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Advances in large-scale machine learning have been driven by simple and lightweight iterative

algorithms. This dissertation explores a broad class of such algorithms that operate on large

random matrices, where matrix coordinate processes interact through mean-field dynamics.

Examples of such algorithms include stochastic gradient-based methods for optimizing the

weight matrices of deep neural networks (DNNs), Monte Carlo Markov Chain (MCMC)

algorithms for sampling from random matrix models, and the forward pass algorithm in

DNNs with weight matrices at each layer.

We demonstrate that, under mild assumptions, iterative algorithms and dynamics on

large finite-dimensional matrices exhibit well-defined analytical scaling limits as the algo-

rithm step-sizes approach zero and the dimensionality of the matrix-valued iterates grows to

infinity. These scaling limits can be described as processes on infinite exchangeable arrays

(IEAs) and analytically characterized as smooth curves on the metric space of graphons and

measure-valued graphons (MVGs). The scaling limit of the process can also be described

via McKean-Vlasov type stochastic differential equations (SDEs), similar to those studied in

the theory of interacting particle systems.

In deriving these findings, we develop a theory of gradient flows on graphons. We intro-

duce new metrics on the space of MVGs that provide a natural notion of convergence for

our limit theorems, equivalent to the convergence of IEAs. The analysis reveals that the



scaling limits of popular algorithms like stochastic gradient descent (SGD) and an MCMC

sampling algorithm coincide and are gradient flows on the space of graphons, uncovering an

interesting connection between sampling and optimization. The analysis also demonstrates

the propagation of chaos phenomenon in large-scale systems, indicating that as the system

size grows, the coordinate evolutions become statistically independent.

Finally, we apply these analytical tools to analyze the feedforward dynamics in a linear

residual neural network as its depth and width grow to infinity. We again find the propagation

of chaos phenomenon at play, demonstrating that as the network size grows, the evolution

of any finite set of independently chosen neurons, from the input layer to the output layer,

for any fixed input, becomes independent. Moreover, this neuron evolution can be described

as a Gaussian process, with drift and diffusion components fully determined by the weights

of the limiting network. This allows us to provide an optimal control framework for the risk

minimization problem in such infinitely deep and wide networks.
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Chapter 1

INTRODUCTION

Iterative algorithms are fundamental to machine learning, large-scale optimization, and

statistical estimation, forming the basis for many advanced computational methods. These

algorithms often operate as discrete-time stochastic processes over high-dimensional spaces,

such as real-valued vectors and matrices. Popular examples of such algorithms and dynam-

ics include Stochastic Gradient Descent (SGD) [RM51, Bub15, BCN18, Net19], Metropolis-

Hastings sampling algorithm [MRR+53], Oja’s algorithm [Oja82], and the forward pass com-

putation of a Deep Neural Network (DNN) with a set of trainable weight matrices. With

growing data and computation, recent advancements in machine learning have been made

possible by using large, internet-scale data sets to train increasingly larger parametric ma-

chine learning models for extended periods on ever-more efficient computational infrastruc-

tures.

Since the ambient space comprises a large set of parameters that update with each itera-

tion, this results in complex interactions between the evolutions of every parameter. As the

dimension of the underlying parametric space grows, it becomes imperative to study how the

many possibly dependent (possibly stochastic) processes corresponding to each parameter

interact and evolve. These iterative algorithms exhibit two pivotal properties:

1. Updates in these algorithms depend solely on the configuration of previous iterates

rather than on any specific labeling or ordering of the parameters. This observation

ensures that the algorithm’s behavior remains invariant under any permutation of

parameter indices, reflecting an invariance in the representation of the parameter space.

2. The evolution of iterates is governed by an aggregate effect analogous to mean-field
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theory, where the influence of any single parameter on the update of another is relatively

insignificant. However, the collective influence of all parameters plays a significant role

in determining the trajectory of each iterate, embodying a global rather than a local

dynamical perspective.

The various symmetries in the interaction of these processes allow us to derive simple and

beautiful descriptions of their joint evolution and characterize various phenomena that arise

at scale. We will develop a framework of analysis that provides a common ground for a

family of iterative algorithms exhibiting such properties, enabling us to understand various

large-scale behaviors that simplify our understanding of these algorithms.

We commonly observe mean-field interactions in various physical systems. One such ex-

ample in the natural sciences involves the behavior of gas molecules under classical physics

laws. In this system, each molecule is influenced by the average effect of all other molecules

rather than detailed pairwise interactions. To describe this macroscopically, one considers

the statistical distribution of molecules’ positions and velocities – commonly the Maxwell-

Boltzmann distribution. As the number of molecules tends toward infinity (the thermo-

dynamic limit), the system’s macroscopic state increasingly represents individual molecules’

states. Here, the mean-field theory simplifies the description of molecular dynamics by focus-

ing on “average properties” rather than “complex many-body interactions”. Developments in

the theory of large interacting particle systems and optimal transport have provided a geom-

etry and an analytical framework to discuss the behaviors of such large mean-field interacting

particle systems that enjoy complete permutation symmetry [Szn91, Vil03, Vil12, San15].

The training dynamics of two-layer neural networks exhibit mean-field interactions similar

to those in systems of interacting gas molecules. Drawing a direct analogy from interacting

particles, we can see how the weights of neurons (analogous to the positions and velocities,

i.e., the states of particles) in a two-layer neural network change under the potential field

of the loss function, which Gradient Descent (GD) follows over discrete time steps. Recent

analyses of Stochastic Gradient Descent (SGD) over two-layer neural networks have sought to
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Figure 1.1: Symmetry in unlabeled graphs.

understand these interactions using the theory of Wasserstein gradient flows and McKean-

Vlasov equations, which arise from such mean-field interactions [SMN18, CB18, RVE18,

MMM19, CCP19, AOY19, NP20, SS20a, SS20b, TR20, BC21]. These studies have provided

insights into phenomena like the propagation of chaos, which essentially means that as the

width of the hidden layer (i.e., the number of hidden neurons) grows towards infinity, the

evolution of the weights of neurons becomes statistically independent.

In many interesting applications, however, the “particles” are edge weights in a graph

(or its adjacency matrix) whose vertex labels are exchangeable, but the edges themselves are

not. This arrangement does not afford complete permutation symmetry since permuting the

edges changes the connectivity of the underlying graph. See Figure 1.1 for an illustration.

The adjacency matrices of such unlabeled graphs are classified as exchangeable matrices,

where the distribution of any submatrix remains invariant under permutations of row and

column labels. In this context, a mean-field interaction suggests that while the impact of

a single edge on the evolution of another is negligible, the collective influence of the entire

unlabeled graph significantly shapes the trajectory of every edge. Motivated by the dynamics

of various classes of algorithms over graphs, this thesis aims to extend Wasserstein calculus to

higher-order exchangeable structures like infinite two-dimensional exchangeable arrays and

to investigate the characterization of scaling limits for various iterative stochastic algorithms

over such large matrix-valued processes that exhibit mean-field interactions.

To further elucidate the concept of symmetry in neural networks, consider the setup of
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a deep neural network. We note some crucial observations: First, relabeling neurons within

any given layer does not affect the system’s overall behavior. The network’s output remains

unchanged under the permutation of neurons in any layer as long as the connections in the

computational graph are maintained. Second, this symmetry is not a complete permutation

symmetry since the permutation symmetry between any two adjacent layers is shared by a

common set of computational nodes called hidden neurons. See Figure 1.3 for a diagram.

These observations prevent one from using the theory of interacting particle systems to derive

scaling limits as the number of hidden neurons goes to infinity.

With these observations, we will consider three classes of iterative algorithms where such

a symmetry exists. We first briefly describe each of the classes to set the context of the rest

of the thesis:

1. Optimization: Optimization algorithms, such as those based on stochastic gradients,

play a crucial role in large-scale optimization and machine learning [BB07]. Each step

of the algorithm involves evaluating an estimate of the negative gradient of the objective

risk function and moving in that direction. Popular examples of such dynamics include

the training dynamics of large deep-learning models using SGD-based algorithms. See

Section 2.2.1 for details of such algorithms.

2. Sampling: When finding the minimizers of an objective function or computing its gra-

dient is computationally expensive, one often considers sampling from its corresponding

Gibbs measure with some temperature parameter. In many circumstances of interest,

it is well-known that as the temperature approaches zero, the Gibbs measure concen-

trates around the minimizers of the objective Hamiltonian function [Hwa80]. Thus,

one may replace the problem of optimization of the Hamiltonian function with a prob-

lem of sampling from the Gibbs measure at a low temperature. One can sample from

the Gibbs measure by running suitable Markov chains with an invariant distribution

given by the Gibbs measure [vLA87]. Due to this relation between sampling and op-

timization, these algorithms are also called zeroth-order optimization algorithms. See
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Section 2.2.2, where we discuss a relaxed Metropolis chain algorithm operating over

stochastic block models.

3. Multiplicative updates: Another class of algorithms relies on the iterative application

of linear transformations rather than additive changes as seen in optimization and

sampling algorithms. These matrices are random-scaled perturbations of identity. This

class includes algorithms such as Oja’s algorithm, gossip algorithms, and the forward

pass in deep residual neural networks. See Section 2.2.3, where we describe the setup

in greater detail.

The analysis of algorithms categorized under cases 1 and 2 becomes complex at large

scales due to the mean-field interactions among the coordinates of the iterates that are

exchangeable matrices. As previously discussed, the restricted permutation symmetry limits

our ability to apply established theories of interacting particle systems and McKean-Vlasov

theory to characterize the scaling limits of dynamics over such spaces. Additionally, for

dynamics categorized under case 3, analyzing the dependencies and correlations arising from

the progressively multiplicative updates, given their matrix-multiplicative nature, is essential

to characterize their scaling limits effectively.

Despite these challenges, the possibility of identifying limiting objects to characterize the

scaling limits is promising. This optimism stems from the observation that the core principle

of the algorithm remains consistent, regardless of the ambient space’s dimensionality. We see

this in classical interacting particle systems, which enjoy complete permutation symmetry.

This symmetry allows us to describe the system as a function of the empirical measure of a set

of interacting particles. The evolution of their empirical measure can equivalently describe

the evolution of the set of particles. The space of probability measures, known for its elegant

geometry derived from the theory of optimal transport [Vil03, San15], enables one to embed

all empirical measures obtained from various particle sets into the single common space of

probability measures. Since this space is complete, the limit as the number of particles grows

can be described by the limit of the empirical measures in this space. Since this space is
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also a geodesic metric space, this framework allows us to connect particle dynamics with

the corresponding dynamics on the space of measures, providing a calculus facilitating the

desired scaling limits. This thesis aims to extend this framework to dynamics over higher-

order exchangeable structures, such as two-dimensional arrays from popular matrix-valued

algorithms and graph dynamics.

Exchangeable matrices can be considered adjacency matrices of large, dense, edge-

weighted, unlabeled graphs. The concept of limits for such large unlabeled, edge-weighted

graphs, known as graphons, has been extensively studied [Lov12]. Central to our analysis

is the novel application of gradient flows [AGS08] and dynamics over infinite exchangeable

arrays. We explore each class of algorithms, initially studying their continuous-time limits

at fixed dimensions, developing an analytical framework to embed iterates in a common,

suitable limiting space, and ultimately deriving their scaling limit descriptions as dimensions

grow to infinity.

The research and study have been progressively developed.

• In case 1, the existing theory of graph limits, called graphons [Lov12], combined with

the general theory of gradient flow on metric spaces[AGS08], allows us to develop a

theory of gradient flow on graphons. We show that standard Euclidean gradient flow on

matrices can be embedded into the space of graphons, over which we can consistently

study their limits. We demonstrate that these limits naturally turn out to be well-

defined gradient flows on graphons. The task then reduces to obtaining continuous-

time limits of iterative algorithms over finite dimensions, which we can embed into the

space of graphons to further take their scaling limits under a suitable topology. This

framework helps us understand macroscopic evolution and demonstrates phenomena

such as the propagation of chaos that arises from scaling the dimensions to infinity.

• We extend the framework discussed in the above item to incorporate the microscopic

statistical details of the evolution of every coordinate in the exchangeable array sys-

tem by characterizing the scaling limit as smooth deterministic curves in the space of
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measure-valued graphons (MVG). We provide amenable metrics on the space of MVGs

that stay consistent with the topology and geometry of graphons. We show a corre-

spondence between two-dimensional real-valued infinite exchangeable arrays and the

metric space of MVGs. The scaling limit characterizations of the matrix-valued pro-

cesses adopt the form of McKean-Vlasov equations, which are traditionally linked to

the study of interacting particle systems and optimal transport.

• Beyond first-order stochastic optimization algorithms, as discussed in case 2, our anal-

ysis extends to demonstrate that the scaling limit of a simple Monte Carlo Markov

Chain (MCMC) sampling algorithm over a stochastic block model (SBM), also leads

us to a McKean-Vlasov description over MVGs. In the asymptotically zero-noise case,

this curve, when projected down to graphons, coincides with the gradient flow of the

Hamiltonian function on the space of graphons. This highlights a beautiful connection

between sampling and optimization, illustrating that an algorithm that does not use

any gradients can still mimic a gradient flow under the scaling of time and dimensions.

• Moving to case 3, we consider the scaling limits of iterative products of random and

biased perturbations of the identity matrix. Even when these product matrices contain

Gaussian noise, we show that the Gaussian chaos arising from successive products of

Gaussian random variables converges to Gaussian processes due to the Central Limit

Theorem (CLT) as the matrix size increases, simplifying the distributional description

of the infinite product. This analysis allows us to characterize Deep Linear Residual

Networks as Gaussian processes beyond their random initialization and once again

unveil the phenomenon of propagation of chaos. We discuss this as an application of

our study in Chapter 7.

In the following sections of the chapter, we will give an introduction and overview of the

algorithm classes we consider, discuss the permutation symmetries appearing in Deep Neural

Networks (DNN) and use them to parameterize wide and Deep Linear Residual Networks
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and discuss the contributions and the structure of this dissertation.

1.1 Finite dimensional iterative algorithms

Iterative stochastic optimization algorithms serve as the workhorses of machine learn-

ing [Cau47, Bub15, BCN18]. The specifics of these common Markov chains will be discussed

in Section 2.2.1. For a more detailed overview, readers are referred to the following mono-

graphs [Ben99, KY03, Bor09, MB11, KC12]. Analyzing such discrete stochastic processes

can be challenging in general. A common approach, inspired by stochastic approximation

theory, involves examining their continuous-time counterparts. The insights gained from

continuous-time dynamics can be very valuable, as phenomena demonstrated to occur in

continuous time approximately apply even to discrete-time algorithms when the step-sizes

are small enough.

As discussed in case 1 and 2, iterative algorithms can be used to optimize (or sample

from the Gibbs measure of) real-valued functions that are permutation invariant, that is, the

output of these functions does not change if the rows and columns of the adjacency matrix

are permuted using a common permutation. This property is crucial in giving rise to the

mean-field interaction between the entries of the iterates.

Definition 1.1. For any n ∈ N, we say that a function Rn on symmetric n× n matrices is

permutation invariant if

Rn(Xn) = Rn

((
Xn,(π(i),π(j))

)
(i,j)∈[n]2

)
,

for all n× n symmetric matrices Xn and all permutations π of [n] := {1, 2, . . . n}.

We will make some observations through an example.

Example 1.1. Consider the function Rn on symmetric n × n real-valued matrices for any

n ∈ N defined as Rn : Xn 7→ n−3 tr(X3
n). If Xn is the adjacency matrix of a graph, then Rn

computes the triangle density of the graph. We now make a few observations here:
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1. In this example, the gradient is the map ∇Rn : Xn 7→ 3n−3X2
n. Observe that if we

look at the update for any index e ∈ [n]2 of Xn, we see that the e-th coordinate of the

gradient evaluated at Xn not only depends on the element Xn,e, but also on the entire

matrix Xn. Such interactions are called mean-field interactions as we will study in the

later chapters.

2. The update rule is consistent if we relabel the rows and columns by some common

permutation of the index set [n]. Moreover, (Rn,∇Rn) is permutation invariant.

3. When n is large, the evaluation of the function Rn does not change by much as n

continues to increase, given the input to Rn approximates as graphs in a certain sense.

We will return to this notion of convergence later in Chapter 2.

More generally, in the case of Deep Neural Networks (DNNs), the output of the DNN

does not change if the neurons in any of the hidden layers are permuted. This permutation-

invariant property in DNNs is discussed in detail in Section 1.4. Since we consider unlabeled

graphs, well-defined functions over unlabeled graphs always satisfy this property.

Gradient descent, when used with small step sizes, approximates the Euclidean gradient

flow obtained as a solution to Cauchy’s problem [Cau47]:

d

dt
Xn,e(t) = − ∂eRn(Xn(t)), e ∈ [n]2, t ∈ R+,

with a given initialization Xn(0) = Xn,0. Here, R+ denotes the set of all non-negative real

numbers, which is used to index time, and ∂e refers to the partial derivative with respect

to the e-th matrix entry. The solution of this Cauchy’s problem, which exists and is unique

when ∇Rn is Lipschitz [Lin94], is often called the gradient flow of Rn on Rn. These gradient

flow curves possess a nice desirable property: under the time limit (i.e., t→∞) they converge

to the set of stationary points of a wide class of optimization objectives. A natural question

that arises in several applications is whether the solution to the above Cauchy problem has

a scaling limit as n→∞. That is, is there a simple description of the limit of these solutions
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as n→∞? One can also ask the reverse question that what class of discrete time algorithms

can approximate the gradient flow in finite dimensions. If such a class can be identified, then

the conclusions obtained by taking the scaling limit of the gradient flow as the dimension

grows can equally apply to such other optimization algorithms. We will introduce one such

wide class of algorithms in Section 2.2.1.

Consider the problem of ‘soft’ optimization of a Hamiltonian function Hn defined over

Mn,+, the set of symmetric matrices taking values in [0, 1]. Instead of finding the actual

minimizers, which can be computationally expensive, one often considers a Gibbs measure

corresponding to Hn, whose density with respect to the Lebesgue measure on Mn,+, is pro-

portional to e−βHn , for some inverse temperature parameter β > 0. It is well known that,

in many circumstances of interest, as β → ∞, the Gibbs measure concentrates around the

minimizers of Hn [Hwa80]. Thus, one may replace the problem of optimization of Hn by a

problem of sampling from the Gibbs measure for a large β. This is achieved by running suit-

able stochastic processes with an invariant distribution given by the Gibbs measure [vLA87].

A large class of commonly used models, including those in statistical physics and exponential

random graph models (ERMs), falls under this umbrella [Che16]. One might wish to sample

from such a Gibbs measure, whether trying to find graphs that approximately minimize the

Hamiltonian (i.e., serving as an approximate non-parametric maximum likelihood estimator,

such as MCMLE [Che16, Chapter 3.3]) or sampling from a Bayesian posterior distribution.

Although Metropolis or Gibbs sampling algorithms are popular choices for running MCMC

algorithms, their mixing times are generally not known. In Section 2.2.2, we will introduce

a relaxed Metropolis chain algorithm that can be used to sample from the Gibbs measure

corresponding to Hn. In Chapter 6 provide non-asymptotic error bounds for this algorithm.

In Chapter 3, we will see that such a class of iterative stochastic optimization algorithms,

as well as the relaxed Metropolis chain algorithm, are closely related to stochastic differential

equations (SDEs) of the following form:

dXn,e(t) = bn,e(Xn,e(t), Xn(t)) dt+ Σn,e(Xn,e(t), Xn(t)) dBn,e(t), t ∈ R+, (1.1)
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for e ∈ [n]2, and with initialization Xn(0) = Xn,0. Here, bn and Σn are some matrix-valued

drift and diffusion coefficients functions, respectively, that are coordinate-wise functions of

the corresponding coordinates of the matrix, as well as of the entire matrix. As discussed

above, the way in which these functions depend on the entire matrix is permutation invariant,

which results in the mean-field interaction between the elements of the matrix. Here, Bn is an

n×n symmetric matrix-valued process with coordinatewise independent standard Brownian

motions. These SDEs are of the McKean-Vlasov type exhibiting the mean-field evolution

of the matrices. When the domain of the algorithm has a boundary, the SDE that we

will obtain will contain reflection terms necessary to accommodate the boundary conditions.

Consequently, one might again ask whether such general classes of iterative optimization and

iterative sampling algorithms have a scaling limit as the step-size goes to zero and the size

of the matrices increases to infinity.

Moving to algorithms of the multiplicative form, we also consider the class of dynamics

that generate a Markov process via repeated linear transformations. Here, each linear trans-

formation is a random and possibly biased perturbation of the identity. The resulting linear

transformation can be considered as an iterated product of small transformations, which,

when applied to an initial state, allows us to understand the trajectory of the state as a

function of the number of iterations. It is natural to ask how this trajectory behaves as

we scale down the perturbation (with respect to identity) for each update and, at the same

time, increase the number of such updates. In order to arrive at a non-trivial continuous-time

limit of such discrete iterations, it is important to scale the perturbations as a function of

the number of iterations. Specifically, if m ∈ N is the total number of iterations, then any

drift component of the perturbation needs to scale as m−1, whereas the i.i.d. random noise

in each perturbation needs to scale as m−1/2 for the limit to be non-trivial. Let us look at

an example where n = 1.

Example 1.2. For any time t ∈ R+ and m ∈ N, consider the following product of m ∈ N
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many perturbations of 1; i.e., for every m, consider:

Pm(t) :=

⌊mt⌋∏
i=1

(
1 +

µ

m
+

σ√
m
Xi

)
, t ∈ R+,

where µ ∈ R and σ ∈ R+ are the drift and diffusion coefficients, and (Xi)i∈[m] are i.i.d.

standard Gaussian random variables. It follows from [DM83] that as m → ∞, the càdlàg

process Pm weakly converges to the stochastic process P : t 7→ eµt+σBt−σ2t/2 as m → ∞,

where B is a standard Brownian motion (BM). Notice that the process P is nothing but the

stochastic exponential of the process Y : t 7→ µt+ σBt.

In Section 2.2.3, we will introduce such iterative products in higher dimensions, where

the terms of the products may not necessarily commute as matrices and may even change

smoothly with each iteration. It will be crucial to scale the drift and noise terms appropriately

based on the dimension to arrive at non-trivial limits. In Section 1.4.2, we will see that

such iterated matrix products arise in the forward pass computation in large Deep Residual

Networks with linear activation functions. Consequently, it is relevant to revisit the question

whether this class of dynamics over matrices has a scaling limit as the number of iterations

and the dimensionality of the matrices increase. In the context of Deep Residual Networks,

the number of iterations corresponds to the network’s depth, and the dimensions relate to

the number of neurons in each network layer. This will allow us to also uncover the scaling

limits of the evolution of neurons along the depth of a network for a given set of random

weight matrices. We will discuss this application in Chapter 7, and find a similar propagation

of chaos behavior in the evolution of neurons along the depth.

In the following section, we will provide an overview of the classical theory of interacting

particle systems, where such scaling limits have been studied. A similar question is encoun-

tered in this theory; however, instead of symmetric two-dimensional arrays that correspond

to weighted edges, the theory examines a one-dimensional array of particles with complete

permutation symmetry.



13

1.2 Classical Interacting Particle Systems (IPS)

The theory of interacting particle systems (IPS) study evolutions of one dimensional arrays

that correspond to the positions of the interacting particles [Gär88]. The system consists of

a large number of interacting particles, where the effect of each individual particle on the

whole system is negligible, but the cumulative effect of all the particles is significant. This is

the mean-field model of interaction. In this context, one encounters a similar system of SDEs

where multidimensional diffusions of particle positions Xn interact through their empirical

distribution as:

dXn,i(t) = bn(Xn,i(t), µ̂n(t)) dt+ σn(Xn,i(t), µ̂n(t)) dBn,i(t), t ∈ R+, (1.2)

for i ∈ [n] and with initialization Xn(0). Here, bn and σn are some drift and diffusion

coefficient functions respectively. Here, Xn,i(t) is the position of the i-th particle at time

t ∈ R+, (Bn,i)i∈[n] is a vector-valued process with coordinatewise independent Brownian

motions, and µ̂n(t) := n−1
∑

i∈[n] δXn,i(t) is the empirical probability measure of all the n

particles at time t ∈ R+. Any drift and diffusion that is symmetric in the coordinates (i.e.,

“mean-field interactions”) can be represented through some functions b and σ via an SDE

of the above form. The study of such systems originated from the probabilistic study of

the Boltzmann and Vlasov equations [Kac56, McK75, Dob79, Tan79]. For modern surveys,

readers are referred to [Szn91, Vil12, CD22, Jab14].

In this mean-field model, each particle’s influence is approximated by the average influ-

ence of all the other particles, making the limiting characterization simpler to work with.

Under suitable assumptions, it is known that the process of empirical distribution of the

particle system, t 7→ µ̂n(t), converges to the solution of well-known partial differential equa-

tions (PDEs) as n→∞. The convergence is often obtained via propagation of chaos, where

in the limit as n→∞, a finite collection of randomly chosen particles evolve independently
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and are identically distributed according to the McKean-Vlasov SDE:

dX(t) = b(X(t), µ(t)) dt+ σ(X(t), µ(t)) dB(t),

µ(t) = Law(X(t)),
t ∈ R+,

where µ(t) is the weak limit of the measures (µ̂n(t)) as n → ∞ at time t ∈ R+. This

essentially indicates that the dynamics of a randomly chosen particle can be described by a

deterministic drift and diffusion, that depends both on the position of the particle and the

distribution of the entire ensemble of particles.

There has been a recent surge of interest in the application of the above convergence

in the context of neural networks, as seen in [SMN18, CB18, RVE18, MMM19, CCP19,

AOY19, NP20, SS20a, SS20b, TR20, BC21, CCFRF22, SABP22]. For instance, consider a

single hidden layer neural network as shown in in Figure 1.2 with n hidden neurons. Given

an input x0 ∈ Rd, and the network weights represented as each row of a matrix A ∈ Rn×d, the

output ŷ(x0) of the network can be computed as ŷ(x0) = 1
n

∑n
i=1 σ(Ai,∗x0) for some activation

function σ : R→ R. The goal of risk minimization is to minimize the expected risk function

Rn(A) = E(X,Y )∼D[ℓ(Y, ŷ(X))] for some data distribution µ supported on Rd × R and some

loss function ℓ : R × R → R+. The permutation symmetry in the network can be observed

by noticing that if we permute the neurons using a permutation π ∈ Sn, the output of the

network stays the same as seen from the identity ŷ(x0) = 1
n

∑n
i=1 σ

(
Aπ(i),∗x0

)
. Therefore we

have Rn(A) = Rn(Aπ) where Aπ is the matrix A with rows permuted by π.

In this setup, the particles are the neurons of the network, and the evolution of these

particles along the iterative optimization process is governed by a mean-field interaction

coming from algorithms like stochastic gradient descent (SGD). It has been shown in works

like [SMN18, CB18] that as n → ∞ and as the step-size of the algorithm goes to zero, the

dynamics of the SGD algorithm appropriately converge to a Wasserstein gradient flow of

a risk function R defined over the law of the weights of the neurons of the network (i.e.,

µ = limn→∞ µ̂n = limn→∞
1
n

∑n
i=1 δAi,∗). Further, under some conditions on D, σ, and ℓ,

the Wasserstein gradient flow converges to the global minima of the risk function. On the
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ŷ(x0)

x0

x1

d

n

Figure 1.2: Single hidden layer Neural Network with n neurons

contrary, if one sticks to the Euclidean setup corresponding to the domain of Rn, such insights

are not immediate majorly due to the Euclidean non-convexity of the function Rn for every

n ∈ N.

1.3 Interacting Graph Systems: Beyond IPS

The difference between the classical interacting particle system and the system of interacting

graphs that we consider, lies in the fact that the objective function (which determines the

drift) need not be symmetric in all the n2 (up to matrix symmetry) many coordinates of

the argument matrix. Therefore, such a function need not be expressed as a function of

the empirical distribution of the matrix entries. Since these interactions are obtained via

a different symmetry group, these interactions may not be of the usual mean-field type.

Due to this fundamental difference, even if SDE (1.2) appears to be of the same type as

SDE (1.1), the classical McKean-Vlasov theory does not apply immediately. This leads us

to ask the same question again if does the system of interacting graphs under the kind of

mean-field interaction discussed, exhibit properties like propagation of chaos when the size

of the matrices go to infinity.

The permutation symmetry in matrices as we described earlier, can be captured by



16

graphons (see Section 2.5 for a preliminary introduction) and measure-valued graphons

(MVG) (see Chapter 5). In other words, such functions can be considered as functions

on the space of graphons instead of probability measures. This abstraction, which involves

considering the appropriate symmetry group and characterizing the scaling limit, proves ad-

vantageous in several aspects. We will see that here too, the entries of the matrix exhibit the

propagation of chaos phenomenon, i.e., if we sample a finite submatrix out of the system,

then, conditioned on the labels of the submatrix, the entries of the submatrix evolve inde-

pendently as the size of the system grows to infinity. We will also find in Chapter 4 that this

symmetry prescribes much weaker conditions for obtaining exponential rates of convergence

to the minimizers.

In the next few sections, we will introduce the wide class of dynamics that we will study.

1.4 Permutation symmetries in Deep Neural Networks (DNNs)

In this section, we show that the Deep Neural Networks (DNN), in this illustration, a feed

forward DNN is permutation invariant in a certain sense. See Figure 1.3, where the NN

consists ofm ∈ N hidden layers, with widths n = (n0, n1, . . . nm) ∈ Zm+1 an initial inputH0 ∈
Rn0 , and a terminal output ŷ(H0) ∈ R (say), and an intermediate sequence of transformations

Rn0 ∋ Hn,0 7→ Hn,1 ∈ Rn1 7→ Hn,2 ∈ Rn2 7→ · · · 7→ Hn,m ∈ Rnm 7→ ŷ ∈ R.

Each transformation involves a matrix θ
(m)
n,k+1 ∈ Rnk+1×nk , a vector b

(m)
n,k+1 ∈ Rnk+1 , and the

transformation is defined as

Hn,k = σ
(
θ
(m)
n,k Hn,k−1 + b

(m)
n,k

)
, k ∈ [m], (1.3)

where the function σ : R→ R acts coordinate-wise. Finally, take ŷ to be just the average of

elements in Hn,m.

Given some probability distribution µ on Rn0×R, the goal is to minimize the risk function

Rn, given by quadratic loss here for specificity,

Rn

((
θ
(m)
n,k , b

(m)
n,k

)
k∈[m]

)
:= E(X,Y )∼µ

[
(Y − ŷ(X))2

]
, (1.4)
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· · · · · · ŷ(Hn,0)

Hn,0

Hn,1

Hn,k−1

Hn,k

Hn,m

n0

n1

nk−1

nk

nm

Figure 1.3: Finite width Neural Network with m hidden layers.

where the minimization is over all choices of the sequence of matrices θ
(m)
n,k and vectors b

(m)
n,k , for

k ∈ [m]. The entries of the matrix θ
(m)
n,k can be thought of as associated with the edges of the

bipartite graph connecting the nodes in layers k− 1 and k. The output Rn in equation (1.4)

does not depend on the labeling of the nodes in either layer, in the sense that if we relabel

the nodes and correspondingly permute the rows and columns of θ
(m)
n,k and the vector b

(m)
n,k , the

output Rn remains the same. Therefore the risk function Rn can be thought of as a function

of edge weights of a sequence of bipartite graphs that is invariant under vertex relabeling.

One can ask the question: as the number of vertices in each layer goes to infinity, is there

a scaling limit for the gradient flow of Rn? This is a multivariate generalization of the set-up

described in Section 2.2.1, where instead of a single graph we have a sequence of m graphs,

all bipartite, and successive graphs share vertices.

In Section 1.4.1, we will see how the permutation symmetry in DNNs can be used to take

appropriate averages of two DNNs sharing the same architecture. In Section 1.4.2, we will

take up a simple setup of a linear residual neural network, were we will fix a model for the

random weight matrices, and ask if there can be a scaling limit description of the network

as the depth and the width goes to infinity.
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1.4.1 SGD and permutation symmetries in Deep Neural Networks (DNNs)

DNNs typically consist of a sequence of matrices that share row/column labels with their ad-

jacent ones. Most modern DNNs possess permutation symmetries in their parametric repre-

sentations. That is, their output is invariant under permutations applied to the rows/columns

of the matrices appearing in DNN representation. The goal is to obtain the sequence of matri-

ces that minimizes the risk function Rn for n ∈ N. Authors in [AHS23] empirically study the

effectiveness of SGD in optimizing the non-convex DNN risk functions Rn for large n ∈ N.

For simplicity, consider the special case when the DNN is parameterized through a sin-

gle finite symmetric matrix and therefore does not involve shared labels. Let (Un,k)k∈Z+
and

(Vn,k)k∈Z+
be the SGD iterations, starting at two independent initializations, say, Un,0 ̸= Vn,0.

Authors in [AHS23] observe that (Un,k)k∈Z+
and (Vn,k)k∈Z+

can be “aligned” by optimizing

over the set of all permutations. That is, for every k ∈ Z+, they solve for

π∗
k ∈ arg min

πk∈Sn

∥∥Un,k − V πk
n,k

∥∥2
F
,

where ∥ · ∥F denotes the Frobenius norm, Sn is the set of all permutations of [n], and V πk
n,k is

the matrix Vn,k with rows and columns relabeled by the permutation πk ∈ Sn. The authors

observe an emergent property of SGD called “linear mode connectivity” (LMC) [FDRC20].

This property essentially says that Rn does not fluctuate a lot on Wn,k(λ) for large k ∈ Z+,

where

Wn,k(λ) = (1− λ)Un,k + λV
π∗
k

n,k, λ ∈ [0, 1].

Further, they observe that Rn(Wn,k(λ)) approaches a constant uniformly on λ ∈ [0, 1] as n

goes to infinity. Authors in [BSM+22] observe through experiments that for a fixed and large

enough k ∈ Z+ \ {0}, the permutation π∗
k, has negative convexity gap

Rn

(
(1− λ)Un,0 + λV

π∗
k

n,0

)
−
[
(1− λ)Rn(Un,0) + λRn

(
V
π∗
k

n,0

)]
.

Following these empirical observations and the hypothesis made by the authors

in [ESSN22], it makes sense to consider DNNs up to its permutation symmetries, and as
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a consequence study limiting behaviors of stochastic optimization algorithms over the space

of graphons.

1.4.2 Forward pass in Deep Linear Residual Networks

Consider the simple setup of a linear residual neural network. The feedforward computation

of the network initialized under the Depth-µP scaling [YYZH24, BNL+24] determines the

scale of the network weight matrices, the scaling n−1/2m−1/2 at every layer, and the output

scaling of n−1, where m ∈ N is the number of hidden layers (depth) of the network, and

n ∈ N is the number of neurons in each layer (width). Let d ∈ N be the input dimension.

The network computes its output as:

Hn,0 = Jx, Hn,k = Hn,k−1 +
1√
nm

θ
(m)
n,k Hn,k−1, k ∈ [m], ŷ(x) =

1

n

n∑
i=1

Hn,m,i. (1.5)

Here, the matrix J ∈ Rn×d is a fixed sampling matrix with (possibly random) entries of the

order Θ(1).

Since this is a residual networks, the identification of a neuron stays the same across

all the layers. The trainable matrices Θ
(m)
n =

(
θ
(m)
n,k

)
k∈[m]

for every m ∈ N are the n × n

dimensional weight matrices corresponding to every layer. At the time of initialization,

these matrices are set to have i.i.d. N(0, 1) entries, that is θ
(m)
n,k = G

(m)
n,k , where the elements

in G
(m)
n,k are all i.i.d. standard Gaussian for every k ∈ [m] and every m ∈ N.

As the network is trained, the matrices Θ
(m)
n change to have a non-zero mean, which

allows the network to learn via an empirical risk minimization process. A reasonable way

through which these weight matrices Θ
(m)
n can be modeled is

θ
(m)
n,k =

1√
nm

M
(m)
n,k +G

(m)
n,k , k ∈ [m], m ∈ N, (1.6)

where
(
M

(m)
n,k

)
k∈[m]

are random bias matrices with means
(
A

(m)
n,k

)
k∈[m]

respectively.

In Chapter 7, we will take up this model of deep networks, and provide a scaling limit

description of the network’s feedforward computation as the depth as well as the width goes

to infinity (see Figure 1.4) for an illustration.
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(a) Fixed depth, fixed width. (b) Infinite depth, fixed width. (c) Infinite depth, width →∞.

Figure 1.4: Each sub-figure shows the relative position of weight matrices along the depth

interval [0, 1]. Matrix size corresponds to network width, and the number of matrices to

network depth. The black curve indicates the underlying drift curve to which these sequences

converge. See Chapter 7 for more details.

We will pose this problem as characterizing the limits of iterated product of matrices,

where each matrix is a random and possibly biased perturbation of identity (see Section 6.3).

This will allow us to characterize the evolution dynamics of the preactivations (for a given

input x), as it gets transformed from the input to the output layer. We will show that as

the depth and width of the network goes to infinity, any set of finitely chosen neuron, evolve

as independent Gaussian processes along the network’s depth, scaled appropriately.

1.5 Contributions and Dissertation Structure

This thesis addresses several classes of algorithms and dynamics over matrices that are

commonly used and observed in machine learning and large scale optimization. It contains

six chapters and a discussion.

Chapter 2 This chapter introduces the reader to the preliminaries necessary for understanding the

subsequent chapters of the thesis. In Chapter 2.2, we describe in detail the classes of

finite-dimensional matrix/graph-valued iterative algorithms introduced in Section 1.1.

From Chapter 4 onwards, the iterates of these algorithms, as well as their scaling limits,
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will be suitably embedded in various topological spaces. These spaces will be studied

and used throughout the thesis to describe the scaling limits as curves. To this end,

Chapter 2.3 discusses the preliminaries of the general theory of curves on metric spaces,

adapted from [AGS08]. To incorporate the boundaries of the domain of the algorithms,

we introduce a variation of SDE in equation (1.1) that includes boundary conditions

using local time processes. In Chapter 2.5, we introduce the first topological space

over which we will take our scaling limits with respect to the dimension of the iterate

matrices (the second is introduced and discussed in detail in Chapter 5). Finally, in

Chapter 2.6, we present the concept of exchangeability and exchangeable arrays, which

lie at the heart of this dissertation and fundamentally allow the existence of such scaling

limits.

Chapter 3 In this chapter, we consider each of the algorithm classes described in Chapter 2.2 and

derive their continuous-time limits while keeping the dimension of the matrices fixed.

These continuous-time limits are described via weak solutions of matrix-valued SDEs

of the form given in equation (1.1). The SDEs contain both a drift and a diffusion term,

which depend element-wise on the coordinates of the matrix as well as on the entire

matrix. This interaction gives rise to the mean-field interaction between the coordinate

processes of the matrix. In Chapter 6, we will extend the discussion to the dimension

limits of the ambient space of these curves, which will be appropriately described as

smooth curves over the metric spaces of graphons and measure-valued graphons.

Chapter 4 In Chapter 4, we begin by exploring how to take limits with respect to the dimension

of the matrices. Since most optimization algorithms utilize the first-order information

of the objective in some way, a naive guess would be to continue to expect some form

of ’gradient’ even when the dimension is taken to be infinity. Drawing motivation

from the theory of Wasserstein calculus [Vil03, San15], we develop a theory of gradient

flows on graphons, where we embed the matrix-valued iterates of the algorithms in the

space of graphons. In this chapter, we demonstrate that Euclidean gradient flows on
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finite-dimensional matrices suitably converge to gradient flows on the metric space of

graphons as the dimension of the matrices tends to infinity.

Chapter 5 Despite already having a space over which we can take our infinite dimension lim-

its, there is detail that is lost in the process due to the very nature of the space of

graphons, which are only perfectly suited for adjacency matrices of simple unweighted

dense graphs. In this chapter, we illustrate why the topological space of graphons is too

coarse for capturing the microscopic description of matrix-valued processes when the

coordinates of the matrices are real-valued. As a remedy, using the theory of exchange-

ability and infinite exchangeable arrays (IEAs) discussed in Chapter 2.6, we show that

measure-valued graphons (MVGs) are the most suitable analytical objects to fully de-

scribe the scaling limit of our finite-dimensional exchangeable matrix-valued processes

as the dimension goes to infinity. We provide two metrics on the topological space of

MVGs, which help us quantify the convergence to the scaling limit in Chapter 6.

Chapter 6 In this chapter, we consider the finite-dimensional SDEs obtained in Chapter 3 as the

continuous-time scaling limits of the iterative algorithms described in Chapter 2.2. We

use the topology of graphons and measure-valued graphons (MVGs), or equivalently

infinite exchangeable arrays (IEAs), to provide their respective scaling limits as the

dimension of the ambient space of the processes goes to infinity. These scaling limits

are characterized as McKean-Vlasov type SDEs over graphons and MVGs.

In Chapter 6.2.2, we demonstrate a connection between sampling and optimization

by showing that a zeroth-order Monte Carlo-based sampling algorithm, despite not

using any gradient information of any function, converges to the gradient flow of the

objective Hamiltonian function on the space of graphons. This surprising and antici-

pated link between sampling and optimization is further analyzed, and we derive the

non-asymptotic rates of this convergence.

In Chapter 6.3, we show that an appropriately scaled product of iterated matrices,
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which are small perturbations of the identity map, converges to a process over IEAs

as the dimension of the matrices tends to infinity. Such characterizations are useful

in qualitatively analyzing various algorithms in the continuous-time setting. We apply

these findings to deep learning (also see Chapter 7), deriving interesting characteriza-

tions and phenomena that emerge due to the scale of the problem.

Chapter 7 This chapter discusses an application where the developed machinery provides tangible

conclusions for neural networks. In Chapter 7, we study the evolution of an input

data point as it is transformed across the layers of a linear residual network using

random weight matrices. The linearity of the layers reduces the asymptotic analysis to

understanding the iterated products of random matrices discussed in Chapter 1.4.2.

We start by describing a scaling limit for this iterated product under the depth maximal

update parameterization. For a fixed width (dimension of the weight matrices), using

the results from Chapter 3.3, we show that this scaling limit is characterized by a non-

commutative exponential of a matrix-valued stochastic process as the depth (number

of time-scaled iterations) approaches infinity. We then extend our analysis to the

limit where the width of the network (dimensionality of the matrices) also approaches

infinity.

In this regime, any finitely chosen set of neuron evolutions along the network depth be-

comes independent. Passing to the infinite depth limit simplifies neuron evolution, lead-

ing to the phenomenon of propagation of chaos, where neurons behave independently

as the network’s width and depth grow infinitely large. Furthermore, the evolution of

any randomly chosen neuron can be described by a Gaussian process, with the mean

and variance explicitly related to the weights of the limiting network. This description

allows us to formulate an explicit optimal control problem for risk minimization.

We conclude with a discussion of future research directions that build upon the contri-

butions of this dissertation.
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Chapter 2

BACKGROUND AND PRELIMINARIES

In this chapter, we will introduce the necessary background common to the following

chapters. We start by introducing some notation in Section 2.1 that we will use throughout

all chapters in this thesis. In Section 2.2, we elaborate on the different finite-dimensional

algorithms introduced in Section 1.1. In Section 2.3, we will cover some definitions to set the

stage for defining several kinds of curves on metric spaces that result from interpolating and

taking the limits of the discrete-time iterative algorithms. In Section 2.4, we will introduce a

variant of SDE (1.1) that accommodates boundary conditions whenever our algorithms are

over closed cubic finite-dimensional domains. In Section 2.5, we will introduce a theory of

limits of graphs/matrices and familiarize the reader with the space of graphons, which will

be one of the limiting topological spaces that we will use to embed the iterates across varying

dimensions. In Section 2.6, we will introduce the notion of exchangeability and relate it to

graphons. In most of this dissertation, we will be working with symmetric matrices, and we

will establish some notation to make this convenient.

2.1 Notation

This chapter establishes the notation used throughout this thesis for various mathematical

constructs and concepts.

• For any index set X, the Cartesian product X × X is denoted by X2. The set X(2)

represents X2/∼, where the equivalence relation ∼ is defined through the relation

(a, b) ∼ (b, a) for all a, b ∈ X. This notation is particularly useful in the context of

domains of symmetric functions like two dimensional arrays.
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• The symmetric group on the finite set [n] := {1, 2, . . . , n} is denoted by Sn.

• The symbol ∇e and ∂e refers to the partial derivative with respect to the e-th variable.

• The set of all non-negative real numbers and non-negative integers is denoted by R+

and Z+ respectively.

• For any metric space (Ω, d), its its Borel sigma algebra is denoted by B(Ω), and the

set of all Borel probability measures is denoted by P(Ω).

• For any n ∈ N, the set of n× n real-valued symmetric matrices is denoted byMn(R),

the set of [−1, 1]-valued symmetric matrices is denoted by Mn, and the set of [0, 1]-

valued symmetric matrices is denoted by Mn,+.

• The symbol ◦ is used both for the matrix Hadamard (elementwise) product as well as

function composition with the meaning being clear from the context.

These notations and definitions will be consistently used throughout the thesis to ensure

clarity and precision in the presentation of the mathematical concepts and results.

2.2 Finite dimensional iterative algorithms

In this section, we expand on each class of algorithms over finite dimensions introduced in

Section 1.1. In Section 2.2.1, we discuss the projected (noisy) stochastic gradient descent

algorithm. In Section 2.2.2, we discuss a relaxed Metropolis chain algorithm. In Section 2.2.3,

we discuss the setup of iterated products of matrices that appear in various multiplicative

algorithms.

2.2.1 First Order Stochastic Optimization Algorithms

In this section, we will discuss the class of stochastic optimization algorithms over finite-

dimensional Euclidean spaces. To do this, we will first establish some notation. We will fix
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n ∈ N throughout this entire introduction. However, since we will be scaling these dimensions

later, starting from Chapter 4, we will maintain the subscripts and scaling factors of n

throughout this introduction. The specific choices of scalings that will appear will become

apparent when we discuss the limit spaces in which these finite-dimensional spaces will be

embedded.

Our algorithms will operate on the setMn of symmetric matrices with entries restricted

in [−1, 1]. This is an arbitrary choice of a compact set in R, and can be chosen to suit the

application. We will be interested in optimizing a permutation invariant function Rn : Mn →
R that satisfies certain differentiability properties. Let τ n := (τn,k)k∈Z+

be a sequence of

positive step-sizes (also known as learning rate). Here, Z+ denotes the set of all non-negative

integers. Given the step-size sequence τ n, we can define a monotonically increasing sequence

of times (tn,k)k∈Z+
, defined as a cumulative sum of τ n, i.e., tn,0 = 0 and tn,k :=

∑k−1
j=0 τn,j

for any k ∈ N. We will only consider step size sequences τ n that have a diverging sum, i.e.,

limk→∞ tn,k = ∞. We define the norm of the step size sequence τ n as |τ n| := supk∈Z+
τn,k,

which we assumed to be finite.

Since the updates of general iterative algorithms can move the iterates out of Mn, we

use a projection operator P : R→ [−1, 1] to project back the entries of the matrix iterates in

[−1, 1]. This can be done by defining the map P as P (x) = arg minz∈[−1,1]|x− z|2 for x ∈ R.

The map P has an explicit form for x ∈ R, as

P (x) :=


−1, if x ∈ (−∞,−1),

x, if x ∈ [−1,+1],

+1, if x ∈ (+1,+∞).

The operator P can be used coordinatewise over matrices. We now describe some iterative

optimization algorithms.

Definition 2.1 (Projected GD). Let n ∈ N and let Rn : Mn → R be a differentiable

function. The projected GD iterates of Rn starting at Xn,0 ∈ Mn are defined to be a
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sequence of symmetric matrices (Xn,k)k∈Z+
as

Xn,k+1 = P
(
Xn,k − n2τn,k∇Rn(Xn,k)

)
, k ∈ Z+. (PGD)

The reader shall note that there is a multiplicative factor of n2 further associated with

the step-size in all the first order algorithms. This important choice will ensure that the

curves across every dimension n ∈ N can be embedded appropriately on the limiting space

of graphons. We will discuss this in Section 2.5.2 and later in Chapter 4.

In most practical machine learning applications, computing gradients of risk functions can

be computationally intensive. Hence, in practice, stochastic approximation algorithms based

on projected Stochastic Gradient Descent (SGD) are instead used to minimize such functions

since they are often faster to simulate [RM51, KW52]. The details of this common Markov

chain are described later in the section, and the reader can refer to the monographs [Ben99,

KY03, Bor09, MB11, KC12] for a detailed overview. Roughly, if the current state is a

symmetric matrix Xn, one jumps to a new state by taking a small step along the negative

Euclidean gradient −∇Rn(Xn), and potentially adding independent, centered, and variance-

bounded noise to each matrix entry (up to matrix symmetry). Each matrix entry is then

projected on to the interval [−1, 1] to satisfy the entrywise constraint. These stochastic

algorithms are usually variants of deterministic algorithms, in which the iteration updates are

replaced by their stochastic estimates (with randomness generally derived from the training

data). More formally, let (ξk+1)k∈Z+
be an i.i.d. sequence of random variables with some

distribution D over some arbitrary measurable space (Ω,A).

Let gn : Mn × Ω be a function such that

∇Rn = Eξ∼D[gn( · ; ξ)].

We now introduce the stochastic analogues of the Projected GD iteration scheme (defini-

tion 2.1). Further, we will consider two ways to introduce noise at each iteration.

1. Small noise: We can replace the Euclidean derivative ∇Rn in equation (PGD) by its

unbiased stochastic proxy random variable gn( · ; ξk+1).
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2. Large noise: We can add an additive scaled noise to the iterates in equation (PGD)

before applying the projection operation, as we describe in Definition 2.2 below.

The small noise appears in algorithms like Stochastic Gradient Descent (SGD) and its vari-

ants, and the large noise appears when there is additional noise added on top of these

algorithms for reasons that include escaping saddle points that is crucial when the objective

function is non-convex. We will use the operator ◦ over symmetric matrices to denote the

Hadamard (elementwise) product.

Definition 2.2 (Projected SGD with and without noise). Let Σn be a map from Mn to

n × n symmetric matrices with non-negative entries. The projected noisy SGD iterates

starting from Xn,0 ∈Mn is defined to be a sequence of symmetric matrices (Xn,k)k∈Z+
given

iteratively as

Xn,k+1 = P
(
Xn,k − n2τn,kgn(Xn,k; ξk+1) + τ

1/2
n,kGn,k

)
, k ∈ Z+, (PNSGD)

where (Gn,k)k∈Z+
is an n × n symmetric matrix-valued martingale difference sequence in-

dependent of (ξk+1)k∈Z+
. We also consider the noise Gn,k for k ∈ Z+, of the form

Gn,k = Σn(Xn,k) ◦ Zn,k where (Zn,k)k∈Z+
is a sequence of independent n × n symmetric

random matrices with standard normal entries (up to matrix symmetry).

In practice it makes sense to generalize the large noise structure to consider non-diagonal

diffusion coefficient functions as an approximation to SGD [LTE19]. Notice that if we were to

use a non-diagonal diffusion coefficient, we would need to scale down matrix-matrix product

by some factor of n and account for the non-trivial correlations arising due to it. Such

correlations, as we will see, have been studied for the class of dynamics falling in case 3

discussed earlier in this chapter. For the purposes of optimization algorithms, we will stick

to diagonal diffusion coefficient functions.

In Chapter 3, we will show that as we take the step-size to zero, the process of matrices

thus obtained converges to the solution of the SDE in equation (1.1). Later, in Chapter 6,

we will demonstrate that these continuous-time, finite-dimensional, matrix-valued processes
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converge to a well-defined curve on the space of measure-valued graphons, which can be de-

scribed using a McKean-Vlasov SDE. Furthermore, upon projection to the space of graphons,

this curve, obtained for SGD, converges to a gradient flow on graphons (developed in Chap-

ter 4).

2.2.2 Zeroth Order Optimization and Sampling

Let Hn : Rn → R be a measurable function that is differentiable. A natural stochastic process

is the Langevin diffusion:

dXn(t) = −∇Hn(Xn(t)) dt+

√
2

β
dBn(t),

where Bn is standard n-dimensional Brownian motion and β > 0 is commonly called the

inverse temperature parameter. In practice, SGD based algorithms are used to mimic the

paths of the Langevin diffusion in discrete time. As β → ∞, the paths of the Langevin

diffusion converge to that of the gradient flow of Hn, namely Ẋn(t) = −∇Hn(Xn(t)), which

in a sense gives the fastest decay of the Hamiltonian. On the other hand, on discrete

spaces or when the gradient of the Hamiltonian is not well defined, one employs a MCMC

algorithm [Dia09], such as the celebrated Metropolis algorithm [Ric10, Section 2.4], to sample

from the Gibbs distribution.

In this section, we will introduce a Monte Carlo Markov Chain (MCMC) algorithm called

relaxed Metropolis chain algorithm on a stochastic block model (SBM). SBMs are a widely

used family of models of random graphs (see [HLL83, Ver18]). The base Markov chain runs on

a SBM with n communities, with r members in each community, with an acceptance-rejection

step specified by the permutation invariant Hamiltonian function Hn : Mn,+ → R, and the

inverse temperature parameter β. Our algorithm includes a novel relaxation procedure after

each accept-reject step which introduces a further positive parameter σ. Let us first define

the Empirical Stochastic Block Model (ESBM).

Definition 2.3 (Empirical Stochastic Block Model (ESBM)). For n, r ∈ N let q ≡
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(qi,j)(i,j)∈[n]2 ∈ Mn,+, and let N = nr. A random simple graph with N vertices is called

ESBM[n, r, q] if

• for i ∈ [n], there are r many vertices having color i,

• for i, j ∈ [n], i ̸= j, r2qi,j many edges (unordered pairs of vertices {u, v}) are drawn

by randomly sampling without replacement where one vertex has color i and the other

has color j,

• for i ∈ [n],
(
r
2

)
qi,i many edges are drawn by randomly sampling without replacement

unordered pairs of vertices of color i, and

• the samplings in the last two items are done independently for all pairs (i, j) ∈ [n](2).

To construct the Gibbs probability measure on Mn,+, we will be interested in

ESBM[n, r, q] random graphs where the entries of q are also random. For each r ∈ N,

consider the uniform distribution µr on the discrete set {i/r2 | i ∈ {0} ∪ [r2]} and νr the

uniform distribution on the discrete set
{
i/
(
r
2

) ∣∣ i ∈ {0} ∪ [(r
2

)]}
. Define Ur,n to be the prob-

ability measure on Mn,+ where each entry above the diagonal is independently distributed

as µr and the diagonal entries are independently distributed as νr. Thus Ur,n can be viewed

as a discrete uniform distribution on the set of possible edge-densities.

Recall that Hn is the Hamiltonian function on the space of n × n symmetric matrices.

Fix a positive sequence (γr)r∈N such that

lim
r→∞

γr log2 r = 0, and lim
r→∞

γrr
2

log r
=∞. (2.1)

The importance of these conditions will become clear when we derive the algorithm’s scaling

limit in Section 3.2.

Fix β > 0 and let βr,n := βn−2/γr. Consider a family of Gibbs probability measures on

Mn,+ given by

Q̂r,n,β(dq) =
1

Zr,n,β
e−βr,nHn(q)Ur,n(dq) =

1

Zr,n,β
e−βγ

−1
r n−2Hn(q)Ur,n(dq), (2.2)
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where Zr,n,β is the normalizing constant. As each q ∈Mn,+ corresponds to a simple random

graph in ESBM[n, r, q], Q̂r,n,β can be thought of as a random probability distribution on sim-

ple graphs over nr vertices. We will denote the model specified by Q̂r,n,β, as ESBM[n, r, β,H].

It should be emphasized that the measure Q̂r,n,β depends on the choice of the parameter γr.

Note that the above model closely resembles commonly used framework in exponential ran-

dom graphs (see [Cha17] and references therein).

The following Metropolis chain algorithm (see [LP17, Section 3.2]) can be used to sample

from ESBM[n, r, β].

• Base Markov Chain: The state space of the chain is the set Sr,n of all simple graphs on

nr vertices with n colors assigned to equal number of vertices. The base chain starts

at an arbitrary graph G(0) = G in the state space. Suppose, for ℓ ≥ 0, the Markov

chain has completed ℓ steps, {G(p)}ℓp=0, and is at graph G(ℓ). For (i, j) ∈ [n](2), let

mi,j(ℓ) denote the number of edges between vertices of color i ∈ [n] and color j ∈ [n]

in G(ℓ). The next step in the Markov chain is generated as follows.

– For every (i, j) ∈ [n](2), i ̸= j, if mi,j(ℓ) /∈ {0, r2}, then, toss a fair coin. If the

coin comes up heads, then delete an edge between color i and color j, chosen at

random, and if the coin turns up tails, place an additional edge between color i

and color j at random. Replace r2 by
(
r
2

)
if i = j.

– For every (i, j) ∈ [n](2), if mi,j(ℓ) = 0, then toss a fair coin. If the coin comes up

heads, then add an additional edge, chosen at random, and if the coin turns up

tails, do nothing. Similarly, if mi,j(ℓ) = r2, i ̸= j (or
(
r
2

)
, if i = j), then toss a fair

coin. If the coin turns up heads then delete an existing edge, chosen at random,

otherwise do nothing.

– Do these independently for every pair (i, j) ∈ [n](2).

The resulting graph is G(ℓ + 1) and q(ℓ + 1) = (qi,j(ℓ+ 1))(i,j)∈[n]2 be its edge density

matrix. It is not hard to see that the base chain viewed as a process on edge densities
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is also a Markov chain that is reversible with respect to the uniform distribution Ur,n.

• Metropolis Chain: We run the base chain for sr ≈ γ2rr
4 many steps followed by an

accept-reject step. Suppose we started the base chain at graph G and edge density

matrix q. After running the base chain for sr many steps we arrive at a graph G′ and

a corresponding edge density matrix q′.

– Accept-reject step: Accept G′ as the next state of the Metropolis chain with

probability exp
(
−βr,n (Hn(q′)−Hn(q))+

)
, otherwise, remain at G. Here x+ :=

max{x, 0}.

It is standard to see the unique invariant distribution of this Metropolis Markov chain is the

Gibbs measure Q̂r,n,β. We will explore scaling limits of the chain as r, n → ∞, γr, βr,n as

specified above and when sr = O(γ2rr
4). But, first, we introduce an additional relaxation

step.

• Relaxed Metropolis Chain: After every Metropolis accept-reject step, we run the base

chain for an additional ℓr,n(σ) = O(σ2n−4γrr
4) many steps, for some σ > 0, and always

accept the last state.

We illustrate the relaxed Metropolis chain algorithm in Figure 2.1. Starting with a

community density matrix q corresponding to the SBM shown in Figure 2.1a, sr edges are

independently flipped across each pair of communities to obtain q′ (for illustration, say

sr = 1). The resulting graph is accepted with a probability depending on Hn(q′) − Hn(q),

yielding an SBM as shown in Figure 2.1b. Finally, in the relaxation step, we independently

flip ℓr,n(σ) edges across each pair of communities to obtain the SBM shown in Figure 2.1c

(for illustration, say ℓr,n(σ) = 2).

Thus, our final Markov chain repeatedly runs the base chain for sr many steps, performs

an accept-reject step and then runs another ℓr,n(σ) many steps of the base chain. We call this

the relaxed Metropolis chain. Since ℓr,n(0) = 0, when σ = 0, we recover the true Metropolis
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(a) (b) (c)

Figure 2.1: Relaxed Metropolis chain iteration for r = 3, n = 3.

chain. However, note that the relaxed chain has a different invariant distribution for any

positive σ.

Remark 2.4. The reader can make a small observation that the base chains when run for sr

and ℓr,n(σ) many steps, as we shall see later, shall correspond to contributing the small and

large noise as also present in the (PNSGD) algorithm (see Definition 2.2 in Section 2.2.1).

We will analyze this algorithm in detail in Section 3.2 and show that as r →∞, the matrix

iterates q, suitably time scaled, converge to an SDE of the form described in equation (1.1).

In Chapter 6 we will show that as n→∞, the matrix-valued process described by the SDE,

converges to a curve on measure-valued graphons described by a McKean-Vlasov equation.

Moreover, we will see that upon projection to the space of graphons, this curve is nothing

but a gradient flow on the space of graphons, showing a remarkable connection between

sampling (i.e., gradient-free) and optimization.

2.2.3 Iterative product of matrices

For any fixed n ∈ N, let Hn,0 ∈ Rn be an initial state vector of a system with n interacting

particles. Here, we will look at a special kind of mean-field interaction where the updates

are of the multiplicative form. Iterative algorithms belonging to the class of multiplicative

updates transform the initial state Hn,0 to obtain the final state Hn,m of the system using
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m ∈ N successive linear transformations. Each linear transformation is a random biased

perturbation of the identity, scaled suitably as a function of m.

Given any state vector Hn,k for k ∈ [m − 1] ∪ {0}, the next state Hn,k+1 of the system

is obtained by applying the linear transformation corresponding to the matrix In + X
(m)
n,k+1.

Here, X
(m)
n,k+1 ∈ Rn×n is the perturbation matrix that can possibly be random with a non-zero

mean. As m → ∞, the matrices
(
X

(m)
n,k

)
k∈[m]

individually shrink down to zero. However,

one can expect the net effect of all the linear transformations to be independent of m as it

grows large. This phenomenon is attributed to the cumulative effect of the successive linear

transformations, which compensates for the diminishing perturbations, thereby maintaining

the overall transformation’s magnitude irrespective of the increasing iterations.

Similar to the noise model in Section 2.2.1, we will consider two kinds of noise to model

the perturbation—small noise and large noise. Let

X
(m)
n,k+1 :=

µn
m
M

(m)
n,k+1 +

σn√
m
G

(m)
n,k+1, k ∈ [m], (2.3)

such that E
[
M

(m)
n,k+1

]
= A

(m)
n,k+1 ∈ R[n]2 contributes a drift, and G

(m)
n,k+1 is an independent

matrix with each entry i.i.d. as N(0, 1), which contributes to a diffusion. The scales m−1

and m−1/2, of the matrices M
(m)
n,k+1 and G

(m)
n,k+1 ensure that as we take m→∞, they contribute

to the small and large noise effects in the update of the state of the system. Since n is fixed,

we can consider the parameters µn and σn to be any real constants. Later in Chapter 6.3

(see Section 6.3.1), we will scale µn and σn with respect to n as we consider the limit as

n→∞.

With this setup, the effective linear transformation acting upon Hn,0 at iteration k ∈ [m]

is

P (m)
n (k) :=

(
In +X

(m)
n,k

)
. . .
(
In +X

(m)
n,2

)(
In +X

(m)
n,1

)
,

with P
(m)
n (0) := In. Since we apply m updates, we can rescale the iterates to consider

piecewise constant interpolations Pn,m of
(
P

(m)
n (k)

)m
k=0

defined as Pn,m(t) := P
(m)
n (⌊mt⌋) for

t ∈ [0, 1]. In Chapter 3.3, we will show that as m → ∞, the curve of linear operators Pn,m

has an appropriate limit.
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We remark that in special cases, the matrices
(
X

(m)
n,k

)
k∈[m]

for every m ∈ N can be

considered as the prefix subsequence of a common infinite sequence of matrices. However,

we adhere to the triangular array setup for reasons of generality and to capture various

applications of interest (see Chapter 3.3 and Chapter 7 for a discussion).

With the above-discussed setup, we find that in order to understand the evolution of an

initial state as both m,n→∞, it is crucial to understand the scaling limit of the product of

random matrices of the form described. Beginning with the seminal work of Bellman [Bel54],

Furstenberg and Kesten [FK60], and Berger [Ber84], there has been significant work on the

law of large numbers and CLT-type results for (the entries of) the product of random matrices

and operators [Fur63, Tut65, Wat84, Joh94, TN13, DMN+21]. Concentration inequalities for

the product of random matrices have also been extensively studied [EH18, Bag20, KMS20,

HW20, CHKT21]. Iterated products of matrices have been studied in the context of random

walks on groups [Led01, Fur02, BQ16]. In Chapter 3.3, we will study the continuous-time

scaling limit of the matrix product by taking m→∞ and obtain a continuous-time process

on n× n matrices as they converge to infinite exchangeable arrays (IEAs) (see Section 2.6).

In Chapter 6.3, we will study the evolution of the coordinates of the matrix-valued process

as n→∞. As a consequence, we will explore a beautiful application of this analysis in the

context of deep learning in Chapter 7.

2.3 Curves on metric spaces

To obtain continuous time scaling limits of the iterative schemes as for the ones defined in

Definition 2.1 and Definition 2.2, we will use piecewise constant interpolations of the iterates.

Definition 2.5 (Piecewise constant interpolation). Given a sequence (ak)k∈Z+
over any do-

main, and a sequence of positive step sizes τ = (τk)k∈Z+
, the piecewise constant interpolation

of (ak)k∈Z+
as a right-continuous curve a : R+ → {ak}k∈Z+

defined as

a(t) := ak, if t ∈ [tk, tk+1),

for some k ∈ Z+, where t0 = 0 and tk :=
∑k−1

j=0 τj for any k ∈ N.
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Throughout this dissertation, we will encounter curves that will be absolutely continuous

with respect to a certain metric. We state the definition for the sake of completeness.

Definition 2.6. Let (X, d) be a metric space, then a curve ω : R+ → (X, d) is absolutely

continuous with respect to d if there exists m ∈ L1(R+) such that for all 0 ≤ r < s <∞,

d(ω(r), ω(s)) ≤
∫ s

r

m(t) dt.

We denote the set of all absolutely continuous curves on (X, d) by AC(X, d).

2.4 System of reflected diffusions

To cater to the continuous time limits of the algorithms with projections as described in

Section 2.2.1, we will need to introduce the notion of local time processes.

For n ∈ N, consider the domain Mn = [−1, 1][n]
2

(and Mn,+ = [0, 1][n]
2
). Notice that

Mn (and Mn,+) is a cube, and is closed with respect to the usual topology. Consider the

SDE:

dXn,e(t) = bn,e(Xn,e(t), Xn(t)) dt+ Σn,e(Xn,e(t), Xn(t)) ◦ dBn,e(t)

+ dL−
n,e(t)− dL+

n,e(t),
(2.4)

for t ∈ [0, T ] for some fixed T ∈ R+ and starting at Xn(0) = Xn,0 ∈Mn (orMn,+). Here Σn

is a map from [−1, 1]×Mn (or from [0, 1]×Mn,+) to the set of n× n symmetric matrices

with non-negative entries, Bn is a n × n symmetric matrix valued process containing a set

of standard Brownian motions (Bn,e)e∈[n]2 , and the processes L−
n and L+

n are local times at

the boundary of Mn. More precisely, they satisfying the following conditions:

1. The processes Xn, L+
n and L−

n are adapted processes.

2. The process L−
n and L+

n are coordinatewise non decreasing processes a.e.

3. For every e ∈ [n]2, ∫ ∞

0

1{Xn,e(t) > −1} dL−
n,e(t) = 0, and∫ ∞

0

1{Xn,e(t) < +1} dL+
n,e(t) = 0.

(2.5)
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The first condition in equation (2.5) changes to the condition
∫∞
0
1{Xn,e(t) > 0} dL−

n,e(t) = 0

if we consider the set Mn,+. We say that (Xn, L
+
n , L

−
n ) solves the Skorokhod problem with

respect to the setMn. Following [KLRS07, Definition 1.2], the strong solution (Xn, L
+
n , L

−
n )

of the Skorokhod problem exists and is unique if bn and Σn are Lipschitz with respect to

∥ · ∥F. We will denote the Skorokhod map as Sko( · ).

The Lipschitz property of the Skorokhod map

Let Y1 and Y2 be two real valued stochastic processes. Let Λ[−1,1] denote the Skorokhod map

that maps the set of càdlàg functions on [0, T ] to itself. If (X1 := Λ[−1,1](Y1), L
+
1 , L

−
1 ) and

(X2 := Λ[−1,1](Y2), L
+
2 , L

−
2 ) solve the Skorokhod problem with respect to the set [−1, 1], then

the Skorokhod map Λ[−1,1] is 4-Lipschitz under the uniform metric [KLRS07, Corollary 1.6],

i.e.,

sup
t∈[0,T ]

|X1(t)−X2(t)| ≤ 4 sup
t∈[0,T ]

|Y1(t)− Y2(t)|, ∀ T ∈ R+. (2.6)

2.5 Limits of large graphs and Graphons

In this dissertation, we will study various limits of finite dimensional matrices. Since we will

be working with permutation invariant functions of matrices, we can as well consider these

function to be functions of ‘unlabeled’ matrices, that is, one would identify two matrices

to be the same if their rows and columns are permuted by a common permutation. This

identification allows us to think of such unlabeled matrices as adjacency matrix of unlabeled

graphs. Because we will be working with matrices of different dimensionalities, it is important

to make sense of how can two matrices of possibly different dimensions be compared. Due to

this relation between matrices and graphs, the question rather boils down to understanding

the notion of convergence of unlabeled graphs [LS06, BCL+08, BCL+12]. For simplicity, we

will first work with unweighted simple graphs (i.e., graphs with edge weights in {0, 1}). A

simple graph G is a graph without loops or multiple edges. We denote the vertex and edge

set of G by V (G) and E(G), respectively.



39

Definition 2.7 (Convergence of unweighted simple graphs). Let (Gn)n∈N be a sequence of

unweighted graphs such that limn→∞|V (Gn)| = ∞. For n ∈ N and k ∈ [|V (Gn)|], let Gn[k]

denote the random induced subgraph of Gn with k vertices with vertex set [k]. The sequence

(Gn)n∈N converges if for every k ∈ N and every labeled graph G with k vertices with vertex

set [k], the limit limn→∞ P{Gn[k] = G} exists.

Definition 2.7 describes when a sequence of unlabeled unweighted graphs converges, but

it does not characterize the limit objects of such graphs. In order to complete the space of

unweighted graphs, we will need to define what is kernel is. A kernel is a Borel measurable

function w : [0, 1](2) → [−1, 1] that is symmetric, i.e., w(x, y) = w(y, x) for a.e. (x, y) ∈
[0, 1](2). Two kernels are identified if they are equal Lebesgue a.e. We will denote the set

of all kernels by W . More generally, for a bounded interval I ⊂ R, let WI be the set of all

functions w ∈ W with w(x, y) ∈ I. Given a function w ∈ W , we can think of the interval

[0, 1] as the set of nodes, and of the value w(x, y) as the weight of the edge (x, y) ∈ [0, 1](2).

Definition 2.8 (Kernels and finite dimensional matrices). Any finite dimensional matrix

can be embedded in W . Let Qn := {Qn,i}i∈[n] be defined as Qn,1 =
[
0, 1

n

]
, Qn,2 =

(
1
n
, 2
n

]
,

. . . , and Qn,n =
(
n−1
n
, 1
]
. Given any matrix An ∈Mn, set wAn(x, y) = An(v(x), v(y)), where

v(x) = i whenever x ∈ Qn,i for some i ∈ [n]. Informally, we replace each entry (i, j) by a

square of size 1
n
× 1

n
with the constant function An,(i,j) on this square. It follows from our

discussion that, for any n ∈ N, the setMn can be naturally identified with a subset of finite

dimensional kernels, Wn ⊂ W . This identification/embedding will be denoted by K (as in

K(An) is the kernel corresponding to the matrix An) and its inverse will be denoted by Mn

(as in matrix). See Figure 2.2 for an example.

If two graphs (or matrices) are isomorphic, the two may be identified by permuting the

labels on the vertices. This may be done for kernels by the following equivalence relation. A

map φ : [0, 1]→ [0, 1] is Lebesgue measure-preserving, if it is measurable and push-forwards

the Lebesgue measure to itself, i.e. |φ−1(A)| = |A| for all Borel measurable sets A ⊆ [0, 1].

Throughout this dissertation, we will refer to a Lebesgue measure-preserving map simply as
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(a) Symmetric matrix A4.
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(b) Kernel representation of A4.

Figure 2.2: Kernels and finite dimensional matrices.

measure-preserving map and denote the set of all such maps by T . We will denote the set of

all invertible measure-preserving maps by I. For w ∈ W and φ : [0, 1]→ [0, 1], we define wφ

by wφ(x, y) = w(φ(x), φ(y)) when (x, y) ∈ [0, 1](2). So one defines an equivalence relation ∼=
on W such that w1

∼= w2 if there exist measure preserving transformations φ1, φ2 : [0, 1]→
[0, 1] and w ∈ W such that w1 = wφ1 , and w2 = wφ2 . We will call Ŵ := W/∼= as the space

of graphons and we will refer to any element as a graphon. Wherever it is clear from the

context, for any kernel w ∈ W , we will use an abuse of notation and use the same symbol w to

denote the equivalence class, or the graphon, corresponding to the kernel. Wherever it shall

be important to consider the equivalence set, we will denote by [w] ∈ Ŵ , the equivalence set

of the kernel w.

Given a graphon [w] ∈ Ŵ and k ∈ N, we can obtain a {0, 1}-valued k × k exchangeable

symmetric array as we will describe in Definition 2.9.

Definition 2.9 (Sampling random unweighted simple graphs from graphons). Given a

graphon [w] ∈ Ŵ , one can sample a random graph Gk[w] with k ∈ N vertices by sam-

pling k i.i.d. Uni[0, 1] random variables (Ui)i∈[k], and assigning edge weights w(Ui, Uj) for all

(i, j) ∈ [k](2). It is important to note that the graph Gk[w] thus obtained, has been provided

a vertex labeling that depends on the representative kernel in wφ ∈ [w] for some φ ∈ T .
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The convergence of unweighted graph sequences can also be characterized in terms of

homomorphism densities with respect to simple finite graphs. Let H and G be two simple

graphs with edge-weights 1. We define homH(G) as the number of homomorphisms from H

to G, i.e., the number of adjacency preserving maps V (H)→ V (G), and the homomorphism

density of H in G as

TH(G) =
1

|V (G)||V (H)| homH(G).

Following Definition 2.7 we see that a sequence of unweighted finite simple graphs (Gn)n∈N

converge if (TH(Gn))n∈N has a limit in [0, 1] for every finite simple graph H.

The homomorphism density of a simple graph H = ([k], E) for k ∈ N, in a kernel w ∈ W
is defined as

TH(w) :=

∫
[0,1]k

∏
{i,j}∈E

w(xi, xj)
∏
v∈[k]

dxv. (2.7)

For instance, if H is the triangle graph, then T△(w) =∫
[0,1]3

w(x1, x2)w(x2, x3)w(x3, x1) dx1 dx2 dx2. The sequence of unweighted simple

graphs (Gn)n∈N with adjacency matrices (Xn)n∈N converges to the graph limit w if

limn→∞ TH(K(Xn)) = TH(w) for every finite simple graph H. We will abuse notation and

use TH(Gn) with TH(Xn) interchangeably wherever convenient. From equation (2.7) it

follows that for any φ ∈ T , TH(w) = TH(wφ) =: TH([w]) for every w ∈ W and finite simple

graph H. Since the limit is independent of the vertex labeling of the graph sequence, the

limiting graphons are therefore well-defined limits of unlabeled graphs. See Figure 2.3 for

an example.

Following the counting lemma and the inverse counting lemma [Lov12, Section 7.2,

Lemma 10.23, Lemma 10.32], the above discussed notion of convergence of graphs/graphons

coincides with convergence with respect to a metric. To this fact, we introduce the cut metric

on Ŵ . Before this, we will first define what is called the cut norm on the space of bounded

symmetric Borel measurable functions.
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Figure 2.3: Graphon limit of an Erdős–Rényi graph G(n, 0.5)→ w ≡ 0.5 [Lov12, Figure 1.5].

Definition 2.10 (Cut norm). The cut norm ∥ · ∥□ : W → R+ is defined as

∥w∥□ := sup
S,T⊆[0,1]

∣∣∣∣∫
S×T

w(x, y) dx dy

∣∣∣∣, (2.8)

for all w ∈ W where S and T are Borel measurable subsets of [0, 1]. The definition extends

to all bounded symmetric Borel measurable functions.

The cut norm was first defined for matrices in [FK99] and was later adapted to kernels

in [BCL+08]. The cut norm is used to define the cut metric over the set of graphons.

Definition 2.11 (Cut metric [BCL+08]). The cut metric δ□ : Ŵ × Ŵ → R+ is defined as

δ□([w0], [w1]) := inf
φ0,φ1∈T

∥wφ0

0 − wφ1

1 ∥□ = inf
φ∈I
∥w0 − wφ1 ∥□, [w0], [w1] ∈ Ŵ . (2.9)

It is worth pointing that δ□ naturally extends to kernels, but it only defines a pseudometric

on W . In fact, δ□(w1, w2) = 0 if and only if there exists u ∈ W and Lebesgue measure

preserving transforms φ1, φ2 : [0, 1] → [0, 1] such that wi = uφi , for i ∈ [2]. The kernels

w1, w2 in this case are said to be weakly isomorphic. In other words, graphons can be defined

as the class of kernels identified up to weak isomorphism.

An important fact about the topology generated by δ□ on Ŵ is that it is com-

pact [LS06], [Lov12, Section 9.3]. Following the Weierstrass Theorem [San15, Box 1.1],

it therefore follows that minimizers of lower semicontinuous functions on
(
Ŵ , δ□

)
necessarily

exist. This also allows for the existence of the iteration updates of the implicit Euler scheme,

which serve as a building block of gradient flows on graphons, as we will discuss in Chapter 4.
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2.5.1 Going beyond unweighted graphs

An edge-weighted graph G is a graph with a weight βi,j = βi,j(G) ∈ R associated with each

edge {i, j} ∈ E(G). Set βi,j = 0 if {i, j} /∈ E(G). Let (Gn)n∈N be a sequence of simple edge-

weighted graphs with vertex set [n] := {1, . . . , n}. We call (Gn)n∈N a dense graph sequence

if the number of edges E(Gn) in Gn is Θ(n2).

Following from the definition of convergence of unlabeled graphs via homomorphism

density functions, and the fact that any real-valued matrix can be embedded in kernels,

we can extend the domain of homomorphism functions to also consider the convergence of

edge-weighted graphs. This allows us to consider any function overMn for any n ∈ N to be

appropriately defined over Wn, enabling us to adopt the topology of the cut metric over the

range of such functions. In particular, for any function R : W → R and any n ∈ N, we can

interpret a real-valued permutation invariant function Rn over Mn to be the restriction of

R via the map K, i.e., Rn = (R ◦K) |Mn . The same can be done for the Hamiltonian Hn

through the function H : W → R. Since we only consider Rn to be permutation invariant

functions onMn, this corresponds to R being a well-defined function over Ŵ . On the other

hand, if (K(Xn))n∈N converges to a kernel w ∈ W , then if R :
(
Ŵ , δ□

)
→ R is a continuous

function, then limn→∞(R ◦K)(Xn) = limn→∞Rn(Xn) = R([w]).

More generally, given any norm on the space of bounded Borel measurable symmetric

function, we can define an induced metric. We will use another complete, separable metric

which has properties that become useful when we define a ‘gradient flow’ over Ŵ in Chapter 4.

Definition 2.12 (Invariant L2 metric [BCCH18, Jan16]). The invariant L2 metric δ2 : Ŵ ×
Ŵ → R+ is defined as

δ2([w0], [w1]) := inf
φ0,φ1∈T

∥wφ0

0 − wφ1

1 ∥2 = inf
φ∈I
∥w0 − wφ1 ∥2, [w0], [w1] ∈ Ŵ , (2.10)

where ∥ · ∥2 : L2
(
[0, 1](2)

)
→ R+ is the usual L2-norm.

Let us mention in passing that the invariant L2 metric is closely related to the popular

Gromov-Wasserstein metric [Mém11] used to compare two metric measure spaces or their
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sample equivalents [DSS+20]. This can be seen by considering [0, 1] as a metric measure space

where the measure is the Lebesgue measure and, for a given bounded metric d, one defines

a graphon as w(x, y) = d(x, y) for x, y ∈ [0, 1]. Then the Gromov-Wasserstein distance (for

p = 2) between ([0, 1], λ[0,1],d) and ([0, 1], λ[0,1],d
′), for two distances d and d′, is the same

as computing the invariant L2 distance between the corresponding graphons.

Unlike
(
Ŵ , δ□

)
, the metric space

(
Ŵ , δ2

)
does not enjoy compactness. Following the

triangle inequality, it follows that convergence in δ2 implies convergence in δ□, i.e., the

topology generated by δ2 is stronger than the one generated by δ□. As an example, consider

the Erdős-Rényi graph sequence (G(n, p))n∈N for some p ∈ (0, 1). This sequence has a limit

under δ□ which is the all p graphon, but does not have any δ2 limit point.

The δ2 metric however is useful for its geometric properties. We will see in Chapter 4, that(
Ŵ , δ2

)
is a geodesic metric space. This will allow us to make sense of a notion of gradient

on the space of graphons, that will be connected to the standard Euclidean gradient over

matrices.

We will see in Chapter 5 that the above discussed notion of convergence of unlabeled

weighted graphs (or equivalently unlabeled matrices) is rather weak. As an example, consider

two sequences of graphs, (Gn,1/2)n∈N and (Kn,1/2)n∈N, where for every n ∈ N, Gn,1/2 is the

Erdős-Rényi unweighted graph with the probability of any edge present is 1/2, and Kn,1/2 is

the complete weighted graph where every graph has weight 1/2. Both the sequences converge

to the graphon [w1/2] ≡ 1/2. We will address this issue in Chapter 5 by introducing measure-

valued graphons (MVGs) and strengthening the topology, with respect to which we will take

all our scaling limits.

2.5.2 Spatial and temporal scaling of curves

In this section, we will make a crucial observation on the scaling involved when we transition

between curves (or iterates) in Wn and curves (or iterates) in Mn for any n ∈ N.

Notice that the set of kernels W is a subset in the space L2([0, 1](2)) of square integrable

functions on [0, 1](2). This naturally allows us to use the usual L2([0, 1](2))-norm ∥ · ∥2 on
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W . With the natural embedding that we defined above, we immediately obtain the identity

∥Xn∥2F = n2∥wn∥22 where wn = K(Xn) for any Xn ∈ Mn, and ∥ · ∥F is the usual Frobenius

norm on matrices.

For any function Rn : Mn → R consider the implicit Euler scheme described as follows.

Starting from Xn,τ ∈ Mn with a step size τ > 0, the next iterate, say Xn,τ,+ ∈ Mn is

obtained as

Xn,τ,+ ∈ arg min
Zn∈Mn

[
Rn(Zn) +

1

2τ
∥Zn −Xn,τ∥2F

]
.

If we set wn,τ = K(Xn,τ ), then notice that the above inclusion relation can be written as

wn,τ,+ ∈ arg min
un∈Wn

[
(Rn ◦Mn)(un) +

n2

2τ
∥un − wn,τ∥22

]
,

under the natural identification map betweenMn and Wn, where un = K(Zn) and wn,τ,+ =

K(Xn,τ,+). The above update on Wn is precisely the implicit Euler update rule on Wn ⊂
L2([0, 1](2)) with the step size τ/n2. Thus we see that the ‘spatial scaling’ between Mn and

Wn translates into a ‘temporal scaling’ between the implicit Euler scheme sequences onMn

and Wn.

The above analysis extends even to the explicit Euler scheme that require us to have the

existence of a gradient map of the function Rn. In order to relate the two iterations, i.e., one

on Mn and the other on Wn obtained by applying K, we need to first define a notion of a

gradient on the space of graphons. There is a natural notion of gradient of functions defined

on Ŵ that we call Fréchet-like derivative, and is related to the Euclidean gradients in finite

dimensions by a scaling of n2. We first define the Fréchet-like derivative on kernels.

Definition 2.13 (Fréchet-like derivative on W). The Fréchet-like derivative of R : W → R

at v ∈ W is given by DR(v) ∈ L∞([0, 1](2)
)

that satisfies the following condition,

lim
w∈W,

∥w−v∥2→0

R(w)−R(v)− (⟨DR(v), w⟩ − ⟨DR(v), v⟩)
∥w − v∥2

= 0, (2.11)

where ⟨ · , · ⟩ is the usual inner product on L2
(
[0, 1](2)

)
. If R admits a Fréchet-like derivative

at every V ∈ W , we say that R is Fréchet differentiable.
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We make another observation: for any v ∈ W , the Fréchet-like derivative ofR is “coupled”

with v. That is, for any φ ∈ T , DR(vφ) = (DR(v))φ.

Lemma 2.14. Let n ∈ N. Let R : W → R be an invariant function that is Fréchet differen-

tiable according to Definition 2.13, that is, DR(vn) exists for every vn ∈ Wn. If Rn := R ◦K
is differentiable up to the boundary ofMn, then

n2(∇Rn ◦Mn)(vn) = (Mn ◦DR)(vn), vn ∈ Wn.

We will provide a proof of the above lemma in Chapter 4, where we will discuss the

Fréchet-like derivative in greater detail. Simply put, n2 times the Euclidean gradient of Rn

at a matrix argument Xn can be identified as the Fréchet-like derivative DR of R at the

kernel K(Xn). The time in the Euclidean gradient in Definition 2.1 is therefore scaled by n2

following Lemma 2.14.

Given the relation obtained in Lemma 2.14, we can map the iterates of any stochastic

gradient based optimization algorithm on Wn. Since the Fréchet-like derivative is coupled

with the kernel at which it is evaluated, we can consider the equivalent sets and directly

map the iterates of such algorithms inMn to iterates in Ŵn. In particular, we can consider

piecewise constant interpolations (see definition 2.5) of the Ŵn-valued iterates obtained from

any iterative algorithm onMn. Since any algorithm of interest can now be embedded on the

space of graphons (and subsequently also on measure-valued graphons), we are interested in

characterizing the scaling limit of these curves under a suitable topology.

2.6 Exchangeability

Working with unlabeled matrices, if looked upon from a probabilist’s lens is the same as

working with exchangeable arrays. Exchangeability essentially means that if we were to pick

a random finite sub-array out of an array of random variables, the distribution of the finite

sub-array does not depend on the labeling of the original array. More formally put, we can

consider an array of real-valued random variables (Xe)e∈[n](2), and say it is exchangeable

if (Xe)e∈[n](2) has the same distribution as (Xπ(e))e∈[n](2) , where if e = (i, j) ∈ [n](2), then
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π(e) := (π(i), π(j)). Similarly, infinite exchangeable arrays (IEAs) are defined via the same

definition except that we only consider finite permutations of N.

To understand the relation between IEAs and graphons, it is useful to consider an anal-

ogy from the classical de Finetti’s Theorem [Kal05, Theorem 1.1]. An infinite exchangeable

sequence of random variables (Xi)i∈N corresponds to a random probability distribution in

the sense that the sequence of finite empirical distributions 1
n

∑n
i=1 δXi

converges weakly,

in probability, to this (random) probability distribution, as n → ∞. Moreover, given

an instance of this random distribution, the conditional distribution of the exchangeable

sequence is i.i.d. with the same law. Similar correspondence between IEAs and (ran-

dom) graphons is achieved by a powerful generalization of de Finetti’s theorem due to

Aldous and Hoover [Ald81, Hoo82, Ald82, Kal89]. It states that for every infinite sym-

metric exchangeable array X = (Xi,j)(i,j)∈N(2) there exists a Borel measurable function

f : [0, 1]× [0, 1](2) × [0, 1]→ R satisfying f( · , x, y, · ) = f( · , y, x, · ) for a.e. (x, y) ∈ [0, 1](2),

and a collection of i.i.d. Uni([0, 1]) random variables U, {Ui}i∈N,
{
Ui,j = U{i,j}

}
i,j∈N on some

probability space such that the IEA Y defined as Yi,j = f(U,Ui, Uj, U{i,j}) for all (i, j) ∈ N(2),

has the same distribution as X.

Thus, via an Aldous-Hoover representation, an IEA X induces a random graphon w(U),

defined as

w(u)(x, y) := E[f(U,U1, U2, U1,2) | U = u, (U1, U2) = (x, y)], (2.12)

for (x, y) ∈ [0, 1](2) and u ∈ [0, 1].

In Chapter 5, we will see that this correspondence between an IEA to a graphon is not

one to one. As a remedy, we will introduce measure-valued graphons (MVGs) that will serve

the complete correspondence. In Chapter 6 we will show that the scaling limits of SDEs

obtained in Chapter 3 as limits of various algorithms and dynamics described in Chapter 1,

will correspond to a curve on the space of exchangeable arrays, and equivalently, on the space

of MVGs. This limiting curve can be projected down to a curve on the space of graphons

with a loss of microscopic information on edge-distributions.
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2.7 Conclusion

The concepts and tools introduced in this chapter lay the foundational groundwork for several

key arguments and constructs that will be extensively developed in the subsequent chapters

of this thesis. In Chapter 3, we will revisit each algorithm outlined in Section 2.2 and derive

their continuous-time limits within finite dimensions, utilizing the definitions provided in

Section 2.3. These continuous-time curves will then undergo further analysis in Chapter 6 to

ascertain their scaling limits as the dimensionality of the ambient space approaches infinity.

Given that these algorithms function within finite-dimensional bounded Euclidean spaces, it

is essential to employ the stochastic process approach described in Section 2.4 to accurately

determine their continuous-time limits. Additionally, Sections 2.5 and 2.6 offer both analyt-

ical and probabilistic frameworks essential for describing the spaces on which these scaling

limits will be defined.

With the background and setup established, we are now prepared to construct arguments

supported by examples and proofs that will substantiate the thesis of this dissertation.
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Chapter 3

CONVERGENCE OF ALGORITHMS TO FINITE
DIMENSIONAL SDES

In this chapter, we will fix the dimension of all iterative algorithms to n ∈ N, and take

their continuous time limits to obtain SDEs like equation (2.4) as discussed in Chapter 1.

To do this for each class of iterative dynamics, we will need some mild assumptions that will

ensure the consistency of these algorithms as we take the continuous time limit.

3.1 Noisy Stochastic Gradient Descent Algorithm

In this section, we will consider the Noisy Stochastic Gradient Descent algorithm defined in

Definition 2.2 and show that as the step-size goes to zero, the sequence of iterations of the

algorithm converge to the solution of an SDE:

dXn(t) = −n2∇Rn(Xn(t)) + Σn(Xn(t)) ◦ dBn(t)− dL+
n (t) + dL−

n (t), t ∈ R+, (RSDE)

where Xn(0) = Xn,0 is the initialization of the algorithm. Here Bn is an n × n symmetric

matrix valued process whose entries are independent Brownian motions up to matrix sym-

metry, and the tuple (Xn, L
+
n , L

−
n ) solves the Skorokhod problem with respect to the setMn

(see Section 2.4).

To show this convergence, we will need some mild assumptions that we state next.

Assumption 3.1. We make the following assumptions on R and ϕ = DR:

1. For every n ∈ N, the function Rn is in C1(Mn) up to the boundary of Mn.

2. The map ϕ := DR is κ2-Lipschitz with respect to ∥ · ∥2, for some constant κ2 ∈ R+,

That is,

∥ϕ(w1)− ϕ(w2)∥2 ≤ κ2∥w1 − w2∥2, ∀ w1, w2 ∈ W .
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We now put some mild assumptions on the “small noise” and “large noise” that we

discussed in Section 2.2.1. Let g : W × Ω → L∞([0, 1](2)
)

be a function, such that, if we

define gn(Xn; ξ) = g(K(Xn); ξ) for a.e. ξ ∈ Ω, for every n ∈ N, and for Xn ∈Mn, then

∇Rn = Eξ∼D[gn( · ; ξ)].

For R to be a well-defined function on graphons, we will need to assume that the law of the

random variable g(w; ξ) for ξ ∼ D is invariant under measure-preserving transformations for

all w ∈ W , i.e., Law(g(w; ξ)) = Law(g(wφ); ξ) for all φ ∈ T .

Assumption 3.2. We assume the following about the “small noise”:

1. Law of the random variable g(w; ξ) for ξ ∼ D is invariant under measure preserving

transformations for all w ∈ W , i.e., Law(g(w; ξ)) = Law(g(wφ; ξ)) for all φ ∈ T .

2. The random variable g( · ; ξ) for ξ ∼ D has uniformly bounded variance over all finite

dimensional kernels. That is, there exists σ ≥ 0 such that for all v ∈ ∪n∈NWn,

Eξ∼D
[
∥g(v; ξ)− ϕ(v)∥22

]
≤ σ2.

3. For every n ∈ N, the function gn( · ; ξ) = g( · ; ξ) ◦K is in C0(Mn) up to the boundary

of Mn for all ξ ∈ Ω.

Assumption 3.3. We assume the following about the “large noise”:

1. There exists a function Σ: W → L∞([0, 1](2)) such that the diffusion coefficient func-

tions (Σn)n∈N are restrictions of Σ, i.e., for every n ∈ N, Σn = Mn ◦ Σ ◦K on Mn.

2. The map Σ: W → L∞([0, 1](2)) is κ2-Lipschitz in ∥ · ∥2 and uniformly bounded in ∥ · ∥∞
by some constant M∞ ∈ R+, i.e., for all u, v ∈ W ,

∥Σ(u)− Σ(v)∥2 ≤ κ2∥u− v∥2, and ∥Σ(u)∥∞ ≤M∞.
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We are now ready to state the theorem.

Theorem 3.1 (SDE limit of algorithms [HOP+22]). Let n ∈ N be fixed, and suppose As-

sumptions 3.1, 3.2 and 3.3 hold. Let Wn : R+ →Mn be the piecewise constant interpolation

(see Definition 2.5) of the iterates (Xn,k)k∈Z+
of the projected noisy SGD algorithm (Defi-

nition 2.2). Then Wn converges weakly in the space of càdlàg processes to a process Xn as

|τ n| → 0 that satisfies the SDE:

dXn(t) = −n2∇Rn(Xn(t)) dt+ Σn(Xn(t)) ◦ dBn(t) + dL−
n (t)− dL+

n (t), t ∈ R+, (3.1)

staring at Xn(0) = Xn,0. Here Bn is a n×n symmetric matrix-valued process with coordinates

independent standard Brownian motions up to matrix symmetry, and (Xn, L
+
n , L

−
n ) solves the

Skorokhod problem with respect toMn.

The proof of the above theorem is provided in Appendix A.1

Practitioners also use variants of SGD under the “small noise” setup where instead of hav-

ing a single unbiased stochastic proxy of the gradient, an average over independent batches

of stochastic gradients is used at every step. Authors in [MLPA22] derive weak SDE ap-

proximations of various popularly used stochastic optimization algorithms that use batches.

However this existing literature does not cover SDEs with boundary terms.

3.1.1 Stochastic Gradient Descent (SGD) Algorithm

When Σn ≡ 0, equation (3.1) reduces to

dXn(t) = −n2∇Rn(Xn(t)) dt+ dL−
n (t)− dL+

n (t), t ∈ R+, Xn(0) = Wn,0, (3.2)

such that (Xn, L
+
n , L

−
n ) solves the Skorokhod problem on Mn (see Section 2.4 for details).

Moreover, it is shown in Appendix A.1.1 that the solution of equation (3.2) is the same as

the solution of (3.3) given below. Furthermore, we will show in Chapter 4 that if the solution

Xn : R+ →Mn of

dXn(t) = −n2∇Rn(Xn(t)) ◦ 1{Gn(Xn(t))} dt, t ∈ R+, (3.3)
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exists, where Gn(A) is the subset of [n]2 defined as

Gn(A) :=
{

(i, j) ∈ [n]2
∣∣ |A(i, j)| < 1

}
∪
{

(i, j) ∈ [n]2
∣∣ A(i, j) = 1, ∂ i,jRn(A) > 0

}
∪
{

(i, j) ∈ [n]2
∣∣ A(i, j) = −1, ∂ i,jRn(A) < 0

}
,

(3.4)

for all A ∈Mn, then Xn is a gradient flow on Mn in a suitable sense.

3.2 Relaxed Metropolis-Hastings Algorithm

In this Section, we will consider the Relaxed Metropolis chain algorithm as described in

Section 2.2.2. Notice that for any n ∈ N, we can interpret the real-valued permutation

invariant function Hn over Mn to be the restriction of H via the map K, i.e., Hn = (H ◦
K) |Mn,+ . We will call the function H, the Hamiltonian function. In this Section, we will

show that the relaxed Metropolis chain algorithm on a the state space Sr,n, converges to

an SDE on Mn,+ as r → ∞. Following equation 2.2, we will denote the model specified

by Q̂r,n,β, as ESBM[n, r, β,H], where H is the Hamiltonian defined on Ŵ such that H ◦K
restricted on Mn,+ is the function Hn.

We will set some assumptions that will be necessary to derive the continuous time limit

of the algorithm.

Assumption 3.4. Let H : Ŵ → R be bounded below, Fréchet-like differentiable with DH
denoting its Fréchet-like derivative (see Definition 2.13) and satisfy

λ

2
∥u− v∥22 ≤ H(v)−H(u)− ⟨DH(u), v − u⟩ ≤ L

2
∥u− v∥22, (3.5)

for every u, v ∈ W[0,1], for some constants λ ∈ R and L > 0. Further, assume that DH is

(∥ · ∥□ → ∥ · ∥∞)-Lipschitz.

Definition 3.2. Let H satisfy Assumptions 3.4. Let β > 0. Define b0 : W[0,1] → L∞([0, 1](2)
)

as

b0(w) := −2βDH(w) exp
(
β2n−2∥DH(w)∥22

)
Φ
(√

2βn−1∥DH(w)∥2
)
, w ∈ W[0,1],
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where Φ is the right tail of standard Gaussian, i.e., Φ(x) = 1√
2π

∫∞
x

exp(−y2/2) dy, for

x ∈ R+. For any n ∈ N, we will denote the restriction of b0 to Mn,+ by bn. That is,

bn = Mn ◦ b0 ◦K.

In the context of the Metropolis chain algorithm, with an abuse of notation, we will

use the notation b and b0 interchangeably. By Lemma A.3 in Appendix A.2.1, n−4bn(w) =

E
[
Z exp

(
−βr,nγr⟨∇Hn, Z⟩+F

)]
where Z is n×n symmetric matrix with i.i.d. Gaussian entries,

and βr,n := βn−2/γr as defined in Section 2.2.2. Thus ∥bn∥∞ <∞.

Remark 3.3. It follows from Assumption 3.4 that ∥DH∥∞ ≤ C for some C ≥ 0 and

therefore ∥DH(v)∥2 ≤ C for every v ∈ W . Since ex → 1 as x→ 0 and Φ(x)→ 1
2

as x→ 0,

it follows that ∥b(v) + βDH(v)∥∞ → 0 as n→∞.

We now recall that the relaxed Metropolis algorithm samples from the ESBM[r, n, β,H]

model. Given G(k) ∈ Sr,r and the matrix q
(r)
n,k ∈ Mn,+ of edge-densities for any k ∈ Z+, we

run the relaxed Metropolis chain consisting of the following steps.

1. Run the base chain for sr := ⌈γ2rr4⌉ many steps. Let G̃(k + 1) ∈ Sr,n be the graph

obtained after such sr many steps. Let q̃
(r)
n,k+1 denote the matrix of edge densities of

G̃(k + 1).

2. Given G(k), G̃(k + 1) for any k ∈ Z+, define

Y (k + 1) =


G̃(k + 1), w.p. exp

(
−βr,n

[
Hn

(
q̃
(r)
n,k+1

)
−Hn

(
q
(r)
n,k

)]+)
,

G(k), otherwise,

where a+ = max{0, a} for a ∈ R and βr,n := βn−2/γr as defined in Section 2.2.2. Let

p
(r)
n,k+1 be the matrix of edge-densities for Y (k + 1). Observe that

p
(r)
n,k+1 =

q̃
(r)
n,k+1, if Y (k + 1) = G̃(k + 1),

q
(r)
n,k, if Y (k + 1) = G(k).
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3. After the accept-reject step, we again run the base chain starting from Y (k+ 1) ∈ Sr,n
for ℓr,n := ⌈n−4σ2γrr

4⌉ many steps for some σ > 0. Let the graph obtained thereafter

be G(k + 1), and let q
(r)
n,k+1 be the edge density matrix of G(k + 1).

This procedure gives a Markov chain (G(k))k∈N on the state space Sr,n with corresponding

process of edge-density matrix
(
q
(r)
n,k

)
k∈N

. In the following we show that, as r →∞ the latter

process converges to as SDE with drift bn as defined in Definition 3.2. For fixed n ∈ N, the

adjacency matrix of G(k) converges to the corresponding edge-density matrix q
(r)
n,k in the cut

metric as r →∞ uniformly. In Section 6.2.2 we will show that we can interpret the limiting

deterministic curve on the space of graphons as the cut limit of the process of adjacency

matrices of (G(k))k∈N as r →∞ followed by n→∞.

3.2.1 Heuristic analysis of the graph edge-density process

Before we state our result we analyze heuristically the process of edge-density matrix(
q
(r)
n,k

)
k∈Z+

as defined above. To this end, for any k ∈ Z+, define ∆q
(r)
n,k := q

(r)
n,k+1 − q

(r)
n,k

and let Fk be the sigma algebra generated by
{
q
(r)
n,i

∣∣∣ i = 0, . . . , k
}

. Given k ∈ Z+, let us

analyze E
[
∆q

(r)
n,k

∣∣∣ Fk]. Notice that

E
[
∆q

(r)
n,k

∣∣∣ Fk] = E
[
∆̃q

(r)
n,k

∣∣∣ Fk]+ E
[
q
(r)
n,k+1 − p

(r)
n,k+1

∣∣∣ Fk],
where ∆̃q

(r)
n,k := p

(r)
n,k+1−q

(r)
n,k. Notice that given p

(r)
n,k+1, the increment of the (i, j)-th coordinate,

q
(r)
n,k+1,(i,j) − p

(r)
n,k+1,(i,j), has the same distribution as the reflected random walk of step-size

1
r2

run for ℓr,n steps. Assuming that the random walk does not hit the boundary during

relaxation (hitting the boundary is rare), this is very small. It follows that E
[
∆q

(r)
n,k

∣∣∣ Fk] ≈
E
[
∆̃q

(r)
n,k

∣∣∣ Fk]
= E

[(
q̃
(r)
n,k+1 − q

(r)
n,k

)
exp

(
−βr,n

[
H
(
K
(
q̃
(r)
n,k+1

))
−H

(
K
(
q
(r)
n,k

))]+)]
. (3.6)

By Assumption 3.4,

H
(
K
(
q̃
(r)
n,k+1

))
−H

(
K
(
q
(r)
n,k

))
−
〈
DH

(
K
(
q
(r)
n,k

))
, K
(
q̃
(r)
n,k+1

)
−K

(
q
(r)
n,k

)〉



55

≈
∥∥∥K(q̃(r)n,k+1

)
−K

(
q
(r)
n,k

)∥∥∥2
2
.

On the other hand, given q
(r)
n,k, the increment of each coordinate q̃

(r)
n,k+1,(i,j) − q

(r)
n,k,(i,j)

for every (i, j) ∈ [n](2) has the same distribution as a symmetric random walk (with re-

flections at the boundary) with step-size 1/r2 run for sr = γ2rr
4 steps. In particular,

E
[∥∥∥K(q̃(r)n,k+1

)
−K

(
q
(r)
n,k

)∥∥∥2
2

]
= γ2r . Two important and non-trivial consequences of this

heuristic are the following:

1. Due to a concentration of measure argument,
∥∥∥K(q̃(r)n,k+1

)
−K

(
q
(r)
n,k

)∥∥∥2
2
≤ Cγ2r log r for

some constant C > 0 with high probability.

2. q̃
(r)
n,k+1 − q

(r)
n,k has approximately the same distribution as γrYn where Yn is an n × n

symmetric matrix of independent standard Gaussians. Notice that if q
(r)
n,k,(i,j) ∈ {0, 1}

for any (i, j) ∈ [n](2), this is not true. This approximation is valid only when all the

coordinates of q
(r)
n,k are sufficiently away from {0, 1}. With a careful analysis, one can

show that this is indeed the case except for a negligible fraction of time.

Assuming the above heuristics and using equation (3.6) we obtain that with high probability,

E
[
∆q

(r)
n,k

∣∣∣ Fk]
≈ E

[(
q̃
(r)
n,k+1 − q

(r)
n,k

)
exp

(
−βr,n

〈
DH

(
K
(
q
(r)
n,k

))
, K
(
q̃
(r)
n,k+1

)
−K

(
q
(r)
n,k

)〉+)]
= γr E

[
Yn exp

(
−βr,nγr

〈
∇Hn

(
q
(r)
n,k

)
, Yn

〉+
F

)]
, (3.7)

where we used the fact that for any two n× n symmetric matrices An, Bn ∈ Mn,+ we have

⟨An, Bn⟩F = n2⟨K(An), K(Bn)⟩ and that the fact that DH = n−2∇Hn (see Lemma 2.14).

The expectation in the last expression above is very amenable to analysis. It follows from

Lemma A.3 that E
[
Yn exp

(
−βr,nγr

〈
∇Hn

(
q
(r)
n,k

)
, Yn

〉+
F

)]
= n−4bn

(
q
(r)
n,k

)
where bn is defined

in Definition 3.2.

The above heuristic can now be summarized as follows. With high probability

E
[
∆q

(r)
n,k

∣∣∣ Fk] ≈ γrn
−4br

(
q
(r)
n,k

)
, (3.8)
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provided that the all coordinates of q
(r)
n,k are away from {0, 1}. Now let us analyze the

conditional covariance of ∆q
(r)
n,k. Recall that E

[∥∥∥K(q̃(r)n,k+1

)
−K

(
q
(r)
n,k

)∥∥∥2
2

∣∣∣∣ Fk] ≤ γ2r . On

the other hand, given p
(r)
n,k+1, the increment q

(r)
n,k+1,(i,j)− p

(r)
n,k+1,(i,j) of coordinate (i, j) ∈ [n](2)

has the same distribution as the symmetric random walk with step-size 1
r2

(reflected at

the boundary {0, 1}) running for ℓr,n ≈ n−4γrσ
2r4 steps. In particular, each coordinate

has variance ≈ n−4γrσ
2. Also note that given p

(r)
n,k, the coordinates of q

(r)
n,k+1 − p

(r)
n,k+1 are

independent. In particular,

Cov
(

∆q
(r)
n,k

∣∣∣Fk) = n−4γrσ
2In +O(γ2r ), (3.9)

where O(γ2r ) means that each coordinate of Cov
(

∆q
(r)
n,k

∣∣∣Fk) differs from n−4γrσ
2In at most

by a constant factor of γ2r .

For a fix t > 0, we will define tr,n := ⌊tn4/γr⌋. Also define q
(r)
n : R+ → Mn,+ to be a

piecewise constant interpolation of
(
q
(r)
n,k

)
k∈Z+

given by

q(r)n (t) := q
(r)
n,tr,n , t ∈ R+, (3.10)

In particular, we obtain

q(r)n (t)− q(r)n (0) =

tr,n−1∑
k=0

E
[
∆q

(r)
n,k

∣∣∣ Fk]+

tr,n−1∑
k=0

(
∆q

(r)
n,k − E

[
∆q

(r)
n,k

∣∣∣ Fk]), t ∈ R+.

Using the heuristic derived in (3.8) and (3.9), one expects that

q(r)n (t)− q(r)n (0) ≈
tr,n−1∑
k=0

γrn
−4bn

(
q
(r)
n,k

)
+

tr,n−1∑
k=0

∆M
(r)
n,k, t ∈ R+, (3.11)

where
(

∆M
(r)
n,k

)
k∈Z+

is aMn-valued martingale difference sequence with uniform coordinate-

wise variance γrn
−4σ2. We must caution that the approximation in (3.11) is not valid if q

(r)
n,k

is close to boundary {0, 1}. The heuristic calculations have been derived under the assump-

tion that all coordinates of q
(r)
n,k are away from {0, 1}. Ignoring this boundary contribution,

it is reasonable to conclude that

q(r)n (t)− q(r)n (0) ≈
∫ t

0

bn
(
q(r)n (s)

)
ds+ σBn(t), t ∈ R+,
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where Bn is an n× n matrix with i.i.d. Brownian motions (up to matrix symmetry), in the

interior of the state space. In view of this, it is reasonable to expect to that if the process(
q
(r)
n,k

)
k∈Z+

spends negligible proportion of time at the boundary, then

q(r)n (t)− q(r)n (0) ≈
∫ t

0

bn
(
q(r)n (s)

)
ds+ σBn(t) + L(0)

n (t)− L(1)
n (t), t ∈ R+,

where
(
q
(r)
n , L

(0)
n , L

(1)
n

)
solves the Skorokhod problem on the cube Mn,+. That is, each

coordinate process of q
(r)
n satisfies the above SDE with reflection at the boundary {0, 1}.

This heuristic argument can be made precise (see Theorem 3.4) and it is one of the main

takeaways of this section. Before we state the main theorem, we make a brief digression to

the Skorokhod problem and the Skorokhod map which will play a crucial role in Theorem 3.4

and its proof.

Theorem 3.4 ([APST23]). Let H satisfy Assumption 3.4 and let (γr)r∈N satisfy condi-

tion (2.1). Let D([0,∞),Mn,+) be the space of right continuous functions with left limits

equipped with the topology of uniform convergence over compact subsets. Let q
(r)
n : R+ →

Mn,+ be a piecewise interpolation of
(
q
(r)
n,k

)
k∈Z+

(see equation (3.10)). Then, q
(r)
n converges

weakly in D([0,∞),Mn,+) to a process Xn over compact time intervals, with continuous path

that satisfies the SDE

dXn(t) = bn(Xn(t))) dt+ σ dBn(t) + dL(0)
n (t)− dL(1)

n (t), t ∈ R+, (3.12)

with initial condition Xn(0) = q
(r)
n,0, where Bn is a symmetric n × n matrix with whose

coordinates are i.i.d. Brownian motions (up to matrix symmetry) and
(
Xn, L

(0)
n , L

(1)
n

)
solves

the Skorokhod problem w.r.t. the finite dimensional cubeMn,+ (see Section 2.4).

We provide the proof of Theorem 3.4 in Appendix A.2

3.3 Iterated product of matrices

In Section 2.2.3, we introduced the general setup of algorithms that are of the multiplicative

form and rely on products of iterated matrices. In this section, we will take the scaling limit of
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the iterated product of such random matrices to obtain their continuous-time counterpart.

To recall, the k-th random matrix is a perturbation of the identity and takes the form

In +X
(m)
n,k , where

X
(m)
n,k =

µn
m
M

(m)
n,k +

σn√
m
G

(m)
n,k , (3.13)

where E
[
M

(m)
n,k

]
= A

(m)
n,k ∈ R[n]2 and M

(m)
n,k is an independent matrix with entries i.i.d. as

N(0, 1).

Let’s separate the two components of the perturbation and see what we can expect.

1. Consider a triangular array of n × n deterministic matrices

((
A

(m)
n,k

)
k∈[m]

)
m∈N

and

define the following iterated product of matrices

P (m)
n (k) :=

(
In +

µn
m
A

(m)
n,k

)
. . .
(
In +

µn
m
A

(m)
n,2

)(
In +

µn
m
A

(m)
n,1

)
, k ∈ [m], (3.14)

where µn is a dimension dependent scaling factor and P
(m)
n (0) = In. Note that P

(m)
n

satisfies following difference equation

P (m)
n (k + 1)− P (m)

n (k) =
µn
m
A

(m)
n,k+1P

(m)
n (k), k ∈ [m− 1].

It is reasonable to expect that P
(m)
n admits a scaling limit as m → ∞ for ev-

ery n ∈ N. That is, under appropriate conditions on the curve An defined as

An(t) := limm→∞A
(m)
n,⌊mt⌋ for t ∈ [0, 1], we should expect that the curve Pn,m defined as

Pn,m(t) := P
(m)
n (⌊mt⌋) for t ∈ [0, 1], converges to an absolutely continuous curve, say

Pn, satisfying d
dt
Pn(t) = µnAn(t)Pn(t) as m→∞.

If An(t) ≡ An is a constant curve, then the solution to this differential equation is

Pn(t) = etµnAn . For more general curve An, one may guess the solution of the above

differential equation to be Pn(t) = e
∫ t
0 µnAn(s) ds. However, this is incorrect – unless

An(s) and An(s′) commute for all s, s′ ∈ [0, t]. However, the correct solution can be

defined using a non-commutative analogue of exponential that we define later in this

section.
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2. Consider the case where instead of
(
A

(m)
n,k

)
k∈[m]

, we have i.i.d. matrices
(
G

(m)
n,k

)
k∈[m]

with i.i.d. standard Gaussian coordinates and instead of equation (3.14), we consider

the iterated product of matrices such that

P (m)
n (k + 1)− P (m)

n (k) =
σn√
m
G

(m)
n,k+1P

(m)
n (k).

Following a similar heuristic as above, one may expect that Pn,m converges to a matrix

valued SDE satisfying dPn(t) = σn dBn(t)Pn(t) for t ∈ [0, 1] as m → ∞, where Bn is

an n× n matrix whose coordinates are i.i.d. Brownian motions.

In Theorem 3.8 we show that, under appropriate assumptions and suitable time scaling,

the iterated matrix product has a scaling limit that is given as the unique solution Yn of an

SDE. Moreover, we give the solution explicitly as a non-commutative analogue of exponential

of Yn, denoted Texp[Yn], that we define later (see Definition 3.5).

Various authors have studied similar problems – in fixed dimension n ∈ N. For instance,

it is shown in [EH18] that if

Q
(m)
n,k =

(
In +

1

m
An,k

)
. . .

(
In +

1

m
An,2

)(
In +

1

m
An,1

)
, k ∈ [m], (3.15)

then Q
(m)
n,m converges to eAn where An := limm→∞

1
m

∑m
k=1An,k (assuming this limit exists) as

m→∞. A particularly important case that this result covers is the case when {An,k}k∈N are

i.i.d. and have the expectation E[An,k] = An. In this particular case, the rate of convergence

was investigated in [HW20, KMS20]. It follows easily from the above result that if (An,k)k∈N is

a sequence of matrices such that limm→∞
1
m

∑m
k=1An,k = An then Q

(m)
n,⌊mt⌋ → etAn as m→∞.

However, this theorem does not apply to the triangular array of matrices. If we define the

triangular array A
(m)
n,k := An,k for all k ∈ [m] and all m ∈ N, then our result (Theorem 3.8)

recovers this result (see Example 3.3). It should be noted that if

((
A

(m)
n,k

)
k∈[m]

)
m∈N

is a

triangular array of matrices such that An := limm→∞
1
m

∑m
k=1A

(m)
n,k exists and also the limit

Pn(t) := limm→∞ P
(m)
n (⌊mt⌋) exists, it is not necessarily true that Pn(t) = etAn .
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We now ready to explore the scaling limit of iterated product of matrices as defined

in (3.14) as m → ∞ while the dimension n is kept fixed. We begin with some definitions

and notations.

Definition 3.5 (Time ordered exponential). Let t 7→ Yn(t) be an n × n ma-

trix valued càdlàg semimartingale. For any k ∈ N and t ∈ R+, let ∆k(t) :={
(s1, . . . , sk) ∈ [0, t]k

∣∣ t ≥ sk ≥ sk−1 ≥ . . . s1 ≥ 0
}

and define

Jk(Yn)(t) :=

∫
∆k(t)

dYn(sk) . . . dYn(s1), k ∈ N, J0(Yn) ≡ In.

We define the non-commutative exponential Texp[ · ] of Yn as

Texp[Yn](t) :=
∞∑
k=0

Jk(Yn)(t), and Γ(Yn)(t) := Texp[Yn](t)− In, t ∈ R+. (3.16)

If t 7→ Yn(t) = tAn for some fixed matrix An, then Texp[Yn](t) = etAn for every t. Even

for a general (deterministic) absolutely continuous curve t 7→ Yn(t), the non-commutative

exponential Texp[Yn](t) admits a beautiful interpretation that we explain in Example 3.1.

Definition 3.6 (Poisson point process). Let N be a unit intensity Poisson point process on

R+. For every t ∈ R+, define Nt as the set of atoms from N occurring up to time t, such

that Nt(ω) = N(ω)∩ [0, t] for every realization ω. The set Nt is ordered in a non-decreasing

manner, reflecting the chronological order of atoms up to time t. Recall that conditioned

on |Nt| = k, the distribution of ordered tuple of points 0 ≤ s1 ≤ s2 ≤ . . . ≤ sk ≤ t in Nt

has uniform distribution on ∆k(t). We refer the reader to [Bré20] for more detail on Poisson

point processes.

Example 3.1. Suppose Yn is a deterministic and absolutely continuous curve. Let Yn(t) =∫ t
0
An(s) ds for t ∈ R+, where the integral is applied coordinatewise. For k ≥ 1, it follows

that

Jk(Yn)(t) =

∫
∆k(t)

An(sk)An(sk−1) . . . An(s1)
k∏
j=1

dsj
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= |∆k(t)|
∫
∆k(t)

An(sk)An(sk−1) . . . An(s1) dσk,t(sk, . . . , s1)

= et E

[∏
α∈Nt

An(α)

∣∣∣∣∣ |Nt| = k

]
P{|Nt| = k},

where |∆k(t)| is the volume (that is k-dimensional Lebesgue measure) of the simplex ∆k(t),

σk,t is the uniform measure on ∆k(t), and the last line follows by observing that P{|Nt| = k} =

e−t t
k

k!
= e−t|∆k(t)| for every t ∈ R+. We define an empty product of matrices to be In, and

always interpret
∏

of a finite collection of matrices indexed by time as denoting ordered

multiplication going from left to right with increasing time indices. With this notation,

Texp[Yn](t) = et E

[∏
α∈Nt

An(α)

]
, t ∈ R+.

The following proposition gives a characterization of Texp[ · ] of a semimartingale that

justifies the name non-commutative exponential.

Proposition 3.7. Let Yn be a continuous Mn-valued semimartingale. Then, there exists a

pathwise uniqueMn-valued process Zn satisfying

Zn(t) = In +

∫ t

0

dYn(t) · Zn(t), t ∈ R+.

Moreover, Zn(t) = Texp[Yn](t) for all t ∈ R+.

The proof of Proposition 3.7 is provided in Appendix A.3.

We consider the product defined in equation (3.13), where
(
G

(m)
n,k

)
k∈[m]

is a sequence of

i.i.d. matrices with zero mean, and consider the following product

Pn,m(t) :=

⌊mt⌋∏
k=1

(
In +X

(m)
n,k

)
, m ∈ N, t ∈ [0, 1]. (3.17)

With Assumption 3.5 stated below, we are ready to state the main theorem of this section.

Assumption 3.5. There exists C,D ≥ 0 such that

1. For every m ∈ N, and k ∈ [m],
∥∥∥A(m)

n,k

∥∥∥
max
≤ C, and Cov

(
M

(m)
n,k ,⪯

)
nDIn.
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2. For every m ∈ N,
(
G

(m)
n,k

)
k∈[m]

is an i.i.d. sequence of matrices with i.i.d. N(0, 1)

entries.

3. The piecewise constant interpolations An,m of
(
A

(m)
n,k

)
k∈[m]

, defined as An,m(t) :=

A
(m)
n,⌊mt⌋ for t ∈ [0, 1], uniformly converge to an absolutely continuous curve An as

m→∞.

Theorem 3.8 (Convergence to SDE for fixed dimension [STH+24]). Let

((
X

(m)
n,k

)
k∈[m]

)
m∈N

be the triangular array defined in equation (3.13). Under Assumption 3.5, the curve Pn,m

(as defined in equation (3.17)) uniformly converges to Texp[Yn] as m→∞, where

Yn(t) := µn

∫ t

0

An(s) ds+ σnBn(t), t ∈ [0, 1],

and Bn is a n× n matrix with i.i.d. BM coordinates.

The proof of Theorem 3.8 is provided in Appendix A.3.

Example 3.2. Consider a simple example in the case when n = 1. Let B(t) be the standard

one dimensional Brownian motion. Then,

Jk(B)(t) =
1

k!
Hk(Bt),

where Hk is the k-th Hermite polynomial. In particular, we get that Texp[B](t) = eBt−t/2. In

other words, Texp[ · ] agrees with the so-called stochastic exponential for Brownian motion.

Now consider the product

Pm(t) :=

⌊mt⌋∏
i=1

(
1 +

Xi√
m

)
,

where Xi are i.i.d. Gaussian random variables. It follows from Theorem 3.8 that Pm(t)

converges to eBt−t/2 where Bt is a standard BM (compare with [DM83]).
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Example 3.3. Let (An,k)k∈N be a sequence of n × n matrices and assume that

limm→∞
1
m

∑m
k=1An,k = An. Define a triangular array of n × n matrices A

(m)
n,k = An,k for

k ∈ [m] and m ∈ N. It is easily checked that

1

m

⌊mt⌋∑
k=1

A
(m)
n,k → tAn, t ∈ [0, 1].

It follows from Theorem 3.8 that

Pn,m(1) =

(
In +

1

m
An,m

)
. . .

(
In +

1

m
An,2

)(
In +

1

m
An,1

)
converges to eAn as m→∞. This recovers the main result in [EH18].

In Chapter 6.3, we will emphasize on the role of µn, σn as we will take a suitable limit

of the matrix-valued process Texp[Yn] as we will take n → ∞ and interpret the limit as a

process on infinite exchangeable arrays (IEAs). In Chapter 7, we will consider an application

in deep learning to make more sense of how does the application of Texp[Yn] on an initial

state, say Hn,0 behave when we take n → ∞. We will end this section by describing some

examples of popular iterative falling under this class of algorithms and provide argue about

their continuous time behavior.

3.3.1 Examples

In the following subsections, we derive the continuous-time limit of some of the popular

algorithms and derive immediate conclusions about their continuous time convergence to

stationarity.

Oja’s Algorithm

In this section, we analyze the Oja’s algorithm [Oja82] which is perhaps, the most popular

algorithm for Streaming Principle Component Analysis. It is well known that under very mild

conditions, given i.i.d. sampled from a distribution, Oja’s algorithm asymptotically converges

to the top eigenvector of the second moment matrix of the distribution [LWLZ18, HNWW21].
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Consider m ∈ N i.i.d. samples {xn,i}i∈[m] from a distribution over Rn with second moment

Σn ⪰ 0. The Oja’s algorithm starts with an initialization non-zero vector pn,0 ∈ Rd computes

qn,0 = pn,0/∥pn,0∥2 and at every step k ∈ [m] sets

pn,k =

(
In +

1

mn
· nxn,kx⊤n,k

)
qn,k−1, qn,k = pn,k/∥pn,k∥2.

Now notice that for any t ∈ [0, 1], the ⌊mt⌋-th iterate

qn,⌊mt⌋ = Pn,m(t) ·
⌊mt⌋∏
k=1

1

∥pn,k∥2
· qn,0,

where Pn,m(t) :=
∏⌊mt⌋

k=1

(
In + 1

mn
· nxkx⊤k

)
. By assumption, we have E

[
xn,kx

⊤
n,k

]
= Σn for

every k ∈ [m]. Since we are always sampling i.i.d. samples for every m ∈ N, it also holds

that limm→∞ Σn = Σn for every t ∈ [0, 1]. Applying Theorem 3.8, we find that (Pn,m)m∈N

uniformly converges to t 7→ Texp
[∫ ·

0
Σn

]
(t) = etΣn .

Since the Oja’s algorithm re-scales the iterates at every iteration, in the limit as m→∞,

the vector qn,⌊mt⌋ therefore converges to the unit vector corresponding to etΣnq0. Let us

call it qn(t). If Σn has an eigen-decomposition VnΛnV
⊤
n for Λn = diag

(
(λn,i)

n
i=1

)
having its

diagonals arranged in descending order, and zn(t) := V ⊤
n qn(t), and ∆n := λn,1 − λn,2, then

∥qn(t)− vn,1∥22 = ∥zn(t)− en,1∥22, (3.18)

where en,1 is the first element of the standard canonical basis of Rn. Notice that

z2n,1(t) =
z2n,1(0)

z2n,1(0) +
∑n

j=2 e−2t(λn,1−λn,j)z2n,j(0)
,

z2n,i(t) =
e−t(λn,1−λn,i)z2n,i(0)

z2n,1(0) +
∑n

j=2 e−2t(λn,1−λn,j)z2n,j(0)
, i ∈ [n] \ {1}.

(3.19)

Using the fact that
(

(1 + x)1/2 − 1
)2
≤ x, for all x ≥ 0, we find that

1

n
∥qn(t)− vn,1∥22 ≤ 2

∥zn(0)∥2∞
z2n,1(0)

· e−2t∆n .

We find the the mean squared error of the estimation of the top eigenvector goes down

exponentially with time and depends on the ∆n.
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Gossip Algorithms

Gossip algorithms are distributed algorithms used to average values over the nodes of a

graph. Simple applications arise when certain sensors capture values over a small region or

space. To combat minor fluctuations in their readings, the sensors need to average their

readings in a distributed manner. Distributed averaging also arises in many applications

such as coordination of autonomous agents, estimation and distributed data fusion on ad-

hoc networks, and decentralized algorithms.

Let Gn = ([n], E) be an undirected graph with adjacency matrix An ∈ {0, 1}[n]
(2)

, and

let xn(0) ∈ Rn represent the initial values stored on the nodes of the graph. The goal of the

gossip algorithm is for each node to estimate 1
n

∑n
i=1 xn,i(0) in a distributed and asynchronous

manner. That is, the target is to approximate 1
n
1n1⊤

nxn(0) over the set of nodes.

Each node has an independent clock that ticks at the times of a rate 1 Poisson process.

This corresponds to a single clock ticking at rate n Poisson process at times {Zk}k∈N. Let Ik

denote the [n]-valued random variable denoting the node whose clock ticked at time Zk, for

every k ∈ N. Let us denote [Zk, Zk+1) as the k-th time slot for every k ∈ N. Given An, we

can compute a matrix Pn such that for every i ∈ [n], Pi,j denotes the probability that node

i is connected to node j. That is, if Dn is the diagonal matrix storing the degree of every

node on its diagonal, then Pn = D−1
n An. Let us assume that Pn is doubly stochastic.

The algorithm runs as follows. Let m ∈ N be the total number of steps that the algorithm

runs in a single round. Let Ik = i ∈ [n] at the k-th time slot. Then, node i chooses a neighbor

j ∈ [n] with probability Pi,j > 0 and node i updates its value as

xn,i(k + 1) = (1− αm)xn,i(k) + αm ·
1

di

∑
j∈Ni

xn,j(k), k ∈ Z+,

where Ni ⊆ [n] denotes the neighbor set of node i, and |Ni| = di. Let Bn = In+αm(Pn−In).

Observe that this operation can be written as a linear transformation of xn(k). That is,

xn(k+1) = Zn,kxn(k), where Zn,k with probability 1/n (for the event when the clock of node

i ticks in the k-th time slot) is the matrix that is all zero rows, except the i-th row being the

i-th row of Bn. Hence, E[Zn,k] = In + αm

n
(Pn − In) for every k ∈ [m].
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Therefore, after time slot ⌊nmt⌋, the values stored on the nodes of the algorithm is

xn(⌊nmt⌋) =

⌊nmt⌋∏
i=1

Zn,k · xn(0), t ∈ R+.

If αm = m−1, then following Theorem 3.8,

⌊nmt⌋∏
i=1

Zn,k → Texp

[∫ ·

0

(Pn − In) ds

]
(t) = exp(t(Pn − In)), t ∈ R+.

Therefore, the vector xn(⌊nmt⌋) converges to exp(t(Pn − In))xn(0) as m→∞.

Let (λn,i)i∈[n] denote the eigenvalues of Pn in descending order. Since Pn is a stochas-

tic matrix, all its eigenvalues are non-negative, moreover λn,1 = 1 and the corresponding

eigenvector is 1n. We can now compute the limit of the error as m→∞ as

lim
m→∞

∥∥∥∥xn(⌊nmt⌋)− 1

n
1n1⊤

nxn(0)

∥∥∥∥
2

=

∥∥∥∥exp(t(Pn − In))xn(0)− 1

n
1n1⊤

nxn(0)

∥∥∥∥
2

≤
∥∥∥∥ 1

n
1n1⊤

n − exp(−t(In − Pn))

∥∥∥∥
2

∥xn(0)∥2.

Since the only non-zero eigenvalue of 1
n
1n1⊤

n is 1, the operator norm of the matrix 1
n
1n1⊤

n −
exp(−t(In − Pn)) is exp(t(1− λn,2)). Therefore we get that the relative error in the limit

m→∞ is bounded by e−t(1−λn,2).

We find that relative error depends on how small λn,2 be. As an example, if G were a

random d-regular graph, then it is well known that λn,2 converges to Θ(d−1/2) with high

probability [FKS89], yielding that as n→∞, the rate of convergence is e−T (1−Θ(d−1/2)) with

probability 1.

Convergence of Stochastic Gradient Descent (SGD)

Let (ai, bi)i∈[m] ⊂ Rn×R be a set of m ∈ N input output pairs of data points. The output if

modeled as a linear function of the input, gives us the standard linear regression model, where

the objective is to find a suitable linear predictor. If one assumes that bi = n−1⟨ai, x∗⟩+ϵi for

i ∈ [m] for some x∗ ∈ Rn such that ϵis are all i.i.d. centered random variables independent
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of (ai)i∈[m], then the objective is to solve the minimization problem

arg min
x∈Rn

1

2m

m∑
i=1

(
n−1⟨ai, x⟩ − bi

)2
.

Let us consider the particle SGD algorithm [Chi22] that starts at x1 ∈ Rn and at iteration

k ∈ N, computes xk+1 as

xk+1 = xk − nηn,m,kak
(
n−1⟨ak, xk⟩ − bk

)
=
(
In −

ηm
n
· naka⊤k

)
xk + nηmakbk.

Unrolling the expression, following the popular choice [Net19], if we set ηn,m,k = 1
λk,nm

, where

λk,n > 0 is the least eigenvalue of E
[
aka

⊤
k

]
for every k, we get that at iteration ⌊mt⌋ for any

t ∈ [0, 1],

x⌊mt⌋ =

⌊mt⌋∏
k=1

(
In −

naka
⊤
k

λk,nmn

)
· x1 +

n

m

⌊mt⌋∑
k=1

⌊mt⌋∏
j=k+1

(
In −

naja
⊤
j

λj,nmn

)
· ak
λk,n

(n−1a⊤k x
∗ + ϵk).

(3.20)

Let us define the piecewise constant interpolation of
(
E
[
aia

⊤
i

])
i∈[m]

as s 7→ Σn,m(s) and

assume that Σm uniformly converges to a curve Σn as m→∞. Similarly define a, ϵ, λn to the

limit of the piecewise continuous interpolation of (ai)i∈[m], (ϵi)i∈[m] and (λi,n)i∈[m] respectively

as m→∞.

Then, following Theorem 3.8, if (t 7→ x⌊mt⌋)→ x as m→∞, then

x(t) = Texp

[
−
∫ ·

0

(
Σn

λn

)
(s) ds

]
(t)x(0)

+

∫ t

0

Texp

[
−
∫ ·

0

τs

(
Σn

λn

)
(r) dr

]
(s)

a(s)a(s)⊤

λn(s)
x∗ ds

+ n

∫ t

0

Texp

[
−
∫ ·

0

τs

(
Σn

λn

)
(r) dr

]
(s)

a(s)

λn(s)
ϵ(s) ds.

Taking expectation over a and ϵ, we get

E[x(t)] = Texp

[
−
∫ ·

0

(
Σn

λn

)
(s) ds

]
(t)x(0)

+

∫ t

0

Texp

[
−
∫ ·

0

τs

(
Σn

λn

)
(r) dr

]
(s)

(
Σn

λn

)
(s)x∗ ds.
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In the simple case when Σ and λn are the constant curve of a positive definite matrix and

its smallest eigenvalue respectively, the above equation reduces to

E[x(t)] = Texp

[
−
∫ ·

0

Σn

λn
ds

]
(t)x(0) +

∫ t

0

Texp

[
−
∫ ·

0

Σn

λn
dr

]
(s)

Σn

λn
ds · x∗

= e−tΣn/λnx(0) +

∫ t

0

e−sΣn/λnx∗ ds = e−tΣn/λnx(0) + (In − e−tΣn/λn)x∗,

which implies

E[x(t)]− x∗ = e−tΣn/λn(x(0)− x∗). (3.21)

In other words, E[x(t)] converges exponentially fast to the minimizer x∗ of the optimization

problem. This rate, as one might expect depends on the condition number of the second

moment matrix. Note that equation (3.21) captures the general case when the sequence

of input output pairs have time-varying distribution such that the second moment of the

distribution of the input converges to an L2-absolutely continuous curve under the chosen

scaling.

Applications in financial modeling

The iterated product of matrices obtained from a triangular array is particularly important

when there is a fixed notion of continuous time, and measurements are made at various levels

of discretization. In finance modeling, m may denote the number of intervals within a year,

ranging from trading days to microseconds of annual trading activity. Here, n represents

the count of (dependent) financial instruments, often numbering in tens of thousands. To

examine changes in an instrument’s price from time-step k−1 to k, consider the price of the

i-th instrument, Hn,k,i, written in the form:

Hn,k−1,i +
1

m
·
(

1

n

n∑
j=1

M
(m)
n,k,(i,j)Hn,k−1,j

)
+

1√
m
·
(

1√
n

n∑
j=1

G
(m)
n,k,(i,j)Hn,k−1,j

)
. (3.22)

The above expression indicates that the priceHn,k,i of instrument i at every time step k ∈ [m],

increases at a rate influenced by a linear combination of the (noisy) growth rates M
(m)
n,k,(i,j) of
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all instruments j ∈ [n]. Additional noise is contingent upon the price of all other instruments.

Since there is an absolute notion of time t ∈ [0, 1] where t = 0 and t = 1 indicate the start

and end of a financial year, our analysis establishes a uniform limiting framework applicable

across all trading frequencies. Essentially, the evolution of the price of n (or possibly infinite)

financial instruments is dictated by the curve t 7→ An(t), representing the continuous time-

varying return. Examples of such models include the dynamics of monetary reserves of n

banks interacting via lending mechanisms [RJPLH15].

It is easy to see that when n = 1, and A1 is a constant curve, we recover the classical

geometric Brownian motion.

3.4 Conclusion

In this chapter, we derive the fixed-dimension continuous-time limits of the three iterative

algorithms described in Chapter 2.2. To take the limit as the dimensions increase, we must

first better understand how stochastic processes on a large number of coordinates can be

described compactly and analytically. We then move to Chapter 4, where we develop a

calculus on graphons (see Chapter 2.5) and argue that curves such as Euclidean gradient

flows can be suitably interpreted within the space of graphons, and moreover, they converge

to well-defined gradient flows on graphons. With further development of the analytical space

and the topology over these exchangeable arrays, we will be prepared in Chapter 6 to discuss

the scaling limits of these finite-dimensional processes as the dimensionality increases to

infinity.
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Chapter 4

GRADIENT FLOW ON GRAPHONS

In this chapter, we will develop a theory of gradient flows on the space of limits of dense

edge-weighted, unlabeled graphs, known as graphons. We will show that gradient flows on

finite-dimensional matrices of permutation-invariant functions can be suitably embedded in

the space of graphons, where these curves converge to gradient flows as the dimensions of the

matrices increase to infinity. This analysis acts as a building block for us to later characterize

scaling limits of iterative processes obtained via algorithms discussed in Section 1.1.

We will start in Section 4.1 by introducing the analogous notion of gradient flows de-

veloped for classical particle systems to motivate our developments. In Section 4.2 we will

introduce some background necessary for the developments later in this chapter. With the

help of the general theory of gradient flows on metric spaces [AGS08], in Section 4.3, we

will discuss the construction and argue for the existence of such flows on the metric space

of graphons. In Section 4.3.3, we will introduce a notion of derivative on graphons and

relate it to the Euclidean gradient. In Section 4.4, we will then show that gradient flows of

permutation-invariant functions on finite-dimensional matrices converge to a gradient flow

on graphons under certain consistency conditions. In Section 4.5 we will show that just like

Wasserstein gradient flows can be described with the help of continuity equations [San15,

Chapter 5], we will demonstrate that gradient flows on graphons can be described by a con-

sistent family of continuity equations. We will conclude in Section 4.6 by discussing some

examples and deriving implications on how a gradient flow description allows us to determine

the time rate of convergence to first order stationary points of the objective function.
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4.1 Introduction

Let x1, x2, . . . , xn be n vectors in Rd. Let fn :
(
Rd
)n → R be a permutation invariant function

of those n variables. Here permutation invariant means fn(x1, . . . , xn) = fn(xπ1 , . . . , xπn)

where π is any permutation of the set [n] := {1, 2, . . . , n}. Consider the Cauchy problem

d

dt
xi(t) = − ∂ ifn(x1(t), . . . , xn(t)), i ∈ [n], t ∈ R+, (4.1)

with given initial conditions (xi(0))i∈[n]. The solution to this problem (which exists and is

unique when, say, ∇fn is Lipschitz [Lin94]) is often called the gradient flow of fn. A natural

question that appears in several applications is whether the solution to the above Cauchy

problem has a scaling limit as n goes to infinity.

In order for such a limit to exist, it is imperative that there is some consistency over

the dimension parameter n. The permutation invariance of fn offers a resolution. In fact, if

(xi)i∈[n] is thought of as positions of particles in space, fn can be thought of as a function

acting on the empirical distribution µn := 1
n

∑n
i=1 δxi . Here µn is a discrete probability

measure that puts mass 1/n on the positions of each of the n particles, represented by the

delta mass δ·.

Consider Rd with the usual Euclidean metric and let F : P(Rd)→ R be a suitable func-

tion. The function F induces a sequence of permutation invariant functions (fn)n∈N as above

by the definition

fn (x1, . . . , xn) := F (µn) , n ∈ N.

For such an fn for any n ∈ N, the evolution (4.1) can be thought of as an evolution on the

space of probability measures by defining

µn(t) :=
1

n

n∑
i=1

δxi(t), t ∈ R+.

Now the following question makes sense. Suppose that the sequence of initial measures

(µn(0))n∈N converges to a limiting probability measure µ(0) where the convergence is typically

in the sense of weak convergence of probability measures. Does the sequence of curves(
(µn(t))t∈R+

)
n∈N converge to some limiting curve on P(Rd) possibly after rescaling time?
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The answer to the above, under suitable assumptions on F , is the so-called Wasserstein

gradient flow [Vil03, San15] of F on the metric space P
(
Rd
)

equipped with the Wasserstein-

2 metric, W2. There is now a general theory of curves of maximal slopes (also known as

gradient flows) developed for functions on metric spaces which may lack a differentiable

structure [AGS08]. The Wasserstein space is a prominent example that has been thoroughly

studied [AGS08, San17]. As discussed in Chapter 1, there has been a recent surge in interest

in the application of the above convergence of gradient flows in the context of single hidden

layer neural networks, see [SMN18, CB18, RVE18, MMM19, CCP19, AOY19, NP20, SS20a,

SS20b, TR20, BC21].

However, we are interested in optimization problems where the arguments can be thought

of as weights attached to the edges of a large dense graph. Let G = ([n], E) be a graph. For

e = {i, j} ∈ E one has an associated variable Xn,(i,j) = Xn,(j,i) that we take it to be real-

valued in this article. For all the applications we consider, we can take Xe = 0 if e ̸∈ E. Thus

our variables can be arranged in an n×n symmetric matrix Xn. Let Rn : Mn(R)→ R∪{∞}
be a function of such matrices. The crucial difference from the previous set-up is that we

want Rn to satisfy a permutation invariance property with respect to relabeling the vertices

of G as described in Chapter 1 in Definition 1.1. In other words, such functions are invariant

under graph isomorphisms of G. One can now ask the same question as before. Consider

the gradient flow Cauchy problem

d

dt
Xn,e(t) = − ∂eRn (Xn(t)) , e ∈ [n]2, (4.2)

with given Xn(0). Is there a suitable scaling limit as n goes to infinity? This paper answers

this question in affirmative under reasonable conditions on Rn.

We restrict ourselves to the case where the edge weights Xn all lie in the bounded

interval [−1, 1]. Without loss of generality, we can take our graph to be the complete

graph with its weighted adjacency matrix Xn. Just like empirical distributions of particle

systems converge to probability measures, these graph adjacency matrices with bounded

edge weights, identified up to graph isomorphisms, converge to a limiting object called
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graphons [LS06, BCL+08, BCL+12]. This is intimately connected with the theory of ex-

changeable arrays in probability theory [Ald81, Ald82, Hoo82, Kal89]. For a definitive mod-

ern account of exchangeable arrays and their connections with the limits of large graphs, the

reader is referred to [DJ08, Aus08, Aus12, Aus15]. The theory of graph limits and graphons

has found applications in many fields including extremal graph theory, combinatorics, data

analysis, biology. We refer the reader to [DGKR15, LZ17, BG20, BEFLY21] and references

therein for further details.

Our gradient flow of R on graphons will be with respect to the δ2 metric defined in

Definition 2.12. The δ2 metric shall play a similar role as the W2 metric does on probability

measures. The metric space (Ŵ , δ2) is a geodesic space (Proposition 4.13). Our gradient

flows will be with respect to this metric. The other, called the cut metric, δ□, is more

traditional [BCL+08, Lov12] and is important here for the topology that it generates and

will play the role of the metric of weak convergence of probability measures. Thus, although

our gradient flows will be defined with respect to the invariant L2 metric δ2, the various

convergence statements will be with respect to the cut metric δ□.

We need a set-up that is similar to particle systems and their limiting probability

measures. Every symmetric matrix in Mn identified up to the same permutation on

rows and columns can be embedded in the space of block graphons Ŵk ⊆ Ŵ (see Sec-

tion 2.5 for details). Thus, any function R : Ŵ → R ∪ {∞} induces a sequence of func-

tions
(
R |Ŵn

: Ŵn → R ∪ {∞}
)
n∈N, by restriction, and a sequence of invariant functions

(Rn : Mn → R ∪ {∞})n∈N.

4.2 Background and Preliminaries

In this Section, we will complement the background already provided in Section 2.5 that will

be essential for the completeness of this chapter.

Let R : Ŵ → R ∪ {∞} be a function. We define the effective domain eff-Dom(R) of R

as the set {[u] ∈ Ŵ |R([u]) <∞}.
For every permutation π ∈ Sn we can define an invertible Lebesgue measure preserving
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map π̃ : [0, 1]→ [0, 1] such that π̃ is an increasing affine homeomorphism from Qn,i to Qn,π(i)

for each i ∈ [n]. We denote the set of all such maps by the set In. Following this, Defi-

nition 2.11 and [BCL+08, Lemma 3.5], we have another equivalent definition which will be

useful for us, i.e.,

δ□([w0], [w1]) = lim
n→∞

min
π̃∈In

∥∥w0 − wπ̃1
∥∥
□
, [w0], [w1] ∈ Ŵ . (4.3)

We denote the metrics induced by the cut norm and the L2-norm as d□ and d2 respec-

tively. The space (Ŵ , δ□) is a compact metric space [LS07], [Lov12, Section 9.3] while the

metric space (Ŵ , δ2) is complete and separable, but not compact. It is clear that conver-

gence in δ2 implies the convergence in δ□, that is, the topology generated by δ□ is weaker

than the topology generated by δ2. The following Lemma says that the metric δ2 is lower

semicontinuous with respect to δ□.

Lemma 4.1. [Lov12, Lemma 14.16] The metric δ2 is sequentially δ□-lower semicontinuous,

i.e., if sequences ([un])n∈N, ([vn])n∈N ⊂ Ŵ, and [u], [v] ∈ Ŵ such that ([un])n∈N
δ□−→ [u] and

([vn])n∈N
δ□−→ [v], then

lim inf
n→∞

δ2([un], [vn]) ≥ δ2([u], [v]).

Definition 4.2 (Extensions to Lp kernels for p ∈ [1,∞]). Sometimes in our text, we will

consider kernels and matrices whose entries are not necessarily in [−1, 1], but are rather ele-

ments in L2
(
[0, 1](2)

)
or L∞([0, 1](2)

)
. For any n ∈ N, just like we definedWn, we can restrict

our attention to the subset of functions Lpn
(
[0, 1](2)

)
⊂ Lp

(
[0, 1](2)

)
for every p ∈ [1,∞] which

contain symmetric measurable step functions over Qn ×Qn. Using the equivalence relation

∼=, just like we defined Ŵ and Ŵn, we can similarly define L̂p
(
[0, 1](2)

)
:= Lp

(
[0, 1](2)

)
/∼=

and L̂pn
(
[0, 1](2)

)
:= Lpn

(
[0, 1](2)

)
/∼= for any p ∈ [1,∞]. When it is clear from the context, we

will also call the elements in L̂∞ graphons. For simplicity, we use K and Mn for n ∈ N even

when the kernels are in Lp
(
[0, 1](2)

)
for p ∈ [1,∞].
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4.2.1 Gradient flows on metric spaces

The theory of gradient flow on a general metric space is well-developed by now and can

be found in [AGS08]. Since our goal is to define gradient flows on (Ŵ , δ2), the definitions

below are sometimes not the most general versions as given in [AGS08] but adapted to our

particular setting.

Definition 4.3 (Metric derivative). For a metric space (X, d), and any T ∈ R+, the metric

derivative |ω′|(t) of a curve ω = (ωt)t∈[0,T ] in X at t ∈ (0, T ) is defined as

|ω′|(t) := lim
s→t

d(ωs, ωt)

|s− t| , (4.4)

provided this limit exists.

If ω ∈ AC(X, d), then the limit in equation (4.4) exists for a.e. t ∈ (0, T ) and |ω′| ∈
L1([0, T ]) [AGS08, Theorem 1.1.2]. In other words, every absolutely continuous curve in

a metric space has metric derivative defined almost everywhere. And conversely, if the

metric derivative |ω′|(t) exists for a.e. t ∈ (0, T ) and |ω′| ∈ L1([0, T ]), then ω is absolutely

continuous.

We now need to define some notion for the derivative of a function F : X → R ∪ {∞}.
On a metric space the usual notion of derivative can not be defined. However, the follow-

ing [AGS08, Definition 1.2.4] acts as a substitute in many situations of interest.

Definition 4.4 (Local slope). The local slope |∂R|(v) of R : X → R ∪ {+∞} on a metric

space (X, d), at v ∈ eff-Dom(R) is defined as

|∂R|(v) := lim sup
w∈X, d(v,w)→0

(R(v)−R(w))+

d(v, w)
. (4.5)

The definition below is narrower than the one in [AGS08, Definition 1.3.2] since we restrict

our choice of upper gradient in that definition to the local slope [AGS08, Theorem 1.2.5].

Definition 4.5 (Curves of maximal slope). On a metric space (X, d), any locally absolutely

continuous curve ω = (ωt)t∈[0,T ] in X on a finite time horizon T > 0 is a curve of maximal
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slope for the function R : X → R ∪ {+∞} with respect to its local slope, if R ◦ ω = G a.e.

for some non-increasing map G on (0, T ), and

G′(t) ≤ −1

2
|ω′|2(t)− 1

2
|∂R|2(ωt), a.e. t ∈ (0, T ). (4.6)

On a general metric space, a curve of maximal slope can be referred to as a gradient flow

although the concept of gradient itself is absent. See [AGS08, Section 1.3] for the intuition.

4.2.2 Geodesic metric structure on Graphons

In this section we will show that
(
Ŵ , δ2

)
is a geodesic metric space. Before stating this

formally, we first introduce some definitions that make this concept morr formal.

Definition 4.6 (Length). Given the metric space (X, d), and a curve ω = (ωt)t∈[0,T ] in X,

the length of ω is defined as

ℓ(ω) := sup

{
n−1∑
k=0

d
(
ωtk , ωtk+1

) ∣∣∣∣∣ n ∈ N, 0 = t0 < t1 < · · · < tn = T

}
.

It is clear from Definition 4.6 that for any absolutely continuous curve ω = (ωt)t∈[0,T ] in

X and x, y ∈ X such that ω0 = x, ωT = y, we have ℓ(ω) ≥ d(x, y). Given x, y ∈ X it is

natural to ask if there is an absolutely continuous curve ω from x to y that achieves the

length ℓ(ω) = d(x, y). Such a curve is called a geodesic between x and y. If there exists a

geodesic ω between any two points x, y ∈ X, we say that (X, d) is a geodesic metric space.

In a geodesic metric space, notions like convexity and semiconvexity make sense. We make

those precise in the following definitions.

Definition 4.7 (Geodesic metric space). A metric space (X, d) is called a geodesic metric

space if for all x, y ∈ X

d(x, y) = min{ℓ(ω) | ω ∈ AC(X, d), ω0 = x, ω1 = y} .

Definition 4.8 (Constant speed geodesics). On a metric space (X, d), a curve ω = (ωt)t∈[0,1]

in X is a constant speed geodesic if for all 0 ≤ r ≤ s ≤ 1,

d(ωr, ωs) = d(ω0, ω1)(s− r). (4.7)
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Note that if a curve ω satisfies equation (4.7), then ω is clearly Lipschitz and hence

absolutely continuous. It is easy to see that such a curve ω is indeed a geodesic and the

metric derivative |ω′|(t) = d(ω0, ω1) for a.e. t ∈ [0, 1]. This justifies the name ‘constant speed

geodesic’.

Remark 4.9. It is also worth pointing that not only every geodesic, but every absolutely

continuous curve can be reparametrized so that it becomes Lipschitz [San15, Box 5.1] under

the new parametrization.

We now make precise the notion of convexity in metric spaces. On a metric space, we first

define convexity (and semiconvexity) along curves. If a function is convex (or semiconvex)

along every constant speed geodesic, then we call it convex with respect to the metric.

Definition 4.10 (λ-semiconvexity along curves w.r.t. a metric). On a metric space (X, d),

a function R : X → R ∪ {∞} is said to be λ-semiconvex with respect to the metric d along

a curve ω = (ωt)t∈[0,1] in X for some λ ∈ R, if

R(ωt) ≤ (1− t)R(ω0) + tR(ω1)−
1

2
λt(1− t)d2(ω0, ω1), (4.8)

for all t ∈ [0, 1]. Particularly, if the above inequality holds for λ = 0, then we say that R is

convex with respect to the metric d along the curve ω.

Definition 4.11 (λ-geodesic semiconvexity w.r.t. a metric). On a metric space (X, d), a

function R : X → R ∪ {∞} is λ-geodesically semiconvex with respect to the metric d, if

for any v0, v1 ∈ eff-Dom(R) there exists a constant speed geodesic ω = (ωt)t∈[0,T ] on (X, d)

(Definition 4.8) with ω0 = v0 and ω1 = v1 such that R is λ-semiconvex on ω with respect to

the metric d for some λ ∈ R (Definition 4.10).

Now we are ready to provide some statements that are used in the proof of our main results

but are also of independent interest. The two key results in this section are Lemma 4.12 and

Proposition 4.13. Proposition 4.13 states that (Ŵ , δ2) is a geodesic metric space.
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Lemma 4.12. The invariant L2 metric between two graphons [u], [v] ∈ Ŵ satisfies

δ2([u], [v]) = min

∫ s

r

∥w′
t∥2 dt, (4.9)

for any 0 ≤ r < s ≤ 1, where the minimum is taken over (wt)t∈[r,s] ∈ AC(W , d2) with domain

[r, s] such that wr ∈ [u] and ws ∈ [v].

As a consequence of above statements, we obtain that (Ŵ , δ2) is a geodesic space. To

the best of our knowledge it has not been recorded in the earlier literature.

Proposition 4.13 ([OPST23]). The space (Ŵ , δ2) is a geodesic metric space.

The proofs of Lemma 4.12 and Proposition 4.13 have been provided in Appendix B.1.

Since (Ŵ , δ2) is a geodesic metric space, the usual notions of geodesic convexity and

semiconvexity makes sense in (Ŵ , δ2). In the subsequent sections, we will need a notion of

generalized geodesics (defined below) and show that generalized geodesics exist.

Definition 4.14 (Generalized geodesics on (Ŵ , δ2)). Let [w0], [w1] ∈ Ŵ . For every [w] ∈ Ŵ ,

one can construct an absolutely continuous curve ϑ (depending on [w]) as follows. From

Lemma B.1, we obtain φ, φ0, φ1 ∈ T such that

δ2([w], [w0]) = ∥wφ − wφ0

0 ∥2, and δ2([w], [w1]) = ∥wφ − wφ1

1 ∥2. (4.10)

Define the curve ϑ := ([wt])t∈[0,1], where wt := (1 − t)wφ0

0 + twφ1

1 for every t ∈ [0, 1]. This

curve ϑ is called a generalized geodesic (with base [w]) between the graphons [w0] and [w1]

with respect to δ2. Often, when the base is clear from the context, we simply refer it

as a generalized geodesic. From the construction, we can see that any geodesic between

[w0], [w1] ∈ Ŵ is also a generalized geodesic (with suitably chosen base) between them.

Finally, we show that δ([w], · ) is generalized geodesically semiconvex for every [w] ∈ Ŵ .

Lemma 4.15. If [w], [w0], [w1] ∈ Ŵ, then there exists ϑ = (ϑt)t∈[0,1] ∈ AC(Ŵ , δ2) such that

ϑ0 = [w0], ϑ1 = [w1], and δ
2
2([w], · )/2 is 1-semiconvex over ϑ w.r.t. δ2.

The proof of Lemma 4.15 is provided in Appendix B.1.
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4.3 Construction and Existence of Gradient Flows

As discussed in Section 4.2.1, we can define what are called curves of maximal slope, that

are also known as gradient flows of a function under a certain set of conditions [AGS08]. In

this section, we begin by defining their construction in Section 4.3.1, followed by providing

sets of conditions under which they exist in Section 4.3.2. Finally in Section 4.4 we provide

conditions for when finite dimensional gradient flows, each defined on Ŵn, n ∈ N, converge

to a gradient flow on Ŵ .

4.3.1 Construction of Gradient Flows

In order to obtain a curve of maximal slope of a function R : Ŵ → R starting from a graphon

[u0] ∈ Ŵ , we use the iterative implicit Euler scheme. Given a step size τ > 0, consider the

potential function ΦR of R, defined as

ΦR(τ, [u]; · ) := R +
1

2τ
δ22( · , [u]), (4.11)

and the set-valued resolvent operator Jτ defined as Jτ ([u]) := arg minŴ ΦR(τ, [u]; · ) for all

[u] ∈ Ŵ . For a sequence τ := (τk)n∈N of positive time steps with |τ | := supn∈N τk < ∞, we

can associate a partition of the time interval (0,∞) as

Pτ :=
{
Ikτ := (tk−1

τ , tkτ ]
}
n∈N, τk = tkτ − tk−1

τ ,

if t0τ = 0 and limk→∞ tkτ =∞. Given such a sequence τ and starting from [uτ ,0] ∈ Ŵ , one can

now obtain a sequence of graphons ([uτ ,n])n∈N by an iterative minimization, i.e., by setting

[uτ ,n] ∈ Jτn([uτ ,n−1]), provided Jτn([uτ ,n−1]) ̸= ∅ for all n ∈ N.

Given such a sequence of iterates ([uτ ,n])n∈N, we can consider its piecewise constant

interpolation to obtain a curve [uτ ] : R+ → Ŵ called the discrete solution. Given a sequence

of step sizes (τ k)n∈N with limk→∞|τ k| = 0, the discrete solution gives a reasonable candidate

for a curve of maximal slope of the function R on (Ŵ , δ2).
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4.3.2 Existence of Gradient Flows

In this section, we will consider the suggested construction of gradient flows from Section 4.3.1

and provide conditions when this actually can be done. We first note some definitions using

which we will present our first existence result.

Definition 4.16 (Generalized minimizing movements). For a function R, its corresponding

functional ΦR as defined in equation (4.11), and an initial datum [u0] ∈ Ŵ , we say that

a curve ω = (ωt)t∈R+
in Ŵ is a generalized minimizing movement (GMM) for ΦR starting

from [u0] ∈ Ŵ if there exists a sequence of sequences (τ k)k∈N with limk→∞|τ k| = 0 and a

corresponding sequence of discrete solutions ([uτk
])n∈N such that for all t ∈ R+,

lim
k→∞

R([uτk,0]) = R([u0]), lim sup
k→∞

δ2([uτk,0], [u0]) <∞,

δ□- lim
k→∞

[uτk
](t) = ωt.

(4.12)

There is a related definition of minimizing movement (MM) curves that can be found

in [AGS08, Definition 2.0.6] where the conditions in equation (4.12) need to hold for all

sequences of partitions with vanishing norm. The set of all minimizing movements and

generalized minimizing movements on the metric space (Ŵ , δ2) with respect to the metric δ□

starting from [u0] ∈ eff-Dom(F ) are denoted by MMδ2,δ□(ΦR, [u0]) and GMMδ2,δ□(ΦR, [u0])

respectively. From their definitions it can be verified that the set of minimizing movements

is contained in the set of generalized minimizing movements. See [AGS08, Definition 2.0.6]

for the precise difference between them. Since (Ŵ , δ2) is a bounded metric space, the second

conditions in equation (4.12) and [AGS08, equation 2.0.10] are trivially satisfied.

The existence of the curve of maximal slope is dealt in detail in [AGS08, Chapter 2].

Under certain topological compatibility conditions of the metric δ2, we can distill out our

first theorem for existence of gradient flows on Ŵ .

Theorem 4.17 (Existence of curves of maximal slope-I [OPST23]). Suppose R : Ŵ → R ∪
{∞} satisfies the following conditions.

1. R is δ□-lower semicontinuous on eff-Dom(R).
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2. Its local slope |∂R| is δ□-lower semicontinuous in eff-Dom(R).

3. R is δ□-continuous on the sublevel sets of |∂R|.

Then every curve ω ∈ GMMδ2,δ□(ΦR, [u0]) for [u0] ∈ eff-Dom(R) is a curve of maximal slope.

In practice, it is difficult to compute |∂R| or to ascertain its δ□-lower semicontinuity. This

makes it difficult to apply Theorem 4.17 on natural examples. Later in Theorem 4.23 we

show that, when R : W → R∪{∞} admits a Fréchet-like derivative that is λ-semiconvex on

(W , d2) for some λ ∈ R, the existence of a curve of maximal slope follows without requiring

δ□-lower semicontinuity of |∂R|.

4.3.3 Fréchet-like derivative and Existence of Gradient Flows

Recall that a function R : Ŵ → R ∪ {∞} also defines an invariant function defined on W
such that it agrees with R. Using an abuse of notation, we will use the same symbol, R, to

denote it. We have discussed Fréchet-like derivative in Definition 2.13, but we will state it

again here for completeness of this section.

Definition 4.18 (Fréchet-like derivative on W). Suppose R : W → R ∪ {∞} is an in-

variant function. Let v ∈ eff-Dom(R). The Fréchet-like derivative at v is given by any

ϕ ∈ L∞([0, 1](2)
)

that satisfies the following condition,

lim
w∈W, ∥w−v∥2→0

R(w)−R(v)− (⟨ϕ,w⟩ − ⟨ϕ, v⟩)
∥w − v∥2

= 0, (4.13)

where ⟨ · , · ⟩ is the usual inner product on L2
(
[0, 1](2)

)
. If R admits a Fréchet-like derivative

at every v ∈ eff-Dom(R), we denote the map that takes v to the corresponding ϕ by DWR.

In that case we say that R is Fréchet differentiable.

In [DGKR15], the authors consider Gâteuax and Fréchet derivatives of functions on

graphons with respect to the cut metric. However, as they remark [DGKR15, Remark 2.18,

page 195], such a notion of Fréchet derivative is too weak to cover natural functions such as

homomorphism densities.
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Let R : Ŵ → R∪ {∞}. Lemma B.5 (see Appendix B.2.2) justifies saying R has Fréchet-

like derivative on Ŵ if R has a Fréchet-like derivative on W . Note that the Lemma B.5

says that not only can the Fréchet-like derivative be thought of as a graphon, but also the

two graphons [DWR(v)] and [v] are ‘coupled’ in the sense that they are two sets of “edge

weights” associated with the edges of the same exchangeable continuum “graph”. We make

a formal definition to capture this relationship.

Definition 4.19 (Coupled graphons). For any r ∈ N, we define the set [w1] ⊙ [w2] ⊙ · · · ⊙
[wr] ⊆ Ŵr with initial labeling (w1, w2, . . . , wr) ∈ Wr as

r
⊙
i=1

[wi] := {(wφi )ri=1 | φ ∈ T }. (4.14)

Without loss of generality, we will always refer to the elements in ⊙ri=1[wi] with the initial

labeling (wi)
r
i=1 unless specified. Since we can also relabel elements in L∞([0, 1](2)

)
(i.e., apply

the map v 7→ vφ, for v ∈ L∞([0, 1](2)
)

and φ ∈ T ), we can generalize Definition 4.19 to tuples

with elements in L∞([0, 1](2)
)
⊃ W . That is, we can consider sets of the form

r
⊙
i=1

[vi] := {(vφi )ri=1 | φ ∈ T }, (4.15)

with initial labeling
(
vi ∈ L∞([0, 1](2)

))r
i=1

. Therefore, from Lemma B.5, if v ∈ [v] ∈ Ŵ , and

ϕ = DWR(v), then (v, ϕ) ∈ [v]⊙ [ϕ].

For (v, ϕ) ∈ [v]⊙ [ϕ], we define the set Gv ⊆ [0, 1]2 as

Gv := {|v| < 1} ∪ {v = 1, ϕ > 0} ∪ {v = −1, ϕ < 0}. (4.16)

Since (v, ϕ) ∈ [v] ⊙ [ϕ], the set Gv is well defined on Ŵ . For any φ ∈ T , Gvφ = (Gv)
φ :=

{(φ(x), φ(y)) ∈ [0, 1]2 | (x, y) ∈ Gv}.
The next lemma gives an expression for the local slope of R in terms of its Fréchet-like

derivative.

Lemma 4.20. Let R : Ŵ → R ∪ {∞} be a function and R : W → R ∪ {∞} its invariant

extension. Assume that for each [v] ∈ Ŵ the Fréchet-like derivative DWR(v) exists for all
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v ∈ [v], then the local slope (Definition 4.4) of R at [v] satisfies

|∂R|([v]) = ηR([v]) := sup
w∈W

(⟨ϕ, v⟩ − ⟨ϕ,w⟩)+
∥v − w∥2

= ∥ϕ1Gv{ · }∥2, (4.17)

where v ∈ [v], and ϕ = DWR(v). In particular, |∂R|([v]) = ∥ϕ∥2 if v ∈
{u ∈ W | |u| < 1 a.e.} ∩ eff-Dom(R).

The proof of Lemma 4.20 is provided in Appendix B.2.2.

Remark 4.21. We can define a similar expression for the set valued function G when

eff-Dom(R) is a cubic domain. As an example, when eff-Dom(R) = {w ∈ W | a ≤ w ≤
b a.e.} for some −1 ≤ a ≤ b ≤ 1 (see Section 4.6.1 for a discussed example), we can define

Gv ⊆ [0, 1](2) for any v ∈ eff-Dom(R) as

Gv = {a < v < b} ∪ {v = b, ϕ > 0} ∪ {v = a, ϕ < 0}, (4.18)

for (v, ϕ := DWR(v)) ∈ [v]⊙ [ϕ]. Lemma 4.20 continues to hold when v ∈ eff-Dom(R) ⊂ W
whenever eff-Dom(R) is a cubic domain. In this case, the set valued function G is defined

as described above and the proof of Lemma 4.20 can be modified accordingly.

Remark 4.22. Lemma 4.20 has an important consequence that will be used later. As the

metric derivative of a gradient flow is given by its local slope at each point, Lemma 4.20 says

that if ω is a gradient flow of R, then its local slope is given by the L2-norm of its Fréchet-like

derivative, i.e., |∂R|(ωt) =
∥∥ϕ(ωt)1Gωt

{ · }
∥∥
2

=
∥∥DŴR(ωt)1Gωt

{ · }
∥∥
2

for all t > 0. Here for

any t > 0,

DŴR(ωt)1Gωt
{ · } :=

{(
DWR(ut)1Gut

{ · }
)φ ∈ L∞([0, 1](2)

) ∣∣∣ φ ∈ T },
for ut ∈ ωt. Since the L2-norm is invariant under measure preserving transformations [Jan13,

Lemma 5.5], the L2-norms of graphons are well-defined. In fact, if one defines a kernel valued

curve (wt)t∈[0,T ] by setting w′
t = −DWR(wt)1Gwt

{ · } pointwise, then the curve t 7→ ωt = [wt]

is a gradient flow (a.k.a. curve of maximal slope). This is shown in Lemma B.7 which in

turn shows the existence of a gradient flow under suitable assumption (See Theorem 4.23).
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We now prove the existence of a curve of maximal slope if R satisfies reasonable assump-

tions. Moreover, as mentioned in the introduction, we show that the curve of maximal slope

is the natural image of an absolutely continuous curve in (W , d2).

Theorem 4.23 (Existence of curve of maximal slope-II [OPST23]). Let R : Ŵ → R ∪ {∞}
be a real valued function such that the Fréchet-like derivative DŴR([w]) exists for all [w] ∈
eff-Dom(R). For w0 ∈ [w0] ∈ eff-Dom(R) and t ≥ 0 define

wt := w0 −
∫ t

0

ϕ(ws)1Gws
{ · } ds, t ∈ R+,

where the above integral is pointwise. If R is λ-semiconvex w.r.t. d2, then the curve t 7→
ωt = [wt] is a curve maximal slope for R starting at [w0] ∈ eff-Dom(R).

The proof of Theorem 4.23 is provided in Appendix B.2.2.

Remark 4.24. An important consequence of the above Theorem is that if ω is a gradient

flow of R then there exists an absolutely continuous curve (wt)t∈[0,T ] ∈ AC(W , d2) such that

[wt] = ωt, |ω′|(t) =
∥∥DWR(wt)1Gwt

{ · }
∥∥
2

and w′
t = −DWR(wt)1Gwt

{}, for each t ∈ (0, T ].

Remark 4.25. If R is δ□-lower semicontinuous, λ-geodesically semiconvex for λ ∈ R+, and

bounded from below, then one can say more about the convergence rate of a gradient flow to

a minimizer of R. When λ > 0, let ω∗ be the unique minimizer of R. Then following [AGS08,

Remark 4.0.5, part (d)], a gradient flow ω of R on Ŵ starting at ω0 ∈ Ŵ satisfies

δ2(ωt, ω
∗) ≤ e−λtδ2(ω0, ω

∗), t ∈ R+.

In the limiting case when λ = 0 the exponential decay does not occur, in general, but some

weaker results on the asymptotic behavior of ω hold. Following [AGS08, Corollary 4.0.6], ω

satisfies

R(ωt)−R(ω∞) ≤ δ22(ω0, ω∞)

2t
, t ∈ R+,

for some minimum point ω∞ of R, such that the map t 7→ δ2(ωt, ω∞) is non-increasing.

Moreover, limt→∞ δ2(ωt, ω∞) = 0.
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Finite dimensional Fréchet-like derivative

Recall the partition Qn := {Qn,i}i∈[n] defined for any n ∈ N in Section 2.5. Given an invariant

function R : W → R ∪ {∞}, we can restrict its domain to kernels in Wn and still consider

the Fréchet-like derivative DWk
R : Wn ∩ eff-Dom(R)→ L∞

n

(
[0, 1](2)

)
.

There are two equivalent ways of doing this. First, suppose the Fréchet-like derivative of

R at v is given by DWR(v) = ϕ. Then define DWnR(v) = ϕn by conditional expectations

as ϕn := E[ϕ | Fn], where Fn := σ(Qn ×Qn). The object ϕn is referred to as a ‘quotient’

obtained by a ‘stepping’ of ϕ in [BCL+08, Section 3.3] and [Lov12, Section 9.2.1] respectively.

Since ϕ = DWR(v), by the Tower Property of conditional expectations we obtain that when

w, v ∈ Wn,

⟨ϕn, w⟩ − ⟨ϕn, v⟩ = ⟨ϕ,w⟩ − ⟨ϕ, v⟩,

=⇒ lim
w∈Wn,

∥w−v∥2→0

R(w)−R(v)− (⟨ϕn, w⟩ − ⟨ϕn, v⟩)
∥w − v∥2

= 0. (4.19)

The second method of defining ϕn is to relate it to the Euclidean gradient over n×n symmetric

matrices. This is done in Lemma 2.14 below.

In any case, we can define ηR,n : Ŵn∩eff-Dom(R)→ R+ for the functionR : Ŵ → R∪{∞}
as follows. If v ∈ [v] ∈ Ŵn ∩ eff-Dom(R), then

ηR,n([v]) := sup
w∈Wn

(⟨ϕn, v⟩ − ⟨ϕn, w⟩)+
∥v − w∥2

. (4.20)

We can also define the local slope |∂nR| restricted to Ŵn as

|∂nR|([v]) := lim sup
[w]∈Ŵn, δ2([w],[v])→0

(R([v])−R([w]))+

δ2([w], [v])
, (4.21)

for [v] ∈ Ŵn∩eff-Dom(R). Then, by a similar argument as shown in the proof of Lemma 4.20,

we have the following corollary.

Corollary 4.26. Let R : Ŵ → R ∪ {∞} be a function. Assume that for [v] ∈ Ŵn ∩
eff-Dom(R) the Fréchet-like derivative DWR(v) exists for all v ∈ [v]. Then the local slope

(Definition 4.4) of R at [v] satisfies |∂nR|([v]) = ηR,n([v]).
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4.4 Scaling limits of finite dimensional Gradient Flows

Recall that the goal of this section is to show that the Euclidean gradient flows on matrices

converge in suitable sense to gradient flow on graphons. In the previous section, we establish

that the gradient flows in very general settings can be obtained as the limits of discrete

solutions. In this section, we show that iterates of Jτ |Ŵn
converge in suitable sense to the

iterates of Jτ |Ŵ as n→∞.

More formally, for any n ∈ N, define J
(n)
τ to be the resolvent operator on Ŵn as

J (n)
τ ([u]) := arg min

Ŵn

ΦR(τ, [u]; · ) = arg min
Ŵn

{
R +

1

2τ
δ22([u], · )

}
, (4.22)

for any τ > 0, [u] ∈ Ŵk.

The following Lemma essentially shows Γ-convergence of the penalized functionals ΦR,

restricted to Ŵn, as n→∞.

Proposition 4.27. Fix some δ□-continuous function R : Ŵ → R∪ {∞} and some step size

τ > 0. Consider a sequence ([un] ∈ Ŵn)n∈N such that ([un])n∈N
δ□−→ [u] as n → ∞ for some

[u] ∈ Ŵ. For each n ∈ N, let
[
u+n,τ

]
∈ arg minŴn

ΦR(τ, [uk]; · ). Suppose
[
u+∞,τ

]
is any

δ□-limit point of the sequence
([
u+n,τ

])
n∈N. Then

[
u+∞,τ

]
∈ arg minŴ ΦR(τ, [u]; · ).

The proof of Proposition 4.27 is provided in Appendix B.3.

In Section 2.5.2 we discussed that implicit Euler iteration on Ŵn for any n ∈ N can be

viewed as the time scaling of the implicit Euler method on the Euclidean space of n × n

symmetric matrices. The following lemma complements that discussion by saying that the

gradient flow on Wn can be obtained from the Euclidean gradient flow on the space of n×n
symmetric matrices.

Let n ∈ N, and (wn,t = wk(t) ∈ Wn ∩ eff-Dom(R))t∈R+
be the Euclidean coordinate gra-

dient flow of R. This may be obtained by suitably scaling the solution of the differential

equation

d

dt
Mn(wn(t)) = −(∇Rn ◦Mn)(wn(t)), (4.23)
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with initial condition wn(0) = wn,0 ∈ Wn ∩ eff-Dom(R), until the process hits the boundary

when one or more entries is ±1. At the boundary, however, the gradient might push the

process outsideMn and it needs some care to have a proper definition. Instead, we consider

the Euclidean gradient flow as the limit of implicit Euler iterations as the step size tends to

zero. This definition is valid everywhere and is equivalent to the previous one on Euclidean

spaces.

As a consequence of Lemma 2.14, we obtain that the Euclidean coordinate-wise gradient

flow on Wn is the gradient flow on Wn. We are now ready to prove Theorem 4.28. For

completeness, we reproduce the theorem statement below.

Theorem 4.28 (Convergence of Gradient Flows [OPST23]). Suppose R : Ŵ → R ∪ {∞}
satisfies the following conditions:

1. R is continuous in δ□,

2. R is λ-semiconvex (Definition 4.10) along generalized geodesics on (Ŵ , δ2) (Defini-

tion 4.14), for some λ ∈ R.

Consider the gradient flow ω(n) =
(
ω
(n)
t

)
t∈R+

⊂ Ŵn of R on each Ŵn, starting at some

ω
(n)
0 = [un,0] for n ∈ N. Assume that the sequence ([un,0])n∈N

δ□−→ [u0], and |∂R|([u0]) < ∞
and lim supn→∞|∂R|([un,0]) ≤ G <∞, for some G ≥ 0. Then,

lim sup
n→∞

sup
t∈[0,T ]

δ□

(
ω
(n)
t , ωt

)
= 0, (4.24)

for any T ∈ R+, where ω = (ωt)t∈R+
is the unique minimizing movement curve [AGS08, Defi-

nition 2.0.6, page 42] on Ŵ for the function R starting at ω0 = [u0] [AGS08, Theorem 4.0.4].

In addition, if the conditions for the existence of curves of maximal slope (Theorem 4.17 or

Theorem 4.23) hold, then ω is also a curve of maximal slope.

The proof of Theorem 4.28 is provided in Appendix B.3.
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Remark 4.29. Condition 2 in Theorem 4.28 is satisfied if the invariant extension R : W →
R ∪ {∞} of R : Ŵ → R ∪ {∞} is λ-semiconvex on (W , d2) (see Section 4.2, and Defini-

tion 4.11).

4.5 Continuity Equations

It is well-known that any absolutely continuous curve in the Wasserstein space can be repre-

sented as the solution of a continuity equation [San15, Section 5.3]. Something analogous is

partially true for graphons as well. However, the presence of the boundary in Ŵ makes the

situation more delicate and we can only characterize AC curves via the continuity equation

until it hits the boundary.

Before we state the main result, we introduce some notations. Let v ∈ L1([0, 1](2)) and

let [w] ∈ Ŵ . Let w ∈ [w] be a representative of [w]. For any n ∈ N, we can define

Xn : [0, 1]n →Mn and vn : Mn → R[n](2) as

Xn((uℓ)
n
ℓ=1) := (w(ui, uj))(i,j)∈[n](2) ,

vn(z)(i, j) = E[v(Ui, Uj) |Xn((Uℓ)
n
ℓ=1) = z], (4.25)

where {Ui}i∈N are i.i.d. as Uni[0, 1]. Intuitively, formula (4.25) means that we average the

edge weights from v over all embedding of the vertex labeled weighted graph z in the graphon

w. Since Xn−1 is a leading principle submatrix of Xn, i.e., Xn−1 = (Xn(i, j))(i,j)∈[n−1](2) , we

have that σ(Xn−1) ⊆ σ(Xn), which defines a filtration F = (Fn := σ(Xn))n∈N. It is clear

that (vn)n∈N is a martingale with respect to the filtration F . We also note that that vn is a

function of the graphon and not its kernel representative. We record both these observations

as lemma below.

Lemma 4.30. For every i, j ∈ N, the process (vn(Xn)(i, j))∞n=max{i,j} is a martingale with

respect to the filtration F .

Lemma 4.31. For any φ ∈ T , we have vφn(Xφ
n ) = vn(Xn), for all n ∈ N, where vφ(x, y) :=

v(φ(x), φ(y)) for all (x, y) ∈ [0, 1](2).
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The proof of Lemma 4.31 is provided in Appendix B.4.

Suppose we are given some ω = (ωt)t∈[0,1] ∈ AC(Ŵ , δ2). From Lemma B.2, we obtain

(wt)t∈[0,1] ∈ AC(W , d2) such that ωt = [wt] for all t ∈ [0, 1]. It follows from the Radon-

Nikodým property [Huf77, page 30, Theorem 5] that there exists vt := w′
t ∈ L2([0, 1](2)), for

a.e. t ∈ [0, 1], such that wt − w0 =
∫ t
0
vs ds, where the integral is pointwise.

For any t ∈ [0, 1], let vn,t and Xn,t be defined as in equation (4.25) with wt replacing

the role of w and vt replacing v. The following Proposition 4.32 shows that the ρn,t =

Law(Xn,t((Ui)
n
i=1)) satisfies continuity equation with the velocity vn,t defined as

vn,t(z) := E
[
(w′

t(Ui, Uj))(i,j)∈[n](2)
∣∣∣ (wt(Ui, Uj))(i,j)∈[n](2) = z

]
, z ∈Mn.

Proposition 4.32 ([OPST23]). Let n ∈ N, and ρn,t = Law(Xn,t((Ui)
n
i=1)). Then, for a.e.

t ∈ [0, 1], the continuity equation ∂ tρn,t + div(vn,tρn,t) = 0 holds weakly with Dirichlet bound-

ary conditions. That is, for any continuously differentiable test function Rn onMn, vanish-

ing at the boundary,

∂ t

(∫
Rn(z) dρn,t(z)

)
−
∫
∇Rn(z)vn,t(z) dρn,t(z) = 0, a.e. t ∈ [0, 1].

The proof of Proposition 4.32 is provided in Appendix B.4.

Proposition 4.32 shows that an absolutely continuous curve in (Ŵ , δ2) determines a family

of continuity equations. In [HOP+22], the authors take this analogy further and show that

in the presence of noise the limiting curve can be described by a certain McKean-Vlasov

type equation.

4.6 Examples and Simulations

In this section, we find some natural classes of examples of functions on graphons with

Fréchet-like derivatives. For any graphon [w] ∈ Ŵ and any n ∈ N, sample {Zi}i∈[n] i.i.d.

from Uni[0, 1]. Let Gn[w] = (W (Zi, Zj))(i,j)∈[n](2) . Let ρn([w]) = Law(Gn[w]) denote its law.

Consider the functions R : Ŵ → R defined through the function composition R = Hn ◦ ρn,

for different choices of Hn : P(Mn) → R. Since ρn produce distributions over exchangeable

n× n arrays, the function R is well-defined over Ŵ .
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4.6.1 Linear functions

Let Hn : P(Mn)→ R be defined as a linear function such that R takes the form

R(w) = ⟨Rn, ρn([w])⟩ :=

∫
Mn

Rn(z)ρn([w])(dz), w ∈ W . (4.26)

We next show that if R satisfies mild conditions, the Fréchet-like derivative of R has a closed

form expression.

Lemma 4.33. If for all [w] ∈ Ŵ,

1. Rn ∈ L1(ρn([w])), and ∇Rn ∈ L∞(ρn([w])),

2. Rn is continuously differentiable on an open set containing supp(ρn([w])), and

3. Rn satisfies either one of the following conditions:

(a) For any ε > 0 there is some δε > 0 such that for all X,X0 ∈ Mn satisfying

∥X −X0∥2 ≤ δε,

|Rn(X)−Rn(X0)− ⟨∇Rn(X0), X −X0⟩| ≤ ε∥X −X0∥2,

where ⟨ · , · ⟩ : Mn(R)×Mn(R) → R and ∥ · ∥2 are the standard Frobenius inner

product and Frobenius norm over n× n matrices respectively.

(b) There is a constant C0 ∈ R+ such that

sup
X,X0∈Mn

|Rn(X)−Rn(X0)− ⟨∇Rn(X0), X −X0⟩| ≤ C0,

then R admits a Fréchet-like derivative satisfying

(DWR)(w)(x, y) =
n∑

i,j=1

E
[(
∇Rn

(
(w(Zp, Zq))(p,q)∈[n](2)

))
i,j

∣∣∣∣ (Zi, Zj) = (x, y)

]
,

for (x, y) ∈ [0, 1](2), and w ∈ W.
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The proof of Lemma 4.33 is provided in Appendix B.5.

We show that geodesic semiconvexity of R on (Ŵ , δ2), is implied by the semiconvexity of

Rn on Mn.

Lemma 4.34. If Rn is λ-semiconvex on the convex setMn, then R is generalized geodesically

n(n − 1)λ-semiconvex on Ŵ. In particular, it is also geodesically n(n − 1)λ-semiconvex on

Ŵ.

The proof of Lemma 4.34 can be found in Appendix B.5.

In the following subsections, we examine special cases of linear functions.

Scalar Entropy function

The scalar entropy function E : Ŵ → R ∪ {∞} is defined as

E([w]) :=

∫
[0,1]2

h(w(x, y)) dx dy, [w] ∈ Ŵ ,

where h : R→ R∪ {∞} is the convex entropy function h(p) := p log p+ (1− p) log(1− p), if

p ∈ (0, 1), h(0) = h(1) = 0, and h(p) = ∞, otherwise. Observe that it can also be thought

of as a linear function with n = 2. If

R2

((
x(i,j)

)
(i,j)∈[2](2)

)
:= h(x(1,2)), x ∈M2, (4.27)

then from equations (4.26) and (B.51),

R([w]) = ⟨R2, ρ2([w])⟩ = E{Zi∼Uni[0,1]}2i=1

[
R2

(
(w(Zi, Zj))(i,j)∈[2](2)

)]
= E{Zi∼Uni[0,1]}2i=1

[h(w(Z1, Z2))] = E([w]), (4.28)

for [w] ∈ Ŵ . Since, h(p)/p is bounded when ϵ ≤ p ≤ 1 − ϵ for some ϵ ∈ (0, 1/2), it follows

that E restricted to Ŵϵ := {[w] ∈ Ŵ | ϵ ≤ w ≤ 1− ϵ a.e.}, is continuous with respect to the

weak-∗ topology on L2([0, 1]2). Since this is a weaker topology than the one generated by

δ□, by [Lov12, Lemma 8.22], it follows that E restricted to Ŵϵ is δ□-continuous.
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Since h′′(p) = 1/(p(1 − p)) ≥ 4 for p ∈ eff-Dom(h), it follows that h is 4-semiconvex on

R. Let E : W → R ∪ {∞} be the invariant extension of E such that E(w) := E([w]) for all

w ∈ W . Then for any w0, w1 ∈ W , defining wt := (1− t)w0 + tw1 for t ∈ [0, 1], we have

E(wt) =

∫ 1

0

∫ 1

0

h(wt(x, y)) dx dy

≤
∫ 1

0

∫ 1

0

[(1− t)h(w0(x, y)) + th(w1(x, y))] dx dy

−
∫ 1

0

∫ 1

0

4

2
t(t− 1)(w0 − w1)

2(x, y) dx dy

= (1− t)E(w0) + tE(w1)−
1

2
4t(1− t)∥w0 − w1∥22, (4.29)

which implies that E is 4-semiconvex on (W , d2) (see Definition 4.11). Following Re-

mark 4.29, E is 4-semiconvex along generalized geodesics on (Ŵ , δ2).

Suppose w is valued in (0, 1) a.e.. Then,

E[⟨∇R2 ◦ w2, G2[u]⟩] =

∫ 1

0

∫ 1

0

log

(
w(z1, z2)

1− w(z1, z2)

)
u(z1, z2) dz1 dz2, (4.30)

for all u ∈ W . By the characterization of the Fréchet-like derivative in equation (B.57), we

get that ϕE = DWR2(w) is given by

ϕE(x, y) = log

(
w(x, y)

1− w(x, y)

)
, a.e. (x, y) ∈ [0, 1](2). (4.31)

If [w] ∈ Ŵϵ for some ϵ ∈ (0, 1/2), then by Lemma 4.20 the local slope of entropy |∂E|([w]) is

given by |∂E|([w]) = ∥ϕE∥2.
Note that Ŵϵ is closed in Ŵ and since w 7→ ∥w∥2 is δ□-lower semicontinuous [Lov12,

Lemma 14.15], it follows that the local slope of entropy, |∂E|, is also δ□-lower semicontinuous

on Ŵϵ. Following Remark 4.24, we conclude that starting from [w0] ∈ Ŵϵ the gradient flow

of E flows with the velocity −DŴE([w0]) at [w0] if ϵ ≤ w0 ≤ 1 − ϵ a.e. Consider the flow

wt(x, y) obtained by solving

w′
t(x, y) = − log

(
wt(x, y)

1− wt(x, y)

)
, a.e. (x, y) ∈ [0, 1](2), (4.32)
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with initial condition [w0] ∈ Ŵϵ. Then it follows that (ωt := [wt])t∈R+
is a gradient flow of E

starting from ω0 = [w0].

Following Section 4.5, from equation (4.31) it follows that the velocity of gradient flow

for scalar entropy function satisfies

v([w])(x, y) = − log

(
w(x, y)

1− w(x, y)

)
, (x, y) ∈ [0, 1](2), (4.33)

if 0 < w < 1 a.e. Let {Ui}∞i=1 be i.i.d. Uni[0, 1], then using equation (4.25) we can compute

the velocities (vn)n∈N appearing in the continuity equation as

vn(z)(i, j) = E[v(Ui, Uj) |Xn((Uℓ)
n
ℓ=1) = z]

= −E
[
log

(
w(Ui, Uj)

1− w(Ui, Uj)

) ∣∣∣∣Xn((Uℓ)
n
ℓ=1) = z

]
= − log

(
z(i, j)

1− z(i, j)

)
, z ∈Mn, i, j ∈ [n].

Takeaway 4.1. It is worth emphasizing that, following equation (4.32), for any ϵ ∈ (0, 1/2),

the stationary point for the gradient flow of E is the constant half graphon, which is also

the minimizer of E on Ŵ . We also observe that the curve (ωt)t∈R+ always stays inside Ŵϵ if

ω0 ∈ Ŵϵ. Since E is 4-semiconvex, it follows from Remark 4.25 that we are guaranteed an

exponential rate of convergence of the gradient flow to the minimizer.

Homomorphism functions

For n ∈ N \ {1} we can consider interactions such as the homomorphism functions that are

continuous in the cut-metric:

TH([w]) := E

 ∏
{i,j}∈E(H)

w(Zi, Zj)

 =

∫
Mn

Rn(z)ρn(dz), (4.34)

where H is a simple graph with |V (H)| = n, E(H) = {ei}mi=1, {Zi}i∈[n] are i.i.d. uniformly

in [0, 1], and Rn

((
x(i,j)

)
(i,j)∈[n](2)

)
=
∏

{i,j}∈E(H) x(i,j). In particular, the function Rn is a

monomial for every simple graph H. Since

(∇Rn(X))(p,q) = 1E(H){p, q} ·
∏

{i,j}∈E(H)\{{p,q}}

X(i,j), (4.35)
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for p, q ∈ [k], the action of the Fréchet-like derivative ϕTH = DWTH(w) on u ∈ W according

to equation (B.57) is given by

m∑
ℓ=1

E

[
ℓ−1∏
r=1

w(Zer) · u(Zeℓ) ·
m∏

r=ℓ+1

w(Zer)

]
, (4.36)

where Ze :=
(
Ze(1), Ze(2)

)
for all e ∈ E(F ). Following a similar approach to equation (B.55),

we obtain that ϕTH satisfies

ϕTH (x, y) =
m∑
ℓ=1

E

[
m∏

r=1,r ̸=ℓ

w(Zer)

∣∣∣∣∣ Zeℓ = (x, y)

]

=
m∑
ℓ=1

tx,y(Heℓ , w), x, y ∈ [0, 1],

(4.37)

where He is the graph obtained by removing edge e from H and tx,y(He, w) is the homomor-

phism density of a partially labeled graph [Lov12, Section 7.4] defined

tx,y(He, w) := E

 ∏
f∈E(He)

w(Zf )

∣∣∣∣∣∣ Ze = (x, y)

.
Note that for fixed w and He, we can think of (x, y) 7→ tx,y(He, w) as a bounded measurable

function on [0, 1]2. We now show that the kernel valued map w 7→ t(·,·)(He, w) is continuous

with respect to ∥ · ∥□. To this end, let w,w′ ∈ W and consider any product function

(x, y) 7→ f(x)g(y) where ∥f∥∞, ∥g∥∞ ≤ 1. Note that

tx,y(He, w) =

∫
[0,1]k−2

∏
{i,j}∈E(He)

w(xi, xj)
∏

ℓ∈V (He)\e

dxℓ.

For each edge {p, q} ∈ E(He), consider the integral

Ip,q :=

∫
[0,1]n

(w(xp, xq)−W ′(xp, xq))
∏

{i,j}∈E(He)\{p,q}

w(xi, xj)·

∏
ℓ∈V (He)\e

dxℓ f(x)g(y) dx dy.

It follows from [Lov12, Lemma 8.10] (or see the second last display in the proof of [Lov12,

Lemma 10.24]) that |Ip,q| ≤ ∥w − w′∥□. From the same references above, it follows that∣∣∣∣∫
[0,1]2

(tx,y(He, w)− tx,y(He, w
′))f(x)g(y) dx dy

∣∣∣∣ ≤ ∑
{p,q}∈E(He)

|Ip,q| ≤ |E(He)|∥w − w′∥□.
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Taking supremum over Borel measurable functions f, g such that ∥f∥∞, ∥g∥∞ ≤ 1, we get

that w 7→ t(·,·)(He, w) is Lipschitz continuous with respect to ∥ · ∥□. Since |tx,y(He, w)| ≤ 1

for w ∈ W , it follows that ∥ϕTH (w)∥∞ ≤ |E(H)|, that is, ϕTH is uniformly bounded on W .

For example, when H is a triangle, the velocity ϕTH follows from equation (4.37) as

ϕTH (x, y) = 3
∫ 1

0
w(x, z)w(z, y) dz, for a.e. x, y ∈ [0, 1], i.e., thrice the ‘operator product’ of

w with itself [Lov12, Section 7.4]. If H is a path on 3 vertices and 2 edges, then ϕTH (x, y) =∫ 1

0
w(x, z) dz+

∫ 1

0
w(y, z) dz = deg(x) + deg(y), where deg(x) :=

∫ 1

0
w(x, z) dz for a.e. x, y ∈

[0, 1].

Obtaining the expression for the Fréchet-like derivative in equation (4.37), given a gradi-

ent flow ω of TH , we can compute the velocity of the gradient flow as DŴTH(ωt)1{Gωt} for

t > 0.

The Hessian of the function Rn can be easily computed as

∂x(i,j)x(p,q)Rn =
∏

{a,b}∈E(H)\{{i,j},{p,q}}

x(a,b),

if {i, j} ≠ {p, q} are both edges in E(H), and zero otherwise.

Since every x(i,j) ∈ [−1, 1] for all (i, j) ∈ [n](2), every entry of the Hessian is uniformly

bounded in [−1, 1] and hence ∥Hess(Rn)∥op ≤ n(n− 1)/2. Therefore, Rn is (−n(n− 1)/2)-

semiconvex w.r.t. d2. It follows from Lemma 4.34 that homomorphism function TH is

(−n2(n− 1)2/2)-semiconvex w.r.t. δ2. In fact, since Hess(Rn)({i, j}, {p, q}) is non-zero only

when {i, j}, {p, q} ∈ E(H), it follows that ∥Hess(Rn)∥op ≤
√
m(m− 1) ≤ m. This would

yield that TH is (−mn(n− 1))-semiconvex w.r.t. δ2. This is useful when H is sparse.

Takeaway 4.2. Note that in this example, it is not clear if the minimizer is a constant

graphon or not. If H has odd number of edges however constant graphon w ≡ −1 is trivially

a minimizer. In the case of graphs H with even number of edges, explicitly determining the

minimizer is trickier. As we discussed above, it is also not clear if the homomorphism density

function is convex, therefore we cannot guarantee an exponential rate of convergence of the

gradient flow to a minimizer following Remark 4.25. To alleviate this, one can regularize the
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objective function by adding the scalar entropy function. We discuss this in the next example

in Section 4.6.1. However, in the simulation discussed in Section 4.6.4, it does appear that

the gradient flow converges to the minimizer of the function of interest at an exponential

rate.

Linear combination of Scalar Entropy and Homomorphism function

Let β ∈ R and let H be a finite simple graph with n ∈ N vertices and m ∈ N edges. Define the

function G = Gβ,H := E+βTH on the set Ŵϵ for ϵ ∈ (0, 1/2). The function G is of particular

interest in the theory of exponential random graph models. The function G is δ□-continuous

on Ŵϵ and since E is 4-semiconvex and TH is λ-semiconvex w.r.t. δ2, it follows that G is

also (4 + βλ)-semiconvex w.r.t. δ2 for some λ ∈ R that we estimate in Section 4.6.1. The

gradient flow of G, therefore, exists and the Fréchet-like derivative ϕG = DWG = ϕE +βϕTH .

Since E is 4-semiconvex and TH is (−n2(n−1)2/2)-semiconvex w.r.t. δ2, it follows that Gβ,H

is (4 − βn2(n − 1)2/2)-semiconvex w.r.t. δ2. Therefore, Gβ,H is at least 0-semiconvex (i.e.,

convex) w.r.t. δ2 when β ≤ 8/n2(n− 1)2.

Takeaway 4.3. Note that β < 8/n2(n− 1)2 guarantees exponential rates of convergence of

the gradient flow curve. See Remark 4.25.

4.6.2 Interaction energy

In the optimal transport literature, linear functionals of probability measures are often called

potential energy [San15, page 249]. Inspired by similar definitions, one can define interaction

energy. Let Rn : Mn×Mn → R be a function defined on pairs of n× n symmetric matrices

with entries in [−1, 1]. Given a graphon [w] ∈ Ŵ , as before let ρn = Law(Gn[w]). This

defines a function Fn : Ŵ → R ∪ {∞} given by

Fn([w]) :=

∫
Mn

∫
Mn

Rn(z, z′)ρn(dz)ρn(dz′).

Although it looks different than before, this is also a particular case of equation (B.57)

as shown below. Define two independent sequences of i.i.d. Uni[0, 1] random variables:
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(Z1, . . . , Zn) and (Z ′
1, . . . , Z

′
n), and consider the corresponding matrices

Xn := (w(Zi, Zj))(i,j)∈[n](2) , and X ′
n := (w(Z ′

i, Z
′
j))(i,j)∈[n](2) .

Then Xn and X ′
n are i.i.d. samples from ρn and Fn([w]) = E[Rn(Xn, X

′
n)]. On the other hand,

one can concatenate (Zi)
n
i=1 and (Z ′

i)
n
i=1 to construct a single vector (Z1, . . . , Zn, Z

′
1, . . . , Z

′
n)

of dimension 2n and consider the corresponding 2n× 2n symmetric matrix X2n whose block

diagonal components are Xn and X ′
n. By defining f̄n(X2n) := Rn(Xn, X

′
n), we represent

Fn([w]) = E
[
f̄2n(X2n)

]
=
∫
f̄2n(w)ρ2n(dw) and equation (B.57) continues to hold.

An example of interaction energy is given by “variance of homomorphism functions”. As

before, let H be a simple graph and Wn,W
′
n be i.i.d. sampled n × n symmetric matrices

from a graphon [w]. Consider the function

Fn([w]) :=
1

2
E

 ∏
e∈E(H)

w(Ze)−
∏

e∈E(H)

w(Z ′
e)

2 = Var

 ∏
e∈E(H)

w(Ze)

, (4.38)

by symmetry, where Ze :=
(
Ze(1), Ze(2)

)
and Z ′

e := (Z ′
e(1), Z

′
e(2)) for all e ∈ E(H). In fact, the

above identity holds for whenever we take Rn(z, z′) = (gn(z)− gn(z′))2, for any function gn

onMn that is square-integrable w.r.t. ρn. Unfortunately this particular function Fn in (4.38)

is continuous in δ2 but not in δ□. See [Jan13, Theorem 10.15]. Hence, although the curve of

maximal slope exists due to the existence of Fréchet-like derivatives, this particularly natural

example does not satisfy the assumptions of our convergence theorem.

A similar but slightly different example of interaction which does satisfy our conditions

can be constructed as follows. For a simple graph H with n vertices, consider its simple

subgraphs H1 and H2 with n1 and n2 vertices respectively, such that every vertex and edge

in H is contained in at least one of the subgraphs. Pool all the uniform random variables

{Zi}n1

i=1∪{Z ′
i}n2

i=1 to get a single set of n1 +n2 ≥ n i.i.d. Uni[0, 1] random variables {Ui}n1+n2

i=1

such that {Ui}n1

i=1 = {Zi}n1

i=1 and {Ui}ni=n1+1 =
{
Z ′
j

}
j∈V (H)\V (H1)

. Refer to Figure 4.1 for an

illustration. We can then define IH1,H2( · ;H) : Ŵϵ → R ∪ {∞} as
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1

U1 ← Z1

2

U2 ← Z2

3

U3 ← Z3

4

U4 ← Z ′
4

(a) H.

1

Z1

2

Z2 3

Z3

(b) H1.

1

U5 ← Z ′
1

2

U6 ← Z ′
2 3

U7 ← Z ′
3

4

Z ′
4

(c) H2.

Figure 4.1: Illustration for the assignment of random variables {Ui}n1+n2

i=1 .

IH1,H2([w];H) := log

E

 ∏
{i,j}∈E(H1)

w(Zi, Zj)

+ log

E

 ∏
{i,j}∈E(H2)

w(Z ′
i, Z

′
j)


− 2 log

E

 ∏
{i,j}∈E(H)

w(Ui, Uj)

,
(4.39)

for some ϵ ∈ (0, 1). Each of the terms in the expression in equation (4.39) is the logarithm

of the homomorphism densities of a simple graph. Logarithms of homomorphisms are well

studied in graph theory and, in particular, related to the max-cut problem (see [Lov12,

Remark 5.4, Example 5.18]).

We can construct a graph H1H2 by forming the disjoint union of H1 and H2, identifying

the vertices of the same label, adding all the edges between vertices with the same label

according to [Lov12, Section 4.2]. H1H2 can have multiple edges. Then, using [Lov12,

Proposition 7.1] for the homomorphism density as a simple graph parameter, we get that

the determinant of the connection matrix of the homomorphism density

TH1H1([W ])TH2H2([W ])− T 2
H1H2

([W ]) ≥ 0, i.e.,
TH1H1([W ])TH2H2([W ])

T 2
H1H2

([W ])
≥ 1. (4.40)

By the assumption that each vertex and edge of H is contained in at least one of the

subgraphs, if we identify the multiple edges between the same pair of vertices in H1H2 we

get back H (see Figure 4.1). Since T is a simple graph parameter, we have TH1H2 = TH ,
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TH1H1 = TH1 and TH2H2 = TH2 , by definition. Thus, taking logarithms in the final expression

of (4.40), we get IH1,H2( · ;H) ≥ 0. It is exactly zero if H1 and H2 are vertex disjoint.

Thus, one may think that IH1,H2( · ;H) measures the dependence of the two subgraphs on

the homomorphism density.

We can similarly construct higher order interactions by considering multiple subgraphs

instead of just two. In that case, one may consider the logarithm of the determinant of the

connection matrix of the homomorphism density and define I suitably.

The argument in Section 4.6.1 shows that this function satisfy all our conditions. The

computation for its Fréchet-like derivative also follows from Section 4.6.1 followed by the

application of the chain rule for derivatives. Logarithms of determinants of matrices play

an important role in displacement convexity of Wasserstein optimal transport (see [McC97,

proof of Theorem 2.2]). It is an interesting coincidence that they also appear in this context.

4.6.3 Internal energy

Similar to potential and interaction energies, one can define non-linear functions of ρn corre-

sponding to what are called ‘internal energies’ in the optimal transport literature. Let u be a

real-valued function on R+ such that u(0) = 0. For a probability measure ρ on an Euclidean

space, define the function

U(ρ) :=


∫
Mn

u(ρ(z)) dz, if ρ is absolutely continuous,

∞, otherwise.

Here, we have used the standard abuse of notation in the optimal transport literature of

denoting an absolutely continuous measure and its density by the same notation. This defines

a nonlinear function on graphons in the following manner. For 1 ≤ l ≤ n, consider a function

Gn,l : Mn → [−1, 1]l that selects a particular subset of length l from the upper-diagonal

elements of a n × n matrix. Consider the pushforward ρn,l([w]) := (Gn,l)♯ (ρn([w])). Since

ρn is generated by n i.i.d. Uni[0, 1] random variables, and l ≤ n, it is easy to come up with

examples where ρn,l has a density. For example, take w(x, y) = sin(x+ y), n = 3, l = 2, and
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Gn,l(A) = (A1,2, A1,3). Thus (Gn,l ◦Gn)([w]) = (sin(Z1 + Z2), sin(Z1 + Z3)). This random

vector has a probability density with respect to the Lebesgue measure. Thus, the function

U (ρn,l([w])) for [w] ∈ Ŵ has a non-empty domain. A prominent example of such functions is

the differential entropy for which u : x 7→ x log x where one computes the differential entropy

of ρn,l([w]).

Such functions cannot have Fréchet-like derivatives since a necessary condition for its

existence is that the function must be continuous in L2. On the other hand, one cannot expect

a discrete to continuum convergence as considered here. Even in the case of Wasserstein

gradient flows, gradient flow of entropy is obtained by adding Brownian noise to particles

and not by taking limits of Euclidean gradient flows [JKO98].

4.6.4 Computational example from Extremal Graph Theory

We give an interesting example in this section that suggests how the tools developed in this

paper can be used to provide heuristics or search for counterexamples in many problems that

are of interest in extremal graph theory.

Mantel’s theorem [Man07] (a special case of Turán’s theorem) states that the maximum

number of edges in an n-vertex triangle-free graph is n2/4. Further, any Hamiltonian graph

with at least n2/4 edges must either be the complete bipartite graph Kn/2,n/2 or it must be

pancyclic [Bon71].

This suggests that if one maximizes the edge density subject to the condition that triangle

density is 0, then the maximizer should correspond to a complete bipartite graph. Our

current theory does not allow for such constrained optimization. However, one can attempt

to computationally “verify” this result by simulating gradient flows of linear combinations

of homomorphism functions, T△ − αT−, over (Ŵ , δ2) for sufficiently small weight α > 0.

We make an arbitrary choice of weight, say α = 1/10 for numerical simulation and consider

minimizing T△ − T−/10 over [w] ∈ Ŵ such that 0 ≤ w ≤ 1 a.e., where △ and − are the

triangle and the edge graphs respectively. This is akin to minimizing triangle density while

also maximizing the edge density as much as possible. We see that graphons with small
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(a) w
(128)
0 (b) w

(128)
103

(c) w
(128)
1.5×103

(d) w
(128)
2.5×103

(e) w
(128)
5×103

(f) w
(128)
104

Figure 4.2: A gradient descent simulation over T△ − T−/10

function values have small triangle density and large edge density. We set n = 128, step size

τ = 10−3 and use the forward Euler method (i.e., Algorithm 2.1) starting from an initial

graphon
[
w

(n)
0

]
∈ Ŵn as shown in Figure 4.2a. Figure 4.2 shows instances of the iterative

process after 103, 1.5×103, 2.5×103, 5×103 and 104 many steps. We see in Figure 4.2f that

after 104 iteration, the kernel w
(n)

104 is close to the one corresponding to a complete bipartite

graph as one would expect from Mantel’s theorem. Our Theorem 4.28 implies that one

should expect a similar evolution for all large values of n.

Linear combinations of the homomorphism density functions are non necessarily strictly

convex (see Section 4.6) and hence the theory does not guarantee exponential rates of conver-

gence. However, in the simulation discussed above, we statistically observe an exponential

rate of convergence.
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Such a computational and optimization driven approach can be used to study conjectures

in extremal graph theory, especially for producing counterexamples. For instance, studying

the non-negativity of a linear combination of homomorphism density is an important prob-

lem in extremal graph theory and it is known to be undecidable [Lov12, Section 16.6.1].

Although our techniques would not yield a proof but it can be a useful tool for the search of

counterexamples. We leave this as an interesting direction for further investigation.
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Chapter 5

MEASURE-VALUED GRAPHONS (MVG) AND INFINITE
EXCHANGEABLE ARRAYS (IEA)

We have studied in Section 2.6 about infinite exchangeable arrays (IEAs). For two-

dimensional IEAs, the Aldous and Hoover [Ald81, Hoo82, Ald82, Kal89] states that for

every infinite symmetric exchangeable array X = (Xi,j)(i,j)∈N(2) there exists a Borel measur-

able function f : [0, 1]4 → R satisfying f( · , x, y, · ) = f( · , y, x, · ) for a.e. (x, y) ∈ [0, 1](2),

and a collection of i.i.d. Uni[0, 1] random variables U, {Ui}i∈N,
{
Ui,j = U{i,j}

}
i,j∈N on some

probability space such that the IEA Y defined as Yi,j = f(U,Ui, Uj, U{i,j}) for all (i, j) ∈ N(2),

has the same distribution as X. Therefore, the Aldous-Hoover representation of an IEA X

induces a random graphon w(U), defined as

w(u)(x, y) := E[f(U,U1, U2, U1,2) | U = u, (U1, U2) = (x, y)], (5.1)

for (x, y) ∈ [0, 1](2) and u ∈ [0, 1].

In [DJ08, Section 5] it is shown that, when the entries in IEA take values in {0, 1}, there

is a one-to-one correspondence between IEAs and probability distributions on the space of

graphons. However, when the IEA takes more nontrivial values, this is no longer the case.

We illustrate this via an example.

Example 5.1. Let G = (Gi,j)(i,j)∈N(2) be an IEA such that every Gi,j is an i.i.d. Ber(1/2)

random variables. Let K = (Ki,j)(i,j)∈N(2) be a constant IEA such that Ki,j ≡ 1/2 for all

i, j ∈ N. Both the IEAs G and K correspond to a constant graphon wp ≡ 1/2.

In this chapter, we propose a remedy for this by expanding the definition of a graphon

to take values in P ([−1, 1]), the set of Borel probability measures on [−1, 1]. We call them

measure-valued graphons (MVGs).
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Although MVGs have already been introduced in the literature by [LS10], our contribu-

tion here are twofold.

1. First, we define two cut-like metrics, ∆■ and W■ (see Definitions 5.10 and 5.11), that

capture the topology of convergence as in [LS10] under which the space of MVGs is a

compact topological space. See Theorem 5.15 and Examples 5.2-5.5 where we illustrate

the strengths and nuances of this convergence.

2. Second, we relate this convergence to the convergence of infinite exchangeable arrays

(IEAs). An (IEA) X, see [Kal05, Chapter 7], is a doubly-indexed sequence of random

variables (Xi,j)(i,j)∈N(2) defined on a single probability space whose joint distribution is

invariant under finite permutations of its rows and columns. That is, if ς is any finite

permutation on N, then the joint distribution of
(
Xςi,ςj

)
(i,j)∈N(2) is the same as that of

the original array. It follows from the Aldous-Hoover representation theorem [Kal89],

that the IEAs are in one-to-one correspondence with random measure-valued graphons

(MVG). In Theorem 5.21 we prove a homeomorphism between the set of probability

measures on the space of MVGs and the space of laws of IEA, each equipped with the

corresponding weak topology. This is a generalization of [DJ08, Theorem 5.3] suited

to our applications below.

We note that after the contributions made in [APST23], the authors in [ADW23] also

developed a similar metric on MVGs (which they call probability graphons) that captures

the same topology. The authors in [ADW23] consider the convergence of weighted graphs

which can take edge-weights in a general Polish space and show that the topology induced

on probability graphons is independent of the metric on the Polish space.

5.1 Measure-valued graphons

Just like we define kernels in 2.5, we can extend it to define measure-valued kernels.
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Definition 5.1 (Measure-valued kernel). A measure-valued kernel is a measurable function

W : [0, 1](2) → P([−1, 1]) such that W (x, y) = W (y, x) for a.e. (x, y) ∈ [0, 1](2). Here

P([−1, 1]) is the space of probability measures on the interval [−1, 1] equipped with the

Borel sigma-algebra generated by the topology of weak convergence. We will denote the set

of all measure-valued kernels by W.

Measure-valued graphons are defined similarly later in Definition 5.4 where we denote by

Ŵ, the set of all graphons. More details can be found in [LS10, KKLS14] where a notion of

convergence based on decorated homomorphism functions is also discussed. In this paper we

show that this convergence is metrizable via a metric similar to the Wasserstein metric for

probability measures.

Definition 5.2 (Natural projection from Ŵ to Ŵ). Given a measure-valued kernel W ∈W,

we can define a corresponding kernel w ∈ W defined as w(x, y) :=

∫
[−1,1]

ζ W (x, y)(dζ) for

a.e. (x, y) ∈ [0, 1](2). This naturally defines a projection from Ŵ to Ŵ . We will often refer

to this projection as natural projection and denote w = E[W ]. This map from (Ŵ,∆■) to

(Ŵ , δ□) is 1-Lipschitz as seen from Definition 5.10.

Suppose an IEA X has an Aldous-Hoover representation given by a function f . Analogous

to equation (5.1), one can define a random measure-valued kernel W ∈ W (and hence an

MVG) as follows. For (x, y) ∈ [0, 1](2), set

W (u)(x, y) := Law(Xi,j |U = u, (Ui, Uj) = (x, y)), u ∈ [0, 1]. (5.2)

Conversely, an MVG W generates an IEA in the following manner. Let (Ui)i∈N denote an

i.i.d. sequence of Uni[0, 1] random variables. Define an IEA X, where, given (Ui = ui)i∈N,

Xi,j for (i, j) ∈ N(2), is independently sampled from the probability measure W (Ui, Uj) ∈
P([−1, 1]). This indeed remedies the issue raised in Example 5.1 with IEAs G and K. The

MVG corresponding to G is WG(x, y) ≡ 1
2
(δ0 + δ1) while the MVG corresponding to K

is WK(x, y) ≡ δ1/2, where δ· refers to the delta mass. Note that the random graphon w

corresponding to IEA X in (5.1) can be obtained from the random MVG W as defined
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in (5.2) via the natural projection of W . If we take n×n blocks of the IEA X, one can show

that, as n →∞, this sequences of random exchangeable matrices converge to deterministic

limits in the spaces of both graphons and measure-valued graphons. The two limits are

related by the natural projection.

This correspondence between IEAs and random MVGs recovers the results in [DJ08]

for general exchangeable arrays. In Section 5.1, we define the space of MVGs and notion

of convergence that defines the topology on the space of MVGs. We introduce two new

metrics on MVGs analogous to the usual cut metric and the Wasserstein metric respectively.

In Theorem 5.15 we show the equivalence of all these. We, then, prove a correspondence

theorem between the compact metric space of probability measures on MVGs and the space of

IEA equipped with the weak topology in Theorem 5.21. This allows us to consider processes

on exchangeable matrices/graphs and take their limits either as IEAs or as MVGs. This is

what we will do this in Chapter 6 to obtain scaling limits of iterative algorithms as one of

the major contributions of this thesis.

As mentioned already in Section 2.5, the convergence of the homomorphism density

functions TF , for simple graphs F , can be used to define a notion of convergence for weighted

graphs as well. However, a better approach to the convergence of weighted graphs is given

by the convergence of decorated homomorphism density functions that we describe below

(see [LS10]). In the following, we will use I to denote the compact interval [−1, 1] and

C ≡ C(I), to denote the space of continuous functions on I.

Definition 5.3 (Decorated graph [LS10, Section 2.1]). Let m ≥ 1 and D ⊆ C. Let F =

([m], E) be a simple graph. The pair (F, f) is called a D-decorated graph where f : E(F )→ D
is a function from the edges E(F ) of F to D. We will refer to F as the skeleton and f as

the decoration of the decorated graph (F, f). If there is no confusion, the decoration of a

graph will be implicitly assumed without mention and we will denote f({i, j}) by Fi,j for

{i, j} ∈ E(F ).

Throughout this chapter, a decorated graph will mean a C-decorated graph unless stated
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otherwise. Let W ∈ W be a measure-valued kernel (see Definition 5.1) and F a decorated

graph. Following [LS10, Section 2.5] one can define the (decorated) homomorphism density

Td(F,W ) of F in W as

Td(F,W ) :=

∫
[0,1]m

 ∏
{j,k}∈E(F )

∫
[−1,1]

Fj,k(ζ)W (xj, xk)(dζ)

 m∏
i=1

dxi. (5.3)

We are now ready to define measure-valued graphons.

Definition 5.4 (Measure-valued graphon [LS10, Definition 2.4]). Define an equivalence re-

lation ∼ on W such that W ∼ U if Td(F,W ) = Td(F,U) for every decorated graph F . Let

Ŵ := W/∼ be equipped with the weakest topology that makes W 7→ Td(F,W ) continuous

for every decorated graph F . We will call Ŵ (equipped with this topology), the space of

measure-valued graphons. A measure-valued graphon (MVG) is an element in Ŵ. Naturally,

Wn → W in Ŵ if Td(F,Wn) → Td(F,W ) for every C-decorated graph F . We refer to this

topology as the usual topology on MVG throughout this paper.

Analogous to the space of kernels W , one defines an equivalence relation ∼= on W such

that W1
∼= W2 if there exist measure preserving transformations φ1, φ2 : [0, 1] → [0, 1] and

W ∈W such that W1 = Wφ1 , and W2 = Wφ2 . It follows from [KK19, Theorem 11(ii)] that

W1
∼= W2 if and only if Td(F,W1) = Td(F,W2) for every decorated graph F . In particular,

the space of MVGs can be equivalently defined as Ŵ := W/∼=. Unlike as it were necessary

in Chapter 4 to distinguish, wherever it is clear from the context, for any measure-valued

kernel W ∈ W, we will use an abuse of notation and use the same symbol W to denote

the equivalence class, or the measure-valued graphon, corresponding to the measure-valued

kernel.

5.1.1 Embedding matrices and graphons into MVG

Recall that a weighted graph or (equivalently a symmetric matrix) can be identified with a

kernel (and hence a graphon). Similarly, a weighted graph or a graphon can be identified
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with a measure-valued kernel (and hence a measure-valued graphon). Let M be an n × n
symmetric matrix with entries in I = [−1, 1]. Let Mn denote the set of all such matrices.

Let F be a C-decorated graph on [m] vertices. One can define the homomorphism density of

F in M , denoted Td(F,W ), as

Td(F,M) :=
1

nm

∑
i1,...,im

∏
{j,k}∈E(F )

Fj,k(Mij ,ik), (5.4)

where the summation runs over all indices i1, i2, . . . , im taking values in [n]. We make some

simple observations. Observe that Td(F,M) = Td(F,Mσ) where σ is any permutation of

[n] and Mσ
i,j = Mσ(i),σ(j) for all (i, j) ∈ [n](2). Also note that one can naturally associate a

measure-valued kernel, say WM ∈ W, with a symmetric matrix M ∈ Mn as follows. For

n ∈ N, let Qn := {Qn,i}i∈[n] be a partition of the interval [0, 1] into contiguous intervals

of equal length as defined in Section 2.5. Set WM(x, y) = δMi,j
whenever (x, y) ∈ Qn,i ×

Qn,j for some (i, j) ∈ [n](2). For any decorated graph F we have Td(F,WM) = Td(F,M).

Therefore, when there is no scope of ambiguity we make no distinction between a symmetric

matrix M and the corresponding MVG WM . Similarly, if w ∈ W is a graphon, we can

define a corresponding MVG, say W by setting W (x, y) = δw(x,y) for a.e. (x, y) ∈ [0, 1](2)

and the notion of homomorphism density extends naturally. We denote this map taking a

matrix/graphon to the corresponding MVG by K.

Let (Mn ∈Mn)n∈N be a sequence of matrices with growing dimension and let W ∈ Ŵ.

We say that (Mn)n∈N → W as n → ∞ if Td(F,Mn) → Td(F,W ) as n → ∞ for every

decorated graph F . In particular, we will often say (Mn)n∈N → W as n→∞ where (Mn)n∈N

is a sequence of matrices, or (wn)n∈N → W as n → ∞ where (wn)n∈N is a sequence of

graphons and W is an MVG. It is to be understood that this convergence is with respect

to decorated graphs, or equivalently these statements mean that MVG corresponding to

Mn (or wn) converge to W in Ŵ as n → ∞. For an n × n finite exchangeable random

matrix X, we can define a measure valued kernel WX as WX(x, y) = Law(Xi,j) whenever

(x, y) ∈ Qn,i×Qn,j for some (i, j) ∈ [n](2). We will denote this map by K, i.e., K(X) = WX .

Note that the measure valued kernel cannot recover the joint distribution among the entries
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of X, unless they are mutually independent.

Remark 5.5. Recall that W 7→ w := E[W ] is Lipschitz (see Definition 5.2). It follows that

if (Mn)n∈N is a sequence of matrices such that (Mn)n∈N → W as n → ∞ for some W ∈ W

in the MVG sense, then (Mn)n∈N → w as n→∞ in cut-metric as well. This illustrates that

convergence in MVG sense is stronger than cut convergence.

5.1.2 Topology on MVGs

In this section we introduce an alternate notion of convergence for MVGs and two metrics

on Ŵ. We then show that this new notion of convergence and the metrics introduced in this

section give the same topology on Ŵ as defined in Definition 5.4.

Definition 5.6 (Homomorphism density). Let F be a finite simple connected graph and let

W ∈W. The homomorphism density of F into W , denoted TF (W ), is a probability measure

on IF := [−1, 1]E(F ) is defined as a mixture of probability measures as

TF (W ) :=

∫
[0,1]V (F )

⊗
{i,j}∈E(F )

W (xi, xj)
∏

v∈V (F )

dxv. (5.5)

The measure in equation (5.5) is to be interpreted as the unique measure on IF such that

for any bounded measurable function φ : IF → R, we have∫
IF

φ(ζ)TF (W )(dζ) =

∫
[0,1]V (F )

(∫
IF

φ(ζ) ⊗
{i,j}∈E(F )

W (xi, xj)(dζ)

) ∏
k∈V (F )

dxk. (5.6)

Let {Ui}i∈V (F ) be a collection of i.i.d. Uni[0, 1] random variables, then∫
IF

φ(ζ)TF (W )(dζ) = E
[〈

φ, ⊗
{i,j}∈E(F )

W (Ui, Uj)

〉]
, (5.7)

where ⟨ · , · ⟩ is the usual duality between continuous functions on IF and probability mea-

sures on IF and expectation is taken with respect to the random variables {Ui}i∈N. It is

important to note that the homomorphism density of a simple graph F into a graphon w

(see Section 2.5), TF (w) is a real number in [0, 1] whereas the homomorphism density of a
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simple graph F into an MVG W , TF (W ), is a (mixture) of probability measures. Secondly,

in the context of MVGs, TF (W ) is defined for a simple graph F and it is a (mixture of)

probability measure on IF , on the other hand Td(F,W ) is defined for a decorated graph F

and it is a real number.

Definition 5.7 (Convergence of MVGs). A sequence of MVGs (Wn)n∈N converge to a MVG

W in hom-density sense if limn→∞ TF (Wn) = TF (W ) weakly for every finite simple graph F .

The above definition naturally extends to any measure-valued symmetric matrix M . And,

using the embedding defined in Section 5.1.1, the definition can be naturally extended to

symmetric matrices and graphons. We skip the details to avoid repetitions.

5.1.3 Two metrics on MVGs

We now introduce the metrics on MVGs. Let L be the set of all Lipschitz functions

ψ : [−1, 1]→ R with bounded Lipschitz norm, i.e., ∥ψ∥BL = max{∥ψ∥∞, ∥ψ∥Lip} ≤ 1. Define

an operator Γ: L ×W→W defined as

Γ(ψ,W )(x, y) :=

∫ 1

−1

ψ(ζ)W (x, y)(dζ). (5.8)

Definition 5.8 (Generalized Cut norm on W). For any W ∈W, define ∥ · ∥■ : W→ R+ as

∥W∥■ := sup
ψ∈L
∥Γ(ψ,W )∥□,

where Γ is as defined in (5.8).

Remark 5.9. Recall from Section 5.1.1 that both a kernel and a finite matrix can be

associated with a corresponding MVG. With this association, we can reference ∥w∥■ or

∥A∥■ for w ∈ W or A ∈ ∪r∈NMr. That is, the definition of generalized cut norm extends to

both kernels and matrices. We’ll adopt this notation moving forward.

Recall that T is the set of all Lebesgue measure preserving maps φ : [0, 1] → [0, 1] and

for any W ∈ W and φ ∈ T , we define Wφ ∈ W as Wφ(x, y) := W (φ(x), φ(y)) for a.e.

(x, y) ∈ [0, 1](2).



111

Definition 5.10 (Generalized Cut metric on Ŵ). Define ∆■ : Ŵ× Ŵ→ R+ as

∆■(W1,W2) := inf
φ1,φ2∈T

∥Wφ1

1 −Wφ2

2 ∥■, W1,W2 ∈ Ŵ.

Let µ1 and µ2 be two finite measures with the same total mass m. The extension of the

Wasserstein distance between µ1 and µ2 is defined as W1(µ1, µ2) = supψ∈L
∫
ψ d(µ1 − µ2),

where L is the set of all bounded Lipschitz functions with bounded Lipschitz norm at most

1. Since we are working with a bounded metric space, this definition is equivalent to the

standard definition (see [Vil03, Section 1.2.1, Corollary 1.16]) which considers all Lipschitz

functions.

Definition 5.11 (Wasserstein Cut metric on Ŵ). Define W■ : Ŵ× Ŵ→ R+ as

W■(W1,W2) := inf
φ1,φ2∈T

sup
S,T⊆[0,1]

W1

(∫
S×T

Wφ1

1 (x, y) dx dy,

∫
S×T

Wφ2

2 (x, y) dx dy

)
.

We also make the following definition. For W1,W2 ∈W, define the Wasserstein-2 metric

D2 on W as

D2
2(W1,W2) :=

∫
[0,1]2

W2
2(W1(x, y),W2(x, y)) dx dy, (5.9)

where W2 is the Wasserstein-2 metric on P([−1, 1]).

Definition 5.12 (Invariant Wasserstein-2 metric on Ŵ). Define ∆2 : Ŵ× Ŵ→ R+ as

∆2
2(W1,W2) := inf

φ1,φ2∈T
D2

2(Wφ1

1 ,Wφ2

2 ), W1,W2 ∈ Ŵ.

Proposition 5.13. Let W■ and ∆■ be as defined in Definitions 5.10 and 5.11. Then, W■

and ∆■ are metrics on Ŵ. Furthermore, W■ = ∆■.

The proof of Proposition 5.13 is provided in Appendix C.1.

Lemma 5.14 shows that ∆■ ≤ ∆2.

Lemma 5.14. ∆■ ≤ ∆2.
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The proof of Lemma 5.14 is provided in Appendix C.1.

We can now state our first main result.

Theorem 5.15 ([APST23]). LetW, (Wn)n∈N ⊂ Ŵ. Then, the following limits are equivalent,

as n→∞.

1. Wn → W in Ŵ, that is, Td(F,Wn)→ Td(F,W ) for every decorated graph F .

2. Wn → W in homomorphism density sense, i.e., TF (Wn) → TF (W ) weakly for every

finite simple graph F .

3. ∆■(Wn,W )→ 0.

4. W■(Wn,W )→ 0.

The proof of Theorem 5.15 is provided in Appendix C.1.

Remark 5.16. It follows from [Lov12, Theorem 17.9] that Ŵ is compact (with respect to

the usual topology). In order to apply that theorem, notice that our MVG is a K-graphon

in the terminology of Lovász for K = [−1, 1]. The set B can be taken to the countable set

of polynomials. By Theorem 5.15,
(
Ŵ,W■

)
(or (Ŵ,∆■)) is a compact metric space.

It is clear from Definition 5.10 and Theorem 5.15 that if (Wn)n∈N → W in Ŵ then

(Γ(ψ,Wn))n∈N → Γ(ψ,W ) in δ□ for every bounded continuous function ψ defined on [−1, 1].

However, the convergence Wn → W is stronger since it implies simultaneous convergence

of all kernels Γ(ψ,W ). We now give some examples to illustrate the difference between the

convergence of graphons and the convergence of MVGs.

Example 5.2. For k ∈ Z+, let ψk : [−1, 1]→ R be the map given by ζ 7→ ζk. Let W ∈W.

We will call Γ(ψk,W ) the moment graphon of W (if we need to emphasize k, we will call

it k-th moment graphon). For simplicity, we will also denote Γ(ψk,W ) by mk(W ). It is

easy to see that (Wn)n∈N → W in Ŵ as n → ∞ implies (mk(Wn))n∈N → mk(W ) in δ□
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as n → ∞, for all k ∈ Z+. Since the convergence in δ□ metric implies that for each k,

there is a sequence of Lebesgue measure preserving transforms φn,k : [0, 1]→ [0, 1] such that∥∥mk(W
φn,k
n )−mk(W )

∥∥
□
→ 0 as n → ∞. However, Wn → W in Ŵ as n → ∞ implies

that φn,k could be chosen to be independent of k. I.e., there exists a sequence of common

‘labellings’ (φn) such that ∥mk(W
φn
n )−mk(W )∥□ → 0 as n→∞. This is what we mean by

simultaneous convergence.

Example 5.3. Consider a sequence of kernels (an)n∈N∪{∞}, i.e. an : [0, 1](2) → [−1, 1], for

n ∈ N ∪ {∞}. For every n ∈ N, define a measure-valued kernel Wn ∈ Ŵ by setting

Wn(x, y) = δan(x,y), (x, y) ∈ [0, 1]2. Let ψ ∈ C(I) be a continuous test function such that

∥ψ∥∞ ≤ 1. Then Γ(ψ,Wn)(x, y) = ψ(an(x, y)), (x, y) ∈ [0, 1](2). Suppose (Wn)n∈N → W∞ in

Ŵ, then (Γ(ψ,Wn))n∈N → Γ(ψ,W∞) in δ□. In particular, taking ψ(z) = zk, for every k ∈ N,

it follows that simultaneously
(
akn
)
n∈N → ak∞ in δ□. It is well-known that δ□(an, a)→ 0 does

not imply δ□(a2n, a
2) → 0 in general. This illustrates that convergence in the MVG sense is

a stronger notion than the cut convergence.

Example 5.4. Let a : [0, 1](2) → [0, 1] be a kernel. Define a measure-valued kernel Wa as

Wa(x, y) := (1−a(x, y))δ0 +a(x, y)δ1 for (x, y) ∈ [0, 1](2). That is, W (x, y) is Ber(a(x, y)) for

(x, y) ∈ [0, 1]2. Let ψ be any bounded measurable function on [0, 1]. Then, Γ(ψ,Wa)(x, y) =

(1−a(x, y))ψ(0)+a(x, y)ψ(1). If (an)n∈N is a sequence of graphons such that (Wan)n∈N → Wa

then (an)n∈N → a in δ□. Conversely, in this example, it is easy to verify that if (an)n∈N → a

in δ□ then supψ∥Γ(ψ, an)− Γ(ψ, a)∥□ → 0 as n→∞ where the supremum is taken over all

continuous and bounded functions ψ ∈ C([0, 1]). In particular, we conclude that (Wan)n∈N →
Wa in Ŵ if and only if (an)n∈N → a in δ□.

Example 5.5. Let a, b ∈ W such that a(x, y) ≥ 0, b(x, y) ≥ 0 and a(x, y) + b(x, y) ≤ 1.

Define a “ternoulli” MVG as Wa,b(x, y) = a(x, y)δ−1 + (1− a(x, y)− b(x, y))δ0 + b(x, y)δ−1.

If (Wn)n∈N → Wa,b as n → ∞ in Ŵ then (an)n∈N → a, (bn)n∈N → b as n → ∞. Conversely,

suppose that (an, bn) are “coupled graphons” and (an)n∈N → a and (bn)n∈N → b under a

common labeling as n → ∞. I.e., there exists a sequence φn ∈ T such that ∥aφn
n − a∥□ +
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∥bφn
n − b∥□ → 0 as n→∞. Note that there exists a common sequence of measure-preserving

transforms for both an and bn. Then, (Wan,bn)n∈N → Wa,b as n→∞.

Sampling from MVGs

Recall that one can generate an IEA from an MVG. We now describe a similar procedure to

generate a measure-valued random matrix from an MVG. Let (Ui)i∈N be an i.i.d. sequence

of Uni[0, 1] random variables defined on a common probability space, say (Ω,F ,P). Let

W ∈W. For any n ∈ N we define the sampled n-MVG, denoted µ(n,W ), as

µ(n,W )(i, j) := W (Ui, Uj), (i, j) ∈ [n](2). (5.10)

Note that we can identify µ(n,W ) with a random MVG. In the next lemma we show that

the random MVG µ(n,W ) converges to W as n→∞, P-almost surely.

Lemma 5.17. LetW ∈ Ŵ. For n ∈ N, let µ(n,W ) be defined as in (5.10). Then µ(n,W )→
W in Ŵ as n → ∞, P-almost surely. That is, P-almost surely, for any finite simple graph

F we have TF (µ(n,W ))→ TF (W ), weakly as n→∞.

Lemma 5.17 follows directly from [KKLS14, Theorem 3.8] by taking B = C[−1, 1] and

Z = M([−1, 1]) the space of finite Radon measures on [−1, 1]. We, therefore, skip the proof

of Lemma 5.17.

We now describe a sampling procedure to generate weighted graphs from an MVG. Let

n ∈ N and W ∈ W. For every n ∈ N, define G(n,W ) to be a random (weighted) graph

on [n] with edge-weights G(n,W )(i, j) ∼ W (Ui, Uj) and are conditionally independent given

(Ui, Uj) for every (i, j) ∈ [n](2). Note that the adjacency matrix of G(n,W ) is a random n×n
symmetric matrix with entries in I = [−1, 1] and we will not make any distinction between

the adjacency matrix and the graph. Lemma 5.18 shows that almost surely G(n,W ) → W

as n→∞ (see Section 5.1.1).

Lemma 5.18. Let W ∈ Ŵ and let G(n,W ) be defined for every n ∈ N as above. Then,

P-almost surely, G(n,W ) → W as n → ∞. That is, P-almost surely, for every decorated
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graph F ,

Td(F,G(n,W ))→ Td(F,W ), as n→∞.

The proof of Lemma 5.18 is provided in Appendix C.1.

An immediate consequence of Lemma 5.18 is that every MVG can be obtained as the

limit of finite weighted graphs. In fact, MVGs were introduced as the limits of finite weighted

in [LS10, Section 2.5].

5.2 Infinite Exchangeable Arrays

Recall the correspondence between IEAs and random MVGs described in the Introduction.

In this section, we formalize that correspondence.

Let S be the set of all symmetric infinite arrays with their elements taking values in

[−1, 1] with 0 diagonal. That is, let

S :=
{
x ∈ RN2

∣∣∣ xi,j = xj,i ∈ [−1, 1], xi,i = 0 ∀ i, j ∈ N
}
.

Equip S with the product topology under which it is compact. Equip S with the cor-

responding Borel sigma-algebra. Let Π∞ be the set of all finite permutations of N.

Observe that Π∞ has a natural action on S given by xσ(i, j) := x(σ(i), σ(j)) for all

(i, j) ∈ N2. Observe that an IEA is an S-valued random variable X whose law is in-

variant under the action of Π∞. Let P(S) be the space of Borel probability measures

on S. Let Pe(S) ⊆ P(S) be the set of exchangeable probability measures on S, that is,

Pe(S) := {ρ ∈ P(S) | ρ = Law(X),X is an IEA}. Throughout our discussion we will assume

that Pe(S) inherits the subspace topology from P(S), that is, it is equipped with the topology

of weak convergence unless stated otherwise.

Recall the correspondence between IEAs and (random) MVGs defined in (5.2). Theo-

rem 5.21 generalizes [DJ08, Theorem 5.3] and makes formal the idea that IEA are in one-

to-one correspondence with random measure-valued graphons. Moreover, the convergence of

IEAs is equivalent to convergence of the corresponding MVGs. We first extend the definition

of decorated homomorphism densities to an IEA.
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Definition 5.19 (Homomorphism density of IEAs w.r.t. decorated graphs). Let X be an

IEA. For every decorated graph F , define Td(F,X) := E
[∏

{i,j}∈E(F ) Fi,j(Xi,j)
]
.

The following assertion is immediate from the definition and Theorem 5.21. For the

importance of it, we record it as a Proposition. We skip the proof.

Proposition 5.20. Let Y be an IEA and let WY be the corresponding (random) measure-

valued graphon as described above. Then, for any decorated graph F we have Td(F,Y) =

E[Td(F,WY)]. In particular, if X, (Xn)n∈N are infinite exchangeable arrays then (Xn)n∈N →
X weakly as n→∞ (with respect to the product topology) if and only if limn→∞ Td(F,Xn) =

Td(F,X) for every decorated graph F .

We now state and prove the main result of this section.

Theorem 5.21 (Homeomorphism Theorem [APST23]). Let Ŵ be the compact space of MVG

equipped with its usual topology. Let P(Ŵ) be the space of Borel probability measures on Ŵ

equipped with the weak topology. Then, P(Ŵ) is homeomorphic to Pe(S).

The proof of Theorem 5.21 is provided in Appendix C.2.

5.2.1 Examples

Recall that by the Aldous-Hoover representation theorem, we know that every exchangeable

array X can be written as Xi,j = f(U,Ui, Uj, Ui,j) for some Borel measurable function f .

Throughout our discussion, we always assume that U, {Ui}i∈N,
{
Ui,j = U{i,j}

}
i,j∈N is a collec-

tion of i.i.d. Uni[0, 1] random variables on some probability space. We now give examples of

IEAs and their Aldous-Hoover representation which in turn yields the corresponding (ran-

dom) MVG. These examples emphasize that the graphons do not capture general IEAs while

MVGs do. We first begin with a definition.

Definition 5.22 (Vertex, extrinsic, and edge dependence). Let X be an IEA and let

f : [0, 1]4 → R be a corresponding Aldous-Hoover function. We say that f has vertex de-

pendence if f depends on the second and third argument. Similarly, we will say that f
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has extrinsic (respectively, edge) dependence if f depends on the first (respectively, fourth)

argument. An IEA that doesn’t have extrinsic dependence is called pure and corresponds

to a deterministic MVG.

We must emphasize that Aldous-Hoover function for an IEA is not unique and is often

not known explicitly. However, the above definition does not depend on the choice of Aldous-

Hoover function (see [Kal89]).

Example 5.6 (Edge dependence - Mixture of two Dirac masses). Let X be an infinite

exchangeable array such that Xi,js are all i.i.d. Bernoulli random variables, Ber(1/2). Let

f : [0, 1]4 → R be defined as f(u, x, y, z) = 1{z ≤ 1/2} for (u, x, y, z) ∈ [0, 1]4. We see that

X is directed by f . On the other hand, let X̃ be an IEA such that X̃i,js are all i.i.d. (up

to matrix symmetry) and X̃i,j ∼ 1
2
δ−1/2 + 1

2
δ3/2. Then, X̃ is directed by an Aldous-Hoover

function g where g : [0, 1]4 → R is defined as g(u, x, y, z) = 1
2
− 1{z ≤ 1/2} + 1{z > 1/2}.

Note that the graphons and MVGs corresponding to X and X̃ (see equations (5.1) and (5.2))

are given by wX ≡ 1
2
≡ wX̃ while WX ≡ 1

2
δ0 + 1

2
δ1 and WX̃ ≡ 1

2
δ−1/2 + 1

2
δ3/2. Note that

the graphons and the measure-valued graphons corresponding to X and X̃ are deterministic.

This is reflected by the Aldous-Hoover representations f and g which are both independent

of their first coordinates.

Example 5.7 (Extrinsic and edge dependence - correlated Gaussians). Consider an infinite

exchangeable array X such that {Xi,j}(i,j)∈N(2) are standard Gaussian random variables such

that Cov(Xi,j, Xl,m) = 1/2 whenever {i, j} ̸= {l,m}. Let Φ: [0, 1] → R be a function that

pushes forward the Lebesgue measure on [0, 1] to the standard Gaussian measure on R. And,

let f : [0, 1]4 → R be defined by f(u, x, y, z) = 1√
2
Φ(x) + 1√

2
Φ(z) for all (u, x, y, z) ∈ [0, 1]4.

It is easy to verify that X is directed by f . We, therefore, obtain for a.e. (x, y) ∈ [0, 1](2),

wX(x, y) ≡ Φ(U)√
2
, WX(x, y) ≡ Law

(
N
(

Φ(U)√
2
,
1

2

))
.

Note that Φ(U) is a standard normal random variable. Also note that wX is a random kernel

and WX is a random MVG.
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Following the same approach as above, one can more generally take f(u, x, y, z) = αΦ(u)+

β(Φ(x)+Φ(y))+γΦ(z), say, where α2 +2β2 +γ2 = 1. And, define Xi,j = f(U,Ui, Uj, Ui,j) to

obtain Gaussian exchangeable arrays with various correlation structures. This would yield

w
(u)
X (x, y) = αΦ(u) + β(Φ(x) + Φ(y)), W

(u)
X (x, y) = Law

((
N
(
w

(u)
X (x, y), γ2

)))
,

for u, x, y ∈ [0, 1]. Because of the extrinsic dependence, this IEA is not pure. Note that in

this case the graphons wX and the measure-valued graphon WX are indeed random.

Example 5.8 (Vertex and edge dependence - Stochastic Block Model (SBM)). We now

describe an exchangeable array that can be seen as limits of a certain sequence of SBM.

Fix p ∈ [0, 1]. For every n ∈ N, color every vertex i ∈ [n] blue with probability p and red

with probability (1 − p) independently of each other. More formally, this is associating an

independent pδ1+(1−p)δ−1 distributed random variable C(i) with i ∈ [n], where 1 represents

color ‘blue’ and −1 represents the color ‘red’. Fix pbb, prr, prb ∈ [0, 1]. For each {i, j} ⊆ [n],

create an edge with probability pbb if both i and j are colored blue, with probability prr

if both are colored red and with probability prb otherwise. This defines an SBM with two

communities ‘blue’ and ‘red’. Let An denote the adjacency matrix of this SBM on vertex

set [n]. It is easy to see that An is an exchangeable matrix, that is, Law(An) = Law(Aσn).

It is natural to ask, if An converges to some infinite exchangeable array as n → ∞. This is

indeed the case. Here we describe the infinite exchangeable array X that arises as the limit

of (An)n∈N.

In order to define the Aldous-Hoover function for infinite exchangeable arrays, we first

define some sets for notational simplicity. Fix p ∈ [0, 1]. Define B = [0, p]2, R = [p, 1]2 and

D = [0, p]× [p, 1] ∪ [p, 1]× [0, p]. Let f : [0, 1]4 → {0, 1} be defined as

f(u, x, y, z) = 1B{(x, y)}1[0,pbb]{z}+ 1R{(x, y)}1[0,prr]{z}+ 1D{(x, y)}1[0,prb]{z},

for u, x, y, z ∈ [0, 1]. The infinite exchangeable array X can be defined as Xi,j :=

f(U,Ui, Uj, Ui,j) for i, j ∈ N. The corresponding graphon and measure-valued graphon are
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w(u) and W (u) defined as

w(u)(x, y) = pbb1B{(x, y)}+ prr1R{(x, y)}+ prb1D{(x, y)},

W (u)(x, y) = Ber(pbb)1B{(x, y)}+ Ber(prr)1R{(x, y)}+ Ber(prb)1D{(x, y)},

for a.e. (x, y) ∈ [0, 1]2. This example can be generalized to distributions other than Bernoulli

in a straightforward manner.

5.2.2 Finite exchangeable arrays to IEAs

The previous section establishes that the weak convergence of a sequence of IEAs is equivalent

to the weak convergence of corresponding (random) MVGs (see Theorem 5.21). In practice,

we are often interested in taking limits of finite exchangeable matrices. For instance, we

would like to say that G(n, 1/2) converges to the IEA G. One way to do this is to identify

G(n, 1/2) with the corresponding (random) MVG, say WGn and show that WGn → WG

where WG is the MVG corresponding to the IEA G (see Section 5.1.1). However, it is more

natural to show the convergence of a sequence of finite exchangeable matrices to an IEA and

deduce the convergence to an MVG from there. This is what we do in this section.

A (random) symmetric matrix A ∈ Mn is called (finite) exchangeable if Law(A) =

Law(Aσ) for every permutation σ of [n]. Given an n × n exchangeable matrix A, we can

construct an IEA follows. Let {Ui}i∈N be a family of i.i.d. Uni[0, 1] random variables inde-

pendent of A. Define an IEA X such that Xi,j := A⌈nUi⌉,⌈nUj⌉. In plain words, each coordinate

(up to matrix symmetry) of X is chosen independently and uniformly at random from the

coordinates of A. With this correspondence, for every decorated graph F , define T
(0)
finite(F, · )

over exchangeable matrices as T
(0)
finite(F,A) := TF (X). On the other hand, analogous to

Definition 5.19 we have following definition for homomorphism density into exchangeable

matrices.

Definition 5.23 (Homomorphism density for exchangeable matrices). Let A be an n × n
exchangeable matrix. Let F be a decorated graph such that |V (F )| < n. Define

T
(1)
finite(F,A) := E

[∏
{i,j}∈E(F ) Fi,j(Ai,j)

]
.
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Remark 5.24. It is easy to see that
∣∣∣T (1)

finite(F,A)− T (0)
finite(F,A)

∣∣∣ ≤ C(F )n−1 where C(F ) is

a constant depending only on F . Therefore, both T
(0)
finite and T

(1)
finite determine the same limit

as n → ∞. Also note that using the embedding described in Section 5.1.1, we can define

Td(F,A) as in equation (5.4). Notice that T
(0)
finite(F,A) = E[Td(F,A)].

This motivates the following definition for the convergence of finite exchangeable matrices

to an IEA.

Definition 5.25 (Convergence of exchangeable matrices). Let (An)n∈N be a sequence of

n × n symmetric exchangeable matrices. We say that (An)n∈N → X as n → ∞ if for every

decorated graph F we have T
(1)
finite(F,An) = E[Td(F,An)]→ Td(F,X) as n→∞.

We end this section with some examples of finite exchangeable matrices converging to an

IEA.

Example 5.9. Let V : R(2) → [−1, 1] be a C2 function such that V (x, y) = V (y, x)

and ∥∇2V ∥∞ ≤ 1, where ∇2V is the Hessian of V . Define V : P(R) → R as V(µ) :=

1
2

∫∫
R2 V (x, y)µ(dx)µ(dy). Define Vn : Rn → R as Vn(x1, . . . , xn) = V(µn) where µn =

1
n

∑n
i=1 δxi for every {xi}i∈[n] ⊂ R. In particular, Vn(x1, . . . , xn) := 1

2n2

∑n
i,j=1 V (xi, xj).

Let Hn(x) ∈Mn be the Hessian matrix of Vn at x ∈ Rn. Then, n2Hn(x)(i,j) = ∂1,2V (xi, xj)

if i ̸= j, and n2Hn(x)(i,i) = ∂1,1V (xi, xi) for (i, j) ∈ [n](2). Now, let {Xi}i∈N be i.i.d. ran-

dom variables distributed according to some probability measure µ ∈ P([−1, 1]) and let

Xn = (X1, . . . , Xn). Then, H(n) = n2Hn(Xn) is an exchangeable matrix and H(n) → H(∞),

where H(∞) is an exchangeable array defined as

H(∞)
(i,j) =

∂1,2V (Xi, Xj), if i ̸= j,

∂1,1V (Xi, Xi), if i = j,

(i, j) ∈ N(2).

For concreteness, assume that V (x, y) = c(x− y) for (x, y) ∈ R(2) for some even C2 function

c : R → [−1, 1]. In that case, notice that H(∞)
(i,j) = −c′′(Xi − Xj) for (i, j) ∈ N(2). Also

assume, for simplicity, that {Xi}i∈N are i.i.d. Uni[0, 1]. Then, c′′ is the Aldous-Hoover
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representation function and the MVG corresponding to H(∞) is nothing but W∞ ∈ Ŵ

defined as W∞(x, y) := δ−c′′(x−y) for a.e. (x, y) ∈ R(2).

Example 5.10. One can consider higher order polynomials of measures. That is, for any

k ∈ N \ {1}, define V : P(R) → R as V(µ) :=
∫
Rk V (x1, . . . , xk)µ(dx1) . . . µ(dxk). Define

Vn : Rn → R as x 7→ Vn(x) = V(µn) where µn := 1
n

∑n
j=1 δxi . This amounts to evaluating

the expectation of V when its arguments are sampled uniformly with replacement from the

entries of x ∈ Rn. Let Hn(x) be the Hessian matrix of Vn at x ∈ Rn. Let us define G : R2 → R

as G(a, b) :=∑
i,j∈[k],i ̸=j

∫
Rk−2

∂ i,jV (x1, . . . , xi−1, a, xi+1, . . . , xj−1, b, xj+1, . . . , xk)
∏

m∈[k]\{i,j}

µ(dxm).

Let (Xi)i∈N be i.i.d. random variables with distribution µ ∈ P(R). Then,

nkHn(X1, . . . , Xn)→ H, as n→∞, where Hi,j = G(Xi, Xj) for (i, j) ∈ N(2).

Example 5.11. Consider a Markov chain (Xn)n∈N on [0, 1] with a unique stationary distri-

bution π ∈ P([0, 1]). Let W : [0, 1]2 → [0, 1] be a kernel such that W is continuous π×π a.e.

For each n ∈ N, let (Y1, . . . , Yn) be a uniform permutation of (X1, . . . , Xn) and let H(n) be

an exchangeable matrix defined by H(n)
i,j = W (Yi, Yj), i, j ∈ [n]. Let {Vi}i∈N be a collection

of i.i.d. random variables with distribution π and let H(∞) be an exchangeable array such

that H(∞)
i,j = W (Vi, Vj). Then, H(n) → H(∞) as n→∞.

5.3 Conclusion

In this chapter, we introduced the richer analytical structure of measure-valued graphons,

which build upon the geometry and topology of graphons to establish a direct correspon-

dence with two-dimensional real-valued infinite exchangeable arrays. Leveraging this cor-

respondence and the metrics developed herein, Chapter 6.2 will explore the SDEs derived

in Chapter 3, deriving their scaling limits as absolutely continuous curves on Ŵ, character-

ized by MVG McKean-Vlasov equations, and examining the non-asymptotic convergence in

specific cases.



122

Chapter 6

SCALING LIMITS OF SDES WITH INCREASING
DIMENSIONS

In Chapter 3, we derived the continuous-time limits for the class of discrete-time algo-

rithms discussed in Section 1.1 for finite dimensions. That is, under a suitable choice of

time scaling, for every finite-dimensional matrix-valued process obtained from an iterative

algorithm, we can weakly describe the evolution of the matrix via an SDE of the form:

dXn,e(t) = bn,e(Xn,e(t), Xn(t)) dt+ Σn,e(Xn,e(t), Xn(t)) ◦ dBn,e(t)

+ dL−
n,e(t)− dL+

n,e(t),
(6.1)

For Xn(0) = Xn,0 ∈ Mn, where the tuple (Xn, L
+
n , L

−
n ) solves the Skorokhod problem with

respect to the setMn (see Section 2.4), we remark that the cubic domainMn can be replaced

by any other cubic domain (which may not necessarily satisfy matrix symmetry), including

R[n]2 . The SDE (6.1) can then be appropriately modified without altering its essence.

An interesting and important observation we make is that the system described by (6.1),

due to the equivariance of the functions bn(z, ·) and Σn(z, ·) with respect to the group Sn

for any z within its domain, exhibits a mean-field interaction. That is, for any e ∈ [n]2, the

evolution t 7→ Xn,e(t) of Xn,e at any instant t ∈ R+, as determined by the drift and diffusion

coefficients, depends on all the coordinate evolutions Xn(t) at time t ∈ R+ in a symmetric

manner. This symmetric dependency is evident when permuting the rows and columns of

the matrix by any permutation π ∈ Sn. For simplicity, let us consider R[n](2) as the domain

and observe that

dYn,e(t) = dXn,π(e)(t) = bn,π(e)(Xn,π(e)(t), Xn(t)) dt+ Σn,π(e)(Xn,π(e)(t), Xn(t)) ◦ dBn,π(e)(t)

= bn,e(Xn,π(e)(t), X
π
n (t)) dt+ Σn,e(Xn,π(e)(t), X

π
n (t)) ◦ dBn,π(e)(t)



123

= bn,e(Yn,e(t), Yn(t)) dt+ Σn,e(Yn,e(t), Yn(t)) ◦ dBn,π(e)(t),

where π(e) = (π(e1), π(e2)), and Yn = Xπ
n =

(
Xn,π(e)

)
e∈[n](2) for any Xn. Since Bn and Bπ

n

have the same law, the SDEs above are equivalent for any π ∈ Sn. This brief analysis also

tells us that the process Xn is exchangeable (see Section 2.6).

The goal of this chapter is to understand how the sequence of processes (Xn)n∈N, defined

on bounded cubic domains likeMn andMn,+, converges to a suitable well-defined limit. To

make sense of this convergence, we will utilize the compact topologies discussed in Chapters 4

and 5. Analytically, this limit can be interpreted as a curve on graphons and measure-

valued graphons (MVGs) with interesting properties. The scaling limit shall be described

by McKean-Vlasov type SDEs on graphons and MVGs. Drawing an analogy with classical

interacting particle systems (see Sections 1.2 and 1.3 for an introductory discussion), the

limiting curve can be regarded as the ‘scaling limit’ of the class of iterative algorithms

discussed, which substantiates the central hypothesis of this thesis. This completes the

cycle of ideas, allowing us to extend the Wasserstein calculus to higher-order exchangeable

structures.

In Section 6.1, we will use the graphon topology (induced by the cut metric) to derive

a scaling limit of (Xn)n∈N. In Chapter 6.2, we will use the MVG topology (induced by the

Wasserstein cut metric) to derive the scaling limit. Both limits will demonstrate the prop-

agation of chaos phenomenon, which essentially states that as the dimensionality increases,

any finitely chosen coordinates of the system tend to evolve independently. In Chapter 6.3,

we will see that products of iterated matrices, as discussed in Section 2.2.3, converge ap-

propriately to IEAs. We will work out certain examples of algorithms to deduce interesting

properties from the analysis. This analysis will later allow us to show a beautiful implication

in the context of deep learning that we will discuss at length in Chapter 7.
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6.1 Scaling limits as curves on Graphons via McKean-Vlasov equations

The study of particle systems under mean-field interaction is a classical topic in probability

theory [Gär88]. It involves multidimensional diffusions that interact through their empirical

distributions of the type

dXi(t) = b
(
Xi(t), µ̂

(n)(t)
)

dt+ dBi(t), i ∈ [n], t ∈ R+, (6.2)

where n ∈ N, Xi(t) ∈ Rd for all i ∈ [N ] and for some d ∈ N, and µ̂(n)(t) := 1
n

∑n
i=1 δXi(t),

is the empirical distribution of the vector (Xi(t))i∈[n] at time t ∈ R+, and (Bi)i∈[N ] is a

vector of i.i.d. standard d-dimensional Brownian motions. Any drift that is symmetric in

the coordinates (“mean-field interactions”) can be represented as (6.2) for some suitable

function b. Often, the SDE (6.2) includes a reflection term to constrain the coordinate pro-

cess to a subset of the Euclidean space [Szn84]. The study of such systems originated from

the probabilistic study of the Boltzmann and Vlasov equations due to Kac [Kac56], McK-

ean [McK75], Dobrushin [Dob79], Tanaka [Tan79] and many others. For modern surveys,

see Sznitman [Szn91], Villani [Vil12], Chaintron and Diez [CD22] and Jabin [Jab14].

Under suitable assumptions, as the number of particles go to infinity, it is known that the

process of empirical distributions of the particle system converges to the solutions of families

of well-known PDEs. The convergence is often obtained via propagation of chaos where, in

the large particle limit, a finite collection of randomly chosen particles evolve independently

and identically distributed according to the McKean-Vlasov SDE [Gär88]:

dX(t) = b (X(t), µ(t)) dt+ dB(t),

where µ(t) is the law of X(t) for t ∈ R+.

In this chapter we study an analogous evolution of symmetric matrices where the coordi-

nates interact via a suitably symmetric function. As an example, consider the function Rn

defined on Mn,+, given by

Rn(A) :=
1

2

(
n−2

n∑
i,j=1

A(i, j)− e
)2

+
1

2

(
n−3 tr

[
A3
]
− τ
)2

+ En(A), (6.3)
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where e, τ ∈ [0, 1] are fixed and En(A) = n−2
∑n

i,j=1 h(A(i, j)) where h : [0, 1] → R is the

convex entropy function defined as h(p) := p log p + (1 − p) log(1 − p), if p ∈ (0, 1), and

h(0) = h(1) = 0. The importance of this particular example will soon become apparent.

The function Rn satisfies a permutation invariance property, that is, its value does not

change if we permute the rows and columns of the matrix A by the same permutation over

[n] := {1, 2, . . . , n}. Consider the following diffusion on symmetric n× n matrices

dXn(t) = −n2∇Rn(Xn(t)) dt+ β dBn(t) + dLn(t), t ∈ R+, (6.4)

where Bn is a system of n×n symmetric matrix-valued process of coordinatewise independent

Brownian motions and Ln is the coordinatewise bounded variation local time process that

constrains each coordinate process to stay in the interval [0, 1] (see Section 2.4 for details).

One may ask what is an appropriate notion of limit of such a process as n→∞? Do weak

solutions of SDE (6.4) exhibit propagation of chaos?

Note that the function Rn in equation (6.4) is not covered by the classical McKean-Vlasov

theory since Rn(A) is not symmetric in the n2 (up to symmetry) many entries of a matrix

A. Therefore, Rn cannot be expressed as a function of the empirical distribution of the

entries of the argument matrix. The same is true for any arbitrary differentiable function

over n× n symmetric matrices that is invariant under permuting the rows and the columns

using the same permutation. Spectral functions, for example, satisfy such an invariance,

as do functions on edge-weighted graphs (represented by their adjacency matrices) that are

invariant under vertex relabeling. This particular class of symmetry is captured, not by

empirical measures but, by graphons. In other words, such functions can be thought of as

functions on the space of graphons instead of measures.

Analogous to the classical McKean-Vlasov theory, we show in this section that, under

suitable assumptions, (6.4) exhibits a propagation of chaos. Furthermore, in n → ∞ limit,

the coordinates of Xn become conditionally independent and the evolution of a randomly

chosen coordinate can be described by a novel graphon valued McKean-Vlasov equation.

Recently various authors [DGL16, BBW19, Cop22, DM22] have investigated McKean-
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Vlasov limits for interacting particles systems on dense graphs. In these work, the McKean-

Vlasov system describes the evolution of random particle from an infinite ensemble where

the underlying interaction is determined by a graph or graphon. Extensions to the sparse

regime can be found in [LRW19, OR19, BCN20, BCW20, ORS20]. We note that our

McKean-Vlasov limit describes the evolution of graphon itself, and not the distribution of

any particle system. We borrow the name McKean-Vlasov to stress that each edge-weight

evolves by an ensemble effect of all the other edge weights but that ensemble is a graphon

and not the empirical distribution of any particle system as done in the papers cited above.

Consider the function Rn defined in (6.3). Notice that if we regard A ∈ Mn,+ as the

adjacency matrix of a weighted graph, then n−2
∑n

i,j=1Ai,j can be thought of as the edge-

density of the graph while n−3 tr[A3] can be regarded as the density of triangles in the graph.

Consider the problem of minimizing En(A) over all A ∈ Mn,+ subject to the condition that

the edge-density and the triangle-density are e and τ , respectively. The non-convexity of this

problem makes it very hard and indeed the minimizers in general are not unique [NRS23b,

KRRS17]. For certain feasible regime of (e, τ), this minimization problem has been studied

in [NRS23b]. In some regimes where the minimizer is known to be unique, the minimizer

is characterized. Similar results were obtained in [KRRS17] when τ = e3. In general,

however, determining the structure of minimizers is extremely hard and even reasonable

guesses are not available in most cases. This problem has rich connections with extremal

combinatorics [Raz08, PR17] and exponential random graph models [BCM21, CV11]. While

minimizing En with such ‘hard constraints’ is difficult, notice that minimizing Rn(A) :=(
n−2

∑n
i,j=1A(i, j)− e

)2
/2 + (n−3 tr[A3]− τ)

2
/2 + En(A) can be considered as a relaxation

of this problem. Our method provides a numerical scheme like algorithms discussed in

Section 2.2.1 to obtain minimizers of such problems. Following Section 3.1, SDE (6.4) arises

as the continuous-time limit of the projected stochastic gradient descent algorithm which is

used in practice to optimize Rn. As mentioned above, we establish that the curves described

by (6.4) converges to a deterministic curve on the space of graphons. Under appropriate

assumptions on Rn (see Section 6.1.3) and in zero-noise limit, the (deterministic) limiting
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curve on the space of graphons is a gradient flow and hence converges to the minimizer

exponentially fast.

6.1.1 Deriving the graphon McKean-Vlasov scaling limit

In Section 6.1, we assume for simplicity that the diffusion coefficient function at coordinate

e is not an explicit function of the coordinate Xn,e of the process Xn. The result can be

extended to take this dependence into account. The general case where this dependence is

explicitly considered has been analyzed in Section 6.2.

Let E be a standard Borel space. The sets [n](2) and N(2) will refer to the set of natural

number pairs (i, j) in N2 and [n]2 respectively, such that i < j. Recall that an E-valued

exchangeable (symmetric) array refers to a doubly indexed collection of random elements(
ζi,j := ζ{i,j} ∈ E

)
(i,j)∈N(2) =: ζ that remain invariant in law under finite permutations of

natural numbers N. Two special cases of E that are important to us are E = [−1, 1] and E =

C[0,∞) with the usual Borel topology. The Aldous-Hoover representation theorem [Ald85,

Hoo79, Hoo82] says that given any exchangeable array as above, there exists a measurable

function f : [0, 1]× [0, 1](2) × [0, 1]→ E such that ζi,j = f (U,Ui, Uj, Ui,j) = f (U,Uj, Ui, Ui,j)

for (i, j) ∈ N(2), where U , (Ui)i∈N,
(
Ui,j = U{i,j}

)
(i,j)∈N(2) are i.i.d. Uni[0, 1] random variables.

The function f is typically not unique. Following [Aus08], we say that ζ is directed by f .

The relationship between exchangeable arrays and graphons follows from the Aldous-

Hoover representation [DJ08]. Assume that ζi,js are real valued and take values in the closed

interval [−1, 1]. An infinite exchangeable array gives rise to a random graphon reminiscent

of the de Finetti representation theorem for exchangeable sequences of random variables.

Although we believe that the following result is well-known, we could not find a statement

to this effect in the literature. However, it inspires our later constructions.

Lemma 6.1. Let ζ ∈ [−1, 1]N
(2)

be an infinite exchangeable array directed by f . Consider

the family of symmetric kernels (wu)u∈[0,1] defined by

wu(x, y) := E[f(u, x, y, V )], u ∈ [0, 1], (x, y) ∈ [0, 1](2), (6.5)
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where the above expectation is with respect to a Uni[0, 1] random variable V . Then, for

u ∈ [0, 1], given {U = u},

lim
n→∞

δ□

(
K
(

(ζi,j = f(u, Ui, Uj, Ui,j))(i,j)∈[n](2)
)
, [wu]

)
= 0, a.s. (6.6)

The proof of Lemma 6.1 is provided in Appendix D.1.

Remark 6.2. As a corollary of the previous result, although the function f is not unique in

the Aldous-Hoover representation, the law of the random graphon [wU ] is indeed unique.

Consider (C[0,∞))N
(2)

with the natural filtration generated by the coordinate process.

Enlarge the filtration by expanding the probability space to accommodate the countably

many i.i.d. Uni[0, 1] random variables (Ui)i∈N and including the sigma algebra generated

by them in the sigma algebra at time zero. Endow this filtered probability space with a

probability measure P∞ that denote the joint law of (Ui)i∈N and that of an independent array

of countably many independent Brownian motions (BMs)
{
Bi,j = B{i,j}

}
(i,j)∈N(2) . Finally we

turn the natural filtration to one that is right-continuous and complete, thereby satisfying the

so-called usual conditions and denote it by F = (Ft)t∈R+
. All our processes will be adapted

to this filtration associated with this set-up. Note that all uniform random variables (Ui)i∈N

are measurable with respect to F0.

We will consider the functions {bn}n∈N to be restrictions of some function b : [−1, 1]×W →
L∞([0, 1](2)

)
, i.e., bn(z, · ) = Mn ◦ b(z, · ) ◦K on Mn for all z ∈ [−1, 1] and all n ∈ N. With

this generalization, we override Assumption 3.1(2) with the following assumption on the drift

function b.

Assumption 6.1. For a.e. (x, y) ∈ [0, 1](2), w1, w2 ∈ W and z1, z2 ∈ [−1, 1], the drift

function b : [−1, 1]×W → L∞([0, 1](2)) satisfies

1. There exists L ∈ R+ such that

sup
w∈W
|b(z1, w)(x, y)− b(z2, w)(x, y)| ≤ L|z1 − z2|.
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2. There exists κ ∈ R+ such that

sup
z∈[−1,1]

∥b(z, w1)− b(z, w2)∥2 ≤ κ∥w1 − w2∥2.

Observe that Assumption 6.1 implies Assumption 3.1(2) for κ22 = 2(L2 + κ2) and that

∥b(z, w)∥∞ ≤ C uniformly over all z ∈ [−1, 1] and w ∈ W .

We construct a diffusion as follows. Let b : [−1, 1] × W → L∞([0, 1](2)
)

be sat-

isfy Assumption 6.1. Given w0 ∈ W , let X :=
(
Xi,j := X{i,j}

)
(i,j)∈N(2) , be the solu-

tion of the following system of SDE taking values in [−1, 1]N
(2)

with the initial condition

(Xi,j(0) = w0(Ui, Uj))(i,j)∈N(2) , and satisfying

dXe(t) = b(Xe(t), γ(t))(Ue) dt+ Σ (γ(t)) (Ue) dBe(t)

+ dL−
e (t)− dL+

e (t),

γ(t)(x, y) := E[X1,2(t) | U1 = x, U2 = y],

(Graphon-MKV)

for e ∈ N(2), (x, y) ∈ [0, 1](2) and t ∈ R+. Here Ue := (Ue(1),Ue(2)
). The processes L−

e and

L+
e are such that (Xe, L

+
e , L

−
e ) solves the Skorokhod problem with respect to [−1, 1] (see

Section 2.4). The kernel valued process γ : R+ → W is adapted to the sigma algebra gen-

erated by the uniform random variables (Ui)i∈N, and the independent BMs (Be)e∈N(2) . Note

that if the solution X of the system of SDEs (Graphon-MKV) exists, then conditioned over

the sigma algebra F0, the coordinate processes of X are all independent but not necessarily

identically distributed.

It is not obvious if an infinite-dimensional stochastic process satisfying (Graphon-MKV)

exists, although it is obvious that such a process, if it exists, will be an infinite exchangeable

array taking values in E = C[0,∞). Under Assumption 6.1 we show that the process (X, γ)

is indeed well-defined. As will be made clear in Proposition 6.3, the limiting object γ is

the counterpart to the measure-valued solution of the McKean-Vlasov equation, while every

Xi,j for (i, j) ∈ N(2) is the counterpart to the non-linear evolution of a randomly chosen

particle evolving in the McKean-Vlasov interacting system. It should be noted that the
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particles in this McKean-Vlasov interaction correspond to the edges of the graphs not the

vertices. The McKean-Vlasov equation here describes how the graphon itself evolves in time

and it is different from the McKean-Vlasov system described in the introduction where the

McKean-Vlasov equation describes the evolution of particles which may possibly depend on

some underlying graphon.

Next, we state Proposition 6.3 that shows the infinite dimensional stochastic process

satisfying equations (Graphon-MKV) indeed exists.

Theorem 6.3 (Existence of the McKean-Vlasov SDE [HOP+22]). Assume that the drift

functions b : [−1, 1]×W → L∞([0, 1](2)
)
satisfies Assumption 6.1, and the diffusion coefficient

function Σ: W → L∞([0, 1](2)
)
is bounded and κ2-Lipschitz in ∥ · ∥2 (Assumption 3.3). Then,

given any kernel w0 ∈ W, there exists a pathwise unique strong solution to the coupled

system (Graphon-MKV) in the following sense. In any probability space supporting countably

many i.i.d. Uni[0, 1] random variables (Ui)i∈N and an independent infinite (symmetric) array

of i.i.d. standard Brownian motions (Bi,j)(i,j)∈N(2), one can construct an infinite exchangeable

array of reflected diffusions (Xi,j)(i,j)∈N(2) that satisfy (Graphon-MKV) and every Xi,j is

pathwise unique.

Moreover, for every t ∈ R+, [γ(t)] can be recovered as the δ□ limit of the sequence of

graphons
([
K
(
(Xi,j(t))(i,j)∈[n]2

)])
n∈N locally uniformly in time. That is, for any t ∈ R+,

lim
n→∞

sup
s∈[0,t]

δ□

([
K
(

(Xe(s))e∈[n](2)
)]
, [γ(s)]

)
= 0, a.s. (6.7)

The proof of Theorem 6.3 is provided in Appendix D.1.1.

Next, in Proposition 6.4 we provide the expression for the velocity of the curve γ in

the special case for the SDE obtained for the projected noisy stochastic gradient descent

algorithm (see Definition 2.2).

Proposition 6.4. Suppose that Σ ≡ β > 0 and b(z, w) = −ϕ(w) where ϕ = DR for the risk

function R (see Chapter 4). Then, the limiting curve γ in Proposition 6.3 has a velocity

γ̇(t) = −ϕ(γ(t))−
[
p
(+1)

β2t (w0, ϕ ◦ γ, β)− p(−1)

β2t (w0, ϕ ◦ γ, β)
]
, (6.8)
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where p
(±1)
s (w0, ϕ ◦ γ, β)(x, y) is the density of the real-valued reflected Brownian motion Z

at ±1, at time s ∈ R+, starting at Z(0) = w0(x, y), satisfying

dZ(s) = − 1

β2
ϕ(γ(s/β2))(x, y) ds+ dB(s) + dL−(s)− dL+(s), s ∈ R+,

where (Z,L+, L−) solves the Skorokhod problem with respect to the set [−1, 1] (see Sec-

tion 2.4).

The proof of Proposition 6.4 is provided in Appendix D.1.

Remark 6.5. Note that the (pointwise) velocity of the curve γ at time t ∈ R+ is not

−(ϕ ◦ γ)(t) when β > 0. That is, γ is not a gradient flow of the function R when β > 0, and

the effect of the boundary {−1, 1}, as seen in (6.8), is qualitatively different from that when

β = 0.

To show that the finite dimensional processes converge as n → ∞, we will need to put

further assumptions on the drift and diffusion functions.

Assumption 6.2. There exists a constant κ□ ∈ R+ such that for all w1, w2 ∈ W , the

drift function b : [−1, 1]×W → L∞([0, 1](2)
)

and the diffusion coefficient function Σ: W →
L∞([0, 1](2)

)
satisfy

sup
(x,y)∈[0,1]2

sup
z∈[−1,1]

|b(z, w1)(x, y)− b(z, w2)(x, y)| ≤ κ□∥w1 − w2∥□, and

sup
(x,y)∈[0,1]2

|Σ(w1)(x, y)− Σ(w2)(x, y)| ≤ κ□∥w1 − w2∥□.

Theorem 6.6 (Convergence [HOP+22]). Assume that the drift functions b : [−1, 1]×W →
L∞([0, 1](2)

)
satisfies Assumption 6.1 and Assumption 6.2, and the diffusion coefficient func-

tion Σ: W → L∞([0, 1](2)
)
is bounded and κ2-Lipschitz in ∥ · ∥2 (Assumption 3.3). Then, for

any sequence of initial kernels
(
w

(n)
0 ∈ Wn

)
n∈N that converges to w0 ∈ W in the L2

(
[0, 1](2)

)
norm ∥ · ∥2, i.e., whenever

lim
n→∞

∥∥∥w(n)
0 − w0

∥∥∥
2

= 0, (6.9)
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the process of random kernels (K(Xn(t)))t∈R+
obtained from solutions of the SDEs (6.1),

converges locally uniformly in the cut norm as n→∞, in probability, to the limiting process

γ : R+ →W, with γ(0) = w0, established in Theorem 6.3.

The proof of the Theorem 6.6 is provided in Appendix D.1. The proof also includes a

non-asymptotic rate of convergence as Remark D.4. We will strengthen the rate later in

Section 6.2.

Remark 6.7. The assumption
∥∥∥w(n)

0 − w0

∥∥∥
2
→ 0 can not be weakened to

∥∥∥w(n)
0 − w0

∥∥∥
□
→ 0

as n → ∞. To see this, take ∇Rn ≡ 0 and Σ ≡ 1 and let w0 ≡ 0. It is clear that γ(t) ≡ 0

for all t ≥ 0.

On the other hand, let ξ be a random variable taking values −1/2 and +1 with prob-

ability 2/3 and 1/3 respectively. And, let w
(n)
0 be the step-kernel corresponding to n × n

symmetric random matrix whose entries (on and above the diagonal) are i.i.d. and has the

same distribution as ξ. Then,
∥∥∥w(n)

0 − w0

∥∥∥
□
→ 0 almost surely. However, in this case, the

coordinates of Xn are i.i.d. (up to the matrix symmetry) and have the same distribution as

an RBM (reflected at ±1) with initial distribution ξ. In particular, K(Xn(t)) converges to

w(t) ≡ E[Xn,1,2(t)]. It is therefore sufficient to show that E[Xn,1,2(t)] is not identically 0 for

a.e. t ∈ R+.

To see this, we argue by contradiction. If E[Xn,1,2(t)] = 0 for all t ≥ 0 then

d
dt E[Xn,1,2(t)] = 0. Using [RY04, Exercise 1.12, pg-407], we obtain that d

dt E[Xn,1,2(t)] =

2
3
(pt(−1

2
) − pt(32)) + 1

3
(pt(2)− 1) ̸= 0, where pt is the standard heat kernel at time t. This

yields a contradiction.

Remark 6.8. We should also remark that arranging for w
(n)
0 such that

∥∥∥w(n)
0 − w0

∥∥∥
2
→ 0

as n → ∞ is not difficult. For any w0 and n ∈ N, let w
(n)
0 be the L2

(
[0, 1](2)

)
projection of

w0 on Wn. Then w
(n)
0 satisfies this condition.

It is worth noting that presence of noise and the boundary {−1, 1} in our problem makes

it non-trivial. To see this, consider (3.1) for a constant function Rn (i.e., ∇Rn ≡ 0) and
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without the local times, say starting at wn,0 ∈ Mn. The solution is a symmetric matrix of

independent Brownian motions. It can be easily checked that, if limn→∞∥wn,0 − w0∥□ = 0,

then limn→∞ supt∈[0,T ]
∥∥X(n)(t)− w0

∥∥
□

= 0 for any finite T > 0. However, if we consider (3.1)

again with ∇Rn ≡ 0 but with reflection at the boundary, the coordinate processes are

independent reflected Brownian motions. In this case the cut limit of X(n)(t) is also the

cut limit of the kernel E
[
X(n)(t)

]
. But reflecting Brownian motions do not have constant

expectations in time due to boundary effect. Hence, the limit of X(n)(t) is not constant in t.

But, if this limit were a gradient flow, it would be a constant.

6.1.2 Scaling limit without added noise

Recall from Section 3.1.1 that when Σn ≡ 0, equation (3.1) reduces to

dXn(t) = −n2∇Rn(Xn(t)) dt+ dL−
n (t)− dL+

n (t), t ∈ R+, Xn(0) = wn,0, (6.10)

such that (Xn, L
+
n , L

−
n ) solves the Skorokhod problem on Mn (see Section 2.4 for details).

Moreover, it is shown in Section 3.1.1 that the solution of (6.10) is the same as the solution

of (6.11) given below. Furthermore, it is shown in Theorem 4.23 and Theorem 4.28 that if

the solution Xn : R+ →Mn of

dXn(t) = −n2∇Rn(Xn(t)) ◦ 1Gn(Xn(t)){ · } dt, t ∈ R+, (6.11)

exists, where Gn(A) is the subset of [n]2 (defined in equation (A.22)), then Xn is a gradient

flow onMn in a suitable sense. Further, it is shown in 4.28 that under reasonable assumptions

on R, the sequence of solutions (Xn)n∈N of equation (6.11) obtained for all natural numbers

n ∈ N, converge to an absolutely continuous curve w : R+ → W (appropriately in the cut

metric (see Definition 2.11)), which is a curve of maximal slope [AGS08] (a.k.a. gradient

flow) of R, as n→∞. This yields the following.

Theorem 6.9. Suppose Assumptions 3.1 and 3.2 hold. Let R be continuous in the cut norm,

and λ-semiconvex with respect to ∥ · ∥2 for some λ ∈ R (see Section 2.3 for definitions). For
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every n ∈ N, let Xn : R+ → Mn be a gradient flow of Rn staring at Xn(0) = wn,0 =

Mn

(
w

(n)
0

)
∈ Wn, and satisfying equation (6.10). If

(
w

(n)
0

)
n∈N converges to w0 ∈ W in the

cut norm, then,

lim
n→∞

sup
s∈[0,T ]

∥K(Xn(s))− w(s)∥□ = 0,

for any T > 0, where w defined as

w(t) := w0 −
∫ t

0

ϕ(w(s))1Gw(s)
{ · },

for t ∈ R+, is the gradient flow for R.

The above theorem shows that the projected stochastic gradient descent algorithm, that

is an explicit Euler scheme, described in Definition 2.2 without the large noise, converges to

a gradient flow on graphons that we developed in Chapter 4 using implicit Euler scheme.

We should mention that our method allows us to also obtain a non-asymptotic rate of

convergence. We refer the reader to Remark D.4 for details. We will strengthen the rate

later in Proposition 6.17.

6.1.3 Examples

In this section we will verify our assumptions for a class of functions introduced as linear

functions in Section 4.6.1. Let {Zi}i∈[n] be i.i.d. Uni[0, 1]. For any kernel w ∈ W and any

n ∈ N, sample a random matrix Gn[w] as Gn[w] := (w(Zi, Zj))(i,j)∈[n](2) ∈ Mn. Let ρn([w])

denote its law, i.e., Law(Gn[w]) = ρn([w]). Now let R : W → R be defined as a linear

function, i.e.,

R(w) :=

∫
Mn

Rn(z)ρn([w])(dz), ∀ w ∈ W ,

Let (Ω,A) be the standard measurable space on [0, 1]n. Let ℓ : W×Ω be the function defined

as

ℓ(w,Z) := Rn

(
(w(Zi, Zj))(i,j)∈[n](2)

)
.
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Let Rn satisfy Assumption 3.1(1) and let R admit a Fréchet-like derivative evaluation

map ϕ : W → L∞([0, 1](2)
)

(see Section 4.6 for conditions). The map ϕ then satisfies

ϕ(w)(x, y) =
∑

(i,j)∈[n]2
E
[
∇Rn

(
(w(Zp, Zq))(p,q)∈[n](2)

) ∣∣∣ (Zi, Zj) = (x, y)
]
, (6.12)

and DWℓ( · ;Z) for Z ∈ [0, 1]n satisfies

(DWℓ( · ;Z))(w)(x, y) =
∑

(i,j)∈[n]2
∇Rn

(
(w(Zp, Zq))(p,q)∈[n](2)

∣∣
(Zi,Zj)=(x,y)

)
, (6.13)

for w ∈ W and (x, y) ∈ [0, 1](2).

Scalar Entropy and Homomorphism density

Examples like the scalar entropy and the homomorphism density functions considered in

Section 4.6, all satisfy Assumption 3.1 for some κ2 ∈ R+ since ∥Hess(Rn)∥op exists and is

bounded uniformly in the domain. Specifically, for homomorphism density function R = TF

for a simple graph F with n vertices and m edges {el}ml=1, the constants κ2 = mn(n−1), and

for scalar entropy R = E , the constant κ2 = 2ϵ−1(1 − ϵ)−1 on its domain Wϵ := {W ∈ W |
ϵ ≤ W ≤ 1 − ϵ} where ϵ ∈ (0, 1/2). Since this implies that there exists M∞ ∈ R+ such

that ∥ϕ(w)∥∞ ≤M∞ for all w in the domain, these example also satisfy Assumption 3.2 for

σ = M∞.

In the following, we define b : [−1, 1] × W → L∞([0, 1](2)
)

as b(w(x, y), w)(x, y) =

−ϕ(w)(x, y) for all w ∈ W and a.e. (x, y) ∈ [0, 1](2). We will now verify Assumption 6.2

when R is the sum of scalar entropy and some homomorphism density TF for a simple graph

F with n vertices and m edges. Note that for this example, we have

b(z, w)(x, y) = log
z

1− z + ϕTF (w)(x, y), z = w(x, y) ∈ [ϵ, 1− ϵ], (6.14)

for a.e. (x, y) ∈ [0, 1](2) where from equation 4.37,

ϕTF (w)(x, y) =
m∑
l=1

E

[
m∏

r=1,r ̸=l

w(Zer)

∣∣∣∣∣ Zel = (x, y)

]

=:
m∑
l=1

tx,y(Fel , w), (x, y) ∈ [0, 1],
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Ze = (Ze(1), Ze(2)) and Fel is the simple graph obtained from F by removing the edge el. It

is shown in Section 4.6.1 that the map w 7→ t(·,·)(Fe, w) continuous as a map from (W , d□)

to
(
L∞([0, 1](2)

)
, d□
)
. To show that ϕTF ( · )(x, y) is Lipschitz in the cut norm for every

(x, y) ∈ [0, 1](2), it is sufficient to show that tx,y(Fe, · ) is Lipschitz in the cut norm for

e ∈ {el}ml=1. For w1, w2 ∈ W , note that

tx,y(Fe, w1)− tx,y(Fe, w2) =
∑

{p,q}∈E(Fe)

Ip,q,

where for any {p, q} ∈ E(Fe),

Ip,q :=

∫
[0,1]n−2

(w1(xp, xq)− w2(xp, xq))
∏

(i,j)∈E(Fe)\{p,q}

w1(xi, xj)
∏

v∈V (Fe)\e

dxv. (6.15)

Following the proof in [Lov12, Lemma 10.24], we get |Ip,q| ≤ ∥w1 − w2∥□, which yields

|tx,y(Fe, w1)− tx,y(Fe, w2)| ≤ (m− 1)∥w1 − w2∥□, (6.16)

i.e., the Lipschitz constant of tx,y(Fe, · ) for every e ∈ E(F ) is m− 1. This implies that the

Lipschitz constant of ϕ( · )(x, y) with respect to ∥ · ∥□ is m(m − 1). Therefore, for b as in

equation (6.14), we have

|b(z, w1)(x, y)− b(z, w2)(x, y)| = |ϕTF (w1)(x, y)− ϕTF (w1)(x, y)|

≤ m(m− 1)∥w1 − w2∥□. (6.17)

Therefore b (as in equation (6.14)) satisfies Assumption 6.2 with κ□ = m(m− 1).

Quadratic functions of homomorphism density

More generally, let k ∈ N and let
{
F 1, . . . , F k

}
be a family of finite simple graphs. Let

c1, . . . , ck ∈ [0, 1] be fixed constants. Define a function R : W → R as

R(w) :=
1

2

k∑
α=1

(TFα(w)− cα)2.

Note that a lower bound on R is achieved if TFα ≡ cα for all α ∈ [k]. We note that R being

a sum of squares of k many functions satisfies Assumption 3.1(2).
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Moreover, let ϕ : W → L∞([0, 1](2)
)

denote the Fréchet-like derivative evaluation map of

R. It follows from chain-rule that

ϕ(w)(x, y) =
k∑

α=1

(TFα(w)− cα)ϕTFα (w)(x, y).

Note that w 7→ ϕTFα (w) satisfies Assumption 3.1(2) with κ2,α = mα(mα − 1) where mα

is the number of edges in Fα. Further note that for any finite graph F and U, V ∈ W we

have |TF (U)− TF (V )| ≤ |E(F )|∥U − V ∥□ ≤ |E(F )|∥U − V ∥2. A simple calculation using

the fact that |(TFα(w)− cα)| ≤ 1 for all w and that ∥ϕTF (w)∥2 ≤ |E(F )|, we obtain that ϕ

satisfies Assumption 3.1(2) with

κ2 ≤
k∑

α=1

(m2
α + κ2,α) ≤ km2,

where m = maxα∈[n]mα.

Similarly, for any edge e in a finite simple graph F , note w 7→ tx,y(Fe, w) is (m − 1)-

Lipschitz in cut norm for every (x, y) ∈ [0, 1](2) and w 7→ TF (w) is m-Lipschitz in cut norm

where m is the number of edges in F . Using the fact that ∥ϕTF (w)∥∞ ≤ m and TF (w) ∈ [0, 1]

for every w ∈ W0, we conclude that ϕ( · )(x, y) is km2-Lipschitz with respect to ∥ · ∥□ for a.e.

(x, y) ∈ [0, 1](2) and hence ϕ satisfies Assumption 6.2.

Entropy minimization with edge-triangle constraints

We conclude with the discussion of the example mentioned in Section 6.1. Recall the problem

of minimizing the scalar entropy E over Ŵ0 with prescribed edge density T−( · ) = e ∈ [0, 1]

and triangle density T△( · ) = τ ∈ [0, 1] (see Section 4.6). As mentioned in [NRS23b], in

general this problem does not admit unique minimizer.

Let us consider a relaxation of this problem. Let ψ : R→ R be a non-decreasing convex

function such that ψ′(− log(2)) =: A > 1. Consider minimizing the function

w 7→ R(w) :=
1

2

(
(T−(w)− e)2 + (T△(w)− τ)2

)
+ ψ(E(w)).
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Since ψ is non-decreasing, minimizing E is equivalent to minimizing ψ ◦ E . On the other

hand, the term 1
2

((T−(w)− e)2 + (T△(w)− τ)2) penalizes any deviation from the marginal

constraint on the edge and triangle densities.

It follows from the previous discussion that w 7→ 1
2
(T−(w) − e)2 + 1

2
(T△(w) − τ)2 is λ-

semiconvex with λ = −8. On the other hand, E is 4-semiconvex and therefore ψ ◦ E is

4A-semiconvex. In particular, if A > 2 then R is strongly convex and hence admits a unique

minimizer and the gradient flow converges exponentially fast to the minimizer of R. In this

case, the gradient flow of R converges exponentially fast to the minimizer.

For instance, take ψ = 4 · id and consider the optimization algorithm described in Def-

inition 2.2. For every n ∈ N, Xn ∈ Mn, and (i, j) ∈ [n](2), we can evaluate gn,(i,j)(Xn; ξ)

as

gn,(i,j)(Xn; ξ) := 4 log

(
Xn(i, j)

1−Xn(i, j)

)
+ (Xn(i1, i2)− e)

+ (Xn(i3, i4)Xn(i4, i5)Xn(i5, i3)− τ)Xn(i, i6)Xn(i6, j),

where ξ = (iz)z∈[6]
i.i.d.∼ Uni([n])6. Notice that Eξ[gn(Xn; ξ)] = ∇Rn(Xn), and Assumption 3.2

is satisfied. Theorem 3.1 and Theorem 6.9 tell us that the (PNSGD) algorithm in the absence

of large noise, converges to the minimizer of R as the step size of the algorithm goes to zero,

and n→∞.

If one takes ψ = id then the function R is not guaranteed to be convex. Therefore,

there may be multiple minimizers of R as mentioned in [NRS23b]. Since R is not strictly

convex, the gradient flow may not converge to the minimizer, however, it does converge to a

stationary point with polynomial rate.

6.1.4 Computational example from Extremal Graph Theory

Following a similar setup as in Section 4.6.4, we simulate the projected noisy SGD algorithm

(see Definition 2.2) with α = 1, n = 256, step size τ = 10−3, Σn ≡ 1/3 from an initial

graphon
[
w

(n)
0

]
∈ Ŵn as shown in Figure 6.1a. Figure 6.1 shows instances of the iterative

process after 105, 2.5× 105, 106, 1.75× 106 and 2.5× 106 many steps.
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(a) w
(256)
0 (b) w

(256)
105

(c) w
(256)
2.5×105

(d) w
(256)
106

(e) w
(256)
1.75×106

(f) w
(256)
2.5×106

Figure 6.1: A noisy stochastic gradient descent simulation over T△ − T−



140

We see in both the Figures 4.2f and 6.1f that after sufficiently many iteration, the ap-

proximate solution is close to the one corresponding to a complete bipartite graph as one

would expect from Mantel’s theorem. Theorem 4.28 and Theorem 6.6 implies that one should

expect similar evolutions for all large values of n.

6.1.5 Evidence of propagation of chaos in DNNs

In this section, we aim to empirically verify the propagation of chaos phenomenon along

the training dynamics of deep neural networks (DNNs). This phenomenon implies that

if we pick fixed and finitely many edges from the graph, then the edge weights tend to

become statistically independent along the process as the size of the graphs increases (see

Theorem 6.6). For this purpose, we consider feed-forward DNNs of the form described in

Section 1.4, shown in Figure 1.3, with b = 5 layers. For generality, we use affine maps instead

of just linear ones. We consider the popularly used ReLU (Rectified Linear Unit) activation

function at each layer, i.e., x 7→ σ(x) = max{0, x} (see equation (1.3)). The loss function ℓ

is the squared error, i.e., ℓ(ŷ, y) = (ŷ− y)2 for all ŷ, y ∈ R, such that the risk function on the

coupled sequence of parameter matrices A becomes Rn(A) := E(X,Y )∼D [ℓ(ŷ(X), Y )] where

D is the data distribution on Rd × {0, 1}. For simplicity, we consider the uniform width

scenario where nk = n ∈ N for all k ∈ [5], i.e., each layer has the same number of neurons.

We consider two popular datasets: CIFAR-10 [KH+09, Chapter 3] and FashionM-

NIST [XRV17]. Both datasets are used to benchmark machine learning algorithms under

various applications. Each dataset contains N = 6×104 images under 10 categories. For our

simulations, each image is vectorized to obtain a d = 3072 (for CIFAR-10) and a d = 784 (for

FashionMNIST) dimensional real-valued vector x ∈ Rd, respectively. Images in the first five

categories are labeled y = 0, and the images in the remaining categories are labeled y = 1.

This gives us 6× 104 instances of (X, Y ) ∼ D, using which we train the DNN.

We train our DNN using the batched SGD algorithm with a batch size B = 10 (i.e.,

taking an average of B unbiased estimates of the gradient of Rn) and a step size sequence τ

of the form (τk = 10−2K−1)k∈Z+
, where K is the number of epochs (number of passes over
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(a) Dataset: FashionMNIST. x-axis: n, y-axis: p-value with interquartile range.

(b) Dataset: CIFAR10. x-axis: n, y-axis: p-value with interquartile range.

Figure 6.2: Evidence of propagation of chaos in DNNs

the training data) and satisfies K = ⌈k/⌈N/B⌉⌉. We run the training process for 40 epochs.

To statistically verify the propagation of chaos phenomenon along the entire training

process, we collect observations after every epoch. A 5-layer DNN contains L − 1 many

n × n matrices that are not directly connected to the input or the output of the DNN (see

Figure 1.3). We independently sample 105 many m × m sub-matrices from each of the 4

hidden layers for m = 2, and statistically test the hypothesis that the m2 random variables

in the sub-matrices are statistically independent. To do this, we use a kernel-based joint

independence test [PBSP18]. We further use a bootstrapping of 200 samples to improve the

estimates used in the hypothesis test.

In the sub-figures in Figure 6.2, we visualize our observations as follows. The plots in
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any sub-figure correspond to the 4 hidden layers of the DNN. In each plot, we vary n, the

width of each layer of the DNN, and plot the statistics of the p-values of the statistical test.

From the setup described above, for each n, we have 40 p-values obtained across the entire

training dynamics, one for each epoch. We plot the average (using a black square marker)

and the interquartile range of the p-values.

For both datasets, we observe that the p-values exceed 0.05 as soon as n becomes mod-

erately large. This suggests that as n grows, we fail to reject the null hypothesis of the

test, which posits that the m2 random variables are statistically independent. Thus, this

empirically validates the phenomenon of propagation of chaos in the parameter matrices of

a feedforward DNN.

6.2 Scaling limits as curve on MVGs via McKean-Vlasov equations

In this section, we will use the topology of MVG (see Chapter 5) to derive the scaling limit of

the processes (Xn)n∈N defined via solutions of SDEs (6.1). We introduce the following general

class of deterministic curves in the space of MVGs described by a stochastic differential

equation (SDE). Suppose we are given a pair of functions

b : [−1, 1]×W→ L∞([0, 1](2)
)
, and Σ: [−1, 1]×W→ L∞([0, 1](2)), (6.18)

where L∞([0, 1](2)) is the set of all functions f : [0, 1](2) → R such that ∥f∥∞ <∞.

Let (Ω,F ,P) be a probability space that supports a standard Brownian motion B and

a pair of independent Uniform[0, 1] random variables U, V . Given W0 ∈ W, consider the

following coupled system (X,W,U, V ) of one-dimensional reflected diffusion X, a curve W

on W and the pair of uniform random variables, such that given (U, V ) = (u, v), the process

X(·) satisfies the initial condition X(0) ∼ W0(u, v) and the SDE

dX(t) = b (X(t),Γ(t)) (u, v) dt+ Σ(X(t),Γ(t))(u, v) dB(t)

+ dL−(t)− dL+(t),

Γ(t)(x, y) := Law(X(t) | (U, V ) = (x, y)), ∀ (x, y) ∈ [0, 1](2),

(MVG-MKV)
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where (X,L+, L−) solves the Skorokhod problem [KLRS07] with respect to [−1, 1] (see Sec-

tion 2.4 for details). The system described by equation (MVG-MKV) will be referred to

as the MVG McKean-Vlasov SDE. Under appropriate assumptions on b and Σ, Proposi-

tion 6.10 shows that the MVSDE admits a pathwise unique solution. Notice that Γ is a

deterministic curve on measure-valued kernels, and thus, on measure-valued graphons. The

similar McKean-Vlasov SDE introduced in Section 6.1.3 in equation Graphon-MKV obtains

convergence only in the sense of graphons and, hence, cannot capture the convergence of gen-

eral exchangeable arrays. However, there is a corresponding deterministic curve on graphons

γ(t) = E[Γ(t)] given by the natural projection map. It is useful to think of γ as capturing

the evolution of macroscopic properties while Γ describing the microscopic properties.

Where do such processes appear? In equation (6.1) we consider a general class of diffusion

on symmetric n× n matrices whose coordinates are exchangeable and are evolving under a

suitable mean-field interaction. In Theorem 6.11 we prove that processes in this general class

have corresponding deterministic limits that are examples of (MVG-MKV). This is natural

since one can spot that (MVG-MKV) is equivalently characterized by an IEA of independent

diffusions satisfying the McKean-Vlasov SDE generated by an i.i.d. sequence of Uniform[0, 1]

random variables. Such diffusions naturally arise in the context of SGD of functions defined

on the space of graphs. For another example, consider the problem of “soft” optimization

described in Section 2.2.2 where, for β > 0, one may wish to consider a Gibbs measure

on Ŵ with a “density” proportional to exp (−βH) for some Hamiltonian H. However, as

there is no canonical measure on the space of graphons, this does not seem feasible. On the

other hand, consider H restricted to the space of n × n graphons Ŵn. By pulling back the

natural map from kernels to graphons and identifying n × n kernels with n × n symmetric

[0, 1]-valued matrices, one can think of H as a function Hn on symmetric matrices, i.e.,

Hn = H ◦ K on Mn,+. One can define a natural Gibbs measure on Mn,+ corresponding

to Hn. A large class of commonly used models fall in this umbrella. See the thesis [Che16]

for a historical development and some beautiful real-world applications. In particular, it

appears in statistical physics models such as the Curie-Weiss models [Che16, Chapter 4], the
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exponential random graph models (ERM) [Che16, Chapter 5]. We may wish to sample from

such a Gibbs measure whether we are trying to find graphs that approximately minimize

the Hamiltonian (i.e., an approximate non-parametric maximum likelihood estimator such

as MCMLE [Che16, Chapter 3.3]) or we are sampling from a Bayesian posterior distribution.

Although Metropolis or the Gibbs sampling algorithms are popular choices to run MCMC

algorithms, their mixing times are generally not known. Another example comes from a series

of works of Radin, Sadun and others [RRS14, NRS20, NRS23a, RS23] on the so-called edge-

triangle model. Their focus is on a typical graphs with a given number of edges and triangles

and to show that they exhibit phase transitions. In [NRS23a, Section 3.1] the authors

construct an MCMC scheme to sample from an edge-triangle model (see Section 6.1.3).

They justify convergence, not theoretically, but empirically. Given a target edge density e

and a triangle density τ , one may easily construct a Hamiltonian that gets minimized when

the edge-density and the triangle densities are e and τ , respectively. Then, sampling from

this Gibbs measure will approximately sample from an edge-triangle model.

In Section 6.2.2 we will show that, for suitable H, satisfying a semiconvexity condition

(Assumption 3.4), the edge density matrix obtained from the Metropolis chain admits limits

that are particular cases of (MVG-MKV). With stricter convexity assumptions we will also

be able to say something about the exponential rate of convergence. In particular, this

is true for all linear combinations of homomorphism functions (see Section 4.6.1). Notice

that given W ∈ W, consider the corresponding kernel w = E[W ] ∈ W[0,1] via the natural

projection. Therefore, any function b0 : [−1, 1] × W →→ L∞([0, 1](2)
)

naturally gives a

function b : [−1, 1] ×W → L∞([0, 1](2)
)

via the pullback b(z,W ) = b0(z, w). Let H be a

Hamiltonian on W that admits a Fréchet-like derivative DH (see Definition 4.18), and fix

a parameter β > 0. The solution to the McKean-Vlasov SDE (MVG-MKV) with the drift

function induced by b0(w) = −βDH(w) and constant Σ ≡ σ is analogous to the Langevin

diffusion on Euclidean spaces. This family of processes arises as the limit of both stochastic

gradient descent on symmetric matrices as well as the following Metropolis chain on the

popular stochastic block models (SBM) [EG18].
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Note that the graphon convergence of (Xn)n∈N as defined in SDE (6.1), comes with a

loss of microscopic information as discussed earlier in Section 6.1. It may be reasonable to

expect that the matrix valued process Xn converges to an IEA as n → ∞ and one should

rather consider the convergence of Xn to a deterministic curve on MVG space. In this section

we accomplish this convergence and do so for a larger class of functions drift and diffusion

coefficient functions than those allowed in Theorem 6.3. This shall allow us to cover a larger

class of functions (risk R or Hamiltonian H). We begin with an illustrative example.

Example 6.1. Let F be the triangle graph where two of its edges are decorated by x 7→ x2,

and the third edge is decorated by x 7→ x. Consider the function R := Td(F, · ). Note that R

restricts naturally to a function Rn : Mn → R as defined in equation (5.4). One can easily

see that ∂ (i,j)Td(F, · )(Xn) = 4
n3

∑n
k=1X

2
n,(i,k)Xn,(k,j) for every (i, j) ∈ [n](2). Let {Bn,e}e∈[n](2)

be a collection of i.i.d. Brownian motions. Consider the following SDE on Mn:

dXn,(i,j)(t) = − 4

n

n∑
k=1

X2
n,(i,k)(t)Xn,(k,j)(t) dt+ dBn,(i,j)(t) + dL−

n,(i,j)(t)− dL+
n,(i,j)(t),

where (i, j) ∈ [n](2) and (X,L+, L−) solves the Skorokhod problem on Mn. The above SDE

can be recovered as a continuous time limit of the PNSGD algorithm defined in Definition 2.2

when we consider Td(F, · ) to be the optimization objective. We remark that the function

R does not satisfy the assumptions of Theorem 6.3 as it is not continuous in the cut-metric

(see [Jan13, Example C.3]). However, the function R does satisfy Assumption 6.3 for b

defined as b(z,W )(x, y) :=

m∑
ℓ=1

E

[
ℓ−1∏
s=1

Γ(Fes ,W )(Zes) · Γ(F ′
eℓ
,W )(Zeℓ) ·

m∏
s=ℓ+1

Γ(Fes ,W )(Zes)

∣∣∣∣∣ Zeℓ = (x, y)

]
,

=:
m∑
ℓ=1

tx,y(∂eℓF,W ), z ∈ [−1, 1],W ∈W, (x, y) ∈ [0, 1](2), (6.19)

where {es}ms=1 is the set of edges of the skeleton of the triangle graph with m = 3 edges,

Ze := (Ze(1), Ze(2)) for an edge e ∈ E(F ) and ∂eF denotes the graph obtained by replacing

the decoration at edge e ∈ E(F ) with its derivative. This can be seen by following a very

similar argument in Section 6.1.3 and Lemma C.3.
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As a consequence of our main result (Theorem 6.11), we will see that the solution of the

SDE onMn as defined above, converges to the solution X to a MVG McKean-Vlasov SDE,

which in this example, takes the form:

dX(t) = −4m2(W )(u, v)m1(W )(u, v) dt+ dB(t) + dL−(t)− dL+(t),

W (t)(x, y) = Law(X(t) | (U, V ) = (x, y)), (x, y) ∈ [0, 1](2), t ∈ R+,

given (U, V ) = (u, v). Here m1 and m2 evaluate the first and second moment graphons as

defined in Example 5.2. This example, naturally extends to all decorated homomorphism

density functions, thereby expanding the scope of Theorem 6.3.

More generally we consider the following family of diffusions on symmetric matrices. For

n ∈ N, let Σn : [−1, 1]×Mn be the restrictions of Σ, i.e., Σr(z,X) = Σ(z,K(X)) and similarly

define bn : [−1, 1]×Mn, where K is defined in Section 5.1.1. In Section 6.1.1, we will discuss

the existence of the solution to SDE (MVG-MKV) and argue the weak convergence of the

sequence of processes (Xn)n∈N to the solution of SDE (MVG-MKV).

6.2.1 Deriving the MVG McKean-Vlasov scaling limit

Recall (MVG-MKV) described in Section 6.2. Following a standard Picard’s itera-

tion argument, as done in Theorem D.3, it can be shown that MVG McKean-Vlasov

SDE (MVG-MKV) admits a pathwise unique solution under appropriate assumptions on

b and Σ. For completeness, we record this as Proposition 6.10 but skip the proof.

Assumption 6.3. Recall the definition of the generalized cut norm, ∥ · ∥■, from Defini-

tion 5.8. Let b,Σ be as in (6.18) and satisfy global Lipschitz conditions, that is, there exists

L, κ■ ∈ R+ such that

sup
W∈W
∥b(z1,W )− b(z2,W )∥∞, sup

W∈W
∥Σ(z1,W )− Σ(z2,W )∥∞ ≤ L|z1 − z2|,

sup
z∈[−1,1]

∥b(z,W1)− b(z,W2)∥∞, sup
z∈[−1,1]

∥Σ(z,W1)− Σ(z,W2)∥∞ ≤ κ■∥W1 −W2∥■,

for all W1,W2 ∈W and z1, z2 ∈ [−1, 1].
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Proposition 6.10. Let b and Σ be as above. Let
(

Ω,F , (Ft)t∈R+
,P
)
be a filtered probability

space satisfying the usual conditions that supports a pair of independent Uniform[0, 1] random

variables U, V (measurable with respect to F0) and a Brownian motion B (adapted to the

filtration (Ft)t∈R+
). Then, for any W0 ∈ W, there exists a pathwise unique strong solution

(X,Γ) to the MVG McKean-Vlasov SDE (MVG-MKV).

In Theorem 6.11 we show that under appropriate assumption on (Xn(0))n∈N, the process

Xn converges, uniformly on compact intervals of time, to a deterministic curve Γ on MVGs

as n→∞. And, this curve Γ is described by the McKean-Vlasov system (MVG-MKV).

Theorem 6.11 ([APST23]). Suppose Assumption 6.3 holds. Let W0 ∈ W and let W be

described by the MVG McKean-Vlasov SDE (MVG-MKV) with initial conditionW (0) = W0.

Let Xn be the solution of equation (6.1) with initial conditions Xn(0) ∈Mn. Suppose that

lim
n→∞

D2(Xn(0),W0) = 0.

Then, for any finite time horizon T > 0, almost surely,

lim
n→∞

sup
t∈[0,T ]

∆■(K(Xn(t)),Γ(t)) = 0. (6.20)

The proof of Theorem 6.11 closely parallels the proof of Theorem 6.6. Therefore, we only

give a sketch of the proof highlighting only the crucial differences. We provide the proof in

Appendix D.2.

Remark 6.12. Note that the proof is stable with respect to small perturbations of drift.

More precisely, suppose bn in (6.1) is replaced by b̃n such that
∥∥∥b̃n − bn∥∥∥

∞
≤ αn for some

αn → 0 as n → ∞. Then, the proof continues to hold and we still obtain the limiting

McKean-Vlasov SDE with the same drift b as in Theorem 6.11.

Remark 6.13. In practice, we are often interested in the functions b and Σ in (6.1) that

are obtained as the pull back of some functions b0,Σ0 defined on [−1, 1] ×W as defined in

Section 6.2. Throughout this remark, we always assume this. It follows from Remark 5.5
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(i.e. by Lipschitzness of Γ 7→ γ = E[Γ]) that under appropriate conditions on the Xn(0),

solution of SDE (6.1) converges, in probability, to a deterministic curve γ on the space of

graphons uniformly on compact time intervals.

Furthermore, note that the McKean-Vlasov equation (MVG-MKV) depends only on

γ(t) = E[Γ(t)]. One can, therefore, say that γ(t) satisfies a graphon McKean-Vlasov SDE

that satisfies on (U, V ) = (u, v)

dX(t) = b0(X(t), γ(t)) + Σ0(X(t), γ(t)) + dL−(t)− dL+(t),

γ(t)(x, y) = E[X(t) | (U, V ) = (x, y)],
t ∈ R+. (6.21)

Thus we recover Theorem 6.6.

We should emphasize the point made in Remark 5.5 once again here. The same IEA gives

rise to both McKean-Vlasov SDEs (MVG-MKV) and (6.21) (i.e., (Graphon-MKV)). The

crucial difference is Xn converging to this IEA in cut-metric is equivalent to only checking the

convergence of homomorphism densities with respect to simple graphs, while Xn converging

to this IEA in MVG is equivalent to the convergence of homomorphism densities with respect

to decorated simple graphs which is a bigger class of test functions.

6.2.2 Convergence of Metropolis chain algorithm to a Gradient flow on Graphons

In this section we will show that the relaxed Metropolis algorithm discussed in Section 2.2.2,

after taking r → ∞ and obtaining the continuous-lime SDE in Theorem 3.4, converges a

McKean-Vlasov SDE description of the form of SDE (MVG-MKV) following Theorem 6.11.

Further, we will show that as σ is taken to 0, the curve γ obtained after projecting Γ on

graphons, is nothing but the gradient flow of the Hamiltonian on the space of graphons.

In Proposition 6.14 we show that, as n→∞, the paths of this process Xn converge to a

deterministic curve on MVG, describe by a McKean-Vlasov SDE (MVG-MKV) with drift b

given by −βDH and Σ ≡ σ. By taking the natural projection from MVG to graphons, this

implies that the paths of q also converge (see Remark 6.15) to a deterministic curve on the

space of graphons in the same scaling limit. Therefore, this deterministic curve on graphons
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can be interpreted as the limiting evolution of the adjacency matrices of the sequence of

graphs G(·) and is parameterized by β > 0 and σ > 0.

Let b0 be as in Definition 3.2. Recall from Remark 3.3 that ∥b0 + βDH∥∞ → 0 as

n → ∞. As an immediate consequence of Theorem 6.11 (see Remark 6.12) we obtain that

the process Xn converges to the McKean-Vlasov SDE defined in (MVG-MKV) with drift

given by −βDH as n → ∞. That is, given a pair of Uni([0, 1]) i.i.d. random variables

(U, V ) and a standard Brownian motion B on some probability space (Ω,G,P), consider the

following SDE conditioned on {(U, V ) = (u, v)},

dX(t) = −βDH(E[Γσ(t)])(u, v) dt+ σ dB(t) + dL(0)(t)− dL(1)(t),

Γσ(t)(x, y) = Law(X(t) | (U, V ) = (x, y)), (x, y) ∈ [0, 1](2),
(6.22)

for t ∈ R+, where
(
X,L(0), L(1)

)
solves the Skorokhod problem with respect to [0, 1] (see

Section 2.4).

Proposition 6.14. Let Xn be a solution of (3.12) with initial condition Xn(0) ∈ Mn,+. If

limn→∞∥K(Xn(0))−W0∥■ = 0, then Xn converges in MVG sense, in probability, uniformly

over compact time intervals, to a deterministic curve Γσ in the space of MVGs as n → ∞.

Moreover, Γσ is described by (6.22) with initial condition W0.

Remark 6.15. Consider the curve γσ in the space of graphons defined as γσ(t) := E[Γσ(t)]

for all t ∈ R+. It follows from Remark 6.13 that the random curves (Xn)n∈N converge in

cut-metric, uniformly on compact intervals of time, to γσ in probability. And, γσ can be

recovered as a solution of a MKV SDE satisfying on {(U, V ) = (u, v)}

dX(t) = −βDH(γσ)(u, v) dt+ σ dB(t) + dL(0)(t)− dL(1)(t),

γσ(t)(x, y) = E[X(t) | (U, V ) = (x, y)], (x, y) ∈ [0, 1](2), t ∈ R+,
(6.23)

where
(
X,L(0), L(1)

)
solves the Skorokhod problem with respect to [0, 1] (see Section 2.4).

When σ = 0, the graphon McKean-Vlasov (6.23) reduces to a deterministic evolution γ

of kernels given by

γ(t)(x, y) = γ(0)(x, y)− β
∫ t

0

DH(γ(s))(x, y)1Gγ(s)
{ · } ds, (6.24)
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for (x, y) ∈ [0, 1](2), t ∈ R+ and initialization γ(0) ∈ W[0,1], where Gu ⊆ [0, 1](2) for any

u ∈ W[0,1] is defined as

Gu :=
{

(x, y) ∈ [0, 1](2)
∣∣ u(x, y) = 1, DH(u)(x, y) < 0

}
∪
{

(x, y) ∈ [0, 1](2)
∣∣ 0 < u(x, y) < 1

}
∪
{

(x, y) ∈ [0, 1](2)
∣∣ u(x, y) = 0, DH(u)(x, y) > 0

}
.

(6.25)

This can be seen by defining L(0) and L(1) as

L(1)(t) := +

∫ t

0

b(γ(s))(u, v)1{γ(s)(u, v) = 1, b(γ(s)) > 0} ds,

L(0)(t) := −
∫ t

0

b(γ(s))(u, v)1{γ(s)(u, v) = 0, b(γ(s)) < 0} ds,

on {(U, V ) = (u, v)}, and observing that the process (X,L(0), L(1)) solves the Skorokhod

problem w.r.t. [0, 1](2) (see Section 2.4). It is clear that γ is a constant factor reparametriza-

tion of gradient flow ofH on the space of graphons. We now show that this is indeed the case,

that is, as σ → 0 the curve γσ converges to γ on the space of graphons under the cut metric,

uniformly over compact intervals of time. To this end, let (Ω,F ,P) be a probability space

equipped with a family of i.i.d. uniform random variables {Ui}i∈N and a collection of inde-

pendent linear BM
{
B(i,j)

}
(i,j)∈N(2) . We can therefore define an IEA Xσ on this probability

space such that

dXσ
(i,j)(t) = −βDH(E[Γσ(t)])(Ui, Uj) dt+ σ dB(i,j)(t) + dL

(0)
(i,j)(t)− dL

(1)
(i,j)(t),

Γσ(t)(x, y) = Law(Xσ
(i,j)(t) | (Ui, Uj) = (x, y)), (x, y) ∈ [0, 1](2),

for t ∈ R+, where
(
Xσ, L(0), L(1)

)
solves the Skorokhod problem with respect to [0, 1] (see

Section 2.4).

Let γ be as defined in (6.24). Recall that γ(t) can be naturally identified with an MVG

Γ(t) defined as Γ(t)(x, y) := δγ(t)(x,y) for (x, y) ∈ [0, 1](2). On the probability space (Ω,F ,P)

we define another IEA given by X(i,j)(t) = w(t)(Ui, Uj) for (i, j) ∈ N(2). Notice that the IEA

X satisfies the McKean-Vlasov SDE given by

dX(i,j)(t) = −βDH(E[Γ(t)])(Ui, Uj) dt+ dL
(0)
(i,j)(t)− dL

(1)
i,j (t),

Γ(t)(x, y) = Law(X(i,j)(t) | (Ui, Uj) = (x, y)), (x, y) ∈ [0, 1](2),
t ∈ R+, (6.26)
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where
(
X,L(0), L(1)

)
solves the Skorokhod problem with respect to [0, 1] (see Section 2.4).

Note that given {Ui}i∈N the IEA X is deterministic. In particular, Γ(t)(x, y) = δγ(t)(x,y) for

a.e. (x, y) ∈ [0, 1](2).

Proposition 6.16. Let γ0 ∈ W[0,1] be a kernel. Let γσ and γ be defined in equation (6.23)

and (6.24). Then, for every finite t > 0, sups∈[0,t]∥γσ(s)− γ(s)∥□ ≤ 2Cσ2t exp(Ct2) for

some universal constant C > 0.

The proof of Proposition 6.16 is provided in Appendix D.2.1.

Notice that the drift is a constant multiple of −DH, the direction of steepest descent ofH.

When σ = 0, it is clear that the limiting curve is a time-reparametrization of the gradient flow

of H onW . Proposition 6.16 shows that, as σ → 0, the family of limiting curves on graphons

converges to a time-changed gradient flow of H. Finally, Proposition 6.18 establishes the

exponential convergence rate of this flow under appropriate convexity conditions on the

Hamiltonian.

6.2.3 Rate of convergence to McKean-Vlasov SDE and to equilibrium

Proposition 6.17 (Non-asymptotic high probability error bound). Let Xσ
n be a solution to

equation (6.1) for Σn ≡ σ. Let the assumptions of Theorem 6.11 and Proposition 6.16 hold.

If the initial condition is i.i.d., then

sup
s∈[0,t]

∥K(Xσ
n (s))− Γ(s)∥2■ ≤ Ctn

−1/56 log3/2 n+ (64n−1/14 + 2Cσ2t)eCβ
2κ2■t

2

, (6.27)

with probability at least 1 − 5n−3/7 − tn− 2
7κ2t . Here Γ(s)(x, y) = δγ(s)(x,y) for a.e. (x, y) ∈

[0, 1](2), and s ∈ R+ following equation (6.23); and κ = 32
√

6(L2 + 2κ2■)
1/2

.

The proof of Proposition 6.17 is provided in Appendix D.2.1.

Proposition 6.18 (Convergence McKean-Vlasov (6.24) to equilibrium when σ = 0). Let H
be δ□-lower semicontinuous and satisfy Assumption 3.4 with λ ≥ 0 and L ∈ [λ,∞) ∪ {∞}.
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Let γ be the graphon valued curve as defined in (6.24). Let γ∗ ∈ Ŵ[0,1] be a minimizer of H,
then

H(γ(t))−H(γ∗) ≤
δ22(γ(0), γ∗)

2βt
, t ∈ R+. (6.28)

Moreover, if λ > 0 and L <∞ and γ∗ ∈ Ŵ[0,1] is the unique minimizer of the strongly convex

function H, then for t ∈ R+,

δ2(γ(t), γ∗) ≤ e−βλtδ2(γ(0), γ∗), H(γ(t))−H(γ∗) ≤
L

2
e−2βλtδ22(γ(0), γ∗). (6.29)

The proof of Proposition 6.18 is provided in Appendix D.2.1.

When H is a linear combinations of homomorphism densities, it is only semiconvex.

However, one may regularize H by adding a large enough multiple of scalar entropy to make

it strictly convex (see Section 4.6) and satisfy the conditions for exponential convergence in

Proposition 6.18.

6.2.4 Computational example from Extremal Graph Theory

To illustrate our results in this chapter, we give a concrete example with numerical simula-

tions. To motivate our example again from Section 4.6.4 and Section 6.1.4, we first recall the

celebrated Mantel’s theorem [Man07] from extremal graph theory. It states that the maxi-

mum number of edges in an n-vertex triangle-free graph is n2/4. Further, any Hamiltonian

graph with at least n2/4 edges must either be the complete bipartite graph Kn/2,n/2 or it must

be pancyclic [Bon71]. One may attempt to computationally verify this theorem by consider-

ing a “softer” version of the problem. That is, consider the Hamiltonian H( · ) := T△ − αT−
for sufficiently small α > 0. Here △ and − are the triangle and the edge graphs respec-

tively. Recall that the homomorphism density function TF of simple graph F , defined over

unweighted graphs, simply computes the density of the simple graph F in the unweighted

graph. Thus, minimizingH can be roughly thought of as an attempt to minimize the number

of triangles in a graph while simultaneously maximizing the number of edges. The linear

combinations of homomorphism densities also appear in the study of exponential random
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graph models (ERGMs) which is usually defined as a probability measure on finite graphs

with density proportional to exp (−H) where H is a linear combination of homomorphism

density function [CV11]. Hence, in either case the behavior of the Metropolis algorithm to

simulate samples from the Gibbs measure is of interest.

We simulate the relaxed Metropolis chain sampling algorithm forH with α = 1/4, n = 16,

r = 16, σ = 1, γr = 1/4r and β = 1/4. In particular, H( · ) := T△ − 1
4
T−. The Fréchet-like

derivative of the Hamiltonian is given by DH(γ)(x, y) = 3
∫
[0,1]

γ(x, z)γ(z, y) dz − 1/4, for

(x, y) ∈ [0, 1](2), which is an affine transformation of the homomorphism density of 2-stars

in the graphon.

The limit of the adjacency matrix process of the relaxed Metropolis chain (see Sec-

tion 2.2.2) as r → ∞, followed by n → ∞, and finally σ → 0, is given by the a curve

γ : R+ →W[0,1] given by

γ(t)(x, y) = γ(0)(x, y)− β
∫ t

0

DH(γ(s))(x, y)1Gγ(s)
{} ds, (x, y) ∈ [0, 1](2), (6.30)

where the starting point γ(0) ∈ W[0,1] is the L2-limit of the community edge density kernel of

the initialization of the Metropolis chain as n→∞. The set function Gu for any u ∈ W[0,1],

defined in equation (6.25), ensures that the velocity field does not point outside the domain

of W when any coordinate of the flow hits the boundary [0, 1].

Since the drift is a constant multiple the Fréchet-like derivative of H, the curve γ is a

time reparametrization of the gradient flow of H. In Figure 6.3 we see that the iteration

sequence of the MCMC chain has a close resemblance with the curves shown in Figure 4.2

and Figure 6.1 which are forward Euler discretizations of the gradient flow of H on
(
Ŵ , δ2

)
.

After sufficiently many iterations, we see that the community density kernel corresponding

to the graph G
(n)

r,3.7×105 is close to the graph the one corresponding to a complete bipartite

graph as one would expect from Mantel’s theorem.

In Proposition 6.18 we show that if the Hamiltonian is strongly convex, the curve γ con-

verges to the minimizer of H with an exponential rate. Homomorphism density functions, al-

though semiconvex, are not generally strongly convex. To remedy, one may add to the Hamil-
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(a) G(0) (b) G(3.5× 102) (c) G(9.3× 102)

(d) G(2.0× 104) (e) G(1.0× 105) (f) G(3.7× 105)

Figure 6.3: A relaxed Metropolis chain algorithm simulation for H = T△ − 1
4
T−.
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tonian a multiple of the scalar entropy function (see Section 4.6) that makes it strongly convex

enough to guarantee an exponential rate of convergence. That is, for ν > 0 large enough, the

following new Hamiltonian Hν defined as Hν(γ) := T△(γ)− 1
4
T−(γ)+ν

∫
[0,1]2

h(γ(x, y)) dx dy,

where h(p) = p log p+ (1− p) log(1− p) for p ∈ (0, 1) and zero if p ∈ {0, 1}, is strongly con-

vex and the corresponding gradient flow curve converges exponentially fast. In fact, in this

particular example, Hν as defined above is strongly convex for any ν > 9/2. In particular,

if we set ν = 5, following Proposition 6.18, we obtain an exponential rate of convergence

to the minimizer with rate βλ with respect to the δ2 metric, where the semiconvexity con-

stant λ > ν − 9/2 = 1/2. However, to compare our current simulation in Section 4.6.4 and

Section 6.1.4, we do not add the entropy regularization here.

6.3 Scaling limits of iterated products of matrices as curves on IEAs

We introduced the class of iterative algorithms of the multiplicative type in Chapter 2.2.3

and derived the continuous-time limit of iterated products of matrices in Chapter 3.3 for a

fixed dimension. In this section of the chapter we are interested in taking the dimension of

the obtained matrix-valued process to infinity.

To recall, the iterated product of matrices at iteration ⌊mt⌋ for any t ∈ R+ is

Pn,m(t) :=

⌊mt⌋∏
k=1

(
In +X

(m)
n,k

)
, X

(n)
n,k :=

µn
m
M

(m)
n,k +

σn√
m
G

(m)
n,k . (6.31)

where E
[
M

(m)
n,k

]
= A

(m)
n,k and G

(m)
n,k is an independent matrix with entries i.i.d. as N(0, 1) for

every k ∈ [m]. Following Theorem 3.8, for every fixed n ∈ N we have that as m → ∞, the

sequence of curves (Pn,m)m∈N converges uniformly over compact time intervals to the curve

Texp[Yn], where

Yn(t) = µn

∫ t

0

An(s) ds+ σnBn(t), t ∈ R+,

where Bn is an n× n matrix with i.i.d. Brownian motions coordinates.

It makes sense to consider the limit of Texp[Yn] for a suitable class of semimartingale as

n → ∞. This raises an immediate question – namely, in what sense do we take limits of
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(curves of) n× n matrices as n→∞?

We will return to this question, but before that let us remark that the scaling µn in

equation (6.31) becomes important here. To make things easier to analyze, let us drop the

σn term and consider the iterated product where M
(m)
n,k = An ∈Mn for every k ∈ [m], m ∈ N

and n ∈ N. Here, as m → ∞, the product Pn,m in equation (6.31) converges to eAn . Note

that the coordinates of eAn are of the order O(en), if the entries of An are O(1). This forces

us to choose a suitable scaling µn. For instance, if we consider the µn = n−1 in dimension,

then eAn/n = In+O(n−1) for large n ∈ N. Thus, the entrywise limit of eAn/n becomes trivial.

Therefore, a more natural object to consider is nEn where En := eAn/n− In. And, indeed the

entries of nEn remain bounded as n→∞ – and therefore, one can hope to take the limit of

nEn in some sense as n → ∞. It is also instructive to consider the case when
(
M

(m)
n,k

)
k∈[m]

are the same matrices Gn with entries, say, i.i.d. N(0, 1) for all m ∈ N and n ∈ N. In this

case, one can see that nEn = Gn +O
(
1
n

)
. Therefore, it may have a non-trivial limit.

Now, we come to meaning of limit as we increase the dimensionality of the matrices.

Consider the case in the above paragraph, that is, where
(
M

(m)
n,k

)
k∈[m]

are the same matrices

Gn with entries i.i.d. N(0, 1) for all m ∈ N and n ∈ N, and consider the matrix nEn =

n
(
eGn/n − In

)
= Gn + O( 1

n
). Intuitively, it makes sense to say that, as n → ∞, the matrix

nEn converges to an ‘infinite matrix’ or more precisely to an infinite exchangeable array

(IEA) whose entries are i.i.d. Gaussian (see Section 2.6 for definition and details). We can

now define a notion of limit of a sequence of matrices (Xn ∈Mn)n∈N as n → ∞. We say

that (Xn)n∈N converges to an IEA X if for every r ∈ N, the r × r exchangeable matrix

Xn{r} := (Xn(ni, nj))(i,j)∈[r]2 where n1, . . . , nr is chosen uniformly at random from all r-

subsets of [n] converges weakly to X[r] := (Xe)e∈[r]2 .

Now let M
(m)
n,k = 0 and let G

(m)
n,k = Gn be a matrix with i.i.d. N(0, 1) coordinates for every

k ∈ [m], m ∈ N and n ∈ N. Let σn = n−1/2 and consider n1/2En where En := eGn/
√
n − In.

Notice that, in this case, because of the Central Limit Theorem (CLT), the coordinates of

1
n(k−1)/2G

k
n are O(1). In particular, the coordinates of n1/2En =

∑∞
k=1

1
k!
n−(k−1)/2Gk

n remain

O(1) as n → ∞. Therefore, one may expect a non-trivial limit for
(
n1/2En

)
n∈N even with
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this scaling. In other words,
(
n1/2En

)
n∈N converges to an IEA with i.i.d. entries with zero

mean and O(1) variance. In the view of Theorem 3.8, the goal of this section is to consider

the limits of Texp[Yn] – with suitable scaling and centering – for a semimartingale Yn(t) =

µn
∫ t
0
An(s) ds+ σnBn(t), t ∈ [0, 1].

6.3.1 Choice of scaling

In this section, extending the arguments done above, we will argue about the possible interest-

ing choices of scalings of µn and σn. To continue, we need some definitions and notations. Un-

like defined in Section 2.5, in this section we consider a kernel w to be a measurable function

w : [0, 1]2 → R that is square integrable. Let (Ui)i∈N be a collection of i.i.d. Uni([0, 1]) ran-

dom variables and let w be a kernel. Just as defined in Definition 2.9, we can construct a r×r
exchangeable matrix w{r} := (W (Ui, Uj))(i,j)∈[r]2 and an IEA w{∞} := (w(Ui, Uj))(i,j)∈N2 . If

Xn is a n × n matrix, we will write Xn{r} for K(Xn){r}. Finally, for two kernels u, v, we

define the kernel u⊙ v as (u⊙ v)(x, y) :=
∫ 1

0
u(x, z)v(z, y) dz for a.e. (x, y) ∈ [0, 1]2.

Let u : t 7→
∫ t
0
w(s) ds be an absolutely continuous curve of kernels. We can extend the

definition of Jk for k ∈ N to the kernels by setting

Jk(u)(t) :=

∫
∆k(t)

w(sk)⊙ w(sk−1)⊙ w(s1) · dsk · · · ds1,

and similarly define

Γ(u)(t) :=
∞∑
k=1

Jk(u)(t). (6.32)

Let us now try to make sense of the limit of Texp[Yn] when σn = n−1/2 and An ≡ 0.

Example 6.2. Consider the semi-martingale Yn = Bn√
n
, where Bn is a matrix whose coordi-

nates are i.i.d. BMs. Let us look at Texp[Yn]. It is instructive to consider the case when

n = 1, that is, let B be a standard BM. Note that

Jk(B)(t) =

∫ t

0

dB(sk)

∫ sk

0

dB(sk−1) . . .

∫ s2

0

dB(s1), t ∈ [0, 1].
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It is well-known that Jk(B)(t) = 1
k!
Hk(B(t)) for every t ∈ R+, where Hk is the k-th Hermite

polynomial [RY04, Proposition 3.8]. It follows that Texp[B](t) = exp
(
Bt − t

2

)
for every

t ∈ R+.

Now consider the case n > 1. Fix k ∈ N and fix coordinates (i, j) ∈ [n]2. Note that for

Jk

(
Bn√
n

)
(t)(i, j) =

1

n1/2
· 1

n(k−1)/2

∑
α∈[n]k−1

Uα,k(t),

where if α = (i1, . . . , ik−1) ∈ [n]k−1, then

Uα,k(t) =

∫ t

0

dB(sk)(i, ik−1)

∫ sk

0

dB(sk−1)(ik−1, ik−2) . . .

∫ s2

0

dB(s1)(i1, j).

Notice that (Uα,k(t))α∈[n]k−1 are i.i.d. random variables with distribution 1
k!
Hk(B(t)) where

Hk is k-th Hermite polynomial. Moreover, Uα,k and Uβ,k are independent for α ̸= β. There-

fore, for every (i, j) ∈ [n]2,
√
nJk

(
Bn√
n

)
(t)(i, j) is again a Gaussian with variance tk

k!
since

Var
[
1
k!
Hk(B(t))

]
= tk

k!
. Moreover, observe that Jk

(
Bn√
n

)
(t)(i, j) and Jk

(
Bn√
n

)
(t)(k, l) are in-

dependent if (i, j) ̸= (k, l).

It follows that Texp[Yn](t) converges an IEA I∞ as n → ∞ where I∞(i, j) := 1{i = j}
for all (i, j) ∈ N2. Noting that

{
n1/2Jk

(
Bn√
n

)
(i, j)

}
k∈N

is a collection of independent random

variables for every (i, j) ∈ [n]2, we conclude that every fixed coordinate of n1/2En, where

En(t) := Texp[Yn](t)− In converges to a Gaussian random variable with mean 0 and variance

(et−1) as n→∞. As the coordinates of n1/2En are independent, it follows that
(
n1/2En

)
n∈N

converges to an infinite exchangeable array where each coordinate is a time-changed BM.

Therefore, for large n, we see that Texp[Yn] ≈ In + 1√
n
Bn(et − 1) in law.

Now let us now try to make sense of the limit of Texp[Yn] when µn = n−1 and there is

no diffusion term Bn.

Example 6.3. Let t 7→ Yn(t) = 1
n

∫ t
0
An(s) ds be an absolutely continuous curve. Notice

that

K(Jk(Yn)(t)) =
1

n
Jk(K(Yn))(t), k ∈ N.
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Let En := Texp[Yn](t) − In. Suppose that there exists some curve of kernels t 7→ w(t) such

that sups∈[0,t]∥K(An(s))− w(s)∥2 → 0 as n→∞. Then, t 7→ nK(Jk(Yn)(t)) = Jk(K(Yn)(t))

also uniformly converges in L2([0, 1]2) norm to Jk(w). In particular, nK(Jk(Yn)(t)) con-

verges to Jk(u)(t). Therefore, we get that K(nEn)(U1, U2) converges – in probability – to

Γ(u)(t)(U1, U2) where Γ(u)(t) is the kernel Γ(u)(t) :=
∑∞

k=1 Jk(u)(t).

Notice, however, that K(nEn)(U1, U2) is a random coordinate of nEn. More generally, it

follows that if {Ui}i∈N is a collection of i.i.d. Uni[0, 1] random variable and r ∈ N is fixed,

then r × r random submatrix (nEn)[r] of nEn converges – in probability – to r × r matrix

Γ(u)(t){r}. In other words, (nEn)n∈N converges to IEA X defined as X(t) = Γ(u)(t){∞} as

n→∞.

Remark 6.19 (Possible choices of µn and σn). Notice the difference in the scaling of n× n
matrices in Example 6.2 and Example 6.3. In Example 6.3 if we consider Yn = 1√

n

∫ t
0
An(s) ds,

then as n → ∞ the coordinates of Jk(Yn)(t) blow up for k ≥ 2 while the coordinates of

J1(Yn)(t) are going to 0. The 1
n

scaling in this case therefore is necessary. On the other

hand, in Example 6.2 if we rather consider Yn := Bn

n
then

(
n1/2En

)
n∈N will converge to the

zero IEA, while (nEn)n∈N converges to IEA whose coordinates are independent BM. This

explains our choice of µn = σn = 1
n

and µn = σ2
n = 1

n
as mentioned in the beginning of this

section.

6.3.2 Deriving the IEA scaling limit

With the choices of the interesting and non-trivial scalings discussed in Section 6.3.1, we are

now ready to state the main result of this section.

Theorem 6.20 (IEA convergence [STH+24]). Let An be a continuous curve of n×n matrices

and let Yn be aMn-valued semimartingale such that

dYn(t) = µnAn(t) dt+ σn dBn(t),
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and define En(t) := Texp[Yn](t)− In for t ∈ [0, 1]. Let w ∈ C([0, 1], L2([0, 1]2)) satisfy

lim
n→∞

sup
s∈[0,t]

∥K(An)(s)− w(s)∥2 = 0, t ∈ [0, 1].

Define u : t 7→ u(t) :=
∫ t
0
w(s) ds. Then the following statements hold true.

1. If µn = σn = n−1, then nEn(t) converges, as n→∞, to an IEA X satisfying

X(t) = Γ(u)(t){∞}+B∞(t), t ∈ [0, 1],

where B∞ is an IEA with i.i.d. Brownian motion coordinates and is independent of

Γ(u){∞}.

2. If µn = σ2
n = n−1, then

n1/2En = n1/2(Texp[σnBn]− In) +O
(
n−1/2

)
,

and it converges, as n→∞, to an IEA X satisfying

X(t) = B∞(et − 1), t ∈ [0, 1].

3. If µn = σ2
n = n−1, then

n1/2
(
n1/2En − n1/2(Texp[σnBn]− In)

)
,

converges, as n→∞, to an IEA X satisfying

X(t) = Γ(u)(t){∞}+ Z(t), t ∈ [0, 1],

where Z is an zero mean IEA with explicit covariance described in the proof.

The proof of Theorem 6.20 is provided in Appendix D.3.1.

Notice that limiting IEA in case 2 in above theorem is independent of the the limiting

curve of kernels w. In other words, the limit is trivial in some sense. It makes sense to do

another centering and scaling to obtain a non-trivial limit in this case – that is what we do

in case 3 in the above theorem.
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Remark 6.21 (IEA approximation). Following Theorem 6.20, we can infer the following

law approximations when n ∈ N is large.

1. When µn = σn = n−1, we have that

Texp[Yn](t) = In +
1

n
Γ(u)(t){n}+

1

n
Bn(t) +

1

n
En(t),

where the coordinates of En(t) have O(1/n) variance.

2. When µn = σ2
n = n−1, we have

Texp[Yn](t) = In +
1

n
Γ(u)(t){n}+

1√
n
Bn(et − 1) +

1

n
Zn(t) +

1

n
En(t),

where once again En(t) has entrywise variance of order O( 1
n
) and Zn(t) has Gaussian

entries with explicit covariance that is non-zero only for elements in the same row of

same column.

Remark 6.22. Following Remark 6.21, let h0 ∈ Rn and let ht := Texp[Yn](t)h0 for t ∈ R+.

1. When µn = σn = n−1, it is easy to show (see Appendix D.3.2) that the coordinates of

1
n
Bn(t)h0 are i.i.d. Gaussian with variance n−2∥h0∥22, while the coordinates of 1

n
En(t)h0

are also Gaussian with variance of the same order O
(
n−2∥h0∥22

)
. In particular, for large

n, we have the following approximation for ht

ht ≈ h0 +
1

n
Γ(u)(t){n}h0 +O

(
n−1∥h0∥2

)
,

where the above error in the approximation is coordinatewise. We also see that the

coordinates of h0 + 1
n
Γ(u)(t){n}h0 are O

(
eCt∥h0∥2

)
.

2. When µn = σ2
n = n−1, similar to the previous case, we obtain

ht = h0 +
1

n
Γ(u)(t){n}h0 +

1√
n
Bn(et − 1)h0 +

1

n
Zn(t)h0 +

1

n
En(t)h0,

where En(t) has Gaussian coordinates with variance O(1/n). In particular, just like

the previous case the entries of 1
n
En(t)h0 have variance of order O(n−2∥h0∥22). However,
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unlike the previous case, we notice that the coordinates of 1√
n
Bn(et−1)h0 are i.i.d. mean

0 Gaussian with variance (et − 1)∥h0∥22. And, similarly, the coordinates of 1
n
Zn(t)h0

are zero mean Gaussians with variance and covariance between its coordinates growing

with t. This yields, the following approximation of ht for large n,

ht ≈ h0 +
1

n
Γ(u)(t){n}h0 +

√
et − 1∥h0∥2ξ + ∥h0∥2ηt +O

(
n−1∥h0∥2

)
,

where ξ ∈ Rn is a vector of i.i.d. standard Gaussian random variables and ηt

is also a vector of Gaussian with each coordinate having variance of the order

O
(
(eCt − 1)2 + C2t4e2Ct

)
and absolute covariance between its coordinates of the order

O
(
C2t4e2Ct

)
. As previously, the approximation error O(n−1∥h0∥2) is coordinatewise

and we once again note that the coordinates of h0 + 1
n
Γ(U)(t){n}h0 are O

(
eCt∥h0∥2

)
.

The moral of the above discussion is that in the first case, we can approximate ht as h0 +

1
n
Γ(U)(t){n}h0 up to a vanishing error. In the second case, we still have the approximation

of ht as h0 + 1
n
Γ(u)(t){n}h0 plus a mean zero Gaussian noise. The signal has a magnitude

of Θ
(
eCt
)
. For t = o(1), noise is of the order O(Ct) with correlation of the order O(Ct2).

For t = Ω(1), the noise is of the order Θ
(
(1 + Ct2)eCt

)
, and the absolute correlation is of

the order Θ
(

O(C2t4)
1+O(C2t4)

)
. This manifests itself via the fact that the noise has a variance that

is non-vanishing in dimension – but the noise in each coordinate can be described explicitly.

6.3.3 Deriving the operator scaling limit

Another closely related notion of convergence is the convergence in the sense of operators.

Let W be a bounded kernel. One can associate with w a Hilbert-Schmidt integral operator

Tw on L2([0, 1]) as

(Twf)(x) :=

∫ 1

0

w(x, y)f(y) dy, f ∈ L2([0, 1]), x ∈ [0, 1].

Using the correspondence between An and K(An), we can therefore, asso-

ciate a Hilbert-Schmidt operator with every An ∈ Mn. Let L2
n([0, 1]) :=
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{f ∈ L2([0, 1]) | f is constant a.e. on (i− 1/n, i/n]}. Note that L2
n is a linear subspace.

Let Pn be the projection operator on L2
n([0, 1]2). Note that Pn is the integral operator

corresponding to the kernel nK(In) where In is the n × n identity matrix. Note that for

any An ∈ Mn, the operator TK(An) on L2([0, 1]) and TK(An) commutes with Pn. Recall

that a sequence of operators (Tn)n∈N on L2 are said to converge to T , in strong sense, if

∥Tnf − Tf∥2 → 0 for every f ∈ L2([0, 1]). Naturally, we say that (An ∈Mn)n∈N converges

to an operator T on L2([0, 1]2) if
(
TK(An)

)
n∈N converges to T in strong sense. Note that

even if
(
TK(An)

)
n∈N converges to some operator T , the limiting operator T need not be

a Hilbert-Schmidt operator. For example, An := nIn converges (in the above sense)

to the identity operator idL2([0,1]) on L2([0, 1]) which is not compact and hence not a

Hilbert-Schmidt operator. Another important observation to make is that if An, Bn ∈ Mn

then TK(An)TK(Bn) = TK(An)·K(Bn) = TK( 1
n
AnBn). Notice that if (An ∈Mn)n∈N is a sequence

of symmetric matrices and (K(An))n∈N converges in L2([0, 1]2) to a symmetric kernel W ,

then neAn/n converges to eTW where eT is the exponential of self-adjoint compact operator

defined via functional calculus.

Theorem 6.23 (Operator convergence [STH+24]). For every n ∈ N, let Yn be a semi-

martingale such that dYn(t) = µnAn(t) dt + σn dBn(t), where An is continuous. Set

En := Texp[Yn] − In. Suppose that (An)n∈N converges to a curve of operators T uniformly

on compact intervals of time. Let sups∈[0,t]∥T (s)∥op ≤ Ct for every t ∈ [0, 1]. Then, the

following statements hold as n→∞:

1. If µn = σn = 1
n
, then nEn converges in operator norm to the curve of operator, TΓ(u),

uniformly over compact subsets of time.

2. If µn = σ2
n = 1

n
, then n1/2En converges in operator norm to the constant curve of zero

operator, uniformly over compact subsets of time.

3. If µn = σ2
n = 1

n
, then n1/2

(
n1/2En − n1/2(Texp[σnBn]− In)

)
converges in operator norm

to the curve of operator TΓ(u), uniformly over compact subsets of time.
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The proof of Theorem 6.23 is provided in Appendix D.3.2.

If t 7→ K(An)(t) converges to a curve of kernels w in the cut metric, uniformly over

compact subsets of time t as n → ∞, then An converges to operators t 7→ T (t) := Tw(t)

over compact intervals of t as n → ∞ [Lov12, Lemma 8.12], i.e.,
∥∥TK(An)(t)− Tw(t)

∥∥
op
≤

∥K(An)(t)− w(t)∥1/4□ . Combining this with the fact that TK(nIn) converges – in strong topol-

ogy – to idL2([0,1]) as n→∞. Thus, we obtain the following corollary of Theorem 6.23.

Corollary 6.24. Let Yn be as in Theorem 6.23. Assume that K(An) converges in the cut-

norm to a continuous curve of kernels W as n→∞. Then the following hold as n→∞.

1. If µn = σn = 1
n
, then nTexp[Yn] converges in – strong topology – to Texp[Tu](t), where

Tu(t) :=
∫ t
0
Tw(s) ds.

2. If µn = σ2
n = 1

n
, then nTexp[Yn] converges in – strong topology – to the identity operator

idL2([0,1]) on L
2([0, 1]).

In Chapter 7, we will use the results obtained in this section to argue how the application

of the iterated product of matrices acts on an initial state vector. We will show that this

setup provides us with enough machinery to understand how neurons in a linear residual

neural network evolve across the depth of the network for every input as both the depth (m)

and the width (n) of the network go to infinity. This viewpoint will allow us to formulate a

control problem for the risk minimization problem of the infinite network.

6.4 Conclusion

Through each subsection of this chapter, we reach the scaling limit characterizations of the

three classes of algorithms detailed in Section 2.2. The overarching philosophy and advan-

tage of these scaling limits is to establish a framework of well-defined mathematical tools

and principles applicable to problems in optimization, sampling, and large-scale computation

that involve complex mean-field interactions. The reader will observe that the permutation
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symmetry in two-dimensional exchangeable systems enables us to describe their scaling lim-

its in terms of objects (and their corresponding curves) across a hierarchy of mathematical

constructs - namely, graphons, measure-valued graphons, and exchangeable arrays. Depend-

ing on the level of detail required for a given application, the appropriate level of description

will suffice to draw conclusions from the scaling limit. With this theoretical exposition, in

Chapter 7, we will set up a simple machine learning application in which the scaling limits

derived in Section 6.3, in terms of exchangeable arrays and graphons, will be of relevance.
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Chapter 7

SCALING LIMIT OF LARGE LINEAR RESIDUAL
NETWORKS

In this chapter, we investigate the dynamics of input data as it propagates through the

layers of a linear residual network, characterized by random weight matrices. The transfor-

mation of an input data point through the network layers can be modeled as an application

of iterated products of matrices where each matrix is the linear transformation corresponding

to the network weights. By examining the asymptotics of iterated products of random ma-

trices under depth maximal update parameterization, following Theorem 3.8 we establish a

scaling limit for these products which can be described via a non-commutative exponential of

a matrix-valued stochastic process (see Definition 3.5). Extending this analysis to networks

where both width and depth approach infinity, in Theorem 7.1, we demonstrate that the

neurons become independent, described by a Gaussian process whose mean and variance are

explicitly linked to the network weights. This framework simplifies the evolution of neurons,

leading to the phenomenon of propagation of chaos, where neuron interactions diminish, and

they behave independently in the limit.

In Section 7.1, we introduce the problem in the context of the popular scalings used to

initialize neural networks. In Section 7.2, we provide the setup and discuss the implications

of scaling the depth and width of the network. In Section 7.3, we present the main results of

this chapter, followed by a discussion of related work on the scaling limits of infinite depth

networks. In Section 7.4, we support our theoretical results with numerical simulations,

demonstrating a fine agreement. Finally, in Chapter 7.6, we discuss the potential directions

for future research and some limitations of our work.
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7.1 Introduction

Over the decades, deep learning has garnered significant interest in machine learning, mainly

due to its recent empirical successes. Increasing the number of parameters by increasing

the width and depth of neural networks has consistently led to notable improvements in

model performance [KMH+20, HBM+22, ZKHB22, KH23]. The probabilistic, statistical,

and optimization behavior of deep networks has been analyzed under various asymptotic

setups, infinite width, infinite depth, and both [PC21, AK22].

As the size of a network increases, it is crucial to select a suitable scale-free pa-

rameterization that allows one to take the width and depth limits. Previous research

has characterized such scaling limits for networks with increasing widths and increasing

depths [YYZH24, BNL+24]. This scaling is known as the depth maximal update parameter-

ization, or simply Depth-µP. This scaling has been shown to support stable and non-trivial

feature learning [YYZH24]. The key to such parametrization is to have network of various

sizes converge to a well-defined limit and maintain the same rate of feature learning, thereby

allowing ease of hyperparameter transfer and a consistent interpretability.

We focus on the Depth-µP scaling and aim to investigate how neuron preactivations

evolve along the depth of a fixed network as both the depth and the width approach infinity.

Specifically, we examine residual neural networks with linear activations and aim to charac-

terize the evolution of neurons as they propagate from the input layer to the output layer

for a given set of weight matrices.

This scaling limit description of wide and deep neural networks has been extensively

studied at the network’s initialization, where the weights are initialized with i.i.d. samples

from the standard normal distribution [HN20, LNR21, SCF+21, CLS23, HY23a]. Specifically,

works such as [CLS23, SCF+21] characterize the limit of a randomly initialized infinite-width

and infinite-depth Residual network as a Gaussian process with a kernel that satisfies a

particular partial differential equation. Similar investigations are conducted in [GARA18,

NXL+18, NLL+24] for various popular architectures of neural networks. Indeed, there is an
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extensive body of research focused on deriving scaling limits for the lazy neural tangent kernel

regime [HN19], neural network Gaussian process limits [Ant19, Yai20, LS21, ZVCRP21,

SEVM+22, Han22], as well as the rich feature learning regime [JHJ+23, BP24, BNL+24].

Since we consider residual networks, the identification of a neuron stays the same across

all the layers. To understand the description of the ensemble of neurons, we consider the

class of networks where each layer is parameterized by a scaled drift matrix perturbed by

independent Gaussian noise. The scaling of weight matrices used is akin to Depth-µP.

Keeping the number of neurons (width) in each layer fixed, we first characterize the infinite

depth scaling limit by a matrix-valued stochastic process. The evolution of the neurons can

be obtained by applying this matrix process to an input of the network. We take a further

limit of this process to describe the evolution of the neurons as the width goes to infinity.

See Figure 1.4 in Chapter 1 as an illustration. As a result, we show that the neurons become

asymptotically independent, and the evolution of a tagged neuron can be characterized by a

Gaussian process whose mean and variance can be written explicitly in terms of the weights

of the limiting network.

Since we consider linear activations, the problem concerns understanding the corre-

sponding limit of the iterated matrix products of triangular arrays. Since each layer

has a residual connection, the corresponding linear operator is a random perturbation

of identity by a (possibly random) drift and a random noise matrix. Limits of iter-

ated matrix products have been extensively studied because of their ubiquitous appear-

ance [Bel54, Ber84, FK60, Fur63, Joh94, Tut65, Wat84, TN13, EH18, HW20, HN20]. How-

ever, most of these analyses are limited to matrix products for a given sequence of random

matrices and do not consider triangular array of matrices which is crucial for applications.

Another crucial departure from the previous works is that we describe the scaling limit of

the running product of matrices, which is essential to describe the evolution of the neurons

at intermediate layers. Finally, most of the previous analysis is limited to fixed dimension

of the matrices. As the dimension grows to infinity, the action of a matrix on a vector (ap-

propriately normalized) exhibits propagation of chaos [Szn91, CD22]. Thus, passing to the
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infinite depth limit allows for a simpler description of the evolution of neurons.

With this work, we provide a precise description of the scaling limit of the evolution of

neurons along the depth of the network with given weights in infinite width and infinite depth

regime. The limit of this evolution can described by a Gaussian process of every neuron.

The mean of this process is characterized as a non-commutative exponential of a curve W of

operators that is the limit of the drift in the weight matrices of the network. The variance

of this process can also be described explicitly in terms of W . This description allows us to

describe the output of the network as a function of depth. As the training aims to minimize

some risk function, one can alternatively view the training task as an optimization problem

over the mean curves of Gaussian processes, which, as we show, depends non-locally on a

curve of operators. This characterization effectively yields an optimal control problem where

the input space is the space of continuous curves of operators.

Notation We define an empty product of matrices as identity and always interpret
∏

of

a finite collection of matrices indexed by time as denoting ordered multiplication going from

left to right with increasing time indices. For any n ∈ N, An ∈ R[n]2 and any Hn ∈ Rn, we

define their embeddings on L2([0, 1]2) and L2([0, 1]) as the kernel K(An) and the function

K(Hn), respectively, defined as: K(An)(u, v) = An,(⌈nu⌉,⌈nv⌉) and K(Hn)(u) = Hn,⌈nu⌉ for

every u, v ∈ [0, 1].

7.2 Background and Setup

We consider the simple setup of a linear residual neural network. As also introduced in

Chapter 1.4.2, the feedforward computation of the network initialized under the Depth-µP

scaling determines the scale of the network weight matrices, the scaling n−1/2m−1/2 at every

layer, and the output scaling of n−1, where m ∈ N is the number of hidden layers (depth)

of the network, and n ∈ N is the number of neurons in each layer (width). Let d ∈ N be

the input dimension. We assume that elements an input x ∈ Rd are O(1). Therefore, the
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Figure 7.1: Evolution of neurons Hn,k from input (k = 0) to output layer (k = m) for a fixed

input, in linear Residual neural networks with depth m ∈ {16, 512} and width n = 512. As

m increases, we expect the evolution of neurons (in light brown) to converge to a stochastic

process. The curve in dark brown represents the mean of the neurons along depth.

network computes its output as:

Hn,0 = Jx, Hn,k = Hn,k−1 +
1√
nm

θ
(m)
n,k Hn,k−1, k ∈ [m], ŷ(x) =

1

n

n∑
i=1

Hn,m,i. (7.1)

Here, the matrix J ∈ Rn×d is a fixed sampling matrix with (possibly random) entries of the

order Θ(1). Examples of such matrices are the tiling matrix that repeats the input x for n/d

many times if n mod d = 0, and the matrix with elements i.i.d. as N(0, d−1). This operation

ensures that the elements of Hn,0 are again O(1). See Figure 7.1, where we illustrate the

evolution of the neurons for a single fixed input for a trained linear residual Neural Network

(NN) on a classification task.

The trainable matrices Θ
(m)
n =

(
θ
(m)
n,k

)
k∈[m]

for every m ∈ N are the n × n dimensional

weight matrices corresponding to every layer. At the time of initialization, these matrices

are set to have i.i.d. N(0, 1) entries, that is θ
(m)
n,k = G

(m)
n,k , where the elements in G

(m)
n,k are all

i.i.d. standard Gaussian for every k ∈ [m] and every m ∈ N.

At the initialization, notice that, at every layer k ∈ [m], the change in every neuron
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i ∈ [n], i.e., Hn,k,i −Hn,k−1,i is random with a variance of O(m−1). This observation ensures

the network output stays O(1). As the network is trained, the matrices Θ
(m)
n change to

have a non-zero mean, which allows the network to learn via an empirical risk minimization

process. Notice that if the non-zero drift matrices have O(1) entries, the mean of the entries

of θ
(m)
n,k Hn,k−1 are of order O(n), implying that the resulting change in every neuron at every

layer is of the order O
(
n1/2m−1/2

)
. Because there are m many layers, the net effect of the

drift is of the order O
(
n1/2m1/2

)
. Since we want to take n and m to infinity, such a choice

of scaling the drift cannot be made since it leads to divergence of the neurons. For feature

learning, we require that the total change in every neuron must be of the order O(1), which

forces the bias term to scale as O
(
n−1/2m−1/2

)
. Therefore, a reasonable way through which

these weight matrices Θ
(m)
n can be modeled is

θ
(m)
n,k =

1√
nm

M
(m)
n,k +G

(m)
n,k , k ∈ [m], m ∈ N, (7.2)

where
(
M

(m)
n,k

)
k∈[m]

are random bias matrices with means
(
A

(m)
n,k

)
k∈[m]

respectively. We note

that although updating the network weights via empirical risk minimization can change the

entire distribution of the weights and not just the mean, our description of the limit shall

only consider network parameterizations restricted to the above form. Particularly, each

element of the weight matrix in this model has a fixed variance of one.

Using the above model, the layer ⌊mt⌋, for t ∈ [0, 1], computes Hn,⌊mt⌋ = Pn,m(t) · Hn,0

where

Pn,m(t) :=

⌊mt⌋∏
k=1

(
In +X

(m)
n,k

)
, X

(n)
n,k :=

1

nm
M

(m)
n,k +

1√
nm

G
(m)
n,k . (7.3)

It is important for us to consider different finite sequences of matrices for every m ∈ N.

Since we want to scale the depth to infinity, it makes sense for us to be able to correspond

layers in networks of a different depth. That is, since we are parameterizing the depth with

t ∈ [0, 1], there needs to be a correspondence between layer ⌊m1t⌋ of a network with m1

layers and layer ⌊m2t⌋ of a network with m2 layers. In particular, for every t ∈ [0, 1], we

essentially want A
(m1)
n,⌊m1t⌋ ≈ A

(m2)
n,⌊m2t⌋ when m1 and m2 are sufficiently large. To keep this
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correspondence between layers consistent for networks of different depths, we are required

to consider triangular sequence of matrices for every fixed width n, such that the piecewise-

constant curve t 7→ A
(m)
n,⌊mt⌋ has a uniform limit t 7→ An(t) as we take m→∞. See Figure 1.4

where we illustrate this.

For a finite network with depth m and width n, in order to understand the evolution of

the neurons at any layer ⌊mt⌋ for some t ∈ [0, 1], we need first to understand the evolution

of the product of iterated matrices Pm,n defined in equation (7.3). We do this in two steps.

7.2.1 Taking the depth limit

We first take m → ∞ keeping n ∈ N fixed and show that the matrix processes (Pn,m)m∈N

admits a limit that is described as a process on n× n matrices that starts with the identity

matrix. This description allows us to approximate the evolution of neurons in a finite depth

finite width network to an infinite depth and finite width network obtained as a limit.

To get an intuitive idea about the limit, observe that Pn,m satisfies Pn,m(k/m)−Pn,m((k−
1)/m) = X

(m)
n,k Pn,m((k − 1)/m) for every k ∈ [m]. Summing over for k ∈ [⌊mt⌋], we get

Pn,m(t) = In +

⌊mt⌋∑
k=1

X
(m)
n,k Pn,m((k − 1)/m), t ∈ [0, 1].

This suggests that if Yn,m(t) :=
∑⌊mt⌋

k=1 X
(m)
n,k admits a limit Yn(t) as m → ∞ for every

t ∈ [0, 1], then (Pn,m)m∈N should converge to a curve Pn satisfying dPn(t) = dYn(t)Pn(t). In

the particular case when M
(m)
n,k = An for some deterministic n× n matrix An, and G

(m)
n,k ≡ 0

for all k ∈ [m], it is easy to see that Yn(t) = tAn for every t ∈ [0, 1], and therefore Pn, in

this particular case, solves the matrix-valued ordinary differential equation (ODE): P ′
n(t) =

n−1AnPn(t) with the initialization Pn(0) = In. The solution, in this case, is well-known to

be the matrix exponential t 7→ e
∫ t
0 An/nds.

More generally, notice that

Yn,m(t) =
1

nm

⌊mt⌋∑
k=1

A
(m)
n,k +

1

nm

⌊mt⌋∑
k=1

(
M

(m)
n,k − A

(m)
n,k

)
+

1√
nm

⌊mt⌋∑
k=1

G
(m)
n,k , t ∈ [0, 1],
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where recall that A
(m)
n,k = E

[
M

(m)
n,k

]
for every k ∈ [m]. Since

(
M

(m)
n,k

)
k∈[m]

are independent,

the second term goes to zero as m → ∞. While the first term gives a deterministic drift

approximately 1
n

∫ t
0
A

(m)
n,⌊ms⌋ ds and the last term is given an independent diffusion in each

coordinate. This suggests that under appropriate assumptions (Yn,m)m∈N converges to the

solution of an SDE:

dYn(t) =
1

n
An(t) dt+

1√
n

dBn(t), (7.4)

where An(t) := limm→∞A
(m)
n,⌊mt⌋ for t ∈ [0, 1] is a deterministic curve of n×n matrices, and Bn

is a n×n matrix containing i.i.d. Brownian motions. However, because the curve Yn need not

be commutative, i.e., Yn(s)Yn(s′) need not be equal to Yn(s′)Yn(s) for s, s′ ∈ [0, 1]. Therefore,

the limit of the iterated matrix products need not be the pointwise matrix exponential

t 7→ e
∫ t
0 dYn(s).

The solution to the above problem comes from what we call the non-commutative expo-

nential, denoted as Texp[ · ]. We define the non-commutative exponential of any continuous

semi-martingale Yn in Definition 3.5. In general, Texp[Yn] is not a local map, i.e., at any

time t ∈ R+, Texp[Yn](t) can depend on the entire past (Yn(s))s∈[0,t].

7.2.2 Taking the width limit

We now take a limit as the width n goes to infinity. Notice that if the network has n neurons

in every layer, the state of the neurons for the infinite depth network, at depth t ∈ [0, 1] is

Texp[Yn](t)Hn,0. Expanding Texp[Yn] from equation (7.4), we obtain

Texp[Yn](t) = In + Γ

(
1

n

∫ ·

0

An(s) ds

)
(t) + Γ

(
1√
n
Bn

)
(t) +

1

n
Zn(t) +

1

n
En(t), (7.5)

where the matrix Zn has Gaussian entries, which have an O(1) covariance between the entries

in the same row or column, and the entries of En have variance O(n−1). In particular,

for a vector Hn,0 ∈ Rn, we notice that the entries of
(
In + Γ

(
n−1

∫ ·
0
An(s) ds

)
(t)
)
Hn,0 are

O(1) and are deterministic given An and Hn,0. While Γ
(
n−1/2Bn

)
(t) has i.i.d. Gaussian

coordinates with variance of order O(n−1) and hence Γ
(
n−1/2Bn

)
(t)Hn,0 has entries that
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are i.i.d. Gaussian with variance of order O(1). The matrix Zn also has Gaussian entries;

however, the entries of Zn have non-trivial correlations along the rows and columns. We

further show that n−1ZnHn,0 has Gaussian coordinates with O(1) variance in each coordinate

and a correlation of order O(n−1) between two distinct coordinates. Finally, the entries of En

have O(n−1) variance and therefore the coordinates of n−1EnHn,0 are mean 0 and variance

O(n−1).

The conclusion is that for large width (and infinite depth), the evolution of two randomly

chosen neurons can be asymptotically described as independent Gaussian processes (corre-

lation between them is of order O(n−1)). Furthermore, the evolution of a fixed randomly

chosen neuron can be entirely described by a deterministic drift and a time dependent order

O(1) Gaussian fluctuation. Particularly, as n→∞, the piecewise constant interpolations of

the evolution of a randomly chosen neuron, converges weakly in the space of càdlàg paths

with respect to the supremum norm on [0, 1]. The drift and the Gaussian fluctuation can be

written explicitly in terms of the network weights.

In Section 7.3, we describe our main result, where the aforementioned arguments are

formally presented in Theorem 7.1, along with their immediate implications.

7.3 Main Results

In this section, we describe the limit of this evolution as the width of the infinite depth

network, and show that the neurons exhibit a propagation of chaos behaviour. Let Yn be as

defined in Theorem 3.8. Theorem 3.8 shows that the repeated application of a transformation

on the initial set of neurons Hn,0 ∈ Rn can be condensed into a single linear operation given

by the non-commutative exponential of the process Yn at any depth t ∈ [0, 1]. We now

describe the action of Texp[Yn](t) on the input Hn,0 as n→∞.

To achieve this, we need consistency in An and Hn,0 as the dimension n → ∞. Let

(Hn,0 ∈ Rn)n∈N be a sequence that converges (after embedding to L2([0, 1])) to h0 ∈ L2([0, 1])

as n→∞. In particular, Hn,0 defined as in equation 7.1 for the tiling matrix J satisfies this

condition after rearrangements. We are now ready to state our theorem.
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Theorem 7.1 (Evolution of neurons in an infinite width network [STH+24]). Let t 7→ w(t)

be a continuous curve in L2([0, 1]2), and let h0 ∈ L2([0, 1]2). Let Hn,0 be as defined as in

equation (7.1). Assume that

lim
n→∞

sup
t∈[0,1]

∥K(An(t))− w(t)∥2 = 0, lim
n→∞
∥K(Hn,0)− h0∥2 = 0. (7.6)

Let u(t) :=
∫ t
0
w(s) ds. Set Hn(t) := Texp[Yn](t)Hn,0. Then, the following holds as n→∞:

1. A coordinate of the process Hn chosen uniformly at random converges weakly – with

respect to the supremum norm – to the solution H of the SDE:

dH(t) = (Γ(u)(t)h0)(V ) dt+ ∥h0∥2(et − 1)1/2 dB(t) + dη(t),

starting at H(0) = h0(V ), where V ∼ Uni([0, 1]) and B is a standard BM and η is a

time-changed BM, independent of B, with variance
∫ t
0
∥Γ(u)(s)h0∥22 ds at time t ∈ [0, 1].

2. For any finite collection of independently and uniformly chosen coordinates of the pro-

cess Hn, their joint distribution converges weakly to the product measure of the law of

H.

The proof of Theorem 7.1 is provided in Appendix E.

Remark 7.2. In practice, the input of the network often comes from Rd by the map Hn,0 =

Jx, where J samples the coordinates of x ∈ Rd to populate Hn,0 ∈ Rn. We can take

h0 ∈ L2([0, 1]) as h0(u) = x⌈du⌉. Given (Ui)i∈N i.i.d. as Uni([0, 1]), we can define Hn,0 to be

a certain rearrangement of (h0(Ui))i∈[n] such that K(Hn,0) converges to h0 in L2([0, 1]) as

n→∞.

Remark 7.3. Following Theorem 7.1 and Assumption 3.5, ∥Γ(u)(s)h0∥2 =

O
(
∥h0∥2(eCs − 1)

)
, which shows that the variance of every neuron is

∥h0∥22
(

(et − 1) +O
(∫ t

0
(eCs − 1)2 ds

))
.

In the next section, we present numerical illustrations to demonstrate our result in a

simple setting.
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7.4 Numerical Illustrations

To illustrate our results empirically, we consider a simple synthetic dataset consisting of

N data points, each sample from N(0, Id). The label associated with each point is simply

the sign of the first coordinate of the point. We train a width n, depth m linear residual

neural network using the mean square loss function using stochastic gradient descent. We

take N = 6 × 104, n = 512, m = 512, d = 32, and use the tiling matrix J as described in

Section 7.2.

In Figure 7.1, we fix an input and show the evolutions of the n many neurons along the

depth in blue. The network outputs the average of the neurons, and the red curve shows

this process of the evolution of the average along the depth. The label of the chosen input

is +1, which also agrees with the sign of the mean process at t = 1.

We compute the average variance of all neurons across each data point for every layer,

with the mean and initialization subtracted. In Figure 7.2a, we plot this variance as a

function of depth, both at the initialization and after the network is trained with stochastic

gradient descent (with learning rate ∝ n as per [BNL+24]) to achieve maximum training

accuracy. Following Theorem 7.1, since there are no drift matrices at the initialization,

taking C = 0, we expect a variance of et − 1. Later, when the network is trained, we expect

a variance of (et − 1) + O
(∫ t

0
(eCs − 1)2 ds

)
for some C > 0. In Figure 7.2a, we plot the

observed average variance and the predicted variance from the expression above for C = 0

and a suitable C > 0 that closely agrees with the observations if we consider the variance

without the Big-O notation in our results. We find that at the initial layers, i.e., when t is

small, i.e., t ∈ o(1), the variance increases linearly, and for t ∈ Ω(1), the variance increases

super-linearly as expected.

Since the limiting process that describes the network’s output is a continuous stochastic

process, one might question the advisability of evaluating the network’s output prematurely,

i.e., before the final layer. This approach can be helpful during inference time, particularly

when one wants to assess an approximate output with minimal computation or is considering
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(a) Noise variance along the depth of the net-

work. (b) Classification accuracy as a function of depth

Figure 7.2: Noise variance of neurons and classification accuracy along the depth (n = 512,

m = 512).

discarding the latter layers beyond a certain threshold depth to store only a smaller network

in memory. In Figure 7.2b, we plot the training classification accuracy of the fully trained

network as a function of depth for the above example.

7.5 Related Work

Exploration of µP and mean-field scaling limits in neural networks employs an optimal

transport framework to understand training dynamics across various architectures [SMN18,

CB18, MMM19, AOY19, CCFRF22]. This includes describing the stochastic gradient de-

scent algorithm’s scaling limit through McKean-Vlasov equations [AOY19, NP20] and ex-

tending the framework to encompass first-order optimization and MCMC algorithms over

large exchangeable matrices, using insights from extremal graph theory [HOP+22, APST23].

Authors in [CCFRF22] demonstrate that Gradient Descent on linear DNNs in infinite-width

limits follows a well-defined continuous-time trajectory within an infinite-dimensional space,
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reparameterized by ℓ2-separately chained exchangeable arrays.

Residual neural networks have been studied under various theoretical angles [HY23b,

CCRX21, Gul20]. Recent studies have explored training dynamics in infinitely deep and wide

residual neural networks under mean-field scaling, with non-linear activations and without

noise. Authors in [DCLW22] demonstrate that in such networks, gradient descent evolves

into a gradient flow characterized by a PDE that converges to a zero-loss solution. Comple-

menting this, authors in [BPV24] explore gradient flow convergence using a mean-field model

and the conditional Optimal Transport distance, demonstrating convergence to a global min-

imizer under appropriate initial conditions. Additionally, authors in [CLL+24] provide upper

bounds on the generalization error of these networks.

Authors in [LTE19] show that stochastic gradient algorithms can be approximated in

the weak sense by continuous-time SDEs which allows the application of optimal control

theory providing a general methodology for understanding and improving optimization al-

gorithms. We note that such works characterize the training dynamics of algorithms over

the parameter space, whereas our interest in this work is to provide a description of the

neurons in a fixed network. Authors in [GZ22] use optimal control to provide Hamilton-

Jacobi-Bellman asymptotics for the evolution of neurons under the Neural ODE that was

introduced by [CRBD18].

Recently, under Depth-µP, the depth and width scaling limits of residual neural network

dynamics have been analyzed using dynamical mean field theory (DMFT), proving that this

parameterization ensures the convergence of finite-size network dynamics towards a stable

and non-trivial limit described by DMFT equations [LNR21, BNL+24].

7.6 The control viewpoint

The description of the scaling limit of a fixed network allows us to state the optimal control

problem associated with its risk minimization problem, where the control is the L2([0, 1]2)

absolutely continuous curve w. To see this, note that following Theorem 7.1, the output of
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the network at depth t ∈ [0, 1] is

yw(x; t) =

∫ 1

0

(Texp[u](t)h0)(q) dq, u(t) =

∫ t

0

w(s) ds, (7.7)

where h0(p) = x⌈dp⌉ for p ∈ [0, 1]. Therefore, the problem of risk minimization reduces to

finding an L2([0, 1]2) absolutely continuous curve w : s 7→ w(s) of L2([0, 1]2) kernels such

that a certain risk function R : w 7→ EX,Y∼D[ℓ(yw(X; 1), Y )] is minimized for a given data

distribution D supported on Rd×R, for some loss function ℓ : R×R→ R+. This character-

ization of the learning problem can be viewed as an optimal control problem where w is the

control, and one wants to minimize cost functionals like R simply, or J defined as

J(w) := EX,Y∼D

[∫ 1

0

e−αtℓ(yw(X; t), Y ) dt

]
,

for some α ∈ R. It is reasonable to expect that if instead of R, one optimizes for J , one

can obtain a better accuracy curve than shown in Figure 7.2b. Such ideas have been put

into practice in various machine learning applications [SLJ+15, TMK16, SFG+22, LLL+24].

An intuitive interpretation of the control problem is to consider the layers of the network

as inducing a field over an appropriate space that steers the signal from the input layer to

the network’s output. Deriving the stationary conditions will involve the Hamilton-Jacobi-

Bellman equation and the Pontryagin maximum principle over the metric space of graphons.

For further details on potential approaches to progress on this problem, we refer the reader

to the motivating analyses in [WHL18, WE19] and the references therein.

Note that in the infinite depth and infinite width limit, the evolution of neurons in a fixed

network is described by a Gaussian process. However, the results in this chapter do not say

anything about how this driving process changes during the training. In particular, at the

initialization of a network, the drift matrices
{
A

(m)
n,k

}
k∈[m]

are all zero implying that in the

limit, the curve w is zero. Under the setup we consider, it shall be interesting to analyze how

the curve w change under the influence of a training algorithm like SGD (see Definition 2.2).

Beyond the model studied in this chapter, posing the optimization problem on a suitable

space of Gaussian processes and investigating the resulting control problem may require the
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use of Malliavin calculus [Nua06]. Such an analysis would enable a deeper understanding of

the properties of the minimizer, including insights into their stability. Moreover, identifying

the conditions under which algorithms like SGD converge to these minimizers is crucial for

addressing the broader set of questions raised in this work. This represents a significant

direction for future research.

7.7 Conclusion

In this chapter, we adopt a simple yet relevant setup from machine learning and apply the

mathematical developments presented in this thesis. We examine mean-field-like interactions

that emerge from iterated matrix multiplication in the context of forward computation in

residual neural networks. A recurring theme is the propagation of chaos, an emergent phe-

nomenon that arises as the system size approaches infinity, simplifying our understanding by

abstracting the problem and recasting it into analytical spaces more amenable to rigorous

calculus and analysis. For the context of machine learning, we provide discussion and outline

future work stemming from this research in Chapter 8.
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Chapter 8

DISCUSSIONS

In this dissertation, we have provided a methodology to derive scaling limits of various

dynamics over large systems of matrices. We will now discuss some important issues and

insights stemming from this line of work.

8.1 Momentum-Based Iterative Algorithms

In Chapter 2.2.1, we considered algorithms that use the first-order information of the

optimization objective to descend. This wide class of algorithms does not capture

popular methods like Nesterov’s momentum algorithm [Nes83, SBC16], the Adam opti-

mizer [KB14, MLPA22], and other symplectic optimization algorithms [WWJ16]. These

algorithms use momentum to accelerate the optimization process and have their continuous-

time limits. It is therefore an interesting direction to extend the theory of gradient flows on

graphons and McKean-Vlasov SDEs on MVGs to provide scaling limits for such algorithms.

8.2 Theory of Gradient Flows for Measure-Valued Graphons (MVGs)

In Chapter 6.1, we observed that under the asymptotic zero-noise setting, both the stochastic

gradient descent (SGD) and Metropolis sampling algorithm suitably converge to the gradient

flow of graphons. In Chapter 5, we studied the metric space of MVGs and introduced the

invariant L2 metric, with respect to which the limiting curve of MVG turned out to be an

absolutely continuous curve. An immediate direction that arises from this is to develop

a theory of gradient flows on MVGs and conjecture that SGD and Metropolis sampling

algorithms may also converge to a gradient flow on MVGs. If true, this result would suggest

that not only does the system macroscopically converge to a curve of steepest descent, but
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the microscopic aspects, such as the distribution of the system’s coordinates, also vary in a

manner that minimizes the objective in some steepest sense.

8.3 Training Process of an Infinitely Deep and Wide Network

In Chapter 7, we considered a particular model of large noise in the random matrix model.

Our study in this chapter, as well as in the setup of Chapter 2.2.3, is currently limited to

parameterizing only the drift component of the weight matrices, which restricts the domain of

matrix-valued processes available for analysis. A promising extension could involve exploring

width limits for the non-commutative exponential of more general matrix-valued processes,

incorporating a non-identity covariance in the diffusion term.

8.4 Optimal Control and Training Dynamics

In Chapter 7.6, we showed how the parameterization of the infinitely wide and deep network

can be used to frame an optimal control problem. Particularly, framing the problem as an op-

timal control problem allows us to obtain the stationarity condition using the corresponding

Hamilton-Jacobi-Bellman equations.

Additionally, in Chapter 7, the evolution of neurons in a fixed network is described by

a Gaussian process in the infinite depth and infinite width limit. However, this result does

not address how this driving process changes during training. Investigating the behavior of

training dynamics may necessitate the use of Malliavin calculus [Nua06]. This represents a

significant future direction.

8.5 Neural Networks with Non-Linearity, Convolution, and Attention

In Chapter 7, we confined our work to linear activations, positioning our research around

understanding iterated products of scaled random matrices. A practically relevant extension

is to generalize our findings to include non-linear activations, such as the rectified linear unit

(ReLU).
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In addition to networks containing fully connected layers, an interesting direction is

to examine architectures that incorporate convolution operations and attention mecha-

nisms [VSP+17], which are heavily used in the surge of transformer-based architectures,

such as those in large language models.

With these discussions, we conclude our thesis, introducing a broad framework and formal

language that can be employed to study systems of complex interacting coordinates and their

applications in machine learning.
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Appendix A

PROOFS OF THEOREMS IN CHAPTER 3

In this section, we will provide the proofs of theorems in Chapter 3.

A.1 Proofs of Chapter 3.1

In this Section, we will provide a proof of Theorem 3.1.

Recall the projected noisy SGD iterates defined in Definition 2.2, starting from Xn,0 ∈
Mn, rewritten for convenience:

Xn,k+1 = P
(
Xn,k − n2τn,k∇Rn(Xn,k)− τn,k∆Mn,k + τ

1/2
n,kGn,k

)
, (PNSGD)

for k ∈ R+, where (Gn,k)k∈Z+
is any n × n real symmetric matrix valued martingale differ-

ence sequence with each element containing centered and independent entries up to matrix

symmetry, as defined in Chapter 2.2.1, and

∆Mn,k := n2gn(Xn,k; ξk+1)− n2∇Rn(Xn,k), k ∈ Z+.

Observe that (∆Mn,k)k∈Z+
is an n×n symmetric matrix valued martingale difference sequence

with respect to the filtration (Fk)k∈Z+
where Fk := σ

(
{Xn,0, ξi+1, Gn,i}i∈{0}∪[k−1]∪{ξk+1}

)
for

k ∈ Z+. Without the martingale difference term τn,k∆Mn,k, equation (PNSGD) reduces to

the projected GD iterates with additive noise, (Yn,k)k∈Z+
starting at Yn,0 = Xn,0, described

in (PNGD), re-written below

Yn,k+1 = P
(
Yn,k − n2τn,k∇Rn(Yn,k) + τ

1/2
n,kGn,k

)
, k ∈ Z+. (PNGD)

Let w
(n)
k := K(Xn,k) and v

(n)
k := K(Yn,k) for all k ∈ Z+, and let w(n) and v(n) be piecewise

constant interpolations of
(
w

(n)
k

)
k∈Z+

and
(
v
(n)
k

)
k∈Z+

respectively with the step size sequence
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τ n. Using Grönwall’s inequality and an obvious coupling between the processes (PNSGD)

and (PNGD), we show in Lemma A.1 that the two processes are close as |τ n| → 0.

Lemma A.1. Let R : W → R be such that the Fréchet-like derivative ϕ = DR exists.

Suppose Assumptions 3.1, and 3.2 hold. Let n ∈ N. Let Xn and Yn be the piecewise con-

stant interpolations (see Definition 2.5) of (Xn,k)k∈Z+
and (Yn,k)k∈Z+

respectively, as defined

in (PNSGD) and (PNGD), with step size sequence τ n := (τn,k)k∈Z+
. Then, there exists a

universal constant C > 0 such that for any T > 0 we have

E

[
sup
s∈[0,T ]

∥∥w(n)(s)− v(n)(s)
∥∥2
2

]
≤ Cσ2T |τ n| exp

[
Cκ22T

2
]
.

Proof. Let Xn and Yn be the piecewise constant interpolations of (Xn,j)j∈Z+
and (Yn,j)j∈Z+

respectively as defined in Definition 2.5. Define ∆: R+ → R+ as

∆(t) := E

[
sup
s∈[0,t]

∥Xn(s)− Yn(s)∥2F

]
, t ∈ R+. (A.1)

Let k ∈ Z+ be such that t ∈ [tn,k, tn,k+1). Then, using [S lo94, Theorem 1],

∆(t) ≤ C E

(k−1∑
j=0

τn,j
∥∥n2∇Rn(Xn,j)− n2∇Rn(Yn,j)

∥∥
F

)2


+ C E

[
k−1∑
j=0

τ 2n,j∥∆Mn,j∥2F

]
,

(A.2)

where C > 0 is some universal constant. From Assumption 3.1, since ϕ is κ2-Lipschitz as

a map from L2
(
[0, 1](2)

)
to L2

(
[0, 1](2)

)
, following Lemma 2.14 and the fact that ∥An∥2F =

n2∥K(An)∥22 for all An ∈Mn, we see that the map ∇Rn : Mn → R[n]2 satisfies∥∥n2∇Rn(An)− n2∇Rn(Bn)
∥∥2
F
≤ κ22∥An −Bn∥2F, ∀ An, Bn ∈Mn. (A.3)

Using the Cauchy-Schwarz inequality, and equation (A.3), we first bound the second term

in equation (A.2) as

E

(k−1∑
j=0

τn,j
∥∥n2∇Rn(Xn,j)− n2∇Rn(Yn,j)

∥∥
F

)2

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≤ E

[
k−1∑
j=0

(
τ
1/2
n,j

)2
·
k−1∑
j=0

τn,j
∥∥n2∇Rn(Xn,j)− n2∇Rn(Yn,j)

∥∥2
F

]

≤ κ22tE

[
k−1∑
j=0

τn,j∥Xn,j − Yn,j∥2F

]
≤ κ22t

∫ t

0

∆(s) ds, (A.4)

where the last inequality follows by observing that if s ∈ [tn,j, tn,j+1) for some j ∈ Z+, then

E
[
∥Xn(s)− Yn(s)∥2F

]
= E

[
∥Xn,j − Yn,j∥2F

]
≤ ∆(s).

Using Assumption 3.2, first note that

∥∆Mn,j∥2F =
∥∥n2gn(Xn,k; ξk+1)− n2∇Rn(Xn,k)

∥∥2
F

= n2
∥∥K(n2gn(Xn,k; ξk+1)− n2∇Rn(Xn,k)

)∥∥2
2
≤ n2σ2. (A.5)

We use the above to bound the first term in equation (A.2) as

E

[
k−1∑
j=0

τ 2n,j∥∆Mn,j∥2F

]
≤ n2σ2t|τ n|, (A.6)

where |τ n| is defined in Chapter 2.2.1 as supj∈Z+
τn,j.

Plugging back (A.4) and (A.6) in equation (A.2) we get

∆(t) ≤ Cn2σ2t|τ n|+ Cκ22t

∫ t

0

∆(s) ds, (A.7)

and applying Grönwall’s inequality [Grö19], we obtain ∆(t) ≤ Cn2σ2t|τ n| exp[Cκ22t
2].

Our next step is to show that sequence of iterates defined in (PNGD) is close to the

solution of the SDE (3.1) which we reproduce below

dXn(t) = −n2∇Rn(Xn(t)) + Σn(Xn(t)) ◦ dBn(t)

− dL+
n (t) + dL−

n (t),
t ∈ R+, (RSDE)

where Bn is an n×n symmetric matrix valued process whose entries are independent Brown-

ian motions up to matrix symmetry, and Xn(0) = Yn,0 = Xn,0 ∈Mn. The tuple (Xn, L
+
n , L

−
n )

solves the Skorokhod problem with respect to the set Mn (see Chapter 2.4).
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In Lemma A.2 we compare (PNGD) with a discretization of the SDE (3.1). This is

obtained by coupling the discrete noise in (PNGD) with the Brownian motion driving

the SDE (RSDE). Combining these we conclude the convergence of (PNSGD) to the

SDE (RSDE) as |τ n| → 0.

Lemma A.2. Let n ∈ N. Let Bn be an n × n symmetric matrix valued process whose

coordinates are i.i.d. Brownian motion (up to matrix symmetry) defined on some probability

space. Let Xn be the strong solution of SDE (RSDE) with initial condition Xn(0) = Xn,0

(see (PNGD)). Then, there exists a càdlàg process Ỹn onMn, defined on the same probability

space as Bn, such that it has the same law as Yn, the piecewise constant interpolation (see

Definition 2.5) of
(
Yn,k

)
k∈Z+

obtained from (PNGD). Moreover, for any T ∈ R+,

lim
|τn|→0

E

[
sup
s∈[0,T ]

∥∥∥K(Xn(s))−K
(
Ỹn(s)

)∥∥∥2
2

]
= 0.

Proof. Let Bn be as given in the assumption and let Xn be the strong solution of the

SDE (RSDE). Since the discrete noise in (PNGD) is Gaussian (see Assumption 3.3), there

is an obvious way to couple it with the Brownian motion driving the SDE in (RSDE). Given

Bn and the step size sequence τ n = (τn,k > 0)k∈Z+
, define the discrete time n×n symmetric

matrix valued martingale difference sequence
(
Z̃n,k

)
k∈Z+

as

Z̃n,k := τ
−1/2
n,k (Bn(tn,k+1)−Bn(tn,k)), k ∈ Z+. (A.8)

Note that the entries in Z̃n,k are distributed as N(0, 1) up to matrix symmetry for every

k ∈ Z+. Starting from Ỹn,0 = Xn,0, we now define an auxiliary process
(
Ỹn,k

)
k∈Z+

, on the

same probability space as Bn, iteratively as

Ỹn,k+1 = P
(
Ỹn,k − n2τn,k∇Rn

(
Ỹn,k

)
+ τ

1/2
n,k Σn

(
Ỹn,k

)
◦ Z̃n,k

)
, k ∈ Z+, (A.9)

Following Assumption 3.3, Ỹn,k has the same law as Yn,k for each k ∈ Z+. Let Ỹn : R+ →Mn

be piecewise constant interpolation of
(
Ỹn,k

)
k∈Z+

. The particular choice of
(
Z̃n,k

)
k∈Z+

in
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equation (A.8) allows us to couple Ỹn with the strong solution of the SDE (3.1). Let G̃n,j :=

Σn

(
Ỹn,j

)
◦ Z̃n,j for all j ∈ Z+. The curve Ỹn can be written as

Ỹn(t) = Ỹn,0 −
k−1∑
j=0

n2τn,j∇Rn

(
Ỹn,j

)
+

k−1∑
j=0

τ
1/2
n,j G̃n,j +

k−1∑
j=0

τn,j
(
L−
n,j − L+

n,j

)
, (A.10)

for t ∈ [tn,k, tn,k+1). Here
(
L±
n,j

)
j∈Z+

is chosen so that the piecewise constant interpolation

(see Definition 2.5) of
(
Yn,k, L

−
n,k, L

+
n,k

)
k∈Z+

solves the Skorokhod problem with respect to

Mn (see Chapter 2.4).

Also consider three auxiliary processes Qn, Qn, and Q̂n taking values over n × n real

symmetric matrices, defined as

Qn(t) := Xn(0)−
∫ t

0

n2∇Rn(Xn(s)) ds+

∫ t

0

Σn(Xn(s)) ◦ dBn(s), (A.11)

Q̂n(t) := Xn(0)−
∫ t

0

n2∇Rn

(
Ỹn(s)

)
ds+

∫ t

0

Σn

(
Ỹn(s)

)
◦ dBn(s), (A.12)

Qn(t) := Xn(0)−
k−1∑
j=0

n2τn,j∇Rn

(
Ỹn,j

)
+

k−1∑
j=0

τ
1/2
n,j G̃n,j, (A.13)

for every k ∈ Z+ and all t ∈ [tn,k, tn,k+1). Observe that the curves Xn and Ỹn can be

obtained by applying the Skorokhod map to the curves Qn and Qn pointwise respectively. Let

Ŷn : R+ →Mn be obtained from Ŷn by applying the Skorokhod map. First observe that using

the Lipschitzness of the Skorokhod map, ϕ and Σn (see Assumption 3.1, Assumption 3.3,

Chapter 2.4 and equation (A.3)), we obtain

E

[
sup
t∈[0,T ]

∥∥∥Ŷn(t)−Xn(t)
∥∥∥2
F

]
≤ 16E

[
sup
t∈[0,T ]

∥∥∥Q̂n(t)−Qn(t)
∥∥∥2
F

]

≤ 16E

[
sup
t∈[0,T ]

∥∥∥∥∫ t

0

n2∇Rn(Xn(s))− n2∇Rn

(
Ỹn(s)

)
ds

∥∥∥∥2
F

]

+ 16E

[
sup
t∈[0,T ]

∥∥∥∥∫ t

0

(
Σn(Xn(s))− Σn

(
Ỹn(s)

))
◦ dBn(s)

∥∥∥∥2
F

]

≤ 16κ22 E
[∫ T

0

∥∥∥Xn(s)− Ỹn(s)
∥∥∥2
F

ds

]
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+ 64E
[∫ T

0

∥∥∥Σn(Xn(s))− Σn

(
Ỹn(s)

)∥∥∥2
F

ds

]
≤ 80κ22

∫ T

0
E

[
sup
s∈[0,t]

∥∥∥Xn(s)− Ỹn(s)
∥∥∥2
F

]
ds, (A.14)

where the second last inequality follows from Doob’s maximal inequality [KS91, page 14,

Theorem 3.8.iv] and the fact that for all An ∈ Mn, ∥An∥2F = n2∥K(An)∥22. For any t ∈
[0, T ], define kt := arg minj∈Z+

{t ≥ tn,j}. Using the Lipschitzness of Skorokhod map (see

Chapter 2.4) we obtain

E

[
sup
s∈[0,T ]

∥∥∥Ỹn(t)− Ŷn(t)
∥∥∥2
F

]
≤ 16E

[
sup
t∈[0,T ]

∥∥∥Qn(t)− Q̂n(t)
∥∥∥2
F

]

≤ 32E

 sup
t∈[0,T ]

∥∥∥∥∥
∫ t

0

n2∇Rn

(
Ỹn(s)

)
ds−

kt−1∑
j=0

n2τn,j∇Rn

(
Ỹn,j

)∥∥∥∥∥
2

F


+ 32E

 sup
t∈[0,T ]

∥∥∥∥∥
kt−1∑
j=0

τ
1/2
n,j Σn

(
Ỹn,j

)
◦ Z̃n,j −

∫ t

0

Σn

(
Ỹn(s)

)
◦ dBn(s)

∥∥∥∥∥
2

F

, (A.15)

where the last inequality follows from Assumption 3.3.

We now bound the first term from the above inequality (A.15). To this end observe that

E

 sup
t∈[0,T ]

∥∥∥∥∥
∫ t

0

n2∇Rn

(
Ỹn(s)

)
ds−

kt−1∑
j=0

n2τn,j∇Rn

(
Ỹn,j

)∥∥∥∥∥
2

F


= E

[
sup
t∈[0,T ]

∥∥∥n2(t− tn,kt)∇Rn

(
Ỹn,k

)∥∥∥2
F

]
≤ |τ n|2 E

[
sup
t∈[0,T ]

∥∥∥n2∇Rn

(
Ỹn,k

)∥∥∥2
F

]

= n2|τ n|2 E
[

sup
t∈[0,T ]

∥∥∥ϕ(Ỹ (n)(t)
)∥∥∥2

2

]
≤ n2|τ n|2M2

2 , (A.16)

for some constant M2 ∈ R+ by Assumption 3.1.

We now bound the second term in the inequality (A.15). Using the coupling defined

in (A.8) and noting that Ỹ (s) = Ỹn,j for s ∈ [tn,j, tn,j+1) (see Definition 2.5), we obtain that

E

 sup
t∈[0,T ]

∥∥∥∥∥
kt−1∑
j=0

τ
1/2
n,j Σn

(
Ỹn,j

)
◦ Z̃n,j −

∫ t

0

Σn

(
Ỹn(s)

)
◦ dBn(s)

∥∥∥∥∥
2

F


= E

[
sup
t∈[0,T ]

∥∥∥Σn

(
Ỹn,kt

)
◦ (Bn(t)−Bn(tn,kt))

∥∥∥2
F

]
≤M2

∞n
2C1,T |τ n| log

1

|τ n|
,

(A.17)
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where the last inequality follows from Assumption 3.3 and [S lo01, Lemma A.4] for C1,T ∈ R+.

Now define ∆: R+ → R+ as

∆(t) := E

[
sup
s∈[0,t]

∥∥∥Xn(s)− Ỹn(s)
∥∥∥2
F

]
, t ∈ R+.

Using the triangle inequality by combining equations (A.14), (A.15), (A.16) and (A.17), we

get

∆(T ) ≤ 32n2|τ n|2M2
2 + 32n2M2

∞C1,T |τ n| log
1

|τ n|
+ 80κ22

∫ T

0

∆(t) dt. (A.18)

Applying Grönwall’s inequality [Grö19], we get

∆(T ) ≤ 32n2

(
|τ n|2M2

2 +M2
∞C1,T |τ n| log

1

|τ n|

)
exp
[
80κ22T

]
. (A.19)

Taking limit as |τ n| → 0 on the above bound, completes the proof.

We combine Lemma A.1 and A.2 to conclude the proof of Theorem 3.1. Moreover, we

also the following non-asymptotic error rate

E

[
sup
s∈[0,T ]

∥∥w(n)(s)−K(Xn)(s)
∥∥2
2

]
≤ Cn2(M + σ2T )|τ n| log

1

|τ n|
exp
[
Cκ22T

]
for some constants C,M <∞.

A.1.1 Convergence of Projected SGD

In the absence of “large noise” (i.e., when Σn ≡ 0), the SDE (RSDE) reduces to the SDE

dXn(t) = −n2∇Rn(Xn(t)) dt+ dL−
n (t)− dL+

n (t), Xn(0) = Xn,0, (A.20)

As we describe in Chapter 3.1.1, it is show in Chapter 4 that if the solution of

dXn(t) = −n2∇Rn(Xn(t)) ◦ 1{Gn(Xn(t))} dt, (A.21)

exists, where Gn(A) is the subset of [n]2 defined as

Gn(A) :=
{

(i, j) ∈ [n]2
∣∣ |A(i, j)| < 1

}
∪
{

(i, j) ∈ [n]2
∣∣ A(i, j) = 1, ∂ i,jRn(A) > 0

}
∪
{

(i, j) ∈ [n]2
∣∣ A(i, j) = −1, ∂ i,jRn(A) < 0

}
,

(A.22)
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for all A ∈ Mn, then the solution Xn is a gradient flow on Mn in a suitable sense. In this

section, we will argue that the solutions Xn of equation (A.20) and (A.21) are equal. To this

end, we define processes L±
n as

L+
n (t) := −

∫ t

0

n2∇Rn(Xn(s)) ◦ 1{Xn(s)=+1,∇Rn(Xn(s))<0}{} ds,

L−
n (t) := +

∫ t

0

n2∇Rn(Xn(s)) ◦ 1{Xn(s)=−1,∇Rn(Xn(s))>0}{} ds,

(A.23)

for t ∈ R+, and equation (A.21) can be rewritten as

dXn(t) = −n2∇Rn(Xn(t)) ◦ 1Gn(Xn(t)){}+ dL−
n (t)− dL+

n (t), (A.24)

and the processes L+
n and L−

n satisfy the following conditions:

1. The processes Xn, L+
n and L−

n are adapted processes.

2. The processes L−
n and L+

n are non-decreasing processes.

3. For every (i, j) ∈ [n]2,∫ ∞

0

1
{
Xn,(i,j)(t) > −1

}
dL−

n,(i,j)(t) = 0, and∫ ∞

0

1
{
Xn,(i,j)(t) < +1

}
dL+

n,(i,j)(t) = 0.

Following Chapter 2.4, these conditions ensure that the processes L+
n and L−

n are unique and

(Xn, L
+
n , L

−
n ) solves the Skorokhod problem with respect to the set Mn.

A.2 Proofs of Chapter 3.2

In this Section we will provide the proof of Theorem 3.4. The subsections under this section

will contain several lemmas that are required for Theorem 3.4 as well as other arguments in

Chapter 3.2.

The proof of Theorem 3.4 is long and requires several lemmas (see Appendix A.2). There-

fore, we first give an outline of the proof before presenting the details. Fix n ∈ N. For every
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k ∈ Z+, let F rk be the sigma algebra generated by
{
q
(r)
n,ℓ

∣∣∣ ℓ ∈ {0} ∪ [k]
}

. Let tr,n = ⌊tn4/γr⌋
as defined earlier. For i, j ∈ [n], notice that

q
(r)
n,(i,j)(t)− q

(r)
n,(i,j)(0) =

tr,n−1∑
ℓ=0

E
[
∆q

(r)
n,ℓ,(i,j)

∣∣∣ F rℓ ]1(0,1)

{
q
(r)
n,ℓ,(i,j)

}
+

tr,n−1∑
ℓ=0

∆M
(r)
n,ℓ,(i,j) + L

(r,0)
n,(i,j)(t)− L

(r,1)
n,(i,j)(t),

for every t ∈ R+, where ∆M
(r)
n,ℓ = ∆q

(r)
n,ℓ − E

[
∆q

(r)
n,ℓ

∣∣∣ F rℓ ] for all ℓ ∈ Z+ and

L
(r,0)
n,(i,j)(t) =

tr,n−1∑
ℓ=0

E
[
∆q

(r)
n,ℓ,(i,j)

∣∣∣ F rℓ ]1{0}

{
q
(r)
n,ℓ,(i,j)

}
,

L
(r,1)
n,(i,j)(t) =

tr,n−1∑
ℓ=0

E
[
∆q

(r)
n,ℓ,(i,j)

∣∣∣ F rℓ ]1{1}

{
q
(r)
n,ℓ,(i,j)

}
,

for t ∈ R+, where L
(r,0)
n,(i,j)(t) is 1

r2
times the number of times the process q

(r)
n,(i,j) visits {0} before

time t and similarly for L
(r,1)
n,(i,j)(t). Note that

(
M

(r)
n,k :=

∑k−1
ℓ=0 ∆M

(r)
n,ℓ

)
k∈Z+

is a Mn-valued

martingale and we define a piecewise constant interpolation of this martingale process M
(r)
n

defined as M
(r)
n (t) = M

(r)
n,tr,n for t ∈ R+. Let Sko be the Skorokhod map (see Chapter 2.4),

then for any t ∈ R+, and any (i, j) ∈ [n](2),

q
(r)
n,(i,j)(t) = Sko

(
q
(r)
n,(i,j)(0) +

tr,n−1∑
ℓ=0

E
[
∆q

(r)
n,ℓ,(i,j)

∣∣∣ F rℓ ]1(0,1)

{
q
(r)
n,ℓ,(i,j)

}
+M

(r)
n,(i,j)(t)

)
. (A.25)

1. Since the Skorokhod map Sko is a 4-Lipschitz map [KLRS07], to show that q
(r)
n (t)

converges uniformly to Xn(t) as r →∞, it is sufficient to show that

tr,n−1∑
ℓ=0

E
[
∆q

(r)
n,ℓ,(i,j)

∣∣∣ F rℓ ]1(0,1)

{
q
(r)
n,ℓ,(i,j)

}
→
∫ t

0

bn,(i,j)(Xn(s))1(0,1)

{
Xn,(i,j)(s)

}
ds,

and M (r)
n (t)→ σBn(t),

uniformly over compact time intervals as r →∞.
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2. In Lemma A.5, we show that the quadratic variation of the martingale M
(r)
n in the

time interval [0, t] converges to tσ2 for every t ∈ R+ as r → ∞. The key ingredient is

the fact that a simple symmetric reflected random walk spends negligible amount of

time at the boundary.

3. Using Lemma A.5 and [EK09, Theorem 1.4, Chapter 7] we conclude that the process

M
(r)
n converges to the process (weakly) σBn where Bn is an n × n symmetric matrix

with i.i.d. Brownian motions. Using Skorokhod representation theorem both M
(r)
n and

Bn can be defined on some common probability space (Ω,F ,P), on which we get almost

sure convergence.

4. On the probability space (Ω,F ,P) obtained in Step 3, we define versions of the processes

Xn and q
(r)
n using (3.12) and (A.25) respectively.

5. It remains to show that the first condition in Step 1 holds. To this end,

we first show that for every fixed ϵ > 0, E
[
∆q

(r)
n,ℓ,(i,j)

∣∣∣ F rℓ ]1(ϵ,1−ϵ)

{
q
(r)
n,ℓ,(i,j)

}
−

bn,(i,j)

(
q
(r)
n,ℓ

)
1(ϵ,1−ϵ)

{
q
(r)
n,ℓ,(i,j)

}
→ 0 as r → ∞. This is achieved by a sequence of re-

ductions in Lemma A.9.

6. Finally, we show that
∑tr,n−1

ℓ=0 1(δ,1−δ)c
{
q
(r)
n,ℓ,(i,j)

}
→ 0 as r →∞. Since 1

γr
E
[
∆q

(r)
n,ℓ

∣∣∣ Fℓ]
is uniformly bounded. We conclude that the first condition in Step 1 holds. This

completes the proof.

We are now ready to provide the formal proof of Theorem 3.4.

Proof of Theorem 3.4. Let q
(r)
n be defined by (A.25). In the following we will keep n fixed

and therefore drop it from the subscript wherever necessary. Throughout, we will keep

t ∈ R+ fixed. The map Sko in the discussion will refer to the Skorokhod map defined on

the space D([0, t],R[n](2)), the space of right continuous paths with left limits from [0, t] to

R[n](2) . Define

b
(r)
n,(i,j)

(
q
(r)
n,ℓ

)
=

1

γrn−4 E
[
∆q

(r)
n,ℓ,(i,j)

∣∣∣ F rℓ ]1(0,1)

{
q
(r)
n,ℓ,(i,j)

}
,
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and let bn be in Definition in 3.2. Recall that both b
(r)
n and bn are uniformly bounded by

some constant C. Also, recall that Bn is an n × n symmetric matrix with i.i.d. Brownian

coordinates. Define the stochastic processes Y
(r)
n , Ỹ

(r)
n , Z̃

(r)
n , Z

(r)
n : R+ → R[n](2) as:

Y
(r)
n,(i,j)(t) = q

(r)
n,(i,j)(0) +

tr,n−1∑
ℓ=0

γrn
−4b

(r)
n,(i,j)

(
q
(r)
n,ℓ

)
+M

(r)
n,(i,j)(t),

Ỹ
(r)
n,(i,j)(t) = q

(r)
n,(i,j)(0) +

tr,n−1∑
ℓ=0

γrn
−4b

(r)
n,(i,j)

(
q
(r)
n,ℓ

)
+ σBn,(i,j)(t),

Z̃
(r)
n,(i,j)(t) = q

(r)
n,(i,j)(0) +

∫ t

0

b
(r)
n,(i,j)

(
q(r)n (s)

)
ds+ σBn,(i,j)(t),

Z
(r)
n,(i,j)(t) = q

(r)
n,(i,j)(0) +

∫ t

0

bn,(i,j)
(
q(r)n (s)

)
ds+ σBn,(i,j)(t),

t ∈ R+, (i, j) ∈ [n](2).

Notice that Y
(r)
n is the “unconstrained version” of the process q

(r)
n in the sense that

Sko
(
Y

(r)
n

)
(s) = q

(r)
n (s) for every s ∈ R+. Finally, let

(
Xn, L

(0)
n , L

(1)
n

)
be the process that

satisfies the Skorokhod SDE

dXn(t) = bn(X(t)) dt+ σ dBn(t) + dL(0)
n (t)− dL(1)

n (t), Xn,(i,j)(0) = q
(r)
n,(i,j)(0).

Denote the corresponding unconstrained process

X̃n(t) = q(r)n (0) +

∫ t

0

bn(Xn(s)) ds+ σ dBn(t).

Note that Sko
(
X̃n

)
= Xn. Recall that the goal is to show that q

(r)
n converges to the process

Xn as r → ∞. Using the fact that the Skorokhod map is Lipschitz (see Chapter 2.4), it is

sufficient to show that Y
(r)
n converges to X̃n. To this end, set

∆(r)(t) := E

[
sup
s∈[0,t]

∥∥∥Y (r)
n (s)− X̃n(s)

∥∥∥2
F

]
, ∆

(r)
1 (t) := E

[
sup
s∈[0,t]

∥∥∥Y (r)
n (s)− Ỹ (r)

n (s)
∥∥∥2
F

]
,

∆
(r)
2 (t) := E

[
sup
s∈[0,t]

∥∥∥Z̃(r)
n (s)− Ỹ (r)

n (s)
∥∥∥2
F

]
, ∆

(r)
3 (t) := E

[
sup
s∈[0,t]

∥∥∥Z̃(r)
n (s)− Z(r)

n (s)
∥∥∥2
F

]
,

∆
(r)
4 (t) := E

[
sup
s∈[0,t]

∥∥∥X̃(r)
n (s)− Z(r)

n (s)
∥∥∥2
F

]
, for all t ∈ R+.
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Since (a + b + c + d)2 ≤ 4(a2 + b2 + c2 + d2) for all (a, b, c, d) ∈ R4, ∆(r)(t) ≤
4
∑4

i=1 ∆
(r)
i (t) ≤ 4

∑3
i=1 ∆

(r)
i (t) + 64t

∫ t
0

∆(r)(s) ds, where the final inequality is due to the

4-Lipschtizness of the Skorokhod map. In particular, for t ∈ [0, T ], we have ∆(r)(t) ≤
4
∑3

i=1 ∆
(r)
i (t) + 64T

∫ t
0

∆(r)(s) ds. Note that t 7→ ∆
(r)
i (t) is increasing. Therefore, using

Grönwall’s inequality [Grö19], we obtain

∆(r)(T ) ≤ 4

(
3∑
i=1

∆
(r)
i (T )

)
exp
(
64T 2

)
. (A.26)

It is therefore sufficient to show that ∆
(r)
i (t) → 0 as r → ∞ for i ∈ [3]. This is done

in following steps. Using Lemma A.5 below and Theorem [EK09, Theorem 1.4, Chapter 7],

we know that the process M
(r)
n converges to σBn uniformly on compact subsets of time. In

particular, for fixed t > 0 we have that ∆
(r)
1 (t)→ 0 as r →∞. For ∆

(r)
2 , we notice that the

error is actually the error from the Riemann sum approximation. Hence, ∆
(r)
2 (t) ≤ Cnγ

2
r → 0

as r →∞. To see this, first recall that q(r)(s) is piecewise constant on the interval of length

γrn
−4, that is, q

(r)
n (s) = q

(r)

n,⌊s/(γrn−4)⌋. Now observe that

∣∣∣Ỹ (r)
n,(i,j)(t)− Z̃

(r)
n,(i,j)(t)

∣∣∣ =

∣∣∣∣∣
tr,n−1∑
ℓ=0

γrn
−4b

(r)
(i,j)

(
q
(r)
n,ℓ

)
−
∫ t

0

b
(r)
(i,j)

(
q(r)n (s)

)∣∣∣∣∣
=
∣∣∣(t− γrn−4(tr,n − 1)

)
b
(r)
(i,j)

(
q
(r)
n,tr,n−1

)∣∣∣ ≤ Cγrn
−4,

where the inequality in the last line follows from the fact that b(r) is uniformly bounded.

Squaring both sides and summing over all (i, j) ∈ [n](2) we conclude that ∆
(r)
2 (t) ≤ Cnγ

2
r .

We now show that ∆
(r)
3 (t) → 0 as r → ∞. To do this, we fix ϵ > 0, δ > 0 (we assume

that δ ≪ ϵ and δ + ϵ≪ 1). Define

Aϵ :=
{
M ∈Mn

∣∣ ϵ ≤M(i,j) ≤ 1− ϵ ∀ (i, j) ∈ [n](2)
}
, Bϵ :=Mn \ Aϵ. (A.27)

Start observing that sups∈[0,t]

∥∥∥Z̃(r)
n (s)− Z(r)

n (s)
∥∥∥2
F

is at most

t

∫ t

0

∥∥b(r)n (q(r)n (s)
)
− bn

(
q(r)n (s)

)∥∥2
F

ds
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≤ t

∫ t

0

∥∥b(r)n (q(r)n (s)
)
− bn

(
q(r)n (s)

)∥∥2
F
1Aϵ

{
q(r)n (s)

}
ds

+ t

∫ t

0

∥∥b(r)n (q(r)n (s)
)
− bn

(
q(r)n (s)

)∥∥2
F
1Bϵ

{
q(r)n (s)

}
ds. (A.28)

From Lemma A.9 below b
(r)
n

(
q
(r)
n (s)

)
and bn

(
q
(r)
n (s)

)
are close in ∥ · ∥2F by Cn2

r4
+

4n2β2
r,ne

3
r max{|λ|, L} with probability at least 1 − pr,ϵ, when q

(r)
n (s) ∈ Aϵ where pr,ϵ =

4n2

r4
+ 2n2erf

(
n2ϵ

4σ
√
2γr

)
and er = O(γ2r log r). On the other hand, we notice that b

(r)
n and bn

are both uniformly bounded by in ∥ · ∥∞. Using these two facts we conclude that

E
[∫ t

0

∥∥b(r)n (q(r)n (s)
)
− bn

(
q(r)n (s)

)∥∥2
F
1Aϵ

{
q(r)n (s)

}
ds

]
≤ C

t

γr
pr,ϵ +

Cn2

r4
+ 4n2β2

r,ne
3
r max{|λ|, L}. (A.29)

Since b
(r)
n and bn are uniformly bounded, the second term in (A.28) is bounded as∫ t

0

∥∥b(r)n (q(r)n (s)
)
− bn

(
q(r)n (s)

)∥∥2
F
1Bϵ

{
q(r)n (s)

}
ds ≤ CD(r)(t),

for some constant C > 0, where D(r)(t) :=
∫ t
0
1Bϵ

{
q
(r)
n (s)

}
ds.

We now approximate the indicator function, 1Bϵ{·} by a smooth function ψϵ,δ ∈
C∞([0, 1]). That is, Let ψϵ,δ be a smooth function such that ψϵ,δ ≡ 1 on the set

Iϵ := [0, ϵ) ∪ (1 − ϵ, 1] and 0 ≤ ψϵ,δ ≤ 1 and supp(ψ) ⊂ [0, ϵ + δ) ∪ (1 − ϵ − δ, 1]. Re-

call that by our assumption ϵ+ δ ≪ 1. Then, D(r)(t) ≤
∫ t
0
ψϵ,δ

(
q
(r)
n (s)

)
ds.

Recall that q
(r)
n (s) = Sko

(
Y (r)

)
(s) for every s ∈ R+. Also recall that both ψϵ,δ and

Sko are Lipschitz functions. Therefore, the composition ψϵ,δ ◦ Sko is is also a Lipschitz

function, say, with Lipschitz constant Lϵ,δ. Define Ψϵ,δ(s) := ψϵ,δ

(
Sko
(
Y

(r)
n

)
(s)
)

and

Ψ̃ϵ,δ(s) := ψϵ,δ

(
Sko
(
Z̃

(r)
n

)
(s)
)

. Now observe that

Ψϵ,δ(s) ≤ Ψ̃ϵ,δ(s) + Lϵ,δ

∥∥∥Z̃(r)
n (s)− Y (r)

n (s)
∥∥∥2
F

≤ Ψ̃ϵ,δ(s) + 2Lϵ,δ

(∥∥∥Z̃(r)
n (s)− Ỹ (r)

n (s)
∥∥∥2
F

+
∥∥∥Y (r)

n (s)− Ỹ (r)
n (s)

∥∥∥2
F

)
.

Therefore, we obtain

E
[
D(r)(t)

]
≤ E

[∫ t

0

Ψ̃ϵ,δ(s) ds

]
+ 2Lϵ,δt

(
∆

(r)
1 (t) + ∆

(r)
2 (t)

)
. (A.30)
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Note that E
[∫ t

0
Ψ̃ϵ,δ(s) ds

]
= E

[
Fϵ,δ

(
Z̃(r)

)]
for some bounded continuous function

Fϵ,δ : C([0, t],Mn,+) → R. Also, recall that Z̃(r) satisfies the SDE Z̃
(r)
n (t) = qn(0) +∫ t

0
f(s) ds+ σBn(t), where f : s 7→ b

(r)
n

(
q
(r)
n (s)

)
is a bounded function. Set

E = exp

(
1

σ

∫ t

0

b(r)n
(
q(r)n (s)

)
dBn(s)− 1

2σ2

∫ t

0

b(r)n
(
q(r)n (s)

)
ds

)
.

Using Girsanov’s theorem and the Cauchy–Schwarz inequality we obtain

E
[
Fϵ,δ

(
Z̃(r)
n

)]2
= E[Fϵ,δ(B)E ]2 ≤ E

[
F 2
ϵ,δ(B)

]
E
[
E2
]
.

Finally using the fact that b
(r)
n is uniformly bounded, we obtain that E[E2] ≤ Cn,t,σ. On the

other hand, we notice that by definition

E
[
F 2
ϵ,δ(B)

]
= E

[(∫ t

0

ψϵ,δ(RBM(s)) ds

)2
]
≤ t

∫ t

0
P{RBM(s) ∈ Iϵ} ds =: C(ϵ, δ, n, t)2,

(A.31)

where the equality follows from the Cauchy-Schwarz and the fact that ψ2
ϵ,δ ≤ 1Bϵ+δ

{·}.
Combining equations (A.29), (A.30) and (A.31) we obtain that ∆

(r)
3 (t) ≤ t

γr
pr+C(ϵ, δ, n, t)+

2Lϵ,δt
(

∆
(r)
1 (t) + ∆

(r)
2 (t)

)
.

Putting this back in equation (A.26) we conclude that

∆(r)(t) ≤
(
t

γr
pr + C(ϵ, δ, n, t) + (2Lϵ,δt+ C)

(
∆

(r)
1 (t) + ∆

(r)
2 (t)

))
eCt

2

.

Recall that pr
γr
→ 0 and ∆

(r)
1 (t)→ 0 and ∆

(r)
2 (t) ≤ γ2r → 0 as r →∞. Therefore, we conclude

that lim supr→∞ ∆(r)(t) ≤ C(ϵ, δ, n, t)eCt
2
. Since C(ϵ, δ, n, t) → 0 as ϵ, δ → 0, this concludes

the proof.

A.2.1 Properties of drift function

Lemma A.3. Let Y be a standard normal random variable on R[r](2). For any v ∈ R[r](2)

and t > 0 we have

EY
[
Y exp

(
−t⟨v, Y ⟩+F

)]
= −2tv exp

(
t2∥v∥2F

)
Φ(
√

2t∥v∥F).
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Proof. Let Y be as above. Let π : y 7→ ⟨v, y⟩F and let X = π(Y ). Note that X = ⟨v, Y ⟩ ∼
N (0, 2∥v∥2F). The factor of 2 is due to symmetry. Observe that

E
[
Y exp

(
−t⟨v, Y ⟩+F

)]
= EX

[
exp
(
−tX+

)
EY [Y | ⟨v, Y ⟩ = X]

]
=

v

∥v∥2F
E
[
X exp

(
−tX+

)]
=

√
2v

∥v∥F
E
[
Z exp

(
−
√

2t∥v∥FZ+
)]
,

where Z ∼ N(0, 1) is standard normal random variable. he proof follows by observing that

E[Z exp(−αZ+)] = −α exp
(
1
2
α2
)
Φ(α) and taking α =

√
2t∥v∥F.

A.2.2 Quadratic variation of the Martingale

The proof of the following lemma follows from a standard argument using Donsker’s invari-

ance theorem and the Lipschitzness of Skorokhod map and is skipped.

Lemma A.4 (Time at boundary of reflected Random Walk). Let ℓr = ⌈n−4σ2γrr
4⌉. Fix

x ∈ {i/r2 | i = 0, . . . , r2}. Let S denote the symmetric random walk with step size 1
r2

reflected

at {0, 1} starting at x. Then,

lim
r→∞

1

γrr4

ℓr∑
k=1

1{0,1}{Sk} = 0, in probability.

We now compute the quadratic variation of the martingale M
(r)
n (t) defined in Chapter 3.2.

Lemma A.5 (Martingale Quadratic Variation). For n ∈ N, r ∈ N and t ∈ R+, letM
(r)
n (t) :=∑tr,n−1

ℓ=0 ∆M
(r)
n,ℓ where tr,n = ⌊tn4/γr⌋ . Then, the quadratic variation of M

(r)
n in the time

interval [0, t] converges to tσ2In for all t ∈ R+. That is, the following convergence holds in

probability:

lim
r→∞

tr,n−1∑
ℓ=0

E
[(

∆M
(r)
n,ℓ,(i,j)

)(
∆M

(r)
n,ℓ,(i′,j′)

) ∣∣∣ Fℓ] = tσ2
1{i = i′, j = j′},

for all (i, j), (i′, j′) ∈ [n](2).

Proof. We first notice that for each k ∈ N we have E
[∥∥∥q̃(r)n,k+1 − q

(r)
n,k

∥∥∥2
2

∣∣∣∣ Fk] ≤ n2γ2r . Let Gk

be the sigma algebra generated by Fk ∨
{
p
(r)
n,k+1

}
. Recall that given p

(r)
n,k+1, the iterate q

(r)
n,k+1
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is obtained by running ℓr steps of independent symmetric random walk with step size 1
r2

(with reflection at {0, 1}) starting at p
(r)
n,k+1. Fix (i, j) ∈ [n](2). Let Sk denote the symmetric

random walk with step size 1/r2 run for m steps starting at p
(r)
n,k+1,(i,j). Now observe that

E
[(
q
(r)
n,k+1,(i,j) − p

(r)
n,k+1,(i,j)

)2 ∣∣∣∣ Gk] =
1

r4

ℓr∑
m=1

1(0,1){Sk,m}+
1

2r4

ℓr∑
m=1

1{0,1}{Sk,m}

=
ℓr
r4
− 1

2r4

ℓr∑
m=1

1{0,1}{Sk,m}.

Set h
(r)
k = 1

2r4

∑ℓr
m=1 1{0,1}{Sm}. Note that limr→∞

∑tr,n−1
m=0

ℓr
r4

= tσ2. It follows that

lim
r→∞

∣∣∣∣∣
tr,n−1∑
ℓ=0

E
[(

∆M
(r)
k,ℓ,(i,j)

)2]
− tσ2

∣∣∣∣∣ ≤ lim
r→∞

n2γ2r tr,n + lim
r→∞

tr,n−1∑
ℓ=0

h
(r)
k .

It is clear that n2γ2r tr,n → 0 as r →∞, and limr→∞
∑tr,n−1

k=0 h
(r)
k = 0 by Lemma A.4.

For simplicity define ∆̂q
(r)
n,k,(i,j)

:= q
(r)
n,k+1,(i,j) − p

(r)
n,k+1,(i,j). If {i, j} ≠ {i′, j′} then ∆̂q

(r)
n,k,(i,j)

and ∆̂q
(r)
n,k,(i′,j′) are independent given Gk. In particular,

E
[
∆̂q

(r)
n,k,(i,j)∆̂q

(r)
n,k,(i′,j′)

∣∣∣ Gk] = E
[
∆̂q

(r)
n,k,(i,j)

∣∣∣ Gk]E[∆̂q(r)n,k,(i′,j′) ∣∣∣ Gk]
≤ 1

r4

ℓr∑
m=1

1{0,1}{Sk,m},

where Sk,m is as above. Using Lemma A.4 we conclude that

lim
r→∞

∣∣∣∣∣
tr,n−1∑
ℓ=0

E
[
∆M

(r)
k,ℓ,(i,j)∆M

(r)
k,ℓ,(i′,j′)

]∣∣∣∣∣ ≤ lim
r→∞

tr,n−1∑
ℓ=0

h
(r)
k = 0.

This completes the proof.

A.2.3 Analysis away from the boundary

In the following, we denote by S = (Sk)k∈Z+
a standard simple symmetric random walk.

Recall the KMT embedding theorem [KMT75] which states that one can couple S with

some Brownian motion B such that

P
{

max
0≤k≤T

|Sk −B(k)|
r2

≥ C
log T + x

r2

}
≤ e−x,
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for any T ∈ N. Taking T = sr (and ℓr respectively), we obtain that for r sufficiently large

we have

P
{

max
0≤k≤sr

|Sk −B(k)|
r2

≥ C log r

r2

}
≤ P

{
max
0≤k≤ℓr

|Sk −B(k)|
r2

≥ C log r

r2

}
≤ 1

r4
.

Further observe that for a fixed δ > 0, we have that

P
{

max
0≤t≤sr/r4

|B(t)| ≥ δ

}
≤ P

{
max

0≤t≤ℓr/r4
|B(t)| ≥ δ

}
≤ 2Φ

(
δ

n−2σ
√
γr

)
.

We combine these observations to obtain the following lemma.

Lemma A.6. Let S̃k = 1
r2
Sk for every k ∈ Z+. Let ϵ > 0 be fixed. Then, for all r ∈ N

sufficiently large, we have

P
{

max
k≤sr

∣∣∣S̃k∣∣∣ ≥ ϵ/2

}
≤ P

{
max
k≤ℓr

∣∣∣S̃k∣∣∣ ≥ ϵ/2

}
≤ 1

r4
+ 2Φ

(
ϵ

4n−2σ
√
γr

)
.

Lemma A.7. Let ϵ > 0 fixed. Let ℓ ∈ Z+ be such that q
(r)
n,ℓ ∈ Aϵ. Then, for r sufficiently

large, we have∥∥∥E[∆q(r)n,ℓ ∣∣∣ Fℓ]− E
[
∆̃q

(r)
n,ℓ

∣∣∣ Fℓ]∥∥∥2
F
≤ 2

(
n2

r4
+ 2n2Φ

(
ϵ

4n−2σ
√
γr

))
,

with probability at least 1− n2

r4
− 2n2Φ

(
ϵ

4n−2σ
√
γr

)
.

Proof. Let ϵ > 0, n, ℓ be fixed. Let ∆̂q
(r)
n,ℓ := q

(r)
n,ℓ+1 − q̃

(r)
n,ℓ+1. Begin by observing that∥∥∥E[∆q(r)n,ℓ ∣∣∣ Fℓ]− E

[
∆̃q

(r)
n,ℓ

∣∣∣ Fℓ]∥∥∥2
F

=
∥∥∥E[∆̂q(r)n,ℓ ∣∣∣ Fℓ]∥∥∥2

2
.

Let Er,ℓ be the event that q̃
(r)
n,ℓ+1 ∈ Aϵ/2. Using Lemma A.6 and union bound we conclude

that

P
{
Ẽr,ℓ

}
≥ 1− n2

r4
− 2n2Φ

(
ϵ

4n−2σ
√
γr

)
.

Given p
(r)
n,ℓ+1, we observe that ∆̂q

(r)
n,ℓ has the same distribution as symmetric random walk

with step-size 1
r2

(reflected at boundary {0, 1}) run for ℓr,n steps. Let us denote this j-th step

of this walk by Sk,j. Also define a simple random walk with step-size 1
r2

(without reflection)
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S̃k starting with the same initial condition as Sk. Given q̃
(r)
n,ℓ+1 ∈ Aϵ/2, we can couple the walk

Sk and S̃k so that Sk,j = S̃k,j for all j ≤ T where T = min
{
i ∈ Z+

∣∣∣ ∣∣∣S̃k,i − S̃k,0∣∣∣ ≥ ϵ/2
}

.

That is, we couple the two walks so that they are equal till they move at least ϵ/2 distance

from the starting position. Now notice that

E
[
∆̂q

(r)
n,ℓ

∣∣∣ Gℓ] = E
[
∆̂q

(r)
n,ℓ1T≤ℓr{ · }

∣∣∣ Gℓ]+ E
[
∆̂q

(r)
n,ℓ1T>ℓr{ · }

∣∣∣ Gℓ].
using the bound ∆̂q

(r)
n,ℓ ≤ 1 and Lemma A.6 we have that∥∥∥E[∆̂q(r)n,ℓ1T≤ℓr{ · } ∣∣∣ Gℓ]∥∥∥2

F
≤ n2

r4
+ 2n2Φ

(
ϵ

4n−2σ
√
γr

)
.

On the other hand, using the fact that E
[
S̃k,ℓr

∣∣∣ Gℓ] = 0, we obtain

∥∥∥E[∆̂q(r)n,ℓ1T>ℓr{ · } ∣∣∣ Gℓ]∥∥∥2
F

=
∥∥∥E[S̃k,ℓr1T>ℓr{ · } ∣∣∣ Gℓ]∥∥∥2

F

=
∥∥∥E[S̃k,ℓr1T>ℓr{ · } ∣∣∣ Gℓ]− E

[
S̃k,ℓr

∣∣∣ Gℓ]∥∥∥2
F

=
∥∥∥E[S̃k,ℓr1T≤ℓr{ · } ∣∣∣ Gℓ]∥∥∥2

F

≤ n−2σ2γr

(
n2

r4
+ 2n2Φ

(
ϵ

4n−2σ
√
γr

))
.

Thus, we conclude that for r sufficiently large we have∥∥∥E[∆̂q(r)n,ℓ ∣∣∣ Fℓ]∥∥∥2
F
≤ 2

(
n2

r4
+ 2n2Φ

(
ϵ

4n−2σ
√

2γr

))
,

completing the proof.

Lemma A.8. Let n ∈ N, for any k ∈ Z+, let q
(r)
n,k and q̃

(r)
n,k+1 be as defined in Step 1 of our

algorithm in Chapter 3.2. Then, there exists a universal constant c > 0 such that for all

r ∈ N \
[⌈

ecn/4
⌉]
, we have∥∥∥K(q̃(r)n,k+1

)
−K

(
q
(r)
n,k

)∥∥∥2
2
≤ 4γ2r + (16/c)γ2r log r =: er ≤ (32/c)γ2r log r,

with probability at least 1− 2r−4.
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Proof. For every i, j ∈ [n], let (Si,j,k)k∈Z+
denote the 1-dimensional symmetric random walk

with step-size 1
r2

starting at 0. Let these random walks be independent up to the double

index symmetry for indices (i, j) ∈ [n](2). Recall that sr = ⌈γ2rr4⌉, and note that for any

i, j ∈ [n], given q
(r)
n,k,(i,j) we have

q̃
(r)
n,k+1,(i,j) − q

(r)
n,k,(i,j)

d
= Sko(Ssr).

Since the Skorokhod map is 4-Lipschitz, we conclude that

P
{∥∥∥K(q̃(r)n,k+1

)
−K

(
q
(r)
n,k

)∥∥∥2
2
≥ er

}
≤ P

 1

n2

∑
(i,j)∈[n](2)

(Si,j,sr)
2 ≥ er/4

. (A.32)

We will now show that the quantity 1
n2

∑
i,j∈[n](2)(Si,j,sr)

2 is concentrated near its expectation,

that is sr ·
(

1
r2

)2
. From the Hanson-Wright concentration inequality [RV13],

P


∣∣∣∣∣∣ 1

n2

∑
i,j∈[n](2)

(Si,j,sr)
2 − γ2r

∣∣∣∣∣∣ > tr

 ≤ P


∣∣∣∣∣∣ 1

n2

∑
i,j∈[n](2)

(Si,j,sr)
2 − srr−4

∣∣∣∣∣∣ > tr


≤ 2 exp

(
−cmin

{
t2r(

1
r2

)4
ns2r

,
tr(

1
r2

)2
sr

})
≤ 2 exp

(
−cmin

{
t2r
nγ4r

,
tr
γ2r

})
, (A.33)

for every tr ≥ 0, for some universal constant c > 0. Let us consider tr ≥ nγ2r . Then, the above

probability becomes 2 exp(−ctr/γ2r ). Moreover, for r ≥ ecn/4 if we choose tr = (4/c)γ2r log r,

we have that for all (i, j) ∈ [n](2),

1

n2

∑
i,j∈[n](2)

(Si,j,sr)
2 ≤ γ2r + (4/c)γ2r log r,

with probability at least 1− 2r−4, for er := 4γ2r + (16/c)γ2r log r ≤ (32/c)γ2r log r.

Lemma A.9. Let ϵ > 0 be fixed, er be as defined in Lemma A.8, and let q
(r)
n,ℓ ∈ Aϵ where Aϵ

is defined in (A.27). Then,∥∥∥E[∆q(r)n,ℓ ∣∣∣ Fℓ]− γrn−4bn

(
q
(r)
n,ℓ

)∥∥∥2
F
≤ Cn2

r4
+ 4n2β2

r,ne
3
r max{λ, L}+ 2n2Φ

(
ϵ

4n−2σ
√
γr

)
,

with probability at least 1− 2
r4
− 2n2

r4
− 4n2Φ

(
ϵ

4n−2σ
√
γr

)
.
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Proof. Let I :=
∥∥∥K (q̃(r)n,ℓ+1

)
−K

(
q
(r)
n,ℓ

)∥∥∥2
2

and let Ar,ℓ be the event that {I ≤ er}. In the

following we will work on this event. Set

J :=

exp

(
−βr,n

[
H
(
K
(
q̃
(r)
n,ℓ

))
−H

(
K
(
q
(r)
n,ℓ

))]+)
exp

(
−βr,n

〈
DH

(
K
(
q
(r)
n,ℓ

))
, K
(
q̃
(r)
n,ℓ+1

)
−K

(
q
(r)
n,ℓ

)〉+) ,
From our assumption on (γr)r∈N, we have that for sufficiently large r, βγr log2 r ≤ 1. Notice

that by Assumption 3.4, we have

1− 2βr,nλI ≤ exp(−βr,nλI) ≤ J ≤ exp(βr,nLI) ≤ 1 + 2βr,nLI,

if βr,nλI, βr,nLI ≤ 1, i.e., when r is sufficiently large. Define b
(r)
n at q

(r)
n,ℓ as

E
[(
q̃
(r)
n,ℓ+1 − q

(r)
n,ℓ

)
exp

(
−βr,n

〈
DH

(
K
(
q
(r)
n,ℓ

))
, K
(
q̃
(r)
n,ℓ+1

)
−K

(
q
(r)
n,ℓ

)〉+) ∣∣∣∣ Fk].
Then, on the event Ar,ℓ we have

∥∥∥E[∆̃q(r)n,ℓ ∣∣∣ Fk]− b(r)n (q(r)n,ℓ)∥∥∥2
F
≤ 4n2β2

r,ne
3
r max{λ, L}.

Let Er,ℓ be the event as in the proof of Lemma A.6. On this event, we have∥∥∥E[∆q(r)n,ℓ ∣∣∣ Fℓ]− E
[
∆̃q

(r)
n,ℓ

∣∣∣ Fℓ]∥∥∥2
F
≤ C

(
n2

r4
+ 2n2Φ

(
ϵ

4n−2σ
√
γr

))
. (A.34)

Moreover, on the event Er,ℓ we also have that given Fk, the coordinates of the n×n symmetric

matrix
(
q̃
(r)
n,ℓ+1 − q

(r)
n,ℓ

)
are i.i.d. and have the same distribution as S̃sr .

Let Ỹr be n × n matrix with independent entries such that Ỹr,(i,j) be increment of the

symmetric random walk (without reflection) of step-size r−2 starting from q
(r)
n,ℓ,(i,j) run for

sr = ⌈γ2rr4⌉ steps. Let Bn be an n×n symmetric matrix of standard Brownian motions. On

the event Er,ℓ∩Ar,ℓ, we use the Berry-Esseen lemma (see [Pet11, Theorem 16]) with a union

bound to obtain W2
2

(
Ỹr, Bn(γ2r )

)
≤ Cn2

r4
, for some universal constant C > 0.

Let ∇Hn

(
q
(r)
n,ℓ

)
= V . Define a function G(Y ) := Y exp

(
−βr,n⟨V, Y ⟩+F

)
. Note that G is a

bounded Lipschitz function of Y . Observe that b
(r)
n

(
q
(r)
n,ℓ

)
= E

[
G
(
Ỹr

)]
. On the other hand,

we know that γrn
−4bn

(
q
(r)
n,ℓ

)
= E[G(Bn(γr))]. We conclude that on the event Er,ℓ ∩ Ar,ℓ we

have ∥∥∥E[∆̃q(r)n,ℓ ∣∣∣ Fℓ]− γrn−4bn

(
q
(r)
n,ℓ

)∥∥∥2
F
≤ Cn2

r4
+ 4n2β2

r,ne
3
r max{λ, L}.
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The conclusion follows by using (A.34) and noticing that the

P{Er,ℓ ∩ Ar,ℓ} ≥ 1− 2

r4
− 2n2

r4
− 4n2Φ

(
ϵ

4n−2σ
√
γr

)
.

A.3 Proofs of Chapter 3.3

Proof of Proposition 3.7. The existence and uniqueness of the solution follows from the stan-

dard arguments for vector valued SDEs [KR18, Section 7.6]. We skip the details.

Let Yn be a semimartingale. We now show that Zn(t) := Texp[Yn](t) satisfies the SDE

Zn(t) = In +

∫ t

0

dYn(s)Zn(s).

To this end, recall that J0(Yn) ≡ In by definition. Note that J1(Yn) = Yn and for k ∈ N we

have

Jk(Yn)(t) =

∫ t

0

dYn(s)Jk−1(Yn)(s), t ∈ [0, 1].

It follows that

Texp[Yn](t) = In +
∞∑
k=1

Jk(Yn)(t)

= In +
∞∑
k=1

∫ t

0

dYn(s)Jk−1(s)

= In +

∫ t

0

dYn(s)

(
∞∑
k=1

Jk−1(Yn)(s)

)

= In +

∫ t

0

dYn(s) Texp[Yn](s), t ∈ R+.

This completes the proof.

Proof of Theorem 3.8. Recall that

Pn,m(t) :=

⌊mt⌋∏
k=1

(
In +X

(m)
n,k

)
, t ∈ [0, 1].
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Set Hp =
∏p

k=1

(
In +X

(m)
n,k

)
and H0 = Pn,m(0) = In. Notice that Pn,m is a piecewise constant

interpolation of Hp. Observe that

Pn,m(t)− Pn,m(0) =

⌊mt⌋∑
j=1

(Hj −Hj−1)

=

⌊mt⌋∑
j=1

X
(m)
n,j Hj−1

=
µn
m

⌊mt⌋∑
j=1

A
(m)
n,kHj−1 +

⌊mt⌋∑
j=1

MjHj−1,

where Mj = µn
m

(
X

(m)
n,j − E

[
X

(m)
n,j

])
+ σn√

m
G

(m)
n,j for all j ∈ [⌊mt⌋]. Note that (MjHj−1)j∈[⌊mt⌋]

is a martingale difference sequence.

Consider the process

Pn(t) = In + µn

∫ t

0

An(s)Pn(s) ds+ σn

∫ t

0

dBn(s)Pn(s), t ∈ R+,

where Bn is a matrix of i.i.d. BMs. We now couple the process Pn with Pn,m. To do

so, we couple the Brownian motion Bn with Gaussian increments
(
G

(m)
n,k

)
k∈[m]

such that

1√
m
G

(m)
n,k = Bn((k + 1)/m)−Bn(k/m) for every k ∈ [m] and m ∈ N. With this coupling, we

obtain

∥Pn,m(t)− Pn(t)∥2F ≤ 3tµ2
n

∫ t

0

∥∥∥Ã(m)
n (s)Pn,m(s)− An(s)Pn(s)

∥∥∥2
F

ds

+ 3σ2
n

∥∥∥∥∫ t

0

dBn(s)(Pn,m(s)− Pn(s))

∥∥∥∥2
F

+
3µ2

n

m2

∥∥∥∥∥∥
⌊mt⌋∑
j=1

Z
(m)
n,j Hj−1

∥∥∥∥∥∥
2

F

,

where Z
(m)
n,j = M

(m)
n,j − E

[
M

(m)
n,j

]
for all j ∈ [m] and all m ∈ N. We now set ∆m(t) :=

sups∈[0,t]∥Pn,m(s)− Pn(s)∥2F. And, obtain

∆m(t) ≤ 3tµ2
n

∫ t

0

∥∥∥Ã(m)
n (s)

∥∥∥2
F
∆m(s) ds+ 3tµ2

n

∫ t

0

ζn,m(s)∥Pn(s)∥2F ds

+ 3σ2
n sup
s∈[0,t]

∥∥∥∥∫ s

0

dBn(r)(Pn,m(r)− Pn(r))

∥∥∥∥2
F
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+ sup
s∈[0,t]

3µ2
n

m2

⌊ms⌋∑
j,j′=1

tr
[
H⊤
j−1Z

(m)⊤
n,j Z

(m)
n,j′Hj′−1

]
,

where ζn,m(t) := sups∈[0,t]

∥∥∥Ã(m)
n (s)− An(s)

∥∥∥2
F
. Finally, since

∥∥∥Ã(m)
n (s)

∥∥∥2
F
≤ Cn2 for all s ∈

[0, 1], for some constant C > 0. Since
(
Z

(m)
n,j

)
j∈[m]

are all independent for every m ∈ N,

and E
[
Z

(m)⊤
n,j Z

(m)
n,j

]
≼ nDIn for all j ∈ [m] and every m ∈ N, taking expectations and using

Doob’s maximal inequality, we get

E[∆m(t)] ≤ 3(Ctn2µ2
n + 4σ2

n)

∫ t

0
E[∆m(s)] ds+ 3tµ2

nζn,m(t)

∫ t

0
E
[
∥Pn(s)∥2F

]
ds

+ 24nDµ2
nm

−1

∫ t

0
E
[
∥Pn(s)∥2F

]
ds+ 24nDµ2

nm
−1

∫ t

0
E[∆m(s)] ds

= 3(Ctn2µ2
n + 4σ2

n + 8nDµ2
nm

−1)

∫ t

0
E[∆m(s)] ds

+ 3(tµ2
nζn,m(t) + 8nDµ2

nm
−1)

∫ t

0
E
[
∥Pn(s)∥2F

]
ds.

Now we apply Grönwall inequality [Grö19] to get

E[∆m(t)] ≤ 3(tµ2
nζn,m(t) + 8nDµ2

nm
−1)

∫ t

0
E
[
∥Pn(s)∥2F

]
ds · e3t(Ctn2µ2n+4σ2

n+8nDµ2nm
−1).

The claim now follows from the assumption that ζn,m(t)→ 0 as m→∞.
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Appendix B

PROOFS OF THEOREMS IN CHAPTER 4

In this section, we will provide the proofs of theorems in Chapter 4.

B.1 Proofs of Chapter 4.2

Lemma B.1. Let ω1, . . . , ωn ∈ Ŵ. Then there exist w1, . . . , wn ∈ W such that [wi] = ωi and

∥wi − wi+1∥2 = δ2(ωi, ωi+1) for every i ∈ [n− 1].

Proof. Let (Ω,F , µ) be a probability space over some Polish space Ω equipped with the usual

Borel sigma algebra F . For a kernel w on Ω, that is, w : Ω × Ω → R we define the norm

∥ · ∥2,Ω,µ as

∥w∥22,Ω,µ :=

∫
Ω2

|w(x, y)|2µ(dx)µ(dy).

Also, Let w ∈ W be a kernel. Let φ : (Ω,F , µ) → ([0, 1],B([0, 1]), λ[0,1]) be a measure

preserving map (i.e., µ(φ−1(B)) = λ[0,1](B) for all Borel sets B ⊆ [0, 1]). We can define wφ

as a kernel on Ω(2) as

wφ(ω1, ω2) := w(φ(ω1), φ(ω2)), for µ-a.e. ω1, ω2 ∈ Ω. (B.1)

Let π, ρ : [0, 1]2 → [0, 1] be the usual coordinate projection maps, that is, π : (x, y) 7→ x

and ρ : (x, y) 7→ y. Using equation (B.1), we can define wπ and wρ as kernels on Ω = [0, 1]2

for every kernel w ∈ W . For example,

wπ((x1, y1), (x2, y2)) := w(x1, x2), (x1, y1), (x2, y2) ∈ [0, 1]2.

It is easy to see that wπ is symmetric on [0, 1]2 × [0, 1]2.

In the following discussion, we always equip [0, 1] with the Borel sigma-algebra and the

Lebesgue measure, often without explicitly mentioning.
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Let ui ∈ ωi for i ∈ [n]. From [Lov12, Theorem 8.13] there exist probability measures µi

on [0, 1]2 for i ∈ [n− 1] such that each µi is a coupling of Lebesgue measures satisfying

δ2(ωi, ωi+1) =
∥∥uπi − uρi+1

∥∥
2,[0,1]2,µi

. (B.2)

Let πi : [0, 1]n → [0, 1] be the usual projection map on the i-th coordinate. By the gluing

lemma [Vil03, Lemma 7.6], there exists a measure µ̃ on [0, 1]n such that (πi, πi+1)♯µ̃ = µi.

Therefore we have ∥∥uπi − uρi+1

∥∥
2,[0,1]2,µi

=
∥∥uπii − uπi+1

i+1

∥∥
2,[0,1]n,µ̃

. (B.3)

Let η : [0, 1] → ([0, 1]n, µ̃) be a measure preserving bijection and let φi := πi ◦ η. Then

φi : [0, 1]→ [0, 1] is measure preserving and therefore we obtain

∥∥uπii − uπi+1

i+1

∥∥
2,[0,1]n,µ̃

=
∥∥uφi

i − uφi+1

i+1

∥∥
2,[0,1]

. (B.4)

Combining equations (B.2), (B.3) and (B.4), and taking wi = uφi

i for all i ∈ [n], yields

δ2(ωi, ωi+1) = ∥wi − wi+1∥2. This completes the proof.

If (wt)t∈[0,1] ∈ AC(W , d2). It is easily seen that (ωt := [wt])t∈[0,1] ∈ AC(Ŵ , δ2). Lemma B.2

shows that the converse is also true.

Lemma B.2. Let ω = (ωt)t∈[0,1] ∈ AC(Ŵ , δ2). Then there exists W = (wt)t∈[0,1] ∈
AC(W , d2) such that ωt = [wt], and δ2(ωt, ωs) = ∥wt −Ws∥2 for all s, t ∈ [0, 1].

Proof of Lemma B.2. Following Remark 4.9, assume (possibly after a reparametrization)

that the curve ω is Lipschitz with Lipschitz constant L ≥ 0. Let n ∈ N. From Lemma B.1,

there exists wi,n ∈ W such that [wi,n] = ωi/n for all i ∈ {0} ∪ [n], and

∥wi,n − wi+1,n∥2 = δ2(ωi/n, ω(i+1)/n),

for all i ∈ [n− 1]. For each n ∈ N, let us define the curve w(n) =
(
w

(n)
t

)
t∈[0,1] as

w
(n)
t := (1− nt+ i)wi,n + (nt− i)wi+1,n,
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when t ∈ [i/n, (i+ 1)/n] for some i ∈ [n− 1]. Note that w(n) is also Lipschitz with constant

L and therefore the family {w(n)}n∈N is equicontinuous w.r.t. d2.

Since W ⊆ L2
(
[0, 1](2)

)
is bounded in L2

(
[0, 1](2)

)
, it is weak-∗ precompact [San15, Box

1.2]. Since {w(n)}n∈N is equicontinuous w.r.t. d2, it will also be equicontinuous w.r.t. the

weak-∗ topology. It follows from Ascoli’s theorem [Mun00, Theorem 47.1] (possibly after

passing to a subsequence and relabeling) that
(
w(n)

)
n∈N converges uniformly in weak-∗ to

some curve (wt)t∈[0,1] ⊆ L2
(
[0, 1](2)

)
. It is easy to see that wt is symmetric and |wt| ≤ 1 a.e.

on [0, 1](2) and hence wt ∈ W for every t ∈ [0, 1].

To conclude our proof, we show that (wt)t∈[0,1] is Lipschitz in ∥ · ∥2 and that δ2([wt], ωt) =

0 for all t ∈ [0, 1] ∩Q (therefore [wt] = ωt for rational t). Since ω is also Lipschitz, it follows

that ωt = [wt] for all t ∈ [0, 1].

To see that (wt)t∈[0,1] is Lipschitz, observe that for any s, t ∈ [0, 1],〈
w

(n)
t − w(n)

s , wt − ws
〉
→ ∥wt − ws∥22.

Using Cauchy–Schwarz inequality, we obtain

∥wt − ws∥2 ≤ lim inf
n→∞

∥∥∥w(n)
t − w(n)

s

∥∥∥
2
≤ L|t− s|.

We now show that δ2([wt], ωt) = 0 for all t ∈ [0, 1] ∩Q. To this end, fix a t ∈ [0, 1] ∩Q and

let t = p/q for some p, q ∈ N. To see this, note that it follows from the proof of [Lov12,

Lemma 14.16] that δ2([wt], ωt) ≤ lim infn→∞ δ2([wnp,nq], ωt) = 0. Note that the hypothesis

in [Lov12, Lemma 14.16] states that [wnp,nq]→ [wt] in cut-sense, but the proof only requires

wnp,nq → wt in weak-∗ sense.

Corollary B.3. If ω ∈ AC(Ŵ , δ2), then |ω′|(t) = ∥w′
t∥2 for a.e. t ∈ (0, 1), where (wt)t∈[0,1] ∈

AC(W , d2) is obtained as in Lemma B.2.

Proof of Corollary B.3. Let ω and (wt)t∈[0,1] be as above. Recall that (wt)t∈[0,1] is an abso-

lutely continuous curve in (W , d2). Since every absolutely continuous curve in a Hilbert space

is differentiable a.e. (Radon–Nikodým property) [Huf77, page 30, Theorem 5], there exists
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a family w′
t ∈ L2

(
[0, 1](2)

)
, for a.e. t ∈ [0, 1], such that wt − w0 =

∫ t
0
w′
s ds holds pointwise

a.e. on [0, 1](2). It follows from Lebesgue differentiation theorem [Hun14, Theorem 6.32]

that
∥∥wt−ws

t−s − w′
t

∥∥
2
→ 0 as s→ t. We know from Lemma B.2 that δ2(ωt, ωs) = ∥wt − ws∥2.

Thus, it follows that |ω′|(t) = lims→t
δ2(ωt,ωs)

|t−s| = ∥w′
t∥2 for a.e. t ∈ (0, 1).

Proof of Lemma 4.12. Let (wt)t∈[r,s] ⊆ AC(W , d2) be such that wr ∈ [u] and ws ∈ [v].

Applying Jensen’s inequality, we obtain∫ s

r

∥w′
t∥2 dt ≥

∥∥∥∥∫ s

r

w′
t dt

∥∥∥∥
2

= ∥ws − wr∥2 ≥ δ2([u], [v]). (B.5)

Following Definition 2.12, there exists φ1, φ2 ∈ T such that

δ2([u], [v]) = ∥uφ1 − vφ2∥2. (B.6)

Therefore, we can define an curve (wt)t∈[r,s] ∈ AC(W , d2) as wr := uφ1 , ws := vφ2 and

wt := ((s− t)wr + (t− r)ws)/(s− r) for t ∈ (r, s). Since for any r ≤ a < b ≤ s,

∥wb − wa∥2 =
∥ws − wr∥2

s− r · (b− a) =
∥uφ1 − vφ2∥2

s− r · (b− a), (B.7)

therefore (wt)t∈[r,s] ∈ AC(W , d2) and w′
t = (uφ1 − vφ2)/(s − r) exists for all t ∈ (r, s). With

this choice of (wt)t∈[r,s] ∈ AC(W , d2), from equation (B.6) we get∫ s

r

∥w′
t∥2 dt = ∥uφ1 − vφ2∥2 = δ2([u], [v]). (B.8)

Combining equation (B.5) and equation (B.8) completes the proof.

Proof of Proposition 4.13. Recall that (see the remark after the Definition 4.6) for any ω =

(ωt)t∈[0,1] ∈ AC(Ŵ , δ2) such that ω0 = [u], and ω1 = [v], we have

ℓ(ω) ≥ δ2(ω0, ω1) = δ2([u], [v]). (B.9)

Given [u], [v] ∈ Ŵ , it suffices to construct a curve ω∗ = (ω∗
t )t∈[0,1] ∈ AC(Ŵ , δ2) such that

ω∗
0 = [u], ω∗

1 = [v], and ℓ(ω∗) ≤ δ2([u], [v]). Without any loss of generality, we can choose
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u, v ∈ W such that δ2([u], [v]) = ∥u− v∥2. Define ω∗ as ω∗
t := [wt] where wt := (1− t)u+ tv

for all t ∈ [0, 1]. The curve ω∗ ∈ AC(Ŵ , δ2) since

δ2([ws], [wr]) ≤ ∥ws − wr∥2 = ∥u− v∥2 · (s− r), (B.10)

for all 0 ≤ r < s ≤ 1. Now observe that

ℓ(ω∗) = sup

{
n−1∑
k=0

δ2
(
[wtk ],

[
wtk+1

]) ∣∣∣∣∣ n ∈ N, 0 = t0 < t1 · · · < tn = 1

}

≤ sup

{
n−1∑
k=0

∥u− v∥2(tk+1 − tk) dt

∣∣∣∣∣ n ∈ N, 0 = t0 < t1 · · · < tn = 1

}
= ∥u− v∥2 = δ2(ω

∗
0, ω

∗
1). (B.11)

This completes the proof.

Proof of Lemma 4.15. From Lemma B.1 we obtain φ, φ0, φ1 ∈ T such that

δ2([w], [w0]) = ∥wφ − wφ0

0 ∥2, and δ2([w], [w1]) = ∥wφ − wφ1

1 ∥2. (B.12)

Defining wt := (1− t)wφ0

0 + twφ1

1 and ϑt := [wt] for t ∈ [0, 1], we get that that

δ22([w], [wt]) ≤ ∥wφ − (1− t)wφ0

0 − twφ1

1 ∥22
= (1− t)∥wφ − wφ0

0 ∥22 + t∥wφ − wφ1

1 ∥22 − t(1− t)∥wφ0

0 − wφ1

1 ∥22
= (1− t)δ22([w], [w0]) + tδ22([w], [w1])− t(1− t)∥wφ0

0 − wφ1

1 ∥22
≤ (1− t)δ22([w], [w0]) + tδ22([w], [w1])− t(1− t)δ22([w0], [w1]).

Therefore, δ22([w], · )/2 is 1-semiconvex along ϑ w.r.t. δ2.

B.2 Proofs of Chapter 4.3

In this section, we will provide all proofs for statements made in Chapter 4.3.
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B.2.1 Proofs of Chapter 4.3.2

Lemma B.4. If R : Ŵ → R ∪ {∞} is sequentially δ□-lower semicontinuous, then

1. for every τ > 0 and [u] ∈ Ŵ, we have infŴ ΦR(τ, [u]; · ) > −∞, where ΦR is defined

in equation (4.11), and

2. if ([un])n∈N ⊂ Ŵ with supn∈NR([un]) < ∞, then ([un])n∈N admits a δ□-converging

subsequence.

Proof. Since (Ŵ , δ□) is a compact metric space [LS07], from the Weierstrass Theorem [San15,

Box 1.1], both arg minŴ R and arg minŴ ΦR(τ, [u]; · ) exist for all τ > 0 and [u] ∈ Ŵ . Thus

the minima are greater than −∞, and every sequence admits a δ□-converging subsequence.

Proof of Theorem 4.17. From Lemma 4.1 we know that the topology induced by δ2 is se-

quentially δ□-lower semicontinuous. This with Lemma B.4 shows that the assumptions in

[AGS08, Proposition 2.2.3] are satisfied, guaranteeing that GMMδ2,δ□(ΦR, [u0]) is non-empty.

If |∂R| is δ□-lower semicontinuous and R is δ□-continuous on the sublevel sets of |∂R|, then

it follows from [AGS08, Theorem 2.3.1] that every element ω ∈ GMMδ2,δ□(ΦR, [u0]), for

[u0] ∈ eff-Dom(R), is a curve of maximal slope.

B.2.2 Proofs of Chapter 4.3.3

Lemma B.5 shows that Fréchet-like derivatives behave nicely under the Lebesgue measure-

preserving transforms and hence is a well-defined map from Ŵ to L̂∞([0, 1]2). That is, we

can project DWR to obtain DŴR : eff-Dom(R)→ L̂∞([0, 1]2) as DŴR([v]) := [DWR(v)] for

v ∈ W .

Lemma B.5. Let R : W → R ∪ {∞} be an invariant function. Let v, v′ ∈ eff-Dom(R)

such that v′ = vφ for some φ ∈ T . Suppose that the Fréchet-like derivatives DWR(v) and
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DWR(v′) exist. If ϕ = DWR(v) and ϕ′ = DWR(v′), then ϕ′ = ϕφ a.e. In particular, this

implies that DWR(v) ∈ L∞([0, 1](2)
)
if it exists, is unique.

Proof. Let the sequence (vn)n∈N ⊂ W be such that ∥vn − v∥2 → 0 as n→∞, then we have

∥vφn − v′∥2 → 0 as n→∞. We first show that

lim
n→∞

⟨ϕ′ − ϕφ, vφn − v′⟩
∥vn − v∥2

= 0. (B.13)

To this end, recall thatR is invariant and henceR(v) = R(vφ) andR(vφn) = R(vn). Therefore,

we have

lim
n→∞

⟨ϕ′ − ϕφ, vφn⟩ − ⟨ϕ′ − ϕφ, vφ⟩
∥vn − v∥2

= lim
n→∞

[
R(vn)−R(v)− ⟨ϕ, vn − v⟩

∥vn − v∥2
− R(vφn)−R(vφ)− ⟨ϕ′, vφn − vφ⟩

∥vφn − vφ∥2

]
= lim

n→∞

R(vn)−R(v)− ⟨ϕ, vn − v⟩
∥vn − v∥2

− lim
n→∞

R(vφn)−R(vφ)− ⟨ϕ′, vφn − vφ⟩
∥vφn − vφ∥2

= 0,

where the last equality holds because each limit individually goes to 0 by the definition of

Fréchet differentiability and our assumption that R has Fréchet-like derivative at v and v′.

We now show that ϕ′−ϕφ = 0 a.e. Let A+ := {ϕ′−ϕφ > 0} and A− := {ϕ′−ϕφ < 0}. It

suffices to show that |A+| + |A−| = 0. We only prove that A+ has measure 0, the proof for

A− follows similarly. Let A := {v = 1} ∩ A+ and B := {v < 1} ∩ A+. We claim that both

A and B have measure 0. We prove this by contradiction. Suppose, for contradiction, that

|B| > 0. Define the set Bφ := {(x, y) ∈ [0, 1]2 | (φ(x), φ(y)) ∈ B} and note that |B| = |Bφ|
and hence |Bφ| has positive measure. Set vn := v+ 1

n
χBφ and note that ∥vn − v∥2 = |B|

n
→ 0

as n→∞. By equation (B.13) we conclude that

0 = ⟨ϕ′ − ϕφ, χBφ⟩ =

∫
B

(ϕ′ − ϕφ)(x, y) dx dy > 0,

which is a contradiction. Therefore, we must have that B has 0 measure. Repeating the

same argument with vn := v − 1
n
χAφ shows that A has measure 0. Since A+ = A ∪ B, it

follows that A+ has measure zero.
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To conclude the second part, suppose that ϕ and ϕ′ are two Fréchet-like derivatives of

R at v. Then, (taking φ = id) we must have that ϕ = ϕ′ a.e. Hence, DWR(v) is a unique

element in L∞([0, 1](2)
)
.

Proof of Lemma 4.20. Fixing [v] ∈ eff-Dom(R), we verify using Lemma B.5 that ηR is well

defined on Ŵ . If v2 = vφ1 for v1 ∈ [v] for some φ ∈ T , and ϕ1 = DWR(v1) then DWR(v2) =

ϕφ1 =: ϕ2, and

sup
w∈W

(⟨ϕ1, v1 − w⟩)+
∥v1 − w∥2

= sup
w∈W

(⟨ϕφ1 , vφ1 ⟩ − ⟨ϕφ1 , wφ⟩)+
∥vφ1 − wφ∥2

= sup
w∈W

(⟨ϕ2, v2⟩ − ⟨ϕ2, w⟩)+
∥w − v2∥2

.

(B.14)

We will now break the proof of the claim into two parts:

1. For any ε > 0, let us consider [w] ∈ Ŵ such that δ2([v], [w]) < δε/2 for some δε > 0

such that if ε → 0, then δε → 0. From Definition 2.11, there exists φ ∈ I such that

δ2([v], [w]) < ∥wφ − v∥2 ≤ δ2([v], [w]) + δε/2, i.e.,

δε/2 > δ2([v], [w]) ≥ ∥wφ − v∥2 − δε/2 > 0. (B.15)

From assumption if we choose wφ ∈ W , since ∥wφ − V ∥2 < δε we get

−ε ≤ R(wφ)−R(v)− (⟨ϕ,wφ⟩ − ⟨ϕ, v⟩)
∥wφ − v∥2

≤ ε, (B.16)

where ϕ = DWR(v). Using equations (B.16) and equation (B.15), we get

(R([v])−R([w]))+

δ2([v], [w])
≤ (R([v])−R([w]))+

∥wφ − v∥2 − δε/2

≤ (⟨ϕ, v⟩ − ⟨ϕ,wφ⟩+ ε∥wφ − v∥2)
+

∥wφ − v∥2 − δε/2

≤
(

(⟨ϕ, v⟩ − ⟨ϕ,wφ⟩)+
∥wφ − v∥2

+ ε

) ∥wφ − v∥2
∥wφ − v∥2 − δε/2

≤ (ηR([v]) + ε)
∥wφ − v∥2

∥wφ − v∥2 − δε/2
, (B.17)

for some v ∈ [v]. Taking ε→ 0 in equation (B.17) we get

|∂R|([v]) ≤ ηR([v]). (B.18)
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2. When ηR([v]) > 0, for all ε ∈ (0, ηR([v])), by the definition of ηR([v]), for any v ∈ [v]

and ϕ = DWR(v), there exists w ∈ W such that

0 < ε < ηR([v]) ≤ ⟨ϕ, v⟩ − ⟨ϕ,w⟩∥v − w∥2
+ ε. (B.19)

Let wt := (1− t)v+ tw for all t ∈ [0, 1]. Since W is a convex subset of L2([0, 1](2)), the

curve (wt)t∈[0,1] ⊆ W . Since ∥wt − v∥2 → 0 as t→ 0, by assumption we have

lim
t→0

R(wt)−R(v)− (⟨ϕ,wt⟩ − ⟨ϕ, v⟩)
∥wt − v∥2

= 0

=⇒ lim
t→0

R(wt)−R(v)− t(⟨ϕ,w⟩ − ⟨ϕ, v⟩)
t∥w − v∥2

= 0

=⇒ lim
t→0

R(v)−R(wt)

t∥w − v∥2
=
⟨ϕ, v⟩ − ⟨ϕ,w⟩
∥v − w∥2

≥ ηR([v])− ε > 0

=⇒ lim
t→0

R(v)−R(wt)

∥wt − v∥2
= lim

t→0

(R(v)−R(wt))
+

t∥w − v∥2
≥ ηR([v])− ε

=⇒ lim
t→0

(R([v])−R([wt]))
+

δ2([wt], [v])
≥ ηR([v])− ε. (B.20)

Therefore, the curve ([wt])t∈[0,1] → [v] along which equation (B.20) holds for every

ε > 0. When ηR([v]) = 0, equation (B.20) trivially holds for ε = 0.

Combining the two parts, we find that |∂R|([v]) = ηR([v]).

For any n ∈ N and δn > 0, let Aδn := {|v| < δn} ∪ {v = 1, ϕ > 0} ∪ {v = −1, ϕ < 0}.
Note that for any tn > 0 and δn > 0, define wn := v − tnϕ1Aδn

{ · } and

(⟨ϕ, v⟩ − ⟨ϕ,wn⟩)+
∥v − wn∥2

=
∥∥ϕ1Aδn

{}
∥∥
2
. (B.21)

Let (δn)n∈N be a sequence in (0, 1) such that limn→∞ δn = 1. Since ϕ ∈ L∞([0, 1]2
)
, for every

δn > 0, there exists tn > 0 such that wn = v − tnϕ1Aδn
{} ∈ W for each n ∈ N. It follows

from equation (B.21) that

ηR([v]) ≥ lim sup
n→∞

∥∥ϕ1Aδn
{ · }

∥∥
2

= ∥ϕ1Gv{ · }∥2, (B.22)

where the last equality follows from the dominated convergence theorem and the fact that

1Aδn
{ · } → 1Gv{ · } a.e. as δn → 1.
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For any w ∈ W , define w0 = w on Gv and w0 = v otherwise. Note that

⟨ϕ, v − w⟩ =

∫
Gv

ϕ(v − w) dλ[0,1]2 +

∫
[0,1]2\Gv

ϕ(v − w) dλ[0,1]2

=

∫
Gv

ϕ(v − w0) dλ[0,1]2 +

∫
[0,1]2\Gv

ϕ(v − w) dλ[0,1]2

≤
∫
Gv

ϕ(v − w0) dλ[0,1]2 =

∫
ϕ(v − w0) dλ[0,1]2

= ⟨ϕ, v − w0⟩, (B.23)

where the inequality above follows from the fact that ϕ(v − w) ≤ 0 on [0, 1]2 \ Gv. Using

that ∥v − w0∥2 ≤ ∥v − w∥2, we obtain

(⟨ϕ, v⟩ − ⟨ϕ,w⟩)+
∥v − w∥2

≤ (⟨ϕ, v⟩ − ⟨ϕ,w0⟩)+
∥v − w0∥2

.

It therefore follows that

ηR([v]) := sup
w

(⟨ϕ, v⟩ − ⟨ϕ,w⟩)+
∥v − w∥2

, (B.24)

where the supremum is taken over w ∈ W such that w = v on [0, 1]2 \ Gv. For any such

w, we obtain by the Cauchy–Schwarz inequality that ⟨ϕ, v − w⟩ ≤ ∥ϕ1Gv{ · }∥2∥v − w∥2.
Therefore, it follows from that

ηR([v]) ≤ ∥ϕ1Gv{ · }∥2. (B.25)

Combining equations (B.22) and (B.25), the conclusion follows.

Lemma B.6. Let R : Ŵ → R ∪ {∞}. Let R be Fréchet differentiable. Let us consider

ω ∈ AC(Ŵ , δ2), and let (wt)t∈[0,1] ∈ AC(W , d2) be its representative curve such that w′
t =

−ηR([wt])nt for a.e. t ∈ [0, 1] for some nt ∈ L∞([0, 1](2)
)
satisfying ∥nt∥2 = 1 and ⟨ϕt, nt⟩ =

ηR([wt]). Then, ω is a curve of maximal slope on (Ŵ , δ2).

Proof. Since (wt)t∈[0,1] ∈ AC(W , d2), the metric derivative of (wt)t∈[0,1] with respect to d2 at

any t ∈ (0, 1) is given by

lim
h→0

∥wt+h − wt∥2
|h| = ∥w′

t∥2 = ∥ηR([wt])Nt∥2 = |ηR([wt])|. (B.26)
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That is, the metric derivative of (wt)t∈[0,1] ∈ AC(W , d2) equals the upper gradient. Moreover,

by the absolute continuity of the curve and from Definition 4.18,

d

dt
R(wt) = lim

h→0

R(wt+h)−R(wt)

h

= lim
h→0

⟨ϕt, wt+h⟩ − ⟨ϕt, wt⟩+ o(∥wt+h − ht∥2)
h

= ⟨ϕt, w′
t⟩+ 0 = −⟨ϕt, nt⟩ηR([wt]) = −η2R([wt]), (B.27)

where ϕt = DWR(wt). Thus, (wt)t∈[0,1] satisfies Definition 4.5 and is a curve of maximal

slope on (W , d2), and ω is a curve of maximal slope on (Ŵ , δ2).

Lemma B.7. Let R : W → R ∪ {∞} be a λ-semiconvex invariant function for some λ ∈ R

such that the Fréchet-like derivative, ϕ(w) = DWR(w), exists for all w ∈ eff-Dom(R). Let

(wt)t∈[0,1] ∈ AC(W , d2) be an absolutely continuous curve satisfying w′
t = −ϕ(wt)1Gwt

{ · } =

−DWR(wt)1Gwt
{} for a.e. t ∈ [0, 1]. Then, ([wt])t∈[0,1] is the unique minimizing movement

curve (MM) satisfying the following evolution variational inequality (EVI)

1

2

d

dt
d22(wt, v) +

λ

2
∥wt − v∥22 +R(wt) ≤ R(v), (B.28)

for every v ∈ eff-Dom(R).

Proof. The curve (wt)t∈[0,1] is a curve of maximal slope follows from Lemma B.6. We now

show that it satisfies the EVI. For t ∈ R+, let ϕt := DWR(wt). Fix u ∈ W and define the

function gu : W → R ∪ {∞} by gu(v) := R(v) − λ∥u− v∥22/2, for v ∈ eff-Dom(R). We first

observe that DWgwt(wt) = ϕt. To see this, note that

lim
s→t

R(ws)−R(wt)− ⟨ϕt, ws − wt⟩
∥ws − wt∥2

= 0

=⇒ lim
s→t

gwt(ws)− gwt(wt)− ⟨ϕt, ws − wt⟩
∥ws − wt∥2

= 0. (B.29)

The conclusion, that is DWgwt(wt) = ϕt, now follows from the uniqueness of Fréchet-like

derivatives (Lemma B.5). Since R is λ-semiconvex, gu is convex, i.e.,

gwt(v) ≥ gwt(wt) + ⟨ϕt, v − wt⟩ , v ∈ eff-Dom(R). (B.30)



242

From equation (B.23) and using the fact that w′
t = ϕt, we obtain

⟨ϕt, v − wt⟩ ≤
〈
ϕt1Gwt

{ · }, v − wt
〉

=

〈
− d

dt
wt, v − wt

〉
=

1

2

d

dt
∥wt − v∥22 =

1

2

d

dt
d22(wt, v), (B.31)

where the second equality follows from the reflexivity of L2([0, 1]2). Plugging equations (B.29)

and (B.31) in equation (B.30) and rearranging, we get

1

2

d

dt
d22(wt, v) +

λ

2
∥wt − v∥22 +R(wt) ≤ R(v), (B.32)

for all v ∈ eff-Dom(R). Using equation (B.32) it follows from [AGS08, Theorem 4.0.4] that

the curve ([wt])t∈[0,1] is the unique curve in MMδ2,δ□(ΦR, [w0]).

Proof of Theorem 4.23. Fix [w0] ∈ eff-Dom(R) and define

wt := w0 −
∫ t

0

ϕ(ws)1Gws
{ · } ds , t ∈ (0, 1],

where the above integral is a pointwise integral, i.e., for a.e. (x, y) ∈ [0, 1]2,

wt(x, y) := w0(x, y)−
∫ t

0

ϕ(ws)(x, y)1Gws
{(x, y)} ds , t ∈ (0, 1].

By construction, we have (wt)t∈[0,1] ∈ AC(W , d2) and w′
t = −ϕ(wt)1Gwt

{ · } for all t ∈ [0, 1].

It follows from Lemma B.7 that (wt)t∈[0,1] is a minimizing movement. It follows from the

definition of minimizing movements (see Chapter 4.3.2 and [AGS08, Definition 2.0.6]) that

there exists a sequence of discrete solutions in Ŵ that converges to ([wt])t∈[0,1] in δ□. Since

W is closed in ∥ · ∥□, wt ∈ W for all t ∈ [0, 1].

Set ωt = [wt] for t ∈ [0, 1]. Then ω ∈ AC(Ŵ , δ2). From Lemma 4.20, we know that for

any t ∈ [0, 1], ηR([wt]) =
∥∥ϕ(wt)1Gwt

{ · }
∥∥
2

and therefore we have w′
t = −ηR(wt)nt where

nt := ϕ(wt)1Gwt
{ · }/

∥∥ϕ(wt)1Gwt
{ · }

∥∥
2
. It follows from Lemma B.6 that ω is a curve of

maximal slope on (Ŵ , δ2).
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B.3 Proofs of Chapter 4.4

Proof of Proposition 4.27. Note that for any sequence of graphons ([wn])n∈N such that

([wn])n∈N
δ□−→ [w] for some [w] ∈ Ŵ , by Lemma 4.1 we have

lim inf
n→∞

δ2([un], [wn]) ≥ δ2([u], [w]). (B.33)

We now construct a recovery sequence of graphons ([w∗
n] ∈ Ŵn)n∈N ⊂ Ŵ such that

lim
n→∞

δ2([un], [w∗
n]) = δ2([u], [w]), and lim

n→∞
δ□([w∗

n], [w]) = 0. (B.34)

To do so, we first obtain φ, ψ ∈ T from Definition 2.12 and [Jan13, Theorem 6.16] such that

δ2([u], [w]) =
∥∥uφ − wψ∥∥

2
. (B.35)

Since δ□([un], [u]) → 0 as n → ∞, using [Lov12, Theorem 11.59] we can find (φn ∈ In)n∈N

such that

lim
n→∞
∥uφn

n − uφ∥□ = 0. (B.36)

We now define a sequence of kernels (zn ∈ Wn)n∈N as

zn := uφn
n − E[uφ | Fn],

where Fn = σ{Qn ×Qn} for every n ∈ N. Note that

∥zn∥□ ≤ ∥uφn
n − uφ∥□ + ∥uφ − E[uφ | Fn]∥□

≤ ∥uφn
n − uφ∥□ + ∥uφ − E[uφ | Fn]∥2.

Also note that for any v ∈ W , the martingale sequence (E[v | Fn] ∈ Wn)n∈N converges to

v ∈ W in L2
(
[0, 1](2)

)
as n → ∞. Using L2 convergence of the martingales E[uφ | Fn] and

equation (B.36) we conclude that

∥zn∥□ → 0, as n→∞. (B.37)



244

The sequence of kernels (w∗
n ∈ Wn)n∈N can now be defined as

w∗
n := E

[
wψ
∣∣ Fn]+ zn.

It now follows that for any n ∈ N,∥∥w∗
n − wψ

∥∥
□
≤
∥∥E[wψ ∣∣ Fn]− wψ∥∥□ + ∥zn∥□

≤
∥∥E[wψ ∣∣ Fn]− wψ∥∥2 + ∥zk∥□.

Using L2 convergence of the martingales, and equation (B.37) we obtain ∥(w∗
n)ψn−wψ∥□ → 0

and therefore have

lim sup
n→∞

δ□([w∗
n], [w]) = 0. (B.38)

Moreover,

∥uφn
n − w∗

n∥22 =
∥∥E[uφ | Fn]− E

[
wψ
∣∣ Fn]∥∥22

≤
∥∥uφ − wψ∥∥2

2
= δ22([u], [w]) (using equation (B.35)), (B.39)

where the last inequality follows from [Lov12, Equation 9.7]. From equation (B.39) and

Lemma 4.1 we obtain

lim
n→∞

δ2([un], [w∗
n]) = δ2([u], [w]). (B.40)

Now, by the definition of u+n,τ , we have

R
([
u+n,τ

])
+

1

2τ
δ22
(
[un],

[
u+n,τ

])
≤ R([w∗

n]) +
1

2τ
δ22([un], [w∗

n]). (B.41)

Taking lim infn→∞ on both sides of equation (B.41), and from equation (B.33), equa-

tion (B.34) and the δ□-continuity of R, we get

R
([
u+∞,τ

])
+

1

2τ
δ22
(
[u],
[
u+∞,τ

])
≤ lim inf

n→∞
R
([
u+n,τ

])
+ lim inf

n→∞

1

2τ
δ22
(
[un],

[
u+n,τ

])
≤ lim inf

n→∞
R([w∗

n]) + lim inf
n→∞

1

2τ
δ22([un], [w∗

n]) = R([w]) +
1

2τ
δ22([u], [w]). (B.42)

Since [w] ∈ Ŵ was arbitrary, this completes the proof.
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Proof of Theorem 4.28. By increasing the constant G suitably, we may assume that

max

{
sup
n≥2
|∂R|([un,0]), |∂R|([u0])

}
≤ G <∞. (B.43)

Fix T > 0 and let τm be a sequence of positive time steps such that |τm| = T/m. Since

R : Ŵ → R∪{∞} is δ□-continuous and δ2([u], · ) : Ŵ → R∪{∞} is δ□-lower semicontinuous,

the functional ΦR(τ, [u]; · ) is δ□-lower semicontinuous. From Lemma 4.15, it follows that ΦR

satisfies [AGS08, Assumption 4.0.1] and hence by [AGS08, Proposition 4.0.4] we have that

ω(n)(t) = δ□- lim
m→∞

(
J
(n)
t/m

)m
([un,0]) , ω(t) = δ□- lim

m→∞

(
Jt/m

)m
([u0]),

exist and are unique for all n ∈ N and t ∈ [0, T ].

Let [un,τm ] : [0, T ]→ Ŵ be the discrete solution of the implicit Euler method with the se-

quence τm and initial point [un,0], for each n ∈ N. Inductively applying the Proposition 4.27,

we obtain [uτm ] : [0, T ] → Ŵ such that [uτm ] is the discrete solution of the implicit Euler

method with the sequence τm and initial point [u0] ∈ Ŵ . Passing to a subsequence and

relabeling, we may assume that
(

[un,τm ]
)
n∈N

δ□−→ [uτm ] uniformly on [0, T ] as n → ∞, that

is, for any fixed sequence of step sizes τm, we have δ□

(
[uk,τm ](t), [uτm ](t)

)
→ 0 uniformly

over t ∈ [0, T ] as n→∞. For every t ∈ [0, T ] we have

δ2

(
[un,τm ](t), ω(n)(t)

)
< γ(|τm|, λ, t;T, |∂Rn|([un,0])), (B.44)

δ2

(
[uτm ](t), ω(t)

)
< γ(|τm|, λ, t;T, |∂F |([u0])), (B.45)

for every n ∈ N where

γ : {(τ, λ, t, T ) ∈ R++ × R× R++ × R++ | τλ > −1, τ ≤ T, t ≤ T} × (0,∞)→ R+

is defined as

γ(τ, λ, t;T,G) :=


τG√
2
, if λ = 0,

1+2|λ|T
1+λτ

· τG√
2
· exp

(
− ln

(
1+λτ
τ

)
t
)
, if λ < 0,

√
1 + 2λT · τG√

2
· exp

(
− ln

(
1+λτ
τ

)
t
)
, if λ > 0,

(B.46)
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by [AGS08, Equation 4.0.6, Theorem 4.0.9, Theorem 4.0.10], and the uniform bound in

equation (B.43). Note that γ is independent of n. Using the triangle inequality, we get

δ□

(
ω
(n)
t , ωt

)
≤ δ□

(
ω
(n)
t , [un,τm ](t)

)
+ δ□

(
[un,τm ](t), [uτm ](t)

)
+ δ□

(
[uτm ](t), ωt

)
≤ δ2

(
ω
(n)
t , [un,τm ](t)

)
+ δ□

(
[un,τm ](t), [uτm ](t)

)
+ δ2

(
[uτm ](t), ωt

)
≤ 2γ(|τm|, λ, t;T,G) + δ□

(
[un,τm ](t), [uτm ](t)

)
, (B.47)

for all n ∈ N and t ∈ [0, T ] by equations (B.44) and (B.45).

It is clear that γ(|τm|, λ, t;T,G) → 0 uniformly on [0, T ] as |τm| → 0. Therefore, we

conclude from equation (B.47) that δ□

(
ω
(n)
t , ωt

)
→ 0 uniformly on t ∈ [0, T ] as n→∞.

Remark B.8. The proof of the Theorem 4.28 can be carried as long as we have the uniform

estimates in equation (B.44). In particular, if ∇Rn ◦Mn are uniformly Lipschitz, and there

is a constant m ∈ R+ such that

Rn(Yn) ≤ Rn(Xn) + ⟨∇Rn(Xn), Yn −Xn⟩+
m

2
∥Yn −Xn∥2F,

for all Xn, Yn ∈ Mn, where Rn := (R ◦K) |Mn , then [But16, Theorem 212A] guarantees a

uniform estimate in (B.44) and therefore the conclusion of the theorem remains valid.

B.4 Proofs of Chapter 4.5

Proof of Lemma 4.31. For any φ ∈ T , given {Ui}i∈N, let us define Vi := φ(Ui) for all i ∈ N.

Since φ♯λ[0,1] = λ[0,1], {Vi}i∈N is a set of i.i.d. uniform random variables in [0, 1]. Using this,

observe that for any (i, j) ∈ [n](2),

vφn(Xφ
n )(i, j) = E[vφ(Ui, Uj) |Xφ

n ((Uℓ)
n
ℓ=1)]

= E[v(φ(Ui), φ(Uj)) |Xn(φ(Uℓ)
n
ℓ=1)]

= E[v(Vi, Vj) |Xn((Vℓ)
n
ℓ=1)] = vn(Xn)(i, j), (B.48)
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holds, completing the proof.

Proof of Proposition 4.32. By definition, ρn,t is the law of the random symmetric matrix

Xn,t((Ui)
n
i=1). Fix some Rn ∈ C1(Mn,R) vanishing at the boundary of Mn. By change of

variables ∫
Mn

Rn(z)ρn,t(z) dz =

∫
[0,1]n

Rn

(
(wt(ui, uj))(i,j)∈[n](2)

)
dλ[0,1]n(u), (B.49)

where λ[0,1]n is the Lebesgue measure on [0, 1]n, and u = (ui)
n
i=1. Note that vn,t ∈ L2(ρn,t).

Taking time derivative on both sides of equation (B.49) for t in the set of full measure where

w′
t is defined,

∂ t

∫
Mn

Rn(z)ρn,t(z) dz

=

∫
[0,1]n

∂ tRn

(
(wt(ui, uj))(i,j)∈[n](2)

)
dλ[0,1]n(u)

=

∫
[0,1]n

〈
(∇R ◦Xn,t)(u), (w′

t(ui, uj))(i,j)∈[n](2)
〉

dλ[0,1]n(u)

=

∫
Mn

〈
∇Rn(z),

∫
{u∈[0,1]n|Xn,t=z}

(w′
t(ui, uj))(i,j)∈[n](2) dµz(u)

〉
dz, (B.50)

where {µz}z∈Mn
is the disintegration of λ[0,1]n , with respect to the function Xn,t. By defi-

nition of vn,t, the above expression is exactly equal to
∫
Mn
⟨∇Rn(z), vn,t(z)ρn,t(z)⟩ dz. This

completes the proof.

B.5 Proofs of Chapter 4.6

Proof of Lemma 4.33. By change of variables, note that

R([w]) = EXn∼ρn([w])[Rn(Xn)]

= E{Zi∼Uni[0,1]}ni=1

[
Rn

(
(w(Zi, Zj))(i,j)∈[n](2)

)]
. (B.51)

For two different graphons [v], [w] ∈ Ŵ , consider their representative kernels v and w. Since

kernels are identified a.e. on [0, 1](2), we may assume w(x, x) = v(x, x) = 0 for a.e. x ∈ [0, 1].
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Now use the same sequence of Uni[0, 1] random variables (Zi)
n
i=1 to obtain a coupling of

ρn([v]) and ρn([w]). This is used implicitly in the following derivation and, hence, we will

skip referring to the random variables {Zi}ni=1 from here on. Define Xn := (w(Zi, Zj))(i,j)∈[n](2)

and Yn := (v(Zi, Zj))(i,j)∈[n](2) . As a consequence of this coupling,

E
[
∥Yn −Xn∥22

]
=

n∑
i=1,j ̸=i

E
[
(v(Zi, Zj)− w(Zi, Zj))

2
]

= n(n− 1)

∫
[0,1]2

(v(x, y)− w(x, y))2 dx dy = n(n− 1)∥v − w∥22.

The first equality is using the fact that the diagonal terms of Yn −Xn are all zeroes. Hence

E[∥Yn −Xn∥2] ≤ n∥v − w∥2, by the Jensen’s inequality.

If either assumptions of the Lemma hold, then for any ε > 0,

|Rn(Yn)−Rn(Xn)− ⟨∇Rn(Xn), Yn −Xn⟩|

≤ ε∥Yn −Xn∥21{∥Yn −Xn∥2 ≤ δε}+ C01{∥Yn −Xn∥2 > δε}. (B.52)

Taking expectations on both sides,

|E[Rn(Yn)]− E[Rn(Xn)]− E[⟨∇Rn(Xn), Yn −Xn⟩]|

≤ εE[∥Yn −Xn∥2] + C0 E[1{∥Yn −Xn∥2 > δε}]

≤ εk∥v − w∥2 + C0 P{∥Yn −Xn∥2 > δε}

≤ εk∥v − w∥2 +
C0

δ2ε
n2∥v − w∥22,

by Markov’s inequality. As ∥v − w∥2 approaches zero, it is now clear that, for any ε′ > 0,

lim sup
v∈W, ∥v−w∥2→0

|E[Rn(Yn)]− E[Rn(Xn)]− E[⟨∇Rn(Xn), Yn −Xn⟩]|
∥v − w∥2

≤ ε′. (B.53)

Since ε′ is arbitrary, the above lim sup must be zero.

By the definition of Fréchet-like derivatives (Definition 4.18), we want to obtain some

ϕ ∈ L∞([0, 1](2)
)

such that

E[⟨∇Rn(Xn), Yn −Xn⟩] = ⟨ϕ, v − w⟩. (B.54)



249

Let Un := Yn −Xn (also similarly measurable with respect to {Zi}ni=1), and let us denote by

A(Z) := ∇Rn(Xn) = ∇Rn

(
(w(Zi, Zj))(i,j)∈[n](2)

)
. Observe that

E[⟨∇Rn(Xn), Yn −Xn⟩] =
n∑

i,j=1

E
[
(A(Z))i,j(Un(Z))i,j

]
=

n∑
i,j=1

E
[
E
[
(A(Z))i,j(Un(Z))i,j

∣∣∣ Zi, Zj]]
=

n∑
i=1,j ̸=i

E
[
E
[
(A(Z))i,ju(Zi, Zj)

∣∣∣ Zi, Zj]]
=

n∑
i=1,j ̸=i

E
[
E
[
(A(Z))i,j

∣∣∣ Zi, Zj]u(Zi, Zj)
]

=
n∑

i=1,j ̸=i

∫
[0,1]2

E
[
(A(Z))i,j

∣∣∣ (Zi, Zj) = (x, y)
]
u(x, y) dx dy

=

∫
[0,1]2

(
n∑

i,j=1

E
[
(A(Z))i,j

∣∣∣ (Zi, Zj) = (x, y)
])
u(x, y) dx dy. (B.55)

Notice that, including the term i = j above makes no difference in the integral. Therefore,

if we choose ϕ ∈ L∞([0, 1]2
)

to be defined as

ϕ(x, y) :=
n∑

i,j=1

E
[(
∇Rn

(
(w(Zi, Zj))(i,j)∈[n](2)

))
i,j

∣∣∣∣ Zi = x, Zj = y

]
, (B.56)

for (x, y) ∈ [0, 1](2), then the required equality in equation (B.54) is satisfied. And the action

of the Fréchet-like derivative ϕ on a kernel, say u ∈ W , is

E[⟨∇Rn ◦Xn, Gn[u]⟩]

:= E
[〈
∇Rn

(
(w(Zi, Zj))(i,j)∈[n](2)

)
, (u(Zi, Zj))(i,j)∈[n](2)

〉]
.

(B.57)

Proof of Lemma 4.34. Since every geodesic is also a generalized geodesic, it suffices to prove

the result for a generalized geodesic. Since Rn is λ-semiconvex, for some λ ∈ R, it follows

that for any X0, X1 ∈Mn,

Rn(Xt) ≤ (1− t)Rn(X0) + tRn(X1)−
λ

2
t(1− t)∥X1 −X0∥22 , ∀ t ∈ [0, 1], (B.58)
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along the curve (Xt := (1− t)X0 + tX1)t∈[0,1].

Let [w0], [w1] be two graphons and let ω = ([wt])t∈[0,1] be a generalized geodesic between

ω0 = [w0] and ω1 = [w1]. It follows from Definition 4.14 that ω has a representation in the

space of kernels given by the line segment (wt = (1− t)w0 + tw1)t∈[0,1], where the kernels

w0 and w1 are such that ∥w0 − w1∥2 ≥ δ2([w0], [w1]). Now use the same set {Zi}ni=1 of

i.i.d. Uni[0, 1] random variables as above to get a process (Xt,k)n∈N of random matrices with

distributions (ρn([wt]))n∈N respectively, for each t ∈ [0, 1]. Note thatXt,k = (1−t)X0,k+tX1,k,

t ∈ [0, 1], n ∈ N. Hence applying equation (B.58) to this line segment and then taking

expectations with respect to the joint law of (Zi)
n
i=1, we get

R([wt]) ≤ (1− t)R([w0]) + tR([w1])−
λ

2
t(1− t)E

[
∥X1,k −X0,k∥22

]
, t ∈ [0, 1].

Now by equation (B.52),

E
[
∥X1,k −X0,k∥22

]
= n(n− 1)∥w1 − w0∥22 ≥ n(n− 1)δ22([w1], [w0]).

Putting it back together we get that for t ∈ [0, 1],

R(ωt) ≤ (1− t)R(ω0) + tR(ω1)−
n(n− 1)λ

2
t(1− t)δ22(ω1, ω0). (B.59)

Therefore R is n(n− 1)λ-semiconvex along the generalized geodesic ω.
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Appendix C

PROOFS OF THEOREMS IN CHAPTER 5

In this section, we will provide the proofs of theorems in Chapter 5.

C.1 Proofs of Chapter 5.1

Proof of Proposition 5.13. We first show that W■ and ∆■ are equal. Let U, V be measure

valued graphons and let φ be some bounded Lipschitz function. Using the definition of the

cut norm and using Fubini’s theorem,

∥Γ(ψ,U)− Γ(ψ, V )∥□ = sup
S,T

∣∣∣∣∫
S×T

(Γ(ψ,U)− Γ(ψ, V ))(x, y) dx dy

∣∣∣∣
= sup

S,T

∣∣∣∣∫ ψ(ζ)(LS×TU)(dζ)−
∫
ψ(ζ)(LS×TV )(dζ)

∣∣∣∣,
where (LS×TW ) :=

∫
S×T W (x, y) dx dy for any W ∈ W, and Borel measurable sets

S, T ⊆ [0, 1]. Taking supremum over all Lipschitz functions ψ on [−1, 1] with ∥ψ∥Lip ≤
1 on both side and interchanging the order of two suprema in the right, we obtain

supψ∥Γ(ψ,U)− Γ(ψ, V )∥□ = supS,T W1(LS×TU,LS×TV ). Since U, V were arbitrary, the

desired result now follows by replacing V with V φ and taking infimum over all φ ∈ T . It

follows that W■ and ∆■ are equal. The fact that W■ is a metric on Ŵ follows by mim-

icking the standard proof of cut-metric being a metric on graphons (see [LS06]). We briefly

outline the idea of the proof. Note that W■ and ∆■ do not satisfy positivity on W, that is,

W■(U, V ) can be 0 even though U ̸= V . It suffices to show that W■(U, V ) = 0 if and only

if U ∼= V in Ŵ, that is, Td(F,U) = Td(F, V ) for every decorated graph F . This follows from

Theorem 5.15.
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Proof of Lemma 5.14. For any ψ ∈ L and W1,W2 ∈W define

Vψ(x, y) =

∫ 1

−1

ψ(ξ)W1(x, y)(dξ)−
∫ 1

−1

ψ(ξ)W2(x, y)(dξ),

for (x, y) ∈ [0, 1](2). For any S, T ⊆ [0, 1], by the Kantorovich duality and Proposition 5.13,

we observe that

W1

(∫
S×T

W1(x, y) dx dy,

∫
S×T

W2(x, y) dx dy

)
= sup

ψ∈L

∣∣∣∣∫
S×T

Vψ(x, y) dx dy

∣∣∣∣ ≤ sup
ψ∈L

∫
[0,1]2
|Vψ(x, y)| dx dy ≤

∫
[0,1]2

sup
ψ∈L
|Vψ(x, y)| dx dy

=

∫
[0,1]2

W1(W1(x, y),W2(x, y)) dx dy ≤
∫
[0,1]2

W2(W1(x, y),W2(x, y)) dx dy

≤
(∫

[0,1]2
W2

2(W1(x, y),W1(x, y)) dx dy

)1/2

,

where the last inequality follows from the Cauchy-Schwarz inequality. The conclusion follows

by replacing W1,W2 by Wφ1

1 and Wφ2

2 respectively, and taking infimum over φ1, φ2 ∈ T .

Lemma C.1. Let D ⊆ C be a subset that is closed under finite products. Suppose that the

linear span A(D) generated by D is dense in C in the sup norm. Let (Wn)n∈N ∈ W and let

W ∈W. Then, the following are equivalent.

1. limn→∞ Td(F,Wn) = Td(F,W ) for every decorated graph F .

2. limn→∞ Td(F,Wn) = Td(F,W ) for every D-decorated graph F .

Proof. Obviously (1) implies (2). To see the converse, first note that if limn→∞ Td(F,Wn) =

TF (W ) for every D-decorated graph F then limn→∞ Td(F,Wn) = Td(F,W ) for every A(D)-

decorated graph F . Now let (F, f) be a C-decorated graph and let ϵ > 0 be fixed. Then, there

exists an A(D)-decoration (F, g) of the skeleton F such that maxi,j∈E(F )∥fi,j − gi,j∥∞ ≤ ϵ.

Let C > 0 be a finite constant such that maxi,j∥fi,j∥∞ ≤ C. It follows that maxi,j∥gi,j∥∞ ≤
C ′ = (1 + C). Using the Counting Lemma for decorated graphs [LS06, Lemma 10.26], for

any U ∈ Ŵ we have |Td((F, g), U)− Td((F, f), U)| ≤ 4|E(F )|C ′ϵ. Thus

|Td((F, f),Wn)− Td((F, f),W )|
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≤ |Td((F, f),Wn)− Td((F, g),Wn)|+ |Td((F, g),W )− Td((F, f),W )|

+ |Td((F, g),Wn)− Td((F, g),W )|

≤ 2C ′ϵ+ |Td((F, g),Wn)− Td((F, g),W )|.

Since g is an A(D)-decoration and |Td((F, g),Wn)− Td((F, g),W )| → 0 as n→∞. It follows

that limn→∞|Td((F, f),Wn)− Td((F, f),W )| ≤ 2C ′ϵ. Taking ϵ→ 0 completes the proof.

Lemma C.2. Let (Wn)n∈N ∈W and let W ∈W. Then, (Wn)n∈N → W in Ŵ if and only if

(TF (Wn))n∈N → TF (W ) for every finite simple graph F .

Proof. Let (F, f) be a decorated graph. Define φF := ⊗{i,j}∈E(F ) f({i, j}). Hence,

Td((F, f),W ) = ⟨φF , TF (W )⟩, where TF is as in Definition 5.5. It follows that if

TF (Wn) → TF (W ) weakly for a skeleton F , then Td(F,Wn) → Td(F,W ) for any decora-

tion (F, f). Conversely, the linear span of {φF : f is a decoration of F} is dense in C(IF )

by the Stone-Weierstrass theorem. Thus, Td((F, f),Wn) → Td((F, f),W ) implies that

⟨φ, TF (Wn)⟩ → ⟨φ, TF (W )⟩ for any φ ∈ C(IF ).

Lemma C.3. If lim
n→∞

∆■(Wn,W ) = 0 then lim
n→∞

Wn = W in Ŵ (see Definition 5.4).

Proof. Assume that lim
n→∞

∆■(Wn,W ) = 0. We want to show that limn→∞ Td(F,Wn) =

Td(F,W ) for every decorated graph F . Since the set of Lipschitz continuous functions is

dense in C, by Lemma C.1 it is enough to show that limn→∞ Td(F,Wn) = Td(F,W ) for every

Lipschitz decorated graph F .

To this end, fix a Lipschitz decorated graph F . Let L > 0 be such that

max{i,j}∈E(F )∥fi,j∥BL ≤ L. Now observe that for any W ∈ Ŵ we have Td(F,W ) =∫
[0,1]V (F )

∏
{i,j}∈E(F ) Γ(Fi,j,W )(xi, xj)

∏
v∈V (F ) dxv. It follows from above and the Counting

Lemma for decorated graphs [LS06, Lemma 10.24] that

|Td(F,Wn)− Td(F,W )| ≤ 4
∑

{i,j}∈E(F )

∥Γ(Fi,j,Wn)− Γ(Fi,j,W )∥□

≤ 4L
∑

{i,j}∈E(F )

∥Wn −W∥■ = 4L|E(F )|∥Wn −W∥■.
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Replacing Wn by Wφn
n and W by Wφ for any φn, φ ∈ T and taking infimum we obtain

|Td(F,Wn)− Td(F,W )| ≤ L|E(F )|∆■(Wn,W ). Since ∆■(Wn,W )→ 0 as n→∞, it follows

that Td(F,Wn)→ Td(F,W ) as n→∞.

Lemma C.4. Let L be the space of all Lipschitz function on [−1, 1] with bounded

Lipschitz norm at most 1. For every ϵ > 0, there exists a finite set Fϵ ⊆ L
such that

∣∣∆■(U, V )−∆Fϵ
■ (U, V )

∣∣ ≤ ϵ, for all U, V ∈ Ŵ, where ∆F
■(U, V ) :=

infφ1,φ2∈T supψ∈F∥Γ(ψ,Uφ1)− Γ(ψ, V φ2)∥□, for any subset F ⊆ C. Moreover, the set Fϵ

can be chosen so that |Fϵ| ≤ 3 · 216/ϵ2.

Proof of Lemma C.4. It is an immediate consequence of Arzéla-Ascoli theorem that L is

compact in C. Let ϵ > 0 be given. By the compactness of L, there exists a finite subset

Fϵ ⊆ L such that union of ϵ/2 balls centered at ψ ∈ Fϵ cover L. In other words, for every

ψ ∈ L there exists ψ0 ∈ Fϵ such that ∥ψ − ψ0∥∞ < ϵ/2. For any U, V ∈ W, by triangle

inequality, we obtain

|∥Γ(ψ,U)− Γ(ψ, V )∥□ − ∥Γ(ψ0, U)− Γ(ψ0, V )∥□| ≤ ∥Γ(ψ − ψ0, U)∥□ + ∥Γ(ψ − ψ0, V )∥□,

that is strictly bounded by ϵ. It follows that∣∣∣∣sup
ψ∈L
∥Γ(ψ,U)− Γ(ψ, V )∥□ − sup

ψ∈Fϵ

∥Γ(ψ,U)− Γ(ψ, V )∥□
∣∣∣∣ < ϵ. (C.1)

Since the above inequality holds for every U, V ∈ W, the desired conclusion follows by

replacing U and V by Uφ1 and V φ2 respectively and taking infimum over φ1, φ2 ∈ T .

For the second part of the claim, we will construct the finite set of bounded Lipschitz

functions, denoted as Fϵ, as follows: We divide the domain [−1, 1] into 4/ϵ contiguous inter-

vals, each of length ϵ/4. Given our interest in functions with a Lipschitz constant bounded

by 1, we also partition the range [−1, 1] into 4/ϵ contiguous intervals of length ϵ/4. Observe

that any continuous function with bounded Lipschitz norm bounded by 1, can be approx-

imated to within ϵ in the supremum norm using piecewise linear and continuous functions

whose local slopes are taken from the set {−1, 0, 1} over the divided domain. Therefore, to



255

define Fϵ, it suffices to consider the set of piecewise linear and continuous functions that have

local slopes in the set {−1, 0, 1} over the aforementioned partition. By our construction, the

size of this set is at most 3 · 216/ϵ2 .

Proof of Theorem 5.15. Equivalence of part 1 and part 2 follows from Lemma C.2.

Lemma C.3 shows that part 3 (or equivalently part 4) implies part 1. It remains to show

that part 1 implies part 3. Suppose (Wn)n∈N → W in Ŵ as n→∞. We want to show that

limn→∞ ∆■(Wn,W ) = 0.

We will argue by contradiction. Suppose, for contradiction, that there exists some ϵ > 0

and some subsequence (nk)
∞
k=1 such that ∆■(Wnk

,W ) ≥ ϵ. By Lemma C.4 there exists a

finite family of functions F ⊆ L such that ∆■(U, V ) ≤ ∆F
■(U, V )+ ϵ

2
, for all U, V ∈ Ŵ. Since

F is finite and (Wnk
)k∈N → W as k → ∞ in Ŵ, it follows from [LS10, Lemma 3.2, Lemma

3.7] that limk→∞ ∆F
■(Wnk

,W ) = 0. This implies that lim supk→∞ ∆■(Wnk
,W ) ≤ ϵ/2 which

is a contradiction.

Proof of Lemma 5.18. The proof of Lemma 5.18 follows essentially the same idea as the

proof of [KKLS14, Theorem 3.8].

Let (F, f) be a decorated graph and let G(n,W ) be as defined in Lemma 5.18. Re-

call that Td(F,G(n,W )) = 1
nk

∑
i1,...,ik

∏
{j,l}∈E(F ) fj,l(ζij ,il), where ζu,vs are independent and

distributed as W (Uu, Uv) for all (u, v). In particular, E[Td(F,G(n,W ))] = Td(F,W ) for

each n ∈ N. It suffices to show that Td(F,G(n,W )) concentrates around its mean for

all decorated graphs (F, f). To this end, fix a decorated graph (F, f) and set dn(F ) :=

|Td(F,G(n,W ))− E[Td(F,G(n,W ))]|. Using a 4-th moment bound, following the same ar-

gument as in [Lov12, Equation 11.5], we obtain P{dn(F ) ≥ ϵ} ≤ C
ϵ2n2 . Using Borel-Cantelli

Lemma we conclude that Td(F,G(n,W ))→ Td(F,W ) almost surely. To conclude the proof,

we observe that set of all finite simple graphs is countable and C = C[−1, 1] is a separable

space. We, therefore, can find a countable dense subset of decorated graphs for which almost

sure convergence of homomorphism densities holds. The proof is complete using a standard

approximation argument similar to [KKLS14, Theorem 3.4].
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C.2 Proofs of Chapter 5.2

Proof of Theorem 5.21. Recall that the Aldous-Hoover representation provides a one-to-one

correspondence (see (5.2)) between IEAs and random MVGs, in other words, between Pe(S)

and P(Ŵ). Also note that Pe(S) and P(Ŵ) are both compact and metrizable (and hence

Hausdorff). To show that Pe(S) and P(Ŵ) are homeomorphic, it suffices to show that the

X 7→ WX is continuous. Let Xn be a sequence of exchangeable arrays such that Xn → X

weakly as n → ∞ for some exchangeable array X. Let Wn and W be the corresponding

(random) measure valued graphons. We want to show that Wn → W weakly, that is,

E[Td(F,Wn)]→ E[Td(F,W )] for every decorated graph F . To see this, fix a decorated graph

F . Since Xn → X weakly as n → ∞, it follows that Td(F,Xn) → Td(F,X) as n → ∞.

Observe that E[Td(F,Wn)] = Td(F,Xn) and Td(F,X) = E[Td(F,W )] by Proposition 5.20.

Hence, E[Td(F,Wn)]→ E[Td(F,W )] as n→∞. This completes the proof.
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Appendix D

PROOFS OF CHAPTER 6

In this chapter we will provide all proofs of statements in Chapter 6.

D.1 Proofs of Chapter 6.1

Proof of Lemma 6.1. Fix (i, j) ∈ N(2) and note that f(U,Ui, Uj, Ui,j) = f(U,Uj, Ui, Ui,j)

since ζi,j = ζj,i and Ui,j = Uj,i. Therefore, E[f(U,Ui, Uj, Ui,j) | U,Ui, Uj] =

E[f(U,Uj, Ui, Ui,j) | U,Ui, Uj], and,

wu(x, y) = E[f(U,Ui, Uj, Ui,j) | U = u, Ui = x, Uj = y]

= E[f(U,Uj, Ui, Ui,j) | U = u, Ui = x, Uj = y] = gu(y, x),

for a.e. (x, y) ∈ [0, 1](2). Since the maps f , E and [ · ] are all measurable, their composition

is also measurable. Because U is a random variable, [wU ] is also a random variable obtained

as a composition of measurable maps.

To see equation (6.6), start with the Aldous-Hoover representation ζi,j = f(U,Ui, Uj, Ui,j)

for every (i, j) ∈ N(2). Condition on {U = u} throughout for u ∈ [0, 1]. For any finite simple

graph F , with k vertices,

TF

(
K
(

(ζi,j)(i,j)∈[n](2)
))

=
1

n↓k

∑
i1,i2,...,ik

∏
{j,l}∈E(F )

ζijil

=
1

n↓k

∑
i1,i2,...,ik

∏
{j,l}∈E(F )

f(u, Uij , Uil , Uij ,il),
(D.1)

where the summation runs over the n↓k := n!/(n − k)! many injections from [k] to [n], and

TF : W → R is the homomorphism density function of F (see equation (2.7)). Notice that

E
[
TF

(
K
(

(ζi,j)(i,j)∈[n](2)
))]

=

∫
[0,1]k

∏
{j,l}∈E(F )

E[f(u, uj, ul, V )] du1 · · · duk = TF (wu),
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where wu is defined in equation (6.5). Hence, the lemma will be true if we show that the strong

law of large numbers holds. That the weak law of large numbers holds, can be seen by a vari-

ance computation. That the convergence is a.e. follows from Borel-Cantelli lemma [Kal21,

Theorem 4.18]. We skip the standard argument. The conclusion holds following the inverse

counting lemma [Lov12, Lemma 10.32].

D.1.1 Proofs on the existence of solution of McKean-Vlasov SDE

To argue about the existence of a unique solution of the system of SDEs (Graphon-MKV),

we construct a sequence of stochastic processes
(
X(k), γ(k)

)
k∈Z+

on C
(
[0,∞), [−1, 1]N

(2) ×
W
)

iteratively. Start by defining
(
X(0), γ(0)

)
as X

(0)
i,j (t) ≡ w0(Ui, Uj), γ

(0)(t) ≡ w0, for all

(i, j) ∈ N(2), and t ∈ R+. The induction proceeds by showing that whenever
(
X(k), γ(k)

)
for k ∈ Z+ is well defined, X(k) is an infinite exchangeable array (Lemma D.1 below) and,

γ(k) is a deterministic process of kernels (Lemma D.2). Note that these claims are clearly

true for k = 0. Then, inductively, define the process X(k+1) as the strong solution to the

coordinatewise reflected SDE:

dX
(k+1)
i,j (t) = b

(
X

(k)
i,j (t), γ(k)(t)

)
(Ui, Uj) dt+ Σ

(
γ(k)(t)

)
(Ui, Uj) dBi,j(t)

+ dL
(k+1)−
i,j (t)− dL

(k+1)+
i,j (t),

(D.2)

for t ∈ R+, with the same initial condition X
(k+1)
i,j (0) = w0(Ui, Uj) for all (i, j) ∈ N(2).

As usual, L
(k+1)−
i,j and L

(k+1)+
i,j are processes such that

(
X

(k+1)
i,j , L

(k+1)+
i,j , L

(k+1)−
i,j

)
solves the

Skorokhod problem with respect to [−1, 1] (see Section 2.4) for every (i, j) ∈ N(2). Since

the drift and diffusion functions ϕ and Σ are deterministic and Lipschitz (Assumption 3.1),

given F0, every process X(k) for k ∈ N exists uniquely in the strong sense.

In fact, given F0, the entries of the array X(k+1) are independent and distributed as

reflected Brownian motions (RBMs) with Lipschitz (but time-varying) drifts and diffusion

coefficients. In particular, the kernel γ(k+1) is constructed from the array X(k+1) (which over

the entire probability space is exchangeable, as we show next in Lemma D.1) as described
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in equation (6.5) in Lemma 6.1, and is therefore defined as

γ(k+1)(t)(x, y) := E
[
X

(k+1)
1,2 (t)

∣∣∣ U1 = x, U2 = y
]
, t ∈ R+. (D.3)

The kernel γ(k+1)(t) is well-defined for a.e. (x, y) ∈ [0, 1](2) and all t ∈ R+. The induction

hence continues.

Lemma D.1. Suppose that, for some k ∈ Z+, there is a unique in law solution to the

SDE (D.2) for X(k+1) and that γ(k+1) is a deterministic process of kernels. Then the process

X(k+1) is an infinite exchangeable array taking values in E = C[0,∞), equipped with the

usual locally uniform metric.

Proof. To argue the exchangeability, let σ : N → N be a finite permutation of the natural

numbers N. Note that σ fixes every large enough natural number. We need to argue that(
X

(k+1)
i,j

)
(i,j)∈N(2) has the same law as

(
X

(k+1)
σi,σj

)
(i,j)∈N(2) in the sense of equality of the two

probability measures on (C[0,∞))N
(2)

.

Let Ũi := Uσi , for all i ∈ N. Then
(
Ũi
)
i∈N is again a sequence of i.i.d. Uni[0, 1]

random variables. Let Y
(k+1)
i,j ≡ X

(k+1)
σi,σj for every (i, j) ∈ N(2). Since Y

(k+1)
i,j (0) =

w0(Uσi , Uσj) =: w0(Ũi, Ũj). It follows that
(
Y

(k+1)
i,j (0)

)
(i,j)∈N(2) has the same distribution

as
(
X

(k+1)
i,j (0)

)
(i,j)∈N(2) . Moreover for every (i, j) ∈ N(2), the process Y (k+1) satisfies the SDEs

dY
(k+1)
i,j (t) = b

(
X(k)
σi,σj

(t), γ(k)(t)
)

(Uσi , Uσj) dt+ Σ
(
γ(k)(t))(Uσi , Uσj

)
dBσi,σj(t)

+ dL(k+1)−
σi,σj

(t)− dL(k+1)+
σi,σj

(t)

= b
(
Y

(k)
i,j (t), γ(k)(t)

)
(Ũi, Ũj) dt+ Σ

(
γ(k)(t))(Ũi, Ũj

)
dBσi,σj(t)

+ dL(k+1)−
σi,σj

(t)− dL(k+1)+
σi,σj

(t),

for (i, j) ∈ N(2) and t ∈ R+. Note that, γ(k) does not get affected by the permutation σ.

Relabeling B̃i,j := Bσi,σj , L̃
(k+1)−
i,j := L

(k+1)−
σi,σj and L̃

(k+1)+
i,j := L

(k+1)+
σi,σj for every (i, j) ∈ N(2),

leaves their joint law unchanged, and we get

dY
(k+1)
i,j (t) = b

(
Y

(k)
i,j (t), γ(k)(t)

)
(Ũi, Ũj) dt+ Σ

(
γ(k)(t)

)
(Ũi, Ũj) dB̃i,j(t)
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+ dL̃
(k+1)−
i,j (t)− dL̃

(k+1)+
i,j (t),

for every (i, j) ∈ N(2) and t ∈ R+. Since X(k+1) and Y (k+1) follow the same system of

recursive SDEs (D.2), their equivalence in law follows from the uniqueness in law of the

SDE.

Lemma D.2. Under the same assumption as in Lemma D.1 and Assumption 6.1, the kernel-

valued map t 7→ γ(k) (t), is deterministic and absolutely continuous. Moreover, for each

t ∈ R+, we have

lim
n→∞

δ□

([
K

((
X

(k)
i,j (t)

)
(i,j)∈[n](2)

)]
,
[
γ(k)(t)

])
= 0, a.s. (D.4)

Proof. By definition, for (x, y) ∈ [0, 1](2), and t ∈ R+,

γ(k)(t)(x, y) := E
[
X

(k)
1,2 (t)

∣∣∣ U1 = x, U2 = y
]
.

This is a deterministic kernel for every t ∈ R+. To see (D.4), repeat the proof of Lemma 6.1.

Notice that, there is no random variable U as in Lemma 6.1 (also see Remark 6.2). This is

now a consequence of Kolmogorov’s zero-one law [Kal21, Theorem 4.13]. For n ∈ N, let Gn
be the sigma algebra generated by Un and the i.i.d. standard Brownian motions Bi,js for

the set of indices
{

(i, j) ∈ N(2)
∣∣ j = n

}
. This is a sequence of independent sigma algebras.

Consider its tail sigma algebra T := ∩n∈N ∨ℓ≥n Gℓ. This is a trivial sigma algebra by the

Kolmogorov zero-one law.

Consider, for any finite simple graph F and t ∈ R+, the limiting homomorphism densi-

ties limn→∞ TF
(
K
((
X

(k)
i,j (t)

)
(i,j)∈[n](2)

))
, as in equation (D.1). These limiting homomorphism

densities do not depend on finitely many elements in {X(k)
i,j (t)}(i,j)∈N(2) or {Ui}i∈N. In partic-

ular, such limits are measurable with respect to the tail sigma algebra T . Exactly as in the

proof of Lemma 6.1, it follows that

lim
n→∞

δ□

([
K

((
X

(k)
i,j (t)

)
(i,j)∈[n](2)

)]
,
[
γ(k)(t)

])
= 0.

In particular, the graphon
[
γ(k)(t)

]
is measurable with respect to T , and thus constant a.e.
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Finally, the absolute continuity of t 7→ γ(t) follows from the path continuity of the process

X
(k)
1,2 and our assumptions on b and Σ.

Proposition D.3. Assume that the drift functions b : [−1, 1] ×W → L∞([0, 1](2)
)
satisfies

Assumption 6.1, and the diffusion coefficient function Σ: W → L∞([0, 1](2)
)
is bounded and

κ2-Lipschitz in ∥ · ∥2 (Assumption 3.3). Then the sequence of processes taking values in

C ([0,∞), [−1, 1]×W) given by
((
X

(k)
1,2 (t), γ(k)(t)

)
t∈R+

)
k∈Z+

, converges locally uniformly in

the 2-product metric of [−1, 1] and (W , d2), to a pathwise unique process
(
X1,2(t), γ(t)

)
t∈R+

starting from γ(0) = w0 ∈ W and X1,2(0) = w0(U1, U2). That is, for every t ∈ R+,

lim
k→∞

sup
s∈[0,t]

[∣∣∣X(k)
1,2 (s)−X1,2(s)

∣∣∣2 +
∥∥γ(k) (s)− γ(s)

∥∥2
2

]
= 0, a.s. (D.5)

In particular, the limiting processes X1,2 is continuous and γ is absolutely continuous and

deterministic.

Proof. The proof is a standard Picard iteration based proof of existence of solutions of SDEs.

See, for example, the proof of [KS91, Theorem 2.9, page 289]. Hence, we will skip some of

the details and refer the reader to the above cited reference.

We will take k →∞ and produce a limit. Start by noticing that the processX
(k+1)
1,2 : R+ →

[−1, 1] is the result of applying the Skorokhod map [KLRS07] pathwise to the “noise before

reflection” process Y
(k+1)
1,2 obtained as the unique strong solution to the SDE:

dY
(k+1)
1,2 (t) = b

(
X

(k)
1,2 (t), γ(k)(t)

)
(U1, U2) dt+ Σ

(
γ(k)(t)

)
(U1, U2) dB1,2(t), (D.6)

for t ∈ R+, with initial conditions Y
(k+1)
1,2 (0) = X

(k+1)
1,2 (0) = w0(U1, U2) for all k ∈ Z+.

Fix t ∈ R+ and consider sups∈[0,t]

∣∣∣X(k+1)
1,2 (s)−X(k)

1,2 (s)
∣∣∣ for any k ∈ N. Since the Sko-

rokhod map is 4-Lipschitz in the local uniform norm (see Section 2.4), the above distance is

bounded by 4 sups∈[0,t]

∣∣∣Y (k+1)
1,2 (s)− Y (k)

1,2 (s)
∣∣∣. Now for every fixed k ∈ N, from equation (D.6)
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we have

Y
(k+1)
1,2 (t)− Y (k)

1,2 (t)

=

∫ t

0

(
b
(
X

(k−1)
1,2 (t), γ(k−1)(t)

)
(U1, U2)− b

(
X

(k)
1,2 (t), γ(k)(t)

)
(U1, U2)

)
ds

−
∫ t

0

(
Σ
(
γ(k−1)

)
(U1, U2)− Σ

(
γ(k)
)
(U1, U2)

)
dB1,2(s).

(D.7)

Define ∆,M : R+ → R for t ∈ R+ as

∆(t) :=

∫ t

0

(
b
(
X

(k−1)
1,2 (t), γ(k−1)(t)

)
(U1, U2)− b

(
X

(k)
1,2 (t), γ(k)(t)

)
(U1, U2)

)
ds,

M(t) :=

∫ t

0

(
Σ
(
γ(k−1)

)
(U1, U2)− Σ

(
γ(k)
)
(U1, U2)

)
dB1,2(s).

Note that, for a kernel A ∈ W , we have ∥A∥22 = E[A2(U1, U2)], for U1, U2 i.i.d. as Uni[0, 1].

Using Jensen’s inequality and interchanging expectation with integral and Assumption 6.1,

E

[
sup
s∈[0,t]

∆2(s)

]

≤ tE
[∫ t

0

∣∣∣b(X(k−1)
1,2 (t), γ(k−1)(t)

)
(U1, U2)− b

(
X

(k)
1,2 (t), γ(k)(t)

)
(U1, U2)

∣∣∣2 ds

]
= t

∫ t

0

∥∥∥b(X(k−1)
1,2 (t), γ(k−1)(t)

)
− b
(
X

(k)
1,2 (t), γ(k)(t)

)∥∥∥2
2

ds

≤ 2κ2t

∫ t

0

∥∥γ(k−1)(s)− γ(k)(s)
∥∥2
2

ds+ 2L2t

∫ t

0
E
[∣∣X(k−1)(s)−X(k)(s)

∣∣2] ds. (D.8)

For M , we use the fact that it is a stochastic integral of a bounded integrand with respect

to a Brownian motion, and hence a continuous martingale. By an application of Doob’s

maximal inequality [KS91, Theorem 3.8.iv, page 14], we get that,

E

[
sup
s∈[0,t]

M2(s)

]
≤ 4

∫ t

0
E
[∣∣Σ(γ(k−1)(s)

)
(U1, U2)− Σ

(
γ(k)(s)

)
(U1, U2)

∣∣2] ds.

Using the assumption that Σ is κ2-Lipschitz in ∥ · ∥2 and the same argument as above,

E

[
sup
s∈[0,t]

M2(s)

]
≤ 4κ22

∫ t

0

∥∥γ(k−1)(s)− γ(k)(s)
∥∥2
2

ds. (D.9)
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Now, taking absolute values on both sides on (D.7), we immediately get,

E

[
sup
s∈[0,t]

∣∣∣X(k+1)
1,2 (s)−X(k)

1,2 (s)
∣∣∣2]

≤16E

[
sup
s∈[0,t]

∣∣∣Y (k+1)
1,2 (s)− Y (k)

1,2 (s)
∣∣∣2] ≤ 32E

[
sup
s∈[0,t]

∆2(s) + sup
s∈[0,t]

M2(s)

]

≤64(κ2t+ 2κ22)

∫ t

0

∥∥γ(k−1)(s)− γ(k)(s)
∥∥2
2

ds

+ 64L2t

∫ t

0
E
[∣∣X(k−1)(s)−X(k)(s)

∣∣2] ds. (D.10)

Using the fact that the operator γ, given by a conditional expectation (D.3), and, therefore,

must have a smaller L2 norm

sup
s∈[0,t]

∥∥γ(k+1)(s)− γ(k)(s)
∥∥2
2
≤ E

[
sup
s∈[0,t]

∣∣∣X(k+1)
1,2 (s)−X(k)

1,2 (s)
∣∣∣2].

Combining the last two bounds above, one gets the recursive bound

E

[
sup
s∈[0,t]

∣∣∣X(k+1)
1,2 (s)−X(k)

1,2 (s)
∣∣∣2 + sup

s∈[0,t]

∥∥γ(k+1)(s)− γ(k)(s)
∥∥2
2

]

≤ 128((κ2 + L2)t+ 4κ22)

∫ t

0
E
[∣∣X(k−1)(s)−X(k)(s)

∣∣2] ds.

The rest of the argument follows exactly as in [KS91, page 290] by applications of Grönwall’s

lemma [Grö19] and the Borel-Cantelli lemma [Kal21, Theorem 4.18]. We skip the similar

argument for pathwise uniqueness. See the proof of [KS91, Proposition 2.13, page 291].

Proof of Theorem 6.3. Start with the countably many i.i.d. Uni[0, 1] random variables

(Ui)i∈N and an independent infinite (symmetric) array of i.i.d. standard Brownian motions

(Bi,j)(i,j)∈N(2) and construct the deterministic process γ in Proposition D.3.

Given γ and (Ui)i∈N and following the system of SDEs (Graphon-MKV), the diffusions

Xi,js are independent (but not identically distributed) reflected Brownian motions with de-

terministic bounded time-dependent drifts for (i, j) ∈ N(2). So, they exist in a pathwise

or strong sense exactly as the process X1,2 does in Proposition D.3 and satisfies the con-

straint (Graphon-MKV) since γ is a fixed point of the Picard iterations.
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It is obvious from the symmetry of the construction that the infinite array (Xi,j)(i,j)∈N(2)

is exchangeable with E = C[0,∞), the set of continuous functions from [0,∞) to R.

For the limit (6.7) we will make use of the following result from [Lov12, Proposition 8.12],

which states that for any v ∈ W ,

∥v∥4□ ≤ TC4 (v) ≤ 4∥v∥□. (D.11)

Here C4 is the cyclic graph with four vertices and TC4(v) is the homomorphism den-

sity function of the simple graph C4. We will apply this for the choice of vn(t) :=

K
(
(Xi,j(t))(i,j)∈[n]2

)
−K

(
(γ(t)(Ui, Uj))(i,j)∈[n]2

)
. Thus,

Hn(t) := TC4(vn(t)) =
1

n↓4

∑
i1,i2,...,i4

4∏
l=1

(
Xil,il+1

(t)− γ(t)(Uil , Uil+1
)
)

=
1

n↓4

∑
i1,i2,...,i4

4∏
l=1

(
Xil,il+1

(t)− E
[
Xil,il+1

(t)
∣∣ F0

])
,

with the convention that, when l = 4, l+1 ≡ 1. The above sum is over all injections in [n][4].

Notice that Hn(0) = 0. The fact that for each t ∈ R+, limn→∞Hn(t) = 0 almost surely

follows similarly to the proof of Lemma 6.1. We now show that t 7→ Hn(t) is equicontinuous.

From which, using a standard argument, we can show that almost surely, Hn(t)→ 0 for each

t ∈ R+, that is,

lim
n→∞

δ□

([
K
(

(Xi,j(s))(i,j)∈[n](2)
)]
, [γ(s)]

)
= 0, a.s. ∀ s ∈ [0, t].

To show that (Hn)n∈N is equicontinuous, we first observe that for any s1, s2 ∈ [0, t],

|Hn(s2)−Hn(s1)|

≤ 16
∥∥∥K((Xi,j(s2))(i,j)∈[n](2)

)
−K

(
(Xi,j(s1))(i,j)∈[n](2)

)∥∥∥
2

+ 16∥γ(s2)− γ(s1)∥2,

(D.12)

where the inequality follows by an application of the counting lemma [Lov12, Lemma 10.23,

Exercise 10.27], the triangle inequality and using the fact that the cut norm ∥ · ∥□ is upper

bounded by the L2 norm ∥ · ∥2.
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Using the Lipschitzness of the Skorokhod map (see equation (2.6)), we therefore obtain∥∥∥K((Xi,j(s2))(i,j)∈[n](2)
)
−K

(
(Xi,j(s1))(i,j)∈[n](2)

)∥∥∥2
2

≤ 24

n2

∑
(i,j)∈[n](2)

|Yi,j(s2)− Yi,j(s1)|2

≤ 25

n2

∑
(i,j)∈[n](2)

∣∣∣∣∫ s2

s1

b(X1,j(u), γ(u))(Ui, Uj) du

∣∣∣∣2

+
25

n2

∑
(i,j)∈[n](2)

∣∣∣∣∫ s2

s1

Σ(γ(u))(Ui, Uj) dBi,j(u)

∣∣∣∣2

≤ 25M2
∞|s2 − s1|2 +

25

n2

∑
(i,j)∈[n]2

∣∣∣∣∫ s2

s1

Σ(γ(u))(Ui, Uj) dBi,j(u)

∣∣∣∣2. (D.13)

Now let |s2 − s1| ≤ δ for some δ > 0. Set for all (i, j) ∈ [n](2),

ηi,j := sup
s1,s2∈[0,t],
|s2−s1|≤δ

∣∣∣∣∫ s2

s1

Σ(γ(u))(Ui, Uj) dBi,j(u)

∣∣∣∣2.
From [S lo01, Lemma A.4], there exist constants C1,t, C2,t ∈ R+ depending of t, such that

for all (i, j) ∈ [n](2),

E[ηi,j] ≤M2
∞C1,tδ

∣∣∣∣log
1

δ

∣∣∣∣, and E
[
η2i,j
]
≤M4

∞C
2
2,tδ

2 log2 1

δ
. (D.14)

Since, ηi,js are independent and have finite variance, it follows from the Chebyshev’s inequal-

ity [Kal21, Lemma 5.1] that

P


∣∣∣∣∣∣ 1

n2

∑
(i,j)∈[n](2)

ηi,j − E[ηi,j]

∣∣∣∣∣∣ ≥ max
(i,j)∈[n](2)

Var1/2(ηi,j)

 ≤ 1

n2
.

Using the Borel-Cantelli lemma [Kal21, Theorem 4.18], it follows that almost surely,

1

n2

∑
(i,j)∈[n](2)

ηi,j ≤M2
∞(C1,t + C2,t)δ

∣∣∣∣log
1

δ

∣∣∣∣, (D.15)

for all n ∈ N, sufficiently large. Combining equations (D.12) and (D.15), we obtain that

almost surely, for all n ∈ N sufficiently large, we have

sup
s1,s2∈[0,t],
|s2−s1|≤δ

|Hn(s2)−Hn(s1)| ≤ 28M∞

(
δ + (C1,t + C2,t)

1/2δ1/2 log1/2 1

δ

)
+ 16ω(δ),
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where ω(δ) := sups1,s2∈[0,t],|s2−s1|≤δ∥γ(s2)− γ(s1)∥2 is the modulus of continuity of the curve

t 7→ γ(t). Since s 7→ γ(s) is continuous in (W , d2) (and independent of n), it follows

that, almost surely, (Hn)n∈N is equicontinuous. Since (Hn)n∈N is equicontinuous uniformly

bounded almost surely, the proof is complete by a standard application of Arzelà-Ascoli

theorem [Mun00, Theorem 47.1].

Proof of Proposition 6.4. Given (U1, U2) = (x, y), the process X1,2 is a diffusion with a Lip-

schitz drift and a constant diffusion coefficient. Using (Graphon-MKV) and Itô’s formula,

we get

d

dt
γ(t)(x, y) = − d

dt
ϕ(γ(t))(x, y)

+
d

dt
E
[
L−
1,2(t)

∣∣ U1 = x, U2 = y
]
− d

dt
E
[
L+
1,2(t)

∣∣ U1 = x, U2 = y
]
.

(D.16)

Now consider the reflecting diffusion Z which solves the SDE

dZ(s) = Ψ(s; β) ds+ dB(s) + dL−(s)− dL+(s), s ∈ R+, (D.17)

starting at Z(0) = w0(x, y), such that (Z,L+, L−) solves the Skorokhod problem with respect

to the set [−1, 1], and Ψ(s; β) := − 1
β2 b(γ(s/β2))(x, y) for all s ∈ R+ (see Section 2.4). By

reparametrizing s = β2t and setting Z(s) = X1,2(t), we get back our reflected diffusion X1,2

in law following

dZ(β2t) = − 1

β2
ϕ(γ(t))(x, y) d(β2t) + dB(β2t) + dL−(β2t)− dL+(β2t),

=⇒ X1,2(t) = −ϕ(γ(t)) dt+ β dB(t) + dL−(β2t)− dL+(β2t), t ∈ R+,

where the processes (L+(β2t))t∈R+ and (L−(β2t))t∈R+ constrain the process X1,2 in the inter-

val [−1, 1] (see Section 2.4). Here the equality is in law. We use the fact that the solution

of both the above SDEs agree in law since the distribution of B(β2t) and βB(t) coincide

for all β ∈ R+. Let p
(±1)
s (w0, ϕ ◦ γ, β)(x, y) denote the transition density of the solution of

SDE (D.17) at time s ∈ R+ at the boundary ±1, then the transition density of the process

X1,2 at time t at the boundary ±1 is p
(±1)

β2t (w0, ϕ ◦ γ, β)(x, y).
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Using [RY04, Exercise (1.12), page 407] and equation (D.16), we deduce that

d

dt
E
[
L±
i,j(t)

]
= p

(±1)

β2t (w0, b ◦ (X1,2, γ), β)(x, y), (D.18)

which gives us the desired result.

Proof of Theorem 6.6. Consider a probability space satisfying the assumptions of Proposi-

tion 6.3 and an infinite exchangeable array of diffusions (Xi,j)(i,j)∈N(2) on it. For k ∈ [n] and

any t ∈ R+, consider the sampled k × k symmetric matrix γ(t)[k] whose (i, j)-th element

is γ(t)(Ui, Uj), (i, j) ∈ [k](2). Consider also the corresponding k × k matrix of diffusions

X(k)(·) :=
(
X(i,j)

)
(i,j)∈[k](2) .

Now consider K(Xn(t)) from a solution of SDEs (6.1). One may construct a sampled

k × k matrix from this kernel as well. We estimate the cut distance of this sampled matrix

from γ(t)[k] by coupling this sampled matrix with K
(
X(k)

)
in a particular way.

Notice that, for any (i, j) ∈ [k](2) and (mi,mj) ∈ [n](2), if Ui ∈ ((mi − 1)/n,mi/n]

and Uj ∈ ((mj − 1)/n,mj/n], then K(Xn(t))(Ui, Uj) ≡ Xn,mi,mj
(t). Let Ek(n) denote the

event that that no two Ui, Ui′ , for distinct i, i′ ∈ [k](2), falls in the same interval ((m −
1)/n,m/n]. Under this event every entry of the sampled diffusions will be run by independent

standard Brownian motions. Before we use this property to proceed with our coupling, let

us show that Ek(n) happens with high probability as k is fixed and n → ∞. Order the

uniform random variables as U(1) < U(2) < . . . < U(k). Clearly Ec
k(n) implies that there

is at least one pair (U(i), U(i+1)) for i ∈ [k − 1], such that U(i+1) − U(i) ≤ 1/n. Hence

P{Ec
k(n)} ≤ P

{
mini∈[k−1]

(
U(i+1) − U(i)

)
≤ 1

n

}
. But mini∈[k−1]

(
U(i+1) − U(i)

)
has a density

at zero and hence the above probability is O(1/n), which goes to zero as n → ∞. Thus

limk→∞ limn→∞ P{Ek(n)} = 1.

On the event Ek(n), every mi, i ∈ [k], is distinct. Consider the corresponding independent

Brownian motion Bi,j from the diffusion Xi,j from equation (Graphon-MKV). Since (6.1)

admits a strong solution, construct a solution where the entry processes Xn,mi,mj
(·) is driven

by Bi,j, (i, j) ∈ [k](2), while the rest of the entries of Xn are driven by a disjoint subset of

(Bi,j)(i,j)∈N2 . Thus, one couples K(Xn)(·)(Ui, Uj) with Xi,j which are both driven by the same
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Brownian motion and having a starting value of w
(n)
0 (Ui, Uj) and w0(Ui, Uj), respectively. Our

subsequent analysis will be on the event Ek(n) and it is unimportant how the coupling is

done on Ec
k(n).

Define, X̃n,i,j(t) := K(Xn(t))(Ui, Uj), (i, j) ∈ [k]2. The evolution of X̃n,1,2, for example,

can be described by the SDE

dX̃n,1,2(t) = b
(
X̃n,1,2(t), K(Xn(t))

)
(U1, U2) dt+ Σ(K(Xn(t)))(U1, U2) dB1,2(t)

+ dL−
n,1,2(t)− dL+

n,1,2(t),

with the initial condition X̃n,1,2(0) = w
(n)
0 (U1, U2). Since X1,2 is also driven by the

same Brownian motion, by using the Lipschitz property of the Skorokhod map and

the triangle inequality, it follows that for any (U1, U2) = (u1, u2) on the event Ek(n),

sups∈[0,t]

∣∣∣X̃n,1,2(s)−X1,2(s)
∣∣∣2 is at most

48

∫ t

0

∣∣∣b(X1,2(s), γ(s))(u1, u2)− b
(
X̃n,1,2(s), K(Xn(s))

)
(u1, u2)

∣∣∣2 ds

+ 48 sup
s∈[0,t]

∣∣∣∣∫ s

0

(Σ(γ(r))(u1, u2)− Σ(K(Xn(r)))(u1, u2)) dB1,2(r)

∣∣∣∣2
+ 48

∣∣∣X̃n,1,2(0)−X1,2(0)
∣∣∣2.

(D.19)

We can now use Assumption 6.1 and 6.2 on the first term in (D.19) to get∣∣∣b(X1,2(s), γ(s))(u1, u2)− b
(
X̃n,1,2(s), K(Xn(t))

)
(u1, u2)

∣∣∣2
≤ 2L2

∣∣∣X1,2(s)− X̃n,1,2(s)
∣∣∣2 + 2κ2□∥γ(s)−K(Xn(s))∥2□, s ∈ R+.

(D.20)

Define for s ∈ [0, t],

M (n)(s) :=

∫ s

0

(Σ(γ(r))(u1, u2)− Σ(K(Xn(r)))(u1, u2)) dB1,2(r),

which makes the second term in (D.19) equal to 48 sups∈[0,t]M
2(s). Using Markov’s inequality

followed by Doob’s maximal inequality [KS91, page 14, Theorem 3.8.iv], we obtain

P

{
sup
s∈[0,t]

M (n)(s)2 ≥ 2λk E
[
M (n)(t)2

]}
≤
(
2λk E

[
M (n)(t)2

])−1
E

[
sup
s∈[0,t]

M (n)(s)2

]
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≤
(
2λk E

[
M (n)(t)2

])−1
E
[
M (n)(t)2

]
= 2λ−1

k , (D.21)

for every λk > 0. Let (λk)k∈N satisfy limk→∞ λk =∞. The choice of λk will be made later.

Therefore, with probability at least 1− 2λ−1
k ,

sup
s∈[0,t]

M (n)(s)2 ≤ 2λk E
[
M (n)(t)2

]
= 2λk

∫ t

0

|Σ(γ(s))(u1, u2)− Σ(K(Xn(s)))(u1, u2)|2 ds

≤ 2λkκ
2
□

∫ t

0

∥γ(s)−K(Xn(s))∥2□ ds.

(D.22)

By the abuse of notation, we redefine the event Ek(n) to intersect with the event where the

above bound holds. By a union bound, we still have limk→∞ limn→∞ P{Ek(n)} = 1.

Using equations (D.20) and (D.22) in equation (D.19) we get

sup
s∈[0,t]

∣∣∣X̃n,1,2(s)−X1,2(s)
∣∣∣2 ≤ 48

∣∣∣w(n)
0 (U1, U2)− w0(U1, U2)

∣∣∣2
+ 96κ2□(λk + 1)

∫ t

0

∥γ(s)−K(Xn(s))∥2□ ds

+ 96L2

∫ t

0

∣∣∣X1,2(s)− X̃n,1,2(s)
∣∣∣2 ds.

(D.23)

Replacing the role of (1, 2) by any other (i, j) ∈ [k](2), and summing over, we get

sup
s∈[0,t]

1

k2

∑
(i,j)∈[k](2)

∣∣∣X̃n,i,j(s)−Xi,j(s)
∣∣∣2

≤ 48

k2

∑
(i,j)∈[k](2)

∣∣∣w(n)
0 (Ui, Uj)− w0(Ui, Uj)

∣∣∣2
+ 96κ2□(λk + 1)

∫ t

0

∥γ(s)−K(Xn(s))∥2□ ds

+ 96L2

∫ t

0

1

k2

∑
(i,j)∈[k](2)

∣∣∣Xi,j(s)− X̃n,i,j(s)
∣∣∣2 ds.

(D.24)
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By the triangle inequality,

sup
s∈[0,t]

∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(γ(s)(Ui, Uj))(i,j)∈[k](2)

)∥∥∥∥2
□

≤ 2 sup
s∈[0,t]

∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥∥2
□

+ 2 sup
s∈[0,t]

∥∥∥K((γ(s)(Ui, Uj))(i,j)∈[k](2)
)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥2
□
.

(D.25)

Then notice that the kernel

1

2
K

((
X̃n,i,j(s)

)
(i,j)∈[k](2)

)
− 1

2
K
(

(γ(s)(Ui, Uj))(i,j)∈[k](2)
)

has entries in [−1, 1] and is sampled from the kernel 1
2
K(Xn(s))− 1

2
γ(s). By [Lov12, Lemma

10.6], the difference∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(γ(s)(Ui, Uj))(i,j)∈[k](2)

)∥∥∥∥2
□

− ∥K(Xn(s))− γ(s)∥2□

lies in the interval
[
−24/k − 36/k2, 64k−1/4 + 256k−1/2

]
with probability at least 1 −

4e−k
1/2/10, for all n ≥ k. Using this in (D.25) we get

sup
s∈[0,t]

∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥∥2
□

≥ 1

2
∥K(Xn(s))− γ(s)∥2□ − 320k−1/4

− sup
s∈[0,t]

∥∥∥K((γ(s)(Ui, Uj))(i,j)∈[k](2)
)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥2
□
.

(D.26)

with probability at least 1 − 4e−k
1/2/10. By an abuse of notation, we redefine the

event Ek(n) to intersect with the event where the above bound holds. We still have

limk→∞ limn→∞ P{Ek(n)} = 1.

We first lower bound twice the left hand side of equation (D.24) using equation (D.26)
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as

2 sup
s∈[0,t]

∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥∥2
2

≥ sup
s∈[0,t]

∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥∥2
2

+ sup
s∈[0,t]

∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥∥2
□

≥ sup
s∈[0,t]

∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥∥2
2

+
1

2
∥K(Xn(s))− γ(s)∥2□ − 320k−1/4

− sup
s∈[0,t]

∥∥∥K((γ(s)(Ui, Uj))(i,j)∈[k](2)
)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥2
□
.

(D.27)

Here we used the fact that the L2 norm is lower bounded by the cut norm. Using

equation (D.27) back in equation (D.24) (multiplied by 2), and rearranging terms we get

sup
s∈[0,t]

∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥∥2
2

+
1

2
sup
s∈[0,t]

∥K(Xn(s))− γ(s)∥2□

≤ sup
s∈[0,t]

∥∥∥K((γ(s)(Ui, Uj))(i,j)∈[k](2)
)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥2
□

+ 320k−1/4 +
96

k2

∑
(i,j)∈[k](2)

∣∣∣w(n)
0 (Ui, Uj)− w0(Ui, Uj)

∣∣∣2
+ 192L2

∫ t

0

∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥∥2
2

ds

+ 192κ2□(λk + 1)

∫ t

0

∥γ(s)−K(Xn(s))∥2□ ds.

(D.28)

Now let

Ak := sup
s∈[0,t]

∥∥∥K((γ(s)(Ui, Uj))(i,j)∈[k](2)
)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥2
□
,

Bk(n) :=
96

k2

∑
(i,j)∈[k](2)

∣∣∣w(n)
0 (Ui, Uj)− w0(Ui, Uj)

∣∣∣2 + 320k−1/4.
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Applying Grönwall’s inequality [Grö19] and noticing that the first term on the left of

equation (D.28) is always non-negative, gives us that on the event Ek(n),

sup
s∈[0,t]

∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥∥2
2

+ sup
s∈[0,t]

∥K(Xn(s))− γ(s)∥2□ ≤ 2 (Ak +Bk(n)) exp
(
192(L2 + 2κ2□(λk + 1))t

)
,

(D.29)

for every n ≥ k. Note that

E
[∣∣∣w(n)

0 (Ui, Uj)− w0(Ui, Uj)
∣∣∣2] =

∥∥∥w(n)
0 − w0

∥∥∥2
2
→ 0,

as n→∞, by assumption (6.9). By a variance bound it follows that

lim
k→∞

lim
n→∞

Bk(n) = 0,

in probability. Also, limk→∞Ak = 0 by Proposition 6.3. Since limk→∞ limn→∞ P{Ek(n)} = 1,

lim
n→∞

sup
s∈[0,t]

∥K(Xn(s))− γ(s)∥□ = 0, and

lim
k→∞

lim
n→∞

sup
s∈[0,t]

1

k2

∥∥∥(K(Xn(s))(Ui, Uj))(i,j)∈[k](2) − (Xi,j(s))(i,j)∈[k](2)

∥∥∥2
F

= 0,

in probability, by choosing (λk)k∈N (depending on (Ak, limn→∞Bk(n))k∈N) that increases

sufficiently slowly to infinity as k →∞. This proves our claim.

Remark D.4. To get a non-asymptotic error rate, we need to control on Ak and Bk(n).

Observe that Bk(n) depends on the initial condition and in general it can be arbitrarily slow.

However, assuming that the initial condition is i.i.d., one can use Chebyshev’s inequality to

obtain P
{
Bk(n) ≥ 66k−1/4

}
≤ k−3/2.

On the other hand, it follows from the arguments in Proposition 6.3 that there

exists a constant Mt (depending only on t) such that for any δ > 0 we have

P
{
Ak ≥Mt(δ log(1/δ))1/4

}
≤ k−2 + tδ−1e

128
δ log(1/δ) e−kδ log(1/δ)/2.

In particular, choosing δ = 64
√
k−1 log k and λk = log(k)/(16 · 384t(L2 + 2κ2□)), we

have the left hand side of (D.29) bounded by Mtk
−1/16 log3/2 k with probability at least
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1 − k2

n
− 4k−

1
κ2t − 2te−

√
k/20 − 2k−3/2, where κ = 32

√
6(L2 + 2κ2□)

1/2
. Since t is fixed, we

can choose k to be a suitable function of n, say k = n2/7, to get a non-asymptotic rate

of convergence. Moreover, using the remark after the proof of Lemma A.2, we can get a

non-asymptotic rate of convergence with finite n and |τ n|.

D.2 Proofs of Chapter 6.2

Proof of Theorem 6.11. Consider the probability space satisfying Assumption of Proposi-

tion 6.10 and an infinite exchangeable array of diffusions (Xi,j)(i,j)∈N(2) on it. For k ∈ [n]

and any t ∈ R+, consider the sampled k × k symmetric measure-valued matrix Γ(t)[k] de-

fined as Γ(t)[k](i, j) = Γ(t)(Ui, Uj) for (i, j) ∈ [k](2). Consider also the corresponding k × k
matrix of diffusions X[k](·) := (Xe)e∈[k](2) . Now consider K(Xn(t)), the measure-valued fi-

nite dimensional kernel from a solution of SDE (6.1). One may construct a sampled k × k
measure-valued matrix from this measure-valued finite dimensional kernel as well. We esti-

mate the cut distance of this sampled measure-valued matrix from Γ(t)[k] by coupling this

sampled matrix with K(X[k]) in a particular way.

Divide [0, 1] into n contiguous intervals of equal length. Let Ek(n) denote the event

that that Ui ∈ ((mi − 1)/n,mi/n] where each mi, i ∈ [k], is distinct. On this event, we

can couple Xn,mi,mj
(·) and Xi,j so that they are driven by the same copies of independent

Brownian motion and having starting laws W
(n)
0 (Ui, Uj) and W0(Ui, Uj) respectively. Our

subsequent analysis will be on the event Ek(n) and it is unimportant how the coupling is

done on Ec
k(n). For any i ̸= j we have P{|Ui − Uj|} ≤ 1

n
. Since there are at most

(
k
2

)
distinct

pairs (i, j) ∈ [k]2, a simple union bound yields that P{Ec
k(n)} ≤ k2/n.

Define, X̃n,(i,j)(t) := K(Xn(t))(Ui, Uj), (i, j) ∈ [k]2. The evolution of X̃n,(1,2), for example,
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can be described by the SDE

dX̃n,(1,2)(t) = b
(
X̃n,(1,2)(t),K(Xn(t))

)
(U1, U2) dt

+ Σ
(
X̃n,(1,2)(t),K(Xn(t))

)
(U1, U2) dB(1,2)(t)

+ dL−
n,(1,2)(t)− dL+

n,(1,2)(t),

with the initial condition Law
(
X̃n,(1,2)(0)

)
= W

(n)
0 (U1, U2). Define

M (n)(s) :=

∫ s

0

(
Σ(X(1,2)(s),Γ(r))(u1, u2)− Σ

(
X̃n,(1,2)(s),K(Xn(r))

)
(u1, u2)

)
dB(1,2)(r),

for s ∈ [0, t]. Note that

P

{
sup
s∈[0,t]

M (n)(s) ≥
√
λk E[M (n)(t)2]

}
= P

{
sup
s∈[0,t]

exp
(
uM (n)(s)

)
≥ exp(λk)

}
,

where u =
√
λk/E[M (n)(t)2]. Using Markov’s inequality followed by Doob’s maximal in-

equality [KS91, page 14, Thoerem 3.8.iv], we obtain that with probability at least 1−4e−λk/2,

sup
s∈[0,t]

M (n)(s)2 ≤ 2λk

[
κ2■

∫ t

0

∥Γ(s)−K(Xn(s))∥2■ + L2
∣∣∣X(1,2)(s)− X̃n,(1,2)(s)

∣∣∣2 ds

]
, (D.30)

where the parameter λk → ∞ will be chosen later. Redefining the event Ek(n) to intersect

with the event where the above bound holds. Since X(1,2) is also driven by the same Brownian

motion on this event, using (D.30) and the Lipschitz property of the Skorokhod map, triangle

inequality and Assumption 6.3 (replacing (1, 2) by any other e ∈ [k](2) and summing over),

sup
s∈[0,t]

∥∥∥K(X̃n[k](s)
)
−K(X[k](s))

∥∥∥2
■
≤ 48

k2

∑
e∈[k](2)

∣∣∣X̃n,e(0)−Xe(0)
∣∣∣2

+ 96(λk + 1)κ2■

∫ t

0

∥Γ(s)−K(Xn(s))∥2■ ds

+ 96(λk + 1)L2

∫ t

0

sup
s∈[0,t]

∥∥∥K(X̃n[k](s)
)
−K(X[k](s))

∥∥∥2
■

ds.

(D.31)

We now want to replace
∥∥∥K(X̃n[k](s)

)
−K(Γ(s)[k])

∥∥∥2
■

by ∥K(Xn(s))− Γ(s)∥2■ up to some

error that goes to zero as k → ∞. This is achieved by exploiting the first sampling
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lemma [Lov12, Lemma 10.6] for cut norm. The first sampling lemma is not available di-

rectly to us for the ∥ · ∥■. However, we notice that using the first sampling lemma [Lov12,

Lemma 10.6] and equation (C.1) we obtain that for every ϵ > 0 there exists a constant

Fϵ <∞ such that∣∣∣∣∥∥∥K(X̃n[k](s)
)
−K(Γ(s)[k])

∥∥∥2
■
− ∥K(Xn(s))− Γ(s)∥2■

∣∣∣∣ ≤ 1

k1/4
+ ϵ,

with probability at least Fϵe
−
√
k/10. Moreover, from Lemma C.4, we can choose ϵk = 64

k1/4
so

that Fϵk ≤ e
√
k/40. In particular, setting Ck = 65

k1/4
and ck =

√
k/20 we can repeat the same

proof as in Theorem 6.6 to obtain

sup
s∈[0,t]

∥∥∥K(X̃n[k](s)
)
−K(X[k](s))

∥∥∥2
■
≥ 1

2
∥K(Xn(s))− Γ(s)∥2■ − Ck

− sup
s∈[0,t]

∥K(Γ(s)[k])−K(X[k](s))∥2■.
(D.32)

with probability at least 1− e−ck . Once again we redefine the event Ek(n) to intersect with

the event where the above bound holds and note that we still have P{Ek(n)} ≥ 1−4e−λk/2−
k2

n
− e−ck .

We can now repeat the same argument as in the proof of Theorem 6.6. After doing

some rearrangement and applying Grönwall’s inequality [Grö19] we obtain that on the event

Ek(n),

sup
s∈[0,t]

D2
2

(
K
(
X̃n[k](s)

)
,K(X[k](s))

)
+ sup

s∈[0,t]
∥K(Xn(s))− Γ(s)∥2■

≤ 2 (Ak +Bk(n)) exp
(
192(L2 + 2κ2■)(λk + 1)t

)
,

(D.33)

where Ak = sups∈[0,t]

∥∥∥Ãk(s)∥∥∥2
■

and

Ãk(s) := K(Γ(s)[k])−K(X[k](s)),

Bk(n) := Ck +
96

k2

∑
e∈[k](2)

∣∣∣X̃n,e(0)−Xe(0)
∣∣∣2. (D.34)

Note that limn→∞ E
[∣∣∣X̃n,(i,j)(0)−X(i,j)(0)

∣∣∣2] = 0, by the assumption. Using a variance

bound and the fact that limk→∞Ck → 0 it follows that limk→∞ limn→∞Bk(n) = 0, in proba-

bility. By Lemma 5.18 and Lemma 5.17 we have
∥∥∥Ãk(s)∥∥∥

■
→ 0 in probability for each fixed
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s ∈ [0, t] as k →∞. It can be shown following the proof of Proposition 6.3 that
(
Ãk

)
k∈N

is

equicontinuous over [0, t], almost surely, for sufficiently large k. Therefore, we conclude that

Ak → 0 in probability as k →∞. Since limk→∞ limn→∞ P{Ek(n)} = 1,

lim
n→∞

sup
s∈[0,t]

∥K(Xn(s))− Γ(s)∥■ = 0, lim
k→∞

lim
n→∞

sup
s∈[0,t]

D2
2

(
K
(
X̃n[k](s)

)
,K(X[k](s))

)
= 0,

in probability, by choosing (λk)k∈N (depending on (Ak, limn→∞Bk(n))k∈N) that increases

sufficiently slowly to infinity as k →∞. Moreover, it is clear that one can choose k = o(
√
n).

This completes the proof.

D.2.1 Proofs of Chapter 6.2.2

Proof of Proposition 6.16. We first prove a slightly stronger result, that is, we show that Γσ

converges to Γ in the MVG sense. The desired result therefore follows immediately. The proof

closely resembles the proof of Theorem 6.11. Let (Ω,F ,P) be as above and Xσ, X,Γσ,Γ be as

above with the initial condition Γσ(0)(x, y) = Γ(0)(x, y) = δγ0(x,y). Using the Lipschitzness

of Skorokhod map as in the proof of Theorem 6.11, we observe that for any (i, j) we have∣∣Xσ
(i,j)(t)−X(i,j)(t)

∣∣2 ≤ Ct

∫ t

0

|b(γσ(s))(Ui, Uj)− b(γ(s))(Ui, Uj)|2 + Cσ2
∣∣B(i,j)(t)

∣∣2.
Summing over e ∈ [k]2 and diving by 1

k2
we obtain that for each k ∈ N we have

∥K(Xσ[k](t))−K(X[k](t))∥22 ≤ Ik(t) + Jk(t),

where Ik(t) = Ct

∫ t

0

1

k2

∑
(i,j)∈[k]2

|b(γσ(s))(Ui, Uj)− b(γ(s))(Ui, Uj)|2 ds,

and Jk(t) := Cσ2 1

k2

∑
e∈[k]2
|Be(t)|2.

By Doob’s maximal inequality [KS91, page 14, Theorem 3.8.iv] and Markov’s inequality

we get P
{

sups∈[0,t] Jk(s) ≥ 2Cσ2t
}
≤ C

4k2
. Using our assumption on b, we conclude that

(compare with (D.31))

sup
s∈[0,t]

∥K(Xσ[k](s))−K(X[k](s))∥2■ ≤ Cβ2κ2■t

∫ t

0

∥Γ(s)− Γσ(s)∥2■ ds+ 2Cσ2t, (D.35)
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with probability at least 1 − C
4k2

. Note that compared to equation (D.31) in the proof

of Theorem 6.11, the above inequality is much simpler. The reason being that the drift

function b depends only on MVG and not on X(i,j)(t). Secondly, the our initial condition

ensures that Xσ
(i,j)(0) = X(i,j)(0). At this step, we use the same argument as in the proof of

Theorem 6.11 to replace ∥K(Xσ[k](s))−K(X[k](s))∥2■ with ∥Γ(s)− Γσ(s)∥2■ up to a small

error Ck = 64k−1/4 with probability at least 1− e−ck where ck =
√
k/20. Combining all this

and using Grönwall’s inequality [Grö19] as in the proof of Theorem 6.11 we conclude that

sup
s∈[0,t]

D2
2(K(Xσ[k](s)),K(X[k](s))) + sup

s∈[0,t]
∥Γσ(s)− Γ(s)∥2■

≤ (Ck + 2Cσ2t)eCβ
2κ2■t

2

, with probability at least 1− e−ck − C

4k2
.

Letting k → ∞, we conclude that sups∈[0,t]∥Γσ(s)− Γ(s)∥2■ ≤ 2Cσ2teCβ
2κ2■t

2
. The desired

claim now follows from the fact that Γ→ E[Γ] is a contraction.

Proof of Proposition 6.17. To get a non-asymptotic error rate, we need to control on Ak and

Bk(n) in equation (D.33). Observe that Bk(n) depends on the initial condition and in general

it can be arbitrarily slow. However, assuming that the initial condition is i.i.d., one can use

Chebyshev’s inequality to obtain P
{
Bk(n) ≥ 66k−1/4

}
≤ k−3/2.

On the other hand, combining the arguments in Proposition 6.3 and [Lov12, Proposition

8.12], it can be shown that there exists a constant Mt (depending only on t) such that for

any δ > 0 we have P
{
Ak ≥Mt(δ log(1/δ))1/4

}
≤ k−2 + tδ−1e

128
δ log(1/δ) e−kδ log(1/δ)/2.

To obtain above bound for Ak, we argue as follows. For each fixed ψ ∈ L, moment

computation yields TC4(Γ(ψ, Ãk(s))) is sub-gaussian with norm at most 1√
k
. In particular,

for any δ > 0 we have P
{
TC4(Γ(ψ, Ãk(s)) ≥

√
δ log(1/δ)

}
≤ e−

kδ log(1/δ)
2 . Note that the right

side is independent of ψ. For any subset F ⊆ L define ∆k,F (s) := supψ∈F

∣∣∣t(C4,Γ(ψ, Ãk(s)))
∣∣∣.

Fix ϵ > 0 and note that by Lemma C.4 there exists a finite set F ⊆ L such that |F | ≤ e
32
ϵ2

and |∆k,L(s)−∆k,F (s)| ≤ ϵ. Taking ϵ = 1
2

√
δ log(1/δ), we get P

{
∆k,L(s) ≥

√
δ log(1/δ)

}
≤

P
{

∆k,F (s) ≥ 2−1
√
δ log(1/δ)

}
≤ e

128
δ log(1/δ) e−kδ log(1/δ)/2.

Repeating the proof of Proposition 6.3, we obtain that (∆k,L)k∈N is equicon-

tinuous with high probability. That is, for any fixed δ > 0 we have
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P
{

sup|s1−s2|≤δ,s1,s2∈[0,t]|∆k,L(s1)−∆k,L(s2)| ≥Mt

√
δ log(1/δ)

}
≤ 1

k2
. It now fol-

lows from a δ-net argument that P
{

sups∈[0,t] ∆k,L(s) ≥Mt(δ log(1/δ))1/2
}
≤ k−2 +

tδ−1e
128

δ log(1/δ) e−kδ log(1/δ)/2. Following [Lov12, Proposition 8.12], we have
∥∥∥Ãk(s)∥∥∥4

■
≤ ∆k,L(s).

This yields the desired conclusion. In particular, choosing δ = 64
√
k−1 log k and λk =

log(k)/(16 · 384t(L2 + 2κ2■)), we have the left hand side of equation (D.33) bounded by

Mtk
−1/16 log3/2 k with probability at least 1 − k2

n
− 4k−

1
κ2t − 2te−

√
k/20 − 2k−3/2, where

κ = 32
√

6(L2 + 2κ2■)
1/2

.

Since t is fixed, we can choose k to be a suitable function of n, say k = n2/7. The proof

is now complete with the help of Proposition 6.16 and a triangle inequality.

Proof of Proposition 6.18. Notice that βDH is the Fréchet-like derivative evaluation map of

βH. The proof immediately follows from Remark 4.25 following [AGS08, Remark 4.0.5, part

(d)], [AGS08, Corollaray 4.0.6] and Assumption 3.4.

D.3 Proofs of Chapter 6.3

In this section, we will provide proofs of the statements made in Chapter 6.3.

D.3.1 Proofs of Chapter 6.3.2

In this section, we will provide the proof arguments for Theorem 6.20. We first give a brief

intuition behind the proof. The general philosophy is to rewrite nEn (or n1/2En depending

on the case) as the sum of two matrices. The first matrix has entrywise variance of order

O(1) while the second one has (entrywise) variance going to 0 as n → ∞. The proof

now follows by showing that the first matrix (with entrywise O(1) variance) converges to

the appropriate IEA. We should remark that nEn is an infinite sum where each term has

complicated dependence with each other. This makes the problem of identifying the terms

with vanishing variance non-trivial. We explain this philosophy more concretely below.
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Case 1: We first consider the case µn = σn = n−1. Begin by noticing that

Texp[Yn] = Texp

[∫ ·

0

µnAn(s) ds

]
+ σnBn +

∞∑
k=2

J̃k,

where J̃k is the sum of all k-fold integrals that contain at least one (scaled) BM. Note

that

n(Texp[Yn]− In) = n

(
Texp

[∫ ·

0

µnAn(s) ds

]
− In

)
+Bn + n

∞∑
k=2

J̃k. (D.36)

On the other hand,

nK

(
Texp

[∫ t

0

µnAn(s) ds

]
− In

)
= (et − 1)E

[∏
s∈Nt

K(An(s))

∣∣∣∣∣Nt ≥ 1

]
.

From the assumption that K(An) converges to some kernel w(t) in L2([0, 1]2),

we obtain (et − 1)E
[∏

s∈Nt
K(An)(s)

∣∣Nt ≥ 1
]

converges in L2 to Γ(u)(t) :=

(et − 1)E
[∏

s∈Nt
w(s)

∣∣Nt ≥ 1
]
. A randomly chosen r × r submatrix of(

Texp
[∫ t

0
µnAn(s) ds

]
− In

)
therefore converges to Γ(u)(t){r} for i.i.d. Uni([0, 1]) ran-

dom variables {Ui}i∈N.

It is reasonable to believe that, as n→∞, the sum n
(
Texp

[∫ ·
0
µnAn(s) ds

]
− In

)
+Bn

converges to the appropriate IEA X(t) = Γ(u)(t){∞}+ B(t) where B is an IEA with

all Brownian motions. On the other hand, we note that
∑∞

k=2 J̃k is a Gaussian random

variable with mean 0, and show that its variance is O
(
1
n

)
.

Case 2: Consider the case µn = σ2
n = n−1. Just as above, let us rewrite

Texp[Yn] = Texp

[∫ ·

0

µnAn(s) ds

]
+

∞∑
k=1

J̃k.

Now notice that the same heuristic as above shows that
√
n
(
Texp

[∫ ·
0
µnAn(s) ds

]
− In

)
= O

(
1√
n

)
. On the other hand, rewrite∑∞

k=1 J̃k = (Texp[σnBn] − In) +
∑∞

k=2 Ĵk, where Ĵk is the sum of all k-fold in-

tegrals which contain at least one BM but not all are BMs. Following [RY04, page



280

151], we now notice that
√
n(Texp[σnBn](t) − In) has O(1) variance and it converges

to an IEA with entries distributed as Bet−1, where B is a one dimensional BM. We

show that
∑∞

k=2

√
nĴk(t) has variance of order O

(
1
n

)
. And, therefore, we conclude

that n1/2En converges to an IEA whose coordinates are i.i.d. and have the same

distribution as a Brownian motion.

Case 3: In the same setting as µn = σ2
n = n−1. Notice that the limiting IEA is obtained as

the limit of
√
n(Texp[σnBn] − In). And, this limit is trivial – in the sense that – the

limit does not depend on the deterministic sequence of matrices An. This is, however,

expected. Notice that with this choice of scaling the noise is much larger than the

‘signal’ or the deterministic term. To see the effect of the ‘signal’, one can consider the

limit of the matrix

n(En − (Texp[σnBn]− In)) = n(Texp[Yn]− Texp[σnBn])

= n

(
Texp

[∫ ·

0

µnAn(s) ds

]
− In

)
+

∞∑
k=2

nĴk.

As we mentioned earlier, the first term remain O(1) as n→∞ and we understand the

limit of this term. We further decompose the n
∑∞

k=2 Ĵk as follows. For k ≥ 2, write

Ĵk = Ĵk,0+Ĵk,1, where Ĵk,0 is the sum of all k-fold integrals with exactly one BM at either

the first or the last integral. We then show that
∑∞

k=2 nĴk,0 is a zero mean Gaussian

with O(1) variance, while the remaining term
∑∞

k=3 nĴk,1 is mean 0 Gaussian with

vanishing variance. We therefore conclude that n(Texp[Yn]− Texp[σnBn]) converges

to an IEA with independent Gaussian coordinates. Note that this limiting the mean

of this IEA is same as the IEA obtained in the case 1, but the variances are different.

It is clear from the above heuristic that we will need to compute the variances of infinite

sum of Gaussian random variables which may be dependent. To do this, we need the following

lemma.

Let k ≥ 2 and let π = (zk, zk−1, . . . , z1, z0) be a (k + 1)-tuple where each zi ∈ [n]. For
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p ≤ k, define

Ik,p,π(t) :=
∑
α∈(k

p)

∫
∆k(t)

dUα,π(s), t ∈ [0, 1].

where dUα,π(s) =
∏k

i=1 dUα,i,(zi,zi−1)(si), and dUα,i(si) =

dBn(si), if i ∈ α,

An dsi, if i ̸∈ α
. Also define

Ik,p(t) as

Ik,p,(x,y)(t) :=
∑

π s.t. (zk,z0)=(x,y)

Ik,p,π, (x, y) ∈ [n]2, t ∈ [0, 1].

Lemma D.5. For k1, k2 ∈ N, p ≤ k1 ∧ k1, π1 ∈ [n]k1+1, π2 ∈ [n]k2+1, t ∈ R+, and α ∈
(
k1
p

)
and β ∈

(
k2
p

)
such that π1(αi) = π2(βi) for all i ∈ [p]. Then∣∣∣∣∣

∫
∆k1

(t)

∫
∆k2

(t)
E[dUα,π1(s) dUβ,π2(τ )]

∣∣∣∣∣ ≤ Ck1−pCk2−p · |∆(p; k1, k2, α, β; t)|, (D.37)

where ∆(p; k1, k2, α, β) is the k1 + k2 − p dimensional space defined by

∆(p; k1, k2, α, β, t) := {(s, τ ) ∈ ∆k1(t)×∆k2(t) | sαi
= τβi ∀ i ∈ [p]}.

Proof of Lemma D.5. Following the condition on π1 and π2,

E
[
dUα,i,(zαi ,zαi−1)(sαi

) dUβ,i,(z̃βi ,z̃βi−1)(τβi)
]

= δsαi=τβi
for all i ∈ [p]. Therefore, in the

following we assume that π1, π2 are such that (zαi
, zαi−1) = (z̃βi , z̃βi−1) for all i ∈ [p].

Therefore, the (k1 + k2)-dimensional Lebesgue integral over ∆k1(t) × ∆k2(t) gets re-

duced to a (k1 + k2 − p)-dimensional Lebesgue integral over the resulting constraint set

∆(p; k1, k2, α, β; t). Since that the absolute value of the coordinates of An are bounded by

C ≥ 0, we get∣∣∣∣∣
∫
∆k1

(t)

∫
∆k2

(t)
E[dUα,π1(s) dUβ,π2(τ )]

∣∣∣∣∣ ≤ Ck1−pCk2−p · |∆(p; k1, k2, α, β; t)|.

We now make the following claim that bounds the volume of the set |∆(p; k1, k2, α, β; t)|.
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Claim D.1. We denote by δα(1) = α1 − 1, δα(2) = α2 − α1 − 1 and similarly δα(i) =

αi − αi−1 − 1 for i ∈ [p]. Also define δα(p + 1) = k1 − αp. Note that
∑p+1

i=1 δα(i) = k1 − p.
And, similarly we define δβ(i) as well. Then,

|∆(p; k1, k2, α, β; t)| ≤ tp

p!

tk1−p

δα(1)! . . . δα(p+ 1)!

tk2−p

δβ(1)! . . . δβ(p+ 1)!
.

Proof of Claim D.1. For each j ∈ [p + 1], define two collections of i.i.d. Uni([0, 1]) random

vectors, say Xj = (Xj
1 , . . . , X

j
δα(j)

) and Y j = (Y j
1 , . . . , Y

j
δβ(j)

). Let U = (U1, . . . , Up) be

another vector where Ui are i.i.d. Uni([0, 1]) random variables. We also set U0 = 0 and

Up+1 = t.

For a vector v ∈ Rn, we say v ∈ In(a, b) if b ≥ vn ≥ vn−1 ≥ v1 ≥ a. Given a vector

u = (u1, . . . , up) define the events

E1(u) := {Xj ∈ Iδα(j)
(uj−1, uj) ∀ j ∈ [p+ 1]},

E2(u) := {Y j ∈ Iδα(j)
(uj−1, uj) ∀ j ∈ [p+ 1]},

where u0 = 0 and up+1 = t. Now notice that

|∆(p; k1, k2, α, β, t)| = P{E1(U) ∩ E2(U)}

≤ tk1−p

δα(1)! . . . δα(p+1)!

tk2−p

δβ(1)! . . . δβ(p+1)!

∫
∆p(t)

du1 . . . dup.

We use the Lemma D.5 to compute the variances of the error terms in Case 1 to 3 above.

Lemma D.6. For every (x, y) ∈ [n]2,

1. Var
[
n
∑∞

k=2 J̃k,(x,y)(t)
]

= O
(
1
n

)
,

2. Var
[
n1/2

∑∞
k=2 Ĵk,(x,y)(t)

]
= O

(
1
n

)
, and

3. Var
[
n
∑∞

k=3 Ĵk,1,(x,y)(t)
]

= O
(
1
n

)
,

where each statement corresponds to error terms in Case 1, Case 2 and Case 3 respectively.
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Proof.

1. Notice that

∞∑
k=2

J̃k(t) =
∞∑
p=1

Hn,p(t), Hn,p(t) :=
∞∑

k=p∨2

µk−pn σpnIk,p,(x,y)(t). (D.38)

The benefit of such rearrangement is that the random variables Hn,p(t) for all p ∈ N

are independent, that is, Hn,p1 and Hn,p2 are independent Gaussians. This allows us to

compute the variance of n
∑∞

k=1 J̃k(t) by adding Var[Hn,p(t)] over p ∈ N. In order to

compute the variance of Hn,p(t), we need to compute the covariance between Ik1,p and

Ik2,p for k1, k2 ≥ p. Then,

Var

[
n

∞∑
k=2

J̃k,(x,y)(t)

]
≤ Var

[
n

∞∑
p=1

Hn,p(t)

]

= n2

∞∑
p=1

Var[Hn,p(t)]

= n2

∞∑
p=1

E

( ∞∑
k=p

µk−pn σpnIk,p,(x,y)(t)

)2


= n2

∞∑
p=1

E

[
∞∑

k1,k2=p

µk1−pn µk2−pn σ2p
n Ik1,p,(x,y)(t)Ik2,p,(x,y)(t)

]

= n2

∞∑
p=1

∞∑
k1,k2=p

µk1−pn µk2−pn σ2p
n

∑
π1

∑
π2

E[Ik1,p,π1(t)Ik2,p,π2(t)]

The final two summations in the last expression above, can be rearranged as be written

as∑
π1

∑
π2

E[Ik1,p,π1(t)Ik2,p,π2(t)] =
∑
α∈(k1

p )

∑
β∈(k2

p )

∑
π1,π2

∫
∆k1

(t)

∫
∆k2

(t)
E[dUα,π1(s) dUβ,π2(τ )],

where for every α ∈
(
k1
p

)
and β ∈

(
k2
p

)
, the above sum over π1 ∈ [n]k1+1 and π2 ∈ [n]k2+1

are such that π1(αi) = π2(βi) for all i ∈ [p]. Notice that, without this constraint on

π1, π2, this summation potentially has nk1−1nk2−1 summands, but due to the constraint

some terms will be zero and can be dropped.
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Let π1 = (zk1 , . . . , z0), and π2 = (z̃k2 , . . . , z̃0). Notice that the above expecta-

tion is 0 unless Uα,i,(zαi ,zαi−1) = Uβ,i,(z̃βi ,z̃βi−1) for i ∈ [p]. And, in this case,

E
[
dUα,i,(zαi ,zαi−1)(sαi

) dUβ,i,(z̃βi ,z̃βi−1)(τβi)
]

= δsαi=τβi
for all i ∈ [p]. Therefore, in the fol-

lowing we assume that π1, π2 are such that (zαi
, zαi−1) = (z̃βi , z̃βi−1) for all i ∈ [p], lead-

ing to at most nk1−1nk2−1n−p many non-zero terms. This observation, and Lemma D.5

allows us to bound the absolute value of the above sum as

nk1−1nk2−1 · n−p · Ck1−pCk2−p
∑
α∈(k1

p )

∑
β∈(k2

p )

|∆(p; k1, k2, α, β; t)|.

Plugging back, and using the triangle inequality, we have

Var

[
n

∞∑
k=2

J̃k,(x,y)(t)

]

≤ n2

∞∑
p=1

∞∑
k1,k2=p

µk1−pn µk2−pn σ2p
n n

k1−1nk2−1n−ptk1+k2−p
1

p!

(C(p+ 1))k1−p

(k1 − p)!
(C(p+ 1))k2−p

(k2 − p)!

= n2

∞∑
p=1

1

p!
(nσn)2pn−(p+2)tpe2Ct(p+1)

≤ e2Ct
∞∑
p=1

1

p!

(
nσ2

nte
2Ct
)p

= e2Ct
(
exp
(
nσ2

nte
2Ct
)
− 1
)

= O

(
1

n

)
.

The last relation holds by noting that σn = 1
n

and the Taylor approximation of the

exponential.

2. The proof is similar to the proof of part 1, where we have σn = n−1/2 instead of n−1

(and the prefactor n2 replaced by n). This yields, that Var
[
n1/2

∑∞
k=2 Ĵk,(x,y)(t)

]
≤

1
n
e2Ct

(
exp
(
te2Ct

)
− 1
)
. We skip the details.

3. The proof is similar to the proof of part 1, where we have σn = n−1/2 instead of n−1,

and nk1−1nk2−1n−(p+1) number of non-zero terms instead of nk1−1nk2−1n−p many. This

yields, that Var
[
n
∑∞

k=3 Ĵk,1,(x,y)(t)
]
≤ 1

n
e2Ct

(
exp
(
te2Ct

)
− 1
)
. We skip the details.
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This completes the proof.

Lemma D.7. For every ((i1, j1), t1), ((i2, j2), t2) ∈ [n]2 × R+, the covariance between

n
∑∞

k=2 Ĵk,0,(i1,j1)(t1) and n
∑∞

k=2 Ĵk,0,(i2,j2)(t2) is

Cn(((i1, j1), t1), ((i2, j2), t2))

:= 1{i1 = i2}
∫ min{t1,t2}

0

1

n

(
Γn,1(s)

⊤Γn,1(s)
)
(j1, j2) ds

+ 1{j1 = j2}
∫ t1

0

∫ t2

0

min{s1, s2}
1

n

(
Γn,2(s1; t1)Γn,2(s2; t2)

⊤)(i1, i2) ds2 ds1,

(D.39)

where

Γn,1(s) := n

(
Texp

[∫ ·

0

µnAn(r) dr

]
(s)− In

)
,

Γn,2(s; t) := nTexp

[∫ ·

0

µnτs(An)(r) dr

]
(t− s)µnAn(s),

(D.40)

and τs(An) is the curve An shifted by s, i.e., τs(An)(r − s) := An(r) for all r ∈ [s, t], for

s ∈ [0, t], and all t ∈ R+.

Proof of Lemma D.7. The term nĴk,0 for k ≥ 2, has two kinds of terms. The first kind in

which the BM appears at the position 1, and the second kind in which the BM appears at

the position k.

For the terms of the first kind, notice the following:

n·
∫ t

0

µnAn(sk) dsk

∫ sk

0

µnAn(sk−1) dsk−1 · · ·
∫ s3

0

µnAn(s2) · σnBn(s2) ds2

= n

∫ t

0

Jk−2

(∫ ·

0

µnτs2(An)(r) dr

)
(t− s2)µnAn(s2)σnB(s2) ds2,

where τs2(An) is nothing but the curve An shifted by s2, i.e., τs2(An)(s − s2) := An(s) for

all s ∈ [0, t− s2]. Summing over all such terms for k ∈ Z+ \ {0, 1}, we get that the above is

equal to ∫ t

0

nTexp

[∫ ·

0

µnτs2(An)(r) dr

]
(t− s2)µnAn(s2)σnBn(s2) ds2.
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For the terms of the second kind, the argument is however simpler. Notice that

n·
∫ t

0

σn dBn(sk)

∫ sk

0

µnAn(sk−1) dsk−1 · · ·
∫ s2

0

µnAn(s1) ds1

= n ·
∫ t

0

σn dBn(sk)Jk−1(µnAn)(sk).

Summing over all such terms for k ∈ Z+ \ {0, 1}, we get that the above is equal to∫ t

0

σn dBn(sk) · n
(

Texp

[∫ ·

0

µnAn(r) dr

]
(sk)− In

)
.

The sum of the two kinds of term finally is

σn

∫ t

0

dBn(s)Γn,1(s) + σn

∫ t

0

Γn,2(s)Bn(s) ds. (D.41)

Consider two pairs of indices ((i1, j1), t1) and ((i2, j2), t2) in [n]2×R+. Then the covariance

between the two pair of coordinates is

Cn(((i1, j1), t1), ((i2, j2), t2))

= E

[∫ t1

0

∫ t2

0

1

n

n∑
k1,k2=1

dBn,(i1,k1)(s1) dBn,(i2,k2)(s2)Γn,1,(k1,j1)(s1)Γn,1,(k2,j2)(s2)

]

+ E

[∫ t1

0

∫ t2

0

1

n

n∑
k1,k2=1

Bn,(k1,j1)(s1)Bn,(k2,j2)(s2)Γn,2,(i1,k1)(s1; t1)Γn,2,(i2,k2)(s2; t2) ds2 ds1

]

= 1{i1 = i2}
∫ min{t1,t2}

0

(
1

n

n∑
k=1

Γn,1,(k,j1)(s)Γn,1,(k,j2)(s)

)
ds

+ 1{j1 = j2}
∫ t1

0

∫ t2

0

min{s1, s2}
(

1

n

n∑
k=1

Γn,2,(i1,k)(s1; t1)Γn,2,(i2,k)(s2; t2)

)
ds2 ds1

= 1{i1 = i2}
∫ min{t1,t2}

0

1

n

(
Γn,1(s)

⊤Γn,1(s)
)
(j1, j2) ds

+ 1{j1 = j2}
∫ t1

0

∫ t2

0

min{s1, s2}
1

n

(
Γn,2(s1; t1)Γn,2(s2; t2)

⊤)(i1, i2) ds2 ds1.

This completes the proof.

We are now ready to prove Theorem 6.20. Recall that by our assumption there ex-

ists a continuous curve t 7→ w(t) of kernels such that sups∈[0,t]∥K(An)(s)− w(s)∥2 → 0 as
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n→∞. Furthermore, we assume that sups∈[0,t]∥w(s)∥∞ ≤ C. Under these assumption, the

kernel Γ(u)(t) :=
∑∞

k=1 Jk(u)(t) is well defined and ∥Γ(u)(t)∥∞ ≤ eCt − 1. In the follow-

ing, we will use the notation Γ(t) instead of Γ(u)(t) for simplicity. Let us also define the

kernel Γn(t) = nK
(∑∞

k=1 Jk
(
An

n

))
=
∑∞

k=1 Jk(K(An)). It follows from our assumption that

sups∈[0,t]∥Γn(s)− Γ(s)∥2 → 0 as n→∞. Analogous to Cn defined above, we define a kernel

C∞. Let

Γ1(s) := Γ(u)(s), Γ2(s; t) := Texp[u](t− s)⊙ w(s), s ∈ [0, t], t ∈ [0, 1],

and define

C∞(((x1, y1), t1), ((x2, y2), t2))

:= 1{x1 = x2}
∫ min{t1,t2}

0

(
Γ1(s)

⊤ ⊙ Γ1(s)
)
(y1, y2) ds

+ 1{y1 = y2}
∫ t1

0

∫ t2

0

min{s1, s2}
(
Γ2(s1; t1)⊙ Γ2(s2; t2)

⊤)(x1, x2) ds2 ds1.

(D.42)

Let S : t 7→
∫ t
0
T (s) ds be an absolutely continuous curve of operators on L2([0, 1]). Recall

that we can define Jk(S)(t) as

Jk(S)(t) :=

∫
∆k(t)

T (sk−1) . . . T (s1) dsk . . . ds1.

Lemma D.8. Let T1 and T2 be the curves of curve of operators and define Si(t) :=
∫ t
0
Ti(s) ds

for i ∈ [2]. Assume that sups∈[0,t]∥T1(s)∥op, sups∈[0,t]∥T2(s)∥op ≤ Ct for some constant Ct > 0

for every t ∈ R+. Then,

∥Jk(S1)(t)− Jk(S2)(t)∥op ≤ η(t)Ck−1
t k

tk

k!
, k ≥ 1,

where η(t) = sups∈[0,t]∥T1(s)− T2(s)∥op for t ∈ R+. In particular, we have

sup
s∈[0,t]

∥Texp[S1](s)− Texp[S2](s)∥op ≤ η(t)t(etCt − 1), t ∈ R+.

Proof. Observe that

∥Jk(S1)(t)− Jk(S2)∥op ≤
∫
∆k(t)

∥T1(sk) . . . T1(s1)− T2(sk) . . . T2(s1)∥op dsk . . . ds1
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≤
∫
∆k(t)

k∑
j=1

∥∥∥∥∥
k∏

i=j+1

T1(si) · (T1(sj)− T2(sj)) ·
j−1∏
i=1

T2(si)

∥∥∥∥∥
op

k∏
i=1

dsi

≤ kCk−1
t η(t)

∫
∆k(t)

dsk · · · ds1

≤ η(t)Ck−1
t k

tk

k!
.

Finally observe that

∥Texp[S1](s)− Texp[S2](s)∥op ≤
∑
k≥1

∥Jk(S1)(s)− Jk(S2)(s)∥op ≤ η(s)t(etCt − 1).

Taking supremum over s ∈ [0, t] we get the final result.

Lemma D.9. Let w1 and w2 be two curves of kernels and let ui =
∫ t
0
wi(s) ds for i ∈ [2].

Assume that sups∈[0,t]∥wi(s)∥∞ ≤ Ct for some Ct > 0 and for i ∈ [2]. Define,

η(t) = sup
s∈[0,t]
∥w1(s)− w2(s)∥2.

Then, for every fixed 0 ≤ s ≤ t ∈ R+ we have

∥Γ1(u1)(t)− Γ1(u2)(t)∥2 ≤ tCte
tCtη(t),

∥Γ2(u1)(s; t)− Γ2(u2)(s; t)∥2 ≤
(
tCt(e

tCt − 1) + etCt
)
η(t).

Proof of Lemma D.9. The proof for the continuity of Γ1 follows exactly the same argument as

in Lemma D.8, where we prove this result for a curve of operators on L2[0, 1]. The continuity

of Γ2 follows a similar argument that we give present here for completeness. Observe that

∥Γ2(u1)(s; t)− Γ2(u2)(s; t)∥2
≤ ∥(Texp[u1](t− s)− Texp[u2](t− s))⊙ w1(s)∥2 + ∥Texp[u2](t− s)⊙ (w1(s)− w2(s))∥2
≤ ∥Texp[u1](t− s)− Texp[u2](t− s)∥op∥w1(s)∥2 + ∥Texp[u2](t− s)∥op∥w1(s)− w2(s)∥2
≤ tCt(e

tCt − 1)η(t) + etCtη(t) =
(
tCt(e

tCt − 1) + etCt
)
η(t),

where the last line uses Lemma D.8.

The proof of Theorem 6.20 in Case 1 and Case 2 now follows easily.
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Proof of Theorem 6.20 Case 1 and Case 2.Case 1: Let (Ω,F ,P) supporting a collection of

i.i.d. Brownian motions B∞ = (Bi,j)(i,j)∈N2 and a collection of i.i.d. Uni([0, 1]) ran-

dom variables {Uj}j∈N. We define an IEA X on this probability space, by setting

X = Γ(u)(t){∞}+B∞.

Let r ∈ N be fixed. Consider the r × r sampled submatrix (nEn){r} out of nEn. Note

that with probability at least 1− r2

n
, the coordinates of (nEn){r} are distinct. In other

words, (nEn){r} is a (uniformly) random r × r submatrix of nEn with probability at

least 1 − r2/n. On this event, we further assume that (nEn){r}(i, j) is driven by the

same Brownian motion Bi,j for every (i, j) ∈ [r]2.

On the above event, we couple (nEn){r} with X[r] where X[r](i, j) := Xi,j for (i, j) ∈
[r]2. That is, X[r] is the principle r× r submatrix of IEA X. Now observe that on this

event, using Lemma D.6 we obtain

W2
2((nEn){r}(t), X[r](t)) ≤ 2en,r(t) + 2 Var

[
n

∞∑
k=2

J̃k(t)

]
≤ 2en,r(t) + 2

(
r2

n

)
,

where

en,r(t) := ∥Γn(t){r} − Γ(u)(t){r}∥2F.

Now notice that

E

[
sup
s∈[0,t]

en,r(s)

]
≤ 2r2 sup

s∈[0,t]
∥mn(s)−m(s)∥22.

By our assumption we have that sups∈[0,t]∥mn(s)−m(s)∥2 → 0 as n → ∞. It fol-

lows that sups∈[0,t] W2
2((nEn){r}(t), X[r](t)) → 0 – in probability – as n → ∞. This

completes the proof in Case 1.

Case 2: Recall from the Case 2, we have that

n1/2En =
√
nΓ

(∫ ·

0

µnAn(s) ds

)
+
√
nΓ

(
Bn√
n

)
+ n1/2

∞∑
k=2

Ĵk,
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where Var
[
n1/2

∑∞
k=2 Ĵk,(i,j)(t)

]
≤ Ct

n
. By our assumption, we have that∥∥√n(Texp

[∫ ·
0
µnAn(s) ds

]
(t)− In

)∥∥
max
≤ Ct√

n
. Now observe that

√
nΓ
(
Bn√
n

)
has i.i.d.

coordinates with entries distributed as a time changed BM t 7→ B(et − 1).

Let (Ω,F ,P) be a probability space supporting an IEA B∞ and that we can define a

copy of Bn for every n ∈ N on the same probability space such that
√
nΓ
(
Bn√
n

)
(t) =

B∞[n](et − 1). With this coupling, it is immediate that

W2
2

(
(
√
nEn){r}(t), B∞[r](t)

)
≤ 8

(
r2Ct
n

)
,

It follows that W2
2((
√
nEn){r}(t), B∞[r](t)) → 0 – with probability 1 – as n →

∞. This completes the proof of Case 2. We should note that the condition∥∥√n(Texp
[∫ ·

0
µnAn(s) ds

]
(t)− In

)∥∥
max
≤ Ct√

n
is enough to guarantee this conclusion

and this condition follows as long as the entries of sups∈[0,t]∥An(s)∥max ≤ C. In partic-

ular, for Case 2, we do not need K(An) converging to a kernel w.

We are now ready to state the proof of Theorem 6.20 for Case 3.

Proof of Theorem 6.20 Case 3. The proof in Case 3 is also similar but with some technical

differences. Therefore, we first present a heuristic argument before giving the rigorous proof.

Recall from the decomposition in Case 3, we have that

Ên := n(Texp[Yn]− Texp[σnBn]) = En,det + En,0 + En,1.

Set

En,det = n

(
Texp

[∫ ·

0

µnAn(s) ds

]
− In

)
En,0 =

∞∑
k=2

nĴk,0, En,1 =
∞∑
k=2

nĴk,1.

The proof strategy is similar to the first two cases with some technical differences that we

explain first. From Lemma D.7, we have that entries of En,1 have variance O(1/n). Now,
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notice that En,det = nΓ
(∫ ·

0
µnAn(s) ds)

)
. We know from our assumption that K(En,det)

converges in L2 to Γ(u)(t). In particular, a randomly chosen r × r submatrix En,det{r} of

En,det converges to Γ(t){r} in probability. And, En,0 is a matrix with Gaussian processes.

However, unlike the previous cases, the entries of En,0 are correlated. This makes the coupling

more delicate. From Lemma D.7 that the covariance kernel of En,0 is given by Cn.

Roughly, the idea of the proof is as follows. Let Ẽn = En,det + En,0. Ignoring the O(1/n)

term En,1, we notice that

Ẽn{r} = En,det{r}+Gn,r,

where Gn,r is an r × r matrix of mean zero Gaussian processes with covariance kernel given

by Kn,r such that Kn,r(((i1, j1), t1), ((i2, j2), t2)) = Cn(((xi1 , xj1), t1), (xi2 , xj2), t2)), where

xl = ⌈nUl⌉ for every l ∈ [r]. An important observation to make here is that En,det{r} and

Gn,r are conditionally independent given {Ui}i∈[r]. From our assumptions, it follows that

K(Cn) converges in L2 to a covariance kernel C∞. On some probability space we construct a

Gaussian process G∞ := (Gi,j)(i,j)∈N2 such that Gi1,j1(t1) and Gi2,j2(t2) have a covariance of

K∞(((i1, j1), t1), ((i2, j2), t2)) = C∞(((Ui1 , Uj1), t1), ((Ui2 , Uj2), t2)) for every (t1, t2) ∈ [0, 1]2

and (i1, j1), (i2, j2) ∈ [r]2. Since Kn,r and K∞,r are close and it is reasonable to believe that

Gn,r and B[r] = (Bi,j)(i,j)∈[r]2 are close. As we have already argued in Case 1, the matrix

En,det(t){r} ≈ Γ(t){r}. We therefore conclude that Ẽn{r} is close to Γ{r}+B∞{r}.
We now give a formal proof for completeness. Let I = [0, 1]2 × R+ and let C : I2 → R

be a covariance kernel defined as

Q(((x1, y1), t1), ((x2, y2), t2)) := δx1=y1,x2=y2 min{t1, t2},

for (x1, y1; t1), (x2, y2; t) ∈ I. Let (Ω,F ,P) be a probability space on which we can define

a Gaussian process B that is indexed for every (x, y; t) ∈ I with covariance kernel Q. Let

G(x, y; · ) be a process defined as

G(x, y; t) =

∫ t

0

∫ 1

0

dB(x, z; s)Γ1(s)(z, y) dz ds+

∫ t

0

∫ 1

0

Γ2(s; t)(x, z)B(z, y; s) dz ds,

(D.43)



292

for every (x, y; t) ∈ I. Notice that G has a covariance kernel given by C∞ defined in

Lemma D.7.

Possibly after extending the probability space (Ω,F ,P) we assume that it supports a

collection of i.i.d. Uni([0, 1]) random variables {Ui}i∈N independent of B. Define an IEA Y

by setting

Yi,j := Γ(t)(Ui, Uj) +G(Ui, Uj; t), (D.44)

for all (i, j) ∈ N2 and t ∈ R+.

On this probability space (Ω,F ,P) we now define a copy of Ẽn{r}. To do this, we first

define a process Gn indexed by I as

Gn(x, y; t) :=

∫ t

0

∫ 1

0

dB(x, z; s)K(Γn,1(s))(z, y) dz (D.45)

+

∫ t

0

∫ 1

0

K(Γn,2(s; t))(x, z)B(z, y; s) dz ds. (D.46)

Now define an r × r matrix Yn,r such that

Yn,r(i, j)(t) := Γn(t)(Ui, Uj) +Gn(Ui, Uj; t), (i, j) ∈ [r]2.

With probability at least 1 − r2/n, we have that ⌈nUi⌉s are distinct for i ∈ [r]. And,

note that on this event, given U1, . . . , Ur, we have that Yn,r has the same law as Ẽn{r}. In

particular – with probability at least 1− r2/n – we obtain that

W2
2(Y (t)[r], Ên(t){r}) ≤ 2W2

2(Y (t)[r], Yn,r(t)) + 2Ct
r2

n

≤ 2∥Γn(t){r} − Γ(t){r}∥2F + ∥En,r,1(t)∥2F + ∥En,r,2(t)∥2F + 2Ct
r2

n
,

where

E2
n,r,1,(i,j)(t) :=

∫ t

0

(∫ 1

0

(K(Γn,1(s))(z, Uj)− Γ1(s)(z, Uj)) dz

)2

ds

≤
∫ t

0

∫ 1

0

|K(Γn,1(s))(z, Uj)− Γ1(s)(z, Uj)|2 dz ds,

E2
n,r,2,(i,j)(t) :=

∫ t

0

∫ t

0

∫ 1

0

min{s1, s2}ξ(Ui, z, s1, t)ξ(Ui, z, s2, t) dz ds1 ds2

≤ t

∫ 1

0

(∫ t

0

ξ(Ui, z, s, t) ds

)2

dz ≤ t2
∫ t

0

∫ 1

0

|ξ(Ui, z, s, t)|2 dz ds,
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where ξ(Ui, z, s, t) = K(Γn,2(s; t))(Ui, z)− Γ2(s; t)(Ui, z), for (i, j) ∈ [r]2. Now observe that

E
[
∥Γn(t){r} − Γ(t){r}∥2F

]
= r2∥K(Γn,1)(t)− Γ1(t)∥22

E
[
∥En,r,1∥2F

]
≤ r2

∫ t

0

∥K(Γn,1(s))− Γ1(s)∥22 ds,

E
[
∥En,r,2∥2F

]
≤ r2t2

∫ t

0

∥K(Γn,2(s; t))− Γ2(s; t)∥22 ds.

Define

ηn,r(t) := 2E
[
∥Γn(t){r} − Γ(t){r}∥2F + ∥En,r,1(t)∥2F + ∥En,r,2(t)∥2F

]
+ 2Ct

r2

n
.

By our assumption and Lemma D.9, it follows that ηn,r(t) → 0 as n → ∞. We conclude

that W2
2(Y (t)[r], Êm(t){r})→ 0 as n→∞ – in probability.

D.3.2 Proofs of Chapter 6.3.3

We will prove Theorem 6.23 in this section. We start with some simple observations that

intuitively explains why the result holds before giving the formal proof.

Let f ∈ L2([0, 1]). Define fn ∈ Rn by setting fn,i =
∫ i/n
(i−1)/n

f(x) dx/
∫ i/n
(i−1)/n

for i ∈ [n].

Note that 1
n
∥fn∥22 ≤ ∥f∥

2
2. Let Xn be an n× n matrix. Notice that

∥K(Xn)f∥22 =
1

n

n∑
i=1

(
1

n

n∑
j=1

Xn,(i,j)fn,j

)2

≤ ∥f∥22

(
1

n2

n∑
i,j=1

X2
n,(i,j)

)
. (D.47)

In particular, if Xn,(i,j)s are mean 0 random variables with variance bounded by ς2n, then

E
[
∥K(Xn)f∥22

]
≤ ς2n∥f∥22.

Note that this is giving an upper bound on the operator norm of K(Xn). In particular, if

ςn → 0 as n→∞ then ∥K(Xn)∥op → 0.

Notice that the above bound does not require any assumption on the correlations between

the entries of Xn. Taking all Xn,(i,j)s to be equal, we see that – in general – one can not do

better than this. However, when entries of the Xn,(i,j) are uncorrelated this bound is clearly

weak. Intuitively, when the entries in the row i, Xn,(i,j), are uncorrelated (and the variances



294

bounded by say ς2n) we expect the variance of 1
n

∑n
j=1Xn,(i,j)fn,j to be at most 1

n
ς2n∥f∥22. In

particular, E
[
∥K(Xn)f∥22

]
≤ ς2n

n
∥f∥22. Therefore, K(Xn) converges to the zero operator as

n → ∞, even if ς2n = O(1) as n → ∞. In particular, if Xn is a matrix with i.i.d. Gaussian

coordinates, then it converges to a non-trivial IEA, but the limit of Xn, in operator sense, is

the zero operator.

With this discussion, the proof is immediate. We write

nEn := En,det + E0n,err + E1n,err,

where En,det is an n×n matrix that converges to a deterministic kernel or operator in strong

sense and E0n,err is a matrix with i.i.d. Gaussian coordinates with mean 0 and bounded

variance while E1n,err is a matrix with mean 0 coordinates and variances bounded by 1
n
. It is

clear from the above discussion that the proof follows if we could show that En,det converges

to the desired operator in strong sense.

Proof of Theorem 6.23. We begin the proof in Case 1. Set

En,det = n

(
Texp

[∫ ·

0

µnAn(s) ds

])
, E0n,err = Bn, and E1n,err = n

∞∑
k=2

J̃k.

Following equation (D.36), we write

nTexp[Yn] = En,det + E0n,err + E1n,err.

Let f ∈ L2([0, 1]). Observe that

E

[
sup
s∈[0,t]

∥(K(nTexp[Yn](s))− En,det(s))f∥22

]

≤ 2E

[
sup
s∈[0,t]

(∥∥K(E0n,err(s))f
∥∥2
2

+
∥∥K(E1n,err(s))f

∥∥2
2

)]
≤ Dt

n
∥f∥22,

where Dt ≥ 1 is a constant that depends only on t.

Let Tn be the integral operator corresponding to An and set ηn(t) :=

sups∈[0,t]∥Tn(s)− T (s)∥op. Similarly define the integral curve Sn of Tn. It follows that

sup
s∈[0,t]

∥Texp[Sn](s)− Texp[S](s)∥op ≤ ηn(t)tetCt → 0,
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as n→∞.

The proof in the Case 2, follows exactly from the same argument, by noting that

∥En,det∥∞ ≤ 1√
n

in this case. We skip the details.
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Appendix E

PROOFS OF CHAPTER 7

In this entire chapter, we will provide the proof of Theorem 7.1.

Recall from the definition of Texp[Yn] that it is an infinite sum of the k-fold integrals

of the form Jk(Yn)(t) :=
∫
∆k(t)

dYn(sk) . . . dYn(s1). Since Yn is a martingale of the form

dYn = 1
n
An(t) dt+ 1√

n
dBn(t), the Jk(Yn)(t) further decomposes into 2k terms each involving

k-fold integrals of the products of the terms like n−1An(s) ds and n−1/2 dBn(s).

We collect all the integrals only involving the integrand n−1An(s) ds to get

Γ
(
1
n

∫ ·
0
An(s) ds

)
(t). Similarly, we can collect all integrals only involving the integrands of

the form n−1/2 dBn(s) to obtain Γ
(

1√
n
Bn

)
(t). This suggests that we can write Texp[Yn](t)

as in (7.5). That is, we have

Texp[Yn](t) = In + Γ

(
1

n

∫ ·

0

An(s) ds

)
(t) + Γ

(
1√
n
Bn

)
(t) +

1

n
Zn(t) +

1

n
En(t), (E.1)

where Zn is the sum of all k-fold integrals of the form defined in Definition 3.5 with exactly

one n−1/2 dBn term which appears at either the first or the last integral and En is the sum

of remaining terms.

Note that both Zn and En are mean zero Gaussian processes. The benefit of the above

decomposition is that, we can make following observations:

1. nΓ
(
1
n

∫ ·
0
An(s) ds

)
(t) converges to Γ(u)(t) in L2 under our assumptions.

2. The Γ
(

1√
n
Bn

)
(t) have i.i.d. Gaussian coordinates with mean zero and variance 1

n
(et−

1).

3. We show that Zn(t) has O(1) coordinates with some non-trivial correlation, but we

can compute these correlations explicitly.
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4. En(t) has entries with variances of order O(1/n).

Let Hn,0 be as in the assumption. It follows from the above observation that

Texp[Yn](t)Hn,0 = Hn,0 + Γ

(
1

n

∫ ·

0

An(s) ds

)
(t)Hn,0 + Γ

(
1√
n
Bn

)
(t)Hn,0

+
1

n
Zn(t)Hn,0 +O

(
n−1
)
.

(E.2)

Now the proof idea is as follows. Let V be a uniform [0, 1] random variable. Let Xn(t) :=

K(Texp[Yn](t)Hn,0)(V ). Note that X(t) is precisely a coordinate of Texp[Yn](t)Hn,0 chosen

uniformly at random. Ignoring the O(1/n) contribution from En, we observe from (E.2) that

Xn(t) ≈ h0(V ) +K

(
Γ

(
1

n

∫ ·

0

An(s) ds

)
(t)Hn,0

)
(V ) +K

(
Γ

(
1√
n
Bn

)
(t)Hn,0

)
(V )

+K

(
1

n
Zn(t)Hn,0

)
(V ).

From our assumption, it follows that K(Γ
(
1
n

∫ ·
0
An(s) ds

)
(t)Hn,0) converges in L2

to Γ(U)(t)h0 and hence K(Γ
(
1
n

∫ ·
0
An(s) ds

)
(t)Hn,0)(V ) converges in probability to

(Γ(U)(t)h0)(V ). On the other hand, we Γ
(

1√
n
Bn

)
(t)Hn,0 and 1

n
Zn(t)Hn,0 are independent

mean 0 Gaussian processes. And, the covariance of Γ
(

1√
n
Bn

)
(t)Hn,0 = (et − 1)∥h0∥2In and

similarly the covariance of 1
n
Zn(t)Hn,0 is Ct(h)In +O

(
1
n

)
. We combine these to conclude the

first part of the proof.

For part 2, we use the same idea. But instead, we take and i.i.d. collection of

V1, . . . , Vk uniform [0, 1] random variables and consider the vector Xn,k(t) where Xn,k(t)(i) =

K(Texp[Yn](t)Hn,0)(Vi). The desired conclusion follows from the fact that the covari-

ance of Γ
(

1√
n
Bn

)
(t)Hn,0 = (et − 1)∥h0∥2In and similarly the covariance of 1

n
Zn(t)Hn,0 is

Ct(h)In +O
(
1
n

)
.

Lemma E.1. Let Cn be as defined in Lemma D.7 for every n ∈ N. Let h0 ∈ L2([0, 1]) and

{Ui}i∈N be i.i.d. Uni([0, 1]) random variables. Define Hn,0 = h0(Ui) for every i ∈ [n] and

n ∈ N. Then for any i1, i2 ∈ [n],

lim
n→∞

E

[(
1

n
Zn(t)Hn,0

)
i1

(
1

n
Zn(t)Hn,0

)
i2

]
= 1{i1 = i2}

∫ t

0

∥Γ(U)(s)h0∥22 ds. (E.3)
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Proof. Following the definition of Cn,

E

[(
1

n
Zn(t)Hn,0

)
i1

(
1

n
Zn(t)Hn,0

)
i2

]

=
1

n2

n∑
j1,j2=1

Hn,j1 E
[
Zn,(i1,j1)(t)Zn,(i2,j2)(t)

]
Hn,j2

=
1

n2

n∑
j1,j2=1

Hn,j1Cn(((i1, j1), t), ((i1, j1), t))Hn,j2

Separating the terms when j1 = j2 and otherwise, the above simplifies to

1

n2

n∑
j1=j2=1

Hn,j1Cn(((i1, j1), t), ((i1, j1), t))Hn,j2

+
1

n2

n∑
j1 ̸=j2=1

Hn,j1Cn(((i1, j1), t), ((i1, j1), t))Hn,j2

First, consider the case when i1 ̸= i2. As we take the limit of n → ∞, the first term goes

to zero, whereas the second term is exactly zero. For the case when i1 = i2, the first term

again goes to zero as n→∞, but the second term does not. Plugging in the expression for

Cn in this case, we get that the above converges to

lim
n→∞

1

n2

n∑
j1,j2=1

Hn,j1Hn,j2

∫ t

0

(
Γn,1(s)

⊤Γn,1(s)
)
(j1, j2) ds

= lim
n→∞

∫ t

0

1

n

n∑
k=1

1

n2

n∑
j1,j2=1

Hn,j1Hn,j2Γn,1,(k,j1)(s)Γn,1,(k,j2)(s) ds

= lim
n→∞

∫ t

0

1

n

n∑
k=1

(
1

n

n∑
j1=1

Γn,1,(k,j1)(s)Hn,j1

)(
1

n

n∑
j2=1

Γn,1,(k,j2)(s)Hn,j2

)

= lim
n→∞

∫ t

0

1

n

n∑
k=1

K(Γn,1Hn,0)
2(k/n)

=

∫ t

0

∫ 1

0

(Γ(s)h0)
2(z) dz ds =

∫ t

0

∥Γ(s)h0∥22 ds,

where the last statement holds using Lemma D.9. This completes the proof.

Recall that by our assumption there exists a continuous curve t 7→ w(t) of kernels

such that sups∈[0,t]∥K(An)(s)− w(s)∥2 → 0 as n → ∞. Furthermore, we assume that
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sups∈[0,t]∥w(s)∥∞ ≤ C. Under these assumption, the kernel Γ(u)(t) :=
∑∞

k=1 Jk(u)(t) is

well defined and ∥Γ(u)(t)∥∞ ≤ eCt − 1. In the following, we will use the notation Γ(t) in-

stead of Γ(u)(t) for simplicity. Let us also define the kernel Γn(t) = nK
(∑∞

k=1 Jk
(
An

n

))
=∑∞

k=1 Jk(K(An)). It follows from our assumption that sups∈[0,t]∥Γn(s)− Γ(s)∥2 → 0 as

n→∞. Let

Γ1(s) := Γ(u)(s), Γ2(s; t) := Texp[U ](t− s)⊙ w(s), s ∈ [0, t], t ∈ [0, 1],

where on L2([0, 1]2), we define the product u ⊙ v ∈ L2([0, 1]2) as (u ⊙ v)(x, y) =∫ 1

0
u(x, z)v(z, y) dz.

We are now ready to prove Theorem 7.1.

Proof of Theorem 7.1. Let Hn(t) := Texp[Yn](t)Hn,0 be as in the statement of the Theorem.

Let k ∈ N be given and let V1, . . . , Vk be i.i.d. Uni([0, 1]) random variables. Let Xn,k(t) ∈ Rk

be the vector defined as

Xn,k,i(t) = Hn(Vi)(t), i ∈ [k].

Given V1, . . . , Vk, we notice that Xn,k is a Gaussian process with mean Mn,k ∈ Rk where

Mn,k,i(t) := K

(
Γ

(
1

n

∫ ·

0

An(s) ds

)
(t)Hn,0

)
(Vi), i ∈ [k],

and covariance µn + ρn + en where following Lemma E.1,

µn(t)(i1, i2) = 1{i1 = i2}
(
et − 1

)
∥Hn,0∥22/n,

ρn(t)(i1, i2) = 1{i1 = i2}
∫ t

0

1

n

∥∥∥∥ 1

n
Γn,1(s)Hn,0

∥∥∥∥2
2

ds+ 1{i1 ̸= i2} ·O
(
n−1
)
,

en(t)(i1, i2) = O
(
n−1
)
∥Hn,0∥22/n.

(i1, i2) ∈ [n]2.

It follows from D.9 that ρn converges to ρ as n→∞ where

ρ(t)(i1, i2) = 1{i1 = i2}
∫ t

0

∥Γ(U)(s)h0∥22 ds,

µn converges to µ as n→∞ where

µ(t)(i1, i2) = 1{i1 = i2}
(
et − 1

)
∥h0∥22,
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and en converges to zero as n → ∞. From D.8, we have that K
(
Γ
(
1
n

∫ ·
0
An(s) ds

)
(t)Hn,0

)
converges uniformly to Γ(U)(t)h0 in L2([0, 1]) as n → ∞. It follows that Mn,k(t) converges

uniformly, in probability, to the vector Mk where Mk,i = (Γ(U)(t)h0)(Vi) for i ∈ [k].

Since Xn,k is Gaussian process with mean Mn,k and covariance µn + ρn + en and Mn,k

converges to Mk and µn + ρn + en converges to µ + ρ. It follows that Xn,k converges to

a Gaussian process Xk with mean Mk and covariance µ + ρ. Since µ + ρ is a multiple of

identity, it follows that the coordinates of Xk are independent. This proves the second part.

The first part follows simply by taking k = 1.
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