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Despite seasonal cholera outbreaks in Bangladesh, little is known about the relationship
between environmental conditions and cholera cases. We seek to develop a predictive model
for cholera outbreaks in Bangladesh based on environmental predictors. To do this, we
estimate the contribution of environmental variables, such as water depth and water tem-
perature, to cholera outbreaks in the context of two different disease transmission models.
First, we develop a Bayesian estimation procedure that simultaneously accounts for dis-
ease dynamics and environmental variables in a Susceptible-Infected-Recovered-Susceptible
(SIRS) model. The entire system is treated as a continuous-time hidden Markov model,
where the hidden Markov states are the numbers of people who are susceptible, infected,
or recovered at each time point, and the observed states are the numbers of cholera cases
reported. We implement a particle Markov chain Monte Carlo algorithm to approximate
the posterior distribution of the hidden SIRS model parameters. We test this method using
both simulated data and data from Mathbaria, Bangladesh. We use the posterior distribu-
tion of the hidden SIRS model parameters to make short-term predictions that capture the
formation and decline of epidemic peaks. We demonstrate that our model can successfully
predict an increase in the number of infected individuals in the population weeks before the
observed number of cholera cases increases, which could allow for early notification of an

epidemic and timely allocation of resources. We apply this Bayesian analysis to data from



multiple geographical areas in Bangladesh to test the generalizability of our methods and
results. We then expand our analysis of the Mathbaria data to include multiple environ-
mental covariates shifted in time by multiple lags, testing estimation and prediction in the
presence of multiple highly correlated predictors. Finally, we add an additional latent water
compartment to the hidden SIRS model and explore the difficulties of parameter estimation
and cholera outbreak prediction using this complex, but biologically more realistic model

for cholera transmission.
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Chapter 1

OVERVIEW OF CONTRIBUTIONS

1.1 Cholera

Cholera is an acute diarrhoeal infection which causes severe dehydration and can be fatal if
left untreated; it is caused by ingestion of the bacterium Vibrio cholerae [Sack et al., 2004,
Harris et al., 2012]. According to the World Health Organization, there are an estimated
3-5 million cases and 100,000-120,000 cholera related deaths annually [WHO, 2014]. It
is endemic in many countries and areas that lack access to adequate sanitation, such as
Bangladesh. In Bangladesh alone there are an estimated 352,000 cases and 3,500 to 7,000

deaths annually [International Vaccine Institute, 2012].

In Bangladesh, outbreaks occur seasonally [Swaroop and Pollitzer, 1955, Glass et al.,
1982, Sack et al., 2003, Huq et al., 2005, Koelle and Pascual, 2004, Koelle et al., 2005,
Longini et al., 2002]. Since Vibrio cholerae can be detected in the environment year round
[Huq et al., 1990, Colwell and Huq, 1994], it is hypothesized that environmental forces
contribute to the spread of cholera. Thus, environmental covariates could be used to predict
an upcoming outbreak. However, little is known about what environmental covariates are
important for cholera outbreak prediction. In the past, analyses have found that different
covariates are significant in different geographical areas and at different lags, leaving no

consistent model for the prediction of cholera epidemics [Huq et al., 2005].

We seek to understand the dynamics of cholera and to develop a model that will be able
to predict outbreaks several weeks in advance. If the timing and size of a seasonal epidemic
could be predicted reliably, vaccines and other resources could be allocated effectively to
curb the impact of the disease. A mobile vaccine stockpile could prevent many infections,

but implementing effective vaccination strategies requires an understanding of the disease



dynamics.
1.2 Challenges of modeling seasonal cholera outbreaks

We want to incorporate realistic, non-linear dynamics into a transmission model for cholera.
Statistical inference in these models is very difficult, as the likelihood may be intractable.
Many approximate methods exist to overcome likelihood intractability, but these meth-
ods often make unrealistic assumptions about the transmission process or the available
data. Discrete time methods, such as the auto-Poisson model of Held et al. [2005] and the
time-series Susceptible-Infected-Recovered (SIR) model of Finkenstadt and Grenfell [2000],
require evenly spaced data. Disease transmission occurs in continuous time, so it is more
realistic to have a model that can deal with unevenly spaced observations. The continuous-
time approach of Cauchemez and Ferguson [2008] necessitates the assumption that the
transmission parameter and number of susceptibles remain relatively constant within an
observation period, which seems unrealistic for modeling endemic cholera with seasonal
outbreaks. We hypothesize that disease dynamics, such as the fluctuation in the number of
susceptible individuals over time, play a critical role in the overall transmission process.
To avoid these approximations, both maximum likelihood and Bayesian methods have
been developed to allow inference under non-linear transmission models. Maximum likeli-
hood based statistical inference techniques have been developed which use Monte Carlo to
allow maximization of the likelihood without explicitly evaluating it [He et al., 2010, Breté6
et al., 2009, Ionides et al., 2006, Bhadra et al., 2011]. To implement a Bayesian approach,
the particle filter Markov chain Monte Carlo (MCMC) methods developed by Andrieu et al.
[2010] require only an unbiased estimate of the likelihood. This approach has recently been
used to study infectious disease time-series by Dukic et al. [2012] and Rasmussen et al.

[2011], and it is the framework we use in this thesis.
1.3 Contribution of this thesis

We develop two different compartmental models for cholera transmission: a hidden Susceptible-
Infected-Recovered-Susceptible (SIRS) model and a hidden Susceptible-Infected-Water-Recovered

(SIWR) model. Environmental covariates, which are hypothesized to affect the proliferation



and decline of V. cholerae in the water supply, are incorporated into both models. Both
models also include two possible avenues for transmission: direct contact with infected
individuals or contact with contaminated water.

In the hidden SIRS model, possible mechanisms for infectious contact between infected
individuals and susceptible individuals include both direct person-to-person transmission of
cholera and consumption of water that has been contaminated by infected individuals. A
separate environmental force of infection, a function of the environmental covariates, also
acts directly on susceptibles and represents the force of infection from the natural growth
and decline of V. cholerae in the water.

In contrast, the SIWR model includes an environmental reservoir effect. In this model,
the only mechanism for infectious contact is direct person-to-person transmission of cholera.
Infected individuals excrete V. cholerae directly into the environmental reservoir, and the
environmental covariates are incorporated into the growth of this reservoir as well. The force
of infection from the contaminated water then acts separately on susceptibles. This environ-
mental reservoir effect is more biologically accurate for the disease, but creates difficulties
in estimation. We explore these difficulties.

Our hidden SIRS and SIWR models borrow features from previous cholera models. The
models of Codego [2001] and Hartley et al. [2005] include the environmental reservoir but
exclude the possibility for direct person-to-person transmission of cholera. Tien and Earn
[2010] and Eisenberg et al. [2013b] develop an SIWR very similar to ours, with both direct
person-to-person transmission and an environmental route of transmission, and explore
parameter identifiability, but they do not include environmental covariates in their model.
Eisenberg et al. [2013a] extend this framework to include a rainfall data forcing function
in the rate of transmission from the environment. Our model instead makes the rate of
growth for the concentration of V. cholerae in the water be a function of environmental
covariates. We believe that our SIWR model accurately reflects current understanding of
cholera transmission dynamics.

We develop a biologically realistic model of cholera transmission. Our continuous-time
framework allows easy incorporation of data with irregular observation times and for greater

parameter interpretability and comparability to models based on deterministic differential



equations. We incorporate multiple environmental covariates that are local to the area where
cholera cases are observed, rather than looking at large scale covariates such as rainfall and
the El Nino Southern Oscillation [Koelle and Pascual, 2004, Koelle et al., 2005, Eisenberg
et al., 2013a]. We develop a framework for covariate selection in order to determine which
covariates are most important for prediction. We also compare information from different
geographical areas in Bangladesh, looking for similar combinations of predictive covariates.

In this thesis, we use a particle MCMC method, as described by Andrieu et al. [2010], to
sample from the posterior distribution of the parameters of our hidden Markov models given
the observed data. Our particle marginal Metropolis-Hastings (PMMH) algorithm for hid-
den SIRS and SIWR models is available as an R package at https://github.com/vominin/

bayessir.
1.4 Application

We use the above methodology to explore the relationship between several possible environ-
mental predictors and cholera outbreaks in several thanas (administrative subdistricts with
a police station) in Bangladesh. Assuming a hidden SIRS model, estimation and prediction
are first tested with simulated data. Using data on cholera incidence and environmental
data collected from Bangladesh, we first examine two covariates, water depth and water
temperature, in one thana that has been observed for six years, Mathbaria. We then add
more covariates to the Mathbaria analysis to see what problems this creates in estimation
and prediction. We then extend the two covariate analysis to other thanas with only three
years of data. We identify important covariates for prediction, and explore which predictive
covariates are consistent across thanas. Finally, we use simulated data and the Mathbaria

data to estimate the parameters of the SIWR model using our Bayesian framework.



Chapter 2

INTRODUCTION

2.1 Infectious disease modeling

Compartmental models of disease transmission model the spread of a disease in a popula-
tion [Kermack and McKendrick, 1927]. These models divide individuals into compartments
based on disease status [May and Anderson, 1991, Keeling and Rohani, 2008]. A population
is comprised of individuals susceptible to the disease (Susceptible), those who have been in-
fected but are not yet spreading the disease (Exposed), those who are infectious (Infectious),
and those who have recovered and are immune to further infection (Recovered or Removed).
This leads to different types of epidemic models, such as the Susceptible-Exposed-Infectious-
Recovered (SEIR) model. A Susceptible-Infectious-Recovered (SIR) model assumes that the
disease has no latent period, so everyone who is infected is infectious. If there is the possibil-
ity for either no immunity to be conferred after infection or loss of immunity, a Susceptible-
Infectious-Susceptible (SIS) or Susceptible-Infectious-Recovered-Susceptible (SIRS) model
is used. The type of compartmental model is chosen based on the characteristics of the

disease.

Individuals move between compartments at different rates. Consider a simple SIR model
where susceptible individuals are exposed to infectious individuals and become infectious
at rate (3, and infectious individuals recover at rate . In other words, 8 is the infectious
contact rate and -~y is the recovery rate. The following set of differential equations describe

how the number of individuals in the three compartments change over time:

dsS

= _— _BSJT
7 BSI,
dl

- = I—~I
T BSI —~I,
dR I

dt



Here S is the number of susceptible individuals, I is the number of infectious individuals, R
is the number of recovered individuals, and the population size is N = S+ I+ R. The basic
reproductive number, Ry = (8 x N)/~, is the average number of secondary cases caused by
a typical infected individual in a population that consists of both susceptible and immune
individuals and is useful in determining the epidemic potential of a disease [Diekmann et al.,

1990).

Differential equations can also be used to describe the behavior of a more complicated
model, such as the SIWR model for cholera transmission of Tien and Earn [2010]. This
model includes a water compartment (W) which quantifies the concentration of Vibrio
cholerae in the water. Infected individuals excrete V. cholerae into the environment, so
susceptible individuals are infected through both contact with the environment and direct
contact with infected individuals. This is expressed through the following modified set of

differential equations:

d

£ = ,u,N - bWSW - b]SI - MS,
dl

T = bwSW +b;SI —~I — ul,
dw
AN 1

dt o é‘ Y

dR

= = A —

T v = pR,

where by is the infectious contact rate, by is the rate at which susceptible individuals
become infected due to exposure with contaminated water, and ~ is the recovery rate.
The rate of birth and non-disease related death in this population are both assumed to be
equal to p. Infected individuals excrete cholera into the environment at rate o and pathogen
concentration decays at rate £. Similar modifications can be made to describe the particular

dynamics of any disease.

Using differential equations is a classical approach to modeling disease dynamics over
time. However, these deterministic systems lack the random nature of realistic population
events, especially in small populations. Sometimes diseases randomly die out, not reaching

their deterministic equilibrium. A more realistic way to study diseases dynamics [Garnett



et al., 2011] in a population is through stochastic methods, using stochastic models that
retain some properties of their deterministic counterparts, but include the more realistic
stochastic nature of the disease dynamics. To do this, we use continuous time Markov

chains (CTMCs).

2.2 Stochastic processes and simulation

A stochastic process is a sequence of random variables that evolve, for example, over time. A
Markov process is a stochastic process that satisfies the Markov property, which states that
all future behavior of the process depends only on the current state of the system. Markov
processes can evolve over discrete or continuous state spaces, in discrete or continuous time.
Compartmental models evolve continuously through time over a discrete state space, so
we focus on continuous time, discrete space Markov chains. Continuous time, continuous
state models of disease dynamics exist, such as the stochastic differential equation-based
methods of Ionides et al. [2006] and Bhadra et al. [2011]; we do not go into the details of

these models.

Consider times ¢; for observations ¢ € {0,1,...,n}, where 0 < tg < t; < ... < tp, and
discrete states xg,...,xn,y. Then, for s > 0, a continuous time, discrete space Markov

chain has the property that

P(thJrs = y|th = xnath_l = Tn—1y--- aXto = fEO) = P(thJrs = y|th = xn)

This implies that, given the present state of the system, the past and the future states are

independent. A Markov chain is homogeneous if, for all s > 0,

P(Xt,4s =yl Xs, =2) = P(Xto+s = y|Xt0 =x).

Let P(X;,+s = y|X:, = ) = P(x,y,s) be the probability of moving from state = to
state y from time ¢, to time t, + s. For a discrete state space xg,...,x, € E, we can write

the probabilities of transitioning between all possible states as a matrix



P(xg,x0,8) ... P(xo,2n,s)
P(s) =
P(xn,xo,8) ... P(xp,Tn,s)
The transition probability matrix P(s) is stochastic, meaning that its elements are nonneg-
ative and its rows sum to one. A distribution 7 is a stationary distribution of the Markov

chain governed by P(s) if 77 = w7 P(s). The Kolmogorov forward equations [Kolmogorov,

1931] are defined as

LU 0 (2.1)

1—P(x,x,s)
Gz = lim
s—0Tt S
and
P(z,y,s)
= lim —*2~
vy s—0t S ’

if gzr < 00 and ¢y = Zy;ﬁx ¢zy Yo € E. With the initial condition P(0) = I, the full

dynamics of the process are the solution to the differential equation (2.1), P(t) = exp(Qt).

For large state spaces, exponentiating the matrix Q can be computationally prohibitive.
Keeling and Ross [2008] demonstrate the difficulties of calculating these transition probabil-
ities for compartmental models of disease transmission. They implement an exact stochastic
continuous-time, discrete-state method for evolving Markov processes, using the determin-
istic Kolmogorov forward equations to express the probabilities for being in all possible
states. Solving this very large set of differential equations describes the entire behavior of
the system and works well for small population sizes (N < 1000) and SIS or SIR dynamics.
However, for large populations or more complex compartmental models this approach is
computationally infeasible; for even a simple SIR model, the size of the state space grows

on the order of N2. In addition, if the rates are not constant across time, solving the above



system of differential equations becomes even more challenging. Another way to study
stochastic disease dynamics using CTMCs would be to simulate many possible realizations

of the process.

2.2.1 Simulating homogeneous SIRS

Much work has been done on simulating stochastic processes, CTMCs in particular, in the
area of chemical kinetics. Gillespie developed two methods for exact stochastic simulation
of chemical process trajectories with constant rates: the direct method [Gillespie, 1977] and
the first reaction method [Gillespie, 1976]. The direct method simulates the time to the next
event and then determines which event happens at that time. The first reaction method
calculates the time to the next reaction for each of the possible events, and the minimum

time to next reaction determines the next step of the chain.

Consider a modified version of the SIR model described in section 2.1:

ds

R = —_ I

% pR — (BI + )8,
dl

T - (BT + «a)S — I,
dR

- I —

1 v - pR,

where ( is the infectious contact rate, « is an additional force of infection, «y is the recovery
rate, and p is the rate at which immunity is lost. Using the direct method, we can think
of our CTMC as a chemical system with different reactions corresponding to transitions
between disease compartments in this SIRS model. We model the number of susceptible,
infectious, and recovered individuals at time ¢, X; = (Sy, I, Rt), as a Markov process [Taylor

and Karlin, 1998] with infinitesimal rates

BI+a)S S =5-1,I'=I+1,R =R,

I S =8 F=I-1,R =R+1,
A(S,I,R),(S',I',R") =
R S =S+1,I'=I, R =R—1,

0 otherwise.
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Thus, the three reactions have the rate functions hy(X;) = (8I; + «)St, ho(X¢) = v1I;, and
h3(X¢) = pRy, corresponding to the infinitesimal rates of the CTMC. Then the time to the
next reaction, 7, has an exponential distribution with rate A = h1(Xy) + ho(X¢) + ha(Xy),
and the kth reaction occurs with probability hi(X:)/A, for k ={1,2,3}.

The first reaction method instead simulates the time 75 that the kth reaction happens
for k = {1,2,3}, given no other reactions happen in that time. Then the time to the next
reaction 7 = ming(7y), and the reaction with the reaction time equal to 7 is the event that
happens.

Both the direct method and the first reaction method work only for homogeneous Markov
chains. If we want to assume that the additional force of infection, «, varies over time,
the associated Markov chain is inhomogeneous and we must account for the fact that the

transition rate could change before the next reaction occurs.

2.2.2  Simulating inhomogeneous SIRS

Gibson and Bruck [2000] introduce the next reaction method, an efficient exact algorithm
to simulate stochastic chemical systems. They extend this next reaction method to in-
clude time-dependent rates and non-Markov processes. Anderson [2007] deviates from these
methods a bit, using Poisson processes to represent the reaction times, with time to next
reaction given by integrated rate functions. This leads to a more efficient modified next
reaction method which they extend to systems with more complicated reaction dynamics.

Using the methods described by Gibson and Bruck [2000] and Anderson [2007], to in-
corporate a time-varying force of infection into the SIRS model we must integrate over the
rate function hi(Xy,s) = (8L + a(s)) S¢. Thus, to find the time 7 that the first reaction
happens, given no other reactions happen in that time, we generate u ~ Uniform(0, 1) and

solve

/tﬁ hi(X 1, 5)ds = In(1/u)

for 7. Since the other two reactions have no time-varying parameters, we can solve for

7o and 73, the reaction times of the second and third reactions, using the methods of the



11

previous section. Then we can continue, using the first reaction method to simulate the
process.

We simplify this approach by assuming that the time-varying force of infection, «a(t),
remains constant each day. We define daily time intervals A; := [i,7 4+ 1) for ¢ € {to,t0 +
1,...,t, — 1}, and a(t) = ag, for t € A;. Then we can take advantage of the memoryless
property of exponentials and propagate the chain forward in daily increments. Thus, we
use the direct method, but when the time to next event exceeds the right end point of the
current interval A;, we restart CTMC simulation from the beginning of the interval A;41
in the waiting time distribution rate A(aa) = h1(X¢, aa) + ha(Xt) + h3(Xy),

using a4, ,

so 7 ~ Exp(A(aa)). This modified Gillespie algorithm is depicted and detailed in Figure

2.1.
S | an,
=]
o
2 < Aaq ]
(o} |
e |
=]
4 Oa,
o b %
< - T T T T T T T
° 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Time (Days)
© & Explian) Ep(Man) g
E Fi Exp(A(0ia,)) Exp(A(0ia,)) EXD(A(GAZ))X
£ £ Exp(A(0)
= 0

Figure 2.1: Depiction of the modified Gillespie algorithm. We assume the additional force of
infection, «(t), is a step function which changes daily. Daily time intervals are denoted by A; := [i, i+
1) fori € {tg,to+1,...,tn — 1}, so a(t) = ay, for t € A;. Starting at time ¢ = 1, the waiting time to
the next event, 7, has an exponential distribution with rate A(aa,) = h1 (X, @a,)+ha(Xt)+hs(X4).
In the depiction, 7 = 0.5. The simulated waiting time plus the current time, t* = t+7, remains in the
interval Aj, so we use t* as the next time in our CTMC and propagate X; forward at that time using
Gillespie’s direct method. Since we are still in the interval A;, we again simulate the time to the next
event as an exponential random variable with rate Aaa,) = hi (X, aa,) + ha(X4+) + hg(Xe+). In
this iteration, the waiting time plus the current time, t* 4+ 7, exceeds the boundary of the interval
Ay, so we discard this simulated waiting time 7. Using the memoryless property of exponentials,
we restart our simulation from the beginning of the interval A using the new a(t) value, as,. We
continue in this manner until we have simulated the Markov process X; up to time %,.
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2.2.3 Tau-leaping

The exact algorithms work for small populations, but for large state spaces these methods
require a prohibitively long computing time. This is a common problem in chemical ki-
netics literature, where an approximate method called the tau-leaping algorithm originated
[Gillespie, 2001, Cao et al., 2005]. This method simulates CTMCs by jumping over a small
amount of time 7 and approximating the number of events that happen in this time using
a series of Poisson distributions. As 7 approaches zero, this approximation theoretically
approaches the exact algorithm. The value of 7 must be chosen such that the rates remain
roughly constant over the period of time; this is referred to as the “leap condition”.
Specifically, for our simulation, using the methods outlined in Cao et al. [2005], we define
the rate functions hi(X¢) = (8L + «a(t)) St, ho(X+) = vI;, and h3(Xt) = uRy, correspond-
ing to the infinitesimal rates of the CTMC. Then k; ~ Poisson(hi(X¢)7) represents the
number of infections in time [t,t + 7), ko ~ Poisson(he(X)7) represents the number of
recoveries in time [¢,¢ + 7), and k3 ~ Poisson(hs(X)7) represents the number of people
that become susceptible to infection in time [¢,¢ + 7). We make the assumption that the
time-varying force of infection, «(t), remains constant each day. We define daily time inter-
vals A; := [i,i+ 1) for i € {to,to+ 1,...,t, — 1}, and a(t) = au, for t € A;. Using 7 =1

day, our rates now remain constant within each tau jump.

2.2.4 Selecting Tau

Unchecked, tau-leaping can lead to negative population sizes in a compartment if the com-
partment has a low number of individuals. To avoid this, we use a simplified version of
the modified tau-leaping algorithm presented by Cao et al. [2005]. If the population of a
compartment is lower than some prespecified critical size, a single step algorithm (like the
Gillespie algorithm) is used until the population gets above that critical size. If the size of
the compartment is not critically low but the current value of 7 still produces a negative
population, we reject that simulation and try again with a smaller 7 (reduced by a factor of
1/2). The subsequent value of 7 is picked based on how long the current daily time-varying

force of infection remains constant. We choose a value of 7 that simulates what happens
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during the remainder of the day, until the value of the transition rate changes. This modified

tau-leaping algorithm is depicted and detailed in Figure 2.2.

& | Oa,
o
o
2 < Aa, ]
o |
o
~
S
| Oa,
o b 9
©
o' T T T T T T T
1.0 15 2.0 25 3.0 35 4.0
Time (Days)
=1
Negative population

(%) =1

g X

IS 1=0.5 1=1-0.5=0.5

- SSA 1=1-0.2=0.8

Figure 2.2: Depiction of the modified tau-leaping algorithm. We assume the additional force
of infection, «(t), is a step function which changes daily. Daily time intervals are denoted
by A; :==[i,i+ 1) for i € {to,to+1,...,t, — 1}, so a(t) = aa, for t € A;. As a default, we
use 7 = 1 day. Starting at time ¢ = 1, we simulate the changes in compartment populations
over the interval ¢ € [1,2). At time ¢t = 2, we again use 7 = 1 day to simulate the changes
over the interval ¢ € [2,3). This value of 7 produces a negative population so we reject that
simulation and try again with a smaller 7 (reduced by a factor of 1/2). The next value
of 7 is then calculated based on how long the current daily time-varying force of infection
remains constant, so 7 = 0.5. At time ¢t = 3, the population of a compartment is lower than
some prespecified critical size, so a single step algorithm (SSA), in our case the Gillespie
algorithm, is used until the population gets above that critical size. Once the compartment
populations are all above the critical size again, at time ¢ = 3.2, the subsequent value of 7
is again picked based on how long the current daily time-varying force of infection remains
constant, so 7 = 0.8.

2.2.5 Binomial tau-leaping

Another solution to the negative population size problem is to use Binomial tau-leaping

[Chatterjee et al., 2005, Tian and Burrage, 2004], which further approximates k; as a bi-
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nomial random variable with mean h;(X;)7 and upper limit chosen such that k; cannot
be large enough to simulate a negative population. We opt instead to use the simplified

version of the modified tau-leaping algorithm.

2.3 Hidden Markov models

While the underlying dynamics of the disease are described by Xy, we do not directly observe
these quantities. Typically, only a random fraction of the number of infectious individuals
at each time point, ¥, is observed. This fraction depends on the number of symptomatic
infected individuals that seek treatment and get reported (the reporting rate). Thus, y; is
the number of observed infections at time ¢ € {¢o,%1,...,t,}. Given Xy, v, is independent
of the other observations and other hidden states. This hidden Markov model is depicted

in Figure 2.3.

Figure 2.3: Hidden Markov model (HMM) for SIRS. At each observed time point ¢t €
{to,t1,...,tn}, we observe only y;, which depends on the unobserved state vector X; =
(Sta Ita Rt)

2.4 Bayesian Inference

In a Bayesian framework, we are interested in the posterior distribution

m(6ly) = t(y)  aly

Y

m(8,y) _ m(6)n(y|6)
)
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where 6 are the unknown parameters, y is the vector of observed data, 7(y|@) is the likeli-
hood of the observed data given 6, and 7(8) is the prior probability on 8. For complicated
or high-dimensional models, 7(6|y) may not have a closed form. However, using a Markov
chain Monte Carlo (MCMC) approach, a Markov chain with stationary distribution 7 (8|y)

can be constructed.

2.4.1 Metropolis-Hastings algorithm

The Metropolis-Hastings algorithm [Metropolis et al., 1953, Hastings, 1970] samples un-
known variables from a proposal distribution ¢(6*|80), and accepts the proposed parameters

6" with probability equal to min(1, A), where

_ 4(016") 7(6") m(y|6")

A=40°10) 7(6) n(yl6)

is the acceptance ratio. If the proposed values are accepted, 8* becomes the next value of
the Markov chain. If they are rejected, the next step of the chain is equal to the previous
step, 6. The stationary distribution of this Markov chain is the target distribution, 7(0|y).
Thus, the Metropolis-Hastings algorithm allows us to sample from the target distribution
using a simple, arbitrary proposal distribution. This can be extended to hidden Markov
models or any other model with latent variables or missing data, where we are interested
in the posterior
™0, X,y) _m(0)n(X|6)n(y|X,0)

XM ETRG T aw

where X represents the latent variables, w(X|0) is the probability of the latent variables
given 0, and 7(y|X, @) is the likelihood of the data given parameters 8 and latent states
X.

2.4.2 Particle marginal Metropolis-Hastings algorithm

A limitation of the Metropolis-Hastings algorithm is that the acceptance ratio requires the
likelihood of the model using the proposed parameter values, and sometimes the likeli-

hood for a hidden Markov model is computationally intractable. There exist likelihood free
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methods that allow use of an approximation of the likelihood in the Metropolis-Hastings
algorithm. One such method, the particle marginal Metropolis-Hastings (PMMH) algo-
rithm, introduced by Beaumont [2003] and studied by Andrieu and Roberts [2009] and An-
drieu et al. [2010], constructs a Markov chain that targets the joint posterior distribution
m(0, X|y), where X is a set of auxiliary or hidden variables, and requires only an unbiased
estimate of the likelihood. For an accessible exposition of the algorithm see [Wilkinson,
2011, Chapter 10].

The PMMH algorithm has two parts: an SMC algorithm, which is used to estimate the
marginal likelihood of the data given a particular set of parameters, 8, and a Metropolis-
Hastings step [Metropolis et al., 1953, Hastings, 1970], which uses the estimated likelihood
in the acceptance ratio. The PMMH algorithm targets the joint posterior distribution
m(0,X]y) by jointly updating @ and X;.7. At each step, a new 6™ is proposed from the
proposal distribution ¢(:|@). An SMC algorithm is used to generate and weight K par-
ticle trajectories of X1.p corresponding to the hidden state processes using the proposed
parameter set 8*. A proposed X7}.;- trajectory is sampled from the K trajectories (X1,
for kK = 1,...,K) based on the final set of particle weights. The marginal likelihood is
estimated by summing the weights of the SMC algorithm, and the proposed 6* and X7.p
are accepted with probability equal to the familiar Metropolis-Hastings acceptance ratio.
The algorithm, which follows closely Andrieu et al. [2010], is detailed below.

Step 1: for iteration 7 = 0.
(a) Set 8(0) arbitrarily

(b) Run an SMC algorithm to get pg(0)(y), an estimate of the marginal likelihood, and to
produce a sample X 1.7(0) ~ pg(0)(-|y)-

Step 2: for iteration ¢ > 1,
(a) Sample 8% ~ ¢{-]0(i — 1)}

(b) Run an SMC algorithm to get pg+(y) and X7.; ~ pe=(-|y)
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(c) with probability

win {1, Do) PO afoi— 116 )
o) () Pr{Ol — D} {660 — 1)}

set 0(i) = 0", X1.7(i) = X1, and Pg(;)(y) = Pe~(y), otherwise set 0(i) = 6(i — 1),

X1.7(i) = X1.7(i — 1), and pg(;)(y) = Do(i—1)(Y)

To construct an unbiased estimate of the likelihood, we use a sequential Monte Carlo
(SMC) algorithm, also known as a bootstrap particle filter [Doucet et al., 2001]. The
SMC algorithm sequentially estimates the likelihood using weighted particles; it requires
the ability to propagate the unobserved data, X, forward in time and the calculation of
the probability of the observed data given the simulated unobserved data. Using a generic

hidden Markov model, this probability can be expressed as
yn|Xn =X 99('|X)

for time n € {1,...,T}. To propagate the latent variables forward in time, we sample from

the initial density X ~ ug(-) and sample from the transition probability density,
X1 Xn = x ~ fo(-[x).

The following exposition of the SMC algorithm follows closely the pseudocode of Andrieu
et al. [2010]. The superscript k € {1,..., K} denotes the particle index and the subscript

n € {1,...,T} denotes the time; thus, X%, denotes the kth particle at time n.

Step 1: forn =1,

(a) For k=1,..., K, sample

XY o~ qly) [Importance density]

= pp(xy) [Initial density of hidden Markov state process in our case]
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(b) Fork=1,...,K,

w1 (X

Step 2: forn=2,...,T,

1

e A [Importance weight]
g6(XTly1)

1o(X ) go(y1| XF)
30(XT|y)
g90(y11X7),
wi (X7)
Zﬁ:l wl(XT)‘

[Normalize weights|

(a) Sample A% | ~ F(-|W,_1) for k = 1,..., K, where W,, := (W}, ..., W) denotes the

normalized importance weights at time n, and F(:|p) denotes a discrete distribution

with probability mass function p. Here Aﬁ_l denotes the index s of the ‘parent’ particle

Xji.,,_1 which is propagated forward at time n.

(b) For k=1,..., K, sample

Xk~

Ak
n qe('|ynaan11)

= fe('|Xﬁ]1)

[Importance density]

[Transition probability density in our case]

Ak
and set X%, = (X7, X5,
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(¢c) Fork=1,...,K,

pG(X]f:n7 yl:n)
A Ak
pe(Xl:n—117 yln—l)q9<X§L‘yn7 Xn—ll)
Ak
pQ(XI::Lfll? Xfw Y1in—1> yn)
Aﬁ—l k Alflq
p9(X1:n—17 yl:n—l)qe(Xn‘yna Xn—l )
Ak
p@(yna X7I?L|X1:n—117 yl:n—l)
Alc
qe(lefb‘yn’ Xnﬁil)

we (XK ) =

1:n

Ak
pH(yn‘Xllczrmyl:n—l)pa(Xﬁ‘Xl;n_llayl:n—l)
Ak
qé’(sz’yﬂanﬁll)
Ak

Xk: D¢ .n—l Xk
- Jo( X 1'"_1)92(,;%’ ) [From the properties of HMMs]

a0 (X Elyn, X,,"1")
= gg(yn|XfL), [Since we chose qg(|yn, Xn) = fo(:|Xn)]

X1,
wk = (X in) . [Normalize weights]

S wa(XT)

Note that:

/p@( n,Xlzn‘yl;n_l)dXI:n
/p@(yn,Xlzn‘yl;n_l)
p@(Xlln—1|y1:n—1)

/ p@(yl:naXl:n)
P6(X 1:n—1,Y1:n_1)

p@(yn’ylzn—l) =

p@(Xlzn—l ’yl;n_l)Xmzn

p@(Xlzn—l ’yl;n_l)Xmzn
= /p@(yn’XLr“ yl:n—l)pe(Xn‘Xltn—h yl:n—l)pg(Xli’U—l ’ylzn—l)Xmln

= / wn(Xl:n)QO(Xn|ym anl)pQ(Xlznfl |y1:n—1)dX1:n-

From above, it follows that

K

. 1
p@(yn|y1:n71) = E an(len) P¥e p@(yn|y1:n71)
k=1
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as K — oo, and

T
Po(y) = po(yr) [ [ Do(unlyim—r).
n=2
Thus we have a sequential, likelihood-free algorithm which generates an unbiased esti-
mate of the marginal likelihood, pg(y). The PMMH algorithm uses this estimated marginal

likelihood in the acceptance ratio of the Metropolis Hastings algorithm.
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Chapter 3

SIRS ANALYSIS OF CHOLERA OUTBREAKS IN MATHBARIA,
BANGLADESH

3.1 Introduction

In Bangladesh, cholera is an endemic disease that demonstrates seasonal outbreaks [Huq
et al., 2005, Koelle and Pascual, 2004, Koelle et al., 2005, Longini et al., 2002]. The burden
of cholera is high in that country, with an estimated 352,000 cases and 3,500 to 7,000 deaths
annually [International Vaccine Institute, 2012]. We seek to understand the dynamics of
cholera and to develop a model that will be able to predict outbreaks several weeks in
advance. If the timing and size of a seasonal epidemic could be predicted reliably, vaccines

and other resources could be allocated effectively to curb the impact of the disease.

Specifically, we want to understand how the disease dynamics are related to environ-
mental covariates. It is currently not known what triggers the seasonal cholera outbreaks
in Bangladesh, but it has been shown that Vibrio cholerae, the causative bacterial agent of
cholera, can be detected in the environment year round [Huq et al., 1990, Colwell and Hug,
1994]. Environmental forces are thought to contribute to the spread of cholera, evident from
the many cholera disease dynamics models that incorporate the role of the aquatic environ-
ment on cholera transmission through an environmental reservoir effect [Codeco, 2001, Tien
and Earn, 2010]. One hypothesis is that proliferation of V. cholerae in the environment
triggers the seasonal epidemic, feedback from infected individuals drives the epidemic, and
then cholera outbreaks wane, either due to an exhaustion of the susceptibles or due to the
deteriorating ecological conditions for propagation of V. cholerae in the environment. We
probe this hypothesis using cholera incidence data and ecological data collected from mul-
tiple thanas in rural Bangladesh over sixteen years. There have been three phases of data
collection so far, each lasting approximately three years and being separated by gaps of a

few years; the current collection phase is ongoing. For a subset of these data, Huq et al.
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[2005] used Poisson regression to study the association between lagged predictors from a
particular water body to cholera cases in that thana. This resulted in different lags and
different significant covariates across multiple water bodies and thanas. Thus, it was hard
to derive a cohesive model for predicting cholera outbreaks from the environmental covari-
ates. Also, there is no easy way to account for disease dynamics in this Poisson regression
framework. We want to measure the effect of the environmental covariates while accounting
for disease dynamics via mechanistic models of disease transmission. Moreover, we want to
see if we can make reliable short-term predictions with our model — a task that was not
attempted by Huq et al. [2005].

Mechanistic infectious disease models use scientific understanding of the transmission
process to develop dynamical systems that describe the evolution of the process [Breté
et al., 2009]. Realistic models of disease transmission incorporate non-linear dynamics [He
et al., 2010], which leads to difficulty in the statistical inference under these models, specif-
ically in the tractability of the likelihood. Keeling and Ross [2008] demonstrate some of
these difficulties; they use an exact stochastic continuous-time, discrete-state model which
evolves Markov processes using the deterministic Kolmogorov forward equations to express
the probabilities for being in all possible states. However, that method only works for small
populations due to computational limitations. To overcome this intractability, Finkenstadt
and Grenfell [2000] develop a time-series Susceptible-Infected-Recovered (SIR) model which
extends mechanistic models of disease dynamics to larger populations. A similar develop-
ment in analysis of infectious disease time-series is the auto-Poisson model of Held et al.
[2005]. To facilitate tractability of the likelihood, both of the above approaches make simpli-
fying assumptions that are difficult to test. Moreover, these discrete-time approaches work
only for evenly spaced data or require aggregating the data into evenly spaced intervals.
Cauchemez and Ferguson [2008] develop a different, continuous-time, approach to analyze
epidemiological time-series data, but assume the transmission parameter and number of
susceptibles remain relatively constant within an observation period. Our current under-
standing of cholera disease dynamics makes us think that this assumption is not appropriate
for modeling endemic cholera with seasonal outbreaks.

To implement a mechanistic approach without these approximations, both maximum
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likelihood and Bayesian methods could be used. Maximum likelihood based statistical infer-
ence techniques use Monte Carlo to allow maximization of the likelihood without explicitly
evaluating it [He et al., 2010, Bret6 et al., 2009, Ionides et al., 2006, Bhadra et al., 2011].
Ionides et al. [2006] use this methodology to study how large scale climate fluctuations influ-
ence cholera transmission in Bangladesh. Bhadra et al. [2011] use this framework to study
malaria transmission in India. They are able to incorporate a rainfall covariate into their
model and study how climate fluctuations influenced disease incidence when one controlled
for disease dynamics, such as waning immunity. Using a Bayesian approach, particle filter
Markov chain Monte Carlo (MCMC) methods have been developed which require only an
unbiased estimate of the likelihood [Andrieu et al., 2010]. Rasmussen et al. [2011] use this
particle MCMC methodology to simultaneously estimate the epidemiological parameters of
a SIR model and past disease dynamics from time series data and gene genealogies. Using
Google flu trends data [Ginsberg et al., 2008], Dukic et al. [2012] implement a particle fil-
tering algorithm which sequentially estimates the odds of a pandemic. Notably, Dukic et al.
[2012] concentrate on predicting influenza activity. Similarly, here we develop a model-based
predictive framework for seasonal cholera epidemics in Bangladesh.

In this paper, we use sequential Monte Carlo methods in a Bayesian framework. Specif-
ically, we develop a hidden Susceptible-Infected-Recovered-Susceptible (SIRS) model for
cholera transmission in Bangladesh, incorporating environmental covariates. We use a par-
ticle MCMC method to sample from the posterior distribution of the environmental and
transmission parameters given the observed data, as described by Andrieu et al. [2010]. Fur-
ther, we predict future behavior of the epidemic within our Bayesian framework. Cholera
transmission dynamics in our model are described by a continuous-time, rather than a
discrete-time, Markov process to easily incorporate data with irregular observation times.
Also, the continuous-time framework allows for greater parameter interpretability and com-
parability to models based on deterministic differential equations. We test our Bayesian in-
ference procedure using simulated cholera data, generated from a model with a time-varying
environmental covariate. We then analyze cholera data from Mathbaria, Bangladesh, sim-
ilar to the data studied by Huq et al. [2005]. Parameter estimates indicate that most of

the transmission is coming from environmental sources. We test the ability of our model to
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make short-term predictions during different time points in the data observation period and
find that the pattern of predictive distribution dynamics matches the pattern of changes
in the reported number of cases. Moreover, we find that the predictive distribution of the
hidden states, specifically the unobserved number of infected individuals, clearly pinpoints
the beginning of an epidemic approximately two to three weeks in advance, making our

methodology potentially useful during cholera surveillance in Bangladesh.
3.2 SIRS model with environmental predictors

We consider a compartmental model of disease transmission [May and Anderson, 1991,
Keeling and Rohani, 2008], where the population is divided into three disease states, or com-
partments: susceptible, infected, and recovered. We model a continuous process observed
at discrete time points. The vector X; = (S, I}, Ry) contains the numbers of susceptible,
infected, and recovered individuals at time ¢, and we consider a closed population of size
N such that N = S; + I; + R; for all ¢t. Individuals move between the compartments with
different rates; for cholera transmission we consider the transition rates shown in Figure 3.1.
In this framework, a susceptible individual’s rate of infection is proportional to the number
of infected people and the covariates that serve as proxy for the amount of V. cholerae in
the environment. Thus, the hazard rate of infection, also called the force of infection, is
Bl + «(t) for each time ¢, where [ represents the infectious contact rate between infected
individuals and susceptible individuals and «(t) represents the time-varying environmental
force of infection. Possible mechanisms for infectious contact include direct person-to-person
transmission of cholera and consumption of water that has been contaminated by infected
individuals. Infected individuals recover from infection at a rate -y, where 1/ is the average
length of the infectious period. Once the infected individual has recovered from infection,
they move to the recovered compartment. Recovered individuals develop a temporary im-
munity to the disease after infection. They move from the recovered compartment to the
susceptible compartment with rate u, where 1/4 is the average length of immunity. Birth
and death are incorporated into the system indirectly through the waning of immunity;
thus, instead of just representing natural loss of immunity, u also represents the loss of im-

munity through the death of recovered individuals and birth of new susceptible individuals.
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The models of Codego [2001] and Koelle and Pascual [2004] similarly allow susceptibles to

be renewed at a rate that combines net birth and loss of immunity.

(S=1)(BUI+1)+a())

Figure 3.1: State transitions for Susceptible-Infected-Recovered-Susceptible (SIRS) model
for cholera. S, I, and R denote the numbers of susceptible, infected, and recovered indi-
viduals. The state can transition to one of three new states. These new states correspond
to a susceptible becoming infected, an infected recovering from infection, or a recovered
individual losing immunity to infection and becoming susceptible. The parameter g is the
infectious contact rate, «(t) is the time-varying environmental force of infection, 7 is the
recovery rate, and p is the rate at which immunity is lost.

We model X; as an inhomogeneous Markov process [Taylor and Karlin, 1998] with

infinitesimal rates
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(BI+a(t)S S =S—1,I'=I+1, R =R,

NI S =8T=I-1R =R+1,
AS.LR) (5,1, R) (B) = (3.1)
puR ifS"=8S+1,I'=1, R"=R-1,

0 otherwise,

where X = (S,I,R) is the current state and X' = (S',I', R’) is a new state. Because

R, = N — 5, — I, we keep track of only susceptible and infected individuals, S; and I;.

This type of compartmental model is similar to other cholera models in the literature.
The time-series SIRS model of Koelle and Pascual [2004] also includes the effects of both
intrinsic factors (disease dynamics) and extrinsic factors (environment) on transmission.
King et al. [2008] examines both a regular SIRS model and a two-path model to include
asymptomatic infections, and uses a time-varying transmission term that incorporates trans-
mission via the environmental reservoir and direct person-to-person transmission, but does
not allow for feedback from infected individuals into the environmental reservoir. The STWR
model of Tien and Earn [2010] and Eisenberg et al. [2013b] allows for infections from both
a water compartment (W) and direct transmission and considers the feedback created by
infected individuals contaminating the water. To allow for the possibility of asymptomatic
individuals, Longini et al. [2007] use a model with a compartment for asymptomatic in-
fections; that model only considers direct transmission. Codego [2001] uses an SIR model
with no direct person-to-person transmission; infected individuals excrete directly into the
environment and susceptible individuals are infected from exposure to contaminated water.
Our SIRS model is not identical to any of the above models, but it borrows from them
two important features: explicit modeling of disease transmission from either direct person-
to-person transmission of cholera or consumption of water that has been contaminated by

infected individuals and a time-varying environmental force of infection.
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3.3 Hidden SIRS model

While the underlying dynamics of the disease are described by X, these states are not
directly observed. The number y; of infected individuals observed at each time point ¢ is
only a random fraction of the number of infected individuals. This fraction depends on both
the number of infected individuals that are symptomatic and the fraction of symptomatic
infected individuals that seek treatment and get reported (the reporting rate). Thus, yq,,
the number of observed infections at time ¢; for observation ¢ € {0,1,...,n}, has a bino-
mial distribution with size I;,, the number of infected individuals at time t;, and success

probability p, the probability of infected individuals seeking treatment, so

I, -
Pr(y, |11, p) = (yzf)py”(l — p)liv, (3.2)

Given Xy,, ys, is independent of the other observations and other hidden states.

We use a Bayesian framework to estimate the parameters of the hidden SIRS model,
where the unobserved states X; are governed by the infinitesimal rates in Equation (3.1).
The parameters that we want to estimate are 3, 7, u, p, and the k4 1 parameters that will
be incorporated into «(t), the time-varying environmental force of infection. We assume
a(t) =exp (ao + a1C1(t) + - - + aCk(t)), where C(t), . . ., Ck(t) denote the k time-varying
environmental covariates.

We assume independent Poisson initial distributions for S;, and I;,, with means ¢g
and ¢; respectively. Thus Pr(Xy|ds, d1) = Pr(Sy|és) x Pr(ly|ér) = W x

Tto
%ezig’!(—‘f’f)' Parameters that are constrained to be greater than zero, such as 3, v, u, ¢g,
and ¢y, are transformed to the log scale. A logit transformation is used for the probability
p. We assume independent normal prior distributions on all of the transformed parameters,
incorporating biological information into the priors where possible.

We are interested in the posterior distribution Pr(@|y) « Pr(y|0)Pr(€), where y =

(Yto» - -+ > Ytn), @ = (log(B),log(7),log(u),logit(p), o, - - ., ar,log(¢s), log(ér)), and

PT(Y|0) = Z (HPr(ytthmp) [Pr(Xto‘¢Sa¢I)Hp(Xti|Xti1?0)]> :

X =0 i=1
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Here p(X¢,| Xy, ,,0) for i =1,...,n are the transition probabilities of the continuous-time

i1
Markov chain (CTMC). However, this likelihood is intractable; there is no practical method
to compute the finite time transition probabilities of the SIRS CTMC because the size of the
state space of X; grows on the order of N2. For the same reason, summing over X with the
forward-backward algorithm [Baum et al., 1970] is not feasible. To use Bayesian inference
despite this likelihood intractability, we turn to a particle marginal Metropolis-Hastings
(PMMH) algorithm [Andrieu et al., 2010], which uses a sequential Monte Carlo technique

to generate an estimate of the likelihood using simulations of the unobserved states [Doucet

et al., 2001].

3.4 Particle filter MCMC

3.4.1 QOverview

The particle marginal Metropolis-Hastings algorithm, introduced by Beaumont [2003] and
studied in [Andrieu and Roberts, 2009, Andrieu et al., 2010], constructs a Markov chain
that targets the joint posterior distribution 7 (6, X|y), where X is a set of auxiliary or
hidden variables, and requires only an unbiased estimate of the likelihood. To construct
this likelihood estimate, we use a sequential Monte Carlo (SMC) algorithm, also known as
a bootstrap particle filter [Doucet et al., 2001]. The SMC algorithm sequentially estimates
the likelihood using weighted particles; it requires the ability to propagate the unobserved
data, X, forward in time and the calculation of the probability of the observed data given
the simulated unobserved data. For the hidden SIRS model, y, | X+, = (St,, It;, Re;) ~
Binomial(Iy,, p), where p depends on the number of symptomatic infected individuals that
seek treatment, as described in Section 3.3. Thus the probability of the observed data given
the simulated unobserved data is given by Equation (3.2). To propagate the hidden variables
forward in time, we first simulate initial states X, = (Sy,, I1,) from Poisson distributions
with means ¢g and ¢ respectively. We then use properties of CTMCs to simulate the
trajectories of the unobserved states.

Thus, the PMMH algorithm has two parts: an SMC algorithm, which is used to estimate

the marginal likelihood of the data given a particular set of parameters, 8, and a Metropolis-
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Hastings step [Metropolis et al., 1953, Hastings, 1970], which uses the estimated likelihood
in the acceptance ratio. At each step, a new 6" is proposed from the proposal distribution
q(:]@). An SMC algorithm is used to generate and weight K particle trajectories correspond-
ing to the hidden state processes using the proposed parameter set 8*. A proposed X ;Om
trajectory is sampled from the K particle trajectories based on the final particle weights of
the SMC algorithm. The marginal likelihood is estimated by summing the weights of the
SMC algorithm, and the proposed 8* and X ZM are accepted with probability equal to the

familiar Metropolis-Hastings acceptance ratio.

3.4.2 PMMH pseudocode

The following exposition of the algorithm follows closely the pseudocode of Andrieu et al.
2010].

Step 1: initialization, for iteration j = 0,
(a) Set 6(0) arbitrarily

(b) Run the following SMC algorithm to get pg(o)(y), an estimate of the marginal likelihood,
and to produce a sample Xy (0) ~ pPg(o)(-|y).

Let the superscript k£ € {1,..., K} denote the particle index, where K is the total
number of particles, and the subscript t; € {to,...,t,} denote the time; thus, sz
denotes the kth particle at time ¢;, and Xlzo:i = (Xfo,...,XZ). At time t; = to,
sample X fo for k =1,..., K from the initial density of the hidden Markov state process.
Specifically, sample Sy, ~ Poisson(¢g) and I, ~ Poisson(¢;). Compute the k weights

w(XII‘/fo) = Pr(ytO‘Xfo)'

For i = 1,...,n, sample particles with probabilities proportional to their weights and
propagate resampled particles forward. Combine the trajectory associated with the
resampled particle and simulated next particle to define the X ]z():i trajectory. Continue
computing weights w(X Z) = Pr(y,| X Z) and propagating resampled particles forward

until 7 = n.
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It follows that
1 K
k=

—_

is an approximation to the likelihood pg(y, ’yto:i—l)’ and therefore an approximation to

the total likelihood is

n
po(y) = bo(uso) [ [ Po(we.lue,, )
=1

Thus we have a simple, sequential, likelihood-free algorithm which generates an unbiased
estimate of the marginal likelihood, pe(y). A X¢ (0) trajectory is sampled from the
K trajectories (XIZO_ ,for k=1,..., K) based on the final set of particle weights.

Step 2: for iteration j > 1,
(a) Sample 0" ~ ¢{-16(j — 1)}

(b) Run an SMC algorithm, as in step 1(b) with 8* instead of 8(0), to get pg-(y) and

X;  ~ o (ly)

(c) With probability

in 1, 200 PO aloti 1101}
"Po(i-1)(y) Pr{6(j — 1)} ¢{07(6(j — 1)}
set 6(j) = 0", X4, () = X, , and po(;)(y) = pe- (y), otherwise set 8(j) = 8(j — 1),
X, () =Xy, (5 —1), and pe(jy(y) = Pa(j—1)(Y)-
To propagate the unobserved X, = (S, I;, R;) forward in time, we simulate from a
cholera transmission model with a time-varying environmental force of infection. CTMCs

which incorporate time-varying transition rates are inhomogeneous. The details of the

discretely-observed inhomogeneous CTMC simulations are in Section 3.4.3.

3.4.8 Simulating inhomogeneous SIRS using tau-leaping

Much work has been done on simulating continuous-time, discrete space Markov processes,

especially in the area of chemical kinetics. Gillespie developed two methods for exact
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stochastic simulation of chemical process trajectories with constant rates: the direct method
[Gillespie, 1977] and the first reaction method [Gillespie, 1976]. Details of these methods
are given in Chapter 2.

The exact algorithms work for small populations, but for large state spaces these meth-
ods require a prohibitively long computing time. This is a common problem in chemical
kinetics literature, where an approximate method called the tau-leaping algorithm origi-
nated [Gillespie, 2001, Cao et al., 2005]. This method simulates CTMCs by jumping over a
small amount of time 7 and approximating the number of events that happen in this time
using a series of Poisson distributions. As 7 approaches zero, this approximation theoret-
ically approaches the exact algorithm. The value of 7 must be chosen such that the rates
remain roughly constant over the period of time; this is referred to as the “leap condition”.

Specifically, for our simulation, using the methods outlined in Cao et al. [2005], we define
the rate functions hi(X¢) = (8L + «a(t)) St, ho(X+t) = vIi, and h3(X¢) = uRy, correspond-
ing to the infinitesimal rates of the CTMC. Then k; ~ Poisson(h;(X¢)7) represents the
number of infections in time [¢,¢ + 7), k2 ~ Poisson(ha(X)7) represents the number of
recoveries in time [¢,¢ 4+ 7), and k3 ~ Poisson(hs(X)7) represents the number of people
that become susceptible to infection in time [¢t,¢ + 7). We make the assumption that the
time-varying force of infection, a(t), remains constant each day. We define daily time in-
tervals A; := [i,i + 1) for ¢ € {to,to + 1,...,t, — 1}, and a(t) = aya, for t € A;. Using
7 = 1 day, our rates now remain constant within each tau jump. To see if this value for 7 is
reasonable, we perform a simulation study. Using the posterior estimates of the parameters,
we simulate data forward in time 5000 times using both the modified Gillespie algorithm
and the modified tau-leaping algorithm. We simulate data over the entire epidemic curve
to see how the comparison changes for varying values of «a(t). Figure 3.2 shows estimates of
the median and 95% intervals for the simulated values. The Monte Carlo standard error is
very small for all estimates. For the numbers of susceptible individuals, the estimates under
Gillespie and tau-leaping are almost identical over the entire epidemic. For the numbers of
infected, the values are very close except at the epidemic peaks. However, the differences are
very small. We conclude that for our application 7 = 1 day is a good compromise between

computational efficiency and accuracy.
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Figure 3.2: Plots comparing the median and 95% intervals at different points during an
epidemic, simulated using both the modified Gillespie algorithm and the modified tau-
leaping algorithm with 7 = 1 day. The medians and 95% intervals for 5000 simulations using
the Gillespie algorithm are given by the open circle and solid error bars, respectively. The
medians and 95% intervals for 5000 simulations using the modified tau-leaping algorithm
are given by the asterisk and dashed error bars, respectively.

3.4.4 Metropolis-Hastings proposal for model parameters

Our implementation of the PMMH algorithm starts with a preliminary run, which consists of
a burn-in run plus a secondary run, both using independent normal proposal distributions for
the parameters. From the secondary run, we calculate the approximate posterior covariance

of the parameters and use it to construct the covariance of the multivariate normal proposal
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distribution in the final run of the PMMH algorithm. In all runs, parameters are proposed

and updated jointly.

3.4.5 Prediction

One of the main goals of this analysis is to be able to predict cholera outbreaks in advance
using environmental predictors. To assess the predictive ability of our model, we estimate
the parameters of the model using a training set of data and then predict future behavior of
the epidemic process. We examine the posterior predictive distributions of cholera counts
by simulating data forward in time under the time-varying SIRS model using the accepted
parameter values explored by the particle MCMC algorithm and the accepted values of the
hidden states St and I7 at the final observation time, ¢t = T', of the training data. These
hidden states are sampled in the PMMH algorithm by sampling the last set of particles using
the last set of weights [Andrieu et al., 2010]. Under each set of parameters, we generate
possible future hidden states and observed data, and we compare the posterior predictive
distribution of observed cholera cases to the test data. In the analyses below, the PMMH
output is always thinned to 500 iterations for prediction purposes by saving only every kth

iteration, where k& depends on the total number of iterations.

3.5 Simulation results

To test the PMMH algorithm on simulated infectious disease data, we generate data from
a hidden SIRS model with a time-varying environmental force of infection. We then use
our Bayesian framework to estimate the parameters of the simulated model and compare
the posterior distributions of the parameters with the true values. To simulate endemic
cholera where many people have been previously infected, we start with a population size
N = 10000 and assume independent Poisson initial distributions for Sy, and I;,, with means
$s = 2100 and ¢; = 15. The other parameters are set at f = 1.25 x 1075, v = 0.1, and
i = 0.0009. All the rates are measured in the number of events per day. The average length
of the infectious period, 1/7, is set to be 10 days, and the average length of immunity, 1/u,
is set to be about 3 years. Parameter values are chosen such that the simulated data is

similar to the data collected from Mathbaria, Bangladesh. We use the daily time intervals
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Simulated data with seasonally varying a(t)
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Figure 3.3: Plots of simulated hidden states (counts of susceptible, S;, and infected, Iy,
individuals) and the observed data (y; ~ Binomial(l;, p) = number of observed infections)
plotted over time (). Simulation with seasonally varying «(t) generates data with seasonal
epidemic peaks. The dashed vertical black line represents the first cut off between the
training sets and the test data. Data before the line was used to estimate parameters, and
we use those estimates to predict the data after the line. Other data cut offs are shown in
Figure 3.7

A; = [iyi+1) for i € {to,to+1,...,t, — 1}, defined in Section 3.4.3, and define a(t) = a4,
for t € A; where a s, = exp [ao + aqsin (%z)] . The intercept ag and the amplitude «; are
parameters to be estimated. The frequency of the sine function is set to mimic the annual
peak seen in the environmental data collected from Bangladesh. For the data simulation,
we set g = —7 and o = 3.5. Using the modified Gillespie algorithm described in Section
2.2.2, we simulate the (S¢, I;) chain given in the top plot of Figure 3.3. The observed number

of infections y; ~ Binomial(ly, p), where p = 0.015 and is treated as an unknown parameter.
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Figure 3.4: Posterior distributions for the parameters of the SIRS model with time-varying
environmental force of infection. From top to bottom, assumed ¢s/N and ¢;/N are above
the true values, (0.31 and 0.003), at the truth (0.21 and 0.0015), below the true values (0.11
and 0.00075), and further below (0.055 and 0.000375). The true values of the parameters
are denoted by the red lines in the posterior histograms. Posterior distributions look similar
regardless of assumptions about ¢s/N and ¢;/N. However, the range of the posterior for
B x N is lowest and the range of the posterior for p x N is highest when ¢g/N and ¢;/N
are assumed to be larger than the true values.
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We simulate three years of training data because this is approximately how long the
data collection phases last in our data from Bangladesh [Huq et al., 2005]. Therefore we do
not attempt to estimate the loss of immunity rate p since it is on the scale of three years.
Also, there is not enough information in the data to estimate the means of the Poisson
initial distributions, ¢g and ¢y, since estimation of these parameters is only informed by
the very beginning of the observed data. We set these parameters to different values and
compare parameter estimation and prediction between models with parameter assumptions
which differ from the truth. We also assume N = 10000.

We assume normal prior distributions on all of the transformed parameters, with means
and standard deviations chosen so that the true value of the parameter is in the tail of the
prior distribution. We use relatively uninformative, diffuse priors for log(5), ag, and aq,
centered at log(1.25 x 107%), -8, and 0, respectively, and with standard deviations of 5. The
prior distribution for logit(p) is centered at logit(0.03) and has a standard deviation of 2.
For log(), the prior is centered at log(0.1) with a standard deviation of 0.09, since this
value is well studied for cholera. Thus, the 95% range for the prior on 1/v is 8.38 to 11.93
days.

Using these data, the PMMH algorithm starts with a burn-in run of 10000 iterations, a
secondary run of 10000 iterations, and a final run of 50000 iterations. To thin the chains,
we save only every 10th iteration. We use K = 100 particles in the SMC algorithm.
We compare results from models with different assumptions on the values of ¢g and ¢;:
assumed ¢g and ¢ are above the true values (0.31 and 0.003), at the true values (0.21 and
0.0015), below the true values (0.11 and 0.00075), or further below the true values (0.055
and 0.000375). Marginal posterior distributions for the parameters of the SIRS model from
the final runs of these PMMH algorithms are in Figure 3.4. The posterior distributions look
similar regardless of the assumed values of ¢g and ¢, though estimates for 5 x N and p x N
deviate furthest from the truth when ¢g and ¢; are set higher than the true values. Trace
plots and auto-correlation plots for the parameters of the SIRS model from the final run of
the PMMH algorithm for simulated data are in Figure 3.5, and Figure 3.6 shows bivariate
scatterplots of the parameters. We report 8 x N and p x N, since we found these to be

robust to assumptions about the total population size N in sensitivity analyses. Effective
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sample sizes, a measure of the number of independent samples in a Markov chain, for the
posterior samples range from 593 to 2038 for the parameters of the SIRS model assuming

the true values of ¢g and ¢;.

From the posterior distributions, it is clear that the algorithm is providing good estimates
of the true parameter values. Estimates of the parameter 8 x N are slightly different than
the true value, causing the estimate of the reporting rate to be a little off as well. This
parameter relationship makes sense, as a high p accounts for the low number of infected

individuals resulting from a small infectious contact rate (.

3.5.1 Prediction results

To test the predictive ability of the model, we use multiple cut off times to separate our
simulated data into staggered training sets and test sets. The complete data are shown
in the bottom row of Figure 3.3. For each cut off time, parameters were drawn from the
posterior distribution based on the training data. These parameter values were then used to
simulate possible realizations of reported infections after the training data until the next cut
off 28 days later. The distributions of these predicted reported cases are shown in the top
plot of Figure 3.7. The test data are denoted by the purple diamonds, connected by straight
lines to help visualize ups and downs in the case counts. Case counts are observed once every
14 days. On each observation day, the colored bar represents the distribution of predicted
counts for that day. As desired, the posterior predictive distribution shifts its mass as time
progresses to follow the case counts in the test data. The plot of the predicted hidden
states in the bottom row of Figure 3.7 also shows that our model is capturing the formation
and decline of the epidemic peak well, as seen in the trajectory of the predicted fraction of
infected individuals. This plot illustrates the interplay of the hidden states of the underlying
compartmental model. During an epidemic, the fraction of susceptibles decreases while
the fraction of infected individuals quickly increases. Afterwards, the fraction of infected
individuals drops and the pool of susceptibles slowly begins to increase as both immunity

is lost and more susceptible individuals are born.

These predictions were made under the assumption that ¢g and ¢ are set to the true
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values. To test sensitivity to these assumptions, we compare predictions made from models
that assume other values; these are shown in Figure 3.8. Values for ¢s/N and ¢;/N are
set over the true values, (0.31, 0.003), below the true values (0.11, 0.00075), and further
below the truth (0.055, 0.000375). Predicted distributions look similar for all values of ¢g
and ¢7. Uncertainty is greatest when ¢g and ¢ are set at higher values than the truth.
For the lowest values of ¢g and ¢y, the fraction of susceptible individuals is lower and the
fraction of infected is higher than those predicted fractions under other settings. However,

important information, like the timing of the epidemic, remains intact.
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Figure 3.5: Summary plots of the PMMH algorithm output (final run of 50000 iterations)
for the parameters of the SIRS model with a time-varying environmental force of infection.
ACF plots are thinned to 5000 iterations and trace plots are thinned to display only 500
iterations.
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Figure 3.7: Summary of prediction results for simulated data. We run PMMH algorithms
on training sets of the data, which are cut off at each of the dashed black lines in the
bottom plot. Future cases are then predicted until the next cut off. The top plot compares
the posterior probability of the predicted counts to the test data (diamonds connected by
straight purple line). The coloring of the bars is determined by the frequency of each
set of counts in the predicted data for each time point. The bottom plot shows how the
trajectory of the predicted hidden states changes over the course of the epidemic. The gray
area and the solid line denote the 95% quantiles and median, respectively, of the predictive
distribution for the fraction of susceptibles. The short dashed lines and the long dashed
line denote the 95% quantiles and median, respectively, of the predictive distribution for
the fraction of infected individuals.
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Figure 3.8: Summary of prediction results for simulated data; each row shows prediction
results under different assumptions about the values of ¢;/N and ¢;/N. From top to
bottom, values for ¢s/N and ¢;/N are set over the true values, (0.31, 0.003), below the
true values (0.11, 0.00075), and further below (0.055, 0.000375). Plots on the left compare
the posterior probability of the predicted counts to the test data (diamonds connected by
straight line). The coloring of the bars is determined by the frequency of each set of counts
in the predicted data for each time point. The plots on the right show how the trajectory of
the predicted hidden states change over the course of the epidemic. The gray area and the
solid line denote the 95% quantiles and median, respectively, of the predictive distribution
for the fraction of susceptibles. The short dashed lines and the long dashed line denote
the 95% quantiles and median, respectively, of the predictive distribution for the fraction
of infected individuals. Predictions look similar for all settings, though there is greater
uncertainty in the predicted fraction of susceptibles when ¢g/N and ¢;/N are set higher
than the true values; quantile ranges decrease as ¢g/N and ¢;/N decrease. The timing of
the epidemic is the same for all settings.
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3.6 Using cholera incidence data and covariates from Mathbaria, Bangladesh

Huq et al. [2005] found that water temperature (WT) and water depth (WD) in some
water bodies had a significant lagged relationship with cholera incidence. Therefore, we use
these covariates and cholera incidence data from Mathbaria, Bangladesh collected between
April 2004 to September 2007 (Phase 2 of data collection) and again from October 2010 to
July 2013 (Phase 3). During these time periods, cholera incidence data were collected over a
period of three days approximately every two weeks. Environmental data were also collected
approximately every two weeks from six water bodies. To get a smooth summary of the
covariates using data from all water bodies, we fit a cubic spline to the covariate values.
We then slightly modify our environmental force of infection to allow for a lagged covariate
effect. Let k denote the length of the lag. We consider the daily time intervals A; := [i,i+1)
for i € {to,to + 1,...,t, — 1} and define the environmental force of infection a(t) = au,
for t € A; and t > k where ay, = explag+ a1Cwp(i — k) + Cwr(i — k)]. Here the
covariates are the smoothed standardized daily values Cyr(i) = (WT(i) — WTp)/swr.p
and Cwp(i) = (WD(i) — WDp)/swp,p, where X p is the mean of the measurements for
all i in Phase P € {Phase 2, Phase 3} and sx p is the sample standard deviation. We
consider and compare results from models assuming three different lags: « = 14, kK = 18,
and x = 21. Predictions from all three models are similar, so we report only results from
the model assuming x = 21 in order to receive the earliest warning of upcoming epidemics;
see Figures 3.13 and 3.14 for prediction comparisons. The smoothed, standardized, 21 day

lagged covariates and cholera incidence data are shown in Figure 3.9.

Since there is only about six years of data, estimating the loss of immunity rate p
is infeasible. Thus, we set p = 0.0009 so that 1/u is 3 years [Sack et al., 2004]. Also,
the population size N, which quantifies the size catchment area for the medical center, is
assumed to be 10000 for computational convenience. We do not know the true value of N,
but 10000 seems reasonable and is small enough that simulations run quickly. We studied
sensitivity to these assumptions by setting both p and N to different values, obtaining
similar results. We also again set ¢g and ¢; to various values and obtained similar results.

See Section 3.6.1 for details.
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Figure 3.9: Barplot of cholera case counts in Mathbaria, Bangladesh and the standardized
covariate measurements over time. The covariates are shown with a lag of three weeks.
No data were collected from October 2007 through November 2010. The ranges of the
unstandardized smoothed covariates are 1.42 to 2.76 meters for water depth and 21.59 to
33.12°C for water temperature.

In these runs, we use relatively uninformative, diffuse normal prior distributions on the
time-varying environmental covariates oy and ae, centered at 0 and with standard deviations
of 5. The diffuse normal prior distributions on the transformed parameter values log(3) and
o are centered at log(1.25 x 10~7) and -8, respectively, with standard deviations of 5. We
know that the average infectious period for cholera, 1/, should be between 8 and 12 days.
Thus, the transformed parameter log(y) is given a normal prior distribution with mean
log(0.1) and standard deviation 0.09. We also know that p should be very close to zero,
since only a small proportion of cholera infections are symptomatic and a smaller proportion
will be treated at the health complex [Sack et al., 2003]. Thus, the transformed parameter
logit(p) is given a normal prior distribution with mean logit(0.0008) and standard deviation

equal to 2.

We implement the PMMH algorithm with a burn-in run of 30000 iterations, a secondary

run of 20000 iterations, and a final run of 400000 iterations. We again save only every 10th
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iteration and use K = 100 particles in the SMC algorithm. Posterior medians and 95%
Bayesian credible intervals for the parameters 5 x N, v, ag, a1, as, and p x N generated by
the final run of the PMMH algorithm are given in Table 3.1. We report § x N and p x N
since we found these parameter estimates to be robust to changes in the population size
N during sensitivity analyses. For more details, see Section 3.6.1. The credible intervals
for a; and as do not include zero, so both water depth and water temperature have a
significant relationship with the force of infection. Decreasing water depth increases the
force of infection, likely due to the higher concentration and resulting proliferation of V.
cholerae in the environment; increasing water temperature increases the force of infection
[Hugq et al., 2005].

The reproductive number, R, is the average number of secondary cases caused by a
typical infected individual in a population that consists of both susceptible and immune
individuals [Diekmann et al., 1990]. We report (8 x N)/v, the part of the reproductive
number that is related to the number of infected individuals in the population under our
model assumptions. The estimate is close to zero, suggesting that the epidemic peaks in our
model are driven mostly by the environmental force of infection. However, the infectious
contact rate is not zero and is not negligible compared to the environmental force of infection.
In particular, posterior median values for «(t) range from 0.00005 to 0.4, while posterior

median values for 51I; only range from 0 to 0.00035.

Table 3.1: Posterior medians and 95% equitailed credible intervals (CIs) for the parameters
of the SIRS model estimated using clinical and environmental data sampled from Mathbaria,
Bangladesh.

Coefficient Estimate 95% Cls

BxN 00046 (0 ,05178)

v 0.10 (0.09, 0.12)

(Bx N)/y 0.04 (0 , 4.65)
oy -5.35 (-6.12, -4.75)

a;  -1.56 (-1.98, -1.12)

oy 1.98 (158, 2.44)
px N 488 (39.6, 60.31)
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3.6.1 MCMC diagnostics and sensitivity analysis

Summary plots of the PMMH algorithm output for the parameters of the SIRS model
with data from Mathbaria, Bangladesh are given in Figure 3.10, and Figure 3.11 shows
bivariate scatterplots of the parameters. Effective sample sizes range from 141 to 5265 for
the analysis of the data from Mathbaria. To test convergence, we varied the initial values
for the parameters of the PMMH algorithm. Some of the initial values are shown in Table
3.2 and the parameter estimates from the chains that started at these initial values are given
in the top third of Table 3.3.

In our analysis of the data from Mathbaria, we assumed the size of the population,
N = 10000, the loss of immunity rate, u = 0.0009, and the means of the Poisson initial
distributions ¢g = .2 x N and ¢; = 0.02 x N, are known. We studied sensitivity to these
assumptions by setting all of these parameters to different values, and the results are shown
in the bottom two-thirds of Table 3.3. We report 8 x N and p x N since we found these
parameter estimates to be robust to changes in the population size N. As seen in Table 3.3,
estimates are similar over different values of N, u, ¢g and ¢y.

We also tested the effect of incorrect values for ¢g and ¢; on prediction using simulated

data, as seen in Figure 3.8.

3.6.2 Prediction Results

For the data collected from Mathbaria, we begin prediction at multiple points around the
time of the two epidemic peaks that occur in 2012 and 2013. Figure 3.9 shows the full cholera
data with smoothed and standardized covariates. Figure 3.12 shows the posterior predictive
distribution of observed cholera cases (top row) and hidden states from the time-varying
SIRS model (bottom row). Parameters used to simulate the SIRS forward in time have
been sampled using the PMMH algorithm applied to the training data, with data being cut
off at different points during the 2012 and 2013 epidemic peaks. From each of these cut offs,
parameter values are then used to simulate possible realizations of the test data. Predictions
are run until the next cut off point, with cut off points chosen based on the length of the lag

k. Realistically, at time ¢ we have covariate information to use for prediction only until time



47

t + K, where k is the covariate lag. Since the smallest lag considered is 14 days, we make
only 14 day ahead predictions where possible to mimic a realistic prediction set up. Due to
the sparse sampling between epidemic peaks (June 2012 to February 2013), we use longer
prediction intervals for these cut-offs than would be possible in real time data analysis in

order to evaluate our model predictions.

In the top row of Figure 3.12, the coloring of the bars again represents the distribution
of predicted cases. Between the two peaks of case counts (June 2012 to February 2013), the
frequency of predicted zero counts is very high, so we conclude that the model is doing well
with respect to predicting the lack of an epidemic. During the epidemics, the distribution
of the counts shifts its mass away from zero. The plot in the bottom row of Figure 3.12
again illustrates the periodic nature and interplay of the hidden states of the underlying
compartmental model. When the fraction of infected individuals quickly increases during
an epidemic, the fraction of susceptibles decreases. Afterwards, the fraction of infected
individuals drops to almost zero and the pool of susceptibles is slowly replenished. When
the fraction of infected individuals is low, there is more uncertainty in the prediction for the
fraction of susceptibles (September 2012 to March 2013). The fraction of infected individuals
increases to a slightly higher epidemic peak 2013 (March 2013 to May 2013) than in 2012
(March 2012 to May 2012), as observed in the test data for those years. The predicted
fraction of infected people in the population increases before an increase can be seen in the

case counts, which could allow for early warning of an epidemic.

To select a lag for the environmental covariates in the Mathbaria analysis, we compare
prediction results from models assuming three different lags: « = 14, k = 18, and «k = 21.
These are shown in Figures 3.13 and 3.14. The predictive distributions of the hidden states
look similar across lags, so we use the 21 day lag model in order to predict an upcoming
epidemic furthest in advance. With a three week lag, we would be able to make predictions

three weeks in advance.

We also use a quasi-Poisson regression model similar to the one used by Huq et al. [2005]

for prediction of cholera cases. For the two predictors, water temperature (WT) and water
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depth (WD), we have

In E(Y|Cwp(t — k), Cwr(t — k) = Bo + B1Cwp(t — k) + B2Cwr(t — k),

where k = 21 days. The quasi-Poisson model accounts for overdispersion in the data
[McCullagh and Nelder, 1989]. Figure 3.15 shows the predicted means and 95% intervals
under the quasi-Poisson model. Test data are again cut off at different points during the
2012 and 2013 epidemic peaks and predictions are run until the next cut off point, with cut
off points chosen approximately every two weeks. Predicted mean number of reported cases
from the hidden SIRS model are also shown for comparison. Both models predict well the
timing of epidemic peaks. However, the SIRS predicted fraction of infected individuals — a
hidden variable in the SIRS model — provides a more detailed picture of how cholera affects
a population. By providing not only accurate prediction of the time of epidemic peaks, but
also the predicted fraction of the population that is infected, the SIRS model predictions

could be used for efficient resource allocation to treat infected individuals.

3.7 Discussion

We use a Bayesian framework to fit a nonlinear dynamical model for cholera transmission
in Bangladesh which incorporates environmental covariate effects. We demonstrate these
techniques on simulated data from a hidden SIRS model with a time-varying environmen-
tal force of infection, and the results show that we are recovering well the true parameter
values. We also estimate the effect of two environmental covariates on cholera case counts
in Mathbaria, Bangladesh while accounting for infectious disease dynamics, and we test the
predictive ability of our model. Overall, the prediction results look promising. The predicted
hidden states show a noticeable increase in the fraction of infected individuals weeks be-
fore the observed number of cholera cases increases, which could allow for early notification
of an epidemic and timely allocation of resources. The predicted hidden states show that
the fraction of infected individuals in the population decreases greatly between epidemics,
supporting the hypothesis that the environmental force of infection triggers outbreaks. Es-

timates of SI; are low, but not negligible, compared to estimates of «(t), suggesting that
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most of the transmission is coming from environmental sources.

Computational efficiency is an important factor in determining the usefulness of this
approach in the field. We have written an R package which implements the PMMH algo-
rithm for our hidden SIRS model, available at https://github.com/viminin/bayessir.
The computationally expensive portions of the PMMH code are primarily written in C++
to optimize performance, using Repp to integrate C++ and R [Eddelbuettel and Francois,
2011, Eddelbuettel, 2013]; however there is still room for improvement. Running 400000
iterations of the PMMH algorithm on the six years of data from Mathbaria takes two days
on a 4.3 GHz i7 processor. Since we can predict three weeks into the future using a 21 day
covariate lag, we do not think timing is a big limitation for using our model predictions in
real life.

Figure 3.16 shows plots of standardized residuals versus time for each of the two phases
of data collection in Mathbaria, Bangladesh. Standardized residuals are calculated as
e, = (yr, — E(yt,)) /sd(ys,), where y;, is the number of observed infections at time ¢; for
observation ¢ € {0,1,...,n}. E(y;,) and sd(y;,) are approximated via simulation by fixing
the model parameters to the posterior medians, running the SIRS model forward 5000 times,
and computing the average and sample standard deviation of the 5000 realizations of the
case counts at each time point. The residuals in Figure 3.16 show that we are modeling
well case counts between the epidemic peaks but not the epidemic peaks themselves, either
due to missing the timing of the epidemic peak or the latent states not being modeled ac-
curately. This possible model misspecification might be fixed by including more covariates,
using different lags, or modifying the SIRS model. Also, we assume a constant reporting
rate, p, rather than using a time-varying p; [Finkenstddt and Grenfell, 2000]. With better
quality data we might be able to allow for a reporting rate that varies over time; we will
try to address these model refinements in future analyses.

In the future, we will extend this analysis to allow for variable selection over a large
number of covariates. This will allow us to include many covariates at many different lags
and incorporate information from all of the water bodies in a way that does not involve
averaging. In the current PMMH framework, choosing an optimal proposal distribution

to explore a much larger parameter space would be difficult. We want to include a way
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of automatically selecting covariates or shrinking irrelevant covariate effects to zero with
sparsity inducing priors. The particle Gibbs sampler, introduced by Andrieu et al. [2010],
would allow for such extensions. Approximate Bayesian computation is also an option for
further model development [McKinley et al., 2009]. In addition, the available data consist of
observations from multiple thanas during the same time period. Future analyses will look
into sharing information across space and time and accounting for correlations between
thanas. Another challenging future direction involves exploring models which incorporate
a feedback loop from infected individuals back into the environment to capture the effect
of infected individuals excreting V. cholerae into the environment. To accomplish this, we
could add a water compartment to our SIRS model that quantifies the concentration of V.
cholerae in the environment, similar to the SIWR model of Tien and Earn [2010]. However,
adding an additional latent state leads to identifiability problems, even with fully observed
data [Eisenberg et al., 2013b], so such an extension will require rigorous testing and fine

tuning.
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Figure 3.10: Summary plots of the PMMH algorithm output (final run of 400000 iterations)
for the parameters of the SIRS model with data from Mathbaria, Bangladesh. ACF plots
and histograms are thinned to 40000 iterations and trace plots are thinned to display only
500 iterations.
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Figure 3.11: Bivariate scatterplots of parameters of the SIRS model estimated using data
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sample from the posterior distribution is plotted.
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Coefficient Starting value set 1 Starting value set 2 Starting value set 3

BxN 0.6 0.00006 0.00034
v 0.11 0.08 0.12
ag -7.11 -5 -3
(65} 0 2 1
az 0 2 -1
px N 60 40 100

Table 3.2: Initial values used for separate runs of the PMMH algorithm on the data from
Mathbaria.
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Starting value set 1

Starting value set 2

Starting value set 3

Coefficient Estimate 95% Cls Estimate 95% Cls Estimate 95% Cls
Fx N 00046 (0 ,05178) 00019 (0 ,04963) 00279 (0, 0.5346)
v 0.1 (0.09 , 0.12) 0.11 (0.09 , 0.12) 0.11 (0.09 , 0.12)
(Bx N)/y 0.04 0 , 465 0.02 O ., 45) 027 0 , 4.76)
ap  -5.35 (-6.12, -4.75) -5.31 (-6.07 , -4.71) -5.38 (-6.14, -4.75)
ap -1.56 (-1.98, -1.12) -1.55 (-1.97 , -1.11) -1.56 (-1.98, -1.13)
as 1.98 (158 , 2.44) 1.97 (158 , 241) 2 (159 , 2.46)
px N 488 (39.6 , 60.31) 48.66 (39.43 , 59.87) 48.79 (39.84, 60.45)

N=10000, 1/u = 2 years
bs/N =0.2, ¢;/N = 0.02

N=5000, 1/u = 3 years
ds/N = 0.2, ¢;/N = 0.02

N=50000, 1/u = 3 years
ds/N = 0.2, ¢r/N = 0.02

Coefficient Estimate 95% Cls Estimate 95% Cls Estimate 95% Cls
8 x N 0.0051 (0 , 0.5185) 0.0044 (0 , 0.5232)  0.0025 (0 , 0.3559)
~ 011 (0.09, 0.13) 0.1 009 , 012) 0.1 (0.09 , 0.13)
(Bx N)/v 0.05 0 , 456) 0.04 O ., 477) 0.02 0 , 3.25)
ag -5.25 (-6.47, -4.72) -5.53 (-6.25 , -5.01) -5.31 (-5.78, -4.96)
ap -15 (-2.01, -1.12) -1.71 (-2.08 , -1.35) -1.53 (-1.83, -1.26)
as 203 (1.63 , 2.72) 2 (1.63 , 243) 2.02 (175, 2.32)
px N 36.36 (2082, 448) 48.16 (39.3 , 59.32) 50.01 (412 , 60.99)
N=10000, 1/u = 3 years N=10000, 1/u = 3 years N=10000, 1/u = 3 years
¢s/N =04, ¢;/N =004  ¢5/N =0.1, ¢;/N =0.01 ¢5/N =04, ¢;/N =0.01

Coefficient Estimate 95% ClIs Estimate 95% ClIs Estimate 95% Cls
BxN 00416 (0 ,0.2514) 0.677 (0.0045, 0.9056) 0.001 0, 0.2388)
v 0.11 (0.09 , 0.13) 0.11 (0.09 , 0.13) 0.11 (0.09 , 0.13)
(Bx N)/y 0.39 0 , 224) 6.33 (0.04 , 7.91) 0.01 o0 , 2.16)
ap  -5.48 (-6.2 , -4.8) -6.05 (-6.74 , -5.02) -5.41 (-6.09, -4.78)
ar -1.64 (-2.14, -1.08) -1.69 (-2.16 , -1.27) -1.63 (-2.11, -1.12)
as  1.89 (1.43 , 2.31) 249 (1.85 ,  3.09) 1.91 (1.47 , 2.3)
px N 41.63 (3348, 50.95) 55.74 (45.24 , 68.52) 41.76 (34.13, 51.43)

Table 3.3: Convergence diagnostics and sensitivity analysis:

Posterior medians and 95%

equitailed credible intervals (CIs) under different initial values and assumptions for the
parameters of the SIRS model estimated using clinical and environmental data sampled
from Mathbaria, Bangladesh. The PMMH algorithm is run from different initial values
using N = 10000, 1/u = 3 years, ¢s/N = 0.2, and ¢;/N = 0.02, and also run using
different values for the population size, N, the loss of immunity rate, u, and the means of
the Poisson initial distributions, ¢g and ¢;.
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Figure 3.12: Summary of prediction results for the second to last and last epidemic peaks
in the Bangladesh data. We again run PMMH algorithms on training sets of the data,
which are cut off at each of the dashed black lines in the bottom plot, and future cases
are predicted until the next cut off. The top plot compares the posterior probability of the
predicted counts to the test data (purple diamonds and line), and the bottom plot shows
how the trajectory of the predicted hidden states changes over the course of the epidemic.
See the caption of Figure 3.7 for more details.
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Figure 3.15: Comparison of predicted means for number of reported cases. The solid blue
lines and the dashed blue lines denote the predicted means and 95% intervals, respectively,
under the quasi-Poisson model. The green dots (connected by a green line) denote the
predicted means under the SIRS model. Predictions are started and stopped using identical
cut-off points for the training and test data to those in Figure 3.12. Test data is denoted
by the purple diamonds connected by straight lines.
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Chapter 4

SIRS ANALYSIS OF CHOLERA OUTBREAKS IN OTHER STUDY
AREAS IN BANGLADESH

We seek to develop a predictive model for cholera outbreaks that could be extended to
multiple geographical areas in Bangladesh. To do this, we first need to test the general-
izability of our methods and results. Using the model and methods described in Chapter
3, we analyze cholera incidence data and ecological data collected from multiple thanas in
rural Bangladesh over the past sixteen years. Figure 4.1 shows a map of the study areas.
There have been three phases of data collection so far, each lasting approximately three
years and being separated by gaps of a few years; the current collection phase is ongoing.
The first phase spans March 1997 to December 2001 and included data collected from four
study sites: Bakerganj, Chaugachha, Chhatak, and Matlab. Details of surveillance in these
study areas during this phase are described by Sack et al. [2003]. The second phase of data
collection lasted from 2004 to 2008 and was conducted in Mathbaria and Bakerganj. The
third phase refocused on Chhatak and Mathbaria, started in 2010, and will continue until
2015. During these time periods, cholera incidence data were collected over a period of
three days approximately every two weeks. Environmental data were also collected approx-
imately every two weeks from four to six water bodies. The same water bodies were not
always used for the entire study period; some sample sites were dropped and others were
picked up, but sampling from four to six sites was maintained. Water bodies include rivers,
lakes, and ponds. Some water bodies are control sites, meaning they are well regulated,
used only for drinking water, and kept separate from salt water. Thus there is limited
contamination of these control water bodies by individuals infected with cholera. Over the
phases, different environmental variables have been sampled; Table 4.1 shows all covariates

that were sampled during the three phases and when they were sampled.
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Phase 1 Phase 2 Phase 3
* 4
Chhatak Chhatak
Chaugachha ‘Matlab
*
Bakerganj Bakerganj
¢ Mathbarig ¢ Mathbari.a

Figure 4.1: Map of Bangladesh study sites. There have been three phases of data collection
so far, focusing on different geographical areas of Bangladesh. Each map denotes the study
areas observed in that phase.

Huq et al. [2005] used Poisson regression to study the association between lagged pre-
dictors from a particular water body to cholera cases in the thana containing that water
body. Denoting Y; as the number of cholera cases at time ¢t and X;;_,, as the ith lagged
predictor at time ¢ — 75, they selected 7; such that X;;_,, had the strongest correlation with

Y;, for all possible ;. They then used a Poisson regression for k predictors, so that

In EY:|X) = B0+ 81 X1 t—m + PoXot—ry + oo + B Xk t—rys

and used stepwise regression for variable selection. This resulted in different lags and differ-
ent significant covariates across multiple water bodies and thanas. Environmental covariates
included water conductivity, water temperature, water depth, pH, air temperature, salin-
ity, cholera toxin probe-positive count, dissolved oxygen, total rainfall, copepod counts,
cyanobacteria, and fecal coliform counts.

We use a Bayesian framework to estimate the parameters of our hidden SIRS model
using data from the Phase 1 study sites Bakerganj, Chaugachha, Chhatak, and Matlab,

as we did with data from Mathbaria in Chapter 3. We again look at the environmental
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Phase
Covariates 1 2 3
Water conductivity pS/cm K
Combined Copepod counts (logip count/ml)
Adult Copepod counts (count /L) *
Juvenile Copepod counts (count/L) KoK
ctx probe-positive (logyp count/ml) *
Water temperature (°C) * * *
Air temperature (°C) * * *
Water depth (m) * * *
Water pH * * *

Cyanobacteria (logip count/ml) *
Dissolved O? (mg/liter) * * *

Fecal coliforms (logijgp CFU/ml) *
Water salinity (ppt) * * *

Total rainfall (mm/2 weeks) *

Total dissolved solids (mg/L) *

Turbidity

Table 4.1: Environmental variables sampled during the three phases of data collection in
Bangladesh. An asterisk indicates that sampling occurred for that variable in that phase.

covariates water depth and water temperature and compare covariate estimates from these
geographically varied areas in Bangladesh.

Future work will focus on combining information across the study sites to develop a
predictive model that could work in any area of Bangladesh, or be extended to other places.
To lay the foundation for this, we first focus our attention on a couple of covariates and look
at estimates from each study area separately to give us an idea of how generalizable our
results are. We want to see if predictive covariates have similar relationships with cholera
outbreaks across study sites.

Figures 4.2 and 4.3 show water depth and water temperature measurements for the Phase
1 data. We fit a cubic spline to these covariates to get a smooth summary of covariate
behaviors; we want to combine information from all study sites within a thana, and the
average over the sites is too noisy. Because we do not know which cholera cases were
exposed to which pond, we are just interested in a surrogate for the underlying covariate

behavior in the environment rather than specific measurements from the water bodies.
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Figure 4.2: Water temperature measurements in the four thanas studied in the first phase
of data collection. Each color denotes measurements from a specific study site, and the
black line denotes a cubic smoother through the measurements.

To compare estimates with the results of Chapter 3, we again consider a covariate lag
k = 21 days. Using daily time intervals A; := [i,i + 1) for i € {tg,to + 1,...,t, — 1}, the

environmental force of infection
a(t) = aa, =explag + a1Cwp(i — k) + a2Cwr(i — k)] for t € A; and t > k.

Again Cyr(i) = (WT(i) — WT)/swr and Cwp(i) = (WD(i) — WD)/swp, where X is
the mean of the measurements for all ¢ and sx is the sample standard deviation. Figure
4.4 shows cholera case counts and the smoothed, lagged covariate values for the four study
sites. We use only data collected between March 1997 and March 2001 because that is when

data are available for all four study areas.
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Figure 4.3: Water depth measurements in the four thanas studied in the first phase of data
collection. Each color denotes measurements from a specific study site, and the black line
denotes a cubic smoother through the measurements.

4.1 Comprehensive Bayesian analysis of Phase 1 data

For Bayesian analysis on all four study areas, we use the same prior distributions, number of
iterations and particles, thinning, and parameter assumptions. We assume diffuse Normal
prior distributions on all of our transformed parameter values, using transformations for
parameters that are constrained to be greater than zero or between zero and one. Prior
distributions for log() and g are centered at log(1.25 x 1077) and -8, respectively, with
standard deviations of 5. Priors for the time-varying environmental covariates o and ag
are centered at 0 and have standard deviations of 5. The prior for log() is constructed such
that the average infectious period for cholera, 1/7, is between 8 and 12 days; thus the prior
mean for log(y) is log(0.1) and the prior standard deviation is 0.09. We also incorporate
information into the prior on logit(p), since we know that the number of symptomatic

cholera cases should be low and even fewer will be reported [Sack et al., 2003]. The prior
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200. The PMMH

10000, and we set ¢g = 2000 and ¢;

Figure 4.4: Barplots of cholera case counts in the four thanas studied in the first phase of
We set the population size N

data collection and the standardized covariate measurements over time.
and a final run of 400000 iterations. To thin the chains, we save only every 10th iteration.

algorithm starts with a burn-in run of 30000 iterations, a secondary run of 20000 iterations,

mean for logit(p) is logit(8 x 10~%) and the prior standard deviation is 2.
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We use K = 100 particles in the SMC algorithm.

Table 4.2 shows effective sample sizes of all model parameters. It is clear that the PMMH
algorithm applied to the data from Bakerganj and Matlab did not have good mixing; we
discuss this in the following sections. Posterior medians and 95% credible intervals for the
parameters of the SIRS model estimated using data from Chhatak and Chaugachha are given
in Table 4.3. For comparison, we include results from the Mathbaria analysis presented in
Chapter 3. Overall, posterior medians and credible intervals vary widely, except for the
parameter v which has a very strong prior distribution. The posterior for the reporting rate
p varies, which makes sense as this parameter should account for different population sizes
in the four thanas and reflect possible model misspecifications. We describe the details of
the results by study area in the following sections, focusing on the parameters relating to

the environmental force of infection «(t).

Table 4.2: Effective sample sizes for the parameters of the SIRS model estimated using
clinical and environmental data sampled from four different sample sites in Bangladesh.

Effective sample size
B Y Qg aq as p
Chaugachha 209 1720 21 188 101 250
Chhatak 545 13738 19937 18978 20092 14503
Matlab 1 262 2 2 3 3
Bakerganj 0 5878 614 184 356 2440

4.1.1  Chaugachha

Chaugachha was selected as a control area, since historically there were no cholera outbreaks
in the area [Sack et al., 2003]. Summary plots of the PMMH algorithm output are in Figure
4.5. Most of the parameters have bi-modal marginal posterior distributions. This could be
due to the low number of cholera cases observed in Chaugachha during the study period.
The posterior credible intervals for the environmental parameters are very wide and cover
zero, so water depth and water temperature do not have a significant relationship with the

force of infection in Chaugachha. This makes sense; there are very few cholera cases in this
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Table 4.3: Posterior medians and 95% equitailed credible intervals for the parameters of
the SIRS model estimated using clinical and environmental data sampled from three study
sites in Bangladesh.

Chhatak Chaugachha
Coefficient Estimate 95% Cls Estimate 95% Cls
6 x N 0.0004 0 , 0.0896) 0.0142 (0 , 1.2825)
v 0.09 (0.08 , 0.11) 0.1 (0.08 , 0.12)
(8% N)/v 0.004 (0, 0.986) 0.142 0, 14.495)
ap  -0.76 (158, 0.41) -2.79 (-17.36, -0.21)
ar -0.77 (-1.29, -0.32) 1.78 (-4. 38 4. 62)
as -5.74 (-7.36, -4.50) -2.82 (-89 , 2.7
px N 2921 (22.47, 37.63) 13.87 (91 © 95.33)
Mathbaria
Coefficient Estimate 95% Cls
BxN 00046 (0 ,0.5178)
v 0.1 (0.09, 0.12)
(8% N)/v 0.044 0, 4.648) ,
ap  -5.35 (-6.12, -4.75)
ar -1.56 (-1.98, -1.12)
ar  1.98 (158 , 2.44)
px N 488 (39.6 , 60.31)

short time series, so there is low power to detect significant relationships with the force of

infection.

4.1.2  Chhatak

Using the data from Chhatak, both water depth and water temperature have a significant
relationship with the force of infection since the credible intervals for a7 and as do not
include zero. Decreasing water depth increases the force of infection, and decreasing water
temperature increases the force of infection. This relationship for water temperature is
opposite of what we saw using the data from Mathbaria, and opposite of what we would

expect biologically.
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4.1.8  Matlab

From the trace plots in the top half of Figure 4.7 and the effective sample sizes in Table 4.2,
it is clear we had problems with SIRS parameter estimation using the data from Matlab, in
particular with the mixing in the PMMH algorithm. In the original final run, the algorithm
found an area of high posterior likelihood, and once the PMMH algorithm started sampling
from that area of the posterior distribution accepting new proposals became very difficult.

Using a modified final run of the PMMH algorithm, we restart the Markov chain in
this new high likelihood area and retune the proposal distribution. Using the first 100000
iterations of the original final run, we calculate the approximate posterior covariance of the
parameters and use this to construct the covariance of the multivariate normal proposal
distribution in the modified final run of 40000 iterations of the PMMH algorithm. We
increase the number of particles to K = 1000 to decrease the variance in the estimate of
the likelihood. Trace plots for the parameters are shown in the bottom half of Figure 4.7.
Mixing improves slightly, but effective sample sizes for the parameters are still too small to

draw any conclusions, as seen in Table 4.4.

4.1.4 Bakerganj

We also had problems with mixing in the PMMH algorithm using the data from Bakerganj,
as seen in the trace plots in the top half of Figure 4.8 and the effective sample sizes in Table
4.2. In particular, the mixing for § is very poor; it is clear this chain has not converged.
To improve mixing, we again use the original final run to calculate the approximate
posterior covariance of the parameters and use this to construct the covariance of the mul-
tivariate normal proposal distribution in a modified final run of 90000 iterations of the
PMMH algorithm. To thin the chains, we save only every 10th iteration. We increase the
number of particles to K = 500 in the SMC algorithm. We restart the Markov chain where
the parameters were mixing well in the original final run, but start 8 at a lower value since
it is clear from the trace plot in top half of Figure 4.8 that § is moving towards lower values.
Trace plots for the parameters generated by the modified final run are shown in the bottom

half of Figure 4.8. It is clear 3 still is not mixing well, and now the effective sample sizes
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for v and p are also very small, as seen in Table 4.4.

Typically, Bakerganj has a large cholera outbreak in the spring (pre-monsoon) and a
smaller peak in the late fall (post-monsoon), as seen in Figure 4.4. These peaks are missing
after September 1999, which may be affecting estimation. There also appear to be less pro-
nounced peaks in Matlab after September 1999. It is clear this is a bad model choice for the
data looking at the plot of cases and covariates. We suspect that this model misspecification

manifests itself in poor mixing of the PMMH MCMC.

Table 4.4: Effective sample sizes for the parameters of the SIRS model generated from
modified final PMMH runs using data from Matlab and Bakerganj

Effective sample size
B v a; az  p
Matlab 0 6 24 13 4 10
Bakerganj 0 71 445 1255 856 1

4.2 Discussion

Overall, the posterior estimates for the parameters of the SIRS model vary widely between
thanas. The two covariate model is not easily generalizable as there seems to be a large
amount of heterogeneity even within Bangladesh in how these covariates are related to
cholera outbreaks. This result is not entirely surprising, as we are not sure how these
covariates operate across thanas. Water depth decreasing in the southern part of Bangladesh
affects V. cholerae growth differently than a similar decrease in water depth in the northern
thanas [Akanda et al., 2009, 2011, Jutla et al., 2013]. Akanda et al. [2011] found that,
in the Bengal Delta region, both the tidal intrusion of V. cholerae contaminated water
pre-monsoon and flooding post-monsoon are related to cholera outbreaks, causing biannual
peaks in this region. These dual peaks are not seen in the northern thanas. We will need
to keep this in mind when trying to extend our SIRS model to do prediction of cholera
outbreaks in other areas.

Further fine tuning is needed for the analysis of the data from Matlab and Bakerganj. It

is clear the current techniques are not working; these problems may be solved with a better
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MCMC proposal distribution for the SIRS model parameters or by a more efficient way to
initialize the PMMH algorithm. Incorporating addition data, such as the data collected in

Bakerganj during Phase 2, might also help. We will test this in future analyses.
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Figure 4.5: Trace plots, auto-correlation plots, and histograms for the parameters of the
SIRS model from the final run (400000 iterations) of the PMMH algorithm using data from
Chaugachha. ACF plots and histograms are thinned to 40000 iterations and trace plots
are thinned to display only 500 iterations. The bi-modal posterior distributions, especially
seen in the environmental covariates, could be a product of the lack of cholera outbreaks in
Chaugachha.
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Figure 4.7: Trace plots for the parameters of the SIRS model from the original final run
(top row) and the modified final run (bottom row) of the PMMH algorithm using data from

Matlab. Plots are thinned to display only 500 iterations.
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Chapter 5
FURTHER MATHBARIA ANALYSIS

Under the assumption of the SIRS model, we extend our analysis of the Mathbaria
data by adding covariates and lags, testing how many covariates can be estimated using
our current Bayesian framework. The environmental covariates of interest are similar to
the covariates analyzed by Huq et al. [2005]: water temperature, water depth, water con-
ductivity, pH, air temperature, salinity, total dissolved solids (TDS), and copepod counts.
As shown in Table 4.1, cyanobacteria and cholera toxin probe-positive counts were not
collected in Phases 2 or 3, so they are excluded as covariates for the Mathbaria analysis.
Initial analysis of the covariates shows very strong correlation between conductivity, TDS,
and salinity. Also, conductivity is a function of pH and salinity. Thus, we start with just
water temperature, water depth, conductivity, adult copepod counts, and juvenile (nauplii)
copepod counts. Counts for both adult and juvenile copepods are included as covariates,
as V. cholerae has been shown to colonize copepods [Huq et al., 1983]. Each covariate is
included at three different lags: 14, 18, and 21 days.

Again we use covariates and cholera incidence data from Mathbaria, Bangladesh collected
during Phases 2 (April 2004 to September 2007) and 3 (October 2010 to January 2013).
Cholera incidence data and environmental data were collected approximately every two
weeks, as described in previous chapters. We fit a cubic spline to get a smooth summary of

our covariates, measured over six water bodies.

5.1 The Model

We consider an environmental force of infection which incorporates J covariates at L differ-
ent lags. To account for lagged covariate effects, let k, denote the length of the lag, for lags
w€ (1,...,L). We assume daily time intervals A; := [i,i+ 1) for i € {to,to+1,...,tn — 1}

and define the environmental force of infection «a(t) = ay, for ¢ € A; and t > max(ky),
u
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where a4, = exp |ap+ Zi:l 25:1 L (0—1)4+uCuv,r, (1 — Iiu)] Thus, we want to estimate
JL + 1 parameters relating to the environmental force of infection, (ag, a1, ..., ayxr). For
our analysis, J = 5 and L = 3. The covariates are the smoothed standardized daily values
Cy,.(i) = [v(i) — 7] /sy, where T is the mean of the measurements for all ¢ and s, is the
sample standard deviation. This is slightly different from how the covariates were standard-
ized in Section 3.6, where Phases were standardized independently. Applying this global
standardization to the Chapter 3 analysis does not change the results much, according to
preliminary examination. The smoothed, standardized, 14 day lagged covariates and cholera

incidence data are shown in Figure 5.1.
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Figure 5.1: Barplot of cholera case counts in Mathbaria, Bangladesh and the standardized
covariate measurements over time. The covariates are shown with a lag of two weeks. No
data were collected from October 2007 through November 2010.

These 15 covariates are highly correlated, since they all vary seasonally and we use mul-
tiple lags of the same covariate in our model. Multicollinearity is an issue often encountered
in regression analyses, causing overfitting and resulting in poor prediction for data outside of
the training data, especially if the covariate relationships are different in the test data. We

use sparsity inducing priors to address possible problems associated with multicollinearity
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in our analysis.

In Chapters 3 and 4, we assume independent Normal prior distributions on «g, oy
and ag with standard deviations of 5. Here we use sparsity inducing priors to penalize
covariates a priori, hypothesizing that, as less important covariates drop out, we will get a
clearer picture of which covariate combinations are important for prediction. To see which
covariates have enough signal to survive extreme prior influence, we assume increasingly
small standard deviations on our prior distributions and compare estimation and prediction
results. First, we assume independent Normal prior distributions on all «aj parameters
for k = 0,...,J x L with varying standard deviations of 5, 2, 1, and 0.5. Next, we use
a non-standardized t-distribution prior with 5 degrees of freedom and varying standard
deviations of 3.8, 1.55, 0.71, and 0.38. The standard deviations of the non-standardized
t-distributions were selected to match the comparable 95% quantiles of the Normal prior
distributions that we considered. Figure 5.2 plots the non-standardized t-distribution and
Normal densities considered. The non-standardized t-distribution probability mass is still
concentrated around zero, but the heavier tails of this prior allow for the possibility of large

coefficient values [Gelman et al., 2008, Tipping, 2001].

Normal, 0=5; t, 0=3.8 Normal, 0=2; t, 6=1.55 Normal, 0=1;t, 0=0.71 Normal, 0=0.5; t, 0=0.38
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Figure 5.2: Comparison of the non-standardized t-distribution and Normal densities, under
varying standard deviations.
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5.2 Estimation

In the following Bayesian analyses, the prior deviation for ag has a mean of -8, and the
priors for the k£ time-varying environmental covariates aq, ..., ag, are centered at 0, with
varying standard deviations. We use a diffuse Normal prior distribution on the transformed
parameter value log(f3) centered at log(1.25 x 10~7) and with a standard deviation of 5. We
assume a Normal prior distribution for log(y) with mean log(0.1) and standard deviation
0.09, so the average infectious period for cholera, 1/, is between 8 and 12 days. The prior
for the transformed parameter logit(p) has a mean of logit(8 x 10~%) and standard deviation
equal to 2.

As in Chapter 3, the population size is set at N = 10000, and ¢g and ¢ are set to 2000
and 200. The PMMH algorithm starts with a burn-in run of 30000 iterations, a secondary
run of 20000 iterations, and a final run of 200000 iterations. To thin the chains, we save
only every tenth iteration. We use 100 particles in the SMC algorithm.

Table 5.1 shows posterior medians and 95% credible intervals for the parameters S x N,
v, g, and p X N, generated by the final run of the PMMH algorithm under the assumption
of independent Normal prior distributions for the oy parameters with varying standard devi-
ations. Table 5.2 shows these posterior medians and 95% credible intervals generated by the
final run of the PMMH algorithm under the assumption of independent non-standardized t-
distribution priors for the o parameters with varying standard deviations. Figure 5.3 plots
the posterior medians and 95% Bayesian credible intervals for the ay : £ € {1,2,...,15}
parameters under these different prior assumptions. From this plot, it is clear that the prior
has an effect on the estimation of these parameters.

The posterior distributions of the «j parameters show similar patterns between the com-
parable Normal and non-standardized t-distribution prior standard deviation assumptions.
When we assume large prior standard deviations of 5 and 3.8 for the aj parameters, we
see conflicting results in the posterior distributions. For some of the covariates, such as
water depth and water temperature, different lags of the same covariate have opposite re-
lationships with the force of infection, as seen in the left plots of Figure 5.3. For example,

both water depth at a lag of 14 days and water depth at a lag of 21 days have a significant
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relationship with the force of infection since the credible intervals for the aj parameters
associated with water depth at these lags do not include zero. Decreasing water depth at
a lag of 14 days increases the force of infection, but decreasing water depth at a lag of 21
days increases the force of infection.

These conflicting signals seem to disappear as we decrease the standard deviation of both
prior distributions. For the Normal prior, when we assume the prior standard deviations of
the aj parameters are 0.5, none of the covariates have two opposing significant lags. For
example, both water temperature at a lag of 14 days and water temperature at a lag of 18
days have a significant positive relationship with the force of infection.

We hypothesized that the wider tails of the non-standardized t-distribution priors would
allow for improved isolation of important covariates and further elimination of conflicting
signals. However, for the standard deviations of 3.8 and 1.55, the resulting significant
covariates are almost identical to the comparable posteriors assuming Normal priors. The
posterior distributions from the non-standardized t priors have wider credible intervals,
most likely due to the wider tails in the prior distribution. These larger credible intervals
wash out the significant signals seen in the two lower standard deviations under the Normal
prior assumption.

From Tables 5.1 and 5.2, it is clear the posterior distributions for g and p vary between
prior assumptions; this may be due to poor mixing in the Markov chains, as seen in Table
5.3. Mixing is better in models with smaller prior standard deviations for the ay covariates.
With wider standard deviations for these covariates, there may not be enough information

in the data to estimate all 19 covariates using the current Bayesian model.
5.3 Prediction

Since our primary goal is prediction, conflicting covariate signals are not a problem if the
model still predicts cholera outbreaks well. We compare prediction results from the various
posterior samples. In general, using 5 covariates with 3 possible lags leads to poor prediction
regardless of prior assumptions, indicating the possibility that we are overfitting our sparse
time series data with a too parametrically rich model.

Figure 5.4 shows prediction results for the 2013 epidemic peak in Mathbaria under the
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Table 5.1: Posterior medians and 95% equitailed credible intervals for the parameters of
the SIRS model estimated using clinical and environmental data sampled from Mathbaria,
Bangladesh, assuming Normal prior distributions on all «y parameters for £k = 0,...,15
with varying standard deviations o.

Pr(ax) ~N(0, 0=5)

Pr(ax) ~N(0, 0=2)

Coefficient Estimate 95% Cls Estimate 95% Cls
Bx N 00042  (0.0004, 0.141) 0.0543  (0.0023, 0.3728)
v 01 (0.08 , 0.12) 0.1 (0.09 , 0.13)
(8% N)/y 0.04 (0 , 135 048 (0.02 , 3.29)
ag  -9.08 (-10.13, -7.98) -5.59 (-6.37 , -4.94)
px N 83.87 (51.53 , 139.44) 49.44 (40.35 , 61.25)
Pr(ax) ~N(0, 0=1) Pr(ag) ~N(0, 0=0.5)
Coefficient Estimate 95% ClIs Estimate 95% Cls
B x N 0.001 0 , 0.1817) 0 0 , 0.0029)
v 0.1 01 , 0.13) 0.12 01 , 0.14)
(8% N)/y 0.01 O , 155 0 O , 002
ap  -5.42 (-6.04 , -4.88) -5.73 (-6.26 , -5.2)
px N 51.23 (4172 , 62.45) 53.26 (43.16 , 65.15)

assumption of independent Normal prior distributions for the 16 o parameters with varying

standard deviations. Figure 5.5 shows prediction results for the same epidemic peak using

samples from the posterior assuming non-standardized t-distribution priors. All predictions

fail to capture the severity of the increase in the fraction of infected individuals before the

epidemic peak. The predictions reset most drastically at the cut-off after March 2013, where

there is a large discrepancy between the predicted fraction of infected before the cut-off and

the hidden states after the cut-off sampled in the PMMH algorithm. For both the Normal

and non-standardized t-distribution, this discrepancy decreases as the standard deviation

of the priors decreases. However, there is still a failure to predict the epidemic peak. The

posterior probability of the predicted counts is not capturing the test data.

5.4 Discussion

Estimation and prediction is difficult in this framework using multiple covariates and lags.

Covariate estimates highlight the problems with using multiple highly correlated variables.

Prediction using the current model does not capture the increase in the fraction of infected
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Table 5.2: Posterior medians and 95% equitailed credible intervals for the parameters
of the SIRS model estimated using clinical and environmental data sampled from Math-
baria, Bangladesh, assuming a non-standardized t-distribution on all aj parameters for

k=0,...,15 with 5 degrees of freedom and varying standard deviations o.
c=3.8 0=1.55
Coefficient Estimate 95% Cls Estimate 95% Cls
B8 x N 0.0001 (0 , 0.004) 0.0321 (0.0039, 0.2718)
v 0.1 (0.08 , 0.12) 0.11 (0.09 , 0.13)
(BxN)/yv 0 (0 , 0.04) 0.29 (0. 03 ,  2.49)
ag  -9.02 (-10.04, -7.01) -5.59 (-6. , -4.95)
px N 8135 (49.07 , 140.19) 49.56 (40.09 , 60.86)
o0=0.71 0=0.38
Coefficient Estimate 95% ClIs Estimate 95% Cls
Bx N 0.4341 (0.0058, 0.9517) 0.0037 (0.0014, 0.0791)
v 0.12 (0.1, 0.17) 0.11 (0.1 , 0.13)
(Bx N)/v 3.76 (0.05 , 6.76) 0.03 (0.01 , 0.68)
ag  -5.98 (-9.66 , -4.96) -5.21 (-5.86 , -4.61)
px N 54.88 (43.16 , 87.81) 51.48 (41.9 , 63.44)

individuals and under-predicts the number of observed cases.

Multicollinearity of our predictive covariates could explain the poor prediction in our
results. Future directions might include a hierarchical Bayesian framework, where the stan-
dard deviations of the prior distributions on the environmental covariates are estimated.
However, the use of sparsity inducing priors may not be enough to fix this problem. Mixing
of the Markov chain is also an issue. With so many covariates, finding a good joint proposal
distribution is difficult. Using a Gibbs sampler to update parameters individually may al-
low for more efficient exploration of the parameter space. Once mixing is improved, we will
include more covariates in the analysis of the other study sites from Bangladesh, discussed

in Chapter 4.
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Figure 5.3: Posterior medians and 95% equitailed credible intervals for the aj for k =
1,...,15 parameters of the SIRS model estimated using clinical and environmental data
sampled from Mathbaria, Bangladesh. The top row shows posterior distributions from the
final run of the PMMH algorithm under the assumption of a Normal prior distribution, and
the posteriors in the bottom row assume a non-standardized t-distribution with 5 degrees
of freedom. Standard deviations for the non-standardized t-distribution are picked such
that the 95% quantiles are similar to the Normal prior distribution in the column above it.
Credible intervals not containing zero are highlighted in red.
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Pr(ag) ~N(0, o) Pr(ag) ~T(0, o)

c=5 o0=2 o=1 0=05 0=38 o0=155 0=0.71 0¢=0.38

I5; 7 7 24 11 13 9 6 6
v 511 499 630 635 938 955 26 409
ap 116 555 1262 1328 90 580 5 1073
o 81 268 1074 845 32 215 209 663
1o 53 367 583 1520 30 217 247 539
Qs 83 304 663 1008 53 418 243 577
Qy 81 175 1528 1646 110 418 126 611
as 44 299 552 1494 54 329 155 818
Qg 65 289 456 1021 80 227 222 270
ar 132 384 1255 1117 89 505 144 956
asg 98 142 1146 1559 82 352 362 1173
ag 108 165 993 1623 87 591 661 615
o 184 314 982 1359 81 435 147 745
app 114 404 774 701 30 182 357 1350
arp 136 371 680 1313 36 395 253 528
13 99 205 609 1094 115 237 251 2057
a4 100 201 1070 974 55 401 571 1043
a5 95 433 1485 2144 69 513 174 1910
p 147 636 1048 857 159 1397 25 520

Table 5.3: Effective sample sizes for the parameters of the SIRS model using 15 covariates
in the environmental force of infection. It is clear that the chains are not mixing well,
especially for the parameter 5. Mixing improves for prior distributions with smaller standard
deviations.
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Figure 5.4: Summary of prediction results for the 2013 epidemic peak in Mathbaria; each
row shows prediction results under different normal prior distributions on «y, parameters for
k=0,...,15. From top to bottom, values for the prior standard deviations are 5, 2, 1, and
0.5. Plots on the left compare the posterior probability of the predicted counts to the test
data (diamonds connected by straight line). The coloring of the bars is determined by the
frequency of each set of counts in the predicted data for each time point. The plots on the
right show how the trajectory of the predicted hidden fraction of susceptible and infected
individuals change over the course of the epidemic. The gray area and the solid line denote
the 95% quantiles and median, respectively, of the predictive distribution for the fraction of
susceptibles. The short dashed lines and the long dashed line denote the 95% quantiles and
median, respectively, of the predictive distribution for the fraction of infected individuals.
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Figure 5.5: Summary of prediction results for the 2013 epidemic peak in Mathbaria; each
row shows prediction results under different non-standardized t-distribution priors on ay
parameters for £ = 0,...,15. From top to bottom, values for the prior standard deviations
are 3.8, 1.55, 0.71, and 0.38. Plots on the left compare the posterior probability of the
predicted counts to the test data (diamonds connected by straight line). The plots on the
right show how the trajectory of the predicted hidden fraction of susceptible and infected
individuals change over the course of the epidemic. See Figure 5.4 for details.
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Chapter 6

MODELING ENVIRONMENTAL CONTRIBUTION TO CHOLERA
OUTBREAKS USING A LATENT WATER COMPARTMENT

6.1 Hidden SIWR model

In the hidden SIRS model, we assume that the hazard rate of infection is SI; + «(t) for each
time ¢, where 8 is the infectious contact rate between infected individuals and susceptible
individuals and «(t) is the time-varying environmental force of infection. In that model,
infectious contact incorporates both direct person-to-person transmission of cholera and
consumption of contaminated water. We now separate these contributions to transmission
from infected individuals and explore models which incorporate a feedback loop from the
infected individuals back into the environment to capture the effect of infected individuals

excreting V. cholerae into the environment.

To accomplish this, we add a water compartment, W, that quantifies the concentration
of V. cholerae in the environment. Instead of using an environmental force of infection,
we incorporate the environmental covariates using the same function, «(t), as the rate of
seasonal increase in water V. cholerae concentration. This SIWR model is similar to the
SIWR model of Tien and Earn [2010] and Eisenberg et al. [2013b], but unique in the way
it incorporates the environmental covariates. Transition rates for this SIWR, compartmen-
tal model of disease transmission are shown in Figure 6.1. The hazard rate of infection is
BrIi+ Bw Wy for each time t, where §; represents the infectious contact rate between infected
individuals and susceptible individuals and By represents force of infection from contact
with or consumption of contaminated water. Infected individuals excrete V. cholerae into
the environment/water compartment at rate x. The time-varying function a(t) also con-
tributes to the increase of the V. cholerae concentration in the water compartment. This
concentration decays at rate . Again, infected individuals recover from infection at rate ~,

and recovered individuals lose immunity to infection and become susceptible at rate p.



86

We model Xy = (S, Iy, Ry, W) as an inhomogeneous Markov process [Taylor and Karlin,

1998] with infinitesimal rates

( (BT +pwW)S ifS'=S-1,I'=I+1,R =R W =W,
NI S8 =8T=I-1,R=R+1, W =W,
pR S =8S+1,I'=I[LRR=R—-1,W =W,

kl+alt) S =8 I'=IR=RW=W+1,
oW ifS'=8,I'=1, R =R, W =W —1,

A, 1,RW), (5,1, Ry () =

0 otherwise,

where X = (5,1, R,W) is the current state and X’ = (S, I’, R’, W') is a new state. We do

not keep track of the number of recovered individuals because Ry = N — Sy — I;.

The water compartment has no scale; it is used to quantify water contamination but
may not necessarily be the exact amount of V. cholerae in the water. In fact, for a constant
¢ the dynamics of the process are invariant if one makes the change of variables ¢Sy and

(kI + «(t)) /c. This also controls the range of W, which can speed up simulation.

Again, we assume that X; = (S, I;, Ry, W;) is not directly observable. Instead, we
only observe y;, the number of observed infections at time ¢, and assume y; has a binomial
distribution with size I, the number of infected individuals at time ¢, and success probability

p, the probability of infected individuals seeking treatment; thus,

I;. _
Prtu i) = (1) (1= )t (6.2

%

We now have a hidden SIWR model similar to our hidden SIRS model, and we use
the same Bayesian framework to estimate the parameters B, v, K, 1, p, and the k +
1 parameters associated with «(t), the time-varying seasonal growth rate. We assume
a(t) =exp (g + a1C1(t) + - - + aCk(t)), where Cy(t), . .., Ck(t) denote the k time-varying

environmental covariates. Independent Poisson initial distributions are used for Sy, I,, and

(6.1)
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Wi, with means ¢g, ¢r, and ¢y respectively. Thus

Pr(X |05, ¢1, 0w) = Pr(Sgylds) x Pr(Iy|ér) x Pr(Wi,|ow)

St I Wi
_ 0 ep(=bs) & exp(=¢1) Sy exp(—ow)
Si,! I, Wr,! ‘

In this Bayesian analysis, parameters Sy, ¢g, ¢1, ¢w, and p are assumed to be known. Log
transformations are used for parameters that are constrained to be greater than zero, such
as Br and v and a logit transformation is used for the probability p. Transformed parameter
values have independent Normal prior distributions that incorporate biological information
if possible.

We are interested in the posterior distribution Pr(@|y) « Pr(y|0)Pr(€), where y =

(ytm SRR ytn)7 0= (log(ﬁl)a IOg(’y)v IOglt(p)7 ag, ..., ak‘)a and

n n
Pr(yl0) = Z (H Pr(ys,|1t;, p) !Pr(Xt0’¢S,¢Iv¢W)Hp(Xti’Xti170)]> :
x \i=0 i=1

Here p(X+,| Xy, ,,0) fori =1,...,n are the transition probabilities of the SIWR continuous-
time Markov chain (CTMC). Again, this likelihood is intractable; there is no practical
method to compute the finite time transition probabilities of the SIWR CTMC because the
size of state space of (S, I;) grows on the order of N? and the size of the the state space
of Wy is infinite. Thus, we again use a particle marginal Metropolis-Hastings (PMMH)
algorithm [Andrieu et al., 2010] to generate samples from the posterior distribution, which
implements a sequential Monte Carlo algorithm to generate an unbiased estimate of the

likelihood [Doucet et al., 2001].

In dealing with this more complex hidden Markov model, it is important to consider
that certain parameters may not be identifiable. Analyzing the SIWR model of Tien and
Earn [2010], Eisenberg et al. [2013b] found that, with incidence data, certain parameter
combinations are structurally identifiable, such as N 57, Ny, and Np. However, whether
these parameter combinations are practically identifiable remains an open question. More-
over, the SIWR model studied by Eisenberg et al. [2013b] did not include the seasonally

varying growth rate «(t), which may create additional identifiability problems. Therefore,
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we conduct a simulation study to examine what parameter combinations may be identifiable

in our hidden SIWR model.
6.2 Simulating inhomogeneous SIWR

We use a tau-leaping algorithm [Gillespie, 2001, Cao et al., 2005] to simulate our SIWR
CTMC by jumping over a small amount of time 7 and approximating the number of
events that happen in this time using a series of Poisson distributions. We define the
rate functions hi(X;) = (Bl + BwWe), ho(Xy) = vI;, and hg(Xy) = pRy, ha(Xy) =
kIl + a(t), hs(X¢) = nWq, corresponding to the infinitesimal rates of the SIWR CTMC.
Then k1 ~ Poisson(h;(X;)7) represents the number of infections in time [t,t + 7), ko ~
Poisson(ha(X)7) represents the number of recoveries in time [t, t47), k3 ~ Poisson(hs(X)T)
represents the number of people that become susceptible to infection in time [¢t,t + 7),
k4 ~ Poisson(hs(X)7) represents the increase in water V. cholerae concentration in time
[t,t + 7), and k5 ~ Poisson(hs(X)7) represents the decay in water V. cholerae concentra-
tion in time [t, ¢+ 7). We assume that the time-varying seasonal growth rate, «(t), remains
constant each day and that 7 = 1 day, so our rates now remain constant within each tau
jump. We use the modified tau-leaping algorithm, discussed in Section 2.2.4, to avoid sim-
ulating negative population sizes in our compartments. If the water compartment gets too
large, simulation of the SIWR CTMC involves a prohibitively long computing time, since
the modified tau-leaping algorithm uses a single step algorithm (like the Gillespie algorithm)
when one of the compartments has a low population size. To control the size of W in the

SMC algorithm, we set Sy in the PMMH algorithm.
6.3 Bayesian analysis of data simulated from SIWR model

We simulate from the hidden SIWR model using a population size of N = 5000 and assume
independent Poisson initial distributions for St,, I;,, and Wy,, with means ¢g = 1400,
¢r = 16, and ¢y = 50. The other parameters are set at 7 = 2.144 x 1072, By = 7 x 1076,
ap ~ 039, a; = 35, v =01, k = 0.02, n = 1/30 ~ 0.03, and p = 0.0009. Rates
are measured in the number of events per day. Using the modified Gillespie algorithm to

simulate from the SIWR model, as described in 2.2.2, the resulting (S, Iy, W;) chain is given
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in Figure 6.2. From the hidden data, we simulate the observed number of infections, y;, as

y¢ ~ Binomial(ly, p), where p = 0.05. Here case observations occur once every two weeks.

We use diffuse Normal prior distributions on ag and «q, both centered at -6 and with
standard deviations of 5. The transformed parameter value log(f;) has a Normal prior
centered at log(1 x 107%) and with a standard deviation of 3. Normal prior distributions for
log(k) and log(n) are centered at log(0.005) and log(0.01), both with standard deviations of
1.5. For logit(p), the Normal prior distribution is centered at logit(0.01) and has a standard
deviation of 2. The Normal prior for the transformed parameter log(y) is centered at log(0.1)
with a standard deviation of 0.09.

For estimation, the population size is set at 5000 and the loss of immunity rate u is set
at 0.0009. We compare results from models with different assumptions about the means
of the Poisson initial distributions for Sy,, Iy,, and W,. Values for ¢g/N, ¢;/N, and éw
are set above the true values, (0.38, 0.0064, 70), at the truth (0.28, 0.0032, 50), below the
true values (0.18,0.0016, 30), and further below (450, 4, 10). In all of these runs, By is set
at its true value. The PMMH algorithm starts with a burn-in run of 10000 iterations, a
secondary run of 10000 iterations, and a final run of 50000 iterations. We save only every
10th iteration to thin the chains, and we use K = 100 particles in the SMC algorithm.
Marginal posterior distributions for the parameters of the SIWR model from the final runs
of the PMMH algorithms are shown in Figure 6.3. Overall, posterior distributions are very
similar regardless of assumptions about ¢g/N, ¢;/N, and ¢, especially for parameters ~,
o, a1, and p. When the model parameters are misspecified, the ranges of the posteriors for
Br and k are large, and the true value of 7 is in the tail of its posterior distribution. Trace
plots and autocorrelation plots for the parameters, from the model that assumes ¢g/N,

¢1/N, and ¢y are set at the truth, are shown in Figure 6.4.

6.3.1 Prediction results

We test the predictive ability of this model using the techniques described in Chapter 3. We
break our data into multiple training and test sets, using the cut-off days shown in Figure

6.2. For each of the four cut-off days, a training set of data, which includes data from the
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first observation up until the cut-off day, is used to approximate the posterior distribution of
the parameters of the SIWR model. Then parameters are sampled from this distribution to
simulate possible future states of the hidden SIWR system and future observed case counts
until the next cut off 28 days later. We compare these to the test data to see how well the
SIWR model predicts cholera outbreaks.

Figure 6.5 shows prediction summaries from models with values for ¢gs/N, ¢;/N, and
¢w set over the true values, (0.38, 0.0064, 70), at the truth (0.28, 0.0032, 50), under the
true values (0.18,0.0016, 30), and further under (450, 4, 10). Predictions are similar for
all sets of parameter assumptions; this is not surprising, as the posterior distributions of
the parameters are also similar. The posterior distributions of predicted counts for all
settings encompass the test data well. The ranges of the 95% quantiles of the predictive
distributions for the fractions of susceptible and infected individuals are largest when ¢g/N,
¢1/N, and ¢y are set above the true values, and they decrease as the assumed values for

these parameters decrease.
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Figure 6.1: State transitions for the SIWR model for cholera. S, I, and R denote the num-
bers of susceptible, infected, and recovered individuals, and W quantifies the concentration
of V. cholerae in the environment. The state X = (S, I, R, W) can transition to one of five
new states corresponding to a susceptible becoming infected, an infected recovering from
infection, a recovered individual losing immunity to infection and becoming susceptible, the
water compartment increasing, or the water compartment decreasing. The parameter [
is the infectious contact rate, By is the rate of infection from contact with contaminated
water, k is the rate at which infected individuals excrete V. cholerae into the environment,
a(t) is the seasonal increase in water V. cholerae concentration, n is the rate of decay in
water V. cholerae concentration, ~ is the recovery rate, and p is the rate at which immunity
is lost.
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Figure 6.2: Plots of simulated hidden states (counts of susceptible individuals, S, in-
fected individuals, I}, and the water compartment, W;) and the observed data («(t) and
y¢+ ~ Binomial(I;, p) = number of observed infections) plotted over time (¢). The top plot
shows the dynamics of the number of susceptible and infected individuals over time. The
middle plot shows the dynamics of the water compartment and rate of seasonal increase in
water V. cholerae concentration, a(t). There is a slight delay in the increase in the water
compartment after «(t) increases, and the decay of the water compartment is more gradual
than the decrease in «(t). The dashed vertical black lines represent cut offs between the
training sets and test data.



93

s S o 8 N
S =3 1 M D] M 9 M M
8 &1 ) 8 g - §
>_1 1 - 1 ° ] n
og o o i=3
8] 3] o 8 S S
&< g 8 g E = E
e 3
To o
=3 ] =4 = S
| ° 8 ° 3 e e
] 84 =g S |
b - : L
o o- o- o o o o
00 072 014 0.07" 010" T013 00 01 02 03 04 0.02 0.04 2 1 0 1 545678 150 ' 250 ' 350 ' 450
j=3 o (. 4 — S — —
S 8 g o 8
n 317 — (=3 S L o o
& S L I 3 B L] g
1 ] ° | d
oy 8] ° 3
c8 o ® Q S =1 L
L2 37 31 B - 3
=R =l ©
g 1 o
P 7] 8 (=]
) ° g ° 3 ) °
81 81 S 27 L\ ]
ol ol ol ° S ° °
00 02 " 04 | 067" 010" 043" 000 011 02 03 04 002 " 0ba ' 2 -1 0 1 $ 4567 8 150 ' 250 ' 350 ' 450
8
- O , - ° o 3 - .
&1 g - g4 1l g - i g
& S ] I il
> 4 Q
3 1 8 ° 8 8
° 81 s | 8 S °
&1 81 ® s : i g
5 1 o
(SR |- 4 o | =1 =1 Q
R : d ) J ) L ) ) J 1_11
(=3 oA =}
: —’_h—»—., - - ]
o o o o o ol o
00 072 014 007" 010" T013 00 01 02 03 04 0.02 0.04 210 1 545678 150 ' 250 ' 350 ' 450
o o
s 7 d 21 n - 3 - -
81 IS - N =} - 1 o
3 sS4 3 8
1 - o a S
o
8s . g1 g g
587 o @ = 8 = 2
S 37 S 8
ggi b 81 o 8 Il Q
== s g K 8 ° g
4 g* —
ol Hee ° ol ° ° L ol °
00 02 04 0.07" 010" T013 00 01 02 03 04 0.02 0.04 2 -1 0 1 3545678 150 ' 250 ' 350 ' 450
*| %
BN Y K n o oy p*N

Figure 6.3: Marginal posterior distributions for the parameters of the SIWR model from the
final run of the PMMH algorithm. The red lines denote the true values of the parameters.
From top to bottom, assumed ¢g/N, ¢;/N and ¢y are set above the true values, (0.38,
0.0064, 70), at the truth (0.28, 0.0032, 50), below the true values (0.18,0.0016, 30), and
further below (450, 4, 10). All marginal posterior distributions contain the true values in
their ranges, and look similar under different parameter value assumptions.
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Figure 6.4: Trace plots and autocorrelation plots for the parameters of the SIWR model
from the final run (50000 iterations) of the PMMH algorithm for simulated data. Trace
plots are thinned to display only 500 iterations; autocorrelation plots are thinned to display
only 5000 iterations. Parameters ¢s/N, ¢;/N and ¢y are set at the truth (0.28, 0.0032,
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Figure 6.5: Summary of prediction results for simulated data; each row shows prediction
results under different assumptions about the values of ¢5/N, ¢;/N, and ¢y . From top to
bottom, values for ¢g/N, ¢;/N, and ¢y are set above the true values, (0.38, 0.0064, 70),
at the truth (0.28, 0.0032, 50), below the true values (0.18,0.0016, 30), and further below
(450, 4, 10). Plots on the left compare the posterior probability of the predicted counts to
the test data (diamonds connected by straight line). The coloring of the bars is determined
by the frequency of each set of counts in the predicted data for each time point. The plots
on the right show how the trajectory of the predicted hidden fraction of susceptible and
infected individuals change over the course of the epidemic. The gray area and the solid
line denote the 95% quantiles and median, respectively, of the predictive distribution for the
fraction of susceptibles. The short dashed lines and the long dashed line denote the 95%
quantiles and median, respectively, of the predictive distribution for the fraction of infected
individuals. The timing of the epidemic is the same for all settings.
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6.4 Using cholera incidence data and covariates from Mathbaria, Bangladesh

Using the water depth and water temperature covariates and cholera incidence data from
Mathbaria, discussed in Section 3.6 and shown in Figure 6.6, we estimate the parameters
of the hidden SIWR model. We again consider the daily time intervals A; := [i,7 + 1) for
i € {to,to+1,...,t, — 1} and define the environmental force of infection a(t) = ay, for
t € A; and t > 21 days where a s, = exp[ag+ a1Cwp(i — 21) + aaCwr (i — 21)]. Here 21
days is the length of the covariate lag, and the covariates are the smoothed standardized
daily values Cyr(i) = (WT (i) — WT)/swr and Cyp(i) = (WD(i) — WD)/swp, where X
is the mean of the measurements for all ¢ and sx is the sample standard deviation.

We again set the loss of immunity rate p = 0.0009, setting the average length of im-
munity, 1/u, to 3 years [Sack et al., 2004]. Also, the population size N, which quantifies
the size catchment area for the medical center, is assumed to be 10000. The means of the
Poisson initial distributions for Sy, Iy,, and Wy, are set at ¢s/N = 0.08, ¢;/N = 0.001,

and ¢y = 37.8, based on posterior samples from a tuning run of the PMMH algorithm.
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Figure 6.6: Barplot of cholera case counts in Mathbaria, Bangladesh and the standardized
covariate measurements over time. The covariates are shown with a lag of three weeks. No
data were collected from October 2007 through November 2010.
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We use uninformative, diffuse Normal prior distributions on the time-varying environ-
mental covariates cr; and o, centered at 0 and with standard deviations of 5. The trans-
formed parameter values log(f8;) and «g are also given diffuse Normal prior distributions,
centered at log(1.25 x 10~7) and -8, respectively, with standard deviations of 5. We incor-
porate biological information into the Normal prior distributions for log(y) and logit(p),
assuming the prior for log(7y) is centered at log(0.1) with a standard deviation of 0.09 and
the prior for logit(p) is centered at logit(0.0008) and has a standard deviation of 2.

The PMMH algorithm starts with a burn-in run of 400 iterations, a secondary run of
1600 iterations, and a final run of 32000 iterations. To thin the chains, we save only every
fourth iteration. We use K = 100 particles in the SMC algorithm. Posterior medians and
95% credible intervals for the parameters of the SIWR model are given in Table 6.1. Figure
6.7 shows trace plots, autocorrelation plots, and posterior histograms, and Figure 6.8 shows
bivariate scatterplots of parameters.

Similar to the results of Section 3.6, both water depth and water temperature have a
significant relationship with water V. cholerae concentration since the credible intervals
for a; and as do not include zero. They also maintained the magnitude and direction
of their relationship; decreasing water depth increases water V. cholerae concentration,
and increasing water temperature increases water V. cholerae concentration. The credible
interval for p in the STIWR model overlaps the credible interval for p in the SIRS model. The
posterior median for 7 is much higher than previously used; Hartley et al. [2005] assumed
this parameter should be 1/30.

We test the predictive ability of our model by dividing the data into staggered training
and test sets using seven cut off days during the last epidemic peak. For each cut off time,
we run the PMMH algorithm on a training set of data which includes all observed data
up until the cut off time. Table 6.2 shows effective sample sizes for the parameters of the
SIWR model from each of the seven PMMH algorithm outputs. For the fourth, fifth, and
sixth cut off times, estimation using the training set of data took longer than 294 hours, so
the final run of 32000 iterations was terminated early. The total number of iterations for
each final run are reported in Table 6.2. The chains are not mixing very well, as seen in the

small effective sample sizes. Timing is a problem in the current framework; the length of
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Table 6.1: Posterior medians and 95% equitailed credible intervals for the parameters of
the SIWR model estimated using clinical and environmental data sampled from Mathbaria,
Bangladesh.

Coefficient Estimate 95% Cls
B x N 088 0.65 , 1.12)
v 012 (010 , 0.14)
k 0.0041 (0.0002, 0.0701)
7 101 (025 , 5.31)
ap  3.15 (1.27 . 5.13)
ar -2.05 (-2.81 , -1.52)
as 2.34 (1.86 . 2.99)
px N 5834 (47.02 , 72.48)

Table 6.2: Effective sample sizes for the parameters of the SIWR model estimated using
clinical and environmental data sampled from Mathbaria, Bangladesh. Mixing is a problem,
especially for the parameters x, 7, and «q.

Effective sample sizes

Cut off Iterations  [Sf v K n oy Qa1 Qg P
1 32000 169 188 34 25 32 51 99 283
2 32000 241 329 59 34 100 108 281 387
3 32000 499 500 80 189 152 185 404 714
4 20000 270 366 60 61 64 287 319 532
5 24000 474 454 72 201 179 410 290 565
6 16000 37 264 11 12 14 111 191 290
7 32000 382 596 103 52 47 303 725 514

computing time is very unpredictable as simulation in the SMC algorithm can be very slow

if W is large. These PMMH runs took from 80 to 294 hours.

6.4.1 Prediction results

Using the data from Mathbaria and cut-offs shown in Figure 6.9, we predict cholera dynamics
during the 2013 cholera outbreak. This is a subset of the data predicted in Section 3.6.
Prediction results look similar to those obtained using the hidden SIRS model. The quantiles
of the hidden fractions of susceptible and infected individuals cover a similar range as the

quantiles in Figure 3.12. For the SIWR model, the resetting in the quantiles between cut-
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offs is likely due to the poor mixing. The posterior probability of the predicted counts in
Figure 6.9 has slightly more mass on higher counts than we saw in Figure 3.12; for example,
counts of five predicted cases occur more often. However, we are still not capturing the

observed case counts in the test data.
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Figure 6.7: Summary plots of the PMMH algorithm output (final run of 32000 iterations)
for the parameters of the SIWR model with data from Mathbaria, Bangladesh. Trace plots
are thinned to display only 500 iterations; autocorrelation plots and posterior histograms
are thinned to display 8000 iterations.
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Figure 6.9: Summary of prediction results for the last epidemic peak in the Mathbaria data.
We again run PMMH algorithms on training sets of the data, which are cut off at each of
the dashed black lines in the bottom plot, and future cases are predicted until the next cut
off. The top plot compares the posterior probability of the predicted counts to the test data
(purple diamonds and line), and the bottom plot shows how the trajectory of the predicted
hidden states changes over the course of the epidemic. See the caption of Figure 6.5 for
more details.
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6.5 Bayesian analysis using SIRS model on data simulated from an SIWR
model

In the previous chapters, we assume the hidden SIRS model describes the dynamics of
cholera outbreaks in Bangladesh. In this chapter, we assume a more biologically realistic
model of cholera transmission, but encounter problems in estimating the parameters of the
hidden SIWR model using data from Mathbaria. Using the hidden SIRS model is preferable
as long as assuming this simplified version of cholera dynamics does not impact the validity
of our predictions. We use simulated data to study the effects of misspecification of the

data generating process on estimation and prediction.

Using the data simulated under the SIWR model, described in Section 6.3 and shown
in Figure 6.2, we implement the PMMH algorithm under the assumption of a hidden SIRS
model, as in Chapters 3, 4, and 5. We test the effects on parameter estimation and prediction

when the model that we use to fit the data does not match the data generating process.

We assume the same settings for the PMMH algorithm that we used for the simulated
data in the Chapter 3 SIRS analysis. We use uninformative, diffuse Normal prior distri-
butions for log(8), ap, and a1, centered at log(0.000125), -8, and 0, respectively, and with
standard deviations of 5. The Normal prior distribution for log(y) is centered at log(0.1)
with a standard deviation of 0.09, and the Normal prior for logit(p) is centered at logit(0.03)
and has a standard deviation of 2. We assume the best case scenario for the parameters
that are assumed known; the population size, ¢g and ¢ are set to their true values of 5000,
1400 and 16. Using this simulated data, the PMMH algorithm starts with a burn-in run of
30000 iterations, a secondary run of 20000 iterations, and a final run of 400000 iterations.
To thin the chains, we save only every 10th iteration. We use K = 100 particles in the SMC

algorithm.

Posterior medians and 95% equitailed credible intervals for the parameters of the SIRS
model estimated using data simulated from an SIWR model are shown in Table 6.3, along
with true values for parameters that are comparable between the two models. Figure 6.10
shows summary plots of the PMMH algorithm output. The true value of p x N from the

SIWR model is in the credible interval for the corresponding parameter of the SIRS model.
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Table 6.3: Posterior medians and 95% equitailed credible intervals for the parameters of
the SIRS model estimated using data simulated from an SIWR model. True values for
parameters that are comparable between the two models are shown.

SIRS SIWR
Parameter True value Estimate 95% Cls
BxN 02852 (0.2066, 0. 3809)
~ 0.1 0.09 007 , 0.1
@ — 1056 (-12.27, -9. 39)
a1 4.27 ( s )
px N 250 922051 (180.74, 292.2)

Surprisingly, the true value of a; = 3.5 for the SIWR model is in the credible interval for
the parameter o from the SIRS model. This means that the covariate effect is still being
captured in this simulation, regardless of how we model the relationship of environmental
covariates to cholera outbreaks. The posterior estimate of ay seems to compensate for the
model misspecification, as the true value of ap = 0.39 for the SIWR simulated data is outside
the credible interval for the SIRS «g parameter. The posterior distribution for v also seems
to be shifted away from the truth, though the true value is still inside the credible interval.
The chains are mixing well, as seen in the trace plots in Figure 6.10. Effective sample sizes

range from 14022 to 15815.

6.5.1 Prediction results

We test the predictive ability of the SIRS model on data generated from an SIWR model
using staggered training and test sets of data, as described in Section 6.3.1. Despite the
model misspecification, the model predictions look good, as seen in Figure 6.11. The tra-
jectory of the predicted fraction of infected is similar in both Figure 6.5 and Figure 6.11,
however the quantiles for the predicted fraction of susceptible individuals is consistently
higher for predictions made from the misspecified model. The range of the predicted count
posterior probabilities looks very similar to the ranges seen in Figure 6.5. For predictions
from the misspecified model, higher predicted case counts appear earlier in the epidemic,

as seen in the green coloring for counts of 2 and 3 at the first and second observation time.
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The distribution of predicted counts also seems more spread over the counts at all obser-
vation times. However, the general trend and important features of the epidemic curve are

captured.

6.6 Discussion

We have laid a promising foundation for the inclusion of a latent water compartment in the
Bayesian analysis of cholera outbreaks. Using simulated data, we are able to recover the
true parameters of the SIWR model and predict future simulated cholera outbreaks. For
the analysis of the data from Mathbaria, we encountered issues within the SMC algorithm
for some sets of proposed parameter values. Future work will look at ways to constrain
the size of the water compartment. This is currently a major constraint on estimation, as
large values of W slow down simulation in the SMC algorithm. Eisenberg et al. [2013b)]
found that, with data relating to the concentration of V. cholerae in the water, parameter
identifiability in the SIWR model improved. Adding this type of data to our emission
probability may help in our model.

We find that we can still predict outbreaks well when we fit the parameters of the SIRS
model to data generated by the SIWR model. This suggests that the predictions made with
the SIRS model using the data from Mathbaria in Section 3.6.2 may not be too far off, even

if the model is not biologically realistic.
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Figure 6.11: Summary of prediction results for data simulated from an SIWR model. We
approximate the posterior distribution of the parameters of the hidden SIRS model using
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posterior probability of the predicted counts to the test data (purple diamonds and line),
and the bottom plot shows how the trajectory of the predicted hidden states changes over
the course of the epidemic. See the caption of Figure 6.5 for more details.
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Chapter 7

FUTURE DIRECTIONS

We have used a Bayesian framework to estimate the parameters in two nonlinear dynam-
ical models for cholera transmission in Bangladesh. We used a particle marginal Metropolis-
Hastings algorithm to sample from the posterior distribution of the unobserved data and
parameters given the observed cholera case counts. Using SMC to generate an estimate of
the likelihood allowed us to use a Metropolis-Hastings approach without needing to explic-
itly calculate the problematic transition probabilities of our SIRS and SIWR models. We
tested this method using both simulated data and data from Mathbaria, Bangladesh, then
extended this framework to analyze data sampled from multiple areas in Bangladesh and
to include many covariates. The following sections describe plans for further extensions of

this analysis.

7.1 Combining data from different geographic areas

In Chapter 3, we developed a hidden SIRS model for cholera outbreaks, tested parameter
estimation and cholera outbreak prediction using simulated data, and analyzed data from
Mathbaria, Bangladesh. In Chapter 4, we laid a foundation for extending our analysis to
multiple geographical areas, and in Chapter 5 we added more covariates and covariate lags
to the Mathbaria analysis. Combining the ideas and framework of these chapters, next
steps include an analysis combining data from all study areas in Bangladesh. Our goal is to
develop a predictive model of cholera outbreaks that can be applied to other geographical
areas in order to understand which covariates are universally important for prediction.
Analysis using data from just one study area is limited, especially for the thanas that
only have three years of data available, as seen in Chapter 4. Therefore, developing tech-
niques to combine data across study areas is a necessity. Development of these techniques

will start with the analysis of a simple combination of data from two geographically similar
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thanas under the assumption that both have the same underlying disease process, allowing
for different intercepts in the environmental force of infection and accounting for differ-
ent population sizes. Covariate estimates from the pooled data will be compared against
estimates from the analysis of the individual thanas. Using simulated data, we will also
test if and when it is possible to recover similar parameter estimates from data generated
under the same parameter assumptions. We can simulate many data sets using one set of
parameters for our underlying hidden SIRS model and then evaluate comparability of the
parameters estimated using the separate data sets. This simulation framework will allow
us to test whether the disagreement in SIRS parameter estimates across thanas, currently
observed in our analyses, could be explained by the low information content of the data
from each thana. Moreover, we can use these simulations to probe how informative the
data need to be to recover the true underlying signal from all data sets.

The ability to combine information across study sites may improve parameter identifia-
bility when many parameters are considered in the model, as in Chapter 5. Applying our
Bayesian framework to a longer time series of cholera case counts could also allow us to

estimate, rather than set, ;1 and to use a less informative prior on +.
7.2 Covariate pre-processing

Another goal is to develop improved methods for combining information across sampling
sites within each thana. The cubic spline method that we currently use for covariate smooth-
ing could be causing a loss of information through over-processing the covariates. Another
option might be to transform the environmental data into pseudo-covariates using a method
such as principal component analysis [Jolliffe, 1986]. If we want to include many covariates
from all of the water bodies, we will need to address the fact that many of the environmental
measurements are capturing the same ecological process of interest. Thus, these are highly
correlated, similar measurements. Including covariates from individual water bodies would
lead to similar problems encountered in Chapter 5, highlighting the importance of using
methods to deal with many, highly correlated predictors.

A first step at improving these methods would be to estimate the parameters in our

shrinkage priors instead of using multiple different standard deviations. We could also
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use priors with different shrinkage properties. Gelman et al. [2008] recommend using a
Cauchy distribution as a default prior, decreasing the degrees of freedom in our t-distribution
prior to 1. The horseshoe prior of Carvalho et al. [2010] performs well for sparse signals.
Park and Casella [2008] explore a fully Bayesian version of the Lasso [Tibshirani, 1996],
assuming conditional Laplace prior distributions on parameters. We could also shrink the
effect of covariates which are less likely to be associated with cholera transmission using
Zellner’s g-prior [Zellner and Moulton, 1985], which assigns a normal prior distribution
to the regression coefficients with variance equal to £(CTC)™!, where C = (Cy,...,Cp)
is a matrix of predictors, o2 is the sampling variability in the regression model, and g is
a positive real number. Mitchell and Beauchamp [1988] use “spike and slab” priors for
regression coefficients that can be deleted from the model, assigning a prior point mass at
zero and a diffuse uniform prior for other values of the coefficient.

Choosing between possible predictive models will be an important step. We will develop
methods for model selection to enable comparison between different models and evaluation
of predictive ability to determine which set of covariates are most predictive of cholera
outbreaks. Dukic et al. [2012] perform model comparison using Bayes factors, and Mukher-
jee and West [2009] examine posterior model probabilities. However, calculation of the
marginal likelihood from the posterior is not straightforward, as discussed by Perrakis et al.
[2013], so we will need to study these methods carefully. To address the need for covariate
selection, reversible jump Markov chain Monte Carlo [Green, 1995] allows for movement
between parameter spaces of different dimensions in MCMC samplers, and thus might be

easily incorporated into our current methods.
7.3 Particle MCMC improvements

Multicollinearity of our predictive covariates could explain the poor prediction in the results
of Chapter 5. The sparsity inducing priors may not be enough to fix this problem. Mixing
of the Markov chain is also an issue. Recently, several papers have emerged which suggest
techniques for balancing the advantages and disadvantages of increasing the number of
particles in the particle MCMC [Doucet et al., 2012, Sherlock et al., 2013, Pitt et al.,

2012]; implementing these techniques could improve poor mixing. Since the estimate of the
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likelihood generated by the SMC algorithm converges to the true likelihood as the number
of particles goes to infinity, increasing the number of particles decreases the variance in the
estimated likelihood; however, this also increases computation time. The key is to strike a
balance between computation time for simulations and mixing. For our current analyses,
we have used 100 particles in the algorithms. Future work will incorporate some of these
techniques to improve mixing while avoiding unnecessary simulation time. We will test the
effects of using more particles in the SMC algorithm, especially in the analysis of the Phase

1 data where mixing is very poor.
7.4 Further modeling using a latent water compartment

In Chapter 6, we used our Bayesian approach to estimate the parameters of an SIWR model,
using a latent water compartment to model the environmental contribution to cholera out-
breaks. The chains are not mixing well, and large values for the concentration of V. cholerae
in the environment, quantified by the W compartment, are contributing to prohibitively long
computation times. We will explore methods for bounding the water compartment. One
method would be to just put an upper bound on the size of W and test whether this would
automatically rescale all the parameters without sacrificing the ability to estimate covariate
effects and to perform prediction. A different time evolution of W could also be consid-
ered, such as modeling W as a continuous variable. In this hybrid approach, evolution of
a continuous W would still be based on the discretely evolving SIR states. Alternatively,
we could put everything on a continuous scale and use a stochastic differential equation
approach, similar to Ionides et al. [2006] and Bhadra et al. [2011].

We will also test the hypothesis that the hidden SIWR model can be accurately approx-
imated by the hidden SIRS model, as suggested by the results of Section 6.5. Thus far we
have only looked at the results using one set of data simulated from the SIWR model. With
more data, simulated from different sets of parameters, we will test when this approximation

does not hold.
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