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Advances in large-scale machine learning have been driven by simple and lightweight iterative
algorithms. This dissertation explores a broad class of such algorithms that operate on large
random matrices, where matrix coordinate processes interact through mean-field dynamics.
Examples of such algorithms include stochastic gradient-based methods for optimizing the
weight matrices of deep neural networks (DNNs), Monte Carlo Markov Chain (MCMC)
algorithms for sampling from random matrix models, and the forward pass algorithm in
DNNs with weight matrices at each layer.

We demonstrate that, under mild assumptions, iterative algorithms and dynamics on
large finite-dimensional matrices exhibit well-defined analytical scaling limits as the algo-
rithm step-sizes approach zero and the dimensionality of the matrix-valued iterates grows to
infinity. These scaling limits can be described as processes on infinite exchangeable arrays
(IEAs) and analytically characterized as smooth curves on the metric space of graphons and
measure-valued graphons (MVGs). The scaling limit of the process can also be described
via McKean-Vlasov type stochastic differential equations (SDEs), similar to those studied in
the theory of interacting particle systems.

In deriving these findings, we develop a theory of gradient flows on graphons. We intro-
duce new metrics on the space of MVGs that provide a natural notion of convergence for

our limit theorems, equivalent to the convergence of IEAs. The analysis reveals that the



scaling limits of popular algorithms like stochastic gradient descent (SGD) and an MCMC
sampling algorithm coincide and are gradient flows on the space of graphons, uncovering an
interesting connection between sampling and optimization. The analysis also demonstrates
the propagation of chaos phenomenon in large-scale systems, indicating that as the system
size grows, the coordinate evolutions become statistically independent.

Finally, we apply these analytical tools to analyze the feedforward dynamics in a linear
residual neural network as its depth and width grow to infinity. We again find the propagation
of chaos phenomenon at play, demonstrating that as the network size grows, the evolution
of any finite set of independently chosen neurons, from the input layer to the output layer,
for any fixed input, becomes independent. Moreover, this neuron evolution can be described
as a Gaussian process, with drift and diffusion components fully determined by the weights
of the limiting network. This allows us to provide an optimal control framework for the risk

minimization problem in such infinitely deep and wide networks.



TABLE OF CONTENTS

Page
[List of Figures| . . . . . . . . . iv
[Chapter 1: Introduction| . . . . . ...
(1.1 Finite dimensional iterative algorithms| . . . . . . . . ... ... .. .. ... 8
[1.2  Classical Interacting Particle Systems (IPS)| . . .. ... ... ... ... .. 13
(1.3 Interacting Graph Systems: Beyond IPS| . . . . .. ... ... ... ... .. 15
(1.4 Permutation symmetries in Deep Neural Networks (DNNs)| . . . . . ... .. 16
(.o Contributions and Dissertation Structurel . . . . . . . . ... ... ... ... 20
[Chapter 2: Background and Prelimimnaries|. . . . . . .. ... ... ... 25
2.1 Notationl . . . . . . . . . . 25
[2.2  Finite dimensional iterative algorithms| . . . . . . . . . . ... ... ... .. 26
[2.3  Curves on metric Spaces| . . . . . . . .. .o e 36
[2.4  System of reflected diftusions|. . . . . . . . . ... Lo 37
[2.5 Limits of large graphs and Graphons| . . . . . . . . ... .. ... ... ... 38
2.6 Exchangeability| . . . . . . ... ... o 46
2.7 Conclusion|. . . . . . . . . e 48
[Chapter 3: Convergence of Algorithms to finite dimensional SDEs| . . . . . . . .. 49
[3.1 Noisy Stochastic Gradient Descent Algorithm| . . . . . . . ... .. .. ... 49
[3.2  Relaxed Metropolis-Hastings Algorithm|. . . . . . . ... ... ... ... .. 52
[3.3 Iterated product of matrices| . . . . . . . .. ... oL 57
3.4 Conclusionl. . . . . . . . . 69
[Chapter 4: Gradient Flow on Graphons| . . . . . . . . ... ... ... ... .... 70
4.1 Introduction| . . . . . . . . .. 71
4.2 Background and Preliminaries| . . . . . . . . ... ... o000 73




4.4 Scaling limits of finite dimensional Gradient Flows|. . . . . . . ... ... .. 86
[4.5 Continuity Equations| . . . . . . . . ..o o o 88
4.6  Examples and Simulations| . . . . . . ..o o000 89

[Chapter 5:  Measure-valued Graphons (MVG) and Infinite Exchangeable Arrays (IEA)[103

[>.1 Measure-valued graphons|. . . . . . . . .. ... L 104
[>.2 Infinite Exchangeable Arrays|. . . . . . ... ... o000 115
B3 Conclusionl. . . . . . . . . 121
[Chapter 6: ocaling Limits of SDEs with Increasing Dimensions| . . . . . . . .. .. 122
[6.1 Scaling limits as curves on Graphons via McKean-Vlasov equations| . . . . . 124
[6.2 Scaling limits as curve on MVGs via McKean-Vlasov equations/. . . . . . . . 142
[6.3 Scaling limits of iterated products of matrices as curves on IEAsf . . . . . . . 155
6.4 Conclusion|. . . . . . . . . . . 164
[Chapter 7: Scaling Limit of Large Linear Residual Networks| . . . . . . . .. . .. 166
(7.1 Introductionl . . . . . . . . . . 167
[7.2  Background and Setup| . . . . . . ... ..o oo 169
(.3 Main Resultsd . . .. . . . o 174
(7.4 Numerical [llustrations| . . . . . . . . . . .. . ..o 176
(7.5 Related Workl . . . . . .. .. .. 177
[7.6 The control viewpoint| . . . . . . . .. . . ... ... ... 178
(7.7 Conclusion|. . . . . . . . . e 180
[Chapter 8: Discussions] . . . . . . . .. 181
8.1 Momentum-Based Iterative Algorithms| . . . . . . .. .. ... ... ... .. 181
8.2 Theory of Gradient Flows for Measure-Valued Graphons (MVGs)| . . . . . . 181
(8.3  'Training Process of an Infinitely Deep and Wide Network( . . . . . . . . . .. 182
8.4  Optimal Control and Training Dynamics| . . . . . . ... .. ... ... ... 182
[8.5 Neural Networks with Non-Linearity, Convolution, and Attention| . . . . . . 182
[Appendix A: Proofs of Theorems in Chapter|3l . . . . . .. .. ... ... ... ... 208
[A.1 Proots of Chapter|3.1). . . . . . . . . . ... .. ... ... ... 208

i



[A.2 Proots of Chapter|3.2[. . . . . . . . . . . . .. ... 215

[A.3 Proots of Chapter|3.3[. . . . . . . . .. . ... . ... ... .. 228
[Appendix B: Proofs of Theorems in Chapterld . . . . .. .. ... ... ... .... 231
[B.1 Proots of Chapter4.2] . . . . . . . . . . ... ... 231
[B.2 Proots of Chapterd.3]. . . . . . . . . . ... .. ... 235
[B.3 Proots of Chapter4.4f . . . . . . . . .. . . . .. ... 243
[B.4 Proots of Chapter4.0[. . . . . . . . . . . .. . ... 246
[B.5 Proots of Chapter|4.6{. . . . . . . .. .. .. 247
[Appendix C: Proofs of Theorems in Chaptero| . . . . . .. .. ... ... ... ... 251
|(C.1 Proots of Chapter|o.1]. . . . . . . . . ... ... ... 251
[C.2 Proots of Chapter[p.2[. . . . . . . . . . . . .. ... 256
[Appendix D: Proofs of Chapterfo| . . . . . .. ... ... ... ... ... ...... 257
[D.1 Proots of Chapter|6.1{. . . . . . . . . . . . .. ... ... .. 257
[D.2 Proots of Chapter|6.2[. . . . . . . . .. . ... ... ... . ... 273
[D.3 Proots of Chapter|6.3]. . . . . . . . .. ... ... ... . 278
[Appendix E: Proofs of Chapter|7 . . . . . . ... ... ... ... ... 296

1ii



LIST OF FIGURES

Figure Number Page
(1.1 Symmetry in unlabeled graphs.| . . . . ... ... ... ... ... 3
(1.2 Single hidden layer Neural Network with n neurons| . . . . . . . . . ... .. 15
(1.3 Finite width Neural Network with m hidden layers.| . . . . . . . .. ... .. 17
(1.4 Each sub-figure shows the relative position of weight matrices along the depth |

| interval [0, 1]. Matrix size corresponds to network width, and the number of |

| matrices to network depth. The black curve indicates the underlying drift |

[ curve to which these sequences converge. See Chapter [7| for more details.| . . 20
[2.1 Relaxed Metropolis chain iteration forr=3.n=3.| . . . . . ... ... ... 34
2.2 Kernels and finite dimensional matrices . . . .. . .. ... ... ... ... 40
2.3 Graphon limit of an Erdos-Rényi graph G(n,0.5) — w = 0.5 [Lovl2, Figure |

[ LB[ 42
4.1 Ilustration for the assignment of random variables {U;}117™ . . . . . . .. 98
1.2 A gradient descent simulation over To —7_/10] . . . . . .. ... ... ... 101
(6.1 A noisy stochastic gradient descent simulation over 7o —72| . . . . . . . .. 139
[6.2 Evidence of propagation of chaos in DNNs . . . . . ... ... ... ... .. 141
6.3 A relaxed Metropolis chain algorithm simulation for H = Th — 7). . . . . 154
[7.1 Evolution of neurons H,  from input (k = 0) to output layer (k = m) for

a fixed input, in linear Residual neural networks with depth m € {16,512}
and width n = 512. As m increases, we expect the evolution of neurons (in
light brown) to converge to a stochastic process. The curve in dark brown

| represents the mean of the neurons along depth. . . . . . ... ... ... .. 170
[7.2  Noise variance of neurons and classification accuracy along the depth (n = 512, |

| m=>5012)] . . . 177

v



ACKNOWLEDGMENTS

As I embarked on this Ph.D. journey, I could not have imagined the profound change it
would bring me. These years have been a time of significant personal growth. In recognition
of the many individuals who have contributed to this transformative journey, I divide my

acknowledgments into eight parts.

Firstly, I am deeply grateful to my advisor, Professor Sewoong Oh, whose steadfast
support has been fundamental throughout my Ph.D. journey. I am especially thankful for
Sewoong’s willingness to invest in my potential from the very beginning, right from when we
first met in person during NeurIPS 2018, and later during the graduate school visit in 2019.
I knew that he would be the perfect advisor who would respect my research interests and
provide me with the freedom to explore them even if they are a little different from his own.
Along with this, Sewoong’s enthusiasm, cheerfulness, calmness, and constant guidance are
some of the ideal qualities I could ever ask for in an academic advisor. I thank Sewoong for
allowing me to pause and rethink the directions we wanted to pursue, humbly holding back
in areas where I had less inclination and conviction, and pivoting to an area that I could call

my own research, which has manifested well in the form of this dissertation.

Secondly, I extend my heartfelt thanks to my dissertation reading committee members.
I am grateful to Soumik for mentoring me in refining my intuitions into rigorous research
ideas and questions that led to the success of this dissertation. His dedication to clarity and
his unwavering scholarly urge to push the boundaries of understanding have consistently
awed and inspired me. I am especially thankful for his invaluable support and suggestions
during times when I oscillated between various career paths. I am very grateful to Professor

Zaid Harchaoui for his insightful feedback on my research directions. His deep knowledge



of existing literature and his ability to connect various research topics in novel ways have

greatly helped me in refining and better communicating my research to diverse audiences.

Coming from a background in mathematics, computing, machine learning (and opti-
mization) prior to starting my Ph.D., T have always seen reflections of my academic self in
the three committee members spanning three departments at the University of Washing-
ton (UW). Their combined support has been instrumental in shaping my graduate school
journey, providing a solid foundation for my academic pursuits, and guiding me through all

phases — both challenging and rewarding.

Thirdly, I am thankful to Raghavendra Tripathi for his collaborative spirit and meticulous
attention to technical detail, which greatly enhanced our understanding of complex topics
that we encountered in our research together. I am thankful for the invaluable research and
career advice from Professor Siva Athreya, which has significantly shaped my outlook on
various aspects of life. I am deeply grateful to my close collaborators for their dedication
to a first-principles approach in our research, providing enough room for creative and free
thinking in the midst of rigorous research exercises that were usually unburdened by academic
deadlines. I believe that this process has sharpened both my intuition and critical thinking

abilities across various facets of life.

Fourthly, this work was greatly supported by the foundational contributions and collabo-
rations of the individuals who prepared and motivated me to pursue a Ph.D. I am particularly
grateful to my pre-doctoral mentor, Dr. Praneeth Netrapalli. Praneeth introduced me to
foundational machine learning and optimization with the help of interesting research prob-
lems, and later helped me refine some of the research questions that I eventually asked in this
Ph.D., significantly influencing my research path. I am also thankful to Praneeth and Dr.
Prateek Jain for jointly recognizing my research acumen early on during my undergraduate
final year and giving me the opportunity to work with them as a research fellow at Microsoft

Research India (MSRI) for two wonderful years before I joined as a Ph.D. student at UW.

vi



Fifthly, I value the instruction and guidance from Professors Shayan Oveis Gharan, Anna
Karlin, Yin Tat Lee, and Dmitriy Drusvyatskiy, whose course teachings were pivotal in the
early stages of my research. I appreciate the Artificial Intelligence & Machine Learning Lab
in the Gates Center for Computer Science and Engineering (CSE) for providing a supportive
and engaging research environment and workspace. I thank Elise Dorough and Joe Eckert
for their consistent administrative support throughout my Ph.D. I also want to give special
acknowledgment to the ‘Kantorovich Initiative’ and the ‘Institute for Foundations of Ma-
chine Learning’ for providing a stimulating audience and valuable feedback throughout my
research journey. I thank the ‘National Science Foundation’ for facilitating the funding for
the majority of my research with my research collaborators. I thank The D. E. Shaw Group
for the internship opportunity, which allowed me to demonstrate my research skills and learn

about the vast potential of my research from my colleagues.

Sixth, I am immensely grateful to my housemates — Aditya Kusupati, Sanjana Sharma,
and Tapan Chugh — who have made our residence and life in Seattle a true haven. I fondly
remember when Aditya, Tapan, and I, while working at MSRI together, decided to join
UW, planning to stay together and work on machine learning problems. As aspiring young
researchers, we agreed that Aditya would focus on ML applications, I would provide the
necessary theoretical explanations, and Tapan would improve the systems behind them. We
are glad that some of our early research ideas successfully worked out, and we constantly
learned so much from each other during our stay together. I also thank Aditya, Tapan, and
Sanjana for tagging me along on random drives, various hikes, and exploring places, given
my reluctance to learn driving. Special thanks to Sanjana, who joined our house in the midst
of our Ph.D. and made it a home. Watching TV was so much fun when Sanjana commanded
the remote. As I have always expressed to her, thanks for raising the entropy of our social

lives.
I also cherish the fun times hanging out with Sahil Verma, Sudheesh Singanamalla,

vil



Priyal Suneja, Venkatesh Potluri, and Pratyush Patel. 1 especially thank the ‘desi-grads’
friend community in CSE UW, who provided me with a social environment reminiscent of
my home country, making me feel closer to home under the gloomy skies of Seattle. I hope
the group stays active and grows as newer graduate students join and stay in touch with the

older ones.

Seventh, my deepest gratitude is reserved for my family and friends. To my parents, for
providing me with the best education they could. They have played a pivotal role in helping
me make some of the best decisions of my life. My father, coming from a commerce and
finance background, initially wanted me to pursue a similar path, given that this was the
path taken by the vast majority of people across our entire ancestral family tree. However,
he trusted my academic and career decisions throughout this journey and provided the best
mentorship by learning about my ever-evolving interests and the places I attended. My
mother complemented my father by ensuring I was surrounded by a good social and friend
circle, trusting my decisions as long as she knew I would be happy pursuing them. As
their only child, I was not burdened with the socioeconomic responsibilities that might be
expected. I thank them for teaching me important life lessons during difficult times, which

helped me thrive, learn, and persist both in my academic as well as personal life.

I thank my grandmother, uncle, and elder sister’s family for their boundless love and
encouragement. I thank my late grandfather for the love he showered on me when I was a
young schoolboy. I thank my family-in-law for their unwavering love, trust, and support for

my constraints and decisions.

[ warmly thank my friends, from my enduring ‘B3 family’ to my childhood school friends,
who have supported and cheered for me and always had my back. Cheers to the crazy

memories we've had together, and may we create many more.

Finally, to my wonderful wife, Surabhi, who has been a cornerstone in my life since my

early undergraduate days. Her love, support, strength, and companionship have been my

viil



anchor during turbulent times. She was the first person with whom I shared my desire to
pursue a Ph.D. in the USA, which could take another five or more years of staying apart.
It was a surprise to her, but she stood by me and supported me throughout this journey.
Despite being poles apart (literally), she ensured she was always emotionally available. Her
trust and love know no borders. Thank you for being my partner in every decision we have
made together. Thank you for listening to all my dilemmas and helping me make important
choices along the way. I am glad that we have stood strong across years and oceans. This
Ph.D., and indeed our entire academic journey, is our collective achievement — a testament to
our shared sacrifices, support, and love. Thank you for believing in me more than I believed
in myself. I am happy that you are proud of how far we have come. With this chapter also
coming to an end, I hope we will be able to spend more time close to each other. Thank you
for everything, Surabhi!

I thank and acknowledge everyone who has been part of the journey, directly or indi-
rectly, consciously or unconsciously. I end this section thanking life for the freedom and

opportunities it provides.

1X



DEDICATION

To the memory of my beloved grandfather,

Late Shri Jugal Kishore Somani.



Chapter 1
INTRODUCTION

Iterative algorithms are fundamental to machine learning, large-scale optimization, and
statistical estimation, forming the basis for many advanced computational methods. These
algorithms often operate as discrete-time stochastic processes over high-dimensional spaces,
such as real-valued vectors and matrices. Popular examples of such algorithms and dynam-
ics include Stochastic Gradient Descent (SGD) [RM51, Bub15, BCN18, [Net19], Metropolis-
Hastings sampling algorithm [MRR*53|, Oja’s algorithm [Oja82], and the forward pass com-
putation of a Deep Neural Network (DNN) with a set of trainable weight matrices. With
growing data and computation, recent advancements in machine learning have been made
possible by using large, internet-scale data sets to train increasingly larger parametric ma-
chine learning models for extended periods on ever-more efficient computational infrastruc-
tures.

Since the ambient space comprises a large set of parameters that update with each itera-
tion, this results in complex interactions between the evolutions of every parameter. As the
dimension of the underlying parametric space grows, it becomes imperative to study how the
many possibly dependent (possibly stochastic) processes corresponding to each parameter

interact and evolve. These iterative algorithms exhibit two pivotal properties:

1. Updates in these algorithms depend solely on the configuration of previous iterates
rather than on any specific labeling or ordering of the parameters. This observation
ensures that the algorithm’s behavior remains invariant under any permutation of

parameter indices, reflecting an invariance in the representation of the parameter space.

2. The evolution of iterates is governed by an aggregate effect analogous to mean-field



theory, where the influence of any single parameter on the update of another is relatively
insignificant. However, the collective influence of all parameters plays a significant role
in determining the trajectory of each iterate, embodying a global rather than a local

dynamical perspective.

The various symmetries in the interaction of these processes allow us to derive simple and
beautiful descriptions of their joint evolution and characterize various phenomena that arise
at scale. We will develop a framework of analysis that provides a common ground for a
family of iterative algorithms exhibiting such properties, enabling us to understand various
large-scale behaviors that simplify our understanding of these algorithms.

We commonly observe mean-field interactions in various physical systems. One such ex-
ample in the natural sciences involves the behavior of gas molecules under classical physics
laws. In this system, each molecule is influenced by the average effect of all other molecules
rather than detailed pairwise interactions. To describe this macroscopically, one considers
the statistical distribution of molecules’ positions and velocities — commonly the Maxwell-
Boltzmann distribution. As the number of molecules tends toward infinity (the thermo-
dynamic limit), the system’s macroscopic state increasingly represents individual molecules’
states. Here, the mean-field theory simplifies the description of molecular dynamics by focus-
ing on “average properties” rather than “complex many-body interactions”. Developments in
the theory of large interacting particle systems and optimal transport have provided a geom-
etry and an analytical framework to discuss the behaviors of such large mean-field interacting
particle systems that enjoy complete permutation symmetry [Szn91) Vil03), Vil12] [San15].

The training dynamics of two-layer neural networks exhibit mean-field interactions similar
to those in systems of interacting gas molecules. Drawing a direct analogy from interacting
particles, we can see how the weights of neurons (analogous to the positions and velocities,
i.e., the states of particles) in a two-layer neural network change under the potential field
of the loss function, which Gradient Descent (GD) follows over discrete time steps. Recent

analyses of Stochastic Gradient Descent (SGD) over two-layer neural networks have sought to
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Figure 1.1: Symmetry in unlabeled graphs.

understand these interactions using the theory of Wasserstein gradient flows and McKean-
Vlasov equations, which arise from such mean-field interactions [SMNIS8| [CBI8, RVEIS,
MMM19, [CCP19, [AOY 19, NP20), [SS20al, [SS20b, [TR20, BC21]. These studies have provided
insights into phenomena like the propagation of chaos, which essentially means that as the
width of the hidden layer (i.e., the number of hidden neurons) grows towards infinity, the
evolution of the weights of neurons becomes statistically independent.

In many interesting applications, however, the “particles” are edge weights in a graph
(or its adjacency matrix) whose vertex labels are exchangeable, but the edges themselves are
not. This arrangement does not afford complete permutation symmetry since permuting the
edges changes the connectivity of the underlying graph. See Figure for an illustration.
The adjacency matrices of such unlabeled graphs are classified as exchangeable matrices,
where the distribution of any submatrix remains invariant under permutations of row and
column labels. In this context, a mean-field interaction suggests that while the impact of
a single edge on the evolution of another is negligible, the collective influence of the entire
unlabeled graph significantly shapes the trajectory of every edge. Motivated by the dynamics
of various classes of algorithms over graphs, this thesis aims to extend Wasserstein calculus to
higher-order exchangeable structures like infinite two-dimensional exchangeable arrays and
to investigate the characterization of scaling limits for various iterative stochastic algorithms
over such large matrix-valued processes that exhibit mean-field interactions.

To further elucidate the concept of symmetry in neural networks, consider the setup of



a deep neural network. We note some crucial observations: First, relabeling neurons within
any given layer does not affect the system’s overall behavior. The network’s output remains
unchanged under the permutation of neurons in any layer as long as the connections in the
computational graph are maintained. Second, this symmetry is not a complete permutation
symmetry since the permutation symmetry between any two adjacent layers is shared by a
common set of computational nodes called hidden neurons. See Figure for a diagram.
These observations prevent one from using the theory of interacting particle systems to derive
scaling limits as the number of hidden neurons goes to infinity.

With these observations, we will consider three classes of iterative algorithms where such
a symmetry exists. We first briefly describe each of the classes to set the context of the rest

of the thesis:

1. Optimization: Optimization algorithms, such as those based on stochastic gradients,
play a crucial role in large-scale optimization and machine learning [BB07]. Each step
of the algorithm involves evaluating an estimate of the negative gradient of the objective
risk function and moving in that direction. Popular examples of such dynamics include
the training dynamics of large deep-learning models using SGD-based algorithms. See

Section for details of such algorithms.

2. Sampling: When finding the minimizers of an objective function or computing its gra-
dient is computationally expensive, one often considers sampling from its corresponding
Gibbs measure with some temperature parameter. In many circumstances of interest,
it is well-known that as the temperature approaches zero, the Gibbs measure concen-
trates around the minimizers of the objective Hamiltonian function [Hwa80]. Thus,
one may replace the problem of optimization of the Hamiltonian function with a prob-
lem of sampling from the Gibbs measure at a low temperature. One can sample from
the Gibbs measure by running suitable Markov chains with an invariant distribution
given by the Gibbs measure [vLLA87]. Due to this relation between sampling and op-

timization, these algorithms are also called zeroth-order optimization algorithms. See



Section [2.2.2] where we discuss a relaxed Metropolis chain algorithm operating over

stochastic block models.

3. Multiplicative updates: Another class of algorithms relies on the iterative application
of linear transformations rather than additive changes as seen in optimization and
sampling algorithms. These matrices are random-scaled perturbations of identity. This
class includes algorithms such as Oja’s algorithm, gossip algorithms, and the forward
pass in deep residual neural networks. See Section [2.2.3] where we describe the setup

in greater detail.

The analysis of algorithms categorized under cases [1| and [2| becomes complex at large
scales due to the mean-field interactions among the coordinates of the iterates that are
exchangeable matrices. As previously discussed, the restricted permutation symmetry limits
our ability to apply established theories of interacting particle systems and McKean-Vlasov
theory to characterize the scaling limits of dynamics over such spaces. Additionally, for
dynamics categorized under case |3 analyzing the dependencies and correlations arising from
the progressively multiplicative updates, given their matrix-multiplicative nature, is essential
to characterize their scaling limits effectively.

Despite these challenges, the possibility of identifying limiting objects to characterize the
scaling limits is promising. This optimism stems from the observation that the core principle
of the algorithm remains consistent, regardless of the ambient space’s dimensionality. We see
this in classical interacting particle systems, which enjoy complete permutation symmetry.
This symmetry allows us to describe the system as a function of the empirical measure of a set
of interacting particles. The evolution of their empirical measure can equivalently describe
the evolution of the set of particles. The space of probability measures, known for its elegant
geometry derived from the theory of optimal transport [Vil03, [San15], enables one to embed
all empirical measures obtained from various particle sets into the single common space of
probability measures. Since this space is complete, the limit as the number of particles grows

can be described by the limit of the empirical measures in this space. Since this space is



also a geodesic metric space, this framework allows us to connect particle dynamics with
the corresponding dynamics on the space of measures, providing a calculus facilitating the
desired scaling limits. This thesis aims to extend this framework to dynamics over higher-
order exchangeable structures, such as two-dimensional arrays from popular matrix-valued
algorithms and graph dynamics.

Exchangeable matrices can be considered adjacency matrices of large, dense, edge-
weighted, unlabeled graphs. The concept of limits for such large unlabeled, edge-weighted
graphs, known as graphons, has been extensively studied [Lov12]. Central to our analysis
is the novel application of gradient flows [AGS08] and dynamics over infinite exchangeable
arrays. We explore each class of algorithms, initially studying their continuous-time limits
at fixed dimensions, developing an analytical framework to embed iterates in a common,
suitable limiting space, and ultimately deriving their scaling limit descriptions as dimensions
grow to infinity.

The research and study have been progressively developed.

e In case |1} the existing theory of graph limits, called graphons|Lov12], combined with
the general theory of gradient flow on metric spaces|[AGS0§|, allows us to develop a
theory of gradient flow on graphons. We show that standard Euclidean gradient flow on
matrices can be embedded into the space of graphons, over which we can consistently
study their limits. We demonstrate that these limits naturally turn out to be well-
defined gradient flows on graphons. The task then reduces to obtaining continuous-
time limits of iterative algorithms over finite dimensions, which we can embed into the
space of graphons to further take their scaling limits under a suitable topology. This
framework helps us understand macroscopic evolution and demonstrates phenomena

such as the propagation of chaos that arises from scaling the dimensions to infinity.

e We extend the framework discussed in the above item to incorporate the microscopic
statistical details of the evolution of every coordinate in the exchangeable array sys-

tem by characterizing the scaling limit as smooth deterministic curves in the space of



measure-valued graphons (MVG). We provide amenable metrics on the space of MVGs
that stay consistent with the topology and geometry of graphons. We show a corre-
spondence between two-dimensional real-valued infinite exchangeable arrays and the
metric space of MVGs. The scaling limit characterizations of the matrix-valued pro-
cesses adopt the form of McKean-Vlasov equations, which are traditionally linked to

the study of interacting particle systems and optimal transport.

e Beyond first-order stochastic optimization algorithms, as discussed in case [2], our anal-
ysis extends to demonstrate that the scaling limit of a simple Monte Carlo Markov
Chain (MCMC) sampling algorithm over a stochastic block model (SBM), also leads
us to a McKean-Vlasov description over MVGs. In the asymptotically zero-noise case,
this curve, when projected down to graphons, coincides with the gradient flow of the
Hamiltonian function on the space of graphons. This highlights a beautiful connection
between sampling and optimization, illustrating that an algorithm that does not use

any gradients can still mimic a gradient flow under the scaling of time and dimensions.

e Moving to case [3, we consider the scaling limits of iterative products of random and
biased perturbations of the identity matrix. Even when these product matrices contain
Gaussian noise, we show that the Gaussian chaos arising from successive products of
Gaussian random variables converges to Gaussian processes due to the Central Limit
Theorem (CLT) as the matrix size increases, simplifying the distributional description
of the infinite product. This analysis allows us to characterize Deep Linear Residual
Networks as Gaussian processes beyond their random initialization and once again
unveil the phenomenon of propagation of chaos. We discuss this as an application of

our study in Chapter [7]

In the following sections of the chapter, we will give an introduction and overview of the
algorithm classes we consider, discuss the permutation symmetries appearing in Deep Neural

Networks (DNN) and use them to parameterize wide and Deep Linear Residual Networks



and discuss the contributions and the structure of this dissertation.
1.1 Finite dimensional iterative algorithms

[terative stochastic optimization algorithms serve as the workhorses of machine learn-
ing [Caud7, Bubl5, BCN1S]. The specifics of these common Markov chains will be discussed
in Section [2.2.1] For a more detailed overview, readers are referred to the following mono-
graphs [Ben99, [KY03, Bor09, MBI11l [KC12]. Analyzing such discrete stochastic processes
can be challenging in general. A common approach, inspired by stochastic approximation
theory, involves examining their continuous-time counterparts. The insights gained from
continuous-time dynamics can be very valuable, as phenomena demonstrated to occur in
continuous time approximately apply even to discrete-time algorithms when the step-sizes
are small enough.

As discussed in case [1f and , iterative algorithms can be used to optimize (or sample
from the Gibbs measure of) real-valued functions that are permutation invariant, that is, the
output of these functions does not change if the rows and columns of the adjacency matrix
are permuted using a common permutation. This property is crucial in giving rise to the

mean-field interaction between the entries of the iterates.

Definition 1.1. For any n € N, we say that a function R,, on symmetric n X n matrices is

permutation invariant if
Rn (Xn) = Rn <<Xn,(7r(z),7r(j))) (i,j)e[n]2> )
for all n x n symmetric matrices X,, and all permutations = of [n] = {1,2,...n}.
We will make some observations through an example.

Example 1.1. Consider the function R, on symmetric n x n real-valued matrices for any
n € N defined as R,: X,, — n=2tr(X3). If X,, is the adjacency matrix of a graph, then R,

computes the triangle density of the graph. We now make a few observations here:



1. In this example, the gradient is the map VR, : X,, — 3n X2 Observe that if we
look at the update for any index e € [n]? of X,,, we see that the e-th coordinate of the
gradient evaluated at X,, not only depends on the element X,, ., but also on the entire
matrix X,,. Such interactions are called mean-field interactions as we will study in the

later chapters.

2. The update rule is consistent if we relabel the rows and columns by some common

permutation of the index set [n]. Moreover, (R,, VR,,) is permutation invariant.

3. When n is large, the evaluation of the function R, does not change by much as n
continues to increase, given the input to R, approximates as graphs in a certain sense.

We will return to this notion of convergence later in Chapter [2

More generally, in the case of Deep Neural Networks (DNNs), the output of the DNN
does not change if the neurons in any of the hidden layers are permuted. This permutation-
invariant property in DNNs is discussed in detail in Section [I.4] Since we consider unlabeled
graphs, well-defined functions over unlabeled graphs always satisfy this property.

Gradient descent, when used with small step sizes, approximates the Euclidean gradient

flow obtained as a solution to Cauchy’s problem [Cau4T]:

CXolt) = —0RAXAD),  celP,  teRy,

with a given initialization X,,(0) = X,, 0. Here, R, denotes the set of all non-negative real
numbers, which is used to index time, and 0d, refers to the partial derivative with respect
to the e-th matrix entry. The solution of this Cauchy’s problem, which exists and is unique
when VR, is Lipschitz [Lin94], is often called the gradient flow of R, on R™. These gradient
flow curves possess a nice desirable property: under the time limit (i.e., t — oo) they converge
to the set of stationary points of a wide class of optimization objectives. A natural question

that arises in several applications is whether the solution to the above Cauchy problem has

a scaling limit as n — oo. That is, is there a simple description of the limit of these solutions
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as n — 00? One can also ask the reverse question that what class of discrete time algorithms
can approximate the gradient flow in finite dimensions. If such a class can be identified, then
the conclusions obtained by taking the scaling limit of the gradient flow as the dimension
grows can equally apply to such other optimization algorithms. We will introduce one such
wide class of algorithms in Section [2.2.1]

Consider the problem of ‘soft’ optimization of a Hamiltonian function H,, defined over
M.+, the set of symmetric matrices taking values in [0, 1]. Instead of finding the actual
minimizers, which can be computationally expensive, one often considers a Gibbs measure
corresponding to H,,, whose density with respect to the Lebesgue measure on M,, 4, is pro-
portional to e #» for some inverse temperature parameter 3 > 0. It is well known that,
in many circumstances of interest, as § — oo, the Gibbs measure concentrates around the
minimizers of H,, [Hwa80]. Thus, one may replace the problem of optimization of H, by a
problem of sampling from the Gibbs measure for a large 5. This is achieved by running suit-
able stochastic processes with an invariant distribution given by the Gibbs measure [vLLAST].
A large class of commonly used models, including those in statistical physics and exponential
random graph models (ERMs), falls under this umbrella [Chel6]. One might wish to sample
from such a Gibbs measure, whether trying to find graphs that approximately minimize the
Hamiltonian (i.e., serving as an approximate non-parametric maximum likelihood estimator,
such as MCMLE [Chel@, Chapter 3.3]) or sampling from a Bayesian posterior distribution.
Although Metropolis or Gibbs sampling algorithms are popular choices for running MCMC
algorithms, their mixing times are generally not known. In Section [2.2.2] we will introduce
a relaxed Metropolis chain algorithm that can be used to sample from the Gibbs measure
corresponding to H,. In Chapter [6] provide non-asymptotic error bounds for this algorithm.

In Chapter 3], we will see that such a class of iterative stochastic optimization algorithms,
as well as the relaxed Metropolis chain algorithm, are closely related to stochastic differential

equations (SDEs) of the following form:

AXoe(t) = bpe(Xne(t), Xp(t)) dt + 2, o (X e (£), X (t)) d By e (1), te Ry, (1.1)

)
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for e € [n]?, and with initialization X,,(0) = X,, 0. Here, b, and %,, are some matrix-valued
drift and diffusion coefficients functions, respectively, that are coordinate-wise functions of
the corresponding coordinates of the matrix, as well as of the entire matrix. As discussed
above, the way in which these functions depend on the entire matrix is permutation invariant,
which results in the mean-field interaction between the elements of the matrix. Here, B,, is an
n X n symmetric matrix-valued process with coordinatewise independent standard Brownian
motions. These SDEs are of the McKean-Vlasov type exhibiting the mean-field evolution
of the matrices. When the domain of the algorithm has a boundary, the SDE that we
will obtain will contain reflection terms necessary to accommodate the boundary conditions.
Consequently, one might again ask whether such general classes of iterative optimization and
iterative sampling algorithms have a scaling limit as the step-size goes to zero and the size

of the matrices increases to infinity.

Moving to algorithms of the multiplicative form, we also consider the class of dynamics
that generate a Markov process via repeated linear transformations. Here, each linear trans-
formation is a random and possibly biased perturbation of the identity. The resulting linear
transformation can be considered as an iterated product of small transformations, which,
when applied to an initial state, allows us to understand the trajectory of the state as a
function of the number of iterations. It is natural to ask how this trajectory behaves as
we scale down the perturbation (with respect to identity) for each update and, at the same
time, increase the number of such updates. In order to arrive at a non-trivial continuous-time
limit of such discrete iterations, it is important to scale the perturbations as a function of
the number of iterations. Specifically, if m € N is the total number of iterations, then any

! whereas the i.i.d. random noise

drift component of the perturbation needs to scale as m™
in each perturbation needs to scale as m~'/2 for the limit to be non-trivial. Let us look at

an example where n = 1.

Example 1.2. For any time t € R, and m € N, consider the following product of m € N
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many perturbations of 1; i.e., for every m, consider:

Lmt]

) o
P,(t) = 1+ 24+ % x,),  teRr,,

where 1 € R and o € R, are the drift and diffusion coefficients, and (X;) ) are Lid.

i€[m
standard Gaussian random variables. It follows from [DMS83] that as m — oo, the cadlag
process P,, weakly converges to the stochastic process P: t — eMToBi="t/2 45 5 oo,
where B is a standard Brownian motion (BM). Notice that the process P is nothing but the

stochastic exponential of the process Y: t +— ut 4+ 0 B;.

In Section [2.2.3, we will introduce such iterative products in higher dimensions, where
the terms of the products may not necessarily commute as matrices and may even change
smoothly with each iteration. It will be crucial to scale the drift and noise terms appropriately
based on the dimension to arrive at non-trivial limits. In Section [1.4.2] we will see that
such iterated matrix products arise in the forward pass computation in large Deep Residual
Networks with linear activation functions. Consequently, it is relevant to revisit the question
whether this class of dynamics over matrices has a scaling limit as the number of iterations
and the dimensionality of the matrices increase. In the context of Deep Residual Networks,
the number of iterations corresponds to the network’s depth, and the dimensions relate to
the number of neurons in each network layer. This will allow us to also uncover the scaling
limits of the evolution of neurons along the depth of a network for a given set of random
weight matrices. We will discuss this application in Chapter[7}, and find a similar propagation

of chaos behavior in the evolution of neurons along the depth.

In the following section, we will provide an overview of the classical theory of interacting
particle systems, where such scaling limits have been studied. A similar question is encoun-
tered in this theory; however, instead of symmetric two-dimensional arrays that correspond
to weighted edges, the theory examines a one-dimensional array of particles with complete

permutation symmetry.
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1.2 Classical Interacting Particle Systems (IPS)

The theory of interacting particle systems (IPS) study evolutions of one dimensional arrays
that correspond to the positions of the interacting particles [G&r88|. The system consists of
a large number of interacting particles, where the effect of each individual particle on the
whole system is negligible, but the cumulative effect of all the particles is significant. This is
the mean-field model of interaction. In this context, one encounters a similar system of SDEs
where multidimensional diffusions of particle positions X, interact through their empirical

distribution as:

an z(t) = bn(Xn,i(t)v ﬂn(t» dt + JTL(Xn,i(t)’ ﬂn(t)) dBn,i(t)> te R+a (1'2)

)

for i € [n] and with initialization X,,(0). Here, b, and o, are some drift and diffusion
coefficient functions respectively. Here, X,,;(t) is the position of the i-th particle at time

t € Ry, (Bni) is a vector-valued process with coordinatewise independent Brownian

i€n]
motions, and fi,(t) = n~! Zie[n] dx,,t) is the empirical probability measure of all the n
particles at time t € R,. Any drift and diffusion that is symmetric in the coordinates (i.e.,
“mean-field interactions”) can be represented through some functions b and o via an SDE
of the above form. The study of such systems originated from the probabilistic study of
the Boltzmann and Vlasov equations [Kac56, McKT75, [Dob79, [Tan79]. For modern surveys,

readers are referred to [Szn91], Vil12, [CD22| [Jab14].

In this mean-field model, each particle’s influence is approximated by the average influ-
ence of all the other particles, making the limiting characterization simpler to work with.
Under suitable assumptions, it is known that the process of empirical distribution of the
particle system, t — fi,,(t), converges to the solution of well-known partial differential equa-
tions (PDEs) as n — 0o. The convergence is often obtained via propagation of chaos, where

in the limit as n — oo, a finite collection of randomly chosen particles evolve independently
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and are identically distributed according to the McKean-Vlasov SDE:

dX(t) = b(X (1), p(t)) dt + o (X (1), p(t)) dB(1),
p(t) = Law(X(1)),

teR,,

where p(t) is the weak limit of the measures (fi,(t)) as n — oo at time ¢ € Ry. This
essentially indicates that the dynamics of a randomly chosen particle can be described by a
deterministic drift and diffusion, that depends both on the position of the particle and the
distribution of the entire ensemble of particles.

There has been a recent surge of interest in the application of the above convergence
in the context of neural networks, as seen in [SMNIS| [CB18, RVEI1S, MMM19, [CCP19,
AOY19, NP20, [SS204), [SS20bl [TR20, BC21l, (CCFRE22, [SABP22]. For instance, consider a
single hidden layer neural network as shown in in Figure with n hidden neurons. Given
an input zy € RY, and the network weights represented as each row of a matrix A € R"*?, the
output §(zo) of the network can be computed as §(xo) = = Y7, 0(A;.x0) for some activation
function o: R — R. The goal of risk minimization is to minimize the expected risk function
R, (A) = E(xy)op[l(Y, §(X))] for some data distribution x supported on R x R and some
loss function ¢: R x R — R,. The permutation symmetry in the network can be observed
by noticing that if we permute the neurons using a permutation 7 € .S,,, the output of the
network stays the same as seen from the identity §(zo) = %Z;;l U(A,,(i),*xo). Therefore we
have R,(A) = R,,(A™) where A™ is the matrix A with rows permuted by .

In this setup, the particles are the neurons of the network, and the evolution of these
particles along the iterative optimization process is governed by a mean-field interaction
coming from algorithms like stochastic gradient descent (SGD). It has been shown in works
like [SMN18, [CB1§| that as n — oo and as the step-size of the algorithm goes to zero, the
dynamics of the SGD algorithm appropriately converge to a Wasserstein gradient flow of
a risk function R defined over the law of the weights of the neurons of the network (i.e.,
po=lim, oo ft,, = lim, % Z?:l ) Ai,*)' Further, under some conditions on D, o, and /,

the Wasserstein gradient flow converges to the global minima of the risk function. On the



15

— J(20)

Figure 1.2: Single hidden layer Neural Network with n neurons

contrary, if one sticks to the Euclidean setup corresponding to the domain of R,,, such insights
are not immediate majorly due to the Euclidean non-convexity of the function R,, for every

n € N.

1.3 Interacting Graph Systems: Beyond IPS

The difference between the classical interacting particle system and the system of interacting
graphs that we consider, lies in the fact that the objective function (which determines the
drift) need not be symmetric in all the n? (up to matrix symmetry) many coordinates of
the argument matrix. Therefore, such a function need not be expressed as a function of
the empirical distribution of the matrix entries. Since these interactions are obtained via
a different symmetry group, these interactions may not be of the usual mean-field type.
Due to this fundamental difference, even if SDE appears to be of the same type as
SDE , the classical McKean-Vlasov theory does not apply immediately. This leads us
to ask the same question again if does the system of interacting graphs under the kind of
mean-field interaction discussed, exhibit properties like propagation of chaos when the size
of the matrices go to infinity.

The permutation symmetry in matrices as we described earlier, can be captured by
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graphons (see Section for a preliminary introduction) and measure-valued graphons
(MVG) (see Chapter [5). In other words, such functions can be considered as functions
on the space of graphons instead of probability measures. This abstraction, which involves
considering the appropriate symmetry group and characterizing the scaling limit, proves ad-
vantageous in several aspects. We will see that here too, the entries of the matrix exhibit the
propagation of chaos phenomenon, i.e., if we sample a finite submatrix out of the system,
then, conditioned on the labels of the submatrix, the entries of the submatrix evolve inde-
pendently as the size of the system grows to infinity. We will also find in Chapter [4] that this
symmetry prescribes much weaker conditions for obtaining exponential rates of convergence
to the minimizers.

In the next few sections, we will introduce the wide class of dynamics that we will study.

1.4 Permutation symmetries in Deep Neural Networks (DNNs)

In this section, we show that the Deep Neural Networks (DNN), in this illustration, a feed
forward DNN is permutation invariant in a certain sense. See Figure (1.3, where the NN
consists of m € N hidden layers, with widths n = (ng, n1, ...n,,) € Z™™! an initial input Hy €

R™ and a terminal output y(Hy) € R (say), and an intermediate sequence of transformations
R*> Hy,o— Hy1 €eR" = Hyp e R = oo = H, p, e R" = g € R

Each transformation involves a matrix 97%)“ € R7™+1X7k g vector bf:';)ﬂ € R™+1 and the

transformation is defined as
Hy = a(egjjﬂn,k_l + b;’j;?), k € [m, (1.3)

where the function o: R — R acts coordinate-wise. Finally, take ¢ to be just the average of
elements in H,, .
Given some probability distribution g on R™ xR, the goal is to minimize the risk function

R, given by quadratic loss here for specificity,

R, ((027,?, b;’j,;>>ke[m]) = Exyyon[(Y = 9(X))7], (1.4)
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Figure 1.3: Finite width Neural Network with m hidden layers.

where the minimization is over all choices of the sequence of matrices 07(:,? and vectors bg;c), for
k € [m]. The entries of the matrix (9,(:,? can be thought of as associated with the edges of the
bipartite graph connecting the nodes in layers k — 1 and k. The output R,, in equation
does not depend on the labeling of the nodes in either layer, in the sense that if we relabel
the nodes and correspondingly permute the rows and columns of 07(:2 and the vector bfﬂ), the
output R, remains the same. Therefore the risk function R, can be thought of as a function
of edge weights of a sequence of bipartite graphs that is invariant under vertex relabeling.

One can ask the question: as the number of vertices in each layer goes to infinity, is there
a scaling limit for the gradient flow of R,,? This is a multivariate generalization of the set-up
described in Section where instead of a single graph we have a sequence of m graphs,
all bipartite, and successive graphs share vertices.

In Section [1.4.1], we will see how the permutation symmetry in DNNs can be used to take
appropriate averages of two DNNs sharing the same architecture. In Section [1.4.2] we will
take up a simple setup of a linear residual neural network, were we will fix a model for the
random weight matrices, and ask if there can be a scaling limit description of the network

as the depth and the width goes to infinity.
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1.4.1 SGD and permutation symmetries in Deep Neural Networks (DNNs)

DNNs typically consist of a sequence of matrices that share row/column labels with their ad-
jacent ones. Most modern DNNs possess permutation symmetries in their parametric repre-
sentations. That is, their output is invariant under permutations applied to the rows/columns
of the matrices appearing in DNN representation. The goal is to obtain the sequence of matri-
ces that minimizes the risk function R, for n € N. Authors in [AHS23| empirically study the
effectiveness of SGD in optimizing the non-convex DNN risk functions R,, for large n € N.
For simplicity, consider the special case when the DNN is parameterized through a sin-
gle finite symmetric matrix and therefore does not involve shared labels. Let (U, ;) Kz and
(Vo) heZ, be the SGD iterations, starting at two independent initializations, say, U, o # Vy.0-
Authors in [AHS23] observe that (Ung)yey, and (Vig),ez, can be “aligned” by optimizing

over the set of all permutations. That is, for every k € Z., they solve for

. 2
T € arg mln”Un,k — Vnﬂ’,;‘ o
TRESN
where || - || denotes the Frobenius norm, S, is the set of all permutations of [n], and V' is

the matrix V,, ;, with rows and columns relabeled by the permutation 7, € S,,. The authors
observe an emergent property of SGD called “linear mode connectivity” (LMC) [FDRC20].
This property essentially says that R, does not fluctuate a lot on W), x(A) for large k € Z,
where

Wik = (1= NUns +AVIE A€ [0,1].

Further, they observe that R,, (W, x()\)) approaches a constant uniformly on A € [0,1] as n
goes to infinity. Authors in [BSM™22] observe through experiments that for a fixed and large

enough k € Z, \ {0}, the permutation 7, has negative convexity gap
By (1= N+ AVE) = [(1= N Ra(Uno) + AR (Vi5) |

Following these empirical observations and the hypothesis made by the authors

in [ESSN22], it makes sense to consider DNNs up to its permutation symmetries, and as
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a consequence study limiting behaviors of stochastic optimization algorithms over the space

of graphons.

1.4.2  Forward pass in Deep Linear Residual Networks

Consider the simple setup of a linear residual neural network. The feedforward computation
of the network initialized under the Depth-uP scaling [YYZH24, BNL™24] determines the
scale of the network weight matrices, the scaling n='/2m~=/2 at every layer, and the output
scaling of n~!, where m € N is the number of hidden layers (depth) of the network, and
n € N is the number of neurons in each layer (width). Let d € N be the input dimension.

The network computes its output as:

1 1
Hyo= Hpp=Hpp1 + ——0""H,, ,_ i(2) == Huyms (L
n,0 Jil?, n,k n,k—1 + \/ﬁemk n,k—1; k € [m]7 y(l‘) n Zz:; n,m,i ( 5)

Here, the matrix J € R™ is a fixed sampling matrix with (possibly random) entries of the

order O(1).
Since this is a residual networks, the identification of a neuron stays the same across
9(m)

all the layers. The trainable matrices O = (97

: )kE[m} for every m € N are the n x n

dimensional weight matrices corresponding to every layer. At the time of initialization,
these matrices are set to have i.i.d. N(0, 1) entries, that is 97(:,? = Gf:l), where the elements
in GT(:Z) are all i.i.d. standard Gaussian for every k € [m] and every m € N.

As the network is trained, the matrices @%m) change to have a non-zero mean, which
allows the network to learn via an empirical risk minimization process. A reasonable way

through which these weight matrices 0™ can be modeled is

m 1 m m
0 = —M" + G, ke[m], meN, (1.6)

vnm
(m)

where (Mffz)) kem] A1€ random bias matrices with means (Amk ) hefm] respectively.

In Chapter [7, we will take up this model of deep networks, and provide a scaling limit
description of the network’s feedforward computation as the depth as well as the width goes

to infinity (see Figure for an illustration.
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(a) Fixed depth, fixed width.  (b) Infinite depth, fixed width. (c) Infinite depth, width — oo.

Figure 1.4: Each sub-figure shows the relative position of weight matrices along the depth
interval [0,1]. Matrix size corresponds to network width, and the number of matrices to
network depth. The black curve indicates the underlying drift curve to which these sequences

converge. See Chapter [7| for more details.

We will pose this problem as characterizing the limits of iterated product of matrices,
where each matrix is a random and possibly biased perturbation of identity (see Section .
This will allow us to characterize the evolution dynamics of the preactivations (for a given
input x), as it gets transformed from the input to the output layer. We will show that as
the depth and width of the network goes to infinity, any set of finitely chosen neuron, evolve

as independent Gaussian processes along the network’s depth, scaled appropriately.
1.5 Contributions and Dissertation Structure

This thesis addresses several classes of algorithms and dynamics over matrices that are
commonly used and observed in machine learning and large scale optimization. It contains

six chapters and a discussion.

Chapter [2| This chapter introduces the reader to the preliminaries necessary for understanding the
subsequent chapters of the thesis. In Chapter we describe in detail the classes of
finite-dimensional matrix/graph-valued iterative algorithms introduced in Section .

From Chapter 4| onwards, the iterates of these algorithms, as well as their scaling limits,
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will be suitably embedded in various topological spaces. These spaces will be studied
and used throughout the thesis to describe the scaling limits as curves. To this end,
Chapter [2.3|discusses the preliminaries of the general theory of curves on metric spaces,
adapted from [AGS0§|. To incorporate the boundaries of the domain of the algorithms,
we introduce a variation of SDE in equation that includes boundary conditions
using local time processes. In Chapter 2.5 we introduce the first topological space
over which we will take our scaling limits with respect to the dimension of the iterate
matrices (the second is introduced and discussed in detail in Chapter . Finally, in
Chapter 2.6 we present the concept of exchangeability and exchangeable arrays, which
lie at the heart of this dissertation and fundamentally allow the existence of such scaling

limits.

Chapter |3| In this chapter, we consider each of the algorithm classes described in Chapter and
derive their continuous-time limits while keeping the dimension of the matrices fixed.
These continuous-time limits are described via weak solutions of matrix-valued SDEs
of the form given in equation . The SDEs contain both a drift and a diffusion term,
which depend element-wise on the coordinates of the matrix as well as on the entire
matrix. This interaction gives rise to the mean-field interaction between the coordinate
processes of the matrix. In Chapter [6], we will extend the discussion to the dimension
limits of the ambient space of these curves, which will be appropriately described as

smooth curves over the metric spaces of graphons and measure-valued graphons.

Chapter [4 In Chapter [4, we begin by exploring how to take limits with respect to the dimension
of the matrices. Since most optimization algorithms utilize the first-order information
of the objective in some way, a naive guess would be to continue to expect some form
of ’gradient” even when the dimension is taken to be infinity. Drawing motivation
from the theory of Wasserstein calculus [Vil03, [San15], we develop a theory of gradient
flows on graphons, where we embed the matrix-valued iterates of the algorithms in the

space of graphons. In this chapter, we demonstrate that Euclidean gradient flows on
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finite-dimensional matrices suitably converge to gradient flows on the metric space of

graphons as the dimension of the matrices tends to infinity.

Chapter [5] Despite already having a space over which we can take our infinite dimension lim-
its, there is detail that is lost in the process due to the very nature of the space of
graphons, which are only perfectly suited for adjacency matrices of simple unweighted
dense graphs. In this chapter, we illustrate why the topological space of graphons is too
coarse for capturing the microscopic description of matrix-valued processes when the
coordinates of the matrices are real-valued. As a remedy, using the theory of exchange-
ability and infinite exchangeable arrays (IEAs) discussed in Chapter [2.6] we show that
measure-valued graphons (MVGs) are the most suitable analytical objects to fully de-
scribe the scaling limit of our finite-dimensional exchangeable matrix-valued processes
as the dimension goes to infinity. We provide two metrics on the topological space of

MVGs, which help us quantify the convergence to the scaling limit in Chapter [6]

Chapter [6] In this chapter, we consider the finite-dimensional SDEs obtained in Chapter [3| as the
continuous-time scaling limits of the iterative algorithms described in Chapter 2.2 We
use the topology of graphons and measure-valued graphons (MVGs), or equivalently
infinite exchangeable arrays (IEAs), to provide their respective scaling limits as the
dimension of the ambient space of the processes goes to infinity. These scaling limits

are characterized as McKean-Vlasov type SDEs over graphons and MVGs.

In Chapter [6.2.2] we demonstrate a connection between sampling and optimization
by showing that a zeroth-order Monte Carlo-based sampling algorithm, despite not
using any gradient information of any function, converges to the gradient flow of the
objective Hamiltonian function on the space of graphons. This surprising and antici-
pated link between sampling and optimization is further analyzed, and we derive the

non-asymptotic rates of this convergence.

In Chapter [6.3, we show that an appropriately scaled product of iterated matrices,
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which are small perturbations of the identity map, converges to a process over IEAs
as the dimension of the matrices tends to infinity. Such characterizations are useful
in qualitatively analyzing various algorithms in the continuous-time setting. We apply
these findings to deep learning (also see Chapter , deriving interesting characteriza-

tions and phenomena that emerge due to the scale of the problem.

Chapter [7] This chapter discusses an application where the developed machinery provides tangible
conclusions for neural networks. In Chapter [, we study the evolution of an input
data point as it is transformed across the layers of a linear residual network using
random weight matrices. The linearity of the layers reduces the asymptotic analysis to

understanding the iterated products of random matrices discussed in Chapter [1.4.2]

We start by describing a scaling limit for this iterated product under the depth maximal
update parameterization. For a fixed width (dimension of the weight matrices), using
the results from Chapter (3.3 we show that this scaling limit is characterized by a non-
commutative exponential of a matrix-valued stochastic process as the depth (number
of time-scaled iterations) approaches infinity. We then extend our analysis to the
limit where the width of the network (dimensionality of the matrices) also approaches

infinity.

In this regime, any finitely chosen set of neuron evolutions along the network depth be-
comes independent. Passing to the infinite depth limit simplifies neuron evolution, lead-
ing to the phenomenon of propagation of chaos, where neurons behave independently
as the network’s width and depth grow infinitely large. Furthermore, the evolution of
any randomly chosen neuron can be described by a Gaussian process, with the mean
and variance explicitly related to the weights of the limiting network. This description

allows us to formulate an explicit optimal control problem for risk minimization.

We conclude with a discussion of future research directions that build upon the contri-

butions of this dissertation.
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1.5.1 Authorship and Publication details

The body of the thesis is derived from a sequence of progressive research works, some of
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Chapter 2
BACKGROUND AND PRELIMINARIES

In this chapter, we will introduce the necessary background common to the following
chapters. We start by introducing some notation in Section that we will use throughout
all chapters in this thesis. In Section [2.2] we elaborate on the different finite-dimensional
algorithms introduced in Section [I.I} In Section [2.3] we will cover some definitions to set the
stage for defining several kinds of curves on metric spaces that result from interpolating and
taking the limits of the discrete-time iterative algorithms. In Section [2.4] we will introduce a
variant of SDE that accommodates boundary conditions whenever our algorithms are
over closed cubic finite-dimensional domains. In Section [2.5 we will introduce a theory of
limits of graphs/matrices and familiarize the reader with the space of graphons, which will
be one of the limiting topological spaces that we will use to embed the iterates across varying
dimensions. In Section [2.6) we will introduce the notion of exchangeability and relate it to
graphons. In most of this dissertation, we will be working with symmetric matrices, and we

will establish some notation to make this convenient.

2.1 Notation

This chapter establishes the notation used throughout this thesis for various mathematical

constructs and concepts.

e For any index set X, the Cartesian product X x X is denoted by X?2. The set X®
represents X?2/~, where the equivalence relation ~ is defined through the relation
(a,b) ~ (b,a) for all a,b € X. This notation is particularly useful in the context of

domains of symmetric functions like two dimensional arrays.
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e The symmetric group on the finite set [n| := {1,2,...,n} is denoted by S,,.
e The symbol V., and 0, refers to the partial derivative with respect to the e-th variable.

e The set of all non-negative real numbers and non-negative integers is denoted by R

and Z, respectively.

e For any metric space (2,d), its its Borel sigma algebra is denoted by B(f2), and the
set of all Borel probability measures is denoted by P(€2).

e For any n € N, the set of n x n real-valued symmetric matrices is denoted by M, (R),
the set of [—1, 1]-valued symmetric matrices is denoted by M,,, and the set of [0, 1]-

valued symmetric matrices is denoted by M,, ;.

e The symbol o is used both for the matrix Hadamard (elementwise) product as well as

function composition with the meaning being clear from the context.

These notations and definitions will be consistently used throughout the thesis to ensure

clarity and precision in the presentation of the mathematical concepts and results.
2.2 Finite dimensional iterative algorithms

In this section, we expand on each class of algorithms over finite dimensions introduced in
Section . In Section , we discuss the projected (noisy) stochastic gradient descent
algorithm. In Section[2.2.2] we discuss a relaxed Metropolis chain algorithm. In Section[2.2.3],
we discuss the setup of iterated products of matrices that appear in various multiplicative

algorithms.

2.2.1 First Order Stochastic Optimization Algorithms

In this section, we will discuss the class of stochastic optimization algorithms over finite-

dimensional Euclidean spaces. To do this, we will first establish some notation. We will fix
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n € N throughout this entire introduction. However, since we will be scaling these dimensions
later, starting from Chapter |4, we will maintain the subscripts and scaling factors of n
throughout this introduction. The specific choices of scalings that will appear will become
apparent when we discuss the limit spaces in which these finite-dimensional spaces will be
embedded.

Our algorithms will operate on the set M,, of symmetric matrices with entries restricted
in [—1,1]. This is an arbitrary choice of a compact set in R, and can be chosen to suit the
application. We will be interested in optimizing a permutation invariant function R,,: M,, —

R that satisfies certain differentiability properties. Let 7, = (7,4) be a sequence of

keZy
positive step-sizes (also known as learning rate). Here, Z, denotes the set of all non-negative

integers. Given the step-size sequence 1,, we can define a monotonically increasing sequence

k—1

of times (¢, 1) defined as a cumulative sum of 7, ie., t,0 = 0 and ¢, = ijo Tn.j

kEZ "
for any k € N. We will only consider step size sequences 7,, that have a diverging sum, i.e.,
limy o0 thx = 00. We define the norm of the step size sequence 7, as |7,| = SUDgez, Tnks
which we assumed to be finite.

Since the updates of general iterative algorithms can move the iterates out of M,,, we
use a projection operator P: R — [—1, 1] to project back the entries of the matrix iterates in
[—1,1]. This can be done by defining the map P as P(z) = argmin,¢_; [z — z|* for z € R,

The map P has an explicit form for x € R, as

§
-1, ifzx € (—o0,—1),

P(z)=qz, ifze|-1,+1],

+1, if 2z € (+1,+00).

\

The operator P can be used coordinatewise over matrices. We now describe some iterative

optimization algorithms.

Definition 2.1 (Projected GD). Let n € N and let R,: M,, — R be a differentiable
function. The projected GD iterates of R, starting at X, € M, are defined to be a
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sequence of symmetric matrices (X x)ycz, a8
X1 = P(Xop — 0?7k VRL(Xn k),  k€Z,. (PGD)

The reader shall note that there is a multiplicative factor of n? further associated with
the step-size in all the first order algorithms. This important choice will ensure that the
curves across every dimension n € N can be embedded appropriately on the limiting space
of graphons. We will discuss this in Section and later in Chapter [4

In most practical machine learning applications, computing gradients of risk functions can
be computationally intensive. Hence, in practice, stochastic approximation algorithms based
on projected Stochastic Gradient Descent (SGD) are instead used to minimize such functions
since they are often faster to simulate [RM51, [KW52]. The details of this common Markov
chain are described later in the section, and the reader can refer to the monographs [Ben99,
KY03, Bor09, MBI11, IKC12] for a detailed overview. Roughly, if the current state is a
symmetric matrix X,,, one jumps to a new state by taking a small step along the negative
Euclidean gradient —V R,,(X,,), and potentially adding independent, centered, and variance-
bounded noise to each matrix entry (up to matrix symmetry). Each matrix entry is then
projected on to the interval [—1,1] to satisfy the entrywise constraint. These stochastic
algorithms are usually variants of deterministic algorithms, in which the iteration updates are
replaced by their stochastic estimates (with randomness generally derived from the training
data). More formally, let (£x41) rez, be an iid. sequence of random variables with some
distribution D over some arbitrary measurable space ({2, .A).

Let g,: M, x £ be a function such that

VR, =Eeoplgn( ;)]

We now introduce the stochastic analogues of the Projected GD iteration scheme (defini-

tion [2.1]). Further, we will consider two ways to introduce noise at each iteration.

1. Small noise: We can replace the Euclidean derivative VR, in equation (PGD)) by its

unbiased stochastic proxy random variable g, ( -;&x41).
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2. Large noise: We can add an additive scaled noise to the iterates in equation (PGD))
before applying the projection operation, as we describe in Definition below.

The small noise appears in algorithms like Stochastic Gradient Descent (SGD) and its vari-
ants, and the large noise appears when there is additional noise added on top of these
algorithms for reasons that include escaping saddle points that is crucial when the objective
function is non-convex. We will use the operator o over symmetric matrices to denote the

Hadamard (elementwise) product.

Definition 2.2 (Projected SGD with and without noise). Let ¥, be a map from M,, to
n X n symmetric matrices with non-negative entries. The projected noisy SGD iterates
starting from X, o € M,, is defined to be a sequence of symmetric matrices (X, x) Kz given

iteratively as
Xn,k-i,-l = P<Xn,k — nQTn,kgn(Xn,k; £k+1) + Ti,/k?Gn’k>’ k S Z+7 (PNSGD)

where (G,x)

wez. 18 an m X n symmetric matrix-valued martingale difference sequence in-
+
dependent of ({k+1)pey,- We also consider the noise Gy for k € Z,, of the form

Gni = 2n(Xnk) 0 Zy g where (Z,,4) is a sequence of independent n X n symmetric

k€Z+

random matrices with standard normal entries (up to matrix symmetry).

In practice it makes sense to generalize the large noise structure to consider non-diagonal
diffusion coefficient functions as an approximation to SGD [LTE19]. Notice that if we were to
use a non-diagonal diffusion coefficient, we would need to scale down matrix-matrix product
by some factor of n and account for the non-trivial correlations arising due to it. Such
correlations, as we will see, have been studied for the class of dynamics falling in case
discussed earlier in this chapter. For the purposes of optimization algorithms, we will stick
to diagonal diffusion coefficient functions.

In Chapter [3], we will show that as we take the step-size to zero, the process of matrices
thus obtained converges to the solution of the SDE in equation . Later, in Chapter |§|,

we will demonstrate that these continuous-time, finite-dimensional, matrix-valued processes
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converge to a well-defined curve on the space of measure-valued graphons, which can be de-
scribed using a McKean-Vlasov SDE. Furthermore, upon projection to the space of graphons,
this curve, obtained for SGD, converges to a gradient flow on graphons (developed in Chap-

ter [4)).

2.2.2  Zeroth Order Optimization and Sampling

Let H,: R — R be a measurable function that is differentiable. A natural stochastic process

is the Langevin diffusion:

dX,(t) = —VH, (X, (1)) dt + \/g dB,(t),

where B, is standard n-dimensional Brownian motion and § > 0 is commonly called the
inverse temperature parameter. In practice, SGD based algorithms are used to mimic the
paths of the Langevin diffusion in discrete time. As [ — oo, the paths of the Langevin
diffusion converge to that of the gradient flow of H,,, namely X,,(t) = —V H,(X,(t)), which
in a sense gives the fastest decay of the Hamiltonian. On the other hand, on discrete
spaces or when the gradient of the Hamiltonian is not well defined, one employs a MCMC
algorithm [Dia09], such as the celebrated Metropolis algorithm [Ric10), Section 2.4], to sample
from the Gibbs distribution.

In this section, we will introduce a Monte Carlo Markov Chain (MCMC) algorithm called
relaxed Metropolis chain algorithm on a stochastic block model (SBM). SBMs are a widely
used family of models of random graphs (see [HLL83| [Ver18|). The base Markov chain runs on
a SBM with n communities, with 7 members in each community, with an acceptance-rejection
step specified by the permutation invariant Hamiltonian function H,: M,, . — R, and the
inverse temperature parameter 5. Our algorithm includes a novel relaxation procedure after
each accept-reject step which introduces a further positive parameter o. Let us first define

the Empirical Stochastic Block Model (ESBM).

Definition 2.3 (Empirical Stochastic Block Model (ESBM)). For n,r € N let ¢ =



31

(¢ij)Gg)em € Mng, and let N = nr. A random simple graph with N vertices is called
ESBM[n,r, q] if

e for i € [n], there are » many vertices having color 1,

e for i,j € [n], i # j, r?¢;; many edges (unordered pairs of vertices {u,v}) are drawn
by randomly sampling without replacement where one vertex has color i and the other

has color 7,

e for i € [n], (;) ¢i; many edges are drawn by randomly sampling without replacement

unordered pairs of vertices of color ¢, and

e the samplings in the last two items are done independently for all pairs (i, j) € [n]?.

To construct the Gibbs probability measure on M, ;, we will be interested in
ESBM|n, 7, q] random graphs where the entries of ¢ are also random. For each r € N,
consider the uniform distribution g, on the discrete set {i/r?|i € {0} U[r?]} and v, the
uniform distribution on the discrete set {i/(3) | i € {0} U [(;)]}. Define U,,, to be the prob-
ability measure on M,, ; where each entry above the diagonal is independently distributed
as p, and the diagonal entries are independently distributed as v,.. Thus U,.,, can be viewed
as a discrete uniform distribution on the set of possible edge-densities.

Recall that H, is the Hamiltonian function on the space of n X n symmetric matrices.

Fix a positive sequence (7, ).en such that

. 5 R
lim 7, log®r =0, and lim
r—>00 r—oo logr

= 00. (2.1)
The importance of these conditions will become clear when we derive the algorithm’s scaling
limit in Section [3.2

Fix 8 > 0 and let §,, = fn~%/v,. Consider a family of Gibbs probability measures on

M,, + given by

e—viln’QHn(q)U

e—ﬁr-,an(Q)U r,n(dq); (22)

1
rn(dg) =
rmn,B Zﬁan

@T,n,ﬁ(dQ) =
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where Z,, 5 is the normalizing constant. As each ¢ € M,, ; corresponds to a simple random
graph in ESBM|[n, r, ¢/, @r,n,g can be thought of as a random probability distribution on sim-
ple graphs over nr vertices. We will denote the model specified by @m,g, as ESBM([n, r, 8, H].
It should be emphasized that the measure Q\r,n,ﬁ depends on the choice of the parameter ~,.
Note that the above model closely resembles commonly used framework in exponential ran-
dom graphs (see [Chal7] and references therein).

The following Metropolis chain algorithm (see [LP17, Section 3.2]) can be used to sample
from ESBM[n, r, f].

e Base Markov Chain: The state space of the chain is the set S,,, of all simple graphs on
nr vertices with n colors assigned to equal number of vertices. The base chain starts
at an arbitrary graph G(0) = G in the state space. Suppose, for ¢ > 0, the Markov
chain has completed ¢ steps, {G(p)}_y, and is at graph G(¢). For (i,7) € [n]@, let

m; ;(£) denote the number of edges between vertices of color ¢ € [n] and color j € [n]

in G(¢). The next step in the Markov chain is generated as follows.

— For every (i,j) € [n)®, i # j, if m;;(€) ¢ {0,7%}, then, toss a fair coin. If the
coin comes up heads, then delete an edge between color ¢ and color j, chosen at
random, and if the coin turns up tails, place an additional edge between color i

and color j at random. Replace 72 by (g) if1=j.

— For every (i,j) € [n]@, if m; ;(¢) = 0, then toss a fair coin. If the coin comes up

heads, then add an additional edge, chosen at random, and if the coin turns up

T

2), if i = j), then toss a fair

tails, do nothing. Similarly, if m;, ;(¢) =%, i # j (or (
coin. If the coin turns up heads then delete an existing edge, chosen at random,

otherwise do nothing.

— Do these independently for every pair (i, j) € [n]®.

The resulting graph is G(¢ + 1) and ¢({ + 1) = (¢;;({ + 1)) be its edge density

(i,4)€[n]?

matrix. It is not hard to see that the base chain viewed as a process on edge densities
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is also a Markov chain that is reversible with respect to the uniform distribution U,.,,.

e Metropolis Chain: We run the base chain for s, ~ v2r* many steps followed by an
accept-reject step. Suppose we started the base chain at graph G and edge density
matrix ¢. After running the base chain for s, many steps we arrive at a graph G’ and

a corresponding edge density matrix ¢'.

— Accept-reject step: Accept G’ as the next state of the Metropolis chain with
probability exp (—f. (H,u(¢') — Hu(q))"), otherwise, remain at G. Here 2t :=

max{z,0}.

It is standard to see the unique invariant distribution of this Metropolis Markov chain is the
Gibbs measure @mﬁ. We will explore scaling limits of the chain as r,n — oo, v, 8,, as
2,4

specified above and when s, = O(y:r

“r*). But, first, we introduce an additional relaxation

step.

e Relaxed Metropolis Chain: After every Metropolis accept-reject step, we run the base
chain for an additional ¢, ,,(c) = O(c?n~*y,7*) many steps, for some o > 0, and always

accept the last state.

We illustrate the relaxed Metropolis chain algorithm in Figure 2.1} Starting with a
community density matrix ¢ corresponding to the SBM shown in Figure 2.1a] s, edges are
independently flipped across each pair of communities to obtain ¢’ (for illustration, say
s = 1). The resulting graph is accepted with a probability depending on H,(¢') — H,(q),
yielding an SBM as shown in Figure [2.1b| Finally, in the relaxation step, we independently
flip ¢, (o) edges across each pair of communities to obtain the SBM shown in Figure
(for illustration, say ¢, (o) = 2).

Thus, our final Markov chain repeatedly runs the base chain for s, many steps, performs
an accept-reject step and then runs another ¢, (o) many steps of the base chain. We call this

the relaxed Metropolis chain. Since ¢, ,(0) = 0, when o = 0, we recover the true Metropolis
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(a) (b) (c)

Figure 2.1: Relaxed Metropolis chain iteration for r = 3,n = 3.

chain. However, note that the relaxed chain has a different invariant distribution for any

positive o.

Remark 2.4. The reader can make a small observation that the base chains when run for s,

and ¢, ,, (o) many steps, as we shall see later, shall correspond to contributing the small and

large noise as also present in the (PNSGDJ|) algorithm (see Definition in Section [2.2.1]).

We will analyze this algorithm in detail in Section [3.2]and show that as r — oo, the matrix
iterates ¢, suitably time scaled, converge to an SDE of the form described in equation ([1.1).
In Chapter [6] we will show that as n — oo, the matrix-valued process described by the SDE,
converges to a curve on measure-valued graphons described by a McKean-Vlasov equation.
Moreover, we will see that upon projection to the space of graphons, this curve is nothing
but a gradient flow on the space of graphons, showing a remarkable connection between

sampling (i.e., gradient-free) and optimization.

2.2.83 Iterative product of matrices

For any fixed n € N, let H,, o € R" be an initial state vector of a system with n interacting
particles. Here, we will look at a special kind of mean-field interaction where the updates
are of the multiplicative form. Iterative algorithms belonging to the class of multiplicative

updates transform the initial state H,, to obtain the final state H,, ,, of the system using
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m € N successive linear transformations. Each linear transformation is a random biased
perturbation of the identity, scaled suitably as a function of m.

Given any state vector H, j for k € [m — 1] U {0}, the next state H, y+1 of the system
is obtained by applying the linear transformation corresponding to the matrix I,, + XT(;Z)H.
Here, XS;)H € R™ " is the perturbation matrix that can possibly be random with a non-zero
mean. As m — oo, the matrices (Xf:?)ke[m] individually shrink down to zero. However,
one can expect the net effect of all the linear transformations to be independent of m as it
grows large. This phenomenon is attributed to the cumulative effect of the successive linear
transformations, which compensates for the diminishing perturbations, thereby maintaining
the overall transformation’s magnitude irrespective of the increasing iterations.

Similar to the noise model in Section [2.2.1] we will consider two kinds of noise to model

the perturbation—small noise and large noise. Let

sz,k)—&—l = EMé,qu + ﬁsz,k)ﬂa k € [m], (2.3)

such that E[MSZLI] = ASE)H e R contributes a drift, and GSE)H is an independent

matrix with each entry i.i.d. as N(0,1), which contributes to a diffusion. The scales m™*

)

41 and Gfﬁc) 4, ensure that as we take m — oo, they contribute

and m~Y2, of the matrices M:Z
to the small and large noise effects in the update of the state of the system. Since n is fixed,
we can consider the parameters pu, and o, to be any real constants. Later in Chapter [6.3
(see Section , we will scale u,, and o, with respect to n as we consider the limit as
n — oo.

With this setup, the effective linear transformation acting upon H, o at iteration k € [m]
is

PO (k) = ([n + X,iﬁ?) . (In + X,Sf’;)) <In + Xf]?),

with PT(Lm)(O) = I,. Since we apply m updates, we can rescale the iterates to consider
piecewise constant interpolations P, ,, of (P,gm)(k:)>: . defined as P, (t) == P\™(|mt]) for

t € [0,1]. In Chapter we will show that as m — oo, the curve of linear operators P, ,,

has an appropriate limit.
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)

We remark that in special cases, the matrices <X£72))ke[m} for every m € N can be
considered as the prefix subsequence of a common infinite sequence of matrices. However,
we adhere to the triangular array setup for reasons of generality and to capture various
applications of interest (see Chapter and Chapter [7] for a discussion).

With the above-discussed setup, we find that in order to understand the evolution of an
initial state as both m,n — oo, it is crucial to understand the scaling limit of the product of
random matrices of the form described. Beginning with the seminal work of Bellman [Bel54],
Furstenberg and Kesten [FK60], and Berger [Ber84], there has been significant work on the
law of large numbers and CLT-type results for (the entries of) the product of random matrices
and operators [Fur63, [Tut65, Wat84l [Joh94l [TNT3| IDMNT21]. Concentration inequalities for
the product of random matrices have also been extensively studied [EHI1S, [Bag20], [KMS20),
HW20, [CHKT21]. Tterated products of matrices have been studied in the context of random
walks on groups [Led01l, [Fur02, [BQ16]. In Chapter , we will study the continuous-time
scaling limit of the matrix product by taking m — oo and obtain a continuous-time process
on n X n matrices as they converge to infinite exchangeable arrays (IEAs) (see Section [2.6)).
In Chapter [6.3, we will study the evolution of the coordinates of the matrix-valued process
as n — 00. As a consequence, we will explore a beautiful application of this analysis in the

context of deep learning in Chapter [7]

2.3 Curves on metric spaces

To obtain continuous time scaling limits of the iterative schemes as for the ones defined in

Definition and Definition 2.2, we will use piecewise constant interpolations of the iterates.

Definition 2.5 (Piecewise constant interpolation). Given a sequence (ax),c,, over any do-

ke

main, and a sequence of positive step sizes T = (73) KeZy the piecewise constant interpolation

of (ax)ez, as a right-continuous curve a: Ry — {ax},,, defined as
a(t) = ag, if te [tk, tk+1),

for some k € Z,, where ty = 0 and t;, == Zf;é 7; for any k € N.
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Throughout this dissertation, we will encounter curves that will be absolutely continuous

with respect to a certain metric. We state the definition for the sake of completeness.

Definition 2.6. Let (X, d) be a metric space, then a curve w: Ry — (X, d) is absolutely

continuous with respect to d if there exists m € L'(R,) such that for all 0 < r < s < o0,

d(w( /m

We denote the set of all absolutely continuous curves on (X, d) by AC(X,d).

2.4 System of reflected diffusions

To cater to the continuous time limits of the algorithms with projections as described in
Section [2.2.1], we will need to introduce the notion of local time processes.

For n € N, consider the domain M,, = [~1,1]"" (and M, , = [0,1]"°). Notice that
M,, (and M,, ;) is a cube, and is closed with respect to the usual topology. Consider the
SDE:

AXne(t) = bne(Xne(t), Xn(t) At + Zp o(Xn e (£), Xn(t)) 0 d By e(t) 04

+dLy, (1) — AL, (8), .

for ¢ € [0, 7] for some fixed T' € R, and starting at X,,(0) = X,,0 € M,, (or M,, ;). Here ¥,
is a map from [—1,1] x M,, (or from [0, 1] x M,, 1) to the set of n x n symmetric matrices
with non-negative entries, B, is a n X n symmetric matrix valued process containing a set

of standard Brownian motions (B, .) . 12, and the processes L, and L are local times at

e€(n]

the boundary of M,,. More precisely, they satisfying the following conditions:

1. The processes X,,, L7 and L, are adapted processes.
2. The process L, and L, are coordinatewise non decreasing processes a.e.

3. For every e € [n]®,
/ 1{X,.(f) > ~1}dL, () =0,  and
0

. (2.5)
/ 1{X,.(t) < +1}dLE (1) = 0.
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The first condition in equation changes to the condition [;* 1{X,(t) > 0} dL, (t) =0
if we consider the set M,, ;. We say that (X,,, L;}, L,;) solves the Skorokhod problem with
respect to the set M,,. Following [KLRS0T, Definition 1.2], the strong solution (X, L}, L,,)
of the Skorokhod problem exists and is unique if b, and ¥, are Lipschitz with respect to

| - lz- We will denote the Skorokhod map as Sko( - ).

The Lipschitz property of the Skorokhod map

Let Y} and Y, be two real valued stochastic processes. Let Aj_j ;) denote the Skorokhod map
that maps the set of cadlag functions on [0,77] to itself. If (X; = Aq1(Y1), LT, L) and
(Xo == Ar_14(Y2), L3, Ly ) solve the Skorokhod problem with respect to the set [—1, 1], then
the Skorokhod map Aj_; 1y is 4-Lipschitz under the uniform metric [KLRS07, Corollary 1.6],
ie.,

sup | X1 (t) — Xo(t)] < 4 sup |Yi(t) — Ya(t)], V T eR,. (2.6)
te[0,T] te[0,7]

2.5 Limits of large graphs and Graphons

In this dissertation, we will study various limits of finite dimensional matrices. Since we will
be working with permutation invariant functions of matrices, we can as well consider these
function to be functions of ‘unlabeled’ matrices, that is, one would identify two matrices
to be the same if their rows and columns are permuted by a common permutation. This
identification allows us to think of such unlabeled matrices as adjacency matrix of unlabeled
graphs. Because we will be working with matrices of different dimensionalities, it is important
to make sense of how can two matrices of possibly different dimensions be compared. Due to
this relation between matrices and graphs, the question rather boils down to understanding
the notion of convergence of unlabeled graphs [LS06, BCLT08, BCL™12]. For simplicity, we
will first work with unweighted simple graphs (i.e., graphs with edge weights in {0,1}). A
simple graph G is a graph without loops or multiple edges. We denote the vertex and edge
set of G by V(G) and E(G), respectively.
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Definition 2.7 (Convergence of unweighted simple graphs). Let (G,,) be a sequence of

neN
unweighted graphs such that lim, |V (G,)| = co. For n € N and k € [|[V(G,)|], let G,[k]
denote the random induced subgraph of G,, with k vertices with vertex set [k]. The sequence
(Ghn)pen converges if for every k& € N and every labeled graph G with & vertices with vertex

set [k], the limit lim,_,. P{G,[k] = G} exists.

Definition describes when a sequence of unlabeled unweighted graphs converges, but
it does not characterize the limit objects of such graphs. In order to complete the space of
unweighted graphs, we will need to define what is kernel is. A kernel is a Borel measurable
function w: [0,1]® — [~1,1] that is symmetric, i.e., w(z,y) = w(y,z) for a.e. (x,y) €
[0,1]®. Two kernels are identified if they are equal Lebesgue a.e. We will denote the set
of all kernels by W. More generally, for a bounded interval I C R, let W; be the set of all
functions w € W with w(x,y) € I. Given a function w € W, we can think of the interval

[0, 1] as the set of nodes, and of the value w(z,y) as the weight of the edge (x,y) € [0,1]®.

Definition 2.8 (Kernels and finite dimensional matrices). Any finite dimensional matrix
can be embedded in W. Let Q,, = {ani}ie[n] be defined as @1 = [0, %], Qnao = (%, %],
..., and Qn, = (21, 1]. Given any matrix A, € M,,, set wa, (z,y) = A, (v(z),v(y)), where
v(x) = i whenever z € (),,; for some i € [n]. Informally, we replace each entry (i,j) by a
square of size % X % with the constant function A, (; jy on this square. It follows from our
discussion that, for any n € N, the set M,, can be naturally identified with a subset of finite
dimensional kernels, W,, C W. This identification/embedding will be denoted by K (as in
K(A,) is the kernel corresponding to the matrix A,) and its inverse will be denoted by M,

(as in matrix). See Figure for an example.

If two graphs (or matrices) are isomorphic, the two may be identified by permuting the
labels on the vertices. This may be done for kernels by the following equivalence relation. A
map @: [0,1] — [0,1] is Lebesque measure-preserving, if it is measurable and push-forwards
the Lebesgue measure to itself, i.e. [ 1(A)| = |A| for all Borel measurable sets A C [0, 1].

Throughout this dissertation, we will refer to a Lebesgue measure-preserving map simply as
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(a) Symmetric matrix Ay. (b) Kernel representation of Ay.

Figure 2.2: Kernels and finite dimensional matrices.

measure-preserving map and denote the set of all such maps by 7. We will denote the set of
all invertible measure-preserving maps by Z. For w € W and ¢: [0,1] — [0, 1], we define w?
by w?(z,y) = w(e(x), p(y)) when (x,y) € [0,1]?). So one defines an equivalence relation =
on W such that wy = wy if there exist measure preserving transformations ¢1, ¢o: [0, 1] —
[0,1] and w € W such that wy = w¥', and wy = w¥?. We will call W= W /= as the space
of graphons and we will refer to any element as a graphon. Wherever it is clear from the
context, for any kernel w € W, we will use an abuse of notation and use the same symbol w to
denote the equivalence class, or the graphon, corresponding to the kernel. Wherever it shall
be important to consider the equivalence set, we will denote by [w] € l//V\, the equivalence set

of the kernel w.

Given a graphon [w] € W and k € N, we can obtain a {0, 1}-valued k x k exchangeable

symmetric array as we will describe in Definition [2.9

Definition 2.9 (Sampling random unweighted simple graphs from graphons). Given a
graphon [w] € W, one can sample a random graph Gilw] with & € N vertices by sam-
pling k i.i.d. Uni[0, 1] random variables (U;)c, and assigning edge weights w(U;, U;) for all
(i,7) € [k]®. Tt is important to note that the graph G[w] thus obtained, has been provided

a vertex labeling that depends on the representative kernel in w?¥ € [w] for some ¢ € T.
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The convergence of unweighted graph sequences can also be characterized in terms of
homomorphism densities with respect to simple finite graphs. Let H and G be two simple
graphs with edge-weights 1. We define homy (G) as the number of homomorphisms from H
to G, i.e., the number of adjacency preserving maps V(H) — V(G), and the homomorphism
density of H in G as

V@)
Following Definition we see that a sequence of unweighted finite simple graphs (G,)
converge if (T (G,))

neN

nen has a limit in [0, 1] for every finite simple graph H.
The homomorphism density of a simple graph H = ([k], E) for k € N, in a kernel w € W

is defined as

Ty (w) ::/ H w(x;, x;) H dx,. (2.7)

O0.1% i iveE velk]

For  instance, if H is the triangle  graph, then  Tha(w) =
f[071]3 w(wy, xo)w(we, x3)w (23, 1) dr dos dxs. The sequence of unweighted simple
graphs (Gyp),cy With adjacency matrices (X,),.y converges to the graph limit w if
limy, 00 T (K (X,,)) = Th(w) for every finite simple graph H. We will abuse notation and
use Ty (G,) with Ty (X,) interchangeably wherever convenient. From equation it
follows that for any ¢ € T, Ty(w) = Ty(w?) = Ty([w]) for every w € W and finite simple
graph H. Since the limit is independent of the vertex labeling of the graph sequence, the
limiting graphons are therefore well-defined limits of unlabeled graphs. See Figure for
an example.

Following the counting lemma and the inverse counting lemma [Lovl2, Section 7.2,
Lemma 10.23, Lemma 10.32], the above discussed notion of convergence of graphs/graphons
coincides with convergence with respect to a metric. To this fact, we introduce the cut metric
on W. Before this, we will first define what is called the cut norm on the space of bounded

symmetric Borel measurable functions.
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Figure 2.3: Graphon limit of an Erdés-Rényi graph G(n,0.5) — w = 0.5 [Lov12, Figure 1.5].

Definition 2.10 (Cut norm). The cut norm || - ||5: W — Ry is defined as

/s Tw(x,y) dxdy|, (2.8)

lwllg = sup
S,7C[0,1]

for all w € W where S and T are Borel measurable subsets of [0, 1]. The definition extends

to all bounded symmetric Borel measurable functions.

The cut norm was first defined for matrices in [FK99] and was later adapted to kernels
in [BCL*08]. The cut norm is used to define the cut metric over the set of graphons.

Definition 2.11 (Cut metric [BCLT08]). The cut metric 0q: W x W — R, is defined as

dolfuwol, fun) = infJuf® —wfly = nffwo —uflly, [l ] €W (29

It is worth pointing that 05 naturally extends to kernels, but it only defines a pseudometric
on W. In fact, dg(wy,wy) = 0 if and only if there exists u € W and Lebesgue measure
preserving transforms o1, ps: [0,1] — [0,1] such that w; = u¥, for i € [2]. The kernels
w1, ws in this case are said to be weakly isomorphic. In other words, graphons can be defined
as the class of kernels identified up to weak isomorphism.

An important fact about the topology generated by 5 on W is that it is com-
pact [LS06], [LovI2l Section 9.3]. Following the Weierstrass Theorem [Sanlb, Box 1.1],
it therefore follows that minimizers of lower semicontinuous functions on (V/\77 55) necessarily
exist. This also allows for the existence of the iteration updates of the implicit Euler scheme,

which serve as a building block of gradient flows on graphons, as we will discuss in Chapter [4]
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2.5.1 Going beyond unweighted graphs

An edge-weighted graph G is a graph with a weight 5, ; = 3, ;(G) € R associated with each
edge {i,j} € E(G). Set B;; =01if {i,5} ¢ E(G). Let (G,)nen be a sequence of simple edge-
weighted graphs with vertex set [n] == {1,...,n}. We call (G,)nen & dense graph sequence
if the number of edges F(G,,) in G, is ©(n?).

Following from the definition of convergence of unlabeled graphs via homomorphism
density functions, and the fact that any real-valued matrix can be embedded in kernels,
we can extend the domain of homomorphism functions to also consider the convergence of
edge-weighted graphs. This allows us to consider any function over M,, for any n € N to be
appropriately defined over W,,, enabling us to adopt the topology of the cut metric over the
range of such functions. In particular, for any function R: W — R and any n € N, we can
interpret a real-valued permutation invariant function R, over M, to be the restriction of
R via the map K, ie., R, = (Ro K) |u,. The same can be done for the Hamiltonian H,,
through the function H: W — R. Since we only consider R, to be permutation invariant
functions on M,,, this corresponds to R being a well-defined function over W. On the other
hand, if (K(Xy)),cy converges to a kernel w € W, then if R: (W, 5D> — R is a continuous
function, then lim, (R o K)(X,) = lim, o R,(X,) = R([w]).

More generally, given any norm on the space of bounded Borel measurable symmetric
function, we can define an induced metric. We will use another complete, separable metric

which has properties that become useful when we define a ‘gradient flow’ over Win Chapter .

Definition 2.12 (Invariant L? metric [BCCHIS, [Jan16]). The invariant L? metric d: W x
W — R, is defined as

O([wol, [wr]) = _inf _[lwg® —wi'[ly = infllwo —willy, — [wo], [wi] €W, (2.10)
v0,p1ET pel
where || - |[,: L2([0,1]®) — R, is the usual L*norm.

Let us mention in passing that the invariant L? metric is closely related to the popular

Gromov-Wasserstein metric [Mémll] used to compare two metric measure spaces or their
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sample equivalents [DSS™20]. This can be seen by considering [0, 1] as a metric measure space
where the measure is the Lebesgue measure and, for a given bounded metric d, one defines
a graphon as w(z,y) = d(z,y) for z,y € [0,1]. Then the Gromov-Wasserstein distance (for
p = 2) between ([0, 1], A1, d) and ([0, 1], A 1, d’), for two distances d and d’, is the same
as computing the invariant L? distance between the corresponding graphons.

Unlike (17\/\, 55), the metric space (17\/\, 52) does not enjoy compactness. Following the
triangle inequality, it follows that convergence in dy implies convergence in dg, i.e., the
topology generated by d5 is stronger than the one generated by d5. As an example, consider

the Erdés-Rényi graph sequence (G(n,p)), . for some p € (0,1). This sequence has a limit

neN
under dg which is the all p graphon, but does not have any 5 limit point.

The d2 metric however is useful for its geometric properties. We will see in Chapter [4], that
()7\/\, 62) is a geodesic metric space. This will allow us to make sense of a notion of gradient
on the space of graphons, that will be connected to the standard Euclidean gradient over
matrices.

We will see in Chapter [5| that the above discussed notion of convergence of unlabeled
weighted graphs (or equivalently unlabeled matrices) is rather weak. As an example, consider
two sequences of graphs, (Gp1/2)nen and (K, 1/2)nen, where for every n € N, Gy, 15 is the
Erdés-Rényi unweighted graph with the probability of any edge present is 1/2, and K, ;5 is
the complete weighted graph where every graph has weight 1/2. Both the sequences converge
to the graphon [wy o] = 1/2. We will address this issue in Chapter |5 by introducing measure-
valued graphons (MVGs) and strengthening the topology, with respect to which we will take

all our scaling limits.

2.5.2  Spatial and temporal scaling of curves

In this section, we will make a crucial observation on the scaling involved when we transition
between curves (or iterates) in W, and curves (or iterates) in M,, for any n € N.
Notice that the set of kernels W is a subset in the space L?([0,1]?)) of square integrable

functions on [0,1]®. This naturally allows us to use the usual L%([0,1]®)-norm || - [, on
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W. With the natural embedding that we defined above, we immediately obtain the identity
| X, |12 = n?|jw,||5 where w, = K(X,) for any X,, € M,,, and || - ||, is the usual Frobenius
norm on matrices.

For any function R, : M, — R consider the implicit Euler scheme described as follows.
Starting from X, . € M, with a step size 7 > 0, the next iterate, say X, .4+ € M, is
obtained as

1
X+ € argmin |:Rn<Z'n,) + = 1Zn — XmT“li] :
ZnEMTL 27—

If we set w, , = K(X, ), then notice that the above inclusion relation can be written as
: n? )
Wy, -+ € argmin {(Rn o M,)(u,) + ZHun — wn’THQ] ,
Un €Wy,

under the natural identification map between M,, and W, where u,, = K(Z,,) and w,, , + =
K(X,r+). The above update on W, is precisely the implicit Euler update rule on W, C
L%([0,1]®) with the step size 7/n?. Thus we see that the ‘spatial scaling’ between M,, and
W, translates into a ‘temporal scaling’” between the implicit Euler scheme sequences on M,,
and W,.

The above analysis extends even to the explicit Euler scheme that require us to have the
existence of a gradient map of the function R,,. In order to relate the two iterations, i.e., one
on M, and the other on W, obtained by applying K, we need to first define a notion of a
gradient on the space of graphons. There is a natural notion of gradient of functions defined
on W that we call Fréchet-like derivative, and is related to the Euclidean gradients in finite

dimensions by a scaling of n?. We first define the Fréchet-like derivative on kernels.

Definition 2.13 (Fréchet-like derivative on W). The Fréchet-like derivative of R: W — R
at v € W is given by DR(v) € L*([0, 1](2)) that satisfies the following condition,

g, B0 (DR - DR oy
Jw—vlly 50 R

where (-, -) is the usual inner product on L ([0, 1](2)). If R admits a Fréchet-like derivative

at every V € W, we say that R is Fréchet differentiable.
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We make another observation: for any v € W, the Fréchet-like derivative of R is “coupled”

with v. That is, for any ¢ € T, DR(v¥) = (DR(v))¥.

Lemma 2.14. Letn € N. Let R: W — R be an invariant function that is Fréchet differen-
tiable according to Deﬁm’tz’on that is, DR(vy,) exists for every v, € W,,. If R, .= Ro K
is differentiable up to the boundary of M.,,, then

n*(VR, o M,)(v,) = (M, o DR)(v,,), Uy, € Wh.

We will provide a proof of the above lemma in Chapter [d where we will discuss the
Fréchet-like derivative in greater detail. Simply put, n? times the Euclidean gradient of R,
at a matrix argument X, can be identified as the Fréchet-like derivative DR of R at the
kernel K (X,,). The time in the Euclidean gradient in Definition [2.1]is therefore scaled by n?
following Lemma [2.14]

Given the relation obtained in Lemma [2.14] we can map the iterates of any stochastic
gradient based optimization algorithm on W,. Since the Fréchet-like derivative is coupled
with the kernel at which it is evaluated, we can consider the equivalent sets and directly
map the iterates of such algorithms in M,, to iterates in Wn In particular, we can consider
piecewise constant interpolations (see definition ) of the Wn—valued iterates obtained from
any iterative algorithm on M,,. Since any algorithm of interest can now be embedded on the
space of graphons (and subsequently also on measure-valued graphons), we are interested in

characterizing the scaling limit of these curves under a suitable topology.

2.6 Exchangeability

Working with unlabeled matrices, if looked upon from a probabilist’s lens is the same as
working with exchangeable arrays. Exchangeability essentially means that if we were to pick
a random finite sub-array out of an array of random variables, the distribution of the finite
sub-array does not depend on the labeling of the original array. More formally put, we can
consider an array of real-valued random variables (X).cjn2), and say it is exchangeable

if (Xe)eepy@ has the same distribution as (Xr())eepy@, where if e = (i,7) € (2], then
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m(e) == (m(i),7(j)). Similarly, infinite exchangeable arrays (IEAs) are defined via the same

definition except that we only consider finite permutations of N.

To understand the relation between IEAs and graphons, it is useful to consider an anal-
ogy from the classical de Finetti’s Theorem [Kal05, Theorem 1.1]. An infinite exchangeable
sequence of random variables (X;);en corresponds to a random probability distribution in
the sense that the sequence of finite empirical distributions %Z?Zl dx, converges weakly,
in probability, to this (random) probability distribution, as n — oo. Moreover, given
an instance of this random distribution, the conditional distribution of the exchangeable
sequence is i.i.d. with the same law. Similar correspondence between IEAs and (ran-
dom) graphons is achieved by a powerful generalization of de Finetti’s theorem due to
Aldous and Hoover [Ald81l [Hoo82, [AId82 [Kal89]. It states that for every infinite sym-
metric exchangeable array X = (Xi,j)(i’j)eN(Q) there exists a Borel measurable function
f:[0,1] x [0,1]® x [0,1] — R satisfying f(-,z,y, -) = f(-,y,x, -) for a.e. (z,y) € [0,1]®,
and a collection of i.i.d. Uni([0, 1]) random variables U, {U;},_x, {Us; = U{m}}i,jeN on some
probability space such that the IEA'Y defined as Y; ; = f(U,U;, U;, Uy 1) for all (i, j) € N®),
has the same distribution as X.

Thus, via an Aldous-Hoover representation, an IEA X induces a random graphon w),

defined as

w® (@,y) = E[f (U, U1, Us, Ur2) | U = u, Uy, Us) = (2,y)], (2.12)

for (x,y) € [0,1]® and u € [0,1].

In Chapter [5| we will see that this correspondence between an IEA to a graphon is not
one to one. As a remedy, we will introduce measure-valued graphons (MVGs) that will serve
the complete correspondence. In Chapter [6] we will show that the scaling limits of SDEs
obtained in Chapter [3] as limits of various algorithms and dynamics described in Chapter [I,
will correspond to a curve on the space of exchangeable arrays, and equivalently, on the space
of MVGs. This limiting curve can be projected down to a curve on the space of graphons

with a loss of microscopic information on edge-distributions.
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2.7 Conclusion

The concepts and tools introduced in this chapter lay the foundational groundwork for several
key arguments and constructs that will be extensively developed in the subsequent chapters
of this thesis. In Chapter [3} we will revisit each algorithm outlined in Section and derive
their continuous-time limits within finite dimensions, utilizing the definitions provided in
Section 2.3} These continuous-time curves will then undergo further analysis in Chapter [0] to
ascertain their scaling limits as the dimensionality of the ambient space approaches infinity.
Given that these algorithms function within finite-dimensional bounded Euclidean spaces, it
is essential to employ the stochastic process approach described in Section to accurately
determine their continuous-time limits. Additionally, Sections and [2.6| offer both analyt-
ical and probabilistic frameworks essential for describing the spaces on which these scaling
limits will be defined.

With the background and setup established, we are now prepared to construct arguments

supported by examples and proofs that will substantiate the thesis of this dissertation.
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Chapter 3

CONVERGENCE OF ALGORITHMS TO FINITE
DIMENSIONAL SDES

In this chapter, we will fix the dimension of all iterative algorithms to n € N, and take
their continuous time limits to obtain SDEs like equation (2.4)) as discussed in Chapter [I]
To do this for each class of iterative dynamics, we will need some mild assumptions that will

ensure the consistency of these algorithms as we take the continuous time limit.

3.1 Noisy Stochastic Gradient Descent Algorithm

In this section, we will consider the Noisy Stochastic Gradient Descent algorithm defined in
Definition and show that as the step-size goes to zero, the sequence of iterations of the

algorithm converge to the solution of an SDE:
AdX,(t) = —n’VR, (X, (1)) + 20 (X, (1)) o dB,(t) — AL (t) +dL; (t), te€R,, (RSDE)

where X,,(0) = X, is the initialization of the algorithm. Here B, is an n x n symmetric
matrix valued process whose entries are independent Brownian motions up to matrix sym-

metry, and the tuple (X,,, L, L") solves the Skorokhod problem with respect to the set M,,

(see Section [2.4).

To show this convergence, we will need some mild assumptions that we state next.
Assumption 3.1. We make the following assumptions on R and ¢ = DR:

1. For every n € N, the function R, is in C'(M,,) up to the boundary of M,,.

2. The map ¢ = DR is ko-Lipschitz with respect to || - ||,, for some constant ky € Ry,

That is,

[p(w1) — @(w2)], < Kallwr — wal|,, YV owi,wy € W.



20

We now put some mild assumptions on the “small noise” and “large noise” that we
discussed in Section m Let g: W x Q — LO"([O, 1](2)) be a function, such that, if we
define ¢,,(X,; &) = g(K(X,); ) for a.e. € € Q, for every n € N, and for X,, € M,,, then

VR, = Eeoplgn(-: )]

For R to be a well-defined function on graphons, we will need to assume that the law of the

random variable g(w; ) for £ ~ D is invariant under measure-preserving transformations for

all w e W, i.e., Law(g(w;§)) = Law(g(w¥); ) for all p € T.

Assumption 3.2. We assume the following about the “small noise”:

1. Law of the random variable g(w;&) for & ~ D is invariant under measure preserving

transformations for all w € W, i.e., Law(g(w; §)) = Law(g(w¥;&)) for all p € T.

2. The random variable g(-;¢&) for & ~ D has uniformly bounded variance over all finite

dimensional kernels. That is, there exists ¢ > 0 such that for all v € U,exW,,
2
Ee~p [ll9(v; &) — o(v)3] < 0.

3. For every n € N, the function g,(-;¢) = g(+;&) o K is in C°(M,,) up to the boundary
of M,, for all £ € Q.

Assumption 3.3. We assume the following about the “large noise”:

1. There exists a function ¥: W — L>=([0,1]®”) such that the diffusion coefficient func-

tions (X,),cy are restrictions of X, i.e., for every n € N, ¥, = M,, 0 ¥ 0o K on M,,.

2. The map ¥: W — L*([0,1]?) is ky-Lipschitz in || - ||, and uniformly bounded in || - ||

by some constant M., € R, i.e., for all u,v € W,

135(u) = B(v)ll, < Roflu =vlly,  and  [B(u)] < M.
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We are now ready to state the theorem.

Theorem 3.1 (SDE limit of algorithms [HOP*22|). Let n € N be fized, and suppose As-
sumptions[3.1], and[3.5 hold. Let W,,: Ry — M, be the piecewise constant interpolation
(see Definition of the iterates (ka),€€Z+ of the projected noisy SGD algorithm (Defi-
nition . Then W,, converges weakly in the space of cadlag processes to a process X, as
|7n| — 0 that satisfies the SDE:

AX,(t) = 2V Ry (X (1) At + 20 (Xn (1)) 0 dBo(t) + AL (1) — dLF(t), teR,, (3.1)

staring at X,,(0) = X,, 0. Here B,, is anxn symmetric matriz-valued process with coordinates
independent standard Brownian motions up to matriz symmetry, and (X,, L}, L) solves the

Skorokhod problem with respect to M,,.

The proof of the above theorem is provided in Appendix

Practitioners also use variants of SGD under the “small noise” setup where instead of hav-
ing a single unbiased stochastic proxy of the gradient, an average over independent batches
of stochastic gradients is used at every step. Authors in [MLPA22] derive weak SDE ap-
proximations of various popularly used stochastic optimization algorithms that use batches.

However this existing literature does not cover SDEs with boundary terms.

3.1.1 Stochastic Gradient Descent (SGD) Algorithm
When ¥,, = 0, equation (3.1]) reduces to
AX,(t) = —nPVR,(X,(0) dt +dL; (1) —dLL(D), teRs, Xo(0) =W  (32)

such that (X, L}, L, ) solves the Skorokhod problem on M,, (see Section for details).
Moreover, it is shown in Appendix that the solution of equation is the same as
the solution of given below. Furthermore, we will show in Chapter 4| that if the solution
Xn: Ry — M, of

dX,(t) = —n’VR,(X,(t) o 1{G. (X, (1))} dt,  tER,, (3.3)
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exists, where G,,(A) is the subset of [n]* defined as

Gn(A) = {(i,§) € [n]* | |A(, 5)| < 1}
U{(i,5) € [n]* | A4, ) = 1,0, ;Ra(A) > 0} (3.4)
U {(%]) € [n]2 | A(Z>j) = _178i,jRn(A) < 0}7

for all A € M,,, then X, is a gradient flow on M,, in a suitable sense.

3.2 Relaxed Metropolis-Hastings Algorithm

In this Section, we will consider the Relaxed Metropolis chain algorithm as described in
Section [2.2.2] Notice that for any n € N, we can interpret the real-valued permutation
invariant function H, over M,, to be the restriction of H via the map K, i.e., H, = (H o
K) |m,,.- We will call the function #, the Hamiltonian function. In this Section, we will
show that the relaxed Metropolis chain algorithm on a the state space S,,, converges to
an SDE on M,, ; as r — oo. Following equation , we will denote the model specified
by @r’n767 as ESBM|[n, r, 5, H|, where H is the Hamiltonian defined on W such that H o K
restricted on M,, ; is the function H,,.

We will set some assumptions that will be necessary to derive the continuous time limit

of the algorithm.

Assumption 3.4. Let H: W — R be bounded below, Fréchet-like differentiable with DH
denoting its Fréchet-like derivative (see Definition [2.13)) and satisfy

Dl ol < #H(w) — Hlw) — (DM, 0 — ) < 5 — o (35

for every u,v € Wy}, for some constants A € R and L > 0. Further, assume that DH is

(Il lg = II - ]..)-Lipschitz.

Definition 3.2. Let H satisfy Assumptions . Let 8 > 0. Define by: Wi 1) — LOO([O, 1](2))

as

bolw) 1= —28DH(w) exp(Fn 2 [ DHw) L) B (V28 DH(w)];),  w € Wy,
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where ® is the right tail of standard Gaussian, i.e., ®(z) = \/%f:o exp(—y?/2) dy, for
x € Ry. For any n € N, we will denote the restriction of by to M, + by b,. That is,
b, = M, obyo K.

In the context of the Metropolis chain algorithm, with an abuse of notation, we will
use the notation b and by interchangeably. By Lemma in Appendix [A.2.1] n™b,(w) =
E [Z exp(—ﬁr,n%(VHn, Z};)} where Z is n xn symmetric matrix with i.i.d. Gaussian entries,

and f,, == fn~?/v, as defined in Section [2.2.2| Thus ||b,|, < co.

Remark 3.3. It follows from Assumption that ||[DH||,, < C for some C > 0 and
therefore | DH(v)||, < C for every v € W. Since €* — 1 as x — 0 and ®(z) — L as z — 0,

it follows that ||b(v) + BDH(v)||,, — 0 as n — oc.

We now recall that the relaxed Metropolis algorithm samples from the ESBM|r, n, 5, H]
model. Given G(k) € S, and the matrix qff,)€ € M,, ; of edge-densities for any k € Z, we

run the relaxed Metropolis chain consisting of the following steps.

1. Run the base chain for s, = [72r4] many steps. Let G(k + 1) € S, be the graph

obtained after such s, many steps. Let &flr?g 41 denote the matrix of edge densities of

Gk +1).

2. Given G(k),G(k + 1) for any k € Z, define

é(k +1), w.p. exp (_Br,n [Hn (af:l)cﬁ—l) — H, (qurl)c)} +) )

G(k), otherwise,

Y(k+1)=

where ™ = max{0,a} for a € R and f3,,, = fn"%/~, as defined in Section [2.2.2] Let
pgi +1 be the matrix of edge-densities for Y (k 4-1). Observe that

o @ i Y(k+1) =Gk +1),
pn,k+1 =

qgf;, it Y(k+1)=G(k).
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3. After the accept-reject step, we again run the base chain starting from Y(k+1) € S,
for £,, = [n"*0%v,r"] many steps for some o > 0. Let the graph obtained thereafter

be G(k + 1), and let ¢" k+1 be the edge density matrix of G(k + 1).

This procedure gives a Markov chain (G(k))ren on the state space S,.,, with corresponding
process of edge-density matrix (qui) e In the following we show that, as » — oo the latter
process converges to as SDE with drift b, as defined in Definition For fixed n € N, the
adjacency matrix of G(k) converges to the corresponding edge-density matrix qff/,)€ in the cut
metric as r — oo uniformly. In Section [6.2.2| we will show that we can interpret the limiting

deterministic curve on the space of graphons as the cut limit of the process of adjacency

matrices of (G(k))gen as r — oo followed by n — oc.

3.2.1 Heuristic analysis of the graph edge-density process

Before we state our result we analyze heuristically the process of edge-density matrix
(qff,l) as defined above. To this end, for any k € Z,, define Aqffk = qff,)€ 41— qfl;c
keZy )

and let Fi be the sigma algebra generated by {anz

= 0,...,k}. Given k € Z., let us
analyze E [Aqnvk ‘ fk} . Notice that

o[od

] - [Aqgi ‘ ]:’f} + E[qw(:l)cﬂ Pﬂﬂ ‘ }—k]v
where Aqn ) = pfgf . qg,)g Notice that given pff?c 41, the increment of the (i, j)-th coordinate,

qui VLG ng (i) has the same distribution as the reflected random walk of step-size

T% run for /,, steps. Assuming that the random walk does not hit the boundary during
relaxation (hitting the boundary is rare), this is very small. It follows that E [Aqf:,)c } ~
B[R0k | 7
+
— (0~ k) oo (e (0 (70)) - m(x ()] )|

By Assumption [3.4]

e (@ikn) ) - (e (a)) - (or(ae(ah) ) K (@kan) - ()
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2
~[e@hn) - #(ari)

2.

On the other hand, given q,(:;ﬁ, the increment of each coordinate &g;{j LG T q(r])c (i)

for every (i,5) € [n]® has the same distribution as a symmetric random walk (with re-

flections at the boundary) with step-size 1/r? run for s, = ~2rt

EU K (i) - 5 (47)

heuristic are the following:

steps. In particular,

} = ~2. Two important and non-trivial consequences of this
2

2
(aflr;g+1> — K(qff,l) H2 < C~2logr for

some constant C' > 0 with high probability.

2. &f:?g 1 qfl,)c has approximately the same distribution as +,Y,, where Y,, is an n x n

symmetric matrix of independent standard Gaussians. Notice that if q(r) ij) € {0,1}
for any (i,5) € [n]®, this is not true. This approximation is valid only when all the
coordinates of q,(:,)g are sufficiently away from {0,1}. With a careful analysis, one can

show that this is indeed the case except for a negligible fraction of time.

Assuming the above heuristics and using equation (3.6)) we obtain that with high probability,
B[y | 7

(801~ 1) o0 (= (D2 (d2)), 10 (L) 0 (a2)) )]
ZVTJE[YneXp< @n%<VH <qn;)c) Y>:)} (3.7)

where we used the fact that for any two n x n symmetric matrices A,,, B,, € M,, ; we have

(A, By)y = n*(K(A,), K(B,)) and that the fact that DH = n 2V H,, (see Lemma [2.14)).

The expectation in the last expression above is very amenable to analysis. It follows from

+

Lemma |A.3| that E [Yn exp( By nfyT<VH (an,)g> Y, > )} =n"4, <qn ,1) where b,, is defined
F

in Definition 3.2

The above heuristic can now be summarized as follows. With high probability

E [Aqfﬁc ‘ ]:k} ~ v.n"'b, (qui), (3.8)
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provided that the all coordinates of qf:% are away from {0,1}. Now let us analyze the

2

conditional covariance of Aan Recall that ]E{HK(qn l)€+1) — K(qff,l) H ]—"k} < 42, On
AP

the other hand, given pgl L 1, the increment qfl ,)€ (i) pgi (i) of coordinate (i, j) € [n]®

has the same distribution as the symmetric random walk with step-size r% (reflected at

the boundary {0,1}) running for ¢,, ~ n~%y,0%r* steps. In particular, each coordinate

(r) (r)

2. Also note that given p,;, the coordinates of qr(:“,)g 41— Ppgy1 are

has variance ~ n~*y,o

independent. In particular,
Cov (A} | Fi) = n~,0°L +0(37), (3.9)

where O(7?) means that each coordinate of Cov (Aqgi ‘ ]-"k> differs from n=%~,021I, at most
by a constant factor of 2.

For a fix t > 0, we will define t,,, == [tn?/7,]. Also define gt : Ry — M, to be a

piecewise constant interpolation of ( w) given by
(") (¢) = ¢\") telR 3.10
Qn ( ) . Qn,tnrﬂ + ( . )

In particular, we obtain

t'r,n_l tr n_l

¢(t) =g (0) = E[Aqf{}l ‘ -Fk] + Z (Aqf{j,l - ]E[Aqf:;g ( ka teR,.

k=0 k=0
Using the heuristic derived in (3.8]) and (3.9), one expects that

trn 1 trn 1

¢ (1) — Z b, (an) Z AM),  teR,, (3.11)

where <AM7(LT£> vz, is a M,-valued martingale difference sequence with uniform coordinate-
wise variance y,n 402, We must caution that the approximation in is not valid if qff,)C
is close to boundary {0, 1}. The heuristic calculations have been derived under the assump-
tion that all coordinates of qff,)c are away from {0,1}. Ignoring this boundary contribution,

it is reasonable to conclude that

t
(1) — ¢ (0) ~ / ba(a(s)) ds + 0Bo(t),  tER,,
0
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where B, is an n X n matrix with i.i.d. Brownian motions (up to matrix symmetry), in the
interior of the state space. In view of this, it is reasonable to expect to that if the process

<q7(f,)€> spends negligible proportion of time at the boundary, then
’ keZy

t
gy (t) —a(0) = / bu(a(s)) ds + o Ba(t) + LY (t) = LY (t),  t€Rs,
0

where (qg),LﬁlO) ,LEP) solves the Skorokhod problem on the cube M, . That is, each
coordinate process of q,(f) satisfies the above SDE with reflection at the boundary {0, 1}.
This heuristic argument can be made precise (see Theorem and it is one of the main
takeaways of this section. Before we state the main theorem, we make a brief digression to
the Skorokhod problem and the Skorokhod map which will play a crucial role in Theorem

and its proof.

Theorem 3.4 ([APST23|). Let H satisfy Assumption and let (v, )ren satisfy condi-
tion (2.1)). Let D(|0,00), M, ) be the space of right continuous functions with left limits
equipped with the topology of uniform convergence over compact subsets. Let qg): R, —
M, 1 be a piecewise interpolation of (qffi) vz, (see equation ) Then, qy(f) converges
weakly in D([0, 00), M, 1) to a process X,, over compact time intervals, with continuous path

that satisfies the SDE

AdX,(t) = b, (X, (1)) dt + 0 dB,(t) + ALY (t) —dLP(t),  teRy, (3.12)
with initial condition X, (0) = qg%, where B, is a symmetric n X n matriz with whose

coordinates are i.i.d. Brownian motions (up to matriz symmetry) and <Xn, LSP), LﬁP) solves

the Skorokhod problem w.r.t. the finite dimensional cube M,, 1 (see Section .

We provide the proof of Theorem [3.4] in Appendix

3.3 Iterated product of matrices

In Section [2.2.3] we introduced the general setup of algorithms that are of the multiplicative

form and rely on products of iterated matrices. In this section, we will take the scaling limit of
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the iterated product of such random matrices to obtain their continuous-time counterpart.

To recall, the k-th random matrix is a perturbation of the identity and takes the form

I, + Xf:';), where

On
vm
where E[MT(L";)] = AS?Z) e R and M:Z) is an independent matrix with entries i.i.d. as
N(0,1).

o, (3.13)

m /’LTL m
sz,k) = EMf(zk) +

Let’s separate the two components of the perturbation and see what we can expect.

1. Consider a triangular array of n x n deterministic matrices <<ASL”Z)> [ ]> and
kelm meN

)

define the following iterated product of matrices

PIOK) = (L+22AT)) (Lo 2A) (L4 22AT)) . kefm) (319)

where 41, is a dimension dependent scaling factor and Pém)(()) = I,. Note that P{™

satisfies following difference equation

Pk +1) = PY(k) = E2ATD PIO(R), ke fm - 1],

It is reasonable to expect that P™ admits a scaling limit as m — oo for ev-
ery n € N. That is, under appropriate conditions on the curve A, defined as
A, (t) = limy, e Amzm | for ¢t € [0, 1], we should expect that the curve P, ,, defined as
P,n(t) = PT(Lm)(LmtJ) for t € [0, 1], converges to an absolutely continuous curve, say

P,, satisfying %Pn(t) = Ay () Py (t) as m — oo.

If A,(t) = A, is a constant curve, then the solution to this differential equation is
P,(t) = e'*4n. For more general curve A,, one may guess the solution of the above
differential equation to be P,(t) = elo #nAn(s)ds However, this is incorrect — unless
A, (s) and A,(s") commute for all s,s" € [0,¢]. However, the correct solution can be
defined using a non-commutative analogue of exponential that we define later in this

section.
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)

2. Consider the case where instead of (AE:’,?) i we have i.i.d. matrices (Gf{?) -
’ kelm kelm
with i.i.d. standard Gaussian coordinates and instead of equation (3.14)), we consider

the iterated product of matrices such that

_ On (m) m
= \/_mGn,k-i-lPT(L (k).

Following a similar heuristic as above, one may expect that P, ,, converges to a matrix

P (k +1) — P{™ (k)

valued SDE satisfying d P, (t) = 0, dB,(t)P,(t) for t € [0,1] as m — oo, where B, is

an n X n matrix whose coordinates are i.i.d. Brownian motions.

In Theorem (3.8 we show that, under appropriate assumptions and suitable time scaling,
the iterated matrix product has a scaling limit that is given as the unique solution Y,, of an
SDE. Moreover, we give the solution explicitly as a non-commutative analogue of exponential
of Y, denoted Texp|Y,], that we define later (see Definition [3.5).

Various authors have studied similar problems — in fixed dimension n € N. For instance,

it is shown in [EHI18| that if
(m) 1 1 1
Q. =\In+—Ang ). N\ In+—An2 ) | In+—An1 ), ke[m], (3.15)
’ m m m

then Q%mw)b converges to en where A, = limy, 0o = > 1" A, ; (assuming this limit exists) as
m — oo. A particularly important case that this result covers is the case when {A,, 1.}, are
iid. and have the expectation E[A, ;] = A,. In this particular case, the rate of convergence
was investigated in [HW20, KMS20]. It follows easily from the above result that if (A,, ;) ken is
a sequence of matrices such that lim,,_,~ % Yo Ang = A, then Qfﬁ)mt | et4n as m — oo.
However, this theorem does not apply to the triangular array of matrices. If we define the

triangular array Ag:;? = A, for all k£ € [m] and all m € N, then our result (Theorem
recovers this result (see Example . It should be noted that if ((Ag’,?) [ ]) is a
) kelm

meN
triangular array of matrices such that A, = lim,, . % ZZ; Ag’,? exists and also the limit

P,(t) = lim, P,gm)(LmtJ) exists, it is not necessarily true that P,(t) = e*4n.
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We now ready to explore the scaling limit of iterated product of matrices as defined
in (3.14) as m — oo while the dimension n is kept fixed. We begin with some definitions

and notations.

Definition 3.5 (Time ordered exponential). Let ¢ ~— Y,(f) be an n X n ma-
trix valued cadlag semimartingale. For any £ € N and ¢t € Ry, let Ag(t) =

{(sl,...,sk) € [O,t]k|t2 Sk > Sp_1 > ...81 20} and define

TeYo)(t) = /A S (e, REN ) =1,

We define the non-commutative exponential Texp| -] of Y, as
Texpl¥,](t) = S A(Y)(®),  and  T(V)(t) = TexpVal(t) — L, tER,. (3.16)
k=0

If t — Y, (t) = tA, for some fixed matrix A,, then Texp[Y,](t) = et for every t. Even
for a general (deterministic) absolutely continuous curve t +— Y, (t), the non-commutative

exponential Texp[Y,](t) admits a beautiful interpretation that we explain in Example .

Definition 3.6 (Poisson point process). Let N be a unit intensity Poisson point process on
R, . For every t € R,, define NV, as the set of atoms from N occurring up to time ¢, such
that Ny(w) = N(w) N[0, t] for every realization w. The set N; is ordered in a non-decreasing
manner, reflecting the chronological order of atoms up to time ¢. Recall that conditioned
on |Ny| = k, the distribution of ordered tuple of points 0 < 57 < 55 < ... < s < tin N,
has uniform distribution on Ay (t). We refer the reader to [Bré20] for more detail on Poisson

point processes.

Example 3.1. Suppose Y,, is a deterministic and absolutely continuous curve. Let Y,,(¢) =
f(f A, (s)ds for t € Ry, where the integral is applied coordinatewise. For k& > 1, it follows

that

Je(Yo)(t) = /A . An(s6)An(se_1) ... An(s1) H ds;
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= |Ax(t)] Ay (sk)An(sk—1) - .. Ap(s1) dogi(Sk, - - -, 51)
Ag(t)
= H Ap(a) | |Ni| = k] P{|N:| = K},
a€ Ny

where |Ag(t)| is the volume (that is k-dimensional Lebesgue measure) of the simplex Ag(t),
ok is the uniform measure on Ag(t), and the last line follows by observing that P{|V;| = k} =
e tk—]? = e !|Ag(t)] for every t € R,. We define an empty product of matrices to be I,,, and
always interpret [] of a finite collection of matrices indexed by time as denoting ordered
multiplication going from left to right with increasing time indices. With this notation,

E| [] Anle

aENg

Texp[Y,, , teR,.

The following proposition gives a characterization of Texp[-| of a semimartingale that

justifies the name non-commutative exponential.

Proposition 3.7. Let Y, be a continuous M, -valued semimartingale. Then, there exists a

pathwise unique M, -valued process Z, satisfying

¢
Zn(t) =1, —I—/ dY,(t) - Z,(t), teRy.
0
Moreover, Z,(t) = Texp[Y,](t) for allt € R,.

The proof of Proposition [3.7] is provided in Appendix [A.3]
We consider the product defined in equation (3.13)), where (GS?) - is a sequence of
"/ k€elm
i.i.d. matrices with zero mean, and consider the following product

mi]
Pom(®) =[] ([n + ijy?), meN, telol]. (3.17)

k=1

With Assumption stated below, we are ready to state the main theorem of this section.

Assumption 3.5. There exists C, D > 0 such that

1. For every m € N, and k € [m], n.k

(m) ’

< (, and Cov< k,), j)nD]

max
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2. For every m € N, (Gflﬂ?) - is an ii.d. sequence of matrices with i.i.d. N(0,1)
’ ke[m
entries.
3. The piecewise constant interpolations A,,,, of (AS’Q) ol defined as A, ., (t) =
’ ke[m
Ag?ntj for ¢ € [0,1], uniformly converge to an absolutely continuous curve A, as

m — Q.

Theorem 3.8 (Convergence to SDE for fixed dimension [STH™24]). Let <<X7S",?> [ ]>

’ kelm] / hen
be the triangular array defined in equation (3.13)). Under Assumption the curve P,
(as defined in equation (3.17)) uniformly converges to Texpl|Y,] as m — oo, where

Y, (t) = pn /Ot A, (s)ds + 0,B,(t), t €10,1],

and B,, is a n X n matrix with i.i.d. BM coordinates.
The proof of Theorem [3.8]is provided in Appendix [A.3]

Example 3.2. Consider a simple example in the case when n = 1. Let B(t) be the standard

one dimensional Brownian motion. Then,

T(B)(1) = 3 Hy(By)

where Hj, is the k-th Hermite polynomial. In particular, we get that Texp[B](t) = e%~*/2, In
other words, Texp| - | agrees with the so-called stochastic exponential for Brownian motion.

Now consider the product

Lmt]

Pat) =] (1 - \j(m)

i=1

where X, are i.i.d. Gaussian random variables. It follows from Theorem that P, (t)
converges to e?7/2 where B, is a standard BM (compare with [DMS3]).
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Example 3.3. Let (A,x)ken be a sequence of n X n matrices and assume that
lim,,, 00 % S Ak = A, Define a triangular array of n x n matrices AEZZ) = A, for
k € [m] and m € N. It is easily checked that

| i)
=AM 1A, teo1].
m k=1

It follows from Theorem 3.8 that

P, (1) = (In + iAn,m> . (In + iAn,z) (In + iAm)
m m m

converges to e'» as m — co. This recovers the main result in [EHIS].

In Chapter [6.3], we will emphasize on the role of u,,o, as we will take a suitable limit
of the matrix-valued process Texpl|Y,] as we will take n — oo and interpret the limit as a
process on infinite exchangeable arrays (IEAs). In Chapter , we will consider an application
in deep learning to make more sense of how does the application of Texp[Y;,] on an initial
state, say H, o behave when we take n — oo. We will end this section by describing some
examples of popular iterative falling under this class of algorithms and provide argue about

their continuous time behavior.

3.3.1 FEzxamples

In the following subsections, we derive the continuous-time limit of some of the popular
algorithms and derive immediate conclusions about their continuous time convergence to

stationarity.

Oja’s Algorithm

In this section, we analyze the Oja’s algorithm [Oja82] which is perhaps, the most popular
algorithm for Streaming Principle Component Analysis. It is well known that under very mild
conditions, given i.i.d. sampled from a distribution, Oja’s algorithm asymptotically converges

to the top eigenvector of the second moment matrix of the distribution [LWLZ18, [HNWW?21].
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Consider m € Nii.d. samples {z,;} from a distribution over R" with second moment

1€[m]

¥, = 0. The Oja’s algorithm starts with an initialization non-zero vector p, o € R? computes

Qno = Pn,O/H]Dn,oH2 and at every step k € [m] sets

1
Pk = <In + o nxnkxl—k) An,k—1, Qnk = pn,k/”pn,kHQ'

Now notice that for any ¢ € [0, 1], the [mt]-th iterate

1
Qn,|mt] = Pn,m(t) : T " 4n,0;
o H [P0l
where P, ,,(t) = g:ij (In + % . na:ka:g) By assumption, we have E[mnkarzk} = Y, for

every k € [m]. Since we are always sampling i.i.d. samples for every m € N, it also holds

that lim,, ;o X, = %, for every ¢ € [0,1]. Applying Theorem [3.8, we find that (P, m),,cy

uniformly converges to t — Texp/[ [; 3, ] () = ¢'*n.

Since the Oja’s algorithm re-scales the iterates at every iteration, in the limit as m — oo,

t3n

the vector gy, |m: therefore converges to the unit vector corresponding to e*"qy. Let us

call it g,(t). If ¥, has an eigen-decomposition V,,A, V" for A, = diag((/\n,i)?zl) having its
diagonals arranged in descending order, and z,(t) = Vann(t), and A, = A\, 1 — A2, then

19n(8) = vnall5 = l12a(t) = enalls. (3.18)

where e, ; is the first element of the standard canonical basis of R". Notice that

22 (t) — ZZ,].(O)

n,1 ZTQM(O) n 2?22 ef2t(>‘"’17)‘"’j)2721’j(0) )

2 o122 (0) , (319)
2 : i€n]\{1}.

(t) =
= O T e AT (0]
2
Using the fact that ((1 + x)1/2 — 1> < z, for all x > 0, we find that

1 [EROI[=—

2721,1(0)
We find the the mean squared error of the estimation of the top eigenvector goes down

exponentially with time and depends on the A,,.
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Gossip Algorithms

Gossip algorithms are distributed algorithms used to average values over the nodes of a
graph. Simple applications arise when certain sensors capture values over a small region or
space. To combat minor fluctuations in their readings, the sensors need to average their
readings in a distributed manner. Distributed averaging also arises in many applications
such as coordination of autonomous agents, estimation and distributed data fusion on ad-
hoc networks, and decentralized algorithms.

Let G, = ([n], E) be an undirected graph with adjacency matrix A4, € {0,1}! "]( ' and
let ,,(0) € R™ represent the initial values stored on the nodes of the graph. The goal of the
gossip algorithm is for each node to estimate + 3" | x,,;(0) in a distributed and asynchronous
manner. That is, the target is to approximate 1,1, 2,(0) over the set of nodes.

Each node has an independent clock that ticks at the times of a rate 1 Poisson process.
This corresponds to a single clock ticking at rate n Poisson process at times {Z;}, . Let I
denote the [n]-valued random variable denoting the node whose clock ticked at time Zj, for
every k € N. Let us denote [Z, Zi11) as the k-th time slot for every & € N. Given A, we
can compute a matrix P, such that for every i € [n], P, ; denotes the probability that node
1 is connected to node j. That is, if D, is the diagonal matrix storing the degree of every
node on its diagonal, then P, = DA, . Let us assume that P, is doubly stochastic.

The algorithm runs as follows. Let m € N be the total number of steps that the algorithm
runs in a single round. Let Iy =i € [n] at the k-th time slot. Then, node i chooses a neighbor
J € [n] with probability P, ; > 0 and node i updates its value as

x”ﬂ(k + 1) = (1 - am)xnz + (070 Z l’n,J k¢ ZJ”
JEN

where N; C [n]| denotes the neighbor set of node i, and |N;| = d;. Let B, = I, + (P, — I,).
Observe that this operation can be written as a linear transformation of z, (k). That is,
zn(k+1) = Z, gv,(k), where Z,  with probability 1/n (for the event when the clock of node
i ticks in the k-th time slot) is the matrix that is all zero rows, except the i-th row being the

i-th row of B,,. Hence, E[Z, ] = I,, + %=(P, — I,,) for every k € [m].



66

Therefore, after time slot |nmt], the values stored on the nodes of the algorithm is

[nmt]

(|nmt]) I_IZ;€ 2, (0 teR,.

If o, = m~!, then following Theorem ,

[nmt|

1:[ Zny — Texp [/(;(RL —1I,) ds] (t) = exp(t(P, — I,,)), teR,.

Therefore, the vector x,,(|nmt|) converges to exp(t(P, — I,,))x,(0) as m — oo.

Let (An.) denote the eigenvalues of P, in descending order. Since P, is a stochas-

1€[n]

tic matrix, all its eigenvalues are non-negative, moreover A,; = 1 and the corresponding

eigenvector is 1,,. We can now compute the limit of the error as m — oo as

lim
m—00

zo(lnmt]) — %1n1;xn(o> exp(t(Py — 1))z, (0) — %ml 22(0)

2 2

[ (0)]],-

1
< H-ml —exp(—t(I, — P,))
n 2

Since the only non-zero eigenvalue of 21,1 is 1, the operator norm of the matrix £1,1} —
exp(—t(l, — P,)) is exp(t(1 — A, 2)). Therefore we get that the relative error in the limit
m — oo is bounded by e t(1=An.2),

We find that relative error depends on how small A, 2 be. As an example, if G were a
random d-regular graph, then it is well known that A, converges to ©(d~'/?) with high
probability [FKS89|, yielding that as n — oo, the rate of convergence is e~ T-0d™') with

probability 1.

Convergence of Stochastic Gradient Descent (SGD)

Let (a;, bi)ie[m] C R™ x R be a set of m € N input output pairs of data points. The output if
modeled as a linear function of the input, gives us the standard linear regression model, where
the objective is to find a suitable linear predictor. If one assumes that b; = n~'(a;, z*) +¢; for

i € [m] for some x* € R™ such that ¢;s are all i.i.d. centered random variables independent
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of (a;) ie[m)> then the objective is to solve the minimization problem
arg min L i (n~"a;, ) — bi)z.
TERM 2m i1

Let us consider the particle SGD algorithm [Chi22] that starts at z; € R™ and at iteration

k € N, computes xp, 1 as
_ -1 _ T
Tk+1 = Tk — Nn,m, kAk (n <ak, xk> - bk) = <I - ‘nagay, >37k + nnmagby.

Unrolling the expression, following the popular choice [Net19], if we set 1, mx = where

1
Ak,nm’
Ak > 0 is the least eigenvalue of E[akak] for every k, we get that at iteration |mt| for any

t €10,1],

Lmt]

x —H I_nakag azr—l—n%hﬁJ I—najajT T (n~tag 2" +ep).
[mt] = " A Ym " Ajnmn Nen k k

k=1

(3.20)

Let us define the piecewise constant interpolation of (]E [aiaﬂ) as s — Xnm(s) and

i€[m]
assume that X, uniformly converges to a curve ¥,, as m — oo. Similarly define a, €, A\, to the

limit of the piecewise continuous interpolation of (a;);c(,,, (€1);c(y 2and (Ain) respectively

1€[m]

as m — Q.

Then, following Theorem if (t = 2|mt)) = = as m — 0o, then

o) =Tewp |- [ (52) 05| 0200
o[ el [5G ) oo i
/ Texp{ / ( ) dr] () ;:(2))6(5) ds.
Taking expectation over ¢ and €, we get
()] = Texp |~ [ (52)(6)ds| 00)

v [ e - [ (3)mare (5 ) e as
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In the simple case when X and )\, are the constant curve of a positive definite matrix and

its smallest eigenvalue respectively, the above equation reduces to

Ef(t) :Texp[— /0 E\]—:ds} (0)2(0) + /0 tTeXp{— /0 'f—:dr] (s)ij—:ds-:c*

t
— e’tE"/’\"x(O) + / efsEn/)\nx* ds = efth/)\nx(O) + ([n . e*tzn/)‘”)x*,
0
which implies
Elz(t)] — 2* = e =0/ *n (1(0) — ). (3.21)

In other words, E[z(t)] converges exponentially fast to the minimizer z* of the optimization
problem. This rate, as one might expect depends on the condition number of the second
moment matrix. Note that equation captures the general case when the sequence
of input output pairs have time-varying distribution such that the second moment of the
distribution of the input converges to an L2-absolutely continuous curve under the chosen

scaling.

Applications in financial modeling

The iterated product of matrices obtained from a triangular array is particularly important
when there is a fixed notion of continuous time, and measurements are made at various levels
of discretization. In finance modeling, m may denote the number of intervals within a year,
ranging from trading days to microseconds of annual trading activity. Here, n represents
the count of (dependent) financial instruments, often numbering in tens of thousands. To
examine changes in an instrument’s price from time-step £ — 1 to k, consider the price of the

i-th instrument, H, ;, written in the form:

1 (1 ) 1 1 <~ om)
Hn,kfl,i —+ E . (ﬁ Z Mn,k,(i,j)anij> + ﬁ . <% ; Gn,k,(i,j)Hn’kil’j . (322)

j=1
The above expression indicates that the price H,, ; ; of instrument i at every time step k € [m],

increases at a rate influenced by a linear combination of the (noisy) growth rates MSZ)@. h of
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all instruments j € [n]. Additional noise is contingent upon the price of all other instruments.
Since there is an absolute notion of time ¢t € [0, 1] where t = 0 and ¢ = 1 indicate the start
and end of a financial year, our analysis establishes a uniform limiting framework applicable
across all trading frequencies. Essentially, the evolution of the price of n (or possibly infinite)
financial instruments is dictated by the curve t — A, (t), representing the continuous time-
varying return. Examples of such models include the dynamics of monetary reserves of n
banks interacting via lending mechanisms [RJPLHI5].

It is easy to see that when n = 1, and A; is a constant curve, we recover the classical

geometric Brownian motion.
3.4 Conclusion

In this chapter, we derive the fixed-dimension continuous-time limits of the three iterative
algorithms described in Chapter To take the limit as the dimensions increase, we must
first better understand how stochastic processes on a large number of coordinates can be
described compactly and analytically. We then move to Chapter [d, where we develop a
calculus on graphons (see Chapter and argue that curves such as Euclidean gradient
flows can be suitably interpreted within the space of graphons, and moreover, they converge
to well-defined gradient flows on graphons. With further development of the analytical space
and the topology over these exchangeable arrays, we will be prepared in Chapter [6] to discuss
the scaling limits of these finite-dimensional processes as the dimensionality increases to

infinity.
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Chapter 4

GRADIENT FLOW ON GRAPHONS

In this chapter, we will develop a theory of gradient flows on the space of limits of dense
edge-weighted, unlabeled graphs, known as graphons. We will show that gradient flows on
finite-dimensional matrices of permutation-invariant functions can be suitably embedded in
the space of graphons, where these curves converge to gradient flows as the dimensions of the
matrices increase to infinity. This analysis acts as a building block for us to later characterize

scaling limits of iterative processes obtained via algorithms discussed in Section [1.1}]

We will start in Section by introducing the analogous notion of gradient flows de-
veloped for classical particle systems to motivate our developments. In Section we will
introduce some background necessary for the developments later in this chapter. With the
help of the general theory of gradient flows on metric spaces [AGS08], in Section , we
will discuss the construction and argue for the existence of such flows on the metric space
of graphons. In Section we will introduce a notion of derivative on graphons and
relate it to the Euclidean gradient. In Section [4.4] we will then show that gradient flows of
permutation-invariant functions on finite-dimensional matrices converge to a gradient flow
on graphons under certain consistency conditions. In Section we will show that just like
Wasserstein gradient flows can be described with the help of continuity equations [Sanl5,
Chapter 5], we will demonstrate that gradient flows on graphons can be described by a con-
sistent family of continuity equations. We will conclude in Section by discussing some
examples and deriving implications on how a gradient flow description allows us to determine

the time rate of convergence to first order stationary points of the objective function.
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4.1 Introduction

Let 21, 29, . .., T, be n vectors in RY. Let f,: (]Rd)n — R be a permutation invariant function
of those n variables. Here permutation invariant means f,(x1,...,2,) = fo(Ta, ..., Tx,)
where 7 is any permutation of the set [n] == {1,2,...,n}. Consider the Cauchy problem

d

Exz(t) = _aifn(xl(t)a-‘wxn(t))a (S [n]a t €R+7 (41)

with given initial conditions (z;(0)) The solution to this problem (which exists and is

i€n]"
unique when, say, V f,, is Lipschitz [Lin94]) is often called the gradient flow of f,. A natural
question that appears in several applications is whether the solution to the above Cauchy
problem has a scaling limit as n goes to infinity.

In order for such a limit to exist, it is imperative that there is some consistency over
the dimension parameter n. The permutation invariance of f,, offers a resolution. In fact, if
(xi)ie[n] is thought of as positions of particles in space, f, can be thought of as a function
acting on the empirical distribution p, = %2:;1 0z,. Here p, is a discrete probability
measure that puts mass 1/n on the positions of each of the n particles, represented by the
delta mass ¢..

Consider R? with the usual Euclidean metric and let F': P(R%) — R be a suitable func-

tion. The function F' induces a sequence of permutation invariant functions (f,),,cy as above

by the definition
fn(xla'”yxn) :F(Mn), n € N.
For such an f, for any n € N, the evolution (4.1)) can be thought of as an evolution on the

space of probability measures by defining

1 n

Now the following question makes sense. Suppose that the sequence of initial measures
(14n(0)),,cn converges to a limiting probability measure ((0) where the convergence is typically
in the sense of weak convergence of probability measures. Does the sequence of curves

( (1n () ser, )neN converge to some limiting curve on P(R?) possibly after rescaling time?
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The answer to the above, under suitable assumptions on F, is the so-called Wasserstein
gradient flow [Vil03], [San15] of £ on the metric space P (Rd) equipped with the Wasserstein-
2 metric, W,. There is now a general theory of curves of maximal slopes (also known as
gradient flows) developed for functions on metric spaces which may lack a differentiable
structure [AGS0§|. The Wasserstein space is a prominent example that has been thoroughly
studied [AGS08|, [San17]. As discussed in Chapter , there has been a recent surge in interest
in the application of the above convergence of gradient flows in the context of single hidden
layer neural networks, see [SMN18, [CB18, RVE18, MMM19, [CCP19, [AOY19, NP20), [SS204,
SS20bl [TR20, BC21].

However, we are interested in optimization problems where the arguments can be thought
of as weights attached to the edges of a large dense graph. Let G = (|n], F) be a graph. For
e = {i,j} € E one has an associated variable Xoii,j) = Xn,(j,i) that we take it to be real-
valued in this article. For all the applications we consider, we can take X, = 0 if e ¢ E. Thus
our variables can be arranged in an n X n symmetric matrix X,,. Let R,,: M, (R) - RU{c0}
be a function of such matrices. The crucial difference from the previous set-up is that we
want R, to satisfy a permutation invariance property with respect to relabeling the vertices
of G as described in Chapter |1} in Definition In other words, such functions are invariant
under graph isomorphisms of G. One can now ask the same question as before. Consider

the gradient flow Cauchy problem

%Xn,e(t) = —0.R, (X,(t)), een], (4.2)
with given X,,(0). Is there a suitable scaling limit as n goes to infinity? This paper answers
this question in affirmative under reasonable conditions on R,,.

We restrict ourselves to the case where the edge weights X, all lie in the bounded
interval [—1,1]. Without loss of generality, we can take our graph to be the complete
graph with its weighted adjacency matrix X,,. Just like empirical distributions of particle

systems converge to probability measures, these graph adjacency matrices with bounded

edge weights, identified up to graph isomorphisms, converge to a limiting object called
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graphons [LS06, BCLT08, BCL™12]. This is intimately connected with the theory of ex-
changeable arrays in probability theory [AId81] [AId82 [Hoo82] [Kal89]. For a definitive mod-
ern account of exchangeable arrays and their connections with the limits of large graphs, the
reader is referred to [DJOS|, [Aus08, [Aus12, [Aus15]. The theory of graph limits and graphons
has found applications in many fields including extremal graph theory, combinatorics, data
analysis, biology. We refer the reader to [DGKRI5] [LZ17, BG20, BEFLY21] and references
therein for further details.

Our gradient flow of R on graphons will be with respect to the d; metric defined in
Definition [2.12] The d; metric shall play a similar role as the Wy metric does on probability
measures. The metric space ()7\/\, d2) is a geodesic space (Proposition . Our gradient
flows will be with respect to this metric. The other, called the cut metric, g, is more
traditional [BCLT08, Lov12] and is important here for the topology that it generates and
will play the role of the metric of weak convergence of probability measures. Thus, although
our gradient flows will be defined with respect to the invariant L? metric d5, the various
convergence statements will be with respect to the cut metric dg.

We need a set-up that is similar to particle systems and their limiting probability
measures. Every symmetric matrix in M, identified up to the same permutation on
rows and columns can be embedded in the space of block graphons Wk - w (see Sec-
tion for details). Thus, any function R: W — RU {00} induces a sequence of func-
tions (R o, W, - RU {oo})
(Rp: My = RU{00}), o

N’ by restriction, and a sequence of invariant functions

4.2 Background and Preliminaries

In this Section, we will complement the background already provided in Section that will
be essential for the completeness of this chapter.

Let R: W — RU {oo} be a function. We define the effective domain eff-Dom(R) of R
as the set {[u] € W | R([u]) < co}.

For every permutation m € 5, we can define an invertible Lebesgue measure preserving
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map 7: [0,1] — [0,1] such that 7 is an increasing affine homeomorphism from @, ; to Qy x;)
for each i € [n]. We denote the set of all such maps by the set Z,. Following this, Defi-
nition and [BCLT08, Lemma 3.5, we have another equivalent definition which will be

useful for us, i.e.,

—~

[wol, [wn] € W. (4.3)

d0y([wo], [wy]) = lim min ||wy — wf|

n—o00 T€L, o’

We denote the metrics induced by the cut norm and the L?norm as do and d, respec-
tively. The space (17\/\, dm) is a compact metric space [LS07], [Lov12, Section 9.3] while the
metric space ()7\/\, d2) is complete and separable, but not compact. It is clear that conver-
gence in d, implies the convergence in g, that is, the topology generated by g is weaker
than the topology generated by ds. The following Lemma says that the metric o is lower

semicontinuous with respect to dn.

Lemma 4.1. [Lovl2, Lemma 14.16] The metric 05 is sequentially dn-lower semicontinuous,

i.e., if sequences ([tn)]),ens ([Un])pen C W, and [u],[v] € W such that ([u,]) 2, [u] and

neN

([Un])neN 6—D> [v], then

im inf 8o ) [0,) = ([ o).

Definition 4.2 (Extensions to L” kernels for p € [1,00]). Sometimes in our text, we will
consider kernels and matrices whose entries are not necessarily in [—1, 1], but are rather ele-
ments in L? (0, 1](2)) or L>([0, 1](2)). For any n € N, just like we defined W,,, we can restrict
our attention to the subset of functions L2 ([0, 1)@ ) c Lr([o, 1](2)) for every p € [1, oo] which
contain symmetric measurable step functions over @), x ),,. Using the equivalence relation
= just like we defined W and Wn, we can similarly define Zp([O, 1](2)) = LP([O, 1](2)) =
and Zg([o, 1](2)) = L2 ([0, 1](2))/2 for any p € [1,00]. When it is clear from the context, we
will also call the elements in L™ graphons. For simplicity, we use K and M, for n € N even

when the kernels are in L ([0, 1](2)) for p € [1, o0].
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4.2.1 Gradient flows on metric spaces

The theory of gradient flow on a general metric space is well-developed by now and can
be found in [AGS0§|. Since our goal is to define gradient flows on (17\)\, d2), the definitions
below are sometimes not the most general versions as given in [AGS08| but adapted to our

particular setting.

Definition 4.3 (Metric derivative). For a metric space (X, d), and any T € R, the metric

derivative |w'[(t) of a curve w = (w¢),cp.r) in X at t € (0,7) is defined as
(4.4)

provided this limit exists.

If w e AC(X,d), then the limit in equation exists for a.e. ¢t € (0,7) and |w'| €
LY([0,T]) [AGS08, Theorem 1.1.2]. In other words, every absolutely continuous curve in
a metric space has metric derivative defined almost everywhere. And conversely, if the
metric derivative |w'|(t) exists for a.e. t € (0,7) and |w'| € L'([0,T]), then w is absolutely
continuous.

We now need to define some notion for the derivative of a function F': X — R U {oo}.
On a metric space the usual notion of derivative can not be defined. However, the follow-

ing [AGSO08| Definition 1.2.4] acts as a substitute in many situations of interest.

Definition 4.4 (Local slope). The local slope |OR|(v) of R: X — RU {400} on a metric
space (X, d), at v € eff-Dom(R) is defined as

|OR|(v) == limsup (F(v) = Rlw)) :

weX, d(v,w)—0 d(vv w)

(4.5)

The definition below is narrower than the one in [AGS08, Definition 1.3.2] since we restrict

our choice of upper gradient in that definition to the local slope [AGS08, Theorem 1.2.5].

Definition 4.5 (Curves of maximal slope). On a metric space (X, d), any locally absolutely

continuous curve w = (wt)ye ) in X on a finite time horizon 7" > 0 is a curve of mazimal
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slope for the function R: X — R U {400} with respect to its local slope, if Row = G a.e.

for some non-increasing map G on (0,7), and
1 1
G'(t) < —§|w’\2(t) - §|0R]2(wt), ae. te€(0,T). (4.6)

On a general metric space, a curve of maximal slope can be referred to as a gradient flow

although the concept of gradient itself is absent. See [AGS08, Section 1.3] for the intuition.

4.2.2  Geodesic metric structure on Graphons

In this section we will show that <)7V\, 52> is a geodesic metric space. Before stating this

formally, we first introduce some definitions that make this concept morr formal.

Definition 4.6 (Length). Given the metric space (X,d), and a curve w = (W), 7y in X,

te|l
the length of w is defined as

n—1

lw) = sup{z d(wtk,wtkﬂ)

k=0

nEN,0:t0<t1<---<tn:T}.

It is clear from Definition that for any absolutely continuous curve w = (Wt)te[o,T} in
X and z,y € X such that wy = z, wyr = y, we have {(w) > d(z,y). Given x,y € X it is
natural to ask if there is an absolutely continuous curve w from z to y that achieves the
length ¢(w) = d(x,y). Such a curve is called a geodesic between = and y. If there exists a
geodesic w between any two points x,y € X, we say that (X, d) is a geodesic metric space.
In a geodesic metric space, notions like convexity and semiconvexity make sense. We make

those precise in the following definitions.

Definition 4.7 (Geodesic metric space). A metric space (X, d) is called a geodesic metric

space if for all x,y € X
d(z,y) = min{l(w) |w € AC(X,d),wy = z,w1 =y} .

Definition 4.8 (Constant speed geodesics). On a metric space (X, d), a curve w = (wt) (o 4

in X is a constant speed geodesic if for all 0 <r < s <1,

d(wy, ws) = d(wgp,w1)(s — 7). (4.7)
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Note that if a curve w satisfies equation (4.7), then w is clearly Lipschitz and hence
absolutely continuous. It is easy to see that such a curve w is indeed a geodesic and the
metric derivative |w'|(t) = d(wp, wq) for a.e. ¢t € [0, 1]. This justifies the name ‘constant speed

geodesic’.

Remark 4.9. It is also worth pointing that not only every geodesic, but every absolutely
continuous curve can be reparametrized so that it becomes Lipschitz [Sanl5l Box 5.1] under

the new parametrization.

We now make precise the notion of convexity in metric spaces. On a metric space, we first
define convexity (and semiconvexity) along curves. If a function is convex (or semiconvex)

along every constant speed geodesic, then we call it convex with respect to the metric.

Definition 4.10 (A-semiconvexity along curves w.r.t. a metric). On a metric space (X, d),
a function R: X — R U {oo} is said to be A-semiconvex with respect to the metric d along

a curve w = (We),p ) in X for some A € R, if

te|
Riw) < (1— 1) R(wo) + tR(wr) — %)\t(l — )(wo, @), (4.8)

for all ¢t € [0, 1]. Particularly, if the above inequality holds for A = 0, then we say that R is

convex with respect to the metric d along the curve w.

Definition 4.11 (A-geodesic semiconvexity w.r.t. a metric). On a metric space (X,d), a
function R: X — R U {oo} is A-geodesically semiconver with respect to the metric d, if
for any vy, vy € eff-Dom(R) there exists a constant speed geodesic w = (wt);cjo 7 o0 (X, d)
(Definition with wy = vg and w; = vy such that R is Ad-semiconvex on w with respect to
the metric d for some A € R (Definition [4.10).

Now we are ready to provide some statements that are used in the proof of our main results
but are also of independent interest. The two key results in this section are Lemma and
Proposition m Proposition states that (17\/\, Jd2) is a geodesic metric space.
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Lemma 4.12. The invariant L* metric between two graphons [u], [v] € W satisfies

6 ([ul, [o]) = min / ety dt, (4.9)

forany 0 < r < s < 1, where the minimum is taken over (w;)cjrs) € AC(W, da) with domain

[, s] such that w, € [u] and w, € [v].

As a consequence of above statements, we obtain that (17\/\, Jd2) is a geodesic space. To

the best of our knowledge it has not been recorded in the earlier literature.
Proposition 4.13 ([OPST23]). The space (W, d2) is a geodesic metric space.

The proofs of Lemma and Proposition have been provided in Appendix [B.1]
Since (17\/\, dz) is a geodesic metric space, the usual notions of geodesic convexity and
semiconvexity makes sense in ()7\/\, d2). In the subsequent sections, we will need a notion of

generalized geodesics (defined below) and show that generalized geodesics exist.

Definition 4.14 (Generalized geodesics on (W, d2)). Let [wy], [wy] € W. For every [w] € W,
one can construct an absolutely continuous curve ¢ (depending on [w]) as follows. From

Lemma [B.I] we obtain ¢, o, 1 € T such that
d2([w], [wo]) = [[w? —w®lly, and  da([w], [wi]) = [[w? — wi|,. (4.10)

Define the curve ¢ = ([w,]) where w; = (1 — t)wd® + tw" for every ¢t € [0,1]. This

telo,1]0
curve 9 is called a generalized geodesic (with base [w]) between the graphons [wg] and [w;]
with respect to dy. Often, when the base is clear from the context, we simply refer it
as a generalized geodesic. From the construction, we can see that any geodesic between

[wo], [w1] € W is also a generalized geodesic (with suitably chosen base) between them.
Finally, we show that d([w], -) is generalized geodesically semiconvex for every [w]| € W.

Lemma 4.15. If [w], [wo], [wi] € W, then there exists ¥ = (Ve)iepo) € AC(OW, 8) such that

Yo = [wol], Y1 = [wi], and 62([w], -)/2 is 1-semiconvex over ¥ w.r.t. ds.

The proof of Lemma is provided in Appendix [B.1]
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4.3 Construction and Existence of Gradient Flows

As discussed in Section [£.2.1 we can define what are called curves of mazimal slope, that
are also known as gradient flows of a function under a certain set of conditions [AGS08|. In
this section, we begin by defining their construction in Section followed by providing
sets of conditions under which they exist in Section 4.3.2] Finally in Section [4.4] we provide
conditions for when finite dimensional gradient flows, each defined on Wn, n € N, converge

to a gradient flow on Ww.

4.8.1 Construction of Gradient Flows

In order to obtain a curve of maximal slope of a function R: W — R starting from a graphon
[ug] € W, we use the iterative implicit Euler scheme. Given a step size 7 > 0, consider the

potential function ®x of R, defined as
L o
Cr(r [u]; ) = R+ o-05(-, [ul), (4.11)

and the set-valued resolvent operator .J; defined as J;([u]) = arg miny; ®x(7, [u]; ) for all
[u] € W. For a sequence T = (Tk ) e Of positive time steps with |7| = sup,,c.y 7 < 00, we
can associate a partition of the time interval (0, co) as

P, = {Ik = (tﬁ’l,t’f_]}neN, T = th — kL

T

if t9 = 0 and limy,_,o, t* = co. Given such a sequence T and starting from [u, ] € W, one can

now obtain a sequence of graphons ([ur,]) _y by an iterative minimization, i.e., by setting

neN

[Urn] € Jr, ([trn-1]), provided Jy, ([trn—1]) # 0 for all n € N.

Given such a sequence of iterates ([ur,)) we can consider its piecewise constant

neN?
interpolation to obtain a curve [u,]: Ry — W called the discrete solution. Given a sequence
of step sizes (Tk)neN with limy,_,|7%| = 0, the discrete solution gives a reasonable candidate

for a curve of maximal slope of the function R on ()7\/\, d2).
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4.3.2  FExmistence of Gradient Flows

In this section, we will consider the suggested construction of gradient flows from Section(4.3.1
and provide conditions when this actually can be done. We first note some definitions using

which we will present our first existence result.

Definition 4.16 (Generalized minimizing movements). For a function R, its corresponding
functional ®x as defined in equation (4.11), and an initial datum [ug] € W, we say that
a curve W = (Wy)yep, in W is a generalized minimizing movement (GMM) for ®p starting
from [ug] € W if there exists a sequence of sequences (Tk) geny With limy 0|7k = 0 and a

corresponding sequence of discrete solutions ([ur, |)nen such that for all t € R,

]}1_%10 R([ur, 0]) = R(Juwo]), lmsup da([ur, o], [wo]) < o0,
hroo (4.12)

O~ lim [ur, |(t) = wy.
k—ro0

There is a related definition of minimizing movement (MM) curves that can be found
in [AGS08, Definition 2.0.6] where the conditions in equation (4.12)) need to hold for all
sequences of partitions with vanishing norm. The set of all minimizing movements and
generalized minimizing movements on the metric space (V/\7, d2) with respect to the metric oy
starting from [ug] € eff-Dom(F') are denoted by MMy, 5. (Pg, [ug]) and GMMs, s.(Pr, [wo])
respectively. From their definitions it can be verified that the set of minimizing movements
is contained in the set of generalized minimizing movements. See [AGS08|, Definition 2.0.6]
for the precise difference between them. Since (17\/\, d2) is a bounded metric space, the second
conditions in equation and J[AGS0S, equation 2.0.10] are trivially satisfied.

The existence of the curve of maximal slope is dealt in detail in [AGS08, Chapter 2].
Under certain topological compatibility conditions of the metric ds, we can distill out our

first theorem for existence of gradient flows on W.

Theorem 4.17 (Existence of curves of maximal slope-1 [OPST23]). Suppose R: W= RU

{o0} satisfies the following conditions.

1. R is dg-lower semicontinuous on eff-Dom(R).
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2. Its local slope |OR)| is dn-lower semicontinuous in eff-Dom(R).

3. R is dg-continuous on the sublevel sets of |OR)|.

Then every curve w € GMMs, 5 (Pr, [uo]) for [uo] € eff-Dom(R) is a curve of mazimal slope.

In practice, it is difficult to compute |0 R| or to ascertain its dp-lower semicontinuity. This
makes it difficult to apply Theorem on natural examples. Later in Theorem we
show that, when R: W — RU {oo} admits a Fréchet-like derivative that is A-semiconvex on
(W, ds) for some X € R, the existence of a curve of maximal slope follows without requiring

dp-lower semicontinuity of |[OR).

4.3.83  Fréchet-like derivative and Ezistence of Gradient Flows

Recall that a function R: W — R U {oo} also defines an invariant function defined on W
such that it agrees with R. Using an abuse of notation, we will use the same symbol, R, to
denote it. We have discussed Fréchet-like derivative in Definition but we will state it

again here for completeness of this section.

Definition 4.18 (Fréchet-like derivative on W). Suppose R: W — R U {oo} is an in-
variant function. Let v € eff-Dom(R). The Fréchet-like derivative at v is given by any

¢ € L>=([0, 1](2)) that satisfies the following condition,

WEW, [w—u]l,—0 lw — v,

=0, (4.13)

where (-, -) is the usual inner product on L ({0, 1](2)). If R admits a Fréchet-like derivative
at every v € eff-Dom(R), we denote the map that takes v to the corresponding ¢ by Dy R.
In that case we say that R is Fréchet differentiable.

In [DGKRI15], the authors consider Gateuax and Fréchet derivatives of functions on
graphons with respect to the cut metric. However, as they remark [DGKR15, Remark 2.18,
page 195], such a notion of Fréchet derivative is too weak to cover natural functions such as

homomorphism densities.
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Let R: W — RU {o0}. Lemma (see Appendix justifies saying R has Fréchet-
like derivative on W if R has a Fréchet-like derivative on W. Note that the Lemma |B._5.|
says that not only can the Fréchet-like derivative be thought of as a graphon, but also the
two graphons [DyyR(v)] and [v] are ‘coupled’ in the sense that they are two sets of “edge
weights” associated with the edges of the same exchangeable continuum “graph”. We make

a formal definition to capture this relationship.

Definition 4.19 (Coupled graphons). For any r € N, we define the set [w;] © [wy] ©® - ®

[w,| C W' with initial labeling (wq, ws, ..., w,) € W' as

LO-

[wi] ={(w)iey | € T} (4.14)

1=

Without loss of generality, we will always refer to the elements in ®}_, [w;] with the initial

labeling (w;);_, unless specified. Since we can also relabel elements in L ([0, 1](2)) (i.e., apply

the map v — v?, forv € L™ ([0, 1](2)) and ¢ € T), we can generalize Definition 4.19|to tuples

with elements in LOO([O, 1](2)) D W. That is, we can consider sets of the form

O ol = {9 e T (4.15)

with initial labeling (vz- € LOO([O, 1](2)));1. Therefore, from Lemma [B.5, if v € [v] € )7\/\, and
¢ = DyR(v), then (v, ) € [v] ® [¢].
For (v, ¢) € [v] ® [¢], we define the set G, C [0,1]* as

Gy ={lv|<1}u{v=1,¢>0}U{v=—1,¢ <0} (4.16)

Since (v, ) € [v] ® [¢], the set G, is well defined on W. For any 0 €T, G = (G)7 =
{(p(@), p(y) € [0.17 | (2,y) € Gy}

The next lemma gives an expression for the local slope of R in terms of its Fréchet-like

derivative.

Lemma 4.20. Let R: W — R U {oo} be a function and R: W — R U {oo} its invariant

extension. Assume that for each [v] € W the Fréchet-like derivative DywR(v) exists for all
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v € [v], then the local slope (Definition[{.4) of R at [v] satisfies
(<¢7 U> — <¢7 w>>+

ORI([v]) = na([v]) = sup o=wl, 161, { - Hl, (4.17)
where v € [v], and ¢ = DwR(v). In particular, [OR|([v]) = |¢l, if v €

{ueW]||u|l <1 ae}neff-Dom(R).
The proof of Lemma [4.20] is provided in Appendix [B.2.2]

Remark 4.21. We can define a similar expression for the set valued function G when
eff-Dom(R) is a cubic domain. As an example, when eff-Dom(R) = {w € W |a < w <
ba.e.} for some —1 < a < b <1 (see Section for a discussed example), we can define
G, C [0,1]® for any v € eff-Dom(R) as

Gy={a<v<blU{v="0b¢>0}U{v=na,¢ <0}, (4.18)

for (v,¢ = DywR(v)) € [v] ® [¢]. Lemma continues to hold when v € eff-Dom(R) C W
whenever eff-Dom(R) is a cubic domain. In this case, the set valued function G is defined

as described above and the proof of Lemma can be modified accordingly.

Remark 4.22. Lemma has an important consequence that will be used later. As the
metric derivative of a gradient flow is given by its local slope at each point, Lemma says
that if w is a gradient flow of R, then its local slope is given by the L?-norm of its Fréchet-like
derivative, i.e., [OR|(w;) = ||¢(wi)1c,,{ }H2 = || Dy R(we) 1, { - }||2 for all ¢ > 0. Here for
any t > 0,

DpR(w)la, {-} = {(DWR(Ut)ILGut{ 1)¥ e L=([o, 1](2)) ‘ RS T},

for u; € w;. Since the L2-norm is invariant under measure preserving transformations [Jan13),
Lemma 5.5], the L?-norms of graphons are well-defined. In fact, if one defines a kernel valued
curve (wy)iejo,r) by setting w; = —DwR(w;)1g,,{ - } pointwise, then the curve ¢ — w; = [w]
is a gradient flow (a.k.a. curve of maximal slope). This is shown in Lemma which in

turn shows the existence of a gradient flow under suitable assumption (See Theorem {4.23)).



84

We now prove the existence of a curve of maximal slope if R satisfies reasonable assump-
tions. Moreover, as mentioned in the introduction, we show that the curve of maximal slope

is the natural image of an absolutely continuous curve in (W, dy).

Theorem 4.23 (Existence of curve of maximal slope-I1I [OPST23]). Let R: W= RU {0}
be a real valued function such that the Fréchet-like derivative Dy R([w]) exists for all [w] €

eff-Dom(R). For wy € [wp] € eff-Dom(R) and t > 0 define

¢
Wy = Wo — / ¢(ws)le,,{ " }ds, te Ry,
0

where the above integral is pointwise. If R is A-semiconver w.r.t. ds, then the curve t —

w = [wy] is a curve mazimal slope for R starting at [wy] € eff-Dom(R).
The proof of Theorem is provided in Appendix [B.2.2]

Remark 4.24. An important consequence of the above Theorem is that if w is a gradient
flow of R then there exists an absolutely continuous curve (wy)cjo,r] € AC(W, ds) such that

[wy] = wy, |W'|(t) = HDWR(wt)]let{ . }H2 and w; = —DWR(wt)]let{}, for each t € (0,T].

Remark 4.25. If R is dg-lower semicontinuous, A-geodesically semiconvex for A € R, and
bounded from below, then one can say more about the convergence rate of a gradient flow to
a minimizer of R. When A > 0, let w* be the unique minimizer of R. Then following [AGSO0S,
Remark 4.0.5, part (d)], a gradient flow w of R on w starting at wg € W satisfies

Sa(wy, w*) < e My (wy, w*), teR,.

In the limiting case when A = 0 the exponential decay does not occur, in general, but some
weaker results on the asymptotic behavior of w hold. Following [AGS08, Corollary 4.0.6], w

satisfies
(55 (w()? wOO)

Rier) = Rlw) < ZE02

teR,,

for some minimum point w,, of R, such that the map ¢ +— 09(w;,wso) is non-increasing.

Moreover, limy_, 02 (wt, weo) = 0.
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Finite dimensional Fréchet-like derivative

Recall the partition Q,, = {Qm}ie[n] defined for any n € N in Section . Given an invariant
function R: W — R U {oo}, we can restrict its domain to kernels in W, and still consider
the Fréchet-like derivative Dy, R: W, N eff-Dom(R) — L2 ([0,1]?).

There are two equivalent ways of doing this. First, suppose the Fréchet-like derivative of
R at v is given by DyR(v) = ¢. Then define Dy, R(v) = ¢, by conditional expectations
as ¢, = E[¢ | F.], where F,, = 0(Q, x Q,). The object ¢, is referred to as a ‘quotient’
obtained by a ‘stepping’ of ¢ in [BCL™08, Section 3.3] and [LovI12, Section 9.2.1] respectively.

Since ¢ = Dy R(v), by the Tower Property of conditional expectations we obtain that when

w,v € W,

(On; w) = (P, v) = (P, w) — (P, V),
oy D) = R) — (dn,w) = (60, 0)

W, _
e [Jw — vl

= 0. (4.19)

The second method of defining ¢,, is to relate it to the Euclidean gradient over n xn symmetric
matrices. This is done in Lemma 2.14] below.

In any case, we can define ng , : Wnﬂeff—Dom(R) — R, for the function R: W — RU{o0}
as follows. If v € [v] € W), N eff-Dom(R), then

(<¢n7 U) — <¢na w>>+.

NRa([v]) == sup (4.20)
f wEWn HU o wHZ
We can also define the local slope |0, R| restricted to W, as
_ +
O.R(W]) =  limsup 2D = R(wD)T (4.21)
[w] €W, 82 (Jw],[v]) =0 G2 ([w], [v])

for [v] € Wnﬂeff—Dom(R). Then, by a similar argument as shown in the proof of Lemma M,

we have the following corollary.

Corollary 4.26. Let R: W — R U {oo} be a function. Assume that for [v] € W, N
eff-Dom(R) the Fréchet-like derivative Dy R(v) exists for all v € [v]. Then the local slope

(Definition [{.4]) of R at [v] satisfies |0, R|([v]) = nrn([v]).
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4.4 Scaling limits of finite dimensional Gradient Flows

Recall that the goal of this section is to show that the Euclidean gradient flows on matrices
converge in suitable sense to gradient flow on graphons. In the previous section, we establish
that the gradient flows in very general settings can be obtained as the limits of discrete
solutions. In this section, we show that iterates of JT|Wn converge in suitable sense to the
iterates of J-|j5 as n — oo.

More formally, for any n € N, define J™ to be the resolvent operator on 17\/\” as

T ([u]) = argmin (7, [u; ) = argAInin{R + %5%([14, )}, (4.22)

for any 7 > 0, [u] € Wi.
The following Lemma essentially shows I'-convergence of the penalized functionals ®g,

restricted to W, as n — oo.

Proposition 4.27. Fiz some dp-continuous function R: W= RU {oo} and some step size

T > 0. Consider a sequence ([u,] € Wn)neN such that ([u,]) o, [u] as n — oo for some

neN
u] € W. For each n € N, let |u}_| € argming Pgr(7, [ugl; ). Suppose |ul | is any
n,T Wh 0,T

dy-limit point of the sequence ([u, DneN. Then [uf, .| € arg ming; (T, [u]; - ).

n,t o0, T

The proof of Proposition is provided in Appendix

In Section we discussed that implicit Euler iteration on W\n for any n € N can be
viewed as the time scaling of the implicit Euler method on the Euclidean space of n x n
symmetric matrices. The following lemma complements that discussion by saying that the
gradient flow on W, can be obtained from the Euclidean gradient flow on the space of n x n
symmetric matrices.

Let n € N, and (w,; = wi(t) € W, Neff-Dom(R)) be the Euclidean coordinate gra-

teRy

dient flow of R. This may be obtained by suitably scaling the solution of the differential
equation

d

G Ma(wn()) = —(VRy 0 M) (w, (1)), (4.23)
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with initial condition w,(0) = wy, o € W, Neff-Dom(R), until the process hits the boundary
when one or more entries is £1. At the boundary, however, the gradient might push the
process outside M,, and it needs some care to have a proper definition. Instead, we consider
the Euclidean gradient flow as the limit of implicit Euler iterations as the step size tends to
zero. This definition is valid everywhere and is equivalent to the previous one on Euclidean
spaces.

As a consequence of Lemma [2.14] we obtain that the Euclidean coordinate-wise gradient
flow on W, is the gradient flow on W,. We are now ready to prove Theorem |4.28, For

completeness, we reproduce the theorem statement below.

Theorem 4.28 (Convergence of Gradient Flows [OPST23]). Suppose R: W = RU {0}

satisfies the following conditions:

1. R is continuous in og,

2. R is A-semiconvezr (Definition along generalized geodesics on ()7\/\, d2) (Defini-
tion , for some A € R.

Consider the gradient flow w™ = (cut(n))teR+ C Wn of R on each Wn, starting at some
w(()n) = [uno] for n € N. Assume that the sequence ([uno]),,cy LEN [up], and |OR|([ug]) < o0

and limsup,,_, |OR|([uno]) < G < 00, for some G > 0. Then,

lim sup sup g (wt(n),wt> =0, (4.24)

n—oo  t€[0,T]

foranyT € R, wherew = (cut)telR+ is the unique minimizing movement curve [AGS0S, Defi-
nition 2.0.6, page 42] on Wfor the function R starting at wy = [ug] [AGS0OS, Theorem 4.0.4].
In addition, if the conditions for the ezistence of curves of mazximal slope (Theorem or

Theorem hold, then w is also a curve of maximal slope.

The proof of Theorem is provided in Appendix [B.3|
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Remark 4.29. Condition [2]in Theorem [4.28] is satisfied if the invariant extension R: W —
R U {0} of R: W — RU {o0} is A-semiconvex on (W, d,) (see Section , and Defini-

tion .

4.5 Continuity Equations

It is well-known that any absolutely continuous curve in the Wasserstein space can be repre-
sented as the solution of a continuity equation [Sanlbl Section 5.3]. Something analogous is
partially true for graphons as well. However, the presence of the boundary in W makes the
situation more delicate and we can only characterize AC curves via the continuity equation
until it hits the boundary.

Before we state the main result, we introduce some notations. Let v € L'([0,1]®) and

let [w] € W. Let w € [w] be a representative of [w]. For any n € N, we can define

X, [0, 1}n — M,, and v,,: M,, — R as

X”((uf>?:1) = (w(ui, uj))(i,j)g[n]@)a
vn(2)(05) = Elu(Us, Up) | Xu((Ue)y) = 21, (4.25)

where {U;},.y are i.i.d. as Uni[0,1]. Intuitively, formula means that we average the
edge weights from v over all embedding of the vertex labeled weighted graph z in the graphon
w. Since X,,_1 is a leading principle submatrix of X, i.e., X,,_1 = (Xn(i,j))(
have that o(X,_1) C o(X,), which defines a filtration F = (F, = 0(X,))

ij)eln-1)@: We

nen- 1t is clear
that (vy,),cy is @ martingale with respect to the filtration /. We also note that that v, is a
function of the graphon and not its kernel representative. We record both these observations

as lemma below.

Lemma 4.30. For cvery i,j € N, the process (vu(Xn)(i, §))ptmaxgi ) 5 @ martingale with
respect to the filtration JF.

Lemma 4.31. For any ¢ € T, we have v (X¥) = v,(X,,), for all n € N, where v¥(x,y) =
v(p(), ¢(v)) for all (v,y) € [0,1]%.
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The proof of Lemma is provided in Appendix [B.4]

Suppose we are given some w = (Wt)te[o,l] € AC(W, d2). From Lemma [B.2] we obtain
(We)ieppq) € AC(W, do) such that w; = [wy] for all ¢ € [0,1]. It follows from the Radon-
Nikodym property [Huf77, page 30, Theorem 5] that there exists v, = w} € L2([0,1]®), for

a.e. t € [0, 1], such that w; — wy = fot vy ds, where the integral is pointwise.

For any ¢t € [0,1], let v,; and X,,; be defined as in equation with w; replacing
the role of w and v; replacing v. The following Proposition shows that the p,; =
Law (X, :((U;)i-,)) satisfies continuity equation with the velocity v, defined as

Unt( ) - E[(wt(Uza U, )) (i, n](2) (wt(Uu U; ))(” G[n](2) :|7 VRS Mn

Proposition 4.32 ([OPST23]). Let n € N, and p,; = Law(X,,,((U;);—,)). Then, for a.e.
t €10,1], the continuity equation Oipp s+ div(v, pnt) = 0 holds weakly with Dirichlet bound-
ary conditions. That is, for any continuously differentiable test function R, on M,,, vanish-

ing at the boundary,

</R ) dpn(2 ) /VR Yome(z)dps(2) = 0, ace. te[0,1].

The proof of Proposition [4.32]is provided in Appendix |B.4

Proposition shows that an absolutely continuous curve in ()7\/\, J3) determines a family
of continuity equations. In [HOPT22|, the authors take this analogy further and show that
in the presence of noise the limiting curve can be described by a certain McKean-Vlasov

type equation.

4.6 Examples and Simulations

In this section, we find some natural classes of examples of functions on graphons with
Fréchet-like derivatives. For any graphon [w] € W and any n € N, sample {Z;};cpy 1.i.d.
from Uni[0,1]. Let Gylw] = (W(Zi, Z;)) ; jyepm@- Let pu([w]) = Law(Gp[w]) denote its law.
Consider the functions R: W — R defined through the function composition R = H, o p,,
for different choices of H,,: P(M,,) — R. Since p,, produce distributions over exchangeable

n X n arrays, the function R is well-defined over W.
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4.6.1 Linear functions

Let H,: P(M,) — R be defined as a linear function such that R takes the form

R(w) = (B, pu([w])) ;:/ Bn(2)pn([w])(d2),  weW. (4.26)

We next show that if R satisfies mild conditions, the Fréchet-like derivative of R has a closed

form expression.

Lemma 4.33. If for all [w] € W,

1. Ry € LY(pa([w])), and VR, € L= (pa([w])),
2. R, is continuously differentiable on an open set containing supp(p,([w])), and

3. R, satisfies either one of the following conditions:

(a) For any € > 0 there is some 6. > 0 such that for all X, Xy € M, satisfying
X = Xoll, < 4,

| R (X) = Ru(Xo) = (VR (Xo), X — Xo)| < €| X — Xoll,,

where (-, -): Mp(R) x M,,(R) = R and || - ||, are the standard Frobenius inner

product and Frobenius norm over n X n matrices respectively.

(b) There is a constant Cy € R, such that

sup  |Rn(X) — R,.(Xo) — (VR,(Xp), X — Xo)| < Co,
X, XoEM,y,

then R admits a Fréchet-like derivative satisfying

DR = SB[ (VR0 Z) ), | (22 = )]

ij=1 "

for (x,y) € 0,1]®, and w € W.
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The proof of Lemma is provided in Appendix [B.5
We show that geodesic semiconvexity of R on (W, d2), is implied by the semiconvexity of

R, on M,,.

Lemma 4.34. If R, is A-semiconvex on the convex set M,,, then R is generalized geodesically

n(n — 1)\-semiconvez on W. In particular, it is also geodesically n(n — 1)\-semiconvezr on

—~

W.

The proof of Lemma [4.34] can be found in Appendix [B.5]

In the following subsections, we examine special cases of linear functions.

Scalar Entropy function

The scalar entropy function £: W — RU {o0} is defined as

—~

)= [ hw)dedy, ] €W,

where h: R — R U {oo} is the convex entropy function h(p) := plogp + (1 — p)log(1 — p), if
p € (0,1), h(0) = h(1) = 0, and h(p) = oo, otherwise. Observe that it can also be thought

of as a linear function with n = 2. If

R2<(x(i,j))(i,j)e[g](2>) = h(zq,2), r € My, (4.27)

then from equations (4.26) and (B.51),

R({w]) = (Rz. pa([0]) = Eqgvmoye, | Bo(0(Zi Z0) e )|

= Eignumipayz, [M(w(Zy, Z2))] = E([w]), (4.28)

for [w] € W. Since, h(p)/p is bounded when ¢ < p <1 — € for some € € (0,1/2), it follows
that € restricted to W, = {[w] € W|e <w < 1 — € a.e.}, is continuous with respect to the
weak-* topology on L?([0,1]?). Since this is a weaker topology than the one generated by
0o, by [Lov12l Lemma 8.22], it follows that &£ restricted to )7\/\5 is dg-continuous.
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Since h"(p) = 1/(p(1 — p)) > 4 for p € eff-Dom(h), it follows that h is 4-semiconvex on
R. Let E: W — R U {oo} be the invariant extension of £ such that F(w) = £([w]) for all
w € W. Then for any wg, w; € W, defining w; == (1 — t)wg + tw; for t € [0, 1], we have

Bw) = [ 1 / () derdy

< / / (1 — D)h(wo(z, 9)) + th(wi (z,y))] dz dy

N /01 /01 gf(t —1)(wo — w1)*(x,y) da dy

= (1~ 0)B(un) + 1B (wr) — 5481~ 1)]lwo — w3 (4.29)

which implies that E is 4-semiconvex on (W, dy) (see Definition [4.11)). Following Re-
mark [4.29 £ is 4-semiconvex along generalized geodesics on (W 92).
Suppose w is valued in (0,1) a.e.. Then,
Zla 22)
E[<VR2 O Wa, GQ log (Zl, 2’2) le dZQ, (430)
1 —w(z, zg)

for all w € W. By the characterization of the Fréchet-like derivative in equation (B.57)), we
get that ¢g¢ = DyyRy(w) is given by

de(x,y) =log (%), a.e. (z,y) €0, 1](2). (4.31)

If [w] € W, for some € € (0,1/2), then by Lemma the local slope of entropy |0&|([w]) is
given by |0€]([w]) = [|6¢]l,

Note that W, is closed in W and since w — |w||, is dp-lower semicontinuous [Lov1Z2,
Lemma 14.15], it follows that the local slope of entropy, |0€], is also dp-lower semicontinuous
on W.. Following Remark we conclude that starting from [wy] € W, the gradient flow
of £ flows with the velocity —DyE ([wo]) at [wo] if € < wg < 1 — € a.e. Consider the flow

wy(x,y) obtained by solving

wy(z,y) = —log <M), ae (z,y)el0,1]?, (4.32)
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with initial condition [wy] € W.. Then it follows that (w, == [wy]) is a gradient flow of £

teR
starting from wy = [wy).
Following Section [4.5] from equation ([4.31)) it follows that the velocity of gradient flow

for scalar entropy function satisfies

w(ful) o) = —tog (250 ) o). (4.33)

if 0 <w < 1 ae. Let {U;};2, be i.i.d. Uni[0, 1], then using equation (4.25)) we can compute

the velocities (vy,),,cy appearing in the continuity equation as
vn(2)(8,5) = E[v(Us, Uj) | Xo((Ue)yy) = 2]

:—log(%), ze€M,, i,j€]n]

Takeaway 4.1. It is worth emphasizing that, following equation , for any € € (0,1/2),
the stationary point for the gradient flow of £ is the constant half graphon, which is also
the minimizer of & on Y. We also observe that the curve (wi)ier, always stays inside )7\/\6 if
wy € V/\Z Since £ is 4-semiconvex, it follows from Remark that we are guaranteed an

exponential rate of convergence of the gradient flow to the minimizer.

Homomorphism functions

For n € N\ {1} we can consider interactions such as the homomorphism functions that are

continuous in the cut-metric:

Tal) =E| [] wz.2)| = [ R, (434)

{i.7}€E(H)
where H is a simple graph with [V(H)| = n, E(H) = {e;};L,, {Zi},c}, are i.i.d. uniformly
in [0,1], and R”((x(ivj))(i,j)e[n]@)) = H{z‘,j}eE(H) T(;;- In particular, the function R, is a
monomial for every simple graph H. Since

(VRn<X))(p7q) = ILE(H){pa Q} : H X(i,j), (4.35)
{i.7reE(H)\{{p,q}}
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for p, q € [k], the action of the Fréchet-like derivative ¢7,, = DwTH(w) on u € W according
to equation (B.57)) is given by

m -1 m
Y E[[wZ) uz,) - [] wz.)|, (4.36)
=1 r=1 r=0+1

where Z, = (Ze(1), Ze(Q)) for all e € E(F'). Following a similar approach to equation (B.55]),

we obtain that ¢, satisfies

m

I )

r=1,r#¢0

¢TH(I?y) = E

NE

Zez = (IE, y)]

~
Il

1

(4.37)

I
NE

tey(He,w), 2,y € [0,1],

~
I

1

where H, is the graph obtained by removing edge e from H and t, ,(H.,w) is the homomor-

phism density of a partially labeled graph [Lov12l Section 7.4] defined

toy(He,w) =E H w(Zy) | Ze = (z,y) |

feE(He)
Note that for fixed w and H., we can think of (z,y) — t,,(H., w) as a bounded measurable
function on [0, 1]>. We now show that the kernel valued map w ~ t(..)(H,, w) is continuous
with respect to ||-|5. To this end, let w,w" € W and consider any product function
(5,9) = F(2)g(y) where ||f].., gl < 1. Note that
tyy(He,w) = / H w(w;, z;) H dx,.
0152 ¢ jre B 0V (He)\e
For each edge {p,q} € E(H.), consider the integral

ha= [ @) W) T wler)

{i,j}€E(He)\{p,q}

It follows from [Lov12, Lemma 8.10] (or see the second last display in the proof of [Lov12]

Lemma 10.24]) that |[,,| < ||w — w’||5. From the same references above, it follows that

/ (twme,w)_twme,wf))f(x)g(y)dxdy‘g S Uyl < 1EH) o — o],
[0,1)2 {p,q}€E(H.)



95

Taking supremum over Borel measurable functions f, g such that || f|| . [lgll., < 1, we get
that w — t(..)(H.,w) is Lipschitz continuous with respect to || - [|5. Since |t (H, w)| <1
for w € W, it follows that |7, (w)|| < |[E(H)|, that is, ¢p, is uniformly bounded on W.

For example, when H is a triangle, the velocity ¢, follows from equation as
o7y (2, ) 3[0 w(z,y)dz, for a.e. z,y € [0,1], i.e., thrice the ‘operator product’ of
w with itself [L0V12, Section 7.4]. If H is a path on 3 vertices and 2 edges, then ¢r,, (z,y) =
fol w(z,z)dz + fol w(y, z) dz = deg(x) + deg(y), where deg(x fo (z,2)dz for a.e. z,y €
0, 1].

Obtaining the expression for the Fréchet-like derivative in equation , given a gradi-
ent flow w of Ty, we can compute the velocity of the gradient flow as DT (w)1{G.,} for
t > 0.

The Hessian of the function R, can be easily computed as

a%,jﬂ(p,q) R, = H L(a,b)>

{a,pyeE(H)\{{i,j}.Ap.a}}

if {i,j} # {p, ¢} are both edges in E(H), and zero otherwise.

Since every z(; ;) € [—1,1] for all (,7) € [n]®, every entry of the Hessian is uniformly
bounded in [—1, 1] and hence [[Hess(R,)l|,, < n(n —1)/2. Therefore, R, is (—n(n — 1)/2)-
semiconvex w.r.t. dy. It follows from Lemma that homomorphism function Ty is
(—n?(n —1)?/2)-semiconvex w.r.t. do. In fact, since Hess(R,,)({7,7},{p,q}) is non-zero only
when {7, j},{p,q} € E(H), it follows that ||[Hess(R,)|,, < v/m(m —1) < m. This would

yield that Ty is (—mn(n — 1))-semiconvex w.r.t. dy. This is useful when H is sparse.

Takeaway 4.2. Note that in this example, it is not clear if the minimizer is a constant
graphon or not. If H has odd number of edges however constant graphon w = —1 is trivially
a minimizer. In the case of graphs H with even number of edges, explicitly determining the
minimizer is trickier. As we discussed above, it is also not clear if the homomorphism density
function is convex, therefore we cannot guarantee an exponential rate of convergence of the

gradient flow to a minimizer following Remark |4.25] To alleviate this, one can regularize the



96

objective function by adding the scalar entropy function. We discuss this in the next example
in Section [4.6.1, However, in the simulation discussed in Section 4.6.4] it does appear that
the gradient flow converges to the minimizer of the function of interest at an exponential

rate.

Linear combination of Scalar Entropy and Homomorphism function

Let 6 € R and let H be a finite simple graph with n € N vertices and m € N edges. Define the
function G = Gg g == €+ Ty on the set W, for € € (0,1/2). The function G is of particular
interest in the theory of exponential random graph models. The function G is dg-continuous
on 1//\76 and since £ is 4-semiconvex and Ty is A-semiconvex w.r.t. o, it follows that G is
also (4 + B\)-semiconvex w.r.t. d, for some A € R that we estimate in Section [£.6.1] The
gradient flow of GG, therefore, exists and the Fréchet-like derivative ¢ = DG = ¢g + By, .
Since & is 4-semiconvex and Ty is (—n?(n —1)?/2)-semiconvex w.r.t. dy, it follows that G g
is (4 — fn*(n — 1)?/2)-semiconvex w.r.t. do. Therefore, Gy is at least 0-semiconvex (i.e.,

convex) w.r.t. do when § < 8/n?(n — 1)

Takeaway 4.3. Note that 8 < 8/n?(n — 1)? guarantees exponential rates of convergence of

the gradient flow curve. See Remark [£.25]

4.6.2 Interaction enerqy

In the optimal transport literature, linear functionals of probability measures are often called
potential energy [Sanlbl page 249]. Inspired by similar definitions, one can define interaction
energy. Let R,,: M, x M,, — R be a function defined on pairs of n x n symmetric matrices
with entries in [—1,1]. Given a graphon [w] € W, as before let p, = Law(G,[w]). This
defines a function F,: W — R U {o0} given by

F((u) = | n / Bl )puldp (A7),

Although it looks different than before, this is also a particular case of equation (B.57)

as shown below. Define two independent sequences of ii.d. Uni[0,1] random variables:



97

Zy,....Zy,) and (Z,...,Z"), and consider the corresponding matrices
( ) ) 1 » S/ p g
Xn = (0(Zi, Z;)) i jrepme, and  X; = (w(Z], Z7)) . jyemo -

Then X,, and X/, are i.i.d. samples from p,, and F,,([w]) = E[R,(X,, X])]. On the other hand,
one can concatenate (Z;);_, and (Z])!"_, to construct a single vector (Z1,...,Z,, Z,...,Z})
of dimension 2n and consider the corresponding 2n x 2n symmetric matrix X, whose block
diagonal components are X,, and X/. By defining f,(Xs,) = Rn(X,, X/), we represent
F,([w]) = [ fon(Xon) } i fon(w)p2n (dw) and equation (B continues to hold.

An example of interaction energy is given by “variance of homomorphism functions”. As
before, let H be a simple graph and W,,, W/ be ii.d. sampled n x n symmetric matrices

from a graphon [w]. Consider the function

2

F,([w)]) ::%]E I wzo- ] wz)] | =var| [] w(z)|. (4.38)

ecE(H) ecE(H) ecE(H)

by symmetry, where Z, = (Ze(l), Ze(g)) and 7/ = (Zé( 1) Z’ ) for all e € E(H). In fact, the
above identity holds for whenever we take Ry (2, 2') = (gn(2) — gn(2'))?, for any function g,
on M, that is square-integrable w.r.t. p,. Unfortunately this particular function IF,, in (4.38)
is continuous in dy but not in dg. See [Jan13, Theorem 10.15]. Hence, although the curve of
maximal slope exists due to the existence of Fréchet-like derivatives, this particularly natural
example does not satisfy the assumptions of our convergence theorem.

A similar but slightly different example of interaction which does satisfy our conditions
can be constructed as follows. For a simple graph H with n vertices, consider its simple
subgraphs H; and H, with n; and ny vertices respectively, such that every vertex and edge
in H is contained in at least one of the subgraphs. Pool all the uniform random variables
{Z:}1, U{Z13™, to get a single set of ny +ny > n ii.d. Uni0, 1] random variables {U;}11"
such that {U;}:2, = {Z};2, and {Ui}_, 4 = {Zj'-}jev(H)\V(Hl). Refer to Figure |4.1{ for an
illustration. We can then define Iy, g, (-; H): W, = RU {00} as
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Uy + 7, 7 Us < 23
Vot 2 (1) Ui 7 (1) 7
D ONO
©

Us + Zs 73 U7 < Zé

(a) H. (b) H. (c) Ho.

Figure 4.1: Tllustration for the assignment of random variables {U;} 1"

Iy ([w); H) =log[E|  [[ w(Z.2)||+lg|E| [] w(Z.2)

{i,j}€E(H1) {i,j}€E(H2)

(4.39)
—2log|E| [] w.U)|].

{i.j}eE(H)
for some € € (0,1). Each of the terms in the expression in equation is the logarithm
of the homomorphism densities of a simple graph. Logarithms of homomorphisms are well
studied in graph theory and, in particular, related to the max-cut problem (see [Lovi2|
Remark 5.4, Example 5.18]).

We can construct a graph HyHs by forming the disjoint union of H; and Hs, identifying
the vertices of the same label, adding all the edges between vertices with the same label
according to [Lov12, Section 4.2]. H;Hs can have multiple edges. Then, using [Lovi2,
Proposition 7.1] for the homomorphism density as a simple graph parameter, we get that

the determinant of the connection matrix of the homomorphism density

Tr, 1, (W) ey 1, ((W])
Téle([W]) > 1. (4.40)

By the assumption that each vertex and edge of H is contained in at least one of the

TH1H1([W])TH2H2([W]) - T12{1H2([W]) >0, 1e,

subgraphs, if we identify the multiple edges between the same pair of vertices in HyHy we

get back H (see Figure . Since T is a simple graph parameter, we have Ty, g, = Th,
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T, = Th, and Ty, g, = Th,, by definition. Thus, taking logarithms in the final expression
of , we get Iy, m,(-;H) > 0. It is exactly zero if Hy and H, are vertex disjoint.
Thus, one may think that g, g,(-; H) measures the dependence of the two subgraphs on
the homomorphism density.

We can similarly construct higher order interactions by considering multiple subgraphs
instead of just two. In that case, one may consider the logarithm of the determinant of the
connection matrix of the homomorphism density and define [ suitably.

The argument in Section shows that this function satisfy all our conditions. The
computation for its Fréchet-like derivative also follows from Section followed by the
application of the chain rule for derivatives. Logarithms of determinants of matrices play
an important role in displacement convexity of Wasserstein optimal transport (see [McC97,

proof of Theorem 2.2]). It is an interesting coincidence that they also appear in this context.

4.6.3 Internal energy

Similar to potential and interaction energies, one can define non-linear functions of p,, corre-
sponding to what are called ‘internal energies’ in the optimal transport literature. Let v be a
real-valued function on R, such that u(0) = 0. For a probability measure p on an Euclidean
space, define the function
S u(p(2))dz, if pis absolutely continuous,

Ulp) = !

0, otherwise.

Here, we have used the standard abuse of notation in the optimal transport literature of
denoting an absolutely continuous measure and its density by the same notation. This defines
a nonlinear function on graphons in the following manner. For 1 <[ < n, consider a function
Gni: M, — [—1, 1]l that selects a particular subset of length [ from the upper-diagonal
elements of a n x n matrix. Consider the pushforward p,([w]) = (Gn,1), (pn([w])). Since
pn is generated by n i.i.d. Uni[0, 1] random variables, and [ < n, it is easy to come up with

examples where p,,; has a density. For example, take w(z,y) = sin(x +y), n =3, = 2, and
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Gni(A) = (A12,A13). Thus (G0 Gy)([w]) = (sin(Zy + Z),sin(Zy + Zs)). This random
vector has a probability density with respect to the Lebesgue measure. Thus, the function
U (pni([w])) for [w] € W has a non-empty domain. A prominent example of such functions is
the differential entropy for which u: x + xlog x where one computes the differential entropy
of py([w]).

Such functions cannot have Fréchet-like derivatives since a necessary condition for its
existence is that the function must be continuous in L?. On the other hand, one cannot expect
a discrete to continuum convergence as considered here. Even in the case of Wasserstein
gradient flows, gradient flow of entropy is obtained by adding Brownian noise to particles

and not by taking limits of Euclidean gradient flows [JKO98].

4.6.4  Computational example from Extremal Graph Theory

We give an interesting example in this section that suggests how the tools developed in this
paper can be used to provide heuristics or search for counterexamples in many problems that
are of interest in extremal graph theory.

Mantel’s theorem [Man07] (a special case of Turdn’s theorem) states that the maximum
number of edges in an n-vertex triangle-free graph is n?/4. Further, any Hamiltonian graph
with at least n?/4 edges must either be the complete bipartite graph K, /2,2 or it must be
pancyclic [BonT1].

This suggests that if one maximizes the edge density subject to the condition that triangle
density is 0, then the maximizer should correspond to a complete bipartite graph. Our
current theory does not allow for such constrained optimization. However, one can attempt
to computationally “verify” this result by simulating gradient flows of linear combinations
of homomorphism functions, Tho — a1, over (]7\/\, o) for sufficiently small weight o > 0.
We make an arbitrary choice of weight, say o = 1/10 for numerical simulation and consider
minimizing Ta — 7-/10 over [w] € W such that 0 < w < 1 a.e., where A and — are the
triangle and the edge graphs respectively. This is akin to minimizing triangle density while

also maximizing the edge density as much as possible. We see that graphons with small
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Figure 4.2: A gradient descent simulation over To —T_/10

function values have small triangle density and large edge density. We set n = 128, step size
7 = 1073 and use the forward Euler method (i.e., Algorithm starting from an initial
graphon [wén)] € )7\/\” as shown in Figure 4.2a, Figure shows instances of the iterative
process after 10%, 1.5 x 10%, 2.5 x 10%, 5 x 10° and 10* many steps. We see in Figure [4.2f that

after 10* iteration, the kernel w%}l is close to the one corresponding to a complete bipartite

graph as one would expect from Mantel’s theorem. Our Theorem implies that one

should expect a similar evolution for all large values of n.

Linear combinations of the homomorphism density functions are non necessarily strictly
convex (see Section |4.6|) and hence the theory does not guarantee exponential rates of conver-
gence. However, in the simulation discussed above, we statistically observe an exponential

rate of convergence.
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Such a computational and optimization driven approach can be used to study conjectures
in extremal graph theory, especially for producing counterexamples. For instance, studying
the non-negativity of a linear combination of homomorphism density is an important prob-
lem in extremal graph theory and it is known to be undecidable [Lov12, Section 16.6.1].
Although our techniques would not yield a proof but it can be a useful tool for the search of

counterexamples. We leave this as an interesting direction for further investigation.
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Chapter 5

MEASURE-VALUED GRAPHONS (MVG) AND INFINITE
EXCHANGEABLE ARRAYS (IEA)

We have studied in Section about infinite exchangeable arrays (IEAs). For two-
dimensional IEAs, the Aldous and Hoover [Ald81] [Hoo82, [Ald82, [Kal89|] states that for
every infinite symmetric exchangeable array X = (Xi,j)(@j)eN(Q) there exists a Borel measur-
able function f: [0,1]* — R satisfying f(-,z,y, -) = f(-,y, 7, -) for a.e. (x,5) € [0,1]?,
and a collection of i.i.d. Uni[0,1] random variables U, {U;},_x, {U:; = U{id}}i,jeN on some
probability space such that the IEAY defined as Y; ; = f(U,U;, U;, Uy, ;) for all (i, j) € N®),
has the same distribution as X. Therefore, the Aldous-Hoover representation of an IEA X

induces a random graphon wY), defined as
w' (2, y) = E[f(U. U1, Us, Ur2) | U = u, (Uy, Us) = (2,y)], (5.1)

for (z,y) € [0,1]® and u € [0, 1].

In [DJO8, Section 5] it is shown that, when the entries in IEA take values in {0, 1}, there
is a one-to-one correspondence between IEAs and probability distributions on the space of
graphons. However, when the IEA takes more nontrivial values, this is no longer the case.

We illustrate this via an example.

Example 5.1. Let G = (G ;) jjen@ be an IEA such that every G, ; is an i.i.d. Ber(1/2)
random variables. Let K = (Ki7j)(i7j)eN(2) be a constant IEA such that K;; = 1/2 for all
i,j € N. Both the IEAs G and K correspond to a constant graphon w, = 1/2.

In this chapter, we propose a remedy for this by expanding the definition of a graphon
to take values in P ([—1, 1]), the set of Borel probability measures on [—1,1]. We call them

measure-valued graphons (MVGs).
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Although MVGs have already been introduced in the literature by [LS10], our contribu-

tion here are twofold.

1. First, we define two cut-like metrics, Am and Wy (see Definitions and [5.11)), that
capture the topology of convergence as in [LS10] under which the space of MVGs is a
compact topological space. See Theorem .15 and Examples where we illustrate

the strengths and nuances of this convergence.

2. Second, we relate this convergence to the convergence of infinite exchangeable arrays
(IEAs). An (IEA) X, see [Kal05, Chapter 7], is a doubly-indexed sequence of random

variables (X ;) y defined on a single probability space whose joint distribution is

(.5)ENC
invariant under finite permutations of its rows and columns. That is, if ¢ is any finite

permutation on N, then the joint distribution of (X%gj) )N is the same as that of

(
the original array. It follows from the Aldous-Hoover representation theorem [Kal89],
that the IEAs are in one-to-one correspondence with random measure-valued graphons
(MVG). In Theorem we prove a homeomorphism between the set of probability
measures on the space of MVGs and the space of laws of IEA, each equipped with the
corresponding weak topology. This is a generalization of [DJO8, Theorem 5.3] suited

to our applications below.

We note that after the contributions made in [APST23|, the authors in [ADW23] also
developed a similar metric on MVGs (which they call probability graphons) that captures
the same topology. The authors in [ADW23] consider the convergence of weighted graphs
which can take edge-weights in a general Polish space and show that the topology induced

on probability graphons is independent of the metric on the Polish space.

5.1 DMeasure-valued graphons

Just like we define kernels in [2.5] we can extend it to define measure-valued kernels.
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Definition 5.1 (Measure-valued kernel). A measure-valued kernel is a measurable function
W:10,1]® — P([-1,1]) such that W(z,y) = W(y,z) for a.e. (x,y) € [0,1]®. Here
P([—1,1]) is the space of probability measures on the interval [—1, 1] equipped with the
Borel sigma-algebra generated by the topology of weak convergence. We will denote the set

of all measure-valued kernels by 20.

Measure-valued graphons are defined similarly later in Definition [5.4]) where we denote by
@, the set of all graphons. More details can be found in [LS10, [KKLS14] where a notion of
convergence based on decorated homomorphism functions is also discussed. In this paper we
show that this convergence is metrizable via a metric similar to the Wasserstein metric for

probability measures.

Definition 5.2 (Natural projection from W to )7\/\) Given a measure-valued kernel W € 20,
we can define a corresponding kernel w € W defined as w(z,y) = / ¢ W(z,y)(d(¢) for

[7171]
a.e. (z,y) € [0,1]®). This naturally defines a projection from 2J to W. We will often refer

to this projection as natural projection and denote w = E[W]. This map from (@, Am) to
()7\/\, dp) is 1-Lipschitz as seen from Definition m

Suppose an IEA X has an Aldous-Hoover representation given by a function f. Analogous
to equation (5.1), one can define a random measure-valued kernel W € 20 (and hence an
MVG) as follows. For (z,%) € [0,1]®), set

W (z,y) == Law(X,; | U = u, (U, U;) = (z,y)), u€[0,1]. (5.2)

Conversely, an MVG W generates an IEA in the following manner. Let (U;);en denote an
i.i.d. sequence of Uni|0, 1] random variables. Define an IEA X, where, given (U; = u;);en,
X;; for (i,j) € N@ is independently sampled from the probability measure W (U;,U;) €
P([—1,1]). This indeed remedies the issue raised in Example with IEAs G and K. The
MVG corresponding to G is Wg(z,y) = 3(0o + 6;) while the MVG corresponding to K
is Wk (z,y) = 012, where 6. refers to the delta mass. Note that the random graphon w
corresponding to IEA X in (5.1) can be obtained from the random MVG W as defined
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in (5.2)) via the natural projection of W. If we take n x n blocks of the IEA X, one can show
that, as n — oo, this sequences of random exchangeable matrices converge to deterministic
limits in the spaces of both graphons and measure-valued graphons. The two limits are
related by the natural projection.

This correspondence between IEAs and random MVGs recovers the results in [DJOS§]
for general exchangeable arrays. In Section [5.1, we define the space of MVGs and notion
of convergence that defines the topology on the space of MVGs. We introduce two new
metrics on MVGs analogous to the usual cut metric and the Wasserstein metric respectively.
In Theorem [5.15] we show the equivalence of all these. We, then, prove a correspondence
theorem between the compact metric space of probability measures on MVGs and the space of
IEA equipped with the weak topology in Theorem [5.21] This allows us to consider processes
on exchangeable matrices/graphs and take their limits either as IEAs or as MVGs. This is
what we will do this in Chapter [f] to obtain scaling limits of iterative algorithms as one of
the major contributions of this thesis.

As mentioned already in Section 2.5, the convergence of the homomorphism density
functions T, for simple graphs F', can be used to define a notion of convergence for weighted
graphs as well. However, a better approach to the convergence of weighted graphs is given
by the convergence of decorated homomorphism density functions that we describe below
(see [LS10]). In the following, we will use I to denote the compact interval [—1,1] and

C = C(I), to denote the space of continuous functions on I.

Definition 5.3 (Decorated graph [LS10, Section 2.1]). Let m > 1 and D C C. Let F =
([m], E)) be a simple graph. The pair (F), f) is called a D-decorated graph where f: E(F) — D
is a function from the edges E(F') of F' to D. We will refer to F' as the skeleton and f as
the decoration of the decorated graph (F, f). If there is no confusion, the decoration of a

graph will be implicitly assumed without mention and we will denote f({:,j}) by F;; for
{i,5} € E(F).

Throughout this chapter, a decorated graph will mean a C-decorated graph unless stated
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otherwise. Let W € 20 be a measure-valued kernel (see Definition and F' a decorated
graph. Following [LS10, Section 2.5] one can define the (decorated) homomorphism density
Ta(F,W) of F'in W as

Ty(F. W) = /
[0,1]™

We are now ready to define measure-valued graphons.

[ Faowno) dez (53)
ikyeEr) L1

Definition 5.4 (Measure-valued graphon [LS10, Definition 2.4]). Define an equivalence re-
lation ~ on 2 such that W ~ U if Tq(F, W) = T4(F,U) for every decorated graph F. Let
W = 20/~ be equipped with the weakest topology that makes W + Ty(F, W) continuous
for every decorated graph F. We will call W (equipped with this topology), the space of
measure-valued graphons. A measure-valued graphon (MVG) is an element in 2. Naturally,
W, — W in 2 if Ta(F,W,) — Ty(F, W) for every C-decorated graph F. We refer to this
topology as the usual topology on MVG throughout this paper.

Analogous to the space of kernels W, one defines an equivalence relation = on 20 such
that W, = W, if there exist measure preserving transformations ¢, p9: [0, 1] — [0, 1] and
W € 20 such that Wy = W*', and Wy = W¥#2. It follows from [KK19, Theorem 11(ii)] that
Wy = Wy if and only if Ty(F, Wy) = Ty(F, W3) for every decorated graph F. In particular,
the space of MVGs can be equivalently defined as W = 20/=. Unlike as it were necessary
in Chapter [4] to distinguish, wherever it is clear from the context, for any measure-valued
kernel W € 20, we will use an abuse of notation and use the same symbol W to denote
the equivalence class, or the measure-valued graphon, corresponding to the measure-valued

kernel.

5.1.1 FEmbedding matrices and graphons into MVG

Recall that a weighted graph or (equivalently a symmetric matrix) can be identified with a

kernel (and hence a graphon). Similarly, a weighted graph or a graphon can be identified
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with a measure-valued kernel (and hence a measure-valued graphon). Let M be an n x n
symmetric matrix with entries in I = [—1,1]. Let M,, denote the set of all such matrices.
Let F' be a C-decorated graph on [m] vertices. One can define the homomorphism density of
F in M, denoted Ty(F, W), as
Ty(F, M) = nim SOOI FM), (5.4)
i1 i {j k}EE(F)
where the summation runs over all indices i1, s, . .., i, taking values in [n]. We make some
simple observations. Observe that Ty(F, M) = Ty4(F, M) where o is any permutation of
[n] and M?; = M) 0(; for all (i,5) € [n]®. Also note that one can naturally associate a
measure-valued kernel, say Wj, € 20, with a symmetric matrix M € M,, as follows. For
n €N, let Q, = {Qm}ie[n} be a partition of the interval [0,1] into contiguous intervals
of equal length as defined in Section Set Wi(z,y) = dun,, whenever (z,y) € Qn; X
Qn; for some (i,7) € [n]®. For any decorated graph F we have Ty(F, W) = Ty(F, M).
Therefore, when there is no scope of ambiguity we make no distinction between a symmetric
matrix M and the corresponding MVG W,,. Similarly, if w € W is a graphon, we can
define a corresponding MVG, say W by setting W(z,y) = dy(sy) for ae. (z,y) € [0,1]®
and the notion of homomorphism density extends naturally. We denote this map taking a
matrix/graphon to the corresponding MVG by K.
Let (M, € M,)
We say that (M,),.y — W as n — oo if Tq(F, M,) — T4(F,W) as n — oo for every

nen e a sequence of matrices with growing dimension and let W € 2.

decorated graph F'. In particular, we will often say (M,,), .y — W as n — oo where (M), o
is a sequence of matrices, or (wy),cy — W as n — oo where (wy), oy is a sequence of
graphons and W is an MVG. It is to be understood that this convergence is with respect
to decorated graphs, or equivalently these statements mean that MVG corresponding to
M, (or w,) converge to W in W as n — oo. For an n x n finite exchangeable random
matrix X, we can define a measure valued kernel Wx as Wx(z,y) = Law(X, ;) whenever

(2,Y) € Qn.i X Qn; for some (i, j) € [n]®. We will denote this map by K, i.e., K(X) = Wx.

Note that the measure valued kernel cannot recover the joint distribution among the entries
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of X, unless they are mutually independent.

Remark 5.5. Recall that W — w := E[W] is Lipschitz (see Definition [5.2)). It follows that
if (M,)nen is a sequence of matrices such that (Mn>n€N — W as n — oo for some W € 20
in the MVG sense, then (M), .y — w as n — oo in cut-metric as well. This illustrates that

convergence in MVG sense is stronger than cut convergence.

5.1.2  Topology on MVGs

In this section we introduce an alternate notion of convergence for MVGs and two metrics
on 2. We then show that this new notion of convergence and the metrics introduced in this

section give the same topology on 2 as defined in Definition .

Definition 5.6 (Homomorphism density). Let F' be a finite simple connected graph and let
W € 28. The homomorphism density of F into W, denoted Tr(W), is a probability measure
on I = [~1,1]F#) is defined as a mixture of probability measures as

Tp(W) 2—/ ® )W(xi?xj) H

dz,. (5.5)
[0,1]V() {ij}eE(F veV(F)

The measure in equation (5.5 is to be interpreted as the unique measure on I such that
for any bounded measurable function ¢: Ir — R, we have

(/IFQO(C) ® W(%xﬁ(do) [T dze.  (5.6)

{i.j}eB(F) LV ()

| w@zemyao - |

Ir [0,1]V(F)

Let {U;}icv(r) be a collection of i.i.d. Uni[0, 1] random variables, then
[ e =g|(e. s W), 57)
Ir {i.5}eE(F)
where (-, -) is the usual duality between continuous functions on I and probability mea-
sures on [r and expectation is taken with respect to the random variables {U;}ien. It is
important to note that the homomorphism density of a simple graph F' into a graphon w

(see Section [2.5), Tr(w) is a real number in [0, 1] whereas the homomorphism density of a
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simple graph F' into an MVG W, Tp(W), is a (mixture) of probability measures. Secondly,
in the context of MVGs, Tr(W) is defined for a simple graph F' and it is a (mixture of)
probability measure on I, on the other hand Ty(F, W) is defined for a decorated graph F'

and it is a real number.

Definition 5.7 (Convergence of MVGs). A sequence of MVGs (W,,),, oy converge to a MVG
W in hom-density sense if lim,, o, Tr(W,,) = Tr(W) weakly for every finite simple graph F.

The above definition naturally extends to any measure-valued symmetric matrix M. And,
using the embedding defined in Section the definition can be naturally extended to

symmetric matrices and graphons. We skip the details to avoid repetitions.

5.1.3 Two metrics on MVGs

We now introduce the metrics on MVGs. Let £ be the set of all Lipschitz functions
¥ [=1,1] — R with bounded Lipschitz norm, i.e., [|¢[|g;, = max{|[¢, [¢|l;,} < 1. Define
an operator I': £ x 205 — W defined as

T (W) (2, y) = / UOW()(0) (5.8)

Definition 5.8 (Generalized Cut norm on 20). For any W € 20, define || - ||g: 20 — R, as

W || = sup||T'(, W[,
Yer
where I' is as defined in (5.8]).

Remark 5.9. Recall from Section [5.1.1] that both a kernel and a finite matrix can be
associated with a corresponding MVG. With this association, we can reference ||w| g or
|All g for w e Wor A € U,enM,.. That is, the definition of generalized cut norm extends to

both kernels and matrices. We’ll adopt this notation moving forward.

Recall that 7T is the set of all Lebesgue measure preserving maps ¢: [0,1] — [0, 1] and
for any W € 20 and ¢ € T, we define W¥ € Q0 as W?(z,y) = W(p(z),p(y)) for a.e.
(z,y) € [0,1]®.
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Definition 5.10 (Generalized Cut metric on @) Define Am: 20 x 20 — R, as

Am(Wi, W) = inf |W¢ —W§2|g ~ Wi, Wa € 2.

©1,02€T

Let 1 and ps be two finite measures with the same total mass m. The extension of the
Wasserstein distance between iy and pp is defined as Wy (u1, pi2) = supyep [ d(py — pa),
where L is the set of all bounded Lipschitz functions with bounded Lipschitz norm at most
1. Since we are working with a bounded metric space, this definition is equivalent to the
standard definition (see [Vil03, Section 1.2.1, Corollary 1.16]) which considers all Lipschitz

functions.
Definition 5.11 (Wasserstein Cut metric on @) Define Wg: 20 x 20 — Ry as

Wa (W1, Ws) = inf  sup W, ( Wy (z,y) dz dy,
SxT

P1,02€T S,TC[0,1]

W32 (x,y) dx dy) )
SxT

We also make the following definition. For Wy, Wy € 23, define the Wasserstein-2 metric
D5 on 27 as

Dg(WhW2) = W%(W1<J],y),W2($,y))dIdy, (59)

[0,1]2

where W, is the Wasserstein-2 metric on P([—1, 1]).

Definition 5.12 (Invariant Wasserstein-2 metric on @) Define Ay: 20 x 20 — Ry as

A2(W,, W) == inf D2(W§E W), Wy, W, € 2.

©1,02€T

Proposition 5.13. Let Wg and Am be as defined in Definitions and[5.11. Then, Wa

and Am are metrics on 20, Furthermore, Wg = An.

The proof of Proposition is provided in Appendix [C.1}
Lemma [5.14] shows that Ag < As.

Lemma 5.14. Ag < A,.
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The proof of Lemma is provided in Appendix [C.1]

We can now state our first main result.

Theorem 5.15 ([APST23]). Let W, (W5,),.cn C 2. Then, the following limits are equivalent,

as n — oo.
1. W, — W in 20, that is, Ta(E,W,) — Ta(F, W) for every decorated graph F.

2. W, — W in homomorphism density sense, i.e., Tp(W,) — Tr(W) weakly for every
finite simple graph F.

3. A.(Wn, W) — 0.
4. Wa(W,, W) = 0.

The proof of Theorem [5.15] is provided in Appendix [C.1]

Remark 5.16. It follows from [Lovi2, Theorem 17.9] that 2 is compact (with respect to
the usual topology). In order to apply that theorem, notice that our MVG is a K-graphon

in the terminology of Lovasz for K = [—1,1]. The set B can be taken to the countable set

of polynomials. By Theorem [5.15] (Q/I\I, W.) (or (@, Am)) is a compact metric space.

It is clear from Definition [5.10[ and Theorem |5.15( that if (1W,),.y — W in 2 then
(L, W) ey — L1, W) in ég for every bounded continuous function ¢ defined on [—1,1].

However, the convergence W,, — W is stronger since it implies simultaneous convergence
of all kernels I'(¢», W). We now give some examples to illustrate the difference between the

convergence of graphons and the convergence of MVGs.

Example 5.2. For k € Z,, let ¢: [-1,1] — R be the map given by ¢ — ¢*. Let W € 20.
We will call T'(¢y, W) the moment graphon of W (if we need to emphasize k, we will call
it k-th moment graphon). For simplicity, we will also denote I'(¢x, W) by my(W). It is

easy to see that (W), .y — W in W as n — oo implies (Mme(Wn))pen — mue(W) in g
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as n — oo, for all £ € Z,. Since the convergence in dg metric implies that for each k,
there is a sequence of Lebesgue measure preserving transforms ¢, x: [0, 1] — [0, 1] such that
|| (W) — me(W)||, — 0 as n — oo. However, W,, — W in W as n — oo implies
that ¢, could be chosen to be independent of k. L.e., there exists a sequence of common
‘labellings’ (¢,,) such that ||m (W) — mg(W)||5 — 0 as n — oco. This is what we mean by

simultaneous convergence.

Example 5.3. Consider a sequence of kernels (a,)nenufoo}s -6 @n: [0,1]® — [—1,1], for
n € NU {oo}. For every n € N, define a measure-valued kernel W,, € W by setting
W@, y) = dapey), (@, y) € [0,1]2 Let p € C(I) be a continuous test function such that
6 < 1. Then (%, Wa) (2, 4) = $(an(e, ), (2,) € [0, 117 Suppose (W),oy — Woe in
@, then (T'(¢), Wi)),.ey — D(¥, Wio) in 6. In particular, taking ¢(z) = 2, for every k € N,
it follows that simultaneously (aﬁ)neN — af_in 6g. It is well-known that do(a,, a) — 0 does
not imply dg(a?,a?) — 0 in general. This illustrates that convergence in the MVG sense is

a stronger notion than the cut convergence.

Example 5.4. Let a: [0,1]® — [0,1] be a kernel. Define a measure-valued kernel W, as
Wa(z,y) = (1—a(z,y))d+a(z,y)d; for (z,y) € [0,1]®. That is, W (z,y) is Ber(a(z,y)) for
(z,y) € [0,1]°. Let ¥ be any bounded measurable function on [0, 1]. Then, I'(¢), W,)(z,y) =
(1—a(z,y))v(0)+a(x,y)(1). If (an),cy is a sequence of graphons such that (W,, ), oy = Wa
then (an), oy — @ in dg. Conversely, in this example, it is easy to verify that if (ay), .y — a
in ég then sup,||I'(¢), a,) — T'(¥, a)||5 — 0 as n — oo where the supremum is taken over all
continuous and bounded functions ¢y € C([0,1]). In particular, we conclude that (W,,, ), cn —

W, in 20 if and only if (an),eny — @ in oo

Example 5.5. Let a,b € W such that a(z,y) > 0,b(z,y) > 0 and a(x,y) + b(z,y) < 1.
Define a “ternoulli” MVG as W, ,(x,y) = a(x,y)o_1 + (1 — a(x,y) — b(x,y))do + bz, y)d_;.
If (Wh),en — Wap as n — 00 in 2 then (an)pen = @5 (bn),en — b as n — co. Conversely,
suppose that (a,,b,) are “coupled graphons” and (ay),cy — @ and (by),cy — b under a

common labeling as n — oco. Le., there exists a sequence ¢, € T such that |a£" —al|5 +



114

| — b]|5 — 0 as n — co. Note that there exists a common sequence of measure-preserving

transforms for both a, and b,. Then, (Wa, s,),cny — Wap as n — oo.

Sampling from MVGs

Recall that one can generate an IEA from an MVG. We now describe a similar procedure to
generate a measure-valued random matrix from an MVG. Let (U;), be an ii.d. sequence
of Uni[0, 1] random variables defined on a common probability space, say (2, F,P). Let
W € 25. For any n € N we define the sampled n-MVG, denoted u(n, W), as

p(n, W)(i,j) = WU, Uy),  (i,5) € ). (5.10)

Note that we can identify u(n,W) with a random MVG. In the next lemma we show that
the random MVG pu(n, W) converges to W as n — oo, P-almost surely.

Lemma 5.17. Let W € 2. Forn € N, let w(n, W) be defined as in (5.10). Then u(n, W) —
W in 00 asn — 00, P-almost surely. That is, P-almost surely, for any finite simple graph

F we have Tr(p(n, W)) — Tp(W), weakly as n — oo.

Lemma follows directly from [KKLSI4, Theorem 3.8] by taking B = C[—1,1] and
Z = M([—1,1]) the space of finite Radon measures on [—1,1]. We, therefore, skip the proof
of Lemma [5.17

We now describe a sampling procedure to generate weighted graphs from an MVG. Let
n € Nand W € 20. For every n € N, define G(n, W) to be a random (weighted) graph
on [n| with edge-weights G(n, W)(i, j) ~ W (U,,U;) and are conditionally independent given
(Ui, U;) for every (i, j) € [n]®. Note that the adjacency matrix of G(n, W) is a random n x n
symmetric matrix with entries in I = [—1, 1] and we will not make any distinction between

the adjacency matrix and the graph. Lemma shows that almost surely G(n, W) — W
as n — oo (see Section [5.1.1)).

Lemma 5.18. Let W € 20 and let G(n, W) be defined for every n € N as above. Then,

P-almost surely, G(n,W) — W as n — oo. That is, P-almost surely, for every decorated
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graph F,
Ta(F,G(n,W)) — Tg(F, W), as n — 0o.

The proof of Lemma [5.1§] is provided in Appendix [C.1]

An immediate consequence of Lemma [5.18] is that every MVG can be obtained as the
limit of finite weighted graphs. In fact, MVGs were introduced as the limits of finite weighted
in |[LS10, Section 2.5].

5.2 Infinite Exchangeable Arrays

Recall the correspondence between IEAs and random MVGs described in the Introduction.
In this section, we formalize that correspondence.
Let S be the set of all symmetric infinite arrays with their elements taking values in

[—1,1] with 0 diagonal. That is, let
S = {XERNQ)QZLJ':JJ]"%'G[—LH, xi,i:() W Z,]EN}

Equip & with the product topology under which it is compact. Equip S with the cor-
responding Borel sigma-algebra. Let II,, be the set of all finite permutations of N.
Observe that Il, has a natural action on S given by x7(i,7) = x(o(i),0(j)) for all
(i,j) € N2 Observe that an IEA is an S-valued random variable X whose law is in-
variant under the action of Il. Let P(S) be the space of Borel probability measures
on S. Let P.(S) C P(S) be the set of exchangeable probability measures on S, that is,
Pe(S) ={p € P(S) | p = Law(X), X is an IEA}. Throughout our discussion we will assume
that P,.(S) inherits the subspace topology from P(S), that is, it is equipped with the topology
of weak convergence unless stated otherwise.

Recall the correspondence between IEAs and (random) MVGs defined in (5.2)). Theo-
rem [5.21] generalizes [DJOS, Theorem 5.3] and makes formal the idea that IEA are in one-
to-one correspondence with random measure-valued graphons. Moreover, the convergence of
IEAs is equivalent to convergence of the corresponding MVGs. We first extend the definition

of decorated homomorphism densities to an IEA.
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Definition 5.19 (Homomorphism density of IEAs w.r.t. decorated graphs). Let X be an
IEA. For every decorated graph F', define Ty(F,X) = E[H{i,j}eE(F) F,; (X”)}

The following assertion is immediate from the definition and Theorem [5.21] For the

importance of it, we record it as a Proposition. We skip the proof.

Proposition 5.20. Let Y be an IEA and let Wy be the corresponding (random) measure-
valued graphon as described above. Then, for any decorated graph F we have Ty(F,Y) =
E[Ta(F, Wy)]. In particular, if X, (X,),cy are infinite exchangeable arrays then (Xy,), .y —
X weakly as n — oo (with respect to the product topology) if and only if lim,, ., Tq(F,X,) =
Ta(F,X) for every decorated graph F'.

We now state and prove the main result of this section.

Theorem 5.21 (Homeomorphism Theorem [APST23]). Let 2 be the compact space of MVG
equipped with its usual topology. Let P(@) be the space of Borel probability measures on W

—

equipped with the weak topology. Then, P(20) is homeomorphic to Pe(S).

The proof of Theorem [5.21] is provided in Appendix [C.2]

5.2.1 FExamples

Recall that by the Aldous-Hoover representation theorem, we know that every exchangeable
array X can be written as X;; = f(U,U;,U;,U, ;) for some Borel measurable function f.
Throughout our discussion, we always assume that U, {U;}, .y, {Ui,j = U{iJ}}i,jeN is a collec-
tion of i.i.d. Uni[0, 1] random variables on some probability space. We now give examples of
[EAs and their Aldous-Hoover representation which in turn yields the corresponding (ran-
dom) MVG. These examples emphasize that the graphons do not capture general IEAs while
MVGs do. We first begin with a definition.

Definition 5.22 (Vertex, extrinsic, and edge dependence). Let X be an IEA and let
f:10,1]* — R be a corresponding Aldous-Hoover function. We say that f has verter de-

pendence if f depends on the second and third argument. Similarly, we will say that f
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has extrinsic (respectively, edge) dependence if f depends on the first (respectively, fourth)
argument. An IEA that doesn’t have extrinsic dependence is called pure and corresponds

to a deterministic MVG.

We must emphasize that Aldous-Hoover function for an IEA is not unique and is often
not known explicitly. However, the above definition does not depend on the choice of Aldous-

Hoover function (see [Kal89]).

Example 5.6 (Edge dependence - Mixture of two Dirac masses). Let X be an infinite
exchangeable array such that X; ;s are all i.i.d. Bernoulli random variables, Ber(1/2). Let
f:10,1]* — R be defined as f(u,z,y,z) = 1{z < 1/2} for (u,z,y,z) € [0,1]*. We see that
X is directed by f. On the other hand, let X be an IEA such that )A(/ivjs are all i.i.d. (up
to matrix symmetry) and )?” ~ %5_1 /2 + %(53 /2. Then, X is directed by an Aldous-Hoover
function g where g: [0,1]* — R is defined as g(u,z,y,2) = 3 — 1{z < 1/2} + 1{z > 1/2}.
Note that the graphons and MVGs corresponding to X and X (see equations and )

% = wg while Wx = %(50 + %(51 and Wg = %(5,1/2 + %(53/2. Note that

are given by wx =
the graphons and the measure-valued graphons corresponding to X and X are deterministic.
This is reflected by the Aldous-Hoover representations f and g which are both independent

of their first coordinates.

Example 5.7 (Extrinsic and edge dependence - correlated Gaussians). Consider an infinite

exchangeable array X such that {X; ;} (i.j)enE are standard Gaussian random variables such

that Cov(X,;, X;,m) = 1/2 whenever {i,j} # {l,m}. Let ®: [0,1] — R be a function that

pushes forward the Lebesgue measure on [0, 1] to the standard Gaussian measure on R. And,

let f:[0,1]* — R be defined by f(u,x,y,2) = \/iiq)(x) + \%CI)(Z) for all (u,x,y,2) € [0,1]*%

It is easy to verify that X is directed by f. We, therefore, obtain for a.e. (z,y) € [0,1]®),
d(U) ( (CID(U ) 1 ) )
wx(z,y) = —=, Wx(z,y)=Law | N | —=, =] |.
x(@y) =7 x(2,y) /32
Note that ®(U) is a standard normal random variable. Also note that wx is a random kernel

and Wx is a random MVG.
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Following the same approach as above, one can more generally take f(u,z,y, 2z) = a®(u)+
B(P(x) +P(y)) +~vP(2), say, where o +28%+~* = 1. And, define X, ; = f(U,U;,U;,U; ;) to

obtain Gaussian exchangeable arrays with various correlation structures. This would yield

wi (2,y) = a®(u) + B@(@) + D). Wy (@) = Law( (A (wk(2,9).7°) )).

for u,x,y € [0,1]. Because of the extrinsic dependence, this TEA is not pure. Note that in

this case the graphons wx and the measure-valued graphon Wx are indeed random.

Example 5.8 (Vertex and edge dependence - Stochastic Block Model (SBM)). We now
describe an exchangeable array that can be seen as limits of a certain sequence of SBM.
Fix p € [0,1]. For every n € N, color every vertex i € [n| blue with probability p and red
with probability (1 — p) independently of each other. More formally, this is associating an
independent pd; +(1—p)d_; distributed random variable C'(7) with i € [n], where 1 represents
color ‘blue’ and —1 represents the color ‘red’. Fix pu, prr, prb € [0,1]. For each {i, 5} C [n],
create an edge with probability p, if both ¢ and j are colored blue, with probability p,.
if both are colored red and with probability p,, otherwise. This defines an SBM with two
communities ‘blue’ and ‘red’. Let A, denote the adjacency matrix of this SBM on vertex
set [n]. It is easy to see that A, is an exchangeable matrix, that is, Law(A,) = Law(A?).
It is natural to ask, if A, converges to some infinite exchangeable array as n — oo. This is

indeed the case. Here we describe the infinite exchangeable array X that arises as the limit

of (A,)

neN*
In order to define the Aldous-Hoover function for infinite exchangeable arrays, we first

2

define some sets for notational simplicity. Fix p € [0,1]. Define B = [0, p|?, R = [p, 1]* and

D =10,p] x [p,1]U [p,1] x [0,p]. Let f:[0,1]* — {0, 1} be defined as

flu,2,y,2) = 1p{(2,9)} Lop {2} + Lr{(@, ¥)} jop, {2} + 1p{(z,¥) } L0p. {2},

for u,z,y,z € [0,1]. The infinite exchangeable array X can be defined as X;; =
fU,U;,U;,U; ) for i, j € N. The corresponding graphon and measure-valued graphon are
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w® and W™ defined as

w™ (2,y) = pwlp{(z,9)} + P Lr{(z,9)} + pln{(z, )},

W(U) (‘Tv y) = Ber(pbb)]lB{('ra y)} + BGI‘(pTT)]lR{(JI, y)} + Ber(prb)ILD{<x7 y)}7

for a.e. (x,y) € [0, 1]%. This example can be generalized to distributions other than Bernoulli

in a straightforward manner.

5.2.2  Finite exchangeable arrays to IEAs

The previous section establishes that the weak convergence of a sequence of IEAs is equivalent
to the weak convergence of corresponding (random) MVGs (see Theorem . In practice,
we are often interested in taking limits of finite exchangeable matrices. For instance, we
would like to say that G(n,1/2) converges to the IEA G. One way to do this is to identify
G(n,1/2) with the corresponding (random) MVG, say Wg, and show that Wg, — Weg
where Wg is the MVG corresponding to the IEA G (see Section . However, it is more
natural to show the convergence of a sequence of finite exchangeable matrices to an IEA and
deduce the convergence to an MVG from there. This is what we do in this section.

A (random) symmetric matrix A € M, is called (finite) ezchangeable if Law(A) =
Law(A?) for every permutation ¢ of [n]. Given an n x n exchangeable matrix A, we can
construct an IEA follows. Let {U;},.y be a family of i.i.d. Uni[0, 1] random variables inde-
pendent of A. Define an IEA X such that X; ; == Ap,u,1,ra0;1- In plain words, each coordinate
(up to matrix symmetry) of X is chosen independently and uniformly at random from the
coordinates of A. With this correspondence, for every decorated graph F', define Tﬁ(gzte(F L)
over exchangeable matrices as Téggte(F ,A) == Tp(X). On the other hand, analogous to
Definition [5.19] we have following definition for homomorphism density into exchangeable

matrices.

Definition 5.23 (Homomorphism density for exchangeable matrices). Let A be an n x n

exchangeable matrix. Let F' be a decorated graph such that |V(F)| < n. Define
1
Tén?te(F JA) =E [H{z‘,j}eE(F) Fi (A )] '
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T

Remark 5.24. It is easy to see that ﬁmte

(F,A) = T (F, A)| < C(P)n~ where C(F) is
a constant depending only on F'. Therefore, both Té?nte and Tﬁ(nlte determine the same limit

as n — 0o. Also note that using the embedding described in Section [5.1.1, we can define

T,(F, A) as in equation (5.4). Notice that T\h.(F, A) = E[Ta(F, A)].

This motivates the following definition for the convergence of finite exchangeable matrices

to an IEA.

Definition 5.25 (Convergence of exchangeable matrices). Let (A,),.y be a sequence of
n X n symmetric exchangeable matrices. We say that (A,), . — X as n — oo if for every
decorated graph F' we have Tﬁ (F,A,) =E[Ta(F, A,)] — Ta(F,X) as n — o0.

nite

We end this section with some examples of finite exchangeable matrices converging to an

IEA.

Example 5.9. Let V: R® — [~1,1] be a C? function such that V(z,y) = V(y,2)
and ||[V2V|_ < 1, where V?V is the Hessian of V. Define V: P(R) — R as V(u) =
2 [Je2 V(z,y)p(dz)p(dy). Define V,: R" — R as V,(z1,...,2,) = V(un) where p, =
Ly 6, for every {iticpy € R In particular, V,(z1,...,2,) = #Z?Fl V(x;, ;).
Let H,(x) € M,, be the Hessian matrix of V, at x € R™. Then, n*H,(x);; = 012V (2, z;)
if i # j, and n?H, (X)) = 011V (25, 2;) for (i,5) € [n]®. Now, let {Xi}ieN be i.i.d. ran-
dom variables distributed according to some probability measure p € P([—1,1]) and let
X, = (X1,...,X,). Then, H™ = n?H,(X,) is an exchangeable matrix and H™ — H(>)
where H(*) is an exchangeable array defined as

OV (Xi, X)), ifi 3,
H() = 12V (X X) (i,7) € N@,

(4,5)
01 V(X;, X;), ifi=j,

For concreteness, assume that V(z,y) = c(x —y) for (z,y) € R® for some even C? function
c: R — [—1,1]. In that case, notice that HE;X;)) = —'(X; — X;) for (i,j) € N®. Also
assume, for simplicity, that {X;},.y are iid. Uni[0,1]. Then, ¢” is the Aldous-Hoover
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representation function and the MVG corresponding to H(*) is nothing but W™ & 20
defined as W (z,y) = 0_w(z—y) for ae. (z,y) € R,

Example 5.10. One can consider higher order polynomials of measures. That is, for any
k € N\ {1}, define V: P(R) = R as V(u) = [o V(21, ..., zx)p(day) ... p(dzy). Define
Vi R" = Ras @ = Vy(x) = V() where ji, = 5377 | d,,. This amounts to evaluating
the expectation of V' when its arguments are sampled uniformly with replacement from the
entries of € R". Let H,(x) be the Hessian matrix of V,, at # € R". Let us define G: R* - R
as G(a,b) =

Z / 0;;V(x1,...,xic1,0, i1, ..., Tj—1, 0, Tj41, . .., T) H p(dzy,).

i,j€[k]i#£] me[k\{i,5}
Let (Xj),cy be iid.  random variables with distribution g € P(R).  Then,
nfH,(X1,...,X,) = H, as n — oo, where H, ; = G(X;, X;) for (i,j) € N®

Example 5.11. Consider a Markov chain (X,,), .y on [0, 1] with a unique stationary distri-
bution 7 € P([0,1]). Let W: [0,1]*> — [0, 1] be a kernel such that W is continuous 7 X 7 a.e.
For each n € N, let (Y7,...,Y},) be a uniform permutation of (Xy,...,X,) and let H™ be
an exchangeable matrix defined by ’HZ(? = W\(Y;,Y)), i,j € [n]. Let {Vi},.y be a collection
of i.i.d. random variables with distribution 7 and let H(>® be an exchangeable array such

that Hfjo) = W(V;,V;). Then, H™ — H) as n — oo.
5.3 Conclusion

In this chapter, we introduced the richer analytical structure of measure-valued graphons,
which build upon the geometry and topology of graphons to establish a direct correspon-
dence with two-dimensional real-valued infinite exchangeable arrays. Leveraging this cor-
respondence and the metrics developed herein, Chapter will explore the SDEs derived
in Chapter , deriving their scaling limits as absolutely continuous curves on @, character-
ized by MVG McKean-Vlasov equations, and examining the non-asymptotic convergence in

specific cases.
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Chapter 6

SCALING LIMITS OF SDES WITH INCREASING
DIMENSIONS

In Chapter [3, we derived the continuous-time limits for the class of discrete-time algo-
rithms discussed in Section for finite dimensions. That is, under a suitable choice of
time scaling, for every finite-dimensional matrix-valued process obtained from an iterative

algorithm, we can weakly describe the evolution of the matrix via an SDE of the form:

dXe(t) = bne(Xne(t), Xn(t)) dt + X e (Xne(t), Xn(t)) 0 dBne(t) 61
Ly (1) = L7 (1), o
For X,(0) = X, 0 € M,, where the tuple (X,, L, L") solves the Skorokhod problem with
respect to the set M, (see Section, we remark that the cubic domain M,, can be replaced
by any other cubic domain (which may not necessarily satisfy matrix symmetry), including
R[M*. The SDE can then be appropriately modified without altering its essence.

An interesting and important observation we make is that the system described by ,
due to the equivariance of the functions b,(z,-) and %, (z,-) with respect to the group S,
for any 2z within its domain, exhibits a mean-field interaction. That is, for any e € [n]?, the
evolution ¢t — X, .(¢) of X,, . at any instant ¢t € Ry, as determined by the drift and diffusion
coefficients, depends on all the coordinate evolutions X,,(¢) at time ¢t € R, in a symmetric
manner. This symmetric dependency is evident when permuting the rows and columns of

[n]®

the matrix by any permutation 7 € S,,. For simplicity, let us consider R as the domain

and observe that

dYn,e (t) = an,Tr(e) (t) = bn,w(e) (Xnﬂr(e) (t)a Xn (t)) dt + Zn,7r(e) (XTLJI'(G) (t>7 Xn (t)) o dBn,Tr(e) (t)
= bn,e(Xn,ﬂ(e)(t)a X;Lr (t)) dt + Z7%,6()(71,7r(t2)(t)7 X77Lr (t)) © dBnJT(e) (t)
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= bn,e(Yn,e(t)a Yn(t)) dt + En,e<Yn,e<t)7 Yn(t>> © dBTLﬂT(E) (t)v

where 7(e) = (m(eq), m(e2)), and Y, = X7 = (X, r(e)) @ for any X,,. Since B, and BT

e€ln
have the same law, the SDEs above are equivalent for any = € S,,. This brief analysis also

tells us that the process X, is exchangeable (see Section .

The goal of this chapter is to understand how the sequence of processes (X,,) defined

neN
on bounded cubic domains like M,, and M,, ;, converges to a suitable well-defined limit. To
make sense of this convergence, we will utilize the compact topologies discussed in Chapters
and )] Analytically, this limit can be interpreted as a curve on graphons and measure-
valued graphons (MVGs) with interesting properties. The scaling limit shall be described
by McKean-Vlasov type SDEs on graphons and MVGs. Drawing an analogy with classical
interacting particle systems (see Sections and for an introductory discussion), the
limiting curve can be regarded as the ‘scaling limit’ of the class of iterative algorithms
discussed, which substantiates the central hypothesis of this thesis. This completes the

cycle of ideas, allowing us to extend the Wasserstein calculus to higher-order exchangeable

structures.

In Section we will use the graphon topology (induced by the cut metric) to derive
a scaling limit of (Xy),.y. In Chapter , we will use the MVG topology (induced by the
Wasserstein cut metric) to derive the scaling limit. Both limits will demonstrate the prop-
agation of chaos phenomenon, which essentially states that as the dimensionality increases,
any finitely chosen coordinates of the system tend to evolve independently. In Chapter 6.3,
we will see that products of iterated matrices, as discussed in Section [2.2.3 converge ap-
propriately to IEAs. We will work out certain examples of algorithms to deduce interesting
properties from the analysis. This analysis will later allow us to show a beautiful implication

in the context of deep learning that we will discuss at length in Chapter [7]
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6.1 Scaling limits as curves on Graphons via McKean-Vlasov equations

The study of particle systems under mean-field interaction is a classical topic in probability
theory |Gar88]. Tt involves multidimensional diffusions that interact through their empirical

distributions of the type
dX;(t) = b (X:(t), a™ () dt +dBi(t), i€ [n], teR,, (6.2)

where n € N, X;(t) € R? for all ¢ € [N] and for some d € N, and g™ (t) = 13" x4,
is the empirical distribution of the vector (X;(t)),c(, at time ¢t € Ry, and (Bj);cy Is a
vector of i.i.d. standard d-dimensional Brownian motions. Any drift that is symmetric in
the coordinates (“mean-field interactions”) can be represented as for some suitable
function b. Often, the SDE includes a reflection term to constrain the coordinate pro-
cess to a subset of the Euclidean space [Szn84]. The study of such systems originated from
the probabilistic study of the Boltzmann and Vlasov equations due to Kac [Kac56], McK-
ean [McKT75], Dobrushin [Dob79], Tanaka [Tan79] and many others. For modern surveys,
see Sznitman [Szn91], Villani [Vil12], Chaintron and Diez [CD22] and Jabin [Jab14].

Under suitable assumptions, as the number of particles go to infinity, it is known that the
process of empirical distributions of the particle system converges to the solutions of families
of well-known PDEs. The convergence is often obtained via propagation of chaos where, in

the large particle limit, a finite collection of randomly chosen particles evolve independently

and identically distributed according to the McKean-Vlasov SDE [Gar8g]:
dX (1) = b(X (1), u(t)) dt + d B(1),

where pu(t) is the law of X (t) for t € R,.

In this chapter we study an analogous evolution of symmetric matrices where the coordi-
nates interact via a suitably symmetric function. As an example, consider the function R,
defined on M,, , given by

R.(A) = % (n_Q Z A(i,j) — e) + %(n_?’ tr[A®] — 7)2 + E.(A), (6.3)

1,j=1
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where e,7 € [0,1] are fixed and &,(A) = n~? 3" h(A(i,5)) where h: [0,1] — R is the
convex entropy function defined as h(p) = plogp + (1 — p)log(1l — p), if p € (0,1), and
h(0) = h(1) = 0. The importance of this particular example will soon become apparent.
The function R,, satisfies a permutation invariance property, that is, its value does not
change if we permute the rows and columns of the matrix A by the same permutation over

n] :={1,2,...,n}. Consider the following diffusion on symmetric n x n matrices
dX,(t) = —n*VR,(X,(t)dt + BdB,(t) + dL,(t), teR,, (6.4)

where B,, is a system of n xn symmetric matrix-valued process of coordinatewise independent
Brownian motions and L, is the coordinatewise bounded variation local time process that
constrains each coordinate process to stay in the interval [0, 1] (see Section [2.4] for details).
One may ask what is an appropriate notion of limit of such a process as n — c0? Do weak
solutions of SDE (/6.4]) exhibit propagation of chaos?

Note that the function R,, in equation is not covered by the classical McKean-Vlasov
theory since R,(A) is not symmetric in the n? (up to symmetry) many entries of a matrix
A. Therefore, R, cannot be expressed as a function of the empirical distribution of the
entries of the argument matrix. The same is true for any arbitrary differentiable function
over n X n symmetric matrices that is invariant under permuting the rows and the columns
using the same permutation. Spectral functions, for example, satisfy such an invariance,
as do functions on edge-weighted graphs (represented by their adjacency matrices) that are
invariant under vertex relabeling. This particular class of symmetry is captured, not by
empirical measures but, by graphons. In other words, such functions can be thought of as
functions on the space of graphons instead of measures.

Analogous to the classical McKean-Vlasov theory, we show in this section that, under
suitable assumptions, exhibits a propagation of chaos. Furthermore, in n — oo limit,
the coordinates of X, become conditionally independent and the evolution of a randomly
chosen coordinate can be described by a novel graphon valued McKean-Vlasov equation.

Recently various authors [DGL16, BBW19, [Cop22, [DM22] have investigated McKean-
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Vlasov limits for interacting particles systems on dense graphs. In these work, the McKean-
Vlasov system describes the evolution of random particle from an infinite ensemble where
the underlying interaction is determined by a graph or graphon. Extensions to the sparse
regime can be found in [LRWI9, [(OR19, BCN20, BCW20, [ORS20]. We note that our
McKean-Vlasov limit describes the evolution of graphon itself, and not the distribution of
any particle system. We borrow the name McKean-Vlasov to stress that each edge-weight
evolves by an ensemble effect of all the other edge weights but that ensemble is a graphon

and not the empirical distribution of any particle system as done in the papers cited above.

Consider the function R,, defined in (6.3)). Notice that if we regard A € M,, ; as the
adjacency matrix of a weighted graph, then n—2 Z? =1 A; ; can be thought of as the edge-
density of the graph while n=3 tr[A%] can be regarded as the density of triangles in the graph.
Consider the problem of minimizing &,(A) over all A € M,, ;. subject to the condition that
the edge-density and the triangle-density are e and 7, respectively. The non-convexity of this
problem makes it very hard and indeed the minimizers in general are not unique [NRS23b),
KRRS17]. For certain feasible regime of (e, ), this minimization problem has been studied
in [NRS23b]. In some regimes where the minimizer is known to be unique, the minimizer
is characterized. Similar results were obtained in [KRRSI7] when 7 = €®. In general,
however, determining the structure of minimizers is extremely hard and even reasonable
guesses are not available in most cases. This problem has rich connections with extremal
combinatorics [Raz08, [PR17] and exponential random graph models [BCM21, [CV11]. While
minimizing &, with such ‘hard constraints’ is difficult, notice that minimizing R,(A) =
(n‘2 dori AliJ) — 6)2/2 + (n3tr[4%] — 7)?/2 4 E,(A) can be considered as a relaxation
of this problem. Our method provides a numerical scheme like algorithms discussed in
Section to obtain minimizers of such problems. Following Section , SDE arises
as the continuous-time limit of the projected stochastic gradient descent algorithm which is
used in practice to optimize R,. As mentioned above, we establish that the curves described

by (6.4) converges to a deterministic curve on the space of graphons. Under appropriate
assumptions on R, (see Section [6.1.3) and in zero-noise limit, the (deterministic) limiting
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curve on the space of graphons is a gradient flow and hence converges to the minimizer

exponentially fast.

6.1.1 Deriving the graphon McKean-Vlasov scaling limit

In Section [6.1}, we assume for simplicity that the diffusion coefficient function at coordinate
e is not an explicit function of the coordinate X, . of the process X,. The result can be
extended to take this dependence into account. The general case where this dependence is
explicitly considered has been analyzed in Section (6.2

Let £ be a standard Borel space. The sets [n](2) and N@ will refer to the set of natural
number pairs (i,7) in N? and [n]® respectively, such that i < j. Recall that an £-valued
exchangeable (symmetric) array refers to a doubly indexed collection of random elements
(QJ = (fijy € 5)(1.7].)@\1(2) =: ( that remain invariant in law under finite permutations of
natural numbers N. Two special cases of £ that are important to us are £ = [—1,1] and £ =
C'[0, 00) with the usual Borel topology. The Aldous-Hoover representation theorem [AId85]
Hoo79, [Hoo82| says that given any exchangeable array as above, there exists a measurable
function f: [0,1] x [0,1]® x [0,1] = & such that ¢;; = f (U, U;, U;, U ;) = £ (U, U;, Ui, Us ;)
for (i, 7) € N®, where U, (Ui)sens (Ui,j = U{iJ})(z’j

9 )
The function f is typically not unique. Following [Aus08|, we say that ¢ is directed by f.

ey are i.i.d. Uni0, 1] random variables.

The relationship between exchangeable arrays and graphons follows from the Aldous-
Hoover representation [D.JO§|. Assume that (; ;s are real valued and take values in the closed
interval [—1,1]. An infinite exchangeable array gives rise to a random graphon reminiscent
of the de Finetti representation theorem for exchangeable sequences of random variables.
Although we believe that the following result is well-known, we could not find a statement

to this effect in the literature. However, it inspires our later constructions.

Lemma 6.1. Let ( € [—1, 1]N(2) be an infinite exchangeable array directed by f. Consider

the family of symmetric kernels (wy),co 1 defined by

wy(z,y) =E[f(w, 2,5, V)],  wel01], (z,y)e€[0,1]?, (6.5)
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where the above expectation is with respect to a Unil0, 1] random wvariable V. Then, for
u € [0,1], given {U = u},

lim &5 (K((gj = f(u, U, U, Ui,j))(i,j)e[n}m), [wu]> =0, as (6.6)

n—oo

The proof of Lemma [6.1] is provided in Appendix

Remark 6.2. As a corollary of the previous result, although the function f is not unique in

the Aldous-Hoover representation, the law of the random graphon [wy] is indeed unique.

Consider (C|0, oo))Nm with the natural filtration generated by the coordinate process.
Enlarge the filtration by expanding the probability space to accommodate the countably
many i.i.d. Uni[0,1] random variables (U;),.y and including the sigma algebra generated
by them in the sigma algebra at time zero. Endow this filtered probability space with a
probability measure P> that denote the joint law of (U;);en and that of an independent array
of countably many independent Brownian motions (BMs) {B;; = B{ivj}}(i,j) ey Finally we
turn the natural filtration to one that is right-continuous and complete, thereby satisfying the

so-called usual conditions and denote it by F = (F;) . All our processes will be adapted

teR4
to this filtration associated with this set-up. Note that all uniform random variables (U;),
are measurable with respect to Fg.

We will consider the functions {b,}, . to be restrictions of some function b: [—1, 1] xW —

neN

L>([0,1]@), ie., bu(z, ) = My 0b(z, -) o K on M,, for all z € [~1,1] and all n € N. With
this generalization, we override Assumption with the following assumption on the drift

function b.

Assumption 6.1. For a.e. (z,y) € [0, 1](2), wi,wy € W and 21,20 € [—1,1], the drift
function b: [—1,1] x W — L>=([0,1]®) satisfies

1. There exists L € R, such that

sugv|b(zl,w)(x,y) — b(ze,w)(z,y)| < L|z; — 2.
we
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2. There exists k € Ry such that

sup [b(z,w1) = b(z, wa)ly < Kljwr — wy,.
z€[—1,1]
Observe that Assumption |6.1| implies Assumption for k3 = 2(L? + £?) and that
16(z, w)
We construct a diffusion as follows. Let b: [-1,1] x W — L*>(]0, 1](2)) be sat-
isfy Assumption . Given wy € W, let X = (Xz-’j = X{i,j})

< C uniformly over all z € [-1,1] and w € W.

oo

(i))eN@> be the solu-

tion of the following system of SDE taking values in [—1, 1]N(2) with the initial condition

(Xi,3(0) = wo(Us, Uy)), and satisfying

i,j)ENE)?

dXe(t) = b(Xe(t),7(1))(Ue) di + X (v(2)) (Ue) d Be(t)
+dL;(t) —dL (1), (Graphon-MKV)

Y(t) (2, y) = E[X12(t) | Uy = 2,Uz = 9],

for e € N®, (z,y) € [0,1]® and ¢t € R,. Here U, = (Ue(1),,))- The processes L; and
L} are such that (X, L}, L_) solves the Skorokhod problem with respect to [—1,1] (see
Section . The kernel valued process v: R, — W is adapted to the sigma algebra gen-
erated by the uniform random variables (U;);en, and the independent BMs (B.), ). Note

that if the solution X of the system of SDEs (Graphon-MKV|) exists, then conditioned over

the sigma algebra Fy, the coordinate processes of X are all independent but not necessarily

identically distributed.

It is not obvious if an infinite-dimensional stochastic process satisfying (Graphon-MKV])

exists, although it is obvious that such a process, if it exists, will be an infinite exchangeable
array taking values in €& = ([0, 00). Under Assumption we show that the process (X, 7)
is indeed well-defined. As will be made clear in Proposition [6.3 the limiting object v is
the counterpart to the measure-valued solution of the McKean-Vlasov equation, while every
X, for (4,j) € N® is the counterpart to the non-linear evolution of a randomly chosen

particle evolving in the McKean-Vlasov interacting system. It should be noted that the
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particles in this McKean-Vlasov interaction correspond to the edges of the graphs not the
vertices. The McKean-Vlasov equation here describes how the graphon itself evolves in time
and it is different from the McKean-Vlasov system described in the introduction where the
McKean-Vlasov equation describes the evolution of particles which may possibly depend on
some underlying graphon.

Next, we state Proposition that shows the infinite dimensional stochastic process

satisfying equations (Graphon-MKV)) indeed exists.

Theorem 6.3 (Existence of the McKean-Vlasov SDE [HOP722]). Assume that the drift
functions b: [—1,1]xW — L*([0, 1](2)) satisfies Assumption and the diffusion coefficient
function ©: W — L>([0, 1](2)) is bounded and ko-Lipschitz in || - ||, (Assumption. Then,

gwen any kernel wy € W, there exists a pathwise unique strong solution to the coupled

system (Graphon-MKV)) in the following sense. In any probability space supporting countably

many i.i.d. Unil0, 1] random variables (U;);cy and an independent infinite (symmetric) array

of i.i.d. standard Brownian motions (Bz‘,j)( one can construct an infinite exchangeable

i,j)ENE)

array of reflected diffusions (XZ-J)(Z.J.)GN(Q) that satisfy (Graphon-MKV|) and every X;; is
pathwise unique.

Moreover, for every t € Ry, [y(t)] can be recovered as the o limit of the sequence of
graphons ([K((Xi,j (t))(i,j)e[nP)} )neN locally uniformly in time. That is, for any t € R,

Jm sup 05 ([K((Xe())eegyo) |- D)) =0, as (67)
s€[0,t]

The proof of Theorem [6.3]is provided in Appendix [D.1.1]

Next, in Proposition [6.4] we provide the expression for the velocity of the curve v in
the special case for the SDE obtained for the projected noisy stochastic gradient descent

algorithm (see Definition [2.2)).

Proposition 6.4. Suppose that ¥ = 3 > 0 and b(z,w) = —¢(w) where ¢ = DR for the risk
function R (see Chapter . Then, the limiting curve v in Proposition has a velocity

(1) = =0(1(8) — [l (o, 07, 8) = bl (o, 6 07, B)]. (6.8)
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where pgﬂ)(wo, ¢ oy, B)(x,y) is the density of the real-valued reflected Brownian motion Z

at 1, at time s € Ry, starting at Z(0) = wo(x,y), satisfying

1
2
where (Z, LT, L™) solves the Skorokhod problem with respect to the set [—1,1] (see Sec-

tion .

dZ(s) = (v(s/8*))(x,y)ds + dB(s) + dL™(s) — dL*(s), s€eRy,

The proof of Proposition [6.4] is provided in Appendix [D.1}

Remark 6.5. Note that the (pointwise) velocity of the curve « at time ¢ € R, is not
—(¢ov)(t) when 8 > 0. That is, 7 is not a gradient flow of the function R when g > 0, and
the effect of the boundary {—1, 1}, as seen in , is qualitatively different from that when

B =0.

To show that the finite dimensional processes converge as n — oo, we will need to put

further assumptions on the drift and diffusion functions.

Assumption 6.2. There exists a constant kg € R, such that for all wy,ws € W, the
drift function b: [—1,1] x W — L>([0, 1](2)) and the diffusion coefficient function ¥: W —
L>=([o, 1](2)) satisfy
sup  sup [b(z,w1)(z,y) — b(z, w2)(z,y)| < kollwr — w5, and
(z,y)€[0,1)% z€[-1,1]

sup  [X(wi) (2, y) — E(we) (2, y)| < kollwr — wel|g.
(z,y)€[0,1)°

Theorem 6.6 (Convergence [HOPT22|). Assume that the drift functions b: [—1,1] x W —
L> ([07 1](2)) satisfies Assumption and Assumption and the diffusion coefficient func-
tion $: W — L*>([0, 1](2)) is bounded and ko-Lipschitz in || - ||, (Assumption . Then, for
any sequence of initial kernels (w(()n) € Wn)neN that converges to wy € W in the LQ([O, 1](2))
norm || - ||,, i.e., whenever

lim (wg"> —wOH _0, (6.9)
2

n—oo
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the process of random kernels (K (X,(t))) obtained from solutions of the SDEs (/6.1)),

teR4

converges locally uniformly in the cut norm as n — oo, in probability, to the limiting process

v: Ry — W, with 4(0) = wy, established in Theorem 6.5,

The proof of the Theorem is provided in Appendix [D.I] The proof also includes a
non-asymptotic rate of convergence as Remark We will strengthen the rate later in
Section [6.2]

Remark 6.7. The assumption Hwé") — Wol|, — 0 can not be weakened to Hw(()") — wOHD — 0
as n — oco. To see this, take VR, = 0 and ¥ = 1 and let wy = 0. It is clear that y(t) =0
for all ¢ > 0.

On the other hand, let & be a random variable taking values —1/2 and +1 with prob-
ability 2/3 and 1/3 respectively. And, let w(()n) be the step-kernel corresponding to n x n
symmetric random matrix whose entries (on and above the diagonal) are i.i.d. and has the

(n)

same distribution as . Then, |fwy ' — wg‘ — 0 almost surely. However, in this case, the
m

coordinates of X, are i.i.d. (up to the matrix symmetry) and have the same distribution as
an RBM (reflected at £1) with initial distribution £. In particular, K (X, (t)) converges to
w(t) = E[X,12(t)]. It is therefore sufficient to show that E[X,,12(¢)] is not identically 0 for
ae teR,.

To see this, we argue by contradiction. If E[X,2(t)] = 0 for all ¢ > 0 then
%E[Xn,m(t)] = 0. Using [RY04, Exercise 1.12, pg-407], we obtain that %E[Xngg(t)] =
2pe(—3) —pe(2)) + 5(pe(2) — 1) # 0, where p, is the standard heat kernel at time ¢. This

yields a contradiction.

Remark 6.8. We should also remark that arranging for w{” such that Hw(()") — wp

) — 0
2
as n — oo is not difficult. For any wy and n € N, let w(()") be the L2([O, 1](2)) projection of

wo on W,,. Then w(()n) satisfies this condition.

It is worth noting that presence of noise and the boundary {—1, 1} in our problem makes

it non-trivial. To see this, consider (3.1)) for a constant function R, (i.e., VR, = 0) and
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without the local times, say starting at w,, € M,. The solution is a symmetric matrix of
independent Brownian motions. It can be easily checked that, if lim,, ,.||wn,o — wol|5 = 0,
then limy, 00 SUPcpo 77 | XM () - w0||D = 0 for any finite 7" > 0. However, if we consider
again with VR,, = 0 but with reflection at the boundary, the coordinate processes are
independent reflected Brownian motions. In this case the cut limit of X () is also the
cut limit of the kernel IE[X () (t)} But reflecting Brownian motions do not have constant
expectations in time due to boundary effect. Hence, the limit of X (™ (¢) is not constant in ¢.

But, if this limit were a gradient flow, it would be a constant.

6.1.2 Scaling limit without added noise

Recall from Section that when 3, = 0, equation (3.1]) reduces to
dX,(t) = —n’VR,(X,(t)dt +dL, (t) —dL(t), teR,, X,(0)=w,p, (6.10)

such that (X, L, L,)) solves the Skorokhod problem on M, (see Section for details).
Moreover, it is shown in Section that the solution of is the same as the solution
of given below. Furthermore, it is shown in Theorem and Theorem that if
the solution X,,: R, — M,, of

dX,,(t) = —n*VR,(Xa(t)) o La,x,on{ - } dt, teR,, (6.11)

exists, where G,,(A) is the subset of [n]”* (defined in equation (A.22)), then X, is a gradient
flow on M,, in a suitable sense. Further, it is shown in[£.28 that under reasonable assumptions
on R, the sequence of solutions (X,,), .y of equation obtained for all natural numbers
n € N, converge to an absolutely continuous curve w: Ry — W (appropriately in the cut
metric (see Definition [2.11))), which is a curve of maximal slope [AGS08] (a.k.a. gradient
flow) of R, as n — oo. This yields the following.

Theorem 6.9. Suppose Assumptions[3.1] and[3.4 hold. Let R be continuous in the cut norm,
and \-semiconvex with respect to || - ||, for some A € R (see Sectz’onfor definitions). For
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every n € N, let X,,: Ry — M, be a gradient flow of R, staring at X,(0) = w,o =
M, (w(()")) € W, and satisfying equation (6.10). If (w(()n))neN converges to wy € VW in the
cut norm, then,

lim - sup [[K(Xn(s)) —w(s)|g =0,

=00 50,7

for any T > 0, where w defined as

t
wit) = wo = [ owis) e, (-}
fort € Ry, is the gradient flow for R.

The above theorem shows that the projected stochastic gradient descent algorithm, that
is an explicit Euler scheme, described in Definition without the large noise, converges to
a gradient flow on graphons that we developed in Chapter 4| using implicit Euler scheme.

We should mention that our method allows us to also obtain a non-asymptotic rate of
convergence. We refer the reader to Remark for details. We will strengthen the rate

later in Proposition [6.17]

6.1.3 FEzamples

In this section we will verify our assumptions for a class of functions introduced as linear
functions in Section m Let {Zi};c|, Pe iid. Uni[0,1]. For any kernel w € W and any
n € N, sample a random matrix G,[w] as Gu[w] = (W(Zi; Zj)) ; jyep@ € Mn. Let pn([w])
denote its law, i.e., Law(G,[w]) = pu([w]). Now let R: W — R be defined as a linear

function, i.e.,

R(w) == y R, (2)pn([w])(d2), Vo wew,

Let (€,.A) be the standard measurable space on [0,1]". Let £: W x Q be the function defined

as

l(w,Z) = Rn<(w(Z¢, Zj))(i,j)e[n](2)>'
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Let R, satisfy Assumption and let R admit a Fréchet-like derivative evaluation
map ¢: W — L>([0, 1](2)) (see Section M for conditions). The map ¢ then satisfies

o)y = E[VR(0(Z0 Z) e ) | (20 Z) = @w)]. (612)

and Dwl(-; Z) for Z € [0,1]" satisfies

(i.4)€ln)?

(Dwt(-; 2))(w)(z,y) =)

for w € W and (z,y) € [0,1]@.

VRR((w(Zp, Z,)) (6.13)

(i,j)€n)? (pa)€n]? ‘(zi,Zn:(x,y)) )

Scalar Entropy and Homomorphism density

Examples like the scalar entropy and the homomorphism density functions considered in

Section all satisfy Assumption for some ko € Ry since |[Hess(R,)

o exists and is
bounded uniformly in the domain. Specifically, for homomorphism density function R = Tx
for a simple graph F with n vertices and m edges {e;},,, the constants ko = mn(n—1), and
for scalar entropy R = &, the constant rg = 2¢7'(1 — €)~! on its domain W, .= {W € W |
e <W < 1— ¢} where € € (0,1/2). Since this implies that there exists M., € R, such
that ||¢p(w)|| . < M for all w in the domain, these example also satisfy Assumption [3.2] for
o= M.

In the following, we define b: [—1,1] x W — L*([0, 1](2)) as b(w(z,y), w)(x,y) =
—p(w)(z,y) for all w € W and a.e. (z,y) € [0,1]®. We will now verify Assumption
when R is the sum of scalar entropy and some homomorphism density 7% for a simple graph

F with n vertices and m edges. Note that for this example, we have

z
1—2

for a.e. (z,y) € [0,1]® where from equation [4.37]

b(z,w)(x,y) = log + o (W) (2, y), z=w(z,y) € [e,1 — €, (6.14)

m

H w(Ze,)

r=1,r#l

= th,y(peuw>7 (xay) c [07 1]7
=1

b1 (w)(x.y) = S E

=1

Zel = ("L‘a y)]
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Ze = (Ze(ry, Ze(2)) and F,, is the simple graph obtained from F' by removing the edge e;. It
is shown in Section that the map w +— t( y(F.,w) continuous as a map from (W, dp)
to (L>=([0,1]®),dp). To show that ¢r,(-)(z,y) is Lipschitz in the cut norm for every
(z,y) € [0,1]®, it is sufficient to show that tyy(Fe, ) is Lipschitz in the cut norm for

e € {e}",. For wy,wy € W, note that

tx,y(Fea wl) - tx,y(Fey w?) - Z Ip7q7

{p.a}eE(Fe)

where for any {p, ¢} € E(F,),

I, ::A)l]n2(w1(xp,xq)—w2(xp,xq)) H wy (24, %) H dx,. (6.15)

(i.5)€E(Fe)\{p.q} veV (Fe)\e

Following the proof in [Lov12, Lemma 10.24], we get |1, ,| < ||lwy — w2||g, which yields
6oy (Fe, w1) = tay (Fe, wa)| < (m = 1)flwr — walln, (6.16)

i.e., the Lipschitz constant of t, ,(F,, -) for every e € E(F') is m — 1. This implies that the

Lipschitz constant of ¢(-)(x,y) with respect to || - ||5 is m(m — 1). Therefore, for b as in

equation (6.14)), we have

|60z, w1)(,y) = (2, wa) (%, y)| = | b (W) (z,y) = ¢z (w1)(2, y)|

<m(m — 1)[jwy — wsl5. (6.17)

Therefore b (as in equation (6.14))) satisfies Assumption 6.2| with kg = m(m — 1).

Quadratic functions of homomorphism density

More generally, let £ € N and let {F Lo F k} be a family of finite simple graphs. Let

1, ..., ¢ € [0,1] be fixed constants. Define a function R: W — R as
L&
2
R(w) = 5 3" (T (w) — co)
a=1

Note that a lower bound on R is achieved if Tra = ¢, for all « € [k]. We note that R being
a sum of squares of £ many functions satisfies Assumption .
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Moreover, let ¢: W — LOO([O 1] ) denote the Fréchet-like derivative evaluation map of
R. It follows from chain-rule that

k

d(w)(w,y) = Y (Tra(w) = ca)drpa (w)(x, y).

a=1

Note that w +— ¢r,.. (w) satisfies Assumption with Koo = ma(ma — 1) where my,
is the number of edges in F'*. Further note that for any finite graph F' and U,V € W we
have |Tp(U) —Tp(V)| < |E(F)|[|U = V|5 < |E(F)|||U = V],. A simple calculation using
the fact that |(Tpe(w) — co)| < 1 for all w and that ||¢r, (w)||, < |E(F)|, we obtain that ¢
satisfies Assumption with

k
Zm + ko) <km2,

where m = max,epn) Ma-

Similarly, for any edge e in a finite simple graph F, note w — t,,(F.,w) is (m — 1)-
Lipschitz in cut norm for every (z,%) € [0,1]® and w + Tr(w) is m-Lipschitz in cut norm
where m is the number of edges in F'. Using the fact that ||¢7, (w)|| < m and Tr(w) € [0, 1]
for every w € W, we conclude that ¢(-)(z,y) is km? Lipschitz with respect to || - || for a.e.
(z,y) €[0,1]® and hence ¢ satisfies Assumption

Entropy minimization with edge-triangle constraints

We conclude with the discussion of the example mentioned in Section[6.1} Recall the problem
of minimizing the scalar entropy & over )7\/\0 with prescribed edge density T (-) = e € [0, 1]
and triangle density Ta(-) = 7 € [0,1] (see Section [4.6). As mentioned in [NRS23D], in
general this problem does not admit unique minimizer.

Let us consider a relaxation of this problem. Let 1): R — R be a non-decreasing convex

function such that ¢'(—log(2)) = A > 1. Consider minimizing the function

w s R(w) = 5 (T (w) — e)? + (Ta(w) - 7)) + v(Ew)).

N | —
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Since v is non-decreasing, minimizing & is equivalent to minimizing ¥ o £. On the other
hand, the term % ((T_(w) — €)* + (Ta(w) — 7)?) penalizes any deviation from the marginal
constraint on the edge and triangle densities.

It follows from the previous discussion that w — 3 (T (w) — €)? + 3 (Ta(w) — 7)% is -
semiconvex with A\ = —8. On the other hand, £ is 4-semiconvex and therefore ¢ o £ is
4 A-semiconvex. In particular, if A > 2 then R is strongly convex and hence admits a unique
minimizer and the gradient flow converges exponentially fast to the minimizer of R. In this
case, the gradient flow of R converges exponentially fast to the minimizer.

For instance, take ©» = 4 - id and consider the optimization algorithm described in Def-
inition For every n € N, X,, € M,,, and (i,j) € [n]®, we can evaluate g, (i ) (Xn; &)
as

_HXalig) i1,12) — €
i) ) =0

+ (X, (3, 14) X (14, 95) X (15, 13) — 7) X (4, 6) X (%6, 7).

Gn(i,j)(Xn; &) = 410g(

where £ = (i.).c[) NV Uni([n])°. Notice that Ee[g,(X,;€)] = VR, (X,), and Assumption

is satisfied. Theorem and Theoremtell us that the algorithm in the absence
of large noise, converges to the minimizer of R as the step size of the algorithm goes to zero,
and n — oo.

If one takes v = id then the function R is not guaranteed to be convex. Therefore,
there may be multiple minimizers of R as mentioned in [NRS23b]. Since R is not strictly
convex, the gradient flow may not converge to the minimizer, however, it does converge to a

stationary point with polynomial rate.

6.1.4 Computational example from Extremal Graph Theory

Following a similar setup as in Section [4.6.4], we simulate the projected noisy SGD algorithm
(see Definition with a = 1, n = 256, step size 7 = 1073, ¥,, = 1/3 from an initial
graphon [w((]n)] € Wn as shown in Figure |6.1a, Figure shows instances of the iterative
process after 10°, 2.5 x 10°, 10°, 1.75 x 10° and 2.5 x 10° many steps.
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Figure 6.1: A noisy stochastic gradient descent simulation over Tao — T_
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We see in both the Figures and that after sufficiently many iteration, the ap-
proximate solution is close to the one corresponding to a complete bipartite graph as one
would expect from Mantel’s theorem. Theorem [4.28 and Theorem [6.6]implies that one should

expect similar evolutions for all large values of n.

6.1.5 FEuvidence of propagation of chaos in DNNs

In this section, we aim to empirically verify the propagation of chaos phenomenon along
the training dynamics of deep neural networks (DNNs). This phenomenon implies that
if we pick fixed and finitely many edges from the graph, then the edge weights tend to
become statistically independent along the process as the size of the graphs increases (see
Theorem . For this purpose, we consider feed-forward DNNs of the form described in
Section [I.4] shown in Figure[T.3] with b = 5 layers. For generality, we use affine maps instead
of just linear ones. We consider the popularly used ReLLU (Rectified Linear Unit) activation
function at each layer, i.e., v — o(z) = max{0,z} (see equation (L.3)). The loss function ¢
is the squared error, i.e., £(¢,y) = (§ —y)? for all §,y € R, such that the risk function on the
coupled sequence of parameter matrices A becomes R,(A) = Exy).p [((§(X),Y)] where
D is the data distribution on R? x {0,1}. For simplicity, we consider the uniform width
scenario where ny = n € N for all k € [5], i.e., each layer has the same number of neurons.

We consider two popular datasets: CIFAR-10 [KHT09, Chapter 3] and FashionM-
NIST [XRV17]. Both datasets are used to benchmark machine learning algorithms under
various applications. Each dataset contains N = 6 x 10* images under 10 categories. For our
simulations, each image is vectorized to obtain a d = 3072 (for CIFAR-10) and a d = 784 (for
FashionMNIST) dimensional real-valued vector x € R?, respectively. Images in the first five
categories are labeled y = 0, and the images in the remaining categories are labeled y = 1.
This gives us 6 x 10* instances of (X,Y) ~ D, using which we train the DNN.

We train our DNN using the batched SGD algorithm with a batch size B = 10 (i.e.,
taking an average of B unbiased estimates of the gradient of R,) and a step size sequence 7

of the form (7, = 102K 1) rez,» Where K is the number of epochs (number of passes over
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Figure 6.2: Evidence of propagation of chaos in DNNs

the training data) and satisfies K = [k/[N/B]|]. We run the training process for 40 epochs.

To statistically verify the propagation of chaos phenomenon along the entire training
process, we collect observations after every epoch. A 5-layer DNN contains L — 1 many
n X n matrices that are not directly connected to the input or the output of the DNN (see
Figure . We independently sample 10° many m x m sub-matrices from each of the 4
hidden layers for m = 2, and statistically test the hypothesis that the m? random variables
in the sub-matrices are statistically independent. To do this, we use a kernel-based joint
independence test [PBSP18]. We further use a bootstrapping of 200 samples to improve the

estimates used in the hypothesis test.

In the sub-figures in Figure 6.2 we visualize our observations as follows. The plots in
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any sub-figure correspond to the 4 hidden layers of the DNN. In each plot, we vary n, the
width of each layer of the DNN, and plot the statistics of the p-values of the statistical test.
From the setup described above, for each n, we have 40 p-values obtained across the entire
training dynamics, one for each epoch. We plot the average (using a black square marker)
and the interquartile range of the p-values.

For both datasets, we observe that the p-values exceed 0.05 as soon as n becomes mod-
erately large. This suggests that as n grows, we fail to reject the null hypothesis of the
test, which posits that the m? random variables are statistically independent. Thus, this

empirically validates the phenomenon of propagation of chaos in the parameter matrices of

a feedforward DNN.
6.2 Scaling limits as curve on MVGs via McKean-Vlasov equations

In this section, we will use the topology of MVG (see Chapter [5)) to derive the scaling limit of
the processes (Xp,),, oy defined via solutions of SDEs (6.1)). We introduce the following general
class of deterministic curves in the space of MVGs described by a stochastic differential

equation (SDE). Suppose we are given a pair of functions

b: [-1,1] x 2 — L=([0,1]®), and ¥: [~1,1] x 2 — L=([0,1]®), (6.18)

where L>([0,1]®) is the set of all functions f: [0,1]®® — R such that ||f]|.. < oco.

Let (Q, F,IP) be a probability space that supports a standard Brownian motion B and
a pair of independent Uniform[0, 1] random variables U, V. Given W, € 20, consider the
following coupled system (X, W,U, V) of one-dimensional reflected diffusion X, a curve W
on 20 and the pair of uniform random variables, such that given (U, V') = (u,v), the process

X (+) satisfies the initial condition X (0) ~ Wy(u,v) and the SDE
dX(t) =0(X(t), (1)) (u,v)dt + X(X(¢),['(t))(u,v) dB(t)
+dL™(t) — dL™(t), (MVG-MKV)

L(t)(z,y) = Law(X () | (U,V) = (z,9)), ¥ (z,y) € [0,1]"”,
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where (X, L™, L™) solves the Skorokhod problem [KLRS07] with respect to [—1, 1] (see Sec-

tion for details). The system described by equation (MVG-MKV|) will be referred to
as the MVG McKean-Viasov SDE. Under appropriate assumptions on b and >, Proposi-

tion [6.10| shows that the MVSDE admits a pathwise unique solution. Notice that I' is a

deterministic curve on measure-valued kernels, and thus, on measure-valued graphons. The

similar McKean-Vlasov SDE introduced in Section [6.1.3]in equation |[Graphon-MKV|obtains

convergence only in the sense of graphons and, hence, cannot capture the convergence of gen-
eral exchangeable arrays. However, there is a corresponding deterministic curve on graphons
v(t) = E[['(¢)] given by the natural projection map. It is useful to think of v as capturing

the evolution of macroscopic properties while I' describing the microscopic properties.

Where do such processes appear? In equation ([6.1]) we consider a general class of diffusion
on symmetric n X n matrices whose coordinates are exchangeable and are evolving under a
suitable mean-field interaction. In Theorem [6.11| we prove that processes in this general class
have corresponding deterministic limits that are examples of . This is natural
since one can spot that is equivalently characterized by an IEA of independent
diffusions satisfying the McKean-Vlasov SDE generated by an i.i.d. sequence of Uniform|0, 1]
random variables. Such diffusions naturally arise in the context of SGD of functions defined
on the space of graphs. For another example, consider the problem of “soft” optimization
described in Section [2.2.2| where, for § > 0, one may wish to consider a Gibbs measure
on W with a “density” proportional to exp (—fH) for some Hamiltonian H. However, as
there is no canonical measure on the space of graphons, this does not seem feasible. On the
other hand, consider H restricted to the space of n x n graphons VA\/” By pulling back the
natural map from kernels to graphons and identifying n x n kernels with n X n symmetric
[0, 1]-valued matrices, one can think of H as a function H, on symmetric matrices, i.e.,
H, =HoK on M,_. One can define a natural Gibbs measure on M,, ; corresponding
to H,. A large class of commonly used models fall in this umbrella. See the thesis [Chel6]
for a historical development and some beautiful real-world applications. In particular, it

appears in statistical physics models such as the Curie-Weiss models [Chel6l Chapter 4], the
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exponential random graph models (ERM) [Chel6, Chapter 5]. We may wish to sample from
such a Gibbs measure whether we are trying to find graphs that approximately minimize
the Hamiltonian (i.e., an approximate non-parametric maximum likelihood estimator such
as MCMLE [Chel6l, Chapter 3.3]) or we are sampling from a Bayesian posterior distribution.
Although Metropolis or the Gibbs sampling algorithms are popular choices to run MCMC
algorithms, their mixing times are generally not known. Another example comes from a series
of works of Radin, Sadun and others [RRS14) [NRS20, NRS23al [RS23] on the so-called edge-
triangle model. Their focus is on a typical graphs with a given number of edges and triangles
and to show that they exhibit phase transitions. In [NRS23a, Section 3.1] the authors
construct an MCMC scheme to sample from an edge-triangle model (see Section .
They justify convergence, not theoretically, but empirically. Given a target edge density e
and a triangle density 7, one may easily construct a Hamiltonian that gets minimized when
the edge-density and the triangle densities are e and 7, respectively. Then, sampling from

this Gibbs measure will approximately sample from an edge-triangle model.

In Section [6.2.2| we will show that, for suitable H, satisfying a semiconvexity condition
(Assumption , the edge density matrix obtained from the Metropolis chain admits limits
that are particular cases of . With stricter convexity assumptions we will also
be able to say something about the exponential rate of convergence. In particular, this
is true for all linear combinations of homomorphism functions (see Section [4.6.1]). Notice
that given W € 20, consider the corresponding kernel w = E[W] € W1y via the natural
projection. Therefore, any function by: [—1,1] x W —— LOO([O, 1](2)) naturally gives a
function b: [—1,1] x 20 — L*>([0,1]®) via the pullback b(z, W) = by(z,w). Let H be a
Hamiltonian on 20 that admits a Fréchet-like derivative DH (see Definition [4.18)), and fix
a parameter 3 > 0. The solution to the McKean-Vlasov SDE with the drift
function induced by by(w) = —fDH(w) and constant ¥ = o is analogous to the Langevin
diffusion on Euclidean spaces. This family of processes arises as the limit of both stochastic
gradient descent on symmetric matrices as well as the following Metropolis chain on the

popular stochastic block models (SBM) [EG1S].
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Note that the graphon convergence of (X,,),.y as defined in SDE , comes with a
loss of microscopic information as discussed earlier in Section [6.1} It may be reasonable to
expect that the matrix valued process X, converges to an IEA as n — oo and one should
rather consider the convergence of X,, to a deterministic curve on MVG space. In this section
we accomplish this convergence and do so for a larger class of functions drift and diffusion
coefficient functions than those allowed in Theorem [6.3] This shall allow us to cover a larger

class of functions (risk R or Hamiltonian H). We begin with an illustrative example.

Example 6.1. Let F be the triangle graph where two of its edges are decorated by x +— 22,
and the third edge is decorated by x +— . Consider the function R := T4(F, - ). Note that R
restricts naturally to a function R,,: M,, — R as defined in equation (5.4). One can easily

see that 0 ;) Ta(F, - )(Xn) = 5 Zk X (lk Xny(;w-) for every (i,7) € [n]®. Let {Bne}ee e
be a collection of i.i.d. Brownian motions. Consider the following SDE on M,,:
dXon =—— ZX o) (DX e,y (8) At 4+ A Br i,y (8) + AL, ;o (8) —dLT (1),

where (i,7) € [n]® and (X, L*, L) solves the Skorokhod problem on M,,. The above SDE
can be recovered as a continuous time limit of the PNSGD algorithm defined in Definition
when we consider Ty(F, -) to be the optimization objective. We remark that the function
R does not satisfy the assumptions of Theorem as it is not continuous in the cut-metric
(see [Janl3l Example C.3]). However, the function R does satisfy Assumption for b
defined as b(z, W)(z,y) =

m -1 m
ZE HF(FesaW)(Zes> 'F(Fe,pW)(Zee) : H U(Fe,, W)(Ze,) | Ze, = (x,y)],
/=1 s=1 s=/+1
i JO,E W), ze[-1,1],W € 2, (x,y) € [0,1]@, (6.19)

where {es}" | is the set of edges of the skeleton of the triangle graph with m = 3 edges,
Ze = (Ze(1), Ze(2)) for an edge e € E(F) and 0.F denotes the graph obtained by replacing
the decoration at edge e € E(F) with its derivative. This can be seen by following a very
similar argument in Section [6.1.3] and Lemma [C.3]
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As a consequence of our main result (Theorem [6.11]), we will see that the solution of the
SDE on M,, as defined above, converges to the solution X to a MVG McKean-Vlasov SDE,

which in this example, takes the form:

dX (t) = —4ma(W)(u,v)my (W) (u,v) dt + dB(t) + dL™(t) — dL*(¢),
W(t)(z.y) = Law(X(0) | (U, V) = (,9)),  (z,9) €[0,]?,  teR,,

given (U,V) = (u,v). Here my; and my evaluate the first and second moment graphons as
defined in Example [5.2] This example, naturally extends to all decorated homomorphism

density functions, thereby expanding the scope of Theorem

More generally we consider the following family of diffusions on symmetric matrices. For
n € N, let ¥,,: [—1, 1] xM,, be the restrictions of ¥, i.e., ¥, (z, X) = ¥(z, (X)) and similarly
define b, : [—1, 1] x M,,, where K is defined in Section . In Section , we will discuss
the existence of the solution to SDE and argue the weak convergence of the
sequence of processes (X,,), oy to the solution of SDE (MVG-MKV)).

6.2.1 Deriving the MVG McKean-Vlasov scaling limit

Recall (MVG-MKYV|) described in Section . Following a standard Picard’s itera-
tion argument, as done in Theorem [D.3 it can be shown that MVG McKean-Vlasov

SDE (MVG-MKV|) admits a pathwise unique solution under appropriate assumptions on
b and X.. For completeness, we record this as Proposition but skip the proof.

Assumption 6.3. Recall the definition of the generalized cut norm, || - ||g, from Defini-

tion . Let b, > be as in (6.18)) and satisfy global Lipschitz conditions, that is, there exists
L, xm € R, such that

sup ”b('zl?W) - b(ZQ’ W)”oo’;/ugnnz(zla W) - 2(227 W)”oo < L|Z1 - ZQ|7
€

Wwew
sup |[[b(z, W1) = b(z, Ws)|| o, sup [[X(z, W1) = X(z, Wa)| < km||W1 — Wa|g,
z€[—1,1] z€[—1,1]

for all Wy, Wy € 0 and 2z, 25 € [—1,1].
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Proposition 6.10. Let b and X be as above. Let <Q,]:, (E)t€R+,P) be a filtered probability
space satisfying the usual conditions that supports a pair of independent Uniform|0, 1] random
variables U,V (measurable with respect to Fy) and a Brownian motion B (adapted to the

filtration (.7-})1‘@&r ). Then, for any Wy € 20, there ezists a pathwise unique strong solution

(X,T) to the MVG McKean-Viasov SDE (MVG-MKV]).

In Theorem we show that under appropriate assumption on (X, (0)) the process

neN?

X, converges, uniformly on compact intervals of time, to a deterministic curve I' on MVGs

as n — oo0. And, this curve I' is described by the McKean-Vlasov system (MVG-MKYV|).

Theorem 6.11 (JAPST23]). Suppose Assumption holds. Let Wy € 20 and let W be
described by the MVG McKean-Viasov SDE (MVG-MKV)) with initial condition W (0) = W.
Let X,, be the solution of equation (6.1) with initial conditions X,(0) € M.,,. Suppose that

lim Ds(X,,(0), Wy) = 0.

n—oo

Then, for any finite time horizon T > 0, almost surely,
lim sup Am(K(X,(t)),I'(t)) = 0. (6.20)
N0 (0,7
The proof of Theorem closely parallels the proof of Theorem [6.6] Therefore, we only
give a sketch of the proof highlighting only the crucial differences. We provide the proof in

Appendix [D.2]

Remark 6.12. Note that the proof is stable with respect to small perturbations of drift.

More precisely, suppose b, in (6.1)) is replaced by gn such that Zn — by,

< «, for some
o
a, — 0 as n — oco. Then, the proof continues to hold and we still obtain the limiting

McKean-Vlasov SDE with the same drift b as in Theorem [6.111

Remark 6.13. In practice, we are often interested in the functions b and ¥ in (6.1) that
are obtained as the pull back of some functions by, Xy defined on [—1,1] X W as defined in
Section (6.2l Throughout this remark, we always assume this. It follows from Remark
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(i.e. by Lipschitzness of I' — v = E[[]) that under appropriate conditions on the X,(0),
solution of SDE (/6.1]) converges, in probability, to a deterministic curve v on the space of
graphons uniformly on compact time intervals.

Furthermore, note that the McKean-Vlasov equation depends only on
v(t) = E[I'(¢)]. One can, therefore, say that v(t) satisfies a graphon McKean-Vlasov SDE
that satisfies on (U, V) = (u,v)

dX(t) = bo(X(t), (1)) + Lo(X(t),7(t)) +dL™(t) — L7 (1),

1)z, y) = EX() [ (U, V) = (z,9)],

teR,. (6.21)

Thus we recover Theorem [6.6]

We should emphasize the point made in Remark 5.5 once again here. The same IEA gives
rise to both McKean-Vlasov SDEs (MVG-MKV)) and (6.21) (i.e., (Graphon-MKV])). The

crucial difference is X,, converging to this IEA in cut-metric is equivalent to only checking the

convergence of homomorphism densities with respect to simple graphs, while X,, converging
to this IEA in MVG is equivalent to the convergence of homomorphism densities with respect

to decorated simple graphs which is a bigger class of test functions.

6.2.2  Convergence of Metropolis chain algorithm to a Gradient flow on Graphons

In this section we will show that the relaxed Metropolis algorithm discussed in Section [2.2.2),
after taking r — oo and obtaining the continuous-lime SDE in Theorem [3.4] converges a
McKean-Vlasov SDE description of the form of SDE following Theorem m
Further, we will show that as o is taken to 0, the curve v obtained after projecting I' on
graphons, is nothing but the gradient flow of the Hamiltonian on the space of graphons.

In Proposition we show that, as n — oo, the paths of this process X,, converge to a
deterministic curve on MVG, describe by a McKean-Vlasov SDE with drift b
given by —fDH and ¥ = o. By taking the natural projection from MVG to graphons, this
implies that the paths of ¢ also converge (see Remark to a deterministic curve on the

space of graphons in the same scaling limit. Therefore, this deterministic curve on graphons



149

can be interpreted as the limiting evolution of the adjacency matrices of the sequence of
graphs G(-) and is parameterized by § > 0 and o > 0.

Let by be as in Definition Recall from Remark that ||bo + SDH|,, — 0 as
n — oo. As an immediate consequence of Theorem (see Remark we obtain that
the process X, converges to the McKean-Vlasov SDE defined in with drift
given by —fDH as n — oo. That is, given a pair of Uni([0,1]) i.i.d. random variables
(U,V) and a standard Brownian motion B on some probability space (£, G,P), consider the
following SDE conditioned on {(U, V) = (u,v)},

dX(t) = —BDH(E[T’ (1)) (u,v) dt + o dB(t) + AL (t) — dLW(2), 6.2
6.22
L7 (8)(z,y) = Law(X () | (U, V) = (z,9)),  (z,9) € [0,1]®,

for t € Ry, where (X, L®, L) solves the Skorokhod problem with respect to [0,1] (see
Section .
Proposition 6.14. Let X,, be a solution of (3.12)) with initial condition X,(0) € M, 4. If
lim,, o [| (X, (0)) — Wo||g = 0, then X,, converges in MVG sense, in probability, uniformly
over compact time intervals, to a deterministic curve I'” in the space of MVGs as n — oo.

Moreover, T'? is described by (6.22) with initial condition Wy.

Remark 6.15. Consider the curve 77 in the space of graphons defined as 7 (t) == E[I'7(?)]
for all t € Ry. It follows from Remark that the random curves (X,), .y converge in
cut-metric, uniformly on compact intervals of time, to 77 in probability. And, 47 can be

recovered as a solution of a MKV SDE satisfying on {(U,V) = (u,v)}
dX(t) = —BDH(¥*)(u,v)dt + o dB(t) + dLO(t) — dLW(2),
V()@ y) =EXO) (V) = (.9)],  (r,9)€[0,1]?, teR,,
where (X , L) L(l)) solves the Skorokhod problem with respect to [0, 1] (see Section .

(6.23)

When o = 0, the graphon McKean-Vlasov (6.23]) reduces to a deterministic evolution ~

of kernels given by

(b)) = 1(0)(z, ) — B / DH((3)(x.9)La, { - } ds. (6.24)
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for (z,y) € [0,1]®, t € Ry and initialization v(0) € Wy, where G, C [0,1]® for any
u € Wp is defined as
G, = {(x,y) € |0, 1](2) ‘ w(z,y) =1, DH(u)(x,y) < O}
U {(z,y) € 0,1]%]0 < u(z,y) < 1} (6.25)
U {(x,y) € [0, 1](2) | u(z,y) =0, DH(u)(x,y) > O}.
This can be seen by defining L(® and LV as

LO(t) = +/O b(v(s))(u, v)1{7(s)(u, v) = 1,b(7(s)) > 0} ds,

t
10() = = [ b)) 1)) = 0,57(5) < 0} ds,
on {(U,V) = (u,v)}, and observing that the process (X, L® L(") solves the Skorokhod
problem w.r.t. [0,1]® (see Section . It is clear that 7 is a constant factor reparametriza-
tion of gradient flow of H on the space of graphons. We now show that this is indeed the case,
that is, as 0 — 0 the curve 7 converges to 7 on the space of graphons under the cut metric,
uniformly over compact intervals of time. To this end, let (€2, F,P) be a probability space
equipped with a family of i.i.d. uniform random variables {U;}, y and a collection of inde-

pendent linear BM {B(m-)}( 2- We can therefore define an IEA X on this probability

4,5)EN

space such that

dX( () = —BDHE[ (D)) (Ui, Uy) dt + o dBi)(t) + L), (1) — AL (1),

L7 (t)(w,y) = Law(X7 () | (U, U;) = (2.9)),  (z,y) € [0,1]),
for t € R, where (X v L(O),L(l)) solves the Skorokhod problem with respect to [0, 1] (see
Section [2.4)).

Let v be as defined in (6.24)). Recall that v(¢) can be naturally identified with an MVG
I'(t) defined as I'(t)(z,y) = 0,1z for (z,y) € [0,1]. On the probability space (Q, F,P)
we define another IEA given by X(; ;)(t) = w(t)(U;, U;) for (i,j) € N®. Notice that the IEA
X satisfies the McKean-Vlasov SDE given by

X (t) = —BDHEL )] (U, Uy dt +d LY (1) — AL (),

(i

teRy, (6.26)
L(t)(w,y) = Law(Xa () | (Ui, Uj) = (z,9),  (2,9) € (0,1,



151

where (X, L, LW} solves the Skorokhod problem with respect to [0,1] (see Section .
Note that given {U;},.y the IEA X is deterministic. In particular, I'(¢)(z,y) = 0y (a,y) for
a.e. (z,y) €[0,1]®.

Proposition 6.16. Let 79 € W1 be a kernel. Let 47 and y be defined in equation ([6.23)
and (6.24). Then, for every finite t > 0, sup,c /77 (s) = v(s)llg < 2Ca*texp(Ct?) for

some universal constant C' > 0.

The proof of Proposition [6.16] is provided in Appendix [D.2.1]

Notice that the drift is a constant multiple of — D7, the direction of steepest descent of H.
When o = 0, it is clear that the limiting curve is a time-reparametrization of the gradient flow
of H on W. Proposition [6.16|shows that, as ¢ — 0, the family of limiting curves on graphons
converges to a time-changed gradient flow of H. Finally, Proposition [6.18] establishes the
exponential convergence rate of this flow under appropriate convexity conditions on the

Hamiltonian.

6.2.3 Rate of convergence to McKean-Viasov SDE and to equilibrium

Proposition 6.17 (Non-asymptotic high probability error bound). Let X7 be a solution to
equation (6.1)) for ¥, = 0. Let the assumptions of Theorem and Proposition hold.

If the initial condition is i.i.d., then

s?p}ym(xg(s)) —T(s)||3 < Con~ % 1og®? n + (64011 + 2C0%t)e " rat”, (6.27)
s€|0,t

with probability at least 1 — 5n=3/7 — tn~ 7% . Here L(s)(x,y) = Oy(s)(ay) for a.e. (x,y) €
0,1]®, and s € R, following equation (6.23)); and x = 32v/6(L? + 2/4;2.)1/2.

The proof of Proposition [6.17)is provided in Appendix [D.2.1]

Proposition 6.18 (Convergence McKean-Vlasov ([6.24]) to equilibrium when o = 0). Let H
be dn-lower semicontinuous and satisfy Assumption with A > 0 and L € [\, 00) U {oo}.
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Let ~y be the graphon valued curve as defined in (6.24]). Let 7y, € V/\7[0,1] be a minimizer of H,
then

05(7(0), )

teRy. 6.28

H( (1) = H(7) <

Moreover, if A > 0 and L < co and vy, € V/\ZOJ] is the unique minimizer of the strongly convex

function H, then fort e Ry,

1(0),7) < B ((0) %), HO) — H) < e NEG0), 7). (629)

The proof of Proposition [6.18]is provided in Appendix [D.2.1]

When H is a linear combinations of homomorphism densities, it is only semiconvex.
However, one may regularize ‘H by adding a large enough multiple of scalar entropy to make
it strictly convex (see Section and satisfy the conditions for exponential convergence in

Proposition [6.18

6.2./ Computational example from Extremal Graph Theory

To illustrate our results in this chapter, we give a concrete example with numerical simula-
tions. To motivate our example again from Section and Section [6.1.4], we first recall the
celebrated Mantel’s theorem [Man07] from extremal graph theory. It states that the maxi-
mum number of edges in an n-vertex triangle-free graph is n?/4. Further, any Hamiltonian
graph with at least n?/4 edges must either be the complete bipartite graph K, /2 /2 or it must
be pancyclic [Bon71]. One may attempt to computationally verify this theorem by consider-
ing a “softer” version of the problem. That is, consider the Hamiltonian H(-) == Thr — oT_
for sufficiently small @ > 0. Here A and — are the triangle and the edge graphs respec-
tively. Recall that the homomorphism density function Tx of simple graph F', defined over
unweighted graphs, simply computes the density of the simple graph F' in the unweighted
graph. Thus, minimizing H can be roughly thought of as an attempt to minimize the number
of triangles in a graph while simultaneously maximizing the number of edges. The linear

combinations of homomorphism densities also appear in the study of exponential random
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graph models (ERGMs) which is usually defined as a probability measure on finite graphs
with density proportional to exp (—H) where H is a linear combination of homomorphism
density function [CVII]. Hence, in either case the behavior of the Metropolis algorithm to
simulate samples from the Gibbs measure is of interest.

We simulate the relaxed Metropolis chain sampling algorithm for H with o = 1/4, n = 16,
r=16,0 =1, = 1/4r and f = 1/4. In particular, H(-) = Ta — %;T*' The Fréchet-like
derivative of the Hamiltonian is given by DH(v)(x,y) = 3]}0’1} v(z, 2)y(z,y)dz — 1/4, for
(z,y) € [0,1]®, which is an affine transformation of the homomorphism density of 2-stars
in the graphon.

The limit of the adjacency matrix process of the relaxed Metropolis chain (see Sec-
tion as r — oo, followed by n — oo, and finally ¢ — 0, is given by the a curve

7v: Ry — Wy given by

(), y) = 7(0)(z,y) — B / DH(()(@.9)le,, (}ds.  (n.y) €012, (6.30)

where the starting point v(0) € Wy 1; is the L?-limit of the community edge density kernel of
the initialization of the Metropolis chain as n — oco. The set function G, for any u € Wy 1),
defined in equation , ensures that the velocity field does not point outside the domain
of W when any coordinate of the flow hits the boundary [0, 1].

Since the drift is a constant multiple the Fréchet-like derivative of H, the curve v is a
time reparametrization of the gradient flow of H. In Figure 6.3 we see that the iteration
sequence of the MCMC chain has a close resemblance with the curves shown in Figure |4.2
and Figure which are forward Euler discretizations of the gradient flow of H on (V/\7, 52).
After sufficiently many iterations, we see that the community density kernel corresponding
to the graph G£2.7x105 is close to the graph the one corresponding to a complete bipartite
graph as one would expect from Mantel’s theorem.

In Proposition [6.18 we show that if the Hamiltonian is strongly convex, the curve ~ con-

verges to the minimizer of ‘H with an exponential rate. Homomorphism density functions, al-

though semiconvex, are not generally strongly convex. To remedy, one may add to the Hamil-
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10 Lo

0.0 0.0 0.0

(b) G(3.5 x 10?)

G(100748)
Lo Lo - Lo

05

0.0 0.0 0.0

0.0 02 0.4 0.6 0.8 Lo 0.0 0.2 0.4 0.6 0.8 Lo

(d) G(2.0 x 10%) (e) G(1.0 x 10°) (f) G(3.7 x 10%)

Figure 6.3: A relaxed Metropolis chain algorithm simulation for H =T — }LT_.
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tonian a multiple of the scalar entropy function (see Section that makes it strongly convex
enough to guarantee an exponential rate of convergence. That is, for v > 0 large enough, the
following new Hamiltonian H,, defined as H,(y) == Ta(y) —3T-(7)+v f[o’l]g h(v(z,y))dz dy,
where h(p) = plogp+ (1 — p)log(1l — p) for p € (0,1) and zero if p € {0, 1}, is strongly con-
vex and the corresponding gradient flow curve converges exponentially fast. In fact, in this
particular example, H, as defined above is strongly convex for any v > 9/2. In particular,
if we set v = 5, following Proposition [6.18, we obtain an exponential rate of convergence
to the minimizer with rate S\ with respect to the 0, metric, where the semiconvexity con-
stant A > v — 9/2 = 1/2. However, to compare our current simulation in Section and

Section [6.1.4] we do not add the entropy regularization here.
6.3 Scaling limits of iterated products of matrices as curves on IEAs

We introduced the class of iterative algorithms of the multiplicative type in Chapter [2.2.3]
and derived the continuous-time limit of iterated products of matrices in Chapter for a
fixed dimension. In this section of the chapter we are interested in taking the dimension of
the obtained matrix-valued process to infinity.

To recall, the iterated product of matrices at iteration |mt| for any t € R, is

Lmt]

Pam(®) = [T (14 X50), xi) o= B+ \/mez,k)- (6.31)
k=1

where | [Mgz)} = Af;r,? and GE:,? is an independent matrix with entries i.i.d. as N(0,1) for
every k € [m]. Following Theorem [3.8] for every fixed n € N we have that as m — oo, the
sequence of curves (P ),y converges uniformly over compact time intervals to the curve

Texp|Y,,], where
t
Yalt) = tin / An(s)ds+0,Bu(t),  tER,,
0

where B,, is an n X n matrix with i.i.d. Brownian motions coordinates.
It makes sense to consider the limit of Texp|Y,] for a suitable class of semimartingale as

n — oo. This raises an immediate question — namely, in what sense do we take limits of
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(curves of ) n x n matrices as n — oco?

We will return to this question, but before that let us remark that the scaling pu, in
equation becomes important here. To make things easier to analyze, let us drop the
o, term and consider the iterated product where Mgz) = A, € M, forevery k € [m|, m € N
and n € N. Here, as m — oo, the product P, ,, in equation converges to e”. Note
that the coordinates of e are of the order O(e"), if the entries of A, are O(1). This forces
us to choose a suitable scaling p,,. For instance, if we consider the p, = n~! in dimension,
then e4»/" = I, + O(n™") for large n € N. Thus, the entrywise limit of e4#/™ becomes trivial.
Therefore, a more natural object to consider is n&, where &, = eAn/m — [ And, indeed the
entries of n&, remain bounded as n — oo — and therefore, one can hope to take the limit of
n&, in some sense as n — 0o. It is also instructive to consider the case when (Mé?)ke[m]
are the same matrices G,, with entries, say, i.i.d. N(0,1) for all m € N and n € N. In this
case, one can see that n&, = G, + O(%) Therefore, it may have a non-trivial limit.

Now, we come to meaning of limit as we increase the dimensionality of the matrices.
Consider the case in the above paragraph, that is, where <M£§))ke[m} are the same matrices
G, with entries i.i.d. N(0,1) for all m € N and n € N, and consider the matrix n&, =
n(eG"/” — ]n) =G, + O(%) Intuitively, it makes sense to say that, as n — oo, the matrix
n&, converges to an ‘infinite matrix’ or more precisely to an infinite exchangeable array
(IEA) whose entries are i.i.d. Gaussian (see Section [2.6| for definition and details). We can
now define a notion of limit of a sequence of matrices (X, € M,), .y as n — co. We say
that (X,,),cy converges to an IEA X if for every r € N, the r X r exchangeable matrix
Xof{r}y = (Xn(ni,n))) G )ep2 Where ny, ..., n, is chosen uniformly at random from all r-
subsets of [n] converges weakly to X[r] = (X¢)ee[r2-

Now let MY(LTZ) = 0 and let G,(ZZ) = (&, be a matrix with i.i.d. N(0, 1) coordinates for every
k€ [m], m € Nand n € N. Let 0, = n~"/? and consider n'/2&, where &, = e“/V?" — [
Notice that, in this case, because of the Central Limit Theorem (CLT), the coordinates of
WGZ are O(1). In particular, the coordinates of n'/2g, = >°77, %n*(k*szfL remain

O(1) as n — oo. Therefore, one may expect a non-trivial limit for (nl/ ZEn)neN even with
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this scaling. In other words, (nl/ 2€n)n€N converges to an IEA with i.i.d. entries with zero
mean and O(1) variance. In the view of Theorem [3.§] the goal of this section is to consider
the limits of Texp[Y;,] — with suitable scaling and centering — for a semimartingale Y,,(¢) =

L, fo s)ds + o,B,(t), t € [0,1].

6.3.1 Choice of scaling

In this section, extending the arguments done above, we will argue about the possible interest-
ing choices of scalings of y,, and ,,. To continue, we need some definitions and notations. Un-
like defined in Section [2.5] in this section we consider a kernel w to be a measurable function
w: [0,1]* — R that is square integrable. Let (U;),.y be a collection of i.i.d. Uni([0, 1]) ran-
dom variables and let w be a kernel. Just as defined in Definition we can construct a r xr
exchangeable matrix w{r} = (W (U;,U;)) i )ep2 and an IEA w{oo} = (w(U;, U;)) (i jyenz. If
X, is a n x n matrix, we will write X, {r} for K( »){r}. Finally, for two kernels u,v, we
define the kernel u ® v as (u ® v) fo v(z,y)dz for a.e. (x,y) € [0, 1)%

Let u: t — fo s)ds be an absolutely continuous curve of kernels. We can extend the

definition of J; for £ € N to the kernels by setting

Ji(u)(t) = /A “ w(sg) © w(sp—1) © w(s1) - dsy---dsy,

and similarly define

t) =Y Ju(u)(t). (6.32)
k=1
Let us now try to make sense of the limit of Texp[Y,,] when o, = n~/2 and A, = 0.

Example 6.2. Consider the semi-martingale Y,, = where B, is a matrix whose coordi-

\/77
nates are i.i.d. BMs. Let us look at Texpl[Y,]. It is instructive to consider the case when

n = 1, that is, let B be a standard BM. Note that

Jk(B)(t):/OtdB(sk)/OSk dB(sk_l).../OSQ dB(s1),  te[o.1].
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It is well-known that Ji(B)(t) = & Hy(B(t)) for every t € Ry, where Hy, is the k-th Hermite

polynomial [RY04, Proposition 3.8]. It follows that Texp[B](t) = exp (B, — %) for every
teR,.

Now consider the case n > 1. Fix k € N and fix coordinates (4, j) € [n]*. Note that for

B, - 1 1
Jk <%>(t)(z»]) = 2 R Z Uax(t),

agln]k—1

where if o = (i1,...,4,_1) € [n]*7!, then

Un nlt) = /O AB(s) (i ir1) /0 " AB (5o ) linr.ins) /0 " AB (1) i ).

Notice that (Uak(t)),epe-1 are 1.i.d. random variables with distribution S Hy(B(t)) where

a€n
Hy, is k-th Hermite polynomial. Moreover, U, and Ugy, are independent for a # 3. There-
tk

fore, for every (i,7) € [n]? \/ﬁJk(ﬁ—%)(t)(i,j) is again a Gaussian with variance 7; since

Var[LH,(B(t))] = tk—k, Moreover, observe that Jk<§—%>(t)(i,j) and Jj (5—%) (t)(k,1) are in-
dependent if (,7) # (k,1).
It follows that Texp|Y,](t) converges an IEA I, as n — oo where I.(i,7) = 1{i = j}

Jn
, we conclude that every fixed coordinate of n'/2E,, where

for all (4,7) € N%. Noting that {nl/zjk (ﬁ) (4, j)}kEN is a collection of independent random
variables for every (i,7) € [n]?
En(t) == Texp|Y,](t) — I,, converges to a Gaussian random variable with mean 0 and variance
(ef —1) as n — co. As the coordinates of n'/2€, are independent, it follows that (n'/ 26,), o

converges to an infinite exchangeable array where each coordinate is a time-changed BM.

Therefore, for large n, we see that Texp[Y,,| ~ I,, + \/LﬁBn(et —1) in law.

1

Now let us now try to make sense of the limit of Texp|Y,,] when p,, = n~" and there is

no diffusion term B,,.

Example 6.3. Let ¢ — Y, (t) = £ fg A, (s)ds be an absolutely continuous curve. Notice

that
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Let &, = Texp|Y,](t) — I,. Suppose that there exists some curve of kernels ¢ — w(t) such
that supsep 4[| K (An(s)) — w(s)|l, = 0asn — oo. Then, t = nK (Ji(Y,)(t)) = Je(K(Y,)(t))
also uniformly converges in L?([0,1]?) norm to Ji(w). In particular, nK (Ji(Y,)(t)) con-
verges to Ji(u)(t). Therefore, we get that K(n&,)(Uy,Us) converges — in probability — to
['(u)(t)(Uy, Us) where T'(u)(t) is the kernel T'(w)(t) :== > o, Ji(u)(2).

Notice, however, that K(n&,)(Uy,Us) is a random coordinate of n&,. More generally, it
follows that if {U;},.y is a collection of i.i.d. Uni[0, 1] random variable and r € N is fixed,
then r x r random submatrix (n&,)[r| of n&, converges — in probability — to r x r matrix
['(u)(t){r}. In other words, (n&,),,cy converges to IEA X defined as X(t) = I'(u)(t){oco} as

n — 00.

Remark 6.19 (Possible choices of y, and o,,). Notice the difference in the scaling of n x n

matrices in Example and Example . In Example if we consider Y,, = \/iﬁ f(f An(s)ds,

then as n — oo the coordinates of Ji(Y,,)(t) blow up for & > 2 while the coordinates of
J1(Y,,)(t) are going to 0. The < scaling in this case therefore is necessary. On the other
hand, in Example if we rather consider Y,, == % then (nl/ 2€n)neN will converge to the
zero IEA, while (n&,), oy converges to IEA whose coordinates are independent BM. This
explains our choice of u,, = o, = % and p, = a,% = % as mentioned in the beginning of this

section.

6.3.2 Deriving the IEA scaling limit

With the choices of the interesting and non-trivial scalings discussed in Section [6.3.1} we are

now ready to state the main result of this section.

Theorem 6.20 (IEA convergence [STH™24|). Let A, be a continuous curve of nXn matrices

and let 'Y, be a M, -valued semimartingale such that

AY,(t) = pnAn(t) dt + 0, A B, (1),
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and define E,(t) = Texp|Y,|(t) — I, for t € [0,1]. Let w € C([0,1], L*([0,1]?)) satisfy

lim sup || K(A,)(s) —w(s)|, =0, t €[0,1].

=0 5¢0,1]

Define u: t — u(t) = fgw(s) ds. Then the following statements hold true.
1. If pp = 0, = nt, then n&,(t) converges, as n — oo, to an IEA X satisfying
X(t) =T'(u)(t){oo} + Buo(t), t€10,1],

where By is an IEA with i.i.d. Brownian motion coordinates and is independent of

'(u){oo}.
2. If pp = 02 =n7', then
n'2&, = n'’*(Texplo,B,| — I,,) + O(n_l/Z),
and it converges, as n — oo, to an IFA X satisfying

X(t) = Buo(e' —1), telo,1].

3. If pp = 02 =n7', then
nt/? (nl/zgn — n/?(Texplo, By] — 1)),
converges, as n — 0o, to an IEA X satisfying
X(t) =T(u)(t){cc} + Z(2), t €[0,1],
where Z is an zero mean IEA with explicit covariance described in the proof.

The proof of Theorem [6.20] is provided in Appendix [D.3.1]

Notice that limiting IEA in case [2| in above theorem is independent of the the limiting
curve of kernels w. In other words, the limit is trivial in some sense. It makes sense to do
another centering and scaling to obtain a non-trivial limit in this case — that is what we do

in case B in the above theorem.
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Remark 6.21 (IEA approximation). Following Theorem we can infer the following

law approximations when n € N is large.

1

1. When p,, = 0, =n~", we have that

TexplV,](t) = I, + %F(u) (B){n} + %Bn(t) + %En(t),

where the coordinates of F,(t) have O(1/n) variance.

2

2. When p, =02 =n"!

, we have

Texp[V,](t) = I, + %F(u)(t){n} + ian(et ~1)+ 200+ %En(t),

NG

where once again E,(t) has entrywise variance of order O(2) and Z,(t) has Gaussian
entries with explicit covariance that is non-zero only for elements in the same row of

same column.
Remark 6.22. Following Remark [6.21] let hy € R™ and let hy := Texp[Y,,|(t)ho for t € R,.

1. When pu, = 0, = n™ !, it is easy to show (see Appendix |[D.3.2)) that the coordinates of
LB, (t)ho are i.i.d. Gaussian with variance n=? ||holl5, while the coordinates of LE,(t)ho
are also Gaussian with variance of the same order O (n =2 ||h0||§) In particular, for large

n, we have the following approximation for A,

he = ho + %F(U)(t){n}ho +O0(n™holl,),

where the above error in the approximation is coordinatewise. We also see that the

coordinates of hg + +I'(u)(t){n}ho are O(e“||hol,).

1

2. When p,, = 02 = n~!, similar to the previous case, we obtain

1 1 1
%Bn(et - 1)h0 + ﬁZn(t)hO + EEn(t)ho,

where E,(t) has Gaussian coordinates with variance O(1/n). In particular, just like

hy = ho + %F(u)(t){n}ho +

the previous case the entries of £ B, (t)ho have variance of order O(n=?||hg 13). However,
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unlike the previous case, we notice that the coordinates of \%Bn(et—l)ho are i.i.d. mean
0 Gaussian with variance (¢! — 1)||hol|5. And, similarly, the coordinates of L Zn(t)ho
are zero mean Gaussians with variance and covariance between its coordinates growing

with ¢. This yields, the following approximation of h; for large n,
1
he & ho + EF(U)(t){n}ho + Vel = 1lholly€ + lhollyme + O (n ™ [ oll,),

where ¢ € R" is a vector of ii.d. standard Gaussian random variables and 7
is also a vector of Gaussian with each coordinate having variance of the order
O((e“" — 1)? + C*t*e*°") and absolute covariance between its coordinates of the order
O(C*t"e*°"). As previously, the approximation error O(n=!| he|,) is coordinatewise

and we once again note that the coordinates of ho + LI'(U)(t){n}ho are O(e“*||holl,)-

The moral of the above discussion is that in the first case, we can approximate h; as hg +
LD(U)(t){n}ho up to a vanishing error. In the second case, we still have the approximation
of hy as ho + LT(u)(t){n}ho plus a mean zero Gaussian noise. The signal has a magnitude
of ©(e“"). For t = o(1), noise is of the order O(Ct) with correlation of the order O(Ct?).
For ¢ = Q(1), the noise is of the order O((1 + Ct*)e“"), and the absolute correlation is of
the order © (%). This manifests itself via the fact that the noise has a variance that

is non-vanishing in dimension — but the noise in each coordinate can be described explicitly.

6.3.3 Deriving the operator scaling limit

Another closely related notion of convergence is the convergence in the sense of operators.
Let W be a bounded kernel. One can associate with w a Hilbert-Schmidt integral operator

T, on L*([0,1]) as

(T f)(z) = / we) i)y, ferX(0,1), eI

Using the correspondence between A, and K(A,), we can therefore, asso-

ciate a Hilbert-Schmidt operator with every A, € M,,. Let L2([0,1]) =
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{f € L*([0,1]) | f is constant a.e. on (i — 1/n,i/n]}. Note that L? is a linear subspace.
Let P, be the projection operator on L2([0,1]?). Note that P, is the integral operator
corresponding to the kernel nK(I,) where I, is the n x n identity matrix. Note that for
any A, € M,, the operator Tk(a,) on L*([0,1]) and Tk(a,) commutes with P,. Recall
that a sequence of operators (71},), .y On L? are said to converge to T, in strong sense, if
|Tnf —Tf|l, = 0 for every f € L*([0,1]). Naturally, we say that (A, € M,), .y converges

to an operator T on L*([0,1]%) if (Tx(a,)), converges to T' in strong sense. Note that

neN

even if (TK( An)) converges to some operator T, the limiting operator 1" need not be

neN
a Hilbert-Schmidt operator. For example, A, = nl, converges (in the above sense)
to the identity operator idiz(1 on L*([0,1]) which is not compact and hence not a
Hilbert-Schmidt operator. Another important observation to make is that if A,, B, € M,
then Tk, Tk, = Tk(an)-K(B,) = TK(%Aan). Notice that if (A, € M),y is a sequence
of symmetric matrices and (K(A,)), oy converges in L*([0,1]%) to a symmetric kernel W,

An/n

then ne converges to e/W where e’ is the exponential of self-adjoint compact operator

defined via functional calculus.

Theorem 6.23 (Operator convergence [STH™24|). For every n € N, let Y, be a semi-
martingale such that dY,(t) = p,An(t)dt + 0,dB,(t), where A, is continuous. Set
&y = TexplY,| — I,. Suppose that (A,), .y converges to a curve of operators T' uniformly

on compact intervals of time. Let supyeioyllT(s)|l,, < Ci for every t € [0,1]. Then, the

”op

following statements hold as n — oco:

1. If pp, = 0, = %, then n&, converges in operator norm to the curve of operator, Try),

uniformly over compact subsets of time.

2. If p, = 0% = %, then n'/2&, converges in operator norm to the constant curve of zero

operator, uniformly over compact subsets of time.

3. If u, = 02 = %, then n'/? (n1/2€n — nl/Q(Texp[Jan] — In)) converges in operator norm

to the curve of operator Tr(,, uniformly over compact subsets of time.
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The proof of Theorem [6.23] is provided in Appendix [D.3.2]

If t = K(A,)(t) converges to a curve of kernels w in the cut metric, uniformly over
compact subsets of time ¢ as n — oo, then A, converges to operators t — T'(t) = T,
[ Tie(an () = Tu(®)]l,, <

| K (Ap)(t) —w(t) ]|1D/4. Combining this with the fact that Tk ,,) converges — in strong topol-

over compact intervals of ¢t as n — oo [Lovl2, Lemma 8.12], i.e.,

ogy — to idyz(o,1) as n — oo. Thus, we obtain the following corollary of Theorem [6.23]

Corollary 6.24. Let Y, be as in Theorem [6.23. Assume that K(A,) converges in the cut-

norm to a continuous curve of kernels W as n — oo. Then the following hold as n — co.

1. If i = 0, = £, then n'Texp|Y,] converges in — strong topology — to Texp(T,](t), where
¢
Tu(t) = fO Tw(s) ds.

2. If u, = 02 = %, then n Texp|Y,] converges in — strong topology — to the identity operator
idLQ([O,l]) on LQ([O, 1])

In Chapter [7, we will use the results obtained in this section to argue how the application
of the iterated product of matrices acts on an initial state vector. We will show that this
setup provides us with enough machinery to understand how neurons in a linear residual
neural network evolve across the depth of the network for every input as both the depth (m)
and the width (n) of the network go to infinity. This viewpoint will allow us to formulate a

control problem for the risk minimization problem of the infinite network.

6.4 Conclusion

Through each subsection of this chapter, we reach the scaling limit characterizations of the
three classes of algorithms detailed in Section The overarching philosophy and advan-
tage of these scaling limits is to establish a framework of well-defined mathematical tools
and principles applicable to problems in optimization, sampling, and large-scale computation

that involve complex mean-field interactions. The reader will observe that the permutation
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symmetry in two-dimensional exchangeable systems enables us to describe their scaling lim-
its in terms of objects (and their corresponding curves) across a hierarchy of mathematical
constructs - namely, graphons, measure-valued graphons, and exchangeable arrays. Depend-
ing on the level of detail required for a given application, the appropriate level of description
will suffice to draw conclusions from the scaling limit. With this theoretical exposition, in
Chapter [7] we will set up a simple machine learning application in which the scaling limits

derived in Section [6.3] in terms of exchangeable arrays and graphons, will be of relevance.
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Chapter 7

SCALING LIMIT OF LARGE LINEAR RESIDUAL
NETWORKS

In this chapter, we investigate the dynamics of input data as it propagates through the
layers of a linear residual network, characterized by random weight matrices. The transfor-
mation of an input data point through the network layers can be modeled as an application
of iterated products of matrices where each matrix is the linear transformation corresponding
to the network weights. By examining the asymptotics of iterated products of random ma-
trices under depth maximal update parameterization, following Theorem we establish a
scaling limit for these products which can be described via a non-commutative exponential of
a matrix-valued stochastic process (see Definition . Extending this analysis to networks
where both width and depth approach infinity, in Theorem [7.1], we demonstrate that the
neurons become independent, described by a Gaussian process whose mean and variance are
explicitly linked to the network weights. This framework simplifies the evolution of neurons,
leading to the phenomenon of propagation of chaos, where neuron interactions diminish, and

they behave independently in the limit.

In Section [7.1] we introduce the problem in the context of the popular scalings used to
initialize neural networks. In Section [7.2] we provide the setup and discuss the implications
of scaling the depth and width of the network. In Section [7.3], we present the main results of
this chapter, followed by a discussion of related work on the scaling limits of infinite depth
networks. In Section [7.4] we support our theoretical results with numerical simulations,
demonstrating a fine agreement. Finally, in Chapter [7.6, we discuss the potential directions

for future research and some limitations of our work.
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7.1 Introduction

Over the decades, deep learning has garnered significant interest in machine learning, mainly
due to its recent empirical successes. Increasing the number of parameters by increasing
the width and depth of neural networks has consistently led to notable improvements in
model performance [KMH™T20, HBM™22, [ZKHB22, [KH23]. The probabilistic, statistical,
and optimization behavior of deep networks has been analyzed under various asymptotic

setups, infinite width, infinite depth, and both [PC21} [AK22].

As the size of a network increases, it is crucial to select a suitable scale-free pa-
rameterization that allows one to take the width and depth limits. Previous research
has characterized such scaling limits for networks with increasing widths and increasing
depths [YYZH24, BNL*24]. This scaling is known as the depth mazimal update parameter-
1zation, or simply Depth-pP. This scaling has been shown to support stable and non-trivial
feature learning [YYZH24]. The key to such parametrization is to have network of various
sizes converge to a well-defined limit and maintain the same rate of feature learning, thereby

allowing ease of hyperparameter transfer and a consistent interpretability.

We focus on the Depth-uP scaling and aim to investigate how neuron preactivations
evolve along the depth of a fixed network as both the depth and the width approach infinity.
Specifically, we examine residual neural networks with linear activations and aim to charac-
terize the evolution of neurons as they propagate from the input layer to the output layer

for a given set of weight matrices.

This scaling limit description of wide and deep neural networks has been extensively
studied at the network’s initialization, where the weights are initialized with i.i.d. samples
from the standard normal distribution [HN20, LNR21, ISCF*21, [CL.S23| [HY23a]. Specifically,
works such as [CLS23| [ISCFT21| characterize the limit of a randomly initialized infinite-width
and infinite-depth Residual network as a Gaussian process with a kernel that satisfies a
particular partial differential equation. Similar investigations are conducted in [GARAIS,

NXLT18, INLL"24| for various popular architectures of neural networks. Indeed, there is an
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extensive body of research focused on deriving scaling limits for the lazy neural tangent kernel
regime [HN19], neural network Gaussian process limits [Antl19, [Yai20) [LS21 [ZVCRP21],
SEVM™22, [Han22], as well as the rich feature learning regime |[JHJ"23, [BP24, BNL™24].

Since we consider residual networks, the identification of a neuron stays the same across
all the layers. To understand the description of the ensemble of neurons, we consider the
class of networks where each layer is parameterized by a scaled drift matrix perturbed by
independent Gaussian noise. The scaling of weight matrices used is akin to Depth-uP.
Keeping the number of neurons (width) in each layer fixed, we first characterize the infinite
depth scaling limit by a matrix-valued stochastic process. The evolution of the neurons can
be obtained by applying this matrix process to an input of the network. We take a further
limit of this process to describe the evolution of the neurons as the width goes to infinity.
See Figure [I.4]in Chapter [I] as an illustration. As a result, we show that the neurons become
asymptotically independent, and the evolution of a tagged neuron can be characterized by a
Gaussian process whose mean and variance can be written explicitly in terms of the weights

of the limiting network.

Since we consider linear activations, the problem concerns understanding the corre-
sponding limit of the iterated matrix products of triangular arrays. Since each layer
has a residual connection, the corresponding linear operator is a random perturbation
of identity by a (possibly random) drift and a random noise matrix. Limits of iter-
ated matrix products have been extensively studied because of their ubiquitous appear-
ance [Belb4, Ber84l [FK60, [Fur63, [Joh94, [Tut65, Wat84, [TN13, [EH18, [HW20, [HN20]. How-
ever, most of these analyses are limited to matrix products for a given sequence of random
matrices and do not consider triangular array of matrices which is crucial for applications.
Another crucial departure from the previous works is that we describe the scaling limit of
the running product of matrices, which is essential to describe the evolution of the neurons
at intermediate layers. Finally, most of the previous analysis is limited to fixed dimension
of the matrices. As the dimension grows to infinity, the action of a matrix on a vector (ap-

propriately normalized) exhibits propagation of chaos [Szn91l [CD22]. Thus, passing to the
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infinite depth limit allows for a simpler description of the evolution of neurons.

With this work, we provide a precise description of the scaling limit of the evolution of
neurons along the depth of the network with given weights in infinite width and infinite depth
regime. The limit of this evolution can described by a Gaussian process of every neuron.
The mean of this process is characterized as a non-commutative exponential of a curve W of
operators that is the limit of the drift in the weight matrices of the network. The variance
of this process can also be described explicitly in terms of W. This description allows us to
describe the output of the network as a function of depth. As the training aims to minimize
some risk function, one can alternatively view the training task as an optimization problem
over the mean curves of Gaussian processes, which, as we show, depends non-locally on a
curve of operators. This characterization effectively yields an optimal control problem where

the input space is the space of continuous curves of operators.

Notation We define an empty product of matrices as identity and always interpret [] of
a finite collection of matrices indexed by time as denoting ordered multiplication going from
left to right with increasing time indices. For any n € N, A,, € R and any H, € R", we
define their embeddings on L*([0,1]?) and L?([0,1]) as the kernel K(A,) and the function
K(H,), respectively, defined as: K(A,)(u,v) = Ay (fnul,[no)) and K(H,)(u) = Hy ) for

every u,v € [0, 1].

7.2 Background and Setup

We consider the simple setup of a linear residual neural network. As also introduced in
Chapter [1.4.2 the feedforward computation of the network initialized under the Depth-uP

12m=1/2 at every

scaling determines the scale of the network weight matrices, the scaling n™
layer, and the output scaling of n~!, where m € N is the number of hidden layers (depth)
of the network, and n € N is the number of neurons in each layer (width). Let d € N be

the input dimension. We assume that elements an input € R? are O(1). Therefore, the
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Figure 7.1: Evolution of neurons H, x from input (k = 0) to output layer (k = m) for a fixed
input, in linear Residual neural networks with depth m € {16,512} and width n = 512. As
m increases, we expect the evolution of neurons (in light brown) to converge to a stochastic

process. The curve in dark brown represents the mean of the neurons along depth.

network computes its output as:

NG

Here, the matrix J € R™*? is a fixed sampling matrix with (possibly random) entries of the

1 m ) 1 ¢
Hpo=Jx, Hup=Hpu1+ W@,&,ﬁﬂn,k_l, kelml, jx)=— Zl Hymi (7.1)

order ©(1). Examples of such matrices are the tiling matrix that repeats the input = for n/d
many times if n mod d = 0, and the matrix with elements i.i.d. as N(0,d~!). This operation
ensures that the elements of H,  are again O(1). See Figure , where we illustrate the
evolution of the neurons for a single fixed input for a trained linear residual Neural Network
(NN) on a classification task.

The trainable matrices O™ = (QS’? for every m € N are the n x n dimensional

)k’e[m]
weight matrices corresponding to every layer. At the time of initialization, these matrices

(m
n7

are set to have i.i.d. N(0,1) entries, that is Hg'z) = G where the elements in GSZ,) are all
i.i.d. standard Gaussian for every k € [m] and every m € N.

At the initialization, notice that, at every layer k& € [m], the change in every neuron
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i €[n], ie, Hyk; — Hypj—1, is random with a variance of O(m~1). This observation ensures
the network output stays O(1). As the network is trained, the matrices ol change to
have a non-zero mean, which allows the network to learn via an empirical risk minimization
process. Notice that if the non-zero drift matrices have O(1) entries, the mean of the entries
of 9%3 H,, ;1 are of order O(n), implying that the resulting change in every neuron at every
layer is of the order O(n'/?m~1/2). Because there are m many layers, the net effect of the
drift is of the order O(n'/*m!/?). Since we want to take n and m to infinity, such a choice
of scaling the drift cannot be made since it leads to divergence of the neurons. For feature
learning, we require that the total change in every neuron must be of the order O(1), which
forces the bias term to scale as O(n~'/?m~'/2). Therefore, a reasonable way through which
these weight matrices O can be modeled is
1
Vnm

are random bias matrices with means (A%f))

o) = MUY+ G, ke[m], meN, (7.2)

where (MT(L";)) respectively. We note

ke[m] ke[m]

that although updating the network weights via empirical risk minimization can change the
entire distribution of the weights and not just the mean, our description of the limit shall
only consider network parameterizations restricted to the above form. Particularly, each
element of the weight matrix in this model has a fixed variance of one.

Using the above model, the layer |mt], for t € [0,1], computes Hy, |m¢] = Pom(t) - Hnp
where

Lmt] 1

1
Pom®) =TT (ln+ X0), X0 = — ()
) () ,}i[l + n,k n,k nm n,k + \/ﬁ

It is important for us to consider different finite sequences of matrices for every m € N.

o, (7.3)

Since we want to scale the depth to infinity, it makes sense for us to be able to correspond
layers in networks of a different depth. That is, since we are parameterizing the depth with
t € [0,1], there needs to be a correspondence between layer [mit| of a network with m;

layers and layer |mat]| of a network with my layers. In particular, for every t € [0, 1], we

(m1) ~ A(mz)

mlmat] N A gt when m; and my are sufficiently large. To keep this

essentially want A
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correspondence between layers consistent for networks of different depths, we are required
to consider triangular sequence of matrices for every fixed width n, such that the piecewise-
constant curve t — Afﬂ)mt | has a uniform limit ¢ — A, (¢) as we take m — co. See Figure
where we illustrate this.

For a finite network with depth m and width n, in order to understand the evolution of
the neurons at any layer |mt] for some ¢ € [0, 1], we need first to understand the evolution

of the product of iterated matrices P, ,, defined in equation (7.3). We do this in two steps.

7.2.1 Taking the depth limit

We first take m — oo keeping n € N fixed and show that the matrix processes (Pnm),,cn
admits a limit that is described as a process on n X n matrices that starts with the identity
matrix. This description allows us to approximate the evolution of neurons in a finite depth
finite width network to an infinite depth and finite width network obtained as a limit.

To get an intuitive idea about the limit, observe that P, ., satisfies P, ,,(k/m)— P, ((k—
1)/m) = XZ’;)anm((k: —1)/m) for every k € [m]. Summing over for k € [|mt]], we get

2

Pon(t) =L+ > XUV Pk —1)/m),  te[0,1].
k=1

This suggests that if Y}, ,,(t) = Z,E":ij Xfltz) admits a limit Y,,(¢) as m — oo for every
t €[0,1], then (P, m),,cy should converge to a curve P, satisfying dP,(t) = dY,(t)P.(t). In
the particular case when Mffz) = A,, for some deterministic n x n matrix A,,, and GE:T,? =0
for all k € [m], it is easy to see that Y, (t) = tA, for every t € [0,1], and therefore P,, in
this particular case, solves the matrix-valued ordinary differential equation (ODE): P! (t) =
n~tA,P,(t) with the initialization P,(0) = I,. The solution, in this case, is well-known to
An/nds

be the matrix exponential £ — elo

More generally, notice that
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where recall that A;Tj,? = E[MSZ)} for every k € [m]. Since (Méfz))ke[m} are independent,
the second term goes to zero as m — co. While the first term gives a deterministic drift
approximately }l fot Aiﬂsz ds and the last term is given an independent diffusion in each
coordinate. This suggests that under appropriate assumptions (Y, ,,)men converges to the
solution of an SDE:

AY, (1) = %An(t) dt + % dB,(b), (7.4)

where A, (t) = lim,, Agﬁnt | for t € [0,1] is a deterministic curve of n X n matrices, and B,
is a n X n matrix containing i.i.d. Brownian motions. However, because the curve Y,, need not
be commutative, i.e., ¥,,(s)Y,(s") need not be equal to Y, (s")Y,(s) for s,s" € [0, 1]. Therefore,
the limit of the iterated matrix products need not be the pointwise matrix exponential
t i eJo dYn(s)

The solution to the above problem comes from what we call the non-commutative expo-
nential, denoted as Texp[ - |. We define the non-commutative exponential of any continuous

semi-martingale Y,, in Definition . In general, TexplY,| is not a local map, i.e., at any

time ¢ € Ry, Texp[Y,](t) can depend on the entire past (Y, (s))cp -

7.2.2  Taking the width limit

We now take a limit as the width n goes to infinity. Notice that if the network has n neurons
in every layer, the state of the neurons for the infinite depth network, at depth ¢ € [0, 1] is
Texp|Y,](t)Hno. Expanding Texp[Y,] from equation (7.4)), we obtain

TexplY,](t) = I + r(l / Au(s) ds) (t) + F(LBn> )+ 22, + LE(1),  (75)

n Jo VLD n n

where the matrix Z,, has Gaussian entries, which have an O(1) covariance between the entries
in the same row or column, and the entries of F, have variance O(n™!). In particular,
for a vector H,, € R", we notice that the entries of (I, + I'(n™" [; An(s) ds)(t)) Hpp are
O(1) and are deterministic given A, and H, . While F(nfl/an) (t) has i.i.d. Gaussian

coordinates with variance of order O(n~') and hence I'(n"'/2B,)(t)H, o has entries that
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are i.i.d. Gaussian with variance of order O(1). The matrix Z,, also has Gaussian entries;
however, the entries of Z,, have non-trivial correlations along the rows and columns. We
further show that n='Z, H,, o has Gaussian coordinates with O(1) variance in each coordinate
and a correlation of order O(n™') between two distinct coordinates. Finally, the entries of E,
have O(n~!) variance and therefore the coordinates of n‘lEan,g are mean 0 and variance
O(n™1h).

The conclusion is that for large width (and infinite depth), the evolution of two randomly
chosen neurons can be asymptotically described as independent Gaussian processes (corre-
lation between them is of order O(n~1)). Furthermore, the evolution of a fixed randomly
chosen neuron can be entirely described by a deterministic drift and a time dependent order
O(1) Gaussian fluctuation. Particularly, as n — oo, the piecewise constant interpolations of
the evolution of a randomly chosen neuron, converges weakly in the space of cadlag paths
with respect to the supremum norm on [0, 1]. The drift and the Gaussian fluctuation can be
written explicitly in terms of the network weights.

In Section we describe our main result, where the aforementioned arguments are

formally presented in Theorem [7.1], along with their immediate implications.
7.3 Main Results

In this section, we describe the limit of this evolution as the width of the infinite depth
network, and show that the neurons exhibit a propagation of chaos behaviour. Let Y,, be as
defined in Theorem 3.8] Theorem shows that the repeated application of a transformation
on the initial set of neurons H, o € R" can be condensed into a single linear operation given
by the non-commutative exponential of the process Y,, at any depth ¢ € [0,1]. We now
describe the action of Texp[Y,](t) on the input H,  as n — oo.

To achieve this, we need consistency in A, and H,, as the dimension n — o0o. Let

(Hno € R") _. be asequence that converges (after embedding to L?([0, 1])) to hy € L*([0,1])

neN

as n — oo. In particular, H, o defined as in equation for the tiling matrix J satisfies this

condition after rearrangements. We are now ready to state our theorem.
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Theorem 7.1 (Evolution of neurons in an infinite width network [STHT24]). Let ¢t — w(t)
be a continuous curve in L*([0,1]?), and let hg € L*([0,1]*). Let H,o be as defined as in
equation (7.1). Assume that

i sup [1K(4(0) —w(®), =0, i K (Hao) ~ ol =0 (7.6)

n—00 ¢el0,1

Let u(t) == fg w(s)ds. Set H,(t) == Texp[Yy,](t)Hno. Then, the following holds as n — oo:

1. A coordinate of the process H, chosen uniformly at random converges weakly — with

respect to the supremum norm — to the solution H of the SDE:
dH () = (T(u)(t)ho) (V) dt + [[oll, (" — 1)'/2 dB(t) + dn(t),

starting at H(0) = ho(V), where V ~ Uni([0, 1]) and B is a standard BM and n is a
time-changed BM, independent of B, with variance ngF(u)(s)hOHg ds at timet € [0, 1].

2. For any finite collection of independently and uniformly chosen coordinates of the pro-

cess Hy,, their joint distribution converges weakly to the product measure of the law of

H.

The proof of Theorem [7.1]is provided in Appendix [E]

Remark 7.2. In practice, the input of the network often comes from R? by the map H,, o =
Jz, where J samples the coordinates of r € R? to populate H,, € R". We can take
ho € L*([0,1]) as ho(u) = zfgu1. Given (U;),oy 1.1.d. as Uni([0,1]), we can define H,, to be
a certain rearrangement of (ho(U;)),(, such that K(H, o) converges to ho in L*([0,1]) as

n — o00.

Remark 7.3. Following Theorem and  Assumption IT(w)(s)holl, =

O(||holly(e“* = 1)),  which shows that the variance of every neuron is
Iholl3((e = 1) + O(Jy (e — 1)?ds) ).

In the next section, we present numerical illustrations to demonstrate our result in a

simple setting.
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7.4 Numerical Illustrations

To illustrate our results empirically, we consider a simple synthetic dataset consisting of
N data points, each sample from N(0, I;). The label associated with each point is simply
the sign of the first coordinate of the point. We train a width n, depth m linear residual
neural network using the mean square loss function using stochastic gradient descent. We
take N = 6 x 10*, n = 512, m = 512, d = 32, and use the tiling matrix J as described in
Section [7.2]

In Figure [7.1] we fix an input and show the evolutions of the n many neurons along the
depth in blue. The network outputs the average of the neurons, and the red curve shows
this process of the evolution of the average along the depth. The label of the chosen input

is +1, which also agrees with the sign of the mean process at ¢t = 1.

We compute the average variance of all neurons across each data point for every layer,
with the mean and initialization subtracted. In Figure we plot this variance as a
function of depth, both at the initialization and after the network is trained with stochastic
gradient descent (with learning rate o< n as per [BNL'24]) to achieve maximum training
accuracy. Following Theorem since there are no drift matrices at the initialization,
taking C' = 0, we expect a variance of e! — 1. Later, when the network is trained, we expect

a variance of (ef — 1) + O(fg(ecs —1)2 ds) for some C' > 0. In Figure [7.2a] we plot the

observed average variance and the predicted variance from the expression above for C' = 0
and a suitable C' > 0 that closely agrees with the observations if we consider the variance
without the Big-O notation in our results. We find that at the initial layers, i.e., when ¢ is
small, i.e., t € o(1), the variance increases linearly, and for ¢ € Q(1), the variance increases

super-linearly as expected.

Since the limiting process that describes the network’s output is a continuous stochastic
process, one might question the advisability of evaluating the network’s output prematurely,
i.e., before the final layer. This approach can be helpful during inference time, particularly

when one wants to assess an approximate output with minimal computation or is considering
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Figure 7.2: Noise variance of neurons and classification accuracy along the depth (n = 512,

m = 512).

discarding the latter layers beyond a certain threshold depth to store only a smaller network
in memory. In Figure [7.2B] we plot the training classification accuracy of the fully trained

network as a function of depth for the above example.

7.5 Related Work

Exploration of puP and mean-field scaling limits in neural networks employs an optimal
transport framework to understand training dynamics across various architectures [SMNI8|
CB18, MMM19, [AOY19, [CCFRF22]. This includes describing the stochastic gradient de-
scent algorithm’s scaling limit through McKean-Vlasov equations [AOY19, NP20] and ex-
tending the framework to encompass first-order optimization and MCMC algorithms over
large exchangeable matrices, using insights from extremal graph theory [HOP™22, [APST23].
Authors in [CCFRF22] demonstrate that Gradient Descent on linear DNNs in infinite-width

limits follows a well-defined continuous-time trajectory within an infinite-dimensional space,
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reparameterized by f5-separately chained exchangeable arrays.

Residual neural networks have been studied under various theoretical angles [HY23b,
CCRX21., |IGul20]. Recent studies have explored training dynamics in infinitely deep and wide
residual neural networks under mean-field scaling, with non-linear activations and without
noise. Authors in [DCLW22] demonstrate that in such networks, gradient descent evolves
into a gradient flow characterized by a PDE that converges to a zero-loss solution. Comple-
menting this, authors in [BPV24] explore gradient flow convergence using a mean-field model
and the conditional Optimal Transport distance, demonstrating convergence to a global min-
imizer under appropriate initial conditions. Additionally, authors in [CLL*24] provide upper

bounds on the generalization error of these networks.

Authors in [LTE19] show that stochastic gradient algorithms can be approximated in
the weak sense by continuous-time SDEs which allows the application of optimal control
theory providing a general methodology for understanding and improving optimization al-
gorithms. We note that such works characterize the training dynamics of algorithms over
the parameter space, whereas our interest in this work is to provide a description of the
neurons in a fixed network. Authors in [GZ22] use optimal control to provide Hamilton-
Jacobi-Bellman asymptotics for the evolution of neurons under the Neural ODE that was

introduced by [CRBD18].

Recently, under Depth-uP, the depth and width scaling limits of residual neural network
dynamics have been analyzed using dynamical mean field theory (DMFT), proving that this
parameterization ensures the convergence of finite-size network dynamics towards a stable

and non-trivial limit described by DMFT equations [LNR21, BNL™"24].

7.6 The control viewpoint

The description of the scaling limit of a fixed network allows us to state the optimal control
problem associated with its risk minimization problem, where the control is the L?([0,1]?)

absolutely continuous curve w. To see this, note that following Theorem [7.1], the output of
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the network at depth ¢ € [0,1] is

yula:t) = / (Texplu] (o) (@) dg,  ult) = / w(s)ds, (7.7)

where ho(p) = x4y for p € [0,1]. Therefore, the problem of risk minimization reduces to
finding an L?([0,1]?) absolutely continuous curve w: s — w(s) of L*([0,1]?) kernels such
that a certain risk function R: w — Exyp[(y,(X;1),Y)] is minimized for a given data
distribution D supported on R? x R, for some loss function ¢: R x R — R, . This character-
ization of the learning problem can be viewed as an optimal control problem where w is the

control, and one wants to minimize cost functionals like R simply, or J defined as

1
J(w) =Exy.p [/ e My, (X;t),Y)dt|,
0

for some @ € R. It is reasonable to expect that if instead of R, one optimizes for J, one
can obtain a better accuracy curve than shown in Figure Such ideas have been put
into practice in various machine learning applications [SLJ™15, [TMKI6|, SFGT22, [LLL™24].
An intuitive interpretation of the control problem is to consider the layers of the network
as inducing a field over an appropriate space that steers the signal from the input layer to
the network’s output. Deriving the stationary conditions will involve the Hamilton-Jacobi-
Bellman equation and the Pontryagin maximum principle over the metric space of graphons.
For further details on potential approaches to progress on this problem, we refer the reader
to the motivating analyses in [WHLI18, WEI9] and the references therein.

Note that in the infinite depth and infinite width limit, the evolution of neurons in a fixed
network is described by a Gaussian process. However, the results in this chapter do not say
anything about how this driving process changes during the training. In particular, at the
initialization of a network, the drift matrices {Afﬁ{)}ke[m] are all zero implying that in the
limit, the curve w is zero. Under the setup we consider, it shall be interesting to analyze how
the curve w change under the influence of a training algorithm like SGD (see Definition .

Beyond the model studied in this chapter, posing the optimization problem on a suitable

space of Gaussian processes and investigating the resulting control problem may require the
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use of Malliavin calculus [NuaO6]. Such an analysis would enable a deeper understanding of
the properties of the minimizer, including insights into their stability. Moreover, identifying
the conditions under which algorithms like SGD converge to these minimizers is crucial for
addressing the broader set of questions raised in this work. This represents a significant

direction for future research.
7.7 Conclusion

In this chapter, we adopt a simple yet relevant setup from machine learning and apply the
mathematical developments presented in this thesis. We examine mean-field-like interactions
that emerge from iterated matrix multiplication in the context of forward computation in
residual neural networks. A recurring theme is the propagation of chaos, an emergent phe-
nomenon that arises as the system size approaches infinity, simplifying our understanding by
abstracting the problem and recasting it into analytical spaces more amenable to rigorous
calculus and analysis. For the context of machine learning, we provide discussion and outline

future work stemming from this research in Chapter [§
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Chapter 8
DISCUSSIONS

In this dissertation, we have provided a methodology to derive scaling limits of various
dynamics over large systems of matrices. We will now discuss some important issues and

insights stemming from this line of work.
8.1 Momentum-Based Iterative Algorithms

In Chapter we considered algorithms that use the first-order information of the
optimization objective to descend. This wide class of algorithms does not capture
popular methods like Nesterov’s momentum algorithm [Nes83, [SBC16], the Adam opti-
mizer [KB14, MLPA22], and other symplectic optimization algorithms [WW.J16]. These
algorithms use momentum to accelerate the optimization process and have their continuous-
time limits. It is therefore an interesting direction to extend the theory of gradient flows on

graphons and McKean-Vlasov SDEs on MVGs to provide scaling limits for such algorithms.
8.2 Theory of Gradient Flows for Measure-Valued Graphons (MVGs)

In Chapter we observed that under the asymptotic zero-noise setting, both the stochastic
gradient descent (SGD) and Metropolis sampling algorithm suitably converge to the gradient
flow of graphons. In Chapter [5 we studied the metric space of MVGs and introduced the
invariant L? metric, with respect to which the limiting curve of MVG turned out to be an
absolutely continuous curve. An immediate direction that arises from this is to develop
a theory of gradient flows on MVGs and conjecture that SGD and Metropolis sampling
algorithms may also converge to a gradient flow on MVGs. If true, this result would suggest

that not only does the system macroscopically converge to a curve of steepest descent, but
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the microscopic aspects, such as the distribution of the system’s coordinates, also vary in a

manner that minimizes the objective in some steepest sense.

8.3 Training Process of an Infinitely Deep and Wide Network

In Chapter |7} we considered a particular model of large noise in the random matrix model.
Our study in this chapter, as well as in the setup of Chapter [2.2.3] is currently limited to
parameterizing only the drift component of the weight matrices, which restricts the domain of
matrix-valued processes available for analysis. A promising extension could involve exploring
width limits for the non-commutative exponential of more general matrix-valued processes,

incorporating a non-identity covariance in the diffusion term.

8.4 Optimal Control and Training Dynamics

In Chapter [7.6] we showed how the parameterization of the infinitely wide and deep network
can be used to frame an optimal control problem. Particularly, framing the problem as an op-
timal control problem allows us to obtain the stationarity condition using the corresponding
Hamilton-Jacobi-Bellman equations.

Additionally, in Chapter [7], the evolution of neurons in a fixed network is described by
a Gaussian process in the infinite depth and infinite width limit. However, this result does
not address how this driving process changes during training. Investigating the behavior of
training dynamics may necessitate the use of Malliavin calculus [Nua06]. This represents a

significant future direction.

8.5 Neural Networks with Non-Linearity, Convolution, and Attention

In Chapter (7], we confined our work to linear activations, positioning our research around
understanding iterated products of scaled random matrices. A practically relevant extension

is to generalize our findings to include non-linear activations, such as the rectified linear unit

(ReLU).



183

In addition to networks containing fully connected layers, an interesting direction is
to examine architectures that incorporate convolution operations and attention mecha-
nisms [VSPT17], which are heavily used in the surge of transformer-based architectures,
such as those in large language models.

With these discussions, we conclude our thesis, introducing a broad framework and formal
language that can be employed to study systems of complex interacting coordinates and their

applications in machine learning.
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Appendix A
PROOFS OF THEOREMS IN CHAPTER (3|

In this section, we will provide the proofs of theorems in Chapter [3
A.1 Proofs of Chapter

In this Section, we will provide a proof of Theorem [3.1}
Recall the projected noisy SGD iterates defined in Definition 2.2} starting from X, €

M,,, rewritten for convenience:
Kot = P(Xok = 027V Ra(X i) = Ta g AMy + 112G, (PNSGD)

for k € R, where (G, ;) is any n X n real symmetric matrix valued martingale differ-

keZy
ence sequence with each element containing centered and independent entries up to matrix

symmetry, as defined in Chapter and
AMn,k = nzgn(Xn,k;gk—H) - n2VRn(Xn,k>7 k€ Z-I-‘

Observe that (AM; k)¢, is an nxn symmetric matrix valued martingale difference sequence
with respect to the filtration (fk)kez+ where Fj, == a({XmO, Eirt, Gnvi}ie{o}u[kfl] U{fk+1}) for
k € Z,. Without the martingale difference term 7, ;AM, 1, equation (PNSGD)) reduces to
the projected GD iterates with additive noise, (Yn,k)kem starting at Y, o = X, described

in (PNGD)), re-written below
Yy i1 = P(Ymk — 127 VR (Vo) + T;f,fGn,k), kez,. (PNGD)

Let w,(gn) = K(X, ) and vlin) = K(Y,;) for all k € Z, and let w™ and v(™ be piecewise

constant interpolations of (w,g")) her, and (v,in)) respectively with the step size sequence

kEZy
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T,. Using Gronwall’s inequality and an obvious coupling between the processes (PNSGD)
and (PNGDJ), we show in Lemma that the two processes are close as |1, — 0.

Lemma A.1. Let R: W — R be such that the Fréchet-like derivative ¢ = DR exists.
Suppose Assumptions and [3.9 hold. Let n € N. Let X,, and Y, be the piecewise con-
stant interpolations (see Deﬁnition of (Xnj)pez, and (Yok)yey, respectively, as defined
n and , with step size sequence T, = (Tn7k)kez+. Then, there exists a

universal constant C' > 0 such that for any T > 0 we have

E < Co®T|1,|exp|Cr3T?].

sup Hw (s) —v(")(s)H2

s€[0,T7]

Proof. Let X, and Y, be the piecewise constant interpolations of (X, ;);c, and (Y, ;);
respectively as defined in Definition 2.5] Define A: R, — R, as

At) =E

sup || Xn(s) — Yn(S)H%]’ teRy. (A1)

s€0,t]

Let k € Z, be such that ¢ € [t,x, tnx+1). Then, using [S1o94, Theorem 1],

2
)< CE (Z T |[P2V R.(X nQVRn(Yn,j)HF)
ZTS,jIIAMmII%] ,
§=0

where C' > 0 is some universal constant. From Assumption [3.1] since ¢ is ro-Lipschitz as
a map from L?([0, 1](2)) to L2([0, 1](2)), following Lemma [2.14) and the fact that ||A, |2 =
n?|| K (A,)|[; for all A, € M, we see that the map VR, : M,, — R satisfies

(A.2)
+CE

|2V R, (A,) — 12V R, (B,)|[5 < #3[| Ay — Ballp, V A, B, € M,. (A.3)

Using the Cauchy-Schwarz inequality, and equation (A.3)), we first bound the second term

in equation as
2
(Z%”n VR, (X,;) —n*VR,(Y, n,j)||F>
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k—
Z( 1/2> ZTMHn VR, (Xn;) = 0’V R (Y ,)|[5
=0 7=0
k-1
< Kyt E ZTMHXM nJHF < ﬁgt/ As (A.4)
7=0

where the last inequality follows by observing that if s € [t,, ;, ¢, j11) for some j € Z,, then
E[lXu(s) = Ya(s) ] = E[I1Xng — Yaslle] < Als).
Using Assumption [3.2] first note that

|AM 115 = (1720 (Xo: €)= 2V Ra(Xo )1
= 02| K (nu(Xo i Eri1) — 0V Ra(Xo)) |3 < 0™, (A5)

We use the above to bound the first term in equation (A.2)) as

E ZTiJIIAMn,jH%] < no’t|T,|, (A.6)
j=0

where |7,| is defined in Chapter as sUPjez, Tn.j-
Plugging back (A.4)) and (A.6]) in equation (A.2]) we get

¢
A(t) < Cno*t|T,| + Cngt/ A(s)ds, (A.7)

0
and applying Gronwall’s inequality [Gro19], we obtain A(t) < Cn?c?t|T, | exp[Cr3t?]. O

Our next step is to show that sequence of iterates defined in (PNGD)) is close to the
solution of the SDE (3.1)) which we reproduce below
dX,(t) = —n*VR,(X,(t) + Su(X,(t)) 0 dB,(t)
te Ry, (RSDE)
—dLy(t) +dL, (),
where B,, is an n X n symmetric matrix valued process whose entries are independent Brown-
ian motions up to matrix symmetry, and X,(0) = Y, o = X, 0 € M,,. The tuple (X,,, L}, L))
solves the Skorokhod problem with respect to the set M,, (see Chapter .
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In Lemma we compare (PNGDJ|) with a discretization of the SDE (3.1). This is
obtained by coupling the discrete noise in (PNGD)|) with the Brownian motion driving

the SDE (RSDE). Combining these we conclude the convergence of (PNSGD) to the
SDE (RSDE) as |1, — 0.

Lemma A.2. Let n € N. Let B, be an n X n symmetric matriz valued process whose
coordinates are i.i.d. Brownian motion (up to matriz symmetry) defined on some probability
space. Let X,, be the strong solution of SDE with initial condition X,,(0) = X,
(see ) Then, there exists a cadlag process ?n on M.,,, defined on the same probability

space as B, such that it has the same law as Y, the piecewise constant interpolation (see

Deﬁnition of (Y"vk)keZ+ obtained from (PNGD)). Moreover, for any T € R,

2
= 0.
2

Proof. Let B, be as given in the assumption and let X, be the strong solution of the

SDE (RSDE)). Since the discrete noise in (PNGD)) is Gaussian (see Assumption , there

is an obvious way to couple it with the Brownian motion driving the SDE in (RSDE)). Given

lim E

|[Tn|—0

sup HK(XH(S)) - K(}A}n(s))

s€[0,T

B,, and the step size sequence 7, = (7,1 > 0), €z define the discrete time n X n symmetric

matrix valued martingale difference sequence (Zn k) rez., S
’ +

Zyo =Ty (Bultuges1) — Bultar)), k€ Zs. (A.8)

)

Note that the entries in an are distributed as N(0,1) up to matrix symmetry for every

k € Z,. Starting from }A}n,D = X0, we now define an auxiliary process (}7”7k)kez+’ on the

same probability space as B, iteratively as

Va1 = P(?n,k 0’1, VR, (?nk) + i, (i’fnk> 0 an) ke Z,, (A.9)

Following Assumption , ?nk has the same law as Y,, , for each k € Z,. Let Y, R, - M,

be piecewise constant interpolation of ()7”;9> . The particular choice of (an) ke, in
kEZ+
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equation (A.8)) allows us to couple Y,, with the strong solution of the SDE (3.1)). Let éw’ =
Y <?n3> o Zm- for all j € Z,. The curve ?n can be written as

k—1 k—1 k—1
Y, (t) =Y, — Z n*7,; VR, (Yn,j) + Z T;,/]zan,j + Z Tog (Lny — Lit.), (A.10)
=0 j=0 j=0

for t € [tk tnk+1). Here (Lij)j€Z+

(see Definition of (Yn,k, L. ,, L k) he solves the Skorokhod problem with respect to
’ ’ +

M,, (see Chapter [2.4)).

Also consider three auxiliary processes @, @)

is chosen so that the piecewise constant interpolation

», and @, taking values over n x n real

symmetric matrices, defined as
t t
Qu(t) = X,(0) = [ wVRX, () ds [ 50X, (5)) 0 By (5), (A11)
0 0

O (t) == X(0) — /0 tnzan<f/n(s)) ds + /0 t zn(ffn(s)) o dB,(s), (A.12)

N
—_

k—1
Qult) = Xu(0) = D 0 VR (Vo) + 37l G (A.13)
§=0

0

B

for every k € Z; and all t € [t,x,tngr1). Observe that the curves X, and Y, can be
obtained by applying the Skorokhod map to the curves @,, and @, pointwise respectively. Let
?n : Ry — M,, be obtained from }/}n by applying the Skorokhod map. First observe that using
the Lipschitzness of the Skorokhod map, ¢ and ¥, (see Assumption Assumption ,
Chapter and equation (A.3])), we obtain

~ 2 —~ 2
E| sup ||V.(t) — Xo(1) ]gm@ sup HQn(t)—Qn(t) ]
t€[0,T] F te[0,7] F
t 2
< 16| sup / n2VRn(Xn(s))—nZVRn(Yn(s)> ds ]
t€[0,T] 0 F
t _ 2
+16E| sup / <2n(Xn(s))—En(Yn(s)>)odBn(s) ]
t€[0,T] 0 F

T
< 16/£§E[/
0

Xa(s) = Tals)

2
ds}
F
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T ~ 2
+64E[ 0 —2n<Yn(s))HFds}
T ~ 2
< 80&3/ E| sup || X.(s) = Ya(s)|| | ds, (A.14)
0 s€l0,t] F

where the second last inequality follows from Doob’s maximal inequality [KS91, page 14,
Theorem 3.8.iv] and the fact that for all A, € M, A} = n?|K(A,)|5. For any t €
[0, 7], define k; = argmin,c; {t > t,;}. Using the Lipschitzness of Skorokhod map (see
Chapter we obtain

2 2

sup ||, (1) = Qu(t)]|

t€[0,T]

W) = V()

E| sup

s€[0,T7

]SM

F

ke—1 2

/0 VR, (?n(s)) ds — ;0 n*r, VR, (?n,j)

ki—1

Z 12y, n(ffn,j) oZn,j—/Otzn(ffn(sD o dBy(s)

where the last inequality follows from Assumption [3.3]

< 32E| sup
t€[0,T]

F
2

4+ 32E | sup
t€[0,T]

. (A.15)

F

We now bound the first term from the above inequality (A.15]). To this end observe that
r 2

t ki—1
E | sup / n’VR, <Yn(s)) ds — Z n27n,jVRn (Yn,j>
tefo,77||Jo = .

~ 2
= E| sup ||n?*(t — tn,kt)VRn(Yn,k>HF] < |7‘n|2E

_te[O,T}

s e (7.

= 2|7, P B | sup qu(Y(") )H ] < 02| P02, (A.16)

te[0,7

for some constant My € R, by Assumption
We now bound the second term in the inequality (A.15)). Using the coupling defined
in (A.8) and noting that Y (s) = }7”7]- for s € [t j,tnj4+1) (see Definition , we obtain that

Z L2y, n( m) ovaj—/Otzn(f/n(s)) o dB(s)

sup
te[0,T]
F (A.17)
~ 2
=FE| sup n(ankt) o (B,(t) — Bn(tn,kt))H < Mgon2C’1,T|Tn| log —,
te[0,T] F | n|
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where the last inequality follows from Assumption and [Slo01, Lemma A 4] for C, r € Ry.
Now define A: Ry — R, as

2

Alt) =E Xn(s) = Ya(s)

sup , teRy.

s€0,t]

Using the triangle inequality by combining equations (A.14}), (A.15)), (A.16) and (A.17), we

F

get

1 T
A(T) < 32027, |* M2 + 320 M2 Cy 1|7, log o + 80k3 / A(t)dt. (A.18)
Tn 0

Applying Gronwall’s inequality [Gro19], we get

1
A(T) < 32n? (\Tn\QMS + MZ2.Cy 1|7, log | |> exp[80k3T7]. (A.19)
Tn
Taking limit as |7,| — 0 on the above bound, completes the proof. ]

We combine Lemma and to conclude the proof of Theorem [3.I, Moreover, we

also the following non-asymptotic error rate

sup Hw(")(s) — K(Xn)(s)Hz
s€[0,T7]

E < On*(M + o°T)|7,| log exp[Cr3T]

|7l
for some constants C, M < oo.
A.1.1 Convergence of Projected SGD
In the absence of “large noise” (i.e., when ¥, = 0), the SDE reduces to the SDE

dX,(t) = —n’VR,(X,(t))dt +dL, (t) — dL} (1), Xn(0) = X0, (A.20)
As we describe in Chapter [3.1.1] it is show in Chapter [4] that if the solution of

dX,(t) = —n*VR, (X, (t)) o 1{Gn(X,(t))} dt, (A.21)

exists, where G,(A) is the subset of [n]* defined as

Gu(A) = {(i,5) € [n]* | |A(i, j)| < 1}
U{(i,j) € 0] | A6, j) = 1,9;;R.(A) > 0} (A.22)
U {(,4) € [n]° | A4, j) = —1,0,;R.(A) < 0},
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for all A € M,,, then the solution X,, is a gradient flow on M,, in a suitable sense. In this
section, we will argue that the solutions X, of equation (A.20)) and (A.21]) are equal. To this

end, we define processes L= as

t
Li(t) = —/ n°V Ry (X (8)) © Lix, (s)=t1,9 Rn(Xn(s)) <0} { } A5,
0

. (A.23)
Ly, (t) =+ / n*V Ry (Xn(5)) © 1, (5)=—1.9 R (s)>0{} 45,
0
for t € R, and equation (A.21)) can be rewritten as
dXo(t) = =n*VR,(Xo(t)) 0 Lo, (x.en i} +dLy (t) — dLy (1), (A.24)

and the processes L} and L satisfy the following conditions:

1. The processes X,,, L and L, are adapted processes.

2. The processes L, and L, are non-decreasing processes.

3. For every (i,7) € [n]*,
/Ooo Il{Xn’(m) 1} dL—(” (t) =0, and
/Ooo L{ X5 (t) < +1} AL, o () = 0.

Following Chapter , these conditions ensure that the processes L and L, are unique and

(X, L, L) solves the Skorokhod problem with respect to the set M,,.

A.2 Proofs of Chapter

In this Section we will provide the proof of Theorem [3.4] The subsections under this section
will contain several lemmas that are required for Theorem as well as other arguments in
Chapter [3.2

The proof of Theorem [3.4]is long and requires several lemmas (see Appendix. There-

fore, we first give an outline of the proof before presenting the details. Fix n € N. For every
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k € Zy, let F| be the sigma algebra generated by {q%

K]} Let by = [tnt/]

as defined earlier. For i,j € [n], notice that
trn—1

qggm)( ) — q (Z] Z E[AC]

trn—1

r) (r,1)
+ Z AM)) 0,(i.5) + Ly, w)< ) = Ly iy (@)

]:Z]ﬂ(ol {qu)(zj)}

for every t € R, where AM rg Aqﬂ —E [Aqﬂ Fy| for all ¢ € Z, and
trn—1 )
(r,0) _ (r) T (r)
Ly ip(t) = Z E[Aqn,é,(i,j) }_é_ 1{0}{%,2,(2‘,]')}’
=0
trn—1 )
(r,1) _ (r) (r)
Ly in() = E [Aqn,e,(i,j) ]:Z 1{1}{%,&(@]')}7
=0
fort € R, where Ln (p(t)is % times the number of times the process qr(fzz ;) visits {0} before
time ¢ and similarly for L(r(ll)j)(t). Note that (Mg,i = ?;5 AMTS?) is a M,,-valued
’ /) kely

martingale and we define a piecewise constant interpolation of this martingale process MT(LT)

defined as My (t) = M) , fort € Ry. Let Sko be the Skorokhod map (see Chapter ,

n,tr

then for any ¢ € R, and any (i, j) € [n]®,

trn—1
qf:zi,])( ) o SkO( n ’L])<0) + Z E[Aquv ]1(0 ! {qr(zz (3,5 } + Mr(:()z’,j)(t)>' (A‘25)
=0

1. Since the Skorokhod map Sko is a 4-Lipschitz map [KLRS07], to show that q,(f)(t)

converges uniformly to X, (t) as r — oo, it is sufficient to show that

fﬂ Lo, {qf:z,(i,j)}
=0
t
— /0 b (i.3) (X (8)) L0,y { Xn,giy (5) } ds,

and MU (t) = 0B, (1),

tr,n -1

")
E [Aqn,é,(m

14

uniformly over compact time intervals as r — oco.
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2. In Lemma , we show that the quadratic variation of the martingale MY in the
time interval [0, t] converges to to? for every t € R, as r — oo. The key ingredient is
the fact that a simple symmetric reflected random walk spends negligible amount of

time at the boundary.

3. Using Lemma and [EK09, Theorem 1.4, Chapter 7] we conclude that the process
M converges to the process (weakly) 0B, where B, is an n X n symmetric matrix
with i.i.d. Brownian motions. Using Skorokhod representation theorem both M and
By, can be defined on some common probability space (€2, F,P), on which we get almost

sure convergence.

4. On the probability space (2, F,P) obtained in Step , we define versions of the processes

X,, and ¢\ using (3.12) and ({A.25) respectively.

5. It remains to show that the first condition in Step holds. To this end,

T (T)
F ] Le1—o {qn,é,(i,j) } -

we first show that for every fixed ¢ > 0, E[Aqg‘z’(
bn(i5) (qg)l(ejl_d{q(r) } — 0 as r — oo. This is achieved by a sequence of re-

i,4)
n7£7(i7j)

ductions in Lemma [A.0

6. Finally, we show that 3"/t 1(5,1_5)0{@’3 ’ j)} — 0 as 7 — oo. Since L E [Aqu}

7|
is uniformly bounded. We conclude that the first condition in Step [I] holds. This

completes the proof.
We are now ready to provide the formal proof of Theorem [3.4]

Proof of Theorem[3.]]. Let qﬁf) be defined by . In the following we will keep n fixed
and therefore drop it from the subscript wherever necessary. Throughout, we will keep
t € R, fixed. The map Sko in the discussion will refer to the Skorokhod map defined on
the space D(]0, t],R[”W)), the space of right continuous paths with left limits from [0, ¢] to
RM® | Define

(r) ™) _ 1 (r) . (r)
bn,(z’,j) (%,e) = —%n% E[Aqn,é,(i,j) ‘Fé} 1(0,1){%,4,(@]')}’
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and let b, be in Definition in . Recall that both b)) and b, are uniformly bounded by
some constant C. Also, recall that B, is an n X n symmetric matrix with i.i.d. Brownian

coordinates. Define the stochastic processes Y\, Y, Z0) Z0 R, — R aq:

t'r",n_l
" 5y 0 o) (0 )

Yoy ® = (0) + D wen b (qn,é> + M, (8,
/=0
trn—1

S0V oy ) (0 -

Pl 0=l O+ 3 07Ul (1) + o Bol® g e g
=0 ) 9 .

t
Z0 () =q"),,,(0) + / b (@) ds + 0By i (1),

t
208 = a5 (0) + /0 bnsi) (457 (5)) ds + 0B i, (1),
Notice that Yn(r) is the “unconstrained version” of the process qff) in the sense that

Sko (Yé”)(s) = ¢i(s) for every s € R,. Finally, let (Xn,L%O),LS)) be the process that
satisfies the Skorokhod SDE

dX,(t) = b(X () dt + 0 dBy(t) + ALY (£) — LD (1), Xoiy(0) = g1, (0).

n,(2,

Denote the corresponding unconstrained process
t
X, (t) = ¢\"(0) + / b (X (s))ds + o dB,(t).
0

Note that Sko ()?n> = X,,. Recall that the goal is to show that qff) converges to the process
X, as r — o0o. Using the fact that the Skorokhod map is Lipschitz (see Chapter , it is
sufficient to show that Y,\" converges to )N(n To this end, set

~ 2- (r) [ ~ 2
AV @) =E| sup [V, (s) = Xu(9)|| |, A(t) =E|sup |[V,(s) =Y (s)|| |,
5€[0,2] F_ | s€[0,4] F
~ ~ 2- [ ~ 2
AP =E | sup || Z0(s) =Y ()| |, AY@) =E| sup |2 (s) = 20)(s) ] ,
s€[0,t] F_ | s€[0,4] F
~ 2-
Ay) (t) =E| sup || X(s) — 2" (s)|| |, forallt € R,.
s€[0,¢] F
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Since (a + b+ c+ d)? < 4(a®> + V? + & + d?) for all (a,b,c,d) € R A0(t) <
A AT @) < a3 AD @) + 64t [ AW (s)ds, where the final inequality is due to the
4-Lipschtizness of the Skorokhod map. In particular, for t € [0,7], we have A () <
42?:1 AE (t) + 64Tf A (s)ds. Note that t AET)(t) is increasing. Therefore, using

Gronwall’s inequality |Gr619], we obtain

W(T) <4 <i Al (T)) exp (6472). (A.26)

It is therefore sufficient to show that AET) (t) — 0 as r — oo for ¢ € [3]. This is done
in following steps. Using Lemma below and Theorem [EK09, Theorem 1.4, Chapter 7],
we know that the process M converges to 0B, uniformly on compact subsets of time. In
particular, for fixed ¢ > 0 we have that A" (£) = 0 as r — co. For A", we notice that the
error is actually the error from the Riemann sum approximation. Hence, A( (t) < Cy2 =0
as r — 0o. To see this, first recall that ¢(")(s) is piecewise constant on the interval of length

v,n~4, that is, ¢\ )( ) = (T)Ls/(%n%)J Now observe that

trn—1

t
> o~y (42) = [ o 6700
=0 0

’ (t - ’an_4(tr,n - 1))6%:3) (qv(z 27 n—l)

nyf()i,j)(t) - Zr(:()z‘,j) (t)‘ -

< Cyn™,

where the inequality in the last line follows from the fact that b is uniformly bounded.
Squaring both sides and summing over all (i, 7) € [n]® we conclude that AL (t) < Cpa2.
We now show that Agr) (t) = 0 as r — oo. To do this, we fix € > 0, § > 0 (we assume

that 0 < € and 6 + € < 1). Define

Ac={MeM,|e<Muy<l—c V (i,§) €n]?P}, Be=M,\ A. (A.27)

Z()() Z(T)( )H is at most

Start observing that sup,¢p
F

LI 6) = b )] s
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<t [ 10060 = bl () 1040 (9} ds
+t/ 159 (49 (5)) = bu (a()) |25, {a ()} ds. (A.28)

From Lemma |A.9 below b’ ( g (s)) and b, <7(f)(3)> are close in ||-||2 by <2 +

An2B2 e3max{|A|, L} with probability at least 1 — p,., when ¢)(s) € A, where p,. =

rn-r

n® 4 op erf(4 F) and e, = O(7?logr). On the other hand, we notice that b\ and b,

are both uniformly bounded by in || - || . Using these two facts we conclude that
2
[ [ 100 9~ mla >>>|Fme{qs><s>}d8]
Cn?
<C’y pr€+—+4n 2 eomax{|A|, L}. (A.29)

Since b and b, are uniformly bounded, the second term in (A.28]) is bounded as

/ 167 (0 () = ba(a(9)) [ 16, {0 (5) } ds < CDOe),
for some constant C' > 0, where D)( fo 1g, {qn (s )} ds.

We now approximate the indicator function, 1p {-} by a smooth function .5 €
C>([0,1]). That is, Let t.s be a smooth function such that ¢.s = 1 on the set
I. = [0,e) U(1 —¢1] and 0 < 75 < 1 and supp(@b) [0,e4+0)U (1 —e—d,1]. Re-
call that by our assumption ¢ + & < 1. Then, D™(t) < fo %6( )> ds.

Recall that ¢l (s) = Sko(Y")(s) for every s € Ry. Also recall that both ¢.s and
Sko are Lipschitz functions. Therefore, the composition 1.5 o Sko is is also a Lipschitz
function, say, with Lipschitz constant L.s. Define WU, 5(s) = we,g(Sko<Yn(r)>(s)) and
U, 5(s) = 1 5(Sko< T)) (s)) Now observe that

U, 5(s) < U g(s) + Les|| Z0)(s) — Y. (s)

F

< Wes(s) +2Les <HZ(LT)(5) H

—YO(s H )
Therefore, we obtain

E[D" ()] <E [ /0 t U s(s) ds] + 2LE,5t(A§T> (t) + A (t)). (A.30)
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Note that E[fg @6,5(5) ds] = E[Fm; (Z(T))} for some bounded continuous function
F.s5: C([0,1, M) — R. Also, recall that Z") satisfies the SDE ZI() = ¢a(0) +
f(f £(s)ds + 0By (t), where f: s+ b <q,(f)(s)> is a bounded function. Set

&= exp(l /Ot bg) (qff)(s)) dB,(s) — % /Ot b;”) (q,(f)(s)) ds).

g

Using Girsanov’s theorem and the Cauchy—Schwarz inequality we obtain
- 2
E[F.s(Z0)] =ElFs(B)E] <E[F3(B) E[€?).

Finally using the fact that by is uniformly bounded, we obtain that E[£?] < C,,;,. On the

other hand, we notice that by definition

E[Fe%d(B)} =K 0

(/Ot ¢e,6(RBM(S))ds)2] < t/tIF’{RBM(s) € Ly ds = Cle,6,n,t)?,
(A.31)

where the equality follows from the Cauchy-Schwarz and the fact that ¢?; < 1p_{-}.
Combining equations (A.29), (A.30) and (A.31)) we obtain that A{”(¢) < Epe+C(e 0,n,t) +
2L, 5t <AY) (t) + AY (t)) .

Putting this back in equation (A.26)) we conclude that

AW (t) < (Vipr +C(e,6,n,t) + (2Lest + C) (Agﬂ (1) + Ay (t)))efft?

Recall that = — 0 and A1) = 0and AP (£) <42 = 0 as r — co. Therefore, we conclude
that limsup,_,.. AV (t) < C(e, 8,n,t)eC?. Since C(e,d,n,t) — 0 as €,6 — 0, this concludes
the proof. n

A.2.1 Properties of drift function

Lemma A.3. Let Y be a standard normal random variable on RN? . For any v € R

and t > 0 we have

Ey [Y exp(—t(v,Y)1)] = —2tvexp(£*]Jv]5) ®(V2t]|v] )
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Proof. Let Y be as above. Let 7: y — (v,y)r and let X = 7(Y). Note that X = (v,Y) ~
N(0,2|v]|7). The factor of 2 is due to symmetry. Observe that

E[Y exp(—t(v,Y)s)] = Ex[exp(—tX)Ey[Y | (v,Y) = X]]

B e(-0X)] = Y2 [ zep( At 2]

N ol *
where Z ~ N(0, 1) is standard normal random variable. he proof follows by observing that

E[Z exp(—aZt)] = —aexp(3a?) @(a) and taking o = v/2¢||v[. O

A.2.2  Quadratic variation of the Martingale

The proof of the following lemma follows from a standard argument using Donsker’s invari-

ance theorem and the Lipschitzness of Skorokhod map and is skipped.

Lemma A.4 (Time at boundary of reflected Random Walk). Let ¢, = [n~%o?y,r1]. Fiz
ze{i/r?*|i=0,...,r*}. Let S denote the symmetric random walk with step size % reflected
at {0,1} starting at x. Then,

lim — Z Lio3{Sk} =0, in probability.

r—00 ’)/ T4
We now compute the quadratic variation of the martingale M (t) defined in Chapter .

Lemma A.5 (Martingale Quadratic Variation). Forn € N, r € Nandt € R, , let M (t) =
ot AM,(Q where t,, = |tn*/y,| . Then, the quadratic variation of M\ in the time
interval [0,t] converges to to?1, for allt € R,. That is, the following convergence holds in
probability:
trn—1
tim S E[(AM0) ) (AM0 ) [ F] =totuti =1 = 11,

T—00

for all (i, 7), (7, 5') € [n]®.

Proof. We first notice that for each £ € N we have IE[ Tojr1 — nrk

2
" (r) ‘ .Fk:| < n ’}/2 Let Q’k
2

be the sigma algebra generated by Fj, V {pn L +1} Recall that given pgi 1, the iterate qff?c 1
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is obtained by running ¢, steps of independent symmetric random walk with step size %2

(with reflection at {0, 1}) starting at pfﬂ 1. Fix (4, ) € [n]®. Let Sj, denote the symmetric
(r)

kL (1) Now observe that

random walk with step size 1/r? run for m steps starting at p

t A
2 1 1
() (r) _
E |:<qn,k+1,(z',j) - pn,k—i—l,(i,j)) 1 T A Z Lo,1){Skm} + od Z Lo} {Skm}
m=1 m=1

o, 1 &
= —Z 54 Z L0,13{Skm }-
m=1

r

Set Ay = L S 1013{Sm}. Note that lim, .o, Y07 " & = to®. Tt follows that

trn—1

> E|(80),) ] - 10

trn—1

lim < llm 22t + hm Z h(T)

T—00

It is clear that n? vz tm — 0 as r — oo, and lim,_, Zt”_l h = 0 by Lemma

For simplicity define Aqu,(m) = T(lf,)g+17(i7j) — p;736+17(2.7j). If {i,7} # {i', 7'} then Aqf:,l’(i,j)

and ﬁqxl)ﬁ(i/7j,) are independent given G;. In particular,

Aq Aq

gk] = [Aan(”) gk} [ )‘gk}

0
1
< s Z L1013 {Sk.m 1
m:

n,k,(4,7) n,k,(,5")

where Sy, is as above. Using Lemma we conclude that

trn—1 trn—1
: (r) (r) : (r) _
lim | 7 BAME G AMT )| < lim ST RD =0
- =0
This completes the proof. O

A.2.8 Analysis away from the boundary

In the following, we denote by S = (Sk);cy, a standard simple symmetric random walk.
Recall the KMT embedding theorem [KMT75] which states that one can couple S with

some Brownian motion B such that

P{ _1S. = B(k)| >OlogT~|—x} —

0<k<T r2 - r2
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for any T' € N. Taking T' = s, (and ¢, respectively), we obtain that for r sufficiently large

we have

IP’{ - S, — B(k)| > C’lozgr

0<k<s, r2 r | 0<k<t, r2 r2 rd’

} <}P’{ - |Sy — B(k)| > C’logr} < 1

Further observe that for a fixed 6 > 0, we have that

IP{ max \B(t)\za}gp{ max |B(t)|25}§26< 0 >

0<t<s,/rd 0<t<l, /1 n=20.\/

We combine these observations to obtain the following lemma.

Lemma A.6. Let Sy = T%Sk for every k € Z,. Let € > 0 be fivred. Then, for all r € N

sufficiently large, we have

~ ~ 1 — €
> < > < = - ).
P = 2} < p{manl] > o2} < 428 ( 5= )

Lemma A.7. Let € > 0 fized. Let { € Z, be such that q,% € A.. Then, for r sufficiently

large, we have

HE[AQXZ ( H] —E[ﬁqfﬁ, ) Fg} Hi < 2(:‘—z n 2n2§(4n+w>),

with probability at least 1 — :f—j - 2n25<

€
4n*20\/~/r> :

Proof. Let € > 0, n, ¢ be fixed. Let ﬁq% = qr(:zﬂ — cjgﬂ. Begin by observing that

Jefaa2| 2] - u[3d | 7], = =[3d2 | =]

2

Let E,, be the event that (‘77(3 +1 € Acjz. Using Lemma |A.6{ and union bound we conclude

that
~ n? — €
ET}>1———22CI)—.
P{ = T <4n—20‘/%)
Given pgz .1, We observe that ﬁqﬁ has the same distribution as symmetric random walk

with step-size %2 (reflected at boundary {0, 1}) run for 4, , steps. Let us denote this j-th step

of this walk by S ;. Also define a simple random walk with step-size r% (without reflection)
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§k starting with the same initial condition as S. Given é{rz +1 € Acja, we can couple the walk

Sy and gk so that Sy ; = gk,j for all 7 < T where T' = min{i €Ly ‘ ’g;“ — gkp‘ > 6/2}.
That is, we couple the two walks so that they are equal till they move at least €/2 distance

from the starting position. Now notice that

E[ﬁqﬁ ‘ gg} = E[ﬁqﬂhszr{ -} ‘ g/z] + E[ﬁqgﬂber{ -} ‘ 94-

using the bound ﬁqﬂ < 1 and Lemma |A.6| we have that

Ay 2_nt €
HE[Aqn,ZILTS&«{ -} ‘ gé] HF < povy +2n° P ——— .

On the other hand, using the fact that E |:§k7gr

Qg} = 0, we obtain

2

= ||E|Ske, Irse.{ -} | G ‘

Jefairn 3| o], :

- _ . 2
= ||E _S;@gr Irse{-} gﬁ_ o ]E[Sk:,ér ge] HF

2

= ||E gk,er]nger{'} Gy

F

< n 0%y, n_2 + 2n*® ——
- ré 4n=20\/7,

Thus, we conclude that for r sufficiently large we have

~ 2 n? — €
8| R <o o
HE[ n.t Fe F rd +en dn—20+/27, ) )’

completing the proof. O

Lemma A.8. Letn € N, for any k € Z,, let qff,)~C and &f:,)ﬁl be as defined in Step of our
algorithm in Chapter|3.4. Then, there exists a universal constant ¢ > 0 such that for all

re N\ [[em/*]], we have

2
HK@T}*J - K () H2 < 497+ (16/0)y] logr = e, < (32/c)y] logr,

with probability at least 1 — 2r~*.
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Proof. For every i,j € [n], let (S; k) denote the 1-dimensional symmetric random walk

keZy

with step-size T% starting at 0. Let these random walks be independent up to the double

index symmetry for indices (i,;) € [n]®®. Recall that s, = [v2r*], and note that for any

i,7 € [n], given q7(17:])€,(i7j) we have

~(r) (r d
Drk+1,6i5) — Ink,(i5) = Sko(Ss, )

Since the Skorokhod map is 4-Lipschitz, we conclude that
T T 2 1
P{ | (@00) - & ()] = } <P > (Sl Ze/dp (A3
(i,4)€[n]®

We will now show that the quantity n—lz > el ( Si,j,sr)Q is concentrated near its expectation,

that is s, - (%2)2 From the Hanson-Wright concentration inequality [RV13],

1 2 2 1 9 »
Y|z 2o (Sias) =% >t 0 SPO|og D (Sige) = s ™| >

i,j€[n](2) i,j€[n)(

. t? t, (2t
< 2exp| —cmin — 5 < 2exp| —cmin 5 (] (A.33)
() () T

for every t,, > 0, for some universal constant ¢ > 0. Let us consider ¢, > n~y?. Then, the above

cn/4

probability becomes 2 exp(—ct,/7?). Moreover, for r > e/* if we choose t, = (4/c)y?logr,

we have that for all (i,7) € [n]®,

1

Y (Sie)’ S92+ (400 logr,
i,j€[n]®
with probability at least 1 — 2r~4, for e, := 472 + (16/c)7y? logr < (32/c)y?logr. O

Lemma A.9. Let € > 0 be fixed, e, be as defined in Lemma|A.8, and let qﬂ € A, where A,
is defined in (A.27)). Then,

2 COn?

H]E [Aq% ‘ .7-}} N (qf:%) < —— +4n*f3 e max{\, L} + 2n25(
) ’ r

rn-r

F

€
4n—20ﬁ> ’

with probability at least 1 — % — 27%2 - 4n26<4n_22ﬁ>'
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2
and let A, , be the event that {I < e,}. In the
2

Proof. Let I = HK (qn £+1> - K <qfﬂ)

following we will work on this event. Set
exp (—Bm (e (@) - (K (o)) >
- eXp( Bron(DH (K (a))) K (3040) = K (a)) )

From our assumption on (7, ),y we have that for sufficiently large r, 3+, log?r < 1. Notice

that by Assumption 3.4, we have
1 =28, , M < exp(—BrnA) < J <exp(fBrnLI) <1+20,,LI,

if B.n AL, By LI < 1, ie., when r is sufficiently large. Define b7 at q(rz as

n,

E[@f}%_q&) exp( B DH(K (40))). K (30011) = K (1)) )‘]—"k]

.7-"] <qnz> H < 4n?f2 el max{\, L}.
Let E, ¢ be the event as in the proof of Lemma [A.0) - On this event, we have

Then, on the event A, , we have HE [gqf(:%

[efoat| 7] ~e[Baz | 7] <o (e rord(gmsys) )
Moreover, on the event £, , we also have that given Fy, the coordinates of the n xn symmetric
matrix (E]fb 2+1 - qq(2 ;) are 1.i.d. and have the same distribution as Si,.

Let Y} be n x n matrix with independent entries such that 57;7(@]-) be increment of the

(r)

~2 starting from ¢, , iy Tun for

symmetric random walk (without reflection) of step-size r
s, = [v2r*] steps. Let B, be an n X n symmetric matrix of standard Brownian motions. On
the event E, ,N A, ,, we use the Berry-Esseen lemma (see [Pet1ll, Theorem 16]) with a union
bound to obtain W3 ()7}, B, (73)) < €2 for some universal constant C' > 0.

Let VH, < ) V. Define a function G(Y) =Y exp(—f,,(V,Y)y). Note that G is a
bounded Lipschitz function of Y. Observe that b\ (qn %) =FE [G <§7,«)} . On the other hand,
we know that v,n~4b, <qn Z) = E[G(B.(v))]. We conclude that on the event E,, N A, , we

o[t | 7] - (1)

have

2 Cn?
< —— +4n?B2 e2 max{\, L}.
Pt

rn
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The conclusion follows by using (A.34)) and noticing that the

€
ré (4n—20ﬁ>'

A.3 Proofs of Chapter

Proof of Proposition[3.7 The existence and uniqueness of the solution follows from the stan-
dard arguments for vector valued SDEs [KR18, Section 7.6]. We skip the details.
Let Y,, be a semimartingale. We now show that Z,,(t) := Texp|Y,](¢) satisfies the SDE

Zo(t) =1, + /0 t Y, () Zo(5).

To this end, recall that Jy(Y,) = I,, by definition. Note that J,(Y;,,) =Y, and for k € N we

have

Jk(Yn)(t):/OtdYn(s)Jk_l(Yn)(s), te0,1].

It follows that

Texp[Y,](t) = I, + Z Je(Yn)(1)
=1I,+ dY,(s)Jk-1(s)
R

t )
=1, + / dY,,(s) (Z Jkl(Yn)(s)>
0 k=1
t
=1, +/ dY,,(s) Texp[Y,](s), teR,.
0
This completes the proof. O

Proof of Theorem[3.8 Recall that



229

Set H, = [7_ (+X<

n

% ) and Hy = P, ,(0) = I,,. Notice that P, ,, is a piecewise constant
interpolation of H,. Observe that

Lmt]

Pn,m(t) - Pn,m(o) = Z(H] - Hj—l)
j=1
Lmt)

ZX(’”

|m] |mt]

lu’n ZAm)H 1+ZMjijla

Jj=1

where M; = %"(XT(L";) - ]E[X,i”?]) + \‘;—:—HG,(:}) for all j € [|mt]]. Note that (M;H;_;)

JE[lmt]]
is a martingale difference sequence.
Consider the process

t t
&@%=h+uﬂéAdﬁﬂ@ﬁh+aﬁAdBdﬂﬂﬁL t R,

where B, is a matrix of i.i.d. BMs. We now couple the process P, with P, ,,. To do

so, we couple the Brownian motion B, with Gaussian increments (GEZ?) : such that
") ke

\/LEGSZ) = B, ((k+1)/m) — B,(k/m) for every k € [m| and m € N. With this coupling, we

obtain

A ($) Py n(s) — An(s)Pal(s)

n

ds

t
|mmw—amﬁsm@/
0

2
2 |_mt

F

+ 302

Ad&mx&m@—fz

n7j

where Zﬁ?) = M — E[MT(L”;)] for all j € [m] and all m € N. We now set A,,(t) =
SUPsefog | Pnm () — Pn(s)||§ And, obtain

t) < 3tu? /HA(m

+ 302 sup
s€[0,¢]

)@%%/gmwwmw

2

/O B, (1) (Pam(r) — Pa(r))

F
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[ms]
3 m m
+ sup L; D tr[Hj_lz&j)Tzéjj?Hj,,l},
SG[O,ﬂ m j,j/:1

where Cn,m(t) = SUPsel0,9)

~ 2 - 2
Al () — A"(S)H . Finally, since HASlm)(S)H < Cn? for all s €
F F
0, 1], for some constant C' > 0. Since <Z,S";)> - are all independent for every m € N,
’ JjEM
and E [ZT(:?)TZ%)} < nDI, for all j € [m] and every m € N, taking expectations and using
Doob’s maximal inequality, we get
t t
BIAn(0)] < 3Ot +402) [ BIAL(s))ds + 3t2Cun(®) [ BIPAS)E] ds
0 0
t
+24nDp2m” / (| Pu(s MIF ]ds —|—24nDuim1/ E[A(s)]ds
0
= 3(Ctn*u2 + 402 + 8nDuZm™ IE

+ 3(t i Gom () + 8nDpiym B 1P ()l ds.

No

Now we apply Gronwall inequality [Grol9] to get
t
EMMMgawkmﬁwwmmﬁfw/Emﬁwm}mee“@%“”wﬁW
0

The claim now follows from the assumption that ¢, ., (t) = 0 as m — oo. O]
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Appendix B
PROOFS OF THEOREMS IN CHAPTER 4

In this section, we will provide the proofs of theorems in Chapter [
B.1 Proofs of Chapter

Lemma B.1. Let wy,...,w, € W. Then there exist wi, ..., w, €W such that [w;| = w; and
|w; — wit1]ly = d2(wi, wir1) for every i € [n —1].
Proof. Let (2, F, 1) be a probability space over some Polish space 2 equipped with the usual
Borel sigma algebra F. For a kernel w on 2, that is, w: 2 x 2 — R we define the norm
I Mo as
lwll = [ o) (ot
Also, Let w € W be a kernel. Let ¢: (2, F, ) — ([0,1], B([0,1]), Ajp,17) be a measure

preserving map (i.e., u(¢~1(B)) = Ap1(B) for all Borel sets B C [0,1]). We can define w?

as a kernel on Q) as
w?(wy,we) == w(p(wy), p(we)), for p-a.e. wy,ws € Q. (B.1)

Let 7w, p: [0,1]> — [0,1] be the usual coordinate projection maps, that is, 7: (z,y) — =
and p: (z,y) — y. Using equation (B.1]), we can define w™ and w” as kernels on Q = [0, 1)

for every kernel w € W. For example,

w™ (21, 91), (T2, y2)) = w(x1, T2), (1, 1), (22, 92) € [0, 1],

It is easy to see that w™ is symmetric on [0, 1]? x [0, 1]2.
In the following discussion, we always equip [0, 1] with the Borel sigma-algebra and the

Lebesgue measure, often without explicitly mentioning.
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Let u; € w; for i € [n]. From [Lov12, Theorem 8.13] there exist probability measures p;

on [0,1]? for ¢ € [n — 1] such that each p; is a coupling of Lebesgue measures satisfying

52<wi7w’i+1> = HU? - u,io+1||2,[071]2’m' (B2)

Let m;: [0, 1] — [0, 1] be the usual projection map on the i-th coordinate. By the gluing
lemma [Vil03, Lemma 7.6], there exists a measure i on [0,1]" such that (m;, m1)sit = p;.

Therefore we have

P =l = [Juf —wi]
lf = wiallp o e, = [0 = 0852 | o 1y (B.3)

Let n: [0,1] — ([0,1]™, &) be a measure preserving bijection and let ¢; == m; on. Then

@;: [0,1] — [0,1] is measure preserving and therefore we obtain

Tit1

P Pit+1
H“z Uiy Hz,[o,l]n,,z

—|,,Pi
= ||uf* —uf H2,[0,1}‘

(B.4)

Combining equations (B.2)), (B.3) and (B.4)), and taking w; = w]* for all ¢ € [n], yields

02 (wi, wit1) = ||lw; — wit1]|,. This completes the proof. O

If (W) cp0.1) € AC(W, da). It is easily seen that (w; = [w]),cpoy) € AC(W, d3). Lemma|B.2

shows that the converse is also true.

Lemma B.2. Let w = (wi)cpy € AC(W, 02).  Then there exists W = (wi),coq €
AC(W, ds) such that w, = [wy], and da(wy, ws) = ||w, — Wil|, for all s,t € [0, 1].

Proof of Lemma[B.9 Following Remark , assume (possibly after a reparametrization)
that the curve w is Lipschitz with Lipschitz constant L > 0. Let n € N. From Lemma [B.T]
there exists w;, € W such that [w;,] = w;/, for all i € {0} U [n], and

||wi,n - wi+1,n||2 = 52(wi/na W(H—l)/n)a

for all i € [n — 1]. For each n € N, let us define the curve w(™ = (win) S

)te[0,1] a

w™ = (1= nt + Dwip + (Nt — ) Wis1n,
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when t € [i/n, (i + 1)/n] for some i € [n — 1]. Note that w™ is also Lipschitz with constant
L and therefore the family {w(™},cy is equicontinuous w.r.t. ds.

Since W C L?*([0,1]®) is bounded in L*([0,1]®), it is weak- precompact [Sanlfl, Box
1.2]. Since {w(™}, ey is equicontinuous w.r.t. ds, it will also be equicontinuous w.r.t. the
weak-* topology. It follows from Ascoli’s theorem |[Mun00, Theorem 47.1] (possibly after

passing to a subsequence and relabeling) that (w(”)) converges uniformly in weak-* to

neN
some curve (wy),cq C L?([0,1]®). Tt is easy to see that w; is symmetric and |w| <1 a.e.
on [0,1]® and hence w; € W for every t € [0, 1].

To conclude our proof, we show that (w;),c( ) is Lipschitz in || - [, and that da([w], we) =
0 for all t € [0,1] N Q (therefore [w;] = w; for rational ¢). Since w is also Lipschitz, it follows
that w; = [wy] for all t € [0, 1].

To see that (wt)te[o,l] is Lipschitz, observe that for any s,t € [0, 1],
<w§n) —w!™ w, — ws> — |Jw, — w,]f5-

Using Cauchy—Schwarz inequality, we obtain

|lwy — wsl|, < limianwgn) —w™| < L|t— s
n—oo 2

We now show that ds([w;],w;) = 0 for all ¢ € [0,1] N Q. To this end, fix a t € [0,1] N Q and
let t = p/q for some p,q € N. To see this, note that it follows from the proof of [Lovi2,
Lemma 14.16] that do([w:], w;) < liminf, o do([wnpne),wi) = 0. Note that the hypothesis
in [Lovl2, Lemma 14.16] states that [wy, ., — [w:] in cut-sense, but the proof only requires

Wppng — Wy in weak-* sense. ]

Corollary B.3. [fw € AC(W, d2), then |w'|(t) = [lwilly for a.e. t € (0,1), where (wi),cjoq) €
AC(W, dy) is obtained as in Lemma[B.3

Proof of Corollary[B.3. Let w and (w;)cjo,1) be as above. Recall that (wy).cpo,1) is an abso-
lutely continuous curve in (W, dy). Since every absolutely continuous curve in a Hilbert space

is differentiable a.e. (Radon-Nikodym property) [Huf77, page 30, Theorem 5], there exists
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a family w; € L*(0, 1](2)), for a.e. t € [0,1], such that w; —wy = fot w’, ds holds pointwise
a.e. on [0,1]®. It follows from Lebesgue differentiation theorem [Hunl4, Theorem 6.32]
that || =% —wi]|, = 0 as s — ¢. We know from Lemma [B.2] that 0y (ws, w,) = [[ws — w,|l,.

Thus, it follows that |w'[(¢) = lim,_,; 62|(:’_t’:rs) = |lwj||, for a.e. t € (0,1). O

Proof of Lemma[f.13, Let (wy),c,q S AC(W,dz) be such that w, € [u] and w, € [v].

Applying Jensen’s inequality, we obtain

S S
[ it [t
T s

Following Definition [2.12] there exists 1, s € T such that

= [lws — wplly = 05([u], [v]). (B.5)

2

Oo([ul, [v]) = [lu™t — v, (B.6)

Therefore, we can define an curve (wy) € ACW,dy) as w, = u¥', w, = v¥? and

te(r,s]

wy = ((s = w, + (t — r)ws) /(s —r) for t € (r,s). Since for any r < a < b < s,

_ P1 P2
||wb . wa”z — ||ws wT||2 . (b _ (Z) — ||u v “2

sS—7T S—7T

- (b—a), (B.7)

therefore (wy),, 4 € AC(W,dz) and w; = (u®* —v¥2)/(s —r) exists for all t € (r,s). With
this choice of (wy),c|, 4 € AC(WV, d2), from equation we get

/ [will, dt = [Ju? = v?2 |, = 02([u], [v]). (B.8)
Combining equation (B.5)) and equation (B.8]) completes the proof. H

Proof of Proposition[{.13 Recall that (see the remark after the Definition for any w =
(We)iepo) € AC(W\, d2) such that wy = [u], and w; = [v], we have

U(w) > d2(wo, wi) = da([u], [v]). (B.9)

Given [u], [v] € W, it suffices to construct a curve w* = (@ )tefo] € AC(W, d2) such that

*

w§ = [u], wi = [v], and £(w*) < d9([u], [v]). Without any loss of generality, we can choose
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u,v € W such that do([u], [v]) = ||u — v||2. Define w* as w; = [w;] where wy == (1 — t)u + tv
for all t € [0,1]. The curve w* € AC(VAV, Jy) since

0([ws], [wy]) < fJws = wrlly = [lu =, - (s =7), (B.10)

for all 0 <r < s < 1. Now observe that

n—1
lw") = Sup{Z(SQ([wtk]v [wtk+1:|) neNO=tog<t;--<t,= 1}
k=0
n—1
< sup{ZHu —vlly(thp1 —tk)dt [n €N, 0=ty <ty --- <t, = 1}
k=0
= Ju = v[ly = da(wg, wi)- (B.11)
This completes the proof. O

Proof of Lemma[{.15 From Lemma we obtain ¢, ¢g, 1 € T such that
Oa([w], [wo]) = [[w? —w§[l,, and  da([w], [un]) = lw? —wi|,. (B.12)
Defining w; = (1 — t)w§® + tw{" and ¢, := [w,] for t € [0, 1], we get that that

03 ([w), [wd) < w? — (1 = g’ — twf' |5
= (1= t)]Jw? — w5 + thw? = wi[l; — (1 = ) wg® —wi*|;
= (1 — )85 ([w], [wo]) + t05([w], [wi]) — t(L — ) w§® — wi* I3

< (1= 1)05([w], [wo]) + 03 ([w], [w1]) — #(1 — )35 ([wo], [wr])-
Therefore, 63([w], -)/2 is 1-semiconvex along ¥ w.r.t. ds. O
B.2 Proofs of Chapter

In this section, we will provide all proofs for statements made in Chapter [4.3]
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B.2.1 Proofs of Chapter[{.3.3

Lemma B.4. If R: W= RU {oo} is sequentially on-lower semicontinuous, then

1. for every T > 0 and [u] € W, we have infyg; @ (7, [u]; -) > —o0, where ®g is defined

in equation (4.11)), and

2. if ([un])pen C W with sup,ey R([un]) < oo, then ([uy)),cy admits a éo-converging

subsequence.

Proof. Since (17\/\, dp) is a compact metric space [LS07], from the Weierstrass Theorem [Sanl5,
Box 1.1], both arg ming; R and arg miny; ®r(7, [u]; - ) exist for all 7 > 0 and [u] € W. Thus
the minima are greater than —oo, and every sequence admits a do-converging subsequence.

]

Proof of Theorem[{.17. From Lemma [£.I] we know that the topology induced by ds is se-
quentially dm-lower semicontinuous. This with Lemma shows that the assumptions in
[AGS08|, Proposition 2.2.3] are satisfied, guaranteeing that GMMs, 5. (®Pg, [ug]) is non-empty.
If |OR)| is dp-lower semicontinuous and R is do-continuous on the sublevel sets of |0 R|, then
it follows from [AGS08, Theorem 2.3.1] that every element w € GMMy, s5.(®r, [uo]), for

[ug] € eff-Dom(R), is a curve of maximal slope. O

B.2.2 Proofs of Chapter[{.3.5

Lemma shows that Fréchet-like derivatives behave nicely under the Lebesgue measure-
preserving transforms and hence is a well-defined map from W to zoo([(), 1]). That is, we
can project Dy R to obtain Dz R: eff-Dom(R) — L*(]0,1]%) as Dy R([v]) == [DwR(v)] for
veW.

Lemma B.5. Let R: W — R U {o0} be an invariant function. Let v,v" € eff-Dom(R)
such that v' = v? for some @ € T. Suppose that the Fréchet-like derivatives Dy R(v) and
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DwR(') ezist. If ¢ = DwR(v) and ¢/ = DwR(V'), then ¢ = ¢¥ a.e. In particular, this
implies that Dy R(v) € L‘X’([O, 1](2)) if it exists, 1s unique.

Proof. Let the sequence (v,), .y € W be such that |v, —v|[, = 0 as n — oo, then we have
||lve —v'||2 — 0 as n — oco. We first show that

lim <¢, — ¢¥7, U;’f — U,>

nooo o — vl

= 0. (B.13)

To this end, recall that R is invariant and hence R(v) = R(v?) and R(v¥) = R(v,). Therefore,

we have
RT. BT AN P VST, B

i (9 97, 08) — (0 — 97,0%)
n—ro0 [vn — vl],
= lim R<vn) B R(U) B <¢7 Un — U> . R(U'rf) B R(U(’D) B <¢/’U1f B Ucp)

n—00 ||Un — U||2 HU;)"f - U<p||2

_ _ _ ) _ O\ _ (P _ P

i R RO) = (@) ROE) R0~ (¢0f )

n—o0 [vn —vll, n—o0 o — v,

where the last equality holds because each limit individually goes to 0 by the definition of
Fréchet differentiability and our assumption that R has Fréchet-like derivative at v and v’.
We now show that ¢ —¢% =0 a.e. Let AT :={¢' —¢¥ >0} and A~ = {¢/ —¢? < 0}. It
suffices to show that |A*| + |A~| = 0. We only prove that A* has measure 0, the proof for
A~ follows similarly. Let A = {v =1} N A" and B = {v < 1} N A*. We claim that both
A and B have measure 0. We prove this by contradiction. Suppose, for contradiction, that

|B| > 0. Define the set B¥ := {(z,y) € [0,1]*| (¢(z), ¢(y)) € B} and note that |B| = | B?|
_ 1Bl

and hence |B?| has positive measure. Set v, = v+ <xp. and note that ||v, — v||, == — 0

as n — 00. By equation (B.13)) we conclude that

0= (¢ — 6%, xge) = /Bw)’ %) (a,y) dedy > 0,

which is a contradiction. Therefore, we must have that B has 0 measure. Repeating the
same argument with v, = v — %X 4+ shows that A has measure 0. Since AT = AU B, it

follows that AT has measure zero.
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To conclude the second part, suppose that ¢ and ¢’ are two Fréchet-like derivatives of
R at v. Then, (taking ¢ = id) we must have that ¢ = ¢’ a.e. Hence, DyyR(v) is a unique
element in L> ([0, 1](2)). O

Proof of Lemma[{.20. Fixing [v] € eff-Dom(R), we verify using Lemma that ng is well
defined on W. If vy = vy for vy € [v] for some ¢ € T, and ¢1 = Dy R(vy) then DyyR(vy) =
¢y = ¢, and

qup Lo =)™ (0T of) = (9. w)t
wew  |lvr —wlly wEW [of —w?, (B.14)
 aup (@12 = (G ul)”
weW ||U) - U2||2

We will now break the proof of the claim into two parts:

1. For any € > 0, let us consider [w] € W such that d2([v], [w]) < d./2 for some §. > 0
such that if ¢ — 0, then . — 0. From Definition [2.11] there exists ¢ € Z such that
Oo([v], [w]) < [lw? —vlly < do([v], [w]) 4+ 62/2, Le.,

5./2 > 83([], [w]) > [[w? — v, — 6./2 > 0. (B.15)

From assumption if we choose w? € W, since ||lw? — V|, < 6. we get

— < R(wép) B R(?J) — (<¢7w§0> - <¢7 U>) <e, (B16)

Jw? — v,
where ¢ = Dy, R(v). Using equations and equation (B.15]), we get
(B([v]) = R([w])" _ (R([v]) = R([w]))"
Oo([o], [w]) 7 flw? —vll; = 6c/2
_ ({60) = (6,u7) + el — v]l)*
B [w? —vlly — 6:/2

< ((<¢,v>—<¢,w“’>)++g> lw? — ],

[w? = vl [w? =l = 6c/2

w? — ol
fw? —oll, — 6.2

for some v € [v]. Taking € — 0 in equation (B.17) we get

(B.17)

< (na([v]) +¢)

|0R|([v]) < nr([v]). (B.18)
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2. When ng([v]) > 0, for all € € (0,nz([v])), by the definition of ng([v]), for any v € [v]
and ¢ = DyyR(v), there exists w € W such that
<¢7 U) _ <¢7 w>

P e sl = TR =,

te. (B.19)

Let wy == (1 — t)v+tw for all t € [0,1]. Since W is a convex subset of L2([0,1]®), the

curve (W) © W. Since [[wy — vll, = 0 as ¢t — 0, by assumption we have

R(wy) — R(v) — ({¢, wr) — (¢,v))

%i_l,% [w; — v]| =0
iy Blwd) = R(v) = t({¢,w) = (6,0)) _
t—0 tH’LU _ ,U”2
— iy B LB 5 ) -2 > 0
— ting =)y =R > ) -
- (B([]) = R(lwd))” o
— 5 ([wd], [o]) > nr([v]) —e. (B.20)

Therefore, the curve ([w]),c, — [v] along which equation (B.20) holds for every
e > 0. When ng([v]) = 0, equation (B.20]) trivially holds for € = 0.

Combining the two parts, we find that |0R|([v]) = nr([v]).
For any n € N and §,, > 0, let As, = {|v] <} U{v =1,6 >0} U{v =—1,¢ < 0}.
Note that for any ¢, > 0 and d,, > 0, define w,, = v — 1,01 4; {-} and

(<¢a U> B <¢a wn>)+

[o = wally

= [|oLa,, {}],- (B.21)

Let (8,,),,cy be a sequence in (0, 1) such that lim,_,« d, = 1. Since ¢ € L> ([0, 1]2), for every
6n > 0, there exists ¢, > 0 such that w, = v —t,¢14; {} € W for each n € N. It follows

from equation (B.21]) that
ne([v]) = 1111:SUPH¢1A57L{ iy = llote, {- Hiy (B.22)

where the last equality follows from the dominated convergence theorem and the fact that

Ta, {1} — 1g,{ }ae asd, — 1.
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For any w € W, define wyg = w on G, and wyg = v otherwise. Note that

(p,v —w) = /G o(v —w)dXg 2 + /[0 Pv —w) dAp 2

AA\G

= ¢(v —wo) dAg 42 + / P(v —w) dAg 2
[0,1*\G

Gy
< . o(v — wp) dXjg 2 = /gb(v — wp) dA g2
= (¢, v — wy), (B.23)

where the inequality above follows from the fact that ¢(v —w) < 0 on [0,1]* \ G,. Using

that ||v — w2 < ||Jv — w|,, we obtain

(<¢7 U) — <¢> U)>)+

lv = wll,

<<¢a U) — <¢7 w0>)+ )

v _wo”z

<

It therefore follows that

n([v]) = sup (&Y = (6 w)

w o —wll

, (B.24)

where the supremum is taken over w € W such that w = v on [0,1]* \ G,. For any such
w, we obtain by the Cauchy-Schwarz inequality that (¢,v —w) < ||¢le, {- },llv — wl,.

Therefore, it follows from that

nr([v]) < [[¢1e,{ - Hl,- (B.25)
Combining equations (B.22)) and ([B.25)), the conclusion follows. O

Lemma B.6. Let R: W — R U {oc}. Let R be Fréchet differentiable. Let us consider
w € AC(W, d2), and let (W), € AC(W,da) be ils representative curve such that wy =
—nr([we])ne for a.e. t € [0,1] for some n, € L ([0, 1](2)) satisfying ||n¢l, = 1 and (¢¢,ns) =

nr([ws]). Then, w is a curve of maximal slope on ()7\/\, 92).

Proof. Since (wi),e(01 € AC(W, da), the metric derivative of (w),c, ) With respect to d» at
any t € (0,1) is given by

lim Hwt+h — wt||2

Y = [lwilly = [Imr([w])Nell, = [nr(fw])]. (B.26)
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That is, the metric derivative of (wt)te[0 ) € AC(W, dy) equals the upper gradient. Moreover,

by the absolute continuity of the curve and from Definition |4.18],

d o R(win) — R(wy)
g FHlwn) = Jimy : h
— lim (Dt Wern) — (De, we) + o |wesn — hell,)
h—0 h
= (¢, wi) + 0 = —(¢r, ne)ng([wi]) = —nF([we), (B.27)

where ¢; = DywR(w;). Thus, (w),cq ) satisfies Definition and is a curve of maximal

slope on (W, dy), and w is a curve of maximal slope on (W, 92). ]

Lemma B.7. Let R: W — RU {0} be a A-semiconvex invariant function for some A € R
such that the Fréchet-like derivative, ¢(w) = Dy R(w), exists for all w € eff-Dom(R). Let
(we)icio) € ACOW, dz) be an absolutely continuous curve satisfying w; = —¢(w;)lg, {-} =
—DywR(w)lq, {} for a.e. t €[0,1]. Then, ([w])icjo,y) is the unique minimizing movement
curve (MM) satisfying the following evolution variational inequality (EVI)

1d A
QEdg(wt, v) + 5 llwe = vl + R(wi) < R(v), (B.28)

for every v € eff-Dom(R).

Proof. The curve (wt)te[m] is a curve of maximal slope follows from Lemma We now
show that it satisfies the EVI. For t € Ry, let ¢, == Dy R(w;). Fix u € W and define the
function g,: W — R U {00} by g.(v) = R(v) — A|u — v|3/2, for v € eff-Dom(R). We first
observe that Dy gy, (w;) = ¢;. To see this, note that

R(ws) — R(we) — (¢, ws — wy)

lim =0
st |ws — wt”z
— lim gwt(ws) - gwt(wt> - <¢ta Ws — wt) = 0. (B29)
s—1 ||w5 - wt||2

The conclusion, that is Dyygu, (w;) = ¢, now follows from the uniqueness of Fréchet-like

derivatives (Lemma [B.5). Since R is A-semiconvex, g, is convex, i.e.,

g’wt (’U) Z g’wt (wt) + <¢t7 v — wt> ) v E eﬂ_Dom(R)' <B30)
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From equation (B.23|) and using the fact that w; = ¢, we obtain

(P, v —wy) < <¢tﬂth{ hv— wt> = <—iwt,v - wt>

dt
1d 1d

_ - - g2
- 2dt 2dtd2(wt7v)7 (B31)

2
|w; — U”Q =

where the second equality follows from the reflexivity of L2([0, 1]?). Plugging equations (B.29)
and (B.31)) in equation (B.30)) and rearranging, we get

1d A
556@(“&; v) + G llw — vl + R(wi) < R(v), (B.32)

for all v € eff-Dom(R). Using equation (B.32) it follows from [AGS08, Theorem 4.0.4] that

the curve ([w])c(o ) is the unique curve in MMs, 5, (P, [wo]). O

Proof of Theorem[{.23. Fix [wy] € eff-Dom(R) and define

Wy = wo — /t d(ws)lg, {-}ds, te(0,1],
0

where the above integral is a pointwise integral, i.e., for a.e. (z,y) € [0, 1]

wile,y) = wolz,y) — / o(ws) (2, 9)La, ()} s, te (0,1,

By construction, we have (w¢),co, € ACW, ds) and w; = —¢(wi)1g,,{ -} for all ¢ € [0,1].
It follows from Lemma that (w¢),cp,) i & minimizing movement. It follows from the
definition of minimizing movements (see Chapter and J[AGS08, Definition 2.0.6]) that
there exists a sequence of discrete solutions in W that converges to ([wt])te[o,l] in 0. Since
W is closed in || - |5, w, € W for all ¢ € [0, 1].

Set w; = [wy] for t € [0,1]. Then w € AC(W, d2). From Lemma , we know that for

any t € [0,1], nr([w]) = }¢(wt)ﬂgwt{-}||2 and therefore we have w, = —ng(w;)n; where
ny = ¢(wi)le,, {-}/||¢(w)lg, { }|, It follows from Lemma that w is a curve of

maximal slope on (W, 92). ]
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B.3 Proofs of Chapter

Proof of Proposition[{.27. Note that for any sequence of graphons ([wy]),y such that
([wn]) pen LEN [w] for some [w] € W, by Lemma [4.1{ we have

lim inf 6o ([u,], [wn]) > da([u], [w]). (B.33)

n—oQ

—~

We now construct a recovery sequence of graphons ([w}] € W, )nen C W such that

lin () fwp) = Sl ful), and i d(ler) fe) =0 (B34
To do so, we first obtain ¢, € T from Definition and [Jan13, Theorem 6.16] such that
a([u], [w]) = [|u? = w?]],. (B.35)

Since dp([un], [u]) — 0 as n — oo, using [Lovl2, Theorem 11.59] we can find (¢, € I,,),,cx

such that

i g~ s =0 (B.36)
We now define a sequence of kernels (z, € W,,), oy as

Zn = uft — Elu? | Fal,
where F,, = 0{Q,, x Q,} for every n € N. Note that

Izallg < [l = w?llg + l[u? = Elu? | Falllg

< lu = w?llg + lu? = E[u? | Falll,.

Also note that for any v € W, the martingale sequence (E[v | F,] € W,),, oy converges to
v e Win LQ([O, 1](2)) as n — oo. Using L? convergence of the martingales E[u? | F,| and

equation (B.36) we conclude that

|znllg — O, as mn — oo. (B.37)



244

The sequence of kernels (w); € W),), oy can now be defined as
wy = E[ww | ]:n} + zp.
It now follows that for any n € N,

lr, = w?lly < [[Efw? [ Fa] = w5 + llzallo
< |[E[w” | Fa] = w?l, + lzllo

Using L? convergence of the martingales, and equation (B.37) we obtain ||(w})*"" —w¥||g — 0

and therefore have

lim sup o5 ([wy,], [w]) = 0. (B.38)

n—oo

Moreover,

ugn — w2 = |[E[w# | Fo] — E[w? | R

I

< |u? — ww”z = 65 ([u], [w]) (using equation (B.3H))), (B.39)

where the last inequality follows from [Lovi2, Equation 9.7]. From equation (B.39) and

Lemma [4.1] we obtain

it ba(().[7]) = Ba(ful ). (B.40)
Now, by the definition of v, , we have
R[] + 503 (fual, [,]) < ROQwi]) + 5-03([w]). 5] (B.A1)

Taking liminf, ,,, on both sides of equation (B.41)), and from equation (B.33]), equa-
tion (B.34]) and the dg-continuity of R, we get

R([ut)) + 5-83(u), [ut.,])

<l1m1nfR([ D +hm1nf2 52([“11] [u+ ])

n,t

< timinf R((u;]) + limin o-03((wn), [w3]) = R(u)) + 503l (). (Ba2)

Since [w] € W was arbitrary, this completes the proof. O
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Proof of Theorem[{.28 By increasing the constant G suitably, we may assume that

max{sup|8R|([un70]), |8R|([u0])} <G < 0. (B.43)
n>2

Fix T > 0 and let 7, be a sequence of positive time steps such that |7,,| = T/m. Since

R:W — RU{o0} is dg-continuous and do([u], - ): W — RU{o0} is dg-lower semicontinuous,

the functional ® (7, [u]; - ) is dg-lower semicontinuous. From Lemma{4.15] it follows that ®p

satisfies [AGS08, Assumption 4.0.1] and hence by [AGS0S8, Proposition 4.0.4] we have that

W™ (1) = 6o- lim (Jf;g) ([amo]), @ (t) = 0o T (i)™ ([u0]),

m—o0

exist and are unique for all n € N and ¢t € [0,7].

Let [up.r,.]: [0,T] — W be the discrete solution of the implicit Euler method with the se-
quence T, and initial point [u, ], for each n € N. Inductively applying the Proposition m,
we obtain [u,, |: [0,7] — W such that [ur,.] is the discrete solution of the implicit Euler
method with the sequence 7, and initial point [ug] € W. Passing to a subsequence and

m

relabeling, we may assume that <[U"T’”]> — [u,,,] uniformly on [0,7] as n — oo, that
neN

is, for any fixed sequence of step sizes T,,, we have (5D<[uk77m](z€), [uTm](t)> — 0 uniformly

over t € [0,T] as n — oo. For every t € [0,T] we have

2 (Famr ] (6,01)) < ATl A, TRl (). (B.44)

62 (Tur ] (0, 9(1)) < ATl A 5T [OF (o)), (B.45)
for every n € N where
AT MET) ER X RXRyy xRy [7A> -1, 7<T,t<T} x(0,00) > R,

is defined as

.

77% , if A\ =0,
7(7—7 )\7 ta T7 G) = 1?_?_';\,‘}1 : TTC% : exp(— ln(%)t) s if A < O, (B46)

V1I42X\T - i/_GE . exp(— ln(%)t) , if A >0,
\
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by [AGS08, Equation 4.0.6, Theorem 4.0.9, Theorem 4.0.10], and the uniform bound in
equation (B.43)). Note that v is independent of n. Using the triangle inequality, we get

o (™, ) < 00 (™, Ttner J(8)) + 06 (Tt ), T 18 )
+ 80 (fur, J(8), )

< 0 (", Tt ] (9) + 85 ([t ](0), T 1)
o+ 8 (Tur, (1), 1)

< 297l A6 T, G) + 05 (T, (8, Tir, ] (8)) (B.47)

for all n € N and t € [0, 7] by equations (B.44) and (B.45]).

It is clear that y(|7.u|, A\, t;T,G) — 0 uniformly on [0,7] as |r,,| — 0. Therefore, we
conclude from equation (B.47) that dg (wﬁ”), wt> — 0 uniformly on t € [0,7] as n — co. [

Remark B.8. The proof of the Theorem can be carried as long as we have the uniform
estimates in equation (B.44]). In particular, if VR,, o M, are uniformly Lipschitz, and there

is a constant m € R, such that
Ro(Ya) € Bo(X,) + (VRA(X,), Y = Xo) + 2 [¥a = X,

for all X,,,Y,, € M, where R, = (Ro K) |r,, then [Butl6l, Theorem 212A] guarantees a
uniform estimate in (B.44)) and therefore the conclusion of the theorem remains valid.

B.4 Proofs of Chapter

Proof of Lemmal[{.31 For any ¢ € T, given {U;},_y, let us define V; := o(U;) for all i € N.

iEeN
Since @sAj01] = Ajoa], {Vitien is @ set of 1.i.d. uniform random variables in [0, 1]. Using this,

observe that for any (i, j) € [n]®,

v (X7)(i,5) = EBl? (Ui, Uy) | X7 ((Ue)g-y)]
= E[o(e(U:), o(U;)) | Xn(p(Ue) 1)l
=E[u(Vi, Vj) | Xu((Ve)p—y)] = va(Xa)(3, ), (B.48)
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holds, completing the proof. O

Proof of Proposition[4.33 By definition, p,; is the law of the random symmetric matrix
Xt (Up)1,). Fix some R, € C*(M,,R) vanishing at the boundary of M,,. By change of

variables

/ Ro(2)pna(z) dz = /[ | Rn<(wt(ui,uj))(i,j)e[n](god)\[oyl]n(u), (B.49)
0,1]"

where Ay is the Lebesgue measure on [0,1]", and u = (u;);_,. Note that v,; € L*(pn.).
Taking time derivative on both sides of equation (B.49)) for ¢ in the set of full measure where

wy is defined,

a1’// Ry (2)pnys(z) dz
= /[;),l]n atRn<(wt(ui7 uj))(@j)e[n}@)) d)\[(),l]”(u)

= /[(; 7 <(VR o Xn,t)(u)7 (wg(uz; uj))(i,j)e[n](2)> d)‘[O,l}" (u)

_ / <VRn(z), / (1} (05, 1)) 5y @ d,uz(u)>dz, (B.50)
n {u€l0,1]"| Xn t=2}

where {fi.},c,, is the disintegration of Aj1», with respect to the function X, ;. By defi-
nition of vy, the above expression is exactly equal to [, (VR,(2),vn(2)pn(2)) dz. This

completes the proof. O

B.5 Proofs of Chapter

Proof of Lemmal[{.33 By change of variables, note that

R([w]) = Ex, ~p, (w]) [F2n(Xn)]

= E{ZiNUni[O,l]}?zl [Rn ((w(Zi, ZJ))(i,j)e[n](2)>] . (B51)

For two different graphons [v], [w] € W, consider their representative kernels v and w. Since

2)

kernels are identified a.e. on [0,1]®®), we may assume w(z, z) = v(z,z) = 0 for a.e. z € [0, 1].
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Now use the same sequence of Uni[0,1] random variables (Z;);_, to obtain a coupling of
pn([v]) and p,([w]). This is used implicitly in the following derivation and, hence, we will
skip referring to the random variables { Z;}!_; from here on. Define X,, := (w(Z;, Z; ) )@
and Y, = (v(Zi, Z;)) ; jyepm@- As a consequence of this coupling,

E[“Yn_XnH Z E Zz:Z (Zi:Zj))Q}

i=1,57#1

=) [ (olr0) ) dedy = nn = Dlfo—wif}

The first equality is using the fact that the diagonal terms of Y;,, — X,, are all zeroes. Hence
E[||Y, — Xull,] < nljlv —w],, by the Jensen’s inequality.

If either assumptions of the Lemma hold, then for any ¢ > 0,

[ B (Yn) = Bn(Xn) = (VEL(X5), Vo = X,
< EHYn - XnHQH{HYn - XNHQ < 5&} + OOIL{HYn - Xn”z > 55}' (B-52)

Taking expectations on both sides,

“E[Rn(yn)} - E[Rn(Xn)] - EKVRn(Xn): Yn - Xn)”
S 8E[HYH - Xn”z] + OO E[ﬂ{HYn - Xn||2 > 55}]
< ekflv —wlly + CoP{[[Yn — Xall, > 6:}

< ekl —wlly + g0’ o —wll;,

)2
by Markov’s inequality. As ||v — w||, approaches zero, it is now clear that, for any & > 0,

lim sup |E[Rn(yn)] — E[Rn(Xn)] — EKVRH(XH))YR — Xn)” < e (B.53)

VEW, |lv—w||,—0 v — wHQ

Since £’ is arbitrary, the above lim sup must be zero.
By the definition of Fréchet-like derivatives (Definition 4.18]), we want to obtain some
¢ € L>=([0, 1](2)) such that

E[(VR,(X,),Y, — X,)] = (¢,v — w). (B.54)
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Let U, :=Y,, — X,, (also similarly measurable with respect to {Z;},_,), and let us denote by
A(Z) =VR,(X,) = VRn<(w(Zi, Zj))(m)e[n]@)). Observe that

E[(VR.(X,). Y, — X, = 3 E[(A(2)),,(U(2)),,]

= 3 B[s [, 02, | 2.2
- Zn: ]E[E[(A(Z))i,jU(ZnZJ) JH
i=1,j5
= i E[E[(A(Z»i,j i J']u(Z"’ZJ)]
i=1,j7#i
- En:/ QE[(A(Z))Z‘J (Zqu):(“f’y)]u(x’y)dxdy
i=1,ji ” O1]
_ /[01]2 (zn: E[(A(Z))” (Z:,Z;) = (x,y)}>u(m,y) dz dy. (B.55)

Notice that, including the term ¢ = 5 above makes no difference in the integral. Therefore,

if we choose ¢ € L>([0, 1]2) to be defined as

ZE[(VR ( (Zi, Z;)) . )e[n]@))),,

_ 2y}
©]=

for (z,y) € [0,1]®, then the required equality in equation (B.54) is satisfied. And the action
of the Fréchet-like derivative ¢ on a kernel, say u € W, is

E[(VR, o X, Gy[u])]

_ ]E[<VRn<(w(Zi, Zj))(z‘,j)e[n](Z)), (u(Z;, Zj))(i,ne[nyz)ﬂ ‘ (B.57)

]

Proof of Lemmal[{.3] Since every geodesic is also a generalized geodesic, it suffices to prove
the result for a generalized geodesic. Since R, is A-semiconvex, for some A € R, it follows

that for any Xy, X; € M,,,

Rul(X) < (L= ) Ru(X0) 4 1R,(X0) = 2L = DX~ X}, ¥ te01],  (B5Y
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along the curve (X; = (1 — )Xo + tX1)icpo,1-

Let [wo], [wi] be two graphons and let w = ([w¢]),co,) be a generalized geodesic between
wo = [wo] and wy = [wy]. It follows from Definition that w has a representation in the
space of kernels given by the line segment (w; = (1 —t)wo + twi),c(y), Where the kernels
wo and w; are such that ||wg — wi]|, > d2([wo], [w1]). Now use the same set {Z;} , of
i.i.d. Uni0, 1] random variables as above to get a process (X; ), o of random matrices with
distributions (p, ([w¢])),,cy respectively, for each ¢ € [0,1]. Note that X, = (1—t) Xor+t X1,
t € [0,1], n € N. Hence applying equation to this line segment and then taking

expectations with respect to the joint law of (Z;)I ,, we get
R(fw]) < (1 =) R([wo]) + tR([wi]) — %t(l ~ O B[ X1 — Xoxlls], tel0,1].
Now by equation ,
E[[| X1 — Xoxlly] = nln = 1)llwr —woll3 = n(n — 1)65([wi], [wo]).

Putting it back together we get that for t € [0, 1],

n(n —1)A

R(w;) < (1 —t)R(wp) + tR(wq) — 5

tH(1 — )65 (w1, wo). (B.59)

Therefore R is n(n — 1)A-semiconvex along the generalized geodesic w. O
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Appendix C
PROOFS OF THEOREMS IN CHAPTER [

In this section, we will provide the proofs of theorems in Chapter [}
C.1 Proofs of Chapter

Proof of Proposition[5.13. We first show that Wg and Ag are equal. Let U,V be measure
valued graphons and let ¢ be some bounded Lipschitz function. Using the definition of the
cut norm and using Fubini’s theorem,

IT(¥, U) =T(4, V)|l = sup

ST

/S T(F(¢’ U) =T, V))(z,y) dz dy‘

= sup
ST

[oesatn@o - [ ¢<c><£sXTv><do‘,

where (LgxrW) = [¢ W (z,y)dzdy for any W € 20, and Borel measurable sets
S,T C [0,1]. Taking supremum over all Lipschitz functions ¢ on [—1,1] with [[¢][;;) <
1 on both side and interchanging the order of two suprema in the right, we obtain
supy[|[T'(¥,U) =T, V)|l = supgr Wi(LsxrU, LsxrV). Since U,V were arbitrary, the
desired result now follows by replacing V' with V¥ and taking infimum over all ¢ € T. It
follows that Wg and Am are equal. The fact that Wy is a metric on 2 follows by mim-
icking the standard proof of cut-metric being a metric on graphons (see [LS06]). We briefly
outline the idea of the proof. Note that Wg and Ag do not satisfy positivity on 20, that is,
Wa(U, V) can be 0 even though U # V. It suffices to show that Wg(U, V') = 0 if and only
if U~V in 20, that is, Ta(F,U) = T4(F, V) for every decorated graph F. This follows from
Theorem [B.15] O
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Proof of Lemma|5.14 For any ¢ € £ and Wy, W, € 20 define

1 1
Vilew) = [ wOWilz)de) - [ w©Wale.p)(de)
—1 —1
for (z,y) € [0,1]®. For any S,T C [0, 1], by the Kantorovich duality and Proposition m,

we observe that

W1< Wi(z,y) dz dy, Wa(z,y) dz dy)
SxT

SxT

= sup

/ V¢(x,y)dxdy' Ssup/ IVw(:v,y)ldxdyS/ sup|Vy(z,y)| dz dy
YeLl|JSxT [0,1]2

YeLl [0,1]2 €L

= Wy (Wi(z,y), Wa(z,y)) dedy < Wo(Wi(z,y), Wa(z,y)) dz dy

[0,1]2 [0,1]
1/2
S ( [ PW%(Wl(x7y>7wl<x7y))d‘rdy) 9
0,1

where the last inequality follows from the Cauchy-Schwarz inequality. The conclusion follows

by replacing Wy, Wy by W' and W5 respectively, and taking infimum over @1, € T. [

Lemma C.1. Let D C C be a subset that is closed under finite products. Suppose that the
linear span A(D) generated by D is dense in C in the sup norm. Let (W), . € 2 and let
W € 25. Then, the following are equivalent.

1. limy, oo Ta(F, W,) = Ta(F, W) for every decorated graph F.

2. lim,, oo Tq(F,W,,) = T4(F, W) for every D-decorated graph F.

Proof. Obviously (1) implies (2). To see the converse, first note that if lim,, o, Tg(F, W,,) =
Tr(W) for every D-decorated graph F' then lim,, o, Tq(F,W,,) = Tq(F, W) for every A(D)-
decorated graph F. Now let (F, f) be a C-decorated graph and let € > 0 be fixed. Then, there
exists an A(D)-decoration (F,g) of the skeleton F' such that max; jepm || fi; — gill, < €
Let C' > 0 be a finite constant such that max; ;|| f; ;|| < C. It follows that max; ;|| g; ;|| <
¢’ = (1 + C). Using the Counting Lemma for decorated graphs [LS06, Lemma 10.26], for
any U € 20 we have Ta((F,q),U) = Ta((F, f),U)| < 4|E(F)|C’e. Thus

[Ta((F f), Wn) = Ta((F, f), W)
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< [Ta((F, f), Wa) = Ta((F, 9), Wa)| + [Ta((F, 9), W) = Ta((F, f), W)
+ ‘Td((Fv g)v Wn) - Td((Fa g)’ W)|
< 20" + |Tu((F, 9), W) — Ta((F, g), W).

Since g is an A(D)-decoration and |T4((F, g), W,,) — Ta((F,g),W)| — 0 as n — oo. It follows
that limy, oo |Ta((F, f), Wy) — Ta((F, f), W)| < 2C"e. Taking ¢ — 0 completes the proof. [

Lemma C.2. Let (W,,),cn € 200 and let W € 20. Then, (Wy),en — W in W if and only if
(Tr(W))pen — Tr(W) for every finite simple graph F.

Proof. Let (F,f) be a decorated graph. Define pr = ®gjjepwr) f({i,7}). Hence,
Ta((F, f),W) = (¢p,Tr(W)), where Tp is as in Definition It follows that if
Tp(W,) — Tr(W) weakly for a skeleton F', then Ty(F,W,) — Tq(F,W) for any decora-
tion (F, f). Conversely, the linear span of {¢p: f is a decoration of F'} is dense in C(Ip)
by the Stone-Weierstrass theorem. Thus, T4((F, f),W,) — Ta((F, f),W) implies that
(0, Tr(Wa)) = (@, Tp(W)) for any ¢ € C(IF). O

Lemma C.3. If lim Ag(W,,W) =0 then lim W, =W in W (see Definition .

n—oo n—o0

Proof. Assume that nll_{lolo Ag(W,,,W) = 0. We want to show that lim, . Tq(F,W,) =
Ta(F, W) for every decorated graph F. Since the set of Lipschitz continuous functions is
dense in C, by Lemma it is enough to show that lim,, ., Tg(F, W,,) = Ty(F, W) for every
Lipschitz decorated graph F'.

To this end, fix a Lipschitz decorated graph F. Let L > 0 be such that
maxg jyen(r) | fijllgy, < L. Now observe that for any W € MW we have Ta(F, W) =
f[D,l]V(F) I jyenr U(Fiy Wi, 25) [ ey ) dzo. It follows from above and the Counting

Lemma for decorated graphs [LS06, Lemma 10.24] that

To(F W) = Ta(FW) <4 Y [T(Fiy, W) = T(Fiy, W)l
{i.7}eE(F)
<AL Y |[W, — W]|g = 4LIE(F)[[|W, — W||g.
{i.}eE(F)
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Replacing W,, by W#» and W by W¢¥ for any ¢,,¢ € T and taking infimum we obtain
|Ta(E,W,) — Ty(F,W)| < LIE(F)|Am(W,,, W). Since Ag(W,,, W) — 0 as n — oo, it follows
that Tg(F, W,,) — Tq(F,W) as n — 0. O

Lemma C.4. Let L be the space of all Lipschitz function on [—1,1] with bounded
Lipschitz morm at most 1.  For every ¢ > 0, there exists a finite set F. C L
such that }A.(U,V)—AiE(U,V)} < € for all UV € W, where AG(UV) =
infy, gersupyer||U(0, UY) — T'(¥, V¥2)||g, for any subset F C C. Moreover, the set F.

can be chosen so that |F.| < 3-26/¢.

Proof of Lemma[C4 It is an immediate consequence of Arzéla-Ascoli theorem that £ is
compact in C. Let € > 0 be given. By the compactness of L, there exists a finite subset
F. C L such that union of €/2 balls centered at 1) € F, cover L. In other words, for every
Y € L there exists ¢y € F. such that || — ||, < €/2. For any U,V € 20, by triangle

inequality, we obtain

T, U) =T, V)l = IT (%0, U) = T(o, VIl < IT(% = o, U)ll + T (% = %0, V)|,

that is strictly bounded by e. It follows that

3212”“% U) =T, V)lly - SEJIT)EIIF(% U) =T, V)lp| <e (C.1)
Since the above inequality holds for every U,V &€ 20, the desired conclusion follows by
replacing U and V' by U¥' and V2 respectively and taking infimum over ¢,y € T.

For the second part of the claim, we will construct the finite set of bounded Lipschitz
functions, denoted as Fi, as follows: We divide the domain [—1, 1] into 4/€ contiguous inter-
vals, each of length €/4. Given our interest in functions with a Lipschitz constant bounded
by 1, we also partition the range [—1, 1] into 4 /¢ contiguous intervals of length €/4. Observe
that any continuous function with bounded Lipschitz norm bounded by 1, can be approx-
imated to within € in the supremum norm using piecewise linear and continuous functions

whose local slopes are taken from the set {—1,0, 1} over the divided domain. Therefore, to
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define F,, it suffices to consider the set of piecewise linear and continuous functions that have
local slopes in the set {—1,0, 1} over the aforementioned partition. By our construction, the

size of this set is at most 3 - 216/¢*, O

Proof of Theorem[5.15. Equivalence of part and part follows from Lemma [C.2
Lemma shows that part (3| (or equivalently part [4)) implies part . It remains to show
that part |1] implies part [3 Suppose (W,,)pen — W in 20 as n — 0o. We want to show that
lim,, oo Am(W,,, W) = 0.

We will argue by contradiction. Suppose, for contradiction, that there exists some € > 0
and some subsequence (ny)52, such that Amg(WW,, ,W) > e. By Lemma there exists a
finite family of functions F C £ such that Am(U, V) < Ag(U,V)+5, forall U,V e 2. Since
F is finite and (W), ),y — W as k — oo in @, it follows from [LS10, Lemma 3.2, Lemma
3.7] that limy_,o Ag (W, W) = 0. This implies that limsup,_,.. Am(W,,, W) < €/2 which

is a contradiction. O

Proof of Lemmal[5.18 The proof of Lemma follows essentially the same idea as the
proof of [KKLS14, Theorem 3.8].

Let (F, f) be a decorated graph and let G(n, W) be as defined in Lemma [5.18 Re-
call that Ty(F,G(n, W)) = & >, . Inene fia(Gij), where (o8 are independent and
distributed as W (U,,U,) for all (u,v). In particular, E[Tq(F,G(n,W))] = Tu(F,W) for
each n € N. It suffices to show that T4(F,G(n,W)) concentrates around its mean for
all decorated graphs (F, f). To this end, fix a decorated graph (F, f) and set d,(F) =
|Ta(F,G(n,W)) — E[Ta(F,G(n,W))]|. Using a 4-th moment bound, following the same ar-
gument as in [Lov12, Equation 11.5], we obtain P{d,(F) > e} < -;. Using Borel-Cantelli
Lemma we conclude that T4(F, G(n, W)) — T4(F, W) almost surely. To conclude the proof,
we observe that set of all finite simple graphs is countable and C = C[—1, 1] is a separable
space. We, therefore, can find a countable dense subset of decorated graphs for which almost

sure convergence of homomorphism densities holds. The proof is complete using a standard

approximation argument similar to [KKLS14, Theorem 3.4]. ]



256

C.2 Proofs of Chapter

Proof of Theorem |5.21 Recall that the Aldous-Hoover representation provides a one-to-one
correspondence (see (5.2))) between IEAs and random MVGs, in other words, between P, (S)
and P(@) Also note that P.(S) and P(@) are both compact and metrizable (and hence
Hausdorff). To show that P,(S) and P(@) are homeomorphic, it suffices to show that the
X +— Wx is continuous. Let X,, be a sequence of exchangeable arrays such that X,, -+ X
weakly as n — oo for some exchangeable array X. Let W, and W be the corresponding
(random) measure valued graphons. We want to show that W, — W weakly, that is,
E[T4(F,W,)] = E[Ta(F, W)] for every decorated graph F'. To see this, fix a decorated graph
F. Since X,, — X weakly as n — oo, it follows that T4(F,X,) — T4(F,X) as n — oc.
Observe that E[Ty(F,W,)] = Ta(F,X,) and Ty(F,X) = E[T4(F,W)] by Proposition [5.20}

Hence, E[Ty(F,W,)] = E[Tqa(F,W)] as n — oo. This completes the proof. O
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Appendix D
PROOFS OF CHAPTER

In this chapter we will provide all proofs of statements in Chapter [6]
D.1 Proofs of Chapter 6.1

Proof of Lemma[6.1. Fix (i,7) € N® and note that f(U,U;,U;,U;;) = f(U,U;,U;, U ;)
since (; = (; and Uy; = Uj,. Therefore, E[f(U,U;,U;,Us;) | U U, U;) =
E[f(U,U;,U;,U; ;) | U, U;, Uj], and,

wy(7,y) = E[f(U,U;,U;,Us ;) | U = u,U; = x,U; = y]

for a.e. (z,y) € [0,1]”. Since the maps f, E and [-] are all measurable, their composition
is also measurable. Because U is a random variable, [wy] is also a random variable obtained
as a composition of measurable maps.

To see equation , start with the Aldous-Hoover representation ¢; ; = f(U,U;, U;, U, ;)
for every (i, j) € N®. Condition on {U = u} throughout for u € [0, 1]. For any finite simple
graph F', with k vertices,

Tr <K <(<i7j)<i7j>e[n1<2>>> - ﬁ Z H Gijiy

i1,i2,ik {j,l}EE(F)

:# Z H fu, Ui, , Uy Uy, ),

11,52,.-5tk {J,l}EE(F)

(D.1)

where the summation runs over the n*f := n!/(n — k)! many injections from [k] to [n], and

Tp: W — R is the homomorphism density function of F' (see equation ([2.7)). Notice that

E[TF <K<(Ci,j)(i7j)€[n](2))>i| = /[(Ll]k H Elf (u, uj,u, V)] duy - - - dug, = Tr(w,),

{3y E(F)
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where w,, is defined in equation . Hence, the lemma will be true if we show that the strong
law of large numbers holds. That the weak law of large numbers holds, can be seen by a vari-
ance computation. That the convergence is a.e. follows from Borel-Cantelli lemma [Kal21l,
Theorem 4.18]. We skip the standard argument. The conclusion holds following the inverse

counting lemma |[Lov12, Lemma 10.32]. O

D.1.1 Proofs on the existence of solution of McKean-Vlasov SDE

To argue about the existence of a unique solution of the system of SDEs (Graphon-MKV)),

we construct a sequence of stochastic processes (X(k),v(’“))k.€Z+ on C([O,oo), -1, 1]N<2) X
W) iteratively. Start by defining (X, () as Xi(g-)(t) = wo(Uy, Uj), YO(t) = wy, for all
(i,7) € N® and t € Ry. The induction proceeds by showing that whenever (X (k),'y(k))
for k € Z, is well defined, X*) is an infinite exchangeable array (Lemma below) and,
7*) is a deterministic process of kernels (Lemma . Note that these claims are clearly
true for k = 0. Then, inductively, define the process X*+1) as the strong solution to the
coordinatewise reflected SDE:

X @) = b(XE @), (0)) U, Uy) dt + 2 (10(0)) (Us, Uy) dBy (1)

(D.2)
+ AL () — AL (@,

for t € Ry, with the same initial condition X(kﬂ)(O) = wo(U;, U;) for all (i,j) € N®.

Y]
As usual, LESH)_ and LEEHH are processes such that (Xi(f;“), LETIH,LETU_)

Skorokhod problem with respect to [—1,1] (see Section for every (i,j) € N®. Since
the drift and diffusion functions ¢ and 3 are deterministic and Lipschitz (Assumption ,

solves the

given Fy, every process X *) for k € N exists uniquely in the strong sense.

In fact, given Fp, the entries of the array X**Y are independent and distributed as
reflected Brownian motions (RBMs) with Lipschitz (but time-varying) drifts and diffusion
coefficients. In particular, the kernel 4*+1 is constructed from the array X *+1 (which over

the entire probability space is exchangeable, as we show next in Lemma [D.1)) as described
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in equation (6.5)) in Lemma , and is therefore defined as
A (1) (2, ) ;:E[X (k+1) (4 ‘Ul — 2, Uy = ] t e R,. (D.3)

The kernel y*)(t) is well-defined for a.e. (z,y) € [0,1]® and all ¢ € R,. The induction

hence continues.

Lemma D.1. Suppose that, for some k € Z., there is a unique in law solution to the
SDE (D.2) for X**V and that v*+V) is a deterministic process of kernels. Then the process
X&) s an infinite exchangeable array taking values in € = C[0,00), equipped with the

usual locally uniform metric.

Proof. To argue the exchangeability, let 0: N — N be a finite permutation of the natural
numbers N. Note that o fixes every large enough natural number. We need to argue that
(Xi(fjﬂ)) has the same law as (ngijl))(i,j)eN@) in the sense of equality of the two
probability measures on (C0, oo))N(Q).

Let 171 = U,,, for all i € N. Then ([Z)ieN
random variables. Let Y(kH) = Xcg]fj;]) for every (i,j) € N®. Since Yl(]kﬂ)(O) =

wo(Us,, Uy,) = wo(U;, U;). Tt follows that (}/;Ef+l)(0))(ij)€N<2) has the same distribution
as (Xi(”;Jrl)(O))

(4,5)eN®

is again a sequence of ii.d. Unif0,1]

(1.)eN®" Moreover for every (i,7) € N the process Y 1) satisfies the SDEs

dY;E;H (t) = b(Xa, o (), V(k) (t)) (Us; Uaj) dt + E(”Y(k) (t))(Us,, Uaj) dBUi:Uj (t)

+dLEED (1) — dLELD (1)

o

= o(Y R 0,49 0) (T, Ty) dt + 5 (/W (1))(T5, Uy) d By, (1

Z?J

+dLEED () — dLE D (1),

0,05

for (i,7) € N® and t € R,.. Note that, v*) does not get affected by the permutation o.
Relabeling Eu = By, 4, LE= o Lglff,? and Z;’;“) = L;fgi” for every (i, j) € N®

2Y)

leaves their joint law unchanged, and we get

a5 ) = (V0,4 0)) (T3, T) dt + £ (49 0) (T, Ty) d By (1)
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+ AL () — L (),

for every (i,5) € N® and t € Ry. Since X**V and Y**+V follow the same system of
recursive SDEs (D.2)), their equivalence in law follows from the uniqueness in law of the
SDE. ]

Lemma D.2. Under the same assumption as in Lemma[D.1] and Assumption[6.1], the kernel-

valued map t +— ") (t), is deterministic and absolutely continuous. Moreover, for each

t € Ry, we have

Tim ([K((Xf”;) (t))(i’j)e[n]@)}, [y® (t)}) -0, as (D.4)

Proof. By definition, for (z,y) € [0,1]®, and ¢ € R,

This is a deterministic kernel for every ¢t € R,. To see , repeat the proof of Lemma .
Notice that, there is no random variable U as in Lemma (also see Remark [6.2)). This is
now a consequence of Kolmogorov’s zero-one law [Kal21l, Theorem 4.13]. For n € N, let G,
be the sigma algebra generated by U, and the i.i.d. standard Brownian motions B, ;s for
the set of indices {(z, j) € N®@ ‘ ] = n} This is a sequence of independent sigma algebras.
Consider its tail sigma algebra 7 = Nyen Vi>p Go. This is a trivial sigma algebra by the
Kolmogorov zero-one law.

Consider, for any finite simple graph F' and ¢ € R, , the limiting homomorphism densi-
ties im0 T (K ((Xz-(f;) (1)) (i?j)e[n](g))), as in equation (D.I)). These limiting homomorphism

densities do not depend on finitely many elements in {Xi(f;)(t)}( en@ or {Ui},y. In partic-

(N))
ular, such limits are measurable with respect to the tail sigma algebra 7. Exactly as in the

proof of Lemma [6.1] it follows that

15,9 QK((XZ'(»I;) (t)> (i,j)e[n}”’)] JUs (t)]) -

In particular, the graphon ['y(’“) (t)] is measurable with respect to 7, and thus constant a.e.



261

Finally, the absolute continuity of ¢ — ~(¢) follows from the path continuity of the process

Xl(kQ) and our assumptions on b and X. ]

Proposition D.3. Assume that the drift functions b: [—1,1] x W — L*([0, 1](2)) satisfies
Assumption and the diffusion coefficient function ¥: W — LOO([O, 1](2)) 1s bounded and
ko-Lipschitz in | - ||, (Assumption [3.3). Then the sequence of processes taking values in
C ([0,00), [—1,1] x W) given by <(X£2)(t)’V(k)(t))te&)kezy converges locally uniformly in
the 2-product metric of [—1,1] and (W, ds), to a pathwise unique process (XLQ(t),’y(t))

teR4
starting from v(0) = wo € W and X12(0) = wo(Uy, Us). That is, for every t € Ry,
: (k) 2 (k) 2
khm sup ‘X1,2 (s) = X12(8)| + [[7™ (s) =~(9)|,| =0, a.s. (D.5)
0 5€0,t]

In particular, the limiting processes X o is continuous and vy is absolutely continuous and

determainistic.

Proof. The proof is a standard Picard iteration based proof of existence of solutions of SDEs.
See, for example, the proof of [KS91, Theorem 2.9, page 289]. Hence, we will skip some of
the details and refer the reader to the above cited reference.

We will take £ — oo and produce a limit. Start by noticing that the process X fgﬂ)

: R+ —
[—1,1] is the result of applying the Skorokhod map [KLRS07] pathwise to the “noise before

reflection” process Yl(’gﬂ) obtained as the unique strong solution to the SDE:
a5 @) =o(XE @40 0) (0, U dt + 5 (700) (0, T) dBiolt),  (D.6)

for t € R, with initial conditions Y57 (0) = X{5™(0) = wo(Uy, Us) for all k € Z.
Xl(gﬂ)(s) - Xl(kz)(s)‘ for any k£ € N. Since the Sko-

Fix t € Ry and consider sup oy
rokhod map is 4-Lipschitz in the local uniform norm (see Section , the above distance is
bounded by 4 sup,(q 4 YI(EH)(S) — Yl(];)(s)’ Now for every fixed k € N, from equation
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we have
NI A ()
=f@@$%MW%m%%%%ﬁ%MW®MﬂM® (0.7
- /0 (2 (ry(kil))(Uly U2) - E(’Y(k))(Ul, UQ)) dBl’g(S).

Define A, M: R, — R for t € R, as

A@:f@wﬁwmwwmwwwwﬂ%MWMMwwm
M(t) = /Ot(z(w—l)) (U1, Uz) — (7™ (U1, U2)) d By ao(s).

Note that, for a kernel A € W, we have || A||5 = E[A%(U, U)], for Uy, Uy i.i.d. as Uni[0, 1].

Using Jensen’s inequality and interchanging expectation with integral and Assumption [6.1]

sup A?(s)
s€[0,t]

< v [ (s 002000 )@ = (150100 0002
=t [ (024 0) - o(xw.00) |

t t
< 2/-@225/ Hv(k_l)(s) - V(k)(s)Hz ds + 2L2t/ E[‘X(k_l)(s) — X(k)(s)ﬂ ds. (D.8)
0 0

E

For M, we use the fact that it is a stochastic integral of a bounded integrand with respect
to a Brownian motion, and hence a continuous martingale. By an application of Doob’s

maximal inequality [KS91, Theorem 3.8.iv, page 14], we get that,

t
E | sup M2(5)] < 4/ IE“E(PY(’“*U(S))(UDUQ) — Z(»y(k)(g))(Ul,Uz)‘Q] ds.
s€0,t] 0
Using the assumption that ¥ is ko-Lipschitz in || - ||, and the same argument as above,

sup M?(s)

s€[0,t]

¢
E < 4&3/ Hy(kfl)(s) - V(k)(s)Hz ds. (D.9)
0
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Now, taking absolute values on both sides on ([D.7)), we immediately get,

2
Eamxﬁwﬁ—ﬂﬂﬁl
s€[0,¢]
2
<16E | sup [V () = vi§(s)| | < 32E| sup A%(s) + sup M3(s)
sefog! ’ s€[0,t] s€[0,4]

t
<64(K*t + 2r3) / H'y(k_l)(s) — v(k)(s) Hz ds
0
t
+ 64L2t/ E[{X“f—l)(s) - X(k)(s)ﬂ ds. (D.10)
0

Using the fact that the operator v, given by a conditional expectation (D.3|), and, therefore,
2]

k k 2
X5(s) X)) + sup [ (s) %qu

s€[0,t]

must have a smaller L? norm

2 k k
sup [y (s) — 4 ®(s)||, < E X5 (s) = X (s)

s€[0,t]

sup
s€[0,t]

Combining the last two bounds above, one gets the recursive bound

E

sup
s€[0,¢]

< 128((/8+L2)t+4n§)/t]E“X<k—1 (s) — X®)(s)] }ds

The rest of the argument follows exactly as in [KS91l, page 290] by applications of Gronwall’s
lemma [Gr619] and the Borel-Cantelli lemma [Kal21, Theorem 4.18]. We skip the similar

argument for pathwise uniqueness. See the proof of [KS91, Proposition 2.13, page 291]. O

Proof of Theorem[6.3 Start with the countably many i.i.d. Uni[0,1] random variables
(Us);en and an independent infinite (symmetric) array of i.i.d. standard Brownian motions
(Bij) i jyent» and construct the deterministic process v in Proposition .

Given v and (U;),oy and following the system of SDEs (Graphon-MKYV]), the diffusions

X, ;s are independent (but not identically distributed) reflected Brownian motions with de-
terministic bounded time-dependent drifts for (i,j) € N®. So, they exist in a pathwise

or strong sense exactly as the process X, does in Proposition and satisfies the con-

straint (Graphon-MKV)) since v is a fixed point of the Picard iterations.
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It is obvious from the symmetry of the construction that the infinite array (Xi,j)(zj) eN®
is exchangeable with &€ = C[0, 00), the set of continuous functions from [0, c0) to R.

For the limit (6.7)) we will make use of the following result from [Lov12, Proposition 8.12],
which states that for any v € W,

lollg < Te, (v) < 4ol (D.11)

Here C, is the cyclic graph with four vertices and T¢,(v) is the homomorphism den-

sity function of the simple graph Cj;. We will apply this for the choice of v,(t) =
K ((Xig () gemz) — K((’Y(t)(Uia Uj))(i,j)e[nP)‘ Thus,

H,(t) = Te, (va(t)) = ﬁ D | [ MO ERTGIN/N)
11,12,...,04 [=1

4
1
- W Z H(Xilvil-&—l (t) - ]E[Xilyil+l(t) ‘ FU])?
i1,i2y0myia 1=1
with the convention that, when [ = 4, [4+1 = 1. The above sum is over all injections in [n]!.
Notice that H,(0) = 0. The fact that for each t € Ry, lim,,_,o, H,(t) = 0 almost surely
follows similarly to the proof of Lemmal[6.1] We now show that ¢ — H,,(t) is equicontinuous.
From which, using a standard argument, we can show that almost surely, H,,(¢) — 0 for each

t € R, that is,

lim &5 ([K((Xi7j(s))(i7j)e[n](z>>},[7(5)]) —0, as Y sel0.

n—oo

To show that (H,), .y is equicontinuous, we first observe that for any sy, s, € [0, 1],
| Hn(s9) — Hy(51)]
K<(Xi7j(52))(i7j)€[n](z>> - K((Xm(sl))(i’j)e[n]@)) H2 (D.12)

+ 16|v(s2) — v(s1) |5,

<16

where the inequality follows by an application of the counting lemma [Lov12, Lemma 10.23,
Exercise 10.27], the triangle inequality and using the fact that the cut norm || - ||5 is upper
bounded by the L? norm || - ||,
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Using the Lipschitzness of the Skorokhod map (see equation (2.6))), we therefore obtain

2
HK<(Xivj(52))<i,j>e[n1<2>) - K<(Xi,j(81))(i,j>e[n]<z>) )
24
<55 D0 Wilse) ~Yiyls)
(i:3)€]
25 S2 2
Sﬁ Z /b(Xl,j(U)vV(U))(Unt)du
(4,5)€n)@ 51
25 s2 2
L S RGO CAAE N0
(LA)em@

25 2
S 25M§o|82 — 81’2 + ﬁ Z

(4.9)€[n]?

| =0, aBw

S1

(D.13)

Now let s — 51| < & for some & > 0. Set for all (i, j) € [n]?,
2
ni7j = sup

s1,82€10,t],
[sa—s1]|<d

/ S (w) (U, U) B, ()

S1

From [Slo01, Lemma A.4], there exist constants C 4, Ca; € R, depending of ¢, such that
for all (i, ) € [n]®,

Elni;] < MZC146

1 1
log 5‘, and  E[n};] < MLC3,6%log? 5
Since, 7; ;s are independent and have finite variance, it follows from the Chebyshev’s inequal-

ity [Kal21, Lemma 5.1] that

(D.14)

1 1
PS|— > iy~ Ell| > max Var'Z(n;) 0 < —.
" (iem® (6)€ln]® "

Using the Borel-Cantelli lemma [Kal21, Theorem 4.18], it follows that almost surely,

1

log 50 (D.15)

1
) Z g < M2 (Cre+ Cay)d

(S

for all n € N, sufficiently large. Combining equations (D.12)) and (D.15), we obtain that

almost surely, for all n € N sufficiently large, we have

1
sup  |H,(s2) — Hy(s1)] < 2° My (5 + (Cre + C2,t)1/251/2 log'/? 5) + 16w(6),
s1,52€[0,t],
[sa—s1|<d
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where w(0) = Supy, o, ep0.4,150—s1|<s17(52) = 7(s1)[l5 is the modulus of continuity of the curve
t — ~(t). Since s — ~7(s) is continuous in (W, dy) (and independent of n), it follows
that, almost surely, (H,), .y is equicontinuous. Since (H,), .y is equicontinuous uniformly
bounded almost surely, the proof is complete by a standard application of Arzela-Ascoli

theorem [Mun00, Theorem 47.1]. O

Proof of Proposition[6.4 Given (Uy,Us) = (x,y), the process X7 is a diffusion with a Lip-

schitz drift and a constant diffusion coefficient. Using (Graphon-MKYV)) and It6’s formula,

we get
d d
7O, y) = == 6(v(1)(z,y)
d d (D.16)
+ E]E[Lh(t) Uy =2,U, =y| - EE[L]LQ(t) | Uy =2,Us =y].
Now consider the reflecting diffusion Z which solves the SDE
dZ(s) = W(s;8)ds +dB(s) + dL (s) — dL*(s), s e Ry, (D.17)

starting at Z(0) = wo(x,y), such that (Z, L™, L™) solves the Skorokhod problem with respect
to the set [—1,1], and W¥(s;3) = —%b(y(s/ﬂZ))(:ﬁ,y) for all s € Ry (see Section . By
reparametrizing s = 3t and setting Z(s) = X 2(t), we get back our reflected diffusion X o

in law following

dZ(5t) = (V) (. y) d(B%) + dB(8) + dL™(8%) — dL*(8),

1
s
— Xio(t) = —¢(y(t)) dt + BdB(t) + AL~ (5%) — dL* (5°t), teRy,
where the processes (LT (8%))ier, and (L™ (8%t))iecr, constrain the process X in the inter-
val [—1, 1] (see Section [2.4)). Here the equality is in law. We use the fact that the solution
of both the above SDEs agree in law since the distribution of B(3?*t) and SB(t) coincide
for all 8 € R,. Let pgﬂ)(wo, ¢ o, B)(x,y) denote the transition density of the solution of
SDE (D.17)) at time s € R, at the boundary +1, then the transition density of the process

Xj 2 at time ¢ at the boundary +1 is p(;tl)(wo, ¢ o, B)(z,y).
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Using [RY04, Exercise (1.12), page 407] and equation (D.16|), we deduce that

d
E E[L;J’E]Of)} == p;;lz:tl)<w07 bo (X1,27 7)7 ﬁ)(l’, y)7 (D18)
which gives us the desired result. O]

Proof of Theorem[0.6. Consider a probability space satisfying the assumptions of Proposi-

tion and an infinite exchangeable array of diffusions (X; ;) jjene on it. For k € [n] and

i.j
any t € Ry, consider the sampled k x k symmetric matrix ~(¢)[k] whose (i, 7)-th element
is v(t)(U;,Uj), (i,7) € [k]®. Consider also the corresponding k x k matrix of diffusions
X® () = (X(i,j))(i’j)e[k](z,).

Now consider K (X,(t)) from a solution of SDEs (6.1)). One may construct a sampled
k x k matrix from this kernel as well. We estimate the cut distance of this sampled matrix
from ~(t)[k] by coupling this sampled matrix with K (X™) in a particular way.

Notice that, for any (i,7) € [k]®® and (m;,m;) € [n]®, if U; € ((m; — 1)/n,m;/n]
and U; € ((m; — 1)/n,m;/n], then K(X,(t))(Us,U;) = Xy m;m;(t). Let Ey(n) denote the
event that that no two Uy, Uy, for distinct 4,4’ € [k]®), falls in the same interval ((m —
1)/n, m/n]. Under this event every entry of the sampled diffusions will be run by independent
standard Brownian motions. Before we use this property to proceed with our coupling, let
us show that Fjx(n) happens with high probability as k is fixed and n — oo. Order the
uniform random variables as Uyy < U < ... < Ugy). Clearly Ef(n) implies that there
is at least one pair (Uy),Uygry) for @ € [k — 1], such that U1y — Uy < 1/n. Hence
P{Ef{(n)} < P{minie[k,l](U(iH) — U(Z-)) < %} But min;ep_y (U(¢+1) — U(i)) has a density
at zero and hence the above probability is O(1/n), which goes to zero as n — oco. Thus
limy_y 00 limy, oo P{Ex(n)} = 1.

On the event Ey(n), every m;, i € [k], is distinct. Consider the corresponding independent

Brownian motion B; ; from the diffusion X;; from equation (Graphon-MKYV). Since (6.1)

admits a strong solution, construct a solution where the entry processes Xy, m, m; () is driven
by Bij, (i,7) € [k]®, while the rest of the entries of X,, are driven by a disjoint subset of
(Bij)(j)enz- Thus, one couples K (X,,)(-)(U;, U;) with X; ; which are both driven by the same
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Brownian motion and having a starting value of w(()") (U;, U;) and wo(U;, U;), respectively. Our
subsequent analysis will be on the event Ej(n) and it is unimportant how the coupling is
done on Ef(n).

Define, X, ,(t) = K(X,(t))(U:,U,), (i,5) € [k]> The evolution of X, 1, for example,
can be described by the SDE

AX12(8) = b( Ka12(t), K(Xa(1)) ) (U1, Uz) dt + B(K (X, (£))(U1, Up) d B 2(0)
+ dL;,l,Q(t) - dLrtl,2<t)7

with the initial condition )}ml’g(O) = ’UJ((JTL)(Ul,U2>. Since Xjo is also driven by the
same Brownian motion, by using the Lipschitz property of the Skorokhod map and

the triangle inequality, it follows that for any (U;,U;) = (uy,u2) on the event Ej(n),

2
Xn,l,z(s) - X1,2(5)

1S at most

SUPg¢ [0,¢]

2

48 /0 [b(X1a(s), 7(5)) (ur, 2) — b( Ko as). K (X, () (. )| s
+48 s /05(2(7(7“))(%1,%2) — L(K(Xn(r)))(u1, up)) dBya(r) 2 (D-19)
+48|%12(0) — X15(0)]
We can now use Assumption [6.1] and [6.2 on the first term in to get
00X22(5),7(5)) w1, 02) = b R afs), K (X (0) ) 01, )| D20

< 2L2[X1() = Knals)| +262l(s) ~ K(Xu(s)I, s € R,
Define for s € [0, ],
M®)(s) = / (SO (1, 12) — SOK (X (1) (1, 12)) B (1),

which makes the second term in (D.19) equal to 48 sup,¢(o 4 M?(s). Using Markov’s inequality
followed by Doob’s maximal inequality [KS91, page 14, Theorem 3.8.iv], we obtain

IP’{ sup M(”)(s)2 > 2)\kE[M(”)(t)2]} < (QAkE[M(”)(t)QD_lE

s€[0,t]

sup M(”)(s)2]

s€[0,¢]
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< @ME[M™ @) T E[M™(1)2] = 2)", (D.21)

for every A > 0. Let (Ag),cy satisfy limy_,oo Ay = 0o. The choice of A\, will be made later.

Therefore, with probability at least 1 — 2)\,;1

sup M™(s)? < QAkE[M(”)(t)Q]

s€[0,¢]

= 2>\k/0 [S(y(8))(w, ug) = B(K (X (s))) (ur, uz)|* ds (D.22)

< 0 / () — K (X ()3 ds.

By the abuse of notation, we redefine the event Ex(n) to intersect with the event where the
above bound holds. By a union bound, we still have limy_,, lim,, .. P{Er(n)} = 1.

Using equations (D.20]) and (D.22)) in equation (D.19) we get

_ 2
sup | Xp1.2(8) — X12(s )‘ < 48‘10(”) Uy, Uy) — wo(Uy, Us)

s€[0,¢]

96k (O + 1) / I (s) = K(Xa(s)) |2 ds (D.23)

t 2
+96L°2 /
0

ds.
Replacing the role of (1,2) by any other (4,7) € [k]®, and summing over, we get

X1,2(S) - Xn,1,2(5>

1 -
sSup — Z ‘Xm-’j(s) — Xi ()

I i gyeme
48 )
<5 Y ‘wo (Ui, Uj) — wo(Us, Uj)
(4,9)€[k] (D 24)
t ) :
963 (A + 1) / () — K(Xa(s))][% ds

+96L2/ Z X;;(s) = Xy i(s)

(i,9)€[k]®

2

2

ds.
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By the triangle inequality,
K((%is®) ) = K (OOOTD) ) D

K<()~(”’i’j(s))(i,j)e[k}@)) N K((Xi’j(s))(i’j)e[k}(2)) 0
K<( ($)Ui,Uj)) i ) e[k]<2>) K<(Xi’j(s>>(i,j)e[kl(2>)H;'

2

sup
s€[0,t]

2

<2 sup (D.25)

s€[0,t]

+ 2 sup
s€[0,t]

Then notice that the kernel

(s, ) ~ S )

has entries in [—1, 1] and is sampled from the kernel 1K (X,,(s)) — 37(s). By [LovI2, Lemma
10.6], the difference

2

HK(<X””'J(S)>(m‘)e[k](z)) - K<( ()T Ui)) i ’“1(2)) 0

lies in the interval [—24/k — 36/k? 64k~'/* + 256k~ '/%] with probability at least 1 —
4e=*"2/10 for all n > k. Using this in (D.25) we get

1K (Xa(s)) = ()13

2
su K()?ms) )—K(Xi.s o >
0 ( 49) e KealDaaareme 0
1
> SIE (X)) — 2 (5) [ — 3208 (D20
2
— K( U17U 2) K<X’L i 2)
sup (v(s)( ) ij)em@ (Xij () pema ) |

with probability at least 1 — de—k"?/10, By an abuse of notation, we redefine the
event Fy(n) to intersect with the event where the above bound holds. We still have
limy o0 limy, oo P{Ex(n)} = 1.

We first lower bound twice the left hand side of equation using equation
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as
~ 2
2 sup K((Xm-’.s) )—K<Xi7<s - 2)
o i(s) el (X3 () (i jyem@ 2
2
> sup K((Xn,i,-(S) )—K(X,;7~S - )
s€[0,t] J() (i,5)€[k]@ ( J< ))(m)E[k]@) )
2
+ sup K(()N(nviy.gq) )—K<Xi7»s g >
s€[0,¢] i(s) (i,5)€[k] ) (Xis ))(J)E[k]@) . (D.27)

2
> sup

K (%) ) = K (D)
s€[0,4] ( 4 (9) (3,7)€[k]@ (Xig( ))(m)e[k]U X

1
+ S K (Xa(s)) = (s)IIF — 3206

K((v(s)(Ui, Uj))(l-7j)€[k](2>> - K((Xi,j(s))(i,j)e[k](2)> H;

— sup
s€0,t]

Here we used the fact that the L? norm is lower bounded by the cut norm. Using

equation (D.27)) back in equation (D.24)) (multiplied by 2), and rearranging terms we get

2
sup K((Xm-,s) >—K<Xi,-s y 2)
sel0.] 1) e (Kas () pepen 2
1
+ = sup || K(Xa(s)) —v(s)[13
s€[0,t]
2
< s K (1)U U)o e ) = K ((Kes) e )|
se|0,
_1/4 96 (n) 2 (D28)
—|—320k) +ﬁ Z ’UJO (UZ,UJ) —w()(Ui,Uj)
(4,5)€[k]@
t _ 2
+192L /0 K((Xn,z,xs)) (i,j)ew) K (XD pepn ) | s
t
#1920+ 1) [ () - KOG d,
0
Now let

Ay = sup
s€0,t]

96 n
Bi(n) = 13 > )w(() (U, U) = wo(U3, Uy)

(1.)€k]@

K((’V(S)(Uia Uj))(i,j)e[k]@)) - K<(Xi»j(3))(i,j)e[kl<2)> H;

2
+ 32014,
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Applying Gronwall’s inequality [Gré19] and noticing that the first term on the left of
equation (D.28)) is always non-negative, gives us that on the event Ej(n),
2

K(<Xn’i’j($))(i,j)e[k](2>> N K<(Xi’j<s>)(i’j)e[k](2>) 2

+ sup [[K(Xa(s)) = 7(s)[15) < 2 (A + Br(n)) exp(192(L* + 263 (A + 1))1),

s€[0,t]

sup
s€0,t]

(D.29)

for every n > k. Note that

2 2
|:’U) UZ,U) wo(Ui,Uj) :| = Hw(()n) — ’on2 — O,

as n — 00, by assumption . By a variance bound it follows that

lim lim By(n) =0,

k—o00 n—00

in probability. Also, limy_,., Ar = 0 by Proposition . Since limg_y o0 lim,, 00 P{Fx(n)} = 1,

lim sup [ K(Xa(s) ~ 7(s)l, =0,  and
N0 5¢(0,t]

2
JE&JE&EBE]k H n(8)) (Ui, Ui)) e — (Xii(8)) i gyeme ||

=0,

in probability, by choosing (A),cy (depending on (A, lim, o Bi(n)),cy) that increases

sufficiently slowly to infinity as k — oo. This proves our claim.

Remark D.4. To get a non-asymptotic error rate, we need to control on Ay and By(n).
Observe that By(n) depends on the initial condition and in general it can be arbitrarily slow.
However, assuming that the initial condition is i.i.d., one can use Chebyshev’s inequality to
obtain P{By(n) > 66k~1/4} < k%2,

On the other hand, it follows from the arguments in Proposition that there
exists a constant M; (depending only on t¢) such that for any 6 > 0 we have
P{A > My(5log(1/6))/*} < k=2 + 15~ eTmati/m ¢~k loe(1/8)/2,

In particular, choosing § = 64y/k~Tlogk and X\, = log(k)/(16 - 384t(L? + 2x2)), we
have the left hand side of bounded by Mk /1610g*? k with probability at least
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1-— ’;—2 — Ak — 2teVE/20 _ 2173/2 where k = 32v/6(L? + 2x2)"%. Since ¢ is fixed, we
can choose k to be a suitable function of n, say k = n?7, to get a non-asymptotic rate
of convergence. Moreover, using the remark after the proof of Lemma [A2] we can get a

non-asymptotic rate of convergence with finite n and |7,]|.

D.2 Proofs of Chapter

Proof of Theorem |6.11] Consider the probability space satisfying Assumption of Proposi-

tion and an infinite exchangeable array of diffusions (X;;); jjene on it. For k € [n]

i,5)
and any t € R, consider the sampled k x k symmetric measure-valued matrix I'(¢)[k] de-
fined as T'(¢)[k](4,7) = T(t)(U;, U;) for (i,5) € [k]®. Consider also the corresponding k x k
matrix of diffusions X[k](-) = (X¢).cpe- Now consider K(X,(t)), the measure-valued fi-
nite dimensional kernel from a solution of SDE (6.1). One may construct a sampled k x k
measure-valued matrix from this measure-valued finite dimensional kernel as well. We esti-
mate the cut distance of this sampled measure-valued matrix from I'(¢)[k] by coupling this
sampled matrix with IC(X[k]) in a particular way.

Divide [0, 1] into n contiguous intervals of equal length. Let Ej(n) denote the event
that that U; € ((m; — 1)/n,m;/n] where each m;, i € [k], is distinct. On this event, we
can couple Xnmm]() and X, ; so that they are driven by the same copies of independent
Brownian motion and having starting laws Won)(U,», U;) and Wy (U;, U;) respectively. Our
subsequent analysis will be on the event Fj(n) and it is unimportant how the coupling is
done on E¢(n). For any i # j we have P{|U; — U;|} < L. Since there are at most (%) distinct
pairs (4,7) € [k]?, a simple union bound yields that P{E¢(n)} < k?/n.

Define, )N(nj(iﬁj) (t) = K(X,(t))(U;,U;), (i,7) € [k]>. The evolution of )A(:n,(lg), for example,
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can be described by the SDE
A1) (1) = b( Koy (1 KX (1)) ) (U, )
5K 1 (8, KX (1)) ) (U, U) d By oy (8)

+dL,, 4(t) — dL:,(1,2)<t)7

with the initial condition Law ()?m(m)(())) = Won)(Ul, Us). Define

M () = /0 ’ (Z(X(Lg)(s), D(r)) (ur, ug) — E(Xm(lg)(s), IC(Xn(r))) (us, uQ)) dB1.2y(r),

for s € [0,t]. Note that

IP’{ sup, M™(s) > 4/ A E[M(”)(t)z]} = IP’{ sup exp(uM ™ (s)) > exp(Ak)},

s€[0,¢]

where u = /A\y/E[M®™(t)2]. Using Markov’s inequality followed by Doob’s maximal in-
equality [KS91], page 14, Thoerem 3.8.iv], we obtain that with probability at least 1—4e /2,

t
sup MO(s)2 < 22, [ [P = KD+ 22X (6) — a9
0

s€[0,t]

’ ds] . (D.30)

where the parameter \; — oo will be chosen later. Redefining the event Ej(n) to intersect
with the event where the above bound holds. Since X(; o) is also driven by the same Brownian
motion on this event, using and the Lipschitz property of the Skorokhod map, triangle
inequality and Assumption (replacing (1,2) by any other e € [k]®® and summing over),

sup [ (%)) ~ KX, < g7 2 [Fuel0) - X0

s€(0,t ee[k](z)
+96(\p + 1)k /t||r(s) — K(X, ()] ds (D.31)
+96(N\ + 1)L /Ot sup zc()?n[k](s>) — K(X[K](s)) ids.

s€[0,t]

We now want to replace HlC(X'Ak](s)) - K(F(s)[k])”i by [|K(Xn(s)) — T(s)|lg up to some

error that goes to zero as k — oo. This is achieved by exploiting the first sampling
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lemma [Lov12, Lemma 10.6] for cut norm. The first sampling lemma is not available di-
rectly to us for the || -||g. However, we notice that using the first sampling lemma [Lov12,
Lemma 10.6] and equation we obtain that for every e > 0 there exists a constant
F. < oo such that

’H’C()?n“%)) K| ~ IKXu() ~ T | < 2+

with probability at least Fee_*/E/ 10 Moreover, from Lemma |C.4] we can choose €, = kﬁ% SO

that F, < eY*/% In particular, setting Cj = 57 and ¢, = V'k/20 we can repeat the same

proof as in Theorem [6.6] to obtain
2

K (Kalkl(5)) = KXTH(3)| = SIE(Xa(5)) = T(s) @ = Ci

sup

1
s€[0,t] [ ] 2

(D.32)
— sup [[K(T(s)[K]) — K(X[K]()) |-

s€[0,¢]

with probability at least 1 —e~%. Once again we redefine the event Ej(n) to intersect with

the event where the above bound holds and note that we still have P{Ej(n)} > 1 —4e /2 —

k2 ek,

n

We can now repeat the same argument as in the proof of Theorem [6.6, After doing
some rearrangement and applying Gronwall’s inequality [Gro19] we obtain that on the event

Ek(n),

sup D5 (K (X K)(s) ) KX [K)(5))) + sup (X (5) = D(5)lla
s€[0,4 s€[0,t] (D.33)

< 2(Ag + Bi(n)) exp(192(L* + 2kg) (A, + 1)t),

2

and
n

Au(s)

where Ay = supejo

Ai(s) = K(T(s)[k]) = K(X[K](s)),

By(n) = Cy + % 3 ‘)?,w(()) - XE(O))Z. (D-34)

- 2
Note that limnﬁooEUXm(i,j)(O) — X(iyj)(())) } = 0, by the assumption. Using a variance

bound and the fact that limy_,, Cx — 0 it follows that limg_, lim, . Bg(n) = 0, in proba-

bility. By Lemma [5.18 and Lemma [5.17| we have "gk(s)

. — 0 in probability for each fixed
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keN
equicontinuous over [0, ¢], almost surely, for sufficiently large k. Therefore, we conclude that

s €[0,t] as k — oco. It can be shown following the proof of Proposition that (Zk) is

Ay — 0 in probability as k — 0o. Since limy_,o lim,, oo P{Er(n)} =1,

lim sup [|K(X,(s)) — T(s)|g = 0, lim lim sup D2 (K()Zn[k](s)),m(xm(s))) —0,

n—r00 s€[0,4] k—o00 n—00 s€[0,4]

in probability, by choosing (A),cy (depending on (A, lim, o Bi(n)),cy) that increases
sufficiently slowly to infinity as & — oo. Moreover, it is clear that one can choose k = o(y/n).

This completes the proof. O

D.2.1  Proofs of Chapter

Proof of Proposition[6.16. We first prove a slightly stronger result, that is, we show that I'?
converges to I" in the MVG sense. The desired result therefore follows immediately. The proof

closely resembles the proof of Theorem|6.11] Let (€2, F,P) be as above and X7, X,I'?, T" be as
above with the initial condition I'’(0)(x,y) = I'(0)(%,y) = 044(z,y). Using the Lipschitzness
of Skorokhod map as in the proof of Theorem [6.11], we observe that for any (i,j) we have
- 2
| XGn () — <t / [b(* () (Ui, Uy) = b(v()) (U, Uy)|* + Co| By (1)
Summing over e € [k]? and diving by k—lg we obtain that for each k € N we have

IIC(X7[K] () — KX RO < Tu(t) + Ji(D),

where Ii(t) = Ct / >~ 16"V U) = b)) (Ui U s
(3,9)€[kK]

and  Ji(t C’U—Z\B
ec[k]?

By Doob’s maximal inequality [KS91, page 14, Theorem 3.8.iv] and Markov’s inequality

we get P{supse[oﬂ Jie(s) > 200’2t} < -%. Using our assumption on b, we conclude that

152
(compare with (D.31)))

sup [[KK(X7[K](s)) — K(X[k](s)) ]l < 052/@5/ IT(s) = T7(s)llwds + 200, (D.35)

s€[0,t]
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with probability at least 1 — %. Note that compared to equation in the proof
of Theorem the above inequality is much simpler. The reason being that the drift
function b depends only on MVG and not on X, j)(t). Secondly, the our initial condition
ensures that X, ;) (0) = X5 (0). At this step, we use the same argument as in the proof of
Theorem m to replace ||KC(X?[k](s)) — K(X[k](s))||g with ||T(s) — [(s)||4 up to a small
error Cy, = 64k~1/* with probability at least 1 — e~ where ¢, = v/k/20. Combining all this

and using Gronwall’s inequality [Gro19] as in the proof of Theorem we conclude that
sup D3 (KC(X7[K)(s)), K(X[K](5))) + sup |77 (s) — T(s)||

s€[0,t] s€[0,t]

< (Cf + 2C0%t)e“?* @’ with probability at least 1 — e~ — e

Letting k — oo, we conclude that sup,c (/T (s) — I'(s)||lg < 2Co%te"  at®. The desired

claim now follows from the fact that I' — E[['] is a contraction. O

Proof of Proposition[6.17. To get a non-asymptotic error rate, we need to control on A, and
Bg(n) in equation (D.33). Observe that By (n) depends on the initial condition and in general
it can be arbitrarily slow. However, assuming that the initial condition is i.i.d., one can use
Chebyshev’s inequality to obtain P{Bj(n) > 66k~/*} < k=3/2.

On the other hand, combining the arguments in Proposition and [Lov12, Proposition
8.12], it can be shown that there exists a constant M, (depending only on t) such that for
any 6 > 0 we have P{A; > M;(6log(1/8))"/*} < k=2 + 10— LeTTost175T o k0 108(1/8)/2,

To obtain above bound for Ay, we argue as follows. For each fixed ¢ € L, moment

computation yields T, (I'(1, gk(s))) is sub-gaussian with norm at most \/LE In particular,

for any § > 0 we have IP{TC4(F(w, Ay(s)) > \/510g(1/5)} < e "5 Note that the right
H(Cy, T3, Ax(s))
Fix € > 0 and note that by Lemma there exists a finite set F' C L such that |F| < 0

and [Ag £(s) — App(s)| < e. Taking e = 34/d1og(1/4), we get P{A&L(S) > \/(5log(1/(5)} <
]P){Ak,F(S) > 9-1 510g(1/5)} < e‘slolgif/s)’e—kélog(l/&)/Q.

side is independent of 1. For any subset F' C L define Ay ¢(s) = supycp

Repeating the proof of Proposition , we obtain that (Agz)keny 1S equicon-
tinuous with high probability. That is, for any fixed 6 > 0 we have
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P{SUPLy <t ncionBne(s) = Drc(s)| = Miy/Olog(1/5)} < & 1t mow fol-
lows from a d-net argument that P{sup,cyQsc(s) > M(0log(1/6))"?} < k2 +
15~ eTosti/m ¢ —k3108(1/8)/2, Following [Lov12l Proposition 8.12], we have Hgk(s)Hi < Ayg.c(s).
This yields the desired conclusion. In particular, choosing 6 = 64y/k=1'logk and A\ =
log(k)/(16 - 384t(L* + 2r)), we have the left hand side of equation bounded by
Mk~ 10g%? | with probability at least 1 — % 4k — ote VR0 2k=3/2 where
k= 32v6(L% + 2k%)"°.

27

Since t is fixed, we can choose k to be a suitable function of n, say k = n*". The proof

is now complete with the help of Proposition [6.16| and a triangle inequality. O

Proof of Proposition[6.18 Notice that SDH is the Fréchet-like derivative evaluation map of
BH. The proof immediately follows from Remark following [AGS08, Remark 4.0.5, part
(d)], [AGS08, Corollaray 4.0.6] and Assumption [3.4] O

D.3 Proofs of Chapter

In this section, we will provide proofs of the statements made in Chapter [6.3]

D.3.1  Proofs of Chapter|6.5.

In this section, we will provide the proof arguments for Theorem [6.200 We first give a brief
intuition behind the proof. The general philosophy is to rewrite n&, (or n'/2&, depending
on the case) as the sum of two matrices. The first matrix has entrywise variance of order
O(1) while the second one has (entrywise) variance going to 0 as n — oo. The proof
now follows by showing that the first matrix (with entrywise O(1) variance) converges to
the appropriate IEA. We should remark that n&, is an infinite sum where each term has
complicated dependence with each other. This makes the problem of identifying the terms

with vanishing variance non-trivial. We explain this philosophy more concretely below.
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We first consider the case u, = 0, = n~!. Begin by noticing that

Texp[Y,,]| = Texp {/ tnAn(s) ds} +o,B,, + Z jk,
0

k=2

where Jj, is the sum of all k-fold integrals that contain at least one (scaled) BM. Note
that

n(Texp[Yy] — I,) — n(TeXp { /0 i An(s) ds] - In) + Bu4n ; J. (D36)

On the other hand,

s (e [ i An(s) as| 1) = -

From the assumption that K(A,) converges to some kernel w(t) in L?([0,1]?),

we obtain (¢! — 1)E[[T,cn, K(An)(s) | Ny > 1] converges in L? to DI(u)(t) =

E|l[] K4, 'Nt>1]

SEN

(' — DE[[T,en, w(s) | Ny > 1. A randomly chosen r X r submatrix of
(Texp [fot Hn A (S) ds] - In> therefore converges to I'(u)(t){r} for i.i.d. Uni(]0,1]) ran-
dom variables {U;}

ieN”

It is reasonable to believe that, as n — oo, the sum n(TeXp Uo tnAn(s) ds} — [n) + B,
converges to the appropriate IEA X (t) = I'(u)(t){oc} + B(t) where B is an IEA with
all Brownian motions. On the other hand, we note that >, Jy, is a Gaussian random

variable with mean 0, and show that its variance is O(%)

- _ 2
Consider the case p,, = o,

TexplY,] = Texp { / ds] + Z .

Now notice that the same heuristic as above shows that
vn(Texp Uo Ay (s)ds] —1,) = O(\/Lﬁ) On the other hand, rewrite
Yorey e = (TexplonBn] — 1) + > pey Jk, where Jj, is the sum of all k-fold in-

=n~1. Just as above, let us rewrite

tegrals which contain at least one BM but not all are BMs. Following [RY04) page
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151], we now notice that \/n(Texp|o,B,](t) — I,,) has O(1) variance and it converges
to an IEA with entries distributed as Bet_;, where B is a one dimensional BM. We
show that )7, V() has variance of order O(%). And, therefore, we conclude
that n'/2€, converges to an IEA whose coordinates are i.i.d. and have the same

distribution as a Brownian motion.

In the same setting as y, = 02 = n~!. Notice that the limiting IEA is obtained as
the limit of v/n(Texplo,B,| — I,,). And, this limit is trivial — in the sense that — the
limit does not depend on the deterministic sequence of matrices A,,. This is, however,
expected. Notice that with this choice of scaling the noise is much larger than the
‘signal” or the deterministic term. To see the effect of the ‘signal’, one can consider the

limit of the matrix
n(&, — (Texplo, B,] — I,,)) = n(TexplY,] — Texp|o, By))
= n(Texp [/ tnAn(S) ds} - In> + ank
0 k=2

As we mentioned earlier, the first term remain O(1) as n — oo and we understand the
limit of this term. We further decompose the n) .-, fk as follows. For k > 2, write
j; = jg70+jk71, where jk’() is the sum of all k-fold integrals with exactly one BM at either
the first or the last integral. We then show that ZZOZQ nj;w is a zero mean Gaussian
with O(1) variance, while the remaining term )~ . n:fk’l is mean 0 Gaussian with
vanishing variance. We therefore conclude that n(Texp[Y,]| — Texp[o,B,]) converges
to an IEA with independent Gaussian coordinates. Note that this limiting the mean

of this IEA is same as the IEA obtained in the case[I] but the variances are different.

It is clear from the above heuristic that we will need to compute the variances of infinite

sum of Gaussian random variables which may be dependent. To do this, we need the following

lemma.

Let kK > 2 and let m = (2, 211, ..., 21, 20) be a (k + 1)-tuple where each z; € [n]. For
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p < k, define

lipe®) = 3 /A AU, (),  telo1].

ae(y)

N dB,(s;), ifie€aq,
where dUq «(s) = [ ;-1 AUy (25,2 1)(5:), and dUq(si) = . Also define

A, ds;, ifi ¢«
I () as

]k,py(af,y)@) = Z T pes (z,y) € [n]za t€0,1].

m s.t. (2x,20)=(z,y)
Lemma D.5. For ki, ky €N, p < ky Aky, m € [n]M mo € 0]t t e Ry, and a € (';1)

and € (];f) such that m (o) = ma(6;) for alli € [p]. Then

/ / E[dUa,ﬂ'l (S) dUﬁ,ﬂQ (T)]
Agy () J Agy (1)

where A(p; ki, ks, o, B) is the ki + ko — p dimensional space defined by

< CMPCORP L A(p; by, ko, , B3 1), (D.37)

Ap; kry ko, o, B,1) = {(s, 7) € B, (8) X By (t) [ 80, = 75, V4 € [p]}

Proof of Lemma[D.J. Following the condition on m and T,
E[dUa,i,(zai,zarl)@ai)dUﬁ,i,(iﬁi,ém_l)(Tﬁi)] = 0s,,=rp, for all i € [p].  Therefore, in the
following we assume that m;,m are such that (za,,2a,—1) = (25, 25-1) for all i € [p].
Therefore, the (k1 + k2)-dimensional Lebesgue integral over Ay (t) x Ag,(t) gets re-
duced to a (k; + ks — p)-dimensional Lebesgue integral over the resulting constraint set
A(p; ky, ko, r, 5;t). Since that the absolute value of the coordinates of A,, are bounded by
C >0, we get

/ / E[dUqx, (8) dUs oy (T)]| < CH7PCR7P | A(p; by, k2, , B51)].
Agy () S Agy(t)

O

We now make the following claim that bounds the volume of the set |A(p; ky, k2, «, ;)]
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Claim D.1. We denote by 0,(1) = a1 — 1,84(2) = as — a1 — 1 and similarly 6,(i) =
a; — a1 — 1 fori € [p]. Also define do(p + 1) = k1 — . Note that f:ll da(1) = k1 — p.
And, similarly we define 63(i) as well. Then,

v thi—p the—v
A(p; ky, k 1) < = '
’ <p7 1) 2,@,6, )| = p! (50[(1)!-‘-604(]7"_1)!55(1>!"'55(p+1)!

Proof of Claim[D.1. For each j € [p+ 1], define two collections of i.i.d. Uni([0,1]) random
vectors, say X’/ = (Xf,...,Xga<j>) and Y7 = (Ylj,...,Y(sjé(j)). Let U = (Uy,...,U,) be

another vector where U; are ii.d. Uni([0,1]) random variables. We also set Uy = 0 and
Up+1 =t.
For a vector v € R", we say v € Z,(a,b) if b > v, > v,_1 > v; > a. Given a vector

u = (u,...,u,) define the events
E1<u) = {XJ S Iga(j)(u]'_l, Uj) \V/] S [p + 1]},
Bau) = {Y? € T, (wy1,w;) ¥ j € [p+1]},
where up = 0 and u,4; = t. Now notice that

’A(pa kla k?a Q, 67 t)‘ = ]P){El(U) N EQ(U)}
thi—p the—p /
< duy ... du,.
ba! -+ Satpin) Op! -+ st Jayw

[l
We use the Lemma [D.5| to compute the variances of the error terms in Case [I] to [3| above.

Lemma D.6. For every (z,y) € [n]?,
1. Var|n} 2, jk,(x,y)(t)] =0(3),

2 Vo [0 Gy (0] = O(2), and

5. V[ S5, T (0] = O(2).

where each statement corresponds to error terms in Case[l, Case[d and Case[d respectively.
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Proof.

1. Notice that

o

STt =D Hup(t),  Huplt) = > ph o0y (). (D.38)
k=2 p=1

k=pV2
The benefit of such rearrangement is that the random variables H, ,(¢) for all p € N
are independent, that is, H,,,, and H, ,, are independent Gaussians. This allows us to
compute the variance of ny -, Ji(t) by adding Var[H,, ,(t)] over p € N. In order to
compute the variance of H,, ,(t), we need to compute the covariance between I, , and

Iy, p for ki, ky > p. Then,

n Z Kﬁ?('rvy) (t)

Var < Var

n Z Hn,p(t)]

p=1

— 23" Var{H,,(t)
p=1
[e’e} [ oo 2
=n? Z E <Z Nﬁ_pgg—]k,n(ﬂf,y) (t))
p=1

k=p

k1,/€2 =p
2 Z Z ukl P k?' paip Z Z ]E[Ilq P, (t)[kmp,ﬂ'z (t>]
p=1 k1,ko=p T T2

The final two summations in the last expression above, can be rearranged as be written

as

ZZE[[kl,pﬂrl(t)Ikmpﬂm Z Z Z/

T T2 ac k Be kQ T ,T2 A’“1

/ E[dU 1, (5) dUp o (7))
AV ()

where for every a € (kl) and f € ( 2), the above sum over m; € [n]"1™ and m, € [n]*™!

are such that m (o;) = m(8;) for all i € [p]. Notice that, without this constraint on

k171nk271

7, T2, this summation potentially has n summands, but due to the constraint

some terms will be zero and can be dropped.
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Let my = (2ky,---,20), and Mo = (Zj,,...,20). Notice that the above expecta-

tion is 0 unless Uai (e, 20, 1) = Ug,i,(gﬁwgﬁrl) for ¢+ € [p]. And, in this case,

E[dUa,i,(zai,zaFl)(SaJ dUgviv(gﬁ“gﬁi_l)(Tm)] = 0s,,=r5, foralli € [p]. Therefore, in the fol-

lowing we assume that 7, 7o are such that (za,, 2a,-1) = (25, 25,—1) for all i € [p], lead-
ki1, ka—1

ing to at most n™~"'n"~'n~P many non-zero terms. This observation, and Lemma

allows us to bound the absolute value of the above sum as

pfilpke=l . p=p. Cki-pCke—p Z Z |A(p; ky, ko, i, B3 1))
ac(’y) se('?)
Plugging back, and using the triangle inequality, we have

nY iy (t)]

k=2

Var

Z Z 1=p k2 2pp k=l ptkﬁkrpl (Clp+1))? (Clp+ 1)
p! (ky —p)! (ko — p)!

| /\

(no, )?Pn~ P+ pe2Cte+l)

I

3

(3]
iMS I
’B_|,_. H

[e.9]

Z l no, teZCt
1 p
= e*(exp(nojte*") — 1) = O(%)

The last relation holds by noting that o, = % and the Taylor approximation of the

exponential.

1/2 1

. The proof is similar to the proof of part , where we have o, = n™"/* instead of n~

(and the prefactor n? replaced by n). This yields, that Var|n'/235, Jp i (t)| <
exp(te??’) — 1). We skip the details.

le
n

2Ct (

. The proof is similar to the proof of part [1, where we have o, = n~/? instead of n~!,

and n®1~1nk2=1p=(P+Y) number of non-zero terms instead of n**~!'n*2=1n~P many. This

yields, that Var [n S Tt (o) (t)} < L2 (exp(te*“!) — 1). We skip the details.
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This completes the proof. O

Lemma D.7. For every ((i1,71),t1), ((i2,72),t2) € [n]*> x Ry, the covariance between

n 2212 (j;cro’(ilv.jl)(tl) and n 212022 ‘/]\kvov(i27j2)(t2) 7;8
Cn(((“a j1)7 tl)a ((iQ? j2)7 tQ))
' ' min{tl,tg} 1 T . .
—fi=i) [ (T Tua(s) G ds (.39
0
t1 to 1
+ 1{j1 = jQ}/ / min{s, SQ}E(FnQ(Sl;tl)Fn,Z(SQ; tz)T)(il, i) dsydsy,
o Jo
where
Casls) = (T [y ar] )~ 1),
0

Coalsit) = nTexp| [ narn(A)(r) (¢ = 9, 4,(9),

0

(D.40)

and 15(A,) is the curve A, shifted by s, i.e., 74(A,)(r —s) = A,(r) for all r € [s,t], for
s €10,t], and allt € R,.

Proof of Lemma[D.7. The term nj;w for £ > 2, has two kinds of terms. The first kind in
which the BM appears at the position 1, and the second kind in which the BM appears at
the position k.

For the terms of the first kind, notice the following:

t Sk S3
n / i A (55) s / A (s51) gy - / A (52) - 0 Ba(s2) dss
0 0 0

o [ s ([ A ) ¢ = s s s s,

0
where 74, (A,) is nothing but the curve A, shifted by s, i.e., 75, (An)(s — s2) = A,(s) for
all s € [0,t — s5]. Summing over all such terms for k € Z, \ {0,1}, we get that the above is
equal to

/OtnTeXP {/0 nTsy (Ap)(7) dr} (t — 59) ftnAn(52) 00 Bn(52) dss.
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For the terms of the second kind, the argument is however simpler. Notice that
t Sk 52
n / 0n,dB,(sk) / pnAp(Sp—1) dsg_1- - / tnAn(sy) dsy
0 0 0

=n- /Ot On dBp(8k) Jk—1(ptnAn) (Sk).

Summing over all such terms for k € Z; \ {0, 1}, we get that the above is equal to

/Ot ondB,(sk) - n(Texp {/0 fn A (1) dr} (5%) — ]n)

The sum of the two kinds of term finally is

o /0 B, (s)T () + o /0 T)(s) Bu(s) ds. (D.41)

Consider two pairs of indices ((i1,71), 1) and ((ig, j2), t2) in [n]* xR, . Then the covariance

between the two pair of coordinates is

Co(((i1,71), 1), ((i2, ja), t2))

t1 to 1 n
:E/ / n Z dBm(il,kl)(Sl)dBn,(’iQ,kz)(52)Fn717(k17j1)<81>Fn,17(’€2,j2)(82)]
0 0 k1,k2=1
t1 to 1 n
+E/ / - D Butrrin) (51) Buthoin) (52) T 2,60 ) (51 01) T 2, iz ) (523 ) sy disy
0 J0 K1, ko=1

» » min{tl,tz} 1 n
— ]l{Zl = ’LQ}/O E ZFn,l,(k,jl)(S)Fn,l,(k,jz)(s> dS
k=1
t1 to 1 n
+1{j1 = jQ}/ / min{si, so } (ﬁ Z Lo, (513 81) D2, i ) (523 tz)) dsydsy
0 0 k=1

min{¢1,t2} 1 -
iy = iy} / (Dua(9) Tua(s) G, 2) ds
0
t1 to 1 T
-+ ]]_{]1 = ]2}/ / miH{Sl,SQ}E(Fn’Q(SI;tl)rn’g(SQ;t2> )(il,ig) d82 dSl.
0 0
This completes the proof. O

We are now ready to prove Theorem [6.20, Recall that by our assumption there ex-

ists a continuous curve ¢ — w(t) of kernels such that sup,co || K (An)(s) —w(s)|, — 0 as
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< C. Under these assumption, the

oo

kernel T'(u)(t) == > 7o, Je(u)(t) is well defined and ||T'(u)(t)

n — oo. Furthermore, we assume that supyep /|w(s)
| < e“"—1. In the follow-
ing, we will use the notation I'(t) instead of I'(u)(t) for simplicity. Let us also define the
kernel I (t) = nK (Y5, Ji(22)) = 3002, Ju(K(Ay)). It follows from our assumption that
suPsepollTn(s) = T'(s)[l, = 0 as n — oo. Analogous to C;, defined above, we define a kernel

Cw. Let

[i(s) =T(u)(s), Ta(s;t):= Texplu](t—s)®w(s), se[0,t], tel0,1],

and define
COO((<:U17 y1)> tl)» ((3:27 y2)7 t2))
min{¢y,t2}
1z = 25} /0 (T(s)T @ T(s)) (31, 92) ds (D.42)

t1 to
+ 1{y: = yz}/ / min{sy, s5} (Ta(s1;t1) © F2(32;t2)T)($1, T2) dsydsy.
o Jo

Let S: t— fg T(s) ds be an absolutely continuous curve of operators on L?([0, 1]). Recall

that we can define Ji(S)(¢) as
Tu(S)(#) = / T(si1).. T(sy)dsy.. . ds,.
Ap(t)

Lemma D.8. Let T} and T, be the curves of curve of operators and define S;(t) = f(f T;(s)ds

op S C; for some constant Cy > 0

for i € [2]. Assume that sup,cio [T2(3)] g 59Pseioq I T2(s) |
for every t € Ry.. Then,

tk
— k>1

176(S0)(8) = Je(S2) (Do, < n(E)CE o > 1,

where n(t) = sup,epql|T1(s) — Ta(s)|l,, for t € Ry. In particular, we have

sup || Texp[S1](s) — Texp[S:](s)]|

s€[0,t]

<)t —1), teR,.

op —

Proof. Observe that

1(S0(E) = Ju(S2)]l,, < /A s8] i) = Thlsu) ol -
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k
/ Z H T1 Sz Tl 8] T2 SJ HT2 Sz HdSz
Ak(t) =1 ||i=j+1 op =1
< kCFn(t) / dsg -+ -dsy
Ap(t)
_—
<n(t)C; kg
Finally observe that
[ TexplS1)(s) — TexplS)(s) < SI(S1)(5) — Ju(Sa)()p < (s — 1)
k>1
Taking supremum over s € [0,¢] we get the final result. O

Lemma D.9. Let wy and ws be two curves of kernels and let u; = fo w;(s)ds fori € [2].

Assume that supyepo 4 l|wi(s)|l, < Ci for some Cp > 0 and for i € [2]. Define,

n(t) = sup [lwi(s) — wa(s)[],.

s€[0,¢]
Then, for every fivred 0 < s <t € R, we have
T3 (ur) () = T (u2) (t)ll, < tCreap(2),
IT2(un)(55) = Da(ua) (s 8)[ly < (2Ci(e" ™t — 1) + ") n(t).
Proof of Lemma[D.9. The proof for the continuity of 'y follows exactly the same argument as

in Lemma , where we prove this result for a curve of operators on L?[0,1]. The continuity

of I'y follows a similar argument that we give present here for completeness. Observe that

[Ta(ur)(s;t) — Talua)(s; 1),

< [[(Texplua](t — s) — Texpluz](t — 5)) © wi(s)]|, + | Texpluz](t — 5) © (wi(s) — wa(s))]l,
< [[Texplua](t — s) — Texplua](t — )|, [lwi(s)]l, + [[Texplua](t — s)l, [wi(s) — wa(s)ll,
< tCy (e — 1)n(t) + " “n(t) = (tCy(e™" — 1) + e “)n(t),

where the last line uses Lemma [D.8 O

The proof of Theorem in Case [I] and Case 2] now follows easily.
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Proof of Theorem [6.20 Case[1] and Case[@ase[l} Let (Q,F,P) supporting a collection of
Li.d. Brownian motions Be = (Bi;); jiene and a collection of iid. Uni([0,1]) ran-
dom variables {U;}, .

X =T'(u)(t){oo} + Beo.

We define an TEA X on this probability space, by setting

Let € N be fixed. Consider the r x r sampled submatrix (n&,){r} out of n&,. Note
that with probability at least 1 — %, the coordinates of (n&,){r} are distinct. In other
words, (n&,){r} is a (uniformly) random r x r submatrix of n&, with probability at
least 1 — 7?/n. On this event, we further assume that (n&,){r}(i, ;) is driven by the

same Brownian motion B; ; for every (4,7) € [r]*.

On the above event, we couple (n&,){r} with X[r] where X[r|(i, ) == X, for (i,7) €
[7]2. That is, X|[r] is the principle r x 7 submatrix of IEA X. Now observe that on this
event, using Lemma we obtain

Wa((nE){r} (1), X[r](t)) < 2en,(t) + 2 Var

nfj Jk(t)] < 2en,(1) + 2(%2)

k=2
where

enr(t) = Ta(t){r} — (@) (O {r}-

Now notice that

E

s€[0,t] s€[0,t]

sup en,r(s)] < 2 sup [|ma(s) — m(s)|l5-

By our assumption we have that sup,co 4lmn(s) —m(s)ll, — 0 as n — oo. It fol-
lows that supep g Wa((n€,){r}(t), X[r](t)) — 0 — in probability — as n — oo. This

completes the proof in Case [I}

Case 2} Recall from the Case [2] we have that

| B, 7
n1/2gn _ \/ﬁ]ﬁ(/o' ,unAn(S) dS) + \/ﬁF(%) ‘f‘nl/Q;Jka
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where Var [nl/ 2y, j;@(,»,j)(t)] < & By our assumption, we have that
| v/r(Texp [ [, nAn(s)ds](t) — I,,) Hmax < % Now observe that ﬁI‘(\%) has i.i.d.

coordinates with entries distributed as a time changed BM ¢ +— B(e! — 1).

Let (2, F,P) be a probability space supporting an IEA B, and that we can define a
copy of B,, for every n € N on the same probability space such that ﬁF(ﬁ—%) (t) =
Beo[n](e! — 1). With this coupling, it is immediate that

W2 (VA (r} (). Buelr)(1)) < 8(7“ Ot),

n

It follows that W2((/n&,){r}(t), Bs[r](t)) — 0 — with probability 1 — as n —
co. This completes the proof of Case 2  We should note that the condition
| v/n(Texp [ [, inAn(s)ds](t) — I,,) Hmax < 3—% is enough to guarantee this conclusion

and this condition follows as long as the entries of sup,¢(o (| 4n(s) < C. In partic-

||max

ular, for Case [2, we do not need K(A,) converging to a kernel w.

We are now ready to state the proof of Theorem for Case 3|

Proof of Theorem Case[3. The proof in Case [3|is also similar but with some technical
differences. Therefore, we first present a heuristic argument before giving the rigorous proof.

Recall from the decomposition in Case [3] we have that

~

&y = n<TeXp[Yn] - Texp[aan]) = gn,det + 8n,0 + gn,l-

Set

Endet = n(TeXp {/ A (S) ds} — ]n)
0
Eno = an;f,()v En1 = an;“’l'
k=2 k=2

The proof strategy is similar to the first two cases with some technical differences that we

explain first. From Lemma [D.7] we have that entries of £, have variance O(1/n). Now,
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notice that &, get = nF(fO' tn A (S) ds)). We know from our assumption that K (&, qet)
converges in L? to T'(u)(¢). In particular, a randomly chosen r x r submatrix &, get {7} of
En.det converges to I'(¢){r} in probability. And, &, is a matrix with Gaussian processes.
However, unlike the previous cases, the entries of &, o are correlated. This makes the coupling
more delicate. From Lemma @ that the covariance kernel of &, is given by C,,.

Roughly, the idea of the proof is as follows. Let gn = Enaet T Eno. Ignoring the O(1/n)

term &, 1, we notice that

gn{r} = gn,det{r} + Gn,ra

where G, , is an r X 7 matrix of mean zero Gaussian processes with covariance kernel given
by K,, such that K, ,(((¢1,71),t1), ((i2,72),t2)) = Cn(((ziy,x),), t1), (%iy, xj,), t2)), where
x; = [nU;] for every | € [r]. An important observation to make here is that &, 4t {7} and
G, are conditionally independent given {Ui}z‘e[r]' From our assumptions, it follows that
K(C,) converges in L? to a covariance kernel C\,,. On some probability space we construct a
Gaussian process Go = (G ;)i j)en2 such that Gy, j (t1) and Gy, j,(t2) have a covariance of
Koo(((i1, 1), t1), (32, 42), t2)) = Coo(((Usy, Upy) 1), (Ui, Uy, ) 12)) for every (t,t2) € [0,1]?
and (i1, 71), (i2, j2) € [r]*. Since K,,, and K, are close and it is reasonable to believe that
Gy, and Br| = (Bi;) e are close. As we have already argued in Case [l the matrix
Enaa(®){r} =~ T(t){r}. We therefore conclude that &,{r} is close to T{r} + Beo{r}.

We now give a formal proof for completeness. Let Z = [0,1)> x R, and let C: 7> -+ R

be a covariance kernel defined as

Q(((xh yl)v tl)’ ((IQ, y2)7 t2)) = 5z1:y1,$2:y2 min{tl? t2}7

for (x1,y1;t1), (xe,y2;t) € Z. Let (2, F,P) be a probability space on which we can define
a Gaussian process B that is indexed for every (z,y;t) € Z with covariance kernel Q). Let

G(z,y; -) be a process defined as

Gla,y:t) :/Ot/O1 AB(x, 2 )11 (5)(2,1) dzds+/0t/01 Ty(s: 1)z, 2) B(z, y: 5) d= ds,
(D.43)
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for every (z,y;t) € Z. Notice that G has a covariance kernel given by C,, defined in
Lemma

Possibly after extending the probability space (£, F,P) we assume that it supports a
collection of i.i.d. Uni([0, 1]) random variables {U;},.y independent of B. Define an IEA Y
by setting
for all (i,7) € N? and t € R,

On this probability space (2, F,P) we now define a copy of gn{r} To do this, we first
define a process (G, indexed by 7 as

Gn(z,y;t) ::/0 /0 dB(z, z;5)K(Ly1(s))(2z,y) dz (D.45)

t pl
+ / / K(Toa(s:0))(z, 2)B(2, : 5) dz ds. (D .46)
0o Jo
Now define an r x r matrix Y,,, such that
Yor (i, 9)(t) = Tu(t) (Ui, U) + Gu(Us, Ui t),  (i,5) € [r]*.

With probability at least 1 — r?/n, we have that [nU;|s are distinct for 7 € [r]. And,
note that on this event, given Uy, ..., U,, we have that Y,,, has the same law as gn{r}. In

particular — with probability at least 1 — 7%/n — we obtain that
2
N r
WY (O[], Ea(D){r}) < 2WE(Y (1)[r], Yo r () + 2C1—
2
r
< 2|Ta(t){r} = DO HIE + [ Bara Ol + | Bzl + 2C—

where
2

Bt = [ t (/ (K (Tun()(2Uy) — Dy (5)(2. 1) ) as
< [ [ IR0 - T v

t ot ol
ETQL,T,Q,(i,j)(t) = / / / min{sy, $2}E(Us, 2, 81, 1)E(U;, 2, S, 1) dzdsy dsg
o Jo Jo

Lot 2 t ol
St/ (/ f(Ui,z,s,t)d:?) dz§t2/ / |§(Ui,z,s,t)|2dzds7
0 0 0 0
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where (U, 2, 8,t) = K(Tpa(s;6)) (Ui, 2) — Ta(s; ) (U, 2), for (i,7) € [r]*. Now observe that

E[ITa(0{r} = TO{r}l] = | KCan) () = Do)l

t
B[ Bural2] <2 / 1K (Ta(s)) — T (s)[2ds,

t
B Burall] <77 [ IK(Taalsit) - Ta(sit) s
0

Define

2
,
(1) = 2E[ITa(){r} = TOLr}Hlg + [ Bnra Ol + [ En 2 (D]] +2Ci—.
By our assumption and Lemma it follows that 7,,(t) = 0 as n — oco. We conclude
that W2(Y (£)[r], En(t){r}) — 0 as n — oo — in probability. O

D.3.2  Proofs of Chapter|6.5.

We will prove Theorem [6.23] in this section. We start with some simple observations that
intuitively explains why the result holds before giving the formal proof.

Let f € L*([0,1]). Define f,, € R™ by setting f,; = f(zi/fl)/n f(x)dz/ f(i/jll)/n for i € [n].
Note that 1| f.[3 < [|f|5- Let X, be an n x n matrix. Notice that

2
l {1« 1 —
KXl =~ (5 ZXn,(i,j)fn,j) < £ (n— > Xz,(i,ﬁ). (DAT)
1 7=1

1= j= 3,j=1

In particular, if X, ; ;s are mean 0 random variables with variance bounded by <2, then

E[IK(X)fl5] < <l

Note that this is giving an upper bound on the operator norm of K(X,). In particular, if

¢ — 0 as n — oo then ||K(X,)],, — 0.

lop

Notice that the above bound does not require any assumption on the correlations between
the entries of X,,. Taking all X,, ; ;s to be equal, we see that — in general — one can not do
better than this. However, when entries of the X, (; ;) are uncorrelated this bound is clearly

weak. Intuitively, when the entries in the row 4, X, ;; j), are uncorrelated (and the variances
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bounded by say ¢?) we expect the variance of %2?21 X (i,j) fn,; to be at most %gﬁ”f”% In
particular, E[HK(Xn)fH;] < %Hf”g Therefore, K(X,,) converges to the zero operator as
n — oo, even if ¢ = O(1) as n — oo. In particular, if X,, is a matrix with i.i.d. Gaussian
coordinates, then it converges to a non-trivial IEA, but the limit of X,,, in operator sense, is
the zero operator.

With this discussion, the proof is immediate. We write
— 0 1
ngn — Cn,det + Sn,err + 5n,err7

where &, 4o s an n X n matrix that converges to a deterministic kernel or operator in strong
sense and £°_ is a matrix with i.i.d. Gaussian coordinates with mean 0 and bounded

n,err

variance while £! __ is a matrix with mean 0 coordinates and variances bounded by % It is

n,err

clear from the above discussion that the proof follows if we could show that &, 4t converges

to the desired operator in strong sense.

Proof of Theorem [6.23 We begin the proof in Case[I] Set
Endet = n(TeXp [/ tnAn(s) ds] ), 527err = DB,, and 5,}“6” =n Z jk
0 k=2

Following equation (D.36]), we write

n Texp[Y,] = En det + 52,err +&,

n,err”

Let f € L?([0,1]). Observe that

E sel[tpt]II(K(n Texp|Yy](s)) — 5n,det(3))f||§]
D,
< 2| sup ([[K(Eun (o)) + \)K(&,err(s»f\\i)] < Il

where D; > 1 is a constant that depends only on .
Let T, be the integral operator corresponding to A, and set n,(t) =
suPsepoqllTn(s) — T(s)ll,,- Similarly define the integral curve S, of T,. It follows that

sup || Texp[S,](s) — Texp[S](s)Hop < T’n(t)tetCt 0,
s€[0,t]
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as n — oo.
The proof in the Case [2| follows exactly from the same argument, by noting that

[Endetll oo < \/iﬁ in this case. We skip the details. O
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Appendix E
PROOFS OF CHAPTER

In this entire chapter, we will provide the proof of Theorem [7.1]

Recall from the definition of Texp[Y} that it is an infinite sum of the k-fold integrals
of the form Ji(Y, fA ...dY,(s1). Since Y,, is a martingale of the form
dY, = 2A,(t )dt+ —+dB,(t), the Jk(Yn)( ) further decomposes into 2* terms each involving
k-fold integrals of the products of the terms like n™'A4,(s) ds and n=/2d B, (s).

We collect all the integrals only involving the integrand n~'A,(s)ds to get
I’(% Jo An(s) ds)(t). Similarly, we can collect all integrals only involving the integrands of
the form n='/2dB,(s) to obtain F(\%Bn> (t). This suggests that we can write Texp[Y,,|(t)
as in . That is, we have

TexplV,](t) = I, + r(l /0 () ds> () + r(%Bn) () + %Zn(t) + %En(t), (E.1)

n
where Z,, is the sum of all k-fold integrals of the form defined in Definition with exactly
one n~Y2dB, term which appears at either the first or the last integral and E,, is the sum
of remaining terms.

Note that both Z,, and F,, are mean zero Gaussian processes. The benefit of the above

decomposition is that, we can make following observations:
L nl'(% [5 Au(s) ds)(t) converges to I'(u)(¢) in L? under our assumptions.

2. The F(\%BO (t) have i.i.d. Gaussian coordinates with mean zero and variance & (ef —

1).

3. We show that Z,(t) has O(1) coordinates with some non-trivial correlation, but we

can compute these correlations explicitly.
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4. E,(t) has entries with variances of order O(1/n).

Let H, o be as in the assumption. It follows from the above observation that

Texp[Y|(£) Ho = Hyo +T (% /0 An(s) ds) () Hpo+T (%Bn) () H, g

. (E.2)
+ —Zn(8) Hno + O(n™1).

Now the proof idea is as follows. Let V' be a uniform [0, 1] random variable. Let X,,(¢) =

K (Texp|Y,](t)Hnpo) (V). Note that X (t) is precisely a coordinate of Texp[Y,,](t)H, o chosen

uniformly at random. Ignoring the O(1/n) contribution from E,,, we observe from (E.2) that

Xa() & ho(V) + K(F (% /0 Au(s) ds) (t)HmO) (V) + K(F <%Bn> (t)Hn,()) %
b K (%Zn(t)ﬂnﬁ) (V).
From our assumption, it follows that K(I'(% [0 A,(s)ds)(t)H,p) converges in L?
to T(U)(t)ho and hence K(T( [ An(s)ds)(t)H,o)(V) converges in probability to
(D(U)(t)ho)(V'). On the other hand, we F(iBn) (t)H, o and +Z,(t)H, are independent

NG

mean 0 Gaussian processes. And, the covariance of F(\%Bn) (t)Hypp = (¢ — 1)||ho||, 1, and
similarly the covariance of %Zn(t)ng is Cy(h) 1, + O(%) We combine these to conclude the
first part of the proof.

For part [2, we use the same idea. But instead, we take and i.i.d. collection of
Vi, ..., Vi uniform [0, 1] random variables and consider the vector X, x(t) where X, (t)(i) =
K(Texp[Yy,](t)Hpno)(Vi). The desired conclusion follows from the fact that the covari-
ance of F(\/iﬁBn> (t)Hyo = (' = 1)||ho|l, I, and similarly the covariance of LZ,(t)H,q is
Cy(h)I, + O(1).

Lemma E.1. Let C, be as defined in Lemma[D.7 for every n € N. Let hy € L*(0,1]) and
{Ui},en be ii.d. Uni([0,1]) random variables. Define H, o = ho(U;) for every i € [n] and

n € N. Then for any iy,is € [n],

lim E

n—00 n

(%anﬂn,o)h (1Zn<t>Hn,o)J =1 =i} [ IO hlids. (E9
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Proof. Following the definition of C),,

(% Zn(t)an) (%Zn(t)H”’o) ]

= Z H, n,J1 E n, (i1 ]1)( )Zn7(i27j2)(t>} Hn,]é

J1,j2=1

:% > Hugu Cul((ir,50), 1), (i1, 1) £) Ho

J1,J2=1

E

Separating the terms when j; = j, and otherwise, the above simplifies to

Z Ho i Col((i1, 32), ), (i1, 31), )

J1=j2=1

Z HTL]1C h,]l) )((ilvjl)vt))HnJé

J1#£j2=1

First, consider the case when 7; # i5. As we take the limit of n — oo, the first term goes
to zero, whereas the second term is exactly zero. For the case when i; = iy, the first term
again goes to zero as n — 0o, but the second term does not. Plugging in the expression for

C,, in this case, we get that the above converges to

lim Z Hy i Hy (rnl( ) T01(8)) (i, jo) ds

n—>oon2
J1,j2=1
:nh—>ngo/ Z Z Hnlensz 1,(k ,31)(5>Fn,1,(k,j2)(s) ds
]1)]2 1
- / z( SSTSNETSNTED oI SPNETEN
J1=1 J2=1

// dzdS—/HF s)hol|5 ds,

where the last statement holds using Lemma [D.9] This completes the proof. O

Recall that by our assumption there exists a continuous curve ¢t +— w(t) of kernels

such that supyep K (An)(s) —w(s)ll, — 0 as n — oo. Furthermore, we assume that
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supseollw(s)ll, < C. Under these assumption, the kernel T'(u)(t) = 372 Ji(u)(t) is
well defined and ||T'(u)(t)||,, < e — 1. In the following, we will use the notation I'(¢) in-
stead of I'(u)(t) for simplicity. Let us also define the kernel I',(t) = nK (32, Ju(22)) =
> he1 Je(K(Ay)). Tt follows from our assumption that supycp[|Tn(s) —T'(s)ll, — 0 as

n — oo. Let
[i(s) =T(u)(s), Ta(s;t):= Texp[U](t —s) ®w(s), sel0,t], telo,1],

where on L?([0,1]?), we define the product w ® v € L?([0,1]%) as (u ® v)(z,y) =
fol u(z, 2)v(z,y)dz.
We are now ready to prove Theorem [7.1]

Proof of Theorem[7.1. Let H,(t) := Texp[Y,](t)Hno be as in the statement of the Theorem.
Let k € N be given and let V4, ...,V be i.i.d. Uni([0, 1]) random variables. Let X, x(t) € R*
be the vector defined as
Xoi(t) = Ho(V3)(2), i€ [k].
Given Vi, ..., Vi, we notice that X, ; is a Gaussian process with mean M,, ; € R* where

M a(t) ::K(r(l /O An(s) ds) (t)Hn,o) V), ek,

n

and covariance p, + p, + e, where following Lemma [E.1]
pn(t) (i, i2) = T{in = da} (" = 1) Hnoll5/n,
) =10 =) [ =[1r
n(t)(i1,42) = 1{iy =i —||—
P 1,22 1 2 -
en(t)(i1,i2) = O(n’l) ||Hn0||§/n

It follows from that p, converges to p as n — oo where

2

ds + 1{21 7é 22} : O(nfl), (il, 7/2) € [TL]Q

2

(3)Hn,0

p(8)(in,iz) = 1{iy = i) / ID(U)(s)hol2 ds.

by, converges to (1 as n — oo where

[L(t)(ll,'&z) = ]1{21 = Zé}(et - 1)”h0H§7



300

and e, converges to zero as n — co. From -, we have that K( ( Jo An ds) t)H,, )
converges uniformly to T'(U)(¢)ho in L*([0,1]) as n — oco. It follows that M, x(t) converges
uniformly, in probability, to the vector My where My ; = (I'(U)(t)ho)(V;) for i € [k].

Since X, ; is Gaussian process with mean M, , and covariance p,, + p,, + e, and M,y
converges to Mj, and p, + p, + e, converges to p + p. It follows that X, ; converges to
a Gaussian process X, with mean M; and covariance p + p. Since p + p is a multiple of
identity, it follows that the coordinates of X} are independent. This proves the second part.

The first part follows simply by taking £ = 1. O
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