, Theorem A.1] (with setting γ = 0), we know w.p. 1− δ,∑
(s,a,r,s′)∈D

(R⋆(s, a)− r)2 − min
M∈M

∑
(s,a,r,s′)∈D

(RM (s, a)− r)2 ≲ log(|M|/δ). (6.14)

Combining Eqs. (6.13) and (6.14) and using the fact of Vmax ≥ 1, we have w.p. 1− δ,

ED(M⋆)− min
M∈M

ED(M)

≤ max
M∈M

log ℓD(M)− min
M∈M

∑
(s,a,r,s′)∈D

(RM (s,a)−r)2/V 2
max + ED(M⋆)

≲ log(|M|/δ).

This completes the proof.
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Lemma 15. For any M ∈M, we have with probability at least 1− δ,

Eµ

[
DTV (PM (· | s, a), PM⋆(· | s, a))2 + (RM (s,a)−R⋆(s,a))2/V 2

max

]
≤ O

(ED(M)− ED(M⋆) + log(|M|/δ)

n

)
,

where ED is defined in Eq. (6.3).

Proof of Lemma 15. By Lemma 13, we have w.p. 1− δ,

n · Eµ

[
DTV (PM (· | s, a), PM⋆(· | s, a))2

]
≲ log ℓD(M

⋆)− log ℓD(M) + log(|M|/δ). (6.15)

Also, we have

n · Eµ

[
(RM (s, a)−R⋆(s, a))2

]
(6.16)

= n · Eµ

[
(RM (s, a)− r)2

]
− n · Eµ

[
(R⋆(s, a)− r)2

]
([see, e.g., 512, Eq. (A.10) with γ = 0])

≲
∑

(s,a,r,s′)∈D

(RM (s, a)− r)2 −
∑

(s,a,r,s′)∈D

(R⋆(s, a)− r)2 + log(|M|/δ),

where the last inequality is a direct implication of [512, Lemma A.4]. Combining Eqs. (6.15)

and (6.16) and using the fact of Vmax ≥ 1, we obtain

n · Eµ

[
DTV (PM (· | s, a), PM⋆(· | s, a))2 + (RM (s,a)−R⋆(s,a))2/V 2

max

]
≲ log ℓD(M

⋆)−
∑

(s,a,r,s′)∈D

(R⋆(s,a)−r)2/V 2
max − log ℓD(M) +

∑
(s,a,r,s′)∈D

(RM (s,a)−r)2/V 2
max + log(|M|/δ)

= ED(M)− ED(M⋆) + log(|M|/δ).

This completes the proof.

6.9.4 Proof of Main Theorems

Proof of Theorem 9. By the optimality of π̂ (from Eq. (6.1)), we have

J(π†)− J(π̂) = J(π†)− J(πref)− [J(π̂)− J(πref)]

≤ J(π†)− J(πref)− min
M∈Mα

[JM (π̂)− JM (πref)] (⋆)

≤ J(π†)− J(πref)− min
M∈Mα

[
JM (π†)− JM (πref)

]
, (6.17)
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where step equation ⋆ follows from Lemma 12 so that we have M⋆ ∈Mα, and the last step
is because of π† ∈ Π. By the simulation lemma (Lemma 11), we know for any policy π and
any M ∈Mα,

|J(π)− JM (π)| ≤
Vmax

1− γ
Edπ [DTV (PM (· | s, a), PM⋆ (· | s, a))] +

1

1− γ
Edπ [|RM (s, a)−R⋆(s, a)|]

≤
Vmax

1− γ

√
Edπ

[
DTV (PM (· | s, a), PM⋆ (· | s, a))2

]
+

Vmax

1− γ

√
Edπ

[
(RM (s,a)−R⋆(s,a))2/V 2

max

]
≲

Vmax

1− γ

√
Edπ

[
DTV (PM (· | s, a), PM⋆ (· | s, a))2 + (RM (s,a)−R⋆(s,a))2/V 2

max

]
(a ≲ b means a ≤ O(b))

≤
Vmax

√
CM(π)

1− γ

√
Eµ

[
DTV (PM (· | s, a), PM⋆ (· | s, a))2 + (RM (s,a)−R⋆(s,a))2/V 2

max

]
≲

Vmax

√
CM(π)

1− γ

√
ED(M)− ED(M⋆) + log(|M|/δ)

n
(by Lemma 15)

≲
Vmax

√
CM(π)

1− γ

√
ED(M)−minM′∈M ED(M ′) + log(|M|/δ)

n
(‡)

≲
Vmax

√
CM(π)

1− γ

√
log(|M|/δ)

n
(6.18)

where the step equation ‡ follows from the assumption of M⋆ ∈M, and last step is because

ED(M)−minM ′∈M ED(M ′) ≤ α = O(log(|M|/δ) by Eq. (6.2).

Combining Eqs. (6.17) and (6.18), we obtain

J(π†)− J(π̂) ≲
[√

CM(π†) +
√
CM(πref)

]
· Vmax

1− γ

√
log(|M|/,δ)

n
.

This completes the proof.

Note that, over the proof above, only steps equation ⋆ and equation ‡ have used the

realizability assumption of M⋆ ∈ M. To extend that to the misspecification case, where

there only exists an M̃⋆ ∈M such that M̃⋆ is close to M⋆ up to some misspecification error,

we just need the following straightforward accommodations:

(1) A variant of Lemma 12—to ensure that M̃⋆ is included in the version space Mα. By

doing so, the misspecification error should also be included in the radius of the version

space.

(2) Upper bound |J(π)−J
M̃⋆(π)| for any π using misspecification error. This is a standard

argument, and by combining with the item above, equation ⋆ becomes J(π̂)−J(πref) ≥
minM∈Mα [JM (π̂)− JM (πref)]−misspecification error.
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(3) Upper bound difference in model-fitting error ED(M̃⋆)−ED(M⋆) using misspecification

error. Then, step equation ‡ becomes, for M ∈Mα,

ED(M)− ED(M⋆) = ED(M)− ED(M̃⋆) + ED(M̃⋆)− ED(M⋆)

≤ ED(M)− min
M ′∈M

ED(M ′) + misspecification error

≲ log (|M|/δ) + misspecification error.

Due to the unboundedness of the likelihood, we conjecture that naively defining misspec-

ification error using total variation without any accommodation on the MLE loss may be

insufficient for the steps above. To resolve that, we may adopt an alternate misspecification

definition, e.g.,
∣∣logPM⋆(s′ | s, a)− logP

M̃⋆(s
′ | s, a)

∣∣ ≤ ε, ∀(s, a, s′) ∈ S × A × S, or add

extra smoothing to the MLE loss with regularization.

Proof of Theorem 10.

J(πref)− J(π̂) = J(πref)− J(πref)− [J(π̂)− J(πref)]

≤ − min
M∈Mα

[JM (π̂)− JM (πref)] (by Lemma 12, we have M⋆ ∈Mα)

= −max
π∈Π

min
M∈Mα

[JM (π)− JM (πref)]

(by the optimality of π̂ from Eq. (6.1))

≤ − min
M∈Mα

[JM (πref)− JM (πref)] (πref ∈ Π)

= 0.

A misspecified version of Theorem 10 can be derived similarly to what we discussed

about that of Theorem 9. If the policy class is also misspecified, where there exists only

π̃ref ∈ Π that is close to πref up to some misspecification error, the second last step of the

proof of Theorem 10 becomes −minM∈Mα [JM (π̃ref)− JM (πref)] ≤ misspecification error by

simply applying the performance difference lemma on the difference between π̃ref and πref .
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6.9.5 Proofs for Section 6.7

Proof of Lemma 16. We prove the result by contradiction. First notice minM∈M JM (π′)−
JM (π′) = 0. Suppose there is π ∈ Π such that minM∈Mα JM (π̄)−JM (π′) > 0, which implies

that JM (π̄) > JM (π′), ∀M ∈Mα. SinceM⊆Mα, we have

min
M∈M

JM (π̄) + ψ(M) > min
M∈M

JM (π′) + ψ(M) = max
π∈Π

min
M∈M

JM (π) + ψ(M)

which is a contradiction of the maximin optimality. Thus maxπ∈ΠminM∈Mα JM (π̄) −
JM (π′) = 0, which means π′ is a solution.

For the converse statement, suppose π is a fixed point. We can just let ψ(M) = −JM (π).

Then this pair of π and ψ by definition of the fixed point satisfies Equation 6.19.

6.9.6 A Deeper Discussion of Robust Policy Improvement

How to formally define RPI?

Improving over some reference policy has been long studied in the literature. To highlight

the advantage of ARMOR, we formally give the definition of different policy improvement

properties.

Definition 2 (Robust policy improvement). Suppose π̂ is the learned policy from an algo-

rithm. We say the algorithm has the policy improvement (PI) guarantee if J(πref)− J(π̂) ≤
o(N)/N is guaranteed for some reference policy πref with offline data D ∼ µ, where N = |D|.
We use the following two criteria w.r.t. πref and µ to define different kinds PI:

(i) The PI is strongstrong if πref can be selected arbitrarily from policy class Π regardless of the

choice data-collection policy µ; otherwise, PI is weakweak (i.e., πref ≡ µ is required).

(ii) The PI is robustrobust if it can be achieved by a range of hyperparameters with a known

subset.

Weak policy improvement is also known as safe policy improvement in the literature [162,

277]. It requires the reference policy to be also the behavior policy that collects the offline

data. In comparison, strong policy improvement imposes a stricter requirement, which
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requires policy improvement regardless of how the data were collected. This condition is

motivated by the common situation where the reference policy is not the data collection

policy. Finally, since we are learning policies offline, without online interactions, it is not

straightforward to tune the hyperparameter directly. Therefore, it is desirable that we can

design algorithms with these properties in a robust manner in terms of hyperparameter

selection. Formally, Definition 2 requires the policy improvement to be achievable by a set

of hyperparameters that is known before learning.

Theorem 10 indicates the robust strong policy improvement of ARMOR. On the other

hand, algorithms with robust weak policy improvement are available in the literature [85,

160, 162, 264, 277, 509]; this is usually achieved by designing the algorithm to behave

like IL for a known set of hyperparameter (e.g., behavior regularization algorithms have a

weight that can turn off the RL behavior and regress to IL). However, deriving guarantees

of achieving the best data-covered policy of the IL-like algorithm is challenging due to its

imitating nature. To our best knowledge, ATAC [85] is the only algorithm that achieves

both robust (weak) policy improvement as well as guarantees absolute performance.

When RPI actually improves?

Given ARMOR’s ability to improve over an arbitrary policy, the following questions naturally

arise: Can ARMOR nontrivially improve the output policy of other algorithms (e.g., such

as those based on absolute pessimism [512]), including itself? Note that outputting πref

itself always satisfies RPI, but such result is trivial. By “nontrivially” we mean a non-zero

worst-case improvement. If the statement were true, we would be able to repeatedly run

ARMOR to improve over itself and then obtain the best policy any algorithm can learn

offline.

Unfortunately, the answer is negative. Not only ARMOR cannot improve over itself, but

it also cannot improve over a variety of algorithms. In fact, the optimal policy of an arbitrary

model in the version space is unimprovable (see Corollary 17)! Our discussion reveals some

interesting observations (e.g., how equivalent performance metrics for online RL can behave

very differently in the offline setting) and their implications (e.g., how we should choose πref
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for ARMOR). Despite their simplicity, we feel that many in the offline RL community are

not actively aware of these facts (and the unawareness has led to some confusion), which we

hope to clarify below.

Setup We consider an abstract setup where the learner is given a version space Mα that

contains the true model and needs to choose a policy π ∈ Π based onMα. We use the same

notationMα as before, but emphasize that it does not have to be constructed as in Eq. 6.2

and Eq. 6.3. In fact, for the purpose of this discussion, the data distribution, sample size,

data randomness, and estimation procedure for constructingMα are all irrelevant, as our

focus here is how decisions should be made with a given Mα. This makes our setup very

generic and the conclusions widely applicable.

To facilitate discussion, we define the fixed point of ARMOR’s relative pessimism step:

Definition 3. Consider Equation 6.1 as an operator that maps an arbitrary policy πref to

π̂. A fixed point of this relative pessimism operator is, therefore, any policy π ∈ Π such that

π ∈ argmaxπ′∈ΠminM∈Mα JM (π′)− JM (π).

Given the definition, relative pessimism cannot improve over a policy if it is already a

fixed point. Below we show a sufficient and necessary condition for being a fixed point, and

show a number of concrete examples (some of which may be surprising) that are fixed points

and thus unimprovable.

Lemma 16 (Fixed-point Lemma). For any M ⊆ Mα and any ψ :M → R, consider the

policy

π ∈ argmax
π′∈Π

min
M∈M

JM (π′) + ψ(M) (6.19)

Then π is a fixed point in Definition 3. Conversely, for any fixed point π in Definition 3,

there is a ψ :M→ R such that π is a solution to Equation 6.19.

Corollary 17. The following are fixed points of relative pessimism (Definition 3):

1. Absolute-pessimism policy, i.e., ψ(M) = 0.

2. Relative-pessimism policy for any reference policy, i.e., ψ(M) = −JM (πref).
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3. Regret-minimization policy, i.e., ψ(M) = −JM (π⋆M ), where π⋆M ∈ argmaxπ∈Π JM (π).

4. Optimal policy of an arbitrary model M ∈ Mα, π⋆M , i.e., M = {M}. This would

include the optimistic policy, that is, argmaxπ∈Π,M∈Mα
JM (π)

Return maximization and regret minimization are different in offline RL We first

note that these four examples generally produce different policies, even though some of them

optimize for objectives that are traditionally viewed as equivalent in online RL (the “worst-

case overMα” part of the definition does not matter in online RL), e.g., absolute pessimism

optimizes for JM (π), which is the same as minimizing the regret JM (π⋆M ) − JM (π) for a

fixed M . However, their equivalence in online RL relies on the fact that online exploration

can eventually resolve any model uncertainty when needed, so we only need to consider the

performance metrics w.r.t. the true model M = M⋆. In offline RL with an arbitrary data

distribution (since we do not make any coverage assumptions), there will generally be model

uncertainty that cannot be resolved, and worst-case reasoning over such model uncertainty

(i.e.,Mα) separates apart the definitions that are once equivalent.

Moreover, it is impossible to compare return maximization and regret minimization and

make a claim about which one is better. They are not simply an algorithm design choice, but

are definitions of the learning goals and the guarantees themselves—thus incomparable: if we

care about obtaining a guarantee for the worst-case return, the return maximization is opti-

mal by definition; if we are more interested in obtaining a guarantee for the worst-case regret,

then again, regret minimization is trivially optimal. We also note that analyzing algorithms

under a metric that is different from the one they are designed for can lead to unusual

conclusions. For example, [511] show that optimistic/neutral/pessimistic algorithms6 are

equally minimax-optimal in terms of their regret guarantees in offline multi-armed bandits.

However, the algorithms they consider are optimistic/pessimistic w.r.t. the return—as com-

monly considered in the offline RL literature—not w.r.t. the regret which is the performance

metric they are interested in analyzing.

6Incidentally, optimistic/neutral policies correspond to #4 in Corollary 17.
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πref is more than a hyperparameter—it defines the performance metric and learn-

ing goal Corollary 17 shows that ARMOR (with relative pessimism) has many different

fixed points, some of which may seem quite unreasonable for offline learning, such as greedy

w.r.t. an arbitrary model or even optimism (#4). From the above discussion, we can see

that this is not a defect of the algorithm. Rather, in the offline setting with unresolvable

model uncertainty, there are many different performance metrics/learning goals that are

generally incompatible/incomparable with each other, and the agent designer must make a

choice among them and convey the choice to the algorithm. In ARMOR, such a choice is

explicitly conveyed by the choice of πref , which subsumes return maximization and regret

minimization as special cases (#2 and #3 in Corollary 17)

6.9.7 Further Experimental Details

Experimental Setup and Hyper-parameters

We represent our policy π, Q-functions f1, f2 and MDP model M as standard fully con-

nected neural networks. The policy is parameterized as a Gaussian with a state-dependent

covariance, and we use a tanh transform to limit the actions to the action space bound

similar to [176]. The MDP model learns to predict the next state distribution, rewards

and terminal states, where the reward and next-state distributions part are parameterized

as Gaussians with state-dependent covariances. The model fitting loss consists of negative

log-likelihood for the next-state and reward and binary cross entropy for the terminal flags.

In all our experiments we use the same model architecture and a fixed value of λ. We use

Adam optimizer [246] with fixed learning rates ηfast and ηslow similar to [85]. Also similar

to prior work [245], we let the MDP model network predict delta differences to the current

state. The rollout horizon is always set to the maximum episode steps per environment. A

complete list of hyper-parameters can be found in Table 6.3.

Compute: Each run of ARMOR has access to 4CPUs with 28GB RAM and a single

Nvidia T4 GPU with 16GB memory. With these resources each run tasks around 6-7 hours

to complete. Including all runs for 4 seeds, and ablations this amounts to approximately

2500 hours of GPU compute.
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Hyperparameter Value

model_num_layers 3

model_hidden_size 512

model_nonlinearity swish

policy_num_layers 3

policy_hidden_size 256

policy_nonlinearity relu

f_num_layers 3

f_hidden_size 256

f_nonlinearity relu

Table 6.2: Model Architecture Details

Hyperparameter Value

ηfast 5e-4

ηslow 5e-7

discount factor 0.99

rollout horizon max episode steps

model buffer size 106

batch size 125

model batch size 125

num warmstart steps 105

τ 5e− 3

Table 6.3: List of Hyperparameters.

Detailed Performance Comparison and RPI Ablations

In Table 6.4 we show the performance of ARMOR compared to model-free and model-

based offline RL baselines with associate standard deviations over 8 seeds. For ablation,

here we also include ARMOR†, which is running ARMOR in Alg. 7 but without the model

optimizing for the Bellman error (that is, the model is not adversarial). Although ARMOR†

does not have any theoretical guarantees (and indeed in the worst case its performance can

be arbitrarily bad), we found that ARMOR† in these experiments is performing surprisingly

well. Compared with ARMOR, ARMOR† has less stable performance when the dataset

is diverse (e.g. -med-replay datasets) and larger learning variance. Nonetheless, ARMOR†

using a single model is already pretty competitive with other algorithms. We conjecture that

this is due to that Alg. 7 also benefits from pessimism due to adversarially trained critics.

Since the model buffer would not cover all states and actions (they are continuous in these

problems), the adversarially trained critic still controls the pessimism for actions not in the

model buffer, as a safe guard. As a result, the algorithm can tolerate the model quality

more.
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Dataset ARMOR ARMOR† ARMORre MoREL MOPO RAMBO COMBO ATAC CQL IQL BC

hopper-med 101.4 ± 0.3 100.4 ± 1.7 65.3 ± 4.8 95.4 28.0 ± 12.4 92.8 ± 6.0 97.2 ± 2.2 85.6 86.6 66.3 29.0

walker2d-med 90.7 ± 4.4 91.0 ± 10.4 79.0 ± 2.2 77.8 17.8 ± 19.3 86.9 ± 2.7 81.9 ± 2.8 89.6 74.5 78.3 6.6

halfcheetah-med 54.2 ± 2.4 56.3 ± 0.5 45.2 ± 0.2 42.1 42.3 ± 1.6 77.6 ± 1.5 54.2 ± 1.5 53.3 44.4 47.4 36.1

hopper-med-replay 97.1 ± 4.8 82.7 ± 23.1 68.4 ± 5.2 93.6 67.5 ± 24.7 96.6 ± 7.0 89.5 ± 1.8 102.5 48.6 94.7 11.8

walker2d-med-replay 85.6 ± 7.5 78.4 ± 1.9 50.3 ± 5.7 49.8 39.0 ± 9.6 85.0 ± 15.0 56.0 ± 8.6 92.5 32.6 73.9 11.3

halfcheetah-med-replay 50.5 ± 0.9 49.5 ± 0.9 36.8 ± 1.5 40.2 53.1 ± 2.0 68.9 ± 2.3 55.1 ± 1.0 48.0 46.2 44.2 38.4

hopper-med-exp 103.4 ± 5.9 100.1 ± 10.0 89.3 ± 3.2 108.7 23.7 ± 6.0 83.3 ± 9.1 111.1 ± 2.9 111.9 111.0 91.5 111.9

walker2d-med-exp 112.2 ± 1.7 110.5 ± 1.4 105.8 ± 1.4 95.6 44.6 ± 12.9 68.3 ± 15.0 103.3 ± 5.6 114.2 98.7 109.6 6.4

halfcheetah-med-exp 93.5 ± 0.5 93.4 ± 0.3 61.8 ± 3.75 53.3 63.3 ± 38.0 93.7 ± 10.5 90.0 ± 5.6 94.8 62.4 86.7 35.8

pen-human 72.8 ± 13.9 50.0 ± 15.6 62.3 ± 8.35 - - - - 53.1 37.5 71.5 34.4

hammer-human 1.9 ± 1.6 1.1 ± 1.4 3.1 ± 1.9 - - - - 1.5 4.4 1.4 1.5

door-human 6.3 ± 6.0 3.9 ± 2.4 5.9 ± 2.75 - - - - 2.5 9.9 4.3 0.5

relocate-human 0.4 ± 0.4 0.4 ± 0.6 0.3 ± 0.25 - - - - 0.1 0.2 0.1 0.0

pen-cloned 51.4 ± 15.5 45.2 ± 15.8 40.0 ± 8.25 - - - - 43.7 39.2 37.3 56.9

hammer-cloned 0.7 ± 0.6 0.3 ± 0.0 2.7 ± 0.15 - - - - 1.1 2.1 2.1 0.8

door-cloned -0.1 ± 0.0 -0.1 ± 0.1 0.5 ± 0.4 - - - - 3.7 0.4 1.6 -0.1

relocate-cloned -0.0 ± 0.0 -0.0 ± 0.0 -0.0 ± 0.0 - - - - 0.2 -0.1 -0.2 -0.1

pen-exp 112.2 ± 6.3 113.0 ± 11.8 92.8 ± 9.25 - - - - 136.2 107.0 - 85.1

hammer-exp 118.8 ± 5.6 115.3 ± 9.3 51.0 ± 11.05 - - - - 126.9 86.7 - 125.6

door-exp 98.7 ± 4.1 97.1 ± 4.9 88.4 ± 3.05 - - - - 99.3 101.5 - 34.9

relocate-exp 96.0 ± 6.8 90.7 ± 6.3 64.2 ± 7.3 - - - - 99.4 95.0 - 101.3

Table 6.4: Performance comparison of ARMOR against baselines on the D4RL datasets. The values for

ARMOR denote last iteration performance averaged over 4 random seeds along with standard deviations,

and baseline values were taken from their respective papers. Boldface denotes performance within 10% of

the best performing algorithm.

Effect of Residual Policy

In Fig. 6.4, we show the effect on RPI of different schemes for initializing the learner for

several D4RL datasets. Specifically, we compare using a residual policy( Section 6.5) versus

behavior cloning the reference policy on the provided offline dataset for learner initialization.

Note that this offline dataset is the suboptimal one used in offline RL and is different

from the expert-level dataset used to train and produce the reference policy. We observe

that using a residual policy (purple) consistently shows RPI across all datasets. However,

with behavior cloning initialization (pink), there is a large variation in performance across

datasets. While RPI is achieved with behavior cloning initialization on hopper, walker2d and

hammer datasets, performance can be arbitrarily bad compared to the reference on other

problems. As an ablation, we also study the effect of using a residual policy in the offline
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RL case where no explicit reference is provided, and the behavior cloning policy is used as

the reference similar to Section 6.5.1. We include the results in Table 6.4 as ARMORre,

where we observe that using a residual policy overall leads to worse performance across all

datasets. This lends evidence to the fact that using a residual policy is a compromise in

instances where initializing the learner exactly to the reference policy is not possible.

Connection to Imitation Learning

Dataset ARMOR-IL BC

hopper-exp 111.6 111.7

walker2d-exp 108.1 108.5

halfcheetah-exp 93.9 94.7

Table 6.5: ARMOR-IL on expert datasets. By

setting λ = 0, β > 0 we recover IL.

As mentioned in Section 6.4.2, IL is a special

case of ARMOR with λ = 0. In this setting,

the Q-function can fully affect the adversarial

MDP model, so the best strategy of the policy

is to mimic the reference. We test this on the

expert versions of the D4RL locomotion tasks in

Table 6.5, and observe that ARMOR can indeed

perform IL to match expert performance.

Ablation Study: RPI for Different Reference Policies

Here we provide ablation study results for robust policy improvement under different refer-

ence policies for a wide range of β values (pessimism hyper-parameter). For all the considered

reference policies we present average normalized scroes for ARMOR and reference (REF)

over multiple random seeds, and observe that ARMOR can consistently outperform the

reference for a large range of β values.

Random Dataset Reference We use a reference policy obtained by running behavior

cloning on the random versions of different datasets. This is equivalent to using a randomly

initialized neural network as the reference.
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Figure 6.4: Comparison of different policy initializations for RPI with varying pessimism hyper-parameter

β . ORL denotes the performance of offline RL with ARMOR ( Table 6.1), and REF is the performance

of reference policy. Purple represents residual policy initialization and pink is initialization using behavior

cloning of the reference on the suboptimal offline RL dataset.
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Dataset 0.01 0.05 0.1 0.5 1.0 10.0 100.0 200.0 500.0 1000.0 REF

hopper-med 1.3 1.5 4.7 9.6 20.4 34.8 25.8 40.8 25.6 28.9 1.2

walker2d-med 0.0 0.0 0.2 1.5 4.0 17.4 23.6 12.4 12.1 20.1 0.0

halfcheetah-med 0.0 0.1 0.1 0.7 1.2 -0.1 -0.7 0.1 1.1 -0.3 -0.1

hopper-med-replay 1.3 3.0 8.2 13.3 39.5 57.6 48.0 34.4 51.0 32.9 1.2

walker2d-med-replay 0.0 0.0 0.1 4.0 5.9 13.1 10.8 14.1 16.5 16.6 0.0

halfcheetah-med-replay -0.2 0.4 0.3 0.7 0.9 7.7 5.8 8.2 4.9 6.1 -0.2

Hand-designed Reference In this experiment we use a hand-designed reference policy

called RandomBangBang, that selects either the minimum of maximum action in the data

with 0.5 probability each.

Dataset 0.01 0.05 0.1 0.5 1.0 10.0 100.0 200.0 500.0 1000.0 REF

hopper-med 8.5 15.0 15.8 5.0 8.1 11.1 37.0 19.6 12.4 25.6 1.2

walker2d-med 22.7 36.1 31.6 42.6 12.0 55.9 33.6 37.8 36.6 49.6 0.1

halfcheetah-med 10.6 9.8 19.1 11.7 13.1 15.6 14.3 3.8 8.3 11.1 -1.0

hopper-med-replay 33.9 54.8 62.6 66.7 55.3 57.0 67.7 79.5 70.7 62.0 1.3

walker2d-med-replay 11.6 35.5 47.5 40.4 42.7 47.6 64.8 49.9 44.7 33.0 0.1

halfcheetah-med-replay 13.1 10.1 11.3 9.7 12.4 17.6 9.0 14.5 11.1 9.1 -1.3
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Chapter 7

CONCLUSION

In this thesis, we demonstrated how a principled combination of model-based optimiza-

tion with data-driven approaches can enable robots to be efficient, adaptive and improve

their performance over time. To this end, we developed both algorithmic frameworks with

strong theoretical guarantees and empirical performance, as well as practical systems that

are deployed on real-world robots.

First, we focused on long-horizon robot motion planning with perfectly known models of

the robot and the environment, showing how past experience can be leveraged to enhance

the real-time performance. Specifically, in Chapter 2, we examined the problem of minimiz-

ing computationally expensive edge evaluations in lazy search and presented an algorithm to

learn edge selection policies by imitating oracle edge selectors. We theoretically analyzed our

proposed framework in the Bayesian setting drawing a novel connection to Bayesian Active

Learning. In Chapter 3, we studied how motion planning via trajectory optimization can

be improved across changing environments. We presented dGPMP2, an end-to-end train-

able motion planning algorithm, by reformulating GPMP2 as a differentiable computational

graph. Our experimental results show that these strategies can enable flexible planning

algorithms that seamlessly operate across diverse scenarios.

Second, we considered the setting of approximate prior models. Chapter 4 presented

STORM, a GPU-accelerated, sampling-based MPC framework that can leverages an ap-

proximate forward model to rapidly optimize complex task objectives, and demonstrated its

effectiveness on real-world reactive manipulation tasks. We also introduced novel sampling

strategies and intuitive cost terms to encourage desirable behaviors like smoothness and con-

straint satisfaction. In Chapter 5, we studied how the MPC can be improved from experience

via model-free RL to address biases from approximate models. Here, we presented a general

framework to blend model-free value estimates with MPC, thus systematically mitigating
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the effects of model-bias.

Finally, we studied the case of learning policies with only access to prior static datasets.

In Chapter 6 presented ARMOR, a model-based offline RL framework based on relative

pessimism that can improve over arbitrary reference policies regardless of data coverage. We

provided a rigorous theoretical analysis and extensive empirical evaluation on benchmark

tasks, demonstrating strong performance and robustness to hyperparameter settings.

To conclude, I would like to outline two exciting directions for future research

Multi-task offline RL: ARMOR enables robust policy learning in the single-task set-

ting, however, as robots enter the real-world they are expected to perform a diverse set of

downstream tasks. As more robotics data becomes available, there is an increasing interest

in large scale learning of generalist multi-task policies [14, 356]. The application of offline

RL to this problem is promising as it can enable us to leverage diverse data sources that

are more commonly available in robotics [443]. However, a key question to be addressed is

exploration. A generalist agent must not only perform well on data it has seen before, but

also be able to explore to gather information when faced with novel situations. Efficiently

combining offline RL with exploration can enable robots to gather their own training data

in an autonomous fashion, and is an exciting avenue for interesting research.

Integrating complex perceptual models with MPC: MPC approaches, while strong,

are usually restricted by the kinds of representations and task descriptions they can use.

MPC algorithms often assume access to accurate state estimates and physics-based models

which might not always be available as environments get more complex. They also require

complex tasks to be described in terms of cost functions requiring domain expertise. Recent

works on learning world models directly from sensory inputs [177] and using natural language

description of tasks to specify reward functions [531] offer a promising path forward. While in

our work on STORM we take a first step in showing how learned collision checking model can

be leveraged in sampling-based MPC, deeply integrating more complex perceptual models

with MPC optimizers is interesting an future direction that can enable robots to operate

across a much broader range of environments.
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