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Large Language Models exhibit increasingly sophisticated behaviors, yet we lack systematic
methods to evaluate their true reasoning capabilities. Current approaches—such as
collecting human-generated data—cannot reliably predict model failure modes, distinguish
genuine reasoning from complex memorization patterns, nor guarantee synthetic data
quality.

This thesis explores the idea that imbuing tasks with explicit structure provides the control
and verification mechanisms necessary for more principled evaluation and reliable data
generation. Structure unlocks optimization and search algorithms that can systematically

discover model flaws while supporting both higher-quality training data generation and



targeted inference-time improvements through more interpretable methods. This creates a
virtuous cycle where better evaluation can lead to stronger modeling.

Throughout four works, I demonstrate this approach across degrees of structural
abstraction, ranging from surface-level to semantic-level control. Applications span from
prompt formatting sensitivity and compositional reasoning analysis, to theory of mind
reasoning improvement and evaluation. Crucially, it is this explicit structure that unlocks
diverse techniques including multi-armed bandits for exploration, A* search for adversarial
discovery of challenging data, and custom graph algorithms for reasoning representation
and mental state modeling.

By simultaneously showing successful applications for improving evaluation rigor, data
quality, and overall model performance, structure-guided approaches offer a path toward

more reliable and capable language modeling.
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Chapter 1

Introduction

Early natural language processing systems were built around explicit representations of
language and task structure: rule-based grammars, semantic formalisms, structured pre-
diction. The past decade has seen a dramatic departure from this tradition, as transformer
architectures and self-supervised pre-training have produced models that learn from vast
quantities of unstructured text, achieving remarkable performance without any explicit
encoding of task structure or linguistic knowledge. Without explicit structure to anchor
our analyses or interpretability mechanisms to inspect learned representations, rigorously
quantifying model behavior has become a fundamental challenge.

Large Language Models (LLMs) are being deployed in real-world applications at the
same time that model-generated data increasingly becomes a core component of training.
This makes quality assurance for LLM generations essential for both end users and model
developers. However, current approaches, such as human-generated evaluation data, are
often insufficient because they cannot reliably predict failure modes, hindering our ability
to distinguish genuine reasoning from sophisticated memorization patterns. Moreover, poor
control during text generation and evaluation also impacts training, as developers increas-
ingly use synthetic training data.

Addressing these evaluation and generation challenges requires algorithmic solutions that
can systematically explore the space of possible prompts and text generations, as well
as reliably guide text generation. We argue that imbuing tasks with explicit structure
provides the control and verification mechanisms necessary for principled LLM evaluation by
unlocking optimization and search algorithms otherwise unsuitable for unstructured data.
Crucially, the same structures that enable the systematic discovery of model failures often
enable the systematic generation of higher quality training data with more interpretable
generation algorithms. This creates a virtuous cycle where better evaluation can lead to
stronger modeling. Structural control can also be applied as part of inference-time algorithms
to improve reasoning capabilities for domains of interest in interpretable ways.

Concretely, we will demonstrate how such structured formulations—at the surface level,
controlling how information is presented to the model, and at the semantic level, control-
ling what information is presented—can systematically discover model failures, generate
high-quality training data, and improve inference-time reasoning, across different levels of
abstraction and reasoning domains.

At the most surface level, model outputs are highly sensitive to semantically irrelevant
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aspects of inputs (Lu et al., 2022; Mizrahi et al., 2024, inter alia): small, arbitrary choices
in how a prompt is formatted can dramatically alter model behavior despite carrying no
meaningful change in intent, leading to performance estimates that are confounded by choices
that are rarely reported and poorly understood.

Moving deeper, while LLMs demonstrate striking capabilities across a wide range of
reasoning tasks (Brown et al., 2020; Chowdhery et al., 2023; OpenAl, 2023), the same
models fail surprisingly on problems that appear simple (Bian et al., 2024; Koralus and
Wang-Mascianica, 2023; C. Qin et al., 2023). Benchmark failures alone are insufficient—
what is needed are systematic methods for understanding why models fail, not just that
they fail, so as to distinguish fundamental limitations from fixable training deficiencies.
Conversely, benchmark successes are insufficient too: it is often unclear whether a model that
succeeds has genuinely learned a reasoning capability, or whether it has memorized patterns
that happen to pass within the evaluation examples considered. Formulating tasks with
explicit structure—for instance, as computation graphs over discrete reasoning steps—makes
complexity formally quantifiable and intermediate sub-procedures independently verifiable,
enabling principled diagnosis of why and where models break down, rather than reducing
evaluation to aggregate benchmark scores.

This difficulty in reaching scientific consensus on whether models possess a given ca-
pability is perhaps most acute for social reasoning, a core competency for any model that
aspires to effectively interact with humans. The case of Theory of Mind (ToM) (Premack
and Woodruff, 1978)—the capacity to reason about others’ mental states, beliefs, and
intentions, which underlies reading comprehension, dialogue, negotiation, and virtually every
form of collaborative interaction—is illustrative: evidence for reliable theory of mind in
LLMs has been the target of controversy, with studies alternately claiming that LLMs may
possess (Bubeck et al., 2023; Kosinski, 2024) or lack (Sap et al., 2022; Shapira et al., 2024;
Strachan et al., 2024; Ullman, 2023) this capability. These conflicting results are driven
in part by benchmark limitations, as existing datasets are simplistic, often cumbersome to
expand, and often prone to being solved through spurious surface cues rather than genuine
belief tracking (Le, Boureau, and Nickel, 2019; Ullman, 2023). As we will show, imposing
explicit structure on theory of mind tasks cuts through this impasse from both directions: it
enables the algorithmic generation of adversarial scenarios that expose model failures with
precision, and it supports both inference-time improvements that require no retraining and
fine-tuning pipelines that yield substantial gains on established benchmarks.

By demonstrating successful applications across evaluation rigor, data quality, and model
performance—at both the surface and semantic levels—this thesis argues that structure-
guided approaches offer a principled path toward more reliable and capable language mod-
eling.

1.1 Thesis Statement

Imbuing language model reasoning tasks with explicit structural constraints—spanning
surface-level prompt structure and semantic-level reasoning domains such as compositional
reasoning and theory of mind—unlocks principled evaluation, higher-quality data generation,
and interpretable inference-time improvements that are otherwise unattainable with
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unstructured approaches, creating a virtuous cycle in which better evaluation leads to
stronger modeling.

1.2 Thesis Overview

The works below encompass different levels of abstraction in structure modeling and have
impacts across many stages of language modeling development.

Part I shows how imposing structure over surface-level variations in prompts—variations
that do not alter semantics, but may nonetheless affect model behavior—enables principled
model analysis and evaluation. Prompt formatting is a canonical example of such variation:
choices like separators, casing, and field ordering are unimportant to human readers yet
can dramatically shift model outputs. By defining a grammar of valid prompt formats to
systematically explore these variations, I implicitly define an equivalence class of semantically
equivalent formats and cast the problem of estimating performance ranges across this class
as a multi-armed bandit, enabling efficient exploration without accessing model weights
(Chapter 2). The resulting tool has been adopted by other researchers as a practical prompt
engineering method, extending its impact to inference-time performance improvements be-
yond its primary contribution to analysis and evaluation.

Turning to semantic-level structure, Parts II and III show how this deeper form of
structural control can advance analysis and evaluation, data generation, and inference-time
enhancement across two markedly different reasoning domains. Part II demonstrates how
structure can be used to rigorously characterize the limits of LLM reasoning—an impact area
that requires moving beyond aggregate benchmark scores toward principled, reproducible
understanding of why models fail. Multi-step compositional reasoning, where problems must
be broken into sub-steps and synthesized into precise answers, offers a particularly clean
testbed: by formulating such tasks as computation graphs, complexity becomes formally
quantifiable and reasoning steps can be broken into intermediate sub-procedures that are
independently verifiable. Empirical findings suggest that transformers solve these tasks
by reducing multi-step reasoning into linearized subgraph matching without necessarily
developing systematic problem-solving skills; theoretical arguments further prove how zero-
shot autoregressive performance provably decay exponentially with increased task complexity
(Chapter 3).

While Part II demonstrates that structure-guided analysis can yield rigorous insights
into model limitations, its focus on formal computational tasks leaves open the question of
whether the same structural approach can be extended to domains requiring social rather
than mathematical reasoning, and whether the goal can expand from evaluation alone to
actively improving model capabilities. Part III takes up this challenge through theory of mind
reasoning—the ability to understand others’ mental states, beliefs, and intentions—which is
key for social intelligence and prone to capability overestimation in LLMs. Semantic-level
structure here enables advances across all three impact areas: analysis and evaluation, data
generation, and inference-time enhancement.

For inference-time enhancement and evaluation, I introduce a plug-and-play multi-
character belief tracker that reconstructs the latent structure present in false-belief theory
of mind tasks, maintaining explicit symbolic representations of each character’s beliefs
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Impact Area Structure Modeling by Abstraction Level

Surface Semantic

« Faith and Fate
(synthetically  generated
tasks, fine-tuning in some
analyses)

« ExploreToM
« Faith and Fate (anal-
yses)

Data « ExploreToM

(story structures vs. in-

Generation filled stories)

Analysis and + FormatSpread

Evaluation + SymbolicToM (bench-

mark brittleness analysis)

« ExploreToM

« FormatSpread .
(used by other researchers + SymbolicToM

as a prompt engineering
method)

Inference-Time
Enhancements

Table 1.1: Research contributions across structural approaches and impact areas

throughout a narrative to enable more reliable inference without retraining the underlying
language model (Chapter 4). With the insight that structured task representations are
both possible and beneficial for theory of mind, I then turn to data generation: I define
a structured action space representing a small world model with associated mental state
updates for each action, then leverage A* search over this domain-specific language to
generate diverse, challenging theory of mind scenarios for both robust model evaluation
and improvement through supervised fine-tuning (Chapter 5). Structure can coexist with
diversity: by leveraging LLMs to sample diverse actions corresponding to the same mental
state and world state updates, the resulting datasets achieve radical diversity without
sacrificing formal verifiability.

All of these works have been published in major machine learning and natural language
processing venues. In summary, the works covered are as follows:

I. Modeling Surface Structure

o FormatSpread: Quantifying Language Models’ Sensitivity to Spurious Features
in Prompt Design (Sclar et al., 2024) (Chapter 2, ICLR 2024)

II. Modeling Semantic Structure for Compositional Reasoning Representation and Anal-
ysis

e Faith and Fate: Faith and Fate: Limits of Transformers on Compositionality
(Dziri*, Lu*, Sclar* et al. 2023) (Chapter 3, NeurIPS 2023, Spotlight)

ITI. Modeling Semantic Structure: Theory of Mind Reasoning

16



o SymbolicToM: Minding Language Models’ (Lack of) Theory of Mind: A Plug-
and-Play Multi-Character Belief Tracker (Sclar et al., 2023) (Chapter 4, ACL
2023, Outstanding Paper Award)

o ExploreToM: Explore Theory of Mind: Program-Guided Adversarial Data Gen-
eration for Theory of Mind Reasoning (Sclar et al., 2025) (Chapter 5, ICLR 2025)

Each work’s impact areas and structural modeling abstraction levels are shown in Ta-
ble 1.1.
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Part 1

Modeling Surface Structure
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Chapter 2

Quantifying Language Models’
Sensitivity to Spurious Features in
Prompt Design

This chapter is based on FormatSpread: Quantifying Language Models’ Sensitivity to
Spurious Features in Prompt Design or: How I learned to start worrying about prompt
formatting. Published at ICLR 2024.

Reliable evaluation of language model capabilities requires that performance estimates
reflect genuine reasoning rather than incidental properties of how inputs are presented. Yet
even before considering the semantic content of a task, a more basic source of confounding
demands attention: the surface form of the prompt itself. Formatting choices—separators,
casing, field ordering—are rarely reported in research papers, under the implicit assumption
that they are inconsequential. This chapter challenges that assumption. By defining a
grammar of semantically equivalent prompt formats, we give surface-level structure a precise
role: it delineates an equivalence class of inputs that should, in principle, elicit identical
model behavior, and we measure how far empirical reality departs from that ideal. Efficiently
exploring this equivalence class is cast as a multi-armed bandit problem, yielding a principled
estimate of performance variance that requires no access to model weights and scales to a
user-specified computational budget.

The resulting evidence—that prompt formatting introduces substantial, largely unre-
ported variance in model performance—is the first concrete instantiation of the thesis’s
central argument. Imposing structure on what is typically treated as an unstructured design
space immediately unlocks algorithmic tools for principled analysis. Parts II and IIT will
later extend this philosophy inward, from the surface form of prompts to the semantic
structure of the reasoning tasks themselves, asking what richer structural representations
can reveal about model limitations and enable in terms of data generation and inference-
time enhancement.
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2.1 Introduction

As the capabilities of LLMs have rapidly improved, their sensitivity to input prompt features
has been used to optimize performance via prompt engineering (White et al., 2023). However,
there has been little work in characterizing this sensitivity, especially to seemingly innocu-
ous feature choices that preserve prompt meaning and intent. In this work, we analyze
the sensitivity of widely used, open-source LLMs to a class of features that should not
influence a prompt’s interpretation: formatting choices. We find that pre-trained LLMs
are sensitive to these choices in unpredictable ways, with accuracy varying in up to 76
points for LLaMA-2-13B between equivalent formats, and ~10 accuracy points on average
across 50+ tasks and several models. We also show that this variance is not eliminated by
adding few-shot examples, increasing model size, or instruction tuning.

Designing prompt templates is a critical part of effectively using a pre-trained language
model. This design process includes making choices about wording, choosing few-shot
examples for in-context learning, and making decisions about seemingly trivial features like
formatting. This process, and often even the resulting templates, is rarely reported or
discussed in research papers, under the assumption that performance variance across these
choices is insignificant compared to variance across data points or models. However, some
anecdotal evidence points to formatting choices actually having a significant influence on
model behavior (Aghajanyan, 2023). In some cases, researchers report a limited number
of manually generated formats to show that scaling trends hold despite performance being
significantly different (Schick, Udupa, and Schiitze, 2021). The assumption that formatting
does not influence overall model performance may become problematic when improvements
over existing approaches are attributed to the amount and source of training data, number
of parameters, or model architecture, without also accounting for changes in prompt format.
Ignoring variance across formats may also negatively affect user experience, e.g. if users
inadvertently choose formats the LLM does not perform well on.

Our proposed tool, FORMATSPREAD, enables a systematic analysis of these variances
across a wide set of semantically equivalent prompt formats within a user-specified compu-
tational budget. We find that choices in formatting few-shot examples during in-context
learning introduce spurious biases that may lead to significantly different conclusions in
model performance. The sensitivity to formatting choices that we discover across widely-
used, open-source models suggests that future research would benefit from reporting a
performance spread over a sufficient sample of plausible formats, instead of simply reporting
the formatting used and its performance, as is currently standard. Moreover, we argue that
this reporting is crucial when comparing the performance of different models, as we show
the influence of formatting choices only weakly correlates between models, thus making and
fixing a formatting choice could introduce a significant confounding factor.

Fully exploring the space of prompt formats is intractable, as computation costs scale
linearly with the number of formats considered. FORMATSPREAD efficiently explores the
space of prompt formats under a user-specified computational budget using Bayesian opti-
mization. FORMATSPREAD does not require access to the model weights, allowing its use
on API-gated models: we find a spread up to 56 accuracy points with a median spread of
6.4 accuracy points with GPT3.5 across 320 formats and 53 tasks at a cost of under 10USD
on average per task. Beyond facilitating evaluation, we also propose a suite of analyses to
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further characterize model sensitivity to formatting. Among other results, we show that the
separability of continuous prompt embeddings correlates with the spread observed in task
performance.
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Figure 2.1: Slight modifications in prompt format templating may lead to significantly
different model performance for a given task. Each <text> represents a different variable-
length placeholder to be replaced with actual data samples. Example shown corresponds
to 1-shot LLaMA-2-7B performances for task280 from SuperNaturallnstructions (Y. Wang
et al., 2022a). This StereoSet-inspired task (Nadeem, Bethke, and Reddy, 2021) requires
the model to, given a short passage, classify it into one of four types of stereotype or anti-
stereotype (gender, profession, race, and religion).

2.2 Overview

We evaluate LLM performance over the space of prompt formats that may plausibly be
chosen by a non-adversarial user when designing a prompt for a target task, where the space
of formats is defined by a grammar (§2.3.1). Our grammar’s definition naturally induces a
definition of semantic equivalence among formats. We quantify model sensitivity in terms
of performance range in a target task across the space of equivalent prompt formats to the
original choice (§2.4.2). We cast the problem of searching across this space as a bandit
problem, and propose FORMATSPREAD (§2.3), which consists of a grammar (§2.3.1) and a
procedure to estimate the minimum and maximum performance across a set of semantically
equivalent formats given a pre-defined metric (§2.3.2). FORMATSPREAD uses Bayesian
optimization to identify the expected performance range with low additional computational
cost (§2.4.5) all without requiring access to model weights, which enables use on API-gated
LLMs. Furthermore, we perform in-depth analysis of this observed sensitivity, including by
quantifying the contribution of individual feature choices to the final performance (§2.4.3)
and measuring the identifiability of a format based solely on a model’s internal, continuous
representation of any prompt via correlation with model performance (§2.4.4).
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2.3 Measuring Sensitivity with FormatSpread

2.3.1 Grammar of Plausible Prompt Formats

We construct a grammar that defines both the space of plausible prompt formats and
semantic equivalence between formats. The grammar is manually constructed, as opposed to
automatically induced from data, to guarantee a higher level of precision when defining the
set of equivalent formats. Our grammar is directly tested by verifying that it can generate the
formatting associated with 100+ Super-Naturallnstructions tasks (Y. Wang et al., 2022a).
Our grammar consists of fields that are composed to create a prompt format. For

example, the format ‘Passage: <text> || Answer: <text>’, has basic fields ‘Passage:
<text>’, and ‘Answer: <text>’, denoted a;, and ay. Each basic field consists of a descriptor
(e.g. ‘Passage’), a separator (e.g. “: ), and a text placeholder to replace with each data

point. We define basic fields as Bi(d, s, f) := f(d)s<text> using Backus-Naur notation,
where d is a descriptor string, s € §; a separator, and f € Fiasing @ function that alters
d while preserving meaning. Thus, in our example, a; = B;(Passage,’: ’,id) and ay =
Bj(Answer, ’:  ,id), with id the identity function. We define joining several fields as
Bé”)(Xl, oo Xp0) = XieXoce. .. cX,, with ¢ € C being a space. Our example’s prompt
format may be written as B§2)(a1, az,’ Il 7).

The grammar also supports enumeration, which is defined as joining several basic fields,
each representing a different list item. For example, the enumeration ‘Option (A): <text>,

Option (B): <text>, Option (C): <text>’ may be written as Bg’)(al, as,as,’ 11 ?), where
= Bi(e;,’: ’,id). In our example, e; represents ‘Option (A)’, and may in turn be
written as the concatenation e; := dsg fitem(7) With d = ‘Option’, s, = ’ ’ (single space),

and fiem(1) = “(A)’. Each fiem transforms an item ¢ using a number format (e.g. letters
or Roman numerals, denoted as Fiieme) and an item wrapper (e.g. (A) or [Al, denoted as

Eteml ) .
In summary, we define valid prompt formats as those accepted by the following grammar:

() = <text>
Bi(d,s) := f(d)s  with s € 81, [ € Frasing
Bi(d,s, f) := f(d)s<text>  with s € S1, f € Feasing
BS(Xy,..., Xn,¢) = X1c...cX,  withceC, X; € {By, B}, By, By, B3} Vi
Bén)(d7j17"'7jn7513527c f17 2) B(n)(Bl(elaslva)) ﬂBl(eTMSl?fQ)?C)

where e; := fg(d) S9 fl(]z)a ji € Ny Vi,
s1 € 81, S2 € S2af1 € ]:itemaf2 € ]:casing

Our grammar defines valid formats as finite compositions of By, B, By, By, Bs. The
sets S1, Sz, C, Feasing: Fitem (tWO sets of separators, spaces, casing functions, and itemizing
functions respectively) are pre-defined by the user. Throughout this work, we instantiate all
sets with values typically observed in human-written prompt formats. We intentionally only
modify the casing of descriptors (via Feasing) to guarantee semantic equivalence; one may
also define a set of functions that paraphrases the descriptor, e.g., via synonym replacement.
Appendix A.1.2 contains the full list of values we use for the constant sets, as well as a
visualization of a prompt template generated from the grammar.
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Prompt Format Equivalence. Two prompt formats p, ps are equivalent if they represent
the same rule application B;, the descriptors (if any) are the same, and the sub-elements
(if any) are equivalent. Appendix A.1.1 contains the formal definition of equivalence. The
grammar’s strict definition allows us to assume that sets of equivalent formats share equiv-
alent meanings. When measuring sensitivity (§2.3.2), we explore only the space of formats
equivalent to a task’s original format.

Contextual Restrictions. We define restrictions to the combinations of spaces and sep-
arators to further ensure naturalness. For example, if By(Xy,...,X,,c) where ¢ does not
contain a newline, then each X;’s separators and any subcomponents’ separators should not
contain a newline. This avoids unnatural formats like Input:\n <text> Output:\n <text>.
We also allow for adding conditions that force constants (separators, spaces, etc.) in different
applications of B; to be equal. When measuring sensitivity to format perturbations, if two
separators or spaces are equal in an original format, they are forced to jointly change to be
considered equivalent. Appendix A.1.3 contains all contextual restrictions.

Final Prompt Construction. Given a valid format p accepted by the grammar, the
final prompt is constructed by concatenating with space ¢ an instruction string inst, n few-
shot data points Dy, ..., D, exemplifying the task, and a data point D,,; to be solved.
All few-shot examples D; are formatted using p. Thus, the final prompt template is:
inst ¢ p(Dy1) ¢ p(D3) ¢ ... ¢ p(Dy) ¢ p(Dpy1). Since Dyyq’s output will be generated by
the model, an empty string is added in place of the answer in the last field in the template.
Prompt construction will modify ¢nst to match specific choices encoded in p: concretely, if
p enumerates valid multiple-choice options as characters z; ... x,, we ensure inst refers to
these choices as =1 ...x,.

2.3.2 Measuring Sensitivity

We measure how plausible choices in prompt formatting influence quantifiable metrics of
generated outputs. Given a set of plausible formats {p;,...,p,}, a dataset D, and a
scalar metric m, let the performance interval be [min; m(p;, D), max; m(p;, D)]. We define
the performance spread or simply spread as max; m(p;, D) — min; m(p;, D). Higher spread
indicates more sensitivity to variance within the space of plausible, semantically-equivalent
formats. While our method is agnostic to the scalar metric m used, and one could consider
a number of metrics including text length, formality, or toxicity, throughout this work we
focus our analysis on estimated task accuracy acc. Due to ease in automatic evaluation, here
we evaluate on classification tasks.

Our goal is to compute spread for a given model and task. A comprehensive approach
would be to fully evaluate each plausible format p; on the entire evaluation dataset D. This
increases the cost of reporting a model’s performance linearly with n, which becomes compu-
tationally infeasible for large values of n. Following prior gradient-free prompt engineering
work (Pryzant et al., 2023; Y. Zhou et al., 2023), we model our problem as a multi-arm
bandit. Given a random sample of n formats (arms) py, ..., p, for a task, an arm p;’s hidden
value is the actual performance m(p;, D) when evaluated on the full dataset D, and the
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reward for pulling the arm is an estimate m(p;, D) where D C D, |D| = B (mini-batch size)
and no element of D has yet been evaluated with p;.

We assume a budget of E total data point evaluations. We first search for the highest
performing format with budget £/2, and then for the lowest performing format with budget
E/2. Evaluations done for the first exploration are readily available for the second explo-
ration, which yields a more informative prior for many formats. We consider two well-known
regret minimization bandit algorithms: Thompson sampling (used in FORMATSPREAD) and
Upper Confidence Bound (UCB).

Thompson Sampling. This simple, high-performing Bayesian inference heuristic ran-
domly draws each arm according to its probability of being optimal (Chapelle and L. Li,
2011). Each m(p;, D) is modeled as a random variable, and since with our target metric
each data point evaluation is a Bernoulli trial, it is natural to model m(p;, D) as a Beta
distribution. In each round, Thompson sampling draws from each m(p;, 75) and chooses the
best arm ¢ (Algorithm 1). It then updates i according to the number of observed successes
r, and the corresponding B — r failures, within D.

Algorithm 1 Thompson Sampling for Bernoulli Bandits

Si(l) + 0, Ni(l) < 0 (success counters and total times armed was drawn counter)
fort« 1,...F/B do
fori<~1,...,K do

Take 91@ from Beta(a; + SZ»(t), Bi + (Ni(t) - ,S’i(t)))
Draw arm i = arg max; 91@ (or argmin in minimization problems) and observe reward r
ST 59y NV NY 4B

Thompson sampling allows for setting informative priors (o, 5;) based on domain knowl-
edge to accelerate runtime. Appendix A.1.4 details the exact priors we use. To our knowl-
edge, we are the first to consider a Bayesian sampling method for prompt optimization.

Upper Confidence Bound (UCB) Sampling. UCB (Lai, Robbins, et al., 1985) com-
putes an upper confidence bound to each arm’s performance, derived from Chernoft’s bound.
The key difference with Thompson sampling is in how 01@ is defined. In UCB’s frequentist

approach, 81@ is assigned the estimated accuracy plus the upper confidence bound: 92@) —

Si/N; + c\/log(t)/N;. We use ¢ = 2 following Pryzant et al., 2023, who find UCB with ¢ = 2
to be most effective for prompt optimization.

Naive Sampling. FEach prompt format is evaluated on E/n points (with appropriate
rounding).
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2.4 Characterizing Prompt Format Variance with
FormatSpread

2.4.1 Experimental setup

Data. We use a subset of 53 tasks from Super-Naturallnstructions (Y. Wang et al., 2022a)
with diverse human-written formats and instructions, comprising 19 multiple-choice tasks
and 34 classification tasks with {2,3,4} basic fields. Appendix A.2.1 details the exact task
selection procedure. To construct the final prompt template, we concatenate each task’s
instruction and n formatted few-shot examples using \n\n as spacing. While selection and
ordering of few-shot examples is a component of prompt design influencing features of model
output (Lu et al., 2022), our work focuses on prompt formatting. To remove this confounder,
we fix the exact choice and ordering of examples for each task and for a given number of
shots n. Few-shot examples for each task are chosen randomly within each dataset and are
not used for evaluation. We evaluate task data samples on an arbitrary order fixed across
settings. Datasets are assumed to be of size 1,000 for fair evaluation across tasks.

Models. We evaluate LLaMA-2-{7B,13B,70B} (Touvron et al., 2023a), Falcon-7B and
Falcon-7B-Instruct (Almazrouei et al., 2023), GPT-3.5-Turbo (OpenAl, 2022), all autore-
gressive LMs.

Task Evaluation Metrics. We use two popular measures for computing accuracy: exact
prefix matching and probability ranking. In exact prefix matching, we check if the output’s
prefix matches the expected answer after normalization (casing, spacing, newlines). Ranking
accuracy computes the rate that the expected answer is the highest-ranked valid option
(in multiple choice and classification tasks) according to the model’s output distribution.
Results are reported using ranking accuracy unless specified otherwise. Appendix A.2.2
shows additional analysis of exact prefix matching, with spreads even higher than those
shown in Section 2.4.2, and including how formatting choice affects task degeneration (i.e.,
not answering any valid option).

2.4.2 Prompt formats have a large performance spread, not
eliminated by increasing few-shot examples or model size,
nor with instruction tuning

For each evaluation task we randomly sample 10 plausible prompt formats and use
FORMATSPREAD to compute performance spread for each modeling and n-shot choice
(Figure 2.6). We find significant performance spread across tasks, with a median spread
of 7.5 accuracy points across choices in the model and the number of few-shot examples.
20% of tasks consistently result in a spread of at least 15 accuracy points for all LLaMA-2
settings, and at least 9 points for all Falcon settings. We observe several tasks with
performance spread over 70 accuracy points. Because this analysis uses only 10 randomly
sampled formats, it represents a lower bound of the true spreads for each task. Furthermore,
there exists significant performance spread regardless of increased model size (Figure 2.2
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Figure 2.5: Spread comparison between evaluating the same task under different models or
n-shots.
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Figure 2.6: Spread across models and n-shots. least d using format p. 53 tasks, 1- and 5-shot.

and Figure A.2 for Llama-2-70B), instruction tuning (Figure 2.3), or number of few-shot
examples (Figure 2.4; Figure 2.2 and 2.3 plot 1- and 5-shot jointly). Appendix A.2.2
demonstrates similar results on a selection of non-classification tasks, and expands the
spread discussion to plotting the entire accuracy distribution, along with a dispersion
metric.

Comparison trends between models are often reversed just by choosing different
formats. Assuming model M is better than M’ by at least d accuracy using prompt p,
we compute how often M’ achieves at least d higher accuracy than M under a different
format p’. Figure 2.7 shows these trends are often reversed: LLaMA-2-13B and -70B reverse
trend by at least d = 0.02 with probability 0.141; LLaMA-2-7B and Falcon-7B reverse trend
by at least d = 0.02 with probability 0.140. Strikingly, often both experiments (first using
p, and then p’) were statistically significant (p-value < 0.05) on 1000 samples': 76% and
47% respectively for the two model comparisons mentioned above. We find that formats
yielding high performance for model M may not yield high performance for M’ implying
that formats may not be inherently good or bad (Appendix A.2.2).

"'We use one-sided McNemar tests, also known as paired x? tests, since we evaluate models on the same
set of samples. We test the significance of M being better than M’ under p, and M being worse than M’
under p’.
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2.4.3 How do individual features contribute to performance?

We analyze how choices in particular constants (i.e. S1, 82, C, Feasing, Fitem) independently
influence task performance across different formats. Figure 2.8 shows the distribution of
accuracy for 500 sampled prompts conditioned on the choice of S; (the separator between
a descriptor and the text placeholder) for one task in Super-Naturallnstructions. When
comparing the individual influence of two feature choices, we measure both weak and strong
notions of dissimilarity between distributions of accuracy across prompts conditioned on a
chosen feature. We say two constant choices yield weakly different accuracy distributions
if the values between the first quartile (@) and third quartile (Q3) do not intersect. This
is equivalent to the boxes in a boxplot not overlapping. We say two constant choices yield
strongly different accuracy distributions if the ranges [2.5Q; — 1.5Q3,2.5Q3 + 1.5Q;] do not
overlap (adjusted to end in a data point). This is equivalent to two boxplots with their
whiskers not overlapping. In Figure 2.8, > \n\t’ and >: ° (fourth and sixth) are only
weakly different.

We compute accuracy for 500 random formats with 250 samples each on 31 tasks for
1-shot Llama-2-7B. Table 2.1 shows that choices in Sa, Fitem1, Feasing do not independently
predict performance differences (weakly or strongly): although these features can have a large
performance variance and thus should be explored with FORMATSPREAD, they cannot be
used to independently predict accuracy changes. Other constant sets have varying degrees
of differences, with S; (separators) and Fieme (number format changes in enumerations)
having the most individual impact. All tasks with strong dissimilarities are shown in
Appendix A.2.4.

Small prompt variations often yield large performance differences. Table 2.2
shows a selection of tasks where changing a single constant on a format (e.g., casing in
task322) results in large accuracy differences. Figure 2.9 shows that regardless of the scoring
criterion used, a significant ratio of these atomic changes are associated with large accuracy
changes. For example, 24% of atomic changes have an associated accuracy change of at least
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Table 2.2: Examples of atomic changes’ impact on accuracy using probability ranking (prefix
matching shown in Table A.2). {} represents a text field; py yields higher accuracy than p;
for all tasks.

Task Id  Prompt Format 1 (p;) Prompt Format 2 (p2) Accp;  Accps Diff.
task280 passage:{}\n answer:{} passage {}\n answer {} 0.043 0.826 0.783
task317 Passage::{} Answer::{} Passage:: {} Answer:: {} 0.076 0.638 0.562
task190 Sentence[I]- {}Sentence[II]- {} - Sentence[A]- {}Sentence[B]- {} - 0.360 0.614 0.254
Answer\t{} Answer\t{}

task904 input:: {} \n output:: {} input::{} \n output::{} 0.418 0.616 0.198
task320 target - {} \n{} \nanswer - {} target - {}; \n{}; \nanswer - {} 0.361 0.476 0.115
task279  passage : {}. Answer : {F PASSAGE : {}. ANSWER : {} 0.372 0.441 0.069
task322 COMMENT: {} ANSWER: {} comment: {} answer: {} 0.614 0.714 0.100
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Figure 2.10: Cumulative ratio of tasks that
can be classified with at most a accuracy
using the top principal components of the last
decoding layer of the prompt.

Figure 2.9: Probability that an atomic change
(e.g. changing a space, separator) has a given
impact in accuracy for two scoring criteria. 53
tasks, 30 sampled atomic changes each.

5 points when using exact prefix matching as scoring criteria (11% when using probability
ranking).

The space of prompt format accuracy is highly non-monotonic, which makes local search
algorithms over the space less effective. Let (py, p2, p3) be a prompt format triple such that
piv1 is obtained by making an atomic change to p;. We argue that if the prompt format
space is smooth, we should often see a triples” accuracy to be strictly monotonic over i. We
choose 24 tasks (13 multiple choice, 11 non-multiple choice), sample 300 (py, p2, p3) triples
for each, and the compute accuracy (using exact prefix matching) of each p; on 250 samples.
32.4 and 33.6% of triples were monotonic for multiple-choice and non-multiple-choice tasks
respectively. Given that random shuffling within a triple will result in monotonicity 33.3%
of the time, this suggests that local search mechanisms like simulated annealing may not be
effective as they require a locally smooth search space.

2.4.4 Prompt formats are identifiable transformations of prompt
embeddings

Prompt format choices represent a deterministic transformation of the input, even if its
impact on the resulting performance is hard to predict. We represent prompt embeddings
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as the last hidden layer obtained when processing the whole input prompt (immediately
before generating the first token). We demonstrate that format choice yields a highly
identifiable transformation over this embedding, which suggests that formats can be seen
as transformations of the output probability distribution.

For each task, and for both {1, 5}-shot settings, we collect prompt embeddings from
LLaMA-2-7TB corresponding to 10 randomly sampled valid formats for 1000 evaluation ex-
amples. We train an XGBoost (T. Chen and Guestrin, 2016) classifier that maps from the
top n principal components of a prompt embedding to the prompt format.? We find that
although the original prompt embeddings are of size 4,096%, using just the top 100 principal
components can result in a classifier with >0.98 accuracy in format identification for all 31
tasks analyzed. Figure 2.10 shows the accuracy of format classification given a fixed number
of principal components.* We find that classifier accuracy given just the top two components
correlates moderately with the spread of performance in the prompts they represent (0.424,
p =8.04-1075; 0.555 for the 5-shot setting; using exact prefix matching).

2.4.5 Fast exploration of the prompt formatting space: FormatSpread

0.7
Spread Increase (d) 0.161 —— Thompson Sampling
0.6 when increasing sampling ' UCB Sampling
from k, to k, formats © 0.141 Naive Sampling
B 0.5t~ —— k=10 to k=20 g —
SN k1=20 to k=40 20.121
© 204 —— k1=40 to k=80 2 10,
53 —— k=80 to k=160 S
2g03 —— k1=160 to k;=240 £ 0.08
59 —— ky=240 to k,=320 g
5902 k1 =320 to k,=400 g 0:061
a @
01 0 0.044
0.02 1
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0.01 0.1 10000 20000 30000 40000 50000
Absolute Spread Increase (d) (log) Maximum number of evaluations allowed

Figure 2.11: Probability of observing a  Figure 2.12: Difference between the true

spread increase of at least d when increasing  sample spread and each algorithm-found

sample size from k; to ko formats. 31 tasks, spread with respect to FE (evaluation

100 trials each. budget). 320 formats, B = 20, average of
5 trials over 31 tasks shown.

In Section 2.4.2, we demonstrate that even when sampling just 10 formats from the space
of plausible formats, we still observe significant performance spread on many tasks. However,
this is only a lower bound of the spread a task may exhibit when increasing the number of
formats: for example, about 17% of tasks are expected to increase their spread by at least
5 accuracy points when increasing from 10 to 20 sampled formats. Figure 2.11 quantifies

2We train with 800 vectors from each of the 10 formats (8000 vectors) and evaluate on the remaining
200.

3Equivalent to the dimension of hidden representations for LLaMA-2-7B.

4Figure A.24 in the Appendix visualizes examples of the top two principal components for ten prompt
formats.
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the expected increase in spread when increasing the number of formats by evaluating 500
formats on 250 samples each and computing expected gains.

Figure 2.12 compares the efficiency of Thompson sampling, UCB, and naive sampling for
estimating spread with respect to a budget E (Section 2.3.2). To ensure accurate reports,
we compute and show the true spread of the highest- and lowest-performing formats chosen
by each method using all data. With a budget of 51,200 evaluations, Thompson sampling
results in a spread within 1 accuracy point of the true spread, while naive sampling finds a
spread within 4 points, and UCB within 11.

Finally, we use FORMATSPREAD to measure sensitivity of several models where inference
is expensive. With a budget of 40,000 evaluations and 320 prompt formats, we find that
1-shot LLaMA-2-70B—ran using 4-bit quantization (Dettmers et al., 2022)—yields a median
spread of 0.171 (mean=0.221, std=0.200, using probability ranking across 53 tasks; 25%
of tasks had a spread of 0.292 or higher, with a maximum spread of 0.876), and GPT-3.5
yields a median spread of 0.064 (mean=0.110, std=0.115, across 53 tasks using exact prefix
matching given that we do not have access to the full logits; 25% of tasks had a spread
of 0.148 or higher, with a maximum spread of 0.562), showing sensitivity to formatting is
still present even on larger models. 5-shot LLaMA-2-70B still shows high spreads, with 25%
of tasks having a spread of 0.310 and a maximum of 0.841. See spread visualization in
Figure A.28, and a list of best and worst formats found in Table A.4.

2.5 Related Work

The task of automatically finding the best-performing prompt for a given task without
changing model parameters has recently gained attention, given the constantly improving yet
somewhat unpredictable performance of LLMs. Prior work has often focused on discovering
optimal prompts with gradient-based methods, which are effective, but often lead to disfluent
or unnatural prompts (Shin et al., 2020), which can be mitigated with a Langevin dynamics-
based method (W. Shi et al., 2023). Another approach is to learn, optimize, and insert
continuous representations of prompts and tasks as input to models (Ding et al., 2022; Ilharco
et al., 2023; Lester, Al-Rfou, and Constant, 2021; G. Qin and Eisner, 2021). These methods
also require access to the LLM’s parameters, thus cannot be applied to models behind an API.
In contrast, FORMATSPREAD does not assume access to any model internals. Prior gradient-
free work has focused on edit-based enumeration over human-written prompts (Prasad et
al., 2023), reinforcement learning (Deng et al., 2022), and by using LLMs themselves (Gao,
Fisch, and D. Chen, 2021; Y. Zhou et al., 2023). These works aim to achieve competitive task
performance, even if the meaning of the prompt or instruction is modified. To our knowledge,
we are the first to focus specifically on prompt formatting variance, a quintessential example
of semantic equivalence.

Jailbreaking refers to the behavior of intentionally manipulating prompts to elicit inap-
propriate or sensitive responses, or otherwise reveal parts of the prompt that were inten-
tionally not revealed. While the objective differs from our work, jailbreaking works (A. Wei,
Haghtalab, and Steinhardt, 2023; Zou et al., 2023) share the underlying technical question
of finding the lowest-performing prompt. Our methods differ; since A. Wei, Haghtalab, and
Steinhardt, 2023 evaluate human-generated attacks to guide adversarial prompt design, and
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Zou et al., 2023 uses gradient-based search methods simultaneously across multiple models.

Some existing work has explored the influence of certain prompt design choices on model
performance, for example the prompt’s language (Gonen et al., 2023), the ordering of few-
shot examples (Lu et al., 2022), and their patterns (Madaan, Hermann, and Yazdanbakhsh,
2023). Other work has focused on providing textual interpretations of continuous prompt
representations (Khashabi et al., 2022). Beyond autoregressive LLMSs, existing work has
focused on performance variance in masked language models (Elazar et al., 2021; Z. Jiang
et al., 2020). Our work follows efforts in other domains that explore the influence of spurious
features on research evaluations, e.g., in deep reinforcement learning (Henderson et al., 2018;
Islam et al., 2017) and statistical machine translation (J. H. Clark et al., 2011).

2.6 Discussion

We introduce FORMATSPREAD, an algorithm that estimates the performance spread across
prompt formatting choices.” We use FORMATSPREAD to evaluate the spread of several
widely-used open-source LLMs for classification tasks in few-shot learning settings. We find
that spread is large regardless of model choice, even when increasing model size, number
of few-shots, or when using instruction tuning. FORMATSPREAD is designed to efficiently
search the space of plausible prompt formats under a user-specified computational budget.
For example, with a computational budget of exploring only 5% of the entire search space
for task with 2,500 test examples and 320 plausible formats, we are able to estimate spread
within 2 accuracy points of the true spread.

We also characterize the space of prompt formats, finding that it is largely non-monotonic
and that few atomic features can be predictors of performance alone, although the separa-
bility of format embeddings is highly correlated with observed performance spread. These
findings informed the design of our search procedure, where local search methods are not
advantageous.

Our findings suggest that performance spread caused by arbitrary prompt formatting
choices may influence conclusions made about model performance, especially when com-
paring models on benchmark tasks. Thus, we recommend that work evaluating LLMs
with prompting-based methods would benefit from reporting a range of performance across
plausible formats. However, we want to emphasize that single-format evaluation may still be
sufficient for many use cases. For example, for researchers or practitioners who build systems
on top of LLMs, choosing a single prompt format that works sufficiently well for use in this
larger system is a valid methodological choice. However, we encourage future research to
compute FORMATSPREAD when comparing their systems to out-of-the-box models, to ensure
fair baseline representation. Furthermore, FORMATSPREAD can be used to identify lower-
bound performance of a model or system. For example, when using a model for socially
impactful tasks, such as stereotype classification in Figure 2.1, it is important to report the
range of accuracy a non-adversarial user might encounter. Likewise, it is crucial to consider
robustness to spurious features when claiming that models possess general abilities, such
as theory of mind; and beneficial to report when e.g. exploring model biases. We leave

5We thoroughly describe the limitations of our method in Section 2.6.
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it to future research to develop regularization procedures either during training or with an
already-trained model to make models robust to diverse formatting choices.

Limitations

As defined by our grammar, all equivalent formats are semantically equivalent to human
readers. However, some of them are more likely to be used by humans than others. Spaces
and separators are inspired from naturally-occurring formats, but some values are more
unusual, such as the spacing <sep> or the separator ::. Contextual restrictions enable
disallowing undesired combinations of e.g. spaces and separators. However, formats may
have multiple valid parses, and some may be more prone than others to unnatural character
combinations. For example, let a data sample be ‘Passage: Lorem ipsum dolor sit amet.
Answer: Yes’. Depending on if we consider the full stop . to be part of the passage
or the format, we may parse it as B§2)(Bl(Passage, ;2 id), By(Answer, ;7 id),’ ) or
B§2)(Bl(Passage, 1 2,id), Bi(Answer, ’:  ?,id),’. ). In this work, we choose the former
parsing throughout tasks to ensure full sentences. This sometimes® leads equivalent formats
to have a less usual, yet trivially semantically equivalent resulting character combinations,
e.g. B§2)(Bl (Passage, >: ’,id), By(Answer,’: ’,id),”; ). This last format would have the
following string form on the example above: ‘Passage: Lorem ipsum dolor sit amet.;
Answer: Yes’. We observe high performance spread both in these cases and beyond them.
Contextual relations may also restrict these cases if desired by the end user.

Additionally, we focus our evaluation on tasks that have reasonably short input instruc-
tions and input field length (see task selection details in Appendix A.2.1). Future work may
investigate on how input length affects final performance.

2.7 A 2026 Analysis on the Influence of Tokenization
and Reasoning Models

FormatSpread on tokenizer-free architectures The findings shown during the chapter
focused on models trained with BPE tokenization, prompting the question of whether format
sensitivity is an artifact of how BPE carves text into subword units rather than a deeper
property of transformer-based language models. BLT (Pagnoni et al., 2025) offers a direct
test, as a 7TB-parameter model bypassing fixed-vocabulary tokenization entirely and instead
operating at the byte level and letting the model learn its own dynamic grouping of bytes.
BLT was released nine months after the study shown in this chapter.

We ran FORMATSPREAD on BLT-7B across 53 SuperNaturallnstructions tasks (the same
task set as the original evaluation) with the same number of formats and evaluation budget.
The results, shown in Figure 2.13, reveal substantial spread that remains regardless of the
number of few-shot examples. These results suggest that tokenization may not be the sole
driver of format sensitivity.

6Less than 20% of cases, based on a manual inspection of 10 formats across 20 tasks.
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Figure 2.13: Performance spread across prompt formats for BLT-7B (1-shot and 5-shot)
and Qwen3.5 (1-shot, no chain-of-thought) across SuperNaturallnstructions tasks, evaluated
using probability ranking. Qwen3.5 35B, a much larger and more capable 2025 model,
exhibits even greater spread, showing that scale and recency alone do not resolve format
sensitivity.

On format sensitivity in 2026 and beyond Figure 2.13 also includes Qwen3.5-35B
(released in February 2026) evaluated without thinking mode using probability ranking—
the same evaluation protocol as the original paper. Despite being a much larger and more
recent model, Qwen3.5-35B exhibits greater spread than BLT-7B across the same tasks,
consistent with the original finding that scale alone does not resolve format sensitivity. We
additionally ran the full FORMATSPREAD algorithm (320 formats, 100 samples per format,
Thompson sampling) with Qwen3.5-397B on five representative tasks via the Together Al
APL" Even at mean accuracies of 87-96%, raw spreads reach 15 to 46 accuracy points. A
notable share is driven by outputs that could not be parsed under exact prefix matching;
normalizing these out leaves near-zero genuine capability spread on some tasks (e.g., task214:
0 points) but substantial real spread on others (task297: 37 points, task580: 11 points).

As a lower bound, we also ran a small comparison on fully evaluating 10 formats across
the same five tasks with Qwen3.5-397B—the largest size available for Qwen3.5. Even in this
minimal setup, non-trivial spread remains (task580: 8 points, task1297: 6 points), suggesting
that thinking mode reduces but does not eliminate format sensitivity.

More broadly, as tasks become easier for newer models we expect the absolute magnitude
of spread to decline; we leave a comprehensive re-evaluation on more recent and challenging
tasks to future work. Nonetheless, given recent benchmarking studies documenting persistent
prompt sensitivity (Romanou et al., 2026), we expect similar behaviors to continue to appear,

"Because the Together AI API does not expose log-probabilities, these runs use exact prefix matching
rather than probability ranking. All values in percentage points; “normalized spread” removes outputs that
could not be parsed before computing the best-minus-worst gap.

Task Mean acc. Raw spread Norm. spread
task214 96 46 0
task1297 96 18 6
task220 94 15 3
taskb80 87 38 11
task297 11 44 37
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particularly for challenging tasks and smaller models.
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Part 11

Modeling Semantic Structure for
Compositional Reasoning
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Chapter 3

Limits of Transformers on
Compositionality

This chapter is based on Faith and Fate: Limits of Transformers on Compositionality.
Published at NeurIPS 2023 (Spotlight).

Chapter 2 showed how surface-level structure enabled exposing large, systematic variance
in model performance that would otherwise go undetected. However, surface structure leaves
the content of the task unexamined.

This chapter leverages semantic-level structure in the form of computation graphs. By
recasting a task as a computation graph, what would otherwise be an unstructured input-
output evaluation becomes a structured object amenable to complexity analysis, step-level
verification, and sub-graph memorization analysis, operationalizing the thesis’s core argu-
ment at the semantic level. An intentional methodological choice is to focus on algorithmic
tasks where the solution intrinsically depends on solving similar sub-problems, and requires
relatively few distinct operation types (which may have otherwise forced the inclusion of
distinct edge types in the computation graph). This eases both the structural modeling and
the quantification of the correlation between task successes and having been trained on the
solutions to relevant sub-structures during training.

The findings point to principled limits on compositional generalization: performance
that appears strong under low complexity degrades predictably as task structure grows,
consistent with our theoretical predictions of error propagation under autoregressive gener-
ation. Part III will later ask whether structure-guided approaches extend to a key domain
requiring social rather than purely mathematical reasoning, one where models face not only
the compositional pressures documented here, but also the additional challenge of tracking
the shifting mental states of multiple agents, and whether they can do more than diagnose
failures.
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3.1 Introduction

Large-scale transformers such as ChatGPT (OpenAl, 2022) and GPT4 (OpenAl, 2023)
demonstrate unprecedented capabilities (Brown et al., 2020; Choi et al., 2023; OpenAl, 2022;
Thoppilan et al., 2022; Zheng and Zhan, 2023), even noted as “sparks of AGI” (Bubeck et al.,
2023). In stark contrast, the same models sometimes struggle with simple, intuitive tasks
(Bian et al., 2024; Koralus and Wang-Mascianica, 2023; C. Qin et al., 2023). For instance,
humans can solve 3-digit by 3-digit multiplication arithmetic after learning basic calculation
rules (Dehaene et al., 2004; Hiebert, 2013). Yet, off-the-shelf ChatGPT and GPT4 achieve
only 55% and 59% accuracies on this task, respectively (§3.3).

The striking discrepancy between the impressive successes of transformer LLMs on seem-
ingly complex tasks and the astonishing failures on seemingly trivial tasks spark critical
open questions about how to faithfully interpret their mixed capabilities. Under what
conditions do transformers succeed, fail, and why? What types of errors do they make?
Can transformers uncover implicit problem-solving rules or be taught to follow reasoning
paths?

Seeking thorough answers to these questions remains an open research challenge. How-
ever, we offer novel insights into the fundamental limits of transformers', centered around
compositional problems that require strict multi-hop reasoning to derive correct predictions.
Applying step-by-step reasoning is fundamental to human intelligence (Simon and Newell,
1971; Simon, 1962). These compositional problems present compelling challenges for AT sys-
tems as they require combining basic reasoning operations to follow computational paths that
arrive at unique correct solutions. In particular, we study two representative compositional
tasks: long-form multiplication and a classic dynamic programming problem.

We propose two hypotheses. First, transformers solve compositional tasks by reducing
multi-step compositional reasoning into linearized path matching. This contrasts with the
systematic multi-step reasoning approach that learns to apply underlying computational rules
required for building correct answers (Evans, 1989; Johnson-Laird, Khemlani, and Goodwin,
2015; Stenning and Van Lambalgen, 2012). Shortcut learning (Geirhos et al., 2020) via
pattern-matching may yield fast correct answers when similar compositional patterns are
available during training but does not allow for robust generalization to uncommon or
complex examples. Second, due to error propagation, transformers may have inherent
limitations on solving high-complexity compositional tasks that exhibit novel patterns. Er-
rors in the early stages of the computational process can lead to substantial compounding
errors in subsequent steps, preventing models from finding correct solutions.

To investigate our hypotheses, we formulate compositional tasks as computation graphs.
These graphs break down problem-solving into submodular functional steps, enabling struc-
tured measurements of complexity and verbalization of computational steps as input se-
quences to language models. Moreover, we leverage information gain to predict patterns
that models are likely to learn based on the underlying task distribution without the need
to perform full computations within the graph.

Empirical results show that training on task-specific data leads to near-perfect perfor-
mance on in-domain instances and under low compositional complexity, but fails drastically

IFor brevity, we use ‘transformers’ to refer to ‘autoregressive transformer LLMs’ throughout the paper.
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on instances outside of this region. This substantial gap suggests that systematic problem-
solving capabilities do not emerge from maximum likelihood training (Bengio, Ducharme,
and Vincent, 2000) on input-output sequences, even when prompted or trained with human-
like reasoning steps (i.e., a linearization of computation graphs; §3.3.1). Models’ success can
be attributed, in part, to their exposure to training examples sub-graphs that involve the
same computations required for solving test examples (see Section 3.3.2.2) Importantly, we
provide theoretical evidence of exponential error accumulation using abstract compositional
tasks. All tasks analyzed empirically in this paper are instantiations of these abstractions
(§3.4). We argue that transformers could be inherently limited in solving compositionally
complex tasks out-of-the-box.

As transformers continue to make tangible real-world impacts, it is pressing to interpret
their remarkable performance critically. Our work takes a realistic look at the limitations
of transformers in the context of compositional tasks. To shed light on practical future
steps, we identify directions for addressing these limitations, such as using transformers for
tasks that could be decomposed into few reasoning steps, tasks where evaluation may afford
some leniency, and using transformers in combination with planning modules or refinement
methods to improve their generations. To advance language Al, fundamental innovations
are required to address or complement these limitations.

3.2 Measuring Limitations of Transformers
in Compositional Tasks

Human problem-solving skills can be conceptualized as a graph structure, where each
vertex represents a partial solution and the edges represent operators that can be applied to
modify these solutions. As we will outline next and illustrate in Figure 3.1, we use compu-
tation graphs and corresponding metrics to methodically evaluate transformers’ reasoning
abilities.

3.2.1 Computation Graph Definition

Let A be a deterministic algorithm (function), and let F4 be a set of primitives (functions)
the algorithm uses in its execution. Assuming the inputs x to algorithm A are given, we
define A(x)’s static computation graph Gax). Gax) = (V, E, s, op) is a directed acyclic
graph. Nodes V represent all variables’ values during A’s execution: each node v € V has
a value s(v) € R associated. Edges FE represent the function arguments involved in some
computation: for each non-source node v € V, let U = {us,...,u;} C V7 be its parent
nodes. Then, s(v) = f(u1,...,u;) for some f € F4. Since each node v is uniquely defined
by the computation of a single primitive f, we define op : V' — F4 as op(v) = f.

Let S C V be the source nodes of G 4x) and without loss of generality, let o € V' be its
sole leaf node. By definition, S = x and A(x) = s(0), representing the input and output of
A respectively.

To be able to train and evaluate a language model’s ability to follow algorithm A we
must linearize G 4(x). Since we only consider autoregressive models, this linearization must

41



also be a topological ordering.

! ) ®
function multiply (x[1l..p], y[l..q9]):
// multiply x for each y[i] e
for i = qtol @ @ @
carry 0
for j p tol A(X) for e
= =@ ®

summands[i] = digits

// add partial results (computation not shown)
product = Y$_; summands[q+1-i]-101-1

= o, @D D G @D ()
L return product A(x)/ legend: Ttk carry mod 10 sum concat

Figure 3.1: Transformation of an algorithm A to its computational graph G 4(x). The depicted
example is of long-form multiplication algorithm A, for inputs x = [7,49] (i.e. computing 7 x 49).

3.2.2 Quantifying Compositional Complexity using Graph
Metrics

A’s representation as a computation graph G 4(x) enables measuring task complexity from
many angles.

We define a node v € V'’s layer number as the length of the longest path from a source
node to v in the directed acyclic graph G 4(). We then define the reasoning depth as the
largest layer number in the graph. In computation graphs, reasoning depth is a proxy for
the maximum level of multi-hop reasoning required to solve the task.

Let ds : V — Ny be the shortest distance to any of G’s source nodes S C V. We
define the reasoning width of a graph as the mode of {d(v) : v € V}. This metric aims
to measure the maximum number of variables required to maintain in parallel during the
computation.

3.2.3 Predicting Surface Patterns through Relative Information
Gain

When evaluating model performance, we may observe partially correct answers even in an
overall incorrect response. To understand model strategies in these partial successes, we use
Relative Information Gain to predict surface patterns that models are likely to recognize.
We represent task 7" as a distribution (Xq,...,X,,Y],...,Y,,) and measure the amount of
(normalized) information gained about an output element Y; by observing a subset of input
random variables X C {Xj,..., X, }:

H(Y;) — H(Y;|X)
H(Y;)

Relativel G(Y;, X) = € [0,1] (3.1)

RelativelG may be used to analyze the influence of any node in the computation graph (as

defined in §3.2.1) with respect to a set of its ancestors; in particular, output nodes with
respect to input nodes.
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3.2.4 Exploring Two Representative Compositional Tasks:
Definitions

Multiplication Multi-digit multiplication requires executing operations with numerical
symbols based on procedural rules (Hiebert, 2013). This task has multiple algorithmic
solutions; in constructing computation graphs, we use the well-known O(k1ks) long-form
multiplication algorithm for computing = - y, where x has k; < 5 digits and y has ks < 5
digits in base 10. See §B.1.1 for data construction details.

Let F4 = {one-digit multiplication, sum, mod 10, carry over, concatenation} in the in-
stantiation of G4x). Source nodes S are digits of input numbers, leaf node o is the final
output, and intermediate nodes v are partial results generated during execution of the long-
form multiplication algorithm (see Figure 3.1).

Dynamic Programming Problem Dynamic programming (DP) recursively breaks down
complex problems into simpler sub-problems, so problems solved using this technique are
compositional. We analyze a classic relaxation of the NP-complete Maximum Weighted
Independent Set problem (Kleinberg and Tardos, 2005): Given a sequence of integers, find a
subsequence with the highest sum, such that no two numbers in the subsequence are adjacent
in the original sequence. This relaxation may be solved in O(n) time using DP. See the
solution in §B.1.2. In the experiments, we restrict each integer to the [—5, 5] range.

To instantiate G 4(x), let Fa = {equals, and, not, indicator function, sum, max}. Source
nodes are elements of the input list, and the output node is a list that for each element
indicates whether it should be selected. We select an O(n) algorithm since G ax)’s size is
proportional to A’s complexity.

3.3 Testing the Limits of Transformers: Empirical
Evidence

Experimental Setup To understand the capabilities of LLMs, we evaluate GPT3
(text-davinci-003) (Brown et al., 2020), and GPT4 (gpt-4) (OpenAl, 2023) using
zero-shot, few-shot, and finetuning techniques. To understand the capabilities of LLMs, we
evaluate GPT4 (gpt-4) (OpenAl, 2023) using zero- and few-shot techniques, and GPT3
(text-davinci-003) (Brown et al., 2020) using fine-tuning techniques. GPT3 is the most
capable OpenAl model that supported fine-tuning at the time the study was performed.

To enable the generation of computation graphs beyond the final answers, we use the
concept of scratchpads (Nye et al., 2022). Scratchpads are a verbalization of the computation
graphs (i.e., a linearized representation of a topological ordering of G rx)). Overall, we
consider question-scratchpad and question-answer (without scratchpad) formats for few-shot
and finetuning settings to gauge models’ capabilities for learning with and without explicit
reasoning. See details of additional models and experimental configurations in §B.2 and
examples of scratchpad in §B.1.
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3.3.1 Testing the Limits of Transformers with Zero-shot, Few-shot
and Finetuning

GPT4 zero-shot GPT4 few-shot GPT4 few-shot w. scratchpad 1.04 —@— GPT4 zero-shot

~®- GPT4 five-shot
1 1 1 1 0.8 - ~@— GPT4 few-shot w scratchpad

'
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0.78 0.2 0.02

Accuracy

1
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Problem Size
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(a) Multiplication (b) Dynamic prog. (DP)

Figure 3.2: Zero- and few-shot accuracy (without and with scratchpad) for GPT4 on both
tasks. Axes refer to problem sizes (number of digits in each multiplication factor, and sequence
length in the DP task). Transformers’ accuracy decreases to near zero as task complexity increases,
measuring task complexity by the problem size.

Limits of transformers in zero- and few-shot settings To investigate the inherent
problem-solving capabilities of LLMs, we begin by analyzing models’ zero-shot and few-
shot performances on our compositional tasks. As shown in Figure 3.2, task performances
deteriorate significantly from near perfection to zero with increasing complexity, measured
by problem size. These results indicate that foundation models’ training for GPT4 is not
sufficient to teach models how to combine basic operations to solve compositional problems,
especially as problems grow more complex.

Limits of transformers with explicit scratchpad training We test whether we can
explicitly teach models the required computational operations via scratchpads. To do so,
we finetune GPT3 with question-scratchpad pairs for both tasks?. The results, presented in
Figure 3.3, show that GPT3 achieves near-perfect performance on in-distribution, but fails
entirely in generalizing to OOD cases—longer outputs, wider or deeper computation graphs.
These results indicate that even when training directly with guidance on the computation
steps, models still fail to learn component operations in a generalizable manner. Similarly,
prompting transformers with question-scratchpad pairs enhances the performance compared
to the zero-shot setting, but this performance boost diminishes to zero as instance complexity
increases. These findings suggest that the autoregressive characteristic of transformers, which
forces them to tackle problems sequentially, presents a fundamental challenge that cannot
be resolved by instructing the model to generate a step-by-step solution. Instead, models
depend on a greedy process of producing the next word to make predictions without a
rigorous global understanding of the task.

2We consider all k;-by-ks digit multiplications with 1 < k1,ks < 4 and k; - ks < 9; and all DP problems
up to 5 elements. We selected sizes based on budget constraints for GPT3 finetuning.
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(a) Multiplication. Training covered problems from 1-digit by 1-digit to 3-digit by 2-
digit multiplication, with up to 5 output digits (left panel) and graph depth and width
of 8 (center and right panels).
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(b) Dynamic programming (DP). Training covered problems with sequence length
up to 5, and the graph’s depth and width were set to 18 (center and right panels).

Figure 3.3: GPT3 finetuning accuracy on question-scratchpad pairs across different
data splits. The gray region represents in-domain data. Although in-distribution performance
is near-perfect, GPT3 fails to generalize to out-of-distribution cases, whether measured by output
length (left panels), graph depth (center panels), or graph width (right panels).

3.3.2 Breaking Down Successes and Failures of Transformers
3.3.2.1 Information Gain Explains Where Transformers Partially Excel

At times transformers predict partially correct answers even when the overall response is
incorrect. We speculate that this may be due to particularities in the task distribution that
allow for guessing partial answers without performing the full multi-step reasoning that the
task requires.

Using relative information gain (defined in §3.2.3), we can predict surface patterns
that a model is likely to learn and contrast them empirically. For multiplication, relative
information gain shows that the first digit (two digits) of the output highly correlates with
the first digit (two digits) of each input number (see §B.3.1). Hence, this spurious pattern is
likely to be learned by a model. Similarly, the prediction of the last digit (or two digits) of
the output is observed to solely rely on the last digit (or two digits) of each input number.
This pattern holds true due to the principles of modulo arithmetic, which ensures the validity

45



of this relationship in all cases. Empirically, we verify that models indeed learn the patterns
we predicted and other patterns as well (e.g., order of magnitude of the answer, number of
trailing zeros for multiplication) in all the settings with and without scratchpad. See details
for multiplication, plus dynamic programming task analysis in §B.3.

These experiments suggest that if an output element heavily relies on a single or a small
set of input features, transformers are likely to recognize such correlation during training
and directly map these input features to predict the output element in testing, without
going through the rigorous multi-hop reasoning and giving a false illusion of performing
compositional reasoning.

3.3.2.2 Transformers Reduce Multi-Step Compositional Reasoning into
Linearized Subgraph Matching

We now explore whether models’ correct predictions on
unseen test data are due to learning the underlying Fine-tuned GPT3 - Multiplication

algorithm or, instead, explainable by exposure to similar  _ _

training examples. We hypothesize that, beyond %imM

simple memorization, transformers largely rely on pattern ;% M

matching for solving these tasks. To test this, we calculate o

the average frequency with which partial computations 2 ! ¢ ’ 10

needed to solve an instance appear in the training data, - Fine-tuned GPT3 - DP

for both correctly and wrongly predicted examples. This E—f o

analysis requires access to explicit computation graphs, so  £2 100

we use models finetuned with question-scratchpad pairs. g‘”go Y :%—
Given a model-generated computation graph G A(x) We g

analyze how often the full computation of each node v € 1% full csomputati:,z subgra; depth ?

is seen in training. We define v’s full computation as - Correct Final Answer < Incorrect Final Answer

the subgraph induced by all ancestors of v including v,

) Figure 3.4: Average frequency
denoted FC@A<X) (v). We say that FG@A(@ (v) is seen in which test examples’ full com-

during training if F C@A(x) (v) = FCg, o) (w) for some putations subgraph appear in the
computation graph G 4(x) in training, and for some w € V. training data w.r.t. the subgraph
We characterize complexity of a full computation subgraph depth, grouped by final answer.
by its depth, as defined in §3.2.1.
Figure 3.4 shows that full computation subgraphs

appear significantly more frequently in the training data for correctly predicted test examples
than for incorrectly predicted ones, for both the multiplication and DP task (both frequencies
tend to zero for large depths since we ensured a disjoint train/test split). This high
correlation suggests that pattern matching—and not general reasoning capabilities—may
be the cause behind correct model outputs. This type of learning could be largely effective
when the compositional complexity of tasks is low but it becomes less efficient when tasks are
increasingly complex. This may elucidate the observed performance gain in low-complexity
and in-domain cases and the striking performance drop in OOD and highly complex cases.
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3.4 Error Propagations: The Theoretical Limits

Experiments (§3.3) highlight the limitations of current transformers in handling complex,
multi-step reasoning tasks. Concretely, we show that errors rapidly escalate as the problem
size grows. Here, we aim to provide theoretical insights into why autoregressive transformer
LLMs can perform significantly worse in compositional tasks as the problem size increases,
making explicit the different ways in which compounding stochastic errors affect final per-
formance. We argue using stylized examples that transformers may be too limited to solve
compositionally complex tasks. Formal statements and full proofs are provided in §B.4.

Algorithms designed to solve compositional tasks typically involve multiple independent
applications of a function and/or iterated applications of the same function. A transformer
executing such an algorithm acts as an estimator of these functions. In this context, we
examine the probability of such an estimator reaching the correct answer as the problem size
increases. We first consider a scenario where a transformer estimates an algorithm requiring
n independent applications of a function:

Proposition 3.4.1 (mformal) Let f,, involve the combination h,, ofn independent applications
of a functiong. Letf,g,h be their estimators. Assume thath, is a perfect estimator of h,

and that h, has low collision, with ¢, being an upper bound of h,’s collision rate
(cn < ¢ ¥n, with ¢ < 1). If P(g # §) = € > 0 where §’s errors are independent, then
P(fo # fo) > 1 —c¢y— (1 —€&"- (1 —¢,). This implies that P(f, # f,) decreases
exponentially as n increases, with lrizr—I}Jigof]P(f" %fn) > 1—c. Moreover, if ¢, < Ba™ for

some o € (0,1),8 > 0, ]P(fn%fn) tends exponentially tol asn increases.

Prop. 3.4.1’s proof (§B.4.1) shows the rate of convergence is exponential, thus conclud-
ing that transformers will rapidly fail with increasing n. Let’s now analyze the iterated
application function scenario.

Proposition 3.4.2 (informal). Let f,(x) = ¢"(x) involve the repeated application of g.
Assume that the probability of recovering from a mistake due to the randomness of applying
the estimator on an incorrect input has probability at most c. If P(g#g)=€>0, then P(f, #
fn) decreases exponentially withn. Precisely, P(f,#fn) = 1—(1—e—c)" Y (1—e—c/(c+e€)),
implying l%gligofIP(fn#fn) >1—c/(c+e).

The argument is as follows. Let s, := P(f, = fn), where s; = 1 — ¢ by definition. Derive
$p < (1 —€—c¢)-s,_1+ c using law of total probability. Then, prove by induction a non-
recursive upper bound for s, with limit _& when n — 4o00. See formal statement and
derivation in §B.4.2.

Prop. 3.4.2’s proof also shows an exponential rate of convergence. Note that if c << e then
lrllr_r} ngof P(f, # fu) ~ 1. It is reasonable to assume ¢ < ¢ when g has low collision, since ¢

represents the probability of the estimator g(y) arriving at the correct output g(x) by chance
when given the wrong input y # x. More details in §B.4.3.

Moreover, repeated applications of a function often imply unbounded errors: if g(z) can
be expressed as an affine transformation Fz+c, then it may be viewed as a first-order vector
autoregression, which are known to be unstable when || > 1 for at least one \ eigenvalue of
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F (Hamilton, 1994, Prop. 10.1). While we make these arguments with affine maps, similar
behaviors, possibly even more acute, could occur with nonlinear maps (Douc, Moulines, and
Stoffer, 2014)—but their study is beyond the scope of this paper.

In Prop. 3.4.2’s current form, we implicitly assume that there is a single valid reasoning
for each input since ¢ is a function. We can potentially generalize this assumption with
a state-transition framing, where the probability of transitioning from a valid state to an
invalid one is €, and the probability of recovering from an invalid state is at most c. See
formal statement in B.4.2.

All tasks evaluated in the present work can be seen as instances of the results just proven.
Prop. 3.4.1 directly applies to multiplication, since m-by-n digit multiplication can be seen as
n independent instances of m-by-1 digit multiplication (see Cor. B.4.1). Prop. 3.4.2 directly
applies to the recursive function of the dynamic programming task, as well as to m-by-1 digit
multiplication, and to the puzzle through its elimination function (details in B.4.3). They
are also all low collision settings.

Note that Prop 3.4.1 and 3.4.2 apply to any high-performant estimator of reasoning tasks.
We focus on out-of-the-box transformers to align with the scope of our experiments and with
the goal of framing empirical results. In §3.5, we discuss how these propositions may inform
future research directions.

3.5 Discussion

Collapsed Compositionality and Robustness Implications Transformers today
demonstrate undeniably powerful empirical results. Yet, our study suggests that they
may have fundamental weaknesses in certain intellectual tasks that require true multi-step
compositional operations such as multiplications and dynamic programming. Our careful
study based on the computation graph and analyses demonstrates that transformers can
often solve multi-step compositional problems by collapsing the depth of the compositional
operations via analogical pattern matching. More broadly, our findings suggest that the
strong performance of transformers should be taken with a certain grain of salt: Despite
initially appearing challenging, certain tasks may not possess the inherent compositionality
they seem to have. This is due to the fact that desired solutions could be readily derived
from input-output sequences present in the training data, allowing for shortcut pattern
matching to produce acceptable solutions. However, such an approach can ultimately
result in poor generalization as shown in our study. For example, fine-tuning GPT3 on our
tasks both with and without explicit reasoning graphs shows that models’ learning fails to
generalize beyond levels of complexity seenin training.

Theoretical Findings and their Empirical Implications The proofs presented in §3.4
show that, under reasonable assumptions, the probability of incorrect predictions converges
exponentially to ~ 1 for abstract compositional tasks. Importantly, these proofs apply
to autoregressive LMs in general. Our insights indicate that the current configuration of
transformers, with their reliance on a greedy process for predicting the next word, constrains
their error recovery capability and impedes the development of a comprehensive global
understanding of the task. Building on these findings, we suggest several empirical strategies
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for harnessing the potential of transformers. Firstly, transformers may be employed in
ways that require chaining only a few compositional steps to reach a solution rather than
lengthy reasoning steps (e.g., (A. Q. Jiang et al., 2023)). Secondly, transformers may be
best suited for compositional tasks where evaluation metrics can afford some leniency; for
example, finding approximate solutions that do not require executing the whole graph, such
as identifying the most significant digit in a multiplication. Finally, we suggest augmenting
transformers with planning modules as well as using refinement methods, that can iteratively
improve their generations (Madaan et al., 2023; Welleck et al., 2023).

3.6 Related Work

Reasoning abilities in transformer LLMs Recently, transformers (Brown et al., 2020;
Chowdhery et al., 2023; Chung et al., 2024; OpenAl, 2022, 2023; Rae et al., 2021; Taylor
et al., 2022; Thoppilan et al., 2022) have demonstrated impressive reasoning abilities across
a wide range of tasks, even outperforming humans in certain cases (Choi et al., 2023; H. Fu
Y. P. and Khot, 2022; J. Wei et al., 2022b; Zheng and Zhan, 2023). This success has been
largely attributed to the scaling effect, where larger models and training datasets result in
improved performance (Aghajanyan et al., 2023; Henighan et al., 2020; Kaplan et al., 2020).
However, these models have also been shown to struggle across multiple domains (Helwe,
Clavel, and Suchanek, 2021), including algorithmic reasoning (Velickovi¢ and Blundell, 2021),
commonsense reasoning (Koralus and Wang-Mascianica, 2023; C. Qin et al., 2023), theory of
mind (Sap et al., 2022), planning (Valmeekam et al., 2022), logical reasoning (Srivastava et
al., 2023), and ethical reasoning (L. Jiang et al., 2021). These difficulties have motivated us
to take a step back and thoroughly examine both the successes and failures of transformers
from empirical and theoretical perspectives on compositional reasoning tasks.

Challenges of transformers in compositional tasks Transformers perform fairly well
in single-step reasoning tasks (Srivastava et al., 2023), but face challenges when it comes to
effectively combining multiple steps to solve compositionally complex problems (Nye et al.,
2022; Saparov and He, 2023; Welleck et al., 2022a; Y. Zhang et al., 2022). Recent research
has focused on overcoming these limitations through various approaches. First, fine-tuning
transformers to directly generate the final answer while keeping the reasoning implicit (Betz,
Voigt, and Richardson, 2021; P. Clark, Tafjord, and Richardson, 2021). Second, encouraging
transformers to generate reasoning steps explicitly within a single generation (Liang et al.,
2023; Ling et al., 2017; Nye et al., 2022; J. Wei et al., 2022a). For example, Nye et al. (Nye et
al., 2022) and Zhou et al. (H. Zhou et al., 2023) used scratchpads to teach transformers how
to perform algorithmic reasoning tasks such as addition by splitting the task into intermediate
steps (Ling et al., 2017; J. Wei et al., 2022a). Further, leveraging LLMs to generate each
reasoning step iteratively via a selection and inference mechanism (Creswell and Shanahan,
2022; Creswell, Shanahan, and Higgins, 2023; Tafjord, Dalvi, and P. Clark, 2021). Lastly,
choosing a training split that maximizes the number of observed patterns between the train
and test data (Bogin, S. Gupta, and Berant, 2022), or diversifying in-prompt examples
to cover the maximum of patterns (Levy, Bogin, and Berant, 2023), ultimately enhancing
generalization. The primary focus of these studies is to enhance model performance on
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compositional problems without striving for complete mastery. In contrast, our work explores
the fundamental limits of vanilla transformers in achieving full mastery, striving for 100%
performance in both in-domain and OOD settings. Our findings show that reaching full
mastery is inherently challenging, providing insights into the complexities involved.

Challenges of transformers in generalization Extensive research has been done to
investigate the generalization capabilities of transformers (Anil et al., 2022; Bhattamishra,
Ahuja, and Goyal, 2020; Dubois et al., 2020; B. Liu et al., 2023; Newman et al., 2020;
Razeghi et al., 2022). This encompasses various facets of generalization, including easy-to-
hard generalization (Bansal et al., 2022; Schwarzschild et al., 2021), length generalization
(Anil et al., 2022; Bhattamishra, Ahuja, and Goyal, 2020; Bueno et al., 2022; Newman
et al., 2020; Press, Smith, and Lewis, 2022), and generalization on symbolic mathematical
integration (Welleck et al., 2022b). Schwarzschild et al. (Schwarzschild et al., 2021) and
Bansal et al. (Bansal et al., 2022) employ weight-tied neural networks to generalize from
easy to hard examples. Liu et al., (B. Liu et al., 2023) found that shallow transformers learn
shortcuts during training, leading to poor OOD generalization. Razeghi et al. (Razeghi et
al., 2022) revealed a positive correlation between the frequency of training terms and their
test performance. Building upon this line of inquiry, we present a more rigorous examination
of sub-graph matching between training and test instances for complex compositional tasks
where we demonstrate how pattern matching can hinder generalization. We complement our
empirical results with theoretical insights on transformers’ limits.

Transformers’ theoretical expressiveness Lin et al. (C.-C. Lin et al., 2021) study
autoregressive models’ limitations from a computational complexity theory perspective.
Transformer-specific work has focused on quantifying the class of problems that (not
necessarily autoregressive) transformers can express assuming perfect parameters (Chiang,
Cholak, and Pillay, 2023; Merrill and Sabharwal, 2023a,b, 2024, inter alia). All tasks
analyzed in our work belong to a class expressible by transformers, suggesting that known
upper bound might not be tight. Importantly, Hahn (Hahn, 2020) shows that transformers
cannot robustly model noncounter-free regular languages even when allowing infinite
precision. In contrast, our focus is on error accumulation, which enables to investigate if
reasoning tasks theoretically solvable by transformers are likely to be solved by them.

Iterated Functions The process of repeatedly applying a noisy single operation or func-
tion f can be related to iterated random functions (Diaconis and Freedman, 1999). In
this latter literature, the focus is usually on the contractive regime in which accrued errors
can be kept under control, and the subsequent convergence guarantees (e.g., Delyon and
Juditsky, 1999). When f is an affine transformation, the process falls simultaneously between
two perspectives: time series (Hamilton, 1994) and dynamic programming and control
(Bertsekas, 2022). We leverage the former to discuss the often explosive errorsof f”.

20



3.7 Conclusions

On a broader scope, as transformers continue to gain widespread deployment with significant
real-world impacts, it is ever more urgent to understand their successes and failures. Our
study critically investigates transformers’ limitations and emphasizes the need to develop
models capable of robust generalization and systematic problem-solving. By examining
the compositional capabilities of these models, we aspire to work towards more reliable Al
systems that excel not only in tasks where abundant training examples are sufficient, but
also in cases requiring precise compositional reasoning.

3.8 Compositionality: A 2026 Perspective

The study just presented involved frontier models at the time of the study in May 2023.
Since then, LLM capabilities have improved substantially, motivating a revisit of model
performance in these tasks as well as evaluating larger problem sizes, and a new class of
reasoning models that produce extended internal chain-of-thought before answering. We
re-evaluate on the DP and multiplication tasks using some of the latest Gemini models as of
April 2026: Gemini 3.1 Flash Lite (thinking disabled; asking the model to follow the scratch-
pad shown) as a non-reasoning baseline, and Gemini 2.5 Flash, Gemini 3 Flash Preview, and
Gemini 3.1 Pro Preview with thinking enabled.

Gemini Flash Lite Gemini Flash Lite Gemini Flash Lite
zero-shot few-shot few-shot w. scratchpad

1 1.00 1 1.00 1 1.00

o i i i
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Figure 3.5: Multiplication accuracy for Gemini 3.1 Flash Lite across digit counts (lower-
triangular heatmaps). Scratchpad prompting now sustains near-perfect accuracy through 6
digits—significantly further than GPT-4 in 2023.

Scratchpad-following capabilities have improved, length generalization may not:
a study on multiplication As shown in Figure 3.5, models have become much better
at following a provided scratchpad algorithm, as well as robustly memorizing a larger pool
of smaller instances. This robust memorization also has positive consequences at larger
problem sizes, since the error propagation described in Section 3.4 will delay its occurrence.
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Flash Lite: same-size vs mixed-demo scratchpad
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Figure 3.6: Multiplication accuracy for NxN multiplication when showing same-size
scratchpad demonstrations, vs. when showing mixed 4-digit by 4-digit plus 5-digit times
5-digit multiplication for Gemini 3.1 Flash Lite. Accuracy decays more sharply when the
demonstrations are not of the same problem size as the evaluation, even when different
problem sizes are shown to encourage length generalization.

Figure 3.6 also shows that scratchpad-following capabilities are still present at larger prob-
lem sizes than ever before, sustaining near-perfect accuracy through 6 digits and degrading
gracefully to 50% at 9 digits. However, Figure 3.6 also points out that the generalization
capability may still be limited. Concretely, when the few-shot examples show a mix of 4-
digit by 4-digit multiplications, and 5-digit by 5-digit multiplications, instead of the exact
problem size required at testing, model performance decays significantly, dropping to 20% at
9 digits vs. 50% when using the exact same problem size for few-shot examples. This suggests
that the clear improvements in procedural fidelity over what we observed with GPT-4 are
still lacking the length generalization capabilities we would expect from a model genuinely
understanding the underlying algorithm.

We also directly compare scratchpad (thinking disabled) against scratchpad combined
with thinking, using Gemini 2.5 Flash. At 4 digits, scratchpad alone achieves 93% while
scratchpad + thinking drops to 79%; at 5 digits the gap widens to 97% vs. 12%. This
suggests that showing extremely relevant few-shot examples is still more beneficial than
enabling free-form thinking when these examples are available, even for such a well-known
task as multiplication.

Free-form thinking capabilities are effective, yet problem size degradation per-
sists as in the original work Finally, we also study the effects of free-form thinking in
the other task of interest, DP. Figure 3.7 shows that Gemini models handle much larger
DP instances than the original GPT-4 results, with the most capable model, Gemini 3.1
Pro Preview, reaching 100% at n = 10. However, the degradation pattern described in this
chapter still reappears, just at larger sizes—40% at n = 15, 29% at n = 20, 25% at n = 25—
and smaller models degrade even faster. Extended reasoning delays but does not eliminate
the compositional ceiling.
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Figure 3.7: DP accuracy vs. problem size for three thinking-enabled Gemini models (zero-
shot left, few-shot right; thinking enabled, no scratchpad). Performance degrades sharply
beyond n = 10 for all models despite our problem being a classic DP problem.

In summary, both experiments point to similar compositional reasoning decay behavior as
in 2023, but pushing the base error rate significantly further to enable much larger problem
sizes—which may be sufficient for many real-world applications. As previously mentioned,
the tasks chosen for our study are intentionally simple and should never be understood as
sufficient test for generalizable Al capabilities.
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Part 111

Modeling Semantic Structure: Theory
of Mind Reasoning
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3.9 Introduction

Part II demonstrated that imbuing tasks with explicit semantic-level structure is a pro-
ductive strategy for principled analysis of language model behavior: by recasting reasoning
problems as computation graphs, complexity becomes formally quantifiable and intermediate
steps independently verifiable, revealing principled limits on compositional generalization
in transformers. Importantly, all tasks considered were mathematical in nature. Part III
asks whether semantic-level structure strategies can be extended to Theory of Mind (ToM)
reasoning (Premack and Woodruff, 1978)—the capacity to reason about other agents’ beliefs,
desires, and intentions—a domain that is social rather than mathematical, and where models
must track the shifting mental states of multiple agents across a narrative. This ability
is a cornerstone of human social intelligence, developing naturally in children (C. Frith
et al., 2003) and underlying reading comprehension, dialogue, negotiation, and virtually
every form of collaborative interaction. Equipping language models with robust theory of
mind capabilities is therefore a prerequisite for effective deployment across a wide range of
applications.

Theory of mind presents two interconnected empirical challenges for language model
research: reliably measuring the extent and limits of models’ theory of mind capabilities,
and improving models so they more reliably exhibit them. Both are addressed by the chapters
that follow.

On the evaluation side, the scientific literature has reached conflicting conclusions about
the extent to which LLMs exhibit theory of mind behavior. Prior work has alternately
interpreted model outputs as evidence of emerging ToM-like capabilities (Bubeck et al.,
2023; Kosinski, 2024) or as evidence of their absence (Sap et al., 2022; Shapira et al., 2024;
Strachan et al., 2024; Ullman, 2023), and these conflicting interpretations are driven in
large part by the difficulty of designing evaluations that isolate mental state modeling from
other cues. The dominant evaluation paradigm—pioneered by ToMi (Le, Boureau, and
Nickel, 2019) and ToM-bAbI (Nematzadeh et al., 2018)—relies on template-based datasets
that cover a restricted set of interaction types and scenario structures, that are sometimes
unusual or violate commonsense physical reasoning . Datasets in this paradigm are often
susceptible to being solved through spurious pattern-matching rather than systematic mental
state modeling (Ullman, 2023). Human-generated alternatives, while richer, face their own
limitations: annotation cost constrains scale, and the diversity of covered scenarios is itself
bounded by the creativity and effort that annotation pipelines can sustain. The rapidly
increasing capability of frontier models means that benchmarks risk saturation at the time
of release. Together, these challenges make it difficult to reliably measure the extent and
limits of models’ theory of mind capabilities, and harder still to determine how to remedy
failures once they are identified.

On the improvement side, prior work has primarily relied on supervised training (e.g.,
Arodi and Cheung, 2021; Grant, Nematzadeh, and Griffiths, 2017; Nematzadeh et al., 2018),
but the simplicity and limited diversity of available datasets meant that such models were
brittle, failing under even slight out-of-distribution perturbations—as will be demonstrated in
Chapter 4. While Part II established that transformers face fundamental limits on complex
reasoning tasks, the empirical question of how far fine-tuning methods can push theory
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of mind capabilities in practice remains valuable to answer. Existing data sources are
furthermore ill-suited for use as training data: they are often limited in scale (Xu et al.,
2024), portray specific scripted scenarios (Le, Boureau, and Nickel, 2019; Wu et al., 2023),
and are prone to leakage risks that would make them fully unsuitable for future use. The
quality and diversity of available data thus emerges as the core tractable bottleneck.

We explore two responses to this bottleneck. The first, pursued in Chapter 4, is to side-
step the data problem entirely: by imposing explicit belief-graph structure at inference time,
models can reason more reliably about mental states without further training, yielding a
solution more general than any supervised approach trained on the limited data available at
the time. The second, pursued in Chapter 5, is to address the data bottleneck directly: taking
inspiration from the structured belief representations of Chapter 4, it introduces an A*-
powered algorithm that generates diverse, challenging, and verifiable theory of mind stories
adversarially tailored to expose the weaknesses of a target model, making supervision viable
in a way it was not before. Crucially, this structured generation approach simultaneously
addresses both challenges: the same adversarially generated data that trains stronger models
also yields evaluation sets that are more diverse and more robust to saturation, offering
a principled path through the conflicting claims that have characterized the evaluation
literature.

Together, the two chapters will show that structure-guided approaches can push model
performance on social reasoning substantially further than the status quo, while also pro-
viding the tools needed to keep probing where the remaining limits lie.
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Chapter 4

A Plug-and-Play Multi-Character
Belief Tracker for Theory of Mind
Reasoning

This chapter is based on SymbolicToM: Minding Language Models’ (Lack of) Theory of
Mind: A Plug-and-Play Multi-Character Belief Tracker. Published at ACL 2023 (Outstand-
ing Paper Award).

4.1 Introduction

Cognitive and literary studies have extensively argued theory of mind’s key role in under-
standing stories, in order to explain and predict each character’s actions (Carney, Wlodarski,
and Dunbar, 2014; Duijn, Sluiter, and Verhagen, 2015; Leverage, Mancing, and Schweickert,
2010; Zunshine, 2006, inter alia). As exemplified in Figure 4.1, readers need to model Bob’s
mental state (called first-order theory of mind), as well as Bob’s estimation of Alice’s mental
state (second-order theory of mind) to answer questions.

As discussed in §3.9, the scarcity and limited diversity of available theory of mind data
makes supervised approaches brittle—motivating an inference-time solution instead. We
introduce SYMBOLICTOM, an inference-time method that improves large language models’
theory of mind capabilities by augmenting them with an explicit symbolic graphical represen-
tation of each character’s beliefs. Unlike prior efforts, our approach does not require training
and instead divides the problem into simpler subtasks, leveraging off-the-shelf models to solve
them, and carefully consolidating their results. This makes SYMBOLICTOM significantly
more robust than existing models trained specifically for theory of mind behavior.

While beliefs about the world state differ among people, most existing work on encoding
belief states does not model this behavior, relying on singular graphs (Jacqmin, Barahona,
and Favre, 2022; Jansen, 2022). SyMBOLICTOM, instead, utilizes a set of graphs, each
representing what the character p; thinks that py believes that [...] pm assumes to be the
current state of the world, where m is the maximum reasoning depth as determined by
the user. This explicit, recursive mental state representation enables the model to answer
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Alice and Bob are in a room with a basket and a box.
Alice puts some celery in the basket and leaves the
room. Bob then moves the celery into the box.

Where will Bob search for the celery? (*)
Where does Bob think that Alice
will look for the celery when she returns? (**)

—

y \basket/ s / N .
wcelery”%/ sin room
box

CA is NI basket N4, N\
celery . room | ;
" J ) s in /

box

Figure 4.1: A simple story requiring theory of mind. Note that Alice’s belief of the celery’s location
differs from reality (i.e. Alice holds a false belief). Readers must reason that Alice will look for the
celery where she left it, and that Bob will make that same assumption. Questions shown require
different depths of mental state modeling.

questions from the perspective of each character. SYMBOLICTOM'’s process of selecting and
querying a particular character’s graph grounds it in cognitive science research arguing theory
of mind as an essential mechanism of selective attention (Leslie, Friedman, and German,
2004). Our approach also instills desirable inductive biases, such as object permanence—for
example, object locations (represented by edges in the graphs) are assumed to be constant
until the method can infer a change. Although existing NLP datasets only test up to second-
order reasoning (i.e., m < 2), SYMBOLICTOM is designed to work at any depth.

SYMBOLICTOM dramatically improves the performance of large language models in
theory of mind reading comprehension tasks. For example, GPT-3-Davinci’s (Brown et
al., 2020)! accuracy on the ToMi benchmark (Le, Boureau, and Nickel, 2019) increases by
38 absolute points using SYMBOLICTOM (yielding 92% accuracy averaging across question
types). Furthermore, we extend the ToMi test sets with diverse story structures and sentence
paraphrases and demonstrate that our approach is significantly more robust than supervised
approaches.

!The strongest model available at the time of the study, published in July 2023.
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4.2 Motivation and Background

Although large-scale language models have recently shown improvements in some classic the-
ory of mind examples, they are still far from reliably showing theory of mind capabilities (Sap
et al., 2022; Shapira et al., 2024; Ullman, 2023; P. Yu et al., 2023). While the training data
for these models includes human-written stories which require theory of mind reasoning,
this information is largely implicit and hence difficult for models to learn. ChatGPT and
GPT3-Davinci’s incorrect answers to Figure 4.1’s question #2 are shown below.?

ChatGPT (gpt-3.5-turbo): Based on the information provided, Bob would likely think
that Alice will look for the celery in the box when she returns. Since Bob moved the celery
from the basket to the box, he would assume that Alice would expect to find it in its new
location.

GPT3 (text-davinci-003): Bob will likely think that Alice will look for the celery in the
box, since that is where he moved it.

To the best of our knowledge, at the time of this study, the only available datasets for
measuring theory of mind in reading comprehension tasks were ToM-bAbI (Nematzadeh et
al., 2018) and ToMi (Le, Boureau, and Nickel, 2019).® In this work, we focus on cognitive
theory of mind—differences in knowledge and beliefs among characters—as opposed to
affective aspects such as intent inference or character consistency (Qiu et al., 2022; P. Zhou
et al., 2022), which are the primary focus of text-based game settings. Because of their
templated nature, supervised training on these datasets is prone to overfitting to spurious
artifacts. While ToMi was developed to counter this behavior in ToM-bAbI by introducing
flexible sentence ordering and distractor sentences and characters, we show it still faces the
same pitfalls.

As discussed in §3.9, the scarcity and limited diversity of available theory of mind data
makes supervised approaches brittle—motivating an inference-time solution instead.

4.3 Methods

4.3.1 SymbolicToM: Algorithm Overview

Our goal is to automatically answer reading comprehension questions given a story involving
multiple characters, without requiring any supervised training or fine-tuning on this task.
We first introduce key notation, then provide a high-level overview of SymBoLICTOM
(Algorithm 2).

Notation We use the term k-th order theory of mind to refer to an estimate of what a
character py thinks that py thinks that [...] py thinks about the world state. We denote this

2Queried on May 22, 2023 with top_p=1 and temperature=0. Given the non-deterministic and
continuously changing nature of these models, exact examples may not produce the same response we report.

3This reflects the state of available benchmarks at publication (July 2023); subsequent work has
introduced additional datasets (e.g., Wu et al., 2023; Xu et al., 2024).
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the celery? Bgob,alice = | [ celery box — box. Alice puts some

celery in the basket and
leaves the room.

Alice

1. Detect entities in the question, 2. Retrieve sentences 3. Feed to Language Model
retrieve the relevant belief graph and captured by the graph
perform recursion over the question

Figure 4.2: Pipeline overview of SYMBOLICTOM, a decoding-time algorithm that enhances large
language models’ theory of mind capabilities. SYMBOLICTOM does not require training: it divides
the problem into smaller subtasks and uses off-the-shelf models to solve them. Given a passage,
SYMBOLICTOM constructs explicit symbolic graphical representations of each character’s belief
states (step 1). To answer ToM questions, it retrieves relevant sentences from the graph (step 2)
and then queries the LLM in a zero-shot manner (step 3).

belief by B,, . .. We let k < m, where m is a maximum reasoning depth. This is a user-
specified limit, denoting the maximum recursion that the reader is assumed to be capable of
performing. For instance, in Figure 4.1, questions #1 and #2 measure 1st- and 2nd-order
theory of mind respectively; Bg,, refers to Bob’s beliefs about the current world state, and
Bgop,alice Tepresents Bob’s estimation of Alice’s beliefs about the world state. In this work,
B, . .. only represents beliefs about the current world state, without additional modeling
of other characters’ mental states, such as their opinions.

A benefit of this notation is that any belief state can be represented as an m-th order
one. We assume that what py thinks that py thinks is equivalent to what py thinks, and by
induction, By, p. = Bp,....pe.pe..pe» Where the last py is repeated m — k times. We adopt this
notation going forward, denotmg all states as m-th order. As a conceptual note, the set of
belief states { By, .. py.qes1.am | V@41, - - - » @m } T€Presents the mental state from the perspective
of p1,...,pk, using m — k order of theory of mind.

Local and Global Context We represent each B, , as a graph (a simplified version
is depicted in Figure 4.1) where each node represents an entity (e.g. a character, object,
room, container) and each edge connects two nodes with a stated relationship in the story.
We construct the graphs by iterating through a story one sentence at a time, and adding
both nodes and edges to the graph (BELIEFTRACKINGSTRUCTURE; described in §4.3.2 and
Algorithm 3). Each edge is also paired with the sentence from the story from which it was
constructed. We refer to the set of all belief state graphs as the local contexts. We also
maintain a global context graph, denoted by G, which contains the true world state. G has
an identical structure to By, ,,. See C.1.1 for a detailed definition of G.

Question Answering After parsing a story and constructing the complete set of belief-
tracking structures, we can use these structures to answer questions by querying the ap-
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propriate graph and considering it as the real-world state. For example, if the question is
“Where will Bob think that Alice will look for the celery?”, we retrieve Bpob, alice; but if
instead the question were “Where will Bob look for the celery?”, we would retrieve Bggp. In
both cases, we would ask “Where is the celery?” on the retrieved graph. Figure 4.2 shows
an example of the full pipeline.

Given a question, we identify the relevant characters pq, ..., pr mentioned in order heuris-
tically, and rephrase the question to ask directly about the world state (PROCESSQUESTION;
owing to the questions’ templatic nature in our evaluation data, this approach rephrases all
questions correctly).? We then retrieve the corresponding graph; i.e., By, ., of which we
can simply ask the question “Where is the celery?”. To obtain the answer, we first reconstruct
a subset S’ of sentences in the original story, consisting of those represented by the retrieved
graph (SENTENCESREPRESENTEDBYGRAPH). We then use a large language model £ to an-
swer the simplified question zero-shot given S’, using as input the sentences in S’ in the same
order as they appeared in the original text, and preserving phrasing. We optionally further
filter S’ based on the entities mentioned in the question (FILTERBASEDONQUESTION). An
ablation study showed this last step can often be skipped (see Appendix C.3.1).

Algorithm 2 SymBorLicToM

B <+ BELIEFTRACKINGSTRUCTURE(sentences)

D1,- - - Dk, question’ < PROCESSQUESTION(question)
S’ <~ SENTENCESREPRESENTEDBYGRAPH(By, ... p, )
S+ FILTERBASEDONQUESTION(.S’, question)
return S question’

4.3.2 Computing the Belief Graphs B, ,,

Assuming each story is told chronologically, SYMBOLICTOM processes each sentence s
sequentially in two stages (Algorithm 3). First, it extracts all actions in s and updates
the global context G from an omniscient point of view while identifying the characters (W)
who witnessed actions and world state changes described in the sentence. Second, for each
witness w € W, it propagates this new information to update w’s local contexts; i.e., we
only update By, . with, for 1 <7 <m, each p; € W, and leave the rest unchanged.

As an example, when processing the last sentence in Figure 4.3, we update Bob and
Charles’s state (Bpo, and Bcparles) and the perception of others’ respective state (Bpob,charles;
BCeharles, Bob), but we need not update Alice’s state, or Bob and Charles’s perception of Alice’s
mental state, because she did not witness the actions described.

4.3.2.1 Detecting Witnesses, Updating Graphs, and Propagating Knowledge

Starting with an empty graph, for each new sentence s, we update the global context G' by
combining off-the-shelf models in four steps (Algorithm 4; GLOBALCONTEXTUPDATE).

40ur explorations show that GPT3 is also capable of rephrasing the questions zero-shot (see §C.1.3),
but we refrained from this solution due to budget concerns.
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Alice and Bob are in a room with a basket and a box. Alice puts
some celery in the basket and leaves the room. Bob then moves
the celery into the box. Charles immediately enters the room.
Charles puts the celery in a chest.

1. Update global context G and basket

Bob
i detect witnesses 7/ as all entities oo :
¢ in the same connected component 1
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Figure 4.3: High-level depiction of the belief update procedure for m = 2. B, ., denotes
a graph, and the graph updating procedure is detailed in the main text.

Algorithm 3 Belief Tracking

function BELIEFTRACKINGSTRUCTURE(sentences)
for s € sentences do
G, W + GLOBALCONTEXTUPDATE(G, s)
for all [py,...,pm] € W™ do
By, . p,, < LOCALCONTEXTUPDATE(B,,. p,..G,S)

First, we detect the existing edges E in G that contradict s. This is implemented as de-
tecting Natural Language Inference (NLI) contradictions, considering s as the premise,
and every edge in GG as a hypothesis.

Second, we augment G with new edges and nodes, by first deriving a natural language
representation r of the state resulting from the actions described in s, and then extract
new nodes and edges from r as OpenlE triples (Stanovsky et al., 2018). For example,
for “Bob then moves the celery to the box”, the resulting state » would be the sentence
“The celery is in the box”. To obtain r from s, we prompt a language model such as
GPT3 (see Appendix C.1.2 for details). After obtaining r, we use the corresponding
triple (e.g., (celery, box, is in)) to add new nodes and edges to G if not already
present (e.g., the nodes “celery” and “box”, and a directed edge connecting them
labeled by “is in”). Importantly, we only add edges that represent positive relations
between nodes; i.e., there will not be an edge representing “The celery is not in the
box”.

Third, we detect the witnesses W of the actions described in s. Since each character will
be a node in G, we identify VW as all the characters that are in the same connected
component as the newly added edges.
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Finally, we remove all edges E that are no longer valid in G as identified by the NLI
contradictions. This step is done last to ensure all witnesses are found before their
edges are deleted.

Algorithm 4 World State Beliefs Graphs Update

function GLOBALCONTEXTUPDATE(G, s)
E < DETECTCONTRADICTINGEDGES(G, s)
G + G U TRIPLES(RESULTINGSTATE(s))
W <+ FINDWITNESSES(G)
G+ G\EFE
return G, W

function LOCALCONTEXTUPDATE(C, G, s)
E + DETECTCONTRADICTINGEDGES(C, s)
C < C U TRIPLES(RESULTINGSTATE(s))
C + PROPAGATEKNOWLEDGE(G, C, s)
C+C\EFE
return C

The local contexts (B,,,. ) are updated similarly (LOCALCONTEXTUPDATE in Algo-
rithm 4), except for an additional step of knowledge propagation. While performing an
action, a character may implicitly gain information not described in the text. For example,
when entering a room, a character may gain knowledge of the people and visible objects in
the room. This knowledge (already present in GG, which tracks the omniscient world state)
needs to be propagated to each B, . , with each p;€W. As G represents the true world
state, we simplify the problem: if a character p; is in a specific connected component D of
G, then it possesses all knowledge encoded in D. To model implicit knowledge gain, we add
all edges in D to B,, . .. As D represents the latest global context information, we remove
from the local context edges that are in B,, _, but not in D (representing outdated beliefs
about the world state).

4.3.3 Notes on Memory Efficiency

Memory requirements grow exponentially with m, the maximum order of theory of mind
considered. However, m in practice is small, as humans find tasks increasingly challenging
as m increases. For example, psychological tests for m = 3 are aimed at teenagers and adults
(Valle et al., 2015). All experiments in this work are done with m = 2, the maximum order
of theory of mind reasoning that current datasets evaluate. If memory were a concern, one
could process the questions first for memory efficiency, and compute only the graphs B, .
required for target queries.

4.4 Fundamental Issues in Existing ToM Datasets

Construction of ToMi As introduced in §4.2, the sole large-scale theory of mind dataset
for reading comprehension tasks is ToMi (Le, Boureau, and Nickel, 2019). Barring its added
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Oliver entered the front yard.

Ethan entered the front yard.

Liam entered the kitchen.

objectA is in the basket.

Ethan exited the front yard.

Ethan entered the kitchen.

Oliver moved objectA to the containerX.
Where does Ethan think objectA is?

ToMi Gold Label: basket

PN OO W

Table 4.1: Interpretation of ambiguities in ToMi can be affected by commonsense. In the above
template, the correct label is that Ethan thinks objectA is in the basket, as this is where he last
saw it. Setting objectA to hat and containerX to boz results in 80% human accuracy. However,
setting these to apple and pantry, accuracy drops to 20%. Physical commonsense suggests the
pantry is likely in the kitchen, changing the answer to pantry, but regardless of the identity of
objectA or containerX, the correct label in ToMi is basket.

distractor characters and sentences, ToMi strictly mimics the Sally-Anne test, a widely
adopted evaluation for assessing children’s social cognitive ability to reason about others’
mental states (Baron-Cohen, Leslie, and U. Frith, 1985; Wimmer and Perner, 1983). Stories
are structured are as follows: characters A and B are in a room, and A moves an object
from an opaque container to another; B may or may not leave the room before A moves the
object. B will know the object’s new location if and only if they were in the room at the time
it was moved. Four types of ToM questions are posed: first-order or second-order, probing a
character about either a true or a false belief (i.e, belief that matches reality or not). ToMi
also includes questions probing about reality (or zeroth-order ToM, Sclar, Neubig, and Bisk,
2022) and memory.

ToMi has six types of sentences (i.e. six primitives) with set phrasing. These include
someone (a) entering or (b) exiting a room; the location of (c) an object or (d) a person;
(e) someone moving an object; and (f) someone’s opinion about an object (distractors).
Primitives are combined into stories with a finite list of possible orderings. Despite the limited
types of primitives, correctly answering questions requires high-order levels of reasoning.

Templated stories are filled with randomly sampled objects, locations, containers, and
rooms from a set list. ToMi implicitly assumes that questions about the story do not depend
on these decisions, only on the underlying story template. Yet, in a small-scale human
study, we find physical commonsense leads human answers to change, and disagree with
ToMi’s labels depending on the noun. Table 4.1 presents an example where the object and
container have a large effect on human responses.’

Resolving Unintentional Ambiguities ToMi’s story construction process often leaves
object locations ambiguous, which forces humans to (incorrectly) rely on their physical
commonsense. For example, the location of the basket in line 4 of Table 4.1 is ambiguous.

5Using Amazon Mechanical Turk, we present 20 humans with the template in Table 1, using either
(hat,box) or (apple, pantry). Workers are paid $1 per HIT.
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This ambiguity is at times resolved at a later step in the story (Arodi and Cheung, 2021),
but it is not true for all cases, and these resolutions were not expressly intended by ToMi’s
original design. This complicates the task beyond theory of mind. For example, in Table 4.1,
the reader must conclude from “Oliver is in front yard”, “Oliver moved the objectA (...)7,
and “The objectA is in basket” that the basket is in the front yard, and hence that Ethan saw
it there. This requires 3-hop reasoning, and knowing ahead of time that, in ToMi, characters
do not change rooms unless explicitly stated.

To solve these unintentional ambiguities and additional 3-hop reasoning requirements,
and instead solely measure theory of mind reasoning skills, we automatically add a sentence
that disambiguates the location of each container immediately after each primitive (c) or (e)
(e.g., adding “The basket is in the front yard” as line 5 in Table 4.1). Finally, as reported in
Arodi and Cheung (2021) and Sap et al. (2022), ToMi contains some mislabeled second-order
questions, which we also correct.

4.5 Experiments

We experiment with several base LMs, and evaluate each of them both out-of-the-box via
zero-shot prompting, and by applying SyMBOLICTOM to ToMi stories to produce answers.
We evaluate Macaw-3B (Tafjord and P. Clark, 2021), GPT3-{Curie,Davinci} (Brown et al.,
2020), Flan-T5-{XL,XXL} (Chung et al., 2024), LLaMA-{7B, 13B} (Touvron et al., 2023a),
GPT3.5 (OpenAl, 2022), and GPT4 (OpenAl, 2023). We use WANLI (A. Liu et al., 2022) for
identifying NLI contradictions, and the AllenNLP library (Gardner et al., 2018) for OpenlE.
We additionally refine each subject and object in extracted triples to remove any stopwords
that may be accidentally included by OpenlE.

We first evaluate SYMBOLICTOM’s performance as a plug-and-play method for different
base LMs on ToMi (§4.5.1). We then test whether performance gains are robust to ToMi
story structure modifications (§4.5.2). Finally, we explore SYMBOLICTOM’s robustness to
linguistic diversity (§4.5.3).

Supervised Models For comparison, we train two supervised models: Textual Time
Travel (TTT) (Arodi and Cheung, 2021), and a fine-tuned GPT3-Curie. TTT is a modi-
fication of EntNet (Henaff et al., 2017) designed for theory of mind tasks; GPT3-Curie is
finetuned on 6000 ToMi examples for one epoch. GPT3-Curie achieves near-perfect perfor-
mance when finetuned on ToMi (98.5% accuracy when averaging all questions; Table C.3).
Interestingly, GPT3-Curie achieves a higher accuracy than the theory of mind-motivated
TTT (accuracy 92.3%). We explore model robustness in §4.5.2.

4.5.1 In-Domain Evaluation

We evaluate all base LMs comparing their performance out-of-the-box, versus when adding
SYMBOLICTOM. Figure 4.4 shows results by question type, showing dramatic improvements
for all theory of mind questions: +62 points in accuracy for first-order false-belief questions
for Flan-T5-XL, +78 points in accuracy for second-order false-belief questions for GPT3.5,
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Figure 4.4: Accuracy for each ToMi question type and base model (higher is better). Dots in
the upper triangle have higher performance with SYMBOLICTOM than the base model out-
of-the-box. Horizontal lines give supervised models’ performance. Full results in Table C.3.

among other improvements. In addition, we observe all models maintain near-perfect per-
formance with and without SYMBOLICTOM in memory questions. Supervised models show
high accuracy for all question types.

We only see significant decreases in performance for reality questions in Flan-T5 models.
This can be partially attributed to the questions’ phrasing: questions are posed as “Where is
the celery really?”. Removing really results in 96% accuracy for Flan-T5-XL. Flan-T5-XXL
empirically shows a bias towards providing a room rather than container as an answer when
only one container is mentioned, which is often the case for SymMBoLICTOM-filtered stories.
Rooms are invalid answers in ToMi. An ablation on the final filter function of Algorithm
2 suggests that keeping more containers in the final story reduces this bias and still yields
significant improvements for false-belief questions across all models (see §C.3.1). Besides
reality questions, Flan-T5-XXL with SYMBOLICTOM achieves results comparable to the
supervised TTT.

4.5.2 Story Structure Robustness Test Sets

We create three test sets by modifying ToMi’s stories structures without adding new types
of actions or linguistic diversity. These tests were only evaluated once, after finishing
development of SYMBOLICTOM. Test sets are defined below. See Appendix C.2.2 for
concrete examples.
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D1 D2 D3
Off-the-shelf models

Macaw-3B 8 12 30
Flan-T5-XL 86 51 68
Flan-T5-XXL 69 59 52
GPT3-Curie 37 39 o7
GPT3-Davinci 20 25 39
GPT3.5° 1 0 48
GPT4 58 62 97
LLaMA-7B 17 17 17
LLaMA-13B 26 36 37
SyMBoLICTOM + Oﬁ-the-shelf models
Macaw-3B 89 (+81) 1 (+60) 70 (+41)
Flan-T5-XL 76 (-10) 6 (+46) 100 (+33)
Flan-T5-XXL 93 (+24) 100 (+41) 100 (+49)
GPT3-Curie 84 (+48) 1 (+42) 73 (+16)
GPT3-Davinci 92 (+73) 1 (+66) 90 (+50)
GPT3.5 100 (+99) 100 (4+99) 99 (+51)
GPT4 100 (+42) 100 (+38) 100 ( +4)
LLaMA-7B 99 (+82) 2 (+75) 88 (+71)
LLaMA-13B 78 (+52) 4 (+48) 84 (+47)

Supervised models
TTT 49 65 78
Finetuned GPT3 51 68 32

Table 4.2: Precision using SYMBOLICTOM on all questions from 100 stories for each of the
modified test sets D;. Supervised models were trained on ToMi; all others do not require training.
Parenthesis reflect differences between using and not using SyMBOLICTOM: bold reflects higher
overall performance, and green reflects the highest net improvements when using SymBoLICTOM.

Double Room False Belief Story (D;) Two false belief substories involving the same
two characters py, po are concatenated to yield a longer, more complex story. Each substory
has different objects being moved, across different containers. The system is probed using
all four combinations of second-order theory of mind questions involving the two characters
and locations. Questions are evenly split between the first and second substory.

Three Active Characters Story (D;) Three characters py, ps, p3 are in the same room,
where an object 0; and three containers ¢y, ¢o, c3 are available. The story is as follows: po
leaves before p; moves 0, from ¢y to ¢y, but p3 witnesses the move. Then, p; leaves the room.
Later, p3 moves the object to container c3 without any witnesses. The system is probed
using all combinations of second-order theory of mind questions.
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Figure 4.5: Results for ParaphrasedToMi when prompting GPT3 as implementation of
RESULTINGSTATE (Davinci for all except for Curie). Dots in the upper triangle imply
performance with SYMBOLICTOM is higher than using the base model out-of-the-box.
Horizontal lines reflect supervised models’ performance (higher is better).

Multiple Object Movements Across Four Containers (D3;) Two characters p;, ps are
in a room, with a single object, and four containers ¢y, ...,cs. p; moves the object from ¢,
to co and right before leaving the room, p, enters. p, then moves the object to c3, and then
cy. We probe with all first and second-order theory of mind questions.

Results Supervised models significantly overfit to ToMi’s original story structures (Table
4.2). In contrast, all models had high accuracy when equipped with SymBOLICTOM,
especially larger models, such as GPT3.5, LLaMA-{7B,13B}, among others.

Dy may also be used to test third-order ToM reasoning, asking questions such as “Where
does p; think that p, thinks that p; will search for the 0,?”. Third-order ToM is a reason-
ing depth currently untested by available NLP benchmarks. SYMBOLICTOM consistently
enhances the performance of off-the-shelf LLMs and outperforms supervised methods in the
third-order ToM setting. See details in Appendix C.3.2. This experiment showcases how
extensions of ToMi may be used to test higher-order reasoning. This is the first approach
towards testing third-order ToM in LLMs; a benchmark to comprehensively test such order
of reasoning exceeds the scope of this paper.
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4.5.3 Paraphrasing Robustness Evaluation

We assess the robustness of all models when utilizing various wordings for each sentence.
We reword all templates using GPT3-Davinci, utilizing different choices of objects,
rooms, and names, and manually excluded incorrect paraphrases. The resulting dataset—
ParaphrasedToMi—exhibits much greater complexity, as these rewordings can express
actions in a less straightforward way. All paraphrases are shown in Appendix C.2.1.

Figure 4.5 demonstrates significant performance decreases for supervised models trans-
ferring to ParaphrasedToMi. TTT’s average accuracy drops 54 points from ToMi, with losses
across all question types. Finetuned GPT3 exhibits significant losses in false-belief questions
(-40 average accuracy) but is robust for other question types.

Methods without supervision also suffer significant losses, but SyMBOLICTOM still re-
sults in large improvements for theory of mind questions. Models equipped with SYMBOL-
ICTOM perform significantly better than the supervised TTT model across all theory of
mind questions. ParaphrasedToMi is significantly more difficult for SYMBOLICTOM since it
triggers more errors in edge removal (due to errors in NLI classification), as well as errors in
edge insertion (due to errors in the resulting state’s triple extraction). Although computing
RESULTINGSTATE by prompting the base LMs was successful with original phrasings (as
defined in §4.3.2.1), we observed differences in robustness when prompting with paraphrases.
We found implementing RESULTINGSTATE with GPT3 reliable, and thus we use it for all
models. Results using other models are included in §C.3.3: false-belief performance is even
better for models like LLaMA, GPT3.5, or GPT4.

4.6 Related Work

Existing Approaches Classical reasoning tasks require achieving some goal, e.g., proving
a statement, given a set of facts and universally valid rules (e.g., Tafjord, Dalvi, and P. Clark,
2021). A common approach is to decompose the target reasoning task into subtasks, for
example by using off-the-shelf LMs (Creswell, Shanahan, and Higgins, 2023; Kazemi et al.,
2023; Nye et al., 2021). We use a similar technique in SYMBOLICTOM, breaking the higher-
level reasoning task into graph reasoning subtasks. Nonetheless, these approaches cannot
be simply ported to our domain: stories’ facts (i.e. the world state) change over time and
are not universally accessible to all characters, and commonsense rules and assumptions like
object permanence must made explicit. SYMBOLICTOM’s design addresses these challenges
by maintaining and updating graphs about facts and beliefs as a story progresses.

In scenarios where world state changes over time, such as in text-based games, exist-
ing approaches maintain and update structured world representations as the world state
changes (Adhikari et al., 2020; Ammanabrolu and Riedl, 2021). However, while these
approaches could potentially be applied in our scenario to update GG, they would not address
the problems of multiple-belief representation or knowledge propagation to witnesses’ graphs,
with some approaches even being explicitly impossible for modeling second-order ToM (Qiu
et al., 2022).

71



ToM beyond NLP Theory of mind is also crucial in multi-agent reinforcement learning
(Rabinowitz et al., 2018), including in bidirectional symbolic-communication (Sclar, Neubig,
and Bisk, 2022; Y. Wang et al., 2022b), unidirectional natural-language settings (Zhu,
Neubig, and Bisk, 2021); and recently, by combining reinforcement learning, planning, and
language, to create a human-level Diplomacy player ((FAIR) et al., 2022). It has also received
increased attention in human-computer interaction (Q. Wang et al., 2021) and explainable
AT (Akula et al., 2022).

Psychologists divide theory of mind into two types of reasoning: affective (emotions,
desires) and cognitive (beliefs, knowledge) (Shamay-Tsoory et al., 2010), with the former de-
veloping earlier in children (Wellman, 2014). Our work focuses on the latter, but the principle
of multiple belief representation could also be applied to affective theory of mind reasoning.
Existing work has shown that humans are proficient at second-order or higher false-belief
reasoning, also referred to as advanced ToM (Biatecka-Pikul, Kotodziejezyk, and Bosacki,
2017), with evidence that we can perform even third- and fourth-order reasoning (Osterhaus,
Koerber, and Sodian, 2016; Valle et al., 2015). While, to best of our knowledge, no dataset
requires beyond second-order ToM, SYMBOLICTOM explicitly models the recursive reasoning
that supports queries of any reasoning order.

4.7 Conclusions

Theory of mind is an essential social intelligence ability. Developing agents with theory of
mind is requisite for a wide range of applications, including reading comprehension, tutoring,
dialogue, personalization, and negotiation. For example, in reading comprehension settings
(and broadly for natural language understanding), having a multi-level understanding of
texts is crucial for providing meaningful and contextualized answers: stories often rely on
theory of mind reasoning to create conflict (e.g., in murder mysteries, drama, and romances,
as in the final acts of Romeo and Juliet).

We present SyMBOLICTOM, a plug-and-play method to enable theory of mind reason-
ing in language models via explicit symbolic representations in the form of nested belief
states. SYMBOLICTOM requires no training or fine-tuning, a key aspect for a domain with
scarce supervised data and limited success in learning from massive unlabeled text alone.
With experiments on reading comprehension tasks, our approach demonstrates dramatic
improvement in the accuracy of base language models, especially for false-belief scenarios.

We also show that, in contrast to supervised methods, SYMBOLICTOM is highly robust
to story perturbations and out-of-domain inputs where supervised methods suffer significant
degradations (as in, e.g., P. Yu et al., 2023).” Our results show the promise of augmenting
neural language models with symbolic knowledge for improving their social reasoning skills.
We leave to future work to investigate similar approaches for other types of social intelligence;
as well as develop new datasets that cover a more diverse set of interactions.

7As a part of out-of-domain testing, we also create a more challenging version of the available ToM
datasets, available at https://github.com/msclar/symbolictom along with a corrected version of ToMi.
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Limitations

SYMBOLICTOM assumes stories are written chronologically, which may not hold for some
human-written stories. This may be alleviated using time-stamping models like Faghihi and
Kordjamshidi (2021). Furthermore, since we use off-the-shelf models (WANLI (A. Liu et al.,
2022) and OpenlE (Stanovsky et al., 2018)) to create and update the graphs, the presented
approach may propagate errors as revealed in the linguistic diversity experiments. However,
these issues can be largely alleviated by using more sophisticated models, even the LLMs
like GPT3 themselves. We do not experiment with them due to budgetary restrictions.

Currently, all NLP datasets available for theory of mind reasoning describe Sally-Anne
tests. In these datasets, the concept of large distances is absent, meaning that anyone
specified to be in a location is assumed to be a witness of the actions that occur there.
This assumption can be violated in realistic settings. For example, “Anne is in the USA”
does not imply she is a witness to every action happening in the USA. In future work,
this approach can be improved by refining the witnesses detection algorithm to incorporate
physical commonsense reasoning. We could also refine the witness detection algorithm by
sampling paths between the inserted edge and each node referring to a person, to query an
LM directly on that substory by asking if the person witnessed the action. To be able to test
both of these ideas, we would need to obtain new theory of mind datasets with significantly
more types of interactions and physical commonsense in the stories.
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Chapter 5

Program-Guided Adversarial Data
Generation for Theory of Mind
Reasoning

This chapter is based on ExploreToM: Explore Theory of Mind: Program-Guided Adver-
sarial Data Generation for Theory of Mind Reasoning. Published at ICLR 2025.

5.1 Introduction

While Chapter 4 showed that inference-time structure can substantially improve theory of
mind reasoning by compensating for models’ poor performance at test time, such approaches
carry additional computational cost and their benefits cannot be readily transferred to
downstream applications that may require their own customized inference-time algorithms.
This motivates an alternative pathway: directly addressing the data bottleneck discussed in
§3.9 to improve the underlying model while simultaneously enabling automatic stress testing
of models’ theory of mind capabilities.

Concretely, we introduce ExploreToM, an A*-powered algorithm for generating reliable,
diverse, and challenging theory of mind data that can be effectively employed for fine-tuning
or testing LLMs. Our approach leverages a domain-specific language to generate synthetic
story structures and their characters’ mental states. We then use LLMs to create plausible
stories based on these plots, allowing for precise control over the narrative and tracking each
character’s mental state with high confidence. We employ A* search (Hart, Nilsson, and
Raphael, 1968) to efficiently navigate the vast space of possible narratives and pinpoint those
that are most likely to fool state-of-the-art LLMs. This in turn allows us to create a robust,
rich dataset that effectively tests the limits of current models (Fig. 5.1). By generating
story structures separately from lexical realizations, we can distinguish the model’s core
understanding of social reasoning from vocabulary cues that might give away stylistic hints.

EXPLORETOM’s contributions are three-fold, addressing both empirical challenges iden-
tified in §3.9 in tandem: we algorithmically address blind spots in theory of mind evaluation,
we provide a recipe to create complex training data that helps imbue models with better
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<story start>

Anne entered the kitchen. update worldState[Beth, location] ->  kitchen c@
Beth entered the kitchen. #1 behef[Anne Beth, location] -> kitchen

e ~u

Beth poisoned the apple. Beth update be\ﬁef[Anme, apple, salted] -> yes O

covered the apple in chocolate. #2 i Delief[Anne, Beth, apple, salted] -> yes
- Charles entered the
© i update kitchen. Charles told
SR ; Anne that today will rain.

............... Where is the apple right now? fridge Q@ fridge v
FoY Charles moved tracker- ; ) 1949)
@ i update | the apple to the generated | Where does Beth think the apple is? table i| table v a1

fridge. questions i Does Anne know that the apple is salted? yes il no X

i Does Anne think Charles knows that the apple is salted? no yes X acc = 0.5

<selected end>

Figure 5.1: ExPLORETOM finds challenging stories for a given language model by searching
through the space of stories supported by its domain-specific language for mental state tracking (°®),
sampling k supported actions at a time (shown as a node, k¥ = 2 in the example). Difficulty
evaluation (simplified in the figure as casy, , hard) of each partial story is done through
automatically generated questions with reliable ground-truth answers thanks to our tracking
procedure.

theory of mind reasoning skills, and we provide insights into why theory of mind skills are
still elusive for LLMs.

First, our work helps to address the evaluation challenges discussed in §3.9: conflicting
results in the literature, limited benchmark coverage, and saturation risk. EXPLORETOM’s
adversarial nature allows for automatically generating stories to stress test any LLM, di-
minishing the risk of data leakage onto training data, and thus being more robust than
manually-crafted benchmarks. Our experiments show that ExploreToM-generated data
is extremely challenging, with GPT-40 and Llama-3.1 70B accuracies as low as
9% and 0% respectively. EXPLORETOM supports significantly more scenarios than previ-
ously possible, with the unique addition of knowledge gain asymmetry during an interaction,
among other improvements.

Second, our method allows creating complex and diverse theory of mind data that can
be leveraged for model fine-tuning. As shown in Section 4.5.2; existing data sources are not
suitable for this purpose: fine-tuning on them produced models that overfit to specific story
structures rather than learning the underlying reasoning. Instead of continuing the inference-
time line of work shown in Chapter 4 and in subsequent efforts (Jung et al., 2024; Wilf et
al., 2024; P. Zhou et al., 2023), EXPLORETOM makes supervision viable where it was not
before. Fine-tuning Llama-3.1 8B Instruct on EXPLORETOM’s data achieves a substantial
427 accuracy point improvement on the classic ToMi benchmark (Le, Boureau,
and Nickel, 2019), showing good generalization to even more complex ExploreToM
stories than those seen during training, while still retaining general reasoning
capabilities.

Finally, EXPLORETOM enables providing new insights into why basic theory of mind
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reasoning is still challenging for LLMs. We show that LLMs struggle with basic state
tracking, a fundamental skill underlying theory of mind reasoning: tracking mental states
necessarily requires being able to track states. Our experiments also reveal that in order to
improve on theory of mind during fine-tuning, it is crucial to use data that requires theory
of mind as opposed to simply requiring state tracking. However, found data (either in-the-
wild, or randomly generated) is unlikely to have this necessary property, which may be a key
contributor to lagging model performance. Overall, EXPLORETOM offers a valuable tool for
advancing theory of mind research, enabling the development of more effective LLMs that
can better handle complex social interactions.

5.2 Adversarially constructed stories with ExploreToM

Building on the standard approach in theory of mind of assessing mental state understanding
through question answering (Baron-Cohen et al., 1999; Kinderman, Dunbar, and Bentall,
1998; Wimmer and Perner, 1983), EXPLORETOM creates stories where different characters
may have different beliefs about the current world state and about other people’s beliefs,
paired with questions to probe model understanding (see Fig. 5.1’s highlighted story, along
with associated questions probing understanding that e.g. “Anne does not know that Charles
knows that the apple has been salted").

EXPLORETOM’s story generation process is divided into three main steps: plausible
story context sampling (Section 5.2.1), adversarial story structure generation (Section 5.2.2),
and optionally story infilling (Section 5.2.3) — an example is outlined in Figure 5.2. We
automatically generate questions to probe understanding of said stories as part of the
adversarial story structure generation process (Section 5.2.2.2); this process finds challenging
story structures, i.e., story structures that would yield low accuracy with our generated
questions. Because questions are generated automatically and directly from the tracked
mental and world states, ground truth answers have a high degree of reliability: we do not
use language models at all in the question-answer generation procedure.

5.2.1 Plausible story context sampling

We use an LLM zero-shot to generate a consistent and plausible story context, comprising
essential elements such as character names, roles, locations, relevant objects, object contain-
ers, and discussion topics (see Fig. 5.2A for a full example). This single-step process ensures
a coherent and believable setup for our theory of mind stories. Previous approaches (such as
ToMi (Le, Boureau, and Nickel, 2019)) sample objects (e.g., an apple) and object containers
independently (e.g. a bottle), often resulting in commonsense violations. Unlike these
approaches, our method generates a coherent context by sampling these elements jointly in a
single LLM call: autorregresive LLMs will naturally suggest contextually plausible elements
based on the ones they already generated, and especially so when explicitly requesting
it in the prompt. Additionally, we sample possible object state updates (Figure 5.2B),
which are then refined through using an LLM as a judge to filter out implausible and low
quality generations. The role of these state updates will be discussed in further detail in
Section 5.2.2.1. The exact prompts used for sampling story contexts are shown in App. D.4.
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Figure 5.2: Overview of EXPLORETOM’s story generation procedure. We first sample a plausible
story context using an LLM (shown in A and B). Topics discussed, location changes of objects and
people, and object state updates, may all be required to track in order to pass our theory of mind
tests. We then search for difficult story structures (i.e., the raw story points) by sampling and
analyzing different orders in which these actions may be performed using A* search (shown in C,
and Fig. 5.1). This ensures that the resulting stories will all be challenging tests for models,
and may be used for further improvement. Finally, these story structures (nodes #1-4) are
iteratively infilled, one story action at a time, using a language model, yielding a natural-sounding
story. Infilled stories are used as training data; benchmarking is done with story structures since
they have the highest reliability.

5.2.2 Adversarially Generating Challenging yet Plausible Story
Scripts

5.2.2.1 Theory of Mind-Specific Language Definition

EXPLORETOM'’s theory of mind-specific language consists of a diverse set of actions A, each
transforming the world state and the beliefs of the people involved (the story state s € S).
A story is thus defined as a sequence of actions (ay,...,a,), where each action a; € A is
a function a; : S — §. Each action also has preconditions to be able to apply it, i.e.,
restrictions to its domain. For example, a precondition for “Charles entering the kitchen"
is to not be in it already. Applying an action also automatically updates our world state
tracking and belief tracking: for example, “Charles is now in the kitchen"; “Anne knows that
Charles is in the kitchen since they were also in the kitchen"; “Charles knows that Anne
is in the kitchen since he can see her"; and so forth. All these updates and conditions are
specifically programmed and tested; see App. D.1 for the full programs.

EXPLORETOM enables the generation of diverse stories by significantly expanding the
range of supported actions. These actions include physical changes to the world state such
as entering and leaving a room (denoted depter, Gleave), MoOVing an object to a container (or in
general, updating its state; denoted amoveObjContainers QupdateObjstate T€SPectively), relocating
an object to a different room (@moveobjroom). Additionally, EXPLORETOM supports various
forms of communication, including: private conversations between two characters, or public
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broadcasts to all characters in a room; casual discussions about a topic (denoted chit-chat),
or notifications about changes in the world state (denoted info); these actions are referred
to as Qinfo-private; Qinfo-public; GchitChat-privates and QchitChat-public- These actions can occur at
any point in the story, allowing for a rich and dynamic narrative (see formal definition in
App. D.1) and expanding prior work (Wu et al., 2023).

Each new action requires carefully writing the implied belief and world state updates,
which precludes scaling the number of actions supported. However, we alleviate this by
noting that from a theory of mind perspective, many actions are equivalent. For example,
“peeling an apple" or “covering an apple in chocolate" have the same implications with
respect to belief updates (a wisible property of the apple is being updated, and the witnesses
would be the same). Similarly, poisoning an apple has the same implications as moving an
apple from a drawer to a fridge (an invisible property is updated, witnesses would be the
same, and non-witnesses would not assume there has been an update). The instantiations
of these equivalent state updates from a belief perspective are done with an LLM during the
story context sampling (see Figure 5.2.B).

Asymmetric belief updates In prior work, all belief updates were symmetric:
if A and B witnessed an action, then A knows that B witnessed the action and vice
versa. Our framework introduces the ability to model asymmetric scenarios. Specifically,
we enable the addition of secret witnesses to an action such as someone observing through
a security camera, or removal of witnesses without others’ knowledge, as in the case of
someone becoming distracted by their phone. This added nuance allows for more realistic
and complex social scenarios. Asymmetries apeek and @distracted are modifier functions, e.g., as
a modifier to “Beth salted the apple" (aupdateobjstate(-)) there may be a secret person peeking
(@peek (@updateobistate (+))): “While this was happening, Diane witnessed it in secret."

5.2.2.2 Generating Questions and Assessing Resulting Story Difficulty

We assess a model’s understanding of a generated story s=(aq,...,a,) by probing it with
automatically generated question-answer pairs. EXPLORETOM-generated answers are more
reliable than purely-LLM generated ones, since they are directly produced from the states’
trajectory with our tracker. Questions may be testing first-order beliefs, second-order beliefs,
or regular state tracking: First-order refers to asking about someone’s mental state (e.g.,
“Does Anne know the apple is salted?”); Second-order refers to one extra level of recursion
in mental state tracking (e.g., “Does Anne think that Charles know the apple is salted?”);
State tracking may probe about the current state (ground truth) or prior ones (memory).

We expand the complexity of memory questions with respect to prior work by asking
about any intermediate state (e.g. “Where was the object before X happened?”) instead
of solely about the initial one (“Where was the object at the beginning?”). Our generated
questions are simple to evaluate: they are either binary (yes/no), or are answered by stating
an object, container, or room. Specific question formulations differ based on the property,
e.g., location (“Where does Charles think that Anne will search for the apple?”) or knowledge
(“Does Charles know that the apple is salted?”). See App. D.2 for the full list of supported
questions.

A question is considered interesting if the answer would change depending on the person
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being asked about. For example “Does Anne think that Charles knows that the apple is
salted?” is interesting because the answer would differ if asked about someone else, such as
“Does Beth think that Charles knows the apple is salted?”. EXPLORETOM’s tracker very
easily allows for automatically detecting interestingness.

5.2.2.3 A* Search

Given a context C and a set of actions A, our main goal is to find challenging story structures.
To increase EXPLORETOM’s usage flexibility, we support the option of searching for stories
s that fulfill desired user conditions isDesired(s) € {0,1}, such as the number of people
involved, or the number of actions belonging to a subset A" C A of important actions.

We search over the space of plausible story structures of up to m actions. We define this
space as a directed graph, where each node is a sequence of valid actions s=(ay,...,q;), and
there is an edge between s and s’ if and only if s is prefix of s/, and s’ contains k& more actions
than s. k > 1 is the grouping factor for actions, defining the granularity with which we will
sample and evaluate nodes. For simplicity, Figure 5.1 depicts only the new k£ = 2 actions
that each node introduces.

To find challenging stories that simultaneously fulfill the user constraints we use A* search
(Hart, Nilsson, and Raphael, 1968). By definition, A* selects the path that minimizes
f(s) = g(s) + h(s), where g(s) is the cost of the path from the start to node s, and h(s)
is a heuristic that estimates the cost of the cheapest path from s to a goal node (one of the
nodes where it would be acceptable to finish the search). In our context, goal nodes are
those such that isDesired(s’) = 1. We choose A* as our search algorithm precisely because
it enables to search this space prioritizing desired user conditions through h(s), as we will
detail below.

A story is said to be challenging for a model if it incorrectly answers our generated
questions, i.e., it shows low accuracy. Thus, we define g(s) as our target model’s accuracy
among all questions for s. We define the heuristic function h(s) as a proxy estimation of
the likelihood of generating a full story s+ s’ that fulfills user constraints isDesired(s) = 1,
where s’ is the continuation of story s:

h(s) = a(l — ;g]l(isDesired(s +s)) = 1))

Here, all ¢, are randomly sampled continuations of s and 0 < o < 1 is a scaling factor. A*
requires to evaluate all neighbors of a node s. Since this would be infeasible given the vast
space to explore, and that each f(-) evaluation requires several LLM calls (one per question),
we restrict the evaluation to a pre-defined constant number of neighbors, prioritized by the
closeness of this node to fulfilling the conditions described by isDesired(-). This pre-defined
constant may depend on f(s) to prioritize more promising partial stories (i.e., with lower

f(s) values).

5.2.3 Story infilling

Story infilling is the process of transforming a full story structure s = (ay, as, . .., a,) with a
story context C into a natural-sounding narration (see Fig. 5.2D). We infill stories iteratively

80



with an LLM by transforming each action a into a more natural sounding one, according
to some stylistic desiderata d, and conditioned on the previously infilled context z (denoted
infill(a, z,d)). Supported stylistic desiderata d are length requests (e.g., “use up to two
sentences”) or style requests (e.g., “make this into a conversation”); we optionally also include
sampled character goals g and an initial narration context ¢ based on the story s, also
generated with an LLM (e.g., Anne’s goal may be to oversee that all dishes are rapidly
delivered to customers; see initial context example in Fig. 5.2). Concretely, the full story
infilling ST is as follows:

S1(i) = infill(a;, SI(i — 1),d;, g) where SI(0) = ¢

Infilling is done iteratively to ensure that the order of the actions stays the same, since this
is important for keeping the mental state tracking valid. To further increase reliability, we
use an LLM as a judge after each infilling step to confirm that each mental state tracked
after executing the story step a; still holds even after infilling. This discards infillings that
introduced ambiguity or hallucinations.

5.3 ExploreToM as an evaluation benchmark

We begin by showcasing how EXPLORETOM story structures can be used as a challenging
benchmark, highlighting its unique features and advantages.

Experimental setup We use EXPLORETOM to generate 10 story structures for each of 9
action sets (each with and without asymmetry) and each set of user conditions. Each story
generation is allowed to evaluate 50 nodes. User conditions—isDesired(-)—require exactly
p € {2,3,4} people involved, with a € {2,3,4} actions belonging to the set of important
actions A’, spanning across either » = 1 or » = 2 rooms, and with m < 15 actions in total—
leading to a total of 162 settings. In all experiments, A" are the actions that add new basic
world knowledge: A/ = {amoveObjCOntainera QypdateObjState) @moveObjRoom achitChat—*}- We then infill
every story. We use Llama-3.1-70B-Instruct (Dubey et al., 2024), GPT-40 ((OpenAl, 2024);
queried early Dec. 2024), and Mixtral-8x7B-Instruct (A. Q. Jiang et al., 2024) to generate
story structures. A* is run with & = 0.1, P = 50, and k = 3 (i.e. grouping three actions per
node). See generation examples in App. D.5.

ExploreToM finds challenging story structures for frontier models As shown in
Table 5.1, our EXPLORETOM consistently identifies story structures that are highly chal-
lenging for models across various action sets, with average performances in EXPLORETOM-
generated datasets as low as 0.09 for GPT-4o (i.e., 9%). When increasing the number of
actions, difficulty tends to increase or remain similarly challenging. Performance tends to
stay the same or decrease when increasing the number of people involved, possibly because
with a fixed number of state-changing actions there will be fewer actions per person which
may be easier to track. See Figure 5.3 and App D.3.5.
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Table 5.1: Accuracy results of EXPLORETOM’s story structures on 18 action sets A, each
aggregating 90 total stories from 9 different settings (number of people, actions, and rooms). Each
set is either based on actions supported by well-known theory of mind tests or includes our novel
expansions, and is analyzed excluding or including asymmetry (X, v). Each setting requires at
least one action in the story to be from one of the actions to encourage non-overlapping
story structure characteristics between action sets shown. Data was generated using each model as
its own evaluator (i.e., as ¢g(-)), and results shown include all first-order questions—the most basic
theory of mind level, not requiring recursion. Lowest accuracy for each model is bolded.

EXPLORETOM action set Llama-3.1 GPT-40 Mixtral
{@enters Aleaves - - - 70B Inst. 8x7B Inst.
include asymmetry modifiers? (apeek, Qdistracted) X v X v X v
. ,‘ (moveObjContainer ‘} A8 .00 40 .25 .37 .33
- GupdateObjstate [} 27 24 25 24 .03 .01

s " (moveObjContainer |, | @updateObjState ‘} .26 .03 .35 31 24 .09

-+ AamoveObiContaner: | TmoveOhiRoom |} 11 .10 .09 .16 .00 .00
.+, GmoveObjContainer: | Ginfo.* |} 06 07 29 25 35 .36

-+ -y @moveObjContainer s ®moveObjRoom } A1 .07 24 .24 .03 .04
ey amoveObjContainer7 CLmoveObjRooma AchitChat-* } 72 .69 73 .68 .03 A7
.. ,‘achitChat_private ‘} S5 .66 .77 .59 51 45

N el 60 55 49 4T 37T 34

A* is a better strategy than over-generation and filtering Over-generation and
filtering has become a standard procedure for synthetic data generation (e.g. Y. Wang et al.,
2023; West et al., 2022). We measure the effectiveness of A* by comparing the A*-generated
data to the data resulting from over-generating stories with our domain-specific language—
using the same isDesired(:) criteria and budget as used in the A* search—and retaining
only the most difficult stories. In a set of 81 randomly-selected settings (50% of the original
162 settings, due to the experiment’s high cost), we generate 50 stories with each method
using Llama-3.1-70B-Instruct and a budget of 2500 accuracy evaluations each. A* yielded a
more challenging dataset (by 2 accuracy points), with shorter stories on average (1.6 fewer
actions). This length difference is possibly due to the pressures A* induces towards shorter
stories through the heuristic h(s). See Figure D.1 for the full distribution of results.

Story structures found adversarially for a model remain challenging for other
models We evaluate the difficulty of a EXPLORETOM-generated dataset with each model,
and find that although there is an increased difficulty towards data generated adversarially
with the same model, it remains challenging for all others. Notably, the generated datasets
remain challenging even when adding question types not included in the g(-) optimization
(second-order belief questions). See Table 5.2.
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Figure 5.3: Accuracy on EXPLORETOM’s story structures when increasing the number
of actions or people involved. Accuracy is computed across all story structure settings.
Difficulty of EXPLORETOM-generated stories tends to increase or stay similar when
increasing the number of actions. A story with greater number of people suggests similar or
lower difficulty, possibly because when fixing the number of actions there are fewer actions
per person (see details in App. D.3.5).

Table 5.2: Accuracy results on EXPLORETOM-generated data built to minimize accuracy for
each particular model. A random sample of 1000 (story structure, question) pairs is shown.
Data remains challenging even if it was built with a different model, and even including
questions we did not optimize for: story structures were selected adversarially towards first-
order belief questions only (g(-)), accuracies shown include all belief questions.

Model used for evaluation

Model used in EXPLORETOM Llama-3.1 GPT-40 Mixtral
generation (g(-)) 70B Inst. 7x8B Inst.
Llama-3.1 70B Inst. 0.57 0.68 0.32
GPT-40 0.60 0.61 0.32
Mixtral 7x8B Inst. 0.68 0.74 0.30

Humans agree with ExploreToM-generated story structures labels We conducted
a human evaluation to verify the quality of the story structures’ automatically-generated
labels and the story infillings. For labels, we annotated 100 questions across 12 randomly-
sampled story structures from all settings generated for Table 5.1, and found 99% agreement
with our expected answers—Ilikely due to the clear and concise nature of our stories and
that the ground truth labels were generated by our domain-specific language. We measure
story infilling quality by repeating the question-answering procedure with a different set of
100 questions across 12 randomly-sampled infilled story structures. In this case, the human
agreed with the ground truth label 89% of the time—a small degradation likely due to the
LLM-powered method introducing ambiguity.

Infilled stories remain challenging Infilled stories with Llama-3.1 70B yielded an aver-
age accuracy of 0.61. Although the average accuracy increased by 0.12 through the infilling
process, the samples remained challenging thanks to the highly challenging underlying sto-
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Table 5.3: Performance on major false-belief benchmarks; accuracy (in %) unless otherwise
stated. Parenthesis reflect differences between out-of-the-box model and fine-tuned version
using EXPLORETOM-generated data. Bold reflects higher overall performance.

ToMi Hi-ToM BigToM  OpenToM (F1)  FANToM

Llama-3.1 8B Instruct 68% 30% 75% .39 0.3%
ExPLORETOM-8B  95% (4+27) 59% (+29) 81% (+6) .46 (+.07) 0.2% (-0.01)

ries’. One key factor for this accuracy difference comes from models sometimes making
the mental states more explicit through the infilling process: results shown correspond to
a single attempt at infilling each story (41% of the samples ended successfully in a single
attempt, judged by an LLM). Although stories remain challenging, since infilling with an
LLM may introduce some ambiguities or hallucinations we only use them as training data.
See App. D.3.2 for detailed results for all action sets.

5.4 ExploreToM is effective as training data generator

Experimental setup We fine-tune Llama-3.1 8B Instruct using a dataset of 79700 (story,
question, answer) triples, focusing solely on the completion tasks, and dub the resulting
model EXPLORETOM-8B. The dataset comprises both raw story structures and infilled
stories, incorporating story structures from each of the 9 action sets listed in Table 5.1
(excluding asymmetry, and with a balanced number of questions per story type), and various
user constraints—the same as in Section 5.3. We do full fine-tuning with the following
hyperparameters: a learning rate of 1075, 100 warm-up steps, effective batch size of 40
samples, where we fine-tune solely on completions.

Fine-tuning with ExploreToM generalizes well to ExploreToM-generated data
with more people and more actions than used in training Since EXPLORETOM-
8B is trained with EXPLORETOM-generated data involving p = {2,3,4} people with m =
{2,3,4} actions from the set of important actions A’, we evaluate generalization within the
EXPLORETOM domain by evaluating on EXPLORETOM-generated data involving 5 people,
and up to 11 actions. This data is generated with Llama-3.1, the same model as original
training data. See Figure 5.4.

Fine-tuning with ExploreToM improves or maintains performance on theory
of mind benchmarks without hurting general reasoning capabilities We evaluate
our fine-tuned EXPLORETOM-8B model on five prominent theory of mind benchmarks:
ToMi (Le, Boureau, and Nickel, 2019), Hi-ToM (Wu et al., 2023), BigToM (Gandhi et al.,
2024), OpenToM (Xu et al., 2024), and FANToM (H. Kim et al., 2023). Results show
significant improvements in performance on ToMi and HiToM, with accuracy gains of +27

'Infilling can be also added to the A* search; we deemed it unnecessary given that this simpler method
still yields a highly challenging benchmark and it is less costly.
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structure samples for 1 epoch.

points on both benchmarks (see Table 5.3). The model maintains or shows small gains on
the remaining three similar benchmarks, indicating that fine-tuning on EXPLORETOM data
enhances or preserves performance across a range of theory of mind tasks?.

We also evaluate out-of-domain reasoning skills using the two datasets: Multi3Woz (Hu
et al., 2023), a commonly-used dataset for dialogue state tracking, and MMLU (Hendrycks
et al., 2021), which tests both world knowledge and problem-solving abilities. Dialogue state
tracking capabilities are preserved: both the base model and EXPLORET0OM-8B achieve 96%.
Broader reasoning capabilities are also generally preserved, with a small 2% performance
difference (base model achieves 69%; EXPLORETOM-8B, 67%). Given the out-of-domain
nature, we expect that intermixing data with samples more similar to MMLU’s domains will
substantially alleviate this slight regression.

Data mixture affects downstream performance We fine-tune five models, with 0%,
25%, 50%, 75%, or 100% of the stories requiring theory of mind to answer at least one
question about the story. Figure 5.5 shows that training with as much stories that require
theory of mind is crucial for achieving high downstream performance (using ToMi as a proxy
dataset), even if some of the individual questions used for training do not require theory of
mind.

5.5 On underlying skills needed for theory of mind

EXPLORETOM enables uncovering and quantifying underlying causes for models’ poor the-
ory of mind reasoning in models out-of-the-box. We specifically focus on the lack of robust
state tracking skills, and the need for targeted training data in order to improve theory of
mind capabilities.

2The lack of performance difference in FANToM is likely due to its length confounding factor: data
points can have 1000+ tokens, yet our model is fine-tuned with a maximum length of 300 tokens.
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LLMs lack robust state tracking skills EXPLORETOM’s objective is to find story
structures where models fail to answer questions; some of these questions simply require
state tracking, specifically the ones where every person would give the same answer (i.e.,
their mental state is the same in this regard; e.g., in Fig. 5.1, all X € {Anne, Beth, Charles}
would answer the same to “Where does X think Anne is right now?”). By definition (see
§ 5.2.2.2), these are the uninteresting questions. EXPLORETOM-generated questions are
approximately evenly split between interesting and uninteresting, and uninteresting ones are
even more challenging on average: the accuracy of interesting and uninteresting questions is
49% and 31% respectively for Llama-3.1 70B, 58% and 37% for GPT-40, and 45% and 26%
for Mixtral. See Table D.3 in App. D.3.3 for full breakdown for all settings.

State tracking questions are a subset of theory of mind questions, and arguably an easier
case since the required logic for answering questions is simpler. Therefore, improving models’
performance on state tracking may be a crucial prerequisite for achieving theory of mind
reasoning in LLMs. As we have demonstrated, EXPLORETOM can be easily adapted to
stress test pure state tracking, simply by retaining only the uninteresting questions.

Training data biases against theory of mind and its implications Figure 5.5 shows
that to successfully improve performance on the ToMi benchmark, EXPLORETOM fine-
tuning data needs to be biased towards interesting questions. However, a significant portion
of models’ training data is likely biased against requiring the tracking of divergent mental
states (e.g., news articles).

As a conceptual proof that this phenomena occurs even within our custom domain-specific
language unless we explicitly bias towards theory of mind, we demonstrate that randomly-
sampled story structures tend not to require theory of mind. Using EXPLORETOM’s domain-
specific language, we randomly generate 1000 story structures with ToMi primitives ({denter,
Qleaves QmoveObjContainer ;) TOT stories involving {2,3,4} people and {2, 3,4} object movements.
We consider a story to not require theory of mind if all first-order and second-order theory
of mind questions are un-interesting, as defined in § 5.2.2.2 (i.e., all share the same mental
state). This stringent criterion evaluates all questions simultaneously. Nevertheless, our
results show that 78% or more of the randomly-sampled stories meet this condition across
all settings, with up to 87% of stories fulfilling the condition for the smallest setting (2
people, 2 object movements). When considering each question individually, 91%-95% are
uninteresting questions. See App. D.3.4 for more details.

5.6 Related Work

Theory of mind benchmarking for language models Theory of mind benchmarks
in language models can be categorized into human-generated and model-generated datasets.
While human-generated datasets (Z. Chen et al., 2024; S. Kim et al., 2025; Shapira, Zwirn,
and Goldberg, 2023) test reasoning about goals, emotions of others, and future actions,
they are often limited in size and scope. Machine-generated datasets, such as foundational
ToMi (Le, Boureau, and Nickel, 2019) and its successor Hi-ToM (Wu et al., 2023) focus
primarily on mental state tracking, but have significant limitations: ToMi only supports
a restricted set of actions ({@enters @leaves @moveObjContainer }), While Hi-ToM adds @i+ but
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only as the last action in a story, and both datasets have extremely restricted interactions to
orders. In contrast, our method, EXPLORETOM, significantly expands the scope of machine-
generated datasets by supporting a larger number of actions, diverse wording, and plausible
contexts. Unlike recent approaches that rely on LLMs for generation (Gandhi et al., 2024;
H. Kim et al., 2023; Xu et al., 2024), EXPLORETOM ensures reliability and multi-interaction
storytelling, making it a more comprehensive and robust benchmark for theory of mind in
LLMs.

Theory of mind beyond language modeling Theory of mind has been explored beyond
NLP in various settings, as reviewed in §4.6. Benchmarks developed since Chapter 4 have
additionally evaluated theory of mind in multi-modal settings (Jin et al., 2024) and multi-
agent collaboration (Bara, Sky, and Chai, 2021; H. Shi et al., 2025), but these focus on
goal-driven interactions. Psychologists distinguish between affective (emotions, desires) and
cognitive (beliefs, knowledge) theory of mind (Shamay-Tsoory et al., 2010), with cognitive
theory of mind developing later in children (Wellman, 2014). Our work targets cognitive
theory of mind, which is well-suited for generating situations with a domain-specific language
and provides unambiguous answers across cultures. By focusing on cognitive theory of mind,
our approach complements existing research and provides a comprehensive benchmark for
this crucial aspect of human reasoning in language models.

Synthetic data generation Synthetic data has become a promising approach for acquir-
ing high-quality data in various domains, including multihop question-answering (Lupidi
et al., 2024) and language model evaluation (T. Wang et al., 2024). The process involves
data augmentation/generation and curation, with techniques such as permutation-based
augmentation (Q. Li et al., 2024; L. Yu et al., 2024) and iterative prompting (K. Yang
et al., 2022). However, model hallucination (Guarnera, Giudice, and Battiato, 2020; Van
Breugel, Qian, and Van Der Schaar, 2023; Wood et al., 2021; Y. Zhang et al., 2025) requires
careful filtration and curation to ensure data quality. While prior works have used external
feedback (Luo et al., 2024; Zelikman et al., 2022), our approach leverages an external LLM-
as-judge to evaluate the plausibility and challenge of generated stories, both before and
after infilling. Recently, AutoBencher (X. L. Li et al., 2025) has also been proposed to
automatically search for datasets that meet a salience, novelty, and difficulty desiderata,
highlighting the importance of careful benchmark creation. Unlike AutoBencher, which
over-generates under the assumption that text-based conditioning minimizes hallucinations,
our approach lifts this assumption and actively searches the space of possible narratives.
This enables creating high-quality synthetic data regardless of the likelihood of a story being
generated zero-shot, and generating even more challenging stories than with over-generation.

5.7 Conclusions
Theory of mind (ToM) is essential for social intelligence, and developing agents with theory
of mind is a requisite for efficient interaction and collaboration with humans. Thus, it is

important to build a path forward for imbuing agents with this type of reasoning, as well as
methods for robustly assessing the of models’ theory of mind reasoning capabilities.
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We present EXPLORETOM, an A*-powered algorithm for generating reliable, diverse and
challenging theory of mind data; specifically, creating synthetic stories that require theory of
mind to understand them, along with questions to probe understanding. EXPLORETOM’s
adversarial nature enables the stress testing of future models and making our evaluation
more robust to data leakage. We show that EXPLORETOM generates challenging theory of
mind evaluation sets for many frontier models, with accuracies as low as 0% for Llama-3.1
70B Instruct and 9% for GPT-40. Moreover, we show that EXPLORETOM can be used as
a method for generating training data, leading to improvements of up to 29 accuracy points
in well-known theory of mind benchmarks. Synthetic data is crucial for this domain, given
that data that articulates theory of mind reasoning is difficult to find in the wild: children
have access to a wide range of naturalistic social settings that incentivize the development
of theory of mind but there is no such parallel pressure for LLMs.

Finally, we provide insights as to why basic theory of mind is still elusive to LLMs,
including poor state tracking skills and demonstrating the need for training data that
purposefully requires theory of mind, which is likely not present in the wild nor in randomly-
generated data.

Limitations

EXPLORETOM offers a valuable tool for theory of mind research, and is a first step towards
developing LLMs that can handle social interactions effectively. Although its data encom-
passes diverse and challenging settings—more than previously available—, and is grounded
in established psychological tests, EXPLORETOM necessarily simplifies the complexity of
real-world states and narratives by constraining it to the supported types of actions and
interactions. Our framework requires manual coding of new actions, which can be a time-
consuming process but comes with the benefit of a significant reliability improvement. Fur-
thermore, our stories are not necessarily goal-oriented narratives, highlighting an important
avenue for future work: creating datasets where actions stem directly from character goals
to further enhance diversity and plausibility.

5.8 ExploreToM Remains Effective to Find Difficult
Stories for 2026 Models

The original EXPLORETOM evaluation used strong models available in early 2025. Since
then, frontier models have improved substantially. To assess whether EXPLORETOM retains
its ability to surface challenging theory of mind stories, we execute it using Gemini 3.1 Flash
Lite across all action sets and multiple combinations of number of people p and number of
actions m.

Table 5.4 reports Gemini 3.1 Flash Lite results across all nine action sets and three
difficulty levels, targeting N = 30 stories per setting with budget B =50 per story. Flash
Lite scores near zero on action sets involving room changes (@moveObjroom) and below .25 on
most settings without communication actions, while action sets involving chitchat (@epitchat*)
remain substantially easier—consistent with the original study.
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Table 5.4: Accuracy of Gemini 3.1 Flash Lite (no thinking) on EXPLORETOM-generated stories,
targeting IV =30 stories per setting with budget B =50. Structure mirrors Table 5.1 but detailing
problem sizes (p people, m movements).The aupdateObjstate-only action set produced no valid stories
under our constraints (—) and is included for completeness.

EXPLORETOM acti t
action se p=4, m=4 p=5 m=5 p=3, m=6
{aentera Aleavey - - -

include asymmetry modifiers? (apeek, Gdistracted) X 4 X v X v
... ,‘ GmoveObjContainer ‘} .27 15 .25 .14 .32 .20

s a‘ GyupdateObjState ‘} — — — - . .

R 7‘ AmoveObjContainer H QupdateObjState ‘} .26 .10 23 .14 .32 15

...,amoveObjCOmainer,} .03 .00 .00 .23 .00 .00
-+ GmoveObjContainer: | Ginfo-* |} 09 13 .15 22 .08 .03

-+ + s @moveObjContainer s #moveObjRoom } .23 34 42 .39 .19 .30
-+ +y @moveObjContainers dmoveObjRoom s AchitChat-*» } .78 .79 .81 .81 .82 .89
... ,‘ QchitChat-private ‘} 91 .84 .94 .85 .92 .92

.. .,} b7 5l .58 .58 78 .56

ExploreToM remains effective for reasoning models We selected six challenging
settings for the non-reasoning model at p=>5, m=25 and tested whether EXPLORETOM can
find challenging stories for reasoning models. Table 5.5 shows that EXPLORETOM continues
to surface genuinely difficult stories even for 2026 frontier models with extended reasoning
such as Gemini 3.1 Pro.

Table 5.5: Accuracy on the six hardest action sets for Gemini 3.1 Flash Lite at p=5, m=5 (N =10
stories, B=>50). Gemini 3.1 Flash Lite column is reproduced from Table 5.4 (top-10 out of 30) for
direct comparison. Gemini 3 Flash and Gemini 3.1 Pro were run with chain-of-thought reasoning.
Lower accuracy indicates EXPLORETOM successfully surfaced challenging stories for that model.

ExXPLORETOM action set Gemini 3.1 Gemini 3 Flash Gemini 3.1 Pro
{@enter; Qleave, - - - Asym Flash Lite (reasoning) (reasoning)

. ,‘ AmoveObjContainer ‘} v .00 .30 .68
-+ +»[ @GmoveObjContainer ;| GupdateObjstate |} v .00 44 .60
-+ +» @moveObjContainer; } X .00 A5 54
-+ @moveObjContainer } v .00 .55 .65
-+ 5 moveObjContainer; | Ginfo-* |} X .04 A1 67
. GimoveObiContainer: | Ginfo* |} v 12 49 69
Overall .04 43 .65
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5.9 Summary of Contributions

o [ quantitatively established that LLM evaluation is highly sensitive to prompt for-
matting choices that preserve semantic meaning—a variance that persists regardless of
model scale, few-shot examples, or instruction tuning, and that can reverse conclusions
about which model performs better. I uncovered this through a structured approach
that treats prompt formatting as a space defined by a grammar, enabling efficient
search over semantically equivalent formats.

o [ showed that transformer LLMs solve compositional tasks by reducing multi-step com-
positional reasoning into linearized subgraph matching, without necessarily developing
systematic problem-solving skills. Their apparent success on compositional tasks is
largely explained by exposure to training subgraphs that involve the same compu-
tations required for solving test instances, and their performance degrades as task
complexity grows—a limitation that persists even when models are explicitly trained
with step-by-step reasoning traces. I established this by recasting compositional tasks’
algorithmic solutions as computation graphs, making complexity formally quantifiable
and intermediate reasoning steps independently verifiable.

o [ established theoretically that autoregressive error accumulation is provably exponen-
tial in compositional task complexity, and showed that the structure of a task predicts
where models will partially succeed—explaining apparent competence as a consequence
of leveraging shallow pattern-matching rather than the general reasoning ability the
whole task would require.

o [ showed that theory of mind reasoning in LLMs benchmark performance can be
brittle to simple story structure perturbations, and that grounding inference in explicit
symbolic belief-state representations enables robust inference-time improvements with-
out any retraining. This work received the Outstanding Paper Award at ACL 2023.
Building on this finding, I subsequently showed that frontier LLMs fail on theory of
mind stories with identical reasoning requirements to examples they solve correctly,
and established this through adversarial search over a structured space of narratives
defined by a domain-specific language for mental state tracking, removing the need to
manually construct perturbations and making the evaluation robust to data leakage in
a way that static benchmarks cannot be.

o | demonstrated that structured data generation can simultaneously achieve formal
verifiability and linguistic diversity—properties typically in tension—for theory of mind
reasoning, and that fine-tuning on such data yields substantial improvements on es-
tablished benchmarks while preserving general reasoning capabilities. I achieved this
by grounding story generation in a domain-specific language for mental state tracking,
enabling A* search to efficiently navigate the space of possible narratives, while lever-
aging LLMs to sample diverse surface realizations of the same underlying mental state
updates.
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5.10 Conclusions

As language models are deployed in increasingly consequential settings, the ability to robustly
characterize their capabilities and failure modes becomes critical. Without explicit structure
to anchor our analyses, evaluation may conflate prompt artifacts with genuine capability,
benchmark success may mask systematic failures, and improvements may prove fragile and
uninterpretable. We demonstrated, across multiple reasoning domains, that reintroducing
structure at both the surface and semantic levels restores the analytical leverage needed
for principled evaluation, higher-quality data generation, and interpretable inference-time
improvement.

Regarding surface-level structure, FormatSpread established that LLM evaluation is
confounded by a largely invisible source of variance: the precise typographic and syntactic
choices used to format a prompt. By treating the space of semantically equivalent prompt
formats as a grammar, we enabled efficient multi-armed bandit search over this space,
revealing performance swings large enough to reverse conclusions about model rankings,
with no change in the underlying semantic content of the prompt.

Regarding semantic-level structure, Faith and Fate recasted compositional reasoning
tasks as computation graphs, making reasoning steps formally quantifiable and independently
verifiable. The resulting analyses revealed that apparent success on these tasks is largely
explained by pattern-matching against subgraphs seen during training, and that performance
decays with task complexity—a trend we further grounded theoretically by proving that
autoregressive error accumulation is exponential in compositional task complexity.

In the domain of social reasoning, SymbolicToM showed that theory of mind benchmark
performance can be severely brittle to story structure perturbations, and that grounding
inference in explicit symbolic belief-state representations yields dramatic and more robust
improvements without any retraining. ExploreToM then addressed data generation: by
defining a domain-specific language for mental state updates and applying A* search over
the resulting narrative space, it produced theory of mind scenarios that are simultaneously
formally verifiable and linguistically diverse (thanks to its LLM-augmented approach), with
fine-tuning on this data yielding substantial gains on established benchmarks. Together,
these works illustrate how semantic-level structure can advance all three impact areas:
it exposed benchmark limitations, produced higher-quality training data, and improved
inference-time reasoning, all within the same formal apparatus.

Across these works, a consistent pattern emerges. Structure, whether imposed over the
typographic surface of a prompt or over the semantic content of a reasoning task, serves as
a multiplier: it enables search algorithms that would be inapplicable to unstructured data,
makes failure modes verifiable rather than merely observable, and creates a virtuous cycle
in which better evaluation leads to stronger modeling. The theory of mind works make this
cycle most explicit, with structured evaluation exposing benchmark limitations, structured
generation producing training data that addresses those limitations, and structured inference
improving model behavior without retraining.

Exploring local search algorithms across both works reveals an instructive contrast:
FormatSpread found the surface of prompt format space so jagged that local search was
ineffective (Chapter 2), while ExploreToM found that local search over semantically meaning-
ful perturbations substantially outperformed the more standard approach of overgenerating
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and filtering. This contrast suggests that the nature of the perturbation matters: when
modifications induce significant and more predictable changes in internal representations,
the resulting space is amenable to search in a way that purely surface-level perturbations
currently are not.

It is worth contextualizing the studies presented here to properly understand their inten-
tion and research contribution, particularly in a landscape of rapidly improving models. The
tasks studied in Faith and Fate were chosen to be simple task instantiations that cleanly
isolated compositional behavior and minimized confounders. It is thus expected for models to
eventually solve the concrete task instances analyzed as scale increases; the goal was never to
define an insurmountable frontier, but to study the nature and rate of performance decay as a
function of task complexity. Shojaee et al. (2025) have since found analogous patterns in large
reasoning models, which exhibit accuracy collapse beyond certain complexity thresholds and
a counterintuitive pattern in which reasoning effort ceases to scale with problem complexity
despite available token budget. Taken together, these results suggest that the relationship
between apparent reasoning competence and generalizable problem-solving ability remains
an open question even in the most recent models. At the same time, it is worth noting
that for many practical applications, solving tasks only up to moderate instance sizes may
be entirely sufficient, and that memorization can itself be a valuable capability when the
distribution of instances encountered in deployment is narrow enough.

On the formatting side, posterior research building directly on FormatSpread continues
to uncover the same behaviors in models released well after the original work. Su et al. (2025)
showed that a single delimiter character suffices to substantially alter model rankings; Feng
et al. (2025) demonstrated analogous brittleness in vision-language models, where superficial
visual choices alone suffice to reverse leaderboard rankings; and Romanou et al. (2026) found
ranking instability in the majority of pairwise model comparisons under prompt perturbation.
Format sensitivity appears to be a systemic property of current models rather than an artifact
of any particular model generation.

5.11 Future Work

Automatically imbuing tasks with semantic-level structure. A central motivation
for the structured approaches developed in this thesis is the brittleness of static evaluation
datasets: once a dataset leaks into pretraining, the effort invested in constructing it is effec-
tively discarded. Algorithmically generated evaluation data offers a principled response, since
a generation procedure cannot be memorized as easily as specific instances can. Moreover,
the accelerating pace of capability development motivates a broader shift toward benchmark
generation procedures whose difficulty can be scaled programmatically, so that evaluation
keeps pace with the models being evaluated. As observed in the conclusions, the behaviors
documented in this thesis persist in recent models but tend to surface at larger problem
sizes—making it essential that benchmarks can be recalibrated rather than discarded as the
frontier moves.

One promising direction is to have an LLM agent automatically write code that generates
evaluation data in a task-agnostic way, minimizing the manual effort required to specify
semantic-level structure. Such an approach is already viable in verifiable domains such as
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code and mathematics, where program outputs can be checked automatically, and holds
considerable potential for natural language settings where direct execution is not available.
However, as automated evaluation procedures are increasingly repurposed as reinforcement
learning environments, a new threat emerges: a model may learn to reward-hack the evalua-
tion metric without acquiring the underlying capability it was designed to measure. The key
design requirement is therefore that the generated programs encode correctness in a form
that cannot be gamed through surface-level optimization, making the generation pipeline
itself the primary source of quality assurance, and making the generated programs sampled
diverse enough to cover the diversity of the underlying real task.

Toward evaluation beyond verifiable tasks. Verifiable tasks are the most natural fit
for algorithmically scalable evaluation, as their correctness criteria are directly compatible
with reinforcement learning-based difficulty scaling. Social reasoning, and theory of mind in
particular, remains the harder case: the space of valid responses is often genuinely broad,
and not every correct inference corresponds to a single checkable answer. During this thesis,
structured domain-specific languages for mental state tracking made it possible to define
subsets of theory of mind tasks with unambiguous answers, and there remains room to
extend benchmark generation within this paradigm.

More broadly, when the synthetic data generation pipeline itself encodes the answer—as
in FANToM (H. Kim et al., 2023) and FlawedFictions (Ahuja, Sclar, and Tsvetkov, 2025),
two of my collaborations—verification becomes tractable even in social reasoning domains.
Future work will ultimately require to venture into scenarios where multiple responses are
valid, developing verification procedures that can assess correctness without requiring a
unique ground truth, and that can handle ambiguity.

Building models that are robust and interpretable by design. The works in this
thesis are primarily diagnostic and generative: they surface failures, explain them struc-
turally, and address them through inference-time algorithms and targeted fine-tuning. A
complementary direction is to address brittleness from the modeling side, by training mod-
els whose internal representations are more robust across semantically equivalent inputs,
whether through augmenting training data with systematically varied prompt formats or
through objectives that explicitly encourage invariance to surface-level perturbations. More
broadly, the dominant paradigm of scaling without structural inductive biases has yielded
remarkable capabilities, but the brittleness documented here suggests that some degree
of structural constraint should help. Even flexible decompositions can yield meaningful
gains: S. S. Li et al. (2025) showed that decomposing preferences into interpretable attribute
dimensions, and modeling how different communities weight those attributes, produces both
stronger preference prediction and more transparent insights than aggregate modeling alone,
illustrating that structure and scale can be complementary rather than competing paradigms.

Discovering interpretable predictors of prompt quality. As observed in the con-
clusions, FormatSpread found the surface of spurious prompt format space too jagged for
principled navigation, yielding no concrete recommendations for what makes a format reli-
ably good. An important direction for future work is to move away from the pure dichotomy
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between prompts that carry exactly the same meaning and prompts that differ semantically,
and instead characterize the space of predictable, measurable changes one can make to
a prompt and study their impact on model behavior. The contrast with ExploreToM is
instructive: local search over semantically meaningful perturbations proved substantially
more effective than for surface-level ones, suggesting that more meaningful features—those
that induce predictable changes in internal representations—may define smoother spaces
that are genuinely amenable to structured search. This raises the prospect of identifying
interpretable features of prompt design, such as how information is ordered, how context
is decomposed, or how constraints are expressed, that reliably predict model performance.
Such features could serve both as practical tools for prompt optimization and as a basis for
more reliable evaluation upper bounds, ensuring that capability assessments measure what
models can genuinely do rather than what their prompts happen to elicit.
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Appendix A

FormatSpread: Grammar Details and
Additional Experiments

A.1 Grammar Definition and Instantiation Details

A.1.1 Equivalence Relation Definition

Precisely, p1 ~ po if and only if at least one of the following hold: p; = ps = By; or
Di = B[/)(dl, Si) with d1 = dg, or p; = Bl(di, Si, fz) with d1 = dg, or p; = Bén)(XLi, ce ,XTM‘, Ci)
with X1 ~ X;o V1 < j < mnjorp = B?(,n)(di,jl,i,...,jm,sl,sQ,c, f) where d; = dy and
Je1 = Jr2 V1 < k < n. It is possible that generated formats equivalent in their string
representation are not equivalent according to this equivalence relation.

A.1.1.1 Visualization of Prompt Format’s Parsing and Full Format Generation

item formatting & jiem
(includes enum. and wrapper)

casing 7 casing separator § | space G

Figure A.1: Visualization of a complex prompt format showing its parsing and which
constants or functions affect each part of the format.
Figure A.1 shows a visualization of how a complex format is parsed using our defined

grammar. A full prompt consists of an instruction, n few-shots and a data point to solve.
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For example, if the instruction was Given a sentence and two words that appear in
it, answer which one of the two (A or B) appeared first in the sentence., a
full prompt may look as follow. Note that we always use \n\n as space character between
instruction and few-shots. The example below shows a 1-shot prompt. It is simply
illustrative and does not correspond to any of the tasks considered.

Given a sentence and two words that appear in it, answer which one of the two
(A or B) appeared first in the sentence.

The quick brown fox jumps

OPTIONS:
CHOICE (A): fox ; CHOICE (B): brown
ANSWER: B

Over the lazy dog

OPTIONS:

CHOICE (A): lazy ; CHOICE (B): dog
ANSWER:

FORMATSPREAD forces all instantiations of a multiple choice variable to change jointly
to maintain coherence, and this includes text in the instruction. Therefore, when changing
the option items from A and B to I and II, the prompt will be generated as follows.

Given a sentence and two words that appear in it, answer which one of the two
(I or II) appeared first in the sentence.

The quick brown fox jumps

OPTIONS:
CHOICE (I): fox ; CHOICE (II): brown
ANSWER: II

Over the lazy dog

OPTIONS:

CHOICE (I): lazy ; CHOICE (II): dog
ANSWER:

A.1.2 Allowed values for each set Si, S, C, Fcasings Fitem

Sl — {//7/ /7/ \n/7/\n/’/ o /7/ /7/; \n/7/ || /’/ < Sep > /7/ o /,/, /,/ \n /,/ , /7/\11 /,/- /,/ , /}
S ={"") ',\t'} (no space, single space, double space, tab)
C: {//7/::: /7/:: /71: /,/ \n\t/’/\n /7/ . /,/ _ /7/ /7/ \n /7,\n\tl7/ :/7/::/7/7 /,/ \t/}

Feasing = {£(x) = x,£(x) = x.title(), £(x) = x.upper(), f(x) = x.lower()}
Fitem = {z — f(g(z)) | such that f € Fitem1 A g € Fitem2}
Fitem1 = {x+ (X),x — X, x— X),Xx = X),x = [x],x =»< x>}
Fitemz = {x > x+1,x ="M +xx—"a' +x,
x — 0x215F + x + 1, x — ROMAN|[x].1lower(), x — ROMAN[x].upper()}
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Enumerations are indexed from (i.e., “1, 2, 3” rather than “0, 1, 2”). ROMAN[x| represents
the Roman numerals written in regular ASCII characters. ‘0x215F’+x represent the series
of Unicode characters for Roman numerals. |, denotes a spacing character for clarity.

A.1.3 Restrictions to Prompt Formats Spaces and Separators’
Combinations

We define several restrictions to ensure format naturalness. Users can additionally customize
FORMATSPREAD by defining their own rules and restrictions between values. Our rules are
as follows:

o If By(Xy,...,X,,c) where ¢ does not contain a newline, then each X;’s separators and
any subcomponents’ separators should not contain a newline.

o Similar to the rule above, if B?()")(d,jl, <oy Jns S1, 52, €, f1, f2) such that some separator
contains a newline (i.e. s; contains a newline and/or sy contains a newline) then the
space ¢ must also contain a newline.

o For Bi(d,s, f) := f(d)s< text >, s must not be the empty string (i.e., there has to be
some separation between descriptor and text).

o Having ¢ be an empty string space in Bén) is only allowed if the first n — 1 components
are By fields with an empty <text>. Similarly, the newline restrictions mentioned
above only apply if the <text> is not empty. This rarely happens in prompt formats,
but there are formats such as Question: <text> Options: A. <text> B. <text>
where the Options: do not have a corresponding field.

A.1.4 Thompson Sampling Priors

For the first exploration (i.e., finding the best-performing prompt format), we set an infor-
mative prior Beta(c, 5) := Beta (max (15_—9;, 1.1) ,5) for all arms p;, where x is the original
format’s accuracy. Our goal is to set an informative prior where the expected value of the
prior distribution is the original format accuracy x, since a priori it is the only information
we have about performance. This restricts the parameters as follows:

E[Beta(a, 8)] = aiﬁ =2z
a=a-x+ -
p-a
o =
11—z

Since [ will modulate how confident is the prior, and we want to avoid the model being
overconfident, we fix § = 5. Because we want to have an informative prior Beta(«, 5) with
a Gaussian-like PDF, we force « > 1 and f > 1. In extreme cases, forcing a > 1 might
alter the expected value. The first exploration’s priors are thus exactly Beta(«, ) with

Q= max (%, 1.1) and § =5 for all arms p;.
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For the second exploration (i.e., finding the worst-performing prompt format), the model

has access to the first explorations’ counters S}E/ B) and Ni(E/ B Therefore, we set the second
exploration’s priors to be Beta (a + SZ-(E/B), B8+ (NZ-(E/B) — SZ»(E/B))).

A.2 Additional Experiments’ Information and Plots

A.2.1 Task selection

We use a number of heuristics to filter Super-Naturallnstructions tasks to our set of 53
evaluation tasks. Datasets should have at least 1000 samples to be considered. We also
remove tasks whose instructions are too long (over 3,000 characters) and datasets with inputs
longer than 2,000 characters, given that this makes performing inference at scale intractable.
We also filter datasets whose valid outputs include more than 20 different strings, given that
we focus on classification tasks.

We also removed tasks where we found a priori performance on the task was 0% accuracy
using LLaMA-2-7B 1-shot. Some Super-Naturallnstructions tasks are derived from the same
original dataset, but ask different questions. We did not include more than 4 tasks from
the same original dataset.

Finally, we also searched for having socially impactful tasks. Those tasks were the only
Super-Naturallnstructions tasks where we included a format if one was not provided by the
dataset.

The selected tasks were the following 53: task050, task065, task069, task070,
task114, task133, task155, task158, taskl161, task162, task163, task190,
task213, task214, task220, task279, task280, task286, task296, task297,
task316, task317, task319, task320, task322, task323, task325, task326,
task327, task328, task335, task337, task385, taskb80, task607, task608,
task609, task904, task905, task1186, task1283, task1284, task1297, task1347,
task1387, task1419, task1420, task1421, task1423, task1502, task1612,
task1678, taskl1724.

508l r=0.80 .
i p=1.07 x 10-23 ®
3061
Ke] 3
o °
™ 0.4- °
I .
© ® .'. °
o® o L

E 0.2 R
] 00 ‘.\ o

0.0 0.2 0.4 0.6

Llama-2-7b spread

Figure A.2: Comparison between Llama-2-7B and Llama-2-70B spreads. Llama-2-70B was
computed using 4bit quantization (Dettmers et al., 2022).
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A.2.2 Additional Results for Section 2.4.2

Table A.1: Ratio of prompt format pairs (p;, p2) such that if p; is worse than ps using model
M, then the same trend holds for M.

Model 1 Model 2 Performance Relative

(M) (Ms) Ordering Preservation
Llama-2-7b  Llama-2-13b 57.46%
Llama-2-7b  Falcon-2-7b 55.91%
Falcon-7b  Falcon-7b-Inst 61.11%

5304 —— {M, M’} = {Llama-2-7b, Llama-2-13b} 53 0.4 —— {M,M’} = {Llama-2-7b, Llama-2-13b}
| = {M,M'} = {Llama-2-7b, Llama-2-70b} | = {M, M’} = {Llama-2-7b, falcon-7b}
#Y83 —— {M,M'} = {Llama-2-13b, Llama-2-70b} #X803 —— {M,M'} = {falcon-Tb, falcon-7b-inst}
£E9 , £=9 \
;5 ® — {M,M'} = {Llama-2-7b, falcon-7b} ;5 ®
29 — "N = - Thei 29
z $:§ 02 {M,M'} = {falcon-7b, falcon-7b-inst} z $:§ 0.2
gls gls
o= 2=
a5 801 T8 ®0.1
©0.0 ©0.0
0.01 0.1 1.0 0.01 0.1 1.0
Threshold of accuracy difference (d) (log) Threshold of accuracy difference (d) (log)
Figure A.3: Option ranking metric. Figure A.4: Exact prefix matching metric.

Figure A.5: Probability of a prompt p being worse than p’ by at least d points using model
M', given that prompt p was better than prompt p’ when using model M.

Formats are not inherently good or bad. Table A.1 shows that if format p; has lower
performance than format p, under model M, there is < 0.62 probability that this trend would
hold under another model M’ (random chance is 0.5). This weak relative order preservation
suggests that prompt format performance in a model may not be extrapolated to a different
model, or in other words, that there are no inherently good or bad formats. This finding
is further supported by Figure A.5, which shows that findings of a format being better or
worse than another are often inconsistent across models.

Experiments with exact prefix matching accuracy. Here we show results with using
exact prefix matching to compute accuracy. Often, failures in prefix matching are associated
with degeneration, i.e., cases where the model does not answer any of the valid options,
motivating the use of ranking accuracy. Degeneration makes models (specially smaller
models) more unlikely to have high accuracy out of the box. As seen in Figure 2.9, prefix
matching is linked to having higher changes when performing atomic changes. Moreover,
exact prefix matching can lead to lower performance as generation is less constrained (see
Figure A.14). Table A.2 shows examples of atomic changes yielding large accuracy changes
with exact prefix matching metric.
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Figure A.8 shows spread remains regardless of model size increase, architecture change,
or number of few-shot examples also when using exact prefix matching as accuracy metric.
In line with the results shown for probability ranking in Section 2.4.2, Figure A.11 shows that
the probability of reversing performance trends between two models just by changing prompt
remains high when using exact prefix matching as metric. Strikingly, spread is significantly
higher than in the probability ranking setting (see Figure A.10), with median spread ranging
from 12 to 28 accuracy points depending on the model used. This further motivates the need
for running FORMATSPREAD when benchmarking models with this accuracy metric. This
increased spread may be partly due to degeneration, as we will detail next.

- 0.6 r=0.79 L T r=0.36
D p=3.68 x 10723 o 5 0.6{ p=7.83x1078 L
§ % @ ° ° .30 ':. ° °
2 g 0.4 :
I z T -
o ~ 5
g < g 0.2
o § c ey
- JE . .
. 0.0 S - — 0.0
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.0 0.2 0.4 0.6
Llama-2-7b spread falcon-7b spread nshot=1 spread
Figure A.6: Llama-2-7B vs. Figure A.7: Falcon-7B vs. Figure  A.8: 1-vs. 5-
13B 7B-Instruct shot (same task, model)

Figure A.9: Spread comparison between evaluating the same task under different models or
n-shots using exact prefix matching as accuracy metric.

= {M,M'} = {Llama-2-7b, Llama-2-13b}
= {M,M'} = {Llama-2-7b, falcon-7b}
= {M,M'} = {falcon-7b, falcon-7b-inst}

e
w

Llama-2-7b | _
nshot=1
nshot=5
Llama-2-13b | |_-—|
nshot=1
ey ——
falcon-7b |
nshot=1 _—| 0.0t Threshold of accurac?/.zjifference (d) (log) 1o
nshot=5
folcon it H | — Figure A.11: Probability that model M
oo otes | performs worse than M’ by at least d when
using format p’, given that M performed
better than M’ by at least d using format
Figure A.10: Spread across models and n- p. 53 tasks, 1- and 5-shot. Exact prefix
shots. Exact prefix matching metric. matching metric.
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Degeneration. Sometimes when a model does not generate the correct answer with exact
prefix matching, it also does not generate a valid response, i.e. it degenerates. We will
now quantify this phenomenon using 53 SuperNaturallnstructions classification and multiple
choice tasks.
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Figure A.12: Accuracy boxplot for the se-  Figure A.13: Accuracy boxplot selected
lected 53 Super Natural-Instructions tasks, 53 Super Natural-Instructions tasks, exact
option ranking metric. prefix matching metric.

Figure A.14: Accuracy metric used can strongly impact final performance. 53 Super Natural-
Instructions tasks shown. Ranking accuracy yields higher accuracies overall.

Given a model, a task, and a format, let the centered mass be the ratio of examples
where the model’s output matched with any valid option (regardless of correctness). Ta-
ble A.3 shows that the correlation between accuracy and centered mass is moderate or high
depending on the model. This suggests that very often when a model does not return a valid
answer, it does not return any valid answer at all. This is especially true for Falcon models,
where we observe an almost perfect correlation between accuracy and centered mass. In
conclusion, prompt format chosen often do not solely affect accuracy, but they also affect
the frequency in which a model is actually able to perform a task. This will especially affect
tasks for which there are no alternative metrics. Further research may focus specifically on
targeting features that cause degeneration.

Experiments with Instruction Induction tasks. All experiments thus far focused
solely on classification tasks. We will now focus on tasks that require generating (short)
text, and cannot be framed as classification tasks. We selected 10 tasks from Instruction
Induction (Honovich et al., 2023) that require generating a unique, valid string to be
considered a correct response. Examples include identifying the second letter of a word,
adding numbers, or answering a synonym to a given word. Instruction Induction tasks also
show a wide range of difficulty, resulting in varied settings to be analyzed (see Figure A.20).
Given that the collection does not contain human-generated formats, we applied a simple
‘Input: {}\n Output: {} format. Results for 1-shot and 5-shot settings show spread is still
high across models and n-shot choices (see Figure A.18).

Tasks are: antonyms, diff, first_word_letter, larger_animal, letters_list,
num_to_verbal, second_word_letter, singular_to_plural, sum, synonyms.

Experiments with continuous metrics in open-ended text generation tasks.
Throughout the paper we focus on tasks with a single valid output, whether in classification
tasks or in short-text generation tasks. This decision is intentional, since it guarantees
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Figure A.15: Llama-2-7B vs. Figure A.16: Falcon-7B vs. Figure A.17: 1-vs. 5-
13B 7B-Instruct shot (same task, model)

Figure A.18: Spread comparison between evaluating the same task under different models
or n-shots for Instruction Induction tasks. Exact prefix matching used as accuracy metric.

Llama-2-7b | Llama-2-7b |
nshot=1 nshot=1
Llama-2-7b | Llama-2-7b |
nshot=5 nshot=5
Llama-2-13b | Llama-2-13b |
nshot=1 nshot=1
Llama-2-13b | Llama-2-13b |
nshot=5 nshot=5
falcon-7b | | falcon-7b |
nshot=1 ! nshot=1
nshot=5 nshot=5
falcon-7b-inst falcon-7b-inst
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Figure A.19: Spreads across models and n- Figure A.20: Accuracy variance by model
shots.

Figure A.21: Instruction Induction tasks’ spreads and accuracy across models. Exact prefix
matching is used as accuracy metric.
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Table A.2: Examples of atomic changes’ impact on accuracy using prefix matching
(probability ranking shown in Table 2.2). {} represents a text field; py yields higher accuracy
than p; for all tasks.

Task Id Prompt Format 1 (p;) Prompt Format 2 (p2) Accp;  Accpy; Diff.
task213 Title: {} Sentence<A>: {} || Title::{} Sentence<A>::{} || 0.113 0.475 0.362
Sentence<B>: {} || Sentence<C>: {} Sentence<B>::{} || Sentence<C>::{} ||
|| Sentence<D>: {} Choices: \n Sentence<D>::{} Choices::\n <i>:::
<i>::: {} \n <ii>::: {} Answer: {} \n <ii>::: {} Answer::{}’
&
task296 Sentence I ) : {} \nSentence II ) : Sentence I ) : {} \nSentence II ) : 0201 0522 0321
{} \nSentence III ) : {} \nSentence {} \nSentence III ) : {} \nSentence
IV ) : {} \nSentence V) : {} IV ) : {} \nSentence V) : {}
\nSentence VI ) : {} \nSentence \nSentence VI ) : {} \nSentence
VII ) : {} \nSentence VIII ) : {} VII ) : {} \nSentence VIII ) : {}
\nSentence IX ) : {} \nSentence X ) : \nSentence IX ) : {} \nSentence X ) :
{+,I.: {}, I1. : {}, Ansver: .1 {3,2. : {}, Answer:
& &
taSk905 Tweet::: {}; \nLabel::: {}; Tweet::{}; \nLabel::{}; \nAnswer::{}’ 0252 0559 0307
\nAnswer::: {}’
task317 Passage:: {} \nAnswer:: {}’ Passage::{} \nAnswer::{}’ 0.245 0.546 0.301
task280 passage {}\n answer {}’ passage:{}\n answer:{}’ 0.332 0.612 0.28
task050 SENTENCE - {} \nQUESTION - {} SENTENCE\n\t{} \nQUESTION\n\t{} 0.244 0.504 0.26
\nANSWER - {}’ \nANSWER\n\t{}’
task070 Beginning - {}\nMiddle [I]{} , Middle Beginning - {}\nMiddle I){} , Middle 0.143 0.3 0.157
[II1{}\nEnding - {}\nAnswer - {}’ ID){}\nEnding - {}\nAnswer - {}’

that a variation in the metric truly represents a variation in model performance. We have
shown that spread remains high when considering option ranking or exact prefix matching
as accuracy metric.

Since LLMs are often used in more open-ended generation contexts, we will now explore
the performance variance across prompt formats when considering sentence-length generation
tasks (e.g. generate the next sentence of a story, given the four initial sentences of a
story, generate a question whose answer is the sentence given). To analyze the automatic
generations, we use two widely used metrics: ROUGE-L (C.-Y. Lin, 2004), and BERTScore
(T. Zhang et al., 2019). The first is an n-gram-based metric, and the latter is a model-based
metric, and both are [0, 1] metrics where higher is better. Figure A.22 shows that variance
remains high for LLaMA-2-7B regardless of the metric and the number of n-shots considered,
with LLaMA-2-7B 5-shot having 25% of tasks with a ROUGE-L spread of 0.098 or higher,
and a BERTScore spread of 0.09 or higher.

We observe that the median spread is sometimes smaller than in the accuracy tasks.
This may be because although ROUGE, BERTScore, and accuracy are all [0, 1] metrics,
typical metric values may be different, which may in turn affect the final spread (an absolute
difference). We leave it to future work to quantify the differences in style or content that
each format may be inducing.

Finally, it is worth noting that text generation metrics are known to be noisier, and thus
not all metric decreases necessarily correspond to a true performance loss, as is the case
{gsrosmacadkoingleyalidao it Didskods; taliorscd chbvmer Nalirpds nstritiaes, tasks:
task223, task240, task348, task389, task443, task845, task1326, task1401,
task1613. We selected the 17 open-ended text generation tasks among those with at
least 1000 samples, with some formatting present in the original task (e.g. ‘Passage:’
<text>). We only considered tasks whose instructions were under 1,000 characters and that
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Table A.3: Correlation between accuracy using exact prefix matching and the centered mass
(the opposite of degeneration). 53 tasks, 10 formats each, evaluated on 1000 samples.

correlation between accuracy

Model n-shot & and centered mass p-value
Llama-2-7b 1 0.702 5.1E-77
Llama-2-7b 5 0.762 4.9E-98
Llama-2-13b 1 0.639 5.8E-61
Llama-2-13b 5 0.662 9.2E-67

falcon-7b 1 0.936 7.1E-233
falcon-7b 5 0.933 8.4E-228
falcon-7b-instruct 1 0.962 3.6E-289
falcon-7b-instruct 5 0.958 5.5E-277

Llama-2-7b |
nshot=1 ROUGE-L

Llama-2-7b |
nshot=5 ROUGE-L

Llama-2-7b | }_-_{
nshot=1 BERTScore
0.1

L4 L4 L4 ¢

Llama-2-7b |
nshot=5 BERTScore

0.2 0.3
Performance spread across 10 prompt formats

Figure A.22: Spread across n-shots for LLaMA-2-7B, considering ROUGE-L and BERTScore
metrics. 17 sentence-level open-generation tasks are considered, all extracted from
SuperNatural Instructions. 10 prompt formats are considered for each task.

contained inputs no longer than 5,000 characters.

We limit generations to 50 tokens. To parse model outputs more faithfully, and given that
none of our expected generations include a newline, we only consider a model’s generation
up to the first newline (excluding leading spaces and newlines in a given generation). This
consideration is important given that often models start to generate a new data sample from
scratch, immediately after generating the requested answer.

Characterizing a model’s accuracy distribution beyond spread. Spread gives a
quantitative jump in information with respect to informing a single point in the performance
distribution since it measures the distribution range (maximum minus minimum). However,
distributions that may share the same range, may yield a widely different probability of
obtaining each value in the distribution. Figure A.23 plots the accuracy distribution of 30
tasks, sorted in decreasing order by standard deviation. Tasks with high standard deviation
reflect a higher likelihood of obtaining dissimilar values when making a formatting selection;
Figure A.23 shows that the median standard distribution is ¢ ~ 0.04, which can be considered
high in our context.
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Figure A.23: Accuracy distribution across 500 formats for 30 tasks evaluated on 250 samples
each, sorted by standard deviation in decreasing order. LLaMA-2-7B 1-shot, option ranking
metric.
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On factors influencing spread besides prompt formatting. We believe many factors
beyond formatting may be influencing performance variance, but were unable to find a
feature that reliably predicts spread. We found that the average prompt length in a task has
a negligible correlation with its performance spread: r = 0.228 (p = 1.4 x 1077) for exact
prefix matching metric, and » = —0.022 (p = 0.615) for option ranking metric, when jointly
considering all models and n-shots. Similarly, the standard deviation of the prompt length
had negligible correlation with spread: r = 0.125 (p = 0.004) for exact prefix matching,
and 7 = —0.099 (p = 0.024) for option ranking metric. When considering each model
individually, only LLaMA-2-7B with exact prefix matching showed a correlation |r| > 0.5,
with the average prompt length having a correlation r = 0.559 p = 6.86 x 10719, All other
settings had |r| < 0.36.
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A.2.3 PCA Examples

Section 2.4.4 systematically analyzes whether we can predict the prompt format that gen-
erated a given pre-softmax activation layer (i.e., prompt embeddings) by using solely its
top-n principal components. Figure A.24 shows the top two principal components for two
different tasks where all 10 formats considered are easily identifiable solely with a prompt
embedding’s top two principal compoenents.
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Figure A.24: Plot of the top two principal components of the last decoder layer of the prompt,
as a representation of the output probability distribution. Two different tasks shown, with
each prompt format shown in a different color.

A.2.4 Notable Features

As discussed in Section 2.4.3, sometimes the choice of a constant may lead to significantly
different accuracy ranges. Figures A.25/A.26, and A.27 show all strongly dissimilar choices
of constants found on any given task, across 53 Super Natural-Instructions tasks, and on
both accuracy metrics considered throughout the work. As can be appreciated, choices of
constants do not consistently predict performance in isolation.
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Figure A.25: Variance by feature value for Llama-7B 1-shot. Evaluated 31 tasks with 500
formats each, and only plots with a signiﬁcaﬁt4 difference between values are shown. Exact
prefix matching accuracy metric.
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Figure A.26: Variance by feature value for Llama-7B 1-shot. Evaluated 31 tasks with 500
formats each, and only plots with strongly significant differences are shown. Option ranking
accuracy evaluation metric. Only S; boxplots are shown here, see Figure A.27 for all others.
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Figure A.27: Variance by feature value for Llama-7B 1-shot. Evaluated 31 tasks with 500
formats each, and only plots with strongly significant differences are shown. Option ranking
accuracy evaluation metric. See Figure A.26 for more plots.

A.2.5 Thompson Sampling Results

Task Model Best Format Worst Format Best  Worst
Acc Acc
task050 Llama- sentence {} || question {} || answer Sentence\t{}\n Question\t{}\n 0.62 0.58
70B {3 Answer\t{}
task065" Llama- Sentence<1>:: {} Sentence<3>:: {} Sentence I)\t{} \n Sentence 0.88 0.50
70B Sentence<4>:: {} Sentence<5>:: {} IID)\t{} \n Sentence IV)\t{} \n
\nOption A.: {} Option B.: {} Sentence V)\t{} Option\t(I)::{},
\nAnswer\n {} Option\t(II)::{} Answer {}
task069  Llama- BEGINNING::: {} MIDDLE A): {} BEGINNING\n {}\n MIDDLE <I>:: <{} 0.85 0.58
70B , MIDDLE B): {} ENDING::: {} MIDDLE <II>:: {}\n ENDING\n {}\n
ANSWER::: {} ANSWER\n {}
task070  Llama- Beginning::: {}; \nMiddle\t1)\t{}; Beginning {} || Middle 1.: {} 0.80 0.27
70B \nMiddle\t2)\t{}; \nEnding::: {}; || Middle 2.: {} || Ending {} ||
\nAnswer::: {} Answer {}
task114  Llama- sentence: {} <sep>answer: {} Sentence: {}\nAnswer: {} 0.54 0.51
70B
task1186 Llama- SYSTEM REFERENCE : {}. ORIGINAL System Reference: {}\nOriginal 0.56 0.51
70B REFERENCE : {}. ANSWER : {} Reference: {}\nAnswer: {}
task1283 Llama- system reference: {} \noriginal SYSTEM REFERENCE\t{}\n ORIGINAL 0.62 0.50
70B reference: {} \nanswer: {} REFERENCE\t{}\n ANSWER\t{}
task1284 Llama- SYSTEM REFERENCE\t{} || ORIGINAL System Reference {} , Original 0.74 0.43
70B REFERENCE\t{} || ANSWER\t{} Reference {} , Answer {}
task1297 Llama- Fact\tI.\t{} , Fact\tII.\t{} fact a )- {}\nfact b )- {} 0.88 0.40
70B <sep>Question: {}; \n1 ) - {}; \n2 \nquestion: {} || i) : {}ii) :

) - 4} \n3) - {}; \n4) - {}; \n5 {Hii) ¢ {Hv) o {3v) ¢ {dvi)
) - {}; \n6 ) - {}; \n7 ) - {}; \n8 {}vii) : A{}viii) : {} \nanswer:

) - {} <sep>Answer: {} A8
task133  Llama- Sentence:{} \nReason:{} Sentence:: {}\n Reason:: {}\n 0.71 0.59
70B \nQuestion:{} \nAnswer:{} Question:: {}\n Answer:: {}
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<2>:: {}, <3>:: {}, <4>:: {3,
<6>:: {} \nanswer- {}

Problem\t{}\nOptions\t i):{}
- ii) Y - ddi) Y - iv):{} -
v) :{}\nAnswer\t{}

PROBLEM: {}, OPTIONS: \na ){} - b ){}
- ¢ ){} - d){} - e ){}, ANSWER:{}

problem: {} - options: 1):: {}.
2):: {}. 3):: {}. 4:: {}.
6):: {} - answer: {}

Input:{} Output:{}

SENTENCE - {}, ANSWER - {}

{} || Answer: {}

Sentence:

Sentence\t{}\n Answer\t{}

sentencel ) - {}sentenceIl ) - {} \n
answer: : {}

Sentence\n {}; \nAnswer\n {}

SENTENCE:{}, ANSWER:{}

PROBLEM: {} , OPTIONS: \n[a] {}.
bl {3. [c] {3. [dl {3. [e] {3,
ANSWER: {}

input: {} - output: {}

Sentence a ) - {} - Sentence b ) -

{}\n Answer\n\t{}

TITLE::: {} \n Sentence I)::: {}
, Sentence II)::: {} , Sentence
III)::: {} , Sentence IV)::: {}
\n CHOICES::: \ni){} \n ii){} \n
ANSWER::: {}

Title: {}\n Sentence I.: {}
Sentence II.: {} Sentence III.:
{} Sentence IV.: {}\n Choices:
\ni.::: {} \nii.::: {}\n Answer:
{3

Sentencel): {}.

SentenceIII): {}.
SentenceV): {} , Choices:
{H\n <b>- {} , Answer: {}

SentencelII): {}.
SentenceIV): {}.
\n<a>-

Passage:: {} \n Answer:: {}

Passage:: {} , Answer:: {}

INPUT- {} , OUTPUT- {}

SentenceI ):: {}, Sentencell

):: {}, SentenceIII ):: {},
SentenceIV ):: {}, SentenceV )::
{}, SentenceVI ):: {}, SentenceVII
):: {}, SentenceVIII ):: {3},
SentenceIX ):: {}, SentenceX )::
{3, O\e{} , B\t{}, Answer : {}

Sentence i){} Sentence ii){};
\nAnswer\n {}

premise {}\n hypothesis {}\n answer
18

Problem: {} || Options: <A>{}
<sep><B>{} <sep><C>{} <sep><D>{}
<sep><E>{} || Answer: {}

PROBLEM- {}\nOPTIONS- \n[al{}\n
[(b]{N\n [c]{}\n [d1{}\n
[e]{}\nANSWER- {}

Problem::: {} Options::: \nI )::{}
A\nII )::{} \nIII )::{} \nIV )::{}
\nV )::{} Answer::: <{}

PROBLEM:: {}. OPTIONS:: I.- {}\n

II.- {\n III.- {F\n IV.- {}\n V.-
{}. ANSWER:: {}

input {} output {}

Sentence: :

{} \nAnswer:: {}

sentence::{} - answer::{}

Sentence\n {} \nAnswer\n {}

Sentence (a):{}. Sentence

(b) : {}\nAnswer {}

SENTENCE \n\t{}; \nANSWER \n\t{}

SENTENCE\n {}\nANSWER\n {}

PROBLEM \n\t{} \n OPTIONS \n\t [1]
{3021 {3[3] {3[4] {3[5] {} \n ANSWER
\n\t{}

INPUT::{} , OUTPUT::{}

Sentence 1.{}\nSentence 2.{}\n
Answer {}

TITLE\t{}, sentence (i)\t{} -
sentence (ii)\t{} - sentence
(iii)\t{} - sentence (iv)\t{},
CHOICES\t \n (I):: {} (ID):: {3},
ANSWER\t{}

title {} || sentence [1] {} sentence
[2] {} sentence [3] {} sentence [4]
{} Il choices \n I.{}; \nII.{} ||

answer {}

Sentence <1>: {} - Sentence <2>:
{} - Sentence <3>: {} - Sentence
<4>: {} - Sentence <5>: {} ,
Choices: \n I ){} - II ){} ,
Answer: {}

Passage- {} Answer- {}

PASSAGE\t{}\n ANSWER\t{}

Input\t{} Output\t{}

Sentence I.: {}; \nSentence II.:
{}; \nSentence III.: <{}; \nSentence
IV.: {}; \nSentence V.: {};
\nSentence VI.: {}; \nSentence
VII.: {}; \nSentence VIII.: {};
\nSentence IX.: {}; \nSentence

Xo: {3 \n <i>::{} || <ii>:: {3} \n
Answer\n {}
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passage - {} \nanswer - {}
Passage\n {}\n Answer\n {}
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Target: {}; \n{}; \nAnswer: {}
COMMENT: {}\n ANSWER:{}
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COMMENT\t{}; \nANSWER\t{}
Comment:: {} Answer:: {}
Comment {} <sep>Answer {}
comment:{} - answer:{}
post:: {} , answer:: {}

post {} \nanswer {}

CONTEXT {} - QUESTION {} - OPTIONS
\ni.- {}, 2.- {}, 3.- {} - ANSWER {}

Context- {H\n Question- {H\n
Options- \na) {} - b) {} - ¢) {}\n

Answer- {}

INPUT \n\t{} \n OUTPUT \n\t{}
input: {}. output: {}
Input \n\t{} \n Output \n\t{}
input::: {} , output::: {}

Tweet::{} || Label::{} || Answer::{}

Sentence\n\t{} \n Question\n\t{} \n
Answer\n\t{}

SENTENCEi.::: {} \nSENTENCEiii.:::
{} \nSENTENCEiv.::: {}
\nSENTENCEv.::: {} \nOPTION

[11\t{}OPTION [2]\t{} \nANSWER\t{}

BEGINNING: {}\n MIDDLE\t(I)::: {}
\n MIDDLE\t(II)::: {}\n ENDING:
{}\n ANSWER: {}

Beginning : {}\nMiddle (I):
{} - Middle (II): {}\nEnding :
{FnAnswer : {}

sentence \n\t{}\nanswer \n\t{}

system reference : {} , original
reference : {} , answer : {}
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Passage:{}, Answer:{}
Passage {} - Answer {}

INPUT:: {} OUTPUT:: {}

0.57

0.63

0.84

0.69

0.46

0.47

0.24

0.24

0.30

0.30

0.54

0.48

0.63

0.40

0.66

0.37

0.43

0.63

0.29

0.98

0.97

0.98

0.58

0.85

0.72

0.50

0.57

0.72

0.64

0.42

0.44

0.20

0.09

0.01

0.10

0.48

0.40

0.60

0.31

0.54

0.31

0.39

0.09

0.57

0.16

0.81

0.41

0.79

0.56

0.80

0.69



task296 GPT3.5 Sentence a ) - {} \nSentence b ) - Sentence\t(I)- {} - Sentence\t(II)- 0.95 0.68
{} \nSentence c ) - {} \nSentence {} - Sentence\t(III)- {} -
d ) - {} \nSentence e ) - {} Sentence\t(IV)- {} - Sentence\t(V)-
\nSentence f ) - {} \nSentence g ) {} - Sentence\t(VI)- {}
- {} \nSentence h ) - {} \nSentence - Sentence\t(VII)- {} -
i ) - {} \nSentence j ) - {} \n<A>- Sentence\t(VIII)- {} -
{}, <B>- {} \nAnswer::: {} Sentence\t(IX)- {} - Sentence\t(X)-
{3, T )::{}, II )::{}, Answer:{}
task297 GPT3.5 Sentence (A): {}; \nSentence (B): SENTENCE\t (4) : {}; \nSENTENCE\t(B) 0.36 0.06
{}; \nSentence (C): {}; \nSentence : {}; \nSENTENCE\t(C) :
(D): {}; \nSentence (E): {}; {}; \nSENTENCE\t(D) : {};
\nSentence (F): {}; \nSentence (G): \nSENTENCE\t (E) : {};
{}; \nSentence (H): {}; \nSentence \nSENTENCE\t (F) : {};
(I): {}; \nSentence (J): {}; \nSENTENCE\t (G) : {};
\n<I>::{} <sep><II>::{}; \nAnswer {} \nSENTENCE\t (H) : {};
\nSENTENCE\t(I) : {};
\nSENTENCE\t(J) : {} - I) : {}
II) : {} - ANSWER: {}
task316 ~ GPT3.5 passage\n\t{} \nanswer\n\t{} Passage- {} Answer- {} 0.49 0.48
task317  GPT3.5 passage: {} answer: {} passage {} answer {} 0.75 0.70
task319 GPT3.5 TARGET:: {3} \n{} \nANSWER:: {} Target: {}\n{}\nAnswer: {} 0.66 0.62
task320 GPT3.5 Target::: {} \n{} \nAnswer::: {} target {} - {} - answer {} 0.73 0.68
task322 GPT3.5 Comment: {} - Answer: {} comment: :{} answer::{} 0.84 0.83
task323 GPT3.5 COMMENT {} <sep>ANSWER {} comment - {}\nanswer - {} 0.73 0.63
task325 GPT3.5 comment {}; \nanswer {} Comment\n {}\n Answer\n {} 0.81 0.74
task326 GPT3.5 comment : {} , answer : {} Comment- {} Answer- {} 0.67 0.66
task327 GPT3.5 comment :{} \nanswer:{} Comment - {} || Answer - {} 0.86 0.82
task328 GPT3.5 Comment - {}. Answer - {} COMMENT {} <sep>ANSWER {} 0.77 0.72
task335 GPT3.5 Post\n\t{} \nAnswer\n\t{} post - {} - answer - {} 0.37 0.20
task337 GPT3.5 Post::{}; \nAnswer::{} Post {}, Answer {} 0.57 0.51
task385 GPT3.5 Context:: {}; \nQuestion:: {}; Context:{}. Question:{}. 0.46 0.10
\nOptions:: a)::: {FMn b)::: {}\n Options:\n[i] {}[ii] {}[iii]
c)::: {}; \nAnswer:: {} {}. Answer:{}
task580 GPT3.5 Context:: {} || Question:: {} || CONTEXT:: {} - QUESTION:: {} - 0.74 0.65
Options:: \n A)- {} B)- {} O)- {} OPTIONS:: \n[I] - {}. [II] - {}.
|| Answer:: {} [111] - {} - ANSWER:: {}
task607  GPT3.5 input {} || output {} INPUT:: {}\nOUTPUT:: {} 0.70 0.68
task608 GPT3.5 Input:: {} Output:: {} Input\n {} \nOutput\n {} 0.60 0.52
task609 GPT3.5 INPUT\n {} \nOUTPUT\n {} Input {H\nOutput {} 0.70 0.68
task904 GPT3.5 INPUT : {}\nOUTPUT : {} Input:: {}, Output:: {} 0.66 0.61
task905  GPT3.5 Tweet:{} , Label:{} , Answer:{} TWEET {} || LABEL {} || ANSWER {} 0.72 0.63

Table A.4: Best and worst formats found by using Thompson Sampling
on 320 formats on Llama-70B and GPT3.5 , E = 40000, B = 10. Tasks
marked with an asterisk” indicate a format where the Roman numerals used
correspond to its Unicode characters (starting at 0x215F), visualized as I, I,
I, IV, .. ..
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Llama-2-70b | A
nshot=1
Llama-2-70b | . .
nshot=5
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nshot=1
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Performance spread across prompt formats

0

Figure A.28: Spreads found using Thompson Sampling for 320 formats, budget of 40000
evaluations. LLaMA-2-70b was evaluated with option ranking, and GPT3.5 with prefix
matching given that we cannot access all logits.
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Appendix B

Faith and Fate: Additional
Experiments and Proofs
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B.1 Compositional Tasks

B.1.1 Multiplication

Data Construction We exhaustively generate multiplication problems as question-answer
pairs (e.g., Q: “What is 4 times 327”7 A: “128”). We focus on multiplications of two
numbers z = (x1,29,...,2;) and y = (y1,¥2,...,yr) where each number can have up to
k digits, amounting to 9 x 10%*~1 combinations per each number. We set k to 5 in our
experiments. Figure B.1 showcases an example prompt for performing few-shot learning
without the inclusion of a scratchpad, while Figure B.2 demonstrates an example prompt
using a scratchpad. Throughout our experimentation, we explored various versions of the
scratchpad, ranging from verbose and detailed to more concise alternatives. Among these
variations, the scratchpad version depicted in Figure B.2 ultimately produced the most
favorable outcomes. Listing B.1.1 shows the Python code for solving the task.

To multiply two numbers, start by multiplying the rightmost digit of the
multiplicand by each digit of the multiplier, writing down the products
and carrying over any remainders. Repeat this process for each digit
of the multiplicand, and then add up all the partial products to obtain
the final result.

Questions: what’s 22 times 27 Answer 44.

Figure B.1: Example prompt for the multiplication task used for the few-shot setting.

def multiply(x, y):

summands = [0] * len(y)

for i in range(len(y) — 1, —1, —1):
digits = [0] * len(x)
carry = 0

for j in range(len(x) — 1, —1, —1):

t=x[j] = y[i]

t += carry

carry = t // 10

digits[j] =t % 10
digits.insert (0, carry)
summands[i] = sum(digits[—k] % (10 %x (k — 1)) for k in
range (1, len(digits) + 1))

product = sum(summands[—i] % (10 *x (i — 1)) for i in

range(1l, len(y) + 1))
return product
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Question: What is 35 times 907

Scratchpad: Let’s perform the multiplication step by step:
Let’s multiply 35 by the digit in the ones place of 90, which is O.

1. Multiply O by the digit in the ones place of 35, which is 5. This gives
5 x 0 = 0. Write down the result O.
2. Multiply O by the digit in the tens place of 35, which is 3. This gives
3 x 0 = 0. Write down the result O.
3. The partial product for this step is A=0 which is the concatenation of
the digits we found in each step.

Now, let’s multiply 35 by the digit in the tens place of 90, which is 9.

4. Multiply 9 by the digit in the ones place of 35, which is 5. This gives
5 x 9 = 45. Write down the result 5 and carry over the 4 to the next

step.

5. Multiply 9 by the digit in the tens place of 35, which is 3. Add the
carryover from the previous step to account for this. This gives (3 x
9) + 4 = 31. Write down the result 31.

6. The partial product for this step is B=315 which is the concatenation
of the digits we found in each step.

Now, let’s sum the 2 partial products A and B, and take into account the
position of each digit: A=0 (from multiplication by 0) and B=315 (from
multiplication by 9 but shifted one place to the left, so it becomes
3150) . The final answer is 0 x 1 + 315 x 10 = 0 + 3150 = 3150.

Figure B.2: A sample scratchpad for the multiplication task.
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B.1.2 Dynamic Programming Problem

B.1.2.1 Solution to this problem

Let a = [ay,...,a,] be an input. Let dp; be the maximum sum of a subsequence that does
not include adjacent elements, when considering only the elements of the input from the i-th
position onwards.

Trivially, dp, = max(a,,0) since we only want to choose a number if it is non-negative.
Moreover, dp,,_1 = max(a,, a,_1,0) since we cannot choose adjacent numbers.

For any given dp; with ¢ < n—2, we can express it in terms of dp;,; and dp;, 5. Concretely,
the maximum sum of a subsequence starting at position ¢ may or may not include the element
in the i-th position, a;. If the subsequence includes a;, then the maximum sum is a; + dp; o,
since using a; blocks us from using the next element. If the subsequence does not include a;,
then its sum is dp;1. Moreover, the answer may never be less than zero, because otherwise
we would select the empty sequence!. In summary,

dp; = max(dp;11, a; + dpit2, 0)

We now have a recursion with its base cases dp,, = max(a,,0) and dp,,_; = max(a,, a,_1,0),
and we can therefore compute all values in O(n). It now only rests to reconstruct the
lexicographically smallest subsequence that maximizes the desired sum, based solely on the
computed dp values.

Starting from dp; and iterating sequentially through dp,,_o, we choose an item if and only
if dp; = a; +dp; 4o (that is, the maximum sum comes from choosing the current element) and
we have not chosen the previous element. This helps disambiguate cases where choosing or
not choosing a; yields the same sum, but possibly only one of those will not incur in choosing
adjacent numbers. Similarly, for positions ¢ = n — 1 and ¢ = n we choose the element if
dp; = a; (that is, choosing the element yields the maximum sum) and we have not chosen
the immediately previous element. See an example Python solution in B.1.2.1.

Given a sequence of integers, find a subsequence with the highest sum,
such that no two numbers in the subsequence are adjacent in the
original sequence.

Output a list with "1" for chosen numbers and "2" for unchosen ones. If
multiple solutions exist, select the lexicographically smallest. input
= [3, 2, 1, 5, 2].

Figure B.3: Example prompt for the DP task, used for zero-shot and few-shot settings.

"'We don’t need to explicitly check for this since dp,, > 0. However, we include the condition to ease the
scratchpad logic.
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def maximum_ sum_nonadjacent subsequence(arr):

N = len(arr)
dp = [0 for _ in range(N)]

=

Z
|

=
|

= max(arr [N — 1], 0)
= max(max(arr [N — 1], arr[N — 2]), 0)

<

"z
|

R
|

for i in range(N — 3, —1, —1):
dp[i] = max(max(dp[i + 1], arr[i] + dp[i + 2]), 0)

# reconstruct the answer with a fized—size graph
result = []

can use next item = True

for i in range(N — 2):

if dp[i] == arr[i] + dp|[i + 2] and can use next item:
result .append (1)
can use next item = False
else:
result .append (2)
can_use next item = True
if dp[N — 2] = arr[N — 2] and can_use_ next_item:
result .append (1)
can use next item = False
else:
result .append(2)
can_ use next item = True
if dp[N — 1] = arr[N — 1] and can_ use next_ item:
result .append (1)
else:

result .append(2)

return result

Data Construction We exhaustively generate data for this DP task. For question-answer
setting, we include a thorough explanation of the task before asking to generate a solution
(see Figure B.3). We use all lists up to 5 elements as training, and we consider only lists
where elements are in the range [—5, 5] (giving a total of 11" lists for an input list of size n).
For out-of-domain evaluation, we use lists of sizes 6 to 10 inclusive. Example scratchpads
and zero-shot prompts are shown in Figure B.4 and B.3 respectively. The scratchpad is
generated automatically through templates. We considered five exemplars for the few-shot
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Question: Let’s solve input = [3, 2, 1, 5, 2].

Scratchpad: dp[4] = max(input[4], 0) = max(2, 0) = 2
dp[3] = max(input[3], input[4], 0) = max(5, 2, 0) = 5

dp[2] = max(dp[3], input([2] + dp[4], 0) = max(5, 1 + 2, 0) =5
dp[1] = max(dp[2], input[1] + dp[3], 0) = max(5, 2 + 5, 0) =7
dp [0] = max(dp[1], input[0] + dp[2], O0) = max(7, 3 + 5, 0) = 8

Finally, we reconstruct the lexicographically smallest subsequence that
fulfills the task objective by selecting numbers as follows. We store
the result on a list named "output'.

Let can_use_next_item = True.

Since dp[0] == input[0] + dp[2] (8 == 3 + 5) and can_use_next_item == True
, we store output[0] = 1. We update can_use_next_item = False.

Since dp[1] != dinput[1] + dp[3] (7 != 2 + 5) or can_use_next_item == False
, we store output[1] = 2. We update can_use_next_item = True.

Since dp[2] !'= dinput[2] + dp[4] (5 != 1 + 2) or can_use_next_item == False
, we store output[2] = 2. We update can_use_next_item = True.

Since dp[3] == input[3] (5 == 5) and can_use_next_item == True, we store
output [3] = 1. We update can_use_next_item = False.

Since dp[4] !'= input[4] (2 != 2) or can_use_next_item == False, we store

output [4] = 2.

Reconstructing all together, output=[1, 2, 2, 1, 2].

Figure B.4: A sample scratchpad for the DP task used for fine-tuning with few-shot settings.

setup.

B.2 Experimental Setups & Empirical Results

B.2.1 Models

For our experiments, we evaluate the performance of two LLMs: GPT4 (gpt-4) and GPT3
(text-davinci-003). The evaluations were conducted from January 2023 to May 2023
using the OpenAl API. We perform fine-tuning on GPT3 (text-davinci-003) for the two
tasks, observing faster convergence when training on question-scratchpad pairs rather than
question-answer pairs. For question-answer pairs fine-tuning, we train separately the model
for {14, 4} epochs for multiplication and DP respectively, saving the best model based on
the validation set. Regarding training on question-scratchpad pairs, we train the model for
{16, 2} epochs for multiplication and DP. The batch size is set to approximately 0.2% of the
number of examples in the training set. Generally, we observe that larger batch sizes tend
to yield better results for larger datasets. For the learning rate multiplier, we experiment
with values ranging from 0.02 to 0.2 to determine the optimal setting for achieving the best
results and chose 0.2. During inference, we set nucleus sampling p to 0.7 and temperature
to 1. For each task, we evaluate the performance of each model on 500 test examples.
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Dziri*, Lu*, Sclar® et al. 2023 also evaluate the performance of 4 other LLMs: ChatGPT
(GPT3.5-turbo) (OpenAl, 2022), FlanT5 (Chung et al., 2024) and LLaMA (Touvron et al.,
2023b), showing the same trends across all models.
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B.3 Surface Patterns

B.3.1 Relative Information Gain Predictions for Multiplication

Relative Information Gain

fnput — Qutput o o g0 4t 5
variable  variable
Ty Zom, 0.223 0.223 0.223 0.223
Yn Zom 0.223 0.223 0.223 0.223
1 21 0.198 0.199 0.199 0.199
Y1 21 0.198 0.199 0.199 0.199
Tn Yn Zom 1.000 1.000 1.000 1.000
Tpo1 T, Zom, 0.223 0.223 0.223 0.223
Yn-1 Yn Zom, 0.223 0.223 0.223 0.223
Tn Yn Zon—1 0.110 0.101 0.101 0.101
Yn—1 Yn Zon—1 0.032 0.036 0.036 0.036
Tr1 T, Zon—1 0.032 0.036 0.036 0.036
Tn—1 Yn—1 Zo9n—1 0.018 0.025 0.025 0.025
1 Y1 29 0.099 0.088 0.088 0.088
o Yo 29 0.025 0.016 0.016 0.016
1 Y1 21 0.788 0.792 0.793 0.793
Y1 Yo 21 0.213 0.211 0.211 0.211
T1 To 21 0.213 0.211 0.211 0.211

Table B.1: Highest Relative Information Gain Elements and Pairs of Elements,

for multiplications between z = (zq, ..

S 2y) and y = (y1, ...

,Yn), with 2 < n < 5. We define

z := x -y, which will always have size 2n (with possibly a leading zero). 2z, denotes the
least-significant digit of z, and z; denotes the left-most digit. Only (input, output) pairs
above 0.01 are shown. Note that since multiplication is commutative, several pairs of input
variables (e.g. ag and by) exhibit the same relative information gain.
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B.3.2 Empirical Surface Pattern Analysis for Multiplication with

GPT4, ChatGPT and GPT3

Accuracy Trailing 0 Accuracy last digit
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Figure B.5: GPT4 zero-shot accuracy in predicting partially correct responses.
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evidences surface pattern learning, since the accuracy of full answer prediction is significantly
lower—and often near zero (see Figure 3.2). Specifically, ‘accuracy trailing zeros’ pertains to
accurately predicting the number of zeros in the output number, which is known to be

relatively easy to predict based on arithmetic calculations.
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Accuracy Trailing 0

Figure B.6: ChatGPT zero-shot accuracy in predicting partially correct responses.

observe the same trend for GPT3 predictions.
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Figure B.7: GPT4 five-shot accuracy in predicting partially correct responses. We observe

the same trend for ChatGPT, GPT3 few-shot predictions.
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Figure B.8: GPT3 finetuned on question-scratchpad pairs. Accuracy of predicting partially
correct responses.
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B.3.3 Relative Information Gain Predictions for

Programming Task

Dynamic

Let a; be the i-th element of the input sequence, and let o; be the i-th element of the output
sequence. As shown in Table B.2, a; is a good predictor of o;, and this is especially true for
a; and a,_1, the first and last elements of the sequence. This matches the task intuition,
since one would never pick an element a; < 0 and decrease the final sum (one may pick
a; = 0 if it makes a lexicographically smaller output sequence).

a; weakly helps to predict its neighbors. The only case of this behavior with Rela-
tivel G>0.1 is at the start of the sequence, where the first element helps predict the value
of the second. This again matches intuition, since a very high a; indicates that with high
probability o, will not be selected for the final subsequence.

Similar behaviors, but with higher relative information gains overall, are observed when
analyzing triples of consecutive elements in the list. Table B.3 shows that o; is highly
predicted by (a;_1,a;,a;41). Moreover, o; is highly predicted by both (a;_2,a;_1,a;) and
(@i, a;y1,a;42), with the former generally having higher scores than the latter. This again
matches the task intuitions, since the value of the neighbors helps determine whether to
select a number for the subsequence; and asking for the lexicographically smallest sequence
biases the output subsequence to care more about the previous numbers rather than the
following ones. We believe that this last point is the cause of the weakly predictive power
of (a;_3,a;_2,a; 1) to predict o;; whereas (a;1, a;12,a;13) is not shown, since all the relative
information gain values were below 0.1.
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Relative Information Gain for each problem size

Input  Output

variable variable 3 4 5 6 7 8 9 10

ai 09 0.15 0.13 0.14 0.14 0.14 0.14 0.14 0.14 0.14
a 01 0.64 0.71 069 0.69 0.69 0.69 0.69 0.69 0.69
as 09 053 042 045 044 045 044 044 045 044
as 03 0.64 049 053 052 0.52 0.52 0.52 0.52
ay 04 0.60 0.46 050 049 0.49 0.49 0.49
as 05 0.62 0.47 0.51 0.50 0.50 0.50
ag 0g 0.61 0.47 0.51 0.49 0.50
ay o7 0.61 0.47 0.51 0.50
as 03 0.61 047 0.51
Qg 0g 0.61 0.47
Q10 010 0.61
A1 Op—1 0.64 060 0.62 0.61 0.61 0.61 0.61 0.61
QAp—2 Op—2 0.46 047 047 047 047 047
Qp—3 0p—3 0.51 0.51 0.51 0.51
Qs Op—4 0.49 0.50

Table B.2: Highest Relative Information Gain Elements, for DP problems of size
2 <n < 10.

We only show the (input, output) pairs where at least three problem sizes have Relativel G>0,
and at least one with RelativelG>0.1. a,_; refers to the last element of the sequence,
regardless of its actual id in the sequence.

B.3.4 Empirical Surface Pattern Results for Dynamic Programming
Task

We observe that all analyzed models match the Relative Information Gain prediction that o,
(whether the first element goes into the output sequence or not) should be the easiest value
to predict (see Figures B.9, B.10, and B.11). However, since GPT3 often predicts shorter
output sequences than the required size, the analysis of the predictive power of o,,_1 is only
done for GPT4. In GPT4, we observe that o, _; is among the easiest values to predict as
expected by Relative Information Gain.
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Figure B.9: GPT4 five-shot with scratchpad accuracy in predicting output elements o; in the
DP task. All o; are predicted with high accuracy with o; and o,_; being consistently among
the highest. These observations go in line with the Relative Information Gain prediction.
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Figure B.10: GPT3 few-shot without scratchpad accuracy in predicting output elements o;
in the DP task. As predicted by Relative Information Gain, the model predicts oy correctly
with the highest probability. However, because GPT3 often does not produce the correct
output size, it hinders us from analyzing o,,_.
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Figure B.11: GPT3 fine-tuned without scratchpad accuracy in predicting output elements o;
in the DP task. As predicted by Relative Information Gain, the model predicts o, correctly
with the highest probability. However, because GPT3 often does not produce the correct
output size, it hinders us from analyzing o0,,_1.
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Relative Information Gain for each problem size

Input Output o\ 5 5 7§ 9 10
variable variable
ap—3 Ap—2 An—1 On—1
Up—3 AQp—2 Apn—1 Op—2
Ap—3 Ap—9 Ap_1 Op—3 0.64 0.64 0.64 0.64

ay ag as 01

Ao a3 Qy 09 0.56 0.55 0.55 0.55 0.55 0.55 0.56
ai as as 03 0.66 0.73 0.71 0.72 0.72 0.72 0.72
Q9 a3 Q4 03 0.77 0.78 0.78 0.78 0.78 0.78
as a4 as 03 0.67 0.66 0.66 0.66 0.66 0.66
Qo a3 Ay 04 0.64 0.7 068 0.69 0.69 0.69
as a4 as 04 0.799 081 0.8 0.8 0.8
a4 a5 Ag 04 0.63 0.62 0.62 0.62 0.62
az a4 as 05 - 0.65 0.71 0.69 0.7 0.7
ay as ag 05 087 0.78 0.79 0.79 0.79
as ag ar 05 0.64 0.63 0.63 0.64
a4 a5 Qg Og 0.64 0.71 0.69 0.7
as ag ar 06 - 0.78 0.8 08
ag a7 ag 0 0.64 0.62 0.63
as ag ary 07 0.71 0.69
Qg A7 asg o7 0.78 0.8
Qg Q7 as 0g 0.64 0.71
ap az as 04

Qg agz a4 05 .

az a4 as 06

Qa4 a5 Gg %

as ag ar 08

Table B.3: Highest Relative Information Gain Contiguous Triples, for DP problems
of size 3 < n < 10. We only show the (input, output) pairs where at least three problem
a,—1 refers to the last

sizes have Relativel G>0, and at least one with RelativelG>0.1.

element of the sequence, regardless of its actual id in the sequence.
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B.4 Theoretical Results: Derivations

B.4.1 Error accumulates with larger parallel applications of an
estimated function (width)

Here we provide formal statements and derivations to Propositions 3.4.1 and 3.4.2 shown
in the main paper. The mathematical framework used is a simplified representation of
how multi-step reasoning works, showing two quintessential reasoning types: independent
applications of the same step, or consecutive applications of the same step. We take an error
estimation and accumulation perspective, since transformers are still being investigated from
a theoretical standpoint.

Proposition B.4.1. Let f,(x) = ha(9(x,1),9(x,2)),...,9(x,n)). Let hy,§, f, be estima-
tors of hn, g, fn respectively. Assume P(h,, =h n) =1 and P(hy(X) = ho(Y) [ X #Y) < ¢y,
where ¢, < ¢ for some constant ¢ < 1 (i.e. R perfectly estimates hy,, and h, is almost
injective). If P(g #g) = € > 0 and errors in g are independent, lTngligof P(f, £ f,)>1—c

Moreover, if ¢, < pa™ for some some o € (0,1) and B > 0, then gr+n P(f, # fn) =1.
Proof. For ease of writing, let X; = ¢(X,i) and Y; = (X, i), and let X = (X3,...,X,,)

and Y = (Y1,...,Y,). We will compute some auxiliary probabilities, and then upper bound
P(f = f), to finally compute its limit.

PX=Y)=P(X;=Y1,Xs=Ys,..., X, = Y,)
=P(X;=Y1) P(X2=Ys)... . P(X, =Y,) =P(g=7)"=(1-¢)" (B.1)

Since by hypothesis we know P(h,(Y) = h,(Y)) = 1, we have that:

) =
P(hn(X) =ha(Y) | X 2Y) = P(h,(X) =

ha(Y) N ha(Y) =ha(Y) | X £Y)
=P(ho(X) = h(Y)=hao(Y) | X £Y)
<P(ha(X) = ha(Y) | X £Y)
<ecp (B.2)

We will now estimate P(f, = fn) using the law of total probability w.r.t. the event
X=Y.

P(fo = fn) = P(hn(X) = hn(Y))
=P(h(X) =hn(Y) | X =Y) P(X =Y) + P(hp(X) = hn(Y) | X £Y) - P(X £Y)
=P(hn(X) = hn(X)) - P(X = Y) + P(hn(X) = (V) | X #Y) - (1 - P(X =Y))
=1-(1—-¢)"+P(h,(X) = hn(Y YY) | X£Y) - (1-(1—-¢") (using B.1 and hypothesis)
<(l=€"+c¢c,-(1=(1=-¢)") (using B.2)
<ep+(1—6"-(1—cp)

To conclude our proof, we will compute a lower boAund for liminf, , . P(f, # fn)
Note that since ¢, < ¢ for all n, we know that P(f, = f.) <c+ (1 —¢)"- (1 —¢). Then,
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P(f, # fu)>1—c—(1—€)"-(1—c). Since 1—e¢ € [0,1), 1_131 l—c—(1—¢)"-(1—¢c)=1—c.
Thus,

hmlnf]P(fnyéfn) >hm1nf1—c—(1—e) (l=¢)=1-c¢

n—-+4o0o

which concludes our proof.

Note: In the case where ¢, < fa”, we can derive an even stronger conclusion. In this
case, we can prove that lim P(f, = f,) = 1. Recall that P(f, = f,) < af"+(1—e)"- (1 —

n—-+00

af"). Note that since 1—e € [0,1) and o € (0, 1), trivially i pa"+(1—e)"-(1-pa") =

0 < liminf P(f, = f,) < limsup P(f, = f,) < limsup Ba” + (1 — €)" - (1 — o) =
n—+00 n—+o00 n—+o00
Then, lim, 1, P(f, = fn) = 0 and we conclude lim,,_, . P(f, # fn) = 1, assuming
that ¢, < fa™ for some adequate a, 3. n

Corollary B.4.1. Assume that a model M solves shifted addition perfectly, but it incorrectly
solves at least one m digit by 1 digit multiplication for some fized m. Then, the probability
that M will solve any m digit by n digit multiplication using the long-form multiplication
algorithm tends to 0 when n tends to infinity.

Proof. Let ¢ = d o s define the base-10 multiplication between m-digit numbers
(122 ... 12,,) and 1-digit numbers (z,,4;), where s : Z§™ x N — IN x IN denotes the
selection of the numbers to multiply and d : IN x Z;o — IN denotes the actual multiplication:

g:=dos
d(z,y) =z-y
S([T1y oy Ty Tt 1s -+ s Tonn) s J) 2= (1 H ToH oo H Ty Tont)

where x1+H 2o+ ...+ z,, denotes concatenating digits x;

Let h,, : N™ — IN describe the shifted addition used at the end of long-form multiplication
to combine n m-digit by 1-digit multiplications, and let f, : ZJ™ — IN describe the long-
form multiplication of m-digit by n-digit numbers:

ho(T1, ..o @) = 210"
—1

Fa(%) = ha(g(x, 1),

By hypothesis, P(g # §) = € > 0 and P(h,, = h,
using model M. Tt can be shown that IP(h,(X)
B = 10™. Using Lemma B.4.1, lirf P(f. # fn) =
n—-+00

(x,2)),...,9(x,n))

= 1, where g and h., denote estimators
ho(Y) | X #Y) < pa™ for a = 0.1 and
1, which concludes our proof.

||\/ Q

]

Note that Lemma B.4.1’s proofs gives us empirical bounds once € and « are approximated.
Also note that our definition of g in the proof of Corollary B.4.1 highlights two
possible sources of exponentially-accumulating error: errors in the selection of the
numbers to multiply s, and errors in the actual m-digit by 1-digit multiplication d.
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B.4.2 Error accumulates with larger iterative applications of an
estimated function (depth)
Proposition B.4.2. Let f,(x) = ¢"(x). Assume P(g(X) =g(Y) | X #Y) < ¢ (i.e.

recovering from a mistake due to the randomness of applying the estimator on an incorrect
input has probability at most ¢). If P(g # g) = € > 0 with ¢ + € < 1, then lir_r)linf]P(fn +

f)>1—c/(c+e).

Proof. We first derive a recursive upper bound using the law of total probability, and
then prove a non-recursive upper bound by induction.
sn = P(fu = ) = Plg(¢""(2)) = 37" (2)))
=P(g(X)=3(Y))  where X :=¢" 1 (Z)and Y := g" "1 (2)
=P(X)=9(Y) | X=Y) PX=Y)+PyX)=9Y) | X#Y) P(X #Y)
=P(9(X) =9(X))- (X Y)+Pg(X)=39Y) [ X#Y) - (1-P(X =Y))
P(g(X) =9(X)) - sn1+Pg(X) =g(Y) | X #Y) - (1 = 5n-1)

: n71+c (1_57171)
(1—€e—¢) sp_1+c

IN N I
-
I
N
»

We know s; = (1 — €) since s, = P(f; = f1) = P(g = §). Let b:= 1 — e — ¢ for ease of
writing. Then, we have
S0 < b8yt +c (B.3)

It can be easily shown by induction that s, < b7 1(1 —€) + ¢ X027 b

» The base case n = 2 is true since we know ss < b-s1+c¢, and b-s;+c=0b(1—¢€)+c =
VL1 —€) + e X222 b, thus showing so < 02711 —€) + X220

e The inductive step yields directly using Equation B.3,
Sy <b-s,_1+c

n—3 n—2
§b~(b"2(1—e)+chi)+c§b”1( e)+ey b+e<b (1 +chl
i=0 i=1
We can rewrite the geometric series 3727 b in its closed form 1b 7 and recalling b :=
1—€e—c,
1 — bnfl 1 — bnfl
n < bH1 — S S Y v
Sp < (1—¢€)+c T (1—e€)+c p—
M- ) —— — b
c+e¢ c+e¢

—b"_1<1—6— ‘ )—i— ‘
c+e cte
Recalling that s, = P(f, = fn), we compute the limit inferior of P(f, # fn) =1-s5,>
-1l —e—-5)— <.

cte cte

—~ C C C
liminf P(f, # f,) > 1 1—b”‘1<1— — )— =1-
im inf P(f, # fu) 2 lm Terd) ore cte

that concludes our proof. O]
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We can generalize the proof in Lemma 3.4.2 to tasks where there are potentially many
valid reasoning chains with the following alternative state-transition framing.

Lemma B.4.2. Let S denote the set of all possible states a language model can generate,
and let z : S — {0, 1} defines if a state is valid (0 = invalid). Let g : S — II(S) be a state-
transition function representing a language model’s probability distribution of generating each
possible next state when attempting to perform a single reasoning step. Assume P(z(g(X)) =
1] 2(X)=0) <cand P(2(g(X)) =0 | 2(X) =1) =€ > 0 with c+¢ < 1. Then,
lrllrgligof]l)(z(g )=0)=1—c/(c+e).

If for task T" we know that all valid reasoning chains to arrive at a correct result have at
least length n (i.e., the equivalent of defining f, = ¢" in Lemma B.4.1) then the probability
of solving task T correctly tends to at most ¢/(c + ¢).

Corollary B.4.3. The recursions for dynamic programming tasks and the m-by-1 digit
multiplication are all tasks where there is a fized reasoning step g being repeatedly applied.
Therefore, we can directly apply Proposition 3.4.2 to these tasks.

Proof. Let’s analyze the two tasks separately below.

m-by-1 digit multiplication may be viewed as f™(x) Letz = (x1,...,x,) be the m-
digit number that we multiply by the 1-digit number y (0 < y < 10). Let z = (21, ..., Zms1)
denote z = x -y, which is guaranteed to have exactly m + 1 digits (with possibly leading
zeros). We define f as:

fxe, o T, Yy, ¢) = (X1, Ty 1, Ty i1,y o Ty Yy 8 — 1, )

where z, := (x; -y +¢) mod 10 and ¢ := |(z; - y + ¢)/10]. Note that z; = z;1; since f
is performing one step of the long-form multiplication algorithm.

Let the initial input be x := (x1,...,Zm,y,m,0). Then, it can be easily shown that
f™Mx) = (z2,...,2m+1,9,0,¢). Since ¢ is the left-most carry, it is the leading digit
of z, i.e. = 2 (possibly zero) . Thus, the value of z can be directly extracted from

C
f’m(x) = (227 ey Zm—l—luy?Ole)-

In the DP task, dp’s computation may be viewed as f™ %(z) for a list of size m
See §B.1.2.1 for details on the solution to this problem. We will use identical notation. Let

ai,...,an, bean input list. Let x = (ay,...,an_9,a, {,a,  m—2) where a/ :=max(a,0)
and a,, , = max(amy_1,an,0). Intuitively, this means that we have applied the first two

steps of the dp computation, and stored the results in a/, , and a],. Let f be a function
representing the recursive computation of dp;:

flar, ... a0, 4, ...,a,,,1) = (a1,..., 41,05, ..., 0,7 —1)
where a] := max(a] ,,a; + @, ,,0).
Note that since a;,, stores the value of dp; 41 and a;_, stores the value of dp;, 4, it can be
easily shown that f™2(x) = (a},...,d,,,0) = (dpy,...,dpy,,0). Therefore, f™ 2 computes

all recursive values of dp; when given the base cases.
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In the DP task, the reconstruction of the desired subsequence given already com-
puted dp values may be viewed as f™(z) for an input list of size m. This case is sim-
ilar to the previous one. Let r = (71, ...,7y) be the result, where r; = 1 if a; was selected for
the desired subsequence, and r; = 2 otherwise. Let x := (dpy,...,dpm,0,0,a1,...,am,1,1).
Let f be defined as follows:

fldp1,...,dpm,0,0,a], ... a5 1,0, am,i,u) = (dp1, ..., dpm,0,0,d), ..., a5, aiv1, ..., am,i+ 1,u)

where a} := 2—1{dp; = a;+dp;2 and u =1} and v := 1—1{dp; = a;+dp;2 and u = 1}.
Intuitively, a; stores whether the i-th element of the list should be selected for the final
subsequence, assigning 1 if the element should be taken, and 2 otherwise (i.e., a, = r;).
Moreover, if the i-th element has been selected, we mark that the next item will not be
available using u/. Therefore, f performs one step of the final output reconstruction as
defined in §B.1.2.1.

It can be easily shown that f™(x) := (dp1,...,dpm,0,0,d},...;a, ,m + 1,u') =
(dp1, ..., dpm,0,0,71,...,7m, m+1,u). Note that the extra two elements in the input state
allow lifting the special cases m — 1 and m in the solution shown in §B.1.2.1 without falling
out of bounds.

O

B.4.3 Discussing ¢ < ¢ in the context of Proposition 4.2
Note that in Proposition 3.4.2; if ¢ < € then lirglanP(fn # fn) ~ 1. This is because

assuming € = m - ¢ for some m > 0, we have 1 — = =1— - =1— mirl = o and ot
is a monotonically increasing function for all m > 0 that tends to 1 when m goes to infinity.
Therefore, large m’s (or alternatively, ¢ < ¢€) imply - will be close to 1.

It is reasonable to assume ¢ < e when ¢ has low collision, since ¢ represents the probability
of the estimator g(y) arriving at the correct output g(z) by chance when given the wrong
input y # x.

If g is discrete, it can take |Im(g)| values, where |Im(g)| denotes the cardinal of the image
space of g. Assuming approximately uniform errors, ¢ &~ ¢/|Im(g)|, which in turn implies
¢ < e since g being low collision implies [Im(g)| is large.

If g is continuous, under appropriate assumptions it seems plausible that we can prove
that ¢ = 0 (e.g. if errors are approximately uniform).

Summarizing both cases, if errors are approximately evenly distributed we obtain that

liminf P(f, # fu) ~1.
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Appendix C

SymbolicToM: Additional Details and
Experiments

C.1 Additional Details on SymbolicToM

C.1.1 Detailed Description of Information Contained in Global
Context GG

In the main paper, we define G as a graph containing the true world state (as opposed to
beliefs about the current world state). This means that G will represent where people and
objects are truly located, regardless of beliefs. G will in general contain only the observable
true world state. Thus, information passed verbally would not be stored in the global context
(e.g. someone speaking in a room is not observable after they finished talking), and would
instead be stored in the local contexts of the people that heard the speech. Since verbal
interactions are not tested by available datasets, this distinction is not relevant in ToMi.

C.1.2 Prompts for Resulting State Extraction

For GPT3-Curie we 2-shot prompt with the following prompt (both for original and
linguistic diversity experiments):

John quit his job. The resulting state after this action is that John no
longer has a job.\n\nJohn signed a contract. The resulting state after this
action is that the contract is signed.\n\n<sentence>. The resulting state
after this action is that

We find that GPT3-Davinci, Flan-T5-XL, GPT3.5, and GPT4 are able to zero-shot
answer to this subtask just by describing the instruction, but smaller models benefit from
few-shot. We were unable to query Macaw for this task, so we instead rely on GPT3-Curie,
a model of comparable size. Zero-shot instruction is as follows:

<sentence>. What is the resulting state after this action? Do not add
new information. The resulting state after this action is that

We observe that GPT3 is significantly more robust to paraphrases than Flan-T5: Flan-T5
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models are poor at detecting the resulting state for florid paraphrases, although the original
phrasings are a straightforward task for Flan-T5.

Larger models like GPT3.5 and GPT4 are able to perform the task well zero-shot,
similarly to GPT3; LLaMA models require fewer demonstrations than Flan-T5. We ran
all main experiments implementing Resulting State Extraction with GPT3.

C.1.3 Solving processQuestion using GPT3

Our explorations suggest that GPT3 (Curie and GPT3-Davinci text-davinci-002—the
version used in all our experiments) can successfully extract entities and rephrase the ques-
tion. See Figure C.1 for an example prompt.

Original: Where will Anne look for the apple?
Rephrased without people: Where is the apple?
People mentioned in order: Anne

Original: Where will John think that Anne will search for the eggplant?
Rephrased without people: Where is the eggplant?
People mentioned in order: John, Anng

Figure C.1: GPT3 shows one-shot generalization abilities from first-order to second-order
questions.

C.2 Details on Out-Of-Domain Evaluation

C.2.1 Linguistic Diversity Per ToMi Template
C.2.1.1 All Paraphrases of PersonX entered the RoomY.

PersonX entered the RoomY.
PersonX approached the RoomY.
PersonX arrived at the RoomY.
PersonX arrived in the RoomY.
PersonX bounded into the RoomY.
PersonX came by the RoomY.
PersonX came into the RoomY.
PersonX came to the RoomY.
PersonX crept into the RoomY.
PersonX entered the RoomY.
PersonX leapt into the RoomY.
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Sentence type Count

Object’s Position 38
Distractor Negative Sentiment 36
Distractor Positive Sentiment 31

Person Entered Room 21
Person Exited Room 19
Person Moved Object 18

Person’s Position 9

Table C.1: Number of paraphrases per original sentence template. Paraphrases were obtained
from prompting GPT3-Davinci (text-davinci-002).

PersonX showed up at the RoomY.
PersonX shuffled into the RoomY.
PersonX sidled into the RoomY.
PersonX slithered into the RoomY.
PersonX stepped into the RoomY.
PersonX tiptoed into the RoomY.
PersonX visited the RoomY.
PersonX walked into the RoomY.
PersonX went into the RoomY.
PersonX went to the RoomY.

C.2.1.2 All Paraphrases of PersonX exited the RoomY.

Prompted with the prompt: Find 30 alternative ways of expressing the following sentence:
Abigail exited the bedroom. and manually filtering results (with this and other name/location
selection.

PersonX exited the RoomY.

PersonX left the RoomY.

PersonX walked out of the RoomY.

PersonX stepped out of the RoomY.

PersonX departed the RoomY.

PersonX went out of the RoomY.

PersonX came out of the RoomY.

PersonX emerged from the RoomY.

PersonX quit the RoomY.

PersonX took off from the RoomY.

PersonX bolted from the RoomY.

PersonX flew from the RoomY.

PersonX ran from the RoomY.

PersonX sprinted from the RoomY.

PersonX jogged from the RoomY.

PersonX hurried from the RoomY.
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PersonX crawled from the RoomY.
PersonX crept from the RoomY.
PersonX tiptoed from the RoomY.

C.2.1.3 All Paraphrases of The Objectl is in the Containerl.

Prompted with Objectl=apple

filtered to remove object-specific wording.

The
The
The
The
The
The
The
The
The
The
The
The
The
The
The
The
The
The
The
The
The
The
The
The
The
The
The
The
The
The
The
The
The
The

Objectl is
Objectl is
Objectl is
Objectl is
Objectl is
Objectl is
Objectl is
Objectl is
Objectl is
Objectl is
Objectl is
Objectl is
Objectl is
Objectl is
Objectl is
Objectl is
Objectl is
Objectl is
Objectl is
Containeril
Objectl is
Objectl is
Containerl
Containerl
Containeril
Containeril
Containeril
Containerl
Containerl
Containeril
Containeril
Containeril
Containeril
Containerl

in the Containerl.

stored in the Containerl.

kept in the Containerl.

located in the Containerl.
situated in the Containerl.

set in the Containerl.

placed in the Containerl.

found in the Containerl.
positioned in the Containerl.

set upon in the Containerl.

put in the Containerl.

laid in the Containerl.

deposited in the Containerl.
stationed in the Containerl.

put to rest in the Containerl.
set to rest in the Containerl.
rested in the Containerl.

set aside in the Containerl.
stowed in the Containerl.
contains the Objectl.

inside the Containerl.

within the Containerl.

is where the Objectl is.

has the Objectl.

is holding the Objectl.

is keeping the Objectl.

is safeguarding the Objectl.

is storing the Objectl.

has the Objectl within it.

has the Objectl inside of it.

is holding the Objectl within it.
is keeping the Objectl inside of it.
is safeguarding the Objectl inside of it.
is storing the Objectl inside of it.

There is a Objectl in the Containerl.
A Objectl is in the Containerl.
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The Containerl has a Objectl in it.
Inside the Containerl is a Objectl.

C.2.1.4 All Paraphrases of PersonX moved the Objectl to the Containerl.

PersonX moved the Objectl to the Containerl.
PersonX relocated the Objectl to the Containerl.
PersonX transferred the Objectl to the Containerl.
PersonX shifted the Objectl to the Containerl.
PersonX placed the Objectl in the Containerl.
PersonX set the Objectl in the Containerl.

PersonX put the Objectl in the Containerl.

PersonX stowed the Objectl in the Containerl.
PersonX stored the Objectl in the Containerl.
PersonX hid the Objectl in the Containerl.

PersonX shoved the Objectl into the Containerl.
PersonX pushed the Objectl to the Containerl.
PersonX carried the Objectl to the Containerl.
PersonX conveyed the Objectl to the Containerl.
PersonX led the Objectl to the Containerl.

PersonX transported the Objectl to the Containerl.
PersonX brought the Objectl to the Containerl.
PersonX took the Objectl to the Containerl.

C.2.1.5 All Paraphrases of PersonX is in the RoomY.

PersonX is in the RoomY.

PersonX is inside the RoomY.

PersonX is located in the RoomY.
PersonX is situated in the RoomY.
PersonX is present in the RoomY.
PersonX is to be found in the RoomY.
PersonX is contained in the RoomY.
The RoomY holds PersonX.

The RoomY shelters PersonX.

C.2.1.6 All Paraphrases of Positive Distractor Sentences

PersonX has a bad case of Objectl fever.
PersonX is Objectl crazy.

PersonX is Objectl-crazed.

PersonX is Objectl-obsessed.

PersonX is a Objectl fiend.

PersonX is a Objectl maniac.

PersonX is a Objectl-aholic.

PersonX is always thirsty for a Objectl.
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PersonX is besotted with the Objectl.
PersonX is captivated by the Objectl.
PersonX is charmed by the Objectl.
PersonX is crazy about the Objectl.
PersonX is crazy for the Objectl.
PersonX is eager for the Objectl.
PersonX is enamored with the Objectl.
PersonX is enthusiastic about the Objectl.
PersonX is entranced by the Objectl.
PersonX is fascinated by the Objectl.
PersonX is fond of the Objectl.

PersonX is in love with the Objectl.
PersonX is infatuated with the Objectl.
PersonX is keen on the Objectl.

PersonX is mad about the Objectl.
PersonX is never seen without a Objectl.
PersonX is nuts about the Objectl.
PersonX is smitten with the Objectl.
PersonX is spellbound by the Objectl.
PersonX is taken with the Objectl.
PersonX is wild about the Objectl.
PersonX loves to drink from a Objectl.
PersonX would do anything for a Objectl.

C.2.1.7 All Paraphrases of Negative Distractor Sentences (PersonX hates
ObjectY)

PersonX hates Objectl.

PersonX can’t stand the Objectl.
PersonX despises the Objectl.

PersonX detests the Objectl.

PersonX is annoyed by the Objectl.
PersonX is bothered by the Objectl.
PersonX is concerned by the Objectl.
PersonX is disconcerted by the Objectl.
PersonX is discouraged by the Objectl.
PersonX is disgusted by the Objectl.
PersonX is disheartened by the Objectl.
PersonX is disquieted by the Objectl.
PersonX is grieved by the Objectl.
PersonX is horrified by the Objectl.
PersonX is irritated by the Objectl.
PersonX is offended by the Objectl.
PersonX is pained by the Objectl.
PersonX is repelled by the Objectl.
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PersonX is revolted by the Objectl.
PersonX is scandalized by the Objectl.
PersonX is shocked by the Objectl.
PersonX is sorrowful by the Objectl.
PersonX is terrified by the Objectl.
PersonX is troubled by the Objectl.
PersonX is vexed by the Objectl.
PersonX loathes the Objectl.

The Objectl horrifies PersonX.

The Objectl is abhorrent to PersonX.
The Objectl nauseates PersonX.

The Objectl offends PersonX.

The Objectl repulses PersonX.

The Objectl revolts PersonX.

The Objectl scandalizes PersonX.

The Objectl shocks PersonX.

The Objectl sickens PersonX.

The Objectl terrifies PersonX.

The Objectl turns PersonX’s stomach.

C.2.2 Structure of Story Structure Robustness Test Sets
C.2.2.1 Double Room False-Belief Episode

personl entered the rooml.

person2 entered the rooml.

The objectl is in the containerl.

The containerl is in the rooml.

person2 exited the rooml.

personl moved the objectl to the container2.
The container2 is in the rooml.

personl exited the rooml.

person2 entered the room2.

personl entered the room2.

The object2 is in the container3.

The container3 is in the room2.

personl exited the room2.

person2 moved the object2 to the container4.
The container4 is in the room2.

person2 exited the room2.

C.2.2.2 Three Active Characters Story

personl entered the rooml.
person2 entered the rooml.
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person3 entered the rooml.

The objectl is in the containerl.

The containerl is in the rooml.

person2 exited the rooml.

personl moved the objectl to the container2.
The container2 is in the rooml.

personl exited the rooml.

person3 moved the objectl to the containers3.
The container3 is in the rooml.

person3d exited the rooml.

C.2.2.3 Four Containers with Multiple Movements

personl is in the rooml.

The objectl is in the containerl.

The containerl is in the rooml.

personl moved the objectl to the container2.
The container2 is in the rooml.

person2 entered the rooml.

personl exited the rooml.

person2 moved the objectl to the containers3.
The container3 is in the rooml.

person2 moved the objectl to the container4.
The container4 is in the rooml.

C.3 Expanded Results

Experimental Note: All zero-shot GPT3 (text-curie-001 and text-davinci-002)
experiments were performed between November 2022 and January 2023. GPT3.5
(gpt-3.5-turbo) and GPT4 (gpt-4) were added in May 2023.

C.3.1 Ablating filterBasedOnQuestion from SymbolicToM

filterBasedOnQuestion definition This function filters the story S’ to obtain an even
shorter subset of the original story S” by only keeping edges where at least one of the
endpoints represents an entity mentioned in the question.

Last step of Algorithm 2 is applying FILTERBASEDONQUESTION, which yields an even
shorter story to feed language models. We evaluate the effect this final filter has on the final
performances reported by SymBoLiCTOM.

FILTERBASEDONQUESTION has a positive effect on Macaw-3B, GPT3, Flan-T5-XXL,
and LLaMA-7B (+7, +3.5, +12.8, and +15 points in average accuracy gain across all question
types), and a mild negative one on Flan-T5-XL, and GPT4 (-5.3, and -4 points of accuracy on
average). See Table C.5 for all differences between executing SYMBOLICTOM using this final
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Figure C.2: Precision using SYMBOLICTOM on ToMi, for several language models without
the final filter function. Performance is shown for each question type, dots in upper triangle
imply performance improvements. Full results table may be found in Table C.4.

filtering or not. Figure C.2 visually represents the accuracy of all models by question type.
Regardless of the final filter application, GPT4+SyMBOLICTOM significantly outperforms
out-of-the-box GPT4 in all four ToM question types and maintains performance on Reality
and Memory questions. For Flan-T5-XL, Flan-T5-XL+SyMBOLICTOM outperforms Flan-
T5-XL significantly in all four ToM question types (e.g. +76 and +36 points in accuracy
for first and second-order false belief questions), and shows slight declines for Reality and
Memory questions—in line with findings on the full algorithm, but with less stark declines,
suggesting that having more entities may help reduce bias towards answering rooms instead
of containers. See Table C.4 for the full table of accuracy differences.

Regardless of the final filtering application, SYMBOLICTOM shows improvements in
theory of mind questions for all models. We only find the filter application to be relevant to
beat the base model in theory of mind questions for Flan-T5-XXL.

C.3.2 Third-Order Theory of Mind Evaluation

We ask all third-order theory of mind questions for each Dy story, such as “Where does p;
think that p, thinks that p; will search for the 0,7”. Questions involving ps will have a final
answer cq, since everyone saw po leaving. We ask all six possible questions involving ps,. We
also ask the two third-order theory of mind questions that do not involve p, nor repeats the
same person twice consecutively (“Where does p; think that p3 thinks that p; will search for
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the 0,77 and “Where does p3 think that p; thinks that ps will search for the 0,7”), totaling
eight questions per Dy story.

Table C.2 shows results for all models using k& = 2 representations (same depth as in the
main paper). Using SYMBOLICTOM significantly outperforms the supervised baselines and
yields dramatic improvements with respect to using the LLMs off-the-shelf. We hypothesize
that although the task theoretically requires k = 3, the second-order theory of mind repre-
sentation already helps models avoid attending to parts of the story that are inaccessible to
relevant characters.

C.3.3 Alternative resultingState Implementations

Finetuned GPT3-Curie GPT3-Curie e LLaMA-7B
TTT-Learned GPT3-Davinci v LLaMA-13B
® Macaw-3B ® Flan-T5-XL e GPT3.5
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Figure C.3: Results for ParaphrasedToMi when using the same model for implementing
the RESULTINGSTATE function as in the final question-answering task (except using Davinci
for Macaw, who did not show reliable enough few shot-prompting). Dots in upper triangle
imply performance with SYMBOLICTOM is higher than using the base model out-of-the-box.
Horizontal lines reflect supervised models’ performance (higher is better).

RESULTINGSTATE(s) refers to the state of the world after s has been performed. For
example, if “Oliver moved the apple to the box”, then the resulting state is that “The apple
is in the box”. If “Oliver exited the bedroom”, the resulting state would be that “Oliver
is no longer in the bedroom” These are the relationships that we may insert in a context
graph—actions are instantaneous and do not reflect an observable state.
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In this section, we explore using the same LLM for implementing RESULTINGSTATE as
well as the final inference. In the main text, we use Davinci for all non-GPT3-based models.

We find GPT3 to be among the most reliable to answer the resulting state of a given
action in a zero-shot (Davinci) or two-shot (Curie) manner. Similarly, GPT3.5 and GPT4
perform well zero-shot: for experiments, we use GPT3.5 zero-shot and GPT4 two-shot to
improve the resulting phrasing stability.

Additional exploration shows that although Flan-T5 models perform worse zero-shot than
GPT models, they are capable of performing this task with more careful prompting. Figure
C.3 shows the results after nine-shot prompting Flan-T5-XL and eleven-shot prompting
Flan-T5-XXL. Our explorations show that LLaMA models require fewer demonstrations
than the Flan-T5 models to compute the resulting state: we observe highly reliable results
when using six-shot prompting for LLaMA-7B, and seven-shot prompting for LLaMA-13B.
Accuracy using LLaMA was even higher than when using GPT3.

C.3.4 Detailed Result Tables

All results in the appendix show accuracy as a ratio (between 0 and 1). For simplicity of
reading, in the main text, they are referred to in percentages (values 0 to 100, higher is bet-
ter). Figures C.3, C.4, and C.5 show performances when applying the final filtering function,
when not applying it, and the difference in performance between the two, respectively.
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D,’S THIRD-ORDER
ToM QUESTIONS

Off-the-shelf models

Macaw-3B 13
Flan-T5-XL 32
Flan-T5-XXL 62
GPT3-Curie 28
GPT3-Davinci 19

GPT3.5 8
GPT4 26

LLaMA-7B 22
LLaMA-13B 39
SYMBOLICTOM + Off-the-shelf models

Macaw-3B 85 (+72)
Flan-T5-XL 97 (+65)
Flan-T5-XXL 100 (+38)
GPT3-Curie 89 (+61)
GPT3-Davinci 90 (+71)

GPT3.5 100 (+91)
GPT4 100 (+73)

LLaMA-7B 90 (+68)
LLaMA-13B 95 (+57)
Supervised models

TTT 52
Finetuned GPT3 76

Table C.2: Precision using SYMBOLICTOM on all questions from 100 stories for each of the
modified test sets D;. Supervised models were trained on ToMi; all others do not require
training. Parenthesis reflect differences between using and not using SyMBOLICTOM: bold
reflects higher overall performance, and green reflects the highest net improvements when
using SYMBOLICTOM.
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1st TB 1st FB 2nd TB 2nd FB Reality Memory
Macaw-3B 0.86 [0.50] 0.79 [0.33] 0.86 [0.34] 0.84 [0.17] 0.10 [0.14] 0.95 [0.91]
GPT3-Curie 0.77 [0.42] 0.82[0.35] 0.73]0.26] 0.89 [0.26] 0.61 [0.69] 0.99 [0.86]
GPT3-Davinci ~ 0.96 [0.75] 0.96 [0.25] 0.93 [0.14] 0.90 [0.26] 0.77 [0.86] 0.98 [0.98]
Flan-T5-XL 0.98 [0.97] 0.80 [0.18] 0.98 [0.68] 0.78 [0.56] 0.73 [0.97] 1.00 [1.00]
Flan-T5-XXL  0.98 [0.84] 0.95[0.67] 1.00 [0.76] 0.90 [0.39] 0.13 [0.63] 1.00 [1.00]
LLaMA-7B 0.82 [0.32] 0.95[0.66] 0.66 [0.31] 0.72[0.41] 0.87 [0.37] 1.00 [0.83]
LLaMA-13B 0.82 [0.60] 0.86 [0.67] 0.70 [0.53] 0.62 [0.77] 0.87 [0.48] 1.00 [0.90]
GPT3.5 0.97 [0.76] 0.95 [0.66] 0.99 [0.02] 0.87 [0.09] 0.98 [1.00] 0.99 [0.80]
GPT4 0.98 [0.83] 0.94 [0.73] 0.98 [0.36] 0.89 [0.64] 0.94 [1.00] 1.00 [1.00]
Finetuned GPT3 0.95 0.99 0.97 1.00 1.00 1.00
TTT-learned 0.84 1.00 0.82 0.88 1.00 1.00

Table C.3: Performance per model and question using SYMBOLICTOM, with out-of-the-box
performance shown in brackets (100 samples per question type). Bottom rows represent
supervised baselines.

1st TB 1st FB 2nd TB 2nd FB Reality Memory
Macaw-3B 0.54 [0.50] 0.86 [0.33] 0.56 [0.34] 0.88 [0.17] 0.16 [0.14] 0.98 [0.91]
GPT3-Curie 0.66 [0.42] 0.79 [0.35] 0.69 [0.26] 0.87 [0.26] 0.65 [0.69] 0.94 [0.86]
GPT3-Davinci ~ 0.94 [0.75] 0.88 [0.25] 0.90 [0.14] 0.83 [0.26] 0.83 [0.86] 0.90 [0.98]
Flan-T5-XL 1.00 [0.97] 0.94 [0.18] 1.00 [0.68] 0.92 [0.56] 0.88 [0.97] 0.85 [1.00]
Flan-T5-XXL  0.74 [0.84] 0.69 [0.67] 0.68 [0.76] 0.64 [0.39] 0.44 [0.63] 1.00 [1.00]
LLaMA-7B 0.48 [0.32] 0.95[0.66] 0.38 [0.31] 0.98 [0.41] 0.48 [0.37] 0.84 [0.83]
LLaMA-13B 0.75 [0.60] 0.96 [0.67] 0.70 [0.53] 0.96 [0.77] 0.57 [0.48] 0.89 [0.90]
GPT3.5 0.99 [0.76] 1.00 [0.66] 1.00 [0.02] 0.98 [0.09] 0.98 [1.00] 0.90 [0.80]
GPT4 0.99 [0.83] 1.00 [0.73] 1.00 [0.36] 0.98 [0.64] 1.00 [1.00] 1.00 [1.00]
Finetuned GPT3 0.95 0.99 0.97 1.00 1.00 1.00
TTT-learned 0.84 1.00 0.82 0.88 1.00 1.00

Table C.4: Performance per model and question using SyMBOLICTOM without
FILTERBASEDONQUESTION, with out-of-the-box performance shown in brackets (100
samples per question type). Bottom rows represent supervised baselines.
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1st TB 1st FB 2nd TB 2nd FB Reality Memory

Macaw-3B 0.32 -0.07 0.30 -0.04 -0.06 -0.03
GPT3-Curie 0.11 0.03 0.04 0.02 -0.04 0.05
GPT3-Davinci  0.02 0.08 0.03 0.07 -0.06 0.08
Flan-T5-XL -0.02 -0.14 -0.02 -0.14 -0.15 0.15
Flan-T5-XXL 0.24 0.26 0.32 0.26 -0.31 0.00
LLaMA-7B 0.34 0.00 0.28 -0.26 0.39 0.16

LLaMA-13B 0.07 -0.10 0.00 -0.34 0.30 0.11
GPT3.5 -0.02 -0.05 -0.01 -0.11 0.00 0.09
GPT4 -0.01 -0.06 -0.02 -0.09 -0.06 0.00

Table C.5: Differences between accuracy of base models using SYMBOLICTOM with the final
FILTERBASEDONQUESTION filter, and without using the final filter. As shown in Table C.3
and C.4, both versions are still far superior to not using SymMBoLICTOM.
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Appendix D

ExploreToM: Additional Details and
Experiments

D.1 Actions’ formal definition (cont. from 5.2.2.1)

All actions are functions that transform a state into another state, updating the world
state and the beliefs of everyone involved up to two levels of recursion. All actions have
preconditions, e.g. to enter a room you need to not be in it already.

A state € S is comprised of a world state ws (the things currently true physically about
the world described), the first-order beliefs by, and the second-order beliefs by. First-order
beliefs describe what each person believes to be the current world state, e.g. Anne believes
that the apple is salted. Second-order beliefs describe what each person estimates that each
other person believes to be the current world state, e.g. Anne believes that Beth thinks that
the apple is salted.

Let’s describe the definition of leaving in a room through an example: “Beth left the
kitchen.”, and build the definition of the action function aieaye, Beth, kitchen : S — S. As
described above, the state is comprised of a world state, first-order beliefs, and second-order
beliefs, i.e.,

L ARVERY/
Qeave, Beth, kitchen (U)S, bla b2) T (U)S ) b17 b2)

Let’s first describe the world state update ws’. The world state remains the same for
every entity (object, container, person, etc.), except for the person leaving the room—Beth.
Thus,

ws(q,room) = ws'(q,room) Vq # Beth and ws'(¢,room) = —kitchen

Let’s then describe the first-order belief updates b|. Here, we assume that everyone in
the same room as Beth (the kitchen) will know that Beth has left. We denote this group of
people as witnesses(kitchen):

witnesses(kitchen) := {p|ws(p, room) = kitchen}
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Everyone not in the kitchen will assume that Beth is still there unless communicated other-
wise, since they have no reason to believe she has left. Thus,

b1(p, Beth, room) = b/ (p, Beth, room) = kitchen Vp ¢ witnesses(kitchen)

b1 (p, Beth, room) = —kitchen Vp € witnesses(kitchen)

We now describe the second-order belief updates b,. Here, we assume that everyone in
the kitchen (including Beth) assumes that everyone else in the kitchen knows Beth left (and
only them). If someone was not in the kitchen, they will assume nothing has happened.
Formally,

b2 (p, q, Beth, room) = b, (p, ¢, Beth, room) = kitchen Vp ¢ witnesses(kitchen), Vq

ba(p, ¢, Beth, room) = —kitchen Vp € witnesses(kitchen) Vg € witnesses(kitchen)
ba(p, ¢, Beth, room) = kitchen Vp € witnesses(kitchen) Vg ¢ witnesses(kitchen)

Finally, the function can only be applied if Beth is in the kitchen, i.e. it has the
precondition ws(Beth, room) = kitchen.
All other functions definitions can be found verbatim in the code to be released.
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D.2 All supported questions (Cont. from § 5.2.2.2)

Table D.1: List of all supported EXPLORETOM questions per property discussed and level
of theory of mind, transcribed verbatim.

Property ToM . . . Expected

asked about Order Question (requesting Short Answer. in prompt) Answors

room location - In which room was the <object> at the beginning? room name

room location - In which room is the <object> now? room name

room location — In which room was the <object> before <action>? room name

room location 1st In which room will <person> search for the room name
<object>7

room location 2nd In which room does <personl> think that room name
<person2> will search for the <object>?

container location - In which container was the <object> at the container name
beginning?

container location - In which container is the <object> now? container name

container location - In which container was the <object> before container name
<action>?

container location 1st In which container will <person> search for the container name
<object>?

container location 2nd In which container does <personl> think that container name
<person2> will search for the <object>?

abstract topic  1st Does <personl> know about <topicDiscussed>? yes or no

knowledge

abstract topic  2nd What does <personl> think about <person2>’s  knows about it

knowledge belief on <topicDiscussed>? (knows about it / or does not know
does not know about it) about it

knowledge about 1st Does <person> believe that the <object> yes or no

state update <newState>? Answer yes or no.

knowledge about 2nd Does <personl> believe that <person2> believes  yes or no

state update

that the <object> <newState>? Answer yes or
no.
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D.3 Additional Experiments

D.3.1 A*-generated stories are more challenging than
overgenerating and filtering (cont. from § 5.3)

Count
w
o

N
o

0
-1.0 -08 -06 -04 -0.2 0.0 0.2
Acc. Diff. between A* - and Baseline-generated data

Figure D.1: Histogram depicting accuracy differences between A*-generated datasets for Llama-
3.1-70B-Instruct and a dataset created by over-generating and filtering with the same budget (i.e.,
baseline). Results show that A* is better at finding story structures that make a challenging
benchmark by showing low accuracy (negative values mean A* is better at finding challenging
story structures).

D.3.2 Infilled Story Structures Remain Challenging (cont. from § 5.3)

Table D.2 shows a breakdown across all settings. 40% of the stories were infilled in a single
attempt. Next step options are sampled simultaneously with repetition penalty for added

Table D.2: Changes in accuracy when infilling EXPLORETOM-generated story structures to output
natural-sounding stories. We only include comparison between the 40% of stories where the LLM
as a judge (Llama-3.1-70B Instruct) determined that all infilled actions were high quality.

Action Set: Include Acc. Story Acc. Acc.

{aenter, Aleaves - - - asymmetry Structure  Infilled  Diff.

X 0.20 0.43 0.22

ey amoveObjContainer}y (denOtEd -Al) v/ 0.02 0.36 0.35

X 0.40 0.44 0.03

B aupdateObjState}a (denOted A2) v 0.49 0.48 _0.01

X 0.45 0.48 0.03

-+ +3@moveObjContainer aupdatcObjStatC} (-’43) Ve 0.17 0.60 0.43

X 0.12 0.73 0.62

- -+ @moveObjContainer» amoveObjROOm} (-’44) Vs 0.13 0.37 0.23

X 0.09 0.45 0.37

-+ +3 @moveObjContainer ainfo-*} (A5) Vs 0.10 0.42 0.32

X 0.08 0.31 0.23

-« +y @moveObjContainer s @moveObjRoom ainfo—*} (As) v/ 0.13 0.51 0.38
X 0.73 0.86 0.13

AmoveObjContainer y ®moveObjRoom ; chitChat-*» ainfo—*} (A7) v/ 0.75 0.85 0.10
X 0.75 0.82 0.07

sy achitchat—private} (AB) v 0.68 0.76 0.08

s . } (Ao) X 0.61 0.68 0.07

- -5 @chitChat-public 9 v/ 0.54 0.61 0.07
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wording diversity. This is due to the stringent LLM as a judge conditions to ensure quality.
Without these quality and diversity constraints, 81% of the story structures are infilled
within a single attempt (73% with only quality constraints).

D.3.3 Models Fail Both at Theory of Mind and Pure State
Tracking (cont. from § 5.5)

Table D.3: Accuracy breakdown of the experiment shown in Table 5.1, discriminating if each
question is interesting or not. A question is interesting if the answer would change depending on
the entity asked about, thus potentially requiring theory of mind. Results show that part of a
model’s difficulty with EXPLORETOM’s generated data could be attributed to poor state tracking
(i.e., the uninteresting questions, noted —Int.).

Llama GPT4o Mixtral
Action Set Includes Acc.  Acc. % Acc.  Acc. % Acc.  Acc. %
ction e Symmetry? Int. —Int. Int. Int. —Int. Int. Int. —Int. Int.
Aq X 0.42 0.20 44% 0.47 0.43 45% 0.44 0.38 48%
v 0.31 0.01 49%  0.46 0.28 49%  0.37 0.40 50%
Az X 0.61 0.25 42% 0.57 0.24 41% 0.39 0.01 50%
v 0.49 0.22 50% 0.56 0.23 49%  0.19 0.00 34%
As X 0.54 0.24 47%  0.55 0.35 47%  0.46 0.18 46%
v 0.42 0.04 50%  0.57 0.31 48%  0.36 0.04 48%
Aa X 0.56 0.11 16% 0.58 0.09 25%  0.49 0.00 25%
v 0.25 0.18 49% 0.47 0.21 35% 0.44 0.00 31%
As X 0.36 0.09 50%  0.50 0.30 45%  0.44 0.40 48%
v 0.24 0.15 50% 0.44 0.29 48%  0.44 0.47 50%
Asg X 0.37 0.18 50%  0.64 0.25 44%  0.50 0.03 48%
v 0.31 0.14 50%  0.64 0.25 41%  0.49 0.04 48%
A~ X 0.74 0.74 46%  0.76 0.76 44%  0.58 0.72 42%
v 0.74 0.67 43% 0.72 0.75 47%  0.47 0.67  42%
Ag X 0.81 0.62 67%  0.80 0.72 66%  0.55 0.42 67%
v 0.62 0.59 74%  0.63 0.37 75%  0.41 0.42 74%
Ao X 0.48 0.67 40% 0.50 0.42 40%  0.52 0.27  40%
v 0.54 0.51 50%  0.65 0.41 50%  0.54 0.27 50%
Total — 0.49 0.31 48%  0.58 0.37 4% 0.45 0.26 47%
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D.3.4 How likely is a randomly-sampled story to require theory
of mind? (cont. from §5.5)

Table D.4: Probability that a randomly-sampled story would require theory of mind for
answering at least one question. Actions considered are {denter, @lcaves GmoveObjContainer 5
all settings of {2,3,4} people and {2, 3,4} @moveObjContainer MoOvements, with 10 maximum
actions, are shown.

Number of movements

Number of people 2 3 4
2 0.131 0.208  0.235
3 0.195 0.234  0.288
4 0.210 0.259  0.315

Table D.5: Probability that a randomly-sampled (story, question) pair would potentially
require theory of mind, meaning that the answer to the question varies depending on the
entities considered. Actions considered are {denter, Gleave, GmoveObjContainer }, all settings of
{2,3,4} people and {2,3,4} @moveObjContainer Movements, with 10 maximum actions, are
shown.

Number of movements

Number of people 2 3 4
2 0.090 0.123 0.124
3 0.120 0.109  0.121
4 0.111 0.101 0.112

Table D.6: Probability that a randomly-sampled (story, question, answer) triple would
require an answer that is different from the true world state (i.e., it is a false-belief question.
Actions considered are {denter, @leave; GmoveObjContainer }, all settings of {2,3,4} people and
{2,3,4} amoveObjContainer movements, with 10 maximum actions, are shown.

Number of movements

Number of people 2 3 4
2 0.059 0.084  0.086
3 0.065 0.065  0.072
4 0.056 0.049  0.058
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D.3.5 On why a story with a greater number of people may
counterintuitively imply a lower average difficulty

In EXPLORETOM, the number of people and actions is important from a controllability and
diversity perspective, but does not directly quantify task difficulty—difficulty quantification
for theory of mind is an active area of research. X. A. Huang et al., 2024 quantifies a
theory of mind problem complexity as the number of states necessary to solve it correctly
(note that their approach requires manual annotation). While the number of states tends
to increase with the number of people and actions, many questions do not require analyzing
the whole story, e.g. if someone only entered the scene right at the end. When randomly
sampling stories while fixing the number of core actions to e.g. 5, it’s more likely to have
some characters with little involvement in the scene if there are 5 people in total than if
there are 2 people. Since accuracy is computed across all questions about all characters,
having a larger number of people may bump the average accuracy. EXPLORETOM’s flexible
framework allows for minimizing these cases through modifying the lookahead, but we chose
against both doing this or filtering questions to show the performance is low even without
these considerations.
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D.4 Prompts used for generating and validating
ExploreToM’s data

D.4.1 Generating story contexts (cont. from §5.2.1)

Suggest a short context where {num_people} people are together in a room. It should be at most two
sentences long, and they should be able to observe each other. Later in the story, characters are going to
move around and store objects, so your context should be plausible under those constraints. Do not
explicitly include that they can all see each other, it should be clear from context. The room could be in
a house, work environment, etc.

Here’s an example for three people. Follow the same format.

LIST CHARACTERS’ NAMES:

1. Emily, a meticulous office manager.
2. Jason, a tech-savvy intern.

3. Karen, a diligent accountant.

GIVE SHORT STORY CONTEXT:

Emily, Jason, and Karen gathered around the central table in the sleek office’s conference room, discussing
the upcoming audit. As they strategized, the shelves and storage compartments lining the walls around them
held the tools and documents they would soon need to organize and pack away.

ROOM IN WHICH THIS STORY BEGINS:

NAME ONE REASONABLE ALTERNATIVE ROOM THEY COULD MOVE TO:

NAME ONE OBJECT TO BE MOVED BY A PERSON DURING THE STORY:

LIST {num_containers} REASONABLE OPAQUE CONTAINERS THAT COULD CONTAIN THIS OBJECT:
LIST {num_topics} DISTINCT AND REASONABLE TOPICS THEY COULD BE CHATTING ABOUT:

To get inspired, make this context happen in {sampled_location}. Suggested names are {sampled_names}, but
feel free to come up with your own names if it would suit the story better. Be direct with your answers: do
not include parentheses or clarifications beyond the responses requested. Do not refer to plural objects
or give options if a singular thing is requested. The object could be anything--an apple, a pen, a spoon, a

pair of scissors, a chocolate bar, etc.--, be creative! Avoid vases and microphones, or adding too many
details to the object’s description in general.

Figure D.2: Prompts used for generating a story context, after infilling the variables (number of
people, containers, topics, names, and location). Names and location are sampled independently
to increase diversity, prompts shown in Fig. D.3.
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List 100 names. Do not include any other text.

Suggest 100 different general contexts in which a story may happen. The context should be able to have
several people in the same location easily listening and observing each other.

a school

a hospital

a vet shop

a family living room

W N e

Follow the format and make the descriptions as short as possible. Do not include any text before the list.

Figure D.3: Prompts used for generating a list of possible characters’ names and locations
for the story.

D.4.2 Prompts used for story infilling

You are an expert writer that uses simple language, avoiding sounding unnatural or cliché. You are clear,
creative, and helpful. You use simple sentence constructions and words so that everyone may understand you.

Figure D.4: System prompt used for story infilling

Given the following story and knowing the description of the characters involved, write the start of a
story. Don’t actually describe any actions in the story, just the setting in which the story will happen.
Only include the characters that are mentioned in the story.

STORY:
{story_script}

CHARACTERS:
{characters_description}

TWO-SENTENCE STORY BEGINNING THAT DOES NOT INCLUDE OR SUGGEST ANY INFORMATION OF WHAT WILL HAPPEN IN THE
STORY. DO NOT MENTION PEOPLE:

Figure D.5: System prompt used for sampling narration (the start of the story, before
infilling).
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Given the following story and knowing the description of the characters involved, suggest a reasonable goal
for each character. Only include the characters that were mentioned in the story.

STORY:
{story_script}

CHARACTERS:
{characters_description}

CHARACTERS GOALS: <insert here>

Follow the format and do not include any other text. Only include the characters mentioned in the story,
and do not even mention the others in your list.

Figure D.6: System prompt used for sampling character goals.

Continue the story {story_length}, clearly conveying the action or information below without altering it.
Do not contradict any prior information. Avoid repeating the information verbatim, instead naturally (and
possibly implicitly, but still unambiguously) conveying the meaning. Do not add characters or actions that
were not explicitly described. Do not replace characters even if this would improve flow. Combining actions
into a single sentence is OK as long as you do not alter the original information. {infilling_text_type}

Make it a short, yet an interesting story to read. Make the text exciting to read as well as each character
’s speech, so try to avoid e.g. starting all the sentences the same way. The story needs to follow common
sense, e.g. do not magically change an object’s location without mentioning it. Do not include any notes,
comments, parentheses, or any other form of extra text that would not belong in a story. Feel free to hint
or describe characters’ goals and motivations for performing the actions if it would make the story flow
better.

As a warning, take into account that when someone tells someone privately they might not be in the same
location, e.g. they might be sending a text message or making a phone call; they might also be in the same
location, in that case they could also communicate through a gesture, a whisper, etc. Do not assume a
person is in the same room if it has not been made explicit before. Also, if someone was spying, or if they
were distracted and did not listen or saw something happen, do not forget to include it! Remember that in
this case, it should be clear that the distraction or spying applies only to the action mentioned and they
go back to normal after the action is finished. Avoid making multiple copies of the same object.

Give {num_tries_completions} responses, ensuring to give {num_tries_completions} different phrasings of
continuing the story conveying the action. Use very different wordings and sentence structures, but avoid
changing object or room names!

WHO ARE THE CHARACTERS: {people_with_personas}

WHAT ARE THEIR GOALS: {optional_characters_goals}

NEW ACTION OR INFORMATION TO INCLUDE: {new_information}

CURRENT SHORT STORY: {story_context}

Follow the format and do not include any other text. Do not include any text before the list. Do not
enumerate. Continue the story {story_length}. Avoid repeating the information verbatim, instead naturally (
and possibly implicitly, but still unambiguously) conveying the meaning.

STORY CONTINUATION: <£fill>

STORY CONTINUATION: <£ill>

Figure D.7: Prompt used for iterative story infilling including characters’ goals, and allowing for
simultaneous sampling of several possible infillings, which when associated with repetition penalty,
yields more diverse infillings. Infilling length is uniformly chosen between ‘with a single sentence’
and ‘with up to two sentences’, and infilling text type is uniformly chosen between ‘Make the new
text be declarative, without including conversations.” and ‘Make the new text conversational, using
direct quotes to convey the words spoken by a character.’
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D.5 ExploreToM examples (cont. from §5.3)

See a large sample of EXPLORETOM-generated data in https://huggingface.co/datasets/
facebook /ExploreToM. We also include a few examples below.

D.5.1 Story structure examples

e Addison entered the monastery dining hall.

e Addison filled the large ceramic vase with fresh sunflowers.

e Addison left the monastery dining hall.

e Charlotte entered the monastery dining hall.

o Charlotte painted the large ceramic vase with intricate designs in gold.

e Charlotte glued a few loose diamonds around the neck of the large ceramic vase. While this action was
happening, Addison witnessed this action in secret (and only this action).

¢ Amelia entered the staff room.

e Amelia moved the large first aid kit to the plastic storage bin, which is also located in the staff room. While
this action was happening, Alexis witnessed this action in secret (and only this action).

¢ Amelia entered the equipment storage room.
e Amelia left the equipment storage room.
e Amelia entered the staff room.

e Amelia moved the large first aid kit to the equipment storage room, leaving the plastic storage bin in its original
location.

¢ Amelia moved the large first aid kit to the metal cabinet, which is also located in the equipment storage room.

e Alexander entered the city hall planning department.

e Alexander moved the large map of the city to the cardboard tube, which is also located in the city hall planning
department.

e Alexander told privately to Leslie that the large map of the city is in the cardboard tube.

e Victoria entered the city hall planning department. Leslie told privately to Peyton that the large map of the
city is in the cardboard tube.

o Victoria moved the large map of the city to the plastic storage bin, which is also located in the city hall planning
department.

Figure D.8: Examples of the following story structures: aupdateobjstate (Az2) with

asymmetry; {amoveObjContainer> amoveObjRoom} (A4) with aSymmetfy; and {amoveObjCOntainer,ainfo}
(As) without asymmetry.
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D.5.2 Story infilling examples

Table D.7: Example of adversarially sampled story structure and iterative infilling with Llama-3.1
70B Instruct, including a story context (first row). This example showcases how the infilling process
is able to group sentences when they depict the same event but for more than one person, allowing
for an even more natural-sounding story.

Story Structure (list of actions)

Infilling for each action

<initial context>

The operations center, a bustling hub of activity during the
park’s peak festival season, was dimly lit except for a few
overhead fluorescent lights that cast a sterile glow over the
rows of workstations and storage units. The air was thick
with the smell of stale coffee and fresh printer paper, a familiar
scent to anyone who spent time behind the scenes of the busy
amusement park.

Brooklyn entered the operations center.

James entered the operations center.
More text here.

As she entered the operations center, Brooklyn’s presence was
swiftly followed by James, whose rugged demeanor stood in
contrast to the sterile environment of the room.

James moved the large festival schedule
poster to the cardboard box, which is
also located in the operations center.

James neatly relocated the oversized festival schedule poster,
carefully placing it within the confines of a cardboard box, a
receptacle that had been securely positioned in a corner of the
operations center.

James left the operations center.

Brooklyn left the operations center.

Brooklyn stepped out into the bright sunlight, a stark
contrast to the dimly lit operations center she had just left,
while James followed suit, the warm rays illuminating his
weathered features. The festival preparations were now
unfolding across the park, with both of them poised to tackle
their respective tasks.

Tyler entered the operations center.

Brooklyn entered the operations
center.

As Tyler walked into the operations center, the soft hum of
idle machinery and the faint scent of printer paper enveloped
him, a familiar yet calming atmosphere before the chaos of
the festival. The room’s sterile lighting seemed to intensify,
reflecting off the polished surfaces as Brooklyn slipped in, her
footsteps quiet on the worn floor.

Brooklyn moved the large festival
schedule poster to the plastic storage
bin, which is also located in the
operations center.

Brooklyn’s hands moved swiftly as she carefully slid the
oversized festival schedule poster into the large plastic storage
bin in the operations center.
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Table D.8: Example of adversarially sampled story structure and simple iterative infilling with
Llama-3.1 70B Instruct, along with example questions and model answers.

Story Structure (list of actions)

Infilling for each action

David entered the study room.

Sarah entered the study room.

David walked into the study room, scanning the organized
chaos of files on the desk, just as Sarah stepped in, clutching
her tablet and a determined look.

Sarah moved the prototype model to
the metal filing cabinet, which is also
located in the study room.

Sarah moved the prototype model to the metal filing cabinet,
her fingers brushing against the cool surface before turning to
David with a confident smile.

David left the study room.

After a brief exchange with Sarah, David grabbed his briefcase
and left the study room, mindful of the upcoming meeting
downtown.

Mark entered the study room.

Mark entered the study room, his eyes quickly assessing
the scattered documents and half-finished sketches on the
table, before settling into his favorite chair by the window to
brainstorm new ideas.

Mark moved the prototype model to
the wooden chest, which is also located
in the study room.

Mark, contemplating his latest concept, carefully picked up the
prototype model from the metal filing cabinet and transferred
it to the wooden chest, a better place for such an inspiration-
spurring creation.

ExXpPLORETOM

-generated answer

Selected Questions . . GPT-40’s responses Correct?
using our domain-
specific language

In which container will David metal filing cabinet david will search for the Yes

search for the prototype model?

In which container will Sarah
search for the prototype model?

In which container will Mark search
for the prototype model?

In which container will David
search for the prototype model?
In which container will Sarah
search for the prototype model?

In which container will Mark search
for the prototype model?

wooden chest

wooden chest

wooden chest

prototype model in the metal

filing cabinet.

sarah will search for the No
prototype model in the metal

filing cabinet.

wooden chest mark will search for the pro-  Yes
totype model in the wooden
chest.

metal filing cabinet the metal filing cabinet. Yes

sarah will search for the No
prototype model in the metal
filing cabinet.

the wooden chest.
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