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We study Hopf algebras of finite Gelfand-Kirillov dimension. By analyzing the free pointed

Hopf algebra F (t), we show the existence of certain Hopf subalgebras of pointed Hopf

domains H with 2 ≤ GKdimH <∞. Using Takeuchi’s construction of free Hopf algebras,

we study the GK-dimension of a pointed Hopf algebra H and its associated graded Hopf

algebra grH. We also get some lower bounds of GK-dimension of Hopf algebras in terms

of certain invariants of skew primitive elements. With the help of these results, we classify

connected Hopf algebras of GK-dimension 3. We introduce the notion of coassociative

Lie algebras, which generalize both the notions of Lie algebras and coalgebras (without

counits). It turns out to be very useful in our classification of connected Hopf algebras of

GK-dimension 4, which is accomplished in the last part of this paper.
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Chapter 0

INTRODUCTION

The Gelfand-Kirillov dimension (GK-dimension for short), which measures the growth

of an algebra, is a very useful and powerful tool for investigating noncommutative algebras.

Since the popularization of quantum groups around 1980’s, a great number of noncommu-

tative Hopf algebras have been introduced and GK-dimension naturally becomes a good

invariant for them. In the past few years, Hopf algebras of finite GK-dimension have been

studied intensively [AA, AS1, AS2, Br1, Br2, BG1, BG2, BZ, GZ2, LWZ, WuZ1, WuZ2].

Since the structure of a Hopf algebra is very rigid by its definition, it is quite possible

to classify certain Hopf algebras with finite GK-dimensions. For example, Andruskiewitsch

and Angiono classified pointed Hopf domains with finitely generated abelian group G(H),

and generic infinitesimal braiding [AA, Theorem 1.1].

In [LWZ], Lu, Wu and Zhang introduced the notion of homological integral of Hopf

algebras, which is a generalization of integral of (finite-dimensional) Hopf algebras and

turns out to be a very useful tool. Also in the paper, they initiated the classification of

affine noetherian Hopf algebras of Gelfand-Kirillov dimension one. This was carried on by

Brown and Zhang in [BZ], where they studied some classes of prime regular Hopf algebras

of GK-dimension one. In [GZ2], Goodearl and Zhang moved to GK-dimension two. To be

precise, they assumed the following hypothesis

(H) H is a Hopf algebra domain which is either affine or noetherian, the base field k is

algebraically closed of characteristic zero, and GKdimH = 2.

They classified all Hopf algebras satisfying (H) and the extra condition Ext1
H(Hk,Hk) 6= 0.

In this paper, we are going to study Hopf algebras of finite GK-dimension. Here are the

brief summaries of each chapter.

Chapter 1: Preliminaries

In this chapter, we recall some definitions related to Hopf algebras.

Chapter 2: Existence of Hopf subalgebras of GK-dimension two

This chapter is devoted to the study of Hopf subalgebras of a pointed Hopf algebra. The

idea is simple: in order to understand a Hopf algebra of higher GK-dimensions, we look at

its Hopf subalgebras, which in general have smaller GK-dimensions, and try to find some

connections.
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For Hopf algebras of GK-dimension 2, the easiest examples one might think of are U(g),

where g is a 2-dimensional Lie algebra, and the group algebra kZ2. While the two Hopf

algebras are both pointed of the same GK-dimension, they live on two extremes: U(g) is

connected, which means that the only group-like element is the unity 1; kZ2, on the other

hand, is spanned by its group-like elements. In [GZ2], Brown and Zhang introduce two

classes of Hopf algebras of GK-dimension 2, namely A(b, ξ) and C(b+1) (See Example 1.4.6

and 1.4.7), which live “between” the two extremes: they are pointed, but neither connected

nor group algebras.

It turns out that the four Hopf algebras are ubiquitous in the sense that if H is a

pointed Hopf algebra satisfying certain assumptions, then H must have a Hopf subalgebra

isomorphic to one of the four mentioned above (Theorem 2.4.10). This result suggests

that pointed Hopf algebras (at least of small GK-dimension) can be constructed from some

“basic” Hopf algebras. Actually, this idea is exemplified in Chapter 3 as we build connected

Hopf algebras of GK-dimension three as extensions of U(g) where g is a 2-dimensional Lie

algebra.

Chapter 3: Properties of pointed Hopf algebras of finite Gelfand-Kirillov di-

mension

For a pointed Hopf algebraH, the coradical filtration {Hn}∞n=0 is a Hopf algebra filtration

in the sense that the associated graded algebra grH carries a natural Hopf algebra structure.

In the first part of the chapter, we study the relation between the GK-dimension of H and

that of grH. A well-known result [R2, Theorem 3] states that grH has a decomposition

grH ∼= R#kG, where R is a certain graded subalgebra of H and G is the set of group-like

elements of H. We prove that if R is finitely generated, then

GKdimR+ GKdim kG = GKdim grH = GKdimH.

For the rest of the chapter, we focus on connected Hopf algebras. The word “connected”

here means that the subspace k1 is the only simple subcoalgebra. This very restrictive

assumption forces connected Hopf algebras to have a lot of nice properties (Theorem 3.5.10

and Corollary 3.5.11). For example, the GK-dimension of a connected Hopf algebra over

an algebraically closed field of characteristic 0 is either infinity or a non-negative integer.

In fact, the GK-dimension of every known Hopf algebra is either infinity or a non-negative

integer. But we do not know whether this is true in general.

We also classify connected Hopf algebras of GK-dimension 3. The classification gives

some interesting Hopf algebras (see Theorem 3.6.8) and serves as a foothold for the study

of connected Hopf algebras of higher GK-dimension, as we shall see in Chapter 6.

Chapter 4: Lower bounds of growth of Hopf algebras

A seminal result of Gromov states that a finitely generated group has polynomial growth,
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or equivalently, the associated group algebra has finite Gelfand-Kirillov dimension, if and

only if it has a nilpotent subgroup of finite index [Gr]. Group algebras form a special class

of cocommutative Hopf algebras. It is natural to ask

Question 0.0.1. What are necessary and sufficient conditions on a finitely generated Hopf

algebra H such that its Gelfand-Kirillov dimension is finite?

It is clear that an affine (i.e., finitely generated) commutative Hopf algebra has a finite

GK-dimension (short for Gelfand-Kirillov dimension) which equals its Krull dimension. If

H is cocommutative and the base field k is of characteristic 0, by a classification result [Mo,

Corollary 5.6.4 and Theorem 5.6.5], it is isomorphic to a smash product U(g)#kG for some

group G and some Lie algebra g. Consequently,

GKdimH = GKdim kG+ dim g, (E0.0.1.1)

which solves Question 0.0.1 in terms of conditions on G and g. Question 0.0.1 is also

answered for several classes of noncommutative and noncocommutative Hopf algebras, in-

cluding quantum groups Uq(g) and Oq(G), see [BG2, GZ1]. This chapter attempts to study

Question 0.0.1 for a larger class of noncommutative and noncocommutative Hopf algebras

by providing three lower bounds of GK-dimension in terms of certain invariants of skew

primitive elements.

Chapter 5: Coassociative Lie algebras

In this chapter, we introduce the notion of a coassociative Lie algebra, which is an

essential ingredient in the classification of connected Hopf algebras of GK-dimension 4 in

Chapter 6.

Roughly speaking, a coassociative Lie algebra L is simultaneously a Lie algebra and a

coalgebra (without counit) satisfying some compatibility conditions, such that U(L) has an

induced bialgebra structure. However, the bialgebra U(L) is not always a Hopf algebra. In

fact, if U(L) is a Hopf algebra then it must be a connected Hopf algebra, and this happens

exactly when L is locally conilpotent (Theorem 5.3.5). Therefore, by examining locally

conilpotent coassociative Lie algebras, we have a systematic way to produce connected

Hopf algebras.

Chapter 6: Connected Hopf algebras of Gelfand-Kirillov dimension four

This chapter is part of the effort to understand connected Hopf algebras of finite GK-

dimension. In particular, with the notion of coassociative Lie algebras developed in the

previous chapter, we classify all connected Hopf algebras of GK-dimension 4. Actually, a

connected Hopf algebra of GK-dimension 4 must be isomorphic to one of following.

(a) Enveloping algebra U(g) over a Lie algebra g of dimension 4.
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(b) Enveloping algebra U(L) over an anti-cocommutative coassociative Lie algebra L of

dimension 4.

(c) Primitively-thin Hopf algebras of GK-dimension 4.

Although the “connected” assumption leaves us with less possibilities, it is still unlikely

that we can list all isomorphism classes of connected Hopf algebras. So the reason for the

classification is to find some invariants that might help us to understand connected Hopf

algebras in general.
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Chapter 1

PRELIMINARIES

Throughout this paper, k denotes a base field. All algebras, coalgebras and tensor

products are taken over k unless otherwise stated.

1.1 Gelfand-Kirillov dimension

Definition 1.1.1. The Gelfand-Kirillov dimension (GK-dimension for short) of a k-algebra

A is

GKdim(A) = lim sup
V

dV (n),

where the supremum is taken over all finite-dimensional subspaces V of A and

dV (n) = dimk(

n∑
i=0

V i).

The GK-dimension can be viewed as a non-commutative analogue of the Krull dimension.

In fact, for a finitely generated commutative algebra A, the GK-dimension of A is equal to

its Krull dimension. For more properties of the GK-dimension, a comprehensive reference

is [KL].

Example 1.1.2. Let U(g) be the enveloping algebra of a finite-dimensional Lie algebra g.

Then

GKdimU(g) = dimk g.

1.2 Coalgebras

Coalgebras are structures dual to algebras. A k-algebra (with unit) is basically a k-vector

space satisfying associative and unit laws, which can be expressed via the following com-

mutative diagrams.

Definition 1.2.1. A k-algebra (with unit) is a k-vector space A together with two k-linear

maps, multipication m : A ⊗ A → A and unit u : k → A, such that the following diagrams

are commutative:

(a) associativity

A⊗A⊗A m−−−−→ A⊗A

m

y ym⊗id
A⊗A id⊗m−−−−→ A
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(b) unit

k ⊗A u⊗id−−−−→ A⊗A id⊗u←−−−− A⊗ k

=

y ym y=

k ⊗A −−−−→ A ←−−−− A⊗ k

Now we may dualize the notion of algebras by reversing all the arrows in the diagrams.

Definition 1.2.2. A k-coalgebra (with counit) is a k-vector space C together with two

k-linear maps, comultipication ∆ : C → C⊗C and counit ε : C → k, such that the following

diagrams are commutative:

(a) coassociativity

C
∆−−−−→ C ⊗ C

∆

y y∆⊗id

C ⊗ C id⊗∆−−−−→ C ⊗ C ⊗ C

(b) counit

k ⊗ C 1⊗id←−−−− C
id⊗1−−−−→ C ⊗ k

=

y y∆

y=

k ⊗ C ε⊗id←−−−− C ⊗ C id⊗ε−−−−→ C ⊗ k

Next we recall some basic definitions related to coalgebras. Let C be a coalgebra. An

element g ∈ C is called group-like if ∆(g) = g ⊗ g. The set of group-like elements in

C is denoted by G(C). An element y ∈ C is called (g, h)-primitive if g, h ∈ G(C) and

∆(y) = y ⊗ g + h ⊗ y. We use Pg,h(C) to denote the set of (g, h)-primitive elements in C

[Mo, p.67]. If C = H is a Hopf algebra (see Definition 1.4.3), we simply write P (H) for

P1,1(H), the set of primitive elements in H.

The coradical C0 of a coalgebra C is defined to be the sum of all simple subcoalgebras

of C. The coalgebra C is called cosemisimple if C = C0, pointed if C0 = kG(C), and

connected if C0 is one-dimensional.

We now recall the definitions of graded coalgebras and coalgebra filtrations.

Definition 1.2.3. Let C be a coalgebra. If

(1) C =
∞⊕
i=0

C(i) as k-vector spaces,

(2) ∆(C(n)) ⊂
n⊕
i=0

C(i)⊗ C(n− i) for any n ≥ 0,

(3) ε(C(n)) = 0 for any n ≥ 1,
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then C =
∞⊕
i=0

C(i) is called a graded coalgebra.

Definition 1.2.4. Let C be a coalgebra and {Fn}n≥0 a family of subcoalgebras of C. Then

{Fn}n≥0 is called a coalgebra filtration if

(1) Fn ⊂ Fn+1 and C =
∞⋃
n=0

Fi,

(2) ∆Fn ⊂
∑n

i=0 Fi ⊗ Fn−i.

The associated graded coalgebra of C with respect to the filtration {Fn}n≥0 is defined to

be grF C =
⊕

n≥0 Fn/Fn−1, where F−1 = {0}.

Starting from C0, one can build up a canonical coalgebra filtration {Cn} of C, which is

defined inductively by

Cn = ∆−1(C ⊗ Cn−1 + C0 ⊗ C).

This filtration is called the coradical filtration on C [Mo]. We simply use grC to denote

the associated coalgebra of C with respect to the coradical filtration. Also, we use grC(n)

to denote the n-th homogeneous component of grC (i.e. grC(n) = Cn/Cn−1).

Definition 1.2.5. Let C =
∞⊕
i=0

C(i) be a graded coalgebra with coradical filtration {Cn}.

Then C is called coradically graded if C0 = C(0) and C1 = C(0)
⊕
C(1). A graded Hopf

algebra H is coradically graded if it is coradically graded as a graded coalgebra.

In fact, for any coalgebra C, grC is coradically graded (see [AS2, Def 1.13]). The

terminology is justified by the following lemma.

Lemma 1.2.6. [CM, Lemma 2.2] If C is coradically graded, then

Cm =
⊕
i≤m

C(i).

The following lemma is actually in the proof of [Mo, Theorem 5.3.1].

Lemma 1.2.7. Let D be a coalgebra with coradical filtration {Dn} and let I be a non-zero

coideal of D. Then I ∩ D1 6= {0}. Moreover, if D is pointed, then I contains a non-zero

(g, h)-primitive element for some g, h ∈ G(D).

Proof. Consider the coalgebra map π : D → D/I. Then the kernel of π |D1 is I ∩ D1.

Suppose I ∩D1 = {0}, then π|D1 is injective. By [Mo, Theorem 5.3.1], π is injective. But

this implies I = {0}, which contradicts the choice of I.

Suppose further that D is pointed. The kernel of π|Pg,h(D) is I ∩ Pg,h(D). Suppose

I ∩ Pg,h(D) = {0} for any g, h ∈ G(D), then π|Pg,h(D) is injective for any g, h ∈ G(D). By

[Mo, Corollary 5.4.7], π is injective, which is a contradiction.
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1.3 Cobar constructions

Let C be a coaugmented coalgebra in the sense that there is a coalgebra map from the

trivial coalgebra k to C. (If C is a bialgebra defined in the next section, we just choose the

unit u : k → C to be the coaugmentation). Let J = C+, the kernel of the counit, and one

defines the reduced comultiplication on J by

δ(c) = ∆(c)− (1⊗ c+ c⊗ 1),

where 1 is the image of 1 ∈ k under the coaugmentation. Then the cobar construction

ΩC on C is the differential graded algebra defined as follows:

• As a graded algebra, ΩC is the tensor algebra T (J),

• The differential in ΩC is given by

∂nC =
n−1∑
i=0

(−1)i+1Id⊗i ⊗ δ ⊗ Id⊗(n−i−1).

Dually, given an augmented algebra A, one can construct a differential graded coalgebra

BA, which is called the bar construction of A. See [FHT, §19] for basic properties of

cobar and bar constructions.

1.4 Bialgebras and Hopf algebras

Definition 1.4.1. A k-space B is a bialgebra if (B,m, u) is an algebra, (B,∆, ε) is a

coalgebra, and either of the following (equivalent) conditions holds:

(a) ∆ and ε are algebra morphisms,

(b) m and u are coalgebra morphisms.

To introduce the notion of Hopf algebras, we still need the following definition.

Definition 1.4.2. Let C be a coalgebra and A an algebra. Then Homk(C,A) becomes an

algebra under the convolution product

(f ∗ g)(c) = m ◦ (f ⊗ g)(∆c)

for any f, g ∈ Homk(C,A) and c ∈ C. The unit element in Homk(C,A) is u ε.

Definition 1.4.3. Let (H,m, u,∆, ε) be a bialgebra. Then H is a Hopf algebra if there

exists an element S ∈ Homk(C,A) which is an inverse to idH under convolution ∗. The

element S is called an antipode for H.
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Sometimes we have to consider Hopf algebras with gradings.

Definition 1.4.4. Let H be a Hopf algebra with antipode S. If

(1) H =
∞⊕
i=0

H(i) is a graded algebra,

(2) H =
∞⊕
i=0

H(i) is a graded coalgebra,

(3) S(H(n)) ⊂ H(n) for any n ≥ 0,

then H =
∞⊕
i=0

H(i) is called a graded Hopf algebra. If in addition,

(4) H =
∞⊕
i=0

H(i) is a coradically graded coalgebra,

then H is called a coradically graded Hopf algebra.

Remark 1.4.5. For a Hopf algebra H, if the coradical H0 is a Hopf subalgebra of H,

then grH is naturally a Hopf algebra [Mo, Lemma 5.2.8]. Moreover, as mentioned in [AS2,

Deinition 1.13], grH is a coradically graded coalgebra and therefore a coradically graded

Hopf algebra.

A Hopf algebra H is called pointed if it is pointed as an coalgebra, i.e. H0 = kG(H).

In this case, G(H) is indeed a group and grH is also a pointed Hopf algebra.

We conclude this section by introducing two classes of pointed Hopf algebras defined in

[GZ2, Construction 1.1 and 1.4].

Example 1.4.6. Let A = k〈g±1, y | gy = ξyg〉, where ξ ∈ k×. Then A has a Hopf algebra

structure under which g is group-like and y is (1, gb)-primitive. We denote it by A(b, ξ).

Example 1.4.7. Let C = k〈g±1, y | gy = yg + gb+1 − g〉. Then C also has a Hopf algebra

structure under which g is group-like and y is (1, gb)-primitive. We denote it by C(b+ 1).
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Chapter 2

EXISTENCE OF HOPF SUBALGEBRAS OF GK-DIMENSION TWO

2.1 Introduction

Throughout this chapter, we assume that the base field k is algebraically closed of charac-

teristic 0.

The study of Hopf algebras of low Gelfand-Kirillov dimension (or GK-dimension for

short) provides profound insight into basic properties of general Hopf algebras. Noetherian

prime regular Hopf algebras of GK-dimension one were studied in [BZ, LWZ, Li]. Recently,

in their paper [GZ2], Goodearl and Zhang classified all noetherian Hopf algebras H over an

algebraically closed field k of characteristic zero which are integral domains of GK-dimension

two and satisfy the condition Ext1
H(k, k) 6= 0. After all the works listed above, it is natural

to consider Hopf algebras of GK-dimension three. One way to understand a Hopf algebra

with higher GK-dimension is to find some of its Hopf subalgebras that are more familiar to

us. As a small step towards this end, we will prove in this chapter that for certain pointed

Hopf algebras with GK-dimension ≥ 2, there always exists a Hopf subalgebra GK-dimension

two. We hope the result would offer some help in classifying Hopf algebras of GK-dimension

three.

The key step in achieving our main result is the analysis of the free pointed Hopf algebra

F (t) (see Example 2.2.1 for the definition). In the classification result of [GZ2], some of the

Hopf algebras discussed there are Hopf quotients of F (t). When t 6= 0, F (t) is a typical

example of infinite dimensional pointed non-cocommutative Hopf algebras. On the other

hand, if H is a pointed non-cocommutative Hopf algebra and y ∈ H is a (1, g)-primitive

element, then the Hopf subalgebra K generated by y and g±1 is a Hopf quotient of F (1).

So it would be interesting to know more about the Hopf structure of F (t).

In Section 3, it is shown that F (t), when t 6= 0, is coradically graded in the sense of

[CM, Lemma 2.2] with respect to the y-grading. In the same section, we also determine all

skew-primitive elements of F (t) when t 6= 0. It turns out that the coalgebra structure of

F (t), when t 6= 0, is quite different from that of F (0).

By understanding the Hopf algebra structure of F (t), we obtain the following theorem

on the existence of certain Hopf subalgebras of pointed Hopf algebras. Recall that for any

Hopf algebra H, we denote the set of group-like elements in H by G(H), and the coradical

filtration on H by {Hn}n≥0. Also, given a group G, we will use the standard notation k[G]

to denote the group algebra of G over k.

Theorem 2.1.1 (Theorem 2.4.10). Let H be a pointed Hopf algebra over an algebraically
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closed field k of characteristic 0. If 2 ≤ GKdimH <∞ and H is a domain, then H contains

a Hopf subalgebra of GK-dimension 2. To be precise,

(1) If GKdim k[G] = 0, where G = G(H), then H contains a Hopf subalgebra isomorphic

to U(h), where h is a 2-dimensional Lie algebra.

(2) If GKdim k[G] ≥ 2, then H contains a Hopf subalgebra isomorphic to kZ2.

(3) If H1 ) H0 = k[G] and GKdim k[G] ≥ 1, then H contains a Hopf subalgebra isomor-

phic to either A(b, ξ) or C(b + 1) (see Example 1.4.6 and 1.4.7) for some integer b

and ξ ∈ k×.

In fact, the characteristic zero condition is only used in part (1). Also, part (1) and

(2) of Theorem 2.1.2 do not require H to be a domain. Moreover, as suggested by known

examples, it is reasonable to conjecture that Theorem 2.1.2 still holds if H is weakened to a

prime algebra, except that in part (3) we might have to include some other classes of Hopf

algebras, besides A(b, ξ) and C(b+ 1), as possible Hopf subalgebras.

The essential ingredient for proving the main result of the chapter is the following the-

orem.

Theorem 2.1.2 (Corollary 2.3.5). Let K be a pointed Hopf algebra with finite GK-dimension.

If y ∈ K1\K0 is a (1, gb)-primitive element for some group-like element g 6= 1 and integer b,

then there are b0, · · · , bm, β ∈ k and ξ ∈ k× such that f = b0y+b1gyg
−1 + · · ·+bmgmyg−m ∈

K1\K0 and gf = ξfg + βg(gb − 1).

In fact, Theorem 2.1.2 can be viewed as an infinite-dimensional analogue of the following

theorem of D. Ştefan.

Theorem 2.1.3. [St, Theorem 2] Let H be a finite-dimensional pointed Hopf algebra. If

H is not cosemisimple, then there exist two natural numbers m and n, with m 6= 1 and m

dividing n, an m-th primitive root ω of unity and two elements g, x ∈ H such that

(1) gx = ωxg;

(2) g is a group-like element of order n;

(3) x ∈ P1,g and xm is either 0 or gm − 1.

2.2 Free Pointed Hopf algebra F (t)

In this section we introduce the free pointed Hopf algebra F (t) and study some of its basic

properties.
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Example 2.2.1. Let H = k〈x±1, y〉 be the algebra with relations xx−1 = x−1x = 1, then

H becomes a Hopf algebra via

∆(x) = x⊗ x, ∆(y) = y ⊗ 1 + xt ⊗ y,

S(x) = x−1, S(y) = −x−ty,

ε(x) = 1, ε(y) = 0,

where t is any given integer. We denote this Hopf algebra by F (t).

Proposition 2.2.2. The Hopf algebra F (t) has a k-linear basis

{xi1yxi2y · · · yxin+1 | (i1, · · · , in+1) ∈ Zn+1, n ∈ N}.

Proof. This is standard from the diamond lemma.

The Hopf algebra F (t) has several gradings, which turn out to be crucial in determining

its coradical filtration.

Proposition 2.2.3. There is a natural y-grading on F (t) under which F (t) becomes a

graded coalgebra.

Proof. The natural y-grading is given by setting degy y = 1 and degy x
±1 = 0. It is easy

to check that F (t) becomes a graded algebra by this setting, since the relations all preserve

the grading. This y-grading on F (t) induces a natural y-grading on F (t)⊗F (t) by defining

degy(f1 ⊗ f2) = degy f1 + degy f2, where f1, f2 ∈ F (t). Also notice that this grading on

F (t)⊗ F (t) is an algebra grading.

By definition of a graded coalgebra, we only have to show that if h ∈ F (t) is homogeneous

of y-degree n, then so is ∆(h). By Proposition 3.2.2, we may assume that h is of the form

xi1yxi2y · · · yxin+1 , where (i1, · · · , in+1) ∈ Zn+1. Now

∆(h) = ∆(xi1)∆(y) · · ·∆(y)∆(xin+1).

Notice that ∆(xij ) and ∆(y) are homogeneous of y-degrees 0 and 1, respectively. The result

then follows from the fact that F (t)⊗F (t) is a graded algebra with respect to the y-grading.

This completes the proof.

By analyzing the grading, we are actually able to determine the coradical of F (t). Notice

that by construction, the degree zero part of F (t) with respect to the y-grading is just k[x±1],

the subalgebra of F (t) generated by x±1.

Corollary 2.2.4. Let H = F (t). Then H0 = k[x±1]. As a consequence, F (t) is a pointed

Hopf algebra.
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Proof. By the previous proposition, H is a graded coalgebra with respect to the y-grading.

The coalgebra grading induces a coalgebra filtration {An}n≥0 on H with A0 = k[x±1]. By

[Mo, Lemma 5.3.4], A0 ⊃ H0. On the other hand, A0 is spanned by group-like elements

and thus k[x±1] = A0 = H0.

There is also a natural x-grading on F (t) given by setting degx x
±1 = ±1 and degx y = 0.

Remark 2.2.5. Note that F (0) is a cocommutative Hopf algebra. In this case, the Hopf

structure is well understood. In fact, by [Mo, Corollary 5.6.4, Theorem 5.6.5], F (0) ∼=
U(g)#k[x±1], where g is the set of primitive elements in F (0). Actually, g is the free Lie

algebra generated by {xnyx−n | n ∈ Z}. It is easy to see that F (0) is coradically graded by

setting deg x±1 = 0 and deg f = 1 for any f ∈ g. Moreover, it is not hard to prove that

every non-zero Hopf ideal I of F (0) is generated by elements in g and possibly an element

of the form xn − 1 for some positive integer n. So in next section, we will focus on the case

t 6= 0.

2.3 The coradical filtration of F (t) when t 6= 0

In the section, we study the coradical filtration of the free Hopf algebra F (t) described in

Example 2.2.1 with t 6= 0. We can further assume that t > 0, since it is obvious that

F (t) ∼= F (−t) as Hopf algebras for any integer t. We will show that H is a coradically

graded Hopf algebra with respect to the y-grading. This is quite different from the t = 0

case. In fact, if t = 0, then P (F (0)) is the free Lie algebra generated by {xnyx−n | n ∈ Z},
which implies that there are primitive elements of any y-degree in F (0).

Throughout this section, let H be the Hopf algebra F (t) with t 6= 0. The following

proposition is crucial in proving that H is coradically graded with respect to the y-grading.

For the rest of this section, we use H(n) to denote the k-linear subspace spanned by homo-

geneous elements of y-degree n.

Lemma 2.3.1. Any skew-primitive element in H has y-degree ≤ 1.

Proof. Suppose to the contrary that f is (xa, xc)-primitive element of y-degree n ≥ 2.

Replacing f with x−af , we can assume that f is (1, xb)-primitive for some integer b, that is

to say,

∆(f) = f ⊗ 1 + xb ⊗ f. (E2.3.1.1)

It is also clear from Proposition 2.2.3 that we can be further assume f is homogeneous with

y-degree n.

For any α = (i1, · · · , in+1) ∈ Zn+1, denote the monomial xi1yxi2y · · · yxin+1 by Mα and
n∑
s=1

is by T (α). Then we can write

f =
∑
α∈I

µαMα,
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where I is a non-empty finite subset of Zn+1 and µα ∈ k× for any α ∈ I. A direct

computation shows that

∆(Mα) = Mα ⊗ xT (α) + xT (α)+nt ⊗Mα + wα,

where wα ∈
∑

i,j<n
i+j=n

H(i)⊗H(j). Hence

∆(f) =
∑
α∈I

µα(Mα ⊗ xT (α) + xT (α)+nt ⊗Mα) + w, (E2.3.1.2)

where w ∈
∑

i,j<n
i+j=n

H(i)⊗H(j). By comparing (E2.3.1.1) and (E2.3.1.2) we see that T (α) = 0

for any α ∈ I, and b = nt.

Define two bijective maps σ and τ from Zn+1 to Zn+1 by

σ(i1, · · · , in+1) = (−in+1 − t,−in − t, · · · ,−i2 − t,−i1),

τ(i1, · · · , in+1) = (i1 − b, i2, · · · , in+1).

Since the antipode S is an anti-algebra map, it is easy to check that S(f) =
∑
α∈I

(−1)nµαMσα.

On the other hand, since S is an inverse to IdH under convolution, we have S(f) = −x−bf ,

which implies that S(f) = −
∑
α∈I

µαMτα. It then follows that

∑
α∈I

((−1)nµαMσα +Mτα) = 0. (E2.3.1.3)

Choose β = (`1, · · · , `n+1) ∈ I. From (E2.3.1.3) we see that there is β′ ∈ I such that

τβ′ = σβ, i.e. (τ−1σ)β ∈ I. By induction, the set A := {(τ−1σ)iβ | i ≥ 0} is a subset of

I. But it is easy to show that

(τ−1σ)2sβ = (`1 + s(n− 1)t, `2, · · · , `n, `n+1 − s(n− 1)t)

for any s ≥ 0. Since (n− 1)t > 0, by comparing the first entry, it is clear that (τ−1σ)2sβ 6=
(τ−1σ)2s′β whenever s 6= s′. Hence the set A is infinite, which is a contradiction. This

completes the proof.

Proposition 2.3.2. H is a coradically graded Hopf algebra with respect to the y-grading.

Proof. By Corollary 2.2.4, H0 = H(0) = k[x±1]. Also it is easy to check that H1 ⊃
H(0) ⊕ H(1). By [Mo, Theorem 5.4.1], H1 is spanned by group-like and skew-primitive

elements. By Lemma 2.3.1, any skew-primitive element in H has y-degree ≤ 1. Hence

H1 ⊂ H(0)⊕H(1), which completes the proof.

With this proposition, we can give a full description of all skew-primitive elements in H.

For any h ∈ H, we define deg h to be the pair (degx h,degy h). Notice that this (Z × N)-

grading on H induces a (Z× N× Z× N)-grading on H ⊗H.
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Proposition 2.3.3. Let h be a skew-primitive element in H. Then degy h ≤ 1. If degy h =

0, i.e. h is a polynomial in x±1, then h is of the form λxa(xm − 1), where λ ∈ k×, a ∈ Z
and m is a positive integer. If degy h = 1, then h is of the form f + λxa(xt − 1), where

λ ∈ k and f is homogeneous with deg f = (a, 1).

Proof. By the definition of coradical filtration, h ∈ H1. By Proposition 2.3.2, H1 = H(0)⊕
H(1). So degy h ≤ 1.

If degy h = 0, then h is a polynomial in x±1. Let h =
∑
αix

i and suppose that h is an

(xa, xb)-primitive for some a, b ∈ Z. Then

∆(h) = ∆(
∑

αix
i) =

∑
αix

i ⊗ xi. (E2.3.3.1)

On the other hand, since h is (xa, xb)-primitive, it yields

∆(h) = h⊗ xa + xb ⊗ h. (E2.3.3.2)

By comparing (E2.3.3.1) and (E2.3.3.2), we see that αi = 0 if i 6= a and i 6= b. Therefore,

h = αax
a + αbx

b and

∆(h) =∆(αax
a + αbx

b) (E2.3.3.3)

=(αax
a + αbx

b)⊗ xa + xb ⊗ (αax
a + αbx

b)− αbxb ⊗ xa − αaxb ⊗ xa

=h⊗ xa + xb ⊗ h− (αa + αb)x
b ⊗ xa.

It then follows that αa = −αb 6= 0. Hence h has the claimed form.

If degy h = 1, we can write h(x, y) = f1 + · · · + fs + g, where fi is homogeneous with

deg fi = (ai, 1), and g is a polynomial in x±1. First, we need to show s = 1. If not, we can

rearrange fi so that a1 > a2 > · · · > as. Suppose h is an (xm, xn)-primitive element, that

is,

∆(h) =h⊗ xm + xn ⊗ h (E2.3.3.4)

=f1 ⊗ xm + xn ⊗ f1 + · · ·+ fs ⊗ xm + xn ⊗ fs + · · ·

On the other hand, it is easy to check that fi is an (xai , xai+t)-primitive element, so

∆(h) =f1 ⊗ xa1 + xa1+t ⊗ f1 + · · ·+ fs ⊗ xas + xas+t ⊗ fs + · · · (E2.3.3.5)

Since s > 1, there is some j such that aj 6= m. From (E2.3.3.5), we see that fj ⊗ xaj is the

non-zero component of ∆(h) in degree (aj , 1; aj , 0). But (E2.3.3.4) implies that ∆(h) has

no component in degree (aj , 1; aj , 0). This is a contradiction.

Now we can write h = f + g, where f is homogeneous with deg f = (a, 1). If g = 0, we

are done. So assume g 6= 0 and it suffices to show that g is of the form λxa(xt− 1) for some

λ ∈ k×. Note that f is a (xa, xa+t)-primitive element, so similar to the argument above,

h must be a (xa, xa+t)-primitive element. Hence g is (xa, xa+t)-primitive. Then it follows

from the previous case where degy h = 0 that g is of the form λxa(xt − 1), as desired.
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Corollary 2.3.4. Suppose that I is a non-zero Hopf ideal of H. Then I contains an element

f of the form xm − 1 for some integer m or a0y + a1xyx
−1 + · · ·+ anx

nyx−n + λ(xt − 1),

where a0, · · · , an, λ ∈ k and a0, an 6= 0.

Proof. Just combine Lemma 1.2.7 and Proposition 2.3.3.

Corollary 2.3.5. Let K be a pointed Hopf algebra with finite GK-dimension. If y ∈ K1\K0

is a (1, gb)-primitive element for some group-like element g 6= 1 and integer b, then there

are b0, · · · , bm, β ∈ k and ξ ∈ k× such that f = b0y + b1gyg
−1 + · · ·+ bmg

myg−m ∈ K1\K0

and gf = ξfg + βg(gb − 1).

Proof. First we claim that there are a0, · · · , an, λ ∈ k with a0 6= 0, n ≥ 1 such that a0y +

a1gyg
−1 + · · · + ang

nyg−n + λ(gb − 1) = 0. If y is primitive, i.e. gb = 1, then the k-linear

space V spanned by {giyg−i | i ∈ Z} is a subspace of g, the k-linear space spanned by all

primitive elements in K. By the universal property of U(g), the inclusion g ↪→ K extends to

an algebra map τ : U(g)→ K. A direct calculation by using the PBW basis of U(g) shows

that τ is also a coalgebra map. By [Mo, Theorem 5.3.1, Proposition 5.5.3], τ is injective.

It then follows from [KL, Lemma 3.1] that GKdimU(g) ≤ GKdimK < ∞. Now we have

dimk V ≤ dimk g = GKdimU(g) < ∞. Hence a0y + a1gyg
−1 + · · · + ang

nyg−n = 0, for

some a0, · · · , an ∈ k with a0 6= 0 and n > 0. If g is torsion with the order n ≥ 2, then

y− gnyg−n = 0. If g is torsion-free and b 6= 0, the Hopf subalgebra generated by y and g±1

is a Hopf quotient of F (b) where b 6= 0. Now the statement follows from Corollary 2.3.4.

Choose n to be minimal. Since y ∈ K1\K0, we have n ≥ 1. Let ξ be a root of

the polynomial a0 + a1s + · · · + ans
n, and set b0 + b1s + · · · + bn−1s

n−1 = (a0 + a1s +

· · · + ans
n)/(s − ξ). Let f = b0y + b1gyg

−1 + · · · + bn−1g
n−1yg−(n−1). If f ∈ K0, then

f ∈ P1,gb(K) ∩K0 = k(gb − 1). The equality P1,gb(K) ∩K0 = k(gb − 1) can be verified by

straight calculation since K0 is spanned by group-like elements. Hence f = γ(gb − 1) for

some γ ∈ k, which contradicts the minimality of n. As a consequence, f ∈ K1\K0. It is

easy to check that gfg−1−ξf+β(gb−1) = 0 for some β ∈ k. This completes the proof.

2.4 Main Theorem

This section is devoted to the proof of the main theorem (Theorem 2.4.10). We also explain

why the theorem fails if some of the conditions are weakened.

Lemma 2.4.1. Let H be a noetherian prime Hopf algebra of GK-dimension 2. Suppose

that π : H → K is a Hopf algebra projection to a domain K. If K is neither cosemisimple

nor connected, then π is an isomorphism.

Proof. If π is not an isomorphism, then I := kerπ 6= 0. By Goldie’s Theorem, the ideal

I contains a regular element. By [KL, Proposition 3.15], GKdimK ≤ GKdimH − 1 = 1.

Since there is no algebra with GK-dimension strictly between 0 and 1, GKdimK = 0 or 1.
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By assumption, K is not finite-dimensional, so GKdimK = 1. By [GZ2, Lemma 4.5], K is

commutative. Hence K is a commutative Hopf domain with GKdimK = 1. But by [GZ2,

Proposition 2.1], K is either a group algebra or an enveloping algebra. Hence K is either

cosemisimple or connected, which contradicts the assumption.

The next three lemmas are known. However, I am not able to locate them in literature

and thus the proofs are included.

Lemma 2.4.2. Let G be a finitely generated group which acts on a finitely generated k-

algebra A. Suppose that there is a finite-dimensional generating k-subspace W of A such

that W contains 1 and is stable under the action of G. Then

GKdimA ∗G = GKdimA+ GKdim k[G],

where A ∗G is the skew group algebra.

Proof. It suffices to assume that both GKdimA and GKdim k[G] are finite. By [KL, The-

orem 11.1], G has a nilpotent normal subgroup N with finite index. By Schreier’s lemma,

N is finitely generated. By [KL, Proposition 5.5], GKdimA ∗ G = GKdimA ∗ N and

GKdim k[G] = GKdim k[N ]. Hence by replacing G with N , we can assume G is finitely

generated nilpotent.

Suppose that the group G is generated by the set S = {g1, g2, · · · , gm}. Let gS(n) be

the number of distinct group elements that can be expressed as words of length ≤ n in the

specified generators and their inverses. Without loss of generality, we can assume that S

is closed under inversion. By the definition of GK-dimension and that of group algebras,

GKdim k[G] = lim sup
n→∞

logn gS(n). Moreover, if GKdim k[G] < ∞, then GKdim k[G] =

lim
n→∞

logn gS(n) (see [KL, Theorem 11.14]). Let V = W +Wg1 + · · ·+Wgm. It is clear that

V is finite-dimensional and generates A ∗G.

First, we prove that GKdimA ∗G ≥ GKdimA+ GKdim k[G]. Notice that∑
i

Wnfi ⊂ (W +Wg1 + · · ·+Wgm)2n = V 2n,

where fi runs through all words of length ≤ n. So gS(n) · dimWn ≤ dimV 2n. It then

follows that

GKdimA+ GKdim k[G] = lim sup
n→∞

lognW
n + lim

n→∞
logn gS(n)

= lim sup
n→∞

logn(gS(n) · dimWn)

≤ lim sup
n→∞

dimV 2n ≤ GKdimA ∗G.

For the other direction, notice that

(W +Wg1 + · · ·+Wgm)n ⊂
∑
i

Wnfi,
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where fi runs through all words of length ≤ n. Here we use the fact that gjW = Wgj for

any j. As a consequence, dimV n ≤ gS(n) · dimWn. Therefore,

GKdimA ∗G = lim sup
n→∞

logn dimV n ≤ lim sup
n→∞

logn(gS(n) · dimWn)

≤ lim sup
n→∞

lognW
n + lim

n→∞
logn gS(n)

= GKdimA+ GKdim k[G].

This completes the proof.

Lemma 2.4.3. Let G be a group and N a finite normal subgroup of G. Then

GKdim k[G] = GKdim k[G/N ].

Proof. Notice that there is a surjective algebra map k[G]→ k[G/N ]. By [KL, Lemma 3.1],

GKdim k[G] ≥ GKdim k[G/N ]. Now we prove the other direction. Denote G/N by G and

k[N ] by A. By [Mo, Example 7.1.6],

k[G] ∼= A#σk[G],

where σ : k[G]⊗ k[G]→ A is a cocycle. The multiplication on A#σk[G] is given by

(a#g)(b#h) = a(g.b)σ(g, h)#gh, (E2.4.3.1)

where a, b ∈ N and g, h ∈ G. Here g.b is the image of g ⊗ b under a certain k-linear map

k[G] ⊗ A → A (see [Mo, §7.1] for details). For a ∈ A and g ∈ G, we can identify them in

A#σk[G] with a#1 and 1#g, respectively.

Let V be any finite-dimensional subspace of A#σk[G]. Then it is easy to see that

V ⊂ A + Ag1 + · · · + Agm for some g1, · · · , gm ∈ G. Denote the set {g1, g2, · · · , gm} by S

and let gS(n) be as defined in the previous lemma. Notice that giA ⊂ Agi by (E2.4.3.1).

As a consequence,

V n ⊂ (A+Ag1 + · · ·+Agm)n ⊂
∑
i

Afi,

where fi runs through all words of length ≤ n in G. Therefore,

lim sup
n→∞

logn dimV n ≤ lim sup
n→∞

logn(gS(n) · dimA)

= lim sup
n→∞

logn gS(n)

≤ GKdim k[G].

Hence GKdim k[G] ≤ GKdim k[G], as desired.
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It seems that Lemma 2.4.3 is a corollary to Lemma 2.4.2. However, there is some slight

difference since we need to take the cocycle σ into consideration. In fact, as we can see in

the proof, the cocycle does not contribute to the GK-dimension because N is finite. One

might ask whether GKdim k[G] = GKdim k[N ] + GKdim k[G/N ] if N is not finite. The

answer is negative (see Example 2.4.14).

Lemma 2.4.4. Let G be a totally ordered group acting on a prime ring A. Then the skew

group ring B = A ∗G is also prime.

Proof. For any non-zero elements r, s ∈ B, we need to show rBs 6= 0. Note that B is

G-graded. Let ag and cf be the leading terms of r and s respectively, where a, c ∈ A and

g, f ∈ G. Since A is prime, there exists b ∈ A such that abc 6= 0. Then

(ag)(bg
−1
g−1)(cf) = abcf 6= 0.

Hence r(bg
−1
g−1)s 6= 0, which completes the proof.

Now we are ready to prove the main theorem of this chapter. We start with the case

when H is pointed and cosemisimple, i.e. H ∼= k[G] for some group G. Before proving the

proposition, we list some well-known facts about groups below.

For a group G, we have the upper central series

{1} = Z0(G) ⊂ Z1(G) ⊂ Z2(G) · · · ⊂ Zi(G) ⊂ · · · ,

where Zi+1(G)/Zi(G) is the center of G/Zi(G). If Zr−1(G) ( Zr(G) = G for some r, then

G is called a nilpotent group of nilpotency class r.

Lemma 2.4.5. Let G be a nilpotent group. Then the following statements are true.

(1) Every subgroup of G is nilpotent.

(2) The elements of finite order form a normal subgroup T such that G/T is torsion-free.

(3) If G is finitely generated, then every subgroup of G is also finitely generated.

(4) The group G is finite if it is generated by a finite number of elements each having

finite order.

(5) If G is torsion-free, then G/Zi(G) is torsion-free for each i ≥ 0.

Proof. The first statement is easy. Statements (2), (3), (4) and (5) are [Ma, Theorem 9.16],

[Ma, Corollary 9.18], [Ma, Theorem 9.17] and [E, Lemma 8.2.3] respectively.

Proposition 2.4.6. Let G be a group. If 2 ≤ GKdim k[G] < ∞, then G has a subgroup

isomorphic to Z2.
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Proof. By the definition of GK-dimension,

GKdim k[G] = sup
B

GKdimB,

where B runs through all finitely generated subalgebra of k[G]. It is easy to see that every

finitely generated subalgebra B of k[G] is contained in some k[L] where L is a finitely

generated subgroup of G. Hence

GKdim k[G] = sup
L

GKdim k[L],

where L runs through all finitely generated subgroups of G. By [KL, Theorem 11.1, 11.14],

GKdim k[L] must be an integer. So there is a finitely generated subgroup N of G such that

GKdim k[N ] = GKdim k[G]. Now by [KL, Theorem 11.1], N is nilpotent by finite, which

means that N has a nilpotent subgroup P with [N : P ] < ∞. Then by [KL, Proposition

5.5], GKdim k[P ] = GKdim k[N ]. Also, by the same argument above, we can assume that

P is finitely generated. Therefore by replacing G with P , we can assume that G is finitely

generated nilpotent.

First, we deal with the case that G is torsion-free. If the nilpotency class r = 1, i.e. G

is abelian, then G must be a torsion-free abelian group of rank ≥ 2. Let N be a subgroup

of G with rank 2, then N ∼= Z2. If G has nilpotency class r ≥ 2. Choose h ∈ G \ Z1(G).

By Lemma 2.4.5 part (5), 〈h〉 ∩ Z1(G) = {1}. Let g ∈ Z1(G) \ {1}. Then by the choice of

h, the subgroup N generated by g and h is isomorphic to Z2.

For the general case, let T be the set of torsion elements in G. By Lemma 2.4.5, T

is a finite normal subgroup of G and G/T is torsion-free. By Lemma 2.4.3, we see that

GKdim k[G/T ] = GKdim k[G]. Now by the torsion-free case, there is a subgroup B of

G such that B/T ∼= Z2. By [E, Lemma 8.2.4], B has an abelian subgroup N such that

[B : N ] <∞. Then GKdim k[N ] = GKdim k[B] = GKdim k[B/T ] = 2, by [KL, Proposition

5.5] and Lemma 2.4.2. Hence N is an abelian group of rank 2, which means that it has a

subgroup isomorphic to Z2. This completes the proof.

Next we will deal with the case when H is a connected Hopf algebra. Before that, we

need a lemma on the existence of 2-dimensional Lie subalgebra of a finite-dimensional Lie

algebra.

Lemma 2.4.7. Let g be a finite-dimensional Lie algebra. If dimk g ≥ 2, then g has a Lie

subalgebra of dimension 2.

Proof. If g is nilpotent, by [H, 3.2, Proposition], the center of g is non-zero. Choose a

non-zero element x in the center and another element y which is not a scalar multiple of x.

Then the subspace of g spanned by x and y is a 2-dimensional Lie subalgebra.

If g is not nilpotent, by Engel’s Theorem, there exists an element x which is not ad-

nilpotent. Hence the linear map adx has a non-zero eigenvalue λ with eigenvector y. Then

the k-linear span of x and y is the desired Lie subalgebra.
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Proposition 2.4.8. Let H be a connected Hopf algebra. If 2 ≤ GKdimH < ∞, then H

contains a Hopf subalgebra isomorphic to U(h), where h is a 2-dimensional Lie algebra.

Proof. Let K be the Hopf subalgebra generated by P (H), the set of primitive elements in

H. By [Mo, Theorem 5.6.5], K ∼= U(g), where g = P (H). First we claim that dimk g ≥ 2.

If dimk g = 1, then K ∼= k[y], the polynomial ring of one-variable, as Hopf algebras.

Obviously, K ( H since they have different GK-dimensions. Let m be the smallest number

such that Km ( Hm. By the construction of K, we have m ≥ 2. Choose z ∈ Hm\Km. By

[Mo, Lemma 5.3.2] and its proof, we can assume that

∆(z) = 1⊗ z + z ⊗ 1 + w,

where w ∈
m−1∑
i=1

Hm−i ⊗ Hi =
m−1∑
i=1

Km−i ⊗ Ki. Moreover, by replacing z with z − ε(z) · 1,

we can assume ε(z) = 0. Notice that K ∼= k[y] is coradically graded with the usual grading

and therefore Kn is spanned by all polynomials in y of degree ≤ n. Also, the grading on K

induces a grading on K⊗` by setting deg f1⊗ f2⊗ · · · ⊗ f` = deg f1 + · · ·+ deg f`. Hence we

can write

w =
∑

i+j≤m
αijy

i ⊗ yj .

By the counit axiom,

z = (Id⊗ ε)∆(z) = z +
∑
i≤m

αi0y
i,

z = (ε⊗Id)∆(z) = z +
∑
j≤m

α0jy
j .

Hence αi0 = 0 and α0j = 0 for any i, j ≤ m.

If m = 2, then

∆(z) = 1⊗ z + z ⊗ 1 + α11y ⊗ y,

Let z′ = z − α11
2 y2. Then z′ ∈ H2\K2 by the choice of z. But a direct calculation shows

that

∆(z′) = 1⊗ z′ + z′ ⊗ 1.

So z′ ∈ H1 = K1, which is a contradiction.

Now assume that m ≥ 3. As defined in Section 1.3, we have

∂1 : H → H ⊗H and ∂2 : H ⊗H → H ⊗H ⊗H

by ∂1(c) = 1⊗ c−∆(c) + c⊗ 1 and ∂2(c⊗ d) = 1⊗ c⊗ d−∆(c)⊗ d+ c⊗∆(d)− c⊗ d⊗ 1

for any c, d ∈ H. Since ΩH is a complex, ∂2 ◦ ∂1 = 0. Hence ∂2(w) = 0.

Let u =
∑

i+j=m
αijy

i ⊗ yj . Notice that the map ∂2, when restricted from K ⊗ K to

K⊗K⊗K, preserves the grading. Therefore ∂2(u) = 0. Also, by replacing z with z−βym,
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where β = αm−1,1/m, we can assume that αm−1,1 = 0. Now,

∂2(u) =∂2(
m−1∑
i=2

αm−i,iy
m−i ⊗ yi)

=1⊗
m−1∑
i=2

αm−i,iy
m−i ⊗ yi −

m−1∑
i=2

αm−i,i∆(ym−i)⊗ yi

+

m−1∑
i=2

αm−i,iy
m−i ⊗∆(yi)−

m−1∑
i=2

αm−i,iy
m−i ⊗ yi ⊗ 1

=−
m−1∑
i=2

m−i−1∑
j=0

αm−i,i

(
m− i
j

)
ym−i−j ⊗ yj ⊗ yi +

m−1∑
i=2

i∑
j=1

αm−i,i

(
i

j

)
ym−i ⊗ yi−j ⊗ yj .

Since ∂2(u) = 0, by comparing the coefficients of the terms ym−i ⊗ yi−1 ⊗ y, we see that

αm−i,i = 0 for i = 2, · · · ,m− 1. It then follows that

∆(z) = 1⊗ z + z ⊗ 1 +
∑
i,j≥1

i+j≤m−1

αijy
i ⊗ yj .

But this implies that ∆(z) ∈ H0 ⊗ H + H ⊗ Hm−2, i.e. z ∈ Hm−1 = Km−1, which is a

contradiction.

Now K ∼= U(g) where g is a finite-dimensional Lie algebra and dimk g ≥ 2. By Lemma

2.4.7, g has a 2-dimensional Lie subalgebra h. Then U(h) is a Hopf subalgebra of K ∼= U(g),

and thus a Hopf subalgebra of H. This completes the proof.

Finally, we have to handle the case when H is neither cosemisimple nor connected.

Lemma 2.4.9. Let H be a pointed Hopf algebra with finite GK-dimension. If H is a domain

and is not connected, not cosemisimple, then H contains a Hopf subalgebra isomorphic to

either A(b, ξ) or C(b+ 1) for some integer b and ξ ∈ k×.

Proof. Since H is not cosemisimple, by [Mo, 5.4.1], we can find g, y ∈ H such that g is group-

like and y /∈ H0 is (1, gb)-primitive for some integer b. Notice that g is torsion-free since H is

a domain. Moreover, we can choose g 6= 1 sinceH is not connected. By Corollary 2.3.5, there

are b0, · · · , bm, β ∈ k and ξ ∈ k× such that f = b0y + b1gyg
−1 + · · ·+ bmg

myg−m ∈ H1\H0

and gf = ξfg + βg(gb − 1).

Let K be the Hopf subalgebra generated by f and g±1. By construction, K is neither

cosemisimple nor connected. If ξ 6= 1, by replacing f with f ′ = f − β
1−ξ (gb − 1), we have

gf ′ = ξf ′g. Hence K is a Hopf quotient of A(b, ξ). If ξ = 1 and β 6= 0, by replacing f

with f ′ = β−1f , we have gf ′ = f ′g + g(gb − 1), which means that K is a Hopf quotient of

C(b + 1). If β = 0, K is a Hopf quotient of A(b, ξ). In all the above cases, we can apply

Lemma 2.4.1, which yields that K ∼= A(b, ξ) or K ∼= C(b+ 1).
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Combining the previous lemmas together, we have the main theorem of this chapter.

Theorem 2.4.10. Let H be a pointed Hopf algebra over an algebraically closed field k of

characteristic 0. If 2 ≤ GKdimH < ∞ and H is a domain, then H contains a Hopf

subalgebra of GK-dimension 2. To be precise,

(1) If GKdim k[G] = 0, where G = G(H), then H contains a Hopf subalgebra isomorphic

to U(h), where h is a 2-dimensional Lie algebra.

(2) If GKdim k[G] ≥ 2, then H contains a Hopf subalgebra isomorphic to kZ2.

(3) If H1 ) H0 = k[G] and GKdim k[G] ≥ 1, then H contains a Hopf subalgebra isomor-

phic to either A(b, ξ) or C(b+ 1) for some integer b and ξ ∈ k×.

Proof. Since GKdimH <∞, we have GKdim k[G] <∞.

If GKdim k[G] = 0, then by assumption, G is trivial. Hence H is connected. By Propo-

sition 2.4.8, H contains a Hopf subalgebra isomorphic to U(h), where h is a 2-dimensional

Lie algebra.

If GKdim k[G] ≥ 2, then by Proposition 2.4.6, k[G], and thus H, contains a Hopf

subalgebra isomorphic to kZ2.

Part (3) follows from Lemma 2.4.9.

Remark 2.4.11. It seems that in Theorem 2.4.10, if the condition that H is a domain is

dropped, we can still find Hopf subalgebra of GK-dimension 2. By Proposition 2.4.6 and

Proposition 2.4.8, this is true if H is either a group algebra or connected. However, we still

do not know how to deal with the case when H is neither a group algebra nor connected.

One might ask whether Lemma 2.4.9 still holds if H is a prime ring instead of a domain.

The answer is negative as shown in the following example.

Example 2.4.12. Let E = k〈x±1
0 , · · · , x±1

n , y | yxi + xiy = 0, y2 = x2
0− 1, xixj − xjxi = 0〉.

Then E has a Hopf algebra structure under which xi is goup-like for i = 0, 1, · · · , n and

y is (1, x0)-primitive. Denote this Hopf algebra by E(n). It is easy to check that E(n) is

not connected, not cosemisimple. Notice that E(n) has a basis consisting of elements of the

form xi00 · · ·xinn yε, where ε is either 0 or 1. Since yε ∈ E(n)1, the element xi00 · · ·xinn yε is in

E(n)1 as well. Hence, E(n) = E(n)1. By [Mo, Lemma 5.2.12], every Hopf subalgebra H

of E(n) has H = H1. However, for D = A(b, ξ) or C(b + 1), it is easy to find elements in

D2\D1. So E(n) has no Hopf subalgebra isomorphic to either A(b, ξ) or C(b+ 1).

If n = 0, the statement follows from [Li, Lemma 2.3 and 2.6]. If n ≥ 1, then there is

a Hopf projection from E(n) to H = k[x±1
1 , · · · , x±1

n ] ∼= k[Zn]. Hence by [Mo, Proposition

7.2.3], E(n) ∼= A#H, where A = E(n)coH . In fact, A is the subalgebra of E(n) generated by

y and x±1
0 . So A is a Hopf subalgebra isomorphic to E(0), which is prime of GK-dimension

1. Then it follows from Lemma 2.4.2 and 2.4.4 that E(n) is prime with GKdimE(n) = n+1.
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The next example shows that Theorem 2.4.10 fails if the Hopf algebra H is not pointed.

Example 2.4.13. Let H be O(SL2(k)), the coordinate ring of the algebraic group SL2(k).

It is well-known that H has a 4-dimensional simple subcoalgebra, so H is not pointed. By

[BG2, Theorem I.2.10], H is a noetherian domain. Also, GKdimH = 3 by [LS, Corollary].

Now, H is a commutative noetherian domain of GK-dimension 3. Moreover, by [Mo,

§2.4], H is cosemisimple. So any subcoalgebra of H is also cosemisimple by [Mo, Lemma

5.2.12]. If H has a Hopf subalgebra K of GK-dimension 2, then by [GZ2, Proposition 2.3],

K must be isomorphic to an enveloping algebra U(g), where g is 2-dimensional abelian, or

a group algebra kΓ, where Γ is free abelian of rank 2, or a Hopf algebra A(b, 1) for some

nonnegative integer b. Since U(g) and A(b, 1) are not cosemisimple, K is of the form kΓ.

But the only invertible elements in H are just non-zero scalars. Therefore, H has no Hopf

subalgebras of GK-dimension 2.

Another question is whether a Hopf algebra with GK-dimension > 3 contains a Hopf

subalgebra of GK-dimension three. The answer is negative. In fact, this statement is not

even true for group algebras, as shown in the following example.

Example 2.4.14. Let G be the free nilpotent group of class 2 on generators x and y. Thus,

if we write z := [x, y], then

[x, z] = [y, z] = 1.

It is easy to check that G1 = Z(G) = 〈z〉. By [KL, Theorem 11.14], GKdim k[G] = 4. By

construction, G/G1
∼= Z2. Hence

GKdim k[G1] + GKdim k[G/G1] = 3 < 4 = GKdim k[G],

which gives a negative answer to the question given after Lemma 2.4.3.

Notice that every Hopf subalgebra of k[G] must be of the form k[L] where L is a subgroup

of G. Therefore, to show k[G] has no Hopf subalgebra of GK-dimension three, we only need

to show that G has no subgroup of cubic growth. Suppose to the contrary that N is a

subgroup of G with cubic growth.

If N has nilpotency class 1, then N must be a finitely generated torsion-free abelian

group of rank 3, i.e. N ∼= Z3. Notice that we have an exact sequence of groups,

1→ N ∩G1 → N → N/N ∩G1 → 1.

If N ∩ G1 = {1}, then N embeds in G/G1, which is impossible since G/G1 has only rank

2. Hence N ∩ G1 has rank 1, which implies that N/N ∩ G1 has rank 2 and G1/N ∩ G1
∼=

(N +G1)/N is finite. By considering the exact sequence

1→ N/N ∩G1 → G/G1 → G/(N +G1)→ 1,
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we see that G/(N+G1) is also finite. It follows that G/N is finite. Then by [KL, Proposition

5.5], GKdim k[G] = GKdim k[N ], which is a contradiction.

Now suppose N has nilpotency class 2. Then N1 is a non-trivial subgroup of G1, so it

must have rank 1. By [KL, Theorem 11.14], N/N1 has rank 1. Choose w ∈ N\N1 such

that the image of w in N/N1 is torsion-free. Denote 〈w,N1〉 by P , then N/P is finite. On

the other hand, w commutes with N1. Hence by construction, P is abelian of rank 2. Now

GKdimN = GKdimP = 2 since N/P is finite. But this again is a contradiction.
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Chapter 3

PROPERTIES OF POINTED HOPF ALGEBRAS OF FINITE
GELFAND-KIRILLOV DIMENSION

3.1 Introduction

It is well known that every Hopf algebra H has a coradical filtration {Hn}∞n=0. If H is

pointed with group-like elements G, then the associated graded algebra of H with respect

to the filtration {Hn}∞n=0 is a graded Hopf algebra, which we denote by grH. The structure

of grH is relatively easier in the sense that it has a nice decomposition grH ∼= R#kG,

where R is a certain graded subalgebra of grH (see [R2, Theorem 3]). In the first part of

this chapter, we clarify the behavior of the GK-dimension of a pointed Hopf algebra under

taking associated graded algebra. In fact, we prove the following Theorem.

Theorem 3.1.1 (Theorem 3.4.4). Retain the above notation. If R is finitely generated,

then

GKdimR+ GKdim kG = GKdim grH = GKdimH.

The first equality follows from Lemma 3.4.2, which is a generalized version of Lemma

3.4.2. The proof of the second equality depends heavily on Takeuchi’s construction of free

Hopf algebras, which we will review briefly in Section 3.2.

An interesting phenomenon is that the GK-dimension of every known Hopf algebra is

either infinity or a non-negative integer. So it is tempting to conjecture that this is always

true for any Hopf algebra. As positive evidence for this conjecture, we prove in Theorem

3.5.10 that the GK-dimension of a connected Hopf algebra over an algebraically closed

field of characteristic zero is either infinity or a non-negative integer. This is basically a

consequence of Theorem 3.4.4 and the following result.

Theorem 3.1.2 (Proposition 3.5.5). Let K be a connected coradically graded Hopf algebra

and assume that the base field k is algebraically closed of characteristic 0. If K is finitely

generated, then K is isomorphic to the polynomial ring in ` variables for some ` ≥ 0 as

algebras.

For the definition of coradically graded Hopf algebras, one can refer to Definition 1.4.4.

Notice that if H is a connected Hopf algebra, then grH is a connected coradically graded

Hopf algebra (see Remark 1.4.5).

In the last two sections, with the help of the results from previous sections, we classify

connected Hopf algebras of GK-dimension three over an algebraically closed field of char-
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acteristic zero. The result can be stated as follows. Recall that we use P (H) to denote the

space of primitive elements of H.

Theorem 3.1.3 (Theorem 3.6.8). Let H be a connected Hopf algebra of GK-dimension

three (over an algebraically closed field of characteristic 0). Then H is isomorphic to one

of the following:

(I) The enveloping algebra U(g) for some three-dimensional Lie algebra g;

(II) The Hopf algebras A(0, 0, 0), A(0, 0, 1), A(1, 1, 1) or A(1, λ, 0) from Example 3.6.1 for

some λ ∈ k;

(III) The Hopf algebras B(λ) from Example 3.6.2 for some λ ∈ k.

3.2 Takeuchi’s construction of free Hopf alegbras

In [T2], Takeuchi proved that for any coalgebra C there exists a Hopf algebra H(C) char-

acterized by the following universal property:

(1) There is a coalgebra map i : C → H(C),

(2) For any Hopf algebra H and coalgebra map f : C → H, there is a Hopf algebra map

f ′ : H(C)→ H such that f = f ′i.

The Hopf algebra H(C) is called the free Hopf algebra generated by C [T2, Definition 1].

Takeuchi showed the existence of H(C) by an explicit construction, which we will describe

briefly.

Let V =
⊕∞

i=0 Vi where Vi = C if i is even and Vi = Ccop if i is odd. Notice that V has a

natural coalgebra structure. Let S : V → V cop be the coalgebra map sending (x0, x1, x2, · · · )
to (0, x0, x1, x2, · · · ). Then S induces a bialgebra map S : T (V )→ T (V )op,cop. Let I be the

two-sided ideal of T (V ) generated by the set

{S ∗ Id(x)− ε(x)1 |x ∈ V }
⋃
{Id ∗ S(x)− ε(x)1 |x ∈ V },

where ∗ represents the convolution and 1 is the identity in T (V ). Moreover, I is a coideal

and S(I) ⊂ I. By [T2, Lemma 1], the Hopf algebra T (V )/I, with the antipode induced

from the map S, is the universal object H(C).

Takeuchi’s construction generalizes the notion of a free group generated by a set in the

following sense.

Proposition 3.2.1 ([T2, Lemma 34]). H(kG(C)) = k〈G(C)〉, where 〈G(C)〉 is the free

group generated by the set G(C).
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Let C be a coalgebra with coradical C0 and let C = C0 ⊕ V be a decomposition of C

as a k-space. Then H(C) can be realized by giving a natural Hopf structure on the algebra

H(C0) q T (V ) [T2, §6], where q denotes the coproduct in the category of algebras. Now

the canonical coalgebra map i : C → H(C) can be identified with the map induced by maps

C0 → H(C0) and V → T (V ). By this characterization, we have

Lemma 3.2.2 ([T2, Theorem 35]). Suppose that C is a pointed coalgebra and G(C) ∪ B
is a k-basis for C. Let X = G(C) ∪ G(C)−1 ∪ B and let Y be the set of finite sequences

(x1, · · · , xn) of elements of X such that (xi, xi+1) is not of the form (g±1, g∓1) where g ∈
G(C). Set

x = x1 · · ·xn ∈ H(C) for x = (x1, · · · , xn) ∈ Y,

where by abuse of notation we still use xj for its image in H(C) under the canonical map

i : C → H(C). Then {x |x ∈ Y } forms a k-basis for H(C).

Now we are able to prove the following proposition, which determines the coradical of

H(C) when C is pointed. For a given k-subspace W of an algebra R and any n ≥ 1, let Wn

denote the k-subspace of R spanned by products of ≤ n elements in W .

Proposition 3.2.3. Let C be a pointed coalgebra. For any n ≥ 1. Then the following

statements are true.

(I) the Hopf algebra H(C) is pointed and the coradical of H(C) is equal to the subalgebra

generated by G(C) and their inverses, which is isomorphic to k〈G(C)〉.

(II) for any n ≥ 1, Cn is a subcoalgebra of H(C) and any element in G(Cn) can be

expressed as a product of ≤ n elements in G(C).

Proof. Denote H(C) by H. It is clear that the subalgebra of H generated by G(C) and their

inverses is contained in H0. By Lemma 3.2.2, this subalgebra is isomorphic to k〈G(C)〉.
Choose a subset B of C such that B =

⋃∞
i=1Bi and G(C)

⋃
B1
⋃
· · ·
⋃
Bn is a k-basis

of Cn for any n. Let V be the k-space spanned by B. By [T2, §6], H ∼= k〈G(C)〉 q T (V )

as an algebra. Hence we can define a grading on H by setting deg g = 0 for any g ∈ G(C)

and deg bi = i for any bi ∈ Bi. Under this grading, H becomes a graded algebra (but

not necessarily a graded coalgebra) and C is a graded subspace of H. Let H(n) be the

k-subspace of H spanned by homogeneous elements of degree n.

Now, fix a basis of H described in Lemma 3.2.2 with the chosen set B. Then this is a

basis consisting of homogeneous elements with respect to the grading defined above. For any

m ≥ 0, let Am =
∑m

i=0H(i). It is clear that {Am}m≥0 is an algebra filtration on H and A0 is

exactly the subalgebra of H generated by G(C) and their inverses. Moreover, by the choice

of B, we have Cm ⊂ Am for any m ≥ 0. Let x = x1 · · ·xn be as in Lemma 3.2.2 and suppose

that xj ∈ Bij (here we set B0 = G(C)
⋃
G(C)−1). Then by definition Am is spanned by x



29

such that
∑

j ij ≤ m. Pick such an x ∈ Am. Notice that ∆(x) = ∆(x1) · · ·∆(xn) and for

each j, ∆(xj) ⊂
∑

tCt ⊗ Cij−t ⊂
∑

tAt ⊗Aij−t. As a consequence,

∆(x) ∈
∑
t

At ⊗Am−t.

This shows that {Am}m≥0 is also a coalgebra filtration. By [Mo, Lemma 5.3.4], H0 ⊂ A0.

This proves the first statement.

For the second statement, it is easy to check that Cn is a subcoalgebra of H. As

mentioned before, C is a graded k-subspace of H. This means that C =
⊕∞

i=0C(i) where

C(i) = C
⋂
H(i). Now G(Cn) = Cn

⋂
G(H) ⊂ Cn

⋂
H(0). Since C is a graded k-subspace

of H, Cn
⋂
H(0) = C(0)n. Notice that C(0) is spanned by G(C). Hence every element

in G(Cn) can be expressed as a linear combination with each summand a scalar multiple

of a product of ≤ n elements in G(C). Since distinct group-like elements are k-linearly

independent by [Sw, 3.2.1], every element in G(Cn) is actually a product of ≤ n elements

in G(C).

Remark 3.2.4. Suppose that C =
⊕∞

i=0C(i) is a pointed graded coalgebra such that

C(0) = C0. Now C has a canonical decomposition C = C0 ⊕ V , where V =
⊕∞

i=1C(i).

Then by the construction of the comultiplication and the antipode on H(C0) q T (V ) in

[T2, Lemma 26, Lemma 27], H(C) = H(C0)q T (V ) becomes a graded Hopf algebra, where

elements in H(C0) have degree 0 and the grading on T (V ) is inherited from V . It is clear

that the canonical inclusion i : C → H(C) becomes a graded coalgebra map. Moreover, if

there is a graded coalgebra map f from C to a graded Hopf algebra H, then the lifting Hopf

algebra map f ′ : H(C)→ H is also graded.

Corollary 3.2.5. Let H be a pointed Hopf algebra. Then every finite-dimensional subspace

V of H is contained in a finitely generated Hopf subalgebra. Moreover, if D is a finite-

dimensional subcoalgebra of H with group-like elements G(D), then elements in G(Dn) can

be expressed as products of ≤ n elements in G(D).

Proof. Since V is contained in a finite-dimensional subcoalgebra of H, we can assume V = D

is a finite-dimensional subcoalgebra. Let C be a copy of D as coalgebras. Then there is an

injective coalgebra map f : C → H whose image is D. By the universal property of H(C),

there is a Hopf algebra map f ′ : H(C) → H such that f = f ′i, where i is the inclusion

C → H(C). (Notice here if we do not introduce a copy C of D, then by writing D we could

mean either a subcoalgebra of H or a subcoalgebra of H(D), which may cause confusion in

the proof). By Lemma 3.2.2, H(C) is a finitely generated algebra. By construction, D is

contained in f ′(H(C)). This proves the first claim.

Let S = {g1, · · · , g`} be the set of group-like elements of C. Then {f(g1), · · · , f(g`)}
is the set of group-like elements of D. Notice that Cn is a subcoalgebra of H(C). By (II)

of Proposition 3.2.3, every group-like element of Cn can be expressed as a product of ≤ n
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elements in S. Since Cn is mapped onto Dn by f ′, we have G(Dn) = f ′(G(Cn)) by [Mo,

Corollary 5.3.5]. The result then follows.

Corollary 3.2.6. Let H be a finitely generated pointed Hopf algebra. Then H0 is a finitely

generated algebra. In fact, if D is a finite-dimensional subcoalgebra of H that generates H

as an algebra, then H0 is generated by G(D).

Proof. Since every finite-dimensional subspace of H is contained in a finite-dimensional

subcoalgebra by [Mo, 5.1.1], we can assume that H is generated as an algebra by a finite-

dimensional subcoalgebra D. By assumption H0 is spanned by G(H). For any g ∈ G(H),

there exists some n such that g ∈ Dn. Notice that Dn is a subcoalgebra of H. Hence

g ∈ G(Dn). Now the result follows from the second statement of Corollary 3.2.5.

Remark 3.2.7. Let H =
⊕∞

i=0H(i) be a graded pointed Hopf algebra such that H(0) is

spanned by all group-like elements of H. In this case, every finite-dimensional subspace V

of H is contained in a finitely generated graded Hopf subalgebra of H. In fact, without

loss of generality, we can assume that V is a finite-dimensional graded subspace of H. By a

similar argument as in [Mo, Theorem 5.1.1], V is contained in a finite-dimensional graded

subcoalgebra C of H. Then the result follows from Remark 3.2.4 and an argument similar

to that of Corollary 3.2.5.

We conclude this section with a proposition regarding the GK-dimension of a pointed

Hopf algebra, which is a direct consequence of Corollary 3.2.5.

Proposition 3.2.8. Let H be a pointed Hopf algebra. Then

GKdimH = sup
E

GKdimE,

where the supreme is taken over all finitely generated Hopf subalgebras of H.

3.3 Pointed Hopf algebras and their associated graded Hopf algebras

Throughout this section, let H be a pointed Hopf algebra with group-like elements G. We

use grH to denote the associated graded Hopf algebra of H with respect to the coradical

filtration. There is a canonical Hopf projection ψ : grH → H0. Let R = (grH)coψ, the

algebra of coinvariants of ψ [AS2, 1.5]. By definition R is a graded subalgebra of grH. In

fact, it is well known that R is a graded braided Hopf algebra in G
GYD, the Yetter-Drinfeld

category over G, and

grH ∼= R#H0, (E3.3.0.1)

as Hopf algebras. Let H+
0 be the k-space spanned by the elements of the form 1− g where

g ∈ G. Notice that HH+
0 is a coideal of H. Denote the coalgebra H/HH+

0 by θ(H) and

the coalgebra projection H → θ(H) by πH .
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Lemma 3.3.1. Retain the above notation. Then H/Hn is a free (right) H0-module for any

n ≥ 0.

Proof. By [R1, Lemma 1], for any m ≥ 0, Hm+1/Hm is a free H0-module. Hence inductively

we see that Hn+i/Hn is a free H0-module for any i ≥ 1 and Hn+i/Hn
∼=

i−1⊕
j≥0

Hn+j+1/Hn+j

as H0-modules. As a consequence, H/Hn
∼=
⊕
j≥0

Hn+j+1/Hn+j as H0-modules. The result

then follows.

Lemma 3.3.2. Retain the above notation and let I = HH+
0 . Then I ∩ Hn = HnH

+
0 for

any n ≥ 0.

Proof. For any n ≥ 0, we have the short exact sequence

0→ Hn → H → H/Hn → 0.

Since H/Hn is a free H0-module, the following sequence is exact,

0→ Hn ⊗H0 k → H ⊗H0 k → (H/Hn)⊗H0 k → 0.

This shows that the canonical map Hn/HnH
+
0 → H/I is injective, which implies that

I ∩Hn = HnH
+
0 .

Let Fn be πH(Hn) ⊂ θ(H). Then {Fn}n≥0 becomes a coalgebra filtration on θ(H). The

following lemma is clear.

Lemma 3.3.3. Suppose that f : C → D is a surjective coalgebra map and C has a coal-

gebra filtration {An}n≥0. Let Bn = f(An). Then {Bn}n≥0 is a coalgebra filtration on D.

Moreover, f induces a surjective graded coalgebra map grAC → grBD.

By this lemma, we see that there is a surjective graded coalgebra map grH → grF θ(H)

induced by πH .

Proposition 3.3.4. Retain the above notation. Then grF θ(H) is isomorphic to θ(grH) as

graded coalgebras.

Proof. By definition, θ(grH) = grH/(grH)H+
0 . So we only have to show that the kernel

of the map grH → grF θ(H) induced by πH is (grH)H+
0 . It suffices to prove that for any

n ≥ 0, the canonical map Hn+1/Hn → πH(Hn+1)/πH(Hn) has kernel (Hn+1/Hn)H+
0 . Let

I = HH+
0 . It is easy to check that the

ker(Hn+1/Hn → πH(Hn+1)/πH(Hn)) =
Hn+1 ∩ (Hn + I)

Hn
=
Hn+1 ∩ I +Hn

Hn
.

By Lemma 3.3.2, Hn+1 ∩ I = Hn+1H
+
0 . Therefore,

Hn+1 ∩ I +Hn

Hn
=
Hn+1H

+
0 +Hn

Hn
= (Hn+1/Hn)H+

0 .

This completes the proof.
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Now we are able to determine the coradical filtration of θ(H) by using the following

lemma.

Lemma 3.3.5. Let C be a coalgebra with a coalgebra filtration {Fn} such that F0 = C0. If

the associated graded coalgebra with respect to {Fn} is coradically graded, then {Fn} agrees

with the coradical filtration of C.

Proof. Denote the associated graded coalgebra with respect to {Fn} by grF C. By the

definition of coalgebra filtration and the fact that F0 = C0, it is easy to see that Fn ⊂ Cn

for any n ≥ 1. If the assertion is not true, then choose n to be minimal such that Fn ( Cn.

Pick some element y ∈ Cn\Fn. Then

∆(y) ∈
n∑
i=0

Ci ⊗ Cn−i = Cn ⊗ F0 + F0 ⊗ Cn +
n−1∑
i=1

Fi ⊗ Fn−i. (E3.3.5.1)

Suppose y ∈ Fm\Fm−1 for some m ≥ n + 1. Let y be the corresponding non-zero element

in grF C(m). Since grF C is coradically graded, y is not in (grF C)m−1. But by (E3.3.5.1),

y is in (grF C)1, which is a contradiction. This completes the proof.

Proposition 3.3.6. The coradical filtration of the coalgebra θ(H) is {πH(Hn)}n≥0.

Proof. By Proposition 3.3.4, grF θ(H) ∼= θ(grH) as coalgebras. By the proof of [R2, Theo-

rem 3], θ(grH) ∼= R as graded coalgebras, where R is defined in (E3.3.0.1). By [AS2, p.15],

R is coradically graded. The result now follows from Lemma 3.3.5.

3.4 GK-dimensions of H and grH

This section is devoted to the proof of Theorem 3.4.4. Let H be a pointed Hopf algebra

with group-like elements G. As mentioned in the previous section, grH has a decomposition

grH ∼= R#H0. By construction, the graded algebra R is connected in the sense that

R(0) = k. So if R is finitely generated as an algebra, then it is locally finite.

Lemma 3.4.1. Retain the above notation. Let D be a graded subcoalgebra of grH. Then

D ⊂
⊕
i≥0

⊕
h∈G(D)

R(i)h.

Proof. Let y be a non-zero element in D. By assumption we can further assume that y

is homogeneous of degree s. If s = 0, then y ∈ D(0) = kG(D). If s ≥ 1, then by the

decomposition (E3.3.0.1), we can write y =
∑N

i=1 yihi where hi’s are distinct group-like

elements and 0 6= yi ∈ R(n). We only need to show that hi ∈ G(D) for any i. Let

ψ : grH → H0 be the canonical Hopf projection. Then it is obvious that ψ maps D onto

D(0) = kG(D). Now we have

(Id⊗ ψ)∆(y) =
N∑
i=1

yihi ⊗ hi ∈ D ⊗D(0).
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Hence hi ∈ G(D) by the choice of yi and hi.

The next lemma is about the GK-dimensions of skew group algebras. It can be viewed

as a generalization of Lemma 2.4.2. Let Γ be a group and A an algebra with a left Γ-action.

As k-spaces, the skew group algebra A ∗ Γ is isomorphic to A ⊗ kΓ. The multiplication is

given by

(a ∗ g)(b ∗ h) = a(g.b) ∗ gh,

where a, b ∈ A, g, h ∈ Γ and a ∗ g stands for a ⊗ g. We will omit the ∗ in a ∗ g if there

is no confusion. We say that the Γ-action on A is locally finite if any finite-dimensional

subspace of A is contained in a finite-dimensional Γ-submodule of A.

Lemma 3.4.2. Let A and Γ be as above and suppose that the Γ-action on A is locally finite.

Then

GKdimA ∗ Γ = GKdimA+ GKdim kΓ.

Proof. We say a subalgebra B of A is Γ-affine if B is generated as an algebra by a finite-

dimensional Γ-submodule of A. It is easy to check by the local finiteness condition that

GKdimA = sup
B

GKdimB,

where B runs over all Γ-affine subalgebras of A. Next we claim that

GKdimA ∗ Γ = sup
B,L

GKdimB ∗ L,

where B runs over all Γ-affine subalgebras of A and L runs over all finitely generated sub-

groups of Γ. In fact, by the definition of the GK-dimension, GKdimA ∗ Γ = sup
E

GKdimE,

where the supremum is taken over all finitely generated subalgebras E of A ∗ Γ. Let V be

a finite-dimensional generating subspace of E. Then there exists g1, · · · , gs ∈ G and some

finite-dimensional subspace W of A such that V ⊂ Wg1 + Wg2 + · · ·Wgs. By the local

finiteness condition we can further assume that W is a finite-dimensional Γ-submodule of

A.

Let B be the subalgebra of A generated by W and let L be the subgroup of G generated

by g1, · · · , gs and their inverses. Then it is clear that B is Γ-affine and E ⊂ B ∗ L. This

prove the claim. Now,

GKdimA ∗ Γ = sup
B,L

GKdimB ∗ L

= sup
B,L

(GKdimB + GKdim kL)

= sup
B

GKdimB + sup
L

GKdim kL

= GKdimA+ GKdim kΓ.
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The second equality follows from Lemma 3.4.2. For the last equality, one just notices that

GKdim kΓ = sup
L

GKdim kL by Proposition 3.2.8.

Recall from [Mo, §5.4] that for g ∈ G,

P1,g(H) = {x ∈ H |∆(x) = x⊗ 1 + g ⊗ x}.

Let P ′1,g(H) be a subspace of P1,g(H) such that P1,g(H) = k(1− g)⊕ P ′1,g(H) and define

P ′T (H) =
⊕
g∈G

P ′1,g(H).

Lemma 3.4.3. Let H be a pointed Hopf algebra. Then the following statements are equiv-

alent.

(I) dimk P
′
T (H) <∞,

(II) dimk R(1) <∞,

(III) the graded algebra R is locally finite,

(IV) the coalgebra θ(H) is coradically finite.

Proof. By [Mo, Theorem 5.4.1(1)] and the definition of R, P ′T (H) ∼= R(1) as k-spaces. Hence

(I) and (II) are equivalent. Since R is a coradically graded coalgebra and R(0) = k, the

equivalence of (II) and (III) follows from [MS, Lemma 2.3 (2)]. As shown in the proof of

Theorem 3.4.4, dimk πH(Hn) = dimk
∑n

i=1R(i). By Proposition 3.3.6, {πH(Hn)}n≥0 is the

coradical filtration of θ(H). This shows that (III) and (IV) are equivalent.

Now we are ready to prove the main theorem of this section.

Theorem 3.4.4. Retain the above notation. Suppose that dimk R(1) <∞. Then

GKdimR+ GKdim kG = GKdim grH ≤ GKdimH ≤ GKdim kG+ γ, (E3.4.4.1)

where γ = lim
n→∞

logn dimk πH(Hn) = lim
n→∞

logn dimk
⊕n

i=0R(i). If R is a finitely generated

algebra, then

GKdimR+ GKdim kG = GKdim grH = GKdimH = GKdim kG+ γ. (E3.4.4.2)

Proof. Let Vn =
⊕n

i=1R(i). By Lemma 3.4.3, Vn is finite-dimensional for any n. Also,

{Vn}n≥0 is the coradical filtration of R since R is a coradically graded coalgebra. On the

other hand, R ∼= θ(grH) as graded coalgebras. It then follows from Proposition 3.3.4 and

Proposition 3.3.6 that Vn ∼= πH(Hn) as k-spaces. As a consequence, the number γ is well

defined.
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It is well known that R#kG is just R ∗ G as algebras. Moreover, the G-action on R

preserves the grading. Since every finite-dimensional subspace V of R is contain in Vs

for some s ≥ 0, we see that the G-action on R is locally finite. Now by Lemma 3.4.2,

GKdimR + GKdim kG = GKdim grH. By [KL, Lemma 6.5], GKdim grH ≤ GKdimH.

Next we are going to show that GKdimH ≤ GKdim kG+ γ.

Now let C be a finite-dimensional subspace of H. Without loss of generality, we can

assume that C is a subcoalgebra of H. Let S = G(C). By the choice of C, the set S is

finite. Denote by GS(`) the set of elements in G that can be expressed as products of ≤ `

elements in S ∪ S−1 and let gS(`) = |GS(`)|. By Corollary 3.2.5, G(C`) ⊂ GS(`). Suppose

that C ⊂ HN for some N ≥ 1. Then Cn ⊂ HnN . Let D = grCn, the associated graded

coalgebra of Cn with respect to its coradical filtration. Notice that D is naturally embedded

in grH. Since G(D) can be identified with G(Cn), we have G(D) ⊂ GS(n).

Now by Lemma 3.4.1, we have

D ⊂
nN⊕
i=0

⊕
h∈G(D)

R(i)h

=
⊕

h∈G(D)

VnNh ⊂
⊕

h∈GS(n)

VnNh.

As a consequence,

dimk C
n = dimkD ≤ dimk VnN · gS(n).

Therefore,

lim
n→∞

logn dimk C
n ≤ lim

n→∞
logn dimk VnN · gS(n)

≤ lim
n→∞

logn dimk VnN + lim
n→∞

logn gS(n)

≤ lim
n→∞

logn dimk Vn + lim
n→∞

logn gS(n)

≤ γ + GKdim kG.

This proves (E3.4.4.1).

When R is finitely generated, by [KL, Proposition 6.6], GKdimR = lim
n→∞

logn dimk Vn =

γ. Combining this fact with (E3.4.4.1), we have (E3.4.4.2).

Remark 3.4.5. In Theorem 3.4.4, if we further assume that G is a finite group, then

{Hn}n≥0 is a finite filtration in the sense that dimkHn < ∞ for any n ≥ 0. This is true

because Hn/Hn−1
∼= R(n)⊗kG as k-spaces for all n. In this case, the result GKdim grH =

GKdimH follows from [KL, Proposition 6.6].

Remark 3.4.6. It is easy to check that grH is finitely generated if and only if both R and

kG are finitely generated. Hence if grH is finitely generated, then GKdimR+GKdim kG =

GKdim grH = GKdimH.
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If H is a finitely generated pointed Hopf algebra, then G is a finitely generated group by

Corollary 3.2.5. However, the finite generation of H does not imply that dimk R(1) < ∞,

as shown in the following example.

Example 3.4.7. Let the base field k be Fp, where p is a prime number. Let H = k[x].

Then H is a connected Hopf algebra where x is primitive. It is well known that grH ∼=
k[x1, x2, · · · ]/(xp1, x

p
2, · · · ) with xi being primitive. As a consequence, GKdim grH = 0

since every finitely generated subalgebra of grH is finite-dimensional. On the other hand,

GKdimH = 1.

The above example relies heavily on the assumption that the base field k has charac-

teristic p. In fact, based on known examples, it is conjectured that if the base field is of

characteristic 0, and H is finitely generated with finite GK-dimension, then R(1) is always

finite-dimensional.

We conclude this section with a straightforward corollary. For the definitions and basic

properties of Yetter-Drinfeld modules and Nichols algebras, a good reference is [AS2].

Corollary 3.4.8. Let H be a pointed Hopf algebra with group-like elements G. If grH ∼=
B(V )#kG, where V is a finite-dimensional left Yetter-Drinfeld module over G and B(V ) is

the Nichols algebra of V , then

GKdimB(V ) + GKdim kG = GKdim grH = GKdimH.

3.5 Connected Hopf algebras

This section is primarily devoted to the study of connected Hopf algebras. Let H be a

connected Hopf algebra. Then its associated graded Hopf algebra grH with respect to the

coradical filtration is also connected. Moreover, the natural grading on grH makes it into

a coradically graded Hopf algebra as mentioned in Section 1.4. In fact, we are able to show

that if the base field is algebraically closed of characteristic 0 and GKdimH < ∞, then

GKdimH must be a non-negative integer ` and grH is isomorphic to the polynomial ring

in ` variables as algebras (see Proposition 3.5.5 and Theorem 3.5.10). As a consequence,

we derive some ring-theoretic properties of such Hopf algebras. For instance, we show that

they are always domains, which reproves an unpublished result by Le Bruyn.

By [Mo, Lemma 5.2.10], a connected bialgebra is automatically a connected Hopf algebra.

Furthermore, we have the following lemma.

Lemma 3.5.1. Let H be a connected Hopf algebra and K a sub-bialgebra of H. Then K

is a Hopf subalgebra of H.

Proof. Let S be the antipode of H. We need to show that S(K) ⊂ K. It suffices to show that

S(Kn) ⊂ K for any n ≥ 0. When n = 0, the statement is true since K0 is spanned by the

unit 1. For any n ≥ 1 and c ∈ Kn, by [Mo, Lemma 5.3.2], ∆(c) = 1⊗ c+ c⊗ 1 +
∑
ai ⊗ bi,
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where ai, bi ∈ Kn−1. Since S is the convolution inverse of the identity map, we have

S(c) + c +
∑
aiS(bi) = ε(c). By induction hypothesis, S(c) ∈ K. This completes the

proof.

The following technical lemma will be used frequently in the rest of the chapter.

Lemma 3.5.2. Let f : A → B be a surjective algebra map. If A is a Noetherian prime

algebra and GKdimA < GKdimB + 1 <∞, then f is an isomorphism.

Proof. We only have to show that I := ker f is zero. If not, then by Goldie’s theorem, the

ideal I contains a regular element. Now by [KL, Proposition 3.15], GKdimB+1 ≤ GKdimA.

But this is a contradiction.

Lemma 3.5.3. Let K =
⊕∞

n=0K(n) be a graded Hopf algebra with K(0) = k. Then the

following statements are true.

(I) If K is generated in degree one, then K is cocommutative;

(II) If K is coradically graded, then K is commutative.

Proof. It is easy to check that if a Hopf algebra is generated by elements x such that

∆(x) = τ∆(x), where τ is the twisting map, then the Hopf algebra is cocommutative. Since

K(1) is spanned by primitive elements, the statement (I) is true.

For the second statement, by Remark 3.2.7, we can assume, without loss of generality,

that K is finitely generated and thus locally finite. Let S =
⊕∞

n=0K(n)∗ be the graded

dual of K. Then S is also a graded Hopf algebra with S(0) = k. By [AS2, Lemma 5.5], S

is generated in degree one and thus cocommutative by (I). Hence K is commutative.

Notice that for any connected Hopf algebra H, grH is connected coradically graded.

Hence the following proposition is clear.

Proposition 3.5.4. Let H be a connected Hopf algebra. Then grH is commutative.

In fact, if the base field is algebraically closed of characteristic 0, we can say more about

the algebra structure of a connected coradically graded Hopf algebra.

Proposition 3.5.5. Let K =
⊕∞

n=0K(n) be a coradically graded Hopf algebra with K(0) =

k and assume that the base field k is algebraically closed of characteristic 0. If K is finitely

generated, then K is isomorphic to the polynomial ring in ` variables for some ` ≥ 0 as

algebras.

Proof. Since K is finitely generated commutative, K ∼= O(Γ), the coordinate ring of some

algebraic group Γ over k. Hence K has finite global dimension. Now the result follows from

[NV, III.2.5].
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The previous proposition leads to the following theorem, which is a result by Le Bruyn

(unpublished).

Theorem 3.5.6. Assume that the base field k is algebraically closed of characteristic 0. Let

H be a connected Hopf algebra. Then H is a domain.

Proof. We only need to show that grH is a domain. By Remark 3.2.7, every finite subset

of grH is contained in a finitely generated graded Hopf subalgebra of grH. By Proposition

3.5.5, such subalgebras are domains. The result then follows.

Remark 3.5.7. In Theorem 3.5.6, the statement fails if the base field is of characteristic p.

For example, let k = Fp and H = k[x]/(xp). It is well known that H has a unique connected

Hopf algebra structure under which x is primitive. Obviously, H is not a domain.

Lemma 3.5.8. Assume that the base field k is algebraically closed of characteristic 0. Let

K be a connected coradically graded Hopf algebra and L a finitely generated graded Hopf

subalgebra of K. If L 6= K, then GKdimK ≥ GKdimL+ 1.

Proof. Let N be the smallest number such that L(N) 6= K(N). Pick y ∈ K(N) \L(N). By

the choice of N we see that ∆(y) = 1 ⊗ y + y ⊗ 1 + w, where w ∈
⊕N−1

i=1 L(i) ⊗ L(N − i).
Hence the algebra P generated by L and y is a finitely generated graded sub-bialgebra of

K. By Lemma 3.5.1, P is a Hopf subalgebra of K. By replacing K with P , we may assume

that K is also finitely generated. Now we have an exact sequence of Hopf algebras

0→ L→ K → H → 0,

in the sense that L is a normal Hopf subalgebra of K and H = K/L+K = K/KL+. Since

L 6= K, the connected Hopf algebra H is not isomorphic to k by [T1, Theorem 4.3] and

therefore GKdimH ≥ 1. By taking the spectrum, we get an exact sequence of algebraic

groups [T1, Theorem 5.2]

1→ Γ1 → Γ2 → Γ3 → 1.

By [H, 7.4 Proposition B], dim Γ2 = dim Γ1 + dim Γ3, where dim represents the dimension

of an affine variety. It is well known that for any affine variety X, dimX = GKdimO(X).

Consequently,

GKdimK = GKdimL+ GKdimH.

Now the result follows since GKdimH ≥ 1.

In next section, we will lift the result to the ungraded case in Lemma 3.6.4.

Lemma 3.5.9. Assume that the base field k is algebraically closed of characteristic 0. Let

K be a connected coradically graded Hopf algebra. Then K has finite GK-dimension if and

only if K is finitely generated.
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Proof. If K is finitely generated, then by Proposition 3.5.5, K has finite GK-dimension.

Now assume that K is not finitely generated. If dimkK(1) = ∞, then K has a Hopf

subalgebra isomorphic to U(g), where g := K(1) is an infinite-dimensional Lie algebra.

Hence GKdimK =∞. Now assume that dimkK(1) <∞. It suffices to show that there is

a chain of Hopf subalgebras K(1) ⊂ K(2) ⊂ · · · such that GKdimK(i) + 1 ≤ GKdimK(i+1).

Let K(1) be the subalgebra generated by K(1). Then K(1) is a finitely generated graded

Hopf subalgebra of K. Since K(1) ( K by assumption, there is some homogeneous element

y ∈ K \K(1) such that ∆(y) = 1⊗ y+ y⊗ 1 +w where w ∈ (K(1))+⊗ (K(1))+. Let K(2) be

the subalgebra generated by K(1) and y. It is obvious that K(2) is again a finitely generated

graded Hopf subalgebra. By Lemma 3.5.8, GKdimK(2) ≥ GKdimK(1) +1. Now K(2) ( K,

so we can repeat the above process and get the desired chain of Hopf subalgebras. This

completes the proof.

Now we are able to deliver the following theorem.

Theorem 3.5.10. Assume that the base field k is algebraically closed of characteristic 0

and let H be a connected Hopf algebra. Then the following statements are equivalent:

(I) GKdimH <∞;

(II) GKdim grH <∞;

(III) grH is finitely generated;

(IV) grH is isomorphic to the polynomial ring of ` variables for some ` ≥ 0 as algebras.

In this case, GKdimH = GKdim grH, which is a positive integer.

Proof. If GKdimH = ∞, we need to show that GKdim grH is also infinity. If not, by

Lemma 3.5.9, grH is finitely generated. Then by Theorem 3.4.4 (or [KL, Proposition 6.6]),

GKdimH = GKdim grH <∞, which is a contradiction. If GKdimH <∞, by [KL, Lemma

6.5], GKdim grH ≤ GKdimH <∞. Hence (I) and (II) are equivalent. The equivalence of

(II) and (III) is just Lemma 3.5.9. The equivalence of (III) and (IV) follows from Proposition

3.5.5.

If one of the four conditions holds, then GKdimH = GKdim grH by Theorem 3.4.4.

Moreover, in this case GKdim grH is a positive integer by (IV). This completes the proof.

As a consequence of Theorem 3.5.10, a connected Hopf algebra enjoys many nice ring-

theoretical properties. A few of them are listed in the following corollary.

Corollary 3.5.11. Assume that the base field k is algebraically closed of characteristic 0

and let H be a connected Hopf algebra of GK-dimension ` <∞. Then H is
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(I) a noetherian domain of global dimension ` and Krull dimension ≤ `;

(II) Auslander-regular;

(III) GK-Cohen-Macaulay, i.e., for any non-zero finitely generated H-module M ,

j(M) + GKdimM = GKdimH,

where j(M) := min{n | ExtnH(M,H) 6= 0}.

Proof. By Theorem 3.5.10, grH is a noetherian domain of global dimension and Krull di-

mension `. Now by [BG2, Lemma I.12.12, Theorem I.12.13] and [MR, Lemma 5.6, Corollary

6.18], H is a noetherian domain of global dimension and Krull dimension ≤ `. Moreover,

by taking M to be the trivial H-module k in (III), we have j(k) = `. This shows that the

global dimension of H is `.

Since grH is noetherian, the filtration {Hn}n≥0 on H is Zariskian by [Bj, 2.10]. Then

the statement (II) follows from [Bj, Theorem 3.9].

For the statement (III), we first choose a good filtration {Mn}n∈Z of M in the sense

of [LV, Definition 5.1]. It then follows from [LV, Lemma 5.4] that grM is a finitely gen-

erated grH-module. It is clear that grH is GK-Cohen-Macaulay. Hence jgrH(grM) +

GKdim grM = GKdim grH. As mentioned in the proof of [Bj, Theorem 3.9], jgrH(grM) =

j(M). By Theorem 3.5.10, GKdim grH = GKdimH and grH is a finitely generated al-

gebra. It then follows from [KL, Proposition 6.6] that GKdim grM = GKdimM . This

completes the proof.

3.6 Connected Hopf algebras of GK-dimension three

Throughout this section, the base field k is algebraically closed of characteristic

zero. We are going to classify all connected Hopf algebras of GK-dimension three. To begin

with, we introduce two classes of Hopf algebras.

Example 3.6.1. Let A be the algebra generated by elements X,Y, Z satisfying the following

relations,

[X,Y ] = 0,

[Z,X] = λ1X + αY,

[Z, Y ] = λ2Y,

where α = 0 if λ1 6= λ2 and α = 0 or 1 if λ1 = λ2. Then A becomes a Hopf algebra via

ε(X) = 0, ∆(X) = 1⊗X +X ⊗ 1, S(X) = −X,

ε(Y ) = 0, ∆(Y ) = 1⊗ Y + Y ⊗ 1, S(Y ) = −Y,

ε(Z) = 0, ∆(Z) = 1⊗ Z +X ⊗ Y + Z ⊗ 1, S(Z) = −Z +XY.
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We denote this Hopf algebra by A(λ1, λ2, α).

Example 3.6.2. Let B be the algebra generated by elementsX,Y, Z satisfying the following

relations,

[X,Y ] = Y,

[Z,X] = −Z + λY,

[Z, Y ] =
1

2
Y 2,

where λ ∈ k. Then B becomes a Hopf algebra via

ε(X) = 0, ∆(X) = 1⊗X +X ⊗ 1, S(X) = −X,

ε(Y ) = 0, ∆(Y ) = 1⊗ Y + Y ⊗ 1, S(Y ) = −Y,

ε(Z) = 0, ∆(Z) = 1⊗ Z +X ⊗ Y + Z ⊗ 1, S(Z) = −Z +XY.

We denote this Hopf algebra by B(λ).

Proposition 3.6.3. The algebras A(λ1, λ2, α) and B(λ) are connected Hopf algebras of

GK-dimension three.

Proof. We only prove the statement for B(λ). The case of A(λ1, λ2, α) can be proved

analogously.

As mentioned in [GZ2, Section 1], to check B(λ) is a Hopf algebra, it suffices to check

the Hopf algebra axioms on a set of algebra generators for B(λ), namely, X,Y and Z. This

is easy and we leave it to the readers.

By Bergman’s Diamond Lemma, the algebra B(λ) has a k-linear basis of monomials

{Xw1Y w2Zw3},

where wi ∈ N. Define the degree of Xw1Y w2Zw3 to be w1 + w2 + 2w3 and let Fn be the

k-space spanned by all monomials of degree ≤ n. It is easy to check that {Fn}n≥0 is an

algebra filtration on A by the defining relations. Hence by [KL, Lemma 6.1 (b)],

GKdimB(λ) = lim
n→∞

logn dimk Fn = 3.

Next, we claim that {Fn}n≥0 is also a coalgebra filtration on B, i.e. ∆(Fn) ⊂
∑n

i=0 Fi⊗Fn−i
for any n. Let Xw1Y w2Zw3 be a monomial such that w1 + w2 + 2w3 ≤ n. Then

∆(Xw1Y w2Zw3) =∆(X)w1∆(Y )w2∆(Z)w3

∈(F0 ⊗ F1 + F1 ⊗ F0)w1+w2 · (
2∑
i=0

Fi ⊗ F2−i)
w3

⊂(

w1+w2∑
i=0

Fi ⊗ Fw1+w2−i) · (
2w3∑
i=0

Fi ⊗ F2w3−i)

⊂
n∑
i=0

Fi ⊗ Fn−i.
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For the last two inclusions, we use the fact that {Fn}n≥0 is an algebra filtration. Then

it follows from [Mo, Lemma 5.3.4] that the coradical of B(λ) is contained in F0, which is

one-dimensional. Hence B(λ) is a connected coalgebra. This completes the proof.

Before moving on to study connected Hopf algebras of GK-dimension three, we still need

a few lemmas.

Lemma 3.6.4. Let H be a connected Hopf k-algebra of finite GK-dimension and K a Hopf

subalgebra of H. If GKdimK = GKdimH, then K = H.

Proof. By [Mo, Lemma 5.2.12], grK is naturally embedded in grH as a graded Hopf sub-

algebra. Also, by Theorem 3.5.10, GKdim grK = GKdimK = GKdimH = GKdim grH

and they are all finitely generated. It suffices to show that grK = grH. If not, by Lemma

3.5.8, GKdim grH ≥ GKdim grK + 1, which is a contradiction.

The following proposition is a direct consequence of Lemma 3.6.4.

Proposition 3.6.5. Let H be a connected Hopf algebra of finite GK-dimension. Then

GKdimH ≥ dimk P (H). If GKdimH = dimk P (H), then H ∼= U(g) as Hopf algebras,

where g = P (H). If GKdimH = 3, then dimk P (H) = 2 or 3.

Proof. Let g = P (H). Then the injective Lie algebra map g ↪→ H induces a Hopf

map U(g) → H. It is well known that P (U(g)) = g and therefore by [Mo, Corollary

5.4.7] the Hopf map U(g) → H is injective. By PBW Theorem, GKdimU(g) = dimk g.

Hence GKdimH ≥ GKdimU(g) = dimk P (H). If GKdimH = dimk P (H), then we have

GKdimH = GKdimU(g). Hence H = U(g) by Lemma 3.6.4. The last statement is from

Lemma 2.4.7.

The following proposition is an easy consequence of Proposition 3.6.5. It is also men-

tioned in [GZ2].

Proposition 3.6.6. Let H be a connected Hopf algebra of GK-dimension strictly less than

3. Then GKdimH = 0, 1 or 2. In fact,

(I) if GKdimH = 0, then H ∼= k, the trivial Hopf algebra;

(II) if GKdimH = 1, then H ∼= k[x] with x being primitive;

(III) if GKdimH = 2, then H ∼= U(g), where g is either the 2-dimensional abelian Lie

algebra or the Lie algebra with basis {x, y} and [x, y] = y.

Now we focus on connected Hopf algebras of GK-dimension three. The following theorem

is the key to our main theorem of this section.
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Theorem 3.6.7. Let H be a connected Hopf algebra of GK-dimension ≥ 3 such that

dimk P (H) = 2. Then for any linearly independent primitive elements x, y, there exists

z ∈ H such that ∆(z) = 1⊗ z+ x⊗ y+ z⊗ 1. Moreover, if in addition GKdimH = 3, then

for any such z, the set {x, y, z} generates H as an algebra.

We postpone the proof to the last section. Now we are ready to deliver the main theorem

of this section.

Theorem 3.6.8. Let H be a connected Hopf algebra of GK-dimension three. Then H is

isomorphic to one of the following:

(I) The enveloping algebra U(g) for some three-dimensional Lie algebra g;

(II) The Hopf algebras A(0, 0, 0), A(0, 0, 1), A(1, 1, 1) or A(1, λ, 0) from Example 3.6.1 for

some λ ∈ k;

(III) The Hopf algebras B(λ) from Example 3.6.2 for some λ ∈ k.

Proof. By Proposition 3.6.5, dimk P (H) is either 2 or 3. If dimk P (H) = 3, then by Propo-

sition 3.6.5, H ∼= U(g) as Hopf algebras, where g = P (H). This gives the Hopf algebras in

(I). Now we focus on the case dimk P (H) = 2.

Let h = P (H). Then h is a two-dimensional Lie algebra. It is well known that there are

two isomorphic classes of two-dimensional Lie algebras.

Case 1: The Lie algebra h is spanned by x and y with [x, y] = 0. By Theorem 3.6.7,

there is z ∈ H such that ∆(z) = 1⊗ z + x⊗ y + z ⊗ 1 and x, y, z generate H as an algebra.

It is easy to check that [z, x] and [z, y] are primitive elements. Therefore

[z, x] = a11x+ a12y, (E3.6.8.1)

[z, y] = a21x+ a22y,

where aij ∈ k.

Let P be a 2×2 invertible matrix such that P−1AP is a Jordan matrix, where A = (aij).

We take detP = 1. Let P = (bij) and P−1 = (cij). Then by setting x′ = b11x + b21y and

y′ = b12x+ b22y, the relations (E3.6.8.1) become

[z, x′] = λ1x
′ + αy′,

[z, y′] = λ2y
′,

where

(
λ1 α

0 λ2

)
is a Jordan matrix. Now we have

∆(z) = 1⊗ z + (c11x
′ + c21y

′)⊗ (c12x
′ + c22y

′) + z ⊗ 1.
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Let z′ = z − 1
2c11c12x

′2 − 1
2c11c22y

′2 − c12c21x
′y′. Then a direct calculation shows that

∆(z′) = 1⊗ z′ + x′ ⊗ y′ + z′ ⊗ 1, (E3.6.8.2)

and

[z′, x′] = λ1x
′ + αy′, (E3.6.8.3)

[z′, y′] = λ2y
′,

Notice that x′, y′, z′ generate H and [x′, y′] = 0.

If λ1 = λ2 = 0 and α = 0 (resp, α = 1), then there is a surjective Hopf map from

A(0, 0, 0) (resp. A(0, 0, 1)) to H sending X,Y, Z to x′, y′, z′, respectively.

If λ1 = λ2 6= 0 and α = 1, then there is a surjective Hopf map from A(1, 1, 1) to H

sending X,Y, Z to x′, 1
λ1
y′, 1

λ1
z′, respectively.

If λ1 6= 0 and α = 0, then there is a surjective Hopf map from A(1, λ2/λ1, 0) to H

sending X,Y, Z to 1
λ1
x′, y′, 1

λ1
z′, respectively.

If λ2 6= 0 and α = 0, then there is a surjective Hopf map from A(1, λ1/λ2, 0) to H

sending X,Y, Z to 1
λ2
y′,−x′, 1

λ1
(z′ − x′y′), respectively.

By Lemma 3.5.2, all the above surjective Hopf maps are isomorphisms. This completes

the proof of (II).

Case 2: The Lie algebra h is spanned by x and y with [x, y] = y. Again by Theorem

3.6.7, there is z ∈ H such that ∆(z) = 1 ⊗ z + x ⊗ y + z ⊗ 1 and x, y, z generate H as an

algebra. A straight calculation shows that [z, y]− 1
2y

2 and [z, x] + z are primitive elements.

Therefore

[z, x] = −z + a11x+ a12y,

[z, y] =
1

2
y2 + a21x+ a22y,

where aij ∈ k. By replacing z with z − a11x, we can assume that a11 = 0. We claim that

a21 = a22 = 0. Notice that the relations between x, y, z can be rewritten as

yx = xy − y,

zx = xz − z + a12y,

zy = yz +
1

2
y2 + a21x+ a22y.

By these relations, we have

z(yx) = xyz +
1

2
xy2 + a21x

2 + a22xy − 2yz + (a12 − 1)y2 − 2a21x− 2a22y.

On the other hand,

(zy)x = xyz +
1

2
xy2 + a21x

2 + a22xy − 2yz + (a12 − 1)y2 − a22y.
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Since z(yx) = (zy)x by associativity, we have −2a21x− 2a22y = −a22y, which implies that

a21 = a22 = 0. Now it is clear that there is a surjective Hopf algebra map from B(a12)

to H sending X,Y, Z to x, y, z, respectively. By Lemma 3.5.2, this surjective map is an

isomorphism. This completes the proof of (III).

Remark 3.6.9. It is clear from the proof of Theorem 3.6.8 that any Hopf algebra H listed

in (II) and (III) has GK-dimension 3 and dimk P (H) = 2.

In fact, by following the same lines as in case 1 and case 2 in the proof of the previous

theorem, we have the following proposition.

Proposition 3.6.10. Let H be a connected Hopf algebra of GK-dimension ≥ 3 such that

dimk P (H) = 2. Then for any linearly independent primitive elements x, y, there exists

z ∈ H such that ∆(z) = 1⊗ z + x⊗ y + z ⊗ 1. Moreover, the algebra C generated by x, y, z

is a Hopf subalgebra of H and GKdimC = 3.

For the rest of this section, we are going to look closer at the Hopf algebras listed in

Theorem 3.6.8 (II) and (III).

Lemma 3.6.11. Let H be a connected Hopf algebra of GK-dimension three such that

dimk P (H) = 2 and let x, y, z be a set of generators as described in Theorem 3.6.7. Denote

by K the Hopf subalgebra generated by x and y. Then H2/K2 is spanned by the image of z.

Proof. It is clear that z ∈ H2 \ K2. Hence we only have to show that H2/K2 is one-

dimensional. Notice that H1 = K1. Therefore it suffices to show that grH(2)/ grK(2) is

one dimensional. By Theorem 3.6.7, x, y ∈ grH(1) and z ∈ grH(2) generate grH. It is

also clear that grK is the Hopf subalgebra of grH generated by x and y. As a consequence,

grH(2) = kz+ (grH(1))2 = kz+ (grK(1))2 = kz+ grK(2). This completes the proof.

For any Hopf algebra H, the commutator ideal [H,H] is a Hopf ideal [GZ2, Lemma 3.7].

We call H/[H,H] the abelianization of H. For any h ∈ H, let ad(h) ∈ Endk(H) be the

linear map sending u to [h, u] for any u ∈ H.

Proposition 3.6.12. For any given λ ∈ k, A(0, 0, 0), A(0, 0, 1), A(1, 1, 1) and A(1, λ, 0)

are pairwise non-isomorphic. Also, A(1, λ, 0) ∼= A(1, γ, 0) if any only if λ = γ or λγ = 1.

Proof. We start with the first statement. It is clear from defining relations that the abelian-

izations of A(0, 0, 0), A(0, 0, 1) and A(1, 1, 1) are A(0, 0, 0), k[X,Z] and k[Z], respectively.

And the abelianization of A(1, λ, 0) is k[Z] if λ 6= 0, and k[Y, Z] if λ = 0. Now to prove the

first statement, we only have to show A(0, 0, 1) � A(1, 0, 0) and A(1, 1, 1) � A(1, λ, 0) for

λ 6= 0.

Suppose that f is a Hopf isomorphism from H ′ := A(1, 1, 1) to H := A(1, λ, 0). We label

the canonical generators of H ′ by X ′, Y ′ and Z ′. Let K ′ (resp. K) be the Hopf subalgebra

of H ′ (resp. H) generated by X ′, Y ′ (resp. X,Y ). Then f restricts to a Hopf isomorphism
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from K ′ to K since f must map primitive elements to primitive elements. As a consequence,

f induces a linear isomorphism from H ′2/K
′
2 to H2/K2. This indicates that f(Z ′) is of the

form aZ + u for some a ∈ k× and u ∈ K2. Now consider the maps

ad(Z ′) : H ′1 → H ′1 and ad(f(Z ′)) : H1 → H1.

Since f restricts to a linear isomorphism from H ′1 to H1 and f ◦ ad(Z ′) = ad(f(Z ′)) ◦ f , the

two maps must have the same eigenvalues and the same number of independent eigenvectors.

However, from the defining relations we see that ad(Z ′) has only one linearly independent

eigenvector while ad(f(Z ′)) = ad(aZ + u) has two. This shows that A(1, 1, 1) � A(1, λ, 0).

If we replace H ′ and H by A(0, 0, 1) and A(1, 0, 0) respectively, then the above argument

shows that A(0, 0, 1) � A(1, 0, 0). This completes the proof of the first statement.

Next, we proceed to prove the second statement. As mentioned before, the abelianization

of A(1, λ, 0) is k[Z] if λ 6= 0, and k[Y,Z] if λ = 0. Hence A(1, 0, 0) � A(1, λ, 0) for any λ 6= 0.

Now assume A(1, λ, 0) ∼= A(1, γ, 0) where both λ and γ are non-zero, and we have to show

that either λ = γ or λγ = 1. Repeat the argument in the second paragraph of the proof

by taking H ′ = A(1, λ, 0) and H = A(1, γ, 0). It is easy to check by defining relations that

adZ ′ has eigenvalues {1, λ} and ad f(Z ′) has eigenvalues {a, aγ}. Since they have the same

eigenvalues, we must have 1 = a

λ = aγ
or

1 = aγ

λ = a
.

Clearly, these imply that either λ = γ or λγ = 1.

Conversely, we only have to show that if λγ = 1, then A(1, λ, 0) ∼= A(1, γ, 0). Label the

canonical generators of A(1, λ, 0) by X ′, Y ′ and Z ′. Then there is a surjective Hopf map

from A(1, λ, 0) to A(1, γ, 0) sending X ′, Y ′, Z ′ to Y,−λX, λ(Z − XY ), respectively. This

map is an isomorphism by Lemma 3.5.2.

Proposition 3.6.13. B(λ) ∼= B(γ) if and only if λ = γ.

Proof. Label the canonical generators of B(λ) by X ′, Y ′, Z ′. Suppose that f is an isomor-

phism from H ′ := B(λ) to H := B(γ). By Theorem 3.6.8, P (H ′) (resp. P (H)) are spanned

by X ′, Y ′ (resp. X,Y ). Notice that f restricts to a linear isomorphism from P (H ′) to P (H).

Hence

f(X ′) = a11X + a12Y,

f(Y ′) = a21X + a22Y,

for some non-degenerate matrix (aij). Since [f(X ′), f(Y ′)] = f(Y ′), we have

[a11X + a12Y, a21X + a22Y ] = a21X + a22Y.
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By using the fact [X,Y ] = Y and comparing the coefficients, we find that a11 = 1, a21 = 0

and a22 6= 0. Since f is a coalgebra map,

∆f(Z ′) = (f ⊗ f)∆(Z ′) = 1⊗ f(Z ′) + (X + a12Y )⊗ a22Y + f(Z ′)⊗ 1.

Then it is easy to check that f(Z ′) − a22Z − 1
2a12a22Y

2 ∈ P (H). As a consequence, there

exists c, d ∈ k such that

f(Z ′) = a22Z +
1

2
a12a22Y

2 + cX + dY.

Since [f(Z ′), f(Y ′)] = 1
2f(Y ′)2,

[a22Z +
1

2
a12a22Y

2 + cX + dY, a22Y ] =
1

2
a2

22Y
2.

By comparing the coefficients, we find that c = 0. Now the relation [f(Z ′), f(X ′)] =

−f(Z ′) + λf(Y ′) gives

[a22Z +
1

2
a12a22Y

2 + dY,X + a12Y ] = −a22Z −
1

2
a12a22Y

2 − dY + λa22Y. (E3.6.13.1)

The left-hand side of (E3.6.13.1) becomes

−a22Z + a22γY +
1

2
a12a22Y

2 − a12a22Y
2 − dY.

Comparing this with the right-hand side of (E3.6.13.1) we have λ = γ. This completes the

proof.

We conclude the section by two propositions regarding the algebra structures of the Hopf

algebras A(λ1, λ2, α) and B(λ), the first of which suggests that they can be considered as

coalgebra deformations of universal enveloping algebras. However, we will not pursue this

direction further.

Proposition 3.6.14. For any choice of (λ1, λ2, α) (resp. λ), as an algebra, A(λ1, λ2, α)

(resp. B(λ)) is isomorphic to the enveloping algebra of a solvable Lie algebra.

Proof. For A(λ1, λ2, α), by the defining relations in Example 3.6.1, we have A(λ1, λ2, α) ∼=
U(g) as algebras where g is the solvable Lie algebra spanned by X,Y and Z. For B(λ), let

Z ′ := Z − 1
2XY , then B(λ) is generated by X,Y and Z ′ with the following relations

[X,Y ] = Y,

[Z ′, X] = −Z ′ + λY,

[Z ′, Y ] = 0.

Now it is clear that B(λ) ∼= U(g) where g is the solvable Lie algebra spanned by X,Y and

Z ′.
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Since the Lie algebra U(sl2) is not solvable, we have the following corollary, which

suggests that U(sl2) has no non-trivial coalgebra deformations.

Corollary 3.6.15. For any choice of (λ1, λ2, α) (resp. λ), the Hopf algebra A(λ1, λ2, α)

(resp. B(λ)) is not isomorphic to U(sl2) as an algebra.

3.7 Proof of Theorem 3.6.7

This section is devoted to the proof of Theorem 3.6.7.

Lemma 3.7.1. Let C = U(h) where h is a two-dimensional Lie algebra spanned by x and

y. Then dimk H2(ΩC) = 1 and in fact H2(ΩC) = (x ⊗ y) where (x ⊗ y) is the cohomology

class defined by the cocycle x⊗ y.

Proof. By the PBW Theorem, the coalgebra C has a basis of the form {xiyj | i, j ∈ N}. It is

also well known that C becomes a graded coalgebra by setting deg xiyj = i+ j. Denote the

n-th homogeneous part by C(n). Now the kernel of the counit J can be naturally identified

with
⊕∞

i=1C(i). Moreover, the graded k-linear dual of the graded coalgebra C is isomorphic

to A = k[x1, x2] as graded algebras, where xi has degree 1. By [LPWZ2, Lemma 8.6 (c)],

B#A ∼= ΩC as DG algebras, where B#A is the graded dual of the bar construction of A.

On the other hand, by [LPWZ1, Lemma 4.2], H•(B#A) ∼= Ext•A(kA, kA). As a consequence,

dimk H2(ΩC) = dimk Ext2
A(kA, kA) = 1.

It is easy to check by definition that x⊗ y is a cocycle, i.e. ∂2(x⊗ y) = 0. We only have

to show that x ⊗ y /∈ im ∂1. Suppose to the contrary that there is some w ∈ C such that

∂1(w) = x⊗ y ∈ C(1)⊗C(1). Then by a degree argument, the element w is in C(2), i.e. w

must be of the form ax2 + bxy+cy2 for some a, b, c ∈ k. However, an easy calculation shows

that ∂1(ax2 + bxy + cy2) is in the k-subspace V spanned by x⊗ x, y ⊗ y and x⊗ y + y ⊗ x
and clearly x⊗ y is not in V . This completes the proof.

Now we are ready to prove Theorem 3.6.7.

Proof of Theorem 3.6.7. Let C be the subalgebra of H generated by x and y. Then C is a

Hopf subalgebra of H and C is isomorphic to U(h) where h is a two-dimensional Lie algebra.

Notice that by construction C1 = H1. Let N ≥ 2 be the least number such that CN ( HN .

By [Mo, Lemma 5.3.2], there exists z′ ∈ HN \ CN such that ∆(z′) = 1 ⊗ z′ + z′ ⊗ 1 + u,

where u ∈ HN−1 ⊗HN−1 = CN−1 ⊗CN−1 ⊂ C ⊗C. Without loss of generality, we assume

that ε(z′) = 0.

Now we have two DG algebras, (ΩH, ∂H) and (ΩC, ∂C). In fact, (ΩC, ∂C) can be viewed

as a sub-complex of (ΩH, ∂H). Notice that 0 = ∂2
H∂

1
H(z′) = ∂2

H(u) = ∂2
C(u), i.e. u is a

cocycle. We claim that u represents a non-zero cohomology class in H2(ΩC). If not, there

is w ∈ C such that ∂1
C(w) = 1 ⊗ w −∆(w) + w ⊗ 1 = u. As a consequence, ∆(z′ + w) =
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1⊗ (z′+w)+(z′+w)⊗1, i.e. z′+w is a primitive element in H. By the fact that H1 = C1,

z′ + w ∈ C1. But this would imply that z′ ∈ C, which contradicts the choice of z′.

By Lemma 3.7.1, the cohomology classes in H2(ΩC) represented by u and x⊗y only differ

by a non-zero scalar. Hence there exists v ∈ C+ and a ∈ k× such that ∂1(v) = au− x⊗ y.

Let z = az′ + v. Then z /∈ C and ∆(z) = 1⊗ z + x⊗ y + z ⊗ 1.

Next, assume that GKdimH = 3. Now we have to show that H is generated by x, y and

z. Let K be the subalgebra of H generated by x, y and z. Then it is easy to check that K

is a sub-bialgebra and thus a Hopf subalgebra of H by Lemma 3.5.1. By the construction

of K, C ( K. By Lemma 3.5.8, GKdim grK ≥ GKdim grC + 1 = 3. On the other hand,

GKdim grK = GKdimK ≤ GKdimH = 3 since K ⊂ H. Hence GKdimK = 3. Now it

follows from Lemma 3.6.4 that K = H. This completes the proof.
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Chapter 4

LOWER BOUNDS OF GROWTH OF HOPF ALGEBRAS

4.1 Introduction

In this chapter, we study lower bounds of GK-dimension of Hopf algebras in terms of certain

invariants of skew primitive elements.

Throughout the chapter, let H be a Hopf algebra over k. A nonzero element y ∈ H

is called (1, g)-primitive (or generally skew primitive) if ∆(y) = y ⊗ 1 + g ⊗ y and such a

g is called the weight of y and denoted by µ(y). Let G(H) denote the group of group-like

elements in H and let C0 = kG(H). Here is the first lower bound theorem.

Theorem 4.1.1 (First lower bound theorem). Let D ⊇ C0 be a Hopf subalgebra of H. Let

{yi}wi=1 be a set of skew primitive elements such that

(a) {yi}wi=1 is linearly independent in H/D.

(b) for all i ≤ j, yiµ(yj) = λijµ(yj)yi for some λij ∈ k×,

(c) for each i, λii is either 1 or not a root of unity.

Then GKdimH ≥ GKdimD + w.

In general λij in condition (b) may not exist. If that is the case, we have other ways of

obtaining lower bounds.

Let W denote the set of weights µ(y) for all skew primitive elements y 6∈ C0 and let

W√ be the subset of W consisting of weights µ(y) for all y such that yn is also a skew

primitive for some n > 1. (Note that in this paper the term “skew primitive” means “(1, g)-

primitive”). For any subset Φ of a group, the subgroup generated by Φ is denoted by 〈Φ〉.
Here is the second lower bound theorem.

Theorem 4.1.2 (Second lower bound theorem). Suppose 〈W \W√ 〉 is abelian. Then

GKdimH ≥ GKdimC0 + #(W \W√ ). (E4.1.2.1)

There are examples such that W = W√ and GKdimH = GKdimC0, but #(W√ )

is arbitrarily large [Example 4.3.7]. Therefore W√ has to be removed from W when we

estimate the GK-dimension of H.

Let y be a skew primitive element not in C0. If

µ(y)−1yµ(y)− cy ∈ C0 (E4.1.2.2)
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for some c ∈ k×, then c is called the commutator of y (with its weight) and denoted by γ(y).

By Lemma 4.2.6, (E4.1.2.2) is equivalent to

µ(y)−1yµ(y)− cy = τ(µ(y)− 1) (E4.1.2.3)

for some τ ∈ k. Define Γ to be the set of γ(y) for all skew primitive elements y 6∈ C0 such

that γ(y) exists and let Γ√ be the subset of Γ consisting of those γ(y) which are roots

of unity but not 1. If γ(y) exists, the pair (µ(y), γ(y)) is denoted by ω(y) and is called

the weight commutator of y. When (E4.1.2.3) holds and if c 6= 1, y can be replaced by

z := y + (c − 1)−1τ(µ(y) − 1), which is a skew primitive element with ω(z) = ω(y) and

satisfies the equation µ(z)−1zµ(z)− γ(z)z = 0.

Define Ω to be the set of ω(y) for all skew primitive elements y 6∈ C0 such that ω(y)

exists and let Ω√ be the subset of Ω consisting of those ω(y) in which γ(y) is a root of

unity but not 1. Theorem 4.1.2 can be improved a little under the same hypothesis:

GKdimH ≥ GKdimC0 + #(Ω \ Ω√ ).

Let y be a skew primitive element not in C0 with g = µ(y). Let Tg−1 be the inverse

conjugation by g, namely, Tg−1 : a→ g−1ag. A scalar c is called a commutator of y of level

n if n is the least nonnegative integer such that

(Tg−1 − cIdH)n(y) ∈ C0. (E4.1.2.4)

In this case we also write γ(y) = c. Let Z denote the space spanned by the identity element

1 and all skew primitive elements of H and let Y√ denote the subspace of Z spanned by

those y with commutator of finite level and with γ(y) being a root of unity but not 1. Here

is the third lower bound theorem. Let W× be the subset of W consisting of weights µ(y)

such that the commutator of y (as defined in (E4.1.2.4)) exists and is either 1 or not a root

of unity. Note that W \W√ ⊆W× and these are often equal [Remark 4.4.9].

Theorem 4.1.3 (Third lower bound theorem). Suppose 〈W×〉 is abelian. Then

GKdimH ≥ GKdimC0 + dimZ/(C0 + Y√ ). (E4.1.3.1)

When H is cocommutative, equality holds in Theorem 4.1.3, see (E0.0.1.1). There are

examples such that Z = Y√ + C0 and GKdimH = GKdimC0, but dimY√ is arbitrarily

large [Examples 4.3.7 and 4.4.13]. Therefore it is sensible to consider the quotient space

Z/(C0 + Y√ ) in the above theorem. This is analogous to removing W√ in Theorem 4.1.2.

If 〈W×〉 is abelian, Theorem 4.1.3 is a generalization of Theorem 4.1.2 [Lemma 4.4.12].

After some analysis, Theorem 4.1.1 (when D = C0) can be viewed as a consequence of

Theorem 4.1.3. These lower bounds provide some evidence that the GK-dimension of H

is related to some combinatorial data coming from the skew primitive elements when H is

pointed.
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The proof of these lower bounds is based on a version of the Poincaré-Birkhoff-Witt

(PBW) theorem [Theorem 4.2.5(b)] which states that under some hypotheses the set of

monomials generated by skew primitive elements is linearly independent (over the Hopf

subalgebra C0). Restricted to the universal enveloping algebra of a finite dimensional Lie

algebra, Theorem 4.2.5 implies the original PBW theorem. Theorem 4.2.5 is in a similar

spirit to Kharchenko’s quantum analog of the PBW theorem [Kh]. One of the hypotheses

in Theorem 4.2.5 is (I4.2.2.3) which assume essentially that the action of the group gener-

ated by weights on the space generated by skew primitive elements is locally finite. When

GKdimH is finite, this is a reasonable hypothesis indicated by Theorem 2.1.2 (see also

Lemma 4.3.5).

In general we are far from answering Question 0.0.1. There are a lot of unsolved questions

concerning the growth of Hopf algebras. The hypotheses in Theorems 4.1.2 and 4.1.3 could

be superfluous, but we don’t know how to remove them at this moment. When 〈W 〉 is

non-abelian, a possible better lower bound could be obtained by replacing #(W \W√ ) in

Theorem 4.1.2 by GKdim k〈W 〉, see Lemma 4.3.6(b) for details. It is expected that these

lower bounds can (or should) be improved and that possible upper bounds should be found

once finer invariants are introduced. The ultimate goal is to find a formula for the GK-

dimension of a Hopf algebra which is analogous to Bass’ theorem [KL, Theorem 11.14] in

the group algebra case, and then eventually to solve Question 0.0.1.

There are further connections between the growth of Hopf algebras and W and other

invariants defined by skew primitive elements. Let rank denote the torsionfree rank of an

abelian group.

Proposition 4.1.4. Suppose 〈W 〉 is abelian and torsionfree. If rank〈Γ〉 > rank〈W 〉 = 1,

then H has exponential growth.

Note that rank〈Γ \ Γ√ 〉 = rank〈Γ〉 since elements in Γ√ have finite order. The rank of

〈W 〉 and 〈Γ〉 should be related when GKdimH is finite.

Question 4.1.5. Suppose rank〈Γ〉 > rank〈W 〉. Does then H have exponential growth?

Quite a few families of Hopf algebras of finite GK-dimension have been analyzed ex-

tensively during the last few years. But the classification of such Hopf algebras is far

from complete. These lower bounds are useful for studying pointed Hopf algebras of low

GK-dimension. For example, if GKdimH = 2, then there are only three possibilities for

GKdimC0, #(W \W√ ), #(Ω \Ω√ ) and dimZ/(C0 + Y√ ). This is one of the initial steps

in our ongoing project of classifying pointed Hopf algebra domains of GK-dimension two

and three.

4.2 First Lower Bound Theorem

In this section we prove Theorem 4.1.1. We need some lemmas.
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Lemma 4.2.1. Let D be a Hopf subalgebra of H and 0 6= F ∈ H. Suppose that

(a) L is a subcoalgebra of H containing D,

(b) L is a left D-module via the multiplication, and

(c) there are nonzero-divisors (regular elements) h, g ∈ L such that ∆(F )−F ⊗h−g⊗F ∈
L⊗ L.

Define V = {a ∈ D | aF ∈ L}. Then V is either 0 or D.

Proof. Suppose V is nonzero and let a be a nonzero element in V . Let C be the subcoalgebra

of D generated by a. There is a k-linear basis

{a1, · · · , av, av+1, · · · , aw}

of C such that C ∩ V is spanned by {a1, · · · , av}. This means that aiF ∈ L for all i ≤ v

and that any nontrivial linear combination of {av+1F, · · · , awF} is not in L. Write ∆(a) =∑
1≤i,j≤w ξijai ⊗ aj for some ξij ∈ k.

For simplicity, we use the symbol ldt1 for any element in L and use ldt2 for any element

in L⊗ L. By the definition of V , we have aF + ldt1 = 0 for some ldt1 ∈ L and whence

0 = ∆(aF + ldt1) = ∆(a)∆(F ) + ∆(ldt1)

= (
∑
i,j

ξijai ⊗ aj)(F ⊗ h+ g ⊗ F + ldt2) + ldt2

= (
∑
i,j

ξijai ⊗ aj)(F ⊗ h) + (
∑
i,j

ξijai ⊗ aj)(g ⊗ F ) + ldt2

= (
∑
i>v
all j

ξijai ⊗ aj)(F ⊗ h) + (
∑
j>v
all i

ξijai ⊗ aj)(g ⊗ F ) + ldt2

where the last equation uses the fact aiF ∈ L for all i ≤ v. The above equation implies that

(
∑
j>v
all i

ξijai ⊗ aj)(g ⊗ F ) = −(
∑
i>v
all j

ξijai ⊗ aj)(F ⊗ h) + ldt2 ∈ H ⊗ L

or equivalently
∑w

i=1(aig)⊗ (
∑

j>v ξijajF ) ∈ H⊗L. Since {aig}wi=1 is linearly independent,

we have
∑

j>v ξijajF ∈ L for all i. By the definition of {av+1, · · · , aw}, we obtain that

ξij = 0 for all j > v. Similarly, ξij = 0 for all i > v. Thus ∆(a) ∈ V ⊗ V and hence V is a

subcoalgebra of D. Since V is a subcoalgebra, there is an element v ∈ V such that ε(v) = 1.

Then

1F = ε(v)F =
∑

S(v1)v2F ∈ L

since v2 ∈ V and S(v1) ∈ D. This shows that 1 ∈ V . Since V is a left ideal of D, V = D.
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Remark 4.2.2. Recall that (Nv,+), for every v ≥ 1, is a linearly ordered semigroup with

respect to the following ordering. Define (c1, · · · , cv) < (d1, · · · , dv) if either
∑v

i=1 ci <∑v
i=1 di or

∑v
i=1 ci =

∑v
i=1 di and there is a p < v such that ci = di for all i ≤ p and

cp+1 < dp+1.

Let T := k〈{xj}j∈J〉 be the free algebra generated by {xj}j∈J . Given any family (fj)j∈J

where fj ∈ Nv, we can define an Nv-graded structure on T by setting deg xj = fj for all

j ∈ J . Then T =
⊕

w∈Nv Tw. Since Nv is linearly ordered, T has a canonical Nv-filtration

defined by Fw(T ) =
∑

w′≤w Tw′ . Let B be any factor ring of T . The Nv-filtration on T

induces a unique Nv-filtration on B, denoted by {Fw(B) | w ∈ Nv}. We say that an element

x ∈ B has filtered multi-degree

deg x := w = (d1, · · · , dv)

and filtered total-degree d =
∑
di if x ∈ Fw(B) \

∑
w′<w Fw′(B). Note that the filtered

total-degree induces an N-filtration on B.

In applications, we usually start with an algebra A generated by {y1, · · · , yv} and G =

{gi}i∈I for some index set I. By the discussion in the previous paragraph, we can define

two filtrations (and corresponding filtered degrees) on A such that if f = yi1yi2 · · · yis ∈ A,

then the filtered total y-degree of f is at most s and the filtered multi-y-degree of f is at

most (n1, · · · , nv) where ni is the number of yi appearing in F , and if g ∈ G, the filtered

total-y-degree and the filtered multi-y-degree of g are both 0.

These two filtrations can be extended to the tensor product A⊗A, namely, Fw(A⊗A) :=∑
w′+w′′≤w Fw′(A)⊗ Fw′′(A) for all w ∈ Nv (or w ∈ N). For simplicity, the words “filtered”

and “filtration” might be omitted below.

Assume that S := {yi}i∈I is a set of skew primitive elements of H where I is either N or

{1, · · · , v} for some positive integer v. Suppose that D is a Hopf subalgebra of H and that

(I4.2.2.1) gi := µ(yi) ∈ D for all i ∈ I,

(I4.2.2.2) S is linearly independent in the space H/D,

(I4.2.2.3) for each pair i ≤ j, yigj = λijgjyi + bij for some λij ∈ k× and bij ∈ D, and there is a

subalgebra A ⊂ D containing all bij such that yiA ⊂ Ayi + A and giA ⊂ Agi + A for

all i.

In most of the applications D is the coradical C0 of H and the commutators of the yi exist.

When bij = 0 for all i ≤ j, we may take A = k and then (I4.2.2.3) is automatic. For every

positive integer d, define

Sd := {yd11 · · · y
dn
n · · · |

∑
s

ds = d}.

The following lemma is known and easy to check by a direct computation.
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Lemma 4.2.3. Suppose (I4.2.2.1)-(I4.2.2.3) hold.

(a) For every n,

∆(yni ) =
n∑
s=0

(
n

s

)
λii

gsi y
n−s
i ⊗ ysi +

∑
s+s′<n

ass′y
s
i ⊗ ys

′
i

for some ass′ ∈
∑

t≥0Ag
t
i . If bii = 0, then ass′ = 0 for all s, s′.

(b) Let {y1, y2, · · · , yz} be a finite subset of S. Then, for n1, · · · , nz ≥ 0,

∆(yn1
1 · · · y

nz
z ) =

∑
s1,··· ,sz

(
z∏
t=1

(
nt
st

)
λtt

)c(st)g
s1
1 · · · g

sz
z y

n1−s1
1 · · · ynz−sz

z ⊗ ys11 · · · y
sz
z

+ ldt2

where c(st) =
∏
i<j λ

sj(ni−si)
ij ∈ k×. Here ldt2 is a linear combination of elements of the

form fya11 · · · yazz ⊗y
b1
1 · · · ybzz with

∑
i(ai+bi) <

∑
i ni where f ∈

∑
t1,··· ,tz≥0Ag

t1
1 · · · gtzz .

If bij = 0 for all i ≤ j, then ldt2 = 0.

For α = (n1, · · · , nz, 0, · · · ), define

Lα =
∑
G

DG (E4.2.3.1)

where G runs through elements ym1
1 · · · ymw

w such that (m1, · · · ,mw, 0, · · · ) < α.

Lemma 4.2.4. Retain the notation as above and suppose (I4.2.2.1)-(I4.2.2.3) hold. Let

α = (n1, · · · , nz, 0, · · · ) and F = yn1
1 · · · ynz

z . Define

V = {a ∈ D | aF ∈ Lα}.

Then V is either 0 or D.

Proof. Let L denote Lα in the proof. First we claim that ∆(L) ⊂ L⊗L. It suffices to show

that ∆(G) ∈ L⊗L for all G = ym1
1 · · · ymw

w with (m1, · · · ,mw, 0, · · · ) < α. By Lemma 4.2.3,

∆(G) = G⊗ 1 + gm1
1 · · · gmw

w ⊗G+ ldt2 ∈ L⊗ L.

Thus we proved our claim. It is easy to see that the hypotheses in Lemma 4.2.1(a,b) hold.

For the hypothesis in Lemma 4.2.1(c), we note that

∆(F ) = F ⊗ 1 + gn1
1 · · · g

nz
z ⊗ F + ldt′2

by Lemma 4.2.3(b), where ldt′2 ∈ L⊗ L. The assertion follows from Lemma 4.2.1.

Here is the main result of this section. Recall that gi = µ(yi) for all i.

Theorem 4.2.5. Assume that (I4.2.2.1)-(I4.2.2.3) hold. Let λi denote λii for all i.
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(a) Suppose the elements in
⋃
j≥0 S

j are linearly dependent over D (on the left or on the

right). Then there is some z ∈ N such that

(i) λz is a primitive pz-th root of unity for some pz > 1,

(ii) there are ai, bj ∈ k, pj ∈ N such that ypzz +
∑

i aiyi +
∑

j 6=z bjy
pj
j ∈ D,

(iii) gi = gpzz whenever ai 6= 0 in part (ii), and

(iv) g
pj
j = gpzz and λj is a primitive pj-th root of unity whenever bj 6= 0 in part (ii).

(b) Suppose λi is either 1 or not a root of unity for every i. Then the elements in
⋃
j≥0 S

j

are linearly independent over D (on the left and on the right). As a consequence,

GKdimH ≥ GKdimD + #(S).

Proof. (a) Suppose that
⋃
j≥0 S

j is linearly dependent over D on the left. Then there is an

F = yn1
1 · · · ynz

z ∈ Sd for some d ≥ 0 such that

aF ∈ Lα, for some 0 6= a ∈ D, (E4.2.5.1)

where α = (n1, · · · , nz, 0, · · · ). The definition of Lα is given in (E4.2.3.1). Choose F among

all (a, F ) satisfying (E4.2.5.1) so that α is minimal with respect to the linear order < defined

in the beginning of Remark 4.2.2. For simplicity let L = Lα for the rest of the proof. Let

V = {b ∈ D | bF ∈ L}. Then 0 6= a ∈ V . By Lemma 4.2.4, 1 ∈ V , or equivalently, F ∈ L.

So we can write F = ldt1 where ldt1 denotes any element in L. By the minimality of α,

L is a free left D-module with a basis {ym1
1 · · · ymw

w | (m1, · · · ,mw, 0, · · · ) < α}. Note that

L⊗ L is a free D ⊗D-module with a basis

{ym1
1 · · · ymw

w ⊗ yl11 · · · y
lw′
w′ | (m1, · · · ,mw, 0, · · · ), (l1, · · · , lw′ , 0, · · · ) < α}.

We define a multi-degree on L such that, for any nonzero a ∈ D, deg(a) = 0 and deg(aym1
1 · · · ymw

w ) =

(m1, · · · ,mw, 0, · · · ) whenever (m1, · · · ,mw, 0, · · · ) < α. Notice that under this definition

L is a graded D-module (but not an algebra), which can be viewed as a filtered D-module

obviously. Extend this multi-grading naturally to L⊗L by adding the multi-degrees of the

tensor components.

Recall that F = yn1
1 · · · ynz

z . We may assume nz > 0 (if not, delete yz in the expression of

F ). Following the last paragraph, there is an ldt1 ∈ L such that F = −ldt1, or equivalently,

yn1
1 · · · ynz

z + ldt1 = 0. By the choice of F , any element in L has multi-degree less than

α. Let ldt2 denote any element in L ⊗ L and let lmt2 denote any element in L ⊗ L with

multi-degree less than α. Since the multi-degree of ldt1 is less than α, ∆(ldt1) is an lmt2
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by Lemma 4.2.3. Then, by Lemma 4.2.3 again, we have

0 = ∆(F + ldt1) = ∆(F ) + lmt2 (E4.2.5.2)

=
∑

s1,··· ,sz
(

z∏
t=1

(
nt
st

)
λt

)c(st)g
s1
1 · · · g

sz
z y

n1−s1
1 · · · ynz−sz

z ⊗ ys11 · · · y
sz
z + lmt2

=
∑

(st)6=(0),(nt)

(
z∏
t=1

(
nt
st

)
λt

)c(st)g
s1
1 · · · g

sz
z y

n1−s1
1 · · · ynz−sz

z ⊗ ys11 · · · y
sz
z

+ F ⊗ 1 + gn1
1 · · · g

nz
z ⊗ F + lmt2

=
∑

(st)6=(0),(nt)

(
z∏
t=1

(
nt
st

)
λt

)c(st)g
s1
1 · · · g

sz
z y

n1−s1
1 · · · ynz−sz

z ⊗ ys11 · · · y
sz
z + lmt2

where lmt2 represents an element in L⊗L with multi-degree less than α. The multi-degree

of gn1
1 · · · gnz

z yn1−s1
1 · · · ynz−sz

z ⊗ ys11 · · · yszz equals α for any (st) 6= (0), (nt). Using the fact

that L is a free D-module with basis {ym1
1 · · · ymw

w | (m1, · · · ,mw, 0, · · · ) < α}, we obtain

that (
∏z
t=1

(
nt

st

)
λt

)c(st) = 0 or
∏z
t=1

(
nt

st

)
λt

= 0 for all (st) 6= (0), (nt). If nj > 0 for some

1 ≤ j < z, we take (st) = (0, 0, · · · , 0, nz), then
∏z
t=1

(
nt

st

)
λt

= 1, a contradiction. Therefore

nj = 0 for all j < z which means that F = ynz
z .

If nz = 1, we have yz =
∑

i<z biyi+c for c, bi ∈ D. Hence
∑

i<z biyi+c is (1, gz)-primitive.

Then applying ∆ we obtain that

∆(bi) = bi ⊗ 1,

∆(bi)(gi ⊗ 1) = gz ⊗ bi,

∆(c) = c⊗ 1 + gz ⊗ c.

These imply that bi ∈ k and gi = gz when bi 6= 0. This contradicts (I4.2.2.2). Therefore

nz > 1.

By the last two paragraphs, nz > 1 and ni = 0 for all i < z and
(
nz

sz

)
λz

= 0 for all

1 ≤ sz ≤ nz − 1. This can only happen when λz is a primitive nz-th root of unity [GZ2,

Lemma 7.5].

Next let us re-name nz by pz and write F = ypzz . Then ypzz +
∑

i biGi + c0 = 0 where

bi, c0 ∈ D and the Gi are monomials with multi-y-degree less than (0, · · · , 0, pz, 0, · · · )
(where pz is in the z-th position). Repeating a computation similar to (E4.2.5.2) (and the

induction on the multi-y-degree of Gi) one can show that each Gi (when bi 6= 0) is of the

form yni
i and each yni

i is a skew primitive. If ni > 1, then λi is a primitive ni-th root of

unity. In summary, when λi is not a root of unity, then ni = 1 and when λi is a primitive

pi-th root of unity, then ni is either 1 or pi. So we have

−ypzz =
∑
i

aiyi +
∑
j 6=z

bjy
pj
j + c
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where 0 6= ai, bj ∈ D and c ∈ D. Thus
∑

i aiyi +
∑

j bjy
pj
j + c is (1, gpzz )-primitive. Since

L is a free left D-module, each of the nonzero aiyi, bjy
pj
j and c is (1, gpzz )-primitive. The

coproduct computation shows that ai, bj ∈ k and gi = gpzz and g
pj
j = gpzz .

(b) The first assertion is an immediate consequence of part (a). To prove the second

assertion, we take W to be a finite dimensional subspace of D and let S be a finite set

{y1, · · · , yz}. For a subspace V ⊂ H, let V n be the linear span of all elements v1 · · · vn for

vi ∈ V . By the first assertion,

dim (W + k1 +
z∑
i=1

kyi)
2n ≥ dimWn(k1 +

z∑
i=1

kyi)
n

≥ (dimWn)#(
n⋃
d=0

Sd) ≥ (dimWn)cnz

for some positive constant c. This implies that GKdimH ≥ GKdimD + #S. If S is

infinite, let S′ be any finite subset of S. Then the above argument shows that GKdimH ≥
GKdimD + #S′ for any S′. Thus GKdimH =∞ = GKdimD + #S.

Proof of Theorem 4.1.1. Let S = {y1, · · · , yw}. Then (I4.2.2.1)-(I4.2.2.3) follow easily from

(a) and (b). The hypothesis in Theorem 4.2.5(b) is the same as that in Theorem 4.1.1(c).

Therefore the assertion follows from Theorem 4.2.5(b).

The following easy lemma will be used implicitly later.

Lemma 4.2.6. Let P be the set of all skew primitive elements in a Hopf algebra H with

weight µ. Then P is a k-subspace of H and P ∩ C0 = k(µ− 1).

Proof. It is clear that P is a k-subspace of H. For any element y ∈ P ∩ C0, write y =∑n
i=1 cigi for some ci ∈ k and gi ∈ G(H). Then the equation ∆(y) = y ⊗ 1 + µ ⊗ y forces

that y ∈ k(µ− 1).

4.3 Second Lower Bound Theorem

In this section we prove Theorem 4.1.2, which is a consequence of Theorem 4.1.1. A stronger

version will be proved in the next section. Lemmas presented here are also needed for the

next section, and cannot be omitted even if we skip Theorem 4.1.2. If GKdimH =∞, then

Theorem 4.1.2 is vacuous. So we may assume that GKdimH < ∞. We refer to Section 0

for the definitions of W,Ω,Γ and W√ ,Ω√ ,Γ√ .

Lemma 4.3.1. Let y be a skew primitive element not in C0 such that γ(y) is defined.

(a) If γ(y) ∈ Γ \ Γ√ , then yn is not skew primitive for any n > 1.

(b) If γ(y) ∈ Γ√ , then µ(y) ∈W√ .
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Proof. (a) Take S to be the singleton {y} and D = C0. Then (I4.2.2.1)-(I4.2.2.3) hold for

A = k[µ(y)±1]. Since γ(y) ∈ Γ\Γ√ the hypothesis in Theorem 4.2.5(b) holds. By Theorem

4.2.5(b), {yn}n≥0 is linearly independent over C0. Since γ(y) is not a root of unity, for any

n > 1, ∆(yn) 6∈ H ⊗ k +C0 ⊗H by Lemma 4.2.3(a). Thus yn is not a skew primitive. The

assertion follows.

(b) Suppose γ(y) ∈ Γ√ . Since γ(y) 6= 1, replacing y by y + α(µ(y) − 1) for a suitable

α ∈ k, we have µ(y)−1yµ(y) = γ(y)y. Since γ(y) is a primitive n-th root of unity for some

n > 1, Lemma 4.2.3(a) says that ∆(yn) = yn ⊗ 1 + µ(y)n ⊗ yn, which means that yn is a

skew primitive (could be zero). Therefore µ(y) ∈W√ .

Let G(H) denote the group of all group-like elements in a Hopf algebra H. Recall that

GKdimH <∞ by a general assumption in this section.

Lemma 4.3.2. Let y be a skew primitive element not in C0 and let x = µ(y). Suppose

γ(y) exists. Assume that G0 is a subgroup of G(H) commuting with x. Let V = k(x− 1) +∑
g∈G0

k(g−1yg).

(a) Every z ∈ V is (1, x)-primitive; and ω(z) = ω(y) for all z ∈ V \ k(x− 1).

(b) If γ(y) ∈ Γ \ Γ√ , then dimV ≤ GKdimH −GKdimC0 + 1.

(c) Suppose that V is finite dimensional and that G0 is abelian. Then there is z ∈ V \k(x−1)

such that, either

(ci) for every g ∈ G0, g−1zg = λgz for some λg ∈ k×, or

(cii) for every g ∈ G0, g−1zg = z + τg(x− 1) for some τg ∈ k.

(d) If γ(y) is not a root of unity, then µ(y) has infinite order.

Proof. (a) Since gx = xg for all g ∈ G0, g−1yg is a (1, x)-primitive with ω(g−1yg) = ω(y).

(b) Let S = {g−1
i ygi}wi=1 be a finite subset of V which is linearly independent in the

space V/k(x− 1). Here gi ∈ G0 for all i = 1, · · · , w. For different i, we have µ(g−1
i ygi) = x,

and

x−1(g−1
i ygi)x = g−1

i (x−1yx)gi = γ(y)(g−1
i ygi) + τ(x− 1)

where τ is the same as the one in (E4.1.2.3). Then the hypotheses (I4.2.2.1)-(I4.2.2.3) hold

for A = k[x±1] and D = C0. Since λ := γ(y) is either 1 or not a root of unity, Theorem

4.2.5(b) says that #S ≤ GKdimH −GKdimC0. Clearly V ∩ C0 = k(x− 1). Thus

dimV − 1 = dimV/(V ∩ C0) = #S ≤ GKdimH −GKdimC0

since S is a basis of V/(V ∩ C0).
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(c) First we may assume x ∈ G0. If not, replace G0 by the subgroup generated by G0 and

x (replacing G0 by this larger subgroup does not enlarge V , because of (E4.1.2.3)). Then

V is a G0-module by conjugation action. Since G0 is abelian and k is algebraically closed,

every finite dimensional simple G0-module is 1-dimensional. Thus V has a 1-dimensional

simple G0-submodule kz. If z 6∈ k(x − 1), then kz being a simple G0-module is equivalent

to (ci). Otherwise, no element z ∈ V \ k(x − 1) generates a simple G0-submodule. Hence

V has a unique simple G0-submodule M0 := k(x− 1). Note that g−1(x− 1)g = (x− 1) for

all g ∈ G0, so M0 is the trivial G0-module. Since G0 is commutative and V has only one

simple submodule, every simple sub-quotient of V must be isomorphic to the simple M0.

Pick z ∈ V \ k(x − 1) so that the submodule M generated by z is 2-dimensional. Then

M/k(x−1) ∼= M0, which says that g−1zg ≡ z modulo k(x−1). Hence g−1zg = z+τg(x−1)

for some τg ∈ k.

(d) Let G0 = 〈µ(y)〉. It follows from the definition that the existence of γ(y) implies that

V is finite dimensional. Applying part (ci) to the cyclic group G0 there is a skew primitive

z ∈ H \ C0 such that

g−1zg = λ(g)z

for all g ∈ G0. It is also clear that λ(µ(y)) = γ(y). Since γ(y) is not a root of unity, the

image of λ : G0 → k× is infinite. Consequently, G0 is infinite and µ(y) has infinite order.

Lemma 4.3.3. Let {zi}wi=1 be a set of skew primitive elements not in C0 such that γ(zi)

exists for each i. If the elements ω(z1), · · · , ω(zw) are distinct, then {zi}wi=1 is linearly

independent in H/C0.

Proof. Suppose {zi}wi=1 is linearly dependent in H/C0. Pick a minimal subset, say {zj}vj=1,

such that
∑v

j=1 ajzj =: c ∈ C0 for some scalars aj ∈ k×. Thus v > 1 since zi 6∈ C0 for any

i. Applying ∆ to the equation
∑v

j=1 ajzj = c we have

∆(c) = ∆(

v∑
j=1

ajzj) =

v∑
j=1

ajzj ⊗ 1 +

v∑
j=1

ajµ(zj)⊗ zj = c⊗ 1 +

v∑
j=1

ajµ(zj)⊗ zj .

Hence
∑v

j=1 µ(zj)⊗ ajzj ∈ C0 ⊗ C0. By the minimality of v, µ(zj) = µ(zj′) for all j, j′.

Set x = µ(zj) for all 1 ≤ j ≤ v. Applying the conjugation by x to the equation∑v
j=1 ajzj = c, we obtain

∑v
j=1 γ(zj)ajzj = −

∑v
j=1 τj(x−1)+x−1cx ∈ C0 for some τj ∈ k.

Using the minimality of v, γ(zj) = γ(zj′) for all j, j′. Thus we obtain a contradiction. The

assertion follows.

Theorem 4.3.4. Let {yi}wi=1 be a set of skew primitive elements not in C0 such that

ω(y1), · · · , ω(yw) are defined and distinct elements in Ω \Ω√ . If the subgroup G0 generated

by {µ(yi)}wi=1 is abelian, then GKdimH ≥ GKdimC0 + w.
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Proof. By Lemma 4.3.2(a,c), for each i, there is a zi in k(µ(yi) − 1) +
∑

g∈G0
kg−1yig but

not in C0 such that

ω(zi) = ω(yi),

and, for every g ∈ G0,

g−1zig = λigzi + τig(µ(yi)− 1)

for some λig ∈ k×, τig ∈ k. Let A = kG0 and D = C0. Then (I4.2.2.1) is clear and (I4.2.2.2)

follows from Lemma 5.3.3 for the set {zi}wi=1. (I4.2.2.3) is a consequence of Lemma 4.3.2(c)

as we have seen already. By hypothesis each λi := γ(zi) is either 1 or not a root of unity.

Therefore GKdimH ≥ GKdimC0 +w by applying Theorem 4.2.5(b) to the set {zi}wi=1.

The next lemma is a slight modification of Corollary 2.3.5. As before we assume that

GKdimH <∞ which is one of the hypotheses in Corollary 2.3.5.

Lemma 4.3.5. Let y be a skew primitive element not in C0 with g = µ(y). Then there

is a skew primitive element z =
∑n

i=0 big
−iygi ∈ H \ C0, where bi ∈ k, such that g−1zg =

λz + τ(g− 1) for some λ ∈ k× and τ ∈ k. Further, if λ 6= 1, then there is z′ = z + α(g− 1)

for a suitable α ∈ k such that g−1z′g = λz′.

Proof. In Corollary 2.3.5, H is assumed to be pointed, but the statement is valid without this

hypothesis. The first assertion is equivalent to Corollary 2.3.5. If λ 6= 1, take α = (λ−1)−1τ .

Then z′ = z + α(g − 1) is a (1, g)-primitive element satisfying g−1z′g = λz′.

Now we are ready to prove Theorem 4.1.2.

Proof of Theorem 0.3. Pick any finite subset {µ(yi)}wi=1 of W \W√ where each yi is a skew

primitive not in C0. By Lemma 4.3.5, for each i there is a skew primitive y′i not in C0 such

that gi := µ(y′i) = µ(yi) and that γ(y′i) is defined. By Lemma 4.3.1(b), γ(y′i) is not a root

of unity or 1. Hence ω(y′i) ∈ Ω \ Ω√ . The assertion follows from Theorem 4.3.4.

Theorem 4.3.4 shows in fact that if 〈W \W√ 〉 is abelian, then

GKdimH ≥ GKdimC0 + #(Ω \ Ω√ ).

There is also an inequality

GKdimH ≥ GKdimC0 + #(W ′)

for any W ′ ⊂W \W√ such that 〈W ′〉 is abelian.

Suppose there is a surjective Hopf algebra morphism π : H → C0 such that the restriction

to C0 is the identity. Let A be the subalgebra of H generated by all skew primitive elements

in kerπ and let GW be the sub-semigroup of G(H) generated by µ(y) for all skew primitive

elements y ∈ A. We do not assume that GW is abelian.



62

Lemma 4.3.6. Suppose there is a surjective Hopf algebra morphism π : H → C0 such that

the restriction to C0 is the identity. Let A be defined as above.

(a) H = R#C0 where R is the ring of right coinvariants of π. Then A is a subalgebra of R

and

GKdimH ≥ GKdimR+ GKdimC0 ≥ GKdimA+ GKdimC0.

(b) Assume that A is a domain. Then GKdimA ≥ GKdim kGW . As a consequence,

GKdimH ≥ GKdim kGW + GKdimC0.

Proof. (a) By [Mo, Theorem 7.2.2], H is isomorphic to a crossed product R#σC0 as algebras

and by [Mo, Proposition 7.2.3], σ is trivial. Hence H = R#C0 where R is the ring of right

coinvariants of π. It is clear that every skew primitive element in kerπ is in R. Therefore

A ⊂ R.

Since H = R#C0, GKdimH ≥ GKdimR + GKdimC0. The assertion follows by the

fact A ⊂ R.

(b) Define a map ρ : A → C0 ⊗H to be the composition (π ⊗ IdH) ◦∆. Since ρ(y) ∈
kGW ⊗ A for all skew primitive elements y ∈ A and since A is generated by these y’s, the

image of ρ is in kGW ⊗ A. Consequently, (A, ρ) is a left kGW -comodule algebra. This

means that A is a GW -graded algebra. Let f : A → C0 be the map sending any nonzero

homogeneous element h ∈ A to its degree, for example, sending y1 · · · yn to µ(y1) · · ·µ(yn).

Since A is a domain, f is multiplicative.

Pick any finite dimensional space V = k +
∑m

i=1 kµ(yi) of kGW where the yi are

skew primitive elements in A, let W = {1} ∪ {yi}wi=1. Then dim(kW )n ≥ #(f(Wn)) ≥
#(f(W ))n ≥ dimV n for all n. Hence GKdimA ≥ GKdim kGW .

The next example shows why we need to remove W√ from W (or remove Γ√ from Γ)

in the lower bound theorems.

Example 4.3.7. Let B be the Hopf algebra B(1, 1, p1, · · · , ps, q) defined in [GZ2, Construc-

tion 1.2]. This is a finitely generated, noetherian, pointed Hopf domain of GK-dimension

2. By [GZ2, Construction 1.2] B is generated by x, x−1, y1, · · · , ys where x is a group-like

element and yi’s are skew primitive elements. Let z = yp11 . Then z = y
pj
j for all j and it

is a central skew primitive element. Let H = B/(z, xm − 1) where m =
∏
i pi. Then H is

a finite dimensional pointed Hopf algebra of GK-dimension 0 and C0 = k[x, x−1]/(xm − 1)

has GK-dimension 0.

By [GZ2, Construction 1.2], W = W√ = {xmi}si=1 where mi = m/pi, Γ = Γ√ =

{q−m2
i }si=1, Ω = Ω√ = {(xmi , q−m

2
i )}si=1, and Z = Y√ + C0 and Y√ =

∑s
i=1 kyi. Thus

#(W√ ) = #(Γ√ ) = #(Ω√ ) = dimY√ = s

which can be arbitrarily large.
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4.4 Third lower bound theorem

The first half of this section concerns some preliminary analysis of Hopf algebras with

exponential growth and the proof of Proposition 4.1.4. The proof of the third lower bound

theorem is given at the end of the section.

Let (G0,×) be a multiplicative abelian group and Λ := {λ1, · · · , λv} be a list of 1-

dimensional group representations of G0 for some v > 1. Note that this list is allowed to

have repetitions. When some λi is the trivial representation of G0 (namely, λi(g) = 1 for

all g ∈ G0), then we also need a group homomorphism τi : (G0,×) → (k,+) (which must

be zero if G0 is torsion since char k = 0). When λi is not trivial, we set τi = 0.

Now pick a list of elements µ := {µ1, · · · , µv} in G0 (again allowing repetitions). Let

K := K(Λ, µ) be the Hopf algebra generated as an algebra by the elements in the abelian

group G0 and a set of skew primitive elements y1, · · · , yv subject to the relations within G0

and the following additional relations between G0 and {yi}vs=1,

yig = λi(g)gyi + τi(g)g(µi − 1), for all i and all g ∈ G0.

The coalgebra structure of K is determined by

∆(g) = g ⊗ g, ε(g) = 1, for all g ∈ G0,

∆(yi) = yi ⊗ 1 + µi ⊗ yi, ε(yi) = 0, for all i = 1, · · · , v.

And the antipode of K is determined by

S(g) = g−1, for all g ∈ G0,

S(yi) = −µ−1
i yi, for all i = 1, · · · , v.

Let λij = λi(µj) for all i, j and let ΛM be the v × v-matrix (λij).

By Remark 4.2.2, the total y-degree and the multi-y-degree are defined for elements in

K. For example, the (filtered) multi-y-degree of gy3y2 is (0, 1, 1, 0, · · · , 0) ∈ Nv.
Let F be a nonzero skew primitive element in K with total y-degree z ≥ 2. Write

F =
∑
ch,(is)hyi1yi2 · · · yin where h ∈ G0 and 0 6= ch,(is) ∈ k. A term of F means a nonzero

monomial ch,(is)hyi1yi2 · · · yin appearing in F .

Lemma 4.4.1. Let K := K(Λ, µ) be defined as above.

(a) K has a k-linear basis

{gyi1yi2 · · · yis}

where g ∈ G0, i1, · · · , is ∈ {1, · · · , v}. As a consequence, K contains a free subalgebra

k〈y1, y2〉 and has exponential growth.

(b) The coradical of K is kG0.
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(c) If F is a skew primitive element of total y-degree z ≥ 2, then for any term of F with

multi-y-degree (N1, · · · , Nv) and
∑

iNi = z,

v∏
i=1

(λii)
Ni(Ni−1)

∏
i<j

(λijλji)
NiNj = 1.

Proof. (a) The first assertion follows from Bergman’s Diamond Lemma [Be, Theorem 1.2].

Consequently, K contains the free algebra of rank 2, k〈y1, y2〉. Therefore K has exponential

growth.

(b) By definition, ∆ is compatible with filtrations defined in Remark 4.2.2. Hence ∆ is

a homomorphism of filtered algebras. So every group-like element must have total y-degree

0. The assertion follows.

(c) Let F =
∑
ch,(is)hyi1yi2 · · · yin with coefficients ch,(is) 6= 0. For simplicity, let ldt

denote any linear combination of monomials of total y-degree less than z. Then we can

write F =
∑
ch,(is)hyi1yi2 · · · yiz + ldt. Since ∆(F ) = F ⊗1+µ(F )⊗F , h = 1 for terms with

total degree z. Pick any term of y-degree z in F , say c1,(is)yi1yi2 · · · yiz , and let (N1, · · · , Nv)

be its multi-y-degree.

Since F is skew primitive, S(F ) = −µ(F )−1F . Since S(yi) = −µ−1
i yi, we have

S(c1,(is)yi1 · · · yiz) = c1,(is)(−µ−1
iz
yiz) · · · (−µ−1

i1
yi1)

= c1,(is)(−1)z
∏
s>t

λ−1
isit
µ−1yiz · · · yi1 + ldt

where µ =
∏z
s=1 µis . Since S(F ) = −µ(F )−1F , µ = µ(F ) and F contains a nonzero term

of the form c′(is)yiz · · · yi1 . The same computation shows that

S(c′(is)yiz · · · yi1) = c′(is)(−µ
−1
i1
yi1) · · · (−µ−1

iz
yiz)

= c′(is)(−1)z
∏
a<b

λ−1
iaib

µ−1yi1 · · · yiz + ldt.

Comparing the coefficients in the terms µ−1yiz · · · yi1 and µ−1yi1 · · · yiz in the equation

S(F ) = −µ−1F , we have

−c′(is) = c1,(is)(−1)z
∏
s>t

λ−1
isit
, −c1,(is) = c′(is)(−1)z

∏
a<b

λ−1
iaib

.

Since c1,(is) and c′(is) are nonzero, the above two equations imply∏
s>t

(λisitλitis) = 1

or ∏
{s 6=t}⊂{1,2,··· ,z}

(λisitλitis) = 1. (E4.4.1.1)
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We know the monomial yi1 · · · yin contains Ni copies of yi for all i = 1, · · · , v. Hence equation

(E4.4.1.1) is in fact
v∏
i=1

(λii)
Ni(Ni−1)

∏
i<j

(λijλji)
NiNj = 1.

There is a slight modification of Lemma 4.4.1. Suppose λ11 is a primitive p1-th root

of unity for some p1 > 1. Recycle most of the notations before Lemma 4.4.1. Let

L := L(Λ, µ, p1) be the Hopf algebra generated as an algebra by the abelian group G0

and y1, · · · , yv subject to the relations within G0 and the following additional relations

between G0 and {yi}vs=1

yig = λi(g)gyi + τi(g)g(µi − 1), for all i and all g ∈ G0,

yp11 = β(µp11 − 1), for some β ∈ k.

The coalgebra structure of L is determined by

∆(g) = g ⊗ g, ε(g) = 1, for all g ∈ G0,

∆(yi) = yi ⊗ 1 + µi ⊗ yi, ε(yi) = 0, for all i = 1, · · · , v.

And the antipode of L is determined by

S(g) = g−1, for all g ∈ G0,

S(yi) = −µ−1
i yi, for all i = 1, · · · , v.

Define ΛM := (λij) = (λi(µj)). The total y-degree and the multi-y-degree are defined

as before.

Lemma 4.4.2. Let L := L(Λ, µ, p1) be defined as above. Suppose either β = 0 or λ1(g)p1 =

1 for all g ∈ G0.

(a) L has a k-linear basis

{gyi1yi2 · · · yis}

where g ∈ G0, i1, · · · , is ∈ {1, · · · , v} and there is no u such that iu = iu+1 =

· · · iu+p1−1 = 1. As a consequence, L contains a free subalgebra k〈y1y2, y1y
2
2〉 and has

exponential growth.

(b) The coradical of L is kG0.

(c) If F is a skew primitive element of total y-degree z ≥ 2, then for any term of F with

multi-y-degree (N1, · · · , Nv) and
∑

iNi = z,

v∏
i=1

(λii)
Ni(Ni−1)

∏
i<j

(λijλji)
NiNj = 1.
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Proposition 4.4.3. Let H be a Hopf algebra and y1, y2 be two skew primitive elements

linearly independent in H/C0. Suppose that

(i) there is a group-like element x and d1, d2 ∈ Z such that µ(yi) = xdi for i = 1, 2,

and

(ii) there are two scalars q1, q2 ∈ k× such that yix = qixyi for i = 1, 2.

(a) If x has infinite order and H does not contain a free algebra of rank 2, then

q
d1(M1(M1−1))+d2(M1M2)
1 q

d2(M2(M2−1))+d1(M1M2)
2 = 1 (E4.4.3.1)

for some integers M1,M2 ≥ 0 satisfying M1 +M2 ≥ 2.

(b) Assume that one of the following holds:

(1) q1 = q2 is not a root of unity and d1d2 > 0;

(2) qd11 = 1 and q2 is not a root of unity and d1d2 > 0;

(3) qd11 6= 1 is a root of unity and q2 is not a root of unity and d1d2 > 0;

(4) the group 〈q1, q2〉 ⊂ k× is free abelian of rank 2, d1d2 6= 0.

Then H contains a free subalgebra of rank 2. Consequently, H has exponential growth.

Proof. (a) Let µi = xdi and λij = q
dj
i . Then yiµj = λijµjyi and γ(yi) = λii for all

i, j ∈ {1, 2}.
Let H0 be the Hopf subalgebra generated by x, x−1, y1, y2. Let G0 = 〈g〉 ∼= Z and let

λi(g
n) = qni for i = 1, 2 and all n. Let Λ = {λ1, λ2} and µ = {g, g}. Then there is a

surjective Hopf algebra homomorphism φ : K := K(Λ, µ)→ H0 sending g 7→ x and yi 7→ yi

for i = 1, 2, where we choose τi = 0. By Lemma 4.4.1(a) K contains a free algebra of rank

2. If H does not contain a free algebra of rank 2, then K → H0 is not injective. By [Mo,

Theorem 5.3.1], there is a nonzero skew primitive element F ∈ K such that φ(F ) = 0. Since

φ is injective on skew primitive elements of y-degree ≤ 1, F has total y-degree z ≥ 2. By

Lemma 4.4.1(c), for any term of F with multi-y-degree (M1,M2) and M1 + M2 = z, we

have the following,

(λ11)M1(M1−1)(λ22)M2(M2−1)(λ12λ21)M1M2 = 1

or equivalently,

(qd11 )M1(M1−1)(qd22 )M2(M2−1)(qd21 q
d1
2 )M1M2 = 1.

This can be simplified to

q
d1(M1(M1−1))+d2(M1M2)
1 q

d2(M2(M2−1))+d1(M1M2)
2 = 1
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which is (E4.4.3.1).

(b) AssumeH does not contain a free algebra of rank 2 and we will obtain a contradiction.

If one of the hypotheses holds, then x has infinite order in G(H) by Lemma 4.3.2(d).

Therefore we can apply part (a).

In case (b1), (E4.4.3.1) implies that

d1(M1(M1 − 1)) + d2(M1M2) + d2(M2(M2 − 1)) + d1(M1M2) = 0.

This is impossible since d1d2 > 0 and M1 +M2 ≥ 2. Therefore H contains a free algebra of

rank 2.

A similar argument works for case (b4).

In case (b2), equation (E4.4.3.1) implies that (q
d2(M2(M2−1))+d1(M1M2)
2 )d1 = 1, or

d2(M2(M2 − 1)) + d1(M1M2) = 0

because q2 is not a root of unity. Since d1d2 > 0, the only solution is M2 = 0 and M1 =

z ≥ 2. Thus we have F = cyz1 + ldt for some c ∈ k×. By Lemma 4.2.3 and the fact that

λ11 = qd11 = 1, F cannot be skew primitive for any z ≥ 2. So case (b2) has been taken care

of.

It remains to consider case (b3). Suppose qd11 is a primitive p1-th root of unity. Then

yp11 is a skew primitive element. If yp11 6∈ C0, then {yp11 , y2} is linearly independent in H/C0.

Note that if αyp11 + βy2 ∈ C0, then x−1(αyp11 + βy2)x ∈ C0, which would imply yp11 , y2 ∈ C0

because qp11 6= q2. The assertion follows from case (b2) applied to {yp11 , y2}. If yp11 ∈ C0,

then yp11 = β(µp11 − 1) for some β. Replacing K by L in the above argument, (E4.4.3.1)

holds again.

Since q1 is a root of unity, we have

(qp2)d2(M2(M2−1))+d1(M1M2) = 1

for some p > 1. Since q2 is not a root of unity,

d2(M2(M2 − 1)) + d1(M1M2) = 0.

Since d1d2 > 0, the only solution is M2 = 0 and M1 = z ≥ 2. Now F = cyz1 + ldt,

where c ∈ k× and z < p1. By Lemma 4.2.3, F cannot be skew primitive. This is a

contradiction.

Corollary 4.4.4. Suppose H has subexponential growth. Let y be a skew primitive element

not in C0 such that γ(y) is defined and is not a root of unity. Let G0 be a finitely generated

abelian subgroup of G(H) containing µ(y) (which has infinite order automatically). Then

V := k(µ(y) − 1) +
∑

g∈G0
k(g−1yg) is 2-dimensional. As a consequence, there is a group

representation λ : G0 → k such that

g−1y′g = λ(g)y′

for all g ∈ G0, where y′ = y + α(µ(y)− 1) for some α ∈ k.
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Proof. Since γ(y) is not a root of unity, we may assume that yµ(y) = γ(y)µ(y)y after

replacing y by y + α(µ(y) − 1) for some α ∈ k. Let g ∈ G0. Let y1 = y and y2 = g−1yg.

Then γ(y1) = γ(y2) and it is not a root of unity. By Proposition 5.4.3(b1), y1 and y2 are not

linearly independent in H/C0. The assertion that dimV = 2 follows by applying Lemma

4.2.6. The consequence follows from Lemma 4.3.2(ci).

Proof of Proposition 4.1.4. We prove the assertion by contradiction. So we assume that H

has subexponential growth.

Pick a pair of skew primitive elements (y1, y2) such that the subgroup of 〈Γ〉 generated

by {γ(y1), γ(y2)} has rank 2. Let λii = γ(yi) and gi = µ(yi) for i = 1, 2. Since 〈W 〉 is

abelian, the subgroup G0 := 〈g1, g2〉 is abelian. By Corollary 4.4.4, we may further assume

that, for i = 1, 2 and j = 1, 2, g−1
j yigj = λijyi for some λij ∈ k×. Since H does not contain

a free subalgebra of rank 2, the proofs of Proposition 5.4.3 and (E4.4.3.1) show that

(λ11)M1(M1−1)(λ22)M2(M2−1)(λ12λ21)M1M2 = 1 (E4.4.4.1)

for some non-negative M1,M2 with M1 +M2 ≥ 2.

Since G0 is a finitely generated subgroup of 〈W 〉 and since 〈W 〉 is abelian and torsionfree

of rank 1, G0 is isomorphic to Z. Therefore there is an x ∈ G0 such that g1 = xa and g2 = xb

for some nonzero integers a, b. Consequently, ga2 = gb1. Thus the equation g−1
j yigj = λijyi

implies that λai2 = λbi1 for all i = 1, 2. Then (E4.4.4.1) implies that

(λ11)abM1(M1−1)(λ22)abM2(M2−1)(λ11)b
2M1M2(λ22)a

2M1M2 = 1

Since the rank of 〈λ11, λ22〉 is 2, we have

abM1(M1 − 1) + b2M1M2 = abM2(M2 − 1) + a2M1M2 = 0

or

a(M1 − 1) + bM2 = b(M2 − 1) + aM1 = 0.

Since a, b are nonzero, this means that (M1 − 1)(M2 − 1)−M1M2 = 0. This is impossible

when M1 +M2 ≥ 2, which yields a contradiction.

The rest of this section is devoted to the proof of Theorem 4.1.3. The next definition

was given in the introduction, but maybe it should be reviewed here. Let y be a (1, g)-

primitive element in a Hopf algebra H. Let Tg−1 denote the inverse conjugation by g,

namely, Tg−1 : a→ g−1ag.

Definition 4.4.5. Let y be a (1, g)-primitive element of H not in C0. A nonzero scalar λ is

called the commutator of y of level n if (Tg−1 −λIdH)n(y) ∈ C0 and (Tg−1 −λIdH)n−1(y) 6∈
C0. In this case we write γ(y) = λ. When n = 1, γ(y) is the commutator of y defined as in

(E4.1.2.2) or equivalently in (E4.1.2.3).
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In general the commutator of y may not exist. We also need a generalization of Definition

4.4.5. Recall thatW× is the subset ofW consisting of weights µ(y) such that the commutator

of y is either 1 or not a root of unity. Throughout the rest of the section let G0 be the

subgroup 〈W×〉 and suppose that G0 is abelian. A 1-dimensional representation of G0 is

equivalent to a multiplicative map λ : G0 → k×. Let G∗0 denote the set of 1-dimensional

representations of G0, which is also called the character group of G0.

Definition 4.4.6. Let y be a skew primitive element in H \C0 and let λ ∈ G∗0. We say λ is

the generalized commutator of y of level n if there is an n such that (Tg−1−λ(g)IdH)n(y) ∈ C0

for all g ∈ G0 and (Tg−1 − λ(g)IdH)n−1(y) 6∈ C0 for some g ∈ G0. If n = 1, λ is called the

generalized commutator of y.

Lemma 4.4.7. In parts (a) and (c) suppose that GKdimH <∞.

(a) Every skew primitive element y ∈ H is a linear combination of skew primitives with

commutator of finite level and weight µ(y).

(b) Suppose V is a conjugation G0-stable finite dimensional subspace spanned by skew prim-

itives with their weights in G0. Then every element y ∈ V is a linear combination of

skew primitives with generalized commutator of finite level.

(c) Every skew primitive y ∈ H with commutator of level 1 such that γ(y) ∈ Γ \ Γ√

is a linear combination of skew primitives with generalized commutator of finite level.

Further, each nonzero summand of the linear combination has weight commutator ω(y).

Proof. (a) If y ∈ C0, then y = α(µ(y)−1) for some α ∈ k [Lemma 4.2.6] and the commutator

of y has level 0 by definition.

If y 6∈ C0, then, by Lemma 4.3.5, V :=
∑

n∈Z k(g−nygn) + k(g − 1) is finite dimensional

over k, where g = µ(y). Then Tg−1 acts on V as an invertible linear map. Pick a basis of V

so that the presentation of Tg−1 with respect to the basis is in the Jordon canonical form.

Then each basis element is a skew primitive element with commutator of finite level. The

assertion follows.

(b) Write V =
⊕m

j=1 Vj where each Vj is spanned by skew primitives with weight gj for

distinct group-like elements g1, · · · , gm ∈ G0. Since G0 is abelian, each Vj is conjugation

G0-stable. Passing from V to Vj we may assume that each element in V is a skew primitive

of weight g.

For every h ∈ G0, Th−1 acts on V as an invertible linear map. It is clear that V is a

finite dimensional kG0-module. Since kG0 is commutative, every finite dimensional simple

G0-module is 1-dimensional and Ext1
kG0

(S, S′) = 0 if S and S′ are distinct simple modules

over kG0. Then V is a finite direct sum of submodules Vi so that the support of each

Vi is a single closed point of Spec kG0. This closed point corresponds to a 1-dimensional
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G0-representation λi. Fix any i, every element in Vi has a generalized commutator λi with

level no more than dimVi.

(c) Let V be the vector space spanned by all skew primitive elements z with commutator

of level 1 such that ω(z) = ω(y). Pick any finite set {z1, · · · , zw} which is linearly indepen-

dent in V/(V ∩ k(µ(y)− 1)). Then (I4.2.2.1)-(I4.2.2.3) hold for D = C0 and A = k[µ(y)±1].

By Theorem 4.2.5(b), w ≤ GKdimH. Thus V is finite dimensional. Clearly, Tg−1 stabilizes

V for all g ∈ G0. The first assertion follows from part (b). The final assertion is clear since

every element in V has weight commutator equal ω(y).

We need to introduce some conventions. Let µ ∈W . Define Pµ to be the k-linear space

spanned by all skew primitives y ∈ H with µ(y) = µ. Let γ be a nonzero scalar and let Pµ,γ,n

be the k-linear space spanned by all skew primitives y ∈ Pµ with commutator γ of level no

more than n. Let Pµ,γ,∗ =
∑

n≥0 Pµ,γ,n, P∗,∗,n =
∑

µ,γ Pµ,γ,n and P∗,∗,∗ =
∑

µ,γ,n Pµ,γ,n.

Given any µ ∈ W and λ ∈ G∗0, let Pµ,λ,n be the k-linear space spanned by all skew

primitives y ∈ H with generalized commutator λ of level no more than n and µ(y) = µ. Let

Pµ,λ,∗ =
∑

n≥0 Pµ,λ,n, P∗,G∗,n =
∑

µ,λ Pµ,λ,n and P∗,G∗,∗ =
∑

µ,λ,n Pµ,λ,n.

Lemma 5.4.7(a) says that P∗,∗,∗ contains all skew primitive elements and Lemma 5.4.7(c)

says that Pµ,γ,1 is a subspace of P∗,G∗,∗ when γ ∈ k× and γ is 1 or not a root of unity.

Lemma 4.4.8. Retain the above notation. Suppose that H does not contain a free subalgebra

of rank 2.

(a) If Pµ,γ,1 ⊂ k(µ− 1), then Pµ,γ,∗ ⊂ k(µ− 1).

(b) If Pµ,γ,1 6⊂ k(µ− 1) and γ is not a root of unity, then Pµ,γ0,∗ ⊂ k(µ− 1) for every root

of unity γ0.

(c) If γ is not a root of unity, then Pµ,γ,1/k(µ− 1) has dimension at most 1.

(d) Suppose γ1 and γ2 are two distinct scalars neither of which is a root of unity. If Pµ,γi,1 6⊂
k(µ− 1) for i = 1, 2, then γN1 γ

M
2 = 1 for some positive integers N,M . Further there is

no γ3 ∈ k× \ {γ1, γ2} such that Pµ,γ3,1 6⊂ k(µ− 1).

(e) Suppose that GKdimH <∞. If γ is not a root of unity, then Pµ,γ,∗ = Pµ,γ,1 ⊂ P∗,G∗,∗.

Proof. (a) This is clear by induction.

(b) First assume that γ0 is not 1. Pick y2 ∈ Pµ,γ,1 \ C0. If Pµ,γ0,∗ 6⊂ k(µ− 1) for a root

of unity γ0, by part (a), there is a y1 ∈ Pµ,γ0,1 \C0. Since γ0 and γ are not 1, after adding a

suitable term α(µ(yi)− 1) to yi, the hypothesis in Proposition 5.4.3(ii) holds. Then we are

in the situation of Proposition 5.4.3(b2,b3) (where d1 = d2 = 1). By Proposition 5.4.3, H

contains a free subalgebra of rank 2, a contradiction.
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Second assume that γ0 = 1. For the statement we only need to consider the Hopf

subalgebra generated by group-like and skew primitive elements. So we may assume that H

is pointed. Passing to the associated graded Hopf algebra of H with respect to its coradical

filtration, one can assume the hypothesis in Proposition 5.4.3(ii) holds. So the above proof

works.

(c) This follows from Proposition 5.4.3(b1).

(d) By the proof of Proposition 5.4.3, see (E4.4.3.1),

q
d1(M1(M1−1))+d2(M1M2)
1 q

d2(M2(M2−1))+d1(M1M2)
2 = 1

where M1 and M2 are nonnegative integers with M1 + M2 ≥ 2. Note that γi = qi and

d1 = d2 = 1 in this case. Let N = M1(M1 − 1) + M1M2 and M = M2(M2 − 1) + M1M2.

Then N and M are non-negative and N + M ≥ 2. Since γ1 and γ2 are not roots of unity,

both N and M must be positive.

If such a γ3 exists, by part (b) it is not a root of unity. By the above assertion we have

positive integers A,B,C,D such that γA1 γ
B
3 = 1 and γC2 γ

D
3 = 1. Then

1 = (γN1 γ
M
2 )AC = γACN1 γCAM2 = γ−BCN−DAM3

which contradicts the fact γ3 is not a root of unity.

(e) If Pµ,γ,∗ 6= Pµ,γ,1, pick a skew primitive y2 ∈ Pµ,γ,2. This means that µ−1y2µ −
γy2 = y1 ∈ Pµ,γ,1 \ k(µ − 1). Consider the Hopf subalgebra K generated as an algebra by

y2, y1, µ, µ
−1. By possibly adding a term β(µ− 1) to y1 for some β ∈ k and adding a term

α(µ− 1) to y2 for some α ∈ k, we can assume that y1µ = γµy1 and y2µ = γµy2 + µy1.

It remains to show that K contains a free subalgebra of rank 2. Define a filtration Fi of

K inductively as follows:

F0 = C0(K) = k[µ±1],

F1 = F0 + F0y1 = F0y1 + F0,

F2 = F0 + F0y1 + F0y
2
1 + F0y2 = F0 + y1F0 + y2

1F0 + y2F0.

Fn =
∑n−1

i=1 FiFn−i for all n ≥ 3.

It is easy to check that F is an Hopf algebra filtration and grF K is a Hopf algebra. In

grF K, y1, y2 are linearly independent in grF K/k(µ− 1). Since y1, y2 ∈ Pµ,γ,1(K), by part

(c), grF K contains a free subalgebra of rank 2. Therefore K contains a free subalgebra of

rank 2. This yields a contradiction. Therefore the first assertion (namely, the first equation)

follows. Finally, by Lemma 5.4.7(c), Pµ,γ,1 ⊂ P∗,G∗,∗.

Remark 4.4.9. Suppose GKdimH < ∞. By Lemmas 4.3.1(b) and 5.4.7(a), W \W√ ⊆
W×. In practice it often happens that W \W√ = W×.

Now we are ready to prove the Third Lower Bound Theorem. Let Y∗ be the k-linear

vector space spanned by all skew primitive elements y with commutator of finite level such

that γ(y) ∈ Γ \ Γ√ .
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Theorem 4.4.10. Suppose G0 is abelian. Then

GKdimH ≥ GKdimC0 + dimY∗/(Y∗ ∩ C0).

Proof. Nothing needs to be proved if GKdimH =∞, so we assume GKdimH <∞.

Let

Yn =
∑

µ∈W×,γ∈Γ\Γ√
Pµ,γ,n and YGn =

∑
µ∈W×,λ∈G∗0,γ:=λ(µ)∈Γ\Γ√

Pµ,λ,n

for all n ≥ 1. Then Y∗ =
∑

n Yn. Let YG∗ =
∑

n YGn. We prove the following claim by

induction:

Claim A:

GKdimH ≥ GKdimC0 + dimYGn/(YGn ∩ C0)

for all n ≥ 1. When n = 1, let {yi} be a basis of YG1/(YG1 ∩ C0) such that each yi is in

Pµi,λi,1 for some µi, λi. Then we have

µ−1
j yiµj = λi(µj)yi + τij(µi − 1)

where λi(µi) = γ(yi) is either 1 or not a root of unity and where τij ∈ k. By Theorem 4.2.5

(with D = C0 and A = kG0),

GKdimH ≥ GKdimC0 + #{yi} = GKdimC0 + dimYG1/(YG1 ∩ C0),

which proves Claim A for n = 1.

Now assume that Claim A holds for n. Without loss of generality we may assume that

H is generated as an algebra by C0 and all skew primitive elements of H. Define a filtration

Fi of H as follows:

F0 = C0,

F1 = F0 + F0YG1 = F0 + YG1F0,

F2 = F 2
1 + F0Z where Z is the k-linear span of all skew primitive elements of H, and

Fm =
∑m−1

i=1 FiFm−i for all m ≥ 3.

Then {Fm} is a Hopf algebra filtration of H. Let K be the associated graded Hopf algebra

grF H. Note that if y ∈ Pµ,λ,2 ⊂ YG2(H), then y ∈ F2 and the associated element in K is

gr y ∈ F2/F1 and g−1(gr y)g = λ(g)(gr y) for all g ∈ G0 (or, when trivially y ∈ F1, we have

gr y ∈ F1/F0 or gr y ∈ F0). Thus gr y ∈ YG1(K) (which is easy to see when y ∈ F1). By

induction one sees that

YGn(K) ⊇ {gr y | y ∈ YG(n+1)(H)} =: grYG(n+1)(H)

for all n. Applying the induction hypothesis to K,

GKdimK ≥ GKdimC0 + dimYGn(K)/(YGn(K) ∩ C0).
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By [KL, Lemma 6.5], GKdimH ≥ GKdimK. It is clear that

dimYG(n+1)(H)/(YG(n+1)(H) ∩ C0) = dim grYG(n+1)(H)/(grYG(n+1)(H) ∩ C0).

Therefore

GKdimH ≥ GKdimK ≥ GKdimC0 + dimYGn(K)/(YGn(K) ∩ C0)

≥ GKdimC0 + dim grYG(n+1)(H)/(grYG(n+1)(H) ∩ C0)

= GKdimC0 + dimYG(n+1)(H)/(YG(n+1)(H) ∩ C0)

which finishes the induction step. Therefore we proved Claim A.

When n goes to infinity, we have

GKdimH ≥ GKdimC0 + dimYG∗(H)/(YG∗(H) ∩ C0). (E4.4.10.1)

Next we prove the following claim by induction:

Claim B:

GKdimH ≥ GKdimC0 + dimYn/(Yn ∩ C0).

When n = 1, this follows from (E4.4.10.1) since Y1(H) ⊂ YG∗(H) by Lemma 5.4.7(c). Note

that Y1 is G0-stable. Using an argument similar to the proof of Claim A by passing to the

associated graded Hopf algebra grF H (and replacing YGn by Yn), one sees that Claim B

holds. When n goes to infinity, we have

GKdimH ≥ GKdimC0 + dimY∗(H)/(Y∗(H) ∩ C0).

The proof of Theorem 5.4.10 also shows the following.

Corollary 4.4.11. Suppose G0 is abelian and GKdimH < ∞. Let µ ∈ W and suppose

that γ ∈ k× is not a root of unity. Then

(a) Pµ,1,∗ is finite dimensional.

(b) Pµ,1,∗ and Pµ,γ,∗ are subspaces of P∗,G∗,∗.

(c) Y∗ = YG∗.

By Lemma 5.4.8(c,e), Pµ,γ,∗ is finite dimensional.

Proof of Corollary 4.4.11. (a) By Theorem 5.4.10, Y∗/(Y∗ ∩C0) is finite dimensional. Since

Pµ,1,∗ ⊂ Y∗ and Pµ,1,∗ ∩ C0 = k(µ− 1), we have

dimPµ,1,∗/k(µ− 1) ≤ dimY∗/(Y∗ ∩ C0) <∞
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which implies that Pµ,1,∗ is finite dimensional.

(b) By Lemma 5.4.8(e) Pµ,γ,∗ is a subspace of P∗,G∗,∗.

By part (a) Pµ,1,∗ is finite dimensional. It is clear that Pµ,1,∗ is G0-stable. By Lemma

5.4.7(b,c) Pµ,1,∗ is a subspace of P∗,G∗,∗.

(c) As a consequence of part (b), Pµ,λ,∗ = Pµ,λ(µ),∗ when λ(µ) is either 1 or not a root

of unity. The assertion follows.

Theorem 4.1.3 is an immediate consequence of Theorem 5.4.10.

Proof of Theorem 4.1.3. Without loss of generality we assume that GKdimH < ∞. First

we claim that Y∗ ∩ (Y√ + C0) ⊂ C0. Suppose y = z + c is in Y∗ ∩ (Y√ + C0) where

y ∈ Y∗ \ C0 and z ∈ Y√ and c ∈ C0. It is easily reduced to the case when µ(y) = µ(z) = g

and c = α(g− 1) for some α ∈ k. Then y ∈ Y√ , a contradiction. Therefore the claim holds.

By Lemma 5.4.7(a), every skew primitive element is a linear combination of skew

primitives with commutator of finite level. This says that Z = Y∗ + Y√ + C0. Since

Y∗ ∩ (Y√ + C0) ⊂ C0, we have

Z/(C0 + Y√ ) ∼= Y∗/Y∗ ∩ (C0 + Y√ ) = Y∗/(Y∗ ∩ C0).

The assertion follows by Theorem 5.4.10.

Another way of proving Theorem 4.1.2 (with a slightly stronger hypothesis that 〈W×〉
is abelian) is using Theorem 4.1.3 and the following lemma, which is due to an anonymous

referee.

Lemma 4.4.12. Suppose GKdimH <∞. Then

dimZ/(C0 + Y√ ) ≥ #(W \W√ ).

Proof. For any w ≤ #(W \W√ ), take distinct elements x1, · · · , xw ∈W \W√ , we need to

prove that dimZ/(C0 + Y√ ) ≥ w.

For each i, pick a skew primitive element zi ∈ H \C0 such that xi = µ(zi). Lemma 4.3.5

shows how to get a suitable zi such that γ(zi) is defined. Since µ(zi) = xi 6∈ W√ , Lemma

4.3.1(b) says that γ(zi) is either 1 or not a root of unity.

It suffices to show that z1, · · · , zw are linearly independent in Z/(C0 + Y√ ), so it is

enough to show that z1, · · · , zw, y are linearly independent in Z/C0 for any y ∈ Y√ \ C0.

We can arrange y = y1 + · · · + yv for some skew primitive elements yj 6∈ C0, where yj

has a commutator γ(yj) of finite level which is a nontrivial root of unity, and the pairs

(µ(yj), γ(yj)) are distinct. The pairs (µ(zi), γ(zi)) are already distinct, and (µ(zi), γ(zi)) 6=
(µ(yj), γ(yj)) for all i, j because γ(zi) is either 1 or not a root of unity.

An improved version of Lemma 5.3.3 for skew primitive elements with commutators of

finite level says that z1, · · · , zw, y1, · · · , yv are linearly independent in Z/C0. Consequently,

z1, · · · , zw, y are linearly independent in Z/C0 as desired.
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Finally we end with a simple example in which Z = Y√ + C0.

Example 4.4.13. LetH be generated as an algebra by x and {yi}∞i=1 subject to the relations

x2 = 1,

y2
i = 0,

yiyj + yjyi = 0,

xyi + yix = 0

for all i, j ∈ N. The coalgebra structure and the antipode of H are determined by

∆(x) = x⊗ x, ∆(yi) = yi ⊗ 1 + x⊗ yi,

ε(x) = 1, ε(yi) = 0,

S(x) = x, S(yi) = −xyi = yix

for all i. It is easy to check the following

(1) GKdimH = 0,

(2) Ω = {(x,−1)} = Ω√ ,

(3) Z = Y√ + C0 and dimY√ =∞,

(4) Px,−1,∗ = P∗,−1,1 = Y√ .
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Chapter 5

COASSOCIATIVE LIE ALGEBRAS

5.1 Introduction

We introduce the notion of a coassociative Lie algebra which generalizes in an obvious way

both a Lie algebra and a coassociative coalgebra without counit. The enveloping algebra

of a coassociative Lie algebra is a bialgebra that is a generalization of the usual universal

enveloping algebra of a Lie algebra. The enveloping algebra of a coassociative Lie algebra

should be considered as a coalgebraic deformation of the usual universal enveloping algebra

on one hand, and potentially as an algebraic deformation of the coordinate ring (regular

functions) of certain algebraic groups or semigroups on the other.

Let k be a base field that is algebraically closed and everything is over k.

Let g denote an ordinary Lie algebra and L a coassociative Lie algebra. Let U(g)

(respectively, U(L)) denote the enveloping algebra of g (respectively, L). It is well-known

that U(g) is a Hopf algebra. In contrast, U(L) is not a Hopf algebra in general.

Theorem 5.1.1 (Theorem 5.3.5). The enveloping algebra U(L) of a coassociative Lie al-

gebra L is a Hopf algebra if and only if L is locally conilpotent.

Most of unexplained terms will be defined in Sections 1 and 2.

Starting with conilpotent coalgebras or nilpotnent Lie algebras, one can construct fam-

ilies of nontrivial coassociative Lie algebras based on them. For instance, we give explicit

examples in Example 5.5.4 (based on strictly upper triangular matrix coalgebras) and Ex-

ample 5.5.3 (based on Heisenberg Lie algebras). However, it is quite unsatisfactory that

there is no nontrivial Lie structure based on cosemisimple coalgebras [Proposition 5.4.6]

and no nontrivial coalgebra structure based on the semisimple Lie algebra sl2 [Theorem

5.4.9]. It would be interesting if a generalized version of coassociative Lie structure can be

constructed on cosemisimple coalgebras and/or semisimple Lie algebras.

Coassociative Lie algebras are helpful in the classification of connected Hopf algebras of

low GK-dimension. Recall that P (H) is the subspace of all primitive elements in H. Let

p(H) denote the dimension of P (H). If GKdimH ≤ 2, then it is well-known that H ∼= U(g)

for a Lie algebra g of dimension p(H). If GKdimH = 3, then it follows from Theorem 3.6.8

that H is isomorphic to either

(i) U(g) for a Lie algebra g of dimension 3, or

(ii) U(L) for a coassociative Lie algebra L of dimension 3.
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In Chapter 6, we will give a classification in GK-dimension 4.

Theorem 5.1.2 (Theorem 6.1.3). Suppose that k is of characteristic zero. Let H be a

connected Hopf algebra of GK-dimension four. Then one of the following occurs.

(a) If p(H) = 4, then H ∼= U(g) for a Lie algebra g of dimension 4.

(b) If p(H) = 3, then H ∼= U(L) for an anti-cocommutative coassociative Lie algebra L of

dimension 4.

(c) If p(H) = 2, then H is not isomorphic to either U(g) or U(L) as Hopf algebras, for any

Lie algebra g or any coassociative Lie algebra L. Such a Hopf algebra is isomorphic to

one of the four families of Hopf algebras explicitly constructed in Section 6.5.

The Hopf algebras in Theorem 5.1.2(b,c) are completely classified in Chapter 6. The

proof of Theorem 5.1.2 is heavily dependent on the study of coassociative Lie algebras. A

result of Milnor-Moore-Cartier-Kostant [Mo, Theorem 5.6.5] states that any cocommutative

connected Hopf algebra over a field of characteristic zero is isomorphic to U(g) for some

Lie algebra g. This applies to case (a) of Theorem 5.1.2. However, the Hopf algebras in

Theorem 5.1.2(b,c) are not cocommutative, hence not isomorphic to U(g) for a usual Lie

algebra g. A generalization of Theorem 5.1.2(b) states that if p(H) = GKdimH − 1, then

H is isomorphic to U(L) for some coassociative Lie algebra L by Theorem 6.3.5.

The Hopf algebra U(g) is always involutory. In general U(L) is not involutory. By using

the Calabi-Yau property of the enveloping algebra of unimodular Lie algebras, we prove the

following result.

Theorem 5.1.3 (Theorem 5.3.7). Let g be a finite dimensional unimodular Lie algebra.

Suppose that L := (g, δ) is a conilpotent coassociative Lie algebra. Then U(L) is involutory.

Coassociative Lie algebras are not understood fully, and a lot of basic questions are

unsolved. For example,

Question 5.1.4. Let n(L) be the nilpotency of L and con(L) be the conilpotency of L. If

n(L) + con(L) <∞, then is there the bound for the number n(L) + con(L)− dimL?

Preliminary analysis of known examples shows that if n(L) + con(L) <∞, then

n(L) + con(L)− dimL ≤ 1.

As one may guess, this paper grows out of the study of connected Hopf algebras. By

Theorem 5.1.2(b), certain classes of connected Hopf algebras are the enveloping algebras

of coassociative Lie algebras, which are noncommutative and noncocommutative. This

construction is very different from the various classical constructions of quantum groups
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which we are familiar with. One way of thinking of a coassociative Lie algebra is that it has

an additional coalgebra structure on a Lie algebra. Our work in Chapter 6 suggests that

certain “nilpotent” quantum groups could be represented by a Lie algebra with an extra

coalgebra structure. This idea might be worth pursuing further.

5.2 Definitions

In this section, we start with some definitions and give some easy examples of coassociative

Lie algebras.

Definition 5.2.1. A Lie algebra (L, [ , ]) together with a coproduct δ : L→ L⊗L is called

a coassociative Lie algebra if

(a) (L, δ) is a coassociative coalgebra without counit, and

(b) two operations δ and [ , ] satisfy the following compatibility condition

δ([a, b]) = b1 ⊗ [a, b2] + [a, b1]⊗ b2 + [a1, b]⊗ a2 + a1 ⊗ [a2, b] + [δ(a), δ(b)] (E5.2.1.1)

for all a, b ∈ L.

Here δ(x) = x1 ⊗ x2, which is basically the Sweedler’s notation with the summation

indicator omitted.

Definition 5.2.1 is not complete without the following remark.

Remark 5.2.2. For a general Lie algebra L, the product L ⊗ L is not a Lie algebra in

any natural way. To make sense of [δ(a), δ(b)] in (E5.2.1.1), we need to embed L into the

usual universal enveloping algebra U(L). Then L ⊗ L can be naturally identified with a

subspace of U(L) ⊗ U(L). Under this identification, [f, g] is defined as the commutator of

f and g in the associative algebra U(L)⊗U(L) for all elements f, g ∈ L⊗L. The equation

(E5.2.1.1) implies that the element [δ(a), δ(b)] ∈ U(L) ⊗ U(L) is actually in the subspace

L⊗ L, namely,

[δ(a), δ(b)] ∈ L⊗ L. (E5.2.2.1)

Inside U(L)⊗ U(L), the equation (E5.2.1.1) can be written as

δ([a, b]) = [a⊗ 1 + 1⊗ a, δ(b)] + [δ(a), b⊗ 1 + 1⊗ b] + [δ(a), δ(b)] (E5.2.2.2)

for all a, b ∈ L. Let L1 denote the Lie algebra extension L ⊕ k1 where 1 is in the center

(i.e., [1, L1] = 0). Define ∆ : L1 → L1 ⊗ L1 by

∆(1) = 1⊗ 1, ∆(a) = a⊗ 1 + 1⊗ a+ δ(a) (E5.2.2.3)

for all a ∈ L. By embedding L1 = L ⊕ k1 into U(L) naturally, we can define [f, g] for all

elements in f, g ∈ L1. For any k-space V , let V ⊗2 denote V ⊗ V .
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Lemma 5.2.3. Let L be a Lie algebra, and let δ : L→ L⊗2 be any linear map. Then L is

a coassociative Lie algebra if and only if (L1,∆) is a counital coalgebra and the equation

∆([a, b]) = [∆(a),∆(b)] (E5.2.3.1)

holds in U(L)⊗2 for all a, b ∈ L1.

Proof. A direct calculation shows that ∆ is coassociative if and only if δ is coassociative. It

is also easy to see that (E5.2.1.1) is equivalent to (E5.2.3.1).

It follows from (E5.2.2.2) that the kernel ker δ is a Lie subalgebra of L. Let

Φ(a, b) := δ([a, b])− (b1 ⊗ [a, b2] + [a, b1]⊗ b2 + [a1, b]⊗ a2 + a1 ⊗ [a2, b]).

Then (E5.2.1.1) becomes

Φ(a, b) = [δ(a), δ(b)]. (E5.2.3.2)

Let L be a coassociative Lie algebra. If δ = 0, it is an ordinary Lie algebra. If [ , ] = 0,

then L is simply a coassociative coalgebra without counit. Let CoLieAlg denote the category

of coassociative Lie algebras, LieAlg denote the category of Lie algebras and CoAlg denote the

category of coalgebras without counit. Then both LieAlg and CoAlg are full subcategories of

CoLieAlg. Now we give some simple examples of coassociative Lie algebras with nontrivial

Lie bracket [ , ] and nontrivial coproduct δ, in which both sides of (E5.2.1.1) are trivially

zero. More complicated examples will be given in later sections.

Example 5.2.4. Let L = kx ⊕ ky with [x, y] = y and δ(x) = λy ⊗ y for any λ ∈ k and

δ(y) = 0. Then L is a coassociative Lie algebra. It is clear that (L, [ , ]) is a Lie algebra

and (L, δ) is a coalgebra. Note that (E5.2.1.1) is trivial when a = b. So it suffices to check

(E5.2.1.1) for a = x and b = y, in which case both sides of (E5.2.1.1) are zero. It can

be verified that, up to isomorphism, this is the unique coassociative Lie algebra with an

underlying non-abelian Lie algebra of dimension 2.

Here is a slightly different situation.

Lemma 5.2.5. Let (L, [ , ]) be a Lie algebra and (L, δ) be a coalgebra. Suppose that

δ(L) ⊂ Z ⊗ Z where Z is the center of (L, [ , ]) and that δ([L,L]) = 0. Then L is a

coassociative Lie algebra.

Proof. The hypotheses imply that both sides of (E5.2.1.1) are zero.

Example 5.2.6. Suppose that L is a Lie algebra containing a Lie ideal W such that

both W and L/W are abelian. For example, L is a Lie algebra of nilpotency 2. Let

δ : L
π−→ L/W →W⊗2 be a k-linear map where π is the quotient map. A direct calculation

shows that (δ ⊗ 1)δ = (1⊗ δ)δ = 0. Thus (L, δ) is coassociative. By the definition of δ, the

hypotheses of Lemma 5.2.5 hold; whence L is a coassociative Lie algebra. Below are two

special cases.
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1. Let L be the 3-dimensional Heisenberg Lie algebra with a basis {x, y, z} such that

[x, y] = z and z is central. Define δ(x) = z⊗ z and δ(y) = λz⊗ z, for some λ ∈ k, and

δ(z) = 0. By the above paragraph, L is a coassociative Lie algebra.

2. Let W1 be any Lie algebra and W be a vector space. Let φ : W1 →W be any k-linear

map. Define a Lie bracket on L := W1 ⊕W by

[w1 + w, t1 + t] = φ([w1, t1]W1)

for all w1, t1 ∈W1 and w, t ∈W . Then W is a Lie ideal of L such that both L/W and

W are abelian. Then every k-linear map δ : L
π−→W1 →W⊗W defines a coassociative

Lie algebra L.

Next, we give an example of “almost coassociative Lie algebra”, which is dependent on

the embedding of L into an associative algebra. If A is any associative algebra, define [ , ]A

to be the commutator of A.

Example 5.2.7. Let H be a bialgebra and let H+ := ker ε where ε is the counit of H. Let L

be a Lie subalgebra of (H+, [ , ]H) (for example, L = H+). Define δ(a) = ∆(a)−1⊗a−a⊗1

for all a ∈ H. Then (H+, δ) is a coalgebra. Suppose that δ(L) ⊂ L⊗2. Then (L, δ) is a

coalgebra. However, (L, [ , ]H , δ) is generally not a coassociative Lie algebra.

Let H be the 4-dimensional Taft Hopf algebra:

k〈g, x〉/(xg + gx = 0, g2 = 1, x2 = 0)

with ∆(g) = g ⊗ g, ∆(x) = x ⊗ 1 + g ⊗ x, and ε(g) = 1, ε(x) = 0. Let L be H+ =

kx ⊕ k(g − 1) ⊕ k(gx). Let y = g − 1 and z = gx. Then [x, y]H = −2z, [x, z]H = 0,

[y, z]H = 2x, δ(x) = y ⊗ x, δ(y) = y ⊗ y, and δ(z) = z ⊗ y. Hence

[δ(x), δ(z)]H⊗2 = [y ⊗ x, z ⊗ y]H⊗2 = yz ⊗ xy − zy ⊗ yx =: (∗).

Using the facts [x, y]H = −2z and [y, z]H = 2x, we have

(∗) = yz ⊗ xy − (yz − 2x)⊗ (xy + 2z) = 2yz ⊗ z + 2x⊗ xy + 4x⊗ z,

which is not in L ⊗ L if we embed L into U(L). Hence (E5.2.1.1) does not hold for

(L, [ , ]H , δ), and consequently, L is not a coassociative Lie algebra. After identifying

yz with −z, and xy with −x− z in H, (E5.2.1.1) does hold in H ⊗H.

The enveloping algebra of a coassociative Lie algebra is defined as follows.

Definition 5.2.8. Let L be a coassociative Lie algebra. The enveloping algebra of L,

denoted by U(L), is defined to be a bialgebra, whose algebra structure equals that of the

enveloping algebra of the underlying Lie algebra L, namely,

U(L) = k〈L〉/(ab− ba = [a, b],∀ a, b ∈ L),
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and whose coalgebra structure is determined by

∆(a) = a⊗ 1 + 1⊗ a+ δ(a), ε(a) = 0

for all a ∈ L. By (E5.2.3.1) it is easy to see that U(L) is a bialgebra. We will also use

U(L, δ) to denote U(L) if we want to emphasize the coproduct δ.

It is clear that the assignment L→ U(L) defines a functor from CoLieAlg to BiAlg where

BiAlg is the category of bialgebras.

Example 5.2.9. If dimL = 1, then there are exactly two coassociative Lie algebra struc-

tures on L, up to isomorphism. One is determined by δ = 0. In this case, the enveloping

algebra is U(L) = k[x] with x being a primitive element. Consequently, U(L) is a Hopf

algebra. The other is determined by δ(x) = x ⊗ x. Here, U(L) = k[g] where g = 1 + x

and g is a group-like element in U(L). In this case, U(L) is not a Hopf algebra because the

group-like element g is not invertible in U(L).

Let (g, δ) be a coassociative Lie algebra with underlying Lie algebra g. Then Poincaré-

Birkhoff-Witt (PBW) theorem holds for U(g, δ), since, algebraically it is the usual enveloping

algebra U(g). The difference between U(g, δ) and U(g) is their coalgebra structures. For

many examples of (g, δ), one can construct explicitly a family of bialgebras B(q) dependent

on (g, δ), where q ∈ k, such that B(1) = U(g, δ) and B(0) = U(g). Hence U(g, δ) can be

considered as a coalgebraic deformation of U(g). However, we will not pursue this topic

further.

Since U(L) is generated by L as an algebra, U(L) is cocommutative if and only if the

underlying coalgebra L is cocommutative. Similarly, U(L) is commutative if and only if the

underlying Lie algebra L is abelian.

Let δn = (δ ⊗ 1⊗n−1)(δ ⊗ 1⊗n−2) · · · (δ ⊗ 1)δ. Here is a list of definitions.

Definition 5.2.10. Let L1, L2, L be coassociative Lie algebras.

(a) We say that L1 and L2 are quasi-equivalent if U(L1) is isomorphic to U(L2) as bialgebras.

(b) A Lie algebra g is called rigid if every compatible δ-structure on g is zero.

(c) A coalgebra C is called rigid if every compatible Lie-structure on C is trivial.

(d) A coalgebra (C, δ) is called anti-cocommutative if τδ = −δ, where the flip τ : C⊗2 → C⊗2

is defined by τ(a⊗ b) = b⊗ a.

(e) The nilpotency of L, denoted by n(L), is defined to be the nilpotency of the underlying

Lie algebra L.
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(f) An element x ∈ L is called conilpotent if δn(x) = 0 for some n > 0. We say L is locally

conilpotent if every element in L is conilpotent.

(g) We call L n-conilpotent if δn(L) = 0. The smallest such n, denoted by con(L), is called

conilpotency of L.

5.3 Results on enveloping algebras

In this section we study some properties of the enveloping algebras U(L). Let B be a

bialgebra with coproduct ∆. Define δB : B → B⊗2 by

δB(x) = ∆(x)− x⊗ 1− 1⊗ x

for all x ∈ B.

Definition 5.3.1. A subspace V in a bialgebra B is called a δ-space of B if

(a) V is a Lie subalgebra of (B, [ , ]B),

(b) ε(V ) = 0,

(c) δB(V ) ⊂ V ⊗2 inside B⊗2, and

(d) B is an N-filtered algebra with an exhaustive filtration defined by Fn(B) := (k1 + V )n,

for n ≥ 0, such that the associated graded ring grFB is isomorphic to the commutative

polynomial ring k[V ].

Remark 5.3.2. If L is coassociative Lie algebra, then L is δ-space of U(L). In general, a

δ-space of U(L) is not unique. See Corollary 5.3.6.

Lemma 5.3.3. If V is a δ-space of B, then (V, [ , ]B, δB) is a coassociative Lie algebra and

B ∼= U(V ) as bialgebras.

Proof. Let U be the usual enveloping algebra of the Lie algebra (V, [ , ]B). Then there is an

algebra homomorphism φ : U → B such that φ |V = IdV . It follows from Definition 5.3.1(d)

that B is generated by V and that the set {vn1
1 · · · v

nd
d | ni ≥ 0} is a k-linear basis of B where

{v1, · · · , vj , · · · } is a k-linear basis of V . Since {vn1
1 · · · v

nd
d | ni ≥ 0} is also a k-linear basis

of U by PBW theorem, φ is an isomorphism of algebras. Note that B is a bialgebra and

generated by V as an algebra, one can defined a canonical bialgebra structure ∆U on U via

φ such that φ is an isomorphism of bialgebras. Let δU (v) = ∆U (v)− v⊗1−1⊗ v for v ∈ V .

Since δB(x) = ∆B(x) − x ⊗ 1 − 1 ⊗ x, δU (v) = δB(v) for all v ∈ V (we are identifying the

subspace V ⊂ B with the subspace V ⊂ U via the map φ |V = IdV ). By Definition 5.3.1(c),

one sees easily that δU (v) ∈ V ⊗2 for all v ∈ V . Since U is a bialgebra (via the map φ),
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(E5.2.3.1) holds. Now by Lemma 5.2.3 and Definition 5.2.8, (V, [ , ]U , δU ) is a coassociative

Lie algebra with enveloping algebra U . Since (V, [ , ]B, δB) = (V, [ , ]U , δU ) by construction

and U ∼= B as bialgebras, the results follow.

Let (L, δ) be a coalgebra (without counit). Let L1 = k1 ⊕ L, and ∆ : L1 → (L1)⊗2

be defined as (E5.2.2.3). Moreover, let ε : L1 → k be defined by ε(1) = 1, ε(x) = 0 for all

x ∈ L. Then the assignment (L, δ) → (L1,∆, ε) defines a functor from CoAlg to CouAlg,

where CouAlg is the category of counital coassociative coalgebras. The following lemma is

easy.

Lemma 5.3.4. Let (L, δ) be a coalgebra. Then (L, δ) is locally conilpotent if and only if

(L1,∆, ε) is a connected counital coalgebra.

Proof. Since L is a sum of its finite dimensional subcoalgebras, we can assume without loss

of generality that L is finite dimensional. Note that L can be identified with the quotient

coalgebra L1/k1. By taking the k-linear dual, L∗ becomes a subalgebra (without a unit) of

(L1)∗. In fact, L∗ is a maximal ideal of (L1)∗ of codimension 1. Now the lemma is equivalent

to the statement that L∗ is a nilpotent ideal if and only if L∗ is the unique maximal ideal

of (L1)∗, which is an easy ring-theoretical fact.

Now we are ready to prove Theorem 5.1.1.

Theorem 5.3.5. Let L be a coassociative Lie algebra. Then the following are equivalent:

(a) L is locally conilpotent;

(b) U(L) is a connected Hopf algebra; and

(c) U(L) is a Hopf algebra.

Proof. (a) ⇒ (b). Since (L, δ) is locally conilpotent, (L1,∆, ε) is a connected coalgebra

by Lemma 5.3.4. Since U(L) is generated by L1 as an algebra, U(L) is connected as a

coalgebra. It follows from [Mo, Lemma 5.2.10] that a connected bialgebra is automatically

a Hopf algebra.

(b) ⇒ (c). This is clear.

(c)⇒ (a). We proceed by contradiction. Suppose that U(L) is a Hopf algebra, but (L, δ)

is not locally conilpotent. Then (L1,∆) is not connected, whence its coradical is strictly

larger that k1. Pick a simple subcoalgebra with counit of L1, say C, which not equal to k1.

Since k is algebraically closed, C is isomorphic to a matrix coalgebra
⊕

i,j=1,...,n kxij with

∆(xij) =
n∑
s=1

xis ⊗ xsj , and ε(xij) = δij
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for all 1 ≤ i, j ≤ n. Here δij is the Kronecker delta. Let yij = xij − δij , for all i, j. Note

that L = ker(ε : L1 → k). Then
⊕

i,j=1,...,n kyij ⊂ L is a simple subcoalgebra of L such that

δ(yij) =
∑n

s=1 yis ⊗ ysj for all 1 ≤ i, j ≤ n. Let zij = S(xij) for all 1 ≤ i, j ≤ n. Let X be

the matrix (xij)n×n and Z be the matrix (zij)n×n. Then the antipode axiom implies that

XZ = ZX = In where In is the identity n × n-matrix. Note that L is a δ-space of U(L),

and hence U(L) has a filtration defined by Fn = (L1)n such that grF U(L) is isomorphic

to the commutative polynomial ring k[L]. One can extend this filtration naturally from

U(L) to the matrix algebra Mn(U(L)) such that grF (Mn(U(L)) ∼= Mn(k[L]). Let gr also

denote the leading terms of elements in grF (Mn(U(L)). Then the equation XZ = In implies

that gr(X) gr(Z) = 0. Note that gr(X) = (yij) ∈ Mn(k[L]) and thus det gr(X) = det(yij),

which is nonzero in the commutative polynomial subring k[yij ] ⊂ k[L]. Consequently, the

equation gr(X) gr(Z) = 0 implies that gr(Z) = 0. Hence Z = 0, yielding a contradiction.

The assertion follows.

Corollary 5.3.6. If char k = 0, then every locally conilpotent cocommutative coassociative

Lie algebra is quasi-equivalent to a Lie algebra.

Proof. Let L be any locally conilpotent cocommutative coassociative Lie algebra. Then

U(L) is a connected cocommutative Hopf algebra by Theorem 5.3.5. By Milnor-Moore-

Cartier-Kostant Theorem [Mo, Theorem 5.6.5], U(L) is isomorphic to U(g) for some Lie

algebra g. The assertion follows.

Recall that a Lie algebra g is called unimodular if ad(x) has zero trace for all x ∈ g, where

ad(x) ∈ Endk(g) is the k-linear map sending y ∈ g to [x, y]. Combining results of Koszul

[Ko] and Yekutieli [Ye, Theorem A] (also see [BZ, Proposition 6.3] and [HVZ, Theorem

5.3 and Lemma 4.1]), g is unimodular if and only if U(g)[d] is the rigid dualizing complex

over U(g) if d := dim g is finite. By [BZ, Proposition 6.3] and [HVZ, Theorem 5.3], g is

unimodular if and only if the Hopf algebra U(g) is unimodular in the sense of [LWZ], if and

only if U(g) is Calabi-Yau, and if and only if the homological integral of U(g) (as defined

in [LWZ]) is trivial. It is well-known that all Heisenberg Lie algebras are unimodular, and

that the 2-dimensional non-abelian Lie algebra is not. Next we verify Theorem 5.1.3.

Theorem 5.3.7. Let g be a finite dimensional unimodular Lie algebra. Suppose (g, δ) is

a coassociative Lie algebra such that δ is conilpotent. Then the Hopf algebra U(g, δ) is

involutory.

Proof. Let H (respectively K) denote the Hopf algebra U(g, δ) (respectively, U(g)). Let µH

and µK denote the Nakayama automorphisms of H and K respectively. Since the Nakayama

automorphism is defined uniquely up to an inner automorphism, and the units in H are

those elements in k×, the Nakayama automorphism of H (and of K) is unique. Since H = K

as algebras by Definition 5.2.8, we have µH = µK . Since g is unimodular, µK = IdK by

[BZ, Proposition 6.3(c)]. As a consequence µH = IdH .
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Since g is unimodular, the homological integral of K, denoted by
∫ l
K , is trivial. Con-

sequently,
∫ l
K equals the trivial module K/(g) where (g) is the ideal of K generated by

subspace g. The homological integral is only dependent on the algebra structure of the

Hopf algebra, so we have that
∫ l
H = H/(g). This implies that

∫ l
H is trivial. Therefore the

left winding automorphism associated to
∫ l
H , denoted by Ξl∫ l , is the identity map of H.

Combining the above with [BZ, Theorem 0.3], we have that

IdH = µH = S2
H ◦ Ξl∫ l = S2

H ◦ IdH = S2
H

where SH is the antipode of H. Hence S2
H = IdH , and H is involutory.

Example 5.5.2 shows that U(g, δ) may not be involutory if g is not unimodular. This is

another way of showing that U(g, δ) is not isomorphic to U(g′) for any Lie algebra g′. For

the rest of this section we assume that char k 6= 2.

Lemma 5.3.8. Let L be an anti-cocommutative coalgebra. Then

(a) con(L) ≤ 2, and as a consequence, L is conilpotent; and

(b) δ(L) ⊂ (ker δ)⊗2.

Proof. (a) A standard calculation by using Sweedler’s notation shows that

(1⊗ δ)τδ = (τ ⊗ 1)(1⊗ τ)(1⊗ δ)δ.

Since τδ = −δ by assumption, the left-hand side of the equation becomes −(1 ⊗ δ)δ while

the right-hand side is (1⊗ δ)δ. As a consequence, (1⊗ δ)δ = 0.

(b) For any x ∈ L, write δ(x) =
∑n

i=1 xi ⊗ yi for a minimal integer n. Then {xi}ni=1 is

linearly independent. Since con(L) ≤ 2,

0 = (1⊗ δ)δ(x) =

n∑
i=1

xi ⊗ δ(yi).

Since {xi}ni=1 is linearly independent, δ(yi) = 0 for all i. This means that δ(L) ⊂ L⊗ ker δ.

Similarly, δ(L) ⊂ ker δ ⊗ L. The assertion follows.

Lemma 5.3.8 also implies a nice fact about the form of the antipode.

Proposition 5.3.9. Suppose that L is anti-cocommutative and that U(L) is involutory.

Then S(x) = −x for all x ∈ L.

Proof. It follows from Definition 5.2.1 that the kernel of δ, denoted by K, is a Lie subalgebra

of L. If x ∈ K, then ∆(x) = x⊗ 1 + 1⊗ x. The antipode axiom implies that S(x) = −x. If

x ∈ L \K, it follows from Lemma 5.3.8(b) that

δ(x) =
∑
i<j

aij(xi ⊗ xj − xj ⊗ xi),
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for some xi ∈ K and some aij ∈ k. Hence

∆(x) = x⊗ 1 + 1⊗ x+
∑
i<j

aij(xi ⊗ xj − xj ⊗ xi).

Applying the antipode axiom, and using the fact that S(xi) = −xi, we have that

0 = S(x) + x+
∑
i<j

aij(S(xi)xj − S(xj)xi) = S(x) + x+
∑
i<j

aij(−xixj + xjxi).

So S(x) = −x− Y where Y =
∑

i<j aij(−xixj + xjxi) ∈ K. Applying S to S(x) = −x− Y ,

and using the hypothesis that S2 = Id, we have x = −S(x) + Y . Thus Y = 0, and

S(x) = −x.

5.4 Elementary properties of coassociative Lie algebras

In this section some elementary properties of coassociative Lie algebras are discussed. First

we need some lemmas that will simplify computations.

Lemma 5.4.1. Let L be a coassociative Lie algebra. Let {xi}i∈I be a totally ordered k-linear

basis of L. For any a, b ∈ L, write δ(a) =
∑

i xi ⊗ ai and δ(b) =
∑

i xi ⊗ bi. Then

(a) [ai, bi] = 0 for all i; and

(b) [ai, bj ] + [aj , bi] = 0 for all i, j.

If δ(L) ⊂ L′ ⊗ L′′ for some subspaces L′ and L′′ of L, then

(c) [δ(a), δ(b)] ∈ [L′, L′]⊗ [L′′, L′′];

(d) Φ(a, b) ∈ [L′, L′]⊗ [L′′, L′′]; and

(e) δ([L,L]) ⊂ [L′, L]⊗ L′′ + L′ ⊗ [L′′, L] + [L′, L′]⊗ [L′′, L′′].
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Proof. We compute [δ(a), δ(b)] in U(L)⊗2 as follows

[δ(a), δ(b)] =
∑
i,j

xixj ⊗ aibj −
∑
i,j

xixj ⊗ biaj

=
∑
i<j

xixj ⊗ aibj +
∑
j>i

xjxi ⊗ ajbi +
∑
i

x2
i ⊗ aibi

−
∑
i<j

xixj ⊗ biaj −
∑
j>i

xjxi ⊗ bjai −
∑
i

x2
i ⊗ biai

=
∑
i<j

xixj ⊗ (aibj − biaj) +
∑
i

x2
i ⊗ [ai, bi]

+
∑
j>i

(xixj + [xj , xi])⊗ ajbi −
∑
j>i

(xixj + [xj , xi])⊗ bjai

=
∑
i<j

xixj ⊗ ([ai, bj ] + [aj , bi]) +
∑
i

x2
i ⊗ [ai, bi]

+
∑
i<j

[xi, xj ]⊗ (bjai − ajbi).

Since {xixj}i≤j are linearly independent in U(L)/L and [xi, xj ] ∈ L for all i, j, we have

[ai, bj ] + [aj , bi] = 0, [ai, bi] = 0. Parts (a) and (b) follow.

Now assume that δ(L) ⊂ L′⊗L′′. By the above computation and parts (a,b), [δ(a), δ(b)] =∑
i<j [xi, xj ]⊗ (bjai − ajbi), which is in [L′, L′]⊗ U(L), as we can assume xi ∈ L′ whenever

ai (or bi) is nonzero. By symmetry, [δ(a), δ(b)] ∈ U(L) ⊗ [L′′, L′′]. Hence [δ(a), δ(b)] ∈
[L′, L′]⊗ [L′′, L′′]. This is part (c). Part (d) follows from the equation Φ(a, b) = [δ(a), δ(b)].

Part (e) follows from part (c) and (E5.2.1.1).

If V and W are subspaces of a vector space A, let V/W denote V/(V ∩W ).

Definition 5.4.2. 1. A subspace V of a Lie algebra L is said to have small centralizer

if (ker ad(x)) ∩ V has dimension 1 for all x ∈ V \ {0}.

2. Let Z be a Lie ideal of L. A subspace V ⊂ L is said to have small centralizer modulo

Z if the quotient space V/Z in L/Z has small centralizer.

Proposition 5.4.3. Let L be a coassociative Lie algebra and Z be a Lie ideal of L. Suppose

that L′ and L′′ are two subspaces of L such that

(a) [L′, Z] = [L′′, Z] = 0,

(b) L′ and L′′ have small centralizers modulo Z, and

(c) δ(L) ⊂ L′′ ⊗ L′ + (Z ⊗ L+ L⊗ Z).

Then dim δ(L)/(Z ⊗ L+ L⊗ Z) ≤ 1.
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Remark 5.4.4. Since Z is a Lie ideal of L, we have that L/Z is a quotient Lie algebra,

but L/Z may not be a quotient of the coassociative Lie algebra L.

Proof of Proposition 5.4.3. Let W = (Z ⊗ L + L ⊗ Z) ∩ δ(L). Without loss of generality

we may assume that δ(L) 6= W . Let a and b be any two elements in L. The assertion is

equivalent to

Claim: δ(a) and δ(b) are linearly dependent in δ(L)/W .

Proof of the Claim: If δ(a) or δ(b) is in W , the claim is obvious, so we assume during the

proof that δ(a) and δ(b) are not in W .

In the rest of the proof, we will pick a k-linear basis {zj}j≥1 of Z, extend it to a basis

{xi}i≥1 ∪{zj}j≥1 of L′′+Z where xi ∈ L′′ \Z, then extend it to a basis {xi}i≥1 ∪{zj}j≥1 ∪
{ls}s≥1 of the whole space L where ls ∈ L \ (L′′ + Z). For simplicity, we use integers to

index the basis elements. Since δ(L) ⊂ L′′ ⊗ L′ + (Z ⊗ L+ L⊗ Z), for any a ∈ L,

δ(a) =
∑
i≥1

xi ⊗ ai +
∑
j≥1

zj ⊗ a′j +
∑
s≥1

ls ⊗ a′′s

where ai ∈ L′ + Z, a′j ∈ L and a′′s ∈ Z.

Case 1: Suppose that δ(a), δ(b) ∈ u⊗L′+ (Z ⊗L+L⊗Z) for some u ∈ L′′ \Z. In this

case we can choose x1 = u. By the choice of the k-linear basis, we can write

δ(a) = u⊗ a1 +
∑
i≥2

xi ⊗ ai +
∑
j≥1

zj ⊗ a′j +
∑
s≥1

ls ⊗ a′′s ,

where a1 ∈ L′ + Z, ai ∈ Z for all i ≥ 2, a′j ∈ L and a′′s ∈ Z for all j, s. Similarly,

δ(b) = u⊗ b1 +
∑
i≥2

xi ⊗ bi +
∑
j≥1

zj ⊗ b′j +
∑
k≥1

ls ⊗ b′′s

where b1 ∈ L′ + Z, bi ∈ Z for all i ≥ 2, and b′j ∈ L and b′′s ∈ Z for all j, s. By Lemma

5.4.1(a), [a1, b1] = 0. Since L′ has small centralizer modulo Z, b1 ∈ ka1 +Z. Thus δ(a) and

δ(b) are linearly dependent in δ(L)/W .

Case 2: Suppose that δ(a), δ(b) ∈ L′′⊗ u+ (Z ⊗L+L⊗Z) for some u ∈ L′ \Z. Case 2

is equivalent to Case 1 by symmetry. Hence the claim follows by Case 1.

Case 3: Suppose that δ(a) ∈ u ⊗ L′ + (Z ⊗ L + L ⊗ Z) for some u ∈ L′′ \ Z. In

this case, we can choose x1 = u, and δ(a) can be written as in Case 1. In particular,

δ(a) ∈ L′′ ⊗ a1 + (Z ⊗ L+ L⊗ Z). Write

δ(b) = u⊗ b1 +
∑
i≥2

xi ⊗ bi +
∑
j≥1

zj ⊗ b′j +
∑
s≥1

ls ⊗ b′′s

where bi ∈ L′ + Z for all i ≥ 1, and b′j ∈ L, b′′s ∈ Z for all j, s. By Lemma 5.4.1(a),

[a1, b1] = 0. Since L′ has small centralizer modulo Z, b1 = λa1 + z for some λ ∈ k and

z ∈ Z. Replacing b1 by b1 − λa1, we may assume that b1 ∈ Z. By Lemma 5.4.1(b), for
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every i ≥ 2, [a1, bi] = −[ai, b1] ∈ Z since b1 is in Z. Since L′′ has small centralizer modulo

Z, bi = λia1 + zi, for λi ∈ k and zi ∈ Z for all i ≥ 2. Thus

δ(b) = u⊗ b1 +
∑
i≥2

xi ⊗ (λia1 + zi) +
∑
j≥1

zj ⊗ b′j +
∑
s≥1

ls ⊗ b′′s

which is in L′′ ⊗ a1 + (Z ⊗L+L⊗Z). Therefore both δ(a) and δ(b) are in L′′ ⊗ a1 + (Z ⊗
L+ L⊗ Z). The claim follows from Case 2.

Case 4: Suppose that either δ(a) or δ(b) is in L′′⊗u+(Z⊗L+L⊗Z) for some u ∈ L′\Z.

The claim follows by symmetry and Case 3.

Case 5 [the general case]: By the choice of k-linear basis, we can write

δ(a) =
∑
i≥1

xi ⊗ ai +
∑
j≥1

zj ⊗ a′j +
∑
s≥1

ls ⊗ a′′s ,

δ(b) =
∑
i≥1

xi ⊗ bi +
∑
j≥1

zj ⊗ b′j +
∑
s≥1

ls ⊗ b′′s ,

where ai, bi ∈ L′ + Z, a′j , b
′
j ∈ L and a′′s , b

′′
s ∈ Z for all i, j, s. Without loss of generality, we

may assume that a1 ∈ L′\Z. By Lemma 5.4.1(a), [a1, b1] = 0. Since L′ has small centralizer

modulo Z, b1 = λa1 + z for some λ ∈ k and where z ∈ Z. Replacing b1 by b1 − λa1, we

may assume that b1 ∈ Z. By Lemma 5.4.1(b), for every i ≥ 2, [a1, bi] = −[ai, b1] ∈ Z

since b1 are in the Lie ideal Z. Since L′ has small centralizer modulo Z, bi = λia1 + zi,

for λi ∈ k and zi ∈ Z for all i ≥ 2. Together with the fact b1 ∈ Z, we have that δ(b) ∈
L′′ ⊗ a1 + (Z ⊗ L+ L⊗ Z). The claim now follows from Case 4.

For a subset S ⊂ L, the centralizer of S in L is defined to be

CS(L) = {y ∈ L | [x, y] = 0, ∀ x ∈ S}.

Lemma 5.4.5. If there is an element a ∈ L such that δ(a) = x ⊗ y 6= 0, then δ(L) ⊂
C{x}(L)⊗ C{y}(L).

Proof. By symmetry, it suffices to show that δ(L) ⊂ L ⊗ C{y}(L). Pick a basis {xi} of L

such that x1 = x. Then δ(a) = x1 ⊗ y. For any b ∈ L, write δ(b) =
∑

i xi ⊗ bi. By Lemma

5.4.1(a), [y, b1] = 0. For any i ≥ 2, by Lemma 5.4.1(b), [y, bi] = −[0, b1] = 0. The assertion

follows.

Proposition 5.4.6. Let C be the coradical of a coassociative Lie algebra L. Then [C,C] = 0.

As a consequence, cosemisimple coalgebras are rigid.

Proof. Since k is algebraically closed, C =
⊕

iMni(k) for a set of positive integers {ni}i∈I .
Let x, y ∈ C; we need to show [x, y] = 0. By linearity, we may assume that x and y are

some basis elements in C. We need to consider two cases.

Case 1: We have that x and y are in the same matrix subcoalgebra, say Mn(k). If n = 1,

x = y. The assertion is trivial. Now assume that n > 1. Then we may assume that x = xij
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and y = xkl for some i, j, k, l. Consider δ(x1j) =
∑

s x1s⊗xsj and δ(x2l) =
∑

t x2t⊗xtl. By

Lemma 5.4.1(b), [xsj , xtl] = 0 for all s, t. The assertion follows.

Case 2: We have that x and y are in different matrix subcoalgebras. Then we may

assume that x = xij ∈ Mn1(k) and y = ykl ∈ Mn2(k). Consider δ(x1j) =
∑
x1s ⊗ xsj and

δ(y1l) =
∑
y1t⊗ ytl. By Lemma 5.4.1(b), [xsj , ytl] = 0 for all s, t. The assertion follows.

The following lemma is also true. The proof is omitted since it is straightforward and

somewhat similar to the proof of Proposition 5.4.6.

Lemma 5.4.7. If C1 and C2 are subcoalgebras of a coassociative Lie algebra such that

C1 ∩ C2 = {0}, then [δ(C1), δ(C2)] = 0.

Lemma 5.4.8. Let L be a coalgebra. Then we have the following statements.

(a) For every x ∈ L, write δ(x) =
∑n

i=1wi ⊗ vi for a minimal n. Then
∑

i kδ(vi) ⊂
L⊗ Vx and

∑
i kδ(wi) ⊂Wx ⊗ L for some subspaces Vx ⊂

∑
i kvi and Wx ⊂

∑
i kwi of

dimension no more than dim δ(L).

(b) If δ(L) is 1-dimensional and L is not 2-conilpotent, then δ(L) has a basis element of

the form T ⊗ T for some 0 6= T ∈ L.

Proof. (a) Let {yt}mt=1 be a basis of
∑

s kδ(vs) for some m ≤ dim δ(L). Then there are

elements a1, . . . , am ∈ L such that

∑
i

δ(wi)⊗ vi =
∑
i

wi ⊗ δ(vi) =

m∑
t=1

at ⊗ yt ∈ (

m∑
t=1

kat)⊗ L⊗ L.

This implies that δ(wi) ∈ (
∑

t kat)⊗L for each i. Since {yt}mt=1 is a basis of
∑

s kδ(vs), the

equation ∑
i

wi ⊗ δ(vi) =
m∑
t=1

at ⊗ yt

implies that
∑

t kat ⊂
∑

i kwi. Therefore the second assertion follows by taking Wx =∑
t kat. The first assertion is similar.

(b) Pick 0 6= Ω ∈ δ(L), and let {xi} be a finite set of linearly independent elements in

L such that Ω =
∑

i,j aijxi ⊗ xj . Since δ(L) is 1-dimensional, δ(xi) = biΩ for some bi ∈ k.

Pick x ∈ L such that δ(x) = Ω and (δ ⊗ 1)δ(x) 6= 0 (since L is not 2-conilpotent). Then

(δ ⊗ 1)δ(x) =
∑
i,j

ai,jbiΩ⊗ xj = Ω⊗ (
∑
i,j

aijbixj) = Ω⊗ T

where T :=
∑

i,j aijbixj ∈ L, and

(1⊗ δ)δ(x) =
∑
i,j

aijxi ⊗ bjΩ = (
∑
i,j

aijbjxi)⊗ Ω = S ⊗ Ω



91

where S :=
∑

i,j aijbjxi. By coassociativity, Ω ⊗ T = S ⊗ Ω. This implies that Hence

Ω = c′T ⊗T and S = c′′T for some c′, c′′ ∈ k×. Since k is algebraically closed, we can choose

c′ = 1 by a scalar change of T .

Now we prove the main result of this section. Let{
e :=

(
0 1

0 0

)
, f :=

(
0 0

1 0

)
, h :=

(
1 0

0 −1

)}

be a standard k-basis of sl2.

Theorem 5.4.9. The simple Lie algebra sl2 is rigid.

Proof. By using the standard basis of sl2, it is straightforward to check that sl2 has small

centralizers (details are omitted). Let L = (sl2, δ) be a coassociative Lie algebra. We need

to show that δ = 0. By Proposition 5.4.3 for L′ = L′′ = L = sl2 and Z = 0, dim δ(L) ≤ 1.

To avoid the triviality, we assume that dim δ(L) = 1 and let Ω ∈ δ(L) be a nonzero element.

If L is not 2-conilpotent, then Lemma 5.4.8 says that Ω = T⊗T where T = t1e+t2f+t3h

for some t1, t2, t3 ∈ k. Since Ω 6= 0, not all ti are zero. Suppose δ(e) = aΩ, δ(f) = bΩ and

δ(h) = cΩ for some a, b, c ∈ k. By (E5.2.1.1), we have

2bΩ = δ(2f) = δ([f, h])

= [f ⊗ 1 + 1⊗ f, cΩ] + [bΩ, h⊗ 1 + 1⊗ h]

= {−2bt1e+ (2ct3 + 2bt2)f − ct1h} ⊗ T

+ T ⊗ {−2bt1e+ (2ct3 + 2bt2)f − ct1h}.

Hence b(t1, t2, t3) = (−2bt1, 2bt2 + 2ct3,−ct1), or

M

t1t2
t3

 = 0 where M =

b 0 0

0 b 2c

c 0 b

 .

Since not all t1, t2, t3 are zero, the determinant of the matrix M , which is b3, is zero. Hence

b = 0. Since e and f plays a very similar role, by symmetry, a = 0. By (E5.2.1.1) and the

fact δ(e) = δ(f) = 0, we have that δ(h) = δ([e, f ]) = 0. Thus c = 0, whence δ = 0, yielding

a contradiction. Therefore δ is 2-conilpotent.

Since δ is 2-conilpotent, by Theorem 5.3.5, U(sl2, δ) is a connected Hopf algebra of GK-

dimension 3. By comparing with the list in the classification of connected Hopf algebras of

GK-dimension 3 [Zh2, Theorem 1.3], U(sl2, δ) must be isomorphic to U(sl2). Since U(sl2)

is cocommutative, (sl2, δ) must be cocommutative. Hence

Ω = a11e⊗ e+ a12(e⊗ f + f ⊗ e) + a13(e⊗ h+ h⊗ e)

+ a22f ⊗ f + a23(f ⊗ h+ h⊗ f) + a33h⊗ h 6= 0.
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Since δ(L) is 1-dimensional, the kernel L0 = ker(δ) is a 2-dimensional Lie subalgebra of sl2.

By an elementary computation, it is easy to verify that any 2-dimensional Lie subalgebra

of sl2 is either (i) kf + kh, or (ii) ke+ kh, or (iii) k(e+ ah) + k(−4af +h) for some a ∈ k×.

In the first case, (δ ⊗ 1)Ω = a11δ(e) ⊗ e + a12δ(e) ⊗ f + a13δ(e) ⊗ h and without loss of

generality, we can assume that δ(e) = Ω. Since (sl2, δ) is 2-conilpotent, (δ ⊗ 1)(Ω) = 0,

which implies that a11 = a12 = a13 = 0. It is easy to see that

−Φ(e, h) = −δ(−2e) + [δ(e), h⊗ 1 + 1⊗ h]

= 2Ω + 4a22f ⊗ f + 2a23(f ⊗ h+ h⊗ f).

The equations Φ(e, h) = [δ(e), δ(h)] = [δ(e), 0] = 0 imply that a22 = a23 = a33 = 0. Hence

Ω = 0, a contradiction. The assertion follows. The second case is similar.

The final case is when e+ ah, h− 4af ∈ ker(δ) for some a ∈ k×. Let

e′ =

(
1 0

−2a 1

)(
0 1

0 0

)(
1 0

−2a 1

)−1

=

(
2a 1

−4a2 −2a

)

h′ =

(
1 0

−2a 1

)(
1 0

0 −1

)(
1 0

−2a 1

)−1

=

(
1 0

−4a −1

)

f ′ =

(
1 0

−2a 1

)(
0 0

1 0

)(
1 0

−2a 1

)−1

=

(
0 0

1 0

)
= f.

Then {e′, f ′, h′} is a new standard basis of sl2. It is clear that e′ = e+ 2ah− 4a2f ∈ ker(δ)

and h′ = h − 4af ∈ ker(δ). Thus it is equivalent to the second case. Combining all these

cases, the assertion follows.

Similar to Theorem 5.4.9 we show the following.

Theorem 5.4.10. Write gl2 = sl2 ⊕ kz where kz is the center of gl2. If (gl2, δ) is a

coassociative Lie algebra, then δ |sl2= 0 and δ(z) = az ⊗ z for some scalar a ∈ k.

Sketch of Proof. Some tedious computations are omitted in the following proof.

First of all, the δ given in the theorem gives rise to a coassociative Lie algebra structure

on gl2. Now we assume that (gl2, δ) is a coassociative Lie algebra.

Applying Proposition 5.4.3 to (L,L′, L′′, Z) = (gl2, sl2, sl2, kz), we obtain that

dim(δ(gl2)/(z ⊗ gl2 + gl2 ⊗ z)) ≤ 1.

Therefore there is an element Ω ∈ sl2 ⊗ sl2 such that, for every x ∈ gl2,

δ(x) = σ(x)⊗ z + z ⊗ τ(x) + λ(x)Ω (E5.4.10.1)

for some σ(x) ∈ sl2, τ(x) ∈ gl2 and λ(x) ∈ k. Both σ(x) and τ(x) are uniquely determined

by (E5.4.10.1). If Ω 6= 0, then λ(x) is also uniquely determined by (E5.4.10.1). Setting

x = z in (E5.4.10.1), we have

δ(z) = σ(z)⊗ z + z ⊗ τ(z) + λ(z)Ω. (E5.4.10.2)
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Equation (E5.2.2.2) for (a, b) = (z, x) implies that

0 =[σ(z), x]⊗ z + z ⊗ [τ(z), x] + [λ(z)Ω, x⊗ 1 + 1⊗ x]

+ [σ(z), σ(x)]⊗ z2 + z2 ⊗ [τ(z), τ(x)]

+ [λ(z)Ω, σ(x)⊗ z] + [λ(z)Ω, z ⊗ τ(x)]

+ [σ(z)⊗ z, λ(x)Ω] + [z ⊗ τ(z), λ(x)Ω].

Since the terms in the above equation live in different k-subspaces of U(gl2) ⊗ U(gl2), we

have [σ(z), x] = 0 = [τ(z), x] for all x ∈ sl2. Thus σ(z) = 0 and τ(z) ∈ kz. In this case,

(E5.2.2.2) becomes, for every x ∈ gl2,

0 = λ(z)([Ω, x⊗ 1 + 1⊗ x] + [Ω, σ(x)⊗ z] + [Ω, z ⊗ τ(x)]). (E5.4.10.3)

First we claim that λ(z)Ω = 0. If not, we may assume that Ω 6= 0 and λ(z) = 1. Using

the fact that terms live in different k-subspaces of U(gl2)⊗U(gl2), (E5.4.10.3) implies that

[Ω, x⊗ 1 + 1⊗ x] = [Ω, σ(x)⊗ z] = [Ω, z ⊗ τ(x)] = 0

for all x ∈ gl2. A computation shows that the first equation implies that Ω = c(h ⊗ h +

2(e⊗ f + f ⊗ e)) for some 0 6= c ∈ k. The second and third equations imply that σ(x) = 0

and τ(x) ∈ kz. Going back to (E5.4.10.1), we have, for every x ∈ gl2,

δ(x) = φ(x)z ⊗ z + λ(x)Ω

for some φ(x) ∈ k. For any x, y ∈ sl2, (E5.2.2.2) says that

δ([x, y]) = [x⊗ 1 + 1⊗ x, λ(y)Ω] + [λ(x)Ω, y ⊗ 1 + 1⊗ y] = 0.

Since sl2 = [sl2, sl2], δ |sl2= 0. The coassociativity on z shows that Ω⊗ z = 0, a contradic-

tion. Therefore we proved our claim.

For the rest of the proof, we have λ(z)Ω = 0 and δ(z) = σ(z) ⊗ z + z ⊗ τ(z). Then kz

is an ideal of the coassociative Lie algebra (gl2, δ) and (gl2/kz, δ) ∼= (sl2, δ) is a quotient

coassociative Lie algebra where δ is the induced coproduct. By Theorem 5.4.9, δ = 0. This

means that Ω = 0. For each x ∈ gl2, write

δ(x) = σ1(x)⊗ z + z ⊗ σ2(x) + ν(x)z ⊗ z

for some σ1(x), σ(x) ∈ sl2 and some ν(x) ∈ k. By (E5.2.2.2), we have

δ([x, y]) =[σ1(x), y]⊗ z + z ⊗ [σ2(x), y] + [x, σ1(y)]⊗ z + z ⊗ [x, σ2(y)]

+ [σ1(x), σ1(y)]⊗ z2 + z2 ⊗ [σ2(x), σ2(y)]

for all x, y ∈ gl2. Setting y = z, we have [x, σi(z)] = 0 for all x ∈ sl2. This implies that

σi(z) = 0 for i = 1, 2. Setting x, y ∈ sl2, we have that

[σ1(x), σ1(y)] = 0 = [σ2(x), σ2(y)]
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and that δ(sl2) ⊂ sl2 ⊗ z + z ⊗ sl2. Since sl2 has small centralizers, dimσ1(sl2) ≤ 1 and

dimσ2(sl2) ≤ 1. Combining above facts, there exist w1, w2 ∈ sl2 \ {0}, c ∈ k and linear

maps φ1, φ2 : sl2 → k, such that

δ(z) = cz ⊗ z,

δ(x) = φ1(x)w1 ⊗ z + φ2(x)z ⊗ w2

for all x ∈ sl2. Let {e, f, h} be the standard basis of sl2, and write w1 = ae+bf+ch 6= 0 for

some a, b, c ∈ k. A calculation using explicit Lie product of the elements e, f , and h shows

that (E5.2.2.2) implies that φ1 = 0. By symmetry, φ2 = 0. Thus the assertion follows.

5.5 Examples

We present several families of coassociative Lie algebras in this section. One-dimensional

ones are listed in Example 5.2.9. Here is the 2-dimensional case.

Example 5.5.1. If dimL = 2, then there are two Lie algebra structures on L, up to

isomorphism. Namely, L is either abelian or non-abelian.

If L is abelian, then the classification of coassociative Lie algebra structures on L is

equivalent to the classification of coalgebra structures on L. It is easy to show that δ-

structure in L is isomorphic to one of the following:

(5.1.1.1) δ = 0;

(5.1.1.2) (L, δ) is cosemisimple;

(5.1.1.3) L = kx1 ⊕ kx2 and δ(x1) = x1 ⊗ x1, δ(x2) = 0;

(5.1.1.4) L = kx1 ⊕ kx2 and δ(x1) = x1 ⊗ x1, δ(x2) = x1 ⊗ x2 + x2 ⊗ x1;

(5.1.1.5) L = kx1 ⊕ kx2 and δ(x1) = 0, δ(x2) = x1 ⊗ x1.

If L is non-abelian, then L has a basis {x1, x2} such that [x1, x2] = x2. We have two

cases.

Case 1: δ(x2) = 0. We are only interested in nonzero δ-structures. Write δ(x1) =∑
i,j aijxi ⊗ xj 6= 0. In this case

Φ(x1, x2) = −[δ(x1), x2 ⊗ 1 + 1⊗ x2] = −(a11(x2 ⊗ x1 + x1 ⊗ x2) + (a12 + a21)x2 ⊗ x2).

By (E5.2.3.2), Φ(x1, x2) = [δ(x1), δ(x2)] = 0. Hence a11 = 0 and a12 + a21 = 0. Let a = a12

and b = a22. We have that δ(x1) = ax1 ⊗ x2 − ax2 ⊗ x1 + bx2 ⊗ x2. Now coassociativity of

δ shows that a = 0. Thus δ(x2) = 0 and δ(x1) = bx2 ⊗ x2. Up to a base change, we may

assume b = 1. Hence this is Example 5.2.4.
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Case 2: δ(x2) 6= 0. Since L is 2-dimensional and non-nilpotent, it has small centralizers.

By Lemma 5.4.3, δ(L) is 1-dimensional. Since δ(x2) 6= 0, by replacing x1 by x1 − ax2 for

some suitable a ∈ k, we have δ(x1) = 0. Write δ(x2) =
∑

i,j bijxi ⊗ xj 6= 0. In this case,

0 = [δ(x1), δ(x2)] = Φ(x1, x2) = δ(x2)− [x1 ⊗ 1 + 1⊗ x1, δ(x2)]

= b11x1 ⊗ x1 + b12x1 ⊗ x2 + b21x2 ⊗ x1 + b22x2 ⊗ x2

− (b12x1 ⊗ x2 + b21x2 ⊗ x1 + 2b22x2 ⊗ x2)

= b11x1 ⊗ x1 − b22x2 ⊗ x2.

Hence b11 = b22 = 0 and δ(x2) = b12x1 ⊗ x2 + b21x2 ⊗ x1. The coassociativity of δ implies

that b12 = b21 = 0. Therefore δ = 0 in this case, yielding a contradiction.

Combining these two cases, the only nonzero δ-structure on the 2-dimensional non-

abelian Lie algebra is the one in Example 5.2.4, up to isomorphisms.

One nice fact in 2-dimensional case is that δ is always cocommutative. If δ is conilpotent,

then L is quasi-equivalent to a Lie algebra by Corollary 5.3.6.

Next, we consider some higher-dimensional examples.

Example 5.5.2. Let g be a 3-dimensional Lie algebra with a k-linear basis {x, y, z} such

that its Lie structure is determined by

[x, y] = y, [z, y] = 0, [z, x] = −z + λy,

for any λ ∈ k. Let L = (g, δ) where the coproduct δ is determined by

δ(x) = δ(y) = 0, δ(z) = x⊗ y − y ⊗ x.

It is routine to check that L is a coassociative Lie algebra (using Definition 5.2.1). It is

obvious that δ is conilpotent and anti-cocommutative. Let H be the enveloping algebra

U(L). It follows from the antipode axiom that S(x) = −x, S(y) = −y, and S(z) = −z + y.

Hence S2(z) = z − 2y and H is not involutory. By Theorem 5.3.7, g is not unimodular,

which can also be verified directly.

Let h2n+1 be the (2n + 1)-dimensional Heisenberg Lie algebra with a standard basis

{x1, · · · , xn, y1, · · · , yn, z}. Here [xi, yi] = z for all i, and all other brackets are zero. Let

A = (aij), B = (bij), C = (cij) and D = (dij) denote n×n-matrices over k, and let E = (ei)

be an n-column vector over k.

Example 5.5.3. Each of the following δ defines a coassociative coalgebra structure on

h2n+1 such that (h2n+1, δ) is a coassociative Lie algebra.

(a) For every i, δ(xi) = δ(z) = 0, and

δ(yi) =
∑
j

(aijxj + bijyj)⊗ z +
∑
j

z ⊗ (cijxj − bijyj) + eiz ⊗ z,

where the coefficient matrices A = (aij), B = (bij), C = (cij) and E = (ei) satisfy
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(i) BA = B2 = BC = 0;

(ii) BE = 0;

(iii) A+Aτ + C + Cτ = 0;

(iv) ABτ = BAτ ; and

(v) CBτ = BCτ .

(b) For every i, δ(xi) = eiz ⊗ z, δ(z) = 0, and δ(yi) =
∑
bij(xj ⊗ z + z ⊗ xj), where the

coefficient matrix B = (bij) satisfies B = Bτ .

(c) For every i, δ(xi) = 0, δ(z) = z ⊗ z, and

δ(yi) =
∑
j

(aijx+ bijyj)⊗ z +
∑
j

z ⊗ (−ajixj + (δij − bij)yj),

where the coefficient matrices A = (aij) and B = (bij) satisfy the conditions B2 = B;

BA = A; and BAτ = 0.

Proof. (a) Easy computations show that

(δ ⊗ 1)δ(yi)

=
∑
j

bijδ(yj)⊗ z

=
∑
j,s

(bijajsxs + bijbjsys)⊗ z ⊗ z +
∑
j,s

z ⊗ (bijcjsxs − bijbjsys)⊗ z

+
∑
j

bijejz ⊗ z ⊗ z, and

(1⊗ δ)δ(yi)

=
∑
j

z ⊗ (−bij)δ(yj)

=
∑
j,s

z ⊗ (−bijajsxs − bijbjsys)⊗ z +
∑
j,s

z ⊗ z ⊗ (−bijcjsxs + bijbjsys)

−
∑
j

bijejz ⊗ z ⊗ z.

Coassociativity is equivalent to equations BA = B2 = BC = 0 and BE = 0. To check

the condition (E5.2.1.1) we note that (E5.2.1.1) is trivial when (a, b) = (z, z), (xi, z), (yi, z),

and (xi, xj). It suffices to verify (E5.2.1.1) for (a, b) = (xi, yj) and (a, b) = (yi, yj) for all

1 ≤ i, j ≤ n.

If (a, b) = (xi, yj), we have that

LHS of (E5.2.1.1) = δ([xi, yj ]) = δ(δijz) = 0, and

RHS of (E5.2.1.1) = [xi ⊗ 1 + 1⊗ xi, δ(yj)] = bjiz ⊗ z − bjiz ⊗ z = 0.



97

Hence (E5.2.1.1) holds for (a, b) = (xi, yj).

If (a, b) = (yi, yj), we have that

LHS of (E5.2.1.1) = δ([yi, yj ]) = δ(0) = 0, and

RHS of (E5.2.1.1) = [yi ⊗ 1, δ(yj)] + [1⊗ yi, δ(yj)]

+ [δ(yi), yj ⊗ 1] + [δ(yi), 1⊗ yj ] + [δ(yi), δ(yj)]

= ajiz ⊗ z + cjiz ⊗ z

+ aijz ⊗ z + cijz ⊗ z

+ (
∑
s

aisbjs − bisajs)z ⊗ z2 + (
∑
s

−cisbjs + biscjs)z
2 ⊗ z.

Hence (E5.2.1.1) holds if and only if A+Aτ +C + Cτ = 0, ABτ = BAτ and CBτ = BCτ .

This completes the proof of (a).

The proofs of (b) and (c) are similar and therefore omitted.

We consider one last example. Let Un be the strictly upper triangular n × n-matrix

coalgebra, namely, it is the coalgebra with basis {xij}1≤i<j≤n such that

δ(xij) =
∑
i<s<j

xis ⊗ xsj for all 1 ≤ i, j ≤ n.

In the following proposition, let E = (ei), F = (fi) and G = (gi) be three arbitrary vectors

in kn−1. For 1 ≤ i < j ≤ n, define

aij = gi + gi+1 + · · ·+ gj−1.

It follows from the definition that ais + asj = aij for all 1 ≤ i < s < j ≤ n.

Example 5.5.4. Let n ≥ 3. Then the following anti-commutative k-bilinear map [ , ] :

U⊗2
n → Un defines a Lie algebra structure on Un such that (Un, [ , ]) is a coassociative Lie

algebra.

[x1n, x1n] = 0, (E5.5.4.1)

[xst, xij ] = 0 if (s, t) 6= (1, n) and (i, j) 6= (1, n), (E5.5.4.2)

[x1n, xij ] = aijxij if (i, j) 6= (1, n), (1, n− 1), (2, n), (E5.5.4.3)

[x1n, x1n−1] = a1n−1x1n−1 +
n−1∑
i=1

eixii+1, (E5.5.4.4)

[x1n, x2n] = a2nx2n +

n−1∑
i=1

fixii+1. (E5.5.4.5)

Proof. First we prove that (Un, [ , ]) is a Lie algebra. Let K =
⊕

(i,j)6=(1,n) kxij ⊂ L.

By definition, we have [K,K] = 0 and [L,K] = [K,L] ⊂ K. Since we define [ , ] to be

anti-commutative, it suffices to show the Jacobi identity

[a, [b, c]] = [b, [a, c]] + [[a, b], c]
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for all a, b, c ∈ Un. If a, b, c ∈ K, then the Jacobi identity is trivially true. If a = b = x1n

and c ∈ K, the Jacobi identity is also true since it is true for all a = b. The Jacobi identity

is stable under permutation and thus the remaining case to consider is when a = x1n and

b, c ∈ K. In this case,

[a, [b, c]] = [a, 0] = 0,

[b, [a, c]] + [[a, b], c] ∈ [K,K] + [K,K] = {0}.

Hence the Jacobi identity holds and (Un, [ , ]) is a Lie algebra.

To prove (Un, [ , ]) is a coassociative Lie algebra, we need to verify (E5.2.1.1). By

linearity, it suffices to check (E5.2.1.1) for cases listed in (E6.5.4.1)-(E5.5.4.5).

Case 1: If (a, b) = (x1n, x1n), (E5.2.1.1) is automatic (for any a = b).

Case 2: Suppose that (a, b) = (xst, xij) for (s, t) 6= (1, n) and (i, j) 6= (1, n). Since

δ(L) ⊂ K ⊗K and [K,K] = 0, both sides of (E5.2.1.1) are zero.

Case 3: Suppose that (a, b) = (x1n, xij) for (i, j) 6= (1, n). Using the fact [K,K] = 0, we

have
LHS of (E5.2.1.1) = δ([x1n, xij ]) = aij

∑
i<s<j

xis ⊗ xsj ,

RHS of (E5.2.1.1) = [x1n ⊗ 1 + 1⊗ x1n,
∑
i<s<j

xis ⊗ xsj ]

= (ais + asj)
∑
i<s<j

xis ⊗ xsj = aij
∑
i<s<j

xis ⊗ xsj .

Hence (E5.2.1.1) holds. This takes care of cases in (E5.5.4.3)-(E5.5.4.5).

Combining all the above cases we have checked (E5.2.1.1). Therefore (Un, [ , ]) is a

coassociative Lie algebra.
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Chapter 6

CONNECTED HOPF ALGEBRAS OF GELFAND-KIRILLOV
DIMENSION FOUR

6.1 Introduction

For this chapter we assume that the base field k is algebraically closed of characteristic zero.

In Chapter 3, we show that if a Hopf algebra H is connected, then the associated graded

Hopf algebra grH with respect to the coradical filtration is isomorphic to a commutative

Hopf algebra. If H has finite GK-dimension, then grH is isomorphic to the polynomial ring

k[x1, · · · , xn], namely, the regular functions O(G) on a unipotent group G, or equivalently,

the graded dual U(L)∗ of the universal enveloping algebra over a graded Lie algebra L,

which is called the lantern of H. Since the coradical filtration is naturally associated to

the given Hopf algebra, the lantern L, as well as the associated unipotent group G, are

invariants of H. This observation motivates the following two related questions.

Question 6.1.1. What are the invariants of H that determine completely the Hopf algebra

structure of H?

Question 6.1.2. Can we classify all connected Hopf algebras of finite GK-dimension?

The first question was suggested by Andruskiewitsch and Brown. Also see the talk

given by Brown at the Banff workshop [Br3]. The second question is a subquestion of

several motivating questions for a couple of ongoing classification projects initiated by many

people such as Andruskiewitsch, Schneider, Brown, Goodearl and their collaborators. Some

studies of general Hopf algebras of GK-dimension 1 and 2 are given in [BZ, Li, GZ2] by

using homological tools. There is little chance to list all isomorphism classes of connected

Hopf algebras. A more practical question is along the line of Question 6.1.1: can we classify

connected Hopf algebras in terms of their invariants?

The connected hypothesis is quite restrictive, but there are some interesting new Hopf

algebras in this class even when the GK-dimension is 3, see Theorem 3.6.8. Since H is

a deformation of grH, it is possible to understand all H in Question 6.1.2 if the (Hopf)-

cohomologies of grH can be worked out completely. But we will not consider this in the

present paper.

The first goal of the paper is to provide some invariants of connected Hopf algebras

that help us to understand partially the structure of the Hopf algebra. One of such is the

coassociative Lie algebra that was introduced in Chapter 5. Our second goal is to study

and classify all connected Hopf algebras of GK-dimension 4, which should give us a better
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sense of how connected Hopf algebras of higher GK-dimension look like. Here is the main

result.

Theorem 6.1.3. Let H be a connected Hopf algebra of GK-dimension 4. Then H is iso-

morphic to one of following.

(a) Enveloping algebra U(g) over a Lie algebra g of dimension 4.

(b) Enveloping algebra U(L) over an anti-cocommutative coassociative Lie algebra L of

dimension 4.

(c) Primitively-thin Hopf algebras of GK-dimension 4.

Here are some details about Theorem 6.1.3.

Remark 6.1.4. Let H be as in Theorem 6.1.3 and parts (a,b,c) here match up with that

of Theorem 6.1.3.

1. All 4-dimensional Lie algebras over the complex numbers C are listed in the book

[OV, Theorem 1.1(iv), page 209]. In this case, the lantern L(H) is the unique graded

Lie algebra of dimension 4 generated by four elements in degree 1, namely, the abelian

Lie algebra of dimension 4.

2. Anti-cocommutative coassociative Lie algebras of dimension 4 are classified in Theo-

rem 6.4.5. Therefore Hopf algebras in Theorem 6.1.3(b) are completely described. In

this case, L(H) is, up to isomorphism, the unique graded Lie algebra of dimension 4

generated by three elements in degree 1, namely, the Lie algebra h3 ⊕ k where h3 is

the 3-dimensional Heisenberg Lie algebra.

3. There are exactly four families of primitively-thin Hopf algebras of GK-dimension 4,

each of which is constructed explicitly in Section 6.5, see Theorem 6.5.23. In this case,

L(H) is, up to isomorphism, the unique graded Lie algebra of dimension 4 generated

by two elements in degree 1.

Some ideas can be extended to connected Hopf algebras of GK-dimension 5. For example,

the classification of the lantern of H is given in Remark 6.3.8. In higher GK-dimension,

we have the following result. Let p(H) denote the dimension of the space of all primitive

elements. The term P2(H) is defined in Definition 6.3.2 (b).

Theorem 6.1.5. Suppose H is a connected Hopf algebra. If p(H) = GKdimH − 1 < ∞,

then H is isomorphic to the enveloping algebra over an anti-cocommutative coassociative

Lie algebra P2(H). In this case H is completely determined by P2(H).
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6.2 Preliminaries

Let LieAlg be the category of Lie algebras and let HopfAlgcc be the category of connected

cocommutative Hopf algebras. Then the first assertion of the following is a consequence of

Milnor-Moore-Cartier-Kostant Theoerem [Mo, Theorem 5.6.5]. The second assertion is a

well-known fact in ring theory.

Proposition 6.2.1. Then the assignment g → U(g) defines an equivalence between cate-

gories LieAlg and HopfAlgcc. If dim g <∞, then

GKdimU(g) = gldimU(g) = dim g.

In some sense, noncocommutative connected Hopf algebras are a generalization of the

universal enveloping algebra over a Lie algebra.

Let H be a connected Hopf algebra. By Proposition 3.5.4 and Theorem 3.5.6, grH is

a commutative domain. Suppose grH is locally finite. Then the graded dual (grH)∗ is a

Hopf algebra.

Definition 6.2.2. Let H be a connected Hopf algebra.

(a) Let P (H) be the space of primitive elements in H and let p(H) be the dimension of

P (H).

(b) We say H is locally finite if p(H) <∞, or equivalently, Hi in the coradical filtration of

H is finite dimensional for all i.

(c) H is called primitively-thin, if p(H) = 2.

(d) Suppose H is locally finite. The lantern of H is the graded Lie algebra L(H) such that

U(L(H)) ∼= (grH)∗. In other words, L(H) = P ((grH)∗).

The following lemma is easy. Part (a) of the following lemma says that L(H) is a kind

of the abelianization of H. Parts (e,f) justify calling H primitively-thin when p(H) = 2.

Lemma 6.2.3. Let H be a locally finite connected Hopf algebra.

(a) If H is the (universal) enveloping algebra U(g) for a finite dimensional Lie algebra g,

then L(H) is the abelian Lie algebra of dimension equal to dim g.

(b) The L(H) is a positively graded Lie algebra generated in degree 1 and dimL(H) =

GKdimH.

(c) L(H)1 = (grH)∗1 = (H1/k)∗ = P (H)∗.



102

(d) p(H) = 1 if and only if H = k[x].

(e) (Lemma 2.4.7) If GKdimH ≥ 2, then p(H) ≥ 2.

(f) H is primitively-thin if and only if L(H) is a graded Lie algebra generated by two

elements in degree 1.

Proof. (a) In this case grH = U(A) where A is an abelian Lie algebra with dimA = dim g.

So grH is a commutative and cocommutative Hopf algebra and (grH)∗ ∼= grH as Hopf

algebras. Consequently, (grH)∗ ∼= U(A). Thus L(H) ∼= A.

(b) Since grH is coradically graded, (grH)∗ is generated in degree 1 as an algebra.

Since (grH)∗ is cocommutative Proposition 3.5.4 and char k = 0, (grH)∗ ∼= U(L) and L is

a graded Lie algebra generated in degree 1. Finally,

GKdimH = GKdim grH = GKdim(grH)∗ = dimL(H).

(c) It follows from definition and part (b).

(d) If p(H) = 1, then L(H)1 is 1-dimensional. By part (b), L(H) is generated by L(H)1.

Thus L(H) = L(H)1, which is 1-dimensional.

(e,f) These follow from part (b) and definition.

Given any graded Lie algebra finitely generated in degree 1, say g, U(g) is a locally finite

graded Hopf algebra. Since U(g) is isomorphic to (U(g)∗)∗, the lantern of the Hopf algebra

H = (U(g))∗ is g. Therefore every graded Lie algebra finitely generated in degree 1 appears

as the lantern of some connected Hopf algebra.

Lemma 6.2.4. Let H be a connected Hopf algebra of GK-dimension 4 and let L be the

lantern of H. Then L is isomorphic to one of the following:

(a) the abelian Lie algebra of dimension 4 concentrated in degree 1.

(b) the graded Lie algebra of dimension 4 with a basis {a, b, c, [a, b]} where a, b, c, are in

degree 1 and [a, b] is in degree 2, subject to the relations [c,L] = 0 = [[a, b],L]. This Lie

algebra is isomorphic to the Lie algebra h3⊕k where h3 is the 3-dimensional Heisenberg

Lie algebra.

(c) the graded Lie algebra of dimension 4 with a basis {a, b, [a, b], [[a, b], b]} where a, b are

in degree 1, [a, b] is in degree 2 and [[a, b], b] is in degree 3, and subject to the relations

[[a, b], a] = 0 = [[[a, b], b],L] = 0.

Proof. By Lemma 6.2.3(b), L = ⊕i≥1Li is a graded Lie algebra generated in degree 1 of

dimension 4. By Lemma 6.2.3(c,e), the degree 1 component L1 has dimension either 2 or 3

or 4.
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If dimL1 = 4, then L = L1 which must be abelian. This is case (a).

If dimL1 = 3, pick a basis, say {a, b, c} of L1. Then dimL2 = 1 and Li = 0 for all i > 2.

Let z be a basis of L2. By linear algebra, up to a basis change, z = [a, b] and c is in the

center of L. This is case (b).

If dimL1 = 2, pick a basis, say {a, b} of L1. Then dimL2 = 1 with a basis [a, b],

dimL3 = 1 and dimLi = 0 for all i > 3. Then [[a, b], a] and [[a, b], b] are linearly dependent.

Up to a base change we may assume that [[a, b], a] = 0. Thus [[a, b], b] is the fourth basis

element of L. This is case (c).

The three different cases in Lemma 6.2.4 will be a guideline for our classification.

6.3 Coassociative Lie algebras and their enveloping algebras

The definition and basic properties of coassociative Lie algebras can be found in Chapter 5.

Recall that by Lemma 5.2.3, for a coassociative Lie algebra L, U(L) is a bialgebra.

Definition 6.3.1. Let L1 and L2 be CLAs.

(a) We say L1 and L2 are quasi-equivalent, and denoted by L1 ∼ L2, if U(L1) is isomorphic

to U(L2) as bialgebras.

(b) A coassociative coalgebra (L, δ) is called anti-cocommutative if τδ = −δ where the flip

τ : L⊗2 → L⊗2 is defined by τ(a⊗ b) = b⊗ a.

For an anti-cocommutative CLA L, the enveloping algebra U(L) is a connected Hopf

algebra since L is conilpotent by Lemma 5.3.8 (b).

In rest of this section we assume that char k 6= 2. Let H be a general Hopf algebra and

let P (H) denote the k-subspace of H consisting of all primitive elements in H. It is well

known that P (H) is Lie algebra. The dimension of P (H) is denoted by p(H).

Let δH : H → H⊗2 be the map defined by

δH(h) = ∆(h)− (h⊗ 1 + 1⊗ h) (E6.3.3.1)

for all h ∈ H.

Definition 6.3.2. Let H be a Hopf algebra.

(a) An element f ∈ H⊗2 is called symmetric if τ(f) = f . An element f ∈ H⊗2 is called

skew-symmetric if τ(f) = −f .

(b) Define

P2(H) = {x ∈ H | δH(x) is skew-symmetric and lies in P (H)⊗2}.

The dimension of P2(H) is denoted by p2(H).
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(c) The anti-cocommutative-space of H is the quotient space P2(H)/P (H), denoted by

P ′2(H). The dimension of P ′2(H) is denoted by p′2(H).

Here is a list of basic properties of P2(H). Part (a) justifies Definition 6.3.2(b,c).

Lemma 6.3.3. Let H be a Hopf algebra. Let δ = δH and [ , ] = [ , ]H .

(a) Every anti-cocommutative subcoalgebra of (H, δ) is contained in P2(H). Consequently,

(P2(H), δ) is the largest anti-cocommutative subcoalgebra of (H, δ).

(b) P2(H) = {x ∈ H | δ(x) ⊂ P2(H)⊗2, τδ(x) = −δ(x)}.

(c) P2(H) is Lie subalgebra of H if and only if [δ(x), δ(y)] = 0 for all x, y ∈ P2(H).

(d) Suppose P (H) is abelian. Then (P2(H), [ , ]) is a Lie subalgebra of H and [P2(H), P2(H)] ⊂
P (H).

(e) If P2(H)/P (H) is 1-dimensional, then P2(H) is a Lie subalgebra of H.

(f) P2(H) is a Lie module over P (H).

(g) p′2(H) ≤
(
p(H)

2

)
.

Proof. Clearly P (H) ⊂ P2(H). By definition, δ(P2(H)) ⊂ P (H)⊗2 ⊂ P2(H)⊗2 and τδ(x) =

−δ(x) for all x ∈ P2(H). Hence P2(H) is an anti-cocommutative subcoalgebra of (H, δ).

(a) By definition, ker δ = P (H). Let C be any anti-cocommutative subcoalgebra of

(H, δ). By Lemma 5.3.8(b),

δ(C) ⊂ (ker δ)⊗2 ⊂ P (H)⊗2.

Since C is anti-cocommutative, C ⊂ P2(H) by definition.

(b) Let C = {x ∈ H | δ(x) ⊂ P2(H)⊗2, τδ(x) = −δ(x)}. Then, by definition, P2(H) ⊂
C. So δ(C) ⊂ C⊗2 and C is an anti-cocommutative subcoalgebra of (H, δ). The assertion

now follows from part (a).

(c) For any x, y ∈ H,

δ([x, y]) = ∆([x, y])− [x, y]⊗ 1− 1⊗ [x, y]

= [∆(x),∆(y)]− [x, y]⊗ 1− 1⊗ [x, y]

= [δ(x) + x⊗ 1 + 1⊗ x, δ(y) + y ⊗ 1 + 1⊗ y]− [x, y]⊗ 1− 1⊗ [x, y]

= w(x, y) + v(x, y),

where

w(x, y) = [δ(x), y ⊗ 1 + 1⊗ y] + [x⊗ 1 + 1⊗ x, δ(y)]
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and

v(x, y) = [δ(x), δ(y)].

Now let x, y ∈ P2(H). By definition, δ(x), δ(y) ∈ P (H)⊗2. In this case w(x, y) ∈ P (H)⊗2.

Since δ(x) and δ(y) are skew-symmetric, so is w(x, y). But v(x, y) is symmetric. Hence,

δ([x, y]) is skew-symmetric if and only if v(x, y) = 0. The assertion follows.

(d) By part (c), P2(H) is a Lie subalgebra of (H, [ , ]). For x, y ∈ P2(H), δ([x, y]) =

w(x, y) + v(x, y) where w(x, y), v(x, y) are defined as in the proof of part (c). Since P (H) is

abelian, both w(x, y) and v(x, y) are 0. Hence δ([x, y]) = 0 and consequently, [x, y] ∈ P (H).

The assertion follows.

(e) Since P2(H)/P (H) is 1-dimensional, P2(H) = kf ⊕ P (H) for some f ∈ P2(H). For

any x, y ∈ P2(H), write x = af + x0 and y = bf + y0 for some a, b ∈ k and x0, y0 ∈ P (H).

Then δ(x) = aδ(f) and δ(y) = bδ(f). Hence [δ(x), δ(y)] = [aδ(f), bδ(f)] = 0. The assertion

follows from part (c).

(f) Let x ∈ P2(H) and y ∈ P (H). Then δ([x, y]) = [δ(x), 1⊗ y+ y⊗ 1] ∈ P (H)⊗2. Since

δ(x) is skew-symmetric, so is [δ(x), 1⊗ y + y ⊗ 1]. Hence [x, y] ∈ P2(H).

(g) This follows from the fact that δ defines a k-linear injective map from P2(H)/P (H)→
P (H) ∧ P (H).

Lemma 6.3.4. Let H be a Hopf algebra. Suppose that char k = 0. In parts (c,d,e), assume

that H is a connected Hopf algebra.

(a) p2(H) ≤ GKdimH.

(b) Let g be a Lie algebra. Then P2(U(g)) = P (U(g)) = g.

(c) Let U be the Hopf subalgebra of H generated by P (H). If U 6= H, then P (H) 6= P2(H)

and GKdimU < GKdimH.

(d) P (H) ∼= grH(1) = P (grH).

(e) P2(H) ∼= P2(grH) and P2(grH)⊕ grH(1)2 = grH(1)⊕ grH(2).

Proof. (a) The subcoalgebra P2(H) + k1 is connected and counital by Lemma 5.3.4. Then

the subbialgebra of H generated by P2(H) +k1 is connected, and whence a connected Hopf

algebra [Mo, Lemma 5.2.1]. Therefore, after replacing it by the Hopf subalgebra generated

by P2(H) + k1, we may assume that H is a connected Hopf algebra.

By Theorem 3.5.10, grH ∼= k[x1, · · · , xn] where n = GKdimH. Arranging {xi} so

that deg xi = 1 for all i = 1, · · · , p1 and deg xi = 2 for all i = p1 + 1, · · · , p2 and

deg xi > 2 for all i > p2. Then {x1, · · · , xp1} is a basis of grH(1) = H1/H0
∼= P (H),

and {xp1+1, · · · , xp2} is a basis of grH(2)/ grH(1)2. Since grH(2) = H2/H1 and grH(1) =
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H1/H0, grH(2)/ grH(1)2 ∼= H2/H
2
1 . Note that P2(H) is a subspace of H2 by the definition

of P2(H). For any x ∈ P2(H)\P (H), δ(x) is nonzero and skew-symmetric by the definition

of P2(H) and P (H), and for every y ∈ H2
1 , an easy calculation shows that δ(y) is symmetric.

Let C be a subspace of P2(H) such that P2(H) = C ⊕ P (H). Then the above discussion

says that C ⊂ H2 and C ∩H2
1 = {0}. Therefore

dimP2(H)/P (H) = dimC ≤ dimH2/H
2
1 = dim grH(2)/ grH(1)2 = p2 − p1.

Thus

p2(H) = dimP2(H) = dimC + dimP (H) ≤ (p2 − p1) + p1 = p2 ≤ n = GKdimH.

(b) Follows by a direct computation.

(c) Since U 6= H, by Lemma 3.6.4, GKdimU < GKdimH if GKdimU <∞.

Since U is the Hopf subalgebra of H generated by P (H), U is cocommutative and,

whence, U is the enveloping algebra U(g) for some Lie algebra g. Clearly, g = P (U) = P (H).

Consider the coradical filtrations {Ui}i∈N and {Hi}i∈N of U and H respectively. Since

U ( H, there is a minimal n such that Un ( Hn. The equality P (U) = P (H) implies that

n ≥ 2. Pick any f ∈ Hn \ Un, δ(f) ∈ H⊗2
n−1 = U⊗2

n−1. This means that δ(f) ∈ U⊗2 is a

coalgebra 2-cocylce of U .

Since U is the enveloping algebra U(g), U , as a coalgebra, is isomorphic to U(V ) where

V is the abelian Lie algebra of dimension equal to dim g. So one can forget about the Lie

structure of g when computing the coalegbra cohomology of U . A cohomology computation

shows that any 2-cocylce is congruent to an element in g ∧ g modulo some 2-coboundary.

This means that there is an element g ∈ U such that δ(f − g) ∈ g ∧ g. Since f 6∈ U ,

f − g ∈ H \ U , or f − g ∈ P2(H) as δ(f − g) ∈ g ∧ g is skew-symmetric. The assertion

follows.

(d) By the definition of coradical filtration, H1 = k1 ⊕ P (H) = H0 ⊕ P (H). Hence

P (H) ∼= grH(1). Since grH is coradically graded (Remark 1.4.5), P (grH) = grH(1).

(e) Let x ∈ P2(H) and let a be the associated element in grH. If x ∈ P (H), then

a ∈ P (grH) by part (d) and the map x → a is an isomorphism when restricted to P (H).

Now suppose x 6∈ P (H). Then a 6∈ P (grH) by part (d). Since δ(x) ∈ P (H)⊗2 is skew-

symmetric, so is δ(a) ∈ P (grH)⊗2. Thus we have an injective map P2(H) → P2(grH).

Now let a ∈ P2(grH). Since P (H) ∼= grH(1), we may assume that a ∈ grH(2). Let

{xi} be a basis of P (H) and {yi} be the corresponding basis of grH(1). Then δ(a) =∑
i,j cij(yi ⊗ yj − yj ⊗ yi) for some cij ∈ k. Let x ∈ H+

2 be a preimage of a. Then

δ(x) =
∑

i,j cij(xi⊗xj−xj⊗xi)+1⊗z1 +z2⊗1+c⊗1 where z1, z2 ∈ P (H) and c ∈ k. The

counit axiom for ∆ implies that z1 = z2 = c = 0. Therefore x ∈ P2(H). The first assertion

follows.

For the second assertion we note that

grH(1) = P (grH) ⊂ P2(grH) ⊂ grH(1)⊕ grH(2)
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and that

P2(grH) ∩ grH(1)2 = {0}.

It remains to show that grH(2) ⊂ P2(grH) ⊕ grH(1)2. By replacing H with grH, we

may assume that H is coradically graded. For any x ∈ H+
2 , δ(x) =

∑
i,j cijxi ⊗ xj + 1 ⊗

z1 + z2 ⊗ 1 + c ⊗ 1 where xi, z1, z2 ∈ P (H) and c ∈ k. The counit axiom for ∆ implies

that z1 = z2 = c = 0. Replacing x by x−
∑

i
1
2ciix

2
i − 1

2

∑
i<j(cij + cji)xixj , δ(x) becomes

skew-symmetric. So x ∈ P2(H). The second assertion follows.

Here is our main result of this section.

Theorem 6.3.5. Suppose that char k = 0 and H is a connected Hopf algebra. If

GKdimH ≤ p(H) + 1 <∞,

then H ∼= U(L) for some anti-cocommutative CLA L = P2(H). If, further, GKdimH =

p(H), then H = U(g) where g = P (H).

Proof. Let g be the Lie algebra P (H) of the primitive elements of H. If H = U(g), the

assertion is trivial as we have a natural embedding LieAlg→ CoLieAlg.

For the rest of the proof we assume that H 6= U(g). By Lemma 6.3.4(c), P2(H) 6=
P (H). Since P (H) is a proper subspace of P2(H), p(H) + 1 ≤ p2(H). By Lemma 6.3.3(h),

p2(H) ≤ GKdimH. By hypothesis, GKdimH ≤ p(H) + 1 < ∞. Therefore there is only

one possibility, namely, p2(H) = p(H) + 1 = GKdimH. By Lemma 6.3.3(e) P2(H) is a Lie

subalgebra of H. By Lemma 6.3.3(a), (P2(H), δ) is an anti-cocommutative subcoalgebra of

(H, δ).

Let K be the subbialgebra of H generated as an algebra by the connected subcoalgebra

(P2(H) + k1,∆). Then K is a Hopf subalgebra of H as mentioned in the proof of Lemma

6.3.4(a). By Lemma 6.3.3(a), P2(K) ⊇ P2(H) and clearly P2(H) ⊇ P2(K), we have P2(K) =

P2(H). By Lemma 6.3.4(b), P2(U(g)) = g, and by assumption in the previous paragraph

and Lemma 6.3.4(c), P2(H) ) g, we conclude that U(g) is a proper subalgebra of K. By

Lemma 3.6.4,

GKdimK ≥ GKdimU(g) + 1 = p(H) + 1.

By hypothesis, GKdimH ≤ p(H) + 1 and obviously GKdimH ≥ GKdimK. Hence

GKdimH = GKdimK = p(H) + 1 = p2(H). By Lemma 3.6.4, H = K.

Next we show that L := P2(H) is a CLA. By the second paragraph, L is both a Lie

algebra and a coalgebra. It remains to verify (E5.2.1.1). Choose a basis of g, say, {xi}, and

an element z ∈ L \ g. Then {xi} ∪ {z} is a basis of L. It is trivial that (E5.2.1.1) holds

for (a, b) = (z, z) and for (a, b) = (xi, xj) since δ(xi) = 0. It remains to show (E5.2.1.1) for

(a, b) = (z, xi) (and by symmetry for (a, b) = (xi, z)). Since δ(xi) = 0, we have

δ([z, xi]) = [δ(z), xi ⊗ 1 + 1⊗ xi]

= [z ⊗ 1 + 1⊗ z, δ(xi)] + [δ(z), xi ⊗ 1 + 1⊗ xi] + [δ(z), δ(xi)]
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which holds in H⊗2 and hence holds in L⊗2. Thus the above holds in U(L)⊗2, which verifies

(E5.2.1.1).

Let U(L) be the enveloping algebra of the CLA L. There is a canonical Hopf algebra

map φ : U(L) → H sending x ∈ L to x. By [Mo, Theorem 5.3.1], the map φ is injective

since the restriction of φ on the space of primitive elements, namely, φ |P (H), is injective.

Now by Lemma 3.6.4 again this is an isomorphism since GKdimH = GKdimU(L). Finally

by the definition of P2(H), L is anti-cocommutative.

Proposition 6.3.6. Suppose char k = 0. Let L be an anti-cocommutative CLA.

(a) P2(U(L)) = L.

(b) Let P = ker(δ : L → L⊗2). Then grU(L) = k[P ⊕ L/P ] where elements of P are in

degree 1 and that of L/P are in degree 2.

(c) The coradical of U(L) is given by U(L)0 = k1, U(L)1 = P +k1, U(L)2 = (P +k1)2 +L,

and, for n ≥ 3,

U(L)n =

n−1∑
i=1

U(L)i · U(L)n−i.

(d) Suppose L is finite dimensional. Then L(U(L)) ∼= P ∗ ⊕ (L/P )∗ where the Lie algebra

structure of P ∗ ⊕ (L/P )∗ is induced by the coalgebra structure of L.

Proof. For simplicity, we assume that dimL < ∞ in the following proof. The assertion

holds in general, but the proof requires more computation which we omit here.

(a) By construction and Lemma 6.3.3(a), L is a subspace of P2(U(L)). By Lemma

6.3.4(a),

dimP2(U(L)) ≤ GKdimU(L) = dimL ≤ dimP2(U(L)).

Hence L = P2(U(L)) as L is finite dimensional.

(b) By the proof of Lemma 6.3.4(a), k[P ⊕ L/P ] is a Hopf subalgebra of grU(L). Ob-

viously they have the same GK-dimension. Now the assertion follows from Lemma 3.6.4.

(c) This follows from part (b) and the fact grU(L) is coradically graded.

(d) By part (b), H := grU(L) = k[P ⊕ L/P ] where P ⊕ L/P is the minimal generating

space of H. Then P ∗ ⊕ (L/P )∗ is a minimal co-generating space of the dual K := H∗ =

(grU(L))∗. Let {xi}i and {yj}j be a basis of P and L/P respectively, and {x∗i }i and {y∗j }j
be the dual basis of P ∗ and (L/P )∗ respectively. It follows from the definition and the

fact that xi and yj are generators that both x∗i and y∗j are primitive elements. Therefore

P ∗ ⊕ (L/P )∗ ⊂ L(U(L)). Consequently, P ∗ ⊕ (L/P )∗ = L(U(L)) as they have the same
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k-dimension. Suppose, for any s, δ(ys) =
∑

i<j c
ij
s (xi ⊗ xj − xj ⊗ xi) for some cijs ∈ k, and

define cjis = −cijs . Then

∆H(ys) = ys ⊗ 1 + 1⊗ ys +
∑
i<j

cijs (xi ⊗ xj − xj ⊗ xi).

By the k-linear pairing K ×H → k, we have

[x∗i , x
∗
j ](yt) = (x∗ix

∗
j − x∗jx∗i )(yt)

= (x∗i ⊗ x∗j − x∗j ⊗ x∗i )(∆H(yt))

= (x∗i ⊗ x∗j − x∗j ⊗ x∗i )(yt ⊗ 1 + 1⊗ yt +
∑
i′<j′

ci
′j′

t (xi′ ⊗ xj′ − xj′ ⊗ xi′))

= 2cijt =
∑
s

cijs (2y∗s)(yt).

Hence [x∗i , x
∗
j ] =

∑
s 2cijs y∗s for all i, j. Therefore the assertion follows since the coefficients

cijs are determined by the coalgebra of L.

Proposition 6.3.7. Let L be a conilpotent CLA of dimension ≤ 4. Then it is quasi-

equivalent to an anti-cocommutative CLA.

Proof. By Lemma 5.3.4, U(L) is a connected Hopf algebra. By Lemma 6.2.3(e), P (U(L))

has dimension at least 2. If dimL ≤ 3, the assertion follows from Theorem 6.3.5. For the

rest we consider the case when dimL = 4.

Let Pn(L) = ker δn. Since L is conilpotent, Pi−1(L) 6= Pi(L) if Pi−1(L) 6= L.

If dimP1(L) = 4, then L is 4-dimensional Lie algebra with trivial δ-structure.

If dimP1(L) = 1, then dimP2(L) = 2 with an element x2 ∈ P2(L) \ P1(L) such that

δ(x2) = x1⊗x1. For any x3 ∈ P3(L)\P2(L), write δ(x3) = ax1⊗x2+bx2⊗x1+cx2⊗x2. The

coassociativity on x3 implies that a = b and c = 0. Without loss of generality, we assume

that δ(x3) = x1⊗x2+x2⊗x1. Thus x1, x2− 1
2x

2
1 and x3−x1x2+ 1

3x
3
1 are linearly independent

primitive elements in U(L). Thus dimP (U(L)) is at least 3. Hence L is quasi-equivalent to

an anti-cocommutative CLA by Theorem 6.3.5.

Suppose dimP1(L) = 2 with a basis {x1, x2}. If dimP (U(L)) ≥ 3, L is quasi-equivalent

to an anti-commutative CLA by Theorem 6.3.5. So we only need to consider the case when

dimP (U(L)) = 2. If dimP2(L) = 4, choose two basis elements y1, y2 in P2(L)\P1(L). Then

δ(y1−f(x1, x2)) = a(x1⊗x2−x2⊗x1) and δ(y2−g(x1, x2)) = b(x1⊗x2−x2⊗x1) for some

polynomial f(x1, x2) and g(x1, x2). Since P (U(L)) = 2, both a and b are nonzero. Thus

a(y2 − g) − b(y1 − f) is an extra primitive element, a contradiction. Hence dimP2(L) = 3

and dimP3(L) = 4. Let x3 be a basis element in P2(L) and x4 be a basis element in P3(L).

Write δ(x4) = f ⊗ x3 + x3 ⊗ g + ax3 ⊗ x3 with f, g ∈ P1(L) and a ∈ k. Coassociativity on

x4 implies that a = 0, f = g 6= 0 and δ(x3) = bf ⊗ f for some b ∈ k. Thus L is symmetric

and hence quasi-equivalent to a Lie algebra by Corollary 5.3.6.
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If dimP1(L) = 3, then dimP (U(L)) is at least 3 and the assertion follows from Theorem

6.3.5.

Before we continue we would like to make a remark about the lantern of connected

Hopf algebras of GK-dimension 5, which could serve as a guideline for the classification of

connected Hopf algebras of GK-dimension 5.

Remark 6.3.8. Let H be a connected Hopf algebra of GK-dimension 5.

(a) Let p(H) denote the dimension of the space of all primitive elements. Then p(H) is in

the range [2, 5].

(b) If p(H) = 5, then L(H) is abelian (which is unique) and H is isomorphic to the en-

veloping algebra over a Lie algebra.

(c) If p(H) = 4, then L(H) is generated by four elements in degree 1 (there are two such

graded Lie algebras up to isomorphism) and H is isomorphic to the enveloping algebra

over an anti-cocommutative coassociative Lie algebra.

(d) If p(H) = 3, then L(H) is generated by three elements in degree 1 and there are two

subcases.

(d1) If the degree two component of L(H) has dimension 2 (there is only one such

graded Lie algebra), then H is isomorphic to an enveloping algebra over an anti-

cocommutative coassociative Lie algebra.

(d2) If the degree two component of L(H) has dimension 1 (there is only one such graded

Lie algebra), then H is not isomorphic to the enveloping algebra over either an

ordinary Lie algebra or a coassociative Lie algebra, nor a primitively-thin Hopf

algebra.

(e) If p(H) = 2, then L(H) is generated by two elements in degree 1 (there are two such

graded Lie algebras), and H is a primitively-thin Hopf algebra.

6.4 Classification of anti-cocommutative CLAs up to dimension 4

In this section we classify all anti-cocommutative CLAs of dimension up to 4. The case of

dimension 1 is trivial.

6.4.1 Dimension 2

We start with an easy observation.
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Lemma 6.4.1. Let L be an anti-cocommutative CLA of dimension two. Then δ = 0 and

L is an ordinary Lie algebra.

Proof. Let I = ker δ. By Lemma 5.3.8 (b), δ(L) ⊂ I⊗2. If I = 0, then δ = 0. If dim I = 1,

pick a nonzero element x ∈ I. Then, for every y ∈ L, δ(y) = λx ⊗ x for some λ ∈ k. By

the anti-cocommutativity of δ, λ = 0. Thus δ = 0. The remaining case is when dim I = 2,

which implies that δ = 0.

It is well known that a 2-dimensional Lie algebra is either abelian or solvable with

[x, y] = y for a suitable basis {x, y}.

6.4.2 Dimension 3

The following lemma is similar to Lemma 6.4.1. The classification of 3-dimensional Lie

algebra is well-known, which is called Bianchi classification when the base field is either the

real numbers R or the complex numbers C (for instance, see [OV, p. 209, Theorem 1.1] if

k = C). We will not include the list here. Next we will consider those CLAs with nontrivial

δ.

Let a(λ1, λ2, α) denote the CLA with a basis {x, y, z} whose Lie algebra structure on

L =: B(b) is determined by

[x, y] = 0,

[z, x] = λ1x+ αy,

[z, y] = λ2y

for some λ1, λ2, α ∈ k, and whose coalgebra structure is determined by δ(x) = δ(y) = 0 and

δ(z) = x⊗ y − y ⊗ x.

Lemma 6.4.2. Let L be an anti-cocommutative CLA of dimension 3 such that δ 6= 0. Then

L is isomorphic to one of the following:

(a) a(0, 0, 0).

(b) a(1, λ, 0). And a(1, λ′, 0) is isomorphic to a(1, λ, 0) if and only if λ′ = λ or λ−1.

(c) a(0, 0, 1).

(d) a(1, 1, 1).

(e) The CLA b(λ) with a basis {x, y, z}, whose Lie algebra strcutrue is determined by

[x, y] = y,

[z, x] = −z + λy,

[z, y] = 0,
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where λ is in k, and whose coalgebra structure is determined by δ(x) = δ(y) = 0 and

δ(z) = x⊗ y − y ⊗ x. And b(λ′) is isomorphic to b(λ) if and only if λ′ = λ.

All CLAs listed above are pairwise non-isomorphic except for the isomorphisms given in

part (b).

Proof. Let I = ker δ. Repeating the first part of the proof of Lemma 6.4.1, one sees that

dim I > 1. Since dimL = 3 and δ 6= 0, we have dim I = 2. Pick any basis {x, y} of I. The

only skew-symmetric elements in I⊗2 are λ(x⊗ y − y ⊗ x) for some λ ∈ k× := k \ {0}. Let

z ∈ L \ I such that δ(z) = x⊗ y − y ⊗ x.

Since I is a Lie subalgebra of L (see Lemma 6.3.3(e)), we have the following two cases

to consider.

Case 1: I is abelian. Write

[z, x] = a1x+ a2y + a3z,

[z, y] = b1x+ b2y + b3z.

Applying (E5.2.1.1) to (a, b) = (z, x), we have

a3(x⊗ y − y ⊗ x) = δ([z, x]) = [δ(z), x⊗ 1 + 1⊗ x] = 0.

Hence a3 = 0. By symmetry, b3 = 0.

Using a linear transformation f : x→ c11x+c12y, y → c21x+c22y with det

(
c11 c12

c21 c22

)
=

1, the matrix

(
a1 a2

b1 b2

)
becomes one of the Jordan forms

(
a 0

0 b

)
, or

(
a 1

0 a

)
.

In the first Jordan case, if a = b = 0, this is case (a). If a 6= 0 (or by symmetry if b 6= 0) we

can assume that a = 1 by a change of basis {x, y, z} → {
√
a−1x,

√
a−1y, a−1z}. So this is

case (b). In the second Jordan case, if a = 0, this is case (c). If a 6= 0, by a change of basis,

we can assume that a = 1, which is case (d).

Case 2: I is not abelian. So we may assume that [x, y] = y where {x, y} is a basis of I.

Let z ∈ L \ I such that δ(z) = x⊗ y − y ⊗ x. Write

[z, x] = a1x+ a2y + a3z,

[z, y] = b1x+ b2y + b3z.

Applying (E5.2.1.1) to (a, b) = (z, x), we have

a3(x⊗ y − y ⊗ x) = δ([z, x]) = [δ(z), x⊗ 1 + 1⊗ x] = −(x⊗ y − y ⊗ x).
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Hence a3 = −1. A similar argument shows that b3 = 0. By the Jacobi identity, we have

b1x+ b2y = [z, y] = [z, [x, y]] = [[z, x], y] + [x, [z, y]]

= [a1x+ a2y − z, y] + [x, b1x+ b2y]

= a1y − (b1x+ b2y) + b2y.

Then b1 = 0 and a1 = b2. Thus we have

[z, x] = ax+ a2y − z,

[z, y] = ay.

After replacing z by z − ax, we have a = 0. This is the case (e).

By the above argument, the CLAs listed are pairwise non-isomorphic except for the

isomorphism given in part (b).

The enveloping algebra of the case (e) has an interesting property that S2 is not the

identity, see Example 5.5.2.

6.4.3 Dimension 4

This is the main subsection of Section 3. We will classify all 4-dimensional anti-cocommutative

CLAs. If δ = 0, L is an ordinary Lie algebra of dimension four and the classification is known

[OV, p. 209 Theorem 1.1] in which the base field k is C. So we assume that δ 6= 0. Through-

out this subsection we assume that L is a 4-dimensional anti-commutative CLA such that

δ 6= 0.

Lemma 6.4.3. Let I = ker δ. Then I is a 3-dimensional Lie subalgebra of L.

Proof. An easy calculation shows that I is a Lie subalgebra of L by using (E5.2.1.1). It

remains to show that dim I > 2. Let H = U(L). By Lemma 6.3.3(g), p′2(H) = dimL −
dim I ≤

(
dim I

2

)
. If dim I ≤ 2, then p′2(H) ≤ 1 and dimL ≤ 3, a contradiction. Therefore

dim I > 2.

Lemma 6.4.4. There are elements x1, x2 in I such that δ(L) = k(x1 ⊗ x2 − x2 ⊗ x1).

Proof. Let {x′1, x′2, x′3} be a basis of I. Since dim I = 3, dim δ(L) = 1. Pick z ∈ L \ I. Then

we must have

δ(z) =
∑
i,j

aij(x
′
i ⊗ x′j − x′j ⊗ x′i),

where A = (aij) is a non-zero 3× 3 anti-symmetric matrix. Obviously, δ(L) is spanned by

δ(z). Now A has eigenvalues 0, λ,−λ for some λ 6= 0. By replacing z with z/ 3
√
λ, we can

assume that A has eigenvalues 0, 1,−1. By linear algebra, there exists an invertible matrix

P such that

PAP T =

 0 1 0

−1 0 0

0 0 0

 .
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By setting (x1, x2, x3)T = P−1(x′1, x
′
2, x
′
3)T , we get

δ(z) = x1 ⊗ x2 − x2 ⊗ x1.

This completes the proof.

Here is the main result of this section. The proof is computation and some details are

easy to check.

Theorem 6.4.5. Let L be an anti-cocommutative CLA of dimension four such that δ 6= 0.

Then there is a basis {x1, x2, x3, z} such that the coalgebra structure is given by δ(xi) = 0

and δ(z) = x1⊗x2−x2⊗x1. The Lie algebra structure of L is given by one of the following:

(a)

[x2, x1] = x2,

[x3, x1] = [x3, x2] = 0,

[z, x1] = z + ax1 + cx2,

[z, x2] = ax2,

[z, x3] = bx2.

where (a, b) = (1, 1), (1, 0), (0, 1) or (0, 0) and c ∈ k.

(b) L = B((aij)) is determined by

[x2, x1] = [x3, x1] = [x3, x2] = 0,

[z, x1] = a11x1 + a12x2 + a13x3,

[z, x2] = a21x1 + a22x2 + a23x3,

[z, x3] = a31x1 + a32x2 + a33x3.

where (aij) is a 3×3 matrix over k. The CLA B((aij)) is isomorphic to B((bij)) if and

only if the matrix (aij) is similar to λ(bij) for some λ ∈ k×.

(c)

[x2, x1] = 0

[x3, x1] = x2

[x3, x2] = 0

[z, x1] = ax1 + bx3

[z, x2] = x2

[z, x3] = cx1 + (1− a)x3.

where a, b, c ∈ k.
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(d)

[x2, x1] = 0

[x3, x1] = x2

[x3, x2] = 0

[z, x1] = ax1 + bx3

[z, x2] = 0

[z, x3] = cx1 − ax3.

where a, b, c ∈ k.

(e)

[x2, x1] = [x3, x2] = 0,

[x3, x1] = x1,

[z, x1] = ax1,

[z, x2] = bx1,

[z, x3] = −z + cx1 + ax3

where (a, b) = (1, 1), (1, 0), (0, 1) or (0, 0) and c ∈ k.

(f)

[x2, x1] = 0,

[x3, x1] = x1 + x2,

[x3, x2] = x2,

[z, x1] = [z, x2] = 0,

[z, x3] = −2z

(g)

[x2, x1] = 0,

[x3, x1] = x1,

[x3, x2] = −x2,

[z, x1] = ax1 + cx2,

[z, x2] = bx1,

[z, x3] = 0.

wwhere (a, b) = (1, 1), (1, 0), (0, 1) or (0, 0) and c ∈ k.
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(h) L = H(λ, a) is determined by

[x2, x1] = 0,

[x3, x1] = x1,

[x3, x2] = λx2,

[z, x1] = ax2,

[z, x2] = ax1,

[z, x3] = (−1− λ)z.

where λ ∈ k \ {0,−1} and a ∈ {0, 1}. The CLA H(λ, a) is isomorphic to H(λ′, a′) if

and only if a′ = a and λ′ = λ or λ′ = λ−1.

The CLAs listed above are pairwise non-isomorphic except for the isomorphisms given in

parts (b,h).

Proof. By the previous two lemmas, for any 4-dimensional anti-cocommutative CLA L with

non-zero δ, we can choose a basis {x1, x2, x3, z} such that I = ker δ is spanned by {x1, x2, x3}
and δ(z) = x1 ⊗ x2 − x1 ⊗ x2.

Write

[x2, x1] = a1x1 + b1x2 + c1x3

[x3, x1] = a2x1 + b2x2 + c2x3

[x3, x2] = a3x1 + b3x2 + c3x3

[z, x1] = e1z + φ1 = e1z + f1x1 + g1x2 + h1x3

[z, x2] = e2z + φ2 = e2z + f2x1 + g2x2 + h2x3

[z, x3] = e3z + φ3 = e3z + f3x1 + g3x2 + h3x3.

Applying (E5.2.1.1) to (z, xi) for i = 1, 2, 3, one obtains that c1 = c2 = c3 = 0 and that

e1 = b1, e2 = −a1, e3 = −a2 − b3. Thus (E5.2.1.1) holds if and only if the Lie bracket

satisfies

[x2, x1] = a1x1 + b1x2

[x3, x1] = a2x1 + b2x2

[x3, x2] = a3x1 + b3x2

[z, x1] = b1z + f1x1 + g1x2 + h1x3

[z, x2] = −a1z + f2x1 + g2x2 + h2x3

[z, x3] = (−a2 − b3)z + f3x1 + g3x2 + h3x3.

In particular, J := kx1 + kx2 is a Lie subalgebra. So J is either abelian or sovlable.
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If J is solvable, we may assume that [x2, x1] = x2. Since I is a Lie subalgebra,

a3x1 + b3x2 = [x3, x2] = [x3, [x2, x1]]

= [[x3, x2], x1] + [x2, [x3, x1]]

= [a3x1 + b3x2, x1] + [x2, a2x1 + b2x2]

= b3x2 + a2x2.

This implies that a2 = a3 = 0.

If b2 6= 0 or b3 6= 0, after a base change, we have b2 = b3 = 0. The Jacobi identity for

other elements implies that

[x2, x1] = x2

[x3, x1] = 0

[x3, x2] = 0

[z, x1] = z + f1x1 + g1x2 + h1x3

[z, x2] = f1x2

[z, x3] = g3x2

for fi, gi, hi ∈ k. There are a few cases. First of all, we can make h1 = 0 by replacing z with

z + h1x3. If f1 6= 0, we can assume f1 = 1 by replacing z, x2 with 1
f1
z, 1

f1
x2, respectively. If

g3 6= 0, we can also normalize it to be 1 by replacing x3 with 1
g3
x3. All non-isomorphic Lie

algebras are now listed in part (a).

If J is abelian, [x2, x1] = 0. If I is abelian, then [z, xi] = φi defines a Lie algebra and for

any φi ∈ I, i = 1, 2, 3. This is part (b). Further classification can be made by taking the

Jordan form of the coefficient matrix of {φ1, φ2, φ3}. This is a linear algebra classification

and, to save space, we will not list all possibilities.

For the rest of the proof we assume that J is abelian and I is not abelian. Up to a

change of basis {x1, x2}, we may assume that

[x3, x1] = ax1 + bx2

[x3, x2] = cx2

where (
a b

0 c

)
=

(
0 1

0 0

)
or

(
1 0

0 0

)
or

(
1 1

0 1

)
or

(
1 0

0 λ

)
where λ ∈ k×.

Recall that

[z, x1] = φ1 = f1x1 + g1x2 + h1x3

[z, x2] = φ2 = f2x1 + g2x2 + h2x3

[z, x3] = (−a− c)z + φ3 = (−a− c)z + f3x1 + g3x2 + h3x3.
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The Jacobi identity implies that

0 = [φ2, x1] + [x2, φ1]

(2a+ c)φ1 + bφ2 = [φ3, x1] + [x3, φ1]

(a+ 2c)φ2 = [φ3, x2] + [x3, φ2].

which completely determine the Lie algebra L.

If

(
a b

0 c

)
=

(
0 1

0 0

)
, then we have

[x2, x1] = 0

[x3, x1] = x2

[x3, x2] = 0

[z, x1] = f1x1 + g1x2 + h1x3

[z, x2] = (h3 + f1)x2

[z, x3] = f3x1 + g3x2 + h3x3.

First, we can make g1 = g3 = 0 by replacing z with z + g3x1 − g1x3. If h3 + f1 6= 0, we can

make h3 + f1 = 1 by replacing x1, x2, z with 1√
h3+f1

x1,
1√

h3+f1
x2,

1
h3+f1

z. After recycling

the letters a, b, c, we obtain part (c). If h3 + f1 = 0, this is part (d) after recycling the

letters a, b, c.

For the rest we use similar computations, so some details are omitted.

If

(
a b

0 c

)
=

(
1 0

0 0

)
, then we have

[x2, x1] = 0

[x3, x1] = x1

[x3, x2] = 0

[z, x1] = f1x1

[z, x2] = f2x1

[z, x3] = −z + f3x1 + g3x2 + f1x3.

First, g3 can be made 0 by replacing z with z − g3x2. If f1 6= 0, we can assume f1 = 1 by

replacing z, x1 with 1
f1
z, 1

f1
x1, respectively. If f2 6= 0, we can also normalize it to be 1 by

replacing x1, x2 with
√
f2x1,

1√
f2
x2, respectively. All cases are listed in part (e).
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If

(
a b

0 c

)
=

(
1 1

0 1

)
, then we have

[x2, x1] = 0

[x3, x1] = x1 + x2

[x3, x2] = x2

[z, x1] = f1x1 + f1x2

[z, x2] = f1x2

[z, x3] = −2z + f3x1 + g3x2 + 2f1x3.

First, we can make f3 = g3 = 0 by replacing z with z − f3x1 − (f3 + g3)x2. Then we can

assume that f1 = 0 by replacing z with z − f1x3. This part (f).

Finally, if

(
a b

0 c

)
=

(
1 0

0 λ

)
where λ 6= 0, then we have

[x2, x1] = 0

[x3, x1] = x1

[x3, x2] = λx2

[z, x1] = f1x1 + g1x2

[z, x2] = f2x1 + g2x2

[z, x3] = (−1− λ)z + f3x1 + g3x2 + (1 + λ)f1x3

such that (1 + λ)g1 = (1 + λ)f2 = 0 and λ(1 + λ)f1 = (1 + λ)g2.

Suppose λ = −1. Then we can make g2 = f3 = g3 = 0 by replacing z with z + f3x1 −
g3x2 + g2x3. Then, if f1 6= 0, we can make f1 = 1 by replacing x2, z with 1

f1
x2,

1
f1
z. If if

f2 6= 0, we can make f2 = 1 by replacing x1, x2 with
√
f2x1,

1√
f2
x2 (Notice that f1 will not

change). This is part (g).

Suppose λ 6= −1. We can also assume that f3 = g3 = 0 by replacing z with z− f3
λ x1−g3x2.

Now the last three relations become

[z, x1] = f1x1 + g1x2

[z, x2] = g1x1 + λf1x2

[z, x3] = (−1− λ)z + (1 + λ)f1x3

Then by replacing z with z − f1x3, we can assume that f1 = 0. This is part (h). We finish

the proof.

6.5 Classification of Primitively-thin algebras of dimension at most 4

Recall that a connected Hopf algebra H is primitively-thin if p(H) = 2.

If GKdimH = 2, then H = U(g) for a Lie algebra of dimension 2, which follows from

Lemmas 6.2.3(e) and Lemma 6.3.4(c).



120

6.5.1 Primitively-thin Hopf algebras of GK-dimension 3

We recall the definition of two classes of Hopf algebras from Chapter 3, which will be used

later in the classification.

Example 6.5.1. Let A be the algebra generated by elements X,Y, Z satisfying the following

relations,

[X,Y ] = 0,

[Z,X] = λ1X + αY,

[Z, Y ] = λ2Y,

where α = 0 if λ1 6= λ2 and α = 0 or 1 if λ1 = λ2. Then A becomes a Hopf algebra via

ε(X) = 0, ∆(X) = 1⊗X +X ⊗ 1,

ε(Y ) = 0, ∆(Y ) = 1⊗ Y + Y ⊗ 1, (E6.5.1.1)

ε(Z) = 0, ∆(Z) = 1⊗ Z +X ⊗ Y − Y ⊗X + Z ⊗ 1.

We denote this Hopf algebra by A(λ1, λ2, α). It is easy to see that A(λ1, λ2, α) is the

enveloping algebra U(a(λ1, λ2, α))) where a(λ1, λ2, α) is the CLA defined before Lemma

6.4.2.

Example 6.5.2. Let B be the algebra generated by elementsX,Y, Z satisfying the following

relations,

[X,Y ] = Y,

[Z,X] = −Z + λY,

[Z, Y ] = 0,

where λ ∈ k. Then B becomes a Hopf algebra via the coalgebra structure given as in

(E6.5.1.1). We denote this Hopf algebra by B(λ). This algebra is the enveloping algebra

U(b(λ)) where b(λ) is the CLA defined in Lemma 6.4.2(e).

The following proposition is from Theorem 3.6.8. It also follows now from Lemma 6.4.2

and Theorem 6.3.5.

Proposition 6.5.3. Let H be a connected Hopf algebra. Then H is primitively-thin of

GK-dimension 3 if and only if H is isomorphic to one of the following:

1. The Hopf algebras A(0, 0, 0), A(0, 0, 1), A(1, 1, 1) or A(1, λ, 0) from Example 6.5.1 for

some λ ∈ k;

2. The Hopf algebras B(λ) from Example 6.5.2 for some λ ∈ k.
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6.5.2 Examples of connected Hopf algebras of GK-dimension 4

We introduce four classes of connected Hopf algebras of GK-dimension 4. Later we will

show that these classes give a complete description of primitively-thin Hopf algebras of

GK-dimension 4.

Example 6.5.4. Let D be the algebra generated by X,Y, Z,W satisfying the following

relations,

[Y,X] = [Z,X] = [Z, Y ] = 0,

[W,X] = a11X + a12Y,

[W,Y ] = a21X + a22Y,

[W,Z] = (a11 + a22)Z + ξ1X + ξ2Y,

where aij , ξi ∈ k. Then D becomes a bialgebra via

ε(X) = 0, ∆(X) = 1⊗X +X ⊗ 1,

ε(Y ) = 0, ∆(Y ) = 1⊗ Y + Y ⊗ 1,

ε(Z) = 0, ∆(Z) = 1⊗ Z +X ⊗ Y − Y ⊗X + Z ⊗ 1,

ε(W ) = 0,

∆(W ) = 1⊗W +W ⊗ 1

+ θ1(Z ⊗X −X ⊗ Z +X ⊗XY +XY ⊗X)

+ θ2(Y ⊗ Z − Z ⊗ Y +XY ⊗ Y + Y ⊗XY ),

where θi ∈ k and at least one of them is non-zero. This bialgebra is also denoted by

D({θi}, {aij}, {ξi}) if we want to indicate the parameters. It is easy to see that the coalgebra

structure is connected. Hence the bialgebra D is automatically a Hopf algebra. Note that

P (D) = kX + kY and P2(D) = kX + kY + kZ. Let f be a Hopf algebra isomorphism

between two such Hopf algebras (or a Hopf algebra automorphism). Then f preserves the

subspaces kX + kY and kX + kY + kZ, and it is now not hard to see that f sends

X −→ c11X + c12Y,

Y −→ c21X + c22Y, (E6.5.4.1)

Z −→ c31X + c32Y + c33Z,

W −→ c44W + w(X,Y, Z)

where cij ∈ k and w(X,Y, Z) is a certain polynomial of X,Y, Z. (Note that f being a Hopf

algebra isomorphism implies that cij and w satisfy some conditions which we will not give

details here).
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Using an isomorphism f , or equivalently, choosing a new basis {X,Y, Z,W} properly,

one can first normalize the matrix (aij)2×2 so that it becomes one of the following five:

(
0 0

0 0

)
,

(
0 1

0 0

)
,

(
1 0

0 0

)
,

(
1 1

0 1

)
,

(
1 0

0 λ

)
(E6.5.4.2)

where λ 6= 0 and in the last class

(
1 0

0 λ

)
is equivalent to

(
1 0

0 λ−1

)
. The Hopf algebras

are pair-wise non-isomorphic if these are in different classes. Within any class, two Hopf

algebras D({θi}, {aij}, {ξi})s can be isomorphic for different parameters {θi} and {ξi}, which

is determined by the base changes that fixes the matrix given in (E6.5.4.2) (or change(
1 0

0 λ

)
to

(
1 0

0 λ−1

)
if in the last class). For example, by replacing {X,Y, Z,W} by

{aX, aY, a2Z,W}, the parameters {θ1, θ2} becomes {a−3θ1, a
−3θ2}. This means that we may

assume that {θ1, θ2} ∈ P1. Dependent on the form of the matrix (aij) listed in (E6.5.4.2), one

can further decide the parameters {ξ1, ξ2} such that the Hopf algebras D({θi}, {aij}, {ξi})
are non-isomorphic. In summary, the isomorphism classes of D({θi}, {aij}, {ξi}) can be

completely determined by easy linear algebra.

There is another way of classifying all isomorphism classes of D({θi}, {aij}, {ξi}). First,

by choosing the basis {X,Y, Z,W} properly, one can assume that θ1 = 0 and θ2 = 1. So we

can fix {θ1, θ2} = {0, 1}. In particular,

∆(W ) = 1⊗W +W ⊗ 1 + Y ⊗ Z − Z ⊗ Y +XY ⊗ Y + Y ⊗XY.

Under this restriction, one can further classify the parameters {(aij), {ξi}}. Unfortunately,

then we can not assume that the matrix (aij) is of one of the form given in (E6.5.4.2).

From the algebraic relations, D({θi}, {aij}, {ξi}) is isomorphic to a universal enveloping

algebra of a Lie algebra.

Example 6.5.5. Let E be the algebra generated by X,Y, Z,W satisfying the following

relations,

[Y,X] = [Z, Y ] = 0,

[Z,X] = X,

[W,X] = aX,

[W,Y ] = bX,

[W,Z] = aZ −W + ξX + ξ′Y.
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where ξ, ξ′ ∈ k. Then E becomes a bialgebra (and then a Hopf algebra) via

ε(X) = 0, ∆(X) = 1⊗X +X ⊗ 1,

ε(Y ) = 0, ∆(Y ) = 1⊗ Y + Y ⊗ 1,

ε(Z) = 0, ∆(Z) = 1⊗ Z +X ⊗ Y − Y ⊗X + Z ⊗ 1,

ε(W ) = 0,

∆(W ) = 1⊗W +W ⊗ 1

+ Z ⊗X −X ⊗ Z +X ⊗XY +XY ⊗X.

Up to a base change (by setting Wnew = W − ξ′Y ), we may assume that ξ′ = 0. We denote

this Hopf algebra by E(a, b, ξ) where a, b, ξ ∈ k. Using a base change

X → cX,

Y → c−1Y,

Z → Z,

W → cW,

for some c ∈ k we can re-scale (a, b, ξ). The complete set of non-isomorphic classes of

E(a, b, ξ) is corresponding to the following cases

(a, b, ξ) =


(0, 0, ξ) if a = b = 0,

(0, 1, ξ) if a = 0 and b 6= 0,

(1, b, ξ) if a 6= 0.

To unify the presentation of ∆(W ), we make a change of basis

X → Y,

Y → X,

Z → −Z,

W →W.

Under the new basis, the coalgebra structure is same except for ∆(W ), which becomes

∆(W ) = 1⊗W +W ⊗ 1 + Y ⊗ Z − Z ⊗ Y +XY ⊗ Y + Y ⊗XY.

The algebraic relations change accordingly, which can be easily done.

From the algebraic relations, E(a, b, ξ) is isomorphic to a universal enveloping algebra

of a Lie algebra.
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Example 6.5.6. Let F be the algebra generated by X,Y, Z,W satisfying the following

relations,

[Y,X] = [Z, Y ] = 0,

[Z,X] = Y,

[W,X] = βY,

[W,Y ] = γY,

[W,Z] = γZ − 2

3
Y 3 + ξX + ξ′Y.

where β, γ, ξ, ξ′ ∈ k. Then F becomes a bialgebra (and then a Hopf algebra) via

ε(X) = 0, ∆(X) = 1⊗X +X ⊗ 1,

ε(Y ) = 0, ∆(Y ) = 1⊗ Y + Y ⊗ 1,

ε(Z) = 0, ∆(Z) = 1⊗ Z +X ⊗ Y − Y ⊗X + Z ⊗ 1, (E6.5.6.1)

ε(W ) = 0,

∆(W ) = 1⊗W +W ⊗ 1

+ Y ⊗ Z − Z ⊗ Y +XY ⊗ Y + Y ⊗XY.

If W is replaced by Wnew := W + ξ′X, then we can assume ξ′ = 0. We denote the Hopf

algebra by F (β, γ, ξ). One can make further reduction by easy linear algebra. For example,

if γ 6= 0, by replacing X by Xnew := X − γ−1βY , we have β = 0. By re-scalaring, we can

further assume γ = 1. If γ = 0, then, by re-scalaring, we might assume β = 1. In summary,

{β, γ} is either {0, 1} or {1, 0}. This completely determines the isomorphism classes of the

Hopf algebras F (β, γ, ξ).

Let W ′ = W − 2
3XY

2. Then the algebraic relations of F becomes

[Y,X] = [Z, Y ] = 0,

[Z,X] = Y,

[W ′, X] = βY,

[W ′, Y ] = γY,

[W ′, Z] = γZ + ξX.

Therefore the subspace generated by {X,Y, Z,W ′} is a 4-dimensional Lie algebra, say g,

and F is isomorphic to the enveloping algebra U(g) as algebras.

Example 6.5.7. Let K be the algebra generated by X,Y, Z,W satisfying the following
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relations,

[Y,X] = [Z, Y ] = 0,

[Z,X] = X,

[W,X] = −Z,

[W,Y ] = 0,

[W,Z] = W −XY 2.

The coalgebra structure of K is given as in (E6.5.6.1). Then K becomes a Hopf algebra.

Let W ′ = W − 1
2XY

2. Then the algebraic relations become

[Y,X] = [Z, Y ] = 0,

[Z,X] = X,

[W ′, X] = −Z,

[W ′, Y ] = 0,

[W ′, Z] = W ′.

Therefore the subspace generated by {X,Y, Z,W ′} is a 4-dimensional Lie algebra, say g,

and K is isomorphic to the enveloping algebra U(g) as algebras.

Proposition 6.5.8. The algebras H defined in Examples 6.5.4-6.5.7 have the following

properties.

(a) H is an iterated Ore extension k[X][Y ; δ1][Z; δ2][W ;σ3, δ3].

(b) H is an Auslander regular Cohen-Macaulay domain.

(c) The global dimension and GK-dimension of H is 4.

(d) H is a Hopf algebra and connected as a coalgebra.

(e) P (H) = kX + kY . The subalgebra generated by X,Y is the enveloping algebra U(g)

where g is the Lie algebra P (H).

(f) P2(H) = kX + kY + kZ. The subalgebra generated by X,Y, Z is the enveloping algebra

U(L) where L is the CLA P2(H).

(g) H is not isomorphic to an enveloping algebra of either a Lie algebra or a CLA.

(h) The lantern L(H) of H is isomorphic to the graded Lie algebra of dimension four, with

a basis {x∗, y∗, z∗, w∗}, such that z∗ = [x∗, y∗] and w∗ = [z∗, y∗], subject to the relation

[z∗, x∗] = 0 = [w∗, x∗] = [w∗, y∗].
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Sketch of the proof. (a) Follows from the definitions.

(b,c) These facts are true for any iterated Ore extension.

(d,e,f) These depend on straightforward, but not trivial, computation.

(g) This follows from parts (e,f).

(h) This was proved in Lemma 6.2.4(c).

We can also check it directly here. Noting that {x∗, y∗, z∗, w∗} can be viewed as a

dual basis of {X,Y, Z,W} in grH and that coproducts of X,Y, Z,W given in Examples

6.5.4-6.5.7 match up with the Lie structure of the L(H) given in part (h).

6.5.3 Primitively-thin Hopf algebra of GK-dimension 4, Part I

In this and the next two subsections we classify all primitively-thin Hopf algebra of GK-

dimension 4.

Let C be a primitively-thin Hopf algebra of GK-dimension 3. By Proposition 6.5.3, C is

of type A or B as in Examples 6.5.1 and 6.5.2. Let D be the Hopf algebra A(0, 0, 0). Then

it is easy to see that D is a coradically graded Hopf algebra by setting degX = deg Y = 1

and degZ = 2. Since grC ∼= D, C is a so-called PBW deformation of D.

Let {x, y, z} be any set of generators of C such that x, y are primitive and ∆(z) =

1⊗ z + x⊗ y − y ⊗ x+ z ⊗ 1. Then C has a basis consists of monomials of the form

xi1yi2zi3 .

Notice that C+ is spanned by xi1yi2zi3 with at least one ik non-zero. Let x, y, z be the

homogeneous elements in D = grC corresponding to x, y, z, respectively. (In fact, an easy

calculation shows that x, y, z can be identified with the canonical generators X,Y, Z as

in the definition of A(0, 0, 0)). Then grC has a basis {xi1yi2zi3}. Now we have a k-space

isomorphism from C to grC by sending xi1yi2zi3 to xi1yi2zi3 . Clearly this isomorphism maps

C+ onto D+. From now on we identify C with D = grC as k-spaces by this isomorphism,

and we will abuse the notation by dropping the bars for the generators x, y, z of grC. Define

deg xi1yi2zi3 = i1 + i2 + 2i3. This grading agrees with the natural grading on D = grC.

Moreover, by the defining relations of C, it is easy to check that

∆C(a) = ∆D(a) + ldt,

where a ∈ C and ldt denotes terms with degrees lower than deg a. As a consequence, we

can think about ΩC and ΩD, the cobar constructions of C and D (see Section 1.3), as the

same graded k-spaces with two differentials ∂C and ∂D. Moreover, ∂D respects the grading

and

∂nC(b) = ∂nD(b) + ldt,

where b ∈ (C+)⊗n.
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Lemma 6.5.9. Let D = A(0, 0, 0). Then dimk H2(ΩD) = 2 and H2(ΩD) is spanned by the

classes of 2-cocycles (u) and (t), where

u = z ⊗ x− x⊗ z + xy ⊗ x+ x⊗ xy, (E6.5.9.1)

t = y ⊗ z − z ⊗ y + xy ⊗ y + y ⊗ xy. (E6.5.9.2)

Proof. As mentioned above, D is a graded Hopf algebra. Let A be the graded dual of D.

Since D is commutative, A is cocommutative. By Proposition 6.2.1, A = U(L) for some

graded Lie algebra L. Since D is coradically graded as a coalgebra, A is generated in degree

one. This implies that L is the 3-dimensional Heisenberg Lie algebra. Or equivalently, A is

generated by two degree one elements x1 and x2 with relations

x2
1x2 + x2x

2
1 = 2x1x2x1, x2

2x1 + x1x
2
2 = 2x2x1x2.

By [LPWZ2, Lemma 8.6 (c)], B#A ∼= ΩC as DG algebras, where B#A is the graded dual

of the bar construction of A. On the other hand, by [LPWZ1, Lemma 4.2], H•(B#A) ∼=
Ext•A(kA, kA). As a consequence,

dimk H2(ΩD) = dimk Ext2
A(kA, kA) = 2.

We introduce a Z2-grading on D by setting deg2 x = (1, 0), deg2 y = (0, 1) and deg2 z =

(1, 1). Then it is clear that D is a Z2-graded Hopf algebra and therefore the differentials

of ΩD preserves the Z2-grading. A direct computation shows that both u and t are 2-

cocycles. Now if u is 2-coboundary, it must be a linear combination of ∂1(x2y) = δ(x2y) =

x2⊗y+2xy⊗x+2x⊗xy+y⊗x2 and ∂1(xz) = δ(xz) = x⊗z+z⊗x+x2⊗y+x⊗xy. An easy

calculation shows this is impossible. Hence the class (u) is a non-zero element in H2(ΩD).

Similarly, one can show that the class (t) is also non-zero in H2(ΩD). Moreover, they are

linearly independent since they have different Z2-degrees. This completes the proof.

Recall that monomials of the form xiyjzk in C are identified with monomials xiyjzk in

D.

Proposition 6.5.10. Retain the above notation. Then H2(ΩC) is spanned by the classes of

2-cocycles (u) and (t), where u and t are given as in (E6.5.9.1)-(E6.5.9.2), and dimk H2(ΩC) =

2.

Proof. Let w be a non-zero linear combination of u and t. Then w is homogeneous of degree

3 and ∂2
C(w) = ∂2

D(w) = 0 by direct calculation (which only uses (E6.5.1.1)). Suppose that

there exists c ∈ C+ such that w = ∂1
C(c). Also, we can write ∂1

C(c) = ∂1
D(c) + v, where

v ∈ (C+)⊗2 has degree less than the degree of c. If the degree of c is larger than 3, then

deg ∂1
D(c) = deg c > 3 as ∂1

D is homogeneous and ∂1
D(c) 6= 0. Then

degw = deg ∂1
C(c) = deg ∂1

D(c) > 3,
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a contradiction. Therefore deg c ≤ 3 and consequently, v has degree less than 3.

Since ∂2
D∂

1
C(c) = ∂2

D(w) = 0, we have ∂2
D(∂1

D(c) + v) = 0. Hence ∂2
D(v) = 0. But

deg v < 3, so by Lemma 6.5.9, there exists c′ ∈ C+ such that v = ∂1
D(c′). As a consequence,

w = ∂1
D(c) + v = ∂1

D(c+ c′), which is a contradiction.

Now, we have shown that H2(ΩC) is at least of dimension two and (u), (t) are linearly

independent in H2(ΩC). On the other hand, by a standard spectral sequence argument [W,

Theorem 5.5.1], we have dimk H2(ΩC) ≤ dimk H2(ΩD) = 2. This completes the proof.

Lemma 6.5.11. Let H be a connected coalgebra and K a proper subcoalgebra of H. Let

N be the smallest number such that KN ( HN and suppose that N ≥ 2, then δ induces a

injective k-linear map from H+
N/K

+
N to H2(ΩK).

Proof. By the choice of N , we see that, for any g ∈ H+
N ,

δ(g) = ∆(g)− (1⊗ g + g ⊗ 1) ∈ H+
N−1 ⊗H

+
N−1 = K+

N−1 ⊗K
+
N−1.

Hence ∂2
K(δ(g)) = ∂2

K∂
1
H(g) = ∂2

H∂
1
H(g) = 0, which means that δ(g) is a 2-cocycle in the

complex ΩK. Hence δ defines a k-linear map from H+
N → H2(ΩK). For any element

g ∈ K+
N , δ(g) = ∂1

K(g) is a 2-boundary in the complex ΩK, whence it is zero in H2(ΩK).

Thus δ induces a k-linear map from H+
N/K

+
N → H2(ΩK).

If g ∈ H+
N \K

+
N , we claim that δ(g) represents a non-zero cohomology class in H2(ΩK).

If not, there is w ∈ K+ such that ∂1
K(w) = δ(w) = δ(g). As a consequence, ∆(g − w) =

1⊗ (g−w) + (g−w)⊗1, i.e. g−w is a primitive element in H. By the fact that H+
1 = K+

1 ,

g−w ∈ K+
1 . But this would imply that g ∈ K+, which contradicts the choice of g. Therefore

the map from H+
N/K

+
N to H2(ΩK) is injective.

Theorem 6.5.12. Suppose that H is a primitively-thin Hopf algebra of GK-dimension 4.

Then for any linearly independent primitive elements x, y, there exists z ∈ H such that

∆(z) = 1⊗ z + x⊗ y − y ⊗ x+ z ⊗ 1. (E6.5.12.1)

For any such z, the algebra C generated by {x, y, z} is a Hopf subalgebra of GK-dimension

3. Moreover, there exists w ∈ H such that

∆(w) = 1⊗ w + θ1u+ θ2t+ w ⊗ 1, (E6.5.12.2)

where u and t are given as in (E6.5.9.1)-(E6.5.9.2) and one of the scalars θ1, θ2 is non-zero.

For any such w, the set {x, y, z, w} generates H.

Proof. By Proposition 3.6.10, we can find a Hopf subalgebra C of GK-dimension 3. By

Proposition 6.5.3, there is an z ∈ C such that ∆(z) is of the form (E6.5.12.1). Since

P (C) = kx⊕ ky = P (H), C1 = H1.
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Let N ≥ 2 be the smallest integer such that CN ( HN . By [Mo, Lemma 5.3.2], there

exists w′ ∈ HN \ CN such that ∆(w′) = 1 ⊗ w′ + w′ ⊗ 1 + f where f ∈ CN−1 ⊗ CN−1.

Without loss of generality, we assume that w′ ∈ H+.

By Lemma 6.5.11, f represents a non-zero cohomology class in H2(ΩC). By Proposition

6.5.10, the cohomology classes in H2(ΩC) represented by f is a non-zero linear combination

of (u) and (t). Hence there exists v ∈ C+ and θ1, θ2 ∈ k such that f = ∂1(v)+θ1u+θ2t, where

at least one of θi is non-zero. Let w = w′+v. Then w /∈ C and ∆(w) = 1⊗w+θ1u+θ2t+w⊗1.

Next we have to show that H is generated by x, y, z and w. Let K be the subalgebra of

H generated by x, y, z and w. Then it is easy to check that K is a sub-bialgebra and thus a

Hopf subalgebra of H. By the construction of K, C ( K. By Lemma 3.5.8, GKdim grK ≥
GKdim grC + 1 = 4. On the other hand, GKdim grK = GKdimK ≤ GKdimH = 4 since

K ⊂ H. Hence GKdimK = 4. Now it follows from Lemma 3.6.4 that K = H. This

completes the proof.

As a direct consequence, we have the following proposition.

Corollary 6.5.13. Let H be a commutative, connected, primitively-thin Hopf algebra of

GK-dimension 4. Then H is isomorphic to D({0, 1}, {0}, {0}).

Proof. By Theorem 6.5.12, there is a surjective Hopf map from D({θi}, {0}, {0}) to H send-

ing X,Y, Z,W to x, y, z, w, respectively, for some {θ1, θ2}. The map must be an isomorphism

since both D and H are domains of GK-dimension 4. By definition, D({θi}, {0}, {0}) is a

graded Hopf algebra with degX = deg Y = 1, degZ = 2 and degW = 3. Hence the graded

dual H∗ is a graded commutative Hopf algebra, which must be isomorphic to the enveloping

algebra U(L) for some graded Lie algebra generated by two elements in degree 1. Such a

Lie algebra is unique (up to isomorphism) and is given in Proposition 6.5.8(h). Therefore

H is isomorphic to U(L)∗, which is isomorphic to D({0, 1}, {0}, {0}).

Lemma 6.5.14. Retain the notation in Theorem 6.5.12 for parts (b,c).

1. The Hopf algebra D := D({0, 1}, {0}, {0}) is coradically graded by setting degX =

deg Y = 1, degZ = 2 and degW = 3.

2. For any connected Hopf algebra H of GK-dimension 4 with dimk P (H) = 2, grH is

isomorphic to D({0, 1}, {0}, {0}).

3. Working with grC (isomorphic to A(0, 0, 0)) and grH, we have C2 = H2 and H+
3 /C

+
3

is one-dimensional, which is spanned by the image of w.

Proof. Let D denote the Hopf algebra D({0, 1}, {0}, {0}).
(a) One can check directly that grD = D. Hence D is coradically graded.
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(b) By Theorem 3.5.4, grH is commutative, and it is still connected and primitively-thin.

The assertion follows from Corollary 6.5.13.

(c) We may replace grC by A(0, 0, 0) and grH by D. Then the assertion follows by an

easy computation.

Proposition 6.5.15. Retain the notation in Theorem 6.5.12. Then H has a k-basis of the

form

{xi1yi2zi3wi4 | i1, i2, i3, i4 ≥ 0}.

Proof. Let X,Y, Z,W be the elements in grH corresponding to elements x, y, z, w in H.

Then {X,Y, Z,W} generates grH as an algebra by Theorem 6.5.12. By Lemma 6.5.14(b),

grH ∼= D, so X,Y, Z,W satisfy the defining relations of D({0, 1}, {0}, {0}) given in Example

6.5.4. As a consequence, grH has a k-basis of the form

{Xi1Y i2Zi3W i4 | i1, i2, i3, i4 ≥ 0}.

Now the result follows.

In Theorem 6.5.12, the Hopf subalgebra C is primitively-thin. Hence by Proposition

6.5.3, C must be isomorphic to either A(λ1, λ2, α) or B(λ).

6.5.4 Primitively-thin Hopf algebra of GK-dimension 4, Part II

In this subsection we show that B(λ) can not appear as a Hopf subalgebra of a primitively-

thin Hopf algebra of GK-dimension 4. We start with an easy observation.

Lemma 6.5.16. Let x and y be primitive elements. Then

δ(xy2) = y2 ⊗ x+ x⊗ y2 + 2(xy ⊗ y + y ⊗ xy), (E6.5.16.1)

δ(x2y) = y ⊗ x2 + x2 ⊗ y + 2(xy ⊗ x+ x⊗ xy), (E6.5.16.2)

δ(y3) = 3(y ⊗ y2 + y2 ⊗ y). (E6.5.16.3)

Proposition 6.5.17. Retain the notation in Theorem 6.5.12. Then the Hopf subalgebra C

can not be isomorphic to B(λ).

Proof. Suppose to the contrary that C is isomorphic to B(λ) for some λ ∈ k. Therefore we

can assume that x, y, z ∈ C satisfies the relations listed in Example 6.5.2.

First we assume that θ1 is not zero. By dividing w with θ1 we may assume that ∆(w) =

1 ⊗ w + u + θ2t + w ⊗ 1. Using (E6.5.12.2), (E6.5.16.1), (E6.5.16.3) and the reltaions of
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B(λ), we have

δ([w, y]) = ∆([w, y])− [w, y]⊗ 1− 1⊗ [w, y]

= [∆(w),∆(y)]− [w, y]⊗ 1− 1⊗ [w, y]

= z ⊗ [x, y]− [x, y]⊗ z

+ [xy, y]⊗ x+ x⊗ [xy, y] + xy ⊗ [x, y] + [x, y]⊗ xy

+ θ2([xy, y]⊗ y + y ⊗ [xy, y])

= −t+ δ(xy2) +
θ2

3
δ(y3).

Let w′ = xy2 + θ2
3 y

3 − [w, y], then δ(w′) = t, and, whence,

∆(w′) = 1⊗ w′ + t+ w′ ⊗ 1.

Now, under the map given in Lemma 6.5.11, the elements w and w′ are mapped to (u)+θ2(t)

and (t), respectively. Hence dimkH
+
3 /C

+
3 = 2, which contradicts Lemma 6.5.14(c).

Next we assume that θ1 = 0 and θ2 6= 0. By dividing w with θ2 we may assume that

∆(w) = 1 ⊗ w + t + w ⊗ 1. A similar calculation shows that [w, x] + 2w ∈ P (H) and

[w, y]− 1
3y

3 ∈ P (H). As a consequence,

δ([w, z]) = [w, x]⊗ y − y ⊗ [w, x] + x⊗ [w, y]− [w, y]⊗ x (E6.5.17.1)

+ [y, z]⊗ z − z ⊗ [y, z] + [xy, z]⊗ y + y ⊗ [xy, z]

+ [t, x⊗ y − y ⊗ x]

= −2w ⊗ y + 2y ⊗ w +
∑
s

αsfs ⊗ gs

where αs ∈ k, fs, gs are monomials of the form xi1yi2zi3 . Let grH(n) denote the degree

n piece of the graded Hopf algebra grH. Since grH is commutative, [w, z] represents an

element V ∈ grH(4). Let X ∈ grH(1), Y ∈ grH(1), Z ∈ grH(2) and W ∈ grH(3) be the

homogeneous elements in grH corresponding to elements x, y, z and w in H, respectively.

By (E6.5.17.1), we see that

δ(V ) = −2W ⊗ Y + 2Y ⊗W +
∑
s

α′sf
′
s ⊗ g′s, (E6.5.17.2)

where α′s ∈ k, f ′s, g
′
s are monomials of the form Xi1Y i2Zi3 .

Now by Theorem 6.5.12, the set {X,Y, Z,W} generates grH. Also, grH is a Z2-graded

coalgebra by setting deg2X = (1, 0), deg2 Y = (0, 1), deg2 Z = (1, 1) and deg2W = (1, 2).

Notice that deg2 V = (1, 3). Therefore, V must be a linear combination of linearly indepen-

dent elements XY 3, Y 2Z, YW of degree (1, 3). Hence there are βi ∈ k such that

V = β1XY
3 + β2ZY

2 + β3YW
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or

δ(V ) = δ(β1XY
3 + β2ZY

2 + β3YW ) (E6.5.17.3)

= β3(Y ⊗W +W ⊗ Y ) +
∑
s

α′′sf
′′
s ⊗ g′′s ,

where α′′s ∈ k, f ′′s , g
′′
s are monomials of the form Xi1Y i2Zi3 . If we compare the coefficient of

W ⊗ Y on (E6.5.17.2) and (E6.5.17.3), we get −2 = β3. On the other hand, if we compare

the coefficient of Y ⊗W , we have 2 = β3, which is a contradiction. This completes the

proof.

6.5.5 Primitively-thin Hopf algebra of GK-dimension 4, Part III

In this subsection we deal with the case when C = A(λ1, λ2, α) and finish the analy-

sis. Throughout this subsection we assume that C = A(λ1, λ2, α) where the relations of

A(λ1, λ2, α) are given in Example 6.5.1; and that (λ1, λ2, α) is either (0, 0, 0), or (0, 0, 1) or

(1, 1, 1) or (1, λ, 0) as listed in Proposition 6.5.3(a).

Lemma 6.5.18. Let u and t be given as in (E6.5.9.1)-(E6.5.9.2).

[u, x⊗ 1 + 1⊗ x] = α(y ⊗ x− x⊗ y), (E6.5.18.1)

[t, x⊗ 1 + 1⊗ x] = λ1(y ⊗ x− x⊗ y), (E6.5.18.2)

[u, y ⊗ 1 + 1⊗ y] = λ2(y ⊗ x− x⊗ y), (E6.5.18.3)

[t, y ⊗ 1 + 1⊗ y] = 0. (E6.5.18.4)

Proof. We use the relations of A(λ1, λ2, α) and note that [x, y] = 0. By an easy computation,

we have
[u, x⊗ 1] = [z, x]⊗ x = (λ1x+ αy)⊗ x,

[u, 1⊗ x] = −x⊗ [z, x] = −x⊗ (λ1x+ αy).

Now (E6.5.18.1) follows by adding the above.

By a computation,

[t, x⊗ 1] = −[z, x]⊗ y = −(λ1x+ αy)⊗ y,

[t, 1⊗ x] = y ⊗ [z, x] = y ⊗ (λ1x+ αy),

and (E6.5.18.2) is obtained by adding the above. The proof of the last two are similar.

Lemma 6.5.19. Let w be as in Theorem 6.5.12.

[w, x] = −(θ1α+ θ2λ1)z + a11x+ a12y (E6.5.19.1)

[w, y] = −θ1λ2z + a21x+ a22y (E6.5.19.2)

for some a11, a12, a21, a22 ∈ k.
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Proof. We only prove the first equation and the proof of the second equation is similar.

δ([w, x]) = ∆([w, x])− [w, x]⊗ 1− 1⊗ [w, x]

= [∆(w), x⊗ 1 + 1⊗ x]− [w, x]⊗ 1− 1⊗ [w, x]

= [w ⊗ 1 + 1⊗ w + θ1u+ θ2t, x⊗ 1 + 1⊗ x]− [w, x]⊗ 1− 1⊗ [w, x]

= [θ1u+ θ2t, x⊗ 1 + 1⊗ x]

= θ1[u, x⊗ 1 + 1⊗ x] + θ2[t, x⊗ 1 + 1⊗ x]

= (θ1α+ θ2λ1)(y ⊗ x− x⊗ y) by (E6.5.18.1)-(E6.5.18.2)

= −(θ1α+ θ2λ1)δ(z).

Therefore [w, x] + (θ1α+ θ2λ1)z is a primitive elements, whence it is of the form a11x+a12y

for some a11, a12 ∈ k. The assertion follows.

Lemma 6.5.20. Retain the notation as above. Then λ2 = 0. Consequently, (λ1, λ2, α) is

either (0, 0, 0), or (0, 0, 1) or (1, 0, 0).

Proof. Since [x, y] = 0, using Lemma 6.5.19 we have

0 = [w, [x, y]] = [[w, x], y] + [x, [w, y]]

= [−(θ1α+ θ2λ1)z + a11x+ a12y, y] + [x,−θ1λ2z + a21x+ a22y]

= −(θ1α+ θ2λ1)[z, y] + θ1λ2[z, x]

= −(θ1α+ θ2λ1)(λ2y) + θ1λ2(λ1x+ αy)

= −θ2λ1λ2y + θ1λ1λ2x.

Since one of θi’s is nonzero, λ1λ2 = 0. We only consider those (λ1, λ2, α)’s given in Propo-

sition 6.5.3(a), therefore, λ2 = 0.

Lemma 6.5.21. Suppose λ2 = 0. Let u and t be given as in (E6.5.9.1)-(E6.5.9.2).

[u, z ⊗ 1 + 1⊗ z] = −λ1u+ αt− αδ(xy2)− λ1(xy ⊗ x+ x⊗ xy)), (E6.5.21.1)

[t, z ⊗ 1 + 1⊗ z] = −λ1(xy ⊗ y + y ⊗ xy)− α(y2 ⊗ y + y ⊗ y2), (E6.5.21.2)

[u, x⊗ y − y ⊗ x] = λ1(x⊗ xy + xy ⊗ x) + α(y ⊗ xy + xy ⊗ y), (E6.5.21.3)

[t, x⊗ y − y ⊗ x] = −λ1(x⊗ y2 + y2 ⊗ x)− α(y ⊗ y2 + y2 ⊗ y). (E6.5.21.4)

Proof. By direct computation, we have

[u, z ⊗ 1] = (λ1x+ αy)⊗ z − (λ1x+ αy)y ⊗ x− (λ1x+ αy)⊗ xy,

[u, 1⊗ z] = −z ⊗ (λ1x+ αy)− xy ⊗ (λ1x+ αy)− x⊗ (λ1x+ αy)y.

Adding up and using definition and (E6.5.16.1), we obtain (E6.5.21.1). Others are similar,

by using definitions and direct computations.
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Lemma 6.5.22. Suppose λ2 = 0. Then

θ1(θ2λ1 + θ1α) = 0. (E6.5.22.1)

Further,

(a) If (λ1, λ2, α) = (0, 0, 0), then

[w, z] = (a11 + a22)z + ξ1x+ ξ2y

for some ξi ∈ k.

(b) If (λ1, λ2, α) = (1, 0, 0), then θ1θ2 = 0. If, moreover, θ1 = 0, then

[w, z] = (a11 + a22)z + w + (−θ2)xy2 + ξ1x+ ξ2y

for some ξi ∈ k. If, moreover, θ2 = 0, and

[w, z] = (a11 + a22)z − w + ξ1x+ ξ2y

for some ξi ∈ k.

(c) If (λ1, λ2, α) = (0, 0, 1), then θ1 = 0 and

[w, z] = (a11 + a22)z − 2

3
θ2y

3 + ξ1x+ ξ2y

for some ξi ∈ k.

Proof.

δ([w, z]) = ∆([w, z])− [w, z]⊗ 1− 1⊗ [w, z]

= [∆(w),∆(z)]− [w, z]⊗ 1− 1⊗ [w, z]

= [w ⊗ 1 + 1⊗ w + θ1u+ θ2t, z ⊗ 1 + 1⊗ z + (x⊗ y − y ⊗ x)]

− [w, z]⊗ 1− 1⊗ [w, z],

= [w ⊗ 1 + 1⊗ w, (x⊗ y − y ⊗ x)]

+ [θ1u+ θ2t, z ⊗ 1 + 1⊗ z + (x⊗ y − y ⊗ x)]

= −(θ1α+ θ2λ1)(z ⊗ y − y ⊗ z) + (a11 + a22)(x⊗ y − y ⊗ x)

by (E6.5.19.1)-(E6.5.19.2)

+ θ1(−λ1u+ αt− αδ(xy2) + α(y ⊗ xy + xy ⊗ y))

by (E6.5.21.1)-(E6.5.21.3)

+ θ2(−λ1δ(xy
2) + λ1(xy ⊗ y + y ⊗ xy)− 2α(y2 ⊗ y + y ⊗ y2))

by (E6.5.21.2)-(E6.5.21.4)

= −θ1λ1u+ (2θ1α+ θ2λ1)t

+ (a11 + a22)δ(z) + (−θ1α− θ2λ1)δ(xy2)− 2

3
θ2αδ(y

3).
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Since δ([w, z]) ∈ C⊗C, [w, z] induces a cohomology class in H2(ΩC). By Lemma 6.5.14(c),

δ([w, z]) is a scalar multiple of δ(w). This implies that

θ2(−θ1λ1)− θ1(2θ1α+ θ2λ1) = 0

or, after simplifying, we obtain (E6.5.22.1).

(a) By the above computation, we have δ([w, z]) = (a11+a22)δ(z). The assertion follows.

(b) When (λ1, λ2, α) = (1, 0, 0), (E6.5.22.1) becomes θ1θ2 = 0 and

δ([w, z]) = −θ1u+ θ2t+ (a11 + a22)δ(z)− θ2δ(xy
2).

Since θ1θ2 = 0, −θ1u+ θ2t is either δ(w) or −δ(w). Hence we have

[w, z] = (a11 + a22)z + cw + (−θ2)xy2 + ξ1x+ ξ2y

for some ξi ∈ k and c = ±1, which gives two cases listed in part (b).

(c) If (λ1, λ2, α) = (0, 0, 1), then (E6.5.22.1) implies that θ1 = 0 and

δ([w, z]) = (a11 + a22)δ(z)− 2

3
θ2δ(y

3)

and therefore the assertion follows.

Theorem 6.5.23. Let H be a connected Hopf algebra of GK-dimension 4 with dimk P (H) =

2. Then H must be isomorphic to one of the Hopf algebras listed in Example 6.5.4, 6.5.5,

6.5.6 and 6.5.7.

Proof. Retain the notation in Theorem 6.5.12. By Proposition 6.5.17 and Proposition 6.5.3,

C must be isomorphic to A(λ1, λ2, α), where the possible choices of (λ1, λ2, α) are listed in

Proposition 6.5.3(a). By Lemma 6.5.20, λ2 = 0. Hence C is either A(0, 0, 0), or A(1, 0, 0),

or A(0, 0, 1).

Case 1: C = A(0, 0, 0). By Lemma 6.5.19 and 6.5.22(a), we have

[w, x] = a11x+ a12y

[w, y] = a21x+ a22y

[w, z] = (a11 + a22)z + ξ1x+ ξ2y

for some a11, a12, a21, a22, ξ1, ξ2 ∈ k. Together with the coalgebra given in Theorem 6.5.12,

this is the Hopf algebra described in Example 6.5.4.

Case 2: C = A(1, 0, 0). By Lemma 6.5.22(b), there are two cases to consider. If θ1 = 0,

by dividing w with θ2 we can assume that θ2 = 1. In this setting, by Lemmas 6.5.19 and

6.5.22(b), we have

[w, x] = −z + a11x+ a12y

[w, y] = a21x+ a22y

[w, z] = (a11 + a22)z + w − xy2 + ξ1x+ ξ2y
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for some a11, a12, a21, a22, ξ1, ξ2 ∈ k. Applying [w,−] to [z, y] = 0, one sees that

0 = [w, [z, y]] = [[w, z], y] + [z, [w, y]]

= [(a11 + a22)z + w − xy2 + ξ1x+ ξ2y, y] + [z, a21x+ a22y]

= [w, y] + a21[z, x] = a21x+ a22y + a21x.

Thus a21 = a22 = 0. Applying [w,−] to [z, x] = x and using a21 = a22 = 0, one sees that

[w, x] = [w, [z, x]]

= [[w, z], x] + [z, [w, x]]

= [a11z + w − xy2 + ξ1x+ ξ2y, x] + [z,−z + a11x+ a12y]

= a11[z, x] + [w, x] + a11[z, x] = [w, x] + 2a11x

which implies that a11 = 0. By setting znew = z − a12y, we can make a12 = 0. By setting

wnew = w + 1
2ξ1x + ξ2y, we can make ξ1 = ξ2 = 0. New variables z and w still satisfy

(E6.5.12.1) and (E6.5.12.2), respectively (for θ1 = 0). Therefore this is the Hopf algebra

described in Example 6.5.7.

If θ2 = 0, by dividing w with θ1 we can assume that θ1 = 1. In this setting, by Lemmas

6.5.19 and 6.5.22(b), we have

[w, x] = a11x+ a12y

[w, y] = a21x+ a22y

[w, z] = (a11 + a22)z − w + ξ1x+ ξ2y

for some a11, a12, a21, a22, ξ1, ξ2 ∈ k. Applying [w,−] to [z, y] = 0, one sees that

0 = [w, [z, y]] = [[w, z], y] + [z, [w, y]]

= [(a11 + a22)z − w + ξ1x+ ξ2y, y] + [z, a21x+ a22y]

= −[w, y] + a21[z, x] = −a22y.

Thus a22 = 0. Applying [w,−] to [z, x] = x and using a22 = 0, one sees that

[w, x] = [w, [z, x]]

= [[w, z], x] + [z, [w, x]]

= [a11z − w + ξ1x+ ξ2y, x] + [z, a11x+ a12y]

= a11[z, x]− [w, x] + a11[z, x] = −[w, x] + 2a11x

which implies that a12 = 0. This is the Hopf algebra described in Example 6.5.5.

Case 3: C = A(0, 0, 1). By Lemma 6.5.22(c), θ1 = 0. By dividing w with θ2 we can

assume that θ2 = 1. In this setting, by Lemmas 6.5.19 and 6.5.22(c), we have

[w, x] = a11x+ a12y

[w, y] = a21x+ a22y

[w, z] = (a11 + a22)z − 2

3
y3 + ξ1x+ ξ2y
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for some a11, a12, a21, a22, ξ1, ξ2 ∈ k. Applying [w,−] to [z, y] = 0, one sees that

0 = [w, [z, y]] = [[w, z], y] + [z, [w, y]]

= [(a11 + a22)z − 2

3
y3 + ξ1x+ ξ2y, y] + [z, a21x+ a22y]

= a21y.

Hence a21 = 0. Applying [w,−] to [z, x] = y, one sees that

a22y = [w, y] = [w, [z, x]] = [[w, z], x] + [z, [w, x]]

= [(a11 + a22)z − 2

3
y3 + ξ1x+ ξ2y, x] + [z, a11x+ a12y]

= (a11 + a22)y + a11y.

Hence a11 = 0. This is the Hopf algebra described in Example 6.5.6.

6.5.6 Proof of the main result

With the help of the last few subsections, we are able to deliver the main theorem of the

paper.

Theorem 6.5.24 (Theorem 6.1.3). Let H be a connected Hopf algebra of GK-dimension

four over an algebraically closed field of characteristic zero. Then H is isomophic to one of

following.

(a) Enveloping algebra U(g) over a Lie algebra g of dimension 4. Note that all 4-dimensional

Lie algebras over the complex numbers C are listed in the book [OV, Theorem 1.1(iv),

page 209].

(b) Enveloping algebra U(L) over an anti-cocommutative CLA L of dimension 4. All anti-

cocommutative coassociative Lie algebras of dimension 4 are classified in Theorem 6.4.5.

(c) Primitively-thin Hopf algebras of GK-dimension four. All Primitively-thin Hopf algebras

of GK-dimension four are classified in Theorem 6.5.23.

Proof. By Lemma 6.2.3(e), p(H) ≥ 2. Since U(g) embeds in H where g = P (H), we have

p(H) ≤ 4.

If p(H) = 4, by Theorem 6.3.5, H ∼= U(g) where g = P (H) = P2(H). This is case (a).

If p(H) = 3, by Theorem 6.3.5, H is isomorphic to the enveloping algebra U(L) over an

anti-cocommutative CLA L of dimension 4. Anti-cocommutative CLAs of dimension 4 are

classified in Theorem 6.4.5.

If p(H) = 2, by definition, H is a primitively-thin Hopf algebras of GK-dimension four,

which are classified in Theorem 6.5.23.
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Corollary 6.5.25. Let H be a connected Hopf algebra of dimension at most 4. Then, as

an algebra, H is isomorphic to U(g) for some Lie algebra g.

Proof. This is clear if GKdimH ≤ 3. For GKdimH = 4, the assertion is clear for the case

when p(H) ≥ 3. The only case left is when p(H) = 2, in which the assertion was checked

case-by-case in Examples 6.5.4-6.5.7.
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