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Quantum computing has long been an experimental technology with the potential to enable
simulation at scale of phenomena which on classical devices would be too expensive to sim-
ulate at any but the smallest scales. Over the last several years, however, it has entered the
NISQ era, where the number of qubits are sufficient for quantum advantage but substantial
noise on hardware stands in the way of this achievement. This thesis details improvements
to techniques of quantum simulation of the out-of-equilbrium real-time dynamics of lattice
quantum chromodynamics (LQCD) and of dense 3-flavor neutrino systems on digital quan-
tum devices that I have contributed to as a Ph.D. student.

LQCD has been numerically computed using classical Monte-Carlo methods for decades
with applications to nuclear and particle physics. However, classical Monte-Carlo methods
experience the numerical sign problem, which limits their ability to solve problems such as
the simulation of out-of-equilibrium real-time evolution. These problems are an ideal place to
look for quantum advantage. The first project in this part is a comparison of gradient descent
and the Bayesian process as choices for the classical optimizer within a variational quantum
eigensolver that initializes the ground state of an SU(3) plaquette-chain. The thesis then
pivots to a 141D lattice of quarks interacting with an SU(3) gauge-field. A VQE-based state-

preparation for the vacua and a Trotterized time-evolution circuit is designed and applied



to the problems of simulating beta and neutrinoless double beta decay. The latter has been
implemented on Quantinuum’s H1-1 trapped ion device. Finally, these circuits are adapted
to a version useable on quantum devices with nearest-neighbor connectivity with minimal
overhead, with an eye towards utilizing the higher qubit count of such devices for hadron
dynamics and scattering.

Physical dense neutrino systems are both highly out-of-equilibrium and are characterized
by a highly entangling interaction, neutral current exchange between neutrinos. This makes
the dynamics of dense neutrino systems, particularly the relatively not-well-studied 3-flavor
variety, an ideal problem to attempt to solve with quantum computers. In this part, Trot-
terization circuit-elements for the neutrino-neutrino interactions that happen in ultradense
3-flavor neutrino systems are designed and implemented on Quantinuum’s H1-1 trapped ion
device and IBM’s ibm_torino superconducting device. A circuit for Trotterizing this inter-
action on qutrits, which is substantially lower in depth than its qubit counterparts, is also
created. Lastly, by the Gottesman-Knill theorem problems need to exhibit both high en-
tanglement and high deviation from stabilizer states (“magic”) in order to exhibit quantum
advantage. Thus, the second-to-last chapter of the thesis detail results with implications
for the Standard Model in general that the 3 flavor ultradense neutrino systems with the

highest, most-persistent magic are those that start with neutrinos in all 3 flavors.
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Chapter 1

INTRODUCTION

1.1 Classical simulation of QCD

Quantum Chromodynamics (QCD), the quantum field theory behind interactions between
quarks and gluons, underlies many unsolved problems in nuclear and particle physics, such
as the nucleon spin problem [38, 39, 429, 701, 569] and the nucleon mass problem [351].
Thanks to asymptotic freedom [292], QCD can be treated perturbatively at high energies.
Thus, perturbative QCD (pQCD) calculations have been instrumental in high-energy physics.
However, QCD is strongly coupled in the low-energy limit. This precludes many interesting
phenomena, such as quark confinement [687, 347], dynamical chiral symmetry breaking [510,
678], and hadron formation [249, 466], from a perturbative treatment. Since the mid-1970s,
the field has addressed this problem through numerical simulations of-nonperturbative QCD.
A recent literature review of QCD, both perturbative and nonperturbative, can be found in
Ref. [293]. Reviews of non-perturbative quantum field theory in general can be found in

Ref. [254, 255].

First, in order to conduct numerical simulations, QCD is discretized onto a lattice. Be-
sides serving as a method of translation into computer language, the lattice formalism also
serves as a regularization scheme - the volume of the lattice would control infrared diver-
gences while the spacing between points on the lattice (“lattice spacing”) would control
ultraviolet divergences. The downside is that the physical continuum, infinite volume theory

is out of reach and would need to be extrapolated to.



1.1.1 Monte Carlo Lattice QCD

The leading method of lattice QCD works by first quantizing the theory on a discrete Eu-
clidean spacetime [687]. In a Euclidean spacetime, time (labeled 7) is treated as a spatial

dimension, so its metric is as follows:

ds® = dr? + Z dr;dz’ (1.1)
i>1
with dx; being the canonical spatial dimensions. Thus, in order to map the physical Minkowski

spacetime (with a time labeled ), whose metric is as follows:

ds® = —dt* + Z dr;dz’, (1.2)

i>1
to Euclidean spacetime, a Wick rotation, which is the mapping of Minkowski time ¢ to

Euclidean time 7 using the relation ¢ — i7 [681], is used. The choice of Euclidean spacetime

means that the Feynman path integral [244],

1 [xO=y S)
wo=7 [ ox ) (1.3

for a set of paths x from space-time coordinates (x, 0) to space-time coordinates (y, t), with
S(x) being the action of a path and ¢ an amplitude at a given space-time coordinate, would

be mapped to [687]

1 [x®=y
vt =5 [ Dxe S (a0 (1.4
x(0)=x

where Sgucidean 1S the action of the theory quantized in the Euclidean spacetime. Z is a nor-
malization factor in both equations. The path integral in Eqn. 1.4 can then be calculated
using Monte Carlo integration[186]. Today, this lattice QCD (LQCD) procedure is run on
high-performance computing facilities and is used extensively for a wide variety of applica-
tions within nuclear and particle physics, such as as finding the nucleon isovector charges
and form factors which are necessary in particle physics experiments to estimate weak inter-

action matrix elements for purposes including, but not limited to, nucleon-pion interactions,



neutrino-nucleus interactions, values of parameters that are expected by various Beyond-the-
Standard-Model theory candidates [514, 645, 294, 20, 348, 526, 597, 59, 31, 635, 75, 67, 69,
303, 68, 70, 159, 98], and the radii of protons and neutrons[211]. Other physics problems
that Monte Carlo LQCD has been applied to includes bounds on the QCD equation of state
[257], hadronic spectra [103, 449, 375], and multi-hadron interactions [572, 81, 74, 99]. For
recent reviews, see Ref. [357, 32, 146, 305, 357, 194, 30].

The above-cited LQCD experiments use lattices with dimensions ranging from 16% x 48
to 160* lattice-spacings, and this will likely grow as high-performance computing improves

in capacity.

The choice of the path integral in Eqn. 1.4 is important, since in this form the Monte
Carlo integration will converge to the correct result in a minimum number of iterations.
This is because the applying Monte Carlo integration to Eqn. 1.4 is equivalent to sampling
from a statistical ensemble in thermal equilibrium [186]. By contrast, applying Monte Carlo
integration to Eqn. 1.3 is a textbook case of the numerical sign problem. This means that
it is not feasible to use Monte Carlo methods to conduct simulations in real time. The
sign problem is also present for systems with a finite fermion density [58, 25, 204, 580,
314, 274]. Additionally, the theta vacuum term of the QCD Lagrangian [346, 138, 649] is
imaginary in Euclidean space, so it also exhibits a sign problem when included in Monte
Carlo calculations. There have been attempts to implement the Minkowski path integral
without the sign problem [485, 182, 21, 90, 187, 104], and in the event of an emergent SU(4)
spin-flavor symmetry (which is present in low-energy nuclear forces, SU(N,) systems in the
limit of N, — oo, and low-entangling-power interactions) the sign problem is suppressed
(684, 685, 371, 419, 80, 668]. However, a solution to the numerical sign problem in the general
case is an NP-hard proposition [643, 564]. Thus, out-of-equilibrium real-time evolution such
as quark-gluon hadronization, problems that require a chemical potential, such as full ab
initio calculations of QCD inside neutron stars, and calculations with the 6 vacuum are

generally out of reach for Monte Carlo-based LQCD.



1.1.2 Tensor Network Methods

Realization of the ability to model out-of-equilibrium real-time dynamics has been a long-
time goal of Standard Model physics research [276, 326, 676, 566, 529, 292]. Thus, since
Monte Carlo LQCD is most likely precluded from delivering such a result in the general case
by the numerical sign problem, alternative methods are needed. Tensor network methods
can be used in lieu of Monte Carlo LQCD in the event of a sign error that cannot be
circumvented. In tensor network methods, the quantum state |¢) of a system decomposable
into N subcomponents is represented in the form of tensors 7%~ where each element of

the set iq,...,7y is an integer index representing a basis state of on, such that

) = Z T i) @ ... @ lin) (1.5)

where an index i; enumerates a basis state within the Hilbert space of the j* subcomponent.
TN would then be broken down into products of smaller tensors (“tensor networks”) in
order to efficiently use compute resources. The QCD Lagrangian would be discretized and
re-written into a Hamiltonian Hppy, turning QCD into a many-body quantum system that
takes the form of a lattice with the fermions on the lattice sites and the gauge field on the
links between the sites and is characterized by Hyy. Operations on the states, which include
gauge-transformations, projection onto subspaces, time-evolution (expressed via the operator
etITnt) “and computation of expectation values of observables and of Hyy, are expressed in
terms of gauge-invariant operators that are themselves also expressed in terms of tensor
networks. In order to efficiently use the computational resources provided, the Hilbert space
of Hry is, as a rule, truncated. [625, 133, 548, 132, 590]

Recently, tensor network methods have been used to study phenomena such as real-time
evolution, low-lying spectra, string-breaking, phase diagrams, chiral symmetry breaking,
entanglement entropy, and the theta vacuum of non-Abelian gauge theories on 1+1D [592,
549, 565, 591, 323, 46, 410, 548] and 2+1D lattices [148]. One limitation of this approach is

poor scaling, up to and including exponential with the size of the system, in highly-correlated



systems. This is reflected in the small scale of state-of-the-art tensor network simulations:
the references in the previous sentence studied 141D lattices that were up to approximately
200 matter sites long and 2+1D lattices that had up to 32 matter sites. These lattices
are much smaller than the 163 x 48 lattices commonly found in Monte Carlo LQCD. This
relatively small scale makes problems that would be simulated using tensor network methods
but whose size and extent of correlations are out of reach for tensor network methods for the
foreseeable future a potential opportunity for finding a problem that could be simulated on

a quantum computer but not on a classical computer.
1.2 Simulation using Quantum Computers

The exploration of utilizing quantum mechanical systems to construct computational hard-
ware and algorithms dates back to work by Paul Benioff, Yuri Manin, and Richard Feynman
in the early 1980s [88, 454, 242, 243]. These works found that the simulation of quantum
mechanical systems using classical systems has, in the general case, a complexity that scales
exponentially with the size of the simulated system, and proposed construction of quantum
computers to correct this inefficiency. In 1996, Seth Lloyd proved that quantum computers
are capable of simulating any local quantum system with computational resource require-
ments that scale polynomially at worst with the size of the system [432]. In the nearly
30 years that followed, there has been much development of both quantum hardware and
algorithms. Today, digital quantum computers are in the NISQ (Noisy Intermediate-Scale
Quantum) era [532]. Devices built by companies such as Google [282], IBM [1], Quantinuum
6], IonQ [344], and QuEra [540] that researchers can access now have a number of qubits that
is within the range of system-sizes probed by tensor network methods and higher than the
maximum, even on the most powerful classical supercomputers, that a brute-force mapping
of every element in their Hilbert space to a bit-register can simulate. However, quantum
devices currently exhibit significant noise that limits the number of gates that can be run
on them and stands in the way of quantum computers offering an advantage in performance

over classical supercomputers. The qubit-counts and post-noise gate fidelities (the odds of



a quantum state being in the correct state after an operation is applied) for a selection of
state-of-the-art quantum devices can be found in Tab. 1.1. Meanwhile, the search for quan-
tum utility continues. Last year, IBM’s quantum team published a result where it obtained
expectation values from the kicked Ising model in regimes where the two tensor network
methods it used failed to produce results [386], only for several solutions to this result using
classical methods to appear within months [84, 85, 560, 426, 637, 517, 639, 27]. IBM [1],
Quantinuum [6] and IonQ [344] all have roadmaps aimed at fault-tolerant quantum comput-
ing, where the errors on quantum devices are suppressed to the point where one can design
circuits on said quantum devices with little to no regard for noise, within a decade.

Analog quantum simulators, which are quantum-mechanical systems whose Hamiltonian
is specifically tailored to the target problem, achieved quantum advantage back in 2012 when
a relaxation to equilibrium of the one-dimensional Bose-Hubbard model was studied for
longer times on an optical lattice of ultracold 8 Rb atoms than what was possible on classical
computers at the time [642]. Since then, analog quantum simulators have been deployed to
the task of solving problems difficult to address with classical computers [224, 573]. There
have also been attempts to use analog quantum simulators to simulate both Abelian and non-
Abelian lattice gauge theories in the past decade[603, 281, 439, 195, 378, 175, 280, 71, 609,
699, 16, 396, 342]. However, the Hamiltonians of analog quantum simulators are limited in
their ability to solve problems different than the ones they are tailored to. Thus, the scope of
the work in this thesis is focused primarily on digital quantum computers, which are designed
to be able to run any possible unitary operation on a register of qubits. For recent reviews

of simulation using quantum computers, see Refs. [45, 534, 390, 262, 64, 65, 261, 83].

1.2.1 Magic, Entanglement, and Quantum Advantage

From the work of Daniel Gottesman, Emanuel Knill, and Scott Aaronson[285, 9], high entan-
glement is a necessary but not a sufficient condition for a problem to be sufficiently difficult
to simulate classically to warrant the use of a quantum computer. This is reflected in the

classical simulation of the quantum advantage that the IBM quantum team had at first



Device # of qubits | 1-qubit gate fidelity | 2-qubit gate fidelity
Quantinuum H2-1 56 99.997 % 99.87 %
IonQ Forte 36 99.98 % 99.6 %
IBM ibm_torino 133 99.96 % (median) 99.15 %

Table 1.1: The qubit-counts and gate-fidelities of a few superconducting (IBM) and trapped-
ion (Quantinuum and TonQ) devices available as of Nov. 26, 2024. Data is from Refs.

(6, 344, 1]

assumed they had found in the kicked Ising model. Many of the algorithms that success-
fully simulated IBM’s kicked Ising model finding were designed to be limited not by low
entanglement or low number of correlation, but by a low level of deviation of the system
from being a stabilizer state, where a stabilizer state is a state that can be obtained from a
post-measurement state entirely through Clifford gates. The work of Gottesman, Knill, and
Aaronson support the proposition that this is no mere coincidence, and that a stabilizer state
can be simulated efficiently on a classical device [285, 284, 542, 251]. This finding points
to the idea that problems where quantum advantage may be found must exhibit both high
entanglement and high non-stabilizerness (or “magic”). Studies characterizing the magic of
systems have been done recently for lattice gauge theories [629], nuclear physics [552, 121],
and various other systems [506, 320, 542, 251, 147].

Chapter 7 studies the time evolution of magic, parametrized in the form of a Renyi
entropy [422], in the context of collective oscillations of neutrinos with the physical three
flavors. Collective neutrino oscillations happen when neutrinos are sufficiently dense that
neutrino-neutrino interactions affect their flavor dynamics. Environments where this is the
case include core-collapse supernovae [512, 513, 537, 516, 474], mergers involving compact
stellar objects [452, 453, 719, 253, 161, 693, 634, 535], and the nucleosynthesis that happens
in the two aformentioned cases [259, 51, 217, 695, 52]. See Refs. [221, 220, 156, 626, 143,
547, 520, 665, 49] for reviews on this topic.



Collective neutrino oscillations have been studied for decades for their potential astro-
physical impact, but recent results suggest that they could also have applications for the
Standard Model as a whole [612]. The astrophysical scenarios where collective neutrino oscil-
lations happen are all highly out-of-equilibrium scenarios and collective neutrino oscillations
exhibit extensive entanglement [343, 458]. Thus in principle three-flavor collective neutrino
oscillations are promising ground to look for quantum advantage in. There have been several
simulations of collective neutrino oscillations on digital quantum devices in the literature in
recent years, all of which have modeled neutrinos as having 2 flavors [310, 702, 26, 343, 595].
Following the lead of these simulations, methods for studying 3-flavor collective neutrino
oscillations on digital quantum devices are laid out in Chapter 6. Additionally, the behavior
of the magic in the context of collective neutrino oscillations is checked in Chapter 7. As
a note, neutrino flavors are in the same SU(3) fundamental irreducible representation that
quark colors are in, and I find it of interest to assess the similarities and differences of SU(3)

system behavior in these two dissimilar environments.

1.2.2  Digital quantum device formalism

Digital quantum devices accomplish the ability to run any possible unitary operation on
their qubits by implementing a set of quantum operations called “gates”. Customarily, this
universal gate-set is composed of a set of gates on 1 qubit that can implement an arbitrary
SU(2) transformation on the qubit and at least one 2-qubit gate that is transformable into a
CNOT gate using only single-qubit operations. According to the theorems of Sec. 4.5 of Ref.
[499], such a gate-set is universal, meaning that it can implement any unitary gate. Designs
of circuits are typically represented in the form of diagrams. The layout of the diagrams
used in most places in the field, including this thesis, is shown in Fig. 1.1.

As seen in Tab. 1.1, fidelities of 2-qubit gates are, as a rule, significantly less than the
fidelities of 1-qubit gates. For this reason, the number of 2-qubit gates on a circuit and the
2-qubit gate depth (defined as the largest number of 2-qubit gates a line drawn through a

quantum circuit can go through, given that this line can only be drawn along qubits and
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Figure 1.1: An example of a quantum circuit diagram, with each component labeled. The
1-qubit and 2-qubit gates here do not have anything written on them, but customarily they
do come with a label indicating which operation they are applying to the qubits they act on.

through 2-qubit gates) are used in this thesis (and throughout the field) as a measure of

circuit complexity.

1.2.3 Technical details of the quantum hardware

There is a variety of choices of quantum hardware available today, each with their advan-
tages and disadvantages. A workshop report that lists several hardware technologies can
be found in Ref. [124]. The hardware used in the work discussed in this thesis consists of
superconducting devices developed by IBM and trapped-ion devices developed by Quantin-
uum. Detailed reviews of how superconducting quantum devices work can be found in Ref.
(335, 264] and a detailed review of how trapped-ion quantum devices work can be found in
Ref. [127]. In summary, Quantinuum’s trapped ion devices work by having a set of 1Y 5"
ions in a trap that holds the ions in place through a series of electric fields that oscillates at
RF frequencies. Quantum operations are applied using a series of lasers and measurement

is done through state-dependent resonance flourescence. The device has all-to-all connec-
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tivity that is accomplished by physically moving the ions, a process that tends to occupy
approximately 60 % of the runtime. Two-qubit operations are executed in one of the four
gate-zones on the device. This has the side effect of allowing up to four two-qubit operations
at a time.[480] Quantinuum’s devices have the best gate fidelity out of devices currently
available on the cloud. IBM’s superconducting devices work by having a Josephson junction
in parallel with a capacitor as a qubit and having a circuit of these qubits on each quantum
device. Quantum operations and measurements are done by firing microwave-frequency pho-
tons at the qubits. [1] Generally, superconducting devices have more qubits than trapped ion
devices and unlike trapped ion devices can execute an arbitrary number of gates in parallel
(provided all of the gates executed in parallel target different qubits). However, they have
lower gate fidelities and their connectivity is effectively nearest-neighbor for most practical

intents and purposes.

1.2.4  Quantum error mitigation

Quantum error correction (QEC), defined as mapping of several of a device’s qubits to one
“logical” qubit and obtaining a level of noise for the logical qubit that is less than the noise
on the device’s (“physical”) qubits, is in its early stages. Simple demonstrations of QEC
have recently been conducted on IBM’s [106], Google’s [4], Quantinuum’s [561, 330], IonQ’s
207, 225], and QuEra’s [696] devices. However, quantum error correction is not yet at the
stage where it can be utilized for physical quantum simulations.

Instead, quantum error mitigation (QEM), which is a set of techniques that minimize the
impact of errors on the hardware on the final results, is used. One of the most commonly
used QEM methods in the work in this thesis is measurement error mitigation [487, 18, 231],
used in Chapters 2, 3, and 6. In this method, the final measurement results are multiplied
by a matrix meant to map from the noisy probabilities of each possible measurement to the
ideal probabilities of each possible measurement. This matrix is obtained from a previous run
when the expected ideal results were trivially known. Physical space post-selection is just as

commonly-used, appearing in Chapters 3, 4, and 6. It works by removing any measurement



11

result that corresponds to an unphysical state from the pool of measurement result. After
this, the most commonly used QEM method used in this thesis is operator decoherence
renormalization (ODR), originally introduced in Refs. [650, 7] and implemented in Chapters
3 and 6 of this thesis as well as Refs. [172, 238, 174]. Decoherence renormalization assumes
that all errors are depolarizing (i.e. they map a state to a mixture of itself and the maximally
mixed state). It works by running the one circuit repeatedly and taking measurements,
then running a second circuit with the exact same complexity as the original circuit but
whose result is manifestly a return of the input, and then taking the same measurements.
The measurements on each of the two circuits are used to estimate the probability of the

circuit returning a given result A. The first circuit’s measurement-estimated probability of

Pnoisy

ohys and the second circuit’s measurement-estimated probability

producing A is denoted
of producing A is denoted P/*Y. Because the second circuit simply returns its input, its
error-free-case probability of producing A, P, is trivial to calculate. P ., the estimated
error-free probability of the first circuit producing A, can then be extrapolated through a
ratio relation of the differences between each of the four probabilities and the probability of
A given a maximally mixed state, which is equal to 2%4 N, is the number of qubits involved

a measurement that can produce A. This ratio relation is as follows:

1 o — o 1
er M 2% (pnoisy  __ (1.6)
phys INg - Pnoisy 1 \" phys 9INg '
id 9Ng

Also used in both Chapters 3 and 6 is Pauli twirling [669]. Pauli twirling is designed to
effectively transform coherent errors into a random noise, and it does so by introducing
within each run of a circuit a set of Pauli-matrix operators to the 2-qubit gates that would
do nothing in the event that there is no noise. This set would be selected at random each
time the circuit is run. Dynamical decoupling (DD) [664, 602, 232, 222, 712, 663] is another
method used in both Chapters 3 and 6, and it attempts to cause the noise to average out to
zero by applying a periodic set of inversion pulses to the qubits. Finally, there is zero-noise
extrapolation (ZNE) [425, 630, 275], used in Chapter 2. In ZNE noisy circuit components

would be substituted for circuit components with the same result in a noiseless scenario but
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with progressively higher complexities. The data samples would then be plotted with respect
to complexity, and a model (often linear) would be fitted to the data. This model would
be used to predict what the result would be in a hypothetical zero-complexity scenario, and
that hypothetical result would be returned as the error-mitigated result. ZNE is not used
in other chapters largely due to its overhead in circuit complexity and number of quantum

device runs in cases where these resources are at a premium even in the base-case circuit.

1.3 Putting a Hamiltonian on quantum devices

1.3.1 Fermion doubling problem

Based on the Nielsen-Ninomiya theorem [497, 495, 496], a local, translationally invariant
lattice gauge theory described by a Hermitian Hamiltonian and with a charge that is locally
defined, quantized, and exactly conserved, there must be an equal number of left-handed
and right-handed fermions. This implies that unless one violates one of the above assump-
tions or violates chiral invariance, placing a fermion on a lattice will result in that fermion
being doubled at least once. This fermion-doubling can cause complications in interacting
theories, where there is the possibility of the doubling-artifact fermions interacting with the
fermions intended to be in the system. Thus, several schemes have been devised in order to
either eliminate or reduce the doubling problem to the point where the interactions involving
the doubling-artifact fermions can be made to conform the theory relatively easily. These
schemes involve reducing chiral invariance, translational invariance, and/or locality from
symmetries expected of the lattice to something that is approached in the continuum limit.
These include Wilson fermions[687], Ginsparg-Wilson fermions[273, 490, 491], and domain-
wall fermions[369, 583]. The scheme used in the construction of the lattice gauge theories
discussed in this work is John Kogut’s and Leonard Susskind’s Hamiltonian formalism [398].
This approach uses a staggered lattice, which is defined as a lattice which places fermions
and antifermions on alternating lattice sites. It is more computationally efficient than the

previously mentioned schemes. For 3 or more dimensions, there are doublers, but in principle
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it’s sufficiently few doublers to work with. In principle, it is possible to use the fermions
that come into being as a result of the doubling to represent different quark flavors with
different masses. This idea has been investigated in the Lattice QCD literature for decades
(55, 614, 278, 327, 203, 202, 476, 223, 12, 13, 328|, and holds the promise of combining the
computational efficiency of the staggered lattice with the advantages of the other schemes,
as well as providing a convenient method of representing topological charge. However, it is
seldom used, because as a rule implementing it requires the breaking of most of the symme-
tries that lattice gauge theories follow, resulting in many complications not present in other
approaches. Nonetheless, my colleague Anthony Ciavarella recently implemented this idea

on a demonstration of a 3+1D QCD lattice on a quantum computer [172].

1.3.2  Kogut-Susskind Hamiltonian

There have been many attempts to simulate lattice gauge theories on quantum devices
(389, 400, 384, 437, 155, 585, 87, 395, 724, 726, 721, 416, 22, 72, 623, 624, 92, 462, 134, 171,
366, 608, 521, 197, 722, 723, 53, 54, 461, 484, 727, 46, 374, 707, 607, 543, 304, 522, 199, 129,
545, H44, 622, 353, 158, 123, 682, 41, 205, 467, 720, 35, 29, 321, 44, 460, 42, 447, 475, 309, 308,
653, 7, 708, 654, 307, 633, 703, 8, 66, 472, 40, 287, 144, 300, 198, 43]. Many of these works use
the Kogut-Susskind staggered fermion Hamiltonian to express the theories that they study,
as do many of the tensor network studies mentioned in Sec. 1.1.2. The lattice gauge theories
discussed in this work follow the lead of these works. The Kogut-Susskind Hamiltonian
characterizes a staggered lattice obeying a gauge theory, with the fermion field on the sites

and the gauge field on the links. Its full form is as follows[398, 399, 56, 553, 427, 122, 134]:

H=m 3" [ )] + 5

[zzwww

where ¢ is a gauge coupling strength, a a lattice spacing, d the number of spatial dimensions
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in the system, ¢ (r) is a fermion field spinor on site r, U(r, u) = eiéTaAa(W), where A%(r, )
is the gauge field on the link with one end on site r and whose other end is p (which is a
unit vector) away from site r, E*(r,u) is A%(r, u)’s conjugate variable and represents the
electric field, ¢ is the vector (0, 0y, 0,) of Pauli matrices, and Z(p) is a Wilson loop on the

plaquette p, defined like so:

Z(p) = Tr[U(r, U (r + pu,)UT (r + v, p)U' (r, v)] (1.8)

with v and p being the perpendicular unit vectors which define the plaquette. The simplest
implementation of the Kogut-Susskind Hamiltonian is in U(1) lattice gauge theory. On a
141D lattice, this is a discretization of the Schwinger model, which is essentially Quantum
Electrodynamics (QED) mapped to 1 spatial dimension [576, 577]. There have been several
simulations of the discretized Schwinger model on quantum devices [460, 389, 437, 400, 494,
633] and there have been several attempts to extend these simulations to multiple spatial
dimensions [728, 722, 624, 725, 683, 456, 411, 71, 378, 108, 412, 727, 377, 281, 508, 522,
365, 16, 66]. Motivations for this work with the lattice Schwinger model include the fact
that the Schwinger model has many of the same features that QCD has and use of the
lattice Schwinger model to benchmark similar efforts with non-Abelian lattice gauge theory,
which are discussed in Chapters Chapters 2, 3, 4, and 5. Prior to the work conducted in
the aforementioned chapters, the state of non-Abelian lattice gauge theory simulation on
quantum devices consisted of single- and few-plaquette systems with an SU(2) or SU(3)
gauge field without fermions [395, 171, 8, 7] and a simulation of 1+1D SU(2) lattice gauge
theory with fermions [41]. Shortly after the completion of the work in Chapter 3, which
details the first quantum simulation of SU(3) 1+1D lattice gauge theory with quarks to our
knowledge, a study using similar methods of the dynamics of tetraquarks and pentaquarks
on a 1+1D SU(3) lattice was released [40].

As a convention, the work in Chapters 2, 3, 4, and 5 hold the lattice spacing a to be 1. In

Chapter 2, which only factors in the gauge field and its respective terms, the basis states of
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the gauge field on each link of the lattice are mapped onto qubit-states in the eigenbasis of the
third (“electric”) term of the right side of Eq. 1.7. Each link’s gauge field has a theoretically
infinite number of states, so, for purposes of mapping to qubits, a truncation scheme that
keeps only the basis states with the lowest electric-term eigenvalues is applied. This method
was developed in Refs. [134, 721, 46, 171, 395]. In Chapter 3, a gauge transformation is
described which is closely related to the one used in Ref. [41] and which eliminates the need
to explicitly represent the gauge field on qubits. The gauge-transformed Kogut-Susskind
Hamiltonian is then used in Chapters 3, 4, and 5. In Chapters 4 and 5, where the intention
of the setup is to simulate beta decay and neutrinoless double beta decay, there must also
be a lepton term in the Hamiltonian for the electrons and neutrinos involved in the decay.
The leptons are represented on a separate register within the lattice and are described by
the same Kogut-Susskind Hamiltonian, except without the gauge field. The only gauge field
used in this work is the QCD gauge field.

1.5.8  Jordan- Wigner mapping

In order to simulate a system on a quantum device, its degrees of freedom must be mapped
onto those of a quantum device. Several algorithms for mapping scalar field theories to the
degrees of freedom of quantum devices can be found in Ref. [533, 361, 600, 446, 391, 394,
705, 57], a few algorithms for mapping non-linear ¢ models can be found in Ref. [23, 593,
97, 331], and one algorithm for mapping superstring theory can be found in Ref. [270]. One
challenge facing the mapping of fermions to quantum devices in particular is that fermions are
anticommuting particles. Thus, in order to represent operators present in the Kogut-Susskind
Hamiltonian that act on quarks in terms of qubit operators (which are spin-systems), this
anticommutation must also be mapped. In this work, the occupation state of each possible
fermion is encoded onto a qubit, with the qubit’s |0) state standing in for an occupied fermion
or an unoccupied antifermion state and the qubit’s |1) state standing in for an unoccupied
fermion or an occupied antifermion state. The Jordan-Wigner (JW) transformation [359] is

then used in order to map fermionic creation (¢)7) and annihilation (1) operators (which the
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Kogut-Susskind Hamiltonian’s fermion-dependent parts can written in terms of) onto Pauli

operations on qubits like so:

vl =11 (—a](-z)) ot (1.9a)
vi=]] (—oj(-z)) o7 (1.9b)

(2)

The subscripts denote integer indices assigned to each fermion. o,” is a Pauli-Z operator

(+

i

(@) Lig®)

)is the operator () = :

)

applied to the qubit corresponding to the index-i fermion, o

applied to the qubit corresponding to the index-i fermion, and O’Z(_ is the operator o(7) =

M applied to the qubit corresponding to the index-i fermion. One alternative to the
Jordan-Wigner transformation is the Bravyi-Kitaev transformation [107, 578]. It is not used
in the projects discussed in this manuscript, as we have found that for our purposes, the
Jordan-Wigner method is simpler to work with. A few problems unrelated to the work in

this thesis that have used the Jordan-Wigner and/or Bravyi-Kitaev transformations can be

found in Ref. [360, 417, 463].

1.4 Quantum algorithms implemented

So far, we have motivated the simulation of SU(3) quantum field theories on quantum devices,
gave an overview of the capacity of state-of-the-art quantum devices, how one would obtain
a lattice Hamiltonian for a gauge theory and translate it into a form that can be processed
on a quantum device, and introduced several error mitigation techniques. In this section,
we discuss the algorithms implemented and improved on by the work in this thesis for
simulation of real-time evolution and the state preparation methods needed to produce the
initial states for aforementioned time-evolution as well as explore the low-lying spectra and

phase transitions of the simulated systems.
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1.4.1  Time-evolution

It is not trivial to simply express the Kogut-Susskind Hamiltonian’s time evolution in terms
of gates on a digital quantum computer. Thus, following the direction of Ref. [134, 605],
time evolution on quantum devices is executed separately for the individual terms in the
Hamiltonian (whose time evolution is trivially expressible on digital quantum devices) using

the Suzuki-Trotter formula [641, 615]:

S (X !
e = & (HeH> (1.10)

=1

with H; being the terms of the Hamiltonian, N; being the number of terms in the Hamil-
tonian, ¢ being the time evolved for, and n being the number of times that the sequence of

executing the time evolution of each individual H; is repeated.

If noise on devices wasn’t a limitation, n would be taken to the limit of infinity. This
is due to Trotter errors. That is, in its naive form (“first order Trotterization”), Eqn. 1.10
picks up an extra factor of e~ =i [H:, Hy) 2+ O(1) from the Baker-Campbell-Hausdorff formula
[47, 140, 322, 528, 575] in addition to the desired e'2ifi*. The premise of Trotterization
is that by making % as small as possible, the resulting Trotter error would vanish because
= >, Hj]% + O(t*) < iy, Hit. One simple way of making the Trotter error vanish

faster than with the first order form is with second-order Trotterization:

S () al . !

i i R ot

e i=1 ~ ((l |€ZHi27L> (l | eZHi2n>> , (1.11)
i=1 =N,

in which case the O(t?) terms would be cancelled out and the additional factor from the

3
. - 5
Trotter error would be eFrrettz TOE)

, which would converge to zero with increasing n faster
than its counterpart in the first order Trotter error. For asymptotically large n, second-
order Trotterization can be made to cost effectively the same as first-order Trotterization by

reversing the order of the terms after each iteration. Then, the second-order Trotter formula
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Figure 1.2: Top: a graphic of a quantum circuit whose form is specified by Eq. 1.12; with
neighboring identical terms merged. Bottom: a graphic of a quantum circuit whose form is

specified by Eq. 1.10. All rectangle-elements have the same complexity

would become like so:

.%(Ht) N, 1 1 Ny 3
7 i . + . t . t - t
i=1 i=N; =Ny =1

and all of the (ﬁ eiHi;n) and (ll[ eiizi ) terms except for the first and the last one
would be identiczh:lto one of its neizg:h%ors and so could be merged with that neighbor. The
resulting general-case circuit is shown in Fig. 1.2, with the corresponding general-case circuit
for first-order Trotterization shown for comparison.

Due to noise on the quantum hardware, the n in the projects discussed in this thesis
ranges from 1 to 4, with the goal of scaling up n once circuits with the capacity to do so
are built. Nevertheless, the technique of the second-order Trotter with the reversed order of
terms was still helpful in our low-n regime, and it is used in Chapter 6 in particular.

In Chapter 3, the first implementation of SU(3) lattice gauge theory with fermions on a
quantum device is presented. As part of this, time-evolution circuits for all of the individual
terms in the 1+1D SU(3) Kogut-Susskind Hamiltonian are designed, put together into a
Trotterization, and tested using IBM’s devices ibm_jakarta and ibm perth on a simple
model where time evolution under the Kogut-Susskind Hamiltonian is applied to the trivial

vacuunl.

In Chapter 4, the circuits from Chapter 3 applied to a simulation of the time-evolution
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of B-decay. It is motivated as a prelude to use of the formalism from Chapter 3 or a similar
one to conduct real-time simulations of less-well-understood nuclear reactions. The S-decay
is modeled as a new term in the Hamiltonian that follows the form of an effective field
theory point-interaction. Additionally, a lepton register is added and with it the appropriate
Hamiltonian terms. The full Trotterized time evolution is then done using Quantinuum’s
H1-1 trapped ion device. Finally, a Majorana mass term for future simulations of neutrinoless
double beta decay is derived.

In Chapter 5, a family of Trotterization circuits is derived for time evolution on devices
with nearest-neighbor connectivity with minimal overhead from SWAP gates is developed,
in order to take advantage of the larger number of qubits on IBM’s superconducting deviced
than on the all-to-all connectivity trapped ion devices. Additionally, the Trotterization
circuits envisioned in Chapter 4 for simulation of neutrinoless double beta decay are further
developed from the state they were in in Chapter 4 and tested on classical devices in order
to inform future design choices.

In Chapter 6, the techniques for Trotter circuit design laid out in previous chapters are
applied to the problem of the real-time dynamics of collective oscillations of neutrinos with
all 3 physical flavors. First, a two-neutrino Trotterization circuit with a circuit-depth of
only 4 two-qutrit gates is devised. A qubit counterpart to this circuit is also designed, and
that counterpart is used to implement a Trotterization of the 3-flavor collective neutrino os-
cillation Hamiltonian which is implemented on Quantinuum’s H1-1 and IBM’s ibm_torino
devices. Collective neutrino oscillations are an all-to-all interaction, but this is nonethe-
less implemented on ibm_torino’s nearest-neighbor connectivity by taking advantage of the
structure of the neutrino-neutrino interactions to incorporate SWAP operations into said

interaction at no extra cost in circuit complexity.

1.4.2 State-preparation

The projects in this thesis rely in all but the most trivial cases on some variant of the Vari-

ational Quantum Eigensolver (VQE), first introduced in Ref. [525], for state-preparation.
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VQE has been used extensively in quantum chemistry [525, 464, 507, 367, 324, 183, 598, 562,
289, 368, 37, 301, 698, 606] and has seen applications to problems in quantum field theory
such as the Abelian Higgs model with a topological 6 term [714], as well as ground-state
preparation [389, 240, 400] and calculation of forces between mesons [437] in the Schwinger
model. Most relevant to the work in this thesis, VQE was recently used to prepare hadron
ground states in SU(2) 1+1D lattice gauge theory [41]. Alternatives to VQE include adi-
abatic time-evolution [233, 17], projection-based state-preparation [481, 406, 648, 362, 266,
215, 383, 168, 604] VQE does have the disadvantage of, by design, only approximating the
correct ground state as opposed to performing an exact mapping to it, which many of its
alternatives are designed to do. VQE is used nonetheless because it has proven to be much
more resilient to error and generally requires a much lower circuit-complexity than do the
aforementioned alternatives [507, 464, 183]. It also has the advantage of not requiring ancilla
qubits or throwing out of shots on the quantum circuit based on mid-circuit measurements,
both of which strain limited resources on NISQ devices and are present on projection-based
algorithms. There also exist state-preparation algorithms that depend on the ground state
being known beforehand, many of which do initialize the exact ground state with relatively
low depth [91, 527, 716, 717, 557, 715, 613]. These are not used, because the ground-state
of SU(3) lattice gauge theory is not trivially known. Even in the case of the lepton ground
state present in Chapter 5, whose ground state is in principle possible to solve for, VQE
initializes the ground state sufficiently well that it is not worth the effort to do so. The
periodic boundary conditions lepton initialization circuits in Sec. 5.3.2 of Chapter 5 do ini-
tialize the target lepton ground state exactly, but even they are based on VQE ansatz circuits
(specifically the SC-ADAPT-VQE building-block from Ref. [238]) in all but the most trivial
cases. Knowledge of the symmetries of the ground states is nonetheless used to simplify VQE

ansatze throughout this thesis.

VQE is a hybrid quantum-classical algorithm that uses a quantum circuit which im-
plements a variational ansatz controlled by several parameters whose values are set by a

classical optimizer whose job it is to optimize an observable, often the expectation value of
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the Hamiltonian, that can be obtained by measuring the quantum circuit. The procedure

for executing VQE is as follows[525]:

1. Use a collection of priors to set the values of the parameters.
2. Use the parameters to initialize the quantum circuit.

3. Run the circuit for as many times as is necessary to measure all of the observables that

the classical optimizer needs for the next step.

4. Submit the measurement values for the observables to the classical optimizer and re-

ceive a new set of values for the parameters from the classical optimizer.
5. Set the parameters equal to the new values from the classical optimizer.

6. Repeat Steps 2-5 until the value of the optimized observable converges.

In the application where the optimized observable is the expectation value of the Hamil-
tonian, once the aforementioned procedure is complete one has created a reusable circuit
which initializes the ground state of the Hamiltonian. One challenge facing VQE is the
choice of variational ansatz. To address this, Ref. [289] devises ADAPT-VQE, which unlike
VQE does not fix the variational anzatz from the beginning. Instead, it iteratively grows
the ansatz by adding an operator to it from a pre-selected operator pool /1,,“ optimizes the
grown ansatz, and repeats the grow-and-optimize process until convergence happens. The

steps to implementation are as follows[289):

1. Define the operator pool.

2. Create a variational ansatz with only an initialization to a simple reference state as its

component for now.
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3. Run a set of quantum circuits with the variational ansatz followed by an element of the
operator pool flm, with the aim of finding the gradient of the parameters controlling

Am at the location where said parameters would set Am to the identity.

4. Repeat Step 3 for each element of the operator pool. If the magnitude of all of the
gradients is below a certain threshold, exit the algorithm. Otherwise, choose the oper-
ator pool element with the highest gradient and append it to the end of the variational

ansatz.
5. Optimize the new variational ansatz using VQE

6. Go back to Step 3.

One variation of ADAPT-VQE is TETRIS-ADAPT-VQE, which attempts to prioritize
operators that can be completed in parallel with the rest of the ansatz.[28]. Another, one
which is directly relevant to the work in Chapter 5, is SC-ADAPT-VQE, developed in Ref.
[238]. Its procedure is as follows [238]:

1. Given a system that we want to conduct state-preparation on, create several subsystems

of it with different sizes, all smaller than the original.

2. Use ADAPT-VQE to create a state-preparation circuit for each of the smaller subsys-
tems, with the operator-pool fed to ADAPT-VQE being one where all of the operators

automatically scale with system size.

3. Scale the operators in the subsystems’ initialization-circuits up to the original system’s
size, and use an extrapolation-scheme to obtain the values of the parameters at the

original system size.

Using SC-ADAPT-VQE, one can in principle create an initialization-circuit too large to

simulate on a classical computer by running ADAPT-VQE entirely on a classical computer
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for several analogous systems of smaller size, then extrapolating up to the full-size system
[238]. A recently-developed variant, (SC)?-ADAPT-VQE[296], uses a classical surrogate to
reduce the size of the operator pool that SC-ADAPT-VQE uses.

One question facing VQE and its relatives discussed here is the choice of classical op-
timizer used to select the value for the parameters for each iteration after the first. This
is explored in Chapter 2, where a simple gradient descent and a Bayesian optimizer are
compared as choices for the classical optimizer.

In Chapter 3, the low-lying spectrum of the SU(3) Kogut-Susskind Hamiltonian, as well
as phase transitions as the chromoelectric coupling constant, g from Eqn. 1.7, is varied,
are studied. The state-preparation in these scenarios are done using classical methods, as
state-preparation using VQE on a quantum device failed to converge. Nonetheless, a VQE
circuit is still used to initialize the vacuum state of the SU(3) Kogut-Susskind Hamiltonian
with one physical lattice site and one quark flavor. The VQE ansatz used is based on the
[-angle circuit designed in Ref. [393], but the knowledge about the color-singlet state in this
particular situation is used to reduce both the complexity of the circuit and the number of
degrees of freedom among the VQE parameters. This VQE circuit is used in Chapter 4 to
initialize the up-quark qubits in preparation for the Trotterization circuit that executes the
real-time dynamics of the £ decay.

In Chapter 5, a general method for constructing the color-singlet space of the SU(3) color
singlet space Hamiltonian is devised and proved. This method is then used to simplify the
SU(3) Kogut-Susskind Hamiltonian for purposes of VQE and all other applications restricted
to the color singlet space. It is also used to compactify the Hamiltonian in all calculations
in Chapter 5 that involve classical methods. Lepton-initialization circuits are created. The
ones for a periodic boundary conditions lattice are built out of the e?XY*YX) huilding-
block circuit from [238], while for open boundary conditions new parametrized circuits are
constructed. The technique of using FSWAP networks to implement the Jordan-Wigner
transformation is used in order to enable the electron-qubits and the neutrino-qubits to

be initialized separately. The mass-hierarchies of the choices of parameters in the classical
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simulations in Sec. 5.8 are verified by a classical exploration of the low-lying spectrum,

similar to the low-lying spectrum exploration in Chapter 3.
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Chapter 2

PREPARATION OF THE SU(3) LATTICE YANG-MILLS
VACUUM WITH VARIATIONAL QUANTUM METHODS

This chapter is associated with Ref. [176]: “Preparation of the SU(3) Lattice Yang-Mills

Vacuum with Variational Quantum Methods” by Anthony Ciavarella and Ivan Chernyshev

2.1 Introduction

As mentioned in Sec. 1.4.2, VQE has several properties, including low resource demand
and high resilience to noise compared to many of its alternatives and reusability of VQE
ansatz circuits once the optimization is complete, that make it an attractive option for
state-preparation in quantum simulations of lattice gauge theory. However, to scale VQE
calculations to situations with a useful quantum advantage, it will be necessary to understand
how to connect these small lattice calculations to a calculation on a larger lattice and how

the optimization procedure performs as system size is increased.

In this chapter, the application of VQE to pure SU(3) lattice Yang-Mills gauge theory is
studied. This provides a starting point for understanding the resources required to simulate
lattice QCD on a quantum computer. We perform a VQE calculation of the vacuum state
for one and two plaquette systems using superconducting quantum processors. We use the
former as a testing-ground for evaluating choices of the classical optimizer used in the VQE
optimization. We also examine how to apply ideas from domain decomposition in lattice
QCD calculations on classical computers to the construction of ansatz states for VQE of
large lattices from the vacuum state of smaller lattices. VQE is executed both on error-free

classical simulators and on IBM’s Manila device [1].
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2.2 Electric Multiplet Basis

Quantum simulation of SU(3) Yang-Mills theory on a lattice can be performed with link
variables connecting neighboring sites of the lattice. The Hamiltonian, first discussed by

Kogut and Susskind [398], is

2
g9 12 L - - i
R =D + i 3 <6—D(x)—D (X)) , (2.1)

b,links plaquettes

where ¢ is the coupling constant, a is the lattice spacing and d is the number of spacial

dimensions. The plaquette operator [J(x) is defined by
O(x) = Tr ([7()(, x + ai)U(x + ai, x + ai + aj)U(x + ai + aj, x + ¢j)U(x + aj, x)) , (2.2)

where U(x, y) is an SU(3) matrix on the link between sites x and y and i and j are unit vectors
that define the orientation of the plaquette. This theory can be described in the electric field
basis, where each link’s Hilbert space is spanned by the state vectors |R, mr, mg), where R
is an irreducible representation of SU(3), m, labels the component of the representation on
the left side of the link, and mpg labels the component of the representation on the right side
of the link. Physical states in this Hilbert space are subject to a constraint from Gauss’s
law which requires the wavefunction of the links meeting at each vertex to form a singlet
state. In previous work, it was noted that for a lattice consisting of a chain of plaquettes,
the Gauss’s law constraint can be used to integrate out the irrep state labels m; and mgz on
each link [46, 395, 171]. Integrating out mj and mpg allows basis states to be described by
only specifying R on each link. Fig. 2.1 shows an example of a plaquette in a chain with the
basis labels necessary to specify its state. For an SU(3) gauge theory, the representation on
each link can be labeled by a pair of non-negative integers p and ¢ that count the upper and
lower tensor indices. These labels can be mapped onto a quantum computer in a local basis
by using two registers of qubits on each link to represent p and ¢ in binary. Alternatively,
Gauss’s law can be solved at each vertex on the lattice and the resulting physical states can

be mapped onto the basis of a quantum computer. This global basis construction is not
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Figure 2.1: An SU(3) plaquette in a 1D chain of plaquettes. The electric multiplet basis
C1, Rz, C,

X Ri,R3 > where each C; and
Cs3,R4,Cy

states of the links in this figure are represented by

R; labels the irrep on the corresponding link.

scalable to large lattices, but can be used to map small lattices onto near term devices. The
number of states in the global basis that need to be considered can be reduced by making
use of symmetries to study different sectors of the theory. For example, SU(3) lattice Yang-
Mills theory has a color parity (CP) symmetry related to the invariance of the theory under
reversal of the direction of the links. The global and CP invariant bases were studied in

detail for one and two plaquettes in Ref. [171].

2.3 Single Plaquette

A single plaquette is one of the simplest systems that can be considered in lattice gauge
theory. In this work, the single plaquette system will be studied in the electric multiplet
basis described in the previous section. In this formulation, Gauss’s law guarantees that
each link in the plaquette will have the same representation. Therefore, the basis states of
the plaquette can be specified by |p, ¢), where p and ¢ are specified earlier. In units where

the lattice spacing equals one, the Hamiltonian for a single plaquette is
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Figure 2.2: A single SU(3) plaquette. p and q label the chromo-electric flux on each link.

~ ~ 1 A o
szgQZ\Eb|2+2—g2 (6—D—DT> , (2.3)
b

where >, |E? is the Casimir for the chromo-electric field representation, given by

2, 2
. p°+q° +pg+3p+3q
S IE P p.g) = 3 pa) (2.4)
b
and the plaquette operator [J acts on the basis states by
Olp,g) =lp+1,09) +lp—Lg+1) +|pa—1) . (2.5)

While the exponential decay of correlations in gapped quantum systems is known to
allow for state preparation using circuits localized in position space [392], the depth of the
circuits needed to prepare the local color-space degrees of freedom has not been studied in as
much detail. Due to Gauss’s law guaranteeing every link in a single plaquette has the same
chromo-electric flux, the single plaquette system can be used to study state preparation of

the local color-space while avoiding the complications of spacial correlations.
2.3.1 Vacuum Preparation

Initialization

VQE is a hybrid quantum algorithm that can improve the overlap of an initial state with

the vacuum state. The performance of VQE has a strong dependence on the initial state
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used [525, 464, 367]. In applications of VQE to electronic structure problems, Hartree-Fock
states and unitary coupled cluster states computed on classical computers have been used as
initial starting points for VQE. However, lattice gauge theory does not have comparable clas-
sical calculations in the Hamiltonian formulation available. As an alternative, the Lanczos
algorithm can used to initialize VQE for a single plaquette.! The Lanczos algorithm works
by constructing the Krylov subspace spanned by {|i), H [¢)), ..., H™ [¢))} for some integer
n and initial state [¢)) and diagonalizing the Hamiltonian in this subspace [418]. Quantum
variations of the Lanczos algorithm have also been proposed for use in the study of state
preparation [481]. The result of applying the Lanczos algorithm to a single plaquette using
the electric vacuum as the initial state is shown in Fig. 2.3.2 For a fixed coupling, the over-
lap with the true vacuum is shown to scale asymptotically as a Gaussian with the Krylov
dimension used in the Lanczos algorithm. The dimension of the Krylov subspace needed to
reach a fixed accuracy scales as é. This behavior can be seen to follow from the structure
of the single plaquette vacuum wavefunction. The vacuum wavefunction is asymptotically
Gaussian in the chromo-electric field with a width inversely proportional to g. Each time H
is applied to increase the dimension of the Krylov subspace, the maximum p and ¢ included
in the Krylov subspace is increased by 1. Therefore, the size of the vacuum wavefunction

components added by increasing the Krylov dimension fall off asymptotically as a Gaussian,

og( L
and the Krylov dimension needed to reach a desired accuracy e scales as : ggé). It should be
noted that an exponential convergence with field truncation has also been observed in the
simulation of scalar field theories [391] and U(1) gauge theories [709], and has been proven

to be a rather generic property of theories involving bosonic modes [638].

The Lanczos algorithm provides approximate wavefunction components of the vacuum

IThis application of Krylov subspaces to quantum simulation was developed in collaboration with other
members of IQuS during the spring of 2020.

2The icons in the corners of the plots in this text were introduced in Ref. [393] and are available at
iqus.uw.edu/resources/icons/. The pink icons indicate the calculations in the figure were performed
on a classical computer and the blue icons indicate the calculations in the figure were performed on a
quantum computer.
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Figure 2.3: This figure shows the dimension of the Krylov subspace required for the overlap
of the state prepared by the Lanczos algorithm, |¢)), with the true vacuum, |Vac), to satisfy
()| Vac)|” > 0.999999. The inset panel shows the overlap with the true vacuum as a function

of Krylov dimension for g = 0.5.

state that must be mapped into a quantum circuit to be useful for state preparation. The
state prepared by using a d-dimensional Krylov subspace potentially spans all basis states
with p, ¢ < d. Therefore, a state with nontrivial support on d? basis states must be prepared,
which can be done using a circuit of length O(d?) using standard state preparation procedures

[500]. Using the previous result on the Krylov dimension required to reach an accuracy €, a

5-0 (M) | 26

9

quantum circuit of size

can be used to prepare the vacuum of a single plaquette with coupling g on a quantum
computer within an accuracy of e.
Optimization

The VQE algorithm makes use of a classical optimizer to improve the overlap of the ansatz

state with the actual vacuum. In previous work, Bayesian optimizers have been used in the
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VQE algorithm to prepare the ground state of the Schwinger model [389] and to prepare
hadron states in an SU(2) gauge theory [41] on small lattices. Bayesian optimization min-
imizes an objective function by iteratively constructing an interpolator, usually a Gaussian
process, from existing data and optimizing the interpolator. It is ideal for optimizations
where the number of available evaluations of the objective function is limited (typically to
a few hundred evaluations), the objective function is continuous, and the dimensionality of
the domain is no more than 20 [252]. On existing hardware that only has a handful of qubits
available, circuits that can prepare a generic ansatz state can be implemented with fewer than
20 parameters. However, as quantum computers grow in qubit count and coherence time,
this will no longer be true. To reach a quantum advantage, it will be important to understand
when Bayesian optimization breaks down. To test the performance of a Bayesian optimizer
for lattice gauge theory, VQE was simulated without noise on a classical computer for a
single SU(3) plaquette with a truncation of p,q < 3. This system can be represented using
4 qubits on a quantum processor. The vacuum state of this system lies in a 10-dimensional
CP-invariant subspace which can be parametrized in spherical coordinates with 9 degrees
of freedom. The details of how the Bayesian optimization was performed are available in

Appendix 2.B.

The results of the simulation of VQE with a Bayesian optimizer are shown in Fig. 2.4.
In these calculations, the Gaussian process used to model the energy function being min-
imized suffered from multicollinearity. This was mitigated with Tikohonov regularization,
which in this context is equivalent to adding a small constant term A to the covariance
matrix of the energies [2]. As this figure shows, the convergence of the Bayesian optimizer
has a dependence on the regulator \. The energy that the Bayesian optimizer converges
to cannot be made arbitrarily close to the vacuum energy because at sufficiently small val-
ues of A, multicollinearity returns and the covariance matrix cannot be inverted, causing
the Bayesian optimizer to fail. The lower panels in Fig. 2.4 show the dependence of the
Bayesian optimizer’s convergence on the dimension of the Krylov subspace used to initialize

the calculation. For certain initializations, the Bayesian optimizer is not able to improve
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upon the initial state’s overlap with the actual vacuum. Even for this modest system size,

Bayesian optimization has limitations in how close it can get to the vacuum state.
Gradient descent is an alternative classical optimizer that can be used in VQE. Gradient

descent evaluates the gradient of the energy, V f(x), at the current step’s ansatz parametriza-

tion x;, then selects the next step’s ansatz parametrization x;,; according to
Xip1 =X — NV f(xi) (2.7)

where 7 is a learning rate that controls the convergence of the gradient descent. Convergence
to a local minimum can be guaranteed by the use of backtracking, where 7 is steadily de-
creased during the course of the calculation [644]. Alternatively, the step size can be selected
by using Bayesian optimization to perform a line search [627]. In applications to VQE, the
gradient can be computed on a quantum processor by making use of parameter shift formulas
which give the gradient without discretization errors due to large shift size [574]. The use
of gradient descent as the classical optimizer in VQE will require the energy of the state to
be calculated on the quantum processor a number of times equal to two times the number
of parameters in the circuit ansatz per step in the optimization. For comparison, Bayesian
optimization only requires the energy to be computed once per step. The increase in quan-
tum resources per step in the optimization may be offset by a faster rate of convergence
and ability to converge to the actual vacuum state. As an optimizer, gradient descent also
requires fewer classical resources per step than Bayesian optimization. This is because with
gradient descent, the classical computer only needs to perform subtraction during gradient
descent. Bayesian optimization, on the other hand, requires the computations of determi-
nants and inverses of a matrix whose dimension is equal to the number of times the energy
was previously evaluated.

Fig. 2.5 compares, for a single plaquette truncated at p,q < 3 and with g = 0.5,
the results of using Bayesian optimization for the classical optimizer to those of using
numerically-computed gradient descent. The Bayesian optimizer shown in this plot was

run with A = 1072, Both optimizers were initialized with the vacuum obtained using the
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ing a classical simulation of VQE using Bayesian optimization for a single plaquette with

p,q < 3. The left panel is for ¢ = 0.8 and the right panel is for ¢ = 0.5. The top panel

shows the results of Bayesian optimization as a function of the number of iterations of the

optimization for different values of the regulator A. Each of the calculations in the top panel

was initialized with the vacuum states obtained from the Lanczos algorithm with subspace

of Krylov dimension equal to 5. The bottom panel shows the result of Bayesian optimization

using A = 0.0009 with different maximum Krylov dimensions.
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Figure 2.5: The relative error in the estimation of the vacuum energy obtained by performing
a classical simulation of VQE for a single plaquette with p,q < 3. The coupling is ¢ = 0.5
and the initial state was obtained from the Lanczos algorithm using a Krylov dimension of
5. The left panel shows a comparison of the results obtained by performing VQE using a
Bayesian optimizer to those obtained by performing VQE using a numerical gradient descent
for different learning rates 1. The right panel shows the results of 250 iterations of gradient

descent with n = 0.1.
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Lanczos algorithm with a Krylov dimension of 5. As this plot shows, the Bayesian optimizer
converges above the vacuum energy, while VQE using gradient descent with a sufficiently
small 7 is limited only by the number of steps performed in the optimization. To understand
if VQE can offer a quantum advantage, it is helpful to know how many steps in the opti-
mizer must be performed to reach a certain level of accuracy. Fig. 2.6 shows the number
of steps needed for a backtracking gradient descent to converge for a single plaquette with
a truncation of p,q < 31. This truncation was chosen so that the relative error in the mass
gap and the vacuum expectation of the plaquette operator due to field truncation was < 1%
for each coupling studied. The left panel shows that as ¢ is decreased, the number of steps
needed by the gradient descent algorithm to start from the electric vacuum and reach a state
o) with |(Vacuum|y)|> > 0.999 scales as O(g~*). The number of steps needed to reach
this level of accuracy can be decreased by beginning the optimization at a state closer to
the vacuum, such as a state obtained from the Lanczos algorithm. The right panel in Fig.
2.6 shows the number of steps needed by a backtracking gradient descent to converge to
|(Vacuum|¢))|* > 0.999 for a coupling g = 0.1 as a function of the dimension of the Krylov
subspace used in the Lanczos algorithm to initialize the starting state. From the fit in the
right panel, it appears that the number of steps required for the gradient descent to converge
scales asymptotically as a Gaussian as a function of the Krylov dimension used. This is ex-
pected, as the discussion in the previous section showed that the error in the state obtained
from the Lanczos algorithm falls off asymptotically as a Gaussian as a function of the Krylov
dimension. By beginning in a state obtained from the Lanczos algorithm and performing
the optimization step using gradient descent, classical simulations of the VQE algorithm are
able to reach the vacuum state of a single plaquette at weak couplings that are beyond the
reach of Bayesian optimization. Based on these results, Bayesian optimization will not be
a practical optimizer for VQE calculations at scale, while gradient based methods have a

chance of reaching the vacuum state at scale.
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Figure 2.6: The left panel shows the number of steps needed for VQE using a backtracking

gradient descent to converge to the true vacuum with an accuracy of 0.999 as a function of

coupling for a single plaquette with p,q < 31. The right panel shows the number of steps

needed for a backtracking gradient descent to converge to the true vacuum with an accuracy

of 0.999 for g = 0.1 as a function of the dimension of the Krylov subspace used to obtain the

initial state.
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2.3.2  Hardware Implementation

The discussion in the previous section suggests that VQE should be capable of preparing the
vacuum state for a single plaquette. However, existing quantum hardware suffers from the
effects of noise and imperfect gate implementations. This will have an impact on how VQE
performs in practice. To understand how near-term hardware will perform in the simulation
of SU(3) lattice Yang-Mills theory, IBM’s Manila superconducting quantum processor was
used to perform a VQE calculation for a single plaquette [338].

The SU(3) lattice Yang-Mills Hamiltonian possesses a CP symmetry that guarantees that
the amplitude of a given representation in the vacuum wavefunction will be the same as the
amplitude of the conjugate representation. In principle, this symmetry can be used to restrict
the state preparation circuit used in VQE which will reduce the number of free parameters.
However, in the presence of noise and imperfect gate implementations, attempting to explic-
itly enforce the symmetry may prevent the actual state prepared on the quantum processor
from respecting the symmetry. This would be the case if, hypothetically, the rotations in
the circuit suffered from a constant offset error that was not corrected for. To understand
if this is an issue on existing hardware, a single plaquette was simulated in the global basis
truncated at a representation of 8. The Hamiltonian is given by Eq. (14) of Ref. [171]. A
VQE state preparation procedure described in Appendix 2.A was used to prepare the vacuum
state starting from the electric vacuum and to optimize the angles using gradient descent.
VQE was performed both by enforcing CP symmetry in the rotation angles in the circuit
ansatz and by allowing all three of the angles to vary freely. The results of both calculations
are displayed in Fig. 2.7. As this figure shows, explicitly enforcing the CP symmetry in
the VQE calculation does not break the symmetry in the vacuum state prepared using VQE
on this hardware. The ability to explicitly enforce CP symmetry in the ansatz circuit will
be helpful when performing VQE calculations on larger systems where the number of free

parameters is much greater.

As discussed in Section 2.3.1, the Lanczos algorithm can be used to obtain an initial
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Figure 2.7: Variational state preparation of the vacuum state for a single plaquette truncated
at 8 with ¢ = 1 run on the Manila quantum processor. The blue points show the results of
gradient descent with CP symmetry enforced in the rotation angles in the ansatz circuit and
the purple points show the result of not explicitly enforcing CP symmetry in the state. The
data in this figure is available in Table 2.2.
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Figure 2.8: Variational state preparation of the vacuum state for a single plaquette truncated
at 67 in the color parity basis with ¢ = 0.8 run on the Manila quantum processor. The blue
points show the result of gradient descent beginning at the electric vacuum and the green
points begin at the state obtained using the Lanczos algorithm with a Krylov dimension of

two. The data in this figure is available in Table 2.3.
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ansatz for the VQE algorithm. At a coupling of g = 1, the vacuum state obtained using a
two dimensional Krylov subspace has an overlap with the true vacuum within experimental
errors on the Manila chip [338]. To accurately reproduce physics at a lower coupling, more
electric field representations must be included. This can be done without increasing the
qubit count by performing a calculation in the color parity basis. Using two qubits, the color
parity basis allows the 6 and 6 representations to be included, which is sufficient to accurately
describe a plaquette with a coupling of ¢ = 0.8. Fig. 2.8 shows the results of performing VQE
for a single plaquette with g = 0.8 in the color parity basis, beginning both at the electric
vacuum and the vacuum obtained using a Krylov subspace of dimension two. As this figure
shows, pre-conditioning with the vacuum obtained using the Lanczos algorithm allows one
to begin closer to the actual vacuum and to converge to the true vacuum faster. Note
that in both Fig. 2.7 and 2.8, the energy computed fluctuates at late steps in the gradient
descent instead of converging. This is because the gradient is computed on the Manila
chip with both statistical and systematic errors. As the optimizer approaches the vacuum
state, the magnitude of the gradient vector decreases. Once the size of the gradient vector
is comparable to the device errors, it can no longer be reliably computed and the updates to
the circuit parameters are random noise which leads to the displayed fluctuations. This is a
generic feature of having uncertainties in the computation of the gradient and will have to

be considered when devising stopping criterion for VQE calculations of larger systems.
2.4 Multiple Plaquettes

The single plaquette calculations in Section 2.3 provide insight into the requirements of state
preparation in a simple system. To perform calculations at scale, these insights need to be
combined with features that only occur on larger lattices, such as Gauss’s law constraints
that can’t be solved exactly without sacrificing locality. The Lanczos algorithm provides a
good starting ansatz for VQE on a single plaquette, but it is inefficient on larger lattices.
This can be seen by using the electric vacuum as the initial state for a chain of L plaquettes

with periodic boundary conditions (PBC) as shown in Fig. 2.9. When a Krylov subspace
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Figure 2.9: A lattice composed of a chain of plaquettes.

with dimension d is used, every basis state with d plaquettes excited to have a loop of
electric fields in the 3 representation will occur with equal amplitude. There are (5) of these
states and their superposition requires non-local circuits to capture the non-local correlations
in the state. This leads to the circuit required to prepare the state given by the Lanczos
algorithm growing exponentially in size with the Krylov dimension, and therefore no quantum

advantage. An alternative approach is to use a form of domain decomposition.

In lattice QCD calculations on classical computers, a large amount of time is spent
solving discretized versions of the Dirac equation. These calculations have been accelerated
by making use of a domain decomposition [445, 256, 325]. Domain decomposition accelerates
the calculation by solving the Dirac equation in separate sub-regions and then stitching the
solutions together. Similar to solving the Dirac equation, directly preparing the vacuum state
for a theory on a large lattice is difficult because the Hilbert space associated with the entire
lattice is too large to efficiently work with. The ideas behind domain decomposition can be
applied in a VQE calculation by splitting the lattice into separate disconnected sub-regions
and preparing each sub-region in its vacuum state (note that there will be links between these
regions that will remain unexcited). The vacuum state of each sub-region can be computed
classically or in another VQE calculation. The VQE algorithm can then be used to excite

links in-between the sub-regions and stitch together the sub-regions to form the vacuum
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state for the entire lattice. SU(3) Yang-Mills is a theory with spatial correlations that decay
exponentially fast with distance, so it is anticipated that the domain decomposition ansatz
should converge exponentially fast to the true vacuum as the domain size is increased.
Conceptually, this approach to vacuum state preparation is similar to the density matrix
renormalization group (DMRG) algorithm on classical computers [680]. In DMRG, the
vacuum state of a lattice is prepared, and the density matrix of a sub-region is diagonalized.
The eigenstates of the density matrix with largest weight are then used as the local basis for
a calculation on a larger lattice. In this manner, DMRG constructs the vacuum state for a
large lattice from the vacuum state for smaller regions. This is analogous to beginning the
VQE optimization in a domain-decomposed vacuum, except the calculation on the quantum
computer has no need to extract eigenstates of the density matrix for subregions. Once the
desired lattice length is achieved, DMRG optimizes the approximation to the vacuum state
by decomposing the system into left and right blocks and using the eigenstates of the density
matrix of the subregions to generate a new basis for the regions. By growing and shrinking
the size of the left and right blocks, DMRG is able to converge to the true vacuum state.
The process of growing and shrinking the blocks used is analogous to the stitching procedure
described in this work to improve the overlap with the true vacuum, except, once again, the

quantum calculation does not require the diagonalization of density matrices.

While this stitching procedure will be explicitly demonstrated for a quasi one dimensional
system, it can be performed in higher dimensions as well. For a system with three spatial
dimensions, the sub-regions initialized in their vacuum state will be cubes of some size.
Unlike in one dimension, the number of links left unexcited between the initial subregions
will scale as the surface area of the subregions. A sequence of unitary transformations acting
on the individual unexcited links, controlled by their neighboring links on the two cubes
they connect, can be optimized using VQE to get closer to the vacuum state of the entire
lattice. By limiting the number of links each unitary acts on in this manner, the number
of free parameters in the VQE ansatz circuit can be restricted to grow linearly with the

surface area instead of exponentially as it could if all links were allowed to be acted on



43

simultaneously.

2.4.1 Domain Decomposition on Plaquette Chains

A lattice composed of a chain of plaquettes as shown in Fig. 2.9 with PBC displays many of
the complications inherent to larger lattices while still being tractable to simulate on classical
computers. A domain decomposition of a plaquette chain can be performed by breaking up
the lattice into separate sub-chains, preparing each subchain in its vacuum state and using
VQE to optimize circuits that act on the boundaries and space between the domains to stitch
them together.

To be useful as an initial state for VQE, a quantum circuit for the preparation of these
domain-decomposed vacuums must be designed. The circuit to prepare the vacuum state for
a domain of length [ can be constructed recursively from the circuit to prepare the vacuum
state for a domain of length [ — 1 as follows. A single plaquette state can be constructed
by performing an R; rotation from Table 2.1 and its CP conjugate on the qubits that make
up the links in the plaquette. The two plaquette state can be prepared by applying R;
rotations on two neighboring plaquettes and then applying Rs and R4 rotations on one of
the plaquettes. The circuit that prepares the three plaquette vacuum state can then be
constructed by exciting a third plaquette (i.e. apply an R; rotation), stretching over the
previous two plaquettes (i.e. apply R3 and R, rotations to the plaquettes that have been
excited), and performing a rotation on the center plaquette to de-excite it (i.e. apply Rg and
R7 rotations to the center plaquette). In general, the circuit to prepare a domain of size [ can
be constructed from the circuit for a domain of size [ — 1 by exciting a neighboring plaquette,
stretching it over the previous domain, and then de-exciting plaquettes in the center. In
general, this approach to constructing circuits for a domain state scales exponentially with
the size of the domain.

The initial domain decomposition ansatz can be improved upon by stitching together
the different domains. More specifically, in the circuit that prepares the vacuum ansatz,

gates Ry through R;, along with their CP conjugates, can be applied to the plaquettes in-
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State 1 State 2
1,1,1 1,31
Ry | x| 1,1 > x| 3,3 >
1,1,1 1,3,1
3,1,1 3,3,1
Ry | IX]| 3,1 > x| 1,3 >
3,1,1 3,3,1
3,1,1 3,3,1
Rs | x| 3,1 > x| 3,3 >
3,1,1 3,3,1
1,1,3 1,3,3
Ry| x| 1,3 > x| 3,1 >
1,1,3 1,3,3
1,1,3 1,3,3
Rs | Ix| 1,3 > x| 3,3 >
1,1,3 1,3,3
3,3,3 3,1,3
Re | x| 1,1 > x| 3,3 >
3,3,3 3,1,3
3,3,3 3,1,3
Rr | |x| 3,1 > x| 3,3 >
3,3,3 3,1,3

Table 2.1: This table enumerates the local Givens rotations required to initialize a domain
vacuum on the plaquette chain truncated at an electric field representation of 3, (up to CP
conjugates of the rotations listed here). The basis states are defined in the same way as the
states in Fig. 2.1. The first column labels the rotation and the other two columns specify
the basis states being rotated. R; excites a single plaquette loop of electric flux. Ry through
R5 stretch the length of a loop of electric flux by one plaquette. Rg and R; break a loop of

electric flux into two loops. The basis labels used here were introduced in Ref. [171].
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between the domains and VQE can be used to optimize the rotation angles. This stitching
procedure can also be used to construct the vacuum for a larger domain instead of using
the generic state preparation circuit. After performing the stitching, the overlap with the
true vacuum can be increased further by layering another block of gates on the original
domains and optimizing the angles with VQE again. Explicitly, if the state obtained from
the VQE algorithm is S(62)D(6,)|0), where D(f;) prepares the states on the domain and

S(6) stitches the domains together, then the ansatz state
C(6,02,03)|0) = D(05)S(62) D(6)) |0) (2.8)

can be prepared on the quantum processor and the energy can be minimized as a function
of 51, 0 and 53 using the VQE algorithm. Due to the exponentially decaying correlations in
SU(3) Yang-Mills, the overlap with the true vacuum should increase exponentially with the
number of additional gate layers stacked on the domains and their boundaries.

A plaquette chain simulated in the multiplet basis with chromo-electric fields truncated
at the 3 representation will be used to test the performance of the domain decomposition
ansatz. Finite and infinite plaquette chains were studied using an MPS representation of
states in the TEBD algorithm as described in Appendix 2.C. Fig. 2.10 shows the results of
optimizing different domain decomposition ansatzes for a chain of five plaquettes with g = 0.9
and open boundary conditions. Fig. 2.11 shows the expectation of the electric energy for the
initial single plaquette ansatz and the state obtained after stitching the boundaries together
with VQE. As the size of the initial domains is increased, the overlap with the actual vacuum
increases. However, the improvement eventually saturates due to boundary effects. Due to
the short correlation length at this coupling, even a single layer of stitching is able to achieve
a high overlap with the actual vacuum.

To understand how the domain decomposition VQE ansatz performs for a large lattice,
the time evolving block decimation algorithm was used to prepare the vacuum state and
simulate VQE on an infinite plaquette chain as described in Appendix 2.C. VQE was per-

formed using gradient descent as the classical optimizer. The vacuum expectation of a single
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Figure 2.10: The left panel shows the overlap of different domain decompositions with the
true vacuum. The right panel shows the RMS error in the expectation of the different single
plaquette operators on the five plaquette lattice with open boundary conditions. The left-
most points show the results for the initial domain decomposition, the middle points show
the result after using VQE to stitch the boundaries of the domains together, and the right

points show the results after using VQE to optimize another layer of circuits on the domains

after stitching.
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Figure 2.11: The top panel shows the expectation of the electric energy for a five plaquette
chain with open boundary conditions where every other plaquette has been initialized to the
single plaquette vacuum. The bottom panel shows the expectation of the electric energy

after the boundaries of the initial domains have been stitched together with VQE.
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Figure 2.12: The left panel shows the expectation of a plaquette operator at the center of a
domain as a function of domain length for both the initial ansatz and the state after using
VQE to stitch domains together. The dashed blue line shows the vacuum expectation of a
single plaquette operator on an infinite chain of plaquettes with ¢ = 0.9. The right panel

shows the error in the vacuum plaquette expectation as a function of the domain size.

plaquette operator was chosen as a test observable to study the convergence to the true
vacuum. As Fig. 2.12 shows, the vacuum expectation of the plaquette operator converges
exponentially fast with the domain size. A classically simulated version of VQE was used
to simulate the stitching of small domains together. For domains of lengths 1-4 plaquettes,
the initial domain vacuum was prepared using a generic state preparation circuit. For the
initial domain of length five, the circuit to prepare the vacuum was constructed by stitching
together a vacuum state preparation circuit for a domain of length three plaquettes and of
length one plaquette. The circuit optimized in VQE consisted of the initial domain vac-
uum circuit, along with all rotations in Table 2.1 with all rotation angles allowed to vary
freely. For each domain size, the optimization of the stitching improved the estimation of

the vacuum plaquette expectation by at least an order of magnitude.
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2.4.2  Hardware Implementation

As with the single plaquette case, it is instructive to study multiple plaquettes on existing
quantum hardware. Unfortunately, simulating multiple plaquettes in a local basis as de-
scribed in the previous section is beyond the reach of existing hardware. However, these
techniques can be applied to state preparation in a global basis. IBM’s Manila quantum
processor was used to simulate a two plaquette system truncated at an electric field repre-
sentation of 3 in the global CP invariant basis [338]. For this simple system, preparing the
single plaquette vacuum is equivalent to using the vacuum state obtained using the Lanczos
algorithm with a Krylov dimension of two. The results of performing VQE with the error
mitigation procedures described in Appendix 2.A are shown in Fig. 2.13. As this figure
shows, the VQE algorithm is able to converge to the true vacuum energy whether it begins
in the electric or single plaquette vacuum. However, by initializing the state in the single
plaquette vacuum, the VQE algorithm is able to converge to the true vacuum state faster.
While the two initial states converge to the same vacuum state, the uncertainties in the
vacuum energy they converge to are quite different. This is due to the circuit ansatz used to
initialize the state having redundancies in the angle parametrization of the state, leading to
the two initial ansatzes converging to different sets of angles describing the same state. In
the absence of noise on the quantum processor, these parametrizations would be equivalent.
However, existing quantum processors are noisy and there are systematic errors with angle

dependence leading to the different error bars shown in Fig. 2.13.
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Figure 2.13: Variational state preparation of the vacuum state for a two plaquette system
with ¢ = 1 and PBC run on the IBM Manila quantum processor. The blue points show the
results of performing gradient descent beginning at the electric vacuum and the green points
show the results for beginning with the single plaquette vacuum. The data in this figure is

available in Table 2.4
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2.5 Discussion

Achieving a quantum advantage in the simulation of lattice gauge theories requires the
preparation of physically interesting states, such as the vacuum. In the NISQ era, hybrid
algorithms such as VQE will be essential. To make use of VQE, an appropriate classical
optimizer and ansatz circuit must be chosen. In this work, state preparation on simple SU(3)
lattice gauge theories has been performed with an eye towards scalability. In the variational
state preparation of single plaquette systems, we showed that Bayesian optimization suffers
from convergence issues as the coupling ¢ is decreased, while gradient descent methods suffer
from no such issue. This suggests that VQE calculations at scale may need to make use
of gradient descent methods in order to converge, despite the increase in computational
overhead required to compute the gradient. Note that gradient based methods may converge
to a local minimum instead of the true vacuum. This has not occurred for the simple systems

studied in this work, but may need to be considered when performing calculations at scale.

Calculations at scale will also require appropriate ansatz circuits to perform VQE. Due to
the exponential growth of the Hilbert space with lattice size, circuits capable of preparing a
generic state on the lattice will not be able to go to scale. In this work, it was demonstrated
that in a quasi-1D SU(3) lattice gauge theory, VQE can be used to stitch together domains
in their vacuum state to prepare the vaccum state of a larger lattice. The exponential
convergence with domain size on an infinite lattice suggests that even shallow circuits may
be able to achieve a large overlap with the true vacuum state at scale. The calculations
on IBM’s Manila quantum processor showed that circuit ansatzes that respect a global
symmetry will still respect the global symmetry on existing hardware despite the presence
of noise and imperfect gates. This allows global symmetries to be used to construct circuit

ansatzes that have fewer free degrees of freedom which makes them easier to optimize.

While the computations in this work are encouraging, preparing a vacuum state for QCD
with VQE will require significant developments in the application of quantum algorithms to

lattice gauge theories. The calculations performed in this work were for a one dimensional
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string of plaquettes, but QCD is a three-dimensional theory. In a 3D theory, the domains
being initialized in their vacuum state will be 3D blocks and the number of circuits required
to stitch them together will scale with the surface area of the domain blocks. Additionally,
a QCD calculation that can be taken to the continuum limit may require more electric field
representations to be included, which will increase the number of possible local rotations in
the VQE stitching circuit. It is conceivable that it is possible to reach the continuum limit
without increasing the field truncation, but this remains to be investigated. Regardless,
as the continuum limit is approached, the correlation length of the system will diverge and
more layers of circuits will be required in the VQE stitching to accurately prepare the vacuum
state. Matter will also need to be included at the sites, which will complicate the integrating
out of the internal gauge space. In addition to these conceptual complications, achieving a
quantum advantage in the simulation of lattice QCD will require quantum hardware with
more qubits and a lower error rate, in order to enable the simulation of a large lattice in a
local basis. While scaling up quantum hardware is challenging, the rapid improvement in
quantum hardware and recent proposals for co-design [171, 714, 29] of quantum processors
suggest that it can be done in a manner that will allow the simulation of lattice QCD on

quantum computers in the near future.

2.A Hardware Calculations

To perform VQE on a quantum computer, a circuit must be designed to prepare the ansatz
state. For the calculations demonstrated here, only two qubits were used, so the circuit used
to construct the state was capable of preparing an arbitrary 2 qubit state whose wavefunction
has only real coefficients. Once the ansatz state has been prepared on the quantum computer,
the energy of the state must also be computed. This can efficiently be done by breaking the
Hamiltonian up into a sum over tractable terms, applying gates that diagonalize each term of
the Hamiltonian, and performing measurements in the computational basis. This approach

to computing the energy will require one circuit per term in the Hamiltonian. Each of the
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Hamiltonians studied in this work can be written in the form
H=H, + H, + H;
I:h =h111®2+h12X®1+h13X®Z
ﬁQ :h212®1+h221®X

Hg = h31X®X+h32Y®Y—|—h332®ZA . (29)

These Hamiltonians can be diagonalized using the circuits shown in Fig. 2.14. To use
gradient descent based methods in the classical optimization step of VQE, the gradient for
the energy of the state as a function of the rotation angles in the ansatz circuit must be
computed on the quantum computer. Due to the periodicity of sin and cos, the gradient can
be computed exactly using a symmetric finite difference formula with a shift of 7. Explicitly,
components of the gradient are computed using

OE (5) —E (5+ %%) B (5— %%) , (2.10)

where F (5) is the energy as a function of the angles in the ansatz circuit and ¢ is a unit
vector pointing in the i¢-th direction. Therefore the gradient can be computed on the quantum
computer using a number of circuits equal to two times the number of parameters in the
ansatz circuit. The calculation of the energy on a real quantum computer suffers from
systematic errors due to errors in the implementation of the gates on the computer and
errors in the measurement process. The measurement errors can be mitigated by using
Qiskit’s measurement filter subroutine, which removes the leading order measurement
errors by optimizing an approximate inverse of the calculated all-to-all measurement matrix
[231]. The dominant gate errors come from the implementation of CNOT gates. The errors
associated with CNOT gates are mitigated using an extrapolation procedure [425, 630]. Each
CNOT in the circuit is replaced with an odd number r of CNOT gates (r = 3,5,7) and a

linear extrapolation is performed to r = 0.
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Figure 2.14: The top circuit is used to compute the expectation of Hy, the second circuit

=

is used to compute the expectation of Hy, and the bottom circuit is used to compute the

expectation of Hj.

2.B Bayesian Optimization

Bayesian optimization is a classical optimizer that can be used in the VQE algorithm.
Bayesian optimization uses the data already collected to create a Gaussian process-based
surrogate function that approximates the function, f, being optimized. This surrogate func-
tion is then used to create an acquisition function, which is then optimized to find a new trial
point for the location of f’s minimum. f is then evaluated at that new point and the result
is incorporated into the data for the next iteration [354]. The Gaussian process used requires
both a mean and covariance matrix for the function f. The covariance matrix used in this
work is constructed from the Gaussian kernel [212], which defines the covariance between

f(x1) and f(x2) to be

_ i (xu—;m)?
K(x1,%x2) =€ =t : (2.11)

where d is the number of dimensions of the inputted point and [; are hyperparameters
specifying the width of the Gaussian for each component of x. The mean of f is generically

unknown, but given the covariance matrix the mean can be approximated by the best linear
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unbiased predictor,
p=1Tc ' "1Tc 'z (2.12)
where 1 is a vector with all entries equal to 1, C is the covariance matrix with matrix
elements given by C;; = K(x;,%;), and Z is a vector with entries given by the value of the
function at the evaluated points, Z; = f(x;) [185].
Given the mean and variance of the Gaussian process, the value of f at a point Xposterior
that has not already been evaluated follows a Gaussian distribution with a mean and variance

given by

Kposterior = CTC*lZ - (1 - CTcill)(chill)ilchilz

Jgosterior = K (Xposterior: Xposterior) — c'Clec+(1- CTC_11)2<1TC_11)_1 ) (2.13)

where c is a vector with entries ¢; = K (Xposterior, Xi) [185]. Eq. (2.13) expresses the posterior
mean and variance under the assumption that f can be evaluated without error. In order to
incorporate errors, the variance of the data must be added to the diagonal elements of the
covariance matrix C and to 072, epior [212].

To use a Gaussian process in practice, the hyperparameters of the kernel must be selected.
In this work, this was done by maximizing the likelihood of the data under a multivariate
Gaussian model with a mean equal to the best linear unbiased predictor’s mean and with a
covariance equal to C (with the variance of the data added to its diagonal elements) from
Eq. (2.12). Another issue with practical implementation that arises is that C often ends up
singular as the Gaussian process is iterated. This issue is known as multicollinearity and it
occurs when one of the points used to construct C can be exactly predicted from the other
points leading to zero being an eigenvalue of C. This can be remedied by using Tikohonov
regularization where a fake “data variance” distinct from the real data variance is added to
C but not to 07 yserior [2]-
The probability distribution of f at unevaluated points is used to construct an acquisition

function, whose job it is to balance exploration and exploitation. The acquisition function

is optimized to find the minimum of f. In this work, probability of improvement [354] was
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used as the acquisition function, i.e. the probability that the minimum of f is smaller than

the previously found minimum is maximized. This is equivalent to minimizing

,uposterior (X) - fmzn
acq(X)pr = 2.14
( )PI Uposterior (X) ( )

where f,,i, is the previously found minimum of f.
2.C Plaquette Chain Tensor Network

The time evolving block decimation (TEBD) algorithm can be used to simulate the time
evolution of an infinite translationally invariant quantum system by Trotterizing the time
evolution operator [660, 661, 658]. The vacuum state of a system can be prepared by perform-
ing imaginary time evolution. This algorithm was developed for the simulation of systems
whose Hamiltonian only consists of 2-site nearest-neighbor couplings, so its application to
the simulation of a plaquette chain requires nonstandard modifications. Fig. 2.15 shows how
the links in the plaquette chain can be blocked together to form a 1D quantum system whose
state can be described with MPS.

In this blocking, the electric field operator on a single link becomes a single site operator,
the plaquette operator becomes a three site operator, and the Gauss’s law constraint become
a constraint on neighboring sites. The Gauss’s law constraint can be enforced by adding an
energy penalty for violating Gauss’s law.

The TEBD algorithm finds the vacuum by applying a Trotterized version of the imaginary
time evolution operator to a translationally invariant state. For a 2-site Hamiltonian, this
is accomplished by storing a unit cell of 2 sites and performing an SVD after applying each
gate to keep the most relevant states. For a 3-site Hamiltonian, such as the Hamiltonian
obtained for the plaquette chain, a unit cell of 3 sites must be stored and two SVD’s must be
performed to obtain the most relevant local states as shown in Fig. 2.16. The approach used
to perform time evolution in TEBD can also be used to apply arbitrary gates. To represent
the ansatz states obtained using domains of [ plaquettes, a unit cell of length [ + 1 had to

be stored and the state was prepared by applying gates and performing a SVD to return to
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¥

Figure 2.15: An infinite chain of SU(3) plaquettes can be mapped onto a 1D quantum system
whose state can be represented with MPS by blocking sets of 3 links together as shown.

MPS form as in the case of time evolution.
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Figure 2.16: This figure shows the required sequence of SVDs that must be performed to

return an MPS tensor network to MPS form after applying a 3 site gate.
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2.D Data from IBM’s Manila Processor

The following tables in this appendix contain the energies that were computed on IBM’s

Manila quantum processor. All error bars were computed from the uncertainty in the linear

CNOT extrapolation as described in Appendix 2.A.



Step Number | CP Symmetry Enforced | CP Symmetry Unenforced
1 2.957 +0.025 2.941 +£0.017
2 2.973 +0.028 2.91+0.04
3 2.93 +0.04 2.931 +0.032
4 2.891 +0.013 2.928 +0.016
5 2.905 £ 0.028 2.877+£0.017
6 2.88 +0.05 2.830 £ 0.009
7 2.868 +0.019 2.825 4+ 0.023
8 2.806 £ 0.025 2.84 £0.04
9 2.826 +0.016 2.847 £ 0.027
10 2.83 £0.017 2.822 + 0.006
11 2.87+£0.04 2.882 4+ 0.025
12 2.824 +0.02 2.823 +£0.024
13 2.806 + 0.026 2.826 +0.015
14 2.834 +0.007 2.846 £ 0.021
15 2.808 £ 0.019 2.833 £0.015
16 2.783 £ 0.004 2.812 £ 0.004
17 2.843 £ 0.007 2.819 + 0.006
18 2.808 +0.016 2.801 +0.013

60

Table 2.2: This table lists the data shown in Fig. 2.7. The left column states the number
of times gradient descent was applied, the center column contains the energies computed for
the circuit that had the CP symmetry explicitly enforced, and the right column contains the

energies computed for the circuit without the CP symmetry enforced.



Step Number | Electric Start | Krylov Start
1 4.61 +£0.06 | 3.900 4+ 0.030
2 4.4440.08 | 3.917£0.024
3 4.265 +0.034 | 3.85+0.04
4 4.114+0.04 | 3.827 £0.020
5} 4.040 £0.014 | 3.826 + 0.025
6 3.984 +0.024 | 3.81+0.04
7 3.928 £+ 0.007 | 3.867 4 0.030
8 3.855 £ 0.016 | 3.814 4+ 0.034
9 3.85£0.04 3.84 £0.05
10 3.811 £0.030 | 3.78 = 0.04
11 3.837£0.018 | 3.79+0.04
12 3.790 £0.024 | 3.80+0.05
13 3.804 £ 0.025 | 3.785 + 0.032
14 3.789 +0.024 | 3.790 + 0.022
15 3.83£0.06 | 3.767 £+ 0.007

61

Table 2.3: This table lists the data shown in Fig. 2.8. The left column states the number
of times gradient descent was applied, the center column contains the energies computed
for the gradient descent that began at the electric vacuum, and the right column contains
the energies computed for the gradient descent that began at the state obtained from the

Lanczos algorithm with a Krylov dimension of 2.



Step Number | Electric Start | One Plaquette Start
1 2.96 + 0.07 2.6648 + 0.0013
2 2.85+0.10 2.631 4+ 0.022
3 277+ 0.11 2.66 + 0.04
4 2.72+0.10 2.609 4+ 0.012
5 2.69 £ 0.09 2.651 +0.017
6 2.71+£0.07 2.616 4+ 0.010
7 2.65£0.07 2.610 £ 0.015
8 2.63 £ 0.06 2.625 + 0.018
9 2.65 £ 0.06 2.642 +0.019
10 2.66 £ 0.04 2.6021 £ 0.0023
11 2.638 £+ 0.021 2.594 + 0.008
12 2.64 +0.05 2.600 £ 0.017
13 2.624 £+ 0.021 2.639 £ 0.019
14 2.608 £ 0.029 2.618 £ 0.010
15 2.612+£0.019 2.639 £ 0.005

62

Table 2.4: This table lists the data shown in Fig. 2.13. The left column states the number
of times gradient descent was applied. The center column contains the energies computed
for the gradient descent that began at the electric vacuum. The right column contains the

energies computed for the gradient descent that began at the single plaquette vacuum.
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Chapter 3

PREPARATIONS FOR QUANTUM SIMULATIONS OF
QUANTUM CHROMODYNAMICS IN 1 4+ 1 DIMENSIONS: (I)
AXTAL GAUGE

This chapter is associated with Ref. [2536]:

“Preparations for quantum simulations of quantum chromodynamics in dimensions. 1.
Axial gauge” by Roland C. Farrell, Tvan A. Chernyshev, Sarah J. M. Powell, Nikita A.
Zemlevskiy, Marc lla, and Martin J. Savage

3.1 Introduction

This chapter follows the lead of preceding work in implementation of 1+1D QCD with clas-
sical numerical methods (discussed in Sec. 1.1.2) and, more imporantly, a study using IBM’s
quantum devices [1] of 141D SU(2) lattice Yang-Mills theory (mentioned in Sec. 1.3.2) [41],
where VQE was applied to the Jordan-Wigner transformed SU(2) Kogut-Susskind Hamil-
tonian to obtain vacuum energy and baryon and meson masses. It extends these results to
the quantum simulation of 14 1D SU(NV,) lattice gauge theory with quarks for arbitrary N,
(number of colors in the theory) and Ny (number of quark flavors). In accordance with the
gauge-transformation mentioned in Sec. 1.3.2, calculations are primarily done in AW =0
axial (Arnowitt-Fickler) gauge,’ which leads to non-local interactions in order to define the
chromo-electric field contributions to the energy density via Gauss’s law. This is in con-
trast to Weyl gauge, Ai“) = (0, where contributions remain local. The resource estimates for
asymptotic quantum simulations of the Schwinger model in Weyl gauge have been recently

performed [585], and also for Yang-Mills gauge theory based upon the Byrnes-Yamamoto

'For a discussion of Yang-Mills in axial gauge, see, for example, Ref. [546].
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mapping [366]. Here, the focus is on near-term, and hence non-asymptotic, quantum sim-
ulations to better assess the resource requirements for quantum simulations of non-Abelian
gauge theories with multiple flavors of quarks. For concreteness, Ny = 2 QCD is studied in
detail, including the mass decomposition of the low-lying hadrons (the o- and 7m-meson, the
single baryon and the two-baryon bound state), color edge-states, entanglement structures
within the hadrons and quantum circuits for time evolution. Further, results are presented
for the quantum simulation of a Ny = 1, single-site system, using IBM’s quantum com-
puters [1]. Such quantum simulations will play a critical role in evolving the functionality,
protocols and workflows to be used in 3+ 1D simulations of QCD, including the preparation
of scattering states, time evolution and subsequent particle detection. As a step in this di-
rection, the results of this work have been applied to the quantum simulation of S-decay of
a single baryon in 14 1D QCD, as outlined in Chapter 4. Motivated by the recent successes
in co-designing efficient multi-qubit operations in trapped-ion systems [29, 380], additional
multi-qubit or qudit operations are identified, specific to lattice gauge theories, that would

benefit from being native operations on quantum devices.
3.2 QCD with Three Colors and Two flavors in 1 + 1D

In 3+1D, the low-lying spectrum of Ny = 2 QCD is remarkably rich. The lightest hadrons are
the ms, which are identified as the pseudo-Goldstone bosons associated with the spontaneous
breaking of the approximate global SU(2), ® SU(2)g chiral symmetry, which becomes exact
in the chiral limit where the 7s are massless. At slightly higher mass are the broad I = 0
spinless resonance, o, and the narrow I = 0, w, and I = 1, p, vector resonances as well as
the multi-meson continuum. The proton and neutron, which are degenerate in the isospin
limit and the absence of electromagnetism, are the lightest baryons, forming an I = J = 1/2
iso-doublet. The next lightest baryons, which become degenerate with the nucleons in the
large-N. limit (as part of a large-N. tower), are the four I = J = 3/2 A resonances. The
nucleons bind together to form the periodic table of nuclei, the lightest being the deuteron,

an [ = 0, J = 1 neutron-proton bound state with a binding energy of ~ 2.2 MeV, which is
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to be compared to the mass of the nucleon My ~ 940 MeV. In nature, the low-energy two-
nucleon systems have S-wave scattering lengths that are much larger than the range of their
interactions, rendering them unnatural. Surprisingly, this unnaturalness persists for a sizable
range of light-quark masses, e.g., Refs. [82, 227, 89, 668, 339]. In addition, this unnaturalness,
and the nearby renormalization-group fixed point [372, 373|, provides the starting point for
a systematic effective field theory expansion about unitarity [372, 373, 656, 162]. Much of
this complexity is absent in a theory with only one flavor of quark.

As a first step toward 3 + 1D QCD simulations of real-time dynamics of nucleons and
nuclei, we will focus on preparing to carry out quantum simulations of 1 + 1D QCD with
Ny = 2 flavors of quarks. While the isospin structure of the theory is the same as in 3 + 1D,
the lack of spin and orbital angular momentum significantly reduces the richness of the
hadronic spectrum and S-matrix. However, many of the relevant features and processes of
3 4+ 1D QCD that are to be addressed by quantum simulation in the future are present in
1+ 1D QCD. Therefore, quantum simulations in 1 + 1D are expected to provide inputs to

the development of quantum simulations of QCD.

3.2.1 Mapping 1 + 1D QCD onto Qubits

The Hamiltonian describing non-Abelian lattice gauge field theories in arbitrary numbers of
spatial dimensions was first given by Kogut and Susskind (KS) in the 1970s [398, 56]. For
1+ 1D QCD with Ny = 2 discretized onto L spatial lattice sites, which are mapped to 2L ¢,

q sites to separately accommodate quarks and antiquarks, the KS lattice Hamiltonian is

2L—-2 2L—-1 2L-2 8
1 n ag’ a
Hys= Y [% > (o900 + he) +mp Yo e |+ S-S0 B
f=u,d n=0 n=0 n=0 a=1
[ 2L—1 [ 2L—1
_ BB Ot _ L (Wit p(uw) _ 4(d)t 4(d)
; denZ:O% o -5 ; (6070l — o) (3.1)

The masses of the u- and d-quarks are m,, 4, g is the strong coupling constant at the spatial

lattice spacing a, U, is the spatial link operator in Weyl gauge Aﬁ“) = 0, gzﬁ%wd) are the u-

and d-quark field operators which transform in the fundamental representation of SU(3) and
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E" is the chromo-electric field associated with the SU (3) generator, T*. For convention, we
write, for example, gzﬁT(«Lu) = (Uny Un g, Unp)” to denote the u-quark field(s) at the n'™ site in
terms of 3 colors 7, g, b. With an eye toward simulations of dense matter systems, chemical
potentials for baryon number, ug, and the third component of isospin, uy, are included.
For most of the results presented in this work, the chemical potentials will be set to zero,
up = iy = 0, and there will be exact isospin symmetry, m, = my = m. In Weyl gauge
and using the chromo-electric basis of the link operator |R,«, 3),?, the contribution from
the energy in the chromo-electric field from each basis state is proportional to the Casimir
of the irrep R (see Eq. 2.4 for the definition of the Casimir). The fields have been latticized
such that the quarks reside on even-numbered sites, n = 0,2,4,6, ..., and antiquarks reside
on odd-numbered sites, n = 1,3,5,.... Open boundary conditions (OBCs) are employed in
the spatial direction, with a vanishing background chromo-electric field.

The KS Hamiltonian in Eq. (3.1) is constructed in Weyl gauge. A unitary transformation
can be performed on Eq. (3.1) to eliminate the gauge links [565], with Gauss’s Law uniquely
providing the energy in the chromo-electric field in terms of a non-local sum of products
of charges, i.e., the Coulomb energy. This is equivalent to formulating the system in axial
gauge [36, 679, AW = 0, from the outset. The Hamiltonian in Eq. (3.1), when formulated

with A = 0, becomes

1212 2L—1 e 2L-2 8 2
H=Y [5 S (6700 + me) +me X (1o | + L3y (z @5;9)
f=u,d n=0 n=0 n=0 a=1 m<n
201 2L—1
_ kB S5 eigd) — Hr 3 (6T — g@ig®) (3.2)
3 n n 2 n n n n ? :
f=u,d n=0 n=0

where the color charge operators on a given lattice site are the sum of contributions from

the u- and d-quarks,
QW — gWiTegw L gdigagd (3-3)

2The indices a and 3 specify the color state in the left (L) and right (R) link Hilbert spaces respectively.
States of a color irrep R are labelled by their total color isospin T, third component of color isospin T*
and color hypercharge Y, i.e., a = (Ty,,Tf,Yr) and 8 = (Tr, T, YR).
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To define the fields, boundary conditions with Aéa) (x) = 0 at spatial infinity and zero back-
ground chromo-electric fields are used, with Gauss’s law sufficient to determine them at all

other points on the lattice,

EY =5 Q. (3.4)

m<n

In this construction, a state is completely specified by the fermionic occupation at each site.
This is to be contrasted with the Weyl gauge construction where both fermionic occupation
and the SU(3) multiplet defining the chromo-electric field are required.

There are a number of ways that this system, with the Hamiltonian given in Eq. (3.2),
could be mapped onto the register of a quantum computer. In this work, both a staggered
discretization and a JW transformation [358] are chosen to map the N, = 3 and Ny = 2
quarks to 6 qubits, with ordering dy, d,, d,, up, ug, u,, and the antiquarks associated with the
same spatial site adjacent with ordering Eb,ag,ar,ﬂb,ﬂg,ﬂr. This is illustrated in Fig. 3.1
and requires a total of 12 qubits per spatial lattice site (see App. 3.A for more details). The

resulting JW-mapped Hamiltonian is the sum of the following five terms:

H=Hy, + H, + Hy + H,, + H,, , (3.5a)
1 2L—-2 1 2 5
Hiin = — 5 2.0 [Ugmsﬂc <® a 6”+3f+c+z) 6(nt1)+3f4e T HC | (3.5b)
n=0 f=0 c=0 i=1
1 2L-1 1 2
Hy=5 3 D0 my (-1 " 0apee +1] (3.5¢)

o 2L—2 1
g a a
ma= S e-10 (Yaten + 2050t )
n=0

f=0
2L—3 2L-2 1 1

+2 > > L-1-m)> > QW QY, (3.5d)
n=0 m=n+1 =0 f'=0

1 2
= - MFB Z Z Ugn+3f+c ) (356)
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Figure 3.1: The encoding of Ny = 2 QCD onto a lattice of spins describing L = 2 spatial
sites. Staggering is used to discretize the quark fields, which doubles the number of lattice
sites, with (anti)quarks on (odd) even sites. The chromo-electric field resides on the links
between quarks and antiquarks. Color and flavor degrees of freedom of each quark and
antiquark site are distributed over six qubits with a JW mapping, and axial gauge along
with Gauss’s law are used to remove the chromo-electric fields. A quark (antiquark) site is
occupied if it is spin up (down), and the example spin configuration corresponds to the state

[Ty dy).

where now repeated adjoint color indices, (a), are summed over, the flavor indices, f =

0,1, correspond to u- and d-quark flavors and o* = (0 + iog¥)/2.
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Products of charges are given in terms of spin operators as
z z z z z z
Q Ni Qn N ( ~ O6n+3f96n+3f+1 — 6n+3f06n+3f+2 — 06n+3f+106n+3f+2) )
Q Q(a) =— (0+ o O ol
n,f ¥m,f’ 6n+3f~ 6n+3f+1~ 6m+3f'~ 6m+3f'+1

+ z — — z +
1 643 T6n+3f+106n+3f 127 6m+3f' T6m+3f +17 6m-3f/+2

+ - - +
T O6nt37+1%6n+37+206m+3f+1%6m+3f+2 + h'C')

+ ZZ 350C’ - 06n+3f+cagm+3f’+c’ . (36)

cOc

A constant has been added to H,, to ensure that all basis states contribute positive mass.
The Hamiltonian for SU(N,) gauge theory with N flavors in the fundamental representation
is presented in Sec. 3.4. Note that choosing AW =0 gauge and enforcing Gauss’s law has
resulted in all-to-all interactions, the double lattice sum in H,;.

For any finite lattice system, there are color non-singlet states in the spectrum, which
are unphysical and have infinite energy in the continuum and infinite-volume limits. For a
large but finite system, OBCs can also support finite-energy color non-singlet states which
are localized to the end of the lattice (color edge-states).® The existence of such states in
the spectrum is independent of the choice of gauge or fermion mapping. The naive ways
to systematically examine basis states and preclude such configurations is found to be im-
practical due to the non-Abelian nature of the gauge charges and the resulting entanglement
between states required for color neutrality. A practical way to deal with this problem is
to add a term to the Hamiltonian that raises the energy of color non-singlet states. This
can be accomplished by including the energy density in the chromo-electric field beyond the
end of the lattice with a large coefficient h. This effectively adds the energy density in a
finite chromo-electric field over a large spatial extent beyond the end of the lattice. In the

limit h — oo, only states with a vanishing chromo-electric field beyond the end of the lattice

3Low-energy edge-states that have global charge in a confining theory can also be found in the simpler
setting of the Schwinger model. Through exact and approximate tensor methods, we have verified that
these states exist on lattices up to length I = 13, and they are expected to persist for larger L.
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remain at finite energy, rendering the system within the lattice to be a color singlet. This

new term in the Hamiltonian is

h22L1 2L—2 2L-1
I = Z <ZQMQ ot 2Qnan1> +m2> Y ZZQ(“) QW (3.7
n=0 = n=0 m=n+1 f=0 f/'=

which makes a vanishing contribution when the sum of charges over the whole lattice is zero;

otherwise, it makes a contribution ~ h2.

3.2.2  Spectra for L = 1,2 Spatial Sites

The spectra and wavefunctions of systems with a small number of lattice sites can be de-
termined by diagonalization of the Hamiltonian. In terms of spin operators, the Ny = 2
Hamiltonian in Eq. (3.5) decomposes into sums of tensor products of Pauli matrices. The
tensor product factorization can be exploited to perform an exact diagonalization relatively
efficiently. This is accomplished by first constructing a basis by projecting onto states with
specific quantum numbers, and then building the Hamiltonian in that subspace. There are
four mutually commuting symmetry generators that allow states to be labelled by (r, g, b, I3):
redness, greenness, blueness and the third component of isospin. In the computational (occu-
pation) basis, states are represented by bit strings of Os and 1s. For example, the L = 1 state
with no occupation is [000000111111).* Projecting onto eigenstates of (r,g,b, I3) amounts
to fixing the total number of 1s in a substring of a state. The Hamiltonian is formed by
evaluating matrix elements of Pauli strings between states in the basis, and only involves
2 x 2 matrix multiplication. The Hamiltonian matrix is found to be sparse, as expected, and
the low energy eigenvalues and eigenstates can be found straightforwardly. As the dimension
of the Hamiltonian grows exponentially with the spatial extent of the lattice, this method

becomes intractable for large system sizes, as is well known.

4Qubits are read from right to left, e.g., |11 q10 ... q1 go). Spin up is |0) and spin down is |1).
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Exact Diagonalizations, Color Edge-States and Mass Decompositions of the Hadrons

For small enough systems, an exact diagonalization of the Hamiltonian matrix in the pre-
viously described basis can be performed. Without chiral symmetry and its spontaneous
breaking, the energy spectrum in 1+ 1D does not contain a massless isovector state (cor-
responding to the QCD pion) in the limit of vanishing quark masses. In the absence of
chemical potentials for baryon number, ug = 0, or isospin, p; = 0, the vacuum, |(2), has
B = 0 (baryon number zero) and I = 0 (zero total isospin). The I = 0 o-meson is the
lightest meson, while the I = 1 m-meson is the next lightest. The lowest-lying eigenstates in
the B = 0 spectra for L = 1,2 (obtained from exact diagonalization of the Hamiltonian) are
given in Table 3.1. The masses are defined by their energy gap to the vacuum, and all results

in this section are for m, = my = m = 1. By examining the vacuum energy density Eq/L, it

L=1 L=2
g Eq M, M g* Eq M, M,
8 -0.205 5.73 5.82 8 -0.611 5.82 5.92
4 -0.321 4.37 4.47 4 -0.949 4.41 4.49
2 -0.445 3.26 3.30 2 -1.30 3.27 3.31
1 -0.549 2.73 2.74 1 -1.58 2.72 2.74
1/2 | -0.619 2.48 2.48 /2| -1.77 2.45 2.46
1/4 | -0.661 2.35 2.36 1/4| -1.88 2.30 2.31
1/8 | -0.684 2.29 2.30 1/8 | -1.94 2.22 2.22

Table 3.1: The vacuum energy and the masses of the - and m-mesons for 1+ 1D QCD with
Ny = 2 for systems with L = 1,2 spatial sites. These results are insensitive to h as they are

color singlets.
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is clear that, as expected, this number of lattice sites is insufficient to fully contain hadronic
correlation lengths. While Table 3.1 shows the energies of color-singlet states, there are also
non-singlet states in the spectra with similar masses, which become increasingly localized

near the end of the lattice, as discussed in the previous section.

It is informative to examine the spectrum of the L = 1 system as both ¢ and h are
slowly increased and, in particular, take note of the relevant symmetries. For ¢ = h = 0,
with contributions from only the hopping and mass terms, the system exhibits a global
SU(12) symmetry where the spectrum is that of free quasi-particles; see App. 3.B. The
enhanced global symmetry at this special point restricts the structure of the spectrum to
the 1 and 12 of SU(12) as well as the antisymmetric combinations of fundamental irreps,
66,220,.... For g > 0, these SU(12) irreps split into irreps of color SU(3),. and flavor
SU(2)¢. The 12 corresponds to single quark (g) or antiquark (g) excitations (with fractional
baryon number), and splits into 3,® 2, for quarks and 3.® 2, for antiquarks. In the absence
of OBCs, these states would remain degenerate, but the boundary condition of vanishing
background chromo-electric field is not invariant under ¢ <+ g and the quarks get pushed to
higher mass. As there is no chromo-electric energy associated with exciting an antiquark at
the end of the lattice in this mapping, the 3. ® 2y states remains low in the spectrum until
h > 0. The 66 corresponds to two-particle excitations, and contains all combinations of qq,
gq and qq excitations. The mixed color symmetry (i.e., neither symmetric or antisymmetric)
of qq excitations allows for states with 1. ® 1; ® 1, ® 3 8. ® 1; ® 8, ® 3y, while the
qq excitations with definite color symmetry allow for 6, ® 1; @ 3, ® 3; and gq excitations
allow for 6, ® 1; ® 3. ® 3, saturating the 66 states in the multiplet. When g > 0, these
different configurations split in energy, and when h > 0, only color-singlet states are left in
the low-lying spectrum. Figure 3.2 shows the evolution of the spectrum as g and h increase.
The increase in mass of non-singlet color states with h is proportional to the Casimir of the
SU(3). representation which is evident in Fig. 3.2 where, for example, the increase in the

mass of the 3.s and 3.s between h? = 0 and h? = 0.64 are the same.

The antiquark states are particularly interesting as they correspond to edge states that
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The Low-lying Spectrum for L =1

P =h*=0 |g2=0.64,h2=0
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Figure 3.2:  The spectrum of the Hamiltonian as the couplings g and h increase. For
g = h = 0 there is an exact SU(12) symmetry and the color-singlet o- and m-mesons are a
part of the antisymmetric 66 irrep. When ¢ > 0 and h = 0, the spectrum splits into irreps of
global SU(3).® SU(2) ¢ with color non-singlet states among the low-lying states. Increasing
h > 0 pushes non-singlet color states out of the low-lying spectrum. Notice that the ¢ and

T masses are insensitive to h, as expected.

are not “penalized” in energy by the chromo-electric field when h = 0. These states have an
approximate SU(6) symmetry where the 6 antiquarks transform in the fundamental. This is
evident in the spectrum shown in Fig. 3.3 by the presence of a 3, ® 2 and nearly degenerate
6.® 1 and 3. ® 3; which are identified as states of a 15 (an antisymmetric irrep of SU(6))

that do not increase in mass as ¢ increases. This edge-state SU(6) symmetry is not exact
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due to interactions from the hopping term that couple the edge gs to the rest of the lattice.
These colored edge states are artifacts of OBCs and will persist in the low-lying spectrum

for larger lattices.

The Low-lying Spectrum for L = 1

@P=h2=0 ‘g2:0.64,h2:0] ‘ 92:1.5,h2:0]
6. @1y /
)
o)
8. @1
8.®3f
3.®3;—
1C®3,7v
1.01;
% 665712 _ edae)
= 68®1f7—\, <|edge>
3.9 3;
3. @2
1257(12) _
3.®2 @ ———————————— |edge)
T ey pe1, T P
SU(12) SU(3). ® SU(2);

Figure 3.3: The spectrum of the Hamiltonian as ¢ increases for h = 0. When g = h = 0
there is an exact SU(12) symmetry and the o- and m-mesons are a part of the antisymmetric
66 irrep. When g > 0 but h = 0 the spectrum splits into irreps of global SU(3). ® SU(2)y,
and non-singlet color states remain in the low-lying spectrum. Increasing g shifts all but the

antiquark |edge) (states) to higher mass.

Figures 3.2 and 3.3 reveal the near-degeneracy of the o- and m-mesons throughout the
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range of couplings ¢ and h, suggesting another approximate symmetry, which can be under-
stood in the small and large ¢ limits. For small g2, the effect of H, = %(Qéﬁi + ng‘gﬁ on the
the SU(12)-symmetric spectrum can be obtained through perturbation theory. To first order
in g2, the shift in the energy of any state is equal to the expectation value of H,;. The o-
and m-meson states are both quark-antiquark states in the 66 irrep of SU(12), and therefore,
both have a 3. color charge on the quark site and receive the same mass shift.> For large
g%, the only finite-energy excitations of the trivial vacuum (all sites unoccupied) are bare
baryons and antibaryons, and the spectrum is one of non-interacting color-singlet baryons.
Each quark (antiquark) site hosts 4 distinct baryons (antibaryons) in correspondence with
the multiplicity of the I = 3/2 irrep. As a result, the o, 7, I = 2,3 mesons, deuteron and

antideuteron are all degenerate.

The o- and m-meson mass splitting is shown in Fig. 3.4 and has a clear maxima for
g ~ 2.4. Intriguingly, this corresponds to the maximum of the linear entropy between quark
and antiquarks (as discussed in Sec. 3.2.2), and suggests a connection between symmetry,
via degeneracies in the spectrum, and entanglement. This shares similarities with the cor-
respondence between Wigner’s SU(4) spin-flavor symmetry [684, 685, 686], which becomes
manifest in low-energy nuclear forces in the large- N, limit of QCD [371, 370], and entangle-

ment suppression in nucleon-nucleon scattering found in Ref. [80] (see also Refs. [79, 434, 78]).

Color singlet baryons are also present in this system, formed by contracting the color
indices of three quarks with a Levi-Civita tensor (and antibaryons are formed from three
antiquarks). A baryon is composed of three I = 1/2 quarks in the (symmetric) [ = 3/2
configuration and in a (antisymmetric) color singlet. It will be referred to as the A, high-
lighting its similarity to the A-resonance in 3 + 1D QCD. Interestingly, there is an isoscalar

AA bound state, which will be referred to as the deuteron. The existence of a deuteron

5This also explains why there are three other states nearly degenerate with the mesons, as seen in Fig. 3.2.
Each of these states carry a 3. or 3. color charge on the quark site and consequently have the same energy
at first order in perturbation theory.
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Figure 3.4: The mass splitting between the o- and 7m-mesons for L = 1 (left panel) and

L = 2 (right panel).

makes this system valuable from the standpoint of quantum simulations of the formation of
nuclei in a model of reduced complexity. The mass of the A, Ma, and the binding energy of

the deuteron, Baa = 2Ma — Maa, are shown in Table 3.2 for a range of strong couplings.

Understanding and quantifying the structure of the lowest-lying hadrons is a priority
for nuclear physics research [3]. Great progress has been made, experimentally, analytically
and computationally, in dissecting the mass and angular momentum of the proton (see, for
example, Refs. [201, 503, 14, 700, 19, 352, 671, 433]). This provides, in part, the founda-
tion for anticipated precision studies at the future electron-ion collider (EIC) [102, 10] at
Brookhaven National Laboratory. Decompositions of the vacuum energy and the masses of
the o, m and A are shown in Fig. 3.5 where, for example, the chromo-electric contribution
to the o is (Hy) = (0| Hy|lo) — (Q He |2). These calculations demonstrate the potential
of future quantum simulations in being able to quantify decompositions of properties of the
nucleon, including in dense matter. For the baryon states, it is H,; that is responsible for
the system coalescing into localized color singlets in order to minimize the energy in the

chromo-electric field (between spatial sites).

The deuteron binding energy is shown in the left panel of Fig. 3.6 as a function of g.

While the deuteron is unbound at g = 0 for obvious reasons, it is also unbound at large
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L=1 L=2

g’ Ma Bana g9’ Ma Bana

8 3.10 2.61 x 1074 8 3.10 2.50 x 1074
4 3.16 5.48 x 1074 4 3.16 4.95 x 1074
2 3.22 6.12 x 1074 2 3.21 5.07 x 1074
1 3.27 3.84 x 1074 1 3.24 4.60 x 1074
1/2 3.31 1.61 x 10~* 1/2 3.25 1.53 x 1073
1/4 3.33 527 x 107° 1/4 3.23 3.91 x 1073
1/8 3.34 1.52 x 1075 1/8 3.20 3.35 x 1072

Table 3.2: The mass of the A and the binding energy of the deuteron in 1+ 1D QCD with
Ny = 2 for systems with L = 1,2 spatial sites.

Figure 3.5: The decomposition of vacuum energy (Eq) and the masses of the lightest hadrons
(M,, M, and M) into contributions from the mass, the kinetic and the chromo-electric field
terms in the Hamiltonian, defined in axial gauge, for 1 4+ 1D QCD with Ny = L = 2 and
m=g=1.

g because the spectrum is that of non-interacting color-singlet (anti)baryons. Therefore,
the non-trivial aspects of deuteron binding for these systems is for intermediate values of g.

The decomposition of Baa is shown in the right panel of Fig. 3.6, where, for example, the
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chromo-electric contribution is
(Ha) = 2( (Al Ho |A) = (Q Ha [Q) ) — ((AA[Ho |[AA) = (Q Ha 1)) . (3.8)

The largest contribution to the binding energy is (Hy;,), which is the term responsible for
creating gq pairs. This suggests that meson-exchange may play a significant role in the
attraction between baryons, as is the case in 3 + 1D QCD, but larger systems will need
to be studied before definitive conclusions can be drawn. One consequence of the lightest
baryon being I = 3/2 is that, for L = 1, the I3 = +3/2 state completely occupies the
up-quark sites. Thus the system factorizes into an inert up-quark sector and a dynamic
down-quark sector, and the absolute energy of the lowest-lying baryon state can be written
as En = Ma + B3 = 3m + EY, where E;* is the vacuum energy of the Ny = 1,2 flavor
systems. Analogously, the deuteron absolute energy is Eaan = 6m, and therefore the deuteron
binding energy can be written as Baa = 2(3m+Ey — EZ)— (6m—E2) = 2EY — E2. This
is quite a remarkable result because, in this system, the deuteron binding energy depends
only on the difference between the Ny = 1 and Ny = 2 vacuum energies, being bound
when 2E512f — Eéf > 0. As has been discussed previously, it is the ¢g contribution from this

difference that dominates the binding.

L=2 Baa forg=1
<szn>
0.004
0.002
0.003
0.001
1 0.002 2 79
. Q H H
Q LS 0.000 ( m) ( el>
0.001
-0.001
0.5 1.0 1.5 2.0 2.5 3.0

Figure 3.6: The left panel shows the deuteron binding energy, Baa, for m =1 and L = 2.
The right panel shows the decomposition of Baa into contributions from the Hamiltonian

for g = 1.
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The Low-Lying Spectrum Using D-Wave’s Quantum Annealers

The low-lying spectrum of this system can also be determined through annealing by using
D-Wave’s quantum annealer (QA) Advantage [190], a device with 5627 superconducting flux
qubits, with a 15-way qubit connectivity via Josephson junctions rf-SQUID couplers [313].
Not only did this enable the determination of the energies of low-lying states, but it also
assessed the ability of this quantum device to isolate nearly degenerate states. The time-
dependent Hamiltonian of the device, which our systems are to be mapped, are of the form
of an Ising model, with the freedom to specify the single- and two-qubit coefficients. Alter-
natively, the Ising model can be rewritten in a quadratic unconstrained binary optimization
(QUBO) form, fo(z) = > ,; Qijxir;, where x; are binary variables and @;; is a QUBO ma-
trix, which contains the coefficients of single-qubit (i = j) and two-qubit (i # j) terms.
The QUBO matrix is the input that is submitted to Advantage, with the output being a
bit-string that minimizes fo. Due to the qubit connectivity of Advantage, multiple physical
qubits are chained together to recover the required connectivity, limiting the system size that

can be annealed.

The QA Advantage was used to determine the lowest three states in the B = 0 sector of
the L = 1 system, with m = g = 1 and h = 2, following techniques presented in Ref. [342]. In
that work, the objective function to be minimized is defined as F = (W|H|¥) —n(¥|¥) [631],
where 7 is a parameter that is included to avoid the null solution, and its optimal value can
be iteratively tuned to be as close to the ground-state energy as possible. The wavefunction
is expanded in a finite dimensional orthonormal basis ¢, |¥) = Y "° 4|t ), which in this
case reduces the dimensionality of H to 88, defining H, thus making it feasible to study with
Advantage. The procedure to write the objective function in a QUBO form can be found in
Ref. [342] (and briefly described in App. 3.C), where the coefficients a,, are digitized using
K binary variables [631], and the adaptive QA eigenvalue solver is implemented by using the
zooming method [160, 7]. To reduce the uncertainty in the resulting energy and wavefunction,

due to the noisy nature of this QA, the iterative procedure described in Ref. [342] was used,
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where the (low-precision) solution obtained from the machine after several zooming steps
constituted the starting point of a new anneal. This led to a reduction of the uncertainty by
an order of magnitude (while effectively only doubling the resources used).

Results obtained using Advantage are shown in Fig. 3.7, where the three panels show
the convergence of the energy of the vacuum state (left), the mass of the o-meson (center)
and the mass of the m-meson (right) as a function of zoom steps, as well as comparisons
to the exact wavefunctions. The bands in the plot correspond to 68% confidence intervals
determined from 20 independent runs of the annealing workflow, where each corresponds
to 10% anneals with an annealing time of t4 = 20 us, and the points correspond to the
lowest energy found by the QA. The parameter K in the digitization of a, is set to K = 2.
The parameter 7 is first set close enough to the corresponding energy (e.g., n = 0 for the
ground-state), and for the subsequent iterative steps it is set to the lowest energy found in
the previous step. The first two excited states are nearly degenerate, and after projecting
out the ground state, Advantage finds both states in the first step of the iterative procedure
(as shown by the yellow lines in the 7 wavefunction of Fig. 3.7). However, after one iterative
step, the QA converges to one of the two excited states. It first finds the second excited state
(the m-meson), and once this state is known with sufficient precision, it can be projected out
to study the other excited state. The converged values for the energies and masses of these
states are shown in Table 3.3, along with the exact results. The uncertainties in these values
should be understood as uncertainties on an upper bound of the energy (as they result from

a variational calculation). For more details see App. 3.C.

Quark-Antiquark Entanglement in the Spectra via Exact Diagonalization

With h > g, the eigenstates of the Hamiltonian are color singlets and irreps of isospin. As
these are global quantum numbers (summed over the lattice) the eigenstates are generically
entangled among the color and isospin components at each lattice site. With the hope
of gaining insight into 3 + 1D QCD, aspects of the entanglement structure of the L = 1

wavefunctions are explored via exact methods. An interesting measure of entanglement for
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Figure 3.7: Iterative convergence of the energy, masses and wavefunctions for the three
lowest-lying states in the B = 0 sector of 1 + 1D QCD with Ny =2 and m =g = L = 1:
vacuum (left), o-meson (center) and m-meson (right). The different colors correspond to
different steps of the iterative procedure that is described in the main text. The oscillatory
behavior seen in the right panel around the 15th zoom step is discussed in App. 3.C. The blue

icons in the upper right indicate that this calculation was done on a quantum device [393].

L=1
1€2) o) |7)
Energy —0.5491067 2.177749 2.1926786
Exact

Mass - 2.726855 2.7417853

Energy —0.5491051(6) 2.177760(4) 2.1926809(7)
Advantage
Mass - 2.726865(4) 2.7417860(9)

Table 3.3: Energies and masses of the three lowest-lying states in the B = 0 sector of 1+ 1D
QCD with Ny =2 and m = g = L = 1. Shown are the exact results from diagonalization of

the Hamiltonian matrix and those obtained from D-Wave’s Advantage.
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these systems is the linear entropy between quarks and antiquarks, defined as
Sp=1-Tr[p7] , (3.9)

where p, = Trg[p] and p is a density matrix of the system. Shown in Fig. 3.8 is the linear
entropy between quarks and antiquarks in [Q), |0), |7,—1) and |Aj,_3/2) as a function of g.

The deuteron is not shown as there is only one basis state contributing for L = 1.
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Figure 3.8: The linear entropy between quarks and antiquarks in |2}, |A13:3/2>, lo) and

|Tp=1) form =L =1.

The scaling of the linear entropy in the vacuum and baryon with g can be understood as
follows. As g increases, color singlets on each site have the least energy density. The vacuum
becomes dominated by the unoccupied state and the A becomes dominated by the “bare” A
with all three quarks located on one site in a color singlet. As the entropy generically scales

with the number of available states, the vacuum and baryon have decreasing entropy for
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Figure 3.9: The expectation value of quark occupation in the |o) and |7j,—;) for m = L = 1.

increasing g. The situation for the m and ¢ is somewhat more interesting. For small g, their
wavefunctions are dominated by ¢q excitations on top of the trivial vacuum, which minimizes
the contributions from the mass term. However, color singlets are preferred as g increases,
and the mesons become primarily composed of baryon-antibaryon (BB) excitations. There
are more ¢g states than BB states with a given I3, and therefore there is more entropy at
small g than large g. The peak at intermediate g occurs at the crossover between these two
regimes where the meson has a sizable contribution from both ¢ and BB excitations. To
illustrate this, the expectation value of total quark occupation (number of quarks plus the
number of antiquarks) is shown in Fig. 3.9. For small g, the occupation is near 2 since the
state is mostly composed of ¢g, while for large g it approaches 6 as the state mostly consists
of BB. This is a transition from the excitations being “color-flux tubes” between quark and

antiquark of the same color to bound states of color-singlet baryons and antibaryons.

3.2.3  Digital Quantum Circuits

The Hamiltonian for 1 4 1D QCD with arbitrary N, and Ny, when written in terms of spin
operators, can be naturally mapped onto a quantum device with qubit registers. In this

section the time evolution for systems with N, = 3 and N; = 2 are developed.
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Time Evolution

To perform time evolution on a quantum computer, the operator U(t) = exp(—iHt) is repro-
duced by a sequence of gates applied to the qubit register. Generally, a Hamiltonian cannot
be directly mapped to such a sequence efficiently, but each of the elements in a Trotter de-
composition can, with systematically reducible errors. Typically, the Hamiltonian is divided
into Pauli strings whose unitary evolution can be implemented with quantum circuits that
are readily constructed. For a Trotter step of size t, the circuit that implements the time evo-

lution from the mass term, U, (t) = exp(—iH,,t), is shown in Fig. 3.10. The staggered mass

—Rz(mt)—

—Rz(mt)—

—Rz(mt)—

—Rz(-mt) [

—Rz(-mt)

—Rz(-mt) -

—Rz(mt)—

Figure 3.10: The quantum circuit that implements time evolution by the mass term, U,,(t) =

exp(—iH,t).

leads to quarks being rotated by a positive angle and antiquarks being rotated by a negative
angle. Only single qubit rotations about the z-axis are required for its implementation, with
Rz(0) = exp(—i0Z/2). The circuit that implements the evolution from the baryon chemical
potential, pp, U,,(t) = exp(—iH,,t), is similar to U,,(t) with m — pp/3, and with both
quarks and antiquarks rotated by the same angle. Similarly, the circuit that implements the

evolution from the isospin chemical potential, i, U, (t) = exp(—iH,,t), is similar to U, (t)
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with m — p;/2 and up (down) quarks rotated by a negative (positive) angle.
The kinetic piece of the Hamiltonian, Eq. (3.5b), is composed of hopping terms of the
form

Hyn ~ 0V 2222%Z0~ +hec. . (3.10)

The o and o~ operators enable quarks and antiquarks to move between sites with the
same color and flavor (create g&q’, pairs) and the string of Z operators incorporates the
signs from Pauli statistics. The circuits for Trotterizing these terms are based on circuits
in Ref. [605]. We introduce an ancilla to accumulate the parity of the JW string of Zs.
This provides a mechanism for the different hopping terms to re-use previously computed

(partial-)parity.> The circuit for the first two hopping terms is shown in Fig. 3.11. The first

\anc) MDD D DD VAR WA yanWanY
\NPANVANVANVANY W\ \V
|q > D D

0 N N

lg1) S S

lg2)

lgs)

|q4>

gs)

46} Elg D2} {H]

lg7) H]4 Dre ol H]
I;Iigﬁgze e_ig(ggrz5z4z3zzzlao— +h.c.) 6—13(0;26252423220; +h.c.)

Figure 3.11: A circuit that implements the time evolution from two sequential hopping

terms. Implementing exp(—iHy;,t) in Eq. (3.5b) is a straightforward extension of this circuit.

circuit operations initialize the ancilla to store the parity of the string of Zs between the first
and last qubit of the string. Next, the system is evolved by the exponential of the hopping
term. After the exponential of each hopping term, the ancilla is modified for the parity of
the subsequent hopping term (the CNOTs highlighted in blue). Note that the hopping of

quarks, or antiquarks, of different flavors and colors commute, and the Trotter decomposition

6An ancilla was used similarly in Ref. [317].
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is exact (without Trotterization errors) over a single spatial site.

Implementation of the time-evolution induced by the energy density in the chromo-electric
field, H;, given in Eq. (3.6), is the most challenging due to its inherent non-locality in axial
gauge. There are two distinct types of contributions: One is from same-site interactions and
the other from interactions between different sites. For the same-site interactions, the oper-
ator is the product of charges lea} Qfla;, which contains only ZZ operators, and is digitized
with the standard two CNOT circuit.” The lea} Qfg?f, operators contain 4-qubit interactions
of the form (6o~ 0" + h.c.) and 6-qubit interactions of the form (o Zo~ 0~ Zo+ + h.c.),
in addition to ZZ contributions. The manipulations required to implement the 6-qubit op-
erators parallel those required for the 4-qubit operators, and here only the latter is discussed

in detail. These operators can be decomposed into eight mutually commuting terms,

1
oo o 0" + h.c. :§(XXXX +YYXX+YXYX -YXXY—

XYYX +XYXY + XXYY +YYYY) . (3.11)

The strategy for identifying the corresponding time evolution circuit is to first apply a unitary
that diagonalizes every term, apply the diagonal rotations, and finally, act with the inverse
unitary to return to the computational basis. By only applying diagonal rotations, many of
the CNOTs can be arranged to cancel. Each of the eight Pauli strings in Eq. (3.11) takes a
state in the computational basis to the corresponding bit-flipped state (up to a phase). This
suggests that the desired eigenbasis pairs together states with their bit-flipped counterpart,
which is an inherent property of the GHZ basis [605]. In fact, any permutation of the GHZ
state-preparation circuit diagonalizes the interaction. The two that will be used, denoted

by G and G, are shown in Fig. 3.12. In the diagonal bases, the Pauli strings in Eq. (3.11)

"Using the native ZX gate on IBM’s devices allows this to be done with a single two-qubit entangling
gate [387].
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Figure 3.12: Two GHZ state-preparation circuits.

become

1
Gl (oto o ot +he) G = (1121 = 2127 — 2227 + 2171

+IZZI—-11Z7Z - 1227+ ZZZI) ,

L1
G (oo o ot the) G = S(I11Z 1227 ~ 1127 + Z117

VIZIZ — 2227 — 7127 + ZZ17) . (3.12)

Another simplification comes from the fact that ZZ in the computational basis becomes a
single Z in a GHZ basis if the GHZ state-preparation circuit has a CNOT connecting the

two Zs. For the case at hand, this implies

Gl (IZZI+1Z1Z + ZIIZ) G=1ZII+111Z + ZIII ,

GI(ZIZI +1ZZI+ ZI1Z) G = I1ZI + IZII + ZIII . (3.13)

As a consequence, all nine ZZ terms in fo} ng,)f’ become single Zs in a GHZ basis, thus
requiring no additional CNOT gates to implement. Central elements of the circuits required
to implement time evolution of the chromo-electric energy density are shown in Fig. 3.13,
which extends the circuit presented in Fig. 4 of Ref. [605] to non-Abelian gauge theories.

More details on these circuits can be found in App. 3.D.
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Figure 3.13: The circuits that implement the time evolution of exp(—8iaQ£ﬁ} Qg?f,).
Specifically, the upper circuit implements exp{—ida|(cTo 0 0" + h.c.) + 5(2IZIZ —
I1ZZI — ZI11Z)|}, while the lower circuit implements exp{—ida|(cTZo~ 0~ Zo~ + h.c.) +
L(2ZIIZIT —11ZZI1 — ZI1111Z)]}. The CNOTs highlighted in red account for the Zs in
otZo~o~Zo*t. For SU(3) with Ny = 2 and L = 1, the required evolution operators have

a=tg*/8.

Trotterization, Color Symmetry and Color Twirling

After fixing the gauge, the Hamiltonian is no longer manifestly invariant under local SU(3)
gauge transformations. However, as is well known, observables of the theory are correctly
computed from such a gauge-fixed Hamiltonian, which possesses a remnant global SU(3)
symmetry. This section addresses the extent to which this symmetry is preserved by Trot-
terization of the time-evolution operator. The focus will be on the Ny = 1 theory as including
additional flavors does not introduce new complications.

Trotterization of the mass and kinetic parts of the Hamiltonian, while having non-



89

zero commutators between some terms, preserves the global SU(3) symmetry. The time
evolution of Q%a) Q%“) can be implemented in a unitary operator without Trotter errors,
and, therefore, does not break SU(3). On the other hand, the time evolution induced by
Qn Qm is implemented by the operator belng divided into four terms: ( o Q%) —I—Q,(f) Q,(EL)),
(Qn Qm + Qn Qm ), (Qn Qm + Qn & ) and (Qn Qm + Q S)). In order for global
SU(3) to be unbroken, the sum over the entire lattice of each of the 8 gauge charges must

be unchanged under time evolution. Therefore, the object of interest is the commutator

2L—1 i
C= [Z QY , QY. l(b)] , (3.14)
n=0

where b is summed over the elements of one of the pairs in {(1,2), (4,5), (6,7), (3,8)}. It
is found that this commutator only vanishes if @ = 3 or a = 8, or if b is summed over all 8
values (as is the case for the exact time evolution operator). Therefore, Trotter time evolution
does not preserve the global off-diagonal SU(3) charges and, for example, color singlets can
evolve into non-color singlets. Equivalently, the Trotterized time evolution operator is not
in the trivial representation of SU(3). To understand this point in more detail, consider the
transformation of (T “); (T “)f for any given a. Because of the symmetry of this product of
operators, each transforming as an 8, the product must decompose into 1 & 8 ¢ 27, where

the elements of each of the irreps can be found from
a\i a\k _ [ Aa lk_2 i Aak k (Aa)
;) = (08)" - 2o (n) + o (%),
3 i [ Ma F kE ( Aa ‘ 1 ick 1 i ok Aa
< |0 (08)j+5j (og)l 5 (o0 = seiat) o, (319)
where
Aa ik 1 a a
(05:) , = 5 [T @)} + (@ (]

5 [ (o)) (0x), w5 (0x), + o (02)
(0) = @@ - G50t OF = @I =

} - i4 (810F + oj0%) Of

.

(3.16)

DO | —
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When summed over a = 1,...,8, the contributions from the 8 and 27 vanish, leaving the
familiar contribution from the 1. When only partials sums are available, as is the situation
with individual contributions to the Trotterized evolution, each of the contributions is the
exponential of 1 @& 8 @& 27, with only the singlet contributions leaving the lattice a color
singlet. The leading term in the expansion of the product of the four pairs of Trotterized
evolution operators sum to leave only the singlet contribution. In contrast, higher-order
terms do not cancel and non-singlet contributions are present.

This is a generic problem that will be encountered when satisfying Gauss’s law leads to
non-local charge-charge interactions. This is not a problem for U(1), and surprisingly, is not
a problem for SU(2) because (Qg) Q%),Qg) Qfg), @ S’;)) are in the Cartan sub-algebra
of SU(4) and therefore mutually commuting. However, it is a problem for N, > 2. One
way around the breaking of global SU(N,) is through the co-design of unitaries that directly
(natively) implement exp(ia@%a) Q%)); see Sec. 3.2.3. Without such a native unitary, the
breaking of SU(N.) appears as any other Trotter error, and can be systematically reduced
in the same way. A potential caveat to this is if the time evolution operator took the system
into a different phase, but our studies of . = 1 show no evidence of this.

It is interesting to note that the terms generated by the Trotter commutators form a
closed algebra. In principle, a finite number of terms could be included to define an effective
Hamiltonian whose Trotterization exactly maps onto the desired evolution operator (without
the extra terms). It is straightforward to work out the terms generated order-by-order in the
Baker-Campbell-Hausdorff formula. Aside from re-normalizing the existing charges, there are
9 new operator structures produced. For example, the leading-order commutators generate

the three operators, O;, in Eq. (3.17),

(ctlo 0~ Zot —otZo o Iot) —h.c.

O; =1 (Io-o+Zoto~ — Zo~otloto™) —hec. | (3.17)

(cto~Zo ol —oto Io 0" Z) —h.c. .

\

In general, additional operators are constrained only by (anti)hermiticity, symmetry with
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respect to n <> m and preservation of (r,g,b), and should generically be included in the
same spirit as terms in the Symanzik-action [618, 619] for lattice QCD.

With Trotterization of the gauge field introducing violations of gauge symmetry, and the
presence of bit- and phase-flip errors within the device register, it is worth briefly considering
a potential mitigation strategy. A single bit-flip error will change isospin by |Al3| = 1/2 and
color charge by one unit of red or green or blue. After each Trotter step on a real quantum
device, such errors will be encountered and a mitigation or correction scheme is required.
Without the explicit gauge-field degrees of freedom and local charge conservation checks
enabled by Gauss’s law, such errors can only be detected globally, and hence, cannot be
actively corrected during the evolution.® Motivated by this, consider introducing a twirling
phase factor into the evolution, exp(—i@aQ(“)), where Q@ is the total charge on the lattice.
If applied after each Trotter step, with a randomly selected set of eight angles, 6%, the phases
of color-nonsinglet states become random for each member of an ensemble, mitigating errors
in some observables. Similar twirling phase factors could be included for the other charges

that are conserved or approximately conserved.

Quantum Resource Requirements for Time Evolution

It is straightforward to extend the circuits presented in the previous section to arbitrary N,
and Ny. The quantum resources required for time evolution can be quantified for small,
modest and asymptotically large systems. As discussed previously, a quantum register with
N, = 2LN_.N; qubits’ is required to encode one-dimensional SU(N,) gauge theory with N
flavors on L spatial lattice sites using the JW transformation. For SU(3) gauge theory, this
leads to, for example, N, = 6L with only u-quarks and N, = 18L with u, d, s-quarks. The

five distinct contributions to the resource requirements, corresponding to application of the

8When local gauge fields are present, previous works have found that including a quadratic “penalty-
term” in the Hamiltonian is effective in mitigating violation of Gauss’s law [321, 726, 191, 306]. See also
Refs. [603, 379].

9The inclusion of an ancilla for the kinetic term increases the qubit requirement to N, = 2LN.Ny + 1.



92

unitary operators providing a single Trotter step associated with the quark mass, U,,, the
baryon chemical potential, U, the isospin chemical potential, U,,, the kinetic term, Uy,
and the chromo-electric field, U, are given in terms of the number of single-qubit rotations,
denoted by “Rz”, the number of Hadamard gates, denoted by “Hadamard”, and the number
of CNOT gates, denoted by “CNOT”. It is found that'’

Upn @ 2N.N¢L | Ry,
Uy, + 2N.N;L | Ry,
U, @ 2N.NtL | Ry,
Ukin © 2N.Ny(2L —-1) | Ry,
2N.N¢(2L —1) | Hadamard ,
2N.N;8L —-3)—4 | CNOT,
U %(QL C NN [3— AN, + Nj(2L — 1)(5N, —4)] | Ry,
%(QL (N, — 1)N.NS [N;(2L — 1) — 1] | Hadamard ,
é(2L —1)(N. — 1)N.Ny[(2L — 1)(2N. + 17)N; — 2N, — 11] | CNOT .  (3.20)
It is interesting to note the scaling of each of the contributions. The mass, chemical
potential and kinetic terms scale as O(L'), while the non-local gauge-field contribution is

O(L?). As anticipated from the outset, using Gauss’s law to constrain the energy in the

gauge field via the quark occupation has given rise to circuit depths that scale quadratically

OFor N, = 2 only three of the ZZ terms can be combined into ng} ng,)f' and the number of CNOTs
for one Trotter step of Uy is

Ua : (2L —1)N[9(2L — 1)N; — 7] | CNOT . (3.18)

Additionally, for N.N; < 4, the Trotterization of Uiy, is more efficient without an ancilla and the number
of CNOTs required is

Ukin : 2(2L —1)N,(N,+1) | CNOT . (3.19)

The construction of the circuit that implements the time evolution of the hopping term for N, = 3 and
Ny =1 is shown in Fig. 3.19.
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with the lattice extent, naively violating one of the criteria for quantum simulations at
scale [242, 210]. This volume-scaling is absent for formulations that explicitly include the
gauge-field locally, but with the trade-off of requiring a volume-scaling increase in the number
of qubits or qudits or bosonic modes.!'? We expect that the architecture of quantum devices
used for simulation and the resource requirements for the local construction will determine

the selection of local versus non-local implementations.

For QCD with Ny = 2, the total requirements are

Ry : (2L —1)(132L — 63) + 18,
Hadamard : (2L —1)(24L —6) ,

CNOT : (2L —1) (184L — 78) +8 , (3.21)

and further, the CNOT requirements for a single Trotter step of SU(2) and SU(3) for
Ny =1,2,3 are shown in Table 3.4. These resource requirements suggest that systems with
up to L = 5 could be simulated, with appropriate error mitigation protocols, using this non-
local framework in the near future. Simulations beyond L = 5 appear to present a challenge
in the near term.

The resource requirements in Table 3.4 do not include those for a gauge-link beyond the
end of the lattice. As discussed previously, such additions to the time evolution could be used
to move color-nonsinglet contributions to high frequency, allowing the possibility that they
are filtered from observables. Such terms contribute further to the quadratic volume scaling
of resources. Including chemical potentials in the time evolution does not increase the number
of required entangling gates per Trotter step. Their impact upon resource requirements may

arise in preparing the initial state of the system.

" The local basis on each link is spanned by the possible color irreps and the states of the left and right

Hilbert spaces (see footnote 2). The possible irreps are built from the charges of the preceding fermion
sites, and therefore the dimension of the link basis grows polynomially in L. This can be encoded in
O(log L) qubits per link and O(Llog L) qubits in total. The hopping and chromo-electric terms in the
Hamiltonian are local, and therefore one Trotter step will require O(L) gate operations up to logarithmic
corrections.
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# of CNOT gates for 1 Trotter step of SU(2) || | # of CNOT gates for 1 Trotter step of SU(3)
L | Ny=1 | N;=2 | N;j=3 L | Ny=1 | Ny=2 | N;j=3
1 14 58 116 1 30 114 242
2 96 382 818 2 228 878 1,940
5 774 3,082 6,812 5 1,926 7,586 16,970
10 | 3,344 13,342 29,762 10 | 8436 33,486 75,140

100 | 357,404 | 1,429,222 | 3,213,062 100 | 912,216 | 3,646,086 | 8,201,600

Table 3.4: The CNOT requirements to perform one Trotter step of time evolution for a

selection of simulation parameters.

Elements for Future Co-Design Efforts

Recent work has shown the capability of creating many-body entangling gates natively [29,

380] which have similar fidelity to two qubit gates. This has multiple benefits. First, it allows

for (effectively) deeper circuits to be run within coherence times. Second, it can eliminate

some of the Trotter errors due to non-commuting terms. The possibility of using native

gates for these calculations is particularly interesting from the standpoint of eliminating

or mitigating the Trotter errors that violate the global SU(3) symmetry, as discussed in

Sec. 3.2.3. Specifically, it would be advantageous to have a “black box” unitary operation of
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the form,

:~(a) ~(a) (6]
—iaQy’ Q _ : + - - -+ -+ + - + — — +
€ " o= exXp { - ZE |:Un 0n+lamam+1 + Un Un+10m0m+1 + Un+lan+20m+10m+2

- + + - + .z - - 4% + — 2 + + 42 -
+ O-n+lo-n+20-m+lo-m+2 + Oy gn+10n+2amam+10m+2 + Oy Un+10-n+20-m0m+10-m+2

1 1
z _z z z z z z _z z _z z z
+ _(Uno-m + On+1%9m+1 + Un+20m+2) - _(Unam+1 + 000 m+2 + 0n+1%m

6 12

+ 01O mia + Opio0m + UZ+ZU;+1>1 } ) (3.22)

for arbitrary « and pairs of sites, n and m (sum on a is implied). A more detailed discussion

of co-designing interactions for quantum simulations of these theories is clearly warranted.

3.2.4  Results from Quantum Simulators

The circuits laid out in Sec. 3.2.3 are too deep to be executed on currently available quantum
devices, but can be readily implemented with quantum simulators such as cirq and qiskit.
This allows for an estimate of the number of Trotter steps required to achieve a desired
precision in the determination of any given observable as a function of time. Figure 3.14
shows results for the trivial vacuum-to-vacuum and trivial vacuum-to-d,d, probabilities as a
function of time for L = 1. See App. 3.E for the full circuit which implements a single Trotter
step, and App. 3.F for the decomposition of the energy starting in the trivial vacuum.

The number of Trotter steps, Nyyott, required to evolve out to a given ¢ within a specified
(systematic) error, ey, Was also investigated. eqyoyy is defined as the maximum fractional
error between the Trotterized and exact time evolution in two quantities, the vacuum-to-
vacuum persistence probability and the vacuum-to-d,d, transition probability. For demon-
strative purposes, an analysis at leading order in the Trotter expansion is sufficient. Naive
expectations based upon global properties of the Hamiltonian defining the evolution opera-

tors indicate that an upper bound for er.; scales as

o[ ()] = 3Tl

T >0

t2

} N (3.23)
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Figure 3.14: The trivial vacuum-to-vacuum and trivial vacuum-to-d,d, probabilities in QCD
with Ny = 2 for m = g = L = 1. Shown are the results obtained from exact exponentiation
of the Hamiltonian (dashed black curve) and from the Trotterized implementation with 1,
2, 3, 5 and 10 Trotter steps using the (classical) quantum simulators in cirq and qiskit

(denoted by the purple icons [393]).

where the Hamiltonian has been divided into sets of mutually commuting terms, H = . H;.
This upper bound indicates that the required number of Trotter steps to maintain a fixed
error scales as Nyyore ~ t2 [167].

To explore the resource requirements for simulation based upon explicit calculations be-
tween exclusive states, as opposed to upper bounds for inclusive processes, given in Eq. (3.23),
a series of calculations was performed requiring etyo1y < 0.1 for a range of times, ¢. Figure 3.15
shows the required Nt as a function of ¢ for m = g = L = 1. The plateaus observed
in Fig. 3.15 arise from resolving upper bounds from oscillating functions, and introduce a
limitation in fitting to extract scaling behavior. This is less of a limitation for the larger
vacuum-to-vacuum probabilities which are fit well by a quadratic polynomial, starting from

t = 1, with coefficients,
Nrvore = 0.0393(5)t% 4 4.13(10)t — 22(5) . (3.24)

The uncertainty represents a 95% confidence interval in the fit parameters and corresponds
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Figure 3.15: The number of Trotter steps, Nr.tt, required to achieve a systematic fractional
error of eryory < 0.1 at time ¢ in the trivial vacuum-to-vacuum probability (left panel) and the
trivial vacuum-to-d,d, probability (right panel) for QCD with Ny =2 and m =g =L = 1.

The blue points are results obtained by direct calculation.

to the shaded orange region in Fig. 3.15. The weak quadratic scaling with ¢ implies that, even
out to t ~ 100, the number of Trotter steps scales approximately linearly, and a constant
error in the observables can be achieved with a fixed Trotter step size. We have been unable

to distinguish between fits with and without logarithmic terms.

These results can be contrasted with those obtained for the Schwinger model in Weyl
gauge. The authors of Ref. [585] estimate a resource requirement, as quantified by the
number of T-gates, that scales as ~ (Lt)*?log Lt, increasing to ~ L>?t*/2?log Lt log L if the
maximal value of the gauge fields is accommodated within the Hilbert space. The results
obtained in this section suggest that resource requirements in axial gauge, as quantified by
the number of CNOTS, effectively scale as ~ L%t up to intermediate times and as ~ L*¢?
asymptotically. In a scattering process with localized wave-packets, it is appropriate to take
L ~ t (for the speed of light taken to be ¢ = 1), as the relevant non-trivial time evolution
is bounded by the light cone. This suggests that the required resources scale asymptotically

as ~ t*, independent of the chosen gauge to define the simulation. This could have been
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anticipated at the outset by assuming that the minimum change in complexity for a process

has physical meaning [216, 501, 498, 350].
3.3 Simulating 1 + 1D QCD with Ny =1 and L =1

With the advances in quantum devices, algorithms and mitigation strategies, quantum sim-
ulations of 1 + 1D QCD can now begin, and this section presents results for Ny = 1 and

L = 1. Both state preparation and time evolution will be discussed.

3.3.1 State Preparation with VQE

Restricting the states of the lattice to be color singlets reduces the complexity of state
preparation significantly. Transformations in the quark sector are mirrored in the antiquark
sector. A circuit that prepares the most general state with r = ¢ = b = 0 is shown in

Fig. 3.16. The (multiply-)controlled 6 gates are short-hand for (multiply-)controlled Ry (6)

)X s>

9) 1X >
b) 1X D
7)1 6

g) — 9 ¢

b) 0: .

Figure 3.16: Building upon the trivial vacuum, this circuit initializes the most general
real wavefunction (with 7 independent rotation angles for 3 qubits) in the g-sector, which is
subsequently mirrored into the g-sector by 3 CNOTs. Gates labelled by “0” are shorthand

for Ry (0) and half-filled circles denote a control on 0 and a different control on 1.

gates with half-filled circles denoting a control on 0 and a different control on 1. The
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subscripts on 0;; signify that there are different angles for each controlled rotation. For
example, #; has two components, ¢y and 6, corresponding to a rotation controlled on 0 and
1, respectively. The CNOTSs at the end of the circuit enforce that there are equal numbers
of quarks and antiquarks with the same color, i.e., that r = g = b = 0. This circuit can be
further simplified by constraining the angles to only parameterize color singlet states. The

color singlet subspace is spanned by'?

). = (1a) = a2, +1am))
|93, 4y G5 % (|9, 958,) = larT, ) + |967, ) (3.25)
where [(29) = |000111) is the trivial vacuum. This leads to the following relations between
angles,
010 = bo1 , oo = —2sin" ! [tan(6y/2) cos(p1/2)] ,
0o = —2sin"! [cos(611/2) tan(01/2)] , 0o = —2sin"! [tan(0/2) cos(#,/2)] . (3.26)

The circuit in Fig. 3.16 can utilize the strategy outlined in Ref. [41] to separate into a
“variational” part and a “static” part. If the VQE circuit can be written as U, (0)Us, where
U, is independent of the variational parameters, then U can be absorbed by a redefinition

of the Hamiltonian. Specifically, matrix elements of the Hamiltonian can be written as
<QO‘ Ujar(e)ﬁUvaT<0) |QO> ) (327)

where H = UIHU,. Table 3.5 shows the transformations of various Pauli strings under
conjugation by a CNOT controlled on the smaller index qubit. Note that the Z, nature
of this transformation is manifest. In essence, entanglement is traded for a larger number
of correlated measurements. Applying the techniques in Ref. [393], the VQE circuit of
Fig. 3.16 can be put into the form of Fig. 3.17, which requires 5 CNOTs along with all-to-all

connectivity between the three gs.

12The apparent asymmetry between ¢, dg, Qv is due to the charge operators generating hops over different
numbers of quarks or antiquarks. For example, Q") hops ¢, to qg without passing over any intermediate
quarks, but Q™ hops ¢, to ¢, passing over gg- Also note that when m = 0 the Z, spin-flip symmetry
reduces the space of states to be two-dimensional.
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XX —=1X | XY = 1Y YX = ZY XZ = XZ

22 =71 |\ YZ=YI 7Y =YX YY = (-)ZX

IX - XX | IY - XY X1 — XI 17 =17

ZI - Z7Z \YI—=YZ | ZX = (-)YY IT — 11

Table 3.5: The transformation of Pauli strings under conjugation by a CNOT controlled on

the smaller index qubit.
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Figure 3.17: A circuit that initializes the most general B = 0 color singlet state for Ny =1
and L = 1. Gates labelled by “0” are shorthand for Ry () and the Xs at the end are to
initialize the trivial vacuum. The color singlet constraint, ;9 = g1, has been used and the

other angles are related by Eq. (3.26).

3.3.2  Time Evolution Using IBM’s 7-Qubit Quantum Computers

A single leading-order Trotter step of Ny = 1 QCD with L = 1 requires 28 CNOTs."? A
circuit that implements one Trotter step of the mass term is shown in Fig. 3.18. As discussed
around Eq. (3.19), it is more efficient to not use an ancilla qubit in the Trotterization of the
kinetic part of the Hamiltonian. A circuit that implements one Trotter step of a single

hopping term is shown in Fig. 3.19 [605]. Similarly, for this system, the only contribution to

3By evolving with U,; before Uy, in the Trotterized time evolution, two of the CNOTs become adjacent
in the circuit and can be canceled.



101

—Rz(mt)—

—Rz(mt)—

—Rz(mt)—

—{Rz(-mt)

—Rz(-mt)|-

—Rz(-mt)

Figure 3.18: A circuit that implements U, (t) = exp(—iH,,t) for Ny =1 and L = 1.

S, * 0 S,
4 @
D ml l D

—— H HPH R (t/2) HPHR (-t/2) HPD-P— H o—

Figure 3.19: A circuit that implements exp[—i%(o*ZZU’ + h.c.)}.

H, is Q,(f) (@ , which contains three ZZ terms that are Trotterized using the standard two
CNOT implementation. The complete set of circuits required for Trotterized time evolution
are given in App. 3.E.

To map the system onto a quantum device, it is necessary to understand the required
connectivity for efficient simulation. Together, the hopping and chromo-electric terms re-
quire connectivity between nearest neighbors as well as between ¢, and ¢, and ¢s and gs of
the same color. The required device topology is planar and two embedding options are shown
in Fig. 3.20. The “kite” topology follows from the above circuits, while the “wagon wheel”
topology makes use of the identities CX(qq, @) - CX (g, ¢.) = CX(¢asqc) - CX(qp,qc) =
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4

Figure 3.20: Two potential quantum device topologies for the implementation of Trotterized

time evolution.

CX(qy, qa) - CX(qa,q.) where CX(qq,q) denotes a CNOT controlled on qubit g,. Both
topologies can be employed on devices with all-to-all connectivity, such as trapped-ion sys-

tems, but neither topology exists natively on available superconducting-qubit devices.

We performed leading-order Trotter evolution to study the trivial vacuum persistence and
transition probability using IBM’s quantum computers ibmq_jakarta and ibm_perth, each
a r5.11H quantum processor with 7 qubits and “H”-connectivity. The circuits developed
for this system require a higher degree of connectivity than available with these devices,
and so SWAP-gates were necessary for implementation. The IBM transpiler was used to
first compile the circuit for the H-connectivity and then again to compile the Pauli twirling
(discussed next). An efficient use of SWAP-gates allows for a single Trotter step to be
executed with 34 CNOTs.

A number of error-mitigation techniques were employed to minimize associated systematic
uncertainties in our calculations: randomized compiling of the CNOTs (Pauli twirling) [669]

combined with decoherence renormalization [650, 8], measurement error mitigation, post-
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selecting on physical states and dynamical decoupling [664, 222, 712, 663].1* The circuits were
randomly complied with each CNOT Pauli-twirled as a mechanism to transform coherent
errors in the CNOT gates into statistical noise in the ensemble. This has been shown to be
effective in improving the quality of results in other simulations, for example, Refs. [387, 8|.
Pauli twirling involves multiplying the right side of each CNOT by a randomly chosen element
of the two-qubit Pauli group, G, and the left side by G% such that G, CX Gy = CX (up to a
phase). For an ideal CNOT gate, this would have no effect on the circuit. A table of required
CNOT identities is given, for example, in an appendix in Ref. [8]. Randomized Pauli-twirling
is combined with performing measurements of a “non-physics”, mitigation circuit, which is
the time evolution circuit evaluated at ¢ = 0, and is the identity in the absence of noise.
Assuming that the randomized-compiling of the Pauli-twirled CNOTSs transforms coherent
noise into depolarizing noise, the fractional deviation of the noiseless and computed results
from the asymptotic limit of complete decoherence are expected to be approximately equal

for both the physics and mitigation ensembles. Assuming linearity, it follows that

P(Phys) 1 _ P(phys) 1 1 - %
pred g - meas g X P(mit) 1 5 (328)
meas 3

P(phyS)

red 1S an estimate of the

where PP and PI™Y are post-processed probabilities and

«wly»

probability once the effects of depolarizing noise have been removed. The “g

represents the
fully decohered probability after post-selecting on physical states (described next) and the
“1” is the probability of measuring the initial state from the mitigation circuit in the absence
of noise.

The computational basis of 6 qubits contains 2° states but time evolution only connects
those with the same r, g and b. Starting from the trivial vacuum, this implies that only
the 8 states with r = g = b = 0 are accessible through time evolution. The results off

the quantum computer were post-processed to only select events that populated 1 of the 8

physically allowed states, discarding outcomes that were unphysical. Typically, this resulted

14 A recent detailed study of the stability of some of IBM’s quantum devices using a system of physical
interest can be found in Ref. [704].
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in a retention rate of ~ 30%. The workflow interspersed physics and mitigation circuits to
provide a correlated calibration of the quantum devices. This enabled the detection (and
removal) of out-of-specs device performance during post-processing. We explored using the
same twirling sequences for both physics and mitigation circuits and found that it had no
significant impact. The impact of dynamical decoupling of idle qubits using qiskit’s built
in functionality was also investigated and found to have little effect. The results of each run
were corrected for measurement error using IBM’s available function, TensoredMeasFitter,

and associated downstream operations.

The results obtained for the trivial vacuum-to-vacuum and trivial vacuum-to-¢,q, prob-
abilities from one step of leading-order Trotter time evolution are shown in Fig. 3.21. For
each time, 447 Pauli-twirled physics circuits and 447 differently twirled circuits with zeroed
angles (mitigation) were analyzed using 10® shots on both ibmq_jakarta and ibm_perth (to
estimate device systematics). After post-selecting on physical states, correlated Bootstrap
Resampling was used to form the final result.’®> Tables 3.6 and 3.7 display the results of the
calculations performed using ibmq_jakarta and ibm_perth quantum computers. The same
mitigation data was used for both the trivial vacuum-to-vacuum and trivial vacuum-to-¢,g,
calculations, and is provided in columns 2 and 4 of Table 3.6. See App. 3.G for an extended
discussion of leading-order Trotter. Note that the negative probabilities seen in Fig. 3.21

indicate that additional non-linear terms are needed in Eq. (3.28).

It is interesting to consider the distributions of events obtained from the Pauli-twirled
circuits, as shown in Fig. 3.22. The distributions are not Gaussian and, in a number of
instances, exhibit heavy tails particularly near the boundaries.!® The spread of the distri-
butions, associated with non-ideal CNOT gates, is seen to reach a maximum of ~ 0.4, but
with a full-width at half-max that is ~ 0.2. These distributions are already broad with

a 34 CNOT circuit, and we probed the limit of these devices by time-evolving with two

15 As the mitigation and physics circuits were executed as adjacent jobs on the devices, the same Bootstrap
sample was used to select results from both ensembles to account for temporal correlations.

16For a study of heavy-tailed distributions in Euclidean-space lattice QCD calculations, see Refs. [667, 666].
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Figure 3.21: The trivial vacuum-to-vacuum (left panel) and trivial vacuum-to-¢,q, (right
panel) probabilities for Ny = 1 QCD and m = g = L = 1. The dashed-black curve shows
the expected result from one step of leading-order Trotter evolution. The results, given in

Tables 3.6 and 3.7, were obtained by using 103 shots for 447 Pauli-twirled circuits using

IBM’s quantum computers ibmq_jakarta (red) and ibm_perth (blue).

first-order Trotter steps,'” which requires 91 CNOTs after accounting for SWAPs. Using the

aforementioned techniques, this was found to be beyond the capabilities of ibmqg_jakarta,

ibmq_lagos and ibm_perth.

3.4 Arbitrary N, and Ny

In this section, the structure of the Hamiltonian for N flavors of quarks in the fundamental
representation of SU(N,) is developed. The mapping to spins has the same structure as for
Ny =2 QCD, but now, there are N, x Ny gs and N, x Ny @s per spatial lattice site. While

the mass and kinetic terms generalize straightforwardly, the energy in the chromo-electric

TUnder a particular ordering of terms, two steps of first- and second-order Trotter time evolution are

equivalent.
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Figure 3.22: Histograms of the post-processed vacuum-to-vacuum results obtained using
ibmg_jakarta and ibm_perth. The horizontal axes show the value of the vacuum-to-vacuum
probability, and the vertical axes show bin counts on a log-scale. The top panels display the
results obtained from the physics circuits for the range of evolution times and the bottom

panels display the results obtained for the corresponding mitigation circuits.

field is more tricky. After enforcing Gauss’s law, it is
7 202 2
fa=y (Z Q(m“)> QW = ¢ T (3.20)

where T are now the generators of SU(N,.). The Hamiltonian, including chemical potentials

for baryon number (chemical potentials for other flavor combinations can be included as
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needed), is found to be

H= Hkln + Hm + Hel + HMB ) (330&)
2L 2Nf—1 N.—1 NcNg—1
Hin =235 ot [ @ otusad | o, | < G
n=0 f=0 c=0 j=1

2L 1Nyj—=1N.—1

Z Yo ()0 1] (3.30¢)

nOfOcO

92 2L—2 Ny—1 Nf—2 Np—1
Hy=7% 3 (2L—1-n) ZanQf + 23 3 Qe
n=0 F=0 fr=f+1
20—3 2L—2 Ny—1Ny—1
+2 >0 D CL-1-m) Y Y QW Qw, (3.30d)
n=0 m=n+1 f=0 f'=0

—1Ng—1

u 2L—1 Ny—1
- ]3 D22 2 s s (3.30e)
n=0 f=0 c¢=0

C

where, i(n, f,¢) = (N.Ngn+ N¢f + ¢), and the products of the charges are

N —1 2 N.—1
(@) (@) _
4Qn,an,f_ 9 (1_'__)2 Z Oznfc anc)?

c=0 '=c+1
Ne—2 Ne—1
+
8anme’ =4 Z Z |:O-l (n.fse) (®Z)(nfcc’) Uz(nfc’) z(mf’ c) (®Z)(m7f'=cacl) Ti(m,fr.¢")
c=0 ¢'=c+1
Ne—1 Ne—1
+h.C} Z Z < - )Uf(n,f,C)o-f(m,f’,C’) )
c=0 =0
c—c—1
(©2) 1 ety = ® Tin )+ (3:31)

The resource requirements for implementing Trotterized time evolution using generalizations
of the circuits in Sec. 3.2.3 are given in Eq. (3.20).
It is interesting to consider the large- /N, limit of the Hamiltonian, where quark loops are

parametrically suppressed and the system can be described semi-classically [620, 621, 689,
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697]. Unitarity requires rescaling the strong coupling, g*> — ¢g?/N, and leading terms in the

Hamiltonian scale as O(N,). The leading order contribution to the product of charges is

—2 N.—1
4anan - Z Z l(nfa ( »f:cl)) !
c=0 c'=c+1
—2 N.—1
— - +
8anQm fr =4 Z Z [ i(n,f,c) )( fre ) Ji(n,f,c’)ai(m,f/,c) (®Z)(m,f’,c,c/) Ui(m,f’,c’)
c=0 c¢'=c+1
+ h.c.] . (3.32)

Assuming that the number of ¢g pairs that contribute to the meson wavefunctions do not
scale with N,, as expected in the large-N, limit, H, o< N. and mesons are non-interacting,
a well known consequence of the large-N, limit [620, 621]. Baryons on the other hand are
expected to have strong interactions at leading order in N, [689]. This is a semi-classical limit
and we expect that there exists a basis where states factorize into localized tensor products,
and the time evolution operator is non-entangling. The latter result has been observed in

the large-N. limit of hadronic scattering [80, 79, 434, 33, 153].
3.5 Summary and Discussion

Important for future quantum simulations of processes that can be meaningfully compared
to experiment, the real-time dynamics of strongly-interacting systems are predicted to be
efficiently computable with quantum computers of sufficient capability. Building upon foun-
dational work in quantum chemistry and in low-dimensional U(1) and SU(2) gauge theories,
this work has developed the tools necessary for the quantum simulation of 1 + 1D QCD (in
axial gauge) using open boundary conditions, with arbitrary numbers of quark flavors and
colors and including chemical potentials for baryon number and isospin. Focusing largely
on QCD with Ny = 2, which shares many of the complexities of QCD in 3 + 1D, we have
performed a detailed analysis of the required quantum resources for simulation of real-time
dynamics, including efficient quantum circuits and associated gate counts, and the scaling

of the number of Trotter steps for a fixed-precision time evolution. The structure and dy-
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namics of small systems, with L = 1,2 for N, = 3 and Ny = 1,2 have been detailed using
classical computation, quantum simulators, D-Wave’s Advantage and IBM’s 7-qubit devices
ibmq_jakarta and ibm_perth. Using recently developed error mitigation strategies, rela-
tively small uncertainties were obtained for a single Trotter step with 34 CNOT gates after
transpilation onto the QPU connectivity.

Through a detailed study of the low-lying spectrum, both the relevant symmetries and
the color-singlets in the mesonic and baryonic sectors, including a bound two-baryon nucleus,
have been identified. Open boundary conditions also permit low-lying color edge-states that
penetrate into the lattice volume by a distance set by the confinement scale. By examining
quark entanglement in the hadrons, a transition from the mesons being primarily composed
of quark-antiquarks to baryon-antibaryons was found. We have presented the relative con-
tributions of each of the terms in the Hamiltonian to the energy of the vacuum, mesons and
baryons.

This work has provided an estimate for the number of CNOT-gates required to imple-
ment one Trotter step in Ny = 2, 1 + 1D axial-gauge QCD. For L = 10 spatial sites,
~ 3 x 10* CNOTSs are required, while ~ 4 x 106 CNOTs are required for L = 100. Realis-
tically, quantum simulations with L = 10 are a beginning toward providing results with a
complete quantification of uncertainties, including lattice-spacing and finite-volume artifacts,
and L = 100 will likely yield high-precision results. It was found that, in the axial-gauge for-
mulation, resources for time evolution effectively scale as L?t for intermediate times and L?t?
for asymptotic times. With L ~ ¢, this asymptotic scaling is the same as in the Schwinger

model, suggesting no differences in scaling between Weyl and axial gauges.
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Vacuum-to-Vacuum Probabilities for Ny =1 QCD from ibmq_jakarta and ibm_perth
; Physics Physics Results Results Theory
Mitigation jakarta Mitigation perth jakarta perth
jakarta perth
0 _ ; - - - - 1
0.5 | 0.9176(10) | 0.7607(24) | 0.8744(23)| 0.7310(42) | 0.8268(27)| 0.8326(52)| 0.8274
1.0 | 0.9059(12)| 0.4171(32)| 0.9118(16)| 0.4211(39)| 0.4523(36)| 0.4543(43)| 0.4568
1.5 |1 0.9180(12)| 0.1483(16)| 0.9077(17)| 0.1489(23)| 0.1507(17)| 0.1518(25)| 0.1534
2.0 | 0.8953(15)| 0.0292(08)| 0.8953(21)| 0.0324(10)| 0.0162(09) | 0.0198(11)| 0.0249
2.5 1 0.9169(12) | 0.0020(01)| 0.8938(21)| 0.0032(02)| —1.09(3)x| —1.36(4)x| 0.0010
1072 1072
3.0 | 0.9282(13)] 0.00010(2)| 0.9100(13)| 0.00017(3)| —1.11(2)x| —1.40(2)x| 1.3x 1077
1072 1072
3.5 0.9357(10)| 0.00017(3)| 0.9109(14)| 0.00037(4)| —9.7(2) x | —1.38(2)x| 3.2x107°
1073 102
4.0 | 0.9267(13)| 0.0081(03)| 0.9023(14)| 0.0076(03) | —2.6(4) x | —7.2(4) x 0.0052
1073 1073
4.5 | 0.9213(12)| 0.0653(10) | 0.8995(16)| 0.0619(11)| 0.0594(11)| 0.0537(13)| 0.0614
5.0 | 0.9105(12)| 0.2550(26)| 0.9031(14)| 0.2405(21)| 0.2698(29)| 0.2550(23)| 0.2644
Table 3.6:  Trivial vacuum-to-vacuum probabilities for m = g = L = 1 using IBM’s

ibmg_jakarta and ibm_perth, the underlying distributions of which are displayed in
Fig. 3.22. Columns 2 through 5 are results after selecting only physical states and columns

6 and 7 are results after using the mitigation circuit to account for depolarizing noise.
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Vacuum-to-¢,q, Probabilities for Ny =1 QCD from ibmq_jakarta and ibm_perth

, Physics Physics Results Results Theory
jakarta perth jakarta perth

0 - - - - 0
0.5 0.0760(12) 0.0756(22) 0.0709(13) 0.0673(26) 0.0539
1.0 0.1504(19) 0.1253(32) 0.1534(22) 0.1254(36) 0.1363
1.5 0.1364(15) 0.1144(21) 0.1376(17) 0.1131(23) 0.1332
2.0 0.0652(11) 0.0611(15) 0.0571(13) 0.0525(17) 0.0603
2.5 0.0136(04) 0.0137(06) 0.0019(05) -0.0017(07) 0.0089
3.0 0.0017(01) 0.0011(01) -0.0093(02) -0.0132(02) 2.5 x 107°
3.5 0.0024(01) 0.0032(02) -0.0073(02) -0.0107(03) 0.0010
4.0 0.0314(07) 0.0288(07) 0.0228(08) 0.0167(08) 0.0248
4.5 0.0971(12) 0.0929(14) 0.0943(13) 0.0887(16) 0.0943
5.0 0.1534(20) 0.1546(19) 0.1566(22) 0.1583(21) 0.1475

Table 3.7:  The trivial vacuum-to-g,q, probabilities for m = g = L = 1 using IBM’s

ibmg_jakarta and ibm_perth. The 2nd and 3rd columns are the results after selecting only

physical states and columns 4 and 5 are the results after using the mitigation circuit to

account for depolarizing noise.
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3.A Mapping to Qubits

This appendix outlines how the qubit Hamiltonian in Eq. (3.5) is obtained from the lattice
Hamiltonian in Eq. (3.2). For this system, the constraint of Gauss’s law is sufficient to
uniquely determine the chromo-electric field carried by the links between lattice sites in terms
of a background chromo-electric field and the distribution of color charges. The difference

between adjacent chromo-electric fields at a site with charge Q@ is

B\, - EY = QW (3.33)

n

for a =1 to 8, resulting in a chromo-electric field

B =F@ + 3" Q1Y (3.34)

i<n

In general, there can be a non-zero background chromo-electric field, F(® | which in this
paper has been set to zero. Inserting the chromo-electric field in terms of the charges into
Eq. (3.1) yields Eq. (3.2).

The color and flavor degrees of freedom of each ¢ and § are then distributed over 6
(= N.Ny) sites as illustrated in Fig. (3.1). There are now creation and annihilation operators

for each quark, and the Hamiltonian is

2L-1 1 2
= Z Z |:mf(_1>n¢(‘gn+3f+c¢6n+3f+c
n=0 f=0 ¢=0
T Hr oot
?w6n+3f+cw6n+3f+c - ?(—1) 1/;6n+3f+cr¢6n+3f+c
1221 2 /2 ol o
) Z Z Z (wgn+3f+c¢6(n+1)+3f+c + h~C-> Z (Z ZQm f) , (3.35)
n=0 f=0¢=0 n=0 m<n f=0

where the color charge is evaluated over three (r, g, b) occupation sites with the same flavor,

,f - Zzw6m+3f+c g:’ w6m+3f+c’ s (336)

c=0 /=
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and the T are the eight generators of SU(3). The fermionic operators in Fock space are

mapped onto spin operators via the JW transformation,

U = Q) (—0i)o, . vl =Q)(~0o7)o, . (3.37)

I<n l<n

In terms of spins, the eight SU(3) charge operators become!'®

m _ 1 4 -
Qi = 5 76m+376m+37+1 +h.e.,
@ _ _ % 4 -
Q= — 5 76m+376m+3/+1 +h.e.,
3) _
Qm,f = Z(0§m+3f - Ugm+3f+1) )
Q(4) I, z — —|—h c
mf = 2‘76m+3f06m+3f+106m+3f+2 €.

(5) v+ _
Qm,f - 5‘76m+3f‘7§m+3f+106m+3f+2 + h.c. ,

6 _ 1 _
mef o §U6+m+3f+106m+3f+2 + h.c.
n 1 B
mef - §O-ﬁ+m+3f+10-6m+3f+2 + h.c. ,
8 . . B
an,)f = —4\/§(Uﬁm+3f + 06m+3f+1 — 206m+3f+2) . (339)

Substituting Eqgs. (3.37) and (3.39) into Eq. (3.35) gives the Hamiltonian in Eq. (3.5). For

18Calculations of quadratics of the gauge charges are simplified by the Fierz identity,

(T<a>): (T(“))Z - %(595; - Nicagag) . (3.38)



reference, the expanded Hamiltonian for L =1 is

H:Hkin+Hm+Hel+HpB + M
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3.B Symmetries of the Free-Quark Hamiltonian
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(3.40a)

(3.40b)

(3.40¢)

(3.40d)

(3.40e)

(3.40f)

Here the symmetries of the free-quark Hamiltonian are identified to better understand the

degeneracies observed in the spectrum of 1 + 1D QCD with Ny =2 and L =1 as displayed

in Figs. 3.2 and 3.3. Specifically, the Hamiltonian with ¢ = h = up = u; = 0, leaving only

the hopping and mass terms (m = m,, = my), is

1 2 2L—1 2L—2
" 1
H = Z Z m Z <_1) w(];n+3f+c1/}6”+3f+c + 5 Z <w(];n+3f+cw6(n+1)+3f+c + hC)
f=0 c=0 n=0 n=0

] . (3.41)

The mapping of degrees of freedom is taken to be as shown in Fig. 3.1, but it will be

convenient to work with Fock-space quark operators instead of spin operators.

follows the focus will be on L = 1, and larger systems follow similarly.

In what
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The creation operators can be assembled into a 12-component vector,

Ol =, w1, ... ¢l 1)), in terms of which the Hamiltonian becomes
H = WMV, (3.42)
where M is a 12 x 12 block matrix of the form,

m | 1/2
M = : (3.43)
1/2 | —m

with each block a 6 x 6 diagonal matrix. Diagonalizing M, gives rise to
1
M = , A= 5\/ 1+ 4m?2 , (3.44)

with associated eigenvectors,

-1 A A
1/%':E< 1‘1‘%%4‘ 1—E1/)6+i) ;

- A A
Vot :% <—\/ 1- o Y + 41+ - ¢6+z‘> ; (3.45)

where 1; (1pg4;) corresponds to the positive (negative) eigenvalue and the index i takes
values 0 to 5. These eigenvectors create superpositions of quarks and antiquarks with the
same color and flavor, which are the OBC analogs of momentum plane-waves. In this basis,

the Hamiltonian becomes .

H =32 (61 = Bludors) - (3.46)
i=0
which has a vacuum state,
i=5
Q) = [ ] ¥k, [wo) (3.47)
=0

where |wp) is the unoccupied state, and |€29) corresponds to |000000111111) (in binary)
in this transformed basis. Excited states are formed by acting with either @ZJ or g.; on

|€20) which raises the energy of the system by A. A further transformation is required
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for the SU(12) symmetry to be manifest. In terms of the 12-component vector, ot =
(b8, ..., g, ..., ib11), the Hamiltonian in Eq. (3.46) becomes,

H = i A (@1/31 - &g—i-i&fﬂri) = A <¢’T‘i’ - 6) g (3.48)
i=0

where the canonical anticommutation relations have been used to obtain the final equal-
ity. This is invariant under a SU(12) symmetry, where ¥ transforms in the fundamental
representation. The free-quark spectrum (¢ = h = 0) is therefore described by states
with degeneracies corresponding to the 1 and 12 of SU(12) as well as the antisymmet-
ric combinations of fundamental irreps, 66,220,... as illustrated in Figs. 3.2 and 3.3.
The vacuum state corresponds to the singlet of SU(12). The lowest-lying 12 corresponds
to single quark or antiquark excitations, which are color 3.s for quarks and 3.s for an-
tiquarks and will each appear as isodoublets, i.e., 12 — 3. ® 2; ® 3. ® 2;. The 66
arises from double excitations of quarks and antiquarks. The possible color-isospin con-
figurations are, based upon totally-antisymmetric wavefunctions for gg, gg and gq, 66 =
1,201,651, 23,98 21,98, ®3;$56,01;356,®1;®3,®3;®3,®3;. The OBCs
split the naive symmetry between quarks and antiquarks and, for g # 0, the lowest-lying
color edge-states are from the antiquark sector with degeneracies 6 from a single excitation
and 6,9 from double excitations. Larger lattices possess an analogous global SU(12) sym-
metry, coupled between spatial sites by the hopping term, and the spectrum is again one of

non-interacting quasi-particles.

3.C Details of the D-Wave Implementations

In this appendix, additional details are provided on the procedure used in Sec. 3.2.2 to
extract the lowest three eigenstates and corresponding energies using D-Wave’s Advantage,
(a more complete description can be found in Ref. [342]). The objective function F' to be
minimized can be written in terms of binary variables and put into QUBO form. Defining

F = (U|H|¥) — n(¥|¥) [631], and expanding the wavefunction with a finite dimensional



117

orthonormal basis 1., |¥) = > " as|t)s), it is found

Ns

F =(W[HW) = (V) =) " aaas[{al Hlv5) — 1(¢alt)s)]
af

= Z aaaﬁ(ﬁag — 775a5) = Z aaaghaﬁ s (349)
afs aB

where h,p are the matrix elements of the Hamiltonian that can be computed classically. The

coefficients a, are then expanded in a fixed-point representation using K bits [631, 160, 7],

K
alt = al) 4 2K (1) (3.50)
i=1
where z is the zoom parameter. The starting point is oY = 0, and for each consecutive
(2+1)

value of z, the range of values that aeq is allowed to explore is reduced by a factor of 2,

centered around the previous solution a?). Now F takes the following form,

ns K
F = Z Z Qa,i;ﬁ,quqjﬁ )

a,B ij
Ns

Quipg =272 (1) 0y 4 260,502 K7 (=1)"% Y " aPhoy (3.51)
Y
The iterative procedure used to improve the precision of the results is based on the value

¥ obtained after 14 zoom steps (starting from a=" = 0), and then launching a new

annealing workflow with z; # 0 (e.g., z1 = 4), with a7=™* as the starting point. After

another 14 zoom steps, the final value al= ™ can be used as the new starting point for

a((f:ZQ), with 29 > 2z;. This process can be repeated until no further improvement is seen in
the convergence of the energy and wavefunction.

In Table 3.8, the difference between the exact energy of the vacuum and masses of the o-
and m-mesons and the ones computed with the QA, for each iteration of this procedure after
14 zoom steps, are given, together with the overlap of the wavefunctions 1 — | (P&t gAdv-)|2,
See also Fig. 3.7.

Focusing on the lowest line of the last panel of Fig. 3.7, which shows the convergence as

a function of zoom steps for the pion mass, it can be seen that it displays some oscillatory
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€2) o)

Step | 0B | L—[QURSUET)P | OM, |1 (g ui )
0 | 472x 107" 1012 x 1072 4+2 %1071 1147 x 1072
1 973 x 1073 278 x 1073 371 x 1072 7T x 107
2 673 x 1074 1272 x 107° 411 x 1073 1278 x 1074
3 415 x 107 9% x 1076 271 x 1074 613 x 107
4 116%8x 1077 372 x 1077 1015 x 1076 9t x 1076

)
Step 0My 1 — [(gect|wrde)|?
0 |3Fx107! 11171 x 1072
1 (9t %1073 373 %1073
2 | 7Ttix 107 372 x 1074
3 473 x107° 1215 x 1076
4 |7 x1077 872 x 107°

Table 3.8: Convergence of the energy, masses and wavefunctions of the three lowest-lying
states in the B = 0 sector of 1 + 1D QCD with Ny = 2 and m = g = L = 1, between
exact results from diagonalization of the Hamiltonian and those obtained from D-Wave’s

Advantage.

behavior compared to the rest, which are smooth. This is expected, since the wavefunctions
used to project out the lower eigenstates from the Hamiltonian are known with a finite
precision (obtained from previous runs). For example, the vacuum state is extracted at

the 107% precision level. Then, when looking at the excited states with increased precision
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(like for the pion, around 10~7), the variational principle might not hold, and the computed
energy level might be below the “true” one (and not above). To support this argument, the
same calculation has been pursued, but using the exact wavefunctions when projecting the
Hamiltonian to study the excited states (instead of the ones computed using Advantage),

and no oscillatory behavior is observed, as displayed in Fig. 3.23.

)

10t g 10'F
“{o.8 0.4 10
10! _ 107t} _ 107t
E g 10.2 ¢
R & £-1072
4 = ;=
! 107 1073t 0.0 1107
= = 0.2 =
10-5 10-5} 107°
1-0.4 10-6
0 10 20 0 20 40 60 80 0 10 20 0 20 40 60 80 0 10 20 0 20 40 60 80
zoom steps « zoom steps a zoom steps a

Figure 3.23: Iterative convergence of the energy, masses and wavefunctions for the three
lowest-lying states in the B = 0 sector of 1 + 1D QCD with Ny =2 and m =g = L = 1:
vacuum (left), o-meson (center) and m-meson (right). Compared to Fig. 3.7, the exact

wavefunctions are used when projecting the Hamiltonian to study the excited states.

3.D Quantum Circuits Required for Time Evolution by the Gauge-Field In-
teraction

This appendix provides more detail about the construction of the quantum circuits which
implement the Trotterized time evolution of the chromo-electric terms of the Hamiltonian.
It closely follows the presentation in the appendix of Ref. [605]. The four-qubit interaction
in H,.; has the form

1
oto o 0" + h.. zé(XXXX + XXYY + XYXY - XYY X+

YXYX - YXXY +YYXX +YYYY). (3.52)
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Since the 8 Pauli strings are mutually commuting, they can be simultaneously diagonalized by
a unitary transformation. The strategy for identifying the quantum circuit(s) to implement
this term will be to first change to a basis where every term is diagonal, then apply the
diagonal unitaries and finally return back to the computational basis. The GHZ state-

preparation circuits, shown in Fig. 3.12, diagonalize all 8 of the Pauli strings, for example,

G XXXX+YYXX+YXYX -YXXY - XYYX+XYXY +XXYY +YYYY) G

=11ZI—-Z1727Z - ZZZZ +ZIZI + 12721 —11Z7Z —12Z7Z + ZZZ1I . (3.53)

This can be verified by using the identities that are shown in Fig. 3.24 to simplify the circuits
formed by conjugating each Pauli string by G. As an example, the diagonalization of X XYY
is displayed in Fig. 3.25. The first equality uses Y = ¢ZX and the second equality uses the

Xh- _ zk

Figure 3.24: The X and Z circuit identities.

X circuit identity to move all Xs past the CNOTs. The third equality moves the Zs past
the controls of the CNOTs and uses the Z circuit identity. The other Pauli strings are
diagonalized in a similar manner.

It is also straightforward to show that, for example,

GT(IZZ]+]Z]Z+ZIIZ)G=IZ]]+]]IZ+ZIII. (3.54)
S+-{vo P{izHx |-+ Py-{izl 40
e S e R | SRR ERE .,
D x| Se{x] & & 6
xl o xX—o >— S

Figure 3.25: The diagonalization of X XYY via a GHZ state-preparation circuit.
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In general, a ZZ in the computational basis becomes a single Z in the GHZ basis if the
state-preparation circuit has a CNOT that connects the original two Zs. The two GHZ
state-preparation circuits, G and G, were chosen so that all 9 of the ZZ terms in Eq. (3.6)
are mapped to single qubit rotations. Once in the GHZ basis, the diagonal unitaries are
performed, e.g., exp(—ilZZZ). They are arranged to minimize the number of CNOTs

required, and the optimal circuit layouts are shown in Fig. 3.13.

3.E Complete Circuits for Ny = 1,2 QCD with L =1

This appendix provides the complete set of circuits required to implement one Trotter step
for Ny = 1 and Ny = 2 QCD with L = 1. The composite circuit for Ny = 1 is shown in
Fig. 3.26 where, by ordering U,; before Uy;,, the CNOTs highlighted in blue cancel. The
composite circuit for Ny = 2 is shown in Fig. 3.27, where the ordering in the Trotterization

is U,, followed by Uy;, and then by U,,;.

A% A%

| =[=1=][#]] =
TSNS €

i ) )
e & ©
Sr. /2 1. (/2 HD-D

Um Uel Ukzn

Figure 3.26: The complete circuit that implements a single Trotter step for Ny = 1 QCD
with L = 1.

3.F Energy Decomposition Associated with Time Evolution from the Trivial
Vacuum

This appendix shows, in Fig. 3.28, the time evolution of the decomposition of the expectation
value of the Hamiltonian starting with the trivial vacuum at ¢ = 0 for Ny = 2 QCD with

m = g = L = 1. Notice that the sum of all three terms equals zero for all times as required
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Figure 3.27: The complete circuit that implements a single Trotter step for Ny = 2 QCD
with L = 1.

by energy conservation and that the period of oscillations is the same as the period of the

persistence amplitude shown in Fig. 3.14.

3.G  Details on One First-Order Trotter Step of Ny =1 QCD with L =1

This appendix discusses the theoretical expectations for one step of first-order Trotter time
evolution for Ny = 1 QCD with L = 1. The time evolution operator is decomposed into
Ui(t) = Ukin(t)Ua(t)Up(t) where the subscript “1”7 is to denote first-order Trotter. Both
the trivial vacuum-to-vacuum and trivial vacuum-to-¢,q, probabilities involve measurements
in the computational basis where U, (t) and Ug(t) are diagonal and have no effect. Thus,
the time-evolution operator is effectively Uy (t) = Ugn(t), which is exact (no Trotter errors)

over a single spatial site. The trivial vacuum-to-vacuum, trivial vacuum-to-¢,q, and trivial
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Figure 3.28: The time evolution of the decomposition of the energy starting from the trivial

vacuum starting at ¢t = 0 for Ny =2 QCD with m =g =L = 1.

vacuum-to- BB probabilities are found to be,

|{Qole™"|Q0)|* = cos®(t/2)
[T, le™" " |Q0)[* = cos™ (t/2) sin®(t/2)
[(BB|e™Hrint| Q) |* =sin®(t/2) . (3.55)
For large periods of the evolution, the wavefunction is dominated by BB as shown in
Fig. 3.29. Exact time evolution, on the other hand, has a small probability of BB which
suggests that detecting BB could lead to an additional way to mitigate Trotter errors. It

is interesting that the kinetic term alone favors transitioning the trivial vacuum into color

singlets on each site. This same behavior holds for Ny = 2 where the dominant transition is
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Trivial Vacuum-to-BB ZK

1.0 00, ---  Exact
.. °. ° 1 step
o ° 2 steps
0.8 M L4 3 steps
> ° °
£0.6 . .
2 . .
8
° 0.4 ‘ ¢
= ° .
al o R
0.2 . ’.
1 2 3 4 5
t

Figure 3.29: The trivial vacuum-to-BB probability for 1 + 1D QCD with m = g = L = 1.
Shown are the results obtained from exact exponentiation of the Hamiltonian (dashed red

curve) and from the Trotterized implementation with 1, 2 and 3 Trotter steps.

to AAAA.

3.H Supplementary Data

This appendix contains the tabulated data used to produce the figures in the text. The
splitting between the m- and o-meson is given in Table 3.9. The decomposition of the
vacuum energy, hadronic masses and deuteron binding energy is given in Table 3.10. The
binding energy of the deuteron is given in Table 3.11.

The linear entropy between quarks and antiquarks in the vacuum, the o- and 7-meson
and the A are given in Table 3.12. The quark occupation (total number of quarks plus
antiquarks) in the o- and m-mesons is given in Table 3.13.

The trivial vacuum-to-vacuum probabilities, as obtained by circ and qiskit, are given
in Table 3.14. The trivial vacuum-to-d,d, probabilities, as obtained by circ and qiskit, are

given in Table 3.15. The required Ny for a epory < 0.1 in the trivial vacuum-to-vacuum
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probability is given in Table 3.16. The required N ot for a eéqory < 0.1 in the trivial vacuum-
to-d,d, probability is given in Table 3.17. The decomposition of the energy, starting from
trivial vacuum at ¢ = 0, is given in Table 3.18. The trivial vacuum to BB probabilities are

given in Table 3.19.



M, — M,
9 L=1 L=2 g L=1 L=2
0 0.0 0.0 2.1 0.1085 0.09954

0.2 | 0.0000374 | 0.00002335 || 2.2 0.1227 0.1133

0.3 | 0.0001847 0.0001285 || 2.3 0.1374 0.1287

0.4 | 0.0005637 0.0004306 || 2.4 0.1482 0.1431

0.5 | 0.001317 0.001066 || 2.5 0.1468 0.1475

0.6 | 0.002589 0.002163 || 2.6 0.1321 0.1352

0.7 | 0.004508 0.00383 2.7 0.1131 0.1156

0.8 | 0.007173 0.006158 || 2.8 |  0.09662 0.09813

0.9 | 0.01064 0.009207 || 2.9 | 0.08372 0.08456

1.0 | 0.01493 0.01301 3.0 0.07375 0.07422

1.1 0.02002 0.01755 3.1 0.06592 0.06617

1.2 | 0.02586 0.02281 3.2 0.05961 0.05975

1.3 0.0324 0.02874 3.3 0.05442 0.05448

14|  0.03956 0.03529 3.4 0.05005 0.05008

1.5 0.04731 0.04243 3.5 0.04631 0.04632

1.6 |  0.05562 0.05011 3.6 | 0.04307 0.04306

1.7 0.0645 0.05837 3.7 1 0.04022 0.04021

1.8 |  0.07405 0.06725 3.8 0.0377 0.03769

1.9 0.0844 0.0769 3.9  0.03545 0.03543

2.0 0.0958 0.08755 4.0 | 0.03342 0.0334

Table 3.9: The mass splitting between the o- and m-mesons for m =1 and L =1, 2.
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Decomposition of the vacuum energy, hadronic masses and deuteron binding energy

Eq M, M, Mn Bana
(Hp) 1.0566 2.056 2.032 2.855 -0.001596
(Hpin) -2.975 0.1271 0.1425 0.4182 0.002399
(Her) 0.3374 0.5401 0.5609 -0.03099 -0.0003429

Table 3.10: The decomposition of vacuum energy (Eq), the masses of the lightest hadrons

(M,, M, and Mx) and the deuteron binding energy (Baa) into contributions from the mass,

kinetic and chromo-electric field terms in the Hamiltonian for L = 2 and m = g = 1.



g Bana g Bana

0 0.0 1.6 | 0.0005388
0.1 | 0.00005099/| 1.7 | 0.000541
0.2 | 0.0006768 || 1.8 | 0.0005332
0.3 | 0.002351 || 1.9 | 0.0005172
0.4 | 0.003947 || 2.0 | 0.0004948
0.5 | 0.003905 || 2.1 | 0.0004677
0.6 | 0.002716 || 2.2 | 0.0004378
0.7 | 0.001592 || 2.3 | 0.0004063
0.8 | 0.0009178 || 2.4 | 0.0003745
0.9 | 0.0005902 || 2.5 | 0.0003432
1.0 | 0.0004599 || 2.6 | 0.0003129
1.1 | 0.000429 || 2.7 | 0.0002842
1.2 ] 0.000443 || 2.8 | 0.0002574
1.3 1 0.0004727 || 2.9 | 0.0002324
1.4 1 0.0005029 || 3.0 | 0.0002095
1.5 | 0.000526

Table 3.11: The binding energy of the deuteron, Baa, for m =1 and L = 2.
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The linear entropy between quarks and antiquarks
g |€2) o) | [7r=1) | |Ap=sa) | 9 €2) o) | [7r=1) | |Ag=s2)
0.2 | 04617 | 0.9124 | 0.7786 | 0.2663 | 3.2 | 0.03807 | 0.7803 | 0.6928 | 0.01914
0.4 | 0.4416 | 0.9154 | 0.7786 | 0.2527 | 3.4 | 0.03157 | 0.7716 | 0.6837 | 0.01586
06| 041 109194 | 0.7787 | 0.2318 | 3.6 | 0.02633 | 0.7662 | 0.6779 | 0.01321
0.8 | 0.3699 | 0.9232 | 0.7791 0.206 3.8 | 0.02208 | 0.7625 | 0.6739 | 0.01107
1.0 | 0.3248 | 0.926 | 0.7798 | 0.1779 | 4.0 | 0.01863 | 0.7599 | 0.671 | 0.009334
1.2 | 0.2784 | 0.9274 | 0.7811 0.15 4.2 | 0.0158 | 0.7579 | 0.6689 | 0.007913
1.4 | 0.2339 | 0.9277 | 0.7834 | 0.1241 | 4.4 | 0.01347 | 0.7565 | 0.6673 | 0.006745
1.6 | 0.1935 | 0.9278 | 0.7875 | 0.1014 | 4.6 | 0.01154 | 0.7553 | 0.666 | 0.005779
1.8 | 0.1584 | 0.9287 | 0.7949 | 0.0821 | 4.8 | 0.00994 | 0.7545 | 0.665 | 0.004975
2.0 | 0.1288 | 0.9322 | 0.8097 | 0.06622 | 5.0 | 0.0086 | 0.7538 | 0.6642 | 0.004304
2.2 | 0.1045 | 0.9398 | 0.8416 | 0.05337 | 5.2 | 0.007473 | 0.7532 | 0.6636 | 0.003739
2.4 1 0.08479 | 0.9402 | 0.8889 | 0.04309 | 5.4 | 0.006522 | 0.7527 | 0.6631 | 0.003263
2.6 | 0.06896 | 0.8872 | 0.8209 | 0.03491 | 5.6 | 0.005714 | 0.7524 | 0.6627 | 0.002858
2.8 | 0.05629 | 0.8263 | 0.7414 | 0.02842 | 5.8 | 0.005026 | 0.752 | 0.6623 | 0.002514
3.0 | 0.04617 | 0.7956 | 0.7086 | 0.02326 | 6.0 | 0.004436 | 0.7518 | 0.662 | 0.002219

Table 3.12: The linear entropy between quarks and antiquarks in the vacuum, |A I5=3 /2>, |o)

and |m,—1) form =L = 1.
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The quark occupation

g lo) | [7r=1) || 9 o) | |T=1) || 9 o) | |mr=1) || 9 o) | [7r=1)
0 |2422| 2422 | 1.6 | 2.586 | 2.483 3.1 5884 | 5915 || 4.6 | 5.994 | 5.995
0.1 | 2.422 | 2422 | 1.7 | 2.626 | 2.505 || 3.2 | 5.913 | 5.936 || 4.7 | 5.995 | 5.996
0.2 | 2422 | 2422 | 1.8 | 2.676 | 2.537 || 3.3 | 5.934 | 595 || 4.8 | 5.995 | 5.996
0.3 | 2423 | 2422 || 1.9 | 2.744 | 2.584 || 3.4 | 5.948 | 5.961 || 4.9 | 5.996 | 5.997
0.4 | 2424 | 2423 || 2.0 | 2.839 | 2.655 || 3.5 | 5.959 | 5.968 || 5.0 | 5.996 | 5.997
0.5 | 2426 | 2.423 || 2.1 | 2.979 | 2.769 | 3.6 | 5.967 | 5974 | 5.1 | 5.997 | 5.997
0.6 | 2429 | 2423 || 2.2 | 3.193 | 2966 | 3.7 | 5.973 | 5979 || 5.2 | 5.997 | 5.998
0.7 | 2434 | 2424 || 2.3 | 3.524 | 3.318 || 3.8 | 5,978 | 5.982 || 5.3 | 5.997 | 5.998
0.8 | 244 | 2425 | 2.4 14.004 | 3911 || 3.9 | 5.981 | 5985 || 5.4 | 5.998 | 5.998
0.9 | 2.449 | 2427 || 2.5 | 4579 | 4.66 4.0 | 5.984 | 5.988 | 5.5 | 5.998 | 5.998
1.0 | 2.46 2.43 2.6 | 5.091 | 5.249 | 4.1 | 5.987 | 5.989 | 5.6 | 5.998 | 5.999
1.1 | 2473 | 2434 || 2.7 | 5439 | 5.577 || 4.2 | 5989 | 5.991 || 5.7 ] 5.998 | 5.999
1.2 | 2489 | 2.439 || 2.8 | 5.646 | 5.743 || 4.3 | 5.99 | 5992 | 5.8 | 5.999 | 5.999
1.3 | 2507 | 2.445 || 2.9 | 5.766 | 5.832 || 4.4 | 5.992 | 5.993 | 5.9 | 5.999 | 5.999
1.4 12529 | 2.454 || 3.0 | 5.838 | 5.883 || 4.5 | 5.993 | 5.994 | 6.0 | 5.999 | 5.999
1.5 | 2,555 | 2.466

Table 3.13: The expectation value of quark occupation in the |o) and |7,—1) for m = L = 1.
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The trivial vacuum-to-vacuum probabilities

t 1 Step 2 Steps 3 Steps 5 Steps 10 Steps
0 1 1 1 1 1
0.3 0.8733 0.878 0.8789 0.8793 0.8795
0.6 0.5779 0.6309 0.6401 0.6447 0.6466
0.9 0.2841 0.4405 0.4678 0.4815 0.4872
1.2 0.0999 0.3658 0.4188 0.4454 0.4565
1.5 0.0235 0.3843 0.4775 0.5225 0.5408
1.8 0.0033 0.4616 0.6218 0.6873 0.712
2.1 0.0002 0.5546 0.8075 0.8775 0.8992
24 0.0000 0.6055 0.9374 0.969 0.9727
2.7 0.0000 0.5798 0.8839 0.8513 0.8418
3.0 0.0000 0.5026 0.6077 0.5778 0.5925
3.3 0.0000 0.4329 0.2629 0.3477 0.4179
3.6 0.0000 0.4179 0.0488 0.2967 0.424
3.9 0.0000 0.4689 0.0039 0.4009 0.5714
4.2 0.0003 0.5578 0.062 0.5373 0.7496
4.5 0.0038 0.6498 0.1339 0.6489 0.8833
4.8 0.0258 0.7389 0.1422 0.7671 0.9177
5.0 0.0699 0.7986 0.1125 0.8339 0.8586

Table 3.14: The trivial vacuum-to-vacuum probabilities for Ny = 2 and m = g = L = 1.

Results are shown for 1, 2, 3, 5 and 10 Trotter steps.




The trivial vacuum-to-d,d, probabilities
t | 1Step | 2 Steps | 3 Steps | 5 Steps | 10 Steps
0 0 0 0 0 0
0.3 | 0.0199 | 0.0192 | 0.0191 | 0.019 0.019
0.6 | 0.0553 | 0.05 0.049 | 0.0486 | 0.0483
0.9 | 0.0663 | 0.0625 | 0.061 | 0.0601 | 0.0597
1.2 1 0.0468 | 0.0612 | 0.0597 | 0.0586 0.058
1.5 1 0.0204 | 0.0569 | 0.0537 | 0.0512 | 0.0501
1.8 1 0.0053 | 0.0505 | 0.0414 | 0.0361 | 0.0339
2.1 | 0.0007 | 0.039 | 0.0208 | 0.0137 | 0.0113
2.4 1 0.0000 | 0.0239 | 0.0024 | 0.0005 | 0.0006
2.7 1 0.0000 | 0.0099 | 0.0098 | 0.0183 | 0.0206
3.0 | 0.0000 | 0.0011 | 0.0482 | 0.0574 | 0.0568
3.3 | 0.0000 | 0.0012 | 0.0741 | 0.0818 | 0.0766
3.6 | 0.0000 | 0.0074 | 0.0594 | 0.0777 | 0.0687
3.9 | 0.0000 | 0.0117 | 0.0366 | 0.0546 | 0.0439
4.2 1 0.0008 | 0.0121 | 0.024 | 0.0351 | 0.0221
4.5 |1 0.0058 | 0.0126 | 0.0166 | 0.0262 0.008
4.8 |1 0.0217 | 0.0131 | 0.0185 | 0.0142 0.003
5.0 | 0.039 | 0.0119 | 0.0228 | 0.0062 | 0.0099
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Table 3.15: The trivial vacuum-to-d,d, probabilities for N r=2andm =g =L =1. Results

are shown for 1, 2, 3, 5 and 10 Trotter steps.



Required number of Trotter steps, Nryvott

t | Noott | ¢ | Nmott | ¢ | Nmvott | & | Navote | € | Nervot
0 1 40 | 197 80 597 | 120 | 1000 | 160 | 1598
2 4 42 197 82 597 | 122 | 1075 | 162 | 1719
4 10 44 | 248 84 297 124 | 1075 | 164 | 1719
6 19 46 | 264 86 631 | 126 | 1113 | 166 | 1747
8 19 48 | 264 88 631 128 | 1224 | 168 | 1798
10 27 50 | 271 90 650 130 | 1224 | 170 | 1798
12 34 52 | 302 92 705 132 | 1224 | 172 | 1798
14 42 54 | 302 94 707 134 | 1224 | 174 | 1967
16 o1 56 | 335 96 707 | 136 | 1224 | 176 | 1967
18 67 58 | 363 98 735 138 | 1279 | 178 | 1967
20 85 60 | 363 100 | 740 140 | 1356 | 180 | 2023
22 85 62| 370 | 102 | 794 | 142 | 1356 | 182 | 2023
24 95 64 | 397 | 104 | 868 144 | 1356 | 184 | 2023
26 103 | 66 | 453 106 | 868 146 | 1417 | 186 | 2137
28 | 114 |68 | 453 | 108 | 868 | 148 | 1417 | 188 | 2203
30| 130 | 70| 475 110 | 896 150 | 1417 | 190 | 2203
32 189 | 72| 475 112 | 896 152 | 1598 | 192 | 2203
34| 167 | 74| 475 | 114 | 975 | 154 | 1598 | 194 | 2203
36 | 167 |76 | 521 116 | 1000 | 156 | 1598 | 196 | 2203
38 182 | 78| 521 118 | 1000 | 158 | 1598 | 198 | 2273

Table 3.16:

133

The required Nyt for a emyory < 0.1 in the trivial vacuum-to-vacuum probability.



Required number of Trotter steps, NTyott
t | Nmott | ¢ | Nmott | ¢ | Nmotw | ¢ | Nmvote | €| Nervots
0 1 20| 148 |40 | 709 |60 | 1285 |80 | 1739
1 2 21| 233 | 41| 709 |61 | 1285 |81 | 1739
2 7 22| 233 | 42| 709 |62 ] 1285 |82 | 1739
3 10 23| 243 |43 ] 709 |63 | 1285 | 83 | 2064
4 12 24| 243 |44 | 709 |64 | 1285 | 84 | 2064
5 24 25| 243 | 45| 709 |65 | 1285 | 85 | 2064
6 24 26 | 337 |46 | 709 |66 | 1285 | 86 | 2064
7 32 27| 337 |47 | 709 |67 | 1285 | 87 | 2064
8 32 28 | 337 |48 | T09 |68 | 1285 | 88 | 2064
9 72 29 | 337 |49 ] 945 |69 | 1285 | 89 | 2064
10 72 30| 337 | 50| 945 | 70| 1285 | 90 | 2064
11 72 31| 337 | 51| 945 | 71| 1285 | 91 | 2064
12 98 32| 384 | 52| 945 | 72| 1706 | 92 | 2064
13 98 331 384 | 53] 945 | 73| 1706 | 93 | 2064
14| 148 | 34| 384 |54 | 945 | 74| 1706 |94 | 2064
15| 148 | 35| 709 |55 | 945 | 75| 1706 | 95 | 2590
16 | 148 | 36| 709 |56 | 945 | 76| 1739 |96 | 2590
17| 148 | 37| 709 |57 | 945 | 77| 1739 |97 | 2590
18| 148 | 38| 709 |58 | 1168 | 78| 1739 |98 | 2590
19| 148 | 39| 709 |59 | 1168 | 79| 1739 |99 | 2780
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Table 3.17: The required Nyoy for a emoy < 0.1 in the trivial vacuum-to-d,d, probability.



Decomposition of the energy starting from the trivial vacuum

t (Hm) (Hkin) (Her)
0 0 0 0
0.3 0.254 -0.3369 0.08281
0.6 0.8455 -1.104 0.2584
0.9 1.393 -1.781 0.3879
1.2 1.575 -1.974 0.3997
1.5 1.31 -1.625 0.3151
1.8 0.769 -0.9532 0.1842
2.1 0.2684 -0.3282 0.05983
24 0.1081 -0.1256 0.01747
2.7 0.3939 -0.5129 0.119
3.0 0.9349 -1.245 0.31
3.3 1.359 -1.788 0.4285
3.6 1.401 -1.788 0.3873
3.9 1.079 -1.335 0.2565
4.2 0.6237 -0.7542 0.1305
4.5 0.3094 -0.3586 0.0492

Table 3.18: Decomposition of the energy starting from the trivial vacuum at ¢ = 0.
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Trivial vacuum to BB probability

t 1 Step | 2 Steps | 3 Steps | Exact
0 0 0 0 0
0.3 | 0.0000 | 0.0000 | 0.0000 | 0.0000
0.6 | 0.0007 | 0.0005 | 0.0005 | 0.0005
0.9 | 0.0068 | 0.0036 | 0.0032 | 0.0029
1.2 |1 0.0324 | 0.0104 | 0.0081 | 0.0067
1.5 | 0.1003 | 0.0175 | 0.0109 | 0.0078
1.8 | 0.231 | 0.0218 | 0.0092 | 0.0052
2.1 | 0.426 | 0.0252 | 0.0059 | 0.0025
2.4 1 0.6555 | 0.0257 | 0.0036 | 0.0011
2.7 10.8629 | 0.0166 | 0.0024 | 0.0001
3.0 | 0.9851 | 0.0025 | 0.0036 | 0.0002
3.3 1 0.9813 | 0.0037 | 0.007 | 0.0011
3.6 | 0.853 | 0.0295 | 0.0148 | 0.0019
3.9 ]0.6427 | 0.061 0.042 | 0.0032
4.2 104137 | 0.0719 | 0.1085 | 0.0043
4.5 | 0.2219 | 0.057 | 0.2117 | 0.0047
4.8 | 0.095 | 0.0317 | 0.3178 | 0.0051
5.0 [ 0.0459 | 0.0174 | 0.3695 | 0.0048

Table 3.19: Trivial vacuum to BB probability for m =g =L = N; = 1.
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Chapter 4

PREPARATIONS FOR QUANTUM SIMULATIONS OF
QUANTUM CHROMODYNAMICS IN 1+ 1 DIMENSIONS: (IT)
SINGLE-BARYON 3-DECAY IN REAL TIME

This chapter is associated with Ref. [235]:

“Preparations for quantum simulations of quantum chromodynamics in 1+1 dimensions.
I1. Single-baryon B-decay in real time” by Roland C. Farrell, Ivan A. Chernyshev, Sarah J.
M. Powell, Nikita A. Zemlevskiy, Marc Illa, and Martin J. Savage

4.1 Introduction

As mentioned in Sec. 1.1.2, simulation of out-of-equilibrium real-time dynamics is one of the
main areas within Standard Model physics where quantum computation holds promise. Per-
haps the simplest non-trivial class of processes to begin attempting to simulate the real-time
dynamics of is the §-decay of low-lying hadrons and nuclei. Single -decay rates of nuclei
have played a central role in defining the Standard Model (SM) of strong and electroweak pro-
cesses [276, 326, 676, 566]. They initially provided evidence that the weak (charged-current)
quark eigenstates differ from the strong eigenstates, and, more recently, are providing strin-
gent tests of the unitarity of the Cabibbo-Kobayashi-Maskawa (CKM) matrix [135, 397].
For recent reviews of S-decay, see, e.g., Refs. [279, 316, 24, 312]. The four-Fermi operators
responsible for S-decay [241] in the SM emerge from operator production expansions (OPEs)
of the non-local operators coming from the exchange of a charged-gauge boson (W ™) between
quarks and leptons. Of relevance to this work is the four-Fermi operator, which gives rise
to the flavor changing quark process d — ue™7. In the absence of higher-order electroweak

processes, including electromagnetism, matrix elements of these operators factorize between
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the hadronic and leptonic sectors. This leaves, for example, a non-perturbative evaluation
of n — pe~ v for neutron decay, which is constrained significantly by the approximate global
flavor symmetries of QCD. Only recently have the observed systematics of [-decay rates
of nuclei been understood without the need for phenomenological re-scalings of the axial
coupling constant, g4. As has long been anticipated, the correct decay rates are recovered
when two-nucleon and higher-body interactions are included within the effective field theo-
ries (EFTs) (or meson-exchange currents) [62, 407, 302, 63]. This was preceded by successes
of EFTs in describing electroweak processes of few-nucleon systems through the inclusion
of higher-body electroweak operators (not constrained by strong interactions alone), e.g.,
Refs. [162, 130, 131, 61, 424, 60]. The EFT framework describing nuclear 5-decays involves
contributions from “potential-pion” and “radiation-pion” exchanges [372, 373] (an artifact of
a system of relativistic and non-relativistic particles [290, 438]) and real-time simulations of
these processes are expected to be able to isolate these distinct contributions. Recently, the
first Euclidean-space lattice QCD calculations of Gamow-Teller matrix elements in light nu-
clei (at unphysical light quark masses and without fully-quantified uncertainties) have been
performed [515], finding results that are consistent with nature.

While -decay is a well-studied and foundational area of sub-atomic physics, the double-
[-decay of nuclei continues to present a theoretical challenge in the the search for physics
beyond the SM. For a recent review of the “status and prospects” of 53-decay, see Ref. [213].
Although 2v58-decay is allowed in the SM, and is a second order [-decay process, Ov (-
decay requires the violation of lepton number. Strong interactions clearly play an essential
role in the experimental detection of the S3-decay of nuclei, but such contributions are non-
perturbative and complex, and, for example, the EFT descriptions involve contributions from
two- and higher-body correlated operators [570, 584, 635, 179, 177]. The ability to study
the real-time dynamics of such decay process in nuclei would likely provide valuable in-
sight into the underlying strong-interaction mechanisms, and potentially offer first principles

constraints beyond those from Euclidean-space lattice QCD.*

IFor discussions of the potential of lattice QCD to impact 33-decay, see, e.g., Refs. [584, 635, 478, 196,



139

This chapter adapts the work in Chapter 3 to include flavor-changing weak interactions
via a four-Fermi operator that generates the S-decay of hadrons and nuclei. The terms in the
lattice Hamiltonian that generate a Majorana mass for the neutrinos are also given, although
not included in the simulations. Applying the Jordan-Wigner (JW) mapping, it is found that
a single generation of the SM (quarks and leptons) maps onto 16 qubits per spatial lattice
site. Using Quantinuum’s H1-1 20-qubit trapped ion quantum computer, the initial state of
a baryon is both prepared and evolved with one and two Trotter steps on a single lattice site.
Despite only employing a minimal amount of error mitigation, results at the ~ 5%-level are
obtained, consistent with the expectations. Finally, we briefly comment on the potential of

such hierarchical dynamics for error-correction purposes in quantum simulations.

4.2 The p-Decay Hamiltonian for Quantum Simulations in 1+1 Dimensions

In nature, the (-decays of neutrons and nuclei involve energy and momentum transfers
related to the energy scales of nuclear forces and of isospin breaking. As these are much
below the electroweak scale, S-decay rates are well reproduced by matrix elements of four-

Fermi effective interactions with V' — A structure [241, 611], of the form

G — _
Hp = 72 Vid VY (1 = 75)%a Y eyu(l = v5)Y, + hec., (4.1)

where V4 is the element of the CKM matrix for d — wu transitions, and G is Fermi’s
coupling constant that is measured to be G = 1.1663787(6) x 10~ GeV 2 [636]. This
is the leading order (LO) SM result, obtained by matching amplitudes at tree-level, where
Gr/V?2 = g3/(8M2,) with My, the mass of the W* gauge boson and g, the SU(2);, coupling
constant. Toward simulating the SM in 3 + 1D, we consider 1 + 1D QCD containing u-
quarks, d-quarks, electrons and electron neutrinos. For simplicity, we model S-decay through

a vector-like four-Fermi operator,

Hyt = Yy g ¥ev,C, + hec. (4.2)

sla

2

652, 409, 208, 178].
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where C = 7, is the charge-conjugation operator whose purpose will become clear. Appen-
dices 4.B and 4.C provide details on calculating the single-baryon -decay rates in the infinite
volume and continuum limits in the SM and in the 1 + 1D model considered here.

The strong and weak interactions can be mapped onto the finite-dimensional Hilbert
space provided by a quantum computer by using the same Kogut-Susskind (KS) Hamiltonian
formulation of lattice gauge theory used in Chapter 3. For the S-decay of baryons, the strong
and the weak KS Hamiltonian (in axial gauge) has the form [46, 41, 40|

H = Hquarks + Hleptons + Hel + HB P (43)

where

Hquarks = Hm + szn

1 2L-2 2L—1
Hieptons = [% <X7(1f)TX£LJ21 + h.c.) +my (=) ”X%f)] ,
f=ev n=0 n=0

-
Hg = \/‘ Z {(%z T¢2l + ¢2l+1¢2z+1> <X2z) Xél—)l-l Xéllﬂé?)
u)t 7t (v e)t
( 2z+1 ¢éli1¢zz ) <X21 X2l) - XéHlXéHl) + h. C} (4.4)

and H,,, Hy;,, and H,. are defined in Sec. 3.2.1. The masses of the u-, d-quarks, electron
and neutrino (Dirac) are my q.,, and the strong and weak coupling constants are g and
G. ¢£§*’d) are the u- and d-quark field operators (which both transform in the fundamental
representation of SU(3), and hence the sum over color indices has been suppressed). The
electron and neutrino field operators are X,(f’y).We emphasize that the absence of gluon fields
is due to the choice of axial gauge, whereas the lack of weak gauge fields is due to the
consideration of a low energy effective theory in which the heavy weak gauge bosons have
been integrated out. This results in, for example, the absence of parallel transporters in the

fermion kinetic terms.

The JW mapping of the Hamiltonian in Eq. (4.4) to qubits, arranged as shown in Fig. 4.1,
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Figure 4.1:  The qubit layout of a L = 2 lattice, where fermions and anti-fermions are
grouped together (which will be preferred if electromagnetism is included). This layout
extends straightforwardly to L > 2.

is given by

quarks_> Zzsz Zlf, lfc+2)

lOfuch

__ZZZ[UW et (=0 1)UfZal+1fc+hc] ,

=0 f=u,d c=0

1 L—1
Hleptons — 5 Z Z my (Zluf - Zl,? + 2)

=0 f=e,w
1 L—1
7 + 77 _—
-3 [ale L —{—( —(5l7L_1)c713Z 0'l+17f—|—h.C.] ,
=0 f=e,v
G L-1 2
2
H5_>\/§§ :E :( lVZ Ulealch Uluc_aleZ Ulualch Uluc
=0 c=0
— o= Z2—co_— 0.+ ZCO_—I— + O‘+ Z3 ‘o O' Zl+co_ _ Z3+co_ o Z5 co.—l—
Ly Ldc bLuc le ldc lu,c 8% le Ly lu,c
+ — — 710 _+ c 2-c _— + — 4 A
_‘71,5‘71,30173,62 Ol e — Uzch g, eUz,uZ Olde — Uz,eaz,vaz,a,cz Orde T h-C') , (4.5)

and the JW transformation used for H,; is the same one used for H,; in Sec. 3.2.1. The index
I labels the spatial lattice site, f (f) labels the (anti)fermion flavor and ¢ = 0, 1,2 corresponds
to red, green and blue colors. In the staggered mapping, there are gauge-field links every
half of a spatial site and, as a result, the color charges are labelled by a half site index, n.

The spin raising and lowering operators are o+ = 1(6” £ io¥), Z = 0% and unlabelled Zs act
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: + - 72+ - +
on the sites between the o™, e.g., Ul,d,rZ O = Ul,d,er7u7bZl,U790-l,u,r‘ Constants have been

added to the mass terms to ensure that all basis states contribute positive mass.

4.2.1 Efficiently Mapping the L =1 Hamiltonian to Qubits

To accommodate the capabilities of current devices, the quantum simulations performed in
this work involve only a single spatial site, L = 1, where the structure of the Hamiltonian can
be simplified. In particular, without interactions between leptons, it is convenient to work
with field operators that create and annihilate eigenstates of the free lepton Hamiltonian,
Hieptons- These are denoted by “tilde operators”, which create the open-boundary-condition
(OBC) analogs of plane waves. In the tilde basis with the JW mapping, the lepton Hamil-

tonian is diagonal and becomes

Hieptons =M (X8R = T 4 A (315 = 491519)

Av Ae
— ?(Z,, — Zy) + E(Ze —Zz) (4.6)

where A\, = 31/1+4m2,. The -decay operator in Eq. (4.4) becomes

~ G u d u d 1 e v e v € €
= S ) [ — ) (570 +5050)

1 v e v ~e)T ~ cle v
+5(shs% + s2sD) <X(() - % )>]

u d u d 1 e v e V ~ ~(e v
+ (66”017 +oi" 0g") [5(8+8+ = st (R - 3)
Liew e (@) | (@)
— 2(s+s + s%5%) (X X1+ X1 Xo > + h. p, (4.7)

where s \/m In our simulations, the initial state of the quark-lepton system
is prepared in a strong eigenstate with baryon number B = +1 in the quark sector and the
vacuum, [£2)1epton, i the lepton sector. One of the benefits of working in the tilde basis is
that the vacuum satisfies Xo |Q>lept0n = )dev T|Q>1epton = 0, and the terms in the first and

third lines of Eq. (4.7) do not contribute to S-decay. For the processes we are interested in,
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Figure 4.2: The L =1 lattice qubit layout of one generation of the SM that is used in this
paper for quantum simulation. Fermion (anti-fermion) sites are occupied when the spin is up
(down), and the spins at the lepton sites represent occupation in the tilde basis. Specifically,
the example of |dyd,d,) (upper lattice) decaying to |Vé) |dyd,us) (lower lattice) through one
application of H 5 in Eq. (4.9) is shown.

this results in an effective S-decay operator of the form

T G u d u d 1 e v e v ~(e)t ~(v ~(e)t ~(v
Hp = E{( 065" + 61" o) )> [§(S+8+ + s2s7) (xé T - ”xé))}

u u 1 e v e v ~(€ ~\V ~(€e ~\V
- (doé Tl + o )chéd)) [§(S+S— + s2s7%) (X(() T+ TS )” + h-C-} . (48)

The insertion of the charge-conjugation matrix, C, in the continuum operator, Eq. (4.2),
is necessary to obtain a (-decay operator that does not annihilate the lepton vacuum. To
minimize the length of the string of Zs in the JW mapping, the lattice layout in Fig. 4.2
is used. In this layout, the hopping piece of Hguaks has only 5 Zs between the quark and

antiquark raising and lowering operators and the (-decay operator is

~ G 1
Hp —»— Z {5(3181 + $°8") (0,08 — ofZ%;)) <O-d_,CZQO-'IC + JiCZQU{C)

— (58" 4+ °8) (0,08 + 0fZ%0;)) <U§,CZSUIC + O'{CZ2O'CZC> + h.c.] . (49)
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In total, the L = 1 system requires 16 (12 quark and 4 lepton) qubits. See App. 4.A for the

complete L = 1 Hamiltonian in terms of qubits.

4.2.2 A Majorana Mass for the Neutrino

Although not relevant to the simulations performed in Sec. 4.3, it is of current interest to
consider the inclusion of a Majorana mass term for the neutrinos. A Majorana mass requires
and induces the violation of lepton number by |AL| = 2, and is not present in the minimal
SM, defined by dim-4 operators. However, the Weinberg operator [677] enters at dim-5 and

generates an effective Majorana mass for the neutrinos,

ﬁWeinberg _ i

oa
L=@e)f , 6=(65¢)" . ()= (0.0/V2) . e=iny .

2

— —Z—ADCLUL + he + ... (4.10)

L) (¢7eL) + h.c.,

where ¢ is the Higgs doublet, L¢ denotes the charge-conjugated left-handed lepton doublet,
v is the Higgs vacuum expectation value and A is a high energy scale characterizing physics
beyond the SM. The ellipsis denote interaction terms involving components of the Higgs
doublet fields and the leptons. This is the leading contribution beyond the minimal SM, but
does not preclude contributions from other sources. On a 1+ 1D lattice there is only a single
|AL| = 2 local operator with the structure of a mass term and, using the JW mapping along
with the qubit layout in Fig. 4.1, is of the form

2L—-2

Hyajorana = mM Z (Xn Xn+1 + hc> — mMZ o, Z O'ZU + he) . (4.11)

n=even
While the operator has support on a single spatial lattice site, it does not contribute to
OvB[-decay on a lattice with only a single spatial site. This is because the processes that
it could potentially induce, such as A=A~ — APA% ¢~ are Pauli-blocked by the single
electron site. At least two spatial sites are required for any such process producing two

electrons in the final state.
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4.3 Quantum Simulations of the $-Decay of One Baryon on One Lattice Site

In this section, quantum simulations of the (-decay of a single baryon are performed in
Ny = 2 flavor QCD with L = 1 spatial lattice site. The required quantum circuits to perform
one and two Trotter steps of time evolution were developed and run on the Quantinuum H1-1

20 qubit trapped ion quantum computer and its simulator H1-1E [6, 538].

4.8.1 Preparing to Simulate 3-Decay

It is well known that, because of confinement, the energy eigenstates (asymptotic states) of
QCD are color-singlet hadrons, which are composite objects of quarks and gluons. On the
other hand, the operators responsible for S-decay, given in Eq. (4.9), generate transitions be-
tween d- and u-quarks. As a result, observable effects of H, 3, in part, are found in transitions
between hadronic states whose matrix elements depend on the distribution of the quarks
within. Toward quantum simulations of the S-decay of neutrons and nuclei more generally,
the present work focuses on the decay of a single baryon.

Generically, three elements are required for real-time quantum simulations of the $-decay

of baryons:

1. Prepare the initial hadronic state that will subsequently undergo -decay. In this work,
this is one of the single-baryon states (appropriately selected in the spectrum) that is
an eigenstate of the strong Hamiltonian alone, i.e., the weak coupling constant is set

equal to G = 0.
2. Perform (Trotterized) time-evolution using the full (G # 0) Hamiltonian.

3. Measure one or more of the lepton qubits. If leptons are detected, then [-decay has

occurred.

In 1+ 1D, Fermi statistics preclude the existence of a light isospin I = 1/2 nucleon, and the
lightest baryons are in an I = 3/2 multiplet (AT AT A% A7) (using the standard electric
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charge assignments of the up and down quarks). We have chosen to simulate the decay
A~ — A" 4 e + 7, which, at the quark level, involves baryon-interpolating operators with
the quantum numbers of ddd — udd.

In order for S-decay to be kinematically allowed, the input-parameters of the theory must
be such that Ma- > Mpo+ Mz+ M,. This is accomplished through tuning the parameters of
the Hamiltonian. The degeneracy in the iso-multiplet is lifted by using different values for the
up and down quark masses. It is found that the choice of parameters, m, = 0.9, my = 2.1,
g = 2 and m,, = 0 results in the desired hierarchy of baryon and lepton masses. The
relevant part of the spectrum, obtained from an exact diagonalization of the Hamiltonian, is
shown in Table 4.1. Although kinematically allowed, multiple instances of §-decay cannot
occur for L = 1 as there can be at most one of each (anti)lepton. Note that even though
me,, = 0, the electron and neutrino are gapped due to the finite spatial volume.

To prepare the A~ initial state, we exploit the observation made in Chapter 3 that the
stretched-isospin eigenstates of the A-baryons, with third component of isospin I3 = £3/2,
factorize between the u and d flavor sectors for L = 1. Therefore, the previously developed
Variational Quantum Eigensolver (VQE) [525] circuit used to prepare the one-flavor vacuum
in Chapter 3 can be used to initialize the two-flavor A~ wave function. This is done by
initializing the vacuum in the lepton sector, preparing the state |d,d,d) in the d-sector, and
applying the VQE circuit to produce the u-sector vacuum. In the tilde basis, the lepton
vacuum is the unoccupied state (trivial vacuum), and the complete state-preparation circuit

is shown in Fig. 4.3, where 6 is shorthand for RY (). The rotation angles are related by
0y = —2sin[tan(6/2) cos(01/2)] , 6o = —2sin"! [tan(6y/2) cos(o1/2)]
o1 = —2sin" [cos(61,/2) tan(f;/2)] (4.12)
and, for m, = 0.9 and g = 2,

0 =0.2256 , 0, =04794 , 0;; =0.3265 . (4.13)

2The w and u parts of the lattice are separated by a fully packed d sector which implies that the part of
the wavefunctions with odd numbers of anti-up quarks have relative minus signs compared to the one-flavor
vacuum wavefunction.
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Energy of states relevant for S-decay (above the vacuum)
State Energy Gap
AT 2.868

AT+ 2] 3.868
AT 4.048
AT 4 4] 4.868
AT 4 21 5.048
A° 5.229
AT 4+ 41 6.048
A° + 21 6.229
A~ 6.409

Table 4.1: The energy gap above the vacuum of states relevant for $-decays of single baryons
with m, = 0.9, my = 2.1, g = 2 and m,, = 0. The leptons are degenerate in energy and

collectively denoted by I.

In total, state preparation requires the application of 9 CNOT gates.

Once the A~ baryon state has been initialized on the register of qubits, it is then evolved
in time with the full Hamiltonian. The quantum circuits that implement the Trotterized
time-evolution induced by Hguarks and H,; were previously developed in Chapter 3, where it
was found that, by using an ancilla, each Trotter step can be implemented using 114 CNOTs.
The lepton Hamiltonian, ﬁleptons, has just single Zs which are Trotterized with single qubit
rotations. The circuits required to implement a Trotter step from H 5 are similar to those
developed in Chapter 3, and their construction is outlined in App. 4.E. For the present

choice of parameters, the main contribution to the initial (A~) wave function is |dyd,d, ),
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Figure 4.3: A quantum circuit for preparing the A~-baryon on L = 1 spatial site.

i.e., the quark configuration associated with the “bare” baryon in the d-sector and the trivial
vacuum in the u-sector. This implies that the dominant contribution to the S-decay is from
the gb Tgbo XOE)T Y) term? in Eq. (4.7), which acts only on valence quarks, and the §-decay

operator can be approximated by

HVal — (0,/_0 Z JdCZ2 ¥ —|—hc> , (4.14)

c=r,g,b
for these parameter values. See App. 4.H for details on the validity of this approximation.
All of the results presented in this section implement this interaction, the Trotterization of
which requires 50 CNOTs. Notice that, if the Trotterization of f[gal is placed at the end of
the first Trotter step, then
U(t) = exp(—if[galt> X exp [—i(f[leptons + Hguarks + Her)t| and the initial exponential (cor-
responding to strong-interaction evolution) can be omitted as it acts on an eigenstate (the

A7). This reduces the CNOTSs required for one and two Trotter steps to 50 and 214, respec-

3Note that the (U)T¢(d))~<(e”)~<(y) term is suppressed since the lepton vacuum in the tilde basis satisfies
0o~ Po X1 Xo
e = T8 [Q1ep = 0.
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tively. For an estimate of the number of CNOTSs required to time evolve with the S-decay
Hamiltonian on larger lattices see App. 4.F. The probability of S-decay, as computed both
through exact diagonalization of the Hamiltonian and through Trotterized time-evolution
using the qiskit classical simulator [640], is shown in Fig. 4.4. The periodic structure is a
finite volume effect, and the probability of S-decay is expected to tend to an exponential in

time as L increases, see App. 4.D.

000000000 C,
1.0 2280 ° Rey o Bg ﬁ - -- Exact
. Aul . .
46 A © g s - o 1 step
. ‘a o,/ ® N o
o 0.8 m.'o k) '.; Y 2 steps
I3 ks , 00 Y
£ 8 o : - 5 steps
= ; .‘ ‘Lo \
,_c% 0.6 {IZ!) “p o o 20 steps
'g .' 5 g © o
A 4 '
> 0.4 ',' ‘-‘ o o o
8 4 o
<) i o (o] o
R 02t 4 .
,'l o o o
m (=]
o o °.°
0 2 4 . 6 8 10

Figure 4.4: The probability of 3-decay, A~ — A® + e + 7, with m, = 0.9, mgq = 2.1,
me, =0, g =2 and G = 0.5 computed via exact diagonalization (dotted black line) and on

the qiskit quantum simulator [640] using 1,2, 5,20 Trotter steps.

Entanglement in quantum simulations of lattice gauge theories is a growing area of focus,
see, e.g., Refs. [271, 601, 511, 550], and it is interesting to examine the evolution of entangle-
ment during the -decay process. Before the decay, the quarks and antiquarks are together
in a pure state as the leptons are in the vacuum, and subsequent time evolution of the state
introduces components into the wavefunction that have non-zero population of the lepton

states. One measure of entanglement is the linear entropy;,
Sp=1-Tr[p7] , (4.15)

between the quarks and antiquarks plus leptons. It is constructed by tracing the full density
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matrix, p, over the antiquark and lepton sector to form the reduced density matrix p, =
Trg1eptons[p]. Figure 4.5 shows the linear entropy computed through exact diagonalization of
the Hamiltonian with the parameters discussed previously in the text. By comparing with
the persistence probability in Fig. 4.4, it is seen that the entanglement entropy evolves at
twice the frequency of the S-decay probability. This is because S-decay primarily transitions
the baryon between the ground state of the A~ and A°. It is expected that these states will
have a comparable amount of entanglement, and so the entanglement is approximately the

same when the decay probabilities are 0 and 1. While this makes this particular example

0.5
0.4
Sy 0.3

0.2

0.1

Figure 4.5:  The linear entanglement entropy, Sr, between quarks and antiquarks plus

leptons during the -decay of an initial A™-baryon.

somewhat uninteresting, it does demonstrate that when multiple final states are accessible,

the time-dependence of the entanglement structure might be revealing.

4.3.2  Simulations Using Quantinuum’s H1-1 20 Qubit Trapped Ion Quantum Computer

Both the initial state preparation and one and two steps of Trotterized time evolution were

executed using Quantinuum’s H1-1 20 qubit trapped ion quantum computer [6] and its
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simulator H1-1E* (for details on the specifications of H1-1, see App. 4.G). After transpilation
onto the native gate set of H1-1, a single Trotter step requires 59 ZZ gates, while two Trotter

steps requires 212 ZZ gates.’

By post-selecting results on “physical” states with baryon
number B = 1 and lepton number L = 0 to mitigate single-qubit errors (e.g., Ref. [395]),
approximately 90% (50%) of the total events from the one (two) Trotter step circuit remained.
Additionally, for the two Trotter step circuit, results were selected where the ancilla qubit

was in the |0) state (around 95%).°

The results of the simulations are shown in Fig. 4.6 and given in Table 4.2. By com-
paring the results from Hi-1 and H1-1E (using 200 shots) it is seen that the simulator is
able to faithfully reproduce the behavior of the quantum computer. The emulator was also
run with 400 shots and clearly shows convergence to the expected value, verifying that the
agreement between data and theory was not an artifact due to low statistics (and large error
bars). Compared with the results presented in Chapter 3 that were performed using IBM’s
ibmq_jakarta and ibm perth, error mitigation techniques were not applied to the present
simulations due to the overhead in resource requirements. Specifically, Pauli twirling, dy-
namical decoupling, decoherence renormalization and measurement error mitigation were
not performed. This is practical because the two-qubit gate, state preparation and measure-
ment (SPAM) errors are an order of magnitude smaller on Quantinuum’s trapped ion system
compared to those of IBM’s superconducting qubit systems (and a similar error rate on the

single-qubit gates) [524].

4The classical simulator H1-1E includes depolarizing gate noise, leakage errors, crosstalk noise and de-
phasing noise due to transport and qubit idling [538].

5The number of ZZ gates could be further reduced by 5 by not resetting the ancilla.

8For this type of error, the mid-circuit measurement and re-initialization option available for H1-1 could
have been used to identify the case where the bit-flip occurred after the ancilla was used and the error had
no effect on the final results.
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Figure 4.6: The probability of S-decay, A~ — A%+e+7, with m,, = 0.9, mg = 2.1, me, = 0,
g =2 and G = 0.5, using one (left panel) and two (right panel) Trotter steps (requiring 59
and 212 ZZ gates, respectively), as given in Table 4.2. The dashed-black curves show the
expected result from Trotterized time evolution, corresponding to the blue circles (orange
triangles) in Fig. 4.4 for one (two) Trotter steps. The blue circles correspond to the data
obtained on the H1-1 machine, and the orange (green) triangles to the H1-1E emulator, each
obtained from 200 shots (400 shots). The points have been shifted slightly along the t-axis
for clarity. Error mitigation beyond physical-state post-selection has not been performed.

The weak Hamiltonian in the time-evolution responsible for the decay is given in Eq. (4.14).

4.4 Speculation about Quantum Simulations with a Hierarchy of Length Scales

It is interesting to consider how a hierarchy of length scales, as present in the SM, may be
helpful in error correction. In the system we have examined, the low energy strong sector is
composed of mesons, baryons and nuclei, with both color singlet and non-singlet excitations
(existing at higher energies). As observed in Chapter 3, OBCs allow for relatively low-energy
colored “edge” states to exist near the boundary of the lattice. The energy of a color non-
singlet grows linearly with its distance from the boundary, leading to a force on colored

objects. This will cause colored errors in the bulk to migrate to the edge of the lattice where
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Single-Baryon Decay Probabilities using Quantinuum’s H1-1 and H1-1E
1 Trotter step 2 Trotter steps

t H1-1 H1-1E Theory Hi-1 H1-1E Theory

H1-1E, H1-1E,

x 2 stats x 2 stats
0.5 | 0.175(29)| 0.162(28) 0.144(19)] 0.089 | 0.100(29)| 0.182(37)| 0.173(25)| 0.088
1.0 | 0.333(35)| 0.303(34)| 0.302(25)] 0.315 | 0.269(43)| 0.248(41)| 0.272(29)| 0.270
1.5 | 0.594(37)| 0.547(38)| 0.559(27)| 0.582 | 0.404(48)| 0.416(49)| 0.429(33)| 0.391
2.0 | 0.798(30)| 0.792(30)| 0.794(22)| 0.801 | 0.530(47)| 0.563(51)| 0.593(35)| 0.547
2.5 | 0.884(24) 0.896(23) 0.879(17)] 0.931 | 0.667(41)| 0.779(43)| 0.771(30)| 0.792

Table 4.2: The probability of 3-decay, A~ — A" + e+ 7, on L = 1 spatial lattice with

my, = 0.9, mg =21, mg, =0, g =2 and G = 0.5. These simulations were performed using
Quantinuum’s H1-1 and H1-1E and included the initial state preparation and subsequent time
evolution under 1 and 2 Trotter steps. The results are displayed in Fig. 4.6. The columns
labeled (x2 stats) were obtained using 400 shots, compared to the rest, that used 200 shots,

and uncertainties were computed assuming the results follow a binomial distribution.

they could be detected and possibly removed. This is one benefit of using axial gauge, where
Gauss’s law is automatically enforced, and a colored “error” in the bulk generates a color

flux tube that extends to the boundary.

Localized two-bit-flip errors can create color-singlet excitations that do not experience a
force toward the boundary, but which are vulnerable to weak decay. For sufficiently large
lattices, color singlet excitations will decay weakly down to stable states enabled by the

near continuum of lepton states. In many ways, this resembles the quantum imaginary-
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time evolution (QITE) [364, 337, 648] algorithm, which is a special case of coupling to open
systems, where quantum systems are driven into their ground state by embedding them in a
larger system that acts as a heat reservoir. One can speculate that, in the future, quantum
simulations of QCD will benefit from also including electroweak interactions as a mechanism
to cool the strongly-interacting sector from particular classes of errors.

This particular line of investigation is currently at a “schematic” level, and significantly
more work is required to quantify its utility. Given the quantum resource requirements, it is

likely that the Schwinger model will provide a suitable system to explore such scenarios.
4.5 Summary and Conclusions

Quantum simulations of SM physics is in its infancy and, for practical reasons, has been
previously limited to either QCD or QED in one or two spatial dimensions. In this work,
we have started the integration of the electroweak sector into quantum simulations of QCD
by examining the time-evolution of the f-decay of one baryon. In addition to the general
framework that allows for simulations of arbitrary numbers of lattice sites in one dimension,
we present results for L = 1 spatial lattice site, which requires 16 qubits. Explicitly, this
work considered quantum simulations of A~ — Al in two flavor 1 + 1D QCD for L = 1
spatial lattice site. Simulations were performed using Quantinuum’s H1-1 20-qubit trapped
ion quantum computer and classical simulator H1-1E, requiring 17 (16 system and 1 ancilla)
qubits. Results were presented for both one and two Trotter steps, including the state
preparation of the initial baryon, requiring 59 and 212 two-qubit gates respectively. Even
with 212 two-qubit gates, H1-1 provided results that are consistent with the expected results,
within uncertainties, without error-mitigation beyond physical-state post selection. While
not representative of S-decay in the continuum, these results demonstrate the potential of
quantum simulations to determine the real-time evolution of decay and reaction processes
in nuclear and high-energy processes. High temporal-resolution studies of the evolution of
the quarks and gluons during hadronic decays and nuclear reactions are expected to provide

new insights into the mechanisms responsible for these processes, and lead to new strategies
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for further reducing systematic errors in their prediction.
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4.A The Complete Spin Hamiltonian for L =1

After the JW mapping of the Hamiltonian to qubits, and using the tilde-basis for the leptons,

the four contributing terms are

H = Hquarks + -Hleptons + Hel + Ijlﬁ, (416&)

1
Hyarks = E[mu (Zo+Z1+ Zy — Zg — Zy — Zs + 6) + ma(Zs + Zy + Zs — Zg — Zyo
1
—Z11 + 6)] — 5(0’?{Z5Z4ZgZQZlO'07 —|— agZ5Z4ZngZlaar + O'7+Z6Z5Z4Z3ZQO';

+ U;Z(SZSZ4Z3ZQO-1+ + U;Z7ZGZ5Z4230'; + U§Z7Z6Z5Z4Z;30';r

+ OJZSZ7ZGZ5Z4O'3_ —|— 0'9_Z8Z7Z6Z5Z4U;_ + O%Z9Z8Z7ZGZ5U4_

+ 0-1_029282726250-2_ + OE210Z9Z8Z7Z60'5_ + 0'1_1210Z92827ZGO';_) y (416b)
- 1 1
Hieptons = ZV 1+ 4m?2(Z13 — Z15) + 1 1+ 4m?2(Z19 — Z14)

2

1
H, = % {5(3 — Iy 2o — ZaZy — ZaZh) + 0f 050,04 + 0 040] 0y +0f Zyos 05 Z1og

1
+ 05 Zyof oy Ziog +odo 0,0, + 050050, + E(QZgZO + 2247,
+ 27570 — ZsZy — ZsZy — ZyZiy — ZyZig — Z3Zh — Zs3Zs)| (4.16¢)

N G (1 _ N _ _
Hg = —{—(Sisi + s8¢ 5" (o0t — 015 Z14Z1301) (05 ZaZiog + oy ZsZaoy + 05 ZuZsoy

V2 2
+ 0y ZsZr0g + 0192972307 + 0112102904 ) + (01,015 — Jl_EJZMZlgaB)(a;ZQZlao_
+ 0 Z3Zy07 + 0 ZyZsoy + of ZgZiog + 010292507 + O'EZH)ZQO'E;_)}
— %(sisl’ + 5%5%) [(Uﬂaf% + Jf%ZMZlg,UIQ)(agZ8Z7Z6Z5Z423ZQZ100+
V070 Do ZisZon 26 Zs Za D 20t + 07y Zg L Zis Zon L Zis Za D + 0 s Zacry
+ 0f ZgZsoy ) + 0f ZrZeos + (014013 + 015 21421301,) (04 Zs Z7 Zg Zs 24 Zy Zo Z1 0
07y Zo 2y Zn Zs s Zu 2o 2007 + 01 Zro Zy Zis Zon D Zs Za 2oy

+ 04 Z5 2405 + 07 ZeZsof + 05 Z7Zgo7 ) | } : (4.16d)
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In the mapping, the qubits are indexed right-to-left and, for example, qubit zero (one)
corresponds to a red (green) up-quark. The terms highlighted in blue provide the leading
contribution to the g-decay process for the parameters used in the text and make up the

operator used for the simulations performed in Sec. 4.3.

4.B [(-Decay in the Standard Model

To put our simulations in 1 + 1D into context, it is helpful to outline relevant aspects of
single-hadron [-decays in the SM in 3 4+ 1D. Far below the electroweak symmetry-breaking
scale, charged-current interactions can be included as an infinite set of effective operators
in a systematic EFT description, ordered by their contributions in powers of low-energy

scales divided by appropriate powers of My,. For instance, S-decay rates between hadrons

scale as ~ A(GrA?)?(A/My )", where A denotes the low-energy scales, G—\/;l = 81%/ is Fermi’s
constant and LO (in A/My ) corresponds to n = 0. By matching operators at LO in SM
interactions, the (-decay of the neutron is induced by an effective Hamiltonian density of
the form [241, 611]

Hp = Gr Vad 0" (1 = 35)0a ¥vu(1 = ¥5)¢0, + hec., (4.17)

V2
where V4 is the element of the CKM matrix for d — u transitions. As Hg factors into con-
tributions from lepton and quark operators, the matrix element factorizes into a plane-wave
lepton contribution and a non-perturbative hadronic component requiring matrix elements
of the quark operator between hadronic states. With the mass hierarchies and symmetries

in nature, there are two dominant form factors, so that,

Pp) |0 (1 = 35)0aln(pn)) = Uy [ gv (@) = 9a(@®)"v5 | Un (4.18)

where ¢ is the four-momentum transfer of the process, gy (0) = 1 in the isospin limit and
ga(0) = 1.2754(13) [692] as measured in experiment. The matrix element for n — pe 7,

calculated from the Hamiltonian in Eq. (4.17) is

2 2

gy — 9
IM|? = 16G%|Voa|* My, M, (g% + 362) (B, E. + 55— p. - py) , (4.19)
gi + 393
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which leads to a neutron width of (at LO in (M, — M,)/M,, and m./M,)

_ G%|Vud|2(Mn B Mp)5

r,
6073

(9v +39%) f'(y), (4.20)

where f’(y) is a phase-space factor,
9 15 y
"(y) = 1_2(1__2_44)__410 . —
Fly) =v1-y 5Y 4 R

and y = m./(M, — M,). Radiative effects, recoil effects and other higher-order contributions

, (4.21)

have been neglected.

4.C [-Decay in 1+ 1 Dimensions: The L. = co and Continuum Limits

In 1+ 1D, the fermion field has dimensions [¢)] = %, and a four-Fermi operator has dimension

A

[0] = 2. Therefore, while in 3+ 1D [Gr| = —2, in 1+ 1D, the coupling has dimension [G] = 0.
For our purposes, to describe the f—decay of a A™-baryon in 1 + 1D, we have chosen to

work with an effective Hamiltonian of the form

G — — G — _
HT = — P " Juls + he. = — P A* .C¥, + hee. 4.22
F ﬂwwdww ﬂwwdwww (4.22)

where we have chosen the basis
1 0 0 1
Y = , M= = C,

0 -1 -1 0

YWY =%, € = C , {1 wt = 20w - (4.23)

For simplicity, the CKM matrix element is set equal to unity as only one generation of
particles is considered.

In the limit of exact isospin symmetry, which we assume to be approximately valid in this
appendix, the four A baryons form an isospin quartet and can be embedded in a tensor 7%

(as is the case for the A resonances in nature) as 7' = A*+ 712 = 7121 — 7211 — A+//3
T2 = T2 = 7212 = A0/\/3 T?*? = A~. Matrix elements of the isospin generators are

reproduced by an effective operator of the form

P Ty = 3Tapey (74)5 T, (4.24)
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which provides a Clebsch-Gordan coefficient for isospin raising operators,
Eq’y’“bfrwq — V3 ATFAPAT + 2 AFAPAY 4 /B AIEAT (4.25)

The matrix element for (-decay factorizes at LO in the electroweak interactions. The

hadronic component of the matrix element is given by
(A (o) [0y al A (p2)) = VBav (¢?) Unoy*Us- = H*,
B 1= 3gu ()T (37 (5 + Ma) ¥ (6 + Mav)]

)
= 6lgv () ? 1200+ pp” — 9% (0 po) + Ma Maog™| = H, (4.26)
and the leptonic component of the matrix element is given by, assuming that the electron

and neutrino are massless,
(€7 " C|0) = TUA"CV, = L*,
L°LP T =Ta [1°Cp,CH,] = Tr [ VQIZﬂ%e}
=2 [pp! + B¢ — 97’ (B, - p)] = LY, (4.27)

where p = (p°, +p') and p = (p°, —p'). Therefore, the squared matrix element of the process

is
G2
IM|* = 71{0‘%&5 = 12G?gi Ma- (Ma- — 2Ey) (E.Es — Pe - Py) (4.28)

from which the delta decay width can be determined by standard methods,

1 dp. dpy dpo 2 ¢ 2
CaA- = 2m)°0%“(p— — po — Pe — Py
s =g | it B an o~ o~ b~ o) M)
Ggy njypm
=3 9 dEe dEﬁ 5(@ - Ee - EV) + @ (Q /MA)
T
G2 2
=3 1 O(Q/M3) (4.29)
where ) = Ma- — Mao and we have retained only the leading terms in an expansion in

Q/Ma and evaluated the vector form factor at gy (¢*> = 0) = gy. The electron and neutrino
masses have been set to zero, and the inclusion of non-zero masses will lead to a phase-space
factor, fi, reducing the width shown in Eq. (4.29), and which becomes f; = 1 in the massless

limit.
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4.D [(-Decay in 1+1 Dimensions: Finite L and Non-zero Spatial Lattice Spac-
ing

The previous appendix computed the -decay rate in 1 + 1D in infinite volume and in the
continuum. However, lattice calculations of such processes will necessarily be performed with
a non-zero lattice spacing and a finite number of lattice points. For calculations done on
a Euclidean-space lattice, significant work has been done to develop the machinery used to
extract physically meaningful results. This formalism was initially pioneered by Liischer [442,
443, 444] for hadron masses and two-particle scattering, and has been extended to more
complex systems relevant to electroweak processes (Lellouch-Liischer) [420, 209, 170, 385,
311, 468, 110, 239, 110, 469, 93, 15, 119, 117, 118, 112, 120] and to nuclear physics [73, 209,
77, 76, 441, 440, 200, 469, 111, 114, 113, 115, 109, 288|. Liischer’s method was originally
derived from an analysis of Hamiltonian dynamics in Euclidean space and later from a field
theoretic point of view directly from correlation functions. The challenge is working around
the Maiani-Testa theorem [448] and reliably determining Minkowski-space matrix elements
from Euclidean-space observables. This formalism has been used successfully for a number of

important quantities, and continues to be the workhorse for Euclidean-space computations.

As quantum simulations provide observables directly in Minkowski space, understanding
the finite-volume and non-zero lattice spacing artifacts requires a similar but different analysis
than in Euclidean space.” While the method used in Euclidean space of determining S-matrix
elements for scattering processes from energy eigenvalues can still be applied, Minkowski
space simulations will also allow for a direct evaluation of scattering processes, removing
some of the modeling that remains in Euclidean-space calculations.® Neglecting electroweak
interactions beyond [-decay means that the final state leptons are non-interacting (plane-

waves when using periodic boundary conditions), and therefore the modifications to the

"Estimates of such effects in model 1+1 dimensional simulations can be found in Ref. [116].

8For example, the energies of states in different volumes are different, and so the elements of the scattering
matrix are constrained over a range of energies and not at one single energy, and a priori unknown
interpolations are modeled.
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density of states due to interactions, as encapsulated within the Liischer formalism, are
absent.

With Hamiltonian evolution of a system described within a finite-dimensional Hilbert
space, the persistence amplitude of the initial state coupled to final states via the weak
Hamiltonian will be determined by the sum over oscillatory amplitudes. For a small number
of final states, the amplitude will return to unity after some finite period of time. As
the density of final states near the energy of the initial state becomes large, there will be
cancellations among the oscillatory amplitudes, and the persistence probability will begin to
approximate the “classic” exponential decay over some time interval. This time interval will
extend to infinity as the density of states tends to a continuous spectrum. It is important
to understand how to reliably extract an estimate of the decay rate, with a quantification
of systematic errors, from the amplitudes measured in a quantum simulation. This is the
subject of future work, but here a simple model will be used to demonstrate some of the

relevant issues.

Consider the weak decay of a strong eigenstate in one sector to a strong eigenstate in a
different sector (a sector is defined by its strong quantum numbers). For this demonstration,
we calculate the persistence probability of the initial state, averaged over random weak and
strong Hamiltonians and initial states, as the number of states below a given energy increases
(i.e. increasing density of states). Concretely, the energy eigenvalues of the initial strong
sector range from 0 to 1.1, and 10 are selected randomly within this interval. The initial
state is chosen to be the one with the fifth lowest energy. The eigenvalues in the final strong
sector range between 0 and 2.03, and Yy = 20 to 400 are selected. The weak Hamiltonian
that induces transitions between the 10 initial states to the Y} final states is a dense matrix
with each element selected randomly. The weak coupling constant is scaled so that G?p;
is independent of the number of states, where p; is the density of states. This allows for
a well-defined persistence probability as Y; — oo. For this example, the elements of the
weak Hamiltonian were chosen between +w;, where w; = 1/(2/Yr). Figure 4.7 shows the

emergence of the expected exponential decay as the number of available final states tends
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toward a continuous spectrum. In a quantum simulation of a lattice theory, the density
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Figure 4.7: Ensemble averages (over 2000 random samples) of the persistence probability
of an initial state in one sector of a strong Hamiltonian undergoing weak decay to states in a
different sector, as described in this appendix. The different colored points are results from
calculations with an increasing number of final states, Yr. The weak coupling scales so that
the decay probability converges to a well-defined value as the density of final states tends to

a continuum.

of states increases with L, and the late-time deviation from exponential decay will exhibit
oscillatory behavior, as opposed to the plateaus found in this statistically averaged model.
The very early time behavior of the probability is interesting to note, and exhibits a well-
known behavior, e.g., Refs. [651, 272]. It is, as expected, not falling exponentially, which
sets in over time scales set by the energy spectrum of final states.

Only small lattices are practical for near-term simulation and lattice artifacts will be
important to quantify. Relative to the continuum, a finite lattice spacing modifies the energy-
momentum relation and introduce a momentum cut-off on the spectra. However, if the initial
particle has a mass that is much less than the cut-off, these effects should be minimal as

the energy of each final state particle is bounded above by the mass of the initial particle.
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As has been shown in this appendix, working on a small lattice with its associated sparse
number of final states, will lead to significant systematic errors when extracting the decay
rates directly from the persistence probabilities. Further work will be necessary to determine

how to reliably estimate these errors.

4.E [(-Decay Circuits

The quantum circuits that implement the Trotterized time-evolution of the 5-decay Hamilto-
nian are similar to those presented in Chapter 3 to implement the strong-interaction dynam-
ics, and here the differences between the two will be highlighted. The [-decay Hamiltonian
in both the standard and tilde layouts, Eqs. (4.5) and (4.9), contains terms of the form

1
Hg~ (67c"0 0" +he)+(070Toto™ +he) = g(XXXX +YYXX -YXYX
1
+YXXY +XYYX - XYXY + XXYY +YYYY)+ g(XXXX +YYXX
FYXYX - VXXY - XYYX + XYXY + XXYY +YYYY), (4.30)

which can be diagonalized by the GHZ state-preparation circuits, G and G , shown in Fig. 4.8.
In the GHZ basis, it is found that

Jdh)
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Q
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o
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Figure 4.8: Two GHZ state preparation circuits.

GIXXXX+YYXX - YXYX +YXXY +XYYX - XYXY + XXYY +YYYY)G

=117 —-ZIIZ+ZZ1Z - 22272 —1Z1Z+ 12272 —-11Z7Z+ ZIZ7Z (4.31)
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and

GHXXXX+YYXX+YXYX - YVXXY - XYYX +XYXY +XXYY +YYYY)G

=11ZI -ZI1Z] - ZZZZ+ ZZZI+ 1227 —1ZZ]1 - 11ZZ + Z1Z7Z . (4.32)

Once diagonalized the circuit is a product of diagonal rotations, see Fig. 4.9 for an example of
the quantum circuit that provides the time evolution associated with o ajaceruvauvng[’ -
By diagonalizing with both G and G and arranging terms in the Trotterization so that
operators that act on the same quarks are next to each other, many of the CNOTSs can be
made to cancel. Also, an ancilla can be used to efficiently store the parity of the string of
Zs between the o*.

lur) —»—E} D uIsz)}—@—{Rz(-a)}—@—{ Rz () K}-{Rzou)}—@-{l’»z(a)}—E}{sz)}—@—{ Rz(u)}—@—{Rzou)i S-PP @—0—

‘ug>
|up)

4) —4-D &
||;; C)\/ N g
el (6"0"0~ZZo" + h.c.) rotations G

Figure 4.9: A quantum circuit that provides the time evolution associated with the o oo,

ZrupZoug0,, operator in the S-decay Hamiltonian, with oo = V2Gt/8.

4.F Resource Estimates for Simulating $-Decay Dynamics

For multiple lattice sites, it is inefficient to work with leptons in the tilde basis. This is
due to the mismatch between the local four-Fermi interaction and the non-local tilde basis
eigenstates. As a result, the number of terms in the S-decay component of the Hamiltonian
will scale as O(L?) in the tilde basis, as opposed to O(L) in the local occupation basis.

This appendix explores a layout different from the one in Fig. 4.1, which is optimized for
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the simulation of (-decay on larger lattices. To minimize the length of JW Z strings, all
leptons are placed at the end of the lattice, see Fig. 4.10. After applying the JW mapping,

1=2 =1 =2 =1

ev evev: d w : d uwu | d uw i d u
OO0 0000 : 000 00O : OO0 OO0 : OO0 00O : OO0 000

Figure 4.10: A qubit layout that is efficient for the simulation of S-decay. Shown is an

example for L = 2.

the [-decay operator becomes

L-1

2
oo o, 220 — o Z% 7 o7, 20 4+ o0t o~ Z 0
L,vY e l,d,c lyu,c le lLv“ld,c lyu,c Ly le ld,c la,c
=0 c=0

EIQ

+ 72 2 8 + 8
— Ole <z Ulu l,d,c Zaluc + Ulealu ld,c Zaluc o Ulealu ld,c Zaluc

+ o= ot 2 - + = o 2 -
T 0101, 017 L O1ae — 01201501502 Orae + h-C-) : (4.33)

Using the techniques outlined in App. 4.E to construct the relevant quantum circuits,

the resources required per Trotter step of Hg are estimated to be

Ry : 192L ,
Hadamard : 48L ,

CNOT : 436L . (4.34)

For small lattices, L < 5, it is expected that use of the tilde basis will be more efficient
and these estimates should be taken as an upper bound. Combining this with the resources

required to time evolve with the rest of the Hamiltonian, see Chapter 3, the total resource
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requirements per Trotter step are estimated to be

Ry, @ 264L% —54L + 77,

Hadamard : 48L% 4+ 20L + 2,

CNOT : 368L*+ 120L + 74 . (4.35)

It is important to note that the addition of Hg does not contribute to the quadratic scaling
of resources as it is a local operator. Recently, the capability to produce multi-qubit gates
natively with similar fidelities to two-qubit gates has also been demonstrated [381, 380, 29].
This could lead to dramatic reductions in the resources required and, for example, the number

of multi-qubit terms in the Hamiltonian scales as
Multi-qubit terms : 96L? — 68L 4 22 . (4.36)

The required number of CNOTs and, for comparison, the number of multi-qubit terms in

the Hamiltonian, for a selection of different lattice sizes are given in Table 4.3. Note that

L CNOTS Multi-Qubit
Terms
5 9874 2082
10 38,074 8942
50 926,074 236,622
100 3,692,074 953,222

Table 4.3: The CNOT-gate requirements to perform one Trotter step of time evolution of
[-decay for a selection of lattice sizes. For comparison, the number of multi-qubit terms in

the Hamiltonian is also given.

these estimates do not include the resources required to prepare the initial state.
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4.G Technical Details on the Quantinuum H1-1 Quantum Computer

For completeness, this appendix contains a brief description of Quantinuum’s H1-1 20 trapped
ion quantum computer (more details can be found in [539]). The H1-1 system uses the Sys-
tem Model H1 design, where unitary operations act on a single line of 'Y+ ions induced by
lasers. The qubits are defined as the two hyperfine clock states in the 25, /2 ground state of
172y, Since the physical position of the ions can be modified, it is possible to apply two-
qubit gates to any pair of qubits, endowing the device with all-to-all connectivity. Moreover,
there are five different physical regions where these gates can be applied in parallel. Although
we did not use this feature, it is also possible to perform a mid-circuit measurement of a
qubit, i.e., initialize it and reuse it (if necessary).

The native gate set for H1-1 is the following,

U1q<07¢) _ e—i%[cos(qﬁ)X-i—sin(qb)Y] 7 RZ(/\) _ e—z%Z . Z7 = e—igZZ 7 (437)

where ¢ in Uy4(6,¢) can only take the values {7, 7}, and arbitrary values of ¢ can be ob-
tained by combining several single-qubit gates, Ulq(e, ¢) = Uiy(5,0+7%5).Rz(0).Uiy(5,0—75).
Translations between the gates used in the circuits shown in the main text and appendices
to the native ones are performed automatically by pytket [594]. The infidelity of the single-

and two-qubit gates, as well as the error of the SPAM operations, are shown in Table 4.4.

Min Average Max

Single-qubit infidelity | 2x 107® | 5x 107 | 3 x 10™*

Two-qubit infidelity | 2 x 1073 3x 1073 5x 1073

SPAM error | 2 x 1073 3x 1073 5x 1073

Table 4.4: Errors on the single-qubit, two-qubit and SPAM operations, with their minimum,

average and maximum values.
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4.H Time Evolution Under the Full f-Decay Operator

The simulations performed in Sec. 4.3 kept only the terms in the S-decay Hamiltonian which
act on valence quarks, see Eq. (4.14). This appendix examines how well this valence quark
[-decay operator approximates the full operator, Eq. (4.9), for the parameters used in the
main text. Shown in Fig. 4.11 is the decay probability when evolved with both the approxi-
mate and full operator as calculated through exact diagonalization of the Hamiltonian. The
full S-decay operator has multiple terms that can interfere leading to a more jagged decay
probability. The simulations ran on H1-1 only went out to ¢ = 2.5 where the error of the

approximate operator is ~ 20%.

1.0
— Valence
11
. 0.8 Fu
£ 06
el
£
04
&
o
A 0.2
0 2 4 " 6 8 10

Figure 4.11: The probability of $-decay using both the approximate §-decay operator which

only acts on valence quarks (blue) and the full operator (orange).
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Chapter 5

STATE-PREPARATION AND TIME-EVOLUTION CIRCUITS
FOR SIMULATION OF NEUTRINOLESS DOUBLE-BETA
DECAY ON A 1+1D LATTICE AND QCD ON LARGER
LATTICES

5.1 Introduction

As discussed in Sec. 4.2.2, the Jordan-Wigner mapped 1+1D SU(3) Kogut-Susskind Hamilto-
nian found in Eq. 4.5 of Chapter 4 can be combined with the Majorana mass term for the neu-
trinos laid out in Eq. 4.11 to simulate neutrinoless double beta decay (0vg3). Ref. [193] has
used the reactions nn — ppe~e™ and ¥~ — Y Te e~ to compute the matrix elements of 0v 3
in a multi-nucleon system . In this chapter, the protocols for state-preparation and real-time
evolution on quantum devices for the 1+1D analogs of these reactions, A~A~ — A°Ale~e~

and A~ — Ate e, are discussed.

Additionally, IBM has recently produced several devices publicly accessible through the
cloud that have 100 - 150 qubits[1]. These devices have been used to run state-preparation
and real-time dynamics, which has included the formulation and testing of SC-ADAPT-VQE
on the lattice Schwinger model [238], real-time hadron dynamics in the lattice Schwinger
model [237], dynamics of an SU(3) gauge field on a 2+1D lattice without fermions [174],
dynamics of quark-pair string-breaking in an SU(2) Kogut-Susskind Hamiltonian theory on
a 1+1D lattice [173], and scalar wavepacket scattering in 141D [713]. 100-150 qubits can
theoretically produce a lattice large enough to simulate scattering simulations under a 1+1D
SU(3) Kogut-Susskind Hamiltonian, so in Sec. 5.5 I propose designs for circuits that can
Trotterize time-evolution under the 141D Kogut-Susskind Hamiltonian on superconducting

devices with a minimal SWAP gate overhead.
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5.2 Hamiltonians

5.2.1 Open Boundary Conditions

The Hamiltonians used in Chapters 3 and 4 represent QCD in open boundary conditions
(OBC). That is, the invariance with respect to a translation by an even number of lattice
inherent to the staggered lattice is broken only at the edges. As a result, as discussed in Ref.
[8] and Chapters 3 and 4, the gauge fields can be moved to one of the edges of the lattice

through fixing to the axial gauge, where it could be set to zero by convention.

The actual Hamiltonian used for neutrinoless double beta decay on an OBC lattice in this
chapter is the same as the one used in Eq. 4.5, with two extra terms. To recap, the lattice
is the same as the one in Fig. 4.2, with one register of qubits standing in for the quarks
and being governed by an SU(3) Kogut-Susskind Hamiltonian (labeled Hgyarks + Her) and
another register of qubits standing in for the leptons and being governed by a mass term and
a hopping/kinetic term (together labeled Hiepions). A [B-decay term is the only interaction
between these two registers. The two extra terms are the Majorana mass term, Hqj0ranas
laid out in Eq. 4.11 which acts on the neutrino qubits and makes it possible for a double-

[ decay to be neutrinoless and a chemical potential term, H,,,, which acts on the quarks

BIT>
and creates a mass-hierarchy intended to make single-3 decay energetically unfavorable but
double-3 decay energetically favorable. This is done by making the ground state energy of
the former higher than the initial state’s energy and the ground state energy of the latter

lower than the initial state’s energy. The full Hamiltonian can be written as so:

H = Hquarks + Hel + HMH + Hleptons + HMajorana + HB) (51)

where
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where pi77 is a constant tuned to whatever value is necessary to fix the desired mass hierarchy
and my; the neutrino Majorana mass. The color charge operator fo} is defined in Eq. 3.6.
5.2.2  Periodic Boundary Conditions

Open boundary conditions come with boundary effects from the broken translational sym-

metries, and to avoid these boundary effects one can utilize periodic boundary conditions
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(PBC). Practically, this means that there is a link between the first and last qubit on the
register, across which there is a kinetic term and through which color charges on one end
can affect gauge fields on the other end via Gauss’s Law. In this chapter, the periodicity is
applied separately to the lepton and quark registers.

The mass terms, Hpajorana, and Hg are not affected by this change as they do not act

outside their physical lattice site. Neither is H,,,, as it is simply an all-to-all interaction.

e
For H,;, one cannot simply remove the need to explicitly represent the gauge field by moving
it to the boundary through gauge-fixing the way it is done for OBC. This is because due to
the link between the first and last sites, such a process applied to PBC will always leave at
least on explicit gauge degree of freedom, which corresponds to to an overall contribution
to the gauge field on every link on the lattice. For the Schwinger model, it has been found
that this degree of freedom manifests itself in the form of the phenomenon of flux unwinding,
where the overall energy of the lattice can be incremented by a charge-pair circumnavigating
the lattice[486]. To address the ambiguity caused by this, the overall contribution degree of

freedom is held to be constant and H,; is rewritten accordingly, to reflect only the variable

parts of the chromoelctric Hamiltonian|[234]:

e z;é(_“ %)((Z}?Qﬁj}) (;Qggd,f)) 5.9

The motivation behind the form of the re-write is that the coefficient of Qfla;sz)f, should
be directly proportional to the distance d on the staggered lattice between n and m. This
is because under Gauss’s Law, a gauge field excitation created by a non-color-singlet site
propagates to all lattice sites until it reaches the correct non-color-singlet site to cancel the
excitation. Under the Weyl gauge, such behavior would manifestly mean that the magnitude
of this excitation’s effect on the chromoelectric term would need to be directly proportional
to the distance between the two excitations, so the same should be true for the axial gauge.
The minus sign was chosen because it was found that it was necessary to make the H,; from

Eq. 5.3 equivalent to its counterpart in 5.2 for a hypothetical excitation arbitrarily far away
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from the boundaries, where PBC and OBC should be equivalent. The factor of % was added
because my colleague Roland Farrell found that it was necessary to preserve the expected

correlation between color-charges separated by distance d [234],

AE;:)_[j) ~ eprcldmhadron i (54)

—~
O
o
O

The expected direct proportionality between the H,; contribution of an excitation and the
distance between color charges is preserved in the infinite volume limit.

For the kinetic Hamiltonian, naively one would find the PBC Hamiltonian simply by
adding a fermionic hopping term between the last staggered lattice site and the first. How-
ever, PBC means there are two ways of getting from one qubit on the lattice to the other,
and if the number of qubits in the “down” state on the lattice is even, the Jordan-Wigner
mapping would result in opposite signs between the two choices. To resolve this, the choice
of path that does not go between the last site and the first is held to have the “correct”
sign, and a factor of (—1)LTP*1 is appended to the terms between the last staggered lattice
site and the first to enforce this[234]. Just like with the % term in H,’s case, the naively
expected behavior at the boundary is reduced to what happens in the infinite volume limit.

This change results in H ks and Hieprons becoming

L—-1 2
Hquarks — % Z Z Z mf (Zl,f,c - Zl,?,c + 2) o

1=0 f=u,d =0

1 - J—
LS S S oty Fo (- (1 0P oty Py, e

(o Zoy, 4 (L= (14 ()M D)6, ot Zor, e (5.5)



174

5.3 Lepton state-preparation

First, the lepton state initializer can be simplified by applying the fact that the Jordan-
Wigner transformation can be applied by first running the appropriate circuits without the
Jordan-Wigner transformations and then applying a network of fermionic SWAP (FSWAP)
gates. This has been found before in Ref. [151], and can be understood to be a consequence
of the fact that an FSWAP gate effectively acts as a combination of the CZ and SWAP gates,

and that the action of a CZ gate is as follows:

A ~

NCZ=Y®I CZXX)CZ=YQ®Y

~ ~

® ®
CZX@NCZ=X®Z CZX®2)CZ=X®l CZX@Y)0Z=-Y®X
® @X)0Z=1I10X CZY@X)CZ=-XoY
(5.6)
Y CZ(YeY)CZ=X®X

CZ(ZoDCZ=21 7 CZZeZCZ=2%Z

Thus, the neutrino and electron qubits can be initialized separately, followed by a network
of either FSWAP or CZ gates, as shown in Fig. 5.1. The initializers for the electron and
neutrino subcomponents differ between the OBC and PBC Hamiltonians. Second, because
the Hamiltonian is real, its eigenstates and by extension its ground state must also be real.

Thus, we can restrict ourselves to circuits that only initialize real states.

5.3.1 OBC Hamiltonian

Fig. 5.2 shows the initialization circuit for the electron subcomponent and for the neutrino
subcomponent in the case where mjy; = 0. Fig. 5.3, which is controlled by three parameters,
shows the initialization circuit for the neutrino subcomponent in the case where my; # 0.
The former is a generalization of the latter, which is a generalized 2-qubit real-state initializer

on the middle two qubits, with couplings to the outer two qubits that are static components
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Figure 5.1: The decomposition of the lepton-qubit register state preparation circuits into
state-preparation circuits for the electron and neutrino subcomponents of the register and a
CZ or FSWAP network. To the left: the implementation for devices with all-to-all connec-

tivity; to the right: the implementation for devices with nearest-neighbor connectivity

set by the symmetries in the lepton ground states. The Hadamard gate on the first qubit
followed by the three CNOT gates controlled on it is based on the symmetrized exponential
wavefunction initializer from Ref. [393]. The CNOTs from the middle qubit to the last
qubit were obtained by identifying patterns within lepton ground states obtained using exact

classical diagonalization and mapped to bitstrings.

5.3.2 PBC Hamiltonian

There are 4 initialization circuits in this case. One, in Fig. 5.4, is for the electron subcom-
ponent and for the neutrino subcomponent in the case where —1 < mj; < 1 on devices
with all-to-all connectivity. One, in Fig. 5.5, is for the electron subcomponent and for the
neutrino subcomponent in the case where —1 < mj); < 1 on devices with nearest-neighbor
connectivity. The other two, in Fig. 5.6, are for the neutrino subcomponent in the case
where |my| > 1. All but the ones in Fig. 5.6 are built out of components based on the

eWXYEYX) hyilding-block component from Ref. [238].
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Figure 5.2: The circuit for insertion into the electron ground-state initializer subcomponent
of the circuits in Fig. 5.1 and the neutrino ground-state initializer subcomponent of the
circuits in Fig. 5.1 for the case of mj; = 0.This is for the open boundary conditions (OBC)

Hamiltonian.

~
L/

[l
L/

Figure 5.3: The circuit for insertion into the neutrino ground-state initializer subcomponent
of the circuits in Fig. 5.1 for the case of my; # 0. 61, 6, and 03 are variational parameters
set to a different value for each my,. This is for the open boundary conditions (OBC)

Hamiltonian.
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Figure 5.4: The circuit for insertion into the electron ground-state initializer subcomponent

of the circuits in Fig. 5.1 and the neutrino ground-state initializer subcomponent of the

circuits in Fig. 5.1 for the case of [my| < 1. § = —2tan™' (v/2 — 1), ¢ = 2tan™! (—v/2 — 1),

x = —tan~'(v/2—1), ¥ = —tan"' (v/2 — 1). The subcomponents with the parameters y
0

and ¢ are based on the circuit for the operation ez X*Y*YX)) from Ref. [238]. This is for the

periodic boundary conditions (PBC) Hamiltonian on a device with all-to-all connectivity.

I s H# R, H Hst
SHE—1 ZiEHE]

ZYEHs bR R aHET
D 51O FeHO-FH T

1

Figure 5.5: The circuit for insertion into the electron ground-state initializer subcomponent of
the circuits in Fig. 5.1 and the neutrino ground-state initializer subcomponent of the circuits
in Fig. 5.1 for the case of |my| < 1. § = -0.8301450945867347, ¢ = -0.8301450945867347,
x = 0.24090007687244258, w = -1.026298240269891, and ¢ = -1.2802979760585618. The
subcomponents with the parameters x, 1, and w are based on the circuit for the operation
e@2(XYEYX) from Ref. [238]. This is for the periodic boundary conditions (PBC) Hamilto-

nian on a device with nearest-neighbor connectivity.
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Figure 5.6: Left: The circuit for insertion into the neutrino ground-state initializer subcom-
ponent of the circuits in Fig. 5.1 for the case of my; < —1. Right: The circuit for insertion
into the neutrino ground-state initializer subcomponent of the circuits in Fig. 5.1 for the

case of mys > 1. This is for the periodic boundary conditions (PBC) Hamiltonian.

5.4 Baryon state-preparation

The B =1 and B = 2 ground states for the subspace with a Z-component of isospin of —% for
the baryon-register qubits. These states are the initial state for the reactions A~ — Ate e~
and A“A~ — AYA%~e~, respectively, and so must be initialized in order for the real-time
evolution of these reactions to be simulated. My colleague Roland Farrell has found that it
is possible to use SC-ADAPT-VQE using the same operator-pool used in Ref. [238], after
removing terms that simultaneously apply creation and annihilation operators to qubits of
different colors, to obtain the U(1) Kogut-Susskind lattice gauge theory ground state to
obtain the aforementioned ground states. In this section I present a simplified PBC SU(3)
Kogut-Susskind Hamiltonian that makes the VQE optimization required for this application
of SC-ADAPT-VQE less resource-intensive.

5.4.1 Construction of the color-singlet space

The possible occupation-states of the quarks of each flavor on each staggered site the quark
lattice characterized by the Hgyarks + He subcomponent of one of the Hamiltonians discussed
in Sec. 5.2 is shown in Table 5.1. A similar theory can be constructed for an SU(2) gauge field,

with two colors and hence two quarks (and therefore qubits) per flavor per staggered lattice
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site. The possible occupation-states of the quarks of each flavor on each staggered lattice
site in this simpler SU(2) theory are shown in Table 5.2. The irreducible representations
(“irreps”) for SU(2) and SU(3) are named using conventions from Ref. [171].

The aim of Sec. 5.4.1 is to prove that all SU(3) color singlet fermion states can be

expressed as a sum of tensor products of the following states:

1 1
10),17) %(I6>®I1>—|5>®|2>+|3>®|4>), %(|1>®I2>®I4>—|2>®|1>®I4>—|1>®|4>®|2> +
4 @) e2)+2)e4) 1) -4)®2)® (1), %(I3> ®[5) ®6) — |5) @ [3) @ [6) —
3) ©[6) @[5) +16) @ 3) ® |5) + [5) ® |6) @ |3) — |6) @ [5) @ [3)) (5.7)

Qubit-state | Qu8it notation | SU(3) irrep
LD 10) 1
L) 1) 3
1) 12) 3
L) 3) 3
[T |4) 3
[T 5) 3
T4 6) 3
1) 7) 1

Table 5.1: Left: the possible states, expressed in the form of spins, of the qubits representing
the three quarks of a given flavor on a given staggered lattice site. Center: the notation that
will be used in the rest of Sec. 5.4.1 to discuss SU(3) lattice gauge theory fermion states. It
is similar to the one used in Ref. [341] to encode SU(3) lattice gauge theory on qu8its. Right:
the irreducible representation of SU(3) that the state falls into, denoted by dimensionality.
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Qubit-state | Ququart notation SU(2) irrep
L4 10) 0
1) 1) 3
[14) 12) 3
1) 13) 0

Table 5.2: Left: the possible states, expressed in the form of spins, of the qubits representing
the two quarks of a given flavor on a given staggered lattice site; Center: the notation that
will be used in the rest of Sec. 5.4.1 to discuss SU(2) lattice gauge theory fermion states.
Right: the irreducible representation of SU(2) that the state falls into, denoted by the total

spin quantum number.

SU(2) singlet space

The first step of the proof that Eq. 5.7 contains all of the basic components of the fermion
SU(3) color singlet space is a similar proof for the SU(2) color singlet space. Thus, this
section details a proof that all SU(2) color singlet fermion states can be expressed as a sum

of tensor products of the following states:

1
V2

|0) and |3) are color singlet states, so any states purely composed of sums of tensor products

10),13), (1) @ 2) — [2) @ 1)) (5-8)

of them are color singlet states. Thus, the only question that remains is which, if any,
combinations of the states |1) and |2) are color singlets.

The following facts can be used as a starting point:

1. The overall z-component of the spin of a color singlet must be 0, hence the number of

|1)’s and |2)’s in a color singlet state must be equal.

2. Applying a raising or lowering operator to any SU(2) color singlet state returns a value



181

of 0.

A raising (J*) or lowering (J~) operator on a state can be represented in terms of a sum of

raising and lowering operators on its irrep—% components (J; ., and J ., respectively) like

1/2 1/2)
SO:
JT=J0le - e1+1eJ),®0  ®l+ - +101x - ®J, (5.9)
S =Jp0le - R14+18J,0 @1+ +10le - ®J, (5.10)
Given that
T It =030 1) = 1) 5 Iy 1) = )5 J1 s ) =0, (5.11)

applying J7T results in a sum of states that have one more |1) state than the original state
and applying J~ results in a sum of states that have one more [1) state than the original
|1). In both cases the sign is the same as it was in the original state.

Thus, to satisfy Fact # 2’s stipulation that applying J* (J7) result in a state of 0, each
term in a color-singlet state composed of irrep—% components must have a counterpart with
the opposite sign that will produce the same result when J* (J7) is acted on it. Since
different initial states must be acted on by different operators in order to achieve the same
final state, this must be accomplished by means of J1+/2 (J;/z) acted on site a of term A
producing the additive inverse of the result of J1+/2 (J1/2) acted on site b of term B. (Here
A, B, a, and b are arbitrary indicators for a given term or site, respectively). The only way
to meet this requirement is to select a and b so that site a of term A is in state ||) and site b
of term A is in state |1), and mandate that term B is the same as term A except that site a
is in state 1) and site b is in state |]) and its amplitude is the additive inverse of term A’s.

Then Terms A and B must satisfy the following requirement:
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A)+1B) = C 1), @t lother) ~C 1), 814}, Blother) = CVa—=(1)@[2)~2I1))lother)

(5.12)
where C' is an arbitrary amplitude and |other) are the parts of Terms A and B that do not
lie on sites a and b. Since \%(\1) ® |2) — |2) ® [1)) is an SU(2) singlet state, |other) must also
be an SU(2) singlet state, so the process in Eq. 5.12 can be repeated for all pairs of sites
occupied by a [1) or a |2). Thus, the only states composed of |1)’s and |2)’s that are SU(2)
singlets are sums of tensor products of \%(!D ® [2) — |2) ® |1)). Since |1), |2), |0), and |3)
are the only states in a register of fermions obeying an SU(2) lattice gauge theory, sums of
tensor products of the states listed in Eq. 5.8 encompass the entire space of singlet states
possible among fermions obeying SU(2) lattice gauge theory.

QED

Extension to SU(3) singlet space

The next step is to extrapolate the proof for SU(2) singlet states in Sec. 5.4.1 to a proof that
all SU(3) singlet states composed of quarks can be expressed as a sum of tensor products
of the states in Eq. 5.7. The first difference between SU(2) and SU(3) that needs to be
accounted for is that while quarks in SU(2) lattice gauge theory only come in one irreducible
representation besides the singlet (3), while quarks in SU(3) lattice gauge theory come in
two (3 and 3). The second is that while SU(2) has one set of creation and annihilation
operators, SU(3) has two (I will denote a; and ay as the annihilation operators and o and
Oz; as their corresponding creation operators). For 3 and 3, the actions of a; and ay can be
shown in Fig. 5.7 [269].

Thus, the (|1), |4)) and (|4), |2)) state-pairs within the 3 irrep and the (|5), |6)) and
(13), |5)) pairs within the 3 irrep each form SU(2) subgroups. Combining this fact with the

fact that all SU(2) singlets composed entirely of irrep—% states are sums of tensor products

of the state %(|1> ®]2) —]2) ®|1)), one can come to the conclusion that all SU(3) singlets



183

@L 3
b
2

Figure 5.7: The actions of the SU(3) annihilation operators on the 3 and 3 states. (creation

operators go in the direction opposite the arrows)

composed entirely of irrep-3 states are sums of tensor products of the state

1
wleRel-Relheld-helha2)
+HH )2 +[2)®4) @ 1) - |4) @ 2) ® 1)) (5.13)

and all SU(3) singlets composed entirely of irrep-3 states are sums of tensor products of the

state

1
ZBrelel6) -k el3) el -13) @6 © )
+16) ® [3) @ [5) + [5) ® [6) @ [3) — [6) ® |5) @ |3)) (5.14)

Besides the color-singlets composed of states in the 1 irrep, those composed of states in
the 3 irrep, and those composed of states in the 3 irrep, one should also consider combinations

of states in the 3 and 3 irreps. Considering these combinations is fortunately simple: states
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in the 3 irrep can be written as combinations of two states in the 3 irrep, and vice versa.

They can be derived from SU(3)’s weight-charts, found in Ref. [269], and are as follows:

)= 7(\3> ®[5) = 15) ®[3)) 16) = 7(I2> ® |4) - |4) ®2))
2) = 7(\3> ® [6) = 16) ®3)) [5) = T(U) ® |4) —|4) @ 1)) (5.15)
[4) = ﬁ(\@ ® [6) = 16) ®5)) 3 =Z(heR) -2el)

Applying the relations in Eq. 5.15 to Egs. 5.13 and 5.14 gives the additional SU(3) singlet

basis state enabled by combining states with irreps 3 and 3:

%(\@ ® 1) = 15) @ [2) +[3) ©[4)) (5.16)

Adding in the states in Egs. 5.13, 5.14, and 5.16 with the trivial color singlet states |0) and

|7) gives Eq. 5.7, and one has proven that all SU(3) color singlet quark combinations are
sums of tensor products of the states in Eq. 5.7.
QED

As a side-note, the basis-states of the SU(3) color singlet space are the natural conse-

quence of the fact pointed out in Chapters 13 - 16 of Ref. [269] that color-singlets can

be created by taking a group of quarks and antiquarks and applying and summing over

Levi-Civita symbols and/or Kronecker deltas, combined with the Jordan-Wigner mapping,.

5.4.2  Simplifying the Chromoelectric Hamiltonian within the color-singlet space

Since the only combinations of quarks that will occur physically are color-singlets, the next
question is: how can one take advantage of the fact that all color-singlets are sums of tensor-
products of states in Eq. 5.7 (which in this section I will call “fundamental singlet states”)
to simplify the action of the Q(G}Qm o terms present in the H,; Hamiltonian terms from Eqs.

5.2 and 5.3 on states within the color-singlet space? This will have two components: Qn’ s
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and sz?f/ where (n, f) and (m, f’) are from different fundamental singlet states and where
(n, f) and (m, f’) are from the same fundamental singlet state.

First, any QES}QS?ﬂ where one of the @’s is applied to a |0) or a |7) state is 0. This
is true separately for the diagonal and off-diagonal components of Qfg}@fs’)f,. For the
off-diagonal component, applying a cto~ to a register where all qubits have the same
spin will produce a result of 0. As for the diagonal component, it can be re-written as
%22:0 Uéj%fn+3f+c (Qaigj\)ffmﬁ-i%f’-&-c - U:Ej\)ffm+3f'+((c—1) mod 3) O-igj\)ffm—i-iif’-l—((c—i-l) mod 3))' Let’s
say (m, f') is the site with the |0) or |7) state. Since the spin is the same for all 3 colors, the
sum <20§j\)ffm+3f’+c - Uzgjvfm+3f'+((cf1) mod 3) J:()j\)ffnwrzsfur((c+1) mod 3)>’ to which the diagonal
part of ng}@fﬁf?f, can now be reduced, is 0. This leaves pairs of sites from the states from

Eqgs. 5.13, 5.14, and 5.16.

Chromoelectric term within a fundamental singlet state

Applying the off-diagonal portion of QS}QfZ?ﬂ to the two sites occupied by “meson exci-
tation” i.e. \/Lg(|6> ® [1) —15) @ |2) + [3) ® |4)) results in the state —\/Lg(|6> ® 1) —|5) ®
12) + [3) ® |4)). Applying the diagonal portion of QS?}QS:LU to the same site-pair produces
—5 % \/Lg(|6> ®[1) = [5) ®[2) 4+ |3) ® |4)). Thus, the action of the chromoelectric term on the
sites of the meson excitation can be represented simply by the diagonal portion scaled up by
a factor of 4.

Similarly, applying the off-diagonal portion of Q;T}sz’)f, to a pair of sites occupied by
either the state in Eqgs. 5.13 or the state in 5.14 results in an overall —% factor being
multiplied into the state, and applying the on-diagonal term results in a —% factor being
multiplied into the state. Thus, the diagonal portion of QES}QS,)JN scaled up by a factor of 4 is
equivalent to the chromoelectric term for all pairs of sites occupied by the same fundamental
singlet state.

Combining this with the fact that SU(3) color singlet states are sums of tensor products
of the states in Eq. 5.7, scaling the diagonal portion of fo}@gs)f, up by a factor of 4 is

equivalent to the entirety of QS}QSZ?JC, if one is working with two sites from the same color-
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singlet space. Therefore,

(@) h(@) — la) ~H(a) (2) L () (2)
Qn,me,f’ = (@, me fr)trunl = <Z ‘73an+3f+c‘731vfm+3f'+c - §J3an+3f+103me+3f’

L ) e L ) e L ) 2)
T 593Nn+3f+293Nm43f 5 593Nm+3f+293Nm43f'+1 9 593Nm+3f 93N m+3f/4+1

1 @ (2) e (2)
T 973Nm+3f O8N mA3f 142 T 2U3an+3f+1U3me+3f/+2> (5.17)

for Qn me p within a color-singlet subspace. An attempt to simplify Eq. 5.17 even

further was made using the conjecture that aéj\),fn+3f+10§2fm+3f, + U:(),?\)/fn+3f+2‘75(5§\)/fm+3f’ +

(2) (2) : : (2) (2) (2) (2)
O3Npn+3f+293N;m+3f/+1 18 equivalent to that of O3Nm+3fO3Nm+3f'+1 T O3Nimt3fO3N;mesf+2 T

aéj\),fn 137410 é’j\)ffm 3742+ SO one can trim 3 Pauli-Z pairs from QSZ}QmJ/. Therefore, this

should be true:

2

(a) 1 (2) e e 52
(Q me f/)trunl (Qn me f/)trun2 § ( Z 3an+3f+c 3me+3f’+c 3an+3f+1 3me+3f’
c=0

(2) (2) (2) (z
~ O3Nnt3f+29 3N mA3 0 ‘73N,n+3f+2‘73me+3f/+1> (5.18)

The next step is to find out whether Eqgs. 5.17 and 5.18 hold for Qi‘f}@fs?f, terms applied

to site-pairs that are from different fundamental singlet states in the general case.

Chromoelectric term between fundamental singlet states

The action of a Q(G;Qm o on a pair of sites from different fundamental singlet states is shown
in Fig. 5.8 for a site-pair where both sites are either in irrep 3 or 3 or in Fig. 5.9 for a
site pair where one site is in irrep 3 and the other is in irrep 3. Figs. 5.8 and 5.9 show the
results for the case of a pair of - 7 (16) ® 1) —[5) ®[2) +|3) ® |4)) (which we will call “meson

excitations”), but all other cases can be derived using the relations in Eq. 5.15.

Intuitive “proof” from locality of zero Qfﬁ}@isff, action Imagine that one has a lattice

which contains two meson excitations that are separated from each other and otherwise is
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Figure 5.8: The result of acting the QT(?}QS)f, on two sites from two different meson excita-
tions but of the same irrep. The 3 and 3 denote the irreps on the sites; the red connections

denote which sites are part of the same meson excitation.

T f" - 1 1~
o2 33 3= 3232352323

Figure 5.9: The result of acting the QEZQ}QS) o on two sites from two different meson excita-
tions and of different irreps. The 3 and 3 denote the irreps on the sites; the red connections

denote which sites are part of the same meson excitation.
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composed of entirely of |0) and |7) states. Since the meson excitations are self-contained color

UXY=YX) gperator from Ref.

singlet states and could be produced locally by applying the e
[238] to |0) and |7) states, the only places where the gauge field would be a non-color-singlet
and would thus contribute to the chromoelectric term should be on the links separating
the sites that are members of the same meson excitation. Thus, the different-excitation
Q;f}@ff;?f, terms, which act between the two meson excitations, must be suppressed. This

logic can be applied to all possible pairs of states from Eqgs. 5.13, 5.14, and 5.16, not just

meson excitation pairs.

However, the question remains of what happens when the links excited by the two meson
excitations overlap. One such system is visible on the right side of the equations in Figs.
5.8 and 5.9, where it has a coefficient of :I:%. From the equations in Figs. 5.8 and 5.9, it is
straightforward to deduce that the different-excitation fo}@fs)f, terms acting on such a state
would produce a superposition of the original state and a state with the meson excitations
spatially separated. However, by the logic in the previous paragraph, the mapping via
different-excitation Q;‘T}Q%’)ﬂ terms from the spatially separated meson excitations to the
overlapping ones is suppressed. In order for the operator to be Hermitian, the the converse
mapping must be suppressed as well. Thus, the only permitted action of the different-
excitation QS}QSZL, terms on such a system is a diagonal interaction. However, if one
does the algebra on the interactions of the forms of the equations in Figs. 5.8 and 5.9, the
suppression of the non-diagonal interaction will also require the suppression of the diagonal
term.

The remaining overlapping-link states with two meson excitations can be seen in Fig.
5.10. They can both be formed from an overlapping state that can be mapped by a QSZ}QX?JC,
term to a spatially separated meson excitation pair by swapping the 3 and 3 sites of a given
meson excitation. From Figs. 5.8 and 5.9, the action of a QS}Q&LL@, term between a 3 — 3
and a 3 — 3 site pair on different meson excitations is the additive inverse of the action
of a ij}@gs)f, term between a 3 — 3 site pair on different meson excitations. Thus, the

aforementioned swap’s effects are (1) to change the non-initial state in all of the different-



189

excitation Qﬁjj}@fjﬁf, actions in the same way for all terms and (2) to flip the sign of all
different-excitation Q;G}Qfﬁ)f, actions. Neither of these effects changes the fact that the

different-excitation QS}QSE?JC, would be suppressed.

o Lo L
3 3 3 3|8 3 3 3
1 2 3 4 1 2 3 4

Figure 5.10: The two remaining overlapping two-meson-excitation states.

Thus, for all states, Qfﬁ}@fz?f, terms between different fundamental color singlet states should
be suppressed. This proof, however, depends on the locality of the theory. This conjecture
is accurate for open boundary conditions. However, in the treatment of periodic boundary
conditions present in Sec. 5.2.2; it is only accurate in the infinite-volume limit. The next
two proofs cover in a more mathematically-rigorous manner the case of expectation values
of the chromoelectric portion of the Hamiltonian for all chromoelectric terms and the case

chromoelectric terms independent of or linearly dependent on distance between sites.

General proof of zero action for expectation values of H,, The chromoelectric term
is equivalent to the SU(3) Casimir operator [171]. The Casimir operator (7?) of a state
that is composed of two excitations on a singlet can be expressed in terms of the Casimir

operators of the individual excitations (which we can call “A” and “B”) like so [269]:

T2 = TA* 4 TB? 4 o1 TP (5.19)

with a denoting which of the eight Gell-Mann matrices the term that it subscripts stands
in for. Since in this case excitations A and B are entangled with the states of quarks on
the lattice-sites (which are themselves superpositions of states with an equal probability of
measuring any of the states in either the 3 or 3 irrep), any local operations on the link-state

will have an expectation value equivalent to that obtained from applying said operations to



190

(Q1Q3) —1 T 1 37 —— _ non-
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Figure 5.11: The result of acting (Qiﬁ}@fﬁ?f,)tmm or (Qf:}@is’)f/)trung on two sites from two

different meson excitations but of the same irrep. The 3 and 3 denote the irreps on the sites;

the red connections denote which sites are part of the same meson excitation.

the maximally mixed state of all basis states of the irreps that the link is in. TATP has
an expectation value of 0 for such a state, so one can obtain the expectation value of the
Casimir of the link from the expectation values of the Casimirs of the two excitations.
Given this fact, the expectation value of H,; of a system is always equivalent to the sum
of expectation values of H,; of the system’s component fundamental color singlets. Thus, if
one’s goal is to compute the expectation value of H,;, and by extension the expectation value
of the full SU(3) Kogut-Susskind Hamiltonian, it is an acceptable approximation to assume

that

Assessment for Egs. 5.17 and 5.18 Fig. 5.11 shows the action of (Q,(Z}ng’)f/)trunl and
(ng}@gs’)f,)tmng on two lattice sites from two different fundamental singlet states that are
either both in irrep 3 or both in irrep 3., and Fig. 5.12 shows the action of (Qi‘f}@fg?f,)mm
and (Q;‘T}Qﬁfﬁ?ﬂ)mm on two lattice sites from two different fundamental singlet states, one
of which is in irrep 3 and the other one of which is in irrep 3.

The existence of the non-color singlet terms in the actions of (Qiﬁ}@gﬂ)tmnl and (Q,(Z}sz’)f,)tmnz
on sites belonging to different color singlet states mean that in general, these terms are not
viable substitutes for QEZ}Q%,)}“ unless the Hilbert space is artificially restricted to the color
singlet subspace.

Both the actions in Figs. 5.8 and 5.9 and the actions in Figs. 5.11 and 5.12 contain a
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Figure 5.12: The result of acting (Qi‘f}@;:?f,)tmnl or (Qiﬁ}@g?ﬂ)tmng on two sites from two
different meson excitations and of different irreps. The 3 and 3 denote the irreps on the

sites; the red connections denote which sites are part of the same meson excitation.

component orthogonal to the input that is only produced by applying a chromoelectric term
to site-pairs belonging to different fundamental singlet states. In the latter, the components
not orthogonal to the input are directly proportional to the orthogonal components. Thus, a
proof that a sum of QSZ}QS?JU terms applied to site-pairs belonging to different fundamental
singlet states is zero is also sufficient to prove that the sum of the orthogonal components
of the actions in Figs. 5.11 and 5.12, and by extension those in Figs. 5.8 and 5.9, sum up
to 0. Since this orthogonal component is the only color singlet component of the actions
in Figs. 5.11 and 5.12, in a situation where the sum of the full QS}QEZL?W terms applied
to site pairs belonging to different fundamental singlet states is 0 and the Hilbert space is
restricted to the color singlet subspace, the sum of the (Q:}Qﬁz’)ﬂ)tmnl or the (Qn me f,)tmng
terms applied to site-pairs belonging to different fundamental singlet states equal 0. This,
combined with . Because SC-ADAPT-VQE is dependent on the expectation value of the
Hamiltonian, for which it has already been proven that the sum of Q(a) Qm . terms applied
to site pairs belonging to different fundamental singlet states is 0, the former condition is
met. Since SC-ADAPT-VQE, as specified at the end of the first paragraph of Sec. 5.4,
is automatically restricted to producing states within the color singlet subspace due to the

extent of its operator pool.

Thus, for all intents and purposes pertaining to the application of SC-ADAPT-VQE as
specified at the end of the first paragraph of Sec. 5.4 (and by extension all instances of VQE
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and its variants whose ansatze and operator pools map elements of the color singlet space
only to other elements of the color singlet space), (Qi‘?}@fﬁ?f,)tmm and (ij}@ﬁj)f,)mm are
equivalent to fo}@ﬁz)f/.

5.4.83 Numerical testing and discussion

The H uarks +Her subcomponent of the full Kogut-Susskind Hamiltonian from Eq. 5.1 both in
its original open boundary conditions case and in the periodic boundary conditions case laid
out in Eqgs. 5.3 and 5.5 in both the open boundary conditions and periodic boundary con-
ditions scenarios were both initialized both in the case where QSZ}QS?JU takes on its original
value from Eq. 3.6 and in the cases where QS}QSZL, is swapped out for (Qfﬁ}@ﬁ‘fﬂ)mm and
(ngf}@gs’)f,)trung. All initializations were then mapped to the SU(3) color singlet subspace
defined in Sec. 5.4.1, and the cases where Qiﬁ}@gﬂ takes on its original value were found
to be equivalent to their counterparts where QS}Q&ZL, is swapped out for (Qg:}@fi?f/%runl
and (Q;(J:}QS?f/)trung. However, a similar test where after the initialization the penalty term
discussed in Footnote 8 of Sec. 3.2.3 is added to each Hamiltonian and the eigenvectors of
each Hamiltonian are taken and tested for their overlaps with the color singlet subspace, the
original Qfﬁ}@fg?ﬂ value Hamiltonian was found to not be equivalent to the (Qi‘f}@%?}c,)tmm
and (Qi‘f}@%?ﬂ)tmng Hamiltonians. This confirms the result in previous sections that while in
general, (Q,(S}Qfs?f,)tmnl and (Qiﬁ}@gﬂ)tmng is not a viable substitute for ng}@fz?f,, they
are a viable substitute for cases where the Hilbert space is restricted to the color singlet
subspace, such as as SC-ADAPT-VQE as specified at the end of the first paragraph of Sec.
5.4.

As discussed in Sec. 1.4.2, SC-ADAPT-VQE has a step in which ADAPT-VQE is imple-
mented, which in turn has a step where VQE is implemented. As seen in Ref. [525], when
VQE is applied to the problem of optimizing the expectation value of the Hamiltonian (and
finding the baryon ground state is one of these cases), the Hamiltonian is split into parts, each
consisting entirely of terms which commute with each other. The quantum circuit is then

run separately for each of these parts. Substituting in (Qﬁj}@ﬁj?f,)mm for QS}QSZ?JU (the
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two of which, as proven above, are equivalent for purposes of VQE with a color singlet space
conserving operator pool) removes all of the off-diagonal terms from the chromoelectric term
of the Hamiltonian. Thus, if the chromoelectric term of the 1+1D SU(3) Kogut-Susskind
Hamiltonian term is written using this substitution, for purposes of VQE it could be split
into one part for both the mass and chromoelectric term and a few other parts for the kinetc
terms, while without the substitution multiple parts would be needed for the chromoelectric
term alone. The former is therefore much less expensive to take the expectation value of,

and thus is much less expensive to run VQE on.

5.5 Time-evolution circuits for superconducting devices

The circuits used to effect the time-evolution in Chapters 3 and 4 require a large SWAP gate
overhead. For instance, the circuit developed in Ref. [393] and used in Chapters 3 and 4 for
the Trotterization of the chromoelectric term require at least 2-4 SWAP gates per CNOT gate
between non-adjacent qubits. In this section, I devise circuits which, at least for the lepton
lattice from Chapter 4 and quark lattices with one quark flavor, execute the Trotterization
of the kinetic and chromoelectric terms on nearest-neighbor devices with a CNOT overhead
that requires only 1.5 times the CNOT gate depth for implementation on nearest-neighbor
connectivity devices as it does for implementation on all-to-all connectivity devices. These
circuits are presented for the periodic boundary conditions (PBC) Hamiltonian, but they
are trivial to adapt to the OBC Hamiltonian. Additionally, in Refs. [238] and [237] it was
found that color charge correlations decay exponentially over distance between the color
charges, so truncating terms of H, that couple sites farther away from each other than a
cutoff distance A\ would lower circuit depth and gate count and bring a semblance of locality
to the Hamiltonian without causing a significant deviation of the final results from those that
would be obtained using the full physical picture. For A\ = 1, which is used in this section,

the chromoelectric term becomes
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K= ifL=1
1A1—>Kg 1+—ZQ“ @ 2 (5.20)
K=1 ifL>1

H.

for the case where there is only one flavor of quarks.

One of the IBM superconducting devices’ main advantages is that unlike trapped ion
devices they can trivially run gates on different qubits in parallel, and one of their main
disadvantages is that their devices are, for most practical intents and purposes, restricted to
nearest-neighbor connectivity[1]. Thus, in order for circuits to be efficiently implementable
on IBM’s superconducting devices, they should require a minimal number of SWAP gates
in order to be transpiled onto a device with nearest-neighbor connectivity and besides that
should have the lowest possible circuit depth, but aside from that the number of gates on
the device is not important. The circuits in Sec. 5.5 are designed with these considerations
in mind, and thus are not always optimal for trapped ion devices, whose ability to run gates

in parallel is limited [6, 480, 344].

5.5.1 Implementation of the Fermionic Z-strings

The technique of building out Jordan-Wigner transformed operations by implementing them
as if they were not Jordan-Wigner mapped and then applying a network of fermionic SWAP
gates (FSWAPs) discussed in Sec. 5.3 can be applied to the kinetic and chromoelectric parts
of the lepton and quark parts of the Hamiltonians discussed in Sec. 5.2. The one difference is
that the CZ or FSWAP network needs to be applied on both sides of the non-Jordan-Wigner
mapped rotations. Taking advantage this, the Trotterized time-evolution of any given pair of
adjacent staggered lattice sites with the kinetic and chromoelectric terms in the Hamiltonian
can be implemented using the procedure in Fig. 5.13. It is important to note that Fig.
5.13 uses a CZ network designed for the kinetic term for both the kinetic and chromoelectric
terms. This works, but has the effect of flipping the sign of the off-diagonal portion of the

chromoelectric term, which has to be adjusted for in the Trotterization.



(d)

site n —

siten+1 =

exp[—%(o'_a'_ +o ")

it(—l)£‘+5

ealp[

(ete” +o7a™)|

S

()

site
21 )

site 0 A

itg? 1.1,
ex]][KT(—l + E)(E(”ﬁ o, 0. )

B L1
to ofoloy) - ﬂg,‘:’af)

1
g (ovlel + ol

195

Figure 5.13: A Trotter decomposition of the kinetic and chromoelectric terms from the PBC

SU(3) Kogut-Susskind Hamiltonian on one pair of 3-color staggered lattice sites using the

CZ-operations in Eq. 5.6. (a), (b): Trotterized terms from the kinetic and chromoelectric

portions of the Hamiltonian, respectively, (¢): a Trotterized term from the chromoelectric

part of the Hamiltonian, (d) the Trotterization of all kinetic and chromoelectric Hamiltonian

terms acting between two adjacent lattice sites other than the site-pair (n = 2L - 1, n = 0),

(e) the Trotterization of all kinetic and chromoelectric Hamiltonian terms acting between

the site-pair (n = 2L - 1, n = 0).
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5.5.2  Adaptation to nearest-neighbor circuits

In its raw form, the Trotter decomposition in Fig. 5.13 requires a significant number of
SWAP gates to implement on a nearest-neighbor device. One can mitigate this requirement
by replacing the CZ gates with FSWAP gates, which simultaneously implement a CZ gate
and a SWAP gate while having a depth of 2 two-qubit gates. An FSWAP gate can be
implemented using single-qubit gates and CNOT gates as shown in Fig. 5.14:

FSWAP

Figure 5.14: The implementation of the FSWAP gate, which simulataneously executes a
SWAP and a CZ gate

Replacing the CZ gates in Fig. 5.13 with FSWAPs causes the qubits to be rearranged
in order of color. That is, the two color-red qubits are on top, the two color-green qubits
are in the middle, and the two color-blue qubits are on the bottom. The benefit of this is
that the qubits that the kinetic and chromoelectric Hamiltonian’s terms act on are, with
the exception of the chromoelectric term between the red and blue qubits, adjacent to each
other. This greatly reduces the number of SWAP operations needed when implementing the
Trotterization on a device with nearest neighbor connectivity. The Trotterization in Fig.
5.13 can then be replaced with the one in Fig. 5.15.

The Trotterization in Fig. 5.15 still requires a network of SWAP gates (naively 8 SWAP
gates with a depth of 18 CNOTS) in order to implment the part of the chromoelectric term
that acts between qubits representing red quarks and those representing blue quarks. This
SWAP network is illustrated in Fig. 5.16. Additionally, the chromoelectric term implemen-
tation derived in Sec. 5.5.4 does not include diagonal parts that couple qubits representing

quarks of different colors, so these have to be implemented separately. Thus, the next step
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Figure 5.15: A Trotter decomposition of the kinetic and chromoelectric terms from the PBC
SU(3) Kogut-Susskind Hamiltonian on one pair of 3-color staggered lattice sites using the
CZ-operations in Eq. 5.6 implemented using the FSWAP operation shown in Fig. 5.14. (a)
the Trotterization of all kinetic and chromoelectric Hamiltonian terms acting between two
adjacent lattice sites other than the site-pair (n = 2L - 1, n = 0), (b) the Trotterization of
all kinetic and chromoelectric Hamiltonian terms acting between the site-pair (n = 2L - 1,

n = 0). Definitions of the red and green operators can be found in Fig. 5.13.

is to find ways of incorporating the SWAPs necessary to meet these two requirements in as

compact a manner as possible.

In order to implement the diagonal terms that pair the red quark from site n with the
green quark from site n 4+ 1, the green quark from site n with the blue quark from site n +
1, and the red quark from site n with the blue quark from sign n + 1, SWAP gates between
qubits representing quarks of the same color will be needed. Luckily, as is demonstrated
in Secs. 5.5.3 and 5.5.4, it is possible to incorporate these SWAPs into the kinetic and
chromoelectric term at the cost of an additional depth of 1 CNOT. The specific places where
these SWAPs are incorporated are at the first and third layers (not counting the FSWAPs)
of the Trotterization in Fig. 5.15. After these SWAPs are applied, it is straightforward
to add ZZ rotations directly into the circuit. For the SWAP-network in Fig. 5.16, two
optimizations can be applied. First, SWAPs # 2 and # 3 can be incorporated into the

second layer’s chromoelectric term using the aforementioned technique. Second, SWAP # 8
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#3 d #7

Figure 5.16: The SWAP-network needed to execute the portion of the chromoelectric term in
the circuit in Fig. 5.15 that couples red quarks with blue quarks. SWAP gates are numbered

for future reference.

can be merged with one of the FSWAP gates at the end of the Trotterization in Fig. 5.15
by replacing both with a CZ gate. The circuit after these steps is illustrated in Fig. 5.17.

The rest of the section will concern implementation of the kinetic and chromoelectric terms.

5.5.3  Kinetic term implementation

The optimal Trotterization of a term in the kinetic portion of the Hamiltonian is presented
in Ref. [237]. Additionally (this will be useful in future steps), a SWAP can be implemented
simultaneously with the kinetic Trotterization at the cost of one additional CNOT gate. The
optimal Trotterizations and the appending of the SWAP term are detailed in Fig. 5.18.

5.5.4  Chromoelectric term implementation

In Chapters 3 and 4, a chromoelectric term based on the S-angle implementation in Ref. [393]
is used. However, if implemented on a nearest-neighbor connectivity device, it would require
12 SWAP gates per term, even after applying the FSWAP network in Fig. 5.15. Thus, in
order to efficiently implement the chromoelectric term on a nearest-neighbor connectivity

devices such as IBM’s superconducting devices, one should find ways of cutting down on this
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Figure 5.17: Top: the Trotterization of the kinetic term and the A=1 chromoelectric term

truncation of the Hamiltonian between two adjacent sites that requires no extra SWAP gates

to run on a nearest neighbor device. Dashed line enclosures indicate circuit components

that are executed together. Bottom left: a definition of the chromoelectric term between

four quarks of two different colors without the diagonal part which couples different colors.

Bottom right: the definition of the piecewise kinetic term, meant to handle both the loop-

around of the PBC lattice and the rest of it.

T
T

Pir.3)
R ST}

Figure 5.18: The explicit implmenentations of the kinetic terms used in Figs. 5.13 and 5.14

in addition to variations with a SWAP operation appended. Dashed line enclosures indicate

circuit components that are executed together.
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Figure 5.19: A naive combination of two implementations of an e
attempt to pack as many rotations with respect to four-element Pauli strings into a quantum
circuit with a depth of 6 CNOT gates. The Hadamard gates are an attempt to make the
CNOTs between the middle two qubits bidirectional. The red points are possible insertion-
locations for single-qubit rotations, and the circuit rotations produced by inserting a single-

qubit rotation at each point are found in Tab. 5.3. Red points with the same label produce

the same circuit rotations out of the same single-qubit rotations.

SWAP overhead.
As seen in Eq. 3.6, the off-diagonal component of the chromoelectric term is composed
of terms 0o~ 0" 0" + 67 0cToto™, which, as found in Chapter 3, can be broken down like

SO:

1
oo o ot + h.c :§(XXXX +YYXX

+YXYX - YXXY - XYYX +XYXY +XXYY+YYYY) (5.21)

One can change the bases of the individual qubits using single-qubit transformations, so
in principle it is possible to encode the off-diagonal component of the chromoelectric term
by having a sequence of ZZZZ rotations, each basis-shifted in order to match a term in Eq.
5.21. Given that each ZZZZ rotation has 6 CNOTs, this would require 48 CNOTs per term,
which, given that the diagonal components of the chromoelectric term must be implemented

separately, is not an improvement in circuit depth over the approach in Chapters 3 and 4.
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Thus, in order for this approach to succeed, one must squeeze as many rotations of separate
length-4 Pauli strings into a depth-6 CNOT circuit. Here, it is attempted via an overlap
of two implementations of the ZZZ7Z term, as shown in Fig. 5.19. The R,, R,, and R,
rotations are applied to each one of the red points in Fig. 5.19, and the rotation exhibited

by the circuit for an insertion of R,, R,, and R, at each point is shown in Tab. 5.3.

A B C D E F G H I J K L
R, | XXII  YYII IIYY IIXX XXII ZzZII 11ZZ 1IXX XXII IXII IIXI IIXX
R, | YIZZ Y777 777Y Z7Z1Y YXII ZYZZ 7Z7ZY7Z 1IXY YXII ZYII 1IYZ IIXY
R, | ZX77 1XZ7 77ZX1 Z7Z7X7Z 7111 1XZ77Z 7ZZX1 1172 Z111 ZZ11 11727 111Z

Table 5.3: A table of the Pauli strings of the rotations that the circuit on the right of Figure
5.19 maps each one of the single-qubit rotations R,, R,, and R, to if they are applied to a

red point labeled by each letter in the leftmost column.

As seen in Tab. 5.3, four different rotations with respect to a length-4 Pauli string are
possible on the circuit on the right of Fig. 5.19. Eq. 5.21 has 8 terms, so in principle it
should be possible to implement a rotation with respect to Eq. 5.21 by applying the correct
single-qubit basis transformations to a sequence of two repetitions of the circuit on the right
of Fig. 5.19. The set of single-qubit basis transformations used for this purpose is shown in
Table 5.4.

Additionally, based on the mappings laid out in Tab. 5.3 the circuits in Fig. 5.20
are defined. These can then be combined with the mappings in Tab. 5.4 to produce a
construction of the chromoelectric 4-qubit term defined in Fig. 5.13. This construction is

shown in Fig. 5.21.

5.5.5  Quantum resource count for the new chromoelectric implementation

The circuit in Fig. 5.21 has a CNOT gate count of 112 and a CNOT gate depth of 63, and
would have a CNOT gate count of 84 and a CNOT gate depth of 48 if adapted to an all-
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Figure 5.20: The definitions of four circuits based on the mappings in Tab. 5.3 which
the construction of the Trotterization of the chromoelectric term is based on. Dashed line

enclosures denote components that are executed together
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X Y Z
HSt Y 7Z X
SH Zz X Y
SHS'|-X Z Y
HX Z Y -X
XH -Z Y X

Table 5.4: A table of the basis that each transformation in the leftmost column takes maps

the basis in the topmost row onto. Negative signs denote that a change in sign took place.

to-all connectivity device by having all of the SWAP operations in the circuit removed and
all the FSWAP gates substituted for CZ’s. The counterpart to this circuit from Chapter 3,
the chromoelectric and kinetic term Trotterization for a pair of adjacent lattice sites, would
have both a CNOT gate count and circuit depth of 64 for all-to-all connectivity. This is
lower in terms of CNOT gate count but higher in terms of depth, and it cannot as easily
be adapted to trapped ion devices. Thus, the old chromoelectric term Trotterization circuit
from Chapters 3 and 4 is optimal for trapped ion devices, which have all-to-all connectivity
but limited parallelism, so gate count matters more for them. However, the new circuits laid
out in this section are more optimal for superconducting devices, as they require mapping

to nearest-neighbor connectivity and can trivially run gates in parallel.

The circuits in this section were successfully tested via (1) using linear algebra to create
exponentiations of the Hamiltonian’s terms and comparing them to the actions of the circuit
elements and (2) time-evolving using exact classical methods on an SU(3) Kogut-Susskind
lattice with 2 physical sites and 1 quark flavor and replicating the time-evolution through a
Trotterization using the circuit in Fig. 5.17 with the expectation that the state-overlaps at

the end of the time evolution would converge to 1 in the limit of many Trotter step.
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SWAP| |

SWAP

Figure 5.21: Constructions of the 4-qubit chromoelectric term defined in Fig. 5.17 using the
circuits defined in Fig. 5.20 and the transformations detailed in Tab. 5.4. Top: the terms
with just the same-color SWAP; Bottom: the term that partially implements the SWAP

network in Fig. 5.16.

5.6 Lepton term Trotterization

The Trotterization on the lepton register is mostly the same for both types of devices. This is
done on four qubits at a time, as follows. First, the Jordan-Wigner mapping is implemented
by having a pair of CZ gates for an all-to-all connectivity device or a pair of FSWAP gates

01 XY +0,Y X))

for a nearest-neighbor device. Then, one e(=i5( operation using from Ref. [23§]

between the electron qubits and one (i3 (1XY +62Y'X))

operation between the neutrino qubits
would be wedged between the CZs or the FSWAPs to implement the Majorana mass and

kinetic Hamiltonian terms without the Jordan-Wigner mapping.
5.7 Time-evolution circuits for trapped ion devices

On trapped ion devices, the optimal Trotterization is mostly the same as in Chapters 3 and
4, with a couple of modifications.

First,the kinetic term is implemented the same way it would be on a nearest-neighbor
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device, as described in Sec. 5.5 This is preferable for two reasons. First, this way requires
less resources than the method used in Chapters 3 and 4. The Trotterization of a kinetic
term between two adjacent staggered sites implemented using the procedure outlined in Sec.
5.5 would have a CNOT gate count of 12 and a CNOT gate depth of 6 for a one-flavor
quark lattice, and a CNOT gate count of 42 and a CNOT gate depth of 12 for a two-flavor
quark lattice. The corresponding resource counts from Trotterizing the kinetic term using
the approach in Chapter 3 are a CNOT gate count of 24 and a CNOT gate depth of 18
for the one-flavor lattice case and a CNOT gate count of 56 and a gate depth of 56 for the
two-flavor lattice case. Second, this avoids the need for ancilla qubits in a situation where
the number of qubits may be scarce. Third, Quantinuum’s devices can run up to 4 gates in
parallel [480], and the circuit-building procedure described in Sec. 5.5 can help utilize this
parallelism better than the kinetic term in Chapters 3 and 4, which runs the entire quark
kinetic term sequentially. Such a kinetic term for the case of two quark flavors is illustrated
in Fig. 5.22.

Additionally, in the § decay component, for each permutation of the neutrino, electron,
up quark, and down quark staggered sites, the terms for each of the three quark colors are
executed immediately after each other. This avoids unnecessary repetition of the diagonal-

ization of the electron portion of the 5-decay Hamiltonian.
5.8 Classical simulation results

In Fig. 5.23, I present exact classical results of time evolution under the Hamiltonian in Eq.
5.1 of a state initially in the ground state of A~. To do so, I constructed the exact matrix
expression of the full Hamiltonian in Eq. 5.1. I then use the method outlined in Sec. 5.4.1
to create a list of all possible color singlet states with baryon number 1 and sorted them by
Z-component of isospin. Out of that list, I created a mapping matrix from the full Hilbert
space to the baryon-number-1 color-singlet subspace and used it to map the exact matrix
expression of the Hamiltonian. I then created a similar mapping matrix to the baryon-

used it to map just the Hgyqrks component in Eq.

number-1, Z-component of isospin —%,
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Figure 5.22: The implementation of the Trotterization of the kinetic portion of the quark
term of the SU(3) Kogut-Susskind Hamiltonian in the case of 2 quark flavors, using the

procedure in Sec. 5.5.
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Figure 5.23: The results of time evolution under the Hamiltonian in Eq. 5.1 on an initial
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state of A~ obtained using exact classical simulation

5.2. T then used exact eigendecomposition to find the Hyerks + Her ground state within the
baryon-number-1, Z-component of isospin —% color singlet subspace, which I append to the
lepton vacuum (found using exact eigendecomposition of Hjeprons from Eq. 5.2) and choose
as the A~ initial state in the OvfSS surrogate reaction A~ — Ate~e~. Using the Expokit
library [588] implemented in the Julia language [95, 363] I evolve my choice for A~ under the
color-singlet-subspace-mapped full Hamiltonian, and sort the possible states in the result by

isospin and lepton number to obtain results, an example of which are shown in Fig. 5.23.

The results in Fig. 5.23 had Hamiltonian parameters of m, = 1.7, my = 3.6, g = 1,
Gr = 0.5, ury = —0.72, my; = 0.2. Besides these values I tested values of Gr between 0.1
and 1.0, values of g between 1 and 2, and values of m,; between 0.0 and 0.2. I tested various
other combinations of m,, and mg4, notably m, = 2.9 and my = 6.2. u; was fixed to whatever
value would ensure that the (Hyyarks + Her + Hieptons + Hajorana) ground state energy of the

baryon-number-1, Z-component of isospin —% subspace would be less than the ground state

energy of the baryon-number-1, Z-component of isospin —% subspace but greater than the
ground state energy of the baryon-number-1, Z-component of isospin % subspace (-0.54 for

m,, = 2.9 and m, = 6.2, for instance). In all of these samples, I find the following patterns:
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1. Increasing the mj; from 0.0 to 0.2 makes the interaction A~ — Ate e possible, as

expected.

2. The parameters chosen for Fig. 5.23 produced the highest probability of the interaction
A~ — Ate e happening.

3. No matter the choice of parameters m,, my, and puj;, single-beta decay is much more

prevalent than double-beta decay, neutrinoless or neutrinoful.

The third of these observations is likely because the lattice used in the aforementioned
simulations has only 2 physical, or 4 staggered, lattice sites, which is the smallest possible
lattice on which neutrinoless double beta decay can happen. This is significant, because
the mass-hierarchy enforced by m,, mg, and p;; is of ground states of the sub-Hamiltonian
(Hquarks + Het + Hieptons + Hutajorana)- Hp, being outside this sub-Hamiltonian can cause
excitations from a ground state to an excited state of the sub-Hamiltonian that would violate
conservation of energy if (Hgyuarks + Het + Hieptons + Haiajorana) Was the only part of the
Hamiltonian. As a result, only the mean of the expectation value of (Hyuarks +Her+ Hieptons +
H\tajorana) Would be conserved. This is not as much of a problem in the continuum limit, as
since as the lattice increases in size, as (1) the spacing of the states on the lattice decreases
as the lattice gets larger and (2) excitations from one part of the lattice are more likely to

be cancelled out on another part of the lattice, under the central limit theorem.

Thus, while on a large lattice the mass hierarchy should still permit double-beta decay
while forbidding the single-beta decay, it’s natural that for the 2-physical-site lattice, pertur-
bations from Hz would cause single-beta decay to happen despite the mass hierarchy. Thus,

for small lattices the chemical potential term H, , is omitted and no circuit is devised for

KHIT

Trotterizing it.
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5.9 Discussion

In summary, my colleague Roland Farrell and I have adapted the Hamiltonians from Chapter
4 to a formulation that, given a device with sufficient qubits and circuit depth, could be
used to simulate the interactions A~ — Ate~e™ and ATA~ — A’A%~e~, which are
surrogates for neutrinoless double beta decay on a 141D lattice. Part of this effort was
a failed attempt to use a chemical potential term to impose a mass hierarchy that would
permit double beta decay but not single beta decay. We expect this mass hierarchy to
work for much larger lattices. More important was the design of the state-preparation
and Trotterization circuits tailored to the simulation of the neutrinoless double beta decay
surrogates. The state-preparation circuits are based on the SC-ADAPT VQE circuits from
Ref. [238]. As for time-evolution, because trapped ion devices have all-to-all connectivity but
limited parallelizability, the old circuits from Chapters 3 and 4 are, for the most part, the best
for trapped ion devices due to their lower qubit count than the circuits in Sec. 5.5, though
there are a few small modifications that can make them more efficient. There is a situational

exception to this for the Trotterization of the kinetic component of the Hamiltonian.

Nonetheless, the circuits in Sec. 5.5 will likely be essential to the use of superconducting
devices, which have considerably more qubits than the trapped ion devices that have been
the default for lattices greater in size than 1 quark flavor and 1 physical lattice site, in simula-
tion of the SU(3) Kogut-Susskind Hamiltonian. I have created a circuit for implementing the
Trotterization of the kinetic and chromoelectric terms of the SU(3) Kogut-Susskind Hamilto-
nian with one quark flavor with a depth of 63 CNOTs for an adjacent pair of staggered lattice
sites or 126 CNQOTs for a single Trotter step. Considering that the circuit-depth achieved
in Ref. [237] is 370, a time evolution circuit applied to the trivial vacuum can be done with
up to 3 steps of either the first or second-order Trotterization. Furthermore, given that, as
proven in Sec. 5.4, the same operators used for SC-ADAPT-VQE on the Schwinger model
in Ref. [238] can also be used for the SU(3) lattice Schwinger model, it may be possible

to both prepare and evolve more complex systems, perhaps an extension of the wavepacket
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scattering studies in Refs. [237, 713] to propagation and scattering of baryon bound states
in 1+1D SU(3) lattice gauge theory, especially as the quantum volume of devices improve.
The alternative chromoelectric term in 5.4 has more implications worth further study.
One straightforward application is to replicate it for an SU(2) Kogut-Susskind Hamiltonian,
as its chromoelectric term has the same (o0~ 0~ 0" +h.c.) term as its SU(3) counterpart [41].
Also, this proof created a much simpler verion of the SU(3) Kogut-Susskind Hamiltonian for
the case where the Hilbert space can be restricted to just the color singlet subspace, so one
potential topic of future research could be a search for scenarios besides state preparation
using variagional quantum algorithms. Additionally, the color singlet subspace formulation
found in Sec. 5.4.1 has proven invaluable for extending the reach of classical simulations
in this study. For instance, it was instrumental in obtaining the results found in Sec. 5.8.
The formulation was also invaluable in shedding light on the structure of the color singlet
subspace. Firstly and most obviously, it was essential to the circuit-construction in Sec. 5.4.
Second, it could be used to prove that H,; from Eq. 5.3 is equivalent on sites arbitrarily far
from the lattice to its counterpart from Eq. 5.2 despite the fact that unlike the latter, the
former lacks chromoelectric terms applied to the same site. It is possible that insights like

these could help guide future circuit design.
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Chapter 6

QUTRIT AND QUBIT CIRCUITS FOR THREE-FLAVOR
COLLECTIVE NEUTRINO OSCILLATIONS

This chapter is associated with Ref. [647]:
“Qutrit and Qubit Circuits for Three-Flavor Collective Neutrino Oscillations” by Francesco

Turro and Ivan Chernyshev, Ramya Bhaskar and Marc Illa

6.1 Introduction

The use of qudits [286] for simulating nuclear and high-energy physics systems has generated
significant interest [171, 297, 137, 295, 280, 300, 299, 710, 340, 531, 465, 136, 145, 341, 298|,
as a result of recent advancements in experimental realizations of qudit-based platforms,
including trapped-ion systems [436, 551, 435, 711, 502], superconducting circuits [100, 579,
493, 157], superconducting radio-frequency cavities [558], and photonic systems [166]. Mul-
tilevel quantum devices can efficiently map to high-dimensional systems, which is advan-
tageous for the quantum simulation of such systems, as well as quantum algorithm perfor-
mance [150, 267, 277, 48, 428] (see Ref. [675] for a review). Three-level quantum systems
(qutrits) [100, 706, 479, 152, 551, 334, 283, 610, 502] are particularly attractive for simulating
three-flavor neutrino systems.

As mentioned in Sec. 1.2.1, collective neutrino oscillations happen in high-density envi-
ronments such as core-collapse supenovae (CCSNe) and mergers involving compact stellar
objects. At distance < 100 km away from the center of a CCSN, self-interacting neutrino-
neutrino currents [567, 402, 403, 404, 405] predominate the dynamics, while at distance
2 100 km, neutrino-vacuum oscillations and the Mikeheyev-Smirnov-Wolfenstein (MSW)

effect [690, 691, 470, 471] become the primary mechanisms driving neutrino flavor evolu-
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tion. The Hamiltonian describing the flavor dynamics of neutrinos propagating through a
CCSN environment therefore contains three terms: the one-body vacuum oscillation term,
the one-body background matter interaction term modeled by the MSW effect, and the
two-body neutrino-neutrino self-interaction term describing the coherent forward scattering
258, 504, 571, 512, 513, 589, 568, 329, 50, 192, 247, 180] that gives rise to the quantum
phenomenon of coherent collective flavor oscillations.

While mean-field studies have evidenced collective flavor dynamics [537, 218, 219, 345,
141, 246, 245, 248], there is growing interest in collective dynamics beyond the mean-field
approximation, such as when nontrivial neutrino-neutrino two-body correlations are taken
into account [555, 694, 556, 96, 401]. The all-to-all connectivity of the two-body operator
requires exponentially-growing classical resources when attempting to simulate neutrino dy-
namics from the exact many-body Hamiltonian at physically relevant scales, mainly due to
the rapid entanglement growth in such systems.!

Recent progress in quantum simulations of two flavor neutrino systems [310, 702, 342,
26, 343, 595] has demonstrated quantum devices’ potential [242] to efficiently capture the
non-trivial entanglement structure present in many-body neutrino systems.

As mentioned in Sec. 1.2.1, there have been several simulations on digital quantum
devices of collective neutrino oscillations in recent years. Classical and quantum simulations
of relatively small-sized two-flavor neutrino systems have uncovered a variety of uniquely
quantum phenomena [559, 519, 518, 555, 694, 343, 96, 457, 489], further motivating quantum
simulations of three-flavor self-interacting neutrino systems [596, 165].

In this work, we introduce qubit and qutrit-based quantum circuits for simulating the
time evolution of the three-flavor neutrino system. Simulation of the system dynamics for
N = 2,4 and 8 neutrinos is demonstrated on the IBM ibm_torino [1] and Quantinuum H1-1
qubit platforms [6] and time evolved observables, such as single-neutrino flavor probabilities

and entanglement entropy, are studied.

1See Refs. [581, 355] for discussions regarding the apparent differences between the mean-field and many-
body approaches.
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6.2 Hamiltonian

Within 100 km from the CCSN core, contributions from background matter (MSW effect)
can be assumed negligible as similarly approximated in Refs. [523, 519, 518, 555, 154]), and
antineutrinos are not considered in this work. The Hamiltonian governing the evolution of

the neutrino system studied is then
H=H,+H,,, (6.1)

where H,, describes the one-body neutrino Hamiltonian given by the vacuum oscillation and
H,, the neutrino-neutrino interactions resulting from coherent forward scattering.

The vacuum oscillations can be described in the mass basis as [50]

= (i) N w @, w20
H,=Y H :Z—§>\3 + e PY (6.2)

)

where the index ¢ sums over N neutrinos in the system, A is the nth Gell-Mann matrix
acting on the i*® neutrino (the Gell-Mann matrices are detailed in App. 6.A), and w and {2

are the oscillation frequencies, defined as

1
w= ﬁAmgl , Q=-——Amj =w

(6.3)

with AmZ; = m? —m?, and m7 being the squared mass of the i"" mass-eigenstate neutrino,
with the neutrinos taken to have the same energy. The i** one-body Hamiltonian can also

be written as

00 0
H?=10 w 0 . (6.4)
00 Q

Here, identity contributions that correspond to global phases in the real-time evolution op-
erator have been neglected.

To operate in the flavor basis, the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix is
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PMNS parameters (deg.)

912
023

013

dcp

33.67151
42,3154
8.58 011

232739

Mass parameters MeV?

Am3, (x1017)

AmZ, (x101%)

7.4110%8

2.50570 0%

Table 6.1: PNMS mixing parameters and mass differences taken from Refs. [230, 5], assuming

normal ordering.

used to transform between mass and flavor basis,

VE

Y

Vr

1 0 0
Upmns = | 0 Co3  So3

0 —s93 €93

n
= Upmns | 1o | (6.5)
V3
ci3 0 spze”cp c1g S12 0
0 1 0 —$1 12 O (6.6)
—s13 0 C13 0 0 1

where ¢;; = cos(6;;) and s;; = sin(6;;), and the mixing angles 6;; and phase dcp are taken

from NuFIT v5.3 [230, 5] (with other groups recovering consistent results [206, 142]), and

are tabulated in Table 6.1.

The three-flavor coherent neutrino-neutrino interaction can be described by the following
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Hamiltonian [50],
Hyy = JA® A0 (6.7)
i<j
with A0 = ()\gi), )\g), . ,)\g)), and the coupling coefficient J;; is defined as
Grpy

V2N

with G being Fermi’s constant and p, the number-density of neutrinos. The angle 8;; is the

Jij = (1 —cosb;) , (6.8)

angle between the momentum of the i** and j'" neutrino, and for demonstration purposes,
we use the simple model introduced in Ref. [310], where it is sampled from a cone-shaped
distribution, 6;; = % arccos(0.9), as done in Refs. [310, 342, 26, 343, 165]. The neutrino
density coupling constant p is defined such that the one-body and two-body terms have the

same magnitude,

_GFpV_Am?’)lN
V2 2E

and it is assumed time independent. However, since the density of neutrinos decreases as

(6.9)

a function of time, a realistic simulation should consider a time-dependent strength of the
two-body term (see, e.g., Refs. [154, 596, 595]).

The final Hamiltonian in the mass basis as a function of y is then given by

i w @ w—20 @]
H=L25" 2000 42—
{ 2073 2v/30 °

z D AG
+y Z[l — cos(0;;)] A - AU

1<j

(6.10)

While the two-body term is basis-independent, to transform the one-body term into flavor

space the PNMS matrix is applied to the one-body term (Eq. (6.2)) as follows
Hl(,i)|ﬂavor = UPNMS ' Hz(/Z) ’ UE’NMS : (611)
6.3 Qutrit mapping

Motivated by neutrinos’ natural three-level structure, we present qutrit-based quantum cir-

cuits that can be used for simulating the time evolution of a many-body three-flavored neu-
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—X] X3, Ph(—2tJ;,0,0) —@

Figure 6.1: Quantum circuit implementing the term e~ A A from the two-neutrino part

H,,. Definitions of the gates can be found in App. 6.B.

trino system. Our proposed qutrit circuit follows the native qutrit gate set and the notation
of the transmon qudits in Ref. [283] (see App. 6.B for more details).

The one-body term H,, first implemented in Ref. [492] on an IBM quantum computer,
only involves single-qutrit gates. Equation (6.4) can be implemented with a single phase
gate,

e~ — Ph(0, —wt, —Qt) = diag(1, e, e~ (6.12)

and the PNMS matrix can be decomposed as

—7T 4+ d¢
) o)

— 0,
x R%2 (_ 7T—12- CP) R21<912) :

Upnus = R, (023)RY (
(6.13)

where App. 6.B shows our gate definitions.

For the two-body term, while a numerical compilation requires at most 6 CX (or CXT)
gates [283], two controlled-shift gates C X and two CXT were found to be sufficient to apply
the specific SU(9) rotation described in Eq. (6.7), as shown in Fig. 6.1. The qutrit C' X gate
is defined as C'X |z,y) = |z, mod(x +y,3)), and the X, gate is given by

1 0 0
X£22t=]ij =10 cos(Jyt) —isin(J;t) | - (6.14)
0 —1 sin(Jij t) COS(Jij t)
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6.3.1 Swap network

Since strategic ordering of application of Eq. (6.7) is required to minmize circuit depth, we
implement the swap network, SW, which was first proposed in Ref. [310] and is similar to the
fermionic swap from Refs. [388, 505]. This network limits the depth to N layers of Eq. (6.7)
for a system with NV neutrinos (assuming the qubits are in a linear network and gates can
be applied in parallel). In the original SW, SWAP gates are needed between each layer to
achieve the all-to-all connectivity. However, for our implementation, they can be absorbed

into the two-body term,

it TN ) i@ 2\) —itJ A0 0)
SWAPUG itJig A —e 24)\ A e it Jig A A

— efi(tJij‘F%))\(i)-)\(j) ’ (615)

substantially reducing the number of entangling gates, particularly in hardware with limited
connectivity such as superconducting systems.? The schematic of such a network can be
seen in Fig. 6.2a for four neutrinos. While SWAP gates might not be required in devices
with all-to-all connectivity (such as trapped ions), this new strategy can also improve the
circuit fidelity in devices where qubits have to be physically moved around, such as in the

Quantinuum devices.

The one- and two-body terms in Egs. (6.2) and (6.7) commute, [H,, H,,] = 0, so they can
be Trotterized independently. The leading-order (LO) Trotterized time evolution operator

is therefore

Ulto = e ™ [ e (6.16)

i,j €SW

When applying multiple Trotter steps, it is more efficient to use the second order (NLO)

2The same simplification can be applied on the two-flavor case, where the SWAP gate can be written as
i T (D). g ()
e—l 1 o o .
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Figure 6.2: (a) Quantum circuit implementing a single LO Trotterized time evolution step via
the swap network for four neutrinos. (b) Simplification when using three steps of the NLO*
Trotterized time evolution operator for four neutrinos, where the highlighted operations can

be simplified by a single two-qubit box with twice the time step.
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Suzuki-Trotter formula [616, 617], as used in Ref. [26],

,- it g A
Ut)xro = e T e =2/
i,j ESW

< e (6.17)
i,jeSW1
with SW™! applying the gates in reverse order. With this method, additional simplifications
are possible. In particular, the last and first layer in SW and SW™', respectively, can be
merged into a single operation with twice the time step, as depicted in Fig. 6.2b.
We can generalize this to multiple Trotter steps by interleaving layers ordered in the SW
and SW™! network sequences, allowing for cancellations between these layers (referred as

NLO*).? Then, the total number of C'X gates for k number of Trotter steps (with k > 2) is

k N(N —1)

[U(L)10] 3NC’XkT7
N(N = 1)

e 3200 4] (2] 1)

Ny {%J . gJ 7 (6.19)

where [-] (|-]) is the ceiling (floor) function, N is the number of neutrinos, and Nex is

(6.18)

the number of C'X gates needed to compile a single neutrino-neutrino term (for the case in
Fig. 6.1, Nex = 4). A reduction in two-qubit gates is seen when using NLO* compared to

LO with increasing number of Trotter steps, as well as improved convergence.
6.4 Qubit mapping

In the absence of qutrit-based platforms, an alternate approach involves mapping a three-
flavor neutrino to two qubits [34] , with each flavor encoded as: |v.) = [00), |v,) = |01),
lv;) = |10), and the unassigned state |11) designated as the unphysical state (assuming no

sterile neutrinos). Therefore, no matrix elements in the unitaries that implement the one-

3This can be extended to higher-order Suzuki-Trotter formulas, although further simplifications are not
expected to compensate for the increase in circuit depth.
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and two-neutrino terms are allowed to mix states between the physical and the unphysical
sub-spaces. However, we have the freedom to allow arbitrary mixing between unphysical
states if the resulting quantum circuits are shallower.

For the one-neutrino term H,, its time evolution operator in the mass basis is diagonal,

and can be implemented with single-qubit R, gates,
eiithgi) = RZ<—Wt)QZ & Rz<_Qt)2/L'+1 . (620)

In the flavor basis, the 3 x 3 matrix can be embedded into a 4 x 4 one, and the resulting
SU(4) matrix can be transpiled into the three-CNOT circuits from Refs. [657, 659, 181] (or
use the circuits from Refs. [34, 477]).

R.(3 +a) N

T R.(5+a) o
Ry(—% - a) 9{1@(7%;)}

Ry(~% —a) R,(Z +a) }

—iaX(®.2)

Figure 6.3: Circuit A implementing e in the physical subspace, using 24 CNOTs.

The gates RE represents the short-hand version of R,(+Z).

é}R;(a)QﬂR,(ﬂ)} @L |

in the physical subspace, using 18 CNOTs.

Figure 6.4: Circuit B implementing e—@A®-2%

The two-neutrino term H,, is more delicate in this case, compared to the qutrit imple-
mentation. As mentioned, while the physical subspace is fixed, we have the freedom on the
unphysical one to implement any rotation, as long as the two subspaces do not get mixed.
Here we propose two circuits, A (shown in Fig. 6.3) and B (shown in Fig. 6.4), both using

qiskit conventions [18] for the gate definitions. The difference between these two circuits can
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be seen by looking at the unitary they implement,

oA A0) , (6.21)

A

6,ia)‘(i).)\(j)

B

(6.22)

While both circuits have the same effect in the physical subspace, shown with white back-
ground in Eqgs. (6.21)-(6.22), the rotations in the unphysical subspace, shown with a gray
background, are different (with the dashed region being the transition between the two sub-
spaces). For example, circuit A, in the full four-qubit space, implements the more general
gate emiaXD-A) (with A® being the set of SU(4) generators that act on the i*" neutrino),

15 X4 p(0a803)'@(0aB0b)! (with o, being all possible elements of

which can also be written as e~
the Pauli group and the superscripts denoting neutrino-indices). While circuit A does not
perform the most general SU(16) gate, it contains significantly less CNOT gates than what

one would obtain for an SU(16) gate using currently available operator-to-circuit transpilers
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such as qiskit [18, 349], tket [594], or other decomposition approaches [586, 482, 455, 408],
which result in circuits containing on the order of @(100) CNOTs.

In both circuits A and B, the method discussed in Sec. 6.3.1 can absorb the SWAP
operation into the two-body term, modifying o — o+ 7. For this case, where each neutrino
is composed of two qubits, the action of the SWAP gate is SWAP;; ab), ®|cd) ; = |ed), @ |ab) ;.
Table 6.2 reports the number of required C'X or CNOT gates and its corresponding depth
for each quantum circuit (both qubit and qutrit) after compilation in both an-all-to-all and

linear-chain architecture.

All-to-all Linear chain
dit Circuit
Qudi et 2-q gate 2-q gate 2-q gate 2-q gate
count depth count depth

Qutrit Fig. 6.1 4 4 4 4

A (Fig. 6.3) 24 13 42 31
Qubit

B (Fig. 6.4) 18 12 30 25

Table 6.2: The two-qudit entangling gate count and depth for the two-neutrino quantum

circuits proposed, involving two qutrits or four qubits.

6.5 Results

Dynamics for N = {2, 4, 8} neutrinos were simulated with the H1-1 Quantinuum trapped-ion
and ibm_torino IBM superconducting quantum computers (device parameters can be found
in App. 6.F). We use the circuits described in Sec. 6.4, in particular circuit B in Fig. 6.4, to
implement the two-neutrino interaction. For two and four neutrinos, the time step was fixed
(while increasing the number of Trotter steps), while for eight neutrinos number of Trotter

steps was fixed (while increasing the time step).
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For current noisy intermediate-scale quantum (NISQ) devices [532] error mitigation tech-
niques are critical for reliable results. Well-known techniques, such as zero-noise extrapola-
tion [425, 630, 275] and probabilistic error cancellation [630, 655], require a large overhead
in circuit sampling or an increase in circuit depth. For this study, we decided to use a more
resource-friendly algorithm, decoherence renormalization (DR), first introduced in Refs. [650,
8], and later implemented in increasingly larger simulations in Refs. [172, 238, 237, 174] and
Chapters 3 and 4, to mitigate decoherent errors. For each time step, two different quantum
circuits were ran: the first one (which we call the physics quantum circuit) implements the
correct dynamics, and the second one (which we call the identity quantum circuit) runs a
quantum circuit with the same structure as the physics circuit, except its action on the initial
state is the identity. For first-order Trotter, this can be achieved by setting the time step to
zero. For second-order Trotter, the sign in the time step for the second half of the circuit
is flipped. Through the following rescaling formula, the experimental noiseless probability

Prpr.s(t) can be computed as:

pex — .
x (), = —Lid —n_ (P“Olsy(t) - dn> , (6.23)

phys " pnoisy phys
Py —dy

where P;,f;ssy(t) indicates the obtained probability value from the physics quantum circuit and
P indicates the obtained probability from the identity quantum circuit. P corresponds
to the noiseless result of the identity quantum circuit. d, represents the decoherence value
of the quantity computed P, which, for a generic n-neutrino measurement probability, is
d, =1/4".

Equation (6.23) assumes all noise from the device is depolarizing. While this seems a
reasonable assumption for the Quantinuum device, as observed in other trapped ion de-
vices [494], the IBM quantum computer requires additional steps. To ensure all noise to
be depolarizing, Pauli twirling [669, 315] was applied to transform coherent noise into in-
coherent noise, as well as dynamical decoupling [664, 602, 232] to suppress cross-talk and
idling errors. Moreover, the matrix-free measurement mitigation (M3) [487] provided by the

Sampler function from qiskit [18] was used to correct readout errors.
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Two observables for each system were computed: the probability of a single neutrino in
a particular flavor state P, and the persistence probability of the initial state, |(1(0)]e(¢))]?.
Since device errors will populate the unphysical Hilbert space, we implement two different
strategies for computing the single-neutrino probabilities. The first method uses the full
physical Hilbert space (pHS) where all nonphysical states |11) are discarded. The second
method involves summing over the remaining states in the single-neutrino Hilbert space
(snHS), mimicking a single measurement of the qubits representing the i*" neutrino. While
unphysical states for other neutrinos contribute to the probability, after being corrected with
DR their contribution can be small.* The two methods are illustrated in Fig. 6.5 for the two

neutrino case, where the big squares represent all possible 16 states.

6.5.1 Quantinuum

Due to the all-to-all architecture of the Quantinuum device [6], the circuit in Fig. 6.4 for
implementing the neutrino-neutrino term can be used without having to rewrite the CNOT's
connecting distant qubits. After transpiling the circuit to the native gate-set (single-qubit
gates and ZZ(6) = e~"0/2%2®2) the entangling gate count and depth gets reduced by one
unit, compared to the numbers in Table 6.2.° We use the trick of adding a /4 phase to
the neutrino-neutrino terms to incorporate the SWAP gate into the latter. This is because
although it is not necessary for this hardware, as mentioned in Sec. 6.3.1, it should reduce
the shuffling of trapped ions.

First, the evolution of two neutrinos was simulated, using multiple numbers of Trotter
time steps to study the propagation at long times and the noise sources for deep quantum

circuits.® Figure 6.6 shows the results when we start from the |v.v,) state from the device

4One should notice that the two methods have two different decoherence values in Eq. (6.23). When
computing P,, d?™ = 3N-1/4N (with N the total number of neutrinos) and d5*HS = 1/4.

>The simplification occurs in the R,(—2«) rotation and its two neighbouring CNOTs in Fig. 6.4, which
get transformed into a single ZZ(—2«) gate.

SNotice that for two neutrinos, there are no Trotter errors in the decomposition of the time evolution
circuits, therefore the multiple Trotter steps are a way to increase the circuit depth and benchmark the
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H1-1 and the emulator H1-1E, and use 100 shots per circuit. In this simulation, no error-
mitigation techniques were implemented. Also, a 1-3% contribution from unphysical states
was found, supporting the pHS approach to be a good approximation. The results, even for
longer times, (t = 14p~1), are compatible with the exact evolution (represented with solid
lines). The icons in the top-left corner that appear in this and subsequent plots, identify if
the noisy simulator (yellow icon) or quantum device (blue icon) was used [393].

The dynamics of four neutrinos starting from the |v,.v,v.1;) state on the H1-1 device was
then simulated. Figure 6.7 shows the obtained results, using 100 shots per circuit. Like in
Fig. 6.6, panels (a) and (b) illustrate the flavor evolution of the first (the neutrino starting
as v.) and second neutrino (the neutrino starting as v,,), respectively. In this case DR was
used for error-mitigation, and after post-selection via snHS and pHS, the probabilities were
normalized to sum to 1. Panel (c¢) shows the persistence probability of the initial state. For
this larger system, an improvement after performing error mitigation was observed.

In App. 6.C the emulator H1-1E and device H1-1 results is compared. Generally the
emulator and device results are observed to be compatible within reasonable uncertainties.
Nevertheless, we observe that the H1-1E emulator gives more pessimistic results than the
actual machine. Figure 6.8 shows the results for an eight-neutrino system, starting from
VeV VeV Ve Very ). In this case only a single Trotter time step was performed, increasing
the time step. The implemented quantum circuits have a ZZ depth of 91, and 100 shots
were used (except for ¢ = 10x~!, which used 79 shots). All results are compatible within
20 with the exact evolution, albeit with larger uncertainties than the cases for two and four

neutrinos.

6.5.2 IBM

Compared to Quantinuum, the IBM hardware has the constraint of linear connectivity be-

tween qubits (a one-dimensional chain was selected from the heavy-hex lattice), necessitating

quantum computer.



226

the circuit in Fig. 6.4 to be compiled into a linear chain architecture. All results were obtained
from implementations on ibm_torino, where the native entangling gate is the controlled-Z
(CZ) gate, leading to the same depth and number of gates as in Table 6.2.

As discussed at the beginning of in Sec. 6.5, 10 x N different Pauli-twirled quantum
circuits were ran for each time step in order to average out the coherence noise (with N
being the number of neutrinos), using 8000 shots per circuit. After applying DR and the
post-selecting procedures it was noted that the resulting single-neutrino probabilities could
become unphysical (either negative or greater than 1), an issue not encountered when using
the Quantinuum device in Sec. 6.5.1. To fix this, the algorithm of Ref. [599] was applied
to find the closest probability distribution. The uncertainties from combining the different
twirled circuits were computed via bootstrap resampling.

Figure 6.9 depicts the evolution for a two-neutrino system, starting from the |v.v,) state.
Unlike for Quantinuum (Fig. 6.6), in this case error mitigation is essential for the results
to be compatible with the exact evolution. While most points are within 1o and 30, it
seems that the initial state persistence is more robust against errors than the single-neutrino
probabilities.

Figure 6.10 shows the evolution for the four-neutrino system, starting from the |vev,vev,)
state. Like in the two-neutrino case, the obtained results follow the analytical evolution,
although in some cases there is a difference of more than 50. This growing tension is in-
vestigated further in the eight-neutrino system. Figure 6.11 shows the evolution for the
eight-neutrino system, with quantum circuits that have a CZ depth of 182. In contrast to
the previous results, here the initial state was the symmetric state |vev,vev v vev,ve). This
change enables averaging of the single-neutrino probability between the i'" and (N +1 —4)
neutrino, improving the quality of the obtained results (as seen by the degradation in the four
neutrino system in Fig. 6.10).” After performing the symmetrization, the noise contributions

can be averaged out and reduced (for the non-symmetric initial state, see App. 6.D). Despite

TA similar exchange symmetry has been observed for the two-flavor case [310, 26, 343], although in the
three-flavor case it is only manifested for symmetric initial states.
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performing error mitigation, the results in Fig. 6.11 for the single-neutrino probabilities have
large deviations from the expected values (more noticeable with pHS post-selection than
with snHS). As before, the initial state persistence seems to be more effectively recovered

after DR.

Neutrino P, P, P, d,(f 9
(P + Ps)/2 0.079(4) 0.054(3) 0.047(3) 0.033
(P, + P;)/2 0.055(3) 0.081(4) 0.043(2) 0.033
(P + Fs)/2 0.081(4) 0.052(3) 0.046(2) 0.033
(Py+ Ps)/2 0.051(3) 0.043(2) 0.085(4) 0.033

Table 6.3: pHS probabilities obtained from implementing the identity quantum circuit on
ibm torino averaging the i*® and (N + 1 — 7)™ neutrinos. The last column shows the
theoretical value for the decoherence line, dgd) = 37/4%. In the noiseless case, the probabilities

in bold should be 1.

The single-flavor probability results obtained from running the identity quantum cir-
cuits in the DR method, shown in Table 6.3, suggest a shift of the decoherence value d,
in Eq. (6.23). After applying the identity operator, the decoherence line d,, is expected to
be the plateau value of the probability that decays due to noise sources, i.e., the initial
state probability value goes from 1 to d,, while the other states’ probabilities go from 0
to d,. Therefore, in the ideal case, the state probability results never cross the decoher-
ence line. Instead, Table 6.3 reports that all the obtained probabilities are greater than the
theoretical decoherence value dy? (given by 37/4%). A possible explanation is the simple
depolarizing noise model, assumed when applying DR method, is not enough to describe the
noise contributions, and different qubits are subjected to different noise sources. Moreover,

a non-negligible contribution from relaxation process is observed, increasing the probability
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of being in the |0) state.

This implies that the decoherence value d,, in Eq. (6.23) should be empirically changed.
Looking at the obtained values, the “effective” experimental decoherence value can be es-
timated to be in the range d'/") € [0.048,0.054]. If DR is applied using d'D  the flavor
probabilities for the first, second and fourth neutrino are closer to the analytical curves, as
shown in Fig. 6.12. Also noted was that running a deeper quantum circuit for two Trotter

steps causes the empirical decoherence line to move closer to the theoretical decoherence line.

Entropy and tomography calculations

To compute the entanglement entropy and other entanglement witnesses, the density matrix
of n < N neutrinos is evaluated. One approach uses classical shadows [336]. Here, full
state tomography is performed, as in Ref. [310]. Since not all 2*" states are physical in the
qubit mapping, the number of measurements needed to estimate the physical density matrix
can be reduced. For example, for a single neutrino the state-tomography operator pool
can be reduced from 15 to 7 (independent) different operators that describe the Gell-Mann
decomposition in the qutrit physical space. The reduced density matrix for one neutrino is

given by
9
Py = ci\i, (6.24)
=1

where A\g = | and ¢; = Tr(\; p)/A;, with A; = Tr()\?). Tables 6.4 and 6.5 in App. 6.E
contains the explicit operator pool needed to extract each coefficient ¢;, where the last
column formulates the ¢; coefficient from the resulting measurement probabilities. For a
generic system of N neutrinos, all combinations of the 7 operators should be implemented to
obtain the corresponding density matrix. Once these coefficients are fixed, the single-neutrino
entanglement von Neumann entropy can be obtained using S = — Tr [p, log(p, )]

This three-flavor state tomography procedure is implemented on ibm_torino for the two-
neutrino system using a single Trotter time step. This requires running 49 different quantum

circuits (that describe all possible independent combinations of Tables 6.4 and 6.5). Then,
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after applying the error mitigation methods, the coefficients ¢;; = Tr(\; ® A p)/Ai; are
evaluated, with A;; = Tr(A? ® A?), via the probabilities listed in Table 6.4 and 6.5. The

corresponding density matrix, labeled pigyr, is obtained in a similar manner to Eq. (6.24),

9
PIBM = Z CijAi @ Aj (6.25)

ij=1

Due to hardware noise, pigy is generally not positive semi-definite, therefore it does not
represent a physical density matrix. Here, the algorithm from Ref. [11] is applied to find
the closest physical density matrix, labeled pcppm, via a rescaling of the eigenvalues (more
details in App. 6.E). Moreover, because in this case the density matrix of the whole system
is computed, the final state is expected to be a pure quantum state. This can be enforced by
using the eigenstate with the largest eigenvalue of pcppy. This state will correspond to the
closest pure quantum state (it has the highest contribution in the Schmidt decomposition),
and is labeled as ppyre-

The fidelity between the obtained pigm, pcppM, Ppure and the exact one, ¢ = |W(t)) (U (1)],
is:

Fip.0) = (m ﬁpﬁf . (6.26)

Panel (a) of Fig. 6.13 shows the results. It is interesting to note that due to the error
mitigation used here (the coefficients ¢;; are all normalized using the same Pj; quantity),
the raw and DR pigy/Tr(psm) completely overlap, since the DR renormalization factor is
cancelled out when enforcing the unity of the trace. Similarly, the pyue does not depend
on whether error mitigation is applied or not, since in this case the largest eigenvalue is the
same.

Single neutrino entanglement entropy is also copmuted using the pcppv and ppure density
matrices,® shown in panel (b) of Fig. 6.13. Results from ppue (dark blue points) are observed
to be closer to the exact entropy behavior than the results from pc,pum (green triangles). As

a further test on the fidelity, the two-neutrino entropy for pcppm is computed to diagnose

8The matrix pigy cannot be used since it can have negative eigenvalues.



230

the effect of noise, since the analytical two-body entropy remains zero. These results are
reported in panel (c) of Fig. 6.13, where while the fidelity is seen to be > 90%, the density

matrix pcppm still exhibits features of a mixed state.
6.6 Conclusions

In this work, we introduce new quantum circuits for simulating the collective dynamics of
three-flavor neutrinos on gate-based quantum computers, and also provide an implementation
of the two-neutrino flavor-exchange operator on qutrit-based computers using 4 C'X gates.
The implementation of the same dynamics on qubit-based platforms is demonstrated, where
each neutrino is mapped to two qubits. The corresponding circuits require at least 18 CNOT
gates. Additionally, we introduce a simplification that allows the realization of the required
all-to-all connectivity in a linear chain without any additional computational costs (same
circuit depth).

We have executed the qubit-based quantum circuits with up to eight neutrinos on the
Quantinuum H1-1 and IBM ibm_torino devices, and computed the probabilities of finding
each neutrino in a specific flavor state, as well as the initial state persistence. These are key
observables used to study the thermalization and equilibration of such systems [457]. For
the smaller systems, with two and four neutrinos, the circuit depth is small enough that
using multiple Trotter steps to perform time evolution is feasible. For eight neutrinos, while
only one Trotter step was used, the resulting Trotter errors were smaller than the statistical
and systematic uncertainties from the device. Hardware noise was corrected through various
error mitigation techniques and post-selection procedures. The quality of the results (after
mitigation) are higher in the trapped-ion device than the superconducting one, though the
different number of shots used in both hinders a direct comparison.

Using the IBM quantum computer, it was also possible to test the proposed partial state
tomography, which required implementing 49 operators, allowing us to evaluate the full
density matrix of two neutrinos and the entanglement entropy.

The algorithms needed to perform realistic simulations require quantum computers with
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longer coherence times. That is because one might need to start from a thermal state (and
not a pure state) [481, 563, 646, 198], include the time-dependence in the two-neutrino term

in the Hamiltonian [541, 595], or include the effect of anti-neutrinos.
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Figure 6.5: Different post-selecting procedures for computing the single-neutrino flavor prob-
ability, for a system of two neutrinos. The physical Hilbert space (pHS) approach only ac-
counts for the physical flavor states; the single neutrino Hilbert space (snHS) approach keeps

all contributions from the other neutrino states (both physical and unphysical).
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Figure 6.6: Flavor evolution of a two-neutrino system as a function of time. Panels (a) and
(b) show the flavor evolution of the first and second neutrinos, respectively. Panel (c¢) shows
the persistence probability of the initial state. Triangles and diamonds indicate results from
the device (H1-1) and its emulator (H1-1E), respectively, slightly shifting the points for ease
of readability; solid lines show the exact result. The top axis measures the ZZ depth for each

point



234

Ve Vp vr

@ 4 Raw pHS $  DR+PS suHS ¢ DR+PSpHS Raw i« DR
Q
77 depth 77 depth 77 depth
0 51 87 123 154 0 51 87 123 154 0 51 87 123 154

¥
= \—E
0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0

Figure 6.7: Flavor evolution of a four-neutrino system as a function of time, using the
H1-1 device. Panels (a) and (b) show the flavor evolution of the first and second neutrinos,
respectively. Triangles indicate the raw pHS results. Empty and solid circles represent
the results of applying DR, snHS, and pHS post-selecting procedures, respectively. Panel
(c) shows the persistence probability of the initial state. The triangle and square markers
represent the results without and with applying DR, respectively. In all panels, the solid lines
show the exact evolution, and the points have been slightly shifted to ease the readability.

The top axis measures the ZZ depth for each point.
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Figure 6.8: Flavor evolution for an eight-neutrino system as a function of time, using the
H1-1 device. Panels (a) and (b) show the flavor evolution of the first and fourth neutrinos,
respectively. Panel (c) shows the persistence probability of the initial state. Details are as

in Fig. 6.7.
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Figure 6.9: Flavor evolution for two neutrinos as a function of time obtained from ibm_torino
device. Panels (a) and (b) show the flavor evolution of the first and second neutrinos,
respectively. Panel (¢) shows the persistence probability of the initial state. Details are as

in Fig. 6.7. The top axis measures the CZ depth at every other point.
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Figure 6.10: Flavor evolution for four neutrinos as a function of time obtained from the
ibm torino device. Panels (a) and (b) show the flavor evolution of the first and second
neutrinos, respectively. Panel (c) shows the persistence probability of the initial state. Details

are as in Fig. 6.7. The top axis measures the CZ depth at each point.
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Figure 6.11: Flavor evolution for eight neutrinos as a function of time obtained from the
ibm_torino device. Panels (a) and (b) show the flavor evolution of the (symmetrized) first
and fourth neutrinos, respectively. Panel (c) shows the persistence probability of the initial

state. Details are as in Fig. 6.7.
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Figure 6.12: Flavor evolution for an eight-neutrino system as a function of time obtained
from ibm_torino device as in Fig. 6.11, scanning over effective decoherence values dfff P
after applying DR and pHS post-selection procedure. Panels (a), (b), and (c¢) show the
flavor evolution of the (symmetrized) first, second and fourth neutrinos, respectively. As

shown in the color bar on the far-right, a7 increases from lighter to darker colors.
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Figure 6.13: (a) Fidelity and (b) single-neutrino entropy for different At for the two neutrino
system starting from |eu) state. The different points correspond to different methods in
computing the density matrix (see the main text for details). (c) Two-neutrino entropy

computed from pcpy density matrix.
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6.A Gell-Mann matrices

Our notation for the Gell-Mann matrices is as follows,

010 0 ¢ 0 1 0 O
AM=1100|,X=]- 00]|,3=|0 -1 0],
000 0 00 0 0 0

0 01 0 0 —1
A=10 0 0|,A=10 0 0],
1 00 1 0 0
000 00 O
=00 1], =10 0 —i],
010 0 ¢+ O
10 O
Ag = ;(0 1 0 |- (6.27)
0 0 =2

6.B Qutrit gates

This App. writes the explicit matrix representation of the qutrit gates. The single-qutrit

gates used in the circuits described in the main text are [283]

1 0 0 cosy —sing 0
X2=10 cos S —ising |, R (cv) = |sing cos§ 0], (6.28a)
0 —ising  cos§ 0 0 1
1 0 0
R;Q(a) =10 cosg —sing |, (6.28Db)

0 sing cos%
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e 0 0
Ph(f,0,\) =10 ¢e* 0 | , (6.28¢)
0 0 e*

RY(6) =Ph(~2.0 0) (6.250)
RE(6) = Ph(0,-5,%) (6.950)

The two-qutrit C'X gate, whose action is given by CX |z,y) = |z, mod(x + y, 3)), imple-

ments the following operation,

10000O0O0GO0DO
010000000
001000000
000010000
CX=1000001000 (6.29)
000100000
00000O0O0TO 01
000000100
00000O0O0OTL1O

While the C'X gate might not be a native two-qutrit gate on current qutrit quantum devices,

it is straightforward to transform to alternative entangling gates, like the C'Z gate [283],
CzZ= Y @i, @=eF . (6.30)

27‘76{07172}

Using the qutrit Hadamard gate [479], the C'X gate can transformed into a C'Z gate,

11 1
1
CZ=01eH)-CX-(1e®H), H=-—7|1 & |, (6.31)
V3
1 & @

with a similar transformation for C X,
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6.C Quantinuum emulator

Results from H1-1 and its emulator for the four neutrino dynamics is reported in Fig. 6.14.
DR and the pHS post-selecting procedure were implemented in both cases. The emulator’s

results (empty symbols) were observed to be compatible with the H1-1 device’s results (solid

symbols).
7 Raw pHS HI-1E ¢ DR+PS pHS HI-1E é  DR+PS pHS H1-1 L Raw pHS HI1-1 7 Raw HI-1E DR+PS HIE-1
Ve v, Vs DR+4PS Hi-1 4 Raw HI-1
(J’; 77 depth 77 depth 77 depth
0 51 87 123 154 0 51 87 123 154 0 51 87 123 154
=

a
1.00 w%h\ 1.00
0.75 % ’ %; 0.75
4

= 050 f flt) 0.50
0.25 0.25
. B i
0.00 {7 0.00F&
0.0 2.5 5.0 7.5 10.0
t(u )

Figure 6.14: Flavor evolution for four neutrinos as a function of time from the H1-1E emulator
and H1-1 device. Empty triangles and circles represent the emulator’s raw and DR+PS
results, respectively. Solid symbols show the corresponding results from Hi-1. We use the

same conventions as in Fig. 6.7.

6.D Simulations of eight neutrinos on IBM quantum computer

Figure 6.15 shows the results from the evolution of eight neutrinos starting from the non-
symmetric state |v.v,v.v,vev,ver,). Compared to the results in Fig. 6.11, the averaging
procedure appears helpful for averaging out device errors. A clear example is the electron

flavor evolution for the fourth neutrino, displayed in panel (b).
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Figure 6.15: Flavor evolution for eight neutrinos as a function of time obtained from the
ibm_torino device, with |vev,Vev, vev, Vev;) as the initial state. Panels (a) and (b) show the
flavor evolution of the first and fourth neutrinos, respectively. Panel (¢) shows the persistence

probability of the initial state. We use the same conventions as in Fig. 6.7.

6.E Details about the tomography study

This App. contains details on the operator pool used to reconstruct the density matrix.
Each row in Tables 6.4 and 6.5 shows how to evaluate the coefficient ¢; from Eq. (6.24). The
second column contains the operator needed to change the basis in which to measure the two
qubits. By measuring the state probability P; with the expression in the third column, the
value of ¢; is recovered. Note that the operators for A3, Ag, and A\g (the latter of which is not
shown in the table because ¢y is % times the sum of all 3 state-probabilities and thus is % no

matter the measurement-result) are identity operators, thus the operator pool is composed

of 7 independent operators (instead of 9).

The goal of the algorithm from Ref. [11] is to find the closest positive semi-definite density
matrix to the one obtained from ibm torino. The general idea of the algorithm is to find
the the density matrix pcp,pm that minimizes the trace distance with pigy while having all
eigenvalues positive. This is done by shifting the eigenvalues of pgy using the algorithm of

Ref. [673], while leaving the eigenvectors of pigy unmodified.



242

A Operator Probability
1 1 0 0
A1 % bt c1 = 3(Poo — Por)
0 0 v2 0
00 0 V2
1 — 0 0
A2 % b 0o 2 = 5(Poo — Por)
00 v2 0
0 0 0 V2
1 0 0 O
01 0O L
A3 c3 = 5(Poo — Por)
0 010
[0 0 0 1
10 0
Ad % (1) f _01 2 Cq = %(Poo — Pyo)
0 0 0 V2

Table 6.4: First half of the tomographic pool for computing ¢; = Tr(pA;)/A;, where \; repre-
sents the Gell-Mann matrix. We perform the change of basis by implementing the operator
shown in the second column. The coefficient ¢; are then given by the linear combination of

the obtained probabilities P;; = { Poo, Po1, Pio, P11} given in the third column.

6.F Device parameters

In this appendix we report the experimental parameters of the quantum computers used in
this paper.
In Table 6.6, we report the Quantinuum H1-1 device parameters, and in Table 6.7, we

report the IBM ibm_torino device parameters.
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i Operator Probability
1 0 — 0
As % (1) \(/f (Z g ¢s = 5(Poo — Pro)
0 0 0 V2
V2.0 0 0
A6 % o0 c6 = 3(Po1 — Pro)
0 1 -1 0
0 0 0 V2
V2.0 0 0
A7 % o0 c7 = 3(Po1 — Pro)
0 1 4 0
0 0 0 V2
1 0 0 O
As oL cg = T\l/g(Poo + Po1 — 2 Pio)
0 0 1 0
0 0 0 1

Table 6.5: Second half of the tomographic pool for computing ¢; = Tr(pA;)/A;, where \;
represents the Gell-Mann matrix. We perform the change of basis by implementing the oper-
ator shown in the second column. The coefficient ¢; are then given by the linear combination

of the obtained probabilities P;; = { Py, Fo1, Pio, P11} given in the third column.

Total number of qubits 20
Typical Single-qubit gate infidelity | 2 - 107°
Typical Two-qubit gate infidelity | 1-1073
SPAM error 21074

Table 6.6: Quantinuum H1-1 device parameters, as reported in Ref. [6].



Total number of qubits 133
Neutrinos 2 4 8
Date accessed 6/12/24 | 6/21/24 | 6/25/14
Number of qubits used 4 8 16
Median T1 coherence time (us) 150 133 142
Median T2 coherence time (us) 147 127 151
Median X-gate error 3.2-107* 1 3.3-107* | 2.8-1071
Median C'Z-gate error 9.4-107% | 7.8-1073 | 4.0-1073
Median readout error 2.6-10722.9-107%2 | 2.3-1072

Table 6.7: IBM ibm_torino device parameters.
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Chapter 7

QUANTUM MAGIC AND COMPUTATIONAL COMPLEXITY
IN THE NEUTRINO SECTOR

This chapter is associated with Ref. [164]: “Quantum Magic and Computational Com-
plexity in the Neutrino Sector” by Ivan A. Chernyshev, Caroline E. P. Robin, and Martin
J. Savage

To optimize the impact of quantum computers in simulating key aspects of fundamental
physics, it is essential to understand the required balance among quantum and classical
computing resources to address specific observables. As advances in quantum simulations
feed back to improve classical simulations, this balance changes with time, and guidance from
the target physical systems must be folded in with each new advance. Robust simulations of
neutrinos produced during supernova and during neutron-star binary mergers are important,
e.g., Refs. [128, 483, 670, 329, 688, 126, 125, 250, 189, 662, 268, 356, 229, 228, 52, 184, 582,
509], not only for their evolution and for the predictions of the chemical elements in such
processes, but also for probing the properties and interactions of neutrinos themselves and
potentially discovering new physics, e.g., Ref. [612]. As part of the integration of the neutrino
processes that take place during a supernova into simulations, a much better understanding

of the quantum complexity of coherent flavor transformations is essential.

As mentioned in Sec. 1.2.1 and 6.1, during core-collapse supernova (CCSN) the neutrino
density becomes sufficiently high that self-interactions play an essential role in the evolution
of lepton flavor, and there have been numerous studies performed to describe the impact of
the ~ 10°® neutrinos that are produced in such events. The range of mass-scales involved,
and the interaction processes that take place, present a significant challenge to accurately de-

scribing this evolution. The mean-field (introduced in Sec. 6.1) and many-body approaches



246

for the dynamics continues to provide a firm foundation, underpinning much of what is known
about these systems, e.g., Refs. [537, 218, 219, 345, 141, 246, 245, 248, 581, 355]. However,
advances in quantum information are providing motivation and techniques to consider as-
pects of these systems beyond the currently employed approximations [559, 519, 518, 555,
694, 554, 459, 556, 343, 96, 457, 458, 489, 401, 180]. These nascent explorations, that include
the low-energy effective Hamiltonian from the Standard Model mapped to all-to-all con-
nected spin models, have examined the evolution of the neutrino flavors, their entanglement
entropy, multi-partite entanglement using n-tangles, and more. Typically these have been
performed using an effective two-neutrino system, and extensions to include three flavors,
such as the one in Chapter 6, which include designs for qutrit quantum circuits, are now
beginning [50, 596, 49, 165]. The entanglement between multiple neutrinos exceeds that of
systems of Bell pairs, and hence is fundamentally multi-partite in nature [343, 458]. Simula-
tions of modest-sized systems of neutrinos have been performed using superconducting-qubit
and trapped-ion qubit quantum computers [310, 702, 342, 26, 343, 595]. Further, classical
simulations [49] have also been recently performed.Simulating neutrino environments of inter-
est requires working with mixed states, and as such, these early investigations are important

for guiding development toward more robust simulations.

As discussed in Sec. 1.2.1, significant quantum magic (non-stabilizerness) along with
large-scale entanglement is the requisite for the need for quantum computation. Stabi-
lizer states can be efficiently prepared using a classical gate set of the Hadamard-gate, H,
the phase-gate, S, and the CNOT-gate [285, 284] (App. 7.A). By construction, stabilizer
states have vanishing measures of magic. Thus, both magic and entanglement determine
the computational complexity and quantum resource requirements for simulating physical
systems. Including the T-gate to establish a universal quantum gate set, Gottesman-Knill-
Aaronson [285, 9] showed that the exponential-scaling (with system size) of classical resource
requirements is determined by the minimum number of T-gates (a similar argument exists for
scaling with precision, e.g., Ref. [376]). A number of measures of magic have been developed,

e.g., Refs. [226, 674, 333, 105, 139, 94], and the stabilizer Rényi entropies (SREs) [422] and
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Bell magic [318] have been measured in quantum simulations of some systems [506, 318, 101},
and are efficiently calculable in MPS [319, 320, 628, 413, 415, 414]. The magic properties of
physical many-body systems and quantum field theories are less known than their entangle-
ment structures. Explorations in the Ising and Heisenberg models [506, 320, 542, 251, 147],
lattice gauge models [629], quantum gravity [149], in nuclear and hypernuclear forces [552],
and in the structure of nuclei [121] are in their earliest stages. Interestingly, it has recently
been shown that the entanglement and magic in random quantum circuits doped with T-gates
and measurements undergo phase transitions (between volume-law and area-law scaling) at
different dopings [263, 86, 376, 423, 147].

To determine the measures of magic in a wavefunction, matrix elements of strings of

Pauli operators, P, are computed, cp(t) = (1(t)|P|i(t)). For qutrits, the Pauli strings are

constructed from tensor-products of the nine operators, ) (332, 188, 672,

S, € {I.X.2. X082 220X 20 X2 X227, (7.1)
where

Xlj) = li+1 , ZIj) = i) . ow = e (7:2)

for j = 0,1,2. For stabilizer states of ng qutrits, d = 3" of the d*> Pauli strings give
cp = 1,w or w?, while the other d* —d give cp = 0 [718]. For an arbitrary quantum state, all
d? values can be non-zero. As is the case for qubits, the deviation from stabilizerness defines

the magic in a state [422], using
Ep = lepf/d. Y Zp =1, (7.3)
P

where Zp forms a probability distribution. Based on our previous studies [552, 121], we
consider the o = 2 stabilizer Renyi entropy (SRE),

My = —log, dY Ep, (7.4)
P

to explore the quantum magic in a neutrino wavefunction. This SRE has been shown to

satisfy properties of a proper magic measure [320, 421]. For more details, see App. 7.B.
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In the case of three flavors of neutrinos, the charged-current eigenstates are related to

the mass eigenstates by the Pontecorvo-Maki-Nakagawa—Sakata (PMNS) matrix [530, 450],

Vp = UPMNS-VM s (75)

where, vp = (v, I/H,VT)T and vy = (v, 1/2,V3)T. Neglecting Majorana phases, Upy/ng can
be paramterized in terms of three angles, 12, 013, 623 and one CP-violating phase . The
experimental determinations of these angles in a commonly used parameterization of the
matrix are taken from the Particle Data Group (PDG) [488], and reproduced in App. 7.C.
This work uses the same mass-basis one-body Hamiltonian term for a neutrino of energy

E that Chapter 6 uses,

0 0 0

~ 1

H o= =0 om0 |+, (7.6)
0 0 Ami

where the ellipses denote terms proportional to the identity matrix or higher order in the
neutrino-mass expansion of the kinetic energy. The difference in mass-squareds, Am3; can
be related to the experimentally measured values, Am3, = Am3,+dm3, [488]. 1 An effective
two-flavor reduction of the system is typically found by retaining 6, and dm32, and discarding
the third eigenstate.

In the mass basis, each neutrino flavor has non-zero magic from the Up,;nys mixing matrix.
In the case of single electron-flavored neutrino in the effective two-flavor system, its magic is
computed to be My = 0.195(23), which should be compared to a maximum value of 0.415
for relatively real states and 0.585 for complex states. For a three-flavor neutrino, the magic
in the single neutrino is found to be My = 0.891(14), which should be compared with a
maximum possible value of 1. The presence of the third generation of neutrinos changes the
magic in the single neutrino sector substantially. To reinforce this observation, it is helpful

to consider the magic power [422; 552] of the single-neutrino evolution operator. The magic

'In this work, only the normal hierarchy of neutrino masses is considered.
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power of a unitary operator, which we denote by Mo, quantifies the average fluctuations in
magic induced by the operator, based upon its action on stabilizer states |®;). By considering
the set of time evolved states, under the evolution of the free-space one-body Hamiltonian

in Eq. (7.6),
(1) = Ui(t)]|®;) = e h|a;) (7.7)

—iflit i shown in Fig. 7.1. There is a significant difference between the
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Figure 7.1: The magic power, Mg(f]l), of the free-space one-body evolution operator for
three flavors of neutrinos given in Eq. (7.7). The solid blue line shows the central value of
the magic power, while the khaki region corresponds to the values of magic power from a
sampling over the 68% confidence intervals of Am32, and ém3,. The dashed-blue line line
and lighter shaded region correspond to the magic power of the evolution operator in the

effective two-flavor system. Analytic expressions for MQ(U 1) are provided in App. 7.D.
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magic power of the free-space one-body evolution operator for three flavors compared with
two.

There are a number of models employed to expose essential elements of the coherent
evolution of neutrinos in supernovae. We select one such model, that has been fruitfully used
to study the evolution of entanglement, to illustrate the corresponding behavior of magic.
The pair-wise coherent forward interactions between neutrinos is captured by the low-energy
position-dependent effective Hamiltonian [258, 571, 513, 512, 451, 402, 214, 536, 260, 50],
combined with a (naively integrable) model-dependent neutrino density profile in the single-

angle limit [49],
8 A A
Hy(r) = u(r)) T*@T",
a=1

u(r) = o (1= VI=(RIP) (75)

where the T are the generators of SU(3) transformations, and at the edge of the neutrino
sphere, the model uses pp = 3.62 x 10* MeV, kR, = 32.2, and x = 107'"MeV. The time
evolution of multi-neutrino systems is determined by integrating the action of the evolution
operator on a given initial state. In this model, the radial location of the neutrinos is given
by r(t) = ro+t, with rg = 210.65/k defining t = 0. Using a distribution of neutrino one-body
energies below Fy = 10 MeV, scaling as E,, = Ey/n, the time-dependent Hamiltonian and
wavefunction evolution describing the coherent flavor evolution can be written as, assuming

radial propagation,
H) = Y ndy" + Y H"(),
) = Oalt, 0o = T e @ A jyy (7.9)

where H™ is given in Eq. (7.6) acting on the n'* neutrino, and ]flz(n’"/)(t) corresponds to the
two-body operator in Eq. (7.8) acting on the n'* and n’*™ neutrinos.
In the two-neutrino sector, we consider initial conditions of a tensor-product pure-state of

two electron-flavor neutrinos, |¢))g = |ver.), and one electron with one muon flavor neutrinos,
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|Ver,,), in the two-flavor and three-flavor frameworks. Evolving these states forward using
Uy(t,0) in Eq. (7.9) provides (pure-state) wavefunctions at some later time, from which
the flavor composition, entanglement and magic are computed. Normalizing the magic in
the wavefunction with respect to the maximum possible magic, gives the curves shown in

Figs. 7.2 and 7.3.
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Figure 7.2: The normalized magic in the two-flavor (lighter, cream) and three-flavor (darker,
blue) neutrino wavefunctions as a function of time, starting in the pure tensor-product states
|Veve). The My measure of magic, defined in Eq. (7.4), is normalized to its maximum value,

My (max) = 1.19265 for two flavors and My (max) = 2.23379 for three flavors.

Fluctuations in magic in the three-flavor system are significantly smaller than in the two-
flavor system, but are consistent with each other. Both systems have stabilized with regard
to their overall behavior for xt 2 600, for which the maximum values of magic are 0.871 (two
flavors) and 1.491 (three flavors). Interestingly, the magic in the |v.v.) systems decrease (on

average) as the neutrinos move outward, while the magic in the |v.v,) systems do not show



252

o -
o O

M; | Mz(max)
o
2

o
»

200 500 1000 2000
time (k)

Figure 7.3: The normalized magic in the two-flavor (lighter, cream) and three-flavor (darker,
blue) neutrino wavefunctions as a function of time, starting in the pure tensor-product states
|ver,). The My measure of magic, defined in Eq. (7.4), is normalized to its maximum value,

M (max) = 1.19265 for two flavors and My (max) = 2.23379 for three flavors.

this trend.

Generalizing the analysis to the evolution of multi-neutrino systems is straightforward.
An initial tensor-product state of selected three-flavor structure is evolved forward in time
using the evolution operator in Eq. (7.9). For a system of N, neutrinos, the magic is computed
by evaluating forward matrix elements cp(t), defined above. The evolution of M, as a
function of time, computed using Eq. (7.4), is observed to stabilize after xt 2 800, and its
asymptotic value is determined by averaging over a time interval at much later times.

The time dependencies of My for systems with N, < 5 are shown in Figs. 7.4 and 7.5.
Interestingly, the wavefunctions of the |v,)®™* initial states contain less magic than the max-

imum possible for a tensor-product state, My < N, at all times. Further, the asymptotic
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Figure 7.4: My per neutrino in systems initially in tensor-product states of |v.)®™ only

values are decreasing with increasing N,. In contrast, wavefunctions from initial states con-
taining all three flavors support magic that exceeds the maximum value in tensor-product
states, and hence necessarily requires entanglement between the neutrinos. In addition, the
M per neutrino is increasing with increasing numbers of neutrinos, as displayed in Fig. 7.6
for N, < 8. See App. 7.E for the asymptotic values of My from a selection of initial states.
The evolution of the probabilities of being in the mass eigenstates, the concurrence and
generalized-concurrence, and the 2- and 4-tangles in the wavefunctions, are displayed for
Ve)® and |vevev v, ), as examples in the N, = 5 systems, in App. 7.F.

With the recent advances in better understanding the roles of magic and entanglement
in the computational complexity of many-body systems, this work represents a step toward
quantifying the magic in dense systems of neutrinos. The combination of large-scale entan-

glement and large measures of magic are both necessary to conclude that quantum resources
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Figure 7.5: M per neutrino in systems initially in tensor-products of all three |v.), |v,.), |vr)
(lower curves), as a function of time. Initial states with the maximum asymptotic values of
M, from the possible flavor combinations for a given N, are shown, i.e., |vev,v;), Ve, vrv;y)

and |v v, vev-v,).

are required to prepare a state. The results that we have obtained (with the small numbers
of neutrinos considered) here build upon previous results to further suggest that quantum re-
sources will be required to prepare and evolve systems of dense neutrinos due to the scaling
of the magic in the mixed-flavor channels. Quantifying the behavior of magic and multi-
partite entanglement in larger systems of neutrinos is an important next step. However, this
is only part of the challenge that lies ahead in describing these systems. Combining these
quantum aspects of the system into realistic simulations, including scattering processes and
full kinetics, remains to be accomplished. Thus, the full impact of observations made here

remain to be determined.
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Figure 7.6: The asymptotic values of My per neutrino in systems initially in a tensor-product
state of |v.)®Nv (brown points and dashed curve) and in systems initially in tensor-products
of all three |v.), |v,), |v;) (blue points and dashed curve). The maximum value of My
from the possible flavor combinations of the initial state for a given N, has been chosen.
The horizontal-dotted-black line corresponds to the maximum value attainable with tensor-

product states. The numerical values of the displayed results are given in Tables 7.1 and 7.2

of App. 7.E.

In a broader context, there are indications that the parameters defining the Standard
Model are such that the interactions are near extremal points in their entanglement power [153,
80], related to emergent symmetries [80, 79, 431, 430, 473], and connected to flavor struc-
tures [632]. The present work, along with what is already known about magic in strongly-

interacting systems [552, 121], is highlighting their connection to the computing resources
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required for simulating systems of fundamental particles.

7.A Stabilizer States

Stabilizer states can be generated by repeated applications of the classical gate set on a
tensor-product state, or another stabilizer state. The classical gate set can be defined in
terms of the Hadamard gate, H, the phase gate, S, and CNOT gates. The number of
stabilizer states can be computed exactly for a given number of qudits [9, 291, 265]: d(d+1)
for 1 qudit, d*(d + 1)(d® + 1) for 2 qudits, d*(d + 1)(d?® + 1)(d® + 1) for 3 qudits, and so
forth. Thus there are 6, 60, 1080, - - - stabilizer states for qubits (d = 2), and 12, 360, 30240,
- stabilizer states for qutrits (d = 3).

The single-qubit H-gate and S-gate, and the two-qubit CNOT};-gates (a two-qubit control-

X entangling gate where 7 denotes the control qubit and j the target qubit), are given by,

for example,

1000

H- (' ,8:10 . ONOTy, = 0L (7.10)
V2 {1 41 0 i 000 1
0010

Generalizing to qutrits, the single-qutrit H-gate and S-gate, and the two-qutrit CNOT;-gates

can be given by,

1 1 1 1 0 0
“ 1 ~ .
H = 7 1 w 2 ]1.95=101 0 L w o= e (7.11)
1 w? w 0 0 w
and
CNOTysla,b) = |a,a+bmod(3)) . (7.12)

The latter is implemented using projectors and shift operators, as in the case of qubits. For
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example, CNOT, has matrix representation

CNOTy;, = MA@l + My @R, + Ay® Ry |

100 00 0 00 0

A =]looo|l . Ai=]lo10]|,A=]000]|,
00 0 00 0 00 1
00 1 010

B =100, Ba=]001]. (7.13)
01 0 100

A universal quantum gate set can be formed by including T-gates, which for qubits and

qutrits are, respectively,

10 0
I- 1 0 = 2
TQ = ) s T3 = 0 e 9 0 . (714)
0 6z7r/4 -
0 0 e 9
The single-qubit stabilizer states are,
1 1 1 1

{ (1,0), (0,1), E(l,l), E(l,—l), —2(1,i), —2(1,—@') }, (7.15)

and the single-qutrit stabilizer states are,

{(1,0,0), (0,1,0), (0,0,1),

L), Law), &

=\ , =\ Lw), —

V3 V3 V3 3
1 1 1
—(Lw,w), —=(1,w,w?), —=(1,w? w),

V3 V3 V3

7.B Computing Magic in a Quantum State

(1,w? w?) }. (7.16)

The magic in a wavefunction encoded in qudits can be straightforwardly computed in prin-
ciple, but with the classical computational resources increasing exponentially with system
size. Here, we present the established “in-principle” method for qubits and qutrits , and

which can be extended to arbitrary d.
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7.B.1 Qubits

To quantify the magic in a qubit-supported wavefunction, we compute the stabilizer Rényi

entropies (SREs) [422]. An arbitrary density matrix can be written in terms of Pauli strings,

p = - cp P, (7.17)

where d = 2"9 and cp = Trﬁp. énQ is the subgroup of the generalized Pauli group Gy,
Grp = {p6V @@ ®...@5m}, (7.18)

where 60) € {10), &53), (3'75j), 69)} act on qubit j and ¢ € {£1, £i}, with phases chosen to be
¢ = +1. It can be shown that [422] the quantity

2
Cp

E )

[1]

P

(7.19)

is a probability distribution for pure states, corresponding to the probability for p to be in
P 1t |W) is a stabilizer state, the expansion coefficients cp = +1 for d commuting Pauli
strings P € §nQ, and cp = 0 for the remaining d* — d strings [718]. Therefore, Zp = 1/d or
0 for a qubit stabilizer state, and the stabilizer a-Rényi entropies [422],

M. (|¥)) = —log, d +

log, | Y Z% |, (7.20)

ﬁGJnQ

11—«

which vanish for stabilizer states, are measures of magic in the state. It has been shown that
a > 2 SREs are magic monotones for pure states, in contrast to those with o < 2 [421, 320)].

Three commonly utilized measures of magic from the SREs are

My = 1-d Z =, My = — Z Eplogy,d Zp
pegnQ pegnQ
My = —log, d Y Ej. (7.21)

PeGng
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7.B.2  Qutrits

The formulation of measures of magic for qutrits is similar to that for qubits. Instead of
using the Gell-Mann matrices to define the generators of SU(3), the generalized X and Z
operators are more widely used because of their properties under tracing. Strings of Pauli

operators can be written as

A

P =3, 9%,9..0%8 (7.22)

172'2,~~-,inQ inQ ;
where the nine Pauli operators for qutrits (including the identity), written in terms of X

and Z operators, are

S {(1.X,7,X%,0X2,2% X272 X227 X222 | (7.23)
with
0 0 1 1 0 O
Xljy = i+ =100 ]| ., 2 =) = |0w o | . (724
010 0 0 w?

The Pauli operators in Eq. (7.23) are normalized such that
ey, = 3Ky,
with Ky = Koy = K36 = Ko = K59 = Kg3 = K7g = Kgr = Kg5s = 1
else K;; =0, (7.25)
where 1 + w + w? = 0 has been used.

An arbitrary density matrix for a wavefunction supported on ng qutrits can be decom-

posed into sums of products of Pauli strings,

. 1 A .
p = E ZTI' |:p'Pil,i2,...,inQ:| Kil;lei27j2 e KinQ,an le,jz,..-,an ) (726)

where d = 3. 2

2There is a useful relation between sums of operators

8 9

A ~ 2 o o

Tt = = Sa® %y Kop - 7.27
az::l ® 3 D Sa®3 Koy (7.27)

a,b=2
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To determine the magic in a given pure state, the forward matrix elements of all Pauli
strings are formed, cp = (U|P|¥). For stabilizer states, d of the strings give c¢p = 1,w or
w?, while the other d?> — d give cp = 0. However, in general, for an arbitrary state, all d?
values will a priori be nonzero. As is the case for qubits, described above, we can define the

deviation from stabilizerness in a given state as the magic, using

Ep = lepf/d, Y Ep = 1. (7.28)
P

7.B.3 The Magic in Entangled Versus Tensor-Product States

It is known that entangled states can support more magic than non-entangled states . As
an example, in the case of a two-qubit system, straightforward calculations demonstrate
that the maximum M, that a tensor-product state can contain is My = 1.16993 (consistent
with twice the value for a single two-flavor neutrino), while entangled states can contain up
to My = 1.19265. For the two-qutrit system, explicit calculation gives a maximum value
of magic in a tensor-product state of My = 2 (consistent with 2x the maximum value

for a single three-flavor neutrino), while entangled states can support a maximum value of

My = 2.23379.

7.C The One Neutrino Sector

The neutrino flavor and mass eigenstates are related by the Pontecorvo-Maki-Nakagawa—

Sakata (PMNS) matrix [530, 450],

Vp = UPMNS-VM y (729)

T T .
where vp = (Ve, vy, v-)" and vy = (v1,12,v3)" are the three-component vectors of neutrino

fields in the flavor and mass bases, respectively. In a common paramterization, the PMNS

3We thank Alioscia Hamma for making this point to us.
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mixing matrix can be written as (without Majorana phases),

1 0 0
Upuns = | 0 cosfles sinfys
0 —sinfy3 cosbys
cos O3 0 e “sinf cosfiy sinfs 0
* 0 1 0 —sinfyy cosbyy 0O , (7.30)
—etsinfis 0 cosbis 0 0 1

where the experimentally determined angles are [488],

sinf1, = 0.30740.013, sin®fy; = 0.55370 055, sinf13 = (2.194+0.07) x 1072,

§ = (1.1940.22) 7 rad . (7.31)
The neutrino mass-squared differences are known experimentally to be [488],

om2, = (7.53+0.18) x 1077 MeV?

Am2, = (2.4554+0.028) x 107" MeV? [normal] . 7.32
32

We are only considering the normal hierarchy of neutrino masses and not the inverted hier-
archy. While the above mixing and masses are in the case of three neutrinos, the (commonly
considered) effective two-neutrino sector is found by using the 6, mixing angle and dm3,
mass-squared difference.

With these experimental values, the mixing matrices for the effective three-flavor and

two-flavor systems become

UPMNS
0.8233(77) 0.548(12) —0.096(57) + 0.065(71)
= | —0.311(37) +i0.041(44)  0.596(27) + 0.027(29) 0.735(13) ,
0.466(33) + i0.036(40)  —0.583(25) + i0.024(26) 0.661(15)

0.8324(78)  0.554(12)
Us , (7.33)
—0.554(12) 0.8324(78)
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respectively. When evaluated at the mean values of the angles and phase, the mixing matrices

are,
0.823300 0.547975 —0.122396 + :0.083181
Upuns = —0.294674 +:0.051493  0.607002 + 20.034273 0.735451 ;
0.480155 4+ 70.046295  —0.573713 + ¢0.030813 0.661219

0.832466 0.554076
Uy = : (7.34)
—0.554076 0.832466

with the slight differences (within uncertainties) resulting from sin®(#) # (sin? 6).
7.D Computing the Magic Power of a Unitary Operator

The magic power of a unitary operator S, denoted by /V(S), is defined to be the average

magic induced by the operator on all n-qudit stabilizer states |®;):

Noss

/\ZS ;M (S\qm) , (7.35)

M(S) =

where N, denotes the total number of n-qudit stabilizer states. M is a measure of magic,

which we define in terms of SREs in Eq. (7.21).

7.D.1 The Magic Power of the Single-Neutrino Fvolution Operator

The magic power of the free-space single neutrino evolution operator is computed using

Eq. (7.35). For two flavors, it is found to be

My(U) =2 { 1— %logQ (7 + cos <25nglt>) } : (7.36)

and for three flavors

2 2

Ma(U) = — logy {8—1 (57+ 8 cos (%Q + 8 cos < gjmt>

2 5 2
+ 8 cos (3(Am31E 5m21)t) . (7.37)
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7.E Tables of Results

In this section, we provide tables of results displayed in figures in the main text.

7.F The Evolution of Select Quantities

To illustrate the general behavior of the evolution of three-flavor neutrino systems, we present
results for the probabilities, My, concurrence, generalized-concurrence, the 2-tangle and 4-
tangle, in systems resulting from initial states of |v.)®® and, as an example of mixed-flavor
state, |Velev v, vr).

The probabilities are found from projections of each of the neutrinos onto the mass eigen-
states as a function of time. For a system of IV, neutrinos, this gives rise to 3/N,, curves evolv-
ing from just three values at the initial time. The concurrence and generalized-concurrence
are found by forming the single-neutrino reduced-density matrix for each neutrino in the
state, p;, and computing its eigenvalues, \;12,3. The concurrence for each p; is determined
by four times the sum of products of two eigenvalues, while the generalized-concurrence is

the product of the three eigenvalues. These are then summed over each of the neutrinos, i.e.,
C o= 4) (ada+ ki +Ads) . G = Nidoks . (7.38)

The n-tangles are formed from matrix elements of n insertions of the SO(3) genera-

A

tors [163], JI, where,

00 0 0 0 ¢ 0 —i 0
Ji=100 |, L=]000]|ks=|i 00 , (7.39)
0 7 0 —i 0 0 0 0 0
and averaging over the squared-magnitude, i.e.,
no=x Y > Wl Jadisdicia)? (7.40)

i atbtctd
where Nj is the number of contributions to the sum. This is the generalization of the

n-tangles for two-flavor systems.
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N, Method Asymp. My for |v)®™ | Asymp. M for |ve), [v.), [vr)
2 Trotterized, 0.755(19) 0.97(5) (ep)
Axt =0.05 0.96(4) (er)
2 | Numerical ODE 0.755(19) 0.97(4) (ew); 0.97(3) (er)
3 Trotterized, 0.694(10) 1.06(2) (eut)
Arxt = 0.05
3 | Numerical ODE 0.695(10) 1.06(2) (eut)
4 Trotterized, 0.637(5) 1.125(7) (eppur)
Art =0.05 1.139(8) (eurT)
4 | Numerical ODE 0.638(5) 1.120(8) (epput)
1.140(9) (eptT)
5 Trotterized, 0.589(3) 1.133(6) (eeppt)
Art =0.05 1.154(3) (eeutT)
1.243(2) (tpetp)

Table 7.1: The asymptotic magic per neutrino for select initial states, as displayed in Fig. 4
of the main text, for IV, up to 5. The third and fourth column headers denote the flavor
composition of the initial states, i.e., either all electron-type, or a mix of all three flavors.
The “Numerical ODE solutions” were performed using 9" order lazy and 4" order stiffness-

aware interpolation and Tolerances: 10~® absolute, 1078 relative.



Art = 0.05

N, | Method | Asymp. Mj for |v)®M | Asymp. My for |v.), |v.), |vr)

6 | Trotterized, 0.548(2) 1.236(2) (turute)
Axt =0.05 1.265(1) (eureut)
1.280(1) (preptp)
1.292(1) (Tperur)

7 | Trotterized, 0.516(2) 1.3072(3) (rrerTTT)
Axt = 0.05 1.3163(3) (Tueretp)
1.3190(4) (Tuetper)

1.3243(2) (Tuetputp)

8 | Trotterized, 0.488(1) 1.3292(2) (epreptep)

1.3460(1) (Tperurur)

1.35126(7) (Tueruer i)
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Table 7.2: The asymptotic magic per neutrino for select initial states, as displayed in Fig. 4

of the main text, for N, values of 6 to 8. The third and fourth column headers denote the

flavor composition of the initial states, i.e., either all electron-type, or a mix of all three

flavors. The “Numerical ODE solutions” were performed using 9" order lazy and 4" order

stiffness-aware interpolation and Tolerances: 10~8 absolute, 10~% relative.

7.F.1  Initially |v.)®°

Figure 7.7 displays the probabilities of being in one of the three mass eigenstates and the

magic as a function of time starting from an initial state of |v.)®®, while Fig. 7.8 displays the
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Figure 7.7: The left panel shows the probabilities of neutrinos initially in the |v.)®° state
evolving into one of the three mass eigenstates, while the right panel shows the evolution of

the magic M.

concurrence, generalized-concurrence, 7, and 74. It can be observed that while the eigenstate

1.0

1.0 0.1
5 S

p 2 10~
E L g T2
£ ¢ L0
<1074 GG Ta
w 1074

1076 : ‘ : 1078 : : :
200 400 1000 2000 200 400 1000 2000
time (k™) time (k")

Figure 7.8: The left panel shows the sum of the concurrence (C) and generalized-concurrence
(G-C) of neutrinos initially in the |v.)®® state evolving into the three mass eigenstates, while

the right panel shows the evolution of the 2-tangle 7 and 4-tangle 7.

projections and magic appear to approach asymptotic values, the concurrences and n-tangles

approach appears to be somewhat delayed.
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T.F.2  Initially |vevev, v ;)

Here we display the corresponding results for an initial state of |v.vev,v,v;). The probability

107 1B

> 0.4- it Vi 6.0

8 01 I "2 X50
E 2 Vs M,

4x1072+
X 0 Va 40,
1%102 s 30
200 400 1000 200 400 1000
time (k™) time (™)

Figure 7.9: The left panel shows the probabilities of neutrinos initially in the |v.vev,v,v;)
state evolving into one of the three mass eigenstates, while the right panel shows the evolution
of the magic M. The results were generated with a Trotter time interval of kKAt = 0.05,

and sampled every 20 time steps for display purposes.

of being in a mass eigenstate exhibits quite different behavior when compared with a |v,)®°
initial state. This is also the case for My, which rapidly rises to its maximum value and stays
approximately near this value throughout the evolution. The value of My ~ 6 is noticeably
larger than the maximum magic that a tensor-product state of N, = 5 can support, and
thus the two-neutrino interactions are generating magic in the multi-neutrino systems. The
concurrence and generalized-concurrence exhibit a similar behavior and have values that are
substantially larger than for the |v.)®® initial state. While 7, behaves differently with time,

its asymptotic value is similar. In contrast, 74 is substantially larger asymptotically.
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Figure 7.10: The left panel shows the sum of the concurrence (C) and generalized-

concurrence (G-C) of neutrinos initially in the |vevev,v,v,) state evolving into the three
mass eigenstates, while the right panel shows the evolution of the 2-tangle 75 and 4-tangle
74. The results were generated with a Trotter time interval of kKAt = 0.05, and sampled

every 20 time steps for display purposes.
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Chapter 8

CONCLUSION

The work enclosed in this thesis has expanded the capabilities of state-preparation and
time-evolution of non-Abelian lattice gauge theory and related problems from demonstrations
on and extrapolations from the smallest lattices to larger-scale lattices and efficient, scalable
algorithms that can begin to extract physically significant observables. It has also spotlighted

opportunities within the physics where quantum simulation has particularly high potential.

Chapter 2 favors gradient descent as the method of choice for optimizing the parameters
of a VQE circuit, a result reflected in the fact that algorithms such as ADAPT-VQE [289]
and SC-ADAPT-VQE [238] select which operators they build their circuits out of using . In
Chapter 3, circuits based on those from Refs. [605, 317, 393] are developed and benchmarked,
with the goal of laying a foundation for future simulation on quantum devices of problems
that involve SU(3) gauge theory. Quantum circuits for two such problems, [f-decay and
OvfB decay, are devised in Chapters 4 and 5 and the former has already been implemented
on Quantinuum’s H1-1 device. Additionally, in Sec. 5.5, circuits were devised that could
accomplish the Trotterization of the SU(3) Hamiltonian on nearest-neighbor devices with
minimal overhead. These circuits could be used in the near future to leverage the higher
qubit-counts of superconducting devices. Chapter 6 presents successful results for real-time
flavor dynamics of 3-flavor collecive oscillations from the Hi-1 and ibm_torino devices,
as well as a qutrit Trotterization circuit with significantly less complexity than its qubit-
counterpart. Additionally, the implementation of an all-to-all interaction by using the two-
neutrino rotation itself to perform a SWAP can potentially be replicated on 1+1D QCD, as
many of the circuits in Sec. 5.5 can incorporate SWAPs into their procedure at low cost.

Finally, in Chapter 7, a study of magic in collective neutrino oscillations produces results
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that, in the context of recent literature [153, 80, 79, 431, 430, 473, 632, 121, 552] suggest that
due to traits inherent to the physics itself, there are problems within the Standard Model for
which there is quantum advantage [164], and that collective oscillations of neutrinos initially
in a maximal mix of neutrino flavors is a promising candidate.

Many of these developments are enabled by advances in hardware. When I began con-
ducting research as part of the InQubator for Quantum Simulation (IQuS), quantum devices
were restricted to approximately 5-30 qubits and could handle circuits of up to a depth
of approximately 30 CNOT gates. Today, superconducting devices with 100-156 qubits
[1] that can execute circuits with circuit depths of 100-430 2-qubit gates, depending on
the error mitigation methods used and the resilience-to-error of the desired observables
(238, 237, 173, 174, 713, 169, 587, 382] and trapped-ion devices with 20-36 qubits [6, 344]
that can execute circuits with 2-qubit gate counts ranging from 400 to a little over 2000
(235, 480, 647]. These improvements to hardware have been complemented by developments
in quantum algorithms. For instance, when I joined IQuS in early 2021, the state of the
art of the Variational Quantum Eigensolver (VQE) for applications to nuclear and particle
physics was a circuit that could access all real states within the circuit’s Hilbert space, sub-
ject to the system’s symmetries [393, 41, 176, 236]. This is an expensive and not scalable
implementation, as its gate count and circuit depth would generally scale exponentially with
the number of qubits. The development of ADAPT-VQE [289] and SC-ADAPT-VQE [23§]
has reduced circuit depth and gate-count requirements and enabled general-case scalability,
proving invaluable to the construction of the circuits in Chapter 5. I hope that the results
in this thesis will provide similar benefit to other researchers in the field in the near future.

One straightforward next step is to extend these studies to SU(3) 2+1D lattice gauge
theory with fermions, given that the ultimate goal is 3+1D QCD on quantum devices. In this
process, new methods will be needed to encode the interactions involving gauge degrees of
freedom that could no longer be removed through gauge-fixing. Another potential direction
to take is to implement the circuits from Sec. 5.5 on superconducting quantum devices in

order to simulate hadron dynamics, in a similar vein to the work in Refs. [237, 713].
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