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Abstract

Non-Interior Path-Following Methods for

Complementarity Problems
by Song Xu

Chairperson of Supervisory Committee: Professor James V. Burke

Department of Mathematics

Because of its excellent numerical performance, non-interior path following meth-
ods (also called smoothing methods) have become an important class of methods
for solving complementarity problems. However, no rate of convergence results are
available for these methods. In this thesis, we bridge this gap between the theory
and the practical performance of the methods. Specifically. we focus on the rates of
convergence, the complexity, and the implementation of non-interior path following
methods.

The thesis introduces new notions of neighborhoods of the central path for non-
interior path following methods for linear complementarity problems. These neigh-
borhoods are modeled on similar concepts from the interior point literature and are
used to adjust the value of a continuation parameter. However, these neighborhoods
are fundamentally different from those used in the interior-point methods. In par-
ticular the solution set of the underlying LCP is contained in the interior of these
neighborhoods relative to the affine constraints. The new neighborhood concepts have
proven to be fundamental for both the theoretical analysis of the algorithms and in

their practical implementation. With these new neighborhood concepts, we are able




to establish the first global linear convergence result for non-interior path following
methods. In order to accelerate the convergence, we introduce a predictor-corrector
strategy. This strategy allows us to construct the first predictor-corrector non-interior
path following method that is both globally linearly convergent and locally quadrat-
ically convergent. In the thesis, we also make progress toward understanding the
computational complexity of these methods. Complexity results are obtained from
both the algorithmic and condition-based perspectives. The complexity bounds that
we establish are the only results for these methods that are available to date. These
results represent a first step toward understanding the complexity of non-interior path

following methods.
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Chapter 1

INTRODUCTION

Over the past three decades, the field of complementarity problems has seen a
rapid development in its theory, algorithms and applications. On one hand, com-
plementarity problems provide a unified framework to study many traditional op-
timization problems [20, 61]. One such example is linear complementarity prob-
lem (LCP) which can be used to unify linear and quadratic programs as well as
the bimatrix game. On the other hand, complementarity problems have found
diverse applications in engineering, economics, and sciences, in particular, in var-
ious equilibrium models [25, 22]. Because of the importance of complementarity
problems, enormous effort has been made by the mathematical programming com-
munity in developing efficient and robust algorithms for solving these problems.
Over the years. many promising approaches have been proposed and significant
progress has been achieved [61, 35]. Among them, the non-interior path following
methods (also called smoothing methods) have attracted a lot of attention recently
(5,3, 4,8, 7, 9,10, 12, 13, 14, 15, 16, 31, 37, 38, 42, 41. 43, 64, 65. 78. 83, 34, 85].
Similar to interior point methods, non-interior path-following methods also follow a
path, namely the central path. But unlike interior-point methods, non-interior path
following methods can be initiated from any point in the space and do not require
the iterates to stay in the interior of the nonnegative orthant. As a result, non-
interior path following methods are more flexible and very convenient for numerical

implementation. This thesis studies the interaction between interior-point methods
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and non-interior path following methods with a focus on the underline ideas behind
these two types of methods. It represents a significant contribution to the struc-
tural properties, the rates of convergence, the complexity and the implementation of
non-interior path following methods.

First, the thesis brings a new notion of neighborhoods for the central path into
non-interior path following methods. In the early stages of the development of non-
interior path-following methods. there was no systematic procedure to update the
smoothing parameter and no rate of convergence results available. This deficiency is
overcome in this thesis by introducing a new notion of neighborhoods for the central
path that is suitable for non-interior path following methods. Just as with interior
point methods, these neighborhoods are used to adjust the value of the continuation
parameter. The neighborhood concept has proven to be fundamental for both the
theoretical analysis of the algorithms and in their practical implementation. The
expansion of the neighborhood concept for the central path has wide spread conse-
quences for these and other methods. The thesis also studies two important structural
properties of these neighborhoods. It establishes a boundedness property which yields
the boundedness of the sequence of iterates generated by the methods. It also proves
that the solution set of linear complementarity problem is contained in the interior
of the neighborhoods relative to the affine constraints. Thus, these neighborhoods
are fundamentally different from those used in the interior-point literature, where the
solution set necessarily lies on the boundary of the neighborhood relative to the affine
constraints. This property of the solution set makes it possible to adapt a wide range
of Newton step ideas to accelerate the local rate of convergence.

Second, the thesis establishes the first global linear convergence result for non-
interior path following methods for the linear complementarity problems in the fol-
lowing two cases: (a) the problem has a P and Ro matrix, and (b) the problem
is monotone and has a feasible interior point. In addition, the thesis introduces

a predictor-corrector strategy to non-interior path-following methods and proposes



the first predictor-corrector non-interior path following method that is both globally
linearly convergent and locally quadratically convergent.

The thesis has made some progress in the computational complexity of non-
interior path following methods. Two types of complexity have been studied, the
condition-based complexity and the polynomial complexity. The thesis has obtained
a condition-based complexity for a non-interior path following method for LCP with
a symmetric positive definite matrix or with a P-matrix. It also establishes a poly-
nomial complexity bound for an interior-point variant of the methods. These results
are the only results available to date and represent a first step toward understanding
the complexity of non-interior path following methods.

Finally, the thesis implements three different versions of non-interior path-following
methods. The preliminary numerical results demonstrate that non-interior path fol-

lowing methods are extremely promising.

1.1 Complementarity Problems and Examples

Complementarity problems have different formulations. The classical nonlinear com-

plementarity problem, is defined by

NCP(F): Find (z,y) € R" x IR" satisfying
F(z)—y=0, (1.1)
z>0,y 20,27y =0, (1.2)

where F : R® — IR is a nonlinear function. NCP(F) is called monotone if F is a

monotone mapping, i.e.,
(z —y) (F(z) - F()) 20, (L.3)

for all z,y € IR". When F is an affine mapping, i.e., F(z) = Mz + q for some
M € R™™ and q € IR™, the problem reduces to the linear complementarity problem



LCP(q, M): Find (z,y) € IR" x R" satisfying
Mz —-y+q=0. (1.4)
£>0.y>02zTy=0. (1.5)

LCP(q, M) is called monotone if M is positive semi-definite. The lack of symmetry
in LCP(g, M) can be remedied by introducing the horizontal linear complementarity
problem where z and y play an equal role. The horizontal linear complementarity

problem is defined as follows

HLCP(q, M. N): Find (z,y) € R" x [R" satisfying
Mz + Ny+q=0, (1.6)
£>0,y>0,zTy=0, (1.7)

where M. N € R™™ and q € IR*. HLCP(q, M.N) is called monotone if for any

u.v € R the following condition holds:
Mu+ Nv=0= uTv=0. (1.8)

In many applications, some of the underlying conditions are defined by a system of
nonlinear equations, while the complementarity conditions are only applied to some
of the variables and functions. This leads to the mized nonlinear complementarity

problem, which is defined as

MCP(F): Find z € R™™™ satisfying

zr > 0, Fi(z) > 0,2} Fi(z) = 0, (1.9)
Fj(z) =0, z;free, (1.10)
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where [ = {1,2 n}and J = {1,2....,m}. When F: R™*™ — R™™ is an affine

Sgre ey

mapping, i.e., F(z) = Mz + q for some

My M
M o= \: 11 12

€ R(n-{—m) x (n4+m) .
‘w2l M22

where 1‘/[11 € ann’ .’Mgg € Rmxm’ Mlg € Rnxm and iw'n € Rmxn’ and

q= | e B

q2

where ¢, € R" and ¢; € R", the problem reduces to the mized linear complementarity

problem which is defined by

MLCP(q, M): Find (z,y,z) € R® x R" x IR™ satisfying
y z
=M +4q, (1.11)
0 z
z>0,y>0,z7y=0. (1.12)

MLCP(q, M) is called monotone if M is positive semi-definite. NCP(F) and MCP(F)
are special cases of the boz constrained variational inequality problem, which is defined

as follows

VI(F.{l,u]): Find z € [l, u] satisfying

(y—z)TF(z) >0, forall yell,u], (1.13)

where [ and u are n-dimensional vectors with [; € [—o0, ) and u; € (i, 0], and
Luj={ze R":l <z <u}.

The condition (1.13) can be rewritten using the normal cone notation.



Definition 1.1.1 Given a closed convez set C C IR, the normal cone Nc¢(z) to the

set C at a point z € C is defined by
Ne(z):= {z|(z.y —2) <0 forall yeC}, (1.14)
and Nc{z):=0 ifz ¢ C.
With this notation. condition (1.13) is equivalent to
—F(z)e My o (T)- (1.15)
It is sometimes convenient to write (1.13) in the form
F(z)—z,+z2=0,
z; >0, z=120, xf(z—l)=0. (1.16)
2220, u—z>0, rf(u—=z)=0.
It is easy to see that if [; = 0 and u; = o for : = 1,2,....n, then VI(F, [0, o0]) is
equivalent to NCP(F). If l; = 0,u; = oo fori € [ and [; = —o0.u; = for i € J,
then VI(F,[l,u]) is exactly MCP(F').
Extensive documentation of applications of complementarity problems in engi-

neering, economics, and sciences can be found in Ferris and Pang [25] and Dirkse and

Ferris [22]. Here we list a few such examples.
Example 1.1.2 Convezr Quadratic Programming

Consider the convex quadratic program (QP)
minimize cfz+ %:rTQ:z:
subject to Az > b, (1.17)
z >0,
where Q € IR™*™ is symmetric positive semi-definite, c € IR*, A € R™ " and b € R™.
The dual for (1.17) is
maximize Ty —3z7Qz
subject to ATy —Qz <, (1.18)
y2>0.




=1

If z is an optimal solution of the program (1.17), then there exists a vector y € R™

such that the pair (z,y) satisfies the Karush-Kuhn-Tucker conditions

u=c+Qz— ATy >0, z2>0, zTu =0,

(1.19)
v=—-b+ Az >0, y>0, yTv =0.
The conditions in (1.19) define a monotone LCP(q, M) where
c Q —-AT
q= and M = . (1.20)
—b A 0

When Q = 0, convex quadratic program (1.17) reduces to a linear program. In this

case, the matrix

0 —AT
M = (1.21)
4 0

is skew-symmetric and positive semi-definite.

Example 1.1.3 Convezr Quadratic Program with Boz Constraints

Consider the convex quadratic program with box constraints

. . . T l T
minimize ¢q(z):=c'z+ 22" Q=z,
2 (1.22)
subject to [ < z < u,

where Q € R™*™ is symmetric positive semi-definite, [ = (li),u = (u;) € IR™ are two
fixed vectors with [; < u; for i = 1,...,n. If z is an optimal solution of program

(1.22), then the following Karush-Kuhn-Tucker condition holds
—Vq(z) € Ny ylz)- (1.23)
Condition (1.23) is equivalent to the conditions:

Q2+b—1:1+1:2=0,
2,20, z—-1>0, zf(z-1)=0, (1.24)

z9>0, u—z2>0, tf(u—2z)=0.
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Example 1.1.4 Ertended Linear-Quadratic Programming

The extended linear-quadratic programming was introduced by Rockafellar as a
modeling tool for optimization under uncertainty [71], multistage optimization [70]
and optimal control problems [69]. Given nonempty, polyhedral sets X € IR" and
Y € R™, vectors ¢ € IR" and b € IR™, and positive semi-definite matrices C € R™*"
and B € R™™. the extended linear-quadratic program may be defined in either a

primal form or dual form as follows:

I

(P) minimizerex Iz + 5;1:TCJ: + py.B(b— Az), (1.25)
.. 1

(D) maximizey,ey bz — ;)-yTBy - p,\—'c(ATy - c), (1.26)

where py p is the monitoring function defined by
. 1r 5
py.a{u) =sup{u’y — 5Y By}. (1.27)
yeY 4
The Lagrangian for this problem is:
T I r T lr T
Liz.y)=cz+ 5z Cr+by—3y By —y” Az, (1.28)

which is defined for (z,y) € X x Y. If z is an optimal solution to (P) and y is an

optimal solution to (D), then from the optimality conditions, we have
—er(‘rv y) € NX(‘Z‘)’ VyL(I,y) € IVY(y) (129)

When X = R*and Y = Y; x...x Y, with Y = [lj,ui]and [; < uy; for it = 1.2,...,n,

the optimality conditions can be written as

Cz—ATy+c =

-

Az+ By—w;+w, —b =
yooT e (1.30)
wlZO,y—lZ(],wT(y—l) =

-

o o o ©

we > 0,u—y>0,wj(u—y) =



1.2 Numerical Methods for Solving Linear Complementarity Problem

In the next two sections, we give a brief description of existing numerical methods for
solving linear complementarity problems and nonlinear complementarity problems.
The description is not intended to be comprehensive. It only serves the purpose of
providing background and motivation for the methods to be studied in this thesis.

The early numerical methods for solving linear complementarity problem are piv-
oting methods which include the principal pivoting methods [17, 18, 19, 21] and
Lemke’s method [48]. A detailed description of these methods and other pivoting
methods can be found in Cottle, Pang and Stone [20].

1.2.1 Interior-point methods for LCP

Since the publication of Karmarkar’s paper [38] in 1984, the field of interior-point
methods saw rapid development and expansion. The excitement of interior point
methods are due partly to a theoretical property of the algorithms, the polynomial
complexity, and due also to their excellent practical performance in solving large scale
problems. Most of the early work on interior-point methods was devoted to solving
linear programming problems. However, in the past few years. there was intense
research on interior-point methods for monotone LCP. There are many variations of
interior-point methods. A complete description of these methods can be found in
Kojima, Megiddo, Noma and Yoshise [44] for linear complementarity problems. and
in Wright [81] for linear programming problems. Here we give a brief description of
interior-point path following methods for solving LCP(q, M).

Interior-point path following methods for solving LCP are typically designed to
follow the path in the positive orthant, R}, x R}, determined by the equations
Fy,(z.y) = 0 for p > 0 where the function Fy, : R" x R* — IR" x IR" is given by

Mz —-y+
Fo (z,y) = ", (1.31)

Ou(z,y)
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with 0,(a.b) = ab— u and

0u(£19y1)
eu(l‘?y)= .. ’ (132)

0,(zn, Yn)

This path is called the central path [44] and is denoted by C, that is
C:={(z,y) : Mc—y+q=0, Xy=pewith0 <z 0<y, and 0 < u}, (1.33)

where following standard usage in the interior point literature, e is the vector each
of whose components is 1 and X = diag (z) the diagonal matrix with it diagonal
entry z; for i = 1.2,....n. The interior-point path following methods attempt to
follow the central path by applying Newton’s method to the equations Fo (z.y) =
0 for decreasing values of p and by restricting all the iterates to a pre-specified

neighborhood of the central path in the interior of the nonnegative orthant. For each

8 € (0.1), the 3 neighborhood of C is defined to be the set

Afgm(d)::{(.r.y) : Mz —-—y+4q=0, MSB, 0<z, O0<y, 0<p} .
g (1.34)
Here, the subscript int is used to indicate that this is the neighborhood employed in
the interior point literature for LCP(g, M). Very loosely speaking, standard interior-
point path following methods start with an initial point (%, y°) lying in V. (3) for
some 3 € (0,1) and an initial value o satisfying | X%° — poell < mo3. A Newton

direction (Az, Ay) at (z°,y°) based on the equations
Mz —y+q=0, Xy=pue (1.35)

is computed for some y; € (0, o) and the Newton step is then damped to ensure
that the update (z!,y') remains strictly positive and satisfies | X'yt — pre| < Bpr.
This process is then iterated to termination. The trick is to implement the method

so to ensure the existence of a sequence u; converging linearly to zero and satisfying
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HX"y" - ,uken < ui3. This yields the linear convergence of the vector X*ky* to zero
which in turn provides the basis for complexity results. Numerous variations on this
basic plan have been proposed. The most notable of which are the infeasible (i.e.
Mz* — y* + q may or may not be the zero vector) predictor-corrector strategies for

which local super-linear convergence can also be established (e.g. see [76. 79, 30, 86]).

[.2.2  Non-interior path following methods for LCP

Non-interior path following methods also follow the central path, but the iterates do
not necessarily reside in the positive orthant. The first non-interior path following
method for LCP was developed by Chen and Harker [9] and was based on the Chen-
Harker-Kanzow-Smale (CHKS) smoothing function (Chen and Harker [9], Kanzow

[42] and Smale [72])

ou(a.b) =a+b—\/(a—b)2 +4u?. (1.36)

Later Kanzow [42] developed non-interior path following methods based on the

smoothed Fischer-Burmester function

vu(a.b) = a+b— /a? + b + 2u?, (1.37)

where a.b € R and g > 0 is the smoothing parameter. Other smoothing function
classes include the Chen and Magasarian {13] smoothing functions and the Gabriel
and Moré [31] smoothing functions. These smoothing functions will be discussed in
the next Chapter.

It is easy to show that ¢,(a,b) = 0 (or ¥,(a,b) = 0) if and only if0<a, 05
and ab = p?. Thus, the functions ¥, and v, have an advantage over the function
6, which makes them well suited to non-interior path following methods. That is,
the condition ¢,.(a,b) = 0 or (¥,(a,b) = 0) guarantees the non-negativity of the

arguments a and b.




Using o, and v, as building blocks, one defines the functions

| Mz —-—y+gq ]
Fo (z.y) = . (1.38)
q)“(:l:,y)
[ Mz —-y+gq ]
qu(zay) = ’ (139)
L \I’“(.’E, y)
(bu(zlvyl) W
¢, (z.y) = \ (1.40)
| Bu(TnsYn) |
and _ }
Yu(T1, Y1)
U, (z,y):= . (1.41)
L 'wu(mns yn) ]

Clearly, a point (z,y) is on the central path if and only if Fy,(z,y) =0 (or Fy,(z.y) =
0).

The reasons for the growing interest in non-interior methods are: (1) these meth-
ods can be initiated from any point in the space and therefore are more flexible and
very convenient for numerical implementation, (2) these methods are ideally suited
for application to nonlinear complementarity problems where the interiority restric-
tion on the iterates is quite severe, and (3) the numerical evidence on the efficiency
of these methods is very impressive. However, no algorithmic convergence results are
available for non-interior path following methods. The absence of any rate of conver-
gence results for these algorithms is due to the somewhat ad hoc rules for updating
the continuation parameter p. This gap is bridged in this thesis by introducing a new
notion of neighborhood for the central path that is suitable for the non-interior path
following methods. Just as with interior point methods, this neighborhood is used
to adjust the value of the continuation parameter p between iterations in a manner

that insures the linear convergence of the values ||®,, (z*,v*)|| (or || ¥y, (z*, y*)||) to
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zero. The new notion of neighborhood has proved to be fundamental for both the
theoretical analysis and the practical implementation of non-interior path following
methods.. With this notion, we are able to establish the first global linear convergence
of a non-interior path following method (see Chapter 3) and study its complexity (see

Chapter 4).

1.3 Numerical Methods for Solving Nonlinear Complementarity Prob-

lems

While there are many approaches available for solving nonlinear complementarity
problem [61. 35. 1], the most successful approaches are based on Newton-type meth-
ods. Here we focus on three such approaches: the nonsmooth and semismooth equa-
tion approaches, the interior-point path following approach, and the non-interior path

following approach.

1.3.1 Nonsmooth and semismooth equation approaches

In the nonsmooth and semismooth equation approaches for NCP, the nonlinear com-
plementarity problem NCP(F) is reformulated as a system of nonsmooth equations
or semismooth equations. The classical Newton’s method for smooth equations are
then generalized to solve the nonsmooth or the semismooth equations.

General descriptions of nonsmooth equation approach can be found in Pang (59,
60], Pang and Qi [63], Harker and Pang [35] and Harker and Xiao [36]. Various
nonsmooth equation formulations for NCP(F) have been proposed. Here we only

give one such formulation which is based on the min-mapping
H(z) := min{z, F(z)}. (1.42)

It is easy to see that z solves NCP(F) if and only if H(z) = 0. However, the

mapping is not (Fréchet) differentiable whenever z; = fi(z) for some i. To handle
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this difficulty, Newton-type methods using the notion of B-derivatives were proposed.
For descriptions of these methods, see Pang (59, 60], Gabriel and Pang [32], Pang and
Gabriel [62], Pang and Qi [63].

A well-known semismooth equation reformulation of NCP(F) is based on the

Fischer-Burmester function v : IR*> = IR defined by

v(a,b) = (a+b) — Va? + b2. (1.43)
It is easy to see that
v(a,b)=0+=>a¢20, 620, ab=0. (1.44)

Therefore = solves NCP(F) if and only if

U(z, F(z))=0, (1.45)
where for z,y € R",
w(zlv yl)
U(z.y) = .. . (1.46)
V(Tn, Yn)

Note that the mapping ¥ is not (Fréchet) differentiable whenever z; = y; = 0 for
some i but it is semismooth (see Mifflin [54], Qi and. Sun [66]). The function ¥
(1.43) was introduced by Fischer [27] and later studied in a number of recent articles
(Fischer {27, 28], Facchinei and Soares [24, 23], De Luca, Facchinei and Kanzow (49],
Geiger and Kanzow [33], Jiang and Qi [39], Kanzow [40], Tseng [77]). A surprising
property of the function ¥ is that the natural merit function ||\Il(m,y)||2 is smooth,
so the global convergence through a linesearch procedure can easily be enforced. A

review of the use of the function % can be found in Fischer [28].

1.3.2 The interior-point path following methods for NCP
The interior-point methods for NCP(F') try to follow the central path

C:={(z,y): Fz)—y=0, Xy=pewith0<z, 0<y, and 0 < p},  (1.47)
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by restricting the iterates to a neighborhood of the central path in the positive orthant

defined by
Nine(3) = {(z.9) : IF(z) —yll + | Xy — pell < Bp, 0<z, 0<y, 0<p} . (148)

for some 3 € (0.1). This process is then iterated to termination. This framework
for solving NCP(F) was first suggested by McLinden [53] and further studied by
Kojima. Megiddo and Norma [45], and Kojima. Mizuno and Noma (46, 47]. Interior-
point algorithms within this framework have been developed by Wright and Ralph
[82] and Tseng [78].

1.3.3 Non-interior path following methods for NCP

The non-interior path following methods (also called smoothing methods) have at-
tracted a lot of attention recently. During the past two years, many non-interior path
following methods have been proposed and they distinguish each other in the use of
smoothing functions, the neighborhoods, the search directions and their convergence
properties.

The smoothing functions used in non-interior path following methods include
the smoothed Fischer-Burmeister function (1.36), the Chen-Harker-Kanzow-Smale
smoothing function (1.37), the Chen-Magasarian smoothing functions [13] and the
Gabriel and Moré smoothing functions [31]. Non-interior path following methods
inherit some nice features possessed by nonsmooth-equation approaches and interior-
point path following approaches. On one hand, the function ¢, reduces to the min-
function (1.42) and %, reduces to the Fischer-Burmeister function (1.43) when =0
and therefore the functions ¢, (1.36) and ¥, (1.37) can be considered as the smoothed
version of the min-function and the function ¥ (1.43) respectively. On the other hand,
similar to interior-point path following methods, non-interior path following methods
also follow a path, the central path. The key distinction between the system (1.35)
and the system Fy,(z,y) = 0 (1.38) (or Fy,(z,y) =0 (1.39)) is that a solution to
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the system (1.35) may not be strictly positive and so may not lie on the central
path. This is the reason why one must initiate interior point methods at strictly
positive points and then damp the Newton steps to maintain this property. However,
a solution to (1.38) (or (1.39)) must be strictly positive and so will lie on the central
path. Thus. the non—negativity of any limit point is automatically assured without
imposing additional non-negativity constraints. This is one of the reasons why the
functions F,, Fy, and other smoothing functions are so effective in formulating non-
interior path following methods.

The first non—interior path following method was developed by Chen and Harker
[9] and the method was further studied by Kanzow [42. 41], Kanzow and Jiang
[43], Chen and Harker [9, 10]. All these methods are based on either the smoothed
Fischer-Burmeister function or the Chen-Harker-Kanzow-Smale smoothing function.
A broader class of smoothing functions was introduced by Chen and Magasarian [13].
The Chen-Magasarian class of smoothing functions is derived from the double integra-
tion of parameterized probability density function. The Chen-Harker-lKanzow-Smale
smoothing function turns out to be a member of the Chen-Magasarian class of smooth-
ing functions. The class of Chen-Magasarian smoothing functions has been used in
designing smoothing methods for solving nonlinear and mixed complementarity prob-
lems [13] and for solving convex inequalities and LCP [14]. The Chen-Magasarian
class of smoothing functions is further extended to a larger class of smoothing func-
tions, called Gabriel and Moré smoothing functions, which are useful in designing
smoothing methods for solving variational inequalities [31]. The existence and lim-
iting behavior of the smoothing paths have been studied in Chen and Harker [11},
Hotta and Yoshise [37] and recently by Gowda and Tawhid [34].

The connection between non-interior path following methods and interior point
path following methods was established by Xu and Burke [85], where the authors es-
tablished a polynomial complexity bound for an interior-point path following method

based on Chen-Harker-Kanzow-Smale smoothing function and the smoothed Fischer-
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Burmeister function. The first global linear convergence result for a non-interior path
following method for LCP was established in Burke and Xu [5]. The key in obtaining
the global linear convergence is the introduction of a new notion of neighborhood for
the central path which is suitable for the non-interior path following method. The
neighborhood concept was extended to nonlinear complementarity problem by Xu
[83]. He also established the first global linear convergence result for a non-interior
path following method for NCP. A different notion of neighborhood was introduced
by Hotta and Yoshise [37] for the monotone NCP. They also studied some structural
properties and establish the global convergence for their algorithm. The first local
superlinear convergence result for non-interior methods was established in Chen, Qi.
and Sun [15]. The announcement of the papers [15. 5, 83, 85, 37] has initiated a flurry
of activity on rate convergence analysis for non-interior path following methods based
on different smoothing techniques.

The papers [8, 7, 12] modify the notion of neighborhoods in (5, 83, 37] and es-
tablish the global linear convergence of their non-interior path following algorithms.
In addition, they introduce the idea of an Approzimate Newton Step to obtain local
quadratic or superlinear convergence of their methods. In [12], Chen and Xiu com-
pute both a centering step and an approximate Newton step based on a single matrix
factorization. If the approximate Newton step performs better than the centering
step, then the new iterate is based on the approximate Newton step. In {8}, only
the approximate Newton step is used but two backtracking line searches are required
to obtain both global linear and local superlinear convergence. In [7], Chen and
Chen use a new technique to dynamically update the neighborhood of the central
path in order to establish global convergence and local superlinear convergence. Xu
[84] studies the boundedness properties of the neighborhoods, the stopping criterion,
and provides some preliminary complexity results for a non-interior path-following
method for monotone LCP. In [64], Qi and Sun develop a non-interior path following
algorithm that uses the neighborhood ideas developed by Hotta and Yoshise [37].
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Conditions are given under which the algorithm is globally linearly convergent, or
globally convergent and locally superlinearly convergent. Chen and Ye [16] build on
the work in [15] and develop a hybrid smoothing Newton method that is globally con-
vergent. locally superlinearly convergent, and possesses a finite termination property
for linear variational inequality problems. Jiang [38] develops a generalized Newton
method and Gauss-Newton method for complementarity problem and establishes the
global and local superlinear convergence. In [65], Qi, Sun, and Zhou apply techniques
from non-smooth equations to obtain the global convergence and local superlinear
convergence of a smoothing method based on Robinson’s normal equations [68]. In
[78], Tseng obtains global linear convergence using the neighborhood concept for the
central path. The search direction is a combination of a centering step with a step
designed to accelerate the method locally. In addition, an active set strategy is intro-
duced that allows one to establish the local superlinear convergence of the method

under very mild conditions.

1.4 Organization of the Thesis

The basic components of non-interior path following methods will be laid out in Chap-
ter 2. In particular, we will review the existing smoothing functions, introduce a new
notion of neighborhoods, and provide a prototype algorithm for non-interior path fol-
lowing methods and compare it with the interior-point methods. We also prove two
important structural properties for the neighborhoods. The first is a boundedness
property for the neighborhoods which yields the boundedness of the sequence of the
iterates generated by the methods. The second property says that the solution set of
the linear complementarity problem is contained in the interior of the neighborhoods
relative to the affine constraints. Thus, these neighborhoods are fundamentally differ-
ent from those used in the interior-point literature, where the solution set necessarily

lies on the boundary of the neighborhood relative to the affine constraints.
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In Chapter 3, we introduce a predictor-corrector strategy to non-interior path
following methods. Based on this strategy, we propose a predictor-corrector path
following algorithm for LCP and show that the algorithm is both globally linearly
convergent and locally quadratically convergent if either the problem is monotone
and there is a feasible interior point, or the matrix M in LCP(q, M) is Po and Ro.

Chapters 4 and 5 are devoted to studying the complexity of non-interior path
following methods with Chapter 4 focusing on the condition-based complexity and
Chapter 5 the polynomial complexity. In Chapter 4, a condition-based complexity
was established for a non-interior path following method for linear complementarity
problems with the matrix M being either a symmetric positive definite matrix or a
P-matrix. In Chapter 5, we introduce a rescaling technique to the Newton directions
used in non-interior path following methods. Based on the rescaled Newton directions,
we propose an interior-point path following method for monotone LCP and establish
a polynomial complexity of the method.

Finally in Chapter 6, we present some preliminary numerical results on three im-
plementations of non-interior path-following methods for LCP. The implementations
are based on the algorithms studied in Chapters 3 and 4. The numerical results show

that non-interior path-following methods are very promising.



Chapter 2

THE STRUCTURAL PROPERTIES OF NON-INTERIOR
PATH FOLLOWING METHODS FOR LCP

The plan of this chapter is as follows. In section 2.1, we review various smooth-
ing functions used in non-interior path following methods, including the smoothed
Fischer-Burmeister function, the Chen-Harker-Kanzow-Smale smoothing function,
the Chen-Magasarian smoothing functions, the Gabriel and Moré smoothing func-
tions.

In section 2.2. we introduce a new notion of neighborhoods into non-interior path
following methods and study two important structural properties of these neighbor-
hoods. The first is a boundedness property which yields the boundedness of the
sequence of iterates generated by the methods. The second property states that the
solution set of the linear complementarity problem is contained in the interior of the
neighborhood relative to the affine constraints.

In section 2.3, we give a prototype algorithm of non-interior path following meth-
ods and compare it with its counterpart in interior-point path following methods.

Finally in section 2.4. we use an example to illustrate the concepts and ideas
introduced in this chapter with a focus on the differences between non-interior and

interior-point methods.

2.1 The Smoothing Functions and Their Properties

The smoothing functions studied in this section include the smoothed Fischer-Burmeister

function, the Chen-Harker-Kanzow-Smale smoothing function, the Chen-Magasarian



smoothing functions, and the Gabriel and Moré smoothing functions.

92.1.1 The Smoothed Fischer-Burmeister function and the Chen-Harker-Kanzow-

Smale smoothing function

Recall the smoothed Fischer-Burmester function defined in (1.37)

bu(a.b) = a+b—\/a? + b2 + 22, (2.1)

and the Chen-Harker-Kanzow-Smale smoothing function defined in (1.36)

ou(a,b) =a+b—/(a—b)?+4p?, (2.2)

where a,b € R and p > 0 is the smoothing parameter. From time to time, we may
want to consider g as a variable as well as a smoothing parameter. For this purpose,

we use the notation

¢(a,b,p) :=a+b—+/a? + b +2p, (2.3)

and

o(a, b, p) =a+b—+/(a—b)2+4u? . (2.4)
It is easy to show that ¥(a,b,u) = ¥u(a,b) = 0 (or &(a,b,pu) = ou(a,b) =0) if and
only if 0 < a, 0 £ b, and ab = p?.

In the following lemma. we list some of the properties of ¥, for later use.

Lemma 2.1.1 The smoothed Fischer-Burmester function ¥, : R x IR — R has the

following properties:

I. For every pu > 0. the function ¢, is continuously differentiable on R? with

0v,u(a,b) _ a and Y.(a,b) =1— b

9a JaiRiE ab Va? + b7 +2u?




t~
(3]

2. For any a.b€ R and p > 0, one has
2
9% b, < 22 (2.)
7
3. For puy >0, g2 > 0 and a.b € IR, we have
V(. 8) = W (@, 0)] < V2|1 = pal. (2.6)
4. For any a.b € IR and u > 0, one has
61/)“(a.b) 3%(0, b)
¢ i a) .‘) () Lad
0<—_8a < 2, 0<—_ab < 2, (2.7)
and
dv,(a.b b
( U#(av ))2 + (awua(z ))2 Z 3 — 2\/§ > 0. (2.8)

da

Proof Part | is trivial. Part 3 is given by Kanzow [42] and Part 4 is taken from
Proposition 2.3 in Fukushima. Luo and Pang [30]. It remains to prove that Part 2
holds.

It is easy to check that

1 __b2424? ab
2. _ a2 462 42u2 al+b2 +2u
v lpu(aﬂb) -

/a2 2 9442 ab a2 4242
ac + b + 2 —
H a2+4-62+2u2 a2+b242u2

Since
1 1 b? + 2u?
I —| < ——, |51
JetbRt22 V2 2 + b + 2
a? + 2u? ab
|53 <1 |31
a? +b%+2u a? + b+ 2pu
we have [|VZp,(a.b)ll,, < 2. -

We now list some properties of the the function ¥(a, b, u) for later use.

Lemma 2.1.2 The smoothed Fischer-Burmester function ¢ : R x R x Ryy — R
defined in (2.3) has the following properties:



(i) The function ¥(a.b,p) is continuously differentiable on R* x Ry ,.
(ii) The function ¥(a,b.p) is concave on R? x R,

(iii) For any (a.b.pu) € IR? x Ry, we have

V5 V2

<Y

var+b2+2u 4

|92 ¢(a.b.p)|| <

Proof The proof of (i) is trivial.

(ii): It is easy to check that

a

] — ——=——
Va2 +b2 +2u?

b s
Vi(a,b,p) = 1—m ; (2.9)

2u

Va2 462 42u?

and
—(b% + 2u?) ab 2au
1
Vi(a.b.p) = - —(a? + 2u? 2 2.10
w(a.b. ) TR ab (a® + 2u?) bu (2.10)
2apu 2bu —2(a? + b?)

Since V2 (a.b, ) is negative semi-definite for (a,b,u) € R*® x R.,. the function

o(a, b, ) is concave on R*x R,..
H ++

(iii):

(a2 + 6% + 2u2)3

V5 < V2 (2.11)

\/a2+b2+‘2p2 - i

l|\72¢(a.b,,u)” — \F2 + b2 + 2u?)2 + 4(a? + b2 4 p2)?

In the following lemma, we list some of the properties of the Chen-Harker-Kanzow-
Smale smoothing function ¢, for later use. The proof of the Lemma is similar to

Lemma 2.1.1 and is omitted.




Lemma 2.1.3 The Chen-Harker-Kanzow-Smale smoothing function ¢, : R x IR —

IR has the following properties:

I. For every u > 0. the function &, is continuously differentiable on R with

do,(a,b) ~1 a—>b d 0o, (a,b) 14 a—b

b T Va-brram T8 St

2. For any a.b € R and pp > 0, one has

1
|V2u(a.b)||_, < " (2.12)
3. For uy >0, up >0 and a.b€ R, we have
Ié#l(avb) - ¢u2(a7b)| S 2{.“1 - “2' (2’13)
4. For anya,b€ R and u > 0, one has
do,(a.b) do,(a,b)
0< —/——— <2 <2 2.
< % <2, 0< 25 < (2.14)
and
d¢.(a,b)., d¢u(a,b) .,
>2 . 2.
(—5, ) tl—p ) 22>0 (2.15)

Finally, We list some properties of the the function o(a,b, p) for later use.

Lemma 2.1.4 The CHKS smoothing function ¢ : R x R x IRyy — IR defined in
(2.4) has the following properties:

(i) [41, 42] The function ¢(a.b, ) is continuously differentiable on R* x R...
(ii) The function ¢(a,b,u) is concave on R* x R,

(iii) [64, Lemma 2] For any (a,b,n) € R? x R, we have

1926(a, b )| < - <2
NEDETTR




[\
[}

Proof (ii): It is easy to check that

1 - a=b

v/ (a=b)2+4u2
_ a—b ¢
Vdé(a,b,u)= 1+ \/———W Tan? ) (2.16)

du

v/ (a—b)2+4pu

and
) —p? u (a — b)p
viela-b.u) = ((a — b)? + 4u?)3 u -0t ~(a=bp ) (210)
(a—bp —(a—bp —(a—0b)°

Since V2 (a,b. ) is negative semi-definite for (a,b,u) € R* x Ry, the function

¢(a,b, u) is concave on R*x R,,. O

Using ¢, and v, as building blocks, we define Fy, (z.y): R" x R" — R*" and
Fo.(z.y): R" x R* — R*" by

Mz —-y+gq
Fo, (z,y):= . (2.18)
‘I)“(J:,y) |
[ Mz —y+gq ]
Fd/u(m'y) = k] (2.19)
L \DM(I', y) |
bu(T1,41)
B, (z,y) = , (2.20)
| Ou(ZnrYn) |
and _ )
wu(xlv yl)
Uu(z,y) := (2.21)
d’u(xna yn) )

Clearly, a point (z,y) is on the central path if and only if Fy (z,y) =0 (or Fy,(z,y) =
0).




Depending on the conditions imposed on LCP(g, M), there are two types of exis-
tence results for the central path. In order to state these results we need to review

some terminology.
Definition 2.1.5 4 matriz M € R™™" is said to be
(a) a Py matriz if each of its principal minors is non-negative,
(b) a P matriz if each of its principal minors is positive,
(c) an Ry matriz if LCP(0, M) has unique solution (z,y) = (0,0), and
(d) a non-degenerate matriz if each of its principal submatrices is nonsingular.

The set of P, matrices clearly contains the set of all positive semi-definite matrices.
The positive semi-definite matrices give rise to the monotone linear complementarity
problems of which both linear and convex quadratic programming are special cases.
Every positive definite matrix is a P matrix, and a P matrix is a non—degenerate
matrix that is both a Py and an Ry matrix. Under the assumption that the matrix

M is an R, matrix, it is straightforward to show that the solution set
S={(z,y): 0<z,0<y, Mz —y+q=0, and Ty = 0} (2.22)

to LCP(q, M) is bounded. The boundedness of S is key to the analysis of the limiting
behavior of the central path as the continuation parameter u tends to zero. This
limiting behavior and the existence of the central path is addressed in the following

result due to Kanzow [42, Corollary 3.9] (also see Chen and Harker [9, Corollary 3.9]).

Theorem 2.1.6 ([42, Corollary 3.9]) If M is a Po and an Ro matriz, then the equa-
tion Fy,(z,y) =0 ( or Fy,(z,y) = 0) has a unique solution (z(p),y(r)) for all p > 0.
Moreover, the entire sequence (z(u),y(u)) converges to a solution of LCP(q, M) as
i tends to 0.



Some interesting linear complementarity problems don’t satisfy the conditions in
Theorem 2.1.6. For example, the LCP derived from linear programming and convex
quadratic programming is monotone but is generally not Ro. Therefore the existence
results don’t apply to these problems. A different existence result is established by
Hotta and Yoshise [37] (see also Kojima. Megiddo, Noma and Yoshise [44]) and is

based on the following condition.

Assumption (A): LCP(q, M) has a feasible interior point (z,y) € R™*", ie.,

r>0,y>0and Mz —y+q=0.

Theorem 2.1.7 ([37, Theorem 3.3]) If M is a positive semi-definite and condition
(A) holds, then the equation Fy (z,y) =0 ( or Fy,(z,y) = 0) has a unique solution
(z(p),y(p)) for all p > 0. Moreover, the entire sequence (z(p), y(u)) converges to a
solution of LC P(q, M) as p tends to 0.

2.1.2 Chen-Magasarian smoothing functions

Chen and Magasarian [13] introduced a class of smoothing functions that approxi-
mates the plus function z4 by twice integrating a parameterized probability density

function. The smoothing function is defined by

/ / LaZ )dz:dt (2.23)

where 0 < 1 < oo is a smoothing parameter and d(z) is a probability density function,

that is it satisfies
d(z) > 0, / d(z)dr = 1.
When x goes to 0, the limit of id(f) is the Dirac delta function, §(z), which satisfies

the following properties

é(z) 20, /‘°° §(z)dz =



and the limit of the function p,(z) is the plus function =y := max{z,0}. It is well

known that the complementarity condition
£>0,y>0zTy=0 (2.24)
can be rewritten as:
min{z,y} =0 or - (z—-y)+=0. (2.23)

where the plus function is taken component-wise. By replacing the plus function by

the smooth function p,, we have the following smoothed complementarity condition:
z—P,(z—y)=0. (2.26)

where p > 0 is the smoothing parameter and

pu(z1 — Y1)
Pz —y):= : (2.27)
Pu(Tn = Yn)
The smoothed LCP then becomes
Fy(z.y) = Mz—yta | (2.28)
z— P,z —y)

In the following, we give several examples of Chen-Magasarian smoothing func-

tions.

Example 2.1.8 Neural networks smooth function (Chen and Magasarian [13]):

e-.’t

(1 +e=)2’ Pu(z) = =+ pln(l +€7%). (2.29)

d(z) =

Example 2.1.9 Chen-Harker-Kanzow-Smale smooth function ( Chen and Harker
[9], Kanzow [42] and Smale [72]):

9 > -2 2
d(z) Ty (2.30)

2

T =m7 Pu(z)=



The properties of the Chen-Magasarian smoothing functions and the existence of
the smooth path defined by (2.28) can be found in Chen and Magasarian [13], Chen
and Harker [11], Chen and Xiu [12].

2.1.3 Gabriel and Moré smoothing functions

Gabriel and Moré [31] proposed a class of smoothing functions that approximate the
median function. It is shown in [31] that the class of Gabriel and Moré smooth-
ing functions is general enough to include the class of Chen-Magasarian smoothing

functions.

It is well-known that the boxed constrained variational inequality problem VI(F. [l

(1.13) can be reformulated as the following nonsmooth equation
r—mid(l,u,z — F(z)) =0, (2.31)

where mid(.) denotes the component-wise median operator. The smoothed varia-
tional inequality problem with parameter 4 > 0 is obtained by approximating the

median function with the Gabriel-Moré smoothing function G, (z):

z—G,(z)=0, (2.32)

where G, (z) is defined by
(G.(z))i = / mid(;, ui, z; — Fi(z) — pt)p(t)dt =0, 1=1,2,...,n, (2.33)

and p is a probability density function satisfying certain conditions. Typical choices
for p include the neural network smooth function (2.29) and the Chen-Harker-Kanzow-
Smale smooth function (2.30).

The analyses of algorithms based on the smoothed Fischer-Burmeister function
¥, and the Chen-Harker-Kanzow-Smale smoothing function ¢, are very similar dif-
fering only by a constant here and there. In this thesis, for simplicity, we choose

to focus on the CHKS smoothing function ¢,. However, whenever appropriate, we
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indicate how the analysis differs when the function ¥, is used instead of ¢,. The
Chen-Harker-Kanzow-Smale smoothing function is a member of the class of Chen-
Magasarian smoothing functions. Therefore it is not surprising that the analysis of
the algorithms based on the Chen-Harker-Kanzow-Smale smoothing function can be
generalized to the algorithms based on the Chen-Magasarian smoothing functions

and more generally to algorithms based on Gabriel and Moré smoothing functions.

2.2 A New Notion of Neighborhoods

For 3> 0 and u > 0, we define a slice of the neighborhood by

No(Bop) :={(z,y) : Mz —y+q=0, [[®u(z. )], < 3u}. (2.34)

and take as our neighborhood of the central path the union of all slices over p > 0,

l.e..

N.(B) = U“>0J\f5(/j.ﬂ), (2.35)

here the subscript s is used to distinguish this neighborhood with the neighborhood
to be discussed later in this section.

Just as the assumption that the matrix M in LCP(gq, M) is an Ro matrix can be
used to establish the boundedness of the solution set S, this assumption can also be

used to assure the boundedness of certain slices of the neighborhood NL(B)-

Proposition 2.2.1 Let 3 > 0, po > 0. If M is an Ro matriz, then the set
U0<u5uoNs(ﬁ»#)

is bounded.

Proof The pattern of proof is identical to that which is used to show the boundedness
of S. Suppose to the contrary that there exists an unbounded sequence {(z*,y*)} €

Uo<uguoNs(B, 1) Then there is also a sequence of scalars {u} such that {(z*,y*)} €
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N, (B,pux) and 0 < pp < po. Since the sequence {((z*. y*)/ “(:zk,y")“oo,uk)} is
bounded, we may assume without loss of generality that this sequence converges to
a point ((£*.y"),u.) € [R**+'. By dividing the equation Mz* — y* + ¢ = 0 through

by ||(z*.y*)|| . and taking the limit as k — oo, we find that
o g

Mz -y =0 (2.36)
In addition. foreach i = 1,.... n, we have
|20 (2£. yE) Bh 3uo
I(z% )l ~ M=% ¥ Mo ~ lz* v*)ie
Again, taking the limit in k yields
oo(z,y7) =0, foreachi=1..... n. (2.37)

But (2.37) and (2.36) taken together imply that (z*, y*) # 0 is a solution to LCP(0. M).
This contradiction yields the resuit. O
Proposition 2.2.1 shows that the set Uocu<uoVe(B. 1) is bounded when M is an

R, matrix. However. the set may not be bounded for arbitrary 3 > 0 and po > 0

under condition (A), as shown by the following example suggested by Sun [74].
Example 2.2.2 Let

n=1l.M=0,gq=1lpu=13=2.
Then condition (A) holds, but the set N,(f3, o) is unbounded.

The above example motivates us to modify the neighborhood N,(3). It turns
out that the modified neighborhood has the desired boundedness property under
condition (A). The modified neighborhood is defined as

(2.38)

JV(IB) :={(I7y) Mz—y+q=0’ (D(I’y,#)go’ } ’

L ®(z, . #)ll oo < Bu for some p >0




where 3 > 0, ®(z,y,p) : R* x R* x Ryy — IR" is defined by

é(zl’ ylvu) ]
(z,y,p) =

b4

B(Zns Yns ) J

and ¢ by (2.4). This neighborhood can be viewed as the union of the slices

N(Bop) = {(z.y) : Mz —y+q=0, ®z.y,u) <0, |®(z.y.p)llo < Bu} (2.39)

for p > 0.

We will show that if the algorithm is initiated in this neighborhood, then the
inequality ®(z,y, ) < 0 is automatically satisfied at subsequent iterates. Hence this
inequality does not complicate the structure of the algorithm. In the monotone case.

this inequality is key to establishing the boundedness of the iterates.

Lemma 2.2.3 Assume that condition (A) holds. Then for any 3 > 0 and po > 0,

the set
UO(“S#ON(Iﬁv /J)
is bounded. Indeed. for any (,y) € Uocuguo (B, ), we have fori=1.2,....n
Iy+_ zl||, + |lyll,) + n max ’_J.
(Buo)j2 <z < lall, + llgll) (5. 2)
Y;
z7 y+ + e (llzll, + IIyII )+nmax{y2,ﬁ Bud }
—(Buo)/2 <y < 2 1 - 0

where (%, ) is any feasible interior point, that is, a point satisfying
Mz—g+q=0, >0, y3>0.

Proof Let 3 > 0, 0 < p < po, and (z,y) € N(B,p) be given, and let (Z,7) be
a feasible interior point for LCP(q, M). First observe that if -4 < &(a, b, 1), then
—§/2 < min{a, b}. To see this, note that the condition —4 < #(a,b, u) implies that

0<[(a+68/2) = (b+6/2) +4p? < (a+68/2)+(b+6/2). (2.40)
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Squaring both sides and cleaning up yields 0 < pu? < (a+46/2)(b+4/2). Thus, since at
least one of (a + §/2) and (b+ §/2) must be positive by (2.40), both must be positive

yielding —§/2 < min{a,b}. This observation implies that
z; > —(Bu)/2 = —(Bpo)/2, and
yi > —(Bu)/22 —(Bpo)/2.

forz=1,2,....n.

Next. note that if 0 < a and 0 < b, then the inequality ¢(a,b, ) < 0 implies that

0<a+b< \f(a — b)? + 4u?. Again, by squaring and cleaning up, we see that this

gives ab < u?. This observation implies that

riy; < pi for each i € {1,.. ..n}withO<z;, 0<y;. (2.42)

We conclude the proof by noting that monotonicity yields 0 < (z — z)T(g—y),or
equivalently 2Ty + g7z < 2Ty + zTy. This inequality plus those in (2.41) and (2.42)

yield the bound

5 st S < S ety- | Saws T
¥ >0 z,>0 ¥:i<0 z;<0
T~ T Buo,, _
< Fg+zty+—=(lzll, + gl
-T- Bro _
< g+ Y zwi+ Yz + -1zl +1glh)
;>0 ;<0 =
yi >0 v <0
T 2 Budy | Buo _
< &g+ nmax{ud, =2} + ==(1I2l, + l3ll,) -

4

It follows that if y; > 0, then

G _ _ 2,,2
L E79+ Ze(lzl, + [lgll,) + nmax{ud, S5

— )
T

and, if z; > 0, then

o _ _ ﬁ2 2
z7g + 22 (||zll, + I3ll,) + n max{pd, ==}

Ty S -
Yi
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a

We now prove an interesting structural property of the neighborhood. We show

that the solution set
S={(z.y): Mz —y+q=0,z>0,y>0,z"y =0}, (2.43)
is contained in the interior of the slice A/(3,u) relative to the affine set
A={(z.y): Mz —y+q=0}, (2.44)

for all g > 0 and 3 > 2. This property demonstrates that this neighborhood is
fundamentally different from those used in the interior-point literature, where the
solution set necessarily lies on the boundary of the neighborhood relative to the

affine constraints.

Theorem 2.2.4 For any u > 0 and 3 > 2, the solution set S is contained in the

interior of the slice N'(3,p) relative to the affine set A.

Proof First note that if z;y; < u®. then

o(Ziy Yiy 1t) i+ yi — V(zi— yi)? +4u?

= z;+ Y — \/(-’l‘; + y;)? + 4(pu? — ziyi)

0.

IN

Also. if z; > 0,y; > 0 and r;y; = 0, then either z; =0 or y; = 0. If z; =0 and y; > 0,

then
O(ziyip) = zi+yi— V(zi—yi)? + 4l
= yi—\Jyl +4u’
> yi — (yi +2u)

—-2u > —pPp.
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Similarly. if y; = 0 and z; > 0, then again &(zi, yi, ) > —0Op. Now if (z°.y") € S,

then by the continuity of function ¢, there is an § > 0 such that for all (z,y) in

@) = {(z.y) i Iz — 27l £ 6. Ny =yl <6}

we have &(z;, yi,u) > —08p and ziy; < u? for all i = 1,...,n. Therefore for any
(z,y) € O(6), we have

®(z,y.p) <0, [|2(z,y, )|l < Bu.

and so (z~,y*) is in the interior of the set N (3, ) relative to the affine set A. 0

Corollary 2.2.5 For any p > 0 and 3 > 2, the solution set S is contained in the
interior of the slice N,(3, ) relative to the affine set A.

Proof The result follows from Theorem 2.2.4 and the fact that

N(B.p) C V(B ).

2.3 A Prototype Algorithm for Non-Interior Path Following Methods

In this section, we give a prototype algorithm for non-interior path following methods

and compare it with a prototype algorithm for interior-point path following methods.

A Prototype Algorithm for Non-Interior Path-Following Methods

Step 0 (Initialization)
Let go > 0, 8 > 0, and (2°3°) € R®™ be given so that (z°,y°) €
N(/Bv ,uo).
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Step 1 (Computation of the Newton Direction)
For k =1,2.3,.... compute a Newton direction (Azk, Ay*) at (%, y¥)

from the equations
Mz —-y+q=0. ®,,(z,y)=0, (2.45)

where o € [0. 1].
Step 2 (Backtracking Line Search)

Set
($k+l’yk+l) — (.’L’k,yk) + ak(A:z:k, Ayk),

where ay is chosen such that
(251 ) € V(8. pitr), (2.46)
with pr+ € (0, k).

Remarks 1. For LCP(q, M) with Ry matrix, we can replace the set N(3,u) by the
set V (3, u) in the algorithm.

2. The parameter 3 can be chosen to be any positive number.

3. In the initialization step, setting

guarantees that the inequality ®(z°, y°, o) < 0 is satisfied. For example, one
can choose (2% 4°) = (0,q) in which case o can be taken to be any positive

number.

4. The choices of search directions and the backtracking line search steps will be

discussed in details in the next chapter.
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We now give a prototype algorithm for interior-point path following methods.

A Prototype Algorithm for Interior Point Path-Following Methods

Step 0O (Initialization)
Let o > 0. 8 > 0. and (2°.3°) € R?"_ be given so that (z°,.4°) €

J 1nt(5~,ﬂ0)-
Step 1 (Computation of the Newton Direction)

For k = 1.2.3..... compute a Newton direction (Az*, AyF) at (25, yb)

from the equations

Mz —y+q=0. Xy—owul =0, (2.47)
where o} € (0. 1].
Step 2 (Backtracking Line Search)
Set
(51 g = (25, 0F) + an(AF, Ay),
where ay is chosen such that
(2 y**1) > 0 and (2" y) € Mol 3 ptisr). (2.48)

with g € (0, ).

Remarks 1. The set Vin:(3, 1) is a slice of the neighborhood Nint(3) defined in (1.34),

that is

Nine(Bop) = {(z,y) : Mz —y +q=0, HX—yi—“i“-SB» 0<z, 0<y, }.

2. The parameter 8 in the algorithm has to be in (0, 1).

3. In practice. it may be difficult to find an initial point satisfying (z°,y°) > 0 and
(2°,4%) € Nine(B, o). To handle this difficulty, various infeasible interior-point

methods are proposed where M z* — y* + ¢ may or may not be 0.



4. Unlike non-interior path following methods, interior point methods require all

intermediate steps to stay in the interior of the nonnegative orthant.

2.4 An Example

In this section. we use an example to illustrate the prototype algorithms for non-
interior path following methods and interior-point path following methods.

Consider the LCP(q, M) given in [13, Example 5.1], where

1
M= , q=
9

&

&

-1
—1

(W)}

The unique solution of this problem is (z1,z2) = (1,0) and (y1,41) = (0,1).

For p > 0, let .WV=(83.u) be the projection of the slice N(B.u) onto the z-

coordinate, i.e, the set
{(z1,72) : 3y such that Mz —y+q=0, ®(z,y,p) <0, [|®(z.y. p)llo < B} -

In figure 1, several slices of N*(3,u) are drawn with 3 =4 and p = 15,10, 3 respec-

tively.

For 4 > 0. let NZ,(8,u) be the projection of the slice Nin:(8, ) onto the z-

n

coordinate, i.e., the set
{(z, z2) : 3y such that £ >0,y > 0,Mz—y+q=0,, || Xy—ull, <Bu}.

Here the infinity norm is used in NV (8, i) instead of Euclidean norm.
In figure 2, several slices of NV (B, ) are drawn with 3 = 0.5 and ¢ = 15,10,5

int

respectively.

Remarks 1. The iterates in both interior-point path following methods and non-
interior path following methods move from one slice to another and eventually

lead to a solution.
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Figure 2.1: The slices of N*(3, ) with 3 = 4 and ¢ = 15,10,5.
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Figure 2.2: The slices of NZ,(8, 1) with 8 = 0.5 and p = 15,10, 5.
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2. From Figure 2.1 and Figure 2.2 we see that the neighborhood used in interior-
point methods reside in the interior of the nonnegative orthant, but the neigh-
borhood used in non-interior path following methods does not necessarily reside

in the interior of the nonnegative orthant.

3. As shown in Figure 2.2, the solutions to LCP(q, M) are on the boundary of the
interior-point neighborhood N (3) (1.34) relative to the affine set A (2.44).
On the other hand. from Figure 2.1, we see that the solutions to LCP(gq, M) are
contained in the interior of every slice of the neighborhood A(3) (2.38) relative

to the affine set A. This confirms the result in Theorem 2.2.4.



Chapter 3

THE GLOBAL AND LOCAL CONVERGENCE OF A
PREDICTOR-CORRECTOR NON-INTERIOR
PATH-FOLLOWING METHOD FOR LCP

In this chapter, we introduce a predictor-corrector strategy for non-interior path
following methods and propose a predictor-corrector algorithm for linear complemen-
tarity problem. Under standard hypotheses, we show that the proposed algorithm is
both globally linearly convergent and locally quadratically convergent. [n addition.
we show that the algorithm is globally convergent under a relatively mild condition.
The algorithm and the convergence results presented in this chapter are based on the
Chen-Harker-Kanzow-Smale smoothing function. However, it should be pointed out
that the algorithms and the convergence analysis remain valid if the Chen-Harker-
Kanzow-Smale smoothing function is replaced by the smoothed Fischer-Burmeister
function.

In this chapter, the parameter g in the definition of ¢ plays a dual role. It is
considered both as a smoothing parameter and as a variable. Therefore, we choose

to use the notation

(b(d,b,/l) =a+ b— \/(a - b)2 +4/—"27

instead of ¢,.
The plan of this chapter is as follows. In section 3.1, we introduce the predictor
and corrector search directions for non-interior path following methods. In section

3.2, we propose a predictor-corrector non-interior path following algorithm and prove
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that the algorithm is well defined. The global linear convergence of the algorithm is
presented in section 3.3 and the local quadratic convergence is given in section 3.4.
In section 3.5. we show that the algorithm is globally convergent under a relatively

mild condition.

3.1 Predictor and Corrector Search Directions

We obtain the predictor and corrector directions by applying Newton's method to

equations of the form
Fds(x,y,u) =v (31)

for various choices of the right hand side v where the function F' : R" x R" x R, —

IR x R" x IR, is given by

Mz —-y+q
Fo(z.y,p) == (z,y, ) : (3.2)
i H
with )
o(z1, Y1, 1)
®(z,y,u) = : (3.3)
| O(Zns Yns 1)
Note that
Fo(z,y,p) =0 (3.4)

if and only if (z, y) solves LCP(q, M), and

0
i

if and only if (z,y) is on the central path C corresponding to the smoothing parameter
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If we choose v = 0, then the Newton direction at (Z, 7, ) to the equation (3.1)
gives us the predictor direction, that is, the direction (Az, Ay, Au) satisfving the

equations

Fo(%.5,8)+ VFs(2.5,0)7 | Ay | =0. (3.6)
Ap
It is helpful to take a closer look at the Newton equations (3.6). In (3.6), we have

Ap = —jii and so system (3.6) reduces to

MAz — Ay =0.
V. 8(z.9,.2)TAz + V,8(2.5,5) Ay = —@(2. 4, &) + AV, D(Z. 7, ).

—~
w
.

i |
~

If we choose

o

S
il
o

then the Newton direction at (Z,7,z) for the equation (3.1) gives us the centering

direction (or corrector direction), that is. the direction (Az, Ay, Au) satisfying the

equations
Az 0
Fo(2.5,2) +VFs(z.5,8)" | Ay | =] 0 (3.8)
Ap f
It is easy to see that Au = 0, so the system (3.8) reduces to
MAz — Ay =0,
(3.9)

V.9(%,§,5) Az + V,8(2, 9, 2)T Ay = —®(Z,7,4)-

Finally, if we choose



for some o € (0.1), then the Newton direction at (Z, 7, i) to the equation (3.1) gives

us a combined direction, that is, a direction (Az, Ay, Ap) satisfying the equations

Az 0
Fo(2.§.0) + VFs(z.5.8)7 | Ay | = 0 : (3.10)
Ap (1—o)a

In this case. Ay = —ofi. Therefore the system (3.10) reduces to

MAz — Ay =0

(3.11)
V. 83,7, 4) Az + V,®(z. §,4)TAy = (2,9, z) + oV, (2. §, /)

When o = L. this vields the predictor direction and when o = 0, it yields the centering
direction. Therefore, when 0 < o < 1, the combined direction can be considered as
a combination of the predictor direction and the centering direction. Most existing
non-interior path following methods [5, 8. 7, 9, 12, 42, 41, 43, 83, 84] are based on
the centering direction. The predictor direction and the combined direction are new
and are used in the predictor-corrector non-interior path following algorithm to be
studied in this chapter.

The general outline of our predictor-corrector algorithm can now be described.
First, a predictor step is computed. This is the Newton step based on the equation
(3.4) at the current iterate. The predictor step in the r and y variables is either
accepted or rejected depending on whether it is in a pre-specified neighborhood of
the central path for the current value of the smoothing parameter. If it is in this
neighborhood, then the predictor step is accepted and a backtracking routine is ap-
plied to the smoothing parameter u to reduce its value as much as is possible subject
to remaining in the neighborhood of the central path. Next, a corrector step is com-
puted. This is the Newton step based on the equation (3.5) at the iterate obtained
from the predictor step with i taken to be a fixed fraction of the value for obtained
from the predictor step. Again, a step length is determined to return the update

to the neighborhood of the central path. The technique for choosing the corrector
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step guarantees the global linear convergence of the method, while the technique for
choosing the predictor step provides for the local quadratic convergence of the iter-
ates. The line search routines for both the predictor and corrector steps are based on

finitely terminating backtracking procedures and as such are easily implemented.

3.2 A Predictor-Corrector Non-Interior Path-Following Algorithm

In this section. we state our predictor-corrector algorithm for LCP and show that it

is well-defined.

The Predictor-Corrector Non-Interior Path-Following Algorithm

Step 0: (Initialization)
Choose z° € R", set y° = Mz°+q, and let o > 0 be such that ®(z°, y°, po) < 0.
Choose 3 > 2 so that ||®(z°, y°. po)|l o < Bto. We now have (z°,y°) € VN (B, po).
Choose &. ai, and a; from (0. 1).

Step 1: (The Predictor Step)

Let (Az*, Ay*, Auy) solve the equation
7

Fa(zF,y* ue) + VFs(z*, v u)T | Ayt | =0. (3.12)

If “<I>(1"‘ + Azk yF + AyF, 0)“00 =0, STOP, (z¥+Az*, y*+Ay*) solves LCP(q, M);
else if

l|@(zF + Az, y* + AyF, )|, > B,
set

=z, ¥ =y, fri=pk, and Q=1 (3.13)




else let nx = o} where s is the positive integer such that

”<I>(1:k + Az y* + /_\y",a‘lyk)noo < ofBur, t=0.1,2,....5, and (3.14)

|®(z* + AzF.y* + AyF e )| > oSt Buy.

Set

2 = % + AzF. g}k = yk + Ayk, [k 1= Nkitk-

Step 2: (The Corrector Step)

Let (Az*, Ag*. Af,) solve the equation

AzF 0
Fo(3, 5% ) + VFs(5, 3%, )T | AgF | = 0

and let ;\k be the maximum of the value 1,a2,a§, ....such that
|@(a + Xeazh. i* + Kagh (- S| < (1 - 258

Set
o= 26 N AR, T =+ AATS, e = (1 — &he )ik,

and return to Step 1.

(3.15)

(3.16)

(3.18)

(3.19)

Remarks 1. Note that if the null step (3.13) is taken in Step 1, then the Newton

equations (3.12) and (3.17) have the same coefficient matrix. Therefore only

one matrix factorization is needed to implement both Steps 1 and 2 in this case.

2. In the initialization step, setting
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guarantees that the inequality ®(z° y° uo) < O is satisfied. For example, one
can choose (z°.y°) = (0,q) in which case po can be taken to be any positive

number.

3. The condition that 3 > 2 is only employed in proof of local quadratic conver-

gence. It is not required to verify the global linear convergence of the method.

4. Observe that the function F has nonsingular Jacobian at a given point if and
only if V., F is nonsingular at that point. In {42, Theorem 3.5] it is shown
that if g > 0 and M is a Po-matrix, then V() F(Z,y,p) is nonsingular for
all (z.§) € IR*™. Therefore if M is a Pp-matrix, the Jacobians VF(z*, y*, uk)
and V F(&F, ¢, fix) are always nonsingular and so the Newton equations (3.12)
and (3.17) vield unique solutions whenever (z*, y*, ui) and (2. §*, k) are well-
defined. In addition, since y° = Mz° + q, we have y* = Mz* + qand §* =
Mz* + q for all well-defined iterates.

Theorem 3.2.1 Consider the algorithm described above with M being a Po-matriz.
If (2%, y*) € N(3. ux) with ug > 0, then either (zF + Az, y* + Ay*) solves LCP(q, M)
or both (35, 3%, iix) and (zF+!, y*+1, uey) are well-defined with the backtracking rou-
tines in Steps 1 and 2 finitely terminating. In the latter case, we have (2%, 3%) €
N(B3.0x) and (zF+L,y*Y) € N(B,pre) with 0 < pgyr < ik Since (z%,y°) €
N (B, po) with po > 0, this shows that the algorithm is well-defined.

Proof Let (z*.y*) € N(B,ux) with g > 0. By Remark 4 above, (Az*, Ay*, Apy)
exists and is unique. Since y* + Ay* = M(z* + Az*) + q, we have

|@(z* + Azk,y* + Ay*,0)||_ =0

if and only if (z* + AzF, y* + AyF) solves LCP(q, M). Therefore, if (% + Ak, y* +
Ay*) does not solve LCP(g, M), then by continuity, there exist ¢ > 0 and &z > 0
such that ||<I>(:r“+A:z:’°,y"+Ay",u)||°° > ¢ for all p € [0,i]. In this case, the
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backtracking routine described in (3.14) and (3.15) of Step 2 is finitely terminating.
Hence (Z*. §*, fix) is well-defined, with 0 < jx < pk, and (AZ*, Agk, Af,) is uniquely
determined by (3.17). To see that the backtracking routine in Step 3 is finitely
terminating, define 6(z.y,p) = ||®(z,y, )|, This is a convex composite function

[2]. By (3.17)

O'((2F. *. jue); (AZF. NFF. Ay )

AzF
= inf 2! ®(2*, i, i) + AVE(EF, g% a)T | AgF — ||®(*. 5", )|,
AV
o o]
Azk
< |l ®(zF. 5*, k) + VOEF. §* ae)T | At ~||®z*. 7%, a)l
S |
20

< 0.

Therefore, (3.18) can be viewed as an instance of a standard backtracking line search
routine and as such is finitely terminating with 0 < ug4y < ik < g (indeed, one can
replace the value of & on the right hand side of (3.18) by any number in the open
interval (0.1)).

Since (z*,y*) € N(B.uk), the argument given above implies that either (z* +
Az* y* + AyF) solves LCP(g, M) or §* = Mz* + q with “(I)(:i:",g]k,;}k)lloo < Bjix and
y*+tl = Mzk+! + ¢ with ll@(zk+l,yk+l,pk+1)||oo < Bprsr. Thus, if (zF + Azk,y* +
Ay*) does not solve LCP(g, M), we need only show that o(z*, 9%, 4r) < 0 and
®(zF+!, y**! pepr) < 0 in order to have (2F.9%) € N(G, k) and (z*+!, g5+ €
N(B, pte+1) - First note that the component-wise concavity of ® (see Lemma 2.1.4)

implies that for any (z,y,u) € R**! with g > 0, and (Az,Ay,Au) € R*™! one



has

®(z + Az, y + Ay, p + Ap) < O(z,y. 1) + VO(z, 4, 1) | Ay
Apu
Hence. in the case of the predictor step, either (3.13) holds or

®(z*, i, fix)

= &(zF + Az, y* + AyF, nep)
( AzF

< O(zF.yF pe) + VO(F, yvF, k)T Ay*
\ (me — 1)
[ Azk

= B(zF yk k) + VO yF )T | Ay | eV YR k)
\ -

= meprV 025, yF. pe)

< 0.

In either case, ®(Z*, §*. k) < 0. For the corrector step, we have

(D(zk+lv yk+17#k+l)

= B(3F + A, 7 + AeAGE, e — A Ry)

< B35, 5 ) + M VOEE 5 )T | A
—Gfk
= (1-M)®(&* % k) <0,
since we have already shown that ®(#¥,§*, ix) < 0. This completes the proof. a

3.3 The Global Linear Convergence

To establish the global linear convergence, we require the following key assumption:




Assumption (B): Given 3 > 0 and o > 0, there exists a C > 0 such that

|Viza) Fol, §,m) |, £ C, (3.20)
for all 0 < g < po and (z,5) € N (3, p).
We now give a condition under which Assumption (B) holds.
Definition 3.3.1 Let S be the set of solutions to LCP(q, M) and set
J := {j| there ezists (z.y) € S such that y; = 0}.

We say that the problem LCP(q, M) satisfies the FLP condition if the principal sub-

matriz M, is non-degenerate.

Remarks 1. The FLP condition extends a similar notion due to Fukushima. Luo.
and Pang (30, Assumption (A2)].
2. If M is a P matrix, then clearly LCP(q, M) satisfies the FLP condition.

The key step in establishing the uniform boundedness of Viey Folz, y. )7 is

provided by the following technical lemma due to Fukushima. Luo, and Pang.

Lemma 3.3.2 [30, Proposition 3.2] Let 3 > 0 and po > 0 be given and assume
that M is a P, matriz. Let (z*,y*, ui) be a sequence in R*™t! such that (z*.y*) €
N(3,px) and 0 < px < po for all k. If the limit

lim (V- ®(c*, y*, pe), V, @(z", ", 1)) = (D, Dy)

k—o0

erists and the principal submatriz My is non—degenerate, where

then the limiting matrz

is nonsingular.



)]
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Proposition 3.3.3 Let yo > 0.3 > 0 and assume that M is a Py and an Ry matriz
for which LCP(q, M) satisfies the FLP condition. Then for all0 < p and ¢,y € R"
satisfying

0 < u < po, and (z,y) € N,(B. 1)

there erists a constant C > 0 such that
”V(Ivy)F@(‘T% yvﬂ)_l”w S C. (3.21)

Proof Assume to the contrary that there is a sequence {(z*,y*. i)} such that 0 <
pr < po, (2%.y%) € N(B. p), and ”V(,'y)Fd,(:z:",y",pk)“”oo > k. By Proposition
2.2.1. the sequence {(z*,y*, ux)} is bounded, hence we can assume that the sequence
converges to some point (z*,y", ). If g. > 0, then V(-4 Fy(z",y" u.) is non-
singular which implies the boundedness of the sequence “V(r‘y)['},(z:k,yk,uk)‘luoc.
Hence it must be the case that pu. = 0. Therefore (z*,y*) € S. In addition, by
Lemma (2.1.3), the sequence (V0(z*, y*, ur), V,®(z*. y*, pi)) is also bounded. so

with no loss in generality

lim (V:®(z*. y*, e), Vo @(z*, 4", 1x)) = (D, Dy)

k—+co
for some positive diagonal matrices D; and D,. Let I = {i|(D:):; = 0}. It is easy
to check that [ C J (see Lemma (2.1.3)). Therefore. M/ is non~degenerate since
M;j; is. Hence Lemma 3.3.2 implies that lim, V(I_y)F,b(zk,yk,pk) exists and is non-
singular. But then again the sequence H(V(m) Fo(z*, y*, pe)) ™t ”oo must be bounded.
This contradiction yields the result. 0
We are now ready to establish the global linear convergence of the algorithm. This
result depends only on the corrector step (Step 2 of the algorithm) and is independent
of whether or not the predictor step (Step 1 of the algorithm) is implemented on any

given iteration.

Theorem 3.3.4 (Global Linear Convergence) Suppose that M is a Po-matriz and
that Assumption (B) holds. Let {(z*,y*. ui)} be the sequence generated by the algo-



rithm. If the algorithm does not terminate finitely at a solution to LCP(q, M), then
fork=0,1,...,

(xkv yk) e ‘v(ﬁv #k)v (3’22)
(1 — 6M k1) Me—t - -- (1 —F%0)M0k0 = #k,s (3.23)

with
Ak > A :=min{l az(1 = )6 h (3.24)

"2CYHB +25)t+62+6(1 —5)B
where C is the constant defined in (3.20). Therefore py converges to 0 at a global
linear rate. In addition, the sequence {(z*,y*)} converges to a solution of LCP(q, M ).

Proof (i) The inclusion (3.22) has already been established in Theorem 3.2.1 and the
relation (3.23) follows by construction.

(ii) For sake of simplicity, set (z,y, 1) = (Tk, Yk, fk) and (Az,Ay) = (AZF, Agh).
Then for i € {1,.... n} and A € [0,1], Lemnma 2.1.4 and (3.17) imply that

|6(zi + AAZi, i + Ay, (1 — FA)u)]
A.’tg
= |B(zayi p) F AVS(ziyinp)T | Ay |+

i —Ou
T
2 Al‘i A.’Ei \
A

5 | Au Vi¢(zi + O:AALi, yi + 0:AAy;, (1 — 0:5A)p) | Ay

2 Az;
A
< (1= Mgk b )l + 5 (| VPe(ai + 0:dAzi, yi + 00 Ay;, (1= 0:5M)p)|| ||| Aws
—&p
AZ

IN

(1 = M)lé(zi, yi 0| + =g I(Azi, Ayi, —5p)|?




for some §; € [0.1]. Set t; := ||(Az;, Ay, —5',u)||2 for:=1,....n, then
|®(z + AAz,y + Ay, (1 = dM)p)ll

/\2
< u-AMQwﬁ#mm+ﬁi?§;

tn

o0

2
Ar 5 2
+o°u”
Ay

(2C4B +25)* + &%) p, (3.25)

A2 .
< (=M e(z gy plle + =y (3

2

1—aA

< (1=MABu+

where the last inequality follows from (3.7) which yields the bound
Az
Ay

It is easily verified that

< NVenF oyl (1223 )l + o6 lVa@(z ¥ 1))

o

< C(3+25)p. (3.26)

A2
(1= N8+ =3 [2C%(8 + 25)* + 8°|u < (1 = 67)Be,
whenever
v (1-5)8
—2CYB+25)2+52+6(1—0a)B
Therefore

s ) ay(l — )8
Ak > 1, .
L= mm{ 3CHB +25)2 + 5% + o(l — a)g}
Just as in (3.26), the relations (3.7) and (3.9) yield the bounds

Az* AzF
AyF AG*

since 0 < & < 1 and 0 < m < 1 for all k. Therefore, (3.23) and (3.24) imply that

Az* Az*
Ay* A

< 20(B+2)pe <2C(B+2)(1 — M) *po .

<C(B+2)pk

[e o}

a

H(xk+17yk+l) _(xkvyk)”oo < +’\k




(1
Ut

Hence. {(z*, y*)} is a Cauchy sequence and so must converge to a solution of LCP(gq, M).

a

3.4 The Local Quadratic Convergence

We now establish the local quadratic convergence of the pi’s under the assumption
that the iterates converge to a solution of LCP(q, M) at which strict complementary

slackness is satisfied.

Theorem 3.4.1 (Local Quadratic Convergence) Suppose Assumption (B) holds and
that the sequence {(z*.y*, uk)} generated by the algorithm converges to {(z*,y=.0)}
where {(z=,y")} is a solution to LCP(q, M ). If it is further assumed that the strict

complementary slackness condition 0 < z* + y~ is satisfied, then
s = O(k2), (3.27)
that is, ui converges quadratically to zero.

Proof First observe that due to the strict complementarity of {(z*,y*)}, Part (iii) of

Lemma 2.1.4 indicates that there exist constants e > 0 and L > 0 such that
V26(z, g m)|| < L, whenever [[(z.y.1) = (274" 0)llo < €. (3.28)
Hence, for all k sufficient large and n € (0. 1], we have for each i € {1,...,n} that

lo(z + Azk, yf + Ayf )]

Azk
= |B(zf, yF, mx) + VIO, u7 ) Ayk +
(n — L)pk
T
1
3 Ayt V2(zF + 0:AzF, yi + 0:AyF, (1 + 0:(n — 1)) px) Ay¥

(n — 1)p (n — 1)k




= |o(zk gk ) + VTo(zE, yF ) | AyF | e Vad(a, 5 )| +

—Hk
T
Azt Azk
1
5 Ayk V2o(z¥ + 0:az5, yi + 0:8yF, (1 + 8:(n — D)) Agk
(m— L)pk (n — l)yk

IA

el V002, v )|+ 5 (32, Ak, (= Do)
= 2nue+ é (A%, Ayk, (7 — De)||”
Now using an argument similar to that used to obtain (3.25), we have
|®(z* + Azt y* + Ay, < 2 et é(QCz(ﬁ +2)2 + (1 —n)*)ui
< 2omet ZECHBL T+ DEL (329)

Hence, since 3 > 2. the inequality (3.14) in Step 1 of the algorithm holds with t =0

for all k sufficiently large. It is easy to verify that
L
2 nue + 5(2C*(B +2)" + i < 18k, (3.30)

whenever

L

23—

[2C*( B +2)* + 1]uk.

Hence. by (3.15), we have

avme € 575 2078+ 2 + L
and so
L
M < m[cz(ﬁ +2)% + U, (3.31)

for all k sufficient large. Therefore, by (3.16),

Hk+1 = O(#i)-




(@)
=1

3.5 The Global Convergence

We now show that under relatively mild condition, the algorithm is globally conver-

gent.

Theorem 3.5.1 Suppose that M is a P, matriz and that Assumption () holds. Let
{z*,y*. u*} be a sequence generated by the Algorithm. Then

(i) The sequence {ux} is monotonically decreasing and convergences to 0 as k — .

(ii) The sequence {(z*.y*)} is bounded and every accumulation point of {(z*. y*)} is

a solution of the LCP.

Proof Since M is a P, matrix, the algorithm is well defined. By the construction of
the algorithm, we can see that prsy < px for (£ =0,1,...). Hence the sequence {u}
is monotonically decreasing. Since ux > 0 (k = 0.1,...), there is a 2 > 0 such that
pr = f. Since {(z*.y*)} € N(B.ux). the sequence (z*, y*) is bounded. by taking
a subsequence if necessary, we may assume that {(z*,y*)} converges to some point
(%,5). If @ = 0, it follows from {(z*.y*)} € N(3. ) that (Z,§) is a solution of the
LCP and we obtain the desired results. Suppose that g > 0. Since V() F(Z,§, /1) is

nonsingular, there exist € >0, L > 0 and C > 0 such that

IVen Fla,y.0)7|, < C, (3.32)
”-V2¢(I," Yi, #)”2 < L, (333)

for all (xvyvﬂ) € 0(:‘:,5,&) = {(zqull) : ”(l’, yv.u) _(i»gsﬁ)” < 6}' Similar to the
proof of the global linear convergence result, we can show that there exists a A such
that A\ > X for sufficient large k. Therefore, for sufficient large k, pesr < cpg for

some constant ¢ € (0,1), we get a contradiction. a



Chapter 4

THE CONDITION-BASED COMPLEXITY OF
NON-INTERIOR PATH FOLLOWING METHODS FOR
LCP

It is well known that interior-point methods have an excellent property, the poly-
nomial complexity. It is natural to ask what is the complexity of non-interior path
following methods. In the next two chapters, we provide some partial results to this
question. In this chapter. we establish a condition-based complexity for a non-interior
path following method for the following two types of problems: (1) the LCP has a
P-matrix, and (2) the LCP has a symmetric positive definite matrix. In the next
chapter. we will study the worst-case complexity. We show that an interior-point
method based on a rescaled Newton directions has polynomial complexity. These
results are the only complexity results available to date and represent a first step
toward understanding the complexity of non-interior path following methods.

In the Turing Machine Model, the complexity of an algorithm is given as a function
of the numbers of variables. the number of constraints, and the bit-size of the data
of an instance. However, complexity in terms of the size of the problem does not
really measure the difficulty of an instance of the problem. Two instances with the
same size may result in different performance for the same algorithm. Therefore, it
is valuable to study the condition-based complexity. For references on the condition-
based complexity for interior-point methods, see Renegar [67], Filipowski [26], Freund
and Vera [29], Todd and Ye [75]. The goal of this chapter is to study the condition-

based complexity for non-interior path following methods. The algorithm in this




chapter uses only a centering direction. However, it should be pointed out that
similar results can also be established for the predictor-corrector algorithm studied
in the previous chapter.

Unlike the previous chapter, we consider u as a smoothing parameter in the def-
inition of the functions @ and ¥. To reflect this interpretation. we use the notation
@, and ¥, in this chapter.

The plan of this chapter is as follows. In section 4.1, we establish a global er-
ror bound for the Chen-Harker-Kanzow-Smale smoothing function and the smoothed
Fischer-Burmeister function in terms of certain “natural” residue. Such error bound
is useful in designing stopping criterion for non-interior path following methods. We
propose in section 4.2 a non-interior path following method which uses only a center-
ing direction and prove its global linear convergence in section 4.3. A condition-based
complexity will be established for LCP with a P-matrix in section 4.4 and for LCP

with svmmetric positive matrix in section 4.3.

4.1 A Global Error Bound

The following two lemmas relating the growth behavior of [o.(a.b)| and |¢.(a,b)]|
with | min{a, b}| suggests that we can use the norm of certain “natural” residual as

the stopping criterion in non-interior path following methods.

Lemma 4.1.1 For any a,b€ IR and p > 0, we have

1+vV2

2

| min(a, b)| < 4 + |pu(a, b)}. (4.1)

Proof Without loss of generality, we assume that b6 > a. Then min(a,b) = a. We
can further assume that a # 0 since in this case (4.1) trivially holds.

In case a + b > 0, we have b > |a| > 0 and

|u(a,0)| = la+b—+/(a—b)"+4p
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|(a +b) — (a = b)* — 447

a+b+/(a—b)?+4u?
4lab — p?|

a+b+ +/(a—b)?+ 4p?

2
dla — 5|

a a 2

S+ \(§ - 1)+ 457
2
Ala -

24+4,/4+ 45

iV

So
2 2 2
p . p
slal - 45 < ala - By @+ 21+ S)leab)]
and
EEB TRV R p LHy/l1+%
a < TV T s b =Tl (42)
2 |a] 2
We claim that /5
X 1+ V2, , .
lmln(awb)l = Ial <up+ 5 |¢u(avb)|° (43)

4

Indeed, if :‘—z < 1, then (4.3) follows from (4.2); and if %:— > 1, then |min(a,b)| =
la| < p.

In case a + b < 0. we have a < —|b| and

6u(a,b)] = la+b—\/(a—b)2+4u?|
= VIR - (a4 b
> V{a—=b5)?—(a+b)

= b—a—a—-b=-2a=2|a|

So
|pu(a, b)]

| min(a, b)| = |a] < 220, (4.4)

The inequality (4.1) then follows from (4.3) and (4.4). frameboz
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Corollary 4.1.2 For all p >0 and (z,y) € R" x R", we have

1+v2

2 -

4

Lemma 4.1.3 For anya,b€ R and u > 0, we have
| min(a, b)| < i + 2|¥u(a,b)|. (4.6)

Proof Without loss of generality, we assume that b > a. Then min(a,b) = a. We
can further assume that a # 0 since in this case (4.6) trivially holds.

In case a + b > 0. we have b > |a| > 0 and

[Yu(a,b)| = la+b—+a?+b+2u?
[(a +6)? —a® - b° — 24|
a+b+ \/a? + b* + 2u?
2|ab — p?|
a+b+\/a?+ b +2u?

2
2]a — &

@4l 44/ S +1+25

2
2la — &

So

and

la] <
We claim that
| min(a, b)| = |a| < p + 2[¢u(a,b)|. (4.8)

Indeed, if f;- < 1, then (4.8) follows from (4.7); and if “:—z > 1, then |min(a,b)| =

la| < p.



In case a + b < 0. we have a < —|b| and

[Wu(a.b)] = la+b—/a® +5 +22]
= @+ +2% — (a+))
> e+ b +2u?
> |a.
So
| min(a. b)| = |a| £ [¢u(a.b)]. (4.9)
The inequality (4.6) then follows from (4.8) and (4.9). O

Corollary 4.1.4 For all 4 >0 and (z.y) € R* x IR", we have
Imin{z. v}l < 4 + 209002yl (4.10)

Remarks 1. In the non-interior path-following algorithm in the next section. a se-
quence of iterates {z*,y*, ur} is generated such that y* = Mz*¥ +q, px = 0
and ||<I>(xk.yk,;zk)”°° — 0 (or ||1P(Ik,yk,uk)||°° — 0). By Corollary 4.1.4,

the algorithm actually reduces the “natural” residue, “min{:ck, MzF + q}”oo,

to zero.

o

It is well-known that ||min{z, Mz + q}||, is a global error bound for LCP(q, M)
when M is an Ro-matrix [50, 51], in particular when M is a P-matrix (52]. In

this case, there exists a constant ¢ which is independent of p such that

min ”(CL‘, y) - (xtv y-)”oo S c [lu +2 “‘D“(.’B, y)”oo] *
(I.vy.)es

min  ||(z,y) — (2% ¥ )Mo < ¢ [p+211¥u(z, 1)) -
(z*.y*)ES

3. When g = 0, similar result was established by Tseng [77] for the function ¥.
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4.2 A Non-Interior Path Following Method based on Centering Direc-

tion

The Algorithm Based on Centering Direction

Step 0 (Initialization)
Let go > 0, 3 > 0, and (2°.y°) € IR®™ be given so that (z°.y% €

N, (3. o). and choose o; € (0, 1] and o; € (0,1) for 1 = 1, 2.
Step 1 (Computation of the Newton Direction)

Let (Az*. Ay*) solve the equation

) Az
Fo, (z*.4%) + VFs, (zF,4%)T R =0. (4.11)
Ay

Step 2 (Backtracking Line Search)
If &, (zF, y*) = 0, set (F+1, y*+1) = (z*, y¥); otherwise, let A be the

maximum of the values 1, a,, @?, ... such that

H@uk(:vk + MAZF Yt + /\k/_\y"')HoO < (1 — o) ||<I),‘,‘(:,:k,y}")“oo ,

(4.12)
and set (zF+!, yF) = (2F + Az, yF + MeAyF).
Step 3 (Update the Continuation Parameter)
Let vx be the maximum of the values 1, a2, a?, ... such that
II(D(l—og’yk)uk(xk+lv ka)“oo S [3(1 - UZ'Yk)#ka (413)

and set prs1 = (1 — 027k )pk, K =k + 1, and return to Step 1.

Remarks 1. The line search in Step 2 is a standard backtracking line search.

2. The parameter o, in Step 3 can be taken to be 1. However, in this case the

choice 75 = 1 will probably never be accepted. In our experiments, we have
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found that by choosing o2 = | the choice vx = 1 is often taken and p is rapidly

reduced.

We now prove the algorithm is well-defined. The proof needs the following lemma.

Lemma 4.2.1 Let 0 < A < | and (Az.Ay) be the solution to the equation

A
Fo(z.y)+ VFs,(z.y)T ( i ) =0.

Ay
Then
A2 2
|®u(z + AAZ. y + AAY)|l,, < (1 = M) [[®ulz.y)ll + " I(Az. Ayl -
Proof By Tavlor expansion. we have for : € {I...., n}

ou(Ti + Az, yi + AAy;)

o , A:E,' ,\2 2, A.’L‘,‘
= ou(zi,yi) + AVaou(zi, i) + 5 (Az, Ay)V dulz.y)
Ay; Ay;

4

‘ A2 2 Az
= (1= MNou(zi,y:) + 5 (Azi, Ay)V ou(z,y) N .
= AY;

Using Lemma 2.1.3, we have
A2 , 2
|¢u(zi + /\A.’ZI,', yi + /\Ayt)l S (1 - A)Iqﬁu(zisyi)l + ;}; “(AJJ, Ay)” .

and so

,\2
19z + XAz, 5+ A0Y)ll0 < (1= N 12wl )l + I(Az, Ay)llZ, .

a

We are now in a position to show that the algorithm is well-defined and imple-

mentable when it is assumed that M is a P, matrix and the condition (B) holds.
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Theorem 4.2.2 Let 3 > 0 and (z*,y*) € Ns(B, pk) for some pp > 0.Suppose that
M is a Py matriz and that assumption (B) holds.

1. The Jacobian Vqu,pk(:z:k,yk) is non-singular. Hence, the Newton step in Step [

of the algorithm ezists and is unique.

2. If &, (5. y*) #0 then A\ > \. where

].—0'1

/_\ = al;\ and ;\ = min{l, W}

(4.14)

Hence, the backtracking procedure for evaluating A, in Step 2 is finitely termi-

nating.

3. v > 7, where

3 = min{l,0; a7}, and F=; (4.15)

Hence. the backtracking procedure for evaluating v in Step 3 is finitely termi-

nating.

Proof 1. Since

. M I
VEo.(2.y) = : (4.16)
V:0u(z.y) VyQulz.y)
where
7.0,(0.0) = ding (220200 a0 ,0,(,4) = ding (225028 )
with
Quab) _ | a=b . Oueb) _,  a-b
Oa \/(a—b)z-i-él;z2 ab \/(a—b)z +4#2'

By Lemma 2.1.3, both V. ®,(z,y) and V,¥,(z,y) are positive diagonal matrices

whenever p > 0. Therefore, if

u
VFy,(z,y) =0,
v
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then

Mu—v = 0,
V.0, (z,y)u+ V,®u(z,y)v = 0.

It follows that
(Ve0u(z.y) + V,@u(z. y)M)u = 0.

Since V.®,(z, y) and V,®,(z, y) are positive diagonal matrices and M is a Py matrix,
(V®,(z,y) + V@, (z,y)M) is 2 P matrix. so u = 0 and therefore v = 0. This

establishes Part 1.
2. Let (Az*, Ay*) be chosen to satisfy the Newton equation (4.11). It follows from

lemma 4.2.1 and Assumption (B) that

(@, (zF + AAZ*, y* + AAYF)||

. A2 .
< =Nl + o l(az*. Ay

/\2 -
< (1= N||eu v, + -0 @, (=%, v,

IN

1 ok
(1= A) || @u (=5 ¥5)|, + “—k,\2czgyk 1@, (=*. ¥l
= (1= N [[@u (=" 89, + ¥C?B|8u (25,55l

< (1= A) ||l ¥, forall A€ 0. A,

Therefore A\ > A with X =a

3. We consider two cases. If ||®,,(z*,y* = 0, then z**! = z* and y**! k.
Bk ¥ Neo y

Thus

||q)(l—’v)uk(zk+lvyk+l)|loo - “Q(l-‘v)#k(mk’yk)”m
(1 =)k - (1 — )k«
@, (zF, y*) + 27pk
(1 = v)pe
2ypk
(1 —7)px
< B forall vy €[0,7]

IN
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Next consider the case ||(I>,“:(zk,y’°)||oo # 0. From part 2, we have

B0 (2 )| @ (&4, v )|, + 2yme

(1 —v)p = (1 —v)ux
(1 — oy X) H‘D“,‘(:z:",y")nOo + 2vpk
- (1 —v)pe
(1 — o1 A)Bue + 274k
- (1 = 7)pe
(1 — A8 + 27
= e

< 3 forallye€l(0.7].

Therefore v > 7 with ¥ = min{1. 05 'a27}. a

4.3 Global Linear Convergence

We now state and prove the global linear convergence result for the algorithm de-

scribed in the previous section.

Theorem 4.3.1 Suppose that M is a Py and Assumption (B) holds. Let (z*,y*, u)

be the sequence generated by the algorithm of the preceding section. Then

(i) Fork=0.1,...,

MzF—y*+q=0, (4.17)
(mk? yk) € va(ﬂvuk)a (418)
(1 — g27k=1) - - - (1 — 0270) o = pk- (4.19)

(ii) For all k > 0. we have

where
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and C is the constant defined in (3.21). Therefore, ug converges to 0 at a global

linear rate.
(iii) The sequence {(z*.y*)} is bounded and converges to a solution of LCP(q, M ).

Proof (i) We establish (4.17)~-(4.19) by induction on k. Clearly these relations hold

algorithm is well defined and so (4.18) and (4.19) hold with k replaced by £+ 1. Since
(4.11) is satisfied for all k with Mz® —3° + ¢ = 0, we have that Mz*¥ —y* +q =0 for

all k., and so, in particular, it is true when k replaced by k + 1. Hence, by induction,

(4.17)-(4.19) hold for all k.
(i1) Follows from Theorem 4.2.2.

(iii) By Assumption (B) and part (ii), we have

”(l‘k+l, yk+l) _ (:rk.’yk)”oo

M fast a9,

< Cl|®u(* 9l
< CBuk
< CB(1— o)

Therefore {(z*, y*)} is a Cauchy sequence and therefore it is bounded and converges

to a point (z*,y"). It follows from (z*, y*) € N,(B, pk) that (z.y*) € S. 0O

4.4 A Condition-Based Complexity Bound for LCP with a P-Matrix

In this section, we show that if M is a P-matrix, the constant C defined in (3.21) can
be estimated in terms of the fundamental quantity of P-matrix. This fundamental
quantity is then used to establish a condition-based complexity bound for the non-

interior path following method for LCP with a P-Matrix.
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It is well known that a matrix M € IR™™" is a P-matrix if and only if for every

z € IR" and z # 0,

max z;(Mz); > 0.
1<i<n

In [52], Mathias and Pang introduce a fundamental quantity associated with a P-

matrix.

[(M):= min (max z;(Mz):), (4.21)

llell g =1 1<i<n
and show how this quantity is useful in deriving error bounds for the linear comple-
mentarity problem with a P-matrix. It is easy to see that [(M) is well defined, finite,
and positive. Moreover for any z € R,

(M) ||zll2, € max zi(Mz);. (4.22)

1<i<n

In this section. we give a complexity bound in terms of the fundamental quantity
[(M). An important tool used in the complexity analysis is the principal pivotal
transform of M.

Let a be a subset of {1,...,n} and & the complement set of a, that 1s a =
{1,....n}\ a. By means of a principal rearrangement, we may assume that My, is a
leading principal submatrix of M. The principal pivotal transform oi M with respect

to the index set «, denoted by P,(M), is the matrix

MZ) —MZ Mos
(4.23)
.’V[aal a—al Maa - lWaalwa—ol Ma&
The matrix
Mss — Maa M Mas (4.24)

is an instance of a Schur complement, and is denoted by (M/Maq). The following
properties of the principal pivotal transform Po(M ) can be found in Cottle, Pang
and Stone [20].




Lemma 4.4.1 Let o be a subset of {1,...,n}. Suppose that the principal submatriz

M, is nonsingular und
o ] Mya Mas Lo
- . (4.25)
Ya Mse Mss La
*Ea ] ya
= P.(M) . (4.26)
Ya Ta

Lemma 4.4.2 Let a be any subset of {1....,n}. If M is a P-matriz. then so is
Pa(M).

then

Let
¢ :=min{l{(Po(M))] « C {1..... n}}. (4.27)

Since there are only finite number of principal pivotal transforms of M. we have >0

and

¢||z|%, < max zi(Pa(M)z); forall rz€ R" and aC {1.....n}. (4.28)

®© = 1<ikn

Lemma 4.4.3 Let (Az*, Ay*) be the Newton direction (4.11) generated by the Algo-

rithm in Section 4.2. Suppose that M is a P-matriz, then

Jaz Ayl < (1 + 3 [@ualek vl (4.29)
where € is defined in (4.27).
Proof The Newton direction (Az¥, Ay*) satisfies the following equations

MAz* — Ayt = 0,

DAz + D, Ay* -®, (z*,y"),

where

D, =di g(l i ) d D, =di ( ' —y, )
1 = dia — an 2 = dlag
V(F = yB)? + 4l \/(z 2+ 4uf




Let
a = {ilz} —y7 <0}

By changing the role of (Az*), and (Ay*)a, we may assume without loss of generality

that (Az*. Ay*) satisfies

MAZF — Ay = 0, (4.30)
D\AZF + DAy = =@, (25, y). (4.31)

where M = P.(M) is the principal pivotal transform of M with respect to the index

set a. and z¥ —y* >0 for i=1,...,n. Therefore

k — y¥ ‘ )
1+ : = >1 for i=1,...,n. (4.32
VEF -y + 4]
From equation (4.30), Ay* = M Az*. Substituting Ay* into (4.31), we have
DlA.rk + Dzl‘;[A.’L'k = —Q“k(rk,yk).

Multiplying D;' on both side of the equation yields

D5 DiAT* + MAz = —D7'®,, (zF.y*). (4.33)
Therefore
ellzk||Z < lrgl‘_aél(A:ck);(MAzk);

< max (Az*)( D' D AzF + MAzF);

< max [(Az*);] max (D7 @, (=%, ¥¥))il

= [lazk|, 107 @ul=".v")|

< A, 1197 ] 1@ (=" ¥l

< flaz], 18w = v, »
and so

1
Az, < 5 1@z ¥5)l - (4.34)
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By (4.31) and (4.34), we have

|-D3'®,, (%, y*) — Dy' DidzF|
”D;l ”oo ”(D“"(zk’yk)”oo + ”D'Z—l ”oo ”Dl“oo ”Azk”oo
< foute Pl + st

(14 ) [ Burla* 58] (435)

[N

INA

IA

Combining (4.34) and (4.35), we obtain
1
2zt A, < (14 3 [0 5.

a

Since our primary interest is to establish a complexity bound and examine how
this bound depends on ¢ when ¢ is small, we may assume that ¢ < 1. For simplicity,

we further assume that o, = 1 in the Algorithm. Then ¥ defined in ( 4.20) has the

form
- 0120'1/—\13
T=545
where
X = o (1l — 0'1)e2
= —_—26 .

Theorem 4.4.4 Assume that M is a P-matriz and po is chosen such that po < FIE

Given € > 0. the algorithm of Section 4.2 finds a solution in the set

{(z,y): Mz —y+q=0, [min{z,y}ll,, < €}

in

0(l°§2|6|) (4.36)

steps, where € is defined in (4.27).



Proof It follows from Corollary 4.1.4 and Theorem 4.3.1 that

”min{x". MzF + q}Hoo ”min{x", .'Jk}“oo

S Hk + 2 ”‘puk(xk’ yk)”m

< (14+28)ux

= (L +28)(1 = Y&k-1)---(1 —v0)ro

A8

< 2 — .

< (1 4+28)uo(l 2+ 3 )
20178

< (1-—

< 5+ 3 )

= (1 -8,

_ ajazoy(l—oy)
where 6 = T T

From a standard argument in complexity analysis, we have

log |e
k= O .le .

a

4.5 A Condition-Based Complexity for LCP with a Symmetric Positive
Definite Matrix

In this section. we establish a complexity bound for the non-interior path following
method for LCP with a symmetric positive definite matrix. In this section, we make a
blanket assumption that M is symmetricpositive definite. Let MM A (M), ..., An(M)
denote the eigenvalues of M. We adopt the convention that Amin(M) = Ap(M) <
oo < X(M) € M (M) = Amax(M). One of the most elegant results in matrix theory is
the Cauchy Interlacing Theorem which states that the eigenvalues of a real symmetric

matrix are interlaced by the eigenvalues of any principal submatrix.

Theorem 4.5.1 (Cauchy Interlacing Theorem) Let M be ann xn symmelric matrz




and have the partitioned form

i"[aa -/‘/[aé
M = . (4.37)
-"/[c_xa .’W&&
where Moo € IR™*". Then
Migner(M) < M(Maa) < M(M), for i=1,2....,r. (4.38)

The following theorem proved by Smith [73] shows that the eigenvalues of a Schur
complement of a symmetric positive semidefinite matrix interlace the eigenvalues of

the matrix itself.

Theorem 4.5.2 [73] Let M be a n x n symmetric positive semidefinite matriz and

have the partitioned form
Moo Maa

M = , (4.39)
Msa Mss
where M, € IR™*". Then
/\,'+,.(."‘r’[) S /\,~(M/Maa) S /\,(’V[) fOT‘ L= l,'.Z,...,n—r. (4.40)
Note that when M is symmetric and « is any subset of {IL..... n}, the principal

pivotal transform P,(M) is skew symmetric, and

——~— 'pa ‘/[ pa ‘/[ T l‘/[;al 0
o) o= 2ol Hf) (M) _ (4.41)
= 0 A/[&& - Maa."/[;al A/[ac'x
is symmetric. It is easy to see that if M is symmetric positive definite, then so is
Pa(M).

Using Cauchy I[nterlacing Theorem and Theorem 4.5.2, we establish a lower bound

for Amin(Pa(M)).
Theorem 4.5.3 Let M be symmetric positive definite. Then

Amin(Pa(M)) > min{Amin(M), 1/Amax(M)}, (4.42)

for any « C {1,...,n}.



Proof It follows from (4.41) that
Amin{ Pa(M)) = min{Amin(Mzd)s Amin(M/Maa)}-
By Cauchy Interlacing Theorem, we have
Amin( M) 2 1/ Amax(M),
and by Theorem 4.3.2, we have
Amin(M/Maa) 2 Amin(M).

Therefore
/\min(m)) Z min{/\min(-’lw)-, ]-/’\max(‘w)}

a

Lemma 4.5.4 Let (Az*, Ay¥) be the Newton direction (4.11) generated by the Algo-
rithm in Section {.2. Suppose that M is symmetric positive definite. Then

N
min{Amin(M), 1/Amax(M)

(A Agh)|, < (1 + }) 0. (25 ¥, - (4:43)

Proof The notations used here are the same as that used in Lemma 4.4.3. By (4.33),

we have

D;'D,Az* + P M)AZF = —D;' @, (2. yF), (4.44)
and so
(min{Amin(M), 1/ Amax(M)}) || A5

Aein Pul(BD) |52
(Az*)T P, (M)A

IN A

(AzF) TP, (M)Az*
(AZF)T (D5 Dy + Po( M)A

IA




< |(Az*)T D3, (zF. ¥°)

< [[azt], D50t 5],

< valast], |05 G ).

< valast], 105 [@uetas 1)
< valazt], |2 M.,

Therefore

N
min{Amin(M), 1/Amax(M

18zt < flast]l, < 7y 12n (= 69,

The rest of the proof is similar to that of Lemma 4.4.3. O

Theorem 4.5.5 Assume that M is a symmetric positive definite matriz and po is
chosen such that po < iﬁ' Given ¢ > 0, the algorithm of Section {.2 finds a solution
in the set
{(z.y): Mz —y+q=0. |min{z.y}ll, <€},
in
O ((max{1/Amin(M), Amax(M)})nlog el) (4.45)
steps, where Amin( M) and Amax(M) are the smallest and the largest eigenvalues of M

respectively.
Proof Follows the proof of Theorem 4.4.4. O

Remark

The condition number for symmetric positive definite matrix is Amax(M)/ Amin(M).

The number max{1/Amin(M), Amax(M)} gives a better bound in the sense that

Amax(M)

max{1/ Anin(M), Amax(M)} < Y710

if Amac(M) > 1 and Amin(M) < 1.




Chapter 5

A POLYNOMIAL TIME INFEASIBLE INTERIOR POINT
ALGORITHM FOR MONOTONE LCP

In this chapter, we establish the polynomial complexity of an interior point path
following algorithm for LCP. The proposed algorithm can be viewed as an interior
point variation on the non-interior path following algorithms studied in the previous
two chapters. The algorithm has the same best polynomial-time complexity as is
exhibited by the standard short-step interior point path following algorithm. The
results of this chapter represent a first step toward understanding the relationship be-
tween interior and non—interior path following methods and provide a spring-board
for discovering the polynomial complexity of the non-interior path following algo-
rithms for LCP.

To compare the proposed algorithm with standard interior point algorithms, we
use a scaled version of the smoothed Fischer-Burmerster function ¢ and the CHKS

smoothing function @

- a+b a? + b2 -
lbu(a’b) = \/5 - o + K, (31)
- a+b a — b)?

ou{a,b) = 5 — ( 1 ) + i, (5.2)

0,(a,b) = ab—p. (5.3)

It is easy to show that ¥,(a,b) =0 (or é,(a,b) =0) if and only if 0 < e, 0 < b, and
6.(a,b)=0.
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Using ,. @, and 6, as building blocks, one defines the functions

[ Buzw) |

\ilu(a:, y)= (5.4)
L d;u(xmyn) ]
[ Cgu(xuyl) ]

®,(z.y) = (5.5)
i éu(zm Yn) ]
[ 8.(z1, 1)

@“(1:, y) = . (5-6)
L ou(zmyn)

The plan of this chapter follows. In section 5.1, we introduce a rescaled Newton
direction and compare this direction with the one used in interior point literature. An
interior point method based on the rescaled Newton direction is proposed in section
5.2. In section 5.3. we establish the global linear convergence and a polynomial
complexity bound for the proposed interior point method for monotone LCP. If the
method is initiated at an interior point that is also feasible with respect to the affine
constraints, then the complexity bound is O(y/nL); otherwise, the complexity bound
is O(nL). Finally, in section 5.4, we point out the connection between the proposed

algorithm and a framework developed by Mizuno.

5.1 The Rescaled Newton Directions

The first step in our analysis is to rescale the Newton step to yield iterates comparable
to those of a standard interior point strategy. By analogy with the infeasible interior
point strategies, at iteration k¥ we compute a Newton step (Az¥, Ay*) based on the

equations

MAz — Ay = —y(Mz*F —y* +q) (5.7)



Vr\il“k(xk,yk)Ax +vy®uk(xk~yk)Ay = —liﬂk(zk’ yk) : (5.8)

where 0 < 7, < L.

k

_ 1 ol
V. ¥, (zF.y*) :=diag | —= — : ,
uk( Y ) g \/5 5 (%) +(y*)? +
24/ FE

and
ys

1
Wl TN2a( k)2
V2 Q\ﬁz,);(y,) i

Observe that if (z,y) is on the central path, then

[z} + y? T + Yi :
—T_+“= 7 fori=1,....n.

By replacing the expression \/EP—;MLE + pk in the definitions of the diagonal ma-

V¥, (25, y¥) = diag

trices VU, (z*, y*) and V, ¥, (z*,y*) by the expression ff%"‘- and then multiplying

(5.8) through by the diagonal matrix diag (ﬁ(zf + y¥)), we obtain the rescaled
Newton equations

MAz - Ay = —')/k(A/[:z:'c —y¥ +9q) (5.9)

YEAzZ + X*Ay = =2¥,,(z5, %) . (5.10)

where. for the sake of convenience, we define

s . i+ Yi \ 5
U, (z,y) :=diag < ﬁy ) v, (z,y) -

The only difference between these rescaled Newton equations and the Newton
equations used in a standard interior point path following strategy occurs in equation
(5.10) where ‘2\il“k(xk,yk) replaces the usual term 0,,(z*,y*). The pattern of our
development should now be clear. After a few identities and inequalities relating
the functions ¥,(z,y) and ©,(z,y) have been established, a convergence theory and
complexity analysis can be developed which is based on standard techniques from
the theory of interior point path following methods. The necessary identities and

inequalities are given in the next lemma.
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Lemma 5.1.1 Fora.b,u € R satisfyinga > 0,b> 0,u > 0, we have
(a +b)8,(a,b)

bu(a,b) = . 5.11
A0 = Vet -t
¥, (a.b) = 2d,(a,b)—0.(a,b), and (5.12)
[Wu(a.b)] < [0u(a.b)l, (5.13)

where Jvu(a,b) %%buu(a,b). In addition. given 0 < 3 < 1. 0 < p. and (z.y) €

R, x R}, satisfying
1©u(z. )|l < Bp. (5.14)

we have ,
ll?‘i’“(a:.y) - Ou(z.y) ” < -)—13—_“3—) (5.15)

Remarks 1. The identity (5.11) is due to B. Chen [6].

2. Inequality (5.13) implies that for 4 > 0 and 3 > 0, the condition (5.14) (used
in standard interior point methods to define the neighborhood of the central

path) implies that the condition

s

is also satisfied.

3. The identities (5.11) and (5.12), the inequalities (5.13) and (5.15), and the
second remark remain valid with the expressions [(a +b) + \/a?+b* + ‘2/,t] ,

¥,, and ¥, replaced by [(a +b) + v/(a — b)? +4/,L] é, and &, respectively,
where ¢,(a,b) := 22,(a,b) and d,(z,y) := diag (ZF%) D, (2, y)-

4. The bound (5.15) shows that the values 2¥ . (z*, y*) approach the values 0,, (z*, y*)
used in the standard interior point methods as ux approaches 0. This partially
explains why the interior point method based on the rescaled Newton direction
studied in the next section has the same best polynomial-time complexity as

the standard short step path-following interior point methods.
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Proof For a,b,u € R satisfying @ > 0,b > 0,4 > 0, the identity (5.11) is easily
derived. The identity (5.12) and the inequality (5.13) follow readily from (5.11).

In order to see the bound (5.15), note that for any (z.y) € R}, X IR% , satisfying
(5.14), we have

riy; > (1 = 8)p for e =1.2,..., T,
and so

(i +y:i)? (i —yi)® + dzays
2 2

It now follows from the identity (5.12), the inequality (5.13), and (5.16) that

R 2
R _ \I’“(JI, y) G) ! 2
|28.(2.9) - Oute.v)| < [Tz < ‘2 = g)i = “2(1 = 5);”
L B B
= 20-3)p  2A1-3)

5.2 The Algorithm

We present an algorithm based on the interior point algorithm proposed by Tseng

[76].

An Infeasible Interior-Point Algorithm

Choose any (81, 32) € R? satisfying

26, B

0 3
<B <b <l 1_31<ﬁz, 30— 8

+26,8; + B2(1 — B1) < B, (5.17)
and any (z°,3°, o) € R2! satisfying [[0,,(2°, y°)|| < Biso. Let

B By — [2—(1—{%—1) + 28162 + B2(1 — 1))
"= v+ B '

For k =0,1,..., compute (zF*1, y**!, s 41) from (z*,y*, ui) according to

(5.18)

H = o8 4 Ak R = R A e = (1= k)i, (5.19)



where v* is the largest v € (0.n,] satisfying
20 ey + rXE (M =y + )| < Bk~ [@ualam D, (5:20)

and (Az*. Ay*) is the unique vector in R*" satisfying

MAzF — AyF = —vi{Mz* — y* +q), (5.21)
YEAZE + XEAyE = =20, (2%, F). (5.22)

Remarks 1. To implement the algorithm using the function &,, begin by selecting

the parameters J; and 3; so that
0<Bi<B2<1 2B < B A + 26182+ 32(1 — B1) < B (5.23)
TT-B TN (1=8) e

Then set
_ B - [(l—ﬁ-) + 26182 + B3(1 = 51)]
771 - \/T—{-*-Bl

and replace the function \iluk in (5.20) and (5.22) by the function @uk.

2. The set of pairs (31, 3:) satisfying either (5.17) or (5.23) is non—empty. In both
cases. it follows that 7, > 0. For a choice of 8 and 3, satisfying both (5.17)
and (5.23), take 8, = 0.09,3; = 0.2.

The following theorem shows that if the algorithm is initiated in the positive
orthant, then it is well-defined and the iterates remain both in the positive orthant

and the set {(z,y) € R™ x R" : ||O,(z,y)|| < Siu} for decreasing values of p.

Theorem 5.2.1 Fiz any (51, 8:) € IR? satisfying (5.17). Let m be given by (5.18).
Suppose that (z*,y*, uk) € R satisfies “@“k(zk,y")ll < Bipre and (Azk, AyF)
satisfies (5.21) and (5.22), with v, being the largest v € (0, m] satisfying (5.20), then

vk > 0 ezxists and

(z* + AzF yF + Ay®) > 0, (5.25)

@ 1oy (zF + AF, % + AYF)|| < Bi(l — )bk (5.26)




Proof For the sake of simplicity, denote (z,y, 1) = (%, y*, pe), (Az, Ay) = (Az*, Ay*)
and v = i respectively. We first establish that ¥ > 0 exists. By Lemma 5.1.1,
l|2\ilﬂ(:r,y)“ < 2|©.(z. y)|| < 2B1p4. By the choice of 3 and 3; in (5.17), we know
that 28, < 32(1 — 31). Therefore,

|29z, 0)]| < Bus(1 = 1) < Bales = Oz ),

which implies that v > 0 exists since a strict inequality holds in (5.20) when v = 0.

Next set r = 2\ilu(:c,y), s =Mz —-y+gq,and z = X“'Azr and 3 = Hg%'l

Then the system (5.21) and (5.22) can be rewritten as

MXz— Ay

—7S,
YX:+ XAy = —r.

It follows that
(YX+XMX)z=—-r—vXs.

Since M is positive semidefinite, we have
TV Xz <T(YX + XMX)z =:2T(—r —vXs) < |lz]| Ir + v Xl (5.27)

which implies that
Ir +vXsll _ lIr + Xl

z|| < . .28
l=ll < S v = a1=8) (5.28)
where the second inequality follows from the inequality

Xy > (1= B)ue, (5.29)
which is itself a consequence of the relation [|@.(z,y)|| = [[Xy — el < Bu. By

combining (5.28) with (5.20), we find that iz]] € B2 < 1. Thus, in particular,
e+2>0. Letz’ =z+ Az and y =y + Ay. Hence r' =z + Xz = X(e+2z)>0,

since z > 0. From Lemma 5.1.1 and (5.22), for each = 1,...,n, we have

|(zi + (Az)i) (i + (Ay)i) —
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lziyi — 1 + [z Ay)i + yi(Az)i] + (Az)i(Ay)il

X 2 (zi, i)
I2¢u($iv yt) - (‘;.-i-’li )2
2
(i, yi)
oy T (A2)(AY)
2

02(zi,¥i)
m -+ I(Ax)x(Ay)llv

- '21[;“(1:;, yi) + (Ax)i(Ay)il

(5.30)

where (5.30) follows from the fact that Eﬂ:_,y;)z- > 2z;y; > 2(1 — 3)p. Therefore,

X"y — uell

<

IN

IA

IN

IN

IN

<

<

2(1 = 3
_t
2(1 =B
L
2(1 - 3)p
(Bu)?
2(1 = B)p
(Bu)*
2(1 = F)p
_Bin
2(1 — 5h)

-

\Ii“(:z:,y)

-~

U,(z,y)

-

\I’u(l'vy)

+28Bau + 2] lir + 7 Xsll

+ 28Bsp + B2f2p(1 — 5)

( ll}ﬁ(xhyl) \

\ 'f;i(xm yn)

K sz(mm Yn) )

/
)

lvyl)

1
2

+2

2
+2

“ 20|

+ 12X Ay|

(by (5.30))

|29u(z.9) | + 12 X-

lZ\ilu(:z:,y)“l +12yX:|,

\if“(a:,y)“ +:TYX:
(Lemma 5.1.1 and (5.27))

(by (5.20))

+ 2681 Bops + B3(1 — Br)u,

where (5.31) follows from the fact that 3 < 5 and

260Ba1 + B3(1 — B)p

IN

266:u + B3p — B3 Bu
B(2B2 — B3)u + Bap
B1(2B2 — B3)u + Biu
2618 + B3(1 — Br)ps.

220,y - Y| (by (5:22)

(5.31)
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Therefore. by (5.17) and (5.31), {| X'y’ — pe|| < Gip. 1t follows from z’ > 0 and

3, < | that y' > 0. The triangle inequality, (5.31), and the inequality v < n now

imply that
Xy — (1= vpell IIX’y’—#eII+7\/ﬁ
(1 —=7)u - (1= 1—v
52 03 ,
_ mm 8RG8 1y
- -7 L -7
< By —m(y/n+ 53h) + mvn - 3.
l—m 1—m

5.3 Global Linear Convergence and Polynomial Complexity

The following global linear convergence result is patterned on (76, Theorem 3.1].

Lemma 5.3.1 [57, Lemma 3.3] Assume that S # 0. For any u € [0.1], any
(z*,y") € S and any (z,y) € R*™ satisfying (z.y) 2 0 and Mz —y + q= pu(Mz° -
y° + q), we have

w(zTy® +yT2%) < 2Ty +pu((Z)T° + (@) +(20)Ty),  (5.32)
(1—w)@Ty +y7e) < 2Ty +u(@®) T+ @)+ ()Ty). (5:33)

Theorem 5.3.2 Let S denote the set of solutions to LCP:
S:={(z.y): 0<r. 0y, y=Mz +gq, and zTy = 0},

and let By, B2, m and {(z*,y*, k) }k=o0,1..., be generated by the Algorithm of Section
5.2. Then

0 < (z5¢°), (5.34)
Bk > H@uk(.’ck,yk)“, and (5.35)
EE(Ma®—° +q) = Mz*—yf+g, (5.36)

Ho
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for all k, where for k >0
pe = (1 = =1)--- (1 = Y0)tho- (5.37)
Moreover, the sequence {(z*.y*)} is bounded if and only if the solution set S is non-

empty, in which case, for any (z,y") € S, we have v > min{m,m} for all k,

where

{ [B2(1=01) =26, ]u® min, if Mz° —y° +q #0.
2 =

(1800 +(z°) T Hz ") TP +(22) Ty 1M =0 - +all (5.38)
o0 f Mz° —y°+q=0.

Proof It is easily seen that (5.34), (5.35) and (5.36) hold for k = 0. Assume that
(5.34), (5.35) and (5.36) hold for some k > 0. We first show that v is well defined.

Since when v = 0, by Proposition 5.1.1, we have
”\i’“k(xk, yk)H < Heuk(xkv yk)“ = HkQk,

here

) k(xk’yk) _){k k _ e )

A A s R (5.39)
m m

It follows from 3, > —13__% > 72_—?: that 20 < B2(1 — ax). So

a = ||

128, (=5 ¥ < 2pkcn
< piB2(l — ak)
= Balpe — |1X*y* — psell).
Therefore x is well defined.
By Theorem 5.2.1, (5.34) and (5.35) hold when & is replaced by k + 1. It follows
from (5.21) that
M(z* + Az%) — (¥ + Ay*) +q = (Mz* —y*+q) + (MAZF — Ay*)
= (Mz* —y* +q) —n(Mz* —y* +q)
= (1—7)(M* ~y* +q)
= (1—m) M -y +q)

Ho

Hik41
= —;:—(Mx° - y°+4q).
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Therefore (5.36) holds when k is replaced by & + 1. By induction, (5.34), (5.35) and
(5.36) hold for all £ > 0.

For any k., we have from Ouy (= %) < 3, that X*y* < (1 + B1)ure. So
Hik
(z¥)Ty* < (1 + Bi)np. (5.40)

It follows from triangle inequality and Lemma 35.1.1 that for any v € [0, 00), we

have

128, (2%, y*) +7X5(Mz* — y* + q)l

Kk
< 2|| X*y* — prell + | XE(Mz* — y* + 9)l|
- He Kk
~XF(MzF - y*
_ g ¢ HIXTC y"+all.
Hk

here ay is defined by (5.39). Let % be the largest vy for which the lefthand side is
below (2(1 — LIﬂ'ﬁﬂl) (so v = min{n:,¥x}). Then ¥ must exceed the largest v

Bk

for which the righthand side is below 32(1 — M"—y%*—!l) This yields

[B2(1 — ag) — 20|k

| X*(MzF — y* +q)l
[B2(1 — B1) = 281k

l|z*{ |1 [ Mz* — y* + q)lloo
[ﬂz(l —51) —231]#0

[lz*| [ [|M2° ~ y° + @)lloe’

here the second inequality follows from ax < 8, and the equality follows from Mz* —

Y 2

2

y¥ +q=2(Mz°-y° +q).

Assume that {(z*,y*)} is bounded. The the above inequalities yield that ¥ =2 7
for some constant n > 0 and so vx = min{n, 7} > min{m,n} for all k. By (5.37),
{ux} — 0. Since (z*,y*) > 0, MzF —y* +q= Ee( Mz — y° + ¢) and ( 5.40) holds,
this implies that any cluster point of {(z*,y*)} isin S,s0 S # 0.

Assume that S # 0 and fix any (z%,y") € S. By (5.34-5.36) and Lemma 5.3.1, we

have

l2* |, (min ) + lly*ll: (mina?)




IN

(Ik)TyO + (yk)TIO

IA

(zk)TykﬂO/IJk + (:cO)TyO + (I-)Tyo + (IO)Ty-

< (14 3)npo + (z9)Ty° + (&)Ty° + (z9)Ty",

where the first inequality follows from the nonnegativity of (£*, y*) and (2°.3°) >
0, and the last inequality follows from (5.40). Since (z°.y°) > O, this shows that
{(z*,y*)} is bounded. We also have

[ﬂz(l —B) — 251]#0
5[l [ Mz° — 4° + @)oo

> [B2(1 = B1) — 201 |po min; y?
= [T+ Bi)npo + (@)Ty° + (27)7y° + (z2) Ty |[IMz® — y° + qllo

Te 2

The righthand side is exactly 72, so v = min{n, &} > min{ny, 72}

Thus, if S is nonempty, the Algorithm of Section 5.2 forces pi to zero at a global
linear rate with the convergence ratio less than 1—min{n;, n2}. Therefore, by standard
results in the interior point literature (e.g., see [44]), one can find an element of 5
in O((min{n.72})"'L) iterations, where L denotes the size of the binary encoding
of the problem. It is easily seen that nr' = O(y/n), so it only remains to estimate
n;'. In the case where (z°,1°. po) is chosen so that n;' is O(+/n) (such as when
Mz% — 40 + q = 0), the iteration count is O(y/nL). In the case where (2%, y°, po) is
the standard choice

2% = pye, y° = pae, Ho = pppd,

IEIR lly~ll
Pp = — pd 2 max{—n——,llppMe +qlleo}

where (z*,y") is any element of S, the formula (5.38) yields

-1 3(4'*',31)"'
TS G A=) - 28

so the iteration count is O(nL).
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5.4 The Connection to Standard Interior Point Methods

The interior point path following method studied in this chapter is essentially a
variation on standard interior point methods wherein the right hand side in the
Newton equations is perturbed in a very special way. For this reason, it is possible to
analyze the algorithm within the framework developed by Mizuno. In [55. 56], Mizuno
proposed a class of feasible interior point algorithms for monotone LCP which are

based on the search direction (Az*, Ay*) satisfying the following equations

MAz - Ay = 0, (5.41)

YAz + XFAy = v* — o X*y*. (5.42)

where v* € R%, and ¢ > 0. By adjusting the choice of the sequences {v¥} witho =1,
Mizuno is able to construct both path following and potential reduction methods
and thereby provides a unifying framework within which a number of interior point

methods can be studied. In order for this program to work, one must first show that

the sequence {v*} satisfies the following three properties:

(a) v* >0 for k=0,1.....

(b) the sequence {v*} is an a-sequence for some a > 0, that is, vkl ¢ N (v*, a) for
all k =0,1,2...., where M(v,a) = {u € R": |V=2%(v — u)|| £ @\/Umin}, With
V = diag (v), and

(c) there is an iteration index m = O(y/nL) such that 0 <v™ < 9-2L+le
The algorithm of Section 3 can be cast within Mizuno’s framework. To see this, define
oF = 2Xkyk — 2\11“,‘ (z*, y*). (5.43)

With this definition, the Newton equations (5.41) and (5.42) are identical to the

equations (5.9) and (5.10) when ¢ = 2. If one now assumes that § € (0,%] and
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(k — pket)/ ke = O(1/y/n), it can be shown that the sequence {v*} defined by 5.43
satisfies the conditions (a) and (b). The condition 3 € (0, %] can be enforced during

the initialization phase of the algorithm. It is used to show that
1 - . 5
§lou(xivyi)| < |bu(ziy i)l € 10u(zisyi)l, fori=1,2.....n
whenever (z.y) € R}, x IR}, and

19u(z, W < B

which in turn shows that condition (a) is satisfied. The bounds min{ny, 72} < v < m
(Theorem 5.3.2 and (5.18)) show that O(1/\/n) = ¥k if (z%,y°, po) is chosen so that
ne = O(1/y/n) (for example, when y° = Mz® + ¢). This in turn implies that the
condition (ux — pr+1)/pr = O(1/y/n) is also satisfied. Finally, condition (c) can be
verified using the complexity result established in this paper. This connection to
Mizuno’s work should provide a basis for developing a deeper understanding of the
relationship between standard path following methods, potential reduction methods.

and the path following method proposed in this chapter.




Chapter 6

NUMERICAL EXPERIMENTS

In this chapter, we present some preliminary numerical results on several imple-
mentations of non-interior path-following methods for LCP. The implementations are
based on the algorithms studied in Chapters 3 and 4. The experiments are designed
to test the the effectiveness of the search directions introduced section 3.1, the sen-
sitivity of the algorithms when the matrix in the LCP has high rank-deficiency, and
the behavior of the algorithms when the feasibility to the affine constraints is not
enforced. The plan of this chapter is as follows.

In section 6.1, we list the test problems used in our numerical experiments. In
section 6.2, we present the numerical results for an implementation of the predictor-
corrector algorithm introduced in section 3.2. In section 6.3. we give the numerical
results on the algorithm studied in section 4.2. Both algorithms are feasible algorithms
in the sense that every iterate (z*, y*) satisfies the affine constraints Mz*—y*+q=0.
The behaviors of an infeasible implementation of the second algorithm are examined
in section 6.4. Finally in section 6.5, we draw a few conclusions from these numerical

experiments.




6.1 The Test Problems

Example 6.1.1 (Murty 1988): n variables,

[ 1

(%3

(8

o
_/

01 2 2
M=|lo001 ... 21]- (6.1)

[e]
y— e
¥

Lo o

This is a standard test problem, for which both Lemke’s complementarity pivot
algorithm and Cottle and Danzig’s principal pivoting method are known to run
in exponential time. The solution is z* = (0,....0, DT, y= = (1,.... 1,0)T. The

matrix in this example is a P-matrix.

Example 6.1.2 (Fathi 1979): n variables,

(1‘2

o
(O]
_/

2 5 6 6
M=| 269 10 (6.2)
\ 2 6 9 4(n—1)+1)
q=(—1!' v—l)T

This is another standard test problem. Again, the complementarity pivot algorithm
and the principal pivoting method are known to run in exponential time. The
solution is z* = (1,0,...,0)T,y" = (0,1,..., 1)T. The matrix M of this example
is positive definite.

Example 6.1.3 (Harker and Pang 1990)
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The matrix M is computed as follows: Let A, B € IR"*" and q,d € IR" be randomly
generated such that a;;,bi; € (=5,5),qi € (—500,500),d; € (0.0,0.3) and that Bis
skew-symmetric. Define M = ATA + B + diag (d). Then M is a positive definite

matrix.

Example 6.1.4 (Harker and Pang “hard ezamples” 1990)

In this example. M is computed in the same way as in the previous example.

however, ¢ € R™ is randomly generated with entries ¢; € (=500, 0).

Example 6.1.5

Given n and k < n. the matrix M is computed as follows: Let A € R¥™ and
B € IR™*" be randomly generated such that a;j,b;; € (—5,5) and that B is skew-
symmetric. Define M = ATA + B. Let z,y € IR" be randomly generated such
that (i), y(¢) € (0,10) and z(i) *y(z) =0 forz =1,....n. Set q = Mz —y. Then
M is positive semi-definite and the LCP has a known solution (z, y). This problem
is used to test the sensitivity of the algorithm to the rank-deficiency of the matrix

M. The matrix M tends to be more singular when a smaller & is chosen.

6.2 An Implementation Based on the Combined Direction

The algorithm implemented in this section is based the on the predictor-corrector
algorithm studied in Chapter 3, but only the corrector step is used. As we pointed
out in Chapter 3, the global linear convergence depends only on the corrector step
and is independent of whether or not the predictor step is implemented on any given
iteration. The search direction used in the corrector step is a combination of predictor
direction and centering direction with a weighting parameter ox. A larger or €
(0,1) means a higher weight has been put on the predictor direction, while a smaller

or € (0,1) means a higher weight on the centering direction. The implemented
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algorithm dynamically adjust the weighting parameter o depending on how good is

the parameter in the previous step.

Algorithm 1: An Implementation Using the Combined Direction

Step 0: (Initialization)

Choose z° € R™, set y° = Mz°+q, and let o > 0 be such that ®(z°, y°, po) < 0.
Choose 3 > 0'so that || ®(z°, ¥, o)ll, < Buo. We now have (z°,y°) € NV (3, po)-

Choose og . € and a from (0, 1).
Step 1: (The Corrector Step)

Let (Az*, Ay*. Apu,) solve the equation

MAzF — AyF =0,

V.8 (ck, yk. ) Az* + V, 8(z, gk, pe) Ay* = — (2. y¥, k) + o Vu®(2, 5, ).
(6.3)

and let \x = a'* be the maximum of the value 1, a. a?, ..., such that

|8(z* + Aedzh. y* + MeAyF, (1= adepi) ||, < (1= oude) Bk (64)
Set
5 = 2F 1 AR R = R AR e = (1= o), (6.5)
1-(1 —-0’1;)3 if =0,

Okl = ok if = 1. (6.6)

0.50: if > 1,

and k:=k+ 1. If “rnin{:z:k,y"}“°° < ¢, stop; otherwise, return to Step 1.

In our implementation, we choose € = 107¢, oo = 0.01 and a = 0.6. Given z0, let

y° = Mz° + q and

— ”Q(zov y07 ”O)Hoo
Ho

8
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We now report the numerical results of the algorithm on the LCP test problems

listed in section 6.1.

Example 6.1.1
We take z° = (1,..., 17T and po = 10~ as our starting point. The numerical

results for this test problem can be found in Table 1.

Example 6.1.2
We take r° = (1.....1)T and po = 107° as our starting point. The numerical

results for this test problem can be found in Table 2.

Example 6.1.3
Ten problems are generated for each of the dimensions n = 50, 100, 150. 200. The
maximum, average, and minimum number of iterations needed by the algorithm
are summarized in Table 3. In all runs, the starting point is chosen to be z° =

(0,....0)7 and po = 107°.

Example 6.1.4
Ten problems are generated for each of the dimensions n = 50, 100. 150, 200. The
maximum, average, and minimum number of iterations needed by the algorithm
are summarized in Table 4. In all the test runs, the starting point is chosen to be

% = (0,...,0)T and po = 107°.

Example 6.1.5
Choose n = 100. Ten problems are generated for each of the choices & =
90, 80, 70, 60, 50, 40, 30, 20, 10. The maximum, average, and minimum number
of iterations needed by the algorithm are summarized in Table 5. In all runs, the

starting point is chosen to be z° = (0, ... ,0)T and po = 1.
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From these results, we observe that the algorithm performs extremely well when
M is positive definite matrix or a P-matrix. The algorithm perform well when the
rank deficiency of M is not too large. With the increase on the singularity of M,
more iterations are needed for the algorithm. When k < 20, the algorithm tends to
stall and fails to produce a solution. This suggests that the combined direction is a
good direction when the matrix is a positive definite matrix or a P-matrix and is a

poor direction when M has high rank-deficiency.

6.3 An Implementation Based on the Centering Direction

The algorithm implemented in this section is based the on the algorithm studied in

section 4.2. The algorithm uses a centering direction in each iteration.

Algorithm 2: An Implementation Using Centering Direction

Step 0 (Initialization)
Let po > 0, 3 > 0, and (2°3°) € IR* be given so that (z°.y°) €

N,(B, o), and choose o; € (0,1], a; € (0,1) for i = 1,2 and € € (0, 1).
Step 1 (Computation of the Newton Direction)

Let (Az*, Ay*) solve the equation

Az
Fo, (z5,0%) + VF,, (=5, 45)" A =0. (6.7)
Ay}

Step 2 (Backtracking Line Search)
If ®,,(z*,y*) = 0, set (**!,y**!) = (z*,y*); otherwise, let A\r be the

maximum of the values 1, a;, a2, ... such that
| @0 (2* + MeAZE, 5 + MAYE)||, < (L—a1he) @0 (=5, 45)| .+ (6:8)

and set (zF+!,y**1) = (2% + Ak, yF + AeAyF).
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Step 3 (Update the Continuation Parameter)

Let v be the maximum of the values 1, as, a?, ... such that

Ilé(l—dz‘vk)uk(xk+lryk+l)“,x, < B(1 = o277k )k (6.9)

and set pryy = (1 — o2vk)pir, k= k+ 1. If ”min{xk, yk}lloo < €. stop:

otherwise, return to Step L.

Remarks 1. In our implementation, if (6.8) does not hold for Ax = l,01,02, 03, af,
we set A = o, Similarly, if (6.9) does not hold for vk = 1, g, we set per1 = Bk

in Step 3.

2. In our implementation, we choose € = 1078, oy = 107*. 0 = 0.99999. o, = 0.7
and oy = 0.7. Given z°, let y° = Mz® + q and

— “(D(J:O’ yO’ #0)”00
Ko

3

We now report the numerical results of the algorithm on the LCP test problems

listed in section 6.1.

Example 6.1.1

We take z° = (1,...,1)T and po = 107° as our starting point. The numerical

results for this test problem can be found in Table 1.

Example 6.1.2

We take z° = (1,...,1)T and go = 10~® as our starting point. The numerical

results for this test problem can be found in Table 2.

Example 6.1.3
Ten problems are generated for each of the dimensions n = 50, 100, 150, 200. The

maximum, average, and minimum number of iterations needed by the algorithm
are summarized in Table 3. In all runs, the starting point is chosen to be z° =

(0,...,0)T and po = 1075.
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Example 6.1.4
Ten problems are generated for each of the dimensions n = 50, 100, 150, 200. The
maximum, average, and minimum number of iterations needed by the algorithm
are summarized in Table 4. In all the test runs, the starting point is chosen to be

2% =(0,....0)7 and po = 1078,

Example 6.1.5
Choose n = 100. Ten problems are generated for each of the choices k& =
90, 80. 70, 60. 50, 40, 30, 20, 10. The maximum, average, and minimum number
of iterations needed by the algorithm are summarized in Table 5. In all runs, o,
is chosen to be 0.7 and the starting point is chosen to be z° = (0,.. L0)T. We

choose o = 1 for & = 90,80,70,60,50 and po = 103 for k& = 40, 30, 20, 10.

From these results, we observe that the algorithm performs well when M is positive
definite matrix or a P-matrix. Unlike Algorithm 1, the algorithm is very robust even

when M has high rank-deficiency.

6.4 An Infeasible Implementation Based on the Centering Direction

The algorithm implemented in this section is an infeasible version of algorithm studied
in section 4.2. The iterates {(z*,y*)} generated by the algorithm are not required to

satisfy the affine constraints Mz —y* +4q=0.

Algorithm 3 :An Infeasible Algorithm Using the Centering Direction

Step 0: (Initialization) Let yo >0, 8 > 0, and (z°,y°) € R*" be given so that
”A’I:z:o -y°+ (1”°° + ”@(Io,yo,#o)”w < Bo.

Choose o1,02 € (0,1), ay,a2 € (0,1) and € € (0,1).
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Step 1: Let (AzF. Ay¥) solve the equation

A/[Axk - Ayk = —(jw:vk — yk + q

) (6.10)
V. 0(zk. y*, pe) Azk + V,B(z*, y*, mi) Ay = —®(zF. y*, pe)-

Step 2: If | Mzt — y* +qf_ + |@(z*. y*. me)||, = 0, set (1. y*+) = (25, 4%);
otherwise, let Ay = aj*, where s, is the smallest nonnegative integer s satisfving

the following inequality

(1= Xe) || Mz* =g +4| + ||‘I>,‘k($k + Az YR+ Ay <

(1 - o) (|| Mz* -y +4||, + @, (=%, ¥5)]..),  (6.11)
and set (%1, y**t1) = (zF + MAZF, ¥ + AeAyF).

Step 3: Let v = af*. where { is the smallest nonnegative integer ¢ satisfying the

following inequality
| Mz = =+t gl + [ R—oamn (25 Y < B = oave)pe, (6.12)

Set pkr; = (1—027k)uk and k := k+1. If HM:::" —yk — q“oo-f-Hmin{J:",y"}”oo <

¢, stop; otherwise, return to Step 1.

Remarks 1. In our implementation, if (6.10) does not hold for Ax = L. ay, a?, a3, af,
we set Ay = . Similarly, if (6.11) does not hold for vx = 1, az, we set pr41 = fe

in Step 3.

2. In our implementation, we choose € = 1078, oy = 107*, 0 = 0.9999, a;, = 0.7
and a, = 0.7. Given z° and y°, choose

_ IM2° — ¢ + qllo, + 119(22,4° o)l
Ho

B




100

We now report the numerical results of the algorithm on the LCP test problems

listed in section 6.1.

Example 6.1.1
We take 2% = (1..... 1)T. y° = (1,...,1)7 and po = | as our starting point. The

numerical results for this test problem can be found in Table 1.

Example 6.1.2
We take 20 = (1,....1)T, 3° = (1,...,1)T and po = 107° as our starting point.
The numerical results for this test problem can be found in Table 2.

Example 6.1.3
Ten problems are generated for each of the dimensions n = 50, 100. 150, 200. The
maximum, average, and minimum number of iterations needed by the algorithm
are summarized in Table 3. In all runs, the starting point is chosen to be z° =
(1,.... T, y°=(1,...,1)T and po = 107°.

Example 6.1.4
Ten problems are generated for each of the dimensions n = 50, 100. 150, 200. The
maximum. average, and minimum number of iterations needed by the algorithm
are summarized in Table 4. In all the test runs, the starting point is chosen to be
L=(1,....0)T. y°=(1,....1)T and po = 107°.

Example 6.1.5
Choose n = 100. Ten problems are generated for each of the choices k =
90, 80, 70, 60, 50, 40, 30, 20, 10. The maximum, average, and minimum num-
ber of iterations needed by the algorithm are summarized in Table 5 . In all runs,
g, is chosen to be 0.7 and the starting point is chosen to be z° = (1,..., nT,
¢° = (1....,1)T. We choose po = 1 for k& = 90,80, 70, 60, 50, 40, 30 and po = 103

for £ = 20, 10.
From these results, we observe that the algorithm performs well when M is positive

definite matrix or a P-matrix. The algorithm is the most robust among the three

algorithms.
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Table 6.1: The number of iterations required for the three algorithms to
obtain a solution for Examples 6.1.1.

n=8 | n=16 | n=32 | n=64 | n=128 | n=256

Alg. 1 1 1 1 1 1 1

Alg. 2 1 1 1 1 1 1
Alg. 3 || 2 2 2 2 2 2

Table 6.2: The number of iterations required for the three algorithms to
obtain a solution for Example 6.1.2.

n=8 | n=16 | n=32 | n=64 | n=128 | n=256
Alg. 1 4 5 6 [ 8 8
Alg. 2 4 6 6 6 7 8
Alg. 3 2 2 2 2 2 2

6.5 Conclusions

From the numerical experiments, we make a few observations.

1. All three algorithms perform extremely well when the LCP has a positive def-

inite matrix or a P-matrix. Algorithm 1 is the most efficient among the three

algorithms for those types of problems.

2. Algorithms 2 and 3 perform well when the LCP has a high rank-deficient matrix.
But Algorithm 1 may fail in this case.

3. Overall, Algorithm 3 is the most robust among the three algorithms.

4. The preliminary numerical results demonstrate that non-interior path-following

methods are very promising. However, more extensive numerical experiments



Table 6.3: The number of iterations required for the three algorithms to

obtain a solution for Examples 6.1.3.

Alg. 1 Alg. 2 Alg. 3
Max. 5 12 10
n=50 Avg. 4.2 8 3
Min 2 6
Max 7 16 9
n=100 Avg. 5.1 11.3 6
Min 4 7 4
Max 6 15 6
n=150 Avg. 5 12.2 4.9
Min 4 9 4
Max 7 19 8
n=200 Avg. 5.8 13.4 5.8
Min 5 i1 5
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Table 6.4: The number of iterations required for the three

obtain a solution for Examples 6.1.4.

Alg. 1 Alg. 2 Alg. 3
Max. 8 9 12
n=50 Avg. 6.5 7.3 8.8
Min. 5 5 6
Max. 9 13 12
n=100 Avg. 6.9 9.8 9.3
Min. 5 9 7
Max 9 16 16
n=150 Avg. 8.1 11.2 11
Min. 7 9 8
Max. 10 15 16
n=200 Avg. 8.7 11.5 11.9
Min. T 10 10

algorithms to

Table 6.5: The number of iterations required for the three algorithms to
obtain a solution for Examples 6.1.5.

103

k=90 | k=80 | k=70 | k=60 | k=50 | k=40 | k=30 | k=20 | k=10
Max. 15 18 18 21 34 42 77
Alg. 1 Avg. 13.1 14.6 15.4 17.2 21.3 31.4 41.6 fail fail
Min. 11 12 12 14 14 17 19
Max 12 11 14 22 27 35 43 46 61
Alg. 2 Avg. || 103 | 103 | 11.4 | 146 | 21.2 | 29.6 32 374 | 426
Min. 8 9 9 12 15 24 23 32 37
Max. 19 12 12 10 19 22 39 44 46
Alg. 3  Avg. 9 9.4 9.6 9.1 11.2 13 14 39.1 41.2
Min. 8 8 9 8 9 10 10 35 38
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are needed in order to obtain a complete picture of the methods. Additional

work is needed to understand how best to choose the parameters and the initial

point for the algorithms.
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