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Global atmospheric chemistry is an exceptionally high-dimensional problem as it involves

hundreds of chemical species that are coupled with each other via a set of ordinary

differential equations. Models of atmospheric chemistry that are used to simulate the

spatio-temporal evolution of these chemical constituents need to keep track of each chemical

species on a global scale (longitude, latitude, elevation) and at each point in time. This

data can be exceptionally high-dimensional so as to be not computationally tractable.

Thus computationally scalable methods are required for the analysis, reproduction and

forecasting of atmospheric chemistry dynamics. First, we introduce a new set of algorithmic

tools capable of producing scalable, low-rank decompositions of global spatio-temporal

atmospheric chemistry data. By exploiting emerging randomized linear algebra algorithms,

a suite of decompositions are proposed that extract the dominant features from big data sets

with improved interpretability. Importantly, our proposed algorithms scale with the intrinsic

rank of the global chemistry space rather than measurement space, thus allowing for efficient

representation and compression of the data. Next, we introduce the optimized dynamic mode

decomposition algorithm for constructing an adaptive and computationally efficient reduced

order model of global atmospheric chemistry dynamics. Forecasting is also achieved with

a low-rank linear model that uses a linear superposition of the dominant spatio-temporal

features. Bagging OPtimized DMD or BOP-DMD produces an ensemble of DMD models,

thereby quantifying uncertainty, reducing model variance and suppressing over-fitting by



design. We compute the temporal uncertainty metrics for the optDMD forecasts using the

BOP-DMD architecture. Lastly, we explore a data-driven scalable sparse sensor placement

architecture for monitoring and reproduction of global atmospheric chemistry dynamics. By

combining 1) machine learning, i.e. the POD dimensionality reduction technique, which

learns and extracts a set of tailored library of features in the training data to produce low-

dimensional representations of the full state, and 2) sparse sampling, i.e. designing highly

specialized optimal sensors using the tailored features and QR pivoting, we reconstruct

the full signal in the POD basis from a small subset of sensor or point measurements

instantaneously. We also discover correlation between different chemical species, indicating

that the chemical space can also be compressed.
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Chapter 1

INTRODUCTION

The monitoring and forecasting of global atmospheric chemistry is critical for

understanding the effects of air quality, chemistry-climate interactions, and global

biogeochemical cycling. The dynamics of atmospheric chemistry is characterized by complex

interactions among hundreds of chemical species which can produce kinetics across temporal

scales spanning many orders of magnitude, from microseconds to minutes. Accurate

monitoring and prediction requires full knowledge of the chemical state of the atmosphere

at all locations and times, resulting in a 5-dimensional data set for longitude, latitude,

elevation, species, relevant variables and time that can become massive as the resolution of

each dimension is increased. Well resolved simulations generate massive data sets that are

often not amenable to diagnostic analysis. For example, a single snapshot of the chemical

state of an atmospheric chemistry model at 25 × 25 km2 horizontal resolution requires 60

GB of storage space. Thus, this data can be exceptionally high-dimensional so as to be not

computationally tractable. Efficient and computationally scalable methods are required for

the analysis of atmospheric chemistry dynamics.

This thesis explores data-driven scalable reduced order modeling based methods

for analysis, compression, accurate reproductions and stable forecasting of atmospheric

chemistry simulation data. The goal of this work is to synthesize the global atmospheric

chemistry simulation data into an accurate and computationally tractable Reduced Order

Model (ROM) to approximate the high-dimensional nonlinear dynamical system and predict

future states. We will be applying data-driven techniques to global atmospheric chemistry

simulation data to build a Reduced Order Model (ROM) for the evolution of chemical species

in the atmosphere. Our methods extract leading-order features of chemical concentrations

for diagnostics, reconstruction and future state predictions.
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1.1 Organization

An overview of the GEOS-Chem model simulation data and data preprocessing steps are

presented in Chapter 2.

In Chapter 3 we introduce a suite of new set of algorithmic tools based on emerging

randomized linear algebra algorithms capable of producing scalable, low-rank decompositions

of global spatio-temporal atmospheric chemistry data. These decompositions extract the

dominant features from big data sets (i.e. global atmospheric chemistry at longitude, latitude

and elevation) with improved interpretability. Importantly, our proposed algorithms scale

with the intrinsic rank of the global chemistry space rather than the ever-increasing spatio-

temporal measurement space, thus allowing for efficient representation and compression of

the data. In addition to scalability, two additional innovations are proposed for improved

interpretability: (i) a non-negative decomposition of the data for improved interpretability

by constraining the chemical space to have only positive expression values (unlike PCA

analysis), and (ii) sparse matrix decompositions, which thresholds small weights to zero,

thus highlighting the dominant, localized spatial activity (again unlike PCA analysis). Our

methods are demonstrated on a full year of global chemistry dynamics data, showing its

significant improvement in computational speed and interpretability. We show that the here

presented decomposition methods successfully extract known major features of atmospheric

chemistry, such as summertime surface pollution and biomass burning activities.

In Chapter 4 we introduce the optimized dynamic mode decomposition algorithm for

constructing an adaptive and computationally efficient reduced order model of global

atmospheric chemistry dynamics. By exploiting a low-dimensional set of global spatio-

temporal modes, interpretable characterizations of the underlying spatial and temporal scales

can be computed. The dimensionality reduction DMD methods are demonstrated on three

months of global chemistry dynamics data. We show that the presented decomposition

methods successfully extract known major features of atmospheric chemistry, such as

summertime surface pollution. Stable forecasting capabilities are also achieved with the

low-rank linear DMD model. Temporal uncertainty in the forecasts is quantified by using

the statistical bagging BOP-DMD architecture. Moreover, the DMD algorithm allows for



3

rapid reconstruction of the DMD model, which can then easily accommodate non-stationary

data and changes in the dynamics.

Finally, we conclude with exploring optimized sensor placement based on tailored low-

rank libraries of features extracted from training data in Chapter 5. The POD dimensionality

reduction technique is applied to high-dimensional surface chemical species training data

to construct a library of POD basis modes, that are tailored to produce low-dimensional

representations of the data. We then apply the extremely efficient QR pivoting algorithm

to the library of tailored POD basis modes that enables optimized placement of sparse

spatial sensors. A small subset of point measurements from these sparse sensors is able

to reconstruct the full state of absolute concentrations of chemical species. For the rate

of change of absolute concentration data, however, incremental updates to the POD basis

library were shown to be helpful to accurately reconstruct the full state. We also discovered

that compression in chemical space can be achieved, i.e., the same set of sensor locations can

be used for point measurements of different chemical species to reproduce their full states

accurately.

1.2 Published work

Part of the work presented in this thesis has resulted in the following peer-reviewed

publication. The majority of textual and visual content in Chapters 2 and 3 is reproduced

with permission from the following:

Meghana Velegar, N Benjamin Erichson, Christoph A Keller, and J Nathan Kutz.

Scalable diagnostics for global atmospheric chemistry using ristretto library (version 1.0).

Geoscientific Model Development, 12(4):1525-1539, 2019.
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Chapter 2

GLOBAL ATMOSPHERIC CHEMISTRY SIMULATION DATA

The GEOS-Chem global atmospheric chemistry model simulates atmospheric chemistry

by solving 3-D continuity equations for the concentrations of chemical species including

the effects of emissions, transport, chemistry, and deposition. This is commonly done

with chemical transport models (CTMs) driven by input meteorological data and surface

boundary conditions. Earth system models (ESMs) calculate the ensemble of processes

affecting the Earth system prognostically. An Earth System Modeling Framework (ESMF)

interface can couple the atmospheric chemistry from CTMs to atmospheric dynamics

provided by ESMs. The GEOS-Chem global chemical transport model (CTM) has been re-

engineered to serve as an atmospheric chemistry module for Earth system models (ESMs) by

Long et. al. [42]. The ESMF capability was deployed in the NASA Goddard Earth Observing

System (GEOS) developed at NASA’s Global Modeling and Assimilation Office (GMAO).

We will be working with the global atmospheric chemistry simulation data generated by this

coupled GEOS-Chem CTM and ESM implementation.

The GEOS-chem atmospheric chemistry models simulates data on a global discretized

mesh of longitude, latitude and elevation, as shown in Figure 2.1. In this work, we are

specifically concerned with time-series measurements of the concentrations (START data)

and rates of change of concentrations (TEND data) of chemical species, for which a new

snapshot is recorded every 20 minutes for each of the grid cells. Section 2.1 presents

an overview of this global atmospheric chemistry model used to simulate the dynamics.

Section 2.2 describes the simulation engine used to produce the data of interest. To keep

the development of the ROM tractable, we focus on a few chemical species of interest,

enumerated in Section 2.3. We used efficient data slicing and organizing to extract the

time series data of these chemicals for the absolute concentrations and rates of change

of concentrations, resulting in the original data matrix shown in Figure 2.1. The last



5

time	snapshots

sea-level	dynamics

latitude	&
longitude
grid

elevation
grid

high	elevation
dynamics

Global	chemistry	discretization
X∈Rm×n

Figure 2.1: Atmospheric chemistry simulation on a global mesh with discretized longitude,

latitude and elevation (left panel modified from NOAA). Each illustrated grid cell contains

time-series data for the atmospheric chemistry dynamics. Shown in the right panel is the

original data matrix X ∈ Rm×n, where m is the number of grid points and n is the number

of snapshots.

Section 2.4 describes a critical preprocessing step needed to successfully apply the scalable

dimensionality reduction techniques in this work.

2.1 Atmospheric chemistry model GEOS-Chem

Chemical transport models (CTM) are used to simulate the evolution of atmospheric

constituents in space and time [20]. A CTM solves the system of coupled continuity equations

for an ensemble of m species with number density vector n = (n1, . . . , nm)T via operator

splitting of transport and local processes:

∂ni
∂t

= −∇ · (niU) + (Pi − Li) (n) + Ei −Di i ∈ [1,m] (2.1)
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with U being the wind vector, (Pi −Li) (n) the (local) chemical production and loss terms,

Ei the emission rate, and Di the deposition rate of species i. The transport operator,

∂ni
∂t

= −∇ · (niU) i ∈ [1,m] (2.2)

involves spatial coupling across the model domain but no coupling between chemical species,

while the chemical operator,

dni
dt

= (Pi − Li) (n) + Ei −Di i ∈ [1,m] (2.3)

includes no spatial coupling but the species are chemically linked through a system of

ordinary differential equations (ODEs).

Chemistry models repeatedly solve equations 2.2 and 2.3, which requires full knowledge

of the chemical state of the atmosphere at all locations and times. The resulting 4-

dimensional data sets (longitude, latitude, levels, and species) can become massive, which

makes it unpractical to output them at high temporal frequency. As a consequence, model

output is generally restricted to a few selected species of interest (e.g. ozone), while the

full model state is only output very infrequently, e.g. to archive the information for future

model restarts (‘restart file’). We show here that the chemical state of a CTM such as

GEOS-Chem has distinct low-ranked features, and exploiting these properties using modern

diagnostic tools such as variable reduction or subsampling makes it possible to represent

the same amount of information in a computationally more efficient manner. While we

focus here on identifying low-ranked features across the spatio-temporal dimension (i.e.,

for each species separately) the presented methods could similarly (and independently) be

applied across the species domain. The life times of the involved chemical species range

from milliseconds to years, which makes the ODE system computationally stiff. Numerical

integration of this set of stiff ODEs requires implicit integration schemes such as Rosenbrock

solvers to ensure optimal numerical stability [108, 107].

Since the model integration must be performed repeatedly at every spatial grid point

and for all time steps, atmospheric chemistry models are computationally expensive. The

major computational costs are related to (a) transport and (b) numerical integration of

the chemically coupled ODEs. The chemical operator is highly parallelizable since it does



7

not involve spatial coupling [79, 42]. In contrast, the relative computational cost for

transport increases with increasing horizontal resolution and becomes at least as important

as chemistry for high-resolution (≤ 25 km2 model applications) [61].

As we show in this work, the chemical state of a CTM such as GEOS-Chem has distinct

low-ranked features and exploiting these properties using modern diagnostic tools such

as variable reduction or subsampling makes it possible to represent the same amount of

information in a computationally more efficient manner. Since low-ranked features can be

identified across the spatio-temporal dimension as well as the species domain, this method

offers the potential to address both the transport and the chemical term of Equation (2.1).

2.2 Global Atmospheric Chemistry Simulations

The reference simulation of atmospheric chemistry was generated using the GEOS-

Chem model. GEOS-Chem (http://geos-chem.org) is an open-source global model of

atmospheric chemistry that is used by over a hundred active research groups in 25 countries

around the world for a wide range of applications. The code is freely available through

an open license (http://acmg.seas.harvard.edu/geos/geos_licensing.html). GEOS-

Chem can be run in offline mode as a chemical transport model (CTM) [1, 42] or as

an online component within the NASA Goddard Earth System Model (GEOS) [79, 61].

We use here the offline version of GEOS-Chem v11-01, driven by archives of assimilated

meteorological data from the GEOS Forward Processing (GEOS-FP) data stream of the

NASA Global Modeling and Assimilation Office (GMAO). The model chemistry scheme

includes detailed HOx-NOx-VOC-ozone-BrOx tropospheric chemistry as originally described

by [1] and with addition of BrOx chemistry by [96] and updates to isoprene oxidation as

described by [89]. Dynamic and chemical time steps are 30 and 20 minutes, respectively.

Stratospheric chemistry is modelled using a linearized mechanism as described by [91].

We performed a one-year simulation of GEOS-Chem (July 2013 - June 2014) at

4◦ × 5◦ horizontal resolution to generate a comprehensive set of atmospheric chemistry

model diagnostics. For every chemistry time step, the concentrations of all 143 chemical

constituents were archived immediately before and after chemistry in units of molecules cm−3

(START data). The difference between these concentration pairs are the species tendencies

http://geos-chem.org
http://acmg.seas.harvard.edu/geos/geos_licensing.html
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due to chemistry (expressed in units of molecules cm−3 s−1. This is the TEND data).

Since the solution of chemical kinetics is also a function of the environment, we

further output key environmental variables such as temperature, pressure, water vapor,

and photolysis rates. The latter are computed online by GEOS-Chem using the Fast-JX

code of [17] as implemented in GEOS-Chem by [88] and [43]. At every time step, the

data set thus consists of n features = 143 + 91 + 3 + 143 = 380 data points at every grid

location. We restrict our analysis to the lowest 30 model levels to avoid influence from the

stratosphere. The resulting data set has dimensions nlon×nlat×nlev×ntimes×nfeatures =

72× 46× 30× 26280× 380 = 9.9× 1011.

2.3 Six chemical species studied in this work

In particular, these six chemical species’ dynamics are of interest to Atmospheric chemists:

1. Ozone (O3) is the elephant in the room. It is critical in the upper atmosphere because

it shields earth from UV radiation, but toxic near the surface. Surface concentrations

are highly regulated. Studies show that reducing average surface ozone by just one

ppb (2-4%) increases economic output by roughly 1 billion US dollar thanks to higher

crop yields and reduced human health impacts – in the US alone.

2. Nitrogen oxides (NO and NO2). These two are basically twins because they are

tightly coupled chemically. They are one of the critical component of ozone production

and the one that can be controlled because some of the main sources of NO and NO2

are emissions from power plants and road traffic.

3. The hydroxyl radical OH is the holy grail. It is the cleansing agent of the

atmosphere that can react with almost everything, but it’s extremely short-lived and

almost impossible to measure. True OH concentration dynamics are unknown, all the

reactions that determine formation/destruction of OH are also unknown.

4. Isoprene (ISOP): primarily emitted from trees and an important precursor to the

formation of ozone. It’s reaction mechanisms are very complicated and a big part
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of the total chemistry mechanism is centered around isoprene chemistry. However,

isoprene lifetime is short, hence all these reactions may be irrelevant in many parts of

the atmosphere.

5. Carbon monoxide (CO): a presumably easy chemical compound to compute. It

has a few, relatively well known emission sources, only one sink (reaction with the OH

radical). However, all chemistry models are having problems with determining CO

concentrations, and it’s not quite clear why.

A detailed analysis is done for these six chemical species. 2. Dynamic Mode Decomposition

(DMD): Applying DMD algorithms to capitalize on the low-order dynamics for future state

predictions. 3. POD/DMD analysis in chemical space: Identifying key chemicals in the

dynamics, and correlations between chemical species of interest to isolate their dynamics

and gain better understanding of the underlying chemistry. 4. POD/DMD analysis in

physical space: Identifying key geographic locations that influence the dynamics globally.

2.4 Data preprocessing

In this work, we are specifically concerned with time-series measurements of the

concentration of chemical species collected from spatial locations in the atmosphere.

As discussed above, the year-long simulation data is exceptionally high-dimensional and

massive, hence applying the ROM models required careful considerations of preprocessing

the data. First, an efficient slicing and reorganization of the data was carried out, isolating

the data sets of interest.

Dimensionality reduction is a critically enabling aspect of machine learning and data

science in the era of big data. Specifically, extracting the dominant low-rank features from

a high-dimensional data matrix X allows one to efficiently perform tasks associated with

clustering, classification, reconstruction and prediction (forecasting). Commonly used linear

dimensionality reduction methods are typically based upon the singular value decomposition

(SVD) which allows one to exploit covariances manifest in the data [34].
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Figure 2.2: Shifting the data for each cell in time to align the local time zones across a latitude

to the prime meridian(Lon = 0) local time, shown here for OH absolute concentration for

Lat = 30

A fundamental weakness of such SVD-based approaches is the inability to efficiently

handle invariances in the data. Specifically, translational and/or rotational invariances of

low-rank features in the data are not well captured [67, 68, 24]. One of the key environmental

variables driving the chemistry is photolysis rate, the absolute concentrations of many

chemicals of interest accordingly ‘turn on’ and are non-zero during daytime, and ‘turn

off’ or go to zero during the night. The time series of absolute chemical concentrations

exhibit a translating wave traversing the globe from east to west with constant velocity.

The time series for the chemical species OH (hydroxyl radical) is plotted with respect

to UTC time for one latitude/elevation and three different longitudes on the bottom left in

Figure. 2.2, highlighting the translational invariance in the absolute concentration data. Any
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SVD-based approach will be unable to capture this translational invariance and correlate

across snapshots in time, producing an artificially high dimensionality, i.e., higher number of

modes would be needed to characterize the dynamics due to translation [67]. To overcome

this issue, we need to factor out or remove the translational invariance. The time series

for each grid point are thus shifted to align with the GMT time, as shown on the bottom

right in Figure. 2.2. With the local times for each grid point aligned, the data is aligned

and SVD-based dimensionality reduction techniques can now identify and isolate coherent

low-dimensional features in the data, as we show in the subsequent chapters.
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Chapter 3

SCALABLE DIAGNOSTICS FOR GLOBAL ATMOSPHERIC
CHEMISTRY USING RISTRETTO LIBRARY (VERSION 1.0)

The analysis of big data, such as the atmospheric chemistry data considered here, relies

on a variety of matrix decomposition methods which seek to exploit low-rank features

exhibited by the high-dimensional data. Despite our ever-increasing computational power,

the emergence of large-scale datasets has severely challenged our ability to analyze data using

traditional matrix algorithms, especially for ever-increasing refinements of computational

models. To tackle this challenge, we present a variety of emerging matrix decomposition

methods that can be used for scalable diagnostics of global atmospheric chemistry dynamics.

Specifically, we use randomized linear algebra methods [55, 80, 38, 49, 46]here to

extract the dominant, low-rank mode structures from a full three-dimensional data set of

atmospheric chemistry. These methods are highly scalable and can thus be used on emerging

big data sets describing global chemistry dynamics, providing a useful tool for scientific

discovery and analysis. They further offer an alternative approach for storage of large-scale

atmospheric chemistry data.

Importantly, randomized methods are an efficient alternative to distributed computing if

these computational resources are not available. For instance, [53] can compute the SVD of

a 2.2 TB terabyte data-set in about 60 seconds, given a super computer with many nodes.

However, if super computing is not available, the randomized method offers an attractive

alternative which does not require expensive compute hours on a cluster.

The chapter is outlined as follows: Section. 3.1 highlights the various decomposition

methods that can be produced using randomized linear algebra techniques. Section 3.2

presents the results of the dimensionality reduction procedures, highlighting the effectiveness

of each technique. Section 3.3 shows how such techniques can be used for data compression

and reduced order models, enabling compact representations of the data for a variety of
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broader scientific studies. Section 3.4 provides concluding remarks and a brief outlook for

data sciences applied to atmospheric dynamics and global chemistry analysis.

3.1 Scalable matrix decompositions for diagnostics

The following subsections detail a probabilistic framework for matrix decompositions that

includes a nonnegative matrix factorization as well as a sparsity-promoting technique.

The mathematical architectures proposed provide scalable computational tools for the

analysis of global chemistry dynamics. Moreover, by providing three different dimensionality

architectures, a more nuanced objective analysis of the dominant spatio-temporal patterns

that emerge in the global chemistry dynamics is achieved.

The standard analysis would be a simple randomized SVD decomposition whereby the

dominant correlated structures are computed. A more refined approach to computing the

dominant correlated structures involves restricting the dominant spatio-temporal structures

to reasonable physical considerations. Specifically, the nonnegative matrix factorization

restricts all chemicals to positive concentrations, a restriction which is physically motivated

and especially important for diagnostics when physical interpretation is required. The

randomized SVD will generally produce negative concentration of chemicals in individual

modes, but the overall concentration is positive when the modes are summed together.

Likewise, the sparse PCA analysis zeroes out very small concentrations so that the

modes extracted highlight only nonzero contributions to the dynamics. This is an important

modification of the randomized SVD since it generally produces all nonzero entries in the

modal structures, regardless if it is physical. This is due to the least-square nature of the

SVD algorithm. Again, a sparsification penalty produces modes where only the dominant

coefficients are nonzero. What one chooses to use may depend strongly on the application

intended. Regardless, the suite of methods allows for a more nuanced view of the data.



14

3.1.1 Probabilistic framework for low-rank approximations

Assume that the data matrix X ∈ Rm×n has rank r, where r ≤ min {m,n}. The objective of

a low-rank matrix approximation to the input data matrix X is to find two smaller matrices

X ≈ E F

m× n m× r r × n
(3.1)

where the columns of E spans the column space of X, and the rows of F spans the row space

of X. These factors can be stored much more efficiently, and can be used to approximate the

massive input data matrix and summarize the interesting low-dimensional features which are

often interpretable. Probabilistic algorithms have been established over the past two decades

to compute such computationally tractable smaller matrix approximations. We seek a near-

optimal low dimensional approximation of the input data matrix X using a probabilistic

framework as formulated by [55]. Conceptually, the probabilistic framework splits the task

of computing a near-optimal low rank approximation into two logical stages:

• Stage A: Compute a low dimensional subspace that approximates the column space of

X. We aim to find a near-optimal basis Q ∈ Rm×k with orthonormal columns such that

X ≈ QQTX (3.2)

is satisfied, where k is the desired target rank. Random projections are used to

sample the column space of the input matrix X. Random projections are data

agnostic, constructed by first drawing a set of k independent random vectors {ωi}ki=1,

for instance, from the standard normal distribution; then mapping X to the low

dimensional space to obtain the random sample projections yi := Xωi for i = 1, . . . , k.

Define a random test matrix Ω = [ω1, . . . ,ωk] ∈ Rn×k where the sample random

projections from the sampling matrix Y ∈ Rm×k are given by

Y := XΩ (3.3)
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Y is denoted as the sketch matrix. The columns of Y are now orthonormalized using

the QR-decomposition Y = QR, where Q is the near-optimal low dimensional basis

that approximates the column space of the input data matrix. For most real-world

data matrices with gradually decaying singular value spectrum, this basis matrix Q

does not provide a good approximation for the column space of the input data matrix.

A much better approximation is obtained by:

– Oversampling : For target rank k, for most data matrices we may have non-zero

singular values {σi}min(m,n)
i=k+1 . As a consequence, the sketch Y obtained above does

not exactly span the column space of the input data matrix. Oversampling, i.e.,

using l = k + p random projections to form the sketch overcomes this issue, and

a small number of additional projections p = {5, 10} is often sufficient to obtain

a good basis comparable to the best possible basis [90].

– Power iteration scheme: The quality of Q can be improved by the concept

of power sampling iterations [55, 104]. An improved sketch is defined under

this concept as Y := X(q)Ω, where q is an integer specifying the number of

power iterations. This process enforces a more rapid decrease of the singular

values, enabling the algorithm to sample the relevant information related to

the dominant singular values while the unwanted information is suppressed. As

few as q = {1, 2, 3} power iterations can considerably improve the accuracy of

the approximation. Orthogonalizing the sketch between each iteration further

improves the numerical stability of the algorithm.

• Stage B: At this stage, we form a smaller matrix B

B := QTX ∈ Rl×n (3.4)

i.e., restrict the high-dimensional input matrix to the low-dimensional space spanned

by the near-optimal basis Q obtained in Stage A. Geometrically, this is a projection

which takes points in a high dimensional measurement space to a low-dimensional
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space while maintaining the structure in a Euclidean sense.

The probabilistic framework detailed above is referred to as the QB decomposition of the

input data matrix X, and yields the following low-rank approximation

X ≈ Q B

m× n m× l l × n
(3.5)

Note that the randomized algorithm outlined here requires two passes over the entire data

matrix to construct the basis matrix Q. The near-optimal low rank approximation B ∈ Rl×n,

where l ≪ min (m,n), can now be used instead of the data matrix X to compute traditional

deterministic matrix decompositions for data analysis. The QB decomposition can also be

extended to distributed and parallel computing, see [123].

3.1.2 Randomized Singular Value Decomposition

The data matrix X ∈ Rm×n has a singular value decomposition (SVD) of the form

X = UΣVT (3.6)

with unitary matrices U = [u1, . . . ,um] ∈ Rm×m and V = [v1, . . . ,vn] ∈ Rn×n orthonormal

such that UTU = I and VTV = I. The left singular vectors in U provide a basis for the

range (column space), and the right singular vectors in V provide a basis for the domain

(row space) of the data matrix X. The rectangular diagonal matrix Σ ∈ Rm×n has the

corresponding non-negative singular values σ1 ≥ . . . ≥ σn ≥ 0, which describe the spectrum

of the data. Low-rank matrices have rank r that is much smaller than the dimension of the

measurement space, i.e., r ≪ m,n and the singular values{σi : i ≥ r + 1} are zero. The

corresponding singular vectors span the left and right null spaces of the matrix. In practical

applications, the data matrix is often contaminated by errors, making its effective rank

smaller than the exact rank r. In such cases the matrix can be well approximated by only

those singular vectors which correspond to the singular values of a significant magnitude,

and a reduced version of the SVD is computed
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Xk : = UkΣkVk

= [u1, . . . ,uk] diag (σ1, . . . , σk) [v1, . . . ,vk]
T

(3.7)

where k denotes the desired target rank of the approximation. Choosing an optimal k is

highly dependent on the task. If a highly accurate reconstruction of the original data is

desired, then k should be chosen closer to the effective rank of the data matrix. On the

other hand, if a very low dimensional representation of dominant features is desired, then

k might be chosen to be much smaller. The Eckart-Young theorem [44] states that the

low-rank SVD provides the optimal rank-k reconstruction of a matrix in the least-squares

sense

Xk := argmin
rank(X′

k)

∥∥∥X−X
′
k

∥∥∥ (3.8)

with the reconstruction error in the spectral and Frobenius norm given by

∥X−Xk∥2=σk+1 (X) (3.9)

and

∥X−Xk∥F =

√√√√√min(m,n)∑
j=k+1

σ2j (X) (3.10)

For massive datasets, however, the cost of computing the full SVD of the data matrix

X is order O
(
mn2

)
, from which the first k components can then be extracted to form

Xk. Randomized algorithms are computational efficient and ‘surprisingly’ reliable, these

techniques can be used to obtain an approximate rank-k SVD at a substantially more efficient

cost of O (mnk).

The probabilistic framework is used to obtain a near-optimal low rank approximation

B ∈ Rl×n, where l ≪ min (m,n). This can now be used instead of the data matrix X, and

a full SVD of B is computed

B = ŨΣVT (3.11)
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Figure 3.1: Illustration of the randomized matrix decomposition technique. The random

sampling matrix Ω is used to produce a new matrix Y which can be decomposed using

a QR decomposition. This leads to the construction of the matrix, B which is used for

approximating the left and right singular vectors.

to give the first l right singular vectors V ∈ Rn×l and the corresponding singular values

Σ ∈ Rl×l. The left singular vectors U ∈ Rm×l are recovered from the approximate left

singular vectors Ũ ∈ Rl×l by using the near-optimal basis matrix Q
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U ≈ QŨ (3.12)

For the absolute concentration data matrix, note that the right singular vectors V are

temporal, and the left singular vectors U are the spatial dominant features of the system.

We also compute a cumulative energy spectrum from the singular values, the energy in the

first j dominant modes is given by:

∑j
i=1 σ

2
i

Total Energy in the Data
(3.13)

where the total energy in the data is computed using the Frobenius norm as ∥X∥2F .

The algorithm architecture is conceptually outlined in Figure 3.1. This shows the basic

architecture and the structure, which allows for a rapid approximation of the left and right

singular values and eigenvectors.

3.1.3 Randomized Nonnegative Matrix Factorization

A significant drawback of commonly used dimensionality reduction techniques, such as

SVD based Principal Component Analysis (PCA), is that they permit both positive and

negative terms in their components. In many data applications, such as in for the absolute

concentration of chemical species data, negative terms fail to be interpretable in a physically

meaningful sense, i.e. chemical concentrations are not negative. To address this problem

the set of basis vectors are constrained to nonnegative terms [71, 93], this paradigm is

the nonnegative matrix factorization (NMF). NMF has emerged as a powerful dimension

reduction tool that allows computation of sparse, parts-based representation of physically

meaningful additive factors that describe coherent structures within the data. Given the

data matrix X ∈ Rm×n, the NMF has to find two matrices of a much lower rank

X ≈ W H

m× n m× k k × n
(3.14)

where k is the target rank. The SVD finds an exact solution of this problem in the least-

squares sense, as detailed in the previous section, but the resulting factors are not guaranteed
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to be physically meaningful, i.e. positive values. NMF on the other hand gives an additive

parts-based representation of the data that preserves useful properties such as sparsity and

nonnegativity by imposing additional nonnegativity constraints: W ≥ 0 and H ≥ 0. The

sparse parts-based features have an intuitive interpretation, which have been exploited in

environmental modeling [93]. In environmental data, the error estimates of data can be

widely varying and non-negativity is often an essential feature of the underlying models [64,

72, 97, 124]. For example, the NMF components of a face image dataset reveal individual

features such as the nose and the mouth, whereas PCA components yield holistic features

known as eigenfaces.

Traditionally, the NMF problem is formulated as the following optimization problem:

minimize f (W,H) = ∥X−WH∥2F
subject to W ≥ 0 and H ≥ 0

(3.15)

This optimization problem is nonconvex and ill-posed. Since no convexification exists to

simplify the optimization, no exact or unique solution is guaranteed [52]. Different NMF

algorithms, therefore, can produce distinct decompositions that minimize the objective

function. Since the problem is nonconvex with respect to both factors W and H, most NMF

algorithms divide the problem into simpler subproblems which have closed form solutions.

The convex subproblem is solved by keeping one factor fixed while updating the other,

alternating and iterating until convergence. The Hierarchical Alternating Least Squares

(HALS) is one variant of this method, proved to be highly efficient [32], and this is the

algorithm employed here for computing the NMF.

Block coordinate descent (BCD) iterative methods fix a block of components and

optimize with respect to the remaining components. The factors W and H are initialized

and updated by fixing most terms except for the block comprised of the jth column W(:,j)

and the jth row H(j,:). HALS approximately minimizes the cost function in Equation 3.15

with respect to the remaining k − 1 components

minimize Jj
(
W(:,j),H(j,:)

)
=

∥∥∥R(j) −W(:,j)H(j,:)

∥∥∥2
F
, (3.16)

where R(j) is the jth residual
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R(j) := X−
k∑

i ̸=j

W(:,i)H(i,:) (3.17)

Gradients are derived to find the stationary points for both components, for details see [32].

For massive data sets, randomness is again employed to replace the high-dimensional

input data matrix X ∈ Rm×n by its near-optimal low rank approximation B ∈ Rl×n, where

l ≪ min (m,n), with the exception that the entries of Ω are drawn independently from

the uniform distribution with support ω ∈ [0, 1]. We now have the following optimization

problem:

minimize f̃
(
W̃,H

)
=

∥∥∥B− W̃H
∥∥∥2
F

subject to QW̃ ≥ 0 and H ≥ 0
(3.18)

where the nonnegativity constraints need apply to the high dimensional factor matrix W,

but not necessarily to W̃, since W̃ can be rotated back to high dimensional space using

the approximate relation W ≈ QW̃. Since QQT ̸= I, Equation 3.18 can only be solved

approximately. The randomized HALS algorithm is formulated as

minimize Jj

(
W̃(:,j),H(j,:)

)
=

∥∥∥R̃(j) − W̃(:,j)H(j,:)

∥∥∥2
F
, (3.19)

where R(j) is the jth compressed residual

R̃(j) := B−
k∑

i ̸=j

W̃(:,i)H(i,:) (3.20)

The components are updated again by deriving the gradients. For further details, such

as initialization techniques, stopping criterion and variants of randomized HALS we refer

to [48].

For the absolute chemistry concentration data matrix, the columns of the factor W are

the spatial modes while those of the factor H are the temporal modes. The randomized

NMF algorithm starts with an initial guess derived from an SVD of the data matrix, and

returns the W, H factors with columns that are not ordered. The 2-norm of the columns is

computed, the columns are normalized and ordered. A product of the ordered column-wise
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2-norms gives the "spectrum" for the decomposition. From this spectrum, a cumulative

energy spectrum is computed similar to Equation 3.13.

3.1.4 Sparse Randomized Principal Component Analysis

Principal component analysis is a prevalent technique for dimensionality reduction, it

exploits relationships among points in high-dimensional space to construct a new set of

uncorrelated low-dimensional variables or principal components (PCs). The first PC explains

most of the variation in the data, the second PC accounts for the second-greatest variance

in the data, and so on. For the data matrix X ∈ Rm×n, which has now been centered with

zero-mean, with m being the number of observations and n being the number of variables,

the PCs zi ∈ Rm are constructed as a weighted linear combination of the original variables

zi = Xwi (3.21)

where wi ∈ Rn is a vector of the corresponding weights, also denoted as modes or basis

functions. Expressed concisely,

Z = XW (3.22)

with Z = [z1, . . . , zn] ∈ Rm×n and W = [w1, . . . ,wn] ∈ Rn×n. In most dimensionality

reduction applications only the first k PCs will be of interest to visualize the data in a low-

dimensional space, and as the relevant features used for data clustering, classification and

regression. The problem of finding the PCs can be formulated as a variance maximization

problem or as a least-squares problem, i.e., minimizing the sum of squared residual errors

with orthogonality constraints on the weight matrix as

minimize
W

f (W) = 1
2

∥∥X−XWWT
∥∥2
F

subject to WTW = I
(3.23)

The classic PCA approach outlined above generates global PCs as a linear combination

of all n variables, hence tends to often mix or blend various spatio-temporal scales and fails

to identify and isolate underlying governing dynamics acting at each scale. Sparse principal
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component analysis (SPCA) is a variant which provides interpretable PCs with localized

spatial support, providing a ‘parsimonious’ decomposition through sparsity promoting

regularizers on the weights W. Each of the sparse weight vectors wi have only a few

non-zero values, hence we get a linear combination of only a few of the original variables.

The SPCA is mathematically formulated as a variant of PCA outlined in Equation 3.23 as

minimize
A,W

f (A,W)= 1
2

∥∥X−XWAT
∥∥2
F
+ ψ (W)

subject to ATA = I
(3.24)

where W is now a sparse weight matrix and A is an orthonormal inverse transform matrix,

i.e., the data can be approximately constructed as X̃ = ZAT, where Z is the PC matrix

given by Equation 3.22. In Equation 3.24, ψ is a sparsity inducing regularizer such as

• ℓ0 norm defined as the number of non-zero elements in a vector x, which is constrained

to be ≪ n

ψ0 (x) = ∥x∥0 (3.25)

• ℓ1 norm, in this case the regularization problem is also known as LASSO (Least

Absolute Shrinkage and Selection Operator) [120]

ψ1 (x) = α ∥x∥1 (3.26)

where α controls the degree of sparsity

• The elastic net [127] which is a combination of the ℓ1 norm and quadratic penalty

ψE (x) = α ∥x∥1 + β ∥x∥22 (3.27)

where α, β control the degree of sparsity
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Note that the optimization problem in Equation 3.24 is nonconvex and is solved similar

to the NMF optimization problem by keeping one factor fixed while updating the other,

alternating and iterating till convergence. The SPCA formulation defined in Equation 3.24

can be generalized to

minimize
A,W

f (A,W)=ρ
(
X−XWAT

)
+ ψ (W) + φ (A) (3.28)

where ρ is a measure of fit (for example, the least-squares problem with the Frobenius

norm), ψ is a sparsity regularizer and φ is a constraint, such as the orthogonality constraint.

The measure of fit can be refined to be other robust measures (for example, the Huber

norm). For further details, refer to [50].

For massive data sets, randomization using the probabilistic framework is employed

again, where the original input data matrix X is projected to the range of Y defined in

Equation 3.3 so that we can reformulate Equation 3.24 as

minimize
A,W

f (A,W)= 1
2

∥∥∥X̃−X̃WA
T
∥∥∥2
F
+ ψ (W)

subject to ATA = I

(3.29)

The absolute concentration data matrix is first scaled to have mean 0. The spatial modes

are the columns of the matrix W. The temporal modes or the PCs are the columns of Z

computed from X = ZAT. The minimization algorithm also formulates the problem as an

eigen value problem, and returns the eigen values λj associated with the jth mode of the

decomposition, which help compute the energy spectrum of the decomposition. The energy

captured by the first j modes of the decomposition is computed as:

∑j
i=1 λi × (n− 1)

Total Energy in the scaled Data
(3.30)

where n is the total number of snapshots in time.

3.2 Data diagnostics

In this section we illustrate results from the decomposition of the GEOS-Chem model output

using absolute concentration i.e. START data of ozone (O3) as an example. The additional
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five chemical species, including Nitrous oxide NO, Nitrous dioxide NO2, Hydroxyl ion OH,

Isoprene ISOP and Carbon monoxide CO, are known to be equally important to ozone.

For succinctness of the manuscript we only present ozone here, the supplementary materials

for [122] provide diagnostics for five additional chemicals known to dominate the global

atmospheric chemistry dynamics. Overall, there are close to two hundred chemicals that are

interacting dynamically. Each chemical of interest can be diagnostic in a similar fashion to

ozone, in order to determine its dominant global variability. It remains an open research

question how the interactions across the entire chemical space ultimately drive the observed

variability. The scalable diagnostics advocated here provides a computational architecture

allowing scientists to explore this further by providing global diagnostics for all chemicals in

a computationally tractable manner.

Ozone is a key oxidant of the atmosphere, and high surface concentrations of O3

are harmful to human health and vegetation [6, 115]. Ozone production involves the

photochemical oxidation of volatile organic compounds (VOCs) and carbon monoxide (CO)

in the presence of nitrogen oxide radicals (NOx ≡ NO+NO2). The chemistry of ozone

is highly complex, involving hundreds of chemical species. This makes ozone a challenging

compound for chemistry models, e.g. [117, 114, 87]. We find that despite the underlying

complexity of the chemistry, the ozone concentration fields produced by GEOS-Chem exhibit

prominent, low-ranked features.

For a given chemical species of interest, the absolute concentration data matrix X ∈

Rm×n has dimensions m = nlon × nlat × nlev = 72 × 46 × 30 spatial cells, and n =

number of time snapshots = 26208 for the year-long data (one snapshot every 20 minutes).

3.2.1 Taking a logarithm of the data

For some chemical species, the absolute concentration values in a small localized region

dominate over the values in the rest of the grid cells. For instance, absolute concentration

values of nitric oxide (NO) are several orders of magnitude higher over China and

eastern Russia, as compared to those over oceans and less populated regions in the world.

Correspondingly, the dominant spatial modes are very localized as exhibited in the top
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panel of Figure 3.2, with only one nonzero peak over eastern Russia for the second most

dominant spatial mode. SVD is unable to resolve the underlying global low order spatial

features. To resolve this issue, a logarithm of the data values is used instead, to bring all

the concentration values to the same scale and prevent smaller signals from being damped

out. The data matrix now is Xlog = log(X+ 1). The second most dominant mode of the

logarithm of the data as shown in the bottom panel of Figure 3.2 now exhibits global low

order features of the data. Thus, the SVD and other matrix decomposition techniques will

be able to identify and isolate global dominant low-order structure in the system for chemical

species exhibiting localized dominant values.

Normalization of data is a common practice in data science. Indeed, the ubiquitous

PCA analysis requires that each measurement type in the data have mean zero and unit

variance. If this is not enforced, then those signals that are measured with large numbers

will simply drown out the signals measured in small numbers. Thus, the units of the different

measurements are neutralized by requiring a mean zero and unit variance. Similarly, the

large spike in the data is so large that the rest of the data is like noise comparatively. By

normalizing with the logarithm, a more balanced global view of the chemistry dynamics can

be extracted from the modal structures.

3.2.2 Modes from Randomized SVD

We begin by considering the singular value spectrum and the dominant four temporal modes

from the randomized SVD of the absolute concentration of ozone (O3). These are presented

in the top panel of Figure 3.3. The amount of energy explained by the most dominant

singular values gives a good indication about the low-rank nature of the underlying data.

The top panel of Figure 3.3 shows the cumulative energy explained by the 150 most dominant

singular values, as derived from randomized SVD. If all 2.7× 1011 model output data points

were perfectly independent, each singular value would represent 1.0/2.7 × 1011 = 3.7 ×

10−10% of the total energy. Instead, we find that the first 4 singular values combined

explain 97% of the total field energy, and the first 150 singular values capture almost 100%
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u2; no log

u2; with log

Spatial POD modes u2

Figure 3.2: Dominant spatial mode 2 at surface for NO absolute concentration preprocessed

data before and after taking a logarithm of the preprocessed data. Taking a logarithm

scales the preprocessed data so that the corresponding spatial modes exhibit the global low

dimensional features, instead of only picking up on the dominant chemistry in one localized

region.

of the total energy. Thus, it is possible to explain 99% of the spatio-temporal structure

of the highly complex ozone field with just 20 modes. These modes reveal many of the

dominant features of atmospheric ozone. The bottom panel of Figure 3.3 illustrates the

structure of the 4 dominant temporal modes. The most dominant mode (blue line) has a flat

temporal structure, i.e. its importance is independent of the time of the year. The next three

dominant modes all have distinct temporal patterns, i.e. they capture periodical features of

atmospheric ozone. Modes 2 and 3 (red and yellow, respectively) both exhibit a frequency

of 1 year, capturing features occurring on an annual basis. The 4th most dominant mode

(purple) has a frequency of 6 months. Geophysical interpretation of these modes is easiest
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Figure 3.3: Cumulative energy spectrum (and inset detail) of the Singular Value

Decomposition (top) and the corresponding 4 dominant temporal modes (bottom) for O3

absolute concentration preprocessed data.

when combining the temporal pattern with the corresponding spatial features, the latter of

which are shown in Figure 3.4. Shown are the spatial pattern of the 8 most dominant modes

for the surface. It should be emphasized that the spatial patterns change with altitude, as

illustrated in the supplemental material in [122].

Surface ozone exhibits distinct seasonal patterns, which are captured by the first four

modes: the first mode (top left panel in Figure 3.4) resembles the annual average surface

concentration of ozone. It can be interpreted as time-invariant ‘average ozone’ field, from

which all other modes add or subtract to describe the spatio-temporal variability of ozone
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u1 u2
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u5 u6

u7 u8

Spatial POD modes at surface

Figure 3.4: First 8 dominant spatial modes at surface for O3 absolute concentration

preprocessed data. Mode 1 is the constant or mean value mode, its corresponding temporal

behavior is the blue trend in bottom panel of 3.3. Global low dimensional spatial features for

this chemical species are exhibited in order of dominance in Modes 2 through 8.

in greater detail. The second singular vector (top right panel) shows a strong gradient

at the equator, as well as a distinct urban pattern over the Northern Hemisphere (NH).

The seasonal variability of this mode (peaking in August, see Figure 3.3) broadly follows

observed ozone burdens in the Southern Hemisphere (SH) [33], and ozone is known to

increase during summertime in urban areas in the NH as a result of increased photochemical

activity. Singular mode 3 can be seen as an additional ‘forcing’ to this seasonality for NH

ozone: it shows dominant features over polluted areas (Europe, East China) and its seasonal
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amplitude complements that of singular mode 2. The most distinct feature of mode 4 is the

strong pattern over Africa. We interpret this as a biomass burning signal. This is supported

by the frequency pattern of this mode, which shows two peaks in Jan/Feb and Jul/Aug,

which is in agreement with the two biomass burning seasons over Africa [103].

To summarize, inspection of the spatial and temporal patterns of the dominant modes of

ozone shows that randomized SVD successfully reveals prominent features of tropospheric

ozone chemistry, such as elevated summertime ozone over polluted urban areas or the

two biomass burning seasons over Africa. While the data set used in this study is too

short to generalize the findings, these results demonstrate the potential of randomized

SVD for pattern discovery of atmospheric chemistry model output. In particular, the

extent and temporal variability of the singular values can help identify highly correlated

‘chemical domains’ within the model, which has practical applications for model reduction

considerations.

3.2.3 Modes from Randomized NMF

A drawback of the SVD solution presented in Section 3.2.2 is that it accepts both

negative and positive solutions, which can result in physically unrealistic negative species

concentrations. As discussed in Section 3.1.3, positive solutions can be enforced using

NMF. The results from NMF of the ozone absolute concentration data are presented in

Figures 3.5, 3.6. The cumulative energy spectrum exhibited in the top panel of Figure 3.5

shows a much slower decay as compared to the spectrum from the SVD decomposition. This

is to be expected, as NMF computes an additive parts-based representation of the low-order

features in the data, which preserves sparsity in the data but requires more modes to capture

the same level of energy as compared to the SVD. The four dominant temporal modes are

presented in the bottom panel of Figure 3.5. These now capture approximately 20% of the

total energy spectrum, as compared to 97% for the SVD. This is in large parts because the

positivity-constraint prevents the NMF to create a mode for annual mean ozone that can

explain most of the energy spectrum - akin to mode one for SVD - but that requires both
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Figure 3.5: Cumulative energy spectrum from the Nonnegative Matrix Factorization (top)

and the corresponding first four columns of the ordered H temporal factor for O3 absolute

concentration preprocessed data (bottom).

additions and subtractions from this mean field to describe ozone variations in more detail.

As a result, none of the NMF modes reflects a distinct representation of the global average

ozone field. This is supported by the lack of a time-invariant mode (see Figure 3.5) and

also becomes apparent from the corresponding spatial patterns shown in Figure 3.6. None

of those resemble the average mean ozone concentration field, as e.g. SVD mode one (see

Figure 3.4). Still, the first four spatial and temporal modes of NMF reflect some well known

features of ozone chemistry, albeit less obvious than for SVD. The most dominant NMF mode



32
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w5 w6

w7 w8

Spatial NMF modes at surface

Figure 3.6: First 8 columns of ordered W spatial factor from NMF at surface for O3 absolute

concentration preprocessed data. These modes lend themselves to easy interpretation, the

most dominant mode w1 indicates that O3 absolute concentration is most active near eastern

coastal urban China, North America and western coastal African continent around the region

of Congo.

shows a pattern comparable to the second mode of SVD, and also has an almost identical

temporal structure, with a distinct peak in July/August. The second mode is almost a

mirror image of the first mode, with a strong, broad-based signal in the NH that is most

dominant during Mar-May, but that also contributes during most other months except Jan.

Mode three peaks during Sep/Oct but contributes meaningfully until February. Its spatial

pattern is strongest over South America, India, Eastern China and Southern Africa, and
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thus captures some of the increased ozone concentrations due to fire activities (e.g. South

America burning season Aug/Sep/Oct, India Oct/Nov). Mode four is similar to mode three

of the SVD, with strong signals over Europe and Eastern China that peak during boreal

spring.

Similar to SVD, the spatio-temporal modes of surface ozone derived from NMF reveal

many of the characteristics of ozone chemistry, such as increased ozone concentrations over

urban areas and biomass burning regions, as well as the seasonality of these events. Due

to the strict positiveness of the solution, the signal is more muted compared to SVD, and

significantly more modes are needed to reproduce the spatio-temporal pattern of ozone in

detail. This makes SVD better suited for offline pattern discovery applications. However, for

practical employment of reduced-order modeling techniques within an Earth System Model,

we consider NMF superior since it still realistically captures ozone patterns with relatively

few (10’s) of modes, but its concentrations are guaranteed to be positive.

3.2.4 Modes from Randomized SPCA

Spatial modes computed from the randomized SPCA are shown in Figure 3.8. Note the

localized features isolated by SPCA in these dominant spatial modes as compared to the

modes computed by the full SVD. We impose the sparsity regularizer given by Equation 3.27

with α = 1e − 4, β = 1e − 12. Reducing the value of α gives a less sparse decomposition.

The cumulative energy spectrum in the top panel of Figure 3.7 again demonstrates the

much slower decay as compared to the SVD, and more modes are needed to capture the

same amount of energy due to the sparsity constraint. This is again as expected, the SPCA

computes sparse, localized components at the cost of requiring more modes to capture

the same amount of energy as compared to the SVD. In terms of energy explained and

interpretability of the modes, the SPCA results for ozone sit in between the results for

SVD and NMF discussed above. The first four SPCA modes capture more than 50% of the

total energy (Figure 3.7), more than NMF but significantly less than SVD. As for NMF,

the lower amount of energy compared to the SVD can be attributed to the fact that the

SPCA does not compute a dominant mode for the mean annual ozone concentration. This
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Figure 3.7: Cumulative energy spectrum from the Sparse Principal Component Analysis (top)

and the corresponding 4 dominant temporal modes (bottom) for O3 absolute concentration

preprocessed data.

is expected since SPCA is designed to capture spatially distinct features, rather than broad-

based patterns. It thus ‘assembles’ total ozone concentrations from a series of modes that

all show distinct spatial features. Of the dominant four modes shown here, the fourth one

most closely resembles a generic mean concentration field that contributes to the signal

throughout the year (even though the signal is stronger during boreal winter). The SPCA

reveals many features that are also apparent in the SVD and NMF results. The SPCA mode

1 is almost identical to mode 2 of SVD, both in spatial extent and its temporal variability.

Mode 2 acts to lower ozone over Europe and Eastern China, but at a muted rate during
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Figure 3.8: First 8 principal components from SPCA at surface for O3 absolute concentration

preprocessed data. With the sparsity constraint, these spatial modes exhibit only localized low

dimensional features as compared to those from the SVD of the data. Compare the SVD mean

value Mode 1 u1 from 3.4 which exhibits a more or less constant field as the dominant low

dimensional global feature, to SPCA Mode 1 w1 here which picks up on localized dominant

features in the data. The corresponding temporal SPCA mode 1 also exhibits a seasonal

variation.

Mar-May and also Jul/Aug. It thus has a similar effect as mode 3 of the SVD, but with

opposite sign. Mode 3 can be interpreted as a biomass burning signal, with its distinct hot

spot over Africa and the two seasonal peaks.
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3.3 Data Compression and Reduced Order Modeling

Scalable diagnostic analysis is only one critically enabling aspect of the randomized

decomposition methods. Indeed, the various randomized algorithms can be used to compute

low-rank embeddings of the data that can be used for data compression. Thus, an accurate

approximation of the data can be stored at a fraction of the memory requirements of the

full, high-fidelity simulation. Compression is exploited in most portable electronic formats

(e.g. smart phones) by representing the data in a basis which is amenable to a sparse

representation [67]. For instance, images can be massively compressed by using wavelet or

Fourier basis elements, since natural images are sparse in these basis elements. Compression

formats such as JPEG2000 are critically enabling for the electronics industry and allowing

for our electronic devices to hold an exceptionally large number of video, audio and picture

files.

Specifically, the compression advocated here is achieved by producing a low-rank

representation for constructing the high-dimensional data, i.e. it should not be confused

with standard data compression algorithms. The scalable decomposition methods advocated

here simply require a fraction of the data to be stored in the Q matrix and the rank-r

embedding columns of Ũ, Σ and V. For images and video, compression allows almost

perfect reconstruction of the original data while storing only a few percent of the wavelet

coefficients. It is expected that similar compression performance can be achieved with the

basis elements of the scalable SVD.

As an illustrative example, Figure 3.9(a) shows a reconstruction of the absolute

concentration of surface O3 at a randomly selected time using the first 5, 50 and 100

of the SVD modes, respectively, as computed from the randomized algorithm. These

reconstructions require only storing 0.025%, 0.25% and 0.5% of data, respectively, as opposed

to 87 million data points of the original annual surface ozone data (See Figure. 3.9(b)).

The reconstruction with as few as 5 modes already shows that the dominant features are

readily captured. It is also noted that there is virtually no difference between using 50 and

100 modes. The compression of the data with r modes can be computed from the first r

columns of the U and V matrices, along with the first r diagonal terms of Σ. This gives a
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data compression ratio of (m × n)/(m × r + r × n + r) (See Figure 3.1). The compression

ratio is over 4000 for 5 modes, and approximately 200 for 100 modes.

This simple example shows that the compression of modes using our randomized

architecture can serve as a critically enabling tool for the storage of numerical simulations and

atmospheric chemistry data, with compression rates of up to a thousand-fold. This allows

the real-time analysis of simulations and data sets to be performed on laptop level computing

platforms. Moreover, data can be much more easily shared for collaborative purposes since

file sizes can be compressed from a Terabyte to only a few hundred megabytes (5 modes)

to a few Gigabytes (100 modes). Such compression allows the data to be easily stored and

shared on USB thumb drives.

In addition to data storage and diagnostics, the low-rank embedding spaces computed in

our scalable algorithms can be used for projection-based reduced order models (ROMs) [14].

ROMs are an important emerging computational framework for solving high-fidelity, complex

systems in computationally tractable ways. ROMs are especially useful for enabling Monte-

Carlo simulations of high-dimensional systems that have stochastic variability, such as

turbulent flows. The ROMs enable computation of statistical quantities like lift and drag in

turbulent flows at a fraction of the computational cost. Indeed, Monte-Carlo computations

of many high-dimensional problems of interest are currently intractable even with super

computers, thus highlighting the need for proxy models that can be computed at reduced

cost. In future work, we will aim to develop ROMs that exploit the low-rank embeddings

computed with our scalable algorithms.

3.4 Conclusions

Global environmental monitoring is becoming realizable through modern sensor technologies

and emerging diagnostic algorithms. Despite tremendous advances and innovations, the

data collection process can quickly produce volumes of data that cannot be analyzed and

diagnosed in real-time, especially for applications like global atmospheric chemistry modeling

which must integrate knowledge of hundreds of chemical species across a global longitude,

latitude and elevation grid. This emerging big data era requires diagnostic tools that can

scale to meet the rapidly increasing information acquired from new monitoring technologies,
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which are producing more fine scale spatial and temporal measurements. We demonstrate

a new set of diagnostic tools that are capable of extracting the dominant global features

of global atmospheric chemistry dynamics. Not only are the methods scalable for both

current and future sensor networks, they also have critical innovations allowing for improved

interpretability, feature extraction, and data compression.

As demonstrated in this work, emerging randomized linear algebra algorithms are

critically enabling for scalable big data applications. The randomized algorithms exploit the

fact that the data itself has low-rank features. Indeed, the method scales with the intrinsic

rank of the dynamics rather than the dimension of the measurements/sensor space. Analysis

of global atmospheric chemistry data shows that low-rank features indeed dominate the data.

Thus full spatial mode structures can be extracted (longitude, latitude and elevation). This

is in contrast to standard PCA reductions which do not scale well with the data size so that

one is forced, due to computational constraints, to only analyze the data at fixed spatial

features, such as looking at only a certain elevation. Alternatively, one can think of the

scalable methods as being critically enabling for producing real-time analysis of emerging,

streaming big data sets from the atmospheric chemistry community. Moreover, the dominant

features of the data can be used for an efficient compression of the data for storage or reduced

order modeling applications. Randomized tensor decompositions [47, 13] are also viable for

producing scalable diagnostic features of the global chemistry data. However, for the specific

data considered here, little or no improvement was achieved. However, in future work, we will

consider such tensor decompositions across space, time and chemicals where the randomized

tensor decomposition is ideally suited for extracting higher-dimensional features.
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Figure 3.9: (a) One-time snapshot of surface O3 absolute concentration reference data (top

left) and its reconstruction using 5, 50 and 100 SVD modes, respectively. Using 5 modes,

only the most dominant features are reconstructed successfully, but as the number of modes

used for reconstruction increases, more of the finer local features in the original data are

picked up. Similar results hold for both SPCA and NMF. (b) Compression percentage of the

original data (%) as a function of the rank of the modes retained. For the 5, 50 and 100

modes illustrated in (a), the data can be compressed into as little as 0.025% for five modes,

and 0.5% for 100 modes.
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Chapter 4

OPTIMIZED DYNAMIC MODE DECOMPOSITION FOR
RECONSTRUCTION AND FORECASTING OF ATMOSPHERIC

CHEMISTRY DATA

Dimensionality reduction is a critically enabling aspect of machine learning and data

science that can be leveraged to approximate the monitoring and forecasting capabilities

of global chemistry with more readily tractable computational algorithms. Dynamic mode

decomposition (DMD) is a leading data-driven regression architecture for adaptively learning

linear dynamics models over snapshots of temporal data in a low-dimensional subspace.

DMD has been broadly used in the scientific community due to its ease of use, interpretability

and adaptive nature [68]. When applied to the spatio-temporal dynamics of atmospheric

chemistry, we demonstrate that the method provides an effective and computational efficient

reduced order modeling strategy that can be used for characterization, monitoring and

forecasting of global chemical concentrations with either computational or sensor data.

Moreover, we show that the optimized DMD algorithm [5] and bagging optimized DMD

(BOP-DMD) [109] versions of the DMD algorithm are critical for characterizing the

complexities of the chemical interaction dynamics.

The characterization of multiscale phenomenon, such as that embodied by global

atmospheric chemistry, remains challenging due to the need to resolve spatial and temporal

scales that are separated by many orders of magnitude. Computational methods, which

are typically based upon partial differential equations that model the governing dynamics,

easily become intractable due to the need to resolve the finest space scales and the fastest

time scales. Thus numerical stiffness is automatically imposed upon a numerical schemes in

such a spatio-temporal system. Building models from sensor data directly is no different:

sensors must placed densely in space in order to resolve spatial features. This also places

significant limits on practicality as sensors are not only prohibitively expensive, but also

require completely impractical global coverage. Computations and sensors, however, are
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typically used in combination and provide the critical data infrastructure for modeling the

multiscale physics of atmospheric chemistry. So despite the limitations and cost, many

advances have been made in our ability to characterize, predict and monitor global chemistry.

Reduced order models (ROMs) provide and attractive alternative to large scale

computing. ROMs provide a mathematical architecture for reducing the computational

complexity of mathematical models in numerical simulations [15, 4, 101, 59]. Fundamental

to rendering simulations computationally tractable is the construction of a low-dimensional

subspace on which the dynamics can be approximately embedded. Unfortunately, projective-

based ROM construction often produces a low-rank model for the dynamics that can be

unstable [27], i.e. the models produced generate solutions that rapidly go to infinity in

time. Machine learning techniques offer a diversity of alternative methods for computing the

time-dynamics in the low-rank subspace, with a diversity of neural networks showing how to

advance solutions, or learn the flow map from time t to t+∆t [100, 76]. Indeed, deep learning

algorithms provide a flexible framework for constructing a mapping between successive time

steps. The typical ROM architecture constrains the dynamics to a subspace spanned by

POD (proper orthogonal decomposition), thus in the new POD coordinate system, time

evolution can be used to construct a time-stepping model using neural networks. Recently,

Parish and Carlberg [95] and Regazzoni et al. [102] developed a suite of neural network

based methods for learning time-stepping models for tropospheric bromine chemistry and

cardiovascular dynamics, respectively. Moreover, Parish and Carlberg provide extensive

comparisons between different neural network architectures along with traditional techniques

for time-series modeling.

Projective ROMs are often unstable and ill-suited for massive multiscale systems,

while deep learning models require significant time and data for training and also assume

stationarity of the data. Both of these limitations make their use in global atmospheric

modeling problematic. However, a computationally efficient and adaptive ROM approach

is embodied by DMD. DMD was introduced as as algorithm by Schmid [112] and has

rapidly become a commonly used data-driven analysis tool. It is the leading approximation

method for the Koopman (linear) operator from data [105]. DMD by construction provides

a method for identifying spatio-temporal coherent structures in high-dimensional time-series
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data. DMD analysis offers an dynamic version of standard dimensionality reduction methods

such as the proper orthogonal decomposition (POD), which highlighted low-rank features in

spatio-temporal data [67]. However, DMD not only provides a low-rank subspace, but each

mode is associated with linear (exponential) behavior in time, often given by oscillations at

a fixed frequency with growth or decay. Thus, DMD is a regression to solutions of the form

x(t) =
r∑

j=1

ϕje
ωjtbj = Φ exp(Ωt)b, (4.1)

where x(t) is an r-rank approximation to a collection of state space measurements xk = x(tk)

(k = 1, 2, · · · , n). The algorithm regresses to values of the DMD eigenvalues ωj , DMD

modes ϕj and their loadings bj . The ωj determines the temporal behavior of the system

associated with a modal structure ϕj . Such a regression can also be learned from time-series

data [70]. DMD may be thought of as a combination of SVD/POD in space with the Fourier

transform in time, combining the strengths of each approach [31, 68]. DMD is modular

due to its simple formulation in terms of linear algebra, resulting in innovations related

to control [99, 36], compression [25, 49], reduced-order modeling [2], and multi-resolution

analysis [69, 77], among others.

4.1 Optimized Dynamic Mode Decomposition (DMD)

The DMD algorithm schematic is shown in Figure 4.1. The DMD algorithm seeks the leading

spectral decomposition of the best fit linear operator A [24] that approximately advances

the snapshot measurements of the state of a system x ∈ Rm forward in time by step size ∆t:

X′ ≈ AX (4.2)

which leads to the mathematical definition of operator A as:

A = argmin
A

∥X′ −AX∥F = X′X† (4.3)

where ∥ · ∥F is the Frobenius norm and † denotes the pseudo-inverse. This is computed by

an SVD of X = UΣV∗, where ∗ denotes the complex-conjugate transpose. The matrices

U ∈ Rm×m and V ∈ Rn×n are unitary with U∗U = I and V∗V = I. The columns of U

are the left-singular values, also known as the POD modes. Now X† = VΣU∗, and we can
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Data snapshots: x(tk) = xk ∈ Rm

Figure 4.1: The data x(tk) is collected into snapshot matrices X which are used to regress to

the best exponential (linear) solution argmin
ω,Φb

∥X −ΦbT(ω)∥F , where Φb are the weighted

DMD modes and T is a matrix of exponentials for fitting the data (4.9).

compute the operator A = X′VΣU∗. However, for a high-dimensional state vector, x ∈ Rm

it may be intractable to compute the spectral decomposition of A. Instead, exact DMD

leverages the low-dimensional structure of the state by projecting A into the r−leading

singular vectors, resulting in a reduced matrix

Ã = Ũr
∗
AŨr = Ũr

∗
X′ṼrΣ

−1
r (4.4)

Schmid [112] designed a procedure to approximate the high-dimensional DMD modes or

eigenvectors of A from this reduced matrix Ã and the data snapshot matrix X. Tu et al.

[121] proved that these approximate modes are the exact eigenvectors of full A under certain

conditions. The leading spectral decomposition of A is approximated by ÃW = WΛ, with

DMD eigenvalues being entries of a diagonal matrix Λ, which correspond to the eigenvalues

of the full matrix A. The columns of W are the corresponding eigenvectors. The high-

dimensional DMD modes can be reconstructed using the time-shifted data matrix as:

Φ = X′ṼrΣ
−1
r W (4.5)
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We can now reconstruct the solution x(t) as shown in Equation. 4.1, where the amplitudes

or loadings of each mode is given by:

b = Φ†x1 (4.6)

The full data matrix X is thus approximated by:

X ≈ Φ(b)T(ω) (4.7)

=


| | |

ϕ1 · · · ϕr

| | |



b1

. . .

br



eω1t1 · · · eω1tn

...
. . .

...

eωrt1 · · · eωrtn

 (4.8)

where ωi = log(λi), the DMD eigenvalues.

However, the DMD is rarely used for forecasting and/or reconstruction of time-series

data, except in cases with noise-free or nearly noise-free data. This is because the exact

DMD is extremely sensitive to noise in the data, causing a bias in the computed DMD

modes and eigenvalues [8, 35, 58].

The optimized DMD algorithm of Askham and Kutz [5], which uses a variable projection

method for nonlinear least squares to compute the DMD for unevenly timed samples,

provides the best and most optimal performance of any algorithm currently available.

Indeed, this optimal performance is mathematically guaranteed by the exponential fitting

procedure of Askham and Kutz [5]. The optimized DMD algorithm solves the exponential

fitting problem:

argmin
ω,Φb

∥X−ΦbT(ω)∥F, (4.9)

where Φb = Φdiag(b). This has been shown to provide a superior decomposition due

to its ability to optimally suppress bias and handle snapshots collected at arbitrary times.

Figure. 4.2 compares the NOSTART 30-day preprocessed data (top panel) with the classical

or exact DMD reconstruction results (middle panel), and the optDMD reconstruction results

(bottom panel). The classical DMD reconstruction dies out within a few days, failing in the

task of even reconstructing the time-series data it was originally regressed to, whereas the

optDMD is able to capture, sustain and faithfully reconstruct the original time series.
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Figure 4.2: Comparing 30 day reconstruction results for Classical and Optimized DMD at the

surface of NO preprocessed data at Lat = 30◦. The results are for absolute concentration

or Start data; the top panel shows the preprocessed data, the middle panel shows the

reconstruction from the Classical DMD, and the bottom panel shows the reconstruction from

Optimized DMD. The Classical DMD is unable to capture the dynamics for the absolute

concentration data and it decays down to zero. The Optimized DMD reconstructs the data

and resolves the dynamics accurately.

Since the optimized DMD solves a nonlinear optimization problem, we can also introduce

certain constraints. The optDMD algorithm can be constrained to produce eigenvalues
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Figure 4.3: Summary of the BOP-DMD architecture, reproduced with permission from [109].

The data snapshots x(tk) are collected over m snapshots into the matrix X. Columns of X

are randomly sub-selected into the matrix X(k) to build an optimized DMD model. Each DMD

model x(k) = Φ(k) exp(Ω(k)t)b(k) is used to compute the statistics (mean and variance) of

the DMD parametrizations Φ, Ω, b which are used in building the BOP-DMD ensemble

solution with Uncertainty Quantification (UQ).

constrained to (i) The imaginary axis:

argmin
ω,Φb

∥X−ΦbT(ω)∥F, subject to ℜ(ω = 0) (4.10)

(ii) The closed left-half plane:

argmin
ω,Φb

∥X−ΦbT(ω)∥F, subject to ℜ(ω ≤ 0) (4.11)

As discussed below, these constraints further stabilize and make robust reproduction and

forecast of the time series data. The disadvantage of optimized DMD is that one must solve

a nonlinear optimization problem, which can at times fail to converge.

4.2 Bagging OPtimized Dynamic Mode Decomposition (BOP-DMD)
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BOP-DMD [109] leverages Breiman’s statistical bagging sampling strategy [74] in

partnership with the optimized DMD algorithm. The BOP-DMD architect is presented in

Figure. 4.3. Bagging is designed to produce an ensemble of models, thereby reducing model

variance and suppressing over-fitting by design. Not only does ensembling improve DMD, it

also is effective in deep neural network regressions [3]. Further innovations include stabilizing

the variable projection technique used by optDMD so that it converges consistently to an

optimal solution [109]. Specifically, the optimized DMD (opt-DMD) algorithm relies on the

nonlinear optimization of variable projection. Its ability to converge is often dependent upon

a suitable initial guess for the DMD eigenvalues and eigenvectors.

The BOP-DMD algorithm accounts for the initialization process and further provides

the optimal solutions to linear models by using optDMD as the regression architecture.

Algorithm 1 shows the algorithmic structure of BOP-DMD, highlighting the bagging,

initialization and ensembling of the DMD models to produce an ensemble, probabilistic

DMD model. The initialization of DMD is accomplished by first constructing an optDMD

model approximation, whose eigenvalues and eigenvectors Φ0 can be used to seed the BOP-

DMD. p snapshots are randomly selected from the full data matrix X ∈ Rm×n, to form a

subset data matrix X ∈ Rm×p. optDMD produces the model for this subset of data, and

we save the resulting model parameters. The process is repeated for K trials producing an

ensemble of optDMD models. The mean {⟨Φ⟩, ⟨Ω⟩, ⟨b⟩} and variance {⟨Φ2⟩, ⟨Ω2⟩, ⟨b2⟩} of

the model parameters Φ, Ω, b can now be computed. Hence, in addition to producing the

DMD model itself, the output of algorithm 1 generates both spatial and temporal uncertainty

quantification metrics or UQ metrics. In this work, we primarily focus on the temporal UQ

metrics for forecasting.

4.3 Analysis Data

The analysis is performed for preprocessed or time-shifted raw data for two months or 60

days July, 2ND - August, 30TH. At this time of the year there are shorter days in the

Southern Hemisphere and longer days in the Northern Hemisphere, and each latitude has a

different length of the day. The photolysis rate dictates a different ‘turn on’ duration for the

dynamics of many key chemicals of interest. Hence, the analysis is performed on data from
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Algorithm 1 BOP-DMD
Input: Input (X, p, K)

1: procedure BOPDMD(X, p, K)

2: Compute Φ0,Ω0,b0 ▷ optDMD regression

3: for k ∈ {1, 2, · · · ,K} do ▷ Compute K optDMD models.

4: Choose p of n snapshots (p < n) ▷ Bagging

5: optDMD Φk,Ωk,bk ▷ Initialize with Ω0

6: Update Φ,Ω,b ▷ Add Φk,Ωk,bk to Φ,Ω,b

7: end for

8: Compute mean µ = {⟨Φ⟩, ⟨Ω⟩, ⟨b⟩}

9: Compute variance σ = {⟨Φ2⟩, ⟨Ω2⟩, ⟨b2⟩}

10: return µ,σ ▷ Return optDMD parameters.

11: end procedure

the elevation = 1 and one latitude at a time, and for all 72 longitudes with data shifted in

time as described above.

In most of the latitudes in the Southern Hemisphere the days are much shorter than the

nights, and accordingly the ‘turn on’ period is much shorter as compared to the nighttimes

‘turn off’ period. Hence, the data exhibits a spiky pattern and will need much higher modes

to accurately reconstruct it; and/or we would need to isolate the day time values only when

there are active dynamics present. Hence, we are picking latitude = 30◦ for the analysis,

which has the longest day times. The first 40 days of data is the ‘training’ data, the DMD

diagnostics are presented for this time period and for latitude = 30◦. With 72 snapshots

per day, we have a data matrix of 72(lon) × 2880(time) for each latitude. The optDMD

is performed for this data matrix. We perform the analysis for the six different chemical

species of interest: Nitrous Oxide NO, Ozone O3, Nitrous dioxide NO2, Hydroxyl OH,

Isoprene ISOP, and Carbon Monoxide CO. For each species, we have START or absolute

concentration data (expressed in units of molecules/cm3) and TEND or tendency/rate of

change data (expressed in units of molecules/cm3/s). Using the resulting diagnostics, the
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dynamics for the next 20 days are forecast.

4.4 DMD Diagnostics

The optDMD decomposes data into time dynamics represented by the spectrum of

eigenvalues Ω and the corresponding spatial modes Φ. We will be presenting results from

Exact DMD and optDMD with and without constraining the eigenvalues. The diagnostics

are presented for the chemical species OH (hydroxyl radical) data for 40 days, with a hard

threshold truncation of r = 25 for the START data and r = 50 for the TEND data.

Truncating the rank for the models is described below. The diagnostics are presented for

both absolute concentration of the chemical species or OHSTART data on the left panels

and rate of change of concentrations/tendencies of the chemical species due to chemistry or

OHTEND data on the right panels in Figure 4.4 and Figure 4.5. Four different spectra of

the DMD eigenvalues are presented in Figure 4.4, and the corresponding reconstruction of

data in second through fifth two panels of Figure 4.5.

• The top two panels in Figure4.5 are the actual OHSTART data on the left and actual

OHTEND data on the right, presented for comparison.

• The spectrum for optDMD with no constraints on the eigenvalues for OHSTART data

is presented on the top left panel, and for OHTEND data is presented on the top

right panel of Figure 4.4. For both data sets, some eigenvalues fall on the right-

half plane with positive real parts, causing the corresponding modes to grow in time.

The corresponding reconstruction of data is presented in the second two panels of

Figure 4.5. optDMD with no constraints does a faithful reconstruction of data, but

the forecasting results are poor, with the time series growing exponentially as a result

of some eigenvalues on the right-half plane. This approach is not used henceforth.
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Figure 4.4: Comparing the spectrum for 40 day reconstruction results for Classical and

Optimized DMD at the surface of OH preprocessed data. On the left 4 panels are the

eigenvalues of OHSTART data; on the right 4 panels are the eigenvalues of OHTEND at

Lat = 30◦. The top panels show the spectrum from Optimized DMD with no constraints,

the second set of panels show the spectrum from Optimized DMD with linearized constraints

that the eigenvalues be on the left-half plane, the third set of panels show the spectrum from

optimized DMD with linearized constraints that the eigenvalues be imaginary, and the bottom

panels show the spectrum from Classical or Exact DMD.

• The optDMD is then constrained to produce only eigenvalues with negative or zero

real parts, i.e. eigenvalues on the closed left-half plane (ℜ(ωi ≤ 0)). The resulting

spectrum for the two data sets is presented on the second two panels in Figure 4.4. The
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Figure 4.5: Comparing 40 day reconstruction results for Classical, Optimized DMD, and

Optimized DMD with no constraints at the surface of OH preprocessed data at Lat = 30◦.

The left panel is for absolute concentration or Start data and the right panel is for Tendency

data; the top panels show the preprocessed data, the second panels show the reconstruction

from Optimized DMD, the third panels show the reconstruction from Optimized DMD with

eigenvalues constrained to the Left half-plane, the fourth panels show the reconstruction from

Optimized DMD with eigenvalues constrained to the Imaginary axis, and the bottom panels

show the reconstruction from the Classic DMD. The Classical DMD is unable to reconstruct

the dynamics for the absolute concentration and tendency data.

corresponding reconstruction of data is presented in the third two panels of Figure 4.5.

optDMD with these constraints not only faithfully reconstructs the data, but the
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forecasting results are also accurate, as presented in the following section.

• The optDMD is then constrained to produce only imaginary eigenvalues with zero real

parts (ℜ(ωi = 0)). The resulting spectrum for the two data sets is presented on the

third two panels in Figure 4.4. The corresponding reconstruction of data is presented

in the fourth two panels of Figure 4.5. optDMD with these constraints is not able to

capture the data dynamics, and will not be used henceforth.

• Finally, results from Exact DMD for both data sets are presented in the bottom

two panels of Figure 4.4 and Figure 4.5. The resulting spectrum for the two data

sets have most eigenvalues on the negative real axis, implying decaying modes. The

corresponding reconstruction of data also decays out with no dynamics from the data

captured or represented faithfully. This approach is not used henceforth.

We use optDMD with eigenvalues constrained on the closed left-half plane ℜ(ωi ≤ 0). When

computing the optDMD, we truncate the number of modes to avoid fitting dynamics to

the lowest energy modes, which may cause over-fitting and may be corrupted by noise.

We would be truncating using hard-thresholding at a rank r at which the relative error in

reconstruction has an ‘elbow’, i.e. the error graph flattens out without further decrease.

Focusing on six key chemicals of interest: NO, O3, NO2, OH, ISOP, CO START and

TEND data, we now compute the relative error in reconstruction as we increase the number

of modes from 1 to 50. The results for the two data sets and the six chemical species is

presented in Figure 4.6. A larger number of modes is needed to reconstruct the TEND data

as compared to the START data. Based on the results, we use 20-30 modes for optimal

diagnostics of START data, depending on the chemical species. For the TEND data, we

pick between 30-50 modes.
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Figure 4.6: Relative reconstruction error plotted against number of modes used for Optimized

DMD with eigenvalues constrained to the left-half plane; for 6 different chemical species and

Start and Tend data at Latitude=30◦

Finally, we present the global spatial modes for CO and NO computed at 12◦ latitudes

-14◦ through 30◦ in Figure 5.5 and Figure 4.8 respectively. The 12 latitudes are selected for

having consistent day lengths across all longitudes and at least 4 snapshots during daytime.

As described above, the optDMD is performed for one latitude at a time to have consistent

daytime lengths across all the time series, and the resulting spatial modes are pieced together

to present a global picture. The underlying spatial features of the data sets are resolved well

by the constrained optDMD diagnostics. The high-variance features at the coastlines and

within hot spots in the land for the chemical species are represented clearly.
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Figure 4.7: 40 day reconstruction results for Optimized DMD at the surface of CO

preprocessed data. The analysis was computed for 12 latitudes -14◦ through 30◦. The left

panel show the dominant four spatial modes for START data; and the right panel show four

of the corresponding spatial modes for the TEND data.

4.5 Forecasting

As described above, using an appropriate rank truncation, the optDMD with eigenvalues

constrained to the closed left-half plane faithfully reconstructs the time series data for a

40-day training window and a given elevation/latitude. We now forecast the time series

data for future times beyond the training window. Using (4.1), with amplitudes b/modes

Φ/eigenvalues Ω computed by optDMD during the training window, we forecast time series



55

ϕ
1
,2

ϕ
3
,4

ϕ
5
,6

ϕ
7
,8

For NOSTART data For NOTEND data
La

t

Lon

Figure 4.8: 40 day reconstruction results for Optimized DMD at the surface of NO

preprocessed data. The analysis was computed for 12 latitudes -14◦ through 30◦. The

left panel show four spatial modes for START data; and the right panel show four of the

corresponding spatial modes for the TEND data.

for the future 20 days. The results for START and TEND data for two chemical species

OH and NO are presented for 6 longitudes, and latitude 30◦ at the surface(elevation=1) in

Figures 4.9, 4.10, 4.11, and 4.12.
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Figure 4.9: Time series of reconstructed and predicted results with OHSTART data at Lat

30◦ and 6 longitudes -180◦:5◦:-155◦. Both the reconstructed data, shown here for 10 days;

and the forecasted time series, shown here for the 20-day testing period, faithfully reconstruct

and forecast the actual data for OHSTART.

Constrained optDMD faithfully reconstructs and forecasts the time series for the 20 days

tested. Since we use the fewest modes possible, spikes in actual data are sometimes not

reproduced, and we see a sinusoidal best fit time series instead. The NOTEND results in

Figure 4.12 demonstrates this.



57

Time (Days)

Figure 4.10: Time series of reconstructed and predicted results with OHTEND data at Lat

30◦ and 6 longitudes -180◦:5◦:-155◦. Again, both the reconstructed data, shown here for

10 days; and the forecasted time series, shown here for the 20-day testing period, faithfully

reconstruct and forecast the actual data for OHTEND.

We have snapshots of the data every 20-minutes, hence 72 snapshots per day. We compute

the relative error for all longitudes for each day, and average across space and snapshots for

each day. The resulting mean relative errors are presented for all 6 chemical species of interest

and for both START and TEND data in Figure 4.13 in color red. The 95-percentile

confidence intervals for each day are presented as black bars, indicating the variance for

the mean relative errors. Constrained optDMD does an excellent job in forecasting the

immediate future snapshots and does consistently well during the entire 20-day data tested,
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Figure 4.11: Time series of reconstructed and predicted results with NOSTART data at Lat

30◦ and 6 longitudes -180◦:5◦:-155◦. Both the reconstructed data, shown here for 10 days;

and the forecasted time series, shown here for the 20-day testing period, reproduce the actual

data for NOSTART well.

with mean errors/uncertainty in forecasting increasing only slightly for some chemical species

as the number of prediction days increases away from the last snapshot used from training.

No exponential growth/decay is observed in the forecast time-series, while the underlying

dynamics are forecast faithfully. The performance is slightly worse in forecasting the TEND

data as compared to the START data, which is due to the intrinsic rank of the TEND data

being higher. TEND data also exhibits many energetic localized convective phenomena on

top of the global slower dynamics. Increasing the truncation rank of the projection will
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Figure 4.12: Time series of reconstructed and predicted results with NOTEND data at Lat 30◦

and 6 longitudes -180◦:5◦:-155◦. Both the reconstructed data, shown here for 10 days; and

the forecasted time series, shown here for the 20-day testing period, do not capture the spikes

in the actual data for NOTEND. Since we are using only 20-30 modes for reconstruction,

we get a sinusoidal best fit.

further refine these convective phenomena, leading to improvement in forecasting. The

optDMD performs worst in forecasting the chemical species OH (Hydroxyl ion). As can

be seen in Figure 4.6 this chemical species needs the highest number of modes to capture

the significant energy in OH dynamics and have a low relative error in reconstruction as

well. Considering that the underlying dynamics represent a moving state with time, the

constrained optDMD minimizes model bias with the variable projection optimization, thus
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Figure 4.13: Mean relative error with 95-percentile confidence intervals forecasting START

and TEND data at Lat 30◦ for a prediction window of 20 days; and for 6 different chemical

species. The relative error stays nearly the same or changes only slightly as the number of

days we are forecasting out to increase. optDMD does better at forecasting START data

as compared to the TEND data.

leading to stable forecasting capabilities.

4.6 Temporal Uncertainty Quantification

We now present the results from BOP-DMD in partnership with the optimized DMD
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Figure 4.14: Temporal uncertainty quantification for absolute of eigenvalues for OHSTART

and OHTEND data at Lat 30◦. The red lines represent a least-square fit of a normal

distribution. 60 days of training data was used with a sample size of 3 days and 100 cycles.

algorithm to produce ensemble models and compute temporal uncertainty for the eigenvalue

spectrum of both START and TEND data for the six chemical species of interest at Lat

30◦. We use the constrained optDMD as described above on a full training data set of

60 days July, 2ND - August, 30TH to create an initial seed Φ0,Ω0,b0 for the BOP-DMD

algorithm. For K = 100 trials, we randomly select p = 216 snapshots/columns i.e. data for

3 days out of the 60 days to create our subset of data, as shown in Figure 4.3. optDMD

now computes the eigenvalues of various subsets using the aforementioned initial conditions.

The K = 100 ensemble models’ eigenvalues are used to produce the temporal UQ metrics.
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Figure 4.15: Temporal uncertainty quantification for absolute value of trimmed eigenvalues

for with OHSTART and OHTEND data at Lat 30◦. The data has been trimmed to remove

outliers below 10 percentile and above 90 percentile. The red lines represent a least-square fit

of a normal distribution.

Figure 4.14 shows the BOP-DMD distributions of the absolute value of the first five

eigenvalues for each of the subsets of data for OHSTART and OHTEND data at Lat 30◦.

The BOP-DMD quantifies the temporal uncertainly by allowing for a Gaussian fit, shown

in red. For both of the data sets, we see a high temporal uncertainty in eigenvalues, with

outliers skewing the distributions. The temporal uncertainty gets worse for the higher modes
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in the OHSTART data and for all modes of OHTEND data. Then we trim the eigenvalue

distribution data to exclude the outliers below 10-percentile and above 90-textitpercentile

to improve the UQ metrics. Figure 4.15 shows the distributions of the trimmed absolute

eigenvalues, and the Gaussian fit is better with lower variances, and only 1 distribution

with outliers. Still, we see that there is significant temporal variability, especially for higher

modes for OHTEND.

4.7 Conclusion

Based on the results presented in this work, we believe the constrained optDMD is the

DMD algorithm of choice for the reconstruction and forecasting of global atmospheric data.

Exact DMD fails in the task of reconstructing the chemistry time-series it is regressed to,

let alone produce a reasonable forecast. This is due to the significant bias in the model

from energetic localized convective phenomena present in the atmospheric simulation data.

[5] optDMD algorithm casts the regression problem as a nonlinear optimization enabled by

variable projection techniques, hence providing an optimal de-biasing for the atmospheric

chemistry dynamics. The optDMD is thus better able to capture hidden dynamics, showing

an order of magnitude improvement in the reconstruction error. optDMD also produces

modes which more accurately describe the localized energetic convective phenomena in

the START and especially the TEND chemistry dynamics. The nonlinear optimization

problem in the optDMD also allows for constraints. By adding a constraint ℜ(ωi ≤ 0)

to the optDMD minimization, we obtain superior eigenvalues that are able to produce

high-fidelity, stable and robust forecasts. For the entire testing time window, the forecasts

remain accurate as we increase time away from the training time window, not displaying any

growth, decay or loss of accuracy. However, computing the optDMD requires solution of a

nonlinear, nonconvex optimization problem, which often fails to converge to a solution. The

computational cost of the optDMD is higher, as we increase the number of snapshots, the

cost increase becomes more significant. The solutions obtained here nevertheless represent

significant improvements. Partnering the optDMD algorithm with the statistical bagging

and ensembling of the BOP-DMD produces temporal UQ metrics, and highlights the high

temporal variance in the eigenvalues produced by optDMD. This temporal variance gets
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worse for higher modes of the START data; eigenvalues for the TEND data have quite

high temporal variance.

An interesting further direction would be to apply the optDMD to an entire year’s worth

of data, a still computationally tractable problem. It would be interesting to see if the

optDMD can faithfully reproduce yearly patterns in the chemistry data, and accurately

forecast seasonal variations. We can leverage the BOP-DMD further to produce spatial UQ

metrics, illustrating the spatial patterns where optDMD is most uncertain in its ability to

provide accurate representations. optDMD can be further empowered by partnering with

the BOP-DMD by (i) an initialization procedure to stabilize its convergence, improving the

robustness and accuracy of the regression, (ii) leveraging statistical bagging to produce a

stable model with reduced variance in the model parameters, and (iii) leveraging this stable

model to forecast future states of spatio-temporal atmospheric chemistry system, with Monte

Carlo simulations to produce UQ for future states.
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Chapter 5

OPTIMAL SPARSE SENSOR PLACEMENT FOR
RECONSTRUCTION OF GLOBAL ATMOSPHERIC CHEMISTRY

DATA

Optimal sensor placement determines placement of sensors in complex, evolving systems

to optimize several downstream objectives, such as full state reconstruction and prediction

from point measurements. Sensors provide local state measurements from which global

properties of the state may be inferred. The sensor locations have to be determined from

a massive set of possible locations, typically amounting to a brute-force search among

combinatorial possibilities. For small scale problems, this approach has been successful

[30]. For moderate sized search spaces there are well-known model based solutions using

optimal experiment design [18, 63], and information theoretic and Bayesian criteria

[28, 54, 75, 113, 94].

Scalable optimization of sensor location for high-dimensional nonlinear dynamical

systems is still a challenging problem. One promising indicator of making this problem

tractable is the fact that most high-dimensional systems, such as are found in fluids,

epidemiology, neuroscience, atmospheric and earth systems etc. typically exhibit dominant

coherent structures that evolve in a low-dimensional subspace. These low-dimensional

patterns are often identified using dimensionality reduction techniques [67]. Dimensionality

reduction is a critically enabling aspect of machine learning and data science that can be

leveraged to identify and exploit low-dimensional patterns and features in high-dimensional

systems. Proper orthogonal decomposition (POD) is one of the most important and widely

used data-driven dimensionality reduction technique available to analyze high-dimensional

complex spatio-temporal systems such as turbulent fluid flows [116, 16, 60], structural

mechanics and vibrational analysis [66, 7, 56, 73], neuroscience [10, 65, 119], atmospheric

sciences [125, 126], where it is called empirical orthogonal functions (EOFs), to name a few.

Moreover, key innovations in signal recovery are exploiting the sparsity or compressible
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nature of signals, i.e. the idea that most natural signals have only a few active or

nonzero components when expressed in a generic basis. For e.g., the theory of compressed

sensing [26, 37, 11] leverages the geometry of sparse vectors in high dimensional space to

provide convex algorithms to solve the combinatorial sparse signal reconstruction problem.

In [21] the theory of compressed sensing was applied to design optimal sparse sensor

locations for classification decisions based on high-dimensional data. Compressed sensing

sparsity-promoting algorithms such as the lasso regression [118] in combination with

machine learning [57, 62] have been widely applied to characterize and control dynamical

systems [111, 92, 23, 98, 22, 81, 78, 106, 41, 110], including modeling high-dimensional fluid

systems using POD [9].

This compressed sensing strategy is ideal for the recovery of a high-dimensional signal of

‘unknown’ content using random measurements in a universal basis. However, if information

is available about the type of signal (such as the signal is a turbulent velocity field), it is

possible to design optimized sensors that are tailored for the particular signals of interest.

Recently, [82] explored optimized sensor placement for signal reconstruction based on a

tailored library of dominant features extracted from training data consisting of representative

examples of the system using singular value decomposition based methods such as POD.

Empirical interpolation methods (EIMs) seek the best interpolation points for such a a

given basis of POD features mined from patterns in the data to facilitate the discovery

of sparse optimal sensors using QR pivoting. Drastic reductions in the number of sensors

required with improved reconstruction results were observed in examples ranging from facial

reconstruction to fluid vorticity fields. This architecture has also been successfully applied

to sparse approximation for insect flight dynamics [83], sensor placement for predictive

manufacturing [84], optimized sampling for multiscale dynamics [85], and sensor and

actuator placement for optimal control [86].

In this work we design data-driven scalable optimized sensor placements for global

atmospheric chemistry signal reconstruction based on this data-driven, scalable, sparse

sensor placement architecture. The dynamics of atmospheric chemistry is characterized

by complex interactions among hundreds of chemical species which can produce kinetics

across temporal scales spanning many orders of magnitude, from microseconds to minutes.



67

time	snapshots

X∈Rm×n

Cp×m

x(ti)

y(ti)

Figure 5.1: Atmospheric chemistry simulation on a global mesh with discretized longitude,

latitude and elevation generates the original training data matrix X ∈ Rn×m, where m is the

number of grid points and n is the number of snapshots. The goal of this work is to design

an optimal measurement matrix C that sample p measurements of the full state, represented

in a low dimensional POD subspace, for sparse point measurements yi, such that we can

accurately reconstruct the full state x from y.

Accurate monitoring and prediction requires full knowledge of the chemical state of the

atmosphere at all locations and times, resulting in a 5-dimensional data set for longitude,

latitude, elevation, species and time. Well resolved simulations generate massive data

sets that are often not amenable to diagnostic analysis. The proposed algorithm offers

an alternative scalable architecture for monitoring and prediction of global atmospheric

chemistry. First, the POD learns from the surface atmospheric chemistry training data sets

to extract dominant coherent low-dimensional patterns, and builds a tailored library of POD

basis functions providing compact representation of the high-dimensional chemistry states.

Next, QR pivoting is applied to leverage the POD basis to pick the most optimized sparse
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sensors that can estimate the global atmospheric chemistry system with surprisingly few

point measurements.

5.1 Methods for optimal sparse sensing of atmospheric chemistry data

The instantaneous reproduction of atmospheric chemistry data in this work is based on

combining two key techniques: 1) machine learning, which exploits patterns in the data

for low-dimensional representation in a tailored POD basis, and 2) sparse sampling, where

we reconstruct the full state from a small subset of measurements from optimized sensor

locations. This combination is synergistic, in that underlying low-rank representations mined

from patterns in the chemistry data are leveraged to facilitate the design of specialized

sensors.

POD low-rank representations have already been used in Reduced Order Modeling

or ROM community to approximate high-dimensional spatio-temporal systems by low

dimensional subspaces that produce nearly identical characteristics. Empirical interpolation

methods seek the best interpolation points for a given POD basis to speed up the evaluation

of high-order nonlinear terms in the high-dimensional, parametrized systems [24]. However,

these resulting interpolation points correspond to measurements in the state space, hence

they can also be used for data-driven sensor location selection. We will be present this

formulation of sensor selection and explore a sparse, convex, and greedy optimization method

to solve it based on [82].

5.2 Proper Orthogonal Decomposition

POD is the singular value decomposition (SVD) algorithm applied to partial differential

equations that expresses high-dimensional states x ∈ Rm as a small linear combination of

orthonormal spatial eigenmodes, i.e. POD modes Ψ(x) that define the low-dimensional

embedding space. A low dimensional representation of the state x can be lifted to the full

state by a linear combination of the POD modes and their corresponding weights or POD

coefficients a:

xi ≈
r∑

j=1

aj(ti)ψj(x) (5.1)



69

where for time-series data xi, the POD coefficients aj(ti) are time-varying and the POD

modes ψj(x) are spatial without any time dependence, resulting in a space-time separation

of variables.

Building this low-rank embedding space requires training data to tailor the POD modes

to the specific problem at hand. The POD eigenmodes ψj(x) and the POD coefficients

aj(ti) are easily obtained from the SVD of the training data matrix. The dynamics of the

atmospheric chemistry system are sampled at fixed time intervals of 20 minutes to generate

our training data set X∈Rm×n, as shown in Figure 5.1, where m is the number of grid points

and n is the total number of snapshots of data. SVD provides a unique matrix decomposition

for this data matrix as:

X = UΣVT (5.2)

where U ∈ Rm×m and V ∈ Rn×n are unitary matrices and Σ ∈ Rm×n is the diagonal

matrix of non-negative singular values. Here T denotes the transpose. The columns of U are

the left singular vectors of X, guaranteed to provide the best set of modes to approximate X

in an ℓ2 sense. We seek a minimal number of modes r necessary to accurately represent the

dynamics of atmospheric chemistry data, i.e. a rank-r approximation to the true dynamics,

where typically r ≪ m,n. This is the low-rank SVD given by:

X̃ = ŨΣ̃Ṽ
T

(5.3)

where Ũ ∈ Rm×r, Ṽ ∈ Rn×r, and Σ̃ ∈ Rr×r. Thus, we are keeping only the first r singular

values, or truncating at rank= r. The optimal POD basis modes are given by:

Ũ = Ψr =


| | |

ψ1 · · · ψr

| | |

 (5.4)

The SVD is the optimal least squares approximation to the data for a given rank r as proved

by Eckart-Young theorem [45]:

X̃ = argmin
X̂

∥X− X̂∥F s.t. rank(X̂) = r (5.5)

The low-dimensional vector of POD coefficients for a given state x is obtained from the

orthogonal projection a = ΨT
r x.
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Choosing the target low rank r that adequately captures most of the dominant low-rank

dynamical features in the high-dimensional data without magnifying the noise in the data

is a difficult task [24]. There are many factors that can determine where to truncate,

like a desired rank of the system, distribution of the singular values, the decay rate of the

singular value spectrum, the magnitude of noise in the system. Often the rank r is chosen by

truncating the singular values to capture a predetermined amount of variance or energy in

the data, or identifying ‘elbows’ or ‘knees’ in the singular value distribution and truncating

at these points. Truncation is a hard threshold on the singular values. Recent work by [51]

provides an optimal hard threshold based on singular value distribution as well as the aspect

ratio of the data matrix, assuming additive Gaussian noise of unknown variance. This hard

optimal threshold τ has been effective in practice, even when the noise is likely not Gaussian.

We would be using a hybrid of both approaches here.

5.3 Sparse sensor placement with QR pivoting

The ability of sparse sensor measurements to accurately reconstruct the full state of the

system is critically dependent on the placement of the sensor location [24]. Here is

presented the framework to optimize the sensor locations specifically to reconstruct high-

dimensional states from sparse point measurements, given a tailored basis [82]. The low

rank-r representation of the state x ∈ Rm in the tailored basis can be expressed as:

x = Ψra (5.6)

where a ∈ Rr is a sparse vector indicating which modes of Ψr are active. The goal now is to

design a point measurement sampling matrix C ∈ Rp×m, where p ≪ m is a few optimized

point measurements:

y = Cx (5.7)

where y ∈ Rp. y should enable accurate reconstruction of a, and hence x. Combining

Equations 5.6 and 5.7 gives our sparse sensing problem:

y = (CΨr)a = Θa (5.8)
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Figure 5.2: Reproduced with permission from [82]. Full state reconstruction of x from point

observations y is accomplished using least squares estimation of the POD coefficients, i.e.

a = Θ†y

where effective measurements C given the tailored basis Ψr are chosen such that the operator

Θ is well-conditioned for full-state reconstruction. The sparse sensing problem schematic is

presented from [82] in Figure 5.2.

From Equation 5.1 the full states are also represented as an unknown linear combination

of the tailored basis, rewriting it in the coordinate form:

xi =

r∑
j=1

Ψkjaj (5.9)

Hence, we need to design a point measurement sampling matrix C ∈ Rp×m that is optimized

to recover the modal coefficients a from the sensor measurements y. Point measurements

structure the measurement matrix C as:

C =
[
eγ1 eγ2 · · · eγp

]T
(5.10)

where ej are the canonical basis vectors for Rm. This results in the linear system written in

the coordinate form:

yi =

m∑
j=1

Cijxj =

m∑
j=1

Cij

r∑
k=1

Ψjkak (5.11)
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Hence the observations in y consists of p elements (sparse measurements) of x:

y = Cx =
[
xγ1 xγ2 · · · xγp

]T
(5.12)

An accurate reconstruction of the full state x̂ is now obtained by combining Equations 5.8

and 5.11:

x̂ = Ψrâ, where â =


Θ−1y = (CΨr)

−1y, p = r,

Θ†y = (CΨr)
†y, p > r

(5.13)

where † is the Moore-Penrose pseudoinverse. Denote the matrix to be inverted as Mγ =

ΘTΘ (with Mγ = Θ if p = r). The optimal sensor locations are the ones that would

enable the most accurate, the best possible reconstruction x̂, i.e. select the rows of Ψr that

optimally condition the inversion of matrix Mγ . Here the dependency on γ is due to the

fact that it determines the sensor locations, hence the condition number for Mγ . This leads

to the formulation of the following optimization problem, find γ∗ such that:

γ∗ = argmax
γ,|γ|=p

| detMγ | = argmax
γ,|γ|=p

∏
i

σi(Mγ) (5.14)

where |γ| is the ℓ1 norm (sum of the absolute values of the vector, in this case equal to the

number of nonzero entries). Empirical interpolation methods provide near optimal sampling

of a system to compute interpolation points that enable accurate reconstructions of high-

order nonlinear terms in ROMs [24, 12, 29, 39]. We build upon one of the variants, Q-

DEIM [39] which leverages a matrix QR factorization with column pivoting of ΨT
r to compute

the best measurement points for our sparse sensing problem.

The reduced matrix QR factorization with column pivoting decomposes a matrix A ∈

Rm×n into an orthogonal Q ∈ Rm×n, an upper triangular matrix R ∈ Rn×n, and a column

permutation matrix C such that ACT = QR. Recall that the determinant of a matrix,

when expressed as a product of an orthogonal factor and an upper-triangular factor, is the

product of the diagonal entries in the upper-triangular factor:

|detACT| = |detQ||detR| =
∏
i

|rii| (5.15)

The pivoting algorithm thus provides an approximate greedy solution to the optimization

problem in Equation 5.14, since it permutes the matrix ΨT
r with CT to enforce a diagonally
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dominant structure for R, maximizing the product of the singular values:

σ2i = |rii|2 ≥
k∑

j=i

|rjk|2; 1 ≤ i ≤ k ≤ m (5.16)

The QR factorization with column pivoting thus gives the best p point sensors or pivots

that best sample or characterize the dominant r basis dynamical modes Ψr by:

ΨT
r C

T = QR, for p = r (5.17)

(ΨrΨ
T
r )C

T = QR, for p > r (5.18)

The p = r case was developed in [39] and is referred to as the Q-DEIM case. A major

contribution of [82] was extending this to the over sampled case with p > r.

5.4 Incremental SVD updates for updating the library of POD modes

The time-series measurements of the concentrations (START data) and rates of change of

concentrations (TEND data) of chemical species record a new snapshot every 20 minutes.

As discussed below, from 89 total days of preprocessed data, we select a training window of

the first 60 days of data, and the rest of the 29 days are the test or validation snapshots.

Sensors and POD basis modes are hence only trained on the first 60 days worth of data and

are tested on their reproduction abilities against the test snapshots.

These data sets, the TEND data set in particular, have intermittent spatially localized

moderately energetic or low energy temporal convective features that also have to be tracked

by the sensors. However, modal separation of intermittent convective phenomenon is difficult

from a time-invariant POD analysis. Separating isolated, low-energy temporal events cannot

be done by a variance characterizing SVD based method such as POD. To test whether

updating the library of basis modes Ψr can enable better tracking of these intermittent

phenomena, we implement the incremental SVD updates that continually update Ψr as

each new snapshot comes in. Since we only have point measurements of data, we implement

the incremental SVD algorithm by [19].

As defined in Equation 5.3, the reduced rank-r SVD has been computed, with the optimal

POD basis modes given by the columns of Ũ, i.e., X̃ = ΨrΣ̃Ṽ
T
. Consider new data,
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i.e. a new full state measurement column z ∈ Rm, is now to be added to the low rank

representation of the original data matrix as X̃′ = [X̃ z]. We now need to update the

library Ψr by computing an incremental SVD update. Consider the projections of the new

measurement z within and orthogonal to the subspace spanned by Ψr:

z∥ = ΨT
r z (5.19)

z⊥ = (I−ΨrΨ
T
r )z (5.20)

The parallel component z∥ causes the singular values and the space Ψr to be rotated,

while the orthogonal component will effectively increase the rank of the SVD. Define vector

u = z⊥/∥z⊥∥. Consider the identity:

[
Ψr u

]Σ̃ ΨT
r z

0 ∥z⊥∥

Ṽ 0

0 I

T

=
[
ΨrΣ̃Ṽ

T
z
]
=

[
X̃ z

]
= X̃′ (5.21)

As in a SVD, the left and right matrices in the product are unitary and orthogonal. The

middle matrix is diagonal with a one-column border. To compute the updated SVD:

X̃′ = Ψ′
rΣ̃

′Ṽ′T (5.22)

first the middle matrix is diagonalized:Σ̃ ΨT
r z

0 ∥z⊥∥

 = U′′Σ′′V′′T (5.23)

and then the updated SVD factors are computed as:

Ψ′
r =

[
Ψr u

]
U′′ (5.24)

Σ̃′ = Σ′′ (5.25)

Ṽ′ =

Ṽ 0

0 I

V′′ (5.26)

The numerical error is contained by reorthogonalizing columns of the left and right singular

vectors using Gram-Schmidt procedure.

However, we only have the state measurements y ∈ Rp at the p sensor locations, thus we

have m− p missing values in the new column z to be added. To handle the missing values,
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instead of imputing the missing values to update the entire library as in [19], we update

only the rows of Ψr that correspond to the known measurement points y ∈ Rp. Thus, with

p = r point measurements of data, only the corresponding r rows of the POD basis Ψr are

updated.

5.5 Analysis Data

The time-series measurements of the surface concentrations and rates of change of

concentrations of chemical species are collected from surface spatial locations in the

atmosphere, illustrated in Figure 5.1. The analysis is performed for preprocessed or time-

shifted raw data for three months or 89 days July, 2ND - July, 31ST, August, 2ND - August,

31ST, and September 2ND - September, 30TH. The southern and northern poles’ grid cells

that are covered in ice and have only day times or nighttimes have very different chemical

dynamics that skew the analysis for the rest of the globe if included. Hence, we exclude

the poles and only consider 33 latitudes −58◦ through 70◦. We perform the analysis for the

six different chemical species of interest: Nitrous Oxide NO, Ozone O3, Nitrous dioxide

NO2, Hydroxyl OH, Isoprene ISOP, and Carbon Monoxide CO. For each species, we

have START or absolute concentration data (expressed in units of molecules/cm3) and

TEND or tendency/rate of change data (expressed in units of molecules/cm3/s). For some

chemical species, the absolute concentration values in a small localized region dominate

over the values in the rest of the grid cells. Correspondingly, the dominant spatial modes

are very localized [122]. The SVD is unable to resolve the underlying global low order

spatial features. To resolve this issue, a logarithm of the data values is used instead,

to bring all the concentration values to the same scale and prevent smaller signals from

being damped out. The START data matrix, which has only non-negative values, now is

XSTARTlog = log(XSTART + 1). The TEND data which also have negative rates of change

values on the other hand are scaled as XTENDlog = sign(XTEND) ∗ log(|XTEND|+ 1).

Thus, the SVD and other matrix decomposition techniques will be able to identify and

isolate global dominant low-order structure in the system for chemical species exhibiting

localized dominant hot-spots.

The first 60 days of data are the "training" data snapshots, and the rest of the 29 days are
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the "testing" or validation data snapshots. With 72 snapshots per day, we have a training

data matrix X of the size (72(lon) × 33(lat) = 2376) × 4320(time) for each data set. The

proper orthogonal decomposition or POD is computed by a singular value decomposition or

SVD of each of these training data matrices, to build the library of tailored basis Ψ, and

compute the corresponding singular values Σ. The results are presented in the following

subsections.

5.6 Proper Orthogonal Decomposition of the data: The cumulative energy
spectrum

The cumulative energy spectra for the START and TEND data for the six chemical species

are presented on the left in Figure 5.3 and Figure 5.4 respectively. Also shown is the

Gavish and Donoho [51] optimal hard threshold τ for both the data sets. On the right

of Figure 5.3 and Figure 5.4, the cumulative energy spectra for the first 200 modes are

presented for START data and for the first 500 modes for the TEND data, respectively.

The exponential growth rate and plateauing of the cumulative energy spectra indicate that

the global chemistry has an intrinsic low-rank structure. However, the growth rate is slow

for the START data, and even slower for the TEND data, indicating noisy or hidden low

energy dynamics in the state. Hence, it would be difficult to characterize the dynamics of

these data sets using a minimal number of modes r ≪ m.

For the START data, we need fewer modes to capture the significant energy as compared

to the TEND data. As presented in Figure 5.3, for NOSTART only about 62% energy is

captured by the first 200 modes, while for O3START and COSTART almost all the significant

energy is captured by the first 200 modes. The rest of the START chemical species have

about 80%-90% of the significant energy captured by the first 200 modes. We will thus be

truncating at 200 modes for all the START data sets, using a threshold for singular values

that captures 80% or above of the variance or energy in the data for almost all chemical

species except for NOSTART. The effect of this hard threshold will be apparent when

we reconstruct snapshots based on sensor measurements with truncated modes. For the
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Figure 5.3: Cumulative energy captured in the first r modes for all 6 chemical species

of interest for START data on a logarithmic scale. On the left panels, the complete

energy spectrum is shown along with the Gavish and Donoho [51] optimal hard threshold

for truncation in pink as rOPT. The right panels show the energy spectrum for just the first

200 modes. For NOSTART only about 60% of the energy is captured by the first 200 modes,

while for O3START and COSTART 100% of the significant energy is captured.

relative error in reconstruction versus number of modes/sensors though, we will be testing

the relative error till the [51] optimal threshold for both START and TEND data sets.

The TEND data on the other hand exhibits a much higher intrinsic rank, as presented
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Figure 5.4: Cumulative energy captured in the first r modes for all 6 chemical species of

interest for TEND data on a logarithmic scale. On the left panels, the complete energy

spectrum is shown along with the Gavish and Donoho [51] optimal hard threshold for

truncation in pink as rOPT. The right panels show the energy spectrum for just the first 500

modes. For NOTEND only about 60% of the energy is captured by first 700 modes, while

for ISOPTEND 80% of the significant energy is captured. TEND data requires significantly

more modes to capture about 60%-80% energy vs START data.

in Figure 5.4. Even though the optimal hard threshold values as computed by the Gavish

and Donoho [51] algorithm show a lower rOPT(indicating the ‘elbow’ of the distribution),

there are still relevant meaningful low energy dynamics in the state. We need the first

700 modes to capture 60% of the most significant energy for NOTEND, NO2TEND, and
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OHTEND. For ISOPTEND we capture 80% of the most significant energy within the first

700 modes, while for O3TEND and COTEND we capture 70% of the most significant energy.

We will thus be truncating at 700 modes for all the TEND data sets, using a threshold for

singular values that captures 70% or above of the variance or energy in the data for almost

all chemical species except for NOTEND, OHTEND. The effect of this hard threshold

will again be apparent when we reconstruct snapshots based on sensor measurements with

truncated modes.

5.7 Proper Orthogonal Decomposition of the data: The dominant spatial
modes Ψ

We now present the most dominant spatial modes 2-5 for both START and TEND

data and two chemical species CO, ISOP in Figure 5.5 and Figure 5.6 respectively. Mode

1 for both data sets and chemical species is a baseline constant that does not display any

significant features, hence is excluded here. Mode 2 peak features indicate the spatial regions

of the second-highest spatial variability in the dynamics. Mode 3 shows the regions of the

third-highest spatial variability and so on. For CO chemical species, regions of highest

spatial variability are on land, as compared to ISOP chemical species where the spatial

modes have the highest variability along the coastlines.

5.8 Sparse sensor placement for Reconstruction

As described in Section. 5.3, we now implement the Q-DEIM [40] for sensor

placement (Case p = r) and it’s extension [82] for oversampled sensor placement

(Case p > r) to compute optimal sensor locations. The results are presented for

COSTART, ISOPSTART, COTEND, and ISOPTEND data sets as the dominant modes

for these data sets are presented above. For the START data sets, we truncate at r = 50

modes, and compute sensor placements for r = p = 50 sensors and r < p = 200 sensors.
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Figure 5.5: Dominant spatial modes for 60 days of training data for surface CO preprocessed

data. The analysis was computed for latitudes -58◦ through 70◦. The left panel show four

spatial modes for START data; and the right panel show four of the corresponding spatial

modes for the TEND data.

We pick an unknown or validation snapshot to test the reconstruction with these sensor

locations.

Figure 5.7 shows these snapshots on the top panels, and the corresponding r = 50

mode truncated POD projections on the second set of panels. The reconstructions of this

snapshot using r = p = 50 sensors are shown in the third set of panels, along with the sensor

locations as pink dots. The reconstructions using sparse sensors are as good as the dense

projections into the POD modes for the data sets. The sensors are clustered along the hot
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Figure 5.6: Dominant spatial modes for 60 days of training data for surface ISOP

preprocessed data. The analysis was computed for latitudes -58◦ through 70◦. The left panel

show four spatial modes for START data; and the right panel show four of the corresponding

spatial modes for the TEND data.

spots in Figure 5.5 and Figure 5.6 START spatial modes, picking up on localized regions

with maximal variance in the data sets and placing optimal sensors in these regions. For

ISOPSTART these regions are the coastlines, whereas for COSTART these are localized

on land. The resulting reconstructions represent most of the dominant features in the test

data, and are as good as the snapshot’s approximation in the same truncated POD basis.

As presented in the fourth set of panels, when we over sample with r < p = 200 sensors

the reconstruction refines the reconstruction and picks up on most of the features in the
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test data, since we have more sensors to leverage and pick up coherent patterns with lower

variance signatures. The results here seen for two of the chemical species are consistent for

all six chemicals tested. Based on these results, it seems possible to approximate the full

state of the START data sets using a minimal number of sensors and modes, and we can

truncate even lower than r = 200 and still have most of the dominant dynamics represented.

Increasing the number of modes/sensors will pick up on the lower energy but uninformative

features, and may also cause overfitting in the ℓ2 reconstructions.

On the other hand, since TEND data sets exhibit an intrinsically higher rank, we

truncate at r = 200 modes, and compute sensor placements for r = p = 200 sensors and

r < p = 700 sensors. The results are presented in Figure 5.8 with the same placement of the

test data represented on the top panels, POD projection with r = 200 mode truncation on

the second set of panels, and the two cases of reconstruction with r = p = 200 sensors and

r < p = 700 sensors on the bottom third set and fourth set of panels respectively. Q-DEIM

again picks up the hot spots or spatial regions of maximal variance in the dominant modes

from the training data, and places optimal sensors in these locations that are customized for

each of the different chemical species data. The reconstructions using sparse sensors are again

nearly as good as the dense projections into the POD modes for the data sets. The sensors

are placed along the coastlines for ISOPTEND data and inside landed regions for COTEND.

In this TEND data case, the r = p = 200 sensor reconstruction misses out on picking out

some meaningful lower energy features in the test data, hence p = 200 are not adequate

to capture enough of significant energy of the underlying dynamics. But the reconstructed

snapshot when we oversample with r < p = 700 refines the reconstruction further and now

represents most of the features in the test data accurately, since now we have an adequate

number of sensors to leverage and pick up most of the meaningful significant energy in the

features of the test data. The reconstructed snapshots for the over sampled case are thus

the same as the projection in the truncated POD basis.

In all four data sets tested, oversampling definitely improves the accuracy of the

reconstructed snapshot, with the results being more obvious in the TEND data. However,
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Figure 5.7: Reconstruction of a single test snapshot from the POD projection and Least

Squares reconstruction with QR sensors for ISOPSTART and COSTART preprocessed

data. The analysis was computed for latitudes -58◦ through 70◦. The top panels are the

START data; the second panels are the r = 50 mode truncation POD projection; the

third panels are the least squares reconstruction from p = r = 50 QR sensors; and finally

the fourth panels are the least squares reconstruction from oversampling with r < p = 200

QR sensors. The sensor locations are indicated by the pink dots.

the over sampled case requires an expensive QR factorization of a full state dimension m×m

matrix, with the storage requirements also scaling quadratically with the state dimension.

It is also a trade-off between increasing reconstruction accuracy and decreasing the cost

associated with acquiring, placing and maintaining sensors.
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Figure 5.8: Reconstruction of a single test snapshot from the POD projection and Least

Squares reconstruction with QR sensors for ISOPTEND and COTEND preprocessed

data. The analysis was computed for latitudes -58◦ through 70◦. The top panels are the

TEND data; the second panels are the r = 200 mode truncation POD projection; the

third panels are the least squares reconstruction from p = r = 200 QR sensors; and finally

the fourth panels are the least squares reconstruction from oversampling with r < p = 700

QR sensors. The sensor locations are indicated by the pink dots.
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5.9 Relative error for reconstruction

For the results presented in this section, we only use the Q-DEIM r = p case. 500 snapshots

are randomly selected from the training (already seen or Reconstruction snapshots) and

validation (future or test snapshots, not seen before) START and TEND data sets for

the six chemical species. Relative error is computed for each of these snapshots while the

number of modes/sensors are increased in steps of 10 from r = p = 10 through the optimal

rank truncation r = p = rOPT, computed using the Gavish and Donoho [51] hard threshold

in Sec. 5.7. We then take an average for each r, the resulting mean relative errors are

presented in Figure 5.9. The mean relative error for START data are on the left panels,

while the TEND data results are on the right panels.

We begin the discussion with the START data results. The mean relative errors for

reconstruction or "known" snapshots decrease exponentially as the number of modes/sensors

r = p increase. For NOSTART data set, the error decay rate is the slowest, which is a

reflection of its singular value spectrum decay rate being the slowest. On the other hand,

for chemical species O3START and COSTART most of the significant energy is captured by

the first few modes, and their errors are the lowest with the fastest decay rates. The mean

relative errors for the test or "unknown" snapshots stay more or less the same or decrease

only slightly as the number of modes/sensors r = p increase. This is investigated further

below.

The TEND data has the slowest decay rates in singular values for all the chemical

species tested here. The relative mean errors for the reconstruction or "known" snapshots

reflect this, showing a slight decay only as we start nearing the r = p = rOPT optimal rank

truncation limit. We would need a lot more modes/sensors or have to use oversampling to

observe the error to start decreasing exponentially. The chemical species ISOPTEND is an

exception, with the fastest decay rates in both the singular values and the mean relative

errors. The relative mean errors for the test or "unknown" snapshots for the TEND are

worse as well, growing instead of decaying in some cases as we increase r = p. Some of
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Figure 5.9: Mean relative error for reconstruction and test or prediction versus number

of modes r for START and TEND data for 6 different chemical species. 500 random

reconstruction and test snapshots are used to compute the relative error, which is then

averaged. The number of sensors p = r for all the results shown here. The number of

modes/sensors is increased from r = p = 1 : 10 : rOPT for the chemical species. The mean

error for reconstructing training snapshots flattens out within p = r = 200 for START

data as compared to the TEND data, where we need p = r = 500 sensors for the mean

reconstruction error to flatten out for most chemical species. In contrast, the errors for

predicting future test snapshots remains more or less the same as number of modes/sensors

increase.
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the error in reconstruction should be resolved by increasing r = p beyond the optimal rank

truncation, since the TEND data is an intrinsically high dimensional data set. The other

possible issue with reconstructing validation snapshots is investigated below.

Atmospheric chemistry is a continuously evolving or moving model, with several

intermittent localized convective phenomena with energetic contributions to the global scale

evolution. This is especially true of the TEND data as compared to the START data. A

200-mode truncation for the START data set adequately recovers the large-scale dynamics,

while increasing the number of modes/sensors will refine the localized convective phenomena.

We will need much more modes for the TEND data, as discussed above.

5.10 Time dependency of relative errors

We will now investigate what effect, if any, time has on the error in reconstruction of test

snapshots. Instead of randomly selecting test snapshots, we pick time-ordered test snapshots

for the 29 test days. With 72 snapshots per day, we have a total of 72×29 = 2088 validation

snapshots. We compute the relative error for each of these snapshots, and average the

relative errors for each day. The number of modes/sensors is held constant at r = p = 200

for START test data and r = p = 700 for TEND test data. Results are presented in

Figure 5.10. For the chemicals O3START, OHSTART, COSTART, the error increases for

the first 2-3 days and then relatively stays constant. On the other hand, for chemicals

NOSTART, NO2START, ISOPSTART the error increases sharply for the first three days

and then does not follow a distinguishable trend. The initial increase in mean relative error is

sharper for the TEND chemicals. Except for ISOPTEND the mean error in reconstructing

goes above 100% for the TEND data, and it tends to increase as we increase the number

of days and go further away from the training window.

We conclude from the above that (i) Q-DEIM sparse sensor placement works better

for the START data as compared to the TEND data; (ii) increasing the number of

modes/sensors exponentially decreases the relative errors in reconstructing known/seen

snapshots, but for reconstructing randomly selected unknown test snapshots the error
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Figure 5.10: Mean relative error predicting future START and TEND snapshots at the

surface for a prediction window of 29 days and for 6 different chemical species. Relative

errors are computed for 29 days and averaged for each day. The START snapshots use

p = r = 200 modes/sensors and the TEND snapshots use p = r = 700 modes/sensors.

The mean relative error increases sharply for the first 2â3 days and from then on stays

nearly the same; for TEND data it tends to increase further as the number of days we are

predicting increase. START data has better relative error as compared to the TEND data.

For the latter four, chemical species have errors greater than 100%.

does not decrease; and (iii) increasing time after the last training snapshot increases

reconstruction errors in test data sharply for the first 2â3 days and from then on the error

only does worse.
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5.11 Effect of adding incremental updates to the POD basis on relative errors

Updating the library of modes Ψr with the ’new’, i.e. from the unseen test window, sparse

measurements of the state might help resolve the issue of errors increasing with time. To

explore this further, we add an incremental-SVD update as described in Section. 5.4. The

first test snapshot is reproduced as above with a projection of the measurements from sensor

locations on the current Ψr space. The measurements from sensor locations are also used

to now update the library of modes Ψr with an incremental SVD from [19]. The next test

snapshot is reproduced using the updated library Ψ′
r, and we continue this process with

a running update of the library of modes Ψ′
r. With a low-rank truncation r ≪ n,m and

sparse measurements p = r.

The resulting relative mean errors in reproduction of test snapshots for the TEND after

including the incremental SVD update are presented in Fig. 5.11. As is demonstrated, this

approach leads to a significant improvement in the mean relative errors for reproducing

test snapshots. The errors for test snapshots are now on the same scale as the errors

for reproducing known or ’seen’ snapshots as shown in Fig. 5.9, with none of the errors

exceeding a 100%. Therefore, updating the library of modes captures some of the

meaningful fast-changing energetic convective features in the TEND data sets, significantly

improving the quality of the reproduced test snapshots. Also, note that for chemical species

O3TEND, OHTEND, ISOPTEND there is a clear increase in the errors as time increases

away from the last training snapshot.

5.12 Correlation between dynamics of chemical species

With most of the chemical species having an intrinsic low-rank structure, we now investigate

whether there exists any correlation between the spatial and temporal dynamics of different

chemical species. We have placed sensors customized for one chemical species data, we

will now measure the other chemical species at these customized sensor locations, and

reconstruct snapshots based on these measurements. To check if there is any correlation
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Figure 5.11: Mean relative error predicting future TEND snapshots at the surface for a

prediction window of 29 days and for 6 different chemical species. An incremental SVD

is used to update the library of modes after each new sparse measurement, the reproduced

snapshots are computed by projecting into this updated projection space. Relative errors are

computed for 29 days and averaged for each day. The TEND snapshots use p = r = 700

modes/sensors. For TEND data, the performance shows a definite improvement in

reconstruction errors of test snapshots. For some chemical species, there is a clear trend

of error increasing further as the number of days we are predicting increase. TEND data

has better relative error with the incremental updates to the projection space data. None of

the chemical species have errors greater than 100% after the incremental updates are added.
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between the START and TEND data of the same chemical species, we will also measure

the TEND data of a chemical species at the sensors customized for its START data,

and vice versa. We carry this experiment for all the six chemical species of interest. 500

randomly selected known snapshots are measured at sensor locations and the mean relative

error is computed for the reconstructed snapshot. The relative errors along with their 97.5

percentile confidence intervals for p = r = 200 sensors/modes are presented in Figure 5.12

for START data sets and in Figure 5.14 with p = r = 700 sensors/modes for the TEND

data sets. The first panel in the Figure 5.12 shows the mean relative error in pink with

the confidence intervals in black bars to reconstruct O3START, NO2START, OHSTART,

ISOPSTART, COSTART, and NOTEND data measured at the sensor locations customized

for NOSTART data. The second panel shows the mean relative error/confidence intervals to

reconstruct NOSTART, NO2START, OHSTART, ISOPSTART, COSTART, and O3TEND

measured at sensor locations customized for O3START data; and so on. The layout is the

same for the TEND data sensor locations presented in Figure 5.14.

Figure 5.12 shows that the chemical species O3START and COSTART consistently have

low errors when measured at customized sensor locations of the other START chemical

species. We also note that the TEND chemical species data cannot be reconstructed

accurately with measurements from sensor locations customized for their respective START

data. Part of the reason is that we need many more sensors to capture the significant coherent

low-order structures in the TEND data. The results from reconstructing a single snapshot

of COSTART using sensors customized for the O3START is presented in Figure 5.13. It can

be seen that even though the sensors were customized for O3START, they are able to pick up

on relevant spatial features in COSTART data and reconstruct the test snapshot faithfully.
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Figure 5.12: Mean relative cross-errors along with the 95-percentile confidence intervals

for START snapshots for six different chemical species at the surface. The first panel

shows relative errors that are computed for measuring O3START, NO2START, OHSTART,

ISOPSTART, COSTART, and NOTEND snapshots at NOSTART sensors; and so on.

p = r = 200 modes/sensors are used. It is consistently shown that the chemicals O3START

and COSTART can be measured at customized sensor locations of other chemical species and

reconstructed accurately.

Figure 5.14 shows that the START chemical species consistently have low reconstruction

errors when measured at customized sensor locations of their respective TEND chemical

species. Again, since we have more sensors than we need for capturing significant features

in the START data, we have lower relative errors in reconstructing these snapshots. The
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Figure 5.13: Results from reconstructing single test snapshot for surface concentrations of

O3START and COSTART preprocessed data. Sensors were customized for the O3START data

with r = p = 200 modes/sensors. The top left panel shows a randomly selected O3START

test snapshot, and the bottom left panel shows the resulting reconstruction of the test snapshot

with sparse measurements from the customized sensor locations. The right top panel shows a

randomly selected test snapshot of COSTART, and the bottom right panel shows the resulting

reconstruction of this snapshot when the COSTART chemical species is measured at the

customized sensor locations for O3START. Even though the sensors were customized for

O3START, they are able to pick up on relevant spatial features in COSTART data and

reconstruct the test snapshot faithfully.
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Figure 5.14: Mean relative cross-errors along with the 95-percentile confidence intervals

for START snapshots for six different chemical species at the surface. The first panel

shows relative errors that are computed for measuring O3TEND, NO2TEND, OHTEND,

ISOPTEND, COTEND, and NOSTART snapshots at NOTEND sensors; and so on.

p = r = 700 modes/sensors are used. It is consistently shown that the START data can be

measured at customized sensor locations of the corresponding TEND data and reconstructed

accurately.

results from reconstructing a single snapshot of COSTART using sensors customized for the

COTEND is presented in Figure 5.15. It can be seen that even though the sensors were

customized for COTEND, they are able to pick up on relevant spatial features in COSTART

data and reconstruct the test snapshot faithfully.
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Figure 5.15: Results from reconstructing single test snapshot for surface concentrations of

COTEND and COSTART preprocessed data. Sensors were customized for the COTEND

data with r = p = 700 modes/sensors. The top left panel shows a randomly selected

COTEND test snapshot, and the bottom left panel shows the resulting reconstruction of

the test snapshot with sparse measurements from the customized sensor locations. The right

top panel shows a randomly selected test snapshot of COSTART, and the bottom right panel

shows the resulting reconstruction of this snapshot when the COSTART chemical species is

measured at the customized sensor locations for COTEND. Even though the sensors were

customized for COTEND, they are able to pick up on relevant spatial features in COSTART

data and reconstruct the test snapshot faithfully.
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5.13 Conclusions

In this work we demonstrate the ability of data-driven sensor optimization to drastically

reduce the number of measurements required to accurately reconstruct and predict full

state of global atmospheric chemistry data. We combine 1) machine learning, i.e. the

POD dimensionality reduction technique, which learns and exploits patterns in the data

to produce low-dimensional representations of the full state, and 2) sparse sampling, i.e.

designing highly specialized optimal sensors that reconstruct the full signal in a tailored

POD basis from a small subset of sensor measurements instantaneously.

The START data sets, i.e. the absolute concentration of the chemical species, exhibit

a low intrinsic rank as is observed from the cumulative energy spectra of their SVD

singular values. The dynamics of these data sets also render themselves more amenable

for the optimal sparse sensing problem. As few as 50 sensors/modes (2% of the full state

measurements) can reproduce the full state of the START data accurately for most chemical

species. For NOSTART the intrinsic rank of the data set is higher, so more sensors will

be needed. When we work with 200 sensors/modes (8% of the full state measurements)

we further refine the reconstruction results. For O3START and COSTART the relative

reconstruction error for test snapshots is time independent and stays nearly the same. For

all other chemical species the relative error in reconstruction however is time-dependent,

sharply increasing for the first couple hundred test times after the training window and then

staying approximately the same. The error in full state reproduction is low for four of the

six chemical species tested, with the worst relative errors observed for NOSTART at 40%

and ISOPSTART at 50%. Hence, there are two different classes of chemicals, one where

the sparse sensor measurements excel at full state reconstruction of test snapshots, and the

other with dynamics not easily reproduced using the sparse sensor architecture. The results

are still more promising for the START data set.

The TEND data sets, i.e. the rates of change of absolute concentration of the chemical

species, exhibit a much higher intrinsic rank as is observed from their cumulative energy

spectra. The dynamics of these data sets exhibit many intermittent, spatially localized, and

low-moderate energy convective phenomena. Hence, the decay rate of the singular values
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is very slow and there are a lot of informative low-energy features that would be missed

out when we truncate to a target low rank. Accordingly, the reconstruction errors for test

snapshots is both higher and more time-dependent. Sensors are tasked with tracking these

intermittent, convective phenomenon, and they fail, resulting in reconstruction errors that

are higher than 100% for most of the chemical species tested here. This is because the

modal separation of intermittent convective phenomenon is difficult from a time-invariant

POD analysis. Separating isolated, low-energy temporal events cannot be done by a

variance characterizing SVD based method such as POD. In this case, however, continually

updating the library of POD modes using incremental SVD updates significantly improve

the reconstruction errors. However, the reconstruction errors are still high, leading to

the conclusion that the TEND data dynamics are not reproduced accurately by sparse

sensing. In this case we used 700 sensors/modes, so about 30% of the total number of

spatial measurements with not much alleviation in errors.

We also discovered correlation between the spatial and temporal dynamics of different

chemical species by measuring a set of the chemical species concentrations (START data)

at the sensor locations customized for a different chemical species. With a broader set of

chemical species tested, we can possibly group the chemical species with strong correlations

and measure them at a common set of sensor locations, reducing the number of measurements

needed in the chemical space as well as spatial dimension.

An interesting future direction will be to apply the optimal sparse sensing architecture to

a full year’s worth of data, and including several elevations as well, making it a 4-dimensional

data set for each of the chemical species. In this work, only one season’s worth of data,

i.e. three months of data, was used. Especially for the START data species it would be of

interest to see if the POD can capture yearly patterns in the data, and how the sparse sensing

problem would scale. Since the time-invariant POD analysis failed to reconstruct the TEND

data dynamics accurately, it would be interesting if a tensor decomposition, or temporal-

frequency analyses such as multi-resolution dynamic mode decomposition can succeed.

However, sensor selection using non-normal modes arising from such decompositions is also

an open problem. Clustering of chemical species that evolve with similar dynamics across

the chemical space is another interesting topic of future research.
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Chapter 6

CONCLUSION

In this thesis we developed data-driven, scalable ROMs that enable (i) analysis of the

global atmospheric chemistry dynamics to extract low-rank features of the high-dimensional

states, (ii) efficient and accurate reconstructions of the full state, (iii) stable forecasts that

predict the future states of the system, and (iv) sparse optimized sensor placement using

measurements derived from matrix pivots of the low-rank embeddings.

First, we introduced a suite of diagnostic algorithmic tools based on randomized linear

algebra. Three distinct matrix decompositions, i.e. Randomized SVD, Randomized

NMF and Randomized PCA algorithms, exploit the fact that the data itself has low-

rank features to produced scalable, low-rank decompositions of global spatio-temporal

atmospheric chemistry data. The resulting diagnostics were easy to interpret and successfully

extracted known major features of atmospheric chemistry, such as summertime surface

pollution and biomass burning activities. Full state reproductions were computed in real

time using a small subset of basis libraries, thus allowing for efficient representation and

compression of the data. Since these algorithms scale with the intrinsic rank of the global

chemistry space rather than the spatio-temporal measurement space, our methods were

demonstrated on a full year of global chemistry dynamics data, showing its significant

improvement in computational speed and interpretability. An important aspect of this work

is that simulation data, through the GEOS-Chem model, can be used to approximate the

dominant global patterns of spatio-temporal activity for individual chemicals, a collection

of chemicals, or the entire chemical space. The spatio-temporal features extracted give new

possibilities for understanding the interaction dynamics and relevant spatial regions where

various chemical dynamics are important. This gives new possibilities for scientific discovery

and understanding of the complex processes driving the global chemistry profile.

Next, we applied the data-driven regression architecture optDMD to construct an
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adaptive and computationally efficient reduced order model of atmospheric chemistry

dynamics. The model was used for characterization, monitoring and forecasting of chemical

concentrations. However, for successful application of the DMD careful considerations of the

input data were needed. We had to work with one latitude at a time with consistent day

lengths, so that the time series have the same fixed periods when the chemistry ‘turns on’

during day times, and ‘turns off’ during nighttimes. Also in latitudes where the day lengths

are very brief, the optDMD performance suffered, and isolating day times may be a better

alternative. We also limited the analysis for one season or three months of data. Scaling the

regression problem to the global three-dimensional grid, and to a longer period of training

data, is the focus of future work.

Computing the optDMD required solution of a nonlinear, nonconvex optimization

problem, which often fails to converge to a solution. The BOP-DMD version of the optDMD

algorithm added bagging, initialization and ensembling of DMD models to produce an

ensemble, probabilistic DMD model, reducing model variance and suppressing over-fitting

by design. Not only did ensembling improve DMD, further innovations included stabilizing

the variable projection technique used by optDMD so that it converged consistently to

an optimal solution. The BOP-DMD also produced uncertainty metrics, and highlighted

the high temporal variance in the eigenvalues produced by optDMD. Hence, BOP-DMD

versions of the DMD algorithm are critical for characterizing the complexities of the chemical

interaction dynamics. Focus of future work would be to use the BOP-DMD model for

characterization, monitoring and forecasting of global chemical concentrations with either

computational or sensor data.

Lastly, we explored the sparse sensing problem for global atmospheric chemistry, i.e.,

how to optimally place sparse sensors such that we can reproduce the full state of the

chemical concentrations from a few sensor point measurements. The POD dimensionality

reduction ROM learns and extracts low-rank embeddings from the high dimensional

chemistry simulation data. QR pivoting of these low-rank features derive the optimal

point measurements, i.e. the sensor placements, for instantaneous reproduction of the

full chemistry state. The compression of data under low-rank embeddings (POD) enables

the reduction of high-dimensional signals with O(106) points to sets of 200-700 optimal
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sensors. The START data can be accurately reproduced and predicted using only 2%-8%

of the available measurements of the state. However, errors in the prediction of TEND

are significant. We needed to use a much higher number of modes to represent the low-

dimensional features in the data, and correspondingly more sensors were needed (about 30%

of the total measurement points). Oversampling the data helped significantly to pick up

the lower energy relevant hidden dynamics. We added an incremental SVD update as well,

which used the point measurements of data to also continually refresh the library of POD

modes, which helped reduce the reconstruction errors significantly.

Not only do the TEND data sets have higher intrinsic rank, they also exhibit relevant

low-energy, intermittent and spatially localized convective phenomena. Hence, these

data sets were not amenable to variance characterizing time invariant POD. Adding the

incremental SVD updates were one measure taken to improve the reconstruction. Tensor

decompositions and temporal-frequency analysis such as multiresolution DMDs have also

succeeded at capturing, separating and identifying isolated, low energy temporal events.

However, sensor placement using non-normal basis modes is an open problem. This opens

future directions for exploring the sparse sensing problem further for global atmospheric

data.
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