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We study a multi-type branching process model associated with a transitional network between

types. In particular, we are interested in determining the waiting time to each type in the net-

work, employing an approximation of the process by its large time limit. We first present a lit-

erature review of results on large time limits and classify the dynamics of branching processes

by their mean value matrices. For the special case when the transitional network is a single

pathway, we present two approaches regarding approximating the waiting time for each type.

To apply our theory to a real world problem, we use a multi-type branching process to model

the development of colorectal cancer from initially healthy tissue. The model incorporates a

complex sequence of driver gene alterations, some of which result in immediate growth ad-

vantage, while others have initially neutral effects. We derive analytic estimates for the sizes of

premalignant subpopulations, and use these results to compute the waiting time distributions

of novel driver mutations.
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Chapter 1

INTRODUCTION

Mathematical oncology seeks to model the evolutionary dynamics of cancer including ini-

tiation, progression, metastasis and treatment. The resulting cellular dynamics, the population

change of cancer cells across a certain time period, is applicable to cancer prevention, diagno-

sis, and treatment.

Cancer evolution is a complex process in which cells may go through events (or steps), such

as migration or mutation, and change biological states (e.g. genotype, location, etc.). Naturally,

cancer cells in the process are categorized into types based on their biological states and cells

of a type share a common growth rate and available events. Types with associated events form

a network of all possible evolutionary pathways. For example, sensitive cancer cells become

resistant to some drugs through evolution; Initially healthy cells, after accumulating driver mu-

tations, can become malignant; Cancer at the primary site, can spread to a close lymph node

through cellular migrations.

In many scenarios, we are mainly interested in one type, which we refer to the target type.

Many important questions bear on the waiting time of the first target type cell, the time by

which the first target type is produced. One typical case is: Consider the evolution of cells in an

human organ. How long does it take for the first cancerous cell to occur? Given there are multi-

ple sequences of driver mutations that lead to the malignant type, which sequence is the most

probable pathway? One viable method to formulate these two questions is though defining a

multi-type branching process on a graph, in which the population of each type is modeled as

a stochastic process and the transition network is represented by the graph. Numerous aspects

of cancer evolution have been modeled, including initiation [34, 30], progression [14, 7, 35, 9] ,

metastasis [18, 5, 13], and resistance to therapy [28, 27, 10, 8, 32].
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The outline of this thesis is as follows. In Chapter 2 we construct the continuous-time

branching process and present the methodology to model cancer evolution. We introduce the

mean matrix, by which the dynamics of a branching process model can be determined. We

show that to analyze such a branching process, one first decomposes its mean value matrix into

separate blocks and analyze the dynamics in each block. We present a uniform classification

of different dynamics corresponding to different kinds of blocks. Lastly, we analyze the case

when the graph only contains a single pathway and approximate the waiting time distributions

of each type. In Chapter 3 we discuss colorectal cancer initiation on a single evolutionary path.

We apply the techniques from Chapter 2 to identify the large time behavior and the waiting time

for each type. Analytic waiting time distributions, including the distribution of waiting time to

malignancy, are in good agreement with results from Monte Carlo simulations of the model.

Some parts of Chapter 2 follows [4, 25, 22]. Sections 2.4 and Chapter 3 largely follow a recent

preprint [43] which is the joint work by me, Obinna A. Okogu and Ivana Bozic.
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Chapter 2

BRANCHING PROCESS MODELS OF CANCER EVOLUTION

Branching process models originates from the famous Galton-Walton model, which was

used to investigated the inheritance of surnames among European nobles. For a rich history

and theory of branching processes, one can refer to [24] and [4]. Following the theoretical suc-

cess of Luria and Delbruck’s model of drug resistance, branching process model shows its great

potential in analyzing biological evolution.

2.1 Construction of branching processes

The name ‘branching process’ represents a broad class of different stochastic processes. A

branching process can be constructed in the following parameter setting. There are q types

of individuals. Each individual splits after living a certain amount of time, which is a random

variable that we referred to as the living time. Living times of all individuals are independent.

Within a same type, living times are identically distributed according to a random variable Ti .

When a type-i individual splits, it is removed from the population and produces ξi j type- j in-

dividuals, in which ξi j is a non-negative integer-valued random variable. In other words, the

splitting event of one individual is not allowed to cause deaths of any other individuals. We re-

quire ξi j to have a finite second moment, i.e. E[ξ2
i j ] <∞. The distribution of the random vector

ξi = (ξi 1,ξi 2, · · · ,ξi q ) is referred as the type-i offspring distribution.

In this thesis, we introduce three branching process related models that share same ξi j , i , j ∈
{1,2, · · · , q} while have different living times.
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2.1.1 Continuous time multi-type branching process

Let Ni (t ) be the number of type-i individuals at time t ∈ R, t > 0. We define the population

vector as N (t ) = (N0(t ), N1(t ), · · · , Nq (t )). Each type-i is associated with a weight ai > 0. We

call N (t ) a continuous time multi-type branching process, if the waiting time for a type-i in-

dividual to split is exponentially distributed with parameter ai , i.e. Ti ∼ Exponential(ai ) . And

when a type-i individual splits, the development of population follows ξi . N (t ) is defined to be

right-continuous. Thus if an individual splits at time t , we have

∆N (t ) = N (t )−N (t−) ∼ ξi = (ξi 1.ξi 2, · · · ,ξi q ).

Here we note that since Ti is a continuous random variable, even the event of two individuals

splitting at a same time is possible, the probability of that event is zero.

2.1.2 Multi-type Galton-Watson process

Let Zi (n) be the number of type-i individuals at discrete time n. n could be non-negative

integers and initially n = 0. We define Z (n) = (Z0(n), Z1(n), · · · , Zq (n)). Then Z (n) is called a

multi-type Galton-Watson process if

Z j (n +1) =
q∑

i=1

Zi (n)∑
k=1

ξ(k)
i j ,

where ξ(k)
i j ,k ≥ 1 are i.i.d copies of ξi j . This is equivalent to saying that each individual lives

one unit of time and dies, i.e. Ti = 1 for all i . When a type-i dies, it splits into new individuals

corresponding to ξi .

Let m(Z )
i j := E[Z j (1)|Z (0) = ei ] = E[ξi j ], where ei = (δi 1,δi 2, · · · ,δi q ) and

δi j =


0, if i ̸= j

1, if i = j .

The mean matrix of Z (n) is defined by MZ := (m(Z )
j i )q×q . The subscript Z of MZ (and superscript

(Z ) of m(Z )
i j ) is used for identifying the Galton-Watson process and distinguishing it from other

mean matrices.
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The construction of the multi-type Galton-Watson model is mainly borrowed from the set-

tings in [25] and Chapter V of [4].

2.1.3 Generalized Pólya urn process

Let Yi (n) be the number of type-i individuals at discrete time n ≥ 0. The population vector

is defined as Y (n) = (Y0(n),Y1(n), · · · ,Yq (n)). Each type-i is associated with a weight ai ≥ 0.

At each time step, only one individual dies and splits into new individuals. We say Y (n) is a

Generalized Pólya urn process if at time step n ≥ 1, the probability of a type-i individual to split

is ai Yi (n−1)/
∑

j Y j (n−1). Then the population changes according to the offspring distribution

of the selected type, that is

∆Y (n) = Y (n)−Y (n −1) ∼ (ξi 1,ξi 2, · · · ,ξi q ) if a type-i individual dies.

We note here the living time Ti can not be simply identified since it depends on the population

and the discrete time.

Let m(Y )
i j := ai (E[ξi j ]−δi j ). The mean matrix of Y (n) is defined by MY := (m(Y )

j i ). The nota-

tions and description of a generalized Pólya urn process follows the setting in [22].

2.1.4 Connection between discrete time results and continuous time results

In this section we want to figure out how to get results of the continuous process N (t ) by

the results of discrete processes Z (n) and Y (n). To transfer from a discrete time model to a

continuous model, one only need to set the lifetime of each individual to an exponentially dis-

tributed random variable. Conversely, we can reduce the continuous process N (t ) to a discrete

process by considering N (nδ),n ≥ 0 for fixed δ > 0. Then one can show N (nδ) is actually a

Galton-Watson process (similar to [4] Chapter III. Section 6. Theorem 1).

Theorem 1. For every δ> 0 the sequence

Z (δ)(n) := N (nδ)

is a Galton-Watson process.
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The idea of applying this theorem is to first obtain a result about N (nδ) for each δ, and then

go from this to the whole process N (t ). The translation of discrete limit theorems to continuous

limit theorems relies on the following lemma (similar to [4] Chapter III. Section 7. Lemma 1).

Lemma 2. Let h(·) be a continuous function on (0,∞). If limn→∞ h(nδ) = c(δ) exists for every

δ> 0, then limt→∞ h(t ) = c exists, and thus necessarily c(δ) ≡ c for all δ> 0.

The connection between a continuous branching process and its embedded Pólya urn pro-

cess is more straight forward. Let τn be the n-th splitting time (the time of the n-th death event)

of N (t ), then by [4] Chapter V, Section 9.2, Theorem 2 or [22], one have the following theorem.

Theorem 3. The stochastic processes Y (n) and N (τn) are equivalent.

This theorem indicates that the stopping process of a continuous branching process is its

embedded Pólya urn process.

2.2 Cancer evolution models

We are mostly concerned about cancer evolution. In most scenarios, the evolution of cancer

is modeled as a continuous time birth-death process, which could be treated as a special case

of continuous time multi-type branching process. In such a multi-type birth-death process,

the number of offspring cannot be greater than two. The type-i offspring distribution can be

identified by bi , the birth rate, di , the death rate, and ui j , the transition rate to type- j . Another

auxiliary notation is the type-i net growth rate, λi := bi −di .

To adapt models in Section 2.1, we specify the weight and the offspring distribution of each

type. The weight of each type, ai , can be computed by

ai = bi +di +
∑
j ̸=i

ui j .
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The probability mass function of ξi is

P(ξi = 0) = di

ai
,

P(ξi = ei +e j ) = ui j

ai
( j ̸= i ),

P(ξi = 2ei ) = bi

ai
,

where 0 is a zero vector. Thus, the expected value of ξi is

E[ξi ] = di

ai
0+ ∑

j ̸=i

ui j

ai
(ei +e j )+ bi

ai
2ei

= 1

ai
(ui 1, · · · ,ui ,i−1,2bi +

∑
j ̸=i

ui j ,ui ,i+1, · · · ,ui q ).

And notice that

aiE[ξi −ei ] = (ui 1, · · · ,ui ,i−1,bi −di ,ui ,i+1, · · · ,ui q )

Based on the outcomes of ξi , we can classify all events into three kinds. We call ξi = 2ei a

birth event, ξi = a death event, and ξ= ei +e j a transition event. Here, the probability of transi-

tion events does not relate to the birth rate. One might model that transitions (e.g. mutations)

occur in birth events (e.g. cell divisions). This simply results in replacing ui j with bi ui j . Addi-

tionally, in a transition event from type-i to type- j , there are always two daughter individuals

including a type-i individual and a type- j individual. Let (i ) be a single type-i individual, than

the evolution scheme (summary of all possible evolutionary events) is

(i ) →


(i ) (i ), birth at rate bi

(i ), ( j ), transition to type- j at rate ui j

∅, death at rate di .

.

Suppose the birth-death process is embedded in a graph G = (V ,E) , in which V = {1,2, · · · , q}

is the set of vertices and E = {(i , j )|ui j ̸= 0} are edges. The edges represent probable transition

from one type to another. We can naturally define that ui j = 0 if (i , j ) ∉ E .

Commonly, we have the following two assumptions:
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(S1) λi ≫∑
j ̸=i ui j .

(S2) G is acyclic.

The first assumption comes from small mutation rates, which holds for a numerous scenarios.

However, it fails to hold when there exists i such that λi = 0. For instance, in the CRC initiation

model [34], type-0 and type-1 crypts do not follow (S1). The second assumption is assuming

that there are no backward flows. This is true for a majority of models in which transitions

represent mutations. Since when the cell loses a copy of a certain gene, it’s nearly impossible to

get that copy back. However, (S2) fails to hold if transitions include migrations. For instance, a

metastasis model which considers cancer cells that move between different sites (e.g. surfaces

of organs, lymph nodes) may have a graph that contains a loop. We will see that either (S1) or

(S2) leads to a situation that is easier to analyze.

In section 2.1, we’ve defined two mean value matrices, MZ for the discrete Galton-Watson

model and MY for the Pólya urn model. In terms of a birth-death model, they can be easily

computed by

MZ = (m(Z )
j i )q×q = (E[ξ j i ])q×q

=



1
a1

(2b1 +∑
j ̸=1 u1 j ) 1

a2
u21 · · · 1

aq
uq1

1
a1

u12
1

a2
(2b2 +∑

j ̸=2 u2 j ) · · · 1
aq

uq2

...
...

. . .
...

1
a1

u1q
1

a2
u2q · · · 1

aq
(2bq +∑

j ̸=q uq j )

 ,

MY = (m(Y )
j i )q×q = (a jE[ξ j i −δ j i ])q×q

=


λ1 u21 · · · uq1

u12 λ2 · · · uq2

...
...

. . .
...

u1q u2q · · · λq

 .

Then we note that our assumptions, (S1) and (S2), bring us additional structural information of

MZ and MY .



9

Proposition 4. Assumption (S1) (small mutation rates) implies that MZ and MY are diagonal-

izable. Assumption (S2) (acyclic graph) implies that MZ and MY , after a reorder of types, are

lower-triangular.

Given (S1), Gershgorin circle theorem implies that the mean matrix is diagonalizable. Ap-

plying the topological sorting algorithm on the type set provides triangular mean matrices. For

a detailed proof, one can refer to [32].

2.2.1 Connections between the mean value matrices in caner modeling

It seem’s more natural to define MZ and MY by their transposes, M ′
Z and M ′

Y . In fact in

a majority of work by Kesten, Stigum, Atherya and Ney [25, 4], the mean matrices are indeed

defined by M ′
Z . Here we choose to be in line with Janson and Nicolson [22, 32] because their

papers are more recent, and Z (n),Y (n) could be treated as column vectors.

Eigenvalues and eigenvectors of the mean value matrix play an important. Following [22, 32]

we are going to deal with MZ ,MY and their right eigenvectors, while we need to think about M ′
Z

and its left eigenvectors when reading [25, 4].

Although results are derived from MZ and MY separately. We note that results that comes

from one of them might be transferable to the other when some conditions hold. Let {ρ(Z )
i }q

i=1,

{ρ(Y )
i }q

i=1 be the eigenvalues of matrix MZ , MY respectively. In addition, let each of ρ(Z )
1 and ρ(Y )

1

be the eigenvalues that has largest magnitude. Notice that

(MZ − I )


a1

a2

. . .

aq

= MY . (2.1)

This implies the following proposition.

Proposition 5. Suppose one of MZ and MY is lower-triangular, the other also has to be lower-
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triangular. In addition

ρ(Z )
1 > 1 ⇔ ρ(Y )

1 > 0,

ρ(Z )
1 = 1 ⇔ ρ(Y )

1 = 0, and

ρ(Z )
1 < 1 ⇔ ρ(Y )

1 < 0,

where p ⇔ q means p is equivalent to q.

Proof. We will prove the case when MZ is lower-triangular. This implies that when i > j , m(Z )
i j =

E[ξ j i ] = 0. Thus for i > j , m(Y )
i j = 1

a j
E[ξ j i ] = 0. Hence MY is also lower-triangular. For a triangular

matrix, we know that its eigenvalues are exactly the entries on the diagonal. Thus the eigenval-

ues of MZ are { 1
ai

(2bi +∑
j ̸=i ui j )}q

i=1 and the eigenvalues of MY are {λi }q
i=1. By the definition of

λi , we have

λi = bi −di = ai

(
1

ai
(2bi +

∑
j ̸=i

ui j )−1

)
Thus the statement holds true.

We can see that some properties of MZ and MY are similar. However, one should also no-

tice that the eigenvectors of MZ and MY are different. Thus it is still necessary to keep both

notations.

2.3 Model classification and limit theorems

Evolutionary dynamics are closely related to the relative fitness advantages (change of growth

rates) conferred by transitions. With strictly increasing clonal growth rates after mutation, Dur-

rett and Moseley [14] modeled a pathway from healthy cells to cancerous cells, and computed

distributions for clonal sizes and waiting times. Nicholson and Antal [32] studied a general

framework wherein wild-type individuals have the largest fitness (growth rate), which could be

applied to cases involving drug resistance. Random fitness advantages have also been investi-

gated [19]. Based on these studies, we classify models by their mean value matrices. We will the

see the general idea of dealing with each case with emphasis on obtaining limit theorems.
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In the beginning we introduce the concept of irreducible matrices. We say type-i commu-

nicates with type- j , written i ≻ j , if (M n
Y ) j i > 0 for some n ≥ 0. This means that starting from

a single type-i individual, the probability of getting a type- j individual is nonzero after a few

steps. The relation ≻ is transitive and reflective, i.e.

i ≻ j , j ≻ k ⇒ i ≻ k

i ≻ i for all i ∈V = {1,2, · · · , q}.

Thus we can classify all types (or all vertices V in the graph) into equivalence classes C1,C2, · · · ,Ch

such that type-i and type- j belong to the same class if and only if i ≻ j and j ≻ i (in this case we

also say type-i intercommunicates type- j ). In addition, we say type-i is dominating if it com-

municates all other types, i.e. i ≻ j ,∀ j ∈ V . And observe that if a dominating type belongs to

class Ck , then all types in Ck are dominating. Hence we call class Ck a dominating class if there

exists i ∈Ck such that i in dominating.

A Galton-Watson (or MZ ),a Pólya urn process (or MY ), or a continuous time branching pro-

cess is irreducible if there is only one equivalent class. In other words, a branching process is

irreducible if all types are dominating.

One should note that MZ and MY have to be both irreducible or both reducible and they

share same equivalent classes.

Proposition 6. MZ is irreducible is equivalent to saying MY is irreducible. MZ and MY have

same equivalent classes {C1,C2, · · · ,Ch}.

Thus, when classifying models, we choose to derive all results base on the behaviors of MY .

However, there are some subtleties between results derived from a urn process and a Galton-

Watson process. Hence in some limit theorems still involve MZ .

2.3.1 Irreducible processes and some related cases

We are going to summarize the results of [22]. Janson et al. which studied a general case

including MY is irreducible. Their assumptions are:
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(A1) The largest eigenvalue ρY
1 of MY is positive, ρY

1 > 0.

(A2) ρY
1 is simple.

(A3) There exists a dominating type i and the process starts with at least one type-i individual.

(A4) ρY
1 belongs to the dominating class.

This guarantees that left and right eigenvectors of MY that corresponding to the largest eigen-

value ρY
1 are non-negative. We define v1 to be the right eigenvector corresponding to ρY

1 . Let

a = (a1, a2, · · · , aq ) be the weight vector. Then we can normalize v1 by letting

a · v1 = 1.

One of their results that can be easily applied (Part of Theorem 3.8 in [22]) is stated below.

Theorem 7. As t →∞, e−ρ(Y )
1 t N (t )

a.s.→ W v1, where W is a non-negative random variable.

This indicates that the population is going to be drived by the dominating type if the domi-

nating type has the largest eigenvalue and the process starts at that dominating type.

2.3.2 Reducible processes

When MY is reducible or when the process initially does not have a dominating individual,

we rely on the analysis in [25]. Kesten et al. and mainly focus on MZ instead of MY . So, we will

follow their convention in this section and state results for MZ . We begin with a theorem for

reducible matrices.

Theorem 8. When MZ is reducible, the equivalent classes {C1,C2, · · · ,Ch} can be partially or-

dered so that the rows and columns of MZ are be reordered and MZ takes the form
M(1) 0

M(1,2) M(2)
...

...

M(1,h) M(2,h) · · · M(h)

 , (2.2)
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where M(a,b) = (m(Z )
i j )i∈Ca , j∈Cb and M(a) = M (Z )(a, a). Then if M(a) ̸= 0, the subprocesses

Z a(n) = {Zi (n)|i ∈Ca},n ≥ 0

are an irreducible processes.

Let ρa be the largest eigenvalue of block M(a). We will have the following assumptions:

(B1) For all a, M(a) is aperiodic.

(B2) There exists at least one block M(a) that has largest eigenvalue ρa > 1.

(B3) There exists a dominating type and the process starts with at least one dominating type

individual.

The strategy given by Kesten et al. is to deal each block by theorems for irreducible cases and

figure out relationships between blocks. Without loss of generality, we can consider subprocess

(Z 1(n), Z 2(n)) with the mean value matrix M(1) 0

M(1,2) M(2)

 .

We have a few local assumptions:

(b1) M(1,2) ̸= 0.

(b2) The initial individual (recall that Z (0) = ei ) is not of class C2.

(b3) ρ1,ρ2 > 1.

(b1) is just saying that a C1 individual is able to transition to C2 individual. This might happen

between two vertices that on two separate pathways. (b2) guarantees that the populations of

C1 will not always be 0. (b3) assumes that the process is supercritical, thus the process is not

always going to extinct. We note that (b3) is a really strong condition and we are not quite sure
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what’s going to happen if this assumption fails to hold. Based on (b3) and Theorem 7, one can

see that if the initial individual is of type-1, then

N (t )e−ρ1t →W v1.

where v1 is the left eigenvector of M(1) corresponding to eigenvalue ρ1.

Case 1

Suppose the initial individual is of type-1 and ρ1 > ρ2. In fact, from subsection 2.3.1, we can

see that the growth of type-1 individuals is going to drive the growth of type-2 individuals. i.e

Z (2)(n)

ρn
1

w.p.1→ w

where w is a non-negative random variable. The result can be able to transition to the continu-

ous case.

Theorem 9.

N (2)(t )e−ρ̂1t →W v2

where N (2)(t ) = {Ni (t )|i ∈C2}, W is a non-negative random variable, and v2 is a fixed vector.

Thus, we can treat the entire matrix

 M(1) 0

M(1,2) M(2)

 as a Block with largest eigenvalue ρ1.

The whole proof of Theorem 9 can be found in [22].

Case 2

Suppose that the initial individual is of type-1 and ρ1 = ρ2. This case is discussed in Theorem

2.3. in [25]. For the discrete Galton-Watson process, we have

Z (2)(n)

nρn
1

w.p.1→
(

W

ρ1
vT

1 M(1,2)u2

)
v2 (2.3)

where vi is the normalized left eigenvector of M(i ) which corresponds to eigenvalue ρi , and

u2 is the right eigenvector of M(2) corresponding to ρ2. And the corresponding theorem in

continuous time is
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Theorem 10.

N (2)(t )t−1e−ρ̂1t →W v2

where W is a random variable, ρ̂1 is the largest eigenvalue of the mean value matrix of N (1)(t ),

and v2 is a fixed vector.

Proof. By Theorem 1, for any δ > 0, process N (2)(nδ) is a Galton-Watson process with mean

value matrix

M (δ) = eM (Y )δ

in which M (Y ) is the mean value matrix of the process N (2)(t ). Suppose the largest eigenvalue

of M (Y ) is ρ̂2. In this case, we have ρ̂1 = ρ̂2. By the property of matrix exponential, the largest

eigenvalue of M (δ) is e ρ̂1δ. Then following (2.3), there exists a fixed vector v such that

N (2)(nδ)

ne ρ̂1nδ

w.p.1→ Wδv

This implies

P(N (2)(nδ)δne−ρ̂1nδ ≤ x) →P(δWδv ≤ x) (n →∞)

for any non-negative vector x. Finally, by Lemma 2, we have

P(N (2)(t )t−1e−ρ̂1t ≤ x) →P(W v2 ≤ x) (t →∞)

where v2 is a fixed vector. Then we conclude that

N (2)(t )t−1e−ρ̂1t →W v2 in distribution

Case 3

Suppose that the initial individual is of type-1 and ρ1 < ρ2. This case is similar to the one

considered by Durrett [14]. Ketsen et al. shows that (their original theorem is more complex,

see Theorem 2.2. of [25])
Z (2)(n)

ρn
2

w.p.1→ V (2.4)
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where V is a non-negative random vector in which all entries are independent. And our conjec-

ture would be

Theorem 11.

N (2)(t )e−ρ̂2t →V

where V is a random vector in which all entries are independent.

Proof. By Theorem 1, for any δ > 0, process N (2)(nδ) is a Galton-Watson process with mean

value matrix

M (δ) = eM (Y )δ

in which M (Y ) is the mean value matrix of the process N (2)(t ). Suppose the largest eigenvalue

of M (Y ) is ρ̂2. By the property of matrix exponential, the largest eigenvalue of M (δ) is e ρ̂2δ. Then

following (2.4), we have

N (2)(nδ)

e ρ̂2nδ

w.p.1→ Vδ

This implies

P(N (2)(nδ)e−ρ̂2nδ ≤ x) →P(Vδ ≤ x) (n →∞)

for any x ≥ 0. Finally, by Lemma 2, there exists a random vector V (indpendent of δ) such that

P(N (2)(t )e−ρ̂2t ≤ x) →P(V ≤ x) (t →∞)

that is

N (2)(t )e−ρ̂2t →V in distribution

We note that the main non-triviality arose by increasing eigenvalue (or increasing fitness)

is that the limit consists q random variables, while in Case 1 and Case 2, the limit is a scalar

random variable W multiplied by a fixed vector.
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Case 4

Suppose that the initial individual is not in C1 or C2. Then Ketsen et al. introduce random

variable T p,q
m which represents the number of descendants of type-q in the m-th generation of

type-p in the (m − 1)-th generation. Then, vector U q
r (m,n, a, p) is defined to be the number

of immigrants from type-p to type-q that originated from a ancestor being the r -th individual

among T p,q
m descendants. Then we have

Z (a)(n) =
n∑

m=1

∑
q∈Ca

∑
1≤b<a

∑
p∈Cb

T
p,q
m∑

r=1
U q

r (m,n, a, p) (2.5)

This is a quite tedious formula, but it clearly shows all possible transitions that could happen for

between classes. They argue that all features needed to study the above formula can be covered

by all involved (Z (a)(n), Z (b)(n)) pairs.

2.4 General results for a multi-type branching process on a single pathway

In previous sections, we’ve showed possible large time limits of a multi-type branching pro-

cess associated with a complex network. In this section, we consider the special case when

the network only has one pathway from the initial type to the target type. Further more, we

consider the case when the death rates are zeros. To be more specific, we consider a continuous

multi-type branching process in which type-i individuals can only be produced from type-(i−1)

individuals at rate ui := ui−1,i , and each newly formed type-i individual starts a new pure birth

process with growth rate λi := bi . Other then large time limits, we also present and extend a

common approach for computing the waiting time distribution of the first type-i individual.

We note that in this case, after a possible reordering of types, the corresponding mean matrix
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MY is bi-diagonal (starting from type-0) and reducible,

MY =



λ0 0 0 · · · 0

u1 λ1 0
. . . 0

0 u2 λ2
. . . 0

...
. . . . . . . . . 0

0 · · · 0 uq λq


.

Following 2.3.2, mutation from one type to the next can be treated as a two-type subpro-

cess. From this perspective, the process containing types 1, ...,n can be treated as a sequence

of n − 1 two-type branching processes, with the terminal state from one two-type branching

process serving as the initial state for the next. We will show that when large time limits ex-

ist for type-i populations, it suffices to analyze two-type (initial and terminal type) branching

processes (Ni (t ), Ni+1(t )), leading to a unified approach. When a large time limit does not ex-

ist, we introduce an different approach (see Section 2.4.4), approximating the sum (2.5) by an

integration.

In previous studies, the asymptotic population dynamics of two-type branching processes

have been analyzed by decomposing the population of the initial type into the product of a

deterministic, time-dependent exponential function and a time-invariant random variable [12,

13, 14]. This approximation greatly simplifies the computation of the waiting time distribution

by making the stochastic component of the dynamics time-invariant. However, these studies

typically consider the case of a wild type with a net growth rate λi strictly greater than zero. In

contrast, the wild-type population in our model is not supercritical and in fact (slowly) declines.

This, along with allowing λi = λi+1, causes non-exponential growth of mutant populations. In

this section, we extend previous approaches [12, 13, 14] so that the time-deterministic com-

ponent can belong to a class of non-exponential functions, which enables us to deal with the

non-exponentially growing populations (type-0 and type-1). Furthermore, we review canonical

expected value formulas that will be applied in later sections. Similarly to previous approaches

[14, 13] we will assume that the mutation rates from one type to the next are small.
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2.4.1 Expected value and Laplace transform

Throughout Section 2.4, we will be concerned with a multi-type branching process (N0(t ),

N1(t ), ...)t≥0, where Ni (t ) denotes the number of type-i individuals at time t . The process is

started at time zero, with some positive number of type-0 individuals. Type-i individuals can

divide with rate λi ≥ 0 and mutate to type-(i +1) with rate ui > 0.

We start with a lemma that provides the Laplace transform of Ni (t ) conditional on the pop-

ulation of its precursor, Ni−1(t ).

Lemma 12. Let Zi (t ) be the number of type-i individuals in a pure-birth process that starts with

Zi (0) = 1 individuals at time t = 0. Then

E
[

e−θNi (t )
∣∣∣Ni−1(s), s ≤ t

]
= exp

(
−ui

∫ t

0
Ni−1(s)(1−φi (θ, t − s))

)
(2.6)

where φi (θ, t ) := E[
e−θZi (t )

]
.

This is a well-known result for multi-type branching processes. One can prove it by following

the procedure of Lemma 2 in [14], replacing the start time with s = 0.

The expected value formula for the number of type-i individuals can be derived from Lemma

12.

Theorem 13.

E [Ni (t )] = ui

∫ t

0
E[Ni−1(s)]eλi (t−s) ds

Taking the derivative of equation (2.6) and evaluating at θ = 0 gives the relationship between

expected values.

2.4.2 Large time limits

Lemma 14. Consider (Ni−1(t ), Ni (t ))t≥0. Suppose Ni (t ) is the population of type-i crypts in the

multi-type branching system where the population of type-(i −1) crypts is given by Ni−1(t ) ≥ 0,

then

M(t ) = e−λi t Ni (t )−
∫ t

0
ui Ni−1(s)e−λi sds
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is a martingale. If

Ii =
∫ ∞

0
ui Ni−1(s)e−λi sd s

has a finite expectation, then

e−λi t Ni (t )
a.s.→ Wi , E|Wi | <∞,

as t →∞. Additionally, if e−λi t Ni (t ) is uniform integrable, then

e−λi t Ni (t )
L1

→Wi .

This implies

E[e−λi t Ni (t )] → E[Wi ] = E[Ii ].

Proof. The proof follows that of Theorem 2 in [14]. The only difference is that we have derived

a new bound on the martingale. By Lemma 1 in [14],

M(t ) = e−λi t Ni (t )−
∫ t

0
ui Ni−1(s)e−λi sds

is a martingale. If Ii has a finite expectation, then by the martingale convergence theorem (The-

orem 4.2.11 in [15]), the submartingale X (t ) =−M(t ) converges a.s. to some integrable limit X

as t →∞. Since

Ii (t ) =
∫ t

0
ui Ni−1(s)e−λi sds

a.s.→ Ii ,

we also have

e−λi t Ni (t )
a.s.→ Wi .

The martingale starts at zero (i.e. M(0) = 0), which implies

E[e−λi t Ni (t )] = E[Ii (t )].

Suppose e−λi t Ni (t ) is uniform integrable, we have (Theorem 4.6.3 in [15])

e−λi t Ni (t )
L1

→Wi ,

which guarantees

E[Ii (t )] = E[e−λi t Ni (t )] → E[Wi ].
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Thus, we have

E[Ii (t )] → E[Ii ],

and

E[Wi ] = E[Ii ].

If the first condition from the statement of the Lemma holds (i.e. if Ii has finite expectation)

Lemma 14 provides a method of obtaining the long-term behavior of Ni using the limiting ran-

dom variable Wi . In that case, we have e−λi t Ni (t ) → Wi , and for large time t , eλi t Wi should

be a good approximation of the stochastic process Ni (t ). The importance of Ni (t ) ≈ eλi t Wi is

that it separates a stochastic process into a deterministic function eλi t and a time-independent

random variable Wi .

If, in addition, the second condition (e−λi t Ni (t ) is uniform integrable) holds, then the ex-

pected value of the limiting random variable Wi is obtainable. In that case, we have E [e−λi t Ni (t )] →
E [Wi ], which makes the large time approximation Ni (t ) ≈ eλi t Wi reasonable in terms of the first

moment.

2.4.3 Estimating waiting times using large time limits

Let τi , (1 ≤ i ≤ n) be the waiting time of the first type-i individual in a multi-type branching

process. At time s ≥ 0, the arrival rate of type-i individuals is ui Ni−1(s). Conditional on the

trajectory of Ni−1(s) for 0 ≤ s ≤ t , the probability of τi can be written as

P (τi > t | Ni−1(s),0 ≤ s ≤ t ) = exp

(
−ui

∫ t

0
Ni−1(s)d s

)
.

The functional form of Ni−1(s) is generally unknown and potentially complicated. One way

of evaluating this integral is to approximate Ni−1(s) by the product of a deterministic time-

dependent growth and a time independent random variable. For example, let N0(t ) = Z0(t ), a

pure birth two-type branching process that starts with a single individual. It is well-known that

e−λ0t Z0(t ) → W0 ∼ Exponential(1) [14]. A classical approximation is N0(s) ≈ eλ0t W0 where the
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deterministic time-dependent growth is characterized by eλ0t and time independent random

variable is W0. Applying this approximation yields

P (τ1 > t ) ≈ E
[

exp

(
−ui

∫ t

0
eλ0sW0d s

)]
(2.7)

=LW0

(
u1

eλ0t −1

λ0

)
, (2.8)

where LW0 (θ) = 1
1+θ is the Laplace transform of W0. Let f0(t ) = eλ0t be the time deterministic

function. Then the above approximation also holds if a sub-exponential term is added to f0. In

other words, we have many reasonable options for f0. In later sections, we consider two specific

deterministic functions,

fi 0(t ) = eλi t , and

fi 1(t ) = E[Ni (t )]

E[Wi ]
.

In the example mentioned above, we have

f01(t ) = E[Z0(t )]

E[W0]
= eλ0t

= f00(t ).

However, in our model when i > 1, fi 0 ̸= fi 1. Later we will see an approximation with fi 1 is more

precise than that with fi 0.

The second observation from this example is that the approximation (2.7) relies on the

Laplace transform of W0. However, one cannot obtain a closed form for the Laplace transform

of Wi , i ≥ 2. In this case, an alternative approach is to approximate Wi by another random vari-

able Vi that has a a closed form Laplace transform. Such Vi can be found by approximating

Ni−1, as described in Section 3.2.

Proposition 15. Let (Ni−1(t ), Ni (t )) be a two-type process such that Ni (0) = 0 and type-i individ-

uals are produced by type-(i −1) individuals with rate ui Ni−1(t ),ui > 0. Suppose that Ni−1(t ) ≈
N∗

i−1(t ) such that ( fi−1(t ))−1N∗
i−1(t ) → Vi−1 as t →∞. Then the waiting time distribution of the
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first type-i individual can be approximated by

P (τi > t ) ≈LVi−1

(
ui

∫ t

0
fi−1(s)d s

)
where LVi−1 (θ) is the Laplace transform of random variable Vi−1.

Applying the approximations gives us

P (τi > t ) = E
[

exp

(
−

∫ t

0
ui Ni−1(s)d s

)]
≈ E

[
exp

(
−Vi−1ui

∫ t

0
fi−1(s)d s

)]
=LVi−1

(
ui

∫ t

0
fi−1(s)d s

)
.

From Proposition 15, we see that the waiting time (τi ) distribution depends on the Laplace

transform of Vi−1. Here we present an iterative method for computing the Laplace transforms

of Vi .

Lemma 16. Let Ñi (t ) be type-i individuals in the system with N∗
i−1(t ) = fi−1(t )Vi−1. Suppose

e−λi t Ñi (t )
a.s.→ Vi , then

LVi (θ) := E
[

e−θVi
]
=LVi−1

(
ui

∫ ∞

0

θ fi−1(s)

θ+eλi s
ds

)
.

Proof. To get the Laplace transform of Vi , we start from the star process approximation

N∗
i−1(t ) = fi−1(t )Vi−1.

Applying Lemma 12 to the 2-type process
(
N∗

i−1(t ), Ñi (t )
)

yields

E[e−θÑi (t )|Vi−1] = exp

(
−ui

∫ t

0
fi−1(s)Vi−1(1−φi (θ, t − s))ds

)
.

Replacing θ with θe−λi t ,

E[e−θe−λi t Ñi (t )|Vi−1] = exp

(
−ui

∫ t

0
fi−1(s)Vi−1(1−φi (e−λi tθ, t − s))ds

)
, (2.9)

then for each subclone of Ni , by equation (2.10), we have

Zi (t − s)e−λi (t−s) → Exponential(1) a.s.
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Thus, it follows

Zi (t − s)e−λi t → Exponential(eλi s).

Now consider the following limit involving terms on the right hand side of (2.9),

lim
t→∞1−φi (θe−λi t , t − s) = 1−

∫ ∞

0
e−θxeλi s exp

(
−xeλi s

)
dx

=
∫ ∞

0
(1−e−θx)eλi s exp

(
−xeλi s

)
dx

= θ

θ+eλi s
.

And note that as t →∞, the left hand side of (2.9) yields

lim
t→∞E[e−θe−λi t Ñi (t )|Vi−1] = E[ lim

t→∞e−θe−λi t Ñi (t )|Vi−1]

= E[e−θVi |Vi−1],

in which switching the limit and the integration is allowed by the dominated convergence the-

orem. Thus, we can write

E[e−θVi |Vi−1] = exp

(
−ui Vi−1

∫ ∞

0

θ fi−1(s)

θ+eλi s
ds

)
.

Taking expectation on both sides gives us

E[e−θVi ] =LVi−1

(
ui

∫ ∞

0

θ fi−1(s)

θ+eλi s
ds

)
.

2.4.4 An inhomogeneous Poisson process approximation

Proposition 15 estimates the arrival time of type-i individuals by the large time limit of the

previous type (Vi−1). However, there are situations when the random variable Vi−1 does not

exist or when fi−1Vi−1 fails to provide a precise first arrival time of Ni . More generally, we may

only have a good large time limit V j for some type- j where j < i , so that we do not have reliable

limits for type-( j +1) through type-(i −1). To deal with this situation, we introduce a method

that uses the large time limit of each independent lineage to ‘skip’ V j+1 through Vi−1. First, note
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that given V j , we can approximate the birth rate of type-( j +1) lineages, using the well-known

fact that for each type-( j +1) lineage,

e−λ j+1t Z j+1(t )
a.s.→ V ∼ Exponential(1). (2.10)

Next, we want to find the likelihood of each type-( j +1) lineage producing at least a single

type-i individual. Recall that a type-( j +1) lineage is a simple birth process initiated by a single

type-( j +1) individual that grows at rate λ j+1. Suppose we have a type-( j +1) lineage that was

started by a single type-( j +1) individual at time s. We define p( j+1)→i
0 (s, t ) to be the probability

that no type-i individual is produced by time t by this type-( j +1) lineage.

At time s, type-( j +1) crypts are producing at rate u j+1N j (s) ≈ u j+1 f j (s)V j . Each type-( j +1)

lineage (present at time s) has a probability 1−p( j+1)→i
0 (s, t ) to produce at least a single type-i

crypt (at time t ). Finally, for fixed t , we approximate the process of producing type-i individuals

as an inhomogeneous Possion process with rate u j+1N j (s)(1−p( j+1)→i
0 (s, t )). This implies

P (τi > t ) ≈ E
[

exp

(
−V j u j+1

∫ t

0
f j (s)

(
1−p( j+1)→i

0 (s, t )
)

d s

)]
=LV j

(
u j+1

∫ t

0
f j (s)

(
1−p( j+1)→i

0 (s, t )
)

d s

)
.

This approach is summarized in the following proposition.

Proposition 17. Let (N j (t ), N j+1(t ), · · · , Ni (t )) be a (i − j +1)-type process such that Nk (0) = 0, j <
k ≤ i and type-k individuals are produced by type-(k−1) individuals with rate uk Nk−1(t ),uk > 0.

Suppose that N j (t ) ≈ N∗
j (t ) such that ( f j (t ))−1N∗

j (t ) →V j . Then the waiting time distribution of

type-i crypts can be approximated by

P (τi > t ) ≈LV j

(
u j+1

∫ t

0
f j (s)

(
1−p( j+1)→i

0 (s, t )
)

d s

)
,

where LV j (θ) is the Laplace transform of V j .

Proposition 15 is consistent with Proposition 17, and one can treat Proposition 15 as a single-

step version of Proposition 17.

To compute p j→i
0 (s, t ), j < i , we use the iterative relationship between p j→i

0 (s, t ) and p( j+1)→i
0 (s, t ).

This is provided by the following proposition.
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Lemma 18. For i < j ,

p j→i
0 (s, t ) ≈

∫ t

0
e−v exp

(
−v

∫ t

s
u j+1eλ j (r−s)

(
1−p( j+1)→i

0 (r, t )
)

dr

)
d v.

with p i→i
0 (s, t ) = 0.

Proof. For a type- j lineage that appears at time s, we approximate it by its large time limit. At

time r > s, the population of this lineage would be Z j (r ) ≈ eλ j (r−s)V , where V ∼ Exponential(1).

Thus, type-( j +1) individuals that mutated from this lineage are produced at rate

u j+1Z j (r ) ≈ u j+1eλ j (r−s)V.

The probability for a type-( j+1) individual to produce at least a type-i individual is 1−p( j+1)→i
0 (r, t ).

Thus, conditional on V , the expected number of type-i individuals that were produced by a

type- j lineage that appeared at time s is

Λ j→i (s, t ,V ) =
∫ t

s
u j+1Z j (r )

(
1−p( j+1)→i

0 (r, t )
)

dr

≈
∫ t

s
u j+1eλ j (r−s) V

(
1−p( j+1)→i

0 (r, t )
)

dr.

Let X j→i (s, t ) be the number of type-i individuals that are produced by a type- j subclone ap-

peared at s. In the time period [s, t ], X j→i (·, t ) follows an inhomogeneous Possion process with

mean Λ(·, t ,V ). Thus the probability that no type-i crypt is produced from this particular type-

( j +1) crypt by time t is

P (X j→i (s, t ) = 0|V ) = exp
(
−Λ j→i (s, t ,V )

)
= exp

(
−V

∫ t

s
u j+1eλ j (r−s)

(
1−p( j+1)→i

0 (r, t )
)

dr

)
.

This implies

p j→i
0 (r, t ) := P (X j→i (s, t ) = 0)

= E
[

P (X j→i (s, t ) = 0|V )
]

=
∫ t

0
e−v exp

(
−v

∫ t

s
u j+1eλ j (r−s)

(
1−p( j+1)→i

0 (r, t )
)

dr

)
d v.



27

Finally, for i = j , notice that the founding individual of a type- j lineage is of type- j . This guar-

antees that at any time t greater than the founding time s, the probability of having at least one

type- j individual is 1. Thus p j→ j
0 (s, t ) = 0.
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Chapter 3

WAITING TIMES OF COLORECTAL CANCER INITIATION ON A SINGLE
PATHWAY

Cancer initiation is the biological process in which healthy wild-type cells mutate into ma-

lignant cancer cells, prior to uncontrolled proliferation. Following the seminal work by Ar-

mitage and Doll in the 1950s [2, 3], and Knudson [26] in the 1970s, cancer initiation has been

identified as a multi-step process, whereby cells sequentially accumulate driver mutations re-

quired for malignant transformation. These works investigated age-dependent incidence rates

for human cancers and argued that a multi-step model best explains the data across different

cancers. Since the advent of genome sequencing, the molecular mechanisms of many cancer

driver mutations have been described [42, 21, 41, 11, 33].

Colorectal cancer (CRC) is one of the most common cancers in the United States [37]. It

has been shown that mutations in just three driver genes, usually inactivation of two tumor

suppressor genes and activation of an oncogene, are sufficient to trigger the initiation of CRC

[39, 17, 34]. Typically, this involves a total of five genetic alterations, as inactivation of a tumor

suppressor gene (TSG) requires inactivation of both alleles, and activation of an oncogene only

requires a mutation in one allele of the gene [36]. Recent work [34] studied a five-step branching

process model for the initiation of colorectal cancer that involves the three most commonly

mutated driver genes in colorectal cancer: tumor suppressors APC and TP53 and oncogene

KRAS. The study found that, in the majority of cases, the driver mutations accrue in a specific

order, with inactivation of APC followed by activation of KRAS and inactivation of the TP53 gene.

Following [34], we study the single most likely mutational pathway to colorectal cancer.

We model the dynamics using a multi-type branching process that starts from N wild-type

crypts, small tubular assemblies of cells that line the intestinal epithelium [40, 6]. As the pro-
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cess evolves, individual crypts stochastically obtain driver mutations, with mutation rates de-

termined by the genotype of the crypt and the driver gene in question. We allow growth rates of

consecutive subpopulations to be equal, which leads to considerable mathematical difficulty.

Furthermore, instead of starting with a growing population initiated by a single cell, we con-

sider the case where the process is initiated from a large population of non-dividing wild-type

crypts. Using results from the theory of martingales, we compute the waiting time distributions

associated with each step of the process. Finally, we compare analytic results for the waiting

time distributions to those from exact computer simulations of the process.

The approach presented here can be extended to other single-path branching process mod-

els in which the population growth rates of subsequent types are non-decreasing. For CRC, one

can compute the waiting time distributions for other mutational pathways. The quantitative

estimates provided here may also help better understand the lifetime risk of CRC.

3.1 Model

Let Ni (t ) be the stochastic process that counts the population of type-i crypts at time t . In

a single step, a type-i crypt transforms into a type-(i +1) crypt through either mutation or loss

of heterozygosity (LOH) at rate ui . Here we consider the most common mutational pathway

observed (see Table 3.1) over the course of an 80-year human lifespan, i.e. 0 ≤ t ≤ 80. We assume

Step Rate Biological process

N0 → N1 u1 APC LOH

N1 → N2 u2 APC mutation

N2 → N3 u3 KRAS mutation

N3 → N4 u4 TP53 LOH

N4 → N5 u5 TP53 mutation

Table 3.1: Most common pathway to CRC initiation.
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(a) Non-decreasing crypt growth rates

crypts N0 N1 N2 N3 N4

birth rate λ0 = 0 λ1 = 0 λ2 > 0 λ3 >λ2 λ4 =λ3

(b) Biologically reasonable range of parameter values

number of wild-type crypts N 107 −108

birth rates λi λ2 = 0.2/y,λ3 = 0.27/y

transition rates ui 10−7 −10−4/y

Table 3.2: Parameter values for the model of CRC initiation.

that independently from mutations, type-i crypts follow a pure birth process with rate λi . The

growth rate of a crypt is determined by its genotype. For wild-type crypts, divisions are very

rare [31] so we set their growth rate to zero. It has been shown that inactivation of APC and/or

activation of KRAS provides a fitness advantage to mutated crypts, leading to clonal expansion

[29, 38]. In contrast, under normal conditions TP53 inactivation alone does not provide a fitness

advantage [40]. These findings are reflected in the choice of growth parameters in our model

(see Table 3.2).

This branching process model can be summarized as

N0(t )
u1−→ N1(t )

u2−→
⟲divide at rate λ2

N2(t )
u3−→

⟲λ3
N3(t )

u4−→
⟲λ4 =λ3

N4(t )
u5−→ N5(t )

The first generation of type-i crypts (all type-i crypts produced directly from type-(i −1) crypts)

follows an inhomogeneous Poisson process, denoted by Ki (t ), with instantaneous intensity

ui Ni−1(t ). The transition times are the founding times of new type-i subclones. They are de-

fined as

Ti , j = inf{t ≥ 0|Ki (t ) = j }.
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At the j -th transition time, the newly formed type-i crypt founds a linear birth-death process

with birth rate λi and death rate ui+1 (transition rate to the next type). Let Zi , j (t ) denote this

branching process where t is measured from the founding time. We also call Zi , j (t ) the j -th

lineage or j -th subclone of type-i individuals. Let Z (i ) represent a single type-i individual. The

transition scheme is

Z (i ) →


Z (i ) Z (i ), growth rate λi

Z (i+1), transition rate ui+1.

Suppose Zi (t ) is a linear birth-death process initiated by a single cell and Zi (t ) = 0 for t < 0.

Then measured from the starting time of CRC, Zi , j (t ) is merely Zi (t ) shifted by Ti , j . Thus

Ni (t ) =
Ki (t )∑
j=1

Zi
(
t −Ti , j

)
,

Ti , j ≤ t , for 1 ≤ j ≤ Ki (t ). Here we note that since ui+1 is small, we treat all lineages of type-

i individuals as pure birth processes when type-i has a positive birth rate. The system initially

consists N wild-type (type-0) crypts, and we seek to estimate the waiting times for the first type-

i crypt which is defined by

τi = inf{t ≥ 0|Ni (t ) > 0}.

To verify our analytic results, we developed Monte Carlo simulations of a multi-type branching

process model based on the Gillespie algorithm [20]. Parameter values for our model come

from Paterson et al. [34], and their typical ranges are listed in Table 3.2.

3.2 Population dynamics of type-i crypts

In this section we derive the asymptotic growth dynamics of the clonal subpopulations

(or types) along the path to CRC initiation. For each type i , the population size Ni (t ) is a

counting process indexed by t > 0. The first two types, N0(t ) and N1(t ), are well approxi-

mated by time-deterministic functions. Starting with these, we sequentially derive the large-

time population dynamics for the later types, leveraging results for two-type branching pro-

cesses, (Ni , Ni+1),0 ≤ i ≤ 4. The success of this approach relies on our ability to approximate
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the large-time growth dynamics by the product of a time-deterministic function and a time-

invariant random variable. The existence of such a decomposition depends on the martingale

properties of the counting processes Ni (t ).

3.2.1 Type-0

Wild-type human crypts (i.e. type-0 crypts) rarely divide [31], hence we set the growth rate

of the wild-type crypts to zero (λ0 = 0). These wild-type crypts transition into type-1 crypts at

rate u1N0(t ) after losing one copy of the APC gene.

Proposition 19. N0(t ) is a pure death process with death rate u1 and initial condition N0(0) = N .

Its generating function at time t is

G0(s, t ) = E[sN0(t )] = (
se−tu1 +1−e−tu1

)N
,

and the expectation and variance are

E[N0(t )] = Ne−u1t ,

Var[N0(t )] = e−2u1t N (eu1t −1).

For a detailed description of a single-type birth-death process, one can refer to chapter 3,

section 5 in [4]. Typical biologically realistic parameter values are u1t ∼ 10−2 ≪ 1 and N ∼ 108,

which leads to

p
Var[N0(t )]

E[N0(t )]
=

√
e tu1 −1

N
∼ 10−5, E[N0(t )] = Ne−u1t ≈ N .

Motivated by this result, we approximate the population of the wild-type crypts by its expecta-

tion

N0(t ) ≈ Ne−u1t ≈ N ,

in which the second approximation is justified because u1t ≪ 1. Therefore, the waiting time of

N1(t ), τ1 ∼ Exponential(u1N ).
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3.2.2 Type-1

A type-1 crypt is produced when a healthy crypt (type-0) loses one copy of the APC gene.

This mutation does not lead to clonal expansion [29], so the growth rate of type-1 crypts, λ1 = 0.

While being produced by wild-type crypts, type-1 crypts mutate into type-2 at rate u2N1(t ),

losing both copies of the APC gene. We assume that the population outflows are negligible.

Initially, there are no type-1 crypts, i.e., N1(0) = 0.

Proposition 20. N1(t ) = N −N0(t ) has the following expectation and variance:

E[N1(t )] = N (1−e−u1t ),

Var[N1(t )] = e−2u1t N (eu1t −1).

This can be derived by observing N0(t )+N1(t ) = N , since the outflows from type-1 to type-2

are negligible. Therefore E[N1(t )] = E[N −N0(t )] = N −E[N0(t )],Var[N1(t )] = Var[N0(t )].

To approximate N1(t ), we consider the case when the wild-type population is effectively

constant. In this case, N1(t ) can be treated as a Poisson process with intensity u1N . According

to the properties of a Poisson process, the approximated expectation and variance are

E[N1(t )] ≈ u1N t ,

Var[N1(t )] ≈ u1N t .

Notice that the approximated expected value and variance are consistent with the true ex-

pected value and variance. Since u1t ∼ 10−2 ≪ 1 is small, we have

E[N1(t )] = N (1−e−u1t ) ≈ u1N t ,

Var[N1(t )] = e−2u1t N (eu1t −1) = N (e−u1t −e−2u1t ) ≈ u1N t .

Additionally, observe that p
Var[N1(t )]

E[N1(t )]
≈ 1p

u1N t
∼ 10−2,

and so we approximate N1(t ) by a deterministic function

N1(t ) ≈ u1N t .



34

Thus the waiting time distribution of type-2 crypts is simply estimated as

P (τ2 ≤ t ) = 1−exp

(
−u2

∫ t

0
N1(s)d s

)
≈ 1−exp

(
−1

2
u1u2N t 2

)
.

3.2.3 Type-2

After losing both copies of the APC genes, type-1 crypts mutate into type-2 crypts. The APC

inactivation provides a fitness advantage to type-2 crypts [29]. Thus for type-2, we have a posi-

tive growth rate λ2 > 0. Meanwhile, the KRAS oncogenes are activated at rate u3N2(t ), mutating

type-2 crypts into type-3 crypts. These outflows are ignored when considering the population

of N2(t ). At time t = 0, there are no type-2 crypts, i.e N2(0) = 0. We begin with the expectation

of N2(t ). Using Theorem 13, we compute

E[N2(t )] ≈ Nu1u2(eλ2t −λ2t −1)

λ2
2

.

The approximation is obtained by noting that u1 ∼ 10−4 ≪ λ2 ∼ 10−1 and u1t ∼ 10−2 ≪ 1. The

following large-time asymptotic limit exists for N2(t ).

Theorem 21. e−λ2t N2(t ) →W2 a.s. and in L1 with

E[W2] = Nu1u2

λ2(λ2 +u1)
≈ Nu1u2

λ2
2

.

Proof. By Lemma 14, consider

I2 =
∫ ∞

0
u2N1(s)e−λ2sds.

Since

E[I2] =E
[∫ ∞

0
u2e−λ2s N1(s)ds

]
(By Tonelli’s theorem) =

∫ ∞

0
u2E[N1(s)]e−λ2sds

≤
∫ ∞

0
u2u1N se−λ2sds

= Nu1u2

∫ ∞

0
se−λ2sds

= Nu1u2

λ2
2

<∞,
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there exists W2 s.t.

e−λ2t N2(t ) →W2 a.s. as t →∞.

Next, we show uniform integrability so that the E[W2] is well-defined. We prove this for N1, N2

and N3 in Lemma 25 (in Appendix A). Since L1 convergence is guaranteed, E[W2] = E[I2], so that

E[W2] =
∫ ∞

0
u2E[N1(s)]e−λ2sds

=
∫ ∞

0
u2N (1−e−u1s)e−λ2sds

= Nu1u2

λ2(λ2 +u1)
.

To characterize the distribution of the limiting random variable, we consider Ñ2(t ), the pop-

ulation of type-2 crypts produced by N∗
1 (t ) = u1N t .

Theorem 22. e−λ2t Ñ2(t ) →V2 a.s. and in L1 with

E[V2] = Nu1u2

λ2
2

and

LV2 (θ) = E
[

e−θV2
]
= exp

(
Nu1u2PolyLog(2,−θ)

λ2
2

)
.

Proof. Note that I∗2 is deterministic and has a finite expected value

E[I∗2 ] = I∗2 =
∫ ∞

0
u2u1N se−λ2sds = Nu1u2

λ2
2

<∞.

By Lemma 14, we must have e−λ2t Ñ2(t )
a.s.→ V2. Next, we show uniform integrability which guar-

antees L1 convergence. It is shown in Lemma 26 that all tilde processes in this paper are uni-

form integrable. This implies e−λ2t Ñ2(t )
L1

→V2 and E[V2] = E[I∗2 ] = Nu1u2

λ2
2

. Finally, to compute the

Laplace transform of V2, we plug f2(t ) = eλ2t into the formula in 16.

Corollary 1. Ñ2(t )
f2(t ) →V2 a.s. and in L1 for all

f2(t ) ∈ { f ∈C (R)| lim
t→∞e−λ2t f2(t ) = 1}.
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Proof. The convergence directly follows Theorem 22 by the fact that

∀ ω ∈ {ω : lim
t→∞e−λ2t Ñ2(ω, t ) =V2(ω)},

lim
t→∞

Ñ2(ω, t )

f2(t )
= lim

t→∞e−λ2t f2(t ) lim
t→∞

Ñ2(ω, t )

f2(t )
=V2(ω).

Observe that for t > 0 sufficiently large, we have f2(t ) > 0 and eλ2t / f2(t ) < M . Note that

sup
t
E

∣∣∣∣ Ñ2(t )

f2(t )

∣∣∣∣≤ sup
t

(
eλ2t / f2(t )

)
sup

t
E

[
Ñ2(t )e−λ2t

]
,

and by Lemma 26 supt E
[
Ñ2(t )e−λ2t

]
is bounded. Hence Ñ2(t )

f2(t ) is uniform integrable and the

convergence is in L1.

3.2.4 Type-3

Type-3 crypts are produced by type-2 crypts through activation of the KRAS oncogene, which

increases the fission rate of mutated cells [38]. Thus the birth rate has a positive increment, i.e.

λ3 > λ2. At a small rate u4N3(t ), type-3 crypts lose one copy of the TSG TP53 and mutate into

type-4 crypts. The initial population is N3(0) = 0. Using Theorem 13, the expected value of N3(t )

is

E[N3(t )] ≈ Nu1u2u3
(
λ2

2

(
eλ3t −λ3t −1

)−λ2
3

(
eλ2t −λ2t −1

))
λ2

2 (λ3 −λ2)λ2
3

,

where the approximation is made by observing λi +u1 ≈λi and u1t ∼ 10−2.

Theorem 23. e−λ3t N3(t ) →W3 a.s. and in L1 with

E[W3] = Nu1u2u3

(λ3 −λ2)λ3(λ3 +u1)
≈ Nu1u2u3

(λ3 −λ2)λ2
3

.

Proof. By Lemma 14 and Lemma 25, we need to verify that I3 has finite expectation.

E[I3] =
∫ ∞

0
u3E[N2(s)]e−λ3sds

≤
∫ ∞

0
u3

u1u2N

λ2
2

(eλ2s −λ2s −1)e−λ3sds

= Nu1u2u3

λ2
2

∫ ∞

0
(e(λ2−λ3)s −λ2se−λ3s −e−λ3s)ds

= Nu1u2u3

(λ3 −λ2)λ2
3

<∞.
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And the expected value of W3 is given by the expected value of I3,

E[W3] = E[I3]

=
∫ ∞

0
u3E[N2(s)]e−λ3sds

=
∫ ∞

0
u3Nu2

u1(eλ2s −1)+λ2(e−u1s −1)

λ2(λ2 +u1)
e−λ3sds

= Nu1u2u3

(λ3 −λ2)λ3(λ3 +u1)
.

Consider a system with N∗
2 (t ) := f20(t )V2 = eλ2t V2 and let Ñ3(t ) denote the number of type-3

crypts in this system. The following large-time limit holds.

Theorem 24. e−λ3t Ñ3(t ) →V3 a.s. and in L1 with

E[V3] = Nu1u2u3

λ2
2(λ3 −λ2)

.

Proof. By Lemma 14 and Lemma 26, we compute

E[I∗3 ] =
∫ ∞

0
u3E [N∗

2 (s)]e−λ3sds

=
∫ ∞

0
u3

u1u2N

λ2
2

eλ2se−λ3sds

= Nu1u2u3

λ2
2

∫ ∞

0
e(λ2−λ3)sds

= Nu1u2u3

λ2
2(λ3 −λ2)

<∞.

For other potential f2,k ’s, the Laplace transform changes accordingly.

Corollary 2. Let N∗
2 (t ) := f2(t )V2 where

f2(t ) ∈ { f ∈C (R)| lim
t→∞e−λ2t f2(t ) = 1},
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and let Ñ3(t ) denote type-3 crypts in this system. Then Ñ3(t )
f3(t ) →V3 a.s. and in L1 with

E[V3] = Nu1u2u3

λ2
2

∫ ∞

0
f2(t )e−λ3sds,

and

LV3 (θ) = E[e−θV3 ] =LV2

(
ui

∫ ∞

0

θ f2(s)

θ+eλi s
ds

)
,

for all

f3(t ) ∈ { f ∈C (R)| lim
t→∞e−λ3t f3(t ) = 1}.

Proof. Since f2(t )e−λ3t is integrable, the validity of the convergence and expectation follow di-

rectly from Theorem 24. Lemma 16 gives the Laplace transform of V3.

Note that fi 1(t ) = E[Ni ]/E[Wi ] is more precise than fi 0(t ) = eλi t . By Corollary 2, E[V3] =
E[I∗3 ] = ∫ ∞

0 u3 f2(t )E[V2]e−λ3sds, depends on f2(t ) and E[V2]. Since E[W3] = ∫ ∞
0 u3E[N2(s)]e−λ3sds

and E[V2] = E[W2], setting f2(t ) = E[N2(t )]/E[W2] equates E[V3] and E[W3]. Indeed, when using

f2(t ) = f20(t ) = eλ2t , the resulting random variable V3 has an expectation different from W3.

3.2.5 Type-4

Since only one copy of the TP53 gene has been lost, type-4 does not confer a growth ad-

vantage [40]. Thus the division rate of type-4 crypts λ4 = λ3. The dynamics of type-4 crypts

also include negligible outflows at rate u5N4(t ). And the starting condition is N4(0) = 0. In this

case, we note that using e−λ3t to scale the growth process fails to provide a large-time limiting

random variable. Even though

Mt = e−λ3t N4(t )−
∫ t

0
u4N3(s)e−λ3sds,

is still a martingale, Lemma 14 does not apply. We have seen that E[N3(t )] = O(eλ3t ) as t →∞,

and so

u4E[N3(s)]e−λ3s =O(eλ3s)e−λ3s =O(1).

This implies the first condition in Lemma 14 is invalid, that is as t →∞

I4(t ) =
∫ t

0
u4N3(s)e−λ3sds =O(t ) →∞.
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Therefore we cannot derive a large time limit of type-4 individuals. Instead, we will estimate

the waiting time of type-5 crypts by the inhomogeneous Poisson approximation discussed in

section 2.4.4. To this end, we compute p4→5
0 (s, t ) and p3→5

0 (s, t ), corresponding to estimating τ5

by V3 and V2 respectively,

p4→5
0 (s, t ) = 1

1+u5
exp{(λ3(t−s))}−1

λ3

,

p3→5
0 (s, t ) =

1+
u4u5(λ3 −u5 +eλ3(t−s)(u5 −λ3 +λ3 log

(
λ3eλ3(t−s)

λ3+u5(eλ3(t−s)−1)

)
(λ3 −u5)2λ3


−1

.

3.3 Estimating waiting times for colorectal cancer initiation

In this section, we compare results obtained from exact computer simulations of the multi-

type process with our analytic results. We define pi (t ) as our estimate of the cumulative distri-

bution function of τi , the waiting time to the first type-i crypt. For all figures in this section,

parameter values are given in Table 3.3, and follow estimates from Paterson et al [34].

Crypt Ni N0 N1 N2 N3 N4

Initial population (crypts) N = 1×108 0 0 0 0

Birth rate λi (crypts/year) 0 0 0.2 0.27 0.27

Transition rate ui+1 (crypts/year) 2.86×10−4 1.06×10−5 9.00×10−7 1.36×10−4 4.56×10−7

Table 3.3: Estimates of parameter values for colorectal cancer initiation from Paterson et al. [34].

3.3.1 Waiting times to type-1 and type-2

For τ1 and τ2, the analytic results are listed in the previous section. Recall that the popula-

tion of wild-type (type-0) crypts are estimated to have a fixed population N . Thus,

P (τ1 ≤ t ) ≈ p1(t ) = 1−exp(−u1N t ) .
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For τ2, recall that we approximate the population of type-1 crypts by a time deterministic func-

tion u1N t .

P (τ2 ≤ t ) ≈ p2(t ) = 1−exp

(
−1

2
u1u2N t 2

)
. (3.1)

Figure 3.1: (A) Comparison of the analytic cumulative distribution function of τ2, the waiting

time to the first type-2 crypt (p2, equation (3.1)), and the simulated distribution of τ2 across

5×105 runs. (B) Dashed line shows the standard error of the mean obtained from simulations.

Solid line is the relative error of the analytic result.

3.3.2 Waiting time to type-3

To compute the distribution functions of τ3, τ4 and τ5, we need to apply the approximation

in Proposition 15. Hence, we want to find f2, f3. Recall that we consider two functions for each

subpopulation:

fi 0(t ) := eλi t , fi 1(t ) := E[Ni (t )]

E[Vi ]
.
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The approximation for the distribution τ3 is

P (τ3 ≤ t ) ≈ 1−LV2

(
u3

∫ t

0
f2(s)d s

)
,

where f2(t ) ∈ { f ∈C (R) : f −1(t )eλ2t → 1}. First, consider f20(t ) = eλ2t . The corresponding distri-

bution function is

p30(t ) = 1−exp

(
Nu1u2

λ2
2

PolyLog

(
2,−u3

eλ2t −1

λ2

))
. (3.2)

In the second case,

f21(t ) = E[N2(t )]

E[V2]
= eλ2t −λ2t −1,

and the corresponding distribution is

p31(t ) = 1−exp

(
Nu1u2

λ2
2

PolyLog

(
2,−u3

(
eλ2t −1

λ2
− 1

2
t 2 − t

)))
. (3.3)

By design, the first moment of N∗
21(t ) is identical to that of N2(t ),

E[N∗
21(t )] = E[ f21(t )Vi ] = E[N2(t )].

Both (3.2) and (3.3) agree with the simulated distributions for t > 40 (See Fig 3.2). However, in

the intermediate regime where t is small, one can observe that p31 is more accurate than p30.

3.3.3 Waiting time to type-4

Considering Proposition 17, we have several options to compute τ4, the waiting time to the

first type-4 crypt. Specifically, we may compute the distribution of τ4 in two ways: (i) com-

pute the distribution directly using LV3 (θ); and (ii) skip V3 and compute the distribution using

LV2 (θ) and p3→4
0 (s, t ). In these approaches, by Corollary 2, the time deterministic growth func-

tions f2, f3 can be any functions that have large time limits identical to the corresponding expo-

nential functions, eλ2t and eλ3t . Among different choices of the growth functions, we typically

consider two specific cases, fi = fi 0 = eλi t and fi = fi 1 = E[Ni ]/E[Vi ].

If V3 is not skipped, LV3 depends on the choice of f2. Since f21 leads to more accurate

computations of τ2, we use f21 to compute LV3 (θ), that is

LV3 (θ) =LV2

(
u3

∫ ∞

0

f21(s)θ

θ+eλ3s
ds

)
.
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Figure 3.2: (A) Comparison of the analytic cumulative distribution functions of τ3, the waiting

time to the first type-3 crypt, and the distribution of τ3 across 5×105 simulation runs. p30 and

p31 are distribution functions obtained from equations (3.2) and (3.3) respectively. (B) Dashed

line shows the standard error of the mean of the simulation. Solid lines are the relative errors of

the analytic results.

For f3, we consider two candidate functions,

f30(t ) = eλ3t ,

f31(t ) = E[N3(t )]

E[V3]
= eλ3t −λ3t −1− λ2

3

λ2
2

(eλ2t −λ2t −1).

The first, f30(t ), has a simpler form corresponding to the leading order of E[N3(t )], with

E[N∗
30(t )] = E[ f30(t )V3] ̸= E[N3(t )],

and the second, f31(t ), matches the expected value of E[N3(t )]

E[N∗
31(t )] = E[ f31(t )V3] = E[N3(t )].
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Next, we define

p40(t ) = 1−LV3

(
u4

∫ t

0
f30(s)d s

)
, (3.4)

p41(t ) = 1−LV3

(
u4

∫ t

0
f31(s)d s

)
. (3.5)

On the other hand, if we skip V3 and use the inhomogeneous approximation in section 2.4.4,

we can consider two types of f2’s:

p s3
40(t ) = 1−LV2

(
u4

∫ t

0
f20(s)(1−p3→4

0 (s, t ))d s

)
, (3.6)

p s3
41(t ) = 1−LV2

(
u4

∫ t

0
f21(s)(1−p3→4

0 (s, t ))d s

)
. (3.7)

We note that p s3
40 and p s3

41 have closed form expressions, which are omitted here and listed in the

Appendix. The results are shown in Fig 3.3. We observe that skipping V3 improves the accuracy

of the results for large time t , while including more terms in fi generally improves the accuracy

of the approximation.



44

Figure 3.3: (A) Comparison of analytic cumulative distribution functions of τ4, the waiting time

to the first type-4 crypt, and the distribution of τ4 across 5× 105 simulation runs. p40 (equa-

tion (3.4)) and p41 (equation (3.5)) are analytic distribution functions derived from the Laplace

transform V3. p s3
40 (equation (3.6)) and p s3

41 (equation (3.7)) are analytic distribution functions

derived by skipping V3 and using the Laplace transform of V2. (B) Dashed line shows the stan-

dard error of the mean of the simulation. Solid lines are the relative errors of the analytic results.
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Figure 3.4: (A) Comparison of the analytic cumulative distribution functions of τ5, the waiting

time to the first type-5 crypt, and the distribution of τ5 across 5×105 simulation runs. p s3
51 (equa-

tion (3.8)) is derived by skipping type-4 and using the Laplace transform of V3. p s34
51 (equation

(3.9)) is derived by using the Laplace transform of V2 and skipping the Laplace transforms of

type-4 and type-3. The error bars represent the standard error of the mean of the simulation.

(B) Dashed line shows the standard error of the mean of the simulation. Solid lines are the rela-

tive errors of the analytic results.
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3.3.4 Waiting time to type-5

For τ5, the waiting time to the first type-5 crypt, we consider two approaches: (i) compute

the distribution using the large-time limit of type-3 crypts, LV3 (θ), and p4→5
0 (s, t ) (effectively

skipping the large-time limit of type-4 crypts); and (ii) skip large-time limits of both type-4 and

type-3 crypts, and compute the distribution using LV2 (θ) and p3→5
0 (s, t ). Note that the time-

deterministic growth functions f2 and f3 which appear in the long-time limits of type-2 and

type-3 crypts can vary across these approaches (see Corollary 2). However, the most accurate

results are obtained when fi = fi 1 = E[Ni ]/E[Vi ].

The corresponding approximations of the distribution of τ5 resulting from approaches (i)

and (ii) are

p s4
51(t ) = 1−LV3

(
u4

∫ t

0
f31(s)(1−p4→5

0 (s, t ))d s

)
, (3.8)

p s34
51 (t ) = 1−LV2

(
u3

∫ t

0
f21(s)(1−p3→5

0 (s, t ))d s

)
. (3.9)

The first result, p s4
51(t ), has an explicit form given by equation (B.1), while the second result,

p s34
51 (given by equation (B.3)), to the best of our knowledge, is not an elementary function or

a standard special function. Comparison of these two formulas with the waiting time for the

first type-5 crypt obtained from exact computer simulations is shown in Fig 3.4. We observe

that p s34
51 achieves higher accuracy compared to p s3

51, especially at later times (above age 70). In

other words, compared with the result incorporating V3, skipping this stage gives more accurate

results. The intuition behind this is that approximating each subclone by its large time limit is

more accurate than approximating the total population by its overall large time limit.

3.4 Discussion

Results in the previous sections show that in our case, the accuracy of different approxima-

tions is consistent for all waiting times. Firstly, given a fixed time-deterministic evolution fi ,

the minimal large-time error for each waiting time is obtained by skipping as many approxi-

mated steps (identified by V j , j < i ) as possible. This can be observed in Fig 3.3 and Fig 3.4. For
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instance, 3.3 (B) shows that at t = 80, p s3
40 and p s3

41 are better than other approximations. Qual-

itatively speaking, this is explained by the fact that in the long term, decomposing a lineage

into a sequence of subclones and adding up large limits is more accurate than directly using

the asymptotic limit of the lineage itself. Secondly, suppose that we start at step i (with Vi ) and

the number of skipped types is fixed. In this case different choices of the time-deterministic

evolution ( fi ) only influence the accuracy in the approximation for times near 0, which we have

identified as the intermediate state. This is evident in the high accuracy of p41 and p s3
41 in Fig

3.3 (B) during time interval [0,40], and is explained by that for fixed i , the time-deterministic

functions differ only in the early time period, hence they are most influential in early time. Con-

versely, error is introduced by Vi as an approximation in the time period [τi ,80]. Lastly, we note

that the best time-deterministic function fi for the approximation of Ni is E[Ni ]/E[Vi ]. The rea-

son is that although all approximations are based on L1 convergence, fi = E[Ni ]/E[Vi ] gives the

approximation the same expected value for any time t . Hence the best fi also works for short

time.



48

Chapter 4

CONCLUSION

In this thesis, we have considered a multi-type branching process model with a transition

network and have applied it to a five-step model of the main mutation path for the initiation of

a subclass of colorectal cancers. The main question we want to attack is the waiting time of the

first individual of each type.

A typical method of computing waiting times requires the large time limiting random vari-

able of each type. Motivated by this requirement, we consider a classification of models by

their large time limits. We have introduced mean value matrices by which we can decompose

a branching process into subprocesses and obtain large time limits separately. Each subpro-

cess has its mean matrix that is a sub-block of the the mean value matrix of the original block.

Four types of blocks with different initial conditions ,structures, and large time limits have been

discussed.

Among all evolutionary graphs, the simplest and most important case is when the graph is

a pathway. We have mainly studied the case when the net growth rates along the path is non-

decreasing, in which we allow growth rates to be same before and after a transition. Besides

specifying conditions for the large time limit of each type to exist, we have also provided ap-

proaches for approximating the waiting time distributions. In addition, we have extended an

approach for computing the asymptotic growth dynamics of a subpopulation in a branching

process to reflect growth dynamics beyond simple exponential growth. Characterizing these

dynamics is crucial for accurately computing the waiting time distributions for the mutations

that mark the progression of cancer.

To verify our theory for computing waiting time distributions, we have applied our results to

colorectal cancer initiation. A six-type continuous branching process has been established to
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model the most probable mutational pathway to the first cancerous crypt. Compared to previ-

ous cancer models, there are two novel features: The initial type is slowly decaying; and, we al-

low the growth rate remain unchanged after mutation. These features result in sub-exponential

population growth and the fact that one of the type does not have martingale. Despite having

these difficulties, we use theorems in Chapter 2 including martingale convergence and inho-

mogeneous approximation to obtain the waiting time distribution for the first crypt of each

type. Furthermore, we have developed Monte Carlo simulations to validate the accuracy of our

analytic results.

Taken together, this thesis presents a framework that could be adapted to study other can-

cers and their progression, especially when the model is about a single transitional pathway.

Potential future work include figuring out a more accurate approximation of the population for

each type, computing the waiting time when the transitional network includes multiple paths,

and finding out the most probable path among multiple paths. The irreducible case have al-

ready been studied by [22, 32], but when there is transition between two reducible processes,

the resulting dynamics is still unclear at the moment.
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Appendix A

L2 INTEGRABILITY OF THE PROCESSES IN CHAPTER 2

Lemma 25. For i ≤ 3,supt E
[
(e−λi t Ni (t ))2

]<∞.

Proof. By Lemma 5 in [14], we know that inductively, if supt E[e−λi t Ni (t )]2 <∞ and λi < λi+1

holds, then supt (e−λi+1t Ni+1)2 <∞. In this case, since 0 = λ0 = λ1 < λ2 < λ3, we only need to

show that

sup
t
E(N0(t ))2 <∞ and, sup

t
E(N1(t ))2 <∞.

Note that by our transition scheme, one can have

N0(t )+N1(t ) ≤ N

. Therefore

max

(
sup

t
N 2

0 (t ),sup
t

N 2
1 (t )

)
< N 2 <∞.

Lemma 26. For i ∈ {2,3}, supt E
[
(e−λi t Ñi (t ))2

]<∞.

Proof. For i = 2, recall that Ñ2(t ) is the second type in a two-type branching process where the

first type is N∗
1 (t ) = u1N t . And Ñ2(t ) is produced at rate u2N∗

1 (t ). By manipulating the master

equation of this two-type process, we obtain the following differential equation of E
[
Ñ2(t )2

]
,

dE
[
Ñ2(t )2

]
d t

= 2λ2E
[
Ñ2(t )2]+ (λ2 +2u2u1N t )E[Ñ2(t )]+u2u1N t

subject to E
[
Ñ2(0)2

]= 0. The solution is

E
[
Ñ2(t )2]= e2λ2t

∫ t

0
e−2λ2s (

(λ2 +2u2u1N s)E[Ñ2(s)]+u2u1N s
)

ds.
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Note that

E[Ñ2(t )] = Nu1u2(eλ2t −λ2t −1)

λ2
2

≤ u2u1N

λ2
2

eλ2t .

Thus,

E
[
Ñ2(t )2]≤ e2λ2t

∫ t

0

(
2u2

2u2
1N 2

λ2
2

se−λ2s + u1u2N

λ2
e−λ2s +u2u1N se−2λ2s

)
ds.

Using the fact that for a > 0,
∫ t

0 se−asds ≤ 1/a2 and
∫ t

0 e−asds ≤ 1/a, we get

supt E
[
(e−λ2t Ñ2(t ))2

]<∞.

For i = 3, Ñ3(t ) is produced at rate u3N∗
2 (t ) = u3eλ2t V2. By the master equation we get the

following differential equation:

dE
[
Ñ3(t )2|V2

]
d t

= 2λ3E
[
Ñ3(t )2|V2

]+ (λ3 +2u3eλ2t V2)E[Ñ3(t )|V2]+u3eλ2t V2

subject to E
[
Ñ3(0)2|V2

]= 0. The solution is

E
[
Ñ3(t )2|V2

]= e2λ3t
∫ t

0
e−2λ3s

(
(λ3 +2u3eλ2sV2)E[Ñ3(s)|V2]+u3eλ2sV2

)
ds.

Note that

E[Ñ3(t )|V2] = u3V2

λ3 −λ2
(eλ3t −eλ2t ) ≤ u3V2

λ3 −λ2
eλ3t .

Thus we have

E
[
Ñ3(t )2|V2

]≤ e2λ3t
∫ t

0

(
2u2

3V 2
2

λ3 −λ2
e−(λ3−λ2)s + λ3u3V2

λ3 −λ2
e−λ3s +u3e−(2λ3−λ2)sV2

)
ds

≤ e2λ3t

(
2u2

3V 2
2

(λ3 −λ2)2
+ λ3u3V2

λ3(λ3 −λ2)
+ u3V2

(2λ3 −λ2)

)
.

By Lemma 16, one can compute the moments of V2 by it’s Laplace transform. Then we get

E[V2] = Nu1u2

λ2
2

, E[V 2
2 ] = Nu1u2(2Nu1u2 +λ2

2)

λ4
2

Hence we conclude that supt E
[
(e−λ3t Ñ3(t ))2

]<∞.
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Appendix B

CLOSED FROM FORMULAS OF ANALYTIC DISTRIBUTIONS

In the main text, we have omitted a few cumbersome formulas to increase readability. Here

we present their closed form expressions. We begin with the analytic probability distribution

functions of τ4.

p40(t ) = 1−LV3

(
u4

∫ t

0
f30(s)d s

)
= 1−LV3

(
u4

λ3
(eλ3t −1)

)
.

p41(t ) = 1−LV3

(
u4

∫ t

0
f31(s)d s

)
= 1−LV3

(
u4

(
1

λ3
(eλ3t −1)− λ2

3

2
t 2 − t − λ2

3

λ2
2

(
1

λ2
(eλ2t −1)− λ2

2
t 2 − t )

))
.

where

LV3 (θ) =LV2

(
u3

∫ ∞

0

f21(s)θ

θ+eλ3s
ds

)
= exp

(
Nu1u2

λ2
2

PolyLog

(
2,−u3

(
1

λ3 −λ2
θF (1− λ2

λ3
,1;2− λ2

λ3
;−θ)

−λ2
PolyLog(2,−θ)

λ2
3

− 1

λ3
log(1+θ)

)))
In the equation above, F (a,b;c; z) is the hypergeometric function.

The two results of skipping type-4 are

p s3
40(t ) = 1−LV2

(
u4

∫ t

0
f20(s)(1−p3→4

0 (s, t ))d s

)
= 1−LV2

(
u4

λ2(u4 −λ3)

(
−u4 +λ3F (1,

λ2

λ3
,
λ2

λ3
+1,

u4 −λ3

u4
e−λ2T )

+eλ2T (u4 −λ3F (1,
λ2

λ3
,
λ2

λ3
+1,1− λ3

u4
))

))
,

p s3
41(t ) = 1−LV2

(
u4

∫ t

0
f21(s)(1−p3→4

0 (s, t ))d s

)
= 1−LV2

(
u4

(
L(4)
λ2

(t )−λ2L(4)
l (t )−L(4)

c (t )
))
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where

p3→4
0 (s, t ) = 1

1+u4
exp{(λ3(t−s))}−1

λ3

LV2 (θ) = exp

(
Nu1u2

PolyLog(2,−θ)

λ2
2

)

L(4)
λ2

(t ) :=
∫ t

0
eλ2s(1−p3→4

0 (s, t ))d s = 1

λ2(u4 −λ3)

(
−u4 +λ3F (1,

λ2

λ3
;
λ2

λ3
+1;

u4 −λ3

u4
e−λ2t )

+eλ2t (u4 −λ3F (1,
λ2

λ3
;
λ2

λ3
+1;1− λ3

u4
))

)
L(4)

l (t ) :=
∫ t

0
s(1−p3→4

0 (s, t ))d s

= t 2

2
+
−λ3t log

(
λ3
u4

)
+PolyLog(2, −(λ3−u4)e−λ3t

u4
)−PolyLog(2,1− λ3

u4
)

λ3(λ3 −u4)

L(4)
c (t ) :=

∫ t

0
(1−p3→4

0 (s, t ))d s

= log
(
u4(eλ3t −1)+λ3

)− log(λ3)−u4t

λ3 −u4
.

For waiting time distributions of the first type-5 crypt, our estimations are p s4
51(t ) and p s34

51 (t ).

p s4
51(t ) can be expressed explicitly.

p s4
51(t ) = 1−LV3

(
u4

∫ t

0
f31(s)(1−p4→5

0 (s, t ))d s

)
(B.1)

=LV3

(
u4

(
L(5)
λ3

(t )−C L(5)
λ2

(t )− (λ3 −Cλ2)L(5)
l (t )+ (C −1)L(5)

c (t )
))

(B.2)
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where

L(5)
λ3

(t ) :=
∫ t

0
eλ3s(1−p4→5

0 (s, t ))d s

= u5

λ3(λ3 −u5)2

(
λ3 −u5 +eλ3t

(
−λ3 +u5 +λ3 log

(
λ3eλ3t

)
−λ3 log

(
λ3 +u5(eλ3t −1)

)))
L(5)
λ2

(t ) :=
∫ t

0
eλ2s(1−p4→5

0 (s, t ))d s = 1

λ2(u5 −λ3)

(
−u5 +λ3F (1,

λ2

λ3
;
λ2

λ3
+1;

u5 −λ3

u5
e−λ2t )

+eλ2t (u5 −λ3F (1,
λ2

λ3
;
λ2

λ3
+1;1− λ3

u5
))

)
L(5)

l (t ) :=
∫ t

0
s(1−p4→5

0 (s, t ))d s

= t 2

2
+
−λ3t log

(
λ3
u4

)
+PolyLog(2, −(λ3−u4)e−λ3t

u4
)−PolyLog(2,1− λ3

u4
)

λ3(λ3 −u4)

L(5)
c (t ) :=

∫ t

0
(1−p4→5

0 (s, t ))d s

= log
(
u4(eλ3t −1)+λ3

)− log(λ3)−u4t

λ3 −u4

C := λ2
3

λ2
2

.

Define I (t ) =
∫ t

0
(eλ2s −λ2s −1)

1−

1+
u4u5(λ3 −u5 +eλ3(t−s)(u5 −λ3 +λ3 log

(
λ3eλ3(t−s)

λ3+u5(eλ3(t−s)−1)

)
(λ3 −u5)2λ3


−1d s.

Then we can have

p s34
51 (t ) =LV2 (u3I (t )) (B.3)

Unfortunately, we didn’t find a way to solve the integral I (t ) explicitly. Nevertheless, we can

compute this value numerically.
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