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University of Washington

Abstract

Fast Electromagnetic Simulation for Interconnects

on High Speed Circuits
by Houfei Chen
Chairperson of the Supervisory Committee

Professor Leung Tsang

Department of Electrical Engineering

This research work carries out the analysis of microstrip with gap discontinuity and
bypass capacitors on the ground plane. The full wave approach is based on integral
equations using the spatial domain Green’s function in layered medium. Method of
moment solution is obtained with RWG basis function and Galerkin testing. The method
is applied to gaps with bypass capacitors in single and double layer structure. Simulation
results were obtained for various values and locations of bypass capacitors and for the
case of a second reference plane.

This research work presents a full wave modeling technique for vertical vias in multi-
layered integrated circuits. The analysis of the interior problem is based upon the
cylindrical wave expansion of the magnetic field Green's function; the multiple
interaction among vias is modeled by the Foldy-Lax scattering formula. Multi-layered
effects are considered using cascaded network of the single-layered components. The
exterior problem is analyzed using MOM approach and combined with interior problem
into a system of equation to facilitate solution of large number of vias. Problems of
several thousand vias are analyzed with moderate CPU and memory requirement.
Numerical results are obtained for different via configurations and for large range of
frequency. Also illustrated are results for differential signaling with surrounding idle and

shorting vias.



The exterior structure of via is further formulated using more rigorous approach.
Compared with traces with known characteristic impedance which fails to take into
account the comer and pad effect, and compared with thin wire approximation, which is
improper for some layout dimensions and also fails to consider the pad effect, this
formulation considers the actual layout of the exterior structure thus gives a more reliable
simulation. Simulation results are given for reflection characteristic under different pad
radius.

This research work also presents the spatial domain layer-medium Green’s functions that
are used in modeling the gap discontinuity and the exterior structure of via. The Green’s
functions are calculated by integrating along the Sommerfeld integration path.

Convergence of the integration can be facilitated by higher-order asymptotic extractions.
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1 Introduction

Continuous advances being made in circuit density and speed, at both the chip level, pack-
age level and board level, are placing increasing demands on the simulation techniques on
interconnects and discontinuity. If improperly constructed, IC interconnects and disconti-
nuity can degenerate digital-signal quality, induce coupling between signals. and produce
raciation at levels that cause the systems in which they are embedded to fail comnpletely. At
each level of the design period. engineers need simulation techniques that can predict phe-
nomenons like crosstalk. ringing, ground bounce. reflection. radiation etc. and give design
rules which can prevent or reduce this kind of effect. Due to the high speed (up to 15GHz)
we are talking about here. besides the traditional circuit level simulation. more simulations
are needed that include electromagnetic effects. Some examples are Hspice and Cadence.
Both of them are circuit simulation software. but with quasi-static electromagnetic analysis
like transmission line model and capacitance extraction.

Circuit models which utilizes quasistatic parameters can no longer well describe the
whole structure and its behavior as frequency increases. Although electromagnetic analysis
has been introduced into simulation software, however. there is a general need in industry
for more accurate and faster models for different kinds of discontinuity and interconnections.
Presently at low frequency, one can still omit a via or a gap in simulation and yet get a
reasonably good product based on such simulation. But as frequency increases. the structure
no longer functions according to the circuit simulations. Even for single component like a
diode and MOS transistor, it is necessary now to use rigorous electromagnetic analysis to
obtain accurate device modeling parameter for circuit simulation software.

Some electromagnetic analyses have already been used in circuit simulation. Among
them, some methods are quite accurate, yet computational intensive and slow. like FDTD
(Finite Difference Time Domain method)(1]-[4]. Some are simple yet not accurate enough
for densely packed high frequency circuits. e.g. the quasi-static analysis of transmission
line model [5](6] and LCR (Inductance. Capacitance and Resistance) extraction [7]-{12].
There is a definite need for fast and accurate electromagnetic analysis. It is hard to find
a general purpose simulation technique which is fast and accurate for all kinds of discon-

tinuity, although this kind of technique will be most favorable. Normally, the choice of



electromagnetic simulation approach is structure and geometry dependent.

Due to the fast computer development in the recent decades. most of the discontinuity
structures can be and have already been well formulated by general numerical methods like
FDTD, MoM (Method of Moment) {13]-[18] and FEM (Finite Element Method) [19}-[23],
the procedures are quite general and most of them have already been incorporated into
varies commercial software. But as the density and complexity of the circuit increases. pure
numerical methods suffer from large memory requirement and relatively slow simulation
speed. In a word, the increase of the computer speed and memory cannot keep up with the
increase of the complexity of the problems. So in this thesis. most of the research effort are
put on the development of fast electromagnetic solver. By examining carefully the numerical
and analytical nature of the problem at hand. also by appropriate use of electromagnetic
theorems and decomposition of the problems. semi-analytical approaches can be developed
which greatly increase the computational speed while reserves the same level of accuracy
as pure numerical solver.

In chapter 2 of the thesis. gap discontinuity on the reference plane with bypass capacitors
is analyzed. Quasi-static approach gives the low frequency parameters of the discontinu-
ity including extra capacitance and extra inductance. Potential distribution at the gap and
current distribution on the ground plane are also presented which shows intuitive character-
istics of the discontinuity. In the MoM solution of the integral equation. CG-FFT method is
implemented to reduce the computational time from N3 to C.V log, V. For high frequency.
full wave approach is presented utilizing reciprocity theorem, equivalence principle and spa-
tial domain layered medium Green's function. The analysis shows the resonance effect and
it also simulates the effect of the value and location of the bypass capacitors.

In chapter 3. the propagation characteristics of single vertical vias are analyzed for
through-hole. single-layered and multi-layered geometry. In the formulation. cylindrical
wave expansion of Green’s function is carried out to facilitate the analysis considering the
cylindrical shape of the via. The exterior structure is analyzed separately by decomposition
of the problem, the result of which can also be used in chapter 4 for multiple via coupling
cases. It gives a straight forward yet rigorous analysis compared with existing literatures.

Vias with different parameters are simulated and their propagation and loss characteristics



are presented.

In chapter 4, the propagation characteristics of multiple vertical vias are analyzed by
utilizing the cylindrical wave expansion used in chapter 3 and foldy-lax multiple scattering
formulation which characterize the exciting, incident and scattered wave from each via
cylinder. Compared with existing literatures, this approach is much straight forward and
can account for all orders of coupling among large number of vias. It also has the ability to
simulate unsymmetrical via structure. Due to the semi-analytical nature of this approach.
and by using iterative approach in the final matrix equation (which incorporates the exterior
structure of the via), a problem with the scale of thousands of vias can be solved in the
time of one minutes. The simulation result shows clearly that the existence of surrounding
vias can have significant cffect on the coupling between the two active vias. Results are
also shown for the simulation of thousands of passive vias or shorting vias and the effect of
surrounding vias on common mode and differential mode in differential signaling.

In chapter 5. the exterior problem of the via is analyzed more thoroughly using the spa-
tial domain layer-medium green's function. Unlike in chapter 3 and 4. where the exterior
problem is simplified by thin wire approximation. here it accurately models the microstrip
structure and also the pad discontinuity at the corner. EFIE (Electric Field Integral Equa-
tion) is established on the surface of the structure and RWG function is used as basis
function on the microstrip. pad and also on the vertical section of the exterior part of via.
Matrix pencil method is used to extract out the scattering parameter for the exterior dis-
continuity. Compared with thin wire approximation. this gives much better resuit for low
frequency and thin layer thickness (where thin wire approximation no longer stands). Due
to the decomposition we mentioned in chapter 3. the solution of the exterior problem is
completely separated with the interior problem. which enables us to elaborate the exterior

solution without changing the formulation of the interior problem.



2 Gap discontinuity with bypass capacitors in layered geom-

etry

Consider a microstripline above a ground plane that has a gap. There can be a second
ground plane below the first one and there can be bypass capacitors in the gap (Figure 1).
The top layer above the microstripline is air. the middle layer between the microstripline
and ground plane is dielectric material with a relative dielectric constant of ;. the layer

below the ground plane can be air or dielectric material.

2.1 Static analysis of the gap discontinuity

In this section. quasi-static analysis is proposed for gap discontinuity on the ground plane.
for low frequency range. This analysis is valid at DC and low frequencies when the wave-
length is much larger than the dimension of the discontinuity. Although this kind of analysis
looks preliminary compared with full wave analysis and may not bear good result in high
frequency range. it gives important information for circuit behavior at DC and low fre-
quencies. It also gives circuit characteristics at low frequency which sometimes will help
the modelling and prediction of circuit behavior at high frequency range. Even in high
speed circuit. high frequency component only happens at signal transition. like rising and
falling edges. but it also have stable period which has plenty of DC term in signal spectrum.
So even in high speed circuit. quasi-static approaches are still widely used [24]-[27] due
to the necessity to analyze the DC and low frequency characteristics of the discontinuity
which sometimes may not be obtained by high frequency electromagnetic solver. By using
quasi-static approach, the capacitance and inductance of the discontinuity are ready to be
extracted which can be used in circuit simulator.

We know as the frequency goes to zero. charges and currents are decoupled and Maxwells
equations give rise to two independent systems of equations, namely electrostatic and mag-

netostatic systems.



2.1.1 Electrostatic analysis

Formulation: For electrostatic case (Figure 2), in region 1:

Vo, = —@ (1)
£1
Vip1(F.F) = -6(F—7) (2)
In region 2:
Vo, = 0 3)
Vigpa(F.F) = —8(F-T) (4)
Apply Green's theorem
// dr(wa V20, — Vi) =/ dS - (vaVu — v V) (5)
in region 1 by setting
vy = 9 (6)
vy = gpI(F.7) (7)
we have:
, _ o (F .0
61 (F) =/ drgpy(r.7) 2 dSol(r)% (8)
Vi <1 Sg

which suggests that the potential in region 1 is due to the charge in region 1 and the
equivalent source at the aperture.
Similarly apply Green'’s theorem in region 2 and we have:

— - 99D2
Oall’ ) = dSo, . 9
2(7) = [ dSon(r) 32 ©)

which suggests that the potential in region 2 is due to the equivalent source at the aperture

only.



Integral Equation: We set up integral equations by enforcing boundary conditions on
the microstrip and at the aperture:

1) The potential on the microstrip should be constant (assume 1 volt):

2) The normal component of D continues at the aperture.

And we have the following integral equation for the electrostatic case:

1= [ argour7) 28+ [ aso,m P22t (10)

Vi <1 S,

('.

m

Agp1(T.7) p,(F) / d'gm 67JD>
s T 2] Cl
N hd_ - ,_ -;-‘SgdS 0 (F )0 c)”n’ _/ S0, j 7 (11)

Method of Moment is used to solve the integral equation (10) and (11). The unknowns
are the charges on the microstrip and the potentials at the aperture.

Notice that the total charge density is nonzero all along the trace. and it is impossible
to use it as unknown for the integral equation. otherwise we will have infinite number of
unknowns on the microstrip. We divide the total charge density into two parts: 1) the
extra charge density which is due to the discontinuity and 2) the normal charge density of
a uniform microstripline which is known given the voltage on the microstrip. We use the
extra charge density as the unknown and this charge density will reduce to zero at a short
distance away from the gap discontinuity. The effect of the normal charge density due to

the microstrip line can be pre-calculated and taken into account in the integral equation

(10) and (11).

Results and Discussion: Solving the integral equations will give the extra charge density
on the trace and the potential distribution at the gap (figure 3). It shows clearly that the
extra charge density concentrates near the discontinuity and reduces to zero at some distance
away from the gap. The potential distribution at the gap also concentrates right under the
trace and reduces to zero away from the trace. This suggests that the far end of the gap
area can be looked as filled with PEC and have a potential of zero. This assumption is
further confirmed by the numerical simulation result (table 1) which shows that the extra
capacitance does not change much with the length (the direction across the trace) of the

gap, but rather sensitive to the width (the direction along the trace) of the gap. The far



end of the gap has a near zero potential, increasing the length of the gap almost makes no

change to the total potential distribution.

2.1.2 Magnetostatic analysis

Formulation: The magnetic scalar potential o in region 1 and region 2 are:

J_.,dll _ ! —1/ _
0 = ‘)‘/TJ (tan I(J -J) 1(:/. ;)/h))
- o
< [[ aas -»Jn(J'")-, - (12)
47~'\/(Jf+h)'+(J—,/’)-+(:—:')-
2y’ =
e = - [[ s S : (13)
47/ (x + h)? Y2+ (z— 2?2

where we see that 0, is due to two sources: J,. the current distribution on the microstrip
and m. the equvalent magnetic charge at the aperture. and o, is only due to the equivalent
magnetic charge at the aperture.

Enforce the boundary condition at the aperture which is the continuity of magnetic

scalar potential. we have the following integral equation:

%:(tan-l(ijv_.‘;j,;) —tan’l(' //d_/ d=' 4m(J z') .
£ <T = -n\/(.l,'-'-h (y=-y)+(z=-2)°
(14)

The unknown is the magnetic charge density at the gap. J, is known as the current
distribution of a normal microstrip line.

Here we make the assumption that the current distribution on the microstrip line is
unperturbed. The change in current distribution can be taken into account by making .J,
unknown on the microstrip and solve for the perturbation of the current distribution. which
requires another integral equation on the microstrip.

Solve equation (14) using method of moment will give the magnetic charge density at
the gap after which we can obtain the magnetic field inside the structure and the current

distribution on the ground plane.

Results and discussion: Figure 4 shows the current distribution on the ground plane,

which shows that the current takes a detour around the gap and thus introduces extra



inductance due to the larger current loop area. Unlike the simulation result of extra capac-
itance, the value of the extra inductance has significant dependence on both the length and
width of the gap. This is because both the length and width of the gap will increase the
current loop area thus increase the extra inductance. The simulation results shown in table

2 tells that the extra inductance increases with either the length or the width of the gap.

2.1.3 CG (Conjugate Gradient) and FFT method for the MOM solution of

integral equation

To reduce the computational time of the static analysis. first we introduce CG method
[28] in the solution of the matrix equation. Compared with conventional matrix inversion.
which has a computational time of the order of .V3 (.V is the size of the square matrix and
the computational time is mainly counted for the multiplication operations). CG method
reduces the computational time to the order of C.N2. where C accounts for the iteration
times and how many matrix times column vector operations in one iteration. N2 is the
computational time for the matrix times column vector operation.

To further reduce the computational time. we noticed that the distance invariant char-
acteristics of the impedance matrix element. Because of this character, we implemented
FFT method for matrix times column vector operation. which reduces the computational
time from N2 to .V log, V. thus the total computational time of CG-FFT is CN log, .V for

our static analysis.

2.2 Full wave analysis of the gap discontinuity with bypass capacitors

For higher frequencies, quasi-static analysis can no longer give reasonable results because of
the increasing influence of wave effect. For such short wavelength. discontinuity can exhibit
obvious wave phenomenon such as radiation and resonance. Full wave analysis is usually
introduced to account for those wave effects at high frequency [29]-[33]. In this section. we
introduce a full wave analysis for the gap discontinuity with bypass capacitors.

The approach is formulated using reciprocity theorem. equivalence principle and spatial
domain magnetic field Green's function for the layered medium [34](35]. The MFIE (mag-
netic field integral equation) technique [36][37] was used to set up the integral equation. The



boundary condition for capacitor is derived from the discontinuity of tangential magnetic
field due to the displacement current in the bypass capacitor. At last. Method of Moment
solution was obtained for the integral equation using RWG basis function.

In the past analysis of microstrip problem. the layered medium Green'’s function used
was either expressed using spectral domain Green's function [38]-[42] or in the spatial do-
main using mixed potential [43]-[46]. For the spectral domain approach. the evaluation
of impedance matrix elements is slow due to two dimensional spectral domain integration
and slow convergence of the integration. For the spatial domain approach using mixed
potentials. because of the inherent doublet (one positive and one negative) in transferring
the spatial derivatives to the basis and testing function. the method requires effectively
taking the finite difference of layered medium Green’s function. In this paper. we use spa-
tial domain magnetic field Green's function. Recently. we showed that the electromagnetic
fields Green's function in the spatial domain can be computed using extraction technique
(34]{47] and used to formulate integral equation. Also they can be used to compute the
impedance matrix elements without need of mixed potential. In [48]. it has been shown
that the impedance matrix elements obtained from this approach are the same as those
obtained by spectral domain approach. As for the MoM solution. we choose RWG basis
function [49] that can be applied to arbitrary shape of discontinuity and when the bypass
capacitors are present.

Numerical simulation results are also illustrated. Simulations were made on different
kind of geometries. which includes: 1) gap without bypass capacitors nor second reference
plane. 2) gap with various bypass capacitor values and locations, 3) gap with bypass ca-
pacitors and a second reference plane. Salient features of the simulation results give us the
following conclusion: 1) When gap is wide, the current on the ground plane will have to
take detour around the gap and result in large inductance. 2) A second reference plane
can provide a path for the current and reduce the series impedance. 3) Bypass capacitors
can reduce the impedance and also increases the resonant frequency of the gap. 4) The
larger the capacitance. the greater the effect in reducing the impedance. However for low
frequency, a large capacitor is required to provide the path for the current. 5) Bypass ca-

pacitor placed at the center (directly under the gap) produces larger inductance reduction
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than capacitor placed on the side.

2.2.1 Formulation

Applying reciprocity theorem [50]. the voltage reflection coefficient is:

R=—2}Z/]sgdss-(fgxﬁ") (15)

where S, and Z. are the surface of the gap and characteristic impedance of the mi-
crostripline. respectively. E, is the electric field at the gap. k" is the normalized modal
solution of magnetic field inside the substrate due to the microstripline when there is no
gap. The normalization is [[ dydz-Z- (@™ xh") = L. It is calculated by using the Method
of Moment to solve for the microstripline current distribution and then obtain the magnetic
field from the current distribution on the microstripline.

The equivalence principle is used to replace the unknown gap electric field by equivalent
magnetic surface current M, = —E x 7i. For the case when there are no bypass capacitors.
the integral equation is set up by enforcing the continuity of the magnetic fields above and
below the gap.

a) Fields above the gap:

1
Ve

Ha(F) = (1 - R)~—=R"(7) + / /‘dx:'dy'ﬁ”‘"a (F.F) - TTu(F) (16)

EHMG (F.7') are the tangential components of the dyadic Green's function of the mag-
netic field created by magnetic surface current. In EHMG (F.7) . the superscript a represents
“above the gap”. The spatial domain magnetic field Green's function can be expressed such
that it depends on p and has simple dependence on o. -EHMG (F.7) can be decomposed into
primary and response field. the primary field is 2 times the homogeneous medium Green’s
function (the factor of 2 is because of image theorem). and the response field is the response

for the layered medium.

(77)=Gp (F.¥)+Ggr (r.7) (17)
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Gp (FF) = —j2we (7 + Z%vm,) e;::p (18)
Tr "(FF) = Fghe (z-2y—y)

+ (XY + IF) gy (x ~ oy =)
TGk (- 2y = V) (19)
Ghee (=L .y-y) = sin® oWpg,(p) - cos® oWg.(p) (20)
Ghey (£ =2y —y) = =sinocoso (Wg,(p) + Wga(p)) (21)
Gy (£ =2y =) = cos’ oWf,(p) - sin® oW, (p) (22)
where k) = w,/pe] is the wave number of the dielectric material. w is the angular

. e — < I oG —_ 50 L ~d .. . .
frequency. & ~ 1 = pcoso. y =y = psino. V, =I5 + Y35, is transverse del operator.

Wgo(p) and W (p) are in the form of Sommerfeld Integral:

ca g wE k
Wholp) = = wdk,,k—:’_
-], i Rr{;}_\!e—b’kx:hl ‘ff: Jy (kpp) R;I;)Ee-:zjkl;hl 23
A HeR) T RIgTe~2k:hl ~ 47 kyp |+ RIFe—2ki:h (23)
. wsy A
Wholp) = —Tl S[Pdkpﬁ
[ Ji (kop) RTMe—2kihe LT):J' op) RTEe~2ikizh (2
kop 11— R’ﬁi”e—‘ljk“hl N k% L 1% 1+R%Ee‘31k\:h1 <
where
rar _ Sokis —eik: .
Rm - Sokl: +51k: (-5)
ki — k-
TE _ Nl — ks )
Rio ki — k- (26)

ke = (k2 —k2 (27)
: = Bk (28)

k = w,/ugg is the wave number of the free space. J; is the Bessel function and SIP

Lol
—

[

i

stands for Sommerfeld Integration Path.

They can be evaluated by using extraction as stated in [34] and [35]. Because W3 (p) and
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Wg,(p) depend only on p. they can be tabulated and looked up when evaluating impedance
matrix elements. Note that the primary field is singular at ¥ = 7 while the response is not.

b) Fields below the gap:

Ho(F) = — / / ddy T (7. F) - 3T(F) (29)

The integral equation is obtained by enforcing the continuity of the tangential magnetic

fields above and below the gap. which is H(F) = H(F).

Etnc (?) ( 30)

[ =HAMb =HAMa —_—
-// ddy (@ (R +C (R ) M) = (1 = R)

From equation (15) and (30). the unknown magnetic surface current M, and reflection
coefficient R can be solved. After the reflection coefficient R is found. the equivalent series

impedance Z. of the gap can be calculated from [50]

(31)

2.2.2 Boundary condition for bypass capacitors

To model the effect of the bypass capacitors, we use the equivalent model in figure 5 and

apply the integral form of Ampere’s law § H-dl = [[ :%? -Tida to the capacitor cell. which
will give:

Wo(Hay — Hyy) = jwsE 8W, (32)

where 6 is the thickness of the capacitor cell in z direction. and IV, is the width of the
capacitor cell in y direction. This is a simple approximation to simulate the effect of a
capacitor at the gap. A cell like this will give a capacitance of C. = 5%.

Equation (32) can be written as:

W(Hay — Hy,) = jwC.E;W, = juC.V (33)

where V' is the voltage across the gap. Equation (33) states that the discontinuity of

the magnetic fields above and below the capacitor cell equals the displacement current
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in the capacitor. Also note that E; = M,,. Only the § component of magnetic field is
discontinuous.

Let

C.W,
W,

= 0 otherwise

C(z.y) = for capacitor cell (34)

We get the boundary condition for the tangential magnetic field as:
Hy~Ha = —jwC(r.y)yls, (35)
The integral equation for gap with bypass capacitor is:

“r =FHAMb =HNM —_— = 1l —mn
- // dr'dy’ (G (F.7)+G ¢ (F.7)) M (F) = jwC(x. y)gMey(F) = (1 = R)—Zh (7)
' (36)
This is the general form of integral equation for gap discontinuity which will reduce to

(30) simply by setting C'(z.y) = 0.

Basis function for MoM In solving the integral equations using the MOM method. com-
plete domain basis function [51] as well as RWG basis function was investigated. Complete
domain basis function has the advantages of being simple and fast. but it is less accurate
and rigorous at high frequency and cannot be applied to arbitrary shapes of discontinuity or
with the existence of bypass capacitors. On the other hand. being a vector basis function.
the RWG basis function has the advantage of being accurate and stable at high frequency.
and it can be applied to arbitrary shapes of discontinuity as well as the existence of bypass
capacitors. The disadvantage of RWG function is its relatively low computational speed.

Here we choose RWGQG basis function.

2.2.3 Results and discussion

Normalized impedance was obtained for a frequency range from 100MHz to 10GHz, resonant

effect was observed from the numerical simulation. Gap with bypass capacitors and second
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ground plane was modeled by using RWG basis function. The effect of different values
and locations of bypass capacitors was investigated; numerical results were obtained for the
serial impedance and the resonant frequency.

In figure 1, region 0 is air. the parameters used in simulations are dielectric permittivity
£1 = 2.2¢¢ in region 1, stripline width W, = 0.3cm, gap width W, = 0.05¢m in & direction.
gap length L, = 8cm in y direction. The thickness of the dielectric layer above the first
reference/ground plane is h} = 0.1cm. We consider the cases with and without the second
reference/ground plane. For the case without the second reference/ground plane ., the
medium below the first reference/ground plane is air with s, = 1. For the case when
the second reference/ground plane is present. the separation between the first and second
reference/ground plane is hy = 0.lem. the medium between these two planes has relative
dielectric permittivity of 2.2.

a) Gap without bypass capacitors and second reference plane: Figure 6 shows the nor-
malized series impedance Z,, = Z./Z. of a gap in a single layer structure without bypass
capacitors nor the second reference plane. The calculation was made with 511 RWG basis
function in the y direction along the gap and with one cell in the .r direction. The solution
was stable with the variance of the number of basis function. RWG basis function gives
more accurate results than one dimensional roof-top basis functions for this problem. For
low frequency below 500 MHz. the resistance is small and the inductive reactance is linear
with frequency. The series inductance can be extracted from the relation Z, =~ jwL. which
gives Lo = 1.15nH for this case. As frequency increases. the resistance and the reactance
increase until a resonance is reached. The resonance for this case occurs at 1.55GH =.

b) Gap with various values of bypass capacitor placed at the center: Figure 7 and 8 show
the normalized impedance Z, of a gap with different values of bypass capacitor placed at
the center (right under the microstripline). The second reference plane is absent in this case.
Comparing the impedance and resonant frequency in figure 7.8 and figure 6. it can be seen
that bypass capacitor can greatly reduce the series impedance of the gap. The resonant
frequency is also increased. The larger the bypass capacitor, the smaller the impedance
and the higher the resonant frequency. However. as the bypass capacitor increases beyond

0.01uF in this case, the resonance frequency approaches the limit of 2.95 GHz. With a
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bypass capacitor at the center of the gap, most of the current will continue through the
capacitor in the form of displacement current instead of detouring around the gap. This
greatly reduces the inductance of the gap. The presence of the bypass capacitor at the
center virtually separates the gap into two parts. thus decreases the gap length and results
in a higher resonant frequency. Figure 7 also indicates that the resistance is also greatly
reduced.

To further illustrate the effects of bypass capacitors we plot the electric field (magnetic
surface current) at the gap as a function of y in figzure 9. The bypass capacitor is at the
center and the frequency is IGHz. We know that without the bypass capacitor. the electric
field assumes the dependence of a half cycle cosine dependence. When the bypass capacitor
is present. the electric field dips at the center. As the capacitance increases. the electric field
at the center continues to decrease until it dips to zero. The electric field at the capacitor
approaches 0 as in a conductor. In fact. at high frequency and for large capacitance. the
capacitor cell behaves like a conductor.

c¢) Variation of locations of bypass capacitors: Here we compare with the case when
there are two capacitors. one on each side of the gap. Figure 10 shows the imaginary part
of the normalized impedance of a gap with 100pF capacitor at the center compared with
two 50pF capacitors at each side. The location of the two bypass capacitors are respectively
at —1.51 cm and 1.51 cm. The result shows that capacitor placed at the center is more
effective in reducing inductance than capacitors placed on the two sides. This indicates
that two bypass capacitors cannot be simply treated as two shunt capacitors with addition
of capacitance. Figure 11 shows the electric field at a gap with two bypass capacitors on
each side compared with one bypass capacitor at the center. The electric field dips at the
locations of the bypass capacitors. Capacitor at the center has better effect in reducing
inductance because the electric field of a gap reaches the maximum at the center and a
capacitor at the center will bypass the displacement current more effectively. The A, of the
microstrip line reaches the maximum under the microstrip. Thus decreasing the E, directly
under the microstrip will result in the most reduction of the reflection coefficient.

d) Effect of a second reference plane: Figure 12 and 13 shows the real and imaginary part

of the normalized impedance of a gap in a double layer structure when the second reference
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plane is present. Compared with the normalized impedance of a gap in single layer structure
in figure 6, we can see that the second reference plane helps to reduce the impedance of
the gap even without the bypass capacitor. This is because the second reference plane also
has bypass effect for the current because the current can reach across the gap in the form
of displacement current by detouring to the second reference plane. The current on the
first reference plane will go to the second reference plane when it meets the gap, and then
go back to the first reference plane after it passes the gap. In fact, the first and second
reference plane virtually form a parallel plate capacitor and bypasses current around the
gap. However a bypass capacitor directly placed at the gap will have larger reduction in
impedance as shown in figure 12 and 13.

e) Low frequency inductance extraction: Table 3 tabulates the low frequency inductance
of each case. It is shown that same capacitor will have different effect on the reduction of gap
inductance at different frequency range. We can see that at 500M Hz. a 125pF capacitor
will reduce the inductance to 6.16pH. while at 100M H z. it will only reduce the inductance
to 42.29pH and we need a 0.0125uF capacitor to reduce the inductance to 4.25pH at
L00M H=. Since the signals on the PCB have frequency components ranging from several
hundred mega Hz to several giga Hz. it is necessary to use large capacitor to reduce the low

frequency inductance.

2.2.4 Conclusion

A method has been presented to solve gap discontinuity in multi-layered structure with
bypass capacitors taken into account. In the evaluation of impedance matrix elements
in Method of Moment solution of integral equation. spatial domain magnetic field layer-
medium Green'’s function has been used instead of spectral domain Green's function. Also
with the introduction of bypass capacitors at the gap. RWG basis functions are used to
represent the magnetic current at the gap. Gaps with different values and locations of
bypass capacitors in a multi-layered structure are simulated. The combination of RWG basis
function and spatial domain field Green's function in layered medium can be a powerful
technique in analyzing all similar discontinuity in multi-layered high speed printed circuit

board. The use of spatial domain electromagnetic fields Green’s function can speed up the
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evaluation in several orders of magnitude and make large number of basis function possible.

This approach can find application in PCB simulation software for similar discontinuity

problems.

Table 1: Excessive capacitance of gap

Gap Width | Gap Length | Excessive Capacitance
lmil 128mil -5.63e-18
4mil 128mil -8.87e-17
4mil 256mil -8.86e-17

Table 2: Excessive inductance of gap

Gap Width

Gap Length

Excessive Inductance

1mil 128mil 1.86e-10
4mil 128mil 2.67e-10
4mil 256mil 5.65e-10

Table 3: Extracted inductance of gap for different bypass case

Inductance 100MHz | 500MHz
w /o second ground | w/o bypass 105.7pH | 115.5pH
bypass of 1.25pF 104.1pH | 81.03pH
bypass of 125pF 42.29pH | 6.163pH
bypass of 0.0125uF | 4.254pH | 3.600pH
w/h second ground | w/o bypass 33.69pH | 37.64pH
bypass of 125pF 22.29pH | 5.131pH
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Figure 3: Charge density on the strip and potential distribution at the gap
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Figure 5: The equivalent modeling of bypass capacitors at the
gap. The ratio in the figure does not reflect the real parameters.
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Figure 6: Normalized series impedance of a gap without bypass
capacitors in single layer structure.
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3 Single via structure

3.1 Introduction

In order to provide good routing in densely packaged integrated circuits, vias have been
extensively used in high speed circuit to connect signal traces residing on different layers
of a multi-layered printed circuit board or packaging structure. Because of the different
impedance of vias with the signal traces. they will create reflection and radiation: also be-
cause of the special vertical via structure in multi-layered geometry, there is much radiation
inside the parallel plate structure: and the long return path in vertical via structure often
result in unwanted inductance which causes severe problems like ground bounce and mutual
coupling. All these significant signal integrity problems happen in high-speed circuit design
and need to be addressed appropriately.

In the past. different types of vias have been investigated using different methods. The
inductance of a via connection of two striplines was analyzed {52] by using the partial
electric element circuit (PEEC) model {53]. The capacitance and inductance of a through-
hole via has been analyzed using quasi-static approach [54]-[36] or empirical formulas [57]. A
circularly symmetric via has been modelled using quasi-static approach [58]. More recently.
full wave analysis has been applied to through-hole via geometry [59]-[61]. The vertical
via structure in multi-layered geometry has been analyzed using equivalent circuit and
microwave network analysis [62](63]. Also a differential via pair has been analyzed in [64].
However some of these analysis are only for low frequency range, some are only for through-
hole via instead of via in multi-layered structure. and some analysis need special feed-in
assumption and symmetric structure.

In our formulation in this chapter, we analyze the vertical via in multi-layered structure.
Using equivalence principle, the problem is decomposed into interior and exterior problem.
The interior problem consists of magnetic sources between plane conductors and with cylin-
drical via structures [65]. The interior problem is solved using the dyadic magnetic field
Green'’s function based on cylindrical wave expansion {?] that is suited for cylindrical vias.
The via cylinders are modeled as scatterers inside parallel plate waveguide structure, and

cylindrical wave expansion of Green’s function is obtained for this structure. The Green’s
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function is further expanded into waveguide modes. Scattering of waves by the via is de-
scribed by T-matrix coefficients. This is straight forward in physical meaning and can be
further implemented later when dealing with multi-via structure.

For the multi-layered structure, it is decomposed into several single-layered via structure,
the admittance matrix of each section obtained from single layer analysis is transfered to
transfer matrix and these transfer matrices are cascaded together to give the final transfer
matrix of the multi-layered via structure. Simple analytic formulas are also derived for the
short via limit which indicates an inductance and a frequency dependent resistor.

The exterior structure of the via is analyzed using the method in [60] and combined with
the interior structure formulation by relating the port voltages and currents. Comparing
with the derivation in [65][62] and [63]. the cylindrical wave expansion of Green's function
approach is much straight forward in physical meaning and much more flexible in treating
different size via coupling later because unlike even- and odd- mode analysis. it does not re-
quire symmetry in the structure. This approach also allows varies types of feed-in structure
in that the decomposition of interior and exterior problem isolated the feed-in structure
from the interior structure.

The cylindrical wave expansion of Green's function between two parallel plates is derived
first. It is then used as primary wave for a cylindrical scatterer and gives the Green's
function for a cylindrical scatterer between two parallel plates. Based on this. given voltage
at the via aperture. a magnetic current ring source is used to excite cylindrical waves of
magnetic field inside the parallel plate. and the currents on the via cylinders are obtained
by doing contour integral of magnetic field around the via cylinder at interesting points.
With current and voltage. the admittance matrix of a single via in single-layered structure
is obtained. The analysis is quite straight forward in that it only utilizes the magnetic field
Green's function and the definition of admittance. While in [62]. the admittance was given
after using image theorem and tricky setup of equivalent circuit and analysis of incident
and reflected wave of coaxial cable.

Further more, we use the technique in [60] to analyze the exterior structure of the
vertical via and combine it with our interior formulation to give the complete propagation

characteristics of the entire structure. To verify the correctness of our formulation, the
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admittance Y, and Yic of our formulation has been compared with those of {62] using
their parameters. The results show very good agreements. Combining with the exterior
structure, we give the scattering parameter of an entire via structure. Numerical results
of the scattering parameters are illustrated for a large frequency range and for various

multi-layered via configurations.

3.2 Formulation

Figure 14 shows several typical single vertical via structures on printed circuit board. To
formulate the propagation characteristics of the entire via structure. we decompose it into
interior and exterior problem as in figure 15 by sealing via apertures using equivalent mag-

netic current sources.

3.3 Interior Problem

To solve the interior problem as given in figure 15. the cylindrical wave expansion of dyadic
magnetic field Green's function of a cylindrical scatterer in terms of waveguide modes is
derived. The via cylinders are then modeled as conducting cylindrical scatterers between
these two PECs. Based upon the Green's function. we excite the structure using a voltage
source at the port, which is equivalent as a magnetic current ring source at the via aperture.
The electric currents are then found on the surface of via cylinder by doing contour integral
of magnetic field. In this way. the admittance matrix of the via is obtained which fully

describes the interior structure of a single vertical via.

3.3.1 Cylindrical wave expansion of Dyadic Green’s function Between Two

PECs

Consider two perfect electric conductors at = = d/2 and =z = —d/2. Let the magnetic current
source 2’ be between the two PECs. Let us also consider the case when the magnetic current

source sheet M, flows in the horizontal plane.

H = —jus / f dx'dy’ﬁ(a-r’) - M L(F) (37)



The Green’s function is

Qll

=Gp+Gr (38)

where Ep and ER are respectively the primary Green'’s function and the response Green's
function. The Green's function of two parallel PECs [66][67] will be the primary field for
this case as the source between two parallel plates generates the incident field onto the
cyvlindrical scatterer.

In the following we use upper sign for = < 2. lower sign for z > /. and let I=, =IT+yy

be the transverse dyad.
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where
= 1 foré =0
fo = 3 ort=
= 1 foré=1.2 ... (41)
n = y/p/< is the wave impedance, and k_; = %", 1=0.1.2,

The magnetic modal solutions are defined as follows:

RoHL" (ky. k.. 2)

1 —jk.x —_ - .z — —- —Jn
= :.27]{6 Jk"‘Rgn,,(kp. k..p) — el*: Ryt (kp. —k:.p)}e Jne
_eTme ;’3)" ok J (k,p) coa(ku) S"T%Jn(kpp) cos(k.z) (42)
n —:-,fJn(kpp)jsirl(k::)
RgH.M (k). ke 5. 2)
- 2J_, {7752 Ry (kp. k. ) = 2%+ RyTTin (k. —h.F) } ™70
— .] AJn“ -Jno Al ~ qe
= LA son) - B8 o0) e cos( ) (43)

where k, = \/A? — k2 and Rg stands for regular with Bessel functions being used. Without
the Rg. the corresponding functions are Hankel functions of the second kind.

The two vector cylindrical wave functions are.

~Jjn

Tn(kp. ks B) = —p;HS’(kpp)-8ka,‘.'3"(kpp) (44)
- k ke (o ~nks o K2
Talkp kD) = —P2=HP (kyp) — O HD (ko) + 2 HD (kop) - (45)

The summation of the modal solutions starts with £ = 0 for T/ waves. and starts with

¢ =1 for TE waves, and the summation of harmonics are for n = —o0 to oc.
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3.3.2 Dyadic Green’s function of a cylindrical scatterer between two PECs

The above is the cylindrical wave expansion of dyadic Green’s function between two parallel
PECs. To include vertical via into this structure, we model the vertical via as conducting
scatterer and look into the Green’s function of two parallel PECs with vertical conducting
cylindrical scatterer. The Green's function of the previous section will be the primary
Green’s function for this case. The response Green's function for this case is due to the
cylindrical scatterer.

Because the via cylinder (where the field points are on) always has a smaller radius than
the via aperture (where the source points are on). we have p < p’ in the formulation.

First we consider the case of upper port where the source is at 3’ = d/2. We only need
the Green’s function for =z < /. Thus. letting =’ = /2. we have:

For = < d/2. p < . from equation (39):

5,»(?.?’)-7,
_ n (_1)71—7-2
=
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RGALM (ko ke 5. 2 + /2T _n (ke kene. P )e ™ - 1,
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50 2 k2, fe
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—TFE — —_ —no’ =
RgH, " (kpe. ke p. =+ d/2)T_n(kpe. kze. P )e™ " - Iy (46)

. . —=T M . - N .
For response Green's function. RgH,,” has a scattering coefficient of TV for scattering

by a cylinder. RgﬁIE has a scattering coefficient of ,(,‘"). Thus the response Green’s



function of the cylinder is:
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N ; . . .. .
,(. ) and T,(lw) are obtained by forcing the boundary condition that the tangential

electric field must be zero on the cylinder surface:

; Jn(k,
TV = T = _——(() ot) (48)
Hy ' (kpea)
) (k
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Hn (kpfa)
Next we consider the case for lower port where the source is at ' = —d/2. We only
need the Green's function for = > /. Thus. letting 2’ = —d/2. we have:

For z > —d/2. p < /. from equation (39):

G(F.7)- I,
= =) ——/
22 R
RGHL " (kpe. kot B = = d/2i_n(kpe. ket P)e™ - T,
1)n+l

in (—
5520 o fe
2d ; =
RGHLE (Kpt, ket B. = — d)2)T—n(kpe. kst . F)e ™ - T, (50)

The response Green's function of the cylinder can be written in a similar way as equation
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(47):

_1 n+¢€
= _% : LZ fe
" ndt pl

I:SAV)H (Apl ,‘"l p "—d/‘) m-—n(kpl A"l p) Ulml ,Tt

lf] (_1)n+€f
/A o e A5
2d & k2,
TODHLE (kpg. kag B2 — df 2T n(kpe. koo . B )e™ - 1, (51)

3.3.3 Magnetic field and surface current density on the cylinder

For vertical via formulation. we let the source be at p' > a where a is the radius of via

cylinder. We have. for the magnetic field:

H
n-f-l 7T M . 9
—_ J_Z 1) RgHu ( "ot - A-’l /) :td/ )
2d — T(V)Hr”(k,,e.k:bﬁ.:-j;d/‘z

[ B nthi ket B0 T (7)

k(=T RGH L (kpe. kee. P. = % d/2)
b= o JE

47 ko +TVEEE (k. koo 5.z £ d/2)
[ B nlbie e 7V T () (52)

Hence the surface current density on the surface of the cylinder is obtained by setting
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k )" oy
- i._dZ-(—kg—feJm (kp. ke = £ d/2)
2 e

k _1yn+é _
+5 O T b ke 2 d)2)
2d k=
n.t pt
/ dﬁlﬁ-n(kpl-k:t-ﬁl)ejmo%' ‘_[s (7’,) (53)

where the modal solutions of surface current density are

—TE _"—“2‘,—“6—1"0 Allk: A/\'z. .

Ton (kp ko 2) %)'(A_)— —:—l;z— cos (k:z) -'l-(f)-lf'_] sin(k.z) (54)
n 'pa

'—i;l;;‘[(kp' k:':) =z '177—11 {COS k;:}e"""" (55)

TH® (kpu)
3.3.4 Admittance matrix of a single via:

To obtain the admittance matrix of a single via. we excite the structure using voltage sources
and obtain the corresponding current on the cylinder at each port. For a voltage source at

the aperture. it is equivalent to a magnetic current ring source due to equivalence principle:
YN =FExn (56)

where 7 is the normal unit vector to the aperture surface.

Assume the via cylinder centers at p = 0. then for the upper source V, at = = d/2. the

magnetic current ring source is:

Vi
7/ln 2

M, (7)) =- o5 fora<|p|<b (57)



35

For the lower source Vj, at =’ = —d/2, the magnetic current ring source is:

-— Vi
My (F) = Ip'llb bo , fora < |F| <b (58)

Substitute the above equations into equation (53) to calculate surface current density

Js. We have:
[ e et "% T, (7)

- Vs [H (ko) - HE? (kpea) (59)

where V =V, for M,, and V =V} for M,,. The Kronecker delta &n0 is because there is

no azimuthal dependence of the source.
Also because Tip(kye. k2. p') = 0. we have:

[ Bl ke 2V T, () =0 (60)

which indicates that for a magnetic current ring source which is azimuthally symmetrical

only TV mode will be excited in this structure.

The surface current on the cylinder in the positive z direction is:

I, = 2zald,-3

- ¢
= _A'l"bfz(_l) fi 1 {cosk.(z£d/2)}

> [4 ps)
nding 4 k;e H (kpa)
[H{, ) (keb) — (Lpga)] (61)
The admittance matrix of a two-port network is defined as:

Iy Yiu Y2 %
_ 11 N 1 (62)

Iy Yo Yo Va

=d/2). [y =I,(z2=—-d/2) and V) =V,, Vo =V,.

where: [, = —I,(z



36

From equation (61), we can easily obtain:

dmwej HS® (kb
Yu = ( w,,J) -I{.—f- ?T)(-pl—)—l (63)
dln 3 pe | Hy ' (kpea)
drwej =1)(=1)fy [ HS? (K oeb
dlnz ! pl HO- (kpga)
and due to symmetry:
Yo = Y2 (65)
Y_r_) = Y“_ (66)

3.4 Exterior Problem

We solve the exterior problem using MOM techniques following [60]{61]. The exterior part
of a vertical via could be modeled as a thin wire terminated with a hole on the ground
plane [60](61]. This problem could be further decomposed into a short circuit problem and
a wire antenna problem (figure 16).

In short circuit problem. incident wave is excited at one end of the wire with amplitude
of A. Integral equation is then set up on the surface of the wire by enforcing the tangential
electric field equal to zero on the wire surface. The basis function used here is piecewise
sinusoidal basis function. and half sinusoidal basis function at each end. After the current
distribution on the wire is obtained. the reflected wave amplitude B is extracted out using
matrix pencil method. The current at the short circuit end I,. due to unit incident wave is
calculated.

Similar technique is used for the wire antenna problem. with an additional voltage source
V (equivalent magnetic current source) at the via aperture as the driven source for antenna.
Using this excitation. we calculate the transmitted wave B and the current at the input

end I. Analyzing these two problems and synthesizing them will give the following matrix



37

equation relating the incident, reflected waves at the port and the port voltage and current:

B _ Lse Tane 4 (67)

I Iic Yan: | %
Here Yon, is the input admittance of the wire antenna in figure 16: T,y is the amplitude
of the transmitted wave in wire antenna with a unit voltage source across the aperture: I',,
is the reflection coefficient of the short circuit problem in figure 16: I, is the current at the
short circuit end in figure 16 when the structure is excited with a unit incident wave. 4
and B are the amplitudes of incident and reflected waves at the port. V and [ are the port
voltage and current at the via aperture. In this chapter. the exterior problem is the same

as reference {60}{61]. It consists of a wire bent at the pad and the height is labeled as h.

3.5 The combination of interior and exterior problem

The combination of the solution of the interior and exterior structure is carried out by re-
lating the port voltage and current at the via aperture. Due to the decomposition technique
we used here. interior and exterior problem are completely isolated with each other. which
allows us to take care of each other separately and if necessary. modify and refine each
problem without affecting the other. Also because of the relation between the interior and
exterior problem is based on voltage and currents. we don’t need to worry about the higher
order modes which usually happends at network junction. those have already been taken

care of in each sub-problem.

3.5.1 Single-layered via

By solving the interior problem in figure 15. the port voltage and current are related by the

admittance matrix:

[u Yll Yl?. Vu
= (68)
Iy Y2 Yoo Vb

By solving the exterior problem in figure 15. we have the following matrix equation for
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upper port 1:
Bl — l-'scl Tantl Al (69)
Il Iscl Yantl Vl

and the following matrix equation for lower port 2:
B?. — rch Tant‘l A'l ( 70)
1‘3 Isc'l Yant'.! V.’

From figure 15. we have the following relation of the voltages and currents of the interior

and exterior problem:

L, = -1 (71)
L = —I (72)
Vo = W (73)
Vo = 15 (74)

In order to obtain the scattering parameters of a single vertical via structure. we give
a unit incident wave at port 1. A; = 1. and have port 2 terminated with matched load.
which means A; = 0. Combining equations (68).(69) and (70). we have the following matrix

equation for the entire via structure:

[ 1 0 - antl 0 0 0 17 Bl W [ l-‘::cl. W
01 - antl 00 0 Il Iscl
0 0 0 I 0 —Tgne |7 0
= (75)
0 0 0 0 1 —Yane B 0
01 Y 00 Yo I 0
00 ¥Yu 01 Yo ||[Ww] | 0

Solving equation (75) gives the reflected wave By at port 1 and transmitted wave Bs at
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port 2, and the scattering parameters of the structure are given as follows:

Su = Bi/Ai=B (76)
Si2 = B2/A;=B> (77)

For a symmetric via structure, So; = Sja, Sy = S);; for an asymmetric via structure.
S21 and S22 can also be easily obtained by the same process by exciting the structure at

port 2 and have port 1 terminated with matched load.

3.5.2 Multi-layered via

For multi-layered geometry, we decompose the structure into several single-layered vertical
via and cascade these single-layered structure in the means of transfer matrix. We first
convert the admittance matrix of a single-layered via to its corresponding transfer matrix.

For admittance matrtix. we have:

I, Y. Yo Vi
- 1 n 1 (78)
Iy Yoo Yo 2
For transfer matrix. we have:
Va A Arn 1%
_ 11 12 1 (79)
I A Ao I,
Here I, = I} according to the definition of admittance and transfer matrix.
The conversion from Y matrix elements to 4 matrix elements is as follows:
Y
A = -
11 Yis (80)
4 - L (81)
A = 7
_ . YooYy
Ay = Yo, + Y (82)
Am = _Yn (83)
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For multi-layered geometry, we can have:

Vaa == = | W
= A Ap1... 4 (84)
! I
nb u
and A = A, A,_,...4] is the total transfer matrix for the multi-layered vertical via structure.

To obtain the scattering parameters of the multi-layered via. the total transfer matrix A
is converted back to the admittance matrix Y and equation (75) is again used to calculate
the scattering parameters. The conversion from Y matrix elements to A matrix elements is

as follows:

_An
Yn = s (35)
. 1 .
Yio = s (36)
) A A -
Yo = —-4-.)1%-_1—”“ (87)
. A ) .
Yo _T[-—_) (38)

3.6 Analytic formula for short via limit

For the case of short via limit in which the layer thickness is much smaller than the operating
wavelength (kd << 1). there can be analytic formula derived for the vertical via. Because
the short via limit is actually most of the cases in real PCB and eletronic packaging structure.
the analytic formula gives intuitive characteristics of the via structure and helps engineer
in the prototype of digital design without sophisticated simulation tools.

Note here that d is the layer thickness and not the via length as there are sections of
via outside the layered structure. The section of the via outside the layers is included in
the exterior problem. Also assume that the via radius and via aperture radius are much
smaller than the operating wavelength (ka << 1.kb << 1). Then we retain only the £ =0
term in equation (63) and (64) for admittance.

Using a small argument approximation for the Hankel function in equation (63) and
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(64), we have:

(89)

where v = 1.781. This can be expressed in terms of a simple series impedance for the short
vertical via structure:
d ~k T
Z = jut= [- log <’—)") —j;] = juL+R (90)

o &

Note that the inductance L and the resistance R given above are frequency dependent.
For the case of multi-layered via. using the transfer matrix cascading approach, we find
out that if the total length of the entire via through all the layers is still much smaller
than operating wavelength. then the above analytic formula is still valid with d replaced
by the sum of the lengths of via section in different layers. which means d corresponds to
the total length of the via inside the layers. In fact. short via limit is actually quasi-static
limit in that the discontinuity (the vertical via in this case) dimension (here d. b and a) is
much smaller than the operating wavelength. And in quasi-static limit we know that the
magnetic field inside parallel plate structure is nearly the same as a vertical cylinder. thus
a single-layered via of length d has nearly the same effect as a multi-layered via of total

length d. Notice again this is only for short via limit where quasi-static applys.

3.7 Results and Discussion:

Figure 17 shows the scattering parameters of a single-layered vertical via. Comparison
was made between the approach in this paper and the approach mentioned in [62]. The
reason we only compare for single-layered structure is because multi-layered structure can
be decomposed into single-layered structure, also the simulation of exterior structure has
been totally separated from the simulation of interior structure. To make the comparison,
we use the same configuration as the reference with a coaxial cable as the exterior problem.

The parameters are: the inner radius of the via a = 0.457 mm, the outer radius of the
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via b = 1.524 mm, the layer thickness of each layer d = 1.524 mm, with a layer relative
dielectric constant of . = 2.2. The coaxial cable has the same inner and outer radius as
the via and it also has a relative dielectric constant of ¢, = 2.2.

There are also other intermediate results can be used for comparison. For example, in
our approach. it is also very convenient to obtain short circuit admittance and open circuit
admittance. Simply apply an odd excitation voltage at both ports. we will get the short
circuit admittance Y,.. and apply an even excitation voltage at both ports, we will get the
open circuit admittance Y.

Figure 18 shows the propagation characteristics of a through hole via, a single-layered
vertical via and a 9-layer vertical via. The inner radius of the via a = 5 mul, the outer radius
of the via b = 15 mil. the layer thickness of each layer d = 10 mil. with a layer relative
dielectric constant of s, = 2.2. For the exterior parameter. the wire radius is the same as
the via inner radius. the wire bend is at A = 40 mil. Figure 19 shows the loss comparison
of these three kinds of vias. The loss is defined as L = 1 — |Sy;]® — |Sa1[*. Loss is due to a)
radiation by the wire along the planar waveguide. b) discontinuity at the wire bend and the
via aperture. c) parallel plate waveguide modes excited between metal layers. We can see
clearly that a through hole via has the least radiation loss: a single-layered vertical via has
more radiation loss because of the parallel plate waveguide effect of the interior structure:
a 9-layer vertical via has the most radiation loss among the three due to the large number
of parallel plate waveguide it passes through all the way.

Figure 20 shows the loss comparison of a 9-layer vertical via with different layer thickness.
The parameters used in the simulation are the same as in figure 18. except the layer thickness
of each layer d = 10. 12. 15 mil respectively. The comparison shows that radiation loss of a 9-
layer vertical via increases as the layer thickness increases. Figure 21 shows the propagation
characteristics of this 9-layer via with different layer thickness. The comparison shows that
the transmission decreases as the layer thickness increases.

Figure 22 shows the loss comparison of a vertical via with different number of layers.
The parameter used in the simulation are the same as in figure 18. except the number of
layers is 1,6 and 9 respectively. The comparison shows that the radiation loss of vertical

via increases significantly as the number of layers increases. This is because the more layers
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there are, the more energy will be radiated out through the parallel plate waveguide. Figure
23 shows the propagation characteristics of vertical via with different number of layers. It
shows clearly that the transmission decreases as the number of layer increases.

Figure 24 and 25 shows the comparison of propagation characteristics of a 9-layer vertical
via with different outer radius. The parameters used in the simulation are the same as in
figure 18, except that the outer radius of the via b = 12.15.18 mil respectively. The
comparison shows that radiation loss decreases as the outer radius of the via increases. but
it is not so significant as changing the layer thickness or changing the number of layers as
we see in figure 20 and 22. This is because the radiation loss in vertical via structure is
mainly due to the parallel plate waveguide effect of the two reference planes. Changing the
layer thickness or changing the number of layers directly changes the configuration of the
waveguide while changing outer radius of the via only affects the capacitance formed by the
reference plane and the inner cylinder. which has rather more clear effect on the reflection
characteristics as we see in figure 25, the reflection decreases as the outer radius increases.
Also the comparison shows that the transmission increases as the outer radius of the via
increases.

Figure 26 and 27 shows the comparison of propagation characteristics of a 9-layer vertical
via with different inner radius. The parameters used in the simulation are the same as in
figure 18. except the inner radius of the via a = 5.8, 11 mil respectively. The comparison
shows that radiation loss increases as the inner radius of the via increases. For the same
reason mentioned above. the effect is not so significant as changing the layer thickness or
changing the number of layers. Also the comparison shows that the reflection increases
as the inner radius increase while the transmission decreases as the inner radius of the via
increases. Together with the above analysis about the outer radius. we can see that changing
the inner radius has the opposite effect as changing the outer radius. which suggests that

the propagation characteristics actually relates with the ratio of the inner and outer radius.

3.8 Conclusion

A semi-analytical method is presented in this chapter for via discontinuity in high speed

circuit from very low frequency to very high frequency. For high frequency. besides TEM
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mode, it can consider higher order modes of cylindrical wave as well. The same derivation
can be applied to further extend the structure to multiple cylindrical scatterers as treated
in chapter 4, the following chapter. For the case of feeding with a coaxial cable, results are
in good comparison with reference [62].

The via problem represents major coupling because waves decay as the square root of
distance away from the via because of the excitation of plane waveguide modes that are

above cutoff.
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4 Modeling of multiple scattering among vias using Foldy-

Lax Equations

4.1 Introduction

The single via analysis in chapter 3 gives reflection. transmission and loss characteristics of
single vertical via in multi-layer structure. but in high density circuits, the mutual coupling
among vias could be quite strong due to the nature of multi-layered geometry. The parallel
reference planes in multi-layered geometry introduce parallel plate waveguide effect. which
means the signal (current or voltage) on the active via cylinders will excite waveguide modes
along the plane and thus affect other active or passive vias. The induced current/voltage on
other via cylinders will in turn affect the original active vias. The coupling through parallel
plate waveguide mode generally decays slowly as the square root of distance and poses
a significant challenge to reliable. high-speed IC operation. Numerous problems arising
therefrom (such as larger delays. loss of signal integrity and false switching of devices) can
lead to the malfunctioning of overall systems. In this chapter. we present a semi-analytical
approach to model this kind of multiple coupling among large number of vertical vias in
layered geometry.

In the past. different types of vias have been investigated using various methods. The
capacitance and inductance of a through hole via has been analyzed using quasi-static ap-
proach {52]-[57]{58] and full wave approach [59]-[61]. Vertical via structure in multi-layered
geometry has been analyzed using equivalent circuit and microwave network analysis [62].
The coupling noise among vias could have considerable effect on the overall performance
of the system. such as the traces controlling other devices which may false switch devices
under coupling noise. Thus the effect of coupling noise must be accounted for in any system
simulation for the simulation to predict true hardware performance.

An attempt to account for coupling noise between coupled vias is shown in {63]. The
electromagnetic coupling between two adjacent vias in a multi-layered integrated circuit
was analyzed by means of equivalent magnetic frill array models [63] incorporated with the
even- and odd-mode approach.

A typical multi-via structure is shown in figure 28. Following the previous chapter 3,
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we decompose the problem into exterior and interior problem (figure 29) by sealing the via
apertures using equivalent magnetic sources. The interior problem consists of a large number
of vertical cylinders placed in parallel plate waveguide. The exterior problem consists of
coupled transmission lines bent into vertical vias outside the parallel plate waveguide. In
a recent paper [69], we solve the interior problem by using Foldy-Lax equations in vector
cylindrical waves and waveguide modes. The Foldy-Lax equations are used to study the
multiple scattering among the cylindrical vias excited by the magnetic current sources.

In this chapter. we solve the exterior problem by extending the MOM approach of ref-
erence [60]. The exterior and interior problem are then combined by equating port voltages
and currents. A matrix equation is obtained for the combined interior and exterior problem
and solved by iterative method. The solution gives the overall propagation characteristics
of the structure. The procedure can simulate cases of several thousand vias with moderate
CPU and memory requirements. Recently. differential signaling has drawn considerable
interest because of significant less radiation loss. In the chapter we also illustrate results
for common and differential modes in differential signaling. and the effect of adjacent idle
vias and shorting vias with number of up to thousands.

In the second section of this chapter we summarize the formulation of the interior prob-
lem of multiple scattering using Foldy-Lax equations. Magnetic current ring sources are
used as excitations. The port currents are expressed in terms of the solutions of the Foldy-
Lax equations. In section 3. we extend the MOM approach of reference [60] to treat the
exterior problem of coupled transmission lines bent into vertical vias outside the parallel
plate waveguide. In section 4. matrix equations are derived to represent the combined ex-
terior and interior problem and iterative method is applied to calculate the solution. In
section 5, we illustrate results for the problem of thousands of vias in differential signaling

and the effect of shorting vias.
4.2 Formulation of Interior Problem

4.2.1 Multiple Scattering Among Vias using Foldy Lax equations

In the interior problem, we consider coupling among all the vias. Consider two perfect

electric conductors at z = d/2 and z = —d/2. In the multiple via coupling problem, equiv-



alence principle is invoked with equivalent magnetic sources at z’ = £d/2. Consider N via
cylinders between the two parallel plates centered at p,.ps........05 and magnetic surface
current density M, = M,, at (7,2 = d/2) and M, = N, at (7.7 = —d/2). The multiple
scattering can be formulated in terms of Foldy-Lax multiple scattering equations. We use

the upper sign for results with source M, at (7.2’ = d/2) and lower sign for results with

source M, at (7,2 = —d/2). After muitiple scattering, the final exciting field of cylinder
pis:
(P M —=TA
Heg: = Z (p)R Hm. (I"Pl A"l p— pp -':td/‘)
m.¢
TE
+5 " wp EPRGHLE (kpe ket B — B, = £ d)2) (91)
m.¢
where w, - TMP) ynd wT ) are exciting field coefficients to be solved using Foldy-Lax equa-

tions. In the interior problem. the vias are coupled because the excited waveguide mode
amplitude decays with the square root of distance from the via.

The Foldy-Lax multiple scattering equations state that the final exciting field of cylinder
q is equal to the incident field plus the scattered fields from all other cylinders except the

scattered field from itself. The scattered field incident from cylinder p to cylinder g can be

re-expressed by using translation addition theorem for modal solution -17: and H, "M [68].
The Foldy-Lax multiple scattering equations are in the following form:
Y'I‘Al(q)
T\! h TM
= (q) ., Z Z -zm(l"pl |pp pql J(n m)omT( V)u"lm, (p) (92)
p=1m=-x
pEq
TE(q)
Wen
N x TE
TE o 2 — j(n— A .
= G @+ Z Z H o (k (Koe |Pp — pql)ej(n e T Dy ®) (93)
p=l m=—occ
P¥q

where aT M@ 4nd a;l;‘s(q)

are the incident fields of the magnetic current source onto cylinder
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q and can be calculated by using the primary Green's function derived in the previous
section. Notice that in the Foldy-Lax equations there is no coupling between different ¢
modes because each ¢ corresponds to a specific k.. Neither is there coupling between TE
and TM waves because the via cylinders are assumed perfectly conducting.

The T matrix coefficients in equation (92) and (93) for perfect conducting cylinders are:

TN = TS‘;'):——M (94)
H® (K pea)

I = 76D = nled) (95)
Bk pea)

The incident field from the magnetic surface current source M4 onto cylinder q is. using

translational addition theorem
~jus [apCr(rT) - TL(p) = —jue [ 9G35y 27 =7, 2) () (96)

We calculate the incident field coefficients onto cylinder q:

az:l-”(‘I)
njws (—1)"%¢ — 5 —5.)e "o .. (T
= ‘)—del dpTi_n(kpe- ko0 7 ~Bgle **e - M, (7') (97)

= ot

a'[rnE(fl)

we (—1)"+ — sl v

e / dpT_n(kot.kze. B =Bp)e 7% - T, (7) (98)
4 pt -

After the Foldy-Lax multiple scattering equations are solved. the surface currents on

cylinder p are:

A y=TAM
T = SO b 472

m. £
+5 " wp B P T E (ke hse, = £ d/2) (99)
m.l
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where the modal surface currents are:

TE e [k, k2
— e L. - _ Thkpya —_sih: . i .
Jon (kp. Kz, 2) ——H( )'(L ) e O (k:2)+ o0 A J:m(k_z)} (100)
TEM ey, ke, 2) T2 lcosk,z}e™™® (101)

“H® (kya)
4.2.2 Excitation of Magnetic Frill Current
The excitation of magnetic frill currents is mentioned in the analysis of single via in chapter

3. Here we extend it to the general case with .V cylinders with voltages Vi,.Va,...Vyy

and Vi, Vap. ...Vyp (Figure 7?7). Let there be magnetic frill currents at apertures of via j.

J=1.23...N.

At 7 =d/2:
M, (ﬁl) —Vj-l—‘— fora<|p -p | <b (102)
|p' —pj|lnb Opm; f]
At & = —d/2:
X7 (= ij - = .
.\[_.,b(p)= ———o—— foraSIp —pJISb (103)

|7 - pjllnb P

With upper sources at =’ = d/2, the TE excitation is zero. the T M incident is:

T\I(q)
Apn

JL (_l)ﬂ-r(

2Mv 2 2
= G et [HY ) = G (ke

A. 1 In
PSRN e 5, - ) o
J#q

[“l‘;lv’" [Jo (kpeb) ~ Jo (L-,,la)]} (104)

a

TM(q)

We then solve Foldy-Lax equations for w,, . and find I“*, the currents on the cylinders
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at z = +d/2 due to sources at 2 = d/2:

(pluu
2
= 2703w Pyt L1yt (105)
and I, the currents on the cylinders at z = —d/2 due to sources at =/ = df2:
[plbu
2
. TM(p) wkpea 1 .
= 27a Weg  kpg—g——— (106)
; H(()-)(kpl“) n
Next we consider sources at the lower apertures of = = —d/2. the Foldy-Lax equations

are the same. Following similar procedure. we find [“®, the currents on the cylinders at
z = +d/2 due to sources at 2’ = —d/2: and I, the currents on the cylinders at = = —-d/?
due to sources at ' = —d/2.

The total currents are:

[Pu = Pue  p(p)ub (107)

[@b  — )by r(p)bb (108)

4.3 Matrix notation for interior problem

Using matrix notation for interior problem allows us write equations in matrix form. which
helps in finding the admittance matrix of interior structure. It also helps the rearrange-
ment of matrix equation later in the combination of exterior and interior problem. and the
iterative solver for the entire matrix equation.

Suppose we have NV vias, and we keep modes up to £ = L. and multipoles up to
n = £Nmax. Then the dimension of vector @, is (2Npmax + 1) x N.

Using a combined index « for cylinder index ¢ = 1.2.....V and multipole index n =
—Vmax: =Nmax + 1. ...0. 1, ... ¥Nnax. we have a(q.n) = (2Npax +1) x (g— 1) + n + Npax + 1.
We define M = V X (2Vpax + 1) so a = 1.2.....M.



Thus we have the excitation field I, in vector form:

(v i
Le(— Nrmax)
(1)

W= Numax+1)

(D
LLZ(-‘Vmax)
[(2)

Lo~ Nmax)
wy =

Kol
Lo Nenax)

()
Lo~ Nenax)
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(100)

The Foldy-Lax matrix ;'g is of dimension V(2.Vc + 1) X N(2Vqax + 1) = M x \M:

= . . 2 - — — )05
[n] = nmbgp ~ (1 = Epg) H 1 (hpe B, = B,|) € ™75 TLY)
qn.pm

Define incident field matrix E’ ¢ be of dimension M x N so that

where

[EJ@.} = [@lgn

@tjlen
jk (=1 27 2) (. @) (. e
20 1, S E0 [ (kpeb) — H (bpe@)] i f q =

Jk (-1)n+l @ (1. 1= = jno— | 2%
2d Lﬁl len (kﬂ'ﬂq pjl)e ! l

5
na

[Jo (Koeb) — Jo (Kpea)]

(110)

(111)

For voltage sources at upper aperture z’ = d/2. let voltage vector V" of dimension V,
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Then in matrix form, the Foldy-Lax equation for upper sources is:
Fal = EV" (113)

Solve equation (113), we have current on the pth cylinder at the upper aperture I .

—-bu .
and current at the lower aperture I given by

[(p)uu - Z BtlL't'{[;;‘[(p)u (114)
¢
[(P)bu = Z thzg)l‘[(P)“ (115)
¢
where
1(—1)¢ .
B, +)_ (116)
']H() (kpia)
4 -
Dl = (.))— ( 117 )
nHO (kpt'“)
For voltage sources at lower aperture ' = —d/2. similarly we have Foldv-Lax equation

for lower sources:

= — = _b
F ¢ LL'gb) =F£ gV
. —ub -=bb
and currents on the pth cylinder at the upper aperture I . and at the lower aperture I :

TAM(p)b
[Plub ZB“D(G (P (118)

£
[(P)bb = Z Dlw;[(;-"(P)b (119)
14

The port current is the sum of upper and lower sources:

IPv = pPuu  p(pub (120)

B = [@bu ()b (121)
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Write in the admittance matrix form:

4.4 Admittance matrix of the interior structure

If only considering the interior structure, we can already obtain the admittance matrix of
the interior structure by now. In the previous section. we take into account the coupling
terms, which are the lower order | modes, here we consider the higher order ! modes.
The definition of lower and higher order | modes depends on the actual geometry and the
accuracy requirement of the simulation. usually [ > 1 will be considered higher order modes.
We know that the higher order | modes decays very fast and will not couple to other vias.
TM(p) _ a;l'n.-\!(p). This oM ®

so wy, In is generated by source at cylinder p and n = 0.

1(p)uu-c;rtru - Z Bewl'[(;.\l(P)u — Z Bla;lt;.\l(P)u (123)
l {
[(P)bu_e:ztra - Z Dgw;g“[(p)“ = Z:Dla{(;-"(?)“ (124)
4 l
In matrix form:
—uu._ertra = uu-ertra__,
i =Y v (125)
=bu_eztra
Tbu_axtra - Vi (126)

Similarly, we have:

=ub_extra
Tty Vv (127)
_ ra =bbextra__
7t Ve (128)

The total current is the sum of lower order mode currents and higher order currents:

=T+171 (129)
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and write in the admittance matrix form:

Ttotal - T + Te:r!ra
=uu =uu_ertra =ub = ub.eztra —
Y +Y Y +Y Vv
= =bu =buertra =<bb =bb.ertra —b
Y +Y Y +Y 4
= YV (130)

If the exterior problem is simplified as identical traces with characteristic admittance of

Yo, the scattering matrix of the entire structure is:

= = — -1 = =

S= (Y-—:—YOI) (YOI—Y> (131)
where [ is the unit diagonal matrix.

4.5 Formulation of exterior problem

In general. the exterior problem consists of large number of transmission lines that are
bent to connect to the sections of vias that are outside the parallel plate waveguide. The
exterior problem can be solved by the MOM approach. In the multi-via coupling problem.

we consider two types of exterior problem.

4.5.1 Case A: Exterior problem with uncoupled transmission lines

In this case. there are N transmission lines/bent wires above the layered medium that
are uncoupled and .V transmission lines/wires below the layered medium that are also
uncoupled. For simplicity. we shall assume that the transmission lines are identical. Using

the notations in chapter 2. for the pth via. the exterior problem has

!(‘p) rsc Tant ASAP) 13 2
Il(lp) - Isc Yant _Vu(p) ( )
B(P) rsc Tan A(P)
bl = ‘ b (133)

- ép) Isc Yant ‘/b(P)
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for upper port and bottom port respectively. This is solved in single via case in chapter 3.

4.5.2 Case B: Coupling among a small number of lines/wires in the exterior

problem

We next consider the case where there is coupling among a small number of lines. Without
loss of generality, in this chapter we consider the case of two coupled transmission lines that
are bent into the two vertical via sections outside the parallel plate waveguide (figure 30).
The method can be readily extended to coupling among a finite number of lines and two
lines coupling is the most common case in differential signaling.

Let (1) and (2) be the two coupled lines/bent wires. Then we have:

[ B.(;” ] " Cictt Tiai2 Tanenn Tunar2 11 AS‘” -
B¢ _ Dsezt Taerz Tane2r Tanee A (134)
& Liert  Lser2 Yanex2 Yanen -V

L I b L Lset Lscz2 Yanezs Yame2 || -V |

[ B! ] [ Toctr Terz Tanent Tanii2 | | A -
By | Tzt Tuezz Tanexr Tanerz A (135)
—M - Lictt Licr2 Yane2 Yane2 v

L~ b 1 L st L2z Yanezz Yanezz | | vy -

Solve the exterior problem using MOM, and the matrix elements [yc. Tane. lse and
Yan: can be calculated using the matrix-penciled moment method [70]{60]. Based on the
equivalence principle and the image theorem. the two coupled transmission lines shown in
the left of figure 30 can be treated as the new structure shown in the right of figure 30.
We extend the approach in {60]. Let the two transmission lines be thin wire so that the
current density on them can be represented by I)(s) and [2(s). The integral equation that

the current has to satisfy is:

o2
-

jwes-E'(s) = / (s [—— k‘lg-g'] G(s.s')ds' (136)

-i-/[-z(s') [ sa. —k2'§-'.§’] G(s.s')ds'
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where s is the point on the two transmission lines and 5 is the unit vector tangential to the

etk
drr

transmission line at the point of s. G{s,s’) = " is the Green’s function of free space
where r =[5 - F|.
The incident field _E_"i(s) on the wire is determined by the magnetic frill currents M (7)

and M»(7):
E'(s)=V x {/G‘(s.?’)-?ﬁl(r‘)dﬂ' +/G(s.?’) ~‘2.T1'3(F')dQ'} (137)

Equation (136) can be solved using the method of moment [13]. Using the one dimen-

sional rooftop basis function f,(s). current I,(s) and I»(s) can be expressed as

2N

I(s) = ) chfuls) (138)
n=0
2N

" .
I(s) = D ¢k fuls) (139)
n=0
Because of the symmetry of this structure. the current coefficient ¢, at the nth subsection
on wire | is the same as the current coefficient C'.]i.'\'—n at the (2.V — n)th subsection. So are
¢ and c::;N_n. etc. Substituting the above equations into integral equation (136) and using

Galerkin's method. we have:

N-1
, 1)( L , 1

STz + 2080 ek + 28k,
n=1
N-1 S (

9 1 )(2 2, 2) 2
S (Z0@ + Z0R_ e+ Z00 S
n=1

= V= (225" + 2050 — (205 + 2250 (140)

The index of { = 1 means the testing point is on wire 1 and { = 2 on wire 2.

The impedance matrix element is:

32
ZOU) = / / Fn(s) fu (89 [g_%ﬁ_k:!g(i),g(.w) G(s9, s ds s (141)
s\t s
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and
VD = jue [ fm(s)50) - B (59)dst) (142)

Solving matrix equation (140) gives the current distribution on the two wires. Using
the matrix pencil method [70]. the amplitude A and B of the incident and reflected waves
on the two wires can be extracted from the current distribution.

To obtain Cy, lic, Tant and Ygpe. first we let the voltage drop V between via and
ground plane be zero and enforce a current source ¢§ = 1 at the truncated end of the lst
transmission line. The amplitudes A,. A,. By and B> are calculated as discussed above.
Considering Vu“) = Vu(?') = 0 and Tsc11 = Tyez. Tic12 = Fue1 due to the symmetry of the

two wire structure. I'y. and I, are calculated by:

Ai1By — AxBy

Liett1 = Dee = A4, - Lt (143)
Cocrz = Tyt = %%% (144)
Lient = Lien = H (145)
lsetr = Lt = H (146)
After ['yc and [, are found. let Vlf” = —1. V,f")) = (. c(l, = c% = 0. Following the same

procedure, amplitudes 4. As. By and B, are obtained. and Ty, and Yy, are calculated

by:

Tanetn1 = Tanez2 = By — Fsenn A — a4 (147)
Tant12 = Tanenn = B2 — Tyear Al — DyenAa (148)
Yonert = Yanez = I = L1 Ay = Licia A2 (149)
Yonetz = Yanenn = I ~ L1 Ay — LeemmAa (150)

Generalization to .V lines/wires coupling in exterior problem The above illus-
trates the case for two coupled lines that are bent to connect to the vias outside the parallel

plate waveguide. For .V lines/bent wires in the exterior problem. we havethe following
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general matrix expression:

B* = oA =TanV" (151)
T = 1A —Y V" (152)
B = [y 4 TanV (153)
T = LAV (154)

If we assume that coupling only exists among a small number of lines/wires where the
rest are uncoupled (which is the most common case in real circuit application). Then
Fsc. ;'am. 7,,: and l:_f-'a,u are .V x N sparse matrices in block form with no coupling among
the blocks. For example. if only two lines are coupled. then we have a 2 x 2 block for these

two lines and the rest of the .V x .V matrix are diagonal.

4.6 Combination of exterior and interior problem and iterative solution

Next we combine the exterior and interior problem. We consider two coupled transmission
lines (bent) and the rest .V — 2 lines are uncoupled for the exterior problem. However. the
.V vias are coupled in the interior problem.

After the solution of interior and exterior problem. they are already in matrix form
and can be readily combined by relating port voltages and currents without rearrangement.
However. the resulting combined matrix equation has large condition number and unsuitable
for iterative solver. The rearrangement of the matrix equation can result in a smaller matrix
with much better condition number and is essential for iterative solver.

In the interior problem. there are strong coupling among vias because the TEM mode is
propagating and decays only as square root of distance. For { = 0 mode, we include coupling
of all vias. For small layer thickness, the higher order modes are quickly evanescent. so we
assume that the higher order modes are coupled in the near field only. In the simulations.
we consider higher order modes (¢ > 1) coupling for the several vias that have coupling in

the corresponding exterior problem.
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For ¢ = 0 mode:
FoWw* = E;7 (155)
FoWw — E7 (156)
where ?’ o and -__E—o are dense N x N full matrices.
For £ > 1 modes:
FWo - E7 (157)
FW9 - Ev (158)

where Fy and E, are given in equations (110) and (111). The elements in F¢ and E; are
zero if the corresponding lines in the exterior problem are not coupled. Thus for higher
order modes (¢ > 1). we have block sparse matrices of F; and Ej.

=—1l—

Let 1=35 =F ¢ Es. we have:

W(l)u - ;;z
1RGL

VvV (159)
17

g1l

¢ (160)

Note that taking inverse of block matrices E¢. Fy. Py (E>1). Tye. Tane. Lsc and Y ane
are inexpensive.
From the interior problem we have:

T ™

+
o
B O & 3 Dve
=0
b o = b
= BW + Dw " + 3" B W + ¥ D
=1 =1

— — =uu —u =ub
= BW "+ DjW P +v_, V'V, T

I
M3

~
]
=)

(161)

- =bu =bb

I’ = Do + B W™ Ly 4l (162)



=uu =ub =bu =bb
where Ye::tra* Ye::tra' Yeztrav and Y

=uun =bb s =

Ye:ttra = },eztra = Z B(Pl
=1

= uab =bu x =

Ye:ttra = Yez'tra = Z D¢P,
=1

=un =ub
Note that Y, ., and Y, . are also .V x .V block matrices.

Since By = Dy, we have:

- Tb = (;.::tra - ;::tra)(vu - rb)
From the exterior problem we have:
V= TpB - Tonluc®
Vo= T BT, LA
I y Tue+ VanTonl

= = —l = = —
= “YantTam—B-u -+ (Isc + YantTmursc> ;—"u

=—1=

_ = =-1_ = = _
Ib = YantTantBb - (Isc + YaannntrsC> Ab

eztra are calculated from the block matrices:
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(163)

(164)

(165)

(166)
(167)
(168)

(169)

Subtract equations (166} and (168) with equations (167) and (169) and substitute into

(163). we have:

= =-1 — = = ==1 = —
~YaneT oo (B* +BY) + (1,c + Y,,,.,Ta,,tl‘,c> (A" + 7

= uu =ub —_ —u
= (Ye;rtra - },e::tra) [Tant(_B.u -+ Bb) - Tantrsc("‘ + .

which gives:

b =

(B* + B?) = [rario(A* + 1)
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where

pll

ratio

= = uu —=ub -1 r_ = = uu = ub =—1 =
[Y (T - Ym>] [Isc - Vant + Vsera = Y,_.;,L,,,)Ta,.trsc]um)

Nt

Note that the above are all block .V x N matrices, so taking inverse does not require
much CPU. Neither is much required for the memory.

Rewrite equation (167) using (172):

— =-1 —-=u = —_u =-l= _
Vo= T, [—B + Crato(A* + I")} + T TocA
==1 p— =-1l= — =~-1 = = —b
= Tan:B - Tmurratw-" + Tan: [Fsc - Frutm:l A (17‘1)

Multiply equation (161) by ;'0‘ we have:

= — = =uu — = :llb —
Fol* = (BOEO + Fl)Ym,u> T (D(,E0 + FoY ) 7 (175)

ertra

Substitute V" (from equation (166)). Vb (from equation (174)) and T" (from equation

(168)) into equation (175) we have:

= = ==—1 = = =—1=
FO [_Y'antTantF‘ + (Isc + Ya.ntTa grsc) :‘_ujl

—_- = =uu ==—1 —u = pu—y
= (BOEO -+ Foya"u) - l:Tam (B - F,cA )]

2

_— = =ub Tant—B_u - Tantl:ratio;rl+
Ta,ng [Fsc - I-‘ratio A
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Arrange equation (176) and we have a matrix equation for B" in terms of A" and A

[FO (_YG Yezlra. + ye:tra) + (Bo + Do) EO] Tone - -B"

—Fo (7 + VaneT oL ) (BoEo + Foffmm) Ty
— = =ub =-1= . ;1-“
(D Eo + FoY e:rtra) T onelratio
= =ub =-1 = = —_b
(DQEO -+ FoYutm> Tt [[’sc - Fm,m] <A (177)

Note that only Eg and Fg are dense full matrices in the above equation.
Equation (177) has only .V unknowns and represents combined matrix equation incor-
porating both the exterior and interior problem. It is solved for B using iterative method

=b . . . - .
and B’ is obtained from equation (172) after B" is solved.

4.7 Results and Discussion

Because of the rearrangement of the coupling equations in a compact form (equation (177)).
the final matrix equation only has .V unknowns for the .V via problem. The matrix equation
is solved using the bi-conjugate gradient method and the CPU time for a problem of 2500
vias only takes less than 1 minutes (56 seconds) on a PC with AMD Athlon processor of
866 MHz and 512 Mb memory.

We first made a comparison with the result of paper [63]. Figure 31 shows the scattering
parameters of two adjacent coupled vertical vias without surrounding vias. The purpose of
this simulation for only two coupled vias is to validate the Foldy-Lax multiple scattering
approach for via coupling. Comparison was made between the Foldy-Lax approach and the
approach used in [63]. The simulation of exterior structure has been totally separated from
the simulation of interior structure.

The scattering parameter of multi-via structure is defined as follows:
B, _
Sy = —4f | Ae=0 if kst; (178)
“1j

where A; is the incident wave at the jth port and B; is the reflect wave at the ith port. The
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boundary condition of A = 0 means that a matched load is connected at the kth port. A
via with a matched load at both its lower and upper ports is called a terminated via.

In figure 31. for the sake of comparison. we use the same coaxial cable feed-in and the
same parameters as used in paper [63], which are: via inner radius a = 0.457mm. via outer
radius b = 1.524mm, separation of the two vias s = 4mm, layer thickness h = 1.524mm.
layer relative dielectric constant of s, = 2.2. Results of the two approaches are in close
agreement. The comparison was made for single layer due to the fact that the result can
be easily extended to multi-layer structure using cascade of transfer matrices [63].

To illustrate the influence of large number of surrounding vias to the coupled vias.
additional 2.498 randomly distributed vias are put around these two vias. The 2498 vias
are terminated vias in this simulation. Figure 32 gives the geometry of these 2,198 randomly
distributed vias and the two active signal vias that we are considering. Figure 33 shows
the scattering parameters of two coupled active vias with and without considering the
surrounding 2.498 idle vias. The result shows clearly that. due to the multiple scattering
of large number of adjacent vias. the coupling from the surrounding vias could affect the
original scattering parameters of the two vias. especially the coupling coefficient. Thus in
densely packaged electronic circuits. where the number of vias could be large in certain
region. this simulation technique will give accurate modelling of the coupling effect and the
circuit bebavior. The curve for coupling coefficient in figure 33 has random multiple ripples

because of the random distribution and multiple scattering from other via cylinders.

4.8 Shorting Vias:

Another common type of via other than terminated via is the shorting via [71][72]. The
two ends of shorting via is directly connected to the ground planes. Thus the voltages of
upper and lower ports of the shorting via are zeros.

Shorting via has many applications in real circuit. For one example. the excited wave
from active via aperture will propagate inside the parallel plate waveguide structure. hit
the edge of reference plane and be bounced back. This will result in resonance effect, the
whole double plate structure serve as a big resonance cavity with magnetic walls. Because

of the relatively large dimension of the PCB, the resonance frequency could be quite low
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and have multiples at higher frequency. By appropriately putting shoring vias between the
two reference planes, we effectively put small perturbation to the resonance cavity and thus
destroy the resonance or push the resonance frequency to a much higher level.

For another example. vertical vias always have return path problem because their special
structure with the ground plane, waves sometimes need to travel far away from its source
to find an appropriate return path. This long return path results in coupling noise. larger
inductance and ground bounce problem. Differential signaling gives one solution by effec-
tively using the other via as return path. For regular signaling vias. we may put shorting
vias adjacent to the signal via and this will provide very good return path for the signal.

What's more. active vias will generate waves that propagates alongside the waveguide
and create coupling noisc problem. to shield the active vias from the rest of the PCB. it is
often useful to put shorting vias around known as the guarding ring.

In all these applications we need to know how to put those shorting vias to get the
best performance with minimum cost. This requires the simulation technique that deals
with multi-via coupling. And obviously in this kind of applications. the surrounding vias
(shorting vias in this case) cannot be negnected because they are actually the ones that

have key effects on the performace.

4.8.1 Formulation

Let us consider a case with 2 active vias. NVt terminated idle vias. and Ng shorting vias.
The total number of vias is .V =2+ Nt + Ng.
Let the shorting vias be labeled as (N7+3). (N7 +4)....... (2 + N7 + NVs). and we rewrite

equation (173) as

= (1) =(2)

(Fb +F T
P— = =—uu (l) —u — = —_—ub (1) —b
= <B()Eo + Foyeﬂm) -V + (DOEQ + FQYutm) -V
— = =—uu 2 —u — = =ub (2) —»
+ (B()Eo + FOYeztra.) SV + (D()Eo + Foyeztra) -V (179)

In the above matrix equation. matrix with superscript (1) has the same first (N + 2)

columns as its original matrix and the rest columns are 0: matrix with superscript (2) has
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the same last :Ng columns as its original matrix and the rest columns are 0.

= (1) - _
Fo = [ Folfirst (N7 +2) columns) 0| (180)

Foo = [T Foflast Ns columns) | (181)

Due to fact that the last Vs elements in the vectors Vb and V" are 0, the last two terms
on the right hand side of equation (179) will be zero. Also note that there is no exterior
part for the shorting vias and thus there is no exterior problem and exterior parameter A
and B for them. The unknown for the shorting vias is [.

Substitute V*. V° and T" into the above equation (179). We have:
=M [ = =-1_, = = =-l= \_, =(2)_,
Fy [—Y,,,,,T,",,B + (I,C +Y a,,tTamF,c) A ] +Fy I

i = =uu (1) =-1 — = _,
= (BUEU - FO}"e.:tra) : I:Tunt (B - [‘SC"‘ )]

- —ub )(1) ToeB" = T FraneA"+
. 1

+ Dofo + ;-‘Oy’c;r ra == = = Y (182)
( t Tant [rsc - Frutzo} :b
Rearrange the above equation:
[=(1) = = uu =ub =] =-1 — =('l)_u
FO (_Y’ﬂ"t + Ye:tra + Yeztra) T (BO + DO) EO ] Tant -B + FO I
-F, (Isc +YaneTgnlsc ) — | BoEy + Fy Ya,,.a) Cye
= =) =(1)=ub =-1= A
- (DOEO + FO Yc:tra) Tantr"ﬂho
i =(1 :(l) =ub =—1 = =
+ <DOEE) ) + FO Ye:ttra) Tant [rsc - l..r'zztiojl ° jb (183)

Note that there are totally .V unknowns in the above equation and the first (N + 2)

unknowuns are elements of B and the last Vg unknowns are elements of T.
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4.9 Differential and common modes

Recently, differential signaling has drawn considerable attention because of its common
noise depression and low radiation (73]-[75]. In differential signaling, two traces runs closely
parallel to each other with signals of 180 degree phase shift (opposite polorization). At the
receiver end. these two signals are subtracted to give the actual signal. In this subtraction
process, common mode noises (which consists the large part of radiation and coupling noise)
are mostly eliminated. Electromagnetic radiation from traces in differential signaling is also
greatly reduced because of the strong cancellation of the two oppositely polorized signals on
the two closely parallel traces. Also due to the two closely parallel traces. one automatically
serves as the return path for the other. which helps a lot in the return current path problem
especially in vertical via cases.

Here we study the characteristics of common and differential modes in differential signal-
ing via pair using the technique we developed for multi-via coupling. Results are illustrated
for power loss (most of it are due to radiation loss) for common and differential mode with
and without adjacent terminated and shorting vias.

Consider two active vias 1 and 2. so that .V = 2. This is a 4-port problem with four
ports labeled as 1,.1;.2, and 2,. Vias are labeled as 1 and 2 and ports are further labeled
as upper and bottom ports.

The scattering matrix for the differential pair is:

Bl Stute Stuzu  Siuts Siuz 1 [ A
B> | Sule S22u S2s S2um A3 (184)
B Swte Sie2u Sisie Sie Ale

L B® | | S Smau Swie Smx | | A%

For differential mode. A = 1/2. A%* = —1/2. A = A% = (. The reflection and

transmission coefficient is defined as:

R = BI'u - BQ“ = (Slulu - 51u2u - S‘Zulu + S‘lu‘lu) /2 (185)
T = B'Y™ - B = (Sip1u — Stt2u — Sabiu + S2b2s) /2 (186)
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For common mode, A% =1, A%* =1, A!®» = A% = 0. The reflection and transmission

coefficient is defined as:

R = Blu = Slulu + SluQu (187)
T = BY =S+ S (188)

In the numerical results. we consider two active vias in either common mode or dif-
ferential mode. In figure 34, the transmission and reflection of two coupled active vias
in both common and differential modes are shown. We plot the absolute value of R =
|S1utu + Stu2ul and T = |Sip1u + Sis2u| for the reflection and transmission of common
mode. We also plot the absolute value of |R| = [Siu1u — Stu2e — S2u1u + S2u2ul /2 and
IT] = |Sib1e — Stb2u — Sop1u + Sapau} /2 for the reflection and transmission of differential
mode. Magnitudes of reflection and transmission coefficient are plotted as function of
frequency. For this case. we consider the effects of both interior and exterior coupling.
Parameters are: via inner radius a = 5rnil. via outer radius b = 15mil. separation of the

two vias s = 40mil and layer thickness h = 90nil. The material permittivity is ¢ = 2.

[

£0.
It can be seen that most of the power in differential mode can pass through the via while
the transmission in common mode is less than that in differential mode. especially in the
high frequency end.

Because of the low transmission in common mode. shorting vias are put in the neighbor-
hood of the active vias to reduce the power loss. In figure 35. transmission and reflection of
four vias is plotted as a function of frequency. The geometry of the 4 vias is shown in figure
36. The 4 vias are put in a row, with two active vias in the middle and two shorting vias
at both end. The separation of two active vias is s1 = 40mil and the separation of active
and shorting via is s2 = 80mil. Other parameters of vias are the same as in figure 34. It
can be seen that transmission increases for both modes as compared with the case without
shorting via (figure 34). To compare the losses with and without shorting via, the power
loss is plotted in figure 37 for cases shown in figures 35 and 34. Here. power loss is defined
as 1 — Pyrans — Pref1. The dashed and solid lines are for the case of two active vias only; the

dashed-circle and solid-circle lines are for the case of 4 vias with 2 shorted. Figure 37 shows
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that the shorting vias can reduce the power loss for both differential and common mode.
In figures 38 through 40, we show the capability of the proposed approach to handle the
interactions among large number of vias. Figure 38 shows the power loss of two active vias
surrounded with randomly distributed 1022 and 2498 idle vias. for the differential mode and
common mode respectively. It can be seen that the increase of number of idle vias will not
affect the loss of active vias very much and the loss in common mode is larger than that in
the differential mode. The same cases are plotted in figure 39 and 40 with all the idle vias
substituted by shorting vias. Comparing with figure 38. the power loss is greatly reduced
for both common and differential mode because the shorting vias provide additional paths

for the return currents.

4.10 Conclusion:

The approach presented in this chapter can be applied to the common discontinuity problem
in high-speed circuit from very low frequency to very high frequency with accuracy and
modest CPU and memory. It starts from the formulation of Green's function of cylindrical
scatterer between parallel plate waveguide and relates the exciting. incident and scattered
waves from each cylinder by Foldy-Lax equations. The interior problem is solved by giving
out the admittance matrix and is combined with the exterior problem by relating the port
voltages and currents. The system matrix of the interior and exterior problem is further
combined to give a total matrix of system to be solved by iterative method.

For massively coupled vertical vias. compared with pure numerical method. simulation
using Foldy Lax multiple scattering equations greatly improves the computational speed
while reserves the accuracy because of its semi-analytical characteristics. On the other hand.
compared with analytical approach which only takes into account of two vias coupling, Foldy
Lax formulation improves the accuracy by considering the influence of multiple scattering
from other adjacent vias. This is important especially for the calculation of coupling effect.

As shown in the numerical result. the coupling between two vias can be quite different
when considering the influence of large number of adjacent vias. So in order to accurately
consider the via coupling effect, the surrounding passive vias must be considered together

with the active signal vias. The simulation technique can be used to solve the coupling



problem in multi-via structure which is quite common in high-speed circuit board.
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Figure 36: Geometry of 4 vias with 2 shorting vias
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5 More rigorous approach for the exterior structure in via

discontinuity

In the previous chapters, we deal the exterior structure of via using two kind of appproxi-
mations. One is to assume that all the exterior traces are characterized as a transmission
line with known characteristic impedance Zg. the other is to use thin wire approximation
which approximate the exterior traces as thin wire over ground plane (figure 41).

For the first kind of approximation, although very convenient. it failes to take into
account the effect of pad and corner discontinuity, the only discontinuity effect it considers
is the impedance mismatch of the trace and the interior structure of the via.

For the second kind of approximation. although it takes into account the effect of corner
and the vertical section. it approximates the microstrip structure into a wire over ground
plane and use thin wire antenna formulation for the exterior structure. This is not appro-
priate in some applications, eg. when the substrate thickness is very thin. the height of
the wire above the ground plane i and the wire radius a does not satisfy the thin wire
approximation A >> a. the thin wire simulation gives significant errors. At low frequency
range when A >> A, thin wire simulation also renders considerable errors. And again, thin
wire approximation fails to take into account the effect of via pad. We know this kind of
geometry and frequency range (thin substrate. wide trace and low frequency) happens in
real application a lot. which requires more accurate and rigorous modeling of the exterior
structure.

In this chapter, we formulate the exterior structure of the via more elaborately. including
the effect of the pad and the vertical section. The microstrip structure is also taken care of by
using the spatial domain layered-medium Green'’s function. Electric field integral equation
[76]-[79] is set up on the metal strip using fast evaluation of spatial domain layered-medium
Green’s function which gives accurate modeling of the exterior structure and the effect of
the via pad size. The simulation result can be combined with interior structure to give
a fast and accurate modeling of massively coupled via structure for the entire electronic

package.
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5.1 Formulation

The exterior structure is again decomposed into short circuit problem and wire antenna
problem (notice the only different formulation in this two problems is that wire antenna
problem has the excitation source at the aperture while short circuit problem has the excita-
tion at one end of the strip). But in this chapter, we no longer use thin wire approximation.
but use the actual layout of the exterior structure with microstrip, circular pad and the

vertical section of via bent into the ground plane (figure 41).

5.1.1 Electric field integral equations

The electric field integral equation (EFIE) is established on the surface of the traces (either
microstrip or stripline). The source is the electric current on the metal strip (both horizontal
and vertical section) for the short circuit problem. and the magnetic current source at the
via aperture for the wire antenna problem.

The electric field can be expressed as:

E = /dr’ﬁgﬂi,(?") (189)
E = / dr'Gear T,(7") (190)

for electric current source and magnetic current source respectively. Here 55 J is the electric
field layer-medium Green'’s function of electric current source and 6531 is the electric field
layer-medium Green'’s function of magnetic current source. In the setup of matrix equation,
55 2 is used in the evaluation of impedance matrix elements in both short circuit and wire
antenna problem, while -—C_:"-EM is used in the evaluation of right hand side for matrix equation
in the wire antenna problem.

The electric field integral equation is:
Einc = /dr’ﬁg_,?,(—r‘,) (191)

where E ;. is the incident electric field on the exterior structure, it depends on the excitation
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scheme in short circuit problem and in wire antenna problem.
Eue = [ arGen3L(7) (192)
a
where the integral is taken on the via aperture.

Free space case Layer-medium case will be elaborated later with the derivation of layer-
medium Green’s function. First let’s look at the free space case. the electric field can be

expressed as:

— — 1l —— —
E=—-jmzA+—V(V- 4) (193)
Jjwsp
where the vector potential
3 =;1./da'7s(7")g(_r'. 1 (194)
glr.r’) = %;% is the scalar Green's function for free space.

The final integral equation can be written as:

Eune=-— [ {T TV, Vig(F. 7)) = 2T (Fg(F. 7"} (195)

j=e J,
5.1.2 Choice of basis function

Basically the choice for basis function could be 2D rooftop function. a mix of rectangu-
lar rooftop function and triangle rooftop function and RWG function. Recently there is
also literature about generalized polygonal basis function [80]. but basically it is based on
rectangular and triangular rooftop basis function. Among these choices. 2D rooftop basis
function has been widely used in the solution of integral equation for planar structure [81]-
(84]. it has the advantage of simple mesh of the structure and less number of unknowns.
For non-rectangular structure, special form of linear “rooftop™ basis functions is used to
approximate the current distribution by Mosig in [85], but it is also on a set of rectangular
cells. 2D rooftop function obviously are most appropriate when the structure under investi-

gation can be naturally divided into rectangular cells. but it would not be as efficient when
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cells of reasonable size (about 20 cells per operating wavelength) cannot be fittd into the
boundaries of a structure.

Mixture of rectangular and triangle rooftop basis function were introduced in [86]-[89].
This kind of basis function uses a combination of rectangular and triangular cells in a self-
consistent manner in order to take into account the regularity in shape over the major
portion on the planar structure. while still preserving the flexibility to model junctions of
arbitrary shape locally. The self-consistency is actually derived from the observation that
in order to avoid the unphysical occurence of a & function charge density in the numerical
process, only the normal component of the current density, but not the current density
itself. is required to be continuous across a cell boundary.

Pure triangular basis function (RWG basis function) is also widely used in the MoM
solution [90]-{92]. it naturally has the self-consistency of normal current density across
cell boundary without the tricky setup in the mixture of rectangular and triangular cells.
Besides. it also has the flexibility in handling arbitrary shape of discontinuity. In our
formulation of exterior structure. we use RWG basis function for its flexibility in handling
the shape of pad. Rectangular and triangular mixture is not tried here because of the more
complexity in formulation and programming, while the save in unknown numbers is very
limited (because the microstrip where the rectangular basis can be used is short in our

problem).

5.1.3 Matrix equation

A RWG basis function is composed of two triangles sharing the same side (figure 42). The

mathematical expression of RWG basis function f, is:

s Py i Tisin Tf
fa(T) = égﬂ:?; if 7isin T (196)
0 elsewhere
here [, is the length of the common sideand o, =7 -7}, o7 =7, ~ 7. A% and A

are the area of the two triangles respectively. The weighting in equation (196) makes that

the normal current density at the common side is continuous across the edge. and hence no
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unphysical § charge density arises on the edge.

Let’s consider free space case first, the layer medium case is similar with free space
Green'’s function replaced with layer-medium Green’s function. The unknown surface cur-
rent in equation (195) is represented by RWG basis function, the mesh of the exterior
structure is shown in figure 43. Usually the height of the vertical section h is small, and
one rectangular cell (two triangular cell) will be enough. The circular pad is approximated
by a polygon, the number of sides of the polygon depends on what kind of accuracy we are
looking for. The vertical cylindrical section is also approximated by polygon structure. it
can be either hexagon (6 side) or rectangle (4 side) or even just a strip (1 side). Usually
rectangle will be enough for the vertical via section.

Use Galerkin's testing and perform transfer of derivatives in integral equation (195). we

have:

: V. T(F (T T, - T
- —_—/ dadd’ ATl ) ) (197)
s Js —k2T (T - TAT (T T)

Using RWG function f(7) as basis and testing function. we have the following matrix

equation:
Z-T=5b (198)
where the impedance matrix element
Zmn.
= o [ [ dada (V. F(FI(T TG Ful(F) = BT (F) - Tl 07 7))
= Zmndiv+ Zmn_wave (199)

The element of right hand side vector

b = / daf,(7) - Eine (200)
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and it depends on different excitation scheme.

For a proper 6 gap source excitation:

<ol
Il
—_
[~
o
—
~—

where the 1 happens at the cell where the & electric field source is.
For an end current excitation:

b= [7] N (202)

which is the mth column of the impedance matrix. if the excitaticn current is at the mth
cell. Normally & gap source excitation is much straight-forward. We will discuss this later

in the excitation scheme section.

5.1.4 Vertical current

Vertical current elements here are also represented by RWG basis function (figure 43). For
all other kind of basis function. notice the current and charge relation V - 7, = —jwqy.
it is necessary that the normal current density across the common edge of the two kind of
basis function is continuous so there is no é charge density on the edge. By using the same
RWG function for vertical current. this is automatically taken care of. In this arrangement.
current can flow both vertically and horizontally on the via.

For a full RWG basis function. the charge distribution will be + in one triangle and —
in the other. For a half RWG basis function, there will be dirac charge distribution § on
the edge.

So for the vertical-horizontal junction in the exterior structure, we simply add one more
RWG function with one triangle on the horizontal section and the other on the vertical
section, as in figure ??7. This RWG basis function shares the same edge with a horizontal
RWG function, but this doesn’t matter at all, since all the normal current density at the

internal edges are continuous and there is no singular charge distribution.
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5.1.5 Evaluation of impedance matrix element

The evaluation of impedance matrix element falls into 3 categories: self- and overlap-patch,
near field interaction and non-near field interaction.
For non-near field interaction, which is for cell separation more than 1/10 wavelength,

we use centroid approximation where
Zin = fm(Frm) G(Tm. Tn) - FalTn) AmAn (203)

here 7, and T, are the centroid of two triangles. 4,, and A,, are the area of two triangles.

For near field interaction. which is for cell separation less than 1/10 wavelength but
not overlap, we use seven point rule gaussian integration which is analytically accurate to
any cubic functions. Seven points are sampled inside the triangle (figure 45). each with a
certain weight. and the final result is given as the sum of interaction from all the sample

points with certain weight.

Zm.n = Z U—'ifrn(—r'z) Zlﬁ(—r’x- ?J)H'an(7j) . .4",_.4,1 (204)
=

i=1

The relative sampling coordinates are:

[ 0.3333 0.3333 ]
0.0597 0.4701
0.4701 0.0597
7i=| 04701 0.4701 (205)
0.7974 0.1013
0.1013 0.7974
| 0.1013 0.1013

The corresponding weighting vector is:

E=[0.225 0.1324 0.1324 0.1324 0.1259 0.1259 0.1259 (206)
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For self- and overlap-patch, numerical integration cannot be performed because of the
singularity, thus for such interaction, we use analytical integration. There has been liter-
atures where impedance matrix element of MoM matrix is analytically integrated for two
rectangular patch interaction [93] and two polygon patch interaction [???]. Here in this
chapter, we perform analytical integration for point to triangle interaction. and then per-
form seven point gaussian integration in the other triangle. Due to the vertical section in

the exterior structure. analytical 3D point to triangle interaction will be performed.

Znn =Y @i fm(T0) - L - Am (207)

=1

where

I = /T n (T TV ul(F) (208)

is the analytical point to triangle interaction.

Analytical 3D point to triangle interaction For 3D point to triangle interaction. the
point and triangle may not be at the same plane. There are two kinds of interactions as in
equation (199). One is the divergence part interaction Z,,n_s,. which has a constant charge
distribution on the triangular patches. the other is the vector part interaction Z,n_wave-

which has a linear current distribution on the triangular patch.

Uniform Source Distribution Refer to [94]. the analytical integration with a uni-

form source distribution in triangle is:

ds’
s R
= Y P
RF +17 POF PO~
Plln—t—2% —|d] x (tan™' bt —tan7l —— i }| (209
[' R+ ""<a“ T i (R?>2+|dm:>]( )

where all the definition of symbols can be found in [94]. Need to notice that, if the projection
of the point lies on one edge or its extension of the triangle, then the contribution from that

edge will be 0.
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Linear source distribution Also refer to [94], the analytical integration with a linear

source distribution in triangle is:

p’—p ’
—ds
/5 R
) R .
= %Z&[(1€>zlnﬁ+%+1??l?—3:l: (210)
= i T

where all the definition of symbols can also be found in [94]. Here p’ —p is not in the original

3D coordinate, but the projection onto the triangle plane.

Full wave interaction Notice that the interaction in equation (209) and (210) are for
integrand of 1/r. For full wave case we have integrand of e /%" /r. Separate the integrand

into static term and wave term:

S (211)

where the second term in the right hand side can be approximated by a taylor expansion

and is not singular. thus can be integrated by seven point rule.

(212)

Notice that the approximation is good when Ar << 1. which is satisfied for self- and

overlap-patch interaction.

5.1.6 Excitation scheme

There are generally four kind of excitation scheme, each used in a different context.

Plane wave incident (Figure 46) Plane wave incident has been used in formulating
scattering problems [95][96]. The equivalent circuit of this excitation scheme is shown in the
below of figure 46 and as we can see that it is not suitable for our exterior problem, because
the voltage sources everywhere make it impossible to extract out the travelling waves due

to the discontinuity.
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Port extension. (Figure 47) The scheme of port extension is used in [97][98]. Tangen-
tial electrical field is placed on the port extension part as the excitation source (figure 47).
Currents are then induced on the metal surface and solved by the MoM approach derived
previously.

By putting tangential electric field at the extension port, it is like adding voltage source
at one end of the strip (figure 47). This does not eliminate the open end discontinuity
at the excitation end, but since in our exterior formulation we are only interested in the
current reflection pattern on the trace, the current reflected by this open end will serve
as another incident wave. together with many other reflected and excited waves. thus this
open end discontinuity at the source part will not affect the reflect pattern caused by the
discontinuity at the other end of the trace.

This scheme is much similar to & gap excitation which we will mention later. sometimes
people take them as the same. But this scheme is better than & gap excitation in the
cases where the physical current density at excitation end will be zero (eg. short circuit
termination with strip length of multiples of half wavelength). Also this scheme allows
point-matching testing in the MoM solution while § gap excitation only supports Galerking’s

testing.

Impression of current source (figure 48) This scheme is used in [60][61] and also
our formulation of exterior structure in chapter 3 and 4. It excites the whole structure by
putting a mathematical current source at one end (away from the discontinuity). Because
of the extraction technique. as long as the excitation is away from the discontinuity. it can
take any mathematical form. In [60]{61], it is a half rooftop. It can also be a full rooftop.
a half RWG. or a full RWG for the convenience of the calculation of the right hand side
of matrix equation. For an excitation on a full basis function, the right hand side of the
matrix equation takes the form of one column of impedance matrix, depending on where the
excitation cell is, of course normally we put excitation away from the discontinuity, which
is at the other end. The strange shape of excitation current doesn’t matter because this
discontinuity effect at the excitation will vanish quickly away from the end, as long as it has

some distance from the real discontinuity, we have no trouble extracting out the travelling
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waves.

6 gap source (figure 49) The scheme of delta-gap source is used in {99]-[102]. This
scheme impresses 6 electric field in an infinitesmal small gap (figure 49). which makes it
look like a constant voltage from circuit point of view (middle of figure 49). After introducing
the 6 gap source. doing Galerkin’s testing on this cell introduces a non-zero right hand side
in the matrix equation (because of the electric field at the gap). people usually just put a
“17 in the right hand side.

Because of its simplicity. we use § gap source excitation in our exterior formulation. This
scheme can be applied very conveniently with RWG basis function. As illustrated in figure
49. the normal electric field across the internal edge of one RWG basis function will make
its right hand side non-zero, while this edge will not affect other basis function because the
electric field is normal to this edge. while current at other basis function are tangential to

this edge.

5.1.7 Extraction of exterior parameters

The exterior paramters [ye, lse, Yane and Ty, are obtained following the same process
in chapter 3 and 4. Using the formulation in this chapter. we obtain a more accurate
current distribution on the traces. From the current distribution. matrix-penciled method
is applied to extract out the travelling wave components on the traces and gives those
exterior parameters. Worth to mention is that in the matrix-penciled method. sampling
points should be taken some distance away from either end of the trace so that the higher
order modes excited by the discontinuity at either end will not have much influence on the

extraction.

5.2 Layer-medium structure

The formulation for layer-medium structure is similar to that of free space. except the
Green's function. We only illustrate the different part in layer-medium case while the

unmentioned are supposed to be the same as free space case.
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5.2.1 Layer-medium Green’s function

Our exterior structure has three layers, region 0 is the air region above the dielectric sub-
strate, region 1 is the dielectric substrate above ground plane with relative dielectric constant
of <,1, region 2 is the ground plane or reference plane. For our exterior formulation, we
need the following layer-medium Green'’s functions. (figure 50)
=FJ =EJ =EJ EJ
1) Gogzz+ Gooryr Gooyr and GOOyy for electric current interaction on horizontal traces in

region 0. where

Goozz = Waoe(p) cos” © — Wogo(p) sin® o (213)
Gooyy = —Wiaao(p)cos® o+ Wog,(p)sin® o (214)
Goozy = Gooyr =sinocoso[Wog, (p) + Woge (p)] (215)

=FEJ =E£J =FEJ =EJ =EJ

2) Grierr Gy Griye Griyy- Gryzcand G“ for electric current interaction between

horizontal traces and vertical section of via in region 1. where

Giier = Witp(p)cos® 0 — Wipa(p) sin? o (216)

Gi = —Wiis(p)cos® 0 + Wi,(p) sin® o (217)

Gilzy = Gliye =sinocoso W, (p) + W10 (p)] (2138)

Gu:= = Wi:(p)coso (219)

Gizy = Wu:(p)sino (220)
=EM =—=FEM =—EM =EM =EM =FE\M

3) Glizze Glizy: Gliye- Griyys Grizzand Gy, for magnetic current induced electric

field on horizontal traces and on vertical section of via in region 1. where

G = WEM(p)cos?o — WEM (p)sin? o (221)
Gy, = Wi (p)cos? o + WEM (p)sin®o (222)
GhY, = GH. =sinocose [WEM (p) + WE (p)] (223)
Gt = WEM(p)coso (224)

Gty = Wiit(p)sine (225)
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In chapter 6, we show how the layered-medium Green's function can be expressed in the

form of W,(p), We(p) and W:(p). which has only p dependence.

5.2.2 Evaluation of impedance matrix element

The evaluation of impedance matrix element again falls into 3 categories: self- and overlap-
patch, near field interaction and non-near field interaction. For near field and non-near field
interaction. we use seven point rule integration and centroid approximation respectively.

For self- and overlap-patch, due to the singularity in the Green’s function. we cannot
perform numerical integration. but need analytical integration. Because the layer-medium
Green's function mentioned above is actually evaluated numerically, they cannot be used
directly in the analytical integration in the self- and overlap-patch interaction. To perform
analytical integration. we need analytical formula for layer-medium Green's function for
self~- and overlap-patch.

We express the layer-medium Green's function using mixed potential G, and G,. notice
that for self- and overlap-patch. the distance from the field point to source point is much
less than the wavelength. we can ignore the field created by G,. and only consider the
effect of G,. Due to the same reason. we use electrostatic approximation in the expression
of G, and obtain the quasi-static analytical formula for G, which is used in the self- and
overlap-patch interaction.

The following gives the derivation for G.go while others are listed in the appendix.

~J &Gy _j P

E = —Jjw r—-T= —_ = , 99
E JwGaZ T o2 VS azava (226)
iG’ » = Gy (p) cos @ (227)
oz " vie =
So:
E = —juG.Z—- 1 J;G-M cos® o + M sin o
" dp- dp
dGy(p) 1

. ({1 .
72 [—M cos osin g —~ — cos ¢psin o] (228)
dp? dp p



which gives:

Gv(p) dGv(p)l 5 . . .
—_ - =" L" ""
17 4 o w1 [Wy (p) + Wy (0)]
Since:
£ Jolkop) | L Jolkop) _ [0 Jl(kpp)]
dp- k3 pdp k3 kop
We have:
ac 1 k'.’.RTE +k'.}RT.\I
Gyoolp) = —- dk,— [kp + I ] Jo(kpp)
7 Jo k- P
At electrostatics:
k=0
kl = 0
ke = —jk,
ki: = —jk
RTE =0
pIM _ 1=¢F
o1 P
Rra = _Z (RTM "“exp(-‘zk,dn)+Z(R{d")"exp(—2kpd(n+1))
n=0 n=0
thus:
. TA!
_ J S 1 ) L'R
1 xS

dwe

dkp(1 ~ RT"")Jowpp)
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(229)

(230)

(231)
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According to integral identity:
oc
/0 dkyJo(kop) =

oC
dkpJo(kpp)e ™ = (241)
| koot —

we have the analytical form of Gygg(p):

1 = -
Gvoolp) = e A dko(1 — RTM)Jo(k,p)

m

1 S e TAL
= 5o Ta ), B olkep)

| = " -, (R%")"*‘l exp( —2k,dn) "
dme - 1_'? P = TANR ; Jo( pl))
TEP 7z Jo + Y o (R{G") exp(~2k,d(n + 1))

1 1 n+1 1
= T T (R{d\’) T e 3
we p= (?.nd)-

4
1 « n 1
—_— RT.\[
4"5,,2( i6) V2 + 20+ Dd)?
= (1+ RTM 1 - 1 & RTM n+l 1
= (l+ 10 ) T Z( 10 )

drep  dwe = Vv e? + (2nd)?

1 o, 1
- RN 242
2 ) e (242

The first part can be integrated analytically. the rest are not singular. thus can be

integrated numerically.

5.3 Result and Discussion

Figure 51 shows the scattering parameters and loss of a through-hole via with the exterior
formulation derived in this chapter. The parameters are: strip width w = 10mil. layer
thickness & = 20mil. via inner radius a = 5mil, via outer radius b = 12mil and pad radius
r = 15mil. For such dimensions, because strip width w is comparable to layer thickness
h. thin wire approximation will not give reasonable result, while the exterior formulation
in this chapter gives reasonable result. Figure 51 shows that the loss and reflection in dB

versus frequency in decade is linear. The reason we use a through-hole via here is that it is
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actually composed of two exterior structure, thus it can best reflect the improvement in the
formulation without the influence by the interior structure. As introduced in chapter 3 and
4, exterior problem is solved separately with interior problem, it has no difficult to combine
the exterior parameter extracted here with the interior results obtained previously.

One of the important parameters in the exterior structure is the pad radius. The via pad
introduces parasitic capacitance in the circuit and pad size directly influence this parasitic
capacitance. Figure 52 shows the result of reflection and loss of a through-hole via with
different pad radius. We can see that although the loss remains almost unchanged with the

pad radius, reflection changes linearly with the pad radius.

5.4 Conclusion

In this chapter. the exterior structure of via is formulated using more rigorous approach
than that in chapter 3 and 4. Compared with traces with known characteristic impedance
which failes to take into account the corner and pad effect. and compared with thin wire
approximation. which is improper for some layout dimensions and also failes to consider the
pad effect. this formulation considers the actual layout of the exterior structure thus gives
a more reliable simulation result. Simulation results are given for reflection characteristic
under different pad radius.

Also in this chapter, the fast evaluation of spatial domain layered-medium Green’s func-
tion has been widely used in the formulation. Combined with our formulation of interior
structure of multi-via coupling, this approach gives fast and accurate modelling of the entire
multi-via structure on PCB and electronic packaging, which can find application in EDA

simulation softwares.
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Figure 42: RWG basis function
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l Horizontal
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Hori al

ertical

Figure 45: 7 sampling points inside triangle

Figure 44: RWG basis for horizontal-
vertical junction
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Fig 46: Plane wave excitation and its circuit equivalent
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Discontinuity end

Fig 47: Port extension excitation and its circuit equivalent
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Impressed current

Discontinuity end

Fig 48: Impressed current excitation and its circuit equivalent

Delta electric field
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Delta electric field in
- infinitesimal small gap
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Fig 49: Delta gap excitation and its circuit equivalent
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Fig 50: Layered-medium structure
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Fig 51: Scattering parameter and loss of a through-hole via
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6 Layer-medium Green’s function

Let’s consider the layver-medium Green's function in chapter 5. In figure 50, region 0 has a
dielectric constant of <. region 1 =; and region 2 is perfect conductor. The boundaries are
at : =0 and z = —d. G;; is the layer-medium Green’s function with source in region j and

field in region i.

6.1 Dyadic Green’s function in region 0 with horizontal source at z' =0

This is for the source and field on the microstrip line. The field in region 0 is:

Goo =G, +Gr (243)
where
Ep = _i; /-x dk, /x dkye-Jk:(f‘-f’)’Jky(y‘!}’)—ﬂ\': ==z,
8= - -ac
ek )e(k,) + h(k)h(k.
'i (k:)e(k:) - ( '),.( z) (244)
ko | &lh)a(ks) + A(—k.)R(—k:.)
- j o o , "o L
Gr = _7/ d!cx/ dkye—.rk:(r--c)—Jky(y-y)—.:k::-.:k::
L S —ac
= [Breatkaai—k) + RPVR(kR(~k2)] (245)

for upward going wave and match with G, in prime coordinate for = < /.

The field in region 1 is:

Gio = Grore + Grorar (246)
. oC >
Gire = _#/ dk,/ dkye—sz(r—r')-Jky(y—y')e—jk=:’ X
7 —ac —-aC
1 - - oy = -
—{A1&1(kyz)e~F1=2 4 B edFracE (—ky) Ye(—k=) (247)

Note r coordinate has to obey wave equation in region 1. r’ coordinate matches to the



source.
= AT o [T ke )ik (y=i) = jhee
Gury = 5 dk dkye e
8= ) -0
1 -~ - g~ ~
7 {Crh(kiz)eM1== 4 Dye®i=*hy (—ko) Ya( =) (248)
-~ - |
e(xk:) = e(Fhis) = 1~ (Thy — Jk:) (249)
P
h(k:) = ke (Thy + gk )+f"£¢ (250)
' kkp ©UF I g
~ ke o R k.
h(—k:) = Ek— (.L'kx -+ yky) -+ TZ (251)
p
- ks . ~ ko
hy(ky:) = —kll’; (rkr+yky)++l’: (252)
y?)
- kye . k, .
hy(—ky:) = kl: (.ck,+yky)++l'; (253)
P

Match boundary conditon:

SxGu = Oatz=—d (254)
TxGuw = ZxGoatz=0 (255)
SxVxGro = SxVxGggatz=0 (256)

gives the following equations:

Ayefisd p Blemhisd = (257)
Ciekr:d — De~tkizd = g (258)
Ai+B; = Rreg+1 (259)

kpe ;.
—E(~C,+D1) = =Z(—Rra+1) (260)

ky k
ki(Ci+Dy) = k(Rrar+1) (261)

ki-(-41+B1) = k:A(—-Rre+1) (262)



Solving the above 6 equations and we have:

RTE — exp(—2jk,.d)

Rrg = -
1 — RYE exp(=2jk,.d)
ke — ks
TE _ 1z
R()l - k: + kl:
B - 1 1 — exp(=2jki1:d) + R (1 — exp(-2jk1.d)]
! 1 — exp(—2jk;:d) 1 — RTE exp(—2jk;.d)
_ 1+ RYE
Tol- R;,FIE exp(—2jk;.d)
, 1+ RIE
Al = —exp(—2jk1:d)B, = — exp(—2jk;.d - 0L
L P(=2jk1:d) B = — exp(~2jki:d)— RTE exp(=2)kid)
REM + exp(—2jk;.d)
Rryy = TN gy
1 + Ry exp(—2jky:d)
RT;‘I — k%k: — ,\721\71:
o k3. + k2
D = k {1 + Rrar) k 1<:-RTV
YT kil +exp(=2jkid) R 1+ R“’ xp(—2jk1.d)
TM
Ct = exp(=2kisd)Dy = exp(~2jky.d) ok ol

k1 1+ REM exp(—2jk.d)
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6.1.1 Electric field Green’s function

Apply the transverse vector to both side of 500, we have:

Gex = / dk, / dhk, e Jk=(x—x')—jky(y—v")
1 (K k2k2
= (,j,( +RTE) + 51 R“’)) (271)
z 3
= -3= / dk, / dk, e~k (x—r")—jky(y—y")
L[ kby TEy  RokykZ M 970
E (gt e = St g (272)
J *oC ac ,
Gy = __s/ dkx/ dkye—ka(I"J-‘)“Jky(!l“'J)
87 J_x o
1 (k3 : k2k?
—| 31 +RTE)+ & ;(1-R”’)> (273)
ke (k; A;;L-

6.1.2 Reduction to Single Integral

We next make a transformation to polar coordinates in the spectral domain and the space

domain.
k: = kpcosoy (274)
k, = k,sinoy (275)
r—1r = pcoso (276)
y—y = psino (277)
Then
ke(z = &) + ky(y — ') = kppcos (@5, — o) (278)

Note that RTE and RT* are functions of k, but not of 0. We use the following integral
identity

i 0
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thus
5 [ doeteesonsinto, = 2 lo(w) + Ja(w)] = L (280)
27 Jo 2 w
1 21r ;. ,—Jjkpgpcoso 2 1 !
7 doge I kcos® ¢ = B[Jo(w)—Jg(w)]=J1(w) (281)
27 )
doke'Jk"”c"s"kcosoksinok = 0 (282)
0
Define
. [k, [Nk . k2 T .
Wo(p) = -+ / dkp7> [#,f,ﬂ(l.*fzmwk—;,ﬂ(kpp)u—R“’)] (283)
T Jo = pP
. i<k ; 2 ik T
Wolp) = f: A dkp,j"[ {(kpp)(1+RrE)+F'_,(—‘—,ﬁ—;—pl>(1—R”’)] (284)
" z P
We have:
Gee = Wo(p)cos®o—W,(p)sin®o (285)
Gy = —Walp)cos® o+ 1W,(p)sin®o (286)
Gy = Gy =sinocoso (W, (p) + W, (p)] (287)

6.1.3 Electrostatics Extraction

The sommerfeld integration in W,(p) and W, (p) does not converge. thus we need to extract
out and do analytical integration on the asympotic term. and do numerical integration on

the rest part which converges. Using electrostatics approximation. for large k,. we have:

k ~ 0 (288)
ky =~ 0 (289)
k. ~ —jk, (290)
ki: ~ —jk, (291)

RFE ~ 0 (292)

- RJE — exp(~2jk1-d) _
1 — RYE exp(—2jk;.d)

Rre — exp(—2k,d) (293)
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REM = S =-RE (204)
Rpy = R&"+exp(-2jkl:d)

+ RIM exp(—2jk1.d)

= [RDY +exp(=2jk0.d)] 3 (REH)" exp(~2krzdn)

n=0
= —Z(R'{d")" exp(—2k,dn) +Z RI;M)" exp(~2k,d(n + 1)) (295)
n=0 n=0
W) = -L [ dkpk_[ el +RTE>+§J{<kpp>(1—R“’)] (296)
Wale) = & [T a2 [ekorr+ 875+ 55 (20220) - gr) oo
" = P
Wo(p) = / dk, jl(kpp)( — exp(—2k,d)) exp(—hkyz)
p
L ks
=/, dkPA)J(ApP)e‘(p( kpz)
L+ 3200 (RIGY)™™ exp(~2k,dn) (298)
= Yoo (RIG)" exp(—2k,d(n + 1))
. R
W,(p) = ———/ dkyJi(kpp)(1 — exp(—2k,d)) exp(—k,2)
Ji(kpp) .
4“/ dkpk_( ka >exP(—kP")
TA L —9
I+Zn—0 (R ) exp( Qkﬂdn) (299)
- n—-O (RT‘") exp(—2k,d(n + 1))

Using integral identities in (103], it is not difficult to find that the analytical term of
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W,(p) and W, (p):

W,_ana(p)

1 [r—: rl—zl]
imp | p p

=2 n+1 2 3z2
1 A ET R (-3 + %) (300)
4mk? "Zf:o (RF\I) ( _3___ + 2'::';‘-;11)
Wo ana (p)
= _Llfxr=2) aln-z)
A7 pr p2ry
fl 1 = 1
r o [—: =3 (REY) -2 (R ] (301)
n=0 " n=0 n+1
where:
h = z+2nd {302)
ra = P2+ (= +2nd)? (303)

6.1.4 Gygo for the near field using electrostatic approximation

For near field interaction. we write electric field in terms of the gradient of a potential, and

compute the matrix element by parts so that the derivataive of the basis function is taken.

d*Gyoo(p)  dGvuo(p) 1
dp? dp
= & p [PVpoo {p) + “’000 (P)]

n P

© |

; oc 1 kZ RTE + k‘.} RT‘"
Gvoo(p) = —=2- dk [kp e

iz Jo Pk y } Jo(kop) (305)
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Using electrostatics approximation and integral identities [103]:

Gvoo(p)
K2RTM

— —_—r - .
- 4/ dhy—e— _Jk [k,,f > }Jo(k,,p)

1 ‘
= = [ @ —R”’)Jowpp)
n4 1
= (1+ RTM; RTM) +1
( 10 ) o Z::: p' + (2nd)2
1 & 1
- _(R")" (306)

e et U Vo T 2 +1)d)?

The first part of the above expression can be integrated analytically: the rest are not

singular. thus can be integrated numerically.

6.2 Dyadic Green’s function in region 1 with source in region 1

This is for the vertical current source in region 1 (figure 50).

Eup = _#/w dk, —/.x dkye—sz(z—r’)—.iky(y—y’)—jkl:I=-=
k + h(ky:)h(kys => 7
% e(ki:)e(kiz) + h(ky:) (Al-) for (307)
&(—k1:)8(—kiz) + h(—kiz)h(—k1:) for =<2
6.2.1 TE mode
Gurte = C—;llpTE +GnRTE (308)

The reflection field in region 1 are for both = > 7 and =z < #/:

= to o] lo o] ) , ‘ ,
Gurre = dk, dhyeIk=(@=2)=sky =) .

Z.l_ Al e.\:p(—.jklz(:)ia(kl:) exp(—jklzzl)a(-—ku) (309)
+By exp(jk1:(z))e(—k1:)



The transmitted field in region 0 are for z > 2’:

oC

= d ac ) , 4 ,
Gore = —g"]?/ dkz/ dkye‘lkz(r—t)ﬁkv(y—y ).
7 —oc —oc

% [Tre exp(—jk:z)e(k:)] exp(—jki:2")e(—k12)

Thus for z < /. we have the total field:

Gure

j o o] [ =) , ,
= / dk,/ dkye"’k‘(‘_‘ Y=sky(y=y') .
o =0 —-oC

8?2
exp(jky:z)e(—ky:)
+ALexp(—jkizz)e(ky:)
+By exp(jki:(z))e(—k1:)

exp(—jki:2")e(—=k,:)

Match boundary conditoin = x G 11g = 0 at = = —~d gives:

exp(—Jjk1:d) + Ay exp(jki:d) + By exp(—jki:d) = 0

For = > /. match boundary condition

4)

t

te)

gives:

exp(2jk1:2") + A1 + B,

—exp(2jk1:2") — A1 + By

:x Guurte = T xGoureatz=0

xVxGure = TxVxGoreatz=

114

(310)

(311)

(313)
(314)

(315)
(316)



solve equations (312), (315) and (316) we have:

_ RIE exp(2jk1:2’) exp(—2jky:d)

exp(=2jky.d)

A =
L (1 + R[F exp(—2jk1.d)]
Br = RIfexp(2jki:2) + REF A,

RIE exp(2jk1:2")

TE

6.2.2 TM mode

GripryM

(1 + RIE exp(~2jky.d)]

&m( —ijl:d)

[T+ RIF exp(—2jkid)] ' L+ RIE exp(~2jk1-d)]

Gurar = Grprar + Guirry

; oc oC )
_L)/ dk,/ (lkye“ka(J-'—-l")-Jku(!l—!ll)-Jk:l:‘:’l .
T S —ac

A:I.:

1 h(ki:)h(ki) for => 2
h(—ki2)h(=k1) for =<2

| RtkAk) (iﬁ-m) forz>

The reflection field in region 1 is:

Gurry

|

|

J' oC
872 J_

Creexp(—jk1z(2))h(k:)
+Dy exp(ki=(2))h(—k2)

872
C1- exp(—jk1z(z))h(k12)
+Dy; exp(jkiz(2))h(—ky:)

bt ; " ‘ 1
dkx/ dkye—m(r—: Y=iky(u=y') .
xc -

J oc o 7 7 1
/ dkz/ dkye—ka(x—z Y=sky(y—y') 2
- —oc

= E(—kl;)ﬁ(—k]_:) . (71 “+ ?5) for z <

ki

} exp(—jky1z 2" h(~k1z) -

kl:

exp(—jki-2"Vh(—ky:) -

o - ‘
___‘/ dkx/ dkye-ka(:—r’)—Jky(y—-y')~1k=|=-='!,
—ac —ac

~
~

&
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(317)

(318)

(319)

(321)



For 2z < 2/, the total field in region 1 is:

511’1‘.\1 = 81-/ dk/ dk, e~ Jk=(z—2")—jky(y-v') | Al

h(~k1<) exp(jk1:(2))

+Cpexp(—jkiz(z)R(k1z) | exp(=jki=2Yh(=k12) -

-rDue‘{P(Jkl (2)h(—k1:)
_J
872

h(~ky:) exp(jki(=))

jhke(z—x"Y—2k
dk / dkye 4 ( J V(J y ) 1

+Cys exp(—jks(2))h(ks) | exp(=jkis2")h(—kz) -

+D\: exp(jk1=(2))h(—ki2)

Match boundary condition = x CllT\[ =0 at z = —d gives:
0 = —exp(—jki:d) + Crrexp(jh1:d) — Dy exp(—jki.d)
0 = -—exp(—jki:d) + Cy: exp(jki:d) — Dy exp(—jky:d)

The transmitted field in region 0 is:

= ac ac )
Goiry = dkx dkye~tke(z = =skyly=y") .

= [T“’ exp(—jk=()R(k:)] exp(= k1= )A(=kvs) -

/ dkye—zkz(r ) =sky(y-y')

- [TI N exp(-jk=(:))f7(k=)] exp(—jh1e2Vh(—kp.) - 55

~ il
™

[£]
¢

bl

L]
&

116

(325)
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For z > 2/, the total field in region 1 is:

1

511’1‘;\1 = -% dk/ dkye —jkz(z—2")=jky(y—y') . kl-

—h(ki:) exp(—jk1z2 + 2jk1:2) _
+Ce exp(—jk1:(2))h(k1:) exp(—jk1:2"Yh(—k1:) - 1,
+Dy exp(jkiz(2))h(—kiz)

. e o ' o |
- J-) / dk:/ dkye_"k‘(:-x y=dky(y—y') .
37 J_ o e i

R(kyz) exp(—jkiz= + 2jk1.2)
+Czexp(—jki=(z)h(kis) | exp(—jki:2)h(—ki2) -3 (326)

+D\. exp(jkiz(2))h(—k12)

Note that there is a minus sign introduced.

Match boundary condition

TxCGryatz = 0 (327)
ExVUxGraatz = 0 (328)
gives:

- ’ kl- T.\Ik=
[-exp(2jkiz) + Ce = Do = = TV (329)

k k.
[exp(2jk1:2') + Ciz — Dis ,j- = TIV= (330)

1

[—exp(2jk1-2) + Ce + Du] by = T Mk (331)
exp(2jk1:2) + C1s + Disl ki = TTVk (332)

Solve equation (323)(324) and (329)-(332) and we have:
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exp(2jk1-2")(1 — —e.-) + 1+£'rx-

Cu = :
(1- p‘"‘) + exp(2jk1=d)(1 + 5s)
1Rz
_ exp(2jk)REM +1
~ RE + expl2jkied)
exp(2jki-= )RT" 1 o -
= xp(—2jk,.d 333
l-f-exp( 2]k1;d)R€1‘1 e‘(p( IRz ) ( )
Dy = Cuexp(2jkid) -1
_ BEM(exp(2jk1:?) — exp(=2jk1.d)) (334)
1 + exp(—2jk:d)REM
exp(2jk1: ) (~1 + ey 4 1 + i
C. = = — T
(1= G%) + exp(2jki=d)(1 + 582)
l ks H
_ —exp(2ki:I)REM +
B REM + exp ')Jkl-d)
—exp(2jk,:2)REM + 5 s
= —2jk.d 33
1 + exp(—2jk;.d )eru e‘(p( Jk1:d) (335)
Di: = Cizexp(2jkid) -1
RIM 2jky22") + exp(—2jk,-d
_ (exp(2jk1:2") + exp(=2jk,.d)) (336)

1+ exp(—2jk1-d) R}
6.2.3 Reduction to single integral

Use the reduction to single integral technique in the previous section. we have for TE waves:

GlITE

= -3= / dk, / dk, e~ Jke(z—2")=jky(y—y')

| exp(—jki:z |z — 2'|)e(—k1:)e(—k1:)
oL | HAvexp(=jki(z + 2))elkiz)e(~k1:) (337)
+B) exp(jki:(z — 2'))e(—ky:)e(—k1:)
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then

GUTEz:
exp(—jki: |z — |)
J [= 1 . /
= —? A dkpka -{-,41 exp(—jkl:(.: -+ 2 ))
+By exp(jk1z(z — 2'))
[_Jl(’*'ﬂp) cos o + J} (kpp) sin® o (338)
kop
GuTExy
= Gureyz
exp(—jki: |z = 2'|)
J [T 1 . /
= = A dkpkpk_[- +Ajexp(—jkiz(z+ 2))
+By exp(jki:(z — <))
Jy(k
[. 1(kop) = %l] sinocos o (339)
GuTEyy
exp(—jkiz |z — 2})
j oC
= —E /(; dkpkp +.“[ exp(_jkl:(: + :,))
+By exp(jk1:(z — ')
[——J : }(f;” ) 5in? 0 + J{(kop) cos? o (340)
P

For TM waves, it is more complicated.

For z > 2/
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& i [ > N
Gurs = _F/ de/ dkye‘l’fz(r—x J=aky(y—y) . =
i —ac —ac

—h(ky:) exp(~jkiz(z — ) h(~kiz)
+Cyr exp(—jkiz(z + ) (ki) h(=k1) | - 1
| +Dicexp(jkiz(z ~ 2))h(—ki:)h(—ki:)

Jj [ e ke (2 =2 sk (y—y) L
- dke / dh, e~ ik=(z=2)=sky(y=y") | 2
372 /_x = F

h(ki:) exp(=jkiz(z = ')
+C1:h(ky:) exp(—jkiz(z + 2')) f’l’f (341)
| +D1: exp(jikie(z — ) h(—kiz)

>~

thus

exp(—Jjki:(z - 2))

J [ 1
GurMee = gy A dkpkpk—l_ ~Crrexp(—jki=(z + ')

+Dye exp(jky:(z = "))

/l_'.'f’i [Jl(kpp)
kop

sin® 0 + J} (kop) cos® o (342)
Gursry = Gursy=
) exP(_jkl:(z - 3,))
Y I Rl | . o
= "=/, dk,,k,,k—l: —Creexp(—jki:(z + )
+Diexp(jkiz(z = ')

.2_ . ‘ J (k )
) - ! (1. L{~pp )
——I'% SIN @ COS @ [Jl (Ibpp) - _['p (343)



Gutatyy

Gurarz:

Guratzy

Gurarz:

GuTAu:

exp(—jki:(z - 2'))
J [ 1 . /
by o dkpkpk—l_' —Cexp(~jki:(z + 2))

+Dyeexp(jkiz(z — 2'))
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N R I
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6.3 Magnetic dyadic Green’s function in region 1 with source in region 1

This is for the magnetic field generated by the magnetic current sheet at the via aperture
(figure 50). The magnetic current source sheet M, flows in the horizontal plane at =/ = —d.
Let [, = $¥+ 77 be the transverse dyad. Then the dyadic Green'’s function for the magnetic
field is such that:

—_ = HAM _

H), = —juws //dz: dy'Gyy (F.7) - My (F) (359)

The primary Green's function is:
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(
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The response Green's function is:
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>

The boundary condition is that the tangential electric field is equal to zero at z = —d:

TxVxGFEF)-I,=0at = =—d (362)
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which gives:

—e~Jkz(=+d) Alejkl‘(:'+d) _ Ble"jklx(='+d) = 0 (363)

e~iki:(z+d) | o pik1a('+d) Dye ik1:(z"+d) . (364)

The transmitted field in region 0 is:
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Matching fields at z = 0 gives:

ehis 4 g /R ¢ et = TTM ek (367)

k=¥ _ ek 4 premikit = —TTEejk“:'::T_li} (368)

eik1=(F) 4 4 k1) _ Ble—iki=(z") = TT-"eikxﬁ’k‘%? (369)
ky
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Solving equations (363)(364) and the above 4 equations gives that for ¥ = —d:
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1 + R} Me—2ikid
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(371)

A = (1+B)= (372)

D, = - 2R (373)
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374
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