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Revealing structure in trained neural networks through dimensionality-based methods

Matthew S Farrell
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Professor Eric Shea-Brown

Applied Mathematics

Neural networks trained by machine learning optimization methods are currently being ana-

lyzed to shed light on brain function. While exciting progress is being made, the complicated

nature of the network models typically considered has made “opening the black box” a sig-

nificant challenge. In this thesis I approach the problem by starting with network models

and tasks that can understood more easily, but that capture fundamental elements of more

complex models. I reveal new aspects of the behavior of these models through the lens

of effective dimensionality, which quantifies the number of axes needed to describe data.

Through this investigation a new idea of “dimensionality balance” emerges, where neural

networks trained with stochastic gradient descent automatically strike a balance between in-

creasing dimensionality (to more easily distinguish between different objects) and decreasing

dimensionality (to build invariance to different examples of the same object). Mathematical

analysis reveals the core mechanisms that may underlie the effects, and experiments with

the image classification network VGG indicate that this balance is a general phenomenon.

Finally, I demonstrate how and why dimensionality reduction methods can be used to ex-

tract information from network weights in a simple model, laying some guiding principles

for ways of extracting insights from the recent explosion of brain connectomics data.
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Chapter 0

INTRODUCTION

The human brain is widely appreciated as being the most sophisticated computational

engine we know of. It is an exciting object to study, as theories describing the basic com-

putational principles by which the brain operates are still nascent. History indicates that

a richer description of these principles is likely to drive revolutions in solving problems of

real-world significance. For example, artificial neural networks, which shamelessly borrow

inspiration from their biological analogues, are revolutionizing the applications of computer

science to solving real-world problems.

0.0.1 The brain

The brain hosts a multitude of important biological processes, many of which coordinate with

the rest of the body. The brain is both a focal point for incoming sensory information, which

collects and travels via nerves and nervous tissue throughout the body, as well as a “command

center” that sends signals to exert control of organs and muscle tissue. The complete process

by which incoming sensory information is transformed into outgoing command signals is still

largely a mystery and the focus of intense study. The allure is clear: understanding this

process will likely unlock the brain’s computational power for use in artificial intelligence

systems, and will also help in the discovery of treatments for subtle disorders of the brain

such as depression.

The primary processing unit of the brain is the neuron. Neurons are connected together

in an intricate network, and the passing of information signals between these neurons is

apparently the main vessel for computation. Fig 1a shows a depiction of Purkinje cell

neurons and the large number of incoming connections that each neuron receives, due to

Ramón y Cajal [1]. The information passing between neurons takes the form of spikes

– when a neuron receives a strong enough signal from its incoming connections, it spikes,

sending signal pulses along outgoing connections to other neurons. It should be stressed that

incoming signal pulses are not simply summed, but combined in a complex and nonlinear

fashion. While a great deal of structure is apparent in animal brains, there is also a large
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degree of decentralization and disorder, unlike the circuits found in central processing units.

This decentralization is evinced by the brain’s incredible robustness to damage. Large areas

of the human brain are sometimes destroyed while leaving the basic ability of the person to

think and function intact. The effects of the damage are often specific, linked to the alleged

role of the area that was destroyed, and killing any one neuron in a mammalian brain is

unlikely to have a noticeable effect.

The primary way animals learn is thought to be via the modification of the strength

of connections between neurons.1 A stronger connection means a larger signal is sent over

that connection during a spiking event. A multitude of rules have been discovered in the

brain that govern how the connections are modulated. The most well-known is the basic

Hebbian learning rule [2], where the connection between two neurons is strengthened when

both neurons spike sufficiently close together in time. It is still an open question as to how

the brain adjusts connections in order to learn (for a review see [3]).

0.0.2 Artificial neural networks

Our (admittedly vague) understanding of the brain’s approach to computation has given

rise to a breed of brain-inspired artificial learning machines that are having a tremendous

impact on the world: artificial neural networks (ANNs).2 This began with the invention

of the perceptron in 1958 by Frank Rosenblatt [4], depicted in Fig 1b.3 This simple model

already employs many ideas fundamental to the field of ANNs, and so it is worth describing

in some detail. The perceptron network consists of a single output “neuron” (referred to

as a neural unit, or simply unit) that receives an array of inputs. These inputs could be,

for instance, the pixel intensity values of greyscale pictures of cats and dogs. Each input is

labeled with either a 0 or 1; for instance, 0 for a picture of a cat, and 1 for a picture of a dog.

The input is “shown” to the network: the output unit multiplies each input unit’s value by

the weight incident to that input unit, and then sums the result over the input units. A bias

1Here when I say “learn” I mean to learn something in a relatively permanent way, as opposed to
short-term memory

2As is standard I use ANN to mean an artificial network whose connections are adjusted by some training
process. There is also an extensive history of using untrained artificial networks to model brain circuits
that falls outside the scope of this narrative.

3The first step could also be considered the McCulloch-Pitts neuron conceptualized by Warren McCulloch
and Walter Pitts in 1943. The perceptron is a particular McCulloch-Pitts neuron with the addition of
learning rules.
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Semi-schematic reproduction of the Purkinje cell connexions of the cerebellum.
Reduced silver method. A, star-shaped cell of the molecular layer; a, initial narrowed

A B C

Figure 1: Neural networks, biological and artificial. A) Depiction of Purkinje cell
neurons (center) and the incoming (top) and outgoing (bottom) connections, due to Ramón
y Cajal [1]. Note that the outgoing connections branch out at some point if the connection is
followed further, which isn’t depicted here. B) Schematic of a perceptron network (top) and
inputs being classified by the network (bottom). The weights of the network are incrementally
adjusted until the data are correctly classified. This classification corresponds with finding
a hyperplane that divides the two classes (dashed line). C) Schematic of a kernel perceptron
(top). An intermediate layer is added to the perceptron in (B). The inputs (bottom left)
are now depicted such that they may not be linearly separable. The intermediate layer
transforms the input into a representation that is linearly separable (bottom right). The
output weights are then learned as in a standard perceptron, but using the intermediate
layer representation as the input.

term is then added to this sum. Finally, the resulting value is thresholded: 1 if the sum is

positive, and 0 otherwise. This thresholded value is then the output of the network. This

output is compared with the label for the input, and the weights are adjusted by a particular

learning rule based on the discrepancy. This learning rule eventually results in the network

producing outputs that match the labels, provided the inputs are linearly separable; that is,

the points belonging to the different classes can be separated by a hyperplane.

The need for linear separability can be overcome by adding an additional layer to the

network. The simplest implementation of this idea is the kernel perceptron [5], which adds an

extra set of fixed input weights and “hidden” units with some nonlinear activation function.

With enough hidden units, this generically results in a transformed representation of the

inputs that is linearly separable, a result known as Cover’s theorem [6]. This linearly separa-
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ble representation can then be classified by adjusting the output weights via the perceptron

algorithm, using the transformed representation as inputs. The kernel perceptron set the

foundation for the development of the highly influential Support Vector Machine [7, 8, 9, 10],

which in its simplest form is a perceptron with a different output unit nonlinearity and train-

ing algorithm. However, it was some time before the kernel perspective was also extended

to the Support Vector Machine [10]. The fact that the input weights of kernel perceptrons

and kernel support vector machines need not be fixed, but can also be efficiently learned,

was not appreciated for another decade or so. This insight is the foundation for deep neural

networks which stack many layers together for increased computational power.

Typically in ANNs, as in the perceptron, complicated details about the biophysics of real

neurons and the transmission of signals is ignored, and the remaining richness and power of

the models comes from the large number of connections (or “weights”) between the units.

This emphasis on connectivity patterns as being the essential elements of brain computation

is known as connectionism [11].

0.0.3 ANNs as models of the brain

A natural conclusion of the connectionist hypothesis is that ANNs capture the essential

elements of brain computation. This provides hope that by developing and studying ANNs,

we may gain deeper insights into brain function (for reviews of this approach see [12, 13, 14]).

To start, it is helpful to briefly consider the type of artificial neural networks we need to

model the different parts of the brain. In many places the brain appears to be structurally

organized in a rough hierarchy. The visual system is a good example of this. The seminal

work of Felleman and Van Essen [15] used connectivity data to lay out an organization of

areas of the brain involved in the processing of visual information. This organization reveals

that visual information passes through stages, from one area or set of areas to the next. Using

deep neural networks with multiple layers as models is one possible way to gain insight into

to the brain’s hierarchical processing of visual information.

However, this organization is far from strictly feedforward. It also includes a large number

of feedback connections, which are connections from higher order areas to lower ones. Neurons

within the same area also send many connections to each other. In network models such

as ANNs, connections between neural units on the same level of hierarchy are referred to

as recurrent connections. Networks that have recurrent connections are known as recurrent

neural networks, or RNNs. Feedback and recurrent connections are likely important elements
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to include in ANN models of most areas of the brain. The addition of recurrent connections

endows the networks with a natural way of using temporal structure in the inputs, which is

useful both in modeling and in real-world applications of ANNs such as language translation.

While it can be useful to consider hierarchy and feedback/recurrence in models separately

thanks to the much increased simplicity, more recent endeavors have sought to include both.

One of the early successes of using ANNs to model the brain is found in [16]. Here the

authors recorded from neurons in monkey prefrontal cortex after the monkey learned a task.

The activity of the recorded neurons during performance of the task was visualized by using

dimensionality reduction methods. To gain insight on how these neurons might be involved

in solving the task, the authors then trained a recurrent neural network to solve the same

task, and plotted the trajectories of these networks (after dimensionality reduction). The

trajectories of the recorded and artificial neurons looked remarkably similar. Furthermore,

the dynamics of the recurrent network were analyzed, which revealed an interesting way in

which the task could be solved in the brain.

Deep neural networks have also helped to extend and partially verify foundational ideas

of processing in the visual system. Hubel and Wiesel [17] showed that neural responses in

cat striatal cortex (an early visual system area) can be built from the summed combinations

of the responses of retinal ganglion cell neurons. The hypothesis is that the next level in

the visual system hierarchy then combines the responses of the striatal cortex, and so on.

Each layer in the visual system hierarchy generates a library of simpler responses, which

are then picked from and combined to form the response in the next layer [18]. A deep

neural network model that performs this operation was first described in [19]. Experiments

with visual-system-inspired convolutional neural networks [20] reveal responses across layers

that match this behavior: once trained to classify images, the initial layers are found to

perform simple functions such as edge detection, and deeper layers progressively combine

these simpler responses to form more complex responses, such as layers with neurons that

respond selectively to parts of the human face. As an example, the authors of [21] found

that neurons in intermediate layers of deep neural networks exhibit similar responses to

moderately complex curved boundaries as neurons in the intermediate visual area of monkey

V4. For reviews of the development of convolutional networks and the comparisons made

with visual circuits, see [22, 23].

This provides evidence that deep neural networks develop complex features in a way

similar to the visual system. That this behavior emerges through the process of training a
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network to classify inputs, and that these networks are the only artificial systems that can

approach human performance on these difficult tasks, is strong evidence that this approach

is a good general strategy that is also employed by the brain.

Other work indicates the appropriateness of deep neural networks for modeling the audi-

tory system of the brain [24]. In this study deep neural networks were found to have similar

patterns of error-making as human participants on the study. In addition, the neural repre-

sentations were similar enough to brain FMRI data that the latter could be predicted from

the former with relatively high accuracy.

Neural networks have also been seen to reproduce properties of navigation systems in

animal brains. In [25], a recurrent neural network trained to predict the location of an agent

based on velocity inputs generated neural units whose responses were similar to special cells in

the brain known as grid cells. A deep network was then trained on top of this representation

to navigate the agent to goal locations. Such networks exhibited animal-like behaviors, such

as taking shortcuts despite not having traveled over these shorter paths before.

0.0.4 Training networks

We briefly introduce the basic ideas behind the training of neural networks. For this, we

can view a neural network as an abstract function f that is parametrized by a vector of

parameters θ and that receives an input vector x, so that the output of the network is

ô = f(x;θ). Note that in general f can be a vector-valued function. In supervised training,

we are given a set of training datapoints {xi} and a corresponding set of targets {oi}, and

the goal is to adjust θ so that f outputs {oi} when it receives the input xi. To train

the network, we first need to define a notion of “nearness” between {oi} and {ôi}. To do

so we define a loss function l(ô,o). This function should have the characteristic that it

is minimized when ô becomes close to o.4 One example is the “squared error” distance

function lSE(ô,o) = ‖ô − o‖2. Another that is typically used in classification problems is

the categorical cross-entropy loss lCCE(ô,o) = log(pk) where pk = (exp(ôk)/
∑

j exp(ôj))

represents the probability that ô indicates class k (k is determined by o). While this is the

objective of the network, usually our true goal is not to just make the network perform well

on the training data {xi}, but also any other input-target pairs from the same distribution

4This loss function is often a surrogate for what we actually want the network to do. For instance, we may
be interested in minimizing the classification error. This error is not differentiable and therefore difficult
to minimize, so we use a surrogate such as mean-squared error or categorical cross-entropy. Achieving zero
loss with these loss functions results in zero classification error.
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that may come along in the future. This is known as generalization. The hope is that by

using what we know (the training data), if the system is designed well and we are careful

with the training process, the system should also do well on data that it hasn’t seen (testing

data).

Modifying θ is an optimization problem that is amenable to standard approaches such

as Gradient Descent. However, writing the gradient ∇θ
∑

i l(ôi,oi) requires using the chain

rule to compute the gradient with respect to each layer in terms of the deeper layers in the

hierarchy. The algorithm implementing this procedure is known as backpropagation. The

parameter update is then θn+1 = θn − γ (∇θ
∑

i l(ôi,oi)) (θn) where γ is a (small) positive

scalar, the learning rate. It turns out that it is not necessary to take the sum in this expression

over the entire training set, and indeed training can be faster and more successful when the

sum is taken over a subset of the training set that is chosen randomly for every gradient

update [26]. This is called Stochastic Gradient Descent (SGD), and is the foundation for

the majority of optimization algorithms used to train neural networks. Frequently SGD is

augmented by incorporating a factor called momentum, which helps SGD move faster down

the loss surface and avoid getting stuck in local minima. Modern optimization approaches

often incorporate some form of learning rate adaptation, which adjusts the effective learning

rate based on information about previous updates. When training our networks, we use a

variant of SGD, either RMSprop or Adam, unless otherwise stated. While the loss surface

is highly nonconvex, in practice this doesn’t usually stand in the way of networks learning

good solutions provided some simple strategies are employed. A complete pass of the network

optimization procedure through the set of training data is referred to as an epoch.

Backpropagation is not a biologically plausible learning rule. This casts some doubt on

whether networks trained in this way can truly be a good model for the brain. This is an

active area of research, and the discovery of backpropagation-like learning rules employed by

the brain is hotly sought-after (for a review, see [3]).

0.0.5 “Opening the black box”

Compared to analysis of brain data, analysis of artificial neural networks is much easier. In

ANNs every connection weight and neural response is available, while in the brain we must

make do with a severe undersample. While ANNs are growing very large and complex, the

brain still dwarfs them in terms of number of neural units and connections. Despite these

advantages, “opening the black box” of ANN models has been a considerable challenge, and
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many basic questions about them are only beginning to be answered. For instance, it is

still not fully clear why it is that deep neural networks are so effective and why they do not

suffer from overfitting despite being very overparametrized (though see [27, 28, 29, 30, 31]

for examples of the rapid developments that are being made in this area).

A major thrust in the effort to understand deep neural networks is by considering the

geometry of the representations formed through the layers of these networks [32]. Since these

geometries are complicated, the authors of [32] develop sophisticated tools to measure useful

characteristics of these geometries. Similar to the kernel perceptron, the network can resolve

nonlinearly tangled classes gradually through the layers until they are linearly separable.

A parallel line of work seeks to shed light on the inner workings of recurrent neural

network models (for a review see [12]). The early foundational work [33] established the

usefulness of investigating the fixed points of RNNs and the local dynamics around these

fixed points. RNNs have also been trained to produce sequences, and the solutions used to

generate hypotheses about how sequences are generated in the brain [34]. General properties

of prefrontal cortical neurons are compared to the coding properties of neurons in RNNs in

[35]. Task-solving dynamics can also be implemented in RNNs through means other than

training: see [12] for examples and [36] for more recent work.

The approach of this thesis is to start with artificial network models that can be under-

stood more easily. While this is not a new approach, such simple network models currently

receive much less attention than networks designed to perform well on difficult tasks such

as the ImageNet image classification database [37]. Once we have identified interesting phe-

nomena in these simpler models, we can then see if they hold in more complex models.

What sort of interesting phenomena can we look for in neural networks? In Chapters 1

and 2 we focus on summary statistics regarding the geometry of the neural representations

formed in intermediate stages of the computation, such as the intermediate layers of a deep

neural network in Chapter 1. We extend the simple geometric reasoning introduced with

the kernel perceptron of Fig 1c to a network with more layers. They key idea of the kernel

perceptron is that creating a high-dimensional representation of the data makes the data

linearly separable and so allows the network to learn a solution. The question we are inter-

ested in is: given a network with many layers, all of which are trained by standard learning

rules, do these networks also learn to do this trick? What happens to the representation

after linear separability has been achieved: do subsequent layers further condition the repre-

sentation into a more useful form? If so, what form does that representation have, and what
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aspects of the learning rule or the architecture drives this formation? We in fact find that

feedforward networks learn to expand dimensionality, and furthermore that they then reduce

the dimensionality in subsequent layers in a dramatic way after this expansion. Through

mathematical reasoning and experiments we provide evidence that randomness in parameter

updates through the learning process drives this dimensionality compression. While our goal

in characterizing the geometry of representations through the layers of the network is the

same as [32], the different measures we use result in the identification of novel phenomena

and conclusions.

In Chapter 2 we next move to consider recurrent neural networks and the interactions

between the network’s dynamics and the geometry of the representations. We find that

these networks learn to solve our task with different dynamics depending on initialization.

In particular, they do not always learn to initially expand dimensionality, and may fail

to solve the task as a result. However, increasing a quantity known as chaos enables the

networks to expand dimensionality and so find a solution. Furthermore, we find that chaos

can aid in learning a new instantiation of the task, suggesting that chaotic solutions can be

more flexible. These results suggest possible new benefits of variability in biology.

In Chapter 3 we shift our perspective to an analysis of the weights of a trained neural

network. While recordings of neural activity continue to yield insights, there are fundamental

barriers associated with recording from a living animal. In contrast, information about the

connections between neurons can be collected in nonliving brain tissue, allowing for the

possibility of a very thorough mapping via electron microscopy. Moreover, weights provide

information complementary to neural recordings as to how networks compute [38]. There

is hope that with enough connectivity data, much information about the functioning of a

neural circuit can be inferred from these data, even with little or no activity recording data

from the same neurons. One approach that has recently been proposed is to characterize

the geometry of the weight matrices making up the connectivity (such as is seen by plotting

the rows or columns of this matrix) [39]. The hope is that with this approach, information

about the underlying computation can be extracted by dimensionality reduction methods

applied to the weights, both in artificial neural networks and network models for biological

circuits. However, it is not yet clear if and when such dimensionality reduction methods

will reveal useful information about the functioning of neural circuits. We approach this by

training a simple neural network to do a task, and then seeing if information about the task

can be inferred from the weights. In this simple model, we are able to mathematically derive
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relationships between the geometry of the weights and the nature of the task.
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Chapter 1

DIMENSIONALITY BALANCE IN FEEDFORWARD NEURAL
NETWORKS

1.1 Introduction

Successful learning in neural networks rests on forming the right representations of data.

It is widely appreciated that the role of initial layers of deep networks is to learn features

of the data that constitute useful building blocks for later layers to piece back together.

While the attributes that make for “good” representations is a complex question in general,

it is useful to simplify matters via the perspective of dimensionality. As the seminal work of

Cover [6] showed, high-dimensional representations can enable successful classification of data

with simple linear readouts. In general, high dimensionality subserves complex and general

computations that nonlinearly combine many features of inputs [6, 40, 41, 42, 43, 44]. On

the other hand, low-dimensional representations that preserve only essential features needed

for specific tasks can allow learning based on fewer parameters and examples, and hence

with better “generalization” (for reviews, see [45, 40, 9, 46], and see Section 1.2 below for a

more detailed discussion). It is likely in balancing these two desiderata that learning is most

successful.

Here we investigate the dimensionality of the representations learned by neural networks

in several contexts. We begin with a simple task where the dimensionality of the inputs can

be controlled, and investigate the effects of training a dense feedforward network on these

data. We next shed light on the learning dynamics by investigating a linear network with

a single hidden layer, deriving relationships between noise in parameter updates – such as

that generated by stochastic gradient descent – and the compression of the dimensionality

of the hidden unit representation. We test our findings in simulations comparing stochastic

gradient descent with “full-batch” gradient descent. Finally, we evaluate the ideas laid out

in this chapter in the context of the deep convolutional network model VGG. In this case

the representation manifolds are more complicated, nonlinearly curving through space. To

address this, we additionally investigate other measures of dimensionality that take this

curvature into account.
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Publications and preprints. The contents of Section 1.7.1 and the long-time analysis in

Section 1.6.2 can be found in [47]. The two-step analysis of stochastic gradient descent in

Section 1.6.3 can be found in [48].

1.2 Effective dimensionality

To begin, we need a useful way to measure the dimensionality of data. The most basic

measure is the rank, which is the dimension of the span1 of the mean-centered datapoints

when considered as a vector subspace. This is simply the dimension of the smallest vector

space that contains the mean-centered data. However, for many kinds of data this definition

is not very useful. Data are often in general position. One example is the case where the data

are corrupted by a miniscule amount of white noise. The rank of such data will typically be

either the number of datapoints, or the number of coordinates in the data vectors, whichever

is smaller.

A useful way to think about the rank of the data is through the lens of the covariance.

The rank is equal to the number of nonzero eigenvalues of the covariance matrix of the data.

The covariance matrix C of a set of datapoints {xk : k ∈ [m]} is C = 1
m

∑m
k=1 xkx

T
k − µµT

where µ = 1
m

∑m
k=1 xk. Consider again the case where data are corrupted by a miniscule

amount of white noise, and suppose that the uncorrupted data have rank d but the corrupted

data has rank n. Sorting the eigenvalues λk of C by size, the distribution of these eigenvalues

will have a gap between the first d eigenvalues and the last n− d, since the size of the first

d eigenvalues is determined by the actual structure of the data while the size of the last

n − d is determined by the size of the noise. In this situation, a useful way to recover the

“true” dimensionality of the data is to threshold the eigenvalues, setting those below an

appropriately small value to zero. One possible way to set this threshold is to search for the

(relative) largest gap in the eigenvalue distribution.

While this approach works well for data with a clear gap in the eigenvalue distribution,

this kind of gap may not exist in many datasets of interest. An alternative approach is to

use the participation ratio of the eigenvalues of the covariance matrix,

ED =
(
∑n

k=1 λk)
2∑n

k=1 λ
2
k

, (1.1)

1For a set of points x1,x2, ...xm, the span of these points is defined as the set of all linear combinations
of these points, which can be written span({x1,x2, ...,xm}) = {

∑m
k=1 akxk : ak ∈ R}
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sometimes referred to as the effective dimensionality [49, 50]. The primary advantages of this

measure is that (1) it smoothly varies with the eigenvalues of C and (2) it doesn’t require

a choice of threshold. Fig 1.1 illustrates ED. In many cases the ED gives a good indication

of the number of principal components needed to capture most of the variance of the data

[51]. This is the primary measure of dimensionality that we use in Chapters 1 and 2.

This “fuzzy” notion of dimension provided by ED is also useful in characterizing how

successful we might expect to be in building models on the data. It is well-known that ex-

panding dimension can be useful. This point is made with the (rank) dimension in Cover’s

seminal paper [6], where it is shown that points become more likely to be linearly separable

as they are nonlinearly embedded into higher-dimensional spaces. This idea is used as justifi-

cation for kernel-based classification methods such as kernel perceptrons and support vector

machines. Once the data are transformed to be linearly separable, simple linear readout

weights can be trained to classify the data. However, for these linear readouts to find a solu-

tion that will generalize well to unseen data, it is generally important to find a solution with

a substantial margin, which is the minimal distance between the separating hyperplane and

any datapoint. In this way dimensionality expansion, even when enabling linear separability,

may not afford a very robust solution if the margins are small. An schematic example of such

a case is shown in Fig 1.2a. Here the test data are generated by adding finite variance noise

to the training points (indicated by shaded regions). When the margin is larger than the ex-

tent of the noise, both the training and testing samples are classified successfully (Fig 1.2b).

One of the primary applications of the celebrated statistical learning theory was in bounding

generalization error in terms of this margin [9]. This picture implicitly uses the intuition

that proximity should carry information about class identity (the distance between a point

and the closest point of the same class will tend to be smaller than the distance between this

point and the closest point in a different class). Note that effective dimensionality in some

sense captures this notion of a margin, since only an expansion with a substantial margin

causes an increase in the ED. To the best of our knowledge, the explicit connection between

increasing the effective dimensionality and increasing the probability of allowing for a robust

separating hyperplane – a slight variation of Cover’s perspective – is novel.

It is perhaps a less appreciated fact that it can also be helpful when points of the same

class are close together, Fig 1.2c. This confers increased robustness to perturbations in

the output weights. The dashed lines indicate the extent to which the angle of the output

weights can be changed while still performing perfectly on the test set. This is related to
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Figure 1.1: Visualizataion of effective dimensionality (ED). The eigenvalues λk of
the covariance matrix of the data are used to compute effective dimensionality.
The data on the left has an effective dimensionality of a little over 1, while the
data in the center of the figure has ED approximately equal to 2.

the idea of minimum description length: the weights can be written with fewer bits and still

do a good job on the test data. This theory allows for explicit bounds on generalization

error similar to those derived for margins [52, 53]. (See also [41] Section 7.2 for a general

discussion of margins and minimum description link, and more indirectly related references.

See also [45, 9, 46] for less formal discussions of these points and [40] for a discussion in

a neuroscience context.) Low-dimensional representations may also be related to standard

model regularization approaches such as L2 regularization – see Section 1.6 for evidence

supporting this.

Note that achieving a representation where the training and test data from the same

classes are moved together is made much simpler by first increasing the margin (and thus the

effective dimensionality) of Fig 1.2a. This means that in order to achieve a low-dimensional

representation with good properties as in Fig 1.2c, it may first be necessary to create a

higher-dimensional representation as in Fig 1.2b.

“Dimension” vs “Dimensionality”. In describing a set of points we typically use the

word “dimension” to refer to the number of objects needed to in some sense fully reconstruct

this set of points. An example is the number of basis vectors needed to reconstruct the

set of points with linear combinations (the standard definition of the dimension of a linear

space). Another example is seen in Section 1.7.1, where dimension can refer to the number



15

A B C

margin
margin

Figure 1.2: Example schematics of possible data representations. Training data are
visualized as points, and testing data as shaded disks around these points. (a) The training
data are two-dimensional, but the variation in the vertical axis is very small, resulting in
an effective dimensionality of about 1. As a result, the margin is small, and the separating
hyperplane (black line) does a poor job of classifying the testing data. (b) With increased
variation in the vertical direction, the effective dimensionality (ED) of the training data and
the margin increase. This allows the margin-maximizing separating hyperplane to correctly
classify the testing data. (c) By brining points belonging to the same class together, the
margin remains large and in addition the separating hyperplane has more freedom to be
perturbed while still classifying the testing data correctly. Dashed lines depict the maximum
extent that the margin-maximizing hyerplane can be rotated while still classifying the testing
data correctly.

of variables that parametrize a nonlinear manifold (intrinsic dimension). We typically use

the word “dimensionality” when referring to measures that are meant as estimates of a

dimension of a supposed underlying “true” structure of the distribution from which the set

of points is drawn. This supposed structure will depend on the assumptions made, either

implicitly or explicitly, by the method. The examples considered here are ED, which takes

the view that the measure of linear space dimension is inflated by the effects of noise and

so discounts the contribution of lower-variance modes; and intrinsic dimensionality, which

estimates the intrinsic dimension of a supposed manifold underlying the set of points by

making assumptions about this manifold.

Inputs used to measure dimensionality. We would like to be able to measure the

dimensionality of the network representation over the entire training dataset. However, this

set of points may be impractically large and require a very large amount of computer memory

in order to compute. To circumvent this issue, we employ two subsampling strategies: (1)

We sample the same number of points from every class, and (2) we increase the number of

points used in the subsample until the dimensionality has effectively plateaued.
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1.3 Deep feedforward networks

The many layers of a deep feedforward network provide a powerful substrate over which the

representation of data can be gradually transformed into a desired output. The equations

for a network of depth D can be written recursively as
h0(x) = x

h`(x) = φ`(W `h`−1(x)) + b`, 0 < ` < D

hD(x) = WDhD−1(x) + bD.

(1.2)

Here the vector h`(x) is the hidden unit response to input vector x at layer `, and hD(x) is

the output of the network, which can be scalar or vector valued. The matrix W ` specifies

the strengths of the connections between hidden units in layers ` − 1 and `. The vector

b` is a bias term at layer `. The activation function φ` operates on vectors elementwise,

and is usually chosen to be a simple function. Standard choices are φ`(x) = tanh(x) and

φ`(x) = max(x, 0). It is useful to think of each unit j as having its own activation function

φ`j, and generally φ`j is taken to be the same for each j. A unit that has φ`j(x) = max(x, 0)

is often referred to as a Rectified Linear Unit, or ReLU for short. A simple illustration of a

feedforward network can be found in Fig 1.3.

The parameters W ` and b` are modified through training via SGD (see Section 0.0.4)

in order to satisfy an optimization criterion on the outputs hD(x). Often in the case of

classification problems, the categorical cross entropy loss between the network output and

targets is minimized (see Chapter 1 Methods). This is the method used here, except where

otherwise noted.

If we consider a dataset D = {xk : k ∈ [m]}, we can think of the representation of these

data at a particular layer `, H` = {h`(xk) : k ∈ [m]}. Just as we may ask questions about

D – what is the dimensionality of D? how many clusters exist in D? is D linearly separable

with respect to a particular labeling of the data? – we may also ask similar questions about

H`. The answers may similarly be enlightening.

1.3.1 Dense networks trained on clustered data

To begin, we consider the case of simple dense feedforward networks trained on a simple

dataset consiting of Gaussian clusters. We set the number of hidden units of each hidden
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...

Figure 1.3: Schematic illustration of a deep feedforward neural network trans-
forming data. Inputs (left) are gradually transformed through the layers of a deep neural
network (bottom). In labeling the axes of the network representation (bottom), the depen-
dence of the axes on the layer ` is suppressed for readability, and the number of hidden units
in each layer is set to n. The dashed circle tracks the evolution of a single input sample x.
The representation changes to allow for a separating hyperplane (bottom-middle) and may
continue to evolve in other ways, such as bringing points of the same class closer together
(bottom-right).

layer to a fixed number n, and constrain the nonlinearity to be the same for every hidden

unit: φ`j(x) ≡ φ(x). We use networks of depth 11, so that ` = 10 is the final hidden layer.

The inputs are d-dimensional vectors. They are selected from Gaussian-distributed clus-

ters whose means are distributed randomly within the d-dimensional input space. We con-

sider two scenarios for the input space dimension: d = 2 and d = n. Each cluster is assigned

one of two class labels, at random. Thirty clusters are assigned label 1, and thirty label 2. A

schematic of six clusters can be seen in Fig 1.3. Additional details of the training procedure

can be found in Chapter 1 Methods.
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Figure 1.4: Geometry of the representation of a deep feedforward neural network
trained on high-dimensional clustered data. (a) Top two principal components of
hidden representation at layers ` = 0, ` = 5, and ` = 10. (b) Effective dimensionality
(ED) of the representation through layers `. Multiple network and task instantiations were
generated, creating variability as indicated by shaded regions (see Chapter 1 Methods). (c)
Mean accuracy of a logistic regression (LR) linear classifier trained on the representation
through the layers `. (d) Mean testing accuracy of an LR classifier. The LR model was
trained on data drawn from 80% of the input clusters (816 input points) and tested on
held-out data from the remaining 20% of input clusters (204 input points).

1.4 SGD trains networks to compress high-dimensional inputs

We start by considering the classification of high-dimensional inputs, where the input ambient

space dimensionality d is equal to the number n of hidden units. While classification in

networks is often viewed from the perspective of making inputs linearly separable, in our

scenario the data are already linearly separable in the input space. This focuses our attention

on what, if anything, networks learn to do beyond producing linear separability. Weights

are initialized to identity matrices.
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The network easily achieves perfect testing accuracy (not shown). What is then of interest

is how properties of the network’s internal representation change over the course of training.

Fig 1.4a shows the top two principal components of the network responses to 600 input

samples at snapshots through the layers. Here we see that points belonging to different

classes are pulled apart while points within the same class are compressed together in all

dimensions.

This compression phenomenon is partly captured by measuring the ED of the represen-

tation. In Fig 1.4b the ED is plotted through the layers `. The EDs of the trained networks

are approximately equal to that of the input at ` = 1, since the initial states only differ from

the inputs by the application of a single layer. The dimensionality drops with increasing `

and is highly compressed at the final hidden layer ` = 10. This compression results both

from increasing distances between different classes as well as decreasing distances within

classes (see Fig 1.4a). The degree of these trends depends somewhat on the learning proce-

dure, with more aggressive weight updates resulting in faster and sometimes more dramatic

dimensionality compression (data not shown). However, the general behavior is robust to

moderate changes in the learning algorithm parameters. This compression can be viewed

through the lens of building invariance in the network representation [54, 55, 56, 57], in this

case invariance to input cluster identity. When the number of layers is increased, the shape

of the curve remains similar (see Fig 1.12).

We next study the coding properties of these representations. Fig 1.4c shows the mean

accuracy of a logistic regression (LR) linear classifier trained to classify the network repre-

sentation at each layer. This confirms the point made above: the input data are linearly

separable, and this property is retained through the layers. The interesting properties of

the network computation lie elsewhere, in that the learned transformations and resulting

dimensionality compression correspond with better generalization properties of the repre-

sentation. In Fig 1.4d, we measure generalization by first training an LR classifier on the

network response to inputs drawn from a fixed 80% of the input clusters, and then mea-

suring the accuracy of this classifier on the network response to samples drawn from the

remaining 20% of the clusters. The dashed lines indicate that, while the representations in

the untrained networks are linearly separable, a linear classifier trained on these representa-

tions does not generalize well to held-out clusters. In contrast, after training, the network

representations become increasingly generalizable through the layers `, eventually allowing

for perfect classification accuracy on held-out clusters.
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We emphasize that in this case linear separability – the property needed to solve the task

with perfect accuracy – requires neither dimensionality expansion nor compression of inputs.

Nevertheless, we find that networks do learn to strongly compress their inputs, at the same

time achieving representations that lend themselves to good generalization.

1.5 Classification of low-dimensional inputs

We next turn our attention to inputs embedded in a two-dimensional ambient space, d = 2.

In this case, the two classes are generally far from being linearly separable (classification

boundaries must be curved and nonlinear to separate the 60 clusters randomly distributed

in two-dimensional space). As a consequence, it is difficult for the network to classify without

first increasing the dimensionality of its representation.

As shown in Fig 1.5b, the dimensionality in this case initially expands in early layers,

and then reverses course to compress in the later layers. The specifics of this behavior is

variable and sensitive to choice of hyperparameters – sometimes the peak of the curve occurs

at earlier or later layers, and may be more or less pronounced (data not shown, see Chapter

1 Methods). However, the existence of such a peak is fairly consistent. The classification

accuracy of the network through training iterations is also sensitive to hyperparameters (not

shown) – the final accuracy on the test data seems to range from about 90% to nearly

100%. Correspondingly, the top principal components of the representation for a particular

realization (Fig 1.5a) indicate that the representation is transformed to be very nearly, but

not quite, linearly separable by ` = 10

Fig 1.5c shows that indeed, the network very nearly forms a linearly separable representa-

tion. It should be stressed that this is not a robust result – for small changes in optimization,

the network doesn’t come as close to achieving linear separability (not shown). What is con-

sistent is that the network learns to improve linear separability a substantial amount. We

observe that the generalizability of the representation, while increased due to training and

through layers, is less than perfect (Fig 1.5d).

Taken together, this indicates that the network tries to learn to expand dimensionality

in a similar spirit to hand-built kernel machines, but has mixed success at doing so.

1.6 Mathematical analysis of dimensionality compression

To shed light on the compression illustrated in Figs 1.4a and 1.4b – where points that belong

to the same class are brought close together through the layers of the trained network – we
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Figure 1.5: Geometry of the representation of a deep feedforward neural network
trained on two-dimensional clustered data. (a) - (d) As in Fig 1.4, but for a network
trained on two-dimensional data.

show how compression can occur in a simplified scenario: a linear, single-hidden-layer feed-

forward network. Our analysis proceeds in two steps. First, we show how gradient updates

with isotropic noise injected in the output weights leads to compression in all directions

orthogonal to the output weights, on average. Second, we show how the noisy variability of

the network weights generated by SGD can also cause compression orthogonal to the readout

direction by calculating the average effect of two SGD updates. Analysis of dimensionality

compression can also be found in [58, 59, 60] and of compression of mutual information

in [61, 62], but this is the first work that we are aware of showing an explicit connection

between minibatching SGD and dimensionality compression. Implicit regularization of gra-

dient descent, particularly with exponential type losses, may also contribute to compression,

see [63]. See also [64] for an analysis of linear networks under full batch gradient descent

learning dynamics.

For simplicity, first consider the case where the output of the network is a scalar and
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the output weights r is a vector. In such a single-layer linear network, the internal neural

activations responding to a single input sample x are h(x) = Wx + b, and the scalar

output is ô(x) = r>h(x), where W are the input weights. For ease of analysis we consider

squared error loss `(x) = 1
2
e(x)2, where e(x) = ô(x) − o(x) and o maps the input x

to its corresponding class label, either +1 or −1. The gradient descent learning updates

W ←W + δW and b← b+ δb over a batch of input samples B are:

δW = − γ

|B|
∑
x∈B

e(x)rxT , (1.3)

δb = − γ

|B|
∑
x∈B

e(x)r (1.4)

Here γ is the learning rate and rxT is the outer product of r and x. The update rule results

in a corresponding update h← h+ δh where δh(x′) = δWx′ + δb.

Note that the change of hidden representation δh points in the direction of the readout

vector: δh(x′) ∝ r. It follows that in order to see compression of points in all directions

(such as in Fig 1.4a), we need to consider sources of variability of r through learning.

1.6.1 Simple one-step example

Let hk denote the hidden representation after k steps of gradient descent, and similarly for

parameters W , b, and r. For the calculations in this section, we assume that inputs have

zero mean and covariance
〈
xx>

〉
= σ2

xI. A single step of gradient descent results in the

representation h1(x
′) = h0(x

′) + δW0x
′+ δb0. We will first consider variability in the initial

readout direction r0 by modeling it as isotropic additive noise: r0 = r + ξ where ξ is a

random variable with zero mean and covariance 〈ξξ>〉 = σ2
ξI and r is fixed. This noise

is a simple model of variability that could arise, for instance, from previous steps of SGD.

Averaging h1 over batches B and the noise ξ (see Chapter 1 Appendix), we obtain

〈h1(x
′)〉 = h0(x

′)− γσ2
x

〈
ξξ>

〉
W0x

′ + αr (1.5)

= h0(x
′)− γσ2

xσ
2
ξW0x

′ + αr. (1.6)

where α is some constant. If we further assume that the bias is aligned with the readout,

b0 ∝ r, then

〈h1(x
′)〉 = (1− γσ2

xσ
2
ξ )h0(x

′) + αr. (1.7)
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This shows that in our simple linear network model and with the assumptions described

above, isotropic variability of the readout weights r drives compression in all directions

within the subspace orthogonal to r. See Fig 1.10 for a visualization.

1.6.2 Long-time learning analysis with simple noise

We first consider a more thorough analysis of the learning dynamics under the assumption

of isotropic noise being added to the parameters. Note that this is a certain simplified model

of minibatching SGD.

In this case we analyze a two-layer neural network trained to classify inputs according to

c classes. The equations for the network are:

hi =
∑
j

φ
(
W 1
ijxj
)

ôi =
∑
j

W 2
ijhj,

(1.8)

where x,h and ô are the input, the hidden representation, and the output of the net-

work, respectively. Additionally, W 1,W 2, φ are respectively the input weights, readout

weights, and a (possibly nonlinear) activation function. We consider the cost function

L(Θ) =
∑P

µ=1 ‖oµ − ôµ‖
2
2 where Θ = [W 1,W 2] and µ indexes the training set of size P .

Here the output ôµ is a length c vector, and the targets oµ one-hot encode the labels.

Over training, SGD generates effective noise in the parameter updates (see e.g. [65, 27])

due to the fact that each update is performed on a subset of the training data. In general

SGD leads to noisy gradient updates of the form:

∆Θ = −η∇ΘL(Θ) + zt (1.9)

where η is the learning rate and zt is the noise generated from each mini-batch, or the

difference between the gradient of the full batch and mini-batch t. This noise in the gradient

updates is correlated. Here we simplify the analysis by modeling this noise in parameter

updates by adding noise of variance σ2 directly to the weights W 1 and W 2, and by assuming

this noise is isotropic Gaussian with zero mean.
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Our analysis leads to the effective cost function:

L(Θ, σ) =
P∑
µ=1

∑
i

(oµi −
∑
j

(W 2
ij + σξµij)h

µ
j )2, (1.10)

where ξ is Gaussian noise with unit variance independently sampled across µ. Taking an

average over ξ, for a learning rate small enough, we can rewrite Equation (1.10) in the form:

L(Θ, σ) ≈ 〈L(Θ, σ)〉ξ = L(Θ, 0) +R(σ) = L(Θ, 0) + σ2Tr(C), (1.11)

with Cjj′ =
∑

µ h
µ
j h

µ
j′ and where we view R(σ) = σ2Tr(C) as a regularization term. Similar

effective regularization terms have been shown to arise from dropout [66, 55], and the effects

of regularization on generalization have been heavily studied (for a review see [67]). Here we

focus on the effects of such regularization in shaping the dimensionality of the representation.

While the compressive effects of an initial step of SGD have been previously noted [48], here

we consider the limit of many steps.

Geometrically, all the directions of the representation hµ in the span of the readouts

W 2 contribute to the cost both in L(Θ, 0) and R(σ), while the directions orthogonal to

this span contribute only to the regularization penalty R(σ). By penalizing the norm of the

representation ‖hµ‖22, the regularizer R(σ) encourages the reduction of all hµ components,

including the orthogonal components hµ⊥ of the representation with respect to the readout

weights W 2. We refer to this action as compression of task-irrelevant directions (directions

orthogonal to the readout W 2). For σ > 0 there is indeed a unique solution (hµ)∗ with null

orthogonal components (hµ⊥)∗ = 0 that minimizes the cost Eq. (1.11): (hµ)∗ = ((W 2)TW 2+

σ2I)†(W 2)Toµ. Here † denotes the Moore-Penrose pseudo-inverse. The uniqueness is a

consequence of the strict convexity of R(σ) and the convexity of L(Θ, 0) as functions of hµ

when hµ is unconstrained. The cost increase of straying from this solution is quadratic.

A network that learns the task balances minimizing the task cost L(Θ, 0) with encour-

aging the compression of task-irrelevant directions due to R(σ). For instance, learning a

task that is not linearly separable with large amounts of training data requires a higher-

dimensional hidden representation, which may come at the expense of increasing R(σ), since

R(σ) increases isotropically as hµ diverges from (hµ)∗. In other words, balancing the two

terms L(Θ, 0) and R(σ) in the loss shapes the representation hµ so that the manifold dimen-

sion of hµ is expanded only when aiding the reduction of the task loss L(Θ, 0) by separating
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the classes (see [6] for formal connections between dimensionality expansion and class sepa-

ration).

To provide further intuition regarding this balance, we consider the case of linear acti-

vations (φ(z) = z). In this setting we can write a closed form expression for the first layer

weights. When σ > 0 the cost Equation (1.11) is strictly convex with respect to the weights,

and the unique minimizer Ŵ 1 is:

Ŵ 1 = ((W 2)TW 2 + σ2I)†(W 2)TY TX(XTX)†, (1.12)

where X is a P × d matrix of input samples and Y is a P × c matrix of labels. Here d is the

embedding space dimension for the inputs. This equation reveals that the range of Ŵ 1 lies

within the span of the output weights, which implies that ĥµ = Ŵ 1xµ lies in the span of

the output weights as well. Equivalently, ĥµ⊥ = 0 for all µ. Strict convexity assures that for

an appropriate learning rate scheme, SGD will converge to this solution. The linear network

is nearly always able to achieve (hµ)∗ when P ≤ d, but not necessarily for larger numbers of

samples. However, in either setting it will still remove all task-irrelevant directions from the

representation.

We can consider how well these results generalize to the commonly applied ReLU non-

linearity (φ(x) = max{x, 0}). In the limit as σ → 0, the hidden activity minimizing the

loss will have the form h∗ + h⊥, where w(2)h⊥ = 0. The addition of h⊥ will not impact

the ability to fit the training data, but is required to satisfy the nonnegativity constraint

imposed by the ReLU activation. Thus, the dimensionality of the representation is larger in

this nonlinear setting, and as the regularization strength is increased it leads to a trade-off

between reducing dimensionality and fitting the training data.

1.6.3 Two-step analysis of stochastic gradient descent

Can the true variability induced by SGD drive compression? Here we show that two steps

of SGD can cause compression under certain assumptions, and return to the case where

the output of the network is scalar valued, as in Section 1.6.1. For simplicity, we consider

the case of batch size 1. The gradient update for the readout vector r in this case is

δr = −γe(x)h(x). This variability affects the hidden representation only after at least two

gradient steps. Assuming that the readouts are at equilibrium 〈δr〉 = 0, the equation for
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the updated hidden representation becomes (see Chapter 1 Appendix)

〈h2(x
′)〉 = h0(x

′)−γσ2
x

〈
(δr0)(δr0)

>〉W0x
′−γσ2

x

〈
(δr0)r

>
0 (δW0)

〉
x′+α′r0+O(γ4). (1.13)

Where α′ is some constant. Here δ is the update at the first step of SGD, as before. The

second term resembles Eq. (1.5), with
〈
(δr0)(δr0)

>〉 replacing
〈
ξξ>

〉
. The third term is an

additional cross term that appears due to dependence between the updates to the initial

output weights r0 and the initial input weights W0. For this equation to indicate compres-

sion, the norm of the right hand side must be less than the norm of h0. While the exact

conditions for this to occur are not immediate from the equation, we here outline a set of

assumptions that allow it to be analyzed easily, and show that compression occurs in this

case. Namely, we assume that W0 is a diagonal matrix, r0 is proportional to a standard basis

vector r0 ∝ ek for some k ∈ {1, 2, ..., N}, and b ∝ r0. With these assumptions, Eq. (1.13)

decouples into scalar equations (see Chapter 1 Appendix)

(〈h2(x
′)〉)j = αj(h0(x

′))j +O(γ4) (1.14)

for j 6= k, where αj =
(
1− γ3σ4

x 〈e(x)2〉
(
(W0)

2
jj + ‖r0‖2

))
is smaller than 1 for γ small

enough. Here the w2
jj and ‖r0‖2 factors come from the second and third terms of Eq. (1.13),

respectively. This reveals that, for γ > 0 small enough and under the simplifying assumptions

above, h2 is on average reduced in all directions orthogonal to the readout by the noise

generated by SGD weight updates.

The effect of compression is of order γ3, which indicates that the effect is weak for a single

time step; however, this effect may compound over additional layers and over additional

training steps. In addition, the compression depends directly on e(x)2, so that a network

that reduces the error very quickly may not compress as much.

1.6.4 Simulations

We test the finding that SGD drives dimensionality compression in simulations of dense

feedforward networks by comparing networks trained with (full batch) gradient descent and

those trained with stochastic gradient descent with batch size 1. In both cases, the RMSprop

optimization scheme is used, and results are similar with Adam. Significant dimensionality

compression does not occur with vanilla SGD (not shown). Fig 1.6 shows the evolution of

the dimension of the final hidden layer of a 10 layer network over training. These figures
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Figure 1.6: Minibatching can drive dimensionality compression. Comparison of
the dimensionality of networks trained with a full batch vs networks trained with batch size
1 on the gaussian cluster data. In all plots, the dimensionality of the final hidden layer
(` = 9) is reported through training (# weight updates). Red denotes the network trained
with (full batch) gradient descent, and green the network trained with stochastic gradient
descent with batch size 1. (a) Dimensionality of linear networks trained with mean squared
error (MSE). (b) Dimensionality of networks with ReLU hidden units trained with MSE. (c)
Dimensionality of networks with ReLU hidden units trained with categorical cross entropy
(CCE). (d) Dimensionality of networks with hyperbolic tangent hidden units trained with
CCE.

illustrate that in many cases, the network trained with gradient descent does not converge

to a low-dimensional solution, while the network trained with SGD does. This is in spite

of the fact that at each point of the x axis (number of weight updates), the GD network

has lower loss than the SGD network (not shown). One exception to this rule is the case

of hyperbolic tangent nonlinearities combined with using categorical cross entropy loss, in

which case minibatching is not needed for compression to occur (Fig 1.6d).

1.7 Dimensionality of VGG-11

In this section we consider the deep feedforward neural network known as VGG-11 [68].

VGG-X is a set of neural network architectures of varying depth, where the number of

weight layers is specified by X. These networks achieved state-of-the-art performance on the

ImageNet Large Scale Visual Recognition Challenge [37] and are one of a handful of standard

convolutional network models used for image classification. A schematic for this architecture

is in Fig 1.7a.

We consider three datasets to use for training the network. The first two are CIFAR-10
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and CIFAR-100 [69]. CIFAR-10 is a collection of 60000 32×32 color images, where each image

depicts one of ten different objects. CIFAR-100 is the same, but with 100 different objects

being depicted. The third is a subset of ImageNet. ImageNet is a large dataset of 224× 224

color images, with 1000 categories. For our subset, we take the first 10 training labels and

the images associated with these. We here call this subset ImageNet-10 for convenience.

The reason for taking this subset is that the time required to train a network on the full

ImageNet dataset for even a single epoch takes many hours on a single GPU.

Fig 1.7b shows the results of training the network on CIFAR-10. This figure reveals a

theme: after training, the dimensionality increases in initial layers and decreases in the last

layers. This behavior emerges quickly through training, from a relatively flat profile before

training to a dramatic hump by epoch 5, and converging to a stationary profile by epoch

35. Figs 1.7c and 1.7d show similar behavior in the case of CIFAR-100 and ImageNet-10,

respectively. These trends correspond to generally decreasing distances between points in

the same class Fig 1.11.

Is this dimensionality expansion in some sense optimal? Is it limited by the architecture,

or by the training dynamics? One interesting feature illustrated by these plots is that the

dimensionality of the network trained on CIFAR-100 is not significantly higher than that of

the network trained on CIFAR-10. This is perhaps surprising, since more class labels would

suggest the need to generate more features and embed the images in a higher-dimensional

space in order to unravel them. To probe these questions, we pretrain networks to expand

dimensionality (in this pretraining stage, the network is not trained on the class labels). Since

the effective dimensionality measure is differentiable with respect to the model parameters,

we can use the standard automatic gradient computation engines to push the model to

increase it. In Figs 1.7e to 1.7g, the model is trained to increase dimensionality of the

representation for layers 1 through 24 on datasets CIFAR-10, CIFAR-100, and ImageNet-10,

respectively. This pretraining is successful in prompting the network to lift its dimensionality

significantly above the final dimensionality in Figs 1.7b to 1.7d. However, during training the

dimensionality immediately drops after a single epoch, and slowly grows back to the levels

reached in Figs 1.7e to 1.7g. This suggests that the the extra dimensionality expansion is

not useful to the network, so that the final dimensionality may in some sense be optimal.

Alternatively, the learning dynamics may not be able to make use of this expansion, or this

expansion learned by the pretraining may not actually be a useful operation in this case.

This story is reinforced by Fig 1.7h, which compares the accuracy of a network pretrained to
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expand dimensionality with one that is not. Pretraining in this way confers no meaningful

benefits to task performance. Results are similar for CIFAR-100 and ImageNet-10 (not

shown). Results are also similar if the loss used during the pretrain stage combines expanding

dimensionality with the loss on the training set (not shown).

As in the case for the dense feedforward network, we next probe the coding properties

of the representation in Fig 1.8. Fig 1.8a shows the same linear separability metric as in

Fig 1.4c, applied to the response of VGG-11 to the entire CIFAR-10 training dataset (using

CIFAR-100 or ImageNet was prohibitively computationally expensive). This reveals that

the linear separability of the representation in the untrained network increases over the

layers where dimensionality increases, and then decreases after the dimensionality falls off

in later layers. Training gradually lifts the separability, until the data are perfectly linearly

separable by about layer 13. Fig 1.8c measures the same quantity as Fig 1.8a, but this time

the network is pretrained to expand dimensionality. While this pretraining results in a more

linearly separable representation, this is discarded in subsequent training epochs. Ultimately

pretraining doesn’t do much to impact the linear separability of the trained network. Fig 1.8c

illustrates the test accuracy of the linear classifier, where 80% of the points are used to train

the classifier, and 20% are used to test the accuracy. This shows that test accuracy gradually

emerges through training, and builds up through the layers. Notably, the linear separability

achieved by layer 12 in the trained network is not sufficient to allow the linear classifier to

generalize. As the dimension is compressed, such generalization becomes more successful.

Fig 1.8d shows the same quantity as in Fig 1.8c, but with a pretraining stage. This pretraining

again doesn’t play a big role in the network’s behavior.

1.7.1 Intrinsic dimensionality

Representations in image classification networks such as VGG-11 are sometimes hypothesized

to be described by nonlinear, curved manifolds, with a single manifold typically existing for

each object class. Effective dimensionality is sensitive to this nonlinear curvature. There is

a meaningful notion of dimension that instead ignores the curvature of the manifold: the

number of variables needed to parametrize the manifold. A common example is given by the

“swiss-roll”, where a two-dimensional sheet is curled up and embedded in a three dimensional

space. While the manifold from the perspective of effective dimensionality is essentially 3d,

the intrinsic, nonlinear dimension of the manifold is two, since two variables are sufficient

to parametrize the manifold. Many approaches have been taken to estimate this intrinsic
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dimension, resulting in multiple intrinsic dimensionality measures. One approach that has

been successfully applied to the representations of deep neural networks is described in [70],

and is similar to the approach simultaneously used in our paper [60]. We use the approach

of [70] here, for which there is excellent Python code available.

In measuring intrinsic dimensionality (ID), we measure the ID of each class manifold

individually, and report the mean and standard deviation. The results are similar to the

case of ED. Figs 1.9a to 1.9c all show the signature humpback shape that is learned through

training for CIFAR-10, CIFAR-100, and ImageNet-10, respectively.

1.8 Discussion

In this chapter we probed properties of the representations of deep feedforward neural net-

works as these representations are transformed through the layers. Starting with simple

dense feedforward networks, we found that the networks learn to compress high dimensional

inputs to a low-dimensional representation gradually through the layers. On the other hand,

when faced with two-dimensional inputs the networks learn to expand the representation

slightly, but this expansion is not sufficient to linearly separate the class labels and the net-

works do not learn to classify the data perfectly. This points to stochastic gradient descent

being predisposed to compressing representations when this doesn’t interfere with decreasing

the loss, at least in dense layers.

To probe this point, we analyzed a simple model of a single hidden layer linear network

and found that, under certain assumptions, SGD does indeed cause compression. These

arguments revealed that in fact variation of the output weights, or some other mechanism,

is necessary to prompt gradient descent to compress the hidden unit representations in all

dimensions. We probed whether or not the variability generated by SGD makes a meaningful

difference, and found that when looking at deep dense feedforward networks, minibatching

over learning makes the difference between the networks learning a compressed representation

and not learning such a representation in most scenarios, with the caveat that accelerated

learning optimizers such as RMSprop or Adam must be used during training.

We next tested these ideas on the deep convolutional neural network VGG-11 trained on

several image classification datasets. We found that the networks learn to lift the dimen-

sionality of their representation in the first layers, and compress this dimensionality in the

last layers. By manipulating the dimensionality of the network in a pretraining stage, we

found that the ultimate dimensionality of the trained network isn’t greatly affected by this
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pretraining. In addition, this pretraining had little effect on performance. This suggests that

the training dynamics are sufficient for learning to expand dimensionality. However, more

studies are needed, such as applying the dimensionality regularizer throughout training. We

next considered a nonlinear measure of intrinsic dimensionality, and found similar patterns

of dimensionality expansion followed by compression.

Intriguingly, we found that in the network trained on CIFAR-10, the representation on

the training data is linearly separable by layer 12. This means that a complex transformation

in the remaining 20 layers is unnecessary for achieving perfect classification accuracy of the

dataset – a linear readout would suffice. However, these layers do appear to be important to

allow a linear classifier trained on a subset of the data to generalize. Layer 12 also appears to

be the peak point of dimensionality expansion, and after this point the trend is dimensionality

compression. Taken together this indicates that the network does more than simply separate

class manifolds to be linearly separable – the later layers engage in transformations that help

the learned solutions generalize.

1.9 Methods

See Section 3.2 for a description of the network architecture. The equation for the categorical

cross entropy loss is CCE(ô, k) = log (pk) where pk = exp (ôk) /
(∑

j exp (ôj)
)

represents

the probability that ô indicates class k. This loss is used to update the parameters via

backpropagation using PyTorch 1.5.1 optimization schemes. In Section 1.3.1 we use the

RMSprop optimization scheme with a batch size of 10 (loss is summed over the batch). The

plots in Fig 1.4 used a learning rate of .0001 and the plots in Fig 1.5 used a rate of .001. These

were chosen to roughly maximize performance, particularly in the case of low-dimensional

inputs. Similar results are found when using the Adam optimization scheme, although the

network performance in the case of low-dimensional inputs is diminished. For VGG-11 in

Section 1.7 we use the PyTorch implementation of SGD with a momentum factor of 0.9. In

both cases, we reduce the learning rate through the training process via a reduce-on-plateau

strategy: when the loss fails to decrease by more than 1e − 7 for five epochs in a row, the

learning rate is halved. This “reduce only when necessary” approach to the learning rate is

meant to help ensure that the quantities we measure over training plateau for reasons other

than a vanishing learning rate, while still allowing the network to find the best solution it

is able to. The trends and measures analyzed are qualitatively robust to small changes in

the learning parameters. Perhaps the parameter with the most significant impact on our
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results is the learning rate. Decreasing the learning rate can decrease the degree to which

the network trained on low-dimensional inputs expands dimensionality, as well as the degree

to which this expansion is followed by a compression. Increasing the learning rate can make

the dimensionality compression of high-dimensional inputs occur more rapidly through the

layers.

The clustered inputs consist of isotropic gaussian clusters distributed randomly through

an ambient space of dimension d, where each cluster’s covariance is the d × d matrix σ2I.

The means of the clusters are distributed uniformly at random in a d-dimensional hypercube

of side length l = 4 centered at the origin, with a minimum separation s between means

being enforced to ensure that clusters do not overlap. Here ` is chosen so that the average

magnitude of the scalar elements of all the input samples is ∼ 1 (we found this value to

roughly maximize the performance of both the edge-of-chaos and strongly chaotic networks).

The minimum separation s is chosen so that all points belonging to a cluster fall within a

distance s of the mean with a confidence of 99.9999% (i.e. the clusters are non-overlapping

with probability close to 1). Our results are robust to the exact specifics of this arrangement;

for instance, cluster centers can be drawn from within a d-dimensional ball. To form an input

sample x, we first select a center c ∈ C and draw x from the isotropic gaussian distribution

centered at c (which is contained in the ambient space of the input). This is commonly

expressed by the notation x ∼ N (c, σ2I). In our case, we choose a standard deviation of

σ = 0.02. To embed these inputs in the n-dimensional space of the recurrent units, we

multiply the inputs by an orthogonal transformation, where each column has norm 1/
√
d

(this transformation preserves the geometry of the inputs). In our simulations, we consider

the case of 60 clusters, #C = 60. Each cluster center is randomly associated with one of

two class labels (30 clusters for each label), and the training samples drawn from this cluster

are assigned this label. Over training, new samples are always drawn, so the network never

sees the same training example twice. Test inputs are drawn from the same distribution and

have not been seen by the network during training. Our results are not sensitive to small

changes in the above parameters. In the dense network, weights W ` are initialized as the

identity matrix (with extra zeros in the case of the final weight layer).

Throughout the chapter, shaded regions on plots indicate 75% probability mass of a

shifted gamma distributions fit to values of the dependent variables over a sample of 10

network and input realizations, with solid lines indicating the median of the distribution.

The standard gamma distribution has x ≥ 0 as its support. For the dimensionality plots,
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the distribution is shifted so that its support is at x ≥ 1, reflecting the fact that ED ≥ 1.

For the accuracy plots, the distribution is reflected around x = 0, and then shifted so

that its support is x ≤ 1, reflecting the fact that accuracy is bounded from above by 1.

The gamma distribution is chosen over the normal distribution (as is done when reporting

standard deviation) because it is better at capturing the skewness of the data, which is often

substantial.
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layer names (type and number) are below. (b) Effective dimensionality of VGG-11 trained
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As in b, but for CIFAR-100. (d) As in c, but for ImageNet-10. (e) As in b, but this time
the network is first pretrained to increase dimensionality (the network is not trained on
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in f, but for ImageNet-10. (h) Accuracy of networks through training. Blue line depicts a
network trained as usual. Orange line depicts a network that is first pretrained to expand
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Figure 1.9: Intrinsic dimensionality of VGG-11. (a) Intrinsic dimensionality (ID) of
class manifolds measured through the layers, where the network is trained on CIFAR-10.
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1.10 Appendix

1.10.1 Details of the calculations for Section 1.6.3

Here we show the full steps of the derivation of the compression caused by stochastic gradient

descent. The model again is that of a single-layer linear network, with internal neural

activations responding to a single input sample x given by h(x) = Wx + b, and a scalar

output by ô(x) = r>h(x). In the following, we assume that x has zero mean and covariance

σ2
xI. We consider a squared error loss function `(x) = 1

2
e(x)2, where e(x) = ô(x)−o(x) and

o maps the input x to its corresponding class label. The gradient descent learning updates

over a batch of input samples B are:

δW = − γ

|B|
∑
x∈B

∂`(x)

∂W
= − γ

|B|
∑
x∈B

e(x)rx>, (1.15)

δb = − γ

|B|
∑
x∈B

∂`(x)

∂b
= − γ

|B|
∑
x∈B

e(x)r (1.16)

δr = − γ

|B|
∑
x∈B

∂`(x)

∂r
= − γ

|B|
∑
x∈B

e(x)h (1.17)

Here γ is the learning rate for the gradient descent routine and rx> is the outer product of

r and x. Let hk, and ek denote the hidden representation and error after k steps of gradient

descent, respectively, and similarly for parameters Wk, bk, and rk.

We start by computing Equation 5 of the main text, under the assumption that the

readout weights take the form r0 = r + ξ where ξ is a random variable with zero mean and

covariance 〈ξξ>〉 = σ2
ξI and r is fixed. It is helpful to introduce some notation. Suppose that

P is the orthogonal projector onto the nullspace of r. Let P(r) denote any quantity that

is mapped to zero by this projector (this notation functions similarly to “big O” notation).

Examples of objects that are P(r) are vectors proportional to r and matrices of the form

rv>.

A single step of gradient descent results in the representation h1(x
′) = h0(x

′)+ δW0x
′+

δb0. This is

h1(x
′) = h0(x

′)− γ

|B|
∑
x∈B

e(x)r0x
>x′ − γ

|B|
∑
x∈B

e(x)r0.
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Substituting r0 = r + ξ and e(x) = r>0 (W0x+ b)− o(x), this becomes

h1(x
′) = h0(x

′)− γ

|B|
∑
x∈B

(r0r
>
0 (W0x+ b)− r0o(x))x>x′ − γ

|B|
∑
x∈B

e(x)r0.

Averaging over ξ and batches B, this becomes

〈h1(x
′)〉 = h0(x

′)− γ〈ξξ>〉W0〈xx>〉x′ + P(r) (1.18)

= h0(x
′)− γσ2

ξσ
2
xW0x

′ + P(r). (1.19)

This concludes the derivation of Equation 5.

We next derive Equation 7, which gives the hidden representation h2(x) after two steps

of SGD and shows that it is compressed when compared with the original hidden represen-

tation h0(x). For SGD with batch size one, on each step of the gradient descent routine an

input sample is chosen randomly to use for backpropagating error and updating parameters.

Let x0 and x1 denote the input chosen on the first and second steps of SGD, respectively.

As is the usual assumption, we choose x0 and x1 independently. Let ∇k
θ`(x) denote the

gradient of ` with respect to parameter θ evaluated at input x and at the parameter val-

ues at step k of SGD (that is, parameters Wk, bk, and rk). The parameter updates at

the first step are then given by −γ∇0
W `(x0) = −γe(x0)r0x

>
0 , −γ∇0

b`(x0) = −γe(x0)r0,

−γ∇0
r`(x0) = −γe(x0)h0(x0) and at the second step by −γ∇1

W `(x1) = −γe(x1)r1x
>
1 ,

−γ∇1
b`(x1) = −γe(x1)r1, −γ∇1

r`(x1) = −γe(x1)h1(x1). Note that the gradient on the

second step depends on the value of the parameters after the first step of gradient descent.

The hidden representation on the second step is h2(x) = W2x+b2. The parameters W2

and b2 are related to their initial values via

W2 = W1 − γ∇1
W `(x1) = W0 − γ∇0

W `(x0)− γ∇1
W `(x1) (1.20)

and

b2 = b1 − γ∇1
b`(x1) = b0 − γ∇0

b`(x0)− γ∇1
b`(x1). (1.21)
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The relationship between h2(x) and h0(x) is then given by

h2(x) = W2x+ b2

= (W0 − γ∇0
W `(x0)− γ∇1

W `(x1))x+ b0 − γ∇0
b`(x0)− γ∇1

b`(x1)

= h0(x)− γ∇0
W `(x0)x− γ∇1

W `(x1)x− γ∇0
b`(x0)− γ∇1

b`(x1) (1.22)

where in the last equation we grouped h0(x) = W0x+b0. Our goal is to relate everything in

Eq. (1.22) to initial parameter values. This is straightforward for the gradients ∇0
W `(x0) and

∇0
b`(x0): in particular, note that these terms are aligned with r0. We will not be needing to

consider terms proportional to r0 for this analysis, so we collect these terms together. Then

h2(x) can be written

h2(x) = h0(x)− γ∇1
W `(x1)x− γ∇1

b`(x1) + P(r0) (1.23)

Our next step is to average h2(x) over choice of x0 and x1. This results in the expression

〈h2(x)〉 = h0(x)− γ
〈
∇1
W `(x1)

〉
x− γ

〈
∇1
b`(x1)

〉
+ P(r0).

We first assume that the bias is at equilibrium, i.e.
〈
∇k
b`(x)

〉
x

= 0. This leaves us with the

expression

〈h2(x)〉 = h0(x)− γ
〈
∇1
W `(x1)

〉
x+ P(r0). (1.24)

We next focus our attention on computing ∇1
W `(x1). This update is

∇1
W `(x1) = −γe1(x1)r1x

>
1 = −γ

(
r>1 (W1x1 + b1)− o(x1)

)
r1x

>
1 .

Substituting W1 = W0 − γ∇0
W `(x0), r1 = r0 − γ∇0

r`(x0) and b1 = b0 − γ∇0
b`(x0) and
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simplifying results in the expression

∇1
W `(x1) = −γe1(x1)∇0

r`(x0)x
>
1

+ γ2r>0 ∇0
b`(x0)∇0

r`(x0)x
>
1

+ γ2r>0 ∇0
W `(x0)x1∇0

r`(x0)x
>
1

+ γ2∇0
r`(x0)

>h0(x1)∇0
r`(x0)x

>
1 )

+ P(r0) +O(γ3)

To simplify this expression, we collect terms of order O(γ3) and again collect terms aligned

with r0. This simplification results in

∇1
W `(x1) = −γe1(x1)∇0

r`(x0)x
>
1

+ γ2r>0 ∇0
b`(x0)∇0

r`(x0)x
>
1

+ γ2r>0 ∇0
W `(x0)x1∇0

r`(x0)x
>
1

+ γ2∇0
r`(x0)

>h0(x1)∇0
r`(x0)x

>
1

+ P(r0)x
>
1 +O(γ3)

Now we compute the average of this update, 〈∇1
W `(x1)〉. This is

〈
∇1
W `(x1)

〉
= −γ

〈
e1(x1)∇0

r`(x0)x
>
1

〉
+ γ2

〈
r>0 ∇0

b`(x0)∇0
r`(x0)x

>
1

〉
+ γ2

〈
r>0 ∇0

W `(x0)x1∇0
r`(x0)x

>
1

〉
+ γ2

〈
∇0
r`(x0)

>h0(x1)∇0
r`(x0)x

>
1

〉
+
〈
P(r0)x

>
1

〉
+O(γ3)

To proceed, we assume that the output weights are at equilibrium, i.e. 〈∇0
r`(x)〉x = 0.

This removes the first term from the expression for 〈∇1
W `(x1)〉. Furthermore, we assume

that the input is mean zero and isotropic with variance σ2
x, so 〈x〉 = 0 and

〈
xx>

〉
= σ2

xI.

Using these assumptions below, along with some rearranging, we find that the input weight
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updates satisfy

〈
∇1
W `(x1)

〉
= −γ

〈
e1(x1)

〈
∇0
r`(x0)

〉
x>1
〉

+ γ2
〈
r>0 ∇0

b`(x0)∇0
r`(x0)

〉 〈
x>1
〉

+ γ2
〈
r>0 ∇0

W `(x0)x1∇0
r`(x0)x

>
1

〉
+ γ2

〈
∇0
r`(x0)

>h0(x1)∇0
r`(x0)x

>
1

〉
+
〈
P(r0)x

>
1

〉
+O(γ3)

= γ2
〈
r>0 ∇0

W `(x0)x1∇0
r`(x0)x

>
1

〉
+ γ2

〈
∇0
r`(x0)

>h0(x1)∇0
r`(x0)x

>
1

〉
+
〈
P(r0)x

>
1

〉
+O(γ3)

= γ2
〈
∇0
r`(x0)r

>
0 ∇0

W `(x0)
〉 〈
x1x

>
1

〉
+ γ2

〈
∇0
r`(x0)∇0

r`(x0)
>〉 〈h0(x1)x

>
1

〉
+
〈
P(r0)x

>
1

〉
+O(γ3)

= γ2σ2
x

〈
∇0
r`(x0)r

>
0 (∇0

W `(x0))
〉

+ γ2
〈
∇0
r`(x0)

(
∇0
r`(x0)

)>〉 〈
h0(x1)x

>
1

〉
+
〈
P(r0)x

>
1

〉
+O(γ3)

Regarding the term with
〈
h0(x1)x

>
1

〉
, we compute that

〈
h0(x1)x

>
1

〉
=
〈
(Wx1 + b0)x

>
1

〉
= W

〈
x1x

>
1

〉
= σ2

xW . (1.25)

This leaves us with the expression

〈
∇1
W `(x1)

〉
= γ2σ2

x

〈
∇0
r`(x0)r

>
0 (∇0

W `(x0))
〉

(1.26)

+ γ2σ2
x

〈
∇0
r`(x0)∇0

r`(x0)
>〉W

+
〈
P(r0)x

>
1

〉
+O(γ3)
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Substituting this expression for 〈∇1
W `(x1)〉 into Eq. (1.24) and simplifying results in

〈h2(x)〉 = h0(x) (1.27)

− γ3σ2
x

〈
∇0
r`(x0)∇0

r`(x0)
>〉W0x

− γ3σ2
x

〈
∇0
r`(x0)r

>
0 ∇0

W `(x0)
〉
x+ P(r0) +O(γ4).

This is a full reduction of the behavior of the representation after two SGD steps in task-

irrelevant directions orthogonal to the readouts, up to order O(γ4), under mild assumptions

on the input (mean zero and isotropic) and on the gradients of the output and bias weights

(that they are in equilibrium). While a systematic analysis of Eq. (1.27) is desirable, in

this work we instead make strong simplifying assumptions that make the equation easy to

analyze. The assumptions we make are: (1) W0 is diagonal, (2) r0 ∝ ek is proportional to

a standard unit vector ek, the vector of all zeros except for a one in the kth entry, for some

k ∈ {1, 2, ..., N}, and (3) b0 ∝ r0. Let’s assume without loss of generality that r0 ∝ e1.
We first address the second term in Eq. (1.27) by computing

〈
∇0
r`(x0)(∇0

r`(x0))
>〉 = W0

〈
e(x0)

2x0x
>
0

〉
W>

0

+
〈
e(x0)

2W0x0

〉
b>0 x.

+
〈
e(x0)

2b0x
>
0

〉
W>

0

+
〈
e(x0)

2
〉
b0b

>
0

+ P(r0).

We first deal with the second term of the above expression. Note that by assumptions

(1)-(3), e(x0) = r>(W0x0 + b0) − o(x0) depends only on the first coordinate of x0. Since

〈x0〉 = 0, it follows that 〈e(x0)
2W0x0〉 ∝ e1 ∝ r0. The third and fourth terms are also

proportional to r0 by assumption (3). Hence

〈
∇0
r`(x0)(∇0

r`(x0))
>〉 = W0

〈
e(x0)

2x0x
>
0

〉
W>

0 + P(r0).

We now finish computing the second term of Eq. (1.27) under assumptions (1)-(3). Using

again that e(x0) depends only on the first coordinate of x0, as well as the fact that the

distinct coordinates of x0 are independent, it’s straightforward to show that

W0

〈
e(x0)

2x0x
>
0

〉
W>

0 W0x =
〈
e(x0)

2
〉
σ2
xW0W

>
0 W0x+ P(r0).
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Hence

〈
∇0
r`(x0)(∇0

r`(x0))
>〉W0x = W0

〈
e(x0)

2x0x
>
0

〉
W>

0 W0x+ P(r0) (1.28)

=
〈
e(x0)

2
〉
σ2
xW0W

>
0 W0x+ P(r0). (1.29)

Calculations for the third term of Eq. (1.27) follow a similar flow, resulting in

〈
(∇0

r`(x0))r
>
0 (∇0

W `(x0)
〉
x = σ2

x ‖r0‖
2 〈e(x0)

2
〉
W0x+ P(r0). (1.30)

Substituting Eq. (1.30) and Eq. (1.28) into Eq. (1.27) results in

〈h2(x)〉 = h0(x)

− γ3σ4
x

〈
e(x0)

2
〉
W0W

>
0 W0x

− γ3σ4
x‖r0‖2

〈
e(x0)

2
〉
W0x+ P(r0) +O(γ4).

Note that our assumption (3) that b0 ∝ r0 implies that W0x = h0(x)+P(r0). Furthermore,

since r0 ∝ e1 by assumption (2) and W0 is diagonal by assumption (1), it follows that

W0W
>
0 b0 ∝ e1 so that W0W

>
0 (W0x+ b0) = W0W

>
0 W0x+ P(r0). Hence

〈h2(x)〉 = h0(x)

− γ3σ4
x

〈
e(x0)

2
〉
W0W

>
0 W0x

− γ3σ4
x‖r0‖2

〈
e(x0)

2
〉
W0x+ P(r0) +O(γ4)

= h0(x)

− γ3σ4
x

〈
e(x0)

2
〉
W0W

>
0 h0(x)

− γ3σ4
x‖r0‖2

〈
e(x0)

2
〉
h0(x) + P(r0) +O(γ4)

=
(
I − γ3σ4

x

〈
e(x0)

2
〉

(W0W
>
0 + ‖r0‖2I)

)
h0(x) + P(r0) +O(γ4)

This shows that for γ small enough, the hidden representation is scaled by a positive constant

less than one in the directions orthogonal to r0. This shows that the representation is

compressed in these directions.

1.10.2 Additional figures
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iteration 0

iteration 30 iteration 500

(a) (b)

Figure 1.10: Example of noise in output weights driving compression of the hidden
representation in a linear network with two hidden layer units. The equation for
the network is h = Wx + b with output ô = rTh. The input weights (red) are initialized
to the 2× 2 identity matrix, and bias is initialized as (1, 0). The inputs are placed on a grid
from x = −1 to x = 2 and from y = −3 to y = 3 (not shown). Network output ô is trained
to minimize the squared error loss 0.5(ô−1)2. Input samples are chosen randomly, and input
weights are updated via stochastic gradient descent with batch size 1. (a) Top: Diagram of
network where input weights are trained and output weights are fixed. Bottom: Diagram of
network where input weights are trained and output weights are normally distributed with
mean (1, 0) and covariance 0.05I. In the figure, η represents additive white noise. Middle:
hidden unit responses (blue circles) to the inputs before training (iteration 0). Black dot
denotes the output weight vector, and the blue line is the affine subspace of points that r
maps to 1. (b) Evolution of the hidden layer response to inputs (representation) as input
weights are trained. Top: Representation of the network where output weights are fixed.
The iteration number denotes the number of training samples that have been used to update
the weights. Activations compress to the space orthogonal to r, shifted by (1, 0). Bottom:
Representation of the network where output weights are randomly drawn at every input
sample presentation. Activations compress to a compact, localized space. The direction of
compression is both along and orthogonal to r.



45
In

te
r-

cl
as

s 
d

is
ta

n
ce

In
te

r-
cl

as
s 

d
is

ta
n

ce

In
te

r-
cl

as
s 

d
is

ta
n

ce

ImageNet-10CIFAR-100CIFAR-10a) b) c)

Figure 1.11: Average inter-class distances between points in class 1, normalized by
average distance between points in class 1 and class 2. Color indicates training epoch.
(a) Inter-class distance measured through the layers of the network trained on CIFAR-10.
(b) Inter-class distance measured through the layers of the network trained on CIFAR-100.
(c) Inter-class distance measured through the layers of the network trained on ImageNet-10.

ED

Figure 1.12: Dimensionality compression in 16 layer feedforward networks. Details
are as in Fig 1.1b, but using a feedforward network with 16 hidden layers.
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Chapter 2

DIMENSIONALITY BALANCE IN RECURRENT NEURAL
NETWORKS

2.1 Introduction

Feedforward neural networks, which were the focus of Chapter 1, are key to the fields of

machine learning and computational neuroscience. However, it is also of high interest to

understand the behavior of recurrent neural networks (RNNs). Besides possessing useful

computational attributes for machine learning applications, recurrent networks capture es-

sential elements of biological brains. Recurrent network models reflect the abundance of

feedback and lateral connections between neurons in the brain. This architecture supports

ongoing temporal dynamics, which is both observed biologically and useful for machine learn-

ing applications in the domain of processing inputs with temporal structure. These networks

form representations that change through time, enabling complex computations analogous

to those performed through the layers of deep feedforward networks. In this context, it is

essential to understand how the dynamical properties of the network influence the formation

of representations through learning.

Studies in this vein have been successfully applied to recurrent networks with fixed recur-

rent weights. These findings have revealed the important role of dynamical chaos (whereby

small changes in internal states are amplified by unstable, but deterministic, dynamics) in

determining the computational properties of RNN models [71, 72, 73, 74]. Frequently en-

countered in models of brain networks, chaos provides a parsimonious explanation for both

repeatable structure as well as internally generated variability seen in highly recurrent brain

networks such as cortical circuits [75, 76, 77, 78, 79, 80, 81, 82]. Furthermore, chaos has

been linked to dimensionality; mathematically in [74], and in [73] through simulations show-

ing that chaos can drive an expansion of dimensionality which is useful for discriminating

between inputs. However, the attributes of this phenomenon as recurrent weights evolve

through training are less understood (but see [83, 84]).

The goal of this work is to reveal how the dynamics of recurrent networks and the

dynamics of learning interact to influence the geometry of the learned representations. We
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furthermore probe the computational consequences of these representations. As in Chapter

1, we find experimental evidence that stochastic gradient descent (SGD) is predisposed to

find solutions that compress dimensionality. Whereas in Chapter 1 we found that the dense

networks were able to expand dimensionality (but not necessarily enough to classify the

data perfectly), in the case of these recurrent networks, dimensionality expansion may not

occur. In light of this, chaos in this case provides a key ingredient for effective learning:

directions of expansion that coexist with many directions of compression. SGD is often

effective at making use of this expansion while compressing opportunistically. This results

in learned representations that balance expansion and compression and that consequently

lend themselves to good generalization.

Our results indicate new computational roles for variability – both in neural responses as

well as in synaptic modifications – in the formation of robust representations.

Publications and preprints. The contents of this chapter can be found in [48].

2.2 Results

Model and task overview

We investigate the dynamics of recurrent networks learning to classify static inputs. Our

network model is based on standard RNN models used in machine learning [85, 86] (see

Chapter 2 Methods). Interactions between the n = 200 neural units are determined by

a randomly initialized recurrent connectivity matrix. The dynamics of random recurrent

networks typically become more chaotic as the average magnitude of neural coupling strength

increases. We compare chaotic networks initialized near the transition point to chaos (said to

be on the “edge of chaos”), to “strongly chaotic” networks well past the transition point, as

they learn to solve a classification task described below. To measure chaos, we numerically

compute the Lyapunov exponents of the system.

The network is trained to perform a delayed classification task, which proceeds as follows:

(1) an input is presented to the network for one timestep, (2) the network’s dynamics evolve

undriven during a delay period of 9 timesteps, (3) a linear readout of the network’s state

at timestep 10 is used to classify the input into one of the two classes. This delay period is

analogous to the hidden layers of a feedforward neural network, when viewing the recurrent

weights as being “unrolled” through time. Inputs are the same as the clustered data in

Chapter 1. For convenience, we repeat the description here. These inputs are n-dimensional
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vectors. They are selected from Gaussian-distributed clusters whose means are distributed

randomly within an d-dimensional, random subspace of the n-dimensional neural activity

space. Each cluster is assigned one of two class labels, at random.

delay
input evaluation

· · ·

recurrent
unit
activations

separating
hyperplanes

(     )

inputs

Figure 2.1: Task and model schematic. Input clusters are distributed in a n-dimensional
subspace of neural space. An input x is shown to the network for one timestep, and after a
delay period in which the network evolves undriven, the network state h(x, teval) is linearly
read out at a timepoint teval in order to classify the input. Bottom: Schematic of the response
of the network to the ensemble of inputs, viewed at snapshots in time. Through training,
the network attempts to form a representation that allows a separating hyperplane. The
network may also bring points belonging to the same class together to form a more compact
representation. Bottom left: Dashed lines depict the top two eigenvectors of the covariance
of the representation, scaled by the corresponding eigenvalues. To capture the degree to
which activations fill space, we use the effective dimensionality (ED), which measures the
participation ratio of all of the eigenvalues.
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SGD trains networks to compress high-dimensional inputs

We start by considering the classification of high-dimensional inputs, where the input ambient

space dimensionality m is equal to the number n of recurrent units (see Fig 2.2a for a

visualization). As in Chapter 1, these inputs are linearly separable, so that the question is

what recurrent networks do beyond producing linear separability.
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Figure 2.2: Dynamical and geometric properties of networks learning to classify
high-dimensional inputs. Two dynamical regimes are considered: initialization on the
edge-of-chaos (blue-green) and a strongly chaotic (red) initialization. Input color (yellow-
orange or purple) denotes true class label. Shaded regions are as described in Chapter 1
Methods. “After training” designates networks that have been trained on 9,600 input sam-
ples. (a) Schematic of the inputs. (b) Lyapunov exponents measured through training.
Each plot is of a single network and input realization. Error bars (too small to see) denote
standard error of the mean. Top: Edge-of-chaos network. Bottom: strongly chaotic net-
work. (c) Activations of recurrent units responding to an ensemble of 600 inputs, plotted as
“snapshots” in time in principal component space. Top: Edge-of-chaos network. Bottom:
strongly chaotic network. (d) Testing accuracy measured through training. (e) Effective
dimensionality (ED) of the network representation through time t. (f) Mean accuracy of
a logistic regression (LR) linear classifier trained on the recurrent unit activations at each
timepoint t. (g) Mean testing accuracy of an LR classifier. The model was trained on data
drawn from 80% of the input clusters (816 input points) and tested on held-out data from
the remaining 20% of input clusters (204 input points).
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We study networks in two dynamical regimes: a strongly chaotic network and one that

is initialized at the edge of chaos. Fig 2.2b measures the degree of chaos of the edge-of-chaos

and strongly chaotic regimes by plotting the top 15 Lyapunov exponents χk of the networks

through training. In these plots, positive values of χk indicate chaotic dynamics. If all χk are

negative, then the dynamics are non-chaotic (stable), meaning that trajectories converge to

stable fixed points or stable limit cycles. The edge-of-chaos network is weakly chaotic before

training and becomes stable after training, while the strongly chaotic network is chaotic both

before and after training. While each of the plots in Fig 2.2b only shows the exponents for

a single network realization and a particular positioning of input clusters, they capture the

general qualitative behavior of the two dynamical regimes for d = N .

As shown in Fig 2.2d, both networks easily achieve perfect testing accuracy on the delayed

classification task. As in Chapter 1, we now turn our attention to how properties of the

network’s internal representation change over the course of training.

In Fig 2.2c we plot the top two principal components of the network responses to 600

input samples at snapshots in time. The top row corresponds to the edge-of-chaos network,

where we see that points belonging to different classes are pulled apart while points within

the same class are compressed together in all dimensions (see Fig 2.7 for a quantification of

this phenomenon). The case is similar for the strongly chaotic network (bottom row), except

that the classes begin to mix back together in the top two PCs after the evaluation time

teval = 10. Our analysis of the Lyapunov exponents indicates that the edge-of-chaos network

forms fixed points that persistently solve the task, while the strongly chaotic network forms

chaotic attractors that transiently solve the task. The chaotic solution has some benefits

when compared to the solution found by the edge-of-chaos network. The edge-of-chaos

network has moved points that belong to the same class very close together, so if the data

were to change (say, the class labels were to be scrambled), it would be difficult to learn

this change. In contrast, the chaotic solution is able to learn a new instantiation of the task

more quickly, as shown in Fig 2.10. Here, the input data are regenerated after ten epochs of

training, and the strongly chaotic network more quickly regains perfect testing classification

accuracy.

As in Chapter 1, this compression phenomenon is partly captured by measuring the

effective dimensionality of the representation (see Section 1.2). In Fig 2.2e the ED is plotted

through time t. The EDs of the trained networks are approximately equal to that of the

input at time t = 0, since the initial states only differ from the inputs by one application
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of the nonlinearity (see Methods). The dimensionality drops with increasing t and is highly

compressed at the evaluation time teval = 10. This compression results both from increasing

distances between different classes as well as decreasing distances within classes (see Fig 2.2c

and Fig 2.7). As in Chapter 1, the degree of these trends depends somewhat on the learning

procedure (data not shown). However, the general behavior is robust to moderate changes

in the learning algorithm parameters.

We next study the coding properties of these representations as in Chapter 1. Fig 2.2f

shows the mean accuracy of a logistic regression (LR) linear classifier trained to classify

the network representation at each timepoint. As in Chapter 1, the input data are linearly

separable, and this property is retained by the network dynamics. However, the learned

dynamics and resulting dimensionality compression correspond with better generalization

properties of the representation. In Fig 2.2g, we measure generalization by first training

an LR classifier on the network response to inputs drawn from a fixed 80% of the input

clusters, and then measuring the accuracy of this classifier on the network response to samples

drawn from the remaining 20% of the clusters. The dashed lines indicate that, while the

representations in the untrained networks are linearly separable, a linear classifier trained on

these representations does not generalize well to held-out clusters. In contrast, after training,

the network representations become increasingly generalizable through time t, eventually

allowing for perfect classification accuracy on held out clusters and maintaining this for

future times.

As in Section 1.6.4, we test if minibatching can be a driving force behind this dimen-

sionality compression by comparing networks trained with full batch gradient descent and

stochastic gradient descent with batch size 1 (Fig 2.9). We find similar results: minibatching

does make the difference, except in the case where tanh nonlinearity and categorical cross

entropy is used – in this case full batch gradient descent also compresses the representation.

This may have to do with the saturating behavior of the nonlinearity. As in Chapter 1, these

results depend on using accelerated optimizers such as RMSprop or Adam.

Chaos drives dimensionality expansion, enabling SGD to find a balance between expansion

and compression

We next turn our attention to inputs embedded in a two-dimensional ambient space, d = 2

(see Fig 2.3a for a visualization). In this case, the two classes are generally far from being

linearly separable (classification boundaries must be curved and nonlinear to separate the
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Figure 2.3: Dynamical and geometric properties of networks learning to classify
two-dimensional inputs. Two dynamical regimes are considered: initialization on the
edge-of-chaos (blue-green) and a strongly chaotic (red) initialization. Details are similar
to Fig 2.2. “After training” designates networks that have been trained on 96,000 input
samples. (a) Inputs lie on a two-dimensional plane cutting through recurrent unit space.
(b-g) Descriptions as in Fig 2.2.

60 clusters randomly distributed in two-dimensional space). As a consequence, it is difficult

for the network to classify without first increasing the dimensionality of its representation.

Fig 2.3 compares the behavior of the edge-of-chaos and strongly chaotic networks trained

on this task. In this case, the edge-of-chaos network remains on the edge-of-chaos through

training (Fig 2.3b). The strongly chaotic network remains strongly chaotic during training.

In comparing the representations in Fig 2.3c, we find indications that the strongly chaotic

network (bottom) is more successful at achieving class separation at time teval = 10 than

the edge-of-chaos network (top). Fig 2.3d confirms that this is indeed the case: the strongly

chaotic network learns to achieves near-perfect classification accuracy, while the edge-of-chaos

network is not as successful (Fig 2.3d).

In looking at the dimensionality of the trained networks through time (Fig 2.3e), we find

that both initially expand dimensionality until about t = 7, with the expansion being much

more dramatic for the strongly chaotic network (solid lines). The strongly chaotic network

then reverses course to compress dimensionality up to time teval = 10. The dimensionality
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expansion of the strongly chaotic network up to t = 7 seems to follow from its natural

tendency to expand dimensionality before training, in contrast to the edge-of-chaos network

(dashed lines). The compression from t = 7 to t = 10 is then learned through training. This

behavior is more consistent than in the case of the dense feedforward networks of Chapter

1. Changing the learning rate can change the behavior – in particular, reducing the learning

rate can make both the dimensionality expansion and compression less pronounced.

In Fig 2.3f we see that the strongly chaotic network creates a linearly separable rep-

resentation both before and after training, while the representations for the edge-of-chaos

network are far from linearly separable before training. This is consistent with the expan-

sion of dimensionality that occurs even before training in the strongly chaotic network. The

generalization of both networks improves with training (Fig 2.3g), with the strongly chaotic

network achieving better generalization performance.

We next turn our attention to a more challenging task, where input is only shown to a

subset of neurons (Fig 2.4a); here, two. In this case, dimensionality expansion can have the

added benefit of enlisting more neurons to aid in the computation (e.g. [87]). We find that the

strongly chaotic network is still able to solve the task near-perfectly, while the edge-of-chaos

network’s median performance remains at about 75% (Fig 2.4c). Looking at ED, we find

that the edge-of-chaos network does not learn to significantly expand ED, while the strongly

chaotic network is higher-dimensional before training and learns to expand its dimensionality

even further (Fig 2.4e). This expansion again results in good linear separability by the

evaluation time t = 10, even before training (Fig 2.4f).

The generalization properties of the strongly chaotic network’s representation improve af-

ter training, even though dimensionality compression does not occur (Fig 2.4g, solid red line).

However, comparing this network at the evaluation time with the strongly chaotic network

trained on distributed inputs (Fig 2.3g, solid red line), we find that here the generalization

score is less reliable, with larger error bars. This suggests that the dimensionality compres-

sion exhibited in Fig 2.3e, solid red line, plays a role in improving generalization properties,

while constrained dimensionality expansion as in Fig 2.4e, solid red line, can still allow for

relatively good (albeit not as good) generalization. Indeed, while the strongly chaotic net-

work expands dimensionality without a clear compression phase, the dimensionality is still

small at the evaluation time relative to the size of the network.
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Figure 2.4: Dynamical and geometric properties of networks learning to classify
two-dimensional inputs restricted to two neurons. Details are similar to Figs 2.2
and 2.3. “After training” designates networks that have been trained on 96,000 input sam-
ples. (a) Schematic of the inputs. Two-dimensional input is delivered to two randomly
selected neurons in the network. (b-g) Descriptions as in Fig 2.2.

2.3 Discussion

RNNs learn to perform rich operations on their inputs, including expanding and compressing

dimensionality in order solve classification tasks with efficient, compact representations. This

behavior relies on the interplay of learning rules with network dynamics. We explore this in

two regimes: edge-of-chaos and strongly chaotic dynamics.

Networks in both regimes strongly compress high-dimensional inputs – i.e., those that are

initially linearly separable – into distinct sets, one for each class. This behavior also occurs

when classifying MNIST (Fig 2.6). The compressed representations can arise either from

the formation of stable fixed points (for networks initially at the edge of chaos) or relatively

low-dimensional chaotic attractors (for networks in the strongly chaotic regime). This has

implications for coding: networks that are stabilized by training learn to solve the task for all

time while networks that remain chaotic partially “reset” after the evaluation period. The

former may lend itself to long-term memory; the latter could be useful in flexibly learning

new tasks.
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In the case of low-dimensional inputs, we observe differences depending on degree of chaos.

Networks initialized on the “edge of chaos” lack an effective mechanism for forming high-

dimensional representations, and do not achieve linear separability as a result. Highly chaotic

networks, on the other hand, naturally expand dimensionality. The beneficial attributes of

dimensionality expansion has been explored in feed-forward models such as kernel learning

machines [41] and models of olfactory, cerebellar, gustatory, and visual circuits [88, 89, 90,

43, 44, 91, 92], as well as reservoir computing models where recurrent weights are random

and untrained [73].

On the other hand, studies have also pointed out the need to constrain dimensionality

to enable generalization [73, 91, 40]. We find that SGD balances the expansion induced

by chaos with compression through training, resulting in representations that are both lin-

early separable as well as compact at the readout time, coinciding with good generalization

properties. In the most striking cases (Fig 2.2e), strongly chaotic networks learn to initially

expand, and then compress dimensionality.

In all of these cases, strongly chaotic networks produce ongoing neural variability, a

property shared by biological models of neural circuits [76, 77, 93, 94, 79, 87, 95, 36, 96] as

well as experimental recordings [81, 80, 96]. Our findings suggest that internally generated

variability plays a functional role in neural circuits and can add both biological realism as well

as computational power to artificial network models. Assessing the extent to which these

findings generalize to a wider range of tasks and network architectures will be important

going forward (see Fig 2.6 and Fig 2.7 for first steps in this direction).

Taken together, we find that RNNs learn to balance compression with the natural expan-

sion induced by chaos in a way suitable to the task at hand. These findings invite the further

exploration of learning strategies through the lens of modulating dimensionality. The obser-

vation that SGD naturally promotes dimensionality compression sheds light on its surprising

success in generalizing well (see also [97, 98, 99, 61, 62]). Our findings highlight a scenario

where chaotic variability and salient low-dimensional structure synergistically coexist (cf.

[79, 87, 36, 95]).
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2.4 Methods

Model and Task details

We consider a recurrent neural network (RNN) model with one hidden layer trained to

perform a delayed classification task. The equation for the hidden unit activations ht is

ht = tanh
(
Wht−1 + xt + bin

)
(2.1)

where W is the matrix of recurrent connection weights, xt is the input, and bin is a bias

term. The nonlinearity is tanh = tanh. The network is initialized to have zero activation,

h−1 = 0. We write n as the number of hidden units, so for fixed t we have ht ∈ Rn.

The equation for the categorical cross entropy loss is CCE(ô, k) = log (pk) where pk =

exp (ôk) /
(∑

j exp (ôj)
)

represents the probability that ô indicates class k. This loss is used

to update the parameters via backpropagation-through-time using PyTorch 1.5.1 optimiza-

tion schemes. We use the RMSprop optimization scheme with a batch size of 10 (loss is

summed over the batch) and a learning rate of .001. These were chosen to roughly maximize

performance, particularly in the case of low-dimensional inputs. The trends and measures

analyzed are qualitatively robust to small changes in the learning parameters. Perhaps the

parameter with the most significant impact on our results is the learning rate. Increasing

the learning rate typically increases the amount of the network’s compression after training

and the degree to which Lyapunov exponents are decreased. In some cases, such as the

case of two-dimensional inputs shown to all neurons, doubling the learning rate can have

a strong effect in inhibiting the dimensionality expansion of the strongly chaotic network,

while halving it is enough to make the compression that follows this expansion considerably

fainter. We chose our initial learning rate to roughly maximize the testing accuracy of the

networks.

The network receives a static input for a number of timesteps (the input period), and is

then asked to classify this input after a delay period. In our simulations, the input period is

1 timestep and the delay period is 9 timesteps, after which comes an evaluation period of 1

timestep. Details about the input, delay, and evaluation periods are described in the main

text. See Chapter 1 Methods for a description of the clustered data.

The input is transformed by a random n × d transformation with orthogonal columns,

where each column has norm 1/
√
d (this transformation preserves the geometry of the in-

puts). The one exception is input given to two neurons in the network, where the input
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is transformed by a matrix with 1 in the (1, 1) and (2, 2) positions, and zero everywhere

else. The output weights of the network are initialized as a random matrix J ′ where

J ′ij ∼ N (0, .32/n).

As in Chapter 1 we reduce the learning rate through the training process via a reduce-

on-plateau strategy: when the loss fails to decrease by more than 1e− 7 for five epochs in a

row, the learning rate is halved.

The shaded regions on plots are calculated as in Chapter 1 (see Chapter 1 Methods),

except that here 30 network and input realizations are used.

Inducing Chaos

We initialize W as W = (1 − ε)I + εJ where ε = .01 ensures relatively smooth dynamics

before training (note that the dynamics are never completely smooth by the formal mathe-

matical definition, even as ε→ 0). The matrix J has normally distributed entries that scale

in magnitude with a coupling strength parameter γ, Jij ∼ \(0, γ2/n). We investigate two

dynamical regimes, “edge of chaos” and “strongly chaotic”, with gain strength γ = 20 and

γ = 250, respectively.

2.5 Appendix

2.5.1 Additional figures
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Figure 2.5: Effective Dimensionality (ED) of networks trained with mean squared
error loss resembles that of networks trained with categorical cross entropy..
Effective Dimensionality (ED) of networks trained with mean squared error loss. Shaded
regions indicate 75% probability mass of gamma distributions fit to values of the dependent
variables over a sample of 2 network and input realizations, with solid lines indicating me-
dians. (a) As in Fig. 2e of the main text, but using mean squared error loss. (b) As in
Fig. 3e of the main text, but using 220 input clusters and mean squared error loss. Using
60 clusters, the edge-of-chaos network is able to learn to expand dimensionality in this case
(not shown).
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Figure 2.6: Representations of RNNs trained on the MNIST digit recognition
dataset. (a) Effective dimensionality (ED) of RNNs trained on the MNIST digit recogni-
tion dataset. The ED of the network’s responses to test inputs is plotted. After training,
dimensionality compresses down to a value by t = 10 that roughly matches the number of
class labels (10). This compression is similar to that seen in Fig. 2 of the main text. (b)
Projection onto the top three principal components of MNIST test data. Colors indicate
true class label (i.e. digit identity). (c) Projection onto the top three principal components
of the edge-of-chaos recurrent network’s responses to the inputs in (b) after training, at the
evaluation time t = 10. Colors indicate true class label as in (b). The network forms a
localized cluster for each digit.



60

0 5 10 15

t

0

5

10

15

20

25

d
is
ta

n
ce

within

across

0.0

0.2

0.4

0.6

0.8

1.0

d
is
ta

n
ce

w
it
h
in

d
is
ta

n
ce

a
cr

o
ss

0 5 10 15

t

0

5

10

15

20

25
d
is
ta

n
ce

within

across

0.0

0.2

0.4

0.6

0.8

1.0

d
is
ta

n
ce

w
it
h
in

d
is
ta

n
ce

a
cr

o
ss

Edge-of-chaos network Strongly chaotic network(b)(a)

Figure 2.7: Between class distances are increased while within class distances are
diminished by the network dynamics. Mean pairwise distance between points belonging
to the same class (dashed lines), mean pairwise distance between points belonging to different
classes (dotted lines), and the ratio of the first to the second (blue lines and axes), for the
representations of trained networks over time t. (a) Edge-of-chaos network as defined in the
main text. (b) Strongly chaotic network as defined in the main text.
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Figure 2.8: Dimensionality increases with number of class labels, but not number
of clusters Effective dimensionalities (EDs) of the trained network responses to inputs
embedded in an N -dimensional ambient space, measured at the evaluation time teval = 10.
Error bars denote two standard deviations of three initializations of task and networks (in all
panels they are too small to see). (a) Edge-of-chaos networks. Blue: Effective dimensionality
of the inputs. Green: effective dimensionality of the network representation as a function
of the number of input clusters. Dimensionality remains flat and small. (b) Edge-of-chaos
networks. Green: effective dimensionality of the network representation as a function of the
number of class labels. Black: Effective dimensionality of points distributed uniformly at
random in an N -dimensional ball. The number of points drawn is determined by the number
of class labels. This is to roughly measure what the effective dimensionality of the network
would be if it formed a fixed point for every class label, and distributed these fixed points
randomly in space. (c) Strongly chaotic networks. Legend as in (a). (d) Strongly chaotic
networks. Legend as in (b).
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Figure 2.9: Minibatching drives dimensionality compression Effective Dimensionality
(ED) of the hidden representation at t = 10 evaluated through training, comparing the
effects of minibatching (blue-green) and full batches (red). In both cases, weight updates
use momentum (RMSprop). Note that the # of gradient updates implies different numbers
of training samples for different batch sizes: for a batch size of one, each gradient update
follows feeding one input sample to the network, while for a full batch size each gradient
update follows only after feeding 200 input samples to the network. In both cases the learning
rate is the same. (a) Result for a linear recurrent network trained via mean squared error
loss. Only the minibatch updates result in dimensionality compression. (b) Result for a
recurrent network with a tanh nonlinearity, trained using a mean squared error loss. The
full batch network compresses dimensionality, but much less than the minibatch network.
(c) Result for a recurrent network with a tanh nonlinearity, trained using a categorical cross
entropy loss. In this case both networks compress dimensionality. (d) Dimensionality of the
last hidden layer of a ten-hidden-layer feedforward, densely connected network, measured
through training. Here the network is linear and trained with mean squared error. (e) Same
as (d), but here with ReLU nonlinearities for the hidden units.
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Figure 2.10: Chaotic solutions are flexible. A network at the edge-of-chaos (blue) and
a strongly chaotic (red) network are trained to classify the high-dimensional cluster data as
defined in the main text. At epoch 10, the data are regenerated, with new cluster center
positions and new class label assignments (epoch 10 shows the accuracy on these new data
before the network is trained on them). The strongly chaotic network learns the new data
more quickly.
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Chapter 3

AUTOENCODER NETWORKS EXTRACT LATENT
VARIABLES AND ENCODE THESE VARIABLES IN THEIR

CONNECTOMES

3.1 Introduction

Chapters 1 and 2 primarily focused on the representations of networks formed through learn-

ing. In this chapter we focus on the structure of network weights that are formed through

learning.

The past years have seen spectacular effort, and spectacular success, in mapping synaptic

connections in the brain. For example, the hemi-brain connectome of Drosophila was recently

released, and imaging of the whole brain connectome is currently underway [100]. The

synaptic connections in a cubic millimeter of mouse visual cortex have also recently been

imaged [101]. These data build on pioneering efforts to map the connectome of c. elegans.

From these advances there have emerged stunning new opportunities and new challenges

for modelers and theoreticians. Key among these – and the topic of our paper – is to

understand which features of these connectomes are informative about the computations

that the underlying circuits perform.

Connectivity data has long been leveraged to shed light on circuit function. This in-

cludes the discovery of hierarchical organization in mammalian visual systems [15], which

is thought to support the assembly of complex and abstract visual information in higher

areas out of combinations of simple, local neural responses in lower areas; and the repeated

structure across different neocortical regions [102, 103], indicating that neocortex supports

general-purpose learning. As connectivity data become more complete, they can be used

to more precisely constrain models [104]. For instance, while a variety of mechanisms have

been proposed to explain motion processing in the retina, recent connectivity data allowed

the authors of [105] to refine this class of models into one that better fits the observed con-

nectivity. There is hope that with enough connectivity data, much information about the

functioning of a neural circuit can be inferred from these data, even with little or no activity

recording data from the same neurons [38].
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Additional studies link connectivity to the function of sensory circuits through the lens

of increasing or decreasing the dimension of their inputs. For example, connections between

mossy fiber and the large number of cerebellar granule cells is thought to support associative

learning by expanding dimension [89, 90, 106, 107, 108, 44]. More recently it has been

observed that the geometry of the weights (as seen by viewing the weight matrix as a set

of vectors embedded in a potentially high-dimensional space) holds information about the

underlying computation that can be extracted by dimensionality reduction methods, both

in artificial neural networks and network models for biological circuits [39].

Other studies point out physical bottlenecks in sensory circuits that strongly suggest a

compression of dimension, particularly in early visual pathways (for a review, see [109]).

Such a compression forces circuits to select elements of their inputs which are necessary for

downstream computations. Often this operation is modeled as extracting a low-dimensional

set of latent variables that generate the higher-dimensional input signal.

Our work follows on these observations by asking: in compressive circuits, can the actual

structure of the selected latent variables be extracted from the connectome? While this

question will prove to be a significant challenge to answer in general, here we start with

a simple and mathematically tractable model of input compression: an autoencoder with

a single layer of hidden units. This work sets out to discover if the weights that optimally

compress inputs contain recoverable information about the input stimulus; namely, the latent

variables generating the inputs. Here we focus on using dimensionality reduction methods on

the weight matrices to recover this information, inspired by [39]. We place the observations

of that study on a firmer theoretical footing by showing how they arise in a normative

framework.

It is not clear a priori how much information about a network’s computation can be

extracted from weight matrices. In particular, it is frequently the case that network models

produce the same input-output mappings with different values for the weights.

Our main finding is that – despite this potentially confounding ambiguity – structure

from the latent variables underlying the inputs can be extracted from the weights of our

network. Successful extraction depends on the Frobenius norm of the learned network weights

being sufficiently small, a condition that can be ensured via biologically inspired costs on

weight resources applied during training, or possibly by proper initialization of the network

or “implicit” regularization caused by the dynamics of stochastic gradient descent. The

structure that can be extracted includes the basic topology of the latent space; in particular,
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Figure 3.1: Depiction of network model.

it can be inferred if the latent variables live on a space that wraps around periodically (like

a circle) or that doesn’t wrap around (like a line). We give mathematical arguments in the

case of linear autoencoders as well as simulation results in the case of trained autoencoders

with hyperbolic tangent nonlinearities. Our results are a proof of concept that meaningful

information about network function can be extracted from the optimal weights alone. They

also reinforce an emerging narrative in the analysis of neural networks: that regularization

is important not only for producing network models that generalize, but also for producing

models that are interpretable (see [110, 111]).

Publications and preprints. The contents of this chapter are found in [112].

3.2 Network architecture and task structure

3.2.1 Network architecture and training objective

The model we consider is an autoencoder network with a single layer of hidden units, as

illustrated in Fig 3.1. The equation for the hidden unit activations in response to an input

xs is

hs = φ(Winxs) + b1 ∈ RN

where N is the number of hidden units and φ is the activation function for the hidden units.

The length N vector b1 is a bias term. For our mathematical analysis we take φ equal to the

identity (i.e. a linear model), but we also show the results of simulations where φ = tanh.
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The activation of the output units is

ys = Wouths + b2 ∈ Rm. (3.1)

where m is the dimension of the input space. The network is trained via stochastic gradient

descent (SGD) with momentum (RMSprop) to minimize the regularized L2 reconstruction

error

L (W ) =
T∑
s=1

‖xs − ys‖22 + λ(‖Wout‖2F + ‖Win‖2F ) (3.2)

where T is the size of the training dataset. Here the network is trained so that outputs ys

are close to xs, regularized by a cost on weights.

3.2.2 Model non-identifiability

This model is generally non-identifiable: it is impossible to infer the value of the parameters

by observing the outputs of the model to inputs. For instance, consider the case where φ is

equal to the identity and the bias terms are fixed to zero. In this case

y = WoutAA
−1Winx = WoutWinx.

for any N × N invertible matrix A, so that the same input-output mapping is satisfied by

WoutA and A−1Win for any invertible A. The model becomes identifiable up to geometry-

preserving transformations of the parameters when the regularizer term is introduced in

Eq. (3.2), as shown in our analysis below.

We describe the training dataset next.

3.2.3 Constructing inputs generated by latent variables

Suppose that our inputs have the form xs = g (θs) ∈ Rm, where θs ∈ S is some low-

dimensional underlying process in a space S and g maps this process into a higher-dimensional

space embedded in Rm. Here θs is a latent variable that underlies the inputs xs, and the

induced process xs can be thought of as a high-dimensional encoding of θs. The subscript s

is the index for samples of the corresponding variables, and is sometimes suppressed when

context makes it clear. Throughout, mathematical symbols in bold font denote vectors or

vector-valued functions, while scalars are denoted by lowercase symbols with normal font.
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Figure 3.2: Depiction of latent variables on different spaces S. (a) Example where S is a
circle. A periodic scalar latent variable is transformed into a higher-dimensional encoding
via the receptive field neural response function g. The periodicity of θ is expressed by a
periodic colormap for θ. The periodic structure is revealed by PCA. (b) Same as (a), but
for a nonperiodic scalar latent variable, so that S is a line segment. (c) Example where
S is a cylinder. Tensor product of a nonperiodic (θ1) and a periodic (θ2) latent variable
is transformed into a higher-dimensional encoding via the receptive field neural response
function g. The scatter plots to the left depict the samples θs with coloration based on θ1
(top) and coloration based on θ2 (bottom). Receptive field centers zk,k′ tile the latent space
S. Specifically, the top and bottom edges of the space are glued together. The responses of
the first and 190th out of 400 receptive field neurons are shown on the right.
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When indexing the entries of these vectors with an index k, we either use the notation

(xk)s or suppress the s, simply writing xk. In our mathematical analysis and simulations we

assume that the samples θs are drawn uniformly from S.

The high-dimensional nature of the inputs is important in our framework. While net-

works that take lower-dimensional inputs and project them into a higher-dimensional hidden

representation space are also of general interest, our objective here is to require the network

to extract latent variables from a high-dimensional signal. This more constrained scenario

affords a greater possibility that the weights will contain information about the latent vari-

ables. In particular, when treating weight matrices as geometric objects , the number of

input dimensions m is the number of datapoints that we plot, and these points are embed-

ded in an N -dimensional space. From this perspective, m will need to be large enough for

meaningful structure to emerge.

One important class of encodings that increase the dimensionality of the encoded variables

are the tuned neural response functions. In this case, each component xk of x is the response

of a neuron with tuning curve gk to the variable θ. As an example, consider the classic case

of direction-selective retinal ganglion cells. We suppose each ganglion cell to be tuned as

a Gaussian centered at its preferred orientation, gk(θ) ∝ exp(−d(θ, zk)
2/σ2), where θ is an

angle in the interval from 0 to 2π, zk is the neuron’s preferred orientation, and σ captures

the width of the tuning. Here d is a distance function in angle space, which can be written

d(θ, θ′) = min{|θ− θ′|, 2π − |θ− θ′|}. A visualization of θ and the response g(θ) is shown in

Fig 3.2a.

Fig 3.2b depicts a latent variable θ that is also scalar-valued, but differs from the

previous example in that the latent space S is the closed interval [0, 1] with the stan-

dard topology of an interval, as opposed to a circle. In this case the natural encoding is

gk(θ) ∝ exp(−d(θ, zk)
2/σ2) where d(θ, zk) = |θ − zk|.

Another important case is that of “place cell” neurons tuned to (x, y) position on a grid

over a two-dimensional flat surface S. The space S can be thought of as the product space

of the product of two line segments. In this case we suppose each place cell to be tuned as a

gaussian centered at its location on the grid, gk,`(θ) ∝ exp(−d(θ, zk,`)
2/σ2) where zk,` is the

neuron’s tuning center and d(θ, zk,`) = ‖θ − zk,`‖2. Note that in this case the indices (k, `)

need to be “unrolled” into a vector to form the vector-valued g(θs). The idea can be further

extended to other latent variables, such as the joint spatial and orientation tuning seen also

in retinal ganglion cells. To illustrate such a joint encoding, consider “place cell” neurons
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as before, but instead of tiling a grid, suppose that one edge of the grid wraps around and

connects to the opposite edge, so that the neurons tile a cylinder. A realization of a latent

variable on a cylinder and the responses of two receptive field neurons is depicted in Fig 3.2c.

3.3 Results

Each of the examples in the preceding section illustrates a different topology of the space S
on which the latent variable θs can live. Our main finding is that, in our network trained

to autoencode the inputs xs generated by θs, the weights of the network generally reflect

the geometry of S. This is in spite of the problem of non-identifiability as introduced in

Section 3.2. In this section we first illustrate this phenomenon in simulations, and then pro-

vide mathematical reasoning to shed light on why it occurs. In particular, our mathematical

analysis will provide heuristic reasons for why non-identifiability is not overly deleterious to

structure in the weights.

3.3.1 The latent variables appear in the weights of the trained autoencoder

An overview of this phenomenon in the case of a periodic latent variable is given in Fig 3.3,

where the different parts of the network model (inputs, hidden unit responses, and weights)

are “dissected”. This illustrates that the periodicity of the inputs translates into a periodicity

of both the neural response and of the weight matrices. This information is reiterated in

Figs 3.4a to 3.4c. In Fig 3.4a, a trained autoencoder’s response to the inputs xs generated

by a periodic latent variable θs is plotted in the top two-dimensional principal component

space. In Fig 3.4b, the top two principal components of the columns of the output weights

are plotted. The resulting structure suggests periodicity, but isn’t always clearly seen. Using

the nonlinear dimensionality reduction method Isomap [113] to reduce the output weights

to a two-dimensional space reveals the circular structure of the latent variable space clearly

(Fig 3.4c). A description of Isomap and explanation of its success in recovering the periodic

structure is given in Section 3.3.2. This shows that the structure of the latent variable of

the trained autoencoder is apparent not only in the hidden unit responses to the periodic

inputs, but also in the learned weights of the network.

A similar phenomenon occurs for an autoencoder trained to reconstruct inputs xs formed

by receptive field responses g(θs) to a non-periodic latent variable θs. Here we see that the

topology of the latent space S is again reflected in the network weights (Figs 3.4e and 3.4f).
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PCA

A DCB

IsomapPCA

Figure 3.3: Overview of the characteristics of an autoencoder network trained to reproduce
inputs that are generated by a periodic latent variable. Top: Network architecture. A
low-dimensional set of latent variables is transformed into a high-dimensional input via a
function g. The network is then trained to reconstruct this input under the constraint of a
bottleneck in the number of hidden unit neurons. A hyperbolic tangent nonlinearity is used
for the hidden units. Bottom: Example network measurements for a periodic, scalar latent
variable θs. Network is trained with λ = 4e−6 and m = 60. (a-c) Color denotes value of θs.
(a) Latent variable θs drawn from S1. Color denotes value of θs. (b) Responses of receptive
field neurons 1, 10, and 20 to θs. The receptive fields are periodic. Bottom: The response
ensemble projected down to a two-dimensional space with PCA. (c) Responses of hidden
units 1, 5, and 10 to θs, out of 10 hidden units. Bottom: The hidden unit response projected
down to a two-dimensional space with PCA. (d) Columns 1, 5, and 10 of the output weight
matrix, out of 10 columns. Color corresponds to the receptive field neuron index. While the
structure is similar to (c), the relative scaling of the axes is different, as evidenced by the
grid lines. Bottom: The output weight matrix projected onto a two-dimensional space with
Isomap.
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This phenomenon also occurs in the case of inputs generated by tensored latent variables

as in Fig 3.2c, resulting in the weights reflecting the cylindrical topology of S (Figs 3.4g

to 3.4i). When both tensored variables are periodic, the structure in the weights is that of a

torus (Fig 3.4l)

While in the examples above the latent variables are reflected both in the structure of the

weights and the structure of the hidden layer activations of the trained network, structure

in the activations depends on the choice of inputs given to the network after training. In

the example of a periodic random variable, the ring structure in the activations does not

appear if white noise inputs are shown to the trained network (data not shown). This is

intuitively because a linear transformation of white noise cannot have a ring-like structure.

This illustrates how the information provided by the weights is in some ways distinct from

that provided by the hidden unit activations.

Note also that the structure of the weights is most clearly extracted by the nonlinear

dimensionality reduction method Isomap (Figs 3.4c, 3.4f and 3.4i) as opposed to the linear

method of principal component analysis (Figs 3.4b, 3.4e and 3.4h). We shed light on why

this is in Section 3.3.2.

3.3.2 Extracting latent variables from network weights

We now explain these observations through mathematical analysis. For ease of analysis,

we consider a linear autoencoder model where φ is taken to be the identity. Our analysis

involves three steps. The first is to relate the minimizers of Eq. (3.2) to the familiar solutions

found by principal component analysis (PCA). The second is to resolve the problem of non-

identifiability of the model, as introduced in Section 3.2. Once the minimizers of Eq. (3.2)

have been related to the PCA solutions and the degeneracy of the solution space has been

resolved, the third step in our analysis is to look more closely at the PCA solutions and to

show that these solutions in fact encode the latent variable information.

Relating autoencoders to PCA

We start by rewriting the loss Eq. (3.2) in matrix form with λ = 0 and with φ taken to be

the identity:

L(Wout,Win, b1, b2) =
∥∥X −WoutWinX +Woutb11

>
T + b21

>
T

∥∥2
F

(3.3)
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where X is an m × T matrix with column s holding the sample xs and 1T is the length T

vector of all ones. Let µx = 〈xs〉s and µh = 〈hs〉s. The optimal values for the bias terms

have the effect of transforming the problem into one that has been mean-centered, i.e. the

minimal weights of Eq. (3.3) coincide with those of

‖X ′ −WoutH
′‖2F (3.4)

where X ′ = X −µx1> and H ′ = WinX −µh1> [114]. Minimizing this loss while enforcing

that Win and Wout have orthonormal rows and columns, respectively, results in the PCA

solution. This solution is naturally expressed in terms of the singular value decomposition

(SVD) of X ′: X ′ = UΣV T where U is an m × m orthogonal matrix, V is a T × m

matrix with orthonormal columns, and Σ is an m × m diagonal matrix with nonnegative

entries σ1, σ2, ..., σm called the singular values of X ′. The standard PCA solutions are then

W ∗
out = UN and W ∗

in = (UN)T where UN is the matrix U truncated to the first N columns.

However, as discussed above any solution of the form W ∗
out = UNA and W ∗

in = A−1(UN)T

is also a global minimum, where A is an arbitrary invertible N ×N matrix. This is the most

general form of optimal solution [115, 116].

Resolving non-uniqueness of the optimal weights

The arbitrary invertible linear transformation A introduced in the previous section can

potentially skew the structure of the weights past the point where the latent variables can

be extracted. While A preserves topological information, it doesn’t necessarily preserve

local distances between points. Nonlinear dimensionality reduction methods like Isomap

are generally designed to embed points in a lower-dimensional space while preserving local

distances, and losing information about these local distances can be destructive. This can

become a problem in practice since the number of columns (rows) ofWin (Wout) is finite, and

the structure of local distances among finitely many points can be lost as skewing becomes

large. Here we describe biologically motivated conditions that address this issue.

If we add the regularizer λ(‖Wout‖2F +‖Win‖2F ) with λ > 0 to Eq. (3.3), then the solution

becomes more constrained. Let Σλ be the diagonal matrix Σλ = diag(b1− λ/σ2
1c+, ..., b1−

λ/σ2
Nc+), where the σk are again the singular values of X and b·c+ is the threshold function

max{·, 0}. [115, 116] recently showed that, under the assumption that σ1 > σ2 > ... > σN ,

the optimal weights in this case have the form W ∗
in = QTΣ

1/2
λ (UN)T and W ∗

out = UNΣ
1/2
λ Q
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whereQ is an arbitrary N×N orthogonal matrix. In particular, these solutions are unique up

to arbitrary orthogonal transformations Q, rather than arbitrary invertible transformations

A. The thresholding of the terms 1− λ/σ2
k along the diagonal of Σλ can create an effective

bottleneck. Let k∗ be the smallest index such that 1 − λ/σ2
k ≤ 0. If k∗ < N , then this has

the effect of setting the last N − k∗ columns of UN to zero in the expression for W ∗
in and

W ∗
out, which is equivalent to having a network with bottleneck size k∗. If the terms 1−λ/σ2

k

are all positive, then the thresholding has no effect. Since our results do not depend closely

on the size of the bottleneck (the main requirement is that the bottleneck be large enough

to capture the dimensionality of the latent space), we have some liberty in our choice of λ.

In our simulations, unless otherwise noted we take N = 10 and λ = 4e − 6, which is small

enough so that the 1− λ/σ2
k terms are positive for 1 ≤ k ≤ N .

It follows that this regularizer can help to preserve the geometric information encoded

in the weights found by optimization methods. In particular, for positive but small λ,

W ∗
in ≈ QT (UN)T and W ∗

out ≈ UNQ. Since Q preserves distances, analyzing the geometric

structure of optimal weights W ∗
in and W ∗

out reduces to analyzing the geometric structure of

UN . Regularization can make the difference: see the insets of Fig 3.6a for an example of

failure to extract the periodic latent variable when regularization isn’t used.

As we show in Section 3.3.2 below, the matrix UN contains geometric information about

the inputs.

Relating the weights to the latent variables

In the previous section we showed how the optimal weights share the same geometric

structure as UN : W ∗
in ≈ QT (UN)T and W ∗

out ≈ UNQ for λ small. We now show how

UN is related to the latent variables underlying the inputs. To do so, we first note that

according to basic properties of the SVD, U is a matrix of normalized eigenvectors of

the covariance matrix C =
〈
xsx

T
s

〉
s
− 〈xs〉s 〈xs〉

T
s of X, so C = UΣ2UT (recall that

Σ holds the singular values for the mean-centered X ′). Assuming that x has the form

xj = gj(θ) ∝ exp(−d(θ, zj)
2/σ2), we can work out the form of the covariance between xj

and xk. Taking the limit T → ∞ and invoking the law of large numbers, we have that

〈(xj)s〉s=1,...,∞ = 〈gj(θ)〉θ and 〈(xj)s(xk)s〉s=1,...,∞ = 〈gj(θ)gk(θ)〉θ. Letting µj = 〈gj(θ)〉θ, it

follows that in this limit

Cjk = 〈gj(θ)gk(θ)〉θ − µjµk.
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From this form of the covariance matrix, we can now work out the eigenvector structure for

different choices of the latent space S and distance function d.

Periodic latent variables give rise to periodic weight structure

We first consider the case of a periodic latent variable θ. Recall that the inputs are formed

by encoding θ via orientation selective receptive fields gk(θ) ∝ (exp(−d(θ, zk)
2/σ2), with d

being a distance function in angle space, d(θ, θ′) = min{|θ− θ′|, 2π − |θ− θ′|}. Assume that

the receptive field centers zk evenly tile the space.

The salient structure of this encoding can be expressed through the idea of equivariance.

Let a+ b denote addition of a and b modulo the number, m, of receptive field neurons. In

our scenario, equivariance means that shifting the identity of the receptive field neuron is the

same as shifting the input to the receptive field neuron: gk+`(θ) = gk(θ − z` mod 1). This

equivariance implies a special structure of the input covariance matrix C: C is a circulant

matrix. This means that every row in C is a shifted version of the first row, where the

shifting operation wraps around at the edges of the matrix. To show this, we show that

entry Cjk is equal to Cj+`,k+`, where ` is any integer.

Recall our assumption that θ is uniformly distributed on the circle S = S1, and suppose

without loss of generality that S has Lebesque measure 2π (so θ varies from 0 to 2π). Then

the probability density function of θ is the constant function that returns 1/(2π) for all θ.

This means in particular that the expected value of f(θ) is 〈f(θ)〉 = 1
2π

∫ 2π

0
f(θ)dθ for any

reasonably well-behaved function f .

To show that C is circulant, we first compute that

〈
gj+`(θ)gk+`(θ)

〉
= 〈gj (θ − z` mod 1) gk (θ − z` mod 1)〉

=
1

2π

∫ 2π

0

gj (θ − z` mod 2π) gk (θ − z` mod 2π) dθ

=
1

2π

∫ 2π−z` mod 2π

0−z` mod 2π

gj (θ) gk (θ) dθ

=
1

2π

∫ 2π

0

gj (θ) gk (θ) dθ

= 〈gj(θ)gk(θ)〉 . (3.5)
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Computing shifts of the mean µj has a similar flavor:

µj+` =
1

2π

∫ 2π

0

gj (θ − z` mod 2π) dθ

=
1

2π

∫ 2π−z` mod 2π

0−z` mod 2π

gj (θ) dθ

=
1

2π

∫ 2π

0

gj (θ)

= µj,

so that µj is independent of its index. Hence we can write µjµk = µ2. Combining this with

Eq. (3.5), we have that Cj+`,k+` = Cjk. An example of the resulting circulant matrix is

shown in Fig 3.5a.

In addition to being circulant, the covariance matrix C is by definition symmetric: C =

CT . The eigenvectors of circulant matrices are known and together make up the discrete

Fourier transform matrix [117]. In the case where the circulant matrix is also symmetric, the

real and imaginary parts of the eigenvectors are themselves eigenvectors. This means that an

eigenvector basis for C can be taken to be real, which results in eigenvectors that have one

of three forms: cosine transforms, sine transforms, and the all-ones vector 1m (recall that m

is the dimension of the inputs xs). More precisely, the jth cosine transform eigenvector has

the form v
(j)
k = cos(2πjk/m) for k ∈ {0, 1, ...,m− 1} and the jth sine transform eigenvector

has the form w
(j)
k = sin(2πjk/m). In particular, the eigenvectors are periodic, reflecting the

periodicity of the latent variable θ. These eigenvectors together form the columns of the

matrix U . As an illustration, the eigenvectors v(1) and w(1) are plotted against each other

in Fig 3.5b.

Consider the truncation UN of U to N columns. We’re interested in the properties

of UN embedded as a geometric object, with each row constituting a single data point

in N -dimensional space. The sine and cosine structure of the eigenvectors ensures that

this structure is periodic. In particular, the rows of UN are m samples from a loop that

nonlinearly curves through N -dimensional space.

Since this loop structure of UN is nonlinearly embedded, nonlinear dimensionality reduc-

tion methods are well suited for recovering this structure. Indeed, since the singular values

of UN are all 1, trying to extract structure from it with the linear method of PCA will only

return a random set of the columns of UN . In general, the ability of nonlinear dimensionality
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reduction methods to successfully extract the structure of interest from a dataset depends

on having enough datapoints, and our situation is no exception. In our case, the number

of datapoints is m, and this will need to be a large enough number for the dimensionality

reduction method to succeed. The precise number of datapoints needed will depend on the

specifics of the dimensionality reduction method used. To proceed, we will assume that m

is sufficiently large.

For intuition as to why nonlinear methods work, we focus on the approach of the nonlinear

method Isomap. The first step of Isomap involves building a graph on the datapoints where

points that are sufficiently close are connected by an edge. Let’s consider the strategy of

connecting every point to its two nearest neighbors. Then in our case this graph will indeed

be a loop through high-dimensional space, and embedding this graph in two dimensions in

a way that best preserves distance information reveals a ring.

Recall the minimizer W ∗
out ≈ UNQ, W ∗

in ≈ QT (UN)T of the regularized loss for the

linear model. In practice we find that the periodicity of UN is reflected in the weights Wout

in the autoencoder trained with stochastic gradient descent. As illustrated by Fig 3.4, this

extends to networks with tanh nonlinearity. Here the network is trained with λ = 4e−6 and

m = 100. The latent variable structure can be partially seen in the apparent periodicity of

points obtained by using PCA to project the columns ofWout onto a three-dimensional space

in Fig 3.4b. As discussed above, this periodicity is revealed more clearly by using Isomap to

“unravel” the coils caused by the higher frequency modes, as can be seen in Fig 3.4c.

Nonperiodic latent variables give rise to nonperiodic weight structure

The above analysis can be repeated in a similar form for the case of a nonperiodic latent

variable θ on a line segment, where this time gk(θ) ∝ exp(−|θ − zk|2/σ2). Suppose the

receptive field centers z1 through zm evenly tile the line segment [0, 1], with z1 = 0 and zm = 1.

While we are interested in the case where θ is uniformly distributed on [0, 1], this becomes

mathematically challenging to work with due to conditions at the boundary being different

than conditions in the center of the interval. Instead, we let S be the interval [−s, s+1], with

the usual interval topology. Taking s sufficiently large will allow us to deal with boundary

effects; for instance, this assumption ensures that 〈gk(θ)〉 is approximately independent of

k. In this case the covariance matrix, instead of being circulant, is approximately Toeplitz,

which means that the entries on each descending diagonal from left to right are the same.

This can be seen by choosing indices j, k and ` constrained such that j, k ∈ {1, ...,m},
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j + ` ∈ {1, ...,m}, k + ` ∈ {1, ...,m} and computing

〈gj+`(θ)gk+`(θ)〉 = 〈gj (θ − z`) gk (θ − z`)〉

=
1

2s+ 1

∫ s+1

−s
gj (θ − z`) gk (θ − z`) dθ

=
1

2s+ 1

∫ s+1−z`

−s−z`
gj (θ) gk (θ) dθ

≈ 1

2s+ 1

∫ s+1

−s
gj (θ) gk (θ) dθ

= 〈gj(θ)gk(θ)〉 .

The approximation is justified when s is much larger than zm, since the contribution to the

integral near the integration limits is vanishingly small. This approximation becomes exact

for large enough s if we clip the receptive field functions gj to have finite support.

Computing the shifted means has a similar flavor:

〈gj+`(θ)〉 = 〈gj (θ − z`)〉

=
1

2s+ 1

∫ s+1

−s
gj (θ − z`) dθ

=
1

2s+ 1

∫ s+1−z`

−s−z`
gj (θ) dθ

≈ 1

2s+ 1

∫ s+1

−s
gj (θ) dθ

= 〈gj(θ)〉 .

Taken together, these equations imply that Cj+`,k+` = Cj,k, so that C is Toeplitz. In our

simulations we take s = 0 so that C is only approximately Toeplitz, but find that the

conclusions below still hold in practice.

While the eigenvectors of Toeplitz matrices are not in general determined as they are

for circulant matrices, they are known for tridiagonal Toeplitz matrices. Symmetric tridi-

agonal Toeplitz matrices all have the same eigenvectors, of the form u
(k)
j = a sin

(
jπk
m+1

)
for

k, j = 1, ...,m, where a is an arbitrary nonzero scalar. The odd eigenvectors u(2k+1) are

symmetric (which in particular means that u
(2k+1)
1 = u

(2k+1)
m ) while the even eigenvectors are

antisymmetric (in particular, u
(2k)
1 = −u(2k)m ). Recall that the u(k) make up the columns of
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U .

As before, we consider UN as a geometric object embedded in N dimensional space,

where the rows are datapoints. Under the assumptions of tridiagonal covariance matrix,

the eigenvectors u(k) given above reveal a particular structure: in our numerical tests, the

rows of UN lie along a curve with the endpoints disconnected, provided that N < m. To

show this, we need to show that the distance the first and last row of UN is larger than the

distance between adjacent rows. While we do not prove this here, in practice we have found

this to be the case numerically (data not shown). In fact, for m−N sufficiently large we find

that the distance between the first and last row is larger than the distance between rows k

and k + 2, for k = 1, ...,m− 2 as well.

With this “gap” between the first and last row ofUN , we can use nonlinear dimensionality

reduction methods to reveal the structure of a line segment. Consider again the strategy of

connecting every point to its two nearest neighbors, as is done in using Isomap. In this case

the “middle” sections of the curve will look as in the case of the periodic latent variable, but

the ends will be different. If m − N is large enough then the two endpoints of the line will

not be connected, and the general structure of the graph will be that of a line.

Now we consider Toeplitz matrices with more than three (but still finitely many) nonzero

diagonals. For fixed k, the eigenvector u(k) in this case approaches the form a sin
(
jπk
m+1

)
in

the asymptotic limit of large m [118]. It follows that, after truncating to UN for finite N

and taking m to be large, we can use the same reasoning as in the tridiagonal case to infer

that the rows of UN lie along a curve with the endpoints disconnected. The structure of the

eigenvectors is illustrated by plotting u(1) and u(2) against each other in Fig 3.5d for m = 60.

This topology appears in the weights of the trained autoencoder, as shown by Isomap in

Fig 3.4f. Here the network is trained with λ = 4e−6 and m = 100. PCA projections of the

weights do not reveal this structure as clearly (Fig 3.4e).

Tensored latent variables give rise to tensored weights

In this section we consider combinations of latent variables found by taking tensor products

of other latent variables. Consider the case of “place cell” encoding on a torus, where both

boundaries of the grid are periodic. This can be thought of as a tensored combination of

two periodic latent variables. Suppose that the first and second coordinates of θ correspond

to the periodic latent variables θ1 and θ2, respectively, and that each is i.i.d. uniformly

distributed on the circle S1.
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Recall our choice of Gaussian curve response function on the circle: gk(θ) = a exp(−dS1(θ, zk)
2/σ2)

where a is a positive scalar and dS1(θ, θ′) = min{|θ − θ′|, 2π − |θ − θ′|} is distance on the

circle. We abuse notation slightly and use the same name for a Gaussian curve response

function on the torus: gi,k(θ) = a2 exp(−d(θ, zi,k)
2/σ2) where d is Euclidean distance on the

torus, which can be written

d(θ,θ′) =
√
dS1(θ1, θ′1)

2 + dS1(θ2, θ′2)
2.

This time the tuning curve centers zi,k have two indices and evenly tile the two-dimensional

surface of the torus. Our goal is to decomposeCi,j,k,` = 〈gi,k(θ)gj,`(θ)〉−〈gi,k(θ)〉 〈gj,`(θ)〉 into

contributions from tuning curves gk(θ) defined on the circle. We start with the observation

that

gik(θ) = gi (θ1) gk (θ2) .

Using this, along with independence of θ1 and θ2,

Ci,j,k,` = 〈gi,k(θ)gj,`(θ)〉 − 〈gi,k(θ)〉 〈gj,`(θ)〉

= 〈gi (θ1) gj (θ1) gk (θ2) g` (θ2)〉 − 〈gi (θ1) gk (θ2)〉 〈gj (θ1) g` (θ2)〉

= 〈gi (θ1) gj (θ1)〉 〈gk (θ2) g` (θ2)〉 − 〈gi (θ1)〉 〈gk (θ2)〉 〈gj (θ1)〉 〈g` (θ2)〉 .

Recall that 〈gj (θ)〉 = µ is independent of j. If we let (CS1)ij = 〈gi (θ) gj (θ)〉 − µ2 be the

covariance matrix for inputs on a circle, then we can write

Ci,j,k,` = ((CS1)ij + µ2)((CS1)k` + µ2)− µ4

= (CS1)ij(CS1)k` + µ2(CS1)ij + µ2(CS1)k`.

From this equation, we can see that C can be written as sums of Kronecker tensor products

(denoted ⊗):

C = CS1 ⊗CS1 + µ2CS1 ⊗ 1m1Tm + µ21m1Tm ⊗CS1 .

Matrix multiplication of Kronecker products satisfies the mixed-product property : (A ⊗
B)(C⊗D) = (AC)⊗(BD). Suppose that u and v are eigenvectors of CS1 with eigenvalues
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λu and λv, respectively. Then

C(u⊗ v) = λuλvu⊗ v + µ2λuu⊗ 1m1Tmv + µ2λv1m1Tmu⊗ v

= λuλvu⊗ v + µ2λu‖v‖1u⊗ 1m + µ2λv‖u‖11m ⊗ v.

This equation reveals that u ⊗ v are eigenvectors of C provided either (1) µ = 0 or (2)

‖u‖1 = 0 or u = 1m, and ‖v‖1 = 0 or v = 1m. The eigenvectors of CS1 satisfy condition (2),

as is easy to verify. Hence in the case of inputs formed from tensoring two periodic latent

variables, we can find closed form solutions for the eigenvectors of the covariance matrix.

These eigenvectors are tensor products of periodic latent variables, so that their structure

reflects that of a torus (twisted nonlinearly through N dimensional space). This structure

appears in the weights of the trained autoencoder (Fig 3.4l). Here the network is trained

with λ = 4e−6 and m = 20 · 20 = 400.

In the case where one or both of the variables being tensored is nonperiodic, we currently

lack a general mathematical characterization of the eigenvectors. In the special case when

the mean response is zero, µ = 0, the eigenvectors of C are the tensor products of the

eigenvectors of the covariance matrices for the two latent variables. This can be shown by

similar reasoning as above. Even when µ is nonzero, we see experimentally that the structure

of the tensor product of a periodic and nonperiodic latent variable resembles a breaking of

the toroidal structure similar to the scalar case. In particular, one end of the torus has a gap,

which makes the structure resemble that of a cylinder. In this case the covariance matrix

has the form shown in Fig 3.5e if the periodic variable is the first coordinate and Fig 3.5g if

the nonperiodic variable is the first coordinate (this relationship may be reversed depending

on how the four indices of C are unrolled into two indices). The cylindrical structure can be

seen in Figs 3.5f and 3.5h. This cylindrical structure is also reflected in the weights of the

autoencoder (Fig 3.4i). Here the network is trained with λ = 4e−6 and m = 20 · 20 = 400.

3.3.3 Effects of regularization

In Section 3.3.2 we found that regularization resulted in the optimal weights being defined

up to an orthogonal transformation. Without this regularization, the optimal solution may

be skewed by an invertible linear transformation. In this section we explore the effects

of regularization in more detail. In particular, we probe to what extent regularization is

necessary for recovering structure from the weights.
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As an indication for the amount of skewness in the weights, we take the ratio of the first

and second singular values, skew = σ1/σ2. This skew is 1 for matrices with orthonormal

columns, and is always at least 1. In the following analyses, the weights are initialized to

have extra skew beyond what would occur with normally distributed weights initialized in

the typical fashion. To do this, we scale the top singular value of the weights (for both

input and output weights) by a factor of five, while keeping everything else in the singular

value decomposition the same. With this initialization, the skewness measure is plotted

through training in Fig 3.6a, for a network trained in the case of a periodic scalar latent

variable and a bottleneck size of n = 10. Here we see that while the skewness in the

output weights is rapidly removed, with no regularization skewness in the input weights

persists. Regularization removes skewness from both input and output weights. Fig 3.6b

shows skewness at the end of 60 epochs across a range of n, showing the same phenomenon

as in the case n = 10. All of these figures are generated while using the tanh nonlinearity.

This skewness only suggests the degree to which the periodic latent variable is recover-

able. To concretely measure the recoverability, we formulate a measure of “circleness” which

indicates the degree to which the low-dimensional structure extracted from the weights is a

circle. To do this, we first use Isomap to embed the weights in a two-dimensional space. We

next build a persistence diagram tracking the birth and death of loops on the two-dimensional

data. As a brief description of this process, a graph is built on the datapoints, where points

are connected if they come within a radius r of each other. As r is increased from zero, loops in

the graph will be created (“birth time”) and eventually destroyed (“death time”) once all the

space within the loop is “filled in”. The time between the birth and death of the loop signifies

the “size” of the loop. To measure circleness, we first select the loops with the longest and

second longest lifespan. We then use the formula circleness = longest lifespan−second longest lifespan
death time of loop with longest lifespan

.

When there is only one loop, we instead use the formula circleness = lifespan
death time

. Note that

these formulas return values in the region 0 to 1. In order for the data to be perfectly circular

(circleness value 1), points need to be densely arrayed in a loop, so that at radius ≈ 0 a loop

appears. In addition, the data will not be reported as perfectly circular if more than one

loop with a significant lifespan appears.

Fig 3.6c shows this circleness measure plotted through training (details of the hyper-

parameters are similar to the skewness plot Fig 3.6a). The results mirror Fig 3.6a: the

circleness of output weights quickly approaches a value close to 1, while the circleness of the

input weights does not unless regularization is used. This result holds as the bottleneck size
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n varies (Fig 3.6d).

These results suggest that, for useful signals to be reliably extracted from weight matrices,

some factor that puts pressure on weight norms to be small may need to be in play. However,

this may be less important for downstream (higher level) weights. In the Supplemental Figure

S2, the skewness measure is plotted for a variety of latent variable combinations; the results

are similar to those shown here. These results also suggest that the learning dynamics of

stochastic gradient descent supply some, but potentially not sufficient, implicit regularization

to preserve the latent variable structure in the weights.

3.4 Discussion

It is important to investigate the ways that connectivity data can be used to help us under-

stand neural circuits. Here we focus on using dimensionality reduction techniques to infer

elements of the function of a neural circuit from the structure of the weights. We find that the

latent variables that underlie the inputs can be recovered from the weights of an autoencoder

with a single layer of hidden units. We find that periodic inputs give rise to periodic weight

structure, and nonperiodic inputs to nonperiodic weight structure. The tensor products of

such inputs results in an analogous structure in the weights. These results rest on using

nonlinear dimensionality reduction techniques to extract the structure. The emergence of

this structure is promoted by regularization that penalizes large weights. It also depends on

the inputs encoding low-dimensional latent variables in a high-dimensional way.

The approach of focusing on connectivity data to deduce information about the function

of a neural circuit complements other very fruitful efforts of probing the activity of neurons in

the circuit. The latter includes the seminal work of Hubel and Wiesel [119], which provided

strong evidence via recordings in cat striate cortex that neural responses in this area are

built from simple combinations of the responses of retinal ganglion cell neurons. Another

noteworthy example is the analysis of bump-attractor-like dynamics in the Drosophila ellip-

soid body [120], which demonstrated through two-photon calcium imaging that the circuit

tracks orientation information through integrated sensory information. There are, however,

difficulties in using neural activations alone to draw inferences. For instance, it isn’t always

clear how to satisfactorily explore the space of all possible input stimuli. Often multiple

competing models arise to reproduce neural circuit function or neural activity, and connec-

tivity data can be used to select among them [104]. Connectivity data may also be useful for

choosing parameters in models that are overparametrized. In the Drosophila ellipsoid body
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example, fine-grain analysis of connectivity data will probably be necessary to answer once

and for all whether the bump attractor dynamics are implemented by a ring attractor net-

work topology, and how this ring attractor is implemented precisely (see [121] for significant

recent steps in this direction).

As analysis of connectivity data has its own set of shortcomings – for instance, information

about neural modulation, the precise nonlinear responses of neurons to inputs, and many

other factors are left out – hybrid methods that take into account both neural activation

as well as connectivity data will be important far into the future. There are also other

promising avenues for using connectivity data in ways distinct from the methods considered

here. One approach is to develop models that fit neural activity data or that satisfy the

believed function of a neural circuit while constraining them with connectivity data (reviewed

in [104]). Another fruitful approach is to first generate a network model with a connectivity

determined through data-driven means, assume a form of neural unit dynamics in the model,

and then analyze the resulting network dynamics (for instance, [122, 47]).

While limited by the simplicity of the task and network model, we hope that the tech-

niques laid out here open the door to interesting future studies. These include applying these

techniques to brain connectivity data, as well as developing extensions to more complicated

tasks and models such as deeper autoencoders or more general feedforward networks trained

on more sophisticated tasks. It would be valuable to determine if the structure can be re-

covered when exact synapse values are not known, when sparsity constraints on the weights

are applied, or when different nonlinearities are used in the model. Brain circuits contain

both deep hierarchy and recurrent connections, and it remains to be seen if our methods will

be successful in networks that have these complexities. In extending to data from the brain,

persistent homology techniques could potentially be combined with nonlinear dimensionality

reduction techniques to help deal with inaccuracies in the data. Finally, in laying out the

importance of regularization in enforcing meaningful structure, we hope to provide a clearer

picture of when efforts to understand biological and artificial neural networks can be suc-

cessful, and why these efforts might fail. It is still an open question as to if L2 regularization

or other constraints are sufficient for enforcing interpretability in broader classes of network

models (see [123, 124, 111] for works related to these issues).
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Figure 3.4: The structure of the latent variables can be recovered from the weights of the trained
autoencoder by nonlinear dimensionality reduction methods. (a) Hidden unit activations of the
autoencoder trained to reconstruct an encoding g(θs) of a periodic latent variable θs as in Fig 3.2a
and using the same coloration. (b) Principal components of the columns of the output weights
of the autoencoder trained on the periodic latent variable. (c) Two-dimensional embedding via
Isomap of the columns of the output weights for the network trained on the periodic inputs. (d-
f) As in (a-c) but for an encoding g(θs) of a nonperiodic latent variable θs as in Fig 3.2b. (g-i)
As in (a-c) but for a joint encoding g(θs) of a periodic and non-periodic latent variable, such as
that illustrated by Fig 3.2c. In this case the Isomap embedding in (i) is three-dimensional. In (g)
color corresponds with the periodic latent variable, while in (h-i) coloration is by the index of the
receptive field centers corresponding to the periodic latent variable. (j-l) Same as in (g-i), but for
a joint encoding of two periodic latent variables. Color corresponds with the first latent variable.
The latent space S in this case is a torus.
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Figure 3.5: The structure of the latent variables can be recovered from the eigenvectors
of the covariance matrix of the inputs. (a) Covariance matrix for the responses of m = 60
receptive field neurons to a periodic latent variable as in Fig 3.2a. (b) Lowest frequency
eigenvectors of the circulant matrix in A, plotted against each other and colored by index.
(c) Covariance matrix for the responses of m = 60 receptive field neurons to a nonperiodic
latent variable as in Fig 3.2b. (d) Lowest frequency eigenvectors of the covariance matrix in
(c), plotted against each other and colored by index. (e) Covariance matrix resulting from
the tensored responses to a periodic and nonperiodic latent variable as in Fig 3.2c, where
the periodic variable is in the first coordinate and the nonperiodic variable is in the second.
(f) Eigenvectors of the covariance matrix in (E), reduced to three dimensions by Isomap.
Coloration is by the index of the receptive field centers corresponding to the periodic latent
variable. The eigenvectors for the covariance matrix in (G) look similar. (g) Covariance
matrix as in (E) but with the position of the nonperiodic and periodic variable switched.
(h) Same as (f), but colored by the index of the receptive field centers corresponding to the
nonperiodic latent variable.
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Figure 3.6: L2 regularization ensures the appearance of the latent variable structure in
the weights. (a) Skew (ratio of first and second singular values) of the input (blue) and
output (red) weight matrices through training. Regularization (dashed line) reduces this
skew. (b) Skew measured at the end of training (epoch 60), as a function of increasing
bottleneck size. (comment about overlap) (c) Circleness of the weight matrices through
training. Regularization ensures that the circle can be recovered. Note that the dashed lines
and red solid line overlap. Left inset: Isomap embedding of input weights at initialization.
Right inset: Isomap embedding of input weights at epoch 60. (d) Circleness measured at
epoch 60, as a function of increasing bottleneck size.
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3.5 Appendix

3.5.1 Additional figures

A B C D

E F G H

Figure 3.7: Isomap embeddings of weight matrices of trained autoencoder networks without
regularization. Here the network is trained to minimize the L2 reconstruction error without
the regularization term. In plots (A)-(D), Isomap embedding of the output weights is plotted
as in Figure 4 of the main text. Figures (E)-(F) instead plot the input weights. (A) Using a
periodic scalar latent variable for the inputs. (B) Using a nonperiodic scalar latent variable.
(C) Tensor product of a nonperiodic and periodic latent variable. (D) Tensor product of two
latent variables. (E)-(H) Same as (A)-(B), but for input weights.
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Figure 3.8: Networks trained without regularization remain skewed through training. Skew-
ness is measured by taking the ratio of the largest and second largest singular values, σ1/σ2.
In the legend, “input” and “output” refers to the skewing of the input and output weights,
respectively. The regularizer used during training is λ(||Win||2F + ||Wout||2F ). The plots are
shown for a variety of latent variables as explored in the main text. (add little schematic
from main text) A) Skewing results for inputs generated by a scalar, non-periodic variable,
measured through training. B) Skewing results for inputs generated by a scalar, non-periodic
variable, measured at epoch 60 over a range of bottleneck sizes n. C) Same as (A) but for a
tensoring of a periodic and nonperiodic latent variable. D) Same as (B) but for a tensoring
of a periodic and nonperiodic latent variable. E) Same as (A) but for a tensoring of two
periodic latent variables. F) Same as (B) but for a tensoring of two periodic latent variables.
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Chapter 4

FINAL DISCUSSION

The three chapters in this thesis establish new methods for analyzing artificial neural

networks, identify new phenomena that shed light on the success of these networks in solv-

ing difficult problems, and provide mechanistic explanations of these phenomena through

mathematical analysis. In Chapter 1 we focus on feedforward network models, starting

with simple dense networks where we uncover a phenomenon that we coin dimensional-

ity balance. This phenomenon is characterized by an initial transformation of input data

into a higher-dimensional space until the inputs are near to being linearly separable with

significant margins. In subsequent stages (such as in later layers of a deep network), this

higher-dimensional representation is compressed as points belonging to the same class are

brought closer together. We observe this behavior in simple dense feedforward networks and

the more complicated and powerful VGG-11 network model. This shows directly for the first

time that networks employ a dimensionality expansion strategy similar to that used in the

well-studied kernel learning machines, while also employing the additional strategy of sub-

sequent compression. Through mathematical analysis we argue that the later compression

phase is driven by noise in the parameter updates during training, such as that generated

by stochastic gradient descent. This noise has a similar effect as putting an L2 cost on

the network parameters, which connects this work to a larger body exploring the implicit

regularization that deep neural networks appear to enjoy. This sheds light on the incredible

success that these network models enjoy in difficult tasks like ImageNet.

In Chapter 2 we extend these investigations to a recurrent neural network model and

show how the dynamics of the network influence the dimensionality of the representation

through training. We find that chaos can play a valuable role as a dimensionality expansion

mechanism, as well as aiding in flexibly learning new tasks. This suggests a beneficial role of

the variability found in the response properties of biological networks. This also highlights

that dimensionality expansion may not always come for free when training neural networks

with SGD, reinforcing the need to make sure that the network architecture and training rules

will allow it.
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In Chapter 3 we shift our attention away from neural representations and onto the weights

of trained networks. We show in a simple network model how and why information about

the function of the network can be revealed through dimensionality reduction techniques

applied to the weights. We found that regularization is an important ingredient in order

for this to occur. This suggests that the interpretability of the data we analyze from the

brain may depend to some extent on the brain’s drive to conserve resources. It also suggests

that regularization of artificial neural networks, whether explicit or implicit, is an important

ingredient when interpreting them and comparing them to the brain.

4.1 Future steps

4.1.1 A better understanding of network models

This work offered a look at neural networks through the lens of dimensionality and a par-

ticular measure of dynamics (the Lyapunov exponents). This can feel a bit like looking at

the networks through a pinhole. Another approach called representational similarity anal-

ysis [125, 126] seeks to compare representations of deep neural networks directly with the

representations of other deep networks, and with the representations formed in the brain,

using their pairwise stimulus correlation matrix.

We suggest an intermediate approach that we hope can be fruitful: to develop a number of

salient summary statistics (including measures such as effective and intrinsic dimensionality)

and use this ensemble of measures to capture the important aspects of a network’s behavior.

ANNs can then be compared with brain data, and with each other, within this relatively

low-dimensional space of summary statistics. The hope is that eventually the summary

statistics will together be able to capture most of what we are interested in. This approach

is perhaps analogous to comparing the current weather of Seattle with that of Tokyo by

comparing the temperature, chance of precipitation, humidity, and other salient measures.

Using representational similarity analysis methods is perhaps a bit more like comparing a

pixel map of Seattle’s air pressure with a pixel map of Tokyo’s air pressure. Clearly both

approaches complement each other. The work of inventing interesting summary statistics is

well underway, but still needs to be augmented and refined. Some examples are using mutual

information [61], using measures of tuning of neural units [21], and using other measures that

capture the geometry of response manifolds [32, 127, 128].

In addition, a more developed mathematical theory of neural networks would likely pro-
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vide insight. While this work is still nascent, the last several years has seen rapid development

in this area, including detailed analyses of deep linear networks [64, 129, 130] and the devel-

opment of simplified analytical descriptions of deep networks in the limit of infinitely wide

hidden layers [131, 132, 133]. These tools and others are poised to unlock new discoveries

regarding the behavior of neural networks (for instance [31]). They may also allow for a

more sophisticated treatment of dimensionality than the one given here (see [134]).

4.1.2 Dependence on initialization and training hyperparameters

In general the solutions found by training neural networks depends on the parameter initial-

izations as well as the details of the training method. This sensitivity can confound efforts

to characterize network models, as it is very challenging if not impossible to fully explore the

space of possible initializations and training procedures and hyperparameters. This is one of

the reasons why a mathematical explanation of observed phenomena can be so powerful: it

makes clearer the assumptions needed for such phenomena to occur. In Chapter 1 we make

the case that optimizing with stochastic gradient descent vs gradient descent can have a

large impact on the resulting geometry of the representation. In Chapter 2 we highlight how

the initialization of the network can have a large impact on both the resulting geometry and

dynamics of a recurrent neural network. A more thorough exploration of the changes that

can occur in such network models as a result of the model details will be important going

forward.

This sensitivity to details is primarily caused by the significant nonconvexity of the loss

landscape. It may be that sensible regularization can reduce the complexity of the landscape

considerably. In Chapter 3 we highlight such a situation, where a penalty on use of weight

resources limits the degree of freedom of the model from arbitrary invertible linear transfor-

mations to arbitrary orthogonal transformations. This helps ensure that training the model

with different initializations and using different training methods results in networks with

the same geometry, both in the weights and in the representation. Such regularization will

likely have a similar effect on other network models such as deep neural networks.

In addition to these challenges, there is considerable freedom in choosing how to encode

the inputs of the network, as well as the outputs. For instance, in classification tasks the

outputs are generally encoded in a one-hot fashion, but this is not necessarily the way

that the brain encodes categories. The choice of these encoding will undoubtably affect

the representations that are formed in hidden layers. A very interesting path of future
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direction is exploring output encodings that are many-hot, so that each class is defined by

a set of labels that can be viewed as properties (see [135] for an example of this approach).

Related to this, the choice of loss function may have significant effects on the properties of

the trained network. The freedom of input and output encoding becomes even larger with

spiking artificial neural networks.

4.1.3 Increased model realism and sophistication

Most of the network models considered here are relatively simple. The network considered

in Chapter 3 is particularly simple and it is imperative to see if the results extend to other

models, such as deep neural networks trained to classify images.

Even the image classification network VGG is an extreme simplification when compared

with brain circuits. Brain circuits include a large number of feedback and recurrent con-

nections, details that are only recently being incorporated into image/movie classification

networks [136, 137]. In addition, the brain employs an array of distinct kinds of neurons.

One of the broadest categories is that of excitatory or inhibitory. When excitatory neu-

rons spike, the signal pulse they emit drives connected neurons to spike as well. Inhibitory

neurons are the opposite: their spikes inhibit the spiking of connected neurons. A neuron

is either excitatory or inhibitory (Dale’s law), unlike in ANNs where a unit can have both

positive and negative outgoing connections. The purpose of this division of neurons into

excitatory and inhibitory types is still unknown, although it is hypothesized that inhibitory

neurons are mainly involved with stabilizing the network while the excitatory neurons carry

the true information signal. The purpose of the further division of neurons into myriad types

is likewise unknown. While neuron types are sometimes defined primarily by the connectivity

patterns into and out of these neurons, the way that a neuron transforms its incoming inputs

and converts these into spikes is also a differentiating factor. It is not clear if such a level

of realism is necessary to incorporate into ANN models in order to capture the fundamental

aspects of brain function.

The ubiquitous backpropagation algorithm is known to not be biologically plausible.

Finding the learning rules that enable the brain to learn is currently an area of intense

research. It may be that training artificial networks with more biologically realistic learning

rules may result in networks that more faithfully model the brain. Such learning rules may or

may not be necessary in the quest to use ANNs to uncover basic principles of brain function.

As an example, incorporating conservation of resources in our optimization criteria may be
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necessary for the learning dynamics to satisfactorily parallel those of the brain.

In order to approach the brain’s flexibility and power to perform a range of sophisticated

functions, ANNs will probably need to adopt the modular strategy used by the brain. The

problem of engineering such a modular network, where individual modules specialize but

communicate and ultimately work together to solve tasks, is daunting indeed. If such net-

works are built to perform well on difficult tasks, it will be an additional challenge to extract

insights by analyzing their inner workings. See [14] for a review. In general, the connec-

tions between neurons both within and across modules depend on spatial proximity. It may

be that incorporating a spatial embedding of neural units will result in ANNs that more

faithfully model the brain and reveal new insights. A version of this has already occurred

in convolutional neural networks, where the local nature of convolutional filters as inspired

by the early visual system turned out to be a remarkable way of biasing networks to finding

much more accurate solutions.

ANN modelers will also need to continue to push beyond simple well-defined loss func-

tions. Biological organisms learn through a complex process of positive and negative rein-

forcement, with a rich set of goals and rewards and punishments that are often simultaneously

at play. The field of reinforcement learning has grown around the intention of capturing this

complexity in artificial learning agents. Unfortunately, many of the issues that occur with

simple but highly nonconvex loss functions are even more pronounced here, where a very

large array of different approaches to training agents has been developed, each with hyper-

parameters that can be quite difficult to tune and with architectures that are not necessarily

chosen to emulate biological systems. Nonetheless, this work has made breathtaking progress

in the past years and continues to push artificial agents further into the domain of biolog-

ical intelligence. Even with the challenges involved, very fruitful comparisons with neural

recordings have already been made [25, 138]. There is hope that these models will someday

consolidate into a more coherent picture, opening the door to many more efforts at modeling

brain circuits with ANNs.

4.1.4 Applying findings to data

This work lays out phenomena that appear to have a relatively general character. Dimen-

sionality balance and the typical humpback-shaped curves that result (i.e. Fig 1.7) may also

appear in biological neural circuits. Indeed, dimensionality expansion is most often hypoth-

esized to occur in lower-order sensory areas while low-dimensional activity is often observed
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in higher-order cognitive areas such as prefrontal cortex. Investigating explicitly where di-

mensionality increases and decreases along the hierarchy of brain circuit computation could

shed light on the computation. For instance, if an area is observed to increase dimension-

ality significantly, one can then look closer at what properties of the neural representation

are causing this, and what computational purpose this may serve. Certain tunings, such as

place and grid cell encodings of spatial location, likely have key dimensionality signatures

(in this case high effective dimensionality and low intrinsic dimensionality). Analyzing the

connectivity data may further shed light on how these transformations in neural circuits oc-

cur, such as has already been done in olfactory circuits [43, 44]. As we demonstrate here in a

simple model, a geometric consideration of connectivity data can yield additional insights. A

testing ground for these techniques could be in neural circuits with a seemingly well-defined

and relatively well-understood function, such as early visual system circuits and drosophila

ellipsoid body. Other models inspired more directly by the biology may also be fertile ground

for geometric considerations of the network weights, as indicated in [39].

Our hope is that the investigations laid out in this thesis establish useful conceptual

foundations for further inquiry into the workings of artificial and biological neural networks,

and the connections between.
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