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The end of Dennard scaling and demands for energy efficient, low power, and high density

computing solutions over the past decade has forced exploration of new computing technologies.

Stochastic computing is one of these alternative computing technologies which has enjoyed renewed

interest and is the primary focus of this dissertation. Stochastic computing is a form of approximate

computing which encodes values as probabilistic bitstreams where the ratio of 1s and 0s determines

the encoded value. This representation allows stochastic computing to achieve lower operating

power, higher computational density, and better error resilience compared to conventional binary-

encoded circuits. In its current form, stochastic computing presents a number of challenges before

it can become a practical replacement for conventional binary-encoded computing. First, there is

little prior work detailing design methodologies to guide effective implementation and integration of

stochastic computing into accelerator architectures. Second, the application space where stochastic

computing yields compelling gains is far from obvious and has only seen limited exploration. Third,

stochastic arithmetic circuits are unintuitive to design because they require careful consideration of

correlation and quantization effects.

This thesis focuses on new circuit components, applications, architectural considerations, and

design techniques to improve the practicality of stochastic computing accelerators. I first propose

novel stochastic circuits to improve the accuracy of stochastic computations and augment the range

of implementable functions. I then evaluate the viability of stochastic computing with a design



space exploration of end-to-end stochastic computing accelerator architectures. In this exploration, I

evaluate under what design parameters and conditions stochastic computing accelerators are compet-

itive alternatives to their binary-encoded counterparts. Using these guidelines, I use these results to

establish a set of architecture design guidelines to help designers identify when and why they should

consider stochastic computing. I then evaluate codesign opportunities and empirically measuring

power, area, and energy efficiency for emerging applications. I also propose borrowing techniques

from program synthesis such as stochastic synthesis and mixed integer linear programming to

automatically synthesize novel stochastic circuits. Finally, I conclude with future directions for

further improving the practicality of stochastic computing as well as additional research directions

beyond stochastic computing.
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Chapter 1

INTRODUCTION

Stochastic computing (SC) is an approximate computing technique which in recent years has

witnessed a resurgence in interest as an alternative to conventional binary-encoded computation.

This chapter presents motivation for stochastic computing and a preliminary outline of the practical

challenges for stochastic computation that will be addressed in this dissertation. It then summarizes

the primary contributions of this dissertation in the context of these key challenges.

1.1 Motivation

The computing landscape in recent decades has witnessed unprecedented challenges with the end

of Dennard scaling. Energy efficiency and performance gains from smaller transistors sizes have

rapidly diminished to the point where they are no longer commonplace. This has left behind a

performance and energy efficiency gap which has forced innovation in specialized computing and

alternative computing techniques. At the same time, emerging applications across a wide range of

domains continue to demand increasing compute, memory, and storage resources. These include

applications from traditional domains like multimedia and signal processing to rapidly maturing

spaces such as artificial intelligence, computer vision, and genomics. While performance remains

the primary design consideration, other constraints in area and fabrication cost, power limitations,

and energy budgets have emerged as increasingly important design constraints. Embedded systems

in particular have continued to demand highly energy efficient computation with limited power and

area budgets to minimize overall device cost [68]. To satisfy these new design constraints, computing

technologies have rapidly diversified to encompass new computing architecture, techniques, and

encodings to bridge the widening gap between application demands and the capabilities of existing

silicon.
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Stochastic computing is one such technique which promises better power, area, energy efficiency,

and error resilience and is the subject of this dissertation. Stochastic computing is a form of

approximate or inexact computing which trades computation accuracy for improved power, area,

energy efficiency, and error resilience. Unlike conventional binary-encoded arithmetic, stochastic

computing encodes values as a time series of 1s and 0s where the number of 1s and 0s, and

length of the bitstream determines the encoded value. The encoded value is calculated as the total

weight of the bits in the bitstream divided by the total length. For instance, a stochastic bitstream

X = 10101010 encodes the value pX = 0.5. This is because each offset is weighted at face value

(i.e., 1s are weighted as 1 and 0s are weighted as 0) and the bitstream length is 8. The encoded value

is calculated as 1
N

∑N
i=0 X[i] where X[i] denotes the ith index of the bitstream.

Stochastic computing is a promising technique because it offers compact and low power imple-

mentations of arithmetic operations. In stochastic computing, a multiplication is implemented as a

single two-input AND gate (Figure 1.1). Given two bitstreams X = 10101010 and Y = 00111111

with values pX = 0.5 and pY = 0.75 respectively, the resulting output bitstream Z = 00101010

with value pZ = 0.375 encodes the product of the input bitstreams. Unlike conventional binary-

encoded arithmetic, the stochastic multiplier operates on a 1-bit datapath which results in a smaller

and lower power circuit. The key tradeoff is longer run time because of the time-multiplexed

encoding. In addition, the stochastic multiplier requires the input bitstreams to be uncorrelated (i.e.

p(X ∧ Y) = p(X)p(Y)) otherwise the multiplication results in errors. This correlation consideration

is one of the key design challenges in stochastic computing and is a potential source of many errors.

While the stochastic computing literature dates back to the 1960s [38], it has yet to become a

practical replacement for binary-encoded computation. In this dissertation, I present new circuit

components, architectural considerations, application codesign, and automated synthesis techniques

to improve the practicality of stochastic computing.

1.2 Practicality Challenges for Stochastic Computing

Stochastic computing faces a number of challenges to resolve before it can become a practical

alternative to conventional binary-encoded computation.
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pZ = pX×pY

 Z = 0100_0101 (pZ = 3/8)

X = 0101_0101 (pX =4/8)

Y = 1110_0111 (pY = 6/8)

Figure 1.1: A stochastic multiplier implemented as a two-input AND gate.

The key primary challenges for stochastic computing are three-fold:

1. Understanding the tradeoffs, and when and why stochastic computing can provide compelling

performance, area, power, and energy efficiency gains.

2. Designing new stochastic circuit components to augment the range of computation that

stochastic computing can support and to improve the accuracy of existing stochastic opera-

tions.

3. Identifying application domains and codesign strategies to maximize power, area, and energy

efficiency gains of stochastic computing and minimize application accuracy losses.

While there have been many advances in circuit implementation techniques for stochastic

computing, there are few unifying guidelines for when applications should leverage stochastic

computing. This is especially apparent when trying to quantify the energy efficiency advantages

of stochastic computing accelerators against binary-encoded ones. In particular, there has been

comparatively little work understanding when and why end-to-end stochastic computing accelerators

can achieve compelling energy efficiency gains. Thus, a key challenge is understanding the design

space and parameters under which stochastic computing accelerators are more energy efficient than

binary-encoded accelerators. Establishing such guidelines is critical to facilitate general adoption of

stochastic computing in accelerator architectures.
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Stochastic computing is limited in the arithmetic operations that it can implement accurately.

Accurate implementations of arithmetic operations in stochastic computing are not available for

all arithmetic operations which restricts the space of applications that can be supported. As a

result, identifying and designing new stochastic circuits for previously unrealized functionality is

important. This in turn also improves the practicality of stochastic circuits since the augmented

range of functionality enables support for new application domains or improves the accuracy of

existing ones. However, the design of new stochastic circuits and accelerator architectures has

historically been a challenging and arcane design problem. The primary design challenge when

engineering stochastic circuits lies in the fact that designers must properly engineer and consider

correlation effects. These correlation considerations significantly complicate the design process of

stochastic circuits because they are unintuitive. While there exist a number of automated design

methodologies for synthesizing specific classes of stochastic circuits such as polynomial evaluation,

there are no general methodologies for designing arbitrary stochastic circuits.

The third key challenge is identifying applications and codesign strategies to maximize power,

area, and energy efficiency gains of stochastic computing accelerators. Prior work has demonstrated

the utility of stochastic computing for applications such as low density parity checks, image process-

ing, and signal processing. Despite progress in these application domains, there remains a large set

of emerging applications where the power, area, and energy efficiency gains of stochastic computing

are not well known. Identifying additional application domains and codesign opportunities where

stochastic computing can yield compelling power, area, and energy efficiency gains would improve

the practicality of stochastic computing.

1.3 Summary of This Dissertation

This dissertation focuses on improving the practicality of stochastic computation by addressing the

challenges outlined in the previous section. In Chapter 2, I start with basic definitions, a background

of stochastic computing, a summary of the basic tradeoffs in stochastic computing, and definitions

of stochastic circuit properties.
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Chapter 3 presents a set of novel stochastic circuits to improve that implementation cost and

accuracy of stochastic computation. I first present a novel correlation insensitive adder design which

improves the accuracy of the conventional stochastic adder. Next, I present an improved multiplier

design which uses more accurate random number generator combinations to yield more accurate

multiplication. Finally, I present a new set of correlation manipulating circuits which can be used

to improve the accuracy of arithmetic circuits by injecting correlation between two bitstreams.

Together these novel circuits dramatically improve the tradeoffs of stochastic arithmetic operations.

Chapter 4 focuses on comparing the energy efficiency tradeoffs and gains of stochastic computing

accelerators against binary-encoded ones with a design space exploration. Through this design

space exploration, I find that individual stochastic computing operations are not necessarily more

energy efficient, lower power, and higher density per operation than binary-encoded ones. Despite

this negative result, I find that after considering end-to-end accelerator architecture overheads

stochastic computing accelerators can still achieve reasonable energy efficiency gains over binary-

encoded ones. I then provide a set of architectural design guidelines to help facilitate the process

of identifying when an application may be compatible with stochastic computing and achieves

compelling energy efficiency gains.

Chapter 5 evaluates a set of emerging applications based on the application guidelines identified

in Chapter 4. I evaluate three sets of applications - similarity search, support vectors machines,

and neural networks - and identify codesign opportunities for each case study. In each case, I

evaluate the viability of the application by exploring codesign opportunities and comparing them

against binary-encoded accelerators to gauge practicality. In the case of neural networks, I evaluate

hybrid stochastic and binary-encoded accelerator implementations where neural network layers

are partitioned between stochastic and binary-encoded operating domains. Furthermore, I show

that retraining the model based on the error models of stochastic computing can provide superior

application accuracy over models that are not retrained.

Chapter 6 introduces novel design techniques for stochastic circuits to automate the design

burden of identifying and engineering new stochastic circuits. I first introduce a general technique

for designing new stochastic circuits using stochastic synthesis. I show that unlike previous design
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methods in stochastic computing, stochastic synthesis is not limited to any particular class of circuits

but trades off scalability; the technique is limited to synthesizing smaller circuits. In lieu of an

exact solution, I show that stochastic synthesis can also identify circuits which realize reasonable

approximations of functions that may not have an exactly accurate solution. I then introduce a

new technique using mixed integer linear programming to synthesize optimally correlated number

sequences that can be used to improve the accuracy of stochastic arithmetic circuits. I show that this

technique can be used to improve the accuracy of operations such as multiplication and squaring.

Finally, I briefly outline how the stochastic synthesis and integer linear programming formulation

can be combined to synthesize new stochastic circuits for future work.

Finally, Chapter 7 outlines immediate future directions to enhance the practicality of stochastic

computing. I first explore the need for reconfigurability to enhance the practicality of stochastic

computing accelerators. I also highlight potential avenues of exploration in alternative computing

substrates to change the calculus in favor of stochastic computing. Finally, I outline future directions

towards generalizing the stochastic computing paradigm and how this dissertation can be leveraged

for such work.
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Chapter 2

BACKGROUND ON STOCHASTIC COMPUTING

Stochastic computing (SC) is a half-century old technique that relies on unary encoded bitstreams

to encode values and a small number of elementary logic gates to perform arithmetic operations [38,

85]. In recent years, stochastic computing has enjoyed renewed interest as an alternative computing

technique to binary-encoded (BE) computation. In this chapter, I provide background on stochastic

computing, summarize the design tradeoffs, and explore the properties of stochastic computing

circuits.

2.1 Stochastic Computing Basics

Stochastic computing (SC) uses unary bitstreams (time series of 1s and 0s) to represent values. The

value of a bitstream is encoded by the number of 1s and 0s, and the precision is determined by the

bitstream length N. Stochastic bitstreams are often referred to as stochastic numbers (SNs) and

typically use either unipolar or bipolar encodings.

In unipolar-encoded SNs, 1s have a weight of +1 and 0s have a weight of 0. The encoded

value is the sum of each position in the SN divided by the SN length N, and is limited to the range

[0, 1]. For instance, the SN X = 01100001 has the value pX = 3/8 since there are three 1s and

the SN length is N = 8. Alternatively, bipolar encodings weight 1s as +1 and 0s as −1 allowing

them to encode both negative and positive values in the range [−1, +1]. For example, the same SN

X = 01100001 has the value pX = −1/4 under bipolar encodings.

The key strength of stochastic circuits is that they are extremely dense, low power, and error

tolerant. For instance, a stochastic multiplication can be implemented by a single two-input AND

gate (Fig. 2.1a) since, given two SNs X and Y with encoded values pX and pY respectively, the

bitstream Z = X&Y has value pZ = pX pY . Notice that the SNs X and Y are assumed to be



8

X = 01110111

pX = 0.750

Y = 11000000

pY = 0.250

R = 10100110

pR = 0.500

(D
e)

 M
u

x

1

0 Z = 11010001

pZ = 0.500

X = 01010101

pX = 0.500
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pZ = 0.375

pZ = pX × pY

(a)

pZ = 0.5(pX + pY)

(b)

Figure 2.1: Example operation of stochastic computing: (a) multiplication and (b) addition.

uncorrelated, otherwise the fidelity of the stochastic multiplication breaks down. Stochastic addition

is implemented using a multiplexor with input SN operands as the data inputs, and an uncorrelated

auxiliary SN R with value pR = 0.5 as the select signal. The stochastic adder effectively samples

each input SN with equal probability resulting in a scaled sum pZ = 0.5(pX + pY). An example of

stochastic addition is shown in Fig. 2.1b.

Notice that in SC, all bits have equal weight which means the equivalent fixed-point pre-

cision of a SN with length N is approximately log2(N) bits since it can represent the values

{0/N, 1/N, 2/N, ..., (N − 1)/N,N/N}. Consequently, the input and output SNs for all arithmetic

operations must have the same precision. This highlights one source of error in SC: quantization

errors due to precision reduction. For instance, consider stochastic addition which has a scale factor

of 0.5 in the resulting sum. This forces the output SN precision to be the same as the input SN

precision and as a byproduct drops the least significant bit of the true sum. As a result, quantization

errors can compound and severely reduce computation accuracy if not properly considered. One

way to mitigate against compounding quantization errors is to increase the SN length. This increases

the run time since SN length scales exponentially with increasing precision. An alternative solution

is to use higher precision conversion circuits such as accumulative parallel counters (APC) [108]

which can yield higher precision results by aggregating results over multiple streams. The APC

however forces a conversion between the SC and BE domain.
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To generate SNs, SC uses digital-to-stochastic (D/S) converters which takes a BE fixed-point

value x ∈ [0, 1], and a random integer value r ∈ [0, 1] produced by a random number generator

(RNG). At each clock cycle, the RNG value r is compared against x to produce the desired SN

with value pX = x. The choice of RNG is vitally important since correlated or uncorrelated RNGs

can be used to generate correlated or uncorrelated SNs respectively. To convert an SN back to the

BE domain, designers use a stochastic-to-digital (S/D) converter (Fig. 2.6f) which is implemented

as a counter that sums up each bit in the SN. These S/D converters, D/S converters, and RNGs

are overheads unique to operating in the stochastic domain. They are also much larger and use

more power than stochastic arithmetic circuits. However, these overheads can be amortized over

many stochastic operations by judiciously exploiting application data reuse and composing multiple

operations together (evaluated in Chapter 4).

A full end-to-end example of a stochastic multiplication for a bitstream length N = 8 is shown in

Figure 2.2. Values are first encoded into stochastic bitstreams (Figure 2.2a) using number generators

and D/S converters. Once bitstreams are generated, they are passed through stochastic arithmetic

circuits (Figure 2.2b). For downstream processing or storage, the stochastic bitstreams are then

converted back to BE values using an S/D converter (Figure 2.2c).

2.1.1 The Role of Correlation

Correlation between SNs is one of the principle sources of errors in SC. For instance, the stochastic

multiplier introduced earlier has an affinity for uncorrelated SNs, otherwise the assumption that

pZ = pX ∧ pY = pX pY does not hold and the computation results in errors. Correlation between

bitstreams is measured using the stochastic computing correlation (SCC) [6]. For two bitstreams X

and Y , the SCC is defined as.

SCC(X,Y) =


ad−bc

N×min(a+b,a+c)−(a+b)(a+c) ad > bc
ad−bc

(a+b)(a+c)−N×max(a−d,0) else
(2.1)

In this definition, a is the number of positions where X and Y are both 1, b is the number of

positions where X is 1 and Y is 0, c is the number of positions where X is 0 and Y is 1, and d
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Figure 2.2: End-to-end example of stochastic multiplication. (a) Values are converted to bitstreams.

(b) Bitstreams are passed through stochastic arithmetic units. (c) Bitstreams are converted back to

binary-encoded values.

is the number of positions where X and Y are both 0. A SCC = 0 means the SNs X and Y are

perfectly uncorrelated, while a SCC = +1 and SCC = −1 indicates maximal positive and negative

correlation respectively. Intuitively, maximally positively correlated bitstreams (SCC = +1) will

have almost all overlapping 1s (occurring on the same cycle) between the two bitstreams. On

the other hand, negatively correlated bitstreams (SCC = −1) will have few if any overlapping 1s

between the two bitstreams. Many circuits in SC have an optimal correlation under which they

operate most accurately. As a result, the closer the correlation of the input bitstreams are to the

optimal SCC, the more accurate the computation will be.

Managing and mitigating the impact of unwanted correlation between SNs is a key design

challenge in SC. There are three principle methods for controlling correlation in SC: (1) using

correlation insensitive circuits [13], (2) using correlation manipulating circuits [53], and (3) ju-

diciously selecting number sequences for SNGs. The first method - using correlation insensitive

circuits - relies on special variants of each arithmetic circuit which are immune to correlation levels.

Given two input SNs with values pX and pY , a correlation insensitive circuit will always yield

the same value f (pX, pY) regardless of the SCC between the SNs X and Y . One key drawback of
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correlation insensitive circuits is that not all operations in SC have correlation insensitive variants.

The known set of correlation insensitive circuits are also larger and consume more power than then

their equivalent correlation sensitive counterparts.

The second correlation engineering technique is to insert correlation manipulating circuits

between arithmetic operations. Correlation between SNs is often distorted over successive stochastic

computations. Unfortunately, the quantitative impact of how each stochastic arithmetic operation

changes the SN correlation with respect to other SNs is not well understood. As a result, it is

sometimes difficult or impractical to completely guarantee correlated or uncorrelated input SNs

across many operations. To mitigate against undesirable changes in correlation at intermediary

stages of stochastic computation, designers use correlation manipulating circuits. Correlation

manipulating circuits are a class of circuits that alter the correlation between two or more SNs.

The correlation levels are usually adjusted towards the desired correlation required for downstream

stochastic circuits.

Known correlation manipulating circuits include isolators [110], synchronizers, desynchronizers,

decorrelators [53], and regenerators [107]. Regenerators mitigate the impact of computation-induced

correlation by converting all SNs back to the BE domain using S/D converters and re-encoding the

converted values back to SNs using D/S converters [110]. This technique is known as regeneration

since it regenerates SNs to reset any correlation that may have existed or did not exist between SNs.

However, regeneration is expensive to execute since S/D converters and D/S converters consume

one to two orders of magnitude more power and area than stochastic arithmetic circuits. A smaller

and lower power alternative to regeneration is inserting isolators [110]. Isolators temporally shift

two SNs relative to each other which should reduce correlation if SNs are generated from truly

Bernoulli random processes. However, isolators do not modify the order of bits in a SN. As a result,

autocorrelation between bits in the SN is preserved which ultimately limits the impact on the overall

SCC.

The third correlation engineering technique is to judiciously select number sequences for SNGs.

Not all number sequence combinations achieve the same accuracy so it is important to choose

properly correlated number sequences or number sequences with favorable properties. Unfortunately,
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Figure 2.3: A stochastic number generator (SNG) is composed of a digital-to-stochastic (D/S)

converter and random number generator.

it is impractical to use distinct uncorrelated RNGs to generate all SNs since RNGs are significantly

larger and higher power than individual SC operations [42]. As a result, most stochastic computation

amortizes the cost of RNGs by using each RNG to generate many SNs. A key limitation of this

technique is that correlation between SNs can only be induced during D/S conversion. This is in

contrast to correlation manipulating circuits which can operate on intermediary SNs.

2.1.2 The Role of Random Number Generators

Random number generators are one of the key components in SC because they are used to generate

bitstreams with digital-to-stochastic converters (Figure 2.3). More importantly, they are one of

the primary means of engineering proper correlation between bitstreams. The choice of number

sequence generator across different bitstreams is a key design parameter which governs the fidelity

of the computation.

The number sequence that drives the random number generator (RNG) comes in several variants:

truly random, pseudorandom, and deterministic. Truly random number sequence generators are
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drawn from natural random noise source phenomena. Recent work has proposed used nanoscale

devices [116, 118] to realize practical implementations of truly random noise sources. Random

noise sources yield nondeterministic results since they yield different concrete SN results across

executions.

Pseudorandom number sequence generators rely on components like linear feedback shift

registers (LFSRs) to drive SN generation. LFSRs are attractive noise sources because they have

compact implementations. Deterministic number sequences on the other hand use preset, repeating

number sequences to generate SNs. Commonly used deterministic number sequences include low

discrepancy sequences such as Van der Corput, Halton [8], and Sobol [65] sequences which have

desirable correlation properties.

Random, pseudorandom, and deterministic number sequences each have their own strengths

and weaknesses. Random noise sources can often be less expensive to implement in terms of

power, area, and energy by exploiting naturally occurring sources of randomness. However, since

they are nondeterministic, circuits that use random noise sources on average have lower accuracy.

Deterministic number sequences are often significantly larger since they are implemented using

standard CMOS components. On the other hand, deterministic number sequences yield deterministic

computation results and allow better bounds on the computation error. As a result, many recent work

that target CMOS implementations uses deterministic number sequences to drive D/S conversions.

Unless otherwise noted, I will primarily use deterministic number sequences in my evaluations in

this dissertation.

2.1.3 Relative Ordering Invariance

The deterministic number sequences chosen to drive SNGs can be rotated or have number positions

swapped to yield equivalently correlated bitstreams and identical computation accuracy for combi-

national stochastic circuits. For instance, two number sequences S X = 0, 1, 2, 3 and S Y = 0, 3, 1, 2

would produce iso-accurate results as the number sequences S ′X = 3, 0, 1, 2 and S ′Y = 2, 0, 3, 1

(rotated versions). The number positions can also be swapped to obtain equivalently accurate results.

For instance, S ′′X = 0, 2, 1, 3 and S ′′Y = 0, 1, 3, 2 would also yield equivalently accurate results as
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the original number sequences. As long as the relative position of numbers between the number

sequences are preserved, the sequences produce iso-accurate results since correlation between the

number sequences is preserved.

More precisely, consider two arbitrary number sequences S X = {x0, x1, ..., xN−1} and S Y =

{y0, y1, ..., yN−1} of length N. Encoding the values x and y yields the bitstreams X = {x < x0, x <

x1, ..., x < xN−1} and Y = {y < y0, y < y1, ..., y < yN−1} respectively. Given a combinational stochastic

circuit, I can define a function h(x, y) which describes the circuit behavior and computes the output

bit given two input bits; note that this is only possible because there is no state. The output of the

stochastic circuit yields a bitstream Z = {h(x < x0, y < y0), ..., h(x < xN−1, y < yN−1)} which after

S/D conversion produces 1
N

∑N−1
n=0 h(x < xn, y < yn).

If S X and S Y are rotated by the same offset m, the resulting number sequences S ′X = {xm%N , x(m+1)%N , ..., x(m+N−1)%N}

and S ′Y = {ym%N , y(m+1)%N , ..., y(m+N−1)%N}. The key insight is that the same numbers in each sequence

after this transformation occur at the same offset. Swapping the positions of two numbers within the

number sequences has the same effect. As a result, the resulting bitstream is a rotated version of the

original output bitstream Z′ = {h(x < xm%N , y < ym%N), ..., h(x < xm+N−1%N , y < ym+N−1%N)}. Since

the S/D conversion is commutative, the encoded value of the output bitstream is equivalent to that

of the original computation. In other words, the resulting value 1
N

∑N−1
n=0 h(x < xn, y < yn) is agnostic

to the ordering and will still yield the same value.

I refer to this property as relative ordering invariance between two deterministic number

sequences which will become important when synthesizing number sequences (Section 6.2). Two

examples of this property are illustrated in Figure 2.4 where exploiting relative ordering invariance

yields two different instances of equivalently accurate multiplication. Notice that this property does

not hold for sequential circuits since state elements are sensitive to autocorrelation which is not

preserved under these transformations.

2.1.4 Error Tolerance

Stochastic computing encodings are more error tolerant than binary-encodings. Unlike binary-

encodings, the stochastic encoding is redundant in that multiple unique SNs can map to the same
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Figure 2.4: Relative ordering invariance of number sequences allows (a) the original set of number

sequences (b) to be rotated or (c) swap number positions to yield equivalently accurate computation.
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Figure 2.5: Example of stochastic encoding error tolerance. A bit flip in a stochastic bitstream

impacts the encoded value minimally. Bit flips may even cancel out.

value. For instance, the SN X = 01101100 and X′ = 1111000 both have an encoded value of 0.5.

This redundant encoding enables better error tolerance against bit flips in the computation.

Bit flips in the encoding only distort the encoded value minimally since all bits have equal

weight. In binary-encodings, a bit flip could alter the encoded value by up to half the range of the

encoding. Furthermore, bit flips in stochastic encodings may even cancel out (e.g. a 0-to-1 bit flip

and a 1-to-0 bit flip occur) regardless of where the bit flips occur in the bitstream. This is in contrast

to BE values where bits carry different weights which makes this self-correcting bit flip behavior

significantly less likely.

The inherent error tolerance is best illustrated with an example. Figure 2.5 shows the impact of

individual bit flips on the encoded value in SC for a bitstream length N = 8. The first bit flip in this

example is a 0-to-1 error which increases the encoded value pX = 0.500 by 0.125 to pX = 0.625.

Notice that regardless of whether the error is a 0-to-1 or 1-to-0 error, the worst-case absolute error

than can occur from a single bit flip is 1/N = 0.125. The second bit flip that occurs is a 1-to-0 error

which decreases the new encoded value pX = 0.625 back to its original value pX = 0.500. Notice

that the resulting bitstream is a redundant instance of the original bitstream and encodes the same

value.
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2.2 Properties of Stochastic Computing Circuits

Unlike conventional BE computation, SC has a diverse set of circuit properties. Each property yields

different accuracy, energy, power, area, and throughput tradeoffs. To better understand the tradeoffs

offered by each property, this section provides a taxonomization of known stochastic arithmetic

circuits. The full taxonomy summarizing existing stochastic circuits is shown in Table A.1.

2.2.1 Correlation Affinity

Managing and manipulating correlation between SNs in stochastic computation is critical for

producing accurate results. Figure 2.6 shows a subset of known arithmetic correlation sensitive

circuits. Note how some stochastic operations are more accurate when their input SNs are correlated.

As previously defined, the correlation between two SNs X and Y are quantified using the stochastic

computing correlation (SCC) defined in [6]. I define the correlation conditions under which a

particular arithmetic unit yields most accurate results as the correlation affinity. A correlation

affinity for uncorrelated (0) inputs means the stochastic circuit functions most accurately with

uncorrelated input bitstreams. Similarly, a correlation affinity of positive (+) or negative (−)

expresses that the stochastic circuit works most accurately when input bitstreams are positively or

negatively correlated respectively. Stochastic circuits can also be correlation insensitive (*) if they

are iso-accurate under arbitrary correlation levels. Figure 2.6 shows several stochastic circuits and

their correlation affinities from prior work.

2.2.2 Exact Computation

In conventional stochastic circuit operation, the input precision and output precision are always

the same since the input and output SN lengths must be the same. As a result, operations such as

multiplication where the true result requires higher output precision than input precision cannot by

implemented without some loss in accuracy. In other words, these operations cannot be implemented
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Figure 2.6: Correlation sensitive stochastic circuits and converter units: (a) scaled addition, (b)

saturating addition, (c) subtraction, (d) multiplication, (e) division, (f) S/D converter, and (g) D/S

converter.
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exactly in conventional stochastic circuit operation.1 There do exist a handful of stochastic circuits

which yield exactly correct results (no accuracy loss). For instance, the subtractor proposed in [6]

implemented using a two-input XOR gate produces exact results when input SNs are positively

correlated. I classify such functional units which can yield completely accurate results under proper

correlation conditions as exact. Functional units which are exact are desirable because they do

not compromise accuracy. Unfortunately, exact implementations do not exist for all stochastic

operations.

2.2.3 Quantization Error and Direction

Unlike BE circuits, many stochastic circuits suffer from quantization errors across successive

arithmetic operations. In SC, the input precision of a functional unit is the same as the output

precision of the functional unit since the input and output SNs must be of the same length. As a

result, any computation which requires higher output precision than input precision suffers from

quantization errors. Most quantization errors in SC truncate the lower bits of the true result. I

classify these stochastic circuits as most significant bit (MSB) preserving. For instance, stochastic

multiplication is an example of a MSB preserving circuit since the result only maintains the high

bits of the true result. There are a few instances where SC truncates the higher bits of the true result.

I classify these computations as least significant bit (LSB) preserving. An example of this is the

saturating addition proposed in [6].

Quantization errors are a familiar challenge to the approximate computing design space [72, 73].

One way to mitigate the impact of forced quantization errors is to increase the precision by increasing

the length of the SN. In SC, increasing the SN length trades accuracy for run time and energy

efficiency. In addition, every extra bit of operating precision in SC doubles the SN length. This

results in the unfavorable run time and energy efficiency scaling behavior with higher operating

precision. As a result, to maximize energy efficiency in SC, it is desirable to use the minimum viable

arithmetic precision or SN length since this yields shorter run times and better energy efficiency.

1Higher operating precisions can be constructed by executing a lower operating precision circuit multiple times and
aggregating the result.
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2.2.4 Progressive Precision and Pseudostochastic Functional Units

Many stochastic circuits have the unique property in that different operating precisions can be

implemented with the same functional unit implementation. Recall that BE functional units require

wider or narrower datapaths to support arithmetic at different precisions. In SC, it is possible to use

the same functional unit but change the length of the SN or run time to realize different precisions.

For instance, the same two-input AND gate used for stochastic multiplication generalizes to arbitrary

SN length since, given two SNs X and Y , the product Z will always be pZ = pX pY . This property is

known as progressive precision since the circuit implementation generalizes to arbitrary SN length.

Circuits with the progressive precision property are desirable because they enable the flexibility of

operating at different precisions as application demands vary without incurring additional power or

area cost.

A handful of functional units use BE elements such as counters or integrators into their im-

plementation. As a result, they are not true SC elements since a component of the functional unit

operates in the BE regime. The distinction is important because the BE elements make the overall

functional unit larger as the power and area of these BE elements scale with operating precision.

These BE elements are also not as error resilient because they employ BE values. Having these BE

elements also disqualify these functional units from having progressive precision since they require

different width BE elements to support different operating precisions. True stochastic circuits where

the same implementation generalizes across operating precisions have constant power and area. I

classify stochastic circuits which employ BE elements as pseudostochastic functional units since

they require components that operate in both the stochastic and BE domains. An example of a

pseudostochastic element is the stochastic maximum proposed in [88] which requires several BE

counters that scale with each bit of operating precision. Conversion units such as the S/D converter,

D/S converter, and accumulative parallel counter [108] are also pseudostochastic since they convert

between stochastic and BE values or vice versa. These operations necessarily require both stochastic

and BE elements.
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Figure 2.7: Stochastic adder variants: (a) original scaled adder, (b) correlation insensitive scaled

adder, and (c) saturating adder.

2.2.5 Discrepancy Sensitivity

The discrepancy of a SN is defined as the deviation of the value of a continuous subset of a SN from

the actual SN value [8]. Intuitively, the discrepancy of a SN is a measure of how evenly distributed

1s and 0s are throughout the SN. For instance, a SN X = 10101010 (pX = 0.5) has low discrepancy

because a continuous subset of the SN A = 01 (pA = 0.5), B = 1010 (pB = 0.5) or C = 10101

(pC = 0.6) does not deviate significantly from the SN value pX = 0.5. However, a SN Y = 11110000

has higher discrepancy because certain continuous subsets of the SN can deviate significantly from

the SN value such as D = 1111(pD = 1.0), E = 000(pE = 0.0), F = 1000(pF = 0.25). The

discrepancy of a SN is important as it can impact the accuracy of the computation and behavior

of progressive precision. For instance, two SNs can be uncorrelated but individually have high

discrepancy. An example of this is the multiplier proposed in [54] using a high discrepancy ramp

sequence and low discrepancy Van der Corput sequence as RNGs. Unfortunately, there are no

formal methodologies for determining whether a functional unit is discrepancy sensitive other

than enumerating its functionality. As a result, I define discrepancy sensitivity as the property

that the circuit accuracy changes with the discrepancy of the individual operands. Correlation and

discrepancy sensitivity are not orthogonal but the exact relationship is not well understood and

requires additional work to reconcile in SC.
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Table 2.1: Summary of stochastic circuit properties and their impact on stochastic computing’s

tradeoffs when properly exploited.

Property Values Description

Correlation

Affinity

positive (+), negative

(−), uncorrelated (0), ag-

nostic (∗), autocorrelated

(+†), not autocorrelated

(0†)

The optimal correlation of input SNs under which func-

tional unit has least average accuracy error. Improves

accuracy.

Quantization MSB, LSB, None The bits that are preserved when the precision of the

true output is higher than the input. Reduces accuracy.

Progressive

Precision

Yes (3), No (7) Functional unit implementation generalizes to all SN

lengths without modification.

Correlation

Manipulating

Yes (3), No (7) Functional unit’s primary purpose is altering correla-

tion between SNs or autocorrelation of an SN. Im-

proves accuracy. Reduces energy efficiency.

Multifunctional Yes (3), No (7) Functional unit can implement different functionality

under different input SN correlation conditions.

Exact Yes (3), No (7) Functional unit achieves no arithmetic accuracy loss

from true value under optimal input SN correlation

conditions. Improves accuracy.

Pseudostochastic Yes (3), No (7) Contains both stochastic and binary-encoded compo-

nents. Reduces power, area, and energy efficiency.

Discrepancy

Sensitive

Yes (3), No (7) Accuracy of functional unit under optimal correlation

conditions affects accuracy or efficacy of functional

unit. Reduces accuracy.

Encoding

Agnostic

Yes (3), No (7) Same functional unit implementation can be re-used

across unipolar and bipolar encodings.
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2.3 Definitions and Quantifying Metrics

Throughout this dissertation, I will evaluate and compare the accuracy, power, area, throughput, and

energy efficiency of stochastic circuits and accelerators. This section defines each of the metrics and

briefly justifies their utility.

2.3.1 Precision and Accuracy

I define precision as the number of representable values that are encodable and measured as bits of

precision. For instance, if a computation has 8-bit precision, the number of encodable values is 28

values. Conversely, a representation of a value which can encode N values has a precision of log2(N)

bits. In the context of SC, this means a bitstream with length N will have an effective precision of

log2(N) bits. Throughput this dissertation, I will make iso-precision comparisons between stochastic

and binary-encoded computation.

To measure the accuracy of a given computation f (x), I define error as the distance between the

floating point computation value f ′(x) and f (x). In this dissertation, I will use average absolute error,

mean squared error (MSE), and peak signal-to-noise ratio (PSNR). For stochastic computations,

I will measure the error over all possible input combinations for a particular arithmetic circuit.

For instance, given a two-input stochastic circuit which implements some function f (px, py) using

bitstream length N, the accuracy of the circuit can be evaluated using the average absolute error over

(Equation 2.2) or the mean squared error (Equation 2.3) over all possible combinations of px and py:

1
(N + 1)2

N∑
n=0

N∑
m=0

| f (n/N,m/N) − f ′(n/N,m/N)| (2.2)

1
(N + 1)2

N∑
n=0

N∑
m=0

( f (n/N,m/N) − f ′(n/N,m/N))2 (2.3)

PSNR on the other hand is defined as:

PS NR = 20 log(MAXI) − 10 log(MS E)

where MAXI is defined as the max intensity value.
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2.3.2 Power and Area

In embedded settings, a large power supply may not be readily available which limits the operating

power. As a result, power consumption is an important quantity which can govern the viability of

an accelerator design. In addition, accelerator designs which require substantial silicon area quickly

become expensive to fabricate since area roughly correlates to the cost of ASIC fabrication. Thus,

the total area of a design is also an important quantity that loosely informs economical viability. For

evaluations going forward, I will report the total power and area estimates but also rely on other

normalized metrics discussed next.

2.3.3 Energy Efficiency

Energy efficiency is a throughput-normalized metric which is agnostic to variations in run time and

operating power. Energy efficiency is defined as the units of work accomplished per unit of energy

and is often reported in Joules per unit of work. Since accelerator designs may be of dramatically

different sizes, comparing their raw throughput may be of limited utility. For instance, consider

two accelerators: (1) an accelerator A which performs 1 unit of work per second while operating

at 1 Watt and (2) an accelerator B that performs 10 units of work per second while operating at

100 Watts. Accelerator B is clearly faster because it performs more work per second but uses more

energy per unit of work (i.e. 10 units of work / s expends 100 J / s so energy efficiency is 10 J / unit

of work). In contrast, accelerator A is more energy efficient since it only requires 1 J per unit of

work.

Since many embedded systems operate on battery units, energy budgets are often a limiting

factor that govern the available computation capabilities of these systems. Thus, in many embedded

systems, achieving maximal energy efficiency is a key design consideration in order to maximize

operating durations. For my evaluations, I will use energy efficiency to provide a normalized

comparison of stochastic circuits again BE ones since each may have different operating power and

run times.
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2.3.4 Area-Normalized Throughput

To measure throughput, I use area-normalized throughput which is agnostic to variations in total

accelerator area and run time. Area-normalized throughput is a measure of work per second per unit

area. Actual accelerators may have different numbers of cores or processing units which makes a

direct throughput comparison of limited utility. Area-normalized throughput provides a metric of

how efficiently the silicon area is being utilized.

Area-normalized throughput is especially important when comparing SC against BE accelerators.

This is because stochastic accelerators will have dramatically different run times due to its time

multiplexed encoding and areas because of their high-density arithmetic units. As a result, area-

normalized comparisons are more informative and will complement direct area comparisons in my

evaluations going forward.

2.4 Summary of Challenges and Opportunities

Stochastic computing remains an emerging technology with significant design challenges that

require managing the competing influences of many design tradeoffs. A summary of the tradeoffs

outlined in this section is tabulated in Table 2.2. While stochastic circuits are usually smaller and

more power efficient, whether they are decisively more energy efficient than BE arithmetic is an

open question. This is because operations on stochastic circuits take more cycles to execute unlike

single cycle arithmetic operations.

Stochastic computing also presents opportunities to exploit that allow it to gain competitive

advantages over BE circuits. For instance, they are more error tolerant which allow them to operate

in potentially harsher error prone environments or save energy by reducing the operating voltage

while exploiting the encoding’s error tolerance. An empirical analysis of the extent to which error

tolerance can be exploited to improve energy is discussed in Section 4.3.

Finally, the accelerator design space of SC accelerators is not well explored and the design

points at which stochastic computing offers superior energy efficient, area, and throughput remains

an open question for many application domains. Furthermore, there are few studies which directly
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Table 2.2: Summary of tradeoffs in stochastic circuits relative to binary-encoded ones.

Quantity Tradeoff Reason

Throughput Lower Exponential longer bitstream lengths to increase precision

Density Higher 1-bit datapaths

Power Lower 1-bit datapaths

Accuracy Usually lower Quantization errors and correlation considerations

Error Resilience Higher Redundant encoding and bit flips only minimally change value

Energy Efficiency Sometimes Better Lower power but longer execution time

compare BE and SC, and expose the architectural tradeoffs to consider when building energy optimal

accelerators. A key challenge to performing these types of studies is the number of design parameters

which can be changed while maintaining an informative comparison. Since stochastic and binary-

encoded circuits do not have the same throughput, area, and power, they require normalized metrics

to provide a fair comparison between technologies. In the following chapters, I will explore and

evaluate the impact of these tradeoffs.
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Chapter 3

NOVEL STOCHASTIC CIRCUIT COMPONENTS

A key challenge with stochastic circuits are errors due to correlation or quantization which can

reduce accuracy compared to equivalent BE circuits operating at the same precision. Reducing errors

due to quantization effects is undesirable since this can only be achieved by increasing the bitstream

length exponentially with the target operating precision. However, there are many opportunities to

reduce errors due to correlation by improving the number generator sequences, injecting desirable

correlation, or using correlation insensitive stochastic circuits.

Improving the accuracy of stochastic circuits has immediate practical benefits since iso-accurate

computation with BE arithmetic can be done with shorter bitstreams. This ultimately improves

the throughput, run time, and energy efficiency of the computation. The accuracy of stochastic

circuits are typically improved in two ways: (1) a novel circuit design or (2) improved random

number generator sequences. In this chapter, I present both novel stochastic circuits and new number

sequence combinations to improve the accuracy of existing stochastic operations.

3.1 A New Adder Design

Addition is a ubiquitous arithmetic primitive which mandates an accurate solution to make most

applications viable. Recall that the input and output precision of stochastic circuits must be the

same so either the most significant or least significant bit of an addition is lost due to quantization.

As a result, there are two variants of addition: a MSB-preserving scaled addition proposed in [38]

which realizes f (pX, pY) = bN × pX+pY
2 c/N, and a LSB-preserving saturating addition proposed in [6]

which realizes f (pX, pY) = min(pX + pY , 1.0).

The conventional scaled addition is implemented as a two-input multiplexor where the auxiliary

select bit of the multiplexor is driven by a bitstream with value 0.5 that is uncorrelated with the
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other two inputs (Figure 3.1(a)). This effectively yields a circuit that randomly samples each

bitstream input with equal probability yielding the functionality f (pX, pY) = bN × pX+pY
2 c/N where

bxc denotes the floor function. In contrast, the saturating adder design (Figure 3.1(b)) requires

negatively correlated inputs. The key idea is to misalign as many bits in the input bitstreams as

possible (negatively correlated). This allows the bits to spread out across the bitstream maximally

so that the resulting value after the OR gate will encode the maximum number of 1s possible in the

output bitstream.

Both previous adder designs rely on properly correlated input bitstreams which cannot be

guaranteed in practical application settings where undesirable correlation may compound over

successive computations. To improve the accuracy of stochastic scaled addition, I evaluate a new

scaled stochastic addition circuit which is agnostic to correlation levels. The new scaled adder

design is shown in Figure 3.1(c) and is a modification of the multiplexor-based scaled adder. The

key difference is the addition of a T-flip-flop (TFF) which functions as a 1-bit saturating counter and

replaces the auxiliary input to always pass a bit when the counter saturates. Since the saturation

condition occurs only every two bits, the circuit achieves the desired scale factor of 2 and emits a

bitstream with a value that is exactly bN × pX+pY
2 c/N. This scaled addition yields the correct result

regardless of the correlation of the input bitstreams.

Note that a residual bit may end up saved in the TFF after computation has concluded (hence

the floor function). For instance, if the TFF is initialized to zero, the resulting computations on

average will yield negatively biased bitstreams because resulting bitstreams will round down (i.e. a

residual bit can remain in the TFF after computation). If the TFF is initialized to one, the resulting

computation will yield a positively biased bitstream value on average. In this case, the initialized

TFF will force the residual bit to round up during computation and yield the value dN × pX+pY
2 e/N.

To compare the accuracy of the correlation insensitive scaled adder with existing designs, I

exhaustively calculate the MSE as described in Subsection 2.3.1. Table 3.1 compares the accuracy

of the new proposed adder against existing adder designs using previous RNG combinations. In

terms of accuracy, the new design is optimally accurate because it will only ever yield results that
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Figure 3.1: Comparison of stochastic adder designs.

Table 3.1: MSE of new stochastic adder for different RNG combinations (lower is better).

Design X RNG Y RNG
MSE

N = 256

MSE

N = 16

Old Adder (Figure 3.1(a))

Random LFSR 3.24 × 10−4 5.55 × 10−3

Random TFF 5.49 × 10−4 5.49 × 10−3

LFSR TFF 1.06 × 10−4 2.66 × 10−3

New Adder (Figure 3.1(c)) Any Any 1.91 × 10−6 4.88 × 10−4

are off due to rounding issues. I show how this improve adder can be used to improve the accuracy

of applications in Section 5.3.

3.2 Improving Multiplier Accuracy

I now propose a more accurate stochastic multiplier by improving the RNG number sequence

combination. Previous work uses combinations of LFSRs and low discrepancy sequences to achieve

highly uncorrelated bitstreams in order to achieve accurate multiplication. In my work, I propose

using a ramp sequence [35] and Van der Corput sequence to drive the SN generation for the
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multiplier. A ramp sequence is the number sequence generated by a counter that increments by one

each cycle.

Table 3.2: MSE of stochastic multiplier for different RNG methods (lower is better).

X RNG Y RNG 8-bit MSE 4-bit MSE

LFSR Shifted LFSR 2.78 × 10−3 2.99 × 10−3

LFSR LFSR 2.57 × 10−4 1.60 × 10−3

Van der Corput Halton3 1.28 × 10−5 1.01 × 10−3

Van der Corput Ramp [35] 8.66 × 10−6 7.21 × 10−4

I compare the proposed configuration against several configurations of number generators which

have been used in prior work. The first configuration uses an LFSR of appropriate length with a

rotated version of itself. The second configuration uses two LFSRs with different tap configurations.

The third configuration uses a Van der Corput sequence combined with a Halton sequence with

base 3 which I will refer to as Halton3. For each configuration, I exhaustively evaluate all possible

input values and calculate the mean squared error over all cases.The accuracy results are shown in

Table 3.2.

Compared to the configurations in prior work, the new proposed configuration using a Van der

Corput and ramp sequence achieves better mean squared error. LFSR combinations due not yield

as accurate results because the sequences generated by rotated LFSRs or LFSRs with different tap

configurations still remain weakly correlated. I will later show how the more accurate multiplication

can be used to improve the overall application accuracy in the context of a neural network in

Section 5.3.

3.3 Correlation Manipulating Circuits

A common design challenge when designing multilevel stochastic computation logic is compounding

correlation levels across successive computations. In addition, many stochastic arithmetic circuits
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have optimal correlations under which they operate optimally under and yield significant errors

under other correlation conditions. To inject proper levels of correlation between bitstreams between

stochastic circuits, designers rely on correlation manipulating circuits. In this section, I propose

several new correlation manipulating circuits which can be used to inject correlation between two

bitstreams, and are less expensive to implement or more effective than prior techniques.

3.3.1 Synchronizer and Desynchronizer

Many stochastic circuits such as the subtractor require positively correlated input operands to operate

accurately while others such as the saturating adder require negatively correlated input operands

to operate accurately. Furthermore, these operations may occur after successive computations

where the correlation between SNs has been distorted by prior operations. Prior techniques such as

regeneration require expensive conversions and run time overheads to execute. Other correlation

manipulating circuits such as isolators are primarily used to engineer uncorrelated SNs. As a result,

there is an important need to provide correlation manipulating circuits that can inject positive or

negative correlation on existing SNs. In this section, I propose a new synchronizer circuit for

injecting positive correlation between SNs and a desynchronizer for injecting negative correlation

between SNs. I also show how the designs can be generalized and composed to improve their

efficacy, and how they can be used to improve the accuracy of existing SC operations.

The finite state machine specification for the synchronizer circuit design is shown in Figure 3.2(a).

Given two input SNs X and Y , the synchronizer produces two SNs X′ and Y ′ which are more

positively correlated and have the same value as the input SNs X and Y respectively. The key idea is

to dynamically pair up 1s and 0s from the two input streams as often as possible between the two

input SNs. When X and Y inputs are the same, the synchronizer simply passes them to the outputs.

If X and Y are different, the synchronizer “saves” the unpaired bit to be paired with a complement at

a later SN index. Pairing up bits as often as possible effectively induces positive correlation between

the two SNs.

The desynchronizer relies on a similar principle to increase negative correlation between two

input SNs (Figure 3.2(b)). Instead of trying to dynamically pair up bits, the desynchronizer
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Figure 3.2: Correlation inducing stochastic circuit designs: (a) synchronizer and (b) desynchronizer.

deliberately tries to unpair bits and emit as many unpaired bits as possible. To do this, when the X

and Y inputs are both 1 the desynchronizer saves one of the bits and passes the other. If the inputs

are both zero, it takes a saved bit if available and overrides one of the zeros. Finally, when input bits

are different, the desynchronizer simply passes them since they are already unpaired. By unpairing

as many bits as possible, the resulting SNs become negatively correlated.

To quantify their efficacy, I measure average SCC before and after each circuit, and the average

bias. Bias is defined as the average deviation in the output values from the input values. Ideally,

the bias should be zero since the circuits should only alter the SN correlation and not SN value.

Table 3.3 shows the initial and resulting SCCs, and average bias of result SNs for several RNG

configurations averaged over all possible input values.

To measure induced correlation, I deliberately choose RNGs that initialize input SNs to be

minimally correlated for the synchronizer and desynchronizer. I also provide one RNG configuration

where the inputs are initially positively correlated to test the desynchronizer. In general, I find that

the synchronizer and desynchronizer designs work well across all configurations. I also observe

stronger induced correlation when the input SNs have low discrepancy (i.e. generated with Halton

and VDC RNGs). The results also show that on average there is a slight negative bias in the resulting

SNs. This is due to saved bits getting “stuck” in the FSM at the end of the computation.
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Table 3.3: Average SN correlation before and after correlation manipulating circuits (N = 256).

Design
X

RNG

Y

RNG

Input

SCC

Output

SCC

X’

Bias

Y’

Bias

Synchronizer

(Figure 3.2(a))

VDC Halton -0.048 0.996 -0.001 -0.002

LFSR VDC -0.062 0.903 -0.002 -0.001

Halton Halton 0.984 0.992 -0.002 -0.002

Desynchronizer

(Figure 3.2(b))

VDC Halton -0.048 -0.981 -0.002 0

LFSR VDC -0.062 -0.788 -0.002 0

Halton Halton 0.984 -0.930 -0.003 0

Decorrelator

(Figure 3.3a)

LFSR LFSR 0.992 0.249 0.000 -0.004

VDC VDC 0.992 0.168 0.001 0.003

Halton Halton 0.984 0.067 0.001 0.002

Isolator

Insertion

LFSR LFSR 0.992 0.600 -0.002 0.000

VDC VDC 0.992 -0.637 -0.004 0.000

Halton Halton 0.984 -0.353 0.002 0.000

Tracking

Forecast

Memory [103]

LFSR LFSR 0.992 0.654 -0.014 -0.051

VDC VDC 0.992 0.779 0.246 0.363

Halton Halton 0.984 0.353 -0.005 -0.007

3.3.2 Decorrelator

I now introduce a decorrelator circuit which is designed to take two SNs and emit two less correlated

SNs. The decorrelator circuit is composed of two shuffle buffers (Figure 3.3b). A shuffle buffer is a

small memory which randomly replaces and emits bits. At each cycle, the shuffle buffer will either

pass the current input or store the current input and emit a previously stored input. The depth D of

the memory can be parametrized; intuitively, a deeper memory allows the shuffle buffer to scramble

bits across longer segments of the SN. To determine which bit to store and emit at a given cycle, the
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Figure 3.3: (a) Decorrelator design with (b) shuffle buffer depth D = 4.

decorrelator requires an auxiliary RNG input. To decorrelate two different SNs, I use two shuffle

buffers with different RNGs.

The efficacy of the decorrelator design for two SNs is shown in Table 3.3 for several correlated

RNG configurations. On average, I find that the decorrelator significantly reduces the correlation

between SN operands. To reduce bias errors, I initialize half of the buffer in the design to 1s and the

others to 0s so that on average fewer 1s from the input SNs will get “stuck” in the buffer. Like the

synchronizer and desynchronizer, decorrelator designs can be composed in series to further reduce

correlation. I also evaluate isolators and tracking forecast memories [103] for decorrelating SNs,

and find they are both less effective than the proposed decorrelator. Finally, the decorrelator is a

streaming unit which does not need to capture the entire SN before emitting the new SNs. This

is unlike regeneration where the entire bitstream must first be accumulated before reconstructing

a new SNs which effectively halves the throughput of regeneration compared to the decorrelator

circuit.

3.3.3 Generalized Designs and Composition

The synchronizer and desynchronizer designs can both be generalized or composed to improve the

strength of the induced correlation. To generalize these designs, the key idea is to extend the FSMs
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to save additional bits. For the synchronizer, this is equivalent to adding an equal number of states

to the left and right of the FSM to track how many bits from X and Y have been saved. For the

desynchronizer, I add additional FSM states and transitions to the FSM cycle to represent other

possible saved bit configurations. I refer to the number of bits that a synchronizer and desynchronizer

can save as the save depth D. The key idea is that by having a larger save depth, the designs will be

more resilient to runs of 1s and 0s which reduce their efficacy.

These extensions present their own challenges: for designs with large D, it is possible for the

saved bits to get “stuck” in the FSM before they can all be paired or unpaired. In adversarial

cases, this can result in larger biases from the original value if the saved bits in the FSM are not

emitted before the end of the SN. To mitigate this issue, one could add an optional FSM flush

functionality which requires keeping track of the current offset into the bitstream t. If the number of

remaining saved bits in the FSM is greater than or equal to t, it forces the FSM to emit the saved

bits regardless of saved state. However, these modifications require additional overheads and can

become tremendously expensive for large save depth D.

An alternative way to enhance correlation strength is to compose multiple synchronizers or

desynchronizers with minimal depth D = 1 together in series. Each synchronizer or desynchronizer

will improve the correlation albeit with diminishing returns. In the limit, output SNs will eventually

become maximally correlated. However, like the FSM extensions, it is still possible for residual bits

to remain in each FSM resulting in compounding bias errors. To address this issue, the FSMs can

be modified to start with a saved X or Y bit by adjusting the initial state.

3.3.4 Improved Maximum, Minimum, and Saturating Add

I now show how to improve stochastic arithmetic operations using the proposed correlation manip-

ulating circuits in the context of a maximum, minimum, and saturating addition. The improved

stochastic maximum combines the synchronizer design with an OR gate (Figure 3.4(a)) while

the stochastic minimum combines the synchronizer with an AND gate (Figure 3.4(b)). For the

stochastic maximum, the key insight is that for input SNs with maximal, positive correlation, the

larger SN will exactly mask the smaller SN when taking the OR of the two SNs. The OR gate will
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Figure 3.4: Improved stochastic circuits: (a) maximum, (b) minimum, and (c) saturating add.

also propagate any extra 1s in the larger SN. If input SNs are not positively correlated, the resulting

SN will be less accurate and have a value strictly greater than or equal to the larger input SN. Thus,

I use the new synchronizer design to induce positive correlation between the two input SNs before

feeding the them to the OR gate.

A similar concept is used to calculate the minimum between two SNs. Instead of an OR gate, I

use an AND gate to pass at most the maximum number of masked 1s between the SNs; this results

in a SN with the minimum value. Finally, I prepend a desynchronizer to the OR gate to improve the

stochastic saturating adder which requires negatively correlated inputs (Fig. 3.4c).

To evaluate accuracy, I exhaustively generate all possible inputs using two uncorrelated RNGs -

a VDC sequence and Halton31 - and report average absolute error. I also evaluate the design power,

area, energy, and accuracy across several maximum designs: (1) single OR gate, (2) the improved

synchronizer-based maximum, and (3) the correlation insensitive maximum (CI maximum) in [88].

For stochastic minimum, I compare (1) a single AND gate and (2) the synchronizer-based minimum.

Table 3.4 compares the improved synchronizer-based maximum and minimum against prior

work, and shows that the proposed designs are more accurate than just using an OR gate without

correlation manipulation. Compared to the correlation insensitive maximum, the synchronizer-based

design is 5.2× smaller and 11.6× more energy efficient with minimal accuracy loss. Using a deeper

save depth can improve accuracy but also increases power, area, and energy relative to other designs.

1Halton sequence with base 3
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As with many aspects of SC, this illustrates a design tradeoff: more accurate stochastic circuits are

larger and consume more energy. I also observe similar results for the synchronizer-based minimum

design.

Table 3.4: Average absolute error, bias, area, power, and energy for stochastic maximum and

minimum designs for N = 256.

Design Abs. Error Avg. Bias
Area

(µm2/op)

Power

(µW/op)

Energy

(pJ/op)

OR Max. 0.087 0.087 2.16 0.26 165

CI Max. 0.006 0.001 252.36 56.7 36288

Sync. Max. 0.003 0.003 48.6 4.89 3130

AND Min. 0.082 -0.082 2.16 0.25 158

Sync. Min. 0.005 0.005 45.0 8.38 5363

3.3.5 Improving Application Accuracy and Energy Efficiency

I evaluate the power, area, accuracy, and energy of a Gaussian blur (GB) followed by a Roberts cross

edge detector (ED) [14] stochastic accelerator for several configurations. This image processing

pipeline illustrates the role of correlation manipulation since the stochastic Gaussian blur requires

inputs to be uncorrelated while the edge detector requires positively correlated inputs. The proposed

accelerator architecture expects the input image to be tiled and processes each tile individually one

at a time. All outputs within each tile are computed in parallel before moving on to the next tile.

For this evaluation, I use a 10×10 input tile size.

I evaluate several stochastic accelerator variants: (1) an accelerator with no correlation manip-

ulating circuits between GB and ED, (2) an accelerator that uses regeneration between the GB

and ED, and (3) an accelerator that uses synchronizers to manipulate correlation between GB and

ED. For each design, I synthesize, place, and route each accelerator using a TSMC 65nm library
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with Synopsys Design Compiler, IC Compiler, and PrimeTime. For power measurements, I use

post-placement and route simulation using random traces to make measurements data agnostic. To

model quality, I use a cycle-level simulator which uses models that have been verified against RTL

simulation traces. I report accuracy in terms of the average absolute error of the SC result compared

to a floating-point baseline image.

Table 3.5: Image results for Gaussian Blur followed by Roberts Cross Edge Detector. Using

synchronizers is more energy efficient than using regeneration.

Design
Floating Point

(Baseline)

Stochastic No

Correlation

Correction

Stochastic Using

Regeneration

Stochastic Using

Synchronizer

Image

Result

Area – 24313 µm2 34802 µm2 36202 µm2

Energy – 1383 nJ/frame 1971 nJ/frame 1505 nJ/frame

Abs.

Error
0 0.076 0.019 0.020

Table 3.5 shows the quality, energy, and area results for the combined GB and ED accelerator. I

find that the image quality and average absolute error is markedly better when using regeneration or

synchronizers between image processing kernels than the results generated by the design without

correlation manipulating circuits. In terms of energy, the synchronizer-based design improves total

accelerator energy consumption by 24% over the design using regeneration. I also find the average

absolute error difference between the design using regeneration versus the new design is negligible.
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I also compare the overheads of synchronizer circuits and regeneration. To do this, I tabulate the

power break down for S/D converters, D/S converters, compute circuits, RNGs, and synchronizers.

I then aggregate the costs associated only with correlation manipulation. The two designs require

different numbers of S/D and S/D converters, and synchronizers to accomplish the same task. In

this case, the synchronizer-based design requires 2× more synchronizers than the number of S/D

and D/S converters used by regeneration. This is because synchronizers only induce correlation

between two SNs while using regeneration induces correlation between all SNs. Fortunately, for

many applications like the ED kernel, it is sufficient to induce correlation between pairs of SNs.

As a result, I find that the overhead of correlation manipulation using synchronizers is 3.0× more

energy efficient than when using regeneration.

3.4 Related Work

This is not the first work to exploit correlation manipulating circuits to improve the fidelity of

stochastic computation. Ting and Hayes [110] introduce an algorithm for placing isolator circuits to

decorrelate SNs. However, isolators are limited in that they only shift bits by a fixed offset and do

not scramble relative bit order. The decorrelator proposed in my work can scramble bit order across

larger segments of the SN. Tehrani et al. [103, 105] propose edge memories and tracking forecast

memories (TFM) for improving SN correlation in low-density parity-check (LDPC) decoding. Since

TFMs were designed specifically for LDPC decoding, they do not generalize as well as the new

decorrelator design. TFMs are also larger since portions of the TFM require BE arithmetic. Finally,

Parhi et al. [81] propose a technique for synthesizing correlated and uncorrelated SNs but do not

propose generic correlation manipulating circuits.

3.5 Summary

This chapter proposes new stochastic circuits and configurations to improve the implementation

efficiency of SC operations and improve the accuracy of existing stochastic circuits. Unlike BE

arithmetic, SC does not support all arithmetic operations equally and in some cases can restrict

the types of computations that can be accurately implemented. Improving the implementation cost
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of operations and capabilities of stochastic computation thus improves the practicality of SC by

enabling implementations of new applications. More precisely, new circuits can improve upon

existing arithmetic units by making them more accurate, more energy efficient, consume less power,

or reduce their size.

My work proposes several new circuits that improves the power, area, accuracy, and/or energy

of existing circuits. I first presented an improved stochastic adder which is correlation insensitive.

This new adder is larger and consumes more power, but provides superior accuracy compared to

previous adder implementations. In addition, this chapter proposed an improved multiplication RNG

configuration using Van der Corput and ramp sequences. I also proposed several new correlation

manipulating circuits which can be used to inject or correct correlation of intermediary bitstreams

to accurately implement operations with specific correlation affinities. I then showed how these

correlation manipulating circuits can be used to improve the accuracy, power, and area of existing

arithmetic units such as maximum, minimum, and saturating addition. Together, these new circuits

improve the practicality of SC by improving the implementation cost and providing either more

accurate, more energy efficient, smaller, or lower power solutions than existing solutions.
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Chapter 4

ARCHITECTURAL CONSIDERATIONS FOR STOCHASTIC
COMPUTING

To understand the practical application spaces for SC accelerators, it is important to first

understand the architectural design space where SC provides benefits in power, area, and/or energy

efficiency over BE computation. In this chapter, I evaluate a microbenchmark of well-known

stochastic arithmetic circuits to tabulate the power, area, and energy cost per operation. I then

conduct a larger end-to-end accelerator design space exploration and present empirical measurements

to highlight the tradeoffs of SC accelerators. The architectural characterizations and lessons exposed

by these evaluations are then used to provide better insight as to when and why SC accelerators can

yield compelling benefits over BE accelerators. These results are synthesized as design guidelines

which serve as a blueprint to guide accelerator designs for potential applications.

4.1 Cost Per Operation Characterization

To understand the architectural tradeoffs of SC accelerators, I first evaluate the intrinsic cost per

operation in stochastic circuits and compare it against equivalent BE circuits. To do this, I formulate

a set of hardware microbenchmarks to measure energy efficiency, power, accuracy, and area at

different input precisions (Table 4.1). In this analysis, I compare results using binary-encoded and

stochastic circuits operating at the same precision (iso-precision). For instance, an m-bit BE circuit

is compared against an stochastic circuit using SN length N = 2m. I refer to both designs as m-bit

designs as they both operate at effectively m-bits of precision. For each benchmark, I measure

post-placement and route, area, and power using Synopsys Design Compiler, IC Compiler, and

PrimeTime using a TSMC 65nm library. I use a 400 MHz frequency target and random input values

to generate activity traces for power measurement. To measure PSNR, I calculated MSE over every
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Table 4.1: Iso-precision power, area, energy efficiency, and accuracy comparison of common binary-

encoded and stochastic arithmetic circuits operating at 0.8V, 25C. Not all stochastic circuits are

smaller and lower power than binary-encoded equivalents. Most stochastic circuits are not more

energy efficient than binary-encoded equivalents.
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Multiplier

[37]

Divider

[27]

Maximum

[6, 88]

ReLU

[59]

RNG
LFSR/LFSR

/TFF
VDC/VDC VDC/Ramp LFSR/LFSR VDC/VDC VDC

f (pX, pY) pX+pY
2 pX − pY pX pY bpX/pYc max(pX, pY) max(pX, 0)

Area

(µm2)

1 
bi

t
2 

bi
t

3 
bi

t
4 

bi
t

5 
bi

t
6 

bi
t

7 
bi

t
8 

bi
t

9 
bi

t
10

 b
it

11
 b

it
12

 b
it

13
 b

it
14

 b
it

15
 b

it
16

 b
it

Precision (Bits)

101

102

103
BE
SC (no TFF)
SC (w/ TFF)
SC CA

1 
bi

t
2 

bi
t

3 
bi

t
4 

bi
t

5 
bi

t
6 

bi
t

7 
bi

t
8 

bi
t

9 
bi

t
10

 b
it

11
 b

it
12

 b
it

13
 b

it
14

 b
it

15
 b

it
16

 b
it

Precision (Bits)

101

102

103 BE
SC

1 
bi

t
2 

bi
t

3 
bi

t
4 

bi
t

5 
bi

t
6 

bi
t

7 
bi

t
8 

bi
t

9 
bi

t
10

 b
it

11
 b

it
12

 b
it

13
 b

it
14

 b
it

15
 b

it
16

 b
it

Precision (Bits)

101

102

103

104 BE
SC

1 
bi

t
2 

bi
t

3 
bi

t
4 

bi
t

5 
bi

t
6 

bi
t

7 
bi

t
8 

bi
t

9 
bi

t
10

 b
it

11
 b

it
12

 b
it

13
 b

it
14

 b
it

15
 b

it
16

 b
it

Precision (Bits)

101

102

103

104

105

BE
SC

1 
bi

t
2 

bi
t

3 
bi

t
4 

bi
t

5 
bi

t
6 

bi
t

7 
bi

t
8 

bi
t

9 
bi

t
10

 b
it

11
 b

it
12

 b
it

13
 b

it
14

 b
it

15
 b

it
16

 b
it

Precision (Bits)

101

102

103

BE
SC (Counter)
SC (Sync)

2 
bi

t
3 

bi
t

4 
bi

t
5 

bi
t

6 
bi

t
7 

bi
t

8 
bi

t
9 

bi
t

10
 b

it
11

 b
it

12
 b

it
13

 b
it

14
 b

it
15

 b
it

16
 b

it

Precision (Bits)

101

102

103

BE
SC

Power

(uW)

1 
bi

t
2 

bi
t

3 
bi

t
4 

bi
t

5 
bi

t
6 

bi
t

7 
bi

t
8 

bi
t

9 
bi

t
10

 b
it

11
 b

it
12

 b
it

13
 b

it
14

 b
it

15
 b

it
16

 b
it

Precision (Bits)

100

101

102

BE 
SC (no TFF)
SC (w/ TFF)
SC CA 

1 
bi

t
2 

bi
t

3 
bi

t
4 

bi
t

5 
bi

t
6 

bi
t

7 
bi

t
8 

bi
t

9 
bi

t
10

 b
it

11
 b

it
12

 b
it

13
 b

it
14

 b
it

15
 b

it
16

 b
it

Precision (Bits)

100

101

102
BE 
SC 

1 
bi

t
2 

bi
t

3 
bi

t
4 

bi
t

5 
bi

t
6 

bi
t

7 
bi

t
8 

bi
t

9 
bi

t
10

 b
it

11
 b

it
12

 b
it

13
 b

it
14

 b
it

15
 b

it
16

 b
it

Precision (Bits)

100

101

102

103

BE 
SC 

2 
bi

t
3 

bi
t

4 
bi

t
5 

bi
t

6 
bi

t
7 

bi
t

8 
bi

t
9 

bi
t

10
 b

it
11

 b
it

12
 b

it
13

 b
it

14
 b

it
15

 b
it

16
 b

it

Precision (Bits)

100

101

102

103

104 BE 
SC 

1 
bi

t
2 

bi
t

3 
bi

t
4 

bi
t

5 
bi

t
6 

bi
t

7 
bi

t
8 

bi
t

9 
bi

t
10

 b
it

11
 b

it
12

 b
it

13
 b

it
14

 b
it

15
 b

it

Precision (Bits)

100

101

102

BE
SC (Counter)
SC (Sync)

2 
bi

t
3 

bi
t

4 
bi

t
5 

bi
t

6 
bi

t
7 

bi
t

8 
bi

t
9 

bi
t

10
 b

it
11

 b
it

12
 b

it
13

 b
it

14
 b

it
15

 b
it

16
 b

it
Precision (Bits)

100

101

102

BE
SC

Energy

(fJ/op)

1 
bi

t
2 

bi
t

3 
bi

t
4 

bi
t

5 
bi

t
6 

bi
t

7 
bi

t
8 

bi
t

9 
bi

t
10

 b
it

11
 b

it
12

 b
it

13
 b

it
14

 b
it

15
 b

it
16

 b
it

Precision (Bits)

100

101

102

103

104

105

106

107

108 BE 
SC (No TFF)
SC (w/ TFF)
SC CA 

1 
bi

t
2 

bi
t

3 
bi

t
4 

bi
t

5 
bi

t
6 

bi
t

7 
bi

t
8 

bi
t

9 
bi

t
10

 b
it

11
 b

it
12

 b
it

13
 b

it
14

 b
it

15
 b

it
16

 b
it

Precision (Bits)

100

101

102

103

104

105 BE 
SC 

1 
bi

t
2 

bi
t

3 
bi

t
4 

bi
t

5 
bi

t
6 

bi
t

7 
bi

t
8 

bi
t

9 
bi

t
10

 b
it

11
 b

it
12

 b
it

13
 b

it
14

 b
it

15
 b

it
16

 b
it

Precision (Bits)

100

101

102

103

104

105 BE 
SC 

2 
bi

t
3 

bi
t

4 
bi

t
5 

bi
t

6 
bi

t
7 

bi
t

8 
bi

t
9 

bi
t

10
 b

it
11

 b
it

12
 b

it
13

 b
it

14
 b

it
15

 b
it

16
 b

it

Precision (Bits)

101

102

103

104

105

106 BE 
SC 

1 
bi

t
2 

bi
t

3 
bi

t
4 

bi
t

5 
bi

t
6 

bi
t

7 
bi

t
8 

bi
t

9 
bi

t
10

 b
it

11
 b

it
12

 b
it

13
 b

it
14

 b
it

15
 b

it
16

 b
it

Precision (Bits)

101

103

105

107

109

BE 
SC (Counter)
SC (Sync) 

2 
bi

t
3 

bi
t

4 
bi

t
5 

bi
t

6 
bi

t
7 

bi
t

8 
bi

t
9 

bi
t

10
 b

it
11

 b
it

12
 b

it
13

 b
it

14
 b

it
15

 b
it

16
 b

it

Precision (Bits)

100

101

102

103

104

105

106

107 BE 
SC 

PSNR

(dB)

2 
bi

t

4 
bi

t

6 
bi

t

8 
bi

t

10
 b

it

12
 b

it

Precision (Bits)

0

20

40

60

80
BE
SC (TFF)
SC CA Exact

BE/SC

PSNR =∞ 2 
bi

t

4 
bi

t

6 
bi

t

8 
bi

t

10
 b

it

12
 b

it

Precision (Bits)

0

10

20

30

40

50

60

70

80
BE
SC 

2 
bi

t

4 
bi

t

6 
bi

t

8 
bi

t

10
 b

it

12
 b

it

Precision (Bits)

0

10

20

30

40

50

60
BE
SC 

2 
bi

t

4 
bi

t

6 
bi

t

8 
bi

t

10
 b

it

12
 b

it

Precision (Bits)

0

20

40

60

80 SC (Counter)
SC (Sync)

Exact

BE/SC

PSNR =∞



43

set of inputs using well-known RNG configurations. I use deterministic RNGs such as Van der

Corput (VDC), Halton (HLT), linear feedback shift registers (LFSR), and ramp sequences. Using

deterministic RNGs means the output result will not fluctuate across executions as opposed to using

truly random number sequences where different executions will yield different results for the same

input.

I first compare the impact of numerical precision on energy efficiency for commonly used

arithmetic operations: addition and multiplication. For BE arithmetic units, I use the circuit

microarchitectures synthesized by the Synopsys DC Compiler. For stochastic addition, I evaluate

the multiplexor-based stochastic adder in Figure 2.1(b) with and without a T-flip-flop (TFF) select

signal, and the correlation insensitive adder [54]. The results show that the individual energy cost per

operation for stochastic addition is actually worse than equivalent binary-encoded circuits. At best,

the margin between stochastic and binary-encoded addition circuits is only 1.44× at 3-bit precision

but quickly grows to 10× at 8 bits of precision. I also find that the more accurate correlation

insensitive adder is up to 10.6× less energy efficient than the multiplexor-based stochastic adder

because it contains a TFF that requires a state element. Stochastic multiplication on the other hand

exhibits better energy per operation gains over BE multiplication between 2 and 10 bits of precision

which is roughly in line with the findings of [32].

I also evaluate several other stochastic circuits and compare their power, area, and energy savings

relative to BE circuits in Table 4.1. I find that arithmetic operations like multiplication and division

are able to achieve better power and area overheads compared to their BE counterparts. However, the

results generally show individual stochastic circuits are not more energy efficient per operation than

their binary-encoded counterparts (except for multiplication). I also show that certain stochastic

circuits such as the counter-based stochastic maximum [88], and stochastic rectified linear unit

(ReLU) [59] are neither more energy efficient, lower power, nor denser than their equivalent BE

circuits. Finally, the accuracy results show that different stochastic operators realize significantly

different accuracies.

In addition to compute units, stochastic circuits have additional overheads in D/S and S/D

conversion circuits (Figure 2.1(a) and Figure 2.1(c)). Many prior works do not report the magnitude
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of these overheads or ignore the costs of these circuits all together. On average, I find S/D

converters require 8.14× and 4.41× more power and area respectively than D/S converters. Relative

to a stochastic multiplication, S/D converters are 13.8× larger and require 5× more power at 8-

bit precision. While stochastic accelerators can amortize these overheads over many arithmetic

operations, the power and area costs of these conversions cannot be completely ignored as I will

show later.

These observations do not necessarily imply that stochastic accelerators are always less energy

efficient than BE accelerators. Actual accelerator architectures are composed of many other elements

such as control units, buffers, and pipeline registers which is evaluated in next.

4.2 End-to-End Accelerator Architecture Design Space Exploration

To fully understand the architecture design tradeoffs of SC accelerators, I evaluate end-to-end

accelerator designs including all necessarily overheads such as conversion units, pipelining, and

random number generators. I evaluate accelerator implementation for six application workloads

commonly used in image processing, machine learning, and computer vision in prior works [7,

53, 109]: a 3×3 Gaussian blur (GB), a 2×2 geometric interpolation (INT), a modified Roberts

cross edge detection (ED), a 5×5 general convolution (CONV), a modified Sobel kernel (SBL),

and a matrix-vector multiplication (MV). These applications contain abundant parallelism which

provides a good opportunity to evaluate the architectural design space and tradeoffs for stochastic

accelerators.

In terms of evaluation metrics, I measure power, area, and run time. I also further breakdown

power and area measurements into different accelerator components like computation and conversion

overhead. In addition, I compare normalized metrics such as energy efficiency and area-normalized

throughput (throughput/area) which are agnostic to design parameters (Section 2.3). This is because

iso-precision stochastic and binary-encoded accelerators can have different operating power, area

footprint, and number of functional units. Each of these metrics also takes into account stochastic

and binary-encoded accelerator overheads such as conversion circuits, RNGs, pipelining registers,

buffers, and control circuitry.
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For each binary-encoded and stochastic accelerator design, I evaluate design points with 1 to 16

bits of input precision. For RNGs, I use deterministic sources such as VDC, Halton3, and ramp

sequences. For kernels with multipliers, I use Van der Corput and ramp sequences as proposed

in [54]. For kernels which only require positively or negatively correlated inputs, I use VDC to

generate both input SNs. To evaluate accelerator area, I synthesize, place, and route each stochastic

and binary-encoded accelerator design using a TSMC 65nm technology library, Synopsys Design

Compiler, and Synopsys IC Compiler. To obtain data agnostic power results, I use random data

traces using the Synopsys PrimeTime power estimator. The accuracy results of each workload are

calculated using a custom-built cycle-level model for stochastic circuits. The models were verified

against cycle-level RTL hardware simulations.
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Figure 4.1: Image processing accelerator architectures: (a) binary-encoded sliding window architec-

ture and (b) tiled stochastic computing architecture.

The architectures for both stochastic and binary-encoded accelerators are shown in Figure 4.1.

The BE image processing accelerators use a line-buffered, sliding window architecture similar to

the architectures in [41]. In this architecture, image values are fed into the accelerator serially in

row major order and line-buffered to maximize data reuse; this results in a compact accelerator

architecture. For BE matrix-vector multiplication, I use a simple SIMD-like architecture with

several multiply-accumulate units processing matrix rows in parallel. The input matrix is batched

by row and fed into the accelerator in row major along with the kernel.
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In contrast, the SC accelerator architectures for this evaluation have more parallel datapaths

since SC’s inherent density enables many more arithmetic units to be instantiated per unit area than

BE circuits. To exploit this parallelism, the SC accelerator architectures tile the input image or

matrix, and computes each output within that tile in parallel. For instance, for the 3×3 Gaussian

blur, the SC accelerator would process a 10×10 input tile of the image and compute all 8×8 output

pixels in parallel. This allows SC to also exploit maximal data reuse which is critical to amortize

D/S data conversion costs since each pixel in the input tile is used by multiple convolution windows.
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Figure 4.2: Energy per frame for different stochastic computing accelerator tile sizes.

I determine the energy optimal tile width for SC across benchmarks by sweeping tile sizes 2, 4,

6, 8, 12, and 16 for SN lengths 16, 256, and 65536. The results in Figure 4.2 show that most energy

optimal points across benchmarks occur at a 8x8 tile size followed by a 4x4 tile size. Thus, for my

evaluations I compare SC accelerator architectures with an output window size of 8×8. Finally, for

GB, CONV, and MV, I evaluate two accelerator design points: (1) with the smaller conventional

stochastic scaled adder, and (2) with the larger correlation insensitive stochastic adder.

4.2.1 Evaluation Results

This section presents empirical measurements comparing each of the BE and SC accelerators

architectures operating at different precisions.



47

IN
T 

SC

IN
T 

B
E

G
B

 S
C

G
B

 S
C

*

G
B

 B
E

SB
L 

SC

SB
L 

B
E

E
D

 S
C

E
D

 B
E

C
O

N
V 

SC

C
O

N
V 

SC
*

C
O

N
V 

B
E

M
V 

SC

M
V 

SC
*

M
V 

B
E

Benchmark / Implementation

0

5

10

15

20

25

Po
w

er
 (

m
W

)

D/S Kernel S/D RNG Buffers

(a) 4-bit precision

IN
T 

SC

IN
T 

B
E

G
B

 S
C

G
B

 S
C

*

G
B

 B
E

SB
L 

SC

SB
L 

B
E

E
D

 S
C

E
D

 B
E

C
O

N
V 

SC

C
O

N
V 

SC
*

C
O

N
V 

B
E

M
V 

SC

M
V 

SC
*

M
V 

B
E

Benchmark / Implementation

0

10

20

30

40

50

Po
w

er
 (

m
W

)

D/S Kernel S/D RNG Buffers

(b) 8-bit precision

Figure 4.3: Power breakdown by component of stochastic computing accelerator designs.

Power

Figure 4.3 shows the breakdown of power usage decomposed into their individual components at 4-

bit (N=16) and 8-bit (N=256) precision: S/D converters, D/S converters, RNGs, kernel computation,

and buffers. I generally find that the power breakdown is similar across different precisions within

the same design. For BE accelerators, results show that buffer overheads used to manage data reuse

makes up a hefty fraction of the power usage relative to kernel computation. For SC accelerators, the

results show that S/D and D/S conversion overheads are non-trivial. For example, the interpolation

kernel which has 4× as many S/D converters as other kernels devotes a painfully high fraction

of its power budget to conversion overheads. This ultimately results in poor energy efficiency

gains (discussed later). On the other hand, these conversion overheads are relatively small for

compute-heavy kernels like convolution which better amortize them. Finally, the results show RNG

overheads are small compared to cross domain conversion overheads and compute kernels. This is

because their costs can be amortized over many D/S conversion circuits.

Area and Density

In terms of density, results show that SC accelerators have an effective arithmetic operator density

(arithmetic units / unit area) up to 212× higher than BE accelerators (not shown). In terms of total
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Figure 4.4: Accelerator area breakdown of stochastic computing accelerators. Designs denoted with

* use correlation insensitive adder.

accelerator area (Figure 4.4), SC accelerators are roughly the same size as BE accelerators despite

having one to two orders of magnitude more arithmetic units. This operator density allows SC

accelerator architectures to instantiate many more datapaths in parallel. The additional parallel

datapaths also allows SC accelerators to improve throughput to make up for longer execution times

per operation due to SN length. I therefore conclude, it is not only feasible but necessary for SC

accelerators to capitalize on multiple parallel datapaths to efficiently support computation.

Throughput and Run Time

Unlike BE accelerators where run times are agnostic to precision, SC bitstream lengths are exponen-

tially shorter at each bit of lower precision. Figure 4.6(a) shows the run time of the tiled architectures

for different SC accelerator tile widths. For both SC and BE architectures, the run time is mostly
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Figure 4.5: Energy efficiency improvement of stochastic computing accelerators over binary-

encoded ones (higher is better). Stochastic computing accelerators operating at normal voltage

break even with binary-encoded designs at 8-bits. Designs with * use the correlation insensitive

adder. Voltage overscaled (VOS) designs are discussed in Section 4.3.

agnostic of the kernel so curves are combined for simplicity. For a 8×8 tile size, results show that

SC image processing accelerators are 4× slower at 8-bit precision, break even at 6-bit precision, and

are faster at 5-bit precision or lower. However, a run time comparison does not properly account

for differences in accelerator area so I also estimate the area-normalized throughput by scaling the

stochastic computing run time by binary-encoded over SC accelerator area (Figure 4.6(b)). In terms

of area-normalized throughput, I find that SC accelerators achieve parity between 6 and 8 bits of

operating precision and can be up to 10.9× more efficient at 4 bits of precision.

Energy Efficiency

Figure 4.5 shows the relative energy efficiency improvement of SC accelerators over their equivalent

BE accelerators. In terms of energy efficiency, the results show that SC accelerators under normal

operating conditions are able to achieve better energy efficiency at 8 or fewer bits of precision, and

are less energy efficient at higher precision. Note that SC accelerator energy efficiency decreases

exponentially for each bit of increased precision since SNs become exponentially longer. The

results also show that kernels such as the Gaussian blur and convolution with many arithmetic

operations tend to achieve better energy efficiency gains. In these particular kernels, the power and

area expenditures of each distinct S/D and D/S conversion is amortized by 6.6 to 18.2 arithmetic

operations because of data locality and reuse. In contrast, kernels like interpolation only have 1.11
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Table 4.2: Image processing results and PSNR at 8-bit precision.

Gaussian Blur (GB) Edge Detection (ED) Interpolate (INT) Sobel (SBL)

Fi
xe

d
Po

in
t

46.05 dB 55.41 dB 55.42 dB 50.92 dB

St
oc

ha
st

ic

24.04 dB 56.26 dB 34.89 dB 12.45 dB

arithmetic operations per conversion, and achieve poor energy savings because of high conversion

overheads. As a result, I conclude that workloads which have a significantly higher proportion of

arithmetic operations to conversion circuits are more likely to have better energy savings in SC over

BE computation.

The energy results also illustrate several other trends. First, SC accelerators using multiplexor-

based adders achieve energy efficiency parity with BE accelerators at 8 bits of precision while

accelerator designs using the correlation insensitive adder break even at 7 bits. Second, the

results show that stochastic matrix-vector multiplication performs poorly relative to the BE SIMD

accelerator. This is because the BE SIMD accelerator is a primarily compute-dominated accelerator

and requires minimal state elements. Since individual BE arithmetic operators are more energy
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Table 4.3: Support vector machine classification accuracy for UCI Machine Learning Repository

datasets [64].

Dataset Fixed-point Stochastic

(8-bit) (4-bit) (8-bit) (4-bit)

Breast Cancer 96.1% 96.9% 96.4% 96.0%

Diabetes 75.9% 77.3% 75.8% 71.7%

House Votes 95.3% 96.3% 94.1% 92.7%

Liver Disorder 73.1% 73.1% 71.9% 71.5%

Four Class 73.6% 73.6% 73.6% 74.2%

efficient (shown in Section 4.1), the BE matrix-vector multiplication accelerator performs better

than the stochastic one.

Quality

To evaluate quality, I use cycle-level simulation models to evaluate the image processing workloads

using single precision floating point, 8-bit fixed point, and N = 256 bitstream length. The results

generally show PSNR is within 20 dB of fixed point baselines between the three scenarios except for

the Sobel kernel (Table 4.2). For applications like ED, SC can achieve identical PSNR to fixed-point

baselines since the underlying stochastic circuits produce exact results. For matrix multiplication, I

evaluate linear support vector machine classifiers trained on several datasets from the UCI Machine

Learning Repository [64] shown in Table 4.3. I perform cross-validation over each dataset and

report the average accuracy. Compared with fixed-point implementations, SC classifiers are within

1.1% of the BE classifier implementation. In some cases, classification accuracy for SC is still

within 1% of the fixed-point implementation at 4-bits of precision. More detailed evaluation of

support vectors machines is presented in Section 5.2.
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4.2.2 Summary

In this evaluation, I found that a useful application quantity in the context of SC accelerator

architectures is the compute over conversion ratio. Higher compute-to-conversion ratio is likely

to allow SC to achieve better energy efficiency gains. The results show that SC is viable for low

precision arithmetic and breaks even in terms of energy efficiency between 2-8 bits. Despite this

precision limitation, there are still applications which can operate well in this range which are

highlighted later in Chapter 5.

4.3 Maximizing Energy Efficiency With Voltage Scaling

This section evaluates the error tolerance limits of SC by evaluating the impact of voltage overscaling

on a fabricated ASIC prototype. Voltage overscaling (VOS) is a technique which scales the circuit

supply voltage beyond its critical point. This introduces timing violations and potential bit flips in

the computation but improves power and energy consumption. Intuitively, because SC uses a sparse

encoding, it should be more error tolerant to these bit errors compared to BE arithmetic. Recall

bit errors in SC only change the encoded value by one and may cancel out. For example, a 0-to-1

and 1-to-0 bit error result in no net error in the encoded value. On the other hand, bit errors in BE

values may prove to be catastrophic as not all bits are weighted equally. Prior work has shown how

this error tolerance can be exploited in the context of stochastic circuit VOS [4, 83] but only uses

error models and simulations to measure the effects of VOS. Such models and simulations do not

completely capture the complexities and actual behavior of fabricated silicon since voltage scaling

is a hybrid analog-digital technique.

To do this, I evaluate VOS on a fabricated ASIC prototype for a handful of stochastic circuits

and their BE counterparts. The chip prototype is fabricated using a 65nm TSMC technology node

and includes stochastic and BE implementations of the Roberts cross edge detector kernel (ED)

and a dot product unit (DP) using the correlation insensitive adder. Figure 4.7 shows the chip

micrograph and layout of the stochastic and BE portions. The chip uses deterministic RNGs: for

ED I use positively correlated ramp RNGs while for DP I use a VDC and a ramp RNG.
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Figure 4.7: Micrograph of test chip used to evaluate voltage overscaling for stochastic and binary-

encoded circuits.

The experiments are run using a 500 MHz operating frequency. Operating voltages are swept

from 1.0 V (normal operation), where both SC and BE arithmetic work correctly, down to 0.5 V

at which both SC and BE implementations fail. For each operating voltage, I measure the average

absolute error for SC and BE functional units using randomly generated inputs. Figure 4.9 shows

the error versus voltage results for all tested functional units. Notice that the critical operating

voltage at which timing violations appear is different for each functional block. For BE circuits,

timing violations immediately prove fatal to the computation leaving no margin for supply voltage

reduction. In contrast, stochastic circuits tolerate timing violations well beyond the critical operating

voltage, and can yield large energy savings.

I also test the edge detector using real image data for a Roberts Cross edge detector kernel.

Figure 4.8 compares the edge detector accuracy for the BE and SC kernel at different operating

voltages. Unlike the BE edge detector, the SC edge detector suffers minimal accuracy losses

despite the introduction of timing violations below 1V down to 0.55V. This means, SC can yield

an estimated 3.3× energy improvement bringing the total energy savings of SC at 8-bit and 4-bit

precision to 1.38× and 17.8× respectively. This is equivalent to pushing the energy efficiency

breakeven precision of SC compared to BE computation up by one to two bits. The results also show
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Figure 4.8: Estimated voltage overscaling results for edge detector on the ASIC prototype operating

at 8-bit precision.
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that the SC DP can reduce voltage down to 0.6V and still exhibit reasonable error rates. Combined

with the results in Section 4.2 these results can yield up to 4.45× better energy efficiency at 8-bit

precision, and up to 56× better energy efficiency at 4-bit precision (Figure 4.5) for kernels like

convolution.

There is a vast body of existing work demonstrating the merits of voltage scaling to save

energy [47]. However, this work is the first to empirically evaluate the error resilience and energy

efficiency tradeoff of SC on a fully fabricated chip prototype. While the voltage scaling evaluation in

this work is simplistic, it provides a good empirical estimate of the energy efficiency yields available

to SC accelerators. I leave a more thorough exploration against more advanced voltage scaling

techniques such as those proposed by [47] to future work.

4.4 Architectural Design Guidelines

I now synthesize the results from the design space exploration to formulate general design guidelines

for stochastic computing accelerators.

4.4.1 Design Guideline #1: Higher computation-to-conversion ratio better amortizes stochastic

computing overheads

Unlike BE accelerators, SC accelerators must pay for overheads such as S/D and D/S conversions,

and RNGs. As a result, it is important for SC accelerator designers to also quantify SC overheads

when measuring SC accelerator gains which is not always the case in previous work. While RNG

costs can be amortized and shared across stochastic operators, the evaluation results have shown

that the cost of S/D and D/S conversions can be painfully high relative to that of the computation.

This is because every unique value encoded and decoded from the SC domain incurs a conversion

cost. From an architectural perspective, I have found that a useful quantity to tabulate is the ratio of

arithmetic operations over distinct conversions which can help better gauge whether an application

is a good candidate for acceleration with SC. Actual energy efficiency gains will be governed by

the exact arithmetic operation mix, but generally computations with a higher ratio of compute
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operations per conversion will achieve better power, area, and energy efficiency improvements by

better amortizing stochastic computing overheads.

4.4.2 Design Guideline #2: Limited viable operating precision demands judicious application

codesign

A fundamental challenge with SC is that the performance and energy costs scale exponentially

with precision. As a result, the viable operating precision range in which SC is more energy

efficient than BE computation is limited to between 2 and 8 bits of precision. Voltage scaling and

application compositions can improve the energy efficiency breakeven point by 1 or 2 bits but not

significantly beyond that. This limited viable operating precision demands judicious application

codesign to minimize application accuracy losses. Such precision restriction is clearly fatal to many

classes of computation which require exact results. However, there are many applications which

are resilient enough to precision reduction errors such as classification, neural networks [49], and

image processing tasks. In these cases, SC can achieve gains with reasonable quality degradation.

Identifying and gauging when to exploit SC therefore requires judicious selection of applications

or partitioning of error tolerant parts of an application. A common characteristic among applications

that perform well in SC in prior work and this work is that they are threshold-based computations

where the overall application accuracy is not affected by small errors. Instead the accuracy depends

on whether the result value surpasses a threshold. For instance, the precise output value of an

classifier inference is not important as long as the classifier model yields a value that surpasses

the threshold it will yield the correct classification label. Thus, I conclude that codesigning

stochastic computing accelerators with threshold-based applications is more likely to yield better

energy/accuracy tradeoffs than applications which require exact numerical accuracy.
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4.4.3 Design Guideline #3: Exploiting data reuse and parallelism reduces power and area

overheads

A key strength of stochastic circuits are their exceptional density and 1-bit datapaths with fewer

levels of logic. This lends them to more parallel architectures with less pipelining. For instance,

the SC accelerators evaluated in this work have one to two orders of magnitude more stochastic

arithmetic units than the BE circuit; but the final SC accelerators were roughly the same size as

the BE accelerator. In other words, the operator density enabled SC accelerator architectures to

eliminate the need to buffer data by instantiating many parallel datapaths to process each window of

data. In contrast, the BE accelerators require pipelining elements and buffering to maximize data

reuse and achieve a compact accelerator size. Notice that a parallel architecture for SC was only

possible because the application itself contained abundant parallelism.

As a result, an important consideration when designing SC accelerators is exploiting application

data reuse. Recall that S/D converters and D/S converters are many times larger and consume more

power than individual arithmetic units. However, designs only require one S/D converter per unique

value generated in the computation. Thus, a single S/D converter can be shared to generate an

SN which can be reused multiple times which amortizes its power and area cost. For instance,

applications such as convolution or matrix multiplication can reuse values generated for the weights

across multiple dot products. As a result, I conclude that applications with significant data reuse

and abundant parallelism are better suited to reap power, density, and ultimately energy efficiency

gains in stochastic computing.

4.4.4 Summary

A common theme throughout each of these design guidelines is that they all depend heavily on

application considerations or judicious codesign. As shown in the evaluation results, certain

applications fail to achieve compelling energy efficiency at acceptable accuracies while others can

achieve large gains. This suggests that the choice of application and the application codesign process

is critically important to make SC accelerators viable alternatives to BE ones.
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4.5 Related Work

This section describes related work in the context of stochastic accelerator design. While there is a

rich body of work that explores the utility of SC, circuit synthesis techniques, and limit studies, few

provide a holistic evaluation of end-to-end accelerator architectures.

4.5.1 Design Techniques

While there are no established SC architecture design methodologies, there are techniques for

synthesizing individual stochastic circuits and managing their accuracy. Alaghi et al. [5, 10] show

how to use spectral transformations to synthesize stochastic circuits using inverted bipolar encodings.

Similarly, Qian et al. [87] propose a technique for synthesizing polynomial evaluation operations

in SC while Li et al [63] show how to synthesize small FSM-based stochastic circuits. Both [61]

and [89] also show how to synthesize sequential element stochastic operations. Chen et al. [29]

introduce the concept of stochastic equivalence classes to reason about equivalent stochastic circuits.

Finally, Neugebauer et al [77] propose a general framework for managing the accuracy degradation

for a SC design.

4.5.2 Application-Driven Stochastic Computing Accelerators

There is also a substantial body of work that evaluates the application-specific merits of SC. Recent

work has proposed SC for neural networks [16, 19, 22, 23, 49, 54, 88, 97, 98] which have been

shown to be inherently robust to low precision and systematic computation errors. Canals et

al. [24] even propose a new encoding - extended stochastic logic - to better support neural network

computation. SC can achieve compelling results for image processing [14, 60], error-correcting

codes [33,39,57,80,91,92,106], signal processing [14,25,26,45,62,66,90], matrix operators [109],

data mining [30], machine learning [58], and discrete cosine transforms [71]. However, not all prior

work considers the cost of SC overheads like D/S and D/S conversion nor do they always compare

against BE ASIC implementations. Both aspects are crucial when trying to evaluate the viability of

SC. My work not only quantifies these SC overheads, but also provides an evaluation of the power,
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area, and energy efficiency breakdown per operation, and presents guidelines for the design of SC

accelerators.

4.5.3 Limit Studies

Only a handful of studies quantifying the limitations of stochastic circuits exist. Manohar [70] uses

an analytical model to postulate that under iso-accuracy conditions, SC will never be more energy

efficient than BE computation. However, this work assumes purely random RNGs which is not

the case in recent SC work and does not holistically consider end-to-end architectural tradeoffs.

Aguiar et al. [32] quantify the energy efficiency gains of SC multipliers over BE ones under various

iso-metric conditions. However, these works do not consider architectural SC and BE design

overheads like state elements, control circuitry, pipelining, correlation manipulating circuits, and

RNGs. I find that these overheads are non-trivial; but despite that, SC accelerators can still provide

energy efficiency gains once both BE and SC overheads are all fully considered.

4.6 Summary

In this chapter, I provided a characterization of individual SC operations and end-to-end accelerator

architectures to better understand the codesign opportunities and viable design space for SC

accelerators. This study showed that individual SC operations are generally not more energy

efficient than BE operations. However, I also found that when evaluated in the context of end-to-end

application accelerators which considers all architectural overheads like pipelining and control

structures, SC can still be more energy efficient at low precision. In order to maximize energy

efficiency gains and amortize SC overheads, I find that the most compatible applications will

have plentiful data reuse to amortize SC overheads, and inherent error tolerance to errors due to

quantization and correlation. Successfully accomplishing this requires judicious characterization

and selection of target applications, and careful application and hardware codesign to maximally

exploit these opportunities. In the next chapter, I evaluate several emerging applications in the

context of SC accelerators and analyze their tradeoffs.
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Chapter 5

APPLICATION CODESIGN FOR STOCHASTIC COMPUTING

Hardware and application codesign is a critical design principal for SC accelerators. Hardware

and application codesign is the practice of using application characteristics to inform underlying

architectural design and vice versa. For instance, deterministic errors in the hardware accelerator

may require modifications to the application algorithm to tolerate such errors. Similarly, repeated

computational patterns in an application inform the integration of specialized hardware units to

better support such operations. Such synergistic modifications require careful consideration of

both hardware and application properties but can yield significant gains in throughput and energy

efficiency when combined.

As shown in Chapter 4, application characteristics like available data reuse and computation size

are important when considering whether an application is suitable for SC. Tailoring applications

for SC requires careful consideration of quantization effects and correlation errors. To reduce the

impact of these errors, I leverage hardware and application codesign to propose modifications to the

algorithms. In this section, I present several case studies of hardware and application codesign for

SC accelerators. In particular, I focus on how SC can be harnessed to accelerate support vectors

machines, neural networks, and similarity search. I present empirical evaluations which highlight

their viability and discuss why each application yields compelling energy efficiency gains or not.

5.1 Similarity Search

Similarity search is a core computation component of many larger application pipelines. In this

section, I discuss and evaluate the practicality of a SC in the context of similarity search which

manifests as k-nearest neighbors (kNN). The kNN algorithm is a threshold-based computation

and can tolerate slight deviations in the numerical values of the results. It also contains abundant
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application parallelism and opportunities for data reuse making it a potentially promising candidate

for SC acceleration.

5.1.1 Similarity Search Basics

Similarity search is a key computational primitive found in a wide range of applications, such

as computer graphics [86], image and video retrieval [44, 99], data mining [117], and computer

vision [112]. Similarity search manifests as a simple algorithm: k-nearest neighbors. The k-nearest

neighbors algorithm takes a query vector and compares it against a database of vectors to find

the most similar one. Similarity metrics typically include Euclidean distance, cosine similarity,

and Hamming distance (for binarized feature vectors). Vectors are typically generated by feature

extractors that convert raw data to an intermediary representation. Raw data is typically pre-

processed to generate the database but the feature vector for the query data is extracted online.

The k-nearest neighbors algorithm is composed of two primary computations (Figure 5.1): (1) a

pair-wise distance calculation between each query vector q in a query set Q and each dataset vector

v in a dataset D, and (2) a k-selection which reduces the distances to the best k results. The pairwise

distance calculations compute the similarity between the query and each candidate vector using

similarity metrics such as Euclidean distance. During k-selection, the top-k vectors with lowest

distance are filtered and the resulting set of neighbors R is returned as the result.

In terms of computational resources, given q queries and n database vectors where each vector

is d dimensions, the distance calculation cost scales at O(qnd) while the k-selection cost scales at

qnlog(k). To reduce the computational cost, it is possible to apply both algorithmic approximations

and architectural approximation techniques. In kNN, accuracy is defined as the Jaccard Index

S E ∩ S A/|S E |, where S E is the true set of neighbors returned by exact floating point linear kNN

search, and S A is the set of neighbors returned by approximate kNN.

Algorithmic approximations typically involve using indexing structures such as randomized

kd-trees, hierarchical k-means, and multiprobe locality sensitive hashes. The key idea is that

indexing structures organize the dataset into buckets of vectors where each bucket contains vectors

which are similar. During query time, these indexing structures are traversed to prune away portions
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Figure 5.1: The kNN algorithm consists of (a) pairwise distance calculations and (b) k-selection.

of the search space and reduce the size of the dataset to search. Multiple buckets can be traversed to

improve the quality of the search. Once a search reaches a bucket, it backtracks up the indexing

structure to search additional “close by” buckets. Each of these approximate kNN algorithms trade

accuracy for enhanced throughput; since the entire dataset is not scanned, some of the closest

neighbors may not be searched. In practice, the degree of kNN accuracy loss is governed by the

indexing data structure and can be tuned by adjusting the duration of the traversal. Allowing

approximate kNN variants to search more of the dataset generally improves search accuracy.

In contrast, architectural approximations involve using potentially inexact functional units such

as stochastic circuits or reduced precision fixed-point arithmetic units. Architectural approximations

primarily yield enhanced power, area, and energy efficiency gains. For example, substituting fixed-

point arithmetic units for floating-point units reduces the precision of the computation but improves

the power usage, area footprint, and energy efficiency. Many architectural approximation techniques

such as reduced precision arithmetic or inexact circuits can be applied orthogonally to algorithmic

approximations. However, the accuracy degradations will compound so approximations must be

carefully balanced to maintain reasonable application accuracy.
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5.1.2 Approximation Opportunities

Stochastic computing is an architectural approximation technique so to expose potential oppor-

tunities with minimal impact on application accuracy I need to determine opportunities in the

application where approximation is tolerable. The primary opportunity for approximation in kNN

is approximating the pairwise distance calculations between vectors. Distance calculations can

be approximated in kNN because the ultimate result that is returned to the user is the set top-k

neighbors regardless of the precise numerical values of the distances ascribed to each neighbor.

In other words, it is sufficient to only compute whether the distance of a vector is in the top-k

results or not. As a result, distance calculations can be approximated and have no impact on the

resulting accuracy as long as they preserve the relative ordering of distances between neighbors.

Distance calculations can also corrupt the relative ordering of the results as long as the returned

set of neighbors is equivalent. This allows for additional approximation errors in the distance

calculations which may reorder the resulting neighbors. It is this error tolerance that I will exploit

and explore when I evaluate kNN on SC accelerators.

5.1.3 Accelerator Architecture

The potential kNN accelerator architectures for the Euclidean distance calculation are shown in

Figure 5.2. Because inputs to the subtract circuit must be positively correlated, I use the same

number generator to generate each input SN. For the squaring unit, input SNs need to be uncorrelated

so there are several options to generating the uncorrelated complement SN. The design options are

shown in Figure 5.2: (1) insert an isolator to generate a less correlated SN, (2) insert a decorrelator to

generate a less correlated SN, or (3) duplicate the subtraction unit using different RNGs to generate

an uncorrelated SN. Isolators and decorrelators in prior work have shown mixed results as they

do not provide guarantees on how uncorrelated their output SNs are. To evaluate the isolator and

decorrelator configurations, I use Van der Corput or Halton sequences (base 3) to evaluate accuracy.

The duplicated subtraction configuration (Figure 5.2c) operates by using two independent RNGs

to generate the SNs for two copies of the subtraction unit. The resulting SNs from each subtraction
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Figure 5.2: Design space for stochastic Euclidean distance function unit. Euclidean distance unit

using (a) isolator-based decorrelation, (b) decorrelator, and (c) replicated RNGs.

can be used as input to the multiplier. In this evaluation, I use the RNG configuration from [54] -

a ramp compare and Van der Corput sequence - to generate the input SNs for the two subtractors.

The key insight is that the correlation between these two RNG configurations achieves accurate

multiplication so they should also produce similar results for the Euclidean distance evaluated here.

The add reduction for the Euclidean distance is implemented as a balanced tree reduction. All

adders in the reduction tree are implemented using the correlation insensitive adder proposed in Sec-

tion 3.1. For the S/D conversions, I evaluate two configurations: (1) a standard S/D converter which

preserves the high bits of the add reduction and (2) an accumulative parallel counter (APC) [108].

The APC is a hybrid stochastic-binary circuit which takes multiple parallel bitstreams and performs

a S/D conversion. Evaluation results (discussed later) show that using the APC yields superior

results because of the additional precision.

The kNN algorithm also contains significant application data reuse. For instance, the query

vector is reused over multiple pairwise distance calculations with each dataset vector. This allows

the D/S converter which generate the query vector SNs to be shared across multiple vectors by

processing multiple dataset vectors in parallel. To tabulate the savings that this affords, I evaluate
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accelerator architectures which process varying number of dataset vectors in parallel. I assume that

a priority queue handles the k-selection that follows the S/D conversion.

5.1.4 Methodology

To evaluate the application accuracy tradeoffs, I evaluate three commonly used datasets for measuring

kNN accuracy: (1) the Global Vectors for Word Representation (GloVe) dataset [82], (2) the scale

invariant feature transform (SIFT) dataset [43, 67], and (3) the GIST descriptor dataset [34, 43].

Each dataset is separated into a dataset of database vectors and a query set of query vectors. Query

vectors are used to measure accuracy and are separate from the original dataset. Unfortunately,

simulating stochastic circuits is extremely slow for large datasets because of the long SN lengths.

To make the simulation times tractable, I reduce the database size and query set size to 1000 and

100 vectors respectively.

In order to maximally exploit operating precision, dataset and query values were re-scaled. For

stochastic kNN, the datasets were shifted and scaled to the range [0, 1] to make them compatible

with unipolar encodings. Note that the shift and scale does not affect the relative distance between

vectors. For fixed point computation, the datasets were shifted and scaled to the range [0, 1], and

then scaled by 2p where p is the fixed-point operating precision. For example, 8-bit computation

would scale the dataset and query set range to [0, 28]

To measure power, area, and energy efficiency, I prototype the functional units in SystemVerilog

and use Synopsys Design Compiler using a 32 nm generic standard cell library. Energy efficiency

measurements are estimated as the average energy required to process each query. I compare the SC

results against an equivalent BE fixed point unit.

5.1.5 Evaluation

I first evaluate the accuracy for the fixed point and stochastic kNN implementations. Figure 5.3

and Figure 5.4 shows the accuracy and energy efficiency respectively results for different operating

precisions. The number of nearest neighbors is set to k = 8.
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Across each dataset, the results generally show that the fixed point accuracy degrades more

gracefully than the stochastic computing solution at equivalent precision. For fixed-point calcula-

tions, the results show that accuracy minimally degrades for operating precisions higher than 5-bits

(> 90% accuracy). Stochastic computing results show that using the APC reduction circuit provides

superior accuracy over using the S/D converter. This because the higher bits of the add reduction

in kNN tend to be sparse and so the lower bits are more important when distinguishing between

distances during k-selection.

In general, the results show that SC is not particularly compelling for accelerating distance

calculations in kNN. In all cases, the accuracy-energy efficiency curve of the fixed-point accelerator

significantly outperforms the results from the SC accelerator. As a result, accelerating kNN in

SC is likely not a practical since the accuracy loss and energy efficiency gains are not compelling

(Figure 5.4).

This is to be expected as the stochastic implementation introduces non-monotonically decreasing

errors when executing the squaring function. For instance, the square of 0.5 may not necessarily

be less than the square of 0.55 due to random fluctuations in the SN [111]. This is in contrast to

fixed point quantization where the quantization error resulting from the square function increases or

decreases monotonically with the inputs.

5.1.6 Analysis and Discussion

Tabulating the compute-to-conversion ratio provides better insight into why kNN does not yield

as compelling energy efficiency gains. A single d-dimensional Euclidean distance requires 2d + 1

conversion units: 2d D/S converters for the input operands and a single S/D converter to recover

the resulting value. In terms of compute units, a d-dimensional Euclidean distance requires ≈ 3d

total computations: d x subtractions, d x squaring units, and d − 1 addition units. This yields

a compute-to-conversion ratio of ≈ 3d/2d = 1.5 which is significantly smaller than that of the

convolution kernel evaluated in Section 4.2. This conversion ratio is more in line with the geometric

interpolation kernel which performs poorly as a SC accelerator.
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Figure 5.3: Search accuracy at different operating precisions for fixed point and stochastic kNN for

GloVe, SIFT, and GIST datasets at varying precisions (up and to the left is better).
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In addition, an efficient implementation of the k-selection in stochastic computation to distill the

top k-nearest neighbors is not known. As a result, implementing the priority queue or equivalent

sorting unit requires conversion to the BE domain. The BE computation required to finish the

computation thus imposes additional Amdahl’s limitations upon the possible gains yielded by

accelerating the distance calculations in SC.

Finally, the analysis presented in this section does not account for additional complexity in-

troduced by the indexing structures used in approximate variants of kNN. Indexing structures

such as hierarchical k-means [46, 74], multiprobe locality sensitive hashes [69], and randomized

kd-trees [96] are often used to reduce the search space. Accelerating pointer chasing computations

which are needed to traverse indexing structures is not well-explored with stochastic computation.

In particular, because index traversals are data dependent they do not contain data parallelism which

can be exploited by stochastic computation accelerators.

5.2 Support Vector Machines

Support vector machines (SVMs) are a popular class of machine learning models used for classifica-

tion tasks. More specifically, in the simplest case a SVM is used to make a binary decision whether

an input is or is not part of a class of objects. SVMs therefore are relatively small and computation-

ally inexpensive models, and as a result tend to be fast and require small implementations. This

makes them ideal for execution in highly constrained environments such as sensor nodes or mobile

devices. SVMs are error tolerant because they are a threshold-based computation and the training

process can be made self-healing in the presence of systematic errors. In this section, I explore how

SVM models can be cotrained with SC and analyze the potential gains of SVMs in SC.

5.2.1 Support Vector Machine Classification

Support vector machines (SVM) are a class of supervised machine learning algorithms that build a

model for classifying feature vectors. SVM models come in many different forms such as linear,

polynomial, and radial basis function kernels. In this work, I focus on training linear classifiers
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but it is possible to extend the proposed methodology to other SVM models. SVM classification

is separated into two parts: training and inference. During the training phase, the SVM algorithm

takes a set of labeled data observations as input and trains the classifier model. During inference, the

trained classifier model is used to predict the classification of previously unseen data. The quality of

the trained model is measured by classification accuracy which is defined as the number of correct

inferences over the total number of inferences. For a given dataset, it is common practice to separate

it into a training and test dataset. The training dataset is used to train the classifier model and the

test dataset is used to represent unseen values to test the generality of the resulting model.

Data points in a dataset are high dimensional feature vector representations of raw data. Each

d-dimensional dataset vector −→xi ∈ Rd is ascribed a class label yi where a label of +1 indicates the

vector is of one class and a label of −1 indicates it is of the other class. The goal of the SVM

training process is to find a hyperplane model with weights −→w and bias b such that dataset vectors

with yi = +1 fall on one side the hyperplane while vectors with label yi = −1 fall on the other.

Given a model −→w with bias b, the inferred label of a dataset vector −→xi is computed by calculating

f (−→w ,−→xi , b) = −→wT−→xi + b and taking the sign of f (x). Notice that the sign function is agnostic to the

magnitude of f (−→w ,−→xi , b) which is the threshold-based computation behavior desirable for SC. The

threshold-based computation provides a margin for error tolerance which can be exploited to reduce

the impact of stochastic computation errors.

Training the SVM model is typically done using gradient descent or equivalent methods. For

linear SVMs, it is typical to use the hinge loss (L1 loss) or the square of the hinge loss (L2 loss)

function with an added L2 regularizer which helps prevent overfitting. The value λ effectively is

used to adjust how strictly the training process should penalize misclassified samples.

L1(−→xi , b, yi) = max(0, 1 − yi( f (−→w ,−→xi , b))) +
1
2
λ−→wT−→w

L2(−→xi , b, yi) = max(0, 1 − yi( f (−→w ,−→xi , b)))2 +
1
2
λ−→wT−→w

The gradient descent formulation attempts to minimize the error function by iterating over the

training dataset D = {(x1, y1), (x2, y2), ..., (x|D|, y|D|)}, evaluating the error of the current model, and
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adjusting the weights and bias towards more optimal solutions by subtracting the gradient. The

fraction of the gradient subtracted from the current solution is given by the learning rate α. The

learning rate effectively controls the rate at which the model descends the gradient towards more

optimal solutions. For this work, I use an adaptive learning rate α = 1/(λ(t + 1)) proposed in the

Pegosas algorithm [95] where t is defined as the number of times the model has been updated.

−→
w′ ← −→w −

α

|D|

|D|∑
i=1

∂L1

∂−→w

−→
w′ ← −→w −

α

|D|

|D|∑
i=1

∂L2

∂−→w

In standard gradient descent, the training process computes the error and partial gradient over

each vector in the training dataset. One scan over the entire dataset is known as an epoch. The

weights and bias are then updated by averaging the partial gradients together. This process can be

slow and may result in long convergence times to the final model. To increase the convergence

speed of the training process, it is common practice to use stochastic gradient descent. Stochastic

gradient descent partitions the training dataset into batches and updates the model using the average

of the partial gradients for only the training vectors in a batch. This allows for multiple iterations

per scan of the dataset allowing for faster convergence times.

Once a model is trained, the quality of the model is evaluated on the test dataset. Each point in

the test set has an expected class label yi which is compared against the inferred class label returned

by the SVM model. For a linear SVM classifier, this is equivalent to resolving which side of the

hyperplane the test point resides on using a dot product and returning the class label on that side of

the hyperplane. If the expected class label and inferred class label match, the inference is marked as

correct. Notice that the label inference process does not require exact computation as long as the

inferred label is ultimately correct.
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5.2.2 Support Vector Machine Cotraining Formulation

I now described the cotraining and retraining formulation which I use to cotrain SVM models with

SC. In order to expose the training process to underlying SC errors, I use cycle-level simulation

models of stochastic circuits when evaluating the predicted label for each training vector. Cycle-level

models are necessary to faithfully model errors that manifest in the computation due to SC and

correlation effects between SNs. I then replace the precise BE computation in the training procedure

with the results of the same computation executed in SC. Most notably, I modify the inference

function f (−→w ,−→xi , b) to execute using stochastic arithmetic. This effectively integrates SC error

models into the training process so that the training process can compensate for the systematic

errors introduced by SC.

Recall that SC suffers from both quantization errors and systematic errors (Figure 5.5). Quanti-

zation errors also occur in equivalent BE fixed-point computations and is the result of rounding to

the nearest representable value. The key idea behind cotraining and retraining is that these errors

impact the weight and bias updates which leads to a model which can correct for these errors. I

define cotraining as the process of training a model using SC error models for the entire training

process. Retraining on the other hand bootstraps the classifier training process by first training a

floating point model. The trained floating point model is then quantized and retrained for several

iterations using SC error models to correct for these errors. By bootstrapping the training process

with a floating point model, the cotraining process only needs to optimize the floating point model

within the vicinity of the local minimum instead of looking for an entire new local minimum from

scratch.

5.2.3 Evaluation Methodology

I evaluate the accuracy for several different BE and stochastic linear SVM models to compare the

efficacy of different training methods. I first train a baseline model which uses single precision

floating point and use this as the baseline accuracy. For BE fixed-point models, I quantize the

floating point weights and bias to the nearest value, and also quantize the test dataset. I then use the
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Figure 5.5: Impact of quantization and systematic stochastic computing errors on SVM classification.

(a) Quantization effects have limited effect on classifier accuracy. (b) Quantization and systematic

stochastic computing errors require cotraining or retraining of SVM classifier.

quantized dataset, weights, and bias to predict the labels of the test set vectors using BE arithmetic.

For SC, I evaluate three models: (1) the unmodified quantized fixed-point model executed in SC,

(2) a retrained model for SC starting from the quantized fixed-point model, and (3) a cotrained

model for SC starting from a randomly initialized model. The retrained model is initialized with the

trained floating point model, and executes additional epochs of training with SC error models. The

cotrained model attempts to train the model with SC error models without any initialization using

the same initialization configuration as the original floating point model.

To test the generality of the SC cotraining techniques, I use nine real datasets shown in Table 5.1

taken from the UCI Machine Learning repository [64]. For each dataset, I partition the data points

into training and test sets, perform 3-fold cross validation, and report the average classification

accuracy for each training methodology. The baseline floating point models are trained using a

custom implementation of the Pegosas SVM training algorithm [95].

I compare power, area, and energy for several binary-encoded and SC design variants operating

at the same precision. For BE fixed-point designs, I instantiate several fused-multiply accumulate

units in a SIMD fashion. SC designs use a similar parallel architecture and instantiate so that the

binary-encoded and stochastic computing designs have roughly the same area usage. I use Synopsys

Design Compiler, IC Compiler, and PrimeTime to synthesize, place-and-route, and perform power
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Figure 5.6: Comparison of SVM classification results for breast cancer dataset. Cotraining and

retraining improves accuracy.

estimation using a TSMC 65 nm library. Post-placement and route power estimation is evaluated

using real dataset traces.

5.2.4 Cotraining Accuracy Results

I now present classification results for binary-encoded and SC SVM classifiers. Table 5.1 compares

the classification accuracies for a full floating point classifier and the accuracy losses associated with

each encoding and training methodology. In general, I find quantized fixed-point models perform

well for 8-bit and 6-bit precision, and show that the SVM models are resilient against quantization

errors.

For stochastic computing models without any cotraining or retraining, I find that they suffer

significant accuracy losses. For cotrained and retrained SC models, the results show that in some

cases the resulting model can yield similar accuracies as fixed point models (in some cases with no

accuracy loss). For instance, the accuracy results for the breast cancer dataset (Figure 5.6) shows
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only minimal accuracy degradation compared to the baseline floating point models. The results also

show that retraining is also effective for recovering accuracy losses in many cases. However, the

results do not provide conclusive evidence as to when retraining should be used over cotraining.

For other cases, the cotraining and retraining formulations are unable to recover to comparable

accuracies.

5.2.5 Power, Area, and Energy Results

I now briefly compare the power, area, and energy efficiency of a SC SVM accelerator to those of a

BE equivalent accelerator. For the BE design, I compare against a SIMD-like matrix vector product

unit. For SC designs, I evaluate a spatial accelerator design where all compute units are instantiated

in parallel. I opt to use a spatial architecture because it allows the SC architecture to better amortize

overheads like D/S converters and RNGs by exploiting data reuse. The spatial architecture is also

possible because of the density of the individual compute units.

To measure power and area, I place and route each SC design for 1-bit to 8-bit precision or N=2

to N=256 length bitstreams using Synopsys Design Compiler, and IC Compiler using a TSMC 65

nm library. Power measurements were estimated using post-placement and route simulation traces.

For BE accelerators, the power and area of the designs increase with the datapath width or precision

of the computation (Figure 5.7). In contrast, the compute area of SC accelerators scales sublinearly

with the equivalent BE precision because the width of the compute datapaths remains constant. In

terms of compute logic area, SC accelerators fare significantly better than BE compute logic.

However, this does not tell the entire story; there are still significant overheads associated with

both SC and BE designs such as pipelining and conversion overheads. Conversion overheads in

SC can exhaust any of the gains if not properly accounted for. For instance, the fraction of logic

required for D/S conversion, S/D conversion, and RNG logic for matrix multiplication increases to

up to 50% for 4-bit precision and 65% at 8-bit precision. Pipelining for matrix multiplication on the

other hand also increases the design overhead (not evaluated). With the conversion overheads and

additional units, I expect the results to align with those tabulated in Section 4.2.
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Figure 5.7: Power and area comparison of compute logic area for binary-encoded and stochastic

matrix-vector multiplication accelerators.

5.2.6 Summary

In this section, I proposed a cotraining and retraining formulation for support vector machine

classifiers to compensate for errors introduced by SC. I found that by cotraining and retraining

support vector machines models, the accuracy losses in many cases can be reduced. The power and

area results in particular show that the SC accelerator is better than binary-encoded ones. However,

a tabulation of the energy efficiency shows that SC is not very competitive against the equivalent

BE accelerator. The evaluation presented in this section does not consider exploiting application

data reuse or batching to amortize overheads and increase the compute to conversion ratio. These

considerations could further improve the gains realized by SC SVMs and is the subject of future

work. In the next section, I will explore neural network applications which are similar to support

vector machines but contain significantly more computation per conversion.
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5.3 Hybrid Stochastic-Binary Encoded Neural Networks

Neural networks are a popular class of machine learning applications which are used for a wide

variety of classification and feature extraction tasks. Recent work has established their utility in a

wide range of tasks across computer vision, robotics, and artificial intelligence. Neural network

applications are ideal candidates for SC because: (1) they can operate at low-precision, (2) are

tolerant of computation errors, and (3) contain abundant parallelism and data reuse.

5.3.1 Background: Neural Networks

Neural networks come in a wide range of network topologies, and generally consist of an input layer,

an output layer, and a number of hidden layers in between [78]. A layer is composed of neurons,

each of which has a set of inputs, an output, and an activation function f (x) (e.g., a rectified linear

unit). Each neuron is connected to neurons in the previous layer; a connection is defined by a weight

that is multiplied by the previous neurons output. These values are summed with other connections’

outputs and passed to an activation function. For instance, given a neuron y that is connected to k

neurons in the previous layer with output values −→x = x0, x1, , xk−1 and connection weights −→w = w0,

w1, , wk−1 respectively, the output of neuron y is defined as yout = f (
∑k−1

i=0 xiwi).

Neuron connection topologies can either be fully connected or locally connected to the previous

layer. In fully connected layers, each neuron is connected to every neuron of the previous layer.

In the locally connected case, neurons are connected to a subset of neurons in the previous layer.

Locally connected layers are often referred to as convolutional layers because their connections from

the previous layer take the form of a window. The resulting operation is mathematically equivalent

to a convolution where the convolutional kernel is summarized as a matrix of the connection weights.

Finally, neural networks also may have max pooling layers, which are locally connected layers that

subsample a window in the previous layer and output the maximum value.

To determine the weights for each layer, neural networks are trained over an input training

set using backpropagation [78]. This is a technique that iterates over the training dataset and

gradually adjusts the weights based on the gradient of the error in the neural networks output
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function. The error metric varies across applications but a commonly used one for neural network

classification is the cross-entropy loss. One iteration over the entire training set is known as an epoch.

Training is often supplemented by dropout which is a training technique that randomly removes

connections during the training process at certain layers to prevent overfitting. Once the training

process converges to a set of weights, a test set is used to evaluate the quality of the neural network

model. The quality metric varies across applications but a commonly used metric is classification

accuracy based on the outputs of the neural network model.

Using SC for neural networks has a well-established history [22, 50] dating back to the 1990s.

Recent work proposes fully SC neural network designs using FPGA fabrics and full custom

ASICs [49]. Similarly, Ardakani et al. [19] propose a SC neural network for digit recognition which

outperforms BE designs by using shorter bitstreams (down to length 16). Unlike my approach, prior

SC work uses older, fully connected neural network topologies with only two hidden layers which

are smaller and less accurate than current state-of-the art neural network topologies like LeNet-5

(used in this evaluation). Finally, fully SC neural networks need longer bitstreams (N = 256 to 1024)

to achieve reasonable accuracy. In contrast, this work does not execute the entire neural network

in the SC domain. Instead, I execute the first layer using SC, then allow higher precision BE or

floating point units to finish the neural network calculation.

5.3.2 Retraining Hybrid Stochastic-Binary Encoded Models

I now present the stochastic-binary hybrid design for near-sensor neural network computation.

Figure 5.8 gives an overview of the proposed neural network layer and system design. To evaluate

its utility, I will use it to implement the first layer of the LeNet-5 neural network topology [51].

Signal Acquisition

Image sensors capture light intensity and convert it to analog signals, which are converted to digital

numbers for processing. In this work, I use parts of a ramp-compare analog-to-digital converter

(ADC) to convert the analog signal to the SC domain. The conversion circuit shown in Figure 5.8
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Figure 5.8: System diagram of the proposed near-sensor SC neural network. Bottom: LeNet-5

neural network topology. Middle: system pipeline. Top: microarchitecture. Purple, grey, and blue

regions denote analog, SC, and BE operating domains, respectively.

is functionally equivalent to a SNG, with some modifications: (i) the inputs are analog, and (ii) a

ramp signal is applied to the second input of the comparator rather than a random number generator.

Despite becoming heavily auto-correlated, the bitstream generated by this conversion circuit is

still usable for the SC design, because the correlation insensitive adders proposed in Section 3.1.

Previous work has shown such analog-to-stochastic converters are comparable, in terms of cost and

performance to regular ADCs [15, 35]. Furthermore, prior work [114] has shown such conversions

operate on the order of 100 pJ, which is much lower than the energy consumed by computation

(100s of nJ/image). Thus, I do not include the cost of sensor data conversion in the evaluations.

Stochastic Computing Convolutional Neural Network Layer

The SC neural network layer consists of 784 SC dot-product units shown in Figure 5.8 which process

the sensor input in parallel. Because there are 32 different first layer kernels, I perform 32 parallel
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convolutions per image. The convolution engines perform a basic dot-product operation followed

by stochastic-to-binary conversion and an activation function. More precisely, each convolution

engine implements:

g
(
−→x ,−→w

)
= sign(−→x · −→w)

where −→x and −→w denote the input window and kernel weights respectively, and · denotes the dot-

product operation (−→x · −→w =
∑k−1

i=0 xiwi). The activation function outputs the sign of the dot product

results and outputs either −1, 0, or +1. The weight inputs are shared among all convolution engines,

so the cost of generating them is amortized across all units.

Since the computation involves negative numbers, the bipolar SC domain [1, +1] is a natural

choice [22]. However, by employing bipolar SC, the decision point of activation functions maps

to bitstreams with maximum fluctuation (i.e., unipolar value 0.5). This increases power usage and

decreases accuracy. Therefore, I adopt a different approach which uses only unipolar operations

by dividing the weights into positive and negative bitstreams −→wpos and −→wneg. I then perform two

unipolar dot product operations, gpos = −→x · −→wpos and gneg = −→x · −→wneg, followed by two asynchronous

counters to convert the results gpos and gneg to the BE domain. Finally, the BE activation function is

implemented by a comparator. As shown in Figure 5.8, the rest of the neural network operates in

the BE domain.

5.3.3 Experimental Methodology

I use the MNIST database [52], a standard machine learning benchmark for handwritten digit

recognition, to evaluate accuracy. The benchmark consists of M = 70,000 images of handwritten

digits (0 to 9); each image uses a 28 × 28 8-bit greyscale encoding. A subset of 60,000 images are

used to train the neural network, while the remaining 10,000 images are used to test its accuracy.

Classification accuracy is defined as the ratio of correctly classified test images to the total number

of test images. The misclassification rate is defined as one minus the classification accuracy. These

metrics are often multiplied by 100 and reported as a percentage. All neural network training was
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performed using the TensorFlow framework [3] and the Keras library [31] using a NVIDIA Titan X

GPU. For each SC design, I built a custom C++ model to evaluate its accuracy.

Previous work on SC neural networks [19, 49] evaluates neural network topologies with only

fully connected layers and achieves misclassification rates between 1.95% and 2.41%. On the other

hand, this work uses the LeNet-5 topology which has both convolutional and fully connected layers,

and achieves misclassification rates around 1%. In practice, the number of convolutional layer

kernels and the size of the kernels used in LeNet-5 vary. For this evaluation, I use a variant provided

by the Keras library which has the topology shown in Figure 5.8.

A key tradeoff in SC is reducing precision to enhance performance. To quantify the impact of

reduced precision on classification accuracy, I build separate neural network models which execute

the first layer of LeNet-5 at different precision levels (2 to 8 bits). I also replace the standard rectified

linear activation function with a sign function, which does not impose a significant accuracy loss,

but has a much simpler implementation in SC. I do not execute subsequent layers in the SC domain

since precision losses would compound and require longer bitstreams to achieve accurate results.

For comparison, I evaluate how precision reduction affects the fully BE implementation. The

experimental results show that only quantizing the first layer weights and replacing the activation

function with sign detection reduces classification accuracy by several percentage points (up to

6.85% misclassification rate for 4-bit precision). However, by retraining the rest of the neural

network weights, the neural network model is able to recover from the noise introduced by losses

in precision and the new activation function (Table 5.2). Interestingly, I find that I can reduce

precision down to 3 or 4 bits and still achieve excellent misclassification rates (below 1%) after

retraining. Since the training process is also noisy, the classification accuracy does not always

exhibit monotonically decreasing behavior as precision is reduced.

Bit reduction of SC designs exhibits similar accuracy losses but leads to exponential run time

reduction and energy savings. However, SC convolutions present unique challenges. SC can be

inexact at near-zero input values, and output values are sensitive to errors. Prior work [17] shows

that a non-trivial percentage of neural network values are near zero, so I use weight scaling and soft

thresholding as proposed by Kim et al. [49] to mitigate these errors. Weight scaling normalizes
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Table 5.2: Misclassification rates for fully binary-encoded and hybrid stochastic-binary designs,

and throughput-normalized power, energy efficiency, and area results for binary-encoded and SC

convolution designs.

Design 8 Bits 7 Bits 6 Bits 5 Bits 4 Bits 3 Bits 2 Bits

Misclassification

Rate (%)

Binary 0.89 0.86 0.89 0.74 0.79 0.79 1.30

Old SC 2.22 3.91 1.30 1.55 1.63 2.71 4.89

This Work 0.94 0.99 1.04 1.12 1.04 2.20 43.82

Normalized Power

(mW)

BE 40.95 72.80 121.52 204.96 325.36 501.76 683.20

This Work 33.17 33.55 33.26 33.01 33.20 29.96 28.35

Energy Efficiency

(nJ / frame)

BE 670.92 596.38 497.74 419.76 333.17 256.90 174.90

This Work 543.42 274.82 136.22 67.60 34.00 15.34 7.26

Area

(mm2)

BE 1.313 1.094 0.891 0.710 0.543 0.391 0.255

This Work 1.321 1.282 1.240 1.200 1.166 1.110 1.057

the values of each convolution kernel to use the full dynamic range [1,+1] while soft thresholding

forces a result to zero if it is within some small threshold. Finally, I also employ the retraining

techniques introduced earlier in the BE domain of the design.

5.3.4 Evaluation Results

I now compare the resulting classification accuracy using SC with the new correlation insensitive

adder and new multiplier (Chapter 3), and the conventional adder and multipliers used in prior work.

Table 5.2 shows misclassification rates (lower is better) for each design. The results indicate that

the new adder and multiplier generally achieve lower misclassification rates than those in prior

SC work (up to 2.92% better). The hybrid-stochastic binary neural network design is also able to

achieve misclassification rates which are within 0.05% and 0.25% of the BE design for 8-bit and
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4-bit precision respectively. Furthermore, the results show that retraining the neural network model

can compensate for errors introduced by both precision reduction and SC. In particular, using the

more accurate adder and multiplication scheme there is less error that the retraining process must

compensate for than the old adder. Finally, the results confirm that there is significant opportunity

for precision reduction in SC, which translates to exponential reductions in bitstream lengths and

better run times.

I synthesize, place-and-route, and measure power using Synopsys Design Compiler, IC Compiler,

and PrimeTime for the SC and BE designs using a 65 nm TSMC library. For comparison, I evaluate

a sliding window convolution engine as the BE baseline design similar to the stencil computation

accelerators in [41]. Activity factors for power measurement are recorded using traces based on

MNIST test images and weights from the TensorFlow model.

Table 5.2 shows the throughput-normalized power, energy efficiency, and design area for both

SC and BE convolution designs. Power measurements are throughput-normalized relative to the SC

design. For instance, a BE design operating at 0.25× the throughput and 2× the power relative to a

SC design would have a throughput-normalized power of 8× relative to the SC design. Since run

times of SC designs decrease exponentially with lower precision, I find that the BE design must

operate at exponentially higher frequency and power to match the increase in throughput. Finally, I

find the area and energy costs of the SC number generators are higher than a single SC dot product

unit, but the cost is shared and amortized over many units.

Since the actual operating frequency will vary across application demands, I contrast the

throughput-normalized power between the SC and BE designs. Throughput-normalized power is

more representative of energy efficiency since it is more agnostic to the differences in frequency and

number of parallel units in the design. In terms of energy efficiency, the proposed design breaks even

with BE designs at 8-bit precision and is 9.8× more energy efficient at 4-bit precision. Furthermore,

it achieves these gains with better classification accuracy than prior work [49].

Finally, I see that the SC convolution design achieves reasonable area overhead relative to the BE

one. The SC convolution engine exhibits virtually no change in resource utilization since precision

in SC only affects the length of the bitstreams. However, BE designs benefit from linear area
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reductions since reduced precision narrows the datapath. I find that the proposed design achieves

roughly the same area as the BE design at 8-bit precision but is 2× larger than the BE design at 4-bit

precision.

5.3.5 Summary

In this section, I showed how SC can be integrated into a hybrid stochastic and BE accelerator for

neural network applications. The key contribution was to expose the underlying errors in stochastic

computation to the training process. This allows the training process for the neural network model

to adjust the model to account for the behavior of stochastic circuits. These adjustments ultimately

reduces accuracy losses due to quantization and SC errors while maintaining significant energy

efficiency gains.

5.4 Summary

This section evaluated several codesign opportunities across emerging applications: neural networks,

support vector machine classifiers, and similarity search. Based on the architectural considerations

outlined in Section 4.4 each of these applications provides some or all of the desirable codesign

opportunities for SC. For hybrid stochastic-binary neural networks, I found that depending on the

operating precision convolutional neural network layers can reap up to one order of magnitude

improvement. I also find that the energy efficiency breakeven point with an equivalent BE accelerator

is roughly 8-bits of operating precision. This result is roughly in line with the energy efficiency

gains outlined in Chapter 4.

For other applications such as support vectors machines and similarity search, I find that the

gains achievable by end-to-end SC accelerators are not compelling. For instance, when compared to

an equivalent BE accelerator, both the accuracy and energy efficiency yields of the SC accelerator

were not as good. In the case of similarity search, I concluded that while kNN has some desirable

properties which makes it compatible with SC (ex. error tolerance) it does not contain sufficient
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computation relative to the number of conversions required as overhead. As a result, the conversion

overheads dominated power and area consumption resulting in reduced energy efficiency gains.

I conclude that SC accelerators show promising results for applications such as neural networks

but do not fare as well for others. In order to yield compelling energy efficiency gains, applications

need both compatibility with the limited viable precision range, high application data reuse, and

high compute to conversion ratio. I expect that future work will continue to explore other application

domains to identify such promising application candidates for SC.
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Chapter 6

SYNTHESIS TECHNIQUES FOR STOCHASTIC COMPUTING

In Chapter 3, I showed new circuits that relied on designer insight and intuition to design to improve

the accuracy of SC. Automating the process of designing new circuits is desirable as it can remove

some or all of the engineering burden. Unfortunately, the design space of stochastic circuits often

defies human intuition because of considerations like correlation and the time-multiplexed encoding.

Most design techniques lack generality and are limited to a certain class of circuit. Thus a key

challenge for stochastic computing is providing circuit design techniques for targeting arbitrary

functionality as well as generating the accompanying number sequences for RNGs.

To address these design challenges, I propose borrowing techniques from program synthesis. I

will show how these techniques can aid the design process of new stochastic circuits and supplement

designer efforts by automating tedious or unintuitive design tasks. This section highlights two such

efforts at automating design tasks for SC: (1) designing new circuits with stochastic synthesis and

(2) engineering random number sequences with mixed integer linear programming.

6.1 Stochastic Synthesis for Stochastic Circuits

While there have been many recent advances in SC theory and technology, there are few general

methodologies for designing new stochastic circuits for operations that do not have well-known

solutions. For instance, there are no known implementations or good approximations of the

trigonometric functions sine, square root, exponentiation, cosine, and tangent in SC. While there are

a handful of methods for synthesizing stochastic circuits such as STRAUSS [10], they are limited to

certain classes of functionality like polynomial evaluation circuits. In this work, I propose using

stochastic synthesis for automating the design process of stochastic circuits for a target functionality.
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6.1.1 Background: Stochastic Synthesis

Stochastic synthesis is a program synthesis technique used for superoptimization of program binaries

and compiling to idiosyncratic instruction sets or architectures [84, 93, 94]. Stochastic synthesis

is an instance of Markov chain Monte Carlo where the space of programs is treated as a high-

dimensional space. Each program P is ascribed a cost calculated by a user-defined function C(P)

which captures correctness and/or optimality. The synthesizer than iteratively traverses the space

of programs towards lower cost programs similar to gradient descent algorithms. Intuitively, this

procedure effectively samples promising sectors of the program space since exhaustive enumeration

is prohibitively expensive.

A summary of the stochastic synthesis algorithm is shown in Figure 6.1 for a target program

of length I. The initial program in the stochastic search is randomly generated. From this initial

program, the search iteratively generates proposals for better programs by randomly applying one

of several rewrite rules R(P). The set of rewrite rules must be ergodic which guarantees that given

infinite resources the search will eventually explore all possible programs. Given a current program

P and a candidate program P′ = R(P), the search either accepts or rejects the candidate program. If a

program proposal is accepted, the current program becomes the proposed program. If the candidate

is rejected, the current program remains the same. The candidate process is than repeated until an

optimal program is found or the computational budget is expended.

The probability of a proposed program being accepted or rejected is based on its cost C(P′)

relative to the cost of the current program C(P) and is computed using the Metropolis ratio:

α(P, P′) = min(1, exp(−β(C(P′) −C(P)))

Intuitively, this probability distribution forces the search to always accept a proposal with better cost

while allowing the search to still accept less optimal programs. Accepting less optimal, higher cost

programs during the search is crucial for enabling the search to escape local minima in the program

space. The value for β is tuned experimentally, similar to how the learning rate is tuned for machine

learning applications.
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1: procedure Synthesis(I, β, C(X))

2: P← random program of length I

3: B← P // Initialize best program

4: while compute budget not exhausted do

5: R← random rewrite rule

6: P′ ← R(P) // Generate proposal program

7: α← min(1, exp(−β(C(P′) −C(P)))) // Evaluate cost

8: if random number(0, 1) < α then

9: P← P′ // Accept proposal

10: else

11: pass // Reject proposal

12: end if

13: if C(P′) < C(B) then

14: B← P′ // Update best program

15: end if

16: end while

17: return B

18: end procedure

Figure 6.1: High level stochastic synthesis algorithm.
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Stochastic circuits are an ideal candidate for stochastic synthesis for several reasons. First, many

known stochastic circuits use a handful of gates, which limits the search space to small programs.

Stochastic synthesis is notorious for poor scalability with increasing program size so confining the

search to small programs significantly improves the chance of success. Second, precision or SN

length in SC does not affect circuit functionality. This allows the same stochastic circuit synthesized

with one SN length to generalize to longer SNs. On the other hand, BE computation requires

different circuits to process different precision values. Third, relative to large software instruction

sets, the number of hardware primitives is small, which reduces the search space significantly. All

together, these considerations significantly reduce the search space when compared to software

formulations of stochastic synthesis which have larger and more complex program spaces.

6.1.2 Synthesis Formulation

This section outlines the synthesis formulation I use to design new stochastic circuits.

Instruction Set and Program Constraints

Stochastic synthesis can be directly leveraged to synthesize circuits by abstracting circuits as dataflow

programs. Existing software formulations of stochastic synthesis target software instruction sets

like x86 and are agnostic to the notion of cycle count or time. Hardware design on the other hand

must incorporate the notion of cycle count or time into the formulation to expose the semantics of

state elements. The hardware instruction set and semantics for the stochastic synthesis formulation

are shown in Table 6.1. The instruction set is reminiscent of the primitives provided by structural

Verilog, and includes primitive gates (ex. AND, OR, XOR) in addition to well-known primitives

for SC (ex. T-flip flop (TFF), multiplexor (MUX)). Each instruction is composed of an opcode

indicating its operation, input operands, and output operands.

Unlike software formulations of stochastic synthesis, a hardware program is considered invalid

if the same destination register is assigned multiple times (doubly driven wire) or the program forms

a combinational loop. In this formulation, I express a circuit as a dataflow program of hardware
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instructions. Programs that realize invalid circuits are ascribed maximal cost (C(P) = 1.0) to

discourage the search from these areas. To prevent doubly driven or undriven wires, I impose single

static assignment over the program and prevent rewrite rules from overriding assigned destination

registers. I also require the user to specify the target program length. Finally, it is important to note

that the spatial nature of hardware makes programs agnostic to instruction order.

Table 6.1: Hardware program instruction set for stochastic synthesis.

Instruction Semantics

AND src, trg, dst dst[n]← src[n] & trg[n]

OR src, trg, dst dst[n]← src[n] | trg[n]

XOR src, trg, dst dst[n]← src[n] ⊕ trg[n]

NOT src, dst dst[n]← ¬ src[n]

PASS src, dst dst[n]← src[n]

DFF src, dst dst[n]← src[n-1]

TFF src, dst dst[n]← dst[n-1] ⊕ src[n-1]

MUX src, trg, sel, dst dst[n]← src[n] if sel[n] else trg[n]

Specification and Cost Function

The input specification to the synthesizer is a set of test cases and their target output values. A

test case is defined as a set of input bindings to input operands and desired output SN value. The

user must specify the number of input operands which can be derived from the target function to

synthesize. For a given program P, I define the cost of a program as the average absolute error

between the expected output SN value and the result SN value produced by the circuit. The result

SN value is calculated by simulating the circuit for each set of input bindings. I define the total

cost C(P) of the program as the average absolute error over all test cases. This ensures that the cost

function is agnostic to SN length and test case count which reduces how often I need to tune β.
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To generate test cases, I select from LFSR, Van der Corput, or Halton (base = 3) sequences for

generating input SN operands. Test case selection and coverage directly impacts the cost function

and ultimately the behavior of the synthesized circuit. Test case selection can also be manipulated

to express the conditions under which the desired stochastic circuit will operate. For instance, test

cases can be intentionally generated with correlated or uncorrelated inputs to tell the synthesis

process to find a circuit that operates correctly with correlated or uncorrelated operands respectively.

If the optimal operating conditions are unknown, the user can ask the synthesizer to determine

what the optimal correlation should be. To do this, the user supplies duplicate operands to the

synthesizer and lets the synthesizer determine which ones to use. For example, if I were to try

and synthesize a stochastic subtractor but did not know whether the input operands needed to be

correlated or uncorrelated, I would supply three input SNs X, X′, and Y , where X and X′ have the

same value. Test cases would be generated such that X and Y are uncorrelated and X′ and Y are

positively correlated. The synthesizer will then figure out whether the uncorrelated or correlated

inputs are unnecessary and will leave one disconnected if necessary in the synthesized result.

The key drawback of this technique is that it increases the search space of potential programs by

introducing additional input operands.

Program Generation and Rewrite Rules

Candidate programs are generated by randomly selecting from a set of rewrite rules. The set of

rewrite rules is typically a combination of rules which locally perturb the program and rules which

impose more global modifications. Each rewrite rule is assigned a selection probability which

governs how often it is used in the search. I generally find that ascribing higher selection probability

to local rewrite rules and lower probabilities to more global rewrite rules works well. Intuitively,

this allows the search to spend sufficient time exploring local minimum before moving on to another

local minimum.

The set of rewrite rules used by the stochastic synthesizer is shown in Table 6.2. Unlike

traditional software program synthesis, I do not have a swap instruction rewrite rule since hardware

dataflow programs are agnostic to program instruction order. I also add a swap all operands rewrite
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Table 6.2: Program rewrite rules and selection probabilities. Minor rewrite rules like operand

replacement have higher selection probability than major rewrite rules like random restart.

Rewrite Rule Prob. Description

Replace Operand 0.817 Replace a random instruction’s input register with new random

operand.

Replace Opcode 0.091 Replace a random instruction’s opcode with a new opcode of the

same arity.

Replace Instruction 0.045 Replace the entirety of a random instruction with a new randomly

generated instruction.

Swap All Operands 0.045 Randomly selects two registers ra and rb. Replaces every in-

stance of ra with rb and rb with ra in the program.

Random Restart 0.001 Replaces the entire program with a new random program.

rule which randomly selects two operands ra and rb, and replaces every instance of ra with rb

and rb with ra. This effectively swaps the connectivity of two wires in the circuit netlist without

requiring the synthesizer to traverse potentially many high cost intermediary circuits. Finally, I

also employ random restarts [40] which is a technique that reinitializes the search to a random

program. This effectively forces the synthesizer to explore a different portion of the program space

and potentially rescues it from getting stuck in deep local minima in the search space.

In experiments, I find that the parameter β = 2 in the Metropolis ratio produces good results.

Since I ascribe a maximum cost of 1.0 to invalid circuits, β = 2 allows invalid circuits to be accepted

with small but non-negligible probability (≈ 13.5%). I still want the search to explore such invalid

programs since it is often necessary to traverse invalid programs to reach new valid ones. To improve

cost evaluation performance, the synthesizer performs combinational loop checks and dead code

elimination.
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Table 6.3: Stochastic circuit synthesis benchmarks. The stochastic synthesizer can synthesize

existing stochastic circuit designs as well as new ones.

Operation Design
Program

Length

Function

f (pX, pY)

Result

Size
Abs. Error Correct

Scaled Adder [54] 3 (pX+pY )
2 3 0.027 Yes

Subtractor [6] 1 |pX − pY | 1 0 Yes

Uncorrelated Multiplier [38] 1 pX pY 2 0.021 Yes

Division [28] 2 pX/pY 2 0.038 Yes

Scale ×1/4 [111] 4 0.25pX 5 0 Yes

Scale ×1/3 [111] 4 0.33pX 5 0 Yes

Scale ×1/2 [111] 2 0.5pX 2 0 Yes

Scaled ReLU [59] 11 max(0.5, pX) 16 0 Yes

Correlated Multiplier N/A pX pY 4 0.035 N/A

Square Root [38] N/A
√

pX 5 0.024 N/A

Sine [38] N/A sin(2πpX)+1
2 8 0.068 N/A

Exponentiation [22] N/A ppY
X 7 0.031 N/A

Cosine [38] N/A cos(2πpX)+1)
2 10 0.15 N/A
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6.1.3 Evaluation Methodology

I evaluate the stochastic synthesis formulation for both well-known arithmetic operations in addition

to operations which have known but inefficient implementations. In the evaluation, I limit the set

of synthesis benchmarks to unipolar stochastic circuits, but I expect the synthesis formulation to

generalize to bipolar and other SC representations. Table 6.3 shows the set of synthesis benchmarks

I use to evaluate the capabilities of stochastic synthesis. I deem a synthesized circuit as correct if it

is logically equivalent or has the same cost or better than known solutions in prior work.

I am particularly interested in benchmarks which involve state elements and require feedback

since such solutions are more likely to defeat human design intuition and existing synthesis tech-

niques. For each benchmark, I execute the synthesizer for at least 1 million proposals, which takes

less than 10 minutes, and return the solution with best cost. I increase the initial instruction count

and number of proposals as needed for operations that have previously unknown solutions. Note

that the number of evaluated proposals corresponds directly to the compute budget in Figure 6.1.

If the synthesizer encounters an exact solution (a zero-cost solution has no error), it immediately

terminates the search and returns that solution.

A key strength of stochastic synthesis is that even if the synthesizer fails to reach an exact

solution, it will still return a solution that approximates the target function. This makes stochastic

synthesis an ideal solution for attempting to synthesize SC implementations of functions which elude

known SC synthesis techniques and currently have inefficient solutions. Examples of such functions

include square root and exponentiation, and trigonometric functions such as sine, and cosine which

can be implemented using Adaptive Digital Elements (ADDIE) [38]. However, ADDIE circuits are

expensive and inefficient because they often require counters and additional auxiliary inputs. For

evaluated synthesis benchmarks, I modify the target sine and cosine functions such that their range

is in the unipolar domain (i.e. [0,1]).

6.1.4 Experimental Results

This section presents synthesis results and quantifies the efficacy of the synthesis formulation.
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Table 6.4: Synthesis results for uncorrelated multiplication, scaled addition, constant scaling by 0.25,

constant scaling by 0.33, square root, exponentiation, correlated multiplication, and polynomial

evaluation.

Operation
Uncorrelated

Multiplier
Scaled Addition Scale by 1/4 Scale by 1/3

Known

Solution

X

Y Z

X

Z

TFFTFFTFFTFFY
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0

 

1
0
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X

Z

DFFTFFTFF
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Y Z
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X

Z

TFFTFFTFFTFFY

 

1
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X

Z
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0
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X

Z
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1
0

Operation
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Multiplier
Square Root Exponentiation Divider
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Solution
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X

Z

IntegratorIntegrator
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X

Z
IntegratorIntegrator <

0 X

Y

Z

DFFDFF

 

0
1

 

0
1
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Y

DFF

 

1
0

Z

TFF

x

X

DFF DFF TFFTFF

Z

X

DFF

Z

DFF DFF

Y

X

Y
Z

DFFDFF 

0
1

 

0
1
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Synthesis Results

In general, the stochastic synthesizer is able to quickly synthesize correct implementations of known

stochastic circuits such as the subtractor, uncorrelated multiplier, and scaled adder. Note that existing

tools are incapable of designing the subtractor and correlation insensitive adder which exploit or

manage correlation. On average, I find the synthesizer evaluates about 2000 program proposals per

second1. Interestingly, I find that for the uncorrelated multiply benchmark the synthesizer finds a

solution that correctly includes an isolator (DFF) before the AND gate. Similar experiments indicate

that the synthesizer is able to perform isolator insertion as it tries to improve the circuit. I also

attempt to synthesize a stochastic multiplier to handle cases where input SNs are correlated (the

original stochastic multiplier assumes uncorrelated SNs). As shown in Table 6.4, the synthesizer

is able find a circuit which uses a T-flip flop, D-flip flop, and multiplexor to break the correlation

between the two input SNs before feeding the SNs into an AND gate to perform the multiplication.

For scaled addition, the synthesizer is able to correctly identify the correlation insensitive adder

proposed in [54].

I also find that the synthesizer can discover correct implementations (Table 6.4) of scaling by

constant circuits equivalent to those generated by CEASE [111]. For these particular benchmarks

the synthesizer produces solutions which are suboptimal in terms of number of resources (cost

function does not optimize for circuit size) but are logically equivalent to correct implementations.

For instance, the synthesized solution for scale by 1/4 can reduce the multiplexor to an AND gate,

and the solution for the scale by 1/3 can optimize away the multiplexor. Fortunately, standard logic

reduction techniques can be employed to reduce such synthesized solutions to their smaller, more

optimal implementations. Interestingly, the synthesizer finds the correlation insensitive variant for

the scale by 1/4 benchmark and the correlation sensitive variant for scale by 1/3 benchmark [111].

More importantly, this result shows that the synthesis formulation can discover circuits with both

sequential elements and feedback paths which is not possible with some techniques in prior works.

1Tool is implemented in Python. C++ implementations will be faster.



98

The synthesizer is also able to find approximate implementations of functions that are difficult to

analyze and manually design solutions for. For instance, I was able to synthesize a new approximate

square root and exponentiation ( f (x, y) = xy) circuit as shown in Table 6.4 which do not require

expensive integrators or auxiliary SNGs as used in previous work [38]. Unlike many stochastic

circuits, the synthesized square root and exponentiation circuits shown in Table 6.4 cannot be

synthesized by existing SC synthesis techniques. Interestingly, I find that these synthesized solutions

use a set of sequential elements reminiscent of the modulo counters used in scaling by constant

circuits. Unlike the scaling by constant circuits, the feedback loop also takes pX and pY as input.

For other more difficult benchmarks like scaled sine and cosine, I find the synthesizer is not

able to find as optimal solutions. The synthesizer is still able to find a reasonable sawtooth

wave approximation for Van der Corput generated inputs, but these solutions are far from ideal.

Interestingly, the synthesized sine and cosine solutions reduce to finite state machines (FSMs) which

shows the synthesis formulation is able to find approximate implementations when appropriate. The

failure of the synthesis formulation to find a good solution does not preclude the existence of a better

solution nor guarantee a better solution exists and alludes to some of its limitations discussed later.

For larger circuits, I find that instantiating the program with more instructions than the known

solution size improves the search result. These extra instructions serve as extra degrees of freedom

and many are often deleted during dead code elimination since they do not drive any part of the

circuit. But by increasing the program size, it allows the search to find larger but logically equivalent

variations of the known solution. This increases the number of potential solutions and hence the

number of optimal local minima in the program space.

Generality of Synthesized Circuits

I find that synthesized circuits generalize to arbitrary SN length and validates the assumption

that it is sufficient to synthesize a general SC solution using a fixed SN length. An example of

synthesized circuits that generalize to arbitrary SN length are the constant scaling circuits. In this

case, the synthesizer finds both the modulo counter-based implementation and correlation insensitive

implementations which generalize to arbitrary SN length.
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Figure 6.2: Synthesized approximate stochastic square root function. The synthesized circuit

generalizes to different SN lengths.

Another instance of this precision generalization is the synthesized approximate square root

circuit. Figure 6.2 compares the actual result generated by the synthesized square root circuit

for several SN lengths and compares them against the expected floating point function. As the

evaluation results show, the synthesized circuit behavior remains the same across all SN lengths.

The circuit was synthesized using SNs using Van der Corput sequences but also works (albeit with

modest errors) for SNs generated with LFSR and Halton (base = 3) sequences.

6.1.5 Summary

In this section, I proposed a new synthesis formulation using stochastic synthesis for designing new

stochastic circuits. Unlike prior work, my synthesis formulation takes a functional specification and

a set of testcases expressing correlation conditions as input, and generates a stochastic circuit (or

reasonable approximation) as output. The key idea is to use stochastic synthesis to automate the

search through the space of candidate circuits. I show that the proposed formulation is able to both

identify existing stochastic circuit solutions as well as new approximations for functions like square

root or polynomial evaluation. In the next section, I will explore how to to automate the search for

stochastic number generators to drive stochastic circuits.
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6.2 Stochastic Number Generator Synthesis With Mixed Integer Linear Programs

Number generators for SNGs which drive the generation of bitstreams are vitally important since

they are one of the primary means of engineering correlation between bitstreams. The correlation

between bitstreams governs the functionality and accuracy of arithmetic operations in SC, and many

arithmetic operations in SC have a correlation under which they are most accurate. As a result,

the selection of number sequences for SNGs is important since correlated or uncorrelated number

sequences will generate correlated or uncorrected bitstreams respectively.

The key challenge is that manually engineering optimally correlated SNGs requires exploration

of an exponentially large design space. For instance, exhaustively searching through all number

sequences of length of 16 would mandate evaluating 16! ≈ 20 trillion potential number sequences.

As a result, existing work relies on a handful of number sequences with desirable correlation

properties and reasonable implementation costs such as low discrepancy sequences [8], linear

feedback shift registers (LFSRs), and pulse-width modulated analog signals [75]. This leaves a large

space of number sequences which may yield more accurate results than known number sequence

combinations.

In this section, I propose a number sequence synthesis formulation using mixed integer linear

programs to synthesize accurate arithmetic operations [56]. The synthesis formulation proposed

in this section is able to generate optimally accurate number sequences. More importantly, this

technique eliminates the design burden of selecting properly correlated number sequences for

stochastic circuits.

6.2.1 Problem Formulation

Linear Programming (LP) is an optimization technique that models problems as a set of linear

constraints over symbolic variables, and a linear objective function to minimize with. In conventional

LP, variables can take any real value that satisfies the constraints. Variants such as integer linear

programming (ILP) restrict variables to only take integral values. I use a variant known as mixed

integer linear programming (MILP), where variables can be either integral or real-valued. The job
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of the LP solver is to assign values for all variables so that they satisfy the constraints. Feasible

solutions are those that satisfy all the constraints while optimal solutions are feasible solutions that

are minimize the objective function. If no feasible solution exists, the problem has no solution or is

unfeasible.

The proposed synthesis formulation defines a MILP problem that takes two input specifications:

(1) a real-valued function specification, f (pX, pY), and (2) a hardware specification h(X,Y). The

function specification f (pX, pY) defines the expected value of the output SN; the inputs and output

of the function specification must be within the bounds of the SC encoding (i.e. unipolar or bipolar

operating ranges). In contrast, the hardware specification, h(X,Y), specifies the behavior of the

underlying hardware circuit. Given these specifications, the goal of the synthesis formulation is to

produce two integer number sequences S X = {x1, ..., xN} and S Y = {y1, ..., yN} for the SNGs of X

and Y respectively. Each xi, yi : N is within the range [0,N) and is unique within its sequence. The

goal is to have S X and S Y to approximate f (pX, pY) when used to generate the SNs X and Y for the

hardware circuit described by h(X,Y). For instance, to synthesize the optimal number sequences

for stochastic multiplication using a two-input AND gate, I would specify f (pX, pY) = pX pY and

h(X,Y) = X&Y . The proposed synthesis formulation does not actually synthesize the circuit itself

but rather tries to fit the SNG number sequences around the specified hardware circuit to best

approximate the function specification.

6.2.2 Synthesis Formulation Constraints

I now define the MILP constraints used in the synthesis formulation to generate number sequences.

Instead of directly synthesizing the number sequence itself, I synthesize the actual SNs that corre-

spond to each value. To encode the number sequences S X and S Y , I define two symbolic matrices of

indicator variables denoted Xi, j and Yi, j where i denotes the row index and j denotes the SN offset

(Figure 6.3a). These two symbolic matrices will encode the number sequences for the X and Y

SNGs and are constrained such that:

∀i ∈ [0,N], j ∈ [0,N) : Xi, j ∈ {0, 1}, Yi, j ∈ {0, 1}
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Figure 6.3: Mixed integer linear program synthesis formulation and flow. (a) Value and monotonicity

constraints. (b) Hardware functionality constraints. (c) Apply mixed integer linear program solver.

(d) Decode synthesized solutions.

The ith row of each matrix effectively encodes the SN encoding for the value i/N. Under this

encoding, the sum of each row must equal i since, under unipolar SC representations, each position

that is 1 in the SN has a weight of +1. Since an SN can take N + 1 possible values, the matrix of

indicator variables has N + 1 rows where each row is N variable wide. I refer to this set of constraint

as the value constraints which are:

∀i ∈ [0,N] :
N−1∑
j=0

Xi, j = i,
N−1∑
j=0

Yi, j = i

I also introduce monotonicity constraints which require the values in each column of S X and S Y

to increase monotonically. Suppose two SNs Xi and Xi+1 encoding the values i/N and (i + 1)/N

respectively and are generated from the same number sequence S X. The key insight is that if a

bit at position n in Xi is 1, then the bit at position n must also be 1 in Xi+1. This is because if

S X[n] < i/N for a given position n, then it must be the case than S X[n] < (i + 1)/N. Therefore, I

have the constraints:

∀i ∈ [0,N), j ∈ [0,N) : Xi, j ≤ Xi+1, j, Yi, j ≤ Yi+1, j

The monotonicity constraint combined with the value constraints enforces uniqueness in that (1) no

two SNs encode the same value, and (2) each encoded number within each sequence is unique.
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Table 6.5: Integer linear program constraint encodings for basic logic gates.

Gate Constraint Encoding

Z = AND(X, Y) Z ≥ X + Y - 1, Z ≤ X, Z ≤ Y, 0 ≤ Z ≤ 1

Z = OR(X, Y) Z ≤ X + Y, Z ≥ X, Z ≥ Y, 0 ≤ Z ≤ 1

Z = XOR(X, Y)
Z ≤ X + Y, Z ≥ X - Y, Z ≥ Y - X

Z ≤ 2 - X - Y, 0 ≤ Z ≤ 1

Z = NOT(X) Z = 1 - X, 0 ≤ Z ≤ 1

To express the desired circuit functionality, I convert the underlying hardware function h(X,Y)

into its equivalent MILP formulation and set the objective to minimize absolute error. I assume

a set of constraints HX,Y represents the set of hardware constraints that enforces the hardware

functionality of h(X,Y). MILP formulations of Boolean logic gates such as AND, OR, NOT, and

XOR are shown in Table 6.5. I implement multiplexors (MUX) using compositions of basic logic

gates. State elements like D-flip-flops (DFFs) are implemented by passing the previous cycle value

in the SN. New indicator variables are introduced as necessary to express each constraint. Given the

circuit outputs, capturing error is expressed by:

∀n,m ∈ [0,N] : Hn,m =

N−1∑
j=0

h(Xn, j,Ym, j)

∀n,m ∈ [0,N] : Cn,m = Hn,m − enc( f (pX = dec(n), pY = dec(m)))

Where Cn,m captures the error between the target functionality and the resulting SNs of the synthesis

formulation. An encoding function enc(pZ) converts the function result pZ = f (pX, pY) to the

number of 1-bits expected in the output SN Z. Similarly, an inverse function dec(pZ) converts the

number of expected 1-bits in an SN Z back to a value pZ. For unipolar circuits, enc(p) = N · p,
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because p ∈ [0, 1] whereas Hn,m is in the range [0,N]. For bipolar circuits, enc(p) = N · (p + 1)/2

because p ∈ [−1, 1]. I then minimize the cost over the absolute error as the objective function2:

minimize
N∑

n=0

N∑
m=0

|Cn,m|

The absolute value function is implemented using two auxiliary variables per term. Given a cost

term Cn,m, I define two auxiliary variables tn,m+ and tn,m− and impose the constraints:

∀n ∈ [0,N],m ∈ [0,N] : tn,m+ − tn,m− = Cn,m

|Cn,m| = tn,m+ + tn,m−

tn,m+ ≥ 0, tn,m− ≥ 0, Cn,m ≥ 0

If Cn,m is positive than tn,m+ = Cn,m and tn,m− = 0, otherwise tn,m+ = 0 and tn,m− = −Cn,m. The

absolute value of this cost component is then expressed as tn,m+ + tn,m−. Since I am minimizing over

the cost terms, the solver should force either tn,m+ or tn,m− to be zero since other assignments to these

variables would be suboptimal.

The resulting number sequences S X and S Y can be recovered from the variables Xi, j and Yi, j

by summing over the columns of the vector respectively and subtracting the sum from N. Recall

that SNs are generated by taking the number sequence value s and checking if it is less than the

target value x. If s < x, the D/S converter emits a 1 otherwise it emits a 0 which means the number

of zeros is proportional to the number of values where s < x. I can decode the number sequence

values by summing the number of zeros in each column and subtracting from N (Figure 6.3d). More

precisely:

∀i ∈ [0,N] : S X[i] = N −
N∑

j=0

Xi, j, S Y[i] = N −
N∑

j=0

Yi, j

The constraint encoding and solver flow for a SNG of length N = 4 is shown in Figure 6.3.

2Mean squared error (MSE) formulations can be done using quadratic programming but are significantly slower. I
find that average absolute error is a good approximation for MSE.
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6.2.3 Optimization Constraints

I now introduce two constraint optimizations which I use to improve the performance of the synthesis

formulation.

Initial and Final Sequences

I can introduce constraints for the vectors of the rows corresponding to 0 and N. Recall that the

sum of each row is equal to the row index. Thus, the sum of row 0 must also be zero and the

sum of row N must be N. The only way to enforce the constraints
∑N−1

j=0 X0, j and
∑N−1

j=0 XN, j is

∀ j ∈ [0,N) : X0, j = 0, XN, j = 1 since variables are either 0 or 1, and there are N positions in the row.

While this optimization appears trivial, it provides a modest improvement to solver time since the

solver does not need to deduce this itself.

Relative Ordering Invariance

In Subsection 2.1.3, I showed that for combinational circuits, the numbers in two number sequences

can be rotated or swapped as long as the relative pairing of numbers is preserved since this preserves

correlation (relative ordering invariance). This observation is important because it means there are

many solutions that are equivalent and have the same objective function value, and hence the same

accuracy. This can be problematic for the solver since it must expend time exploring each equivalent

solution to determine that they all have the same accuracy when verifying optimality.

Fortunately, I can exploit relative ordering invariance to eliminate these equivalent solutions by

initializing one of the number sequences to any solution that satisfies the constraints. For instance,

I can initialize constraints such that S X is the ramp function {0, 1, 2, 3, ..., N-1} (or any other

valid number sequence). This eliminates the task of synthesizing one of the number sequences

and reduces the number of symbolic variables by half since it is no longer necessary to solve for

∀i, j : Xi, j. Once a solution S Y is synthesized, I can rotate the number sequences or swap the number

positions to transform them into other iso-accurate solutions with the same correlation. In fact, the
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only important information synthesized by the solver is the relative pairing of the numbers between

number sequences since this governs correlation.

6.2.4 Evaluation Methodology

I evaluate synthesis problems for known arithmetic stochastic circuits to verify that the synthesis

formulation is correct. I also show that the synthesis formulation can synthesize more accurate

number sequences for existing arithmetic operations. A full list of synthesis target specifications is

shown in Table 6.6. I then show how the proposed synthesis formulation can be extended to support

larger circuits with more inputs in Subsection 6.2.7.

The proposed synthesis formulation is implemented on top of IBM CPLEX version 12.8.0 [1].

Each benchmark was run on Microsoft Azure F72 v2 virtual machines running Ubuntu 16.04, which

have 72 2.7 GHz Intel Xeon Platinum 8168 processors and 144GB of RAM. In some cases, CPLEX

is not able to fully use all cores since certain synthesis problem do not contain sufficient parallelism

for CPLEX to exploit when exploring the solution space.

I can also relax the optimality constraint on the problem or ask the CPLEX solver to return the

best solution given a computation budget. To do this, I can relax the optimality gap g and instead

synthesize solutions that are within some percentage of optimal. The optimality gap is a CPLEX

parameter which is the distance between the minimal solution and the lower bound for all solutions.

For instance, I can set g = 0.05 to express that I want a solution that is within 5% of optimal3. This

allows the solver to trade off optimality for speed. I can also bound the solver time and configure

it to return the best solution found in that given computation time budget. This does not provide

a bound of the objective function optimality but again trades optimality for speed. We generally

find that for difficult problems, the solutions are still within 5% of the globally optimal objective

function value.

To evaluate correctness, I use the synthesized number sequences to evaluate the average absolute

error across all possible input value combinations. I compare the average absolute error against

3A gap of 0% means the solver has returned the optimal solution



107

those produced by using well-known number sequences for S X and S Y for each functional unit

as the baseline accuracies. Most prior work uses a combination of linear feedback shift register

(LFSR), Van der Corput (VDC), Halton sequences, and ramp sequences which are generated by

known mathematical functions. When evaluating error for an arithmetic circuit, I report the baseline

average error using number sequence combinations identified in previous work.

6.2.5 Evaluation Results

I now present evaluation results for the synthesis targets defined in Table 6.6. For benchmarks

like maximum, division, and minimum the synthesis formulation generates optimally positively

correlated results which results in no errors and match the known optimal solutions in the literature [6,

27]. For saturating addition, the synthesizer correctly identifies maximally negatively correlated

number sequences which also results in no accuracy errors. For benchmarks like multiplication,

the synthesis formulation finds number sequences which results in more accurate results across all

unipolar and bipolar encodings. While the proposed formulation optimizes average absolute error,

the results are still comparable or more accurate than baseline number sequences in terms of mean

squared error (MSE). Finally, I find that synthesis times vary significantly between formulations but

generally increase exponentially with search space size.

Examples of synthesized sequences for multipliers with SN length of N = 16 are shown in

Table 6.7. I find that the synthesized results for multiplication achieve better overall accuracy by

2.5× over previously solutions using a ramp, Van der Corput, or Halton sequences (Figure 6.4). In

particular, I find that the average SCC over all bitstreams generated by the synthesized sequences is

zero which is better than the average SCC of prior work. The evaluation results also show I can

generate more accurate bitstreams for the squaring function by up to 20× for N = 128. Unlike

multiplication, the accuracy of the squaring circuits depends on the autocorrelation within the single

input SN and existing sequences do not produce as accurate baselines.

The key strength of the proposed formulation is that provided sufficient computation resources it

can automatically identify optimally correlated deterministic number sequences. Table 6.7 compares

the SCC for unipolar and bipolar multiplication and shows that the average SCC across all SNs



108
Ta

bl
e

6.
6:

N
um

be
rs

eq
ue

nc
e

sy
nt

he
si

s
be

nc
hm

ar
ks

,s
pe

ci
fic

at
io

ns
,a

nd
av

er
ag

e
ab

so
lu

te
er

ro
r(

lo
w

er
is

be
tte

r)
re

su
lts

co
m

pa
re

d

ag
ai

ns
tb

as
el

in
e

so
lu

tio
ns

.S
yn

th
es

iz
ed

so
lu

tio
ns

ar
e

as
ac

cu
ra

te
or

m
or

e
ac

cu
ra

te
th

an
ba

se
lin

e
so

lu
tio

ns
.S

ol
ut

io
ns

m
ar

ke
d

w
ith
†

ar
e

no
to

pt
im

al
bu

ta
re

st
ill

m
or

e
ac

cu
ra

te
th

an
ba

se
lin

e
se

qu
en

ce
s.

Fu
nc

tio
n

E
nc

od
in

g
Fu

nc
tio

n
H

ar
dw

ar
e

Sy
nt

he
si

ze
d

E
rr

or
(T

hi
s

W
or

k)
B

as
el

in
e

E
rr

or

f(
p X
,
p Y

)
Z

=
h(

X
,Y

)
N

=
16

N
=

32
N

=
64

N
=

12
8

N
=

16
N

=
32

N
=

64
N

=
12

8

M
ul

tip
lie

r
U

ni
po

la
r

p X
p Y

Z
=

A
N

D
(X

,Y
)

0.
01

6
0.

00
9

0.
00

5†
0.

00
3†

0.
03

2
0.

02
0

0.
01

2
0.

00
7

B
ip

ol
ar

Z
=

X
N

O
R

(X
,Y

)
0.

06
1

0.
03

5
0.

02
0†

0.
01

0†
0.

06
7

0.
04

3
0.

02
3

0.
01

4

A
dd

er
U

ni
po

la
r

(p
X
+

p Y
)

2
Z

=
M

U
X

(X
,Y

,R
)

0.
01

6
0.

00
8

0.
00

4
0.

00
2

0.
01

6
0.

00
8

0.
00

4
0.

00
2

B
ip

ol
ar

0.
03

1
0.

01
6

0.
00

8
0.

00
4

0.
03

1
0.

01
6

0.
00

8
0.

00
4

Sq
ua

re
r

U
ni

po
la

r
p2 X

W
=

D
FF

(X
)

Z
=

A
N

D
(X

,W
)

0.
01

5
0.

00
8

0.
00

4
0.

00
2†

0.
03

0
0.

03
0

0.
03

4
0.

04
0

Sa
tu

ra
tin

g

A
dd

er
U

ni
po

la
r

m
a
x

(1
,
p X

+
p Y

)
Z

=
O

R
(X

,Y
)

0.
0

0.
0

0.
0

0.
0

0.
0

0.
0

0.
0

0.
0

D
iv

id
er

U
ni

po
la

r
b
p X
/

p Y
c

Z
=

M
U

X
(X

,W
,Y

)

W
=

D
FF

(Z
)

0.
0

0.
0

0.
0

0.
0

0.
0

0.
0

0.
0

0.
0

M
ax

im
um

U
ni

po
la

r
m
a
x

(p
X
,
p Y

)
Z

=
O

R
(X

,Y
)

0.
0

0.
0

0.
0

0.
0

0.
0

0.
0

0.
0

0.
0

B
ip

ol
ar

0.
0

0.
0

0.
0

0.
0

0.
0

0.
0

0.
0

0.
0

M
in

im
um

U
ni

po
la

r
m
i
n

(p
X
,
p Y

)
Z

=
A

N
D

(X
,Y

)
0.

0
0.

0
0.

0
0.

0
0.

0
0.

0
0.

0
0.

0

B
ip

ol
ar

0.
0

0.
0

0.
0

0.
0

0.
0

0.
0

0.
0

0.
0



109

Ta
bl

e
6.

7:
Sy

nt
he

si
ze

d
nu

m
be

rs
eq

ue
nc

es
co

m
pa

re
d

to
ex

is
tin

g
so

lu
tio

ns
(N

=
16

).
M

ul
tip

lie
rs

eq
ue

nc
es

on
av

er
ag

e
ar

e
m

or
e

op
tim

al
ly

un
co

rr
el

at
ed

.

Fu
nc

tio
na

lit
y

Sy
nt

he
si

ze
d

Se
qu

en
ce

s
(T

hi
s

W
or

k)
B

as
el

in
e

Se
qu

en
ce

s
Sy

nt
he

si
ze

d

SC
C

B
as

el
in

e

SC
C

U
ni

po
la

r

M
ul

tip
ly

[0
,1

,2
,3

,4
,5

,6
,7

,8
,9

,1
0,

11
,1

2,
13

,1
4,

15
]

[0
,1

,2
,3

,4
,5

,6
,7

,8
,9

,1
0,

11
,1

2,
13

,1
4,

15
]

0.
0

0.
45

[6
,1

3,
1,

10
,8

,3
,1

5,
4,

11
,0

,1
2,

7,
5,

14
,2

,9
]

[8
,4

,1
2,

2,
10

,6
,1

4,
1,

9,
5,

13
,3

,1
1,

7,
15

,0
]

B
ip

ol
ar

M
ul

tip
ly

[0
,1

,2
,3

,4
5,

6,
7,

8,
9,

10
,1

1,
12

,1
3,

14
,1

5]
[0

,1
,2

,3
,4

5,
6,

7,
8,

9,
10

,1
1,

12
,1

3,
14

,1
5]

0.
0

0.
23

[6
,1

3,
1,

10
,8

,3
,1

5,
4,

11
,0

,1
2,

7,
5,

14
,2

,9
]

[0
,1

,3
,7

,1
5

,1
4

,1
3

,1
0

,5
,1

1
,6

,1
2

,9
,2

,4
,8

]

Sq
ua

re
[2

,0
,8

,1
2,

11
,7

,6
,1

,4
,1

3,
14

,5
,9

,1
0,

3,
15

]
[0

,5
,1

1
,2

,7
,1

2
,4

,9
,1

4
,1

,6
,1

1,
2

,8
,1

3
,4

]
–

–



110

4 8 16 32 64 128
SN Length

10−4

10−3

10−2

Av
er

ag
e 

Ab
so

lu
te

 
E

rr
or

Multiplier Accuracy
Synthesized (This Work)
VDC + Ramp

VDC + Halton3
LFSR + Halton3

Figure 6.4: Multiplication accuracy using synthesized number sequences and prior work. Synthe-

sized number sequences are optimally accurate.

generated by synthesized number sequences is better than using the ramp and Halton sequences

proposed in [54]. Because the synthesized sequences are optimal, the resulting accuracy of the

underlying circuit is also optimal. Recall for combinational circuits, I can exploit relative ordering

invariance to yield number sequences that achieve the same correlation and accuracy. As a result,

number sequences with the same correlation and accuracy can be recovered from the results.

6.2.6 Power, Area, and Energy Evaluation

Number sequence generators are significantly larger and consume more power than individual

stochastic arithmetic operations. For instance, a 4-bit LFSR is still 41.5× larger and consumes

173.8× more power than a single stochastic multiply. As a result, it is common practice to exploit

judicious application data reuse to amortize the cost of number sequence generators and conversion

circuits across many arithmetic operations [42].
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Figure 6.5: Power and area of individual number sequence generators for N = 4, 8, 16, 32, 64, 128.

I evaluate the power, area, and energy cost of the synthesized random number sequences by

using Synopsys Design Compiler, IC Compiler, and PrimeTime Power using a 65 nm TSMC library

to measure power, area, and energy. I compare VDC, Halton3, and LFSR sequences with a lookup

table architecture for synthesized number sequences since synthesized sequences have no obvious

efficient hardware implementation. For a two-input function, I only need to use a lookup table to

generate S Y since I can initialize S X to a ramp function which in turn can be used to drive the lookup

table selection. The architecture for this pair of number sequence generators is shown in Figure 6.6.

To compare scalability, I evaluate number sequence generators for N = 4, 8, 16, 32, 64, 128.

Figure 6.5 shows the power and area comparison of several known number generators. Compared to

existing number sequence generators, individual synthesized number sequence generators consume

more power and area for N=128 length SNs by up to 4.7× and 2.5× respectively; but for shorter

bitstream lengths, this gap quickly closes. While these relative gaps may appear large, in the context

of an end-to-end accelerator, this power and area differential has limited impact.

To measure the overall impact on power and area of the number sequence generators, I evaluate

a convolution and matrix-vector multiplication kernel, and compare the estimated power and area
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Figure 6.6: (a) Lookup table number generator for synthesized number sequences. (b) A counter

serves as both a number sequence source and lookup table driver.

overheads. For the convolution, I assume an 8×8 input tile and a 5×5 kernel window. For the

matrix-vector multiplication, I assume a 32×32 matrix and 32-dimensional weight vector. I measure

power and area using post-placement and route results using random simulation data inputs to

make the results data agnostic. I find that number sequence generators consume less than 1.6% and

1.3% of total power and area of the end-to-end designs respectively using the synthesized number

sequence generators. Compared to designs using a ramp and VDC number sequence generator,

overall a design using the synthesized number sequence generators increase the overall accelerator

area by a mere 4.5%. Furthermore, not all of the additional area overhead is attributed to the number

sequence generators. This is to be expected since end-to-end accelerators are dominated by compute,

S/D, and D/S conversion overheads. As a result, a marginal increase in SNG size has minimal

impact on overall power and area while offering improved accuracy. Depending on the application

context, these energy and accuracy tradeoffs can be justified.

A key limitation of the synthesis formulation is its scalability. Unfortunately, synthesis times

scale poorly with SN length since each additional degree of freedom doubles the search space size.

In practice, most solver synthesis times are faster than worst case exponential times because solvers

are able to prune away large portions of the space. For difficult MILP formulations, experimental
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evidence shows that the CPLEX solver is limited to SN lengths between 64 and 256. But this

drawback is not fatal to the technique since prior work shows that SC is only viable at low operating

precisions [53, 71]. In addition, results from synthesis runs can be cached and reused so the speed

of the synthesis for difficult problems can be amortized over many uses.

6.2.7 Scaling to Multiple Input Circuits

Solver-aided techniques are notorious for having poor scalability since the solution space grows

exponentially with the number of variables in the synthesis formulation. As a result, I find that

directly synthesizing multiple number sequences for an entire circuit can exceed reasonable MILP

solver times for problems with many constraints, or constraints that make it difficult to prune the

search space for the solver. To scale to additional inputs or larger circuits, I decompose the synthesis

problem into smaller subproblems which each can be solved individually. The key insight is that

in many cases an N-input circuit, can be decomposed into N − 1 smaller two-input circuits, each

which have their own function specification fn(pX, pY) and hardware specification hn(X,Y).

Figure 6.7(a) shows an example of how a fused-multiply add can be decomposed into two sub-

problems as shown in Figure 6.7(b). Notice that each subproblem encapsulates its own component

of the circuit functionality and hardware component. For the fused-multiply add circuit, I have

two subproblems: one for the multiplication (subproblem 0) and one for the saturating addition

(subproblem 1). I would first synthesize the number sequences for subproblem 0 (the multiplication)

since it occurs first in the topological ordering of the circuit. This synthesis problem will generate

the optimal number sequences for the SNGs of X0 and X1. Using the synthesized number sequences

for X0 and X1, I exhaustively generate all possible output SNs from the multiplier and record them

in a (N + 1) ∗ (N + 1) × N dimensional matrix Y . Each row in matrix Y corresponds to a possible

SN output from subproblem 0.

To synthesize the optimal number sequence for X2, I construct a second synthesis problem.

Unlike subproblem 0, I use the output SNs in Y from subproblem 0 as one of the inputs instead

of a symbolic matrix corresponding to a number sequence. I still assign a matrix of symbolic
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z = min(1.0, x0x1 + x2)

X0

X1

Z

f0(a, b) = pApB

h0(X0, X1) = X0&X1

f1(a, b) = min(1.0, a+b)
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Y

Figure 6.7: Circuits with more inputs can be decomposed into smaller subproblems. (a) Fused

multiply-add with three inputs decomposed into (b) two subproblems.

variables for X2 since I still need to identify the optimal number sequence. I then exhaustively

encode hardware and function constraints, and solve for the optimal number sequence for X2.

One potential problem with this approach is that the number of resulting SNs generated by

subproblem 0 increases quadratically with SN length. To mitigate this, I apply deduplication of

the rows in Y before attempting the second synthesis problem. The key insight is that the first

subproblem may generate redundant SNs (identical SNs) which can be deduplicated. The degree of

redundancy depends on the encoded computation and hardware specification.

Decompositions present their own unique tradeoffs. For instance, using decompositions trades

global optimality guarantees for scalability; solutions for each individual subproblem are only

locally optimal. By partially calculating the resulting values after subproblems 0, I eliminate

the need to solve for all input number sequences at the same time which dramatically improves

scalability by reducing the search space size. In addition, I am able to synthesize locally optimal

number sequences for intermediary portions of the computation which is a non-trivial design task.

Unfortunately, the synthesized number sequence results are only optimal for that subproblem or

component of the circuit and does not guarantee that the synthesized number sequences are globally

optimal for the composed circuit.
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Table 6.8: Average discrepancy comparison of synthesized and existing sequences with subsequence

length M = 4.

Sequence Type N=8 N=16 N=32 N=64 N=128 N=256

VDC 0.063 0.073 0.078 0.081 0.082 0.083

Halton3 0.094 0.096 0.106 0.108 0.108 0.110

LFSR 0.156 0.176 0.183 0.188 0.191 0.194

Synthesized 0.063 0.073 0.078 0.081 0.082 0.083

6.2.8 Constraint Extensions for Enforcing Low Discrepancy

I can also introduce constraints to minimize the discrepancy of number sequences. The discrepancy

of a SN X with value pX is defined as the deviation of the value of a contiguous subsequence from

pX. Intuitively, this is a measure of how evenly distributed 1s and 0s are within a SN since sequences

with long runs of 1s and 0s will have subsequences which deviate markedly from the encoded value.

Low discrepancy sequences can be desirable for several reasons: (1) they are often uncorrelated

with SNs generated by other sequences and (2) to facilitate progressive precision [8]. For a SN X

with value pX, using a subsequence length M, I can define the average discrepancy of a sequence as:

Davg =
1

N − M
·

N−M−1∑
n=0

∣∣∣∣∣∣
∑M

m X[n + m]
M

− pX

∣∣∣∣∣∣
I can synthesize low discrepancy sequences by setting the cost function to minimize the average

discrepancy of each row of the matrix. I still use a matrix of indicator variables to symbolically

encode the number sequence values, and impose value and monotonicity constraints. Note that the

relative ordering invariance optimization does not apply here since I am only synthesizing a single

number sequence. The results of the synthesis formulation are shown in Table 6.8; compared to

sequences like VDC or Halton the synthesized sequences have comparable average discrepancy.
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6.3 Future Work: Cosynthesis of Stochastic Circuits

Stochastic synthesis and MILP-based number sequences synthesis each has their own unique limita-

tions. Stochastic synthesis (Section 6.1) requires the user to specify the functional specification and

correlation specification through test cases to synthesize the hardware specification. The ILP-based

number sequence synthesis (Section 6.2) requires the user to specify the functional specification and

underlying hardware specification to synthesize the optimal correlation specification. As a result,

neither solution completely solves the problem where the user only has to provide a functional

specification. The ideal design framework for designing stochastic circuits would only require

the user to specify the functional specification and synthesize the best hardware and correlation

specification. In this section, I propose a framework which combines multiple synthesis formulations

to automatically generate stochastic circuits from only functional specifications. I then discuss the

limitations and future work required to make this technique feasible.

A potential synthesis framework for automatically synthesizing stochastic circuits and their

number sequences is shown in Figure 6.8. The key novelty of this framework is that it unifies existing

automated techniques to provide a general solution to the stochastic circuit synthesis problem. More

precisely, this framework takes an input specification f (...) and automatically generates the hardware

specification h(...) and number sequences {S X, ...} that best approximates the specified function. The

proposed technique would improve upon the prior synthesis formulations proposed in this chapter

by leveraging a combination of mixed integer programs, stochastic synthesis, and enumerative

search.

The potential framework first attempts to generate candidate hardware circuit specifications

using a combination of stochastic and enumerative search [55,84,93], and polynomial approximation.

Enumerative search is used to quickly evaluate all possible small circuits. The stochastic synthesis

formulation is the same as proposed in Section 6.1 and provides a more scalable solution for iterating

over the larger space of potential circuits. Polynomial approximations supplement the stochastic and

enumerative search using known polynomial SC circuit synthesis techniques like STRAUSS [10].

Once a hardware specification is generated, the ILP formulation proposed in Section 6.2 can be
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used to identify the optimal RNG combinations. The search process can then iterate between

hardware candidate generation and number sequence synthesis. Like stochastic synthesis, the search

terminates when a sufficiently optimal circuit and set of number sequences is found or computation

resources are exhausted.

While the cosynthesis formulation in this section provides a fully automated method for gen-

erating stochastic circuits, it does not scale well to larger circuits due to ILP solver speed which

bottlenecks the number sequence synthesis step. Furthermore, the ILP formulation required to

synthesize number sequences from Section 6.2 still suffers from the same scalability issues for

longer bitstream length. In order to make this synthesis formulation achieve practical run time

performance, future work improving the heuristics and solver run times is needed. Solver run

time can be improved by adding constraints to the formulation which make it easier to solve or

eliminating redundant variables. Nevertheless, the synthesis formulation outlined in this section is

still valuable for future work as a potential method for fully automating most of the design burden

of generating new stochastic circuits.

6.4 Related Work

This section highlights prior work in synthesizing stochastic circuits and number sequences. I also

briefly compare my proposed work against prior techniques.

6.4.1 Stochastic Circuit Synthesis

A key strength of stochastic synthesis over previous techniques is that it is not limited to any

particular class of functions or circuit properties. Tools such as STRAUSS [10] and ReSC [87] are

limited to synthesizing feed-forward stochastic circuits without sequential elements for polynomial

evaluation. To use polynomial evaluation to approximate functions, the user must identify and tune

the parameters of the desired polynomial beforehand. In many cases, the desired polynomial is not

obvious when trying to approximate functions. Similarly, SC synthesis techniques for sequential

stochastic circuits are limited to rational functions and cannot identify ways to manage correlation.
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Stochastic synthesis does not have these limitations and can synthesize both polynomial target

functions and correlation manipulating sequential circuits without any prior information.

Stochastic synthesis is also able to correctly synthesize circuits for scaling by constants and

reproduce the results originally shown by Ting et al. [111]. The results in my work show that

stochastic synthesis is able to both identify the modulo counter-based solutions as well as the

correlation insensitive solutions. I also showed that stochastic synthesis can also discover when it is

appropriate to insert isolators (ex. uncorrelated multiplier) or identify ways to break correlation (ex.

correlated multiplier). Furthermore, stochastic synthesis is able to find approximate implementations

for a target function when an exact solution may not exist which makes it more powerful than

existing SC synthesis methods.

6.4.2 Number Generator Synthesis

Number sequence selection for SC in the past has been predominantly a manual design task that

relies on designer insight to identify appropriate number sequences. Prior works concentrate on

improving the implementation cost or randomness of number generators. Ichihara et al. [42] propose

sharing rotated versions of LFSRs to amortize implementation cost over two SNGs. Neugebauer et

al. [76] propose a new number sequence generator SBoNG which improves autocorrelation and

cross correlation of generated SNs. Zhakatayev et al. [119] improve SNG implementation cost by

using even distribution coding. Kim et al. [48] propose a SNG that uses an auxiliary RNG to shuffle

bits of an existing SN to generate a new SN similar to the decorrelator proposed in [53]. Yang et

al. [118], Wang et al. [116], and Venkatesan et al. [113] all propose exploiting nanoscale devices to

construct better RNGs. However, there is little prior work that focuses on exploring the remaining

space of number sequences for SNGs. My work is the first to automate the design task of generating

optimally correlated, deterministic number sequences for stochastic circuits.
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6.5 Summary

In this section, I presented two new design techniques based on program synthesis techniques for

automating the design burden associated with designing new stochastic circuits. I first proposed

using stochastic synthesis to automatically identify the hardware implementation given a target

functional specification and testcases to express the correlation conditions under which the circuit

would operate. The results show that the stochastic synthesis formulation works well for identifying

new approximations for functionalities where existing solutions do not exist. I also proposed a new

mixed integer linear program formulation for automatically synthesizing the optimally correlated

number sequences given a target functionality and hardware implementation. The key benefit of

this technique is that it eliminates the design burden of identifying optimally correlated number

sequences which can be an arcane task. Together, the proposed automatic techniques directly

improves the practicality of SC by reducing the design burden required to identifying circuits for

new target functionality.
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Chapter 7

FUTURE WORK

In this chapter, I explore future directions to enhance the immediate practicality of SC. I also

provide longer term future research directions for SC at the intersection of other disciplines.

7.1 Reconfigurability

A key challenge facing existing SC accelerator designs is their general lack of reusability. Most prior

work, including the architectures explored in this thesis, assume that accelerators are implemented

as fixed function ASICs using standard cell libraries. While these design evaluations are critical

for proving the viability of stochastic computation, they do not yet reflect a practical accelerator

design due to their lack of flexibility. Many commercial application specific processors, even if

tailored to a specific application, still support some degree of reconfigurability that tolerate changes

in application parameters.

In addition, typical commercial deployments of application specific circuits require high volumes

to achieve compelling cost benefits. To achieve such volume, an application specific accelerator can

either target a sufficiently ubiquitous application instance or improve generality to more broadly

support many application instances. Identifying a sufficiently ubiquitous application instance is

difficult as it requires a relatively static application landscape and application parameters. Emerging

applications today are rapidly evolving and have proven to be difficult to provision application

specific deployments for.

Alternatively improving the flexibility and generality of the accelerator architecture enhances

the range of functionalities and also reduces vulnerability to sudden changes in application demands.

Improving generality is a delicate design challenge which requires balancing the minimum amount

of reconfigurability to maximize hardware reuse. Overprovisioning reconfigurability can waste
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resources if they are never used. On the other hand, underprovisioning resources diminishes the

utility and functionality of the reconfigurable accelerator which restricts its possible applications.

There are several key open questions concerning the design of a reconfigurable stochastic

computation accelerator. The first principle design challenge is identifying sufficiently general

computational elements to embed in the reconfigurable accelerator architecture. It is an open design

question whether traditional general-purpose reconfigurable units such as FPGA look up tables are

sufficient or whether different computational logic primitives are needed. Since stochastic units are

smaller and often do not have complex datapaths like BE units, a smaller general-purpose logic unit

may be more efficient for a reconfigurable SC unit. Furthermore, certain hardware units in SC are

multifunctional and can be used as different operations by simply changing the correlation between

operands.

Reconfigurable fabrics such as FPGAs typically contain hardened functional units for commonly

used functionalities. Hardened logic units are desirable because they typically consume less power,

use less area, and are more energy efficient than implementing equivalent logic using general-

purpose reconfigurable elements. For instance, traditional FPGA architectures embed hardened

digital signal processing (DSP) and shift registers into their architectures because they are commonly

used across a large range of applications in BE computation. The types of functional units which

should be hardened into a reconfigurable SC fabric is an open question. In addition, it is not clear

what the density (i.e. ratio of hardened functional units to general logic units) of each type of

hardened functional unit should be in such a reconfigurable fabric.

Since elements in SC are typically much smaller than BE ones they can be implemented with

minimal numbers of configurable units. This can potentially improve routing pressure since logic

units are no longer composed of large numbers of general-purpose logic elements as they would for

BE functional units (ex. multiple lookup tables are used to implement a BE adder). As a result, a

reconfigurable SC accelerator could be made exceedingly compact. In addition, since arithmetic

units in stochastic are fundamentally smaller and have less complex datapaths, the maximum clock

frequency of a reconfigurable fabric can be increased.
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The second key design challenge is identifying the optimal routing interconnect architecture to

support the accelerator logic elements. For instance, FPGAs typically use an island style routing

fabric and have many redundant wires of different lengths connecting computational logic blocks

throughout the fabric [20]. Since FPGAs are typically designed to support the wide datapaths for

BE computation, FPGA designs typically provision a significant fraction of the accelerator fabric

for wires, switch boxes, and router nodes. On the other hand, stochastic computation only requires

1-bit datapaths between logic elements and the number of logic elements per arithmetic unit is

small. This highlights one of the key opportunities for SC reconfigurable accelerators: significantly

reducing the routing overhead and routing complexity between and within compute units.

A third key design challenge is balancing the overhead of reconfigurable units with the overhead

of logic units. This is particularly challenging because the cost of reconfigurability is high relative

to the size of many SC elements. For instance, a single two-input multiplexor which may be used to

marshal data signals is the same cost as some stochastic circuits (ex. scaled addition). In contrast,

for BE arithmetic a n-bit wide multiplexor is small compared to the datapath of a BE multiplier. As

a result, reconfigurable units will likely dominate the design cost and impose an Amdahl’s limitation

on the potential power, area, and energy improvements that a reconfigurable SC accelerator could

yield.

In order to improve the reusability and flexibility of SC accelerators, work on reconfiguration

will eventually become necessary to improve the functional range of the technology.

7.2 Alternative Computing Technologies

Stochastic computation is not bound to CMOS implementations and is implementable on top of other

computing technologies such as biological, quantum, and other computing substrates. Considering

alternative computing technologies is a promising direction of future work because it alters the

implementation cost of logic versus state elements. A key challenge with the practicality of SC

on CMOS is the high cost of state elements with respect to compute logic elements. As a result,

stochastic arithmetic circuits with even a modest number of state elements can consume significantly

more energy than those without. For instance, the stochastic correlation insensitive adder presented
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in Section 3.1 consumes 10.7×more power and 5.6×more area than the multiplexor-based stochastic

adder. In this case, the difference in microarchitecture is a single TFF and a handful of wires, and

illustrates the high overheads of state elements in CMOS.

This exposes a painful tradeoff in SC: highly accurate stochastic circuits require many state

elements but as a result become significantly less energy efficient. In order to change the calculus, the

implementation cost between state elements and logic must be reduced to alleviate this bottleneck.

This highlights a potential opportunity for stochastic computation in non-CMOS technologies

where the ratio between state elements and logic is fundamentally different. However, the actual

implementation costs in and tradeoffs imposed by many of these emerging technologies is not

obvious and is the subject of future work. I briefly explore some of these potential opportunities and

related work here.

7.2.1 Biological Computation

Bio-compatibility has long been postulated as an advantage of SC [11, 12]. However, there are few

prior works that actually reconciles the two computing technologies. Historically, a key challenge

has been the maturity of biological computing technologies and the cost of synthesizing biological

computing components. Recent developments in the last decade however have shown promising

improvements and practicality of biological computing solutions. For instance, biological computing

technologies such as DNA-strand displacement reactions [120] and biological pathways [115] are

promising new technologies where stochastic encodings may prove useful. In addition, there have

been significant improvements in the cost of constructing synthetic DNA sequences which has

enabled practical DNA displacement-based computation [2, 101].

Recent work has also proposed computer-aided design flows which can translate elementary

logic into these technologies [18, 79]. Prior work has also shown the feasibility of implementing

traditional analog components and digital logic components such as elementary logic gates [21].

Thus, it would not be intractable to leverage these abstractions and tools to translate stochastic

circuit implementations in CMOS to biological computing solutions. Determining how to leverage

SC encodings within biological computation techniques is a promising area of research. To properly
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capitalize on this computing substrate, immediate future work should focus on (1) implementation

and empirical measurement of the performance for elementary stochastic arithmetic operations,

(2) proof-of-concept end-to-end circuit implementation including overheads such as conversion

units and RNGs, and (3) end-to-end application implementations to establish the practicality of

combining the two technologies.

7.2.2 Quantum Computation

Quantum computation is a re-emerging computation paradigm which has recently gained traction as

an alternative to CMOS computation with new tooling and emerging implementations [100, 102].

Like SC, value representations in quantum computation are inherently probabilistic. This suggests a

degree of compatibility between the two technologies but little work has been done at the intersection

between these two fields. For instance, values in quantum computing are encoded in probabilistic

wave functions while values in stochastic are represented as the probability of a bitstream.

Future work exploring the relationship between the two technologies could yield insights in both

theory and design methodologies. For instance, it is not clear whether computational machinery

from one technology can be applied to or reused (even with modifications) in the other. Quantum

computing has also rapidly matured towards practical implementations in recent years enabling new

explorations and applications of the technology. Reconciling these two similar technologies would

be an interesting direction of future work.

7.2.3 Nanotechnology Devices

An emerging body of work has also explored the viability of stochastic circuits on top of nan-

otechnology devices. Like biological and quantum computing, these devices also offer a different

state and logic implementation costs. Recent work has proposed stochastic computation on top of

memristor devices [36], and spintronic devices [113]. Additional work focuses on improving the

cost of random number generators using nanotechnology devices [116, 118]. While these works

are valuable, they are still proof-of-concept and are not yet practical for actual deployment. Future
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work should focus on showing prototype implementations and empirically measuring the tradeoffs

for these technologies as they begin to mature.

7.3 Beyond Stochastic Computing Encodings

Stochastic computing remains one of many potential alternatives to binary-encodings. To explore

the large space of potential computation encodings, some form of design automation is necessary to

alleviate the design burden of searching through a potentially large number of unintuitive encodings.

In this section, I describe a set of specifications which can present a useful abstraction to search for

and identify new computation encodings.

To leverage automated frameworks such as constraint solvers or integer linear program solvers,

the encoding problems must be decomposed into specifications that can be interpretable by these

automated tools. At a high level, a computation can be described by a set of four specifications:

• A functional specification describing its mathematical functionality.

• A hardware specification describing the behavior of the circuit that operates on the bit-level

representation of values.

• A correlation specification describing how bits in the representation are correlated.

• An encoding specification describing how values are mapped to and from their bit representa-

tion.

Together, these specifications present a well-formed problem for automated computer-aided design

and synthesis techniques.

7.3.1 Basic Definitions

All computation operates on values which I denote with lowercase variables x, y, z. A value is a

numeric quantity that is to be encoded and can be real, integer, or imaginary. I define a representation

as the concrete bit values that represent the encoded value. More specifically, a representation X lies
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in the space {{0, 1}Wt}T where Wt denotes the width of the representation at time t and T denotes the

temporal length of the representation. For instance, a value x has representation X if X encodes the

value x. I use Xi,t to denote the bit at index i at time t of representation X.

Representations have two primary characteristics: (1) width and (2) temporal length. A repre-

sentation can be wide in that it uses many bits over a single cycle to encode a value. For instance,

binary encodings are an example of a wide representation since each value is encoded in a single

cycle using multiple bits. A representation can also be temporal in that multiple cycles are required

to encode a value. For instance, stochastic encodings are an example of an encoding with a long

temporal representation since it encodes values as a probability over a unary bitstream. Computation

takes one or more input values and transforms them into one or more output values.

7.3.2 Functional Specification

The first specification I define is the functional specification. A functional specification f (x1, ..., xn)

is a mathematical description of the circuit behavior given a set of input values {x1, ..., xN}. For

instance, the functional specification of a two-input multiplier is f (x1, x2) = x1x2. The functional

specification conveys user intent and is the easiest specification for a designer to identify. While it is

possible to generate a functional specification based on the other three specifications, the resulting

specification can be difficult to interpret and of little utility.

7.3.3 Hardware Implementation Specification

The hardware specification H(X1, ..., XN) describes the underlying circuit implementation where

X1, ..., XN is the representation of the input values x1, ..., xN respectively. The hardware specification

consists of an instruction set specification and dataflow graph specification. The instruction set

defines available operations in the circuit. Instruction sets may consist of low-level operations such

as elementary logic gates or coarser-grained instructions like fused-multiply add. Instruction sets

are often defined by the designer to ground them in available hardware circuit primitives.
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Figure 7.1: Example hardware specification for a full adder using an instruction set consisting of

elementary logic gates.

The dataflow graph specifies the actual circuit implementation using the available operations

in the instruction set. Edges in the dataflow graph correspond to wires, while vertices in the graph

correspond to instructions and the intermediary values they produce. Each vertex has an associated

instruction defining its hardware implementation. Since each circuit element can be viewed as an

instruction, a circuit can be directly translated into a dataflow program in terms of the instruction set

and vice versa. The dataflow graph program is important as it provides the abstraction appropriate

for leveraging program synthesis techniques. An example hardware specification is shown in

Figure 7.1.

7.3.4 Correlation Specification

The correlation specification defines how the bits within each cycle of a value or across cycles are

correlated. Correlation is important because it also encodes information which may be manipulated

in the computation. The correlation specification can concretely manifest in several different ways

depending on the compute encoding and technique. For example, in SC the correlation specification

manifests as the SCC or more concretely as the number sequences used to generate bitstreams.

Note that the correlation specification is trivial for certain computation encodings. For example, BE
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representations do not require a correlation specification since they are wide representations that are

single cycle.

7.3.5 Encoding Specification

The encoding specification defines how values are mapped to the representation and how the bits of

a representation are interpreted to convert them back into values. I denote the ith bit of the jth offset

of a bit representation X as Xi, j. For instance, the third bit of the fifth cycle of the representation X is

denoted X3,5. More specifically, the encoding specification manifests as an encoding function enc(x)

and decoding function dec(X). The encoding and decoding specifications must also be provided the

width of the representation W(t) at each cycle in the representation t. The encoding function enc(x)

takes a value x and produces its bit representation X.

The decoding specification dec(X) interprets the bit representation X and produces its numeric

value x. Note that bit representations may be distributed over multiple cycles and have fixed

or variable numbers of bits per cycle. Encoding and decoding specifications for many existing

computation encodings are symmetric in that enc(dec(X)) = X and dec(enc(x)) = x. However, it is

not necessary that this property holds for arbitrary computation.

7.3.6 Case Studies of Existing Encodings

I now show how each of these specifications manifest in existing computation paradigms. For

simplicity, I use addition as a driving example to explore how each specification manifests. Without

loss of generality, a different arithmetic operation or functionality can be used as the functional

specification.

Binary-Encoded Computation

Binary-encoded computation is a wide representation with a fixed width, single cycle bit representa-

tion. The functional specification for binary-encodings is f (x, y) = x + y. The hardware specification

for an addition is simply one of the known Boolean formulations for an adder chain. Since values
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in binary-encodings do not require multiple cycles to encode, there is no correlation specification.

To encode a value, the encoding specification of an n-bit value x is Xi,0 = {(x >> i) & 0x1} with

W(t) = b if t = 0 and 0 otherwise. Similarly, to decode a b-bit representation, the decoding function

dec(X) =
∑b−1

i=0 2i ∗ Xi,0.

Stochastic Computing

Stochastic computing is an example of a time-multiplexed representation. Since stochastic com-

putation cannot realize true addition, the functional specification for addition is either the scaled

addition f (x, y) = bN × x+y
2 c/N or the saturating addition f (x, y) = min(1.0, x + y). The hardware

specifications for the scaled addition is either the correlation insensitive adder h(X,Y) = {{XOR X, Y ,

r0}, {TFF r0, r1}, {MUX r1, Y , r0, Z}} or the standard scaled adder h(X,Y,R) = {MUX X, Y , R, Z}

where Z represents the output operand and R serves as the auxiliary input with value 0.5. Stochastic

computation is one instance where a functional specification may have multiple equivalent hardware

specifications. The correlation specification for stochastic computation is implicitly encoded in the

choice of random number generator. Finally, the encoding specification for a value x to a bitstream

of length N is X0, j = x < RNG( j) where RNG( j) gives the output of a random number generators at

cycle j and W(t) = 1 for 0 ≤ t < N. The decoding specification would be x = 1
N

∑N−1
i=0 X0, j.

Multirail Computation

One generalization of stochastic computation is multirail computation which is lies between single

cycle, wide, fixed-point encodings and narrow 1-bit stochastic encodings. An instance of multirail

computation is Extended Stochastic Logic (ESL) proposed by Canals et al. [24]. ESL is a dual rail

encoding, in other words a value is encoded as a time series using two wires per cycle and can be

interpreted as a set of bitstreams. This enables additional information to be encoded per cycle (with

the additional bit) but also introduces additional challenges with managing correlation between

bitstreams.
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The ESL encoding proposed in [24] encodes values such that the ratio of the first rail over

the second rail encodes the value. More precisely, first rail encodes the numerator of the encoded

value and the second rail encodes the denominator. For instance, the set of bitstreams X =

{{1, 1}, {1, 1}, {0, 1}, {0, 1}} encodes the value 0.5 because the first rail has total weight 2 and the

second rail has a total weight of 4. As a result, one encoding specification for a value x for a set

of bitstreams of length N is X0,n = x < RNG( j), X1,n = 1 if x <= 1.0, otherwise X0,n = 1, X1,n =

1/x < RNG( j) with a datapath width parameter W(t) = 2 for 0 <= t < N. Note that there can be

multiple equivalent encodings that map to the same value in ESL because some fractional values

can be represented multiple ways. The decoding specification for a set of bitstreams of length N is

x =
∑N−1

n=0 X0,n∑N−1
n=0 X1,n

.

The hardware specification for an addition in ESL is realized using multipliers to generate a

representation with least common denominators. For instance, to add two values X = xn/xd and

Y = yn/yd together, the term X + Y is generated by multiplying X by yd/yd and Y by xd/xd [24]. This

yields the term xnyd
xdyd

+
yn xd
xdyd

=
xnyd+yn xd

xdyd
. To compute the sum in ESL, a stochastic scaled addition unit

(multiplexor) is used which yields a scale factor; each product is computed using an ESL multiplier

(XNOR). As a result, the resulting encoded value is xnyd+yn xd
2xdyd

. The hardware specification is therefore

the circuit given by: {{XNOR xn, yd, r0}, {XNOR xd, yn, r1}, {XNOR xd, yd, zd}, {MUX r0, r1, a0,

zn}} [24].

The ESL computation presented here is only one instance of a broader class of computation

encodings. More generally, multirail encodings is not a well-understood design space because of its

vast size. Whether there are more efficient approximations of existing functional units is a subject

of future work which requires a degree of automation to make the design burden tractable.

7.3.7 Future Work: Encoding Synthesis

The specifications provided in this section provide a blueprint for automating the search of more

efficient computation encodings. The key idea is that more efficient encodings of computation

may potentially exist in the vast design space that could improve the area, power, throughput, or

energy efficiency of computation. The specifications presented in this section provides one potential
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encoding for automated techniques and solvers to aid the search for more efficient computation

encodings. Almost all encodings for computation have been manually designed which leaves a large

space of encodings which may hold more promising and efficient encodings of computation.

While these specifications form a useful abstraction to enable automated design space exploration

for alternative computation encodings, they are limited by the speed of the synthesis formulation in

modern solvers. As I explored in Section 6.2, the solver speed can be prohibitive to the practicality

of automation techniques. To make this technique practical, significant work towards improving the

formulations, search heuristics, and solver performance must be addressed.

7.4 Summary

In this chapter, I proposed several near-term and long-term avenues of future work. Short-term areas

of future work include evaluating how SC can harness reconfigurable accelerator architectures to

improve flexibility. Introducing reconfigurability to SC accelerators allow for more general purpose

applicability across applications.

Longer term areas of future work include the exploration of alternative technologies and comput-

ing encodings. The work in this thesis focused exclusively on CMOS implementations of SC. The

advent of new computing paradigms such as quantum, biological, and memristor-based substrates

has opened new potential opportunities for SC. Determining how compatible SC is with each of

these areas if a subject of future work. There is also an opportunity to generalize beyond SC and

fixed-point encodings and explore alternative computation encodings. Alternative computation

encodings may allow more energy efficient, more compact, or lower power implementations of

existing arithmetic units.
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Chapter 8

CONCLUSIONS

Stochastic computing is a re-emerging computing paradigm which still faces many challenges

before it can become a practical alternative to binary-encoded arithmetic. In this dissertation,

I proposed new circuits, architectural design guidelines, application codesign case studies, and

automated techniques in the effort towards enhancing the practicality of stochastic computing.

I first proposed a set of new stochastic circuits to improve the accuracy, energy efficiency, power

consumption, or area footprint of existing stochastic circuits. These included a new correlation

insensitive adder and a new multiplier configuration to improve the accuracy of these ubiquitous

computation primitives. I also introduced a new set of correlation manipulating circuits which

were smaller and lower power than existing correlation manipulating circuits. I showed how these

units could be used to improve the accuracy and implementation cost of arithmetic units such as

maximum, minimum, and saturating addition. By improving the implementation efficiency and

accuracy of stochastic circuits, my contributions improve the practicality of stochastic computing

by making its implementation tradeoffs more competitive compared to binary-encoded arithmetic.

The second key component of this dissertation is an architectural accelerator design space

exploration to understand when and why stochastic computing could yield compelling energy

efficiency gains. In this study, I found that individual arithmetic units in stochastic computing were

often not necessarily more energy efficient than binary-encoded operations. However, I found that

after accounting for architectural overheads such as conversion units, pipelining, and control buffers,

stochastic computing accelerators could achieve energy efficiency gains for a limited range of

precision. I then synthesized these results into several architectural design consideration guidelines

which could be used as a blueprint to guide future stochastic computing accelerator designs.



134

Third, I explored the energy efficiency, power, and area improvements of stochastic computing

accelerators in the context of several emerging applications for stochastic computing. In each case

study, I explored codesign opportunities and measured the energy efficiency and accuracy tradeoffs

yielded by a stochastic computing accelerator. I found that for applications such as neural networks,

stochastic computing can achieve reasonable energy efficiency gains and accuracy degradations.

However, for other applications such as similarity search and support vector machines, stochastic

computing encounters high overheads and achieves poor improvements.

Finally, I proposed two new automated synthesis formulations for automatically generating

stochastic circuits and their associated number generators. I first proposed a stochastic synthesis

formulation which I showed could synthesize existing as well as new stochastic circuits. I then

proposed an integer linear programming formulation for synthesizing the random number generators

for stochastic circuits. I showed that this formulation can identify number sequences that improve

the accuracy of existing stochastic circuits. Unlike prior work, these formulations generalize to

arbitrary circuits.

While these contributions do not make stochastic computing an immediately practical replace-

ment for binary-encoded computation, they provide significant progress towards improving the

viability of stochastic computing. There are many opportunities for future work such as exploring

reconfigurable stochastic computing architectures and additional application codesign. I expect that

my work combined with future work will eventually move the field of stochastic computing towards

a state where it can become a practical technology.
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