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Recent studies on the socio-economic impact of earthquakes have led to the development

of several novel lateral force-resisting systems. These systems aim to improve the seismic

performance and resilience of structures by reducing the residual drift and protecting the

main structural components. The post-tensioned rocking wall is one of the novel systems

that has shown promising results by limiting bending and shear stress on the wall via post-

tensioned bars/strands and rocking. However, despite the many benefits of this system —

such as redirecting the seismic energy into energy dissipation devices, and re-centering after

seismic events — there remain challenges. This work introduces the concept of base-modified

rocking walls (both curved and tapered base), a modification over traditional rectangular

profile walls, and analytically/numerically investigates the potential benefits of this simple

geometric modification.

In this work, three levels of analysis are used to characterize the base-modified wall be-

havior. The three levels gradually increase in system fidelity to shift from qualitative to

quantitative prediction, but also necessarily from closed-form analysis to numerical simu-

lation. At the first level, Lagrange’s equations are employed in formulating the analytical

equations to study the static and dynamic behavior of a simplified curved-base rocking wall



in concert with a gravity frame. The parameter sensitivities and nonlinear dynamic behaviors

are identified using the analytical equations. Furthermore, the advantages of the curved-base

rocking walls are explored. Alongside the analytical model, a finite element model of the

rocking walls was developed to validate the analytical model and to later extend the study

to more generalized rocking walls.

The second level was the extension of the analytical model to capture the behavior of

flexible rocking walls. The objective was to characterize the interaction of rocking and

wall deformation and by using the framework of nonlinear normal modes, an extension of

linear normal modes. The study used a two degrees-of-freedom model consisting of one

degree-of-freedom for the base rotation angle and a second degree-of-freedom for the wall

deformation. The analytical model was able to capture the amplitude-frequency behavior of

different modes, characterize the transition between fixed-base vibration and rocking, and

show co-existing steady-state solutions.

Lastly, a finite element model of flexible tapered-base rocking wall systems was develop

to more accurately explore the potential benefits of the geometric base modification using

ground motions. Moreover, the model broadens the scope by generalizing elements that were

previously simplified/omitted. To evaluate the seismic performance of the the modified wall,

case studies of a two-story and ten-story wall were done. The studies showed the modified

rocking walls resulted in lower base damage than the equivalent rectangular rocking wall

without causing issues in (and sometimes even reducing) other demands, e.g., base shear,

interstory drift, or floor acceleration.
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1

Chapter 1

INTRODUCTION

1.1 Motivation

1.1.1 Overview of lateral systems

Lateral Force-Resisting Systems (LFRSs) are vital to structures in seismically active regions.

There are numerous types of LFRSs, with some of the most prominent types being braced

frames, moment-resisting frames, and shear walls. Lateral force-resisting systems can reduce

interstory and roof drift by being laterally stiff, however, being very stiff can increase bending

and shear stress demand on the LFRS itself. As traditional LFRSs are simply to resist lateral

force, they are not designed to self-center, and therefore would lead to residual drift after

seismic events. Additionally, very stiff LFRSs may lead to rapid story accelerations that

could be critical to non-structural elements.

More recent advanced LFRSs are developed to address these issues such that (1) stress

demand on the LFRS are limited, (2) the structure can self-center, and (3) the static and

dynamic behavior can be tailored such that the acceleration demands are controlled. An

example is seismic isolation system, which can limit earthquake damage to both structural

and non-structural elements by decoupling the superstructure from the ground and thus

reducing both interstory drift and force demand of the superstructure. Classical examples of

a seismic isolation system are rubber bearing and friction pendulum bearing isolators. They

are generally costly and thus not a viable solution in all applications.

Similar to friction pendulum bearing isolators, rocking isolators, such as free-standing

columns/walls, act as an inverted pendulum structure. Housner first studied this phe-

nomenon after he observed tall and slender structures able to rock remained upright in

contrast to severe damages in more stable-appearing structures. Many research on rocking
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isolators have been done since then. On the other hand, Post-Tensioned (PT) rocking walls

act as both an LFRS and a seismic isolator. The former is achieved by the initial lateral

stiffness before the base of the wall uplifts (i.e., decompresses), the latter is achieved after

the base uplifts, at which point the lateral stiffness decreases, akin to friction pendulum

isolators when the static friction is overcome. Although the post-decompression stiffness is

reduced, the post-tensioning elements (e.g., steel bars or strands) result in a positive post-

decompression lateral stiffness and increase the lateral force needed to reach decompression.

Free-standing (i.e., non-PT) walls, on the contrary, exhibit negative stiffness after the base

uplifts.

Figure 1.1 shows an archetypal PT rocking wall configuration composed of: a free-

standing wall, e.g., a Cross-Laminated Timber (CLT) panel; post-tensioned steel strand-

s/bars; an energy dissipation system, in this case, U-Shaped Flexural Plates (UFPs); and

wall-to-diaphragm connections to transfer the inertial forces from the gravity system to the

rocking wall. In addition to contributing to the post-decompression lateral stiffness, the

post-tensioning elements re-centers the wall after the seismic event and the energy dissi-

pation device dampens the system through inelastic deformation [Baird et al., 2014]. The

components resolve to a cyclic ‘flag-shaped’ hysteresis as shown schematically in Fig. 1.2.

Lateral force-resisting systems with flag-shaped hysteresis can improve a building’s resilience

due to the re-centering and energy dissipating properties. Moreover, the uplift (i.e., rocking)

mechanism acts as a fuse to limit the internal shear force and bending moment demands on

the wall. Ultimately, the objective is that the primary structure remains undamaged and

re-centered after an earthquake, and that the energy dissipation devices be easily and quickly

replaced after moderate to extreme seismic events, vastly increasing the seismic resilience

compared to conventional design performance objectives.

1.1.2 Impetus for base-modified rocking walls

Post-tensioned rocking walls have shown promising results, as will be shown later, but have

also shown some remaining challenges: (i) base damage due to stress concentration from
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rocking [Henry et al., 2012]; and (ii) yielding/fracturing the PT bars which may lead to

collapse, large deformations, and/or residual deformation. Modifying the geometry of the

base (curved or tapered) — see Fig. 1.3 — could address these challenges, and also improve

the seismic performance and resilience of rocking structures as follows:

1. The stress concentration on the corner of the wall is reduced, and therefore base damage

can be controlled. In the case of a tapered base, the damage would be distributed

between the interior and exterior corners.

2. The geometry of the base also allows the wall to drift further before the post-tensioning

elements start to yield due to the decrease in height as the wall transitions from the

interior to exterior corners.

3. The modified base gives engineers more parameters to tune the static and unforced

dynamics behavior, usually shown with pushover and amplitude-frequency plots. The

behavior can be tailored to achieve seismic isolation and control drift at different seismic

hazard levels.

4. The base-ground impact force is reduced by the decrease of the effective width of the

base (i.e., flat surface region of the base), see Fig. 1.3. Impact can be prevented if the

base is entirely curved, although this comes with a loss in stiffness and restoring force.

5. The geometry allows further confinement for the material at the interior corner, which

may be especially important for reinforced concrete.

1.2 Organization

The overarching goal of this dissertation is to evaluate the potential benefits (and challenges)

of BMRWs for earthquake engineering, and to further explore the fundamental behavior of

PT rocking walls. Three objectives were set to achieve this goal. The following three chapters

are organized to address these objectives in the same order. Finally, a conclusion is given in

the final chapter.
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Figure 1.3: Base-modified rocking walls.

1.2.1 Objective 1: Isolate the effects of the base modification on a PT rocking wall

The first objective is to understand the effects of the modified base on the static and dynamic

response (see items 2 and 3 in Section 1.1.2). To achieve this objective, the study looked at

a rigid PT curved-base rocking wall with a gravity frame that delivers the inertial forces. A

semi-analytical model is developed using the Lagrangian equation and solved numerically to

simulate the static and dynamic response.

1.2.2 Objective 2: Explore the interaction of the rocking and wall deformations

The second objective looks at flexible rectangular rocking walls and the unforced dynamic

response. The dynamics of fixed-base flexible walls and rocking rigid blocks are well un-

derstood, yet there is a knowledge gap in the transition between fixed-base vibration and

rocking, and their couplings effects. Essentially, the objective hopes to provide the flexible

rocking wall equivalent of natural frequency, which, in addition to the static pushover, is a

standard design parameter for all seismic design. To isolate the effects of the lateral stiffness
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of the wall on the transition, the study consisted of a rectangular PT wall and a rigid base

assumption. The semi-analytical model is developed using a Lagrangian approach specific

to systems of lumped masses [Wiebe and Harvey, 2019] and solved numerically. Further-

more, the unforced dynamic response is explored using the Nonlinear Normal Mode (NNM)

framework. The NNM tool is typically utilized by mechanical and aerospace engineers, thus

this objective also hopes to give an example of NNM to the field of structural engineering in

hope of wider adoption (as was the objective in [Kerschen et al., 2009]).

1.2.3 Objective 3: Evaluate the base damage reduction and seismic performance of tapered-

base rocking walls

The third objective is to evaluate the BMRWs’ ability to decrease base damage and their

overall seismic performance (see items 1 to 3 in Section 1.1.2) using two case studies: a

two-story and a ten-story PT rocking wall. This objective combines objectives 1: modified

base, and 2: flexible wall. A finite element model is used to fully expand the scope of the

previous two objectives (i.e., includes base damage models, UFPs, and dynamic response

under ground motions). Due to the complexity of the model and simulations, the third

objective opted for tapered-base walls instead of curved-base walls. Revisiting this objective

via a comprehensive parametric study of curved-base rocking walls is a good opportunity for

a follow up future study.

1.3 Background

The literature review is separated into three subsections, aligning with the previous three

objectives. The first subsection is on free-standing rigid blocks, which largely aligns with the

first objective. Studies on free-standing rigid blocks provided insight into the fundamental

behavior of the rocking mechanics and led to further understanding into their seismic isolation

capabilities. The second subsection is on flexible rocking bodies and NNMs, which, as the

name suggests, is the nonlinear equivalence of linear normal modes that are typically solved

through eigen-analysis and (unlike NNMs) have one constant natural frequency for each
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normal mode. As rocking is highly nonlinear, NNMs provide an appropriate framework to

study the resonant frequencies of rocking systems and can lead to further understanding to

the dynamic response. The third subsection is on PT rocking systems which focuses more

on the overall system response as it relates to earthquake engineering.

1.3.1 Review of free-standing rigid rocking structures

Housner observed that tall slender structures which were allowed to rock remained upright

after the 1960 Chilean earthquake, as opposed to ones that were fully fixed to the ground

[Housner, 1963]. In this seminal work, he introduced an approach to find the kinetic energy

dissipated from base-ground impact using the conservation of angular momentum for a single-

joint rocking (rigid) block and applied the equation of motion to develop the Simple Rocking

Model (SRM). The equation of motion and the reduction in kinetic energy during impact, r,

is respectively given in Eqs. (1.1) and (1.2), where Io, θ, W , R, α, and m are the moment of

inertia about the center of rotation, rotation angle, weight, radial distance from the center

of rotation to the center of gravity, the angle between R and the vertical (at rest), and mass,

respectively (see Fig. 1.4).

Io
d2θ

dt2
= −WR sin (α− θ) (1.1)

r =

(
θ̇2

θ̇1

)2

=

[
1− mR2

Io
(1− cos 2α)

]2
(1.2)

The right hand side of Eq. (1.1) is the negative of the restoring force when rotated through

angle θ.

The SRM has since been used and extended by many researchers in the 20th century

as shown in the following. Yim et al. looked at rocking response of rigid blocks subject

to ground motions by solving the nonlinear equations of motions numerically and found

that the response is sensitive to details of the ground motion, the size, and the slenderness

ratio of the block [Yim et al., 1980]. They concluded that probabilistic estimates of the

ground motion intensity may be obtained from its effects on rocking rigid blocks, such as
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Figure 1.4: A rocking block [Housner, 1963].

monuments and tombstones. Similarly, rigid rocking blocks on a rigid foundation subjected

to horizontal and vertical ground motions were studied by Ishiyama by numerically solving

the equations of motion [Ishiyama, 1982]. Ishiyama found that the coefficient of friction must

be greater than the breadth-height-ratio for rocking to occur, and, to evaluate overturning,

both the horizontal acceleration and the velocity of the floor must be taken into account.

Spanos and Koh looked at rigid blocks rocking due to harmonic [Spanos and Koh, 1984]

and random shaking [Spanos and Koh, 1986]. Two approximate methods were developed

by Koh et al. to predict the rocking amplitude and maximum tilt-angle of a rigid block on

a flexible foundation under horizontal motion [Koh et al., 1986]. Results show reasonable

agreement between the predictions and numerical integration. A study on rigid rocking

blocks subjected to sinusoidal base motion was done by Tso and Wong, and observed that

the steady state response solutions (harmonic and sub-harmonic) can be either out-of-phase

and in-phase with respect to the sinusoidal excitation [Tso and Wong, 1989a]. They also

conducted tests and found that the two common types of steady state response are harmonic

and 1/3 sub-harmonic response and that the theoretical predictions of the amplitudes was

in good agreement with the experimental results [Wong and Tso, 1989]. Base isolation
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properties of 3D rocking and uplift of a rigid cylinder have been shown using Lagrangian

formulation to develop the equation of motion [Koh and Hsiung, 1991].

Furthermore, work on rigid rocking blocks has continued in the 21st century as shown

in the following. Makris and Zhang conducted a study on the behavior and effect of re-

strainers on the stability of rocking rigid bodies under certain ground excitations, and found

restrainers to be more efficient at preventing small slender block overturn at low frequency

pulses [Makris and Zhang, 2001]. Taniguchi investigated the seismic response of rigid block

on rigid foundations subjected to horizontal and vertical ground motions and found the re-

sponse is sensitive to the coefficient of friction and slenderness, and the wave properties and

intensity of ground motions [Taniguchi, 2002]. Moreover, long period earthquakes tend to

lead to overturning. The response of a rigid rocking structure to 20 recorded accelerograms

was studied by Sorrentino et al. to understand the appropriate parameters when assessing

overturn and seismic risk [Sorrentino et al., 2006]. They found peak ground velocity to

be more effective than peak ground acceleration at evaluating the effects of amplitude and

frequency on rigid bodies. DeJong and Dimitrakopoulos proposed a methodology to derive

the equivalence between single rocking blocks and other rocking mechanisms (e.g., multiple

rocking blocks) by local linearization of the equations of motion [DeJong and Dimitrakopou-

los, 2014]. A few of these works on rocking blocks have provided insight into the response

through closed-form equations, but they are limited to free vibration and pulse loading due

to the complex nonlinear behavior of rocking systems.

Numerical studies have shown rocking systems are extremely sensitive to system param-

eters and initial conditions [Aslam et al., 1980; Hogan, 1989; Plaut et al., 1996; Ageno and

Sinopoli, 2005; Lenci and Rega, 2006], although typically for harmonic loading scenarios.

Due to the sensitivity to initial conditions, it is important to accurately predict rocking

initiation (i.e., when the rocking starts) in order to better simulate the dynamic response.

However, it is unlikely to affect the statistical results, for example, using a set of ground mo-

tions, the median of the maximum observed base shear under each ground motion is unlikely

to significantly change.
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Especially relevant to the first objective, Bachmann et al. [Bachmann et al., 2016] looked

at rigid columns with curved bases of constant curvature, however, without post-tensioning,

and showed the curved wedges added to the flat base improved its overturning stability

without significantly increasing the base moment, i.e., using the wedges, the columns were

less likely to topple over without having to reduce the probability of rocking. They derived

the equations of motion and validated them with free-vibration tests, which showed the

response of the block is extremely sensitive to impact damping r.

1.3.2 Nonlinear normal modes

The second objective aims to provide a better understanding of the fundamental behavior of

flexible PT rocking structures, primarily the interaction between vibration of the wall and

rocking action, and the transition from fix-base vibration to rocking. There have been sev-

eral studies on the dynamics of flexible rocking blocks. Acikgoz and DeJong have conducted

several analytical and experimental studies on flexible rocking structures and found accurate

impact damping is important for predicting the dynamic response [Acikgoz and DeJong,

2016]. Furthermore, they proposed a new modal equation and found the vibration frequen-

cies, shapes, and excitation mechanism changes once rocking initiates [Acikgoz and DeJong,

2017]. Studies on flexible rocking structures have also been conducted in [Thiers-Moggia and

Málaga-Chuquitaype, 2020; Manzo and Vassiliou, 2020] by using rocking oscillator models

(single-degree-of-freedom linear oscillators commonly used in structural dynamics but with

base uplift). Static loading response of elastic and inelastic rocking bodies were investigated

in [Avgenakis and Psycharis, 2017] and [Avgenakis and Psycharis, 2020], respectively. In

addition, the flexible rocking phenomenon has also been studied using a finite element model

that consists of a nonlinear elastic rotation spring, a viscous damper, and a Euler-Bernoulli

beam-column, see [Vassiliou et al., 2014].

Again, the second objective is approached under the concept of NNMs. Recent decades

have seen extensive exploration of NNMs [Kerschen et al., 2009], particularly in the study of

mechanical vibrations. Nonlinear normal modes, as much as possible, extend the concepts
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of linear modal analysis to nonlinear systems. Initial research on NNMs looked at nonlinear

oscillations for which all degrees-of-freedom reach their maximum, minimum, and zero values

simultaneously (i.e., synchronous motion), which is an immediate extension of linear normal

modes. This definition has since been extended by Kerschen et al. [Kerschen et al., 2009] to

‘a non-necessarily synchronous periodic motion of the underlying conservative system’ (i.e.,

the NNMs are comparable to undamped natural frequencies) in order to account for the

cases where some coordinates vibrate at higher (usually integer multiple) frequencies than

others. The fact that some coordinates vibrate at higher frequencies is an implicitly nonlinear

phenomenon that results from interactions (energy transfer) between different modes, which

does not occur in linear systems. In other words, a system forced at or near its first NNM

frequency, may transfer energy to other NNMs.

Nonlinear normal modes was first investigated in the 1960s by Rosenberg [Rosenberg,

1960, 1962, 1966] by examining systems with n masses interconnected by nonlinear springs

with n-degrees-of-freedom and showed finding the normal modes is reduced to a geometri-

cal maximum-minimum problem. It was later studied by Rand [Rand, 1971a,b, 1974] and

Manevitch and Mikhlin [Manevich and Mikhlin, 1972] in the 1970s. Rand presented a method

for finding NNMs in certain holonomic, scleronomous, conservative nonlinear two-degree-of-

freedom systems that does not explicitly involve the differential equations of motion [Rand,

1974]. Manevich and Mikhlin examined periodic solution of nonlinear systems that are sim-

ilar to normal vibrations with rectilinear trajectories [Manevich and Mikhlin, 1972].

A great effort on NNMs was later done by Vakakis et al. and Shaw and Pierre. Vakakis

et al. studied free oscillations of two-degree-of-freedom nonlinear undamped systems, specif-

ically on bifurcations of normal modes [Caughey et al., 1990], and free oscillations of a non-

linear discrete oscillator using the NNMs framework and solved using the Mikhlin-Manevich

asymptotic method with derivations of analytical expressions [Vakakis, 1992], and NNMs of

one-dimensional, conservative, continious systems using conservation of energy to derive the

partial differential equations and asymptotically solved them with the perturbation method-

ology [King and Vakakis, 1994]. Shaw and Pierre developed a method for weakly nonlinear
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systems that provides the nonlinear coordinate transformation which relates the original

systems coordinates to the modal coordinates [Shaw and Pierre, 1993]. The transformation

can be used obtain the overall motion from the nonlinear modal dynamics with approximate

nonlinear version of superposition. They also developed a methodology for normal nodes of

motion for nonlinear systems and discussed the general theory for application of vibrations

of continuous media; examples were presented to illustrate the approach, such as a simply

supported beam on a nonlinear elastic foundation [Shaw and Pierre, 1994].

More recently, Hill, et al. investigated the dynamic behavior of a nonlinear system and

how it can lead to numerous NNM branches with two distinct classes: phase-locked and

phase-unlocked [Hill et al., 2017]. It was found that energy transfer in phase-locked NNMs are

done via fundamental components of the modes whereas energy transfer in phase-unlocked

NNMs can only be done via harmonics. Also, using physics-integrated deep learning to

develop a new data-driven framework, Li and Yang obtained the nonlinear modal identifica-

tion by integrating a unique dynamic-coder using physics-based constraints. The identifica-

tion results were consistent with theoretically derived or numerically computed results from

closed-form equations [Li and Yang, 2021].

Comprehensive review articles on the advancement of NNMs and their typical applica-

tions over the past several decades can be found in [Vakakis, 1997; Pierre et al., 2006]. More

recently, a review of the theoretical developments and the application of NNMs are provided

in [Mikhlin and Avramov, 2011] and [Avramov and Mikhlin, 2013], respectively. Additional

information on NNMs (e.g., internally resonant NNMs, mode bifurcations and stability, ana-

lytical and numerical techniques, reduced-order modeling, and localization phenomena) can

be found in [Kerschen et al., 2009].

1.3.3 Review of post-tensioned rocking systems

Though there is a rich history of research on the fundamental dynamics of rocking blocks,

within earthquake engineering applications, the focus has instead been placed on PT rock-

ing systems in concert with energy dissipation devices to reduced the likelihood of toppling,
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increase lateral resistance, and reduce residual lateral displacement. The combination of

rocking, post-tensioning elements, and energy dissipation devices results in a ‘flag-shaped’

hysteresis curve [Christopoulos et al., 2002a,c; Restrepo and Rahman, 2007; Ganey, 2015; Ak-

bas et al., 2017] that provides re-centering (i.e., self-centering) and limits peak drifts. Studies

on PT rocking structures coupled with energy dissipation devices have been conducted and

demonstrated robust seismic performance.

Post-tensioned rocking connections in precast concrete buildings first started in the 1990’s

under the Precast Seismic Structural Systems (PRESSS) program [Priestley, 1991; Kurama

et al., 1999], which included a test of a large-scale five-story structure, and now have design

and detailing requirements in ACI 318-14. The study was the first to use unbonded PT steel

to increase the lateral load and displacement capacities, reduced the demands in the precast

members, and provided self-centering capabilities. The following are experimental studies

that came after the PRESSS program on rocking concrete systems. Holden et al. tested half-

scale precast concrete walls with PT carbon fiber tendons and steel fiber reinforced concrete

under quasi-static reversed cyclic lateral loading, which were able to achieve drift levels

surpassing 3% [Holden et al., 2003]. Half-scale PT rocking precast walls with longitudinal

mild steel reinforcement as energy dissipators were conducted in [Restrepo and Rahman,

2007] which showed the ‘flag-shape’ hysteretic response with an equivalent viscous damping

ratio of 14%. Experimental tests to investigate the dynamic response of PT precast concrete

walls were conducted [Twigden et al., 2012]. The coefficient of restitution was obtained from

free vibration decay and was in good agreement with calculations with Housner’s formulation.

Post-tensioned precast concrete walls were experimentally and analytically investigated by

Perez et al. [Perez et al., 2003]. The test results showed the walls can undergo significant

nonlinear lateral displacement without significant damage while still able to self-center. Note

that there was no energy dissipation device and thus the cyclic lateral load behavior was

mostly nonlinear elastic. More recently, an experimental and numerical study on a precast

PT concrete wall with yielding and friction energy dissipation and observed that both the

energy dissipation components worked as designed, with a significant enhancement in energy
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dissipation when combined [Li et al., 2020].

In addition to experimental investigations, analytical and numerical work on PT concrete

systems has been done in the following: Kurama et al. analytically investigated the seismic

behavior and design of unbonded PT precast concrete walls and showed the walls can undergo

large nonlinear lateral displacement with minimal damage; the walls also undergo larger

displacement but smaller residual displacement during an earthquake compared to cast-in-

place walls [Kurama et al., 1999]. Nonlinear dynamic time history analyses of a precast wall

system that used mild steel reinforcement for energy dissipation, in addition to PT steel, saw

considerably less lateral displacement under ground motions, especially for shorter period

vibration [Kurama, 2002]. Wiebe and Christopoulos examined the use of multiple rocking

joints to reduce higher mode effects in base-rocking systems [Wiebe and Christopoulos, 2009]

showed, under ground motions, the bending moment envelope of the wall is considerably

reduced by using multiple rocking sections. An analytical study on overturning of viscously

damped rocking structures under pulse-type excitation was done in [Dimitrakopoulos and

DeJong, 2012] which showed bilateral and unilateral linear viscous dampers provide similar

resistance to overturning, while nonlinear damping did not provided much less resistance.

Hassanli et al. developed an analytical procedure based on geometric compatibility conditions

to predict the lateral force behavior of unbonded PT concrete walls [Hassanli et al., 2016].

Rocking with PT elements has also been investigated in steel structures. Lin et al.

conducted an experimental study of a 0.6-scale 2-bay 4-story PT rocking connection steel

moment-resisting frame under maximum considered earthquake ground motions [Lin et al.,

2013]. The results showed the frame did not collapse under the maximum considered earth-

quake ground motions. In addition to PT rocking steel connections, PT rocking steel-braced

frames with energy dissipation devices were investigated in [Eatherton et al., 2014a]. They

compared this system with other conventional and self-centering systems, formulated equa-

tions to predict the load-deformation response, looked at desired sequence of limit states,

and developed general design methods for controlling the limit states.

Research on PT rocking systems has largely relied on finite element modeling, however,
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the equations of motion for rocking frames have been formulated using the Lagrange equation

[Dimitrakopoulos and Giouvanidis, 2015]. Furthermore, studies have shown the contact

stiffness between the rocking structure and the contact surface has an effect on the overall

static and dynamic behavior of the system [Alexander et al., 2011; Bachmann et al., 2017;

Kibriya et al., 2018; Kashani et al., 2018].

When combining dissipators with rocking systems, the design of the post-tensioning re-

quires the restoring force to overcome the residual forces from the dissipators to provide

complete re-centering. While not the only energy dissipation option, UFPs are suitable for

several scenarios. They can be connected on coupled rocking walls as was done in a recent

two-story test, see [Pei et al., 2019]. Alternatively, as shown in Fig. 1.1, they can be placed

between a rocking wall and adjacent columns. The mechanics of UFPs are also well-known.

Kelly et al. derived the plastic force [Kelly et al., 1972] shown in Eq. (1.3). Using strain

energy methods, the equation for the initial stiffness of the UFP was derived by Baird et al.

[Baird et al., 2014], see Eq. (1.4). In these expressions fy,u, bu, tu, Du, and Eu are the yield

stress, width, plate thickness, diameter, and modulus of elasticity of the UFP.

Fp,u =
fy,ubutu

2

2Du

(1.3)

ko,u =
16Eubu
27π

(
tu
Du

)3

(1.4)

Although the base modifications and rocking mechanics that this dissertation focuses on

is material agnostic (i.e., applicable to steel, concrete, and timber), the studies in Chapter

3 and 4 use timber, and namely, data from NHERI Tall Wood project. The NHERI Tall

Wood project is a collaborative effort that recently conducted a large-scale shake table test

of a timber structure with CLT walls to develop and validate a resilience-based seismic

design methodology for tall wood buildings [Pei et al., 2019]. Several numerical studies

followed: Wichman et al. predicted the response of the two-story shake table test with a

numerical model by including a flexible foundation to simulate the foundation beam used in
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the experiment [Wichman et al., 2022]. Note that the same numerical model methodology

is employed in the studies in this dissertation. In addition, Pei et al. [Pei et al., 2020] and

Hasani et al. [Hasani et al., In press] also used numerical models to predict the response of

the two-story tests. The former used a simplified method that was able to reasonably capture

the global response. The latter focused on structure acceleration response for nonstructural

elements.

Other studies on timber rocking walls using CLT and Laminated Veneer Lumber (LVL)

have been conducted. Sarti et al. investigated the experimental behavior of large-scale PT

timber walls with a focus on connection detailing and optimization of anchorage, attachment

of the dissipation devices, and shear keys [Sarti et al., 2016]. Results showed that the PT

timber wall system provided a high level of dissipation while showing minimal damage to

the wall elements, as well as minimal residual displacements. A study on the lateral load

response of PT CLT walls where two types of analytical models were used to predict the

reaction was conducted by Akbas et al. [Akbas et al., 2017]. A comparison of both analytical

and numerical models showed both provided accurate estimates of the lateral load response

undergoing cyclic loading. Moroder et al. tested PT timber core walls and observed that the

wall panels can be assumed to be rigidly connected together under serviceability level state

loads, and PT force prevented the panels from sliding against the foundation [Moroder et al.,

2018]. Wilson et al. developed and assessed a high-order model and a reduced-order model

for PT CLT rocking walls and found, after a study consisting of 20 wall configurations of

varying lengths and initial PT forces, the reduced-order model to be more computationally

efficient [Wilson et al., 2019].

The cyclic response of PT CLT wall was explored and structural limit states were defined

by Akbas et al. [Akbas et al., 2017] and Ganey et al. [Ganey, 2015]. They observed the

flag shape hysteresis, mentioned before, and proposed the limit states design to occur in the

following order: (1) decompression; (2) UFP yielding; (3) base yielding; (4) base splitting;

(5) base crushing; and (6) PT yielding. Limit states (3) to (5) are based on the wall material,

specifically the compression stress-strain relationship (including damage).
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After yielding, the CLT stress-strain relationship can be approximated with a zero strain-

hardening until it splits, at which the strength degrades down and then crushes. Barbosa et

al. tested CLT under compression and found that crushing occurs when strength degrades

down to approximately 25 percent of the yield stress [Barbosa et al., 2018]. Local splitting or

crushing at the base leads to global strength degradation. Ganey performed pushover tests

on PT CLT walls and observed damage in the CLT panels led to loss of PT force [Ganey,

2015]. Concrete structures are also at risk of base damage. Henry et al. experimentally and

analytically investigated base damage, i.e., toe crushing, on PT concrete walls and found

a strain of 0.005 is recommended for defining the nominal flexural strength of PT concrete

walls [Henry et al., 2012].
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Chapter 2

ANALYTICAL STUDY OF RIGID CURVED-BASE ROCKING
WALLS

Note: Part of this chapter is a reproduction of [Lin et al., 2019]

The main goal of this chapter is to understand the effects of a curved base on the static

and dynamic behavior using equations derived via the Lagrange equation. The purpose of the

curved base modification explored in this chapter is to further tailor the pushover response

and increase the drift at which the post-tensioning element yields. To investigate the effects

of the curved base, a rigid wall was employed to isolate the effects. As such, an investigation

into the base damage reduction from the base modification is shown later in Chapter 4.

This chapter first reintroduces the concept of curved-base rocking walls, details the as-

sumptions used in the analytical model, and shows the derivations of the kinematic equations.

Then it discusses the formulation of the equations of motion, development of the finite ele-

ment model, and comparison of the static/dynamic response of the two models. Finally, a

curved-base rocking wall is compared against a rectangular wall to explore the increase in

post-tensioning element yield drift capacity, and the tailorability of the pushover curve; the

amplitude-frequency relationship of a curved-base rocking wall is also discussed.

2.1 Chapter introduction

2.1.1 Motivation

Research in the past several decades on earthquakes and their associated socio-economic

impacts [Todd et al., 1994; Villaverde, 1997; Filiatrault et al., 2001; Ferner et al., 2014;

Welch, 2016] has motivated efforts toward the development of lateral resistance systems to
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reduce structural and non-structural damage, and to improve resilience (i.e. the ability to

return to service quickly and with minimal repair after an extreme event). This work has

resulted in many innovative technical solutions that achieve high performance, such as base

isolation, floor isolation, buckling restrained braces, special detailing for ductility, among

many others.

Another example, and the focus of this work, is offered by Post-Tensioned (PT) rocking

walls as illustrated in Fig. 2.1, which have gained significant attention in the past three

decades. These systems achieve high performance by: (1) using rocking to increase the

flexibility of the structure and reduce damage due to inelastic deformation; (2) using PT steel

bars/cables to provide lateral resistance and self-centering forces that return the structure

to its original undeformed configuration after unloading; and (3) applying easily replaceable

energy dissipation devices — e.g. U-shaped Flexural Plate (UFP) elements [Kelly et al., 1972;

Baird et al., 2014; Ganey, 2015] or tension-compression yield (TCY) elements [Kurama, 2002;

Kramer et al., 2016] — to help absorb the energy from the earthquake via material yielding.

The work herein is directed at further improving the performance of rocking wall systems

by exploring the use of curved-base walls to reduce damage at the rocking interface and

increase the drift at which PT yielding occurs. Curved bases are most immediately applicable

in the context of timber construction (with possible extensions to concrete walls and PT

connections in steel and concrete frames). Rocking timber, together with tall timber, have

recently become a topic of great interest. For example, the collaborative NHERI Tall Wood

project recently conducted a large-scale shake table test of a timber structure with rocking

Cross-Laminated Timber (CLT) walls as part of a multi-phase project with the goal to

develop and validate a resilience-based seismic design methodology for tall wood buildings

[Pei et al., 2019], see Fig. 2.1(a). For a more in-depth literature review on free-standing rigid

rocking blocks and PT walls, see Sections 1.3.1 and 1.3.3, respectively.
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Figure 2.1: Post-tensioned rocking wall: (a) A real structure with eccentric PT bars [Wich-
man, 2018]; (b) alternative schematic with concentric PT bar.

2.1.2 Impetus for curved-base rocking walls

Despite the many advantages of PT rocking walls, they have a few key drawbacks: (1) damage

due to stress concentration when rocking on the corners, and/or due to base-ground impact;

and (2) yielding and/or fracture of the PT bars that may lead to col- lapse, large deforma-

tions, and/or residual deformation. This chapter reintroduces the concept of a Curved-Base

Rocking Wall (CBRW) — see Fig. 2.2 — which may mitigate these issues, and improve con-

trol over seismic performance and resilience of rocking wall structures. The following section

introduces the CBRW, after that the kinematics are discussed, followed by the formulation

of the governing equations, and a discussion of several preliminary observations regarding

their static and dynamic behavior.
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Figure 2.2: Curved-base rocking wall.

2.1.3 Curved-base rocking wall modeling assumptions

The focus of this chapter is to characterize the fundamental mechanics of the CBRW as

idealized in Fig. 2.3. In order to study the inherent properties specific to the CBRW, energy

dissipation devices were omitted here. It is envisioned that the CBRW will ultimately be

used in concert with one of many existing dissipation mechanisms. The rocking walls and

gravity frame columns and beams (diaphragm) were also idealized as rigid elements to make

the study of the rocking system material independent. The contact of the wall and the

ground when rocking is assumed to be a line out-of-plane (i.e. a point when modeled in 2D),

instead of a surface. Modeling contact surfaces and deformable walls is shown in Chapter

4. It is assumed that no sliding or jumping occurs. This assumption may lead to errors

in freestanding blocks (especially wide blocks), however, it is anticipated that the PT force

will assist in ensuring these conditions are satisfied. Additionally, sliding restraint may be a

desirable design objective. The mass of the wall and floors were lumped at the centroid of
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the wall and the beams of the gravity frame, respectively (see Fig. 2.3). This was selected

to facilitate the comparison with a lumped mass FE model that will be discussed later. The

centroid of the wall was calculated with the assumption that the mass “cut out” to fabricate

the curved base is negligible (i.e. the centroid is located at the mid-width and half-height of

the wall). This assumption is valid for practical applications of the CBRW. The PT bars

were assumed to remain elastic (in practice, the rocking system is designed such that the

PT bars will remain elastic in extreme events). The strain of the PT bars were checked in

all models throughout the simulation in this chapter to be below the yield strain of typical

PT bars of approximately 0.0032. The finite element model, discussed later, is extended in

Chapter 4 to included inelastic behavior of the PT bar by allowing the truss element to yield

and adding a post-yield stiffness to the element. The analytical formulation, discussed later,

does assume the PT bars remain elastic but the model can be used to predict when the PT

bars yield. Modeling post-yield behavior of the PT bar is outside the scope of this chapter

because elastic PT response is taken to be a reasonable performance objective.

2.1.4 Kinematics

The formulation used herein requires the kinematic relationships between the various loca-

tions of the wall (e.g. center of mass, location of PT attachment), and a generalized coordi-

nate. The wall rotation angle — i.e. tilt angle (θ) — is used as the generalized coordinate

herein. This single coordinate is sufficient to uniquely describe the restoring force or moment

in the system.

The base is partitioned into the curved and flat surfaces (see Fig. 2.2). As a result, there

are three different rocking stages:

1. Rocking as a rectangular wall with an effective width (b = b− 2b′).

2. Rolling on the curved surface.

3. Rocking about the outer corner.

Any number of functions might be suitable for the curved portion of the base, e.g. poly-
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Figure 2.3: Rocking wall and gravity frame system.

nomial, sinusoidal, etc., however, an exponential function was utilized herein. This was done

because it is integrable (which will be needed later) and it allows for somewhat independent

control of the height, width, and sharpness of the curved section through three parameters

h′, b′, and α, respectively. The curve is given by:

y = β(eαx − 1)− h′ (2.1)

where β is a dependent variable given by Eq. (2.2), and x and y are local coordinates (see

Fig. 2.2).

β =
h′

eαb′ − 1
(2.2)

The coupling between the three parameters in Eq. (2.2) means that the sharpness of the

curve does depend on all three parameters, however, for a given height and width, the α

parameter can be used to tailor the sharpness.
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For the case of the exponential function used herein for the curved base, θ for stage 2

rocking can be written as a function of x and evaluated at x∗, where x∗ is the x-coordinate

of the contact point for a given θ (see Fig. 2.2).

tan(θ) =
dy

dx

∣∣∣∣
x=x∗

= βαeαx
∗

(2.3)

Initial values of θ for stage 2 and stage 3 (θ1−2 and θ2−3, respectively) can thus be obtained

(where x∗ = b′ for stage 3). For the case of the exponential function used herein, this results

in:

θ1−2 = arctan

(
dy

dx

∣∣∣∣
x=0

)
= arctan(βα) (2.4a)

θ2−3 = arctan

(
dy

dx

∣∣∣∣
x=b′

)
= arctan

(
βαeαb

′
)

(2.4b)

In addition to θ1−2 and θ2−3, the horizontal translation during stage 2 can be calculated as

the arc length of Eq. (2.1):

arc length(x∗) =

∫ x∗

0

√[
dy

dx

]2
x=s

+ 1 ds (2.5)

The displaced horizontal and vertical positions of the PT attachment point on the wall,

uPT and vPT , are calculated from the following equations depending on the rocking stage —

given from Eqs. (2.4a) and (2.4b).

For stage 1:

uPT = b/2 +RPT sin(θ − ϕPT ) (2.6a)

vPT = RPT cos(θ − ϕPT ) (2.6b)

RPT =

√
(b/2)2 + (2hw)2 (2.6c)

ϕPT = arctan

(
b/2

2hw

)
(2.6d)
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For stage 2 (Fig. 2.4):

uPT = RPT sin(θ − ϕPT ) + b/2 + arc length(x)− x(θ) cos(θ)− y(θ) sin(θ) (2.7a)

vPT = RPT cos(θ − ϕPT ) + x(θ) sin(θ)− y(θ) cos(θ) (2.7b)

RPT =

√
(b/2)2 + (2hw − h′)2 (2.7c)

ϕPT = arctan

(
b/2

2hw − h′

)
(2.7d)

For stage 3:

uPT = b/2 + arc length(b′)− b′ cos(θ) +RPT sin(θ − ϕPT ) (2.8a)

vPT = b′ sin(θ) +RPT cos(θ − ϕPT ) (2.8b)

where hw is the half-height of the wall. Similarly, the displaced positions of the centroid of

the wall, uw and vw, are calculated by substituting 2hw with hw in Eqs. (2.6c), (2.6d), (2.7c)

and (2.7d).

The kinematic equations provided in this section are sufficient to calculate the displace-

ment of any point on the wall as a function of θ, and are necessary to solve the governing

equation for the CBRW discussed later.

Kinematics of the gravity frame

Rocking wall systems are typically used in combination with a separate gravity load-resisting

system that delivers the seismic inertial lateral force through special diaphragm connections

[Priestley, 1991; Pampanin et al., 2001; Wichman, 2018; Pei et al., 2019], with one example in

Fig. 2.5. The connections between the lateral and gravity systems are assumed to have several

constraints: (i) the node that connects the gravity frame to the wall is permitted to move

freely (frictionless) along the wall’s center line, see Fig. 2.5, (as a result, the force exerted

by the gravity frame on the wall is normal to the center line), (ii) beams (or diaphragms)
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Figure 2.4: PT bar displaced position under stage 2 rocking.

from the gravity frame remain horizontal, and (iii) the beam-column and column-ground

connections for the gravity frame carry insignificant moments and are thus modeled as pin

connections. As a consequence, the lateral system must carry second-order geometric non-

linearity gravity moments (defined herein as P-Delta).

For the assumed gravity frame to wall connections, the following kinematic relations

between θ and the displaced position of the floors, ui and vi, were derived for a two-story

frame (see Fig. 2.6), where i denotes the floor number.

For floor 1:

tan(θ) =
u1 − u1

v1 − v1
(2.9a)

v1 =
√

h2
1 − u2

1 (2.9b)
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Figure 2.5: Vertical slot and pin connection: (a) Diagram; (b) photo from shake table test
[Wichman, 2018].

For floor 2:

tan(θ) =
u2 − u2

v2 − v2
(2.10a)

v2 = v1 +
√
h2
2 − (u2 − u1)2 (2.10b)

where ui and vi are the horizontal and vertical displaced position of the prior connection

points (i.e. the contact location when the structure is plumb) and are known via Eqs. (2.7a),

(2.7b), and (2.8), see Fig. 2.6.

These exact equations are cumbersome, hence ui and vi are solved numerically and their

partial derivatives are approximated, as will be discussed later.
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2.2 Formulation of governing equations

2.2.1 Lagrangian formulation

This study focuses on an analytical approach that allows: for a fundamental understanding

of the behavior of rocking walls; insight into key parameters that drive response; enables

an efficient parametric study; and can be used to validate the FE models. The analytical

formulation of the governing equation (i.e. equation of motion) is derived using the Lagrange

equation,
d

dt

(
∂T

∂θ̇

)
− ∂T

∂θ
+

∂V

∂θ
= 0 (2.11)

where T and V are the kinetic and potential energy, respectively, and the time derivative is

represented by a dot above the variable. The gradient of the potential energy represents the

only term that remains in the static case, and is termed Mrestoring. With the kinetic energy
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terms denoted as Minertial, Eq. (2.11) can be rewritten as,

Minertial +Mrestoring = 0 (2.12)

Note that the external bending moment comes from ground motion contribution of Minertial.

The two terms in Eq. (2.12) are further expanded and discussed in the following subsections.

Potential energy

The potential energy, V , is given in the following:

V =
1

2
k∆2 + g

(
mwvw +

n∑
i=1

mivi

)
(2.13a)

∆ =
√

u2
PT + v2PT − Lo (2.13b)

n = number of floors (2.13c)

where k, ∆, Lo, and g are the PT stiffness, PT elongation (measured from the zero stress

state), initial unstressed PT bar length, and acceleration due to gravity, respectively. The

mass of the wall and floors are denoted as mw and mi, respectively. Taking the partial

derivative of V with respect to θ gives,

Mrestoring =
∂V

∂θ
= k∆

∂∆

∂θ
+ g

(
mw

∂vw
∂θ

+
n∑

i=1

mi
∂vi
∂θ

)
(2.14)

Note that the contribution of the floor masses to the gradient of the potential energy produces

a P-Delta effect.
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Kinetic energy

The Minertial term is solved by expanding and differentiating T from Eq. (2.11), where T ,

ignoring the mass of the PT, is given as:

T =
1

2
mw(u̇

2
w + v̇2w) +

1

2

n∑
i=1

mi(u̇
2
i + v̇2i ) (2.15)

where u̇ and v̇ are the horizontal and vertical velocity of the wall and floor masses. Further,

this approach only holds for lumped masses. For heavy walls (significant distributed mass) a

consistent mass approach (or discretization of the wall) would likely produce better results.

Differentiating Eq. (2.15) gives

∂T

∂θ̇
= mw

(
u̇w

∂u̇w

∂θ̇w
+ v̇w

∂v̇w

∂θ̇w

)
+

n∑
i=1

mi

(
u̇i
∂u̇i

∂θ̇i
+ v̇i

∂v̇i

∂θ̇i

)
(2.16a)

= mw

(
u̇w

∂uw

∂θw
+ v̇w

∂vw
∂θw

)
+

n∑
i=1

mi

(
u̇i
∂ui

∂θi
+ v̇i

∂vi
∂θi

)
(2.16b)

where the equivalence of Eqs. (2.16a) and (2.16b) is based on Greenwood [Greenwood, 1997].

It follows that

d

dt

(
∂T

∂θ̇

)
= mw

(
üw

∂uw

∂θ
+ u̇w

∂u̇w

∂θ
+ v̈w

∂vw
∂θ

+ v̇w
∂v̇w
∂θ

)
+

n∑
i=1

mi

(
üi
∂ui

∂θ
+ u̇i

∂u̇i

∂θ
+ v̈i

∂vi
∂θ

+ v̇i
∂v̇i
∂θ

) (2.17a)

∂T

∂θ
= mw

(
u̇w

∂u̇w

∂θ
+ v̇w

∂v̇w
∂θ

)
+

n∑
i=1

mi

(
u̇i
∂u̇i

∂θ
+ v̇i

∂v̇i
∂θ

)
(2.17b)
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After some manipulation and combining Eqs. (2.17a) and (2.17b):

d

dt

(
∂T

∂θ̇

)
− ∂T

∂θ
= mw

[(
∂uw

∂θ
θ̈ +

∂2uw

∂θ2
θ̇2
)
∂uw

∂θ
+

(
∂vw
∂θ

θ̈ +
∂2vw
∂θ2

θ̇2
)
∂vw
∂θ

]
+

n∑
i=1

mi

[(
∂ui

∂θ
θ̈ +

∂2ui

∂θ2
θ̇2
)
∂ui

∂θ
+

(
∂vi
∂θ

θ̈ +
∂2vi
∂θ2

θ̇2
)
∂vi
∂θ

]
(2.18)

By separating u into the relative and ground motion terms (u → u + ug), the contribution

from the ground motion can be separated (same can be done with v if necessary):

Minertial =
d

dt

(
∂T

∂θ̇

)
− ∂T

∂θ
= Idyn(θ)θ̈ +G(θ)θ̇2 +Mg(t, θ) = 0 (2.19)

where,

Idyn(θ) = mw

[(
∂uw

∂θ

)2

+

(
∂vw
∂θ

)2]
+

n∑
i=1

mi

[(
∂ui

∂θ

)2

+

(
∂vi
∂θ

)2]
(2.20a)

G(θ) = mw

[(
∂2uw

∂θ2

)
∂uw

∂θ
+

(
∂2vw
∂θ2

)
∂vw
∂θ

]
+

n∑
i=1

mi

[(
∂2ui

∂θ2

)
∂ui

∂θ
+

(
∂2vi
∂θ2

)
∂vi
∂θ

] (2.20b)

Mg(t, θ) =

(
mw

∂uw

∂θ

)
üg +

n∑
i=1

(
mi

∂ui

∂θ

)
üg (2.20c)

and Mg is the bending moment ‘forcing’ induced by the ground motion about the base. G

is referred to herein as the gyroscopic term, as it captures the translation-roll coupling, and

only appears in the solution for a curved-base wall. Bachmann et al. provided the equation

of motion for a curved-base rocking column with constant curvature which also included

G(θ)θ̇2 [Bachmann et al., 2016].

If a rectangular wall is considered (without the gravity frame), the rigid body translation

is removed and all that remains is rigid body rotation. In that case, Eq. (2.20) yields the

commonly seen equation of motion where Idyn = mR2 and G = 0.
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2.2.2 Approximate formulation

The equations formulated in previous sections are exact and can be solved for rectangular and

curved-base rocking walls. However, when incorporating the gravity frame system through

the diaphragm-wall connection, the kinematic equations relating gravity frame displaced

position with respect to θ become cumbersome because the diaphragm-wall contact points

are not fixed on the wall. Approximate numerical solutions for the potential energy and

kinetic energy are discussed separately in the next subsections and employed in pushover and

dynamic analyses using programs written in MATLAB [MATLAB, 2017] in later sections.

Potential energy

The potential energy term of the gravity frame produces a P-Delta effect but the partial

derivative terms for the gravity frame cannot be solved easily. However, a direct equilibrium

approach offers a simpler alternative route to obtaining P-Delta. For this approach, Eq.

(2.14) can be modified into the following:

Mrestoring = k∆
∂∆

∂θ
+mwg

∂vw
∂θ

+MPDelta (2.21)

where,

MPDelta = (Ff1v1 + Ff2v2) cos(θ) + [Ff1(u1 − u) + Ff2(u2 − u)] sin(θ) (2.22a)

Ff2 =
m2g(u2 − u1)

cos(θ)(v2 − v1) + sin(θ)(u2 − u1)
(2.22b)

Ff1 =
m2gu2 +m1gu1 − Ff2 cos(θ)v2 − Ff2 sin(θ)u2

cos(θ)v1 + sin(θ)u1

(2.22c)

These equations are based on Fig. 2.7, which shows the gravity frame forces used to derive

Eqs. (2.22a), (2.22b), and (2.22c). These equations use the floor position, which can be

solved from Eqs. (2.9) and (2.10), either closed-form (cumbersome) or numerically.
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Figure 2.7: P-Delta forces.

Kinetic energy

The kinetic energy is more difficult requiring higher derivatives of the floor positions, and

because no simple equilibrium alternative can be used. Two different methods were used

to solve the kinetic energy term and are discussed in this section. The first is using finite

difference method on the numerical solutions of Eqs. (2.9) and (2.10) to obtain the partial

derivatives for the gravity frame terms in Eq. (2.20). This method is particularly complex

when solving for different wall geometries and is implemented only as a way to check the

second approximate method for the kinetic term (discussed next) and the FE model.

The second method is by using the equation of motion of a rectangular wall (see Appendix

A) for a CBRW and ignoring the gyroscopic term in Eq. (2.19). The effect from the gyroscopic
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term is further explored in Appendix B. Equation (2.18), thus simplifies to Eq. (2.23)

Minertial =
d

dt

(
∂T

∂θ̇

)
− ∂T

∂θ
= Iinstθ̈ +Mg,inst (2.23)

where Iinst is the instantaneous moment of inertia of the wall and gravity frame system and

Mg,inst is the external moment caused by the ground motions. Figure 2.8 illustrates the

inertial forces of the floor masses on the CBRW used to derive the equations to calculate

Iinst and Mg,inst. Therefore,

m1

m2

ሷ𝑢𝑔𝑚2

ሷ𝑢𝑔𝑚2 cos 𝜃

ሷ𝑢𝑔𝑚1

ሷ𝑢𝑔𝑚1 cos 𝜃

R1

R2
+𝜃

∅1

R2 sin ∅2

R1 sin ∅1

Figure 2.8: Instantaneous inertial forces of floor mass.

Iinst = Iw +
n∑

i=1

miR
2
i cos(θ) sin(ϕi) (2.24a)

Mg,inst = üg

(
mwvw +

n∑
i=1

miRi cos(θ) sin(ϕi)

)
(2.24b)

where Ri and ϕi — as shown in Fig. 2.8 — are the radial distance from the center of rotation
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to the lumped masses and the angle between Ri and the base of the wall, respectively.

Again, note that the instantaneous inertia incorrectly assumes the wall is rotating about

the point of contact without additional related translation due to the curved base. The

gyroscopic terms capture the translation-rotation coupling.

Nonlinear time-history analyses were performed using Eqs. (2.21) and (2.23) solved using

Newmark’s method. Analyses using Eqs. (2.21) and (2.19) (solved using Classical Runge-

Kutta method) were also performed to check the FE model and the approximate method for

the kinetic term that neglected G.

2.2.3 Energy dissipation from impact

The derivation of the aforementioned governing equations neglected damping, though rocking

systems manifest damping from a variety of sources: energy dissipation devices, friction and

yielding of structural and non-structural components, and base-ground impact damping.

For this study, only impact damping was considered in order to better isolate the effects of

CBRWs. As mentioned previously, Housner showed how impact damping of a rocking rigid

body can be calculated simply using the geometry of the wall, independent from material

properties [Housner, 1963]. This is possible if only considering one rocking joint, assuming

no sliding or bouncing, and only for rigid walls, and assuming all impact stress occurs at

the rocking point. Note that Chapter 3 extends this solution to flexible rocking bodies. The

reduction in kinetic energy during impact (r) for the wall only is thus given in Eq. (2.25).

Note that some original notations were changed to prevent confusion with notations used in

this chapter.

r =

(
θ̇2

θ̇1

)2

=

(
Iw − 2mwRwb sin(ϕw)

Iw

)2

=

{
1− mwR

2
w

Iw
[1− cos(2ϕw)]

}2

(2.25)

where ϕw and Rw are calculated with Eqs. (2.6c) and (2.6d) using hw instead of 2hw.
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Modifications to Eq. (2.25) were necessary to couple the gravity frame with the wall.

Keeping with the same approach as Housner, the angular momentum of the wall and gravity

frame system before and after impact was conserved to get the reduction in kinetic energy.

This is best done about the ‘after impact’ rocking point. Figure 2.9 illustrates the velocities

of the wall and floor masses right before and after impact. Equation (2.25) can thus be

modified to Eq. (2.26) in order to account for the mass in the gravity fame:

r =

(
θ̇2

θ̇1

)2

=

[
Idyn − 2mwRwb sin(ϕw)

Idyn

]2
(2.26)

Equation (2.25) shows that the mass does not affect r — i.e. does not affect impact damping

when only the wall is considered, as Iw is proportional to mw. However, Eq. (2.26) indicates

that for a rocking wall and gravity frame system, the impact damping decreases as the mass

of the floors increases relative to the mass of the wall (i.e. Idyn grows). This could affect

design considerations if impact damping is to be considered in the design calculations. Impact

damping in the results shown later was included into the nonlinear time-history analysis by

multiplying θ̇ by the square root of r after each impact. Crucially, a massless (assumed)

PT cable does not impart an impulse during rocking as it is displacement controlled. Thus,

the PT does not change the coefficient of restitution (although indirectly it may change the

typical velocity during rocking events). This was also used by Dimitrakopoulos and DeJong

[Dimitrakopoulos and DeJong, 2012].

2.3 Comparison with finite element model

In practice, FE analysis of CBRWs will be necessary to address walls with shear and bending

deformation, distributed rocking surface with damage models, and energy dissipation devices.

In this section, a method for simulating the behavior of CBRWs is described and compared

with the analytical formulations. Both pushover (elastic) and nonlinear time-history analyses

with FE models in OpenSees [McKenna, 1997] are described here.
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Figure 2.9: Velocities before and after impact.

2.3.1 Finite element model

The design of the post-tensioning, wall, and gravity system was roughly based on the struc-

ture used in a CLT rocking wall shake table test specimen shown in Fig. 2.1 [Wichman,

2018; Pei et al., 2019]. The following modifications were made to the original design: (1)

curving the base, (2) modeling only one panel of one of the coupled rocking walls and a cor-

responding one-quarter of the gravity system mass, (3) removing the UFPs, (4) relocating

the PT bars to a single concentric location, and (5) idealizing the wall, beams, and columns

as rigid elements. The schematic of the simplified specimen but as a CBRW is shown in

Fig. 2.10 and the values for key parameters are given in Table 2.1. Note that the values of

the parameters for the curved base provided in the next two sections were not optimized in

any way. Instead, they were chosen to show the differences between the pushover backbone

of a CBRW and a rectangular wall (static analysis comparison) and to induce more stage

2 rocking (dynamic analysis comparison). The concentrated lateral force for the pushover
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analyses was applied at the PT attachment point at the top of the wall. A preliminary study

of performance benefits is in the following section.

hw

b

b’

h’

mw

m1

m2

h1

h2

hw

Figure 2.10: Curved-base rocking wall and gravity frame system.

The wall, beams, and columns of the gravity frame were modeled in OpenSees with very

stiff beam-column elements. In order to prevent sliding, stiff shear springs were connected

from the base of the wall to the ground via truss elements. The diaphragms (i.e. floors)

were connected to the wall by vertical beam-column elements with a large bending stiffness

and low axial stiffness to model the vertical slot and pin connection mentioned previously.

The curved base was modeled with rigid zero-length compression-only springs with gap

parameters (elastic perfectly plastic gap in OpenSees) distributed with the Legende-Gauss-

Lobatto integration scheme. The values used for the gap parameter was zero for the flat

surface and varied, using Eq. (2.1), along the curved surface so as to create the desired shape

of the curve with a finite number of springs. As mentioned before, the contact between the

wall and the ground when rocking is modeled as a single contact point. Figure 2.11 shows
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hw (in) 144
h1 (in) 146
h2 (in) 120
b (in) 60

mw (kip/in/s2) 0.0055
m1 (kip/in/s2) 0.0594
m2 (kip/in/s2) 0.0612

Total PT area (in2) 1.7668
Total initial PT force (kip) 48

EPT (ksi) 29000

Table 2.1: Rocking wall design.

a diagram of the finite element model, the zero-length compression-only springs, and the

force-deformation plot of the compression-only spring. Note, only a schematic is shown and

actually a total of 300 compression-only springs were used to model the curved part of the

base and 301 compression-only springs were used to model the flat part of the base.

2.3.2 Pushover analysis

Figure 2.12 includes the design values for the curved base parameters used in this section

and shows the pushover results of the CBRW and the rectangular wall. The pushover results

show Mrestoring normalized by their respective decompression moment, Mdec, versus drift.

Mdec is defined herein as the moment required for the wall to uplift (125.38 kip-ft and 25.08

kip-ft for the rectangular wall and CBRW, respectively). Note that the CBRW uses the

same parameters in Table 2.1 with additional curved base parameters seen in Fig. 2.12. The

pushover analyses show that the potential energy terms and the kinematic equations match

with the FE model. Although unobservable in Fig. 2.12, there are discontinuities during

stage 2 in the FE analysis due to the finite number of compression-only springs in the base.

It becomes smoother as the number of springs increases. The Mdec of the CBRW is lower

than the rectangular rocking wall (as expected because of the reduction in b), which can

be offset by using a larger PT area and initial PT force, as will be discussed later. The
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Figure 2.11: Finite element model: (a) Model; (b) zero-length spring element; and (c) force-
displacement relationship of zero-length spring element.

Mdec is largely determined by the initial PT force and the width of the base. The initial PT

force required depends on expected lateral loads (e.g. wind loads) the wall needs to resist

without rocking. The initial PT force is limited by the compressive strength of the wall and

the allowed drift at which the PT bar starts to yield. A higher PT force would lead to wall

compression failure and PT bar yielding at lower drifts. However, lateral load demands and

compressive strength of the wall are outside the scope of this chapter but are included in

Chapter 4. Figure 2.12 shows the drift is zero until the joint opens, which is the case when

the structure and contact surface is assumed to be rigid. However, in experimental results,

drift linearly increases with lateral force until the joint opens. After the joint opens, the drift

increases linearly with a reduced stiffness. This is caused by the flexibility in the structure

(e.g. rocking wall) and the flexibility in the contact surface, as will be shown in Chapters 3

and 4.



41

0 0.005 0.01 0.015 0.02
 (rad)

0

1

2

3

4

5

6

7

8

M
re

st
or

in
g/M

de
c

Rect. Wall (Analytical)
Rect. Wall (FE)
CBRW (Analytical, stage 1)
CBRW (Analytical, stage 2)
CBRW (FE)

h’ 1 in

b’ 24 in

α 0.4 in!"

Figure 2.12: Comparison of pushover response of the analytical equations and the finite
element model.

2.3.3 Nonlinear time-history analysis

Figure 2.13 includes the values for the curved base parameters used in this section. Impact

damping was neglected here in order to isolate the effects of the governing equations derived

in the previous section. Undamped free vibration simulations were performed; the analysis,

in effect, captured the resonant frequency of the CBRW. Note the resonant frequency is

amplitude dependent, as will be discussed later. Figure 2.13 shows a plot of θ versus time

from the analytical equations (with approximate Minertial) and the FE model. It is clear

that all equations and the FE model agree. This signifies that approximating the governing

equation of a CBRW by neglecting the translational kinetic energy gives acceptable results,

for the parameters and amplitudes considered here.
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Figure 2.13: Response-history.

2.4 Performance comparison between curved-base rocking wall and rectangu-
lar wall

Traditional rectangular rocking walls, as mentioned before, have some disadvantages that

may detract from their benefits. One of the most critical issues is the potential for the PT

to yield or rupture. The former decreases re-centering capacity (one of the main purposes

of rocking walls) and the latter could lead to collapse. A simple solution would be to use

CBRWs to increase the drift at PT yield, defined herein as δy = uy,PT/2hw, where uy,PT is

the horizontal displacement of the PT attachment point when the PT bar starts to yield.

The yield criterion of the PT bar is assumed herein as a function of the yield strain of the

chosen PT bar material (PT bars often are made from steel with approximate yield strain
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of 0.0032). Strain in the PT bar can be calculated from PT elongation given in Eq. 2.13b.

This section compares δy and the nonlinear dynamic response of CBRWs to rectangular

walls. Furthermore, this section also discusses rectangular walls with varying widths, with

CBRWs fitting within the rectangular wall envelope. This approach was used to show the

improvements offered by CBRWs within a given wall envelope. A larger parametric study

and optimization is beyond the scope of this chapter. The design is again given in Table

2.1, while modifications to the design and the parameters for the curved base are provided

in their respective subsections.

2.4.1 Drift at PT yield

Pushover analyses were performed using Eq. (2.21). δy was calculated using the kinematic

equations and strain-displacement equations.

Several curved base configurations were used to investigate the interactions between the

curved base parameters (specifically b′), post-tensioning, and δy. In addition, rectangular

walls with same CBRW widths, i.e. b = b of the CBRWs, were also included for comparison.

Tables 2.2 and 2.3 include the design values used for the different rectangular and CBRWs.

The design values were chosen to show how the CBRWs could increase δy while maintaining

the same Mdec as the baseline rectangular wall (i.e. original design with parameters given in

Table 2.1) denoted herein with the subscript o. For example, APTo is the total PT area from

the baseline wall from Table 2.1. The PT force was increased by increasing the PT area.

Figure 2.14 shows the pushover response up to the onset of PT bar yielding. Mrestoring was

again normalized by Mdec (125.38 kip-ft) and were the same for all the walls due to the design

process mentioned before. Capacity in Fig. 2.14 refers to the normalized restoring moment

at the onset of PT bar yielding, My, and θ at the onset of PT bar yielding. The results in

Fig. 2.14 are tabulated in Table 2.4 where δyo and Myo are the drift and restoring moment

of the benchmark rectangular wall at the onset of PT bar yielding. Figure 2.14 shows an

increase in δy for the CBRWs — seen clearer in Table 2.4 — while maintaining the backbone

curve of the baseline rectangular wall. This is without a rigorous optimization routine, and
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Design APT/APTo b b′ h′ α θ1−2 θ2−3

(in) (in) (in) (in−1) (rad) (rad)
CBRW 1 1.10 55 2.50 0.30 2.50 1.45E-3 0.64
CBRW 2 1.15 52 4.00 1.75 2.50 1.99E-4 1.35
CBRW 3 1.20 50.4 4.80 2.00 1.80 6.37E-4 1.30
CBRW 4 1.25 48.4 5.80 2.00 1.50 5.00E-4 1.25
CBRW 5 1.50 40.64 9.68 5.00 0.90 7.41E-4 1.35
CBRW 6 2.00 30.72 14.64 10.00 0.59 1.05E-4 1.40
CBRW 7 2.50 24.70 17.65 12.00 0.47 1.41E-3 1.40

Table 2.2: Curved-base rocking wall design for comparing drift at PT yield.

Design APT/APTo b (in)
Baseline 1.0 60

Rect. Wall 1 1.10 55
Rect. Wall 2 1.15 52
Rect. Wall 3 1.20 50.4
Rect. Wall 4 1.25 48.4
Rect. Wall 5 1.50 40.64
Rect. Wall 6 2.00 30.72
Rect. Wall 7 2.50 24.70

Table 2.3: Rectangular wall design for comparing drift at PT yield.
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Design APT/APTo δy/δyo Post-decomp. My/
stiffness Myo

CBRW 1 1.10 1.06 1.00 1.05
CBRW 2 1.15 1.09 1.01 1.07
CBRW 3 1.20 1.13 1.00 1.09
CBRW 4 1.25 1.15 1.02 1.11
CBRW 5 1.50 1.29 1.01 1.21
CBRW 6 2.00 1.53 1.03 1.40
CBRW 7 2.50 1.75 1.06 1.58

Rect. Wall 1 1.10 1.09 0.92 1.00
Rect. Wall 2 1.15 1.15 0.85 0.99
Rect. Wall 3 1.20 1.19 0.84 1.00
Rect. Wall 4 1.25 1.24 0.80 1.00
Rect. Wall 5 1.50 1.48 0.67 0.99
Rect. Wall 6 2.00 1.95 0.49 0.98
Rect. Wall 7 2.50 2.43 0.39 0.96

Table 2.4: Pushover comparison results.

is shown to demonstrate the potential for improvement over the baseline rectangular wall.

Conversely, the yield strength of the analogous rectangular walls remained unchanged and

the post-decompression stiffness decreased. Note that the pushover analysis in Fig. 2.14 never

reached stage 3 rocking as the rectangular baseline wall did not exhibit a softening stage. A

quick look into the behavior of stage 3 rocking is provided in the next subsection, however,

an in-depth analysis of stage 3 rocking is beyond the scope of this chapter and is left for

future study. In addition Fig. 2.14(e) shows an almost linear relationship between APT/APTo

and δy/δyo if the Mdec and post-decompression stiffness are to remain constant; i.e., more

PT area is needed to match the stiffness and Mdec as the base is curved more to increase

the drift at PT yield. The relationship between APT/APTo and δy/δyo is a highly complex

implicit relationship but is nearly linear despite the nonlinearities in CBRWs. Mdec/Mdeco for

rectangular walls remain constant (and equal to 1), see Table 2.4, because the decompression

moments were designed to remain the same (i.e. b∗Apt is constant, which is the main driving

factor of My for rectangular walls).
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Figure 2.14: Pushover comparison: (a) Design 1; (b) design 5; (c) design 6; (d) design 7; and
(e) relationship between and PT bar area and drift at PT bar yield for curved-base rocking
walls.



47

2.4.2 Tailoring curved-base rocking walls

Figure 2.15 illustrates how the CBRW fits in between a narrow and wide wall — on the

left is a schematic of the two rectangular walls and two CBRWs (the CBRWs have varying

α, b = width of wide rectangular wall, and b = width of narrow rectangular wall), on

the right shows their respective pushover response. The Mrestoring reduction from line 1

and line 3 is caused by the horizontal translation and height decrease when transitioning

from stage 1 to stage 3 rocking. Here, the post-tensioning remained constant for all four

wall geometries. Figure 2.15 illustrates qualitatively how the CBRW can be tailored to

behave as both a wide and narrow rectangular wall because of the multiple-rocking stage

response. An advantage of CBRWs is the multiple stiffness from the different rocking stages

(see Wall 2 in Fig. 2.15). The pushover response can be tailored to different performance

objectives. For example: (i) The decompression moment could be designed to exceed the

expected wind loads to prevent rocking under wind loads; (ii) the design basis earthquake

(10 percent probability of exceedance in 50 years) demands could fall within stage 1 rocking

to take advantage of softening to prevent component failure and increase energy dissipation

(via energy dissipation device); and (iii) the maximum considered earthquake (2 percent

of exceedance in 50 years) could fall within stage 2 rocking where there is hardening to

limit drift to prevent structural/non-structural failure. Although not visible in Fig. 2.15, the

tailorability of the pushover response also suggests the possibility of tuning multiple natural

periods of the rocking system for devices such as tuned mass dampers.

Similarly, Fig. 2.16 illustrates how varying α affects the pushover response (left), plotted

up to the onset of PT bar yielding, and also shows a diagram of how the curved surface

changes with increasing α (right). The different CBRWs are matched with their respective

pushover response using the same color and line styles. There are several things to note in

Fig. 2.16: (1) increasing α shifts θ1−2 to the left, (2) sensitivity of stage 2 stiffness decreases

with increasing α, (3) stage 2 stiffness for a larger α can match stage 3 stiffness of smaller α,

and (4) by choosing α properly, the drift at PT yield and yield strength can be improved.
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Figure 2.15: Comparison of curved-base rocking walls and rectangular walls with varying
widths. The gap is caused by the changes in the vertical displacement of the PT attachment
point.

Curved-base rocking walls have been shown to be tailorable, hence may achieve multiple

performance objectives.

2.4.3 Amplitude-frequency response

Using the design from CBRW 1, the undamped-unforced closed-form amplitude dependent

resonance frequency and the amplitude-frequency response under harmonic excitation are

discussed in this section. The resonance periods, T , are obtained using Eq. (2.27d) that is

derived from the approximate governing equation with Iinst from Eq. (2.24a). The following
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Figure 2.16: (a) Pushover trend with varying α, (b) curved base geometry with varying α.

shows the derivation of Eq. (2.27d).

Iinstθ̈ +Mrestoring = 0, θ̈ =
dθ

dt

dθ̇

dθ
(2.27a)∫ θ̇(θ)

θ̇(θmax)

ds

dt
dṡ =

∫ θ

θmax

−Mrestoring

Iinst
ds (2.27b)

1

2

(
dθ

dt

)2

=

∫ θ

θmax

−Mrestoring

Iinst
ds = Ĝ(θ) (2.27c)

T

4
=

∫ 0

θmax

1

ω(θ)
dθ, ω(θ) =

dθ

dt
=

√
2Ĝ(θ) (2.27d)

The forced amplitude-frequency curve was obtained by running nonlinear time-history

analyses using Eq. (2.23) and simulating üg as a harmonic excitation with varying forcing

frequencies and amplitudes. An assumed coefficient of restitution (r = 0.90) was used for

this demonstration. Equation (2.26) gives r = 0.998 which would be the case in a perfect
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system without any additional damping, however, imperfections and friction would likely

decrease the coefficient of restitution to a lower value. The value of 0.9 is consistent with

work in [Dimitrakopoulos and DeJong, 2012]. Many of the large amplitude responses were

aperiodic and hence the peak-to-peak response amplitude is difficult to define. Thus, the

response amplitudes were obtained by calculating the root-mean square of the steady-state

response of θ.

Figure 2.17 shows the results a suite of (response) amplitude-frequency curves for various

forcing amplitudes. Also superposed on the data is the undamped-unforced closed-form res-

onance frequency results (thick black curve) also plotted with root-mean square amplitude.

Similar to classical results observed in hardening and softening Duffing Oscillators, the peak

response amplitude follows the same trend as the resonance frequency. As the forcing level

increases, the peak shifts left. Unlike the classical case, the rocking system diverges to an

infinite resonance frequency as the response amplitude shrinks to zero (i.e., the linearized

resonant frequency is infinite), as was also shown by Housner for free-standing blocks [Hous-

ner, 1963]. Note the divergence does not occur in a flexible wall and the resonance period

approaches the resonant period of a fixed-base cantilever wall, as will be shown in Chapter 3.

The resonance frequency exhibits significant sensitivity for low response amplitudes, while

being less sensitive to amplitude changes for response amplitudes above approximately 0.05

radians. Practical drift limits for structural and non-structural systems would correspond

to approximately 0.05 radians (5 percent drift), thus it is possible the sensitivity could be

exploited to avoid resonance under seismic events. Figure 2.17 shows amplitudes above 0.05

radians to show dynamical behavior and trends that maybe of interest to devices that are

not limited in drift such as tuned mass dampers.

Note that given the appearance of a softening resonance curve, the right (upper) branch

is disconnected from the left (lower) branch. A full analysis, including of potentially unstable

response would be needed to complete the full amplitude-frequency curve. Note that this is

done in the study in Chapter 3.



51

0.5 1 1.5
Frequency (hz)

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45
rm

s[
] (

ra
d)

Resonance frequency
0.10 g
0.16 g
0.18 g
0.30 g
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2.5 Chapter conclusions

Post-tensioned rocking wall systems — having self-centering capabilities, gap-opening mech-

anisms limiting primary structure damage, and energy dissipating devices — are very at-

tractive lateral resisting systems that have been shown to be resilient to seismic events. On

the other hand, toe crushing and yielding/rupturing of the post-tensioning remain a con-

cern for both concrete and timber walls. The concept of CBRWs was introduced as their

geometry can reduce stress concentration, provide confinement to mitigate toe crushing, add

more design parameters to tailor the static and dynamics behavior, and increase the drift

at which PT yielding/rupturing occurs. The curved base modification is an additional de-

sign tool that can be used to achieve other performance goals. The analytical methodology
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introduced in this chapter could also be used to represent CBRWs and to assess post-toe

crushing strength/stiffness degradation in rectangular rocking walls. The equations formu-

lated provide a way to explore each term of the equation of motion. It was shown that for

CBRWs, a gyroscopic term capturing rotation-translation coupling is present in the equation

of motion that is otherwise absent in rectangular walls. The gyroscopic term was found to

be negligible for the parameters chosen in this study (see Appendix B). Furthermore, the

analytical equations served as a way to validate the FE model with curved base. For the

diaphragm and wall connection (pin and vertical slot), it was shown that the displacement

position of the gravity frame is fairly complex for both rectangular and CBRWs.

Pushover analyses were performed using analytical equation showing that CBRWs can

improve the drift at PT yield, which extends to drift at PT rupture. It was shown that

CBRWs exhibit three stages of rocking, allowing the pushover response to be highly cus-

tomizable compared to the rectangle rocking wall. The tailorability of the CBRW system

allows for varying stiffness; for example, there could be no rocking under wind loads, rock

under stage 1 for service-level and design basis earthquake and rock under stage 2 for max-

imum considered earthquake. Base-ground impact damage is another issue that would be

exacerbated with heavy walls and rocking walls used in floor isolation systems. The reduc-

tion in kinetic energy equation [Housner, 1963] was modified to include the gravity system.

It was shown that a CBRW with decreasing b would reduce impact effects; b = 0 would

cancel out impact damping/damage altogether.

Another application of CBRWs, instead of rounding off the corner, is to widen a narrow

rectangular wall and then modify the base to obtain a curved base. Note that this approach

is explored in Chapter 4. By doing so, the linear elastic stiffness (prior to rocking, i.e.

cantilever wall) and Mdec increase and can contribute to resisting wind loading — wind

loads are designed for such that Mdec exceeds expected wind loads allowing the rocking wall

to essentially behave as a cantilever wall. Increasing b′ would decrease the decompression

moment and the linear elastic stiffness.

Pushover backbone curves and amplitude-frequency response curves were shown but more
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work is need to understand how CBRWs could be best used in a structure. Further work is

needed to quantify the improvements on stress concentration at the toe and to implement a

design procedure that would ensure it is within acceptable limits. Stress concentration could

also be an issue at the PT attachment point that can lead to damage to the wall and loss in

PT force from PT bar relaxation, which may be addressed by using a stiff steel assembly to

distribute the concentrated PT loads over a large area [Ganey et al., 2017].

Other limit states — e.g. failure of frame-to-wall connection, failure of non-structural

elements — are also equally as important and needs to be investigated in order to fully

develop rocking walls as a viable lateral force resisting system.

A study to understand the effects of BMRWs (specifically with a tapered base) on story

drift and acceleration on a system with energy dissipation components under various ground

motions will be shown later in Chapter 4. However, work needs to be done to understand

CBRWs (and associated horizontal translation from stage 2 rocking) effects on dissipation

devices such as TCY and UFP. If the curved base parameters are designed such that the

horizontal translation are small, then energy dissipation devices that are often used in concert

with rectangular walls can also be applied for CBRWs.

This study was qualitative in nature, as the rigid wall and gravity frame assumption

limits the quantitative accuracy of the analysis. Work discussed in Chapters 3 and 4 focuses

on generalizing the model with deformable elements and contact properties that can capture

material nonlinearity (especially important when investigating base damage from excessive

compression).

Though an increase in stiffness and strength could be achieved by simply using more

PT or a wider wall, the benefit of CBRWs is the additional tools to achieve performance

objectives under different seismic levels. The manufacturing process of CBRWs is beyond

the scope of this chapter but is very important and needs to be addressed in later studies.
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Chapter 3

NONLINEAR DYNAMICS OF FLEXIBLE POST-TENSIONED
ROCKING WALLS

Note: Part of this chapter is a reproduction of [Lin et al., Forthcoming 2022]

The previous chapter looked at the effects of a curved base on a rigid wall using analytical

equations formulated with the Lagrange equation. This chapter explores the interaction of

rocking and wall deformation, specifically: (1) the transition from fixed-base vibration to

predominately rocking, and (2) the nonlinear normal modes and the amplitude-frequency

curves.

This chapter first discusses the flexible rocking wall model and its assumptions. Then

the derivations of the equations of motion are shown followed by discussions on the impact

model (i.e., the post-impact velocities), rocking initiation/cessation, and structural damping.

Thereafter, the analytical model is validated against two benchmark cases: (1) a finite ele-

ment model, and (2) test data from [Acikgoz and DeJong, 2016]. Finally, a brief explanation

of nonlinear normal modes is given followed by the unforced/forced dynamic results, which

show the nonlinear normal modes and transition from fixed-base vibration to rocking.

3.1 Chapter introduction

3.1.1 Motivation

Extensive studies have been done on Post-Tensioned (PT) rocking systems which aim to

improve seismic resilience by increasing the damage-free deformation of the primary load

path, and isolating damage to supplemental energy dissipation devices. For buildings, rock-

ing systems usually consist of: (1) a rocking structure, which may be a wall or a frame and
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is designed to remain elastic, (2) post-tensioning elements, (3) energy dissipation devices

which are to be easily replaceable and leverage the large local deformations to dissipate en-

ergy, and (4) diaphragm-to-wall connections. A diagram of a rocking wall system is shown

in Fig. 3.1. The studies on PT rocking systems have been generally based on finite ele-

ment (FE) modeling and experiments to capture system level and component behavior, as

rocking systems are fairly complex due to: (1) base-foundation stress concentrations and

damage; (2) rocking wall flexibility; (3) inelastic energy dissipation due to impact; (4) the

geometrically nonlinear and non-smooth behavior of rocking systems; and (5) the energy

dissipation devices and connections mentioned above. Computational models are essential

for providing quantitative predictions of the behavior of the rocking system and component

behaviors, however analytical expressions for natural frequencies are a vital tool for provid-

ing qualitative insight. Analytical work modelling PT rocking systems are generally done

by idealizing the structures as rigid, and as a result, are limited in understanding of the

interaction between the wall vibration and rocking. There have also been recent analytical

studies on flexible rocking structures, although without post-tensioning, for seismic isolation

purposes. This study seeks to fill this gap and bring further insight to the general rocking

phenomenon, in particular, the interaction of rocking and wall deformation, and the tran-

sition between fixed-base vibration and rocking using the nonlinear normal mode (NNM)

framework, discussed later. For an in-depth literature review on free-standing rigid rocking

blocks, PT rocking systems, and NNMs, see Section 1.3.

3.1.2 Contents

The following section discusses the analytical model used in this study to simulate rocking

and wall deformation/vibration. Thereafter, discussions on two benchmark cases, which

compare a numerical model and experimental data against that of this chapter, are given.

The two benchmark cases/models are: (i) an FE model of a conceptual structure modeled

using OpenSees [McKenna, 1997], and (ii) experimental data from the literature on free-

standing rocking system from [Acikgoz and DeJong, 2016]. Lastly, the results from forced



56

PIN CONNECTION
GRAVITY FRAME

PT ATTACHMENT

PT BAR

COUPLED FLEXIBLE 
ROCKING WALL

CENTERLINE

VERTICAL SLOT AND PIN
WALL-TO-DIAPHRAGM

CONNECTION

ENERGY DISSIPATION
DEVICE

ROCKING CORNER
(FINITE CONTACT AREA)

Figure 3.1: Diagram of the rocking wall and gravity system.

and unforced vibration and findings pertinent to earthquake/wind engineering are shown.

3.2 Simplified analytical model for flexible rocking structures

The analytical model used herein approximates real-world rocking walls that generally in-

clude shear and bending deformable walls, potential crushing at the rocking interface, local-

ized energy dissipation devices, localized masses (e.g., building floors) and distributed masses

(the wall itself), etc. The approximations/simplifications that are used allows for qualitative

characterization of the fundamental interaction between the rocking and (usually dominant)

first-mode (i.e., mode-1) wall deformation, and serves as a starting point toward the inves-

tigation of higher mode effects. The analytical model of the flexible rocking body is also an

extension of the analytical model of the rigid rocking body used in Chapter 2. The following

subsections will discuss the model assumptions/parameters, kinematics and derivation of the

equations of motion, impact model, and rocking initiation/cessation criteria.



57

3.2.1 Assumptions and analytical model parameters

To investigate the fundamental interaction between the rocking action and wall deformation,

a simplified model is composed of the following:

1. Perfectly elastic post-tensioning steel elements.

2. Rigid base and foundation.

3. Inelastic impact assumption, i.e., no sliding or bouncing at impact.

4. Lumped masses that approximates the inertia.

5. Single shear spring between the lumped masses that models the wall flexibility.

Note that the single shear spring approximation (idealization 5) is the primary departure

from classical rocking blocks that is explored herein, and more complex wall vs. gravity frame

inertial coupling is outside the scope of this work.

The analytical model, parameters, and coordinate system are shown in Fig. 3.2, where h,

h1, and h2 are the height of the wall, and heights to m1 and m2, respectively; b is the base

width; kp is the axial stiffness of the post-tensioning element; kx is the lateral stiffness of

the wall; and üg is the horizontal ground motion acceleration. The dots above the variable

denotes differentiation with respect to time t. The generalized coordinates θ and x are the

rigid body rotation (i.e., gap opening angle) and elastic lateral displacement of the wall,

respectively. The lateral stiffness of the wall is idealized as kx = 3EI/h3, where E and I are

the modulus of elasticity of the wall and the moment of inertia of the section, respectively.

There are additional ways to calibrate the lateral stiffness of the wall (e.g., using second-

order beam theory), however, the study is qualitative and as such calibration of the lateral

stiffness is beyond the scope of this chapter. Note that the axial stiffness of the wall is ideally

rigid. Base deformation/damage is explored later in Chapter 4.

3.2.2 Free dynamics

The equations of motion under free dynamics — i.e., the motion between impacts — are

derived using the kinematic relationships between the generalized coordinates (θ and x) and
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Figure 3.2: Diagrams of the model of a flexible PT rocking wall showing the rigid body
rotation θ, wall deformation x, lateral spring, lumped masses, and post-tensioning element.

the positions of the lumped masses and elongation of the springs; given in the following

equations:

up = x cos θ + h sin θ ± b/2(1− cos θ) (3.1)

vp = −x sin θ + h cos θ ± b/2 sin θ (3.2)

u1 = ±b/2(1− cos θ) + h1 sin θ (3.3)

v1 = ±b/2 sin θ + h1 cos θ (3.4)

u2 = x cos θ ± b/2(1− cos θ) + h2 sin θ (3.5)

v2 = −x sin θ ± b/2 sin θ + h2 cos θ (3.6)

where up and vp are the horizontal and vertical positions of the end of the post-tensioning

element with respect to the left (or right) rocking corner (note, that these are coordinates, not

displacements). Similarly, the subscripts 1 and 2 denote the positions of the lumped masses

m1 and m2. The upper sign (in the plus-minus or minus-plus sign) is used when rocking
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about the right corner (positive θ), and similarly, the lower sign is used when rocking about

the left corner (negative θ). Note, the rotational inertia is ignored, i.e., this is a lumped mass

model.

The equations of motion are derived using a Lagrangian approach specific to systems of

lumped masses. The equation of motion using the Lagrangian approach can be commonly

represented as:
d

dt

(
∂T

∂q̇i

)
− ∂T

∂qi
+

∂Π

∂qi
= 0 (3.7)

where T , qi, and Π symbolizes the kinetic energy, the generalized coordinates, and potential

energy, respectively. And,

Π =
1

2
kp∆

2
p +

1

2
kxx

2 +
N∑

n=1

mnvng (3.8)

∆p =
√
u2
p + v2p − Lo (3.9)

where g, ∆p, Lo, and N are the acceleration due to gravity, post-tensioning element elonga-

tion, initial unstressed post-tensioning element length, and the number of lumped masses,

respectively. Note that the equations of motion are for conservative systems. The Lagrangian

approach specific to systems of lumped masses simplifies the kinetic energy as seen in the

following equivalent equations, and therefore are included explicitly [Wiebe and Harvey,

2019]:

(Mu +Mv +Mθ) · q̈+ q̇ · (Gu +Gv +Gθ) · q̇+ (Fu
g)üg +∇Π = 0 (3.10)

where M, G, and Fu
g are matrices, third-order tensors, and vectors, respectively; the super-

script u, v, and θ indicate the horizontal, vertical, and rotation degrees-of-freedom. Equation

(3.10) is solved numerically using the classic Runge–Kutta method. For the static case, Eq.

(3.10) collapses to the theorem of minimum potential energy with the pushover horizontal

force applied to the center top of the wall (i.e., the connection point of the post-tensioning

element and the wall). The force can be solved in terms of θ and x and the results are
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discussed later in the benchmark case. The expressions for the M, G, and Fu
g terms for the

horizontal degree-of-freedom are:

[Mu]
ij
=

N∑
n=1

mn
∂un

∂qj

∂un

∂qi
(3.11)

[Gu
i ]jk =

N∑
n=1

mn
∂2un

∂qj∂qk

∂un

∂qi
(3.12)

{Fu
g}i

=
N∑

n=1

mn
∂un

∂qi
(3.13)

where the component [Mu]
ij
is the ith row, jth column of the square symmetric mass matrix

Mu; [Gu
i ]jk is the jth row, kth column of the square symmetric matrix Gu

i ; and the scaler

{Fu
g}i

is the ith component of the ground motion-induced force-pattern vector Fu
g . The

reader is referred to [Wiebe and Harvey, 2019] for further details on the derivation of Eq.

(3.10) and its included terms. The significance of the Lagrangian approach specific to systems

of lumped masses is that the kinetic energy terms can be explicitly obtained through the

partial derivatives of the kinematic equations, see Eqs. (3.1) to (3.6), without the need to

explicitly derive the kinetic energy and its spatial and temporal derivatives. The reader is

referred to Chapter 2 for the formulation of the governing equation for a rigid PT rocking

wall using a classical Lagrangian approach.

3.2.3 Impact damping model

Rocking is generally treated as an inelastic impact (i.e., no bouncing or sliding), and thus the

energy loss at each impact is needed to accurately predict the dynamic response of the system.

Housner used the conservation of angular momentum to calculate the post-impact angular

velocity (and thus the energy dissipated at impact) of a rigid rocking block [Housner, 1963].

Lin et al. extended the equation to a rigid PT rocking wall connected to a gravity frame [Lin

et al., 2019]. Generalizing the rocking system to include a flexible wall requires additional

degrees-of-freedom, and as such, conservation of angular momentum no longer suffices to
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compute the post-impact angular velocity. However, idealization 5 in Section 3.2.1 implies

that m2 can only slide frictionlessly relative to m1, and consequently with θ = 0 at impact,

the following holds true from conservation of linear momentum of the top mass m2:

u̇+
2 = u̇−

2 (3.14)

where the superscripts − and + symbolizes the pre-impact and post-impact state. Acikgoz

and DeJong used similar principles for the impact model, however with translational velocity

ẋ remaining the same — i.e., using Eq. (3.15) in lieu of Eq. (3.14). Equations (3.14) and

(3.15) are explored later in the benchmark section.

ẋ+ = ẋ− (3.15)

Note that the symbols for horizontal/translational velocities in the present chapter and in

[Acikgoz and DeJong, 2016] are different. Furthermore, the two different assumptions result

in quantitative, but not qualitative differences in the results for the case studies used herein.

The equation from conservation of angular momentum is adopted from [Housner, 1963] —

capturing the angular momentum of m1 — with the addition of the angular momentum

of m2, see Eqs. (3.16) and (3.19). Note that this conservation of momentum rule relies

on the assumption that the rocking impact occurs only at the exterior corners, and hence

curved/tapered/deformable bases affect this.

I1θ̇
+ + L+

2 = I1θ̇
− − 1

2
m1b

2θ̇− + L−
2 (3.16)

L±
2 = m2(r

+
2vu̇

±
2 − r+2uv̇

±
2 ) (3.17)

u̇±
2 = r±2vθ̇

± + ẋ± (3.18)

v̇±2 = r±2uθ̇
± (3.19)
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where I1 is the moment of inertia of m1 about the center of rotation, L2 is the angular

momentum of m2, and r2v and r2u are the vertical and horizontal position vector of m2 with

respect to the center of rotation. Using Eqs. (3.14) and (3.16), the post-impact velocities,

θ̇+ and ẋ+, can be solved; alternatively, Eq. (3.15) can be used instead of Eq. (3.14).

This modeling approach captures the fact that the impact at the base does not instanta-

neously travel up the height of the wall. Rather, it travels as a wave up. While this model

uses only a single spring to capture the mode-1 response, further discretization would allow

for the capture of the wave dynamics of a flexible wall. This is contrasted with the vertical

impulse that is applied to both blocks, which are assumed to be vertically rigid. This vertical

impulse results in a sudden change of vertical velocity. Likewise using compressive vertical

springs would lead to vertical wave propagation phenomenon, but that is assumed to be

much faster than the horizontal wave speed and hence assumed rigid (which simplifies the

model greatly).

3.2.4 Rocking initiation/cessation

The criteria for initiation and cessation of rocking — important for both unforced dynamic

response and forced dynamic response as it captures the time at which the state of second

mass and forcing will cause uplift — is discussed here. Prior to the initiation of rocking

θ = 0 and m2 vibrates as a fixed-base cantilever according to the the equation of motion:

m2ẍ+ cxẋ+
∂Π

∂x

∣∣∣∣
θ=0

= −m2üg (3.20)

The potential energy term is nonlinear due to the post-tensioning element, however, is close

to linear (kxx) for small deformations (gradually growing, with deformation, hardening spring

effect due to the post-tensioning element). Note that θ and its time derivatives remain zero

prior to rocking initiation.

The rocking initiation is determined using the dynamic moment and vertical force equi-

librium shown in Fig. 3.3. Note the model assumes the base reaction forces, CL and CR,
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Figure 3.3: Free-body diagram to determine base vertical reaction force.

are concentrated at the left and right corner of the wall (which, as mentioned earlier, is also

assumed for rocking). If either force is zero or negative (indicating an impossible tension

force), then rocking initiates and the system vibrates according to Eq. (3.10). Due to sen-

sitivity to initial conditions, the time and state at uplift is necessary to accurately simulate

the dynamic response, however note, sensitivity may lead to large quantitative differences

at time t, but unlikely to lead to differences in the peak or average amplitudes. Time steps

are small enough such that if a negative force is found, it will be small, and it is assumed

that rocking initiates on the next time step. This could be fine tuned with event finding

procedures, but that was not undertaken in the simulation.

The rocking cessation condition is more complicated, and hence, is first illustrated with

a rigid wall and a single lumped mass immediately prior to impact in Fig. 3.4 (left). Using

conservation of angular moment about the left corner o′ and zero tension capacity of rigid

rocking walls, it can be seen that the rigid rocking wall cannot stop rocking abruptly (i.e.,

θ may only approach zero asymptotically), also shown in [Housner, 1963]. The flexible wall

is more interesting as rocking cessation does not necessarily contradict the conservation of
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angular moment and zero tension capacity. From Fig. 3.4 (right), pre-impact angular moment

about o′ is:

L− = m1r
+
1 × (r−1 × θ̇−) +m2(r

+
2u × v̇−

2 + r+2v × u̇2) (3.21)

where × denotes the vector product operation. Assuming rocking stops, θ̇+ = 0, the post-

impact angular moment is thus m2r
+
2v × u̇2. Note that u̇2 right after impact is unchanged as

per Eq. (3.14). Thus the conservation of angular momentum and zero tension capacity are

satisfied if the following holds true:

m1r
+
1 × (r−1 × θ̇−) +m2r

+
2u × v̇−

2 ≤ 0 (3.22)

as it would allow a compressive impulse at point o. However, the previous equations are not

sufficient to predict if rocking will stop; it showed, unlike rigid walls, conservation of angular

moment and zero tension capacity can be satisfied with θ̇+ = 0. Further investigation is

needed to define the exact conditions for rocking cessation, and thus was not implemented in

the model explicitly. The model is, nevertheless, able to predict practical ceasing of rocking,

as in some scenarios the rocking angles will be very small with displacement dominated by

the cantilever deformations. In the forced case, it is possible for the force and upper block

deformation and momentum to ‘conspire’ such that the rock would identically cease rocking

at impact. Additionally, if the forcing ceases, the rocking angle asymptotically rings down

to zero. This work focuses on steady-state response and hence the stopping conditions are

not essential. However, due to sensitivity of initial conditions, it cannot be ruled out that a

subset of simulated responses that could have come to rest during a transient response (and

perhaps never returned to rocking) are missed. Actually, a freely rocking block will ultimately

cease rocking due to: (1) flexible foundation/base introducing friction, finite impact time,

and finite impact surface, and (2) sliding and bouncing.



65

𝑟𝜃̇

𝑜′ 𝑜
𝜃̇

𝑟
𝑟!𝜃̇

𝑓(𝜃̇, 𝑥̇, 𝑟")

𝑜′ 𝑜
𝜃̇
𝑟!

𝑟"

𝑥̇

Figure 3.4: Pre-impact velocities for a rigid (left) and flexible rocking wall (right).

3.2.5 Structural damping

As mentioned previously, the equations of motion are formulated for conservative systems

(i.e., does not include structural damping ζx). Inherent structural damping is incorporated

to the equations of motion by inserting a Cq̇ term (which is often identified through modal

damping of linearized dynamics, but other methods can also be used), where C is the two-

by-two damping matrix. Structural damping is idealized here to only affect the generalized

coordinate x, and therefore:

C =

0 0

0 Cd

 (3.23)

where Cd = 2m2ωxζx, and ωx is the natural frequency (i.e.,
√
kx/m2). Acikgoz and DeJong

similarly modelled structural damping — for a free-standing structure — with Rayleigh

damping using the damping factors ζn1 and ζn2, which denote the prescribed percentage of

critical damping for the first and second vibration mode, see [Acikgoz and DeJong, 2016];

note that this is the damping model that would be used if the study here used additional

lumped masses to capture higher vibration modes.
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3.3 Benchmark cases

This section will explore two benchmark cases to validate the analytical model and provide

further insight into the static and dynamic behavior. The two benchmark cases are (i) FE

model results, in OpenSees, of a conceptual rocking wall system, and (ii) experimental results

from [Acikgoz and DeJong, 2016]. The former is to validate the equations of motion and gain

insight into the static and free dynamic behavior of a PT system; the latter is to validate the

impact model and compare Eqs. (3.14) and (3.15) in a free-standing system. Note that work

done in [Acikgoz and DeJong, 2016] also includes a multi-mass analytical model with different

impact models, as mentioned before. The comparisons will be made through pushover curves

and nonlinear dynamic time-histories. In order to better quantitatively capture the wall

deformation/vibration response, a new non-dimensional generalized coordinate is introduced

d = x/h. In addition, the roof drift D = up/h will be used to look at the total drift demand.

For an in-depth discussion on the normalization of the equations of motion, see Appendix

C.

3.3.1 Case 1: Pushover and free dynamic response of a PT rocking wall

The benchmark case here focuses on the pushover and free dynamic response of a PT rocking

wall. The FE model methodology is mostly identical to that given in Chapter 2 with the

primary difference being the use of a lateral spring and an equal rotation constraint (via the

EqualDOF command in OpenSees) to ensure the top and bottom wall elements have equal

rotation, see Fig. 3.2. The reader is referred to Chapter 2 for further details on the FE model.

Table 3.1 shows the parameters used in the conceptual rocking system in this subsection,

which is roughly based on the test specimen in [Pei et al., 2019]. Furthermore, h1 and h2

are one-fourth and three-fourth the height of the wall h, respectively, in order to reflect the

tributary wall mass in m1 and m2. The rotational inertias, I1 and I2, are ignored; the lumped

masses approximate the inertia of a real system. In many cases the inertia is dominated by

the gravity system and that appears primarily through translation not rotation. A similar
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Table 3.1: Relevant parameters used for comparison with the FEM model.

Parameters Values

h (in) 288

b (in) 60

m1 (kip/in/s2) 0.0622

m2 (kip/in/s2) 0.0640

kp (kip/in) 178.0736

kx (kip/in) 27.9744

Lo (in) 287.7304

E (ksi) 1800

I (in4) 123750

lumping approach was also used by Moroder et al. [Moroder et al., 2017], however, it should

be noted that in this approach the weight of the floors/roof also contribute to the restoring

moment. There are many different types of connections — some of which may decouple the

inertias from the weights and restoring moments — but complex modeling of the different

connections is outside the scope of the chapter, which focuses on qualitative behaviors.

The pushover force P is applied at the top center of the wall where the post-tensioning

element is connected. Figure 3.5 shows the plots of the pushover results normalized by

the decompression force of the rigid wall denoted by PO (i.e., the pushover force required

for the base to uplift). There is good agreement between the different models, validating

the potential energy term in the equations of motion. Moreover, Fig. 3.5 superimposes the

pushover response from an equivalent rigid wall (grey). As expected, the pushover with

respect to D of the rigid wall is stiffer, however kx does not significantly impact the response

with respect to θ.

Figure 3.6 shows the plots of the free vibration nonlinear time-histories of the analytical

and numerical model. Again, there is good agreement between the different models, vali-

dating the full (free dynamics) equations of motion. The initial conditions were arbitrarily

chosen; note that θ and d do not approach zero at the same time, hence this is not an NNM
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Figure 3.5: Pushover results of the analytical and numerical model. PO = 10.0755 kips

— solving for the NNMs is discussed later. The plots show the highly coupled behavior of

the generalized coordinates. For example, d starts to increase due to the large initial value

of θ, which effectively puts m2 at a sharp decline with the lateral spring unable to overcome

the weight for the given θ and d. At approximately 0.5 seconds, the increase in spring force

and decrease in θ results in d to move back. Furthermore, θ behaves with a much higher

nonlinearity than if the system was a rigid wall, again indicating the highly coupled nature

of the generalized coordinates.

The simulations stopped at impact because the purpose here is to check the accuracy of

the free dynamics equations of motion, not the the impact model. Moreover, the FE model

would require calibrated base springs/dampers in order to exactly capture impact damping,

which is outside the scope of the study. However, impact damping is evaluated against

experimental data in the next subsection.
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Figure 3.6: Free vibration nonlinear time-history from the analytical and numerical model

3.3.2 Case 2: Dynamic response of a free-standing system

This benchmark case examines the dynamic response with impact and structural damping

of a free-standing system by comparing the analytical model — with both Eqs. (3.14) and

(3.15) — against test results from [Acikgoz and DeJong, 2016]. The parameters used in this

subsection are provided in Table 3.2. The reader is referred to [Acikgoz and DeJong, 2016]

for further discussion on the test set up. Due to the model being composed of two masses, the

mass of the column (which was small compared to the bottom and top mass) was neglected.

Furthermore, the structural damping is not evaluated due to the small ζx used in this case.

Figure 3.7 shows a plot comparing the free vibration nonlinear time-histories of the model-

s/test with θo = 0.11 radians, the subscript o denotes the initial condition. The time-history

for d was omitted because it was not available, and thus could not be used to confidently

validate the full (free dynamics) equations of motion as shown in the previous case study. As

such do = 0 was chosen for simplicity. The plot shows good agreement between the model

with Eq. (3.14) and test result during the first cycle. The model with Eq. (3.15) loses more
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Table 3.2: Relevant parameters used for comparison with the experimental data from [Acik-
goz and DeJong, 2017].

Parameters Values

h1 (m) 0.06

h2 (m) 1.89

b (m) 0.61

m1 (kg) 77.3

m2 (kg) 123.1

I1 (kg m2) 10

E (GPa) 200

I (cm4) 183.3

Kx (kN/m) 162.9

ζx (%) 0.0025

rotational velocity after impact, and as such, does not match the test data as close, although

this is not a general indication. It is unclear which equation leads to more energy dissipation

as it may vary depending on the state (i.e., θ̇, ḋ, and d) at impact, and the system parameters

(e.g., I1, m1, h1, etc.). Furthermore, energy is transferred between rocking and wall vibration

during impact. This can be seen after the first impact where it resulted in the small high

frequency oscillation of θ; this was also observed in the experimental data (both the small

high frequency oscillation of θ, and high frequency acceleration of m2). The discrepancy

between the models and the test results is primarily due to difference in the energy loss at

impact. The lower θ amplitude increases frequency and, as a results, the rocking falls out of

phase. As mentioned previously, Acikgoz and DeJong matched the experimental results very

well by using a multi-mass model with the Eq. (3.15) impact model but similarly found the

model to fall out of phase with the experimental data at a later cycle [Acikgoz and DeJong,

2016].

Modelling the experiment using a two-mass system with a single lateral spring was able

to reasonably capture the free dynamics but less so the impact damping. The flexible bases
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Figure 3.7: Free vibration nonlinear time-history from the analytical models. Solid grey:
results from present study; dashed black: results from [Acikgoz and DeJong, 2017].

and foundations from experiments lead to finite impact time, suggesting that the assumption

of rigid bases/foundations (i.e., infinitesimal impact time) over-predicts the impact damping

of real-life structures. This was shown in [Acikgoz and DeJong, 2016] were the simulation

was able to better match test data when they used a impact model with a finite impact time,

however with more complex calibration.

3.4 Results of the study of the analytical model

This section discusses the results from the study of the analytical model under unforced

and forced vibrations, and important findings. The model in Case 1 is used herein (note

that this system is post-tensioned). The unforced vibrations are simulated to obtain the

NNMs, discussed in the next subsection. The forced vibration provides insight on the flexible

rocking system response to harmonic/pulse-type loading in addition to how the NNMs can

qualitatively predict peak demands.
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3.4.1 Unforced vibration

The non-smooth and nonlinear nature of rocking problems makes the analytical closed-form

solution for the NNMs quite difficult, sometimes with special solutions existing for impulse

or periodic forcing, but no closed-form solution for transient responses. Furthermore, the

flexible wall increases the complexity. The methodology used instead is to pick varying

initial conditions, θo and do, and run the simulation until an NNM is found. As an example

of NNMs, Fig. 3.8 shows a nonlinear spring-mass system and the NNMs shapes, Φ, and

respective time-history (unforced vibration); note that the degrees-of-freedom approach zero

at the same time. Similarly, an NNM for the flexible rocking wall was found when θ and d

exhibited periodic response by simultaneously reaching zero. Due the amplitude-frequency

dependence of the rocking system, see [Housner, 1963], both structural and impact damping

were omitted. This did not impede the ability of the NNMs to predict damped behavior,

discussed later.

Figure 3.9 shows the amplitude-frequency plots of the NNM solutions for the unforced,

undamped simulations. The three plots shown are the steady-state peak response for θ, d,

and D. Also superimposed on the plot is the NNM (i.e., amplitude-frequency curves) for an

equivalent rigid rocking wall obtained analytically, see Chapter 2. Note that the rigid wall

is a single degree-of-freedom system, therefore the mode shapes are simply a scale factor

of one. The NNM-1 (i.e., first NNM) of the flexible wall (approximately within the 10 to

20 rad/s range) and the rigid wall NNM are similar and converge as amplitude increases.

This suggests that the rocking action (i.e., θ) is dominant for NNM-1 at large amplitudes.

The NNM-2 of the flexible wall (approximately 60 to 90 rad/s) is also shown in Fig. 3.9.

Examples of nonlinear time-history response of NNM-1 and NNM-2 are shown in Fig. 3.10.

The left plot (NNM-1) further indicates there is rocking-dominant action at large θ amplitude

(approximately 0.01 radians) as d is vibrating at low amplitudes; this is not the case for the

right plot (NNM-2) as both show similar large amplitudes of approximately 0.01 radians.

Further investigation on the rocking-dominant (i.e., θ dominant) or cantilever-dominant (i.e.,
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Figure 3.8: Nonlinear normal modes of a spring-mass system

d dominant) action is discussed next. Note that much of NNM research has focused on

continuous smooth systems. For nonsmooth systems, it is difficult to be confident that there

are not other co-existing responses as well.

The frequency near zero θ amplitude for a rigid rocking wall is widely known to approach

infinity, see [Housner, 1963]. Contrarily, the linear natural frequency for a flexible fixed-

base structure is finite. For the analytical model introduced, the linear natural frequency

is ωx =
√

Kx

m2
. In order to bridge the gap, the transition between fixed-base vibration and

rocking was investigated by exploring the NNM-1 behavior for both large, and small values

of θ, with the former representing rocking and the latter representing the transition. Figure

3.11 shows the nonlinear time-histories of NNM-1 with relatively large amplitude (left) and

relatively small amplitude (right), where the latter has a resonant frequency closer to ωx.

As noted before, θ drives the response at large amplitudes. Conversely, d appears to be the

primary factor at small amplitudes (i.e., as the resonant frequency approaches ωx). The plot
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Figure 3.9: Amplitude-frequency plot of the nonlinear normal modes.
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Figure 3.11: Free vibration nonlinear time-history of nonlinear normal modes with small
(left) and large (right) θo and equal do.

of the small amplitude of θ is unintuitive, nonetheless the physical interpretation is that (i)

the system is undergoing elastic vibration with small rigid body rotation; (ii) the system

exhibits rigid-body ‘chattering’ behavior as θ approaches zero; and (iii) the system exits the

‘chattering’ with symmetrical periodic response.

3.4.2 Forced vibration

In linear systems, the natural frequencies provide much information about forced response.

To some degree, this is also true for NNMs. This subsection discusses this by looking at

the response to harmonic ground motion and how the amplitude-frequency curve compare.

The forced vibration in this subsection include both structural (ζx at 5 percent) and impact

damping, using Eq. 3.14, as discussed previously. In addition, the response to pulse-type

loading, co-existing solutions, and phase angle are also discussed.
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Harmonic and pulse-type loading

The harmonic loading is varied in both forcing frequency ωg in rad/s and forcing amplitude

(i.e., forcing level) Ag in terms of g. Figure 3.12 shows the forced amplitude-frequency plot

of the steady-state response with varying forcing levels. The NNMs are also superimposed

on the plot which show good agreement between the NNMs and the peak demands of each

forcing level. Similarly, in Fig. 3.12 the steady-state response of an equivalent fixed-base

wall, see Eq. (3.20), is compared to that of the rocking wall. This figure illustrates the

effects when the wall is allowed to uplift: (i) the resonant frequencies shift left; (ii) the peak

demand for each force level changes; and (iii) the skew of the overall shape changes. Note

that the convergence of the fixed-base and rocking wall indicates the forcing amplitude and

frequency was unable to initiate rocking.

Interestingly, NNM-2 was observed to not coincide with forced-vibration peaks. This is

likely because the ground excitation is unable to excite the NNM-2 as the inertial forces are

unidirectional (see Fig. 3.10 for a general shape of the second NNM).

The effects observed can help engineers design lateral-force resisting systems that uplift

and rock in order to shift the resonant frequency away from the frequency range correspond-

ing to higher energy content from ground motions. The decrease in d when the wall is allowed

to uplift also suggests that the bending stress on the wall is reduced; a main objective of

the rocking system is to trade earthquake damage from the primary structural components

(e.g., wall, frame, and connections) into supplemental energy dissipation devices.

The increase in D peak demand of the rocking system is concerning, however, PT walls

are design to soften from uplift to decrease stress demand on the wall so this is as expected.

Note that for seismic applications, ground motion spectral accelerations at low frequency

(i.e., long period) ranges tend to be less than for mid to high frequencies, which is not

incorporated into the forcing shown here, as the amplitude is constant for each sweep. In

addition, energy dissipation devices such as U-shape flexural plates, see [Kelly et al., 1972;

Baird et al., 2014], can further reduce peak demand. Moreover, the steady-state response of
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Figure 3.12: Amplitude-frequency plots of forced and unforced vibration of rocking and
fixed-base wall.
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Figure 3.13: Amplitude-frequency response of pulse-excitation.

harmonic loading may represent a more extreme event than earthquakes due to re-occurring

high acceleration levels for harmonic loading.

An additional method to observe fundamental characteristics pertinent to ground mo-

tions is by using peak demands from pulse-type loading. Figure 3.13 shows the amplitude-

frequency plot of a single cycle sinusoidal (i.e., pulse-type) ground motion acceleration. The

peak D demands for pulse-type ground motion are more comparable.

Co-existing solutions

Nonlinear systems may exhibit co-existing steady-state solutions. To demonstrate this, a

study was performed on forced response (ωg = 53 rad/s and Ag = 3 g) with varying initial

conditions. Figure 3.14 shows the resulting ‘basin of attraction’ plot of θmax; the left plot uses

a broader range of initial conditions (−0.05 to 0.05 radians) and illustrates the magnitude of
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each steady-state peak response, the right plot is similar except it explores a smaller range

at a higher resolution. As seen in other nonlinear systems, the flexible PT rocking wall

seems to exhibit a fractal behavior. Note that dmax was omitted as the distribution, see

Fig. 3.14 (left), is identical. The observation of co-existing solutions signifies that rocking

blocks, like many other nonlinear systems, exhibit fractal sensitivity to initial conditions,

and system parameters. Thus, it is important to accurately predict the time and state at

rocking initiation to accurately predict the forced dynamic response. However, it is also

important to perform Monte Carlo simulations to capture the worst co-existing response

type. A flexible base/foundation could smooth out the nonlinearity by changing the impact

time from infinitesimal to finite, further studies are required here.

Response phase

Another fundamental characteristic of the response is the phase angle ϕ of the generalized

coordinates specifying the lag between the response and excitation. The phase angle is often

used in linear system to indicate resonance. The efficacy of similarly using ϕ for flexible

rocking walls, and additional insight it provides are discussed here. The responses θ or d

can be approximated as f(t) = sin (ωgt+ ϕ). The accuracy of this approximation varies

with ωg, however, it allows for a consistent approach to obtain ϕ. The following equation

shows the general process for obtaining ϕ using an arbitrary starting time τ that begins after

steady-state is observed:

T

2
cosϕ =

∫ τ+2pi/ωg

τ

f(t) ∗ sinωgt dt (3.24)

Figure 3.15 shows the plot of ϕmean versus ωg, where ϕmean is the average of the phases

obtained using a total of 50 random τ in Eq. (3.24). The standard deviation for θ and d are

0.18 and 0.11 radians, respectively. The phase shift corresponding to vibration-only response

(i.e., no rocking) can be seen at the 0.01 g level with nearly linear resonance, see Fig. 3.15

(right). At higher forcing level, rocking is observed and similar phase shift indicating reso-
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Figure 3.15: Phase response of θ (left) and d (right).

nance occurs although it appears the transition is discontinuous/nonsmooth. Interestingly,

it seems the phase angles of both θ and d of the different forcing levels converge before and

after resonance. Furthermore, during rocking the phase response of d after resonance ap-

proaches a constant value of 0.5 radians; this may allow for approximate harmonic balance

solution (approximating the solution as a harmonic function into the equations of motion).

Additional work is needed to better understand how periodically forced response inform

seismic response for nonlinear systems; where the periodically forced response is helpful for

linear systems, perhaps similar contributions can be made for nonlinear systems.

3.5 Chapter conclusion

This chapter presents a method to analytically study flexible PT rocking walls. The kine-

matic relationships were provided and a Lagrangian approach specific to lumped masses was
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shown to simplify the derivation of the kinetic energy terms of the equations of motion. The

initiation of rocking is determined via the dynamic moment and force equilibrium condition.

The energy dissipated at impact (i.e., post-impact velocities) were shown to be attainable for

the two-degree-of-freedom model introduced here (although the methodology extends to any

number of degrees-of-freedom) using the conservation of angular momentum of the system

and conservation of linear momentum of the top mass.

The analytical model was validated against two benchmark cases. Furthermore, the

pushover results showed the flexibility of the wall changes the stiffness of the system (observed

in the roof drift pushover response), as expected, but θ was far less sensitive (as shown in

the θ pushover response).

The NNMs were obtained from undamped, unforced response and confirmed to coincide

with the peak demands from forced response with varying forcing levels. In addition, the

amplitude-frequency relationship of the flexible wall and equivalent rigid wall converges as

amplitude increases. At large amplitudes θ drives the response, conversely, at small am-

plitudes d was the primary factor with the resonant frequency converging to the natural

frequency of an equivalent fixed-base wall. The model was able to properly capture the

transition from fixed-base vibration to rocking dominant behavior, and qualitatively observe

the effects of rocking when compared to the fixed-base wall. Coexisting steady-state peak

demands were observed and appear to have fractal characteristics. Lastly, the phase angles

were approximated by idealizing the response as a sine wave, and were shown to be able to

predict resonance.

The aforementioned findings are important for understanding the rocking phenomenon

in the context of earthquake engineering. However, the following work is needed to better

simulate real-world structures:

• Further discretization using additional lumped masses and lateral springs along the

height of the wall.

• Use ground motions instead of harmonic loading.
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• Model energy dissipation devices.

• Model deformable base with damage criteria.

Chapter 4 addresses these points, although via an FE model instead of further extending the

analytical model, which would be rather complicated.
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Chapter 4

A NUMERICAL STUDY OF TAPERED-BASE
POST-TENSIONED ROCKING WALLS

Note: Part of this chapter is a reproduction of [Lin et al., Forthcoming 2023]

Chapter 2 explored the effects of curved bases on the static and dynamic behavior using

an analytical model of rigid rocking walls. Chapter 3 looked at the interaction of rocking and

wall deformation of rectangular rocking walls. This chapter combines the previous chapters

and focuses on the seismic performance and base damage reduction of tapered-base rocking

walls using a finite element model. The model includes flexible walls, damage models, energy

dissipation devices, and a gravity system. Two case studies are done to evaluate the seismic

performance and base damage reduction.

Firstly, this chapter reintroduces the concept of tapered-base rocking walls and gives

the preliminary methods for designing the tapered base. Then it presents the case studies

followed by the finite element model. Each case study includes the pushover and amplitude-

frequency curve of the different designs. Thereafter, the seismic performance are shown with

a focus on the base damage reduction.

4.1 Chapter introduction

Rocking has been a topic of earthquake engineering research dating as far back as 1963 when

Housner derived the equations of motions of rocking systems to investigate the resilience of

a number of tall, slender structures that survived the Chilean 1960 earthquake [Housner,

1963]. More recently, resiliency (in terms of individual structures and complete urban infras-

tructure systems) has been of great interest due to the substantial costs of building damage
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and its cascading impacts on communities. Rocking systems have been studied as a means

to limit building damage, reduce direct costs and improve community resilience. For ex-

ample, Eatherton et al. examined and compared design concepts of rocking of self-centering

steel-braced frames with other conventional and self-centering seismic force-resisting systems

[Eatherton et al., 2014a]. Moreover, Pei et al. recently conducted a large-scale shake table

test of a timber structure with CLT walls to develop and validate a resilience-based seismic

design methodology for tall wood buildings [Pei et al., 2019].

As shown in [Pei et al., 2019], one particularly compelling solution to address the seismic

resiliency of buildings is the use of Post-Tensioned (PT) rocking walls as the seismic force-

resisting system. The next subsection briefly reintroduces previous work on PT rocking walls

pertinent to this chapter, followed by areas for improvement. For a more in-depth literature

review on PT rocking systems, see Section 1.3.3.

4.1.1 Review of PT rocking walls

During the 1990’s the Precast Seismic Structural Systems (PRESSS) project contributed

greatly towards PT precast concrete connections and PT rocking walls with a large-scale

test of a five-story structure [Priestley, 1991; Kurama et al., 1999] and now have design and

detailing requirements in ACI 318-14. The work on PT rocking concrete structures is the

basis of the research on PT rocking timber walls, which is the focus of the study in this

chapter as timber is more suitable for a tapered base (discussed later). The NHERI Tall

Wood project conducted two-story PT rocking wall shake table tests [Pei et al., 2019] with

ongoing work for ten-story tests. The two-story tests produced very promising results by

passing all the performance objectives. The designs for the two-story and ten-story walls

were used as case studies here, discussed later. Several numerical studies followed; Wichman

et al. predicted the response of the two-story shake table test with a numerical model by

including a flexible foundation to simulated the observation from the test data [Wichman

et al., 2022]. The same numerical model methodology, detailed later, is employed in this

study. In addition, Pei et al. [Pei et al., 2020] and Hasani et al. [Hasani et al., In press]
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also used numerical models to predict the response of the two-story tests. The former used

a simplified method that was able to reasonably capture the global response. The latter

focused on structure acceleration response for nonstructural elements.

Figure 4.1 shows an archetypal PT rocking wall configuration composed of: a free-

standing wall, e.g., a Cross-Laminated Timber (CLT) panel; post-tensioned steel strand-

s/bars; an energy dissipation system, e.g., U-Shaped Flexural Plates (UFPs); and wall-to-

diaphragm connections to transfer the inertial forces from the gravity system to the rocking

wall. The free-standing wall has a high initial lateral stiffness followed by softening when the

base uplifts (i.e., decompresses). Post-tensioning strands increases the post-decompression

lateral stiffness and re-centers the wall after the seismic event and the energy dissipation

device dampens the system through inelastic deformation [Baird et al., 2014]. The compo-

nents resolve to a cyclic ‘flag-shaped’ hysteresis as shown in Fig. 4.2. Flag-shaped hysteretic

behavior is found in other seismic designs (e.g., frames with post-tensioned connections) due

to the re-centering and energy dissipating properties. Moreover, the uplift (i.e., rocking)

mechanism acts as a fuse to limit the internal shear force and bending moment demands on

the wall. Ultimately, the objective is that the primary structure remains undamaged and

re-centered after an earthquake, and that the energy dissipation devices be easily and quickly

replaced after moderate to extreme seismic, vastly increasing the seismic resilience compared

to conventional design performance objectives.

While not the only energy dissipation option, UFPs are a suitable for several scenarios.

They can be used to connect paired rocking walls as was done in a recent two-story test [Pei

et al., 2019]. Alternatively, as shown in Fig. 4.1, they can be placed between a rocking wall

and adjacent gravity columns. The mechanics of UFPs are also well-known. Kelly et al.

derived the plastic force [Kelly et al., 1972] in Eq. (4.1). Using strain energy methods, the

equation for the initial stiffness of the UFP was derived by Baird et al. [Baird et al., 2014]

in Eq. (4.2). In these expressions fy,UFP , bu, tu, Du, and EUFP are the yield stress, width,
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plate thickness, diameter, and modulus of elasticity of the UFP.

Fp,UFP =
fy,UFP butu

2

2Du

(4.1)

ko,UFP =
16EUFP bu

27π

(
tu
Du

)3

(4.2)

The study here used CLT panels, however the geometric modification (which is the focus

of this study and will be discussed later) is material agnostic. The cyclic response of CLT

PT rocking wall was explored and structural limit states were defined by Akbas et al. [Akbas

et al., 2017] and Ganey et al. [Ganey, 2015]. They observed the flag shape hysteresis with

the limit states design to occur in the following order: (1) decompression; (2) UFP yielding;

(3) base yielding; (4) base splitting; (5) base crushing; and (6) PT yielding. Limit states (3)

to (5) are based on the wall material, specifically the compression stress-strain relationship

(including damage). After yielding, the CLT stress-strain relationship can be approximated

with a zero strain-hardening until it splits, after which the strength degrades down and then

crushes. Barbosa et al. tested CLT under compression and found that crushing occurs when

strength degrades down to approximately 25 percent of the yield stress [Barbosa et al., 2018].

Pertinent to the work herein, Bachmann et al. looked at (rigid, non-PT) rocking columns

with a curved base of constant curvature to improve stability [Bachmann et al., 2016]. Simi-

larly, using analytical models, the study shown in Chapter 2 looked at curved-based rocking

PT walls, however, the scope was also on rigid walls to isolate the effects of the curved

base on the static and dynamic characteristics. Subsequently, the study shown in Chapter

3 generalized the analytical model to flexible rocking (rectangular) walls with rigid base.

The base modification in the first two studies reduces the stress concentration in the corners

during rocking, and thus lessen the damage, e.g., CLT splitting/crushing. Ganey performed

pushover tests on PT CLT walls and observed damage in the CLT panels led to loss of PT

force [Ganey, 2015]. Concrete structures are also at risk of base damage. Henry et al. ex-

perimentally and analytically investigated base damage, i.e., toe crushing, on PT concrete
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walls and found a strain of 0.005 is recommended for defining the nominal flexural strength

of PT concrete walls [Henry et al., 2012].

4.1.2 Impetus for base protection and tailoring pushover curve

Rectangular rocking walls have an inherent issue where the base impact and the stress

concentration during rocking could lead to base damage, as mentioned before. Visible damage

at the base is both a concern for serviceability and strength degradation. To address this

issue, this study looks at a geometric modification of the base to reduce the stress demands

during moderate to extreme seismic events, and effectively further expands the scope of

Chapters 2 and 3 to flexible rocking walls with a modified base.

By modifying the geometry of the base, PT rocking walls may also be tailored to de-

liver multiple lateral stiffnesses at different lateral displacements, similar to variable friction

pendulum systems. Tailoring the pushover curve may be advantageous when considering

different hazard levels, e.g., for smaller earthquakes drifts can be limited with a large ini-

tial stiffness preventing damage to nonstructural elements and ensuring serviceability, for

medium earthquake demands a reduction in stiffness when rocking occurs will reduce forces

in the system , and then an increase in stiffness at large lateral deformations will help to

reduce damage and collapse probabilities for extreme events.

4.2 Overview

The research presented here examines the impact of geometric modification to the base of

PT rocking walls on their seismic performance to develop recommendations for use of this

concept in design. To accomplish this objective the presentation begins with an introduction

to the geometric modification and associated design approaches. This is followed by an

introduction of the ten-story case studies used to evaluate the efficacy of the geometric

modification. After, the modelling methodology and assumptions made are presented. Note,

this study primarily focused on the effects of the modification with the ten-story case, and

later narrowed the focus to base damage reduction with the two-story case. The last two
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Figure 4.3: Tapered wall (exaggerated); PT bars and other components are omitted for
clarity.

sections present the results of the ten-story and two-story case studies, respectively.

4.2.1 Geometric modification to wall base

The study in Chapter 2 showed that curving the corner of the wall introduces additional

design parameters to tailor the static and dynamic characteristics — e.g., the pushover and

amplitude-frequency response — of a rocking system. The study herein is of similar nature in

which the corners of the wall are tapered to reduce the sharpness and mitigate base damage.

A tapering cut was used here, see Fig. 4.3, instead of a curved base due to the increased

complexity of this study compared to the work in Chapter 2, in which the wall was idealized

as rigid with no material models to simulate base damage. Reintroducing the curved base

to a deformable wall is outside the scope of this chapter and is left for a future study.
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Preliminary design concept

The geometric modification introduces two design parameters, b′ and h′, denoting the width

and height of the tapering cut, respectively, as shown in Fig. 4.3. This subsection will use

a rigid base/foundation assumption to illustrate the effects of the geometric modification on

the pushover response. Figure 4.4 shows the pushover response (base moment vs. roof drift)

of a rectangular wall and three different tapered walls. Note that roof drift is δR/hR, and

story drift (explored later) is (δT − δB)/hs, where δT , δB, δR, hS, and hR are the top and

bottom lateral deflection of a story, lateral deflection of the roof, story height, and building

height, respectively.

The tapered walls can rotate about the interior and exterior corner, effectively providing

two rocking stages with varying lateral stiffness – referred to herein as stages 1 and 2 (note

that there are three stages for curved-base rocking walls as shown in Chapter 2). However,

unless other changes are made, the tapering decreases the overturning moment needed to

uplift the base — i.e., decompression moment, denoted here as Mdec — as a result of the

decrease in lever arm. As expected, Mdec decreases with larger b′, see Fig. 4.4. Under

rigid wall/ground assumptions, the rotation at which stage 2 initiates is a function of the

arctangent of h′ divided by b′. As a result, when b′ increases, stage 2 rocking occurs earlier.

Conversely, if h′ increases, stage 2 rocking occurs later. With deformable walls, stage 1 and

2 are not as pronounced as the compression zone is distributed to a surface area. Thus, stage

2 initiates at smaller rotations if the deformability of the wall base is considered.

The tapered walls were designed with two different approaches using the rectangular

wall as a baseline. The ten-story rectangular wall is the baseline case and denoted here as

10B. Note that the different approaches for tapering the wall base are exploratory, i.e., not

optimized, where only the parameters b, b′, and h′ are explored. Additionally, as will shortly

be apparent, the two approaches will likely bracket the optimal case.

The first tapering approach, referred herein as 10T, is to have the width, b, equal to the

rectangular wall and to use a reasonable b′ value based on the following considerations. These
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Figure 4.4: Effects of tapering parameters on idealized pushover response.

are that a large b′ would lower Mdec, however a small b′ would (1) require a proportionally

small h′ for stage 2 rocking to occur at desirable deflection levels; and (2) reduce the effect

of the geometric modification. Designing the h′ to be too small would be impractical for

fabrication, however fabrication feasibility is outside the scope of this paper. Lastly, h′

was designed such that the pushover response of 10T and 10B would converge at a desired

deflection/drift level (one percent roof drift was targeted in this study).

The second tapering approach is to increase b (taking into account the limitation set

forth by the architectural floor plan). By increasing b, the b′ value can be chosen such that

b − 2b′ equals the width of 10B. As a results, the lateral stiffness would be similar to 10B

until stage 2 rocking. Then, h′ was designed such that the pushover response would produce

an increase in lateral stiffness (due to stage 2) at a desired deflection/drift level (again, one

percent roof drift was used). This study explores two walls under this approach, denoted

as 10WT1 and 10WT2. The latter decreases h′ to evaluate the performance when stage 2

occurs at a smaller roof drift. A second rectangular wall, with a b equal to that of the 10WT1

and 10WT2, referred to as 10W is used to investigate the effects of b′ and h′ of this second

approach (and not the increase in b). Table 4.1 provides the different design parameters of

the walls discussed.
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Table 4.1: Tapered wall design (units in cm).

10T 10WT1 10WT2
b′ 23.11 15.24 15.24
h′ 0.38 1.27 0.64

4.2.2 Case studies

Ten-story case study

To evaluate the effects of the tapered wall, discussed in the next subsection, the performance

of a rectangular ten-story PT rocking wall was compared against various tapered walls. The

design of the rectangular ten-story wall is briefly detailed in this subsection, however as the

focus of this study is the effects of the geometric modification, an in-depth discussion on the

design methodology is not discussed. For more information on the design methodology, the

reader is referred to [Pei, 2022; Wichman, 2022].

The rectangular wall design was developed by the NHERI Tall Wood project for large-

scale shake table tests in the University of California, San Diego [Pei, 2022] Note that the

design is preliminary and may be subject to change as the experiments are scheduled to take

place in the fall of 2022; in addition, there are no test data available for the ten-story wall

design, however, similar tests were done on two-story rocking wall system [Pei et al., 2019].

The ten-story rectangular wall is shown in the diagram in Fig. 4.1. The design parameters

and values of the rectangular ten-story wall are given in Table 4.2.

4.3 Model

This section discusses the assumptions used herein followed by the method used to model

the tapered rocking walls.
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Table 4.2: Ten-story wall parameters (units in kN and m).

Parameter Value

Gravity Frame

Height of 1st story 3.96
Height of remaining of stories 3.35
Weight of 2nd floor 65.39
Weight of remaining floors 63.61
Weight of roof 57.03

Wall

Height 34.14
Width 2.87
Thickness 0.31
Weight 127.93
Modulus of elasticity 7037764
Shear modulus 459674
Yield strain 0.003
Splitting strain 0.008
Crushing strain 0.038
Yield stress 18202
Splitting stress 18202
Crushing stress 2730

PT

Area of PT (per side) 0.00125
Modulus of elasticity 200e6

Eccentricity 0.18
Yield stress 723950
Initial PT force 222.41
Hardening ratio (βPT ) 0.050

Boundary Columns
Thickness 0.445
Width 0.302
Modulus of elasticity 12410568

UFP

Diameter 0.159
Thickness 0.013
Width 0.102
Yield stress 289580
Modulus elasticity 200e6
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4.3.1 Model assumptions

The study here focuses on the rocking wall, and as such, the gravity frame (i.e., leaning

columns and diaphragms) is idealized with rigid elements with hinge connections between

the wall, diaphragms, and columns. The gravity frame produces both the inertial lateral

forces from the mass of the floors/roof, and the second-order geometric non-linear gravity

moments (i.e., P-Delta moments). There are multiple diaphragm-to-wall connection types,

see [Pei et al., 2019; Wichman, 2018; Moroder et al., 2017], however, the effects of the

connection is outside the scope, and as such, a simple hinge connection that allows the

wall to move vertically relative to the floors was used as discussed in the numerical model

description below. To ensure there were only lateral forces transferred from the gravity frame

to the wall, only the horizontal component of the floor masses was modeled.

The foundation is assumed to be perfectly rigid. Studies have observed that the stiffness

of the foundation has an impact on the response of rocking structures [Kibriya et al., 2018;

Kashani et al., 2018; Bachmann et al., 2017; Alexander et al., 2011]; however, in most

practical applications of rocking timber walls the foundation deformation will be negligible

relative to the deformation of the wall. Moreover, Wichman et al. found the deformable

foundation beam prevented the corner of the base of the panel to be damaged [Wichman

et al., 2022]. Interestingly, a foundation beam deformed at the corner of the wall effectively

results in the same mechanics as a curved-base rocking wall. It is also assumed that there is

no sliding between the wall and base, either through friction, or through steel angled plates

fixed adjacent to the corners of the wall. The latter approach has been used to prevent

sliding and to transfer the shear force from the wall to the foundation during shake table

tests [Wichman, 2018].

As mentioned earlier, boundary columns are used to connect the UFPs to the wall however

the columns do not contribute to the lateral resistance. This was achieved by changing the

fixity of the columns to pins to allow base rotation and using a slender a cross-section to

allow deformation without significant constraint forces on the rocking wall. The lateral
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displacements of the boundary column at the height of each UFP are assumed to be equal

to the corresponding lateral displacement of the wall.

To model the axial stress-strain behavior of the wall base, a multispring model was used

that translates the axial stress-strain material model (obtained from experimental data) to

zero-length compression only axial springs. The multispring model is developed with an

analogous plastic-hinge theory to calibrate the base spring stiffness and model the rocking

mechanics. An in-depth discussion and derivation of the model is given by Ganey [Ganey,

2015] and Wichman [Wichman, 2018]. The plastic-hinge length is assumed to be six percent

of the height of the wall, which was validated in [Wichman et al., 2022].

4.3.2 Finite element model

As mentioned earlier, the modeling approach is based on the work in [Ganey, 2015; Wichman,

2018] with some important modifications to handle the tapered base. Wichman et al. used the

same techniques to model the two-story wall and was able to reproduce the experimental data

[Wichman et al., 2022]. The following will briefly discuss the numerical model but focuses

on the modifications needed to handle the tapered base. For more in-depth discussion on the

rectangular wall numerical model, the reader is referred to [Ganey, 2015; Wichman, 2018].

The numerical models were developed using OpenSees [McKenna, 1997]. Figure 4.5 shows

a model schematic and components of the model. The following list details the structural

components; the element and material models from OpenSees are italicized:

• The wall is modeled as a Timoshenko beam to account for both flexural and shear

stiffness (forceBeamColumn element with Elastic section with both the modulus of

elasticity and the shear modulus).

• The PT bars were modeled with truss elements (corotTruss) with material model steel

(steel02 ), see Fig. 4.6.

• Rigid elements were modeled with very stiff beams (elasticBeamColumn).

• The boundary columns were modeled with Bernoulli-Euler beams (elasticBeamCol-
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umn);

• The rocking and contact interaction were modeled with 80 zero-length multispring

elements. The location and axial strength of the elements were calculated using the

Lobato integration method. The flatSliderBearing element was used to model the

zero-length spring with friction, compression, and zero-tension strength. The friction

was modeled with Coulomb friction (Coulomb) with a very large coefficient of friction.

The axial behavior was the combination of two material models in series: Hysteretic

and ElasticPPGap (see Fig. 4.6). Note that εs,CLT , and εc,CLT denote the strain of the

CLT at splitting and crushing, respectively. The h′ parameter is modeled using the gap

parameter in the ElasticPPGap material model. As shown, the geometric modification

is simple to implement in numerical models and to fabricate.

• UFP was modeled using a zero-length spring element (zeroLength) in the shear (i.e.,

vertical) direction with a steel material model (Steel02 ), see Fig. 4.6. As mentioned

above, the lateral displacement of the boundary columns are constrained to the lateral

displacement of the wall at the UFP heights. This was achieved by using a rigid

zero-length spring element in the axial (i.e., horizontal) direction.

• The floor/roof masses were placed on the gravity columns. The mass of the wall was

discretized and placed at the height of the floors and roof.

• All elements used the corotational geometric transformation.

4.4 Static and dynamic characterization

This section discusses the static and unforced dynamic response of the rocking wall system

— inherent and is the nonlinear equivalent of stiffness and natural frequency — which gives

insight to the forced dynamic response (discussed in the next section). The static behavior

is characterized with pushover analyses, illustrating the lateral resistance with respect to

displacement; the displacement can be quantified either by story/roof drift or base rotation.

The former factors in the elasticity of the wall and latter focuses on the rocking response.
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Figure 4.5: Diagram of finite element model (adopted from [Wichman et al., 2022])
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(a) PT truss element (b) UFP zero-length spring element

(c) Base zero-length spring element
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Figure 4.6: Material models for the PT bar, UFP, and multi-springs.
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Dynamically, the behavior is characterized by using the (free-vibration) amplitude-frequency

relationship. This relationship illustrates the (nonlinear) normal modes of the system. The

study shown in Chapter 3 used analytical models to examine nonlinear normal modes of

flexible rocking walls and showed the transition of the dynamic response from fixed-base

vibration to rocking. Moreover, the (free-vibration) amplitude-frequency relationship char-

acterizes the nonlinear resonance of the system. Note that a linear system would have a

constant natural frequency for all amplitudes; conversely the resonant frequency is a func-

tion of amplitude for a nonlinear system. For a more in-depth discussion on nonlinear normal

modes, the reader is referred to [Kerschen et al., 2009].

4.4.1 Static response

The pushover analyses were conducted with distributed lateral forces at each floor and roof

per Equivalent Lateral Force method in ASCE 7. Figure 4.7 shows a plot of the pushover

response of the rocking systems. Firstly, Mdec of 10T is greatly reduced, however converges

again at approximately 1.5 percent roof drift. This is as designed and due to stage 2 where

the lever arm of 10T equals that of 10B. The same behavior is observed when comparing

10WT1 and 10WT2 with 10W. Stage 1 and 2 of 10T to not appear to be as distinct which

is due to the elasticity of the base, as mentioned previously.

Note, 10WT1 and 10WT2 match 10B prior to 1 percent drift, increasing afterwards in

stage 2. From 10WT2, it is shown by decreasing h′, the lateral stiffness increases during

stage 2. Effectively, 10WT1 and 10WT2 were able to be tailored to replicate the 10B and

10W behaviors at low and high drift levels, respectively.

Table 4.3 provides the capacities of the different walls — e.g., the base shear and roof drift

when the PT bar yields or when the wall base yields. Note, (i) base crushing capacity was

not included as the base did not crush during the pushover simulation; (ii) for the tapered

walls, the value inside the parenthesis pertains to the exterior corner; and (iii) WNO (was

not observed) signifies capacity was not exceeded in the pushover simulation.

It is clear that the lateral displacement base capacity of the tapered walls is much greater
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Figure 4.7: Ten-story pushover response.

Table 4.3: Capacity of ten-story walls.

10B 10W 10T 10WT1 10WT2
Roof Drift [e-2 m/m]; Base Rotation [e-2 radians]

Base Yield
1.6;
1.4

1.5;
1.3

WNO (2.1);
(1.8)

1.9 (3.8);
1.8 (3.6)

WNO (2.5);
(2.3)

Base Split
5.1;
4.8

4.7;
4.5

WNO (5.7);
(5.4)

WNO (7.6);
(7.3)

WNO (5.9);
(5.6)

PT Yield
6.1;
5.8

4.9;
4.6

6.3;
5.9

5.1;
4.9

5.0;
4.8

Base Moment [kN-m]; Base Shear [kN]

Base Yield
1501;
93

1979;
111

WNO (1600);
(89)

1692 (2384);
93 (107)

WNO (2100);
(107)

Base Split
2171;
89

2911;
125

WNO (2310);
(89)

WNO (3183);
(111)

WNO (3049);
(120)

PT Yield
2320;
89

2957;
125

WNO (2392);
(89)

2870;
116

2926;
120
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than the rectangular walls. Moreover, from the drift and rotation capacity of 10WT1 and

2, it is shown how h′ distributes the base damage over the interior and exterior corners: a

deeper h′ gap parameter, as expected, results in more damage to the interior corner, and

vice versa. Yielding of the PT bars is not the focus of this study, however, it is of concern

as it leads to loss of lateral resistance. Thus, it is good that the tapered walls had similar

drift/rotation capacity for yielding of the PT bars. Similarly, the strength capacity of the

tapered walls did not deviate significantly from the respective rectangular walls. From the

capacities of the different walls, it is shown that tapered-base walls would be more resilient

to seismic loads as they can be pushed further while resisting the same lateral force before

sustaining damage relative to the equivalent rectangular wall.

4.4.2 Dynamic response

The free vibration analysis was done by first displacing the system laterally under displace-

ment control — using the distributed lateral forces — until the base rotation reached the

target amplitude and then releasing the lateral forces to allow the system to re-center through

free (oscillating) decay. The time it takes for the base to impact the ground is taken as a

quarter of the period. Note that this method does not necessarily result in the exact solution

for the nonlinear resonant response. This is taken in the sense of Nonlinear Normal Modes

(NNMs) as periodic nonlinear response [Kerschen et al., 2009]. The oscillation from the

wall’s lateral deformation is not necessarily synchronized with the rocking, i.e., the base may

impact the ground while the wall is still deformed, therefore does not meet the requirement

for a normal mode. This, however, is very difficult to achieve as there is likely only one

combination (solved heuristically) of the floors and roof displacements to synchronize the

rocking and wall oscillation. Thus, the method used in this study does not solve the exact

resonant frequency of synchronized modes however allows for the dynamic behavior of the

different rocking systems to be compared based on the dominant rocking frequency.

The amplitude-frequency relationship is shown in Fig. 4.8. The curves focusing on the

near-zero rocking amplitude, a co-existing fixed-based wall oscillations also occur. As seen
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Figure 4.8: Ten-story amplitude-frequency.

in this figure, the 10W has the highest frequency for any given wall response amplitude,

followed by 10WT2, 10WT1, 10B, and 10T, as expected. Interestingly, 10B and 10WT1-2

do not have similar frequencies at near-zero amplitudes. Although the rotation point is of

equal distance to the centroid of the wall. This is because 10WT1-2 have bigger moment of

inertias, and thus higher frequencies, as frequencies at near-zero amplitudes are driven by

fixed-base behavior, as shown in Chapter 3. Conversely, frequencies at higher amplitudes

are driven by the rocking (i.e., rotational inertia). In effect, the tapered wall systems with

similar (stage 2) rotational inertia to the rectangular counterpart start to converge at higher

amplitudes, see 10B and 10T in Fig. 4.8. Furthermore, 10WT2 converges to 10W quicker

than 10WT1 due to the smaller h′. Lastly, there is a certain range of amplitude where the

10B and 10WT1-2 converge due to similar (stage 1) rotational inertia.

These curves demonstrate the transition from fixed-base behavior for small amplitude

response to rocking-dominant behavior for large amplitude response.
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4.5 Dynamic response under ground motions

The previous section examined both the static and dynamic properties of the different sys-

tems. This section will investigate the rocking response of the rocking systems to a suite

of ground motions. The performance is presented in terms of story and roof drifts, accel-

erations, shear and bending moment, and strain demands at the bottom of the wall (i.e.,

damage). The maxima that are presented herein are the peak values observed during the

nonlinear time-history analysis. Moreover, the plotted data, unless noted otherwise, are the

median value of the record-based maxima for each hazard level ground motion set.

4.5.1 Ground motions and response spectra

The ground motions used in this study were selected and scaled such that the average of the

ground motions response spectra matches the design, as per ASCE 7-16. The ground motions

were scaled to four hazard levels with return periods of 475, 975, 2475, and 4975 years. At

each hazard level 11 ground motions were selected and scaled per ASCE 7-16 to match the

unified hazard spectrum. As this study is focused on the geometric modification and not

the design of the reference wall (i.e., 10B), discussion on the ground motion selection and

scaling is omitted; the reader is referred to [Wichman, 2022] for more details. Information

on the ground motions are provided in Appendix D. The response spectra are shown in Fig.

4.9 where Sa, g and Tn, s are the spectral acceleration in terms of acceleration of gravity and

period in seconds, respectively.

4.5.2 Maximum story/roof drifts

For rocking walls, the most critical challenge is the damage sustained during base impact.

Nevertheless, when considering the rest of the building elements, limiting the story drift is

important for preventing both structural and non-structural damage, both of which may in-

cur substantial repair and operational cost. Moreover, managing roof drift demand is critical

for preventing collision with adjacent buildings and for general serviceability requirements.
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475 years 975 years

2475 years 4975 years

Figure 4.9: Response spectra of ground motions for ten-story design (individual ground
motions are in grey, the average is in black, the design is in blue, and the vertical dashed
lines are the period range used for selection and scaling).
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Figure 4.10 shows the plots of the maximum story (left) and roof (right) drifts; the

statistical values are given in Table 4.4. Note that an outlier is defined herein as a value

that is more than three scaled median absolute deviations away from the median. The figure

shows that the drift is smaller than 10B for 10WT1 and 2 while for 10T it is larger, which is

expected given the reduced strength and post-decompression stiffness. Furthermore, the drift

at the 2475 year return period hazard level is less than 2 percent for all designs, satisfying

the design intent. Interestingly, both 10WT1 and 2 achieved a smaller maximum story drift

than 10W at the 975 year return period hazard level. This could be due to the amplitude-

frequency relationship where the resonant frequencies of 10W at amplitudes experiences at

that hazard level could more closely match the frequencies of the ground motions. Note that

the plot is also the median value and thus not necessarily a direct comparison of the same

ground motions. In all cases the roof drift is similar to the maximum interstory drift, which

indicates a predominantly rocking mode of behavior (i.e., the deformation of the wall itself

while non-zero is not large).

Table 4.4: Statistical values of drift demands.

Return Period

(years)
Stat. Values 10B 10W 10T 10WT1 10WT 2

Story Drift Ratios [%]

475

Min 0.59 0.58 0.80 0.73 0.73

Lower Quartile 0.77 0.66 0.83 0.75 0.75

Upper Quartile 0.97 0.81 0.96 0.81 0.81

Max 1.05 0.84 1.02 0.83 0.83

No. of Outliers 0 0 0 1 1

975

Min 1.05 0.81 0.89 0.86 0.86

Lower Quartile 1.08 0.92 1.10 0.95 0.95

Upper Quartile 1.27 1.03 1.27 0.98 0.99
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Max 1.36 1.15 1.51 1.07 1.07

No. of Outliers 1 1 0 2 2

2475

Min 1.41 1.27 1.37 1.24 1.24

Lower Quartile 1.51 1.31 1.56 1.34 1.34

Upper Quartile 1.65 1.48 1.80 1.50 1.50

Max 1.74 1.72 1.88 1.64 1.64

No. of Outliers 0 0 0 0 0

4975

Min 1.67 1.58 1.69 1.55 1.55

Lower Quartile 1.91 1.71 1.90 1.64 1.65

Upper Quartile 2.53 1.93 2.65 2.22 2.22

Max 2.82 2.07 3.13 2.50 2.33

No. of Outliers 1 0 0 0 0

Roof Drift [e-2 in/in]

475

Min 0.50 0.51 0.67 0.53 0.53

Lower Quartile 0.60 0.56 0.74 0.57 0.57

Upper Quartile 0.80 0.63 0.77 0.67 0.67

Max 0.82 0.70 0.78 0.76 0.76

No. of Outliers 0 0 3 0 0

975

Min 0.73 0.71 0.77 0.68 0.68

Lower Quartile 0.87 0.75 0.88 0.75 0.75

Upper Quartile 0.97 0.88 1.05 0.91 0.91

Max 1.01 1.02 1.15 0.97 0.97

No. of Outliers 1 0 0 0 0

2475

Min 1.16 1.00 1.13 0.98 0.98

Lower Quartile 1.27 1.10 1.31 1.14 1.10

Upper Quartile 1.37 1.26 1.53 1.32 1.31

Max 1.50 1.52 1.57 1.50 1.49
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No. of Outliers 0 0 0 0 0

4975

Min 1.41 1.36 1.43 1.42 1.42

Lower Quartile 1.63 1.50 1.63 1.52 1.48

Upper Quartile 2.03 1.64 2.34 1.80 1.77

Max 2.43 1.83 2.79 2.12 2.09

No. of Outliers 1 0 0 1 1

Similar to the pushover results, 10WT1 and 10WT2 had similar drifts at lower hazard

levels (less than 2475 year return period) but diverge at higher levels. Conversely for roof

drifts, the two system behaved similarly at all hazard levels. Another observation is that

both systems produced smaller story drifts at the lowest hazard level compared to 10B,

however, were much closer in roof drift. Moreover, 10WT2 was able to more closely match

the drifts of 10WT1 at the highest hazard level. Overall, 10WT1 and 10WT2 were able to

limit drift levels similarly to 10B and 10W at low and extreme hazard levels, respectively.

The ability to tune the response of a tapered wall — as a narrow wall at low hazard levels

to limit stress demands and as a wide wall at high hazard levels to limit drift demands —

could be leveraged by structural engineers for seismic or wind design.

10T produced maximum story drifts (at lower hazard levels) that matched 10B even with

less lateral stiffness. Furthermore, the roof drifts of the narrower walls (10B and 10T) were

more sensitive to increase in hazard level, an observation that is also seen for the acceleration

and force demands, see next subsections.

In addition to drift demands, floor/roof accelerations are important when considering

damage to sensitive equipment (e.g., servers or medical equipment), as well as general ser-

viceability requirements. The following subsection looks at the acceleration demands.
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Figure 4.10: Ten-story max drifts; (left), roof (right).

4.5.3 Max story/roof accelerations

Figure 4.11 shows the maximum absolute accelerations at each hazard level (maximum of

both floor and roof) and Table 4.5 has the corresponding statistical values. From the com-

parison between 10B and 10W, it appears that the wider wall of 10W results in higher

acceleration demands at lower hazard levels (i.e., drift levels). This is expected as the higher

resonant frequencies (i.e., lower period) of the wider wall coincides with higher spectral ac-

celeration. However, at higher hazard level the opposite appears as the floor accelerations

of 10B are larger than those of 10W. This could be caused by additional contributions from

higher modes in the more intense ground motions when the effective period of the rocking

walls is long. When the period of the uplifted system is long (i.e., 2.5 seconds or greater) the

response spectra for the ground motions become almost flat. However, the higher mode pe-

riods are still affected by the spectral content in the shorter period range. A clearer trend is

seen when comparing the 10B and 10W against their corresponding tapered walls. Notably,

the softer (tapered) systems resulted in lower acceleration demands at all hazard levels. The

consistent difference between the rectangular and tapered walls indicate that the acceleration

demand is driven by not only the rocking (i.e., center of rotation), but also the moment of
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Figure 4.11: Ten-story max absolute acceleration.

inertia of the wall. Similar to roof drift, the accelerations of the narrower walls also seem to

be more sensitive to increasing hazard levels.

4.5.4 Max wall/base shear and moments

Shear force and bending moment demands are generally not an issue at the base of the wall

due to the base uplift and softening behavior of the rocking system. However, in taller walls

such as the 10-story considered here the maximum flexural demand occurs near mid-height

and can control the wall design. This subsection will look at the force demands on the wall

and base to ensure the tapered walls do not reduce base damage at the risk of shear or

flexural damage elsewhere in the walls. Note that there is a difference between the base

moment (i.e., bending moment on the foundation), and base damage (damage to the bottom

of the wall).

As expected, the maximum shear force on the wall was observed to be located at the

base, see Fig. 4.12 (left) for an example of the maximum shear force distribution along the
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Table 4.5: Statistical values of acceleration demands (g).

Return Period
(years)

Stat. Values 10B 10W 10T 10WT1 10WT2

475

Min 0.60 0.61 0.56 0.41 0.41
Lower Quartile 0.68 0.72 0.64 0.61 0.61
Upper Quartile 1.00 1.15 0.70 1.11 1.11
Max 1.38 1.54 0.82 1.68 1.68
No. of Outliers 1 1 3 1 1

975

Min 0.94 0.68 0.75 0.55 0.55
Lower Quartile 0.98 0.90 0.91 1.07 1.04
Upper Quartile 1.29 1.75 1.23 1.36 1.30
Max 1.87 3.13 1.58 1.93 1.70
No. of Outliers 1 0 1 1 2

2475

Min 1.02 0.96 0.92 0.78 0.80
Lower Quartile 1.24 1.25 1.17 1.17 1.21
Upper Quartile 1.69 2.19 1.38 1.63 1.63
Max 1.78 2.50 1.59 2.03 2.10
No. of Outliers 0 0 0 1 1

4975

Min 1.16 1.28 1.11 0.87 0.88
Lower Quartile 1.54 1.48 1.25 1.12 1.13
Upper Quartile 2.26 2.10 1.95 1.93 1.95
Max 2.55 2.65 2.27 2.10 2.17
No. of Outliers 0 0 0 0 0
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Figure 4.12: Ten-story max shear; wall (left), base (right).

height of a wall. In this plot, only the 10W as it as the pattern (though not the magnitudes)

is representative of all of the walls. Figure 4.12 (right) shows the maximum base shear

for all of the walls. Generally speaking, the stiffer system results in the highest demands

as expected. The two narrower walls, again, showed higher rate of increase in base shear

with respect to return period. This could be due to higher mode effect where the higher

modes for the initially more flexible walls (i.e., the two narrower walls) may be in a range of

larger spectral demands. Note that the tapered walls led to less shear demands than their

rectangular counterpart, except 10T at a return period of 4975 years.

Figure 4.13 (top) is a plot of the (10B) internal moment distribution, at the height of

each floor, showing the maximum moment does not occur at the bottom of the wall. The

non-smooth moment distribution is due to the UFPs applying a moment to the wall from

the eccentric vertical shear force. In addition, the maximum bending moment demands

on the foundation (i.e., base moment) and the wall are shown in Fig. 4.13 (bottom). The

base moment is the sum of the wall moment and the axial force couple from the boundary

columns. Due to the internal moment distribution and the inclusion of boundary columns,

the base moment is not necessarily greater than the internal moment, see Fig. 4.13 (bottom).
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Figure 4.13: Ten-story max moment; story distribution (top left), wall (top right), base
(bottom).
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Interestingly, the maximum internal moment increases faster than base moment with

respect to hazard level. This could be caused by an increase in higher mode contribution.

Moreover, contrary to what was observed with drift, acceleration, and shear force, the mo-

ment on the narrower walls do not appear to be more sensitive to the increase in ground

shaking with hazard level than the wider walls. With regards to moment, the tapered walls

continued to show a decrease in demand compared to the corresponding rectangle walls. For

completeness, the statistical values for the base shear and base moment results are provided

in Table 4.6.

Table 4.6: Statistical values of base reactions.

Return

Period

(years)

Stat. Values 10B 10W 10T 10WT1 10WT2

Base shear [kN]

475

Min 160 196 169 156 156

Lower Quartile 187 209 205 182 182

Upper Quartile 271 325 245 338 338

Max 289 418 254 378 378

No. of Outliers 0 0 1 0 0

975

Min 173 187 173 196 196

Lower Quartile 254 236 245 267 267

Upper Quartile 338 387 325 396 396

Max 360 636 338 587 587

No. of Outliers 0 0 0 0 0

2475

Min 249 271 245 227 231

Lower Quartile 280 325 267 294 294

Upper Quartile 391 467 369 480 494
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Max 445 601 414 556 556

No. of Outliers 0 0 0 0 0

4975

Min 285 302 271 276 276

Lower Quartile 334 338 351 298 302

Upper Quartile 520 458 480 503 489

Max 565 601 538 538 556

No. of Outliers 160 196 169 156 156

Base moment [kN-m]

475

Min 1994 2436 1833 2199 2199

Lower Quartile 2061 2462 1984 2218 2218

Upper Quartile 2275 2545 2126 2285 2285

Max 2323 2609 2191 2301 2316

No. of Outliers 0 0 0 1 1

975

Min 2199 2580 2114 2237 2237

Lower Quartile 2233 2629 2156 2289 2289

Upper Quartile 2352 2708 2245 2400 2351

Max 2408 2754 2299 2466 2465

No. of Outliers 0 0 0 0 1

2475

Min 2420 2698 2256 2401 2401

Lower Quartile 2447 2797 2373 2449 2489

Upper Quartile 2472 2933 2445 2549 2636

Max 2512 2958 2466 2592 2703

No. of Outliers 2 0 0 0 0

4975

Min 2417 2920 2423 2580 2687

Lower Quartile 2531 2983 2458 2617 2729

Upper Quartile 2690 3061 2735 2685 2808

Max 2846 3137 2790 2774 2969
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No. of Outliers 0 0 0 1 1

4.5.5 Base damage

After ensuring the drift, acceleration, and shear/moment demands from the tapered modifi-

cations did not exceed critical levels (and actually demonstrated a reduction in some cases),

the final performance consideration is the effects of the tapered modification on base damage.

Figure 4.14 is a plot of the maximum base strain, computed from the springs at the wall

base, under different hazard levels; see Table 4.7 for the statistical values. The horizontal

dashed line is the yield strain. It is again clear that the demand at the base of wall 10T,

i.e., the narrowest base, increases faster with increasing hazard level than it does for the

other walls. However, the 10T wall has lower strains than all other walls up to the 2475 year

hazard. Indeed, the reduction in maximum strain seen with tapering the wall to 10T from

the base case, 10B, is significant at all hazard levels and is able to reduce the strains below

yield for the 2475 year hazard level.

It is also observed that all the tapered configurations considerably reduced the maximum

base strain on the base of the wall. 10WT2 was able to mitigate the base from yielding

even at the extreme hazard of 4975 years return period ground motions. Additionally,

10WT2 had consistently lower strain than 10WT1, which was likely due to more optimal

selection of the dimension h′. In effect, h′ determines how much damage the interior and

exterior corner share – this can be seen by comparing the base yield drift/rotation capacity

of 10WT1 and 10WT2 in Table 4.3. A large h′ would offset the damage to the interior corner

and vice-versa for exterior corner, therefore a balance would result in optimal performance.

Again, optimization for b′ and h′ is outside the scope of this study but the considerations for

achieving an optimal design are clear.

It is shown that the tapered systems indeed reduced the base strain (and thus the damage

seen), even though the base case of a rectangular wall did not result in significant base
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Table 4.7: Statistical values of base strain demand [e−3 m/m].

Return Period
(years)

Stat. Values 10B 10W 10T 10WT1 10WT2

475

Min 1.625 1.451 1.339 1.339 1.339
Lower Quartile 1.811 1.687 1.389 1.600 1.600
Upper Quartile 2.629 2.207 1.600 1.773 1.773
Max 2.790 2.728 1.947 2.195 2.195
No. of Outliers 0 0 1 2 2

975

Min 2.009 1.711 1.364 1.811 1.811
Lower Quartile 2.034 2.009 1.451 1.959 1.959
Upper Quartile 2.765 2.331 1.662 2.021 2.009
Max 3.051 2.765 1.972 2.232 2.158
No. of Outliers 0 0 1 3 3

2475

Min 2.629 2.245 1.773 2.083 2.034
Lower Quartile 2.679 2.592 1.910 2.307 2.121
Upper Quartile 3.038 2.865 2.294 2.480 2.207
Max 3.100 2.927 2.530 2.493 2.257
No. of Outliers 0 0 0 1 0

4975

Min 2.790 2.803 2.183 2.356 2.096
Lower Quartile 2.964 2.951 2.542 2.468 2.170
Upper Quartile 4.092 3.423 3.286 3.026 2.319
Max 4.353 3.757 4.179 3.249 2.356
No. of Outliers 1 0 0 0 2
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Figure 4.14: Ten-story max base damage.

damage; i.e., the base springs indicated yielding but did not splitting or crushing. The lack

of damage was expected from the global behavior (specifically the drift demands). As shown

below, the two-story rocking wall was designed closer to the performance limits for base

damage and the impact of tapering on reducing base damage will be more evident.

As discussed previously, none of the tapered (or rectangle) systems reached drift demands

that above acceptable targets, as was intended in their design. There are two factors that

helps limit drift demands even though a rocking system is flexible: (1) from the amplitude-

frequency curves in Fig. 4.8, the shortest period is approximately 1.4 second (4.5 rad/s)

which corresponds to smaller spectral acceleration in the ground motion response spectra,

see Fig. 4.9; (2) also from the amplitude-frequency curves, as the system reaches larger

amplitudes, the resonance frequencies decrease (i.e., the resonance periods increase) which

again corresponds to lower spectral accelerations. The latter is an inherent characteristic of

rocking walls. The former can be further explored by investigating a shorter wall.

The following section discusses the two-story wall, geometric modifications, static and
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dynamic characteristics, and dynamic response.

4.6 Tapered two-story wall

The layout of this section is the same as the previous sections; firstly, the static and dynamic

characterization of the rocking walls will be discussed, followed by the dynamic response

under ground motion. As base damage is the focus of this section, the other response

parameters (e.g., base shear) are discussed more briefly than in previous sections.

4.6.1 Case study set up

The design of the rectangular wall is from the two-story shake table test conducted in the

University of California, San Diego, by the NHERI Tall Wood project [Pei et al., 2019]. The

two and ten-story wall systems are very similar except the former uses coupled panels instead

of a single panel and boundary columns. The panels are coupled lightly via the UFPs fixed

between the panels. More details on the two-story wall and the shake table test are given

in [Pei et al., 2019]. Moreover, Wichman et al. developed finite element models (sharing the

same modeling methodology in this study) that were compared against the test results and

came out to be in good agreement [Wichman et al., 2022].

The two-story rectangular wall is denoted herein as 2B. Again, this section will focus on

the reduction in base damage by tapering the base. Thus, two tapered walls were explored,

2T1 and 2T2, with no additional width in order to simplify the case study. 2T1 was designed

with the same approach as 10T (i.e., based on the pushover results), however 2T2 did not

use the pushover behavior for the basis of the design. Instead, 2T2 used the same b′ as 2T1

but varied the h′ such that it minimized the base damage demand from the ground motions

at the extreme hazard level. 2T1 and 2T2 used a b′ of 13.41 cm and a h′ of 0.14 and 0.51

cm, respectively. The h′ parameter of 2T1 needed to be very small in order for the pushover

to converge with 2B at the approximately 2.5 percent drift (as designed). Although this is

impractical for fabrication, it allows for further investigation of the potential of tapering to

limit base damage.
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Due to the smaller set of ground motions (discussed later) and the quicker computational

time for the two-story wall models relative to the ten-story systems, h′ of 2T2 was able to

be based on the nonlinear time-history results. The design and material parameters of the

walls are given in Table 4.8.

A slight modification was needed in the finite element model to capture the lateral dis-

placement constraints of the two panels. As mentioned before, the lateral displacement of

the panels are constraint via the diaphragm, however, the finite element model uses a leaning

column to model the P-Delta and seismic loads of the gravity frame. Due to the small rota-

tion of the rigid diaphragm, caused by the relative vertical displacement of the wall uplift and

the leaning column, the diaphragm is not suitable for constraining the lateral displacement

of the panels together. As a result, the panels of the two-story wall were constrained using a

stiff truss element connecting the nodes on the panels at the floor and roof. Note that using

other constraining methods, e.g., constraining the degrees of freedom, would be inaccurate as

the panels experiences different vertical forces from the UFPs, and thus, undergoes different

vertical displacements. Using truss elements allows the forces and lateral displacements to

be constrained without introducing non-physical effects. Furthermore, the UFPs provide a

small amount of coupling and are placed in between the panels similar to the ten-story wall

except without the boundary columns.

4.6.2 Static and dynamic characterization

The pushover was simulated with the same method as the ten-story case study except that

the lateral loads were distributed evenly between the coupled panels. Figure 4.15 shows a plot

of the pushover in terms of base moment of both panels and roof drift. 2T1 is initially softer

relative to 2B and converges at approximately 2.5 percent drift (designed as such). Notably,

both 2B and 2T1 fail with 2B degrading quicker due to the base damage. The strength

degradation is caused by the base crushing, which can be seen by comparing the crushing

capacities in Table 4.9 with the onset of strength degradation in Fig. 4.15. Degradation was

not observed with the ten-story case study as a taller wall would see more lateral deformation
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Table 4.8: Two-story walls; design and material properties (units in kN and m).

Parameter Value

Gravity Frame

Height of 1st story 3.66
Height of 2nd story 3.05
Weight of 2nd floor 204.2
Weight of roof 210.4

Panel

Height 7.32
Width 1.52
Thickness 0.175
Weight 9.430
Modulus of elasticity 7039550
Shear modulus 459674
Yield strain 0.0026
Splitting strain 0.0082
Crushing strain 0.0379
Yield stress 18202
Splitting stress 18202
Crushing stress 2730

PT

Area of PT (per side) 4.32E-04
Modulus of elasticity 200e6
Eccentricity 0.127
Yield stress 634318
Initial PT force 106.8
Hardening ratio 0.05

UFP

Diameter 0.0921
Thickness 0.0095
Width 0.1143
Yield stress 344738
Modulus elasticity 200e6

2T1
b′ 0.1341
h′ 0.00135

2T2
b′ 0.1341
h′ 0.00508
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Figure 4.15: Two-story pushover response.

and less base uplift (i.e., rigid-body rotation). 2T2 was able to reach a roof drift of 5.5 percent,

the end of the pushover, without deterioration in capacity. The pushover curves for the 2-

story designs shows clearly the benefits of tapering the wall base in increasing the lateral

drift at which CLT crushing and corresponding strength deterioration occurs. Furthermore,

the capacities of the walls in Table 4.9 similarly shows h′ helps distribute the base damage

between the interior and exterior corners.

The amplitude-frequency plot, see Fig. 4.16, illustrates a similar behavior as the static

pushover curve; 2T1 matches 2T2 at lower amplitudes and converges with 2B at higher

amplitudes.

4.6.3 Dynamic response under ground motion

This subsection will discuss the ground motions and nonlinear time-history results of the

two-story walls. In depth discussion of the performance parameters (e.g., base shear) will

be omitted for brevity and to focus on the base damage, however the results are tabulated
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Table 4.9: Capacities of two-story walls.

2B 2T1 2T2
Roof Drift [e-2 m/m]; Base Rotation [e-2 rad]

Base Yield
0.43;

0.48

0.46 (0.81);

0.53 (0.96)

0.44 (1.73);

0.51 (2.13)

Base Split
1.34;

1.6

2.67 (1.74);

3.27 (2.1)

1.44 (2.51);

1.75 (3.1)

Base Crush
3.38;

4.2

3.79 (3.52);

4.72 (4.37)
WNO1(WNO)

PT Yield
2.27;

2.08

2.36;

2.17

2.57;

2.41
Base Moment [kN-m]; Base Shear [kN]

Base Yield
512;

89

445 (548);

80 (98)

439 (635);

76 (111)

Base Split
706;

125

816 (758);

142 (133)

578 (765);

102 (133)

Base Crush
770;

138

644 (792);

116 (138)
WNO (WNO)

PT Yield
771;

138

770;

138

694;

125
1 WNO denotes Was Not Observed.
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Figure 4.16: Two-story amplitude-frequency.

later and did not control.

Ground motion response spectra

The ground motions used in this subsection are directly from accelerometer data from the

shake table tests. The tests used four ground motions scaled to three hazard levels: Service-

Level Earthquake (SLE, 50% probability of exceedance in 50 years), Design-Basis Earthquake

(DBE, 10% probability of exceedance in 50 years), and Maximum Considered Earthquake

(MCE, 2% probability of exceedance in 50 years) that were used in the design of the test

specimen. In addition, one ground motion was further scaled to 1.2 times MCE. Pertinent

data for each ground motion are provided in Appendix D. Again, details on the selection

and scaling of the ground motions can be found in [Pei et al., 2019; Wichman, 2018]. Figure

4.17 provides the ground motion response spectra (grey: ground motions, black: average of

all ground motions). The smallest resonant period for the two-story wall is approximately

0.5 seconds (12 rad/s), see Fig. 4.16, which is within the region of large spectral acceleration.
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Recall that the ten-story rectangular walls did not show significant base damage partially

because the resonant periods were within the region of low spectral acceleration but also

because the baseline wall was designed to be stronger relative to the design demands. Con-

versely, from the pushover, amplitude-frequency, and response spectra plots, the two-story

case appears to be more suitable for tapering the base. The following will briefly discuss the

drift, acceleration, and drift demands to ensure the base damage reductions obtained at the

risk of other performance parameters.

Demands from nonlinear-time history response

The drift, acceleration, and force demands of the nonlinear-time history response (of each

ground motion and hazard levels) are shown in Table 4.10. Generally, tapering the walls

leads to a decrease in demands, including drift demands. Similar to the ten-story case study,

the demands from the tapered walls did not exceed the rectangular walls by a significant

amount.

The maximum strain at the two of the wall (from all ground-motions) and the strain

capacity of the walls are shown in Fig. 4.18 with the solid line connecting the median values.

As expected, 2B resulted in the most damage. Interestingly, 2T1 showed less base damage

at all hazard levels except 1.2 times MCE. The difference in demand between 2T1 and 2B

— in addition to the small h′ — demonstrates (1) the significant performance benefits of

distributing the damage to different sections of the wall, and (2) the sensitivity of rocking

systems to the wall-foundation interface. The tapered walls were able to reduce base damage

with 2T1 able to mitigate splitting at the three hazard levels.

4.7 Chapter conclusion

Rocking walls have been shown to be promising resilient lateral force resisting systems. The

uplifting mechanism reduces the force demands on the wall, the PT bars increases Mdec and

post-uplift stiffness, and the supplemental energy dissipation devices further dampens the

system.
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SLE DBE

MCE MCE*1.2

Figure 4.17: Response spectra of ground motion for two-story design (grey: ground motions,
black: average of all ground motions)
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Table 4.10: Two-story wall demands.

Demand 2B 2T1 2T2
Drift [m/m]; Acceleration [g]

SLE

0.43; 0.54 0.64; 0.48 0.64; 0.48
0.55; 0.56 0.53; 0.50 0.53; 0.50
0.41; 0.51 0.49; 0.42 0.49; 0.41
0.37; 0.51 0.31; 0.48 0.31; 0.48
0.37; 0.54 0.37; 0.44 0.37; 0.44

DBE

2.02; 1.11 2.21; 1.25 1.79; 1.01
2.16; 1.00 2.04; 0.94 2.25; 0.89
2.16; 0.98 2.04; 0.90 2.25; 0.87
1.46; 1.05 1.56; 1.07 1.46; 1.06
1.15; 1.14 1.24; 0.92 1.25; 0.96

MCE
1.86; 1.32 1.69; 1.20 1.76; 1.18
2.63; 1.29 2.65; 1.17 3.42; 1.22
2.41; 1.14 1.97; 1.26 2.4; 1.18

MCE x 1.2 4.11; 2.35 4.14; 1.84 4.27; 2.58
Base Shear [kN]; Base Moment [kN-m]

SLE

125; 473 107; 464 125; 456
125; 503 107; 437 125; 437
107; 469 89; 433 107; 433
111; 438 89; 359 111; 359
102; 454 89; 403 102; 403

DBE

182; 777 209; 776 182; 609
182; 803 173; 763 182; 694
187; 803 178; 763 187; 691
178; 685 169; 672 178; 569
165; 622 156; 594 165; 537

MCE 173; 757 169; 701 173; 607
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Figure 4.18: Two-story max base damage.

A few difficulties remain to be addressed; one notable issue, and the focus of this study,

is base damage due to stress concentration from impact during rocking. This chapter intro-

duced the concept of a tapered wall (a simplification of the curved-base rocking wall), and

how to incorporate the modification into a finite element model.

Tapered walls leverage the base geometry to produce two stages of rocking (and two

post-uplift lateral stiffnesses), in addition to distributing the base damage to two regions of

the base. Optimizing the distribution of base damage can be done via h′ which maximizes

the drift capacity at base yield, splitting, and crushing. In addition, the isolated effects of

the tapered base parameters (for an idealized rigid wall) on the static characteristics were

explored.

Two case studies were looked at to evaluate the seismic performance of the tapered

walls as compared with rectangular rocking walls. The ten-story case study used two design

approaches: (1) equal width tapered walls with pushover response converging to the rectan-

gular wall at a design drift level, and (2) widened tapered walls with increase stiffness after
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a desired drift level. The latter approach resulted in the most reduction in base damage.

The two-story case study focused on the base damage demands, and therefore only used the

former design approach to simplify the case study with a more comparable design. Unless

noted otherwise, the following findings pertain to both case studies.

The static and dynamic characteristics of the tapered walls were able to be tailored to

behave as a narrower wall at low hazard levels (to limit force demands) and wider wall at

higher levels (to limit drift demands). Furthermore, the non-rigid base smooths out the

lateral resistance of stage 1 and 2. The amplitude-frequency relationship was shown to

be highly nonlinear and matched the observations from the pushover, as expected. The

amplitude-frequency also gave insight into the reason why, unlike the two-story walls, the

ten-story walls did not experience much base damage under even the most extreme hazard

levels. The following are the findings from the nonlinear time-history analyses:

• 10WT systems were able to limit drift levels similarly to 10B and 10W at low and

extreme hazard levels, respectively.

• Drift, acceleration, force, and base damage demands of the narrower walls were more

sensitive to increase in hazard level.

• Tapered walls resulted in lower acceleration demands at all hazard levels. Acceleration

demand is sensitive to the wall (i.e., panel) stiffness.

• Maximum shear force on the wall is located at the base, conversely, maximum internal

moment does not occur at the bottom of the wall.

• Maximum internal moment is more sensitive to increasing ground motions acceleration

than base moment.

• Tapered walls can reduce base damage as well as other demands, e.g., base shear.

• Long period buildings are resilient to base damage due to: (1) low spectral acceleration

at resonant frequencies; and (2) further decrease in resonance frequencies with increas-

ing lateral displacement. Again, note that the ten-story baseline wall was designed to

be stronger relative to the design demands.
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• As such, tapered walls are more suitable for short period buildings.

• From the small h′ and discrepancy between the rectangular and tapered walls, the

rocking phenomenon is shown to be very sensitive to the wall-ground contact interac-

tion.

For future work, the study can be revisited with the more generalized base modification

(i.e., curved-base rocking walls). Additionally, an optimization/design methodology and

equations can be formulated to facilitate the adoption of base modified PT rocking walls.

Lastly, static pushover and shake-table tests are required for further validation of the base

modification solution with regards to the finite element models and the performance benefits.
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Chapter 5

CONCLUSIONS

Since the work of Housner on rocking and its seismic resilience/isolation properties, nu-

merous studies have followed, which have: (i) provided further insight into the fundamental

mechanics and behavior; (ii) advanced the concept of rocking systems as seismic isolators;

and (iii) implemented Post-Tensioned (PT) rocking structures as Lateral Force-Resisting

Systems (LFRSs) in seismically active regions. This dissertation hopes to do the same with

the Nonlinear Normal Mode (NNM) framework to study the interaction of rocking and wall

deformation and the novel concept of Base-Modified Rocking Walls (BMRWs).

Three objectives were set to pursue the this overarching goal, see Fig. 5.1: (1) understand

the effects of the curved-base modification on the static and dynamic behavior of a PT rocking

wall; (2) investigate the interaction of rocking and wall deformation, and (3) evaluate the

seismic performance and damage reduction of Tapered-Base Rocking Walls (TBRWs).

5.1 Isolated effects of the curved-base modification on a PT rocking wall

The concept of a Curved-Base Rocking Wall (CBRW) was explored semi-analytically in

Chapter 2. The equations of motion were formulated using the Lagrangian equation and

solved numerically. The formulated equations provide a way to explore each driving factor/-

parameter. It was shown that for CBRWs, a gyroscopic term capturing rotation-translation

coupling is present in the equation of motion that is otherwise absent in rectangular walls.

The effect of the gyroscopic term was found to be negligible for typical structures for drifts

within 5 percent (see Appendix B).

The model showed that CBRWs are highly customizable, such that the pushover response

can be tailored to better suit the different seismic hazard levels: softer for moderate seismic
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Figure 5.1: Curved-base rocking wall (left), rocking and wall deformation (middle), tapered-
base rocking wall.

events to reduce internal shear and bending stress demand, and stiffer for extreme events to

control drift. Furthermore, the static response showed that CBRWs can improve the drift

at PT yield, which extends to drift at PT rupture.

The semi-analytical model served to validate the finite element model with curved bases

that was later used in Chapter 4. In addition to modelling CBRWs, the analytical method-

ology introduced could be used to evaluate the strength/stiffness degradation in damaged

rectangular rocking walls.

5.2 Interaction of rocking and wall deformation

A method to analytically study flexible rocking PT structures was presented in Chapter 3.

The method used a two degrees-of-freedom model consisting of one degree-of-freedom for the

base rotation angle, θ, and a second degree-of-freedom for the wall deformation, x. Note that

this model was for a rectangular rocking wall. The kinematic relationships were provided

and a Lagrangian approach specific to lumped masses [Wiebe and Harvey, 2019] was shown

to streamline the derivation of kinetic energy term of the equations of motion. Furthermore,

it was shown the initiation of rocking can be easily determined through the dynamic moment

and force equilibrium condition. It is important to accurately predict rocking initiation to
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better simulate the dynamic response as it was observed that rocking systems are extremely

sensitive to initial conditions and system parameters [Aslam et al., 1980; Hogan, 1989; Plaut

et al., 1996; Ageno and Sinopoli, 2005; Lenci and Rega, 2006].

Equations to calculate impact damping were given for the two-degree-of-freedom model

(although the methodology extends to any number of degrees-of-freedom), which were de-

rived using the conservation of angular momentum of the system and conservation of linear

momentum of the top mass.

The semi-analytical model developed was validated against two benchmark cases. The

pushover results showed the flexibility of the wall changes the stiffness of the system, as

expected, but θ was far less sensitive — the gradient of the flexible wall pushover with

respect to θ was very similar to the rigid wall. Overall, the results from the semi-analytical

model showed good agreement with all benchmark cases.

The unforced dynamic response was characterized with NNMs; the resulting frequency-

amplitude curve was confirmed to coincide with the peak demands from the forced response.

In addition, the amplitude-frequency relationship of the flexible wall and equivalent rigid

wall converges as amplitude increases. At large amplitudes θ drives the response, conversely,

at small amplitudes x was the driving factor with the resonant frequency converging to the

natural frequency of an equivalent fixed-base wall.

Interestingly, coexisting steady-state peak demands were observed and appeared to have

fractal characteristics. Lastly, the phase angles were approximated by idealizing the response

as a sine wave, and were shown to be able to predict resonance.

5.3 Base damage reduction and seismic performance of tapered-base walls

The concept of a TBRW, its seismic performance and reduction to damage were explored

in Chapter 4. Similar to CBRWs, TBRWs can leverage the base geometry to tailor the

pushover response with two post-uplift lateral stiffness. Moreover, it was observed that the

tapered base reduces and distributes the damage between the interior and exterior corners.

Optimizing the damage distribution can be done through the depth of the taper, h′, which
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maximizes the drift capacity at base yield, splitting, and crushing. In addition, observations

showed the base elasticity smooths out the transition between rocking on the interior and

exterior corners.

Two case studies (a two-story and a ten-story wall) were done to evaluate the seismic

performance of the tapered walls against equivalent rectangular walls. It was shown that

the static and dynamic characteristics of the tapered walls could be tailored to behave as a

narrower wall at low hazard levels (to limit force demands) and wider wall at higher levels (to

limit drift demands). The following are the pertinent findings from the nonlinear time-history

analysis:

• Tapered walls resulted in lower acceleration demands at all hazard levels. Acceleration

demand is sensitive to the wall (i.e., panel) stiffness.

• Maximum shear force on the wall is located at the base, conversely, maximum internal

moment does not occur at the bottom of the wall.

• Maximum internal moment is more sensitive to increasing ground motions acceleration

than base moment.

• Tapered walls can reduce base damage as well as other demands, e.g., base shear.

• From the ten-story amplitude-frequency curve, it was shown why long period buildings

are inherently more resilient to base damage: (1) low spectral acceleration at resonant

frequencies; and (2) further decrease in resonance frequencies with increasing lateral

displacement.

• As such, tapered walls are more suitable for short period buildings.

• From the small h′ and discrepancy between the rectangular and tapered walls, the

rocking phenomenon is shown to be very sensitive to the wall-ground contact interac-

tion.
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5.4 Future work

The study in Chapter 4 can be revisited with the more generalized base modification (i.e.,

CBRWs). Additionally, an optimization/design methodology and equations can be formu-

lated to facilitate the adoption of BMRWs. A comprehensive study on the stress concentra-

tion — perhaps using a finite element model with shell, or solid elements — of base-modified

(and rectangular) rocking walls can be done to illustrate the stress reductions with more

nuanced data. Lastly, pushover and shake-table tests can further explore the benefits and

challenges of BMRWs and validate the finite element models.
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Appendix A

EQUATION OF MOTION FOR RECTANGULAR WALL

Considering only a rectangular wall (without the gravity frame), the rigid body trans-

lation is removed from the kinetic energy and all that remains is rigid body rotation. The

terms in Eq. (2.20) can be derived:

u̇ = u̇g +Rθ̇ sin (θ + ϕ) (A.1)

v̇ = Rθ̇ cos (θ + ϕ) (A.2)

The kinetic energy of the wall is then:

T =
1

2
m[R2θ̇2 + u̇2

g + 2Ru̇gθ̇ sin (θ + ϕ)] (A.3)

By using Eq. (A.3) in Eq. (2.18), Eq. (2.20a) reduces to the commonly seen expression

Idyn = mR2, G will be zero, and Mg(t, θ) = mR sin (θ + ϕ)u̇g.
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Appendix B

GYROSCOPIC EFFECTS

The governing equation for Curved-Base Rocking Walls (CBRWs) contains a gyroscopic

term which was seen in the comparison of the nonlinear time-history analyses to not be

significant for the considered wall geometry and maximum rotations, see Chapter 2. It is

important to know when this term can be neglected. Adopting the design of the seven

CBRWs (CBRW 1 to CBRW 7), undamped free vibration simulations were performed using

Eqs. (2.21) and (2.19) with varying initial conditions. The ratio of the inertial forces (Gθ̇2/Iθ̈)

of the varying amplitudes were plotted (see Fig. B.1). For small θ (within the relevant range

of 0.05 rad or approximately five percent drift), the dynamic force from the gyroscopic term is

not significant, as expected from previous results. However, the curved base could be designed

in order to increase the gyroscopic effects as seen in CBRW 1 to 5. Furthermore, if CBRWs

are leveraged for other applications, e.g. tuned mass dampers, that are less constrained by

drift levels, the gyroscopic effects may become more significant.
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Appendix C

NORMALIZATION OF EQUATIONS OF MOTION

The normalization/nondimensionalizion of the equations of motion from Chapter 3 are

shown here. The normalized equations of motion may help generalize the equations to be used

in future parametric studies with more ease. Because the generalized coordinates θ and x

(tilt angle and lateral displacement, respectively) are not rectangular, several geometrically

dependent scaling factors appear. The following are the terms in Eq. (3.10) shown in a

condensed form:

Mu +Mv +Mθ =

CM1 ∗m1 + CM2 ∗m2 CM3 ∗m2

CM3 ∗m2 CM4 ∗m2

 (C.1)

Gu
1 +Gv

1 +Gθ
1 =

 0 CG ∗m2

CG ∗m2 0

 (C.2)

Gu
2 +Gv

2 +Gθ
2 =

−CG ∗m2 0

0 0

 (C.3)

Fu
g =

CF1 ∗m1 + CF2 ∗m2

CF3 ∗m2

 (C.4)

∇Π =

CV 1 ∗m1 + CV 2 ∗m2

CV 4 ∗m2

+

 CV 3 ∗ kp
CV 5 ∗ kp + CV 6 ∗ kx

 (C.5)
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where the scaling factors (e.g., CM1) are functions of θ, x, b, and h. The scaling factors are

given in the following equations:

CM1 =

(
3

4
h sin θ − b

2
cos θ + x cos θ

)2

+

(
3

4
h cos θ +

1

2
b sin θ − x sin θ

)2

(C.6)

CM2 =

(
b

2
cos θ − 1

4
h sin θ

)2

+

(
1

4
h cos θ +

1

2
b sin θ

)2

(C.7)

CM3 = sin θ

(
3

4
h sin θ − 1

2
b cos θ + x cos θ

)
+ cos θ

(
3

4
h cos θ +

1

2
b sin θ − x sin θ

)
(C.8)

CM4 = cos2 θ + sin2 θ (C.9)

CG1 = cos θ

(
3

4
h sin θ − 1

2
b cos θ + x cos θ

)
− sin θ

(
3

4
h cos θ +

1

2
b sin θ − x sin θ

)
(C.10)

CF1 =
1

4
h cos θ +

1

2
b sin θ (C.11)

CF2 =
3

4
h cos θ +

1

2
b sin θ − x sin θ (C.12)

CF3 = cos θ (C.13)

CV 1 =
1

2
bg cos θ − 1

4
hg sin θ (C.14)

CV 2 =
1

2
bg cos θ − 3

4
hg sin θ − xg cos θ (C.15)

CV 3 = ∆
∂∆

∂θ
(C.16)

CV 4 = g sin θ (C.17)

CV 5 = ∆
d∆

dx
(C.18)

CV 6 = x (C.19)

From Eqs. (C.1) to (C.5), the terms are conveniently normalized by dividing by m2; m1/m2

is redefined as the mass ratio γm. Note mn denotes the mass of the nth lumped mass. The

vectors in Eq. (C.5) are the gravitational and strain potential energies. Dividing kx (wall

lateral stiffness) and kp (PT element axial stiffness) by m2, as mentioned above, results in
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γp = kp/m2 and γx = kx/m2. Similar to the mass ratio, γp and γx are the stiffness-to-mass

ratios for the axial and lateral springs, respectively, with units of inverse of time squared.

Moreover, b (wall width) and x are normalized by h (wall height) — note this is achieved by

dividing the top and bottom equations by h2 and h, respectively — resulting in the aspect

ratio a = b/h and new generalized coordinate d = x/h.
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Appendix D

GROUND MOTIONS USED IN TWO-STORY AND
TEN-STORY WALL CASE STUDIES

Information on the ground motions used in the ten-story and two-story wall case studies

are provided in Tables D.1 and D.2, respectively.

Table D.1: Ground motions for ten-story walls.

Return

period

(years)

GM ID Name Station Date Comp. SF Database

475

1612
Imperial

Valley-06

Brawley

Airport
1979 2 1.013

PEER

NGA

WEST2

39321
Tottori.

Japan
OKYH14 2000 1 4.968

PEER

NGA

WEST2

42281
Niigata.

Japan
NIGH11 2004 1 0.796

PEER

NGA

WEST2

7942
Loma

Prieta

SF -

Diamond

Heights

1989 2 2.114

PEER

NGA

WEST2

AKT016 2011 NS 1.293 Kik-net
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CHB001 2011 EW 2.054 Kik-net

HKD084 2003 NS 0.502 Kik-net

IWTH07 2011 NS1 4.957 Kik-net

TCGH12 2011 EW2 0.855 Kik-net

20000811 Nisqually 2130 2001 1 2.847

PEER

Subduction

Earthquakes

70064751
Pingtung.

Doublet2
KAU005 2006 1 3.833

PEER

Subduction

Earthquakes

975

1612
Imperial

Valley-06

Brawley

Airport
1979 2 1.479

PEER

NGA

WEST2

39322
Tottori.

Japan
OKYH14 2000 2 3.501

PEER

NGA

WEST2

42281
Niigata.

Japan
NIGH11 2004 1 1.16

PEER

NGA

WEST2

7942
Loma

Prieta

SF -

Diamond

Heights

1989 2 3.08

PEER

NGA

WEST2

AKT016 2011 NS 1.887 Kik-net

FKSH05 2011 EW2 4.7 Kik-net

GNM008 2011 NS 2.129 Kik-net

GNM010 2011 NS 2.479 Kik-net

HKD084 2003 NS 0.73 Kik-net
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TCGH12 2011 EW2 1.248 Kik-net

20000811 Nisqually 2130 2001 1 4.151

PEER

Subduction

Earthquakes

2475

15211
Chi-Chi.

Taiwan
TCU089 1999 1 1.669

PEER

NGA

WEST2

1612
Imperial

Valley-06

Brawley

Airport
1979 2 2.239

PEER

NGA

WEST2

42281
Niigata.

Japan
NIGH11 2004 1 1.752

PEER

NGA

WEST2

7942
Loma

Prieta

SF -

Diamond

Heights

1989 2 4.654

PEER

NGA

WEST2

AKT016 2011 NS 2.854 Kik-net

CHB017 2011 NS 3.517 Kik-net

FKSH03 2011 NS2 2.991 Kik-net

GNM010 2011 NS 3.749 Kik-net

TCGH12 2011 EW2 1.889 Kik-net

TKY024 2011 NS 2.327 Kik-net

70064921
Pingtung.

Doublet2
KAU030 2006 1 2.675

PEER

Subduction

Earthquakes
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4975

15211
Chi-Chi.

Taiwan
TCU089 1999 1 2.196

PEER

NGA

WEST2

1612
Imperial

Valley-06

Brawley

Airport
1979 2 2.949

PEER

NGA

WEST2

32731
Chi-Chi.

Taiwan-06
CHY034 1999 1 3.823

PEER

NGA

WEST2

37481
Cape

Mendocino

Ferndale

Fire

Station

1992 1 1.168

PEER

NGA

WEST2

AKT016 2011 NS 3.751 Kik-net

CHB009 2011 NS 4.683 Kik-net

CHB017 2011 NS 4.63 Kik-net

HKD068 2003 EW 2.821 Kik-net

TCGH12 2011 EW2 2.485 Kik-net

TKY024 2011 NS 3.064 Kik-net

70064921
Pingtung.

Doublet2
KAU030 2006 1 3.523

PEER

Subduction

Earthquakes
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Table D.2: Ground motions for two-story walls.

Hazard level Event Name Station Name RSN-Component SF

SLE

Loma Pierta Capitola 752-2 0.36
Loma Pierta Capitola 752-2 0.38
Northridge Canoga Park 959-2 0.25
Superstition Hills Poe Road 725-2 0.37
Imperial Valley Delta 160-1 0.42

DBE

Northridge Canoga Park 959-2 0.99
Northridge Canoga Park 959-2 1.13
Northridge Canoga Park 959-2 1.13
Loma Pierta Capitola 752-2 1.16
Superstition Hills Poe Road 725-2 1.42

MCE
Loma Pierta Capitola 752-2 1.32
Northridge Canoga Park 959-2 1.31
Superstition Hills Poe Road 725-2 2.06

MCE x 1.2 Northridge Canoga Park 959-2 1.57
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