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Shared rides, which pool individual riders into a single vehicle, are essential for mitigat-
ing congestion and promoting more sustainable urban transportation. However, major
ridesharing platforms have long struggled to maintain a healthy and profitable shared rides
product. The key challenge lies in designing pricing and matching policies that effectively
balance platform profitability, rider accessibility, and system efficiency. This research aims
to address this challenge through three interconnected research works.

The first work tries to address the problem from the perspective of pricing. To under-
stand why shared rides have struggled, we analyze procedures commonly used in practice to
set static prices for shared rides, and discuss their pitfalls. We then propose a pricing policy
that is adaptive to matching outcomes, dubbed match-based pricing, which varies prices
depending on whether a rider is dispatched alone or to what extent she is matched with an-
other rider. Analysis on a single origin-destination setting reveals that match-based pricing
is both profit-maximizing and altruistic, simultaneously improving cost efficiency (i.e., the
fraction of cost saved by shared rides relative to individual rides) and reducing rider pay-
ments relative to the optimal static pricing policy. These theoretical results are validated
on a large-scale simulation with hundreds of origin-destinations from Chicago ridesharing
data. The improvements in efficiency and reductions in payments are especially noticeable
when costs are high and demand density is low, enabling healthy operations where they

have historically been most challenging.



Whereas the first part assumes that riders are matched to each other pre-trip (i.e.,
before the rider is dispatched), this neglects a ride’s continued matching potential while on-
trip after she is initially dispatched solo. The second work develops a dynamic, stochastic
matching model where the platform makes both pre-trip and on-trip matching decisions, and
contrast the behavior of each phase of matching. Using both synthetic and real-world data
from Chicago, we find that whereas pre-trip matching is well-suited to dense downtown areas
with concentrated demand, on-trip matching is critical in sparser outskirts where demand
is spatially dispersed, and manages a trade-off between matching opportunity and value.
We also embed the matching model in an outer pricing optimization problem to study the
interaction of matching with pricing, and find that the addition of on-trip matching increases
profitability and efficiency for the platform and lowers prices for riders. These effects are
particularly pronounced in the sparse outskirts, where shared rides have historically been
most difficult to sustain.

The third work complements the analytical and computational contributions with a
simulation-based teaching game, Calyber, which is designed to provide hands-on and en-
gaging experience in developing real-time pricing and matching decisions for shared ride
services. Students design and implement dynamic pricing and matching policies using a
rich historical ridesharing dataset, competing for top performance on a holdout test set.
Through this case, students gain practical insight into stochastic dynamic decision-making
within a modern, relevant, and data-driven context. Results from previous class implemen-
tations provide strong evidence of enhanced learning and engagement.

Together, the three works offer a comprehensive treatment of shared ride operations
in terms of joint decision making in pricing and matching, spanning modeling analysis,

computational methodology, and pedagogical practice.
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Chapter 1
INTRODUCTION

1.1 Background

Urban transportation systems face a long-standing tension. Ride hailing service provides
the on-demand, door-to-door mobility to riders, but at the cost of congestion, emissions, and
inefficient vehicle utilization. Shared rides—in which a single vehicle transports multiple
riders with compatible origins and destinations—have long been proposed as a way to
address this tension [I],[44]. If riders heading in the same direction with similar arrival times
are pooled together, the same trips can be served with fewer vehicles, fewer vehicle miles,
and lower per-rider cost. In principle, every party benefits: platforms serve more riders at
lower cost; riders enjoy lower fares driven by lower costs; and cities see less congestion, fewer
emissions, and better use of road space.

The launch of UberPool and Lyft Line in 2014 brought this vision into widespread
practice. Within a few years, shared rides accounted for 20-30% of all trips on the two
platforms [70, [72]. In 2018, Uber expanded its commitment by launching Uber Express
Pool, a lower-cost variant in which riders walked to dynamic meeting points [108], and Lyft
publicly committed to making 50% of its rides shared by the end of 2020 [72]. Lyft co-
founder John Zimmer went so far as to claim that shared rides could bring about “the end
of traffic” [61]. For a brief period, it appeared that the two largest ridesharing platforms
were on track to make shared rides a mainstream mode of urban transportation.

These expectations were not met. After the launch in 2014, both companies sought
to “win” riders in San Francisco, chiefly by keeping prices low—Uber even offered a $5
flat fareE But at the same time, Uber’s algorithms struggled to match riders: the match

rate, or the fraction of riders who get matched with another rider, was reportedly only 8%

1See Figure for a timeline of the pricing policies that Uber and Lyft experimented with over the first
year launching shared rides.



initially at launch. The combined effect was that Uber was essentially offering ultra-cheap
solo rides, losing roughly one million dollars per week on UberPool while building density
through aggressive subsidies [7]. Over the next few months, Uber improved its matching
algorithms and achieved a match rate of almost 25%E] But this improvement was still not
enough to break even. Attempting to cut its losses, Uber raised prices, which then tanked

ridership by 22% [7].

uberPOOL
Uber launched with $7 flat fare in hotspot,
fare splitting | $5 flat fare | | $7 flat fare | upfront prices elsewhere
| / —t—t——t——t \ | / —— :\ ——t—r
Aug 2014 Oct 2014 Dec 2014 Feb /2015 Apr 2015 Jun 2015 Aug 2015
Lyft Line $2.25 flat fare $3 flat fare max $6 in hotspot,
launched with in hotspot max $12 elsewhere

fare splitting

$5 flat fare $5 flat fare in hotspot,
in hotspot max $7 elsewhere

Figure 1.1: Timeline of pricing policies tested by Uber and Lyft in the first year. (Figure reproduced
from [7].)

The COVID-19 pandemic compounded these difficulties. Both Uber and Lyft suspended
shared rides in 2020. Lyft relaunched in 2021 [73] and Uber followed in 2022 with a re-
branded UberX Share [I10], but these relaunches struggled to find traction [33]. In 2023,
Lyft discontinued shared rides entirely in the face of financial difficulties [29], only to rein-
troduce them in 2025. Figure illustrates the resulting pattern in Chicago: even by 2024,
after years of operational refinement, only a small share of ride-hailing trips are matched,
and the match rate among requested shared rides recovered only partially from its post-
pandemic collapse.

Another challenge reflected is that the success of shared rides relies heavily on local
demand density, which directly affects the availability of quality matches [3]. Platforms
acknowledge that “matching with a co-rider is dependent on ... the number of ride requests

. available in a given area” [I13], and limit their shared ride offerings accordingly. UberX

2See Figure for the match rates of Uber and Lyft’s shared rides in Chicago over recent years.



100% 80%
80%
60% A
60% 1
40% 1
40% A
I Matched shared requests 20% 1
20% | I Unmatched shared requests
Solo requests
0%+ v v v v v 0%+ v v v v v
2019 2020 2021 2022 2023 2024 2019 2020 2021 2022 2023 2024
(a) Ride-hailing trip distributions by class (b) Match rate of shared requests

Figure 1.2: Ride-hailing trip distributions by class and match rate of shared requests in Chicago
(November 2018 - August 2024). Plots are reproduced based on data in https://toddwschneider.
com/dashboards/chicago-taxi-ridehailing-data/. From April 2020 to April 2021, shared rides
were suspended across major ride-hailing platforms due to COVID-19. Lyft relaunched shared rides
in May 2021; Uber launched UberX Share in June 2022.

Share is only available in select major cities with high demand [112], and Lyft, after dis-
continuing shared rides entirely in 2023, pivoted in 2025 to offering shared rides only at
major airports where demand is concentrated [7I]. Consequently, the benefits of shared
rides have not been realized outside of dense urban centers; notably, lower-density, outlying
areas also tend to coincide with transit deserts [60 [5]. An analysis of Toronto ridesharing
data finds that downtown Toronto accounts for 66% of total matches with a match rate of
62%, whereas the match rate in the outlying areas drops to only 39% [120]. In effect, shared
rides have succeeded mainly where they were least needed and failed where they were most

needed.
1.2 Motivation

The history above highlights a key challenge in the design of the platform’s operational
policies—how pricing and matching decisions are made and how they interact. Pricing and
matching are two critical levers of the platforms. They each involve a fundamental tension,

and their interaction makes the joint problem harder.


https://toddwschneider.com/dashboards/chicago-taxi-ridehailing-data/
https://toddwschneider.com/dashboards/chicago-taxi-ridehailing-data/

The pricing tension. Low prices are needed to attract riders and to build the demand
density that enables efficient matching. At the same time, low prices mean the platform
may miss out on revenue from riders with higher willingness to pay, and can create losses
when the platform fails to match riders and instead dispatches them as discounted solo
rides. In trying to strike a balance, platforms can end up setting prices that are both too
high to attract riders and too low to operate sustainably. Furthermore, the difficulty is
compounded when a price is offered before the matching outcome is known, as the platform
bears the risk that no compatible rider arrives, and pays the extra cost of a solo ride at a

discounted price.

The matching tension. Matching shared rides involves a tension between matching
immediately and waiting. Committing to matching now realizes the cost saving of the
current pair, but gives up the possibility of a better match later; waiting for a future match
preserves the potential of a better match, but risks outcomes that can each be more costly
than the current match, depending on the platforms’s mechanism: the rider may abandon
or be dispatched solo when her waiting window expires, or she may eventually be matched
with a less compatible co-rider. This can be more complicated if on-trip matching is allowed
(i.e., matching can happen on the route after a ride is dispatched solo; see Chapter 3| for
more details) since the matching value and matching opportunity of an on-trip rider may

vary over time.

The coupling of pricing and matching. Pricing and matching are two interconnected
levers. Prices determine who requests a shared ride, and therefore shape the demand density
for the platform to match. Matching, in turn, determines the per-rider cost depending on its
matching efficiency that affects the optimal price to quote. Designing pricing and matching

together, rather than in sequence, is therefore a core idea of this dissertation.

These observations motivate the central question of this dissertation: How should rideshar-
ing platforms design pricing and matching policies that make shared rides sustainable, par-
ticularly in the low-density settings where they have historically failed? The remainder of

this chapter breaks it down into three more concrete research questions, and previews the



contributions of the three subsequent chapters.

1.3 Research Problems and Dissertation Overview

The three works that make up this dissertation share a common motivation to make shared

rides operationally sustainable, while addressing three individual problems:

Problem 1: Why have platforms struggled in pricing, and how to design the
pricing policy for shared rides? To understand why shared rides have struggled, Chap-
ter [2] analyzes procedures commonly used in practice to set static prices for shared rides,
and discusses their pitfalls. We then propose a pricing policy that is adaptive to matching
outcomes, dubbed match-based pricing, which varies prices depending on whether a rider
is dispatched alone or to what extent she is matched with another rider. Analysis on a
single origin-destination setting reveals that match-based pricing is both profit-maximizing
and altruistic, simultaneously improving cost efficiency (i.e., the fraction of cost saved by
shared rides relative to individual rides) and reducing rider payments relative to the opti-
mal static pricing policy. These theoretical results are validated on a large-scale simulation
with hundreds of origin-destinations from Chicago ridesharing data. The improvements in
efficiency and reductions in payments are especially noticeable when costs are high and
demand density is low, enabling healthy operations where they have historically been most

challenging. This work is published in Operations Research [118].

Problem 2: How to make both pre-trip and on-trip matching decisions, and
when on-trip matching is most valuable? Although shared rides have the potential
to increase vehicle utilization and reduce congestion and emissions, these benefits depend
heavily on ridesharing platforms’ ability to match riders effectively. As such, shared rides
have seen limited success outside of dense urban areas—the sparse outskirts of greater
metropolitan areas remain underserved. In the literature, the dominant matching model
involves collecting rider requests in a batch interval and solving a non-bipartite match-
ing problem on the requests. However, this model neglects the ability of a rider to be

matched to a future arriving rider even after she is initially dispatched solo; namely, match-



ing is only modeled pre-trip, and the value of on-trip matching is not explicitly accounted
for. Chapter [3] develops a dynamic, stochastic matching model, where the platform makes
both pre-trip and on-trip matching decisions, and contrasts the behavior of each phase of
matching. Using both synthetic and real-world data from Chicago, we find that whereas
pre-trip matching is well-suited to dense downtown areas with concentrated demand, on-trip
matching is critical in sparser outskirts where demand is spatially dispersed, and manages
a trade-off between matching opportunity and value. We also embed the matching model
in an outer pricing optimization problem to study the interaction of matching with pric-
ing, and find that the addition of on-trip matching increases profitability and efficiency
for the platform and lowers prices for riders. These effects are particularly pronounced in
the sparse outskirts, where operating shared rides—even providing access to any form of

transportation—has historically been most challenging.

Problem 3: How to turn the joint pricing-and-matching problem into a teaching
case to enhance the education of dynamic, stochastic decision making? Chap-
ter [ completes the dissertation by turning the joint pricing-and-matching problem into a
teaching setting. We introduce Clalyber, a simulation-based game designed to provide a
hands-on and engaging experience in developing real-time pricing and matching decisions
for shared ride services. Students design and implement dynamic pricing and matching
policies using a rich historical ridesharing dataset, competing for top performance on a
holdout test set. Through this case, students gain practical insight into stochastic dynamic
decision-making within a modern, relevant, and data-driven context. Results from previous
class implementations provide strong evidence of enhanced learning and engagement. This

work is published in INFORMS Transactions on Education [95, [96].

The remainder of this dissertation proceeds as follows. Chapter [2] studies the pricing
problem for shared rides, characterizes the structure of optimal pricing policies, and de-
velops scalable computational approaches for realistic networks. Chapter [3| extends this
framework to the on-trip matching and pricing problem, where the platform must jointly

decide how to price and match riders in the on-trip regime. Chapter f] completes the dis-



sertation with Calyber, a simulation-based ridesharing game that builds the pricing and
matching problem into a hands-on educational tool, providing evidence that these ideas
can be taught effectively to diverse audiences. Chapter [5| concludes the dissertation. To-
gether, these works advance our understanding of shared ride operations in terms of joint
pricing and matching decisions, regarding modeling analysis, computational methodology,

and pedagogical practice.



Chapter 2
PRICING SHARED RIDES

2.1 Introduction

From their inception, shared rides have been envisioned as a means of transporting com-
patible riders together in a carpool-type service, thereby reducing vehicle congestion and
carbon emissions [I], 44]. However, although platforms such as Uber and Lyft have offered
shared rides since 2014, these products have long struggled with profitability and service
quality [33].

The up-and-down history of shared rides highlights the following challenge. Low prices
are needed to attract riders and achieve enough density for efficient pooling (as with Uber
Express Pool). At the same time, low prices mean the platform may miss out on revenue
from high-valuation riders, which can create losses for the platform if riders cannot be pooled
efficiently [34]. In trying to strike a balance, platforms may set prices that are both too
high to attract riders and too low to comfortably sustain.

To investigate this tension, we consider a dynamic stochastic pricing and matching
model, where riders randomly arrive and request a ride based on prices quoted by the
platform. Riders who make requests spend limited time on the platform waiting for a match
with other riders, and these matches are made dynamically by the platform to maximize
the long-run average profit. By developing and analyzing solutions for this model, we make

the following contributions:

1. Why have platforms struggled? Historically, platforms have offered a single up-
front price for shared rides [25] [74]. We show that even on a single origin-destination
pair with uniform rider willingness-to-pay distributions, computing the optimal price
can be challenging (Proposition . Moreover, the optimal price exhibits a disconti-
nuity as a function of the demand density (Remark |I)) — the price suddenly jumps

as the demand becomes sparser. These characteristics arise from the unique feature



where the cost of a shared ride is influenced by its price. We then analyze a heuristic
that is widely used across platforms — an iterative approach to pricing. In this pric-
ing approach, the platform starts with some initial prices and observes the resulting
matching outcomes and costs for a period of time. The platform then updates the
prices based on the observed costs. In Theorems [1| and [2| we find that this iterative
approach always converges to a price that is higher than optimal, and that in some
settings, the platform can be gradually priced out of the market even when it would
be profitable to offer shared rides. These observations point out a critical drawback
of offering a single price for a shared ride — there is a risk of not being able to match
riders after quoting the price. A single price also limits the platform’s flexibility in

reducing prices to improve cost efficiency.

. A way forward. We discuss an alternative pricing policy, match-based pricing, which
charges a higher price for riders who get dispatched solo, and offers a discount to rid-
ers who are dispatched with a matched rider. By doing so, it incentivizes riders to
request when they can be matched well. This policy shares some similarity with the
pricing structure that Uber introduced in 2022, which offers “additional savings if [a
rider is] matched with a co-rider” [I10), 46] (see Section for detailed compari-
son). We characterize the optimal solution for a single origin-destination pair and
find that although multiple price values are needed in match-based pricing, they are
more tractable to compute than the optimal static price (Theorem . In addition
to improving tractability and profitability, we show in Proposition [2] that the prices
quoted to riders under our policy can be lower than the optimal static price when costs
are high and demand density is low — a regime where platforms struggle. Moreover,

riders consistently pay less due to higher cost efficiency (Proposition .

. Performance on real-world data. We extend our models and analyses to multiple
origin-destination pairs and develop simple and scalable computational approaches.
We demonstrate our proposed policy in a large-scale simulation based on real rideshar-

ing data in Chicago. The simulations corroborate our theoretical results and show
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substantial gains in efficiency. In particular, our policy enables healthy operations

where they have historically been most challenging.

The remainder of this chapter is outlined as follows. In Section we review related
literature. We describe our models, present our analyses and develop scalable computational
approaches in Section [2.3] starting with a single origin-destination pair before generalizing
to multiple origin-destination pairs. We report computational results in Section [2.4] and
offer concluding remarks in Section Code and data to reproduce all computational ex-

periments in the chapter can be accessed at https://github.com/0RJournal/2023.0513.

2.2 Literature Review

Ride-hailing, in which riders are served by solo rides, and ridesharing, in which riders
are pooled together in shared vehicles, are both well-studied in the literature. In ride-
hailing, a major focus of the literature has been on the problem of balancing the supply of
drivers with the demand for rides. To this end, [69, 17], and [16] study spatial pricing as
a means to incentivize drivers to relocate to areas of high demand or to join the platform
during periods of high demand. [47] and [75] further study how spatio-temporal pricing
structure can incentivize drivers to accept requests for trips. A hallmark of dynamic pricing
in ride-hailing is to limit poor rider-driver matches, mitigating the so-called wild-goose chase
in which drivers suffer poor utilization from the long pickup times associated with poor
matches [22] 119]. [2I] additionally argue that dynamic pricing offers riders lower prices
during periods of low demand and improves riders’ access to service during high demand.
Taking a different perspective, [12] find that dynamic pricing enables performance that is
robust to uncertainty in estimated system parameters.

Apart from pricing, another critical component of ride-hailing is matching riders to
drivers, where a key trade-off for all participants arises between committing to a match
immediately or waiting for a (potentially) better match. [87] discuss the downside of
a simple greedy policy that simply dispatches the closest driver to a rider, and propose
asymptotically-optimal matching policies. [54] discuss the structure of the optimal match-

ing policy when there are heterogeneous types. [I15] consider a setting when drivers and
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riders can reject undesirable matches, and develop formulations that ensure stable match-
ing outcomes. [40] study pricing and matching in coordination, and develop a policy that
considers potential riders who have not yet converted to requests.

As compared to individual rides, shared rides have the potential to reduce vehicle miles
traveled, congestion, and emissions. However, attaining these benefits poses significant
operational challenges. One such challenge is in deciding which riders should share service;
to this end, [92] propose a two-rider matching problem, and [4] consider pooling riders in
high-occupancy vehicles.

However, an upstream difficulty is that of having enough riders to enable efficient sharing
in the first place. Common approaches to coalescing riders include solving the matching or
pooling problem after batching requests over short fixed time windows [10]; asking riders
to walk to shared meeting points [99] 119, 41l 123]; or allowing longer detours to enable
more pickups or dropoffs [99]. However, these approaches also have their drawbacks. For
batching, [88] find that a fixed batch window can split up compatible requests, while [9]
argue that a batch window incurs the risk of riders abandoning the platform before dispatch.
As for allowing detours, [27, [68], and [I01] argue that long detours can deter time-sensitive
riders from taking shared rides. Our work takes the alternate approach of using pricing to
shape the demand for shared rides.

Whereas pricing for individual rides mainly focuses on shaping demand and supply, new
challenges arise in shared rides. One such issue, cost-sharing, addresses how the cost of a ride
should be split between multiple passengers arriving online with varying attributes (chiefly,
origin and destination). [43] and [85] analyze a mechanism for a ridesharing platform that
splits costs according to riders’ scaled marginal costs, and show that the mechanism has the
desirable properties of online fairness, immediate response, individual rationality, budget
balance, and incentive compatibility. [55] then consider these properties for a peer-to-
peer carpooling setting where drivers seek to partially recoup driving cost without unduly
burdening riders. [42] also consider a carpooling setting, and split costs so that riders are
incentivized to match at lowest total cost. In addition, [86] and [6] allocate costs while
setting tolls to incentivize efficient carpooling.

Another line of work focuses on interactions between several transportation options.
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[53] propose a randomized monetary scheme that nudges riders toward selecting shared
over individual rides. [63], 122] and [I16] model platforms that set prices for individual and
shared rides, analyze market equilibria and discuss when it is preferable to offer one or
both. [15] studies cost structures that promote platform-based ridesharing versus peer-to-
peer carpooling.

Our work differs from these by analyzing status-quo pricing policies used by platforms
and comparing them with a pricing policy where prices depend on matching outcomes to
encourage matches. A similar feature also appears in [43] and [55]. However, the focus is
different — they study incentive properties of various cost-sharing mechanisms where cost
allocation continues to decrease as more riders join the ride. Another study close to ours is
[62], where they compare ez-ante and ez-post pricing policies (we call these static and match-
based policies, respectively). They discuss the incentive properties of these mechanisms
under certain pricing values with complete information. They conclude that the ex-post
mechanism makes it individually rational for riders to always opt for shared rides, leading
to desirable outcomes. In contrast, we consider a stochastic setting where the uncertainty
of matching outcomes is explicitly modeled. Moreover, we explicitly analyze and discuss

the properties of optimal prices, and evaluate the benefits to riders and the platform.

2.3 Models and Preliminaries

In this section, we formally introduce our model preliminaries, analyses, and computational
approaches. We start with Section where all riders are of the same origin-destination
pair. Though the setting is stylized, our analysis leads to complete characterizations of
various pricing policies and their comparisons, which motivates our proposed policy. In
Section we then extend the model and develop scalable computational approaches for

a general shared rides network with multiple origin-destination pairs.

2.3.1 A Single Origin-Destination Pair

We first consider a case where riders arrive at the platform according to a homogeneous

Poisson process and consider requesting trips from the same origin to the same destination.
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Without loss of generality, we assume that the rider arrival rate is one. Each rider’s will-
ingness to pay is drawn IID from a distribution function F'(-) and the platform can control
the rate of ride requests by quoting price p. Riders make requests if their willingness to
pay is at least as high as the price p. As such, the request conversion rate is given by
A = F(p). We consider a specific case in this subsection where the riders’ willingness to pay
is uniformly distributed in [0, 1] so that A = 1 — p. Results under other willingness-to-pay
distributions share similar insights and can be found in Appendix As a convention,
we express all that follows in terms of the request conversion rate A rather than the price
p, which can be thought of as the platform setting a target request conversion rate through
the corresponding price.

It costs the platform ¢ to pay a driver to drive from the origin to the destination. We
assume a capacity of two riders for each vehicle, so it is reasonable to restrict ¢ € (0, 2)
since otherwise, the platform cannot be profitable. When a rider makes a request, if there
is no other request already waiting, then the rider waits on the platform for a sojourn time
that follows an exponential distribution with rate § > 0. The limited sojourn time can be
interpreted as rider patience, or as the platform’s patience to wait for another request to
arrive, as it would enable the platform to collect greater revenue for the same costE At the
expiration of the sojourn time, the request is dispatched with a driver at a cost of ¢. But if
there is another request waiting, then the two requests are immediately dispatched together
with an available driver, now sharing the cost c. When two requests are dispatched together,
we call them matchedﬂ The number of waiting requests in the platform can be modeled
as a continuous-time Markov chain with two states shown in Figure The system goes
from state 0 to 1 if there is a new request, which happens at rate A\. The system goes from

state 1 to 0 if the current request’s sojourn time elapses (at rate €), or if a new request is

!One example of such practice is the Uber Express Pool launched in 2018 [T08] where riders were asked
to wait a few minutes (ranging from 0 to 5 minutes) before their trips began to help Uber make better
matches with fewer detours, delivering a more affordable shared rides product. The precise waiting time
balances the quality of current matches against potential future opportunities. In Appendix [A-4-3] we also
discuss an alternative where matching is executed according to a fixed batch window. Whether a rider is
dispatched solo or matched depends on how many riders arrive in each batch window.

2The word matched is commonly used to describe the matching of drivers to requests. Throughout this
chapter, we will reserve its usage for the matching of requests to other requests.
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A+0

Figure 2.1: A Markov chain for a shared rides system with a single origin-destination pair.

matched and dispatched with the waiting request (at rate \).

The system can be analyzed as follows. First, the steady-state probabilities are:

A0
2A+60 1T 2x+6°

T —

The match rate is the probability that a given request is matched. This is the probability
that when a given request arrives, there is one request already waiting; or that there are
no requests already waiting, but another will arrive before the given request’s sojourn time

elapses. Concretely, the match rate, denoted by p()\), is:

A 2\

PN =m 4703 = 35y

The expected cost per request is denoted by ¢(\), and is given by:

&) = g,o()\) +e(l—p(N) = g (1 + 2&9) . (2.1)

The cost efficiency is then computed as 1 — ¢(\)/c, and one can effectively think of this as
the fraction of vehicle miles saved by operating shared rides instead of solo ridesE|

Denoting the expected profit per unit time by II()\), the platform seeks to solve the

3For multiple origin-destination pairs, the cost efficiency is computed as one minus total dispatching cost
divided by a hypothetical cost if all requests were dispatched solo.
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following price optimization problem:

/\Iél[eotﬁ] II(A) = (1 — A —¢(\))A. (2.2)

We will use \* to denote an optimal request conversion rate for (2.2)). The first-order

condition of (2.2 requires solving a cubic equation below.

) = —an— (1o
T(R) = -2 2(2)\+9)2+(1 2)_0‘

We denote its largest real root by A := max{\ € R : II'(A\) = 0} which always exists. We

have the following complete characterization of \*.

Proposition 1 (Optimal request conversion rate \*). When ¢ € (0, 1], the unique optimal

request conversion rate \* = N. When ¢ € (1,2), any optimal request conversion rate
satisfies:
{5\}, 0 < é(c),
Ared (A0}, o=d(c), (2.3)
{03,  0>4(c).

where 0(c) == 3¢ — 2 — 21/2¢(c — 1).

Consider the price optimization problem (2.2) parameterized by (c,6). Let A*(c,0)
be a function that maps each (c,0) to an optimal request conversion rate that satisfies
the optimality condition (2.3). The following remark notes a surprising observation that

optimal conversion rate cannot vary continuously with ¢ and 6.

Remark 1 (Discontinuity). Any optimal request conversion rate A*(c,0) is discontinuous

at (¢, 0(c)) for all ¢ € (1,2).

Figure illustrates the shape of the profit function II(\). When ¢ < 1, the profit
function is well-behaved. On the other hand, when ¢ > 1, II(A) can have a notable inflection

point — as the request conversion rate increases, profit initially turns negative since the
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Figure 2.2: Pricing in the single origin-destination pair case.

price cannot justify the high dispatching cost; however, as the request conversion rate keeps
increasing, it encounters a phase transition (after the first stationary point of the red curve
marked by the red dotted line) where the increased request conversion rate generates enough
cost savings to possibly make the service profitable. The discontinuity of the optimal request
conversion rate (Remark (1] is a direct consequence of this phase transition. As Figure
illustrates, the discontinuity occurs at the place where the highest profit in the second phase
equals zero. As 0 further increases, the optimal request conversion rate has to drop to zero
abruptlyﬁ since a higher conversion rate would not reduce dispatching costs enough to make
the service profitable.

We close this subsection by commenting that although the optimal price characterized
in Proposition [I] maximizes the profit, it can still be limiting in the sense that the platform
has a risk of not being able to match riders after quoting the price. Many of our discussions

below revolve around addressing this issue.

An iterative pricing approach

4Under more general willingness-to-pay distributions, the optimal request conversion rate can also drop
abruptly to a strictly positive value instead of zero. In Figure of Appendix we show a case under
¢ < 1 where the highest profit in the first phase is strictly positive when the rider’s willingness to pay is
distributed according to a Beta(6,2) distribution.
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For large networks with multiple origin-destination pairs, there will be no closed form for
¢(\) and is computationally intensive. As a consequence, ridesharing platforms set
prices by heuristic, iterative methods in practice. For example, Uber sets the price of
shared rides for each origin-destination pair and time by predicting its cost [109]. These
prediction or machine learning models are periodically (re)trained using historical requests
and matching outcomes under past pricing policies, and then used to set new prices [107].
Similarly, Lyft uses simulation [50] to evaluate cost efficiency and update prices. Such
iterative approaches can also be appealing to adapt to changes in environment that are
often observed in ridesharing platforms [117, 121, 11], although this is not the focus of our
analysis. Beyond ridesharing, similar methods have been applied to fleet assignment and
scheduling. In these applications, demand adjusts in response to schedule and capacity
modifications, with the process repeating until it converges [35, [65] 18].

We formalize this approach under our single origin-destination setting in Algorithm
First, the platform sets a certain initial price which induces a certain request conversion
rate; then, it evaluates the expected cost per request and sets a new request conversion rate

to optimize the profit given the expected cost, iterating until convergence.

Algorithm 1 An iterative pricing approach for shared rides

Require: An initial request conversion rate A(*) € (0, 1]

1 k1

2: repeat

3. k) Ak > See (2.1)
4 AR argmaxg o q (L-A—e®) A= 1 [1—e®]" > See
5: k+—k+1

6: until convergence

7: return \(F)

Although this iterative pricing approach has been practiced widely, little analysis has
been done to understand its performance. We first analyze the convergence of Algorithm

For this purpose, it will be convenient to define the following notation:

AT )f'—1 1-0- S+ 1+9—§ 2—20((:—1)
’ ! 2 2
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Theorem 1 (Convergence of Iterative Pricing). Algom'thm converges to X7, A\~ or 0 based

on the values of ¢, 0 and initial conversion rate AV summarized below.

c 0 AD ] limygy oo AR
(0,1) (0, 00) (0,1] | AT
3 (A7, 1] AT
0,6(c)/2 AT AT
[17 2) ( ( / } (0’ )\_) 0
|

(0(c)/2,00)  (0,1] 0

Table 2.1: Convergence results of Algorithm

Figure illustrates Theorem When ¢ € (0,1) and 6 > 0, we have global convergence
— Algorithm (1 always converges to A™ no matter what the initial price is. When ¢ € [1,2)
and 6 € (0,0(c)/2], where Algorithm [1| converges to depends on the initial price. Most
interestingly, if the initial price is set too high, i.e., A e (0,A7), the iterative pricing
approach can lead to a market failure — it induces dynamics that gradually price the
platform out of the market. To prevent this, platforms should initialize the iterative pricing
approach with a low price. Finally, when ¢ € [1,2) and 6 > 5(0) /2, this approach never
leads to a profitable service. Note that this is a larger unprofitable region than that induced
by the optimal price characterized in Proposition |1, which is ¢ € [1,2) and 6 > 6(c). This
turns out not to be a coincidence, as we have the following general observation that the
iterative pricing approach always leads to a higher price compared to the optimal price.
Intuitively, this happens because the expected cost per request is kept constant during the
price update. Thus, the platform is too optimistic (pessimistic) about raising (lowering)
prices and fails to account for the fact that this will hurt (increase) conversion and increase

(decrease) the actual cost per request.
Theorem 2 (Iterative Pricing Overprices). Using Algom'thm the platform always over-

prices its rides; namely, for any optimal request conversion rate \* for problem (2.2)),

lim AR <x* vaAl) €(0,1], 0 >0, c € (0,2).

k—+o00
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Figure 2.3: Illustration of Theorem |1| and Theorem [2 We visualize two values of ¢ (0.7 and 1.1) as
representative examples for ¢ € (0,1) and ¢ € [1,2). The color hue represents the ratio of iterative
pricing’s converged request conversion rate (limg_, 100 A*)) to the optimal request conversion rate
(A*), corroborating Theorem s result that iterative pricing overprices. The vectors represent the
converging directions for the conversion rates within each area. If the initial conversion rate A(%)
lies within the blue area, it monotonically converges to AT indicated by the black solid curve. If it
starts inside the white area, it monotonically converges to 0. If it starts at A~ (the red solid curve),
it stays there.

Match-Based Pricing

Having discussed two status-quo approaches for pricing shared rides and their potential
drawbacks, we now propose an alternative, which we call match-based pricing. In match-
based pricing, instead of the platform bearing the risk of quoting an “upfront” price and
then not being able to match riders, we allow the platform to set prices depending on the
matching outcome. Then, instead of a static request conversion rate A, there will be state-
dependent conversion rates A(0) and A(1), where the arguments 0 and 1 refer to the states
of having no requests and one request waiting on the platform (same state definition used
in Figure .

A rider who arrives when there is no other request currently on the platform is quoted
an initial price, denoted 1 — N'(0), and the possibility of a discount to a price 1 — A(1) if
she ends up getting matched to a later incoming request. A rider arriving with a request

waiting is directly quoted 1 — A(1). This policy has some parallels to the current pricing
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scheme of UberX Share [I10], the renewed shared rides product from Uber after COVID-19,
which is illustrated in Figure The key difference is that Uber quotes the same initial
price to all riders, regardless of the state; then, the riders who are matched with another
rider are given a discount ex post. This leads to different conversion behavior from our
proposed policy, as we discuss in Appendix Another Uber product that resembles
our pricing policy for a rider arriving with a request waiting is illustrated in Figure
a pop-up offers a discount to UberX riders who can be matched with an existing, nearby

rider.

Expires in 21

Join a sharedride. Save $6.

- One seat only
- Only one stop along the way
- Estimated arrival by 8:08 AM

E¥ Updated price : $28.87 $34.97

Join UberX Share =
—

(a) Riders are offered further savings if they are  (b) Riders are invited to join an existing shared
matched. ride for further savings.

Figure 2.4: Two Uber products that resemble match-based pricing.

We assume that riders are risk-neutral, non-strategic, and have enough past experience
with the platform to understand their probability of being matched if currently waiting to
be dispatched, which is A(1)/(A(1) + #). This is consistent with prior work that assumes
that riders convert based on the expected value of system parameters [53] [63], [58]. Then,
the rider who arrives when there is no other request currently on the platform perceives an

expected price
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and converts at rate A\(0) (note the distinction between the expected price 1 — A(0) and the
initial price 1 — \'(0))P}

This formulation is equivalent to the following state-dependent upfront match-based
pricing model: riders who arrive with no requests waiting in the system are quoted a fixed
price 1 — A(0), and riders who arrive with one request waiting in the system are quoted a
fixed price 1 — A(1). Although this upfront match-based pricing model suffers from fairness
issues as two riders in the same vehicle are charged differently, we will analyze this system
in terms of A(0) and A(1) for ease of notation; one can always convert to the previous model
via . We will simply refer to these upfront prices as match-based prices from here
onwards. The steady-state probabilities for this Markov chain are:

A1) + 6 B A(0)
O +AD) +6 T

T = (2.5)

Consequently, the platform maximizes the expected profit per unit time II(A(0), A(1)):

A(0)
II(A(0), A(1)) = L A(D) (2= X(0) — (1) — 0 (1— X0)— .
ooy MO =3GEND 7o ( ) t(tf ﬁt(f) )+ ﬁf f> C>)
twooma;tgﬁgd r?ders unﬁ)xrl(;tch%doﬁteier
(2.6)

Unlike the optimal price in (2.2)), which requires solving a cubic equation, surprisingly,
an optimal solution for (2.6) admits a simple closed form, despite the fact that there are

two prices.

Theorem 3. For any ¢ € (0,2) and 6 > 0, there exists a pair of profit-mazimizing request

conversion rates (A*(0), \*(1)) for (2.6) that satisfy \*(0) + A*(1) =1 —¢/2. In particular,

Because riders do not convert based on the initial price, A’'(0) is not a meaningful conversion rate, so
the initial price 1 — \’(0) is allowed to be higher than 1.
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the following pair is an optimal solution:

(1—¢/2246(1—¢c) (1—c/2)2+6 |
(A*(0),A"(1)) = ( 2—c+20 ' 2—c+20 > if (1—¢/2)%+6(1—c) >0,
(0, any A1) € [0, 1]), otherwise.

(2.7)

Remark 2 (Continuity). Unlike the optimal \* for (2.2)), (A\*(0),A*(1)) can be continuous
in (c,0).

o As 6 approaches 0 (riders become patient), match-based prices approach a single price,
i.e., limp_,o A*(0) = limg_0 A*(1) = limg_,o A* = (1/2) (1 — ¢/2). This single price is
the optimal static price at 0 = 0, which can be found by replacing ¢(\) in with
limg_,0 ¢(N\) = ¢/2.

e As 0 increases, then if ¢ < 1, match-based pricing approaches a policy that effectively
operates solo rides and places the cost burden on the first rider, i.e., limg_, 1 oo A*(0) =
(1/2) (1 = ¢), limg_y 400 A*(1) = 1/2, limg_, 100 p(A*(0), A*(1)) = 0. Meanwhile, if ¢ >

1, then the platform eventually shuts down service, i.e., limg_, .o A*(0) = 0.

It is straightforward that the optimal (A\*(0), A*(1)) for leads to a higher profit than
the optimal profit for (2.2), since the latter is optimal under the constraint A(0) = A(1).
Because the optimal price for does not vary based on matching outcomes, in what
follows, we refer to it as the optimal static price. Let A* = moA*(0) + mA*(1) be the
average request conversion rate under the optimal match-based prices and recall that A*
is an optimal request conversion rate for . As we formalize in Proposition [2| below,
match-based prices can in fact be lower than the optimal price for in many cases,
especially when the cost is relatively high and demand density is low — a regime where

many ridesharing services struggle.

Proposition 2 (Price Comparisons). For any ¢ € (0,2), A*(1) > \* holds for all 6 > 0.
There exists a threshold of 8 before which \* < X*, and after which \* > X\*. Moreover,
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for any c € (2/3,2), there exists a threshold of 6 before which X*(0) < X\* and after which
A*(0) > ™.

7 1 1 _
o — e
6 i i — 20)=4*
SU i — )
AM2A 24 220 | i
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Figure 2.5: Comparisons between optimal match-based prices and static prices.

Figure 2.5 illustrates the price comparison discussed in Proposition For reference,
the red solid curve depicts é(c), c > 1, above which the optimal static price is the highest
possible, so that no riders convert to requests. Intuitively, the match-based price when there
is one rider waiting is always the lowest, as the platform certainly achieves the lowest cost.
The region of (c,0) is split by a solid black curve, above which the average match-based
price is lower than the optimal static price. This region of lower prices is quite generous.
Recalling that the total rider arrival rate is normalized to be 1 in this analysis, Figure [2.5
shows that roughly when ¢ > 0.67, any expected sojourn time shorter than the expected
inter-arrival time leads to lower average match-based prices. What is even more interesting
is that there is a region above the blue solid curve where both match-based prices are lower
than the optimal static priceﬁ This occurs precisely when ¢ > 2/3, the cost is moderately
high. With match-based prices, the platform is so willing to lower the price when there

is one rider waiting that even a rider who arrives when there is no one waiting will pay

50n the other hand, it can be shown that X (0) < A* always holds using eq. 1D i.e., under the
match-based implementation, riders are quoted a higher initial price before knowing the matching outcome.
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less on average, see eq. . This reduced price then leads to higher cost efficiency and
profitability.

The following result gives further evidence that the increased profit from match-based
pricing is achieved in an altruistic way — on average, each converted rider pays the least

under match-based pricing as a result of the highest match rate and cost efficiency.

Proposition 3. For any c € (0,2) and 6 > 0, the payment and cost per request are lowest
under match-based pricing and highest under iterative pricing; the match rate is highest

under match-based pricing and lowest under iterative pricing.

Profitable regions Payment
T 2.0 2.0
Static
[Z3 Tterative 20%
1.5 Match-based 1.5 ‘ 1.51
b 15%
0 0
1.0 3% 1.01 1.0
0 0 0 10%
0.5 0.5 0.51 5%
A o e T T T T T T 0%
00 05 1.0 15 20 00 05 10 15 20 00 05 1.0 15 20
c c c
(a) Profitable regions of policies (b) Percentage decrement of payment and cost per request

Figure 2.6: Profitable regions of different pricing policies; percentage decrement of payment and cost
per request (match-based pricing over static pricing).

Figure depicts the profitable regions of the three policies. All three policies are
profitable for any ¢ € (0,1) and # > 0. When ¢ > 1, static pricing is profitable in 6 < 6(c),
iterative pricing is profitable in 0 < é(c) /2, while match-based pricing has the largest
profitable area of § < (1 — ¢/2)?/(c —1). Figure shows the percentage decrement of
payment and cost per request under match-based pricing relative to static pricing. Since
static pricing induces no throughput when 6 > 6 (c) and ¢ > 1, we cannot compare these two
policies across the boundary. Figure suggests that the reduction of rider payment and

cost is most pronounced when the cost is relatively high and rider sojourn time is relatively
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short.

We conclude this subsection by pointing readers to a few extensions and generalizations
provided in the Appendices. In Appendix we introduce a disutility of sharing caused
by discomfort or loss of privacy, as well as an option to request solo rides. Interestingly, we
obtain again closed-form solutions for match-based prices for shared rides as well as price
for solo rides (see Theorem [4]in Appendix [A.1]), which generalizes our previous Theorem [3).
Moreover, it is reassuring that all results we developed in this subsection remain valid under
this generalization, showcasing the robustness of our insights. In Appendix[A.1.1] we provide
a discussion on the risk aspect of the pricing policies. Finally, in Online Appendix we
provide a few additional robustness tests of our results including different willingness-to-pay
distributions beyond uniform , risk aversion of riders and the platform , as
well as matching according to a fixed batch window instead of continuous matching.

2.8.2  Multiple Origin-Destination Pairs

Having discussed the benefits of match-based pricing, we now develop methods to scale
the price computation to large-scale ridesharing networks. There are N types of riders with
distinct origin-destination pairs. Let [N] = {1, .-, N'}. For rider type ¢ € [N], let A; denote
its total exogenous Poisson arrival rate. Put A := Apyj. Each type ¢ rider’s willingness to
pay v is drawn IID from a valuation distribution Fj(-). Assume each rider obtains a utility
from taking a ride. For a solo ride, the utility is the willingness to pay minus the payment,
v — p. For a shared ride, the utility is further reduced by a sharing disutility, £y, and a
detour disutility, S1t. The sharing disutility £y represents the discomfort of sharing with
other passengers and loss of privacy. Meanwhile, 3; is the detour disutility coefficient and ¢
is the detour rate — namely, the additional distance a rider travels in a shared ride, relative
to the distance if she travels solo. Thus, the utility of a matched rider is v —p— 5y — S1t. This
model of disutility of taking a shared ride follows similar models in the literature [58} 132} 53].

Since riders might not know in advance whether they will be matched or the amount
of detour they might experience, their conversion rates depend on their match rate and

expected detour. Moreover, depending on whether a rider gets matched immediately or not
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upon arrival, the information received is different. Following the notion used in [56] and
[9], a rider is called “passive” if she is matched with a rider arriving earlier; otherwise, she
is called “active”. Let p} denote the price quoted to a type ¢ rider if matched immediately
upon arrival, and p? the expected price if the rider has to wait for future dispatches (see
equation for the single-origin-destination analogue). Let pg, pi1 be the match rates of
type i requests who wait or get matched immediately (clearly, p} = 1). We let E(?) and
E(til) be the expected detour rates of active and passive riders given that they are matchedm
The sharing and detour disutilities are then @) := p? (8o + B1E(t?)) for an active rider, and
u}l == Bo + B1E(t}) for a passive rider; and the conversion rates \; are A;F(p) + @)) and
A;F(p}+u}) respectively. We assume that the inverse p{()\;) and p}()\;) are also well defined.

It is important to note that the sharing and detour utilities are a function of the pricing
and matching policies deployed. This means that, technically, optimizing the pricing and
matching policies needs to satisfy an equilibrium or fixed-point-type constraint where the
expected sharing and detour utility is consistent with what the policies induce. This makes
the problem bi-level, in addition to the curse of dimensionality of the underlying MDP.
To simplify, in this subsection we assume that expected disutility are given exogenously
by a related fluid optimization problem (detailed in Section and Appendix that
approximates the behavior of the system under the optimal policies.

Let 0 again be the rate of the exponentially-distributed rider sojourn time. Let d = (i, 7)
be a dispatch of two matched requests of types i and j. A dispatch can also be a singleton
d = (i) for an unmatched request. Denote the minimum driving cost of a dispatch d the
platform incurs by ¢g. One natural property we have is that c;) = c(;4) < ¢ 5), Vi, J € [N].

Let the state of the system at time t be s; = (s,1,--,5¢n) € S where s;; € N is the
number of type i riders at time t waiting to be dispatched and S is the state space. The

platform deploys the following state-dependent pricing and matching policies.

e Pricing Policy. We describe a state-dependent pricing policy: when a type ¢ request

"We assume that even if a rider is matched immediately upon arrival, she is not able to observe the exact
amount of detour before requesting and has to take expectation over potential matches. This is consistent
with the current implementation at Uber (Figure , which does not disclose detour information when
offering discounts. Nevertheless, it is straightforward to modify our model and computational approach for
this case.
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arrives at state s;, the platform uses pricing policy A; : S — [0, A;] to regulate the
request rate of type i riders. In Section [2.3.1] we previously showed that for a single
origin-destination pair, we can recover match-based prices with simple closed-form
equations. In Appendix we show that we can do the same for multiple origin-

destination pairs.

e Matching Policy. The platform deploys a state-dependent matching policy ¢; : S —
[N]U{0}. When a type i request arrives at state s;, this matching policy either (1)
immediately matches the arriving request with some available request of type i’ € [N]
with s;; > 0, or (2) lets the arriving request wait in the system for future dispatch,

which we label as option O.

Denote the pricing and matching policies for all types of riders by A := Ay and ¢ :=
¢ny- Let A>"¢(t) be the counting process of the number of requests up to time ¢ under
the pricing and matching policies A and ¢. For the n'' request arrival, n € [AM®(t)], let
6, € [N] be the type of the rider and ¢, be its arrival time. Let D*?(t) be the set of

dispatches up to time t. The total profit collected by time ¢ is given by

) = > 3 Qeu(se))+ D p ()= D ca

ne[AN?(t)): ne[ANe (¢)]: deDX(t)
B, (8t,)=0 P, (St )>0

We consider stationary policies and hereafter drop the subscript ¢ in the state variable s;.
The objective of the platform is to maximize expected long-run average profit via

n el a g
g.—s)}’l};lggl_&gtE[H ()] (2.8)

where ¢ is defined as the maximum expected long-run average profit per unit time and the
expectation is taken over all the randomness of rider arrivals, requests, and dispatches.

We have the following observation regarding the structure of the optimal matching policy.

Lemma 1. For any pricing policy A and rider type i € [N], there exists an optimal matching

policy ¢ under which any state s with s; > 3 for some i € [N] is transient. In addition, if
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a rider of type i satisfies c(; ;) + Cimj) < Clim) + Ciy), YM,J € [N], then any state s with

s; > 2 1s transient.

This result says that regardless of the pricing policy, there always exists an optimal
matching policy that never lets more than two requests of the same type wait in the system.
(Although it might not be immediately obvious why two requests of the same type would ever
be left in the system, Figure illustrates an example where two requests of type ¢ might
be held to enable future matches (i,m) and (4, 7); this has lower cost than that of matches
(4,4) and (m, j).) Moreover, when the condition c(; ;) + ¢(m ) < Cim) + Cajys Vi, m € [N]
is met for all rider types ¢ € [N], there exists an optimal matching policy that never lets
more than one request of the same type wait. This condition is usually referred to as the
weak Monge condition [20] and emphasizes the value of self-matches. We show that the
condition is satisfied for requests in one dimension (see Claim [2| and its proof in Appendix
. Lemma (1| suggests that, without loss of optimality, one can limit the state space to
S =1{0,1,2}"¥ or S = {0,1}" under the weak Monge condition. This renders the state
space finite and countable.

The problem of finding an optimal pricing and matching policy is an average-reward,
continuous-time Markov Decision Process (MDP). It can be seen that for any pricing and
matching policy, the resulting continuous-time Markov chain is a finite-state unichain —
there is one recurrent class (containing any states reachable from s = 0, which is reachable
from all other states) and the rest are transient states. We can thus rewrite our continuous-

time MDP as a discrete-time MDP using the uniformization method [89, Ch. 11.5.1]. Let
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M = Zfil(Ai +26) be the maximum rate of transition, so that 1/M is the expected length
of one time period. According to Theorem 8.4.5 of [89], an optimal policy exists and there

exists a relative value function V' : § — R satisfying the following optimality equation:

g 1
V(s)+ = = E max Ai(s (Ai(s)) + max V(s—e;j)—cyi
(s) M 0<)\(s)<A M i(,.z) b2 ( Z,_/( ) JE[N]:5;>0 ( f,) AN
i€[N] conversion rate of riders | revenue from match i with j
matched upon arrival rider type ¢
Ai(s) pY(Ai(s)) + V(s +e;) + E Os; V(s —e;) —cp )
S~ N—— N— ~~~ | ——
conversion rate of | revenue from let ¢ wait €[N]: reneging rate of dispatch i solo
riders let wait rider type i ) $i>0 waiting requests
M =3 v Xils) = 25, Osi
c[N] ™" €[N]: ;>0 g
n iEm] PV s V(s), VseS, (2.9)

M

no event occurs in one time period

where g/M is the maximum profit per period and e is an N-dimensional vector of all ones,
and similarly e; is an N-dimensional unit vector whose i*" element is one and the rest are

zeroes. Rearranging the terms yields,

g= max Z max {)\i(s) <pi()\i(s)) + max  V(s—ej) —cu ) — V(s)),

0<A(s)<A iV JE[N]: ;>0
Xi(8) (pilNi(s) + V(s +ei) = V(s)) |
+ Z 0s; (V(S — ei) —C() — V(S)) , Vse S. (2.10)
1€[N]: ;>0

To find the optimal pricing and matching policies, we reformulate (2.10)) as the following

linear program.

g ‘r;ulp‘lf g
s.t. g > Z Is; + Z Osi(V(s —e;) —cu —V(s), VseS,

i€[N] 1€[N]: 5,>0

Tsi > Ai(s) (pil()\i(s)) - q;) Vi € [N], Vs € S,¥Ai(s) € [0, Ay, (2.11a)
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Toi = A(s) (pY(Ni(s)) + V(s + €)= V(s)), Vi € [N], Vs € S,¥Ai(s) € [0,Al],
(2.11b)

Usi <cijy+V(s)—V(s—ej), Vi,je[N],VseS: s;>0. (2.11c)

Auxiliary variables I's; measure the relative profit of a new incoming request of type ¢
in state s, and Wg; represent the relative dispatching cost for a new type ¢ request when
matched immediately upon arrival. Constraints , , and ensure that
the platform makes the best pricing and matching decisions. Specifically, constraints (2.11al)
and compare the profit of immediately matching ¢ upon arrival with that of delaying
matching ¢ for future requests; and constraints make sure that the most cost-effective
matching option is chosen.

There are two computational challenges in solving Problem . First, there are an
infinite number of constraints and , which are enumerated over all possible
pricing decisions. Second, the size of the state space S is 3. To address these issues, we
use cutting planes, value function approximation, and constraint sampling, which we detail

below.

Cutting planes. The infinite number of constraints (2.11a)) and (2.11b)) can be circum-

vented via a cutting-plane approach. We begin with an arbitrary pricing policy A(s), and

initialize the linear program only with constraints (2.11a)) and (2.11b)) for that pricing policy

(along with all of constraints (2.11c|)). Solving this initial linear program, we obtain the

*
S,1?

then solve two simple price optimization problems for constraints (2.11al) and (2.11b)):

optimal g%, V*, I'g;, and W ,. For each state s € S and each type of request i € [N], we

wi= ) e A(s)(pr((s) — ), (2.12a)
2= max  A(s)(p)(\i(s)) + V(s + &) = V(s)), (2.12b)
T Ai(s)€[0,A4]

and let their optimal solutions be AY*(s) and A}*(s), respectively. Then, we check whether

(2.11al) and (2.11b)) is satisfied for all s € S. If (2.11a]) is violated for some s € S, i.e.,

[z, < z* then a set of new constraints for pricing decisions [A\}*

(8)]igin) for all such
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violated state S is added to (2.11al). Similarly, if (2.11Db]) is violated for some s € S, i.e.,
I3 < 227";, then a set of new constraints for pricing decisions [A{*(8)];c(n] for all such violated
state § is added to (2.11b]). The linear program is then re-solved. This procedure is repeated

until no more constraints can be added, and converges to an optimal solution (see a formal

proof in [81]).

Value function approximation. Problem (2.11) is a linear program, but as the size
of the state space is 3V, it still suffers from the curse of dimensionality. We reduce the
number of variables V' using value function approximation. In particular, we consider an
affine approximation with V(s) ~ ag — Zie[ N CiSi where « is a constant offset and «; for
i € [N] weighs the marginal cost of a rider of type ¢ that is waiting in state s € S. This

approximation gives the following approximate linear program [94] 30].

ALP i
(ALP) mip, 9
s.t. g > Z Is; + Z Osi(a; —cy), Vs €S,

1€[N] 1€[N]: ;>0

Tss > Mis) <pzl()\i(s)) _ q;) Vi € [N], Vs € S,¥\i(s) € [0, A,
Tos > Mi(s) (PYO(S)) — ), Vi € [N], ¥s € S, ¥i(s) € [0, A,

W, < Ci,j) — @, Vi,j € [N], VseS: s5 > 0.

Constraint sampling. A final challenge in solving ALP is that there remains a large
number of constraints, since each state s € S has its own constraints. A practical technique
to address this is through constraint sampling on the state space S. In particular, instead
of including constraints for all states s € S, one can consider constraints only for states
s € S, where S C S is a set of states sampled from a simulation of an initial pricing policy
X and matching policy dA) Resolving ALP with the sampled states, X and q£ can be updated
accordingly, and the procedure can then iterate. [31] show that when states are sampled
from the state distribution induced by the optimal policy (or a “similar” distribution), only
a polynomial number (in V) of sampled states are needed to get a near-optimal solution

with high probability. Hence, constraint sampling has been a common tool in practical
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implementations of large-scale ALPs [38] (66, 83].
Once the optimal O‘E(N] are obtained from solving ALP, we compute W ; = min ¢ (). ;>0 {c(i,j) —

o }. Substituting terms in (2.12)), we have 235 = maxy, (s)epo,a) Ai(s)(p; (Ni(s)) — PZ;) and

S,i

0%

Zs,i

= maxy,(s)eo,a;] Ai(8)(PY(Ai(s)) — ). Again, let the corresponding optimal conversions

be Al*(s) and AY*(s). This yields the pricing policy:

A*(s), if 2l > 20

\i(s) € ST (2.14)
0 .
A;*(s), otherwise.
And the matching policy at state s for an incoming type ¢ request is given by
arg Min ey, s >0 1) — bt if 205 > 20
:((S) € JE[N]: 55> (4,5) J s,i S,17 (215)

{0}, otherwise.

Intuitively, depending on which profit is higher, request i is either kept waiting in the
system, which collects a profit of p)(A\#(s)) — af (where o} is the marginal cost of having
request ¢ wait in the system); or is matched to another request of type j currently in the
system with the lowest cost min;e(n). 5,0 ¢(ij) — @5 (the actual dispatching cost C(;,j) minus
the marginal cost oz;f of letting a request j waiting in the system), collecting a profit of
P}()‘f(s)) - (C(i,j) - Oé;f)~
Recovering equivalent match-based prices. In Appendix we show an equivalent
implementation discussed at the beginning of Section In particular, the platform offers
initial prices p; to each request of type i if they are kept waiting in the system for future
matches upon arrival. If a request of type i is eventually matched with a request of type j,
the type i request pays a discounted fare p; ; and the type j request pays p;; (pi; # pj; in
general). We show that these equivalent match-based prices can be recovered in closed-form

based on A*, ¢* defined in (2.14)) and ({2.15]) above.
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2.4 Computational Experiments

In this section, we present numerical experiments based on ridesharing data in Chicago.
Code and data to reproduce all computational experiments in the chapter can be accessed at
https://github.com/0RJournal/2023.0513. The data provided by Chicago Data Portalﬁ
describes the time and location of pickup and dropoff of each trip, as well as whether the
rider is willing to share the ride (“authorized”). We focus on authorized trips (comprising
about 15% of all trips) recorded throughout eight weeks in October and November of 2019
before COVID-19. The first seven weeks are used for training and the last week as a test set.
All trips started and ended within the 76 community areas of the City of Chicagoﬂ (excluding
the O’Hare International Airport). Since the data set does not provide information about
those riders who arrive without requesting a ride, we use trip data as a proxy of arrival data
as commonly assumed in related studies.

We focus on the one-hour time window of 7:30 — 8:30 a.m. on Monday for each week.
The total arrival rate in this time window is 28.25 riders per minute in the training set, and
29.43 riders per minute in the test set. To identify the request types, we follow the two-step
clustering method of [9]: first, we cluster the 76 community areas into 42 zones; then, we
cluster the riders originating from each pickup zone by their dropoff locations using k-means
clustering. We obtain in total 244 rider types. Riders in the test sets are mapped to the
closest of the 244 types from the training set. We consider mean rider sojourn times in
{0.5,1,3,5} minutes. Riders’ per-mile willingness-to-pay is uniformly distributed between
0 and 1 in dollars. We consider three per-mile costs ¢ € {0.7,0.9,1.1} in dollarsF_U] We
consider the per-mile sharing discomfort Sy = 0.05 (that is, 5% of the rider’s maximum
possible valuation), and the per-mile detour disutility 51 = 0.675@ both in dollar values.
We also impose a maximum detour rate of 0.25, modifying accordingly so that matching

8Source: https://tinyurl.com/4dcn9d5d, accessed 2023-06-30.
9Source: https://tinyurl.com/4yxcviaj, accessed 2023-06-30.

10T his is representative of Uber driver per-distance rate in regions in the US, see https: //rideshareguru.
com/uber-driver-pay-rates-by-city-per-mile-and-per-minute/, accessed 2023-06-30.

13, is set using Chicago’s minimum wage of $16.2 per hour, divided by a uniform driving speed of 24
mph [I05]. The wage data is sourced from https://www.chicago.gov/city/en/depts/mayor/press_room/
press_releases/2024/july/paid-time-off-day.html| accessed 2024-08-10.


https://github.com/ORJournal/2023.0513
https://tinyurl.com/4dcn9d5d
https://tinyurl.com/4yxcvfaj
https://rideshareguru.com/uber-driver-pay-rates-by-city-per-mile-and-per-minute/
https://rideshareguru.com/uber-driver-pay-rates-by-city-per-mile-and-per-minute/
https://www.chicago.gov/city/en/depts/mayor/press_room/press_releases/2024/july/paid-time-off-day.html
https://www.chicago.gov/city/en/depts/mayor/press_room/press_releases/2024/july/paid-time-off-day.html

34

1 with j is only considered if they satisfy the maximum detour constraint. The following

three pricing policies are then compared.

e Static pricing. Consider a vector of static prices quoted for each rider type with
conversion rates [Ail;e(n)- Let II(A1,- -+, An) be the maximum expected profit under
these request conversion rates when matching decisions are made optimally. This
pricing policy finds optimal static prices that maximize II(A1,-- -, Ay). This is a hard
problem even without matching, as we analyze in Section It is also not easy
to model as a discrete-time MDP, as pricing decisions are coupled across states. We
instead use a fluid mathematical program that provably upper bounds II(A1, -+, An),
and find static prices by optimizing the pricing decisions in this fluid formulation (see
Appendix . Then, pricing decisions are fixed at these static prices, and matching

decisions are optimized by solving ALP.

e [terative pricing. This is a generalization of Algorithm [I] when riders have multiple
origin-destinations. We give each rider type an initial price and sharing and detour
disutility, then solve for the optimal matching using ALP. We then simulate the result-
ing policy and estimate the average cost ¢; for each rider type i. The cost of a shared
ride to each rider involved is decomposed into the sum of road segment costs, where
the cost of each road segment is allocated equally between the riders that travel in the
vehicle along that road segment (see Section in Appendix for a detailed il-
lustration). We also estimate sharing and detour disutility through simulation, which
forms a new price-demand function p;()\;). We then update the price of each rider
type by solving the price optimization problem: maxy,c(o,a;):p;(\)>0 Ai (Pi(Ai) —¢;). We

repeat this procedure until convergence.

o Match-based pricing. This is the proposed policy where both state-dependent pric-
ing and matching decisions are obtained by solving ALP using methods discussed in

Section [2.3.2

As mentioned at the end of Section all ALP-type formulations are implemented
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with constraint sampling. The sharing and detour disutilities in the ALP are initially fixed
based on the solution of the fluid model (see derivation in Appendix . States are first
sampled from a baseline matching and pricing policy (e.g., a static pricing policy with greedy
matching, which immediately matches two requests as long as there is positive cost saving).
The sampling is done by adding an arrival process of “observers” into the arrival process
of riders, and the current state of the system is sampled as soon as an observer arrives.
States can then be resampled under the updated policy, sharing and detour disutility can
be updated, and this procedure can be repeated multiple times to pick the policy with
the best performance (see, e.g., [38]). It is possible to use real arrivals from the Chicago
data to train the model, but this limits the size of the training set. Instead, we generate
a synthetic training set with the arrival rates estimated from the real training data under
a long simulation time, which ensures that sufficiently many constraints are sampled to
generate high-quality solutions. As we mentioned in Section sharing and detour
disutility is a function of the pricing and matching policy. We thus evaluate the performance
of the policies by iteratively updating the disutility and corresponding conversion behaviors
through repeated simulations until convergence.

The performance of different pricing policies in the test set is presented in Table [2.2]
The corresponding result for the training set can be found in Table of Appendix
Performance metrics include, for different values of ¢ and 6: the profit rate per minute,
the average quoted price (per rider, per unit distance), the average quoted disutility (per
rider, per unit distance, and defined as the average quoted price plus the average expected
disutility from matching and detour), the average payment (per converted request, per
unit distance), average realized disutility (per converted request, per unit distance, and
defined as the average payment plus the average disutility experienced from matching and
detour among the converted requests), the throughput (requests per minute), the match rate
(number of matched requests divided by total requests), the cost efficiency (one minus total
dispatching cost divided by a hypothetical cost if all requests were dispatched solo), and the
average detour rate (over matched requests, and defined as the total detour length divided
by a hypothetical total distance of the matched requests assuming all of them are dispatched

solo). “Iterative”, “Static” and “Match” refer to the metrics under the aforementioned three
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policies; “Match vs. X” denotes the percentage increment under the match-based policy
over policy X.

The results show that the match-based policy delivers substantial profit improvement
over the other two policies, especially when c is relatively high. Notably, when ¢ = 1.1, there
exist sojourn times where the service is unprofitable under all pricing policies. However,
match-based pricing is still able to maintain a profitable shared rides service in higher-
patience instances.

Moreover, corroborating and strengthening Proposition [2| the results demonstrate that
the match-based policy induces lower quoted prices than those under the iterative policy,
and also lower than those under the static policy. The match-based policy also consistently
delivers lower payments per converted request and higher match rate and cost efficiency, con-
sistent with Proposition [3, Meanwhile, the throughput of the match-based policy increases
significantly in all instances, especially compared with the iterative policy, demonstrating
improved accessibility to the service.

Match-based pricing also benefits riders by achieving the minimal average detour rate
among matched requests. This is driven by high-quality matches, as demonstrated by the
high cost efficiency. This lower detour rate, combined with reduced quoted prices and
payments, leads to lower total disutilities (both quoted and realized), thereby enhancing
rider surplus.

We further visualize the geographical distribution of seven test-set performance metrics
(average quoted price, average quoted disutility, average payment, average realized disutility,
cost efficiency, match rate, and average detour rate) under three policies in Figures
and [2.10] focusing on the parameter settings of ¢ = 0.9 and average sojourn time of 3
minutes. For all policies, the downtown zones (center-right) have lower quoted prices, lower
payments, lower quoted and realized disutilities, higher cost efficiency, higher match rate,
and lower detour rate than the rest of the regions thanks to higher demand density.

To further illustrate the relationship between demand density and policy differences, we
plot the distribution of arrival rates in Figure and the relative differences between
the match-based and static policies in Figure [2.11b| (quoted price), Figure (quoted
disutility), Figure (payment), Figure (realized disutility) and Figure (de-



37

Cost ($/mile) c=0.7 c=0.9 c=11

Sojourn Time 1/6 (min) 0.5 1 3 5 05 1 3 5 0.5 1 3 5
Tterative 3210 3.516 4.379 4.994 0415 0.501 0.899 1.262 0.000 0.000 0.000 0.000
Profit Static 3.251 3.632 4.537 5.077 0.433 0.571 1184 1.569 0.000 0.000 0.000 0.000
$ i Match 3431 3.880 4.844 5462 0.596 0.850 1.538 2.039 0.000 0.000 0.137 0.280
(8/min) Match vs. Tterative 6.9% 10.6% 10.6% 9.4% 43.8% 69.6% 71.0% 61.5% - - oo oo
Match vs. Static  5.5% 7.1% 7.2% 7.6% 37.6% 48.9% 29.9% 30.0% - - oo oo
Tterative 0.817 0.802 0.770 0.756 0.932 0.919 0.887 0.864 1.000 1.000 1.000 1.000
Quoted Price  Static 0.811 0.791 0.752 0.734 0.922 0.898 0.848 0.823 1.000 1.000 1.000 1.000
e i Match 0.803 0.783 0.744 0.726 0.906 0.883 0.836 0.817 1.000 1.000 0.937 0.902
(8/mile - rider)  Npageh vs. Tterative -1.7% -2.3% -3.3% -4.0% -2.8% -4.0% -5.8% -5.5% 0.0% 0.0% -6.3% -9.8%
Match vs. Static  -1.0% -1.0% -1.0% -1.1% -1.7% -1.7% -1.4% -08% 0.0% 0.0% -6.3% -9.8%
Tterative 0.837 0.829 0.808 0.796 0.941 0.936 0.916 0.899 1.000 1.000 1.000 1.000
. ... Static 0.831 0.817 0.788 0.774 0.932 0.917 0.878 0.859 1.000 1.000 1.000 1.000
Q“;teqlD‘sﬁ“hty Match 0.823 0.808 0.779 0.763 0.921 0.903 0.868 0.850 1.000 1.000 0.959 0.929
(8/mile - rider)  Npageh vs. Tterative -1.7% -2.6% -3.5% -4.1% -2.2% -3.5% -5.3% -5.5% 0.0% 0.0% -4.1% -7.1%
Match vs. Static  -0.9% -1.1% -1.1% -1.5% -1.2% -1.5% -1.2% -1.1% 0.0% 0.0% -4.1% -7.1%
Tterative 0.816 0.798 0.764 0.749 0.929 0.913 0.866 0.836 - - R -
Pavment Static 0.808 0.785 0.743 0.725 0.915 0.883 0.820 0.794 - - . .
g '1y . Match 0.787 0.763 0.722 0.705 0.869 0.836 0.78% 0.771 - - 0.835 0.814
(8/mile - request)  \pageh vs. Tterative -3.5% -4.5% -5.5% -5.9% -6.5% -8.4% -9.0% -7.8% - - - -
Match vs. Static  -2.6% -2.9% -2.8% -2.8% -5.0% -5.3% -3.9% -3.0% - - - -
Tterative 0.835 0.825 0.800 0.787 0.939 0.929 0.894 0.870 - - - -
. . ... Static 0.828 0.812 0.780 0.766 0.927 0.906 0.854 0.833 - - . .
Reghzﬁd Disutility y/ien 0.810 0.792 0.760 0.745 0.891 0.865 0.826 0.809 - - 0.872 0.851
(8/mile - request)  Npageh vs. Tterative -3.0% -4.1% -5.0% -5.4% -5.1% -6.9% -7.6% -6.9% - - - -
Match vs. Static  -2.2% -2.5% -2.5% -2.7% -3.9% -4.5% -3.3% -2.9% - - - -
Tterative 4725 4.930 5527 5.831 1715 1.837 2.397 2.851 0.000 0.000 0.000 0.000
Throughout  Static 4930 5.300 6.083 6.445 1.977 2.382 3.491 4.018 0.000 0.000 0.000 0.000

. atch . . . . . . . . . . . .
ghp Matcl 5.157 5569 6.370 6.794 2.306 2.784 3.811 4.207 0.000 0.000 1.220 2.031
(requests/min)  Nravoh ve. Tterative 9.2% 13.0% 15.2% 16.5% 34.4% 51.6% 59.0% 50.7% - - oo oo
Match vs. Static 4.6% 4.9% 4.7% 5.4% 16.6% 16.9% 9.2% 6.9% - - oo 00
Tterative 0.227 0331 0499 0573 0.113 0.204 0411 0519 - - R B
Match Rate  Static 0.237 0.344 0.519 0.609 0.147 0.280 0.490 0.583 - - . .
Match 0.296 0401 0.572 0.640 0.300 0.410 0.581 0.639 - - 0.626 0.651
Cost Tterative 0.060 0.096 0.176 0.218 0.029 0.057 0.140 0.194 - - R R
Effin Static 0.064 0.105 0.187 0.227 0.038 0.079 0.176 0217 - - . .
ciency Match 0.093 0.138 0.220 0.258 0.095 0.145 0.226 0.263 - - 0.257 0.284
Detour Rate  ITterative 0.067 0.062 0.048 0.039 0.062 0.056 0.043 0.036 - - - R
(over matched  Static 0.066 0.057 0.046 0.041 0.064 0.061 0.043 0.039 - - . .
Match 0.055 0.047 0.038 0.032 0.049 0.042 0.036 0.027 - - 0.023 0.018

requests)

Table 2.2: Test results on Chicago data (8p = 0.05, 5, = 0.675), averaged over 100 simulation runs

using test data.
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tour rate). In Figure we see that one zone near downtown with dense demand
quotes slightly higher prices and induces slightly higher payments under the match-based
policy than under the static policy. Meanwhile, in the outer zones with lower demand
density, match-based pricing has lower quoted prices and payments. But overall, as shown
in Figure the realized disutility per converted request tends to be lower under the
match-based policy across almost the entire region, thanks to the higher-quality matching
with reduced detours. These observations are surprisingly consistent with the insights de-
rived from the case of a single origin-destination pair, demonstrated in Proposition [2] and
Proposition |3} Notably, these lower quoted disutilities in the outer zones mean that match-
based pricing can expand access to shared rides in low-demand zones where operations have
been most challenging. Combining this expanded access with improved profitability and

cost efficiency, match-based pricing can be a win-win for riders and platform alike.
2.5 Conclusion and Discussion

This work highlights the challenges that platforms face in operating shared rides as well as a
path forward. We show that by taking a heuristic, iterative approach to setting a static price,
ridesharing platforms overprice and suppress demand for shared rides, thereby limiting the
areas where they can operate to dense downtown areas. But even the optimal static price
is limiting, and incurs the risk that the platform cannot realize cost savings from matching
riders with similar origins and destinations. Our proposed match-based pricing policy sets
prices according to matching outcomes: it charges a higher price if the request is dispatched
unmatched, and offers a discount if the request is matched. We show theoretical results
on a single origin-destination pair and validate these results with large-scale simulations on
real data from Chicago by developing scalable and simple computational approaches. As
compared to the optimal static pricing policy, our policy achieves higher match rate and cost
efficiency, along with lower prices paid by the riders. These gains are especially pronounced
when costs are high and demand is low, allowing shared rides to operate in areas where

they have historically been most challenging.
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Figure 2.8: Geographical distribution of performance metrics in Chicago (8 = 0.05, 81 = 0.675,¢ =
0.9,0 = 1/3): quoted price and quoted disutility. The shadowed zones are those with fewer than 5

rider arrivals originating from them in the test data.
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Figure 2.9: Geographical distribution of performance metrics in Chicago (8 = 0.05, 81 = 0.675,¢ =
0.9,0 = 1/3): payment and realized disutility. The shadowed zones are those with fewer than 5 rider
arrivals originating from them in the test data.
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Figure 2.10: Geographical distribution of cost efficiency, match rate, and detour rate in Chicago
(Bo = 0.05,8; = 0.675,c = 0.9,0 = 1/3). The shadowed zones are those with fewer than 5 rider
arrivals originating from them in the test data.
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Figure 2.11: Arrival rates and relative differences in quoted price, quoted disutility, payment, realized
disutility and detour rate (match-based versus static pricing) in Chicago (8y = 0.05, 31 = 0.675,¢ =
0.9,0 =1/3).
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Chapter 3
ON-TRIP MATCHING AND PRICING FOR SHARED RIDES

3.1 Introduction

Another central challenge in operating shared rides is that its success relies heavily on local
demand density, which directly affects the availability of quality matches [3]. Platforms
acknowledge that “matching with a co-rider is dependent on ... the number of ride requests

. available in a given area” [I13], and limit their shared ride offerings accordingly. UberX
Share is only available in select major cities with high demand [I12], and Lyft, after dis-
continuing shared rides entirely in 2023, pivoted in 2025 to offering shared rides only at
major airports where demand is concentrated [7I]. Consequently, the benefits of shared
rides have not been realized outside of dense urban centers; notably, lower-density, outlying
areas also tend to coincide with transit deserts [60), [5]. An analysis of Toronto ridesharing
data finds that downtown Toronto accounts for 66% of total matches with a match rate of

62%, whereas the match rate in the outlying areas drops to only 39% [120].

v L

You'll have driver
details within

CA$17.19

A co-rider is joining you.

©  320PMlatestarrival
Gal it

(a) Pre-trip (b) On-trip

Figure 3.1: Screenshots of Uber app with both pre-trip and on-trip matching.
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Although platforms can attempt to increase demand density by asking riders to wait
longer for a ride, the resulting inconvenience can deter riders who expect high-quality, on-
demand service. Hence, a goal for platforms is to increase matches without excessively
inconveniencing riders, especially in low-demand areas. To this end, the platform must
capitalize on all matching opportunity—which, in practice, can arise not just before a
request is dispatched on a trip (Figure , but during the trip as well (Figure .
However, the dominant matching model in the literature, which is based on non-bipartite
matching [92], neglects the latter. In particular, an underlying assumption in this model
is that matching is done pre-trip, before riders are dispatched; then, unmatched riders are
dispatched in solo rides. Matching opportunity that could arise on-trip, when a rider is
already en-route from origin to destination, is sometimes enabled through reoptimization
with updated states for partially-occupied vehicles [4]; however, this phase is usually not
modeled in upstream matching decisions, despite their interconnection.

This modeling gap raises the questions of first, how to model and solve on-trip matching
problems, and second, when on-trip matching can be valuable for the platform. Under both
pre-trip and on-trip matching, riders arrive and depart dynamically over time; hence, a key
decision is whether to commit to a match now or wait for a (possibly) better match later.
This tension has additional nuance when both types of matching are considered jointly.
First, the addition of on-trip matching can make pre-trip matches less likely, as the rider
still has opportunity to match after the end of the pre-trip phase. Second, as the rider
progresses on-trip from origin to destination, both the length of the trip time available for
matching and the compatibility and value of potential matches decrease, adding urgency
to the matching decision. An associated challenge in modeling on-trip matching is that
evaluating the value of waiting for a match requires tracking riders over the entire duration
of their trips.

In addition to investigating the relationship between pre-trip and on-trip matching, we
also investigate the interaction of pricing with matching. Pricing and matching decisions
are intertwined: low prices can increase demand and encourage matching, and high-quality
matching can reduce dispatch costs and allow the platform to lower prices. Hence, we

investigate the impact of on-trip matching on pricing, and the associated accessibility and
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equity implications for riders.

In our model, riders dynamically arrive, request rides in response to prices quoted by
the platform, and wait a limited time for a match to arrive (pre-trip phase). If a rider
is dispatched solo, then the platform can continue to evaluate potential matches until she
reaches her destination (on-trip phase). The platform seeks to maximize long-run average

profit. In this setting, we make the following contributions.

1. A joint pre-trip and on-trip matching model. We formulate a fluid relaxation
that incorporates both pre-trip and on-trip matching decisions. This model captures
a key feature of on-trip matching that if a rider is dispatched solo after the pre-trip
phase, she can continue to match, but her position, compatibility, and matching values
with other riders evolve along the trip, which is not represented in standard matching
models with fixed types. We use the solution to the fluid relaxation to implement a
dual-based matching policy. Moreover, we incorporate our matching model into an

outer pricing optimization problem.

2. When to match on-trip? In our computational results, we demonstrate the con-
trasting behavior of pre-trip and on-trip matching. Pre-trip matching is primarily
about matching value, seeking “ideal” matches with identical origin-destination pairs,
hence is favorable when demand is concentrated and riders are highly compatible with
each other. In contrast, on-trip matching is favorable when demand is heterogeneous

and spatially dispersed, as happens in greater metropolitan areas.

3. Evaluation on real-world data. We evaluate our matching and pricing policies
with large-scale simulations on Chicago ridesharing data. We show that adding on-
trip matching improves profits and efficiency for the platform, and lowers prices for
riders. The gains are especially pronounced in the outskirts of the city, where demand
is less dense and more spatially dispersed. These areas also tend to have lower median
incomes and less access to transit—hence, the lower prices meaningfully impact access

to shared rides in historically underserved areas.
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The remainder of the chapter is outlined as follows. We review the related literature in
Section[3.2] Section [3.3]describes the models, and Section [3.4] reports computational results

on both synthetic and real-world instances. We offer concluding remarks in Section [3.5
3.2 Literature Review

Shared rides face a key operational challenge of deciding which riders should be pooled
together in the same vehicle. The dominant modeling approach involves dynamic, stochas-
tic matching on a non-bipartite graph: the nodes represent riders, the edges have weight
corresponding to the cost (or reward) of dispatching the associated riders together, and a
minimum-cost (or maximum-reward) matching determines the dispatches of riders. Riders
arrive and departﬂ dynamically over time, and the key decision involves whether to commit
to a match now or wait for a (possibly) better match later.

A common approach to solving such problems involves greedily matching riders upon
arrival. In a setting where riders depart with some probability after each period, [36] find
that a greedy algorithm is asymptotically optimal for reward maximization in a large-market
setting, if riders are not too impatient. An alternative approach involves batching rider re-
quests over short windows of time (e.g., 3 minutes in Figure , and then solving the
non-bipartite matching problem on the batch [02]. [36] additionally find that batching, like
greedy, is asymptotically optimal if rider impatience is not too high; however, batching re-
quires more patience from riders than greedy. In a setting where sojourn times are uniform
and constant, [88] and [I0] find that batching (with randomization to prevent the batch
window from splitting up compatible matches) attains a constant-factor guarantee. How-
ever, in the setting where rider sojourn times follow an exponential distribution, [26] and
[9] highlight the importance of making matching decisions at different timescales for riders
of different types, even when departure rates are uniform. Hence, [9] find that batching
can perform arbitrarily poorly for cost minimization, and develop a greedy matching policy
that attains a constant-factor guarantee.

In this literature, the key decision of whether to commit or wait highlights the importance

Departure is also sometimes called abandonment in the literature. The time between arrival and de-
parture is called the sojourn time, and riders’ limited sojourn time is said to reflect their impatience.
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of market thickness in enabling effective matches. Accordingly, a related upstream problem
involves measures to coalesce rider demand and thicken the market. To this end, riders can
be asked to wait longer [119], walk to designated meeting points [99, 41l [123], or accept
longer detours [99]. However, such asks can also deter riders from taking shared rides
because of the associated inconvenience [27, [68]. Alternatively, pricing can encourage usage
of shared rides over solo rides [53, [58, 42 114], 101] or to convert riders who can make
high-quality matches [118].

Although the non-bipartite matching formulation has been the focus of the shared rides
matching literature, the cost structure has an inherent, underlying restriction that all match-
ing happens pre-trip. Namely, if a request is not matched, then it is dispatched on a solo
trip, and remains solo thereafter. In practice, however, requests can continue to be matched
while on-trip. When requests can be matched on-trip, a routing problem also arises, as
the shortest route may not be the one that maximizes the probability of finding a subse-
quent match [126]. The continued matching ability is important for high-capacity settings
in which more than two riders can be pooled together [4l, [97]—or even low-capacity settings
when demand is sparse, as we discuss in Section Previous approaches usually consider
simplified, static problems where on-trip decisions are made through reoptimization [4], in-
sertion heuristics [97], or greedy assignment [I14]. As such, the key decision of whether to
commit or wait is not explicitly considered.

We uses a dual-based matching policy that, like earlier works in dynamic stochastic
matching, considers the value of a current match versus the value of waiting for a future
match. This chapter also closely relates to Chapter [2] which analyzes a pricing policy that
offers a discount ex-post to encourage high-quality matches. We similarly consider the in-
teraction of pricing and matching policies, and our dual-based matching policy also bears
resemblance to their multiple-origin-destination matching policy. However, whereas Chap-
ter 2 focuses on (1) a single origin-destination setting where matching decisions are trivial,
and (2) a multiple-origin-destination setting with pre-trip matching only, we explicitly model
the on-trip matching phase with multiple origin-destinations. A challenge with modeling
on-trip matching is that dispatched requests and their associated matching compatibilities

and values evolve over the course of their trips. Consequently, previous work on pre-trip
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matching with fixed edge weights cannot be applied directly. We additionally discuss the
impact of on-trip matching on both the pre-trip matching phase and the associated pricing

policy, and highlight when each phase of matching is most useful.
3.3 DModeling

In this section, we describe our model. Although the full framework encompasses a combined
matching model (allowing both pre-trip and on-trip matching), we focus our analysis in
the main text on the pure on-trip matching model for ease of exposition. The combined
matching model is detailed in Appendix

We consider a discrete-time, infinite-horizon setting where the time is indexed by t €
Z>o :={0,1,2,---}. There are N distinct rider types, indexed by i € [N] := {1,..., N},
where each type corresponds to a unique origin-destination pair (O;, D;). The system is
operated with a sufficiently large number of vehicles to serve all rider requests. All vehicles
travel at a constant speed, and we define one unit of distance as the distance traveled during
one unit of time. The platform incurs an operational cost proportional to the distance
traveled by vehicles when serving riders. The unit cost is denoted by ¢ per unit of distance.
The platform can match two riders into the same vehicle to share a trip and thereby minimize
the total operational cost.

The time horizon is finely discretized such that at most one new rider arrives in the
system during any time period t € Zx>o. For each i € [N], let A; € [0,1] denote the
probability that a new rider of type-i arrives at a given time period. Since arrivals are
mutually exclusive across types, arrivals follow a categorical distribution, and the probability
that no riders arrive is given by 1 — Zie[ N A > OE| Each type-i rider’s willingness to pay
(WTP) is drawn independently and identically from a cumulative distribution function Fj(-).
The rider makes a request (i.e., converts) if their WTP is at least as high as the quoted price
pi. Define \; := 1 — F;(p;) € [0,1] as the conversion probability. The probability of a type-i

rider making a request at a given time period is therefore A;\;. We further assume that

*We can further assume that the time discretization is sufficiently fine so that > iein Ai < 1. Although
this condition is not strictly required for the modeling formulation, it enables a convenient approximation
of the rider arrival process by a Poisson process when calibrating arrivals in the computational experiments

(Section [3-4).
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F;(+) is strictly increasing, such that there is always a one-to-one correspondence between
A; and p;. Consequently, optimizing prices is equivalent to optimizing A; for all i € [N]. We
denote by p;(A;) the price that induces conversion probability A; for all subsequent analysis.

When a new rider converts and is not immediately matched with another rider, they
enter the system as an on-trip solo rider: the platform dispatches a vehicle for a solo ride,
and this rider begins traveling toward their destination along the shortest path. For the on-
trip solo rider, the platform can conduct on-trip matching to match this rider with another
new rider, forming a shared ride. We assume that each rider may be matched with at most
one other rider throughout the trip.

For the type-i rider, denote the solo trip length from O; to D; by ¢; units of distance,
which equivalently represents a total travel time of ¢; time periods. We define the current
state of an on-trip solo rider using the tuple (i, u), where i € [N] is their rider type and the
state variable u is an integer satisfying 1 < u < ¢; — 1, denoting the number of time periods
elapsed since departure (equivalently, the travel distance already covered along the shortest
path). For example, u = 1 indicates that the rider converted at the previous period and
this is the first period of the solo trip; and u = £; — 1 indicates that the rider will reach the
destination at the next time period and exit the system. For notational convenience, define
C := {(i,u) }ie|N],uelt;—1) to be the set of all states of on-trip solo riders. If a new rider of
type @ € [N] is matched with an on-trip solo rider (j,u) € C, denote the (remaining) shared
trip length by £;';. The shared trip starts from the current location of the on-trip solo rider
(j,u), then visits O; to pick up the second rider, and then drops off the two riders at D;

and Dj in the order that minimizes the travel distance (either D; — D; or D; — D;).

Riders’ Matching Compatibility. An on-trip solo rider can only be matched with a
. . . + . . .

new rider if they are compatible. Let /\/']u be the set of rider types compatible with a solo

rider (j,u) € C. Generally, the platform can use various metrics to define the compatible

set. In this chapter, we set two conditions for a solo rider (j,u) to be compatible with a

new rider of type i:
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o Trip Length Condition:
fﬁj <fi—|—€j—u,

that is, the shared trip length must be smaller than the summation of remaining solo

trip lengths for ¢ and (j, u);

e Backtracking Condition:
(4, u) should not be on any shortest path from O; (exclusive) to D;.

Otherwise, picking up the new type-i rider could later involve backtracking, i.e.,
traversing nodes that the solo rider (j,u) had already visited, creating a bad ex-

perience for the solo rider (j, u).

0] (i, u) D] Oi 0] Oi (j, u) D} Di

(a) Violation of trip length condition (b) Violation of backtracking condition

Figure 3.2: Illustrations of incompatibility between a solo rider (j,u) and a new rider of type .

Figure illustrates two scenarios where a solo rider (j,u) is incompatible with a new
rider of type i. In Figure the trip length condition is violated because the shared
trip length (i.e., the distance from (j,u) to D;) exceeds the sum of the two individual trip
lengths. In Figure although the trip length condition is satisfied, (j,u) is now between
O; and Dj;, meaning that matching (j,u) with the new type-i rider requires traveling back
toward O; first, violating the backtracking condition.

One can easily verify that matching (j, u) with a new rider of the same type j will always
violate the backtracking condition; thus, the platform should never match two riders of the
same type in the on-trip matching. This behavior contrasts with pre-trip matching, where

same-type matches are ideal.
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3.3.1 Markov Decision Process

The optimal pricing and matching problem is formulated as an average-reward, discrete-
time Markov Decision Process (MDP). Let the state of the system at time ¢ € Zx>¢ be
S; = (St,i,u)(i,u)ec € S, where s;;,, € Z>0 is the number of solo riders in state (i,u) € C at
time ¢t and S is the state space. The platform makes decisions on the pricing and matching

policies:

e Pricing Policy. The platform implements a static (i.e., state-independent) pricing
policy, by controlling the conversion probability A; € [0, 1] for rider type i € [N].
Denote A := Ajyp, the pricing policy for all rider types.

e Matching Policy. The platform implements a state-dependent matching policy ¢; :
S +— CU{0}. When a new rider of type i € [IN] converts at time ¢, given the current
system state s;, the platform either (i) immediately matches the new rider with an
existing on-trip solo rider (j,u) € C such that i € /\/]J?“u and sy j, > 0, or (ii) dispatches
the new rider a solo ride following the shortest route, where we denote as action 0.

Denote ¢ := ¢y, the matching policy for all rider types.

Since the platform instantly dispatches all new requests and at most one new rider makes
a request at each time period, we have s;;,, € {0, 1}, that is, there is at most one solo rider
for each rider type at each possible position at any time. Therefore, the state space S
is finite, with |S| = 2lCl. The state transition from s; to st+1 depends on the realization
of the stochastic rider arrival, conversion, and the platform’s matching decision at time t.

Specifically, at state s, one of three mutually exclusive events happens:

e No rider makes a request (with probability 1 — 3,y AxAx) at time ¢. In this case,

we have

1, ifu>2andsiju—1 =1, .
St+1iu = v(i,u) €C,

0, otherwise,

that is, all existing solo riders move forward. Note that riders in state (i,¢; — 1) exit

the system at time ¢ 4+ 1 and are implicitly not included in s;;.
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e A type-j rider makes a request (with probability Aj\;) at time ¢ and the platform’s

decision is to let them wait. In this case, we have the following state transition

1, ifu=1andi=yj,
St+1,iu = 1, ifu>2ands;;u—1 =1, V(i,u) €C,

0, otherwise,
that is, the new type-j rider is added into state (j,1) at time ¢ + 1.

e A type-j rider requests (with probability A;\;) at time ¢ and the platform’s action is

to match them with an existing solo rider (k,v) € C. In this case, we have

1, ifu>2(i,u) # (k,v) and st ;-1 =1,
St1iu = V(i,u) € C,

0, otherwise,
that is, the solo rider (k,v) forms a shared ride and leaves the system.

In the following analysis, we consider stationary policies and thus replace s; = (St,i,u)(i,u)ec
with s = (8iu)(i,u)ec by dropping subscript ¢.

Under stationary pricing and matching policies A, ¢, let {Ag‘ ’¢}t20 denote the counting
process of the number of riders who end up solo (i.e., reach the destination without being
matched) up to time ¢. For n € [A;"‘b], let i, € [N] denote the type of the n-th rider. Let
{Mt}"d)}tzo denote the counting process of the number of matches, and for the n-th match,
n € [Mf"‘p], let 4,, € [N] denote the type of newly converted rider and (jn,u,) € C denote

the state of the existing on-trip solo rider. The total profit up to time t is given by

= 3" ) —cli ]+ Y [Pin(/\z;) +0ju(Nj) = ctn —cbi7 5 |
nelAM?] ne[M)?)

where the first term is the total profit collected from riders that end up solo, and the second
term is the total profit collected from riders that are successfully matched. Note that for

the matched riders, this total distance is composed of the solo distance already covered by
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(Jn, Un), which is u,, and the remaining shared trip distance, E;Jn” -
The objective of the platform is to maximize long-run average profit, given by

1
IT:=sup lim fIE[Ht}"d)],
AP t—+oo t

where the expectation is taken over all the randomness, including rider arrivals, conversions,
and matching decisions.

Under any pricing and matching policy, the induced Markov chain is finite and a unichain
(i.e., every recurrent state is reachable from the empty state s = 0), ensuring the existence
of an optimal stationary policy (see, e.g., Theorem 8.4.5 in [89]). However, due to the
exponential growth of the state space size |S| = 2l¢l with respect to the number of rider types
N and the trip lengths (Ei)ie[ N, solving this MDP exactly is computationally intractable.

Therefore, the subsequent analysis focuses on a fluid relaxation of this problem.

3.3.2 Fluid Model

We now formulate a fluid relaxation of the MDP model, which provides an upper bound
on the optimal MDP profit achieved under the best static pricing and matching policy (as
stated in Proposition . Define the flow variables Ty for all (j,u) € C and i € ./\/;“u,
representing the average rate of matching new riders of type ¢ with existing solo riders (j, u)
per unit of time. Define y;* as the average rate at which existing solo riders (i,u) € C do
not get matched in this particular period and continue solo. Specifically, yfi_l corresponds
to the flow of type-i riders who end up solo. We also define yi0 as the average rate of new
riders of type ¢ that are not immediately matched and become on-trip solo riders, for all
i € [N].

The profit maximization problem is formulated as a bilevel optimization:

= Imax Az)\zpz )\z —C(A 5 3.1
9= max % CORYCE(EY (3.1)

where the first term represents the expected revenue collected per unit time, and C(A) is
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the inner-level cost minimization problem, given by

(CB(A))
0—1
C(A) = r:rvnjl Z chZ + Z Z clixi'; (3.2a)
’ i€[N] u=0 i€[N] (j,u)€C:
ze./\/'Jyr
st Y a4yl =AM, Vi€ [N], (3.2b)
(Jyu)ec:
ieNt,
oty =yl V(u) e, (3.2¢)
16./\f;ru

Ahigd > [ 1= D7 M |2y, V(Gw eCieN,  (3.2d)
keNT,
x>0, V(j,u) € C,i € N,

yi >0, Vie [N,0<u</t—1,ueZ.

The objective function represents the average total cost per unit time. The first
term corresponds to the cost incurred by on-trip solo riders, while the second term captures
the cost of serving matched trips. Constraints and impose steady-state flow
balance conditions. Specifically, gives a flow balance for new requests of type i € [IV]
with the conversion rate of A;\;—they are either matched with existing solo riders (j,u) € C

such that ¢ € /\/'JJr , resulting in a flow of 2., or dispatched solo, resulting in a flow of .

1,57
Constraint (3.2c)) gives the flow balance for on-trip solo riders (j,u) € C—under the steady

state, the inflow of on-trip solo riders entering the state (j,u) is y;l ! and they are either

matched with new requests i € N

> Tesulting in a flow of x’

i.j» or continue solo, resulting in

a flow of . Constraint (3.2d)) is a set of ratio constraints that limit the match rate relative
to the solo flow, ensuring that the match rate is not overestimated in the relaxation. To get
a clearer view of the ratio constraints, we rearrange (3.2d)) as follows:

gt 1= Den, AkAx

= > Ji j e N .
2 »y , Y(u) €Ci €N, (3.3)
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Intuitively, the term 1 — >, -+ AgA is the probability that no compatible riders convert
J,u

in a given time period, which means that the rider (j,u) must continue solo and is thus

associated with the solo flow yj. The term A; )\ is the probability that a new rider ¢ converts

and is related to the match flow z¥., since matching can only happen when a new rider ¢

1/7]7
converts. Combining these two terms gives the ratio constraint (3.3)).
The following proposition states that the optimal objective value of the fluid relaxation

provides an upper bound on the optimal long-run average profit of the MDP model.

Proposition 4. g > II.

3.3.8 Pricing and Matching

With the help of the fluid relaxation, we can avoid the curse of dimensionality and de-
sign scalable algorithms that yield effective pricing and matching solutions. Let 1:3]-()\)

and y;'(A) denote the optimal primal solutions of CB(A), and let v;(X), &F(A) and 7;';(X)

denote the optimal dual variables associated with constraints (3.2b)), (3.2c) and (3.2d]), re-

spectively. According to the Envelope Theorem (see, e.g., Corollary 5 in [77]), when C(A)
is differentiable at A, its gradient, denoted by VC(A), can be given as

VO = (AN = A Y0 (N + > ai it ()
(Ju)€C: kEN

i + J,u
1N 1€[N]

For the case when C'(A) is nondifferentiable at A, we continue to use the notation of VC(),
which can be interpreted as the subgradient or supergradient (whenever such gradients exist)
that informs the ascent direction.

The pricing optimization problem formulated in is, in general, non-convex. Recent
work by [24] demonstrates the effectiveness of the Minorization-Maximization (MM) algo-
rithm for a similar fluid matching model, subject to both flow balance and ratio constraints.
Therefore, in this chapter, we adapt the MM algorithm proposed in [24]. Let A®) denote

the solution estimate after k iterations. In the (k+ 1)-th iteration, we construct a surrogate
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function Q(A | X)) defined as follows:

QA AM) =3~ Adipi(A) = VEAE) T(A = A®). (3-4)
ieN
In (3-4), we construct the linear function VC(A®))T(X — X)) to replace C(X). We then
perform an iteration by letting A(**1) « arg maxe(o,1] Q(A | A(¥)). Under the standard
revenue management assumption that \;p;()\;) is concave, maximizing Q(X | A*)) becomes
a convex optimization problem and can thus be solved efficiently. We repeat this procedure
until the MM iteration ceases to improve the objective value. This method is numerically
robust; we find empirically that it converges to consistent conversion values starting from
different random initial solutions.
After obtaining the pricing result, denoted by 5\, we implement a heuristic dual-based
matching policy to conduct the on-trip matching. Whenever a new rider of type i € [N]
converts, let

W)= il GO
(],U)ECZZE./V‘]T 3Sj,u=1

u

then the matching policy is given by

arg min(j,u)eC:ieN]fu,sj,uzl{cgzl'fj — f;“”(jx)}, if %(5\) > Hi(jx)v

¢i(s) € (3.5)

{0}, otherwise.

Intuitively speaking, the dual variable %‘(5\), associated with , measures the marginal
cost of not letting a new type-i rider match immediately, and the dual variables £ (5\), as-
sociated with , measures the marginal cost of not matching the on-trip solo rider (7, u)
(i.e., keeping them solo). If matching the new type-i rider with the on-trip solo rider (j, u),
it results in a (generalized) cost of cf; — 5?(5\) . Therefore, the best matching will be the

one that results in a minimum cost of x;(X). If k;(A) is no larger than 7;(A), matching is

preferred; otherwise, the new rider should be dispatched solo.
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Remarks on the Model without Ratio Constraints. In our fluid model, the ratio
constraints in (3.2d)) are introduced to prevent overestimation of match rates. The following
proposition demonstrates that relaxing these ratio constraints may indeed lead to overly

restrictive matching policies.

Proposition 5. When the ratio constraints (3.2d)) are relazed, there exists an optimal dual
solution such that 52“(5\) = %i(A) = cu, V(i,u) € C. In this case, the matching policy (3.5)
reduces to a rule where a new rider of type i € [N] is matched with an on-trip solo rider

. . . Jr . _ 1
(J,u) € C only if i € N, and u satisfies £}'; +u=1{; ; + 1.

2,

Under the matching policy given in Proposition [5, the platform will match riders ¢ and
j only if the current location of rider j (i.e., the value of u) is “optimal”, in the sense that
the realized total trip length E;fj + u must equal the minimum possible length achievable
one time period after j departs, which is E}} ;1. This requirement is practically unrealistic.
Unless O; lies exactly on one shortest path from O; to D;, the total trip length typically
varies with u, making this equality condition nearly impossible to satisfy for any u > 1.
Therefore, this proposition confirms that the ratio constraints play a critical role in
regulating feasible match rates relative to solo rates, thereby avoiding overly optimistic (or

restrictive) matching policies.
3.4 Computational Experiments

In this section, we evaluate the performance of a matching policy (and corresponding pricing
policy) that combines pre-trip and on-trip matching, which reflects ridesharing dispatch in
practice. Under this matching policy, each request first waits on the platform for a suitable
match for up to T" periods; if it remains unmatched, it is dispatched solo, and can continue
to be matched on-trip. First, to understand the scenarios that favor each component of the
combined policy, we compare the performance of pre-trip and on-trip matching on small
synthetic examples (Section . Then, we present large-scale computational results for
the combined policy on real-world ridesharing data in Chicago (Section .

The combined policy extends the pure on-trip matching model described in Section [3.3

we present its fluid formulation, along with the corresponding pricing and matching policies,
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in Appendix The pure pre-trip matching policy, along with its corresponding pricing
policy, is implemented using the model for the combined policy, but letting ./\f;“u = () for all
u > 0 for all j € [N].

Although we usually refer to our policies as the combined, pre-trip, and on-trip matching

policies for brevity, all of our experiments compute matching and pricing policies jointly.

3.4.1 Synthetic Instances

We first compare the profits of the pre-trip and on-trip matching policies (with pricing) in
two synthetic examples. For both instances, we use cost ¢ = 0.7 and total per-period arrival
probability Zf\il A; = 0.1, which is equally divided among all rider types. Following [I7] and
[118], we let riders’ willingness to pay be uniformly distributed in [0, 1], and thus \; = 1 —p;
for each rider type i € [N]. We consider pre-trip waiting periods 7' € {1,3,5,7,10}. To
evaluate each policy, we simulate each policy on synthetic arrivals over 107 periods and

compute the resulting profit.

Example 1 (Two rider types: one long and one short). The first synthetic instance
uses two rider types illustrated in Figure The two rider types, each with the same
arrival probability A = 0.05 per period, travel from left to right along a line toward a
common destination. One rider type has a longer length of L = 100 periods, and the other
has a shorter length of [ € {1,---, L} periods. To represent the difference between the two
rider types, we define a demand heterogeneity parameter A = 1 —[/L € [0,1]: a smaller
A indicates that the riders are more similar, with A = 0 corresponding to two riders with
identical origin-destinations, who form an “ideal” match.

Figure compares the profits of pre-trip matching (shades of red) and on-trip match-
ing (blue) for varying A. Naturally, the pre-trip matching profit increases in T, because a
longer waiting period coalesces demand more effectively and enables better matches. More
importantly, the pre-trip matching profit decreases monotonically in A, whereas the on-trip
matching profit first increases, then decreases with A. This contrasting behavior highlights
the different strengths of the two matching policies. Pre-trip matching is primarily con-

cerned with matching value (i.e., the cost saved by matching two riders together), with
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(a) Two rider types. (b) Profits of pre-trip and on-trip matching.

Figure 3.3: Illustration of the two-rider-type example, and profit comparison between pre-trip and
on-trip matching under varying demand heterogeneity.

the ideal scenario being A = 0, a single origin-destination. Hence, when the demand is
homogeneous (A is low), the matching value is high, and pre-trip matching performs well.
In contrast, on-trip matching exhibits a trade-off between matching value and matching
opportunity (i.e., the likelihood of a match occurring). When the demand is homogeneous
(A is low), the matching value is high, but the matching opportunity is low. This is be-
cause the distance between the two riders’ origins is short, and once the vehicle passes the
short rider’s origin, it can no longer match the riders because of the backtracking condition.
Meanwhile, when the demand is heterogeneous (A is high), the matching opportunity is
high, but the matching value is low. At a moderate level of demand heterogeneity, both
matching opportunity and matching value are present, benefiting on-trip matching. Thus,
it is the importance of matching opportunity, as opposed to matching value alone, that

drives the differing behavior of on-trip versus pre-trip matching.

Example 2 (N rider types on a grid network). Next, we illustrate the impact of
demand heterogeneity on a larger instance. Now, we have a 10 x 10 grid network, where

each edge length is ten periods. Keeping the total per-period arrival probability fixed as
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Zf\i 1 Ai = 0.1, we generate N distinct rider types of equal length L = 100, varying N from
1 to 30, and generating five instances for each N. Figure [3.4] shows three examples of rider
types generated for N = 1,5, and 10. As NN increases, the demand becomes more spatially

dispersed, and we can examine the effect of the dispersion on pre-trip and on-trip matching.

(a) N=1 (b) N=5 (c) N=10

Figure 3.4: Examples of the distributions of the random rider types on the grid network (N = 1,5, 10;
L =100).

0451 Pre-trip (T=1)
Pre-trip (T=3)

0.40 1 —o— Pre-trip (T=5)
< —e— Pre-trip (T=7)
g —e— Pre-trip (T=10)
20351 —&— On-trip
g
b=
e
£ 0301

0.25

0 5 10 15 20 25 30

Number of rider types N

Figure 3.5: Profit comparison between on-trip and pre-trip matching policies under different numbers
of rider types on the grid network.

Figure presents the pre-trip (shades of red) and on-trip matching (blue) profits
for varying N. Pre-trip matching profit decreases markedly with N, reflecting the earlier
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observation that the ideal scenario for pre-trip matching is a single origin-destination: self-
matches are common when demand is highly concentrated (N is low), but become rarer
as demand disperses (N increases). Meanwhile, on-trip matching profit increases with N.
As demand spreads out, more on-trip matching opportunities are created, which offsets the
effect of lower matching value between riders.

The favorable performance of on-trip matching when riders are spatially dispersed proves
to be important in real-world settings, which, despite showing high demand in dense corri-
dors between major points of interest, also shows substantial demand spread across greater
metropolitan areas. In the next section, we apply a policy that combines pre-trip and on-trip

matching (and pricing) to a real-world setting in Chicago.

3.4.2 Chicago Case Study
Setup

The data set provided by Chicago Data Porta]ﬁ contains the pickup and dropoff time and
location of each trip, along with an indicator of whether the rider is willing to share the ride
(“authorized”). We focus on authorized trips (about 15% of all trips) recorded over eight
weeks in October and November of 2019 before COVID-19. The first seven weeks serve as

the training set, and the final week serves as the test set.

Rider Demand. Since the data set does not include riders who arrive without requesting
a ride, we use trip data as a proxy of arrival data. We focus on the one-hour time window
of 7:30 — 8:30 a.m. on Monday for each week. The total arrival rate in this time window is
28.25 riders per minute in the training set, and 29.43 riders per minute in the test set.

To create a set of request types, we follow the two-step clustering method of [9]. First, we
cluster the 76 community areas of the City of Chicagdﬂ (excluding the O’Hare International
Airport) into 42 zones. Then, we cluster the riders originating from each pickup zone by

their dropoff locations using k-means clustering. We obtain in total 259 rider types. Riders

3Source: https://tinyurl.com/4dcn9d5d, accessed 2023-06-30.

“Source: https://tinyurl.com/4yxcvfaj, accessed 2023-06-30.
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Figure 3.6: Geographical distribution of arrival rates, trip lengths, and household incomes in Chicago
neighborhoods.

in the test set are mapped to the closest of the 259 types from the training set.

The geographic distributions of arrival rate, trip length, and household income are shown
in Figure The downtown zones (center-right) have the highest demand, the shortest
average trip lengths, and the highest household incomes; the zones in the outskirts have
the lowest demand, the longest average trip lengths, and the lowest household incomes.

Moreover, the zones in the outskirts also tend to have the lowest levels of transit accessibility

3.

Road Network. Recall that in the discrete-time setting described in Section time
periods are short enough that there is at most one arrival per period, with the probability
of an arrival Zie[N] A; < 1. Accordingly, we set the period length to be 6 = 0.1/5, .\, A; =
0.1/28.25 ridersmin~' = 0-1/0.47 riderss=* = 0.21 s. Recall further that vehicles travel one unit
of distance per period. Then, at a speed of 24 mph =~ 10.73 m/s [105], a vehicle travels a
distance of (10.73 m/s)(0.21 s) ~ 2.28 m. We therefore discretize the Chicago road network
(obtained using the 0SMnx package, [19]) into segments of length 2.28 m, resulting in a road

SFigures and use the clustered zones described in the previous paragraph. Figure uses the

original community areas in the data from https://metop.io/insights/agqp.


https://metop.io/insights/agqp
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network with 4,254,632 nodes and 8,606,506 edges.

Payments and Costs. We assume riders’ willingness-to-pay is uniformly distributed
between 0 and 1 in dollars per mile, so that A(p) = 1—p. We consider costs ¢ € {0.7,0.9,1.1}

in dollars per mileﬁ

Policies. We focus on the combined matching policy, and use pre-trip matching as a
benchmark. We consider waiting window lengths of {0.0,0.5,1.0,1.5,2.0} minutes, which
corresponds to 7' € {0,141, 282,423,564} periods. All policies are trained on the training

data and evaluated in simulation on the test data over 100 repetitions.

Results

Overall Performance. The performance metrics of the combined and pre-trip matching
policies in the test data and training data are presented in Table and Table (Ap-
pendix , respectively. Performance metrics include the profit rate per minute, the
average quoted price (per rider, per unit distance), the average payment (per converted
request, per unit distance), the throughput (requests per minute), the match rate (num-
ber of matched requests divided by total requests), the on-trip match portion (the fraction
of matches made when one of the requests had originally been dispatched solo), the cost
efficiency (one minus total dispatching cost divided by a hypothetical cost if all requests
were dispatched solo),|Z| and the average detour rate (over matched requests, and defined as
the total detour distance divided by a hypothetical total distance of the matched requests
assuming all were dispatched solo).

The results show that combined matching improves profit substantially across all in-
stances compared with pre-trip matching, especially when the waiting window T is relatively

small and the cost c is relatively high. Under these settings, as reflected in the on-trip match

5This is representative of Uber driver per-distance rate in regions in the US, see https: //rideshareguru.
com/uber-driver-pay-rates-by-city-per-mile-and-per-minute/, accessed 2023-06-30.

"Cost efficiency can be interpreted as the percentage improvement in cost for shared rides relative to solo
rides. Under two-party matching, cost efficiency ranges from zero (pure solo rides) to 0.5 (ideal shared rides,
where every rider is dispatched in a shared ride with another rider sharing the exact origin and destination).


https://rideshareguru.com/uber-driver-pay-rates-by-city-per-mile-and-per-minute/
https://rideshareguru.com/uber-driver-pay-rates-by-city-per-mile-and-per-minute/
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Cost ($/mile) c=0.7 c=0.9 c=11

Waiting Window (min) 0 05 1 15 2 0 0.5 1 15 2 0 05 1 15 2
Profit Pre-trip  2.734 4.079 4.928 5496 5.872 0.302 0.762 1.297 1.750 2.079 0.000 0.000 0.000 0.000  0.015
($/min) Combined 4.750 5.301 5.755 6.162 6.481 1.343 1.690 2.020 2.330 2.576 0.000 0.042 0.163 0.251  0.404
Difference 73.8% 30.0% 16.8% 12.1% 10.4% 344.1% 121.8% 55.7% 33.1% 23.9% - o oo oo 2555.7%
Quoted Price Pre-trip  0.850 0.798 0.777 0.765 0.756 0.950 0.902 0.873 0.857 0.846 1.000 1.000 1.000 1.000  0.988
(8 /mile) Combined 0.800 0.781 0.767 0.758 0.750 0.892 0.873 0.856 0.845 0.836 1.000 0.984 0.962 0.949  0.934
Difference -5.9% -2.1% -1.2% -0.9% -0.8% -6.1% -3.3% -1.9% -1.4% -1.2% 0.0% -1.6% -3.8% -5.1%  -5.4%
Payment Pre-trip  0.850 0.791 0.767 0.754 0.744 0.950 0.887 0.850 0.830 0.812 - - - - 0773
(8 /mile) Combined 0.792 0.772 0.757 0.747 0.739 0.871 0.850 0.830 0.815 0.805 - 0.880 0.876 0.850  0.833
mie Difference -6.9% -2.3% -1.2% -0.9% -0.7% -8.3% -4.2% -1.8% -1.1% -0.9% - - - - T%
Throughput Pre-trip  4.387 5.920 6.534 6.893 7.157 1459 2.848 3.700 4.198 4.522 0.000 0.000 0.000 0.000  0.358
oquosta /mi Combined 5.867 6.423 6.811 7.095 7.320 3.152 3.735 4.213 4.557 4.817 0.000 0.481 1.101 1.500  1.920
(requests/min) Difference 33.7% 8.5% 4.2% 2.9% 24% 1161% 31.1% 13.9% 8.6% 65% - oo oo oo 436.9%
Match Rat Pre-trip  0.000 0.392 0.527 0.591 0.624 0.000 0.343 0.506 0.588 0.637 - - - - 0.644
atch Rate Combined 0.566 0.647 0.700 0.735 0.760 0.570 0.653 0.710 0.746 0.771 - 0.741 0.778 0.829  0.860
On-trip Match Portion Combined 1.000 0.660 0.448 0.317 0.237 1.000 0.719 0.483 0.343 0.255 - 0.810 0.598 0.414  0.287
Cost Effici Pre-trip  0.000 0.105 0.160 0.193 0.214 0.000 0.082 0.147 0.187 0.212 - - - - 0322
os clency Combined 0.149 0.181 0.206 0.228 0.245 0.148 0.177 0.203 0.225 0.241 - 0.223 0.233 0.253  0.276
Average Detour Rate Pre-trip - 0.097 0.084 0.075 0.066 - 0.103 0.085 0.073 0.068 - - - - 0.000
(matched requests) ~ Combined 0.100 0.096 0.091 0.085 0.080 0.099 0.095 0.091 0.084 0.079 - 0.055 0.072 0.076  0.073

Table 3.1: Test results on Chicago data.

portion, the pre-trip matching phase is increasingly suppressed by low waiting windows and
throughput (the latter exacerbating the effect of the former), making the addition of on-trip
matching more important.

Note that when T' = 0, pre-trip matching reduces to pure solo rides (i.e., all requests are
dispatched solo immediately upon arrival, and remain solo), and combined matching reduces
to pure on-trip matching (i.e., all requests are either matched to pre-existing on-trip riders
or dispatched solo immediately upon arrival, and riders dispatched solo can continue to be
matched while on-trip). In this setting and under pre-trip matching, all riders are quoted
the price p = (1 + ¢)/2 (in dollars per mile), which follows from solving the simple profit
maximization problem max,co 1) A(p)(p —¢), with A(p) = 1 — p under our willingness-to-pay
model.

Therefore, when ¢ > 1, all service under pre-trip matching is completely shut down,
as the cost can never be recouped with only solo rides. Although combined matching (or
pure on-trip matching) is also unprofitable when 7" = 0 and ¢ = 1.1, there exist longer
waiting windows (0.5 to 1.5 minutes) for which combined matching is profitable while pre-
trip matching remains unprofitable. In fact, as reflected in the on-trip match portion (< 1)
in these settings, adding on-trip matching can also add some pre-trip matching, despite

pre-trip matching being unprofitable alone. This is because on-trip matching serves as a
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backup option after initial solo dispatch. Therefore, the platform is willing to accept more
requests, which brings in opportunities to match requests pre-trip.

The profit gains under combined matching are largely driven by improvements in match
rate and cost efficiency, and despite the substantial increase in match rates, the detour rates
remain relatively modest. There is only one exception to the improvements in cost efficiency,
which arises when ¢ = 1.1 and T' = 2 minutes. In this setting, pure pre-trip matching shows
higher cost efficiency, despite a lower match rate. This is because the pricing policy under
pre-trip matching essentially shuts down all but a small number of closely-located downtown
riders that can effectively self-match.

The improvements in cost efficiency allow the platform to lower the prices quoted to
riders and the resulting payments, thereby increasing throughput and improving overall
accessibility. The lower prices reflect the importance of making matching and pricing deci-
sions jointly, in contrast with previous literature which studies these components separately.
Improving matching (via the addition of on-trip matching) then promotes a virtuous cycle:
the platform can afford to lower prices, which then increases throughput and makes it even
easier for the platform to find higher-quality matches. The combination of higher profit and
lower prices make the combined pre-trip and on-trip matching policy a win-win for platform
and riders alike.

These wins can also be contextualized in terms of waiting time. To this end, Figure 3.7
compares the profits of combined and pre-trip matching under different waiting periods,
focusing on cost ¢ = 0.7. Blue means that the profit of combined matching is higher, and
red means that the profit of pre-trip matching is higher. Naturally, combined matching
improves when its own waiting window increases relative to that for pre-trip matching. But
more importantly, the paler cells on the chart show the waiting windows required for pre-
trip and combined matching to attain the same profit. Overall, combined matching can
decrease the waiting window by roughly 0.5 to 1 minute and still attain a comparable profit
as pre-trip matching. For example, from the profit numbers in Table pre-trip matching
needs a 2-minute waiting window to attain a profit of $5.872/min, while combined matching
needs only a 1-minute window to attain a comparable profit of $5.755 per minute (a gap of

only 2.0%). This reduced waiting window highlights another benefit of combined matching
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for riders: rather than absorbing the gains in profit, the platform can redistribute these

gains back to riders in the form of substantially shorter pre-trip waiting windows.
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Figure 3.7: Profit comparison between combined and pre-trip matching policies under different
waiting periods (¢ = 0.7).

How and Where to Match. To understand how the combined policy achieves its perfor-
mance, we investigate where pre-trip and on-trip matching are favored within the combined
policy. To this end, we split the 42 zones of Chicago into two regions (Figure : the
dense region (dark gray) consists of 10 zones with the highest demand density (0.23 riders
per minute per square mile), while the sparse region (light gray) consists of the remaining
32 zones (0.04 riders per minute per square mile).

Following the heterogeneity factor A introduced in Example 1 (Section, we define
A for a match as one minus the ratio of overlap distance to total shared ride distance.
As before, a smaller A corresponds to a match that is closer to the ideal match between
two riders of identical origin-destinations. Figure [3.8b| compares the number of matched
requests per minute between dense and sparse regions, and further breaks down the matches

by pre-trip (red) versus on-trip (blue), and by low (solid), medium (hatched), and high
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(crosshatched) heterogeneity levelsﬁ The results show a clear contrast in matching tendency
between dense and sparse regions. In the dense region where demand is concentrated, most
matches are low-heterogeneity pre-trip matches. In contrast, in the sparse region where
demand is spatially dispersed, medium-to-high-heterogeneity on-trip matches become more
common. This trend corroborates both synthetic examples (Section , in which on-
trip matching becomes favorable as demand spatially disperses with a moderate level of

heterogeneity—now with real-world data.
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Figure 3.8: Region split in Chicago and matching outcome distribution of combined matching when
c = 0.9, waiting period is 1.5 min.

Equity Implications. To further break down the impact of each matching policy across
the different zones of Chicago, we visualize the geographical distribution of average quoted
price, cost efficiency, and match rate on the test set under the two matching policies in
Figure focusing on ¢ = 0.7 and a waiting window of 1 minute. Each row in Figure 3.9
contains three subfigures for a particular metric: the distributions under the two matching
policies, and the comparison (relative difference for quoted price, and absolute difference

for match rate and cost efficiency).

8We define a match with A < 1/3 as low heterogeneity, 1/3 < A < 2/3 as medium heterogeneity, and
A > 2/3 as high heterogeneity.
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in the test data.
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Under pre-trip matching, the outskirts have higher quoted prices (Figure , lower
cost efficiency (Figure , and lower match rate (Figure because of the lower demand
density: in fact, match rates are low and cost efficiency is close to zero, showing that the
platform effectively offers solo rides service in these zones. Moreover, the high prices deter
access to shared rides.

Accordingly, the outskirts are where the combined matching policy makes the greatest
impact: quoted prices are lower (Figure , driven by higher match rate (Figure
and cost efficiency (Figure . The improvement in match rate and cost efficiency comes
from the new matching opportunities created by on-trip matching. Whereas outskirts riders
have difficulty getting matched pre-trip because of the sparsity of the demand, they can pick
up later arriving riders from denser zones along the route. Because these riders are also
associated with longer trips (Figure , the matching opportunity can be substantial.
More effective matching drives a decrease in quoted prices, expanding shared rides access
to zones where such service has historically been the most challenging to operate. The
effect of expanded shared rides access in these sparse zones is substantial: despite their low
density per square mile, they comprise 42% of the overall demand. Moreover, these zones
generally correspond to the lowest median household incomes (Figure and levels of
transit accessibility [37].

We note that although quoted prices decrease overall, downtown zones can see slightly
higher quoted prices (Figure. This effect can arise from competition between downtown-
downtown matches and outskirts-downtown matches under intermediate waiting windows.
In such settings, the waiting window is long enough for downtown riders, but too short
for outskirts riders, to match effectively pre-trip. Under pre-trip matching, the platform
can rely on downtown-downtown matches, and therefore prefers to concentrate more down-
town riders by lowering the downtown price. In contrast, combined matching enables more
outskirts-downtown matches: an outskirts rider who initially is dispatched solo can likely
pick up a downtown rider along the way, as the downtown is dense and the outskirts riders
have long trips (Figure . Hence, competition is created between downtown-downtown
and outskirts-downtown matches, and the combined policy pushes downtown prices slightly

higher, suppressing pre-trip matches and shifting downtown riders toward on-trip matches
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with outskirts riders. For more detail, see Appendix [B.3.2]

Overall, we find that the addition of on-trip matching enables higher profits and efficiency
for the platform, allowing it to either lower overall prices for riders or redistribute the gains
in the form of lower waiting times in the pre-trip phase. The greatest benefits are seen in
the sparse outskirts zones, expanding access to shared rides to areas that have historically

been underserved.
3.5 Conclusion and Discussion

Pre-trip matching decides matches before riders are dispatched; hence, a rider who is dis-
patched solo remains solo for the duration of her trip. By contrast, on-trip matching allows
the platform to make matches even after a rider is initially dispatched solo. In the on-trip
setting, a key feature is that the rider must be tracked over the course of her entire trip,
as her matching opportunity and value change with her position. In this work, we develop
joint pre-trip and on-trip matching policies and investigate the conditions that favor each
type of matching. We then embed our matching model into an outer pricing optimization
problem to understand the interaction of pricing and matching decisions.

Through computational results on both synthetic and real-world data, we find that pre-
trip matching is favorable in dense downtown areas, which approach the ideal single-origin-
destination setting. Meanwhile, on-trip matching is favorable in sparse outskirts where
riders are spatially dispersed, which enables the platform to manage a trade-off between
matching opportunity and matching value. Adding on-trip matching increases profit and
efficiency, allowing the platform to lower prices for riders and expand access to shared
rides, especially in the sparse outskirts. Thus, successful operation of shared rides in large
metropolitan areas, where a substantial portion of the demand can be spatially dispersed,
requires both pre-trip and on-trip matching, emphasizing the importance of modeling this

new matching paradigm.
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Chapter 4
CALYBER: A RIDESHARING GAME

4.1 Introduction

A ridesharing platform is a transportation service provider that connects customers (riders)
with drivers who can take them from their origins to their desired destinations, usually via
a mobile app. Their products usually include both solo and shared rides; the former is
similar to a taxi service, whereas the latter pools multiple riders with compatible origin-
destinations in the same vehicle. The shared rides products, called UberX Share (formerly
UberPool) and Lyft Shared (formerly Lyft Line), were launched around 2014 to improve
vehicle utilization, lower costs, and mitigate congestion by matching riders with similar
routes. These products initially gained significant popularity in urban areas and at their
peak accounted for a substantial share of trips (20%-30%) on major platforms [70} [72].

However, sustaining shared ride products has proven challenging. Platforms must nav-
igate issues such as low match rates outside dense city centers, balancing affordable prices
with operational costs, and maintaining customer satisfaction with respect to detours and
waiting times. The onset of the COVID-19 pandemic disrupted shared rides further, and
even after relaunch efforts [73] I10], adoption has remained inconsistent. Companies ex-
perimented with various pricing models and incentives to encourage adoption and improve
matching efficiency, but these efforts often fell short of achieving the desired outcomes
[33, 29]. These experiences highlight both the opportunities and the persistent challenges
associated with shared ride services in practice.

This case is developed against this backdrop, drawing on the direct field experience of
authors who worked at leading ridesharing companies during the formative years of shared
ride product development, and motivated by the policies developed in [118]. Calyber is
a fictitious Chicago-based ridesharing company striving to offer affordable and efficient

carpool service, yet it faces significant operational hurdles. A central challenge is that low
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prices are required to attract enough demand for effective matching, but such prices may not
recover dispatching costs. Conversely, higher prices can suppress demand density, leading to
inefficient matches and longer detours. To address these issues, CEO Eliot George and Chief
Scientist Thea Bruckner propose overhauling the company’s current pricing and matching
engine (an unprofitable black box that had been developed by a former employee, Nick
Bailey), aiming to develop a transparent, data-driven, and real-time engine that sets prices
and matches riders based on cost structures, demand patterns, and rider behavior. Students
are provided with training data generated from the current pricing and matching engine
(“Nick’s engine”). Guided by the instructor and following Thea’s recommendations in the
case, they use this data to develop the improved pricing and matching policies (“Thea’s
engine” ). Finally, they experiment with and develop their own pricing and matching policies.

This case invites students to explore the interplay between pricing, matching, and ex-
perimentation in the design of an effective shared rides product. It offers a hands-on and
engaging experience in developing and deploying data-driven, real-time analytics solutions
for a ridesharing marketplace. At its core, the case centers on stochastic dynamic decision-
making, where each real-time decision should account for both its immediate reward and its
future implications—a methodological concept that is often challenging to convey through
traditional instruction. By situating this concept within a modern and relevant context,
the case provides an immersive, data-driven tool for teaching dynamic decision-making in
practice.

The operational context is as follows. Riders arrive randomly over time. For each
arriving rider, the platform sets a price, which the rider may accept or reject. If accepted,
the platform attempts to match the rider with another waiting rider, enabling them to
share a ride to their destinations. The platform earns revenue from the prices paid by
both riders while incurring driving costs for their pickup and drop-off. If no suitable match
is immediately available, the platform can defer matching; however, riders have limited
waiting patience, and if this threshold is exceeded, the platform must dispatch the rider
solo, resulting in higher costs and lower efficiency.

In this simulation game, students play the role of the platform. Their objective is to max-

imize profit by setting prices for incoming riders and matching those who accept (referred
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to as “converted” riders or requests). Total profit is calculated as the revenue collected
from all riders minus the total driving costs. The challenge lies in navigating key trade-offs:
Pricing decisions must account for both the cost of serving each rider and the rider’s will-
ingness to pay—cost assessment is nontrivial, as it depends on future, uncertain matching
outcomes. For matching, students must decide whether to match riders immediately or wait
for potentially better matches, all while managing the risk that riders’ patience will expire,
forcing costly solo rides.

The case activities span several weeks, during which students are provided with a histor-
ical ridesharing datasetﬂ containing details on over 10,000 rider arrivals, prices, conversion
rates, matching outcomes, and more. They also receive a code template specifying the re-
quired input and output formats, enabling them to design and implement their own pricing
and matching policies. Student policies are evaluated and ranked through simulation on
both validation and test datasets. The validation set is used for optional midterm evalua-
tion and providing feedback to students, whereas the test set determines the final ranking.
Performance is assessed primarily on the profitability of each policy, with the secondary

objective being matching efficiency.
4.2 Related Work

Ridesharing and the broader transportation sharing economy provide contemporary and
relatable applications to engage students. Operations strategy cases ask students to dis-
cuss the evolution of the ridesharing business model [79], as well as competition with the
taxi industry [102] and rival platforms [23, 125, 5I]—issues familiar to students thanks to
extensive coverage by the popular media [7), [84] [14].

Another relevant topic involves the design of UberPool and related carpooling products,
where the aspiration of “[turning] every car into a shared car... reducing traffic and pol-
lution” meets the challenge of providing a positive rider experience [57]. To motivate the
benefits of carpooling (among other applications), [13] use a fifteen-passenger exercise to

illustrate how individual passengers reduce costs by collaborating and discusses allocation

'Source: https://tinyurl.com/4dcn9d5d, accessed 2023-06-30.
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rules to distribute these benefits between passengers. But despite these potential gains,
encouraging passengers to share rides can be challenging; [67] describes Uber’s marketing
research process and finds that unpredictable detours are a major deterrent for UberPool.
[39] discusses the subsequent launch of ExpressPool, a product that asks riders to walk
short distances and wait briefly before being matched to co-riders, allowing the platform to
make more efficient matches with shorter detours. The case then asks students to analyze
the results of an experiment to decide whether to ask riders to wait longer to be matched,
which improves matching but also incurs the risk of riders canceling their rides, a trade-off
that also arises in our case. However, instead of directly providing students with the re-
sults of a given matching policy, we ask students to design and evaluate their own pricing
and matching policies on large-scale data. Our setup allows students to creatively explore
different approaches and mimics the experience of deploying an experiment in a real-world
technology company.

Beyond ridesharing, bikesharing has been used to teach process flow [2], inventory man-
agement [48] [76], and demand analysis [82]; carsharing has been used to teach capital
budgeting [52]; and car rental has been used to evaluate wage structure and outsourcing
decisions [90]. These cases highlight the value of using shared mobility applications to teach
classic operations problems in modern contexts.

Our case also relates to classroom simulation games. For example, previous games have
placed students in the roles of actors in a supply chain [98, 28|, [124] or a healthcare system
[93) 64]; students can order inventory, price goods, treat patients, and schedule jobs, among
other decisions. The games simulate complex system dynamics that respond to students’
decisions, for an engaging and immersive classroom experience. Our case most closely re-
lates to games that involve pricing in a variety of industry contexts: tourism [100, [45], rental
cars [49], hotels [59], as well as ridesharing [78]. These games expose students to concepts
such as demand uncertainty, valuation-based pricing, dynamic pricing, customer segmenta-
tion, capacity management, and competition, in an engaging and interactive setting. Our
case touches on many of these concepts (chiefly demand uncertainty, valuation-based pric-
ing, and dynamic pricing) in ridesharing. We also incorporate an additional component

of matching riders to illustrate how pricing interacts and integrates with other decisions,
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thereby providing a holistic view of dynamic decision-making for a ridesharing platform.
4.3 Learning Objectives

(1) Understand the online and dynamic nature of an on-demand ridesharing platform,
and identify key sources of uncertainty and associated trade-offs involved in dynamic

pricing and matching.

(2) Apply data analytics techniques to Calyber’s historical operational data and provide

insights into demand patterns and rider behavior.

(3) Design and implement data-driven policies for dynamic pricing and matching.

(4) Experiment with and evaluate the developed dynamic pricing and matching policies
using validation and test data. Interpret key performance indicators, critique and

refine the policies, and discuss implications for Calyber’s shared rides offering.
4.4 Audience, Prerequisites and Position in Course

The case is best suited for senior undergraduate or graduate students with an analytics-
related background, or for research-oriented PhD students seeking hands-on experience in
developing data-driven dynamic policies. For junior undergraduate students, the teaching
plan can be modified to incorporate more instructor guidance. The case has been success-
fully implemented with a range of students, from sophomores to PhDs.

Students are expected to have basic proficiency in Python programming and data analyt-
ics, as they will work with a dataset of over 10,000 riders and implement their policies using a
provided skeleton file. For students with less programming experience, a set of tutorial-style
Jupyter notebooks is provided, starting with descriptive analytics on Calyber’s historical
data and progressing to step-by-step instructions for building Thea’s policy.

Although familiarity with (dynamic) optimization and simulation is helpful for designing
and evaluating effective policies, it is not required. The case is self-contained and can be

successfully completed without prior knowledge in these areas.
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The case can complement a wide range of courses, including topical offerings in supply
chain and logistics (e.g., inventory control and online order fulfillment), marketplace design
(e.g., dynamic matching), as well as methodological courses in dynamic optimization and

analytics.
4.5 Teaching Plan

This section presents some general guidelines of using the case.

Logistics. This case is intended to be implemented as a 56 week group project during
the second half of a semester- or quarter-long course. We recommend structuring the case
around three class sessions and two rounds of submissions. It begins with an introduction
session, followed by several weeks of data exploration and policy development. Midway,
teams submit their policies for a validation round evaluation and receive feedback, and the
instructor can hold a discussion session. The final weeks are dedicated to improvements
based on validation feedback and preparing a final submission for the test round. The last
class session is used to announce final rankings based on test data, present strategies and
outcomes, and reflect on key insights.

The case can also be run as a 2-3 week intensive module, with the first week for
instructor-led tutorials, the second for policy development, and the final week for vali-
dation, testing, and presentations. This format has been used successfully in a three-week
summer camp for sophomore and junior engineering students, supported by tutorial-style

Jupyter notebooks in the supplemental materials.

Implementation. For classroom implementation, we recommend using GitHub Class-
room, which enables students to form teams and work in team-specific repositories auto-
matically forked from a master template. This setup facilitates collaborative development,
version control, and seamless submission of deliverables through each team’s assigned repos-

itory.
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Case Analysis. If the instructor implements the case as a 56 week group project within
a semester- or quarter-long course, we recommend walking students through a case anal-
ysis during the validation session (the second class session). The case analysis covers the
ridesharing platform’s dynamics, the development of Thea’s policies, and possible improve-
ments. Going over the analysis in a later stage encourages exploration and prevents students
from being constrained by a limited set of prescribed methods. It is also more effective at a
later stage, as students will already be familiar with the dataset and will have developed and
evaluated preliminary pricing and matching policies, enabling them to better engage with
and appreciate the analysis. Alternatively, if the instructor delivers the case as a three-week
intensive module, this analysis can be conducted during the first week to jump-start the

teams’ development process.

4.6 Teaching Experience

This case has been taught at UC Berkeley three times: twice in a graduate course on supply
chain and logistics, INDENG C253/CIVENG C258 Supply Chain and Logistics Management
(Spring 2024, 2025), and once in an undergraduate engineering course in the Transfer Pre-
Engineering Program (Summer 2024). Table summarizes the class sizes across these
offerings. In the graduate course, the case was implemented as a six-week group project
during the second half of the semester. Each student on average spent roughly 1-2 hours
per week on the case, with more time devoted toward the end of the six-week period. In the
undergraduate course, the case was delivered as a three-week (13-hour) intensive module
in a summer session, during which students worked exclusively during scheduled class time

and did not spend time offline.

Course Level Academic Term # of Students # of Teams
INDENG C253/CIVENG C258 Graduate Spring 2024 34 15
INDENG (C253/CIVENG C258 Graduate Spring 2025 30 11
Transfer Pre-Engineering Program Undergraduate Summer 2024 14 5

Table 4.1: Summary of previous class implementations.

In following subsections, we review the student performance in the previous implemen-
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tations, and analyze the key trade-offs reflected in their policies.

4.6.1  Performance

Here we look at students’ overall performance, and their comparison with the two benchmark
policies (Nick’s and Thea’s policies). This is intended to give the instructor a high-level idea
of what to expect, but these results may not be representative of students in other courses
and at other universities.

As shown in Figure most of the student teams were able to design profitable poli-
cies, but did not necessarily improve over the benchmark of Thea’s engine (red). To show
how they achieved this performance, we display the median key performance indicators
across the student teams, as compared to those for Nick’s and Thea’s engines, in Table
The student teams typically charged lower prices than Thea’s engine ($0.73/mile instead of
$0.83/mile) and thereby achieved higher throughput (8.15 riders/minute instead of 4.02 rid-
ers/minute). However, they were not able to capitalize on this higher throughput to match
more effectively, as the average cost per rider was similar ($0.62/mile versus $0.63/mile)
despite a higher match rate (0.71 versus 0.59). Meanwhile, Figure presents high variance
in student performance, highlighting the varying effectiveness of their policies in balancing

revenue making and cost control.

Key Performance Indicator Nick’s Engine Thea’s Engine Team Median

Profit ($/min) -3.76 2.47 1.96
Throughput (#/min) 16.82 4.02 8.15
Match rate 0.80 0.59 0.71
Detour rate 0.14 0.14 0.10
Average quoted price ($/mile) 0.56 0.83 0.73
Average cost per rider ($/mile) 0.62 0.63 0.62

Table 4.2: Median KPIs across student teams, compared to those for Nick’s and Thea’s engines.

4.6.2  Trade-offs

The performance metrics of the teams reveal important trade-offs in both pricing and

matching decisions. Note that the plots in this section have their x-axis values hidden
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Figure 4.1: Student team profits, compared to Nick’s and Thea’s engines.

Note: Graduate teams are named as GYY-TXX, where YY is the last two digits of the year (e.g.,
24 for 2024), and XX identifies the team. Similarly, undergraduate teams are labeled as U24-TXX
(e.g., U24-T03 for Undergraduate Team 03 in 2024).

to avoid revealing sensitive details about the performance and specifications of student

policies. Unredacted plots are available in the supplemental teaching note of [96].

Pricing trade-off. Figure shows how profit varies with the average quoted price:
profit tends to increase with price up to a point, and then decreases as prices continue to
rise. Meanwhile, there is a clear boundary between teams that are profitable (blue) and
unprofitable (orange)—teams quoting very low prices consistently ended up with negative
profits as they fail to recover the costs. On the other hand, very high prices may suppress
demand and matching efficiency, reducing overall profitability. This results in a concave

trend in Figure [£.2] highlighting the importance of striking a balance in pricing.

Matching trade-off. We focus on the subset of teams that achieved positive profit, as the
negative-profit teams generally failed due to underpricing, making their matching decisions
less informative. Figure [4.3] presents a clear downward trend between profit and cost per

rider; it indicates that reducing the cost per rider, potentially through an appropriate



80

5
0- .:~.:ﬁ \‘ o @
-5

|
—
=)
!

Profit ($/min)
|
v

|
e}
(=)
!

®  Positive profit

=237 Negative profit
—301 Trend line

(quadratic fit)
_3 5 i

Min Max
Average quoted price ($/mile)

Figure 4.2: Profit vs. average quoted prices among student teams.
Note: Instructors can refer to Figure 3 in the teaching note of [95] for the unredacted plot showing
actual values of the average quoted price.

amount of high-quality matching, generally improves profitability. Meanwhile, teams with a
higher profit typically have an intermediate match rate (yellow), while those with excessively
high (green) or low (red) match rates tend to be less profitable, probably as a result of
inefficient or failed matching. Thus, achieving cost-effective matching requires not only

maintaining a reasonably high match rate, but also a high match quality.

4.6.3 Improvements Since the Validation Round

The students also benefited from the optional validation round, using it to test and refine
their policies. Of the 31 student teams, 20 participated in the validation round (16/26
graduate, 4/5 undergraduate). Of these 20 teams, 17 improved their profits (13/16 graduate,

4/4 undergraduate) typically by raising prices and/or improving matching quality.

4.6.4  Student Groups

As the undergraduate class size was relatively small with only five teams, it is hard to draw

strong conclusions on the performance comparison between the undergraduate and graduate
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Figure 4.3: Profit vs. cost per rider among student teams.

Note: The node color represents the match rate (green for the highest, red for the lowest, and yellow
for a medium level). Instructors can refer to Figure 4 in the teaching note of [95] for the unredacted
plot showing actual values of cost per rider.

students. However, as shown in Figure there is no notable performance gap between
undergraduate and graduate teams. This suggests that the case is suitable for students
across a wide range of academic levels and technical backgrounds. It also highlights that
with appropriate additional guidance (such as the tutorial-style notebooks), undergraduate
students can develop reasonable policies that achieve performance comparable to many

graduate teams, even if their approaches are more intuitive and methodologically simpler.

4.6.5 Feedback

We report student feedback in Table[4.3]across three in-person offerings: the graduate course
INDENG C253/CIVENG C258: Supply Chain and Logistics Management at UC Berkeley in
Spring 2024 and Spring 2025, as well as the Transfer Pre-Engineering Program (T-PREP)
Summer 2024 bridge program for incoming undergraduate transfer students to Berkeley
Engineering. Across all cohorts, students consistently rated the case as moderately to

highly challenging. The graduate sections reported average difficulty scores of 5.50/7
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(2024) and 4.89/7 (2025), while the T-PREP students—many of whom had limited prior
exposure to Python, analytics, or operations research—reported a difficulty of 3.71/5.
Despite the challenge, written comments emphasized that the effort was rewarding: one
group remarked that the project was “very time-consuming, but we really learned new things
through discussion and collaboration,” and multiple students across programs described the
experience as “the highlight of the course.”

Student endorsement of the pedagogical value was similarly strong. Overall, students
recommended that the case be taught again, with scores of 6.44/7 in both graduate offerings
and 4.36/5 in the T-PREP cohort. In Spring 2025, graduate students agreed that the
case increased their awareness of real-world transportation issues, with a score of 6.25/7;
one student described the case as “a very valuable experience [that] piqued my interest in
ridesharing and inspired me to explore this topic further”. These students also reported
strengthened understanding of analytics and operations research tools and how they are
applied in practice (6.13/7). The T-PREP cohort also showed learning gains, although their
more limited background could be a barrier: the case increased awareness of transportation
issues (4.14/5) and improved understanding of analytics/OR tools (3.86/5).

Across cohorts, the written feedback reveals differences often rooted in students’ back-
ground. Graduate students emphasized the excitement of seeing “heuristic and simple
strategies perform super well,” and then being able to “refine [the models] in a data-driven
manner under [the instructor’s] suggestions.” In contrast, T-PREP students requested more
instruction and guided preparation early on, and more opportunities for testing and feedback
later. Nevertheless, students cited the relevance of the ridesharing context, the engaging
format, and the sense that the case deepened their understanding of data-driven modeling
and operations analytics. Together, the results demonstrate that the case not only meets its

intended learning objectives but also scales effectively across diverse student populations.
4.7 Conclusion

This case introduces Calyber, a simulation-based game that challenges students to design
data-driven pricing and matching policies to maximize the profitability of the shared rides

platform. By placing students in the role of platform operators making real-time decisions,
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INDENG C253 INDENG C253 T-PREP

Dimension / Question (Spring 2024)  (Spring 2025) (Summer 2024)

Response Count / Enrollment 19 / 34 9 /30 14 /14
Response Rate 55.9% 30.0% 100.0%
How difficult was the game? 550 /7 4.89 /7 371/5
How interesting was the game? 6.39 /7 —

How useful was the experience? 6.18 /7 —

Increased awareness of real-world transportation issues — 6.25 /7 414 /5
Improved understanding of analytics/OR tools — 6.13 /7 386 /5
Recommend keeping/playing the game again 6.44 /7 6.44 /7 4.36 / 5
Familiarity with ridesharing (pre-game) — 489 /7 143 /5
Familiarity with Python (pre-game) — 279 /5
Familiarity with analytics/OR (pre-game) — 121 /5
Evaluation process is fair/helpful — 429 /5

Table 4.3: Summary of student feedback across cohorts.

the case provides hands-on experience with key trade-offs in a dynamic, uncertain environ-
ment. Students engage with large-scale data, develop and test policies, and are evaluated
through multiple rounds.

The case is suitable for a broad range of learners, from undergraduates with basic data
analytics skills to graduate and doctoral students with stronger technical backgrounds. It
has been implemented successfully in both student groups—students have created mean-
ingful policies, shown improvement through multiple rounds, and expressed high levels of
engagement and interest in the topic.

This case offers instructors an interactive, data-rich tool for teaching stochastic dynamic
decision-making. It contributes a novel perspective to the growing set of simulation games,
particularly by integrating both pricing and matching decisions—a realistic operational
challenge in ridesharing platforms.

The model in the case simplifies ridesharing operations for classroom use. First, we only
consider a shared rides product, whereas companies such as Uber and Lyft simultaneously
offer a separate solo rides product. The price and associated travel time under this solo
rides product then influences riders’ conversion behavior to the shared rides product. We
made this simplification to focus on the key pricing and matching trade-offs, and because
operating a shared rides service in isolation is already challenging (as evidenced by the
wide range of performances achieved by the different student groups). Second, riders are

dispatched in a solo ride after their waiting patience is exceeded, whereas in practice, riders
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might also cancel their requests. Future cases can highlight considerations such as the
interaction between shared rides and solo rides products, or more complex models of rider

patience.
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Chapter 5
CONCLUSION

This dissertation examined how ridesharing platforms can design pricing and matching
policies to make shared rides operationally sustainable. The three chapters approached
this question from different perspectives: the first work focuses on pricing—why platforms
struggle with pricing, and proposing an alternative adaptive pricing policy based on rider’s
matching outcome; beyond pre-trip matching that is assumed in the first work, the second
work explicitly studies on-trip matching decisions—how to make both pre-trip and on-trip
matching decisions, and contrast the behavior of each phase of matching; while the first
two works develop analytical and computational contributions, the third work complements
them with developing a teaching case that places students in the role of platform operators
confronting the joint problem in real time.

The first work analyzes the challenges that platforms face in operating shared rides
in terms of pricing policy as well as a path forward. We show that a heuristic, iterative
approach to static pricing tends to overprice, suppressing demand and confining operations
to dense downtown areas. Meanwhile, even the optimal static price falls short, with the
risk of failing to reduce costs by efficient matching. We propose a match-based pricing
policy that varies depending on the matching outcomes, by charging more when a rider is
dispatched solo and offering a discount when it is matched. We establish theoretical results
for a single origin-destination pair and validate them through large-scale simulations on real
Chicago data using scalable, computationally simple methods. Relative to the optimal static
pricing policy, our approach achieves higher match rate and cost efficiency while reducing
payments for riders. The gains are most significant in low-demand, high-cost settings where
shared rides have historically struggled to operate.

The second work focuses on studying when and how to apply on-trip matching. Pre-

trip matching commits to matches before dispatch, so a rider dispatched solo stays solo
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for the remaining trip. On-trip matching relaxes this constraint, allowing the platform to
match riders even after one of them has been dispatched solo; but it requires tracking each
rider throughout her entire journey, since her matching opportunities and value evolve with
her position. In this work, we develop joint pre-trip and on-trip matching policies and
characterize the conditions under which each is favorable. We then embed the matching
model within an outer pricing optimization problem to study how pricing and matching
decisions interact. Across both synthetic and real-world data, we find that pre-trip matching
performs best in dense downtown areas that are close to the ideal single-origin-destination
setting, while on-trip matching performs best in sparse outskirts where riders are spatially
dispersed, allowing the platform to balance matching opportunity against matching value.
Introducing on-trip matching raises both profit and efficiency, enabling lower rider prices for
shared rides, particularly in the sparse outskirts. Since the demand in large metropolitan
areas is substantially dispersed, sustaining shared rides at that scale requires both matching
regimes together, highlighting why this new paradigm needs careful modeling.

The third work introduces Calyber, a simulation-based game in which students design
data-driven pricing and matching policies to maximize the profitability of a shared-rides
platform. By playing the role of platform operators making real-time decisions, students
gain hands-on experience navigating key trade-offs in a dynamic, uncertain environment,
working with large-scale data to develop and test policies that are evaluated across multiple
rounds. The case suits a broad range of learners, from undergraduates with basic data-
analytics skills to graduate and doctoral students with stronger technical backgrounds. It
has been deployed successfully with both groups—students developed meaningful policies,
improved over successive rounds, and reported strong engagement and interest with the case.
For instructors, the case offers an interactive, data-rich tool for teaching stochastic dynamic
decision-making, and contributes a fresh perspective to the growing body of simulation
games by jointly incorporating pricing and matching—a realistic operational challenge for
ridesharing platforms.

Taken together, these three works share a single conviction that pricing and matching
in shared rides cannot be designed in isolation. The first work shows that conditioning

prices on matching outcomes improves operation in high-cost, low-demand settings where
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traditional static pricing typically fails. The second shows that combining pre-trip and
on-trip matching, jointly optimized with pricing, is able to sustain shared rides across the
spatially dispersed demand of a full metropolitan area. Beyond their individual results,
the first two chapters identify the operating regimes that allow shared rides to extend
beyond dense downtowns into the sparse outskirts where the service has historically been
most challenging. The third turns the joint optimization problem into a hands-on simulation
game, letting students experience the same pricing and matching trade-offs that the previous
chapters study. Across all three, the message is consistent: the promise of shared rides lies

not in any single lever but in the coordinated design of pricing and matching together.
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Appendix A
SUPPLEMENTARY MATERIALS FOR CHAPTER 2

In this section, we discuss and provide analyses to extensions of our basic model of the
single origin-destination setting in Section

A.1 Solo, Shared Rides and Sharing Disutility

We analyze a single origin-destination setting with a rider demand model where riders choose
between solo and shared rides and sharing is associated with a disutility g > 0. Since there
is no detour, this disutility represents the loss of privacy and comfort.

Match-Based Pricing. As before, riders make requests if their willingness to pay is at
least as high as the price, which is px for solo rides (X as in “UberX”), p(0) for riders who
arrive with no requests waiting on the platform, and p(1) for riders who arrive with one
request waiting on the platform. Specifically, let v be the rider’s willingness to pay, and let
ux, u(0), and u(1) be the expected utilities for a solo ride, a shared ride requested when
no shared requests are waiting in the system (state 0), and a shared ride requested when
another shared request is waiting in the system (state 1), respectively.

ux =v—px, (A.la)
u(0) = v — p(0) - 5@5% (A1b)
u(l) =v—p(1) - . (A.1lc)

For , recall from Sectionthat for a rider who arrives with no other request waiting
on the platform, the probability of being matched with another request is A(1)/(A(1) + ),
where A(1) is the conversion rate of shared requests at state 1. Hence, the term SA(1)/(A(1)+
) represents an expected sharing disutility in state 0.

From , the conversion rates given prices px, p(0), and p(1) are as follows. If a rider
arrives with one shared request waiting on the platform (state 1), she chooses a shared ride
at rate

) (A.2)
otherwise.

e {3_5 =p(1), it px > p(1) +5,

Similarly, if a rider arrives with no shared requests waiting on the platform (state 0), she
chooses a shared ride at rate

o — P0), if px >p(0)+ 8

0, otherwise.

NOEXA (A.3)
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Finally, riders choose solo rides at rate

A(L)
Ax = (1 — 1 <p(1 1 <p(0 —_
x = px)(ﬂo {px <p(1) + B} +m {pX_P()+5)\(1)+9}),
recalling from ([2.5) that my and 7; are the steady-state probabilities of states 0 and 1,
respectively. The platform then seeks to optimize the total profit,
A(0)

e A MO F AN T 0 (A1) (p(0) +p(1) = ¢) + 0 (p(0) — ) + Ax(px — ). (A4)

It can be seen that all conversion decisions do not depend on the rider’s valuation wv.
Therefore, at a given system state, all riders will either entirely convert to solo rides or
shared rides. Then, the platform operates shared rides only if all riders convert to shared
rides at both states 0 and 1. Otherwise, if (1) all riders convert to solo rides in state 0 and
state 1 is never reached, or if (2) all riders convert to shared rides in state 0 and solo rides
in state 1, then the platform only operates solo rides. Note that the second case cannot be
more profitable than the first case, since the platform fails to match any shared requests
in state 1. The platform either operates only shared rides, only solo rides, or shuts down
service entirely. The following proposition characterizes the conditions for each situation.

Theorem 4. For any c € (0,2), 6 > 0, and B > 0, there exists a triplet of profit-mazimizing
conversion rates (A\*(0), A*(1), X% ). In particular, the following triplet is an optimal solution:

(A(0), A"(1), A%)

((1—c/2—5)2+9(1—c) (1—¢/2—B)%+6(1—28) 0)
2—c—28+20 ’ 2—c—28+20 ’ ’

if c€ (0,1],8 €0,¢/2],6 > 0,

orce (1,2),€[0,1—-c¢/2),
0 < (1—c/2-B/(c—1),
(0, any A(1) € [0,1], (1 —¢)/2), if c€ (0,1),8>¢/2,0 >0,
(0, any A\(1) € ]0,1], 0), otherwise.

The proof is provided in Online Appendix

Static Pricing. The static pricing counterpart can be described with a solo price px
and a static shared price pg, leading to the following expected utilities for solo ride ux and
shared ride ug:

ux =v—px, (AS&)
2
2\s + 0

us=v—p0p—ps=v—, —ps. (A.5b)

For (A.5b)), recall from Section that the match probability of a shared request is
2Xs/(2\s + 0) where the conversions are given by:

)\S = P(uS > [UX]+)
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:P(U—B 2As —p5>[v—px]+>

2 s + 0
28As . 28Xs
S pg, iy > o
_ 2rs +6) P9 BPX TN e TP (A.6)

0, otherwise.

Ax = P(UX > [u5]+)

2\ +
=P<v—p12 [U—BQ/\Sie—ps} )

. 28As
1-— f < 2
_ Px, Upx =< (2hs + ) + ps

0, otherwise.

Equation (A.6) implies that Ag is the solution of a quadratic equation given px >
28X/ (2\s + 6) + ps.

275 + (0 +28 — 2(1 — ps))As — 0(1 — ps) =0

1 1
= As=(2-26-2ps-0)+ 5\/(1 —ps —B)*+ (1 —ps+ B)0 +62/4.
(the other root is negative; when 5 = 0 it is reduced to Ag = 1 — pg)

We let Ag = (2-28—-2ps—0)/4+ /(1 —ps—B)?>+ (1 —ps + )0 + 62/4/2. It can
be shown that Ag € (0,1) for all ps € (0,1),5 > 0,6 > 0. Also, \g decreases with pg for
any 3,60 > 0. Equation (A.6|) can thus be written as:

As = )‘Slpx>175\s’ Ax = (1 _pX)]'PXSl*S\S‘

The optimal static prices solve

c 0
prgfizzé )\S<ps_2(1+2)\s+9>> +Ax(px =)

< c 0
=As (ps B 5(1 + )) L pes1oas T =px)(px — )1, <15,

25\54-9

Similarly, all conversion decisions do not depend on the rider’s valuation v. However, because
of the complexity of Ag, we are not able to get a closed-form solution for the optimal static
price, nor can we analytically compare it to the optimal match-based prices. Instead, we
present exact numerical results.

Figure reproduces Figure now with 8 = 0.1, and compares the optimal static
and match-based conversion rates. In the striped area where ¢ < 243, it is optimal to
operate solo rides only, regardless of whether shared rides utilize static pricing or match-
based pricing. Meanwhile, when ¢ > 24, it is better to operate shared rides only, as long as
they are profitable. Otherwise, the relationship between the optimal match-based and static
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conversion rates is consistent with Figure (Note that when g = 0, comparing conversion
rates is equivalent to comparing prices. For example, \* = \* is equivalent to p* = p*. This
is no longer true when 8 > 0; nevertheless, the trends and qualitative observations for
the price comparisons are similar to the conversion comparisons in Figure ) Similarly,
Figure reproduces Figure for 5 = 0.1. As before, match-based pricing has a larger
profitablility region, lower average payment, and lower cost per request than static pricing.
The improvement in payment and cost per request is especially pronounced for high ¢ and
0, when shared rides are most challenging to operate.

7 T 1 -
| | — 7%
61 i | A=A
: : —— Static profitability boundary
51 i i :
17O 227220 i
41 Solo : :
2] rides | -
3 { only ! !
i I VROV EVAPIN() PN
NN :
|
1
l i 1
FW22 2T =20
0 28 1 2

Figure A.1: Comparisons between optimal match-based conversions and static conversions with
8 =0.1.

A.1.1 Rider and Platform Risk

We start by providing a discussion of risk for platform and riders to illustrate the trade-offs
between various pricing policies. We quantify the risk for the platform as the variance in
profit per request. Under static pricing, the platform’s profit per request is

1 —X*—¢/2, with probability p(A*),

Profit/Request (Static) = } .
1- X —¢, with probability 1 — p(\*),

where p(\*) = 2X*/(2\* + 0) is the match rate under optimal static conversion rate A*.
Then, the platform’s risk under static pricing is

A*0 2
Platform Risk (Static) = T3 (2)\*C+H> . (A.7)

From the rider’s perspective, we quantify her risk as the variance in payment. As static
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Figure A.2: Profitable regions of different pricing policies (8 = 0.1); percentage decrement of pay-
ment and cost per request (match-based pricing over static pricing)

pricing always quotes the same price 1 — \* to all riders,
Rider Risk (Static) = 0. (A.8)

Therefore, a single static price is risky for the platform, but not for the rider.

However, by charging two prices, the platform can transfer some of its risk to the rider.
To illustrate this point, we consider a state-independent variant of match-based pricing.
The key difference between this state-independent variant and the one described in the
main text is that under this variant, the platform quotes two prices to all riders regardless
of system state: the price is 1 — X (0) if the rider is dispatched alone, and 1 — A(1) if the
rider is matched with another rider. This conversion behavior resembles the user interface
in Figure Because the quoted prices are state-independent, the conversion is as well,
so we write the conversion simply as A.

The platform’s expected profit per unit time is then

A

D0, A1) = 577

(A2 =2X(1) —¢) +6(1 = N(0) —¢)) . (A.9)
We assume that riders are risk-neutral, so that they convert based on the expected price
L= A= (1=A1)p(A) + (L= N(0)(L = p(N)), (A.10)

where p = 2X\/(2X + 0) is the match rate. Using (A.10)), the profit function (A.9) simplifies
to

I(\) = 2)\{\{_6()\(2—2)\—c)+0(1—)\—c)),

20%

15%

10%

5%

0%



106

which equals the objective function of (2.2)). Hence, this state-independent variant of match-
based pricing achieves the same profit as static pricing. Setting A = A* (the optimal static
conversion) and rearranging (A.10), the equation

N(0) = A" <1 - %()\(1) _ A*)) (A.11)

defines a set of values for A'(0) and A(1) that all achieve the optimal static profit II(A\*).

Although the A (0) and A(1) satisfying all achieve the same profit, they vary
in their balance of platform versus rider risk. Concretely, under state-independent match-
based pricing, and given conversion rates \'(0) and (1) satisfying (A.11), the platform’s
profit per request is

1—X(1) —¢/2, with probability p(\*),

Profit/Request (Match, State-Ind.) = ' N
1—-XN(0) —¢,  with probability 1 — p(\*).

Then, the platform’s risk under state-independent match-based pricing is

* _ o\ 2
Platform Risk (Match, State-Ind.) = ¥ <C 2 (2)\)53:_ 9)\ (0))> . (A.12)

Riders arriving on the platform perceive their future payment (if they convert) as a

random variable

1—X(1), with probability p(\*),

Payment (Match, State-Ind.) = ‘ N
1—X(0), with probability 1 — p(\*),

so the rider’s risk is

* o\ 2
Rider Risk (Match, State-Ind.) = )\20 (W) . (A.13)

The expressions (A.12)) and (A.13)) show that by charging two prices, the platform can
strike a trade-off between risk to itself and riders. Noting from (A.11]) that A(1) > \* >
XN (0), there are three cases.

e When A(1) — A (0) = 0, the platform offers static prices. Consistent with (A.7]) and
(A8), the platform risk is A*(0/2) - (¢/(2X* + 0))? and the rider risk is zero.

e As A\(1) — N(0) increases to ¢/2, the platform risk decreases to zero, while rider risk
increases to A*(0/2) - (¢/(2)\* + 0))>.

e The platform would not increase A\(1) — X' (0) beyond ¢/2, as this increases risk for
both platform and rider alike.

For illustration, platform and rider risks under for various pricing policies are plotted in
Figure for ¢ = 0.8 and 6 = 0.5,1,2 (the plots are similar for other values of ¢ and 6).
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The state-independent match-based prices satisfying define a Pareto frontier (blue
line) of platform versus rider risk. Since static pricing (red point) is a special case of state-
independent match-based pricing, it lies directly on the Pareto frontier, where the highest
platform risk is incurred. Thus, although the state-independent variant of match-based
pricing does not increase profit relative to static pricing, the flexibility of two prices allows
the platform to transfer its risk to riders. However, this risk transfer could be unappealing
to riders.

We now discuss the risk aspect of the proposed state-dependent match-based pricing in
Section (As this is the focus of our paper, we will refer to it simply as match-based
pricing thereafter unless clarification is needed.) Recall that, in contrast with the state-
independent variant, the platform quotes the two prices 1 — A*(0) and 1 — \*(1) in state
0, when there is no rider waiting on the platform; it quotes the price 1 — A*(1) in state 1,
when another rider is waiting on the platform. Then, in state 0, riders convert at rate A*(0),
which satisfies ; in state 1, riders convert at rate A*(1). Because riders are shown a
single, lower price in state 1, their conversion increases and enables higher platform profit.

Under match-based pricing, the platform’s profit per request is

1—=A"(1) —¢/2 ith bability 2A*(1)/(2A*(1) 4+ 6
Profit/Request (Match) = (1) = /2, w? proba 11y (L)/2X(1) +6),
1—-XN*(0)—¢,  with probability 6/(2A\*(1) + 0),
where 2A*(1)/(2A*(1) + 0) is the match rate under optimal match-based prices. Applying
Theorem [3| and eq. (2.5)), the platform’s risk under match-based pricing is then

. 0 1 (2—¢)?2+40(1—¢) 2
Platform Risk (Match) = 8@ _ct20) <(2 Tt 20 —ct20)) (A.14)

Similarly, riders arriving on the platform perceive their future payment (if they convert) as

1—X*(1), with probability 2A*(1)/(2A*(1) + 6),

Payment (Match) =
yment (Match) {1 — N*(0), with probability 8/(2)*(1) + 6),

so the rider’s risk is

20 (2 —c)® + 4
Rider Risk (Match) = % 52 - 1; 9)2 (

(2—0)2+49(3—c—|—20))2 (A15)

(2—c¢)?2+20(4—c+20)

The quantities from (A.14)) and (A.15) are plotted in Figure (green points) under the
same set of parameters, showing that state-dependent match-based pricing tends to trade
platform risk for rider risk. In all cases, match-based pricing lies close to the Pareto frontier,
and notably in one case (Figure , it Pareto dominates the static and state-independent
variant of the match-based pricing in terms of both risks and expected profit.

As with Appendix we can repeat this analysis for the case with a sharing disutility
B > 0; now the risk is quantified as the variance in disutility. As the analysis is similar to
the case for g = 0, it is omitted for brevity. The main difference is that static pricing no
longer has zero risk for the rider, as a rider’s utility changes depending on whether she is
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Figure A.3: Risks under different pricing policies for ¢ = 0.8 and varying 6.

matched — in fact, static pricing now lies outside of the Pareto frontier, as shown in Figure
Intuitively, when riders experience disutility from being matched with another rider,
static pricing makes riders prefer to remain unmatched. By offering two prices, the platform
can compensate the riders experiencing sharing disutility.
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Figure A.4: Risks under different pricing policies for ¢ = 0.8, sharing disutility 8 = 0.1 and varying
0.

In summary, offering two prices allows the platform to decrease its risk while also in-
creasing profits under (state-dependent) match-based pricing. Riders often shoulder the
increase in risk. However, match-based pricing also allows the platform to drop prices in
state 1. Riders then benefit from lower average payments, as well as lower average quoted
prices if ¢ and 6 are high enough (Proposition , which can compensate for the increase in
risk.
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A.2 Computing the Static Pricing Policy

We give a mathematical program whose optimal value upper bounds the optimal profit rate
under the optimal static pricing and matching policy. Following the notion used in [56] and
[9], a rider is called “passive” if it is matched with a rider arriving earlier; otherwise, it is
called “active”. With a bit of abuse of notation, let x; ; be the average rate of dispatches
between type i active riders with type j passive riders. Denote the average rate of solo
dispatch of type i riders by y;. Let x := [;]; je;n] and ¥ := [yil;e[n). Assume the arrival
rate of rider type i is A; for ¢ € [N], and the request conversion rate is \; € [0, A;]. Let
A := [Ailie;n] be a vector of static request conversion rates of all rider types. Let p; denote
the match rate of an incoming rider type 4, and it can be written as the closed form below
given the rate variables:

pi = (1= yi/ ). (A.16)

Let E(¢;) be the expected detour rate for rider type ¢ given that it is matched. Recall that
ti; is the detour rate of rider type i when matched with rider type j. E(t;) can also be
written as the closed form below:

N
=Y (@i + i)t/ — i) (A.17)
j=1
Rider type i has an expected sharing and detour disutility @ = p;(8y + 51E(¢;)), and the
static price p;(\;) is then given by
pi(Ai) = (1 —u — Ai/Ag)s, (A.18)

where we assume uniform distribution of willingness to pay. Based on (A.16)), (A.17) and
(A.18]), the overall profit given conversion and matching rates is then expressed as

N N N
Z Aipi(Ai) Z Z Ci,j)Tij — Z C(i)Yi
i=1 j=1 i=1
N N N N
=> )\i<1 — Bo — )\z‘/Ai)fi - (>3 (51% b+ 45) + C&‘j)xi,j —> (e = Bo)liyi
=1 =1 j=1 =1

(A.19)

Consider the following linear program PB(A) parameterized by a vector of static request
conversion rates of all rider types and denote its optimal value by g(\).

(PB(X))

'Z,7y

N
g(A) := max Z )\i(l — By — )\i/Ai>€¢
i=1
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N N N
Z Z <ﬁ1tw (6 + £5) + C&j)fci,j - Z(C — Bo)liyi
i=1 j=1 i=1
N
s.t. ZmJZJrZ:cwﬂLyz—/\z, Vi € [N, (i)
9i$i,j < )\jyi, Vi, j € [N], (1i,5)
x> 0, Vi, j € [N,
yi >0, Vi € [N].

Corollary 1. Let II(A\) be the maximum expected profit under static request conversion
rates A and the corresponding optimal matching policy. The following holds:

A) > IT(X).

o220 I = 2, TN
Proof. The proof follows from a straightforward adaptation of Lemma 1 of [9] where they
show g(A) > II(A) for all A € [0, A]. Essentially, given conversions, one can show that any
feasible matching policy induces average matching rates that are feasible solutions of PB(\).
Moreover, its objective value coincides with the expected profit of the matching policy. [

We solve the problem maxp<x<a ¢g(A) using a projected subgradient ascent approach
where the subgradient of g(A) can be obtained using the optimal dual value of the linear
program PB(X) under certain regularity conditions (see e.g., [77, Corollary 5]). Let v and
n; ; be the corresponding optimal dual solutions of the first and second sets of constraints of
PB(A). Note that projection onto the feasible set [0, A] can be done with a closed form. Let
y¥ be the optimal primal solution of PB(A). We have the following subgradient by standard
linear programming duality:

(1 — By — Ai/ AL

> S+ >yl € dg(N).

JE[N] i€[N]

We can get a few quantities from the optimal solution of the problem maxg<i<a g(A)
that are used in our computational experiments in Section 2.4 For a type i request who is
let wait upon arrival, her match rate p; and expected detour rate given matched E(t?) are:

N
pi==n —— —» E(t)=
2 =1 %ig + Yi

N
> =1 Titij
N
D1 Tij

Similarly, for a type ¢ request who gets matched immediately upon arrival, her match rate
is 1, and her average detour rate given matched E(t}) is:

, Vie[N].

N
i—1 Tjiti
E(t]) = M’ Vi € [N].

i N
D=1 T
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These quantities are used to initialize the demand functions in ALP.
In Section we provide omitted proofs. In Section we give a few auxiliary results
that are mentioned in the main text.

A.3 Proofs

Proof of Proposition From eq. (2.2]), the first- and second-order derivatives of TI(\)
are:

Ny — oy O ¢
IT'(\) = —2) 2(2A+9)2+(1 2), (A.21a)
2¢62
mx\=-2+-——. A.21b
W ="2% o yap (4.210)

Using (A.21D)), there is an inflection point A = (\3/09% —6)/2. When 6 > ¢, then A < 0.
Since I1”(A) is decreasing, it follows that II”(\) < II”(X) = 0 for A > 0, so II()) is concave.
There are two cases.

e If ¢ <1, then setting (A.21a)) equal to zero and applying the fact 62/(20+0)? € [0,1],
we find that there is one critical point A € [1/2 —¢/2,1/2 — ¢/4] C [0,1]. Therefore,
A*=A>0.

e If ¢ > 1, then for A € [0,1], we have IT'(\) <II'(0) = 1 — ¢ < 0. Therefore, \* = 0.

When 6 < ¢, then the inflection point A > 0, possibly allowing II(A) to have another
critical point. The gradient IT'(\) takes the following values at its inflection point (A) and
boundary points (0 and 1):

N 9)— ¢ —3ch2 +9 2
(0 =1—c ()= c 3200+ 97 (1) = cl

c
- —1-=<0.
2(2 4+ 6)? 2<0

From these values, we have the following cases.

1. If ¢ <1, then II(A) has one critical point in (0, 1), which we denote . Since IT'(X\) > 0
for all A € [0,\] and II'(\) < 0 for all A € [\, 1], then A* = A > 0. (Note that unlike
the case 6 > ¢, II()\) is not concave.)

2. If ¢ > 1 and II'(A) < 0, then IT'(A) < 0 for all A € [0,1], and X* = I1(0) = 0.

3. If ¢ > 1 and I'(\) > 0, then II(\) has two critical points: it decreases from 0 to a
local minimum, then increases to a local maximum. We use A to denote the local
maximum; note that A > 0.

When ¢ > 1 and II'(A) > 0, then \* = A if TI(A) > 0, and \* = 0 otherwise. To

identify the conditions when A\* = A and when \* = 0, we parametrize problem ([2.2))
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by ¢ and 6. The optimal solution A\*(c,¢) is discontinuous at the point (c, 0(c)) where
II(A(c, 6(c))) = 11(0) = 0, or:

U (A.22)

Equation (A.22) has two roots:

e, 0(c)) = i <2 e B(e) £ \/4— de+ e+ 4(c) — 6efi(c) + é(c)2) . (A.23)

In addition, equation ({A.22)) can be rearranged as:

2X(e. 0(e) +0(c) = S —— Z(M) 0(c)

Plugging this into the first-order condition for II(\), we have:

which reduces to:

Mc,0(c))=1—c+ 5 (A.24)
Equation (A.24)) implies that the roots (A.23]) are in fact the following single root:
e, 0(c) = =(2—c—0(c)). (A.25)

4
Combining equations (A.24]) and (A.25)), we find that:

6(c) =3c—2—2v/2c(c—1).
Having found the point 0(c) at which TI(A(c, GN(C))Z: I1(0), it follows that \*(c, f(c)) can be
either 0 or A(c,6(c)); we arbitrarily choose A*(c,0(c)) = 0. Now, we determine the values
of \*(c,0) for 6 # 0(c). When 6 < 0(c), we have:

(X (6, 0) = ~(\' (e, )2 + (1= 5) M(e,0) {09 AGL) }

22X (c,0) + 60

>~ (@00 + (1= 5) Me o) - [c;%:c( o

(M*(c,0(c)) is suboptimal for 6 # 6(c))
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ch(c) ¥ (~C’ 0(c)) )
2 2X*(c,0(c)) + 0(c)
(since 6 < 6(c))
= T1(0) = 0. (A.22)

Since II(A*(c,0)) > 0, then A\*(c,0) = e, 6).
When 6 > 6(c), we aim to show that II(A*(c,0)) < 0 = II(0). Following (A.23), this is
equivalent to:

N (e, 0) > (2—0—9—|— \/4—4c+c2+49—609+02), or (A.26a)

A (e, 0) <

N e N

(2—0—9—\/4—4c+02+40—609+02) (A.26b)

when 4 —4c+ ¢ 4+ 40 — 6¢6 + 6% > 0, or

4 —4dc+c 40— 60+ 6% < 0. (A.27)

For 0 > 0(c), there are two cases. First, if 6 € (6(c), 3¢ — 2 4 21/2¢(c — 1)), then (A.27)
is satisfied. Second, if § > 3¢ — 2 + 24/2¢(c — 1), then the right-hand side of (A.26a) is
negative. Therefore, for any 6 > 0(c), we have II(\*(c, 0)) < 0 =II(0), so A\*(¢,0) = 0.

([

Proof of Theorem From Algorithm 1| and eq. |D the iterative equation of A is:

1— ¢k " 1 c c +
k+1) _ [ "% " _ |2 s
e B G e == IR

Since Algorithm [1] returns 0 if A*+1) < 0, we can ignore the [ ]* when analyzing (A.28),
only enforcing nonnegativity at termination. The equilibrium condition is then:

QAR = (A2 4 I + =5 =0 (A.29)
The roots of (A.29)) are:
Moar=tlioe-Cs 1+9—§2—2(—1)
T 2 2 e

The convergence of A\*) depends on the location of A(V) € (0, 1] relative to these roots. We
make use of the following lemmas.

Lemma 2. Let r denote At or A=. If N\ < r, then \®) < r for all k > 1. If X\ > r,
then A%) > for all k > 1.
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Lemma 3. If QQA\®)) > 0, then A+ < XF) . [f QAW < 0, then AFFD > \K)

Lemma [2|is proved by induction, and Lemma [3]is straightforward algebra. Both proofs are
provided later in the e-companion.
As MY is already at equilibrium at A* or A~, we focus on the remainder of (0,1].

e First, consider A(). > A\*. By Lemma [2, A®) > At for k > 1. Then, Q(A®) >
0 Vk > 1, and A%*) is monotone decreasing by Lemma [3| Therefore, A(*) converges to
max{\T,0}.

e Next, consider A() € (A=, A\T), which requires A* > 0 and A* # A~. By Lemma
AF) e (A=, AT) Yk > 1. Then, Q(A®)) < 0 Vk > 1, and A*¥) is monotone increasing
by Lemma [3, converging to A™.

e Next, consider A1) < X\~ which requires A~ > 0. By Lemma [2 l AE) < X~ VE > 1.
Then, Q( ) > 0Vk > 1, and A(*) is monotone decreasing by Lemma converging to
0. Finally, consider imaginary A* and A~. Then, Q(\) > 0 everywhere. By Lemma
M%) is monotone decreasing and converges to 0.

We now determine the conditions on ¢ and 6 that lead to the above scenarios.

e First, if ¢ € (0,1) and 0 € (0,00), then A~ < 0 < AT < 1. Then, for () € (0,1], A*)
converges to AT.

e Next, if ¢ € [1,2) and 6 € (0,6(c)/2], then 0 < A~ < At < 1, dividing the domain into
the intervals (0, A7) (if A= > 0), [A\~, A1) (if @ # 6(c)/2), and [A\T,1]. If A € (0, A7),
then \(®) converges to 0. If A = X~ then A® remains at A~. Otherwise, A(¥)
converges to AT.

e Finally, if ¢ € [1,2
(

and 0 € (6(c)/2,00), then ) does not have any positive, real
roots. For A1) ¢ )

) a
0, 1], Ak converges to 0.

O

Proof of Lemma First, consider A < . We prove that A¥) <  for all k > 1 by
induction. The base case is given. Now assume that A¥) < r for some k. Then, for A(:+1),

1 c ch 1 c cb
(k+1) - 2 (72 —7 (1o )=
A 2 ( 2 2020 +9)> <3 < 2 2(2r+9)> "

where the first step is from the iterative equation , the second step is from the
inductive hypothesis, and the third step is by definition of the root r. Therefore, A\*) < r
for all £ > 1.

The proof is similar for A() > r. O

we have:
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Proof of Lemma First, consider Q(A¥)) > 0. That is,

(k)2
A"+ —— 1

> 0.

Dividing both sides by 2A%) + 4, it then follows that:

L T - RN ()
2 2 2020k + )

The proof is similar for Q(A®) < 0. O

Proof of Theorem For convenience, let A\ := limy,_, oo A

From Theorem we know that A € {A\T,A7,0} and AT > A\~. Since \* > 0, it suffices
to show that A\* > A1 and focus on the conditions when A* > 0. From Theorem [l} these
conditions are: ¢ € (0,1),0 € (0,00) or ¢ € [1,2),0 € (0,0(c)/2].

To analyze Algorithm (1, we rewrite II(\) as f(A,¢(\)) := (p(A) — ¢(A))A. Since each
iteration of Algorithm 1| solves the problem maXA(kH)e[Ql}(l — AHD E(k)))\(kﬂ), the
equilibrium condition is:

df (A, &)
d\

A=A

where & := &(\!). (Note that this equilibrium condition relies on A/ > 0, as the first-order
condition might not hold if A’ is on the boundary. On the other hand, if X! = 0, the
statement is trivial to prove). Therefore,

df (A, e(N) _df(\ ) af (A e(N)) de(N)
) ‘ Y *( oc _dx ) o =20 (A30)
A=A A= = ) A=A !

~ <0 <0
As a result, A can be increased towards a local maximum. From Proposition [, we know
that under the conditions ¢ € (0,1),60 € (0,00) or ¢ € [1,2),6 € (0,8(c)/2], there is one local
maximum X > 0, and it is the global maximum A*. Therefore, A/ < X = \*.

Note that this proof requires Proposition [I| and Theorem (1| to ensure that A is increased
towards the global maximum rather than some suboptimal local maximum. Proposition
and Theorem [1|in turn require the uniform willingness-to-pay assumption (i.e., A =1 —p).
However, the signs 0f(\,¢(N))/0¢ < 0 and dé(N\)/dX < 0 in would be expected to
hold in other sensical models of shared rides. The former means that profit is decreasing in
cost. The latter means that the average cost per request is decreasing in demand, which is

reasonable because requests are more likely to be matched as demand increases.
O
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Proof of Theorem The proof is a special case of the proof of Theorem [4] with 8 = 0.
O

Proof of Proposition We will use the following facts, which we discussed with Propo-
sition [1} For ¢ € (0,1),

e \7 < X\ if and only if II'(A\*) > 0; and
e A\ > \* if and only if IT'(\#) < 0.

For ¢ € [1,2) and 0 € (0,0(c)),
e \7 < X\ if and only if II'(A\*) > 0; and

e A\ > \*if and only if II'(A\*) < 0 and II"(A\#) < 0.

Finally, for ¢ € [1,2) and 0 € [#(c),o0), \* = 0.

Note that the case when ¢ € [1,2) and 6 € (0,60(c)) requires looking at the sign of the
second derivative. We have the following lemmas, which we prove later in the e-companion,
and which allow us to focus only on the sign of the first derivative.

Lemma 4. II”(\*(0)) < 0 Ve € [1,2) and 6 € (0,6(c)).
Lemma 5. II"(A\*) < 0 Ve € [1,2) and 6 € (0,0(c)).

Relationship between A\*(1) and A\*. From (2.7, we have that A*(0) + A*(1) =1 — ¢/2.
From (A.21a)) and the first-order condition, it follows that 2A\* < 1 — ¢/2. Therefore,

1

A< 5 (A(0) + AT(1) < AT(D),

O |

where the last step comes from \*(0) < A*(1).
Relationship between A\*(0) and A\*. Using Theorem [3|and (A.21a)), we have:

(c—2)t=2(c—2)%(5¢ — 6)0 + 16(c — 1)(2c — 3)6% — 8(3c — 2)63

H/ * —
(A*(0)) = 0 (2420 — ¢)(4 — 4c+ 2 + 80 — 6cf + 462)2

(A.31)

For ¢ € (0,2/3], (A.31) is positive, so A*(0) < A*. If ¢ € (2/3,1), then there is a threshold
of 6 before which (A.31) is positive and A*(0) < \*, and after which (A.31)) is negative and
A*(0) > A*.

Now, consider ¢ € [1,2) and 6 € (0,6(c)). Since the denominator of (A.31]) is positive,
we focus on the numerator, which we call h(f), and observe that:

h(0) >0, (A.32a)

10+8\/§)

A.32
93 (A.32D)

h(fB(c) <0 ifce [1,
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h(0(c)) >0 ifce [Wﬂ).

A.32
23 (A-32¢)

(Note: In (A.32b) and (A.32d), the threshold (10 + 84/3)/23 comes from the following:

h(B(c)) >0 < 4(329¢® — 30¢® + 236¢ — 24)1/2¢(c — 1) > 1,861¢* — 3,928¢% + 2,600¢% — 544¢ + 16
— 16(329¢® — 30c? 4 236¢ — 24)2(2¢)(c — 1) > (1,861c* — 3,928¢% + 2,600¢% — 544c¢ 4 16)2
— (c—2)*(17¢* + 4c + 4)(23¢* — 20c — 4) > 0

10 + 8v/3

< >
€= 703

where the second line is because both sides of the first line are positive when ¢ € (1,2), and
the last line applies ¢ € (1,2) to discard the other root.) .
Furthermore, from h’(6), it is straightforward to verify that, for 6 € (0,6(c)):

h(#) is increasing then decreasing if c€[1,6/5), (A.33a)
h() is decreasing if c €16/5,2). (A.33D)

Combining (A-32a)), (A-32h) and (A.33a), we have that for ¢ € [1, (10 + 8v/3)/23), there
exists some threshold 6(c) € (0,60(c)) before which h(f) > 0 and A*(0) < A*, and after
which h(f) < 0 and A\*(0) > A*. Combining (A.32a)), (A.32c) and (A.33)), we have that for
¢ € [(10 +8v/3)/23,2) and 0 € (0,6(c)), then h(f) > 0 and \*(0) < A*. From Proposition
and Theorem (3|, if ¢ € [1,2) and 6 € [A(c), (1 — ¢/2)%/(c — 1)), then A*(0) > 0 = X\*; and if
0> (1—c/2)%/(c—1), then A*(0) = \* = 0.

Relationship between A* and A*. From Theorem [3| A\* can be written as:

5 = moA(0) + mAS(1) = ((2— )2 +46(1 :1(02))_((02+—QC(3)23+ 20(4 — c + 26)) (Asg)

The logic for \* is similar to that for A*(0); we seek to show that there exists a threshold
of 6 before which IT'(A\*) > 0 and after which IT'(A\*) < 0. Plugging (A.34)) into (A.21D)), we
have:

I (\*) = 26262 ((2 —¢)¥ 4+ 16(2 =)0 +16(2 — ¢)*(26 — 28¢ + 7c?)0? + 64(2 — ¢)3(22 — 27c + 7¢*)6?
+ 64(160 — 398¢ + 348¢? — 128¢3 + 17¢4)0* — 128(—32 + 85¢ — 60c% + 12¢%)6°
£ 128(—4 — 13¢ + 8¢2)0 + 128(—8 + )87 — 25698>
/((2 —c+20)3((2— ¢)* + 8(2 — €)30 + 8(12 — 13c + 3c2)62 + (64 — 40c)6% + 1664)2>.
(A.35)

Since 2¢?6? and the denominator of (A.35)) are both positive, we focus on the remainder of
the function, calling it ¢(). Observe from (A.35]) that ¢(0) = (2—¢)® > 0 and limgy_,, q(6) =
—o00. We show that ¢(f) only has one root for § € (0,00) by analyzing the higher-order
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derivatives of ¢() up to ¢\ (#). The derivatives for ¢ € (0,1) are summarized in Table
from which we conclude that ¢(f) starts from a point ¢(0) > 0, increases, and then
decreases toward limg_, o, q(0) = —oo. Therefore, when ¢ € (0, 1), there exists a threshold
of 6 before which ¢(6) > 0 is positive and after which ¢(8) < 0.

Derivative Shape on (0, 0) q(0) limg_, o0 ¢ (6)
¢ (6) N\ - —o0
g% (6) N\ — —00

) + if ¢ € (0,0.60), -
a0 ™ {— if ¢ € (0.60,1) >
96) {/\ if ¢ € (0,0.60), {+ if ¢ € (0,0.95), .

N\, ifce(0.60,1) |- ifce(0.951)
N, if ¢ € (0,0.95),

®) _
) {\ if ¢ € (0.95,1) * >
q(0) N\ + —00
q(l)(e) N\ + —00

q(0) N + —00

Table A.1: Derivatives of ¢(6) on (0, 00) for ¢ € (0,1).

We omit the case when ¢ € [1,2) for brevity: it follows a similar structure as the case of
c € (0,1), except that it focuses on 0 € (0,6(c)) and involves numerous cases. O

Proof of Lemma For convenience, we prove II”(A\*(0)) < 0 for the equivalent con-
ditions ¢ € (1,2 + 30 — 2,/20(0+ 1)) and 6 € (0,1). For brevity, we define () =
2430 — 2,/20(0 + 1).

Plugging into and rearranging, we aim to show that:

3
(2(1 —e/2)" +001-c) 9) —h? >0, (A.36)

2+20—c

for ¢ € (1,7(0)) and 6 € (0,1).
We rewrite the left-hand side of (A.36) as:

0 —c? = —

2+20—c ) T 82— c+20)
— 8¢%(20 + 786 + 1086 + 516°)
+48¢%(1 + 0)%(5 + 146 + 126?)

2
(2(1 ¢/2)* +6(1 - ¢) 1 5[0 = 6¢°(2 +30) + 464 (15 + 420 + 320%)
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— 32¢(1 + 0)3(6 + 150 + 116) + 64(1 + 9)6} .
(A.37)

Since the denominator is positive, we focus on the numerator, which we call g(c). We can
show that g(c) > 0 for ¢ € [1,7(#)) and 6 € (0,1) by analyzing the higher-order derivatives
of g(c) up to g®(c):

e Clearly, g®(c) = 720(c — 2 — 36) < 0.

e Therefore, g (c) is monotonically decreasing. Then, since ¢ (y(#)) > 0, we have
gW(c) > 0 for c € [1,7(8)).

e Therefore, g®® (¢) is monotonically increasing. Then, since g (y(h)) < 0, we have
g®)(c) <0 for c € [1,7(8)).

The pattern alternates until finally we have that g(c) is monotonically decreasing on ¢ €
[1,7(0)) with g(y(0)) > 0 for 6 € (0,1). Therefore, g(c) > 0 for ¢ € [1,7(0)) and 6 € (0,1).
O

Proof of Lemma By (A.21b), IT”(A) is monotonically decreasing in A. Then, using
Lemma |4 and the fact that A*(0) < A* < A*(1), it follows that IT”(A\*) < 0 when c € [1,2)
and 6 € (0,0(c)). O

Proof of Proposition Since static pricing charges the same price to all requests, its
payment per converted request is simply p* = 1 — A\*. Similarly, the payment per converted
request under iterative pricing is p! = 1 — Al. For match-based pricing, using Theorem
the payment per converted request is:

v (c=2)2(c+2)+20(8 +2¢— c® + 40 + 4ch)

b= 4((c—2)2+20020 —c+4)) ' (4.38)

We already showed in Theorem [2| that p* < p’. It remains to show that p™ < p*, or,

c—2)%(c+2) +20(8 + 2c — c® + 40 + 4ch)

\ (
A<1— 4((c—2)2+20(20 — c+ 4))

(A.39)

To prove this, we upper bound A* as follows. Using the first-order condition of static pricing
and the fact that \* < 1, we iteratively derive a sequence of upper bounds for A\*, which we
call )\(Uk) for k € Z1. In particular, from (A.21al), we have:

ch?

<Y _8\| U
s, +ap 2)] Alkr Vh € 24

1 ch? c 1
* = — -_— - — < —
A= T v T 1 2)] =3 "
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Starting with )\%) =1, we then have:

1 ch? c 1 ch? c
U U
et 6-9)] -4 [ 0-5)
A = 3 [ 2(2 + 0)2 +( 2 } A = 5 [ 20200 +0)? * 2 ]
Now, we aim to show that the right-hand side of (A.39) exceeds )‘EJ?)’ which reduces to:

c203[—32 4 8(c — 10)0 + 8(c — 10)0% + 3(c — 12)03 — 66*]
4((c—2)2+20(4 — ¢+ 20)) (2(c — 2) + 2(c — )0 + (¢ — 5)62 — 63)?

<0, (A.40)

which is true for ¢ € (0,2) and 6 > 0 by inspection.

The cost per request under match-based pricing replaces A in eq. with A(1), and
is decreasing in A(1). In Theorem [2| and Proposition [2, we showed that AT < \* < A\*(1).
Therefore, (A1) > &(A*) > &(A*(1)). The cost per request is decreasing in the match rate,

>
so p(AT) < p(A*) < p(A*(1)). O

Proof of Lemma Under any pricing policy X, let J¥(s) be the minimum expected cost
to dispatch all currently waiting requests in state s as well as up to k new arrivals of rider
requests. The expectation is taken over all future randomness including new rider arrivals
and existing rider departures (solo dispatches). We have the following claim.

Claim 1. Consider any state s with s; > 3 (or s; > 2 if rider type i satisfies eq. (A.43)
for all j;m € [N]) for some i € [N], and define another state s’ with s, = s; — 2 and

5;- = s;, Vj # 1. The following holds for all k € N,

ciy + IF(S") < T (s). (A.41)

Moreover, for any j # i such that s; > 1, consider a state 8" with s = s; — 1,57 = sj — 1
and s, = $m, Ym # j,i. The following holds for all k € N,

C(ii) + Jk(S/> < C(i,j) + Jk(S”). (A.42)

We prove the claim by induction. Both equations (A.41]) and (A.42]) hold when k£ = 0
because

ciiy +Js) = cua + Z S Cm)
me[N]
< Z SmC(m)
me|[N]
= JO(S)7
Cli) T JO(s) = Cliz) T Z SmCm)
me[N)

=cligy+ D SmCm) — 20)
me|[N]
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S gyt D Smlm) — € — <) (c(ig) = ¢y 2 0)
me[N]
= C(ig) T Z SmC(m
me[N]

= C(i,j) + JO(S”).

Supposing that equations and hold at k£, we now show that they also hold at
k+1.

We first show . We consider a stochastic system starting from s (coined S) and
another starting from s’ (coined S’) and couple their randomness. If the first event is a
solo dispatch for some type i rider in S but not in ', then J¥1(s) = iy + + JH (s —e;) >
C(i i) + JH (s —2.¢;) = Cliyi) + JFH1(s'). If the first event is a solo dispatch for some rider
in both S and S’, then we can simply redefine states s and s’ after this solo dispatch and
perform the analysis thereafter. On the other hand, if the first event is a new arrival of
rider type m, we consider the following dispatching outcomes.

e m is kept waiting first in both S and S’. In such a case,

Clii) T JkH(s') = i) T Jk(s’ +en)
< JH(s +ep) (by induction hypothesis (A.41)) at k)
— Jk+1(s).

e m is matched to a rider in S but kept waiting first in S’.  First, consider that the
rider to whom m is matched in S also exists in S’ and is of type n. In such a
case,

cigy) + TS) = ey + T7 (S + em)
< (i) + Commy + I — en)
(by optimality of the matching policy)

< Clmp) +J (s —en) (by induction hypothesis (A.41) at k)
— JkJrl(s)‘

Second, consider that the rider to whom m is matched in S does not exist in S’; since
s’ = s — 2e;, the rider has to be of type i. In such a case,

C(i,i) + Jk+1(S/) = C(i,i) + Jk(S/ + em)
< Cimyy +J (s —e) (by induction hypothesis (A.42) at k)
_ ch—&-l(s).

e m is kept waiting first in S but matched to a rider in S’. Since s’ = s — 2e;, the rider
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to whom m is matched in S’ must exist in S (call its type n). Then,

cigy + TS = i)+ Cmmy + (8" — en)
<cuy+J F(s' 4+ em) (by optimality of the matching policy)
< JH(s +ep) (by induction hypothesis (A.41)) at k)
_ Jk'H(s).

e m is matched to a rider in both S and S’. If the rider to whom m is matched is the
same in S and S’, we can simply redefine the states s and s’ after this match. Let us
consider the case where m is matched to a rider of type n in .S, and is matched to a
rider of type n’ # n in S’. If n is in S’ as well,

Clig) T JEL(s) = i) T Clmmr) + JE(s' — en)
S (i) + Jk(sl - en) + C(m,n)
(by optimality of the matching policy)

< J¥(s—e,) + C(m,n) (by induction hypothesis (A.41)) at k)
= JHL(s).

If n is not in S/, then n must be i, since s’ = s — 2e;. In such a case,

Cig) T TS = C(izi) T Cmn’) T JE(s —ey)
<cuiy+J "(s' + em) (by optimality of the matching policy)

< Cmyi) + Ji(s —e;) (by induction hypothesis (A.42) at k)
= C(m,n) T Ji(s —e,)
_ Jk+1(s)

This completes the proof by induction for . We now proceed to prove by
induction as well. The case of k = 0 is proven above; we thus prove the case of k + 1
assuming it holds at k. Similarly, we consider a stochastic system starting at s’ (coined S’)
and another starting at s” (coined S”) and couple their randomness. If the first event is
a solo dispatch for some rider in both S’ and S”, we can simply redefine states s’ and s”
after this solo dispatch and perform the analysis thereafter. If the first event is two solo
dispatches, one for each distinct rider in S and S” (we couple them together as they share
the same rate for their sojourn times), then after this event, the two states become the
same, and trivially holds as c(; ;) < ¢(; j). Now suppose that the first event is a new
arrival of rider type m and consider the following dispatching outcomes.

e m is kept waiting first in both S’ and S”. In such a case,

Cig) Tt JHH) = Clig) T JH(s + em)
=c( ) +J Fs" + em) (by induction hypothesis (A.42)) at k)
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= c(i,j) + Jk+1(S/,).

e m is matched to a rider in S’ but kept waiting first in S”. Suppose that the rider to
whom m is matched in S’ is of type n. Then,

i) + JEL(s) = i) + Comm) T+ JE(s' —ey)
<cuq t+J F(s' + em) (by optimality of the matching policy)
<cuj t+J Fs" +em) (by induction hypothesis (A.42)) at k)
)+ J]Hl(sll).

= i

e m is matched to a rider in S” but kept waiting first in S’. First, consider that the
rider to whom m is matched in S” also exists in S’ and is of type m. In such a
case,

C(i,i) + Jk+1(S/) = c(i,i) + Jk(S/ + em)
< Cig) + Clmm) + (8" — en)
(by optimality of the matching policy)
< i)+ Clmm) T JE(s" —e,)
(by induction hypothesis (A.42) at k)
— C(i,j) + Jk+1(S”).

Second, consider that the rider to whom m is matched in S” does not exist in S’
and therefore has to be of type i. In the case when s; > 3, this is a contradiction as
s’ = s —2-e; implies that S’ contains a type ¢ rider. In the case when s; > 2 and
rider type ¢ satisfies for all j,m € [N], we know S’ must contain a type j rider.
Then,

cigy + IS = ey + TH(E + em)
< cigy + Cmj) + I — ;)
(by optimality of the matching policy)
< ¢y + Cmyi) + JE(s" —e;)  (by eq. , s —e; =5 —ej)
=c(j ) t+ JEFL(s™.

e m is matched to a rider in both S” and S”. If the rider to whom m is matched is the
same in S and S’, we can simply redefine the states s and s’ after this match. Let us
consider the case where m is matched to a rider of type n in S’, and is matched to a
rider of type n’ #n in S”. If n/ is in S’ as well,

C(i,i) + Jk+1(S/) = C(i,i) + C(m,n) + Jk(S/ — en)
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< C(ig) + C(m,n') + Jk (S/ - en’)

(by optimality of the matching policy)
< C(4,5) + C(m,n’) + Jk<s// - en’)

(by induction hypothesis (A.42)) at k)
= c(ij) + Jk-‘rl(sll)‘

If n’ is not in S/, then n’ has to be 7. In the case when s; > 3, this is a contradiction
as s’ =s — 2-e; implies that S’ contains a type 7 rider. In the case when s; > 2 and
rider type i satisfies (A.43) for all j,m € [N], we know S’ must contain a type j rider.
Then,
i) + JEL(s) = i) F Comom) T JE(s' — ey)
S C(i,i) + c(m,j) + Jk(S/ — ej)

(by optimality of the matching policy)
< Cig) + Cma) T I (8" —€))  (by eq. (A43), 8" —e; =" —¢))
= ¢y + Jk'H(s”).

This completes the induction proof for (A.42)).

Note that (A.41]) immediately leads to the statement of Lemma |1] as it is weakly domi-
nated to keep more than two riders of the same type in the system. O

Claim 2. For any three requests i, j, and m in one dimension,
Cii) T Cmog) < Cmii) + CGg)- (A.43)

Proof of Claim First, suppose ¢(;, iy = ¢(m) + C(;), 1.€., matching m and ¢ has no cost
saving. Then,

C(m.i) T C(ig) = C(m) T €6@) T i)
= Cm) + )+ C() (i) = i)
= C(ii) T Cm,j)- () = Cm) + €()s Ca) =€)
The case when c(; j) = ¢(;) + ¢(;) is identical to the case above, switching the ms with the
Js. Therefore, we can restrict our attention to ¢, ) < c(m) + () and c(; ;) < ¢y + ¢y —

namely, m overlaps with ¢, and ¢ overlaps with j.
Now, suppose ¢, j) = ¢(m) + ¢(;)- We want to show that:

(i) T C(m) T CG) = Cmyi) T i)

In this case, m overlaps with ¢ and ¢ overlaps with 7, but m and j do not overlap with each
other. Since m and j do not overlap with each other, it must be that they overlap with
different parts of 4, which also implies that neither of them can fully contain i.
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Without loss of generality, we can assume that ¢ fully contains m and j. This is because
if m gets picked up before i (hence m is dropped off before i), this merely adds the distance
from the origin of m to the origin of ¢ to both sides of the inequality. Recalling that j
cannot overlap with m, the reasoning is similar if j gets dropped off after 7.

Since i fully contains m and j, and m and j do not overlap, then c(,,)+c(;) < ¢(;). Then:

C(myi) T C(ig) = €(0) T Ca) = €@) T Cm) + ()

To sum up the previous three cases, we can restrict our attention to ¢(,, ) < ¢(m) + ()
and c(; jy < () + ¢y and c(my 5 < Cm) + ¢(j)- Namely, all three pairs of riders can share.
In one dimension, this means that all three riders are traveling in the same direction on a
line, and that there must be a portion of the line where all three riders overlap. We fix a
transfer point P in this portion of shared overlap and divide any trip into two legs: in the
first leg, riders are picked up from their origins and then dropped off at P, and in the second
leg, riders are re-picked up at P and dropped off at their destinations. Assuming that the
transfer at P is costless, this division into legs does not change the analysis, since the total
cost of the trips remains the same. But adding this transfer point P conveniently allows us
to analyze the costs assuming that all riders have the same destination in the first leg (the
case where all riders have the same origin in the second leg is the same by symmetry).

h
i’s origin 7’s origin m’s origin 1 i’s destination 7’s destination m’s destination
H

g

Figure A.5: Illustration of the proof of Claim

Let ¢;, £;, and £,, be the distances of the origins of 4, j, and m to the transfer point P.
Then, (A.43)) becomes ¢; + max{ly,,¢;} < max{ly,,¢;} + max{¢;,£;}. This is equivalent to
max{l; + b, l; + £;} < max{ly, + l;, l; + L, by + €5, 0; + £}, which is always true. O

Proof of Theorem Since in an optimal solution, the platform either offers shared
rides only or offers solo rides only, we can separately optimize the two cases.

Solo Rides Only. Maximizing the solo rides profit Ax (1 — Ax — ¢), we obtain the profit-
maximizing solo conversion rate \§ = (1 —¢)/2.

Shared Rides Only. Using (A.2)), (A.3)), and (A.4)), the profit maximization problem is
given by:

a0 M) = 3505 ()\(1) (1 e R ORS B RO c)
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_ A(0)
EYOESYOEY, ( — A1)+ (228 == A0)A(L) + (1 —c— )\(O))H).

The first-order derivatives are:

(A1) +0) ()\(0)2 +2(A(1) + O)A0) + A(1)2 + (c+ 28 — 2)A(1) + (¢ — 1)9)

OTI(A(0), A(1))
)

A0 (A(0) + A(1) + 0)2 ’
(A.44)
ar(A(0),A(1)) _ AO) (A(O)2 + (28 + ¢+ 2A(1) — 2)A(0) + A(1)% + (2A\(1) + 28 — 1)9)
o1 (A(0) + A(1) + 6)2 '

(A.45)

Setting (A.44) equal to zero, there are two cases. First, if A(0) = 0, then A(1) can take any
value in [0, 1] with no change in profit (which is always zero). Otherwise, if A(0) > 0, we
get A(0) as a function of A(1):

A0) = —A(1) — 6 + A, (A.46)

where A := /(2 =28 — c+20)A(1) + 6(1 — ¢ + 6). Note that the other root —A(1) —6 — A

is negative and can be eliminated.

Next, we plug (A.46) into (A.45)) and set (A.45]) equal to zero, which gives:
2A% — (228 —c+20)A =0. (A.47)

Solving equation (A.47)), we get A=0or A =1——¢/2+46. The case A =0 is discarded
because it implies A(0) = —A(1) — 0 < 0. The case A =1 — 5 — ¢/2 + 6 simplifies to:

(1—8-—c¢/2)?+ (1 -2B)0
2—-2B—c+20 '

N (1) = (A.48)

Plugging (A.48) into (A.46)), it follows that:

1-B8—¢/2)*+(1-c)
2—-28—c+20 '

This is the only possible critical point inside the interior of the feasible region (0,1)2.
Suppose that the critical point (A*(0), A*(1)) € (0,1)? for some parameters 3,0, c, we first
verify that it is a local maximum by applying the second derivative test.

?TI(A(0), A(1)) 200 () + O)(A(0) + A (1) + 6)* X
OAO)” (A*(0),A%(1)) R (A%(0) + A*(1) + 0)° <0, (A-49a)
H2II(A(0), A(1)) O (A*(O)@ —28—c+20) +60(1-258+ 9))
ON(1)2 (O (1) N (A*(0) + A*(1) + 6)3
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20%(0)
NOFSYOFYR

0, (A.49b)

= — (V0P + 38X (02 (1) +0)

+ AM(0)(BA(1)2 + (28 +2¢ — 3)0 + 2X* (1) (28 + ¢+ 6 — 2))
+ (A1) + 0N (1) + (28— 1)0 + 2>\*(1)c9))/()\*(0) + A5 (1) +0)°
=0. (A.49¢)

In addition, we show that II(A*(0),\*(1)) achieves global mazimum when (A\*(0), A*(1)) €
(0,1)2. We do this by showing II(A\*(0), \*(1)) exceeds the profit at all of the boundary
points (0, ), (1,-), (-,0), and (-, 1).

e First, (A*(0), A*(1)) dominates (0, -), since

(1-B—-c/2)?+(1-c
2—-28—c+20

2
II(A*(0), \*(1)) = < )9> = \*(0)% > 0 =TI(0, \), VX € [0,1].

e Next, we consider point (A, 1) for some A € [0, 1], where the profit is

AM(T=c—=XN)(0+1)—28)
1+XA+0 '

(A1) =
There are two cases. First, if ¢ € [1,2), then,
II(A, 1) < 0 < II(A*(0), A"(1)).

Second, if ¢ € (0, 1), look at its first-order and second-order derivatives:

d O+ 200+ DA — (0 +1)(1 — ) +2p)
1) = - (1+X+6)2 ’
d? 20+ 1)0

e T = =5

where Q:= (2—c+6)(0 + 1) — 28. Now we discuss two sub-cases:

(i) When Q < 0, it follows that TI(\, 1) is convex over A € [0, 1] and maximized at
A=0or1,soII()\1) < max{II(1,1),11(0,1)} = max{—(28+c+ch)/(2+0),0} =
0 < II(A*(0), A\*(1)), YA € [0,1].

(i) When Q > 0, it follows that II(\, 1) is concave over A € [0,1]. With the first-
order condition that lets dII(\,1)/d\ = 0, we get one potentially valid root
A = VQ — (0 +1) (as the other root is negative and thus eliminated). We can

show that \ < A*(0) for all 3, ¢, 6 since the inequality can be equivalently written
as (((28 +¢)? —4(1 + 6 +286))/(4(2 — 28 — ¢+ 26)))? > 0 which holds for all
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B, ¢, 6. However, A may not always be positive, so we discuss the following two
cases:

(a) I 0 > [(28 + ¢ —1)/(1 = ¢)]*, combined with ¢ € (0,1), 8 > 0, then the
stationary point A > 0. Therefore for all A € [0, 1],

II(\, 1) < A2 (since TI(\, 1) is maximized at A = \)
< \*(0)? (since 0 < A < A*(0))
= II(A™(0), A*(1)).

(b) For any other 3, ¢, 6, when the stationary point A<0, II(A, 1) is maximized
at A = 0. This yields TI(A, 1) < 0 < II(A*(0), A\*(1)), VA € [0, 1].

e Next, we consider point (1, \) for some A € [0, 1], where the profit is

AMl—c—X—=28)—ch

(1, A) = 1+A+0

There are two cases. First, if 1 —c — A —25 <0, then II(1,A) < 0 < II(A*(0), A*(1)).
Second, if 1 —c— A —28 >0,

AMl—c—A—28)—ch
A = ( i+A+£)C
AMLl—c—=XA—=28)+X(1—c— )
< 1+A+0
MA=c=N)(O+1)—2p5)
N 1+A+0

(since 1 —c— A >25>0)

= TI(\, 1)
< II(A™(0), A™(1)).

e Finally, consider point (A,0) for some A € [0, 1], where the profit is

A1—c—A)o

M0 = =579

As before, there are two cases. First, if 1 — ¢ — A < 0, then II(A,0) < 0 <
II(A*(0), A*(1)). Second, if 1 — ¢ — A > 0 (which implies ¢ <1 — X < 1),

d O(A\2 + 20X\ — (1 — c)f)
—TII(\ [
o TA0) (A +6)2 ’
d? 20%(1 — c+0)
—II(\0)=—————2 <0
2t 0) A0 U
from which it follows that II(),0) is maximized at A = /0(1 — c+0) — 0 (as the

other root is negative and thus eliminated). Meanwhile, we can prove A € (0, \*(0))
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for any 8 > 0, ¢ € (0,1), 8 > 0: first, \* = \/O(1 —c+80) — 0 > V62 — § = 0 since

€ (0,1),0 > 0; second, the inequality A< A*(0) can be equivalently written as
(((2—28 —¢)® +40(1 — 2B))/(4(2 — 28 — ¢+ 26)))? > 0 which holds for all 3, ¢, 6.
Therefore for all A € [0,1],

II(\,0) < A2 (since TI(\,0) is maximized at A = \)
< \*(0)? (since 0 < X < X*(0))
= II(A*(0), A*(1)).

Therefore, (A*(0),A\*(1)) is the global maximizer of II(A(0),A(1)) given that
(A*(0),A*(1)) € (0,1)2. When (A\*(0),\*(1)) is not in the interior, from the discussions
above we know that the global maximum either has zero revenue or lies on the boundaries
of (-,1) or (-,0). In the latter case, however, II(),0),II(A, 1) < A(1—=X—¢), YA € [0,1]. This
suggests that when (A\*(0), A*(1)) is not in the interior, offering shared rides only is weakly
dominated by offering solo rides only. We can then conclude the analysis by comparing

these two scenarios — offering shared rides with (A*(0), A*(1)) versus offering solo rides
with A, = (1 —¢)/2.

e If c € (0,1), then both shared and solo rides can be operated profitably. To operate
shared rides instead of solo rides, they must be the more profitable option, i.e.,

<(1_§/—20_—B)226++92(;_0)>22 (156)2- (A.50)

Operating shared rides implies that (i) A*(0) + A*(1) = 1 —¢/2 — 3 > 0 and (ii)
A*(0) > 0. Then, 2—c—28+260 =2(X*(0) + A*(1) +6) > 0, so ({A.50)) is equivalent to

(1—¢/2—=5+6(1—¢) Jl-c
2—c—28+20 - 27

or (¢—28)(1—¢/2—3)>0. Since 1 —¢/2 — 3 >0, we must have 8 < ¢/2. On the
other hand, if § > ¢/2, then shared rides are less profitable, so the platform operates
solo rides.

Interestingly, the 8 = ¢/2 threshold also corresponds to the threshold at which the
total welfare of a shared ride (v — 3 —¢/2) equals the total welfare of a solo ride (v—c¢),
where the welfare is summed over the rider and the platform.

e If ¢ € [1,2), then solo rides are not profitable. In order to operate shared rides, we
must again have (i) A*(0) + A*(1) =1 —¢/2 - > 0 and (ii) A*(0) > 0. From the

first condition, it follows that 8 < 1 — ¢/2. The first condition also implies that
2—c—20+260 =2(A*(0)+ A*(1) + 0) > 0. Then, the second condition becomes

(1—%—5)2+9(1—c)>0,

or < (1—c/2—P5)%/(c—1).
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This completes the proof.

A.4 Robustness Tests

A.4.1 Willingness-To-Pay Distribution

In this section, we test whether the analytical results derived in Section under a uniform
willingness-to-pay distribution hold under other distributions as well. Specifically, we focus
on a willingness-to-pay distribution Beta(a,b) with parameters a and b and a support of
[0,1], which reduces to a uniform distribution when @ = b = 1. We consider left-skewed
distributions with mean 3/4 (a = 3, b =1 and a = 6, b = 2), right-skewed distributions with
mean 1/4 (a =1/3,b=1and a = 2/3, b = 2), and a symmetric unimodal distribution with
mean 1/2 (a = 2, b = 2). We call riders with relatively high willingness-to-pay high-value
riders, and riders with relatively low willingness-to-pay low-value riders.

Discontinuity of Static Prices. We first look at the expected profit II(\) as a function
of the static conversion rate A. In most cases, the expected profit functions under different
Beta distributions display characteristics similar to those described in Section and
illustrated in Figure — namely, II(\) has either only one global maximum, or it has
two local maxima. It is interesting to note a case with ¢ = 0.97, a = 6, b = 2, shown in
Figure As 0 increases from zero, there exists a region where II(\) contains two local
maxima with positive profits. These two local maxima correspond to two operating regimes:
the one with a lower conversion rate (higher price) operates at a higher dispatching cost
from a lower match rate, and the other with a higher conversion rate (lower price) operates
at a lower dispatching cost from a higher match rate. As 0 keeps increasing, the profit of
the local maximum with the higher conversion rate gradually decreases, and the optimal
conversion rate drops to the other local maximum abruptly. Discontinuity still exists in the
static conversion (and price) in this case. What is different is that the conversion can drop to
a strictly positive value, as shown in Figure (blue curve). Intuitively, as the conversion
rate increases from zero, the platform initially receives a positive profit. However, when
the conversion rate continues to increase (price continues to decrease), the profit starts to
drop due to the lack of high-value riders (as compared to the uniform willingness-to-pay
distribution) and the high dispatching cost. It is not until the conversion rate increases to
a sufficiently high level (namely, the price decreases enough) to attract low-value riders and
thereby lower the dispatching cost that the service becomes profitable again.

Iterative Pricing Overprices. For general willingness-to-pay distributions, it is difficult
to provide closed-form expressions for the conversion rate to which iterative pricing con-
verges (the converged conversion rate); we thus numerically verify the convergence of the
procedure. Figure illustrates the results, which can be read similarly to Figure |2.3
except that we do not plot the ratio of the converged conversion rate to the optimal con-
version rate A*. We do verify that for all instances tested, the iterative pricing procedure
overprices. As Figure [A7] illustrates, the convergence pattern is very similar to that in
the case of uniform willingness-to-pay, which depends on the values of ¢, 8, and the initial
conversion rate A1) selected.
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(a) Static profit function II(\) when ¢ = 0.97
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2

(b) Optimal request conversion rate A*(c, )

Figure A.6: Static prices under the willingness-to-pay distribution Beta(6,2).
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Figure A.7: Convergence of iterative pricing under different Beta(a,b) willingness-to-pay distribu-
tions. The solid curves are the converged conversion rates. If ¢ < 1 (left figure), iterative pricing
converges monotonically (the direction depends on which side it starts from) to the solid curve. If
¢ > 1 (right figure), it converges monotonically to the solid curve if # and the initial conversion
rate A1) is within the area outlined by the corresponding dashed curve; otherwise, it converges to a

conversion rate of zero.



132

Comparison between Match-based and Static Prices. For match-based pricing under
general willingness-to-pay distributions, the observation that A*(0) + A*(1) = 1 — ¢/2 in
Theorem [3]does not hold anymore, so it is difficult to have closed forms of the optimal match-
based prices. The continuity of (A\*(0),A\*(1)) in (¢, d) has been verified numerically. The

relationship between static and match-based pricing is similar to Proposition |2, Figure
illustrates the thresholds of # above which match-based prices are lower than static prices;

these thresholds are shown under six different Beta distributions, where the solid blue curves
are for b = 1 and the red dashed curves are for b = 2. For both values of b, we choose the
values of @ such that the corresponding means of the Beta distributions are 1/4,1/2 and
3/4, differentiated by color hues. A general observation from Figure is that all else
being equal, the average match-based price is lower when the market is relatively thin and
riders are relatively harder to match. This can be seen when comparing curves with the
same value of b. For the same value of b, a higher value of a indicates more high-value riders;
therefore, more riders convert to requests, which leads to a higher threshold of 8 above which
the average match-based price is lower. For similar reasons, when comparing willingness-
to-pay distributions with the same mean (for example, Beta(1,1) and Beta(2,2)), the 0
thresholds under Beta(2,2) are higher when the cost ¢ is low and lower when the cost ¢ is
high. This is because there are fewer high-value and low-value riders in Beta(2, 2) compared
to those under a uniform willingness-to-pay distribution, and consequently, it is relatively
easier to match when c is low and harder to match when c is high. For the comparison
between A*(0) and \*, we see from Figure that the region where both match-based
prices are lower than the optimal static price shrinks when the percentage of high-value
riders increases. Finally, we also numerically verified that average payment and cost per

request are lower under match-based pricing compared to the optimal static pricing, across
all willingness-to-pay distributions tested.
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(a) Thresholds A* = A\* above which A* > \* (b) Thresholds A*(0) = A* above which A*(0) > A*

Figure A.8: Comparison between match-based and static prices under different Beta(a, b) willingness-
to-pay distributions.
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A.4.2 Risk Aversion

In this section, we discuss a model of match-based pricing where riders are risk-averse rather
than risk-neutral. In particular, the rider who arrives when no other request is waiting on
the platform is quoted two possible prices, and converts based on the maximum possible
payment (see, e.g., [43]).

As in Section [2.3.1] a rider who arrives when there is no other request currently on the
platform is quoted an initial price p’(0) = 1 — X' (0) as well as the possibility of a discount
to p(1) = 1 — A(1) if she ends up getting matched to a later incoming request. A rider
arriving with a request waiting is directly quoted p(1) = 1 — A(1). The rider who arrives
when there is no other request currently on the platform converts based on the maximum
price max{p'(0),p(1)}. Meanwhile, the rider arriving with a request waiting converts based
on the price p(1), since she is only quoted one price.

The expected profit is then given by

min{\'(0), A\(1)}
min{ N (0), A\(1)} + A(1) + 6

II(N'(0), A(1)) = (AD)(2=2X1) =) +6(1 =X (0) —¢)) .
Intuitively, risk aversion makes it less likely that riders will convert in state 0, degrading
the platform’s profits. However, many of the insights are similar to the risk-neutral model.
The first-order conditions for optimizing the profit do not have a closed form, so the results
that follow are numerical.

Figure [A9] reproduces Figure 2.5 now for risk-averse riders, and compares the prices
under static and match-based pricing. As in Figure[2.5] the match-based price when there is
one rider waiting is always the lowest. In addition, when ¢ and 6 are relatively high (above
the solid black curve), the average match-based price is lower than the optimal static price.
However, in contrast with Figure[2.5] the region of lower prices is not as generous. Moreover,
for ¢ and 0 sufficiently low (crosshatched area), match-based pricing and static pricing are
equivalent.

Similarly Figure reproduces Figure for risk-averse riders. Corroborating our
earlier results, Figure shows that match-based pricing has a larger profitable region
than static pricing, and Figure [A.10D shows that the improvement in payment and cost per
request is most pronounced for high ¢ and 0, when shared rides are most challenging to
operate.

A.4.83 Batch Window

In this section, we test whether the analytical results derived in Section hold when the
platform uses a fixed batching window to dispatch. That is, when a rider arrives and makes
a request, the platform sets a batching window of L time periods. During this window,
if another rider arrives and makes a request, the platform dispatches the two requests
together. If the first request’s patience elapses before a second request is made, the first
request abandons the platform, and the platform loses the associated revenue. Otherwise,
the request is dispatched alone at the end of the batching window.

Concretely, a rider who arrives when there is no request waiting on the platform is
quoted price 1 — p(0), and converts to a request at rate 1(0). Upon conversion, a batching
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Figure A.9: Comparisons between optimal match-based prices and static prices under the risk-averse

model.
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Figure A.10: Profitable regions of different pricing policies; percentage decrement of payment and
cost per request (match-based pricing over static pricing). All results are under the risk-averse

model.
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window of L time periods begins. We divide the L time periods into 7' = | L(1+6)] discrete
sub-periods, each of length 1/(1 4 6) where 6 is the reneging rate and 1 is the arrival rate
of the rider. Each sub-period t is associated with a quoted price 1 — u(t). During sub-
period t, the probability that another rider will arrive and make a request is then Apu(t),
where A = 1/(1 + ). The probability that the waiting request’s patience will elapse is
¢ =6/(1+06). The system can be modeled as a discrete-time Markov chain with 7" 4 1
states: state ¢t = 0 has no requests waiting in the system, and states t = 1,...,T each have
one request waiting.
The expected profit is then

T
I(p) =) meApu(t)(2 = p(0) = p(t) =€) + w7 (1 = Ap(T) = ¢)(1 = p(0) — o),
t=1

profit of two matched riders profit of one unmatched rider
dispatched in period t dispatched in period T'

where ()L, is the steady-state distribution.
We compute the optimal conversion rates p = (u*(t))Z_, by solving the following set of
optimality equations where g is the optimal average profit per period:

V) +g= max | Au(t)(1—p(t) —c+V(0))+ ¢(V(0) — (1 - u(0)))

pel0,1]7+1
second rider makes a request, first rider’s patience elapses,
two riders dispatched revenue is lost
+(1— Ap(0) —C)V(t+1)>, Vi=1,...,T—1,  (A.5la)
no ever:tr occurs
V(0)+g= max Ap(0) (1 — w(0) + V(1)) + (1 — Au(0)) V(0) |, (A.51b)
pel0,1]T+1

first rider makes a request no event occurs

V(T)+g= max | Ap(T) (1 —p(T)—c+V(0))+ ¢(V(0) - (1 —p(0)))

pel0,1)T+1
second rider makes a request, first rider’s patience elapses,
two riders dispatched revenue is lost
F (1= Ap(T) = O) (V(0) - ¢) ) (A.51c)
no even‘troccurs7
one rider dispatched
Given optimal value functions, we can compute the optimal conversions p*(¢) fort =1,...,T
as
1—c+V(0)-V(t+1
p(t) = (; (t+1) vt=1,...,T,
1

using the first-order conditions for (A.51al) and (A.51c). Meanwhile, to compute the optimal




136

1*(0), we simply use a line search. We solve the optimal value functions using value iteration.

Figure and Figure reproduce Figure and Figure now for the batch
window model with L = 3. (Note that the step pattern in Figure and Figure
arises from the discrete number of sub-periods T'= |L(1 + 0)|; g*(1) in Figure is the
average conversion rate of riders arriving when there is one request waiting, as an analogy
to A*(1) in Figure 2.5]) As in Figure Figure shows that match-based pricing
has a larger profitable region. However, the shape of the profitable regions in Figure [A.12a
highlight a key distinction: for high ¢, there is now a threshold of 8 above which the platform
is profitable, and below which the platform is unprofitable. This is because when cost is
high, the platform in fact benefits from high impatience: the first request is more likely to
abandon the platform before the end of the batch window, saving the platform a costly solo
dispatch.

To compare the prices under each policy, Figure[A.TT|and Figure[A:12b|show that match-
based pricing quotes lower average prices and induces lower payment and cost per request
under the high-c, low-0 regime when static pricing cannot be profitable. This is similar
to the message from Section [2.3.1} match-based pricing can benefit both the platform and
riders under settings when shared rides are most challenging to operate. One can think of
increasing the patience parameter 6 of our original model in Section [2.3.1] as a combined
effect of changing the patience of the rider 8 and the length of the batching window of the
platform L in this model so that requests are more likely to be dispatched solo.

— Static profitability boundary

AW =E 2p )2 p

0 0.5 1 1.5 2

Figure A.11: Comparisons between optimal match-based prices and static prices under the batch
window model.
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Figure A.12: Profitable regions of different pricing policies; percentage decrement of payment and
cost per request (match-based pricing over static pricing). All results are under the batch window
model.

A.5 Additional Results

A.5.1 Allocating Dispatching Cost to Requests

Consider the following dispatch (i, 7) where rider type i goes from A to B while rider type
j goes from C to D. Figures [A.13a] and [A.13b] illustrate the minimum-cost routings when
i and j are dispatched solo and matched respectively. In the matched case (Figure ,
the total dispatching cost is allocated to rider type ¢ using the cost of A — C', plus half of
the cost of C' — B as it is shared by both riders. Similarly, the cost is allocated to rider
type j using half of C' — B, plus B — D. In the iterative pricing approach, the average
cost ¢; of a particular rider type 4 is then estimated by averaging over all such allocated
costs through past dispatching data.

B D B D
——@ O . e—O0—0
A A A
® ® ®
A A A

C C
® oO—0—o Q
A A
A A
@ o—o
(a) Not matched (b) Matched

Figure A.13: Cost allocation example.
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A.5.2  Recovering Equivalent Match-Based Prices with Multiple O-D Pairs

We show how equivalent match-based prices, discussed at the beginning of Section|2.3.1] can
be (easily) recovered from the optimal pricing and matching policies A* and ¢* presented
in Section Following the description at the end of Section let [piliciny be the
initial prices quoted to each type of rider when they arrive but have not finalized a match
yet. Let [Aj]ic|n] be their corresponding request conversion rates. Moreover, let [p; ;]; je[n
be the discounted price rider type 7 pays once matched with rider type j, and p; ; # p;; in
general. Similarly, let [)‘i,j]i,je[ n] be the corresponding request conversion rates. From the
matching and pricing policies (2.14)) and (2.15]), we know when an incoming request type i
is immediately matched with type j, type 7 is charged at a price with conversion rate A} j

*

that solves: A}, € arg maer[O’Ad:pl(/\)Zo)\(p%()\) — (¢(i,) — @j)); and when incoming request
type i is let to wait first in the system, it is charged at a price with conversion rate A} that
solves: \f € arg maX/\e[o,Ai]:pg(A)zo)‘(pg()‘) —of).

We simply let \; ; = )‘Zj’ Vi,j € [N] for the discounted match-based prices with suc-
cessful matches. To recover [Nic(n], let [mi]ses be the steady-state distribution, P}; be
the probability a rider type i is matched with a rider type j conditioning on rider type ¢
is left waiting in the system first upon arrival, and P be the probability a rider type 4 is

dispatched solo, under the optimal pricing and matching policies A* and ¢*.

L e Ni(s) - 1{gi(s) = i} B
Pro— .
Y Y ees ™ - A(s) - 1{f(s) = O} Vi, j € [N],

JE[N]

Alternatively, P/, and P/ can simply be estimated with Monte Carlo. The remaining
match-based prices [p;]ie[ N solves the following N separate linear equations.

W) =pi- PP+ > pi(N,) Py, Vie[N]
JEIN]

Note that in the case where P} is zero, there is no need to define p; as it will be offered
to riders with probability zero.

A.5.83 Other Results Based on Chicago Ridesharing Data

This subsection includes additional computational results based on Chicago ridesharing
data. Table is the corresponding training results for the peak hours on Mondays dis-
cussed in Section In addition to metrics presented in the test results, Table also
presents “Static UB”, the optimal value of the fluid formulation described in Appendix
[A72] which is an upper bound of the profit under static pricing. We also report the rela-
tive difference between “Static UB” and the profit under match-based pricing which is still
significantly higher.
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Cost ($/mile) c=0.7 c=0.9 c=11
Sojourn Time 1/6 (min) 0.5 1 3 5 0.5 1 3 5 05 1 3 5
Tterative 3121 3417 4.347 4.981 0.390 0.462 0.889 1.324 0.000 0.000 0.000 0.000
Static 3.173 3.528 4.481 5.039 0.414 0.549 1.181 1.609 0.000 0.000 0.000 0.000
Profit Static UB 3.340 3.753 4.812 5.454 0.449 0.631 1.312 1.807 0.000 0.000 0.000 0.000
S Match 3.379 3.807 4.807 5.437 0.594 0.844 1.560 2.056 0.000 0.000 0.165 0.326
(8/min) Match vs. Tterative  8.3% 11.4% 10.6% 9.2% 52.3% 82.9% 75.6% 55.4% - - oo oo
Match vs. Static 6.5% 7.9% 7.3% 7.9% 43.3% 53.8% 32.1% 27.8% - - oo o0
Match vs. Static UB 1.2% 1.4% 1.2% -0.3% 32.2% 33.7% 19.0% 13.8% - - e 00
Tterative 0.816 0.800 0.768 0.754 0.931 0.918 0.884 0.861 1.000 1.000 1.000 1.000
Quoted Price  Static 0.809 0.789 0.749 0.731 0.920 0.895 0.844 0.819 1.000 1.000 1.000 1.000
S onile i Match 0.801 0.781 0.742 0.723 0.904 0.880 0.833 0.813 1.000 1.000 0.935 0.899
(8/mile - rider) Match vs. Tterative -1.8% -2.4% -3.4% -4.1% -2.9% -4.1% -5.8% -5.5% 0.0% 0.0% -6.5% -10.1%
Match vs. Static ~ -1.0% -1.0% -1.0% -1.1% -1.8% -1.7% -1.3% -0.7% 0.0% 0.0% -6.5% -10.1%
Tterative 0.837 0.829 0.806 0.793 0.942 0.937 0.915 0.897 1.000 1.000 1.000 1.000
. .. Static 0.830 0.816 0.786 0.772 0.932 0.916 0.876 0.856 1.000 1.000 1.000 1.000
ngteqlD‘S_“t‘hty Match 0.822 0.807 0.776 0.760 0.920 0.902 0.865 0.847 1.000 1.000 0.959 0.927
(8/mile - rider) Match vs. Tterative -1.8% -2.7% -3.7% -4.1% -2.3% -3.7% -5.4% -5.6% 0.0% 0.0% -4.1% -7.3%
Match vs. Static -1.0% -1.1% -1.2% -1.5% -1.2% -1.5% -1.2% -1.0% 0.0% 0.0% -4.1% -7.3%
Tterative 0.815 0.797 0.762 0.747 0.920 0911 0.862 0.833 - - - -
Pavment Static 0.807 0.783 0.741 0.723 0.914 0.881 0.817 0.793 - - - -
g _ly Match 0.785 0.761 0.721 0.704 0.867 0.834 0.786 0.769 - - 0.830 0.812
(8/mile - request)  Npageh vs. Iterative -3.6% -4.5% -5.4% -5.8% -6.6% -8.5% -8.9% -7.7% - - . -
Match vs. Static 2.7% -2.8% -2.7% -2.7% -51% -5.3% -3.8% -2.9% - - - -
Tterative 0.834 0.824 0.799 0.785 0.938 0.927 0.891 0.867 - - - -
. . ... Static 0.828 0.811 0.778 0.763 0.927 0.905 0.852 0.831 - - -
Reghz‘?ld Disutility p o, 0.809 0.791 0.759 0.743 0.890 0.864 0.824 0.807 § - 0.867 0.848
(8/mile - request)  Npageh vs. Tterative -3.0% -4.1% -5.0% -5.3% -5.1% -6.9% -7.5% -6.9% - - - -
Match vs. Static  -2.2% -2.5% -2.5% -2.6% -3.9% -4.5% -3.3% -2.9% - - - -
Tterative 4633 4.834 5472 5851 1.644 1.781 2.408 2.916 0.000 0.000 0.000 0.000
Throughput Static 4.823 5199 6.041 6.456 1.930 2.355 3.509 4.080 0.000 0.000 0.000 0.000
ghpt Match 5060 5.459 6.312 6.776 2.258 2.749 3.798 4.337 0.000 0.000 1.182 2.082
(requests/min) Match vs. Tterative  9.2% 12.9% 15.4% 15.8% 37.4% 54.4% 57.7% 48.7% - - oo oo
Match vs. Static 4.9% 5.0% 4.5% 5.0% 17.0% 16.7% 8.2% 6.3% - - 00 00
Match Tterative 0.227 0.338 0.502 0.569 0.113 0.205 0.413 0524 - - - -
Static 0.244 0.354 0522 0.605 0.149 0.287 0.498 0582 - - - -
Rate Match 0.306 0.408 0.570 0.638 0.307 0.422 0.585 0.633 - - 0.641 0.655
Cost Tterative 0.062 0.098 0.180 0.221 0.030 0.057 0.143 0.203 - - - -
° Static 0.067 0.108 0.190 0.229 0.039 0.081 0.179 0.221 - - - -
Efficiency Match 0.098 0.142 0.222 0260 0.101 0.150 0.232 0.268 - - 0272 0.293
Tterative 0.067 0.062 0.048 0.038 0.066 0.060 0.042 0.034 - - - -
De_to‘}‘lf dRate Static 0.066 0.058 0.046 0.039 0.065 0.064 0.043 0037 - - - -
(over matched requests) ypagen 0.054 0.047 0.037 0.030 0.050 0.043 0.034 0.025 - - 0.020 0.016

Table A.2: Training results on Chicago data (5o

= 0.05, 81 = 0.675).
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Appendix B
SUPPLEMENTARY MATERIALS FOR CHAPTER 3

B.1 Modeling Combined Pre-Trip and On-Trip Matching

In this section, we extend our on-trip matching model to a combined matching model that
permits both pre-trip and on-trip matching. When a new rider converts and is not im-
mediately matched with another rider, the platform first initiates a waiting window of at
most 1" € Z>( time periods at their origin, during which it attempts to perform pre-trip
matching. The value of T is the maximum allowable time before the rider must begin their
trip. If T time periods have elapsed and the rider is still solo, the platform dispatches a
vehicle for a solo trip. Any successful matching that occurs after a rider has departed their
origin is referred to as on-trip matching.

Consistent with the pure on-trip matching model, we represent the state of a solo rider
using the tuple (i, u), where ¢ € [N] denotes the rider type and integer u tracks the temporal
state. The range of u is extended to =T + 1 < u < ¢; — 1. When u < 0, the rider is still at
the origin with |u| waiting periods remaining. When u > 0, the rider has already departed
the origin, and u denotes the number of time periods elapsed since departure. The set C is
therefore defined as {(i,u)}; € [N],-T+1<u</¥;—1,u € Z.

Since the platform cannot match two on-trip riders (because they are already on separate
vehicles), any valid matching must involve at least one rider who is either new or in the
pre-trip phase. We can therefore still let ﬁzj denote the shared trip length, when a new
or pre-trip rider of type ¢ € [N] is matched with a solo rider (j,u) € C. Because a solo
rider (j,u) with v < 0 remains at their origin O;, the shared trip length is invariant during
the pre-trip phase; thus, (i, = £}, for all u,v < 0. Let /\/'+ be the set of rider types
compatible with a solo rlder ( Jyu) E C. Similarly to the pure on trip matching case, we set
two conditions for a solo rider (j,u) to be compatible with a new or pre-trip rider of type i:
(i) €; < ;i +¢; — max{0,u}; and (ii) (j,u) is not on any shortest path from O; (exclusive)
to Dj. One can easily verify that a pre-trip rider (u < 0) is always compatible with a new
or pre-trip rider of the same type, that is, i € J\/'fu holds for all ¢ € [N] and u < 0.

Finally, note that pure pre-trip matching and pure on-trip matching can be seen as
special cases of the combined matching model. To disable pre-trip matching, the platform
can let T'= 0, such that the rider departs immediately and no pre-trip matching is possible.
To disable on-trip matching, the platform can set /\/’fu = () for all u > 0.

B.1.1 Fluid Model

Under the combined model, the optimal pricing and matching problem is formulated as an
average-reward, discrete-time MDP. Assuming a match always occurs between a new rider
and an existing solo rider, the MDP and fluid relaxation extend directly from Sections
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and Specifically, in the fluid relaxation, C'(A) is now given by

C) = min 3 chz Y D byl

i€[N] u=0 i€[N] (j,u)€C:
ZE/\fJ,r
st Y @ty =Mk, Vie[N], (B.1a)
(ju)ec:
ieNS,
Yooalityi=yih V(G ec, (B.1b)
ieN,

Aidigy = [ 1= >0 M |2y, V(,u) €Ci € N

jiuw
keN,
7 >0, Y(j,u) €CieNS,
yi' >0, Vie [N],-T <u</tl;—1lu€lZ,

where we now use ¥, T to denote the average rate of new riders of type i that are not
immediately matched and become solo riders, for all i € [N]. The conclusion of Proposition
[] still holds in this context: the optimal objective value of the fluid relaxation provides an
upper bound on the optimal long-run average profit of the MDP model.

B.1.2  Pricing and Matching

To determine the pricing policy A for the combined matching model, we continue to use the
MM algorithm outlined in Section [3.3.3

To implement the matching policy, we extend the dual-based policy from Section [3.3.3
to a generalized setting that accommodates matching beyond just new riders.

Spemﬁcally, let vi(A) and £%(X) denote the optimal dual variables associated with con-
straints and -, respectively. At time ¢, let C; represent the set of all riders
currently in the system (including both waiting and on-trip riders). Any newly arrived
rider of type i at time ¢ is initialized with state (i, —7") and also included in C;, and for
notational convenience, let & T(A) =7i(N).

We determine the matching decisions at time ¢ by solving the following non-bipartite
matching problem:

min 30 (et - M) g () (B.2a)
(4,u),(j,v)ECy:
u<<v
st Y 2+ ) 2 <1, V() €C, (B.2b)
(J, 5)61)& (7, 5)>EUCt
z =0, V(i,u), (j,v) €Criu<v <0, (B.2¢)

2y
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z' =0, V(i,u), (j,v) €Cr: 0 <u<w, (B.2d)

7]

w’ €{0,1}, V(i,u), (4,v) € Cp:u < v. (B.2e)

In , the binary decision variable z, ]v equals 1 if rider (i,u) is matched with rider
(7, ) at tlme t (where u < v avoids double counting), and 0 otherwise. The objective
function (B.2al) minimizes the total generalized cost of the matching. Since we never match
two on—trip riders together (enforced by constraint ), the shared trip length for a
match between (i,u) and (j,v) is given by £¢ ., and thus the associated generalized cost is
cli j = &HA) = & (A).

Constraint ensures that each rider is matched to at most one other rider. Con-
straint (B.2c)) restricts pre-trip matching to cases where at least one rider is ready to depart
(i.e., v = 0). This constraint is based on the logic that if both riders still have waiting
time remaining (u < v < 0), it is always better to defer the match to later time periods to
preserve flexibility. Finally, Constraint prohibits matching two riders who have both
already departed the origin (0 < u < v), because they are already on separate vehicles.

’L]’

B.2 Proofs

B.2.1  Proof of Proposition [

Denote A* and ¢* as the optimal pricing and matching policies under the MDP. For all
(j,u) € C and i € ./\/'fu, define the counting process {M; (i, (j,u))}+>0 as the accumulated
number of matches between i and (j,u), up to time ¢ under the optimal policies A* and ¢*.
Define the counting process {A;(i,u)}+>0 as the accumulated number of events that solo
riders (i,u) € C continue solo and move to the next state. For notational convenience, we
also define {Af(7) }+>0 as the accumlated number of the requests of type-i € [N] riders, and
define {A(7,0)}+>0 as the accumulated number of events that new type-i € [N] riders do
not get matched immediately and become solo riders, under the optimal policies A* and ¢*.
Then we define the steady flow rates under A* and ¢* as

= lim 1/t EDM (i (o) Y(ju) € C.i € N,

gi' = lim 1/t - E[A} (i, u)], V(i,u) € C,
t—o0

:tlim 1/t - E[Af(3,0)], Vi € [N].

We first prove that z};, 9" and 7Y gives a feasible solution to (CB) when A = A*.
According to the definitions, the following equations hold:

> M, (5,u) + Af(i,0) = A (i), Vi € [N],t € N, (B.3)
(ju)ec:
ieN;,
STOMGL (o) + AjGow) = Afy(Giu—1),  Y(ju)€CteNt, (B4

+
€N,
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where (B.3) is because the new requests are either immediately matched with existing solo
riders, or become solo riders; and (B.4]) is because all riders in state (j,u) come from state
(j,u — 1), and are either matched with new riders or continuing solo. Taking the long-run

time-average expected value for (B.3) and (B.4]), we get

. . N SR N .
Do gl = lim SE[A7(D)] = A, Vie[N,  (BS5)
(ju)ec:
ien,
> g = VGuec,  (B6)
N,

thus (3.2b)) and (3.2c) are satisfied.

To show that (3.2d]) holds, for each (j,u) € C, i € ./\/]”Lu7 and t € N, the expected

increment of the number of matches between successive time steps ¢ and ¢ + 1 is:

E[M 1 (i, (G, w) — M (i, (G, )]
=Y Pr(ser1 =) - E[M{ (i, (G, w) — M7 (i, (j,w)[se1 = 8]
seS

(a) e wre .
= Pr(ser1 =s) - Pr[M{ (4, (5, u) — M (i, (j,u) = Llseyr = s]
seS

D Pr(sipa =s) PrlAf (i) — A7 (i) = 1lsia =5
s€S:sj =1

= Y Prsii=s) AL (B.7)

s€S:sj =1

(0)
<

where (a) is because M (i, (j,u)) — M{(i,(j,u)) € {0,1}, and (b) is because
My (i, (j,u)) — M{ (i, (j,u)) = 1 means that there must be (i) an existing solo rider (j,u)
at time ¢ + 1 and (ii) a new type-i rider converts at time ¢ + 1.

Meanwhile, for every (j,u) € C and t € N, the expected increment of counts of riders
continuing solo and moving to the next state is:

E[Af1(yu) — AL (G u)]

= Pr(sir1 =s) - E[A7 (7, u) — A7 (, u) st = 8]
seS

= Pr(siy1 =) PrlAf 1 (G,u) — A7 (j,uw) = 1sii =]
seS

= Y Pr(seri=s)-Pr| > Mk Gu)— > Mk (j,u)=0[s;1=s

5w + +
s€S:sj,u=1 ke/\/j,u ke/\/j’u
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(a)

> Z Pr(sgt1=s)-E|1— Z ApAL|si+1 =s
SES:s;j =1 ke/\/j*u

= Z Pr(si+1 =s) Z ApAr |, (B.8)
s€S:s; =1 ke_/\/’]+u

where (a) is because when there are no compatible riders k € /\/fu who convert at time t+1,
the existing solo rider (j,u) cannot get matched and thus must continue solo.

Combining (B.7)) and ( -, we get

. y L= Dpeny MM i [
E[AtJrl(jvu) - At (]7“)] > A)\{; E[Mt+1(27 (],U)) - Mt (Za (]7“’))]7

which holds for all (j,u) € C,i € Nf, and t € N.
Summing over t € IN, and takmg the long-run time-average value, we get ([3.2d)). There-
fore, Z';, §;" and 7Y gives a feasible solution to (CB) when A = A*.

In the second part of the proof, we show that the fluid objective value under prices A*
and fluid variables Z7' ;> Ui and g)? is equivalent to the optimal long-run average profit of the
MDP model. Under A* and ¢*, the total profit up to time ¢ is given as follows

B = 3 ) -]+ Y [P () — eun — el
ne[AtA*"b*} TLE[MA* ¢*]

Since At)‘*"b* is the total number of riders who end up solo and Mf‘ " s the total
number of matches, we have

A= A ),

1€[N]
Mt)‘*7¢* = Z Z Mt Za Jvu))a
1€[N] (j,u)€EC:

g
1€A[j,u

thus we can reformulate Hg‘ " into

AT Z A1 (4,0 — 1) [pi(A]) Z Z M (i, () [pi(N)) +pj(Ng) — cu — el ]

1€[N] i€[N] (j,u)€eC:
N,

Taking the long-run time-average value, we get

M= lim %E[Hf*@*]: ST ) —etil+ > Y @ D)+ i\ — cu —

T—4o00
i€[N] i€[N] (j,u)eC:
i,

Cﬁﬁj]v
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and we further reformulate the first term by iteratively applying as follows. (For ease
of exposition, we present the derivation assuming ¢; > 3.)

ZAZ_lpz)‘* E]

1E€[N]

_ZAZ—I[plA* 5_1 _CZAZ—I
1€[N] 1€[N]

=> a7 Y0 @ | ) i =Dl e Y g
1E€[N] jeNfeFl 1E€[N]

apply-foru:ﬁ—l)
—ZAEsz)\*—cé—l Z Z “Hpi(\) — e(l; — 1) —CZ

1E€[N] ze[N]]e/\/ = 1E€[N]
) l;—1
—ZAK o) — el — 2)] — Z Z Z cu]—cz Zgj
1€[N] i€[N] u=¥; 2]6N+ 1€[N] u=£;—2
(apply foru=1¢; —2)
- l;i—1 l;—1
=Y W=D D D ) —eul—e > D
1€[N] i€[N] u=1 jej\/;ru i€[N] u=0
£i—1
- Z ?Q?pi()\* Z Z h p] — cu] —c Z ZQZ‘ (B.9)
1E€[N] 1€[N] (4, u)€+C i€[N] u=0
iEN,

Hence, by substituting -,y inil [pi(Af) — ¢t;] using (B.9), II can be expressed as

I = Zyzp’b Z Z iy [pi(A]) — _CZZ

1€[N] 1€[N] (j,u) i€[N] u=0
zE/\/+
—i—Z Z +pj()\)—cu—c£§fj]
1€[N] (j4,u)€EC:
l;—1
=D Wm0 Y EmOD —e D D —e Yy Y Et
1€[N] i€[N] (j,u)€C: i€[N] u=0 i€[N] (j,u)€eC:

e N +
€N, iEeNT,
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i€[N] i€[N] u=0 1€[N] (j,u)€eC:
ZE./\/'Jr

where (a) is due to (B.5|). Therefore, II is equivalent to the fluid objective value under the
feasible solution A*, &7, g;* and 99, and thus we have g > II. (]

B.2.2  Proof of Proposition [J
The proof of Proposition [] is built on the following two lemmas.
Lemma 6. Vi,j € [N], £} ; + 1 = min,epg, 1) {€}"; + u}.

Proof. Proof of Lemma [6] Suppose, for the sake of contradiction, that there exists an integer
2 <wv </{;—1such that £}, +v < €1 + 1. Note that the total travel distance £} ; + (v —1)
represents a feasible path Startlng from node (j,1) that first travels to (j,v) and then begins
the shared ride with 7. By the definition of the shortest shared-ride distance, we must have
Ellj <47 ;+(v—1). Adding 1 to both sides yields E}J +1 < ¢/, +v, which directly contradicts
our assumption. O ]

Lemma 7. Vi € [N], (j,u) €C, ifi € N thenzej\/‘+

Ju’

Proof. Proof of Lemma |7 If v = 1, the lemma clearly holds. Suppose i € N * for some
u > 2. Based on the trip length condition, we have £}, < {; +{; — u. Comblnmg this with
Lemma@ ie. E}J + 1 < £ + u), we obtain:

G <Ci+u—1<(li+li—u)+u—1=46+6—1.

This implies that i and (j, 1) satisfy the trip length condition.

Now consider the backtracking condition. If (j,u) is not on any shortest path from O;
(exclusive) to Dj, then (j,1) must also not be on any such shortest path. This follows
because (j,u) lies on the shortest path from (j,1) to Dj;; if (j,1) were on a shortest path
from O; to Dj, then by the optimality of sub-paths, (j,u) itself would also be on that
shortest path, leading to a contradiction. Therefore, i and (j, 1) satisfy the backtracking
condition.

Since i and (j, 1) satisfy both the trip length condition and the backtracking condition,
i e N O O

Now we go back to the proof of Proposition [5 Note that after relaxing the ratio con-
straints (3.2d)), C'(A) can be obtained via the following dual problem:

C(A) = AiXivi
(A) max E gl
1€[N]

st v — & <e, Vi € [N], (B.10a)
g — et <o, Vie [N,1<u</t;—2ucZ, (B.10b)
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g <. Vi € [N], (B.10c)
Vi + & < el V(j,u) € C,i € N, (B.10d)
Let ~;(A) be an optimal value of 4; under A = A. Fixing v; (), let
EXA) = %i(N) —cu, V(i,u) €C.

The following lemma shows that (v;(X),%(X)) gives an optimal dual solution.

Lemma 8. Assume ;(\) is an optimal value of v; when A = X. Then, £4(X) = 7i(A) — cu
gives an optimal value of &'

Proof. Proof of Lemmal Note that if all constraints are binding, we have
€' (A) = %(A) — cu, V(i,u) € C. Therefore, assume by contradlctlon that there exists an
optimal solution 4;(A) and £*(A), such that at least one constraint in B.104))-(B.10b) is
not binding. Now consider the following two cases.

For constraint (B.10al), if there exists i € [N], such that Yi(A) — EH(A) < ¢, then for all
0 < u < ¥¢;, we can decrease the value of f“( ) by a sufficiently small value ¢ > 0. It is easy
to verify that all other constraints (| m are still satisfied since the right-hand
sides are unchanged and the left-hand sides are non-increasing with respect to the decrease
in 5?(5\), and the objective value is unchanged, thus we can always let %(5\) - 5}(5\) =c
hold for all i € [N].

Similarily, for constraint , suppose there exists i € [N] and 1 < u < £; — 2
(u € 7), such that E4(A) — €T (X) < ¢. Then for all v > u + 1, we decrease the value of
& ( A) by a sufficiently small value £ > 0. All other constraints B.10c|) and ( m
are still satisfied. Therefore, we can always let £4(A) — §“+1()\) =c hold for all i € [N] and
1<u</t;—2(ucZ).

Consequently, we can always find an optimal value of £ such that all constraints -
are binding, which leads to &*(X) = 7;(A) — cu, V(i,u) € C. O O

Now, consider the case Where the platform implements the matching policy (3.5} . under
an optimal dual solution (7;(X),£%(X)). Suppose a solo rider (j,u) is matched with a new
rider ¢ € /\/;ru By the definition of the matching policy and the lower bound provided by
Lemma [0 the following must hold:

Yi(A) = el — E4X) = (€5 +u) — (X)) = e(lh; + 1) — 7;(X). (B.11)

Rearranging this yields the lower bound: ~;(X) 4 v;(A) > c(li; +1).

On the other hand, since ¢ € ./\/'Jr Lemma |7] implies that ¢ € J\H. Substituting the
optimal dual form from Lemma |§ I mto the dual constraint m for the pair ¢ and (7, 1),
we obtain:

%A + A =%(A) + (1 (A) — o) < el .

Rearranging this yields the upper bound: ~;(X) 4 7;(A) < c(ﬁl{j +1).
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Combining the lower and upper bounds, we must have ~v;(A) 4+ v;(A) = C(EZ{]- + 1).
Consequently, all inequalities in (B.11)) must hold as equalities, implying that G+ u =
0+ 1. O

7]

B.3 Other Results Based on Chicago Ridesharing Data

B.3.1 Training Data Results

This subsection presents additional computational results based on Chicago ridesharing
data. Table is the corresponding training results for time window defined in Sec-
tion [3.4.2] using a synthetic training dataset generated over a sufficiently long horizon with
mean arrival rates estimated from the true training data.

Cost ($/mile) c=0.7 c=09 c=11

‘Waiting Window (min) 0 0.5 1 1.5 2 0 0.5 1 1.5 2 0 0.5 1 1.5 2
Profit Pre-trip  2.631 4.001 4.824 538 5796 0.292 0.763 1.322 1.767 2.123 0.000 0.000 0.000 0.000  0.037
($/min) Combined 4.769 5.282 5700 6.075 6.399 1449 1.779 2.090 2.385 2.651 0.000 0.084 0.214 0.338  0.510
Difference 81.2% 32.0% 18.1% 12.8% 10.4% 396.9% 133.3% 58.1% 35.0% 24.9% - oo oo oo 1287.6%
Quoted Price Pre-trip  0.850 0.795 0.774 0.762 0.752 0.950 0.900 0.869 0.852 0.841 1.000 1.000 1.000 1.000  0.985
(8/mile) Combined 0.798 0.778 0.764 0.755 0.747 0.890 0.870 0.853 0.840 0.831 1.000 0.982 0.959 0.944  0.928
mie Difference -6.1% -2.1% -1.2% -0.9% -0.7% -6.3% -3.4% -1.9% -1.4% -1.1% 0.0% -1.8% -4.1% -5.6%  -5.8%

Payment Pre-trip  0.850 0.788 0.764 0.751 0.741 0.950 0.884 0.841 0.819 0.807 - - - - 0773

$ /mile) Combined 0.790 0.770 0.755 0.744 0.736 0.870 0.847 0.826 0.811 0.801 - 0.880 0.877 0.849  0.830

(8 /mile Difference -7.0% -2.3% -1.2% -0.8% -0.7% -8.5% -4.2% -1.7% -1.0% -08% - - - - 74%
Throughput Pre-trip  4.238 5.797 6.397 6.739 7.006 1.410 2.830 3.696 4.175 4.491 0.000 0.000 0.000 0.000  0.412

( e /min) Combined 5.713 6.277 6.656 6.936 7.158 3.095 3.686 4.167 4.511 4.762 0.000 0.498 1.154 1577  2.029
requests/mmn Difference 34.8% 8.3% 4.1% 2.9% 2.2% 119.4% 30.2% 12.7% 8.0% 6.0% - oo oo oo 392.5%
Match Rat Pre-trip  0.000 0.409 0.541 0.607 0.646 0.000 0.355 0.523 0.612 0.662 - - - - 0720

atch Rate Combined 0.601 0.675 0.726 0.760 0.786 0.612 0.689 0.743 0.780 0.805 - 0.776 0.808 0.867  0.899
On-trip Match Portion Combined 1.000 0.674 0.454 0.328 0.249 1.000 0.729 0.498 0.355 0.268 - 0.798 0.587 0.401  0.276
Cost Effici Pre-trip  0.000 0.109 0.165 0.198 0.222 0.000 0.086 0.154 0.194 0.220 - - - - 0.360
os clency Combined 0.160 0.190 0.216 0.235 0.253 0.160 0.188 0.213 0.234 0.252 - 0.247 0.244 0.267  0.290
Average Detour Rate Pre-trip - 0.095 0.079 0.071 0.064 - 0.103 0.083 0.072 0.066 - - - - 0.000
(matched requests) ~ Combined 0.099 0.094 0.089 0.083 0.078 0.098 0.094 0.089 0.084 0.079 - 0.054 0.076 0.077  0.075

Table B.1: Training results on Chicago data.

B.3.2  Regional Pricing Effects

In this section, to understand the reason behind the small price increase around the densest
downtown zones in Figure we compare three policies: (1) pre-trip matching and the
associated pricing policy, (2) combined matching under the pre-trip pricing policy, and (3)
combined matching and the associated pricing policy. We separate the small downtown
region where prices increase versus the outskirts as shown in Figure Figure
presents the cost efficiency for each region achieved by each of the three policies. We also
define five types of matching outcomes for any request: (1) matched with a downtown
rider pre-trip, (2) matched with an outskirts rider pre-trip, (3) matched with a downtown
rider on-trip, (4) matched with an outskirts rider on-trip, or (5) unmatched and dispatched
solo. Figure presents the matching outcome distributions over downtown and outskirts
requests for each of the three policies.
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Under the pre-trip matching and pricing policies (first column in Figures
and , downtown requests achieve high cost efficiency (0.24) and are mainly matched pre-
trip with other downtown requests (48.5% of all downtown requests). Meanwhile, outskirts
requests achieve a lower cost efficiency (0.13) despite a high pre-trip match rate (35.3% with
other outskirts riders). In other words, pre-trip matching alone is highly efficient downtown,
but inefficient in the outskirts.

Fixing the pricing policy and adding on-trip matching (second column in Figures
and , outskirts riders benefit significantly (cost efficiency increases from 0.13 to
0.18), whereas downtown riders only see modest improvement (cost efficiency increases only
from 0.24 to 0.25). Figure illustrates that rather than simply adding on new match-
ing opportunities, the addition of on-trip matching in fact suppresses pre-trip matching: a
downtown (or outskirts) request is less likely to be matched pre-trip with another down-
town (or outskirts) request, and more likely to be matched on-trip (Figure . Then,
re-optimizing the pricing policy (third column in Figures [B.1b] [B.2b| and [C.1)) reinforces
this shift. The (slight) increase in downtown prices further reduces pre-trip matching be-
tween downtown riders, and shifts the downtown riders towards more on-trip matches with
outskirts riders. Meanwhile, in the outskirts, the price decrease is driven by the dominant
effect of more efficient on-trip matches.

0.301 I Downtown
[ Outskirts

o
N
[

>
E 0.20
2
8{5 0.15
]
&)

S
=
S

Combined matching  Combined matching
(pre-trip pricing) (optimized pricing)

Pre-trip matching

(a) Region Split (b) Cost Efficiency Distribution

Figure B.1: Downtown/outskirts region split and the cost efficiency distribution in downtown versus
outskirts across the three policies (¢ = 0.7, waiting period is 1 min).
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Figure B.2: Matching outcome distribution over downtown/outskirts requests (¢ = 0.7, waiting
window = 1 min).
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Appendix C
SUPPLEMENTARY MATERIALS FOR CHAPTER 4

C.1 Case

C.1.1 Introduction

Eliot George is the CEO of Calyber, a ridesharing company based in Chicago, Illinois.
When he founded Calyber several years ago, Eliot was driven by a firm belief: to truly
succeed, Calyber must offer shared rides—where each driver transports multiple compatible
passengers in a carpool-like service. Having grown up in Los Angeles, Eliot was all too
familiar with the frustrations of traffic congestion. This experience deeply shaped his vision
for Calyber. He was fond of saying that if the company failed to achieve a high level of
ride sharing, it would be no different from a traditional taxi service—just one with a slick
mobile app.

But offering a profitable shared rides service had turned out to be more difficult than he
had once imagined. Downtown, Calyber kept prices low to attract customers. But prices
were so low that even with most riders matching with compatible co-riders, Calyber was
unable to recoup its dispatching costs. Outside of downtown, prices were higher, but this
caused separate issues. Most riders who booked a shared ride were never matched with
compatible co-riders; meanwhile, those who did share were often sent on long, costly routes
picking up co-riders all over the city. This had turned Calyber into the butt of jokes on
social media, as vocal customers complained about irritating co-riders and long detours.
(Customers with positive experiences rarely posted on social media, Eliot noted with some
chagrin.)

Faced with these challenges, Eliot decided to discuss a way forward with Calyber’s Chief
Scientist, Thea Bruckner. He hoped that together, they could design a shared rides product
that could achieve high ridership and profitability at the same time.

C.1.2 Background

A ridesharing platform is a transportation service provider that connects customers (riders)
with drivers who can take them from their origins to their desired destinations, usually via
a mobile app.

Lyft was founded in 2007 by Logan Green and John Zimmer as an intercity carpool
service between college campuses, before shifting in 2013 to short-distance rides [§]. Uber
was founded in 2009 by Travis Kalanick and Garrett Camp after they had difficulty hailing
a taxi in Paris and sought to make the experience as simple as pushing a button on a
smartphone [I11].

Initially, both companies focused on solo rides, similar to a taxi service. This changed
in 2014 when both companies (within a day of each other!) launched shared rides in San



152

Francisco [7]. The products, dubbed UberPool and Lyft Line, offered riders lower prices in
exchange for potentially sharing the ride with other riders in a carpool-like service. The idea
was that multiple riders with compatible origins and destinations could be served concur-
rently (matched) with the same driver, reducing vehicle miles and improving efficiency. As
Kalanick put it, “We saw a lot of people pushing the same button at the same time going
essentially to the same place. And so we started thinking about, well, how do we make
those two trips and turn them into one?” [I06] The platform would benefit by serving more
riders at lower cost; riders would benefit if lower costs translated into prices low enough to
make them willing to share; and Zimmer even claimed that vehicle miles would be reduced
so much as to enable the “end of traffic” [61].

Within a few years, the new shared rides products became core offerings, comprising
20-30% of all rides [70, [72]. In 2018, Uber doubled down on shared rides and launched Uber
Express Pool, a low-cost variant of UberPool that charged riders low fares in exchange for
walking toward meeting points with other riders [I08]. At the same time, Lyft announced
its ambition for 50% of its rides to be shared by the end of 2020 [72].

However, operational challenges have prevented shared rides from living up to their
lofty aspirations. After the launch in 2014, both companies sought to “win” riders in San
Francisco, chiefly by keeping prices low—Uber even offered a $5 flat fareE But at the same
time, Uber’s algorithms struggled to match riders: the match rate, or the fraction of riders
who get matched with another rider, was reportedly only 8%. The combined effect was
that Uber was essentially offering ultra-cheap solo rides, a practice that lost $1 million a
week and that was subsequently described as “bleeding cash subsidizing rides [without] a
plan for tomorrow”. Over the next few months, Uber improved its matching algorithms
and achieved a match rate of almost 25%E| But this improvement was still not enough to
break even. Attempting to cut its losses, Uber raised prices, which then tanked ridership
by 22% [1].

Compounding these difficulties, the COVID-19 pandemic compelled both companies
to shut down shared rides entirely to aid physical distancing. Recognizing the difficulty of
bringing customers back to shared rides, Lyft’s and Uber’s relaunches in 2021 and 2022 came
with a strong emphasis on affordability for inflation-conscious customers. Lyft included an
option to reserve shared rides early for an extra discount, promising “the most affordable
pricing available” [73]. Meanwhile, Uber launched a pricing policy that would offer further
discounts to riders if they were matched with co-riders. As Uber CEO Dara Khosrowshahi
explained, “you get a deeper discount if you get matched up with somebody, so it’s in your
interest to get matched up... taking that sharing to the next level and the discounts to the
next level” [110], 80]. However, these launches struggled to find traction [33], and in the
face of financial difficulties, Lyft stopped offering shared rides in 2023 [29]. Announcing the
decision, Lyft CEO David Risher explained that “The problem with shared trips is that
they take people out of their way. At some point you have to pay attention to what your
customers want.”

1See Figure for a timeline of the pricing policies that Uber and Lyft experimented with over the first
year launching shared rides.

2See Figure for the match rates of Uber and Lyft’s shared rides in Chicago over recent years.
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The up-and-down history of shared rides highlights the following operational challenges.
First, matching requires multiple riders with compatible origins, destinations, and request
times, which can be rare unless demand density is sufficiently high. Second, low prices
are needed to attract riders and achieve enough density for efficient matching, but can
create losses for the platform if riders cannot be matched effectively. In trying to strike a
balance, platforms may set prices that are both too high to attract riders and too low to
comfortably sustain. These operational challenges fuel skepticism that shared rides can be
operated viably.

At the same time, these challenges present an opportunity for any ridesharing company
that can solve the puzzle of a viable shared rides product. In 2025, Uber promoted new
features called Route Share and Price Lock, aimed at making regular trips (e.g., to and
from work or major events) more affordable to combat continued inflation and improve
accessibility [911 [103], [104]. Lyft also started experimenting with shared rides again, reintro-
ducing them at airports with high demand density [71]. Moreover, beyond the high-density
corridors formed by commutes, major events, and airport trips, low-density neighborhoods
are an underserved market primed for innovation.

C.1.3 Calyber’s Operations

Calyber is based in Chicago, Illinois and focuses entirely on offering shared rides. Its
platform is used by about 35,000 customers per day. The service is on-demand, which
means that riders can expect to be served quickly. Calyber might let riders wait on the
platform to give time for compatible co-riders to arrive, but this waiting time is kept short
(e.g., at most a few minutes) to ensure customer satisfaction. Calyber also guarantees that
each rider will be matched with at most one other co-rider.

To request a ride, a rider can open Calyber’s mobile app, enter her origin and destination,
and receive a price quote (this is called a rider session). If the rider is willing to pay the
quoted price (she decides chiefly based on the price per unit distance, in $/mile), then
she requests a ride. Otherwise, she leaves the platform. The rider’s willingness to pay is
unknown to Calyber.

After a rider makes a request, Calyber makes a dispatch decision. If there is another
compatible rider currently waiting on the platform, Calyber can match the two riders and
dispatch them immediately in a shared ride. Otherwise, Calyber can let the rider wait on
the platform for a short period. The rider has limited patience, so she is willing to wait only
for a limited sojourn time, which is also unknown to Calyber. If her patience expires, then
as she is about to exit the platform, Calyber can intervene and dispatch her immediately in
a solo ride. Whether the dispatch is shared or solo, Calyber pays the driver $0.70/mile to
perform the dispatch. As Calyber is known to treat drivers well, there are sufficient drivers
to ensure that a driver is available for immediate dispatch.

A critical feature of shared rides is that the average cost per request depends on demand
density. When demand density is high (i.e., more riders request similar trips at similar
times), it is easier to find matches with low detours. Then, a single driver can serve mul-
tiple requests with only slightly longer routes, reducing the average cost per request. By
contrast, when demand is sparse, it is more difficult to find matches. Consequently, the



154

platform dispatches more requests along routes with longer detours or even solo, increasing
the average cost per request.

C.1.4 A New Engine for Pricing and Matching

Calyber’s pricing and matching engine had been designed by one of its founding engineers,
Nick Bailey. Unfortunately, Nick was no longer at Calyber, and the engine was a black box
to the rest of the engineering team (hastily-written code from the early years of a startup
is not known for tidiness).

Eliot and Thea agreed that Calyber could not address its operating issues without over-
hauling its pricing and matching engine, and decided to discuss the best way to move
forward.

Eliot: The shared rides product isn’t working for us—we’re bleeding cashE| I think we need
to raise prices. And it seems that the engine is pretty complicated and has caused
your team a lot of trouble. What if we simplify and charge everyone a flat price, like
$0.80/mile?

Thea: I agree that we should raise prices, although we should be careful not to drive away
riders. As for the flat price, I see the appeal of simplicity, but I don’t think charging
different riders different prices is the problem. Actually, charging different riders
different prices can be a good thing. Downtown riders are matched more than the
riders in the outer neighborhoods, so they cost us less per mile. Shouldn’t they get
lower prices?lﬂ

Eliot: What do you think is the problem with the engine, then?

Thea: To me, the problem with the engine is that its pricing decisions are completely black
box. It’s impossible to troubleshoot. Remember a couple weeks ago when a bug made
it into production and we tanked the price of airport rides for an entire weekend? It
took my team days to track down the issue.

Eliot: Yeah, we need to make sure that this kind of mistake never happens again. That’s
one reason why I proposed a flat price for everyone. But you made a good point just
now—different riders cost us different amounts per mile. So, what about pricing at
cost? It seems like we could at least differentiate downtown and outer riders.

3See Table (“Nick’s engine”) for Calyber’s Key Performance Indicators (KPIs) under the current
engine.

4See Figure for demand, cost, and price (as priced by Nick’s engine) across different neighborhoods
of Chicago.



Thea:

Eliot:

Thea:

Eliot:

Thea:

Eliot:

Thea:

Eliot:

Thea:

155

We can model costs at an even more granular level than downtown versus outer. We
record every route that our drivers take, including all rider pickups and dropoffs. We
can easily use the routes to calculate the average cost by origin and destinationﬂ

Great. What do you think riders will think of our pricing strategy?

That’s another piece we should figure out. Every time a rider uses the mobile app,
we record the origin, destination, price, and whether the rider makes a requestﬁ We
could use this historical data to learn how riders respond to our prices and build a
demand model. Combining the demand model with the cost model, we can set prices
that maximize profit.

This sounds good to me. So, pricing is resolved then. What will we do about matching,
then?

There’s so much to do on the pricing side that I haven’t thought about matching yet.
I’'m hoping that we’ll have enough customers that we won’t have to worry so much
about matching. Then we could do something simple. Say a rider has just made a
request on the platform. If there are no compatible co-riders waiting for dispatch,
then let the arriving rider wait. But if there are compatible co-riders waiting on
the platform, then match the arriving rider with the waiting rider that generates the
highest level of cost saving in their shared route.

That sounds reasonable to me. Why would we ever match any other way?

Well, it’s possible that if we let the arriving rider wait even longer before we dispatch,
then other compatible riders might arrive and we might be able to find better matches.
But by waiting, we also risk riders trying to cancel their rides if we make them wait
too long.

Waiting can be valuable, then. You talked about using historical data to understand
how riders respond to prices. Can we also use it to understand how they feel about
waiting?

Maybe... We do record riders’ waiting time from arrival to dispatch in our databasem
But we’re missing some information—for riders who are matched with other riders,
we don’t know how long they would have waited otherwise. I think this would be
difficult for us to do right—we already have a lot to do on the pricing side, and my
team is stretched pretty thin. Why don’t we focus on getting a simpler prototype up
and running, and work on this waiting idea later?

5See Table
6See Table|C.3
"See Table|C.3

for a snapshot of Calyber’s routing database.

for a snapshot of Calyber’s rider database.

for a snapshot of Calyber’s rider database, “Waiting Time” column.
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Eliot: I see. I do like the idea of giving customers fast service, so let’s go with your first idea.

Thea: Sounds great to me. We'll get started right away on implementing the new engine,
and we’ll kick off an experiment to track profit, match rate, and throughput.

Eliot: Sounds like a plan.

Thea’s team implemented the new engine and piloted it in an experimentﬁ Thanks to
an increase in prices, profit increased—instead of losing $3.76 per minute, Calyber was now
making $2.47 per minute in profit. Thea was happy that the new engine was profitable, but
suspected that there was still room for improvement. Throughput had dropped by 76%,
from 16.82 to 4.02 riders per minute. As a result, the match rate dropped from 80% to 59%.

Thea wondered if they had raised prices too quickly. Should they back off the higher
prices? If so, were the demand and cost models accurate enough to quantify the impact of
such a pricing change? And could they do anything else to increase demand beyond simply
adjusting prices up and down? Finally, if they did have to keep prices at the higher levels,
could they improve match rates with the existing throughput? She called a team meeting
to discuss these questions and chart a path forward.

FExhibits

Downtown
Outer
Neighborhoods —)1
—Y )

Figure C.1: Downtown and outer neighborhoods of Chicago.
Note: The downtown neighborhoods cover 20.36 square miles and have demand of 9.74 riders/min.
The outer neighborhoods cover 197.08 square miles and have demand of 18.73 riders/min.

8See Table (“Thea’s engine”) for Calyber’s Key Performance Indicators (KPIs) under the new engine.
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Nick’s Engine Thea’s Engine
Key Performance Indicator Downtown Outer Overall Downtown Outer Overall
Profit ($/min) -1.96 -1.79  -3.76 076  1.72 2.47
Throughput (#/min) 6.92 990  16.82 171 2.31 4.02
Match rate 0.86 0.76 0.80 0.67  0.53 0.59
Detour rate 0.14  0.14 0.14 0.14  0.14 0.14
Average quoted price ($/mile) 0.48  0.60 0.56 0.80  0.84 0.83
Average cost per rider ($/mile) 0.59  0.63 0.62 0.61 0.64 0.63

Table C.1: KPIs for Nick’s and Thea’s pricing and matching engines, by neighborhood type.

Note: “Throughput” is the number of requests served per minute. “Match rate” is the fraction of
requests that are matched with another request. For the calculation of “Detour rate” and “Average
cost per rider”, see the caption of Table

Route ID Rider ID OD Length Component Length Detour Rate Cost

(miles) Overlap Solo Total ($/mile)
1 76 5.28 0.00 5.28 5.28 0.00 0.70
2 89 4.69 2.72 2.04 594 0.01 0.51
2 96 3.39 2.72 118 594 0.15 0.52

Table C.2: Sample of Calyber’s data on routes taken to fulfill rider requests.

Note: Details of Route 2 are given in Figure

“OD Length” is the direct distance from the rider’s origin to destination.

“Overlap Length” is the distance of the route component when both riders are in the vehicle.
“Solo Length” is the distance of the route component when only the given rider is in the vehicle.
“Total Length” is the length of the entire route, including shared and solo components for all riders
(e.g., 5.94 =2.72 +2.04 + 1.18).

“Detour Rate” is the fraction of the OD length that is added for sharing (e.g., 0.01 = (2.72 +2.04 —
4.69)/4.69).

“Cost” is the cost per mile of fulfilling the given rider, allocating the cost along the shared component
equally between the two riders (e.g., 0.51 = 0.7(2.72/2 + 2.04) /4.69).

Rider Route Arrival Arrival Pickup Pickup Dropoff Dropoff Pickup Dropoff Solo Quoted Converted Waiting Matched

ID ID Date Time Lat Lon Lat Lon Area Area Length  Price Time With
(miles)  ($/mile) (seconds)
61 NaN 09/09 41.892  -87.665 41.881 -87.633 24 32 1.83 0.43 0 NaN NaN
76 1 09/09 41.961  -87.752 42.009 -87.673 15 1 5.28 0.74 1 473.59 NaN
89 2 09/09 41.958  -87.653 41.895  -87.620 3 8 4.69 0.61 1 15.00 96
96 2 09/09 41.929  -87.646 41.881 -87.633 7 32 3.39 0.57 1 0.00 89

Table C.3: Sample of Calyber’s data on rider sessions.

Note: Riders who were quoted a price but did not request a ride have “Converted” = 0 and “Waiting
Time” = NaN. Riders who requested a ride but were not matched with another rider have “Con-
verted” =1 and “Matched With” = NaN.
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Figure C.2: Illustration of the components of routes serving riders 89 and 96. Calyber currently
cannot afford either a commercial mapping service or the development of an in-house alternative, so
it relies on Haversine distance for routing.

Note: The labels Ogg, Ogg, Dgg, and Dgg denote the origins and destinations of riders 89 and 96,
respectively. Figure shows the routes followed if both riders are dispatched unmatched. In this
case, their dispatching costs are based on the OD lengths fg9 and fgg.

Figure shows the route followed when the riders are matched. In this case, the route is divided

into solo components of length £53° and £33, and an overlap component of length (gy’s¢. The

dispatching cost attributed to riders 89 and 96 are £531° + Sy ™ and 03y 5 + £33, respectively.
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Figure C.3: Demand (riders per minute), cost per rider ($/mile, under Nick’s engine), and quoted
price ($/mile, under Nick’s engine) across different neighborhoods of Chicago, for a typical weekday
7:30-8:30am.

Note: Cost per rider can be above $0.70/mile because of detours. Neighborhoods with limited data
due to low demand are shaded gray and excluded.
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