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Abstract

What sets the pace of glacier change in a warming world?

Examining the roles of climate, geometry, and dynamics

John Erich Christian

Co-Chairs of the Supervisory Committee:

Michelle Koutnik

Earth and Space Sciences

Gerard Roe

Earth and Space Sciences

Glaciers are fundamentally sensitive to climate. Following a perturbation in either precip-

itation or temperature, their extent on the landscape must change in order to re-balance

accumulation and melt. This equilibrium response is fairly straightforward, but in the con-

text of anthropogenic warming, contemporary glacier change is fundamentally a transient

problem. This dissertation focuses on basic physical controls on this transient response.

First, I use a recently-developed statistical model to identify modes of climate variability

that drive anomalies in glacier mass balance, and assess their e↵ects on decadal trends.

The remainder of the dissertation investigates glacier response times using a combination of

numerical and analytical models. This work extends the theoretical basis of glacier response

times into a framework for addressing practical questions about ongoing glacier change.

These include the current disequilibrium of mountain glaciers, the relative impact of ocean

vs. atmospheric forcing on marine-terminating glaciers, and the challenge of attributing

glacier changes to natural or anthropogenic forcing.

In each case, the results depend on fundamental constraints related to the glacier’s geom-

etry and climate setting. While the particular parameters vary by glacier, these constraints

arise from basic principles of ice flow, and are thus very robust. While there will always



be details specific to any particular glacier, these experiments clarify fundamental processes

that will a↵ect glacier change in any setting.
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Chapter 1

INTRODUCTION

1.1 Introduction

This dissertation investigates how glaciers evolve in time, in response to climate variations.

I focus on the era of anthropogenic climate change, which commenced approximately in the

late 19th century (IPCC, 2013). During this period, glaciers around the world have lost mass

and retreated significantly (e.g., Leclercq et al., 2014). Glacier retreat is a very visible and

tangible change to the natural world, often showcased in striking side-by-side photographs

of historical and modern glacier extent. Accordingly, the rapid loss of ice around the world

is prominent in public discourse on climate change. It has very direct societal impacts as

well, from global sea level rise to changes in water supply for downstream environments and

communities.

The global signal of glacier change is unambiguous. However, variations in retreat though

time and between individual glaciers hint at complexity lying beneath the global picture of

ice loss. For example, brief readvances have punctuated the retreat of some glaciers, while

neighboring glaciers retreated monotonically. Understanding what controls these transient

responses is important at a fundamental level. We need to understand the dynamics in order

to interpret the link between observed retreat or mass loss and climate. Also, projections

of future glacier behavior depend on our ability to accurately emulate these processes in

models. Finally, given the rate of ice loss and its prominence in the public eye, the scientific

community has an opportunity and obligation to provide clarity on these changes—and

especially on what causes notable variations between glaciers.

In this dissertation, I use several recently-developed analytical tools to revisit two well-

known premises that complicate e↵orts to understand transient glacier change. The first
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premise is that any given glacier responds to climate over a characteristic “memory” timescale.

The second is that temporal variability is intrinsic to the climate system, and obscures trends

due to anthropogenic forcing. I continue this introductory chapter by providing background

on these premises, and summarizing the four studies that comprise the bulk of the disserta-

tion. The four studies then follow as separate chapters. A concluding chapter synthesizes a

few key ideas, and discusses some possibilities for future work.

Premise one: Glaciers have a memory of past climate

The first major premise is that a glacier’s response following a climate perturbation occurs

over a characteristic timescale. In other words, glaciers retain a finite “memory” of past

climate. Jóhannesson et al. (1989) proposed a simple metric for the response time of a

mountain glacier, �H/bt, where H is the characteristic ice thickness and bt is the (negative)

mass balance rate near the terminus. For most settings, this gives response times from

101 to 102 years. Other analytical metrics, as well as empirical fits to observations and

model output, yield a similar range. Subsequent studies have o↵ered refinements to the

analytical expression (e.g., Harrison et al., 2001), and to the response function that ultimately

describes the transient terminus response (Roe and Baker, 2014). Additionally, response

times with a similar form have also been developed for marine-terminating glaciers, which are

more complex systems than their alpine cousins, and also extend into millennial timescales

(Robel et al., 2018). The basic premise of decadal or longer response times implies that

understanding glacier change in era of anthropogenic forcing must take these transient ice

dynamics into account.

The principles embedded in the response times are also an important conceptual guide

in this dissertation, especially in Chapters 3–5, and so warrant some introduction here. The

Jóhannesson et al. (1989) metric (and those following from it) can be interpreted as a reservoir

timescale: the transient response of the glacier must depend on the volume associated with a

given length change (H, assuming constant width), and the rate at which volume is exchanged

where the change occurs (i.e., the terminus; bt). However, it is also worth noting that H and
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bt implicitly capture the aggregate dynamics of a glacier in steady state. Many mediating

parameters, such as the catchment shape, bed slope, ice rheology, and mass balance gradient,

conspire to set H and bt. But importantly, the resulting values of H and bt contain enough

of these details to describe transient terminus behavior (Jóhannesson et al., 1989), and more

recent work has demonstrated that this holds over a wide range of parameters (Roe and

Baker, 2014). The constraints of geometry (both of the glacier catchment, and ice thickness)

and mass balance are recurrent themes used to interpret results throughout this work.

Premise two: Glaciers are sensitive to natural climate variability

The second premise is that glaciers are sensitive not only to long-term climate changes, but

also the variability that is an intrinsic part of the climate system. The climate of a given

location depends fundamentally on the transport of heat and moisture from other locations,

via the circulation of the ocean and atmosphere. Variations in this circulation—for example,

in the trajectories of air and water parcels—are fundamentally chaotic (Lorenz, 1963) and

can be treated as stochastic in time for many purposes (Hasselmann, 1976). Short-term at-

mospheric variations are integrated by slower systems to produce lower-frequency variability

(e.g., Deser et al., 2003). And so a wide range of variations exist even in the absence of

any external changes, and together are referred to as “internal variability”. Because much

of this variability is related to the transport and storage of heat and moisture, temporal

anomalies are most obvious locally, and tend to cancel out as climate is averaged over larger

scales. However, a non-negligible amount of internal variability persists into global mean

temperature, associated with short-term anomalies in the planet’s energy balance.

Internal variability gives rise to very familiar statistical challenges when studying any

variable that is sensitive to climate. However, advances in the last decade have provided new

insights into the challenges that internal climate variability poses for correctly identifying the

component of warming that is due to anthropogenic forcing. New statistical methods and

large climate model ensembles show that unforced fluctuations in the coupled atmosphere-

ocean system can significantly bias decadal warming trends in observations (e.g., Wallace
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et al., 2012) and model projections (e.g. Deser et al., 2012), especially at local and regional

scales (e.g., Hawkins and Sutton, 2009). Internal variability must be considered when char-

acterizing the climate forcing a↵ecting glaciers, especially in terms of the anthropogenic

component. Additionally, because of their response times, glaciers integrate climate vari-

ability and produce slower length fluctuations (e.g., Oerlemans, 2001; Roe and Baker, 2014).

The structure of the natural climate variability thus a↵ects the natural glacier fluctuations

as well.

1.2 Research approach

These premises have long been recognized, but there remain open questions as to how to

account for them. Di↵ering interpretations of natural climate variations, such as the Little

Ice Age and decadal modes of variability, can lead to di↵erent interpretations of glacier

observations, or may a↵ect assumptions built into models. Additionally, metrics for response

times and their mathematical implementation vary in the literature (e.g., Jóhannesson et al.,

1989; Oerlemans, 2001; Harrison et al., 2001; Lüthi, 2009; Marzeion et al., 2012; Roe and

Baker, 2014). These assumptions, too, can a↵ect conclusions about past and future glacier

change. Finally, the wide range of geometries and climate settings of individual glaciers

poses a challenge for testing these competing assumptions. Individual records of terminus

position or mass balance may reflect di↵erent glacier response characteristics and di↵erent

realizations of climate variability at the same time. This makes disentangling di↵erent e↵ects

in the collection of observational records a complex task.

The primary goal of this dissertation is not to account for every detail and “close the

book” on any particular glacier, or collection of glaciers. Instead, I use several recently-

developed analytical tools to revisit fundamental questions raised by the above premises.

These tools provide new ways to quantitatively investigate basic underlying mechanisms,

related to climate variability or response times, that mediate glacier change. My goal is to

contribute insights that are relevant across many settings, and could serve as robust starting

points for future analyses, whether for a particular glacier or the global picture.
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My primary approach for doing this is conducting model experiments targeting a range

of idealized glaciers. This helps to isolate the most general principles. My experiments in

Chapters 3–5 combine numerical ice-flow models with recently-developed analytical models.

The latter are systems of di↵erential equations for a reduced set of glacier variables (e.g,

length). I view these di↵erent model types as complementary tools. By simulating a 1-D

thickness profile, the numerical models capture a more detailed view of a glacier’s dynamical

and geometric response to forcing. They also help to benchmark the capabilities and limits

of the simpler models. In turn, the reduced models highlight the basic constraints of large-

scale geometry and mass conservation. Their formulation as linear dynamical systems also

provides links to powerful concepts in timeseries analysis. This brings a useful formalism

to the concept of response times, which allows me to better evaluate previous assumptions

in the literature. Finally, I have found that the exercise of comparing results from models

with di↵erent degrees of physical complexity is an e↵ective way to develop intuition for the

actual systems we are trying to understand. What allows a simple model to emulate a more

complex one? What essential physics is it capturing or ignoring? How might these principles

be observed in the real world? Such questions guide my analyses in the background of the

more-specific research topics.

This dissertation also includes analyses of observations from glaciers in Western North

America (Chapters 2 and 4). In Chapter 2, I apply a new statistical model rather than

a dynamical glacier model, so this chapter is somewhat distinct. However, while these

analyses lead to some basic conclusions for the target glaciers, they are also meant to explore

broader lessons about climate variability. Similarly, in Chapter 4 I focus on glaciers in the

Washington Cascades, but highlight principles that should be considered for any population

of glaciers. Thus I invite the reader to approach these case studies with the dissertation’s

broader questions about transient glacier change in mind.
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1.3 Summary of Chapters

Chapter 2: Identifying dynamically induced variability in glacier mass-balance records

This chapter starts from the premise of internal climate variability, and investigates the

implications for the climate forcing that glaciers have experienced in recent decades. In

other words, the focus is on changes in the glaciers inputs. Records of glacier mass balance

(i.e., accumulation vs. melt) reveal a very direct relationship with glaciers and their local

climate, and are a natural starting point for assessing the e↵ects of anthropogenic warming.

However, the large biases in multidecadal climate trends identified by recent studies (e.g.

Wallace et al., 2012; Deser et al., 2012) raise a complicating question: how well do observed

trends in glacier mass balance reflect the external forcing?

These recent advances have highlighted the challenges associated with internal variability,

but also o↵er new tools to account for it. I applied one, known as “dynamical adjustment”

(e.g., Wallace et al., 2012), to investigate mass balance trends for three glaciers in Washing-

ton and Alaska. This statistical method identifies the patterns of atmospheric circulation

variability that project onto mass balance anomalies. Accounting for this leaves a clearer

picture of any externally-forced trend.

I found that 50-year trends in mass balance have been minimally a↵ected by internal

variability. Increases in summer melt are thus consistent with an external forcing. The

analysis also reveals coherent structures of climate variability that produce much of the

variance on shorter timescales, and which can have opposing e↵ects on glaciers in di↵erent

regions. Thus the method is also useful for understanding geographic di↵erences in decadal

trends.

Chapter 3: Committed retreat: controls on glacier disequilibrium in a warming climate

For the remainder of the dissertation, I focus primarily on the glacier length response to

climate forcing—in other words, the system’s outputs. Chapter 3 focuses on a basic con-

sequence of glacier response times: any system with memory will lag an applied forcing,
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implying that glaciers are currently out of equilibrium. In the context of anthropogenic

warming since the late 19th century, this raises the question: how well does observed glacier

retreat reflect the full response to anthropogenic warming?

The disequilibrium of mountain glaciers has been previously documented in a number

of studies. However, most have focused on particular glaciers and regions. Additionally,

there is still inconsistency in the manner and degree to which disequilibrium is represented

in modeling studies and projections. The goal of this chapter is to investigate this basic

behavior in a general way. Key to this is considering an instantaneous equilibrium response,

which for glaciers is largely dictated by the geometry of the landscape and the imposed

climate. This allows me to define metrics for disequilibrium that highlight the essential

transient glacier dynamics. I conduct idealized experiments with several models to compare

factors that a↵ect disequilibrium. The most important are the response time itself (or any

factors that a↵ect H/bt), and the correct underlying model that implements the response

time.

Chapter 4: Di↵erences in the transient response of individual glaciers: a case study in the

Washington Cascades

This chapter applies the lessons of Chapter 3 to the glaciers of the Cascade mountains in

Washington State. Because of the strong geometric controls on the response time, a range of

glacier sizes and slopes within a region implies a range of response times. Thus, the primary

question is: How much to the transient responses and current states of glaciers vary within

a region?

I estimated response times for 383 glaciers in the Cascades based on a simple geometric

scaling relationships, finding a range of 10–60 years for most glaciers. While these are

fairly typical response times, I show that the tails of this distribution yield significantly

di↵erent conclusions about the current disequilibrium of individual glaciers. The fundamental

lesson is that conclusions drawn about one glacier should not necessarily be extrapolated to

neighboring glaciers without considering their individual response times.
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Chapter 5: The contrasting response of outlet glaciers to interior and ocean forcing

The final chapter approaches the transient responses of large marine-terminating outlet

glaciers that drain ice sheets. Floating termini make the dynamics and mass exchange

of these systems more complex compared to their alpine counterparts. Recent work has

demonstrated that this leads to two widely-separated characteristic response times: a “fast”

multi-decadal response and a slow millennial response (Robel et al., 2018). Also, they are

sensitive to climate via two distinct pathways: ocean forcing at the terminus, and atmo-

spheric forcing over their large interior catchments. The main question guiding this chapter

is: How does the transient terminus response depend on whether perturbations come from the

ocean or atmosphere?

This work thus extends the premise of glacier response times into larger and more complex

settings. I show how ocean and atmospheric forcing project di↵erently onto the fast and

slow responses, a↵ecting the amount of advance or retreat that can occur on decadal to

centennial timescales. The premise of natural climate variability also takes on a new element

in this chapter, because the relative roles of ocean and atmospheric variability must also

be considered. I show that the role of ocean variability is especially important because it

typically exhibits more temporal persistence than atmospheric variability, which enhances

natural glacier fluctuations. These analyses thus bring a new perspective into the very active

topic of ice sheet responses to ocean forcing (e.g., Straneo and Heimbach, 2013; Jenkins et al.,

2016).
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Jóhannesson, T., Raymond, C., and Waddington, E. (1989). Time–Scale for Adjustment of

Glaciers to Changes in Mass Balance. Journal of Glaciology, 35(121):355–369.

Leclercq, P. W., Oerlemans, J., Basagic, H. J., Bushueva, I., Cook, A. J., and Le Bris, R.

(2014). A data set of worldwide glacier length fluctuations. Cryosphere, 8:659–672.



10

Lorenz, E. N. (1963). Deterministic Nonperiodic Flow. Journal of the Atmospheric Sciences,

20(2):130–141.
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Chapter 2

IDENTIFYING DYNAMICALLY INDUCED VARIABILITY IN
GLACIER MASS-BALANCE RECORDS

Chapter 2, in full, is a reprint of a manuscript published in Journal of Climate:

Christian, J. E., N. Siler, M. Koutnik, and G. Roe, 2016: Identifying Dynamically Induced

Variability in Glacier Mass-Balance Records. J. Climate, 29, 8915–8929, https://doi.org/

10.1175/JCLI-D-16-0128.1.

c�2016 American Meteorological Society. Used with permission. The dissertation author

was the primary investigator and author of this paper.

2.1 Abstract

Glacier mass balance provides a direct indicator of a glacier’s relationship with local climate,

but internally-generated variability in atmospheric circulation adds a significant degree of

noise to mass-balance timeseries, making it di�cult to correctly identify and interpret trends.

This study applies “dynamical adjustment” to seasonal mass-balance records to identify and

remove the component of variance in these timeseries that is associated with large-scale

circulation fluctuations (“dynamical adjustment” here refers to a statistical method and not

a glacier’s dynamical response to climate). Mass-balance records are investigated for three

glaciers: Wolverine and Gulkana in Alaska, and South Cascade in Washington. North Pacific

sea-level pressure and sea-surface temperature fields perform comparably as predictors, each

explaining 50–60% of variance in winter balance and 25–35% in summer balance for South

Cascade and Wolverine Glaciers. Gulkana glacier, located farther inland, is less closely

linked to North Pacific climate variability, with the predictors explaining roughly 30% of

variance in winter and summer balance. To investigate the degree to which this variability
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a↵ects trends, adjusted mass-balance timeseries are compared to those in the raw data, with

common results for all three glaciers: winter balance trends are not significant initially, and

do not gain robust significance after adjustment despite the large amount of circulation-

related variability. However, the raw summer balance data have statistically significant

negative trends that remain after dynamical adjustment. This indicates that these trends of

increasing ablation in recent decades are not due to circulation anomalies and are consistent

with anthropogenic warming.

2.2 Introduction

2.2.1 Glaciers and climate variability

Variations in climate occur in response to both external forcing and internally-generated

variability. External forcings are generally defined as mechanisms outside of the climate sys-

tem that change the underlying radiative balance of the planet; such forcings can be natural

(e.g., changes in volcanic or solar activity) or anthropogenic (e.g., greenhouse gas and aerosol

emissions, changes in land use), in origin (e.g., IPCC 2013). Internal variability is also fun-

damental to the climate system and occurs even in the absence of external forcing; these

variations arise as chaotic fluctuations in oceanic and atmospheric circulation, and are inte-

grated by components of the climate system operating on a range of timescales (e.g., IPCC

2013). Though such variability is essentially stochastic in nature (e.g., Hasselmann 1976),

there are preferred modes of variability that emerge on interannual to decadal timescales.

A large body of research exists on these persistent patterns and their origins in the coupled

atmosphere-ocean system (e.g., Deser et al. 2010 and references therein) as well as on the

e↵ects of time-varying atmospheric dynamics on hemisphere-scale temperature trends (Wal-

lace et al. 1995). Model developments and increases in computational power over the past

decade have allowed for improved understanding of how this internal variability di↵ers from

external forcing. For example, Deser et al. (2012) integrated an ensemble of identical global

climate models with identical external forcing scenarios, but with minor perturbations in the
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initial climate state between ensemble members. The resulting divergence among the model

integrations can be due only to internal variability. Deser et al. (2012) demonstrated that

internal variability can dominate over external forcing in regional climate trends even on mul-

tidecadal timescales (see also Wallace et al. 2013). Glaciers interact with their local climate

via their mass balance: the accumulation and ablation (i.e., melt) of snow and ice each year.

Worldwide glacier retreat is a highly visible and widely cited result of a changing climate.

However, glaciers respond not only to external forcings, but also to interannual variability in

temperature and precipitation (e.g., Oerlemans 2001; Roe and Baker 2014) associated with

internal climate variability. Large year-to-year fluctuations can make it di�cult to identify

and attribute trends in the global archive of mass-balance records. However, when combined

with other climate data, the variability itself can yield information about the large-scale cli-

mate processes that drive glacier changes. For example, Bitz and Battisti (1999) examined

correlations between the mass-balance records of several Western North American glaciers

and indices of prominent modes of climate variability, as well as meteorological data from lo-

cal to synoptic scales. Their analyses provide insight into the dynamical links between North

Pacific climate and the targeted glaciers, and the relevant di↵erences between the glaciers’

climatic settings. In this study, we build on these analyses of the signatures of large-scale

climate variability in glacier mass-balance records, with the added objective of improving

the identification of trends in mass balance.

2.2.2 Dynamical adjustment

For any climate record that spans only a few decades, identifying the e↵ect of anthropogenic

forcing can be problematic: trend estimates may lack statistical significance due to the back-

ground noise of inter-annual variability. Furthermore, the trends themselves may be biased

by limited temporal or spatial sampling of low-frequency, internally-generated fluctuations

(e.g., Casola et al. 2009; Wallace et al. 2012). “Dynamical adjustment” is a method that

seeks to extract the component of the variance in a climate timeseries that is attributable to

large-scale atmospheric circulation anomalies (i.e., dynamically-induced variability) rather
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than to external forcing. With this component removed, the adjusted timeseries has less

variance and may exhibit a di↵erent trend. For example, Wallace et al. (2012) dynami-

cally adjusted observed surface air temperatures poleward of 40˝N and concluded that 0.7˝C

of the „1.7˝C warming trend in wintertime temperatures from 1965–2000 was dynamically

induced. With adjusted trends unbiased by internal e↵ects, such analyses can clarify the

anthropogenic signal in a target climate timeseries. A number of studies in recent decades

have developed and used this method. Although not all were referred to as “dynamical ad-

justment”, they nonetheless established the objective of evaluating the role of dynamically

induced variability. These studies analyzed surface-temperature records using a variety of

approaches, including regression of the temperature fields themselves (Wallace et al., 1995),

with established climate indices (e.g., Hurrell 1996; Bitz and Battisti 1999; Thompson et al.

2000) and with Sea Level Pressure (SLP) fields (Thompson et al. 2009). More recent studies

have adjusted additional climate variables such as snowpack, air temperature, and hurricane

activity (Smoliak et al. 2010; Wallace et al. 2012; Smoliak et al. 2015), and are based

on the method of Partial Least Squares (PLS) regression (see Abdi 2010). PLS regression

decomposes a set of predictor variables into components of variability that are optimized to

explain the variability in a variable of interest (the predictand). In the context of dynamical

adjustment, the predictors are grid points of a time-varying field (e.g., sea level pressure,

sea surface temperature) that is assumed to have a dynamical link to the predictand (e.g.,

regional temperature, snowpack). We present the PLS regression algorithm in section 3.

Note that in our context, the term “dynamical adjustment” should not be confused with the

dynamics of a glacier’s geometrical adjustment to climate changes. In this study, “dynamical

adjustment” will refer only to the methodology described above. We apply a PLS-based dy-

namical adjustment to glacier mass-balance records using SLP and Sea Surface Temperature

(SST), independently, as predictors. SLP has been used previously for dynamical adjust-

ments (Smoliak et al. 2010; Wallace et al. 2012; Smoliak et al. 2015), and its variability is a

widely used indicator of circulation changes on a range of timescales. SLP patterns control

the direction and magnitude of near-surface winds, and thus are strongly linked to variability
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in surface temperature and precipitation (e.g., Wallace and Hobbs 2006). This relationship

makes SLP a clear candidate for dynamically adjusting glacier mass-balance records. SST is

related to glacier change through a number of pathways. It is established that the onshore

flow of warm, moist marine air masses during storms links SSTs to snowpack in coastal

mountains (Casola et al. 2009), and by extension in this study, to the accumulation/winter

balance of glaciers in Western North America. Furthermore, SST and SLP variability are

closely related via dynamical coupling between the ocean and atmosphere. For example,

Deser and Phillips (2009) showed that SST variability is related to recent decadal trends in

North Pacific atmospheric circulation. At the same time, SST also responds to higher fre-

quency atmospheric pressure variations, as demonstrated by Johnstone and Mantua (2014),

who found that the leading mode of monthly variability in North Pacific SST resembles a

lagged response to the 11-month running mean of SLP variability. The coupling of atmo-

spheric pressure and ocean temperature on timescales from months to decades motivates our

investigation of both SLP and SST datasets as predictors for glacier mass-balance variability.

2.3 Study area and datasets

2.3.1 Target Glaciers

We focus our study on the mass-balance records of three United States Geological Survey

(USGS) benchmark glaciers: Wolverine Glacier in Alaska’s Kenai Range, Gulkana Glacier in

the Alaska Range, and South Cascade Glacier in Washington State’s Cascade Range (Fig.

2.1). These glaciers have the longest continuous mass-balance records in North America,

with winter balance (Bw), summer balance (Bs), and annual balance (Ba) data available

from 1959–2011 for South Cascade Glacier (WGMS 2012; 2013), and from 1966–2015 for

Wolverine and Gulkana Glaciers (Fig. 2.1) (O’Neel et al. 2016). Monitoring is ongoing, but

more recent measurements for South Cascade were not released at the time of our analysis.

In addition to having long-term, high-quality mass-balance records, the glaciers exist in

distinct climate settings. Accordingly, their balance records show some characteristic di↵er-
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ences: Wolverine Glacier receives ample moisture from the Gulf of Alaska (approximately

50km away), and has a large mean-winter balance rate (Bw “ 2.2 meters-water-equivalent

per year, m w.e. yr´1) and also large variability (standard deviation, � “ 0.9 m w.e. yr´1);

Gulkana Glacier is „300 km inland and blocked from much of this precipitation by high

coastal mountains (e.g., Rasmussen and Conway, 2004), and thus experiences a continental

climate with less precipitation and less variability (Bw “ 1.3 m w.e. yr´1, � “ 0.3 m w.e.

yr´1). Meanwhile at lower latitudes, South Cascade Glacier is 250km inland from the Pacific

but is only partially blocked from onshore moisture flow by the Olympic Mountains, and still

resides in a maritime climate as evidenced by its high winter accumulation and variability

(Bw “ 2.8 m w.e. yr´1, � “ 0.6 m w.e. yr´1).

The long-term mean mass-balance values are ´0.4, ´0.5, and ´0.6 m w.e. yr´1 for

Wolverine, Gulkana, and South Cascade, respectively, indicating that all three glaciers have

been out of equilibrium with the average climate over the study period. However, as stated

previously, Wolverine and South Cascade show significant variability in annual balance (� “
1.2 and 1.0 m w.e. yr´1), such that years of positive annual balance are not uncommon. For

Gulkana, the mean annual balance is comparable in magnitude to the standard deviation

(� “ 0.6 m w.e. yr´1), and indeed there are only seven years of positive balance in the

50-year record, with the most recent in 2003.

2.3.2 Mass-balance data

The glacier-averaged balance values reported by the USGS are calculated from point measure-

ments of accumulation and ablation, which are converted to meters-water-equivalent based

on density measurements, and then extrapolated over the whole glacier area using empirical

altitude-dependent relations. Wolverine and Gulkana each have three index sites at which

point mass balance is measured, though measurements at additional sites have been made

intermittently to constrain results. Additionally, Digital Elevation Models (DEMs) from

aerial photogrammetry are used to update the area-altitude distribution used for extrapo-

lation from point balance to glacier-wide balance as the glacier’s geometry changes, linearly
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Figure 2.1: Locations of three target glaciers (left). Panels (right) show mass-balance records
for each glacier, each with winter (yellow), summer (red), and annual (blue) data.

interpolating between years with available DEMs (Van Beusekom et al. 2010; O’Neel et al.

2014). South Cascade currently uses six fixed index sites (Bidlake et al. 2010). Snow depth,

which is often more easily measured than ablation, is frequently measured in additional

locations on the glaciers in order to mitigate the e↵ects of local irregularities. Maximum

accumulation and ablation values for each index site are often derived quantities, because

measurements rarely fall precisely at the transition between accumulation and ablation sea-

sons, and furthermore, these dates may not be synchronous across the glacier. For all three

glaciers, temperature and precipitation measurements from nearby meteorological stations

are used to estimate the dates of these transitions and to model the accumulation/ablation

that occurred between the measurement date and the seasonal transition. Complete descrip-

tions of the models and conventions used to generate the mass-balance datasets are available

in USGS technical reports: for example, Bidlake et al. (2010) for South Cascade Glacier,

and Van Beusekom et al. (2010) for Wolverine and Gulkana Glaciers. For our purposes, we

use Bw, Bs, and Ba in their available forms as estimates of glacier-wide change from season
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to season. We discuss the potential e↵ects of observational error in section 5.

2.3.3 Sea level pressure

The SLP predictor is derived from 2.5˝ ˆ 2.5˝ monthly mean SLP data from NCEP/NCAR

Reanalysis (Kalnay et al. 1996). In order to match the respective seasons of the mass-balance

timeseries, averages of winter (October–March) and summer (April–September) SLP are

used. The domain is restricted to 20–70˝N and 150–250˝E. Our results are not qualitatively

sensitive to the domain, provided that the most of the North Pacific is included. However,

the fraction of mass-balance variability explained by the predictor declines somewhat with

significantly larger or smaller domains.

2.3.4 Sea surface temperature

For the SST predictor, 1˝ ˆ 1˝ monthly values come from the Met O�ce Hadley Centre’s

sea ice and sea surface temperature data set, HadISST1 (Rayner et al. 2003). The global

mean is subtracted from the SST field at each time, and we use the resulting anomaly fields

as the SST predictor. This removes the global, long-term warming signal associated with

external radiative forcing (e.g., IPCC 2013), and in principle retains trends unique to the

study domain, though this residual is small compared to the global mean trend. The domain

is the same as that for SLP, except it is further restricted by removing all grid points that

experience sea ice cover, even if only seasonally. Seasonal averages are taken as with SLP.

2.4 Method of Partial Least Squares (PLS) Regression

Using a time-varying field (i.e., multiple predictor timeseries) to explain variability in the

predictand preserves spatial information, but since the individual predictors are spatially

indexed observations of the same climate variable, they may be highly correlated. While

this could be problematic for some regression techniques, the PLS method eliminates this

problem by decomposing the predictor set into orthogonal patterns of variability.
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This idea is common to a number of statistical approaches for analyzing variability in cli-

mate data. For example, Principal Component Analysis (PCA) decomposes a single dataset

into a set of patterns that best capture its own variability, and Maximum Covariance Anal-

ysis (MCA, see e.g., Bretherton et al. 1992; von Storch and Zwiers 1999) identifies patterns

that maximize covariance between two di↵erent variables. Like MCA, PLS regression identi-

fies common patterns between di↵erent climate variables, but here the constraint is one-way:

the predictor is decomposed into patterns that explain the maximum amount of variance in

the predictand. This makes PLS especially suitable for dynamical adjustment, where the

primary goal is to identify the large-scale origins of variability in the predictand.

Dynamical adjustment using PLS regression proceeds as follows. Let X be an n ˆ m

matrix with n observations in time at m spatial points (i.e., m predictors), which has been

standardized to zero mean and unit variance in time. In the case of a gridded dataset such

as SST or SLP, the grid is reshaped into a 1 ˆ m vector for each observation time (where

m is the product of the original grid’s length and width), yielding the n ˆ m matrix for

the whole observational period. Let Y be the predictand timeseries of n observations, also

standardized to zero mean and unit variance. In our case, Y is an nˆ 1 vector, though PLS

regression can be generalized to the case that the predictand is a matrix. First, a correlation

map, W, is created using detrended timeseries:

W “ 1

n ´ 1
X1TY1, p1q

where the prime denotes that the predictand and each predictor grid point have been

detrended in time. This is done so that the correlation map is not biased by trends, which

could more easily be correlated without a dynamical link. W is thus an m ˆ 1 vector that

can be reshaped back into the predictor’s physical (grid) dimensions to provide a map of

the detrended correlations between predictor and predictand at each observation point (see

Fig. 2.1a). W is weighted by the cosine of latitude (denoted Wc) to equally distribute

influence by area, and finally normalized to unit magnitude. Brackets xAy hereafter denote
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the following normalization for a generic variable A:

xAy “ A{
a
ATA. p2q

Next, the predictor is projected onto xWcy:

t “ XxWcy, p3q

where t is an index in time (nˆ 1) that expresses the variations of the spatial correlation

patterns. Here we note the similarity with PCA, in that t is analogous to the principal

component of an empirical orthogonal function of X, where here we simply enforce that the

function is the correlation map Wc. The index t then determines regression coe�cients that

are used to remove variance from both the predictor and the predictand. Let P be the vector

of regression coe�cients for the set of predictor variables, X:

P “ XT xty, p4q

and � the regression coe�cient for the predictand, Y:

� “ xtT yY. p5q

Then, the index is subtracted from the predictor and predictand weighted by P and �,

which yields the dynamically adjusted variables:

Xadj “ X ´ tPT and Yadj “ Y ´ �t. p6q

The fractions of variance in X and Y explained by t are given, respectively, by
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pPTPq{
ÿ

m

ÿ

n

|Xmn|2 and �2{
ÿ

n

|Yn|2. p7q

Note that, in general, the respective fractions of variance explained in X and Y are not

equal, since PLS finds patterns that maximize variance in Y explained by X.

At this stage, the PLS regression has removed fromX the component of its own variability

that explains the most variance in Y. And from Y, it has removed the component of

variability that can be attributed to variability in X. In our context of PLS-based dynamical

adjustment, the pattern regressed out of X is interpreted as a mode of large-scale climate

variability that drives changes in glacier mass balance. However, there may in fact be

multiple independent modes whereby the predictor fields drive the predictand, and thus

more associated co-variability may remain between Xadj and Yadj. Much of the utility of

PLS regression comes from the capability to reiterate the regression with Xadj and Yadj as

predictor and predictand. Further iterations yield a series of indices, t1, t2 . . . tn. These

indices are mutually orthogonal and thus the total variance explained is additive.

Successive iterations typically explain progressively less variance, and will eventually fail

to yield significant or physically meaningful adjustments. Previous studies (Smoliak et al.

2010; Smoliak et al. 2015; Wallace et al. 2012) have used cross-validation to determine

the number of PLS modes that should be considered in analysis. We follow in this vein,

using a procedure outlined in Abdi (2010), which evaluates the predictive skill of the PLS

modes when applied to an observation left out of the regression. This method indicated that

between one and four modes had predictive power depending on the variables used. However,

this metric – especially with relatively short records – is not guaranteed to inform physical

significance. Thus, for all dynamical adjustments presented here, we consider the two leading

modes for the sake of consistency. This involves some risk of retaining insignificant modes

(or omitting significant modes), but since the modes beyond the leading pattern explain a

small amount of variance, they are unlikely to project strongly onto mass-balance trends and
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Figure 2.2: Adjustment for South Cascade Glacier winter balance using SLP. (a) The leading
correlation map between SLP and winter balance. Contour interval is 0.1, with bold indicat-
ing the zero contour and dashed contours indicating negative correlations. (b) The second
correlation map. (c) The two leading indices associated with SLP variability, to be regressed
out of the winter balance record. (d) The original winter balance record and the adjusted
timeseries, which remains after the dynamically-induced variability has been removed.

significantly bias our conclusions.

2.5 Results

2.5.1 Raw data

We begin by characterizing the noise and trends in the raw mass-balance records using

standard statistical metrics. We use a straightforward version of the t-statistic to evaluate

trend significance (see e.g., Casola et al., 2009; Roe 2011). For a given mass-balance record,

the t-value is given by
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t̃ “ �B

�

c
⌫ ´ 2

12
, p8q

where �B is the magnitude of total change in mass balance as estimated by a least-

squares linear fit to the data over the observing period, � is the standard deviation of the

detrended residual, and ⌫ is the number of degrees of freedom. The critical t-value for a given

threshold of confidence and number of degrees of freedom can be found in standard statistics

tables, and we can then solve for a critical �B{� (the “signal-to-noise ratio”) needed to

declare a trend significant.

A variable with persistence (i.e., serial correlation) on the order of the sampling interval

�t has fewer independent degrees of freedom than observations. In order to account for the

possibility of persistence, we estimate ⌫ from the autocorrelation function of the timeseries.

One straightforward metric based on Bartlett (1946) states that the 95% confidence bound

for a lag-1 autocorrelation (r�t) indistinguishable from zero is 1.96{
?
N , where N is the

number of observations. After linear detrending, all of the mass-balance records fall below

this threshold of „ 0.27, indicating that the test does not provide evidence of persistence.

Another method, based on Leith (1973), assumes a red noise process with a decorrelation

(e-folding) time ⌧ estimated from r�t. In this case,

⌫ “ ´N�t

2⌧
, where ⌧ “ ´�t

ln pr�tq
. p9q

Following this metric, ⌫{N approaches 1 as r�t approaches e´2 p„ 0.13q. Again, r�t for

all records fall below this threshold. On this basis we conclude that the observations lack

persistence and thus each timeseries is consistent with N independent degrees of freedom.

We discuss the sensitivity of our conclusions to the choice of ⌫ in the next section.

The critical t-value, and thus the critical signal-to-noise ratio, also depends on whether a

one-tailed or two-tailed test is used; that is, whether trends breaching the chosen confidence
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Table 2.1: Trends in mass-balance records, reported as mw.e.yr´1 per decade, based on data
from 1959–2011 for South Cascade and 1966–2015 for Wolverine and Gulkana. Values in
bold are trends that are statistically significant at 95% based on a 2-tailed Student’s t-test.

Winter Summer Annual

South Cascade 0.02 -0.16 ´0.15

Wolverine ´0.03 -0.21 -0.23

Gulkana ´0.03 -0.17 -0.20

level can come from one or both sides of the t-distribution. A one-tailed test can enhance

detectability provided the sign of the trend can reasonably be assumed a priori. However,

considering that internal climate variability can have a considerable impact on decadal cli-

mate trends (e.g., Deser et al. 2012; Wallace et al. 2012), and lacking an a priori assumption

about the sign of this trend contribution, we argue that a two-tailed significance test is most

rigorous for this study. This allows for either positive or negative trends to be detected, but

requires a higher signal-to-noise ratio for significance at a given confidence level.

For the three target glaciers, we see a common pattern. All three have negative trends

in summer balance, significant at the 5% level (Table 1). However, none of the glaciers have

statistically significant trends in winter balance. Although several studies have documented

declining snowpack in Washington’s Cascade Mountains (e.g., Mote et al. 2005; Casola et al.

2009; Stoelinga et al. 2010), winter balance depends on a di↵erent hypsometric signature on

the landscape as well as other local e↵ects specific to the glacier’s setting within the mountain

range (e.g., avalanching, wind deposition, microclimates) and thus may not exhibit the same

trends as regional snowpack.

Finally, driven by the summertime contribution, the annual mass balance has a negative

trend for all three glaciers, but is significant only for Gulkana.
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2.5.2 Adjustment of winter balance

We now apply dynamical adjustment to investigate what fraction of each mass-balance record

can be attributed to variability in large-scale atmospheric circulation. We first present results

for winter mass balance, as they demonstrate the clearest dynamical link between predictors

and predictand. For South Cascade Glacier, the leading SLP predictor pattern explains 53%

of variance in winter balance. The spatial pattern of the leading SLP mode (Fig. 2.1a)

shows that variability in winter accumulation is strongly correlated with the strength of the

Aleutian Low, a persistent wintertime pattern of low surface-pressure and cyclonic circulation

in the North Pacific. Variability in this feature reflects shifts in the latitude and intensity of

the winter stormtrack, and thus variability of precipitation over South Cascade Glacier (e.g.,

Bitz and Battisti 1999).

A second iteration of PLS-regression yields a second pattern explaining an additional 10%

of the variance in the original record (Fig. 2.1b). In general, spatial patterns for successive

modes are more di�cult to interpret physically, since the remaining correlations after the

preceding mode(s) have been removed are weaker and less spatially coherent. Additionally,

the constraint that modes are mutually orthogonal can obscure physical interpretations,

given that dynamical processes are not necessarily linearly independent (e.g., Hannachi et

al. 2007). The two orthogonal indices (t1, t2) generated from these patterns are shown in

Fig. 2.1c, and their combined e↵ect is seen in Fig. 2.1d: the adjusted timeseries has 63%

less variance than the raw winter balance record.

Using SST as a predictor returned similar results for South Cascade winter balance: the

leading patterns explained 47% and 12% of variance, respectively. The spatial correlation

patterns are distinct for SST, with the leading pattern resembling the spatial signature of

the Pacific Decadal Oscillation (e.g., Mantua et al. 1997) (see Fig. 2.3a). However, the

indices (Fig. 2.3c) produced from SST are strongly correlated with those of SLP (r “ 0.84

for leading mode), indicating that the dynamical adjustment extracts a common element of

variance in South Cascade Glacier’s mass-balance driven by the coupled ocean-atmosphere
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Figure 2.3: As for Fig. 2.1, but using SST as predictor for South Cascade winter balance. (a)
The leading correlation map for SST. Contour interval is 0.1, with bold indicating the zero
contour and dashed contours indicating negative correlations. (b) The second correlation
map. (c) The two leading indices associated with SST variability. (d) The original and
adjusted timeseries.

system. Similar to results using SLP, the adjustment with SST removes 59% of the original

variance in Bw (Fig. 2.3c).

The dynamical adjustments for Wolverine glacier accounted for similar, albeit slightly

weaker, components of variance in winter balance. The first two SLP patterns explained 46%

and 9% of variance, and the SST patterns explained 34% and 9%, respectively. Notably, the

leading correlation patterns associated with SLP and SST have similar structure but opposite

polarity to their respective counterparts for South Cascade Glacier (Fig. 2.4). As a result, the

leading indices for Wolverine and South Cascade Glaciers are strongly negatively correlated

(r „ ´0.9 for SLP, ´0.8 for SST). For the years that the mass-balance observations overlap

for all three glaciers (1966–2011), the records themselves are moderately anti-correlated
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(r “ ´0.42), a relationship that has been attributed to circulation anomalies that shift

winter storms toward southeast Alaska and away from Washington state, or vice versa (e.g.,

Walters and Meier 1989; Bitz and Battisti 1999; Rasmussen and Conway 2004). Additionally,

Bitz and Battisti (1999) showed that winter balance has di↵erent temperature sensitivities

between these settings, with warmer winters more favorable for accumulation in Alaska and

the opposite for Washington. This may then be a coupled temperature and precipitation

signal; it is di�cult to say which dominates from the patterns alone, although the end e↵ect

is reflected in winter accumulation. The adjusted records for Wolverine and South Cascade

glaciers are e↵ectively uncorrelated (r “ ´0.05 using SLP), reinforcing that the adjustment

is indeed identifying and removing the dynamical contribution to mass-balance variability.

Winter mass balance for Gulkana Glacier showed a much weaker connection to the predic-

tors: SLP and SST patterns explained 23%`7% and 22%`6%, respectively. Recalling that

Gulkana’s winter-balance record has comparatively little variability to begin with (Fig. 2.1),

the year-to-year changes in accumulation that are driven by internal North Pacific climate

variability are quite small, consistent with its more continental setting.

In summary, by applying dynamical adjustment we can account for almost two-thirds of

the total variance in the maritime glaciers’ winter accumulation, indicating a close connection

between internal variability in North Pacific circulation and winter mass-balance; however,

the case of Gulkana Glacier, with less than one third of variance explained, suggests that

this relation is muted for continental glaciers, which are bu↵ered by coastal mountains and

long overland fetches.

2.5.3 Adjustment of summer balance

For the maritime glaciers (South Cascade and Wolverine), warm-season (April–Sept) SLP

and SST explain substantially less variance in the summer balance records. South Cascade

Glacier is more closely linked with SLP than SST, with two predictor patterns explaining

28%`7% of variance for SLP, compared with only 15%`6% for SST. (The second modes may

not in fact be significant, but are reported here for the sake of consistency.) For Wolverine
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Figure 2.4: Comparison of leading winter correlation patterns for South Cascade (a, b)
and Wolverine (c, d) Glaciers using SLP (a, c) and SST (b, d) as predictors. Contour
interval is 0.5, with bold indicating the zero contour and dashed contours indicating negative
correlations. Note the similar structure but opposite polarity between patterns corresponding
to the two glaciers.

Glacier, both predictors explain roughly the same total variance, with 21%`8% for SLP, and

24%` 4% for SST. The variance explained by summer SLP for Gulkana Glacier (22%` 9%)

is similar to that of the maritime glaciers, but it is notable in that it makes Gulkana the only

glacier with comparable amounts of dynamically induced variability in summer and winter

mass balance. This is broadly consistent with the rule of thumb that continental glaciers,

being further removed from the ocean’s moisture-laden storms and moderating e↵ect on

temperature, are comparatively more sensitive to melt-season climate (e.g., Medwede↵ and
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Roe 2016). It is perhaps not surprising that summer SSTs are a weak predictor for Gulkana

Glacier’s summer balance, explaining only 15% of total variance.

By far the strongest summer SST relationship is the leading mode for Wolverine Glacier,

explaining 24% of variance. The correlation map (Fig. 2.5a) shows what may be an intuitive

result for this glacier situated closest to the Pacific: near-shore SST and summer balance

are anti-correlated, i.e., years of anomalously warm ocean surface are associated with more

summer melt. Correlation maps for the leading summer SLP patterns (associated with

„ 20% of variance for each glacier) all show moderately positive correlation with SLP to the

south of each glacier (Fig. 2.5b–d). However, the links between summer climate anomalies

and summer balance are weaker than for winter, consistent with generally less vigorous

circulation in summer.

2.5.4 Adjusted trends

Our analyses show that a substantial amount („30–60%) of variance in mass balance is ex-

plained by variability in SLP and SST. We can now return to one of our main motivating

questions: what is the role of natural variability in the observed trends in mass-balance

records? It is important to note that, although the correlation map W (Eq. 1) is gen-

erated from detrended data, the component of variance removed from the predictand may

itself contain a linear trend. This is because the index t and the regression coe�cients �

and P contain data that have been standardized but not detrended (see Eq. 3–5). Thus

low-frequency variance that might be projecting onto the linear trend can in principle be

removed from the mass-balance records – indeed this is one motivation for pursuing dynam-

ical adjustment. Though all of the dynamically adjusted mass-balance records necessarily

have reduced overall variance, removing this low-frequency variance may yield residual time

series (Yadj in Eq. 6) that have enhanced or reduced trends, a↵ecting the interpretations of

observed trends and their causes.

Since both the noise and the trend are a↵ected by the dynamical adjustment, we revisit

the t-statistic (Eq. 8) as a way to compare the raw and adjusted mass-balance records. Recall
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Figure 2.5: Selected correlation patterns for summer mass balance. Contour interval is 0.1,
with bold indicating the zero contour and dashed contours indicating negative correlations.
(a) Wolverine Glacier’s summer balance is negatively correlated with SST near the western
coast of North America. (b–d) For all three glaciers, summer balance is positively correlated
with SLP in regions to the south.

that the significance of a trend in a given number of independent observations depends on

the signal-to-noise ratio, �B{�. This ratio is a useful metric for comparing the relative

significance of trends, and for significance at the 5% level, our records requires �B{� ° 0.98

for N “ 53 years (South Cascade) and �B{� ° 1.00 for N “ 50 years (Wolverine and

Gulkana). Table 2 shows �B{� for all raw records and adjustments, and we note that trends

in the South Cascade and Wolverine winter records are not significant in raw or adjusted

form. Gulkana’s adjusted winter balance trend barely breaches the threshold for significance
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‘

Table 2.2: Signal to noise ratios (�B{�) for raw mass-balance records and adjustments using
SLP and SST as predictors. Bold values indicate statistical significance at 95% based on a
2-tailed Student’s t-test.

South Cascade Wolverine Gulkana

Raw SLP SST Raw SLP SST Raw SLP SST

Winter 0.13 0.68 0.17 0.15 0.70 0.29 0.47 1.04 0.88

Summer 1.48 1.58 2.44 1.66 2.15 1.92 1.67 2.45 2.35

at 95% when using SLP as a predictor, but just short of it using SST. However, all three of

the summer records have significant trends in raw form and improved signal-to-noise ratios

after adjustment. In other words, the trends in summer mass balance are not associated

with low-frequency circulation variability, and are more consistent with an external forcing.

2.6 Sensitivity

2.6.1 Methods for testing trend significance

Several factors should be borne in mind when interpreting these results. First of all, recall

that the threshold for trend significance is dependent on the number of degrees of freedom

(⌫) estimated from the timeseries’ autocorrelation (Eq. 9). Given that the autocorrelation

functions are rather noisy for these short timeseries, it is worth considering significance

estimates for the case ⌫ † N , to account for the possibility that sampling e↵ects have

obscured weak persistence. While this does increase the critical signal-to-noise ratio for

significance, we find that our conclusions are robust to di↵erent choices of ⌫. Consider

a decorrelation time twice the maximum allowed for our initial assumption that ⌫ “ N ,

which then cuts ⌫ in half. If ⌫ “ 25p26q, the critical �B{� for 95% confidence required by

the t-test is 1.49p1.45q for a timeseries of 50p53q years. Even in this case, the interpretation

would remain that all summer trends are significant at 95%, both before and after dynamical
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adjustment (see Table 2).

As an alternative to the t-test, we also applied the method of phase randomization to

test for trend significance (see e.g., Theiler et al. 1992; Vafeiadis et al. 2008). In this

framework, a random phase rotation is applied to each Fourier frequency component of

the detrended timeseries. After transformation back into the time domain, this yields a

surrogate timeseries where the spectrum and autocorrelation structure have been preserved.

A large ensemble (104–105) of these surrogate datasets can then provide a distribution of

trends that arise merely from under-sampling the spectrum of the original timeseries. The

observed trends for raw and adjusted summer balance fell well beyond the central 95% of

the distribution. However, the method of phase randomization has some caveats for short

timeseries, namely that the probability distributions of surrogate data are not well-preserved.

Thus, while consistent with the other trend tests, this method may not stand on its own in

this application.

2.6.2 Choice of predictor variable

Additionally, we find that the trend changes after adjustments vary with the choice of pre-

dictor (however, the significance at 95% changes only for Gulkana Glacier’s winter balance,

where both trends are near the threshold). While SLP and SST are dynamically linked and

yield highly correlated indices (see section 4.2), their trend adjustments are not consistent.

For South Cascade and Wolverine Glaciers, SLP and SST adjust the mass-balance trends in

opposite directions, in both the summer and winter cases (Fig. 2.6). This is consistent with

the overall result that circulation variability has not contributed substantially to the trends

over the period of observation.

In addition to the choice between SLP and SST, we also assessed the sensitivity to the

choice of data source for the same climate variable. The Met O�ce HadSLP2 dataset is an

alternative SLP dataset, providing monthly means on a 5˝ ˆ 5˝ grid (Allan 2006). Results

using this predictor are qualitatively equivalent to those using NCEP/NCAR reanalysis: the

correlation patterns and respective amounts of variance explained are very similar, and the
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trend adjustments are also minimal.

2.6.3 Observational error

Both predictor and predictand datasets contain some degree of observational and sampling

error. The datasets for the Alaskan glaciers have been reanalyzed, as described by Van

Beusekom et al. (2010) and in the supplementary material of O’Neel et al. (2014). Work by

the USGS addresses both systemic and isolated errors in reported balance data, and ongoing

e↵orts include calibrating field measurements with geodetic methods using available DEMs.

What are the e↵ects of remaining measurement error on dynamical adjustment? Since

PLS regression operates only on anomalies, it is insensitive to systemic biases in mass-balance

data (unlike, for example, estimates of cumulative balance). Random errors, however, may

confound correlation maps and trend estimates. But while a large error in one year’s re-

ported mass balance certainly could bias an initial linear trend estimate, it is unlikely to

be erroneously removed by dynamical adjustment, and thus the changes to trends (or lack

thereof) should be relatively insensitive to this form of uncertainty. Furthermore, the cases in

which the statistics are shored up by a physical interpretation, as in the relationship between

South Cascade, Wolverine, and the Aleutian Low (section 4.2), suggest that observational

or sampling errors in the mass balance or predictor datasets are not necessarily a barrier for

identifying relevant dynamical patterns.

2.6.4 Conventional mass balance vs. reference surface mass balance

While we have focused on partitioning the e↵ects of internal climate variability and external

forcing on mass balance changes, it is also important to consider the e↵ect that a changing

glacier geometry can have on mass balance measurements. Terminus changes constitute a

negative feedback by changing the ablation area, while thickness changes can counteract

this by lowering or raising surface elevation across the glacier. These processes have moti-

vated analyses of reference-surface mass balances, which are calibrated to a constant glacier

hypsometry (e.g., Elsberg et al. 2001; Huss et al. 2012). Reference-surface values were
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available for Wolverine and Gulkana glaciers through 2009 (Van Beusekom et al. 2010), and

we found that dynamically adjusting these data produced qualitatively similar results to

those using conventional balance. Trend estimates are slightly di↵erent for reference surface

balances, but summer trends retained significance, suggesting that they are not principally

a geometrical e↵ect.

2.6.5 Length of timeseries

Finally, the length of the predictand timeseries has some interesting implications. We focus

on the USGS benchmark glaciers in part because they o↵er long uninterrupted records, and

thus o↵er more information to be compared with the other climate datasets. However, the

trend biases caused by the low-frequency components of natural variability can be more

dramatic in shorter records. This is a familiar challenge associated with limited sampling,

but it means that the skill of dynamical adjustment in terms of removing dynamically-

induced trends is sensitive to record length. As an illustrative example, we consider separate

adjustments for two halves of the South Cascade winter record (Fig. 2.7). In the raw data,

the periods from 1959–1984 and 1985–2011 have markedly di↵erent trends, a feature that

is lost when a linear trend is estimated for the whole record. The separate adjustments

yield more dramatic trend changes than with the entire record. For example, winter balance

from 1985–2011 has a strong positive trend (�B{� “ 1.35; significant at 90% but not at

95%), but this is nearly completely removed by dynamical adjustment, indicating that it is

associated with circulation variability. Of course, the half-and-half split is arbitrary, and we

do not attempt here to define an optimal timeseries length for adjustment. However, given

the preponderance of one- to two-decade mass-balance records for glaciers around the world

(Medwede↵ and Roe 2016), these may be important considerations for future applications

of dynamical adjustment.
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2.7 Summary and conclusions

We have applied PLS-based dynamical adjustment to seasonal glacier mass balance and have

found this to be a useful method for analyzing dynamically-induced variability, explaining

from about one-third of summer variance to well over half of winter variance in these records.

Building on its previous applications to regional averages or fields (e.g., snowpack, SAT,

Hurricane activity), we find that the method of dynamical adjustment is also capable of

identifying relationships between large-scale circulation and more localized processes (i.e.,

accumulation and ablation on individual glaciers).

For winter balance, dynamical adjustment shows that a large portion of accumulation

variability is explained by North Pacific variability, and is captured in comparable proportions

by both SLP and SST reanalysis fields. The e↵ect is strongest for the maritime glaciers

(South Cascade and Wolverine), explaining over half of the variance. The adjustments also

demonstrated that the primary source of dynamically-induced variability for these glaciers

is variability in the Aleutian Low. For summer balance, dynamical adjustment using SLP as

a predictor explained approximately one third of variance for all glaciers, but substantially

less when using SST. The variability left unexplained by dynamical adjustment is likely the

aggregate of many factors, including the nuances of regional climate, mountain meteorology,

and the noise and sampling e↵ects inherent in the climate and mass-balance datasets. Further

analysis using meteorological data and/or regional climate models could provide insight into

such processes, as well as the limits of the relationships that can be resolved with dynamical

adjustment.

Dynamical adjustment also reveals whether trends in time series are related to circula-

tion variability. We found that, despite the large degree of circulation-related variability

in seasonal mass balance, the dynamical adjustment did not change the trends substan-

tially. However, by accounting for the possibility of a dynamically-induced bias, we have

a refined view of mass-balance change for these glaciers. The negative trends in summer

balance, which are significant in the raw data, persist with a greater signal-to-noise ratio
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when dynamically-induced variability is removed. This supports an interpretation that the

trends are externally forced and associated with anthropogenic greenhouse warming. How-

ever, no statistically significant trends exist in adjusted winter balance (with the exception of

Gulkana’s winter balance, but its significance is not robust to the choice of predictor). This

strengthens the interpretation that anthropogenic trends in accumulation over the glaciers

have yet to emerge.

The absence of winter trends is common to many winter mass-balance records (Medwede↵

and Roe 2016), and may simply reflect the di↵erent temperature sensitivities of accumulation

and ablation. In theory, warming winters would eventually cause a decline in accumulation

as the average freezing level climbs, though in dry, cold settings the initial e↵ect may instead

be increased precipitation due to a greater atmospheric moisture capacity. Indeed, winter

warming and elevated freezing levels have been observed in Northwestern North America, but

the actual e↵ect on winter balance varies depending on the hypsometric profile of the glacier

and the baseline climatology (Arendt et al. 2009). It follows that the time of emergence

– and even the sign – of winter balance trends under warming may vary considerably by

region and by glacier. Since such changes would inevitably exist amid natural variability,

dynamical adjustment could be a useful method for diagnosing any new trends that emerge.

The general question of the relative importance of external forcing and internal variability

in observed trends is an important one. Several studies have addressed it for glacier mass

balance in di↵erent ways (e.g., Huss et al. 2010; Marzeion et al. 2014). Huss et al. (2010)

concluded from running-mean correlations that up to half of the 21st century declines in mass

balance in the Swiss Alps could be accounted for by the Atlantic Multidecadal Oscillation.

Dynamical adjustment would provide an alternative analysis method that could address the

same question, and would supply the associated correlation patterns that could be evaluated

for dynamical mechanisms. Marzeion et al. (2014) used ensembles of global climate models

to estimate the magnitude of natural mass-balance variability relative to simulated trends,

aggregated into di↵erent regions. Dynamical adjustment would provide a complementary

analysis here, too.
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Finally, it is also important to understand how much of a model’s projection of a future

climate trajectory may be attributable to internal variability (e.g., Deser et al. 2012). By

identifying the variability associated with circulation patterns in the modern climate, dy-

namical adjustment could again be used to constrain the externally forced portion of the

climate projection. Dynamical adjustment is thus a versatile tool, whose wider application

to a variety of glacier mass-balance settings and problems may prove useful.
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Figure 2.6: Raw and adjusted data for all glaciers, with linear trends plotted in bold. South
Cascade and Wolverine Glaciers demonstrate that the change in trends is sensitive to the
choice of predictor. Also note that for both predictors, the adjustment shifts the trends in
South Cascade and Wolverine winter balance in opposite directions. This is a direct result
of their opposing correlation structures (section 4.2). Any trends in the predictors in the
highly (anti-)correlated areas yield opposing trends in the associated indices.
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Figure 2.7: Dynamical adjustment and trend estimates are sensitive to the length of the
record being analyzed. Timeseries and linear trend estimates are shown for each period
for raw and adjusted data. (a) Adjustments to South Cascade winter balance for the whole
record. (b) Adjustments performed separately for the periods 1959–1984 and 1985–2011 (sep-
arated by dashed line). The opposing trends are almost completely removed by dynamical
adjustment, indicating that they are associated with circulation variability.
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Chapter 3

COMMITTED RETREAT: CONTROLS ON GLACIER
DISEQUILIBRIUM IN A WARMING CLIMATE

Chapter 3, in full, is a reprint of “Committed retreat: controls on glacier disequilibrium

in a warming climate” authored by J Christian, M Koutnik, and G Roe, as it appears in

Journal of Glaciology, 2018. The dissertation author was the primary investigator and author

of this paper.

3.1 Abstract

The widespread retreat of mountain glaciers is a striking emblem of recent climate change.

Yet mass-balance observations indicate that many glaciers are out of equilibrium with current

climate, meaning that observed retreats do not show the full response to warming. This is a

fundamental consequence of glacier dynamics: mountain glaciers typically have multidecadal

response timescales, and so their response lags centennial-scale climate trends. A substantial

di↵erence between transient and equilibrium glacier length persists throughout the warm-

ing period; we refer to this length di↵erence as “disequilibrium”. Forcing idealized glacier

geometries with gradual warming shows that the glacier response timescale fundamentally

governs the evolution of disequilibrium. Comparing a hierarchy of di↵erent glacier models

suggests that accurate estimates of ice thickness and climatology, which control the timescale,

are more important than higher-order ice dynamics for capturing disequilibrium. Current

glacier disequilibrium has previously been estimated for a selection of individual glaciers;

our idealized modeling shows that sustained disequilibrium is a fundamental response of

glacier dynamics, and is robust across a range of glacier geometries. This implies that many

mountain glaciers are committed to additional, kilometer-scale retreats, even without further
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warming. Disequilibrium must also be addressed when calibrating glacier models used for

climate reconstructions and projections of retreat in response to future warming.

3.2 Introduction

Many natural phenomena, including thermodynamic, geophysical, and biological systems,

can be described as reservoirs with inputs (e.g., mass, energy, information) that produce a

related output. The behavior of these systems depends fundamentally on the extent to which

they integrate their inputs. This is often characterized by a response time, or “memory”,

that is related to the capacity of the reservoir and the characteristic input and output rates.

This timescale determines how quickly the system can respond to a perturbation.

When a gradual forcing is applied, an “equilibrium response” can be defined as the state

at which the system would be in equilibrium with the forcing at any given instant. This

state evolves with the forcing. However, because the system has a memory of its previous

states, the actual system state lags the equilibrium response by an amount that depends on

its response time. This basic concept has major implications in the context of a changing

climate system, which has subcomponents that respond on a wide range of timescales. One of

the most striking examples is the rate of surface warming in response to anthropogenic CO2

emissions. Transient warming lags the equilibrium response due to the vast thermal inertia

of the ocean (e.g., Wigley and Schlesinger, 1985). In turn, warming surface temperatures

constitute a gradual forcing for other systems with long response times: lagged responses

have also been investigated for sea-level rise (e.g., Meehl et al., 2005) and forest die back

(Jones et al., 2009), among many other environmental responses to warming.

In this paper, we investigate these concepts for the case of the retreat of mountain glaciers

in a warming climate. Previous studies have noted that many glaciers are out of equilibrium

with the modern climate and thus committed to additional change (e.g., Bahr et al., 2009;

Mernild et al., 2013; Marzeion et al., 2017, 2018). Indeed, standard mass-balance measure-

ments report surface mass balance over the evolving glacier area (e.g., WGMS, 2017), and

so the widely noted negative mass balance of most of the world’s glaciers (e.g., IPCC, 2013;
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Medwede↵ and Roe, 2017) necessarily implies they are out of equilibrium. A number of stud-

ies have gone a step further, calculating glacier extents that would be in equilibrium with

recent climate observations. Such studies have targeted South Cascade Glacier, Washington

(Rasmussen and Conway, 2001), Haig Glacier, Canada (e.g., Adhikari and Marshall, 2013),

Morteratsch Glacier, Switzerland (Zekollari et al., 2014; Zekollari and Huybrechts, 2015),

Great Aletsch Glacier, Switzerland (Jouvet et al., 2011), as well as collections of glaciers in

the Alps (Lüthi et al., 2010; Carturan et al., 2013) and Bhutan (Rupper et al., 2012). These

studies have highlighted a striking discrepancy between current and equilibrium glacier ge-

ometries in specific settings; here, we explore the fundamental controls on this response.

We first illustrate the basic behavior of glacier retreat with a simple model, and introduce

metrics for characterizing the discrepancy between the evolving transient and equilibrium

length responses. We then present experiments in which we use several additional models of

varying complexity to evaluate how ice dynamics, glacier geometry, and climate variability

control the transient glacier response to gradual warming.

3.2.1 Illustrating disequilibrium with a simple glacier model

A mountain glacier can be conceptualized as an open system with memory: it integrates mass

accumulated across its surface into a reservoir of ice, and this reservoir adjusts its extent

to maintain a balance between input in the accumulation zone and output in the ablation

zone. The simplest representation of this behavior is a first-order di↵erential equation for

fluctuations of length, L1, around a steady state, L̄, caused by mass-balance perturbations,

b
1:

dL
1

dt
` L

1

⌧
“ �b

1
, (3.1)

where � “ L̄{H. H is a characteristic ice thickness and ⌧ is the glacier response timescale,

given by

⌧ “ H

bt
, (3.2)
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Figure 3.1: The response of a simple glacier model to a step function and sustained trends
in climate forcing. (a) Normalized length response to a climate forcing. Solid lines show
the transient response, dashed lines show the instantaneous equilibrium length. The climate
forcing is applied as a step function (black), and as a trend over periods of 2⌧ (blue), 6⌧
(red), and 50⌧ (gold), where ⌧ is the glacier response timescale. (b) Degree of disequilibrium
in normalized length. (c) Fractional equilibration, which proceeds identically for all climate
trends until the forcing stops.



51

where bt is the (negative) annual mass balance rate at the terminus. � is a geometric

parameter that scales the length responses to mass balance perturbations; as we will see,

it is related to the glacier’s length sensitivity. In this model, the glacier’s length is the

only degree of freedom, so Eqn (3.1) is a mass-conservation statement equating ice-volume

change to imbalance between input and output rates (e.g., Jóhannesson et al., 1989). The

basic model represented by Eqns (3.1) and (3.2) has been widely used to explore glacier

responses to climate perturbations (e.g., Jóhannesson et al., 1989; Harrison et al., 2001;

Oerlemans, 2001, 2007; Roe and O’neal, 2009). While various formulations for the response

timescale and glacier-sensitivity parameters have been proposed, members of this family of

models all resolve the same basic behavior. For an instantaneous mass-balance change �b

at t “ 0, the glacier asymptotically approaches a new geometry described by L̄`�L, where

accumulation and ablation are again balanced. The solution of Eqn (3.1) for this case is

L
1ptq “ �Lp1 ´ e

´t{⌧ q, (3.3)

where �L “ ⌧��b.

Another important analytical solution to Eqn (3.1) is the case of a linear trend in mass

balance (9b “ db{dt), starting at t “ 0:

L
1ptq “ ⌧� 9brt ´ ⌧p1 ´ e

´t{⌧ qs, (3.4)

For t " ⌧ , Eqn (3.4) approaches L1ptq “ ⌧� 9bpt ´ ⌧q . Thus, at long timescales, there is a lag

of ⌧ behind the length at which the glacier would remain in equilibrium with the climate as

it changes. We refer to this evolving length as the glacier’s equilibrium response, defined by

L
1ptq “ ⌧� 9bt. (3.5)

Figure 3.1a shows the responses of a glacier with an arbitrary timescale ⌧ to mass-balance

changes imposed instantaneously or as linear trends. Results are plotted as normalized by

⌧ in time and |L| in length. Solid lines show the transient length changes and dashed lines

show the equilibrium responses (Eqn 3.5). Four rates of forcing are shown: the same total
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mass balance change �b is applied instantaneously (black), or gradually applied over periods

of 2⌧ (blue), 6⌧ (red), and 50⌧ (gold).

We will refer to the di↵erence between transient and equilibrium responses (L1 and L
1
eq
;

solid and dashed lines) at any given time as the “disequilibrium”. Figure 3.1b shows this

metric for each forcing, again normalized by |�L|. For mass-balance trends, the degree of

disequilibrium approaches a constant (see the case of the 6⌧ trend in Fig. 3.1b), which

depends on the rate of forcing. The response to a slow trend (50⌧ , gold curves in Fig. 3.1)

approaches a limiting case in which the glacier responds quasi-statically, and its degree of

disequilibrium is negligible.

During a warming period, the degree of disequilibrium is a measure of a glacier’s overex-

tension, and thus the amount of additional retreat that is already guaranteed even with

no further climate change. Climate researchers have introduced the concept of “committed

warming” as a quantity describing the warming that will still occur even if anthropogenic

forcing stabilized (e.g., Hansen et al., 1985; Wigley and Schlesinger, 1985; Wigley, 2005);

similar metrics exist for committed sea-level rise and ice-sheet loss (e.g., Meehl et al., 2005;

Price et al., 2011; Goldberg et al., 2015). The reference state used to define the committed

change varies in the literature. In this paper, we use the term “committed retreat” to refer

to the additional retreat that must occur for the glacier to reach equilibrium should warm-

ing stop abruptly at a given time. In this sense, its magnitude is equivalent to the degree

of disequilibrium, though committed retreat also has a time-dependence: once the forcing

stops, the realization of committed retreat is still governed by ⌧ .

The ratio L
1{L1

eq
is another way to express a glacier’s lagged response to a climate trend.

At any instant in time, this is the fraction of the total (equilibrium) adjustment that the

glacier has attained for the amount of climate change that has already occurred. We will

refer to this as“fractional equilibration”. It is a useful measure of the committed retreat in

the context of the changes that have already been observed. For example, a fractional equili-

bration of 33% would mean that twice as much retreat as has already occurred is committed

to happen in the future, if the climate stopped changing at that moment. Figure 3.1c shows
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the evolution of L1{L1
eq
. Note that the fractional equilibration progresses identically for all

three rates of gradual forcing (blue, red, and gold curves) until the forcing stops.

Figure 3.1 highlights some very general behavior discussed in the previous section: sys-

tems with memory produce a lagged response when a gradual forcing is applied, and their

degree of disequilibrium can be significant when the duration of the forcing is similar to

the response timescale. Most mountain glaciers have response times between „ 10 and 100

years (e.g., Jóhannesson et al., 1989; Oerlemans, 2001)—similar in order to the duration of

anthropogenic climate forcing to date („ 100 years; IPCC, 2013). The results from this

simple model show that neither the instantaneous nor the quasi-static limits realistically

describe recent glacier changes, nor those that can be expected in the near future. However,

applying these concepts to observations or projections requires using models that capture

the relevant dynamics and can incorporate glacier and climate observations. To evaluate

the important factors for understanding glacier disequilibrium in today’s climate, we present

several experiments using idealized glacier geometries forced with gradual warming trends.

In the next section, we describe the four models used, and the idealized glacier settings. We

then compare the hierarchy of models to evaluate the importance of ice dynamics. Next, we

investigate the role of glacier geometry by assessing response times across a range of geome-

tries, and by considering uncertainty in ice thickness. Finally, we consider several issues that

climate variability can bring to estimating or modeling glacier disequilibrium.

3.3 Methods

3.3.1 Linear models

The simplest model we consider in our experiments is given by Eqns (3.1) and (3.2). How-

ever, this model assumes that the glacier has a single dynamical stage: mass-balance fluctu-

ations cause an immediate tendency on the glacier length, L1, damped exponentially on the

timescale ⌧ . Roe and Baker (2014) evaluated the ability of Eqn (3.1) to emulate the behavior

of a shallow-ice flowline model as a function of frequency, f. Equation (3.1) performs well at
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low frequencies (f ! 1{⌧), but the single dynamical stage exaggerates the high-frequency re-

sponse. Roe and Baker (2014) developed a new linear model that incorporates three stages

of glacier response: changes in ice thickness drive changes in ice flux that, in turn, drive

changes in glacier length. Their model takes the form of a third-order ordinary di↵erential

equation:
´
d

dt
` 1

✏⌧

¯3

L
1 “ 1

✏3⌧ 2
�b

1
, (3.6)

where ⌧ and � are defined as above, and ✏ “ 1{
?
3. Following the terminology in Roe and

Baker (2014), we will refer to Eqns (3.1) and (3.6) as 1-stage and 3-stage models, respectively.

The 3-stage model is governed by the same response-time parameter as the 1-stage, but in a

di↵erent functional form (that is, it arises from the same geometric considerations, but is not

an e-folding timescale). As noted above, the two models di↵er primarily at high-frequencies;

however, these di↵erences remain relevant at long timescales when the forcing is a continuous

trend. This is evident in the long-term limits of the 1-stage and 3-stage responses to a linear

mass-balance trend, 9b, starting at t “ 0. The 1-stage solution is given by Eqn (3.4), and the

3-stage solution is

L
1ptq “ ⌧

”
1 ´ 3✏⌧

t
p1 ´ e

t{✏⌧ q ` e
´t{✏⌧

´
t

2✏⌧
` 2

¯ı
� 9bt. (3.7)

For t " ⌧ , Eqn (3.7) approaches L
1ptq “ ⌧� 9bpt ´ 3✏⌧q, indicating a greater lag behind the

equilibrium response than the 1-stage model. The fractional equilibration also highlights this

di↵erence. For each model, it is obtained by dividing L
1ptq (Eqn 3.4 for 1-stage, Eqn 3.7 for

3-stage) by the equilibrium length response (L1
eq

ptq; Eqn 3.5). The factor (⌧� 9bt) drops out,

leaving

L
1

L1
eq

ˇ̌
ˇ̌
1´stage

“ 1 ´ ⌧

t
p1 ´ e

´t{⌧ q, (3.8)

and

L
1

L1
eq

ˇ̌
ˇ̌
3´stage

“ 1 ´ 3✏⌧

t
p1 ´ e

´t{✏⌧ q ` e
´t{✏⌧ p t

2✏⌧
` 2q. (3.9)
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Both expressions depend only on the glacier’s response time and the duration of the trend.

The exponentials in Eqns (3.8) and (3.9) decay fastest, leaving terms proportional to 1{t
in the long-time limit. However, the 1-stage fractional equilibration asymptotes to 1 ´ ⌧{t,
whereas the 3-stage model asymptotes to a slower 1 ´ 3✏⌧{t approach to unity, on account

of its greater lag behind the equilibrium response.

Several other analytical glacier models exist in the literature. For example, Harrison et al.

(2003) and Lüthi (2009) both developed dynamical models for area and volume fluctuations,

which e↵ectively have two stages of adjustment. Here we limit our selection of analytical

models to the 1-stage and 3-stage frameworks. These provide a range in complexity, and

allow for straightforward comparison as they are based on a common set of parameters, but,

as discussed above, represent di↵erent assumptions about glacier dynamics.

3.3.2 Nonlinear flowline models

In order to more comprehensively capture glacier dynamics, we use numerical models that

explicitly represent ice deformation in response to driving stresses. These models ultimately

stem from the Stokes equations,

r ¨ �ij “ ´⇢gi (3.10)

and

r ¨ ui “ 0, (3.11)

where �ij is the Cauchy stress tensor, ⇢ is the density of ice, gi is acceleration due to gravity,

and ui are velocity components. Equation (3.10) expresses local balance between surface

forces (stress gradients) and body forces (gravity) per unit volume of ice, while Eqn (3.11)

expresses conservation of mass. These equations are linked by a constitutive relation (Glen,

1955) that relates driving stresses to strain rates 9✏ij (and therefore to velocities):

9✏ij “ A S
n´1
e

Sij. (3.12)

A is the creep parameter that follows an Arrhenius relationship, which we hold constant

(see Table 3.1), and we use a flow exponent of n “ 3. Sij is the deviatoric stress tensor, defined
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as the Cauchy stress tensor minus its isotropic pressure component, and S
2
e

“ 1
2SijSij is a

scalar e↵ective stress. Finally, a continuity equation gives the evolution of local ice thickness,

h:

dh

dt
“ b ´ r ¨ F (3.13)

where b is the local surface mass balance rate, and F is the vertically-integrated ice flux. Here

basal mass balance terms are neglected, and it is assumed that bed geometry is constant in

time, making Eqn (3.13) equivalent to the evolution of the ice surface.

The nonlinear relationship between stress and strain (Eqn 3.12) can require significant

numerical computation to solve in its full form, and for this reason it is often advantageous to

seek approximations to the Stokes equations. A common one in glaciology is the shallow-ice

approximation (SIA), in which it is assumed that gravitational driving stress is balanced

only by basal shear stress (e.g., Hutter and Hughes, 1984). If x is the horizontal coordinate

along a glacier flowline, z is the vertical coordinate, and s is the free ice surface, the driving

stress is given by

�xz “ �zx “ ´⇢gzh
ds

dx
, (3.14)

and all other terms in the stress tensor are neglected. In contrast, “full-Stokes” solutions

make no such truncations and solve for the full stress state. The SIA is valid in the limit

of shallow aspect ratios (H{L ! 1) and has been shown to be a reasonable approximation

for mountain glacier geometries, although its performance declines for smaller glaciers and

steeper bed slopes (e.g., Le Meur et al., 2004; Leysinger Vieli and Gudmundsson, 2004;

Adhikari and Marshall, 2011). Intermediate “higher order” modeling frameworks exist that

resolve some, but not all, additional stress components (e.g., Pattyn, 2002; Hindmarsh, 2004);

in this study, however, we limit our comparison to SIA and full-Stokes models.

We run both a SIA and a full-Stokes model for a two-dimensional flowline, that is,

assuming a constant glacier width and neglecting the influence of lateral boundaries. The SIA

equations are integrated using finite di↵erences and explicit time stepping (e.g., Oerlemans,

2001; Roe, 2011) on a 25 m grid. For our full-Stokes simulations, we use the finite-element
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model Elmer/Ice (Gagliardini et al., 2013) with a horizontal element size of 25 m and 10

vertical layers. For both models, we incorporate a simple Weertman-style sliding law (e.g.,

Weertman, 1964; Cu↵ey and Paterson, 2010):

Sb “ Cu
m

b
. (3.15)

Sb is the basal shear stress, ub is the sliding velocity, and m is the Weertman exponent, or

the inverse of the flow exponent n (i.e, m “ 1{3). C is a constant sliding coe�cient; however,

note that the sliding velocity depends nonlinearly on the basal shear stress. We assume an

altitude-dependent mass-balance function bpzq for the flowline models:

bpzq “ P̄ ´ µpT̄z“0 ´ �zq, (3.16)

where P is the mean annual accumulation, uniform across the glacier surface, and T̄z“0 is

the mean melt-season temperature at sea level. µ is a melt factor, relating mass balance to

melt-season temperature, and � is the atmospheric temperature lapse rate.

3.3.3 Steady-state glacier geometries

Our model domains are idealized mountain glaciers with uniform bed slopes. We first con-

sider two geometries: glacier 1 has a bed slope of tanp�q “ 0.2 (11.3), and glacier 2 has a

slope of tanp�q “ 0.2 (5.7). Both have a maximum elevation of 2500 m above sea level (Fig.

3.2a). Table 3.1 displays the mass-balance and dynamical parameters used in the models.

We use values for sliding and deformation parameters (C and A) that are considered typical

for mountain glaciers (see e.g., Budd et al., 1979; Oerlemans, 2001; Roe, 2011). Our slid-

ing relation (Eqn 3.15) is a simplified version of that presented in Oerlemans (2001), and

subsequently in Roe (2011) and Roe and Baker (2014). These studies used C “ pHs{fsqm,
where Hs is ice thickness and fs is a sliding parameter, which they set at 5.7e-20 Pa´3 s´1 m2

following Budd et al. (1979). For simplicity, we treat Hs as constant, set at 50 m for glacier

1 and 100 m for glacier 2. These values fall between initial mean thickness, and thickness

after a 2 ˝C warming (described in the next section). Using the above value for fs, this gives
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Figure 3.2: Idealized glacier geometries and response to climate variability. (a) Equilibrium
configuration for the two geometries used throughout this study. (b) Equilibrium ice thick-
ness profiles generated with the full-Stokes (blue) and shallow-ice (red) models. The mean
ice thickness for these profiles is used to determine ⌧ in the 1- and 3-stage models. (c) Length
response of all four models to white-noise interannual variability (�T “ 0.7 ˝C and �P “ 0.7
a´1), for glacier 1. 2.5 ka of a 10 ka model run is shown. The mass-balance anomaly is shown
in the lower panel. (d) Power spectral density for the length responses to variability (glacier
1). Both (c) and (d) show that the 1-stage response has more variance at high frequencies,
but the other three models agree closely.
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Table 3.1: Glacier and climate parameters for glaciers 1 and 2. The first group of parameters
are those imposed in the flowline models, while the second group are calculated from the
full-Stokes model and used to calibrate the linear models.

Parameter Symbol Value Units

Glac. 1 (Glac. 2) if di↵erent

Max. elevation Zmax 2500 m

Bed slope tan� 0.2 (0.1)

Melt season temp. at sea level T̄z“0 20 ˝C

Accumulation P̄ 4 m a´1 (ice equiv.)

Melt factor µ 0.5 m a´1 ˝C´1

Lapse rate � 6.5 ˝C km´1

Deformation parameter A 1.9e-24 Pa´3 s´1

Sliding coe�cient C 3.03e-4 (3.82e-4) Pa s1{3 m´1{3

Steady-state length L̄ 6.55 (13.1) km

Characteristic thickness H̄ 54 (123) m

Terminus mass balance rate bt -2.12 m a´1 (ice equiv.)

L̄{H � 121 (107)

Response time (⌧ “ H{bt) ⌧ 25 (57) a

the constant sliding coe�cients in Table 3.1. Our climate parameters are consistent with

a temperate, maritime setting. With the values in Table 3.1, Eqn (3.16) gives equilibrium

lengths of 6.55 km (glacier 1) and 13.1 km (glacier 2). Since an ice elevation-mass balance

feedback is not included, the equilibrium lengths are analytical functions of the mass-balance

profile and the bed geometries.

The full-Stokes and SIA models agree closely on their equilibrium thickness profiles,

shown in Fig. 3.2b. For the smaller, steeper glacier (1), mean ice thicknesses are 53 m (full-

Stokes) and 54 m (SIA); and for the larger glacier (2), 123 m (full-Stokes) and 120 m (SIA).

The similar thicknesses, in turn, imply good agreement on estimated response times (Eqn
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3.2; ⌧ “ ´H{bt). Using mean thicknesses for H, and with bt set by Eqn (3.16), Eqn (3.2)

gives ⌧ “ 25 years for glacier 1, and ⌧ “ 57 years for glacier 2 (using full-Stokes thickness; 56

years for the SIA thickness). It should be noted that terminus ablation rate for both glaciers

is lower than those observed on many glaciers; this is a consequence of their constant width.

We use the full-Stokes steady-state geometries to calibrate the 1-stage and 3-stage linear

models (see the second group of parameters in Table 3.1). The elevation, temperature, and

lapse rate parameters we have chosen (Table 3.1) dictate that some summer melt occurs at

all elevations (i.e., T̄Zmax ° 0), making Eqn (3.16) a continuous, linear function over our

domain. This means that both temperature anomalies (T 1) and precipitation anomalies (P 1)

correspond to uniform mass-balance anomalies. These mass-balance anomalies constitute

the forcing for the linear models, and are given by

b
1 “ P

1 ´ µT
1
. (3.17)

The linear model parameters presented here are a simple case of those derived for the 1-stage

model in Roe and O’neal (2009) and for the 3-stage model in Roe and Baker (2014), which

were generalized to allow for a region where no melt occurs.

These synthetic geometries are meant to represent two generic mountain glaciers with

distinct response times, rather than specific settings. However, to put their response times

in context with glaciers around the world, we turn to (Roe et al., 2017, supplemental mate-

rial), who estimated ⌧ , according to Eqn (3.2), for 37 glaciers based on data from existing

glacier inventories. For example, their timescale estimates for Blue Glacier in the Olympic

Mountains (⌧ „ 28 years) and Hintereisferner in the Austrian Alps (⌧ „ 30 years) are com-

parable to our glacier 1 (⌧ “ 25 years). Our glacier 2 (⌧ “ 57 years) is similar in timescale

to Saskatchewan Glacier in the Canadian Rockies, Gries Glacier in the Swiss Alps, or Stor-

glacin in northern Sweden (⌧ „ 50, 59 and 60 years, respectively), among others. The largest

glaciers in the Alps likely have even longer response times, with estimates for individual

glaciers approaching or exceeding a century
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Figure 3.3: The role of model complexity in response to a trend. (a) Length responses
to a 2 ˝C warming over 200 years, for all four models. The dashed lines show length at
which the glaciers would be in equilibrium if the climate were to stabilize at that time. (b)
Disequilibrium, defined as the di↵erence between transient and equilibrium length, for glacier
2. (c) Fractional equilibration for glacier 2. (d) and (e): as for (b) and (c), but for glacier 1.
The gray vertical line in each panel marks 140 years into the warming period as a reference
point for current disequilibrium assuming anthropogenic forcing began ca. 1880.

3.4 Results

3.4.1 Model Complexity

The 1-stage model illustrated the basic response to a climate trend (Fig. 3.1); a next step is

to investigate the responses of the more realistic models introduced in the previous section.

Using a hierarchy of models, we can ask what is the simplest model that can accurately

characterize a glacier’s disequilibrium in a warming climate?

While our ultimate interest is retreat due to a warming trend, forcing the di↵erent models

with stochastic climate variability is a good way to evaluate their relative performance as

a function of frequency. We imposed 10, 000 years of white noise (i.e., equal power at all

frequencies) in both temperature and precipitation, with �T “ 0.7 ˝C and �P “ 0.7 m a´1.
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The resulting standard deviation in mass balance is 0.78 m a´1, consistent with variability

observed in maritime climates (e.g., Medwede↵ and Roe, 2017). A 2500-year segment of

our model output for the smaller glacier geometry is shown in Fig. 3.2c; it is immediately

clear that the 1-stage model is an outlier, with much more high-frequency variability than

the other three models. This is evident also in the power spectrum (Fig. 3.2d): the 1-stage

model has considerably less damping at high frequencies, consistent with the results of Roe

and Baker (2014). The standard deviations of the length fluctuations, �L, are 335 m, 267

m, 295 m, and 284 m for the 1-stage, 3-stage, SIA, and full-Stokes models, respectively.

These represent departures of 18% (1-stage), 6% (3-stage) and 4% (SIA) with respect to

the full-Stokes model. Thus, it appears that for small fluctuations around a mean state, the

simplified dynamics of the 3-stage and SIA models hold up as reasonable approximations,

while the 1-stage model should be treated with caution, especially on short timescales.

We now investigate our central question of the transient response to a climate trend. In

the following analyses, we stipulate a linear trend in melt-season temperature of 2 ˝C over

200 years, and no changes in precipitation, typical of the observed midlatitude trends over

the last century (e.g. IPCC, 2013). Figure 3.3a shows the length responses of all four models

and both geometries. All models exhibit a significant lag behind the equilibrium response

(dashed line). However, the 1-stage model’s tendency to respond too quickly means that it

underestimates the glacier’s lag behind the changing climate. The good agreement among

3-stage, SIA, and full-Stokes models suggests that the basic transient response to warming

is not significantly a↵ected by higher-order ice dynamics, consistent with the conclusions of

previous studies (e.g. Leysinger Vieli and Gudmundsson, 2004). Figures 3.3b and 3.3c show

the disequilibrium and fractional equilibration (as defined in section 3.1.1), respectively, for

glacier 2 (⌧ “ 57 years), and 3.3d and 3.3e show results for glacier 1 (⌧ “ 25 years). The

degree of disequilibrium is much more pronounced for the longer timescale glacier, consistent

with its longer memory of previous, cooler climate states. It is important to note that

the absolute length changes are greater for glacier 2 on account of its shallower bed slope.

However, in terms of the fractional equilibration, we see that, by the end of the 200-year



63

Table 3.2: Parameters and initial geometries for three glaciers with similar timescales. Re-
sults from the SIA model (bottom group) are inputs in the 3-stage model.

Parameter Symbol Glacier 2 Glacier 3 Glacier 4 Units

Bed slope tan� 0.1 0.125 0.2

Deformation parameter A 1.9e-24 2.4e-24 2.4e-24 Pa´3 s´1

Sliding coe�cient C 3.82e-4 n/a n/a Pa s1{3 m´1{3

Max. elevation Zmax 2500 3000 2500 m

Melt season temp. (sea level) T̄z“0 20 21 21 ˝C

Mean ice thickness H 120 176 91 m

Terminus balance rate bt ´2.12 ´3.25 ´1.63 m a´1 (ice equiv.)

Response timescale ⌧ 57 54 56 a

warming period, the 3-stage, SIA, and full-Stokes models all show that the “slower” glacier

2 has only worked through about half of its total adjustment to a 2 ˝C warming; glacier 1

is about three quarters of its way to equilibrium. The vertical lines in each panel mark 140

years into the warming as a rough comparison for the current state of glaciers, assuming

anthropogenic forcing started around 1880 (e.g. IPCC, 2013). The basic physics of a lagged

response to a trend implies that glaciers with long response times can be assumed to be

significantly out of equilibrium with our current climate, both in an absolute and fractional

sense.

3.4.2 Three di↵erent glaciers with the same response time

The marked di↵erence in the responses of glaciers 1 and 2 to gradual warming shows the

important role of the response time in setting the disequilibrium. Despite the simple form

of the response time (Eqn 3.2), a number of geometric, climatic, and rheological parameters

are implicitly represented in the characteristic values H and bt. Given the range that these

parameters may take for di↵erent glaciers around the world, it is important to consider the
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Figure 3.4: Three glaciers with 55-year response timescales. (a) Initial equilibrium profiles
for the three glaciers. Glacier 2 is the same as the larger glacier in the main text. Glaciers
3 and 4 do not have basal sliding. (b) Length responses of each glacier in response to a 2
˝C warming over 200 years. Solid lines are the SIA model response, dotted lines the 3-stage
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Fractional equilibration for each glacier (for clarity, only SIA responses are shown). Despite
their di↵erent geometries and dynamics, the glaciers’ transient responses are nearly identical
in a fractional sense.
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applicability of Eqn (3.2) across a range of parameter space. As an illustrative example,

we present two additional idealized glaciers with di↵erent parameters for rheology, mass-

balance, and bed-geometry. However, these parameters have been tuned in such a way to

give response times (54 and 56 years) comparable to that of glacier 2 (57 years).

For simplicity, we only compare the SIA and 3-stage models in this section. Table 3.2

displays the parameters and resulting geometries for glaciers 2–4 , and SIA thickness profiles

are shown in Fig. 3.4a. Glacier 3 is slightly steeper than glacier 2, but does not slide over its

bed, resulting in a greater steady-state mean ice thickness (176 m). Glacier 4 is steeper yet,

and even with no sliding, has a mean thickness of only 91 m. Despite its smaller dimensions,

it has a long response time because its terminus does not extend very far into lower, warmer

elevations. All glaciers have the same accumulation rate of 4 m a´1 ice equivalent, but the

maximum elevations and melt season temperatures have been manipulated to give terminus

positions, and thus mass-balance rates (bt), that yield the desired response times.

The 3-stage model parameters are again based on the SIA equilibrium geometries. Figure

3.4b shows 3-stage and SIA length responses to the same gradual warming (2 ˝C over 200

years), which again agree closely. Owing to their di↵erent geometries, the length sensitivities

(and thus equilibrium responses) are slightly di↵erent for the three glaciers. However, as Fig.

3.4c shows, their responses are nearly identical in terms of fractional equilibration. Thus,

we conclude that a glacier’s fractional equilibration depends on its timescale (e.g, Fig. 3.3c

vs. 3.3e), but not on the glacier’s length sensitivity (Fig. 3.4). This point is demonstrated

analytically by the 3-stage solution for fractional equilibration (Eqn 3.9). Furthermore, that

the 3-stage model, which is blind to the details of sliding vs. deformation, can emulate the

SIA responses for each case suggests that glacier geometry encapsulates ice dynamics well

enough to dictate the basic response to forcing. This makes ⌧ , which is based on geometry

and mass balance, a versatile metric for understanding glacier responses across a wide range

of settings.
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Figure 3.5: The spread of responses due to uncertainty in ice thickness. (a) Orange shaded
regions show ˘1�L and 2�L bounds for uncertainty in timescale (�⌧ “ ⌧{4), generated with
the 3-stage model. The dashed line shows equilibrium length. (b, c) Associated spread in
disequilibrium and fractional equilibration for glacier 2. (d, e) As for (b) and (c), but for
glacier 1.

3.4.3 Uncertainty in response time

The essential lagged nature of the glacier response to a trend is robust across a range of

geometries (Figs. 3.3 and 3.4), but it depends on ⌧ , and, via Eqn (3.2), ice thickness. In

reality, ice thickness is often uncertain, and di↵erent estimation methods can yield di↵erent

⌧ for the same glacier (e.g. Oerlemans, 2001; Harrison et al., 2001). So, we now evaluate how

uncertainty in ⌧ a↵ects disequilibrium. The good agreement with the SIA and full-Stokes

flowline models makes the 3-stage model an e�cient analytical tool. In the previous sections,

we had the benefit of thickness profiles generated by the numerical models, and our results

show that the mean ice thickness was an appropriate characteristic value to use in calculating

⌧ . However, direct ice-thickness measurements on mountain glaciers are uncommon, and for

more complex geometries, the mean may not be the best characteristic thickness for ⌧ .

Thus, we will use thickness in the following experiments to directly manipulate the response
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timescale.

We consider a broad uncertainty in thickness: a Gaussian probability distribution with

a standard deviation of �H “ H̄{4, where H̄ is the mean thickness of the original flowline

profiles that calibrated the 3-stage model. This gives �H “ 13 m for glacier 1, and �H “ 31

m for glacier 2. With this value, the ˘2�H range is equal to H̄ itself. Since ⌧ is directly

proportional to H, this yields a probability distribution for ⌧ that also has the ˘2�⌧ range

equal to ⌧̄ . Figure 3.5a shows the resulting length responses to our 2 ˝C warming trend, with

shaded regions showing the ˘1� and ˘2� bounds. The e↵ect of timescale uncertainty is a

sustained spread in length responses and, accordingly, in disequilibrium (Figs. 3.5b and 3.5d)

and fractional equilibration (Figs. 3.5c and 3.5e). Errors in the response timescale introduce

very long-term e↵ects: the spread grows throughout the warming period, and persists well

after the climate has re-stabilized. For instance, for glacier 2, the ˘1� range in timescale (a

spread of 28 years) yields a spread of „ 1.3 km in length after 200 years of warming, or, to

use the fractional metric, a range of „ 60 years to reach 80% equilibration.

While ice thickness is a directly tunable parameter for the 3-stage model, the e↵ects of

timescale uncertainty are also relevant to flowline modeling approaches where ice thickness

depends in part on the rheological parameters and basal conditions. We used this dependence

to tune flowline ice thicknesses in section 3.3.2; similarly, Roe and Baker (2014) also showed

that the response time (Eqn 3.2) captures glacier response over a range of flowline model

parameters. This suggests that errors in flowline model ice thickness, whatever their source,

would cause errors in the length response similar to those in Fig. 3.5.

3.4.4 Uncertainties due to climate variability

So far, we have considered the length response to a gradual warming in the framework of

an idealized climate with no variations other than the imposed trend. In reality, however,

any external climate forcing will occur in the midst of natural climate variability, which

will continue to force low frequency glacier length fluctuations (see Fig. 3.2c) on top of

the retreat due to long-term warming. Figure 3.6a shows this behavior with an ensemble
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of length responses for di↵erent realizations of white-noise temperature and precipitation

variability, �T “ 0.7 ˝C and �P “ 0.7 m a´1, superimposed upon the standard warming trend.

The responses shown are 25 of 100 realizations generated using the SIA model, which was

initialized from a steady-state configuration 200 years before the onset of warming in order

to allow the fluctuations of each member to de-correlate. The 3-stage model gives similar

results, but is omitted for clarity. The fact that the ensemble mean is almost exactly equal to

the trajectory for warming without variability reinforces that sustained disequilibrium is still

the fundamental response in a noisy, warming climate. While variability may temporarily

kick the glacier closer to its equilibrium length, it still has a restoring tendency back to the

lagged state. We use a relatively high level of variability in these experiments to illustrate

the potential uncertainties; it can be expected that a setting with less interannual variability

would yield results more closely resembling the basic, lagged response.

These noise-driven fluctuations have several implications that must be considered for

modeling the response of any glacier to climate warming. The possibility that the glacier was

mid-fluctuation at the onset of the trend amounts to an uncertainty in initial conditions if the

preceding climate is unknown. We illustrate this for the fluctuations driven by our standard

interannual variability (�T “ 0.7 ˝C and �P “ 0.7 m a´1). Figure 3.6b shows the ˘1�

and ˘2� bounds, where initial length anomalies are described by the Gaussian probability

distributions with widths of �L for each glacier. The impact of this uncertainty declines

with time, on a timescale governed by ⌧ . Initial-condition uncertainty does not therefore

play a large role 140 years after the onset of the trend. While for the case considered here,

the initial uncertainty arises from interannual climate variability, the same concept would

apply to other poorly-constrained climate histories. For example, accounting for little-ice-age

excursions might entail a much larger uncertainty in initial conditions (e.g., Matthews and

Bri↵a, 2005).

Additional impacts of climate variability on glacier disequilibrium are the basic statistical

challenges in defining the mean climate, trends, variability, and any parameters that rely on

these estimates. The pre-trend climatology, equilibrium length, and the onset and magnitude
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of the climate trend are all uncertain quantities in a noisy climate; the accuracy of their

estimates will vary depending on the level of climate variability and the length and quality

of observational records. Estimates of the response timescale (⌧ “ ´H{bt) will also be

a↵ected by climate variability and the resulting glacier fluctuations. Even with observations,

defining the characteristic values for ice thickness (here, the mean, H̄) and terminus ablation

rates (bt) over decadal timescales may be uncertain due to sampling errors. Both H̄ and

the terminus elevation (and therefore bt) will vary with the glacier’s low-frequency response

to noise, but the dominant e↵ect is simply the year-to-year variability in mass balance at

the terminus. To investigate the e↵ects on response-time estimates, we used the SIA model

to track H̄ and bt yearly through 10 000 years of climate noise for both glaciers (again,

with �T “ 0.7 ˝C and �P “ 0.7 m a´1). From the H̄ and bt timeseries, we calculated ⌧

for each individual year. We then took running means of the H̄ and bt timeseries to create

distributions representing estimates of ⌧ based on 10 and 50 years of observations. The

probability densities for these distributions are shown in Fig. 3.6c. Not surprisingly, a single

year gives a poor estimate of ⌧ , as shown by the broad, blue curves. The 10-year (red) and

50-year (gold) estimates converge on the steady-state values of ⌧ “ 25 and 57 years (vertical

purple lines), but still have a substantial spread. While only the linear models require ⌧

as an input parameter, this uncertainty is relevant for numerical flowline models as well.

These sampling errors will still come to bear on the calibration of the glacier geometry, mass

balance, and flow parameters, choices that must be made for any model, and which we have

shown here fundamentally a↵ect glacier response.

3.5 Discussion

3.5.1 The committed retreat of mountain glaciers

The result that transient glacier retreat lags the equilibrium response to a climate trend stems

fundamentally from the multi-decadal response times common to most mountain glaciers.

Our focus on idealized glaciers, rather than specific settings, helps to demonstrate this basic
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behavior and the factors that a↵ect it. Our comparison of several idealized geometries

shows that a glacier’s fractional equilibration during a climate trend depends strongly on its

response time (glacier 1 vs. glacier 2 in Fig. 3.3), but not on its length sensitivity (glaciers 2–

4 in Fig. 3.4). Figure 3.4 also shows that the fractional equilibration is the same for di↵erent

parameter combinations that yield approximately the same value for ⌧ “ ´H{bt. This makes

⌧ a fundamental and useful parameter for categorizing glacier responses across a wide range

of settings and geometries. Some general conclusions can thus be drawn about committed

glacier retreat around the world based on estimated response times and observed climate

trends (see, e.g., Roe and others, 2017). Consider that our synthetic 54–57-year glaciers are

less than 50% into their adjustments to the total warming that has occurred in 140 years (see

Fig. 3.4c). Given the observed global surface warming of roughly 1˝C in the last century (e.g.

IPCC, 2013), our results imply that longer-timescale glaciers (⌧ ° 50 years) are substantially

out of equilibrium today. In other words, their observed retreats are startling underestimates

of the total retreat already built in by the industrial-era warming that has occurred to date.

For large glaciers with shallow slopes and large length sensitivities, absolute disequilibrium

may be on the order of kilometers (see Fig. 3.3b). This is consistent with several detailed

modeling studies that have assessed committed retreat for large valley glaciers in the Alps.

For example, Zekollari et al. (2014) estimated the committed retreat of Morteratsch Glacier,

based on 2001–10 climate, at nearly 2 km, while Jouvet et al. (2011) calculated a striking 6

km commitment for Great Aletsch Glacier based on 1989–2008 climate.

Additionally, while we have focused here on length changes, committed retreat also im-

plies committed volume loss, which has direct implications for committed sea-level change

(e.g. Mernild et al., 2013; Marzeion et al., 2017, 2018). While volume tends to react more

quickly than length (e.g. Oerlemans, 2001), the committed loss should still depend on ⌧ ,

making the distribution of individual response times an important consideration for regional

or global estimates of committed volume change, and the associated impacts on sea-level and

hydrology. Given some level of current disequilibrium, how certain is a glacier’s committed

retreat? For any component of the climate system, committed change is a useful metric be-
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cause it is based on forcing that has occurred thus far, and is thus partitioned from changes

associated with the much less certain future of anthropogenic forcing. However, a choice of

definition must be made as to the way in which forcing is hypothetically stabilized. We’ve

based committed retreat on an abrupt stabilization of temperature, as warming is a direct

forcing on glacier extent (and is more robust than precipitation trends for most glaciers

around the world; see, e.g., Roe et al., 2017). However, the relevant forcing is di↵erent

for other aspects of the climate system. Early studies on committed climate warming were

based on a fixed atmospheric composition (e.g. Hansen et al., 1985; Wigley and Schlesinger,

1985; Wigley, 2005), but this approach did not account for the finite lifetime of atmospheric

greenhouse gases. As greenhouse gas emissions are the primary source of anthropogenic forc-

ing (e.g. IPCC, 2013), more recent approaches calculate the climate commitment based on

zero additional emissions. Although there is a broad spread of uncertainty, the central esti-

mates are that if all anthropogenic emissions ceased today, the natural decline of greenhouse

gases and the delayed ocean response would o↵set each other, leaving global temperatures

approximately flat for the next few centuries (Solomon et al., 2009; Armour and Roe, 2011;

Mauritsen and Pincus, 2017). These studies suggest that the observed warming to date con-

stitutes a hard lower bound from which to calculate committed glacier retreat. And while

calculating retreat based on current temperatures is an idealized approach, it is consistent

with recent literature on committed change in the climate system.

3.5.2 Implications for climate reconstructions

The fact that glaciers lag their equilibrium response to a climate trend has important conse-

quences for inferring past climates using numerical glacier models. A failure to account for

current disequilibrium in the glacier state can render estimates of past climate significantly

in error. Let dL{dTeq be defined as the equilibrium sensitivity of a glacier to a change in

mean temperature. For a glacier model, this is a fixed function of the parameters chosen by

the modeler. In principle, one can use the model to infer the climate change required for

a length change �Leq, between two equilibrium climate states. Assuming only changes in
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Figure 3.7: Transient vs. equilibrium sensitivity. The dashed orange line shows the 3-
stage length response of glacier 2 to the 1 ˝C century´1 warming, beginning in 1880. Tran-
sient length sensitivity inferred from terminus retreat (solid orange line) underestimates the
glacier’s equilibrium sensitivity (gray line). The transient sensitivity is -1.1 km ˝C-1, while
the true equilibrium sensitivity is -2.9 km ˝C´1.

temperature, this can be written as:

�Teq “ �Leq

dL{dTeq

. (3.18)

However, because of the modern disequilibrium, an error is incurred if the modern length

is used in calculating �Leq. For example, consider a moraine recording the glacier’s equi-

librium preindustrial extent, from which �Leq in Eqn (3.18) is set to Lmoraine ´ Lmodern.

However, using glacier 2 as an example (⌧ “ 57 years), the modern glacier has retreated less

than halfway to its equilibrium length, so this assumed �Leq would underestimate the true

equilibrium length change:

�L “ pLmoraine ´ Lmodernq § 1

2
¨ �Leq|true. (3.19)

There are multiple possible consequences of the error. First, if the model sensitivity is correct,

the resulting estimate of �Teq is less than half as large as the true climate change. The other

possibility is that the glacier model parameters are tuned in a way that renders the model less

than half as sensitive as it should be. This latter pitfall will occur when �Teq is constrained

by instrumental or proxy records. Figure 3.6 illustrates this for glacier 2’s response to a
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1˝C per century warming (dashed line), beginning in 1880. The average rate of retreat over

the last 140 years (solid orange line) gives a transient sensitivity of ´1.1 km ˝C´1, whereas

the equilibrium sensitivity (gray line) is actually ´2.9 km ˝C´1. A model tuned to the

transient sensitivity would miscalculate any climate changes further in the past, and would

also underestimate the natural glacier variability, �L. Finally, some combination of errors

in �Teq and the sensitivity is also possible. Whatever the case, it is clear that initializing a

model in steady-state with contemporary climate and length observations, when the target

glacier is in fact far out of equilibrium, means building significant error into any analyses

that rely on the model.

A number of approaches for reconstructing climate from glacier records exist (see, e.g.,

a review by Mackintosh et al., 2017, and references therein). However, the e↵ects of dis-

equilibrium have not been emphasized in the reconstruction literature. The consequences

of ignoring current disequilibrium would vary by methodology and by glacier, but our re-

sults suggest that disequilibrium should be factored into any length sensitivity estimates or

model calibrations based on current geometry. Errors would be particularly problematic for

estimates of late-Holocene climate changes relative to the modern climate, and for glaciers

with long response times. They become less of an issue for larger glacier changes, such as

retreat from the last glacial maximum, where the modern disequilibrium is a smaller fraction

of the overall change; or, for glaciers with fast response times, whose current state is closer

to equilibrium.

3.5.3 Implications for glacier projections

Modeling glacier retreat is also a vital part of predicting and adapting to impacts of glacier

change in a warming climate, such as sea-level and hydrological changes (e.g. IPCC, 2013).

Uncertain emissions scenarios and regional climate variability introduce a large amount of

uncertainty into localized projections (e.g. Deser et al., 2014), but because the metric of com-

mitted retreat is independent of future forcing by construction, it can provide a useful bound

for assessing future impacts. Current disequilibrium is also important to assess because the
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model sensitivity issues discussed above also apply to projections of future retreat: whatever

the future forcing scenario, initializing glacier models in steady state with the current climate

will introduce errors into the predicted retreat and the glacier’s contributions to catchment

hydrology.

Another point related to future glacier change is that over the initial period of gradual

warming (that is, up to a few multiples of ⌧), terminus retreat accelerates even as the

rate of warming remains steady. This acceleration can be conceptualized in the three-stage

framework of Roe and Baker (2014): melt-driven thinning reduces flux into the terminus

region, eventually making ablation more e�cient at driving terminus retreat. This sequence is

more drawn out for longer response timescales, and our results suggest that glaciers with 50+

year response times have not emerged from this early stage of adjustment to anthropogenic

warming. In other words, their recent responses may be characterized more by thinning

than by terminus retreat. Indeed, dramatic thinning has been observed for many mountain

glaciers (see e.g. Paul et al., 2004), and may be a precursor to increased retreat for long-

timescale glaciers. These stages of response should thus be considered when interpreting

recent or future changes in retreat rates.

3.5.4 The role of higher-order ice dynamics

In addition to considering model tuning and initialization, the representation of ice dynamics

is also an important decision that the modeler faces, and the degree of complexity required

ultimately depends on the question being asked: shallow-ice solutions can give errors in

the spatial pattern of ice thickness or velocities (e.g. Le Meur et al., 2004; Greve and Blat-

ter, 2009; Adhikari and Marshall, 2011, 2013); however, Adhikari and Marshall (2013) also

showed that the discrepancies between higher- and lower-order solutions were greater for

advance scenarios than for retreat. Leysinger Vieli and Gudmundsson (2004) compared full-

Stokes and SIA model responses to step changes in climate, making the important point

that accurate mass-balance information may be more critical than higher-order dynamics for

modeling glacier responses to climate changes. The close agreement between our SIA and
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full-Stokes simulations indicate that higher-order stresses do not play a large role in the ba-

sic, lagged response to gradual warming, consistent with the insights of Leysinger Vieli and

Gudmundsson (2004) and Adhikari and Marshall (2013). We find that accurate ice thick-

ness and mass balance, which robustly characterize the response time, are more important

than model complexity for representing disequilibrium, provided that 3-stage (as opposed to

1-stage) dynamics are used if a linear model is chosen (see also discussion in Roe and Baker,

2014). However, a uniform bed geometry and absence of lateral e↵ects make it more likely

that SIA (and 3-stage) assumptions hold. Several studies have shown that the choice of

model dynamics may a↵ect the steady-state thickness distribution (e.g. Le Meur et al., 2004;

Adhikari and Marshall, 2013). Thus, for modeling experiments that target specific glacier

geometries, the inclusion of higher-order stresses may become important for representing the

degree of disequilibrium through the response time, even if higher-order mechanics do not

play a major role in retreat.

3.5.5 Outlook

Estimates of past climate change, and predictions of future glacier retreat must take the

current disequilibrium of glaciers into account. However, without perfect knowledge of the

system, there is an unavoidable quandary here: current climate is typically well observed, but

current disequilibrium may be uncertain because the response time can only be estimated

approximately (e.g., Fig. 3.5). On the other hand, while the disequilibrium was less (though

not necessarily absent) at the start of the industrial era, the climate then may be less certain.

Nevertheless, records of glacier front position at the beginning of the industrial era are

abundant (e.g. Leclercq et al., 2014), and several global datasets of temperature extend back

to 1880 (e.g. ?). Our opinion is that in many parts of the world, su�cient climate and

glacier data exist to incorporate disequilibrium into interpretations of glacier change and

model initialization. One approach is a dynamic calibration, using a model of at least 3-

stage complexity, to account for transient e↵ects and identify glacier and climate parameters

(e.g., Table 3.1) together with their uncertainties that best reproduce the observed retreat.
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Such a calibrated model could then be used to estimate older climate changes or future glacier

responses. Dynamic calibration has been applied to a number of well-observed glaciers (e.g.

Oerlemans, 1997; Lüthi et al., 2010; Jouvet et al., 2011; Zekollari et al., 2014). Additionally,

Roe et al. (2017) applied this approach, using the 3-stage model, to compare natural glacier

variability with observed retreats around the world. In any event, it is vital to produce

reconstructions and projections that reflect uncertainties in model parameters. Because

each glacier setting is unique, modeling e↵orts are often targeted to a single glacier, and it

is easy for calibration choices to be made that a↵ect the model sensitivity. As the results of

this paper demonstrate, the errors can be severe when modern glaciers are assumed to be

near equilibrium.

3.6 Summary and Conclusions

Because many mountain glaciers have response timescales that are similar in order to the

period of time over which humans have been changing the climate, we should not assume

that they are close to equilibrium in response to this forcing (see Fig. 3.1). We explored

the factors that influence this disequilibrium and that modelers must take into account to

properly capture the transient response. Specifically, we considered (1) the representation

of ice dynamics; (2) the glacier’s geometry, and therefore its response timescale; and (3) the

e↵ects of climate variability on model initialization and glacier response. Our main findings

in these areas are summarized as follows:

1. A comparison of four models of ice dynamics forced by the same ramp warming showed

that, at a minimum, 3-stage linear dynamics were necessary to accurately capture a

glacier’s degree of disequilibrium. The 1-stage linear model captures the basic phe-

nomenon of disequilibrium, but underestimates its magnitude by roughly a factor of

two in our results; this is because it too-rapidly translates mass-balance perturbations

into length changes. A number of other low-order glacier models exist in the litera-

ture; our comparisons indicate that accurately capturing the lag between forcing and
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terminus response (or equivalently, the phase lag in the cross spectrum Roe and Baker,

2014), as the 3-stage does, is a prerequisite for any analytical model used to esti-

mate disequilibrium. The 3-stage model emulates the response of the flowline models

very well, despite its dependence on fixed parameters linearized about a mean state.

Roe and Baker (2014) showed that the 3-stage parameters could be calibrated for more

complex valley geometries, and could still reasonably emulate flowline model output for

terminus fluctuations. However, they noted greater disagreement for large excursions

that spanned slope breaks in the glacier bed. It can be expected that linear-response

models will become less accurate when modeling a retreat that traverses significant

changes in the valley geometry. Thus, while the 3-stage model succeeded here in mod-

eling time-varying glacier retreat, more complex geometries may call for at least SIA

or higher-order flowline models.

2. In contrast to the close agreement of 3-stage and flowline model outputs, the distri-

bution of responses associated with uncertainty in ice thickness, and thus timescale,

is quite broad (Fig. 3.5). This is ultimately a simple result—adjusting the timescale,

by construction, adjusts how quickly the glacier can respond to a climate change, and

thus how much it lags a trend. However, because this lag is unyielding, errors related

to the response timescale are persistent, and necessarily bear upon estimates of current

disequilibrium and projections of future retreat.

3. Random, interannual climate variability introduces several complications when model-

ing transient glacier retreat. Terminus fluctuations due to a noisy mass balance history

imply an uncertainty in initial conditions, but the e↵ects of an initial length perturba-

tion decay and are of negligible significance after a few multiples of ⌧ . However, a noisy

climate can also have persistent impacts on modeled glacier responses, because mass

balance variability and glacier fluctuations mean that estimates of glacier parameters

are subject to sampling errors. Even with multi-decade running means, substantial

year-to-year variability can mean non-trivial uncertainty in the mean value of ⌧ (Fig.
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3.6c), and thus the degree of disequilibrium. Finally, length responses to an ensemble

of noisy, warming climates demonstrate that, while climate variability can cause glacier

retreat to slow or even reverse for a short period, the terminus does indeed fluctuate

around its lagged, not equilibrium, trajectory (Fig. 3.6a). So, while climate variabil-

ity inevitably clouds our metrics for quantifying it, glacier disequilibrium should be

considered a robust phenomenon in the global aggregate, and as the warming trend

continues.

While individual glacier dynamics can be quite complicated, a simple lesson from our work is

clear: mountain glaciers with multi-decadal response times are among the many components

of the climate system whose modern state is one of both realized and committed change. We

have already witnessed significant glacier retreat over the past century but the disequilib-

rium of these systems with the modern climate means that responses to continued climate

warming are inextricably compounded by ongoing adjustment to the warming of the past

decades. However, if estimates of the glacier timescale, length sensitivity, and the warming

trend are available, current disequilibrium can be accounted for when calibrating models and

interpreting observations. The basic behavior and dependencies discussed here can provide

a framework for refining reconstructions of past climate, estimates of current glacier state,

and projections of future glacier retreat.
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Palü , Briksdalsbreen and Nigardsbreen from their length records. Journal of Glaciol-

ogy, 53(182):357–362.



84

Oerlemans, J. J. (2001). Glaciers and climate change. A.A. Balkema Publishers.

Pattyn, F. (2002). Transient glacier response with a higher-order numerical ice-flow model.

Journal of Glaciology, 48(162):467–477.
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Chapter 4

DIFFERENCES IN THE TRANSIENT RESPONSE OF
INDIVIDUAL GLACIERS: A CASE STUDY IN THE

WASHINGTON CASCADES

Chapter 4, in full, is a manuscript in preparation for submission, authored by J Christian,

E Carnahan, M Koutnik, G Roe, and E Whorton. The dissertation author was the primary

investigator and author of this paper.

4.1 Abstract

Most mountain glaciers have response times from 101–102 years. Observed glacier changes

necessarily depend on the response time, as do assessments about future change. We inves-

tigate variations in individual response times and transient responses for 383 glaciers in the

Cascade mountains of Washington State, USA. We estimate a distribution of sub-decadal

to multi-decadal response times times based on simple geometric arguments. Many of the

largest glaciers in the Cascades have short response times due to steep slopes and low ter-

mini. This range of response times, while fairly typical, implies consequential di↵erences in

the transient response of individual glaciers. Applying recent analytical methods suggests

that the glaciers in the Cascades with multi-decadal response times have only realized about

half of their full response to anthropogenic warming, while those with short response times

have remained close to equilibrium. Di↵erences in the response time also have hydrological

implications. A simple transient model for glacier runo↵ suggest that it has already peaked

in the Cascades in response to anthropogenic warming, but the possibility of additional peaks

depends on the response time. These variable transient responses arise simply from a range

of di↵erent glacier geometries, and can thus be expected in other regions as well. These
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e↵ects should be considered when estimating parameters for poorly-observed glaciers, and

simple geometric arguments can provide a first line of analysis.

4.2 Introduction

Glacier retreat over approximately the last century is one of the most prominent icons of

anthropogenic climate change. At the global scale, glacier loss contributes substantially to

sea level rise, but terminus retreat also has important impacts at local scales (Moore et al.,

2009). Changes to seasonal streamflow, stream temperature, and geohazards can depend

directly on the response of a few key glaciers. And despite the ubiquity of glacier retreat

around the world (Leclercq et al., 2014) and confident attribution to climate change (Roe

et al., 2017), di↵erences exist in the scale and pace of observed retreat, even amongst glaciers

in the same mountain range. Understanding the basis for these di↵erences is thus important

for understanding local observations and impacts, and is a prerequisite for making reliable

projections.

In this study, we focus on di↵erences associated with fundamental transient glacier dy-

namics. We estimate individual glacier response times based on geometric attributes provided

in the Randolph Glacier Inventory version 6 (RGI Consortium, 2017, hereafter RGI6) We

focus on the glaciers of the Cascade mountains of Washington State, USA, which have a long

history of glaciological research, and which constitute important local resources. The goal

of this study is not to produce a detailed simulation of these glaciers, but rather to assess,

based on robust principles, how transient responses vary within the population of glaciers.

To that end, we analyze elements of glacier change where the response times found in the

Cascades imply a consequential range of behaviors for individual glaciers. These include

the degree of disequilibrium with current climate, the response to climate variability, and

changes in glacier runo↵.



88

4.2.1 Theoretical background

The response time of the terminus position to climate variations is of fundamental impor-

tance in glacier dynamics. Numerous approaches to estimating the response time or “mem-

ory” exist. Analytical expressions can be derived from geometry and mass balance (e.g.,

Jóhannesson et al., 1989; Harrison et al., 2001) or geometry and velocity (e.g., Oerlemans,

2001). Alternatively, characteristic times can be estimated from terminus and climate ob-

servations (Harper, 1993; Oerlemans, 2007) or numerical model output (e.g., Leysinger Vieli

and Gudmundsson, 2004; Zekollari et al., 2014, 2020). Essentially all of these approaches

give response times on the order of 101–102 years for most mountain glaciers.

We use a response time ⌧ proposed by Jóhannesson et al. (1989):

⌧ “ ´H{bt, (4.1)

where H is a characteristic thickness and bt is the (negative) annual mass balance rate

near the glacier terminus. Eq. 4.1 is a straightforward reservoir timescale: ⌧ depends on

the volume associated with a given length change (H), and the input/output rates in the

region where the change occurs (bt). Furthermore, H and bt implicitly capture the essential

dynamics of a glacier in steady state: it has evolved towards the thickness and terminus

position necessary for ice flow to balance the pattern of accumulation and melt imposed by

the landscape and climate.

Simplified models have been developed on the assumption that these same dynamics—

implicitly represented in the glacier geometry—govern climate-driven departures from steady

state. We use a linear model for glacier length that assumes a response time given by Eq. 4.1

(Roe and Baker, 2014, hereinafter RB14). The model accurately captures transient terminus

behavior for simple glacier geometries (RB14; see also Christian et al., 2018), and provides

useful analytical solutions. Length anomalies (L1ptq) are described by a 3rd-order ordinary

di↵erential equation:
´
d

dt
` 1

✏⌧

¯3

L
1 “ �

✏3⌧ 2
b

1ptq. (4.2)
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Here, ⌧ is defined as above; b1ptq are surface-mass-balance anomalies; � “ Atot{pwHq where

Atot is glacier area and w is width near the terminus; and ✏ “ 1{
?
3. It should be noted that

⌧ is not an e-folding timescale in this model. Earlier models assumed length perturbations

decay exponentially, but this implies an immediate reaction of the terminus and exaggerates

the high-frequency components of glacier response; indeed the RB14 model was developed

to overcome this limitation. The length sensitivity to mass balance perturbations is

L
1

b1 “ �⌧ “ Atot

w bt
, (4.3)

which is a simple statement of mass conservation expressing the change in ablation area

(w L
1) that must accommodate a perturbation b

1 applied over the entire glacier (Jóhannesson

et al., 1989).

An important consequence of „decadal response times in an era of anthropogenic warming

is that glacier extents are far out of equilbrium with the current climate (e.g. Lüthi et al.,

2010; Zekollari et al., 2014; Christian et al., 2018; Marzeion et al., 2018; Zekollari et al., 2020).

Christian et al. (2018) applied the RB14 model to show that the degree of disequilibrium

depends fundamentally on ⌧ , and can be described by some simple metrics, illustrated in Fig.

1. If a linear mass-balance trend b
1ptq “ 9bt begins at t “ 0, the transient terminus response

(L1) lags the equilibrium response (L1
eq, dashed line in Fig. 1a). Hereinafter, disequilibrium

will refer to the length di↵erence, L
1 ´ L

1
eq (Fig. 1b.). The RB14 model predicts that

disequilibrium asymptotes to a constant:

L
1 ´ L

1
eq|t"⌧ “ 3✏⌧ 2� 9b. (4.4)

While this expression is a linear approximation, it shows three leading controls on disequi-

librium: a factor of the response time (3✏⌧), the sensitivity (⌧�), and the rate of forcing

(9b). Disequilibrium, as defined here, is equivalent to the additional committed retreat if the

climate were to stabilize at a given time.

Let fractional equilibration refer to the evolving ratio of L1 to L
1
eq (Fig. 1c). Length
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sensitivity cancels, and so this depends only on ⌧ and the time since the onset of forcing:

L
1

L1
eq

“ 1 ´ 3✏⌧

t
p1 ´ e

´t{✏⌧ q ` e
´t{✏⌧ p t

2✏⌧
` 2q. (4.5)

This metric can be used to compare the state of glaciers independent of their sensitivities,

or to scale observed retreats (L1) to the equilibrium response (L1
eq), provided that ⌧ and t

can be estimated.

Equations 4.4 and 4.5 are approximations for the component of glacier change that is due

to a long-term trend, but climate variability also a↵ects glacier response. Direct observations

of terminus position, surface mass balance, or geodetic changes will reflect a combination of

these e↵ects. One approach for disentangling them is to analyze sources of the variability, so

that the background trends can be better understood (e.g., Harper, 1993; Christian et al.,

2016; Bonan et al., 2019; Menounos et al., 2019). This study represents an alternative but

complementary approach, which is to assume a simple forcing, and analyze the implications

of basic glacier dynamics. We discuss the role of climate variability in a later section, but

our central focus is on the century-scale response to climate forcing.

4.3 Response time estimates for the Washington Cascades

The Cascade mountains of Washington State, USA, have a temperate, maritime climate and

the largest glacierized area in the contiguous USA (e.g., Fountain et al., 2017). Most of the

range’s largest glaciers are found on stratovolcanos: Mt. Baker, Glacier Peak, Mt. Rainier,

and Mt. Adams (the smaller Mt. Saint Helens, which erupted in 1980, hosts much smaller

glaciers). The four major volcanoes are the highest peaks in the Cascades, and their glaciers

are characterized by large elevation spans and steep slopes. The non-volcanic peaks of the

Cascades host smaller valley and cirque glaciers.

RGI6 reports 1709 glacier outlines for the Cascade range in Washington State. We

consider only glaciers with a reported area greater than 0.1 km2 and elevation span greater

than 250 m, reducing the sample to 383 glaciers. RGI6 reports basic geometric parameters,

but in general, observations of H and bt exist for only a small fraction of glaciers and are
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Figure 4.1: Schematic of idealized glacier retreat for a glacier with ⌧ “ 25 yrs. Adapted
from Christian et al. (2018), fig. 3. (a) Transient (solid) and equilibrium (dashed) length
responses to a linear mass balance trend starting at t “ 0. (b) Disequilibrium is defined as
the di↵erence between transient and equilibrium legnth responses, and corresponds to the
additional committed retreat at any given time. (c) Fractional equilibration is defined as the
ratio of transient to equilibrium responses.
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not compiled in the inventory. Haeberli and Hoelzle (1995) and Hoelzle et al. (2007) used

a simple algorithm to estimate H and bt from inventory data, which we adapt here to the

Cascades.

4.3.1 Response times

Because ice behaves as a nearly-plastic fluid, most glaciers have maximum basal shear stresses

on the order of 105 Pa (e.g., Nye, 1952; Cu↵ey and Paterson, 2010). Thus, assuming a

characteristic basal shear stress (Sb) for all glaciers, thickness is estimated on the basis of a

glacier’s average slope (↵):

H “ Sb

f⇢ig sin↵
(4.6)

where f “ 0.8 is a shape factor, ⇢i “ 900 kg m´3 is the density of glacier ice, and g “ 9.81

m s´1 is gravitational acceleration. ↵ is estimated by ↵ “ arctan pZmax ´ Zminq{Lmax where

altitudes (Zmax, Zmin) and length (Lmax) are taken from RGI6.

We set Sb “ 1.5ˆ105 Pa, which yields reasonable agreement with observational estimates

of mean thickness (Table 1). Note that all but one of these constraints are for volcano

glaciers with steep slopes (↵ „ 17–25˝). The exception, South Cascade glacier, is quite flat

for the region (↵ „ 10˝), and its thickness observations (maximum of „ 200 m Hodge, 1979;

Fountain, 1994) support that slope is indeed a key predictor for H. As ⌧ is proportional to H

in this framework (Eq. 4.1), this is also consistent with empirical studies demonstrating the

impact of slope on response time (Leysinger Vieli and Gudmundsson, 2004; Zekollari et al.,

2020).

We also considered the global-scale estimates of Huss and Farinotti (2012) (published in

Farinotti et al., 2019), who used an inverse method to estimate distributed thickness from

surface hypsometry. Their thickness maps agree well with observations on Mt. Baker and Mt.

Rainier, but substantially underestimate thickness for South Cascade glacier, raising concerns

about representation of other flat valley glaciers in the area. While distributed thicknesses

o↵er major advantages for some applications, the global estimates are not optimized for the
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Cascades, and more detailed glacier modeling would need to evaluate assumptions within the

numerical estimates against local observations. We proceed with Eq. 4.1, as it focuses on a

key geometric constraint (slope) and is commensurate with the simplicity of our analysis.

Figure 4.2a shows the estimated distribution of characteristic thicknesses for the 383

glaciers in our sample. The distribution peaks around 40 m, which is unsurprising for a

collection of relatively small glaciers, and consistent with previous applications in other

regions Hoelzle et al. (2007). The maximum estimate for H occurs on South Cascade Glacier

(123 m), and only two others have estimates greater than 100 m. Again, recall that the

method appears to capture a characteristic value closer to the mean than maximum thickness

(Table 1).

To estimate bt, we consider that a glacier is, most simply, a reservoir flowing through a

mass balance gradient. To first order, bt depends on the glacier’s span across this gradient.

Haeberli and Hoelzle (1995) and Hoelzle et al. (2007) estimated bt by extrapolating a vertical

mass balance gradient (db{dz) from the glacier’s mean elevation (Z̄) to its terminus (Zt).

We found slightly better agreement with observations when assuming that bt is proportional

to length:

bt “ ´ db

dx

L

2
(4.7)

where db{dx is the mass-balance gradient along the glacier flowline, and L is the length

reported by RGI6. In principle, this leaves room for non-elevation factors (e.g., topographic

shading, avalanching, wind e↵ects) to contribute to the mass balance profile.

Direct observations of mass balance exist for a handful of glaciers in the Washington

Cascades (Table 2), but estimates of db{dz vary widely in the published literature and data.

Several glaciers fall in a ”typical” range („ 5–10 m w.e. yr´1 km´1), while gradients more

than twice as steep are observed on South Cascade glacier (Meier and Tangborn, 1965; Meier

et al., 1971; Baker et al., 2019), and estimates for Nisqually vary between early reports Meier

et al. (1971) and recent monitoring Riedel and Larrabee (2015). Furthermore, vertical gradi-

ents are hard to constrain from very small glaciers (e.g., Sandalee and Noisy Creek glaciers).
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We are left with a picture of uncertain and variable mass-balance gradients throughout the

Cascades.

bt is reported for an additional subset of glaciers (Table 2), and we find that using Eq. 4.7

with db{dx “ 3 m w.e. yr´1 km´1 captures the heterogeneity in observed bt slightly better

than applying a vertically-defined gradient. Importantly, it captures the strongly-negative bt

(„ 5–10 m w.e. yr´1) observed on relatively large glaciers with a range of geometries (e.g.,

compare South Cascade and Nisqually glaciers). However, a vertical gradient yields a similar

overall distribution for the whole sample. We emphasize that in either case, errors may be

substantial for individual glaciers.

Figure 4.2b shows the resulting distribution of bt for the sample. The small scale of most

glaciers gives modest values for bt, while the volcanoes are responsible for the few glaciers

with bt near or exceeding 10 m w.e. yr´1. An important caveat for some of these cases is

that several glaciers on Mt. Rainier have extensive debris cover, which can lower melt rates

(e.g., Moore et al., 2019). While observations do support strongly-negative bt, our estimates

are likely exaggerated for these glaciers.

Combining estimates of H and bt yields estimates for ⌧ , whose distribution is shown in

Fig 1c. ⌧ falls between 10 and 60 years for ° 90% of glaciers. However the distribution

weighted by glacier area (Fig. 1d) skews strongly towards shorter response times. Figure

1e shows the locations of individual glaciers, where the marker size indicates area and color

indicates ⌧ . The skewness of the area-weighted distribution is due in large part to the

volcanoes, which constitute clusters of large, fast-responding glaciers. Their steep slopes and

large spans contribute to small H and large (negative) bt, and thus short response times.

These tendencies on H and bt are supported by observations, and short response times on

the volcanoes have also been proposed based on terminus advances following a period of cool

and wet weather in the mid-20th century (e.g., Harper, 1993; Pelto and Hedlund, 2001).

An important point for contextualizing these estimates is that the period of measure-

ments on which they are based (including RGI6 geometries) are somewhat anachronistic.

Dates for the RGI6 geometries range from 1959–1985 in this region, and most mass balance
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observations correspond to only the last few decades. It is problematic that ⌧ corresponds to

an equilibrium geometry in theory, yet glacier observations are concentrated well after the

onset of anthropogenic warming („ 1880; e.g., IPCC, 2013). For how long is an estimate

of ⌧ valid? The answer almost certainly varies by glacier. Christian et al. (2018) showed

that Eqs. 4.1 and 4.2 compared well with nonlinear numerical models over the course of a

200-year, 2˝ C warming for simple geometries. On the other hand, RB14 showed that the

linear assumptions break down when the terminus traverses significant geometric variations

(e.g. slope breaks). It must be borne in mind that ⌧ will always be an inexact metric in the

context of real glaciers undergoing large changes. Nevertheless, if focus is directed toward

the basic physical tendencies captured by Eq. 4.1, it can be a useful metric for comparing

the responses of glaciers with di↵erent attributes. Our estimates of ⌧ , while uncertain for

individual glaciers, set us up to investigate what the range of response times implies for the

state of glaciers throughout the Washington Cascades.

4.4 Current disequilibrium

We now turn to the “fractional equilibration” metric (Eq. 4.5) to assess the adjustment of

these glaciers to the anthropogenic climate trend that commenced in the late 19th century

(e.g., IPCC, 2013). The climate anomaly acting on these glaciers over this time period can

be decomposed into a linear trend component plus residual variability. We assume that

the trend component captures the majority of anthropogenic forcing, and use the analytical

solution from the RB14 model (Eq. 4.5) to analyze glacier responses as a function of ⌧ . The

following, then, is not a comprehensive reconstruction of glacier retreat, but analysis of how

individual response times dictate a major component of glacier evolution in the Cascades.

We discuss the role of climate variability and the assumption of linear forcing in the next

section.

We would need additional constraints on length history or sensitivity to assess absolute

length disequilibrium (Eq. 4.4) for all glaciers. However, fractional equilibration depends

only on ⌧ and the duration of the trend, so it allows us to compare glaciers with di↵erent
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Figure 4.2: Estimated glacier parameters and response times. (a) Distribution of charac-
teristic thickness using shear-stress scaling. (b) Estimated bt, using db{dx “ 3 m w.e. yr´1

km´1. (c) Estimated response times according to Eq. 4.1. (d) As for (c), but weighted by
glacier area reported by RGI. (e) Map of each glacier in our sample. Dot size corresponds
to area and color indicates ⌧ . Basemap is topography from the SRTM DEM.
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Table 4.1: Comparison of published thickness constraints, numerical results from Huss and
Farinotti (2012), and simple shear-stress scaling (Eq. 4.6). Glacier slopes are also shown for
reference. Thickness observations come from [1]Driedger and Kennard (1986b), [2]Driedger
and Kennard (1986a),[3]Harper (1992),[4]Hodge (1979),[5]Fountain (1994). Ranges for ob-
served hmax correspond to histogram bin edges reported in ref. Driedger and Kennard
(1986b). The first group are glaciers on Mt. Rainier, and the next are on Mt. Baker.

Glacierpreferencesq Slope (˝) obs. (m) Huss and Farinotti (2012)(m) Sb scaling (m)

h̄ hmax h̄ hmax H

Emmonsp1,2q 19 60 183–213 63 150 64

Winthropp1,2q 19 57 91–122 64 176 65

Tahomap1,2q 20 52 122–152 62 196 62

Carbonp1,2q 17 90 213–244 79 242 74

Nisquallyp1,2q 25 48 91–122 56 131 50

Colemanp3q 24 39 - 45 114 53

Eastonp3q 18 51 - 53 108 69

Rainbowp3q 19 47 - 53 176 66

South Cascadep2,4,5q 10 99 203 53 142 123

geometries and sensitivities. Figure 4.3a shows the evolution of fractional equilibration for

all 383 glaciers, assuming a linear forcing beginning in 1880. Figure 4.3b shows the current

(2020) distribution of fractional equilibration. The most important and general result is that

a fairly typical range of response times implies a wide range in the equilibration of individual

glaciers. For example, ⌧ “ 10 yrs yields a fractional equilibration of 88% after 140 yrs,

while ⌧ “ 40 gives only 51%. In other words, the post-industrial retreats observed on fast-

responding glaciers, such as those on the volcanoes, account for most of their full, equilibrium

response to warming thus far. But observed retreats for those with multidecadal response
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Table 4.2: Published mass-balance constraints for several glaciers with observations. Sources
are [1]Meier and Tangborn (1965) [2]Meier et al. (1971) [3]Baker et al. (2019) [4]Riedel and
Larrabee (2015) [5] Riedel and Larrabee (2018) [6]Tangborn et al. (1990) [7]Pelto and Hed-
lund (2001). Ranges are given where sources suggest di↵erent values. Italics indicate glaciers
on volcanoes. Note that the observational intervals associated with published constraints
vary.

Glacierpreferencesq observations estimates

db{dz ´bt ´bt (db/dz = 6 m w.e. yr´1 km´1) ´bt (db/dx = 3 m w.e. yr´1 km´1)

South Cascadep1,2,3q 17–22 5–6 1.9 5

Emmons p4q 3.2 - 6.6 11.5

Nisqually p2,4q 1.8–20 9 8.7 9.3

Noisy Creekp5q 8.5 - 1.7 2.3

North Klawattip5,6q 5–8.3 4 3 4.1

Sandaleep5q 2.4 - 1.6 1.2

Silverp5q 6.3 - 1.2 2.5

Colonialp7q - 4.5 1.2 2

Columbiap7q - 4.5 1.3 2.4

Danielsp7q - 4 1.7 1.3

Eastonp7q - 6.5 3.8 6.5

Fossp7q - 4.5 1.6 1.8

Honeycombp7q - 6 3.3 6

Ice Wormp7q - 4 0.6 1

Kennedy p7q - 6 4.5 4.4

Lewisp7q - 2 0.8 0.8

Lower Curtisp7q - 5.5 1.3 1.7

Lymanp7q - 5 3.7 4.1

Lynchp7q - 4 1.3 1.9

Nevep7q - 4.5 2.8 4.8

Rainbow p7q - 5 3.5 5.8

Yawningp7q - 4 0.4 0.2
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times might account for only half of the full response, implying additional committed retreat.

Well-observed glaciers can provide a case study for this disparity. Nisqually and South

Cascade glaciers both have more than a century of length observations, and thickness and

mass balance measurements provide more-direct constraints on their response times. We

consider a plausible range for ⌧ corresponding to the observational estimates of mean and

maximum thickness (Table 1), and published values for bt (Table 2). This gives a range of

5–14 yr for Nisqually, and 20–41 yr for South Cascade. The scaling method estimates 5

and 25 yr, respectively. Figure 4.3c shows the fractional equilibration for each, which are

distinct despite uncertainty in ⌧ . We can use current fractional equilibration to estimate

their total committed retreat, based on their retreat histories. Leclercq et al. (2014) report

a 2.2 km retreat over 1885–2001 for Nisqually and 1.8 km over 1900–2007 for South Cascade

glacier. Taking these as L
1, we can use Eq. 4.5 to solve for L1

eq based on ⌧ and t. For the

range of ⌧ described above, this implies 180–230 m of additional committed for Nisqually in

2001, and 730–2300 m for South Cascade in 2007 (Fig. 4.3d). For South Cascade glacier,

the upper bound would mean much of the remaining glacier is lost. This is consistent with

Rasmussen and Conway (2001), who estimated an “equilibrium topography” based on the

pattern of mass balance, which was a small fraction of current area. We would expect Eq.

4.5 to break down for such large changes, but the point of this example is to demonstrate

the severe disequilibrium implied by a multi-decadal response time, and the contrast with

short (decadal) response times.

4.5 The role of climate variability

So far, we have only considered the glacier response to a simple trend in the mean cli-

mate since 1880. However, glaciers also integrate year-to-year variability, producing lower-

frequency fluctuations (e.g. Oerlemans, 2001; Roe and Baker, 2014). Although the response

to external climate forcing now exceeds these fluctuations virtually everywhere (Roe et al.,

2017), fluctuations are still superimposed on the overall retreat. The disequilibrium as-

sociated with the long-term, forced trend (hereafter, the forced disequilibrium) must be
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Figure 4.3: The ratio of transient to equilibrium length response evolves according to ⌧ .
(a) Fractional equilibration of each glacier (Eq. 4.5) assuming a climate trend began in
1880. (b) The distribution of L1{L1

eq today, 140 years into the forcing. A typical range of
response times means a large range in current disequilibrium. (c) Fractional equilibration
for Nisqually (blue) and South Cascade glaciers (red). The range shown corresponds to ⌧
of 5–14 yr for Nisqually, and 20–41 yr for South Cascade, while the central line corresponds
to the scaling estimate. (d) Fractional equilibration can be used to estimate the current
equilibrium length based on observed retreat. Despite similar amounts of retreat over the
last century, Nisqually and South Cascade glaciers have very di↵erent amounts of additional
committed retreat. Dashed lines show the range corresponding to uncertainty in ⌧ .
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considered in context of these other fluctuations.

For mass balance anomalies b1 consistent with white noise (i.e., equal power at all frequen-

cies and no persistence), the RB14 model gives the standard deviation of length anomalies

�L as

�L “ �⌧ ¨  p⌧q ¨ �b (4.8)

where �b is the standard deviation of b1;  p⌧q “
a

rp1 ´ qp1 ` 42 ` 4qs{p1 ` q5; and

 “ 1 ´ �t{✏⌧ . Here, �t “ 1 yr and �, ⌧ , and ✏ are defined as above. �L is a function of

glacier sensitivity (�⌧), the damping caused by glacier memory ( p⌧q is a decreasing function
of ⌧), and the imposed climate variability (�b).

We illustrate these fluctuations with a synthetic example representative of conditions in

the Cascades. A synthetic timeseries of b1 is shown in Fig. 4.4a. A forced trend (dashed

black) of 9b “ 1 m yr´1 century´1 begins in 1880. We add white-noise anomalies with �b “ 1

m yr´1, consistent with the 59-year record on South Cascade glacier (Baker et al., 2019).

The trend thus has a signal-to-noise ratio (SNR) �b{�b “ 1 after one century of forcing.

Note that b1 corresponds to a fixed point or reference surface as opposed to glacier-averaged

balance (often denoted B), and therefore includes no e↵ects of changing glacier geometry.

Figure 4.4b shows the response of two idealized glaciers to this forcing, simulated with the

RB14 model. We chose parameters giving ⌧ “ 12 yr (orange) and 48 yr (blue) to compare

relatively short and long response times. Bold lines show the response to the anomalies in

Fig. 4.4a, while shading shows the ˘1�L bounds given by Eq. 4.8. Climate variability makes

the “instantaneous” equilibrium Leq harder to define, but we illustrate it here based on the

forced trend (dashed lines). For real glaciers, it can be conceptualized as the long-term mean

terminus position, were the external forcing trend to stop.

Recall that the forced disequilibrium approaches 3✏⌧ 2� 9b for t " ⌧ (Eq. 4.4), which is a

decent approximation after „ 140 years of anthropogenic forcing. Dividing Eq. 4.4 by Eq.

4.8 gives a ratio of the long-term forced disequilibrium to the standard deviation of natural
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terminus variability. The sensitivity �⌧ cancels, leaving

3✏⌧

 p⌧q
9b
�b

. (4.9)

The first ratio is an increasing function of ⌧ , and 9b{�b is the ratio of the forced change in

b to the natural variability (i.e., the SNR per unit time, 1 century´1 above). Figure 4.4c

shows Eq. 4.9 for fixed 9b{�b. A typical range of response times encompasses disequilibrium

that can be easily obscured by natural fluctuations, or stand well beyond them. For the

synthetic glaciers, the forced disequilibrium is roughly 1�L and 9�L by 2020 (orange and

blue stars). 9b{�b may vary somewhat by glacier, but mass balance anomalies are generally

quite regionally coherent (Pelto, 2006; Huybers and Roe, 2009). Roe et al. (2017) found a

range from roughly 0.5 to 2 century´1 around the world, which we show for reference (dotted

lines).

The point remains that the forced disequilibrium stands clear of natural fluctuations for

glaciers with multi-decade response times, but can obscured for those with short response

times. This also helps put the di↵erences in fractional equilibration (Fig. 4.3) in a more

practical light. One may ask: if climate change paused today, would we notice the additional

committed retreat in the coming decades? The answer is a clear yes for multi-decadal

response times, but a careful accounting of climate variability would be needed for short

response times.

4.5.1 A hiatus in forcing?

The above analyses assume that the external forcing is described by a linear trend, but global-

mean temperature records show a hiatus in warming roughly from the 1940s to 1970s (e.g.,

IPCC, 2013). Records in the Pacific Northwest are noisier, but show a similar pattern which

may be enhanced by modes of natural variability, such as the Pacific Decadal Oscillation

(Mantua et al., 1997). Figure 4.4c shows April–September mean temperature from the

Berkeley Earth dataset (Rohde et al., 2013) at a grid point in the North Cascades (121.5˝

W, 48.5˝ N). October–March precipitation from Matsuura and Willmott (2018) is also shown,
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indicating slightly wetter conditions as well. The combined e↵ect was favorable for glacier

mass balance (Rasmussen, 2009) and is the likely cause of a number of transient glacier

advances in the Cascades (e.g., Hubley, 1956; Harper, 1993; Pelto and Hedlund, 2001).

Variations in 20th-century warming likely reflect a combination of internal climate vari-

ability and changes in external forcing, and attribution remains an active area of research

(e.g., Hegerl et al., 2018). Some hiatus is nonetheless part of the climate history responsible

for the recorded and current state of glaciers. The case of a noisy trend (Fig. 4.4a) is still

instructive here: variations in decadal trends occur even in uncorrelated white noise (high-

lighted by the running mean) which can cause glaciers with short memories to advance (Fig.

4.4b). However, distinct phases of forcing are often invoked heuristically in the literature,

and it is important to consider what this assumption implies for di↵erent glaciers. To illus-

trate the e↵ects on disequilibrium, we consider a scenario where forcing since 1880 is broken

into two linear trends separated by a constant climate from 1940–1970 (Fig. 4.4d). A 30-year

hiatus is enough time for the glacier with ⌧ “ 12 yrs to very nearly equilibrate, while the

glacier with ⌧ “ 48 yrs remains far out of equilibrium, and its retreat rate is essentially un-

changed. While we are not proposing that a step-wise trend is the optimal model, Fig. 4.4d

simply illustrates that ⌧ limits how much a glacier can adjust to multi-decadal changes in the

rate of forcing, whatever their source. Previous studies have proposed long response times as

the reason that some glaciers failed to advance during the 1940s–1970s (Pelto and Hedlund,

2001; Rasmussen and Conway, 2001), and our estimates for ⌧ are certainly consistent with

this idea.

4.5.2 Uncertainties in current equilibration

In Fig. 4.5, we consider how the variations discussed above a↵ect estimates of the current

state. We compare three potential sources of error in fractional equilibration: interannual

climate variability; a hiatus in 20th century warming; and uncertainty in ⌧ itself.

First, if we assume L
1
eq, is still described by a linear trend but allow for a spread in L

1

due to variability, the spread in fractional equilibration is L1˘�L
L1
eq

. For the synthetic glaciers,
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Figure 4.4: a) A synthetic mass balance forcing of a linear trend starting in 1880 (dashed
line) plus white-noise anomalies. The trend has a signal-to-noise ratio (SNRb) of 1 after one
century. The bold red line shows the 30-year running mean. b) Length responses to (a) for
glaciers with ⌧ “ 12 yrs (orange) and 48 yrs (blue). Shaded regions correspond to ˘1�L
bounds around the response to the trend. Dashed black lines show equilibrium response
(without variability). c) The relationship between disequilibrium and �L in the limit t " ⌧ .
The solid line is for SNRb “ 1 century´1, and stars correspond to the 2020 glacier states
in (b). Dashed lines show relationship for SNRb “ 0.5 and 2 century´1. d) Melt-season
temperature from Rohde et al. (2013) and April–September precipitation from Matsuura
and Willmott (2018) for the northwest slope of the Cascades („ 121˝ W, 48.5˝ N). 30-year
running means are shown with bold lines. e) Length responses of the idealized glaciers to a
mass balance trend with a 30-year hiatus (inset). Dashed lines show the equilibrium response
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fig. 4.5a shows this spread (shaded bounds), as well as L1{L1
eq for the particular realization

of noise in Fig 4.4a–b. �L swamps L1˘�L
L1
eq

early on, when L
1 and L

1
eq are small. As expected

from Fig. 4.4, the uncertainty in current fractional equilibration is greater for short response

times, because forced disequilibrium can be overwhelmed by natural terminus variations.

Next, Fig. 4.5b compares L1{L1
eq for the trend with a hiatus (solid lines) verses a linear

trend (dashed lines). Fractional equilibration increases more rapidly during the hiatus (L1
eq

stops changing), but tends back toward the linear case after a few decades. While the

glacier with ⌧ “ 12 yr nearly equilibrates during the hiatus, it regains its (small) level of

forced disequilibrium quickly. The result for both glaciers is that, provided a hiatus was

several decades ago, the e↵ects on current fractional equilibration are small. L1{L1
eq is simply

dominated by the total forcing and response since 1880.

Finally, uncertainty in ⌧ leads to a persistent uncertainty in disequilibrium and fractional

equilibration (Christian et al., 2018). Available observations suggest that for individual

glaciers, a substantial range in ⌧ should be considered. Even for those with direct observa-

tions, the ambiguity in defining a “characteristic” thickness implies a conservative a range

from h̄ to hmax, which is often a factor of 2 or more (Table 1). Errors in bt may be similar

without direct observations (especially for small bt; Table 2). Thus, Figure 4.5c shows a very

broad spread in ⌧ of ˘50% (i.e., a factor of 3 between upper and lower bounds). In contrast

to errors from neglecting short-term fluctuations, uncertainty in ⌧ is more consequential for

long response times.

Fig. 4.5 shows three qualitatively di↵erent uncertainties associated with our approach to

estimating the current equilibration of glaciers in the Cascades. These synthetic examples

suggest that simplifying the external forcing to a linear trend is a reasonable approach for

estimating the equilibration to the total anthropogenic forcing thus far. The caveat, of

course, is that forced disequilibrium simply never emerges far from the noise for glaciers

with very short response times (Fig. 4.4c). For glaciers with longer response times, the more

serious issue for estimating disequilibrium with current climate is uncertainty in individual

response times.
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Figure 4.5: Errors in estimated fractional equilibration (L1{L1
eq) from three di↵erent sources.

a) Climate variability drives natural glacier fluctuations, which temporarily drive a glacier
towards or away from its long-term equilibrium length. Shaded bounds correspond to L1˘1�L

L1
eq

for glaciers with ⌧ “ 12 yr (orange) and 48 yr (blue). b) L
1{L1

eq for the case with a forc-
ing hiatus from 1940–1970. The di↵erence compared to a linear forcing (dotted lines) is
significant during the hiatus, but minimal after a few decades of resumed forcing. c) The
spread in L

1{L1
eq for a range of ˘50% in ⌧ . Uncertainty in the response time means persistent

uncertainty in fractional equilibration.
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4.6 Runo↵ changes

For a final analysis, we consider the role of response times in changes to melt-season glacier

runo↵, which is an important source of late-summer streamflow for some drainages in the

Cascades (e.g., Riedel and Larrabee, 2016). Trends in total streamflow also depend on

snowpack, prepitation, and other factors, but we focus on here on the glacier contribution.

A common expectation is that climate warming causes glacier runo↵ to increase initially,

and later decline as glacier area diminishes, leading to the concept of “peak runo↵” in

glacierized watersheds (e.g. Jansson et al., 2003). This phenomenon depends fundamentally

on transient glacier dynamics. Recently, Carnahan et al. (2019) showed that, over a wide

range of parameters, peak glacier runo↵ simulated with a numerical model occurred „ 1⌧

after the onset of a climate trend. They estimated ⌧ using a metric very similar to Eq. 4.1

(see Harrison et al., 2001). Their findings imply that a peak in runo↵ associated with the

onset of anthropogenic warming in the late 19th century has long-since passed for glaciers

in the Washington Cascades. However, as discussed above, the forcing has been noisy, and

glacier retreat variable. Recent simulations show a complex picture of glacier runo↵ changes

in the Pacific Northwest, both in time and between watersheds (Frans et al., 2018).

We do not address all aspects of these variations here, but we can illustrate some impor-

tant considerations stemming from basic glacier dynamics. We consider a simple treatment

of summer (i.e., melt-season) runo↵ Qs, which we assume is equivalent to negative summer

mass balance bs, integrated over the glacier’s surface area:

Qsptq “
ª x“Lptq

0

´w̄ bspx, tq dx. (4.10)

x is the coordinate from the glacier head (x “ 0) to terminus (x “ L), and w̄ is the width,

assumed constant for the sake of illustration. We assume a linear mass balance gradient

along the glacier surface ( dbs
dx ), and spatially-uniform mass balance anomalies b1

sptq. In this

case, the integral at time t simplifies to the area w̄ Lptq multiplied by the mean value of bs
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between 0 and Lptq. Then, the runo↵ anomaly is

Q
1
sptq “ ´w̄ Lptq1

2

´
b

1
sp0, tq ` b

1
spLptq, tq

¯
. (4.11)

Two competing tendencies cause a peak in response to warming: increased melt per area via

more negative b
1
sptq), and decreased area for melt as w̄ Lptq drops. Because area loss occurs

at the terminus where melt rates are highest, this is a strong negative tendency once retreat

spins up. However, Lptq lags bsptq because of the stage of thickness change that must precede

length changes (Roe and Baker, 2014). Thinning with little area loss thus allows runo↵ to

peak after the onset of forcing, before diminishing as retreat accelerates. Equation 4.11 is

a simple way to capture the role of glacier dynamics in runo↵ changes, provided that Lptq
accurately reflects the phase lag between forcing and response.

Figure 4.6a shows runo↵ for the idealized retreat and trend in bs . Again, Lptq is given

by the RB14 model. Peaks are at 15 and 49 years, consistent with the Carnahan et al.

(2019) finding of peaks at t „ ⌧ . Because the slower glacier takes longer to “spin up” to

rapid retreat, its runo↵ peak is delayed and higher. While the runo↵ from real glaciers will

certainly also depend on the details of mass balance and geometry, increased melt and glacier

recession are the first-order controls widely discussed in the literature. This approximation

gives us a way to analyze the part of runo↵ change that is due to transient glacier dynamics,

via Lptq.
How do these dynamics apply when the forcing isn’t a linear trend? In Fig. 4.6b,

we again consider an idealized hiatus from 1940–1970. Recall that both glaciers continue

retreating during this period, but the fast glacier nearly equilibrates, while the slow glacier’s

disequilibrium remains substantial (Fig. 4.4d). When the forcing resumes, only the fast

glacier has a second peak in runo↵. Because the slow glacier’s retreat is barely interrupted

(Fig. 4.4d), the negative tendency on runo↵ remains large enough to dominate over increased

melt, and there is no second peak in runo↵ as forcing resumes.

It is clear that ⌧ a↵ects the timing of peak runo↵ (Carnahan et al., 2019). While this

basic response implies that a peak associated with the onset of anthropogenic warming has
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Figure 4.6: a) An idealized runo↵ curve for glaciers forced by a linear trend (inset). Runo↵
is normalized by the total change committed by the 2020 climate (dotted lines). Timing and
peak of runo↵ depends on ⌧ . (b) As for (a), but with a mid-century hiatus in forcing. Only
the glacier with a short response time yields a second runo↵ peak when the trend resumes.

passed for glaciers in the Cascades, climate and glacier variability introduce the possibility of

secondary peaks. Fig. 4.6b shows that ⌧ also a↵ects such secondary peaks, and suggests that

we should not necessarily expect them for all glaciers - especially those that have retreated

continuously over the industrial era.

Finally, it is worth noting that the committed retreat associated with glacier length dise-

quilibrium (e.g., Fig 3d) means a committed loss of ablation area and thus of summer runo↵.

The dashed lines in 4.6a and b show the summer runo↵ associated with the equilibrium

glacier length, illustrating the committed change as the forcing evolves. This, too, depends

strongly on ⌧ .

4.7 Summary and Discussion

We used geometric controls to estimate response times (⌧ “ H{bt) for 383 glaciers in the

Cascades. The scaling is based on robust assumptions: slope is a primary control on charac-

teristic thickness (H), and total length is a primary control on mass balance near the terminus

(bt). Uncertainties are large for individual glaciers, but our main goal was to perform an

overall survey of the region.
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When calibrated to the few available thickness and mass-balance observations from the

Cascades, the scaling yields a distribution of decadal-to-multidecadal response times (Fig.

2c), which is generally comparable to results for other mountain ranges (Haeberli and Hoelzle,

1995; Hoelzle et al., 2007; Zekollari et al., 2020). A result specific to the Cascades is that the

largest glaciers, which reside on the major stratovolcanoes, tend to have very short response

times („ 10 years). This has been suggested previously based on observations of terminus

behavior (Hubley, 1956; Harper, 1993; Pelto and Hedlund, 2001; Stevens et al., 2016). Our

method for estimating ⌧ frames this in terms of their steep slopes yielding thinner ice, and

low termini yielding higher ablation rates.

Pelto and Hedlund (2001) estimated response times for 21 glaciers in the Cascades using

multiple metrics including Eq. 4.1, although for most glaciers they took H as either 50 or 100

m depending on glacier shape. Our method o↵ers an advance by taking advantage of RGI6

to estimate ⌧ for more glaciers, and also applying the RB14 model to explore additional

implications of these response times. However, our conclusions are qualitatively consistent

with Pelto and Hedlund (2001), especially that di↵erent behaviors, linked to the response

time, should be expected throughout the range.

Di↵erentiating between fast and slow response times is important in the context of roughly

a century of anthropogenic warming. We analyzed three issues where a typical range of

response times implies markedly di↵erent interpretations for the fast and slow glaciers.

First, a glacier’s disequilibrium with current climate, and its associated committed re-

treat, depends strongly on response time (Christian et al., 2018). We analyzed this for the

Cascades using a fractional metric (Eq. 4.5), which is the ratio of the transient response (i.e.,

observed retreat) to the full equilibrium response to a climate trend. After „ 140 years of an

anthropogenic forcing trend, there is a wide spread in this fractional equilibration amongst

individual glaciers the Cascades (Fig. 3b). While uncertainties in ⌧ are substantial, well-

observed glaciers provide concrete examples of this disparity in disequilibrium between fast

and slow glaciers. (Fig. 3d).

A glacier’s response to natural climate variability is important context for this disequi-
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librium, and also depends on the response time. After over a century of gradual forcing, the

forced disequilibrium (i.e., that diven by a climate trend) of slower glaciers far outweighs

fluctuations due to ongoing climate variability. For fast glaciers, noise-driven fluctuations

can be similar in magnitude to long-term disequilibrium. Climate variability would thus be

more important for interpreting the current state, or making near-term projections, of these

fast glaciers. In the Cascades, this is an important consideration for the volcano glaciers.

We also considered an idealized hiatus in forcing. Whatever the ultimate source of multi-

decadal variations in the forcing trend, the glacier response depends strongly on ⌧ . The

range of ⌧ within the Cascades means that a steady-state or advance of one glacier does not

necessarily mean a neighboring glacier is near steady state. This must be considered when

initializing models any time after the onset of anthropogenic warming. Fortunately, simple

considerations of the response time, as we have used here, could provide a first-order analysis

when calibrating models.

Finally, a range of response times has implications for changes in glacier runo↵. Based

on the analyses of Carnahan et al. (2019), our estimates for ⌧ imply that a peak associated

with the onset of anthropogenic warming has passed for all glaciers in the Cascades. We

applied a simple treatment of summer runo↵ to investigate the possibility of subsequent

peaks following variations in forcing. Again, the response time plays a key role. Secondary

peaks in runo↵ appear to require a response time short enough for the glacier to nearly

equilibrate during an interruption in forcing. It follows that correctly accounting for the

disequilibrium of slow glaciers during such a period would be important for capturing their

ensuing runo↵ changes.

We might thus expect that multiple runo↵ peaks have occurred on faster glaciers in the

Cascades over the industrial era, especially considering that some re-advanced in the mid

20th century. The simulations of Frans et al. (2018) do show rising runo↵ in several Cascades

drainages after 1960. However, it is di�cult to tell whether this reflects short glacier response

times, because they initialized most glaciers assuming a steady state in the 1950s, and thus a

peak in the following decades would be expected regardless of response time. A global-scale
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study (Huss and Hock, 2018) estimated that peak glacier runo↵ in the Cascades’ Skagit

passed in the last few decades, but they began their analyses in 1980.

The concept of “peak runo↵” in response to warming is physically robust, but quickly

becomes nuanced when climate variability and a population of glaciers are considered. Our

main point is that individual response times are almost certain to play a role. Given the onset

of anthropogenic warming in the late 19th century (IPCC, 2013), an interesting question for

future research would be whether peaks in glacier runo↵ in the late 20th Century (or later)

reflect long glacier response times, secondary peaks associated with climate variability, model

assumptions, or some other process.

These principles may be useful to apply to future variations in runo↵, too. Decadal trends

in future local climate are highly uncertain due to internal climate variability (e.g., Hawkins

and Sutton 2009; Deser et al., 2012). However, better understanding the response times and

disequilibrium of the glaciers contributing most to runo↵ may help characterize how volatile

runo↵ will be in response to future variability.

Our analyses also point to some suggestions for future observations. Fractional uncer-

tainty in ⌧ has more consequential e↵ects for large ⌧ in terms of estimating the current state

(Fig. 4.5). Thus, simple estimates like ours can be used to point to glaciers where new

observations of thickness or mass balance might be most e↵ective at reducing uncertainty in

regional assessments. On the other hand, for some impacts such as runo↵ change, priority

might simply be a function of glacier size. For large glaciers with short response times, as

are found on the Cascade Volcanoes, constraining the patterns of mass balance and overall

sensitivity might be more important for predicting future change.

A final point follows from the variable mass balance gradients observed in the Cascades

(Table 2). Some of this variability could be related to small or atypical geometries and the

maritime setting of the Cascades, but a range of gradients can be expected for unmeasured

glaciers around the world. It is important to emphasize that the response time and length

sensitivity are directly related to the mass balance gradient. This is built in to the geometric

scaling we used to estimate ⌧ , but also a↵ects the response of numerical models that don’t
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rely on a stipulated response time. At the same time, equilibrium length and thickness are

not highly sensitive to the mass balance gradient, provided the equilibrium line is correct.

This point has been made before (Oerlemans, 2001), but is worth reemphasizing. In the

context of tuning models, it follows that mass-balance gradients are not tightly constrained

by matching glacier-wide mass balance an observed glacier geometry.

Progress has been made in estimating ice thicknesses around the world (e.g. Farinotti

et al., 2019), but mass balance gradients are another important factor to consider for mod-

eling large population of glaciers. Fortunately, existing observations indicate that a glacier’s

mass balance profile is fairly constant from year to year, despite any variability in glacier-wide

balance (Oerlemans, 2001). Progress in constraining gradients on high-priority glaciers, and

the heterogeneity within a region, might thus be possible from observations on a relatively

short time frame. Additionally, advances in calculating geodetic changes from satellite data

at sub-annual timescales (David Shean, personal communication) might also help constrain

the patterns of mass balance, and thus important glacier response characteristics, across a

region.
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Hegerl, G. C., Brönnimann, S., Schurer, A., and Cowan, T. (2018). The early 20th century

warming: anomalies, causes, and consequences. Wiley Interdisciplinary Reviews: Climate

Change, 9(4):e522.



117

Hodge, S. M. (1979). Direct Measurement of Basal Water Pressures: Progress and Problems.

Journal of Glaciology, 23(89):309–319.

Hoelzle, M., Chinn, T., Stumm, D., Paul, F., Zemp, M., and Haeberli, W. (2007). The

application of glacier inventory data for estimating past climate change e↵ects on mountain

glaciers: a comparison between the European Alps and the Southern Alps of New Zealand.

Global and Planetary Change, 56(1-2):69–82.

Hubley, R. C. (1956). Glaciers of the Washington Cascade and Olympic Mountains; their

present activity and its relation to local climatic trends. Journal of Glaciology, 2(19):669–

674.

Huss, M. and Farinotti, D. (2012). Distributed ice thickness and volume of all glaciers around

the globe. Journal of Geophysical Research: Earth Surface, 117(F4).

Huss, M. and Hock, R. (2018). Global-scale hydrological response to future glacier mass loss.

Nature Climate Change, 8(2):135–140.

Huybers, K. and Roe, G. H. (2009). Spatial patterns of glaciers in response to spatial patterns

in regional climate. Journal of Climate, 22(17):4606–4620.

IPCC (2013). Climate Change 2013: The Physical Science Basis. Contribution of Work-

ing Group I to the Fifth Assessment Report of the Intergovernmental Panel on Climate

Change. Technical report, Cambridge.

Jansson, P., Hock, R., and Schneider, T. (2003). The concept of glacier storage: a review.

Journal of Hydrology, 282(1-4):116–129.
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Chapter 5

THE CONTRASTING RESPONSE OF OUTLET GLACIERS
TO INTERIOR AND OCEAN FORCING

Chapter 5, in full, is a reprint of “The contrasting response of outlet glaciers to interior

and ocean forcing” authored by J Christian, A Robel, C Proistosescu, G Roe, M Koutnik,

and K Christianson, as it appears in The Cryosphere, 2020. The dissertation author was the

primary investigator and author of this paper.

5.1 Abstract

The dynamics of marine-terminating outlet glaciers are of fundamental interest in glaciol-

ogy, and a↵ect mass loss from ice sheets in a warming climate. In this study, we analyze the

response of outlet glaciers to di↵erent sources of climate forcing. We find that outlet glaciers

have a characteristically di↵erent transient response to surface-mass-balance forcing applied

over the interior than to oceanic forcing applied at the grounding line. A recently devel-

oped reduced model represents outlet glacier dynamics via two widely-separated response

timescales: a fast response associated with grounding-zone dynamics, and a slow response of

interior ice. The reduced model is shown to emulate the behavior of a more complex numer-

ical model of ice flow. Together, these models demonstrate that ocean forcing first engages

the fast, local response, and then the slow adjustment of interior ice, whereas surface-mass-

balance forcing is dominated by the slow interior adjustment. We also demonstrate the

importance of the timescales of stochastic forcing for assessing the natural variability of out-

let glaciers, highlighting that decadal persistence in ocean variability can a↵ect the behavior

of outlet glaciers on centennial and longer timescales. Finally, we show that these transient

responses have important implications for: attributing observed glacier changes to natural
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or anthropogenic influences; the future change already committed by past forcing; and the

impact of past climate changes on the preindustrial glacier state, against which current and

future anthropogenic influences are assessed.

5.2 Introduction

Marine-terminating outlet glaciers drain large portions of the Greenland and Antarctic ice

sheets, conveying ice from interior catchments to the ocean. Their dynamic response to a

changing climate is a critical component of projections of sea-level rise (e.g., Aschwanden

et al., 2019), and dramatic increases in discharge over recent decades have been observed

in Greenland (e.g., Howat et al., 2008; Moon and Joughin, 2008; Moon et al., 2012) and

Antarctica (e.g., Pritchard et al., 2009; Miles et al., 2013; Cook et al., 2016). Ocean forcing

is thought to play a major role in observed change (e.g., Nick et al., 2009; Joughin et al.,

2012a; Straneo and Heimbach, 2013; Jenkins et al., 2016). Increased melt and runo↵ driven

by atmospheric warming is also a major component of mass loss in Greenland (e.g., Van Den

Broeke et al., 2009).

Yet despite the clear signals of mass loss from the Greenland and Antarctic ice sheets

(Shepherd et al., 2018), observed changes in terminus positions, velocities, and ice thickness

vary widely among marine-terminating outlet glaciers, especially in Greenland (e.g., Moon

et al., 2014; Csatho et al., 2014). This makes it di�cult to establish consistent links between

forcing and response, which are critical for projections of future glacier and ice sheet change.

Some reasons for the heterogeneity in glacier change have become clearer. For example,

localized features in bedrock and fjord geometry can control di↵erences in terminus retreat

(Catania et al., 2018) and inland dynamic thinning (Felikson et al., 2017) for individual

glaciers. Additionally, regional variations may be associated with di↵erences in surface melt

and subglacial hydrology (Moon et al., 2014), or the ocean waters with which the glaciers

are in contact (Straneo et al., 2012). However, catchment-specific factors continue to pose a

challenge where observations are limited, as well as for ice-sheet-wide simulations. Further

observations will continue to be critical, but this heterogeneity between outlet glaciers is also
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a strong motivation to investigate general principles at the same time, which can be expected

to apply to a wide range of settings.

In this study, we focus on a principle common to all outlet glaciers: climate forcing

predominantly comes either from the atmosphere, via changes to the surface mass balance

in the interior catchment, or from the ocean via changes to ice discharge at the marine

margin. Our approach is to conduct idealized model experiments that isolate key physical

principles of transient glacier responses to climate. We use a recently-developed reduced

model (Robel et al., 2018) and an established numerical ice-flow model (Pollard and Deconto,

2012) as complementary tools. The reduced model yields simple physical and mathematical

interpretations of the numerical model’s response to forcing. Additionally, the reduced model

can e�ciently generate ensembles of responses for statistical analyses.

We will focus exclusively on stable geometries. The marine-ice-sheet instability (e.g.,

Weertman, 1974; Schoof, 2007a) is of course a critical consideration for some catchments,

especially in West Antarctica. However, understanding how a physical system approaches,

or fluctuates around, a long-term equilibrium is a core analytical approach. This requires

that we start with stable systems, but the resulting insights can often be applied to unstable

regimes (e.g., Robel et al., 2019). The following section describes experiments that illustrate

the fundamental system dynamics, and establish the key di↵erences between ocean and

interior forcing. We then present three cases that illustrate the implications of these principles

for interpreting observations and predicting the future behavior of outlet glaciers.

5.3 Part 1: Dynamical responses to ocean and interior forcing

5.3.1 A simple outlet glacier system

Before describing the dynamic models, it is useful to begin with the geometry and basic

flux-balance arguments of the system we are investigating. We consider an idealized stable

outlet glacier, a schematic of which is presented in Fig. 5.1a (see also Schoof, 2007a; Robel

et al., 2018). Ice enters as snow accumulation over the interior surface, flows from the
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interior towards the ocean on a forward-sloping (prograde) bed, and exits the system where

it reaches flotation at the grounding line. Beyond this point, floating ice is assumed to calve

into icebergs or melt due to contact with the ocean.

Ice flux across the grounding line (Qg) has long been known to be a sensitive function of

local ice thickness (e.g., Weertman, 1974; Thomas, 1979; Lingle, 1984; Schoof, 2007a). This

function can be represented in general form as

Qg “ ⌦h�

g
, (5.1)

where hg is ice thickness at the grounding line, and ⌦ and � depend on ice dynamics near

the grounding line. A floating ice shelf, tongue, or friction from valley sidewalls typically

provides buttressing. This can be modeled explicitly, or analytically represented in ⌦ and

�. Typically, � • 1, and this nonlinearity has been shown to depend on assumptions

about the basal rheology near the grounding line (Schoof, 2007a; Tsai et al., 2015) and

the characteristics of a buttressing ice shelf (Haselo↵ and Sergienko, 2018). hg is simply

determined by a flotation criterion: let bpxq be the bed elevation relative to sea level (i.e.,

negative at the grounding line). Then, for a glacier of length L, hg is

hgpLq “ ´⇢w

⇢i
bpLq, (5.2)

where ⇢w and ⇢i are the densities of seawater and ice, respectively.

In this study, we consider the grounding line the boundary of the outlet glacier system.

That is, we consider floating ice a part of the boundary condition for the system’s output flux

(Qg). In equilibrium, Qg equals the surface mass balance integrated over the entire catchment

(neglecting basal and englacial melt). Climate changes can perturb this flux balance in two

distinct ways: the atmosphere can a↵ect mass balance over the interior surface, or the ocean

can modulate ice discharge at the grounding line (e.g., via a change in buttressing). In

either case, Equations (5.1) and (5.2) reveal the basic system response to an imbalance: on

a prograde bed, the terminus retreats into shallower water to decrease ice flux out of the

system, or advances into deeper water to increase flux out of the system. The grounding-line
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migration needed to restore equilibrium depends strongly on bed slope, and the degree of

nonlinearity in Qg (i.e., via �).

5.3.2 Flowline model

To simulate the dynamics of this outlet-glacier system, we begin with a 1-D (flowline) version

of the ice-sheet model developed by Pollard and Deconto (2012; hereafter PD12). The

evolution of local ice thickness h at a grid point reflects the balance of mass exchange at the

surface and horizontal ice-flux divergence. Conservation of mass requires that

Bh
Bt “ S ´ Bpūhq

Bx , (5.3)

where S is the local surface mass balance and ū is depth-averaged horizontal ice velocity.

The velocity profile has contributions from stretching, shear, and basal sliding, which are

summarized as follows. In general, a sloping ice surface Bs
Bx creates a driving stress,

⌧d “ ⇢igh
Bs
Bx (5.4)

where ⇢i is ice density and g is acceleration due to gravity. Longitudinal stretching Bu
Bx is

represented by the shallow-shelf approximation, where stretching and basal drag ⌧b balance

driving stress:

B
Bx

ˆ
2hA´ 1

n

ˇ̌
ˇ̌Bu
Bx

ˇ̌
ˇ̌

1
n´1 Bu

Bx

˙
´ ⌧b “ ⌧d. (5.5)

We assume a typical power-law rheology, with coe�cient A and exponent n (e.g., Glen,

1955). Internal shear deformation (Bu
Bz ) is represented by the shallow-ice approximation. At

a depth h ´ z, this is
Bu
Bz “ 2A⌧n´1

e
⇢igph ´ zq Bs

Bx (5.6)

where ⌧ 2
e

“ p1
2q⌧ij⌧ij is a scalar e↵ective stress and ⌧ij is the deviatoric stress tensor. Finally,

sliding velocity is given by a Weertman-type power-law relationship

ub “
´
⌧b

C

¯ 1
m
, (5.7)
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where C is a friction coe�cient and m is the sliding exponent. Here, m is the inverse of

the flow exponent n, but note that this convention is flipped in some texts. The PD12

model uses a combination of the shallow-ice and shallow-shelf approximations to solve for Bu
Bz

and Bu
Bx , respectively. In this study, however, we use parameters that yield flow dominated

by longitudinal stretching. We refer the reader to PD12 for further description of this

hybridization.

A crucial simplification in the PD12 model is that flux across the grounding line is

parameterized in the form of Equation (5.1). In PD12 and this study, ⌦ and � are taken

from the analytical solution of Schoof (2007a):

⌦ “
„
Ap⇢igqn`1

´
⇥

`
1 ´ ⇢w

⇢i

˘¯
n

p4nCq´1

⇢ 1
m`1

(5.8)

� “ m ` n ` 3

m ` 1
. (5.9)

⇥ is a buttressing factor between 0 and 1, and all other parameters are defined as above. The

PD12 model calculates grounding line flux based on a thickness hg that is linearly interpolated

from the height above flotation of the last-grounded and first-floating grid cells, to the point

where flotation is reached. The corresponding sub-grid grounding-line position is shown for

all output from the PD12 model in this study. Although the PD12 model is typically run

on coarse grids (O „ 1–10 km) for continent-scale simulations over many millennia, we use

a grid of 100 m to better resolve the details of grounding line variations. Finally, while the

PD12 model does simulate a floating ice shelf, its dynamics are not important to our analyses

as its buttressing e↵ect is parameterized via Equation (5.8).

Figure 5.1b shows the steady-state profile for an idealized outlet glacier simulated with

the flowline model. The domain begins at an ice divide and thus has a zero-flux lateral

boundary condition. The bed is constant in time, and has an elevation of ´100 m at the

divide and constant prograde slope bx of ´2 ˆ 10´3. Surface mass balance S is 0.5 m yr´1

ice equivalent, assumed to be spatially uniform. Additional parameters are given in Table

1. The glacier has an equilibrium length (ice divide to grounding line) of „ 185 km, a
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maximum thickness of „ 1580 m at the divide, and a thickness of „ 526 m at the grounding

line. These scales are comparable to many outlet glacier catchments in Greenland, though

direct comparisons are limited as the 1-D flowline cannot capture the flow convergence of

many catchment geometries, and we emphasize that we are not simulating a particular outlet

glacier. We discuss two additional geometries for comparison in Section 3.1.

5.3.3 Response to forcing

We begin by comparing the flowline model’s response to forcing either from surface-mass-

balance changes in the interior or ocean forcing at the terminus. In all model experiments

throughout this study, “interior forcing” and “ocean forcing” will refer to perturbations

applied in the following manner. Interior surface-mass-balance anomalies are assumed to

be spatially uniform. We represent ocean forcing very simply by perturbing the grounding-

line-flux coe�cient, ⌦. This broadly represents changes in the buttressing provided by an

ice shelf or fjord walls, driven by anomalous melting or calving. In principle this could be

targeted via ⇥ in Equation (5.8), and other analytical formulations for ⌦ explicitly represent

a buttressing ice shelf (Haselo↵ and Sergienko, 2018). Perturbing these parameters might be

more realistic, but we focus on ⌦ so that we can very generally represent flux perturbations,

which may in reality result from a host of ice-ocean interactions. Our primary interest is in

how glacier dynamics respond to each forcing type, and representing ocean forcing in this

way makes comparison straightforward. For example, a fractional change in S (surface mass

balance) constitutes a flux anomaly with the same initial magnitude as the same fractional

change in ⌦.

Figure 5.1c shows the length response to step forcings at time t “ 0. The step is a 20%

decrease in S or a 20% increase in ⌦ (i.e., more discharge for a given hg), and in both cases,

forces the terminus to retreat into shallower water to reduce the output flux. Note that the

responses to changes in S and ⌦ do not converge to the same final length. The equilibrium

sensitivities di↵er because of di↵erent nonlinearities in the input and output fluxes (S ¨ L
and Qg) as the system state evolves. However, our main focus is the marked di↵erence
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between the initial responses to the step change, highlighted in the inset panel of Fig. 5.1c.

Perturbing ⌦ results in a much faster initial retreat (blue curve) compared to perturbing S

(orange curve), despite the larger equilibrium sensitivity to S. However, this faster retreat

rate lasts only the first century or so, and accommodates only „ 25% of the total equilibrium

response. The remaining retreat occurs at a rate similar to that driven by a change in S,

which is an asymptotic approach to equilibrium over several millennia. Thus, the length

response to ⌦ forcing has both a “fast” and “slow” component, whereas S forcing primarily

drives a slow response.

As an alternative to an impulse forcing, we also consider the glacier’s response to stochas-

tic variability in either ⌦ or S. We apply this variability as interannual white noise, which

by definition has equal power at all frequencies and no interannual persistence. We apply

the exact same white-noise time series as either ⌦ or S anomalies, but with opposite sign so

that the corresponding ice-volume anomalies match. The anomaly time series (hereafter ⌦1

and S
1) are scaled to have standard deviations equal to 20% of the mean values (⌦̄ and S̄).

Figure 5.1d shows the resulting length responses. For both types of forcing, the glacier acts

as a low-pass filter on the imposed climate anomalies, producing kilometer-scale fluctuations

with clear persistence. However, the length anomalies driven by ⌦1 have much greater high-

frequency content, and greater overall variance, than those driven by S
1. The high-frequency

response is perhaps intuitive, in that forcing applied at the grounding line has an immediate

e↵ect on grounding-line position. However, the response to ⌦1 also contains millennial-scale

fluctuations onto which the faster variations are superimposed. These slow, wandering ex-

cursions are comparable to those driven by S
1, and, like the multi-millennial adjustment to

step changes (Fig. 5.1c), suggest slow dynamics common to both responses.

Variability is intrinsic to climate, arising from the fundamentally chaotic nature of the

natural system. The associated glacier fluctuations are a crucial part of characterizing glacier

dynamics, and the implications have been extensively explored for mountain glaciers (e.g.,

Oerlemans, 2001; Roe, 2011; Roe et al., 2017), and more recently for marine-terminating

outlet glaciers (Robel et al., 2018) and ice streams (Mantelli et al., 2016). Figure 5.1 suggests
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Table 5.1: Parameters used for flowline and two-stage models. Values for A and C follow
previous idealized case studies (Schoof, 2007a; Robel et al., 2018).

Parameter Description Value Units

m Sliding exponent 1
3

C Sliding coe�cient 7.624 ˆ 106 Pa m´ 1
3 s

1
3

n Deformation exponent 3

A Deformation coe�cient 4.22 ˆ 10´25 Pa´3 s´1

⇥ Buttressing factor 0.7

⇢w Seawater density 1028 kg m´3

⇢i Ice density 917 kg m´3

S̄ Surface mass balance 0.5 m yr´1

b0 Bed elev. at divide ´100 m

bx Bed slope ´2 ˆ 10´3

a new and intriguing complication for outlet glaciers: the timescale and magnitude of glacier

fluctuations depend on whether the climate variability comes in the form of surface mass

balance or ocean anomalies. Additionally, the response to step changes (Fig. 1c) suggests

that the type of forcing is also relevant for the response to non-stationary climate changes.

In the next section, we investigate these contrasting responses using a recently developed

reduced model.

5.3.4 The two-stage model

Robel, Roe, and Haselo↵ (2018; hereafter RRH) developed a simple model for marine-

terminating outlet glacier dynamics, derived from ice-flux conservation and constrained by

large-scale glacier geometry. RRH showed that this model could accurately emulate a more

complex numerical model on the multidecadal and longer timescales on which most glacier

variance occurs. A full description and derivation can be found in RRH, but a summary of
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Figure 5.1: Model schematic and responses to ocean forcing (via ⌦) and interior forcing
(via S). (a) An idealized marine-terminating glacier system. (b) Initial steady-state profile
simulated by the flowline model. (c) Length responses to 20% step increase in ⌦ (blue)
and 20% step decrease in S (orange) at t “ 0. Inset panel zooms into the first 0.5 kyr of
response. Note the di↵erence in initial retreat rates depending on the type of forcing. (d)
Length responses to white-noise interannual variability in ⌦ or S. Right panel shows a 0.5
kyr segment in more detail. Anomalies (black) have a standard deviation of 20% of the
mean value, and have opposite signs for ⌦ and S so that length anomalies are correlated
for comparison. The response to ocean forcing (blue) contains much more high-frequency
content than the response to interior forcing (orange).
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the model follows.

The RRH model reduces the outlet glacier to a system with two degrees of freedom: L,

the length from ice divide to grounding line; and H, the characteristic interior ice thickness

(Fig. 5.2a). The glacier can be conceptualized as a small grounding-zone reservoir with

a length lgz ! L and thickness hg, coupled to a large interior reservoir with thickness H

and length L ´ lgz. The geometry is further described by a bed topography with constant

average slope bx. Recall that the ice thickness at the grounding line, hg, is a state-dependent

quantity, set entirely by L and bpxq (see Eq. 5.2).

The model dynamics are derived by balancing ice fluxes through these linked reservoirs

(Fig. 5.2a). Ice thus enters the system via an accumulation flux S ¨ L, flows via an interior

flux Q to the grounding zone, and leaves the system as a flux across the grounding line Qg.

A steady state of H and L is one which balances these three fluxes. L ultimately controls

the system’s input and output fluxes by setting the total catchment area for accumulation,

and by controlling Qg via hg (Eqs. 5.1 and 5.2). Interior dynamic ice flux has the form

Q “
ˆ
⇢ig

C

˙
n
H

↵

L�
, (5.10)

where ↵ and � can vary depending on the particular processes controlling interior flow. We

use ↵ “ 2n ` 1 “ 7 and � “ n “ 3, consistent with deformation dominated by longitudinal

stretching (RRH).

Two coupled equations capture the transient adjustment of the two degrees of freedom,

H and L, as they relax towards a steady state that balances all three fluxes:

dH

dt
“ S ´ Q

L
´ H

hgL
pQ ´ Qgq (5.11)

dL

dt
“ 1

hg

pQ ´ Qgq. (5.12)

Because achieving steady state requires adjustment of both H and L, we refer to this

model as the “two-stage model”, following RRH. We discuss the operation of these stages

further in Section 2.6. Note that Equation (5.10) captures the nonlinear dependence of ice
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flux on driving stress (e.g., Eqs. 5.4–5.6) and ice thickness, and that the first two terms of

Equation (5.11) resemble the continuity equation that governs ice thickness in the flowline

model (Eq. 5.3). The two-stage model makes significant simplifications, but stems from

the same physical principles as the flowline model, and most other contemporary ice-sheet

models (see RRH for further discussion).

RRH also linearized these equations for fluctuations H 1 and L
1 about a steady state, H̄

and L̄. The linear model yields analytical expressions for a number of important quantities,

including two widely separated characteristic response timescales. With some simplifications

detailed in RRH, the fast and slow response timescales (⌧F and ⌧S, respectively) are

⌧F “ h̄g

S̄
p↵ ` � ` 1 ´ sT q´1 (5.13)

⌧S “ H̄

S̄sT↵
p↵ ` � ` 1 ´ sT q, (5.14)

where sT “ 1` ⇢w

⇢i

�b̄xL̄

h̄g
is a parameter describing the stability of glacier response based on its

geometry and grounding-line dynamics (via �). Both response times contain a characteristic

thickness divided by mass balance rate S̄, reminiscent of the canonical mountain glacier

response time (Jóhannesson et al., 1989). ⌧F is controlled by hg, and thus the volume of

the system’s small grounding-zone reservoir, whereas ⌧S relates to the volume of the interior

reservoir via H̄. For scales typical of outlet glaciers, ⌧F is on the order of decades to centuries,

whereas ⌧S is on the order of millennia. Thus, the two-stage model approximates the outlet-

glacier system as linked interior- and grounding-zone reservoirs with distinct timescales.

Here we generalize the RRH linearization to simultaneously include perturbations to

interior surface mass balance (S 1) and grounding-line flux (Q1
g
; proportional to ⌦1). The

linearized equations take the form of a two-dimensional dynamical system with two forcing

terms:

B
Bt

»

–H
1

L
1

fi

fl “

»

–AH AL

BH BL

fi

fl

»

–H
1

L
1

fi

fl `

»

–L̄
´1

´
H̄

h̄g
´ 1

¯

h̄g

´1

fi

flQg

1 `

»

–1

0

fi

flS
1
. (5.15)

AH , AL, BH , and BL are shorthand for the couplings between length, thickness, and flux

changes, which are given in the appendix. This linear system is readily discretized, and can
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be cast as a two-dimensional autoregressive process (e.g., Box et al., 2008), which we also

present in the appendix.

5.3.5 Model comparison

RRH showed that the two-stage model emulated the response of a flowline model forced

with surface mass balance anomalies. Their flowline model (described in Schoof, 2007b;

Robel et al., 2014) used a stress-based, as opposed to flux-based, grounding-line condition,

but was otherwise dynamically similar to the PD12 model. Here, we use the PD12 model

and extend the comparison to grounding-line flux perturbations. Although the two-stage

model output includes H, we focus our comparison on L anomalies, which are more directly

comparable between models. H is a more heuristic variable in the two-stage model; however,

it does govern the evolution of interior fluxes, which we discuss in the next section. Both

models use the parameters given in Table 1, for which Equations (5.13) and (5.14) give

response times of „ 76 and „ 2000 years, respectively.

Figure 5.2 shows output from both models in response to step and stochastic forcings.

Fig. 5.2b shows the grounding line retreat following a 20% increase in ⌦ (blues) and 20%

decrease in S (orange/brown). For clarity, only the linearized two-stage output is shown.

Note that the nonlinear two-stage model is constrained to have the same equilibrium response

as the flowline model by Equation (5.1). The linear and nonlinear responses match almost

exactly for the stochastic fluctuations, but disagree somewhat for the step changes. However,

the disagreement is not severe, suggesting that we can reasonably use the linearized model

and its response times as analytical tools. Importantly, the two-stage model captures the

faster initial response to forcing at the grounding line, with a slightly more pronounced slope

break in the first few hundred years.

Figure 5.2c shows a 5 kyr sample of 100 kyr of length fluctuations driven by white-noise

forcing in S
1 and ⌦1. Again, anomalies have no interannual persistence, are identical except

for a sign reversal between ⌦1 and S
1, and have a standard deviation of 20% of ⌦̄ or S̄.

The two-stage and flowline models agree closely for both types of forcing, although the two-



135

stage model slightly underestimates the magnitude of high-frequency fluctuations. Figure

5.2d shows the autocorrelation function of each length time series. This is a measure of the

persistence of anomalies, and reveals the memory within a dynamical system. For forcing

from ⌦1, the autocorrelation drops o↵ rapidly to approximately 0.4 after a couple of centuries,

corresponding to the fast response time. However, it then requires several millennia to drop

below „ 0.1, indicating the persistent influence of the slow timescale. For S
1 forcing, the

autocorrelation is dominated by the slow timescale. The power spectra of length fluctuations

are shown in Fig. 5.2e. Because white-noise forcing has a flat power spectrum, the shapes of

the response spectra reveal the glacier’s filtering properties. The glacier is a strong low-pass

filter for both forcing types, but damps high frequencies even more for S 1 forcing. The two-

stage model underestimates the high-frequency response of the flowline model, but agreement

is very good at the lower frequencies that contain the majority of the variance. Critically,

both models capture the clear split between the spectra of ⌦1- and S
1-driven anomalies at

frequencies around 10´2 to 10´3 yr´1, where the models agree quite well.

5.3.6 Interpretations

The two-stage model’s agreement with the flowline model suggests that it captures the essen-

tial dynamics responsible for the contrasting transient responses to interior and grounding-

line flux anomalies. At this point, it is useful to discuss some of the interpretations enabled

by this reduced model.

The linearized two-stage model (Eq. 5.15) is a dynamical system with two eigenmodes,

which, for the stable geometries considered here, are exponentially decaying functions with

characteristic times ⌧F and ⌧S (the eigenvalues being ⌧
´1
F

and ⌧
´1
S

). The responses of the

system’s two degrees of freedom (H 1 and L
1) are linear combinations of these “fast” and

“slow” eigenmodes. However, the two forcing types, ⌦1 and S
1, project onto each mode with

di↵erent relative weights. Forcing via S
1 projects almost entirely onto the slow mode. For

forcing in ⌦1, the fast mode makes a substantial contribution on multi-decadal to centennial

timescales. However, the slow mode still dominates the equilibrium response to an impulse,
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Figure 5.2: Comparing the transient response of flowline and two-stage models to ocean
forcing (via ⌦) and interior forcing (via S). (a) Schematic of the two-stage model. (b)
Flowline and linearized two-stage model length responses to step changes in ⌦ (blues) and
S (orange/brown). The thinner lines show the two-stage output. (c) Length anomalies
in response to white-noise forcing in ⌦ (blues) and S (orange/brown). As in Figure 1,
anomalies have standard deviation of 20% of the mean value and have opposite signs. 5 kyr
of the 100 kyr model runs are shown. (d) Autocorrelation function for the stochastic length
fluctuations shown in (c). (e) Power spectral density for the stochastic length fluctuations,
which is estimated throughout this study via Welch’s method with windows of 1{16 the
time series length, and 50% overlap. Note the clear split between fluctuations driven by
⌦1 (blues) and S

1 (orange/brown) at millennial and shorter timescales. This split is robust
across models. The flowline model has more high-frequency power for both types of forcing,
but note that the spectral power is orders-of-magnitude lower at such high frequencies.
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as well as the power spectrum of stochastic fluctuations.

These modes can also be conceptualized as a two-stage low-pass filter on any forcing

time series (e.g., Fig. 5.2e), and the type of forcing determines the order in which they

are applied. Forcing over the interior (S 1) is first filtered by the slow mode, and the fast

mode then operates on interior flux anomalies whose high-frequency content has already

been strongly damped; there is little additional filtering to do. In contrast, if forcing is

applied at the grounding line (Q1
g
via ⌦1), the fast mode responds to unfiltered anomalies

and the grounding-line position exhibits a fast initial response before engaging the slow

mode in the interior. Figures 5.1 and 5.2 suggest that the response to S
1 could be reasonably

approximated by the adjustment of a single multi-millennial mode. However, we stress that

the response to ⌦1 is not simply the response of a single multi-decadal mode, because the

grounding zone is coupled to the slower, but ultimately more sensitive interior reservoir.

While these mathematical interpretations may seem abstract, it is helpful to remember

that the two-stage model was derived from mass conservation, and that the linear response

times (eigenmodes) reflect the large-scale glacier geometry. Because a glacier is a Stokes

(i.e., non-inertial) fluid driven by potential-energy gradients, the large-scale glacier geometry

must reflect the aggregate dynamics by which the system seeks flux balance. This relationship

between geometry and dynamics is another way to interpret why ⌦1 and S
1 forcings project

di↵erently onto the fast and slow modes: these flux imbalances have di↵erent geometries,

and thus the geometry and dynamics of the transient responses must also be distinct.

To help illustrate this, Fig. 5.3 tracks the evolution of fluxes following step changes in S

and ⌦. Five fluxes are shown for the flowline model: over the interior surface (S ¨ L), across
the grounding line (Qg), and at conceptual flux gates located 5, 25, and 50 km up-glacier

of the grounding line (Fig. 5.3a). For the nonlinear two-stage model, S ¨ L, Q, and Qg are

shown (Fig. 5.3b). In all cases, flux anomalies are normalized by their final (equilibrium)

change. A change in surface mass balance has an immediate, spatially distributed tendency

on interior thickness, which slowly alters driving stresses and thus fluxes throughout the

interior. Anomalous ice flux arrives at the grounding zone, driving advance or retreat, which
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then modifiesQg according to Equation (5.1). Most of the disequilibrium during the transient

response is between surface mass balance and interior fluxes, while Qg can quickly keep pace

with flux anomalies from the interior. In the two-stage model, Qg keeps up on the fast

timescale. In contrast, a perturbation to Qg (here, via ⌦) is highly localized and first creates

a large disequilibrium between Qg and interior flux. The increase in Qg causes the grounding

zone to drain, drawing in ice from the interior, which transfers the disequilibrium from Q

and Qg, to Q and S ¨L. Both models capture this transfer, and the flowline model flux gates

show that it gradually propagates up from the grounding zone. The transient peak in fluxes

is similar to a kinematic wave propagating from the terminus, which reaches well into the

interior within a few multiples of ⌧F . The ensuing drawdown of the interior reservoir (the

slow mode in the two-stage model) brings interior fluxes back down, and again, Qg must

follow via grounding line retreat.

Although the flowline model captures a more realistic and spatially distributed response,

the two-stage model contains enough geometric information to emulate the basic sequence

of flux anomalies. Note that more discretized interior reservoirs could be added to the two-

stage model, which would eventually approach the form of the flowline model. However, a

single reservoir could not capture the essential transient response. The distinct stages of

the response to a perturbation in Qg, borne out in both models, show that a two-mode

framework is useful for understanding the response to forcing applied at the grounding zone.

5.3.7 Persistence in variability

In the previous sections, we imposed stochastic variability with a flat power spectrum (i.e.,

white noise) because it allowed us to identify the influence of forcing type and model physics

across all relevant frequencies. In reality, surface-mass-balance and ocean variability may

exhibit di↵erent power spectra. Climate variables associated with the atmosphere (such as

surface mass balance) often have little interannual memory (e.g., Medwede↵ and Roe, 2017),

but the ocean’s thermal inertia can introduce persistence (e.g., Hasselmann, 1976). While

the comparisons above show that interior and ocean forcing elicit di↵erent glacier responses
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Figure 5.3: Flux changes following interior vs. ocean forcing. (a) Flowline model flux
anomalies to perturbations in S and ⌦. The schematic (top) shows the flux gates considered.
Below, normalized flux responses to the perturbations are shown for each flux gate. (b) as
for (a), but for the two-stage model, which has three flux variables. The two-stage model’s
interior flux variable (Q) captures the basic tendencies of interior fluxes in the flowline model.
In both cases, the response to a perturbation in ⌦ clearly shows the two-timescale nature of
outlet glacier dynamics.
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due to the distinct geometries of the respective flux anomalies, we must also consider the

possibility of climatic persistence in order to fully characterize an outlet glacier’s response to

natural climate variability. Roe and Baker (2016) showed that persistence in surface mass

balance variability amplified the length fluctuations of mountain glaciers; we can expect

similar principles to be especially relevant to outlet glaciers if they are sensitive to decade-

scale ocean variability.

We consider four types of synthetic forcing with di↵erent persistence characteristics:

(1) white noise; (2) and (3) first-order autoregressive (AR-1) processes with persistence

timescales ⌧AR1 of 4 and 20 yr, respectively; and (4) power-law persistence. These are all

plausible models for the sort of persistence that may a↵ect outlet-glacier forcing. For ex-

ample, an AR-1 process with a 4 yr memory is characteristic of sea-surface temperature

anomalies in the North Atlantic (e.g., Deser et al., 2003), while the 20 yr timescale would

better correspond to subsurface anomalies (e.g., Gwyther et al., 2018; Jenkins et al., 2018).

Additionally, the continuum of surface-temperature variability from interannual to multimil-

lenial timescales has been described with a power-law spectrum (e.g. Huybers and Curry,

2006).

We generate time series following Percival et al. (2001) and Roe and Baker (2016), first

defining the desired spectral properties in frequency space, and then applying the same set

of random phases to each case so that the resulting anomalies are correlated in the time

domain. The power spectrum of a discrete AR-1 process as a function of frequency f , is

Pr “ P0

`
1 ` r

2 ´ 2r cosp2⇡�tfq
˘´1

, (5.16)

where P0 scales the total variance and r is the auto-correlation at a lag of �t (here, 1 yr).

The memory timescale of the process is related to r by ⌧AR1 “ �t

1´r
. Power-law noise has a

spectrum defined by

P⌫ “ P0

´
f0

f

¯
⌫

, (5.17)

where f0 is the highest sampled frequency. The power increases continually out to low

frequencies, where ⌫ is the slope of the spectrum in log-log space. We use ⌫ “ 0.5, consistent
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with ⌫ „ 0.5 to 1 identified by Huybers and Curry (2006) in a large collection of paleoclimate

records.

We normalize the forcing time series so that they all have the same variance. This ensures

that, for a given choice of S 1 or ⌦1 forcing, di↵erences in glacier response are due only to

di↵erences in persistence. Figure 5.4a shows 200 yr samples of the 105 yr synthetic forcing

time series, and Fig. 5.4c shows their power spectra. The AR-1 processes (red, maroon)

have clear persistence in the time domain. The low-frequency content of power-law noise

(blue) is hard to discern at short timescales, but the spectra show that it has similar power

to the AR-1 processes at millennial timescales (and, again, identical total variance). Power-

law variability is thus di�cult to constrain from century-scale instrumental records alone

(e.g., Percival et al., 2001). At a certain point, the spectrum of climate variability runs into

timescales where paleoclimate reconstructions, rather than synthetic noise or instrumental

observations, would be a more relevant choice for understanding natural glacier variability;

we will return to this point in Section 3.3.

Figure 5.4b shows 103 yr samples of the resulting length responses for the two-stage model.

The e↵ects of persistence are dramatic: for both S
1 or ⌦1 forcing, 4 yr AR-1 persistence more

than doubles �L compared to length fluctuations driven by white-noise forcing, and both 20

yr AR-1 and power-law persistence cause a „ 5-to-6-fold increase in �L. This is consistent

with the approximate proportionality between �
2
L
and ⌧AR1 predicted by theory (see, e.g.,

Roe and Baker, 2016; Robel et al., 2019).

The power spectra of the forcings and responses show why persistence has such a strong ef-

fect. The response to white-noise forcing reveals the system’s sensitivity across all timescales

(Fig. 5.4d), because the input has equal power at all frequencies. The glacier response is set

by its internal dynamics and the forcing type (S 1 or ⌦1). Any forcing time series must be

filtered by the same dynamics, and if the forcing has persistence, some of its spectral power

is shifted toward lower frequencies where glacier sensitivity is higher. Thus, the shape of the

response spectrum (Fig. 5.4e) reflects both the frequency content of the forcing (Fig. 5.4c),

and the frequency dependence of the glacier dynamics, or, in other words, the spectral shape
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of the glacier filter (Fig. 5.4d).

The practical takeaway is that persistence in climate forcing increases the total variance

of length fluctuations. When combined with the finding that terminus-flux anomalies excite

the fast mode of response more than surface-mass-balance anomalies, the implication is

that ocean variability—which tends to have persistence—may drive much larger terminus

fluctuations than surface-mass-balance variability.

Figures 1–3 demonstrate that marine-terminating outlet glaciers have di↵erent transient

responses to interior and ocean forcing, because of how the fast and slow modes respond

in each case. In the next sections, we examine the consequences for three key issues: the

committed response to forcing, the attribution of an observed change, and a glacier’s memory

of past climate changes. The relative roles of ocean and interior forcing will, of course, vary

widely among individual glaciers. Rather than conducting simulations of specific settings,

we will use our simplified model framework to outline the general implications and assess

how the combination of fast and slow dynamics applies to each question.

5.4 Part 2: Implications

5.4.1 Committed Change

Any system with a non-zero response time will lag applied forcing. “Committed change”

refers to the total response such a system would need to undergo to attain equilibrium with

the current level of forcing. In the context of a warming climate, committed change is an

important lower bound on future change that is independent of future emissions scenarios.

It has long been recognized that surface temperatures lag CO2 forcing due to the ocean’s

thermal inertia (e.g., Hansen et al., 1985; Wigley and Schlesinger, 1985). In turn, other

aspects of the climate system respond to warming with their own lags, including mountain

glaciers (e.g., Christian et al., 2018) and global sea level (e.g., Meehl et al., 2005; Levermann

et al., 2013). Industrial-era climate forcing began in the 19th century (e.g., IPCC, 2013;

Abram et al., 2016), and so the millennial response times (i.e., Eq. 5.14) of outlet glaciers
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Figure 5.4: The e↵ect of climatic persistence on glacier fluctuations. (a) Segments of syn-
thetic anomalies with di↵erent levels of persistence: white noise (no persistence; black); red
noise with ⌧AR1 “ 4 yr (red) and ⌧AR1 “ 20 yr (maroon); and power-law noise with ⌫ “ 0.5
(blue). Time series shown are dimensionless and o↵set for clarity, with vertical ticks of
1�. (b) The glacier-length variations generated by the two-stage model, when the synthetic
anomalies are applied as ⌦1 (dark lines) and S

1 (pastel lines). Time series are again o↵set,
with vertical ticks of 1 km. (c) Power spectra of the synthetic climate forcings. For reference,
vertical lines correspond to 1

⌧F
and 1

⌧S
. (d) Spectra of the glacier’s response to white noise,

which illustrates the glacier’s sensitivity as a function of frequency, and thus its temporal
filtering properties. This depends on whether forcing is applied as ⌦1 (black) or S

1 (gray).
(e) Spectra of glacier response to ⌦1 (dark lines) or S

1 (pastel lines). Responses depend
on the spectra of the forcing and the glacier’s filtering properties. Forcing with persistence
has more power at low frequencies where glacier sensitivity is highest, increasing the overall
glacier variance.
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imply a severe disequilibrium with current climate and a large committed change, even with

no additional forcing.

To illustrate the current committed change of outlet glaciers, we use the two-stage model

and follow the framework of Christian et al. (2018), using idealized glacier geometries and

forcings. Disequilibrium, and thus committed retreat, is defined in reference to an “instanta-

neous equilibrium” response, which is the state at which the glacier would be in equilibrium

with climate at any given time. This is governed largely by the bed geometry and climate

forcing. An idealized geometry (e.g., uniform bed slope and width) makes for a simple equi-

librium response, but the physical principle of course also holds for more complex systems.

For an idealized outlet glacier, the instantaneous equilibrium is the grounding-line position

(L) that yields Qg “ S ¨ L.
We consider ramp forcing scenarios where S decreases, or ⌦ increases, by 30% from 1880

to 2020 CE. The forcing is fixed at 2020, and the glacier is allowed to relax towards a new

equilibrium. Figure 5.5 shows the responses of three glaciers with varied response times:

(1) ⌧F , ⌧S „ p76, 2000q yr; (2) ⌧F , ⌧S „ p56, 1200q yr; and (3) ⌧F , ⌧S „ p140, 4600q yr. The

parameters for each glacier are provided in Table 2. Dashed lines show the instantaneous

equilibrium responses, which indicate the total committed response at any given time.

The most basic result is that, in all cases, the transient response as of 2020 is a small

fraction („ 1–23%) of the instantaneous equilibrium response. The disequilibrium for S

forcing is particularly severe, as pointed out previously by RRH. Although changes in surface

mass balance are already a major component of overall mass loss in some settings, basic

glacier dynamics require that S anomalies also have an impact on the grounding-line position,

which is, as yet, essentially unrealized. Perturbations in ⌦ elicit a faster response over the

industrial era, but Fig. 5.5a–c shows that both types of forcing have a long-term commitment

associated with the slow drawdown of interior ice.

The “slow response” (interior thinning Ñ reduced interior fluxes Ñ grounding-line re-

treat) comprises the majority of the response to S forcing, but it is important to remember

that it is also the second stage of the response to ocean forcing, and it dictates the total
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committed change. Following recent observed increases in ice discharge, Price et al. (2011)

and Goldberg et al. (2015) examined the committed responses of several outlet glaciers in

Greenland and Antarctica, respectively. These studies found substantial “dynamic” com-

mitments associated with thinning and elevated fluxes, although they focused on near-term

sea-level rise and did not project past 2100. Our flux-balance perspective is a complementary

view of committed change, and shows that dynamic thinning necessarily drives additional

retreat on long timescales as a consequence of reduced interior fluxes. The slow equilibration

of the interior would thus be a critical part of determining the total commitment due to

ocean forcing, especially if the long-term retreat moves the terminus to more- or less-stable

slopes.

The slow mode also means that there can be large uncertainties in committed change if

the magnitude of forcing is uncertain. Figure 5.5d shows the response to a trend in ⌦, ranging

from a 20–40% increase from the initial value. As of 2020, the di↵erences in observed retreat

are small, but diverge as the system approaches equilibrium over subsequent millennia. In

other words, the slow response limits how “wrong” short-term simulations might be due

to errors in the assumed forcing, but makes no such constraints on the committed change.

The same principle also applies to uncertainty in the outlet glacier’s length sensitivity: note

that glaciers 1 and 2 have nearly identical responses on centennial timescales, but di↵erent

equilibrium sensitivities. Similar arguments have been made for uncertainty in radiative

forcing and equilibrium climate sensitivity (Armour and Roe, 2011).

5.4.2 The emergence and detectability of forced responses

We now turn to the topic of attributing outlet glacier retreats to natural or anthropogenic

forcing. The attribution of an observed change to a particular cause (i.e., an external forcing)

can be a challenge because of factors specific to individual glaciers, such as complexities in

bed geometry, regional climate, or the local collection of ice-ocean interactions. It can also

be a challenge because of factors intrinsic to the transient ice dynamics, which a↵ect the

amount of the forced response that can be expressed over a given time. We focus here on
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Figure 5.5: Glacier responses to idealized climate forcing over the industrial era. (a) Re-
sponses for glacier 1 (see Table 2). A 30% change in S (brown) or ⌦ (blue) is realized as a
linear trend from 1880–2020 CE. Dotted lines show the grounding-line position that would
balance accumulation and grounding-line fluxes. (b) As for (a), but for glacier 2, which
has faster response times and smaller equilibrium sensitivity. (c) As for (a) and (b), for
glacier 3, which has slower response times and greater equilibrium sensitivity. (d) The range
of responses of glacier 1 due to an uncertain forcing, idealized as a trend in ⌦ reaching a
20–40% change by 2020. The slow transient response means a small range in absolute length
change in the modern era, but uncertainty in the forcing projects directly onto the committed
equilibrium response. Note the break in the time-axis scale at 2100.
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Table 5.2: Parameters varied between three idealized glaciers (top) and the resulting steady-
state values (bottom). The steady state is calculated by the nonlinear two-stage model, and
the linearized response times are given by Equations (5.13) and (5.14).

Parameter Description Units Glacier 1 Glacier 2 Glacier 3

S̄ Surface mass balance m yr´1 0.5 0.6 0.3

⇥ Buttressing factor 0.7 0.75 0.6

b0 Bed elev. at divide m ´100 `150 `100

bx Bed slope ´2 ˆ 10´3 ´3 ˆ 10´3 ´1 ˆ 10´3

Steady-state value

H̄ Interior thickness m 1413 1569 2814

L̄ Length km 185 212 700

hg Grounding line thickness m 526 545 673

⌧F Fast response time yr 77 56 144

⌧S Slow response time yr 2030 1160 4590

this latter set, and in particular on the contrasting implications of ocean vs. interior forcing.

Attribution is often framed in terms of the signal-to-noise ratio (SNR) of an observed

trend. For a variable x, the SNR is often defined as �x

�x
, where �x is the change estimated by

a linear fit and �x is the standard deviation of the residuals. For glacier retreat (or changes

in any analogous system), this depends on the SNR of the relevant forcing variable (e.g.,

surface temperature, ocean heat content, etc.), and also on the memory timescale over which

the glacier integrates anomalies in that variable. A glacier’s memory damps its response

to high-frequency noise, but the tradeo↵ is that it also delays its response to a persistent

trend (see Fig. 5.5). Roe et al. (2017) showed that mountain glaciers exemplify this concept

and moreover, that their multidecadal response times are optimal for damping interannual

climate variability while responding sensitively to centennial trends, thereby producing an

amplified SNR.
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For outlet glaciers, however, two types of forcing (ocean and interior) and much longer

response times are at play. To understand how these factors interact on the timescales of

historical anthropogenic forcing, we consider three idealized scenarios of stationary variability

plus a trend (Fig. 5.6a). Cases 1 and 2 have variability with no interannual persistence (i.e.,

white noise) in S and ⌦, respectively. Case 3 has multidecadal variability in ⌦, generated

by an AR-1 process with a memory timescale of 20 yr (see Section 2.7). To compare glacier

responses, we standardize the forcing scenarios by their SNR: In each case, a linear trend

begins in 1880 CE (negative in S for case 1, positive in ⌦ for 2 and 3). We stipulate that

the trend reaches a 20% departure from the mean by 2020 CE, and continues thereafter at

the same rate. The stationary variability again has � “ 20% of the initial mean. Thus, the

imposed trends in climate forcing all have a SNR that reaches 1 by 2020.

Figure 5.6b shows the resulting grounding line anomalies of the test glacier described in

Section 2, generated with the two-stage model. In all cases, the simulation was initialized

in the year 0 CE. For reference, responses without variability are also shown (thin lines), as

well as responses with variability but no trend. Shading indicates the 1� and 2� bounds of

grounding-line fluctuations, determined from 107 yr simulations of stationary variability.

In case 1, noisy surface mass balance drives small length fluctuations, but the very slow

response to the trend in S means that the forced response is slow to emerge from the noise;

it remains within 2�L until the late 21st century. In contrast, the faster response to a

trend in ⌦ exceeds 5�L by 2020, for case 2 (interannual variability). The multidecadal

fast response time thus acts to amplify the climate trend’s SNR roughly by a factor of 5,

consistent with the findings of Roe et al. (2017) for mountain glaciers. However, because

persistence amplifies natural glacier variability (Section 2.7), the multidecadal variability in

case 3 inflates the envelope of natural glacier fluctuations such that the forced response is

again hard to detect on centennial timescales. The forced response is roughly 1�L by 2020,

meaning that glacier dynamics no longer improve upon the SNR of the forcing. Thus, a

multidecadal fast timescale does not necessarily amplify the SNR of a climate trend, if a

glacier is subjected to multidecadal ocean variability.
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These idealized cases are useful for understanding factors that a↵ect the detectability

of a length trend, but they also demonstrate that the SNR may be a problematic metric

in a practical sense. Because most of the natural glacier variability is expressed at very

low frequencies, �L (i.e., the noise) is undersampled by direct observations, which cover

only several decades for most outlet glaciers. Additionally, slow natural excursions could

dominate the baseline against which a trend is measured. For example, in case 3, the initial

length anomaly due to random variability is greater in magnitude in 1880 than the forced

component of the retreat from 1880–2020 (i.e., the di↵erence between orange and blue lines).

An alternative approach is to evaluate an observed �L against the distribution of natural

trends that occur over the same interval of time as the observation. This incorporates

information about the rate and persistence of natural length fluctuations. The simplicity of

the two-stage model allows us to generate large synthetic ensembles of random fluctuations

for a range of glacier parameters and forcing scenarios. We develop distributions of naturally-

forced trends as follows: If �tobs is the length of a hypothetical observational period, we draw

the last �tobs years from model runs of 104 years, each of which are forced with stationary

noise and no trend. For each realization, �Lnull is the trend in grounding-line position over

the observational period. We find �Lnull for 104 independent simulations for each type of

variability, yielding distributions of �Lnull for a given �tobs. The resulting distributions are

shown in Fig. 5.6c, for �tobs of 50, 100, 250, and 500 years.

For variability in S, the distribution of �Lnull is narrow for short �tobs due to the

strong damping of high frequencies, but widens as �tobs increases. In other words, large

fluctuations are possible, but ice dynamics constrain them to be slow. As expected, ⌦

variability increases the likelihood of observing larger trends on centennial timescales, and

the e↵ects of persistence are once again dramatic: a 1 km retreat in 50 yr is very rare with

no persistence (99th percentile), but fairly commonplace with multidecadal variability (70th

percentile).

As �tobs increases out to 500 years, the distributions of �Lnull do not widen as much for

variability in ⌦ as for variability in S. This suggests that centennial timescales (i.e., a few
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multiples of ⌧F ) are nearly optimal for sampling large, persistent trends driven by stochastic

⌦ variability alone (note that in the limit of �tobs " ⌧S , the distributions would narrow

back to zero). This raises the importance of the fast mode for attributing changes in the

time frame of one-to-two centuries of anthropogenic climate forcing.

The widely-separated dynamical timescales characteristic of outlet glaciers pose a unique

challenge for understanding their modern changes. The slow mode means that the overall

variance (i.e., �2
L
) must be considered, as stochastic variability over the last millennia may

be important for the preindustrial state. Yet if the glacier is sensitive to variability at

the terminus, the fast mode enables shorter-term fluctuations that may obscure the early

response to anthropogenic forcing, especially if the variability has significant persistence.

The sensitivity of grounding line flux to ocean variability and large calving events, and

the associated timescales, will thus be critical for attribution studies. Finally, it should be

borne in mind that these detection challenges arise from slow dynamics, and not from low

sensitivity. As is clear from Fig. 5.5, only a small fraction of the committed response is

available for attribution studies today.

5.4.3 Inherited conditions

We have thus far considered outlet-glacier fluctuations due to stationary interannual-to-

multidecadal climate variability. However, long response times also imply some memory of

climate variations throughout the Holocene. Ice-sheet models are often “spun up” using

paleoclimate proxy data precisely for this reason (e.g., Bindschadler et al., 2013). However,

these strategies do not always reproduce the same modern ice extent (e.g., Goelzer et al.,

2018), and the simulated ice-sheet history can depend strongly on the choice of proxy and

its implementation in the model (e.g., Nielsen et al., 2018; Buizert et al., 2018). Here,

we compare outlet glacier responses to ocean versus interior forcing over the Holocene as

an additional factor for the modern state. We focus on climate anomalies that are well-

documented in the Northern Hemisphere, but similar considerations would apply to Antarctic

outlet glaciers.
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Figure 5.6: Detecting the response to a climate trend in the presence of natural variability.
Three types of natural variability are considered in each panel. The top row corresponds
to interannual variability in S; middle row to interannual variability in ⌦; and bottom row
to multidecadal variability (⌧AR1 “ 20 yr) in ⌦. (a) The idealized climate trends (plus
variability) beginning in 1880. In all cases, the linear trend reaches a SNR of 1 by 2020.
(b) Grounding-line responses to each idealized trend. Shaded regions are the 1�L and 2�L

bounds for each type of noise. The orange lines indicate when the trend has been applied.
Thinner lines show the grounding-line response without variability. (c) Probability density
functions for grounding-line trends driven by each type of natural variability, but no external
forcing, over time periods from 50–500 years. Note the di↵erent length scales in each case.
Trends on the order of km century´1 are extremely unlikely to occur due to variability in
S alone (top), but commonplace if the glacier is sensitive to multidecadal variability in ⌦
(bottom).
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First, we consider a climate scenario with idealized representations of three events: a

deglacial warming at 11 kya, a Little Ice Age (LIA) cool period from 1450 to 1850 CE, and

an anthropogenic warming trend from 1880 to 2100 CE. The deglacial and LIA transitions

are smoothed by error functions of 500 yr and 50 yr widths, respectively. The magnitudes of

deglacial, LIA, and anthropogenic events have a ratio of 10:1:4, and the intervening Holocene

climate is assumed constant. We scale forcings linearly to the climate anomalies, where

warming corresponds to negative S
1 or positive ⌦1. Obviously, di↵erent combinations of

these forcings could be expected in reality. Rather than choosing a particular combination,

we examine each in isolation and normalize the glacier responses. These experiments thus

serve as limiting cases to illustrate the relative influences of ocean and interior forcing over

di↵erent timescales. This scenario is designed to explore two practical points: (1) the glacier’s

memory of large, long-ago events compared to smaller, more recent events; and (2) the

glacier’s relative memory of past ocean vs. interior forcing.

We use the two-stage model, linearized with respect to the Holocene climate with pa-

rameters for glacier 1 (See Table 2; ⌧F , ⌧S „ 76, 2000 yrs). The advantage of using the linear

model here is that it has uniform sensitivity to fractional perturbations in S and ⌦. This

allows us to more clearly distinguish the signatures of fast and slow dynamics; the tradeo↵ is

that it ignores nonlinearities that are surely a factor for very large climate changes. Accurate

simulations over such transitions would depend not only on nonlinearities in ice dynamics,

but also on spatial information (e.g., bed topography) that is simplified in reduced models.

Nevertheless, the linear model is a straightforward tool for demonstrating consequences of

having both fast and slow dynamics. Focus should be directed toward the responses to the

idealized LIA, for which the linearization is more valid. Including the deglaciation signal

primarily serves to account for residual, albeit faint, disequilibrium implied by millennial

response times.

Figure 5.7a shows the idealized climate (top) and two-stage model responses. Anomalies

are shown relative to the mid-Holocene and normalized to the large deglacial transition.

Figure 5.7b shows 1000 to 2000 CE in more detail, including a scenario with no anthropogenic
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warming (dashed). For reference, the length at which the glacier would be in equilibrium

with the LIA climate is also plotted (gray). For both forcings, the grounding-line retreat

due to the deglacial signal is nearly complete by the onset of the LIA. However, the LIA

advance is „ 2ˆ greater for forcing in ⌦, because it can engage the fast mode to a greater

degree. Yet, even forcing in ⌦ yields a muted response: the transient response only reaches

„ 35% equilibration before the period ends. The slow mode, which takes up the majority of

the response for both forcing types, barely feels our 400 yr LIA before it is reversed. This

is worth bearing in mind whenever the duration of glacier excursions and climate anomalies

are less than ⌧S, because the system never achieves equilibrium. This would be an issue

particularly if such events are used to tune glacier sensitivity in models.

The idealized LIA is a much more discrete “event” than is supported by paleoclimate

records, and ignores other variations in the Holocene. Thus, we also consider the response

to a more realistic forcing time series. Again, this is not a reconstruction of actual terminus

changes, but it is useful to see how glacier memory integrates the continuum of variations

found in paleoclimate records. We use a time series of temperatures for Disko Bay, Greenland,

from the regional reconstruction of Buizert et al. (2018) (Fig. 5.7c–d). The forcings are scaled

as above, and normalized to 1880 CE.

The glacier responses in Fig. 5.7d show the same essential behavior as the more idealized

case in Fig. 5.7b. Even with a more subtle LIA, the terminus response is much more

pronounced if it is driven by ⌦ anomalies that engage the fast response. It is worth noting,

though, that most of the glacier disequilibrium in the 1800s is due to cooling over the previous

millennia, to which the slow mode responds with a pronounced lag. Thus, the preindustrial

state of an outlet glacier may depend significantly both on LIA and longer-term ocean cooling,

via its two distinct response timescales.

5.5 Summary and discussion

Marine-terminating outlet glaciers are sensitive to two fundamental types of forcing: changes

in surface mass balance, which are distributed over a large interior catchment; and changes
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Figure 5.7: Response to long-term climate variations. (a) An idealized climate scenario
representing the last deglaciation, Little Ice Age (LIA), and anthropogenic forcing (black
line). Normalized length responses of the linear model are shown for forcing applied via S

(brown) and ⌦ (blue). The length at which the glacier would remain in equilibrium with
climate is shown for reference (gray). (b) As for (a), but zoomed into the last 1000 yr. ⌦
forcing produces a much larger response on multi-century timescales, but the glacier does
not reach equilibrium with the LIA in either case. (c) A more realistic forcing time series,
based on reconstructed atmospheric temperatures for Disko Bay (black line; Buizert et al.,
2018). Normalized length responses are again shown for both forcing types, which yield
similar responses on multimillennial timescales. (d) As for (c), but zoomed into the last
1000 yr. Again, the LIA is expressed to a greater degree through ocean forcing. Note also
the long-term advance driven by gradual cooling over the last several millennia.
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in their flux at the grounding line, which are typically driven by the ocean. We have used

two models of di↵erent complexity to explore and contrast the dynamic responses to these

two categories of forcing. Our key findings are as follows:

1. Ocean forcing (via the grounding-line flux coe�cient, ⌦) and interior surface-mass-

balance forcing elicit fundamentally di↵erent transient grounding-line responses (Figs.

5.1 and 5.2). The response to ocean forcing is characterized by a fast initial grounding-

line migration, followed by a second, much slower stage of adjustment. In contrast, the

response to interior forcing is dominated by slow grounding-line migration, with very

strong damping at short timescales.

2. The two-stage model (Robel et al., 2018) captures the evolution of flux anomalies that

gives rise to these two contrasting dynamic responses (Fig. 5.3). This lends further

confidence to the two-mode interpretation of outlet glacier dynamics: a fast mode

associated with adjustment of the grounding zone, and a slow mode associated with

the interior reservoir. We have shown here that ocean forcing projects onto both modes,

while interior forcing projects almost entirely onto the slow mode.

3. Persistence in stochastic climate forcing amplifies natural grounding-line fluctuations

(Fig. 5.4). Increased persistence means more of the variance in the forcing occurs

at low frequencies, where the glacier is ultimately more sensitive. In particular, mul-

tidecadal ocean variability can drive large fluctuations on multidecadal to millennial

timescales. Understanding the magnitude and persistence of ocean forcing is thus

critical for attributing observed terminus changes and detecting the response to an-

thropogenic forcing (Fig. 5.6).

4. Despite contrasting responses on short timescales, slow (i.e., millennial) dynamics dom-

inate the full system response for both types of forcing. This implies a large committed

response (Fig. 5.5), as well as a memory of past climate fluctuations (Fig. 5.7), for

both types of forcing. The slow response of interior ice and the attendant consequences
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have been explored in a number of previous studies (e.g., Nye, 1960; Levermann et al.,

2013; Robel et al., 2018); the results presented here demonstrate how a slow response

is fundamental to ocean forcing as well.

Given the rapid observed changes linked to ocean forcing in the past few decades, it is

useful to discuss points (3) and (4) further. Increases in discharge from Greenland outlet

glaciers have been linked to regional climate variability and warming of the subpolar North

Atlantic (Straneo and Heimbach, 2013). Records for a smaller selection of glaciers extend

up to a century (Andresen et al., 2012; Bjørk et al., 2012) and futher indicate sensitivity to

regional oceanic forcing on relatively short timescales. Evidence for the response to decadal

variability is strong in Antarctica, too (e.g., Jenkins et al., 2016, 2018). In sum, the capacity

for outlet-glacier grounding lines to react quickly to changes at the terminus is quite clear

from the observational record.

Our results show that climate and glacier fluctuations over the historical record also

have a longer-timescale context. The widely-separated glacier response timescales mean

that fast fluctuations are essentially superimposed on millennial fluctuations. This is clear

even in the flowline model, which does not make an explicit approximation of only two

timescales (e.g., Fig. 5.1d). Slow fluctuations are di�cult to resolve in observational records,

but the practical point is that short periods of terminus “stabilization”, or fluctuations

about a short-term mean state do not necessarily preclude a large disequilibrium between

fluxes near the grounding line and fluxes from the interior. This disequilibrium should

be reflected in ice-thickness and velocity profiles, and has been noted for some systems

whose retreat or discharge rates have leveled o↵, including Jakobshavn Isbrae (e.g., Joughin

et al., 2012b; Khazendar et al., 2019) and Pine Island Glacier (e.g., Christianson et al.,

2016). Careful modeling might integrate such observations with climate reconstructions to

inform attribution studies or model initialization. Wherever the forcing history is uncertain,

multiple realizations of past variability should be considered, and we again emphasize that

the persistence of this variability is a critical parameter.
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A number of simplifying assumptions throughout our study warrant some discussion.

First of all, we have assumed a constant, prograde bed slope. In reality, variations in bed

topography can have a strong e↵ect on retreat rates and sensitivity, both at the terminus

(Catania et al., 2018) and in the interior (Felikson et al., 2017). The e↵ect of these variations

on the fast and slow modes remains to be investigated. Felikson et al. (2017) showed that

bedrock knick-points may serve as barriers to rapid inland thinning following forcing at the

terminus. Depending on where the knickpoint is, this could mean that the dimensions of the

e↵ective interior reservoir is di↵erent for ocean vs. interior forcing, potentially changing the

relevant response timescales.

A related issue is the instability associated with retrograde slopes (e.g., Weertman, 1974;

Schoof, 2007a). In an unstable configuration, the linearized timescales diverge, but RRH

showed that fast and slow tendencies still govern the rates of unstable retreat. More recently,

Robel et al. (2019) showed that instability magnifies variability in transient retreat rate due to

internal climate variability. Together, these points suggest that instability might also magnify

the di↵erence between retreats initiated by interior and grounding-line flux anomalies.

Another simplification is that we have focused on spatially-uniform interior forcings,

whereas in reality, surface-mass-balance anomalies are likely to be greater near the marine

margin. We conducted several experiments with the flowline model in which S anomalies

were concentrated towards the grounding line, and also amplified to produce the same volume

anomalies. This enhanced the high-frequency length response, although there was still a clear

di↵erence from the transient response to ⌦ forcing. Compared to a uniform S anomaly, a

step change in S concentrated on the lower half of the glacier (with doubled magnitude)

nearly doubles the grounding-line response after 100 yr, while the 100 yr response following

a step in ⌦ is 4 times greater. For white-noise forcing, �L increases „ 12% if S anomalies

are concentrated in the same way, but increases ° 50% if applied as ⌦ anomalies. Thus, the

temporal distinction between interior and ocean forcing will depend on the spatial pattern of

mass balance, but it would likely take extremely large and concentrated anomalies to match

the fast response of ⌦ forcing. We expect that the distinction would also depend on the
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horizontal catchment geometry: convergence would amplify the e↵ects of anomalies from the

deep interior, even if they are smaller in magnitude. Further experiments with 2-D geometries

would help to clarify these potentially competing e↵ects. We have also neglected orographic

and surface-elevation feedbacks, which would depend on the spatial pattern of thinning, and

may thus a↵ect fast and slow responses di↵erently. These would provide another interesting

avenue for future analyses.

Finally, we chose to impose ocean forcing via the grounding-line-flux coe�cient, which

adjusts the parameterized relationship between ice thickness and grounding-line flux. This

allowed us to compare flux perturbations in a very general way, but it would be more re-

alistic to directly force a dynamic ice shelf or to perturb calving processes. The analytical

flux conditions of Haselo↵ and Sergienko (2018) could be an intermediate route, and would

be feasible for models that parameterize grounding-line flux. RRH showed that these con-

ditions can introduce nonlinear sensitivity to perturbations in a buttressing ice shelf, and

thus another key di↵erence between glacier responses to interior and ocean forcing. For ex-

ample, this nonlinearity would skew the distribution of fluctuations driven by natural ocean

variability, changing the thresholds for trend detection (i.e., Fig. 5.6).

Previous studies have employed a variety of forcing strategies for glaciers without but-

tressing ice shelves. Some have directly perturbed stresses at the grounding line (e.g., Nick

et al., 2009; Price et al., 2011), while others have implemented forcing via frontal melt rates

(e.g., Morlighem et al., 2016; Aschwanden et al., 2019). Another approach is to impose

terminus retreat based on observations, and then allow up-glacier ice thickness and flux to

evolve. This approach has been used to isolate the e↵ects bed topography on inland thinning

(Felikson, 2018).

Regardless of how forcing is implemented, our analyses show that the coupling between

grounding-zone and interior dynamics is a key part of an outlet glacier’s response to ocean

forcing. In particular, increased discharge is what eventually precipitates the slow (but

large) second stage of grounding-line retreat. Our idealized ocean forcing has limitations,

of course, but the mechanism for a second stage of retreat is physically robust: elevated
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interior fluxes must eventually fall as the interior drains, creating a tendency towards further

grounding line retreat (Fig. 5.3). The actual retreat could be modulated depending on the

bed topography through which the grounding line migrates, and this would be yet another

factor to investigate with more realistic geometries.

At the ice-sheet scale, ocean forcing must often be simplified considerably, and the optimal

strategy remains to be determined. The Ice Sheet Model Intercomparison Project for CMIP6

(ISMIP6; Nowicki et al., 2016) defines several experimental protocols for use across various

ice sheet models. The ISMIP6 ocean-forcing parameterizations for Greenland were recently

established, based on an empirical study of a large collection of terminus observations and

regional climate data (Slater et al., 2019, 2020). They proposed two strategies: one in which

length change is imposed directly as a function of climate forcing (“retreat implementation”),

and one in which submarine melt rates are prescribed (“melt implementation”). Both leave

the evolution of ice flux up to the ice sheet model, but the retreat implementation does not

allow interior ice dynamics to feed back into the terminus position. The results presented here

suggest that, because the timescale of interior dynamics is much longer than the observational

records used to calibrate the imposed retreats, the retreat implementation would project less

long-term terminus retreat compared with the melt implementation.

The impact that the choice of parameterization would have on projections of near-term

sea level rise is not immediately clear, however. Slater et al. (2020) note that these param-

eterizations are intended primarily for 21st century projections. In a scenario with severe

warming, the fast response to progressive forcing might plausibly outweigh the contribution

of the slow mode over this period. On the other hand, in a scenario of climate stabilization,

the two approaches could yield more disparate results. Under the retreat implementation,

the terminus stabilizes if the climate stabilizes (Slater et al., 2019), whereas under the melt

implementation, it could in principle continue retreating due to disequilibrium between in-

terior and grounding-zone fluxes (much like in Fig. 5.5). In such a case, the choice of

parameterization would a↵ect the di↵erence between responses to low versus high emissions

scenarios (e.g., RCP 2.6 vs. 8.5). The principles from our idealized experiments suggest that
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a fixed versus free terminus would yield a di↵erent partition between fast and slow glacier re-

sponses, but further experimentation is needed to investigate this. Although much attention

is directed toward sea-level rise by 2100, longer-timescale comparisons within in the ISMIP6

framework, both with idealized and comprehensive models, may also prove illuminating.

Understanding the timescales of glacier dynamics is a long-standing pursuit in glaciology

(e.g., Nye, 1960; Jóhannesson et al., 1989; Oerlemans, 2001; Roe and Baker, 2014; Robel et al.,

2018). Here, we have explored for marine-terminating outlet glaciers how these timescales

manifest under di↵erent types of forcing. Interpreting observations and making useful pro-

jections will always depend partly on characteristics that are unique to each outlet glacier,

and on processes that remain to be investigated further. However, the basic constraints of

flux conservation and large-scale geometry will always apply, and, as we have shown here, are

enough on their own to yield consequential di↵erences in glacier response. Obviously, there

are many intermediate levels of complexity between the models we have used here and those

used for detailed simulations and projections. Alongside the need for more-comprehensive

glacier and ice-sheet projections in a warming climate, there also remains the need to im-

prove understanding by analyzing model experiments positioned throughout this hierarchy of

model complexity (e.g., Held, 2005). Reduced models and experiments with idealized glacier

geometries, in which the fundamentals are laid bare, can thus serve as a useful foundation

for the needed analyses.

5.6 Appendix: Linearized two-stage model

Here we present the linearized two-stage model in more detail, and derive a discrete autore-

gressive form. Again, a full model derivation can be found in RRH; we start here from the

linearized equations with perturbations in Qg and S:

BH 1

Bt “AHH
1 ` ALL

1 ` 1

L̄

ˆ
H̄

h̄g

´ 1

˙
Q

1
g

` S
1 (5.18)

BL1

Bt “BHH
1 ` BLL

1 ´ 1

h̄g

Q
1
g
. (5.19)
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AH , AL, BH , and BL are the linear couplings between length and thickness anomalies:

AHpH̄, L̄q “ ´ Q̄g↵ph̄gL̄q´1 (5.20)

ALpH̄, L̄q “Q̄gL̄
´2

“
1 ` �H̄h̄g

´1 ` ��bxL̄h̄g

´1p1 ´ H̄h̄g

´1q
‰

(5.21)

BHpH̄, L̄q “Q̄g↵pH̄h̄gq´1 (5.22)

BLpH̄, L̄q “Q̄gh̄g

´1p��bxh̄g

´1 ´ �L̄
´1q, (5.23)

where � “ ⇢w

⇢i
. For numerical implementation, Equations (5.18) and (5.19) can be discretized

using a backward-Euler method, where�t is the timestep between glacier states ris and ri´1s:

H
1
ris ´ H

1
ri´1s

�t
“AHH

1
ris ` ALL

1
ris ` 1

L̄

ˆ
H̄

h̄g

´ 1

˙
Q

1
gris ` S

1
ris (5.24)

L
1
ris ´ L

1
ri´1s

�t
“BHH

1
ris ` BLL

1
ris ´ 1

h̄g

Q
1
gris. (5.25)

Solving for Hris and Lris gives

H
1
ris “ 1

1 ´ AH�t

„
AL�tL

1
ris ` H

1
ri´1s ` 1

L̄

ˆ
H̄

h̄g

´ 1

˙
�tQ

1
gris ` �tS

1
ris

⇢
(5.26)

L
1
ris “ 1

1 ´ BL�t

„
BH�tH

1
ris ` L

1
ri´1s ` 1

h̄g

�tQ
1
gris

⇢
, (5.27)

which are still semi-implicit in terms of the current state ris. However, we can substitute

Equation (5.27) for the L1
ris term in Equation (5.26), and vice versa for Hris. Solving again for

Hris and Lris, we arrive at explicit expressions that depend on only the past state and current

forcing. This takes the form of a two-dimensional autoregressive process (e.g., Box et al.,

2008) with two forcing terms. For compactness, we redefine several parameter combinations

at this point. Let ✏ “ p1´BL�tq´1, ⌘ “ p1´AH�tq´1, and  “ p1´⌘✏ALBH�t
2q´1. Then,

»

–H
1
ris

L
1
ris

fi

fl “ C

»

–H
1
ri´1s

L
1
ri´1s

fi

fl ` ~dQg

1
ris ` ~eS

1
ris (5.28)
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where the autoregressive coe�cients are contained in the matrix C and vectors ~d and ~e:

C “ 

»

– ⌘ ✏⌘AL�t

✏⌘BH�t ✏

fi

fl (5.29)

~d “ �t

»

–⌘

´
L̄

´1
`
H̄

h̄g
´ 1

˘
´ ✏ALhg

´1�t

¯

✏

´
BHL̄

´1
`
H̄

h̄g
´ 1

˘
�t ´ h̄g

´1
¯

fi

fl (5.30)

~e “ ⌘�t

»

– 1

✏BH�t

fi

fl . (5.31)

(5.32)

This form lends iteslf to a straightforward solution algorithm, given steady-state glacier

parameters and forcing time series as inputs. Note that for the ocean forcing used in this

study, Q1
g
is proportional to ⌦1, but other relationships could easily be implemented.

Code used for the analyses in this study is available as a public repository at https://github.com/

johnerich/outlet-glac-forcing. Output from the flowline model is available upon request.
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M., Noël, B., Van Den Broeke, M., Stearns, L. A., Shroyer, E. L., Sutherland, D. A., and

Nash, J. D. (2017). Inland thinning on the Greenland ice sheet controlled by outlet glacier

geometry. Nat. Geosci., 10(5):366–369.

Glen, J. W. (1955). The creep of polycrystalline ice. Proc. R. Soc. London. Ser. A. Math.

Phys. Sci., 228(1175):519–538.

Goelzer, H., Nowicki, S., Edwards, T., Beckley, M., Abe-Ouchi, A., Aschwanden, A., Calov,

R., Gagliardini, O., Gillet-Chaulet, F., Golledge, N. R., Gregory, J., Greve, R., Humbert,

A., Huybrechts, P., Kennedy, J. H., Larour, E., Lipscomb, W. H., Le clec&apos;h, S.,

Lee, V., Morlighem, M., Pattyn, F., Payne, A. J., Rodehacke, C., Rückamp, M., Saito, F.,

Schlegel, N., Seroussi, H., Shepherd, A., Sun, S., van de Wal, R., and Ziemen, F. A. (2018).

Design and results of the ice sheet model initialisation experiments initMIP-Greenland:

an ISMIP6 intercomparison. The Cryosphere, 12(4):1433–1460.

Goldberg, D. N., Heimbach, P., Joughin, I., and Smith, B. (2015). Committed retreat of

Smith, Pope, and Kohler Glaciers over the next 30 years inferred by transient model

calibration. The Cryosphere, 9(6):2429–2446.

Gwyther, D. E., O’Kane, T. J., Galton-Fenzi, B. K., Monselesan, D. P., and Greenbaum,

J. S. (2018). Intrinsic processes drive variability in basal melting of the Totten Glacier Ice

Shelf. Nat. Commun., 9(1).

Hansen, J., Russell, G., Lacis, A., Fung, I., Rind, D., and Stone, P. (1985). Climate response

times: Dependence on climate sensitivity and ocean mixing. Science, 229(4716):857–859.



167

Haselo↵, M. and Sergienko, O. V. (2018). The e↵ect of buttressing on grounding line dy-

namics. J. Glaciol., 64(245):417–431.

Hasselmann, K. (1976). Stochastic climate models Part I. Theory. Tellus, 28(6):473–485.

Held, I. M. (2005). The gap between simulation and understanding in climate modeling.

Bull. Amer. Meteorol. Soc., 86(11):1609–1614.

Howat, I. M., Joughin, I., Fahnestock, M., Smith, B. E., and Scambos, T. A. (2008). Syn-

chronous retreat and acceleration of southeast Greenland outlet glaciers 2000-06: Ice dy-

namics and coupling to climate. J. Glaciol., 54(187):646–660.

Huybers, P. and Curry, W. (2006). Links between annual, Milankovitch and continuum

temperature variability. Nature, 441(7091):329–332.

IPCC (2013). Climate Change 2013: The Physical Science Basis. Contribution of Work-

ing Group I to the Fifth Assessment Report of the Intergovernmental Panel on Climate

Change. Technical report, Cambridge.

Jenkins, A., Dutrieux, P., Jacobs, S., Steig, E. J., Gudmundsson, G. H., Smith, J., and

Heywood, K. J. (2016). Decadal ocean forcing and Antarctic Ice Sheet response: lessons

from the Amundsen Sea. Oceanography, 29(4):106–117.

Jenkins, A., Shoosmith, D., Dutrieux, P., Jacobs, S., Kim, T. W., Lee, S. H., Ha, H. K., and

Stammerjohn, S. (2018). West Antarctic Ice Sheet retreat in the Amundsen Sea driven by

decadal oceanic variability. Nat. Geosci., 11(10):733–738.
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Chapter 6

CONCLUSIONS AND OUTLOOK

6.1 Synthesis and Conclusions

Within the overall focus on glacier changes over time, the studies in this dissertation trace

a progression of timescales: Chapter 2 focused on interannual variability and decadal trends

in mass balance; Chapters 3 and 4 focused on multidecadal response times in the context of

centennial warming trends; and Chapter 5 dealt with the interaction of multi-decadal and

millennial dynamics. The shorter timescales in Chapter 2 are related to its focus on mass

balance, which directly reflects the influence of short-term atmospheric variability. Chapters

3–5 focused more on the dynamic responses of glaciers, which operate on decadal to millennial

timescales, depending on the setting and geometry. These studies extended previous insights

that glacier geometry strongly controls transient ice dynamics. Together, Chapters 3–5 show

how these principles apply across the cryosphere, from small mountain glaciers to major

outlet glaciers.

This comparison is not intended to isolate glaciers into discrete silos in the frequency

domain based on their response times. On the contrary, the larger lesson is that processes on

a broad continuum of timescales a↵ect the interactions of glaciers and climate. Interpreting

temporal observations or making projections of glacier change ultimately means analyzing a

timeseries or generating one. And in order to reach reliable conclusions in either case, one

must think not only on the timescale of the record or projection in question, but also on

shorter and longer timescales. My analyses adapted recently-developed tools and models in

a way that can help us incorporate these shorter and longer timescales into our thinking.

For example, a multi-decade memory dictates how a mountain glacier responds to short-term

variability in mass balance (i.e., the variability explored in Ch 2), as well as the century-scale
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anthropogenic warming trend. Chapters 3 and 4 show that the balance of these drivers varies

between glaciers, but can be understood through a few key parameters.

Investigating marine-terminating glaciers requires considering an even wider range of

timescales, due to the coupling of multidecadal and multi-millennial ice dynamics. As demon-

strated in Chapter 5, the “fast” elements of outlet glacier dynamics can already be responding

to observed climate variability and trends, but the very slow dynamics of interior ice require

that we also consider how a multi-decade record of observations, or a future projection, is

also a response to long-term climate history.

My hope is that this work contributes a framework of questions about geometry, climate

setting and history, and glacier memory, that can be adapted to given glacier(s) of interest.

6.2 Outlook for future research

The basic principles of climate variability and glacier memory leave much territory yet to

explore. The outcomes of my research indicate several directions for future research. A major,

encompassing challenge in glacier and ice sheet modeling is scaling up model experiments and

simulations to broader spatial and temporal scales. For mountain glaciers, there is a growing

e↵ort to simulate large populations of individual glaciers for sea-level-rise or hydrological

projections, and a number of global-scale models have now been introduced (e.g., Hock et al.,

2019, and references therein). Among these models there is a wide variety of approaches

for representing glacier dynamics, mass balance, and extrapolating constraints from the

relatively small fraction of glaciers with direct observations. Chapter 4 of this dissertation

highlighted some of the basic challenges for accurately simulating the transient response

for a wide range of glaciers within a population. However, the principles investigated here

could also be used to evaluate the implications of di↵erent model assumptions, and help

correct inconsistencies. For example, a model’s initial condition, by construction, implicitly

incorporates the prior climate history and the glacier’s disequilibrium (or lack thereof). This

assumption directly a↵ects the modeled glacier evolution. The analyses in Chapters 3 and

4 provide a framework for evaluating and di↵erentiating the disequilibrium of individual
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glaciers, which could be used to refine the initial conditions that the models must impose on

a broad population of glaciers. As these global models begin to incorporate more realistic ice

dynamics (e.g. Maussion et al., 2019; Zekollari et al., 2019), there are more elements of the

glacier state, and di↵erences between glaciers, that must be incorporated to give accurate

results. I hope that the analyses here may inform a productive dialogue between theoretical

understanding and the applied challenge of modeling hundreds of thousands of glaciers.

Challenges related to scale are also abundant in ice-sheet modeling, due to the large number

of outlet glaciers that drain ice sheets, and the disparity between observational timescales

and ice-sheet-response timescales. It is thus important to understand where to add detail to

a model experiment so as to maximize the additional insight or realism gained in the results.

A natural next step from my work on outlet glaciers is to compare the large-scale geometric

lens I used with the smaller geometric variations known to be important for the observed

behavior of individual outlet glaciers (e.g., Catania et al., 2018). Gradually adding geometric

complexity to model experiments, and identifying ensuing changes to the transient response,

would be a straightforward way to approach this.

Additionally, we know that internal climate variability poses challenges for understanding

observed or projected changes, especially on relatively short timescales. The presence of

geometric instabilities for outlet glaciers (e.g., retrograde slopes or overdeepenings in fjords)

introduces an additional challenge in the presence of climate variability. Instabilities amplify

uncertainties in the rate of future retreat (e.g., Robel et al., 2019), and also make it di�cult

to attribute an observed retreat to natural or anthropogenic causes. Our understanding

of past and future changes depends on a balance between uncertainties in climate forcing

and variability, and the constraints on glacier evolution we can identify based on glacier

geometry. Idealized experiments showing which parameters a↵ect this balance could yield

another contribution to linking local and large-scale processes.

Modelers always face a tradeo↵ between the spatio-temporal scope of an experiment,

and the details that it can resolve. Assimilating detailed oceanographic and geophysical

observations into models is an active research frontier. Continental-scale ice-sheet models
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are also beginning to resolve individual outlet glaciers over long timescales (e.g., Aschwanden

et al., 2019), though simplifications are still necessary. Simultaneous progress on both of these

fronts is important and necessary, though it will likely maintain a gap between the processes

that models represent in detailed, local-scale simulations, versus at the scale of the whole ice

sheet and on millennial timescales. Basic computational constraints exist when expanding

the scale of simulations, and designing ever-more complex experiments also challenges our

ability to understand all aspects of the model results. It remains to be seen whether improved

observations and modeling tools will narrow or widen the gaps between local- and large-scale

modeling, but I expect that we will continue to need analytical bridges between developments

on both fronts. Idealized experiments using a combination of simple and complex models

can be one such bridge for building understanding.
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