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We study Hopf algebras of finite Gelfand-Kirillov dimension. By analyzing the free pointed
Hopf algebra F(t), we show the existence of certain Hopf subalgebras of pointed Hopf
domains H with 2 < GKdim H < oo. Using Takeuchi’s construction of free Hopf algebras,
we study the GK-dimension of a pointed Hopf algebra H and its associated graded Hopf
algebra gr H. We also get some lower bounds of GK-dimension of Hopf algebras in terms
of certain invariants of skew primitive elements. With the help of these results, we classify
connected Hopf algebras of GK-dimension 3. We introduce the notion of coassociative
Lie algebras, which generalize both the notions of Lie algebras and coalgebras (without
counits). It turns out to be very useful in our classification of connected Hopf algebras of

GK-dimension 4, which is accomplished in the last part of this paper.
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Chapter 0
INTRODUCTION

The Gelfand-Kirillov dimension (GK-dimension for short), which measures the growth
of an algebra, is a very useful and powerful tool for investigating noncommutative algebras.
Since the popularization of quantum groups around 1980’s, a great number of noncommu-
tative Hopf algebras have been introduced and GK-dimension naturally becomes a good
invariant for them. In the past few years, Hopf algebras of finite GK-dimension have been
studied intensively [AA, AS1, AS2, Brl, Br2, BG1, BG2, BZ, GZ2, LWZ, WuZ1, WuZ2].

Since the structure of a Hopf algebra is very rigid by its definition, it is quite possible
to classify certain Hopf algebras with finite GK-dimensions. For example, Andruskiewitsch
and Angiono classified pointed Hopf domains with finitely generated abelian group G(H),
and generic infinitesimal braiding [AA, Theorem 1.1].

In [LWZ], Lu, Wu and Zhang introduced the notion of homological integral of Hopf
algebras, which is a generalization of integral of (finite-dimensional) Hopf algebras and
turns out to be a very useful tool. Also in the paper, they initiated the classification of
affine noetherian Hopf algebras of Gelfand-Kirillov dimension one. This was carried on by
Brown and Zhang in [BZ], where they studied some classes of prime regular Hopf algebras
of GK-dimension one. In [GZ2], Goodear]l and Zhang moved to GK-dimension two. To be

precise, they assumed the following hypothesis

(H) H is a Hopf algebra domain which is either affine or noetherian, the base field % is

algebraically closed of characteristic zero, and GKdim H = 2.

They classified all Hopf algebras satisfying (H) and the extra condition Extk (gk, gk) # 0.
In this paper, we are going to study Hopf algebras of finite GK-dimension. Here are the

brief summaries of each chapter.
Chapter 1: Preliminaries

In this chapter, we recall some definitions related to Hopf algebras.
Chapter 2: Existence of Hopf subalgebras of GK-dimension two

This chapter is devoted to the study of Hopf subalgebras of a pointed Hopf algebra. The
idea is simple: in order to understand a Hopf algebra of higher GK-dimensions, we look at
its Hopf subalgebras, which in general have smaller GK-dimensions, and try to find some

connections.



For Hopf algebras of GK-dimension 2, the easiest examples one might think of are U(g),
where g is a 2-dimensional Lie algebra, and the group algebra kZ2. While the two Hopf
algebras are both pointed of the same GK-dimension, they live on two extremes: U(g) is
connected, which means that the only group-like element is the unity 1; kZ?2, on the other
hand, is spanned by its group-like elements. In [GZ2], Brown and Zhang introduce two
classes of Hopf algebras of GK-dimension 2, namely A(b,¢) and C'(b+1) (See Example 1.4.6
and 1.4.7), which live “between” the two extremes: they are pointed, but neither connected
nor group algebras.

It turns out that the four Hopf algebras are ubiquitous in the sense that if H is a
pointed Hopf algebra satisfying certain assumptions, then H must have a Hopf subalgebra
isomorphic to one of the four mentioned above (Theorem 2.4.10). This result suggests
that pointed Hopf algebras (at least of small GK-dimension) can be constructed from some
“basic” Hopf algebras. Actually, this idea is exemplified in Chapter 3 as we build connected
Hopf algebras of GK-dimension three as extensions of U(g) where g is a 2-dimensional Lie

algebra.

Chapter 3: Properties of pointed Hopf algebras of finite Gelfand-Kirillov di-

mension

For a pointed Hopf algebra H, the coradical filtration { H,, }5° , is a Hopf algebra filtration
in the sense that the associated graded algebra gr H carries a natural Hopf algebra structure.
In the first part of the chapter, we study the relation between the GK-dimension of H and
that of gr H. A well-known result [R2, Theorem 3] states that gr H has a decomposition
gr H = R#kG, where R is a certain graded subalgebra of H and G is the set of group-like
elements of H. We prove that if R is finitely generated, then

GKdim R + GKdim kG = GKdim gr H = GKdim H.

For the rest of the chapter, we focus on connected Hopf algebras. The word “connected”
here means that the subspace k1 is the only simple subcoalgebra. This very restrictive
assumption forces connected Hopf algebras to have a lot of nice properties (Theorem 3.5.10
and Corollary 3.5.11). For example, the GK-dimension of a connected Hopf algebra over
an algebraically closed field of characteristic 0 is either infinity or a non-negative integer.
In fact, the GK-dimension of every known Hopf algebra is either infinity or a non-negative
integer. But we do not know whether this is true in general.

We also classify connected Hopf algebras of GK-dimension 3. The classification gives
some interesting Hopf algebras (see Theorem 3.6.8) and serves as a foothold for the study

of connected Hopf algebras of higher GK-dimension, as we shall see in Chapter 6.
Chapter 4: Lower bounds of growth of Hopf algebras

A seminal result of Gromov states that a finitely generated group has polynomial growth,



or equivalently, the associated group algebra has finite Gelfand-Kirillov dimension, if and
only if it has a nilpotent subgroup of finite index [Gr]. Group algebras form a special class

of cocommutative Hopf algebras. It is natural to ask

Question 0.0.1. What are necessary and sufficient conditions on a finitely generated Hopf

algebra H such that its Gelfand-Kirillov dimension is finite?

It is clear that an affine (i.e., finitely generated) commutative Hopf algebra has a finite
GK-dimension (short for Gelfand-Kirillov dimension) which equals its Krull dimension. If
H is cocommutative and the base field k is of characteristic 0, by a classification result [Mo,
Corollary 5.6.4 and Theorem 5.6.5], it is isomorphic to a smash product U(g)#kG for some
group G and some Lie algebra g. Consequently,

GKdim H = GKdim kG + dim g, (£0.0.1.1)

which solves Question 0.0.1 in terms of conditions on G and g. Question 0.0.1 is also
answered for several classes of noncommutative and noncocommutative Hopf algebras, in-
cluding quantum groups U, (g) and O,4(G), see [BG2, GZ1]. This chapter attempts to study
Question 0.0.1 for a larger class of noncommutative and noncocommutative Hopf algebras
by providing three lower bounds of GK-dimension in terms of certain invariants of skew

primitive elements.
Chapter 5: Coassociative Lie algebras

In this chapter, we introduce the notion of a coassociative Lie algebra, which is an
essential ingredient in the classification of connected Hopf algebras of GK-dimension 4 in
Chapter 6.

Roughly speaking, a coassociative Lie algebra L is simultaneously a Lie algebra and a
coalgebra (without counit) satisfying some compatibility conditions, such that U(L) has an
induced bialgebra structure. However, the bialgebra U(L) is not always a Hopf algebra. In
fact, if U(L) is a Hopf algebra then it must be a connected Hopf algebra, and this happens
exactly when L is locally conilpotent (Theorem 5.3.5). Therefore, by examining locally
conilpotent coassociative Lie algebras, we have a systematic way to produce connected

Hopf algebras.
Chapter 6: Connected Hopf algebras of Gelfand-Kirillov dimension four

This chapter is part of the effort to understand connected Hopf algebras of finite GK-
dimension. In particular, with the notion of coassociative Lie algebras developed in the
previous chapter, we classify all connected Hopf algebras of GK-dimension 4. Actually, a

connected Hopf algebra of GK-dimension 4 must be isomorphic to one of following.

(a) Enveloping algebra U(g) over a Lie algebra g of dimension 4.



(b) Enveloping algebra U(L) over an anti-cocommutative coassociative Lie algebra L of

dimension 4.

(¢) Primitively-thin Hopf algebras of GK-dimension 4.

Although the “connected” assumption leaves us with less possibilities, it is still unlikely
that we can list all isomorphism classes of connected Hopf algebras. So the reason for the
classification is to find some invariants that might help us to understand connected Hopf

algebras in general.



Chapter 1

PRELIMINARIES

Throughout this paper, k denotes a base field. All algebras, coalgebras and tensor

products are taken over k unless otherwise stated.

1.1 Gelfand-Kirillov dimension

Definition 1.1.1. The Gelfand-Kirillov dimension (GK-dimension for short) of a k-algebra
Ais
GKdim(A) = limsup dy (n),
|4

where the supremum is taken over all finite-dimensional subspaces V' of A and
n .
dy(n) = dimk(z VY.
i=0

The GK-dimension can be viewed as a non-commutative analogue of the Krull dimension.
In fact, for a finitely generated commutative algebra A, the GK-dimension of A is equal to
its Krull dimension. For more properties of the GK-dimension, a comprehensive reference
is [KL].

Example 1.1.2. Let U(g) be the enveloping algebra of a finite-dimensional Lie algebra g.
Then
GKdim U(g) = dimy g.

1.2 Coalgebras

Coalgebras are structures dual to algebras. A k-algebra (with unit) is basically a k-vector
space satisfying associative and unit laws, which can be expressed via the following com-

mutative diagrams.

Definition 1.2.1. A k-algebra (with unit) is a k-vector space A together with two k-linear
maps, multipication m : A® A — A and unit u : k — A, such that the following diagrams

are commutative:

(a) associativity
ARARA " AR A

| o

AgA demo 4



(b) unit
EoA M0 A A d Agk

T

k@A —— A +—— A®k

Now we may dualize the notion of algebras by reversing all the arrows in the diagrams.

Definition 1.2.2. A k-coalgebra (with counit) is a k-vector space C together with two
k-linear maps, comultipication A : C — C ®C and counit € : C — k, such that the following

diagrams are commutative:

(a) coassociativity

c -2, cowcC

N [ o

CoC M2, cocwC

(b) counit

kec &84 o MOl ook

:l lA l:

koC <24 coo Mo ook

Next we recall some basic definitions related to coalgebras. Let C be a coalgebra. An
element g € C is called group-like if A(g) = g ® g. The set of group-like elements in
C' is denoted by G(C). An element y € C is called (g, h)-primitive if g,h € G(C) and
Aly) =y®g+h®y. Weuse Pyp(C) to denote the set of (g, h)-primitive elements in C
[Mo, p.67]. If C = H is a Hopf algebra (see Definition 1.4.3), we simply write P(H) for
Py 1(H), the set of primitive elements in H.

The coradical Cy of a coalgebra C is defined to be the sum of all simple subcoalgebras
of C. The coalgebra C is called cosemisimple if C' = Cj, pointed if Cy = kG(C), and
connected if C is one-dimensional.

We now recall the definitions of graded coalgebras and coalgebra filtrations.

Definition 1.2.3. Let C be a coalgebra. If

(1) C = C(i) as k-vector spaces,
=0

(2) A(C(n)) C écu) © C(n — 1) for any n > 0,

(3) e(C(n)) =0 for any n > 1,



then C' = @ C(i) is called a graded coalgebra.
=0

Definition 1.2.4. Let C be a coalgebra and {F}, },,>0 a family of subcoalgebras of C. Then
{Fy}n>0 is called a coalgebra filtration if

(1) F,, C Fyy1and C = | Fj,

n=0
(2) AFn C Z?:O Fi X Fn—i~

The associated graded coalgebra of C' with respect to the filtration {F,},>0 is defined to
be grp C = @, Fn/Fn—1, where F_; = {0}.

Starting from Cj, one can build up a canonical coalgebra filtration {C),} of C, which is
defined inductively by
Ch=A1CRC1+Cha0).

This filtration is called the coradical filtration on C' [Mo]. We simply use gr C' to denote
the associated coalgebra of C' with respect to the coradical filtration. Also, we use gr C'(n)

to denote the n-th homogeneous component of gr C' (i.e. grC(n) = Cp/Chr—_1).

Definition 1.2.5. Let C' = @ C(7) be a graded coalgebra with coradical filtration {C,,}.

Then C is called coradlcally graded if Co = C(0) and C1, = C(0) P C(1). A graded Hopf
algebra H is coradically graded if it is coradically graded as a graded coalgebra.

In fact, for any coalgebra C, grC is coradically graded (see [AS2, Def 1.13]). The

terminology is justified by the following lemma.

Lemma 1.2.6. [CM, Lemma 2.2] If C is coradically graded, then

i<m
The following lemma is actually in the proof of [Mo, Theorem 5.3.1].

Lemma 1.2.7. Let D be a coalgebra with coradical filtration {D,,} and let I be a non-zero
coideal of D. Then I N Dy # {0}. Moreover, if D is pointed, then I contains a non-zero
(g, h)-primitive element for some g,h € G(D).

Proof. Consider the coalgebra map 7w : D — D/I. Then the kernel of 7 |p, is I N D;.
Suppose I N D; = {0}, then 7|p, is injective. By [Mo, Theorem 5.3.1], 7 is injective. But
this implies I = {0}, which contradicts the choice of I.

Suppose further that D is pointed. The kernel of 7r\p (py is I N Py p(D). Suppose
I'NPyp(D) = {0} for any g,h € G(D), then 7|p , (p) is 1nJectlve for any g,h € G(D). By

[Mo, Corollary 5.4.7], 7 is injective, which is a contradiction. O



1.3 Cobar constructions

Let C be a coaugmented coalgebra in the sense that there is a coalgebra map from the
trivial coalgebra k to C. (If C is a bialgebra defined in the next section, we just choose the
unit u : k — C to be the coaugmentation). Let J = CT, the kernel of the counit, and one

defines the reduced comultiplication on J by
0c)=Ac) - (1®c+c®1),

where 1 is the image of 1 € k£ under the coaugmentation. Then the cobar construction
QC on (' is the differential graded algebra defined as follows:

e As a graded algebra, QC is the tensor algebra T'(J),

e The differential in Q2C' is given by

n—1
O =Y (-1)"1d¥ @5 @ 1,
=0

Dually, given an augmented algebra A, one can construct a differential graded coalgebra
BA, which is called the bar construction of A. See [FHT, §19] for basic properties of

cobar and bar constructions.

1.4 Bialgebras and Hopf algebras

Definition 1.4.1. A k-space B is a bialgebra if (B, m,u) is an algebra, (B,A¢) is a

coalgebra, and either of the following (equivalent) conditions holds:

(a) A and € are algebra morphisms,

(b) m and u are coalgebra morphisms.

To introduce the notion of Hopf algebras, we still need the following definition.

Definition 1.4.2. Let C be a coalgebra and A an algebra. Then Homy(C, A) becomes an

algebra under the convolution product

(f*+g)(c) =mo(f @g)(Ac)
for any f,g € Homy(C, A) and ¢ € C. The unit element in Homy(C, A) is ue.

Definition 1.4.3. Let (H,m,u,A,¢€) be a bialgebra. Then H is a Hopf algebra if there
exists an element S € Homy(C, A) which is an inverse to idy under convolution *. The

element S is called an antipode for H.



Sometimes we have to consider Hopf algebras with gradings.

Definition 1.4.4. Let H be a Hopf algebra with antipode S. If

(1) H= € H(i) is a graded algebra,
i=0

(2) H= & H(i) is a graded coalgebra,
i=0

(3) S(H(n)) C H(n) for any n > 0,

oo
then H = €@ H(i) is called a graded Hopf algebra. If in addition,
=0

(4) H = @ H(i) is a coradically graded coalgebra,
=0

2

then H is called a coradically graded Hopf algebra.

Remark 1.4.5. For a Hopf algebra H, if the coradical Hy is a Hopf subalgebra of H,
then gr H is naturally a Hopf algebra [Mo, Lemma 5.2.8]. Moreover, as mentioned in [AS2,
Deinition 1.13], gr H is a coradically graded coalgebra and therefore a coradically graded
Hopf algebra.

A Hopf algebra H is called pointed if it is pointed as an coalgebra, i.e. Hy = kG(H).
In this case, G(H) is indeed a group and gr H is also a pointed Hopf algebra.

We conclude this section by introducing two classes of pointed Hopf algebras defined in
[GZ2, Construction 1.1 and 1.4].

Example 1.4.6. Let A = k(g™ y | gy = &yg), where £ € k*. Then A has a Hopf algebra
structure under which g is group-like and y is (1, g®)-primitive. We denote it by A(b,£).

Example 1.4.7. Let C = k(¢! y | gy = yg + ¢**1 — g). Then C also has a Hopf algebra
structure under which g is group-like and y is (1, g?)-primitive. We denote it by C'(b+ 1).
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Chapter 2

EXISTENCE OF HOPF SUBALGEBRAS OF GK-DIMENSION TWO

2.1 Introduction

Throughout this chapter, we assume that the base field k is algebraically closed of charac-
teristic 0.

The study of Hopf algebras of low Gelfand-Kirillov dimension (or GK-dimension for
short) provides profound insight into basic properties of general Hopf algebras. Noetherian
prime regular Hopf algebras of GK-dimension one were studied in [BZ, LWZ, Li]. Recently,
in their paper [GZ2], Goodearl and Zhang classified all noetherian Hopf algebras H over an
algebraically closed field k of characteristic zero which are integral domains of GK-dimension
two and satisfy the condition Extl, (k, k) # 0. After all the works listed above, it is natural
to consider Hopf algebras of GK-dimension three. One way to understand a Hopf algebra
with higher GK-dimension is to find some of its Hopf subalgebras that are more familiar to
us. As a small step towards this end, we will prove in this chapter that for certain pointed
Hopf algebras with GK-dimension > 2, there always exists a Hopf subalgebra GK-dimension
two. We hope the result would offer some help in classifying Hopf algebras of GK-dimension
three.

The key step in achieving our main result is the analysis of the free pointed Hopf algebra
F(t) (see Example 2.2.1 for the definition). In the classification result of [GZ2], some of the
Hopf algebras discussed there are Hopf quotients of F'(t). When t # 0, F(t) is a typical
example of infinite dimensional pointed non-cocommutative Hopf algebras. On the other
hand, if H is a pointed non-cocommutative Hopf algebra and y € H is a (1, g)-primitive
element, then the Hopf subalgebra K generated by y and g™! is a Hopf quotient of F(1).
So it would be interesting to know more about the Hopf structure of F'(t).

In Section 3, it is shown that F'(t), when ¢ # 0, is coradically graded in the sense of
[CM, Lemma 2.2] with respect to the y-grading. In the same section, we also determine all
skew-primitive elements of F'(¢t) when ¢ # 0. It turns out that the coalgebra structure of
F(t), when t # 0, is quite different from that of F(0).

By understanding the Hopf algebra structure of F'(t), we obtain the following theorem
on the existence of certain Hopf subalgebras of pointed Hopf algebras. Recall that for any
Hopf algebra H, we denote the set of group-like elements in H by G(H ), and the coradical
filtration on H by {H,,},>0. Also, given a group G, we will use the standard notation k[G]
to denote the group algebra of G over k.

Theorem 2.1.1 (Theorem 2.4.10). Let H be a pointed Hopf algebra over an algebraically
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closed field k of characteristic 0. If 2 < GKdim H < oo and H is a domain, then H contains
a Hopf subalgebra of GK-dimension 2. To be precise,

(1) If GKdim k[G] = 0, where G = G(H), then H contains a Hopf subalgebra isomorphic

to U(h), where h is a 2-dimensional Lie algebra.
(2) If GKdim k[G] > 2, then H contains a Hopf subalgebra isomorphic to kZ2.

(3) If Hy 2 Hy = k[G] and GKdim k[G] > 1, then H contains a Hopf subalgebra isomor-
phic to either A(b,§) or C(b+ 1) (see Example 1.4.6 and 1.4.7) for some integer b
and £ € k*.

In fact, the characteristic zero condition is only used in part (1). Also, part (1) and
(2) of Theorem 2.1.2 do not require H to be a domain. Moreover, as suggested by known
examples, it is reasonable to conjecture that Theorem 2.1.2 still holds if H is weakened to a
prime algebra, except that in part (3) we might have to include some other classes of Hopf
algebras, besides A(b, &) and C(b+ 1), as possible Hopf subalgebras.

The essential ingredient for proving the main result of the chapter is the following the-

orem.

Theorem 2.1.2 (Corollary 2.3.5). Let K be a pointed Hopf algebra with finite GK-dimension.
Ify € K1\Ky is a (1, g°)-primitive element for some group-like element g # 1 and integer b,
then there are by, - -+ by, B € k and € € k™ such that f = boy+bigyg '+ -+ bng™yg ™ €

Ki\Ko and gf =&fg+ Bg(g® —1).

In fact, Theorem 2.1.2 can be viewed as an infinite-dimensional analogue of the following
theorem of D. Stefan.

Theorem 2.1.3. [St, Theorem 2] Let H be a finite-dimensional pointed Hopf algebra. If
H is not cosemisimple, then there exist two natural numbers m and n, with m # 1 and m

dividing n, an m-th primitive root w of unity and two elements g,x € H such that
(1) gr = wxg;
(2) g is a group-like element of order n;
(3) x € Py and ™ is either 0 or g" — 1.

2.2 Free Pointed Hopf algebra F(t)

In this section we introduce the free pointed Hopf algebra F'(¢) and study some of its basic

properties.
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Example 2.2.1. Let H = k(z*! y) be the algebra with relations zz~! = 27!z = 1, then

H becomes a Hopf algebra via
Alx)=z@z, Aly)=ye1l+a'®y,

S(z) =27t S(y) = -y,

where ¢ is any given integer. We denote this Hopf algebra by F(t).

Proposition 2.2.2. The Hopf algebra F(t) has a k-linear basis
{x%yxy - yz'+t | (iy,--- in11) € Z"T, n € N}
Proof. This is standard from the diamond lemma. O

The Hopf algebra F(t) has several gradings, which turn out to be crucial in determining

its coradical filtration.

Proposition 2.2.3. There is a natural y-grading on F(t) under which F(t) becomes a

graded coalgebra.

Proof. The natural y-grading is given by setting deg, y = 1 and deg, ztl = 0. It is easy
to check that F(t) becomes a graded algebra by this setting, since the relations all preserve
the grading. This y-grading on F'(¢) induces a natural y-grading on F'(t) ® F(t) by defining
deg, (f1 ® f2) = deg, f1 + deg, f2, where fi1, fo € F(t). Also notice that this grading on
F(t) ® F(t) is an algebra grading.

By definition of a graded coalgebra, we only have to show that if h € F'(t) is homogeneous
of y-degree n, then so is A(h). By Proposition 3.2.2, we may assume that h is of the form
rhyzi2y - yriett where (i1, ,ing1) € Z"TL Now

A(h) = A(@™)A(y) - Aly) A+,

Notice that A(z%) and A(y) are homogeneous of y-degrees 0 and 1, respectively. The result
then follows from the fact that F'(¢)® F'(t) is a graded algebra with respect to the y-grading.
This completes the proof. O

By analyzing the grading, we are actually able to determine the coradical of F'(t). Notice
that by construction, the degree zero part of F'(t) with respect to the y-grading is just k[z*!],
the subalgebra of F(t) generated by z*!.

Corollary 2.2.4. Let H = F(t). Then Hy = k[z™']. As a consequence, F(t) is a pointed
Hopf algebra.
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Proof. By the previous proposition, H is a graded coalgebra with respect to the y-grading.
The coalgebra grading induces a coalgebra filtration {A,},>0 on H with Ay = k[z*!]. By
[Mo, Lemma 5.3.4], Ag D Hp. On the other hand, Ay is spanned by group-like elements
and thus k[zT!] = Ay = H,. O

There is also a natural z-grading on F'(t) given by setting deg, 2! = +1 and deg, y = 0.

Remark 2.2.5. Note that F'(0) is a cocommutative Hopf algebra. In this case, the Hopf
structure is well understood. In fact, by [Mo, Corollary 5.6.4, Theorem 5.6.5], F'(0) =
U(g)#k[z*!], where g is the set of primitive elements in F(0). Actually, g is the free Lie
algebra generated by {z"yz™" | n € Z}. It is easy to see that F'(0) is coradically graded by
setting deg ™ = 0 and deg f = 1 for any f € g. Moreover, it is not hard to prove that
every non-zero Hopf ideal I of F(0) is generated by elements in g and possibly an element

of the form z™ — 1 for some positive integer n. So in next section, we will focus on the case

t #0.
2.3 The coradical filtration of F(t) when t # 0

In the section, we study the coradical filtration of the free Hopf algebra F'(t) described in
Example 2.2.1 with ¢ # 0. We can further assume that ¢ > 0, since it is obvious that
F(t) = F(—t) as Hopf algebras for any integer ¢. We will show that H is a coradically
graded Hopf algebra with respect to the y-grading. This is quite different from the ¢ = 0
case. In fact, if ¢ = 0, then P(F(0)) is the free Lie algebra generated by {z"yx~" | n € Z},
which implies that there are primitive elements of any y-degree in F'(0).

Throughout this section, let H be the Hopf algebra F(t) with ¢ # 0. The following
proposition is crucial in proving that H is coradically graded with respect to the y-grading.
For the rest of this section, we use H(n) to denote the k-linear subspace spanned by homo-

geneous elements of y-degree n.
Lemma 2.3.1. Any skew-primitive element in H has y-degree < 1.

Proof. Suppose to the contrary that f is (2% z¢)-primitive element of y-degree n > 2.

Replacing f with 27%f, we can assume that f is (1, 2)-primitive for some integer b, that is

to say,
Af)y=fol+a’® f. (E2.3.1.1)
It is also clear from Proposition 2.2.3 that we can be further assume f is homogeneous with
y-degree n.
For any o = (i1, ,iny1) € Z™1, denote the monomial 2“1 yx?2y - - - yain+t by M, and
i is by T'(a). Then we can write
s=1

f= Z paMe,

acl
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where Z is a non-empty finite subset of Z"*! and pu, € kX for any o € Z. A direct

computation shows that
A(Mo) = My @ 2" 4+ 2T @ M, + w,,

where w, € >, H(i) ® H(j). Hence

i,J<n
i+j=n
A(f) = pta(My @ 27 4 2T @ M)+, (£2.3.1.2)
acl
where w € Y H(i)® H(j). By comparing (E2.3.1.1) and (E2.3.1.2) we see that T'(a) = 0
i,J<n
i+j=n

for any o € Z, and b = nt.
Define two bijective maps ¢ and 7 from Z"+! to Z"t! by

U(ilv o 7in+1) = (_/in+1 - ta _in - t7 o 7_i2 - ta _i1)7

T(ilf o 7Z.n+1) = (,Ll - bviQa"' ,in+1)~

Since the antipode S is an anti-algebra map, it is easy to check that S(f) = > (—=1)"uaMsa-

a€l
On the other hand, since S is an inverse to Idy under convolution, we have S(f) = —z~°f,
which implies that S(f) = — > paMrqa. It then follows that
acl
> (1) oMo + Mrq) = 0. (E2.3.1.3)
acl

Choose 8 = ({1, ,€p+1) € Z. From (E2.3.1.3) we see that there is 3’ € Z such that
78 = 0B, ie. (17'0)B € Z. By induction, the set A := {(7710)!3 | i > 0} is a subset of
Z. But it is easy to show that

(t710)28 = (U + s(n — 1)t Ly, -+ lp, luy1 — s(n — 1))

for any s > 0. Since (n — 1)t > 0, by comparing the first entry, it is clear that (7710)%$3 #
(77'0)%'3 whenever s # s'. Hence the set A is infinite, which is a contradiction. This

completes the proof. O

Proposition 2.3.2. H is a coradically graded Hopf algebra with respect to the y-grading.

Proof. By Corollary 2.2.4, Hy = H(0) = k[z*!]. Also it is easy to check that H; D
H(0) ® H(1). By [Mo, Theorem 5.4.1], H; is spanned by group-like and skew-primitive
elements. By Lemma 2.3.1, any skew-primitive element in H has y-degree < 1. Hence
Hy C H(0) ® H(1), which completes the proof. O

With this proposition, we can give a full description of all skew-primitive elements in H.
For any h € H, we define degh to be the pair (deg, h,deg, h). Notice that this (Z x N)-
grading on H induces a (Z x N x Z x N)-grading on H ® H.
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Proposition 2.3.3. Let h be a skew-primitive element in H. Then deg, h < 1. If deg, h =
0, i.e. h is a polynomial in x*', then h is of the form \x®(z™ — 1), where A € kX, a € Z
and m 1is a positive integer. If deg, h = 1, then h is of the form f + Az (2t — 1), where
A € k and f is homogeneous with deg f = (a, 1).

Proof. By the definition of coradical filtration, h € H;. By Proposition 2.3.2, H; = H(0) ®
H(1). So deg, h < 1.
If deg, h = 0, then £ is a polynomial in ztl Let h = > a;x' and suppose that h is an

(2, 2)-primitive for some a,b € Z. Then
Ah) =AD aia’) =D aial @al. (E2.3.3.1)
On the other hand, since h is (22, 2)-primitive, it yields
Ah) =h®z+2° @ h. (E2.3.3.2)

By comparing (E2.3.3.1) and (E2.3.3.2), we see that o; = 0 if i # a and i # b. Therefore,

h = agz® + apx? and

A(h) =A(0gz® + apa?) (E2.3.3.3)
=(z® + apz®) @ 2% + 2° @ (@ez® + apr®) — apr’ @ 2% — aga’ @ z®

=h @z +2° @ h — (aq + )z’ @ 2%

It then follows that o, = —ap # 0. Hence h has the claimed form.

If deg, h = 1, we can write h(z,y) = f1 + -+ fs + g, where f; is homogeneous with
deg f; = (a;, 1), and g is a polynomial in z*!. First, we need to show s = 1. If not, we can
rearrange f; so that a; > ag > -+ > as. Suppose h is an (2™, z™)-primitive element, that

is,
A(h)=h@z™ +2" ®h (E2.3.3.4)
=fix"+2"fi+ + fs 2" +2" R fs+ -

On the other hand, it is easy to check that f; is an (2%, x%")-primitive element, so
Ah)=fi®wa™ +2" T @ fi+ -+ fo@a®™ + 2T @ fo+ - (E2.3.3.5)

Since s > 1, there is some j such that a; # m. From (E2.3.3.5), we see that f; ® 2% is the
non-zero component of A(h) in degree (aj,1;a;,0). But (E2.3.3.4) implies that A(h) has
no component in degree (aj,1;a;,0). This is a contradiction.

Now we can write h = f + g, where f is homogeneous with deg f = (a,1). If g =0, we
are done. So assume g # 0 and it suffices to show that g is of the form A\z®(z' — 1) for some
A € k*. Note that f is a (2%, 2%"!)-primitive element, so similar to the argument above,
h must be a (z%, z*!)-primitive element. Hence g is (2%, z%*!)-primitive. Then it follows

from the previous case where deg, h = 0 that g is of the form Az?(zt — 1), as desired. [
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Corollary 2.3.4. Suppose that I is a non-zero Hopf ideal of H. Then I contains an element
f of the form ™ — 1 for some integer m or agy + arwyz ' + - + apz"yx " + Azt — 1),

where ag, -+ ,an, A € k and ag, a, # 0.
Proof. Just combine Lemma 1.2.7 and Proposition 2.3.3. 0

Corollary 2.3.5. Let K be a pointed Hopf algebra with finite GK-dimension. Ify € K1\ Ky
is a (1, g%)-primitive element for some group-like element g # 1 and integer b, then there
are by, ,bm, B € k and & € kX such that f = boy + bigyg™' + - -+ + bpg™yg™™ € K1\ Ko
and gf = &fg+ By(g® —1).

Proof. First we claim that there are ag, - ,an, A € k with ag # 0,n > 1 such that agy +
argyg~t + -+ ang"yg " + A(g® — 1) = 0. If y is primitive, i.e. ¢® = 1, then the k-linear
space V spanned by {g’yg~" | i € Z} is a subspace of g, the k-linear space spanned by all
primitive elements in K. By the universal property of U(g), the inclusion g < K extends to
an algebra map 7 : U(g) — K. A direct calculation by using the PBW basis of U(g) shows
that 7 is also a coalgebra map. By [Mo, Theorem 5.3.1, Proposition 5.5.3], 7 is injective.
It then follows from [KL, Lemma 3.1] that GKdim U(g) < GKdim K < co. Now we have
dim, V < dimp g = GKdimU(g) < oo. Hence agy + a1gyg~' + -+ + ang"yg™™ = 0, for
some ag, - ,a, € k with ap # 0 and n > 0. If g is torsion with the order n > 2, then
y—g"yg~™ = 0. If g is torsion-free and b # 0, the Hopf subalgebra generated by y and g*!
is a Hopf quotient of F'(b) where b # 0. Now the statement follows from Corollary 2.3.4.
Choose n to be minimal. Since y € K;\Kp, we have n > 1. Let £ be a root of
the polynomial ag + a15 + --- + a,s”, and set by + bys + -+ + by_15" ! = (ap + a1s +
o ans™) /(s — €). Let f = boy 4+ bigygt 4+ - + bp_1g" tyg~ "V, If f € Ky, then
f € P p(K)NKy=k(g" —1). The equality P, »(K) N Ko = k(g" — 1) can be verified by
straight calculation since Ky is spanned by group-like elements. Hence f = ~(g” — 1) for
some vy € k, which contradicts the minimality of n. As a consequence, f € K\ Ky. It is
easy to check that gfg~' —&f +B(g® —1) = 0 for some 3 € k. This completes the proof. [

2.4 Main Theorem

This section is devoted to the proof of the main theorem (Theorem 2.4.10). We also explain

why the theorem fails if some of the conditions are weakened.

Lemma 2.4.1. Let H be a noetherian prime Hopf algebra of GK-dimension 2. Suppose
that m: H — K is a Hopf algebra projection to a domain K. If K is neither cosemisimple

nor connected, then 7 is an isomorphism.

Proof. If 7 is not an isomorphism, then I := kerm # 0. By Goldie’s Theorem, the ideal
I contains a regular element. By [KL, Proposition 3.15], GKdim K < GKdimH — 1 = 1.
Since there is no algebra with GK-dimension strictly between 0 and 1, GKdim K = 0 or 1.
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By assumption, K is not finite-dimensional, so GKdim K = 1. By [GZ2, Lemma 4.5], K is
commutative. Hence K is a commutative Hopf domain with GKdim K = 1. But by [GZ2,
Proposition 2.1], K is either a group algebra or an enveloping algebra. Hence K is either

cosemisimple or connected, which contradicts the assumption. ]

The next three lemmas are known. However, I am not able to locate them in literature

and thus the proofs are included.

Lemma 2.4.2. Let G be a finitely generated group which acts on a finitely generated k-
algebra A. Suppose that there is a finite-dimensional generating k-subspace W of A such
that W contains 1 and is stable under the action of G. Then

GKdim A x G = GKdim A + GKdim k[G],
where A x G is the skew group algebra.

Proof. 1t suffices to assume that both GKdim A and GKdim k[G] are finite. By [KL, The-
orem 11.1], G has a nilpotent normal subgroup N with finite index. By Schreier’s lemma,
N is finitely generated. By [KL, Proposition 5.5, GKdim A * G = GKdim A x N and
GKdim k[G] = GKdim k[N]. Hence by replacing G with N, we can assume G is finitely
generated nilpotent.

Suppose that the group G is generated by the set S = {g1,92, - ,9m}. Let gs(n) be
the number of distinct group elements that can be expressed as words of length < n in the
specified generators and their inverses. Without loss of generality, we can assume that S
is closed under inversion. By the definition of GK-dimension and that of group algebras,
GKdim k[G] = limsuplog, gs(n). Moreover, if GKdimk[G] < oo, then GKdim k[G] =
7}1_)120 log,, gs(n) (SZ:([)%L, Theorem 11.14]). Let V. =W +Wgy +-- -+ Wgp,. It is clear that
V is finite-dimensional and generates A x G.

First, we prove that GKdim A « G > GKdim A + GKdim k[G]. Notice that

anfz C (W + ng +---+ ng)Qn = V2n’

where f; runs through all words of length < n. So gg(n) - dim W" < dim V2", It then
follows that
GKdim A + GKdim k[G] = lim sup log,, W™ + li_)m log,, gs(n)
n—00 n—0o0

= limsuplog, (gs(n) - dim W™)

n—o0

< limsup dim V?" < GKdim 4 * G.

n—oo

For the other direction, notice that

(WH+Wgi+-+Wgn)" C > W,
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where f; runs through all words of length < n. Here we use the fact that g;W = Wg; for
any j. As a consequence, dim V" < gg(n) - dim W™. Therefore,

GKdim A * G = limsup log,, dim V" < limsuplog,, (gs(n) - dim W™)

n—o0 n—oo

< limsuplog, W" + lim log, gs(n)
n—oo

n—oo

= GKdim A + GKdim k[G].
This completes the proof. ]

Lemma 2.4.3. Let G be a group and N a finite normal subgroup of G. Then
GKdim k[G] = GKdim k[G/N].

Proof. Notice that there is a surjective algebra map k|G| — k[G/N]. By [KL, Lemma 3.1],
GKdim k[G] > GKdim k[G/N]. Now we prove the other direction. Denote G/N by G and
E[N] by A. By [Mo, Example 7.1.6],

KIG) = A#,k[C,

where o : k[G] ® k[G] — A is a cocycle. The multiplication on A#,k[G] is given by

(a#q) (b#h) = alg.b)o(g. h)#gh, (E24.3.1)

where a,b € N and ¢g,h € G. Here ¢.b is the image of ¢ ® b under a certain k-linear map
k[G) @ A — A (see [Mo, §7.1] for details). For a € A and g € G, we can identify them in
A#,k[G] with a#1 and 14g, respectively.

Let V' be any finite-dimensional subspace of A#,k[G]. Then it is easy to see that
V C A+ Agy + -+ + Agy, for some g1, ,gm € G. Denote the set {g1,92, -+ ,gm} by S
and let gg(n) be as defined in the previous lemma. Notice that g;A C Ag; by (E2.4.3.1).

As a consequence,

V" C(A+ Agi+ -+ Agm)" C Y _Afi,

where f; runs through all words of length < n in G. Therefore,

limsup log,, dim V" < limsup log,,(gs(n) - dim A)

n—oo n—oo

= limsuplog,, gs(n)
n—oo

< GKdim k[G).

Hence GKdim k[G] < GKdim k[G], as desired. O
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It seems that Lemma 2.4.3 is a corollary to Lemma 2.4.2. However, there is some slight
difference since we need to take the cocycle o into consideration. In fact, as we can see in
the proof, the cocycle does not contribute to the GK-dimension because N is finite. One
might ask whether GKdim k[G] = GKdim k[N] + GKdim k[G/N] if N is not finite. The

answer is negative (see Example 2.4.14).

Lemma 2.4.4. Let G be a totally ordered group acting on a prime ring A. Then the skew

group ring B = A x G is also prime.

Proof. For any non-zero elements r,s € B, we need to show rBs # 0. Note that B is
G-graded. Let ag and cf be the leading terms of r and s respectively, where a,c € A and
g, f € G. Since A is prime, there exists b € A such that abc # 0. Then

-1 _
(ag) (09 g ) (cf) = abef £0.
Hence r(bgflgfl)s # 0, which completes the proof. O

Now we are ready to prove the main theorem of this chapter. We start with the case
when H is pointed and cosemisimple, i.e. H = k[G] for some group G. Before proving the
proposition, we list some well-known facts about groups below.

For a group GG, we have the upper central series
{1} = Z()(G) C Zl(G) C ZQ(G) - C Zz(G) C ey

where Z;11(G)/Z;(G) is the center of G/Z;(G). If Z,_1(G) € Z,(G) = G for some r, then

G is called a nilpotent group of nilpotency class 7.

Lemma 2.4.5. Let G be a nilpotent group. Then the following statements are true.
(1) Ewery subgroup of G is nilpotent.
(2) The elements of finite order form a normal subgroup T' such that G /T is torsion-free.
(3) If G is finitely generated, then every subgroup of G is also finitely generated.

(4) The group G is finite if it is generated by a finite number of elements each having

finite order.
(5) If G is torsion-free, then G/Z;(G) is torsion-free for each i > 0.

Proof. The first statement is easy. Statements (2), (3), (4) and (5) are [Ma, Theorem 9.16],
[Ma, Corollary 9.18], [Ma, Theorem 9.17] and [E, Lemma 8.2.3] respectively. O

Proposition 2.4.6. Let G be a group. If 2 < GKdimk[G] < oo, then G has a subgroup

isomorphic to Z>.
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Proof. By the definition of GK-dimension,

GKdim k[G] = sup GKdim B,
B

where B runs through all finitely generated subalgebra of k[G]. It is easy to see that every
finitely generated subalgebra B of k[G] is contained in some k[L] where L is a finitely
generated subgroup of G. Hence

GKdim k[G] = sup GKdim k[L],
L

where L runs through all finitely generated subgroups of G. By [KL, Theorem 11.1, 11.14],
GKdim k[L] must be an integer. So there is a finitely generated subgroup N of G such that
GKdim k[N] = GKdim k[G]. Now by [KL, Theorem 11.1], N is nilpotent by finite, which
means that N has a nilpotent subgroup P with [V : P] < oco. Then by [KL, Proposition
5.5], GKdim k[P] = GKdim k[N]. Also, by the same argument above, we can assume that
P is finitely generated. Therefore by replacing G with P, we can assume that G is finitely
generated nilpotent.

First, we deal with the case that G is torsion-free. If the nilpotency class r =1, i.e. G
is abelian, then G must be a torsion-free abelian group of rank > 2. Let IV be a subgroup
of G with rank 2, then N = Z2. If G has nilpotency class 7 > 2. Choose h € G\ Z1(G).
By Lemma 2.4.5 part (5), (h) N Z1(G) = {1}. Let g € Z1(G) \ {1}. Then by the choice of
h, the subgroup N generated by ¢ and h is isomorphic to Z2.

For the general case, let T" be the set of torsion elements in G. By Lemma 2.4.5, T
is a finite normal subgroup of G and G/T is torsion-free. By Lemma 2.4.3, we see that
GKdim k[G/T] = GKdimk[G]. Now by the torsion-free case, there is a subgroup B of
G such that B/T = 7Z?. By [E, Lemma 8.2.4], B has an abelian subgroup N such that
[B : N] < co. Then GKdim k[N] = GKdim k[B] = GKdim k[B/T] = 2, by [KL, Proposition
5.5] and Lemma 2.4.2. Hence N is an abelian group of rank 2, which means that it has a

subgroup isomorphic to Z?. This completes the proof. O

Next we will deal with the case when H is a connected Hopf algebra. Before that, we
need a lemma on the existence of 2-dimensional Lie subalgebra of a finite-dimensional Lie

algebra.

Lemma 2.4.7. Let g be a finite-dimensional Lie algebra. If dimg g > 2, then g has a Lie

subalgebra of dimension 2.

Proof. 1f g is nilpotent, by [H, 3.2, Proposition], the center of g is non-zero. Choose a
non-zero element z in the center and another element y which is not a scalar multiple of z.
Then the subspace of g spanned by z and y is a 2-dimensional Lie subalgebra.

If g is not nilpotent, by Engel’s Theorem, there exists an element x which is not ad-
nilpotent. Hence the linear map ad x has a non-zero eigenvalue A with eigenvector y. Then

the k-linear span of x and y is the desired Lie subalgebra. ]
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Proposition 2.4.8. Let H be a connected Hopf algebra. If 2 < GKdim H < oo, then H

contains a Hopf subalgebra isomorphic to U(h), where h is a 2-dimensional Lie algebra.

Proof. Let K be the Hopf subalgebra generated by P(H), the set of primitive elements in
H. By [Mo, Theorem 5.6.5], K =2 U(g), where g = P(H). First we claim that dimy g > 2.

If dimg g = 1, then K = k[y], the polynomial ring of one-variable, as Hopf algebras.
Obviously, K C H since they have different GK-dimensions. Let m be the smallest number
such that K,, C H,,. By the construction of K, we have m > 2. Choose z € H,,\ K;,,. By

[Mo, Lemma 5.3.2] and its proof, we can assume that

Az)=1®z24+ 201+ w,

where w € Z Hy—i ® H; = Z K,,—i ® K;. Moreover, by replacing z with z — €(2) - 1,
i=1
we can assume €(z) = 0. Notlce that K = k[y] is coradically graded with the usual grading

and therefore K, is spanned by all polynomials in y of degree < n. Also, the grading on K
induces a grading on K®¢ by setting deg fi @ fo @ --- ® fr = deg fi1 + - - - + deg fy. Hence we

can write
S gy ey

i+j<m
By the counit axiom,
r=Id®)A(Z) =2+ vy,
i<m
z = (e®Id)A _Z+Z(103y
j<m

Hence ajp = 0 and ag; = 0 for any ,j < m.
If m = 2, then
Alz)=1®z+ 2@ 14+ a1y ®y,

Let 2/ = 2z — %yg. Then 2’ € Hy\ K> by the choice of z. But a direct calculation shows
that

AZ)Y=1®7 +7®1.

So #/ € H; = K1, which is a contradiction.

Now assume that m > 3. As defined in Section 1.3, we have
N:H—->H®H and . H9H>H®H®H

by O'(c) =1®c—Alc)+c®1and 0*(c®d) =1®c®d—Alc) @d+c@A(d) —c®d® 1
for any ¢,d € H. Since QH is a complex, 9% 0 9* = 0. Hence 9?(w) = 0.

Let u = > ocijyi ® 17. Notice that the map 0%, when restricted from K ® K to
i+j=m
K ® K ® K, preserves the grading. Therefore 0?(u) = 0. Also, by replacing z with z — By™,
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where 8 = am_m/m, we can assume that a,,—1,1 = 0. Now,
m—1
82 (U,) ZBZ(Z Oém_m‘ymil ® y’)
i=2
m—1 m—1
=1® Z -y @Y — Z i AY™ ") @y
i=2 1=2
m—1 m—1
+ Y iy T OAWY) = Y a0y @1
i=2 i=2

m—1m—i—1 m—i o 4 4 m—1 1 i ) o '
=2 % (" T even s K anu(j)ytevow.
i=2  j=0

J i=2 j=1

Since 9?(u) = 0, by comparing the coefficients of the terms y™ ! ® 3'~! ® y, we see that
m—ii=0fori=2,---,m—1. It then follows that

Alz)=1®z+2®1+ Z iyt @yl
i T

But this implies that A(z) € Hy® H+ H ® Hy,—9, i.e. z € Hy—1 = Ky,—1, which is a
contradiction.

Now K = U(g) where g is a finite-dimensional Lie algebra and dimg g > 2. By Lemma
2.4.7, g has a 2-dimensional Lie subalgebra h. Then U (h) is a Hopf subalgebra of K = U(g),
and thus a Hopf subalgebra of H. This completes the proof. O

Finally, we have to handle the case when H is neither cosemisimple nor connected.

Lemma 2.4.9. Let H be a pointed Hopf algebra with finite GK-dimension. If H is a domain
and is not connected, not cosemisimple, then H contains a Hopf subalgebra isomorphic to
either A(b,€&) or C(b+ 1) for some integer b and £ € k*.

Proof. Since H is not cosemisimple, by [Mo, 5.4.1], we can find g,y € H such that g is group-
like and y ¢ Hy is (1, g°)-primitive for some integer b. Notice that g is torsion-free since H is
a domain. Moreover, we can choose g # 1 since H is not connected. By Corollary 2.3.5, there
are by, -+ , by, B € k and &€ € kX such that f = boy + bigyg™' + - -+ + bpg™yg™™ € Hi\Hy
and gf =¢fg+ Bg(g® — 1).

Let K be the Hopf subalgebra generated by f and g*'. By construction, K is neither
cosemisimple nor connected. If £ # 1, by replacing f with f/ = f — %(gb — 1), we have
gf' = &f'g. Hence K is a Hopf quotient of A(b,€). If £ = 1 and 8 # 0, by replacing f
with f/ = 871 f, we have gf’ = f'g + g(g® — 1), which means that K is a Hopf quotient of
C(b+1). If 8 =0, K is a Hopf quotient of A(b,£). In all the above cases, we can apply
Lemma 2.4.1, which yields that K = A(b,§) or K 2 C(b+1). O
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Combining the previous lemmas together, we have the main theorem of this chapter.

Theorem 2.4.10. Let H be a pointed Hopf algebra over an algebraically closed field k of
characteristic 0. If 2 < GKdim H < oo and H is a domain, then H contains a Hopf

subalgebra of GK-dimension 2. To be precise,

(1) If GKdim k[G] = 0, where G = G(H), then H contains a Hopf subalgebra isomorphic

to U(h), where h is a 2-dimensional Lie algebra.
(2) If GKdim k[G] > 2, then H contains a Hopf subalgebra isomorphic to kZ2.

(3) If H1 2 Hy = k[G] and GKdim k[G] > 1, then H contains a Hopf subalgebra isomor-
phic to either A(b,§) or C(b+ 1) for some integer b and & € k*.

Proof. Since GKdim H < oo, we have GKdim k[G] < oc.

If GKdim k[G] = 0, then by assumption, G is trivial. Hence H is connected. By Propo-
sition 2.4.8, H contains a Hopf subalgebra isomorphic to U(h), where h is a 2-dimensional
Lie algebra.

If GKdimk[G] > 2, then by Proposition 2.4.6, k[G], and thus H, contains a Hopf
subalgebra isomorphic to kZ?2.

Part (3) follows from Lemma 2.4.9. O

Remark 2.4.11. It seems that in Theorem 2.4.10, if the condition that H is a domain is
dropped, we can still find Hopf subalgebra of GK-dimension 2. By Proposition 2.4.6 and
Proposition 2.4.8, this is true if H is either a group algebra or connected. However, we still

do not know how to deal with the case when H is neither a group algebra nor connected.

One might ask whether Lemma 2.4.9 still holds if H is a prime ring instead of a domain.

The answer is negative as shown in the following example.

Example 2.4.12. Let E = k(xoﬂ, oy | yz + oy = 0,97 = 2 — 1, vx; — xja; = 0).
Then E has a Hopf algebra structure under which z; is goup-like for ¢ = 0,1,--- ,n and
y is (1, z)-primitive. Denote this Hopf algebra by E(n). It is easy to check that E(n) is
not connected, not cosemisimple. Notice that E(n) has a basis consisting of elements of the
form x(? - - - 2iny¢, where € is either 0 or 1. Since y° € F(n)1, the element x{ - - - ziny® is in
E(n); as well. Hence, E(n) = E(n);. By [Mo, Lemma 5.2.12], every Hopf subalgebra H
of E(n) has H = H;. However, for D = A(b,£) or C(b+ 1), it is easy to find elements in
Dy\D;. So E(n) has no Hopf subalgebra isomorphic to either A(b,§) or C(b+ 1).

If n = 0, the statement follows from [Li, Lemma 2.3 and 2.6]. If n > 1, then there is
a Hopf projection from E(n) to H = k[z}',--- 2! = k[Z"]. Hence by [Mo, Proposition
7.2.3], E(n) = A#H, where A = E(n)®H. In fact, A is the subalgebra of E(n) generated by
y and :(:3:1. So A is a Hopf subalgebra isomorphic to E(0), which is prime of GK-dimension
1. Then it follows from Lemma 2.4.2 and 2.4.4 that E(n) is prime with GKdim F(n) = n+1.
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The next example shows that Theorem 2.4.10 fails if the Hopf algebra H is not pointed.

Example 2.4.13. Let H be O(SLa(k)), the coordinate ring of the algebraic group SLa(k).
It is well-known that H has a 4-dimensional simple subcoalgebra, so H is not pointed. By
[BG2, Theorem 1.2.10], H is a noetherian domain. Also, GKdim H = 3 by [LS, Corollary].

Now, H is a commutative noetherian domain of GK-dimension 3. Moreover, by [Mo,
§2.4], H is cosemisimple. So any subcoalgebra of H is also cosemisimple by [Mo, Lemma
5.2.12]. If H has a Hopf subalgebra K of GK-dimension 2, then by [GZ2, Proposition 2.3],
K must be isomorphic to an enveloping algebra U(g), where g is 2-dimensional abelian, or
a group algebra kI', where I' is free abelian of rank 2, or a Hopf algebra A(b,1) for some
nonnegative integer b. Since U(g) and A(b, 1) are not cosemisimple, K is of the form kT
But the only invertible elements in H are just non-zero scalars. Therefore, H has no Hopf

subalgebras of GK-dimension 2.

Another question is whether a Hopf algebra with GK-dimension > 3 contains a Hopf
subalgebra of GK-dimension three. The answer is negative. In fact, this statement is not

even true for group algebras, as shown in the following example.

Example 2.4.14. Let G be the free nilpotent group of class 2 on generators x and y. Thus,
if we write z := [z, y], then

[z, 2] = [y, 2] = 1.

It is easy to check that Gi = Z(G) = (z). By [KL, Theorem 11.14], GKdim k[G] = 4. By

construction, G/Gq = Z2. Hence
GKdim k[G1] + GKdim k[G/G1] = 3 < 4 = GKdim k[G],

which gives a negative answer to the question given after Lemma 2.4.3.

Notice that every Hopf subalgebra of k[G] must be of the form k[L] where L is a subgroup
of G. Therefore, to show k[G] has no Hopf subalgebra of GK-dimension three, we only need
to show that G has no subgroup of cubic growth. Suppose to the contrary that N is a
subgroup of G with cubic growth.

If N has nilpotency class 1, then N must be a finitely generated torsion-free abelian

group of rank 3, i.e. N = Z3. Notice that we have an exact sequence of groups,
1-NNGy —-N—=N/NNnG; — 1.

If NNGy = {1}, then N embeds in G/G;, which is impossible since G/G; has only rank
2. Hence N N Gy has rank 1, which implies that N/N N Gy has rank 2 and G1/N NGy =
(N + G1)/N is finite. By considering the exact sequence

1—>N/NﬁG1—>G/G1—>G/(N+G1)—>1,
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we see that G/(N+@G1) is also finite. It follows that G/N is finite. Then by [KL, Proposition
5.5], GKdim k[G] = GKdim k[N], which is a contradiction.

Now suppose N has nilpotency class 2. Then Nj is a non-trivial subgroup of Gy, so it
must have rank 1. By [KL, Theorem 11.14], N/N; has rank 1. Choose w € N\N; such
that the image of w in N/Nj is torsion-free. Denote (w, N1) by P, then N/P is finite. On
the other hand, w commutes with Ni. Hence by construction, P is abelian of rank 2. Now
GKdim N = GKdim P = 2 since N/P is finite. But this again is a contradiction.
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Chapter 3

PROPERTIES OF POINTED HOPF ALGEBRAS OF FINITE
GELFAND-KIRILLOV DIMENSION

3.1 Introduction

It is well known that every Hopf algebra H has a coradical filtration {H,}5°,. If H is
pointed with group-like elements GG, then the associated graded algebra of H with respect
to the filtration {H,}2°  is a graded Hopf algebra, which we denote by gr H. The structure
of gr H is relatively easier in the sense that it has a nice decomposition gr H = R#kG,
where R is a certain graded subalgebra of gr H (see [R2, Theorem 3]). In the first part of
this chapter, we clarify the behavior of the GK-dimension of a pointed Hopf algebra under

taking associated graded algebra. In fact, we prove the following Theorem.

Theorem 3.1.1 (Theorem 3.4.4). Retain the above notation. If R is finitely generated,
then

GKdim R + GKdim kG = GKdim gr H = GKdim H.

The first equality follows from Lemma 3.4.2, which is a generalized version of Lemma
3.4.2. The proof of the second equality depends heavily on Takeuchi’s construction of free
Hopf algebras, which we will review briefly in Section 3.2.

An interesting phenomenon is that the GK-dimension of every known Hopf algebra is
either infinity or a non-negative integer. So it is tempting to conjecture that this is always
true for any Hopf algebra. As positive evidence for this conjecture, we prove in Theorem
3.5.10 that the GK-dimension of a connected Hopf algebra over an algebraically closed
field of characteristic zero is either infinity or a non-negative integer. This is basically a

consequence of Theorem 3.4.4 and the following result.

Theorem 3.1.2 (Proposition 3.5.5). Let K be a connected coradically graded Hopf algebra
and assume that the base field k is algebraically closed of characteristic 0. If K is finitely
generated, then K is isomorphic to the polynomial ring in £ variables for some £ > 0 as

algebras.

For the definition of coradically graded Hopf algebras, one can refer to Definition 1.4.4.
Notice that if H is a connected Hopf algebra, then gr H is a connected coradically graded
Hopf algebra (see Remark 1.4.5).

In the last two sections, with the help of the results from previous sections, we classify

connected Hopf algebras of GK-dimension three over an algebraically closed field of char-
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acteristic zero. The result can be stated as follows. Recall that we use P(H) to denote the

space of primitive elements of H.

Theorem 3.1.3 (Theorem 3.6.8). Let H be a connected Hopf algebra of GK-dimension
three (over an algebraically closed field of characteristic 0). Then H is isomorphic to one
of the following:

(I) The enveloping algebra U(g) for some three-dimensional Lie algebra g;

(IT) The Hopf algebras A(0,0,0), A(0,0,1), A(1,1,1) or A(1,X,0) from Example 3.6.1 for
some X € k;

(ITIT) The Hopf algebras B(\) from Ezample 3.6.2 for some X\ € k.

3.2 Takeuchi’s construction of free Hopf alegbras

In [T2], Takeuchi proved that for any coalgebra C' there exists a Hopf algebra #H(C') char-

acterized by the following universal property:

(1) There is a coalgebra map i : C' — H(C),

(2) For any Hopf algebra H and coalgebra map f : C' — H, there is a Hopf algebra map
f':H(C) — H such that f = fi.

The Hopf algebra H(C) is called the free Hopf algebra generated by C' [T2, Definition 1].
Takeuchi showed the existence of H(C') by an explicit construction, which we will describe
briefly.

Let V = @2, Vi where V; = C'if i is even and V; = C°? if i is odd. Notice that V has a
natural coalgebra structure. Let S : V' — VP be the coalgebra map sending (zg, z1, z2, - )
to (0,z0, 1, x2,---). Then S induces a bialgebra map S : T(V) — T'(V)°P°P. Let I be the
two-sided ideal of T'(V') generated by the set

{S*Id(z) —e(x)l|z eV} U{Id* S(z) —e(x)l|z e VY,

where * represents the convolution and 1 is the identity in 7(V'). Moreover, I is a coideal
and S(I) C I. By [T2, Lemma 1], the Hopf algebra T'(V')/I, with the antipode induced
from the map S, is the universal object H(C').

Takeuchi’s construction generalizes the notion of a free group generated by a set in the

following sense.

Proposition 3.2.1 ([T2, Lemma 34]). H(kG(C)) = k(G(C)), where (G(C)) is the free
group generated by the set G(C).
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Let C be a coalgebra with coradical Cy and let C' = Cy @ V be a decomposition of C
as a k-space. Then H(C') can be realized by giving a natural Hopf structure on the algebra
H(Co) I T(V) [T2, §6], where II denotes the coproduct in the category of algebras. Now
the canonical coalgebra map i : C'— H(C') can be identified with the map induced by maps
Co — H(Cp) and V — T (V). By this characterization, we have

Lemma 3.2.2 ([T2, Theorem 35]). Suppose that C is a pointed coalgebra and G(C)U B
is a k-basis for C. Let X = G(C)UG(C)"*UB and let Y be the set of finite sequences
(x1,--- ,x,) of elements of X such that (z;,x;41) is not of the form (g%, g¥') where g €
G(C). Set

i3

x1-xy € H(C) forz = (21, ,zp) €Y,

where by abuse of notation we still use x; for its image in H(C) under the canonical map

i:C —H(C). Then {xT|x €Y} forms a k-basis for H(C').

Now we are able to prove the following proposition, which determines the coradical of
H(C') when C is pointed. For a given k-subspace W of an algebra R and any n > 1, let W"
denote the k-subspace of R spanned by products of < n elements in W.

Proposition 3.2.3. Let C be a pointed coalgebra. For any n > 1. Then the following

statements are true.

(I) the Hopf algebra H(C') is pointed and the coradical of H(C) is equal to the subalgebra
generated by G(C') and their inverses, which is isomorphic to k(G(C)).

(IT) for any n > 1, C™ is a subcoalgebra of H(C) and any element in G(C™) can be

expressed as a product of < n elements in G(C).

Proof. Denote H(C) by H. It is clear that the subalgebra of H generated by G(C') and their
inverses is contained in Hy. By Lemma 3.2.2, this subalgebra is isomorphic to k(G(C)).

Choose a subset B of C such that B = |J;2; B; and G(C)UB1J---U B, is a k-basis
of Cy, for any n. Let V be the k-space spanned by B. By [T2, §6], H = k(G(C)) LI T(V)
as an algebra. Hence we can define a grading on H by setting degg = 0 for any g € G(C)
and degb; = i for any b; € B;. Under this grading, H becomes a graded algebra (but
not necessarily a graded coalgebra) and C' is a graded subspace of H. Let H(n) be the
k-subspace of H spanned by homogeneous elements of degree n.

Now, fix a basis of H described in Lemma 3.2.2 with the chosen set B. Then this is a
basis consisting of homogeneous elements with respect to the grading defined above. For any
m >0, let Ap, = > " H (7). It is clear that { Ay, }rm>0 is an algebra filtration on H and Ay is
exactly the subalgebra of H generated by G(C') and their inverses. Moreover, by the choice
of B, we have C,,, C A,, for any m > 0. Let T = x1 - - - x,, be as in Lemma 3.2.2 and suppose
that z; € B;; (here we set By = G(C)|JG(C)™"). Then by definition A,, is spanned by =
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such that ;4; < m. Pick such an T € Ap,. Notice that A(Z) = A(z1)--- A(zy) and for
each j, A(w;) C >, Ct®Cj; ¢ C ), A ® Aj; 4. As a consequence,

A@E) €Y A® Amy.
t

This shows that {A, }m>0 is also a coalgebra filtration. By [Mo, Lemma 5.3.4], Hy C Ap.
This proves the first statement.

For the second statement, it is easy to check that C™ is a subcoalgebra of H. As
mentioned before, C' is a graded k-subspace of H. This means that C' = @;°, C(i) where
C(i) =C(H(i). Now G(C") =C"(G(H) C C"(H(0). Since C is a graded k-subspace
of H, C"(YH(0) = C(0)". Notice that C(0) is spanned by G(C). Hence every element
in G(C™) can be expressed as a linear combination with each summand a scalar multiple
of a product of < n elements in G(C). Since distinct group-like elements are k-linearly
independent by [Sw, 3.2.1], every element in G(C™) is actually a product of < n elements
in G(C). O

Remark 3.2.4. Suppose that C' = @;°,C(i) is a pointed graded coalgebra such that
C(0) = Cp. Now C has a canonical decomposition C' = Cy & V, where V. = @32, C(i).
Then by the construction of the comultiplication and the antipode on H(Cp) II T'(V) in
[T2, Lemma 26, Lemma 27], H(C) = H(Cy) I T (V) becomes a graded Hopf algebra, where
elements in H(Cp) have degree 0 and the grading on T'(V) is inherited from V. It is clear
that the canonical inclusion i : C' — H(C) becomes a graded coalgebra map. Moreover, if
there is a graded coalgebra map f from C' to a graded Hopf algebra H, then the lifting Hopf
algebra map f’: H(C) — H is also graded.

Corollary 3.2.5. Let H be a pointed Hopf algebra. Then every finite-dimensional subspace
V of H is contained in a finitely generated Hopf subalgebra. Moreover, if D is a finite-
dimensional subcoalgebra of H with group-like elements G(D), then elements in G(D™) can

be expressed as products of < n elements in G(D).

Proof. Since V is contained in a finite-dimensional subcoalgebra of H, we can assume V = D
is a finite-dimensional subcoalgebra. Let C be a copy of D as coalgebras. Then there is an
injective coalgebra map f : C'— H whose image is D. By the universal property of H(C),
there is a Hopf algebra map f’' : H(C') — H such that f = f’i, where ¢ is the inclusion
C — H(C). (Notice here if we do not introduce a copy C of D, then by writing D we could
mean either a subcoalgebra of H or a subcoalgebra of H (D), which may cause confusion in
the proof). By Lemma 3.2.2, H(C) is a finitely generated algebra. By construction, D is
contained in f'(H(C')). This proves the first claim.

Let S = {g1,---,9g¢} be the set of group-like elements of C. Then {f(g1), -+, f(g¢)}
is the set of group-like elements of D. Notice that C™ is a subcoalgebra of H(C). By (II)

of Proposition 3.2.3, every group-like element of C™ can be expressed as a product of < n
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elements in S. Since C™ is mapped onto D" by f’, we have G(D™) = f'(G(C™)) by [Mo,
Corollary 5.3.5]. The result then follows. O

Corollary 3.2.6. Let H be a finitely generated pointed Hopf algebra. Then Hy is a finitely
generated algebra. In fact, if D is a finite-dimensional subcoalgebra of H that generates H

as an algebra, then Hy is generated by G(D).

Proof. Since every finite-dimensional subspace of H is contained in a finite-dimensional
subcoalgebra by [Mo, 5.1.1], we can assume that H is generated as an algebra by a finite-
dimensional subcoalgebra D. By assumption Hj is spanned by G(H). For any g € G(H),
there exists some n such that ¢ € D™. Notice that D™ is a subcoalgebra of H. Hence
g € G(D"). Now the result follows from the second statement of Corollary 3.2.5. O

Remark 3.2.7. Let H = @;°, H(i) be a graded pointed Hopf algebra such that H(0) is
spanned by all group-like elements of H. In this case, every finite-dimensional subspace V'
of H is contained in a finitely generated graded Hopf subalgebra of H. In fact, without
loss of generality, we can assume that V' is a finite-dimensional graded subspace of H. By a
similar argument as in [Mo, Theorem 5.1.1], V' is contained in a finite-dimensional graded
subcoalgebra C' of H. Then the result follows from Remark 3.2.4 and an argument similar
to that of Corollary 3.2.5.

We conclude this section with a proposition regarding the GK-dimension of a pointed

Hopf algebra, which is a direct consequence of Corollary 3.2.5.

Proposition 3.2.8. Let H be a pointed Hopf algebra. Then

GKdim H = sup GKdim F,
E
where the supreme is taken over all finitely generated Hopf subalgebras of H.

3.3 Pointed Hopf algebras and their associated graded Hopf algebras

Throughout this section, let H be a pointed Hopf algebra with group-like elements G. We
use gr H to denote the associated graded Hopf algebra of H with respect to the coradical
filtration. There is a canonical Hopf projection ¢ : gr H — Hp. Let R = (gr H)¥ | the
algebra of coinvariants of ¢ [AS2, 1.5]. By definition R is a graded subalgebra of gr H. In
fact, it is well known that R is a graded braided Hopf algebra in gyD, the Yetter-Drinfeld
category over (G, and

gr H = R#H,, (E3.3.0.1)

as Hopf algebras. Let H(T be the k-space spanned by the elements of the form 1 — g where
g € G. Notice that HH{ is a coideal of H. Denote the coalgebra H/HH, by 6(H) and
the coalgebra projection H — 0(H) by 7g.
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Lemma 3.3.1. Retain the above notation. Then H/H, is a free (right) Ho-module for any
n > 0.

Proof. By [R1, Lemma 1], for any m > 0, Hy,+1/Hp, is a free Hy-module. Hence inductively
i—1
we see that H,,;/H, is a free Hyp-module for any ¢ > 1 and Hy,1;/H, = @ Hptj+1/Hntj
Jj=0
as Ho-modules. As a consequence, H/H,, = @ Hy,j1/H,yj as Ho-modules. The result
Jj=0

then follows. O

Lemma 3.3.2. Retain the above notation and let I = HHJ. Then I N H, = HnHJ for
any n > 0.

Proof. For any n > 0, we have the short exact sequence
0—H,— H— H/H, —0.
Since H/H, is a free Hy-module, the following sequence is exact,
0— H, ®u, k— H®p, k— (H/Hy,) ®p, k — 0.

This shows that the canonical map H,/H,H; — H/I is injective, which implies that
INH,=H,H. O

Let F,, be my(Hy,) C 0(H). Then {F,},>0 becomes a coalgebra filtration on §(H). The

following lemma is clear.

Lemma 3.3.3. Suppose that f : C — D is a surjective coalgebra map and C has a coal-
gebra filtration {An}n>0. Let By, = f(Ay). Then {Bp}n>0 is a coalgebra filtration on D.

Moreover, f induces a surjective graded coalgebra map gr, C — grg D.

By this lemma, we see that there is a surjective graded coalgebra map gr H — grp 0(H)
induced by 7g.

Proposition 3.3.4. Retain the above notation. Then gry 0(H) is isomorphic to 0(gr H) as

graded coalgebras.

Proof. By definition, (gr H) = gr H/(gr H)H;". So we only have to show that the kernel
of the map gr H — grp 6(H) induced by 7y is (gr H)H, . It suffices to prove that for any
n > 0, the canonical map Hy,y1/H, — 7 (Hnt1)/mr(Hy) has kernel (Hpy1/H,)Hy . Let
I = HHSF. It is easy to check that the

H, N (H,+I) H,y1NI+H,

ker(Hpi1/Hy = mp(Hny1)/ma(Hy)) = I7 = 7

By Lemma 3.3.2, Hyp 1 NI = Hn+1HJ. Therefore,

H,.1NI+H, H, 1Hf +H
o SnE0 T (Hy [ Ho) H
H, H,

This completes the proof. ]
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Now we are able to determine the coradical filtration of §(H) by using the following

lemma.

Lemma 3.3.5. Let C be a coalgebra with a coalgebra filtration {F,} such that Fy = Cy. If
the associated graded coalgebra with respect to {F,} is coradically graded, then {F,} agrees
with the coradical filtration of C.

Proof. Denote the associated graded coalgebra with respect to {F,} by grpC. By the
definition of coalgebra filtration and the fact that Fy = Cy, it is easy to see that F,, C Cj,
for any n > 1. If the assertion is not true, then choose n to be minimal such that F,, C C,,.
Pick some element y € C,\ F,,. Then

n n—1
A) € Ci®Cri=Ch@R+F@Ch+ Y Fi®F, (E3.3.5.1)
=0 =1

Suppose y € F;,\F,,—1 for some m > n + 1. Let § be the corresponding non-zero element
in grp C(m). Since grp C is coradically graded, 7 is not in (grp C),;,—1. But by (E3.3.5.1),
7 is in (grp C)1, which is a contradiction. This completes the proof. O

Proposition 3.3.6. The coradical filtration of the coalgebra 0(H) is {mr(Hy)}n>0-

Proof. By Proposition 3.3.4, grp 0(H) = 0(gr H) as coalgebras. By the proof of [R2, Theo-
rem 3], O(gr H) = R as graded coalgebras, where R is defined in (£3.3.0.1). By [AS2, p.15],

R is coradically graded. The result now follows from Lemma 3.3.5. O

3.4 GK-dimensions of H and gr H

This section is devoted to the proof of Theorem 3.4.4. Let H be a pointed Hopf algebra
with group-like elements GG. As mentioned in the previous section, gr H has a decomposition
gr H = R#Hy. By construction, the graded algebra R is connected in the sense that
R(0) = k. So if R is finitely generated as an algebra, then it is locally finite.

Lemma 3.4.1. Retain the above notation. Let D be a graded subcoalgebra of gr H. Then

DcEP P R
)

120 heG(D

Proof. Let y be a non-zero element in D. By assumption we can further assume that y
is homogeneous of degree s. If s = 0, then y € D(0) = kG(D). If s > 1, then by the
decomposition (E3.3.0.1), we can write y = Zf\; 1 Yihi where h;’s are distinct group-like
elements and 0 # y; € R(n). We only need to show that h; € G(D) for any i. Let
¥ gr H — Hgy be the canonical Hopf projection. Then it is obvious that ¢ maps D onto
D(0) = kG(D). Now we have

N

(Id®¥)A(y) = > _yihi ® h; € D @ D(0).
=1
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Hence h; € G(D) by the choice of y; and h;. O

The next lemma is about the GK-dimensions of skew group algebras. It can be viewed
as a generalization of Lemma 2.4.2. Let I' be a group and A an algebra with a left I"-action.
As k-spaces, the skew group algebra A * I' is isomorphic to A ® kI'. The multiplication is
given by

(axg)(bxh)=a(g.b)* gh,

where a,b € A, g,h € I' and a * g stands for a ® g. We will omit the % in a * g if there
is no confusion. We say that the I'-action on A is locally finite if any finite-dimensional

subspace of A is contained in a finite-dimensional I'-submodule of A.

Lemma 3.4.2. Let A and ' be as above and suppose that the I'-action on A is locally finite.
Then
GKdim A x I"' = GKdim A + GKdim £T".

Proof. We say a subalgebra B of A is I'-affine if B is generated as an algebra by a finite-

dimensional I'-submodule of A. It is easy to check by the local finiteness condition that
GKdim A = sup GKdim B,
B
where B runs over all I'-affine subalgebras of A. Next we claim that

GKdim A % I" = sup GKdim B * L,
B,L
where B runs over all I'-affine subalgebras of A and L runs over all finitely generated sub-
groups of I'. In fact, by the definition of the GK-dimension, GKdim A * I" = sup GKdim F,

where the supremum is taken over all finitely generated subalgebras E of A *bi“ Let V be
a finite-dimensional generating subspace of E. Then there exists g1, -+ ,gs € G and some
finite-dimensional subspace W of A such that V. C Wg; + Wgs 4+ --- Wg,. By the local
finiteness condition we can further assume that W is a finite-dimensional I'-submodule of
A.

Let B be the subalgebra of A generated by W and let L be the subgroup of G generated
by g1, ,gs and their inverses. Then it is clear that B is I'-affine and £ C B * L. This

prove the claim. Now,
GKdim A x T" = sup GKdim B * L
B,L

= sup(GKdim B + GKdim kL)
B,L

= sup GKdim B + sup GKdim kL
B L

= GKdim A + GKdim kT".
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The second equality follows from Lemma 3.4.2. For the last equality, one just notices that
GKdim kI' = sup GKdim kL by Proposition 3.2.8. O
L

Recall from [Mo, §5.4] that for g € G,
PrgH) ={zc H|A(z) =r®1+ gz}
Let P ,(H) be a subspace of P 4(H) such that Py 4(H) = k(1 —g) ® P ,(H) and define

Pp(H) = @ P}, (H).
geG

Lemma 3.4.3. Let H be a pointed Hopf algebra. Then the following statements are equiv-

alent.
(1) dimy, Ph(H) < oo,
(11) dimy R(1) < oo,
(II1) the graded algebra R is locally finite,

(IV) the coalgebra O(H) is coradically finite.

Proof. By [Mo, Theorem 5.4.1(1)] and the definition of R, P;.(H) = R(1) as k-spaces. Hence
(I) and (II) are equivalent. Since R is a coradically graded coalgebra and R(0) = k, the
equivalence of (II) and (III) follows from [MS, Lemma 2.3 (2)]. As shown in the proof of
Theorem 3.4.4, dimy, 7y (H,) = dimy Y ;- | R(i). By Proposition 3.3.6, {mg(Hy)}n>0 is the
coradical filtration of §(H ). This shows that (III) and (IV) are equivalent. O

Now we are ready to prove the main theorem of this section.

Theorem 3.4.4. Retain the above notation. Suppose that dimy R(1) < co. Then
GKdim R + GKdim kG = GKdim gr H < GKdim H < GKdim kG + v, (E3.4.4.1)

where v = lim log,, dimy 75 (H,) = lim log, dimy @, R(i). If R is a finitely generated
n—oo n—oo
algebra, then

GKdim R + GKdim kG = GKdim gr H = GKdim H = GKdim kG + 7. (E3.4.4.2)

Proof. Let V,, = @, R(i). By Lemma 3.4.3, V,, is finite-dimensional for any n. Also,
{Vn}n>0 is the coradical filtration of R since R is a coradically graded coalgebra. On the
other hand, R = 6(gr H) as graded coalgebras. It then follows from Proposition 3.3.4 and
Proposition 3.3.6 that V,, & 7y (H,) as k-spaces. As a consequence, the number ~ is well
defined.
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It is well known that R#kG is just R x G as algebras. Moreover, the G-action on R
preserves the grading. Since every finite-dimensional subspace V of R is contain in Vj
for some s > 0, we see that the G-action on R is locally finite. Now by Lemma 3.4.2,
GKdim R + GKdim kG = GKdimgr H. By [KL, Lemma 6.5], GKdimgr H < GKdim H.
Next we are going to show that GKdim H < GKdim kG + ~.

Now let C' be a finite-dimensional subspace of H. Without loss of generality, we can
assume that C is a subcoalgebra of H. Let S = G(C). By the choice of C, the set S is
finite. Denote by Gg(¢) the set of elements in G that can be expressed as products of < /¢
elements in S U S™! and let gs(¢) = |Gs(£)|. By Corollary 3.2.5, G(C*) C Gs(£). Suppose
that C C Hy for some N > 1. Then C" C H,yn. Let D = grC", the associated graded
coalgebra of C™ with respect to its coradical filtration. Notice that D is naturally embedded
in gr H. Since G(D) can be identified with G(C™), we have G(D) C Ggs(n).

Now by Lemma 3.4.1, we have

Dc@ p r

1=0 heG(D)
= @ Vinhc G Vanh
heG(D) heGs(n)

As a consequence,
dimy C" = dimy, D < dimy, Vv - gs(n).

Therefore,
lim log, dim; C" < lim log,, dimy V,,n - gs(n)
n—o0 n—oo
< lim log, dimy V,,n + lim log, gs(n)
n—00 n—oo
< lim log, dimy V,, + lim log, gs(n)
n—o0 n—0o0
< v+ GKdim kG.

This proves (E3.4.4.1).
When R is finitely generated, by [KL, Proposition 6.6], GKdim R = h_)Tn log,, dimy V;, =
n oo
. Combining this fact with (E3.4.4.1), we have (E3.4.4.2). O

Remark 3.4.5. In Theorem 3.4.4, if we further assume that G is a finite group, then
{Hp}n>0 is a finite filtration in the sense that dimy H, < oo for any n > 0. This is true
because H,/H,—1 = R(n) ® kG as k-spaces for all n. In this case, the result GKdim gr H =
GKdim H follows from [KL, Proposition 6.6].

Remark 3.4.6. It is easy to check that gr H is finitely generated if and only if both R and
kG are finitely generated. Hence if gr H is finitely generated, then GKdim R+ GKdim kG =
GKdimgr H = GKdim H.
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If H is a finitely generated pointed Hopf algebra, then G is a finitely generated group by
Corollary 3.2.5. However, the finite generation of H does not imply that dimy R(1) < oo,

as shown in the following example.

Example 3.4.7. Let the base field k£ be F,, where p is a prime number. Let H = k[z].
Then H is a connected Hopf algebra where x is primitive. It is well known that gr H &
klzi,xg,---]/(a}, 28, -+) with z; being primitive. As a consequence, GKdimgr H = 0
since every finitely generated subalgebra of gr H is finite-dimensional. On the other hand,
GKdim H = 1.

The above example relies heavily on the assumption that the base field £ has charac-
teristic p. In fact, based on known examples, it is conjectured that if the base field is of
characteristic 0, and H is finitely generated with finite GK-dimension, then R(1) is always
finite-dimensional.

We conclude this section with a straightforward corollary. For the definitions and basic

properties of Yetter-Drinfeld modules and Nichols algebras, a good reference is [AS2].

Corollary 3.4.8. Let H be a pointed Hopf algebra with group-like elements G. If gr H =2
B(V)#kG, where V is a finite-dimensional left Yetter-Drinfeld module over G and B(V') is
the Nichols algebra of V', then

GKdim B(V) + GKdim kG = GKdim gr H = GKdim H.

3.5 Connected Hopf algebras

This section is primarily devoted to the study of connected Hopf algebras. Let H be a
connected Hopf algebra. Then its associated graded Hopf algebra gr H with respect to the
coradical filtration is also connected. Moreover, the natural grading on gr H makes it into
a coradically graded Hopf algebra as mentioned in Section 1.4. In fact, we are able to show
that if the base field is algebraically closed of characteristic 0 and GKdim H < oo, then
GKdim H must be a non-negative integer ¢ and gr H is isomorphic to the polynomial ring
in ¢ variables as algebras (see Proposition 3.5.5 and Theorem 3.5.10). As a consequence,
we derive some ring-theoretic properties of such Hopf algebras. For instance, we show that
they are always domains, which reproves an unpublished result by Le Bruyn.

By [Mo, Lemma 5.2.10], a connected bialgebra is automatically a connected Hopf algebra.

Furthermore, we have the following lemma.

Lemma 3.5.1. Let H be a connected Hopf algebra and K a sub-bialgebra of H. Then K
is a Hopf subalgebra of H.

Proof. Let S be the antipode of H. We need to show that S(K) C K. It suffices to show that
S(K,) C K for any n > 0. When n = 0, the statement is true since K is spanned by the
unit 1. For any n > 1 and ¢ € K, by [Mo, Lemma 5.3.2], A(¢c) =1®c+c® 1+ > a; ®b;,
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where a;,b; € K, 1. Since S is the convolution inverse of the identity map, we have
S(c) + ¢+ > a;S(bj)) = €(c). By induction hypothesis, S(c) € K. This completes the
proof. O

The following technical lemma will be used frequently in the rest of the chapter.

Lemma 3.5.2. Let f : A — B be a surjective algebra map. If A is a Noetherian prime
algebra and GKdim A < GKdim B 4+ 1 < oo, then f is an isomorphism.

Proof. We only have to show that I := ker f is zero. If not, then by Goldie’s theorem, the
ideal I contains a regular element. Now by [KL, Proposition 3.15], GKdim B+1 < GKdim A.

But this is a contradiction. O]

Lemma 3.5.3. Let K = @, , K(n) be a graded Hopf algebra with K(0) = k. Then the

following statements are true.

(I) If K is generated in degree one, then K is cocommutative;

(IT) If K is coradically graded, then K is commutative.

Proof. 1t is easy to check that if a Hopf algebra is generated by elements x such that
A(xz) = 7A(x), where 7 is the twisting map, then the Hopf algebra is cocommutative. Since
K (1) is spanned by primitive elements, the statement (I) is true.

For the second statement, by Remark 3.2.7, we can assume, without loss of generality,
that K is finitely generated and thus locally finite. Let S = @,~, K (n)* be the graded
dual of K. Then S is also a graded Hopf algebra with S(0) = k. By [AS2, Lemma 5.5], S

is generated in degree one and thus cocommutative by (I). Hence K is commutative. O

Notice that for any connected Hopf algebra H, gr H is connected coradically graded.

Hence the following proposition is clear.
Proposition 3.5.4. Let H be a connected Hopf algebra. Then gr H is commutative.

In fact, if the base field is algebraically closed of characteristic 0, we can say more about

the algebra structure of a connected coradically graded Hopf algebra.

Proposition 3.5.5. Let K = @, K (n) be a coradically graded Hopf algebra with K(0) =
k and assume that the base field k is algebraically closed of characteristic 0. If K is finitely
generated, then K is isomorphic to the polynomial ring in £ variables for some £ > 0 as

algebras.

Proof. Since K is finitely generated commutative, K = O(I"), the coordinate ring of some
algebraic group I" over k. Hence K has finite global dimension. Now the result follows from
[NV, II1.2.5]. O
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The previous proposition leads to the following theorem, which is a result by Le Bruyn
(unpublished).

Theorem 3.5.6. Assume that the base field k is algebraically closed of characteristic 0. Let
H be a connected Hopf algebra. Then H is a domain.

Proof. We only need to show that gr H is a domain. By Remark 3.2.7, every finite subset
of gr H is contained in a finitely generated graded Hopf subalgebra of gr H. By Proposition

3.5.5, such subalgebras are domains. The result then follows. O

Remark 3.5.7. In Theorem 3.5.6, the statement fails if the base field is of characteristic p.
For example, let k = F, and H = k[x]/(«P). It is well known that H has a unique connected

Hopf algebra structure under which « is primitive. Obviously, H is not a domain.

Lemma 3.5.8. Assume that the base field k is algebraically closed of characteristic 0. Let
K be a connected coradically graded Hopf algebra and L a finitely generated graded Hopf
subalgebra of K. If L # K, then GKdim K > GKdim L + 1.

Proof. Let N be the smallest number such that L(N) # K(N). Pick y € K(N)\ L(N). By
the choice of N we see that A(y) =1®y+y® 1+ w, where w € @fi}l L(i) ® L(N —1).
Hence the algebra P generated by L and y is a finitely generated graded sub-bialgebra of
K. By Lemma 3.5.1, P is a Hopf subalgebra of K. By replacing K with P, we may assume

that K is also finitely generated. Now we have an exact sequence of Hopf algebras
0—-L—K—H—D0,

in the sense that L is a normal Hopf subalgebra of K and H = K/LTK = K/KL". Since
L # K, the connected Hopf algebra H is not isomorphic to k by [T1, Theorem 4.3] and
therefore GKdim H > 1. By taking the spectrum, we get an exact sequence of algebraic
groups [T1, Theorem 5.2]

1—-T1—TIy—TI3—1.

By [H, 7.4 Proposition B|, dimI'y = dimI'; + dim I's, where dim represents the dimension
of an affine variety. It is well known that for any affine variety X, dim X = GKdim O(X).
Consequently,

GKdim K = GKdim L + GKdim H.

Now the result follows since GKdim H > 1. ]
In next section, we will lift the result to the ungraded case in Lemma 3.6.4.

Lemma 3.5.9. Assume that the base field k is algebraically closed of characteristic 0. Let
K be a connected coradically graded Hopf algebra. Then K has finite GK-dimension if and
only if K is finitely generated.
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Proof. If K is finitely generated, then by Proposition 3.5.5, K has finite GK-dimension.
Now assume that K is not finitely generated. If dimy K(1) = oo, then K has a Hopf
subalgebra isomorphic to U(g), where g := K(1) is an infinite-dimensional Lie algebra.
Hence GKdim K = oco. Now assume that dimy K (1) < oo. It suffices to show that there is
a chain of Hopf subalgebras K1) ¢ K c ... such that GKdim K® + 1 < GKdim K+1),
Let K be the subalgebra generated by K (1). Then K (1) is a finitely generated graded
Hopf subalgebra of K. Since K!) C K by assumption, there is some homogeneous element
y € K\ KU such that A(y) = 1@y +y® 14w where w € (KW)* @ (KW)*. Let K?) be
the subalgebra generated by K1) and y. It is obvious that K2 is again a finitely generated
graded Hopf subalgebra. By Lemma 3.5.8, GKdim K > GKdim K +1. Now K® C K,
so we can repeat the above process and get the desired chain of Hopf subalgebras. This

completes the proof. O
Now we are able to deliver the following theorem.

Theorem 3.5.10. Assume that the base field k is algebraically closed of characteristic 0

and let H be a connected Hopf algebra. Then the following statements are equivalent:
(I) GKdim H < oo;

(IT1) GKdimgr H < oo;

(ITI) gr H is finitely generated;

(IV) gr H is isomorphic to the polynomial ring of £ variables for some £ > 0 as algebras.

In this case, GKdim H = GKdim gr H, which is a positive integer.

Proof. If GKdim H = oo, we need to show that GKdimgr H is also infinity. If not, by
Lemma 3.5.9, gr H is finitely generated. Then by Theorem 3.4.4 (or [KL, Proposition 6.6]),
GKdim H = GKdim gr H < oo, which is a contradiction. If GKdim H < oo, by [KL, Lemma
6.5], GKdim gr H < GKdim H < oco. Hence (I) and (II) are equivalent. The equivalence of
(IT) and (III) is just Lemma 3.5.9. The equivalence of (III) and (IV) follows from Proposition

3.5.5.
If one of the four conditions holds, then GKdim H = GKdimgr H by Theorem 3.4.4.
Moreover, in this case GKdim gr H is a positive integer by (IV). This completes the proof.
O

As a consequence of Theorem 3.5.10, a connected Hopf algebra enjoys many nice ring-

theoretical properties. A few of them are listed in the following corollary.

Corollary 3.5.11. Assume that the base field k is algebraically closed of characteristic 0
and let H be a connected Hopf algebra of GK-dimension ¢ < co. Then H is
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(I) a noetherian domain of global dimension ¢ and Krull dimension < {;
(IT) Auslander-regular;

(IITI) GK-Cohen-Macaulay, i.e., for any non-zero finitely generated H-module M,
Jj(M) + GKdim M = GKdim H,
where j(M) := min{n | Ext}; (M, H) # 0}.

Proof. By Theorem 3.5.10, gr H is a noetherian domain of global dimension and Krull di-
mension £. Now by [BG2, Lemma 1.12.12, Theorem 1.12.13] and [MR, Lemma 5.6, Corollary
6.18], H is a noetherian domain of global dimension and Krull dimension < ¢. Moreover,
by taking M to be the trivial H-module k in (III), we have j(k) = ¢. This shows that the
global dimension of H is /.

Since gr H is noetherian, the filtration {H,},>0 on H is Zariskian by [Bj, 2.10]. Then
the statement (II) follows from [Bj, Theorem 3.9].

For the statement (III), we first choose a good filtration {M,},cz of M in the sense
of [LV, Definition 5.1]. It then follows from [LV, Lemma 5.4] that gr M is a finitely gen-
erated gr H-module. It is clear that gr H is GK-Cohen-Macaulay. Hence jg, m(gr M) +
GKdimgr M = GKdim gr H. As mentioned in the proof of [Bj, Theorem 3.9], jor g (gr M) =
j(M). By Theorem 3.5.10, GKdimgr H = GKdim H and gr H is a finitely generated al-
gebra. It then follows from [KL, Proposition 6.6] that GKdimgr M = GKdim M. This
completes the proof. O

3.6 Connected Hopf algebras of GK-dimension three

Throughout this section, the base field £ is algebraically closed of characteristic
zero. We are going to classify all connected Hopf algebras of GK-dimension three. To begin

with, we introduce two classes of Hopf algebras.

Example 3.6.1. Let A be the algebra generated by elements X, Y, Z satisfying the following
relations,
[X’ Y] =0,
[Z,X] = M X + oY,
[Zv Y] =AY,
where o = 0 if A\; # Ao and @ =0 or 1 if Ay = Ay. Then A becomes a Hopf algebra via
(X)=0, AX)=10X+X®l, SX)=-X,
eY)=0, AY)=10Y+Y®l, SY)=-Y,
((2)=0, AZ)=10Z+XeY+Ze1, S(Z)=-Z+XY.



41

We denote this Hopf algebra by A(A1, A2, «).
Example 3.6.2. Let B be the algebra generated by elements X, Y, Z satisfying the following
relations,
(X, Y] =Y,
[Z,X]|=—-Z+ )Y,
1
[2,Y] = §Y27
where A € k. Then B becomes a Hopf algebra via
eX)=0, AX)=1X+X®1, SX)=-X,
eY)=0, AY)=1Y+Y®l, SY)=-Y,
€Z2)=0, AZ2)=10Z+XY+Zx1l, SZ)=-Z+XY.
We denote this Hopf algebra by B(\).
Proposition 3.6.3. The algebras A(A1, A2, ) and B(\) are connected Hopf algebras of

GK-dimension three.

Proof. We only prove the statement for B(\). The case of A(A1, A2, ) can be proved
analogously.

As mentioned in [GZ2, Section 1], to check B(\) is a Hopf algebra, it suffices to check
the Hopf algebra axioms on a set of algebra generators for B(\), namely, X,Y and Z. This
is easy and we leave it to the readers.

By Bergman’s Diamond Lemma, the algebra B()\) has a k-linear basis of monomials
{Xw1 Y’LUQ Z’u}g}’

where w; € N. Define the degree of X“1Y"27%3 to be wy + ws + 2ws and let F,, be the
k-space spanned by all monomials of degree < n. It is easy to check that {F,},>0 is an
algebra filtration on A by the defining relations. Hence by [KL, Lemma 6.1 (b)],

GKdim B(\) = h_im log,, dimy, F;, = 3.

Next, we claim that {F}, },,>0 is also a coalgebra filtration on B, i.e. A(F,) C > (F;®F,—;
for any n. Let X“1Y"2Z"3 be a monomial such that wi + we + 2wz < n. Then
A(XrYw2Z%) =A(X)TA(Y)2A(Z)"

2
E(Fo® i+ F ®F)" ™ (Y F 0 Fy)™

=0
w1 +ws 2ws
( Z F; @ Fuy wy—i) - (Z F; @ Fouwgy—i)
=0 i=0

n
C Z F,® F,_;.
=0
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For the last two inclusions, we use the fact that {F}},>0 is an algebra filtration. Then
it follows from [Mo, Lemma 5.3.4] that the coradical of B(\) is contained in Fp, which is

one-dimensional. Hence B(\) is a connected coalgebra. This completes the proof. O

Before moving on to study connected Hopf algebras of GK-dimension three, we still need

a few lemmas.

Lemma 3.6.4. Let H be a connected Hopf k-algebra of finite GK-dimension and K a Hopf
subalgebra of H. If GKdim K = GKdim H, then K = H.

Proof. By [Mo, Lemma 5.2.12], gr K is naturally embedded in gr H as a graded Hopf sub-
algebra. Also, by Theorem 3.5.10, GKdimgr K = GKdim K = GKdim H = GKdim gr H
and they are all finitely generated. It suffices to show that gr K = gr H. If not, by Lemma
3.5.8, GKdim gr H > GKdim gr K + 1, which is a contradiction. O

The following proposition is a direct consequence of Lemma 3.6.4.

Proposition 3.6.5. Let H be a connected Hopf algebra of finite GK-dimension. Then
GKdim H > dimy P(H). If GKdim H = dimy P(H), then H = U(g) as Hopf algebras,
where g = P(H). If GKdim H = 3, then dimy P(H) =2 or 3.

Proof. Let ¢ = P(H). Then the injective Lie algebra map g < H induces a Hopf
map U(g) — H. It is well known that P(U(g)) = g and therefore by [Mo, Corollary
5.4.7] the Hopf map U(g) — H is injective. By PBW Theorem, GKdim U(g) = dimy g.
Hence GKdim H > GKdim U (g) = dimy, P(H). If GKdim H = dimy P(H), then we have
GKdim H = GKdimU(g). Hence H = U(g) by Lemma 3.6.4. The last statement is from
Lemma 2.4.7. O

The following proposition is an easy consequence of Proposition 3.6.5. It is also men-
tioned in [GZ2].

Proposition 3.6.6. Let H be a connected Hopf algebra of GK-dimension strictly less than
3. Then GKdim H = 0,1 or 2. In fact,

(I) if GKdim H = 0, then H = k, the trivial Hopf algebra;
(II) of GKdim H = 1, then H = k[z] with x being primitive;

(III) of GKdim H = 2, then H = U(g), where g is either the 2-dimensional abelian Lie
algebra or the Lie algebra with basis {z,y} and [x,y] = y.

Now we focus on connected Hopf algebras of GK-dimension three. The following theorem

is the key to our main theorem of this section.
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Theorem 3.6.7. Let H be a connected Hopf algebra of GK-dimension > 3 such that
dimg P(H) = 2. Then for any linearly independent primitive elements x,y, there exists
z € H such that A(2) =1®z+2x®@y+ 2R 1. Moreover, if in addition GKdim H = 3, then

for any such z, the set {x,y,z} generates H as an algebra.

We postpone the proof to the last section. Now we are ready to deliver the main theorem

of this section.

Theorem 3.6.8. Let H be a connected Hopf algebra of GK-dimension three. Then H is

isomorphic to one of the following:

(I) The enveloping algebra U(g) for some three-dimensional Lie algebra g;

(IT) The Hopf algebras A(0,0,0), A(0,0,1), A(1,1,1) or A(1, A,0) from Example 3.6.1 for
some \ € k;

(III) The Hopf algebras B(\) from Ezample 3.6.2 for some X\ € k.

Proof. By Proposition 3.6.5, dimy P(H) is either 2 or 3. If dimy P(H) = 3, then by Propo-
sition 3.6.5, H = U(g) as Hopf algebras, where g = P(H). This gives the Hopf algebras in
(I). Now we focus on the case dimy P(H) = 2.

Let h = P(H). Then b is a two-dimensional Lie algebra. It is well known that there are
two isomorphic classes of two-dimensional Lie algebras.

Case 1: The Lie algebra b is spanned by z and y with [z,y] = 0. By Theorem 3.6.7,
there is z € H such that A(z) =1®z+2®y+2®1 and z,y, z generate H as an algebra.

It is easy to check that [z, z] and [z, y] are primitive elements. Therefore

[z, 2] = a1z + a12y, (E3.6.8.1)

[Za y] = a1 + a2y,

where a;; € k.

Let P be a 2 x 2 invertible matrix such that P~ AP is a Jordan matrix, where A = (a;;).
We take det P = 1. Let P = (b;;) and P~! = (¢;;). Then by setting 2’ = b1z + b1y and
y' = biox + baoy, the relations (E3.6.8.1) become

[z,2"] = M2’ + ayf,
[z, 9] = Ao/,

A
where ( 01 :\l ) is a Jordan matrix. Now we have
2

A(z) =1®z+ (117’ + ca1y) @ (c122’ + c2y’) + 2 @ 1.
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2 2 . .
Let 2/ = 2 — %611612{13/ — %cncggy’ — c12¢917"y’. Then a direct calculation shows that

AR) =1/ +2'®y +7/®1, (E3.6.8.2)
and
2/, 2] = M2’ + oy, (E3.6.8.3)
[ y] = X/,

Notice that z/,y’, 2’ generate H and [2/,y'] = 0.

If My =X =0and a =0 (resp, « = 1),
A(0,0,0) (resp. A(0,0,1)) to H sending X,Y,Z to 2/, 1/, 2/, respectively.

If A1 = A2 # 0 and a = 1, then there is a surjective Hopf map from A(1,1,1) to H
sending X,Y, Z to 2/, /\—lly’ , )\%z’ , Tespectively.

If Ay # 0 and o = 0, then there is a surjective Hopf map from A(1,\2/A1,0) to H
sending X,Y, Z to %x’, Y, )%1,2’, respectively.

If Ay # 0 and o = 0, then there is a surjective Hopf map from A(1,\1/A2,0) to H

sending X,Y, Z to )\%y’, -/, /\il(z’ — 2'y'), respectively.

then there is a surjective Hopf map from

By Lemma 3.5.2, all the above surjective Hopf maps are isomorphisms. This completes
the proof of (II).

Case 2: The Lie algebra b is spanned by x and y with [z,y] = y. Again by Theorem
3.6.7, there is z € H such that A(z) =1®z4+2z®y+2® 1 and x,y, z generate H as an
algebra. A straight calculation shows that [z,y] — %yQ and [z, x| + z are primitive elements.

Therefore

[2,2] = —z + anz + a12y,

1,
[z,y] = §y + a7 + ay,

where a;; € k. By replacing z with z — aj12, we can assume that a;; = 0. We claim that

a21 = ag2 = 0. Notice that the relations between x,y, z can be rewritten as
yr =2xy —y,
2T = T2 — 2+ a2y,
1
2y =yz+ 5?42 + a1 + a22y.
By these relations, we have
_ 1, 2 _ a2 _
z(yx) = zyz + Ty +ana” +aznzy 2yz + (a12 — 1)y* — 2a917 — 2a22y.
On the other hand,

1
(zy)x = zyz + inQ + anz? + agery — 2yz + (a2 — 1)y2 — ay.
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Since z(yz) = (zy)x by associativity, we have —2ag1x — 2a22y = —agey, which implies that
ag1 = aze = 0. Now it is clear that there is a surjective Hopf algebra map from B(ai2)
to H sending X,Y,Z to z,y, 2z, respectively. By Lemma 3.5.2, this surjective map is an
isomorphism. This completes the proof of (III). O

Remark 3.6.9. It is clear from the proof of Theorem 3.6.8 that any Hopf algebra H listed
in (II) and (III) has GK-dimension 3 and dimy P(H) = 2.

In fact, by following the same lines as in case 1 and case 2 in the proof of the previous

theorem, we have the following proposition.

Proposition 3.6.10. Let H be a connected Hopf algebra of GK-dimension > 3 such that
dimy P(H) = 2. Then for any linearly independent primitive elements x,y, there exists
z € H such that A(z) =1®z4+x®y+ 2® 1. Moreover, the algebra C' generated by x,y, z
1s a Hopf subalgebra of H and GKdim C = 3.

For the rest of this section, we are going to look closer at the Hopf algebras listed in
Theorem 3.6.8 (II) and (III).

Lemma 3.6.11. Let H be a connected Hopf algebra of GK-dimension three such that
dimg P(H) = 2 and let x,y, z be a set of generators as described in Theorem 3.6.7. Denote
by K the Hopf subalgebra generated by x and y. Then Hs/Ks is spanned by the image of z.

Proof. Tt is clear that z € Hy \ K,. Hence we only have to show that Hs/K5 is one-
dimensional. Notice that H; = Kj. Therefore it suffices to show that gr H(2)/ gr K(2) is
one dimensional. By Theorem 3.6.7, Z,7 € gr H(1) and Z € gr H(2) generate gr H. It is
also clear that gr K is the Hopf subalgebra of gr H generated by T and 3. As a consequence,
gr H(2) = kz+ (gr H(1))? = kz + (gr K(1))? = kz + gr K(2). This completes the proof. [

For any Hopf algebra H, the commutator ideal [H, H] is a Hopf ideal [GZ2, Lemma 3.7].
We call H/[H, H] the abelianization of H. For any h € H, let ad(h) € Endi(H) be the

linear map sending u to [h,u] for any u € H.

Proposition 3.6.12. For any given A € k, A(0,0,0), A(0,0,1), A(1,1,1) and A(1, A,0)
are pairwise non-isomorphic. Also, A(1,X,0) = A(1,7,0) if any only if X =~ or Ay = 1.

Proof. We start with the first statement. It is clear from defining relations that the abelian-
izations of A(0,0,0), A(0,0,1) and A(1,1,1) are A(0,0,0), k[X, Z] and k[Z], respectively.
And the abelianization of A(1, \,0) is k[Z] if A # 0, and k[Y, Z] if A = 0. Now to prove the
first statement, we only have to show A(0,0,1) 2 A(1,0,0) and A(1,1,1) 2 A(1,A,0) for
A # 0.

Suppose that f is a Hopf isomorphism from H' := A(1,1,1) to H := A(1, \,0). We label
the canonical generators of H' by X’ Y" and Z'. Let K’ (resp. K) be the Hopf subalgebra
of H' (resp. H) generated by X', Y’ (resp. X,Y). Then f restricts to a Hopf isomorphism
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from K’ to K since f must map primitive elements to primitive elements. As a consequence,
f induces a linear isomorphism from H}/K/ to Hy/K,. This indicates that f(Z’) is of the

form aZ + u for some a € k* and u € K5. Now consider the maps
ad(Z') : Hy — H and ad(f(Z")) : Hi — H;.

Since f restricts to a linear isomorphism from Hj to H; and foad(Z’) = ad(f(Z'))o f, the
two maps must have the same eigenvalues and the same number of independent eigenvectors.
However, from the defining relations we see that ad(Z’) has only one linearly independent
eigenvector while ad(f(Z’)) = ad(aZ + u) has two. This shows that A(1,1,1) 2 A(1,,0).
If we replace H and H by A(0,0,1) and A(1,0,0) respectively, then the above argument
shows that A(0,0,1) 2 A(1,0,0). This completes the proof of the first statement.
Next, we proceed to prove the second statement. As mentioned before, the abelianization
of A(1,X,0)is k[Z]if A # 0, and k[Y, Z] if A = 0. Hence A(1,0,0) 22 A(1, A, 0) for any A # 0.
Now assume A(1, \,0) = A(1,7,0) where both A and « are non-zero, and we have to show
that either A = v or Ay = 1. Repeat the argument in the second paragraph of the proof
by taking H' = A(1,\,0) and H = A(1,~,0). It is easy to check by defining relations that
ad Z' has eigenvalues {1, A\} and ad f(Z’) has eigenvalues {a, a~y}. Since they have the same
eigenvalues, we must have
l1=a 1=ay
A=ay A=a
Clearly, these imply that either A = v or Ay = 1.
Conversely, we only have to show that if Ay = 1, then A(1,A,0) = A(1,~,0). Label the
canonical generators of A(1,,0) by X', Y’ and Z’. Then there is a surjective Hopf map
from A(1,X,0) to A(1,v,0) sending X', Y'. Z" to Y,—AX,A\(Z — XY), respectively. This

map is an isomorphism by Lemma 3.5.2. O
Proposition 3.6.13. B(\) = B(y) if and only if A = 7.

Proof. Label the canonical generators of B(X\) by X', Y’ Z’. Suppose that f is an isomor-
phism from H' := B()\) to H := B(y). By Theorem 3.6.8, P(H') (resp. P(H)) are spanned
by X', Y’ (resp. X,Y’). Notice that f restricts to a linear isomorphism from P(H') to P(H).

Hence

f(X') = anX + a12Y,
f(Y/) = ang + GQQK

for some non-degenerate matrix (a;;). Since [f(X’), f(Y")] = f(Y’), we have

[a11X + a12Y, a21 X + a22Y] = a1 X + axY.
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By using the fact [X,Y] =Y and comparing the coefficients, we find that a;; =1, ag; =0

and age # 0. Since f is a coalgebra map,
Af(Z)=(f@ HAZ)=1® f(Z') + (X + a12Y) ® anY + f(Z) ® 1.

Then it is easy to check that f(Z') — aZ — %CH_QCLQQYQ € P(H). As a consequence, there
exists ¢,d € k such that

1
f(Z') = anZ + §a12a22Y2 +cX 4+ dY.
Since [f(Z'), f(Y")] = %f(y'){
1 2 145 9
[a2eZ + §a12a22y +cX +dY,anY] = §a22Y .

By comparing the coefficients, we find that ¢ = 0. Now the relation [f(Z’), f(X')] =
—f(Z") + Af(Y) gives

1 1
[CLQQZ + 5&126122)/2 +dY, X + CL12Y] = —agl — §a12a22Y2 —dY + AagyY. (E3.6.13.1)
The left-hand side of (E3.6.13.1) becomes
1 2 2
—aZ + agyY + §a12a22Y —aj2a22Y " — dY.

Comparing this with the right-hand side of (E3.6.13.1) we have A = 7. This completes the
proof. O

We conclude the section by two propositions regarding the algebra structures of the Hopf
algebras A(A1, A2, @) and B(\), the first of which suggests that they can be considered as
coalgebra deformations of universal enveloping algebras. However, we will not pursue this

direction further.

Proposition 3.6.14. For any choice of (A1, A2, ) (resp. ), as an algebra, A(\1, 2, @)
(resp. B()\)) is isomorphic to the enveloping algebra of a solvable Lie algebra.

Proof. For A(\1, A2, ), by the defining relations in Example 3.6.1, we have A(\, Ay, ) =
U(g) as algebras where g is the solvable Lie algebra spanned by X,Y and Z. For B()), let
Z':=Z — {XY, then B()) is generated by X,Y and Z’ with the following relations

(X, Y]=Y,
7, X) = ~Z' + Y,
[Z',Y] = 0.

Now it is clear that B(\) = U(g) where g is the solvable Lie algebra spanned by X,Y and
VA O



48

Since the Lie algebra U(slz) is not solvable, we have the following corollary, which

suggests that U(sle) has no non-trivial coalgebra deformations.

Corollary 3.6.15. For any choice of (A1, A2, ) (resp. \), the Hopf algebra A(A1, A2, )
(resp. B(\)) is not isomorphic to U(sly) as an algebra.

3.7 Proof of Theorem 3.6.7
This section is devoted to the proof of Theorem 3.6.7.

Lemma 3.7.1. Let C = U(h) where b is a two-dimensional Lie algebra spanned by x and
y. Then dimy H3(QC) = 1 and in fact H*(QC) = (z @ y) where (x ® y) is the cohomology
class defined by the cocycle x ® y.

Proof. By the PBW Theorem, the coalgebra C has a basis of the form {z%y’ |i,j € N}. It is
also well known that C becomes a graded coalgebra by setting deg x'y/ = i + j. Denote the
n-th homogeneous part by C'(n). Now the kernel of the counit J can be naturally identified
with @;°, C(i). Moreover, the graded k-linear dual of the graded coalgebra C' is isomorphic
to A = k[x1,x2] as graded algebras, where x; has degree 1. By [LPWZ2, Lemma 8.6 (c)],
B#A = QC as DG algebras, where B# A is the graded dual of the bar construction of A.
On the other hand, by [LPWZ1, Lemma 4.2], H*(B# A) = Ext% (ka, k4). As a consequence,
dimy, H2(QC) = dimy, Ext? (ka, ka) = 1.

It is easy to check by definition that z ® y is a cocycle, i.e. 3*(z ®y) = 0. We only have
to show that z ® y ¢ imd'. Suppose to the contrary that there is some w € C such that
Ol(w)=2®y € C(1)®C(1). Then by a degree argument, the element w is in C(2), i.e. w
must be of the form az? 4 bxy + cy? for some a, b, ¢ € k. However, an easy calculation shows
that 0! (ax? + bxy + cy?) is in the k-subspace V spanned by r @ z, y @y and 2 @y +y @ x
and clearly x ® y is not in V. This completes the proof. O

Now we are ready to prove Theorem 3.6.7.

Proof of Theorem 3.6.7. Let C be the subalgebra of H generated by z and y. Then C' is a
Hopf subalgebra of H and C' is isomorphic to U(h) where b is a two-dimensional Lie algebra.
Notice that by construction C; = Hj. Let N > 2 be the least number such that Cy C Hy.
By [Mo, Lemma 5.3.2], there exists 2/ € Hy \ Cy such that A(z)) = 1® 2 + 2/ @1+ u,
where u € Hy_ 1 ® Hy_1 = Cn_1 ® Cy_1 C C ® C. Without loss of generality, we assume
that e(2') = 0.

Now we have two DG algebras, (QH, 0r) and (2C,0¢). In fact, (C, d¢) can be viewed
as a sub-complex of ((0H,dp). Notice that 0 = 9%0}(2') = 9% (u) = 9% (u), ie. uis a
cocycle. We claim that u represents a non-zero cohomology class in H2(QC). If not, there
is w € C such that 95 (w) = 1®w — A(w) + w® 1 = u. As a consequence, A(z' + w) =
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1@ (2 +w)+ (4 w)®1, ie. 2/ +wis a primitive element in H. By the fact that H; = C1,
2 +w € C. But this would imply that 2z’ € C, which contradicts the choice of 2’.

By Lemma 3.7.1, the cohomology classes in H2(QC') represented by u and 2®y only differ
by a non-zero scalar. Hence there exists v € CT and a € kX such that 9'(v) = au — z ® y.
Let z=az'+v. Then 2 ¢ Cand A(z2) =1®z24+2Qy+2® 1.

Next, assume that GKdim H = 3. Now we have to show that H is generated by z, y and
z. Let K be the subalgebra of H generated by x, y and z. Then it is easy to check that K
is a sub-bialgebra and thus a Hopf subalgebra of H by Lemma 3.5.1. By the construction
of K, C'C K. By Lemma 3.5.8, GKdimgr K > GKdimgrC' + 1 = 3. On the other hand,
GKdimgr K = GKdim K < GKdim H = 3 since K C H. Hence GKdim K = 3. Now it
follows from Lemma 3.6.4 that K = H. This completes the proof. O
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Chapter 4
LOWER BOUNDS OF GROWTH OF HOPF ALGEBRAS

4.1 Introduction

In this chapter, we study lower bounds of GK-dimension of Hopf algebras in terms of certain
invariants of skew primitive elements.

Throughout the chapter, let H be a Hopf algebra over k. A nonzero element y € H
is called (1, g)-primitive (or generally skew primitive) if A(y) =y ® 1+ g ® y and such a
g is called the weight of y and denoted by u(y). Let G(H) denote the group of group-like
elements in H and let Cyp = kG(H). Here is the first lower bound theorem.

Theorem 4.1.1 (First lower bound theorem). Let D O Cy be a Hopf subalgebra of H. Let

{yi}2, be a set of skew primitive elements such that

(a) {yi}i is linearly independent in H/D.

(b) for all i < j, yip(y;) = Niju(y;)y: for some \ij € k>,
(¢) for each i, \y; is either 1 or not a root of unity.

Then GKdim H > GKdim D + w.

In general \;; in condition (b) may not exist. If that is the case, we have other ways of
obtaining lower bounds.

Let W denote the set of weights pu(y) for all skew primitive elements y ¢ Cjy and let
W Ve be the subset of W consisting of weights u(y) for all y such that y™ is also a skew
primitive for some n > 1. (Note that in this paper the term “skew primitive” means “(1, g)-
primitive”). For any subset ® of a group, the subgroup generated by ® is denoted by (®).

Here is the second lower bound theorem.
Theorem 4.1.2 (Second lower bound theorem). Suppose (W \ W /) is abelian. Then
GKdim H > GKdim Co + #(W \ W,). (E4.1.2.1)

There are examples such that W = W - and GKdim H = GKdim Cjp, but #(W /)
is arbitrarily large [Example 4.3.7]. Therefore W - has to be removed from W when we
estimate the GK-dimension of H.

Let y be a skew primitive element not in Cjy. If

() typly) — ey € Co (F4.1.2.2)
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for some ¢ € k*, then c is called the commutator of y (with its weight) and denoted by ~(y).
By Lemma 4.2.6, (E4.1.2.2) is equivalent to

p(y) yuly) — ey = T(uly) = 1) (F4.1.2.3)

for some 7 € k. Define I" to be the set of v(y) for all skew primitive elements y ¢ Cp such
that v(y) exists and let ' - be the subset of T consisting of those (y) which are roots
of unity but not 1. If v(y) exists, the pair (u(y),v(y)) is denoted by w(y) and is called
the weight commutator of y. When (E4.1.2.3) holds and if ¢ # 1, y can be replaced by
z:=y+ (c— 1)t (u(y) — 1), which is a skew primitive element with w(z) = w(y) and
satisfies the equation p(2)~tzu(z) —v(2)z = 0.

Define © to be the set of w(y) for all skew primitive elements y ¢ Cy such that w(y)
exists and let 2 - be the subset of {2 consisting of those w(y) in which y(y) is a root of

unity but not 1. Theorem 4.1.2 can be improved a little under the same hypothesis:
GKdim H > GKdim Cp + #(92\ Q\/).

Let y be a skew primitive element not in Cy with ¢ = u(y). Let T,—1 be the inverse
conjugation by g, namely, T\-1 : a — g tag. A scalar c is called a commutator of y of level
n if n is the least nonnegative integer such that

(T

o1 —cldy)"(y) € Co. (B4.1.2.4)

In this case we also write v(y) = c¢. Let Z denote the space spanned by the identity element
1 and all skew primitive elements of H and let Y Vs denote the subspace of Z spanned by
those y with commutator of finite level and with (y) being a root of unity but not 1. Here
is the third lower bound theorem. Let W, be the subset of W consisting of weights u(y)
such that the commutator of y (as defined in (E4.1.2.4)) exists and is either 1 or not a root
of unity. Note that W\ W - C Wy and these are often equal [Remark 4.4.9].

Theorem 4.1.3 (Third lower bound theorem). Suppose (W) is abelian. Then
GKdim H > GKdim Cy + dim Z/(Co + Y, /). (E4.1.3.1)

When H is cocommutative, equality holds in Theorem 4.1.3, see (E0.0.1.1). There are
examples such that Z =Y N Co and GKdim H = GKdim Cy, but dimY Vs is arbitrarily
large [Examples 4.3.7 and 4.4.13]. Therefore it is sensible to consider the quotient space
Z/(Co+Y /) in the above theorem. This is analogous to removing W, in Theorem 4.1.2.

If (W) is abelian, Theorem 4.1.3 is a generalization of Theorem 4.1.2 [Lemma 4.4.12].
After some analysis, Theorem 4.1.1 (when D = Cj) can be viewed as a consequence of
Theorem 4.1.3. These lower bounds provide some evidence that the GK-dimension of H
is related to some combinatorial data coming from the skew primitive elements when H is

pointed.
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The proof of these lower bounds is based on a version of the Poincaré-Birkhoff-Witt
(PBW) theorem [Theorem 4.2.5(b)] which states that under some hypotheses the set of
monomials generated by skew primitive elements is linearly independent (over the Hopf
subalgebra Cp). Restricted to the universal enveloping algebra of a finite dimensional Lie
algebra, Theorem 4.2.5 implies the original PBW theorem. Theorem 4.2.5 is in a similar
spirit to Kharchenko’s quantum analog of the PBW theorem [Kh]. One of the hypotheses
in Theorem 4.2.5 is (14.2.2.3) which assume essentially that the action of the group gener-
ated by weights on the space generated by skew primitive elements is locally finite. When
GKdim H is finite, this is a reasonable hypothesis indicated by Theorem 2.1.2 (see also
Lemma 4.3.5).

In general we are far from answering Question 0.0.1. There are a lot of unsolved questions
concerning the growth of Hopf algebras. The hypotheses in Theorems 4.1.2 and 4.1.3 could
be superfluous, but we don’t know how to remove them at this moment. When (W) is
non-abelian, a possible better lower bound could be obtained by replacing #(W \ W. \/) in
Theorem 4.1.2 by GKdim k(W), see Lemma 4.3.6(b) for details. It is expected that these
lower bounds can (or should) be improved and that possible upper bounds should be found
once finer invariants are introduced. The ultimate goal is to find a formula for the GK-
dimension of a Hopf algebra which is analogous to Bass’ theorem [KL, Theorem 11.14] in
the group algebra case, and then eventually to solve Question 0.0.1.

There are further connections between the growth of Hopf algebras and W and other
invariants defined by skew primitive elements. Let rank denote the torsionfree rank of an

abelian group.

Proposition 4.1.4. Suppose (W) is abelian and torsionfree. If rank(I') > rank(W) = 1,

then H has exponential growth.

Note that rank(I'\ T' -) = rank(I") since elements in I , have finite order. The rank of
(W) and (T") should be related when GKdim H is finite.

Question 4.1.5. Suppose rank(I') > rank(WV). Does then H have exponential growth?

Quite a few families of Hopf algebras of finite GK-dimension have been analyzed ex-
tensively during the last few years. But the classification of such Hopf algebras is far
from complete. These lower bounds are useful for studying pointed Hopf algebras of low
GK-dimension. For example, if GKdim H = 2, then there are only three possibilities for
GKdim Co, #(W\W /), #(Q\Q ) and dim Z/(Co +Y /). This is one of the initial steps
in our ongoing project of classifying pointed Hopf algebra domains of GK-dimension two

and three.

4.2 First Lower Bound Theorem

In this section we prove Theorem 4.1.1. We need some lemmas.
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Lemma 4.2.1. Let D be a Hopf subalgebra of H and 0 # F € H. Suppose that

(a) L is a subcoalgebra of H containing D,
(b) L is a left D-module via the multiplication, and

(c) there are nonzero-divisors (regular elements) h,g € L such that A(F)—F®h—g®F €
L®L.

Define V.={a€ D |aF € L}. ThenV is either 0 or D.

Proof. Suppose V is nonzero and let a be a nonzero element in V. Let C' be the subcoalgebra

of D generated by a. There is a k-linear basis

{ala'” y Qyy Ay41, 77 7aw}

of C such that C NV is spanned by {a1,---,a,}. This means that a;F € L for all i < v
and that any nontrivial linear combination of {a,41F,- -+ ,a,F} is not in L. Write A(a) =
Zlgi,jgw &ija; ® aj for some &;; € k.

For simplicity, we use the symbol ldt; for any element in L and use ldts for any element
in L ® L. By the definition of V', we have aF' + ldt; = 0 for some [dt; € L and whence

0= A(aF +1dt) = Ala)A(F) + A(ldty)
= (Z &ija;i @ a;)(F@h+ g F + ldty) + ldty
i.j
Z@]az ® a;)(F @ h) + Zgwaz ®a;)(g® F) + ldty
’j

:( E §Z-ja7;®aj)(F®h)+( E §ijai®aj)(g®F)+ldt2
1>V j>v
all j alld

where the last equation uses the fact a;F € L for all ¢ < v. The above equation implies that

g &ijai®@a;) (g F) = E &ija; ® aj)(F®@h)+1ldty e H® L
j>v 1>
alli all j

or equivalently i (a;ig) ® (375, &ija;F') € H® L. Since {a;g}i’, is linearly independent,
we have Zj>v &ja; F € L for all i. By the definition of {ay41, - ,aw}, we obtain that
&; = 0 for all j > v. Similarly, &; = 0 for all > v. Thus A(a) € V ® V and hence V is a
subcoalgebra of D. Since V is a subcoalgebra, there is an element v € V such that e(v) = 1.
Then

1F =¢(v)F = ZS(vl)ng €L

since vo € V and S(v1) € D. This shows that 1 € V. Since V isaleft idealof D,V = D. O
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Remark 4.2.2. Recall that (NY,+), for every v > 1, is a linearly ordered semigroup with
respect to the following ordering. Define (c1,---,¢y) < (di,--- ,dy) if either Y/ ¢ <
Soiydior Yl ¢ = >0 ,d; and there is a p < v such that ¢; = d; for all ¢ < p and
Cp+1 < dp+1.

Let T := k({z;}cs) be the free algebra generated by {z;};cs. Given any family (f;);es
where f; € NV, we can define an NY-graded structure on 7' by setting degz; = f; for all
j€J. Then T = @, cnw Tw- Since NV is linearly ordered, 7" has a canonical N'-filtration
defined by Fi,(T) = >/« Tw- Let B be any factor ring of 7. The N'-filtration on T
induces a unique NY-filtration on B , denoted by {F,(B) | w € NV}. We say that an element
x € B has filtered multi-degree

degz :=w = (dy,--- ,dy)

and filtered total-degree d = Y d; if x € Fyy(B) \ Y /<y Fu (B). Note that the filtered
total-degree induces an N-filtration on B.

In applications, we usually start with an algebra A generated by {y1, -+ ,y,} and G =
{gi}ier for some index set I. By the discussion in the previous paragraph, we can define
two filtrations (and corresponding filtered degrees) on A such that if f = y;,yi, - - vi, € A,
then the filtered total y-degree of f is at most s and the filtered multi-y-degree of f is at
most (ny,- -+ ,n,) where n; is the number of y; appearing in F, and if g € G, the filtered
total-y-degree and the filtered multi-y-degree of g are both 0.

These two filtrations can be extended to the tensor product A® A, namely, F,(A®R A) :=
> <w Fu (A) @ Fyur(A) for all w € NV (or w € N). For simplicity, the words “filtered”
and “fltration” might be omitted below.

Assume that S := {y; }icr is a set of skew primitive elements of H where I is either N or

{1,--- ,v} for some positive integer v. Suppose that D is a Hopf subalgebra of H and that

(I4.2.2.1) ¢, :== p(y;) € D for all i € I,
(I4.2.2.2) S is linearly independent in the space H/D,

(I4.2.2.3) for each pair i < j, y;9; = Aijg;yi + bij for some \;; € kX and b;; € D, and there is a
subalgebra A C D containing all b;; such that y;A C Ay; + A and g;A C Ag; + A for

all 7.

In most of the applications D is the coradical Cy of H and the commutators of the y; exist.
When b;; = 0 for all ¢ < j, we may take A = k and then (I4.2.2.3) is automatic. For every

positive integer d, define
gd .— {yill...ygn... | st = d}.
S

The following lemma is known and easy to check by a direct computation.
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Lemma 4.2.3. Suppose (14.2.2.1)-(14.2.2.3) hold.

(a) For everyn,

n
n _ ’
Alyp) = () G Ry + Y sy Oy
Aii

S
s=0 s+s'<n

for some aggy € tho Agt. If b = 0, then asy =0 for all s,s'.

(b) Let {y1,y2, - ,y-} be a finite subset of S. Then, for ni,--- ,n, >0,

z
L2 - _
A(y?l‘..y:fz): Z (H< > )C(st)gil...gjzy?l Sl,..y:'z Sz®yfl...yjz
At

S
81,,8z t=1 t

+ ldto

i<j Afj(ni_si) € k*. Here ldty is a linear combination of elements of the
form fygt - y2= @ypt -yl with 3, (ai+bi) < Xy mi where f € 37,y oo Agit gl
If bij = 0 for all ¢ < j, then ldta = 0.

where c(s,y =[]

For a = (ny,--+ ,n;,0,--+), define
Lo=)Y DG (E4.2.3.1)
G
where G runs through elements y|"™ - - -y such that (m, -+ ,my,0,--+) < a.

Lemma 4.2.4. Retain the notation as above and suppose (14.2.2.1)-(14.2.2.3) hold. Let
a=(ny,- - ,n;0,--) and F = yi"* ---y2=. Define

V={aeD]|aF € L,}.
Then V is either 0 or D.

Proof. Let L denote L, in the proof. First we claim that A(L) C L ® L. It suffices to show
that A(G) € L& L for all G = y{" - - -y with (mq,- -+ ,my, 0, -+) < . By Lemma 4.2.3,

AG) =G@1+g" gl @G +1dty € L® L.

Thus we proved our claim. It is easy to see that the hypotheses in Lemma 4.2.1(a,b) hold.
For the hypothesis in Lemma 4.2.1(c), we note that

AF)=F®1+g7" - g2* @ F +ldty
by Lemma 4.2.3(b), where ldt}, € L ® L. The assertion follows from Lemma 4.2.1. O

Here is the main result of this section. Recall that g; = u(y;) for all i.

Theorem 4.2.5. Assume that (14.2.2.1)-(14.2.2.3) hold. Let \; denote X\;; for all i.
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(a) Suppose the elements in Uj>0 S7 are linearly dependent over D (on the left or on the
right). Then there is some z € N such that

(i) X\, is a primitive p,-th root of unity for some p, > 1,
(ii) there are a;,b; € k, pj € N such that yz* + >, a;y; + Zﬁéz bjy?j eD,
(iii) g; = g£* whenever a; # 0 in part (i), and

(iv) g?j = g% and \; is a primitive pj-th root of unity whenever bj # 0 in part (ii).

(b) Suppose A; is either 1 or not a root of unity for every i. Then the elements in |J;> SJ

are linearly independent over D (on the left and on the right). As a consequence,

GKdim H > GKdim D + #(S).

Proof. (a) Suppose that [J;> S7 is linearly dependent over D on the left. Then there is an
F=y" -yl e S for some d > 0 such that

aF € L,, forsome 0#a€cD, (E4.2.5.1)

where o = (n1,- -+ ,n,,0,---). The definition of L, is given in (E4.2.3.1). Choose F' among
all (a, F') satisfying (E4.2.5.1) so that « is minimal with respect to the linear order < defined
in the beginning of Remark 4.2.2. For simplicity let L = L, for the rest of the proof. Let
V={beD|bF €L} Then0# a€cV. By Lemma 4.2.4, 1 € V, or equivalently, F € L.
So we can write F' = [dt; where [dt; denotes any element in L. By the minimality of «,
L is a free left D-module with a basis {y{"* -+ -y | (mq,- - ,my,0,---) < a}. Note that
L ® L is a free D ® D-module with a basis

L,
{y;nlquw(@ylllyJ (mlv"' 7mw707"')1(l17"' 7lw’707"') <Oé}.

We define a multi-degree on L such that, for any nonzero a € D, deg(a) = 0 and deg(ayy™ - - - yp*) =
(M, ,My,0,--) whenever (my,---,my,0,--) < a. Notice that under this definition
L is a graded D-module (but not an algebra), which can be viewed as a filtered D-module
obviously. Extend this multi-grading naturally to L ® L by adding the multi-degrees of the
tensor components.
Recall that F' = yi* - - - y2=. We may assume n, > 0 (if not, delete y. in the expression of
F). Following the last paragraph, there is an [dt; € L such that F' = —Idt;, or equivalently,
yrt - yl® 4+ ldty = 0. By the choice of F, any element in L has multi-degree less than
a. Let ldty denote any element in L ® L and let Imto denote any element in L ® L with

multi-degree less than «. Since the multi-degree of [dt; is less than «, A(ldty) is an Imts
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by Lemma 4.2.3. Then, by Lemma 4.2.3 again, we have
0=A(F +ldt)) = A(F) + lmto (E4.2.5.2)

zZ
n — —
= > (H< t> Je(sngrt gyt Tyl T @yt eyl Imit

At

s - _
= > (I <s> Je(s) 91 YTy T @yt eyl
(s0)#(0),(ne) t=1 N7H/ N

+F®@1+g" 92 @ F +1mty

z

n¢ o _

= > I <s> Je(s) 91 YTy T @yt g2 A Imity
(5)7(0),(ne) t=1 N7E/ Ae

where Imto represents an element in L ® L with multi-degree less than . The multi-degree

of g1 -+ gPry* Tyl T @yt - ys® equals a for any (s¢) # (0), (ng). Using the fact
that L is a free D-module with basis {y7"* - -y | (m1, -+ ,my,0,--+) < a}, we obtain

that (J];_, (Ztt)/\t)c(St) =0or [[}_, (’;:))\t = 0 for all (s¢) # (0),(ng). If n; > 0 for some
1 <j <z we take (s;) = (0,0,---,0,n;), then [[;_, (Z:)
n; = 0 for all j < z which means that F' = y7=.

N\ = 1, a contradiction. Therefore
t

Ifn, =1, wehavey, = >, biyi+cforc,b; € D. Hence ), _, bjy;+cis (1, g.)-primitive.
Then applying A we obtain that

Abi)(gi ® 1) = g= ® by,
Alc)=c®1+g,®c.

These imply that b; € k and g; = g, when b; # 0. This contradicts (14.2.2.2). Therefore
n, > 1.

By the last two paragraphs, n, > 1 and n; = 0 for all i < 2z and (Z:)/\Z = 0 for all
1 < s, <mn, — 1. This can only happen when A, is a primitive n,-th root of unity [GZ2,
Lemma 7.5].

Next let us re-name n, by p, and write F = y2*. Then 32* + EZ b;G; + cg = 0 where
bi,co € D and the G; are monomials with multi-y-degree less than (0,---,0,p,,0,--)
(where p, is in the z-th position). Repeating a computation similar to (E4.2.5.2) (and the
induction on the multi-y-degree of G;) one can show that each G; (when b; # 0) is of the
form y;"" and each y;" is a skew primitive. If n; > 1, then \A; is a primitive n;-th root of
unity. In summary, when )\; is not a root of unity, then n; = 1 and when J; is a primitive

pi-th root of unity, then n; is either 1 or p;. So we have

—ybr = Z a;y; + Z bjyﬁ-)j +c
i

i#e
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where 0 # a;,b; € D and ¢ € D. Thus ), aiy; + 3, bjyg'j + ¢ is (1, g%*)-primitive. Since
L is a free left D-module, each of the nonzero a;y;, bjyé?j and c is (1, g7)-primitive. The
coproduct computation shows that a;,b; € k and g; = ¢%* and gfj = gb=.

(b) The first assertion is an immediate consequence of part (a). To prove the second
assertion, we take W to be a finite dimensional subspace of D and let S be a finite set
{y1, -+ ,y.}. For a subspace V' C H, let V" be the linear span of all elements v - - - v, for

v; € V. By the first assertion,

dim (W + k14 " ky;)™ > dim W™ (k1 + > ky,)"
=1 =1
> (dim WM # (| §%) > (dim W™)en?
d=0
for some positive constant c¢. This implies that GKdim H > GKdim D + #S. If S is
infinite, let S” be any finite subset of S. Then the above argument shows that GKdim H >
GKdim D + #5’ for any S’. Thus GKdim H = oo = GKdim D + #5S. O

Proof of Theorem 4.1.1. Let S = {y1, - ,yw}. Then (14.2.2.1)-(14.2.2.3) follow easily from
(a) and (b). The hypothesis in Theorem 4.2.5(b) is the same as that in Theorem 4.1.1(c).
Therefore the assertion follows from Theorem 4.2.5(b). t

The following easy lemma will be used implicitly later.

Lemma 4.2.6. Let P be the set of all skew primitive elements in a Hopf algebra H with
weight . Then P is a k-subspace of H and PN Cy = k(pu—1).

Proof. 1t is clear that P is a k-subspace of H. For any element y € P N Cy, write y =
> cigi for some ¢; € k and ¢g; € G(H). Then the equation A(y) =y ® 1 4+ u ® y forces
that y € k(p —1). O

4.3 Second Lower Bound Theorem

In this section we prove Theorem 4.1.2, which is a consequence of Theorem 4.1.1. A stronger
version will be proved in the next section. Lemmas presented here are also needed for the
next section, and cannot be omitted even if we skip Theorem 4.1.2. If GKdim H = oo, then
Theorem 4.1.2 is vacuous. So we may assume that GKdim H < co. We refer to Section 0
for the definitions of W, Q, " and W\/, Q\/,F\/.

Lemma 4.3.1. Let y be a skew primitive element not in Cy such that v(y) is defined.

(a) If y(y) € T'\ L' r, then y" is not skew primitive for any n > 1.

(b) Ifv(y) €T ,, then u(y) € W ,.
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Proof. (a) Take S to be the singleton {y} and D = Cy. Then (14.2.2.1)-(14.2.2.3) hold for
A = k[u(y)*]. Since y(y) € I'\T'  the hypothesis in Theorem 4.2.5(b) holds. By Theorem
4.2.5(b), {y" }n>o0 is linearly independent over Cy. Since y(y) is not a root of unity, for any
n>1 Ay") € H®k+ Co® H by Lemma 4.2.3(a). Thus y" is not a skew primitive. The
assertion follows.

(b) Suppose y(y) € I' ,. Since ¥(y) # 1, replacing y by y + a(u(y) — 1) for a suitable
a € k, we have u(y) ‘yu(y) = v(y)y. Since v(y) is a primitive n-th root of unity for some
n > 1, Lemma 4.2.3(a) says that A(y") = y" ® 1 + u(y)” ® y", which means that y" is a
skew primitive (could be zero). Therefore p(y) € W . O

Let G(H) denote the group of all group-like elements in a Hopf algebra H. Recall that

GKdim H < oo by a general assumption in this section.

Lemma 4.3.2. Let y be a skew primitive element not in Cy and let x = u(y). Suppose
v(y) exists. Assume that Go is a subgroup of G(H) commuting with x. Let V = k(x — 1) +

> gec, Ko yg).

(a) Every z € V is (1, z)-primitive; and w(z) = w(y) for all z € V \ k(z — 1).
(b) Ifv(y) € T\T ,, then dimV < GKdim H — GKdim Cp + 1.

(c) Suppose that V is finite dimensional and that Gy is abelian. Then there is z € V\k(z—1)
such that, either

(ci) for every g € Go, g~1zg = \gz for some \; € k™, or

(cii) for every g € Go, g~1zg = z + 14(x — 1) for some 7, € k.
(d) If v(y) is not a root of unity, then u(y) has infinite order.

Proof. (a) Since gz = zg for all g € Gy, g~ 'yg is a (1, x)-primitive with w(g~'yg) = w(y).
(b) Let S = {g; 'ygi}!; be a finite subset of V which is linearly independent in the
space V/k(x —1). Here g; € Go for all i = 1,--- ,w. For different i, we have ,u(gi_lygi) =z,
and
2Ny tygi)e = g; M yx) g = 2(y) (97 tygi) + T(x = 1)
where 7 is the same as the one in (E4.1.2.3). Then the hypotheses (14.2.2.1)-(14.2.2.3) hold

for A = k[z*!] and D = Cy. Since A := 7(y) is either 1 or not a root of unity, Theorem
4.2.5(b) says that #S < GKdim H — GKdim Cj. Clearly V N Cy = k(z — 1). Thus

dimV — 1 = dim V/(V N Cp) = #5 < GKdim H — GKdim Cj

since S is a basis of V/(V N Cy).
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(c) First we may assume x € Gy. If not, replace Gy by the subgroup generated by G and
x (replacing Gy by this larger subgroup does not enlarge V', because of (E4.1.2.3)). Then
V is a Gp-module by conjugation action. Since Gy is abelian and k is algebraically closed,
every finite dimensional simple Gg-module is 1-dimensional. Thus V has a 1-dimensional
simple Go-submodule kz. If z & k(x — 1), then kz being a simple Gp-module is equivalent
to (ci). Otherwise, no element z € V' \ k(x — 1) generates a simple Gp-submodule. Hence
V has a unique simple Go-submodule My := k(z — 1). Note that g~!(z — 1)g = (z — 1) for
all g € Go, so My is the trivial Gg-module. Since Gy is commutative and V' has only one
simple submodule, every simple sub-quotient of V' must be isomorphic to the simple M.
Pick z € V' \ k(x — 1) so that the submodule M generated by z is 2-dimensional. Then
M /k(x —1) = My, which says that g7'2g = z modulo k(z —1). Hence g~ 29 = 2 +15(z — 1)
for some 7, € k.

(d) Let Go = (u(y))- It follows from the definition that the existence of y(y) implies that
V is finite dimensional. Applying part (ci) to the cyclic group Gg there is a skew primitive
z € H\ Cp such that

g 29 = Ng)z

for all g € G. It is also clear that A\(u(y)) = v(y). Since y(y) is not a root of unity, the
image of A : Gy — k™ is infinite. Consequently, G is infinite and p(y) has infinite order. [

Lemma 4.3.3. Let {z;}", be a set of skew primitive elements not in Cy such that v(z;)
exists for each i. If the elements w(z1), - ,w(zy) are distinct, then {z;}* | is linearly
independent in H/Cj.

Proof. Suppose {z;};", is linearly dependent in H/Cj. Pick a minimal subset, say {z; }}?:1,
such that Z}’Zl a;zj =: ¢ € Cp for some scalars a; € k. Thus v > 1 since z; € Cy for any
i. Applying A to the equation Y 7_, a;z; = ¢ we have

v v v v
Ale) = A Jajz) = ajz @1+ aju(z) @z =c@ 1+ aju(z) ® 2.
j=1 j=1 j=1 J=1

Hence > 7, yi(2j) ® ajz; € Cy ® Cp. By the minimality of v, pu(2;) = u(z;) for all 4, j'.
Set = p(z;) for all 1 < j < v. Applying the conjugation by z to the equation

> i—1ajzj = ¢, we obtain Y0, y(2j)ajz; = — > 5 Ti(w—1) +z7Lex € C for some 7; € k.

Using the minimality of v, v(2;) = y(2;/) for all j, j'. Thus we obtain a contradiction. The

assertion follows. O

Theorem 4.3.4. Let {y;}}", be a set of skew primitive elements not in Cy such that
w(yr), - ,w(yw) are defined and distinct elements in '\ Q . If the subgroup Go generated
by {u(yi) Yy is abelian, then GKdim H > GKdim Cp + w.
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Proof. By Lemma 4.3.2(a,c), for each i, there is a 2; in k(u(y:) — 1) + 3° cq, kg~ ly;g but
not in Cj such that

w(zi) = w(yi),
and, for every g € Gy,
9729 = Nigzi + Tig(p(y:) — 1)
for some Ay € kX, 759 € k. Let A = kG and D = Cy. Then (14.2.2.1) is clear and (14.2.2.2)
follows from Lemma 5.3.3 for the set {2;}*,. (I4.2.2.3) is a consequence of Lemma 4.3.2(c)

as we have seen already. By hypothesis each \; := ~(z;) is either 1 or not a root of unity.
Therefore GKdim H > GKdim Cy + w by applying Theorem 4.2.5(b) to the set {z;}*,. O

The next lemma is a slight modification of Corollary 2.3.5. As before we assume that
GKdim H < oo which is one of the hypotheses in Corollary 2.3.5.

Lemma 4.3.5. Let y be a skew primitive element not in Cy with g = p(y). Then there
is a skew primitive element z =Y i, big tyg' € H\ Cy, where b; € k, such that g~ 'zg =
Az+71(g—1) for some A € k* and T € k. Further, if X # 1, then there is 2/ = z+ a(g — 1)

for a suitable o € k such that g~12'g = \2'.

Proof. In Corollary 2.3.5, H is assumed to be pointed, but the statement is valid without this
hypothesis. The first assertion is equivalent to Corollary 2.3.5. If A\ # 1, take o = (A—1)"17.
Then 2’ = z + a(g — 1) is a (1, g)-primitive element satisfying g~'2/g = \2'. O

Now we are ready to prove Theorem 4.1.2.

Proof of Theorem 0.3. Pick any finite subset {p(y;)}:*, of W'\ W, where each y; is a skew
primitive not in Cp. By Lemma 4.3.5, for each i there is a skew primitive y; not in Cj such
that g; :== p(y:) = p(y;) and that y(y.) is defined. By Lemma 4.3.1(b), v(y}) is not a root
of unity or 1. Hence w(y;) € 2\ Q . The assertion follows from Theorem 4.3.4. O

Theorem 4.3.4 shows in fact that if (W \ W /) is abelian, then
GKdim H > GKdim Cp + #(2\ © /).
There is also an inequality
GKdim H > GKdim Cy + #(W’)

for any W’ C W\ W , such that (W’) is abelian.

Suppose there is a surjective Hopf algebra morphism 7 : H — Cj such that the restriction
to Cp is the identity. Let A be the subalgebra of H generated by all skew primitive elements
in ker 7 and let Gy be the sub-semigroup of G(H) generated by u(y) for all skew primitive
elements y € A. We do not assume that Gy is abelian.
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Lemma 4.3.6. Suppose there is a surjective Hopf algebra morphism 7w : H — Cy such that
the restriction to Cy is the identity. Let A be defined as above.

(a) H = R#Cy where R is the ring of right coinvariants of w. Then A is a subalgebra of R
and
GKdim H > GKdim R + GKdim Cy > GKdim A + GKdim Cj.

(b) Assume that A is a domain. Then GKdim A > GKdim kGy . As a consequence,

GKdim H > GKdim kGw + GKdim Cj.

Proof. (a) By [Mo, Theorem 7.2.2], H is isomorphic to a crossed product R#,C) as algebras
and by [Mo, Proposition 7.2.3], o is trivial. Hence H = R#C\ where R is the ring of right
coinvariants of w. It is clear that every skew primitive element in ker 7 is in R. Therefore
ACR.

Since H = R#Cy, GKdim H > GKdim R + GKdim Cy. The assertion follows by the
fact A C R.

(b) Define a map p: A — Cp ® H to be the composition (7 ® Idy) o A. Since p(y) €
kGw ® A for all skew primitive elements y € A and since A is generated by these y’s, the
image of p is in kGy ® A. Consequently, (A, p) is a left kGy-comodule algebra. This
means that A is a Gy-graded algebra. Let f : A — Cy be the map sending any nonzero
homogeneous element h € A to its degree, for example, sending y; - - -y, to p(y1) - - u(yn)-
Since A is a domain, f is multiplicative.

Pick any finite dimensional space V = k + Y " ku(y;) of kGw where the y; are
skew primitive elements in A, let W = {1} U {y;}}* ;. Then dim(kW)™ > #(f(W")) >
#(f(W))" > dim V" for all n. Hence GKdim A > GKdim kG . O

The next example shows why we need to remove W - from W (or remove I' - from T')

in the lower bound theorems.

Example 4.3.7. Let B be the Hopf algebra B(1,1,p1,- -, ps,q) defined in [GZ2, Construc-
tion 1.2]. This is a finitely generated, noetherian, pointed Hopf domain of GK-dimension
2. By [GZ2, Construction 1.2] B is generated by x, 27!, y1, - ,ys where z is a group-like
element and y;’s are skew primitive elements. Let z = y{*. Then z = y?j for all j and it
is a central skew primitive element. Let H = B/(z,2™ — 1) where m = [[, p;. Then H is
a finite dimensional pointed Hopf algebra of GK-dimension 0 and Cy = k[z,x~1]/(z™ — 1)
has GK-dimension 0.

By [GZ2, Construction 1.2], W = W, = {x™}2_, where m; = m/p;, I = L, =
{gmis,, Q= Q= {(z™mi, g ™)}5_,, and Z = Y, +CoandY =377 ky;. Thus

#W ) =#(L ;) =#(Q ) =dimY , = s

which can be arbitrarily large.
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4.4 Third lower bound theorem

The first half of this section concerns some preliminary analysis of Hopf algebras with
exponential growth and the proof of Proposition 4.1.4. The proof of the third lower bound
theorem is given at the end of the section.

Let (Go, x) be a multiplicative abelian group and A := {A1,---,A,} be a list of 1-
dimensional group representations of Gg for some v > 1. Note that this list is allowed to
have repetitions. When some \; is the trivial representation of G (namely, A\;(g) = 1 for
all g € Gp), then we also need a group homomorphism 7; : (Go, x) — (k,+) (which must
be zero if Gy is torsion since char k = 0). When ); is not trivial, we set 7; = 0.

Now pick a list of elements pu := {pu1,---, v} in Go (again allowing repetitions). Let
K := K (A, u) be the Hopf algebra generated as an algebra by the elements in the abelian
group G and a set of skew primitive elements y1,-- - ,y, subject to the relations within Gg

and the following additional relations between Go and {y;}?_;,

vig = Xi(9)gyi + 7i(9)g(p; — 1), for all i and all g € Go.
The coalgebra structure of K is determined by
A(g) =g®y, 6(9) :17 for a'HQEGOa
A(yl):yl®1+ul®yl7 G(yl)zo, for allz:l? y U.
And the antipode of K is determined by
S(g) =g %, forallge Gy,
S(y;) = —p; ty;, foralli=1,--- 0.

Let A;j = Ai(p ) for all 4, and let Apr be the v x v-matrix (A;).

By Remark 4.2.2, the total y-degree and the multi-y-degree are defined for elements in
K. For example, the (filtered) multi-y-degree of gysy2 is (0,1,1,0,---,0) € N,

Let F' be a nonzero skew primitive element in K with total y-degree z > 2. Write
F =3 cp i, hyiYip - ¥i, where h € Go and 0 # cj,(;,) € k. A term of F' means a nonzero

monomial ¢y, ;) hyi, Yi, - - - Yi, appearing in F.
Lemma 4.4.1. Let K := K(A, ) be defined as above.

(a) K has a k-linear basis
{9viryiz - - yi. }

where g € Gy, i1, ,is € {1,--- ,v}. As a consequence, K contains a free subalgebra

k(y1,y2) and has exponential growth.

(b) The coradical of K is kGy.
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(c) If F is a skew primitive element of total y-degree z > 2, then for any term of F with
multi-y-degree (N1,--- ,Ny) and Y, N; = z,

v

H()\ii)Ni(Ni_l) H()\ij)\ji)NiNj =1.

i=1 i<j

Proof. (a) The first assertion follows from Bergman’s Diamond Lemma [Be, Theorem 1.2].
Consequently, K contains the free algebra of rank 2, k(y1, y2). Therefore K has exponential
growth.

(b) By definition, A is compatible with filtrations defined in Remark 4.2.2. Hence A is
a homomorphism of filtered algebras. So every group-like element must have total y-degree
0. The assertion follows.

(c) Let F' = > cp (is)h¥irYiy - - - yi,, With coefficients ¢y, (;,) # 0. For simplicity, let ldt
denote any linear combination of monomials of total y-degree less than z. Then we can
write F' = Y ¢y, (i) iy Yip -+ yi. +1dt. Since A(F) = Fo1+u(F)®F, h =1 for terms with
total degree z. Pick any term of y-degree z in F, say ¢y (;,)i, Yi, = * Yi., and let (Ny, - - , Ny)
be its multi-y-degree.

Since F is skew primitive, S(F) = —u(F)~'F. Since S(y;) = —u; ‘i, we have

S(er i+ Yin) = 1) (—Hi i) - (—ia i)
= cr iy (=D [T A ki i - + 1t
s>t
where 1 = [[Z_; pi,. Since S(F) = —u(F)"'F, p = p(F) and F contains a nonzero term
of the form C'(is)yiz -+ -y;,. The same computation shows that
S(cliyiz -+ Yin) = iy (— 1y i) - (— 15 93
=y (1 T Nid e i - v + 1L,

a<b

Comparing the coefficients in the terms p~'y;. ---y;, and p~ly; ---y;, in the equation
S(F) = —pu~'F, we have

~cliy = cLan GO TNG —evan = iy GO TT AL

s>t a<b

Since ¢y (;,) and c’(i ) are nonzero, the above two equations imply

[Twarii) =1

s>t

or

I1 (Nigig Aii,) = 1. (E4.4.1.1)
{s#t}C{1,2, ,z}
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We know the monomial y;, - - - y;, contains N; copies of y; forall¢ = 1,--- ,v. Hence equation
(E4.4.1.1) is in fact

v

[T M@= TT A VoM = 1.

i=1 i<j
O

There is a slight modification of Lemma 4.4.1. Suppose A1; is a primitive pi-th root
of unity for some p; > 1. Recycle most of the notations before Lemma 4.4.1. Let
L := L(A,p,p1) be the Hopf algebra generated as an algebra by the abelian group Gy
and y1, -+ ,Yy subject to the relations within Gy and the following additional relations

between Gy and {y;}Y_,
vig = Xi(9)gyi + 1i(9)g(u; — 1), for all i and all g € Gy,
Yyt = B(uft — 1), for some S € k.
The coalgebra structure of L is determined by
Alg) =g®g, €(g)=1, forallge Go,
Aly)) =yi @1+ p; @y, €(y;)) =0, foralli=1,--- v,
And the antipode of L is determined by
S(g) =g %, forallge Gy,
S(y;) = —p; ty;, foralli=1,--- 0.

Define Aps := (Xij) = (Xi(pj)). The total y-degree and the multi-y-degree are defined

as before.

Lemma 4.4.2. Let L := L(A, i, p1) be defined as above. Suppose either =0 or A\ (g)P* =
1 for all g € Gy.

(a) L has a k-linear basis
{9vinyis - i}
where g € Go, i1, -+ ,is € {1,---,v} and there is no u such that i, = iy4+1 =
e lytpi—1 = 1. As a consequence, L contains a free subalgebra k(y192,y195) and has

exponential growth.
(b) The coradical of L is kGj.

(c) If F is a skew primitive element of total y-degree z > 2, then for any term of F with
multi-y-degree (N1,--- ,Ny) and >, N; = z,

(2

H()\ii)Ni(Nifl) H()\Z‘j)\ji)NiNj =1.

i=1 i<j
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Proposition 4.4.3. Let H be a Hopf algebra and yi,y2 be two skew primitive elements
linearly independent in H/Cy. Suppose that

(i) there is a group-like element x and dy,dy € Z such that p(y;) = % fori = 1,2,

and

1% ere are two scalars q1,q2 € suc at y;x = qixy; fori=1,2.
i) th t [ k> h that ,=1,2

(a) If x has infinite order and H does not contain a free algebra of rank 2, then

qdl (M, (Ml*1))+d2(M1M2)q32(M2(M2*1))+d1 (M1 M)

¢ =1 (E4.4.3.1)

for some integers My, Moy > 0 satisfying My + Mo > 2.

(b) Assume that one of the following holds:

(1) q1 = q2 is not a root of unity and dids > 0;

(2) qfl =1 and g3 is not a root of unity and dyds > 0;

(3) qfl # 1 is a root of unity and qo is not a root of unity and dyds > 0;
(4) the group {q1,q2) C k™ is free abelian of rank 2, dids # 0.

Then H contains a free subalgebra of rank 2. Consequently, H has exponential growth.

Proof. (a) Let p; = z% and Ny = qglj. Then y;ip; = Nijpjyi and y(y;) = i for all
i,7 €{1,2}.

Let Hy be the Hopf subalgebra generated by x, 27!, y1,72. Let Go = (g) = Z and let
Xi(g") = ¢ for i = 1,2 and all n. Let A = {\1, 2} and p = {g,g}. Then there is a
surjective Hopf algebra homomorphism ¢ : K := K (A, u) — Hp sending g — x and y; — y;
for i = 1,2, where we choose 7; = 0. By Lemma 4.4.1(a) K contains a free algebra of rank
2. If H does not contain a free algebra of rank 2, then K — Hj is not injective. By [Mo,
Theorem 5.3.1], there is a nonzero skew primitive element F' € K such that ¢(F) = 0. Since
¢ is injective on skew primitive elements of y-degree < 1, I’ has total y-degree z > 2. By
Lemma 4.4.1(c), for any term of F' with multi-y-degree (M7, Ms) and M; + My = z, we

have the following,
()\ll)M1(M171)()\22)M2(M271)()\12)\21)M1M2 =1

or equivalently,

d1)M1M2 - 1.

()M MR (gg2) Ma(M=D) (g2 g

a4
This can be simplified to

dy (M1 (M1 —1))+do (M1 M) do(Ma(Ma—1))4dy (M1 M) 1
91 q2 -
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which is (E4.4.3.1).

(b) Assume H does not contain a free algebra of rank 2 and we will obtain a contradiction.
If one of the hypotheses holds, then = has infinite order in G(H) by Lemma 4.3.2(d).
Therefore we can apply part (a).

In case (bl), (E4.4.3.1) implies that

dl(Ml(Ml — 1)) + dg(MlMQ) + dQ(MQ(MQ — 1)) + dl(Mle) =0.

This is impossible since dyds > 0 and M7 + My > 2. Therefore H contains a free algebra of
rank 2.
A similar argument works for case (b4).

do(Ma(Mz—1))+dy (M1M2))d1

In case (b2), equation (E4.4.3.1) implies that (g, =1, or

dQ(MQ(MQ — 1)) + dl(MlMg) =0

because ¢o is not a root of unity. Since dido > 0, the only solution is Ms = 0 and M; =
z > 2. Thus we have F' = cyi + ldt for some ¢ € k*. By Lemma 4.2.3 and the fact that
Al = qfl =1, F cannot be skew primitive for any z > 2. So case (b2) has been taken care
of.

It remains to consider case (b3). Suppose qill is a primitive pi-th root of unity. Then
yi' is a skew primitive element. If y7' & Cp, then {y}", y2} is linearly independent in H/Cj.
Note that if ayl* + Bya € Cp, then 27 (ayh* + By2)x € Cp, which would imply y}*,y2 € Co
because ¢i" # q2. The assertion follows from case (b2) applied to {y}',y2}. If y}* € Co,
then yI* = B(uy* — 1) for some B. Replacing K by L in the above argument, (E4.4.3.1)
holds again.

Since ¢ is a root of unity, we have

<q§)dz(M2(M2—1))+d1(M1M2) -1

for some p > 1. Since ¢2 is not a root of unity,
do(Ma(My — 1)) + dy (M1 M) = 0.

Since didy > 0, the only solution is My = 0 and M; = z > 2. Now F = cyj + ldt,
where ¢ € k* and z < p;. By Lemma 4.2.3, F' cannot be skew primitive. This is a

contradiction. O

Corollary 4.4.4. Suppose H has subexponential growth. Let y be a skew primitive element
not in Cy such that y(y) is defined and is not a root of unity. Let Gy be a finitely generated
abelian subgroup of G(H) containing u(y) (which has infinite order automatically). Then
Vi=k(ply) —1)+ ZgEGo k(g~lyg) is 2-dimensional. As a consequence, there is a group
representation A : Go — k such that

9 Y g=Ng)y

for all g € Gy, where y =y + a(u(y) — 1) for some a € k.
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Proof. Since 7(y) is not a root of unity, we may assume that yu(y) = v(y)u(y)y after
replacing y by y + a(u(y) — 1) for some a € k. Let g € Go. Let 51 = y and y2 = g~ lyg.
Then ~(y1) = v(y2) and it is not a root of unity. By Proposition 5.4.3(b1), y; and y, are not
linearly independent in H/Cy. The assertion that dimV = 2 follows by applying Lemma

4.2.6. The consequence follows from Lemma 4.3.2(ci). O

Proof of Proposition 4.1.4. We prove the assertion by contradiction. So we assume that H
has subexponential growth.

Pick a pair of skew primitive elements (yi,y2) such that the subgroup of (I') generated
by {7(y1),7(y2)} has rank 2. Let A\ = v(y;) and g; = u(y;) for i = 1,2. Since (W) is
abelian, the subgroup Go := (g1, g2) is abelian. By Corollary 4.4.4, we may further assume
that, for i = 1,2 and j =1, 2, gj_lyigj = Ay for some \;; € k. Since H does not contain
a free subalgebra of rank 2, the proofs of Proposition 5.4.3 and (E4.4.3.1) show that

() MO (g ) M2OB =L (3 Xgp )MAM2 = (E4.4.4.1)

for some non-negative My, My with My + My > 2.

Since Gy is a finitely generated subgroup of (W) and since (W) is abelian and torsionfree
of rank 1, Gy is isomorphic to Z. Therefore there is an x € Gg such that g; = 2 and ¢ = a°
for some nonzero integers a,b. Consequently, g = g’l’. Thus the equation g]flyigj = N\ijVi

implies that A, = )\2’1 for all i = 1,2. Then (E4.4.4.1) implies that

(All)ale(lel) ()\22)abM2(M271) ()\11)b2M1M2 ()\22)a2M1M2 -1

Since the rank of (A11, Ag2) is 2, we have
ale(Ml — 1) + b2M1M2 = CLbMQ(MQ — 1) + a2M1M2 =0

or
Q(Ml — 1) + bMy = b(M2 — 1) +aMy = 0.

Since a, b are nonzero, this means that (M; — 1)(Mz — 1) — M1 My = 0. This is impossible
when M, + My > 2, which yields a contradiction. ]

The rest of this section is devoted to the proof of Theorem 4.1.3. The next definition
was given in the introduction, but maybe it should be reviewed here. Let y be a (1,9)-
primitive element in a Hopf algebra H. Let T,~1 denote the inverse conjugation by g,

namely, Ty-1 1 a — g tag.

Definition 4.4.5. Let y be a (1, g)-primitive element of H not in Cjy. A nonzero scalar A is
called the commutator of y of level n if (T,-1 — A dg)™(y) € Co and (Ty-1 — N dg)" (y) ¢
Co. In this case we write v(y) = A\. When n =1, 4(y) is the commutator of y defined as in
(E4.1.2.2) or equivalently in (E4.1.2.3).
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In general the commutator of y may not exist. We also need a generalization of Definition
4.4.5. Recall that W is the subset of W consisting of weights 1(y) such that the commutator
of y is either 1 or not a root of unity. Throughout the rest of the section let Gy be the
subgroup (W) and suppose that Gg is abelian. A 1-dimensional representation of Gy is
equivalent to a multiplicative map A : Go — k*. Let G{; denote the set of 1-dimensional

representations of Gy, which is also called the character group of Gy.

Definition 4.4.6. Let y be a skew primitive element in H \ Cp and let A € G§. We say A is
the generalized commutator of y of level n if there is an n such that (T,-1—A(g)Idg)"(y) € Co
for all g € Go and (Ty—1 — Xg)Idm)" ' (y) & Co for some g € Gp. If n =1, X is called the

generalized commutator of y.

Lemma 4.4.7. In parts (a) and (c) suppose that GKdim H < co.

(a) Every skew primitive element y € H is a linear combination of skew primitives with

commutator of finite level and weight u(y).

(b) Suppose V is a conjugation Gy-stable finite dimensional subspace spanned by skew prim-
itives with their weights in Gy. Then every element y € V is a linear combination of

skew primitives with generalized commutator of finite level.

(¢) Every skew primitive y € H with commutator of level 1 such that v(y) € T\ T ,
s a linear combination of skew primitives with generalized commutator of finite level.

Further, each nonzero summand of the linear combination has weight commutator w(y).

Proof. (a)Ify € Cp, then y = a(u(y)—1) for some a € k [Lemma 4.2.6] and the commutator
of y has level 0 by definition.

If y & Co, then, by Lemma 4.3.5, V := 3", k(97 "yg") + k(g — 1) is finite dimensional
over k, where g = u(y). Then T,-1 acts on V' as an invertible linear map. Pick a basis of V'
so that the presentation of T, -1 with respect to the basis is in the Jordon canonical form.
Then each basis element is a skew primitive element with commutator of finite level. The
assertion follows.

(b) Write V' = @;nzl V; where each Vj is spanned by skew primitives with weight g; for
distinct group-like elements g1, -+, gm € Go. Since Gy is abelian, each Vj is conjugation
Go-stable. Passing from V' to V; we may assume that each element in V' is a skew primitive
of weight g.

For every h € Gy, Tj,-1 acts on V as an invertible linear map. It is clear that V is a
finite dimensional kGg-module. Since kG is commutative, every finite dimensional simple
Go-module is 1-dimensional and Extyq (S, 5’) =0 if S and S’ are distinct simple modules
over kGy. Then V is a finite direct sum of submodules V; so that the support of each

Vi is a single closed point of Spec kGy. This closed point corresponds to a 1-dimensional
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Go-representation \;. Fix any ¢, every element in V; has a generalized commutator \; with
level no more than dim V;.

(c) Let V' be the vector space spanned by all skew primitive elements z with commutator
of level 1 such that w(z) = w(y). Pick any finite set {z1, - , 2, } which is linearly indepen-
dent in V/(V Nk(u(y) —1)). Then (14.2.2.1)-(14.2.2.3) hold for D = Cy and A = k[u(y)*!].
By Theorem 4.2.5(b), w < GKdim H. Thus V is finite dimensional. Clearly, T, -1 stabilizes
V for all g € Go. The first assertion follows from part (b). The final assertion is clear since

every element in V' has weight commutator equal w(y). O

We need to introduce some conventions. Let ;o € W. Define P, to be the k-linear space
spanned by all skew primitives y € H with p(y) = p. Let v be a nonzero scalar and let P,
be the k-linear space spanned by all skew primitives y € P, with commutator « of level no
more than n. Let By, ,, = ano Buymn, Poxn = Zu,'y Puyn and Py = Zu,’y,n By

Given any p € W and A € Gj, let P, ), be the k-linear space spanned by all skew
primitives y € H with generalized commutator A of level no more than n and pu(y) = p. Let
PM’Az* = ano P)U'?)‘:n’ P*7G*7n = Z’U,,)\ PN,A,TL and P*vG*v* = Z,U,,)\,TL PM,A,TL'

Lemma 5.4.7(a) says that P, , . contains all skew primitive elements and Lemma 5.4.7(c)

says that P, .1 is a subspace of P, g, . when v € £* and 7 is 1 or not a root of unity.

Lemma 4.4.8. Retain the above notation. Suppose that H does not contain a free subalgebra
of rank 2.

(a) If Pyyi C k(pn—1), then Py C k(p—1).

(b) If Pyya € k(i — 1) and «y is not a root of unity, then P, .« C k(u— 1) for every root
of unity vo.

(¢c) If v is not a root of unity, then P, ~1/k(n — 1) has dimension at most 1.

(d) Suppose 1 and o are two distinct scalars neither of which is a root of unity. If P, 4,1 ¢
k(i —1) fori=1,2, then vi'v31 =1 for some positive integers N, M. Further there is
no v3 € kX \ {v1,72} such that Py .1 ¢ k(pn —1).

(e) Suppose that GKdim H < oco. If 7 is not a root of unity, then P, ~ . = Py~ 1 C Py Gx.

Proof. (a) This is clear by induction.

(b) First assume that g is not 1. Pick ya € P41\ Co. If Py« & k(e — 1) for a root
of unity 7o, by part (a), there is a y1 € P,.1\ Co. Since 7o and 7 are not 1, after adding a
suitable term a(u(y;) — 1) to y;, the hypothesis in Proposition 5.4.3(ii) holds. Then we are
in the situation of Proposition 5.4.3(b2,b3) (where d; = do = 1). By Proposition 5.4.3, H

contains a free subalgebra of rank 2, a contradiction.
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Second assume that 79 = 1. For the statement we only need to consider the Hopf
subalgebra generated by group-like and skew primitive elements. So we may assume that H
is pointed. Passing to the associated graded Hopf algebra of H with respect to its coradical
filtration, one can assume the hypothesis in Proposition 5.4.3(ii) holds. So the above proof
works.

(c) This follows from Proposition 5.4.3(b1).

(d) By the proof of Proposition 5.4.3, see (E4.4.3.1),

qfl(Ml(M1*1))+d2(M1M2)q512(M2(M2*1))+d1(M1M2) -1
where M7 and My are nonnegative integers with M; + My > 2. Note that v; = ¢; and
dy = dy =1 in this case. Let N = M;(M; — 1) + M1 My and M = My(Ms — 1) + My Mo.
Then N and M are non-negative and N + M > 2. Since y; and 79 are not roots of unity,
both N and M must be positive.

If such a 73 exists, by part (b) it is not a root of unity. By the above assertion we have

positive integers A, B, C, D such that 'yfyf =1 and 'yg%? = 1. Then

N __M\AC ACN _CAM —BCN—-DAM
1:(71 72 ) =N 2 =73

which contradicts the fact ~3 is not a root of unity.

(e) If Pyrs # Pu~1, Dick a skew primitive yo € P,2. This means that u lysp —
Yy2 = y1 € Py~ \ k(p—1). Consider the Hopf subalgebra K generated as an algebra by
Yo, Y1, i, 1~ L. By possibly adding a term B(u — 1) to 1 for some 8 € k and adding a term
a(p — 1) to yo for some a € k, we can assume that yjpu = yuy1 and you = yuys + py-

It remains to show that K contains a free subalgebra of rank 2. Define a filtration F; of
K inductively as follows:

Fy = Co(K) = k[u*],

Fy = Fy + Foyr = Foyr + Fo,

Fy = Fo + Foyr + Foy? + Foya = Fo +y1Fo + yi Fo + y2 Fo.

F, ="' FF,_; for all n > 3.

It is easy to check that F'is an Hopf algebra filtration and grp K is a Hopf algebra. In
grp K, y1,y2 are linearly independent in grp K/k(p — 1). Since y1,y2 € P,~,1(K), by part
(c), grp K contains a free subalgebra of rank 2. Therefore K contains a free subalgebra of
rank 2. This yields a contradiction. Therefore the first assertion (namely, the first equation)
follows. Finally, by Lemma 5.4.7(c), Pyu~,1 C Py G - O

Remark 4.4.9. Suppose GKdim H < co. By Lemmas 4.3.1(b) and 5.4.7(a), W\ W , C
W . In practice it often happens that W \ W S = Wi.

Now we are ready to prove the Third Lower Bound Theorem. Let Y, be the k-linear

vector space spanned by all skew primitive elements y with commutator of finite level such
that y(y) e "\ T .
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Theorem 4.4.10. Suppose Gq is abelian. Then
GKdim H > GKdim Cy + dim Y, /(Y N Cp).

Proof. Nothing needs to be proved if GKdim H = oo, so we assume GKdim H < oo.
Let

Y, = Z Puqyn and Ygn = Z Bun
REWx YET\T - REW AEGE yi=A(W)eM\T -

for all n > 1. Then Y, = )" Y,. Let Yg. = >, Yon. We prove the following claim by
induction:
Claim A:
GKdim H > GKdim Cy + dim Ye, /(Yan N Co)

for all n > 1. When n = 1, let {y;} be a basis of Yg51/(Ye1 N Cp) such that each y; is in

P, ;1 for some g, A;. Then we have
5 i = Mgy + g (i — 1)

where A;(pi) = (i) is either 1 or not a root of unity and where 7;; € k. By Theorem 4.2.5
(With D=Cpand A= kGo),

GKdim H > GKdim Cy + #{yl} = GKdim Cy + dim YGI/(YGI N Co),

which proves Claim A for n = 1.

Now assume that Claim A holds for n. Without loss of generality we may assume that
H is generated as an algebra by Cy and all skew primitive elements of H. Define a filtration
F; of H as follows:

Fy = Co,

Fy = Fo + FoYg1 = Fo + Yai Fo,

= F12 + FyZ where Z is the k-linear span of all skew primitive elements of H, and

Ep = Y0 FiFyy for all m > 3.
Then {F,} is a Hopf algebra filtration of H. Let K be the associated graded Hopf algebra
grp H. Note that if y € P, xo C Ygo(H), then y € F» and the associated element in K is
gry € Fy/Fy and g~ (gry)g = A(g)(gry) for all g € Gy (or, when trivially y € Fy, we have
gry € F1/Fy or gry € Fy). Thus gry € Y51 (K) (which is easy to see when y € F}). By

induction one sees that

Yon(K) 2 {ery | v € Yomen)(H)} = gr Yo (en) (H)
for all n. Applying the induction hypothesis to K,

GKdim K > GKdim Cy + dim Ygn (K)/(Yen (K) N Cy).
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By [KL, Lemma 6.5], GKdim H > GKdim K. It is clear that

dim Y11y (H) /(Y (na1) (H) N Co) = dim gr Yo (11)(H) /(g1 Y ng1) (H) N Co).
Therefore

GKdim H > GKdim K > GKdim Cy + dim Y, (K)/(Yen (K) N Co)
> GKdim Cy + dim gr YG(n+1) (H)/(gl‘ YG(n+1) (H) N C(])
= GKdim Co + dim Y5 (,11) (H) / (Y (n+1) (H) N Co)

which finishes the induction step. Therefore we proved Claim A.

When n goes to infinity, we have
GKdim H > GKdim Cy + dim Y. (H) /(Yas (H) N Cp). (E4.4.10.1)

Next we prove the following claim by induction:
Claim B:

GKdim H > GKdim Cy + dim Y,,/(Y;, N Co).

When n = 1, this follows from (E4.4.10.1) since Y1 (H) C Yg.(H) by Lemma 5.4.7(c). Note
that Y7 is Gg-stable. Using an argument similar to the proof of Claim A by passing to the
associated graded Hopf algebra grp H (and replacing Y, by Y,,), one sees that Claim B
holds. When n goes to infinity, we have

GKdim H > GKdim Cy + dim Y, (H)/(Y,(H) N Cp).

The proof of Theorem 5.4.10 also shows the following.

Corollary 4.4.11. Suppose Gy is abelian and GKdim H < oco. Let u € W and suppose
that v € k* is not a root of unity. Then

(a) Py is finite dimensional.
(b) Pui1x and P, are subspaces of Py Gy x-
(c) Yi=Yeu.
By Lemma 5.4.8(c,e), P« is finite dimensional.

Proof of Corollary 4.4.11. (a) By Theorem 5.4.10, Y, /(Y: N Cy) is finite dimensional. Since
Pyi+ CYiand P,y NCy=Fk(p—1), we have

dim Py 1 /k(p —1) < dimY,/(Yi N Cp) < o0
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which implies that P, 1 , is finite dimensional.

(b) By Lemma 5.4.8(e) P, -« is a subspace of Py gy «.

By part (a) P15 is finite dimensional. It is clear that P, ;. is Gg-stable. By Lemma
5.4.7(b,c) P14 is a subspace of Py gy «.

(c) As a consequence of part (b), Py« = Py xu),« When A(u) is either 1 or not a root

of unity. The assertion follows. O
Theorem 4.1.3 is an immediate consequence of Theorem 5.4.10.

Proof of Theorem 4.1.3. Without loss of generality we assume that GKdim H < co. First
we claim that Y, N (Y\/ + Cp) C Cp. Suppose y = z+ cis in Y, N (Y\/ + Cy) where
y€Y:\Coand z €Y ,and ¢ € Cp. It is easily reduced to the case when u(y) = u(z) =g
and ¢ = a(g— 1) for some o € k. Then y € Y ,, a contradiction. Therefore the claim holds.

By Lemma 5.4.7(a), every skew primitive element is a linear combination of skew
primitives with commutator of finite level. This says that Z = Y, + Y Vs Cy. Since
Yin (Y, 4 Co) C Co, we have

Z/(Co+Y ) =Y. /YN (Co+Y r) =Y. /(YN Co).
The assertion follows by Theorem 5.4.10. O

Another way of proving Theorem 4.1.2 (with a slightly stronger hypothesis that (W)
is abelian) is using Theorem 4.1.3 and the following lemma, which is due to an anonymous

referee.

Lemma 4.4.12. Suppose GKdim H < co. Then

Proof. For any w < #(W'\ W\/), take distinct elements 1, -+ ,z, € W'\ W, we need to
prove that dim Z/(Co +Y /) = w.

For each i, pick a skew primitive element z; € H \ Cy such that x; = u(z;). Lemma 4.3.5
shows how to get a suitable z; such that v(z;) is defined. Since u(z;) = z; ¢ W ,, Lemma
4.3.1(b) says that v(z;) is either 1 or not a root of unity.

It suffices to show that z1,--- , 2z, are linearly independent in Z/(Cy + Y. \/), so it is
enough to show that z1,---,zy,y are linearly independent in Z/Cy for any y € Y. Y \ Co.
We can arrange y = y1 + -+ + ¥y, for some skew primitive elements y; & Cop, where y;
has a commutator v(y;) of finite level which is a nontrivial root of unity, and the pairs
(1e(yj),v(y;j)) are distinct. The pairs (1(2;), v(2;)) are already distinct, and (u(z;),v(2:)) #
(1e(yj),v(y;)) for all i, j because y(z;) is either 1 or not a root of unity.

An improved version of Lemma 5.3.3 for skew primitive elements with commutators of
finite level says that z1,- -, 2w, Y1, - , Yy are linearly independent in Z/Cj. Consequently,

21, , Zw, Yy are linearly independent in Z/Cj as desired. ]
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Finally we end with a simple example in which Z =Y, N Co.
Example 4.4.13. Let H be generated as an algebra by « and {y;}3°, subject to the relations
z? = 1,
i =0,

viYj +yjyi = 0,
xy; +yix =0

for all 7,5 € N. The coalgebra structure and the antipode of H are determined by

Alz)=z@z, Ay)=v®1+z1vy,
6($) = 17 E(yl) — 07
S(z) =z, S(yi) = —vyi = yix

for all 4. It is easy to check the following
(1) GKdim H =0,

(@) 2= {(@, -1} =0,

(3) Z=Y 4+ Cpand dimY , = o0,

(4) Po1x =P =Y /.
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Chapter 5
COASSOCIATIVE LIE ALGEBRAS

5.1 Introduction

We introduce the notion of a coassociative Lie algebra which generalizes in an obvious way
both a Lie algebra and a coassociative coalgebra without counit. The enveloping algebra
of a coassociative Lie algebra is a bialgebra that is a generalization of the usual universal
enveloping algebra of a Lie algebra. The enveloping algebra of a coassociative Lie algebra
should be considered as a coalgebraic deformation of the usual universal enveloping algebra
on one hand, and potentially as an algebraic deformation of the coordinate ring (regular
functions) of certain algebraic groups or semigroups on the other.

Let k be a base field that is algebraically closed and everything is over k.

Let g denote an ordinary Lie algebra and L a coassociative Lie algebra. Let U(g)
(respectively, U(L)) denote the enveloping algebra of g (respectively, L). It is well-known
that U(g) is a Hopf algebra. In contrast, U(L) is not a Hopf algebra in general.

Theorem 5.1.1 (Theorem 5.3.5). The enveloping algebra U(L) of a coassociative Lie al-
gebra L is a Hopf algebra if and only if L is locally conilpotent.

Most of unexplained terms will be defined in Sections 1 and 2.

Starting with conilpotent coalgebras or nilpotnent Lie algebras, one can construct fam-
ilies of nontrivial coassociative Lie algebras based on them. For instance, we give explicit
examples in Example 5.5.4 (based on strictly upper triangular matrix coalgebras) and Ex-
ample 5.5.3 (based on Heisenberg Lie algebras). However, it is quite unsatisfactory that
there is no nontrivial Lie structure based on cosemisimple coalgebras [Proposition 5.4.6]
and no nontrivial coalgebra structure based on the semisimple Lie algebra sly [Theorem
5.4.9]. Tt would be interesting if a generalized version of coassociative Lie structure can be
constructed on cosemisimple coalgebras and/or semisimple Lie algebras.

Coassociative Lie algebras are helpful in the classification of connected Hopf algebras of
low GK-dimension. Recall that P(H) is the subspace of all primitive elements in H. Let
p(H) denote the dimension of P(H). If GKdim H < 2, then it is well-known that H = U(g)
for a Lie algebra g of dimension p(H). If GKdim H = 3, then it follows from Theorem 3.6.8
that H is isomorphic to either

(i) U(g) for a Lie algebra g of dimension 3, or

(ii) U(L) for a coassociative Lie algebra L of dimension 3.
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In Chapter 6, we will give a classification in GK-dimension 4.

Theorem 5.1.2 (Theorem 6.1.3). Suppose that k is of characteristic zero. Let H be a

connected Hopf algebra of GK-dimension four. Then one of the following occurs.
(a) If p(H) = 4, then H =2 U(g) for a Lie algebra g of dimension 4.

(b) If p(H) = 3, then H = U(L) for an anti-cocommutative coassociative Lie algebra L of

dimension 4.

(c) If p(H) = 2, then H is not isomorphic to either U(g) or U(L) as Hopf algebras, for any
Lie algebra g or any coassociative Lie algebra L. Such a Hopf algebra is isomorphic to

one of the four families of Hopf algebras explicitly constructed in Section 6.5.

The Hopf algebras in Theorem 5.1.2(b,c) are completely classified in Chapter 6. The
proof of Theorem 5.1.2 is heavily dependent on the study of coassociative Lie algebras. A
result of Milnor-Moore-Cartier-Kostant [Mo, Theorem 5.6.5] states that any cocommutative
connected Hopf algebra over a field of characteristic zero is isomorphic to U(g) for some
Lie algebra g. This applies to case (a) of Theorem 5.1.2. However, the Hopf algebras in
Theorem 5.1.2(b,c) are not cocommutative, hence not isomorphic to U(g) for a usual Lie
algebra g. A generalization of Theorem 5.1.2(b) states that if p(H) = GKdim H — 1, then
H is isomorphic to U(L) for some coassociative Lie algebra L by Theorem 6.3.5.

The Hopf algebra U(g) is always involutory. In general U(L) is not involutory. By using
the Calabi-Yau property of the enveloping algebra of unimodular Lie algebras, we prove the

following result.

Theorem 5.1.3 (Theorem 5.3.7). Let g be a finite dimensional unimodular Lie algebra.

Suppose that L := (g,0) is a conilpotent coassociative Lie algebra. Then U(L) is involutory.

Coassociative Lie algebras are not understood fully, and a lot of basic questions are

unsolved. For example,

Question 5.1.4. Let n(L) be the nilpotency of L and con(L) be the conilpotency of L. If
n(L) + con(L) < oo, then is there the bound for the number n(L) + con(L) — dim L?

Preliminary analysis of known examples shows that if n(L) + con(L) < oo, then
n(L) + con(L) —dim L < 1.

As one may guess, this paper grows out of the study of connected Hopf algebras. By
Theorem 5.1.2(b), certain classes of connected Hopf algebras are the enveloping algebras
of coassociative Lie algebras, which are noncommutative and noncocommutative. This

construction is very different from the various classical constructions of quantum groups
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which we are familiar with. One way of thinking of a coassociative Lie algebra is that it has
an additional coalgebra structure on a Lie algebra. Our work in Chapter 6 suggests that
certain “nilpotent” quantum groups could be represented by a Lie algebra with an extra

coalgebra structure. This idea might be worth pursuing further.

5.2 Definitions

In this section, we start with some definitions and give some easy examples of coassociative

Lie algebras.

Definition 5.2.1. A Lie algebra (L, [, |) together with a coproduct 6 : L — L® L is called

a coassociative Lie algebra if

(a) (L,0) is a coassociative coalgebra without counit, and

(b) two operations § and [, | satisfy the following compatibility condition
(5([&, b]) =0 ® [a, bQ] + [a, bl] ® by + [al, b] ®Xag+ a1 ® [CLQ, b] + [5(&),(5(1))] (E5.2.1.1)
for all a,b € L.

Here §(z) = x1 ® x2, which is basically the Sweedler’s notation with the summation

indicator omitted.

Definition 5.2.1 is not complete without the following remark.

Remark 5.2.2. For a general Lie algebra L, the product L ® L is not a Lie algebra in
any natural way. To make sense of [§(a),d(b)] in (E5.2.1.1), we need to embed L into the
usual universal enveloping algebra U(L). Then L ® L can be naturally identified with a
subspace of U(L) ® U(L). Under this identification, [f, g] is defined as the commutator of
f and g in the associative algebra U(L) ® U(L) for all elements f,g € L ® L. The equation
(E5.2.1.1) implies that the element [6(a),d(b)] € U(L) ® U(L) is actually in the subspace
L ® L, namely,

[0(a),0(b)] € L® L. (E5.2.2.1)

Inside U(L) ® U(L), the equation (E5.2.1.1) can be written as
§([a, b)) = la®14+1®a,0(b)] + [0(a),b® 1 +1® b+ [6(a),d(b)] (E5.2.2.2)

for all a,b € L. Let L' denote the Lie algebra extension L @ k1 where 1 is in the center
(ie., [1,LY] =0). Define A : L' — L' ® L! by

A =1®1, Ale)=a®1+1®a+d(a) (E5.2.2.3)

for all a € L. By embedding L' = L @ k1 into U(L) naturally, we can define [f, g for all
elements in f,g € L'. For any k-space V, let V®2 denote V @ V.
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Lemma 5.2.3. Let L be a Lie algebra, and let § : L — L®? be any linear map. Then L is

a coassociative Lie algebra if and only if (L', A) is a counital coalgebra and the equation
A([a, b)) = [A(a), A(D)] (E5.2.3.1)
holds in U(L)®? for all a,b € L*.

Proof. A direct calculation shows that A is coassociative if and only if § is coassociative. It
is also easy to see that (E5.2.1.1) is equivalent to (E5.2.3.1). O

It follows from (E5.2.2.2) that the kernel ker § is a Lie subalgebra of L. Let
®(a,b) :=0([a,b]) — (by ® [a,b2] + [a,b1] ® by + [a1,b] ® az + a1 ® [ag,b]).

Then (E5.2.1.1) becomes
®(a,b) = [6(a),d(b)]. (E5.2.3.2)

Let L be a coassociative Lie algebra. If § = 0, it is an ordinary Lie algebra. If [, | =0,
then L is simply a coassociative coalgebra without counit. Let CoLieAlg denote the category
of coassociative Lie algebras, LieAlg denote the category of Lie algebras and CoAlg denote the
category of coalgebras without counit. Then both LieAlg and CoAlg are full subcategories of
ColLieAlg. Now we give some simple examples of coassociative Lie algebras with nontrivial
Lie bracket [, | and nontrivial coproduct §, in which both sides of (E5.2.1.1) are trivially

zero. More complicated examples will be given in later sections.

Example 5.2.4. Let L = kx @ ky with [z,y] = y and d(z) = Ay ® y for any A € k and
d(y) = 0. Then L is a coassociative Lie algebra. It is clear that (L,[, ]) is a Lie algebra
and (L, ) is a coalgebra. Note that (E5.2.1.1) is trivial when a = b. So it suffices to check
(E5.2.1.1) for a = = and b = y, in which case both sides of (E5.2.1.1) are zero. It can
be verified that, up to isomorphism, this is the unique coassociative Lie algebra with an

underlying non-abelian Lie algebra of dimension 2.
Here is a slightly different situation.

Lemma 5.2.5. Let (L, , ]) be a Lie algebra and (L,6) be a coalgebra. Suppose that
(L) C Z ® Z where Z is the center of (L,[ , ]) and that 6([L,L]) = 0. Then L is a

coassociative Lie algebra.

Proof. The hypotheses imply that both sides of (E5.2.1.1) are zero. O

Example 5.2.6. Suppose that L is a Lie algebra containing a Lie ideal W such that
both W and L/W are abelian. For example, L is a Lie algebra of nilpotency 2. Let
§: L5 L/W — W®%? be a k-linear map where 7 is the quotient map. A direct calculation
shows that (§ ®1)6 = (1®9)d = 0. Thus (L, 0) is coassociative. By the definition of §, the
hypotheses of Lemma 5.2.5 hold; whence L is a coassociative Lie algebra. Below are two

special cases.
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1. Let L be the 3-dimensional Heisenberg Lie algebra with a basis {x,y, 2} such that
[z,y] = z and z is central. Define §(z) = 2® z and §(y) = Az ® z, for some A € k, and

0(z) = 0. By the above paragraph, L is a coassociative Lie algebra.

2. Let Wj be any Lie algebra and W be a vector space. Let ¢ : W7 — W be any k-linear
map. Define a Lie bracket on L := W; & W by

(w1 +w, t1 +t] = ¢([wi, t1]w,)

for all wy,t; € Wy and w,t € W. Then W is a Lie ideal of L such that both L/W and
W are abelian. Then every k-linear map 6 : L = W1 — W ®@W defines a coassociative
Lie algebra L.

Next, we give an example of “almost coassociative Lie algebra”, which is dependent on
the embedding of L into an associative algebra. If A is any associative algebra, define [, |4

to be the commutator of A.

Example 5.2.7. Let H be a bialgebra and let H := ker € where € is the counit of H. Let L
be a Lie subalgebra of (H4, [, |g) (for example, L = H,). Define 6(a) = A(a) —1®a—a®1
for all @ € H. Then (H,,d) is a coalgebra. Suppose that §(L) € L®2. Then (L,0) is a
coalgebra. However, (L, [, |m,0) is generally not a coassociative Lie algebra.

Let H be the 4-dimensional Taft Hopf algebra:

k{g,x)/(zg + gz =0, g =1, 2* = 0)

with A(g) = g® g, Alx) =2®1+g®x, and €(g) = 1, e(x) = 0. Let L be Hy =
kx & k(g — 1) ® k(gx). Let y = g — 1 and z = gz. Then [z,ylg = -2z, [z,2]g = 0,
[y, 2z]lg =2z, 6(z) =y®ux, 6(y) =y Ry, and §(z) = 2z ® y. Hence

[6(2),0(2)] ez = [y @z, 2 @ ylge2 = yz @ zy — 2y @ yz =: (¥).
Using the facts [x,y|g = —2z and [y, z]g = 2z, we have
(¥) =yzQay — (yz —22) @ (zy +22) =2yz2 R 2+ 2x @y + 4z ® z,

which is not in L ® L if we embed L into U(L). Hence (E5.2.1.1) does not hold for
(L,[ , ]m,0), and consequently, L is not a coassociative Lie algebra. After identifying
yz with —z, and 2y with —x — z in H, (E5.2.1.1) does hold in H ® H.

The enveloping algebra of a coassociative Lie algebra is defined as follows.

Definition 5.2.8. Let L be a coassociative Lie algebra. The enveloping algebra of L,
denoted by U(L), is defined to be a bialgebra, whose algebra structure equals that of the

enveloping algebra of the underlying Lie algebra L, namely,

U(L) = k(L)/(ab — ba = [a,b],V a,b € L),
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and whose coalgebra structure is determined by
Ala) =a®1+1®a+0d(a), €la)=0

for all @ € L. By (E5.2.3.1) it is easy to see that U(L) is a bialgebra. We will also use
U(L,9) to denote U(L) if we want to emphasize the coproduct .

It is clear that the assignment L — U(L) defines a functor from ColieAlg to BiAlg where
BiAlg is the category of bialgebras.

Example 5.2.9. If dim L. = 1, then there are exactly two coassociative Lie algebra struc-
tures on L, up to isomorphism. One is determined by § = 0. In this case, the enveloping
algebra is U(L) = k[z] with x being a primitive element. Consequently, U(L) is a Hopf
algebra. The other is determined by 6(x) = x ® x. Here, U(L) = k[g] where g = 1+ x
and g is a group-like element in U(L). In this case, U(L) is not a Hopf algebra because the

group-like element g is not invertible in U(L).

Let (g,0) be a coassociative Lie algebra with underlying Lie algebra g. Then Poincaré-
Birkhoff-Witt (PBW) theorem holds for U(g, ¢), since, algebraically it is the usual enveloping
algebra U(g). The difference between U(g,0) and U(g) is their coalgebra structures. For
many examples of (g,d), one can construct explicitly a family of bialgebras B(q) dependent
on (g,0), where ¢ € k, such that B(1) = U(g,d) and B(0) = U(g). Hence U(g,d) can be
considered as a coalgebraic deformation of U(g). However, we will not pursue this topic
further.

Since U(L) is generated by L as an algebra, U(L) is cocommutative if and only if the
underlying coalgebra L is cocommutative. Similarly, U(L) is commutative if and only if the
underlying Lie algebra L is abelian.

Let 0" = (0 ® 18" 1)(§ @ 1972) ... (§ ® 1)§. Here is a list of definitions.

Definition 5.2.10. Let Ly, Lo, L be coassociative Lie algebras.

(a) Wesay that L; and Lo are quasi-equivalentif U(Ly) is isomorphic to U(L2) as bialgebras.
(b) A Lie algebra g is called rigid if every compatible d-structure on g is zero.

(c) A coalgebra C' is called rigid if every compatible Lie-structure on C is trivial.

(d) A coalgebra (C, 6) is called anti-cocommutative if 76 = —¢, where the flip 7 : C®% — C®?2
is defined by 7(a ® b) = b ® a.

(e) The nilpotency of L, denoted by n(L), is defined to be the nilpotency of the underlying
Lie algebra L.
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(f) An element = € L is called conilpotent if §"(z) = 0 for some n > 0. We say L is locally

conilpotent if every element in L is conilpotent.

(g) We call L n-conilpotent if 6" (L) = 0. The smallest such n, denoted by con(L), is called

conilpotency of L.

5.3 Results on enveloping algebras

In this section we study some properties of the enveloping algebras U(L). Let B be a
bialgebra with coproduct A. Define 65 : B — B®? by

op(z) =Az) —z®1-1®x
for all z € B.

Definition 5.3.1. A subspace V in a bialgebra B is called a §-space of B if

(a) V is a Lie subalgebra of (B, [, |5),

(c) dp(V) C V®? inside B®?, and

(d) B is an N-filtered algebra with an exhaustive filtration defined by F,,(B) := (k1 + V)™,
for n > 0, such that the associated graded ring grp B is isomorphic to the commutative

polynomial ring k[V].

Remark 5.3.2. If L is coassociative Lie algebra, then L is d-space of U(L). In general, a
d-space of U(L) is not unique. See Corollary 5.3.6.

Lemma 5.3.3. If V is a §-space of B, then (V,[, |B,0B) is a coassociative Lie algebra and
B=U(V) as bialgebras.

Proof. Let U be the usual enveloping algebra of the Lie algebra (V, [, ]|g). Then there is an
algebra homomorphism ¢ : U — B such that ¢ |y= Idy. It follows from Definition 5.3.1(d)
that B is generated by V and that the set {v]" --- v} | n; > 0} is a k-linear basis of B where
{vi,--+,vj,---} is a k-linear basis of V. Since {v]*---v)? | n; > 0} is also a k-linear basis
of U by PBW theorem, ¢ is an isomorphism of algebras. Note that B is a bialgebra and
generated by V as an algebra, one can defined a canonical bialgebra structure Ay on U via
¢ such that ¢ is an isomorphism of bialgebras. Let dy(v) = Ay(v) —v®1—1®wv forv € V.
Since 6p(z) = Ap(z) —2®1—-1®x, oy(v) = dp(v) for all v € V' (we are identifying the
subspace V' C B with the subspace V' C U via the map ¢ |y= Idy). By Definition 5.3.1(c),
one sees easily that 6y (v) € V®?2 for all v € V. Since U is a bialgebra (via the map ¢),
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(E5.2.3.1) holds. Now by Lemma 5.2.3 and Definition 5.2.8, (V, [,
Lie algebra with enveloping algebra U. Since (V,[, |p,d5) = (V,[, ]Ju,dv) by construction
and U = B as bialgebras, the results follow. O

|, 0v) is a coassociative

Let (L,6) be a coalgebra (without counit). Let L' = k1 @ L, and A : L' — (L')®2
be defined as (E5.2.2.3). Moreover, let € : L' — k be defined by ¢(1) = 1,¢(z) = 0 for all
x € L. Then the assignment (L,5) — (L', A, ¢) defines a functor from CoAlg to CouAlg,
where CouAlg is the category of counital coassociative coalgebras. The following lemma is

easy.

Lemma 5.3.4. Let (L,0) be a coalgebra. Then (L,§) is locally conilpotent if and only if

(L', A,€) is a connected counital coalgebra.

Proof. Since L is a sum of its finite dimensional subcoalgebras, we can assume without loss
of generality that L is finite dimensional. Note that L can be identified with the quotient
coalgebra L'/k1. By taking the k-linear dual, L* becomes a subalgebra (without a unit) of
(LY)*. In fact, L* is a maximal ideal of (L!)* of codimension 1. Now the lemma is equivalent
to the statement that L* is a nilpotent ideal if and only if L* is the unique maximal ideal

of (L')*, which is an easy ring-theoretical fact. O
Now we are ready to prove Theorem 5.1.1.

Theorem 5.3.5. Let L be a coassociative Lie algebra. Then the following are equivalent:

(a) L is locally conilpotent;
(b) U(L) is a connected Hopf algebra; and
(c) U(L) is a Hopf algebra.

Proof. (a) = (b). Since (L,9) is locally conilpotent, (L', A ¢€) is a connected coalgebra
by Lemma 5.3.4. Since U(L) is generated by L' as an algebra, U(L) is connected as a
coalgebra. It follows from [Mo, Lemma 5.2.10] that a connected bialgebra is automatically
a Hopf algebra.

(b) = (c). This is clear.

(c) = (a). We proceed by contradiction. Suppose that U(L) is a Hopf algebra, but (L, J)
is not locally conilpotent. Then (L!, A) is not connected, whence its coradical is strictly
larger that k1. Pick a simple subcoalgebra with counit of L!, say C, which not equal to k1.
Since k is algebraically closed, C' is isomorphic to a matrix coalgebra @Z i=l,.m kx;; with

n
A(z5) = ins ®xgj, and e(zij) = 0;j
s=1
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for all 1 < 4,5 < n. Here 0;; is the Kronecker delta. Let y;; = x;; — d;;, for all 7,j. Note
that L = ker(e : L' — k). Then D -1
8(yij) = Yooy Yis @ ysj for all 1 < 4,5 < n. Let z;; = S(xi;) for all 1 <i,5 < n. Let X be
the matrix (zi;)nxn and Z be the matrix (2;;)nxn. Then the antipode axiom implies that
XZ = ZX = I, where I, is the identity n X n-matrix. Note that L is a d-space of U(L),
and hence U(L) has a filtration defined by F,, = (L')" such that grp U(L) is isomorphic
to the commutative polynomial ring k[L]. One can extend this filtration naturally from
U(L) to the matrix algebra M, (U(L)) such that grp(M,(U(L)) = M,(k[L]). Let gr also
denote the leading terms of elements in gry (M, (U(L)). Then the equation X Z = I,, implies
that gr(X)gr(Z) = 0. Note that gr(X) = (yi;) € My, (k[L]) and thus det gr(X) = det(y;;),

which is nonzero in the commutative polynomial subring k[y;;] C k[L]. Consequently, the

» kyi; C L is a simple subcoalgebra of L such that

equation gr(X)gr(Z) = 0 implies that gr(Z) = 0. Hence Z = 0, yielding a contradiction.

The assertion follows. O

Corollary 5.3.6. If char k = 0, then every locally conilpotent cocommutative coassociative

Lie algebra is quasi-equivalent to a Lie algebra.

Proof. Let L be any locally conilpotent cocommutative coassociative Lie algebra. Then
U(L) is a connected cocommutative Hopf algebra by Theorem 5.3.5. By Milnor-Moore-
Cartier-Kostant Theorem [Mo, Theorem 5.6.5], U(L) is isomorphic to U(g) for some Lie

algebra g. The assertion follows. O

Recall that a Lie algebra g is called unimodularif ad(x) has zero trace for all x € g, where
ad(xz) € Endg(g) is the k-linear map sending y € g to [z,y]. Combining results of Koszul
[Ko] and Yekutieli [Ye, Theorem A] (also see [BZ, Proposition 6.3] and [HVZ, Theorem
5.3 and Lemma 4.1]), g is unimodular if and only if U(g)[d] is the rigid dualizing complex
over U(g) if d := dimg is finite. By [BZ, Proposition 6.3] and [HVZ, Theorem 5.3], g is
unimodular if and only if the Hopf algebra U(g) is unimodular in the sense of [LWZ], if and
only if U(g) is Calabi-Yau, and if and only if the homological integral of U(g) (as defined
in [LWZ]) is trivial. It is well-known that all Heisenberg Lie algebras are unimodular, and

that the 2-dimensional non-abelian Lie algebra is not. Next we verify Theorem 5.1.3.

Theorem 5.3.7. Let g be a finite dimensional unimodular Lie algebra. Suppose (g,0) is
a coassociative Lie algebra such that 6 is conilpotent. Then the Hopf algebra U(g,d) is

involutory.

Proof. Let H (respectively K) denote the Hopf algebra U(g, ) (respectively, U(g)). Let pp
and px denote the Nakayama automorphisms of H and K respectively. Since the Nakayama
automorphism is defined uniquely up to an inner automorphism, and the units in H are
those elements in £*, the Nakayama automorphism of H (and of K) is unique. Since H = K
as algebras by Definition 5.2.8, we have uy = pg. Since g is unimodular, ux = Idg by
[BZ, Proposition 6.3(c)]. As a consequence pg = Idg.
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Since g is unimodular, the homological integral of K, denoted by [ [l(, is trivial. Con-
sequently, | [l( equals the trivial module K/(g) where (g) is the ideal of K generated by
subspace g. The homological integral is only dependent on the algebra structure of the
Hopf algebra, so we have that | }LI = H/(g). This implies that [ Il{ is trivial. Therefore the
left winding automorphism associated to [ Il{, denoted by Elfl, is the identity map of H.

Combining the above with [BZ, Theorem 0.3], we have that

b= Sholdy =Sy

/
where Sy is the antipode of H. Hence 5’?{ = Idy, and H is involutory. O

IdH:,uH:S%IoE

Example 5.5.2 shows that U(g, ) may not be involutory if g is not unimodular. This is
another way of showing that U(g,d) is not isomorphic to U(g’) for any Lie algebra g'. For

the rest of this section we assume that char k # 2.

Lemma 5.3.8. Let L be an anti-cocommutative coalgebra. Then

(a) con(L) < 2, and as a consequence, L is conilpotent; and

(b) 8(L) C (ker §)2.

Proof. (a) A standard calculation by using Sweedler’s notation shows that

(1886 = (r®1)(1®7)(1® d)6.

Since 76 = —J by assumption, the left-hand side of the equation becomes —(1 ® §)J while
the right-hand side is (1 ® 0)d. As a consequence, (1 ® §)d = 0.

(b) For any x € L, write 6(z) = > | #; ® y; for a minimal integer n. Then {x;}? , is
linearly independent. Since con(L) < 2,

0=(1®08)i(z) = = ®(y).
=1

Since {z;}!_; is linearly independent, ¢(y;) = 0 for all ¢. This means that §(L) C L ® ker .
Similarly, (L) C ker§ ® L. The assertion follows. O

Lemma 5.3.8 also implies a nice fact about the form of the antipode.

Proposition 5.3.9. Suppose that L is anti-cocommutative and that U(L) is involutory.
Then S(z) = —x for all z € L.

Proof. 1t follows from Definition 5.2.1 that the kernel of §, denoted by K, is a Lie subalgebra
of L. If x € K, then A(z) =2 ® 1+ 1® x. The antipode axiom implies that S(z) = —z. If
xz € L\ K, it follows from Lemma 5.3.8(b) that

o(z) = Zaij(xi R — ;R x;),
1<j
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for some x; € K and some a;; € k. Hence

A(x):1’®1+1®x+zaz’j($i®xj—xj®xi).
1<j

Applying the antipode axiom, and using the fact that S(z;) = —x;, we have that

0=S8(x)+z+ Z(I@'j(S(fL'i)$j - S(zj)x;) = S(x) +x+ Zaij(—xixj + xjT5).

1<j 1<j

So S(z) = —z—Y where Y =, . a;j(—z;x; +z;x;) € K. Applying S to S(z) = —z Y,
and using the hypothesis that S? = Id, we have = —S(z) + Y. Thus Y = 0, and
S(z) = —u. O

5.4 Elementary properties of coassociative Lie algebras

In this section some elementary properties of coassociative Lie algebras are discussed. First

we need some lemmas that will simplify computations.

Lemma 5.4.1. Let L be a coassociative Lie algebra. Let {x;}icr be a totally ordered k-linear
basis of L. For any a,b € L, write 6(a) =, x; ® a; and §(b) = >, x; ® b;. Then

(a) [ai,b;] =0 for all i; and

(b) lai, bj] + [aj,b;) =0 for all i, j.

If (L) Cc L' ® L" for some subspaces L' and L" of L, then
(c) [0(a),8(b)] € [, L'] @ [L", L"];
(d) ®(a,b) € [L',L']®[L",L"]; and

(e) 8(IL, L)) C [, L)@ L" + L' ® [L", L] + [, ') ® [L", L").
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Proof. We compute [§(a),d(b)] in U(L)®? as follows

szx] ® a;b; szxj ® bia;
—szx]®azb +Z:L‘j:m®a]b —i—Zx ® a;b;

1<j j>1
—Za::r:J@ba] Zx]x&@bal Zaz ® b;a;
1<J >
_ZZE@ZL‘](@ CLZ baj +Z$ & az,bl}
1<j
+ ) (s + g, m]) @ ajh — > (ziwy + [25,2]) © bja
7>t >

:Z:CZ[,U](X)([CL“ a], +Zl‘ & CL“ z

1<j
+ E JIZ,J,’] bal ajbi).
1<j

Since {z;x;}i<; are linearly independent in U(L)/L and [z;,x;] € L for all 7,7, we have
lai, bj] + [aj,bi] =0, [a;, b;] = 0. Parts (a) and (b) follow.

Now assume that 6(L) C L'®@L"”. By the above computation and parts (a,b), [0(a),d(b)] =
> icil®is 7] @ (bja; — ajb;), which is in [L', L'l ® U(L), as we can assume z; € L’ whenever
a; (or b;) is nonzero. By symmetry, [0(a),d(b)] € U(L) ® [L”,L"]. Hence [6(a),d(b)] €
[L',L'|®[L", L"]. This is part (c). Part (d) follows from the equation ®(a,b) = [§(a), I (b)].

Part (e) follows from part (¢) and (E5.2.1.1). O

If V and W are subspaces of a vector space A, let V/W denote V/(V NW).

Definition 5.4.2. 1. A subspace V of a Lie algebra L is said to have small centralizer
if (ker ad(z)) N'V has dimension 1 for all z € V'\ {0}.

2. Let Z be a Lie ideal of L. A subspace V C L is said to have small centralizer modulo
Z if the quotient space V/Z in L/Z has small centralizer.

Proposition 5.4.3. Let L be a coassociative Lie algebra and Z be a Lie ideal of L. Suppose
that L' and L" are two subspaces of L such that

(a) [L',Z] = [L",Z] =0,
(b) L' and L" have small centralizers modulo Z, and
() S(L)CL"®L +(Z&L+LwZ).

Then dimé(L)/(Z® L+ L ® Z) < 1.
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Remark 5.4.4. Since Z is a Lie ideal of L, we have that L/Z is a quotient Lie algebra,

but L/Z may not be a quotient of the coassociative Lie algebra L.

Proof of Proposition 5.4.3. Let W = (Z ®@ L+ L ® Z)Ndo(L). Without loss of generality
we may assume that §(L) # W. Let a and b be any two elements in L. The assertion is
equivalent to

Claim: §(a) and 6(b) are linearly dependent in §(L)/W .

Proof of the Claim: If §(a) or 4(b) is in W, the claim is obvious, so we assume during the
proof that d(a) and 0(b) are not in .

In the rest of the proof, we will pick a k-linear basis {z;};>1 of Z, extend it to a basis
{zi}i>1U{zj}j>1 of L” +Z where z; € L\ Z, then extend it to a basis {z;}i>1 U{z;}j>1 U
{ls}s>1 of the whole space L where Iy € L\ (L"” 4+ Z). For simplicity, we use integers to
index the basis elements. Since (L) C L" @ L' + (Z®@ L+ L ® Z), for any a € L,

5@):§:%®ar+§:q®a}+§:@®ag
i>1 j>1 s>1
where a; € L' + Z, a); € L and aj € Z.
Case 1: Suppose that 6(a),d(b) e u@ L' +(Z® L+ L® Z) for some v € L"\ Z. In this

case we can choose x1 = u. By the choice of the k-linear basis, we can write

5(a):u®a1+2xi®ai+2zj®a;+le®a;’7

i>2 >1 s>1

where a1 € L'+ Z, a; € Z for all i > 2, a; € L and ag € Z for all j,s. Similarly,

Sb)=u@b+ > T @b+ Y 2@+ I, @]
i>2 j>1 k>1

where by € L'+ Z, b; € Z for all i > 2, and V) € L and b € Z for all j,s. By Lemma
5.4.1(a), [a1,b1] = 0. Since L’ has small centralizer modulo Z, by € kaj + Z. Thus 6(a) and
d(b) are linearly dependent in 6(L)/W.

Case 2: Suppose that 6(a),d(b) € L" @u+ (Z®@ L+ L® Z) for some u € L'\ Z. Case 2
is equivalent to Case 1 by symmetry. Hence the claim follows by Case 1.

Case 3: Suppose that §(a) € uQ L'+ (Z® L+ L ® Z) for some v € L"\ Z. In

this case, we can choose x; = u, and d(a) can be written as in Case 1. In particular,
da)e l"®a1+(Z®@ L+ L®Z). Write

4(b) :U®b1—I-Z:Ui@bi—I-sz@b;—l—le@b;’
i>2 >1 s>1
where b; € L' + Z for all i > 1, and b € L, b € Z for all j,s. By Lemma 5.4.1(a),
[a1,b1] = 0. Since L' has small centralizer modulo Z, b = Aaj + z for some \ € k and

z € Z. Replacing by by by — Aai, we may assume that by € Z. By Lemma 5.4.1(b), for
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every i > 2, [a1,b;] = —[a;,b1] € Z since by is in Z. Since L” has small centralizer modulo
Z,b; = Nja1 + z;, for \; € k and z; € Z for all ¢ > 2. Thus

Sb)=u@b+ Y x® Nar+2)+ Y 50+ @b
i>2 j>1 s>1
which is in L” ® a1 + (Z ® L+ L ® Z). Therefore both §(a) and §(b) are in L ® a1 + (Z ®
L+ L ® Z). The claim follows from Case 2.
Case 4: Suppose that either 6(a) or §(b) isin L"@u+(Z® L+ L®Z) for some u € L'\ Z.
The claim follows by symmetry and Case 3.

Case 5 [the general case|: By the choice of k-linear basis, we can write

fa)=> zi®a+y z@d+y li®a,

i>1 i>1 s>1
i>1 i>1 s>1

where a;,b; € L' + Z, a},b; € L and ag, b € Z for all 4, j, s. Without loss of generality, we
may assume that ay € L'\ Z. By Lemma 5.4.1(a), [a1,b1] = 0. Since L’ has small centralizer
modulo Z, by = Aaj + 2z for some A € k and where z € Z. Replacing b; by b; — Aai, we
may assume that by € Z. By Lemma 5.4.1(b), for every i > 2, [a1,b;] = —[a;,b1] € Z
since by are in the Lie ideal Z. Since L’ has small centralizer modulo Z, b; = \;a1 + 2;,
for \; € k and z; € Z for all i > 2. Together with the fact by € Z, we have that §(b) €

L"®a1+(Z® L+ L®Z). The claim now follows from Case 4. O
For a subset S C L, the centralizer of S in L is defined to be
Cs(L)={yeL|[z,y =0,VzeS}

Lemma 5.4.5. If there is an element a € L such that §(a) = © ® y # 0, then 6(L) C
C{x} (L) ® C{y} (L).

Proof. By symmetry, it suffices to show that (L) C L ® Cy,y(L). Pick a basis {z;} of L
such that 1 = . Then §(a) = 21 ® y. For any b € L, write §(b) = >, x; ® b;. By Lemma
5.4.1(a), [y,b1] = 0. For any i > 2, by Lemma 5.4.1(b), [y, b;] = —[0,b1] = 0. The assertion
follows. H

Proposition 5.4.6. Let C' be the coradical of a coassociative Lie algebra L. Then [C,C] = 0.

As a consequence, cosemisimple coalgebras are rigid.

Proof. Since k is algebraically closed, C' = €, My, (k) for a set of positive integers {n;}icr.
Let x,y € C; we need to show [z,y] = 0. By linearity, we may assume that x and y are
some basis elements in C. We need to consider two cases.

Case 1: We have that x and y are in the same matrix subcoalgebra, say M, (k). If n =1,

x = y. The assertion is trivial. Now assume that n > 1. Then we may assume that r = z;;
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and y = xy; for some 14, j, k,l. Consider 6(z1;) = Y 215 ®xgj and 0(zy) = Y, T2t @ xy. By
Lemma 5.4.1(b), [xsj, z4] = 0 for all s,¢. The assertion follows.

Case 2: We have that x and y are in different matrix subcoalgebras. Then we may
assume that = x;; € M, (k) and y = yp € Mp,(k). Consider 6(z1;) = > 215 ® zgj and
d(yu) = > y1t @yy. By Lemma 5.4.1(b), [zs;, yy] = 0 for all s,¢. The assertion follows. [J

The following lemma is also true. The proof is omitted since it is straightforward and

somewhat similar to the proof of Proposition 5.4.6.

Lemma 5.4.7. If C; and Cy are subcoalgebras of a coassociative Lie algebra such that
CiNCy = {0}, then [5(01),(5(C2)] =0

Lemma 5.4.8. Let L be a coalgebra. Then we have the following statements.

(a) For every x € L, write §(x) = > jw; ® v; for a minimal n. Then Y, ké(v;) C
L®Vy and ), ké(w;) C Wy ® L for some subspaces Vy, C Y. kv; and Wy, C >, kw; of

dimension no more than dimd(L).

(b) If 6(L) is 1-dimensional and L is not 2-conilpotent, then §(L) has a basis element of
the form T @ T for some 0 #T € L.

Proof. (a) Let {y:}}~; be a basis of ) kd(vs) for some m < dimd(L). Then there are

elements ai,...,a, € L such that

Zé(wi)@)vz sz®6 v; —Zat®yt€ (Zkat)®L®L.

t=1 t=1

This implies that é(w;) € (>, ka;) ® L for each i. Since {y;}{~, is a basis of ) kd(vs), the
equation
Zwl®5 (v;) = Zat@)yt
t=1

implies that ), ka; C ), kw;. Therefore the second assertion follows by taking W, =
> ¢ ka;. The first assertion is similar.

(b) Pick 0 # Q € §(L), and let {z;} be a finite set of linearly independent elements in
L such that Q@ = 3, . a;;jz; ® ;. Since 6(L) is 1-dimensional, §(z;) = b;Q for some b; € k.
Pick = € L such that (5( )=Q and (6 ® 1)d(x) # 0 (since L is not 2-conilpotent). Then

(®1)i(z) =) ah@r; =08 Zawb% =0T
7] 7]
where T':= 3, ;a;;biz; € L, and

(1®6)0 Zaw%@m O aibjz) @0 =580
i,J
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where § := Z” a;jbjx;. By coassociativity, 2 @ T' = S ® Q. This implies that Hence
Q=dT®T and S = 'T for some ¢/, € k*. Since k is algebraically closed, we can choose

¢ =1 by a scalar change of T O

Now we prove the main result of this section. Let

) 6 )

be a standard k-basis of sis.
Theorem 5.4.9. The simple Lie algebra sls is rigid.

Proof. By using the standard basis of sls, it is straightforward to check that sl has small
centralizers (details are omitted). Let L = (sl2, ) be a coassociative Lie algebra. We need
to show that § = 0. By Proposition 5.4.3 for L' = L = L = sly and Z = 0, dim (L) < 1.
To avoid the triviality, we assume that dim §(L) = 1 and let 2 € §(L) be a nonzero element.

If L is not 2-conilpotent, then Lemma 5.4.8 says that Q = T'®T where T = t1e+to f+itsh
for some t1,ta,t3 € k. Since Q # 0, not all ¢; are zero. Suppose d(e) = af, 0(f) = bQ and
0(h) = cQ for some a,b,c € k. By (E5.2.1.1), we have

26 = 6(2f) = 8([f. h])
=[fR1+1®f,cQ+ QA1+ 1R A
= {—2btie + (2ct3 + 2bt2) f —ct1h} @ T
+ T ® {—2bt1e + (2cts + 2bta) f — ct1h}.

Hence b(tl, tz, tg) = (—thl, 2bt2 + 2Ct3, —Ctl), or

ty b 0 0
M|ty =0 where M=]0 b 2¢c
t3 c 0 b

Since not all ¢1, to, t3 are zero, the determinant of the matrix M, which is b3, is zero. Hence
b = 0. Since e and f plays a very similar role, by symmetry, a = 0. By (E5.2.1.1) and the
fact d(e) = d(f) = 0, we have that §(h) = §([e, f]) = 0. Thus ¢ = 0, whence ¢ = 0, yielding
a contradiction. Therefore § is 2-conilpotent.

Since ¢ is 2-conilpotent, by Theorem 5.3.5, U(slz, d) is a connected Hopf algebra of GK-
dimension 3. By comparing with the list in the classification of connected Hopf algebras of
GK-dimension 3 [Zh2, Theorem 1.3], U(slz,d) must be isomorphic to U(slz). Since U(slz)

is cocommutative, (sl2,d) must be cocommutative. Hence

Q=apne®Ret+an(ex f+fRe)+as(e®@h+h®e)
+axnf®f+as(fOh+h® f)+azsh®h #0.



92

Since §(L) is 1-dimensional, the kernel Ly = ker(d) is a 2-dimensional Lie subalgebra of sls.
By an elementary computation, it is easy to verify that any 2-dimensional Lie subalgebra
of sly is either (i) kf + kh, or (ii) ke + kh, or (iii) k(e + ah)+ k(—4af + h) for some a € k*.
In the first case, (6 ® 1)Q2 = a116(e) ® e + a120(e) ® f + ai30(e) ® h and without loss of
generality, we can assume that d(e) = . Since (sl2,0) is 2-conilpotent, (6 ® 1)(©2) = 0,
which implies that a1; = a12 = a13 = 0. It is easy to see that
—®(e,h) = —6(—2e)+ [6(e),h®1+1® h]
=20 +4anf® f+2a3(fOh+he f).
The equations ®(e, h) = [d(e),d(h)] = [0(e),0] = 0 imply that ase = as3 = ags = 0. Hence
Q) =0, a contradiction. The assertion follows. The second case is similar.
The final case is when e + ah, h — 4af € ker(d) for some a € k*. Let

SANEI ) ()
6 ) )
() ()

Then {¢/, f’,h'} is a new standard basis of sly. It is clear that ¢/ = e + 2ah — 4a®f € ker(6)
and b’ = h —4af € ker(d). Thus it is equivalent to the second case. Combining all these

cases, the assertion follows. ]

Similar to Theorem 5.4.9 we show the following.

Theorem 5.4.10. Write glo = sla @ kz where kz is the center of gla. If (gl2,9) is a

coassociative Lie algebra, then § |4,= 0 and 6(z) = az @ z for some scalar a € k.

Sketch of Proof. Some tedious computations are omitted in the following proof.

First of all, the ¢ given in the theorem gives rise to a coassociative Lie algebra structure
on gls. Now we assume that (glo, d) is a coassociative Lie algebra.

Applying Proposition 5.4.3 to (L, L', L", Z) = (gla, sla, sla, kz), we obtain that

dim(6(gl2)/(z @ gla + gla ® 2)) < 1.
Therefore there is an element 2 € sl ® sls such that, for every x € glo,
iz)=0(x)®@2z+ 2@ 71(x) + A(2)Q (E5.4.10.1)

for some o(x) € sla, 7(x) € gla and \(x) € k. Both o(z) and 7(z) are uniquely determined
by (E5.4.10.1). If © # 0, then A\(x) is also uniquely determined by (E5.4.10.1). Setting
x =z in (E5.4.10.1), we have

0(2)=0(z2)@z+27(2) + \2)Q. (E5.4.10.2)
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Equation (E5.2.2.2) for (a,b) = (z,x) implies that
0=[0(2),2] @ 2+ 2@ [7(2), 2] + [M2)Q, 2 @ 1 + 1 @ 7]
+[0(2),0(2)] ® 22 + 22 @ [7(2), 7(2)]

(2)
+ M), 0(z) @ 2] + [A(2)Q, 2 @ 7(2)]
+[0(2) @ 2, M(2)Q] + [z @ 7(2), A(x) QY.

Since the terms in the above equation live in different k-subspaces of U(gls) ® U(gl2), we
have [0(z),z] = 0 = [7(2),x] for all x € sly. Thus o(z) = 0 and 7(2) € kz. In this case,
(E5.2.2.2) becomes, for every z € gla,

0=X2)([zel+1l®z]+[Q0(z)® 2]+ [Q, 2z 7(x)]). (E5.4.10.3)

First we claim that A(z)Q2 = 0. If not, we may assume that 2 # 0 and A(z) = 1. Using
the fact that terms live in different k-subspaces of U(glz2) ® U(glz), (E5.4.10.3) implies that

Qrel+lezs]=[Q,0x)®z]=[Q,ze7(x)]=0

for all x € gly. A computation shows that the first equation implies that Q = ¢(h ® h +
2(e® f+ f®e)) for some 0 # ¢ € k. The second and third equations imply that o(z) =0
and 7(z) € kz. Going back to (E5.4.10.1), we have, for every = € glo,

0(x) =d(x)z @z + NMx)Q
for some ¢(z) € k. For any z,y € sla, (E5.2.2.2) says that
o([z,y]) =t @1+ 1@z AYy)Q + M)y 1+12y] =0.

Since sly = [sla, sl2], d |s1,= 0. The coassociativity on z shows that  ® z = 0, a contradic-
tion. Therefore we proved our claim.

For the rest of the proof, we have A\(2)Q = 0 and 6(z) = 0(2) ® z + 2 @ 7(z). Then kz
is an ideal of the coassociative Lie algebra (glz,d) and (gla/kz,0) = (sla,6) is a quotient
coassociative Lie algebra where ¢ is the induced coproduct. By Theorem 5.4.9, § = 0. This

means that 2 = 0. For each x € glo, write
dx)=01(x)®@z+ 2@ 09(x) +v(r)z® 2
for some o1 (z),0(x) € sly and some v(x) € k. By (E5.2.2.2), we have

§([x,y]) =[o1(7),y] @ 2 + 2 @ [o2(), Y] + [z,01(y)] ® 2 + 2 @ [z, 02(y)]
+[o1(2),01(y)] © 2° + 2° @ [02(2), 02(y))]

for all z,y € gly. Setting y = z, we have [z,0;(z)] = 0 for all z € sly. This implies that
0i(z) =0 for i = 1,2. Setting x,y € sla, we have that

[o1(2), 01(y)] = 0 = [02(2), 72(y)]
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and that d(sly) C slo ® z + z ® sly. Since slp has small centralizers, dimo(sl2) < 1 and
dim oa(slz) < 1. Combining above facts, there exist wy, w2 € sla \ {0}, ¢ € k and linear
maps ¢1, @2 : slo — k, such that

i(2) =cz® z,
§(z) = p1(z)w1 @ z + Ppa(z)z @ wo

for all z € sly. Let {e, f, h} be the standard basis of sly, and write w1 = ae+bf +ch # 0 for
some a,b,c € k. A calculation using explicit Lie product of the elements e, f, and h shows
that (E5.2.2.2) implies that ¢; = 0. By symmetry, ¢o = 0. Thus the assertion follows. [J

5.5 Examples

We present several families of coassociative Lie algebras in this section. One-dimensional

ones are listed in Example 5.2.9. Here is the 2-dimensional case.

Example 5.5.1. If dim L = 2, then there are two Lie algebra structures on L, up to
isomorphism. Namely, L is either abelian or non-abelian.

If L is abelian, then the classification of coassociative Lie algebra structures on L is
equivalent to the classification of coalgebra structures on L. It is easy to show that o-

structure in L is isomorphic to one of the following:
(5.1.1.1) & = 0;
(5.1.1.2) (L,0) is cosemisimple;
(5.1.1.3) L = ka1 ® kxg and 6(z1) = 21 ® 21, 0(x2) = 0;
(5.1.1.4) L = kx1 @ kxg and 6(z1) = 21 ® 71, 0(x2) = 21 ® 22 + T2 @ x1;
(5.1.1.5) L = ka1 ® kxo and 6(x1) =0, d(x2) = 21 ® 1.

If L is non-abelian, then L has a basis {x1,z2} such that [z, z2] = z2. We have two
cases.

Case 1: 0(zg) = 0. We are only interested in nonzero J-structures. Write d(x1) =
Zi,j a;jr; ® xj # 0. In this case

O(z1,22) = —[0(x1), 22 @ 1 + 1 ®@ x2] = —(an1(z2 ® 1 + 21 ® x2) + (a12 + a21)r2 @ 2).

By (E5.2.3.2), ®(x1,x2) = [0(x1),(x2)] = 0. Hence a1; = 0 and a2 + az; = 0. Let a = a2
and b = age. We have that 0(x1) = az1 ® 3 — axre ® x1 + bra ® xo. Now coassociativity of
d shows that a = 0. Thus d(x2) = 0 and §(z1) = bxy ® x2. Up to a base change, we may

assume b = 1. Hence this is Example 5.2.4.
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Case 2: §(z2) # 0. Since L is 2-dimensional and non-nilpotent, it has small centralizers.
By Lemma 5.4.3, §(L) is 1-dimensional. Since d(x2) # 0, by replacing x1 by x1 — axs for
some suitable a € k, we have ¢(z1) = 0. Write 0(z2) = >, ; bijz; ® xj # 0. In this case,

0=[0(x1),d(x2)] = P(z1,22) = 0(z2) — [x1 @ 1 + 1 ® x1,0(z2)]
= b1171 ® 11 + b12w1 ® T2 + b2172 @ X1 + bawa ® 9
— (b1aw1 ® T2 + ba172 ® 1 + 2b2279 ® x32)
= b11r1 ® 11 — baaxa ® 2.
Hence b1; = bag = 0 and 6(z2) = biax; ® 2 + ba1xa ® 1. The coassociativity of  implies
that bis = bo; = 0. Therefore 6 = 0 in this case, yielding a contradiction.
Combining these two cases, the only nonzero d-structure on the 2-dimensional non-
abelian Lie algebra is the one in Example 5.2.4, up to isomorphisms.

One nice fact in 2-dimensional case is that § is always cocommutative. If § is conilpotent,

then L is quasi-equivalent to a Lie algebra by Corollary 5.3.6.
Next, we consider some higher-dimensional examples.

Example 5.5.2. Let g be a 3-dimensional Lie algebra with a k-linear basis {x,y, z} such

that its Lie structure is determined by
[yl =y, [29]=0, [z2]=—2+Xy,
for any A € k. Let L = (g,d) where the coproduct § is determined by
iz)=906(y) =0, 2 =zRy—yRx.

It is routine to check that L is a coassociative Lie algebra (using Definition 5.2.1). It is
obvious that ¢ is conilpotent and anti-cocommutative. Let H be the enveloping algebra
U(L). It follows from the antipode axiom that S(z) = —z, S(y) = —y, and S(z) = —z +y.
Hence S%(z) = z — 2y and H is not involutory. By Theorem 5.3.7, g is not unimodular,

which can also be verified directly.

Let bhan41 be the (2n + 1)-dimensional Heisenberg Lie algebra with a standard basis
{z1, "+ ,Zn, Y1, ,Yn, 2}. Here [z;,y;] = z for all i, and all other brackets are zero. Let
A = (a;5), B = (bij), C = (¢ij) and D = (d;;) denote n x n-matrices over k, and let £ = (e;)

be an n-column vector over k.

Example 5.5.3. Each of the following § defines a coassociative coalgebra structure on

Han+1 such that (ha,41,9) is a coassociative Lie algebra.
(a) For every i, d(z;) = d(2) =0, and

(5(yi) = Z(aijl‘j + bijyj) &z + Z z2Q (cijacj — bijyj) +62zQ z,
J J

where the coefficient matrices A = (a;;), B = (bi5), C = (¢i5) and E = (e;) satisfy
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(i) BA= B2 = BC = 0;
(i) BE = 0;
(iii) A+ AT+ C+C7 =0;
(iv) AB™ = BA™; and

(v) CB™ = BC".

(b) For every i, §(x;) = e;z2® z, 6(z) = 0, and 6(y;) = D> bij(x; ® 2 + z ® x;), where the
coefficient matrix B = (b;;) satisfies B = B”.

(c) For every i, 0(z;) =0, 6(2) = 2 ® 2z, and

5(yz) = Z(aljx + bijyj) Xz + Z z & (—ajixj + (5,']' — bij)yj),
J J
where the coefficient matrices A = (a;;) and B = (b;;) satisfy the conditions B?> = B;
BA = A; and BA™ = 0.
Proof. (a) Easy computations show that

(6 ®1)6(ys)
= Z bij6(y;) ® 2
J
= Z(bijajsxs + bijbjsys) ® 2 ® z + Z 2@ (bijcjsrs — bijbjsys) ® z
j,S j,S
+ Z bijjejz®2®z, and

(1®6)d(y;)
= ZZ ® ( bzg)(s(yj)
J
= Z 2 ® (=bijajsxs — bijbjsys) ® z + Z 2® 2 Q (—bijcjsxs + bijbjsys)
j,S j,S

—) bijejz®2® 2,
j
Coassociativity is equivalent to equations BA = B? = BC = 0 and BE = 0. To check
the condition (E5.2.1.1) we note that (E5.2.1.1) is trivial when (a, b) = (2, 2), (x4, 2), (vi, 2),
and (z;,z;). It suffices to verify (E5.2.1.1) for (a,b) = (x;,y;) and (a,b) = (y;,y;) for all
1<i,j<n.
If (a,b) = (4,y;), we have that

LHS of (E5.2.1.1) = 6([z4,y;]) = §(di;2) = 0, and
RHS of (E5.2.1.1) = [z; ® 1 + 1 ® 24,0(y;)] = bjiz @ z — bj;iz ® 2 = 0.
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Hence (E5.2.1.1) holds for (a,b) = (x;,y;).
If (a,b) = (yi,y;), we have that

LHS of (E5.2.1.1) = 6([ys,y;]) = 6(0) = 0, and

RIS of (B5.2.1.1) = [y, ® L, 8(y,)] + [1© y3.6(s;)]
+[0(yi),y; @ 1]+ [0(y:), 1 ® ys] + [6(a), 0(y;)]

=a;;z®z+¢Cjiz® z

+ aijz Q2+ ¢z Q2
+ (Z ishjs — bisajs)z ® 2 + (Z —cCisbjs + biscjs)2? @ z.

S S

Hence (E5.2.1.1) holds if and only if A4+ A"+ C +C™ =0, AB™ = BA™ and CB™ = BC".
This completes the proof of (a).
The proofs of (b) and (c) are similar and therefore omitted. O

We consider one last example. Let U, be the strictly upper triangular n x n-matrix

coalgebra, namely, it is the coalgebra with basis {x;;}1<i<j<n such that

§(zij) = Z Tis @ Tgj forall 1 <i,5 <n.
1<s<j

In the following proposition, let E = (e;), F' = (f;) and G = (g;) be three arbitrary vectors
in k" ! For1<i< 7 < n, define

aij = gi + git1 + -+ gj-1-
It follows from the definition that a;s + as; = a;; forall 1 <i <s < j < n.

Example 5.5.4. Let n > 3. Then the following anti-commutative k-bilinear map [, ] :

U®? — U, defines a Lie algebra structure on U,, such that (Uy,[, ]) is a coassociative Lie

algebra.

[xlna xln] =0, (E5541)
[T, 2i5] =0 if (s,t) # (1,n) and (4,7) # (1,n), (E5.5.4.2)
[‘rlna xij] = Q4 Lij if (27.7) # (1) n)? (17 n-— 1)7 (27 n)) (E5‘5'4'3)

n—1
[T1n, Tin—1] = G1p—1Z1p—1 + Z €;Tii+1, (E5.5.4.4)

n—1 =
(@10, Ton] = agn@an + D fidiit1. (E5.5.4.5)

i=1

Proof. First we prove that (Un,[ , |) is a Lie algebra. Let K = ; jy2(1n) kij C L
By definition, we have [K, K] = 0 and [L, K] = [K,L] C K. Since we define [ , ] to be

anti-commutative, it suffices to show the Jacobi identity

[a’ [b7 CH = [b> [a’ CH + Ha’ b]? C]
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for all a,b,c € U,. If a,b,c € K, then the Jacobi identity is trivially true. If a = b = x1,
and ¢ € K, the Jacobi identity is also true since it is true for all a = b. The Jacobi identity
is stable under permutation and thus the remaining case to consider is when a = x1, and

b,c € K. In this case,

[a, [b,c]] = [a,0] =0,
b, [a,c]] + [[a,b],c] € [K, K]+ [K, K] ={0}.

Hence the Jacobi identity holds and (Uy, [, ]) is a Lie algebra.

To prove (Up,[ , |) is a coassociative Lie algebra, we need to verify (E5.2.1.1). By
linearity, it suffices to check (E5.2.1.1) for cases listed in (E6.5.4.1)-(E5.5.4.5).

Case 1: If (a,b) = (z1pn, x1n), (E5.2.1.1) is automatic (for any a = b).

Case 2: Suppose that (a,b) = (wg,x45) for (s,t) # (1,n) and (i,j) # (1,n). Since
(L) C K® K and [K, K] =0, both sides of (E5.2.1.1) are zero.

Case 3: Suppose that (a,b) = (z1n, x;;) for (¢,j) # (1,n). Using the fact [K, K] = 0, we

have
LHS of (E5.2.1.1) = §([z1n, 2ij]) = aij Y is @ 24,

1<s<J
RHS of (B5.2.1.1) = (210 ® 1 + 1 ®@ Z10, » | Tis ® 2]
1<5<J
= (ais + asj) Z Tis ® Tgj = Q5 Z Tis @ Tgj.
1<s<g 1<s<g

Hence (E5.2.1.1) holds. This takes care of cases in (E5.5.4.3)-(E5.5.4.5).
Combining all the above cases we have checked (E5.2.1.1). Therefore (Up,,[ , ]) is a

coassociative Lie algebra. d
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Chapter 6

CONNECTED HOPF ALGEBRAS OF GELFAND-KIRILLOV
DIMENSION FOUR

6.1 Introduction

For this chapter we assume that the base field k is algebraically closed of characteristic zero.

In Chapter 3, we show that if a Hopf algebra H is connected, then the associated graded
Hopf algebra gr H with respect to the coradical filtration is isomorphic to a commutative
Hopf algebra. If H has finite GK-dimension, then gr H is isomorphic to the polynomial ring
klxi,- - ,xy], namely, the regular functions O(G) on a unipotent group G, or equivalently,
the graded dual U(£)* of the universal enveloping algebra over a graded Lie algebra £,
which is called the lantern of H. Since the coradical filtration is naturally associated to
the given Hopf algebra, the lantern £, as well as the associated unipotent group G, are

invariants of H. This observation motivates the following two related questions.

Question 6.1.1. What are the invariants of H that determine completely the Hopf algebra

structure of H?
Question 6.1.2. Can we classify all connected Hopf algebras of finite GK-dimension?

The first question was suggested by Andruskiewitsch and Brown. Also see the talk
given by Brown at the Banff workshop [Br3]. The second question is a subquestion of
several motivating questions for a couple of ongoing classification projects initiated by many
people such as Andruskiewitsch, Schneider, Brown, Goodearl and their collaborators. Some
studies of general Hopf algebras of GK-dimension 1 and 2 are given in [BZ, Li, GZ2] by
using homological tools. There is little chance to list all isomorphism classes of connected
Hopf algebras. A more practical question is along the line of Question 6.1.1: can we classify
connected Hopf algebras in terms of their invariants?

The connected hypothesis is quite restrictive, but there are some interesting new Hopf
algebras in this class even when the GK-dimension is 3, see Theorem 3.6.8. Since H is
a deformation of gr H, it is possible to understand all H in Question 6.1.2 if the (Hopf)-
cohomologies of gr H can be worked out completely. But we will not consider this in the
present paper.

The first goal of the paper is to provide some invariants of connected Hopf algebras
that help us to understand partially the structure of the Hopf algebra. One of such is the
coassociative Lie algebra that was introduced in Chapter 5. Our second goal is to study

and classify all connected Hopf algebras of GK-dimension 4, which should give us a better
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sense of how connected Hopf algebras of higher GK-dimension look like. Here is the main

result.

Theorem 6.1.3. Let H be a connected Hopf algebra of GK-dimension 4. Then H is iso-

morphic to one of following.

(a) Enveloping algebra U(g) over a Lie algebra g of dimension 4.

(b) Enveloping algebra U(L) over an anti-cocommutative coassociative Lie algebra L of

dimension 4.
(¢) Primitively-thin Hopf algebras of GK-dimension 4.

Here are some details about Theorem 6.1.3.

Remark 6.1.4. Let H be as in Theorem 6.1.3 and parts (a,b,c) here match up with that
of Theorem 6.1.3.

1. All 4-dimensional Lie algebras over the complex numbers C are listed in the book
[OV, Theorem 1.1(iv), page 209]. In this case, the lantern £(H) is the unique graded
Lie algebra of dimension 4 generated by four elements in degree 1, namely, the abelian

Lie algebra of dimension 4.

2. Anti-cocommutative coassociative Lie algebras of dimension 4 are classified in Theo-
rem 6.4.5. Therefore Hopf algebras in Theorem 6.1.3(b) are completely described. In
this case, £(H) is, up to isomorphism, the unique graded Lie algebra of dimension 4
generated by three elements in degree 1, namely, the Lie algebra hs & k where b3 is

the 3-dimensional Heisenberg Lie algebra.

3. There are exactly four families of primitively-thin Hopf algebras of GK-dimension 4,
each of which is constructed explicitly in Section 6.5, see Theorem 6.5.23. In this case,
L£(H) is, up to isomorphism, the unique graded Lie algebra of dimension 4 generated

by two elements in degree 1.

Some ideas can be extended to connected Hopf algebras of GK-dimension 5. For example,
the classification of the lantern of H is given in Remark 6.3.8. In higher GK-dimension,
we have the following result. Let p(H) denote the dimension of the space of all primitive
elements. The term P»(H) is defined in Definition 6.3.2 (b).

Theorem 6.1.5. Suppose H is a connected Hopf algebra. If p(H) = GKdim H — 1 < oo,
then H is isomorphic to the enveloping algebra over an anti-cocommutative coassociative

Lie algebra Py(H). In this case H is completely determined by Py(H).
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6.2 Preliminaries

Let LieAlg be the category of Lie algebras and let HopfAlg,. be the category of connected
cocommutative Hopf algebras. Then the first assertion of the following is a consequence of
Milnor-Moore-Cartier-Kostant Theoerem [Mo, Theorem 5.6.5]. The second assertion is a

well-known fact in ring theory.

Proposition 6.2.1. Then the assignment g — U(g) defines an equivalence between cate-

gories LieAlg and HopfAlg,.. If dimg < oo, then
GKdimU(g) = gldim U(g) = dim g.

In some sense, noncocommutative connected Hopf algebras are a generalization of the
universal enveloping algebra over a Lie algebra.

Let H be a connected Hopf algebra. By Proposition 3.5.4 and Theorem 3.5.6, gr H is
a commutative domain. Suppose gr H is locally finite. Then the graded dual (gr H)* is a
Hopf algebra.

Definition 6.2.2. Let H be a connected Hopf algebra.

(a) Let P(H) be the space of primitive elements in H and let p(H) be the dimension of
P(H).

(b) We say H is locally finite if p(H) < oo, or equivalently, H; in the coradical filtration of

H is finite dimensional for all 3.
(¢) H is called primitively-thin, if p(H) = 2.

(d) Suppose H is locally finite. The lantern of H is the graded Lie algebra £(H) such that
U(L(H)) = (gr H)*. In other words, £(H) = P((gr H)*).

The following lemma is easy. Part (a) of the following lemma says that £(H) is a kind
of the abelianization of H. Parts (e,f) justify calling H primitively-thin when p(H) = 2.

Lemma 6.2.3. Let H be a locally finite connected Hopf algebra.

(a) If H is the (universal) enveloping algebra U(g) for a finite dimensional Lie algebra g,
then £(H) is the abelian Lie algebra of dimension equal to dim g.

(b) The £(H) is a positively graded Lie algebra generated in degree 1 and dim £(H) =
GKdim H.

(¢) £(H)1 = (gr H)] = (H1/k)" = P(H)".
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(d) p(H) =1 if and only if H = k[x].
(e) (Lemma 2.4.7) If GKdim H > 2, then p(H) > 2.

(f) H is primitively-thin if and only if £(H) is a graded Lie algebra generated by two

elements in degree 1.

Proof. (a) In this case gr H = U(A) where A is an abelian Lie algebra with dim A = dim g.
So gr H is a commutative and cocommutative Hopf algebra and (gr H)* = gr H as Hopf
algebras. Consequently, (gr H)* = U(A). Thus £(H) = A.

(b) Since gr H is coradically graded, (gr H)* is generated in degree 1 as an algebra.
Since (gr H)* is cocommutative Proposition 3.5.4 and char k = 0, (gr H)* 2 U(£) and £ is
a graded Lie algebra generated in degree 1. Finally,

GKdim H = GKdim gr H = GKdim(gr H)* = dim £(H).

(c) It follows from definition and part (b).

(d) If p(H) = 1, then £(H); is 1-dimensional. By part (b), £(H) is generated by £(H );.
Thus £(H) = £(H )1, which is 1-dimensional.

(e,f) These follow from part (b) and definition. O

Given any graded Lie algebra finitely generated in degree 1, say g, U(g) is a locally finite
graded Hopf algebra. Since U(g) is isomorphic to (U(g)*)*, the lantern of the Hopf algebra
H = (U(g))* is g. Therefore every graded Lie algebra finitely generated in degree 1 appears

as the lantern of some connected Hopf algebra.

Lemma 6.2.4. Let H be a connected Hopf algebra of GK-dimension 4 and let £ be the

lantern of H. Then £ is isomorphic to one of the following:

(a) the abelian Lie algebra of dimension 4 concentrated in degree 1.

(b) the graded Lie algebra of dimension 4 with a basis {a,b,c,|a,b]} where a,b,c, are in
degree 1 and [a,b] is in degree 2, subject to the relations [c, £] = 0 = [[a, b], £]. This Lie
algebra is isomorphic to the Lie algebra hs @k where b3 is the 3-dimensional Heisenberg

Lie algebra.

(c) the graded Lie algebra of dimension 4 with a basis {a,b, [a,b],[[a,b],b]} where a,b are
in degree 1, [a,b] is in degree 2 and [[a,b],b] is in degree 3, and subject to the relations

[[a,b],a] =0 =[[[a,b],b], £] = 0.

Proof. By Lemma 6.2.3(b), £ = @;>1£; is a graded Lie algebra generated in degree 1 of
dimension 4. By Lemma 6.2.3(c,e), the degree 1 component £; has dimension either 2 or 3

or 4.
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If dim £; = 4, then £ = £; which must be abelian. This is case (a).

If dim £ = 3, pick a basis, say {a,b,c} of £;. Then dim £9 =1 and £; = 0 for all > 2.
Let z be a basis of £9. By linear algebra, up to a basis change, z = [a,b] and c¢ is in the
center of £. This is case (b).

If dim£; = 2, pick a basis, say {a,b} of £;. Then dim £y = 1 with a basis [a, ],
dim £3 =1 and dim £; = 0 for all i > 3. Then [[a, b], a] and [[a, b], b] are linearly dependent.
Up to a base change we may assume that [[a,b],a] = 0. Thus [[a,b],b] is the fourth basis
element of £. This is case (c). O

The three different cases in Lemma 6.2.4 will be a guideline for our classification.

6.3 Coassociative Lie algebras and their enveloping algebras

The definition and basic properties of coassociative Lie algebras can be found in Chapter 5.

Recall that by Lemma 5.2.3, for a coassociative Lie algebra L, U(L) is a bialgebra.

Definition 6.3.1. Let L; and Ly be CLAs.

(a) We say Ly and Lo are quasi-equivalent, and denoted by Ly ~ Lo, if U(Lq) is isomorphic
to U(L2) as bialgebras.

(b) A coassociative coalgebra (L, d) is called anti-cocommutative if 76 = —§ where the flip
7: L¥% — L®2 is defined by 7(a ® b) = b ® a.

For an anti-cocommutative CLA L, the enveloping algebra U(L) is a connected Hopf
algebra since L is conilpotent by Lemma 5.3.8 (b).

In rest of this section we assume that char k £ 2. Let H be a general Hopf algebra and
let P(H) denote the k-subspace of H consisting of all primitive elements in H. It is well
known that P(H) is Lie algebra. The dimension of P(H) is denoted by p(H).

Let 65 : H — H®? be the map defined by

og(h) =Ah)— (h®1+1®h) (E6.3.3.1)
for all h € H.

Definition 6.3.2. Let H be a Hopf algebra.

(a) An element f € H®? is called symmetric if 7(f) = f. An element f € H®? is called

skew-symmetric if 7(f) = —f.
(b) Define
Py(H) = {x € H | 6y(z) is skew-symmetric and lies in P(H)®?}.

The dimension of P(H) is denoted by po(H).
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(c) The anti-cocommutative-space of H is the quotient space P>(H)/P(H), denoted by
Pj(H). The dimension of Pj(H) is denoted by ph(H).

Here is a list of basic properties of P»(H). Part (a) justifies Definition 6.3.2(b,c).

Lemma 6.3.3. Let H be a Hopf algebra. Let 6 =g and [, =1, |u-

(a) Every anti-cocommutative subcoalgebra of (H,Jd) is contained in Py(H). Consequently,

(P2(H),6) is the largest anti-cocommutative subcoalgebra of (H, ).
(b) Po(H) ={x € H|6(z) C Po(H)®% 16(x) = —6(x)}.
(c) Py(H) is Lie subalgebra of H if and only if [6(x),d(y)] =0 for all x,y € Py(H).

(d) Suppose P(H) is abelian. Then (Po(H), [, ]) is a Lie subalgebra of H and [Py(H), P2(H)| C
P(H).

(e) If P,(H)/P(H) is 1-dimensional, then Py(H) is a Lie subalgebra of H.
(f) Py(H) is a Lie module over P(H).

(9) ph(H) < (PE).

Proof. Clearly P(H) C Py(H). By definition, §(Py(H)) C P(H)®? C Po(H)®? and 76(z) =
—d(z) for all x € Po(H). Hence P,(H) is an anti-cocommutative subcoalgebra of (H, ).

(a) By definition, kerd = P(H). Let C be any anti-cocommutative subcoalgebra of
(H,6). By Lemma 5.3.8(b),

5(C) C (ker6)®% c P(H)®2.

Since C' is anti-cocommutative, C' C P»(H) by definition.

(b) Let C = {z € H | §(x) C Py(H)®?,76(x) = —6(x)}. Then, by definition, Py(H) C
C. So 6(C) € C®? and C is an anti-cocommutative subcoalgebra of (H,J). The assertion
now follows from part (a).

(c) For any z,y € H,

[z, y]) = Az, y]) = [z,y] ©1 =1 ©[z,y]
[A(.%'),A(y)} - [xvy] ®l1-1® [x,y]

= [0(
= w(z,y) +v(z,y),

where

w(x,y) =[0(x),y1+1yl+z@1+1xx,0y)]
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and
v(z,y) = [0(x),d(y)]-
Now let z,y € Po(H). By definition, 6(x),d(y) € P(H)®2. In this case w(z,y) € P(H)®2.

Since §(z) and d(y) are skew-symmetric, so is w(z,y). But v(z,y) is symmetric. Hence,
d([z,y]) is skew-symmetric if and only if v(x,y) = 0. The assertion follows.

(d) By part (c), P»(H) is a Lie subalgebra of (H,[, |). For z,y € Py(H), §([z,y]) =
w(z,y)+v(x,y) where w(z,y),v(x,y) are defined as in the proof of part (c). Since P(H) is
abelian, both w(zx,y) and v(z,y) are 0. Hence é([x,y]) = 0 and consequently, [z,y] € P(H).
The assertion follows.

(e) Since Py(H)/P(H) is 1-dimensional, Po(H) = kf & P(H) for some f € P»(H). For
any x,y € Po(H), write z = af + xo and y = bf + yo for some a,b € k and xp,y9 € P(H).
Then §(z) = ad(f) and §(y) = bo(f). Hence [0(x),d(y)] = [ad(f),bd(f)] = 0. The assertion
follows from part (c).

(f) Let z € Py(H) and y € P(H). Then §([z,y]) = [§(2),1®@y+y®1] € P(H)®2. Since
0(x) is skew-symmetric, so is [0(x),1 ® y + y ® 1]. Hence [x,y] € P2(H).

(g) This follows from the fact that § defines a k-linear injective map from Py(H)/P(H) —
P(H) A P(H). O

Lemma 6.3.4. Let H be a Hopf algebra. Suppose that char k = 0. In parts (c,d,e), assume
that H is a connected Hopf algebra.

(a) p2(H) < GKdim H.
(b) Let g be a Lie algebra. Then P»(U(g)) = P(U(g)) = g.

(c) Let U be the Hopf subalgebra of H generated by P(H). IfU # H, then P(H) # P2(H)
and GKdimU < GKdim H.

(d) P(H) = grH(1)=P(grH).
(e) Py(H) = Py(grH) and Py(gr H) @ gr H(1)? = gr H(1) @ gr H(2).

Proof. (a) The subcoalgebra P»(H) + k1 is connected and counital by Lemma 5.3.4. Then
the subbialgebra of H generated by P>(H)+ k1 is connected, and whence a connected Hopf
algebra [Mo, Lemma 5.2.1]. Therefore, after replacing it by the Hopf subalgebra generated
by Py(H) + k1, we may assume that H is a connected Hopf algebra.

By Theorem 3.5.10, gr H = k[zy,--- ,z,] where n = GKdim H. Arranging {z;} so
that degz; = 1 for all ¢ = 1,--- ,p; and degz; = 2 for all ¢ = p; + 1,--- ,ps and
degx; > 2 for all ¢ > py. Then {x1, -,z } is a basis of gr H(1) = Hi/Hy = P(H),
and {zp, 41, ,Tp, } i a basis of gr H(2)/ gr H(1)2. Since gr H(2) = Hy/H; and gr H(1) =
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Hy/Hy, gr H(2)/ gr H(1)? = Hy/H?. Note that Py(H) is a subspace of Hy by the definition
of P,(H). For any x € P,(H)\ P(H), d(x) is nonzero and skew-symmetric by the definition
of Py(H) and P(H), and for every y € H?, an easy calculation shows that §(y) is symmetric.
Let C be a subspace of Po(H) such that Po(H) = C @ P(H). Then the above discussion
says that C C Hy and C N H? = {0}. Therefore

dim Py(H)/P(H) = dim C < dim Ho/H? = dimgr H(2)/ gr H(1)? = pa — p1.
Thus
p2e(H) = dim Py(H) = dim C 4+ dim P(H) < (p2 — p1) + p1 = p2 < n = GKdim H.

(b) Follows by a direct computation.

(c) Since U # H, by Lemma 3.6.4, GKdim U < GKdim H if GKdim U < oo.

Since U is the Hopf subalgebra of H generated by P(H), U is cocommutative and,
whence, U is the enveloping algebra U (g) for some Lie algebra g. Clearly, g = P(U) = P(H).

Consider the coradical filtrations {U; };eny and {H;}eny of U and H respectively. Since
U C H, there is a minimal n such that U,, C H,. The equality P(U) = P(H) implies that
n > 2. Pick any f € H, \ Uy, 6(f) € H?? = U?%. This means that 0(f) € U®? is a
coalgebra 2-cocylce of U.

Since U is the enveloping algebra U(g), U, as a coalgebra, is isomorphic to U (V) where
V' is the abelian Lie algebra of dimension equal to dimg. So one can forget about the Lie
structure of g when computing the coalegbra cohomology of U. A cohomology computation
shows that any 2-cocylce is congruent to an element in g A g modulo some 2-coboundary.
This means that there is an element g € U such that 6(f —g) € g A g. Since f & U,
f—ge H\U,or f—g € Py(H) as 6(f —g) € g A g is skew-symmetric. The assertion
follows.

(d) By the definition of coradical filtration, H; = k1 & P(H) = Hy @ P(H). Hence
P(H) = gr H(1). Since gr H is coradically graded (Remark 1.4.5), P(gr H) = gr H(1).

(e) Let x € Py(H) and let a be the associated element in gr H. If x € P(H), then
a € P(gr H) by part (d) and the map  — a is an isomorphism when restricted to P(H).
Now suppose x ¢ P(H). Then a ¢ P(gr H) by part (d). Since 6(z) € P(H)®? is skew-
symmetric, so is §(a) € P(gr H)®2. Thus we have an injective map Po(H) — Pa(gr H).
Now let a € Py(gr H). Since P(H) = gr H(1), we may assume that a € gr H(2). Let
{z;} be a basis of P(H) and {y;} be the corresponding basis of gr H(1). Then §(a) =
Zi,j cij(yi ® y; — y; @ y;) for some c;; € k. Let * € H, be a preimage of a. Then
6(x) =22 cij(xi®zj—2;®x;) +1®21 +22® 1 +c®1 where 21,20 € P(H) and ¢ € k. The
counit axiom for A implies that z; = 29 = ¢ = 0. Therefore € Py(H). The first assertion
follows.

For the second assertion we note that

gr H(1) = Plgr H) C Palgr H) C gr H(1) @ gr H(2)
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and that
Py(gr H) Ngr H(1)* = {0}.

It remains to show that gr H(2) C Py(gr H) @ gr H(1)%. By replacing H with gr H, we
may assume that H is coradically graded. For any z € Hy, §(z) = 2. Cii%T ®T;+1®
21+ 201+ c® 1 where x;,21,20 € P(H) and ¢ € k. The counit axiom for A implies
that z1 = 20 = ¢ = 0. Replacing « by z — ), %c”mf — %Zi<j(cij + cji)zixj, 6(x) becomes

skew-symmetric. So x € P»(H). The second assertion follows. O

Here is our main result of this section.

Theorem 6.3.5. Suppose that char k =0 and H is a connected Hopf algebra. If
GKdim H < p(H) + 1 < o0,

then H = U(L) for some anti-cocommutative CLA L = Py(H). If, further, GKdim H =
p(H), then H=U(g) where g = P(H).

Proof. Let g be the Lie algebra P(H) of the primitive elements of H. If H = U(g), the
assertion is trivial as we have a natural embedding LieAlg — CoLieAlg.

For the rest of the proof we assume that H # U(g). By Lemma 6.3.4(c), P2(H) #
P(H). Since P(H) is a proper subspace of P,(H), p(H) 4+ 1 < po(H). By Lemma 6.3.3(h),
p2(H) < GKdim H. By hypothesis, GKdim H < p(H) + 1 < oo. Therefore there is only
one possibility, namely, po(H) = p(H) + 1 = GKdim H. By Lemma 6.3.3(e) P»(H) is a Lie
subalgebra of H. By Lemma 6.3.3(a), (P2(H), ) is an anti-cocommutative subcoalgebra of
(H,0).

Let K be the subbialgebra of H generated as an algebra by the connected subcoalgebra
(P2(H) + k1,A). Then K is a Hopf subalgebra of H as mentioned in the proof of Lemma
6.3.4(a). By Lemma 6.3.3(a), P,(K) D P>(H) and clearly Po(H) O Py(K), we have Po(K) =
P,(H). By Lemma 6.3.4(b), P»(U(g)) = g, and by assumption in the previous paragraph
and Lemma 6.3.4(c), P»(H) 2 g, we conclude that U(g) is a proper subalgebra of K. By
Lemma 3.6.4,

GKdim K > GKdimU(g) +1 =p(H) + 1.

By hypothesis, GKdimH < p(H) + 1 and obviously GKdim H > GKdim K. Hence
GKdim H = GKdim K = p(H) + 1 = py(H). By Lemma 3.6.4, H = K.

Next we show that L := P,(H) is a CLA. By the second paragraph, L is both a Lie
algebra and a coalgebra. It remains to verify (E5.2.1.1). Choose a basis of g, say, {z;}, and
an element z € L\ g. Then {z;} U {z} is a basis of L. It is trivial that (E5.2.1.1) holds
for (a,b) = (2, z) and for (a,b) = (z;,z;) since §(z;) = 0. It remains to show (E5.2.1.1) for
(a,b) = (z,z;) (and by symmetry for (a,b) = (x;, 2)). Since d(x;) = 0, we have

6([z mi]) = [0(2), 2 ® 1 +1 @ z4]
=2014+1®2,6x)]+[0(2),2; 1+ 1R z;] + [6(2), d(x;)]
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which holds in H*? and hence holds in L®2. Thus the above holds in U(L)®2, which verifies
(E5.2.1.1).

Let U(L) be the enveloping algebra of the CLA L. There is a canonical Hopf algebra
map ¢ : U(L) — H sending € L to x. By [Mo, Theorem 5.3.1], the map ¢ is injective
since the restriction of ¢ on the space of primitive elements, namely, ¢ |p(g, is injective.
Now by Lemma 3.6.4 again this is an isomorphism since GKdim H = GKdim U(L). Finally
by the definition of Py(H), L is anti-cocommutative. O

Proposition 6.3.6. Suppose char k = 0. Let L be an anti-cocommutative CLA.
(a) P(U(L)) = L.

(b) Let P = ker(§ : L — L®?). Then grU(L) = k[P ® L/P] where elements of P are in
degree 1 and that of L/ P are in degree 2.

(¢) The coradical of U(L) is given by U(L)o = k1, U(L); = P+k1, U(L)y = (P+k1)2+1L,
and, forn > 3,

(d) Suppose L is finite dimensional. Then £(U(L)) = P* & (L/P)* where the Lie algebra
structure of P* @ (L/P)* is induced by the coalgebra structure of L.

Proof. For simplicity, we assume that dim L < oo in the following proof. The assertion
holds in general, but the proof requires more computation which we omit here.

(a) By construction and Lemma 6.3.3(a), L is a subspace of P(U(L)). By Lemma
6.3.4(a),

dim P,(U(L)) < GKdimU(L) = dim L < dim P,(U(L)).

Hence L = P»(U(L)) as L is finite dimensional.

(b) By the proof of Lemma 6.3.4(a), k[P & L/P] is a Hopf subalgebra of gr U(L). Ob-
viously they have the same GK-dimension. Now the assertion follows from Lemma 3.6.4.

(c) This follows from part (b) and the fact gr U(L) is coradically graded.

(d) By part (b), H := grU(L) = k[P @& L/P] where P @ L/P is the minimal generating
space of H. Then P* @ (L/P)* is a minimal co-generating space of the dual K := H* =
(erU(L))*. Let {z;}; and {y;}; be a basis of P and L/P respectively, and {z}}; and {yj};
be the dual basis of P* and (L/P)* respectively. It follows from the definition and the
fact that z; and y; are generators that both z7 and y} are primitive elements. Therefore
P*® (L/P)* C £WU(L)). Consequently, P* @& (L/P)* = £(U(L)) as they have the same
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k-dimension. Suppose, for any s, 0(ys) = > cij(xi ® x; —xj; ® x;) for some e k, and

define cff = —cij . Then

1<j

Ap(ys) =ys @1+ 10y + Y (1 @ 15 — 2 @ ay).
i<j

By the k-linear pairing K x H — k, we have

(27, 25 ](ye) = (z72] — 2527) (ye)
= (2] ® 2} — 2 @ 27)(An(y))
= (o @z~ @)1+ 10y + Y. ¢ (19 @ 1y — 5 @ 17))
ir<g’

=2c =" (203) ().

s

Hence [z, m}“] => . 24 ys for all 4, 7. Therefore the assertion follows since the coeflicients
ij

cé are determined by the coalgebra of L. O

Proposition 6.3.7. Let L be a conilpotent CLA of dimension < 4. Then it is quasi-

equivalent to an anti-cocommutative CLA.

Proof. By Lemma 5.3.4, U(L) is a connected Hopf algebra. By Lemma 6.2.3(e), P(U(L))
has dimension at least 2. If dim L < 3, the assertion follows from Theorem 6.3.5. For the
rest we consider the case when dim L = 4.

Let P, (L) = ker ™. Since L is conilpotent, P;_;(L) # P;(L) if P,_;(L) # L.

If dim Py (L) = 4, then L is 4-dimensional Lie algebra with trivial §-structure.

If dim P;(L) = 1, then dim P,(L) = 2 with an element xy € Py(L) \ P;(L) such that
0(x2) = x1®x1. For any x5 € P3(L)\ P2(L), write d(x3) = ar1®@x2+bro®@x1+cra®@xe. The
coassociativity on x3 implies that a = b and ¢ = 0. Without loss of generality, we assume
that 0(x3) = 21®@z2+z2®x1. Thus zy, xo— %x% and :Bg—:):lxg—&—%x? are linearly independent
primitive elements in U(L). Thus dim P(U(L)) is at least 3. Hence L is quasi-equivalent to
an anti-cocommutative CLA by Theorem 6.3.5.

Suppose dim P; (L) = 2 with a basis {z1,22}. If dim P(U(L)) > 3, L is quasi-equivalent
to an anti-commutative CLA by Theorem 6.3.5. So we only need to consider the case when
dim P(U(L)) = 2. If dim P»(L) = 4, choose two basis elements y1,y2 in Po(L)\ P1(L). Then
0(y1 — f(z1,22)) = a(x1 @z — 22 ®@x1) and 6(y2 — g(x1,22)) = b(x1 ® x2 — 2 ® 1) for some
polynomial f(z1,z2) and g(z1,22). Since P(U(L)) = 2, both a and b are nonzero. Thus
a(ys — g) — b(y1 — f) is an extra primitive element, a contradiction. Hence dim P»(L) = 3
and dim P3(L) = 4. Let x3 be a basis element in P,(L) and x4 be a basis element in P3(L).
Write 6(z4) = f ® 3 + 23 ® g + ax3 ® x3 with f,g € P;(L) and a € k. Coassociativity on
x4 implies that a =0, f = g # 0 and §(z3) = bf @ f for some b € k. Thus L is symmetric

and hence quasi-equivalent to a Lie algebra by Corollary 5.3.6.
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If dim Py (L) = 3, then dim P(U(L)) is at least 3 and the assertion follows from Theorem
6.3.5. O

Before we continue we would like to make a remark about the lantern of connected
Hopf algebras of GK-dimension 5, which could serve as a guideline for the classification of

connected Hopf algebras of GK-dimension 5.

Remark 6.3.8. Let H be a connected Hopf algebra of GK-dimension 5.

(a) Let p(H) denote the dimension of the space of all primitive elements. Then p(H) is in
the range [2, 5].

(b) If p(H) = 5, then £(H) is abelian (which is unique) and H is isomorphic to the en-

veloping algebra over a Lie algebra.

(c¢) If p(H) = 4, then £(H) is generated by four elements in degree 1 (there are two such
graded Lie algebras up to isomorphism) and H is isomorphic to the enveloping algebra

over an anti-cocommutative coassociative Lie algebra.

(d) If p(H) = 3, then £(H) is generated by three elements in degree 1 and there are two

subcases.

(d1) If the degree two component of £(H) has dimension 2 (there is only one such
graded Lie algebra), then H is isomorphic to an enveloping algebra over an anti-

cocommutative coassociative Lie algebra.

(d2) If the degree two component of £(H ) has dimension 1 (there is only one such graded
Lie algebra), then H is not isomorphic to the enveloping algebra over either an
ordinary Lie algebra or a coassociative Lie algebra, nor a primitively-thin Hopf

algebra.

(e) If p(H) = 2, then £(H) is generated by two elements in degree 1 (there are two such
graded Lie algebras), and H is a primitively-thin Hopf algebra.

6.4 Classification of anti-cocommutative CLAs up to dimension 4

In this section we classify all anti-cocommutative CLAs of dimension up to 4. The case of

dimension 1 is trivial.

6.4.1 Dimension 2

We start with an easy observation.
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Lemma 6.4.1. Let L be an anti-cocommutative CLA of dimension two. Then § = 0 and

L is an ordinary Lie algebra.

Proof. Let I = keré. By Lemma 5.3.8 (b), 6(L) C I®2. If I =0, then § = 0. If dim I = 1,
pick a nonzero element z € I. Then, for every y € L, 6(y) = Az ® = for some X € k. By
the anti-cocommutativity of §, A = 0. Thus § = 0. The remaining case is when dim I = 2,
which implies that § = 0. O

It is well known that a 2-dimensional Lie algebra is either abelian or solvable with

[z,y] =y for a suitable basis {x,y}.

6.4.2 Dimension 3

The following lemma is similar to Lemma 6.4.1. The classification of 3-dimensional Lie
algebra is well-known, which is called Bianchi classification when the base field is either the
real numbers R or the complex numbers C (for instance, see [OV, p. 209, Theorem 1.1] if
k = C). We will not include the list here. Next we will consider those CLAs with nontrivial
0.

Let a(A1, A2, @) denote the CLA with a basis {x,y, 2} whose Lie algebra structure on
L =: B(b) is determined by
[z,y] =0,
[z, 2] = Mz + ay,
[z,y] = A2y
for some A1, A2, @ € k, and whose coalgebra structure is determined by §(z) = d(y) = 0 and

(z)=z@y—y®z.

Lemma 6.4.2. Let L be an anti-cocommutative CLA of dimension 3 such that 6 # 0. Then

L is isomorphic to one of the following:

(a) a(0,0,0).

(b) a(1,1,0). And a(1,)N,0) is isomorphic to a(1,,0) if and only if N = X or A~1.
(c) a(0,0,1).

(d) a(1,1,1).

(e) The CLA b()\) with a basis {x,y,z}, whose Lie algebra strcutrue is determined by

1=y,
[z,2] = =z + \y,

B
<
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where X is in k, and whose coalgebra structure is determined by é(z) = 6(y) = 0 and
02)=2@y—y®x. And b(X) is isomorphic to b(\) if and only if N = \.

All CLAs listed above are pairwise mon-isomorphic except for the isomorphisms given in

part (b).

Proof. Let I = ker§. Repeating the first part of the proof of Lemma 6.4.1, one sees that
dim 7 > 1. Since dim L = 3 and ¢ # 0, we have dim I = 2. Pick any basis {z,y} of I. The
only skew-symmetric elements in I%? are A\(z ® y — y ® x) for some A € kX :=k\ {0}. Let
z€ L\ Isuchthat 0(2) =2y —y® .

Since I is a Lie subalgebra of L (see Lemma 6.3.3(e)), we have the following two cases
to consider.

Case 1: I is abelian. Write

[z, 2] = a1z + a2y + a3z,

[2,y] = b1z + bay + b3z.

Applying (E5.2.1.1) to (a,b) = (z,x), we have
as(z@y—y®x)=0(z2)=[0%),z1+1xz] =0.

Hence a3 = 0. By symmetry, b3 = 0.

c c
Using a linear transformation f : x — ci1x+c12y, y — a1+ ooy with det < 1 12) =
C21 €22

a

a
1, the matrix < 2) becomes one of the Jordan forms

1 b2
a 0 a 1
, or .
0 b 0 a

In the first Jordan case, if a = b = 0, this is case (a). If a # 0 (or by symmetry if b # 0) we
can assume that a = 1 by a change of basis {z,y, 2} — {Va~lz,Va=ly,a"'z}. So this is
case (b). In the second Jordan case, if @ = 0, this is case (c). If a # 0, by a change of basis,
we can assume that a = 1, which is case (d).

Case 2: [ is not abelian. So we may assume that [z,y] = y where {z,y} is a basis of I.
Let z € L'\ I such that 6(z) =z ®y — y ® x. Write

[z, 2] = a1x + agy + a3z,

[2,y] = biw + bay + b3z
Applying (E5.2.1.1) to (a,b) = (z,x), we have

az(z®@y—y®z)=0(22]) =[6(2),2®@1+1®2]|=-(20y —y®2).
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Hence a3 = —1. A similar argument shows that bs = 0. By the Jacobi identity, we have

biz +bay = [2,y] = [2, [z, ] = [[2, 2], y] + [z, [2, y]]
= a1z + a2y — z,y] + [z, b1z + bay]
= a1y — (b1z + bay) + bay.
Then b; = 0 and a; = by. Thus we have
[z,2] = ax + a2y — z,
[2,9] = ay.
After replacing z by z — ax, we have a = 0. This is the case (e).

By the above argument, the CLAs listed are pairwise non-isomorphic except for the

isomorphism given in part (b). O

The enveloping algebra of the case (e) has an interesting property that S? is not the
identity, see Example 5.5.2.

6.4.3 Dimension 4

This is the main subsection of Section 3. We will classify all 4-dimensional anti-cocommutative
CLAs. If § = 0, L is an ordinary Lie algebra of dimension four and the classification is known
[OV, p. 209 Theorem 1.1] in which the base field k is C. So we assume that § # 0. Through-

out this subsection we assume that L is a 4-dimensional anti-commutative CLA such that
6 # 0.
Lemma 6.4.3. Let I =kerd. Then I is a 3-dimensional Lie subalgebra of L.

Proof. An easy calculation shows that [ is a Lie subalgebra of L by using (E5.2.1.1). It
remains to show that dim/ > 2. Let H = U(L). By Lemma 6.3.3(g), ph(H) = dim L —
dimI < (diglf). If dim I < 2, then p4(H) < 1 and dim L < 3, a contradiction. Therefore
dim 7 > 2. O

Lemma 6.4.4. There are elements w1,z in I such that §(L) = k(x] ® x9 — x2 @ x7).

Proof. Let {x), 24, 25} be a basis of I. Since dim I = 3, dim (L) = 1. Pick z € L\ I. Then
we must have
§(z) = Zaij(x; ® xf; — o © x7),
i
where A = (a;5) is a non-zero 3 x 3 anti-symmetric matrix. Obviously, (L) is spanned by
5(z). Now A has eigenvalues 0, A, —\ for some A\ # 0. By replacing z with z/v/\, we can
assume that A has eigenvalues 0,1, —1. By linear algebra, there exists an invertible matrix

P such that
0

PAPT = -1 0
0
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By setting (1,2, 73)7 = P~Y(a}, 2h, 25)7

, we get
§(2) =21 @9 — T2 @ 17.

This completes the proof.

O]

Here is the main result of this section. The proof is computation and some details are

easy to check.

Theorem 6.4.5. Let L be an anti-cocommutative CLA of dimension four such that § # 0.

Then there is a basis {x1,x2,x3,2} such that the coalgebra structure is given by §(z;) = 0

and §(z) = x1®x9—x2®@x1. The Lie algebra structure of L is given by one of the following:

(a)

(22, 21] =

[x3,21] = [563,562] =0,
[z,21] = z + ax1 + cx2,
[z, 22] =
[z, 23] =

where (a,b) = (1,1),(1,0),(0,1) or (0,0) and c € k.

(b) L = B((ai;)) is determined by

[z2, 1] = [x3,21] = [23,22] = 0,

| =

[z, 21] = a1171 + @122 + 133,

[z, 22] = ag121 + axx2 + agsrs,
| =

[z, 23 a3171 + az2x2 + a3s3xs.

where (ai;) is a 3 x 3 matriz over k. The CLA B((as;)) is isomorphic to B((b;

only if the matriz (a;j) is similar to A(bi;) for some A € k*.

(¢)

[z2,21] =0
[x3, 21] = 22
[x3,22] =0
[z,21] = azy + bz
[z, 2] = x2
]

where a,b,c € k.

7)) if and



(d)

where a, b, c € k.

(e)

where (a,b) = (1

£)

(9)

wwhere (a,b) = (
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[x2,21] =0
[z3, 1] = 22
[x3,22] =0
[z,21] = azy + bxs
[z,22] =0
[z, x3] = cx1 — azs
[z2,71] = [73, 72] = 0,

,1),(1,0),(0,1) or (0,0) and c € k.

]
]
[x3, w2] = —x2,
[z, 1] = azy + cxo,
[z, 22] = bx1,
[z, 23] = 0.

1,1),(1,0),(0,1) or (0,0) and ¢ € k.
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(h) L = H(\, a) is determined by

[Z,.’El = axr,
[Z,.CITQ = axry,
[z,23] = (=1 —N)z

where X € k\ {0,—1} and a € {0,1}. The CLA H(\,a) is isomorphic to H(XN,d') if
and only if ' =a and N = X or N = \~L.

The CLAs listed above are pairwise non-isomorphic except for the isomorphisms given in

parts (b,h).

Proof. By the previous two lemmas, for any 4-dimensional anti-cocommutative CLA L with
non-zero d, we can choose a basis {1, z2, 3, 2} such that I = ker ¢ is spanned by {x1, x2, 3}
and §(z) = r1 @ T9 — 1 ® 2.

Write

I
Q
=
8
5
_|_
S
S
5
[\v]
+
)
A%
8
w

Il
=
)
8
k
+
S
N
=
I\
+
®)
I\
8
w

W
8
W
Il
)
w
!
+
<
w
Il
o
w
R
+
o
S
S
+
N
w
8
[N}
+
>
w
8
w

Applying (E5.2.1.1) to (z,x;) for i = 1,2,3, one obtains that ¢; = ¢3 = ¢3 = 0 and that
e;1 = by, e = —ay, e3 = —az — bg. Thus (E5.2.1.1) holds if and only if the Lie bracket

satisfies

[z2,x1] = a121 + b1z

[x3, 1] = agwy + baxo
[x3, 2] = azz1 + b3z
[z,21] = biz + fiz1 + 172 + h73
[z, 22] = —a12 + fax1 + gaz2 + haws
[z, 23] = (—aa — b3)z + f3r1 + gsxa + hszs.

In particular, J := kxy + kxo is a Lie subalgebra. So J is either abelian or sovlable.
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If J is solvable, we may assume that [x9,z1] = 9. Since I is a Lie subalgebra,

aswy + bgxe = [x3, 2| = [x3, [T2, 21]]
= [lw3, w2], 21] + [x2, [w3, 1]
= [asz1 + b3xa, 1] + [T2, a2x1 + baxs]
= b3z + agzs.
This implies that ao = ag = 0.
If by # 0 or bg # 0, after a base change, we have by = bs = 0. The Jacobi identity for

other elements implies that

(T2, 21] = T2
[x3,21] =0
[x3,22] =0
[z,x1] = 2 + fiz1 + 172 + haws
]
]

for f;, gi, h; € k. There are a few cases. First of all, we can make h1 =0 by replacing z with
z+ hizs. If f1 # 0, we can assume f; = 1 by replacing z, xo w1th Z, f xo, respectively. If
g3 # 0, we can also normalize it to be 1 by replacing x3 with 9—33:3. All non-isomorphic Lie
algebras are now listed in part (a).

If J is abelian, [x9,x1] = 0. If I is abelian, then [z, ;] = ¢; defines a Lie algebra and for
any ¢; € I, 1 = 1,2,3. This is part (b). Further classification can be made by taking the
Jordan form of the coefficient matrix of {¢1, ¢2, ¢3}. This is a linear algebra classification
and, to save space, we will not list all possibilities.

For the rest of the proof we assume that J is abelian and I is not abelian. Up to a

change of basis {x1,x2}, we may assume that

[x3, 1] = az1 + bxo

[x3, x2] = cxo
a b\ (01 10 11 10
0 ¢) \oof P oo™ lo 1) \oa

[z,21) = $1 = fiz1 + g1x2 + hizs
[z, 2] = ¢o = fox1 + goxa + hox3
[z,23] = (—a — ¢)z 4+ ¢3 = (—a — ¢)z + f3z1 + gsxa + haxs.

where

where \ € k*.
Recall that
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The Jacobi identity implies that

0 = [¢2, 21] + [z2, ¢1]
(2a + c)p1 + boa = [¢3, T1] + [73, 1]
(a“ + 20)¢2 = [¢37 $2] + [1173, ¢2}

which completely determine the Lie algebra L.

If a b = 01 , then we have
0 ¢ 0 0

(w2, 1] =

(w3, 1] =

[z3, 2] =
[z, 71] = fiz1 + 172 + hxs
[z, m2] = (hs + f1)@2
[z, 23] = faz1 + g3wa + haws.

First, we can make g; = g3 = 0 by replacing z with z+ 931‘1 g1x3. If hs + f1 # 0, we can

make hg + f1 = 1 by replacing x1, xo, z with z. After recycling

TR VR TR TR
the letters a, b, c, we obtain part (c). If hs + f; = 0, this is part (d) after recycling the

letters a, b, c.

For the rest we use similar computations, so some details are omitted.

If a b = Lo , then we have
0 ¢ 0 0

[acg,azl =0
(23, 71] = 1
[$3,$2 = 0

First, g3 can be made 0 by replacing z with z — gsxo. If f1 # 0, we can assume f; = 1 by
replacing z,x; with f z, f x1, respectively. If fo # 0, we can also normalize it to be 1 by

replacing x1, xo with v/ fox1, \/Exg, respectively. All cases are listed in part (e).
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First, we can make f3 = g3 = 0 by replacing z with z — f3z1 — (f3 + g3)z2. Then we can
assume that f; = 0 by replacing z with z — fix3. This part (f).

b 10
Finally, if “ = where A # 0, then we have
0 ¢ 0 A

such that (1+A)g1 = (1 +A)f2 =0 and A(1 +A) fi = (1 + A)ge.

Suppose A = —1. Then we can make gy = f3 = g3 = 0 by replacing z with z 4+ fsx; —
g3To + goxs. Then, if fi # 0, we can make f; = 1 by replacing x2, z with %xg, %z. If if
fa # 0, we can make fo = 1 by replacing 1, 2 with v/fox1, ﬁl’g (Notice that f; will not
change). This is part (g).

Suppose A # —1. We can also assume that f3 = g3 = 0 by replacing z with z—%xl—ggm.

Now the last three relations become

[z,z1] = fix1 + g122

[z, x2] = g171 + A f172

[z, 23] = (=1 = A)z+ (1 + M) frzs
Then by replacing z with z — fixs, we can assume that f; = 0. This is part (h). We finish
the proof. O

6.5 Classification of Primitively-thin algebras of dimension at most 4

Recall that a connected Hopf algebra H is primitively-thin if p(H) = 2.
If GKdim H = 2, then H = U(g) for a Lie algebra of dimension 2, which follows from
Lemmas 6.2.3(e) and Lemma 6.3.4(c).
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6.5.1 Primitively-thin Hopf algebras of GK-dimension 3

We recall the definition of two classes of Hopf algebras from Chapter 3, which will be used

later in the classification.

Example 6.5.1. Let A be the algebra generated by elements X, Y, Z satisfying the following

relations,
[X,Y] =0,
[Z,X] =M X + Y,
[Z,Y] = A\,

where o = 0 if Ay #£ Ao and o =0 or 1 if Ay = A\o. Then A becomes a Hopf algebra via

e(X)=0, AX)=1X+X®1,
Y)=0, AY)=10Y +Y @1, (E6.5.1.1)
€(2)=0, A(2)=10Z+XQY -YRX+Z®1.

We denote this Hopf algebra by A(Ai, A2, ). It is easy to see that A(Ai, A2, ) is the
enveloping algebra U(a(A1, A2, «))) where a(\1, A2, ) is the CLA defined before Lemma
6.4.2.

Example 6.5.2. Let B be the algebra generated by elements X, Y, Z satisfying the following

relations,
(X, Y] =Y,
[Z,X] =—-Z+ )XY,
[Z,Y] =0,

where A € k. Then B becomes a Hopf algebra via the coalgebra structure given as in
(E6.5.1.1). We denote this Hopf algebra by B(A). This algebra is the enveloping algebra
U(b(N\)) where b(A) is the CLA defined in Lemma 6.4.2(e).

The following proposition is from Theorem 3.6.8. It also follows now from Lemma 6.4.2
and Theorem 6.3.5.

Proposition 6.5.3. Let H be a connected Hopf algebra. Then H is primitively-thin of
GK-dimension 3 if and only if H is isomorphic to one of the following:

1. The Hopf algebras A(0,0,0), A(0,0,1), A(1,1,1) or A(1,\,0) from Ezample 6.5.1 for
some X € k;

2. The Hopf algebras B(\) from Ezample 6.5.2 for some X\ € k.
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6.5.2 Examples of connected Hopf algebras of GK-dimension 4

We introduce four classes of connected Hopf algebras of GK-dimension 4. Later we will
show that these classes give a complete description of primitively-thin Hopf algebras of
GK-dimension 4.

Example 6.5.4. Let D be the algebra generated by X,Y, Z, W satisfying the following

relations,

Y, X]=1[2,X]=1[2,Y] =0,

W, X] = an X + a12Y,

(W, Y] = a1 X + aY,

(W, Z] = (a11 + a22)Z + £&1 X 4 &Y,

where a;;,§; € k. Then D becomes a bialgebra via

(X)=0, AX)=10X+X®]1,

(Y)=0, AV)=10Y +Y ®1,

€2)=0, AM2)=10Z+XQY -Y®X+2Z®1,
e(W) =0,

AW)=1W+W®1
+601(Z0 X -X®Z+XXY +XY®X)
+6h(YRZ-ZQY+XY QY +Y ®XY),

where 6; € k and at least one of them is non-zero. This bialgebra is also denoted by
D({6;},{ai;},{&}) if we want to indicate the parameters. It is easy to see that the coalgebra
structure is connected. Hence the bialgebra D is automatically a Hopf algebra. Note that
P(D) = kX + kY and P»(D) = kX + kY + kZ. Let f be a Hopf algebra isomorphism
between two such Hopf algebras (or a Hopf algebra automorphism). Then f preserves the
subspaces kX + kY and kX + kY + kZ, and it is now not hard to see that f sends

X — c11 X + c19Y,

Y — 01 X + 99, (E6.5.4.1)
Z — 31X + c32Y + ¢332,

W — caaW +w(X,Y, Z)

where ¢;; € k and w(X,Y, Z) is a certain polynomial of X,Y,Z. (Note that f being a Hopf
algebra isomorphism implies that ¢;; and w satisfy some conditions which we will not give
details here).
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Using an isomorphism f, or equivalently, choosing a new basis {X,Y, Z, W} properly,

one can first normalize the matrix (ai;)2x2 so that it becomes one of the following five:

(0 o) | (0 1) | (1 o) | (1 1) | (1 o) (B6.5.42)
00 00 00 01 0 A

1 0 1 0
where A\ # 0 and in the last class (0 N is equivalent to 0 A1) The Hopf algebras

are pair-wise non-isomorphic if these are in different classes. Within any class, two Hopf
algebras D({6;},{ai;}, {&})s can be isomorphic for different parameters {6;} and {¢;}, which
is determined by the base changes that fixes the matrix given in (E6.5.4.2) (or change

0 A 0 A1
{aX,aY,a?Z, W}, the parameters {61, 02} becomes {a =361, a 3602 }. This means that we may
assume that {01, 02} € PL. Dependent on the form of the matrix (a;;) listed in (E6.5.4.2), one
can further decide the parameters {{;, &2} such that the Hopf algebras D({6;}, {a;;}, {&})

are non-isomorphic. In summary, the isomorphism classes of D({6;},{ai;},{&}) can be

10 10
( ) to ( ) if in the last class). For example, by replacing {X,Y,Z, W} by

completely determined by easy linear algebra.

There is another way of classifying all isomorphism classes of D({6;}, {a;;},{&}). First,
by choosing the basis {X,Y, Z, W} properly, one can assume that §; = 0 and 62 = 1. So we
can fix {01,602} = {0,1}. In particular,

AW)=1aW+WR1I+YRZ-ZIY +XY QY +Y ® XY.

Under this restriction, one can further classify the parameters {(a;;), {&}}. Unfortunately,

then we can not assume that the matrix (a;;) is of one of the form given in (E6.5.4.2).

From the algebraic relations, D({6;}, {ai;}, {&}) is isomorphic to a universal enveloping

algebra of a Lie algebra.

Example 6.5.5. Let E be the algebra generated by X,Y,Z W satisfying the following

relations,

Y, X]=[Z,Y] =0,
[Z, X] = X,

W, X] = aX,

(W, Y] = bX,

W, Z| =aZ —W +£X +£'Y.
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where £,¢' € k. Then E becomes a bialgebra (and then a Hopf algebra) via

(X)=0, AX)=19X+X®1,
(Y)=0, AY)=1®@Y+Y®]1,

(2)=0, AZ)=10Z2+X0Y -YRX+Z®1,
e(W) =0,

AW)=1oW+W®l
470X -X®Z+X®XY +XY®X.

Up to a base change (by setting Wi, = W — £'Y), we may assume that & = 0. We denote
this Hopf algebra by E(a,b,£) where a,b, & € k. Using a base change

X — X,
Y — ¢y,
Z — 7,

W — cW,

for some ¢ € k we can re-scale (a,b,£). The complete set of non-isomorphic classes of

E(a,b, &) is corresponding to the following cases

(0,0,6) ifa=b=0,
(a,b,€) = € (0,1,¢) ifa=0andb#0,
(1,6,€) ifa#0.

To unify the presentation of A(WW), we make a change of basis

X =Y,
Y - X,
Z — —7,
W — W.

Under the new basis, the coalgebra structure is same except for A(W'), which becomes
AW)=1W+WR1+Y®Z-ZY+ XYY +Y ®XY.

The algebraic relations change accordingly, which can be easily done.
From the algebraic relations, E(a,b,§) is isomorphic to a universal enveloping algebra

of a Lie algebra.
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Example 6.5.6. Let I’ be the algebra generated by X,Y,Z W satisfying the following

relations,

Y, X]=[Z,Y] =0,
[Z,X] =Y,
(W, X] = BY,
W, Y] =Y,

2
[Wﬂﬂ:yZ—§Y3+&X+8Y

where (3,7,&,& € k. Then F becomes a bialgebra (and then a Hopf algebra) via

(X)=0, AX)=10X+X®]1,

eY)=0, AY)=10Y +Y ®1,

€Z)=0, A(2)=10Z+XQY-YX+2Z®1, (E6.5.6.1)
e(W) =0,

AW)=1aW+W o1l
tY®Z-ZOY +XY®Y +Y ® XY,

If W is replaced by Wyew := W + £’ X, then we can assume £ = 0. We denote the Hopf
algebra by F(/3,7,&). One can make further reduction by easy linear algebra. For example,
if v # 0, by replacing X by X,ew := X — 7 '8Y, we have 3 = 0. By re-scalaring, we can
further assume v = 1. If v = 0, then, by re-scalaring, we might assume g = 1. In summary,
{B,~} is either {0,1} or {1,0}. This completely determines the isomorphism classes of the
Hopf algebras F(3,7,£).

Let W/ =W — %X Y2, Then the algebraic relations of F' becomes

Y, X]=[2,Y] =0,
2, X] =Y,
(W', X] = BY,
(W', Y] =Y,

]

Therefore the subspace generated by {X,Y,Z, W’} is a 4-dimensional Lie algebra, say g,

and F' is isomorphic to the enveloping algebra U(g) as algebras.

Example 6.5.7. Let K be the algebra generated by X,Y, Z, W satisfying the following
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relations,
Y, X]=1[2,Y]=0,
[Z,X] = X,
W, X]=-2,
(W.Y] =0,
W, 2] =W — XY?

The coalgebra structure of K is given as in (E6.5.6.1). Then K becomes a Hopf algebra.
Let W =W — %X Y?2. Then the algebraic relations become

]

2, X] = X,
W', X]=-2Z,
(W', Y] =0,
W', 2] =W

Therefore the subspace generated by {X,Y,Z, W'} is a 4-dimensional Lie algebra, say g,
and K is isomorphic to the enveloping algebra U(g) as algebras.

Proposition 6.5.8. The algebras H defined in Examples 6.5.4-6.5.7 have the following

properties.

(a) H is an iterated Ore extension k[X][Y;61][Z; 02][W; 03, d3].
(b) H is an Auslander regular Cohen-Macaulay domain.

(c) The global dimension and GK-dimension of H is 4.

(d) H is a Hopf algebra and connected as a coalgebra.

(e) P(H) = kX + kY. The subalgebra generated by X,Y s the enveloping algebra U(g)
where g is the Lie algebra P(H).

(f) Po(H) = kX + kY +kZ. The subalgebra generated by X,Y, Z is the enveloping algebra
U(L) where L is the CLA P»(H).

(9) H is not isomorphic to an enveloping algebra of either a Lie algebra or a CLA.

(h) The lantern £(H) of H is isomorphic to the graded Lie algebra of dimension four, with
a basis {x*,y*, 2%, w*}, such that z* = [x*,y*] and w* = [2*,y*], subject to the relation

[z*,2%] = 0 = [w*, 2*] = [w*, y*].
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Sketch of the proof. (a) Follows from the definitions.

(b,c) These facts are true for any iterated Ore extension.

(d,e,f) These depend on straightforward, but not trivial, computation.

(g) This follows from parts (e,f).

(h) This was proved in Lemma 6.2.4(c).

We can also check it directly here. Noting that {z*,y*,z*,w*} can be viewed as a
dual basis of {X,Y,Z, W} in gr H and that coproducts of X,Y,Z, W given in Examples
6.5.4-6.5.7 match up with the Lie structure of the £(H) given in part (h). O

6.5.8  Primitively-thin Hopf algebra of GK-dimension 4, Part I

In this and the next two subsections we classify all primitively-thin Hopf algebra of GK-
dimension 4.

Let C be a primitively-thin Hopf algebra of GK-dimension 3. By Proposition 6.5.3, C' is
of type A or B as in Examples 6.5.1 and 6.5.2. Let D be the Hopf algebra A(0,0,0). Then
it is easy to see that D is a coradically graded Hopf algebra by setting deg X = degy =1
and deg Z = 2. Since grC' = D, C is a so-called PBW deformation of D.

Let {x,y,z} be any set of generators of C' such that x,y are primitive and A(z) =
12z+2®y—yRx+ 2® 1. Then C has a basis consists of monomials of the form

'yt

Notice that CT is spanned by x'y%22% with at least one i, non-zero. Let Z,%,% be the
homogeneous elements in D = gr C' corresponding to z,y, 2z, respectively. (In fact, an easy
calculation shows that Z,7,Zz can be identified with the canonical generators X,Y, Z as
in the definition of 4(0,0,0)). Then gr C has a basis {z/'72z"3}. Now we have a k-space
isomorphism from C to gr C by sending x%1y%2 2% to 1327 . Clearly this isomorphism maps
C* onto D. From now on we identify C with D = gr C as k-spaces by this isomorphism,
and we will abuse the notation by dropping the bars for the generators 7, ¥, Z of gr C'. Define
degz1y22% = {; + iy + 2i3. This grading agrees with the natural grading on D = grC.
Moreover, by the defining relations of C, it is easy to check that

Ac(a) = Ap(a) + ldt,

where a € C and Idt denotes terms with degrees lower than dega. As a consequence, we
can think about QC and QD, the cobar constructions of C' and D (see Section 1.3), as the
same graded k-spaces with two differentials 0o and dp. Moreover, dp respects the grading

and
I (b) = 9% (b) + ldt,

where b € (C1)%",
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Lemma 6.5.9. Let D = A(0,0,0). Then dimg H?(QD) = 2 and H2(QD) is spanned by the

classes of 2-cocycles (u) and (t), where
U=2zQr—r@z+ry@cr+rQay, (E6.5.9.1)

l=yYR®2z2—2Qy+zryQy+y Y. (E6.5.9.2)

Proof. As mentioned above, D is a graded Hopf algebra. Let A be the graded dual of D.
Since D is commutative, A is cocommutative. By Proposition 6.2.1, A = U(£) for some
graded Lie algebra £. Since D is coradically graded as a coalgebra, A is generated in degree
one. This implies that £ is the 3-dimensional Heisenberg Lie algebra. Or equivalently, A is

generated by two degree one elements x; and zo with relations
2 2 _9 2 2 _9
TiT2 + Tox| = 2x12221, T5X1 + T1TH; = 2x221X2.

By [LPWZ2, Lemma 8.6 (c)], B¥A = QC as DG algebras, where B A is the graded dual
of the bar construction of A. On the other hand, by [LPWZ1, Lemma 4.2], H*(B# A) =
Ext%(ka,ka). As a consequence,

dimy H*(QD) = dimy, Ext? (ka, ka) = 2.

We introduce a Z2-grading on D by setting degy 2 = (1,0), degyy = (0,1) and deg, z =
(1,1). Then it is clear that D is a Z?-graded Hopf algebra and therefore the differentials
of QD preserves the Z?-grading. A direct computation shows that both v and ¢ are 2-
cocycles. Now if u is 2-coboundary, it must be a linear combination of ' (x2y) = §(x2y) =
2’ Qy+2ry@r+2rQry+y®@r? and ' (z2) = §(22) = @2+ 22+ @y+r@ry. An easy
calculation shows this is impossible. Hence the class (u) is a non-zero element in H?(QD).
Similarly, one can show that the class (¢) is also non-zero in H3(QD). Moreover, they are

linearly independent since they have different Z?-degrees. This completes the proof. O

Recall that monomials of the form x'y?2* in C are identified with monomials x4’ z* in
D.

Proposition 6.5.10. Retain the above notation. Then H2(QC) is spanned by the classes of
2-cocycles (u) and (t), where w and t are given as in (£6.5.9.1)-(E6.5.9.2), and dim;, H*(QC) =
2.

Proof. Let w be a non-zero linear combination of u and ¢. Then w is homogeneous of degree
3 and 9% (w) = 9% (w) = 0 by direct calculation (which only uses (E6.5.1.1)). Suppose that
there exists ¢ € CT such that w = 95(c). Also, we can write 95(c) = 0h(c) + v, where
v € (C1)®? has degree less than the degree of c. If the degree of ¢ is larger than 3, then
deg 0%,(c) = degc > 3 as 9}, is homogeneous and 9} (c) # 0. Then

degw = deg 9% (c) = deg 05 (c) > 3,
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a contradiction. Therefore degc < 3 and consequently, v has degree less than 3.

Since 0%04(c) = 0%(w) = 0, we have 8%(d5(c) + v) = 0. Hence 9%(v) = 0. But
degv < 3, so by Lemma 6.5.9, there exists ¢ € CT such that v = 9}(¢). As a consequence,
w = 0% (c) + v = 0h(c+ ), which is a contradiction.

Now, we have shown that H2(QC) is at least of dimension two and (u), (t) are linearly
independent in H2(QC). On the other hand, by a standard spectral sequence argument [W,
Theorem 5.5.1], we have dimy, H%(QC) < dimg H?(2D) = 2. This completes the proof. [J

Lemma 6.5.11. Let H be a connected coalgebra and K a proper subcoalgebra of H. Let
N be the smallest number such that Ky C Hyx and suppose that N > 2, then ¢ induces a
injective k-linear map from H /K, to H*(QK).

Proof. By the choice of N, we see that, for any g € HY,
0(g)=Alg) ~(1®g+g@1) € HY | @ HY | =Ky @ K§_,.

Hence 9% (8(g)) = 0%03(g) = 0%0%(g) = 0, which means that §(g) is a 2-cocycle in the
complex QK. Hence § defines a k-linear map from HX, — H?(QK). For any element
g € K7, 5(9) = 9k(g) is a 2-boundary in the complex QK, whence it is zero in H?(QK).
Thus § induces a k-linear map from Hj, /K% — H*(QK).

If g € Hy; \ K3, we claim that §(g) represents a non-zero cohomology class in H*(QK).
If not, there is w € K such that 9k (w) = §(w) = §(g). As a consequence, A(g — w) =
1®(g—w)+(g—w)®1,ie g—w is a primitive element in H. By the fact that H;” = K",
g—weK f . But this would imply that g € KT, which contradicts the choice of g. Therefore
the map from Hj; /Ky to H*(QK) is injective. O

Theorem 6.5.12. Suppose that H is a primitively-thin Hopf algebra of GK-dimension 4.

Then for any linearly independent primitive elements x,y, there exists z € H such that
A(z)=1®z+zQy—y®r+21 L (E6.5.12.1)

For any such z, the algebra C generated by {x,y, z} is a Hopf subalgebra of GK-dimension

3. Moreover, there exists w € H such that
Alw)=10w+bu+ 0t +w® 1, (E6.5.12.2)

where w and t are given as in (£6.5.9.1)-(E6.5.9.2) and one of the scalars 61,03 is non-zero.

For any such w, the set {z,y,z,w} generates H.

Proof. By Proposition 3.6.10, we can find a Hopf subalgebra C' of GK-dimension 3. By
Proposition 6.5.3, there is an z € C such that A(z) is of the form (E6.5.12.1). Since
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Let N > 2 be the smallest integer such that Cy € Hy. By [Mo, Lemma 5.3.2], there
exists w’ € Hy \ Cy such that A(w') = 1@ w' +w ® 1+ f where f € Ony_1 ® Cn_1.
Without loss of generality, we assume that w’ € HT.

By Lemma 6.5.11, f represents a non-zero cohomology class in H2(QC). By Proposition
6.5.10, the cohomology classes in H*(QC') represented by f is a non-zero linear combination
of (u) and (t). Hence there exists v € CT and 6, 02 € k such that f = 9'(v)+6,u+0st, where
at least one of ; is non-zero. Let w = w'4+v. Then w ¢ C and A(w) = 1Qw+01u+0st+wR1.

Next we have to show that H is generated by x, y, z and w. Let K be the subalgebra of
H generated by z, y, z and w. Then it is easy to check that K is a sub-bialgebra and thus a
Hopf subalgebra of H. By the construction of K, C' C K. By Lemma 3.5.8, GKdim gr K >
GKdimgrC + 1 = 4. On the other hand, GKdim gr K = GKdim K < GKdim H = 4 since
K C H. Hence GKdim K = 4. Now it follows from Lemma 3.6.4 that K = H. This

completes the proof. ]
As a direct consequence, we have the following proposition.

Corollary 6.5.13. Let H be a commutative, connected, primitively-thin Hopf algebra of
GK-dimension 4. Then H is isomorphic to D({0,1},{0},{0}).

Proof. By Theorem 6.5.12, there is a surjective Hopf map from D({6;}, {0}, {0}) to H send-
ing X, Y, Z, W to z,y, z, w, respectively, for some {61, 02}. The map must be an isomorphism
since both D and H are domains of GK-dimension 4. By definition, D({6;},{0},{0}) is a
graded Hopf algebra with deg X = degY =1, deg Z = 2 and deg W = 3. Hence the graded
dual H* is a graded commutative Hopf algebra, which must be isomorphic to the enveloping
algebra U(£) for some graded Lie algebra generated by two elements in degree 1. Such a
Lie algebra is unique (up to isomorphism) and is given in Proposition 6.5.8(h). Therefore
H is isomorphic to U(£)*, which is isomorphic to D({0, 1}, {0}, {0}). O

Lemma 6.5.14. Retain the notation in Theorem 6.5.12 for parts (b,c).

1. The Hopf algebra D := D({0,1},{0},{0}) is coradically graded by setting deg X =
degY =1, degZ =2 and degW = 3.

2. For any connected Hopf algebra H of GK-dimension 4 with dimy P(H) = 2, gr H is
isomorphic to D({0,1},{0},{0}).

3. Working with gr C' (isomorphic to A(0,0,0)) and gr H, we have Co = Hy and H3 /C5

s one-dimensional, which is spanned by the image of w.

Proof. Let D denote the Hopf algebra D({0, 1}, {0}, {0}).
(a) One can check directly that gr D = D. Hence D is coradically graded.
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(b) By Theorem 3.5.4, gr H is commutative, and it is still connected and primitively-thin.
The assertion follows from Corollary 6.5.13.
(c) We may replace gr C' by A(0,0,0) and gr H by D. Then the assertion follows by an

easy computation. O

Proposition 6.5.15. Retain the notation in Theorem 6.5.12. Then H has a k-basis of the

form

{ay228w | iy, 49, 13,14 > 0}.

Proof. Let X,Y,Z W be the elements in gr H corresponding to elements x,y,z,w in H.
Then {X,Y, Z, W} generates gr H as an algebra by Theorem 6.5.12. By Lemma 6.5.14(b),
gr H = D, so X,Y, Z, W satisty the defining relations of D({0,1},{0},{0}) given in Example

6.5.4. As a consequence, gr H has a k-basis of the form
{(X"Y2ZBW™ | iy,ig, 43,14 > 0}
Now the result follows. O

In Theorem 6.5.12, the Hopf subalgebra C is primitively-thin. Hence by Proposition
6.5.3, C' must be isomorphic to either A(A1, A2, ) or B(\).

6.5.4 Primitively-thin Hopf algebra of GK-dimension 4, Part I

In this subsection we show that B(\) can not appear as a Hopf subalgebra of a primitively-

thin Hopf algebra of GK-dimension 4. We start with an easy observation.

Lemma 6.5.16. Let x and y be primitive elements. Then

Say’) =y’ @r+ 10y + 2@y @y +y®ay), (E£6.5.16.1)
5(a*y) =y®2*+2° @y + 2y @z + @ 2y), (E6.5.16.2)
5 =3y ey’ +y’ ). (E6.5.16.3)

Proposition 6.5.17. Retain the notation in Theorem 6.5.12. Then the Hopf subalgebra C

can not be isomorphic to B(\).

Proof. Suppose to the contrary that C' is isomorphic to B(\) for some A € k. Therefore we
can assume that x,y, z € C satisfies the relations listed in Example 6.5.2.

First we assume that 6; is not zero. By dividing w with §; we may assume that A(w) =
1®w+u+ 6t +w® 1. Using (E6.5.12.2), (E6.5.16.1), (E6.5.16.3) and the reltaions of
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B(\), we have

([w,y]) = Alw, y]) = [w,y] @1 = 1@ [w, y]
= [Aw), A(y)] = [w,y] @1 = 1@ [w,y]
=20 [z,y] - [z,y]© 2
+ 2y, Yy @+ 2y, y] + 2y @ [x,y] + [z, y] @ xy
+0x([zy, Y] @y +y @ [zy, y])
= —t+6(zy?) + %5@3).

Let w' = zy? + %y?’ — [w, y], then §(w’) = ¢, and, whence,

Aw)=12w +t+vw' @1.

Now, under the map given in Lemma 6.5.11, the elements w and w’ are mapped to (u)+62(t)
and (t), respectively. Hence dimy Hy /C5” = 2, which contradicts Lemma 6.5.14(c).

Next we assume that #; = 0 and 6y # 0. By dividing w with # we may assume that
Alw) =1®@w+t+w® 1. A similar calculation shows that [w,z] + 2w € P(H) and
[w,y] — %yS € P(H). As a consequence,

M[w,z]) =[w,z] @y —y @ [w,z] + z @ [w,y] — [w,y] @ x (E6.5.17.1)
+y,2]®z—2® [y, 2] + [2y,2] @y + y @ [zy, 2]
+thr®y -y
= 20RY+2yRw+ Y asfs ® gs

where o € k, fs,gs are monomials of the form z'y*22%. Let gr H(n) denote the degree
n piece of the graded Hopf algebra gr H. Since gr H is commutative, [w, z| represents an
element V € gr H(4). Let X e gr H(1),Y e gr H(1), Z € gr H(2) and W € gr H(3) be the
homogeneous elements in gr H corresponding to elements x,y, 2 and w in H, respectively.
By (E6.5.17.1), we see that

J(V)=—=2WRY +2Y @W + > _a,fl®dl, (E6.5.17.2)

where o/, € k, f!, g\ are monomials of the form XY 7,

Now by Theorem 6.5.12, the set {X,Y, Z, W} generates gr H. Also, gr H is a Z?-graded
coalgebra by setting degy, X = (1,0), degy Y = (0,1), degy Z = (1,1) and deg, W = (1,2).
Notice that deg, V' = (1, 3). Therefore, V must be a linear combination of linearly indepen-
dent elements XY?3, Y2Z, YW of degree (1,3). Hence there are 3; € k such that

V=B XY3 4 BZY? + BsY W
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or

S(V) =0(B1XY? + B2 ZY? + BsY W) (E6.5.17.3)
=B(YeW+WeY)+> dfl gl

where o € k, f, g” are monomials of the form XY Z%. If we compare the coefficient of
W ®Y on (E6.5.17.2) and (E6.5.17.3), we get —2 = 3. On the other hand, if we compare
the coefficient of Y ® W, we have 2 = (33, which is a contradiction. This completes the
proof. O

6.5.5 Primitively-thin Hopf algebra of GK-dimension 4, Part 111

In this subsection we deal with the case when C' = A(A1, A2, ) and finish the analy-
sis. Throughout this subsection we assume that C' = A(A1, Ay, ) where the relations of
A(A1, A2, ) are given in Example 6.5.1; and that (A1, A2, ) is either (0,0,0), or (0,0,1) or
(1,1,1) or (1, A,0) as listed in Proposition 6.5.3(a).

Lemma 6.5.18. Let u and t be given as in (E6.5.9.1)-(E6.5.9.2).

[uwrzl+ler]=aly®zr—rey), (E6.5.18.1)
tLrl+lez]=MyRz—1vY), (E6.5.18.2)
[,y @1+ 1®y] —Ag(y@m—m@y} (E6.5.18.3)
tLy®l+1®y = (E6.5.18.4)

Proof. We use the relations of A(A1, A2, @) and note that [z, y] = 0. By an easy computation,

we have
u,z® 1] = [z,2] @z = (Miz + ay) ® z,

u,l®@z]=—-2®[z,2] = —2® Mz + ay).
Now (E6.5.18.1) follows by adding the above.

By a computation,
trzel] =220y =—-(\z+ay) @y,
tlz]=y®z2]=y® Mz +ay),

and (E6.5.18.2) is obtained by adding the above. The proof of the last two are similar.

O

Lemma 6.5.19. Let w be as in Theorem 6.5.12.
[w, x] = —(61a + 02\1)z + a1z + arpy (E6.5.19.1)
[w,y] = —01 A2z + a1 + azy (E6.5.19.2)

for some a1, a12, as1, a2 € k.
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Proof. We only prove the first equation and the proof of the second equation is similar.

([w, z]) = A([w, z]) = [w,z] @1 — 1 ® [w, z]

=[Aw),z1+1®z]—|[w,z]®1 -1 [w, z]
=wel+luw+bu+bot,z®1+12]—|w,z]®1—-1& [w,z]
=[bu+bot,z @1+ 1® 2]

=0 ju,z@1+1QRz|+60jt,r®1+1R 1]
=(0ra+0M)(y@xr—2QY) by (E6.5.18.1)-(E6.5.18.2)
= —(bha+ 0201)6(2).

Therefore [w, x] 4+ (f1a+62A1)z is a primitive elements, whence it is of the form aj1x+ a2y

for some a1, a12 € k. The assertion follows. O

Lemma 6.5.20. Retain the notation as above. Then Ag = 0. Consequently, (A1, A2, ) is
either (0,0,0), or (0,0,1) or (1,0,0).

Proof. Since [z,y] = 0, using Lemma 6.5.19 we have

0= [w, [z,y]] = [[w, z],y] + [z, [w, y]]
= [—(01a + O2M1)z + a1z + a12y, y| + [x, —01 N2z + ag1x + a2y]
= —(Gha+ O2\1)[z, y] + 01 \2[2, ]
= — (01 + 0201)(A2y) + 0122 (Mz + ay)
= 0321 Moy + 01 M Ao

Since one of ;s is nonzero, A Ay = 0. We only consider those (A1, A2, @)’s given in Propo-
sition 6.5.3(a), therefore, Ao = 0. O

Lemma 6.5.21. Suppose Ao = 0. Let u and t be given as in (E6.5.9.1)-(E6.5.9.2).

E6.5.21.1

[,z @1 4+1® 2] = —\ju+ at — ad(zy?) — M(zy @ = + @ 1Y),
| = E6.5.21.2

( )
tz@l+1®2]=-My@y+y@ay) —aly’ @y +yoy?), ( )

=MzRry+ry®x)+aly@zy +axy QYy), (E6.5.21.3)
=Mz +Pez)—alyoy+420y). (E6.5.21.4)

[u,z @y —y @ x
[tz @y —yQ ]
Proof. By direct computation, we have

[u,z®@1] = (Mz +ay) @z — (Mz + ay)y ® z — (Mz + ay) ® zy,
[u,1®z2] = —2® Mz +ay) — 2y ® (Miz + ay) — 2 ®@ (Mx + ay)y.

Adding up and using definition and (E6.5.16.1), we obtain (E6.5.21.1). Others are similar,

by using definitions and direct computations. O
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Lemma 6.5.22. Suppose Ao = 0. Then
01(0271 + 610) = 0. (E6.5.22.1)
Further,
(a) If (A1, A2, ) = (0,0,0), then
[w, 2] = (a11 + a22)z + 17 + &2y

for some &; € k.

(b) If (A1, A2,) = (1,0,0), then 6109 = 0. If, moreover, 61 = 0, then
[w, 2] = (a11 + az)z + w + (—02)2y” + &1 + oy
for some & € k. If, moreover, 02 =0, and
[w, 2] = (a11 + az)z —w + &1z + Sy

for some &; € k.
(¢) If (M1, A2, ) = (0,0,1), then 0; =0 and

2
[w, 2] = (a11 + a22)z — §92y3 + &1z + Sy
for some &; € k.

Proof.
6([w, 2]) = A([w, 2]) = [w, 2] @1 =1 @ [w, 2]
[A(w), A(2)] = [w, 2] ®1 - 1® [w, 2]
Wwel+l@uw+biu+bot,z014+1Rz2+ (20y—y® )]
—[w,2]®1—-1® [w, 2],
=wel+lew (zey—y )
+[u+62t,201+102+(20y -y )
=—(01a+0M)zRy—yRz2)+ (a1 +an)(z@y —yR )
by (E6.5.19.1)-(E6.5.19.2)
+ 01(=Mu + at — ad(zy?) + aly @ 2y + zy @ y))
by (E6.5.21.1)-(E6.5.21.3)
+02(=Md(xy?) + M(zy @y +y @ 2y) =20 @y +y @ y?))
by (E6.5.21.2)-(E6.5.21.4)

= —O01\u+ (2(9104 + 02>\1)t

2
+ (a11 + a22)d(z) + (=01 — 92)\1)5(xy2) — gﬁgaé(y?’).
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Since §([w, z]) € C® C, [w, 2] induces a cohomology class in H*(QC). By Lemma 6.5.14(c),
d([w, z]) is a scalar multiple of d(w). This implies that

O2(—01M1) — 01(201c + 6201) =0

or, after simplifying, we obtain (E6.5.22.1).
(a) By the above computation, we have d([w, z]) = (a11+a22)d(z). The assertion follows.
(b) When (A1, A2, ) = (1,0,0), (E6.5.22.1) becomes 6102 = 0 and

§([w, 2]) = —O1u + Oat + (a1 + a22)d(2) — 020 (xy?).
Since 0102 = 0, —01u + Ot is either 6(w) or —J(w). Hence we have
[w, 2] = (a11 + az)z + cw + (—02)zy® + &z + oy

for some ¢&; € k and ¢ = £1, which gives two cases listed in part (b).
(c) If (A1, A2,) =(0,0,1), then (E6.5.22.1) implies that 6; = 0 and

2
d([w, 2]) = (a11 + a)d(z) — 5925@3)
and therefore the assertion follows. O

Theorem 6.5.23. Let H be a connected Hopf algebra of GK-dimension 4 with dimy P(H) =
2. Then H must be isomorphic to one of the Hopf algebras listed in Example 6.5.4, 6.5.5,
6.5.6 and 6.5.7.

Proof. Retain the notation in Theorem 6.5.12. By Proposition 6.5.17 and Proposition 6.5.3,
C' must be isomorphic to A(A1, A2, ), where the possible choices of (A1, A2, ) are listed in
Proposition 6.5.3(a). By Lemma 6.5.20, Ay = 0. Hence C is either A(0,0,0), or A(1,0,0),
or A(0,0,1).

Case 1: C' = A(0,0,0). By Lemma 6.5.19 and 6.5.22(a), we have

[w, z] = a1z + a2y

[w,y] = az1w + axy

[w, 2] = (a11 + a22)z + &17 + S2y
for some a11,ai12, a1, a2, &1,& € k. Together with the coalgebra given in Theorem 6.5.12,
this is the Hopf algebra described in Example 6.5.4.

Case 2: C = A(1,0,0). By Lemma 6.5.22(b), there are two cases to consider. If §; = 0,
by dividing w with 62 we can assume that 62 = 1. In this setting, by Lemmas 6.5.19 and
6.5.22(b), we have

[w,z] = —z 4+ anz + aigy
[w,y] = ag1x + azy

[w, z] = (a11 + ag2)z + w — zy? + &1z + Loy
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for some a1, a2, ag1,a2,&1,& € k. Applying [w, —] to [z,y] = 0, one sees that
0= [w,[z,9]] = [[w, z],y] + [, [w, y]]
= [(a11 + a22)z + w — xy* + &7 + Loy, y] + [2, az1x + azoy]
= [w,y] + a21(z, 2] = a2z + azy + a .
Thus ag; = agze = 0. Applying [w, —| to [z,2] = = and using az; = a2 = 0, one sees that
[w, z] = [w, [z, z]]
= [[w, 2], 2] + [z, [w, z]]
= [a112 +w — 2y + &2 + &y, ] + [z, —2 + a1z + a2y
= aylz, x| + [w, z] + an [z, z] = [w, z] + 2a112
which implies that a;; = 0. By setting 2z, = 2 — a2y, we can make a1 = 0. By setting
Wpew = W + %5133 + &y, we can make & = & = 0. New variables z and w still satisfy
(E6.5.12.1) and (E6.5.12.2), respectively (for 6; = 0). Therefore this is the Hopf algebra
described in Example 6.5.7.
If 8, = 0, by dividing w with 6; we can assume that §; = 1. In this setting, by Lemmas
6.5.19 and 6.5.22(b), we have
[w, x| = a1z + a2y
[w, Y| = ag1x + azy
[w, 2] = (a11 + ag2)z —w + {17 + &y
for some a1, a1z, as1,a9,&1,& € k. Applying [w, —] to [z,y] = 0, one sees that
0= [w,[zy]] = [[w, z],y] + [z, [w, y]]
= [(a11 + a22)z — w + §12 + &y, Y] + [2, a217 + a2y
= —[w,y] + a2 [z, x] = —azy.
Thus age = 0. Applying [w, —] to [z, 2] = 2 and using ags = 0, one sees that
[w, 2] = [w, [z, z]]
= [[w, z], 2] + [z, [w, z]]
= [a112 —w + &17 + Sy, 7] + [2, 4117 + a12y]
= a1z, 2] — [w,x] + an [z, z] = —[w, z] + 2a117

which implies that a;9 = 0. This is the Hopf algebra described in Example 6.5.5.
Case 3: C = A(0,0,1). By Lemma 6.5.22(c), §; = 0. By dividing w with 6, we can
assume that 6, = 1. In this setting, by Lemmas 6.5.19 and 6.5.22(c), we have

[W, l’] =anz+ ay

[w,y] = ag1x + azy

2
[w, 2] = (a11 + a22)z — gy?’ + &+ &y
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for some a1, a12,a21,a22,&1,& € k. Applying [w, —] to [z,y] = 0, one sees that

0= [w,[z,y]] = [[w, 2], y] + [2, [w, y]]
= [(a11 + axn)z — ;y?’ + &1z + Sy, Y] + [z, a1 + a0y
= a21y.

Hence ag; = 0. Applying [w, —] to [z, x] = y, one sees that

a2y = [wvy] = [w7 [Z, .%'H = [[w7 Z], .%'] + [27 [wvx“

2
= [(a11 + a)z — gy?’ + &1z + Soy, 2] + [2, 0117 + a12y]

= (a11 + a22)y + any.

Hence a11 = 0. This is the Hopf algebra described in Example 6.5.6. O

6.5.6  Proof of the main result

With the help of the last few subsections, we are able to deliver the main theorem of the

paper.

Theorem 6.5.24 (Theorem 6.1.3). Let H be a connected Hopf algebra of GK-dimension
four over an algebraically closed field of characteristic zero. Then H is isomophic to one of

following.

(a) Enveloping algebra U(g) over a Lie algebra g of dimension 4. Note that all 4-dimensional
Lie algebras over the complex numbers C are listed in the book [OV, Theorem 1.1(iv),
page 209].

(b) Enveloping algebra U(L) over an anti-cocommutative CLA L of dimension 4. All anti-

cocommutative coassociative Lie algebras of dimension 4 are classified in Theorem 6.4.5.

(c) Primitively-thin Hopf algebras of GK-dimension four. All Primitively-thin Hopf algebras
of GK-dimension four are classified in Theorem 6.5.23.

Proof. By Lemma 6.2.3(e), p(H) > 2. Since U(g) embeds in H where g = P(H), we have
p(H) < 4.

If p(H) = 4, by Theorem 6.3.5, H = U(g) where g = P(H) = Py(H). This is case (a).

If p(H) = 3, by Theorem 6.3.5, H is isomorphic to the enveloping algebra U (L) over an
anti-cocommutative CLA L of dimension 4. Anti-cocommutative CLAs of dimension 4 are
classified in Theorem 6.4.5.

If p(H) = 2, by definition, H is a primitively-thin Hopf algebras of GK-dimension four,
which are classified in Theorem 6.5.23. O
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Corollary 6.5.25. Let H be a connected Hopf algebra of dimension at most 4. Then, as

an algebra, H is isomorphic to U(g) for some Lie algebra g.

Proof. This is clear if GKdim H < 3. For GKdim H = 4, the assertion is clear for the case
when p(H) > 3. The only case left is when p(H) = 2, in which the assertion was checked
case-by-case in Examples 6.5.4-6.5.7. 0
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