Analytic and geometric aspects of the elliptic measure on
non-smooth domains

Zihui Zhao

A dissertation
submitted in partial fulfillment of the

requirements for the degree of

Doctor of Philosophy

University of Washington

2018

Reading Committee:

Tatiana Toro
Hart F. Smith

Zhen-Qing Chen

Program Authorized to Offer Degree:

Department of Mathematics



©Copyright 2018

Zihui Zhao



University of Washington

Abstract

Analytic and Geometric Aspects of the Elliptic Measure

on Non-Smooth Domains

Zihui Zhao

Chair of the Supervisory Committee:
Tatiana Toro

Department of Mathematics

Harmonic/elliptic measure arises naturally in probability and in the study of boundary
value problems for elliptic operators. It has attracted the attention of many mathematicians
to study the relationship between the harmonic/elliptic measure w of a given domain and its
surface measure o, in particular, whether or not they are absolutely continuous with each

other. We focus on two aspects of this subject:

1) getting an equivalent characterization of the quantitative absolute continuity between
these two measures, i.e. w € Ax(0), in terms of the PDE solvability of the corresponding

Dirichlet problem;

2) studying what the regularity of the elliptic measure (with respect to the surface measure)
can tell us about the geometric properties of the domain, such as the rectifiability of the

boundary.

We combine tools from PDE, harmonic analysis and geometric measure theory to answer

these two questions.
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Chapter 1

Introduction

1.1 Background

The relationship between harmonic (and elliptic) measure and the geometry of a domain
where they live has been at the center of the field. Roughly speaking, we consider an object
traveling by a Brownian motion within a bounded domain Q C R”. Almost surely the object
will hit the boundary within finite time. The harmonic measure characterizes the likelihood
of where in the boundary the object is to exit the domain from, i.e. for any set £ C J€, its
harmonic measure is

(1.1.1) &X(E)=P (Brownian motion B, starting from X € Q exits the domain from E ) .

Another way to interprete the harmonic measure is to study the Dirichlet boundary problem

{ -Au=0, inQ,

(1.1.2) V= f on 50

and the harmonic measure gives a representation of the solution by its boundary value:
(1.1.3) uX)= | fdw*.

0
It is easy to see that w = w¥ is a probability measure on the boundary 9Q, i.e. w(9Q) = 1.
Another natural measure on the boundary is the surface measure, or the generalized surface
measure o := H" !|5q, that is the (n — 1)-dimensional Hausdorff measure restricted to the

boundary. The central question in this area of research is: what is the relationship between
w and o, and how is that related to the geometry of the domain Q?

In 1917 F. and M. Riesz [RR] showed that if Q is a simply connected planar domain
bounded by a Jordan curve of finite length, then the two measures in question are mutually
absolute continuous w <« o <« w. That is to say, for any E C 0Q

WwE)=0 & o(E)=0.



Moreover if Q is a chord-arc planar domain, Lavrentiev [La] proved that w € A (o), which
is a quantitative version of mutually absolute continuity (see Definition (2.1.14)).

In higher dimensions the situation is different. In 1974 Ziemer [Zi] found a topological
ball Q ¢ R whose boundary is 2-rectifiable and satisfies H?(dQ) < oo, and yet the har-
monic measure is supported in a set of zero area. In fact, Wolff [Wo] constructed a class of
snowflake-type domains Q in R?, whose harmonic measure may be supported in a set with
Hausdorff dimension strictly bigger or smaller than 2, the canonical dimension of the geo-
metric boundary Q. This is surprising since for a planar domain with some mild assump-
tion, we always have dimgy; w < 1 (see [JWo]). This means extra geometric assumptions
on Q are needed to obtain an analogue of the Riesz Theorem in higher dimensions. In this
effort, a series of work study the properties of the harmonic measure, and in particular the
relationship between w and o, in the setting of Lipschitz domains, NTA (non-tangentially
accessible) domains, and (1-sided) NTA domains with Ahlfors regularity assumptions on
the boundary, see [Dal, JK, DJ, Se, Ba, HM1].

The situation becomes more delicate if the problem is non-homogenous, that is, if we
consider the Dirichlet boundary problem to elliptic operator L := —div(A(X)V)

—di Vi) = ;
D) { div(A(X)Vu) =0, 1inQ,

u=f, on 0Q)

and define the elliptic measure w; accordingly by the representation formula (1.1.3). Here
A(X) a (symmetric) variable-coefficient matrix satisfying the assumption of uniform ellip-
ticity (E). Intuitively one can think of w; by the probability characterization (1.1.1), but for
a Brownian motion in a non-homogenous medium. In fact even in the simple case when the
domain is a unit ball Bin R?, there exist examples of elliptic matrix A(X) € C(B)NC*(B) for
which the elliptic measure and surface measure are singular, i.e. wy L o (see [CFK, MM]
and also [FJK]). These examples are due to the fact that as X approaches the boundary, the
matrix A(X) does not have sufficient modulus of continuity, and thus affecting the effective
trajectory to exit the domain. So far the best result for variable-coefficient elliptic operator
is in the case of Lipschitz domains (or domains that can be approximated by Lipschitz do-
mains, such as chord-arc domains), which says if the matrix A(X) satisfies that IVAX)|?6(X)
is a Carleson measure, then the corresponding elliptic measure wy, is of class As. See the
work of Kenig and Pipher [KP, Theorem 2.6]. We remark that being a Carleson measure
quantifies how fast it decays while approaching the boundary. For the precise definition see
(5.0.2).

Meanwhile, in an effort to find the minimal geometric assumptions to guarantee nice
properties of the harmonic measure, mathematicians also start to look at the necessary con-
ditions for w < 0 < w and it quantitative counterpart w € A (0). This direction is also
referred to as the (non-variational) free boundary problem, as one tries to determine the
regularity of the domain, or more precisely regularity of its boundary. See for example the
work of [AC, Je, KT, BET]. Recently, most notable in this line of research are the work of
Hofmann et al. [HMU] and Azzam et al. [AHM3TV], both of which asserted the necessity



of boundary rectifiability, i.e. modulo a set of measure zero, the boundary can be covered
by a countable union of Lipschitz graphs.

1.2 Different approaches and tools

As mentioned above, the search for necessary and sufficient conditions of w < 0 < w is
an active area of research. Under this umbrella many different approaches and tools have
been used and many fruitful results have been obtained. In this section we summarize these
different methods in broad terms, and the reader will be reminded of them in later chapters.
Since our goal is to explain the idea behind various techniques, we do not attempt to cover
the most extensive list of references. We are also certainly biased by our own view and
understanding of each subject.

Direct methods and PDE solvability By the representation formula (1.1.3), one can
already see the connection between the harmonic/elliptic measure and the solvability of the
corresponding PDE. By solvability, we mean for a boundary function f living in some given
space, which functional space does the solution(s) live in, and do we have some control
on its norm? As an example, the Dirichlet problem (D) is solvable in L”(0) if and only if
wy < o and their Radon-Nikodym derivative k := dwj /do (also referred to as the Poisson
kernel) satisfies a reverse Holder inequality with power g (see (2.1.18))and 1/p + 1/ = 1.

Let us be more precise. The differential equation — div(A(X)Vu) = 0in (D) is understood
in the weak sense, i.e.

/ AX)Vu-VodX =0, forall g € C(Q);
Q

and in general u = f on 0Q is understood in terms of the trace on the boundary. We say the
domain Q is Wiener regular if for any continuous boundary function f € C(9€), the solution
u is continuous all the way to the boundary (see also [LSW]). If that is the case then u = f in
the classical sense. A fundamental result of DeGiorgi, Nash and Moser is that any solution
to Lu = 0 in Q is Holder continuous on any compact sub-domain of Q. For the study of
harmonic/elliptic measure, we are more interested in the boundary behavior of the solutions,
in particular positive solutions. For example recall the property of the Green’s function, for
smooth domains the Poisson kernel & = dwy/do is exactly the normal derivative of the
Green’s function. (We only need a domain for which the divergence theorem holds and the
normal derivative of the Green’s function makes sense at the boundary.) This, combined
with other PDE estimates, allowed Dahlberg to show & satisfies a reverse Holder inequality
with power 2, and thus w € A (o), in Lipschitz domains in [Dal].

In [JK] Jerison and Kenig generalized various estimates on the solutions and harmonic
measures to non-tangentially accessible domains, a.k.a. NTA domains. NTA domains are
domains satisfying quantitative openness (i.e. the interior corkscrew condition), quantitative
connectedness (i.e. the Harnack chain condition, whose complement also satisfies quanti-
tative openness (i.e. the exterior corkscrew condition), and this notion broadens the regime



of domains we can analyze beyond domains given by a graph. Later, inspired by Aikawa’s
study of the capacity density condition [A1, A2, A3], in the preparation of the book [HMT2]
the authors realized that the same estimates hold if we replace NTA domains by 1-sided NTA
domains (also referred to as uniform domains) whose boundaries are Ahlfors regular. (See
Theorem 2.2.6.) We will state various PDE estimates and their implications on the elliptic
measure (e.g. the doubling property) in Chapter 2 without giving proofs (proper references
will be given therein). For the purpose of this thesis, these estimates are mostly used as
black boxes rather than the core of analysis; but we emphasize that the direct PDE methods,
in particular on relatively simple domains, are often the building blocks before handling
non-smooth domains.

Harmonic analysis techniques Since the harmonic/elliptic measure is doubling, var-
ious harmonic analysis techniques become available, such as the theory of weights, tent
space, the square functions and non-tangential maximal functions. To our knowledge these
tools were first brought into this area of research by Fefferman, Kenig and Pipher [FKP] to
study how a perturbation of operators change the kernels and A, property of the elliptic mea-
sures in Lipschitz domains. (Their result extends previous perturbation result of Dahlberg
[Da2] from the case of vanishing constant to finite constant.) In [MPT] Milakis, Pipher
and Toro brought these tools to chord-arc domains, i.e. NTA domains with Ahlfors regular
boundary. Based on a dyadic decomposition of Ahlfors regular boundary (see Definition
2.1.12 and Lemma 6.1.1), Hofmann and Martell constructed a family of sawtooth domains,
which are in some sense tent spaces adapted to the dyadic structure and approximate sub-
domains of the same class. This framework, combined with stopping time argument or
extrapolation method, turns out to be very useful to facilitate analysis on non-smooth do-
mains, as is shown in the work of [HM1, HMU, HMM, HMT1]. (See Section 6.1 of Chapter
6 for the precise construction, albeit we use it in a slightly different setting.)

In particular, the relationship between the square functions and non-tangential maximal
function is proven to be closely related to w; € Aw(0). For example in [DJK] the authors
showed if w; € As(0), then the square function and non-tangential maximal function are
equivalent. In [KKiPT] the authors established a necessary condition of w; € Aw(0) by
studying the square functions given by the solution, which was then used by Kenig and
Pipher [KP] to obtain a necessary condition in terms of the Carleson measure of IVA26(X).
This pair of functionals have also been heavily used in studying the solvability of PDEs of
other types (see for example [DP, DPP]).

It had been a long-standing conjecture (David-Semmes conjecture) in harmonic anal-
ysis that the boundedness of the Riesz transform implies the (uniform) rectifiability of the
boundary. When the conjecture was resolved by Nazarov, Treil and Volberg [NTV], it be-
came possible to connect the dots and find sufficient conditions for w <« o or o < w by
proving the boundedness of the Riesz transform, see [HMU, MT, AHM3TV].

Geometric measure theory Given some basic assumptions on a measure, its blow-
ups (or tangent objects) provide information about the local and infinitesimal structure of
the measure (see [Pr]). To apply this very general framework to various different settings,



many analytical tools are required to quantify the estimates across different scales. Exam-
ples of the tools used in this setting are excess-decay estimates, monotonicity formulas (e.g.
[AlL, Alm, ACF]), dimension reduction argument (see [Fe]) and more recently, quantitative
stratification (e.g. [CN, NV]). These tools have been useful in geometric analysis when
studying for example the regularity of minimal surfaces or free boundaries and the struc-
ture and size of the corresponding singular sets. We remark that these quantitative tools
are also used sometimes in combination with a compactness argument (instead of blow-up
argument), if the problem at hand is scale-invariant.

In the case of harmonic and elliptic measure, the tangent measure(s) can be realized
by solving a more homogenous global problem, and thus allows one to study the structure
of the original measure. For example, for the free boundary regularity problem of two
phases (that is, given the relationship between the harmonic measures of a domain and
its complement), the blow-up limit are domains given by harmonic polynomials (see [KP,
KPT]); for elliptic operators of certain class, the tangent measures of the elliptic measure
turn out to be harmonic measures, which allows one to invoke known results in harmonic
measures to draw conclusion about the original elliptic measure (see [TZ, AM]). In this
setting, the estimates of harmonic/elliptic measures having been obtained by direct PDE
methods serve as the quantitative tools to relate and control across different scales, such as
the non-degeneracy and doubling property of the elliptic measures.

Sets of higher codimensions It is well-known that sets of co-dimensions greater than
two are removable for the Laplacian, or in plain words, harmonic measure does not see
sets of higher co-dimensions. To our knowledge the only approach had been by means of
the quasi-linear p-Laplacian operator and its generalizations, see [LN] and the references
therein. In an effort to construct harmonic measures for low-dimensional sets, and to study
the geometry of the relevant sets, David, Mayboroda and Feneuil consider for any given
d-Ahlfors regular sets I' (see Definition 2.1.12) a linear degenerate elliptic operator L =
—div(A(X)V), where A(X) is an nXn matrix equivalent to (X)) 1 1d and 6(X) := dist(X, )
(see (2.4.1) and (2.4.2) for the precise statement). The effect of this operator is to replace the
classic Brownian motion by a Brownian motion with drift term, and the drift term attracts
the movement towards I with magnitude in reverse proportion to 6(X). Since this operator
is linear, they are able to define a measure in the same fashion as before (1.1.3), and say it is
the harmonic measure for I'. In [DFM1] they developed the elliptic theory for this type of
operators and proved some estimates of the harmonic measure; in a follow up paper [DFM?2],
they proved that if I is a Lipschitz graph with small constant, then the harmonic measure is
of class A for a special operator within this class. They conjecture that w € A (o) should
hold for a more general class of domains. This line of thoughts opens the door to many
interesting questions that one hopes to answer with combined tools from PDEs, harmonic
analysis, and geometric measure theory.



1.3 Summary of my work

My work is focused on two aspects of the following diagram:

o the characterization of w € A« (o) by the solvability of corresponding Dirichlet prob-
lem, in the case of co-dimension one as well as higher co-dimensions;

o the study of regularity of the domain given w € A (o) or its qualitative counterpart
for various-coefficient operators.

properties of harmonic measure

solvability of elliptic PDE t<:,1 geometry of the domain

We state the main results in each aspect.

1.3.1 w; € A.(0) and PDE solvability

For 1 < p < oo, we say the problem (D) is solvable in L? if there exists a universal constant
C such that for any continuous boundary value f and its corresponding solution u,

(1.3.1) INullr o) < CllfllLeor)s

where Nu(Q) = max{lu(X)| : X € I'(Q)} is the non-tangential maximal function of u (the
definition of I'(Q) is specified in (6.0.4)). From the representation formula (2.2.17) we know
Nu(Q) is comparable to the Hardy-Littlewood maximal function M,,, f(Q) with respect to
wr. Provided that o is doubling, the theory of weights tells us

1 1
problem(D) is L” solvable, i.e. (1.3.1) holds &< w; € B,(c), where — + — = 1.
P 4

(See Section 2.1 (2.1.18) for the definition of B, weights.) For the Laplacian on Lipschitz
domains, Dahlberg [Dal] proved the harmonic measure w € B,(0); therefore (D) is solvable
in L for 2 < p < oo.

When p = oo, (1.3.1) follows trivially from the maximal principle. When L = —A and
Q = R is the upper half plane, the problem (D) is also solvable in the BMO space, that is, if
f € BMO(AR"), its harmonic extension u has the property that u = x,|Vu[>dx is a Carleson
measure on £ (see [FS], and also Section 4.4 Theorem 3 of [St1]). In addition, the Carleson



measure norm of u is equivalent to the BMO norm of f. This BMO solvability also holds
for Lipschitz domains, if u is replaced by 8(x)|Vu|>dx and 6(x) = dist(x, dQ) (see [?]).

Recall that Ao (0) = Uys1By(o) (see the remark after Definition (2.1.14)), in other
words,

wy € Ax(0) & there exists go > 1 such that w;, € By(o) forall 1 < g < go

1 1
< problem(D) is L solvable for all p > py, where — + — = 1.

Po 4o

Note that there is some ambiguity with pg: the fact that (D) is not LP° solvable does not
necessarily imply w; ¢ Aw(0). A natural question arises: is there a solvability criterion
that directly characterizes wy, € Aw(0)? In 2009, Dindos, Kenig and Pipher showed that for
Lipschitz domains, the elliptic measure w; € A (0) if and only if the problem (D) is BMO-
solvable, i.e. for any continuous function f € C(9Q), the Carleson measure of 5§(X)|Vu|>dX
is controlled by the BMO norm of f (see [DKP]).

Definition 1.3.2. We say that the Dirichlet problem (D) is solvable in BMO if for any
continuous boundary function f € C(02), the solution u to (D) given by (1.1.3) satisfies a
condition that |Vu|*6(X) dX is a Carleson measure with norm bounded by a constant multiple
of [If113,,0 that is,

1
1.3.3 sup ——
(13.3) Acap (D)

// IVuPs(X) dX < CllfI3m0-
T(A)

Theorem 1.3.4. For uniform domains with Ahlfors regular boundary, the elliptic measure
w € Ax(0) if and only if the Dirichlet problem (D) is BMO solvable.

1.3.2 o < w implies boundary rectifiability for a class of variable-coefficient
operators

In the joint work with Tatiana Toro that originally appeared in [TZ], our main motivation is
to understand whether the elliptic measure distinguishes between a rectifiable and a purely
unrectifiable boundary.

Geometrically we consider bounded uniform domains Q C R” with n > 3 (see Definition
2.1.10) with Ahlfors regular boundary (see Definition 2.1.12). Analytically we consider sec-
ond order divergence form elliptic and symmetric operators with WhHQ) N L®(Q) or C(Q)
coeflicients whose elliptic measure is an A, weight (see Definition 2.1.14) with respect to
the surface measure o = H"~! L Q. Our main goal is to understand the extent to which the
regularity of the elliptic measures of these operators determines the structure of the bound-
ary. In particular we care about whether the absolute continuity (quantitative or qualitative)
of surface measure with respect to elliptic measure ensures the exterior corkscrew property
of the domain or the rectifiability of its boundary. Theorems 1.3.5, 1.3.6 and 1.3.7 provide
answers to these queries.



Theorem 1.3.5. Let Q C R" be a bounded uniform domain with Ahlfors regular boundary.
Let L = —div(A(X)V) with A € WHI(Q) N L¥(Q) satisfying (E). Suppose that the elliptic
measure Wy € Ac(0) (see Definition 2.1.14), then Q is a set of locally finite perimeter,
whose measure theoretic boundary coincides with its topological boundary H"'-a.e. Thus
0Q is (n — 1)-rectifiable.

Theorem 1.3.6. Let Q C R" be a bounded uniform domain with Ahlfors regular boundary.
Let L = —div(A(X)V) with A € WHI(Q) N L¥(Q) satisfying (E). Suppose Xo € Q is such
that 5(Xy) ~ diam Q, and denote w = wf". Then if o < w, 0Q is (n — 1)-rectifiable.

Theorem 1.3.6 should be understood as a corollary of Theorem 1.3.5. In fact modulo a stop-
ping time argument the proof can be reduced to applying a local version of Theorem 1.3.5.
By taking this approach we would like to emphasize the fact that, in this area, quantitative
results yield qualitative ones. See section 4.4.

Theorem 1.3.7. Let Q C R" be a bounded uniform domain with Ahlfors regular boundary.
Let L = —div(A(X)V) with A € C(Q) satisfying (E). Suppose that the elliptic measure
Wy, € Aw(0) (see Definition 2.1.14), then there exists rq > 0 such that Q satisfies the
exterior corkscrew condition for all r < rg. In particular Q is an NTA domain.

Remark 1.3.8. It is important to differentiate the result in Theorem 1.3.7 and those in [HM1],
[HMT1] and [HMU]. The key difference is that although one shows that the domain is NTA,
the constants are not “uniform” in the sense that they do not depend only on the allowable
constants, namely the dimension n, the ellipticity constants of A, the Ahlfors constants, and
the constants that determine the uniform character of the domain. Here rq is obtained via
compactness and there might depend a priori on the domain € itself.

1.3.3 w,; € A, (o) implies uniform rectifiability for operators with small Car-
leson norm

As mentioned before, so far the best result of a necessary condition to guarantee the elliptic
measure wy, € Aw(0) is the following theorem by Kenig and Pipher [KP]:

Theorem 1.3.9. Suppose Q is a Lipschitz domain. Let A be an n X n matrix on ) satis-
fying (E), and A is locally Lipschitz with [VA|0(X) € L*(Q). Assume that IVAPS(X) is a
Carleson measure, that is,

1
(13.10) sup —— // IVARSX)dX < co.
AcoQ T (D) J) 1)

Then the elliptic measure corresponding to the operator L = — div(A(X)V) is of class A.

Since chord-arc domains can be approximated by Lipschitz domains, the above theorem
also hold for chord-arc domains. In [HMMTZ], I, together with S. Hofmann, J.M. Martell,
S. Mayboroda and T. Toro, are able to prove a partial converse to it, which we rephrase as
follows:

10



Theorem 1.3.11. Suppose Q is a uniform domain with Ahlfors regular boundary. Assume
A is an elliptic matrix such that IVAF?6(X) is a Carleson measure with sufficiently small
norm, i.e.

1

(1.3.12) sup —— // IVAPS(X)dX < e.
Acoq (D) Sl 1w

Then

Wi € Ax(0) = Qis a chord-arc domain and thus 02 is uniformly rectifiable.

We will state the theorem more precisely and specify what constants the smallness quan-
tity € depend on in Chapter 5, see Theorem 5.0.6 and the remarks before and after that.

1.34 w; € A.(0) and PDE solvability for sets of higher co-dimensions

As mentioned in the previous section, most PDE estimates hold, or appropriate equivalent
estimates exist, for the degenerate elliptic operators suited for the study of harmonic measure
for sets of higher co-dimensions, see Section 2.4 for details. Therefore one naturally expects
the PDE characterization of w € A (o), similar to Theorem 1.3.4, holds in this scenario.
This is joint work with Svitlana Mayboroda and originally appeared in [MZ].

The main difficulty is to get a bound of the square function by the non-tangential maxi-
mal function. This is often referred to as S < N estimate in literature and is a main step in
the case of co-dimension one to bound the Carleson measure of the solution (in appropriate
sense) by the BMO norm of the boundary function, see [DJK, Zh] or Chapter 3.

Theorem 1.3.13. Let I be a d-Ahlfors regular set in R" with an integer d < n — 1, and let
w be the harmonic measure of the domain Q = R" \ T (see Section 2.4 for its definition).
Suppose w € Ax(0), then

(1.3.14) IS wllzr oy < ClINullzr (o)

forany 1 < p < oo and any solution u € W,.(Q) to Lu = 0 such that the right hand side is
finite.

Here the constant C > 0 depends on the allowable parameters: the dimensions d,n, Ahlfors
regular constant Cy, constant of ellipticity C, the aperture a and the A constant(s).

Therefore combined with the PDE estimates in [DFM1], we are able to conclude:

Theorem 1.3.15. Let I be a d-Ahlfors regular set in R" withd < n—1 and Q = R*\ T.
Consider the operator L = — div(A(X)V) with a real, symmetric n X n matrix A(X) satisfying
(2.4.1) and (2.4.2). Then the harmonic measure w € Ax(0) if and only if the Dirichlet
problem (D) is BMO-solvable (see Definition (6.0.1)).

11



Chapter 2

Preliminaries

2.1 Notations and definitions

Throughout the manuscript we always assume that Q is a bounded domain in R” (n > 3).
Let L be an operator defined as Lu := — div(A(X)Vu), where A(X) = (a,- j(X)) ijl is a real
n X n matrix on Q that is bounded measurable and uniformly elliptic: that is, there exist
constants 0 < A < A such that

(E) AP < AXE - & < NP
forall £ e R"\ {0} and X € Q.

Definition 2.1.1. An open set QQ C R” is said to satisfy the (interior) corkscrew condition
(resp. the exterior corkscrew condition) with constant M > 1 if for every ¢ € 0Q and every
0 < r < diam(Q), there exists A = A(g, r) € Q (resp. A € Qey 1= R" \ Q) such that

r

2.12) B (A, i) CBg,HNQ (resp. B (A, -

) c Bg,H)N Qext.)

The point A is called a corkscrew point (or a non-tangential point) relative to B(qg, r) in Q
(resp. Qext)-

We define the non-tangential cone I'*(g) at ¢ € dQ with aperture « as follows
(2.1.3) @) ={XeQ:|X-ql<+a)dX)},

and define the truncated cone I'¥(q) = I'*(¢) N B(g,r). We will omit the super-index
when there is no confusion. The interior corkscrew condition in particular implies I',(g) is
nonempty as long as the aperture @ > M. We define the non-tangential maximal function

(2.1.4) Nu(q) = sup{lu(X)| : X € I'(g)},
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and the square function

1/2
(2.1.5) Su(g) = < // |Vu(X)|25(X)2—"dX> .
I(g)

We also consider truncated square function S ,u(g), where the non-tangential cone I'(g) is
replaced by the truncated cone I',(g).

Definition 2.1.6. An open connected set Q2 C R” is said to satisfy the Harnack chain con-
dition with constants M, C| > 1 if for every pair of points A, A’ € Q there is a chain of balls
Bi,Bs,...,Bx C Qwith K < M(2 + logj IT) that connects A to A’, where

A - A

(2.1.7) M=— ="
min{5(A), 5(A")}

Namely, A € By, A’ € Bk, By N Byy1 # @ and forevery 1 <k <K
(2.1.8) Cl_l diam(By) < dist(By, 0Q) < C; diam(By).

Remark 2.1.9. 1. If two points A, A’ € Q do not satisfy (2.1.7), we can simply take the
balls B(A, 6(A)/2) and B(A’,5(A’)/2) to connect them.

2. We often want the Harnack balls to satisfy 6(B;) > diam(B)) to be able to enlarge
them. This is possible. In fact, if Q satisfy the Harnack chain condition, then for any
C; > 1, there is a constant C, such that Q satisfies the above Harnack chain condition
with the comparable size condition (2.1.8) replaced by

(HB) C1 diam(B)) < 8(B;) < C, diam(B)).

The number of balls M may increase, but is still of the order log, A. Moreover, the
ratio between C, and C; is fixed: C,/C; = C*(C + 1) Balls satisfying the condition
(HB) are called Harnack balls with constants (Cy, Cy).

Definition 2.1.10. If Q satisfies (1) the interior corkscrew condition and (2) the Harnack
chain condition, then we say  is a uniform domain. If in addition, Q satisfies the exterior
corkscrew condition, we say it is an NTA (non-tangential accessible) domain.

A chord-arc domain is an NTA domain whose boundary is Ahlfors regular.

Remark 2.1.11. Uniform domain is sometimes also referred to as one-sided NTA domain in
the literature, properly justified by their respective definitions.

Definition 2.1.12. LetI" c R" be a closed set and d < n be an integer. We say I is d-Ahlfors
regular if there exists a constant Cy > 1 such that for any g € I" and r > 0,

C;'rt < HYB(q,r)NT) < Cor?,

where H¢ is the d-dimensional Hausdorff measure. We shall often denote H|r, that is H
restricted to the set I', by o and call it the surface measure.

13



There are many equivalent characterizations of a uniformly rectifiable set, see [DS2].
Since uniformly rectifiability is not the main focus of our paper, we only state one of the
geometric characterizations as its definition.

Definition 2.1.13. An Ahlfors regular set £ C R" is said to be d-uniformly rectifiable, if
it has big pieces of Lipschitz images of R?. That is, there exist 6, M > 0 such that for each
g € E and 0 < r < diam(E), there is a Lipschitz mapping p : B4(0,r) — R" such that p has
Lipschitz norm < M and

H(E N B(g, r) N p(B4(0, r))) > 0r°.

Here B,4(0, r) denote a ball of radius r in R¢.

In the co-dimension one case, (n— 1) is the canonical dimension of the boundary Q2 and
we often assume the boundary 9Q is (n — 1)-Ahlfors regular. When there is no confusion
we simply drop the dimension and say dQ is Ahlfors regular, o = H" !|5q is the surface
measure. For any g € 9Q (or I') and r > 0, let A = A(q, r) denote the surface ball B,(q) N o<,
and T'(A) = B,(g) N Q denote the Carleson region above A. We always assume r < diam 0Q.

Definition 2.1.14. The elliptic measure associated with L in Q is said to be of class A, with
respect to the surface measure o~ = H =150, which we denote by wr € Ax(0), if there exist
Cp > 1 and 0 < 8 < oo such that for any surface ball A(g, r) = B(g, r) N 0Q, with x € 9Q
and 0 < r < diam(Q), any surface ball A’ = B’ N 9JQ centered at 9Q with B” C B(q, r), and
any Borel set F C A’, the elliptic measure with pole at A(g, r) (a corkscrew point relative to
A(q, r)) satisfies

(2.1.15) W E) (a(F)>€.

Wiy T\ o)

Remarks 2.1.16. (i) The above definition is symmetric: suppose w € Aw(0), then we
also have o € Ao (w) (in a scale-invariant sense), i.e., the smallness of w*(E)/w?(A")
implies the smallness of o-(E)/o(A').

(ii) In particular, the assumption (2.1.15) implies that w? < o when restricted to A. We
. . Ao
denote the Radon-Nikodym derivative by k4 = dd%. Since both w” and ¢ are Radon
measures, we have

AAr
2.1.17) ()= lim <L)

— for o-a.e. g € A.
&7=lgn) oA’ 1
r—

Moreover since o is doubling, by standard harmonic analysis techniques (see [GR] for
example for the proof) (2.1.15) implies that k4 satisfies a reverse Holder inequality:
there are constants ro > 1, C > 0 such that for all » € (1, ),

(2.1.18) <][A \kA\’da> "< Cjik"‘dcr.
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The constants ry and C only depend on the constants characterizing the A, property
(2.1.15); in particular, they are independent of A and A.

If a kernel £ satisfies the reverse Holder inequality (2.1.18) with power r, we say k €
RH,(0). In the theory of weight, k is also referred to as a B, weight.

Definition 2.1.19. We say that the Dirichlet problem (D) is solvable in BMO if for any
continuous boundary function f € C(0Q), the solution u to (D) given by (1.1.3) satisfies a
condition that [Vu[>6(X)4*? dX is a Carleson measure with norm bounded by a constant
multiple of || 13,0, that is,

1
(2.1.20) sup —— // IVul 600"+ dX < Cl| flizwo-
Acoq O(D) J) 1)

Remark 2.1.21. In the case of higher co-dimensions, we often study unbounded boundary

sets I'. In that case we consider boundary function f € Cg(F), that is, f is continuous and
compactly supported in I'.

The following lemma is relevant to Chapter 5. It establishes that if a domain satisfies
the Harnack chain condition then we can modify the chain of balls so that they avoid a
non-tangential balls inside:

Lemma 2.1.22. Let QO C R" be an open set satisfying the Harnack chain condition with
constants M,C; > 1. Given Xy € Q, let By, = B(Xo,0(X0)/2). For every X,Y € Q\
By,, if we set T1 = |X — Y|/ min{6(X), 5(Y)}, then there is a chain of open Harnack balls
Bi,By,...,Bx € Q with K < 100(M + C%)(Z + logj 1) that connects X to Y. Namely,
XeB,YeBy, BiNBy1 D foreveryl <k <K-—1andforeveryl <k <K

(2.1.23) (100 Cy)™? diam(By) < dist(By, dQ) < 100 C7 diam(By).

Moreover, B; N %BX0 =@ forevery 1 <k <K.

Proof. Fix X, Y as in the statement and without loss of generality we assume that §(X) <
0(Y). Use the Harnack chain condition for Q to construct the chain of balls By, ..., Bg as in
Definition 2.1.6. If none of By meets By, then there is nothing to do as this original chain
satisfies all the required condition. Hence we may suppose that some By meets By,. The
main idea is that then we can modify the chain of balls by adding some small balls that
surround Xo. To be more precise, we let k_ and k.. be respectively the first and last ball in
the chain meeting By,. Note that 1 <k_ <k, < K.

We pick X_ € By_ \B_XO: Ifk. =1weletX_ =Xorifk_ > 1wepick X_ € By .1 N By_.
Since B;,_ meets By, then we can find Y_ € B;_N0By, such that the open segment joining X_
and Y_ is contained in By \B_XO. Analogously we can find X, € By, \B_X0 and Y, € By, N0By,
such that the open segment joining X, and Y, is contained in By, \ By,.

Next set r = 6(X)/(16C1) and let N, > 0 be such that N, < [X, — Y.|/r < N. + 1. For
j=0,...,Ny,let

. . . Y. - X
BL = B(XL, 1), where X] =X, + jr——=
Ve — Xl
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Straightforward arguments show that N, < 32C%, X. € Bg, Y. € Blivi, Bi N Biﬂ # @ for
every 0 < j< N. -1, and

. . . ]
(32C%)~! diam(BY) < dist(BL, dQ) < 32C? diam(BY), BLn 5 Bx = @,

forevery 0 < j < N, — 1.

Next, since X, € dBy, we can find a sequence of balls BY, ..., BY centered at 0By, and
with radius 6(X)/16 (hence B/N§Bx, = @) sothat N < 64,Y_ € B%, Y, € BV, BInB/*! + @
for0 < j <N —1and327! <dist(B/,0Q)/ diam(B/) < 32.

Finally, to form the desired Harnack chain we concatenate the sub-chains {By, ... By__1},
{B°,...BY-}, (B°,... BN}, {BY,...,BY}, {Bi,+1.. .. B} and the resulting chain have all the
desired properties. To complete the proof we just need to observe that the length of the chain
is controlled by K + N_ + N + N, + 3 < 100(M + C)(2 + log3 ).

2.2 PDE estimates and properties of the elliptic measure

Theorem 2.2.1. Q is Wiener regular if and only if for any q € 0Q,

/* capy(B,(q) N Q) dr _
0

p=2 r

(2.2.2)

For any set K, the capacity is defined as follows:
(2.2.3) capp(K) = inf { / [VelPdx : ¢ € C°(R"), K C int{p > 1}}.

The following condition has been explored extensively by Aikawa (the condition has
been mentioned without name in the work of [An]). See [A1, A2, A3] for example.

Definition 2.2.4. A domain  is said to satisfy the capacity density condition (CDC) if there
exist constants Cp, R > 0 such that

(2.2.5) capa(By(q) N Q°) > Cor" ™2,  for any g € HQ and any r € (0, R).
Clearly if the domain Q satisfies the CDC, it satisfies (2.2.2), thus Q is Wiener regular.
What is relevant in our case is the following theorem:

Theorem 2.2.6. If the domain Q has Ahlfors regular boundary, it satisfies the CDC. In
particular, Q is Wiener regular.

Remark 2.2.7. Our proof relies on geometric measure theory. See [HLMN, Lemma 3.27]
for a potential analytical proof.
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Proof. For any set E contained in a ball of radius r, its Hausdorff content H1(E) satisfies

(2.2.8) HYE) < CF'? capy (E)'/,
where
1 ) diam B; n-l , .
(2.2.9) H(E) = inf Z 5 tEC U B;, B;’s are balls in R” ;.
i

i
For the proof see [EG, pp. 193-194].
We claim that for an Ahlfors regular boundary 0Q,

(2.2.10) H V(B (q) N OQ) ~ H™ N (B(q) N Q) ~ .

Let E = B,(q) N Q. It is clear from the definition (2.2.9) that H"~'(E) < H" '(E). Let
{B; = B(x;, r;)} be an arbitrary covering of E. We may assume x; € dQ; if not, there is some
X, € B; N E and we may replace B; by B; = B(x;,3r;). By the countable sub-additivity of
JH"~! and Ahlfors regularity of Q, we have

H'NE) <Y HT (BinoQ) sy i

1

This is true for any covering E, hence is true for the infimum. By the definition (2.2.9)
H'™N(E) s HE(E).

Therefore
H\ (B (q) N 0Q) ~ H' ' (B,(q) N 6Q) ~ .

Combining (2.2.8) and (2.2.10), we get
cap>(B,(q) N 0Q) 2 r™" (HZ (B.(q) N 6)” 2 2.
Therefore cap,(B,(q) N Q°) > cap2(B,(g) N 0Q) > #"~2, and the domain Q satisfies CDC.

The work of Griiter and Widman [GW] shows the existence and some properties of a
Green function in a bounded open domain. The Green function for unbounded domain was
constructed using Perron’s method in [HM1], and similar properties are shown to hold in
[HMT?2]. Moreover, if Q is a uniform domain satisfying the CDC (in particular if 0Q is
Ahlfors regular) and L = — div(AV) with A satisfying (E), the authors in [HMT?2] describe
the behavior of the Green function with respect to the elliptic measure. In particular the
results proved in [JK] for harmonic functions on NTA domains extend to solutions of L on
uniform domains with the CDC. We summarize below the results which will be used later
in this paper.
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Theorem 2.2.11. Let L be a divergence form elliptic operator in a bounded open connected
set QO C R". There exist a unique non-negative function G : QX Q — R U {oo}, the Green
function associated with L, and a positive, finite constants C, depending only on dimension,
A, and A, such that the following hold:
(2.2.12)

G(,Y) e W2(Q\ B, )N W, (@ NWy"(Q), VYeQ Vs>0,Vrel[l,-1);

(2.2.13) / (AX)VxG(X, Y),Vo(X))dX = @(Y), forall ¢ € CX(Q);
(2.2.14) IGC D2y 0y F IVGC DI o <G VY €
(2.2.15) G(X,Y) < CIX - Y™,
and

7
(2.2.16) GX,Y)>CIX-Y?™", if|X-Y|< 300,

Furthermore, if Q is a uniform domain satisfying the CDC, for any ¢ € C;(R") and for
almost all Y € Q

(2.2.17) - / (AX)VxG(X, Y), Vo(X)) dX = / gdw! - o(Y)
Q

0Q

where {w{} veQ s the associated elliptic measure.

We observe that (2.2.14) and Kolmogorov’s inequality give that for every 1 < r < -2

1 1 n=2 1 1 n-1
(2.2.18) IGC, Vi@ < CCIQ™ T, IVGC, Vi) < CC,1Q7 T,

where C is the constant in (2.2.14), C4 = ((n_"—z)r)’, and Cy4 = ((n_"l)r)’.

Next we state some estimates for the boundary behavior of the solution and some es-
timates of the elliptic measure. They have been proven for various settings in the work of
[CEMS, JK, Bo]. For their proof in the current setting, see [HMT2], see also [Zh, Section
3].

Lemma 2.2.19 (boundary regularity). Let Q be a uniform domain satisfying the CDC. There
exist constants C, > 0 (depending on the allowable constants) such that for g € 0Q) and
0 < r < diam(0Q), and u > 0 with Lu = 0 in B(q,2r) N Q, if u vanishes continuously on
A(g,2r) = B(q,2r) N 0QY, then

5
X —
(2.2.20) uX) < C <| q|> sup u,  forany X € QN B(g,r).
r B(q.2r)NQ
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Lemma 2.2.21 (non-degeneracy). Let Q be a uniform domain satisfying the CDC. There
exists mg € (0,1) depending on the allowable constants such that for any g € 9Q and
0 < r < diam(0Q2),

(2.2.22) Wy " (A(g, 1) = mo.
Here A(q, r) denotes a non-tangential point for q at radius r.

Lemma 2.2.23 (boundary Harnack principle). Let Q be a uniform domain satisfying the
CDC. There exists a constant C (depending on the allowable constants) such that for q € 02
and 0 < r < diam(0Q). If u > 0 with Lu = 0 in Q N B(q, 2r) and u vanishes continuously on
A(q, 2r), then

(2.2.24) u(X) < Cu(A(q,r)), foranyX € QN B(q,r).

Lemma 2.2.25 (estimate of Green’s function). Let Q be a uniform domain satisfying the
CDC. There exists C > 0 depending on the allowable constants such that for g € 0Q and
0 < r < diam(0Q)/M,

X
wi (A(g, 1)) <C, forany X € Q\ B(q,4r).

-1
(2.2.26) S ITEN

Lemma 2.2.27 (doubling property). Let Q be a uniform domain satisfying the CDC. There
exists C > 0 depending on the allowable constants such that for any g € 0Q and 0 < r <
diam(0Q)/4, if X € Q\ B(q, 4r), then

(2.2.28) wi(A(g,2r)) < Cwy(Ag, ).

Remark 2.2.29. The following observation will be useful. If M denotes the corkscrew con-
stant for €, it follows easily from the previous result, Lemma 2.2.22 and Harnack’s inequal-
ity that

(2.2.30) wX(A(g,2r)) < Crw¥ (A(g, 1)),

for every g € 9Q2, 0 < r < diam(dQ2) and for all X € Q with 6(X) > r/(2M). Here C; is
a constant that depends on the allowable parameters associated with Q and the ellipticity
constants of L.

Lemma 2.2.31 (Boundary comparison principle). Let u and v be non-negative solutions in
B(gq,4s) N Q with vanishing boundary data on A(q, 4s). Then

u(X) _ u(A(g,))

2.2.32 ~
( : v(X)  v(A(g, )

forany X € B(q, s) N Q.
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2.3 Convergence of measures, sets and matrices
This section is in preparation for the blow-up argument and compactness argument we need
in Chapters 4 and 5.

Definition 2.3.1. For any non-empty closed sets E, F' in R", we define their Hausdorft dis-
tance by

DI[E, F] := max < supinf |x —y|, supinf [x —y| 5.
xeE YEF yeF X€E

The following classical lemma states the compactness of non-empty closed sets in R”
under Hausdorff distance. Its proof can be found in [Ro, pp. 91].

Lemma 2.3.2 (Blaschke’s selection theorem). Let K C R" be a compact set. If {E}i is a
sequence of non-empty closed subsets of K, then there exists a non-empty closed sets E C K
and a subsequence {Ekj} j» such that

D[Ey;, E] — 0 asj— co.
We say Ey; converges to E in the Hausdorff distance sense, and write Ey; — E.

Given a Radon measure u on R” (i.e., a non-negative Borel such that the measure of any
compact set is finite) we define

sptu = {x € R" : u(B(x, r)) > 0 for any r > O}.

Definition 2.3.3. We say that a Radon measure u on R" is Ahlfors regular with constant
C > 1, if there exits a constant C > 1 such that for any x € F and 0 < r < diam(E),

c ' < u(Bg, ) < Crt, ¥ x € sptu, 0 <r < diam(spt w).

Definition 2.3.4. Let {u;} be a sequence of Radon measures on R". We say u; converge
weakly to a Radon measure po, and write u; — oo, if

[ s = | saus

We finish this section by stating a compactness type lemma for Radon measures which
are uniformly doubling and “bounded below”.

for any f € C.(R").

Lemma 2.3.5. Let {u;}; be a sequence of Radon measures. Let Ay,Ay > 0 be fixed con-
stants, and assume the following conditions:

(1) 0 €sptu;and ui(B(0,1)) > Ay forall j,

20



(ii) Forall jeN, q € sptu;andr > 0,
(2.3.6) uj(B(g,2r)) < Aopj(B(g, 1))
If there exists a Radon measure po such that g — Ue, then pio, is doubling and
2.3.7) Sptuj — Spt feo,

in the Hausdorff distance sense uniformly on compact sets.

Proof. Since 0 € spty; for all j, given any subsequence of u; there exists a further sub-
sequence (j, and a closed set X, such that sptu; — X in the Hausdorff distance sense
uniformly on compact sets. For x € X, there exist x;, € sptu; N B(x, 1) such that x; — x.
If x ¢ sptue there is r € (0, 1) such that B(x,r) N sptus. = @. Let ¢ € CZ(R") be such
that ¢ = 1 on B(x,r/2), and spte C B(x,r). For k large enough, we also have ¢ = 1 on
B(xj,,r/4). Hence

(2.3.8) i (B(xj,r/4)) < /god,ujk - /4,061,110o =0.

Since {x; } is a bounded sequence in B(x, 1), there is [ € N such that |x;| < 2! for all Jk-
Then B(0, 1) € B(xj,, 2*1). Let m € Z be such that 27 < r < 27"+ then we have

(23.9) pj (B r/4) = . (B(xj,. 2772 2 A3 (B(x,, 2%

> A;("HH})/,ljk(B(O, 1)) > AlAg(m+l+3)’
which contradicts (2.3.8). Thus X, C sptu. and we have shown that any subsequential
limit of sptu; is included in spt peo.

On the other hand, if y € spt e, r > 0 and {j;} is the subsequence above we have

(2.3.10) 0 < peo(B(y, 1) < liminf ;. (B(y, ).
jk—>00

Using this with r = 1, there exists j; such that if j > j; then u #(B(y, 1)) > 0. In particular
we can pick y; € B(y, 1) N sptu;, . Iteration guarantees that for each k € N there exist T >
Ji—1 and yi € B(y,27%) N spt ;.- This implies that yy — y as k — oo and since sptpj, = e
then y € X,,. We have then obtained that sptu., C X and therefore X, = spt e which
shows (2.3.7).

To show that u., is doubling let x € sptuo and r > 0. There exist x; € sptu; such that
x; — x. Thus for jlarge enough |x; — x| < r/4. Since u; — po we have

(2.3.11)  peo(B(x,2r)) < liminf u(B(x,2r)) < liminf u;(B(x;, 3r))
J J
< A3 liminf u; <B <x,~, %r)) < A3 poo(B(x, 7).
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This completes the proof.

In the next lemma we describe the properties of W1(Q) N L®(Q) which are crucial to
our arguments. Recall that uniform domains are (€, ) domains in the language of Jones,
see [Jo]. Thus they are extension domains and in particular, if A € W"!(Q) there exists
A € WH(R™) such that Alg = A and ||Ally11gey < CllAllw11q), Where C depends on n and
the constants describing the uniform character of Q.

Lemma 2.3.12. Let Q be a uniform domain with Ahlfors regular boundary. Let A € Wh(Q).
Then for H" ™' a.e. g € OQ there exists a symmetric constant coefficient elliptic matrix A*(q)
(with constants depending on the allowable constants) such that

n—1

(2.3.13) lim <][ A —A*(q)lnnTldX> - 0.
=0\ JB(g,)nQ

Proof. By the previous remark, there exists A € W!'!(R") such that Al = A and ||A]ly1.1(gsy <
CllAllw11(q)- By Theorem 1 section 4.8 in [EG] we have that if A € WH(R™), then there ex-
ists a Borel set E C R” such that cap(E) = 0 (recall the definition in (2.2.3) with p = 1)
and

lim A =A%x)
=0 JB(x.r)

exists for all x € R" \ E. In addition
n—1

(2.3.14) lim <][ A —A*(x)|n’+1dy> " =0, forallxeR"\E.
B(x,r)

r—0

Note that by Theorem 3 in section 5.6 in [EG] since cap;(E) = 0 then H "~1(E) = 0. Hence
(2.3.14) holds for H" ! a.e. g € Q. Since for every g € dQ and 0 < r < diam Q there
exists A(g, r) € Q such that B(A(gq,r),r/M) C QN B(q, r) (see (2.1.2)), we have

n
Cn <%> < QN B(g,r)| < ey,

where ¢, denotes the volume of a unit ball in R”. Thus for g € 0Q \ E

n—1 n—1

(f A —A*(q)%dX) " < Com (f A —A*(q)w”fldX) "
B(g,r)NQ B(q.r)

because A|g = A. Combined with (2.3.14) we get

n-1

lim <][ A —A*(q)|n"1dx> "o,
=0\ J B(g,r)nQ

and moreover, Holder inequality gives

lim ][ AdX - A*(q)
B(g,r)NQ

r—0

< lim |A — A*(g)ldX
=0 J B(q,/NQ
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n-1

< lim <][ A —A*(q)|n"1dx> " 2o
=0\ JB(g,)nQ

for g ¢ E. Since (E) holds for any £ € R" \ {0}, we have

A < <<][ A) 3 §> < ][ (A&, &) < NEP.
B(gq,r)NQ B(g,r)NQ

Letting r tend to O we conclude that

(2.3.15) AEP < (A" (@)é,€) < AP

Since A is symmetric, so is fB(q oA for every ¢ and r > 0. Moreover for A € L™(Q),
fB( 2rNQ A is uniformly bounded in ¢ and r. Thus A*(g) is a real uniformly elliptic symmetric
matrix and (2.3.13) holds for H""! a.e. ¢ € 0Q.

2.4 Construction and properties of the harmonic measure in higher
co-dimensions

LetI” be a d-Ahlfors regular set in R” with d < n—1, and Q = R"\I'. Consider the degenerate
elliptic operator L = — div(A(X)V) with a real, symmetric n X n matrix A(X) satisfying

(2.4.1) AX)E - £ < CLENZISCO ™ for X € Qand €, € R,

(2.4.2) AX)E - € > CTHEPS(X)T*! for X € Q and & € R”

for some C; > 1.

The ground work for the elliptic theory and estimates of harmonic measures associated
to L has been laid out in the work of David, Feneuil and Mayboroda, see [DFM1]. In
this section we state some relevant preliminary results that were proved there and prove
some corollaries that will be used later in Chapter 6. The reader will see that quite a few
PDE estimates are similar to the estimates in co-dimension one from Section 2.2, such as
boundary regularity, boundary Harnack, doubling property of the harmonic measure, and
the estimate of the harmonic measure by the Green’s function etc..

Unless specified otherwise, the constants that appear in the following lemmas would
depend only on the allowable constants, namely the dimensions 7, d, the Ahlfors regular
constant C and the ellipticity constant Cj.

We start with the following notations:

e For any X € Q, we denote 6(X) = dist(X,I'), the Euclidean distance from X to I', and
the weight w(X) = 6(X)4"+1,
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e We denote

. L _ n—1-d
AX) = w(X)A(X) =0(X) A(X).

By (2.4.1) and (2.4.2), A(X) is a uniformly elliptic matrix.

e We define a measure m on Borel sets in R” by letting m(E) = f f g w(X)dm(X). We may
write dm(X) = w(X)dX. Since 0 < w < oo a.e. in R”, m and the Lebesgue measure
are mutually absolutely continuous.

e Forany g € I'and r > 0, we use the notation A(g, r), or sometimes simply A, to denote
the surface ball B(g, r) N 0€2, and T(A) to denote the “tent” B(g, r) N Q over A.

e We denote the surface measure o = H d|aQ.

e If B = B(X,r)is aball and @ > 0 a constant, we use «B = B(X, ar) to denote the
concentric dilation of B. The same notation applies to surface balls A.

Lemma 2.4.3 (Harnack chain condition, Lemma 2.1 of [DFM1]). Let I be a d-Ahlfors reg-
ular set in R" and d < n — 1. Then there exists a constant ¢ € (0, 1), that depends only on
d,n, Cy, such that for A > 1 and X1, X, € Q such that 6(X;) > s and |X; — X3| < As, we can
find two points Y; € B(X;, s/2) such that dist([Y1, Y2],T) > cA~V=1=D s That is, there is a
thick tube in Q that connects the balls B(X;, s/2).

Remark 2.4.4. Note that
(2.4.5) |Y1 - Y2| < |Y1 - X1| + |X1 - X2| + |X2 + Y2| < 2As.

Lett = cA™ Y 1=Dgand Z, = ¥,. For2 < j< NletZ ; be consecutive points on the line
segment [Yy, Y] such that |Z; — Z;_| = 7/3. Then

T T
N-D-<|Y1 =Y <N=.
( )3 Y1 = Yl 3

Combined with (2.4.5) we get that the integer

~ M S Ay,fIld.
7/3

(2.4.6)
Let By = B(Xy,5/2),B; = B(Zj,v/4) for 1 < j < N and Byy| = B(X3,s5/2). Clearly
BijNBj,; # @ forall 0 < j < N. Moreover dist(By,I'), dist(By+1,I") > s/2 and for
1<j<N,

. 3 3 __d
2.4.7) dist(Bj,I) > -7 = —cA " n-1-ds,

4 4

and

(2.4.8) dist(B;,T") < min{6(X1), 6(X2)} + % + Y1 = Y2| < min{d(X), 6(X2)} + 3As.
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Lemma 2.4.9 (estimates on the weight, Lemma 2.3 of [DFMI1]).

(i) For any 6 > 0 there exists Cy > 0 such that for any X € R" and r > 0 satisfying
0X)=1+0r,

(2.4.10) Cylr'w(X) < m(B(X,r)) = // w(z)dz < Cr'w(X).
B(X,r)

(ii) There exists C > O such that for any g € I" and r > 0,

(2.4.11) C'r <m(B(g,r) = // w(z)dz < Crt!,
B(g,r)NQ

From the above we deduce the following estimate, which will be needed later.

Lemma 2.4.12. Let I be d-Ahlfors regular. For any a > —1, we have

(2.4.13) // 5(X)%dm(X) < r*t1*e.
T(2A)

Proof. The proof is a simple use of Vitali covering. For j =0, 1,--- let
Ti=TQA)N{xeQ:27r<§(X) <277*r),

Toj=TQRA) N{xeQ:8(X) <27+
Then

(2.4.14) // 5X)*dm(X) = Z // 8(X)*dm(X) < Z(2‘jr)"m(T>j).
T(24) =0 M Tj j=0

For every fixed j, we consider a covering of 4A by |J B(g,27/*'r/5), from which one
qedA

can extract a countable Vitali sub-covering 4A C UyB(qy,27/*'r), where g € 4A and the
balls By = B(gy,2/*'r/5) are pairwise disjoint. The fact that g, € 4A = A(go, 4r) implies

2-Jtly 2-Jtly
By Z=B<qk, 3 > CB<q0,4r+ 3 > )

And the pairwise disjointness of By’s implies that for every fixed j, there are only finitely
many of them. In fact,

2—j+l 2 d
(2.4.15) ijcrwk) =0 (L}_{Jm) <o (A (qo,4r+ 5 ’>> < <4r+ é’) :

25



Note that o(By) = (2‘j+1r/5)d independent of k. Let N; be the number of By’s, by (3.1.23)

2-i+1,\ ¢ 2\ ¢ .
(2.4.16) N,~-< - r> < <4r+ é) . thus N; 5 27,

For any X € T, let gx € 0 be such that |X — gx| = 6(X). Then
2.4.17) lgx — qol < lgx — X| + |X — qo| < 4r, i.e. gx € 4A.
Hence gx € B(qi, 27/*'r) for some k. Moreover T-; C |JB(gx,2 - 27/*!r). Therefore by
(3.1.24) and (2.4.11), ¢

m(Tsj) < N;-supm (B(qk, 2. 2_j+1r)) < 2/ (Z_J'r)d+1 ~ 27T prL
K

Combined with (3.1.22) we get

// S(X)"dm(X) < Z(Tjr)“ il — pdtltae Z pmia+l) < d+ita
T(2A) =0 =

The last sum is convergent because @ + 1 > 0.

Now we define the suitable function spaces. We denote by C 8 (I') the space of compactly
supported continuous functions on I, that is, f € Cg(F) if f is defined and continuous on I,
and there exists a surface ball A such that supp f € A. We consider the weighted Sobolev
space

(2.4.18) W=W-2Q) = (ue L, (Q) : Vue LXQ,dm))

and set ||ullw = (ffg IVu(X)lzdm(X))% for u € W. In fact, it was proved in Lemma 3.3 of
[DFEM1] that since I' is d-Ahlfors regular withd < n — 1,

(2.4.19) W ={ueL, ([R": VueL*R",dn)).

We also define a local version of W as follows: Let E ¢ R" be an open set, define

(2.4.20) WAE)={ue L, (E):gue W forall p € Cy(E)}.

As observed in [DFM1],

(2.4.21) WAE) = {ue L, (E): Vue L (E,dm)).

Itis easy to see that if E C F are open subsets of R", then the function space W,.(F) C W,(E).
We set
(2.4.22)
_ 2
H=HT) = {g a measurable function on T : / ls() = g7
r

rolx =yl

do(x)do(y) < oo} .

The reader may recognize this is the homogeneous Sobolev space, a special case of the
Besov spaces. The authors in [DFM1] were able to define a trace operator 7 : W — H, see
Theorem 3.13 (and Lemma 8.3 for a local version T : W,.(E) — L}OC(F N E)) there.

26



Lemma 2.4.23 (interior Caccioppoli inequality, Lemma 8.26 of [DFM1]). Let E C Q be an
open set, and let u € W,(E) be a non-negative solution in E. Then for any ¢ € C;'(E),

(2.4.24) // ¢\ Vul?dm < C // \Vo|*u’dm,
Q Q

where C depends only on n,d and C.

In particular, if B is a ball of radius r such that 2B C Q and u € W.(2B) is a non-negative
sub-solution in 2B, then

(2.4.25) // \Vul?dm < Cr~2 // u’dm.
B 2B

Lemma 2.4.26 (Harnack inequality, Lemmas 8.42 and 8.44 of [DFM1]).

1. Let B be a ball such that 3B c Q and let u € W,.(3B) be a non-negative solution in
3B. Then

(2.4.27) supu < Cinf u,
B B

where C depends on n,d and C\.

2. Let K be a compact set of Q and u € W.(Q) be a non-negative solution in Q. Then

(2.4.28) supu < Cginfu,
K K

where Cg depends only on n, d, Cy, Cy, dist(K,I") and diam K.
Lemma 2.4.29 (boundary Caccioppoli inequality, Lemma 8.47 of [DFM1]). Let B C R" be

a ball centered on T of radius r, and let u € W,.(2B) be a non-negative subsolution in 2B\ T’
such that Tu = 0 a.e. on 2B. Then for any ¢ € Cy’(2B),

(2.4.30) / ¢*\VulPdm < C / \Vo|*u*dm,
2B 2B
where C depends on n,d and Cy. In particular (2.4.30) implies that

(2.4.31) // \Vul?dm < Cr™? // w>dm.
B 2B

Lemma 2.4.32 (boundary Moser estimate, Lemma 8.71 of [DFM1]). Let p > 0. Let B be a
ball centered onI" and u € W,.(2B) be a non-negative sub-solution in 2B\T such that Tu = 0
a.e. on 2B. Then

1
1 »
(2.4.33) supu < C (— / u”dm) .
Bp P\ m@2B) J/25
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Lemma 2.4.34 (boundary Holder regularity, Lemma 8.106 of [DFM1]). Let B = B(q,r) be
a ball centered on T" and u € W.(B) be a solution in B such that Tu = 0 on B. There exists
B € (0, 1] such that for any 0 < s < r/2,

s\B [ 1 . \?
(2.4.35) oscu<C (—) — || \uPam) .
B(q,s) r m(B) B
We are interested in the solution(s) of the Dirichlet problem (D).

Lemma 2.4.36 (existence and uniqueness of solution, Lemma 9.3 of [DFM1]). For any
f € H, there exists a unique u € W such that

(2.4.37) { Lu=0 inQ

Tu=f ae onl.
Moreover |lullw < Cl|flla-

Lemma 2.4.38 (properties of solutions for f € Cg(F), Lemma 9.23 of [DFEM1]). There exists
a bounded linear operator
U: CYIT) — CR"

such that for every f € Cg(F)
(i) the restriction of Uf to T is f;

(ii) supg, Uf = supy f and [, Uf = infr f;

(iii) Uf € W,.(Q) and is a solution of L in €;

(iv) if B is a ball centered on " and f = 0 on B, then U f lies in W,.(B);
(v) if fe C8(F) N H, then Uf € W and is a unique solution of (2.4.37).

Remark 2.4.39. Since U f € C(R"), its trace T (U f) is exactly f. We also remark that Cg(l")m
H is dense in C| 8 ('), with the supremum norm.

Lemma 2.4.40 (harmonic measure, Lemmas 9.30 and 9.33 of [DFM1]). Forany X € Q, there
exists a unique positive regular Borel measure wX on T such that

(2.4.41) Uf(X) = / fdw*,  forany f e CJ(I).
r
Besides, for any Borel set E C T,
(2.4.42) WXE) = sup{a)X(K) : EDK,K is compact } = inflwX(V): ECV,Vis open }.

Moreover, 0X(I') = 1.
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Lemma 2.4.43 (Lemma 9.38 of [DEM1]). Let E C I" be a Borel set and define the function
ug on Q by ug(X) = wX(E). Then

(i) if there exists X € Q such that ug(X) = 0, then ug = 0;

(ii) the function ug lies in W,.(Q) and is a solution in Q;
(iii) if B C R" is a ball such that E N B = @, then ug € W,(B) and Tug = 0on BNT.
For now we are only able to write down the solution to (D) if the boundary function f €

Cg(F), see Lemma 2.4.38. With the help of the harmonic measure, we prove the following
lemma:

Lemma 2.4.44. For any function f € C8(F) and any Borel set E C T, the function

(2.4.45) uX) = / fdw*
E
defined on Q satisfies the following:

1. it is continuous in Q;
2. itis a solution of Lu = 0 in Q and lies in W,(Q);

3. if B C R" is an open ball such that E N B = @, then u is continuous in BN Q, u can
be continuously extended to zero on BN T, and that u € W,(B).

Remark 2.4.46. We note the following:

e Compared with Lemma 2.4.40 and Lemma 2.4.38, this lemma says that fyr inte-
grated against the harmonic measure gives rise to a continuous solution, for any Borel
set ECT.

o [f the Borel set E is bounded, then the same properties hold for any bounded continu-
ous function f € Cy(I').

Proof. Since the definition (2.4.45) is a linear integration, we may assume without loss of
generality that f is non-negative. Otherwise we just write f = f, — f_, with f. € C(R"). We
first assume that E is an open set, and that w*(E) > 0 for some X € Q. By Lemma 2.4.43
(i) it follows that wX(E) > 0 for all X € Q. Fix an arbitrary Xy € Q. Let K ; be an increasing
sequence of compact sets in E, such that w*°(E \ K ;) < 1/j. By Urysohn’s lemma we can
construct g; € Cg(F) such that yx; < g; < xk, and without loss of generality we can choose
the sequence g; to be increasing. Note that fg; € Cg(F), and hence by Lemma 2.4.38 we
may define u; = U(fg;) € CO(T"). Then

0 < u(X) — uj(X) = / f (xe - g)) do® < *(E\ KNl
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By Lemmas 2.4.43 and 2.4.26, for any compact subset K in {2 containing X, we have
WM (E\ K;) < Cxw™(E \ K))

holds for every X € K. Here the constant Cg only depends on n, d, C, dist(K, ') and diam K,
and in particular it is independent of j. Therefore

Ckll fllz

’

0<uX)-ujX) <

namely {u;} converges uniformly on compact sets of € to u, and thus u is continuous on €.

Let ¢ € Cy’(Q) be arbitrary, we claim that {u;} has a subsequence, which we relabel,
such that

(2.4.47) V(pu;) — V(pu) in LA(Q, w).

In particular V(¢u) € L>(Q,w) for all ¢ € Cy’(Q), and thus u € W,(Q). Indeed, by the
interior Caccioppoli inequality (2.4.24), we have

(2.4.48) // IV(pu)lPdm < 2 // (IV¢lu3 + ¢°|Vu;*) dm < C // Vo[> usdm.
Q Q Q

Recall that u; — u uniformly on the compact set supp ¢, the right hand side of (2.4.48)
converges to C || fQ IVo|>u>dm. As a consequence the left hand side of (2.4.48) is uniformly
bounded in j. Therefore there is a subsequence (which we relabel) such that V(¢u;) con-
verges weakly in L?(Q, w) to some function v. By the uniqueness of limit in the distributional
sense, we conclude that v = V(¢u), which finishes the proof of the claim (2.4.47).

Recall each u; is a solution of L in Q. Let ¢ € C’(£2) be an arbitrary test function. We
choose ¢ € C°(€2) such that ¢ = 1 on supp ¢. In particular V(¢u) = Vu, V(¢u;) = Vu; on
supp ¢. Thus

//AVu-V(de://ﬂVu‘Vapdm://ﬂV(gbu)-Vgodm
Q Q Q
= 1im//ﬂV(¢uj)-Vgodm
i~ JJo

(2.4.49) = lim // AVu; - Vodm = lim // AVu; - VodX = 0.
Q Q

j—oo Jj—ooo

If E is not an open set, the proof is similar, and we just need to approximate E from
above by open sets. We omit the details here.

Going further, if B ¢ R” is an open ball such that E N B = @, we first prove that u
can be continuously extended to zero on I' N B. Take an arbitrary ¢ € I' N B. Choose
r > 0 sufficiently small so that B(g,2r) C B. Consider a function g € Cy(R") satisfying
XBr) < 8 < XBgan- If f € CYID), then f(1 — g) € CY(I). If the Borel set E is bounded
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and f is only assumed to be bounded continuous, we let ¢ € C7(R") be a function such that
¢ = 1 on a compact set containing E and B(g, 2r). Then f(1 — g)p € C8(F). Let

u(X) == U(f(1 - 9)p) = /mf(l ~ gpdw™.

(For simplicity we take ¢ = 1 for case when f € Cg(F).) By the positivity of the harmonic
measure and the fact that E c dQ \ B(q,2r), we deduce that 0 < w(X) < u(X) for all
X € Q. Recall by Lemma 2.4.38 that u € C(R"), and as X — ¢’ € B(g,r) N T, the function
u(X) — f(1 - 9e(q’) = 0. By the squeeze theorem u can be continuously extended to zero
on B(gq,r) N T, and the resulting function, still denoted as u, is continuous in B(qg, r).

Now we show that u € W,(B). To this end, let ¢ € Cy(B), it suffices to show that
V (¢u) € L*(B,w). From Lemma 2.4.38 (iv), Remark 2.4.39 and the boundary Caccioppoli
inequality (2.4.30), we have

(2.4.50) // IV(pu)PdM <2 // (IVgPPu3 + ¢*|Vu;l*) dm < C // Vo *5dm.
B B B

Recall that u; — u pointwise on B \ I'. Since u is continuous on B, u € L?(supp ¢, w).
Hence by the dominated convergence theorem the right hand side of (2.4.50) converges
to C ], B IVp|?u>dm. As a consequence the left hand side is uniformly bounded, and thus
passing to a subsequence V(¢u;) converges weakly in L?(B,w) to some function v. By the
uniqueness of the limit we deduce v = V(¢u). In particular this implies V(¢u) € L*(B, w).

As a summary, we can write down the solution of L using the harmonic measure, for
the following classes of boundary data: continuous and compactly supported functions f €
Cg(F) (see Lemma 2.4.38), characteristic functions yg for Borel sets £ C I' (see Lemma
2.4.43), their products fyg (see the above Lemma 2.4.44), or a linear combination of the
above. For the third case, if the Borel set E is bounded, we only need to assume f € Cp(I).

Lemma 2.4.51 (corkscrew point, Lemma 11.46 of [DEM1]). There exists M > 1 such that
forany g € I and r > 0, there exists a point A = A,(q) € Q such that

r
2.4.52 A - A) > —.
(24.52) A—gl<r, 6A) 2

This point will be referred to as a corkscrew point hereafter.

Remark 2.4.53. Note that neither Lemma 2.4.3 nor Lemma 2.4.51 is automatically true if
d = n—1. In fact in the case of co-dimension 1, people often work with domains that satisfy
Harnack chain condition and the existence of corkscrew point at all scales, called uniform
domains or 1-sided NTA domains in the literature.

Lemma 2.4.54 (boundary Harnack inequality, Lemma 11.50 of [DEM1]). Letq € I"and r >
0 be given, and let A = A,(q) be a corkscrew point as in Lemma 2.4.51. Let u € W,.(B(q, 2r))
be a non-negative, non identically zero solution of Lu = 0 in B(q,2r) N Q, such that Tu = 0
on A(q,2r). Then

(2.4.55) u(X) < Cu(A) forall X € B(q,r).

31



We also recall the following “classical” Poincaré inequality for Sobolev functions.

Lemma 2.4.56 (Poincaré inequality, Lemma 4.13 of [DFM1]). Let I be a d-Ahlfors regular
set in R" with d < n— 1. For any functionv € W, X e R* and r > 0, let B = B(X, r), then

! gtamn) < cr (1 am(p))
(2.4.57) (@ /B|V(Y) vl dm(Y)> <Cr <m(B) /BIVV(Y)I dm(Y)> ,

where vg denotes the average m(B)™! f g vdm.

Suppose A = B(gg, r) N T is a surface ball. For any ¢ € A and any j € N, let
(2.4.58) Ij(@) =T(g) N (B(¢:27/r) \ B(g, 27" 1))

be a stripe in the cone I'(¢) at height 27/, and

j+m

(2.4.59) T jim(@ = | JTi@) = T(@) N (B(g.27/r) \ Bg.27*""'r)),
i=j

be a union of (m + 1) stripes. With these notations we can prove a less conventional form of
Poincaré inequality, available for solutions with vanishing boundary values.

Lemma 2.4.60. Suppose that u € W.(Q) is a non-negative solution of L, Tu = 0 on 3A
and u € W.(B(qo, 3r)). There exist an aperture @ > « and integers my, my, such that for all
q €A

(2.4.61) // urdm(X) < C(277r)? // ) IVul*dm(X).
(g Ty jmy (D

The constants my, my, @ and C only depend on n,d, a, Cy, C.

Proof. Let B be a ball compactly contained in Q. Recall that the solution u € W,(Q), in
particular, gu € W for ¢ € C;’(€2) such that ¢ = 1 on B. Apply the above Lemma 2.4.56 to
ou and square both sides, we get

(2.4.62) // lu(Y) — upl*dm(Y) < Cry // IVu(Y)>dm(Y),
B B

For j € N, let A; denote a corkscrew point for B(q, 27/r), whose existence is guaranteed
by Lemma 2.4.51. Let m be a large integer whose value is to be determined later. Take
Xe Fj-’(q), X" = Ajip, then

1 21y 2-Utmy
2.4.63 0(X)> —IX—¢ql = 6(X") > ,
( ) ()>1+a| q|_1+a X = i
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X - X'| <X =gl +lg—-X|<27r+ 270U < 2177,

Apply Lemma 2.4.3 and Remark 2.4.4 to X, X’ with s = 2=U*"r/M and A = 2™ M, we
can find balls By = B(X, 5/2), B; = B(Z;,7/4) with t = cA=V/"1=Ds By, = B(X’,5/2)
that form a Harnack chain connecting X to X’, and satisfy (2.4.6), (2.4.7) and (2.4.8). Hence
by Lemma 2.3 (i) of [DFM1] and (2.4.8), (2.4.7), we have

(2.4.64) m(B;) > C—l (2)” dist(Bi’l—)d—rHl > Tn(As)d—n+1 - Al_an+1,
and
(2.4.65) m(B;)) < C <£)n dist(B;, l—*)d—n+1 < Tan—n+1 N Td+1

foralli=0,---,N,N + 1. A simple computation shows B;;; C 3B;foralli=1,---N -1,
and By C %BO,BN c %BNH, if m is sufficiently large. Therefore foreachi=1,--- ,N — 1,

| 2
A X) — uzp |dm(X
lup,,, — usp,|” < <m(B,~+1) //B,-+1 (X)) — u3p,|dm(X)

: 2
= m(Bi+1) //33,- lu(X) = usp,|"dm(X)

(2.4.66) < A1 // IVu(Y)Pdm(Y) by (2.4.62),(2.4.64).
3B;

Similarly
g, — g < A1 // V(Y )Rdm(Y).
3B;

Hence
(2.4.67) lug, — ug,, |> < CA" 1714 //3 ) IVu(Y)[*dm(Y).
A similar argument shows that for the end-point case i = 0 or N + 1,
lup, — up,.,I* < max{s'~, A" 217 /ﬁ ) IVu(Y)Pdm(Y)
3Bi
(2.4.68) ~ NP /ﬁ ) IVu(Y)Fdm(Y).
3B;

The last line is justified since A > 1 implies T < s. Combining this observation, (3.2.14),
(2.4.68) and (2.4.6), we get

N
// u(X) = up,,,Pdm(X) < N - // u(X) — up,"dm(X) + N - m(Bo) Y _ lup, — up,,’
By By

i=0
d+1
< NA™ s (f) // . IVu(Y)Pdm(Y)
T %BOU(H 3B,-) U 3Bya
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(2.4.69) < CNTEE 1 2 // " Vu(Y)Rdm(Y).
%Bou(gl 33,-) U 3Bya1

On the other hand, by Harnack inequality
u(X) < Cu(X’)y forall X € By, = B(X', s/2).

Recall that X" = Aj,,,. For any ¢ € A, by the assumption we know that u € W,(B(q,2r))
vanishes on A(g,2r). By the boundary Holder regularity (Lemma 2.4.34) and boundary
Harnack principle (Lemma 2.4.54) we have

u(X’) < C27"u(A)),

with a constant C independent of j and m. Thus
1
(2.4.70) uh <SP (X) <27 (A) < 27— // u*dm(X).
B / m(Bo) J/,

The last inequality holds because A; is a corkscrew point and By = B(X, s/2) for some
X € T'j(g). Combining (2.4.70) and (2.4.69) we obtain

// w?dm(X)
Bo

2
< 2m(By) (upy,,)” +2 // u(x) — ug,,, Pdm(X)
B
(2.4.71)
n—1+d(d+1)

< A2 // wdm(X) + ApA wr-a g2 // N IVu(Y)2dm(Y).
By %BOU(H 33,») U 3Bn+i

Choose m big enough such that

—m |
, aswellas2- — <

2.4.72 A2 <
( ) ! = M =20 +a)

N~

then we can absorb the first term on the right hand side of (3.2.18) to the left. Recall that
By = B(X, s/2) for X satisfying (2.4.63). The reason for the second assumption in (2.4.72)
is to guarantee the enlarged ball %Bo is compactly contained in Q. Fix the value of m from
now on, thus the value of A = 2"*! /M is also fixed. We get

(2.4.73) // w?dm(X) < Cs* // N \Vu(y)/dy,
By %BOU(Q 3B,~) U 3B+

where s = 27U* /M and the constant C depends on d,n,Cy,C; (Recall the values of
corkscrew constant M and Harnack chain constant ¢ only depend on d, n, Cy, C1). Since
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By = B(X, s/2) with center X € l"j.’ (9), it is a simple exercise to show that given the second
assumption of (2.4.72), there exists an aperture @ > « such that

3
(2.4.74) 3Bl @

A similar statement holds for %BN+1- Moreover (2.4.7) and (2.4.8) imply that for i =
1,---, N, there exist an aperture @, > « and an integer mo depending on the constants
¢, M from Lemmas 2.4.3 and 2.4.51, such that

(2.4.75) 3B, cI'? @.

Jj=3—j+m+mgy

Let @ = max{a1, a;}. Combining the above observations with (3.2.22) we get

(2.4.76) // urdm(X) < Cs* //r ) IVu(y)|*dy.
By <

J=3— j+m+mg (q)

Consider the covering

S
(2.4.77) rgc | B(X,E).
XeT¥(g)

We can extract a finite Vitali sub-covering {B* = B(Xy, s/2)} such that

(2.4.78) g cl B
k

and {B¥/5 = B(X, s/10)} is mutually disjoint. Moreover the number of balls BF’s is uni-
formly bounded by a constant C(n, m, M). Note that (2.4.76) holds for all such balls Bfin
place of By, we deduce

(2.4.79) // uzdm(X)sZ // wdm(X) < CC(n,m, M)s* // ) IVu(y)|*dy.
I%(q) B I

J=3— j+m+mg (q)
Since the value of m is fixed, we finish the proof of Lemma 3.2.5.
Lemma 2.4.80 (non-degeneracy of harmonic measure, Lemma 11.73 of [DFM1]). Let A >

1 be given. There exists a constant C, > 1 such that forany g € I', r > 0, and A = A,(q), a
corkscrew point from Lemma 2.4.51, we have

(2.4.81) wX(B(q,r)NT) > C;' for X € B(q,r/A),

(2.4.82) W (B(qg,r)NT) > C7' for X € B(A,5(A)/).
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In [DFM1] the authors also prove the existence, uniqueness and properties of the Green
function, that is, formally, a function G defined on Q X Q such that for any Y € Q,

LG(,Y)=6y inQ
G-,Y)=0 onT

where 0y is the delta function.

Lemma 2.4.83 (estimates of Green function, Lemma 11.78 of [DFM1]). There exists a con-
stant C > 1, such that for any g € I' and r > 0, A = B(q,r) N I" and a corkscrew point
A = A,(q), then

(2.4.84) C' G (X, A) < W (A) < CHTIG(Xo, A)  for Xo € Q\ B(g, 2r).

Lemma 2.4.85 (doubling of harmonic measure, Lemma 11.102 of [DFM1]). Forq € T and
r > 0, we have

(2.4.86) wX(B(q,2r) NT) < Cw*(B(q,r) NT)
forany X € Q\ B(q,4r).

Lemma 2.4.87 (change of poles, Lemma 11.135 of [DEM1]). Let g € I" and r > 0 be given,
and let A = A,(q) be a corkscrew point as in Lemma 2.4.51. Let E, F C A(q, r) be two Borel
subsets of T such that w*(E) and w”(F) are positive. Then

WwX(E) WAE)

(2.4.88) X (F) ~ wA—(F)’

forany X € Q\ B(q,?2r).

In particular with the choice F = A(q, r),

WX (E)

2.4.89 D HE A
(2.4.89) X(Aq.1)

~ wA(E) forany X € Q\ B(q,2r).
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Chapter 3

w] € Ax(0) and PDE solvability

Before we start the proof, we make the following observation: the Carleson measure norm
of 8(X)|Vul>dX is in some sense equivalent to the integral of the truncated square function.
Suppose A = A(Qy, r) is an arbitrary surface ball. For any X € T(A), we define AX = {Q €
0Q : X e I'(Q)}. Let Ox € 0Q be a point such that | X — Qx| = 6(X). Then

(3.0.1) A(Qx, ad(X)) € AX c A(Qx, (@ + 2)6(X)).
Since Q is Ahlfors regular, (3.0.1) implies o/(A%) ~ 6(X)*"!. Thus

// IVul?6(X)dX ~ // IVul?6(X)* "o (AX)dX
T(A) T(A)

(3.0.2) = // IVul?6(X)>™" / do(Q)dX.
T(A) AX

Changing the order of integration, on one hand,

// IVul?6(X)>™" / do(Q)dX < / // IVul*6(X)*""dXdo
T(A) AX |0—Qol<(@+2)r JJ T4, (Q)

(3.0.3) < / Sty (W)dor.
(a+2)A
On the other hand,
// IVul>5(X)>" / do(Q)dX > / // \Vul>6(X)*"dXdo
T(A) AX |Q-0Qol<r/2 JJT;12(0)
(3.0.4) > / S},
A/2
where A/2 = A(Qg, /2). Therefore for any Qg € 9€,
1 1
(3.0.5) sup  —— // IVul?6(X)dX ~ sup —— / S2(wydo
A=AQo.5) TD) L T(a) A=) TA) o "
5>0 r>0
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3.1 From w; € A, (0) to the Carleson measure estimate

Assume w € Ay (o). For any continuous function f € C(0Q), let u be the solution to the
elliptic problem Lu = 0 with boundary data f, we want to show that |Vu|>6(X) is a Carleson
measure, and in particular,

1
G.LD) sup —— // VuPS(AX < ClBasoe-
Acoq (D) Sl BMO@)

 Let A = A(Qo, r) be any surface ball. Denote the constant ¢ = max{a + 1,27} and let
A = cA = A(Qy, cr) be its concentric surface ball. Let

==z L= B=/F= ]éde',

and let uy, up, u3 be the solutions to Lu = 0 with boundary data fi, f>, f3 respectively. Clearly
us is a constant, so its Carleson measure is trivial.

We have shown in the beginning of this chapter (See (3.0.2) and (3.0.3)) that

// Vi, [P6(X)dX < C / Sty (wr)dor.
) (@+2)A

Since A = cA D (a + 2)A, it follows that

(3.1.2) // |Vu ?6(X)dX < C /~ S G 1y (1 )dor.
T(A) A

By Holder inequality, for p > 2
2 -2 2 A 1-2 2
(3.1.3) /KS(aﬂ)r(ul)dO' <o(A) 7’ </KS1’(u1)d0'> <o) IS @Dlzre)-

Under the assumption w € A (o), the following theorems are at our disposal:

Theorem 3.1.4 ([Ke] Theorem 1.4.13(vii) and Lemma 1.4.2). Assume w € By(o) for some
1 < g < oo, then the elliptic problem Lu = 0 is LP—solvable with 1/p + 1/q = 1: that is, if u
is a solution with boundary value f € LP(o), then ||Nullpr) < Cllfllzr(o)-

Theorem 3.1.5 ([Ke] Theorem 1.5.10). Assume w € A(0), then if Lu = 0 with boundary
value f, we have ||S (W)||zr) < ClINullpr (o) for any 0 < p < oo.

Apply Theorem 6.2.1 and Theorem 3.1.5 to u;, and get
1/p
(3.1.6) IS ey < CllfillLroy = C </~ lf = lede'> .
A
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Combining (3.1.2), (6.2.13) and (6.2.12), we get

317 //T | FPS000X < Co o

To show similar estimate for uy, let {E,,} be a Whitney decomposition of 7(A). On each
Whitney cube E,,, we have the following Cacciopoli type estimate,

// IVupP6(X)dX < 8(E,) // \Vup[?dX
Em Em

1
sé(Em)-m // lua(X)[*dX

// |M2(X)|2
0(X)

|M2(X)|2
Vo | 6(X)dX //
//m' o000 <Z 5

2
(3.1.8) // |M2(X)|
T(3A) 5(X)

Recall 3A/2 denotes A(Qy, 3r/2), and T(3A/2) denotes B(Qq, 3r/2) N Q.

Let u; be the solutions to Lu = 0 with non-negative boundary data f3°, then up = u3 —u;
and |us| = u3 + u;. Let

Summing up, we get

(3.1.9) v(X) = [ua(X)| = / (fF + f5) do™ = / _If - fldo®.
0Q\A

0Q

We have the following lemma:

Lemma 3.1.10. The function v defined in (6.2.16) satisfies
* v(X) < ClIfllsmocr) for all X € T(9A).

§X)\?
e yX)<C (T) I fllBMo(r) for all X € T(3A/2). Here B € (0, 1) is the degree of

boundary Holder regularity for non-negative solutions, and it only depends on n and
the ellipticity of A (see (2.2.20)).

Proof. By the definition (6.2.16), the function v vanishes on A. Note that A > 27A by
the choice of A, v is a non-negative solution in 7(27A) and vanishes on 27A. Let A be a
corkscrew point in 7(9A), by Lemma 2.2.23

w(X) < Cv(A), forall X e T (9A).
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Let k = dw/do be the Radon-Nikodym derivative of w with respect to . By the
assumption w € A (o), there exists some ¢ > 1 such that for any surface ball A’,

1/q
(3.1.11) <][ l}qdcr> sc][ kdo,

Let K(X, -) = dw” /dw be the Radon-Nikodym derivative of wX with respect to w , i.e.

o)
(3.1.12) KX, Q)= Al’linQ o)
Then
)= [ r- et = [ 17 Sk OQKe(Q)
0O\A 0Q\A
G.L13) =S [ SR Q)
=1 2JA\2/~1A

Let A’ be any surface ball contained in 2IA \ 2/-1A, and A ; be a corkscrew point in

T(ZJZ). Then by Corollary 1.3.8 [Ke] (It follows easily from the boundary comparison
principle (2.2.32))

w(A)
w(2iA)

(3.1.14) ~ W (A).

On the other hand, by the boundary regularity of w*(A’) in T(Zj_lg) , we have

A = 0o\’ :
1 sup a)Y(A )
er Ye2i-1A

9 \* Ay
SC<2f‘1cr> Wi(A)

(3.1.15) < 27BAiAN.

WwNA) < C <

Combining (3.1.14) and (3.1.15) we have

WAD) i) 2P
W)~ W) T w@iA)

for any A’ contained in 2/ A \ 2/-1A. Therefore by the definition (3.1.12)

—iB

(3.1.16) sup K(A,Q) < —.
0e2/A\2-1A w(2/A)
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Combining (3.1.11), (3.1.13) and (3.1.16),

7-iB 1/p _ 1/q
E _ £P q
Ws 2 ok </2/Z =il da) </zfzk dcr)

J

) 1/p
< Z 27 < ]sz If - fgl”d0'>
J

(3.1.17) S Alsmo)-
Therefore
(3.1.18) v(X) < CllfllBmocr) for all X € T(9A).

For any X € T(3A/2), let Qx be a boundary point such that |[X — Qx| = 6(X). Note that

3r
IX — Ox| = 6(X) < |X - Qol < >
so X € B(Qx, 3r/2) N Q. We consider the Dirichlet problem in B(Qyx, 6r) N Q. Note that
3r 3r
|Ox — Qol < 10x — X+ |X — Qol < ST t3 =3r,

hence B (Qx, 6r) C B(Qy, 9r). Note that AD9AD A(Qx, 6r), v is a non-negative solution in
B(Qx, 6r) N Q and vanishes on A(Qyx, 6r). By the boundary Hélder regularity (Proposition
2.2.19) and the first part of this lemma (6.2.17), we conclude

X - oxI\’ X\ X\
v(X) < <372X sup v | —— ) supvs|——| lfllBmow)-
r/ B0y 610 r ) 1M r

Using Lemma 3.1.10 and (6.2.15), we get

I1£11%
(3.1.19) // IVuo P6(X)dX < f#ﬁo(f’) // SC)¥1ax | .
T(A) r T(34)

Note that 28 — 1 > —1, we may use the following lemma.

Lemma 3.1.20. For any @ > —1, we have

3.1.21) // oX)¥dXx < ',
T(2A)

Proof. If a > 0, the proof is trivial. For j =0,1,--- let

Tj=TQRA)N{xeQ:27r <5(X) <27 r),
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T.j=TQRA)N{xeQ:8X) <27+
Then

(3.1.22) // 5(X)"dX = // 800X £ (277 m(T)).
T(2A) =0 MT; =0

Consider a covering of 4A by 4A c |J B(Q, 277*1p), from which one can extract a
Qe4A

countable Vitali sub-covering 4A C UgB(Qy,27/*1r), where Q) € 4A and the balls By =
B(Qy, 27717 /5) are pairwise disjoint. The fact that Oy € 4A = A(Qy, 4r) implies

2—j+1 2—j+1
Bk=B<Qk, 3 r>CB<Q0,4r+ 3 r>.

And the pairwise disjointness of By’s implies there are only finitely many of them. In fact,

2—j+1 o) n—1
G129 Yoo =0 (LkJBk> <o (A <Q0,4r+ g r)) < <4r+ g) |

Note that o7(By) = (2‘jJrl ;’/5)”_1 independent of k. Let N be the number of By’s. By (3.1.23)

2-j+l n—1 27\ "1 _
(3.1.24) N - < 5 r> < <4r+ gr) , thus N < 2/,

For any X € T}, let Qx € 6 be such that |[X — Qx| = 6(X). Then
(3.1.25) |Ox — Qol < 10x — X[ + X — Qol < 4r, Le. Ox € 4A.

Thus Qx € B(Qx,27/*!r) for some k. Moreover T<; C |J B(Qk,2 - 27/*!r). Therefore
k
m(Tj) <N -supm(B(Qr.2-277*1r) < 2777,
k

Combined with (3.1.22) we get

(o8]

// 8(X)¥dX < Z(z—jr)a Lo = ke Zz—j(a+1) < e
T(24)

J=0 J=0

The last sum is convergent because @ + 1 > (0. Combining (6.2.20) and (3.1.21), we get

(3.126) I wiaPacodx < 7 By < o @ Fo
T(A)
(6.2.14) and (6.2.21) together give the Carleson measure estimate (6.2.23).
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3.2 From the Carleson measure estimate to w; € A..(0)

Let A be an arbitrary surface ball. Let f be a continuous non-negative function supported
in A and u is the solution with boundary value f. In particular u is non-negative. Consider
another surface ball A’ of radius r that is r—distance away from A. Then by assumption,

32.1) // VuPS(X)dX < CoA) o)
T(A)

We have shown in (3.0.4) that

(3.2.2) // IVul?6(X)dX 2 / S pwdo.
T(A) N2

In order to get a lower bound of the square function S,/2(u), we need to decompose the
non-tangential cone I',/2(Q) as follows.

For any Q € A’/2 and any j € N, let

(3.2.3) [{(Q) =T(Q) N (By-i(Q)\ By-1-1(Q))
be a stripe in the cone I';/2(Q) at height 27Jr, and

j+m
(3.2.4) Tjmjem(Q) = | THO).

i=j
a union of (m + 1) stripes. The above figure illustrates these notations, even though it over-
simplifies the shape of the non-tangential cone I'(Q) and the relations between different
radii.

We claim the following Poincaré type inequality holds, because u vanishes on A”:
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Lemma 3.2.5. There exist an aperture @ > @, and integers my, my, such that the following
Poincaré inequality holds for all Q € N /2,

(3.2.6) // u*dX < CQ277ry? // B IVul*dX.
r4(Q) Iy

J—my—j+my (Q)

The constants m, my and C only depend on n and .

3.2.1 Proof of Lemma 3.2.5: Poincaré inequality

The following lemma is the standard Poincaré inequality (see (7.45) and Lemma 7.16 in
[GTD).

Lemma 3.2.7. Let B be a ball in R". If the function u € W'>(B), then

1-1/n
w, .
(3.2.8) lltt — upll 25 < <®> diam(B)"|[Vull 2 -

Here ug = fB udx, |B| is the n—dimensional Lebesgue measure of B and w,, is the volume of
the unit ball in R".

Let rg denote the radius of B, then we can rewrite (3.2.8) as

(3.2.9) // lu(x) — upl*dx < 4"ry // IVu(y)|*dy.
B B

Assume there is a Harnack chain B = By, B,,--- ,By = B’ from B C F‘J?(Q) to B’ C
I ,(Q), by the triangle inequality

M-1
(3.2.10) // lu(x) - up Pdx <2 // lu(x) — uplPdx + 2M|B| - Y lug, — ug,,I*
B B -
j=1
Assume in addition that consecutive balls B; = B(x;, ;) and B;y1 = B(x;;+1, ri+1) have com-
parable sizes
(3.2.11) criy1 < 1p < Crigy,

with constants 0 < ¢ < C. We want to estimate |up, — up,,,| by the integral of Vu. By
B;N Bj;1 # @ and (3.2.11), we know

(3.2.12) Biyy cAB; withd=1+4+2/c> 1.

2
1
lug,,, — up,|* < ( // |u(x) — uw,»ldx>
|Bi+1| B
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ri \ "
< < : ) ][ lu(x) — u,lBilzdx
Tit1 AB;

/1n+2C2n 5 5
(3.2.13) < r; //w [Vu(y)|“dy by (3.2.9).
Similarly
+2
lug, — 1P s o2 // VuGPdy.
AB;
Therefore
A(n c,C)
(3.2.14) lup, — up,,,I* < T r // IVu(y)|dy.

Plugging (3.2.14) back into (3.2.10), we get

M-1
// ju(x) — upPdx < C(n, M, c,Cyrg > // IVu(y)l*dy
B =1 /By

(3.2.15) < C(n, M, c,C)r3 //V,l IVu(y)Pdy.
U 1B:
On the other hand, by assumption the last ball B’ C 1"5’ m(Q), we have
2=(j+m) 5
(3.2.16) up < sup w? <C ( — ) sup U Sna 27PME(A)).
r%,,,(Q) 2%r B(Q.27iNNQ

where A is the corkscrew point in B(Q, 277r)N Q. The second inequality is by the boundary
regularity (2.2.20) and the fact that u vanishes on A’, and the last inequality by (2.2.24).
Since B C I'{(Q) is a non-tangential ball and u is non-negative, by the Harnack principle

u(x) > cou(A;) forall x € B,

for a constant ¢y < 1. Hence

(3.2.17) up < 27PMy(A ) g 27 hm ][ utdx.
B

Combining (3.2.15) and (3.2.17), we obtain

// u’dx < 2|B|(up)* +2 / |u(x) — upl*dx
B B

(3.2.18) < A(n,a,c,C)27#m // uldx + C(n, M, ¢, C)ry //4_1 IVu(y)|*dy.
B U 1Bk
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Choose m big enough such that A(n, @, ¢, C)27P™ < 1/2, then we can absorb the first term
on the right hand side of (3.2.18) to the left, and obtain

(3.2.19) // W2dx Spoec 13 //41 Vu(y)dy.
B U Bk
k=1

Note that after m is fixed, by the Harnack chain condition (see Definition 2.1.6), the number
of balls M < C(m) is also fixed, thus we omit the dependence on M in the above inequality.
This is Poincaré inequality for non-tangential balls.

In order to prove the Poincaré inequality (3.2.6) for non-tangential cones, we just need to

cover I'}(Q) by balls; we also need to choose the Harnack chain carefully so that the integra-

tion region U]kvi _112/lBk in the right hand side of (3.2.19) is also contained in a non-tangential

cone, possibly of a bigger aperture and wider stripe. Let us first make the following simple
observation:

Observation 1. Let B be a Harnack ball with constants (Cy, C;) (see the definition of Har-
nack balls in (HB)). Assume B contains some point X € I'*(Q), then

Bc F"(“a)(Q), 51 > 0 is a constant only depending on Cj.

If in adition X € F‘;(Q), then |X — Q| ~ 27/r, and we can get more precise estimate:
Observation 2. Assume B contains a non-tangential point X € I'/(Q), then

BcC l"j.’fllf;ino(g), ng is an integer depending only on « and C;.

Moreover, by induction:

Observation 3. If By, B, ..., By are Harnack balls with constants (Cy, C2) such that B; N
Bj.1 # @, and By contains some point X € l"j.’(Q), then

k ~
a(1+C )
U B;cC rj—k—>jl+n0+(k—1)m0(Q)’
j=1

where my is an integer depending only on C; (more precisely, my is such that 1/(1 + C) >
27mo),

Let A and A’ be arbitrary points in l"j.’ (Q) and I'?, (Q) respectively. Then

j+m
p = min(6(A), §(A")) > 27U 1y g, A—A'|<2-277r < 2"p.

By the Harnack chain condition, there is a chain of open Harnack balls By, By, - - - , Bjy with
constants (Cp, C») that connects A to A’, and the number of balls Mv < C(m). By Observation
2, the balls B and By, are non-tangential balls of aperture a(1 + Cy):

(1+C1) (1+C))
B, C F?—l—»]!+n0(Q)’ By C l—‘;¥+m—ll—>j+m+no(Q)‘
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Simple computation shows that the sizes of two consecutive Harnack balls are comparable:

C Cr+1
! diam(B;) < diam(Bj;) < 27

3.2.20
( ) C2 +1 C1

diam(B)).

Recall we showed in Section 3.2.1 (see (3.2.12)) that (3.2.20) implies Bj;; C ABj, with a
constant A depending on Cy, C,. As we have discussed in Remark (2) after Definition 2.1.6,
if Q satisfies the Harnack chain condition with (2.1.8), we may choose C; (lower bound
constant for the Harnack ball) appropriately such that the enlarged ball B ;i = AB;j still lies
in Q, and moreover, its distance to the boundary is still comparable to its diameter. More
precisely, it is an easy exercise to show that if we choose C; ~ 26C*, the enlarged balls B ;s
are still Harnack balls with modified constants:

(3.2.21) % diam(B)) < 8(B) < C, diam(B)).

Denote IT(A,A’) = Uf‘ﬁ[lgi (IT stands for “integration tube”). By (3.2.21) and Obser-
vation 3,
IT(A,A") c T} (),

J—M— j+no+Mmg

where h(a, m), ng, my depend on the constants of the Harnack balls 3/2, C,, the number of
balls M = O(m) and the aperture @ we start with. Thus by (3.2.19)

[ s s, [ wuody s, 2n? [, Vu()Pdy.
By IT(A,A) | ) Q)

J=M— j+no+Mm

To summarize, for any A € I'j(Q), we can find a Harnack ball B containing A which

satisfies B ¢ T°CD 0y and

j—1—=j+ng

(3.2.22) // W (0)dx Spa (2771)? // _ IVu)I*dy,
B I« 2(Q)

J—my—j+m

where the aperture @ > a, and ng, m;, m; are integers depending on . We cover F;’(Q) by
such Harnack balls:

(3.2.23) v c |J BYeri, o).
Xer¥(Q)

from which we can extract a Vitali sub-covering F;‘.(Q) C UgBF, such that {B¥/5} are pairwise

disjoint. By the definition (3.2.3) and (3.2.4), the set F?Sf}ino(Q) is contained in an annulus
with small radius 2~U*0)~1 and big radius 2-U~Dr. By the disjointedness of {B¥/5}’s and
the fact that each B¥/5 has radius comparable to 27/r, we can show that the number of balls

in the Vitali covering is bounded by a constant N = N(n, @).
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Finally, by the finite overlap of Vitali covering and (3.2.22), we have

2(0)dx < C(n) // 24x
//F‘;(Q)u X)dx ”Z U

< N(na)- @7 // VP

j m14>1+m2

This finishes the proof of Lemma 3.2.5.

3.2.2 From the Carleson measure estimate to estimate of the boundary value

Given a > 0, let @ > @ and m, my € N be defined as in Lemma 3.2.5. Using the Poincaré
type inequality (3.2.6), we can get a lower bound of the square function (defined in the cone

r(Q)):
// C VuPex)*"dx
2(Q)

1S T2

> Vul?6(X)* " dX
_m1+m2,z /. a0
=m+1 J- m1—>/+mZ
2 Z(z Tpn // \Vul?dX
j ml 7m1—>1+m2
> Z(z N o // 2dX by (3.2.6)
jm "(Q)
2 Y WA,

J=mi

where A; € I';(Q) is a corkscrew point at the scale 27Jr. In the last inequality, we use
the interior corkscrew condition, thus each stripe of cone I';(Q) contains a ball of radius
comparable to 27717 (as long as « is chosen to be big, say @ > 2M, where M is the
corkscrew constant). By the Harnack principle u(A ;1) > cu(A;), where ¢ < 1 is a constant
independent of u and j. Thus

D WP A)) 2 (A 2 1P (A).

J=mi

Recall for any Q € A’/2, the point A; = A;(Q) is a corkscrew point in I'[(Q). Let A’ be
the corkscrew point in T(A’/2), again by the Harnack principle we have u(A") ~ u(A;).
Therefore

ST Q)P 2 w*(Ay) 2 w*(A"), forany Q € A'/2.
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Combining this with (6.2.26) and (6.2.27), we get
(M 3o 2 / ST )Pdo 2 o(A [2u*(A") 2 o(A (A,
N2

and thus
u(A”) < l1fllBmoc)-

Let A be a corkscrew point in A. Since A and A’ have the same radius » and they are
r—distance apart, we have u(A) ~ u(A’). By the assumption f is supported on A,

1
u(A) = /f(Q)de(Q) = /f(Q)K(A, O)dw(Q) ~ —/fdw~
A A w(A) Ja

The last equality uses the estimate of K(A, Q) when A is a corkscrew point in 7(A) and
0 € A (see [Ke] Corollary 1.3.8). As a result, we proved the following estimate: Let f be a
non-negative continuous function supported on A, then

1

(3.2.24) o

/fda) < ClIfllBmo(o)-
A

3.2.3 Proof of w; € A (0)

Let A be a surface ball with radius r. For € > 0 fixed, we want to find an 1 = n(¢), such that

for any E C A,
o(E) - w(E)

<eE€.
() w(A)
In fact, since o and w are Borel measures, we may assume FE is an open subset of A.

n implies

Let § > 0 be a small constant to be determined later, we define the function
(3.2.25) f(x) = max {0, 1 + 6log Moxg(x)}

where M, is the Hardy-Littlewood maximal function with respect to o:

ANE
(3.2.26) M) = sup ZEOE).
Aox  0(A)
Since (0L, 0) is a space of homogeneous type, we can adapt the arguments in [CR] very
easily and show that || log M,y Ellgmo(r) is bounded by some constant A (independent of the

set E). Hence f is a BMO function and ||fllgmo) < A6. Moreover, it is clear from the
definitions (6.2.32) and (3.2.26) that 0 < f < 1 and f = 1 on the open set E.

Suppose x € 9Q \ 2A, then dist(x,A) > r. Let A be an arbitrary surface ball containing
x. Since E C A, in order for A N E to be nonempty, the diameter of A is at least r. Thus by
Ahlfors regularity o-(A) > '~! ~ o(A). Therefore

oc(ANE) _o(E)
3.2.27 M, = ~<C .
( ) Y E(X) sg;}j o d) < )
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This means, as long as £ C A is such that

o(E) _ e /0
(3.2.28) @ <n@©) = c

by (3.2.27) we have
1+6logMyxp(x) <1+dlog ¢~ 1% = 0 outside of 2A,

hence f = 0 outside of 2A. In other words,

o(E)

=) <n = fissupported in 2A.

Next we want to use a mollification argument to approximate f by continuous functions,
such that their BMO norms are uniformly bounded by that of f. Let ¢ be a radial-symmetric
smooth function on R” such that ¢ = 1 on B2, suppy C By and 0 < ¢ < 1. Let

Jycan FO)@e(x = )do(y)

for x € 0Q.
fyeag @e(x — y)do(y)

1 4
(229 e=o7e(3). fn=

The following lemma summarizes the properties of these f.’s. The proof of (1) is just a
standard mollification argument. However it requires more work to prove (2) and (3), since
fe is a (normalized) convolution of f restricted to dQ, instead of all of R”. In particular, the
proof depends on the properties of such function f defined in (6.2.32). We refer interested
readers to Section 3.4 for the proof.

Lemma 3.2.30. The following properties hold for f.’s:

1. each f. is continuous, and is supported in 3A;
2. there is a constant C (independent of €) such that || fellsmor) < CllfllBmoco);

3. f(x) < liminf._q fc(x) for all x in their support 3A.

The last property and Fatou’s lemma imply

(3.2.31) / f(x)dw(x) < / liminf f.(x)dw(x) < liminf / fe()dw(x).
3A 3pn €0 €e—0 3A

Since each f, is continuous, we can apply (6.2.25),

(3.2.32) (3A) / fe(dw(x) < Cllfellsmo) < C'lIfllBmow)-

Combining (6.2.35) and (6.2.36), we get

cu(3A) / fdw(x) < C'llIfllsmow) < C”6.
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On the other hand, since f > yr and w is a doubling measure,

1 w(E) _ w(E)
o(3D) /3A T 2 58 2 oy

Therefore w(E)/w(A) < Cé as long as the condition (6.2.33), i.e. o(E)/o(A) < nis satisfied.
In other words, w € Ax(0).

3.3 Converse to the Carleson measure estimate

Proposition 3.3.1. Assume the elliptic measure w € Ax(0). If Lu = 0 in Q with boundary
data f € C(0Q), then

1
(3.32) 1f1Bpoe) < C sup —— // IVuPS(X)dX,
Acoq (D) Sl

as long as the right hand side is finite.

Since w € Aw(0), a classical result in harmonic analysis says || fllamow) = IfllBMOWw)-
We may as well prove (3.3.2) for ||fllapmow)- In light of previous work [FN] and [FKN],
Jerison and Kenig studied the Dirichlet problem with BMO boundary data and proved the
following Theorem 3.3.3 for the Laplacian on NTA domains (see [JK] Theorem 9.6). The
main ingredients of their proof are (2.2.26), (2.2.28) and a geometric localization theorem,
which holds by the Carleson box constructed in [HM1, Section 3]. Therefore a similar proof
is applicable in our case.

Theorem 3.3.3. There exists a constant C > 0 such that

|
(3.3.4) 1/ 1sso0) < C Sup —— // IVulG(Xo, X)dX,
Acog WD) J/n)

on condition that the right hand side is bounded.

Proof. Let A = A(Q, r) be an arbitrary surface ball. By [HM1] one can construct a Car-
leson box D satisfying B(Q,4r) N Q ¢ D c B(Q,4Cr) N Q, and D is a uniform domain
with Ahlfors regular boundary. Assume r is small so that Xy ¢ B(Q,4Cr). By the in-
terior corkscrew condition of 9, we can find a point X; € D \ B(Q,2r) and 6;(X;) :=
dist(X1,0D) = 2r. For the elliptic operator L on D, let v be the elliptic measure and
Gp(X1,-) the Green’s function with pole at X;.

We claim that for any surface ball A’ C A.

w(A")
w(A)

(3.3.5) ~ v(A").
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In fact, let Yy and Y’ be corkscrew points with respect to A and A’ respectively, and let 7 be
the radius of A’. Apply (2.2.26) to the domains Q and D, we get

W) GXo,Y)Y2  GXo,Y')

(3.3.6) ~ ~ .
V(A GpXy, Y2 Gop(X1,Y)

And similarly

337 W) G(Xo, Yo)

v(B) ~ Gp(X1,Yp)'
Note that Xy, X1 ¢ B(Q, 2r) N Q, by the boundary comparison principle (2.2.32)

G(Xo,Y) N G(Xo, Yo)
Gp(X1,Y)  Gop(X1,Yo)

It follows from (3.3.6), (3.3.7) and (3.3.8) that w(A")/v(A") = w(A)/v(A). Since v(4CA) =
v(0D) = 1 and v is a doubling measure, we have v(A) ~ 1 and thus (3.3.5).

(3.3.8)

The above estimate (3.3.5) in particular implies

1
(3.3.9) —/If—cAlzdwz/lf—cAlzdvs/ lu — cal*dv.
w(A) Ja A oD

Here we choose the constant ¢y =[5, udv, so that [, (u—ca)dv = 0. We have the
following global estimate on D (see Lemma 1.5.1 in [Ke])

1
(3.3.100 = / lu — calPdv = // AVu-Vu Gp(X1,Y)dY < 2 // IVul?Go(X;, Y)dY.
2 Jop D D

Using (3.3.7) and v(A) =~ 1, we have

G(Xo, Yo) G(Xo, Yo)
3.3.11 GpX1,Y)r ———v(A) ~ ——

( ) (X1, Yo) o) v(A) o)

Since Xy ¢ D, by considering Harnack chains in D \ B(X, §1(X1)/3) or using the boundary

comparison principle (2.2.32), (3.3.11) implies

G(Xy, Y 01(X
Go(Xy, v) ~ ZE0 D) forallYeZ)\B(Xl, 1( 1)).
w(A) 3
Thus
1

(3.3.12) // IVul?Go (X, Y)dY ~ —— // IVul?G(Xo, Y)dY.

D\B(x;,150) w() J/p

On the other hand on B(X1, d1(X1)/3), by the Harnack principle
1
(3.3.13) \Vul?> < // \Vul?ay.
O1(X1)" J/B(x,, 2%0)
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By the choice of X; we know (X)) = 61(X;) = 2r and X € B(Q,4Cr). Let Qx, € 0Q
satisfy |X1 — Qx,| = 6(X1), then by properties (2.2.26) and (2.2.28),

(3.3.14) 51(X1)"?G(Xo, Y) ® w(A(Qx,,61(X1)) ~ w(A)

for any Y € B(X1,61(X1)/3). Plugging (3.3.14) into (3.3.13), we get

1 61X ?
Vil § 1(X1) //  IVuPG(Xo, V)Y
1(XD)" w(A) B(x,,101)

1
3.3.15 < - Vul?G(Xo, Y)dY.
( ) ~ rzw(A) //B(Xl,(sl(fl))l l/l| ( 0 )

By the maximal principle and the bound on Green’s function,
3.3.16 Gp(X1,Y) <GX1,Y) S ———.
( ) (X1, Y) < G(X1,Y) V=X

The last inequality is independent of O and X;. Combining (3.3.15) and (3.3.16), we get
Vul*Gop(X1, Y)dY
//B(xl,w) VP Gop(X1. Y)

1 1
S| 5—== Vul*G(Xo, Y)dY | - ————dY
~ (rza)(A) //B(xl,élgx“)| e 1) > //B(Xl,élgx”) Y - X2

1
< | —— Vul’G(Xo, Y)dY | - 61(X;)>
~<r2w(A) //B(xl,ﬂgn)' uPG(Xo, Y) > (X))

1 2
o //D IVul>G(Xo, Y)dY.

Summing up (3.3.12) and (3.3.17), we get

(3.3.18) // IVul?Go (X1, Y)Y < b // IVul>?G(Xo, Y)dY.
D wA) J)p

Together with (3.3.9) and (3.3.10), we deduce

L enPde < 2
o /A f = eaPde 5 s //@ Vul’G(Xo, Y)dY
1

< IVul’G(Xo, Y)dY
w(4CA) //B(Q,4Cr)ﬁ(2

1
< sup —— // VuPG(Xo, Y)aY.
neon WA M1

(3.3.17)

A
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Recall for X € T(A), the set AX is defined as {Q € dQ : X € I'(Q)}. By (3.0.1)
and (2.2.26), (2.2.28), we get G(Xo, X)6(X)"? ~ w(AX). Thus by changing the order of

integration,
// IVul>?G(Xo, X)dX ~ // IVul>6(X)* " w(A)dX
T(A) ()
< / // IVul>6(X)>"dXdw
Qc(a+2)A Xel'o (Q)
(3.3.19) = /~ Sty (Wdw,
A

where A = (a + 1)A. Since w € A (o), there exists g > 1 such that the Radon-Nikodym
derivative k = dw/do € By(o). Let p > 1 be the conjugate of ¢, i.e. 1/p+1/g = 1, we have

1/q l/p
/~ S fosy(wdw = /~ S tosr 1y (Whdor < </~ kqu') (/ (2a+1)r(u)d0'>
A A A A
" 1/p
< CO'(A)l/q <]{ kdo-) </ (a+1)r(”)d‘7>
A A

1/p
(3.3.20) < Cw(A) sup <U(1A) / S%P(a)da) .
T Ar

ArCoQ

We claim the following theorem holds for the truncated square function:

Theorem 3.3.21. Forany?2 <t < oo,

1 1/t
(3.3.22) sup < / |S,(u)|’da> <C sup — // IVul*6(X)dX,
0<r<diam@ \O(Ar) Ja, AcaQ 0 (D) ST

A,CoQ

on condition that the right hand side is finite. Here A, denotes any surface ball of radius r.

Assume this theorem holds, then (3.3.2) follows from combining (3.3.4), (3.3.19), (3.3.20)
and (3.3.22), which concludes the proof of Proposition 3.3.1. Now we are going to prove
this theorem by combining several lemmas of the truncated square function. In [MPT], the
authors have proved similar lemmas for the square function (see Proposition 4.5, Lemma 4.6
and Lemma 6.2), and we are adapting their arguments to the truncated square function. The
proof of the following two lemmas is similar to the case of non-truncated square function,
so we postpone it to Appendix 3.4.2.

Lemma 3.3.23. For any r,A > 0, the set {Q € 0Q : S, u(Q) > A} is open in 0L

Lemma 3.3.24. Let2 <t < co. Assume @ is an aperture bigger than a and A = A(Qq, 1) is
a surface ball of radius r, then

/ ISTu(Q)|'dor(Q) < / 1S 2(a+2)r (D) do(Q).
A 2(@+2)A
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Moreover, we have the following “good-A" inequality between S ,u and the Carleson
type function

(3.3.25) Cu(Q) = sup ! // IVul>6(X)dX.
As0 (D) JJr)

Lemma 3.3.26. There exist an aperture @ > « and a constant C > 0, such that for any
surface ball A = A(Qyp, r) and any A,y > 0

(3.3.27) o-({Q €A:S,u(Q)> 24, Cu(Q) < m}) < CyZO'({Q €4 STu(Q) > /1})

Proof. Let @ = a + 3. Consider the open set O = {Q € 4A : S fru(Q) > A}. Similar to
Lemma 3.7 and Lemma 6.2 in [MPT], let U;A; be a Whitney decomposition of O, such that

1 1
for each k,  A(Qx. ﬂd(Qk)) C Ay € A(Qrs Ed(Qk)).

Here Q; € O, and d(Qy) = dist(Qy, O°) > 0. We claim that for all A; such that Ay N A # @,
we have

(3.3.28) o’({Q € Ay S,u(Q) >24,Cu(Q) < yﬂ}) < CY*o(Ap).
This is clearly true if the left hand side is empty. Assume it is not empty, and

(3.3.29) there is some Qy € {Q € A : S,u(Q) > 24, Cu(Q) < yA}.
Note that

d(Q)) = dist(Qy, 0%) = min { dist (O, {Q € 4A : STu(Q) < A}), dist(Qy, (44)) }.

we need to consider two cases.

Case 1. Assume Qy is such that
d(Q) = |Qx — Py|, for some Py € 4A satisfying Sfru(Pk) <A

Let O € A be arbitrary, recall that A, € A(Qx, d(Qx)/2), hence

1 3
|Q — Pl <10 — Okl + 10k — Pil < Ed(Qk) +d(Qr) = Ed(Qk)-
For any X € I',(Q), we define the functions
(3.3.30) ur(X) = u(X)xs02d0)/2)> and ua(X) = u(X)x(s0x)<d(0p)/2)-

Clearly S,u(Q) < S -u1(Q) + S ru2(Q).
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If X e I',(Q) is such that 6(X) > d(Q)/2, we have
3
IX = Pl < 1X = Ol + 10 — Pyl < a6(X) + Ed(Qk) < @d(X),

and
X—P<|X-0|+|0—-Pr|<r+36X) <4r.

In other words X € I', (Px). Hence

1S, Q) = // VU)X
I(ON6(X)=>d(0x)/2}

< // _VuPex)*dX
4-(Pr)

= |STu(Py)”
(3.3.31) < 2%

If X € I',(Q) is such that 6(X) < d(Qx)/2, recall Q € A € A(Qk,d(Qr)/2) and (3.3.29),
we have

IX - Ol < 1X = Ol +10 — Ol + 10k — Oy
1 1
< (L +a)8(X) + 5d(Qu) + 5d(Qp)

a 3
< <E + E) d(Qk)

/ S2uy(Q)do = / // IVul*6(X)*™"dX
Ay A JITAQNS(X)<d(Qk)/2}
< // IVul*6(X)dX
B(Q;.(§+3)d(Q0)
, , (a 3
(3.3.32) <|Cu( QP - o <A <Qk, <5 + 5) d(Qk)>> ,
where the Carleson type function is defined in (3.3.25). By (3.3.29), we know that Cu(Q;) <

yA. In addition, o is Ahlfors regular and A(Qy, d(Qy)/24) C Ay. Therefore it follows from
(3.3.32)

Hence

3

n—1
(3.3.33) / S%uy(Q)do < y* A% - C, (% + 5) A0 < CYPA%a(AY),
Ay

where the constant C only depends on the aperture @ and the Ahlfors regular constants of o
On the other hand,

/ S;ur(Q)do > /120'({Q € A : S,ux(Q) > /1}>,
Ag
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hence (r({Q €A :S,ux(0) > /1}) < Cy*o(Ap).
Recall S,u(Q) < Afor all Q € Ay (see (3.3.31)), therefore
o’({Q € Ay S,u(Q) > 2, Cu(Q) < yﬂ}) < 0'<{Q € A1 S,(0) > A, Cu(Q) < yﬁ})
<o({Qe S0 > 1))

< CY2a(Ap).

Case 2. Assume Qg is such that d(Qy) = dist(Qx, (4A)°). We only consider the Ag’s
such that Ay N A # @, and assume Ry is a point in the intersection. In particular R, € Ay C

A(Qk, d(Q1)/2). So

) . 1 3
dist(Ry, (4A)°) < |Ry — Okl + dist(Qy, (4A)) < Ed(Qk) +d(Qy) = 5d(Qk)_
On the other hand, suppose dist(R, (4A)°) = |[R; — R| for some R € (4A)°, then
dist(Ry, (4A)°) = IR = Qol — IRk — Qol > 4r —r = 3r.

It follows that d(Q)/2 > r. In particular, for any Q € A; and X € I',.(Q), we have §(X) <
r < d(Qr)/2. In other words, u = u> (see (3.3.30)). Similar to (3.3.33), one can show

/ S2u(Q)do = / S2uy(Q)do < Cy* o (Ay).
Ay

Ay
Therefore
Cy*o(A
c({0e i su0 > 20,cu@ < y1}) <o({0 et Su0 >21}) < %(").
This finishes the proof of (3.3.28).
Summing up (3.3.28) for A;’s such that Ay N A # @, we obtain
clq0e |J M:SuQ) >24,CuQ) <ya
k:AnA=D
(3.3.34) < Cy*or (U Ak> < Cy2cr<{Q € 4A: STu(Q) > /1}).
k

The last inequality is because {A;} is a Whitney decomposition of {Q € 4A : S fru(Q) > A}
It also implies

U Ao{Qea:siuo >1}.

kAnAzD
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Therefore

0c |J Ac:SuQ) >21,Cu(Q) <y2
k:AnA£D
>{QeA:S{u>Aand S,u(Q) > 21, Cu(Q) < yd}
(3.3.35) ={0eA:S,u(Q)>21Cu(Q) <yd}

For the last equality, we use @ > « and thus {S,u > 2/1} C {Sfru > /l}. Combining (3.3.34)
and (3.3.35), we get

c({oea:su>21cusyi}) < cro({0e4r: s5uQ > 1}).

By Lemma 3.3.26,
/ 1S ultdor = t/ o ({QeA:Su>A,Cusyif2})dl
A 0
+ t/ W7o ({Qen: Su>a.Cu>ya/2})dd
0
® t—1 2 .Qa
< z/ A7t cy a({Q €4A: ST u> /1/2}>d/1
0
+ z/ AHO'({Q €A:Cu> 7/1/2}>d/1
0
_ 2\
= Cy22’/ IS$ul'do + <—> / |Cul'do
4A Y A
_ 2\’
(3.3.36) < C'y? IS$ul'do + <—> |C° w)|' o (A).
4A Y
Here €' (1) = supcso ﬁ f fT( A) [Vul>6(X)dX stands for the Carleson measure defined by
the function u, and by definition Cu(Q) < €' (u) for all Q € 9Q. Apply Lemma 3.3.24 to the

right hand side of (3.3.36), it becomes

2 t
(3.3.37) / IS -ul'do < C”y2 IS arul'do + <—> € W) 'o(A),
A AA Y

where A = 8(a + 1) is a constant and AA = A(Qy, Ar). If the radius r is such that Ar <
diam Q, we can rewrite the above inequality in the following form:

- 2\’
(3.3.38) ][ IS ul'do < Cy* S arul'do + <—> |6 ()|
A AA Y
Pick y (depending on @) so that 5)/2 = 1/4. Fix such y fixed, denote C; = (2/y)’, then

1
(3.3.39) ][ S ul'do < — ][ IS 4;ul'do + C1|E (W)l
A 4 Jan
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Theorem 6.1 in [MPT] states the following global estimate
(3.3.40) / ISul'do < C/ |Cul'do < C|E (w)|'o(0Q).
0Q 0Q

We claim the “contraction’estimate (3.3.39), together with the global estimate (3.3.40) im-
plies

1/t
1
(3.3.41) sup <][ ISrultdcr> <C-€u)=C sup —— // IVul?6(X)dX.
A T(A)

A,COQ Acoq O(A)

Firstly, for an arbitrary r > 0, let k be a positive integer such that A7 < diam Q < A**1r,
then o (A¥A) ~ o(dQ). (The constants only depends on A and the Ahlfors regularity of o.
In particular they do not depend on r or Qy.) Apply (3.3.37) to A*A, we get

/ IS sk, ul'do < C" / IS ake1,ul dom + C|E ()| (AR A)
ARA ARFIA

<c” / IS ul'do + C1| (W) ()
0Q

< Co|€ W) T (0Q). by (3.3.40)
Hence
(3.3.42) ][ IS s, ul'do < CH|E )|

ARA
To simplify the notations, we write a, = fA IS ,ul'do- and B = max{C;,C3)} - |[€W)|,

where C| and C, are the constants in (3.3.39) and (3.3.42). Hence (3.3.39) and (3.3.42)

become

1
(3.3.43) ar < jas +B i Ar<diamQ.

(3.3.44) ay, < B where Ar < diam Q < A1y,

Induction on (3.3.43), we obtain

1 1 1 1 7
(3.3.45) ”rSZaAr+BS4_kaA"r+<1+Z+"'+4k——1>BS§B‘
In other words,

(3.3.46) ][ IS,ul'do < C|€ ()|, with the constant C = max{C;, C»}-7/3.
A(Qo,r)

This holds for arbitrary Qp € dQ and r € (0, diam Q), so (3.3.41) follows. This finishes the
proof of the theorem 3.3.21, hence the conclusion (3.3.2) follows.
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3.4 Appendix

3.4.1 Proof of Lemma 3.2.30: Properties of f.

The function f; as in (6.2.34) is well defined because

1
3.4.1) / Yex —y)do(y) = —1 / do(y) > C; > 0.
VedQ €70 Jyea.§)

‘We also have

1
(3.4.2) / Ye(x —y)do(y) < | / do(y) < Cs.
yeoQ € YEA(x,€)

The constants C; and C, are independent of €.

Proof of (1). For any surface ball Ay = A(xg, o), we denote A§ = A(xg, ro + €). Since f
is supported in 2A, each f is supported in (2A)€. Thus all f.’s are supported in 3A if € < r,
the radius of A.

Note that
/ pe(x = y)do(y) - / Pe(X — y)drf(y)‘
Fle) 90
Ld
= / / —@((1 = )X + sx — y)dsd(r(y)‘
oo o ds
~ 1 ~
(3.4.3) M _nxl / / Vo <(1 — 9T+ 5 _y> ‘ do(y)ds.
€ 0 Jyeon €

Since ||Vl < C, for any w € R" we have
w—y -1
(3.4.4) / ‘Vgo <—) ( do(y) < Co (B(w,€) N Q) < C™1.
yedQ €
Combining (3.4.3) and (3.4.4),

lx — X|
<C ,
€

‘ / Pe(x —y)do(y) - / (X — y)do(y)
0Q 0Q

so for any € fixed, the map x € 0Q — |, g0 Pe(x — y)do(y) is continuous. Since 0 < f < 1,
we can prove similarly f g0 S O@e(x — y)do(y) is also continuous. Thus fe(x) is continuous.

Proof of (2). Fix € > 0. Let A = A(xg, ro) be an arbitrary surface ball. Let A be a real
number to be determined later. We consider two cases.

Case 1. If ry > €/2, by the definition (6.2.34) and the estimates (3.4.1), (3.4.2),

/Z 0 = Aldo() < Cil /A

JOpe(x = y)do(y) — 4 / @e(x — y)drf(y)‘ do(x)
0Q 0Q
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<G / i / FO) = Upex = y)der(y)der(x)
xeA JyeA(x,e)

<G / o) - A / ¢e(x = Yo ()
yeA€ xe0Q

<G / 1) = o)
yeA®

< C'a(ANIflIByo)-

The last inequality is true if we choose A = /I(Z, €) be the constant satisfying fx. |f(-) —
Aldo < || fllmo(e)- Thus

(A9
o(A)

ro+ e

n—1
]€|fe(x) = Aldo(x) < A llBMO@) S < ) IfllBrmow) < NIfllBMOr)-
A

Case 2. If rg < €/2, by the definition (6.2.34) and the estimate (3.4.1),

/~ () = Ado(x) < Gy / i / FO) = Ape(x - y)do(y)dor(x)
A xeA JyeA(x,e)

(345) <G / 1) - / el =)o (),
yeAE X€E
Note _
1 A
/ el — y)dor(x) < —— / do(y = T2
XEA € XEA €

it follows from (3.4.5) that

1 A
]{m(x) “Mdo) s —TB [ 17) - Adoy)
A o(A) € yeAe
O'(Z +€)

S — o Mllsmoe)

< fllBmoco-

We have proved the following: for any € and any surface ball A, one can find a constant
A = A(A, €) such that fZ |fe(x) = Aldo(x) < Cl|fllBmor)- The constant C does not depend

on either € or A, therefore || fellamo) < CllfllBmocr) for all e.

Proof of (3). Fix x € 0Q. If f(x) = 0, then obviously f(x) < liminf._q fc(x). For any
arbitrary A4 > 0 such that 1 < f(x), there exists g > 0 such that f(x) > 1 + €. It means

sup a(ENA) W) > %
————— = Moxe(x) > e
asx O(A) 7
In particular, there is some surface ball A’ 3 x such that
O'(E N A’) A+eg—1
— > ¢
o(A)
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Then for any point y € A’, we also have M,y g(y) > exp (1 + g — 1)/6 and thus f(y) > A+€p.
Consider all f, with € < dist(x, dQ \ A’), we have A(x, €) C A’, hence

Sreae SO)pe(x = y)do(y) Sreatme @x = )dor ()
s ) - =1+ ¢.
j;zeA(x,e) @e(x — y)do(y) fyeA(x,e) Pe(x — y)do(y)

Therefore liminf,._,g fe(x) > A for all A < f(x). Thus liminf._,y fe(x) = f(x). m]

fe(x) = >(1+e

3.4.2 Properties of the truncated square function

Proof of Lemma 3.3.23 Assume Q € 0Q satisfies S7u(Q) = [Ji. o, IVulP6(X)*™"dX > 2
and is finite, then there exists 17 < r such that

2
// IVuP5(X)2"dX > (M) .
T(O\B(Q.1) 2

Fix n, we claim there exists € > 0 such that S ,u(P) > A for any P € B(Q, en) N 9Q2. In fact,

‘ // IVul?6(X)>"dX — // |Vu|26(X)2‘"dX‘
T(O\B(Q.n) .(P)\B(Px)

(3.4.6) < // IVul?6(X)>"dX
D

where D is the set difference between I',(Q) \ B(Q,n) and I',(P) \ B(P,n).

Assume X € I',(Q)\ B(Q, 1), then [ X— Q0| < (1+@)d(X) and < |X— Q| < r. In particular
17 < (1+@)d(X). If in addition X ¢ I'.(P) \ B(P,n) for some P € B(Q, en), then X falls in one
of the following three categories:

e [X—P| <n,then|X-0Q| < |X-P|+|P-Q| < (1+€)n, in particular p < | X-Q| < (1+€)n;
o [ X—P|>r,then|X-0Q|>|X—-P|—-|P—-Q| >r—en,inparticular r—en < | X - Q| < r;

o [ X—P|>({1+a)dX),then [ X—Q| > |X-P|-|P-0| > (1 -€)(1+a)d(X), in particular
1-6l+a)dX) <|X-0| <+ a)X).

Similarly, the points in (I',(P) \ B(P,n)) \ (I':(Q) \ B(Q,n)) also fall in three categories,
just with Q replaced by P. Therefore D, the set difference between (I',(Q) \ B(Q,n)) \
T(P)\ B(P,n)) and (I'.(P) \ B(P,n)) \ (I'»(Q) \ B(Q,n)), is contained in the union of three
sets (corresponding to the above three cases):

Vi={XeQ:(1-en<IX-0l<d+2en 6X) =n/(1+a)}
V2={XeQ:r—26n<lX—Q|<r+en, 5(X)277/(1+a/)}

Vi={XeQ:(1-26)(+a)sX) <X -0l < +e(l +@dX), 6X) =n/(1+a)}.
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Since 6(X) > /(1 + @) in D,

1 n
(3.4.7) / |Vu|26(X)2_"dX§< +“> // [Vul>6(X)*dX.
D n ViUVaUV;3

Note that u € W2(Q), we have

// IVul?6(X)*dX < diam(Q)? // [Vul?dX < .
Q Q

Hence the integral f f V,UVaUVs [Vul>6(X)>dX is small as long as the Lebesgue measures of V,
V, and V3 are small enough: Both V| and V), are contained in annuli of radius 3en, so their
Lebesgue measures are small if we choose € small enough (depending on 7). Rewrite V3 as

1 0(X) }
< < 0X)> ——
(I+e(1+a) X-0~ (1-261+a) l+a

Vi = {X eQ:
Away from Q, say in Q \ B(Q,n/2), the function F(X) = 6(X)/|X — Q] is Lipschitz, and

0 < F < 1. Choose € < 1/4, then for any X € V3, |X — O] > (1 — 2¢e)(1 + a)d(X) = n/2. So
V3 c Q\ B(Q,n/2) and thus F is Lipschitz on V3. By the coarea formula,

i 29T 1 -
3.4.8) H"(V3) = —xv, dH""dt.
m l(t) JF

On the other hand,

n—1 . _ "
/ /l(t) JF)(V; dH dt</ /l(t) X XO\BQqdH" ™ dt = H"(Q\ B(Q,1/2))

is finite. Therefore by (3.4.8), we may choose € small enough (depending on @) such that
FH"(V3) is small, which in turn implies f fV3 IVul?6(X)>dX is small. To sum up, we have
shown that one can choose € = €(6, @, 1, r) small enough such that

n 2
<9> // VulPS(X)2dX <6 < <7S Q)+ ) -2
n ViuV,uVs 2

Therefore we conclude from (3.4.6) and (3.4.7) that

// IVul*6(X)*"dX
L-(P)\B(P1)
> // IVul?6(X)*>""dX — / IVul*6(X)*"dX
I(Q)\B(Q.,1) D

S,u(Q) + A\ >
> <72 > -0

> A%
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12
Hence $,u(P) 2 ([l oy apy IVUPS0OP"dX) " > A, for all P € B(Q,en) N HQ. This
finishes the proof that {Q €0Q: S, u(Q) > /l} is open in 0C. ]

Proof of Lemma 3.3.24 We prove the estimate by duality: let r be the conjugate of g/2,
namely 1/r +2/g = 1, then

(3.4.9) (/A IS(,'M(Q)quO'(Q)> = sup {/A ST QP Y(Q)dor(Q) - IIllLra) = 1} :

Recall A = A(Qp, r). Extending y to all of 9Q by setting it to zero outside of A. For any X,
let Qx € 9Q be a boundary point such that |[X — Qx| = 6(X). By Fubini’s theorem,

/ STUQPU(Q)do(Q) = / ( // ] |VM|26(X)2‘"dX> UQ)dr(Q)
A A re(Q)

< // IVul*6(X)*™" / W(Q)da(Q)dX
B(Qp,2r)nQ |0-0x|<(@+2)6(X)

(3.4.10) < // IVul>S(X)A @+ 2600%(0x)dX,
B(Q0,2r)NQ

where A (Q) is defined as A (Q) = s”%l f AQ.5) Y(P)do(P). Let 8 > 1, simply calculations
show that

1 1
— _ P)do (P ) do(P
s /A(Q,n((ﬂs)"_l /A(P,BS)w( ot )> 7P)

1 1
> _ P)do(P) | do(P
s /A(Q,S) <(ﬁs)”‘1 /A(Q,(B—I)S) v )> o

-1 n—1
> <(ﬂ/3s )s> Ap-1s¥(Q).

Lets =ad(X),8-1=(a+2)/a,then
A@2600%(Q) Saa Aasx) (Apsth) (Q) S Aascy My(Q).

For the last inequality, we use |Ag(Q)| < C(My(Q)), where My is the Hardy-Littlewood
maximal function of ¢ with respect to o, and the constant C only depend on the Ahlfors
regularity of o-. Thus it follows from (3.4.10) that

Ay (Aﬁsl//) Q) =

/IS;WM(Q)IW(Q)dO'(Q)S// IVul8(X)Aasry My(Qx)dX
A B(Q0,2r)NQ

(3.4.11) < // IVul?6(X)>™" ( / Mw(Q)dcr(Q)> dx.
B(Q0,2r)NQ A(Qx,ad(X))

By switching the order of integration, we can bound the right hand side by:

/ ISTUQ)PH Q) (Q) < / My(Q) // VuP S0 "dXdo(Q)
A A D140y (Q)

(Qo.2(a+2)r)
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- / My(Q)IS 2as 1t Q)P der(Q)
A(Qo,2(a+2)r)

2/q
(3.4.12) < IMYllracQo2(a+2)r) (/ |52(a+1)rM(Q)|quT(Q)> .
A

(Qo.2(a+2)r)

Since 1 < r < oo, we have

(3.4.13) 1ML Ao 2420 < CIWAILr a0, 2(a+2)r) = ClYlILra) = C.

By (3.4.12), (3.4.13) and the definition (3.4.9), we conclude
/ ISTu(Q)do(Q) < C / IS 2+ 1) (O do(Q)
A A(Qo,2(a+2)r)
<C / IS 2+ 1) (O do(Q).
A(Qo,2(a+2)r)

This finishes the proof of Lemma 3.3.24.
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Chapter 4

o < w implies boundary rectifiability
for a class of variable-coeflicient
operators

The proof of Theorem 1.3.5 and 1.3.7 is by observing that if we blow up (i.e. zoom in and in,
then take the limit) the elliptic measures near the boundary, the tangent measure we obtain
corresponds to a constant-coefficient elliptic operator. Thus we can apply known results of
the harmonic measure (applicable to constant coefficient operators) to the tangent measure,
and draw conclusion about the original elliptic measure.

4.1 Blow-up and pseudo blow-up domains

In this section we consider tangent objects as a way to understand the fine structure of
0Q, under the assumptions of Theorem 1.3.5 and 1.3.7. This requires looking at the tan-
gent and pseudo-tangent domains and the corresponding functions and measures obtained
via a blow-up. While tangent objects provide pointwise infinitesimal information, pseudo-
tangents provide “uniform infinitesimal” information. The key point is to observe that the
blow-ups or pseudo blow-ups of the operators satisfying the hypotheses of Theorems 1.3.5
and 1.3.7 lead to a constant coefficient operators. Our goal is to show that under these as-
sumptions the tangent and pseudo-tangent objects satisfy the hypothesis of Theorem 5.0.1,
which is a simple generalization of Theorem 1.23 in [HMU]. The details of its proof can
also be found in [HMT1].

Theorem 4.1.1. Let D be a uniform domain (bounded or unbounded) with Ahlfors regular
boundary. Let L be a symmetric second order elliptic divergence form operator with con-
stant coefficient. Assume that the elliptic measure w € Aw(0) (see Definition 2.1.14), then
09D is uniformly rectifiable.
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Getting to the point where we can apply this Theorem requires showing first that if Q, is
a blow-up or pseudo blow-up of Q, then Q, is an unbounded uniform domain with Ahlfors
regular boundary. To accomplish this we also need to blow up the Green function. Moreover
the blow-up limit of the given elliptic operator, denoted by L., has constant coefficient.
Once we have this, to show that w;_ € Aw(0) for the blow-up domain and the limiting
operator, we need to construct the elliptic measure wfm for any Z € Q as alimiting measure

compatible with the initial blow-up.

Let Xg € Q and L = —div(AV). Let G(Xp, -) be the Green function for L with pole Xj
and w = wf" the corresponding elliptic measure. For j € N, let ¢; € Q and r; > 0 such
that g; — g € 0Q and r; — 0. In some cases we assume that g; = g for all j € N. We now
consider

1 1
(4.1.2) Qj=—@Q-¢q) and  09Q;=—(0Q-q).
Fj rj

r"72G(Xo,q; + 1iZ)
413 (Z) = -L
(4.13) 4(2) w(B(q; 1))

forZ € Qj and u; :OinQ;.

O'(q]' + I’jE)
rrg—l
J

_ (U(q]'+l’jE)

(4.1.4) oi(E) = ~ w(B(gj,rj)

and w;(E)

We follow the following conventions:
e For X € Q we denote 6(X) = dist(X,0Q) and for Z € Q; we denote 6;(Z) =
dist(Z, 0Q;).

e For any ¢ € 0Q and r € (0, diam 0Q2), we use A(q, r) to denote a non-tangential point
in Q with respect to ¢ at radius r, i.e.

A(q.1) — gl <. and 6(A(q. 1) > .
° Ierﬁjwedenotebev=qj+rjX€§.
e Forany p € 0Q; and r € (0, diam 0Q ), we use

A(p,rrj)—q;
Ajp.ry= =R

J

as a non-tangential point in Q; with respect to p at radius . Here p = g; + r;p.

Note that, modulo a constant, u; is the Green function for the operator L; = —div(A;V)
with A (Z) = A(rjZ+q;)in Q; with pole X; = (Xo—q;)/r;. Moreover w; is the corresponding
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elliptic measure with 0 € sptw; and w;(B(0, 1)) = 1. If p € 6Q; and r € (0, diam 9Q2;) then
p=rjp+q;€ i,

WBP.2rr)) _ BE.rr)) _

4.1.5 (B(p,2r)) = < — Cw(B(p,
2 I = gy = By I
and

(416) O-j(B(p’ l")) _ O-(B(ﬁ, I"I”j)) -1

=1 - (rrj)n—l
Note also that 0 € spto;, o7;(B(0, 1)) = o(B(g, rj))/r;-'_1 ~ 1. Hence {o;} and {w;} satisfy

conditions i) and ii) of Lemma 2.3.5. The three theorems below describe what happens as
we let j tend to infinity in the sequences defined in (4.1.2), (4.1.3) and (4.1.4).

Theorem 4.1.7. Let Q C R" be a uniform domain with Ahlfors regular boundary. Let
Ly = —div(A(X)V) be a divergence form uniformly elliptic operator in Q, assume that
A € L™ (Q). Using the notation above, modulo passing to a subsequence (which we relabel)
we conclude the following

1. There is a function u. € C(R") such that u; — u uniformly on compact sets. More-

over Vuj — Vuy, in L,ZOC(R").

2. Let Q = {ue > 0}, then ﬁj — Qo and 0Q j — 0Q in the Hausdorff distance sense
uniformly on compact sets.

3. Q is a non-trivial unbounded uniform domain.
4. There is a doubling measure W, such that w; — We. Moreover spt We = 0Qco.

5. There is an Ahlfors regular measure pio, such that o; — pleo. Moreover spt foo = 0Qc.
In particular this implies that fles < T oo := H" 'L 0Q < feo.

Definition 4.1.8. The domain Q, is a pseudo-tangent domain to Q at g. The function us
is a pseudo-tangent function to G(Xy, -) at g. The measures po and wy_, are pseudo-tangent
measures to o ; and w; at g respectively. If g; = g for all j then Q, Ueo, oo and wy are
called tangents at g.

Theorem 4.1.9. Let Q C R”" be a uniform domain with Ahlfors regular boundary. Let
L = —div(A(X)V) be a divergence form uniformly elliptic operator in Q. Assume that
A € C(Q). Then using the notation in Theorem 5.2.8 we have that the function u., satisfies

—div(A(@)Vuw) =0 in Qy
(4.1.10) Uso >0 in Qy
Uoo =0 on 0Q.

i.e. U is a Green function in Qe for Le, = div(A(q)V) with pole at .

Furthermore wy_, is the harmonic measure corresponding to u, in the sense that

@.1.11) - / A(Q) Ve - VYdZ = / Ydw,_, forally € CXR).
Q. 0Q0
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Theorem 4.1.12. Let Q C R" be a uniform domain with Ahlfors regular boundary. Let
L = —div(A(X)V) be a divergence form uniformly elliptic operator in Q. Assume that
A € L*(Q) N WhH(Q). Then for H"' a.e. q € 0, using the notation in Theorem 5.2.8,
under the assumption that q; = q for every j we have that the corresponding function ue
satisfies

—div(A*(@)Vue) =0 in Qx
(4.1.13) Uo >0 inQq
Uo =0 0n 0Qc.

i.e. U s a Green function in Q for L, = —div(A*(q)V) with pole at co. Furthermore wy,
is the harmonic measure corresponding to U, in the sense that

(4.1.14) - / A*(@)Vute - VYdZ = / Ydw,_, forall y € COR).
0Q0

00

Here A*(q) is obtained as in Lemma 2.3.12.

Proof of (1) in Theorem 5.2.8 Fix R > 1, for j > jy large enough we may assume X, €
Q\ B(g;,2r;R). For such j, Ljuj = 0in B(0,2R) N Q;. Here L; = —div(A;V) with A ;(Z) =
A(r;Z + q;). Note that 0 € 9Q; and (A(qj, rj) = qj) /r; € Lj is a non-tangential point for 0
at radius 1 for Q;, we denote it by A ;(0, 1). Moreover

P2G(Xo, q; + 1A 0. 1) 2G(Xo, Ag), 7))
4.1.15 (A0,1) = -2 = ~
115 440, 1) w(B(q;,77) w(B(q;,77)

Let A;(0, R) € Q; denote a non-tangential point to O at radius R, then by Harnack’s inequality
we have

uj(Aj(0,R)) < C(R)u;(A;(0,1)) < C'(R).
Thus for any Z € Q; N B(0, R), using Lemma 2.2.23 we have

u;(Z) < Cuj(A;(0,R)) < C(R).

Extending u; = 0 on Qj we conclude that the sequence {u;};>j, is uniformly bounded in

B(0, R). Since for each j, L; has ellipticity constants bounded below by A and above by A,
lAjllz=@;) = llAllL~) and Q; is uniform and satisfies the CDC (as 6€2; is Ahlfors regular)
with the same constants as €, then combining Lemma 2.2.19 with DeGiorgi-Nash-Moser
we conclude that the sequence {u;}; is equicontinuous on B(0, R) (in fact uniformly Holder
continuous with the same exponent). Using Arzela-Ascoli combined with a diagonal argu-
ment applied on a sequence of balls with radii going to infinity, we produce a subsequence
(which we relabel) such that #; — u uniformly on compact sets of R". Note that the
boundary Cacciopoli inequality yields

rrg—2
\Vu,*dz = / —J _|VG(Xp, V)P dY
/B(O,R) ! B(g.Rr) (W(B(qj, 1))

69



P4
(4.1.16) <C——L G(Xo, Y)*dY.
(W(B(qj, T JB(g;2rr))

Applying the boundary Harnack principle (see (2.2.24)) and Harnack inequality to estimate
G(Xo,A(g;,2Rr})) by G(Xo,A(g,,r;)) and noting that A(g;,2Rr;) can be joined to A(g;, ;)
by a chain of length independent of j, (5.2.13) becomes

an—4

\Vu;|*dZ < C——————G(Xy,A(g;, 2Rr))?
/B(o,m / (W(Blg, rpy 0 r =R

2n—4

4.1.17 <C—L
(117 = B )

G(Xo, A(gj. 7).
Finally applying Lemma 2.2.25 in (4.1.17) yields

sup/ |Vuj|2 < Cp < .
Jj 7 BOR)

Recalling that the functions {u;} are uniformly bounded in B(0, R), we conclude that

(4118) Sup ||”j”W1~2(B(O,R)) < C/R < 00,
J

Thus there exists a subsequence (which we relabel) which converges weakly in Wi;f(R”).

A standard argument allows us to conclude that u; — e in LfOC(R") and Vu; — Vu, in
L7, (R"). This shows ().

Proof of (3) in Theorem 5.2.8 Let Q. = {ue > 0}. Since 0 € 9Q; for all j, modulo passing
to a subsequence (which we relabel) we have

ﬁjﬁFmandBQjﬂAmasjﬁoo.

Here I', and A, are closed sets, and the convergence is in the Hausdorff distance sense
uniformly on compact sets.

Claim: Ay, = 0Q and Ty, = Qo.

Let p € A, there is a sequence p; € 0Q; such that lim;_,., p; = p. Note that uw(p) =
lim;_,. u;(p). On the other hand since the u;’s are uniformly Holder continuous on compact
sets |u;j(p)l = luj(p) —uj(pj)l < Clp — pjI%, thus lim;_,e u;j(p) = lim;. u;(p;) = 0, and
therefore u.(p) = 0, i.e. p € QF . Assume that there exists € € (0, 1) such that B(p, €) C QF,
i.e. U = 0 on B(p, €). Note that if p; = g; + rjp; then for j large enough

~ € € ~ €
(A <pj,§rj> —A(qj,rj)( < Sri+lb-ajl+r < (5 +lpjl+ 1)y < 23pl+ Dy
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and |
~ € € rj
0 (A (pj, Erj)) > YA § (Algj,r)) > L.

Applying Harnack inequality in Q, we know there is a constant C = C(e, | p|) such that
. €
G (Xo.A (B 577)) = CGCXo, Al ).
Recalling that Aj(p;, 5) = (A (ﬁj, %rj) - qj) /rj, we have

¢ r’j?_zG (Xo,A (ﬁja %rj))

(4.1.19) uj (Aj (Pj’ 5)) w(B(gj, 1))
r;?_zG (XO,A(C]J" rj))

w(B(gqj, 1))

Vv

= Cuj(Aj(0,1)) = C' >0,

where the constant C’ is independent of j. However, since for j large enough
€ 3e
(4.1.20) A; (. 5) B <p,~, ?) c B(p.e),

the lower bound (5.2.28) combined with (4.1.20) implies that u,, # O on B(p, €) which
contradicts our assumption. Therefore p € 0Q, and Ay C 0Q.

To show that Q. C A, We assume that p ¢ A, thus since Ay is a closed set, there
exists € > 0 such that B(p,2¢€) N Aw, = @. Since Ay is the Hausdorff limit of 6Q ; we have
that for j large enough B(p, €) N dQ; = @. Hence either B(p,€) C Q; or B(p,€) C int Q5.
If B(p,e) C Q;j then B(q; + prj,erj) C Q. Hence 6(q; + pr;) > er; and |A(g;,r;) — (q; +
prjl < rj(1+|pl). Thus there exists a Harnack chain joining A(g;, r;) to (qj + prj) of length
independent of j and depending on € and |p|. By Harnack’s inequality G(Xo,q; + pr;) ~
G(Xo,A(gj, r;)) which combined with (5.2.11) yields

A(gj,rj) — q;

(4.1.21) uj(p) ~ u; < p
J

) ~ I/tj(Aj(O, 1)) ~ 1.

Hence for X € B(p,e) C Qj, again by Harnack inequality and (5.2.30) we have u;(X) ~
u;j(p) ~ 1 with constants independent of j. Letting j — oo we have that u.(X) ~ 1 for
X € B(p,€/2). Thus B(p,€/2) C Qo = {teo > 0} and p ¢ 0Q. If B(p, €) C int Q?, then
uj(X) = 0 for all X € B(p,€). By uniform convergence of u; in B(p, €/2) we have that
U(X) = 0 for X € B(p, €/2), which implies B(p, €/2) C {u = 0} and p ¢ Q.. Hence
0Q. C A and we conclude Ay = 0Q.

We now show that Ty, = Q.. Note that if Z € Q.., Us(Z) > 0 and for j large enough
u;j(Z) > 0 also. Thus Z € Q; for all j large enough and Z € I'y,, which yields Qo C I'.
Since ' is closed we conclude Qo C T's. Let X € T'. Assume there is € > 0 such that
B(X,2¢) C Qf,, in particular B(X,2¢) N Q. = @. Since dQ is the limit of 9Q;’s, for
Jj large enough B(X,€) N 0Q; = @. By the definition of I's,, there is a sequence X; € ﬁj
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converging to X. Thus for j large enough B(X, €) is a neighborhood of X; and moreover
B(X,e)NQ; #+ D since X; € ﬁj Since B(X, €) N 0Q; = @ we conclude that B(X, €) C Q;.
Using a similar argument to the one used to obtain (5.2.30) we have

u;(X) = C(IX1, )u;(Aj(0,1)) = C" > 0

independent of j. Hence ue(X) = limu;(X) > C’ > 0 and X € Q., contradicting the
assumption that X € intQ¢,. Therefore X € Q.. that is ', C Q., which concludes the
proof of (2).

Proof of (4) in Theorem 5.2.8 Recall that since Q is a uniform domain there is M > 1 such
that for all g € 0Q and r € (0, diam Q) there is a point A(g, r) € Q such that

(4.1.22) B (A, ﬁ) cBg,nNQ.
Note that since each Q; is a dilation and translation of Q (5.2.41) also holds for ¢" € dQ;

and r € (0, diam Q).

Let p € 0Q and r > 0. Since 0Q; — 0Q, we can find p; € JQ; such that p; — p.
For each j there exists A; = Aj(p;,r/2) such that

r r
B(4)557) < B(pi3) N0

Note that for j large enough

B(Aj o) < B(pn5)cB 7

oM ) Py )

Modulo passing to a subsequence (which we relabel) we can find a point A(p, r) such that
A; — A(p,r) and for jlarge enough

(4.1.23) B <A(p, ", ﬁ) cB (Aj, L) c B(p.r) N Q.

2M

Let Y € B (A(p.r), 357)- By (5.2.45) uj(Y) ~ u;(A;). Since each Q; satisfies the Harnack
chain property with the same constant as Q we have that u;j(A;) ~ u;(A;(0, 1)) with a com-
parison constant that only depends on r and |p|| thus for j large enough with a comparison
constant that only depends on r and |p|. Since u;(A;(0, 1)) ~ 1, we conclude that u;(Y) ~ 1
with a comparison constant that only depends on r and |p|. Hence u.(Y) > 0 and

r
4.1.24 B(A , ,—)cB PO Qe
( ) (p,1r) Wi (ps1)
which ensures that Q. satisfies the corkscrew condition.

Fix X, Y € Q. Since 0Q; — 0Q., and ﬁj - Q. for j large enough

(4.1.25) D[6Q;, Q] and D[Q;, Qo] < = min {0e0(X), 6(Y)},

< —
2
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here d < 1 is a constant dependeing on X, Y to be determined later. Fix an j sufficiently
large, we have X,Y € Q; and

0o0(X) 30x(X)  bo(¥) 3000(Y)

<0i(X) < <6i(Y) < .

_j()_z, 2_j()_2
Since Q; satisfies the Harnack chain property with the same constants as €, there are con-
stants ¢; < ¢ < 1 (independent of j) and balls By, - - - , Bk (the choice of balls are dependent
of j) connecting X to Y in Q; and such that

(4.1.26) €10j(By) < diam By < ¢20(By),

fork=1,2,---,K and

|X _ Y| , |X - Y|
(4.1.27) K<C <min{5j(X),5j(Y)}> =C <min{6oo(X)7600(Y)}> .

Combining (5.2.53) and (5.2.54), we know

(4.1.28) diam By > c(cy, ¢z, K) min{6 j(X), 6;(Y)} > ¢’(c1, c2, K) min{deo(X), 6o (¥)}.

Combining (4.1.28) again with (5.2.53), we find a constant d = d(cy, ¢, K) < 1 such that
0j(Bi) 2 dmin{de(X), 00o(Y)} forallk=1,2,--- K.

Recall (5.2.51), we conclude

16/(By) — 6o(By)| < DAL, 8] < gmin{csw(X), 51y} < (f 2

Thus By € Q., and moreover,

2000(Bi)

< 0j(By) < 2000(Bg).
Combined with (5.2.53) we get

2
(4.1.29) gcléw(Bk) < diam By, < 2¢36800(B).
To summarize, we find balls By, - - - , Bg in Q that satisfy (5.2.61) and connect X to Y, and
the number of balls satisfies (5.2.54). Therefore Q. satisfies the Harnack chain condition.
This combined with (5.2.47) shows that Q, is a uniform domain with constants comparable
to those of Q.

Proof of (4) and (5) in Theorem 5.2.8 As noted right after (4.1.5) and (4.1.6), {o;} and
{w;} satisfy conditions 7) and ii) of Lemma 2.3.5. Moreover for R > 0,

B(q;,Rr;
sup o ;(B(0, R)) = sup w
j J T

< CR"!
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since o is Ahlfors regular; and

| _w(B(g;Rr))
s1;p w;(B(0,R)) = s1;p (B(q). 1) < C(R)

since w is doubling. Therefore modulo passing to a subsequence (which we relabel) we have
Oj = Heor, Wj— WL,.

where po, and wy, , are Radon measures. By Lemma 2.3.5, y, and w., are doubling measures
and

(4.1.30) Sptoj — SptUe, SPtw; — sptwy,,.

Since o ; is Ahlfors regular, it is clear that spt o-; = JQ; by the doubling property of w; and
that w(B(0, 1)) = 1 we also know sptw; = 0Q;. Recall 0Q; — 0Q.,, (4.1.30) yields

SPt oo = SPtwr,, = 0Qc.

To show that u.. is Ahlfors regular let ¢ € 9Q, and let g; € 9Q; such that g; — q. Forr > 0
and j sufficiently large

2TV o Ty
Uo(B(q, 1) = Heo <B (q, 5)) > limsup <B (q, 5))
i : I n—1.
(4.1.31) > limsupo; (B (qj, 4)) >cr
and
(4.1.32) Hoo(B(g, 1) < liminf o j(B(g, 1)) < liminf o j(B(g;,2r)) < C'r".

Note that (5.2.63) and (5.2.62) guarantee that u., is Ahlfors regular. Moreover by Theorem
6.9 of [Ma], there are constants C; and C; such that

Clﬂw < 7_{n—1 L 0Q < Czﬂw.

Proof of Theorem 4.1.9 Let y € C°(R"). Suppose spty € B(0, R) for some large R > 0.
Let j be large enough, so that the pole Xy ¢ B(q;, 4r;R). Define ¢ (Z) = ¢ (Z;?j ) and note

J

that spty; C B(gj, r;R) thus X & spte;. Using (2.2.17) as well as a change of variables we
have

P2
- [ AX)—L——rVG(Xy,X) - r; Vo ir;"dX
/g w(B(gyry)) I ORI

1
_ AX)VG(Xy, X) - Vo dX
w(B(qj,rj»/g (HVGXo. X) - Ve

—/ A(qj+}’jZ)Vuj'VlﬁdZ

J
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= — dw™
0BG ) Jao

/ l// da)j.
0Q;

For Z € B(0,R), we have |qg — (q; + r;Z)| < |g — g}l + r;R, since g; — g, rj — 0 then
lim;_,o(gj + r;jZ) = q. Therefore since A € C(Q), we have A(g i +1;Z) = A(gw) uniformly
on B(0,R). By (1), (2) and (4) in Theorem 5.2.8, Vu; — Vu, in L (R"), Q; = {u; > 0} —
Qo = {Us > 0}, and 9Q ;i — 0Q in the Hausdorff distance sense. Moreover w; — wy,

with sptw; — sptwr,, = 0Q. Hence letting j — oo in (5.2.82) we obtain (4.1.11).

Proof of Theorem 5.2.79 Recall we proved in Lemma 2.3.12 that for H"™! a.e. g € 0Q
there exists A*(¢g) a symmetric constant-coefficient elliptic matrix such that (2.3.13) holds.
For such g consider the blow-up given by Theorem 5.2.8 where g; = ¢ for all j. As in the
proof of Theorem 4.1.9 we have for ¢ € C°(R") and j large enough,

(4.1.33) - / A(q +riZ)Vu; - VydZ = / Ydw;.
j 09
Note that as in the proof of Theorem 4.1.9, the right hand side
(4.1.34) Ydw; — / Ydwrp, as j— oo.
0Q; 0%

Recall that for R > 0, sup; lletjllwi2go.ry < Cr < 0 by (5.2.14), uj — ue in leoc(R”) and
Vu; — Vuy, in L,zoc(R"). Thus for j large enough since ¢ € C.°(R"), by triangle inequality

and Holder inequality we have

/ (A(g; + er)Vuj,Vw)dZ—/ (A*(¢)Vuw, V)dZ
Q; Qu

<

/ ((Algj + r;Z) - A*(q)) Vu;, V) dZ

Q;

+

/Q (A*(q)Vuj, V)IZ - /Q (A*(G)Viteo, VU)AZ

1 1

2 2
S\ < / |A(q + r,Z) - A*(q)|2d2> ( / |Vu j|2d2>
Q,;NB(0,R) Q,;NB(0,R)

(4.1.35) +

/Q (A*(q)Vuj, VU)IZ - /Q (A*(¢)Viteo, VU)AZ

Note that since A*(q) is a constant-coefficient matrix, Vu; — Vi, in leoc(R”) implies

A*(q)Vuj — A*(@)Vue in L7 (R™). Thus since Q; = {u; > 0} - Q = {ueo > 0}

loc

(4.1.36) _lirn/ (A*(q)Vuj,Vw)dZ:/ (A*(@)VuodZ,Vir)dZ.
= Ja, Qo
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On the other hand since A € L*(£2), and by construction |A*(q)| < C||A[|z~(q), we have that

1
2
* 1 *
< / AGq +1,2) - A (q>|2d2> < (; / A—A (q>|2dX>
Q;NB(0,R) Jj 7 QNB(gr;R)

2--1 « n_
(4.1.37) < C”A“Loo'(BI) (][ |A-A (q)|"*1 dX>
QNB(q.riR)

Hence by combining (2.3.13), (5.2.84), (4.1.36) and (4.1.37) we obtain

L
2

L
2

lim

j—)OO

/ (A(gj +r;jZ)Vu;, V)dZ —/ (A" (@) Voo, Vi )dZ
Q; Qu

1
2

2—-I . « n_
< ClIVllz sup [IVullz2(go,ryllAll(q) - 1im <][ A-A (4)|”‘dX>
j J—oo QNB(q,rjR)
(4.1.38)

=0.

+ lim / (A*(q)Vuj,Vw)dZ—/ (A" (q)Vueo, VU )dZ
j—oo Qj Qo

Thus combining (4.1.34) and (4.1.38), we conclude the proof of (4.1.14) and Theorem

5.2.79.

4.2 Analytic properties of the blow-up and pseudo blow-up do-
mains

As mentioned in section 5.2, in order to apply Theorem 5.0.1 we need to study the ellip-
tic measures of the blow-up domain with finite poles. In this section we construct these
measures by a limiting procedure which is compatible with the blow-up procedure used to
produce the tangent and pseudo-tangent domains.

Theorem 4.2.1. Let Q C R" be a uniform domain with Ahlfors regular boundary. Let
L = —div(AV) with A € C(Q) or A € WHI(Q) N L™(Q). Suppose that the elliptic measure
W € Ax(0). Assume that Q. is either the pseudo-tangent or the tangent domain obtained in
Theorem 5.2.8, where in the case of A € WH1(Q)NL®(Q) we use g ;i = q forevery jand only
consider points q satisfying (2.3.13) and L is the corresponding operator as in Theorem
4.1.9 or 5.2.79, then wy,, = W € Aco(0 ) (see Definition 2.1.14).

Proof. Our goal is to show that the elliptic measure of L., with finite pole can be recovered
as a limit of the elliptic measures of L; = —div(A;(Z)V) with finite pole, where A ;(Z) =
A(qj +r;jZ) in Q;, and that the A, property of elliptic measures is preserved when passing
to a limit.
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Let f € C.(R") N Lip(R") N W12(R"), and consider the Dirichlet problem

Ljv]' = 0, iIlQ.j
(4.2.2) { vi = f, ondQ;
then for Z € Q;
423) vi(Z) = / F@de? ().
oQ;

Here a)]Z is the harmonic measure of L; in Q; with pole Z. By definitions of Q; and L; it is
not hard to see
WH(E) = 0 (q; + rjE), for E c 0Q;.

By the maximum principle

sup [v;| < [Ifllz=@0;) < I1flle@n)-
j

Since the domains ; have Ahlfors regular boundaries with the same constants, DeGiorgi-
Nash-Moser and the assumption that the boundary data f is Lipschitz yield that the solutions
{v;} are equicontinuous on compact sets of R". Thus the sequence {v;} is equicontinuous and
uniformly bounded. Furthermore using the variational properties of v; we know that

/Q.<Aj(Z)ij,ij)§/Q.(Aj(Z)Vf,Vf).

The uniform ellipticity of L; yields

/l/ |ij|2§A/ i
Q; Q;

Extending v; = f on Qf we have that

A 2
sup [IVvjllz2 gy < (I) IVAl2@ny.  and sup [[vjllz2(po.r) < Cr-
j j

Modulo passing to a subsequence (which we relabel) we have that there is a continuous
function v € Wlf)’cz(R") with Vv € L>(R") and such that v 7 — u uniformly on compact sets of
R"and Vv; — Vvin L?(R™). Note that a priori the choice of a subsequence could depend on

the boundary data f, which will be problematic. We will show later that this is not the case.

We claim that the function v solves the Dirichlet problem

(4.2.4)

Lov =0, inQ.
v=f, on 0Q.
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Note that for p € 0Q. there exist p; € 9Q; with p; — p. Using the continuity of v and f at
p, the uniform convergence of v; to v on compact sets (for example on B(p, r)) and the fact
that v; = f on 0Q;, we have

V(p) — F(P < M(p) = v(p)l + W(p)) = vi(p I + Vi (p)) = FP I + 1 (p) — F(P)
(4.2.5) < (p) = (P + IV = Vill g + 0+ 1F(p)) = F(P).

Letting j — oo in (4.2.5) yields v(p) = f(p). Combined with the continuity of v in R”
we conclude that u tends to f continuously towards the boundary Q.. Let & € C2(Q).
Since Q; and Q. are open domains satisfying ﬁj — Q, and 0Q ;i — 0Q uniformly on
compact sets, a standard argument shows that a compact set contained in €, is eventually
contained in Q;. Thus & € C°(Qw) implies ¢ € C2(Q;) for j sufficiently large. By (4.2.2)
we have that

(4.2.6) / (A(qj + riZ)Vv},VENZ = 0.

Letting j — oo in (5.2.94) and proceeding as in the proofs of Theorem 4.1.9 and 5.2.79, we
conclude that

/ (A" ()W, VEYdZ = O,

where A*(q) = A(g) when A € C(Q) and A*(g) is as in Theorem 5.2.79 in the case when
A € WHH(Q) N L®(Q). Thus in either case we have Lo,v = 0 in Q.. Since the tangent
domain Q. is unbounded, the solution to the Dirichlet problem (5.2.88) may not be unique.
It may not even satisfy the maximum principle. We need more work to show the function v
we just constructed is indeed a solution we want, in particular it is indeed the solution that
gives rise to the elliptic measure of Q.

Suppose that f is compactly supported in B(0, Rp). Given € > O there is jg, € N such
that for j > je g,» the Hausdorff distance between dQ; N B(0, Ro) and 6Q, N B(0, Rp) is small
enough so that any p; € dQ; N B(0, Ry), there is p € 0Q such that since f is uniformly
continuous on B(0,R), [f(p) — f(p;)| < €. Hence

4.2.7) sup|fl= sup |f] < sup |fl +€=sup|f] +e
9Q; 3Q,NBO,R) 3QNB(0,2R) Qs

For Z € Q,, there exists a sequence Z i € ﬁj such that Z; — Z and all lie in B(0, MRy) for
M large enough. Since Supgq; vl < SUPso; Ifl, v; = vand ﬁj — Q,, uniformly on compact
sets. For € > 0 there is ji g,y € N such that for j > ji g 1, using (5.2.95) we have
(4.2.8) W2 < NZ) = VZpI+ IWZj) = vi(Z) + Ivi(Z)| < 2€ + sup |f] < 3€ + sup|f]

0Q; 9%
Therefore (5.2.96) yields supg,_ [W(Z)| < 3€+supyq_ | f] for all € > 0, and thus supg_ [W(Z)| <
Supq._. |f1- To summarize, for any f € C.(R")N WH2(R"™) we construct a continuous function
v satisfying

(4.2.9)

LOOV = O, in Qoo
v=f, on 0Q,
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and satisfying the maximum principle sup,q_ [v| < supyq_ | f1.

We observe that even though the constructions are different, in the case when the bound-
ary value function f is non-negative and f € C.(R") N Lip(R") N W!2(R") we produce the
same bounded solution v as the one constructed in [HM1, Section 3 pp.13] for the unbounded
domain Q. (Note that the construction is for the Laplacian but holds for any constant coef-
ficient operator.) We denote the solution constructed there by u. Recall that # = limg_, ug,
where up is the solution to Lo,ur = 0 in the bounded domain Qp = Q. N B(0,2R) with
boundary value f5(-/R). Here n is a smooth cut-off function such that 0 <n < 1, =1 for
|Z| < 1 and sptn C {Z € R" : |Z] < 2}. Assume f is compactly supported on B(0, Ry). Then
for any R > Ry, by the maximum principle ug < v in Qg, thus the limit u < v on Q. Set
w = v—u, it is a non-negative solution to Lw = 0 in Q with vanishing boundary value. Fix
Z € Q, since Q is a uniform domain with Ahlfors regular boundary, by Lemma 2.2.19
for any Z € Q, with 6,,(Z) < %

B B
(4.2.10) w(Z) < (5""(2) > supw <2 (5"":2) ) sup f,

r Qo Q0

Letting r — oo in (5.2.97) we get w(Z) = 0. Thus v = u in Q. Recall that at this point
for f € C.(R") N LipR") N WI2([R") we are only able to find a subsequence (possibly
depending on f) converging to a continuous function v that solves (4.2.9). We claim that
in the case when also f > 0, the entire sequence v; converges to v. In fact given two
arbitrary subsequences {v;,} and {v J}i} of {v;}, the argument above shows that either sequence
has a further subsequence that converges to a continuous function, denoted by v; and v,
respectively. Both functions v; and v; satisfy the equation (4.2.9) and maximum principle.
Once again by the previous argument they are both equal to u, thus vi = v, in Q. Therefore
the entire sequence {v;} converges to a same continuous function v = u. In general if f is not
necessarily non-negative, we just decompose it into two non-negative functions f = f*—f~,
with f* = max{0, =f} > Oand f* € C.(R")NLip(R")NW'2(R"). The argument above yields
vE satisfying (4.2.9) with boundary data f* respectively. Then v = v* — v~ is a solution to
(4.2.9) with boundary data f and satisfying the maximum principle. Hence for any Z € Q,
fixed, the operator Az : C.(R") N Lip(R") N W'2(R") — R defined by Az(f) = v(Z)
is positive bounded (with respect to the || - ||z~@®») norm) linear functional. Hahn-Banach
theorem allows us to extend Az to a positive bounded linear functional on all of C.(R"),
with the same operator norm. We still denote the functional as Az : C.(R") — WI2(R™).
By Riesz representation theorem there exists a unique family of Radon measures {wZ }zcq.,
such that

AAf%=/; f@dw?Z(q) forall feC(R".

In particular for f € C.(R") n Lip(R") N W12(R"), the measures {we ) zeq.. satisfies

4.2.11) v®=mm=Afmm@m
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Recall that the sequence {u;} converges uniformly to u in compact sets. Thus combining
(5.2.89) and (4.2.11) we have that for all f € C.(R") N Lip(R") N W2(R™)

J—)OO

(4.2.12) lim / f@dwf(g) = / A@dw?(g).
0Q; 0000

A standard approximation argument shows that (5.2.98) holds for all f € C.(R"). And we
conclude that a)jZ. — wgo as Radon measures, for any Z € Q.

To show that we € Aw(0w) (recall oo = H =1 9Q. is the surface measure), let
p € 0Qand r > 0,and A" = B(m, s) N Q. C A = B(p,r) N 0Q with m € 0Q. Recall
that we denote by A(p, r) a non-tangential point in Q, to p at radius r; see the proof of
Theorem 5.2.8 (3). Since 0Q2; — 0Q., there exist p; € 0Q; such that p; — p and thus
for j large enough A(p,r) is also a non-tangential point to p; in Q; with radius 2r. Since
m € 0Q, there also exist m; € dQ; such that m; — m. In particular for j sufficiently large

4.2.13) m;; — m| < g

Since the Q;’s are uniform and satisfy the CDC with the same constant and since the
operators L;’s have ellipticity constants bounded by A and A, we conclude from Corollary

2.2.21 and Lemma 2.2.27 that a)?(p " s doubling with a universal constant (independent of
J» p, 1), denoted by C. Hence by Theorem 1.24 in [Ma] we have

74N\ (4N
WP (AGm, 5)) = WP <A (m, §s>> > lim sup cu;‘(p’r) (A <m, §s>>
Jj—ooo
> 1 A(p,r) (m)
> lim sup wj; A mj,gs
Jjooo

6
4.2.14) > ! lim sup w’?(p’r) <A <mj, —s>> .

jooeo 5

Let V be an arbitrary open set in B(m, s), by (5.2.99)
6
V cB(@n,s)CB <mj, §s> .

Again by Theorem 1.24 in [Ma] and (5.2.100) we have

w‘zip ’r)(V) - liminf;_,o a)?(p ’r)(V)
w‘zg”r)(A(m, §)  lim SUP 00 w’?(p’r) (A (mj, gs))
wA(PJ')(V)
(4.2.15) < Climinf ( e ) :
P00 (p.r) 6
77 @ (A (mj §5))
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Letm; =q;+rjmjand p; = q; + r;p; in 0Q, by the definition (4.1.4) of wj,

A(p,r) AN .
WP (A (mj, &) @UTAPD (A (m), Ss7))

The assumption B(m, s) C B(p,r) implies |m — p| < r —s. Thus by m; — m, p; — p we
have

S
Imj—pjlsImj—m|+|m—p|+|p—pj|<r—§-

Note s < r, hence
6
A <mj, §s> C A(pj,2r).
Recall that A(p,r) is a non-tangential point in Q; to the boundary point p; at radius 2r.

Therefore after rescaling from Q; to Q, we have that g; + r;A(p, r) is a non-tangential point
to the boundary point p; at radius 2rr;, and that

6 _
gj+r;VCA <mj’ ger') < Apj, 2rr)).

By the assumption that w; € A (0) (see Definition 2.1.14), we conclude that

4.2.17)

[4
AN V) HT(020 (g + 1Y)
WA (A (my, 8sr)) — \HT (020 B (my, Ssry))

Combining (5.2.101), (4.2.16) and (4.2.17), using the definition (4.1.4) of o}, 0"; — pe and
that o = H"!|3q and u., are Ahlfors regular with the the same constant, we get

A(p,r) n—1 , . 0
W V) Climint (74 (189 n (‘116+ rJV))>
H=1 (A (mj, §575))

WP (A(m, 5)) joe
) v 0
P <ﬁmmf M)
j—)oo (rjs)”_l

1 6
- 6
Heo(V) >

42.18 -
218 = <uoo(A(m, )

Recall that u., is equivalent to the surface measure oo, = H"~' L 0Q., (see Theorem 5.2.8
(5)). Hence (4.2.18) yields that for any open set V c A(m, s) C A(p, r) with p,m € 0Q

WA PV <C< To(V) >9.

4.2.19 A e o SN T A
( ) wéo(P»r)(A(m’ s)) T (A(m, 5))
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For any E C B(m, s) closed, since 0« is a Radon measure, given any € > 0 there is
an open set V satisfying E C V C B(m, s) and 0(V \ E) < €. Note that for any x € E,
there is r, > 0 such that B(x,2r,) C V and E C U,cpB(x, ry). Since E is compact we can
extract a finite subcover E C U, B(x;,r;) = U and B(x;,2r;) C V fori = 1,--- ,m. Note
that EC U c U C V. Thus 0(U \ E) < €, and using (4.2.19) we have

w/zip,r)(E) B wz‘ip,r)(U) 3 C( oo(T) >9 < C( oolE) + € >9
Wi PD(Am, $) T W} P(Am, ) T \Tw(Am,5) ) T \ow(Aim,s) )

Letting € — 0 we have that for any closed set E C B(m, s)

A(p.r) 0
(4.2.20) Wy, (E) <c<(’w7(E)> ,

W = 7\ Tw(A(m, 5))

Since both a)/z:op ) and 0 are Radon measures, (4.2.20) holds for any Borel set E C B(m, s),
which concludes the proof of Theorem 5.2.87.

Corollary 4.2.21. Let Q C R" be a uniform domain with Ahlfors regular boundary. Let
L = —div(AV) with A € C(Q) (resp. A € WH(Q) N L®(Q)). Suppose that the elliptic
measure w € Ac(0). Then any pseudo-tangent domain Q. (resp. tangent domain at a
point q € 0Q satisfying (2.3.13)) is an NTA domain with constants depending only on the
allowable constants.

Proof. Theorem 5.2.87 combined with Theorem 5.0.1 ensures that under the hypotheses of
Theorem 1.3.7 (resp. Theorem 1.3.5), all pseudo blow-ups of Q (resp. all blow-ups of Q at
points g € 0Q satisfying (2.3.13)) are uniform domains with uniformly rectifiable bound-
aries with constants depending on the allowable constants. By [AHMNT] we conclude that
all such domains are NTA domains with constants depending only on the allowable con-
stants.

4.3 Proof of Theorems 1.3.5 and 1.3.7

Given Corollary 4.2.21, we may assume that all pseudo-tangent domains in the case A €
C(Q) or tangent domains at points g € 0Q satisfying (2.3.13) in the case A € W"(Q) n
L (Q) are NTA domains with exterior corkscrew constant M. That is if Q, is obtained via
this blow-up procedure then for any p € 0Q and r > 0, there exists A_ (p,r) C Q5 NB(p,r)
such that

(4.3.1) B <A;,(p, ), ML> c Q% N B(p,r)

(o)
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and in particular

n C
H'Q 0 Blpr)) > 5 for any r > 0.
r M
Proof of Theorem 1.3.7 We want to show that there exists rq > 0, such that Q satisfies
the exterior corkscrew condition with constant 2M, for all ¢ € 9Q and all r < ro. Assume
that such an rq does not exist, then there are sequences r; — 0 and g; € dQ such that we
cannot find a corkscrew point in Q¢ with constant 2M., at g; € J€Q with radius r;. Consider
Q; = (Q - g;)/rj, then apply Theorem 5.2.8, Corollary 4.2.21 and (5.3.1) to find a point
A (0,1) c QS n B(0,1) such that B(A_(0,1),1/M) c QS N B(0,1). Since ﬁj — Qo
locally uniformly on compact sets, for j large enough

_ 1 .
B <Am(0, 1), W) c Q;N B, 1),

(o8]

which implies

(4.3.2) B <A,~, ﬁ) cQ°NB(gj,ry) withAj=q;+rjAL0,1).

This contradicts our assumption.

Proof of Theorem 1.3.5 Let g € 9Q such that (2.3.13) holds. Recall this occurs for H n-1
a.e. g € 0Q (see Lemma 2.3.12). Since Q satisfies the interior corkscrew condition (with a
constant M), for any g € 0Q,

QN B .
(4.3.3) liminf <20 B 1) CM > 0.

r—0 r

Letr; — 0 and Q; = (Q — g)/r;. By Theorem 5.2.8, Corollary 4.2.21, (5.3.1) and a similar
argument as in (4.3.2), we have that for a subsequence (which we relabel) B(A;,r;/2M,) C
QN B(q,rj), where A; = g + r;AL(0,1). Thus

> 0.

"QC N B(g.ri
(4.3.4) liminfw( @r) , o

o r;@ " My

Combining (4.3.3) and (4.3.4), we conclude that such g belongs to the measure-theoretic
boundary 9.Q of 4Q, thus H"1(0Q \ 4,.Q) = 0. Since H"~! L dQ is Ahlfors regular, it is in
particular locally finite. Theorem 1 of Section 5.11 in [EG] ensures that Q is a set of locally
finite perimeter. Thus the reduced boundary 9*Q is rectifiable. Since H"1(9.Q \ §*Q) = 0
the fact that H"~1(0Q \ 9,Q) = 0 implies H" ' (0Q \ 9*Q) = 0. We conclude that OQ is
rectifiable.
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4.4 Qualitative case: reduction to local quantitative case

In this section we discuss how the quantitative approach also yields information about the
qualitative case. Theorem 1.3.6 is proved by reducing it to the following situation which can
be seen as a local version of Theorem 1.3.5.

Theorem 4.4.1. Let Q C R" be a bounded uniform domain with Ahlfors regular boundary.
Let L = —div(A(X)V) with A € WH(Q) N L®(Q) satisfying (E). Suppose that G € 0Q is
an open set. Assume there are uniform positive constants Cy, 60 so that for any surface ball
A = A(gq,r) C G, the elliptic measure with pole at A satisfies

Ap 0
W (E) <C0<cr<E>> ’

(4.4.2) A S )

where A is a non-tangential point with respect to A, and (4.4.2) holds for all surface balls
N C A and all Borel sets E C N'. Then G is (n — 1)-rectifiable.

Remark 4.4.3. Note that the assumption (4.4.2) is a local version of w € As(0). Recall
that the proof of Theorem 1.3.5 consists of understanding the blow-ups of the domain Q at
some g € 0Q2 and showing that the A, property of the elliptic measure holds for the tangent
domain Q. Since tangent objects only provide infinitesimal information at the blow-up
point it is not surprising that only local assumptions are necessary to obtain rectifiablilty.

Proof. If G is empty, there is nothing to prove, so we assume G # @. Since G is an open
subset of an Ahlfors regular boundary and o < w, we have o(G) > 0 and thus w(G) > 0.
Consider

G= {q € G : A%(g) exists as in Lemma 2.3.12 },

then (G \ @) = 0. Theorems 5.2.8 and 5.2.79 hold if we consider a geometric blow-up at
q € G. We claim that the tangent domain Q, at every g € G satisfies its elliptic measure
We 18 of class A, with respect to the surface measure oo = 7‘{n_1|agm, i.e. Theorem
5.2.87 holds. Namely we need to show for any point p € dQ, any surface ball A(m, s) =
B(m, s) N 0Q C B(p,r) N 0Qq with m € 0Q, r, s > 0 and any open subset V of B(m, s),

4.4.4 A
( ) wé@(]’ar)(A(m’ S)) - O'M(A(m, S))

Note that in the proof of Theorem 5.2.87, the construction of the elliptic measure w., does
not require the A, property of w. It only uses the fact that Q is a uniform domain with
Ahlfors regular boundary and that A*(g) exists. Moreover, we still have a)jZ- — W%, for any
Z € Q.. Recall the notations in the proof of Theorem 5.2.87 (note that in this case, we
have the blow-up point g; = g for all j): there are sequences 0Q; > p; — p € 0Q,

0Qj3mj— me 0Q, and we let m; = g +r;mj, pj = g + rjp;j on 0Q. A close look at the
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proof of Theorem 5.2.87 shows that to prove (4.4.4) it is enough to show (4.2.17), which we
rewrite here:

0
(4.4.5) COEUUAL/ LR < H (000 (q+7,V)) ) .

WP (A (mj, $sr))) H (9Q N B (m), $57))

Moreover since G is open, for any g € G ¢ G we can find a surface ball Ay = A(g,19) C G.
Hence if j is large enough (so that r; is small enough), we have the surface ball

(4.4.6) A(pj, 2rrj) € A(q.2(r + |pl)rj) € Alg, ro)

is contained in G. Therefore we may apply the assumption (4.4.2) to the surface ball
, 6 ~ ~
AN =A mj,gsrj = B(mj, 657;/5) N 0Q C A(pj, 2rrj),

with non-tangential pole g + r;A(p, r) and to the Borel set E = g + r;V C A (mj, gsrj) and
obtain (4.4.5). (Recall that o = H" V|50.) By the same argument as in the proof of Theorem
5.2.87 we conclude that the tangent domain ., satisfies we € Aw(0w). Hence as in the
Theorem 1.3.5, we have that Gc 0.Q, where 9.0 is the measure-theoretic boundary of Q.
A local version of Theorem 1 in Section 5.11 in [EG] ensures that Gis rectifiable, and so is
G.

Before reducing Theorem 1.3.6 to Theorem 4.4.1, we recall some results on uniform
domains with the CDC which are needed for the proof.

Lemma 4.4.7 (Change of pole formula). Let Q be a bounded uniform domain satisfying the
CDC and L = —div(A(X)V) be an elliptic operator satisfying (E). Let Xy € Q be fixed and
denote the elliptic measure by w = w*°. Suppose q € 0Q and r < diam Q/4 are such that
Xo ¢ B(g,4r), we denote A = B(g, r) N Q. Then for any surface ball N’ C A we have

w(A)

o AACN
o) "¢ (A%),

(4.4.8)

where A is a non-tangential point to surface ball A.

Proof. By Corollary 2.2.21, we know (4.4.8) follows directly from

w@) WA (A
w(A) W)’

i.e. the boundary comparison principle. See [Zh] for the proof of the comparison principle
when Q is a uniform domain with Ahlfors regular boundary. For the case when we only
assume Q satisfies the CDC, the proof is to appear in detail in [HMT2].
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In fact (4.4.8) holds if we replace the surface ball A’ by any Borel set E C A, i.e.

W)

An
o) wr(E).

(4.4.9)
Suppose V C A is (relative) open in 0Q. For any x € V let Ay = A(x, ry) be a surface ball
satisfying A, C V with r, < 342 then V C UyeyAy. By Vitali covering lemma we may

16 °
extract a countable collection of pairwise disjoint balls {A;} jc; such that

(4.4.10) vl J5A, where SA; = A(x;, 5ry,).
jeJ

By (4.4.8), (4.4.10) and the doubling properties of w and w*#, we have

4.4.11)
w(V) w (SAJ) “)(AJ’) AN(A N _ (v, A . An
o) s; o) SC; o) scj;w (A)) = Cw gA, < Ca™(V),
and similarly
(4.4.12)
A) @ (U e A,-) w(V)
W< S womGA)< S oty <cS Y22 _ ¢ <c2
jze; / Jze; / ; w(A) w(A) w(A)
An

Now suppose E is a Borel set contained in A. Since w”* is a Radon measure, for any € > 0
we can find an open set V, D E such that W(VAE) < €. We may assume V. C A (if not,
just replace V¢ by V. N A). Combined with (4.4.11) we get

W(E) _ (Vo) _
w(A) T w(A) T

(4.4.13) Cw (Vo) < C (0™ (E) + ).

Passing € — 0 we get w(E)/w(A) < w*»(E). By taking a different open set V. > E satisfying
w(VI\E) < €, we can similarly use (4.4.12) to show w*(E) < w(E)/w(A). This finishes the
proof of (4.4.9). ]

Lemma 4.4.14 (Dyadic grids on Ahlfors regular set, see [DS1], [DS2], [Ch]). Let Q be a do-
main with Ahlfors regular boundary. There exist positive constants ag, 1, and C| depending
only on n and the Ahlfors regular constants, such that for each k € Z there is a collection of
Borel sets (“cubes”)

Dy = (Qf € 0Q: j € T,

where J denotes some (possibly finite) index set depending on k, satisfying

(i) 0Q = Ulej‘.for each k € Z;
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(ii) if m > k, then either Q' C Q’;. or Q" N Qqu = @:
(iii) for each (j, k) and each m < k, there is a unique i such that Q’j‘. c o
(iv) diam Q’]‘. <C27k;

(v) each Q’J‘. contains some ‘“‘surface ball” A(x’j‘., ap2™%) = B(x’;., ao27 %) N oQ;

(vi) H™! <{x € Q’J‘. s dist(x, 0Q \ Q];) < 7'2_"}) < Cl‘r”?-(”_l(Qlj‘.) for all k, j and all T €
(0, ao).

Proof of Theorem 1.3.6 Let ky € Z be the smallest integer such that C;27% < diam Q.
We consider a dyadic grid D = {Q € Dy : k > kp} of the Ahlfors regular set 9Q. Since Q2
is bounded, by property (v) of Lemma 4.4.14 there are finitely many cubes in the collection
Dy, . For each Q € Dy, we have o(Q) ~ (2‘"")’1_1 > (. Since 0 < w this implies w(Q) > 0.
Now let Ny € N be the smallest integer such that

1 1 @ < ax @ <

— <

< min s m = .
No ~ 0y, 0(Q) ~ 0ebyy 0(Q)

We apply a stopping time argument to the descendants of each cube Q € Dy,. Let N > Ny
be an integer and let ¥y = {B;} ¢ D be the collection of maximal “bad” dyadic cubes with
respect to the “stopping criterion” that

wB) 1 w(B))

either < or
o(B) N o (By)

In particular Q is not (a descendent of) a cube in Fy if it satisfies

1 @@
N~ o(0)
Let
(4.4.15) Ay = 0Q\ U B,.
3167‘7\1

Note that Ay € Ay41 and

(4.4.16) = Us|U ( U AN> =: R J ( U AN>.

N>Ny BieFn N>Ny N>Ny

We claim that o(Rg) = 0. In fact by the definition of Ry, each g € Ry is contained in some
bad cube BM € Fy, satisfying for every N > Ny

a(B™) o(B™M) 1

either _ > or —_— < —.
w(BM) w(BNMYy N

Hence every g € Ry falls into one of two cases:
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o there is a sequence N; — oo such that a(BM)/w(BM) > Nj for all i, in which case
we say g € Rg

e there is a sequence N; — oo such that a(BMD)/w(BND) < 1/N; for all i, in which
case we say g € R)).

Note that both Rg and Ry are Borel sets. Since o < w, the Radon-Nikodym derivative
h = do/dw is in L'(w) and is finite w-almost everywhere. Therefore by the Lebesgue
differentiation theorem,

(4.4.17) h(g) = oo for w-a.e. ¢ € R,
and
(4.4.18) h(g) = 0 for w-a.e. g € Ry.

Since 4 is finite w-almost everywhere, (4.4.17) implies that a)(Rg) = 0, and thus O'(Rg) =0.
On the other hand by (4.4.18) we have o(Rj) = f RS hdw = 0 since w is a finite measure. We

conclude that o (Ry) = O'(Rg U Rp) = 0. Hence to show 9L is rectifiable, it suffices to show
Ay is rectifiable for all N > Ny (see (4.4.16)).

Recalling the definition of Ay (see (4.4.15)) we define a collection of cubes
(4.4.19) DN:{QeD:QcAN}:{QeD:QﬂUB,:Q)}.
BieFn

Note that

e Dy is a collection of “good cubes” for N, that is,

(4.4.20) 1@

N o(0)

<N, forall Q€ Dy.

o If O € Dy is a“good cube”, all of its descendants are “good cubes” in Dy .

e The set Ay = Ugep, Q can be decomposed into a countable union of disjoint cubes in
Dy with diameter less then 6(Xy)/4.

Let Oy € Dy be such that 4diam Qp < 6(Xp). For any descendant Q of Qg (thus
0 € Dy), by (4.4.20) we have

4.421) 1 w(@Qo) (@ _,»w(Qo) and 1 0@ Q) _,po@

N2a(Qo) ~ (@) = a(Qo) N2o(Qo) ~ w(Qo) =~ a(Qo)
To show that (4.4.2) holds, the next step is to prove that (4.4.21) holds if we replace the
dyadic cube Q by any Borel set E C Qp. The argument is similar to the one used in the
proof of the change of pole formula (4.4.9), except that now we need to work with dyadic
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“cubes” instead of surface balls. Suppose V C Qy is (relatively) open. For any x € V let O,
be a dyadic cube containing x such that

O CAlcy,Ciry) C V.

Here Ci, ¢, € Q, and r, = 27 are such that properties (iv) and (v) of Lemma 4.4.14
hold. In particular diam Q, < Cyry, and Q, contains some surface ball A(cy, apry). Then
V C UgevAley, Ci1y). By Vitali covering lemma there is a countable collection of pairwise
disjoint balls {A(cx;, Ciry;)} jes such that

(4.4.22) velJa(e,.5Cim).
jeJ

By (4.4.21), (4.4.22), the doubling property of w and the fact that A(c,, apr,) C Q,, we have

(4423) (,L)(V) < Z w (A(ij,SCIrxj)) < CZ w (A(ij,aorxj))

w(Qo) w(Qo) o w(Qo)
w (Qy;) 5 0(Qy)
<c) =l <N it i
2w =N L
(Alcx;, Crry;)) o (UjEJ A(ij’ Clrxj)>
CN2 g ] J CN2
: ; a(Qo) a(Q)
N2 o(V)
B o(Qo)’

Since o is a Radon measure, (4.4.23) holds if we replace open set V by any Borel set E C Qg
(see proof of (4.4.13)). That is

w(E) , 0(E)
<CN ,
000 = 700

where C only depends on Cy, ap and the doubling constant of w, and which in turn only
depend on the depend on n, the Ahlfors regular constant of o and the uniform character of
Q. Since o is Ahlfors regular, it is also a doubling Radon measure. Noting that (4.4.20)
and (4.4.21) are symmetric in o and w. By reversing their roles in (4.4.23) and (4.4.24) we
obtain that for any Borel set £ C Qg

(4.4.24)

L1 o) WE) ., o)
. CN .
N2 0(00) =~ @(Q0) = a0y

Given a surface ball A’ C Qg and a Borel set E C A’, combining (4.4.24) with the left hand
side of (4.4.25) applied to A’ we obtain

(4.4.25)

w(E) < ON* o(E)

(4.4.26) o SOV
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For € small enough, define

Qo(e) = {g € Qo : dist(q, QF) > Trg,}.

Note that Q(¢€) is open. Here ro, = 27k for some k € Z, T = 7(e) is in (0, ap) such that
C 7" < €, and both parameters are to guarantee that properties (iv) and (v) in Lemma 4.4.14
hold. Thus we have

a(Qq(€)) 2 a(Qo) — C1770(Qo) = (1 — €)a(Qo).

Therefore for any sequence € — 0 we have o(Qg \ U;Q(&)) = 0. Thus in particular

(4.4.27) Q=&U|JOie  with (&) =0.

Thus to show Q) is rectifiable, it suffices to show Qg (e) is rectifiable for e small enough.
We finish the proof by applying Theorem 4.4.1 to the open set Qg (€). Suppose A’ C A are
surface balls in Qg (), and that E C A’ C A is a Borel set. Recall that 4 diam Qg < 6(Xo) so
by the change of pole formula (4.4.8) and (4.4.9) we have

w(A) A w(E)
4.4.28 As (A7) ~ ME) ~ ——.
( ) W (A") o)’ w"*(E) o)
Combining (4.4.28) and (4.4.26) we get
w(E)
GNE) G _ WE) e o)
wAr(A) ‘:’U((AA')) wN) T o)

That is to say Q((€) satisfies the assumption (4.4.2) of Theorem 4.4.1 with uniform constants
Co = CN* and 6 = 1. Therefore we conclude that Qy(€) is (n — 1)-rectifiable, and using
(4.4.27) we also have that Qg is (n — 1)-rectifiable. By (4.4.16) 0Q = Ry U Up>py, Ay with
0(Rp) = 0. Since each Ay can be written as a countable disjoint union of cubes in Dy with
diameter less than 6(X()/4 (see (4.4.19)) and the properties stated thereafter) such as Qy, we
deduce that each Ay is (n — 1)-rectifiable and so is 9Q. m|
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Chapter 5

w] € Aco(o) implies uniform
rectifiability for operators with small
Carleson norm

We first recall the following theorem regarding harmonic measure:

Theorem 5.0.1. Let D C R", n > 3, be a uniform domain (bounded or unbounded) with
Ahlfors regular boundary (cf. Definitions 2.1.10 and 2.1.12) and let w denote its associated
harmonic measure. The following statements are equivalent:

(a) w € Ax(0) (cf. Definition 2.1.14).
(b) 9D is uniformly rectifiable. (cf. Definition 2.1.13 ).

(c) Q satisfies the exterior corkscrew condition (cf. Definition 2.1.1), hence, in particular,
it is a chord-arc domain (cf. Definition 2.1.10).

This result in the present form appears in [AHMNT, Theorem 1.2]. That (a) implies
(b) is the main result in [HMU] (see also [HM2, HLMN)]); that (b) yields (c) is [AHMNT,
Theorem 1.1]; and the fact that (c) implies (a) was proved in [DJ], and independently in
[Se]. Even though this result was stated for the Laplacian, it is not hard to see that the
proof extends to symmetric second order elliptic divergence form operators with constant
coefficients.

With this and in hand, we now understand very well how the A, condition of harmonic
measure is related to the geometry of the domain €. Less is known when one works with
the elliptic measure associated with an elliptic operator with variable coefficients. On the
one hand, C. Kenig and J. Pipher proved in [KP] that if Q c R" is a bounded Lipschitz
domain and the elliptic matrix A satisfies some Carleson measure condition (later referred
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to as Kenig-Pipher condition), that is,

5.0.2) sup L_l < sup IVﬂ(Y)lz(S(Y)> dX < oo,
ge0@ 1" JBgne \ ye B(X,%%0)

O<r<diam(Q)
where here and elsewhere we write 6(-) = dist(-, dQ), is a Carleson measure in Q, then the
corresponding elliptic measure w;, € A (o). Combining this and the method of [DJ], one
can see that the same holds in an chord-arc domain and hence (c) implies (a) holds for oper-
ators satisfying the Kenig-Pipher condition. As observed in [HMT1] one may carry through
the proof in [KP] essentially unchanged with a slight reformulation of (5.0.2), namely by
assuming that [VA|6 € L™ (Q), along with the Carleson measure estimate

1
(5.0.3) sup — IVAX)?6(X)dX < oo.
gedQ T B(q.r)NQ

O<r<diam(Q)

In an effort to obtain that (a) implies (b) or (c) for this class of operators, Steve Hofmann,
José Maria Martell and Tatiana Toro have recently obtained in [HMT1] that under the same
background hypothesis of Theorem 5.0.1, (a) implies (c) for elliptic operators with variable-
coefficient matrices A satisfying |[VA|6 € L*(Q) and the Carleson measure estimate

(5.0.4) sup

qeoQd
O<r<diam(Q)

rn—l

/ IVAX)|dX < oo.
B(gq,r)NQ

We note that this is stronger than the relaxed Kenig-Pipher condition mentioned above and
hence Theorem 5.0.1 remains true for this new class of matrices.

The main result is quantitative in nature, and we need to fix some notations before stating
it. Throughout this section and Chapter 5, and unless otherwise specified, by allowable
constants, we mean the dimension n > 3; the constants involved in the definition of a
uniform domain, that is, M,C; > 1 (see Definition 2.1.10); the Ahlfors regular constant
Car > 1 (see Definition 2.1.12); the ellipticity constants A > A > 0 (see (£)); and the A

constants Cy > 1 and 8 € (0, 1) (see Definition 2.1.14).

Remark 5.0.5. First, we always work on R", n > 3. Next, given the values of allowable
constants M,C1,Cag > 1,A > 1>0,Cy > 1and 0 < 8 < 1, by the extension of “(a) implies
(¢)” in Theorem 5.0.1 to constant coefficients, or by [HMT1] applied to constant coefficient
operators (in which case clearly |[VA|0 € L™ (€2) and the Carleson measure estimate (5.0.4)
holds both with constant 0) there exists a constant Ny = No(M, C1, Car, A/, Cp, 0) such that
if Q c R*, n > 3, is a uniform domain with constants M, C1, such that 0Q is Ahlfors regular
with constant Cypg, if L = —div(AV) is an elliptic operator with real symmetric matrix A
satisfying (E) with ellipticity constants A, A such that the corresponding elliptic measure
wr, € A(0) with constant Cy and 0, then Q satisfies the exterior corkscrew condition with
constant Ny.

We are now ready to state the main result of this chapter:
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Theorem 5.0.6. Fix n > 3. Given the values of allowable constants M,C{,Cag > 1, A >
A>0,Cyo>1and0 < 6 < 1 there exist N* and € > 0 depending both on the allowable
constants and n such that the following holds. Let QO C R" be a bounded uniform domain
with constants M, Cy and whose boundary 0Q is Ahlfors regular with constant Cag. Let
L = —div(A(X)V) be an elliptic operator with real symmetric matrix ‘A satisfying (E) with
ellipticity constants A, A such that the corresponding elliptic measure satisfies wy € Ac(0)
with constants Cq and 6. If A verifies

(5.0.7) C(Q,A) := sup][ IVAM)|O(Y)Y < e,
XeQ J B(X,6(X)/2)

where 6(-) = dist(-, 0Q), then Q satisfies the exterior corkscrew condition with constant N.

Remarks 5.0.8.

(1) We note that our assumption (5.0.7) on the matrix A is much weaker than the smallness
of the relaxed Kenig-Pipher condition (5.0.3). To see this, given X € Q, let gx € 0Q
be such that |X — gx| = 6(X). Then by Holder’s inequality

1

1 2

(5.0.9) IVAM)|6(Y)dY < <7_1/ |Vﬂ(Y)|25(Y)dY> .
B(X.6(X)/2) X" J Blgx,36(%)/2)n0

Hence (5.0.3) with sufficiently small constant gives (5.0.7). On the other hand, it is
easy to see that the latter is much weaker. Assume for instance that [VA|6 ~ € in Q in
which case (5.0.7) holds but (5.0.3) fails since every integral is infinity.

(i) Our ultimate goal is to show that, under the appropriate hypothesis on the domain,
the A property of the elliptic measure with respect to surface measure for operators
satisfying [VA|6 € L™(€Q) and (5.0.3) ensures that the boundary is uniformly rectifiable.
Preliminary work indicates that, indeed, Theorem 5.0.1 folds for the class of second
order divergence form operators satisfying (5.0.3). A very different approach is needed
to handle the large constant case.

(iii) As will be pointed out in the proof (see Remark 5.2.69) our condition (5.0.7) can be
relaxed by assuming that

(5.0.10) osc(Q, A) := sup ][ [AY) — (A pxsx)/2)ldY < e,
XeQ JB(X,6(X)/2)

where (A)p(x,s(x)/2) denotes the average of A on B(X, 6(X)/2).

A subtle question may arise from the statement of the theorem: fixed (among other
allowable constants) the A, constants Cy, 6, we wonder if we can find a matrix A satisfying

*Indeed, N = 4Ny(4M,2C,, 25" DC3,, A4, CoCrC3528=18 6) (see Remark 5.0.5) where the constant C, =
Cr(M, Cy, Cyg, A/A) can be found in Remark 2.2.29.
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(5.0.7) with small constant € and whose elliptic measure has the given A, constants. To
answer this we consider the converse of our theorem, which is a corollary of [KP] and
states that for an NTA domain with Ahlfors regular boundary, if A satisfies (5.0.2), then
the corresponding elliptic measure w; € As(0), with constants depending on the upper
bound Carleson measure constant in (5.0.2). In other words, fixed kg > 0, and ellipticity
constants A, A, [KP] states that any A so that the left hand side of (5.0.2) is bounded by
ko has the property that w; € A with constants that only depend on &g, ellipticity and the
other allowable parameters. Hence, in particular, one could take matrices ‘A so that (5.0.2)
is very tiny (in particular smaller than the fixed xp) and still have that w; € A (o) with
constants that do not depend on the smallness and just on k9. To be more specific, fix an
NTA domain Q with Ahlfors regular boundary, let 0 < € < 1, and take the elliptic matrix
AeX) = (1 + ep(X))1d, X € Q (here Id is the identity matrix), with 0 < ¢ < 1, |[Vg| < 1
and sptyo C {X € Q : §(X) < 1}. Then A, satisfies (£) with 4 = 1 and A = 2 and it is
easy to see that A, satisfies the Kenig-Pipher condition with uniform constant (depending
only on dimension and C4g but not on €), so that the corresponding elliptic measure satisfies
the Ao (o) property with uniform constants that are independent of €. On the other hand,
C(Q, A,) < e which can be made as small as we want.

As a consequence we obtain the following corollary:

Corollary 5.0.11. Under the same assumption as the Theorem 5.0.6, Q has uniformly rec-
tifiable boundary.

5.1 Compactness argument

To prove Theorem 5.0.6 we will proceed by contradiction. Fixed n > 3, let us suppose that
there exists a set of allowable constants M, C1,Cag > 1,A>A1>1,Co>1and0 <0< 1,
so that if we set N = 4No(4M,2C1, 2>V 3, A/, CoCoC3525= 10 g) (see Remark 5.0.5)
then for every €; (with €; — 0 as j — o0), we have the following assumptions:

Assumption (a) There is a bounded domain Q; C R”", which is uniform with constants
M, Cy and whose boundary is Ahlfors regular with constant C4g. Also, there is an el-
liptic matrix A; defined on € ; with constants A and A, and we write L; = — div(A;V).

Assumption (b) C(Q;, A;) < €; (see (5.0.7)).

Assumption (¢) The elliptic measure of the operator L; in Q; is of class A, with respect to
the surface measure o; = H n_1|an with constants Cy and 6 (see Definition 2.1.14).

Contrary to conclusion There are some g; € 0Q; and 0 < r; < diam(9€;) such that Q;
has no exterior corkscrew point with constant N. That is, there is no ball of radius
rj/N contained in B(g;, r;) \ﬁj.
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Our goal is to obtain a contradiction and as a consequence our Main Theorem will be
proved. Without loss of generality we may assume g; = 0 and r; = 1 for all j, hence
diam(0Q2;) > 1. Otherwise, we just replace the domain Q; by (; — g;)/r;, and replace
the elliptic matrix A;(-) by Aj(q; + r;-). Note that the new domain and matrix have the
same allowable constants, in particular the corresponding A, constants stay the same by the
scale-invariant nature of Definition 2.1.14; moreover after rescaling, the above Assumption
(b) is still satisfied:

Qj-q;
C . ,ﬂj(qj+rj-) :C(Qj,ﬂj)<6j-
J

5.2 Limiting domains

We want to use a compactness argument similar to the blow-up argument in [TZ]. Getting
to the point where we can apply Theorem 5.0.1 (more precisely, its extension to the elliptic
operators with constants coefficients or alternatively [HMT1] applied again to constant co-
efficient operators) requires showing first that if Q, is a “limiting domain” of the domains
{Q;}’s, then Q is an unbounded or bounded uniform domain with Ahlfors regular bound-
ary. To accomplish this we also need to find the limit of the Green functions. Once we have
this, to show that wy_ , € Aw(0 ) for the limiting domain €, and the limiting operator L,
we need to construct the elliptic measure wfm for any Z € Q. as a limiting measure com-
patible with the procedure. We will also show that L, is an elliptic operator with constants

coefficients.

Throughout the rest of paper we follow the following conventions in terms of notations:

e Forany Z € Q; we write ¢ (Z) = dist(Z, 0Q)).

e For any g € 0Q; and r € (0,diam(dL2))), we use A (g, r) to denote a corkscrew point
in Q; relative to B(g,r) N 0, i.e.,

(5.2.1) B (4,1, i) C Bq.r)NQ;.

5.2.1 Geometric limit

Since diam(9€2;) > 1, modulo passing to a subsequence, one of the following two scenarios
occurs:

Case I: diam(Q;) = diam(0Q2;) — oo as j — oo.
Case II: diam(Q;) = diam(0Q2;) — Ry € [1,0) as j — oo.

Therefore if Q; “converges” to a limiting domain Q., respectively Case I and Case 11
indicate that Q. is unbounded or bounded.
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Let X; € Q; be a corkscrew point relative to B(0, diam(£2;)/2) N <, then
(5.2.2) IX;| ~0;(X;) ~ diam(Q)),

with constants depending on the uniform constant M. Let G; be the Green function associ-
ated with Q; and the operator L; = —div(A;V), and {a)f }xeq; be the corresponding elliptic
measure. In Case I we have

(5.2.3) IX;| ~ 6;(X;) ~ diam(Q;) — oo,
i.e., the poles X; tend to infinity eventually. We let

GiX;,Z

(5.2.4) uj(Z) = Xf(if)
w;'(B(0,1))

In Case II, we may assume that diam(Q;) ~ Ry for all j sufficiently large. Hence, there are
constants 0 < ¢ < ¢; such that

(5.2.5) 1Ry £ 6;(X;) <|Xj| £ caRp  for all j sufficiently large.
Thus modulo passing to a subsequence, X; converges to some point Xy satisfying
(5.2.6) c1Ry < 1Xp| € caRy.

Note that (5.2.5) and (5.2.6) in particular imply that for any p sufficiently small (depending
on Ry and ¢y, ¢), the ball B(Xy,p) is contained in Q; and dist(B(Xo, p), 0Q;) > c¢1Ry/2. In
this case we let

(5.2.7) uj(2) = Gi(X;,2).

Our next goal is to describe what happens with the objects in question as we let j — oo.
This is done in Theorems 5.2.8, 5.2.79, 5.2.87 below.

Theorem 5.2.8. Under Assumption (a), and using the notation above, we have the follow-
ing properties (modulo passing to a subsequence which we relabel):

(1) Case I: there is a function us, € C(R") such that u; — us uniformly on compact sets;

RN . 2 n
moreover Vu; — Vue, in Lj, (R").

(2) Case II: there is a function u. € C(R" \ {Xo}) such that u; — u. uniformly on compact
sets in R" \ {Xo} and Vu; — Vue in L (R"\ {Xo}).

(3) Let Qoo = {Z € R" : us > 0}, Then ﬁj — Qo and 0Q; — 0Qc locally uniformly
in the Hausdorff distance sense. Moreover, Qs is an unbounded set with unbounded
boundary in Case I, and it is bounded with diameter Ry > 1 in Case II .

"In Case II, see Remark 5.2.22 part (ii) we extend u, to all of R by setting u,(Xo) = +o0.
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4) Qo is a nontrivial uniform domain with constants 4M and 2C.

(5) There is an Ahlfors regular measure i with constant 22"~DCug such that o = Moo
Moreover, spt e = 0Qc. In particular, this implies that

(5.2.9) 273D e < H oa., < 22D Chpiteo.
and hence 0Q, is Ahlfors regular with constant 25D C?% .

Remark 5.2.10. Note that this result is purely geometric. The proof only uses Assumption
(a), which states the geometric characters of domains ; (i.e., they are uniform domains
with Ahlfors regular boundaries) and the ellipticity of the matrix operator A;. The other
assumptions are irrelevant for this.

Proof.[Proof of (1) in Theorem 5.2.8] Let R > 1 and note that for j large enough (depending
on R) we have that X; ¢ B(0,4R) since by (5.2.3)

IX;| =1X; - 0] > 6;(X;) ~ diam(Q;) — o0, as j— oo.

In particular, Lju; = 0in B(0,4R)NQ; in the weak sense. Recall that all our domains Q; have
Ahlfors regular boundary and hence all boundary points are Wiener regular. This in turn
implies that u; is a non-negative L-solution on B(0,4R) N Q; which vanishes continuously
on B(0,4R) N 0Q2;.

On the other hand, 0 € 9€Q; and, using our convention (5.2.1), A;(0, 1) is a corkscrew
point relative to B(0, 1) N €} in the domain Q;. Thus, by Lemma 2.2.25

(5.2.11) ui(A;0,1)) ~ 1.

We can then invoke Lemma 2.2.23, the fact that A ;(0, 2R) € Q; is a corkscrew point relative
to B(0,2R) N 0Q; for the domain Q;, Harnack’s inequality, and (5.2.11) to obtain

(5.2.12) sup  uj(Z) < Cuj(Aj(0,2R)) < Crut;(A;(0, 1)) < Ck.
ZeQ;NB(0,2R)

Extending u; by 0 outside of Q; we conclude that the sequence {u;} > j, is uniformly bounded
in B(0, R) for some j, large enough. Since for each j, A; has ellipticity constants bounded
below by A and above by A, and Q; is uniform and satisfies the CDC (as 6€; is Ahlfors
regular) with the same constants as €2 ;, then combining Lemma 2.2.19 with the DeGiorgi-
Nash-Moser estimates we conclude that the sequence {u;}; is equicontinuous on B(0, R) (in
fact uniformly Holder continuous with same exponent). Using Arzela-Ascoli combined with
a diagonalization argument applied on a sequence of balls with radii going to infinity, we
produce u., € C(R") and a subsequence (which we relabel) such that #; — us, uniformly on
compact sets of R”.

As observed before, u; is a non-negative L-solution on B(0,4R) N Q; which vanishes
continuously on B(0,4R) N JQ; and which has been extended by O outside of Q;. Thus it
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is a positive L-subsolution on B(0,4R) and we can use Caccioppoli’s inequality along with
(5.2.12) to conclude that

(5.2.13) / \Vu;l* dZ < CR—2/ u;* dZ < Ck.
B(0,R) B(0,2R)

This and (5.2.12) allow us to conclude that

(5.2.14) sup [lully12z0.ry < Cr < o0
J

Thus, there exists a subsequence (which we relabel) which converges weakly in Wllo’c2 R™M.
Since we already know that u; — u. uniformly on compact sets of R", we can use again
(5.2.12) to easily see that us, € Wl’z(R"), and Vu; — Vu, in L2 (R™). This completes the

loc loc
proof of (1) in Theorem 5.2.8.

Proof.[Proof of (2) in Theorem 5.2.8] Recall that in this case X; — X as j — oo. For any
0 < p < ¢1Rp/2 and for all j large enough we have

(5215 B(x; g) c B(Xo.p) € B(X;,2p) < B(X;,2p)  BX;.6,X,)/2) € U,

where we have used (5.2.5). Moreover, for j sufficiently large,

C 1R0

—

Forany Z € Q; \ B(X;,p/4), using (5.2.7) and (2.2.15) it follows that

(5.2.16) dist(B(X, 2p), 0Q;) >

C 4n-2C

(5.2.17) W@ S G S e

Extending u; by 0 outside Q; the previous estimate clearly holds for every Z € R"\ Q;. Thus
sup; 221l 2o rm\B(X0,0)) < C(0). Moreover, as in Case I, the sequence is also equicontinuous
(in fact uniformly Holder continuous). Using Arzela-Ascoli theorem with a diagonalization
argument, we can find u,, € C(R" \ {Xp}) and a subsequence (which we relabel) such that
Uj — U uniformly on compact sets of R" \ {Xp}.

Let 0 < R < sup,; diam(€2;) ~ Ry. We claim that
(5.2.18) / IVu;l*dZ < C(R,p) < co.
B(O.R)\B(Xo.p)

To prove this, we first take arbitrary ¢ € dQ2; and s such that 0 < s < 6,;(X;)/5 ~ Ro.
In particular, if 0 < p < ¢1Rp/10 < 6;(X;)/10 it follows that B(g,4s) C R" \ B(X;,2p) C
R™\ B(Xp, p). Thus, proceeding as in Case I, u; is non-negative subsolution on B(g, 2s) and
we can use Caccioppoli’s inequality and (5.2.17) to obtain
n-2

C
(5.2.19) / \Vu,|*dZ = / Vu;Pdz < = U (2)*dZ < %
B(q.5)\B(Xo.p) B(g.5) 7 JBg2s) P
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Note that the previous estimate, with ¢ = 0 and s = R, gives our claim (5.2.18) when
O<R< 5J(Xj)/5

Consider next the case Ry ~ 0;(X;)/5 < R < sup i1 diam(€2;) ~ Ro. Note first that the
set@;:={Z € Q;:6;(Z) <6;(X;)/25} can be covered by a family of balls {B(g;, 6 ;(X;)/5)};
with g; € JQ and whose cardinality is uniformly bounded (here we recall that §;(X;) ~
diam(€2;)), Thus, (5.2.19) applied to these each ball in the family yields

(5.2.20) / Vu,PdZ < / IVu,;PdZ < C(R,p) < .
(B(0,R)\B(X0,0))NO i B(qi,6/(X))/5)\B(Xo.p)

On the other hand, the set {Z € Q; \ B(X},p/2) : 6;(Z) > 6;(X;)/25} can be covered by a
family of balls {B;}; so that rp, = p/16, 4B; C Q; \ B(Xj, p/4). Moreover, the cardinality of
the family is uniformly bounded depending on dimension and the ratio diam(€2;)/p ~ Ro/p.
Using (5.2.15), Caccioppoli’s inequality in each B; since 4B; C Q;\ B(X,p/4), and (5.2.17)
we obtain
(5.2.21)
Vu,PdZ <> / Vu,PdZ <> r% / ui(Z)PdZ < C(R, p).

i B; i B; /2B;

(B(O,R)\B(X0.0)\O,

Combining (5.2.20) and (5.2.21) we obtain the desired estimate and hence proof of the claim
(5.2.18) is complete.

Next, we combine (5.2.18) with the fact that sup j ot jll 2o rm\B(X0,0)) < C(p) to obtain

that sup j llet jllwr2B0,R)\B(Xop)) < C(R,p) < 00. Thus, there exists a subsequence (which we

1

relabel) which converges weakly in W, 02 (R"™\B(Xp, p)). Since we already know that u; — e

(o]

uniformly on compact sets of R” \ B(Xy, p), we can easily see that ue € WI’Z(R” \ B(Xp, 0)),

loc

and Vu; — Vi in LIZOC(R” \ B(Xo, p)). This completes the proof of (2) in Theorem 5.2.8.

Remark 5.2.22. In the Case II scenario the following remarks will become useful later. In
what follows we assume that 0 < p < ¢;Ry/2 and j is large enough.

(i) Let us pick ¥ € 0B(X;,36;(X;)/4) and note that (5.2.5) gives Y,A;(0,c1Ry/2) €
Qi \ B(X;,0i(X))/2),|Y —Aj(0,c1Ry/2)| < (c1 + 2¢2)Ro, and 6;(Y) > c¢1Ry/4. More-
over, since € ; satisfies the interior corkscrew condition with constant M it follows that
0j(Aj(0,c1Ry/2)) = c1Ro/(2M). All these allow us to invoke Lemma 2.1.22 to then
use (2.2.16) and (5.2.5) and eventually show

R _
(5.2.23) uj <Aj <0, %)) ~ui (V) 2 Y =X~ 55X )P ~ R

where the implicit constants are independent of ;.

(if) The set dB(Xo, p) is compact and away from X, so u#; — U uniformly. Since X; —
Xo, for any Z € 0B(Xy,p) we have p/2 < |Z — X;| < 2p for j sufficiently large. In
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particular by choosing p < Ry/(16M), we have for j large enough

R() dlam(Qj) 5]'(Xj)
2.24 Z-Xi|<2p<—%< <
(5.2.24) | jl < PSS Tam S 2
where the last estimate uses that X; € Q; is a corkscrew point relative to the surface
ball B(0, diam(€2;)/2) N 6€2; with constant M. Thus by (2.2.16) if j is large enough

w22 \Z= X" 2 p" VZ€dBXo.p)
with implicit constants which are independent of j. Therefore,

(5.2.25) Ueo(Z) = lim u;(Z) 2 ™", Y Z € 0BXo.p)
]—)00

For this reason it is natural to extend the definition of u, to all of R” by simply letting
U (Xp) = +00.

(iii) Since u; is the Green function in Q; for L}, and elliptic operator with uniformly elliptic
n

constants bounded by 4, A, by (2.2.18) we know forany 1 < r <

n—1°
1_nl 1optl
(5.2.26) IVujllro,) <197 <SRy < 0o,
provided j is large enough and where the implicit constants depend on dimension,
r, A, A, but are independent of j. Note that Vu; = 0 outside of ; by construction.

Thus, one can easily show that passing to a subsequence (and relabeling) Vu; — Vu,,
inLj (R")forl <r<n/(n-1).

Proof.[Proof of (3) in Theorem 5.2.8: Case I]

It is clear that Q. is an open set in Case I since u € C*(R"). On the other hand, since
0 € 0Q; for all j, by Lemma 2.3.2 and modulo passing to a subsequence (which we relabel)
we have that there exist non-empty closed sets ', A such that ﬁj — I'wand 0Q; — A
as j — oo, where the convergence is in the Hausdorff distance sense uniformly on compact
sets.

We are left with obtaining
(5.2.27) Aw=0Q  and T = Q.

We first show that A, C Q. To that end we take p € A, and there is a sequence p; € 9Q;
such that lim;_,, p; = p. Note that u(p) = lim;_,. u;(p). On the other hand since the u;’s
are uniformly Holder continuous on compact sets (see the Proof of (1) in Theorem 5.2.8)
and uj(p;) = 0 as p; € 9Q; we have

|Q’

— 0,

0 < too(p) < lttoo(p) — uj(p)| + luj(p) — uj(p))l < lueo(p) —uj(p)l +1p — p;

as j — oo. Thus u.(p) = 0, thatis, p € R" \ Q.
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Our goal is to show that p € 9Q.,. Suppose that p ¢ 0Q.., then p € R" \ Q,, and there
exists € € (0, 1) such that B(p, €) € R" \ Qc., that is, 1, = 0 on B(p, €). In Q; we have

€ €
45 (13- 5) = 4,0 D] < S +1pd+ 1 20p1+ 1)

and
5.(A.( .E)>>if §; (A0 1))>i
i\&i\Pir3)) =y SN = M
Note also that
01 (A (pr5)) 6 (AOD) L
5(X;) 0jX;)  diam(@p ,

hence for j large enough, A;(0,1),A; (pj, %) ¢ B(X;,0i(X;)/2).

We can then apply Lemma 2.1.22 and Harnack’s inequality along the constructed chain

in Q; to obtain

€
G; (X545 (P35 ) ) ~ Gi(X; 4,0, 1),

where the implicit constants depend on the allowable parameters, € and |p|, but are uniform
on j. Hence by (5.2.11),
(5.2.28)
wi (4 (i) = & (X34, (p25)) G (X3 A0, 1)
2 W (B(O, 1)) WY(B(0, 1))

where Cy is independent of j.

= uj(A;(0, 1)) = Co,

Note that since #; — U, on compact sets it follows from our assumption that for j large
enough depending on Cy

Co
2 b

However, for jlarge enough A (p;,€/2) € B(pj, €/2) C B(p, €) and then (5.2.29) contradicts
(5.2.28). Thus, we have shown that necessarily p € 0Q. and consequently Ay C 0Q.

(5.2.29) uj(z) = uj(Z) — ux(2) < YZ € B(p,e).

Let us next show that 0Q, C A.. Assume that p ¢ As. Since A is a closed set,
there exists € > 0 such that B(p, 2e) N Ao, = @. Since A, is the Hausdorff limit of 9Q2; we
have that for j large enough B(p,€) N 0Q; = @. Hence, by passing to a subsequence (and
relabeling) either B(p,e) C Q; for all j large enough or B(p,e) C R" \ ﬁj for all j large
enough.

We first consider the case B(p,e) C Q;. Hence, 6;(p) > €and |A;(0,1) — p| < 1+ |pl.
Thus there exists a Harnack chain joining A;(0, 1) and p whose length is independent of j
and depends on € and |p|. We next observe that for j large enough |p — X;| > 6;(X;)/2.
Indeed, if we take j large enough, using that 0 € 6Q2; and (5.2.3) we clearly have

IX;l_1X;-pl Pl IXj-pl 1

1< < + < + 5,
§iX) ~ 8;X)  5iX)  siXp) 2
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and we just need to hide to obtain the desired estimate. Once we know that [p — X;| >
0j(X;)/2, we also note that [6;(A;(0,1))] < 1 < diam(2;) ~ 6;(X;) and hence A;(0,1) ¢
B(X;,6(X;)/2) for jlarge enough.

We can now invoke Lemma 2.1.22 and Harnack’s inequality along the constructed chain
in Q; to obtain that G (X}, p) ~ G j(X;,A;(0, 1)), which combined with (5.2.4) and (5.2.11),
yields

(5230) I/tj(p) ~ Ltj(Aj(O, 1)) ~ 1,

where the implicit constants depend on the allowable parameters, p and €, but are uniform
on j. Letting j — oo we obtain that u.(p) ~ 1 which implies that p € Q, and since we
have already shown that Q. is open, it follows that p ¢ Q.

We next consider now the case B(p,e) € R* \ ﬁj for all j large enough which implies
that by construction u;(X) = 0 for all X € B(p, €). By uniform convergence of u; in compact
sets we have that u.,(X) = 0 for X € B(p, €/2), which implies B(p, €/2) C {u. = 0} and
therefore p ¢ 0Q.

In both cases we have shown that if p ¢ A then p ¢ Q. or, equivalently, 0Qc C Ac.
This together with the converse inclusion completes the proof of Ay = Q.

Our next goal is to show that I'y, = Q... Note that if Z € Q.,, then Us(Z) > 0 and this
implies that u;(Z) > 0 for j large enough. The latter forces Z € Q; for all j large enough.
This implies that Z € T'y,, and we have shown that Q. C I',,. Moreover since I’ is closed,
we conclude that Qq, C Ie.

To obtain the converse inclusion we take X € I',. Assume that there is € > 0 such that
B(X,2¢€) € R" \ Q., in particular B(X, 2€) N Q% = @. Since we have already shown that
0Q. is the limit of 9Q;’s, for j large enough B(X, €) N dQ; = @. By the definition of I',
there is a sequence {Y;} C ﬁj with ¥; — X as j — oo. Thus, for all j large enough B(X, €)
is a neighborhood of Y;; and in particular Q; N B(X,€) # @ since Y¥; € ﬁj On the other
hand, since B(X, ) N 0Q; = @ we conclude that B(X,e) C Q;. At this point we follow a
similar argument to the one used to obtain (5.2.30) replacing p by X and obtain for all j
large enough

uji(X) ~u;j(A;0,1)) ~ 1,
where the implicit constants depend on the allowable parameters, |X| and €, but are uniform
on j. Letting j — oo it follows that u.(X) > 0 and hence X € Q, contradicting the
assumption that there is € > 0 such that B(X,2¢) € R" \ Q.. In sort, we have shown that
B(X,2¢) N Qo # O for every € > 0, that is, X € Q.. We have eventually proved that
' C Q. this completes the proof of (5.2.27) in the Case I scenario.

Since diam(Q;) — oo and 0 € ﬁj — Q. uniformly on compact set, Q, is unbounded.
Otherwise we would have Q,, ¢ B(0,R), and for sufficiently large j one would see that
ﬁj C B(0,2R), which is a contradiction.

On the other hand, it is possible that diam(9Q;) / diam(dQ2), hence we do not know
whether diam(0€Q.,) = co. However, under the assumption that the 6Q2;’s are Ahlfors regular
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with uniform constant, we claim that 0Q,, is also unbounded. Assume not, then there is
R > 0 such that 0Q. C B(0,R). Let k be a large integer, and notice that 0Q; — 0Q
uniformly on the compact set B(0, kR). Thus for j sufficiently large (depending on k)

(5.2.31) 0Q; N B(0,kR) c B(0,2R).

Since diam(9€2;) — oo we can also guarantee that diam(0€2;) > kR for j sufficiently large.
Recalling that 0 € JQ;, we can then consider the surface ball A;(0,kR) = B(0,kR) N 0Q;.
By (5.2.31) and the Ahlfors regularity of 6Q;,

(5.2.32) CarkR)"™' < 0 j(Aj(0,kR)) < 0 j(B(0,2R) N 0Q;)) < Car(2R)"".

Letting k large readily leads to a contradiction.

Proof.[Proof of (3) in Theorem 5.2.8: Case II] Take X € Q, that is, u.(X) > 0. If X # X
then u., is continuous at X and hence u.(Z) > 0 for every Z € B(X, r,) for some r, small
enough. On the other hand, if X = Xy, by Remark 5.2.22 part (ii) we have that u.,(Z) > 0 for
all Z € B(Xy, p) with p sufficiently small (here we use the convention that +co > (). Note
that this argument show in particular that B(Xy, p) C Q.

On the other hand, since 0 € 9Q; for all j, by Lemma 2.3.2 and modulo passing to a
subsequence (which we relabel), there exist closed sets I'w,, A such that ﬁj — I', and
0Q; — A as j — oo, where the convergence is in the Hausdorft distance sense uniformly
on compact sets. We are going to obtain that

(5.2.33) Ao = 0Q0 and T = Q.

Let p € A, there is a sequence {p;} C dQ; such that p; — p as j — oco. Note that by
(5.2.5)
ciRo <6;(X;) <|1Xj - pjl <|Xj = pl+Ip = pjl.

Thus, for jlarge enough, |X; — p| > 6;(X;)/2 > c1Ro/2. In particular, Xy # p and u;(p) —
Uwo(p) as j — co. On the other hand since the u;’s are uniformly Holder continuous on
compact sets as observed above, |u;(p)| = |u;j(p) —u;j(p;)| < Clp — p;|*, thus u;(p) — 0 as
Jj — oo. Therefore u.(p) = 0, that is, p € R" \ Q.

Suppose now that p ¢ 0Q.. Then, there exists 0 < € < ¢;(X;)/4 such that B(p,€) C
R™*\ Q, or, equivalently, u., = 0 on B(p, €). Note that

€ C1R0
45 (pr3) = (0’ T>

€ C1R0
< 2 +pjl + > < C(e, |pl, Ro).

Also,
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and, by (5.2.5),

C1R0 ClR() ClRo 5j(Xj)
2. < . . [ < .
(5.2.34) 5 _5J<A,<0, >>< > <5

Notice that in particular A (pj, %) Aj (O, C‘f") ¢ B(X;,0(X;)/2). We can now invoke
Lemma 2.1.22, Harnack’s inequality along the constructed chain in Q;, and (5.2.23) to see
that

(5.2.35) U (Aj <pj,§)) ~uj <A,~ <0,012ﬂ>> 1,

with implicit constant depending on the allowable parameters, ¢, |pl|, Ry but independent of
Jj. On the other hand, for all j large enough

€ € -
(5.2.36) A5 (ps 5) e B (pj, 5) c B(p, o) C R"\ BX;,6,(X,)/4),
hence u; — us uniformly on B(p, €) with u., = 0 on B(p, €). This and (5.2.36) contradict
(5.2.35) and therefore we conclude that p € 9Q, and we have eventually obtained that
A C 0Qc.

To show that 0Q., C Aw, we assume that p ¢ As. If p = X, then since we observed
above that B(Xy, p) C Qu (see (5.2.25)) then Xy ¢ 0Q.

Assume next that p # X. Since A is a closed set and since X; — Xy as j — oo,
there exists € > 0 such that B(p,2€) N A = @ and Xy, X; ¢ B(p, 2¢) for all j large enough.
Moreover, since A is the Hausdorff limit of 0€2; we have that for all j large enough B(p, €)N
0Qj = @. Hence, passing to a subsequence (and relabeling) either B(p, €) C Q; for j large
enough or B(p,e) C R" \ ﬁj for j large enough.

Assume first that B(p, €) C Q; for all jlarge enough. We consider two subcases. Assume
first that p ¢ B(X},6;(X;)/2. Then, proceeding as before, by (5.2.34) we can apply Lemma
2.1.22 and Harnack’s inequality along the constructed chain in Q; to get

(5.2.37) wi(p) ~ u; (Aj <0, Cl—zRO)) 21,

with implicit constant depending on the allowable parameters, €, |p|, Ry but independent of
J. Suppose next that p € B(X;,6;(X;)/2). In that case we can use (5.2.7), (2.2.16), and
(5.2.5) to see that for all j large enough

(5.2.38) ui(p) 2 Ip = X" 2 6,(X;*™ 2 (c2Ro)* ™",

with implicit constants which are uniform on j. Combining the two cases together we have
shown that u;(p) 2 1 uniformly on j. Letting j — oo we conclude that u.(p) 2 1 and hence
p € Q, and since we have already shown that Q. is an open set we conclude that p ¢ 9Q,
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We now tackle the second case on which B(p, €) ¢ R" \Q_j for all j large enough. In this
scenario u;(X) = 0 for all X € B(p, €). Since Xy ¢ B(p, 2¢), by uniform convergence of u;
in B(p, €/2) we have that u.(X) = 0 for X € B(p, €/2), which implies B(p, €/2) c R" \ Q.
and eventually p ¢ 0Qc.

In both cases we have shown that if p ¢ A then p ¢ Q. or, equivalently, 0Qq C Ac.
This together with the converse inclusion completes the proof of Ay = 0Q.

Our next task is to show that I', = Q. Let Z € Qo and assume first that Z = Xp. By
(5.2.15) and since X; — X as j — oo we have that Xy € B(X;,2p) C Q; for all j large
enough, thus Z = Xy € I',. On the other hand, if Z # X since u(Z) > 0 we have that
u;j(Z) > 0 for all jlarge enough. This forces as well that Z € Q; for j all large enough and
again Z € I',. With this we have shown that Q. C I's,. Moreover, since I'y, is closed we
conclude as well that Qg C Tw.

Next we look at the converse inclusion and take X € I'.. Assume that X € R" \ Q..
Thus, there is € > 0 such that B(X,2¢€) ¢ R" \ Q.. In particular B(X, 2¢€) N dQ, = @ and
B(Xp, p) N B(X, 2¢) = @ (recall that we showed that B(Xy, p) C Q). Since we have already
shown that 0Q., is the limit of 9Q;’s, for j large enough B(X, €)NdQ; = @. By the definition
of I'w, there is a sequence {Y;} C Q; so that ¥; — X as j — oo. Thus, for all j large enough
B(X, €) is a neighborhood of Y}, and, in particular, Q; N B(X, €) # @ since Y e ﬁj Besides,
since B(X, €)N0Q; = @ we conclude that B(X, €) C Q;. Using a similar argument to the one
used to obtain (5.2.37) and (5.2.38) we have (replacing p by X) that

wi(X) 2 1

independently of j and with constants that depend on the allowable parameters, e, |X|, Ry.
Since uj(X) — uw(X) we conclude that u.(X) > 0 and thus X € Q, contradicting the
assumption that X € R" \ Q.. Eventually, X € Q.. and we have obtained that ', C Q..

Since diam(£2;) — Ry is finite and 0 € 9Q;, we have Q;, Q. C B(0,2R) for j suffi-
ciently large. Hence ﬁj — Q, uniformly, and thus diam(Q..) = lim diam(Q2;) = Ry > 1.
Jj—

For later use let us remark that in the Case II scenario the fact that Q; — Q. and
0Q; — 0Q. in the HausdorfT distance sense uniformly on compact sets yields

(5.2.39) diam(Q) = diam(Qs) = lim diam(ﬁj) = lim diam(Q;) = Ry.
J—oo Jj—ooo
(5.2.40) diam(0Q) = lim diam(dQ2;) = Ry
J—)OO

Proof.[Proof of (4) in Theorem 5.2.8] Notice that Q, since 0 € dQ.,. Next we show that Q
satisfies the interior corkscrew and the Harnack chain conditions.

Interior corkscrew condition. Recall that each Q; is a uniform domain with constants
M, Cy > 1. Hence, for all g € 0Q; and r € (0, diam(0€2)) there is a point A (g, r) € Q; such
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that

(5.2.41) B (A i@, ﬁ) c B(g.nnQ,.

Let p € 0Q and 0 < r < diam(9Q). In Case II, by (5.2.40) we get that r < diam(d€2 ;)
for all j sufficiently large. In Case I, either diam(0Qs) = oo or diam(d€2) < oo, but we
still have r < diam(d<)) for all j sufficiently large (note that in the latter case diam(d€2;) /
diam(0Q)). Since 0Q; — 0L, we can find p; € dQ; converging to p. For each j there
exists Aj(pj,r/2) such that

r r r
(5.2.42) B (4, (pji),w) CB(pj,§> nQ;.
In particular we deduce that
(5.2.43)

s (D) e (50 (002) ) ) >

Note that for j large enough

r r 3r
(5.2.44) A (pj, 5) €B <Pj, 5) CB (P, Z)

Modulo passing to a subsequence (which we relabel) A ; ( pj>r/ 2) converges to some point,
which we denote by A(p, r), and for all j sufficiently large (depending on r)

(5.2.45) B (A(p, ", ﬁ) cB (Aj (pj, %) , ﬁ) c B(p.r) N Q.

The fact that ﬁj — Q.,, the first inclusion in (5.2.45), and (5.2.43) give for all j large enough
r — ) r r
(52.46) B <A(p, ", m) cOn and  dist (B (A(p, ", m) ,00 j) >

This and the fact that 6Q; — 0Q. yield that dist(B(A(p, r),r/4M), 0) > r/6M, hence
B(A(p, r),r/AM) misses 0€. Combining this with (5.2.46) and the second inclusion in
(5.2.45), we conclude that

r
5247 BQ{,,——)chmB ).
( ) (p, 1) a7 (p. 1)
Hence, Q. satisfies the interior corkscrew condition with constant 4M.

Harnack chain condition. Fix X,Y € Q. and pick gy, gy € 0Q« such that |[X — gx| =
00o(X), Y — gyl = 00(Y). Without loss of generality we may assume that 6(X) > 6(Y)
(otherwise we switch the roles of X and Y). Let us recall that every Q; satisfies the Harnack
chain condition with constants M, C; > 1. Set

XY X-r
(5248)  ©:=M (2 +log; <min{5L(X) <|sm(Y)}>> M (2 +logz <|6w<Y>|>> |
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Choose R > large enough (depending on X, Y) so that

(5.2.49) B(gx, 60(X)/2), B(X, (2C1)*®6w(X)) € B(O,R)
and
(5.2.50) B(qy,6-(Y)/2), B(Y,(2C1)*®6(Y)) € B(O,R)

Take also d = 27!'C 1_29 < 1 which also depends on X, Y. Then, by (3) in Theorem 5.2.8 we
can take j large enough (depending on R and d) so that
(5.2.51)

_ - d d
D[8Q; N B(0,R),0Q N B(O0,R)|, D[Q; N B(0,R), % N B(O,R)| < 70=(¥) < 586(X),
By (5.2.51), (5.2.49), and (5.2.50) we have that X, Y € Q;, and

SeX) _ 5105 < 3600(X)

SulY) _ 50) < 30 (Y)

(5.2.52) and s

2 2

Since Q; satisfies the Harnack chain condition with constants M, C; > 1, there exists a
collection of balls By,..., Bg (the choice of balls depend on the fixed j) connecting X to Y
in Q; and such that

(5.2.53) Cy! dist(By, 0Q)) < diam(By) < C dist(By, 0Q)),

fork=1,2,...,K where

X-Y
(5.2.54) K<M <2 + log; <min{(|3j(X) (|5j(Y)}>> =29

Combining (5.2.53) and (5.2.54), one can see that for every k = 1,2,..., K

(5.2.55) dist(By, 0Q)) > dd(X),  diam(By) < (2C1)*®6w(Y)
and
(5.2.56) dist(X, By) < 2(2C3)*96.,(X), dist(Y, By) < 2(2C3)*96.,(Y).

Given an arbitrary ¢g; € 0Q; \ B(0,R), by (5.2.49), (5.2.55), and (5.2.56) it follows that

(5.2.57) (2C1)*®6(X) < Ig; — X| < dist(g;, By) + diam(By) + dist(X, By)
< dist(g}, B) + 3(2C1)*®60(X).

Hiding the last term, using that ® > 2 and taking the infimum over the g; as above we
conclude that

(5.2.58) 4C1(2C1H*65(X) < dist(By, 0Q; \ B(0,R)).

107



On the other hand, by (5.2.53) and (5.2.55)
dist(Bg, Q) < Cy diam(By) < C1(2C1)*®6(Y) < C1(2C1)*060(X),

which eventually leads to dist(By, 0Q ;) = dist(By, ;N B(0, R)). Analogously, replacing g,
by g € 0Qw \ B(0,R) in (5.2.57) we can easily obtain that (5.2.58) also holds for Q:

(5.2.59) 4C1(2C1)*06.(X) < dist(By, Q. \ B(0, R)).
But, (5.2.56) yields
dist(By, 0Qc0) < S0o(X) + dist(X, By) < 6oo(X) + 2(2CT)*°60(Y) < 3(2C3)*O65,0(Y),

which eventually leads to dist(By, 0Q) = dist(By, 0Q2- N B(0, R)). Using all these, (5.2.51),
the triangular inequality and (5.2.51) we can obtain

| dist(By, 0Q;) — dist(Bk, Q)| = | dist(Bx, 8Q; N B(0, R)) — dist(By, 0Qe N B(0, R))|

_ 1
< D[6Q; N B(0,R), Q4 N B(O,R)] < g&w(X) <3 dist(By, Q)).
Thus,
2
(5.2.60) 3 dist(By, Q) < dist(Bg, 0Q;) < 2 dist(By, 0Qw).

and moreover By N Qs = . Note that the latter happens for all k = 1, ..., K. Recall also
that X € B; N Q. and that By N By, 1 # @. Consequently, we necessarily have that By, C Q.
forall k =1,..., K. Furthermore, (5.2.60) and (5.2.53) give

(5.2.61) %cl—l dist(By, 0Qs) < diam(By) < 2C; dist(Bg, 0Qc).

To summarize, we have found a chain of balls By, ..., Bk, all contained in Q,, which verify
(5.2.61), and connect X to Y. Also, K satisfies (5.2.54) with ® given in (5.2.48). Therefore
Q. satisfies the Harnack chain condition with constants 2M and 2C;. This completes the
proof of (4) in Theorem 5.2.8.

Proof.[Proof of (5) in Theorem 5.2.8] We first recall that for every j, o; = 7‘(n_1|agj is
an Ahlfors regular measure with constant C4 and hence spto; = 0Q;. In particular the
sequence {0 ;} satisfies conditions (i) and (ii) of Lemma 2.3.5.

On the other hand, the fact that 9€; is Ahlfors regular easily yields, via a standard
covering argument, that H"~1(0Q j) < 21 C 4p diam(Q )" Hence, using again that 9Q; is
Ahlfors regular we conclude that for every R > 0

sup (B(0, R)) = sup H"~'(0Q; N B(O,R)) < 2"~'CarR"™".
j J
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Therefore modulo passing to a subsequence (which we relabel), there exists a Radon mea-
sure fo such that o; — pe, as j — oo. Using Lemma 2.3.5, 0Q; = spto; — sptue as
j — oo in the Hausdorft distance sense uniformly on compact sets. This and (3) in Theorem
5.2.8 lead to spt tieo = 0Qco.

To show that u., is Ahlfors regular take g € 0Q. Let g; € 0Q; be such that g; — ¢
as j — oo. For any r > 0, using [Ma, Theorem 1.24] and that o; is Ahlfors regular with
constant C 4 we conclude that

(5.2.62) Ueo(B(g, 1) < liminf o (B(g, r)) < liminf o j(B(q;, 2r)) < 2" Carr"™".
]—)oo ]—)oo

On the other hand, let 0 < r < diam(0Q2). In Case I, by (5.2.40) we get that r < diam(9€2)
for all j sufficiently large. In Case I, either diam(0Qs) = oo or diam(0€2) < oo, but we
still have r < diam(d<)) for all j sufficiently large. Hence, using again [Ma, Theorem 1.24]
and that o is Ahlfors regular with constant C4g we obtain

(5.2.63) peo(B(q, 1) 2 fheo (W) 2 limsupo; (@)

]—)00
> limsup gj (B (qj, 2)) > 4‘("-1)C];lrn—1‘

J—)OO

These estimates guarantee that ., is Ahlfors regular with constant 22*~DC4z. Moreover by
[Ma, Theorem 6.9],

(5.2.64) 272D ko < H™ Mo, < 22V Cyppteo.

and consequently Q. is Ahlfors regular with constant 2>~V C% .. This completes the proof
of (5) and hence that of Theorem 5.2.8.

5.2.2 Convergence of elliptic matrices

Our next goal is to show that there exists a constant coefficient real symmetric elliptic matrix

A* with ellipticity constants 0 < 4 < A < oo (i.e., satisfying (E)) so that for any 0 < R <
diam(0Q) and for any 1 < p < oo.

(5.2.65) / |A(Z) - APdZ — 0, as j — oo,
BO.RNQ;

Fix Zy € Q and set By = B(Zy,30.(Zp)/8). Since 0Q2; — 0 and ﬁj — Q. as
J — oo, for all sufficiently large j, we can see that Z, € Q;,

(5.2.66) %500(20) <6i(Zy) < 2600(20),
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and

(5.2.67) By C B (zo, 51'(Z°)> >

> C §BO cQ; forall .

All these, Poincaré’s inequality, and (5.0.7) yield

(268 | 17,2) ~ (AnldZ < 6(Zo) { VA2

<

~

][ |Vﬂj|5j(Z)dZ < C(Qj,ﬂj) < €.
B(Z0.6/(Z0)/2)

Remark 5.2.69. We note that if we state the Main Theorem using the oscillation assumption
(5.0.10), we can easily conclude the same estimate:

[(A(Z) — (Aj)pldZ < ][ ANZ) = (A Bzo.620)/2)lAZ < 08c(Q)j, Aj) < €.
B(Zy.,6(Z0)/2)

From here the proof continues the same way.

Note that all the matrices A; are uniformly elliptic and bounded with the same con-
stants 0 < 4 < A < oo (i.e., all of them satisfy (£)), and in particular {(A;)p,}; is a
bounded sequence of constant real matrices. Hence, passing to a subsequence and relabel-
ing (A;)p, converges to some constant elliptic matrix, denoted by A*(By). Combining this
with (5.2.68), the dominated convergence theorem yields

(5.2.70) ][ |ﬂj(Z) —A(B)dZ -0 asj— oo,
By

that is, A; converges in L'(By) to a constant elliptic matrix A*(By). Moreover, passing to
a further subsequence an relabeling A; — A*(By) almost everywhere in By. In particular,
A*(By) is a real symmetric elliptic matrix constants 0 < 4 < A < oo (i.e., it satisfies (E)).
It is important to highlight that all the previous subsequences and relabeling only depends
on the choice of Zy € Q. In any case, since A*(By) is a constant coeflicient matrix we set
A = A*(By).

Let us pick a countable collection of points {Z;} C Q. so that Q. = U;B; with
By = B(Z;,30(Z;)/8). We can repeat the previous argument with any Z; and define
A*(By), a constant real symmetric elliptic matrix satisfying (E) so that for some subse-
quence depending on k, we obtain that A; — A*(By) in L'(By) and a.e in By as j — co. In
particular, A*(By,) = A*(Bx,) a.e. in By, N By, (in case it is non-empty). Note that Q, is
path connected (since it satisfies the Harnack chain condition), hence for any k we can find
a path joining Z; and Zjy and cover this path with a finite collection of the previous balls to
easily see that A*(By) = A" = A*(By). Moreover, using a diagonalization argument, we
can show that there exists a subsequence, which we relabel, so that for all k, we have that
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Aj > A in Ll(Bk) and a.e in By as j — co. From this, and since the matrices concerned
are all uniformly bounded, one can prove that for any 1 < p < oo and for all Z € Q,

(5.2.71) | A(Y) = ANPdY -0 as j— oo,
Bz
where By = B(Z,5(Z)/2).

We are now ready to start proving our claim (5.2.65). Recalling that ﬁj — Qu, 0Q i
0Q uniformly in B(0, R) in the sense of Hausdorff distance, and that 6Q2;, 9Q2, have zero
Lebesgue measure since they are Ahlfors regular sets, one can see that

(52.72)  B(O,R) N (QjAQ) € BO,R) N ((QjA0«) U (Q) N Q) U (Qu N OQ;))

and hence the Lebesgue measure of the set on the left hand side tends to zero as j — oo.
This and the fact that || A ||co, A [l < A give

(5.2.73) \A(Z) - APdZ — 0, as j — co.

/B(O,R)n(gz i AQ0)

On the other hand, let o > 0 be arbitrarily small and let € = €(¢) > 0 be a small constant
to be determined later. Set

QS = BO,R)N{Z € Qo : 60(Z) <€} and Q% := BO,R) N{Z € Qs : 600(Z) > €}.

Using the notation A(g,r) := B(g,r) N 0Q with g € 0Q. and r > 0, Vitali’s covering
lemma allows us to find a finite collection of balls B(g;, €) with ¢; € A(0, R + €), such that

(5.2.74) Qf! c| B 5e).

1

Calling the number of balls L; we get the following estimate

(5.2.75)
L ) 0w (M1 ©) = 0o ( U e)) < 0w (A(O,R +26)) S (R+26)",

where we have used that 9Q, is Ahlfors regular and also that A(g;, €) € A(0, R + 2¢) since
qi € A0, R + €). If we assume that 0 < € < R we conclude that L; < (R/ €)"~! and moreover
by (5.2.74) we conclude that |QS!| < € (here the implicit constant depend on R). This and
A il A |leo < A give at once that for every j

(5.2.76) / \ANZ) - A'PdZ < APe < 2,
Q&' N0, 2

provided e is taken small enough which is fixed from now on.
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On the other hand, note that QS;Z is compact, hence we can find Z;,...,7Z;, € Q—ioz SO
that Q&2 ¢ Ulel Bz, where L, depends on € and R which have been fixed already. Hence,
by (5.2.71)

/ Iﬂ](Z) AVdZ < Z/ \ANZ) — AfPAZ — 0, as j— oo.
In particular, we can find an integer jo = jo(R, €) such that
(5.2.77) / |\AZ) - ANPdZ < g, for any j > jp.
QLNQ; 2
Combining (5.2.76) and (5.2.77), we conclude that

(5.2.78) \Aj(Z) - A*PdZ < o, forany j> jo.

/B(O,R)n((z iNQeo )
This combined with (5.2.73) proves the claim (5.2.65).

5.2.3 Convergence of operator

Theorem 5.2.79. The function us solves the Dirichlet problem

—div(A*Vu) =0 in Qe,
(5.2.80) Uoo >0 in Qo,
U =0 o0n 0Q,

in Case I, and solves the Dirichlet problem

—div(A Vu) = 01xy) i Qco,
(5.2.81) Uo >0 in Qu,
Uo =0 0on 0Q,

in Case Il. Hence, u. is a Green function in Q. for a constant-coefficient elliptic operator
Lo = — div(A*V) with pole at oo in Case I or at X, € Q. inCase I1I.

Proof. Let ¢ € C°(Qo). Since ﬁj — Q. and 0Q; — 0Q, it follows that ¢ € C°(Q2;) for
j sufficiently large. In Case I, using (5.2.4) and (??) we have
(5.2.82)

/ (A;Vuj, Vy)dZ = VX))
Q;

/ (ANG(Xj, ), V)dZ = ————
W} (B0, 1))

’(B(O D)

as j — oo since X; — oo by (5.2.3). Analogously, in Case II, by (5.2.7) and (??) we obtain

(5.2.83) /Q (AVu;, Vy)dZ = /Q (ANG (X, ), VW)dZ = y(X;j) = W(Xo).
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as j — oo since X; — Xo.

Suppose next that sptyy C B(0, R). Let r = 2 for Case I, and pick r € [1,n/(n — 1)) for
Case II. By (1) in Theorem 5.2.8 in Case I and (iii) in Remark 5.2.22 in Case II it follows
that Vu; — Vu, in L"(B(0, R)). On the other hand,

(5.2.84) /(ﬂjVuj,Vtﬁ)dZ—/ (A Vue, Vi)dZ
Q; Qu

< IVl < / \A; - ﬂ*V’dZ) ( / |Vu,~|’>
Q;NB(O,R) Q;NB(O,R)

/ (AVu;, ViydZ — / (A Viteo, V)dZ
Q;NB(0,R) Q.NB(O,R)

1

1
r r

+

Using (5.2.14) in Case I or (5.2.26) in Case II, and (5.2.65) with p = 7/, the term in the
second line of (5.2.84) tends to zero as j — oo. Concerning the last term, since A" is
a constant-coefficient matrix, it follows that A*Vu; — A*Vu,, in L"(B(0,R)). Moreover
ﬁj ={u; >0} - Qo = {Ueo > 0} On compact sets in the sense of Hausdorff distance, thus

lim / (AVu;, V) = / (A Ve, Vi).

Jj—ooo Qj Qo

Combining these with (5.2.82)—(5.2.84) we eventually conclude that

(5.2.85) / AVue - Vi =0 forall y € C(Qoo)
Qo

in Case I, i.e., — div(A*Vu,) = 0in Q; and in Case II,

(5.2.86) / A Vitgo - Vb = Y(Xo)  for all Y € C(Quo),
Qo

ie., = div(A Vi) = 6ix,) in Qo

5.2.4 Analytic properties of the limiting domains

As mentioned in Section 5.2, in order to apply Theorem 5.0.1 we need to study the elliptic
measures of the limiting domain with finite poles. In this section we construct these mea-
sures by a limiting procedure which is compatible with the procedure used to produce the
limiting domain Q.

Theorem 5.2.87. Under Assumptions (a), (b), (c), and using the notation from Theorems
5~.2.8 and 5.2.79, the elli;itic measure Wy, € Ax(0) (see Definition 2.1.14) with constants
Co= C2Cﬁ28("—1)9 and 0 = 0, here C5 is the constant in Remark 2.2.29.
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Proof. Our goal is to show that the elliptic measures of L, with finite poles can be recovered
as a limit of the elliptic measures of L; = —div(A;(Z)V), and the A, property of elliptic
measures is preserved when passing to a limit.

To set the stage we start with 0 < f € Lip(0€Q) with compact support. Let Ry > 0 be
large enough so that spt f ¢ B(0,Rp/2). We are going to take a particular solution to the
following Dirichlet problem

(5.2.88) {lmvza in Qu

v=f, on 0Q,

In Case II, where the domain €, is bounded, the Dirichlet problem (5.2.88) has a
unique solution satisfying the maximum principle, then we let v, be that unique solution.

In Case I, where Q, is unbounded, we follow the construction in [HM1, Section 3]
using Perron’s method (the construction is done the Laplacian but holds for any constant co-
efficient operator, for the general case see also [HMT2]). We denote the solution constructed
there by

Vol Z) = / fl@dwf _(g).
0Q0

For later use we need to sketch how it is constructed. For every R > 4R define fg = fn(-/R),
where 7 € C°(B(0,2R) verifies 0 < < 1,7 = 1 for |Z] < 1. Let vg be the unique solution to
Lovg = 0in the bounded open set Qr = Q. N B(0, 2R) with boundary value fg. Then one
shows that vg — Vo, uniformly on compacta as R — oo, and also that v, € C(Q.) satisfies
the maximum principle 0 < maxg_ Ve < maxgq_, f-

Once the solution v, is defined we observe that since Q. is Ahlfors regular we can use
the Jonsson-Wallin trace/extension theory [JWo] to extend f (abusing the notation we call
the extension f) so that 0 < f € C.(R") N W'2(R") with spt f ¢ B(0, Ry). For every j we let
hj € Wé’z(Q ;) be the unique Lax-Milgram solution to the problem L;h; = L;f. Initially, h;
is only defined in Q; but we can clearly extend it by O outside so that the resulting function,
which we call again £, belongs to WUL2(R™). If we next set v i=f-h;je W12(R") we obtain
that L;v; = 0in Q; and indeed

(5.2.89) MD=/ fdo?, ZeQ;
0Q;

see [HMT?2]. Here a)JZ. is the elliptic measure of L; in Q; with pole Z and, as observed above,

the fact that 0Q; is Ahlfors regular implies in particular that v; € C(ﬁj) with vjlag, = f.
Note also that v; = f € C(R") on R" \ Q;, hence v; € C(R"). Moreover, by the maximum
principle

(5.2.90) 0 <supv; <|Ifllz=@Q) < Ifllze@m,

J

thus the sequence {v;} is uniformly bounded.

114



Our next goal is to show that {v;} is equicontinuous. Given an arbitrary o > 0 let
O<y< % to be chosen. Since f € C.(R"), it is uniformly continuous, hence letting y small
enough (depending on f) we can guarantee that

(5.2.91) IF(X) - F(Y)] < %, provided X — Y| < y#

Our first claim is that if y is small enough depending on n, Cag, A/A, and || f]|z=®n),
there holds

(5.2.92) Vi (X) = vi(Y)] < g, VX €Q), YeaQ;, IX-Y| < ¥

To see this we recall that 6Q2; is Ahlfors regular with a uniform constant (independent of j),
it satisfies the CDC with a uniform constant and [HKM, Theorem 6.18] (see also [HMT2])
yields that for some 8 > 0 and C depending on n, C4g, and A/A, but independent of j
(indeed this is the same S as in Lemma 2.2.19), the following estimate holds:

Y
os¢  v; < osc f+ C||f||Lm(Rn)nB <=,
B(Y;,\W)NQ; B(Y;,y')NaQ; 2

where in the last estimate we have used (5.2.91) and y has been chosen small enough so that
Cliflie@nP < o/4.
We now fix X, Y € R” so that |[X — Y| < y and consider several cases.
Case 1: X, Y € Q; with max{6;(X),6;(Y)} < /y/2.
In this case, we take X € 0Q; so that [X — & = ¢;(X). Note that [Y — x| < +fy and we can
use (5.2.92) to obtain
vi(X) = v < vi(X) = vl + v (%) = vi(Y)] < p.

Case 2: X, Y € Q; with max{6;(X),5;(Y)} > +fy/2.

Assuming without loss of generality that 6 ;(X) > +/y/2, necessarily Y € B(X,6;(X)/2) C
Q;. Then, by the interior Holder regularity of v; in Q; (here a and C depend only on A/A
and are independent of j) we conclude that

X - v
5,(X)

a
vi(X) —viI <C < > ||Vj||LN(Qj) < C2a7%||f||L°°(R") <o,

provided o is taken small enough (again independently of j).
Case3: X, Y ¢ Q;.
Here we just need to use (5.2.91) and the fact that v; = fon R" \ Q;:

vi(X) = v;(¥)| = 1f(X) = fFV)] <p.

Cased: X € Q;and Y ¢ Q;.
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Pick Z € 0Q; in the line segment joining X and Y (if ¥ € 0Q2; we just take Z = Y) so that
X —Z|,|Y = Z] < |X = Y| < y. Using (5.2.92), the fact that v; = f on R" \ Q;, and (5.2.91)
we obtain

vi(X) = v;(V)| < vj(X) = v D] + vi(Z) = vi(¥)] < g +f@D) - fV)I <o

If we now put all the cases together we have shown that, as desired, {v;} is equicontinu-
ous.

On the other hand, recalling that i; € Wé’z(Q ;) satisfies L;h; = L;f in the weak sense
in Q; and that f € WL2(R") we see that

AVA2q, < / (A;jVh;,Vhj)dX = / AV VhjpdX < AVl IVRjllag))-
Q; ;

J

We next absorb the last term, use that v; = f — h; and that &; has been extended as 0 outside
of Q;:

IVVillzzgny < IV All2@ny + IVAjll2@ey = IV fll2@ey + 1IVAjlI2Q;) < (1 + AJDIV fll 2@y
This along with (5.2.90) yield

(5.2.93) sup Vv ll 2y < (1+ AJDIV 2. and sup villz2s.k) < Cr-
J J

We notice that all these estimates hold for the whole sequence and therefore, so it does for

any subsequence.

Let us now fix an arbitrary subsequence {v; }x. By (5.2.93) there are a further subse-
quence and v € C(R") N WIL’CZ(R”) with Vv € L2(R"), such that v iy, =V uniformly on
compact sets of R” (hence v > 0) and Vv oy = Vv in L2(R") as | — oo. Here it is important

to emphasize that the choice of the subsequence may depend on the boundary data f and the
fixed subsequence, and the same happens with v , and this could be problematic, later we
will see that this is not the case.

To proceed we next see that v agrees with f in dQ. Given p € 0Q., there exist
pj, € 0Q iy with p ji, — D as | — oo. Using the continuity of v and f at p, the uniform
convergence of vj, to von B(p, 1) and the fact that v; = f on 9Q;, , we have

v(p) = (Pl < W(p) = v(pji)l + V(pji,) = v, (Pji )l + 1 f(pji,) = F(P)I
<) =vpi I+ v =vj @) + 1 (Pj,) — f(P)l = 0, asi— oo,
thus v(p) = f(p) as desired.

Next, we claim the function v solves the Dirichlet problem (5.2.88). We know that
v € C(R") with v = f in 0Q. Hence, we only need to show that L.,v = 0 in Q. To this
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aim, let us take ¢ € C g (Qs) and let R > 0 be large enough so that sptyy ¢ B(0, R). Since
ﬁj — Q. for all / large enough we have that ¢ € C}(Q ji,) in which case

(5.2.94) / (A, Vv, VY)dZ = 0,
Rn

since Lj, v, = 01in Q; in the weak sense. Then, by (5.2.93) and the fact that spty C
Qo NQj N BO,R),

(A, Vtﬁ)dZ‘ = ‘/ (ﬂjkvvjk,’V!ﬁ)dZ—/ (A, VyndZ
Rn .ij Qe

1

2

< (1 + A/DNV Al 2 VO L </ A, — ﬂ*|2d2>
Q

iNB(O,R)

+

/ (ﬂ*ijk],deZ - / (A" Vv, Vglf)dZ‘ — 0, asl— oo,
R R

where we have used (5.2.65) with p = 2 for the term in the second line, and the fact that
since A* is a constant-coefficient matrix, it follows that A*Vvy By = AV in L2(R") as
[ — oo, This eventually shows that Lo,v = 0 in Q.

In Case II when the domain €, is bounded, the Dirichlet problem (5.2.88) has a unique
solution, and it satisfies the maximum principle, hence we must have that v = v.,. Therefore,
we have shown that given any subsequence {v;, }; there is a further subsequence {v iy }; so that
Vi, = Veo uniformly on compact sets of R” and Vv iy = Ve 1n LZ(R”) as [ — oo. This
eventually shows that entire sequence {v;} satisfies v; — v, uniformly on compact sets of
R™ and Vv; — Vve, in L2(R") as j — oo.

In Case I where the limiting domain €, is unbounded, we need more work to show
the solution v is indeed v,. Recall that f € C.(R") with spt f c B(0, Ry). Given € > 0,
there is an integer jo = jo(€, Rg) € N such that for j > jy, the Hausdorft distance between
0Q; N B(0,4Ry) and dQ N B(0,4Ry) is small enough so that for any p} € 0Q;N B(0,4Ry),
there is p’ € 0Q« close enough to p’; so that |f(p”) — f(p))I < €. Consequently,

(5.2.95) sup |f] = sup Ifl < sup |fl+€=sup|f|+e
0Q; 9Q;NB(0.4Ro) 9QeNB(0,4R0) 9o

For any Z € Q. there exists a sequence Z; € Q; such that Z; — Z and Z; € B(Z,6(Z)/2)
for all j large enough. Since v € C(R") it follows that for j large enough [v(Z) — v(Z))| < e.
All these together with (5.2.90) and the fact that v;, — v uniformly on compact sets of R"
as [ — oo give that for all / large enough
(5.2.96)

0<v(2) < vZ2) - v(ij])I + |v(ijl) - ij,(ij,)| + |ij,(ij,)| < 2e+sup|f] < 3e+suplfl,

00, 0%

Letting € — 0 we get 0 < supg_ v < supyq_ |f1-
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Let us recall that Qp = Qo N B(0,2R) C Q. Since v € C(R") with v|pq,, = f, and
since spt f C B(0, Ry), for every R > 4Ry we have that frlsa,, = f1n(-/R) < vlsq,,. Hence the
maximum principle implies that vg < v in Qpg, and taking limits we conclude that vo, < v
on Q.. Write 0 <V = v — vp, € C(Qo) so that L,y = 0 in Q,, and V|yo_ = 0. For any
Z € Q, since Q is a uniform domain with Ahlfors regular boundary, by Lemma 2.2.19

for any 6,,(Z) < R’ < diam(9Q,) = oo (see (3) in Theorem 5.2.8)

_ 5@\
(5.2.97) 0<v(2) < < R(’ )> supv <2
Qo

50(2)\
(%7) s

Letting R’ — oo we conclude that v(Z) = 0 and hence v = v,,. Therefore, we have shown that
given a subsequence {v;, J; there is a further subsequence {v ity }; so that v ji, = Voo uniformly
on compact sets of R” and Vv iy = VVeo in L?(R") as | — oo. This eventually shows that
entire sequence {v;} satisfies v; — v uniformly on compact sets of R" and Vv; — Vv, in
L*(R") as j — oo.

Hence, in both Case I and Case 11, if 0 < f € Lip(0Q) has compact support then

(5.2.98) lim
]—)

[(@dw?(q) = lim v/(Z) = veo(Z) = / f@dw (),
© Jo0; Joe 000

for any Z € Q.. A standard approximation argument and splitting each function on its
positive and negative parts lead to shows that (5.2.98) holds for all f € C.(R"), hence
z VA

w§ = Wy as Radon measures for any Z € Q.

Our next goal is to see that wy_ € Aw(0w) (Where oo = W"‘llagm). Fix p € 0Q
and 0 < r < diam(0Q). Recall that whether diam(0€) is finite or infinite, we always
have r < diam(Q;) for all j sufficiently large. Let A" = B(m, s) N 0Qs with m € 0Q., and
B(m, s) C B(p,r) N 0Q. Let A(p,r) € Qq be a corkscrew point relative to A(p, r) (whose
existence is guaranteed by (4) in Theorem 5.2.8). We can then find p; € 9Q; such that
p;j — p- Thus, for all j large enough B(p,r) C B(p;,2r) and 6 ;(A(p,r)) > r/(2M). Hence,
A(p, r) is also a corkscrew point relative to B(p;,2r) N 0Q; in Q; with constant 4M. Since
m € 0L, we can also find m; € 0Q; such that m; — m. In particular, for j sufficiently large

(5.2.99) Im;; — m| < g
Note also that since all the Q;’s are uniform and satisfy the CDC with the same constants,
and all the operators L;’s have ellipticity constants bounded below and above by A4 and A,
we can conclude from Remark 2.2.29 that there is a uniform constant C, depending on
M,Cy,Cag > 1, A > A > 1 so that (2.2.30) holds for all w; with the appropriate changes.
Using this and [Ma, Theorem 1.24] we obtain

4 4
(5.2.100) w‘zg”r)(A(m, s5)) > w’zip’r) (B <m, §S>> > lim sup w’;-\(p’r) (B <m, gs>>

]—)00
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3 6
> lim sup a)‘?(p’r) <B <mj, §S>> > C5' lim sup w’?(p’r) <B <mj, §s>> ,
Jj—ooo j—oo

where we have used that 6 ;(A(p,r)) > r/(2M) > %s/(ZM).
Let V be an arbitrary open set in B(m, s), and note that by (5.2.99)

6
V cB(@n,s)CB <mj, §s> .
Using again [Ma, Theorem 1.24], we see that (5.2.100) yields

W) liminf ;_ee & P"(V)
A(p,r) = =270 Ap.r) 3
wy 7 (A(m, 5)) limsup; ., ;""" (B (mj, ¢s))

J
wA(P»r)(V)
< G, liminf J )
e (u;‘“*” (8 (m; §s>>>

(5.2.101)

The assumption B(m, s) C B(p,r) implies |m — p| < r — 5. Using this and that m; — m,
pj — pas j — oo one can easily see that [m; — p;| < r — 5 for all jlarge enough and hence

6
(5.2.102) B (mj,§s> ﬂanCB(pj,zr)ﬁan.

As mentioned above A(p,r) is a corkscrew point relative to B(pj,2r) N 0Q2; in Q;. This,
(5.2.102) and the fact that by assumption, w; € Ac(c ;) with uniform constants C, 6 allow
us to conclude that

A(p,r) 0 0
w; (V) ai(V) ai(V)
5.2.103 J <Co| —L—— <y <J—> )
( ) w‘}l(p’r) (B (mj,gs)) 0 <0'j (B (mp%s))) OFAR \ “gn-1

where in the last estimate we have used that €Q; is Ahlfors regular with constants Cyg.
Combining (5.2.101), (5.2.103), the fact that o; — pe, [Ma, Theorem 1.24], and (5) in
Theorem 5.2.8, we finally arrive at

A(p.r) 0
w Vv (V
o D eyt (lir_n inf ‘Tfn(_l)>
wp LA, ) je s

- [} - [}
Heo(V) 40 ~8(n-1)0 T(V)
<CoChr [ 22} < CpCi0n8in-bo (__—07 7 )
0 AR< 51 ) OTAR To(A(m, 5))

and therefore we have shown that for any open set V C B(m, s) there holds

A(p.r) - 0
wr, (V) 40 ~8(n-1)0 Tx(V)
(5.2.104) Lo T < CoCag280De (T T )
3P Am, sy Too(Am, 5))
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Consider next an arbitrary Borel set E C B(m, s). Since 0 and w‘zfop ") are Borel regular,

given any € > 0 there is an open set U and a compact set F so that F ¢ E Cc U C B(m, s)
and wéip’r)(U \ F) + 0(U \ F) < €. Note that for any x € F, there is r, > 0 such that
B(x,2r,) c U. Using that F' is compact we can then show there exists a finite collection of
points {x;}’, C F such that F' C U':il B(x;,r;)) =: Vand B(x;,2r;)) c U fori = 1,...,m.
Consequently, F C VCcV c Uand 0o(V\ F) < 0(U \ F) < €. We next use (5.2.104)
with V to see that

w; P(E) e+ P(F) e+ w}P(V)
WP (A, ) T WP (Am, ) T WP (A, 5)
- 0
€ _ (V)
< - - 4 C C4€ 28(n 1)6 < >
WP A, sy F Tl A, 5))
0
S —Xom SIYo Moy /A Al <70°°(E) e ) :
wme “(A(m, 5)) O o(A(m, 5))

Letting € — 0 we obtain as desired that w;_, € As(0«) With constants COCfSQS(”‘I)B and 6
and the proof is complete.

5.3 Proof of Theorem 5.0.6

Applying Theorem 5.2.8, we obtain that Q. is a uniform domain with constants 4M and
2Cy, whose boundary is Ahlfors regular with constant 2"~DC3,. Moreover, Theorem
5.2.87 gives that w; € As(0«) With constants 50 = Cng%28(”‘1)9 and @ = 6. Here
Lo = —div(A*V) with A* a constant-coefficient real symmetric uniformly elliptic ma-
trix with ellipticity constants 0 < 4 < A < oo (i.e., satisfying (£)). We can then in-
voke Theorem 5.0.1, to see that Q. satisfies the exterior corkscrew condition with con-
stant Ng = No(4M,2C,, 25D C3 5, A/ A, CoC2C45280"18 6y (see Remark 5.0.5). There-
fore, since 0 € 9Qe, 0 < 1 < diam(dQc) (recall that diam(dQs) = oo in Case I, and

2
diam(9Q) = diam(Qs) = Ry > 1) there exists Ag = A7(0, %) so that

1 1y —
5.3.1 B Ay, — B(0,= |\ Q.
s3 (t0-335) <2 (0:3)1
Hence
(5.3.2) dist (B A L R\ Qo > L
" 4N, )’ * ) = 4Ny’

Since ﬁj — Q. in the sense of Hausdorff distance, it follows that for all j large enough

(5.3.3) B <A0, 4—11\]0> CB <0, %) \Q; c B0, 1)\ Q;
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Hence for all j large enough Ay is a corkscrew point relative to B(0, 1) N 92 for R" \ ﬁj
with constant 4Ny. This contradicts our assumption that Q; has no exterior corkscrew point
with constant N = 4N for the surface ball B(0, 1) N JQ2; and the proof is complete.
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Chapter 6

w] € Ax(0) and PDE solvability for
sets of higher co-dimensions

We first define BMO-solvability in the case of higher co-dimensions:

Definition 6.0.1. We say that the Dirichlet problem (D) is solvable in BMO if for any
continuous boundary function f € Cg(éQ), the solution u to (D) given by (1.1.3) satisfies
a condition that |Vu|*6(X)?™"*? dX is a Carleson measure with norm bounded by a constant
multiple of || 13,0, that is,

1
602) sup —— // VP50 dX < CllfByro-
Acoq O(D) S/ 1)

Remark 6.0.3. We remark that this definition is almost identical to that of co-dimension one,
see Definition 2.1.19. They only differ in two places

o In the case of higher co-dimensions, we often study unbounded boundary sets I'. In
that case we consider boundary function f € Cg(F), that is, f is continuous and
compactly supported in I'.

e Here the correct scaling for the Carleson measure given by the solution is
IVul?6(X)?"*? dX. Note that when d = n — 1 is of co-dimension one, the scaling is
exactly |Vul?6(X).

We will first prove Theorem 1.3.13, i.e. the § < N estimate, in Section 6.1, then
prove the two directions of Theorem 1.3.15 in Section 6.2. We recall that in the case of
co-dimension one, the § < N estimate is achieved by a certain good-A inequality and a local
argument using the harmonic/elliptic measure of the sawtooth domains. Sawtooth domains
are Carleson boxes/tents over a surface ball, and they inherit the geometric assumptions (in
this case, the assumptions are uniform domain and Ahlfors regular boundary) of the original
domain. In working with low-dimensional boundary sets, the Carleson box would consist
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of d-dimensional boundary piece, and (n — 1)-dimensional piece in €, see the construction
in Section 6.1. At the moment we can not make sense of harmonic/elliptic measure for
domains of mixed dimensions, so we need a different argument.

The following notations will be used throughout this chapter. For any ¢ € I" and @ > 0,
we define the non-tangential cone I'*(g) with vertex g and aperture « as

(6.0.4) @) ={XeQ:|X-ql<+a)dX)},

and a truncated cone as
I'Y(g) =T%(g) N B(g, 1)

When there is no confusion we drop the super-index @ and simply denote them by I'(g) and
I',(q), respectively. We define the non-tangential square function

(6.0.5) Su(g) = < // |Vu|26(X)1_ddm(X)>2
'

and the truncated square function

(6.0.6) S u(g) = ( // |vu|25(X)1—ddm(X)> :
r'(Q)

We also define the non-tangential maximal function and its truncated analogue

(6.0.7) Nu(g) = sup [u(X)|, Nu(g) = sup |u(X).
Xel'(g) Xel'v(q)

Given apertures 0 < @ < @) < B, for simplicity we denote Su,S’u as the square function
on non-tangential cones of aperture «, a, respectively, and denote Nu the non-tangential
maximal function of aperture (.

6.1 Bound of the square function by the non-tangential maximal
function

The goal of this section is to prove Theorem 1.3.13. It suffices to prove (1.3.14) for non-
negative harmonic functions u, because otherwise, we just split # = u;, — u_ and use the
linearity of L and the triangle inequality. Before starting to prove the theorem we need to
recall some notation and preliminary results.

Lemma 6.1.1 (dyadic cubes for Ahlfors regular set, [DS1, DS2, Ch]). Let I' c R" be a d-
Ahlfors regular set. Then there exist constants ag, A1,y > 0, depending only on d,n and C,
such that for each k € Z, there is a collection of Borel sets (“dyadic cubes”)

Dy :={QfcT:je 7,

where _#i denotes some index set depending on k, satisfying the following properties.
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(i) T = Uje‘/k Qljffor each k € Z.
(i) If m > k then either Q7' C Q’;. or QN Q';. =0@.
(iii) For each pair (j,k) and each m < k, there is a unique i € _¢,, such that Qlj‘. c Q.
(iv) diam Q% < A;27%.
(v) Each Qlj‘. contains some surface ball A(x’]‘. ,a027%) = B(xlj‘., a2 NT.
(vi) H? ({q € Q’j‘- s dist(q, T\ Q];) §p2_k}> < Alpy‘Hd(Q];), for all (j, k) and all p €
(0, ap).

We shall denote by D = D(T') the collection of all relevant O, i.e.

ID)=UID>k.
k

Remark 6.1.2. 1) For a dyadic cube Q € D, we let k(Q) denote the “dyadic generation” to
which Q belongs, i.e. we set k(Q) = k if Q € D;. We also set its “length” £(Q) = 2-KQ),
Thus £(Q) = 2749 ~ diam Q.

ii) Properties (iv) and (v) imply that for each cube Q € DD, there is a point xp € I" such that
(613) A(XQ, FQ) C Q C A(XQ, CQI’Q),
where rg = ao27M9 ~ diam Q and C5 = A /ay.

Now we define sawtooth domains following the definitions of Hofmann and Martell,
see for example [HM1], [HMM] and [HMT1]. Since Q is an open set, it has a Whitney
decomposition, that is, a collection of closed “Whitney” boxes in €, denoted by W =
W(Q), which form a covering of Q with pairwise non-overlapping interiors and satisfy

(6.1.4) 4diam [ < dist(41,0Q) < dist(/,0Q) < 40diam I, forany [/ € W,
and also

1
(6.1.5) 1 diam /; < diam/l, < 4diam [,

whenever I} and I, in ‘W touch. (See [St2] for reference.) Let X; denote the center of I and
£(I) the side length of I, then diam I ~ €£(I). We also write k(I) = k if £(I) = 27k,

Let D be a collection of dyadic cubes for the Ahlfors regular set I', as in Lemma 6.1.1.
For any dyadic cube Q € D, pick two parameters 7 < 1 and K > 1, and define

(6.1.6) W =l e W: nil(Q) < &I) < K2€(Q), dist(I, Q) < K2{(Q)).

124



Let Xo denote a corkscrew point for the surface ball A(xg,rg/2). We can guarantee that
Xpisinsome [ € (W% provided we choose i small enough and K large enough. For each
le ‘W%, by Lemma 2.4.3 and the discussions after that, there is a Harnack chain connecting
X; to X, we call it H;. By the definition of "W?2 we may construct this Harnack chain so
that it consists of a bounded number of balls (depending on the values of 7, K), and stays a
distance at least cn“(f-;ll-d) £(Q) away from 0Q (see (2.4.7)). We let ‘W denote the set of all
J € W which meet at least one of the Harnack chains H;, with I € ’W%, 1.€.

(6.1.7) Wo :={J € W : there exists [ € ’W% for which H; N J # @}.

Clearly ‘W% C Wo. Besides, it follows from the construction of the augmented collections
Wy and the properties of the Harnack chains (in particular (2.4.7) and (2.4.8)) that there
are uniform constants ¢ and C such that

n—1

(6.1.8) enT D Q) < () < CKEE(Q),  dist(l, Q) < CK2L(0)

for any I € Wy. In particular once 7, K is fixed, for any Q € D the cardinality of Wy is
uniformly bounded, which we denote by Nj.

Next we choose a small parameter § € (0, 1) so that for any / € W, the concentric
dilation I* = (1 + 6)I still satisfies the Whitney property

(6.1.9) diam I ~ diam I ~ dist(I*, Q) ~ dist(I, 6Q).

Moreover by taking 6 small enough we can guarantee that dist(/*, J*) ~ dist(/, J) for every
I,J € W, I" meets J* if and only if dI meets dJ and that %J N I* = @ for any distinct
I,J € W. In what follows we will need to work with further dilations I** = (1 + 26)I or
I'* = (1 +46)I etc.. (We may need to take 6 even smaller to make sure the above properties
also hold for I"*, I"** etc..) Given an arbitrary Q € D, we may define an associated Whitney
region Ug, Uy, as follows

(6.1.10) Up:=J 1. U= 1
IEWQ IEWQ

LetDgp ={Q" € D: Q' C Q}. For any Q € D and any family ¥ = {Q}} of disjoint cubes
in Dy \ {Q}, we define the local discretized sawtooth relative to ¥ by

(6.1.11) Dy =D\ |J Dy,
Q]E(f’—

We also define the local sawtooth domain relative to F by

(6.1.12) Qrg:=int | |J Up|. Qpy:=int| (] Uy
Q'eDyo Q'eDy o
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For convenience we set

6.1.13) Wro= |J Wo.
Q'eDr g

so that in particular, we may write

(6.1.14) Qrp=int| |J I'|. Qp=int| |J 17
IE(Wf’Q IE(WT,Q

We will need further fattened sawtooth domain Q;’—" o ete. whose definitions follow the same
lines as above. We remark that by (6.1.8), there is a constant C3 depending on K, 6 such that

(6.1.15) QF o0 C B(xg, C3(Q)) N Q

for any Q € D and collection of maximal cubes ¥, where xg is the “center” of Q as in
(6.1.3).

Finally, to work with sawtooth domains, it is more natural to use a discrete dyadic ver-
sion of the approach region rather than the standard non-tangential cone defined in (6.0.4):
for every g € 0L, we define the dyadic non-tangential cones as

(6.1.16) o= |J Vo Tap= |J Uy
QeD:Q3¢ QeD: Q3¢

where we use I to denote a cone with bigger “aperture” or fattened region; we also define
the local dyadic non-tangential cones as

(6.1.17) rfg= U Ue Ti@= U Us"
Q'e€Dg:0’'3q Q'eDp:0’'3q

We claim that given an aperture @ > 0, there exists K (in the definition (6.1.6)) suffi-
ciently large such that the standard non-tangential cone I'*(g) C I'4(gq) for all g € 9Q; and
vice versa, for fixed values of 7, K and the dilation constant 6, there exists a; > 0 such that
the dyadic cone I';(q) € I'*'(g) for all g € 0Q. For any X € I'“(g), let I be a Whitney box
such that X € I*. By (6.1.4) we know £(I) ~ 6(X). Let Q be a cube containing ¢ with length
€(Q) = £(I). Then

(6.1.18) dist(/, Q) < |X =gl < (1 + @)6(X) < C(1 + a)t(I) = C(1 + a)t(Q).

If K is sufficiently large so that K 3 > C(1 + @), then (6.1.18) and ¢(I) = £(Q) implies that
I e ’W%. By the definition (6.1.16) it follows that X € I'y(g). In particular, since ['*(g) is
open, we also have I'*(¢) C intI'y(g). On the other hand, suppose X € I';(g), by definition
(6.1.16) X is contained in some I* = (1 + 6)I for a Whitney box I € Wy and dyadic cube Q
containing g. Then by (6.1.8),

IX — gl < diam I" + dist(/, Q) + diam Q < C(K, 0)£(0Q),
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6(X) ~ &) = C(l(Q).

Therefore there exists a; sufficiently large, depending on the values of 1, K, 6, such that
IX =gl < (1 +a1)é(X),

ie. X € I'"(g). We summarize that now we have

(6.1.19) I(g) cintTy(q) c Tu(g) c T (g), forall g€ dQ.

Clearly a; > a. Moreover, there exists 8 > a; depending on 7, K, 6 such that the fattened
dyadic non-tangential cone

(6.1.20) Tu(qg) cTP(g) forall g€ dQ.

From now on we fix the values of 7, K,0 and 8 > a; > a > 0.

Let F =0\ UQjegc Q; and suppose it is not empty. We claim that

(6.1.21) int [ (JT%@) | cQrocQrgciy,c|JTE.
qeF qeF

In fact, for any ¢ € F, it is clear that g is in some Q" € D¢ ; and by (6.1.12), the definition

*

of Qg o, we have the first incluement. On the other hand any X € Qg belongs to some
Uy” with Q" € Dy o, and thus X € fg(q) for arbitrary g € Q’. ABy the definition of Dy o,
we know Q' N F # @, so by taking g € O’ N F we get X € quF Fg(q).

For N sufficiently large, we augment the collection of maximal cubes ¥ by adding all
dyadic cubes in D of size smaller than or equal to 2~V £(Q), and we denote by 7" a collection
consisting of all maximal cubes of the above augmented collection. In particular Q" € Dgw
if and only if Q" € Dg ¢ and £(Q") > 2-N¢(Q). By doing this we guarantee that the sawtooth
domain Qg ( is compactly contained in € (roughly speaking dist(Qgw o, Q) ~ 27Ne(Q)).
Similar to Lemma 4.44 of [HMT1] we can construct a smooth cutoff function of Qg

Lemma 6.1.22 (cut-off function of sawtooth domain). There exists Yy € Cy’(R") such that

() xay, , S¥n <xay, -
(ii) supxeq VYN (X)I6(X) < 1;
(iii) We abbreviate Wgn o as Wy and set X = GQ;N’Q,
WX ={I € Wy : there exists J € W\ Wy with I N dJ + ).
Then
(6.1.23) Vyy=0in | J I

IE(WN\(WI%
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(iv) Foreach I € Wgn o, let Qp denote a cube in Dgv o such that I € Wo,. Suppose w is
the harmonic measure with pole Xy and Xy satisfies dist(X, Q;‘,_f; Q) = 0(Q). Then

(6.1.24) > w(@) £ w(Q)

leWs,
with a constant depending on n, K, ay, C1, d and the Ahlfors regular constant of T.

Remark 6.1.25. 1. We remark that the construction of ¥ and the proof of its properties
(i), (i1), (iii) are higher codimensional analogues of Lemma 4.44 of [HMT1]. However
we prove (iv) instead of the second estimate in their (4.46), because we will need to
prove a good-A inequality for the harmonic measure, instead of the surface measure.
Since harmonic measure could have much worse decay properties than the surface
measure, not to mention that 0Q and 8Q¢N,Q are objects of different dimensions,
proving (iv) requires a different argument.

2. Note that in (iv), the choice of Q; may not be unique. Suppose both Qy, QI are cubes
in Dgv g such that I € Wy, and I € Wy . By the construction of ‘Wy'’s and in
particular (6.1.8), we know

(6.1.26) Q) ~ &) ~ €Qy), dist(Qr, Op) < Q)
with constants depending on 5, K. Since harmonic measure is doubling, we have
(6.1.27) C1(Q)) < w(Qy) < Cr(Q))

with constants only depending on the doubling constant and 7, K. That is to say, for
different choices of Q; the left hand side of (6.1.24) differs at most by a constant
multiple. But once we associate a cube Q; to I, the choice will be fixed.

Proof. The proof of (i) is a modification of the proof from [HMT1] in higher codimensions.
We recall that given /, any closed dyadic cube in R", we set I** = (1 + 260)] and I"™ =
(1 + 46)1. Let us introduce I** = (1 + 360)I so that

(6.1.28) I** CintI* C I** C int I***.

Given Iy = [-3.3]" C R", we fix ¢o € CF(R") such that y;» < ¢o < X and [Véol < 1,
with the implicit constant depending on 8. For every I € W we set ¢; = ¢ ((- — X;)/ (1))
where X; is the center of /, so that ¢; € CF'(R"), x;+ < ¢; < x7= and [Ve,| < 1/€(I). Let
DO(X) := D jeqy ¢1(X) for every X € Q. Since for each compact subset of Q, the previous
sum has finitely many non-vanishing terms, we have ® € C;, (). Also 0 < O(X) < Cy
since the family {F} 1ew has bounded overlap. Hence we can set ®; = ¢;/® and one can
easily see that ®; € C3°(R"), Cgl,\/m < ®; < x7= and [VO;| < 1/4(I). Recall the definition
of Wy = Wen o in (6.1.13), we set

1w, 91(X)
6.1.29 X) = O;(X) = =———,
( ) Y (X) 1§N 1(X) S
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We first note that the number of terms in the sum defining ¢y is bounded depending on N.
Indeed if Q’ € Dgw o then Q" € Dy and 27Ne(Q) < €(Q’) < £(Q), which implies Dgw o has
finite cardinality with bounded depending only the Alhfors regular constant and N. Also by
construction Wy has cardinality depending only in the allowable parameters 7, K. Hence
#Wnx < Cy < oco. This and the fact that each ®; € C(R") yield that yn € Cy(R").
Moreover

(6.1.30) supp Yy C U I~ = U U I C int U Uy | =Q5n o
IeWy Q'eDyw o €Wy Q'€Dgy

This and the definition of ¥ immediately gives ¥y < Xy - On the other hand if X €

Q;‘,N’Q then there exists / € Wy such that X € I'"*, in which case ¢ n(X) = O;(X) > Cgl.
This completes the proof of (i).

To obtain (ii) we note that for every X € Q

(6.131) FunOl < Y V001 € Y

1
X (X) S ——,
IeWy Iew 5(X)

L
o)

where we have used that if X € I** then (1) ~ 6(I) and also that the family {F‘; }1ew has
bounded overlap.

Now we turn to (iii). Fix I € Wy \ ’WIZ\, and X € I"*, and set Wx ={J e W :¢,;(X) #
0}. We first note that Wy C ‘Wy. Indeed if ¢;(X) # O then X € J**. Hence X € "™ N J***

and our choice of @ gives that 41 meets dJ, this in turn implies that J € Wy since I ¢ ‘WIEV
All these imply

2sewy 91X Xsewyowy 91X Y gewyowy 90
2ew 810 D rewnwy 8D X sewynawy (XD

Hence yy|p+ = 1 for every I € Wiy \ ’WIZV This and the bounded overlap of the family
{I*"*}jew, immediately give that Vi = 0 in | TeW\WE .

6.132)  yn(X) =

Finally, it remains to prove the most difficult property, (iv). For any I € ‘W=, by defini-
tion there exists some J; € ‘W \ Wy such that 91 N dJ; # @. Roughly speaking, this is to
say that [ is a Whitney box living in the “boundary” of QfFN’ o Thus pick any Q; € D such
that W, contains J;, we know Q; ¢ D o, that is, either Q) € Dy, for some Q; € FN, or
Q) ¢ Dg. We classify I € W% based on which category its associated cube Q lives in: We
denote

Yi={leWy: Q)¢ Dyg,} for any Q; e 7V,

and
Yo ={I € Wx: Q) ¢Dy).

(Note that for each I € W5, we associate it to a unique Q}, even though the choice itself
is not unique.) Recall (6.1.5) we have £(I) ~ €(J;). Moreover by the definition of ‘W and
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(6.1.8),

(6.1.33) €O ~ ) ~ &) ~ UQp)

and

(6.1.34)  dist(Qy, @)) < dist(Qy, I) + dist(I, Jp) + dist(J, Q) < €Qp) + UQ)) < UQD.

By similar argument as in remark 6.1.25 (2) and the doubling property of harmonic measure,
we have w(Q;) ~ w(Q)) for any I € ‘W%, with a uniform constant depending on 7, K.
Therefore to prove (6.1.24) it suffices to show

> w(@)) s w(Q).

IeWs,
We claim that for any Q; € ¥ N

(6.1.35) > () 5 w(Q)).

IEE/'
Recall that all such Qj’s live in Dg,. For each k € N we denote Z’j‘- ={leX: Q) =
2_k€(Qj)}. Since Q7 € Dgw g, Q) € FN, we always have Q;N Q; =D, soby (6.1.34)

(6.1.36) dist (0], (Q;)°) < dist(Q}. Q) < &Q)) = 27°¢(Q)).

That is, the smaller Q) is, the closer it is to the “boundary” of Q;. The Q}’s of different gen-
erations are very far from being disjoint, however we will sum up the w(Q})’s by swapping
them for the harmonic measure of mutually disjoint cubes. By (6.1.36), for p sufficiently
small there is an integer k; = k(o) such that for any integer k > ki,

(6.1.37) U ac {q € Q; : dist (¢,(Q))) < gf(Qj)} :

K2k fexk
In fact by choosing k; slightly bigger, we can even guarantee that for any integer k > &,

(6.1.38) U UaclUo c{aeo;: dist(q0)) < gé’(Q,-)},

K2k jest i€,

where {Q;}iejk is the collection of all dyadic cubes in Dy, of length 27ke0 ;) such that
Q‘j C{qg € Q; : dist(q,(Q))) < pl(Q;)/2}. By Lemma 6.1.1 (v) (vi) the index set 7 has
finite cardinality and #7; < C2*¢. (A priori the set 7; could be empty, in which case (6.1.38)
just means there is no Q} corresponding to any / € (J;5 E’J‘ This case is easy to deal with.)

On the other hand by Lemma 6.1.1, as long as we fix p € (0, ag) satisfying Ajp” < 1,
the set {q € Q; : dist(q, (Q))) > %f(Q j)} is not empty; moreover, there is an integer k»
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sufficiently large such that for each k > k, we can find a cube Q ; such that Z(Q i) = 27k¢0 )
and

(6.139) 0;c {ae0;: disia.0)) > L u0p}.

We may think of Q ; as sitting in the “center” of Q;, and all Q}’s in a p/2-boundary layer
of Q;. Let kg = max{ky, k>}, and let N denote the (maximal) number of Q;’s with £(Q}) =
27k (0 ;). By (6.1.37) and Lemma 6.1.1 (vi), N; is uniformly bounded by a constant de-
pending on agp,A1,p, ko and d. Moreover by the doubling property of w, each such Q;
satisfies

(6.1.40) w(Q)) < w(Q)) < Clko)(Q)),

with the constant C(kp) depending on ko as well as the doubling constant of w. Recall that
for each Q), the number of all possible I’s corresponding to it is uniformly bounded by
C(Np). Therefore

(6.1.41) Y w@)<CNo) Y w(@)) < CNN Clko)(Q,)).

Iez';o 05:6(Q)=2"%0¢(Q;)

Now for any I € Z’; with k = 1,--- , kg — 1, again by the doubling property of harmonic
measure we have w(Q)) < C (ko)a)(é ;). By Lemma 6.1.1 (iv) (v), the total number of Q}’s
in Dy, such that Q) = 27ke0 ) withk =1,---,ko—1is uniformly bounded by a constant
depending only on kg, ag, C1,d and the Ahlfors regular constant of I'. Thus the total number
of I’s in E’J‘. with k = 1,--- , kg — 1 is also uniformly bounded. Therefore combining with
(6.1.41), we get

ko
(estimate-kg) Z Z w(Q)) < (0 )-

k=1 k
Ier

For future generations, we recall (6.1.38), which says all the Q)’s corresponding to some
I e E’j‘. with k > ko are contained in |, i Q’] The following proof is illustrated in the
(idealized) Figure 6.1, where each label denotes the cube near it enclosed or shaded by the
same color. Consider any cube Q' = Q; for an arbitrary i € 7y,. Apply the above argument
to Q' in place of Q;, we can find a cube Q’ = Q’] € Dy with length Z(Q’) =27kgQ) =
2%k p(Q ;) sitting in the “center” of Q’, in the sense that

(6.1.42) 0)c{ge 0 :disq.@))> L)}
and all future generations satisfy
’ iy AT /\C /_) ’
(6.143) U U ac U ofcigce disg@r<5a}.
k>2k 162’1‘, le]kO
Q;ED‘Q/
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Figure 6.1: Illustration of the swap of cubes in iteration

where {Q;.’Az}i2€ 1, 1s the collection of all dyadic cubes of length 27hop(Q) = 272k ¢(Q;) that
is completely contained in {g € Q' = Q; s dist(q, (Q")°) < pt(Q’)/2}. (The index set for ip
may not be the same as the index set for 7, but their cardinalities are uniformly bounded by
244 50 we abuse the notation here and simply assume they are the same.) Moreover we
can get an analogous estimate of (estimate-k):

2ko
(6.1.44) DY w@) s w(@.
k=ko+1 jesk

Q}EDQ!
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Summing up (6.1.44) over all cubes Q’ € {Q;}idko, recall (6.1.38) we get

2ko
(6.1.45) DY W@ sy w@h.
k=ko+1 1621;, i€y,

Since {Q;}iE 1, 1s a collection of cubes in the same generation, they are mutually disjoint,

and their sub-cubes {/Q\;},-e 1,, are also mutually disjoint. Hence

2ko
(estimate-2kg) Z Z w(Q)) < Z cu(Q;) —w U Q;
k=ko+1 1ez’;. i€ly, iely,

Moreover, recall the second inclument of (6.1.38) and (6.1.39), each /Q\’J is disjoint from Q s
so we can add up (estimate-kq) and (estimate-2kgy) with ease. We can repeat this argument
iteratively: for any / € N we apply the argument to cube Q' = Q;‘iz"'i’ with iy, i € Iy,
to get an analogous estimate of (6.1.44), then we sum up over the index sets and get

(+1ko
(estimate-(/ + 1)ko) Z Z w(Q)) < Z w <sz1---1;> —w |_| szl---zl
k=lko+1 IEZ’]‘. i1, ,ilefko i »ilejko

Most significantly for us, for each / € N the union of cubes on the right hand side of
(estimate-(/ + 1)kop) is disjoint from all the cubes from all previous summations. Therefore
we conclude that

(6.1.46) DI w@psoll ||l [ 2] | <w@).
k=1 ]Ezlj leN il,---,ileIkO

It is trivial to see ) ;50 w(Q)) S w(Q;), s0
J

(6.1.47) D w@) = > w@) s w@)).

Iex; keN 1621;_
Since the maximal cubes Q; in F N are mutually disjoint and contained in Q, we have

(6.1.48) DY w@ns D w@) < w@)

Q]ETN Iex; Qj€7:N

Now we consider / € Xy, which by definition means Q; ¢ Dg. Recall (6.1.33) and
(6.1.34), and that £(I) < C{(Q) for all I € Wy = Wen o, we have

(6.1.49) 0o ~ U < CUQ), dist(Qy, Q) < U(Q)) < CUQ).
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In particular since Q; € Dy, we have

(6.1.50) dist(Q}, Q) < dist(Q}, Qr) < {(Q)) < CUQ).
If £(Q)) > £(Q), then

(6.1.51) 0o ~ UQ), dist(Q;, Q) < CUQ).

There are finitely many such Q}’s and by the doubling property of harmonic measure w(Q}) ~
w(Q). If €(Q)) < €(Q), let Qp € D be the cube containing Q; with length £(Qg) = €(Q).
By the assumption Q; ¢ Dy, we know Qy is disjoint from Q. On the other hand (6.1.50)
implies

(6.1.52) dist(Qo, Q) < dist(Q}, Q) < CL(Q),

that is, Qg is a sibling (i.e. of the same generation) of Q in a C£(Q)-neighborhood of Q.
There are finitely many such Qg’s. Moreover

(6.1.53) dist(Q}, (Qo)°) < dist(Q}, Q) < L(Q)).

So if £(Q}) < €(Q), we can guarantee that Q; lies in the p/2-boundary layer of Qp: Q; C
{g € Qo : dist(q, (Qo)°) < pl(Qo)/2}. Apply the same argument to Qy in place of Q;, we get

(6.1.54) > w(@)) 5 w(Qo) ~ w(Q).
Iex,
Q;EDOQO
Summing up (6.1.54) over all (finitely many) Qy’s satisfying (6.1.52), we get
(6.1.55) > w(@) s w(Q).

Iexy

Finally we combine (6.1.48) and (6.1.55) and conclude that

(6.1.56) STw@n= Y Y@+ w@) s w0
IE(W,%, QjeTN Iex; ey
Therefore
(6.1.57) > (@) s w(Q).
IeWs

Now that all the preparatory work has been done, we proceed to sketch the basic idea
in the proof of Theorem 1.3.13. It is well known in harmonic analysis that the proof of
IS ullzry < ClINullrr (o) can be reduced to the proof of a certain good-A inequality measured
by 0. We first prove Proposition 6.1.58, which is a good-A inequality measured by w; then
we use the assumption w € A (o) to obtain the desired good-A inequality for o
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Recall that we use Su, S'u, S"'u to denote the square functions on standard non-tangential
cones of aperture «, a1, 8, respectively, and Nu non-tangential maximal function on cones of
aperture 5, where 8 > ;| > « are fixed apertures (see the discussion before Lemma 6.1.22).
Also recall from (6.1.15) that for any collection ¥ of dyadic cubes, the sawtooth domain
Qg 0 C B(xp, C34(Q)) N Q. In fact, by choosing a slightly bigger constant C3 we can also

skskosk

guarantee Q. o C B(xp,C 30(Q)) N Q. We prove the following good-A inequality:

Proposition 6.1.58 (good-A inequality for w). Suppose T is a d-Ahlfors regular set in R"
withd <n—-1, Q=R"\T and D is a collection of dyadic cubes for T', see Lemma 6.1.1 for
the detail. Let u € W.(Q) be a non-negative solution of Lu = 0 such that for some dyadic
cube Q € D and A > 0 there exists q; € I with

S'u(qg1) <A and |q1 - q| < Cydiam Q for all g € Q.
Then for any X ¢ B(xg,2C30(Q)) and ¢ sufficiently small, we have
(6.1.59) WX ({g € O : Sulg) > 21, Nu(g) < 61}) < C5*w*2 (Q)

Here xg,{(Q) are the “center” and “size” of Q, see Lemma 6.1.1. The constant C >
0 depends on the allowable parameters d,n,Cy,C, the apertures «,ay,, and the given
constants Cy, Cs.

Proof. For simplicity we denote w = w*2. Let E = {g € Q : Su(q) > 24, Nu(g) < 61} and
F ={q e Q: Nu(g) < d6A}. If F is empty, then the left hand side of (6.1.59) is zero, and
there is nothing to prove. So we assume F # . Note that Nu(g) is a continuous function,
so O\ F ={q € O : Nu(g) > 64} is relatively open in Q. We run a stopping time procedure
for the descendants of Q, and stop at Q" € Dy whenever Nu(q) > 64 for all g € Q. We
denote the collection of all maximal cubes by ¥, = {Q;} € Do \ {Q}. We claim that they
form a partition:

(6.1.60) Q\F={g€Q:Nulg)>s1= | ] 0;

(JSE)

Clearly by construction Ug ez, Q; is contained in the set on the left. For any go € Q such
that Nu(qo) > 64, since the set {g € Q : Nu(g) > 61} is open, Q \ F' # Q and the cubes in D
are nested, there exists a small cube Q" € Dy \ {Q} containing go, such that Nu(g) > 64 for
all g € Q’. By the stopping time procedure, either Q' € ¥, or Q’ is contained in some cube
Q; € 2. Hence gy € Q' C UQ],€¢2 Q;, and we prove the claim (6.1.60). Recall (6.1.21),
which we rewrite here:

(6.1.61) int [ (JT%@) | cQrpcOrgci,c|JTEW.
qeF qeF

We claim that [u(X)| < 64 for all X € Q%TQ. In fact, by (6.1.20) and (6.1.61) we know

that every X € Q;T;Q is contained in some fg(q) c I8(q) for some g € F. Since Nu(qg) =
SUP xers(q) |u(X)| < dA for g € F, we get [u(X)| < oA
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Step 1. Recall the assumption that S u(g;) < A for some q; satisfying |g; — g| <
C,diam Q for all ¢ € Q. Denote r = diam Q. We claim that for any 7 > 0 there exists
¢ > 0O sufficiently small such that the truncated square function S .,.u(q) > A for any ¢q € E.

Fix g € E. Recall that Su(q) > 24 for g € E. We denote U = I'*(q) \ B(g, tr), then we
aim to show

(6.1.62) // IVu(X)?6(X) 4 dm(X) < 312
U

Let Uy = I'(g) \ B(g,tr) for a constant + > 7 to be chosen later, and U; = ['*(g) N
(B(g,tr)\ B(g,tr)). Then U = U; U U,. A simple computation shows that

(6.1.63) Uy =T%¢q) \ B(g,tr) c "' (q1)
if the apertures satisfy
C
(1 +a) <1+72> <l+a,
that is, if ¢ is sufficiently large such that

Cy (1

a.
t

Therefore

(6.1.64) / IVu(X)?6(X) ~4dm(X) < // IVuX)?6(X) dm(X) = S"u(q))* < 2°.
U, I“1(q1)

LetT';(g) = T%gq) N (B(q,2tr) \ B(q,2""'tr)) for j=1,2,---, then

e |J True.

2 ber<tr

Each I'(¢g) can be covered by a finite union (depending on n) of balls B with radius 7 ~o
2Jtr. Let B, denote a slight fattening of B such that we still have B}, C I*(g), then by

Lemma 2.4.9 (i) m(B%;) ~ r;" ~ (2/tr)/™*!. Then

> // IVu(X)5(X)" ™ dm(X)
r

/ IVu(X)I26(X)" " 4dm(X) =
U, (@)

2i-lrr<tr
~ep Y, @Y // IVu(X)Pdm(X)
2-Trr<tr 1<k<Clm) * Bik

< > @ // O dm(X)
B;’k

2~ Leraur
1<k<C(n)

SOV D @y mByy)

2~ rr<tr
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t
< (60 log, (;>
(6.1.65) <222,

if ¢ is sufficiently small depending on the values of ¢, T and @, 8. Therefore (6.1.62) holds,
and thus for any g € E,

1S - u(q)l* = // IVu(X)*6(X)' ~dm(X)
I'*(¢)NB(g,tr)

- // IVu(X)?6(X) ' 4 dm(X)
re(@\v
(6.1.66) > 2.

Step 2. Combining (6.1.66) with E C F we get
(6.1.67) Lw(E) < / 1S u(q)Pdw(q) < / // IVu(X)26(X) 4 dm(X)dw(q).
E F Q)

By (6.1.19) we have
(6.1.68) I%(g) C intTa(g) € Tulq)

for any g € Q. In particular if X belongs to the left hand side of (6.1.68), then X € Uy for
some dyadic cube Q’ containing g. Moreover

(6.1.69) 0(X) < |X —q| < tr=7diam Q ~ T€(Q).
By the definition of Uy and (6.1.8), we have
(6.1.70) 8(X) 2 en-a ((Q).

By combining (6.1.69), (6.1.70) and choosing 7 small enough depending on n, we can
guarantee that £(Q’) < 2£(Q). Since Q' N Q > ¢, by property (i) of Lemma 6.1.1 we
know Q" € Dy. Hence I'?,.(g) C Fg(q). Again since I'?.(¢) is an open set, we also have
I'?.(¢) C int Fg(q). Therefore

6.1.71) Ura@cl (int rg(q)> cint | |Jr@

qgeF qgeF qeF

Applying Fubini’s theorem to the right hand side of (6.1.67), we conclude that it is bounded
by

6.1.72) // IVu(X)R6(X) 4w ({q €F:Xe rg@}) dm(X).
int(Uyer 1))
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For any p € F and any X € Fg(p), we have X € I € ‘W for a cube Q' containing p and in
Dg 0. Thus [X — g| ~ €(Q") ~ €(I) ~ 6(X). Since the family {I*};cy has bounded overlap
and harmonic measure w has pole at Xp, we conclude by Lemma 2.4.83 that

6173)  w({geF:xerf@}) ~w U 0| ~G6&xe x50
Q’E]DQ
(QH~SX)~dist(X,0")

Combining (6.1.67), (6.1.72), (6.1.73) and (6.1.61) and using (2.4.2), we get
LPw(E) < // IVu(X)I*G(X g, X)dm(X) = // IVu(X)FG(X g, X)w(X)dX
Qp, 0 Qp, 0

(6.1.74) < // AVu - VuGdX.
szvQ

Here we abbreviate G(X) = G(Xg, X) when there is no ambiguity as to what the pole is.
Recall that Q;‘,_ikz*, 0 and our choice of the pole Xp ¢ B(xp,2C3{(Q)). They guarantee that

Xp ¢ Qi}*;Q, and moreover dist(XQ,Qi}*;Q) = €(Q). Hence G(X) is harmonic in the fat

: sk
sawtooth domain Q(F2 o

Step 3. Next we are going to prove
(6.1.75) // AVu - VuGdX < (62)*w(Q).
szvg

Recall the discussion before Lemma 6.1.22, we can augment ¥, by adding all dyadic cubes
of lengths smaller or equal to 27V £(Q), and denote by 772N the collection of maximal cubes
giving rise to the aforementioned augmented collection. We claim that

(6.1.76) // AVu - VuGdX < (60)*w(Q)
QN
EARY
with a constant independent of N. Thus by passing N — co we obtain (6.1.75).

Recall that in Lemma 6.1.22, we construct a smooth cut-off function ¢y such that
. < < Vo
Xo; , S¥n <xay . Hence

(6.1.77) // AVu - VuGdX < // AVu - VuGyndX
QTN’Q n

Since u,G € Wr(Q;‘,_ikN’Q) N LM(Q%,,Q)’ we have uGyn, uyy € Wé’z(foi‘N,Q). In particular
they can be approximated by smooth functions in CS"(Q;;*N’Q) C Cy(L2). In the sawtooth
region foi‘N, o We have — div(AVu) = —div(AVG) = 0, thus

// AVu - VuGyndX
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// AVu - V(quN)—lAV(uz) V(Gyn)dX

=0-3 // AV(Gyy) - V(u?)dX

< / WNAYG - V(u?) + GAVyy - V(uz)dX>
R}’l

N = =

< // AVG - V(uPyy) — u*AVG - Yy + 2uGAVu - W/Ndx>

1
=5 // W?AVG - VyndX — // uGAVu - VyndX

1
(6.1.78) =il =11,

where we use the symmetry of A and the equation —div(AVu) = 0 in the second equality,
and —div(AVG) = 0 in the second to last equality. We first estimate the second term. By
(6.1.23), the contribution to the integral /7 only comes from Whitney boxes I € ‘Wx. Recall
the harmonic function u is non-negative and we use X; to denote the center of Whitney
box I. By Lemma 6.1.22 (ii), Holder inequality, estimate of the weight (2.4.10), interior
Cacciopoli inequality (2.4.25), Harnack inequality (2.4.27) and (2.4.84), we have

11| < ”(X’g)(f)(x’) // Vuldm
IeWwy

1
2

uXNGXp)
S;w:z iy m(I***) ]§[|Vulzdm

1

< Y uXDGXND™! ﬂ Jul*dm

IeWs

< > uX)* 6L
IeWs

(6.1.79) ~ Y uX) w(Q)),
IeWs

where Q; is defined as in Lemma 6.1.22 (iv). Using the estimate |u(X)| < 64 for all X €
Q;‘LKN* 0 and (6.1.24), we have

(6.1.80) 1< ) uX) (@) < 6 Q).
IeWs,
Similarly,
M(XI) // 2 2
6.1.81 Il < VGld X oA
(6.1.81) ||<[§V:z @ J.. v m<,§z u(X)*w(Q1) $ (61 w(Q).
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We finish the proof of (6.1.75) by combining (6.1.78), (6.1.80) and (6.1.81).
Finally we combine (6.1.67) and (6.1.75), and get

(6.1.82) P w(E) < 6 w(Q).
And thus
(6.1.83) Ww(E) < C5*w(Q).

This finishes the proof of the good-A inequality for w.

We will also need the following auxiliary fact:

Lemma 6.1.84. For any apertures 0 < a < o' and any function u € W,(Q), let Su and
Su denote the square function with aperture « and o respectively. Suppose Su < for
o-almost every q € 0€), then the set {q € Q2 : Su(q) > A} is open for every A > Q.

The proof is similar in spirit to that of Lemma 4.6 in [MPT].

Proof. If ¢ € 0Q is such that S’u(g) > A, then there exists n > 0 so that

2
S 1
// IVul26(X) ~dm(X) > <M>
Te(g)\B(q.7) 2

We claim that there exists € > 0 such that for any p € A(q, €n), we have
(6.1.85) // IVul*6(X)' "4 dm(X) > 22,
T (p\B(p.n)

and therefore Su(p) > A.
We observe that

‘ // IVul>6(X) " 4dm(X) — // IVul>5(X) " 4dm(X)
Y(@)\B(g.m) *(p)\B(p.n)

(6.1.86) < / VU500~ dm(X),
D

where D = (I'*(¢) \ B(g,n)) A (T*(p) \ B(p,n)) is the set difference. It suffices to show that
the integral f f D IVul?6(X)' ~4dm(X) is sufficiently small, if we choose € sufficiently small.

Suppose that X € I'%q) \ B(g,n), then |[X — ¢g| < (1 + @)6(X) and |X — g| > 1. Thus
0(X) > —L. If moreover X ¢ I'*(p)\B(p,n) and p € B(q, €n), then |[X—¢g| > (1+a)(1—€)6(X).
By symrnetry, we need to study sets of the form

V,=(XeQ:|X-gl2n (1+a)1-edX) <X -ql < (1 +a)sX)},

V,={XeQ:IX-pl2n (1+a)]l-e6X) <X -p|l<(l+a)X)}.
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Without loss of generality we may assume S’u(g) < co. If not, by the assumption that
S’u < oo almost everywhere, we can always find ¢’ € A(g, en/2) such that S’u(q’) < co, and
in particular p € A(g,en) C A(qg’,2en). In this case we just replace g by ¢’, and € by 2e.
Moreover, if € < 1/4, we have that

1 -
1—

V,UV,CVei={XeQ:|X—gql> g (1 +a)(1 - 26X) <X —ql < (1 +a) 666(X)}.

2

Note that for given o’ > «, by choosing e sufficiently small we can guarantee (1 + @) 11__256 <

1+a’. Thus V. C e (@ \ B (q, g) =: Vp, and as € tends to zero, the set V. decreases to an
empty set. Moreover,

/ IVul?6(X)' ~dm(X) < // IVul6(X)' 4 dm(X) = IS u(q)P* < oo,
Vo o’ (@)
hence by the continuity of measure from above, we deduce that

// IVul?6(X)'~dm(X) \ 0.

In particular, by choosing € sufficiently small, we can guarantee

2
(6.1.87) // IVul5(X)' = dm(X) < // Vul8(X)!dm(X) < <7S”(‘]2)”> -2
D V.

Combining (6.1.87) with (6.1.86), we conclude the proof of the claim (6.1.85).

Now we set out to complete the

Proof of Theorem 1.3.13 We first prove the theorem assuming that IS u||z»- is finite.
Under this assumption, we have that [|S”ullzr) ~ IS ullery ~ IS ullzr(o). For reference,
see Proposition 4 of [CMS]. (The stated proof in [CMS] is for the upper half plane, but
the argument goes through for Ahlfors regular sets of higher codimension.) Therefore by a
standard argument, the proof of (1.3.14) can be reduced to the following good-A inequality:
For any € > 0 sufficiently small, we can find 6 = 6(¢) > 0 such that for all 4 > 0,

(6.1.88) o ({g € 0Q : Su(q) > 24, Nu(g) < 6A}) < €0 ({q € 0Q : S"u(q) > 1}) ,

and d —» Oase — 0. If {g € 9Q : S’u(g) > A} is empty, (6.1.88) is trivial, so we
assume the set is not empty. We apply Lemma 6.1.84 with apertures 0 < @1 < . Since
IS ullery ~ WIS ullLrry < oo, in particular S”u(g) < oo almost everywhere. Therefore
{g € 0Q : S’u(q) > A} is open. We also remark that the set {g € 0Q : S'u(q) > A} has finite
o-measure, and moreover

1S ull?
— < X

AP

1
(6.1.89) o({gedQ:S'ug > ) <— / IS’ ulPdo <
AP Jsrg>a
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In particular, for any dyadic cube Q € D completely contained in {g € 0Q : S'u(q) > A}

IS “ullr (o)

(6.1.90) 0O ~ Q) <o (lgedQ: S'ulg) > A}) < T

so its length has a uniform upper bound (albeit depending on the value of 1). Recall that
Q) ~ 2-KQ) and suppose kg € Z is such that

1S "ullrr (o)

—kod
(6.1.91) T

with a sufficiently large implicit constant. Then by (6.1.90), any cube Qy in Dy, can not be
completely contained in {g € 0Q : S"u(g) > A}.

We run a stopping time procedure as follows: For each Q¢ € Dy,, we traverse all its
descendants, and stop whenever we find a cube Q € Dy, such that S"u(g) > A for all g € Q.
Let F1 = {Q;} be the collection of all stopping cubes in | J €Dy, Dg,. Similar to the proof of
(6.1.60), we can show that they form a partition:

(6.1.92) lqedQ:Sulg)> = Q.
01€F1

Note that the assumption S u(g) > 24 clearly implies S’u(g) > A, namely

(g€ 0Q:Su(q)>20 clgedQ:S'ulq)> 1= ) O
0ieF1

Therefore to prove (6.1.88), it suffices to localize and show that

(6.1.93) oc({qe€Q:Sulg) >21,Nulg) <6}) <er(Q) forany Q= Q; € F.

Recall that by (6.1.3), every Q € D is contained in a surface ball A(xg, Corg). Let
Xb denote a corkscrew point for B(xg, Corg). Recall Definition 2.1.14 of w € A (o) and
Remark 2.1.16 (ii) right afterwards. Assuming w € A (0), then to prove (6.1.93) it suffices
to show

(6.1.94) wXe ({g € O : Su(g) > 24, Nu(g) < 61})) < C(6)w*e(Q),

with a constant C() independent of Q and A, and that C(§) — 0 as 6 — 0. Recall that for
any collection ¥ of dyadic cubes, there is a constant C3 such that Q;i‘*Q C B(xg, C3((Q))NQ.
Let X be a corkscrew point for B(xg, 2C3M{(Q)), then

(6.1.95) IXg — xol = 6(Xg) = 2C3£(Q).

Thus Xp ¢ B(xp,2C3¢(Q)), and in particular Xy ¢ Q*** Moreover, there is a Harnack
chain of finite length (depending only on M, C, and C3) connectlng X¢ to Xp; in particular
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the harmonic measures w*¢(E) ~ wXo (E) for any Borel set E ¢ Q. Therefore the proof of
(6.1.94) is equivalent to the proof of

(6.1.96) wXe ({g € O : Su(g) > 21, Nu(g) < 61}) < C(6)w*2 (Q).

Recall that 0 = Q; € ¥ is a maximal cube with respect to the stopping criterion
{S’u(g) > A}. By maximality the parent of Q, denoted by Q, contains at least one point
q1 € {q € 0Q: S’u(g) > A}, that is, S’u(q;) < A. For any ¢ € O we have

~ 5 A
(6.1.97) g1 — gl < diam 0 < A;27%@ = A, 2-*D-D < 2L giam .
ao
Therefore for any maximal cube, we may use Proposition 6.1.58, with constant C, = A /ay,
to conclude the desired estimate (6.1.96).

All the above arguments show that if we know a priori ||S"ul|z» () is finite, we can prove
ISullry < INullzr(r). If we do not have this a priori information, then for « sufficiently
small we let

(6.1.98) Dye={0€eD: k< Q)< 1/},
(6.1.99) Q= vy o=uv, a=]U; e
QeDy QeD, QeDy

and define the k-approximate non-tangential cones as
i@ =T"@NQ T =T"@NQ, Tig =T(g) N,
define the x-approximate dyadic non-tangential cones as

Tadd) =Ta@) N Q= |J Up Tada)=Tulg)n Q™.
QeD*:03q

In this regime we have the following inclusions analogous to (6.1.19) and (6.1.20):
(6.1.100) I2(@) C Tun(@) CTE (@), Tag) € Ti().

Moreover, the k-approximate local non-tangential cones

%@ =TSN = U Uy, T9(q)=TSnQ;"
Q’'eDpND*:Q’'>q

satisfy the following inclusions analogous to (6.1.21):

UTé@ e 0ron Qe cQrgn@ c 0pney c (J T,
o F qeF
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for any dyadic cube Q and collection of maximal cubes I' C Dy \ {Q}, under the assumption
that F = 9\ J 0jF Q; is not empty. We then define the «-approximate square functions
S «u, S 7u and non-tangential maximal function N,u accordingly, as integrals defined on the «-
approximate non-tangential cones instead of standard non-tangential cones. Since N u(q) <
Nu(g) for all g € 0Q, we have ||[Ncullpr) < lINullzry < oo. By the interior Cacciopoli
inequality (2.4.25) and that 8 > @) > a, we have

Su(g) < Spu(g) < C(KNu(g),
and thus
(6.1.101) IS cullLr (o) S CUNINUllLr oy < CUINUllLr (o) < 0.

We can not let k go to zero in (6.1.101) since the upper bound in the right hand side depends
on « (in fact C(k) — oo as k — 0). However, since ||S ,ullz»() is finite, we can apply the
previous arguments and prove that ||S cullzr) < ||Nettllzr o), With a constant independent of
k. Hence

IS cullzr oy < INcutllrory < ClINUllzr (o)

with a constant C independent of k. Therefore we can safely let x go to zero and conclude
that
IS uller(oy = limsup 1S cullLr (o) < ClINullLr (o).

k—0

This finishes the proof of Theorem 1.3.13.

6.2 w e A.(0)is equivalent to BMO-solvability

6.2.1 From w € A, (0) to LP-solvability

Theorem 6.2.1. Assume w € Ax(0), then there exist some py € (1, 00) such that the elliptic
problem (D) is LP—solvable for all p € (pg, o), in the sense that there exists a universal
constant C > 0 such that for any f € Cg(F) and any Borel set E C T, the solution u(X) =
f E fdwX satisfies the estimate INullpr oy < CllfxEllLr(o)-

Remark 6.2.2. For a bounded set FE, it suffices to assume that f € Cp(I).

Proof. We first treat the case when E =TI'. Let g € 0Q and denote for any p > 1

(6.2.3) M, f(q) = sup <][ | f|1’da> " < .
Asq A

We claim

(6.2.4) u(X)| < CM,f(g) forany X € I'(g).
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Hence Nu(q) < CM,f(q), and thus by the LP-boundedness (p > 1) of Hardy-Littlewood
maximal function (see [CW] for spaces of homogeneous type and [St1])

INullLr o) < ClIMSfliLrey S IfllLro)-

In fact, let X € I'(¢) be fixed and A = A(q, (1 + @)6(X)). For j e NletA; = 2/A, and set
A_; = @. We have

(6.2.5) u(X) = / fdo® =" / fdow*.
j=0 A

\Aj—1

For each j € Nlet A; denote a corkscrew point for A;. Recall Definition 2.1.14 of w € A (o)
and the discussion after that, in particular (2.1.17) and (2.1.18). We have that for each j, the
Radon-Nikodym derivative

dwi whi(A)
o < 39
k(q) e oty v

satisfies a reverse Holder inequality

(6.2.6) <][ ‘kAf"rd0'> <C ][ Kido
4; 4j

for all » € (1, rg), with uniform constants ry > 1 and C > 0. For any j > 2 and any surface
ball A" c A; \ Aj_y, by the Holder regularity of solutions near the boundary (see Lemma
2.4.34), we have

(6.2.7) WX(A) < 27BOA (A ~ 27 B AN,
Hence for any ¢’ € Aj\ Ay,

(J.)Aj(A/)

W) @)

6.2.8) k*(¢) = li = <27 =27P1Aig).
©28) Klg)=Jm can = M Gy S v o(A) @)
NCANA; NCANA

Therefore by (6.2.6), (6.2.8), and Holder inequality for conjugates 1/p + 1/r = 1 with
r € (1, rg), we obtain

ool > [ i <2 [ i
j=0 Y ANA-1 j=0 A;

==

Aj <]£J |kAj|rdO->
< ;2 Bo(A;) (i/ |f|1’dcr> <7£, K da>
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< 2PM, flgwia))

j=0
(6.2.9) s M, f(g),
thus we finish proving the claim (6.2.4) for any p € (pg, o), where py is the conjugate of ry.
Note that we never use the continuity or compact support of f, and replacing f by fyr we

can repeat the same argument with no change. The assumption that £ is bounded or f has
compact support guarantees we still have a priori finite integrability in (6.2.3).

6.2.2 Proof of the BMO-solvability

Theorem 6.2.10. Assume that w € Ax(0). For any f € C8(F), letu=Uf € W.(Q) be a
solution to Lu = 0 given by Lemmas 2.4.38 and 2.4.40. Then |Vu|*6(X)dm(X) is a Carleson
measure, and moreover

1

(6.2.11) sup —— // IVul*6(X)dm(X) < Cllflzaro-
Acaq (D) Sl 7w

Proof. Fix an arbitrary surface ball A = A(qo,r). Let @ > 0. Denote the constant ¢ =
max{a + 2,12} and let A = cA = A(qq, cr) be a concentric dilation. We denote the average

fi= JCZ fdo. Let
h=0=-xz L=0-Far HL=5ik
and for any X € Q let

un (X) = / fide® = /~(f—fg) do,
oQ A

us(X) = / fde® = / (F-f)de* = [ fdo - fr¥ @00\ B),
oQ 0

O\A AO\A

us = fz
By Lemmas 2.4.38, 2.4.40, 2.4343 arld 2.4.44, they are solutions to L, and u1,u, can be
continuously extended to dQ \ A and A, respectively. Moreover

(U + up +u3) (X) = / fdw® = Uf(X) = u(X).
0Q

Clearly the Carleson measure of the constant function u3 is trivial.

Apply Theorem 6.2.1 to fi and u; we get [|[Nu1||rr() < Cllfillro) < 00. Combined with
Theorem 1.3.13, we get

1/p
(6.2.12) IS utllzrr) < INutlleroy < fillerer) = </~ lf = fglpd(f>
A
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for any p € (pg, o). By (3.0.2) and (3.0.3)

// IVui P6(X)dm(X) < C / 1S (@ 1yt [Pdor
) (a+2)A

Recall that A = cA D (e + 2)A, thus
// IVuy P6(X)dm(X) < C /~ 1S (@ 1yt Pdor
T(A) A

. :
<Co(A) » | |Su|Pdo
A

~ 1-2
(6.2.13) < Ca(®) P IS uilp(es

for any p > max{2, pp}. Combining (6.2.13) and (6.2.12) we get

(6.2.14) // N IVur PS(X)dm(X) < Co(MIf 3o < -
T(

Turning to the estimate for uy, let {l;} C W be a collection of dyadic Whitney boxes
that intersect of T'(A) (recall the properties of Whitney decomposition W in (6.1.4)). On
each Whitney box I, we have by the interior Cacciopoli inequality (2.4.25)

// IVur 6(X)dm(X) < €Iy // [Vup[Pdm(X)
I

S U 75 / lua (X dm(X)
Jua(X)P2
< /1; ),

Recall I; = (1 + 0)I} is the dilation of J; satisfying (6.1.9). Then summing up we get

X
Vi P 6(X)dm(X) < / ———dm(X
//m)' aPoctancx) s 3 || 5550

P
6.2.15 < dm(X).
(02.15) <//T(;A) sx) 0

In the last line we use the finite overlap of {/;'}, and the fact that by taking 6 sufficiently
small, we can ensure that I} C T(%A) for all I intersects T(A). Recall that %A = A(qo, %r)
and T(%A) denotes B(qy, %r) N Q.

Let f5° denote the positive and negative part of f>, and let u5 = f( s0\A fzida)X > 0. There
is a technical issue that f5" ¢ Cg(F), however by splitting 5 as follows,

$00= [ paot - gt (1 > i)\ &),
f2/NA
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G00=- [ i+ fo (i < )\ B).
(f<FNA

we can confirm by combining Lemmas 2.4.43 and 2.4.44 that u5 € W,(Q) are indeed legit-

imate solutions of L, and they can be continuously extended to A by zero. By the linearity

of integration, we have u; = f( 50 fdw® = ud —u5. Let v(X) := uj(X) + u5(X), again by

linearity we have

(6.2.16) v(X) = / |foldw™ = / _If = frldo™.
0Q 0Q\A

Thus |ux(X)| < v(X) for all X € Q. Moreover by the properties of u;, we know that v €
W,(Q) is a solution of L, Tv = 0 on A and that v € W,.(B(qo, cr)). (Recall that A = cA =
B(qo, cr) N 0Q.) We claim that

(6.2.17) v(X) < C”f”BMO(o-) for all X € T(6A).

By the definition (6.2.16), the function v vanishes on A. Note that A > 12A by the choice of
A, v € W,(B(qo, 12r)) is a non-negative solution in 7(12A) and 7v = 0 on 12A. Let A be a
corkscrew point for 7(12A), by the boundary Harnack inequality (2.4.55)

w(X) < Cv(A), forall X € T (6A).

Forany j € N, let A; be a corkscrew point for the surface ball 2/A. Similar to (6.2.9), we get

JA\2I-1A

_wz‘fﬂ<][ — fxlPd >p<][ K| d > 2/A
<Z_; V= gildo ) (f K] dor )o@

27| fllsmoey ™ (27 A)

RS Sl BT
=1

M 1

Il
—_

<
j
(6.2.18) < N fllBmoo)-

Here p is a conjugate to r. We conclude the proof of (6.2.17).

Next, we show a finer estimate based off (6.2.17), which is

B
(6.2.19) WX) < C <&j‘)> llswow forall XeT (%A) ,

where 8 € (0, 1] is the exponent from Lemma 2.4.34. To this end, for any X € T(%A), let gx
be a boundary point such that |X — gx| = §(X). Note that

3
X = qx| = 6(X) < X = qol < 5,
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i.e. X € B(gx, 3r/2) N Q. Note also

3r 3r
|‘IX—QO|S|(]X_X|+|X—q0|<?4—7:3,3

so B(gx,3r) C B(qo,6r). Since A D 6A D A(gx,3r), v € W.(B(gx, 3r)) is a non-negative
solution in B(gy,3r) N Q and Tv = 0 on A(gx,3r). By the boundary Holder regularity
(2.4.35) and the first part of this lemma (6.2.17), we conclude

|X—61X|>'8< 1 // ) )5
X) < d
v(X) = < 3r m (B(gx, 3r)) JJ Bgx,3nne vdm

% 50\’
< <—> sup v < <— fllBmoce)-
r T(6A) r

Combining (6.2.19) and (6.2.15), we get

2
(6.2.20) // Vur PS(X)dm(X) < ”f”B# ( // 5(X)2ﬁ—1dm(X)> :
T(A) r T(3A)

Since 28 — 1 > —1, we can use Lemma 3.1.20 with exponent @ = 25 — 1 to get

(6.2.21) // Vi P6(X)dm(X) < 1l flEsowy S TN Erowe)-
T(A)

Combining (6.2.14) and (6.2.21) finishes the proof.

6.2.3 From BMO-solvability to w € A, (0)

In this subsection, we prove the other half of Theorem 1.3.15:

Theorem 6.2.22. Assume that for any f € Cg(F), the solution u = Uf € W,.(Q) given by
Lemmas 2.4.38 and 2.4.40 satisfies the property that |Vul>?6(X)dm(X) is a Carleson measure
with
1
(6.2.23) sup —— // IVul>5(X)dm(X) < CIIfII%MO(U).
Acon (D) ST

Then w € Ax(0), with the implicit constant depending on d, n, Cy, C| and the above constant
C.

Let us start with proving the following Lemma.

Lemma 6.2.24. Suppose the Dirichlet problem (D) is BMO-solvable. Then any non-negative
function f € Cg(F) whose supporte is contained in a surface ball A satisfies

(6.2.25) / fdw™ < CllfliBmo-
A

Here A is a corkscrew point for A.
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Proof.

Since f € C8(F) is a non-negative function, by Lemma 2.4.38 u = Uf € W,(Q) is a
non-negative solution of L. Suppose A has radius r. Consider another surface ball A’ =
B(q’,r) N T of the same radius r and which is 2r—distance away from A. Thus in particular,
Tu = 0 on 3A’ and that u € W,(B(¢’,3r)), by Lemma 2.4.38 (i) and (iv). Applying the
BMO-solvability assumption to u = U f and the surface ball A’, we have

(6.2.26) //T o, [P0 < Co@) o

We have shown in (3.0.4) that
(6.2.27) // IVul>6(X)dm(X) 2 / IS puldor,
T(A) A'/2

where S, ou is the truncated square function of aperture @ > a, whose value is determined
in Lemma 3.2.5 and only depends on n,d, Cy, C; and @. In order to get a lower bound of
the square function S ,/,u, we decompose the non-tangential cone I',/2(g) into stripes as in
(3.2.3) and use the Poincaré-type inequality proved in Lemma 3.2.5 for surface ball A’. Let
my, my be integers determined in Lemma 3.2.5. We obtain

1S, au(q) = // ()|Vu|26(X)1‘ddm(X)
ad

> Z // |Vu|25(X)1—ddm(X)
m1 + my @

j my+1 J= m1—>/+m2

Z @ nt // ) |Vu|2dm(X)

Jj= m1—>/+m2

Z @iny=d . @72 // Pdm(X)
—m, r

“(q)
> Y dk4y),

j=mi+1

where A; € I'j(q) is a corkscrew point at the scale 27/r. In the last inequality, we use the in-
terior corkscrew condition, as each stripe of cone I'j(g) contains a ball of radius comparable
to 27/~!r (as long as a is chosen to be big, say a > 2M, where M is the corkscrew constant).
Moreover,

(6.2.28) D WP A) 2w (A) 2 1P (AY).

j:m1 +1

Recall for any ¢ € A/, the point A; = A;(q) is a corkscrew point of B(g,27'r). Let A’ be
the corkscrew point for T (A’/2), by Lemma 2.4.3 and Harnack inequality, u(A") =~ u(A;).
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Therefore
IS -2l (q) 2 u*(A1) 2 u?(A"), foranyge A'.

Combining this with (6.2.26) and (6.2.27), we get
(AN fByow) 2 / IS pulPdo 2 o(A 12 (A") 2 o (A (),
A2

and thus

(6.2.29) uw(A") < IfllBmoc)-

Let A be a corkscrew point for A. Since A and A’ have the same radius r and they are
2r—distance apart, we have u(A) ~ u(A”). By assumption f is supported on A, hence

(6.2.30) u(A) = / fduw?.
A
The lemma follows by combining (6.2.29) and (6.2.30).

With that at hand, we pass to the

Proof.[Proof of Theorem 6.2.22]

By the change of pole formula in Lemma 2.4.87 and Harnack inequality, to prove w €
A(0) and in particular (2.1.15), it suffices to show: For any € > 0 fixed, we can find
1 = n(e), such that for any Borel set E C A,

@ < implies a)A(E)
oy TP AR

(6.2.31)

Here A is a surface ball and A is a corkscrew point for A. In fact, since o and w are regular
Borel measures, we may assume E is an open subset of A.

Recall from Lemma 2.4.80 that
WA (A) > C7!

for some C > 1. Thus to show w*(E)/wA(A) < € it suffices to show wA(E) < C™'e. Let
0 > 0 be a small constant to be determined later, we define a function

(6.2.32) f(x) = max {0, 1 + 6log Myxg(x)}

where M, is the Hardy-Littlewood maximal function with respect to o. Similar to Section
5.3 of [Zh], f satisfies

e 0< f<1,and f = 1 on the open set E;

e |Ifllsmor) < Ad, where A is a constant independent of E;
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o If

oE) _

(6.2.33) )

n(e) ~ e,
then f is supported in 2A.

Next we use a mollification argument to approximate f by continuous functions. Let ¢
be a radially symmetric smooth function on R" such that ¢ = 1 on By, suppg¢ C B; and
0<p<1 Let

Jyeoa FOpe(x = y)do(y)

for x € 0QQ.
j;,eag @e(x — y)do(y)

1 Z

6234 e0=¢(3). flo=
€

Then these f¢’s satisfy the following properties:

e cach f; is continuous, and is supported in 3A;
e there is a constant C (independent of €) such that || fellzmo) < CllfllBmocr):

o f(x) <liminf.g fc(x) for all x in their support 3A.

The proof of the above properties is a slight modification of Appendix A of [Zh]: here the
mollifier {¢.} is an approximation of identity of dimension d, instead of dimension n—1. The
proof uses standard mollification arguments and the Ahlfors regularity of Q2. Moreover, the
proof of the last property also uses the precise definition of f in (6.2.32).

Let A’ be a corkscrew point with respect to 3A. The last property and Fatou’s lemma
imply

(6.2.35) / Fdw? (x) < / liminf f.(x)dw® (x) < liminf / fe(x)dw™ (x).
3A 3A E—)O E—)O 3A

Since each f is non-negative, continuous and supported on 3A, we apply Lemma 6.2.24 and
get

(6.2.36) /3A fe@)dw™ (x) < Cllfdlsyow) < C'llflsmow-
Combining (6.2.35) and (6.2.36), we get
/3 J@d” @) < Cliflwoe) < €78
On the other hand, since f > yg
/3 A fdo? (x) = ' (E) 2 W(E).

The last inequality follows from the Harnack inequality and the fact that A, A’ are corkscrew
points to surface balls A, 3A respectively. Therefore w?(E) < C§ as long as the condition
(6.2.33),1.e. o(E)/o(A) < nis satisfied. In other words, w € Ax(0).
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