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Medical treatment commonly involves the administration of drug doses at multiple time-

points. Intuitively, the higher the doses, the higher the likelihood of disease control as well

as the risk of adverse effects and of logistical inconvenience. Since an individual patient’s

response to treatment is uncertain, the need to effectively balance this trade-off pervades

all of medicine. In response-guided dosing (RGD), the goal is to adaptively tailor doses to

each individual patient’s stochastic evolution of disease condition over multiple treatment

sessions. Several clinical experts, in editorial and review papers, have commented that despite

a strong surge of interest in RGD, a quantitative, dynamic decision-making framework has

been missing. The research objective of this dissertation is to apply stochastic dynamic

programming (DP), convex optimization, and Bayesian learning methods to develop such a

mathematically rigorous framework to facilitate dosing decisions in RGD. The ultimate goal

of this framework is to administer the right dose to the right patient at the right time.

RGD for rheumatoid arthritis. The first chapter begins with a stochastic DP frame-

work to facilitate RGD in rheumatoid arthritis, which adapts biologic doses over the treat-

ment course based on each patient’s observed evolution of the 28-joint disease activity score

(DAS28). The goal is to balance the DAS28 attained at the end of the course with the

weighted total dose administered. Numerical experiments and sensitivity analyses using



data from the OPTION trial are performed, which are found to be monotone.

A general stochastic DP formulation for RGD. The specific rheumatoid arthritis

formulation is then generalized for other diseases. The DP allows for an arbitrary dose-

response function, and balances the disutility of doses with the disutility of the disease

condition reached. We prove that under assumptions on the underlying functions, there

exists an optimal dosing policy which is monotone with respect to patient state, and provide

several examples where these conditions are met.

Robust RGD. We then study a robust counterpart of the stochastic DP model of the

previous chapter, where the pmf of the distribution of the stochastic dose-response parameter

is unknown but is assumed to belong to an interval uncertainty set. We show that the inner

maximization problem of the robust Bellman’s equations is a linear program with a closed-

form solution. We prove monotonicity of optimal dose with respect to both disease state and

an ambiguity parameter, and illustrate monotonicity via simulation.

Optimal Bayesian learning of dose-response parameters from a cohort. In this

chapter, we study the problem of finding optimal RGD policies while learning the unknown

distribution on a stochastic dose-response parameter from a cohort of patients. We provide

a Bayesian stochastic DP formulation, though exact solution of Bellman’s equations is com-

putationally intractable. We therefore present two approximate control schemes and analyze

the monotonicity, stationarity, and separability structures of the resulting dosing strategies,

which are exploited in efficient, approximate solution of our problem. Numerical experiments

are completed, and results are compared to non-Bayesian methods.

Optimal stopping for RGD. In the final chapter, we consider an optimal stopping

variant of RGD, where the decision-maker is allowed to end treatment prematurely. This

could occur, for example, when the patient responds well quickly so that further treatment

is unnecessary. We numerically demonstrate that for some problems, it is optimal to stop

treatment in states better than a certain threshold.
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1

Chapter 1

RESPONSE-GUIDED DOSING FOR RHEUMATOID
ARTHRITIS

1.1 Background and motivation

Rheumatoid arthritis (RA) is an auto-immune disease that usually strikes between the ages

of 35 and 50 [33, 77]. Its specific trigger is unknown. About 1.3 million adults in the US

and 1% of the world’s population suffer from RA [79]. It is a debilitating condition that can

affect the whole body, but mainly occurs in joints especially in the hands and feet. RA leads

to deformity, disability, pain, loss of productivity, and loss of quality of life. It thus has a

considerable impact on our society [38].

RA patients were traditionally treated with non-biologic disease modifying antirheumatic

drugs (DMARDs) [187]. Methotrexate is the most commonly used non-biologic DMARD

[196]. However, many patients on methotrexate continue to exhibit inflammation and pro-

gressive joint destruction [3, 30, 39, 141, 159, 187]. These patients are increasingly being

treated with a combination of methotrexate and biologic agents such as adalimumab, cer-

tolizumab, etanercept, golimumab, infliximab, abatacept, rituximab, and tocilizumab [3,

125]. The ATTRACT, ASPIRE, BeST, PREMIER and other clinical studies have shown the

benefit of such combination therapy [31, 39, 42, 54, 82, 106, 114, 127, 142, 177, 180, 187, 194].

Combination therapy with methotrexate and a biologic agent is becoming the gold standard

of RA treatment [43, 192].

Standard biologic treatment for RA follows a one-size-fits-all approach. The aforemen-

tioned eight biologic agents have now been included in the 2012 guidelines for RA treatment

by the American College of Rheumatology (ACR) [170]. Table 1.1 lists their typical dosage.

It is estimated that millions of patients worldwide had been treated with three of the
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Biologic agent Dosage

infliximab 3-10 mg per kg every 4-8 weeks

etanercept 50 mg weekly

adalimumab 40 mg monthly

certolizumab 200 mg every other week or 400 mg monthly

golimumab 50 mg per month

abatacept 500-1000 mg every 4 weeks according to weight

rituximab 2 separate 1000 mg doses 2 weeks apart every 6 months

tocilizumab 4-8 mg per kg every 4 weeks

Table 1.1: Typical dosing regimen for eight biologic agents listed in the 2012 ACR guidelines

[170]. This table is adapted from [3].

above eight biologic agents by 2011 [177]. Annual sales for a biologic with the brand-name

Humira equaled $9.3 billion, thus making it the largest-selling drug (of any kind for any

disease) in 2012; two other brand-name biologic products, Enbrel and Remicade, were also

in the top five on this list [35, 99]. The overall world-market for RA medicines is expected to

reach $38.5 billion in 2017 with a majority of the share going to biologic agents [150, 152].

The challenges in treating RA with biologic agents include:

• uncertain response — biologic agents are manufactured inside living organisms and

are structurally complex, large molecules about 200-1000 times the size of other small-

molecule drugs; thus they are highly sensitive and difficult to characterize [84];

• financial cost — annual payer cost of biologic treatment ranges between $15,000

to $20,000, which is about three times that of standalone methotrexate treatment

[38, 133];

• side effects — biologics carry a risk of infections and hence patients are screened
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annually for tuberculosis, receive annual influenza vaccination, and hepatitis B vacci-

nation [3, 93, 145];

• logistic inconvenience — biologics are administered either intravenously or subcu-

taneously, whereas methotrexate is often administered orally [3, 193].

Owing to the aforementioned challenges, RA treatment with biologic agents must be

planned judiciously [3, 188]. Recent clinical trials have therefore considered response-guided

dosing (RGD) with biologic agents. RGD is also called “tight control” [69, 160]. In contrast to

one-size-fits-all therapy, the idea in RGD is to adjust dose levels (this is often called titration)

based on the observed evolution of the 28-joint disease activity score (DAS28). Potential

benefits of RGD include a reduction in over- and under-dosing, improved cost-effectiveness,

safer treatment regimens, lesser inconvenience to patients, and better disease-control. As

such, the ultimate goal in RGD is to administer the right dose to the right patient at the

right time.

DAS28 is a nonnegative score where higher numbers indicate higher RA activity [62, 63].

It is a composite score based on the number of tender joints, the number of swollen joints, a

numerical value of the patient’s global health and the patient’s Erythrocyte Sedimentation

Rate in mm/hr. It can be easily calculated using a simple formula and has been validated as

a measure of disease activity in several clinical trials [63, 189, 190, 49, 194, 198]. The Euro-

pean League Against Rheumatism (EULAR) criteria shown in Table 1.2 are often employed

to categorize patient-response to RA treatment at two time-points during RGD [63, 190].

DAS28 values of 3.2 and 2.6 are typically considered as the thresholds for low disease activity

and remission, respectively.

In Flendrie et al. [59], RA treatment with infliximab was initiated at a dose of 3mg/kg.

Treatment was administered intravenously at weeks 0, 2, 6, and every 8 weeks thereafter

until week 38. Patients were classified as good responders, moderate responders, and non-

responders as per the above EULAR criteria depending on their DAS28 at week 14. Treat-
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DAS28 improvement at endpoint

initial DAS28 > 1.2 > 0.6 but ≤ 1.2 ≤ 0.6

DAS28 ≤ 3.2 good response moderate response no response

3.2 < DAS28 ≤ 5.1 moderate response moderate response no response

5.1 < DAS28 moderate response no response no response

Table 1.2: The EULAR response criteria based on DAS28 measurements [63, 190]. For

example, the table shows that if the initial DAS28 score is more than 5.1 (last row) and

the improvement in DAS28 at an endpoint is between 0.6 and 1.2 (second column) then the

patient is categorized as a non-responder.

ment at 3mg/kg was continued for good responders. For moderate responders and non-

responders, dose was tailored to 6 mg/kg or 10 mg/kg depending on the subsequent evo-

lution of their DAS28. This dose escalation showed a statistically significant reduction in

disease activity for moderate responders. However, non-responders continued to experience

high disease activity despite dose escalation. Rahman et al. [153] showed that increasing

infliximab dose to 4.5 mg/kg in patients with inadequate response to an initial infliximab

dose of 3 mg/kg might be effective. Durez et al. [50] also reached a similar conclusion.

Van den Broeder [47] conducted a trial with adalimumab, wherein the dosing intervals

were fixed for each patient either at 2 weeks or at 4 weeks. Patients were examined every 8

weeks. The starting dose was 3 mg/kg and then the dose was gradually decreased to 1 mg/kg,

0.5 mg/kg and 0.25 mg/kg in weeks 8, 16, and 24, respectively. In the event of a disease flare

(a DAS28 increase of 1.2 or a DAS28 increase of 0.6-1.2 if it resulted in a DAS28 of more

than 5.1), dose was increased by one step to the earlier level. This dose titration reduced the

total amount of adalimumab given to the patients by 67 percent without any statistically

significant increase in DAS28. Second, the weekly dose administered to different patients

varied from 4.1 mg to 130 mg. The authors remarked that their study “demonstrated the
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principle of dose titration and the advantages of this approach compared with the common

one-size-fits-all standard dosing schemes.” They further commented, “this approach will save

costs and may prevent long term side effects.” Van der Mass et al. [188] monitored DAS28

to reduce infliximab doses. They did not find any statistically significant difference in the

patients’ quality of life after such dose reduction. Average cost reduction was e3474 per

patient.

Based on the results of the aforementioned and other clinical trials, consensus seems

to be emerging about the practical value of RGD and the need for tools that guide its

implementation. Indeed, in their meta-analysis of six clinical trials, Schipper et al. [160]

concluded “efforts should be made to implement tight control”; “systematic disease activity

monitoring should be combined with treatment adjustments”; and “consensus about opti-

mal treatment needs to be achieved.” Mease [132] also reached a similar conclusion: “there

is currently no gold standard for assessing disease activity and outcomes, so patients may

not receive optimal treatment over time”; “implementation of tight control into routine care

will require quick and simple validated tools for defining treatment targets and monitor-

ing disease activity”; “ultimately, tight control should lead to treatment optimization and

will provide the best chances of improvement and remission for patients.” In Smolen et al.

[176], a committee of more than sixty experts from around the world noted that “validated

composite measures of disease activity should be used in routine clinical practice to guide

treatment decisions”; “measures of disease activity must be obtained and documented reg-

ularly”; “treatment should be adjusted at least every three months.” Van Vollenhoven [192]

stated: “there is a feeling of sadness when it turns out that it is most likely that a very large

number of patients have been treated for many years with dosages that were unnecessarily

high”; “we, as rheumatologists in practice and in academia, must take on the responsibil-

ity for determining the optimal use of antirheumatic drugs.” Palmer and El Mledany [145]

concluded that “treatment of RA should be mapped out dynamically.” Finally, referring to

four extensive literature reviews on tight control [91, 101, 159, 161], Smolen and Aletaha

[175] stated that “they all revealed that a tight control strategy with set rules for treatment
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adaptations was associated with a superior outcome when compared with unsystematic mon-

itoring and change of therapy.”

Unfortunately, there is currently no consensus or guidelines on how to dynamically adapt

doses based on the measured evolution of DAS28 scores for individual patients. Specifically,

there is no systematic, quantitative decision-making framework to achieve this and the dose

changes in the aforementioned trials seem somewhat ad-hoc. In this chapter, we make

some initial progress in establishing such a framework, using tocilizumab as an example, via

stochastic Dynamic Programming (DP).

1.2 A concrete stochastic DP formulation

We consider a treatment course with T sessions wherein DAS28 measurements are made

and a biologic agent is administered. These sessions are indexed by t = 1, 2, . . . , T and the

time-interval between two consecutive sessions is assumed to be constant, say four weeks, as

is common in RA treatment. The DAS28 score measured in the tth session is denoted by

DAS28t and the biologic dose chosen for this session after measuring DAS28t is denoted by

dt. Doses dt belong to the interval D , [0, d̄], where d̄ < ∞ is the maximum permissible

biologic dose in one session.

We assume that DAS28 scores evolve according to the dose-response model

ln (DAS28t+1) = ln (DAS28t) + lnκ2 − ln (κ1 + κ2 + dt) + Θ, (1.1)

where κ1, κ2 > 0 are parameters. Here, Θ are independent and identically distributed (iid)

random variables that represent uncertainty in response. The use of such stochastic noise in

dose-response functions is standard in the pharmacology literature (see, for instance, Chapter

4 of [32]). Our dose-response model (1.1) was derived from the well-known Michaelis-Menten

formula (see page 52 in Chapter 6 of [143], Chapter 9 of [121], pages 144-145 of [134], and

[100]) as described in the next paragraph.

We first assumed that the nominal relative change in DAS28 scores is given by a variation
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of the standard Michaelis-Menten formula as

DAS28t −DAS28t+1

DAS28t
=

κ1 + dt
κ1 + κ2 + dt

. (1.2)

We believe that this formula is appropriate for modeling DAS28 evolution owing to its

following desirable properties. The parameter κ1 accounts for the so-called placebo effect

(see, for instance, Chapter 9 of [121]), which models the change in DAS28t when the biologic

dose is zero. This change could, for example, be induced by a standard dose of methotrexate

during combination therapy as in many clinical studies [174]. Setting κ1 = 0 yields the

standard Michaelis-Menten formula. Parameter κ2 is interpreted as the biologic dose at which

the relative change is 1/2 when there is no placebo effect (κ1 = 0). Note that the relative

change in DAS28 is guaranteed to be a nonnegative fraction for any nonnegative biologic

dose. The relative change asymptotically approaches one as the biologic dose approaches

infinity. The relative change is positive, that is, DAS28t+1 is strictly smaller than DAS28t

for any biologic dose. Moreover, higher biologic doses induce higher relative change. This

Michaelis-Menten model is a variation of the Emax model and of the Hill’s equation, and

these types of functions are commonly used to model dose-response in a variety of diseases and

conditions (RA [112, 120, 124, 125], hepatitis C and AIDS [166, 182], hyperlipidemia [56], and

hypertension [147]). After algebraic simplification, formula (1.2) yields DAS28t+1/DAS28t =

κ2/(κ1 +κ2 +dt). DAS28 dynamics (1.1) were then obtained after taking natural logarithms

of both sides and then adding the stochastic noise term Θ. The reason for taking logarithms

here was that it converts the original multiplicative model into an equivalent additive model

that, as we shall see in Chapter 2, is analytically more convenient.

Our stochastic DP includes two “costs” that capture the fundamental trade-off in RGD.

Higher doses potentially lead to better disease-control but at the same time may induce

adverse effects and may be logistically and financially inconvenient for patients. Lower doses

have the opposite effect. It is mainly for these reasons that the aforementioned clinical

literature tracks the total dose administered over the treatment course in relation to the

DAS28 score reached at the end of the treatment course. Thus, in our model, the first type
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of cost is incurred in each treatment session and is given by cdt in session t, where c > 0

is a constant seen as the coefficient of dose-aversion. This cost models the idea that the

lower the total dose the better. The second cost is incurred at the end of the treatment

course and equals DAS28T+1. This is based on the maximalist school of thought, whereby

the decision-maker attempts to reach as small a disease score as possible [10, 163, 175].

The decision maker’s goal is to find an optimal dosing policy. That is, to derive a dose

level in every possible DAS28 score in every session so as to minimize the total expected

cost accumulated over the treatment course, given that the initial DAS28 score is DAS281.

Let Jt(DAS28t) denote the minimum total expected cost accumulated by the end of the

treatment course, given that the DAS28 score at the beginning of the tth session is DAS28t.

These optimal cost-to-go functions Jt(·) are unique solutions of Bellman’s equations

Jt(DAS28t) = min
dt∈D

{
cdt + E(Jt+1(DAS28t+1))

}
, ∀DAS28t ≥ 0, and t = 1, 2, . . . , T, (1.3)

with the boundary condition JT+1(DAS28T+1) = DAS28T+1 for all DAS28T+1 ≥ 0. Here, E

denotes the expected value with respect to the random variable Θ. Doses that attain the

above minima define an optimal policy. These equations can be solved approximately with

backward recursion using discretization and state truncation if needed [25].

In the next section, we calibrate our model parameters using information available in

the clinical literature, and perform numerical experiments and sensitivity analyses to gain

insights into the behavior of the resulting dosing policy.

1.3 Calibration, numerical experiments, and sensitivity analyses

Our base-case parameter estimates below are based on information available in the OPTION

study [174], which tracked the DAS28 scores of 622 patients on combination therapy with

methotrexate and the biologic tocilizumab administered at four-week intervals over twenty

four weeks. These patients were divided into three cohorts. The first cohort (size 204) did

not receive tocilizumab and hence it is the placebo cohort. The second cohort (size 213)

received a tocilizumab dose of 4mg/kg every four weeks and the third cohort (size 205)
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received 8mg/kg every four weeks. The average initial DAS28 score in each cohort was 6.8.

1.3.1 Estimating base-case dose-response parameters κ1, κ2

We first estimated base-case values of parameters κ1, κ2 in our nominal dose-response model

(1.2). Although the entire data set from the OPTION study is not available to us, we

were able to surmise (by a visual inspection of Figure 2C in [174]) the numerical values of

the mean DAS28 scores for the three cohorts over the twenty four week treatment course.

These values are listed in Table 1.3 below. We used the resulting fifteen data points as

week DAS28 (dose 0) DAS28 (dose 4mg/kg) DAS28 (dose 8mg/kg)

4 6.49 5.42 5.26

8 6.34 5.57 4.98

12 6.02 5.09 4.27

16 5.94 4.69 3.98

20 5.91 4.61 3.79

24 5.34 4.06 3.45

Table 1.3: Visually surmised DAS28 data from Figure 2C in [174].

input to the nonlinear regression subroutine nlinfit in MATLAB. This subroutine uses the

Levenberg-Marquardt algorithm (see Chapter 10 of [140]) for least squares regression and

the parameter estimates are sensitive to the initial guess provided by the user. We tried

about fifty thousand combinations of initial guesses for the pair κ1, κ2 chosen from the

grid {0, 0.01, 0.02, . . . , 10} × {0, 1, 2, . . . , 500} and selected the one with the smallest sum

of squared errors. This led to the estimates κ1 = 4.5295, κ2 = 124.1593 as summarized in

Table 1.4. Since our estimation method is crude, we will perform sensitivity analyses later

in this section using different values of the biologic dose parameter κ2 spread around this
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base-case value while holding the placebo parameter κ1 at its base-case value.

1.3.2 Estimating a base-case value of c

A base-case value of the cost coefficient c was derived as follows. We formulated a deter-

ministic problem with T = 7 sessions (corresponding to twenty four weeks of therapy at

four week intervals) and derived a value of c such that the dose d = 6 mg/kg would be

optimal (since the OPTION clinical study used doses 4mg/kg and 8mg/kg, we chose the

dose at the midpoint of these two values for our base-case calculations). That is, we found

a value of c such that d = 6 mg/kg was optimal to the convex problem of minimizing

7cd+ DAS281(κ2/(κ1 + κ2 + d))7 with DAS281 = 6.8, κ1 = 4.5295, and κ2 = 124.1593. This

objective function was obtained by calculating the total cost of 7 doses at level d each and

of the terminal DAS28 reached after a 7-fold recursive application of the Michaelis-Menten

formula starting with DAS281. Equating the derivative to zero and then substituting d = 6,

we obtained c = 0.028557 as summarized in Table 1.4. We interpret this as inferring c from

the one-size-fits-all approach. This derivation of c can be viewed as “inverse optimization”

[4, 36, 55, 87]. Again, we will perform sensitivity analyses later in this section using different

values of c spread around this base-case value.

1.3.3 Structure of optimal policy and optimal value function

Base-case values of our model parameters are listed in Table 1.4 below. Figure 1.1 illustrates

our optimal dosing policy. Note that it is monotone — higher doses are administered in higher

DAS28 scores. Moreover, doses are increasing over time; that is, for the same DAS28 score,

a higher dose is administered in latter treatment sessions. Figure 1.2 illustrates the shape of

our optimal value function. Note that it is convex and increasing in the natural logarithm of

DAS28. It is also increasing over time; that is, for the same DAS28 score, the optimal value

function takes a larger value in latter sessions. Figure 1.3 shows seven histograms of doses

administered to a cohort of 1000 simulated patients in the seven treatment sessions (since
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parameter base-case value

κ1 4.5295 (mg/kg)

κ2 124.1593 (mg/kg)

c 0.028557 (mg/kg)−1

Θ iid Normal(0, 0.052)

d̄ 10 (mg/kg)

DAS281 6.8

Table 1.4: Base-case values of our model parameters. In all our numerical experiments

that used backward induction to solve Bellman’s equations, Θ was truncated to the range

(−3σ, 3σ), where σ denotes the standard deviation; it was also discretized at intervals of

0.01σ. We note here that the Normal distribution is often used in the RA literature on

disease activity scores [63, 90, 110, 171]. Doses were discretized using intervals of 0.01 mg/kg

and states ln(DAS28t) were discretized using intervals of 0.05. A linear interpolation of the

corresponding discretized value function was used in our backward recursion procedure.

we discretized our state-space, linear interpolation was used to obtain dose levels at states

that were off-grid). The first histogram shows that the initial doses to all simulated patients

are identical because their DAS28 scores were assumed to be identical and equal to 6.8. This

initial dose is in fact can be read-off from the y-axis in Figure 1.1 as the dose corresponding

to a DAS28 of 6.8 on the x-axis in week 0. As the treatment progresses, the DAS28 scores of

different simulated patients evolve stochastically as per the Michaelis-Menten formula, thus

creating a “spread” of DAS28 scores. Patients with higher DAS28 scores receive higher doses

and patients with lower DAS28 scores receive lower doses, as prescribed by our optimal policy

in Figure 1.1. This leads to a spread of doses as depicted in the histograms in Figure 1.3.

These histograms quantitatively illustrate the potential benefit of RGD — to avoid over- or

under-dosing patients by administering the right dose to the right patient at the right time.
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Similarly, Figure 1.4 shows histograms of the total doses administered over the seven sessions

and the terminal DAS28 scores reached for this cohort of 1000 simulated patients.
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Figure 1.1: Optimal policy for the seven sessions in the treatment course; increasing in the

natural logarithm of DAS28 scores (the reason for using natural logarithm on the X-axis as

the state will become clear in Chapter 2). All parameters were fixed at their base-case values

as in Table 1.4.

1.3.4 Sensitivity to problem parameters

In our model, biologic efficacy (or, in other words, response profile of a patient) is charac-

terized by the value of κ2. Higher values of κ2 imply that a larger dose is needed to produce

the same effect; lower values indicate that a smaller dose is needed to induce the same ef-

fect. Thus, intuitively, when other model parameters are fixed, the dose prescribed by the
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Figure 1.2: Optimal value function for the seven sessions in the treatment course; increasing

and convex in the natural logarithm of DAS28 scores. All parameters were fixed at their

base-case values as in Table 1.4.

optimal policy could vary non-monotonically with increasing κ2. Figure 1.5 shows that for

our specific combination of base-case parameter values, the optimal doses are decreasing in

increasing κ2 values.

We also study the sensitivity of optimal doses to κ1. Larger values of κ1 mean that the

placebo (methotrexate in our case) is more effective. Thus, intuitively, a smaller biologic

dose should be sufficient to achieve the same outcome. This intuition is quantified in Figure

1.6, which illustrates that in each treatment session, the optimal biologic dose in a fixed state

is smaller for larger values of κ1.

In our model, c characterizes the decision-maker’s aversion to dose. The larger the value

of c, the larger the aversion. Thus, intuitively, when other model parameters are fixed, the

dose prescribed by the optimal policy should be decreasing in c. Figure 1.7 quantifies this
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Figure 1.3: Histograms of doses administered to a cohort of 1000 (simulated) patients. All

parameters were fixed at their base-case values as in Table 1.4.
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Figure 1.4: All parameters were fixed at their base-case values as in Table 1.4. (a) Histogram

of total dose administered, over the seven-session treatment course, to a cohort of 1000

(simulated) patients. (b) Histogram of DAS28 score reached at the end of the seven-session

treatment course for a cohort of 1000 (simulated) patients.

intuition.

The value of the dose-aversion coefficient c is somewhat subjective. This is similar to

virtually all other decision-making problems that attempt to balance two competing objec-

tives. For example, in the celebrated Markowitz portfolio optimization problem in finance,

the value of the risk-aversion coefficient is subjective [128]. Similarly, in cancer radiotherapy

optimization, the effect of radiation dose on the tumor is balanced against the toxic effect

of dose on nearby organs-at-risk using weighting coefficients [53, 167]. In Figure 1.8, we

therefore present a so-called efficient frontier. It makes explicit the trade-off between total

dose administered and the DAS28 score reached at the end of the treatment courses. An

efficient frontier could serve as a decision-tool in RGD for RA. A doctor could, for instance,

choose a (total dose, DAS28 score) point on this frontier that he/she is comfortable with and
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Figure 1.5: Sensitivity of optimal policy to κ2. All other parameters were fixed at their

base-case values as in Table 1.4.
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Figure 1.6: Sensitivity of optimal policy to κ1. All other parameters were fixed at their

base-case values as in Table 1.4.
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Figure 1.7: Sensitivity of optimal policy to c. All other parameters were fixed at their

base-case values as in Table 1.4.
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Figure 1.8: Efficient frontier defined by several values of c. All other parameters were fixed

at their base-case values as in Table 1.4. The frontier was obtained by fitting a spline

in MATLAB through the six data points shown in the figure. The six data points were

obtained by averaging the total dose administered and the terminal DAS28 score reached on

implementing our dosing policy over 1000 independent simulations.

use the implied value of c to derive an optimal RGD policy for his/her patients.

We also consider sensitivity to σ, the standard deviation of the normally distributed

random variable appearing in the state dynamics. Because we do not have data from the

existing literature to estimate σ, our base-case value of 0.05 is arbitrary; we thus vary it to

understand its effect on optimal dose. This is illustrated in Figure 1.9. We note that for

intermediate values of optimal dose, where the optimal dose is neither zero nor d̄, higher σ

curves have higher slope. This suggests a more aggressive treatment strategy that administers

a larger incremental change in optimal dose between two given disease states when the disease

progression is more uncertain.

Finally, we investigate the sensitivity to κ1 of the improvement in objective value offered



20

0 2 4 6 8 10
0

1

2

3

4

5

6

7

8

9

10

DAS28 score

B
io

lo
g

ic
 d

o
s
e

 (
m

g
/k

g
)

Week 0

 

 

σ=0.01

σ=0.05

σ=0.25

0 2 4 6 8 10
0

1

2

3

4

5

6

7

8

9

10

DAS28 score

B
io

lo
g
ic

 d
o
s
e
 (

m
g
/k

g
)

Week 4

 

 

σ=0.01

σ=0.05

σ=0.25

0 2 4 6 8 10
0

1

2

3

4

5

6

7

8

9

10

DAS28 score

B
io

lo
g
ic

 d
o
s
e
 (

m
g
/k

g
)

Week 8

 

 

σ=0.01

σ=0.05

σ=0.25

0 2 4 6 8 10
0

1

2

3

4

5

6

7

8

9

10

DAS28 score

B
io

lo
g
ic

 d
o
s
e
 (

m
g
/k

g
)

Week 12

 

 

σ=0.01

σ=0.05

σ=0.25

0 2 4 6 8 10
0

1

2

3

4

5

6

7

8

9

10

DAS28 score

B
io

lo
g
ic

 d
o
s
e
 (

m
g
/k

g
)

Week 16

 

 

σ=0.01

σ=0.05

σ=0.25

0 2 4 6 8 10
0

1

2

3

4

5

6

7

8

9

10

DAS28 score

B
io

lo
g
ic

 d
o
s
e
 (

m
g
/k

g
)

Week 20

 

 

σ=0.01

σ=0.05

σ=0.25

0 2 4 6 8 10
0

1

2

3

4

5

6

7

8

9

10

DAS28 score

B
io

lo
g
ic

 d
o
s
e
 (

m
g
/k

g
)

Week 24

 

 

σ=0.01

σ=0.05

σ=0.25

Figure 1.9: Sensitivity analysis using several values of σ. All other parameters were fixed at

their base-case values as in Table 1.4.
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by our optimal policy as compared to three other dosing policies in Figure 1.10. The first

policy does not use a biologic agent for treatment and thus only administers methotrexate

(this is the traditional therapy for RA) — we call this the 0 dose policy. The other two

treatment strategies are from the OPTION trial — one administers a constant biologic dose

of 4mg/kg and the other administers a constant biologic dose of 8mg/kg. The figure shows

that our optimal policy outperforms these three policies for all values of κ1. For small values

of κ1, where methotrexate is least effective, the 0 dose policy performs the worst. This is

consistent with the statement in Section 1.1 that biologic treatment, and more strongly,

optimal biological treatment, is potentially most beneficial for patients who respond poorly

to methotrexate. The 4mg/kg policy performs better than the 0 dose policy. The objective

value of the 8mg/kg policy is closest to that of the optimal policy. Recall, however, that even

though the objective values of these two policies are similar, the doses they administer to

individual patients would be different. The constant dose policy administers a dose of 8mg/kg

to all patients (thus possibly under- and over-dosing patients), whereas our optimal policy

administers smaller doses to patients who respond well and higher doses to patients who

respond poorly. For large values of κ1, where methotrexate is most effective, the objective

value of the 0 dose policy is close to our optimal policy. This is to be expected because when

methotrexate is very effective, the optimal policy should also administer small or almost no

dose of the biologic. The 4mg/kg policy performs worse than the 0 dose policy. The 8mg/kg

policy performs even worse. The reasoning behind these observation also applies to the entire

continuum of intermediate κ1 values.

Since the value of our objective function (Y-axis in Figure 1.10) may be difficult to

interpret clinically, we break it into its two clinically meaningful components: the total dose

delivered and the terminal DAS28 score reached, in Figure 1.11. In other words, roughly

speaking, the Y-axis in Figure 1.10 equals the Y-axis in Figure 1.11(b) plus the coefficient of

risk aversion times the Y-axis in Figure 1.11(a). We do wish to remind the readers, however,

that any two policies cannot really be compared by looking solely at the Y-axis values either
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Figure 1.10: Comparison of three constant-dose policies with our optimal policy, as a function

of κ1.
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Figure 1.11: Comparison of the two components of our objective function for the three

constant-dose policies from Figure 1.10 and our optimal policy, as a function of κ1.

in Figure 1.11(a) or in Figure 1.11(b), because our stochastic DP does not optimize these

individual components. Nevertheless, these two figures do make explicit the fundamental
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trade-off in dosing. Figure 1.11(a) shows (obviously) that the total dose delivered by the

three constant dose policies does not change with κ1 (methotrexate effectiveness), whereas

the total dose for the optimal policy does depend on κ1. The optimal policy administers

a higher total dose than these three policies for lower values of κ1 (where methotrexate

is not very effective) and attains a lower terminal DAS28 score. For higher values of κ1,

where methotrexate is effective, the optimal policy administers a lower dose than the largest

constant dose policy, sacrificing the terminal DAS28 score a little bit. The optimal policy

administers a higher dose than the two smaller constant dose policies and attains a lower

terminal DAS28 score, at all values of κ1.

In Chapter 2, we generalize the model of this chapter and prove the monotonicity result

we observed numerically in Figure 1.1.
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Chapter 2

A GENERAL STOCHASTIC DP FORMULATION FOR
RESPONSE-GUIDED DOSING

The key ideas in our stochastic DP approach for biologic RGD in RA were demonstrated

through a detailed, concrete example in Sections 1.2 and 1.3. In this chapter, we extend this

example by allowing for general disease scores, dose-response dynamics, and cost functions.

Our motivation for this generalization is two-fold as described next.

2.1 Motivation for a general formulation

Firstly, our generalization below broadens the applicability of the DP approach to other RA

disease activity scores that may become available in the future (see [66] for a discussion

of disease activity scores in RA), to other dose-response functions that a decision-maker

may choose to fit to his/her data, and to other cost functions such as those consistent with

the treat-to-target school of thought (where the goal is to bring the disease score below

a remission threshold [145]) as opposed to the maximalist one. Perhaps more importantly,

this generalization further broadens the applicability of our mathematical framework to other

diseases and conditions where RGD is potentially helpful. As outlined next, examples include

hepatitis C, LDL cholesterol lowering statin therapy, and AIDS.

A common treatment for chronic hepatitis C virus infections is a once-weekly dose of 180

µg pegylated interferon in combination with a daily dose of 1000 - 1200 mg ribavirin for 48

weeks [137, 200]. Recent clinical studies have used viral RNA measurements from an initial

phase of therapy to adjust subsequent dose levels [45, 130, 200].

Guidelines for coronary heart disease (CHD) recommend low density lipoprotein (LDL)

cholesterol levels of <100 mg/dL for patients with CHD, <130 mg/dL for patients with two
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or more risk factors, and <160 mg/dL for patients with fewer than two risk factors [57].

One approach to CHD risk management is to monitor LDL levels and adjust LDL-reducing

statin therapy to meet these targets [57] and there is some debate about whether or not this

strategy is optimal [75, 76, 103].

The SMART trial for AIDS [70] studied a CD4 threshold based on-and-off dosing method

where treatment was started (or re-started) when the CD4 count fell below 250 cells/mm3

and it was continued only as long as this count stayed below 350. Other trials have also

studied similar CD4-guided strategies [11, 12, 34, 44, 116, 80, 122].

We believe that our general stochastic DP approach here could guide RGD for such

diseases and conditions using disease scores such as the viral load, LDL cholesterol levels,

and CD4 counts.

2.2 Bellman’s equations for the general formulation

Let T denote the number of treatment sessions, indexed by t = 1, 2, . . . , T , in a treatment

course. The time-interval between two consecutive treatment sessions may be in hours, days,

weeks, or months depending on the disease. For simplicity of notation, we assume that these

intervals are equal. At the beginning of each treatment session, the physician observes a

numerical score of the patient’s disease condition, and chooses a dose for that session. These

numerical scores belong to a convex set X ⊆ R. Smaller real numbers in this set represent

less severe disease. The disease condition at the beginning of treatment session t is denoted

by xt ∈ X. The dose level chosen by the physician for this session after observing xt is

denoted by dt. Possible dose levels dt belong to the interval D , [0, d̄] ⊂ R, where d̄ is a

finite upper bound on permissible dose levels.

For t = 1, 2, . . . , T , disease conditions evolve according to dynamics

xt+1 = f(xt, dt; Θ), for xt, xt+1 ∈ X, and dt ∈ D, (2.1)

where Θ are iid random variables that take values from a set Ω ⊆ R. These random variables

are assumed to possess a probability density function p(·). Our results also hold when random
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variables Θ are discrete, and in that case, p(·) denotes the probability mass function and

all integrals below are replaced by sums. We assume that the response function f(·, ·; θ) is

continuous over X ×D for each θ ∈ Ω. As in our RA example in Section 1.2, dose-response

dynamics of the form (2.1) can be derived by starting with a nominal dose-response model

such as exponential, exponential linear-quadratic, logistic, Michaelis-Menten, Hill’s, Emax,

power law, Gompertz, and beta-Poisson (see [172]). These nominal dose-response functions

have been used in the medical literature for a variety of diseases and conditions including

RA, hepatitis C, hyperlipidemia, AIDS, diabetes, and hypertension [46, 94, 100, 121, 124,

134, 147, 166, 182].

Aversion to dose is modeled using a continuous cost function c : D → R+. Since D is

compact, continuity of c(·) implies that it is bounded. Examples include linear, quadratic,

and exponential functions. Aversion to disease conditions xT+1 at the end of the treatment

course is modeled using a continuous and bounded cost function h : X → R+. Examples

include linear, quadratic, exponential, and ramp. The cost in the ramp function is zero

up to a threshold and then increases with disease score; this can be used to model the

treat-to-target approach.

Our concrete model in Section 1.2 is a special case of this general model, where xt =

ln (DAS28t), f(xt, dt; Θ) = xt+lnκ2− ln (κ1 + κ2 + dt)+Θ, c(dt) = cdt, and h(xt) = exp(xt).

Let Jt(xt) denote the minimum total expected disutility accumulated by the end of the

treatment course, given that the disease condition at the beginning of the tth session is xt.

These optimal cost-to-go functions Jt(·) are unique solutions of Bellman’s equations

Jt(xt) = min
dt∈D

{
c(dt) +

∫
Ω

Jt+1(f(xt, dt; θt))p(θ)dθ
}
, ∀xt ∈ X, and t = 1, 2, . . . , T, (2.2)

with the boundary condition JT+1(x) = h(x) for all x ∈ X. As we shall see, problem (2.2)

involves optimizing a continuous function over the nonempty compact set D and hence it has

an optimal solution. Doses that attain the above minima define an optimal response-guided

dosing policy. The set of doses that attain the minimum in (2.2) for state xt ∈ X in session

t is denoted by A∗t (xt) ⊆ D. Bellman’s equations (2.2) can be approximately solved easily
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using discretization of X (along with truncation if needed) and of D.

2.2.1 Relation to other dynamic optimization models in treatment planning

Recent surveys of dynamic optimization models in medical treatment planning are available

in [6, 158]. The idea of adapting treatment or diagnostic decisions to the observed stochastic

evolution of a “health state” was recently employed in [7, 8, 40, 48, 107, 156, 165]. A

common feature of these papers is that their decisions are of the wait/do not wait-type,

and do not involve a sequential choice of dose levels. The stochastic evolution of the health

state occurs according to a natural history progression model without intervention, and the

decision process ends when a choice to not wait is made. A control-limit policy, where one

waits if and only if the health state is better than a certain threshold, is typically found to

be optimal. In particular, Alagoz et al. [7, 8] and Sandikci et al. [156] model reject/accept

decisions of end-stage liver disease patients on a waiting list, who are offered livers from

living or cadaveric donors. Shechter et al. [165] investigate the optimal time to initiate

antiretroviral therapy for AIDS and hence adapt wait/initiate decisions to observed CD4

counts. Denton et al. [48] and Kurt et al. [107] study the optimal time to begin statin

treatment for diabetes patients and hence also make wait/initiate decisions. Chhatwal et al.

[40] consider a radiologist’s choice of whether to perform a biopsy or to wait until the next

annual mammogram, based on a risk score derived from the latest annual mammogram.

The work in [97] is an exception to this common theme of wait/do not wait decisions.

There, the authors made dose level (high/low) decisions for response-guided radiotherapy

and numerically found that the optimal policy had a control-limit structure in some cases.

This idea was then extended to intensity modulated radiation therapy, where radiation in-

tensity profiles were adjusted based on the spatiotemporal evolution of tumor cell density

[98]. Another exception to the wait/do not wait theme are papers where a sequence of treat-

ment modalities is chosen for metastatic tumors [18, 19] and AIDS [164]. Continuous time

deterministic control methods, which utilize differential equations to model viral dynamics,

have been used to derive dosing strategies for viral infections such as AIDS [109, 197].
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In a different line of work, researchers have proposed stochastic compartment models

to make dosing decisions for diseases such as diabetes. These models discretize the human

body into a finite number of chambers and use stochastic differential and algebraic equations

to model the transport of a drug through these chambers in continuous time. The state

in these models often includes drug concentration in each compartment and controls relate

to dose levels. Bayesian statistics is employed to learn patient-specific parameter distribu-

tions whereas drug concentration measurements are subject to stochastic errors. Continuous

time stochastic control techniques are then applied to maintain drug concentrations in blood

plasma inside these compartments within a preset range. The resulting problems are compu-

tationally intractable even in the single-compartment case, and hence approximate control

schemes need to be devised and numerically compared. To the best of our knowledge, struc-

tural results about optimal policies are not available. Examples of this approach include Hu

et al. [81], Bayard et al. [17], Jelliffe et al. [89], Acikgoz and Diwekar [2], Schumitzky [162],

and references therein. However, these models do not consider the stochastic progression of

disease condition, and hence do not implement RGD as envisioned in this chapter. Finally,

papers mentioned in this and the previous paragraph only include numerical experiments

and do not seek to prove the structure of their treatment strategies.

Our dosing policy in Section 1.3 had an intuitive, monotone structure that can in general

be exploited to speed up backward induction calculations [151]. Thus, the question arises as

to whether or not this structure holds in our general model. We investigate this question in

the next section.

2.3 Monotonicity of optimal dosing policy

We claim, under two assumptions on the disease condition dynamics and on the cost func-

tions, that in each treatment session there exist optimal doses that increase as the disease

condition worsens.

Assumption 2.3.1 (Monotone, supermodular, and convex disease-response). For each re-
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alization θ ∈ Ω of the random variable Θ,

• the function f(x, ·; θ) is decreasing in dose for each fixed x ∈ X, and the function

f(·, d; θ) is increasing in disease condition for each fixed d ∈ D;

• the function f(·, ·; θ) is supermodular over X × D; that is, f(u, a; θ) − f(u, b; θ) ≥

f(x, a; θ) − f(x, b; θ) for all x, u ∈ X such that u ≥ x and for all a, b ∈ D such that

a ≥ b;

• the function f(·, ·; θ) is convex over X×D; that is, for any x, y ∈ X and any a, b ∈ D,

it satisfies the inequality f(λx+(1−λ)y, λa+(1−λ)b; θ) ≥ λf(x, a; θ)+(1−λ)f(y, b; θ)

for every λ ∈ [0, 1].

Assumption 2.3.2 (Increasing, and convex costs). The cost function c(·) is increasing and

convex over D; cost function h(·) is increasing and convex over X.

The first item in Assumption 2.3.1 is natural and expresses that (i) for a fixed pre-session

disease condition, a higher dose results in a better post-session disease condition, and (ii)

given a fixed dose, the post-session disease condition is increasing in the pre-session disease

condition.

Supermodularity as in the second item holds when the marginal difference in disease

response for high and low doses is higher in worse disease conditions. In fact, in most special

cases of (2.1), the response function will be additively separable in dose and disease condition

(see examples below), and hence it will be both supermodular and submodular [186]. As a

result, we expect that supermodularity of dose response will hold trivially in essentially all

special cases of (2.1).

Again, in most special cases of (2.1), the response function will be additively separable

in dose and disease condition (see examples below), and hence (joint) convexity as in the

third item of Assumption 2.3.1 will be equivalent to componentwise convexity. This means

that (i) the magnitude of marginal improvement in disease condition decreases with higher
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doses, and (ii) for a fixed dose, the marginal improvement in disease condition increases with

worsening disease conditions.

Linear dynamics is perhaps the simplest function that satisfies Assumption 2.3.1. Here,

we provide several other examples of dose-response functions that are available in the medical

literature and that also satisfy Assumption 2.3.1.

1. Exponential (see [172]): Consider a disease with nonnegative scores yt that are nom-

inally assumed to evolve according to yt+1 = yt exp(−αdt) for some parameter α > 0.

As in the Michaelis-Menten formula discussed in Section 1.2, this function has the de-

sirable properties that yt+1 = yt if dt = 0 and yt+1 asymptotically approaches zero as

dt → ∞. Taking natural logarithms on both sides, defining xt = ln(yt) and then

adding the stochastic noise term, this nominal formula yields the linear dynamics

xt+1 = xt − αdt + Θ. It is easy to see that f(xt, dt; Θ) = xt − αdt + Θ satisfies

Assumption 2.3.1. The exponential dose-response function has been used to model

evolution of LDL cholesterol levels under phytosterol treatment [46].

2. Power law (see [129]): Again consider a disease with nonnegative scores yt that

are nominally assumed to evolve according to yt+1 = yt(1 + dt)
−α where α > 0 is

a parameter. This function also has the aforementioned desirable properties and after

taking logarithms and adding stochastic noise as above yields xt+1 = xt−α ln (1 + dt)+

Θ where Assumption 2.3.1 holds. The power law function has been used to model the

effect of chemotherapy on tumor cells [73].

3. Beta-Poisson (see [184]): This is a generalization of the above power law function

such that yt+1 = yt(1 +dt/β)−α where β > 0 is an additional parameter. Again, taking

logarithms and adding stochastic noise yields dynamics where Assumption 2.3.1 holds.

This function has been used in quantitative risk assessment of exposure to pathogenic

microorganisms.

4. Michaelis-Menten: This function was discussed in detail earlier in this chapter.
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Assumption 2.3.2 holds when (i) there is an increasing aversion to higher doses and the

marginal aversion increases with dose, and (ii) there is an increasing aversion to worsening

disease conditions and the marginal aversion increases with worsening disease conditions.

The decision-maker’s preference to lower doses and better disease conditions is a natural

assumption; increasing marginal aversion is a characteristic of risk-averse decision-makers in

medicine [52].

We are now ready to state our monotonicity result.

Theorem 2.3.3. Under the above assumptions, optimal dose levels increase with worsening

disease conditions in each treatment session. More precisely, in any session t, if dose level

a(x) ∈ A∗t (x) for some x ∈ X, then, corresponding to every u ∈ X with u ≥ x, there exists

a dose level b(u) ∈ A∗t (u) such that b(u) ≥ a(x).

2.3.1 Proof of Theorem 2.3.3

The proof employs backward induction on t = T + 1, T, . . . , 1. In particular, we first show

that if Jt+1(·) is increasing, convex, continuous, and bounded, then in treatment session t,

there exist optimal decisions with the monotone structure described in Theorem 2.3.3. We

then show that Jt(·) inherits these four properties from Jt+1(·). Theorem 2.3.3 then follows

because the utility function h(·), that is, JT+1(·), is assumed to possess these properties.

To begin the proof, we define the Qt-function of DP for t = 1, 2, . . . , T as

Qt(xt; dt) , c(dt) +

∫
Ω

Jt+1(f(xt, dt; θ))p(θ)dθ, ∀xt ∈ X, dt ∈ D, (2.3)

and note from (2.2) that

Jt(xt) = min
dt∈D

{Qt(xt; dt)}. (2.4)

We first show that Qt(·; ·) has decreasing differences over X ×D. That is,

[
Qt(u; a)−Qt(u; b)

]
−
[
Qt(x; a)−Qt(x; b)

]
≤ 0, (2.5)
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for all x, u ∈ X such that u ≥ x, and all a, b ∈ D such that a ≥ b. To see that (2.5) holds,

observe from the definition of the Qt-function in (2.3) that the left hand side in (2.5) equals∫
Ω

[
Jt+1(f(u, a; θ))− Jt+1(f(u, b; θ))− Jt+1(f(x, a; θ)) + Jt+1(f(x, b; θ))

]
p(θ)dθ. (2.6)

To prove that this expectation is nonpositive, it suffices to show that the expression inside

[ ] in the integrand is nonpositive for every realization θ ∈ Ω of the random variable Θ. By

Assumption 2.3.1, we have,

f(u, a; θ) ≤ f(u, b; θ), (2.7)

f(x, a; θ) ≤ f(x, b; θ), (2.8)

f(x, a; θ) ≤ f(u, a; θ), and (2.9)

f(x, b; θ) ≤ f(u, b; θ). (2.10)

As shown in Figure 2.1, there are exactly two possibilities for the relative positions of

f(u, a; θ), f(u, b; θ), f(x, a; θ), and f(x, b; θ) that are consistent with inequalities (2.7)-(2.10).

In both cases, by supermodularity of disease response in Assumption 2.3.1, we have,

f(u, a; θ)− f(u, b; θ) ≥ f(x, a; θ)− f(x, b; θ). (2.11)

Hence,

Jt+1(f(u, a; θ))− Jt+1(f(u, b; θ)) ≤ Jt+1(f(x, a; θ))− Jt+1(f(x, b; θ)) (2.12)

because Jt+1(·) is increasing and convex (see Figure 2.1 again). This implies that (2.6) is

nonpositive and (2.5) holds.

Inequality (2.5) implies that in session t, there exists an optimal policy that is increasing

in disease conditions as claimed in Theorem 2.3.3. We show this by contradiction. So suppose

not. That is, there are two states, which we denote x and u where u ≥ x, with the following

property in session t: dose a ∈ D is optimal in x and every dose b ∈ D that is optimal in

u satisfies b < a. Then Qt(x; a) ≤ Qt(x; b) by optimality of a in x, and Qt(u; b) < Qt(u; a)
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Jt+1

ft(x,a;Ɵ) ft(u,a;Ɵ) ft(x,b;Ɵ) ft(u,b;Ɵ)

Jt+1(ft(u,b;Ɵ))

Jt+1(ft(x,b;Ɵ))

Jt+1(ft(x,a;Ɵ))

Jt+1(ft(u,a;Ɵ))

Jt+1

ft(x,a;Ɵ) ft(u,a;Ɵ)ft(x,b;Ɵ) ft(u,b;Ɵ)

Jt+1(ft(u,b;Ɵ))

Jt+1(ft(x,b;Ɵ))

Jt+1(ft(x,a;Ɵ))

Jt+1(ft(u,a;Ɵ))

Figure 2.1: A visual aid to the proof that Qt(·, ·) has decreasing differences. This figure

shows the two possibilities for the relative positions of f(u, a; θ), f(u, b; θ), f(x, a; θ), and

f(x, b; θ) that are consistent with inequalities (2.7)-(2.10). Corresponding values of the con-

vex, increasing function Jt+1(·) satisfy inequality (2.12).

because b is optimal and a is not optimal in u. Adding these inequalities yields a contradiction

to the decreasing differences property defined in (2.5).

We now show that Jt(·) is increasing in disease condition; that is, Jt(u) ≥ Jt(x) for all

x, u ∈ X such that u ≥ x. Suppose dose a ∈ D is optimal in x and dose b ∈ D is optimal in

u in session t. Then,

Jt(u)− Jt(x) = Qt(u; b)−Qt(x; a) ≥ Qt(u; b)−Qt(x; b)

=

∫
Ω

[
Jt+1(f(u, b; θ))− Jt+1(f(x, b; θ))

]
p(θ)dθ ≥ 0.

Here, the first inequality follows because a ∈ D is optimal in x and hence Qt(x; a) ≤ Qt(x; b).

The second inequality follows because for every realization θ ∈ Ω of the random variable Θ,

f(u, b; θ) ≥ f(x, b; θ) by Assumption 2.3.1 and hence Jt+1(f(u, b; θ)) ≥ Jt+1(f(x, b; θ)) as

Jt+1(·) is increasing.
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We show in addition that Qt(·; ·) is convex over X × D. Let λ ∈ [0, 1], x, y ∈ X, and

a, b ∈ D. For brevity, we define the shorthand z = λx+ (1−λ)y, and d = λa+ (1−λ)b. We

have,

Qt(z; d) = c(d) +

∫
Ω

[
Jt+1(f(z, d; θ))

]
p(θ)dθ

≤ c(d) +

∫
Ω

[
Jt+1(λf(x, a; θ) + (1− λ)f(y, b; θ))

]
p(θ)dθ

≤ c(d) +

∫
Ω

[
λJt+1(f(x, a; θ)) + (1− λ)Jt+1(f(y, b; θ))

]
p(θ)dθ

≤ λc(a) + (1− λ)c(b) +

∫
Ω

[
λJt+1(f(x, a; θ)) + (1− λ)Jt+1(f(y, b; θ))

]
p(θ)dθ

= λQt(x; a) + (1− λ)Qt(y; b).

Here, the first inequality holds because f(·, ·; θ) is convex by Assumption 2.3.1 and Jt+1(·)

is increasing. The second inequality holds because Jt+1(·) is convex. The third inequality

results from convexity of c(·) by Assumption 2.3.2. This shows that Qt(·; ·) is convex over

X ×D.

Using a standard argument in convex optimization (see Section 3.2.5 of [29]), convexity of

Qt(·; ·) implies from (2.4) that Jt(·) is convex over X. To see this, let λ ∈ [0, 1] and x, y ∈ X.

Suppose that Jt(x) = Qt(x; a) for some a ∈ D, that is, a ∈ D is optimal in x, and that

Jt(y) = Qt(y; b) for some b ∈ D, that is, b ∈ D is optimal in y. We have,

Jt(λx+ (1− λ)y) = min
d∈D
{Qt(λx+ (1− λ)y; d)}

≤ Qt(λx+ (1− λ)y;λa+ (1− λ)b)

≤ λQt(x; a) + (1− λ)Qt(y; b)

= λJt(x) + (1− λ)Jt(y),

where the first inequality holds because λa+ (1−λ)b ∈ D, and the second inequality follows

from convexity of Qt(·; ·) over X ×D.
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We now prove that Qt(·; ·) is continuous and bounded over X×D. Fix any (x; d) ∈ X×D,

and consider a convergent sequence (xn; dn) ∈ X × D such that lim
n→∞

(xn; dn) = (x; d). We

have,

Qt(x
n; dn) = c(dn) +

∫
Ω

Jt+1(f(xn, dn; θ))p(θ)dθ. (2.13)

By continuity of f(·, ·; θ) over X × D, lim
n→∞

f(xn, dn; θ) = f(x, d; θ) for each θ ∈ Ω. This

implies, by continuity of Jt+1(·) over X, that

lim
n→∞

Jt+1(f(xn, dn; θ)) = Jt+1( lim
n→∞

f(xn, dn; θ)) = Jt+1(f(x, d; θ)),

for each θ ∈ Ω. Similarly, by continuity of c(·) over D, we have, lim
n→∞

c(dn) = c( lim
n→∞

dn) =

c(d). We define a sequence of functions rn : Ω→ R by

rn(θ) = Jt+1(f(xn, dn; θ)).

Since Jt+1(·) is bounded over X, there exists a constant M such that |rn(θ)| ≤ M for all n

and all θ. Moreover,
∫
Ω

Mp(θ)dθ = M , and hence, the dominated convergence theorem (see

Theorem 10.27 in [13]), when applied to (2.13), implies that

lim
n→∞

Qt(x
n; dn) = c(d) +

∫
Ω

lim
n→∞

{
Jt+1(f(xn, dn; θ))

}
p(θ)dθ

= c(d) +

∫
Ω

Jt+1(f(x, d; θ))p(θ)dθ = Qt(x; d).

Thus Qt(·; ·) is continuous over X × D. Since c(·) and Jt+1(·) are bounded over D and X,

respectively, it follows that Qt(·; ·) is also bounded over X ×D.

Now recall from (2.4) that for every x ∈ X, Jt(x) is the minimum of Qt(x; d) over d ∈ D.

Continuity of Jt(·) over X then follows from Berge’s Maximum Theorem (see Theorem 17.31

in [9]). We nevertheless provide a detailed proof here for the sake of completeness (also

see [181]). Consider a convergent sequence of states xn ∈ X such that lim
n→∞

xn = x, and a

corresponding sequence of optimal doses dn ∈ D in session t. Because D is compact, dn has

a convergent subsequence dnk . Let lim
k→∞

dnk , d∗ ∈ D. We show that d∗ is optimal in x in
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session t. Suppose, by way of contradiction, that d∗ is not optimal in x in session t. Then

there exists some d ∈ D such that

Qt(x; d) < Qt(x; d∗). (2.14)

Now define the subsequence ank = d(1 − 1/nk); note that ank ∈ D and lim
k→∞

ank = d. Using

continuity of Qt(·; ·) in (2.14) we get

lim
k→∞

Qt(x
nk ; ank) = Qt(x; d) < Qt(x; d∗) = lim

k→∞
Qt(x

nk ; dnk).

This implies that for sufficiently large k,

Qt(x
nk ; ank) < Qt(x

nk ; dnk),

thus contradicting the optimality of dnk in xnk . Thus d∗ must be optimal in x in session t,

and in particular,

lim
k→∞

Jt(x
nk) = lim

k→∞
Qt(x

nk ; dnk) = Qt(x; d∗) = Jt(x).

This shows that Jt(·) is continuous over X. The fact that Jt(·) is also bounded over X follows

from (2.4) since Qt(·; ·) is bounded over X ×D. This completes our proof of Theorem 2.3.3

by induction.

Monotonicity of optimal doses appears to be an intuitive property. We show by coun-

terexamples in the next section, however, that it may not always hold.

2.3.2 Counterexamples to optimality of monotone dosing

The counterexamples here are constructed to illustrate that Assumptions 2.3.1 and 2.3.2 are

not vacuous, and in particular, that a violation of an assumption can lead to optimal doses

that are not increasing in disease conditions. As discussed in Section 2.3, the monotonicity

properties of our dose-response and cost functions do not seem restrictive. Thus, below we

construct (hypothetical) counterexamples where these properties hold but one of our (more

restrictive) convexity assumptions is violated.
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Counterexample 1: h(·) concave (risk-seeking decision-maker)

Consider a single-session, deterministic special case of our model wherein X = R+, D = [0, 1]

(that is, d̄ = 1), f(x, d; θ) = x−d, c(d) = 0.005d2, and h(x) = 1−e−x. This problem satisfies

Assumptions 2.3.1 and 2.3.2 except notice that h(·) is now a concave function; that is, the

decision-maker is risk-seeking with respect to the terminal disease condition. Since this is a

single-session problem, we drop the subscript t and write

Q(x; d) = 0.005d2 + 1− e−x+d.

That is, to find an optimal dose in disease condition x, we simply need to minimize the

function Q(x; d) over d ∈ [0, 1]. We consider two states: x = 1 and x = 6. When x = 1,

Q(1; d) = 0.005d2 + 1 − ed−1 is a decreasing function of d over the interval [0, 1] and hence

dose d = 1 is uniquely optimal in state x = 1. When x = 6, Q(6; d) = 0.005d2 + 1− ed−6 is

a strictly convex function of d over the interval D = [0, 1] and dose d ≈ 0.3527 is its unique

minimizer. In particular, no monotone policy is optimal.

Counterexample 2: f(·, ·; θ) not convex

We again consider a single-session, deterministic special case of our model wherein X = R+,

D = [0, 1] (that is, d̄ = 1), f(x, d; θ) = 1 − e−x+d, c(d) = 0.005d2, and h(x) = x. This

problem satisfies Assumptions 2.3.1 and 2.3.2 except notice that f(·, ·; ·) is not a convex

function. This results in

Q(x; d) = 0.005d2 + 1− e−x+d,

which is the same Q that was found in Counterexample 1 above. Thus, the rest of the

discussion follows exactly as in Counterexample 1 to conclude that no monotone policy is

optimal.

A robust counterpart of the stochastic DP in this chapter is presented in the next chapter.



38

Chapter 3

ROBUST RESPONSE-GUIDED DOSING

3.1 Background and motivation

One limitation of the stochastic DP of Chapter 2 is that the decision-maker is assumed to

know at the outset the probability mass function (pmf) of the dose-response parameter. Any

a priori estimate of this pmf, however, is subject to estimation errors. To tackle the resulting

ambiguity, we present here a robust counterpart of the model of Chapter 2 (henceforth called

the “nominal” model).

In our robust formulation, the pmf of the dose-response parameter will be assumed to

belong to an uncertainty set. Uncertainty sets are often composed of pmfs that are in some

sense “close to” a nominal pmf, which may have been estimated a priori from a clinical trial

[21, 88, 139]. Roughly speaking, the decision-maker then follows a conservative approach

whereby he/she attempts to find a dosing policy that minimizes the worst-case expected

disutility over all pmfs from this uncertainty set. Examples of uncertainty sets include the

interval set, the maximum likelihood set, the relative entropy set, and the ellipsoidal set.

Although our general robust RGD model accommodates any of these sets, we illustrate our

results in detail using the interval model. We show that the so-called inner maximization

problem in the Bellman’s equations for robust RGD with the interval uncertainty set is a

linear program (LP) that can be solved analytically. Moreover, an optimal solution to this

inner problem, that is, the worst-case pmf, does not depend on the observed disease condition

and the dose chosen. This in turn implies that there exists a monotone dosing policy that

is optimal to the robust stochastic DP, thus extending the main theoretical result from

the nominal model. This extension is not only of theoretical interest but also significantly

simplifies the computation of our robust optimal dosing policy. In particular, we show that
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the state-action invariant structure of the worst-case pmf makes the robust problem only

as hard to solve as the nominal problem. We further analyze in Section 3.3 a specific and

common single-parameter formulation of the interval uncertainty set and provide a simple

condition on the dose-response formula under which optimal doses vary monotonically with

this parameter. We conclude by presenting numerical results on a hypothetical disease with

an inverse-power dose-response function, and giving a counterexample to monotonicity when

one of our assumptions is violated.

3.2 The robust stochastic DP

As in Chapter 2, let T denote the number of sessions, indexed by t = 1, 2, . . . , T , in a

treatment course. At the beginning of each session, the decision-maker observes a numerical

score of the patient’s disease condition, and chooses a dose for that session. These numerical

scores belong to a compact interval X ⊆ R. Smaller numbers in this set represent less severe

disease. The disease condition at the beginning of session t is denoted by xt ∈ X. The dose

level chosen by the decision-maker for this session after observing xt is denoted by dt. Dose

levels dt belong to the interval D , [0, d̄] ⊂ R, where d̄ is a finite upper bound on permissible

dose levels.

For t = 1, 2, . . . , T , disease conditions evolve according to dynamics xt+1 = f(xt, dt; Θ) =

xt + f0(dt; Θ), for xt, xt+1 ∈ X and dt ∈ D. All standard dose-response functions such

as linear, Michaelis-Menten, inverse-power, Emax, Hill’s, exponential, exponential linear-

quadratic, power law, Gompertz, and Beta-Poisson can be expressed in this additively sepa-

rable form (after taking logarithms in some cases). A detailed descriptions of these functions

was given in section 2.3. Here, Θ are independent and identically distributed dose-response

parameters in sessions t. Independence across sessions is somewhat restrictive although com-

mon in the literature (see, for example, Chapter 4 of [32], and also [162]). This assumption

was employed in the model of Chapter 2 as well, and it holds when consecutive sessions are

“sufficiently separated” from a biochemical viewpoint. Random variables Θ take values from

a finite set Ω , {θ1, θ2, . . . , θn}. We assume that the function f0(·; θ) is continuous over D
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for each θ ∈ Ω.

Aversion to dose is modeled using a continuous disutility function c : D → R+. Since D

is compact, continuity of c(·) implies that it is bounded. Examples include linear, quadratic,

and exponential functions. Aversion to disease conditions xT+1 at the end of the treatment

course is modeled using a continuous and bounded disutility function h : X → R+. Examples

include linear, quadratic, exponential, and ramp (where the disutility is zero up to a disease-

condition threshold and grows linearly thereafter).

Assumption 3.2.1 (Monotone and convex dose-response). The function f0(·; θ) is decreas-

ing and convex in dose over D for every θ ∈ Ω.

Assumption 3.2.2 (Increasing and convex disutilities). The disutility function c(·) is in-

creasing and convex over D; the disutility function h(·) is increasing and convex over X.

A detailed justification for these assumptions was provided in Chapter 2. In particular,

Assumption 3.2.2 encodes a risk-averse decision-maker. Several examples of clinically rele-

vant functions that satisfy these assumptions were also listed in Chapter 2; as such, we do

not believe these assumptions to be particularly restrictive.

Pursuing standard practice in robust stochastic DP [21, 88, 139], we assume that the

pmf of Θ is only known to lie in some set P . In the robust optimization parlance, set

P is called the uncertainty set and is composed of all “plausible” pmfs. This set is often

chosen so that it includes all pmfs that are “close to” some nominal pmf. More precisely,

let ∆ , {p(·) : p(θ) ≥ 0,
∑
θ∈Ω

p(θ) = 1} be the probability simplex in Rn, and let P ⊆ ∆.

Then, the worst-case total expected disutility is minimized by solving the robust Bellman’s

equations

J̃t(xt) = min
dt∈D

{ “inner problem”︷ ︸︸ ︷
max
pt(·)∈P

(
c(dt) +

∑
θ∈Ω

J̃t+1(xt + f0(dt; θ))pt(θ)
)}

, ∀xt ∈ X, and t = 1, 2, . . . , T,

(3.1)

with the boundary condition J̃T+1(x) = h(x) for all x ∈ X. Here, J̃t(·), for t = 1, 2, . . . , T+1,

are called the robust optimal cost-to-go functions, and an optimal solution to the inner
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problem is called a worst-case distribution.

The robust stochastic DP is computationally tractable if the inner maximization problem

is easy to solve. This occurs, for example, when P is chosen to be a convex set. This,

combined with the linearity (in pt(·)) of the objective function, implies that the inner problem

is convex. Some examples of convex uncertainty sets are interval, maximum likelihood,

ellipsoidal and entropy [21, 88, 139]. We focus on the interval uncertainty model in the

subsequent discussion.

The interval model is motivated by statistical estimates of confidence intervals on the pmf

components. It can also be obtained by projecting the ellipsoidal or maximum likelihood

uncertainty sets onto the coordinate axes [21, 139]. In this model [21], the uncertainty set P

is defined such that the probabilities p(θ), for θ ∈ Ω, belong to an interval. More precisely,

P ,
{
p(θ) ∈ ∆ : pL(θ) ≤ p(θ) ≤ pH(θ)

}
, for some constants pL(θ) and pH(θ), for θ ∈ Ω.

We assume, to avoid trivialities, that P is non-empty. A necessary condition for this is that∑
θ∈Ω

pL(θ) ≤ 1 and
∑
θ∈Ω

pH(θ) ≥ 1.

In the interval uncertainty model, the inner problem is an LP, and in fact, we are able to

find a closed-form solution for this LP. Moreover, it turns out that the resulting worst-case

pmf does not depend on t, xt, or dt. This implies that the robust problem is as easy to solve as

the nominal problem and it also enables us to prove a monotonicity result in Theorem 3.2.4

below, analogous to Theorem 3.2.4 from the nominal case, under the following additional

assumption.

Assumption 3.2.3 (Monotonicity in dose-response parameter). The dose-response function

f0(d; ·) is decreasing over Ω for each d ∈ D.

This assumption implies that larger dose-response parameters induce a larger improve-

ment in the disease condition. Our proofs below can be rewritten for a variation of this

assumption where the improvement is increasing in the dose-response parameter. All dose-

response models known to us satisfy one of these two types of monotonicity; Assumption

3.2.3 thus is not restrictive.
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Theorem 3.2.4. Suppose Assumptions 3.2.1, 3.2.2, and 3.2.3 hold. Then, optimal dose

levels increase with worsening disease conditions in each session in the robust stochastic DP

with interval uncertainty.

Proof of Theorem 3.2.4: The proof employs backward induction on t = T+1, T, . . . , 1. We

first show that if J̃t+1(·) is increasing, convex, continuous, and bounded, then in treatment

session t, there exist optimal doses that are monotone. We then show that J̃t(·) inherits

these four properties from J̃t+1(·). The theorem then follows because the utility function

h(·), that is, J̃T+1(·), is assumed to possess these properties.

So suppose, as the inductive hypothesis, that J̃t+1(·) is increasing, convex, continuous,

and bounded. For each fixed state-action pair (xt, dt), the inner problem

Q̃t(xt, dt) , max
pt(·)∈P

(
c(dt) +

∑
θ∈Ω

J̃t+1(xt + f0(dt; θ))pt(θ)
)

(3.2)

is an n-variable LP in variables pt(θ), for θ ∈ Ω. This LP has an optimal solution because

its feasible region P is compact. We denote this optimal solution by p∗t (xt, dt; θ), for θ ∈ Ω.

With this notation, we have that the robust optimal cost-to-go functions are given by

J̃t(xt) = min
dt∈D

Q̃t(xt, dt) = min
dt∈D

(
c(dt) +

∑
θ∈Ω

J̃t+1(xt + f0(dt; θ))p
∗
t (xt, dt; θ)

)
. (3.3)

Claim 1: Problem (3.2) has an optimal solution that does not depend on t, (xt, dt) and

hence p∗t (xt, dt; θ) can in fact be written as p∗(θ) for θ ∈ Ω.

Proof of Claim 1: For any fixed session t and fixed state-action pair (xt, dt), the inner

maximization problem is equivalent to the LP

max g(p) ,
∑
θ∈Ω

J̃t+1(xt + f(dt; θ))p(θ) (3.4)

pL(θ) ≤ p(θ) ≤ pH(θ) and 0 ≤ p(θ) ≤ 1, for θ ∈ Ω;
∑
θ∈Ω

p(θ) = 1. (3.5)

We henceforth simplify constraints (3.5) by assuming without loss of generality that 0 ≤

pL(θ) ≤ pH(θ) ≤ 1 for all θ ∈ Ω. Suppose, without loss of generality, that the elements of Ω
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are organized in ascending order as θ1 ≤ . . . ≤ θn. Then, Assumption 3.2.3, combined with

the fact that J̃t+1(·) is increasing, implies that the coefficients a(θi) , J̃t+1(xt + f0(dt, θi)) of

the variables p(θi) in the LP objective function g(·), are decreasing in i = 1, 2, . . . , n. Since

a(θ1) is the largest coefficient, we would like to attach the largest possible probability mass to

θ1. Thus, if there is a feasible pmf p(·) for which p(θ1) = pH(θ1), we choose p∗(θ1) = pH(θ1).

Otherwise, we still choose the largest feasible value that p(θ1) may take and continue. This

idea helps us claim that the solution p∗(·) defined below in Equation (3.7) is optimal. But

first, we need some additional notation. Let k be the smallest index (called the “switching

index”) in {1, 2, . . . , n} such that

k∑
i=1

pH(θi) +
n∑

i=k+1

pL(θi) ≥ 1. (3.6)

Also let rk = 1−
k−1∑
i=1

pH(θi)−
n∑

i=k+1

pL(θi). We will prove below that the pmf

p∗(θi) =


pH(θi), if i ≤ k − 1

rk, if i = k

pL(θi), if i ≥ k + 1,

(3.7)

schematically illustrated in Figure 3.1, is optimal for the above LP.
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Figure 3.1: Illustration of the worst-case pmf defined in Equation (3.7) for two different

nominal pmfs.
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To show that (3.7) is optimal to (3.4), observe first that p∗(·) is well-defined since k = n

satisfies condition (3.6). Also, by construction, the components p∗(θi) sum up to 1. Moreover,

components p∗(θi) for i = 1, 2, . . . , k − 1 and i = k + 1, k + 2, . . . , n are, by construction,

between pL(θi) and pH(θi). So, for p∗(·) to be feasible, we need to check whether pL(θk) ≤

rk ≤ pH(θk). We do this as follows. Recall that k is the smallest index for which (3.6) holds.

Therefore, by the definition of rk, we have, rk = 1−
k−1∑
i=1

pH(θi)−
n∑

i=k+1

pL(θi) ≤ pH(θk). Now,

to show that rk ≥ pL(θk), we consider two cases. Firstly, if k = 1, then r1 = 1−
n∑
i=2

pL(θi) ≥

pL(θ1) by the necessary condition for P to be non-empty. Secondly, if k 6= 1, we know that

k − 1 does not satisfy (3.6). Therefore,

k−1∑
i=1

pH(θi) +
n∑
i=k

pL(θi) < 1 ⇒ pL(θk) < 1−
k−1∑
i=1

pH(θi)−
n∑

i=k+1

pL(θi) = rk.

Thus, we have shown that pL(θk) ≤ rk ≤ pH(θk) as required for feasibility of p∗(·).

Now, to prove optimality, let p(·) be any feasible solution of (3.4). Then,

g(p∗)− g(p) =
n∑
i=1

a(θi)(p
∗(θi)− p(θi))

=
k−1∑
i=1

a(θi)(pH(θi)− p(θi)) + a(θk)

(
1−

k−1∑
i=1

pH(θi)−
n∑

i=k+1

pL(θi)− p(θk)

)

+
n∑

i=k+1

a(θi)(pL(θi)− p(θi))

=
k−1∑
i=1

a(θi)(pH(θi)− p(θi)) +
n∑

i=k+1

a(θi)(pL(θi)− p(θi))

+ a(θk)

(
−

k−1∑
i=1

pH(θi)−
n∑

i=k+1

pL(θi) +
k−1∑
i=1

p(θi) +
n∑

i=k+1

p(θi)

)

=
k−1∑
i=1

(a(θi)− a(θk))(pH(θi)− p(θi)) +
n∑

i=k+1

(a(θi)− a(θk))(pL(θi)− p(θi)) ≥ 0.

Here, the last inequality holds because each summand is nonnegative. Hence, p∗(·) as de-

scribed in (3.7) is optimal. Furthermore, we emphasize that this optimal solution does not

depend on t, xt, or dt. This is because the above proof of optimality only uses the fact
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that a(θj) − a(θi) ≥ 0 for j > i, and in particular, does not utilize the specific values of

these coefficients. In other words, this optimal solution depends only on the ordering of

the coefficients a(θi), which is invariant with respect to t, xt, dt. We thus rewrite (3.2) as

Q̃t(xt, dt) = c(dt) +
∑
θ∈Ω

J̃t+1(xt + f0(dt; θ))p
∗(θ).

End of Proof of Claim 1.

Proofs of the next three claims are identical to similar results in Chapter 2.

Claim 2: Q̃t(·; ·) has decreasing differences over X ×D, and hence optimal doses in session

t are increasing in disease conditions.

Proof of Claim 2: Consider any x+ ≥ x− and d+ ≥ d−. Then Q̃t(x
+; d+)− Q̃t(x

+; d−) =

c(d+) − c(d−) +
∑
θ∈Ω

(
J̃t+1(x+ + f0(d+; θ)) − J̃t+1(x+ + f0(d−; θ))

)
p∗(θ) ≤ c(d+) − c(d−) +∑

θ∈Ω

(
J̃t+1(x− + f0(d+; θ))− J̃t+1(x− + f0(d−; θ))

)
p∗(θ) = Q̃t(x

−; d+)− Q̃t(x
−; d−). Here, the

inequality follows because f0(d+; θ) ≤ f0(d−; θ) by the first half of Assumption 3.2.1 and

because J̃t+1(·) is increasing and convex. This proves decreasing differences, which imply

monotonicity of optimal doses via a standard argument by contradiction.

End of Proof of Claim 2.

Claim 3: J̃t(·) is increasing in disease condition.

Proof of Claim 3: Suppose dose d+ is optimal in state x+ and dose d− is optimal in

state x− ≤ x+. Then, J̃t(x
+) = Q̃t(x

+; d+) = c(d+) +
∑
θ∈Ω

(
J̃t+1(x+ + f0(d+; θ))

)
p∗(θ) ≥

c(d+) +
∑
θ∈Ω

(
J̃t+1(x− + f0(d+; θ))

)
p∗(θ) = Q̃t(x

−; d+) ≥ Q̃t(x
−; d−) = J̃t(x

−). Here, the first

inequality holds because J̃t+1(·) is increasing and the second inequality holds because d− is

optimal in x−.

End of Proof of Claim 3.

Claim 4: Q̃t(·; ·) is convex over X ×D, and J̃t(·) is convex over X.
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Proof of Claim 4: First note that J̃t+1(xt+f0(dt; θ)) is convex over X×D for every θ ∈ Ω.

This holds because J̃t+1(·) is an increasing convex function and xt+f0(dt; θ) is convex by the

second half of Assumption 3.2.1 (see Section 3.2.4 of [29]). Thus,
∑
θ∈Ω

J̃t+1(xt +f0(dt; θ))p
∗
t (θ)

is also convex because expectation preserves convexity. Convexity of Q̃t(·; ·) then follows

because c(·) is convex by Assumption 3.2.2. Finally, J̃t(·) is convex because convexity is

preserved under minimization (see Section 3.2.5 of [29]).

End of Proof of Claim 4.

Claim 5: Q̃t(·; ·) and J̃t(·) are continuous and bounded.

Proof of Claim 5: By a technical argument identical to that in Chapter 2; omitted.

End of Proof of Claim 5.

Claims 2, 3, 4, and 5 restore the inductive hypothesis.

End of Proof of Theorem 3.2.4.

In addition to facilitating the above proof of monotonicity, the worst-case pmf in (3.7)

offers a computational advantage. Since this worst-case pmf does not depend on t, xt, or dt,

we only need to find it once at the outset of the Bellman’s recursion (3.1). This reduces the

robust Bellman’s equations to those in a nominal stochastic DP where the pmf equals the

worst-case pmf (3.7).

3.3 Monotonicity with respect to ambiguity level

We now further analyze one common interval uncertainty set that is characterized by a single

parameter 0 ≤ δ ≤ 1 (see [21]). Specifically, the lower and upper bounds are chosen as

pL(θ) = (1− δ)pnom(θ), and pH(θ) = (1 + δ)pnom(θ), for all θ ∈ Ω,

where pnom(·) is some nominal pmf over Ω. In Theorem 3.3.2 below, we prove that optimal

doses are monotonically increasing in δ under the following assumption.
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Assumption 3.3.1. The dose-response function f0(·; ·) has increasing differences over D×Ω;

that is, for d+ ≥ d− and for θ+ ≥ θ−, f0(d+; θ+)− f0(d−; θ+) ≥ f0(d+; θ−)− f0(d−; θ−).

Theorem 3.3.2. Suppose the dose response function satisfies all assumptions of Theorem

3.2.4, as well as Assumption 3.3.1. Then robust optimal doses are increasing in δ.

Let us first examine the worst-case pmf p∗t (·) for this interval uncertainty model. Recall

that the switching index k is the smallest integer in {1, 2, . . . , n} which satisfies

k∑
i=1

(1 + δ)pnom(θi) +
n∑

i=k+1

(1− δ)pnom(θi) ≥ 1. (3.8)

For δ = 0, this is true for any integer m and the worst-case distribution is the same as the

nominal distribution. For 0 < δ ≤ 1, we show that the switching index k is independent

of δ and depends only on the nominal pmf. This holds because of the following algebraic

argument. Consider any 0 < δ ≤ 1 and any index m between 1 and n. Then,

(1− δ)
m∑
i=1

pnom(θi) + (1 + δ)
n∑

i=m+1

pnom(θi) ≥ 1 iff δ

[
−

m∑
i=1

pnom(θi) +
n∑

i=m+1

pnom(θi)

]
≥ 0

iff
n∑

i=m+1

pnom(θi) ≥
m∑
i=1

pnom(θi). (3.9)

Thus, condition (3.8) is equivalent to inequality (3.9), which depends only on the nominal

pmf. Thus, the switching index k does not depend on the parameter δ.

Now, to examine the dependence of the optimal dose on δ, we define the function

Wt(d, δ) , c(d) +
∑
θ∈Ω

Jt+1(x + f0(d; θ))p∗(θ); this equals the worst-case expected value for

a fixed dose d when the uncertainty is parametrized by δ. For this discussion, the state xt

is assumed to be fixed and hence we have suppressed the dependence of Wt on xt in our

notation. The robust optimal cost-to-go function is obtained by minimizing Wt(·, δ) over all

doses d. First, we derive an expression for Wt that is convenient for the rest of our proof

below (we suppress the subscript nom for brevity).

Wt(d, δ) = c(d) + (1 + δ)
k−1∑
i=1

J̃t+1(x+ f0(d; θi))p(θi) + (1− δ)
n∑

i=k+1

J̃t+1(x+ f0(d; θi))p(θi)
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+

(
1−

k−1∑
i=1

(1 + δ)p(θi)−
n∑

i=k+1

(1− δ)p(θi)

)
J̃t+1(x+ f0(d; θk))

= c(d) + (1 + δ)
k−1∑
i=1

J̃t+1(x+ f0(d; θi))p(θi) + (1− δ)
n∑

i=k+1

J̃t+1(x+ f0(d; θi))p(θi)

+

(
p(θk)− δ

(
k−1∑
i=1

p(θi)−
n∑

i=k+1

p(θi)

))
J̃t+1(x+ f0(d; θk))

= c(d) +
n∑
i=1

J̃t+1(x+ f0(d; θi))p(θi) + δ
k−1∑
i=1

J̃t+1(x+ f0(d; θi))p(θi)

− δ
n∑

i=k+1

J̃t+1(x+ f0(d; θi))p(θi)− δ

(
k−1∑
i=1

p(θi)−
n∑

i=k+1

p(θi)

)
J̃t+1(x+ f0(d; θk))

= c(d) +
n∑
i=1

J̃t+1(x+ f0(d; θi))p(θi) + δ
k−1∑
i=1

p(θi)
[
J̃t+1(x+ f0(d; θi))− J̃t+1(x+ f0(d; θk))

]
+ δ

n∑
i=k+1

p(θi)
[
J̃t+1(x+ f0(d; θk))− J̃t+1(x+ f0(d; θi))

]
.

Now, to prove that the optimal dose is increasing in δ, we show that the function Wt(·, ·)

has decreasing differences. Let 0 ≤ δ− ≤ δ+ ≤ 1 and d+, d− ∈ D, d+ ≥ d−. Let S =

[Wt(d
+; δ+)−Wt(d

−; δ+)] − [Wt(d
+; δ−) − Wt(d

−; δ−)]. For convenience, denote J̃t+1(x +

f0(d+, θi)) by J̃+i, J̃t+1(x + f0(d−, θi)) by J̃−i, and so on. Then, noting that terms that

are functions of d alone (and not of δ) cancel out, S can be written after some algebraic

simplification, as

S = (δ+ − δ−)
k−1∑
i=1

p(θi)
[
J̃+i − J̃+k − J̃−i + J̃−k

]
+(δ+ − δ−)

n∑
i=k+1

p(θi)
[
J̃+k − J̃+i − J̃−k + J̃−i

]
.

We show that the term inside the summation is always non-positive. Consider any two

doses d+ ≥ d− and dose-response parameters θ+ ≥ θ−. Since the dose-response function is

decreasing in dose and the uncertainty parameter θ, one of the following two orderings must

hold:

either f++
0 ≤ f+−

0 ≤ f−+
0 ≤ f−−0 , or f++

0 ≤ f−+
0 ≤ f+−

0 ≤ f−−0 .
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Here, once again, f++
0 denotes f0(d+; θ+), and so on. Further, since f0(·; ·) has increasing

differences in (d, θ), it satisfies f−−0 −f−+
0 ≥ f+−

0 −f++
0 . Then, as J̃t+1 is a convex increasing

function, we have, J̃+− − J̃++ − J̃−− + J̃−+ ≤ 0. Here, J̃++ , J̃t+1(x + f0(d+; θ+)), and so

on. Thus, the term inside the summation is always non-positive and Wt(·, ·) has decreasing

differences over D × [0, 1].

Decreasing differences imply Theorem 3.3.2 via a standard argument by contradiction

(omitted).

Theorem 3.3.2 also holds if the dose-response function is monotonically increasing in

θ, and has decreasing differences over X × D. This can be shown via a straightforward

algebraic modification (omitted) of the above proof. Assumption 3.3.1 requires that the

marginal improvement offered by a larger dose be increasing in the dose-response parameter

and hence could be restrictive. Nevertheless, it is a mathematical necessity as we shall see

in the next section.

3.4 Numerical results

We conducted experiments for a hypothetical disease with inverse-power response, where

state yt evolves as yt+1 = 1
(Θ+dt)k

yt for some k > 0. Taking logarithms, and setting xt = ln yt,

this reduces to xt+1 = xt − k ln(Θ + dt). The function f0(dt; Θ) = −k ln(dt + Θ) satisfies

Assumptions 3.2.1, 3.2.3, and 3.3.1. We set c(d) = cd; here, as in Chapter 2, c > 0 is called

the coefficient of dose aversion. The terminal disutility function h(x) was chosen to equal

exp(x). Since x is the logarithm of the disease condition y, this exponential function amounts

to trading-off the total dose given against the final disease state reached as is common in the

clinical literature on RGD. These disutility functions were also employed in Chapter 2 and

they satisfy Assumption 3.2.2. We report numerical results for k = 1, using T = 10 sessions

with initial disease condition x1 = 1 and the dose levels normalized to D = [0, 1]. The

uncertain dose-response parameters Θ are supported on a discretized subset with 61 equally-

spaced grid points of the interval [1, 2]. The nominal pmf is chosen to be a discretized

Normal distribution centered at 1.5 on this grid. As in Chapter 1, the value of c is found
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by solving an inverse optimization problem, so that a dose of 0.5 is optimal for a 10-session

deterministic DP with dose-response parameter 1.5. Here, 0.5 and 1.5 are midpoints of the

respective intervals. The parameter δ is varied between 0 and 1 in increments of 0.2, where

δ = 0 recovers the nominal DP. The results are in Figures 3.2, 3.3, and 3.4.

Figure 3.2 shows, as expected from Theorems 3.2.4 and 3.3.2, that robust optimal doses

are increasing in worsening disease conditions and in the level of uncertainty δ. We also

found, as expected, that the cost-to-go was increasing in δ because the inner maximization

is performed over a larger uncertainty set. This is consistent with Figure 3.4, which shows

that the price of robustness is increasing in δ.
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3.5 Counterexample to Theorem 3.3.2

Finally, we were able to construct a counterexample where the conclusion of Theorem 3.3.2

was numerically observed to fail because this function was increasing in the dose-response

parameter but had increasing differences.

Consider the Michaelis-Menten function, with

f0(dt; Θ) = ln
( Θ

Θ + dt

)
.

Assumption 3.2.3 stated that the dose-response function f0(d; ·) is decreasing over Ω

for each d ∈ D. This Michaelis-Menten function violates that assumption. We previously

mentioned that the choice of taking f0(d; ·) to be decreasing over Ω for each d ∈ D was

arbitrary and that the function f0(d; ·) need only be monotone. However, if f0(d; ·) is in

fact increasing over Ω for each d ∈ D, then assumption 3.3.1 would need to also be flipped:

namely, f0(·; ·) needs to have decreasing differences over D × Ω. This Michaelis-Menten

function in fact has increasing differences. Thus, in any event, it does not satisfy one of

assumptions 3.2.3 or 3.3.1, while still satisfying assumptions 3.2.1 and 3.2.2.

Numerically, we see that this Michaelis-Menten counterexample exhibits the opposite

behavior to theorem 3.3.2. That is, the optimal dose is increasing in decreasing δ. This is

shown in Figure 3.5.

One question that arises from this chapter is how such a nominal pmf of the dose-response

parameter could be determined in the first place. One method would by using a group-

averaged pmf, as determined by a clinical trial. In the following chapter, we present a

Bayesian learning framework to find such a pmf by dosing a cohort of patients.
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Figure 3.2: Robust optimal dose, session-by-session. As in Theorems 3.2.4 and 3.3.2, robust

optimal doses are increasing in worsening disease conditions and in increasing dose-response

ambiguity.
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Figure 3.3: Robust objective function, session-by-session. Objective function increases with

increasing δ since the inner maximization is performed over a larger uncertainty set.
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Figure 3.4: Percentage increase in the robust optimal cost-to- go function over the nominal

optimal cost-to-go function, session-by-session. A higher ambiguity in dose-response results

in a larger price of robustness.
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Figure 3.5: Counterexample to Theorem 3.3.2, using a Michaelis-Menten state transition

function. Optimal dose is not increasing with increasing δ due to a violation of the decreasing-

differences assumption on f0(·; ·).
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Chapter 4

OPTIMAL BAYESIAN LEARNING OF DOSE-RESPONSE
PARAMETERS FROM A COHORT

4.1 Background and motivation

As we have discussed in previous chapters, dose-response formulas can be employed to

model the evolution of patients’ numerical score of disease condition over multiple treat-

ment sessions. For instance, the fraction of surviving tumor-cells as a function of radia-

tion dose is modeled using an exponential linear-quadratic in radiobiology [72]. The evo-

lution of LDL cholesterol levels under phytosterol treatment was described using the ex-

ponential function in [46] and via the Michaelis-Menten formula in [56]. The reduction in

blood pressure as a function of diuretic dose was modeled using the exponential function

in [147]. The Michaelis-Menten formula was used to model the evolution of 28-joint disease

activity scores (DAS28) in rheumatoid arthritis in Chapter 1. Other examples of dose-

response functions include logistic, Hill’s, Emax, Gompertz, power law, and beta-Poisson

(see [73, 94, 100, 121, 125, 134, 147, 166, 172, 182]).

One main utility of such dose-response functions is in determining optimal doses that

balance disease control against the risk of adverse effects or against the “cost” of admin-

istering high doses. In the preface to an edited book on dose-response studies, Ting [185]

emphasized that:

“establishing the dose-response relationship is one of the most important activities in de-

veloping a new drug.”

In the United States, the Food and Drug Administration (FDA) has long-espoused the use
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of dose-response curves for this purpose. Indeed, the FDA guidelines [60] stated:

“[dose-response] information can help identify an appropriate starting dose, the best way

to adjust dosage to the needs of a particular patient, and a dose beyond which increases would

be unlikely to provide added benefit or would produce unacceptable side effects.”

Dose-response functions often include one crucial parameter. Thus, if one intends to make

dosing decisions based on such a function, one must rely on an estimate of this parameter.

4.2 Challenges in estimating dose-response

The common approach to the above estimation problem is to run a clinical study where

a cohort of patients is perhaps divided into multiple groups. Distinct groups could receive

different fixed doses. By observing how disease conditions of patients in various groups evolve,

one could estimate the parameter of an assumed dose-response model using regression. For

instance, a meta-analysis of fifty such trials on nine different biologic agents for treating

rheumatoid arthritis is provided in [125]. Demonty et al. [46] presented a meta-analysis

of eighty four such clinical studies for characterizing the dose-response of LDL cholesterol

levels to phytosterols. A meta-analysis of thirty similar clinical studies for characterizing the

dose-response of blood pressure to diuretics is reported in [147]. One controversial aspect of

such designs is that patients could be treated “sub-optimally” for the sake of gathering data:

for example, some patients receiving a placebo could benefit from the drug; on the other

hand, some patients in the high dose group might benefit from lowering their dose in order

to decrease side effects. A cross-over design, where a patient receives a sequence of distinct

doses also suffers from a similar limitation. An illuminating discussion of this and related

issues, from philosophical and ethical viewpoints, is available in [113]. Ting [185] discussed

the challenges in selecting doses in clinical trials from a statistical viewpoint.

In clinical studies for RGD, a cohort of patients could be divided into say two groups —

one group receives some form of RGD whereas the other group receives conventional, one-



58

size-fits-all treatment. To the best of our knowledge, such trials have not used dose-response

functions or explicit objective functions to guide their dosing strategies perhaps because the

dose-response parameter is not known when the trial begins. Consequently, it is again dif-

ficult to rigorously claim that these dosing strategies are “optimal” for the cohort involved.

Along similar lines, Murphy et al. [136] commented:

“despite the activity in evaluating adaptive treatment strategies, the development of data

collection and analytic methods that directly inform the construction of adaptive treatment

strategies lags behind.”

4.2.1 Emerging consensus about the need for learning dose-response

The aforementioned and related challenges/limitations have been documented, in a broad

range of contexts, over at least the last two decades. A consensus seems to be emerging

regarding the need for learning dose-response better. For instance, the 1994 FDA guidelines

[60] stated:

“historically, drugs have often been initially marketed at what were later recognized as

excessive doses ... . This situation has been improved by attempts to find the smallest dose

with a discernible useful effect or a maximum dose beyond which no further beneficial effect

is seen, but practical study designs do not exist to allow for precise determination of these

doses. Further, expanding knowledge indicates that the concepts of minimum effective dose

and maximum useful dose do not adequately account for individual differences and do not

allow a comparison, at various doses, of both beneficial and undesirable effects. Any given

dose provides a mixture of desirable and undesirable effects, with no single dose necessarily

optimal for all patients.”

These guidelines further added:
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“in adjusting the dose in an individual patient after observing the response to an initial

dose, what would be most helpful is knowledge of the shape of individual dose-response curves,

which is usually not the same as the population (group) average dose-response curve. Study

designs that allow estimation of individual dose-response curves could therefore be useful in

guiding titration, although experience with such designs and their analysis is very limited.”

In 2010, a working group on dose-ranging studies [148] observed:

“improper dose regimen selection, due to lack of sufficient dose-response (DR) knowledge

for both efficacy and safety, remains one of the key drivers of the high failure rate currently

observed in clinical drug development. Several initiatives aimed at improving the efficiency

and success rate of drug development programs, such as the US Food and Drug Adminis-

tration (FDA) Critical Path Initiative and PhRMA’s Pharmaceutical Innovation Steering

Committee (PISC) Working Groups, have identified the need to improve dose selection and,

more broadly, DR knowledge as one of their key issues.”

The working group recommended:

“it is clear from the working group’s results that high-quality dose selection can only be

achieved with a combination of increased investment in dose-response learning and an opti-

mized selection of design and analysis strategies.”

In 2014, Pinheiro et al. [149] noted:

“finding the right dose is a critical step in pharmaceutical drug development. The prob-

lem of selecting the right dose or dose range occurs at almost every stage throughout the

process of developing a new drug ... . In recent years, considerable effort has been spent

on improving the efficiency of dose finding throughout drug development ... . Despite these
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efforts, however, improper dose selection for confirmatory studies, due to lack of sufficient

dose-response knowledge for both efficacy and safety at the end of Phase II, remains a key

driver of the ongoing pipeline problem experienced by the pharmaceutical industry ... .”

Most recently, in 2014, Laber et al. [108] concluded:

“the increasing ability to collect, manipulate, and access patient-level data combined with

a rapidly growing interest in personalized medicine among clinical scientists has created an

unprecedented opportunity to improve the quality of healthcare using data. The potential

gains of a data-driven treatment are especially high in the context of chronic illness in which

the treatments must be adaptive to the uniquely evolving health status of each patient.”

Motivated by these observations, we seek to answer the following specific research ques-

tion: how can we find optimal response-guided doses for a cohort of patients while learning

the parameter of an assumed dose-response function? We offer a Bayesian framework to this

end.

4.2.2 Overview of our contributions

Modeling contributions

We propose a Bayesian stochastic dynamic programming (DP) formulation (see [105] for a

classic survey of this area), where the system state corresponds to the numerical scores of the

disease conditions of the cohort at the beginning of each treatment session. The decisions

correspond to the doses administered to the cohort in each session. The immediate cost is

given by a disutility function that models patients’ aversion to doses. The disease conditions

evolve according to a single-parameter dose-response function. The decision-maker assumes

that, in each session, the population distribution of this parameter is Categorical, indepen-

dently of everything else; recall that this is the most general discrete distribution with finite
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support. The probability mass function (pmf) of this Categorical distribution is not known

to the decision-maker. The decision-maker begins with a Dirichlet prior on this pmf. The

Dirichlet hyperparameters form the information state in our Bayesian stochastic DP. Based

on the observed evolution of the cohort’s disease conditions, the decision-maker updates his

prior belief over the treatment course. Recall that the Dirichlet distribution is conjugate

to the Categorical pmf. This implies that the belief evolution is characterized by a simple

update of the information state. The quality of the disease condition reached at the end of

the treatment course is modeled via a disutility function for the cohort. The decision-maker’s

goal is to minimize the total expected disutility of the doses given to the cohort over the

treatment course plus that of the disease conditions reached by the cohort at the end of the

course.

Mathematical analyses, computational methods, and simulations

This Bayesian stochastic DP is high-dimensional and non-linear. The dimension of the state

vector is equal to the size of the cohort plus the number of hyperparameters (which in this

case equals the number of values the Categorical random variable can take). The dimension

of the decision vector is equal to the size of the cohort. Since we expect the cohort-size to be

of the order of a hundred, exact solution of this stochastic DP is computationally difficult.

We therefore propose a semi-stochastic certainty equivalent control (CEC) approach to solve

this Bayesian stochastic DP approximately. In this method, at the beginning of each session,

the decision-maker attempts to choose a dose vector assuming that the Categorical pmf is

proportional to the Dirichlet hyperparameters. This results in a clairvoyant stochastic DP

that is still high-dimensional. We are able to show, under natural convexity and mono-

tonicity assumptions on various functions in our model, that a monotone dosing policy is

optimal in this clairvoyant stochastic DP (Proposition 4.5.3). According to this strategy,

worse disease conditions for the cohort call for higher doses to the cohort. Unfortunately,

however, although this monotonicity result is of independent theoretical interest and provides

insights into our problem, it may not lead to sufficient computational savings in solving the
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clairvoyant stochastic DP when the cohort is large. Fortunately, when the cohort’s disutility

functions are given by sums of its members’ disutility functions, that is, additively separable,

the high-dimensional clairvoyant stochastic DP decomposes across individual patients and

hence can be solved efficiently (Proposition 4.5.4 and Corollary 4.5.5). When this additive

separability does not hold, we resort to a deterministic version of CEC, where in each session,

the parameter value is fixed at the Categorical mean implied by the current Dirichlet hy-

perparameters. The resulting decision problem is convex in dose vectors over the remaining

treatment sessions (Proposition 4.5.6). We prove that it has a stationary optimal solution

(Lemma 4.5.7 and Corollary 4.5.8). That is, it is optimal to implement an identical dose

vector in all remaining sessions. This reduces problem-dimension and efficiently yields an

optimal dose vector. We test our ideas via computer simulations on an example that uses

the Michaelis-Menten dose-response function. Through these simulations, we investigate the

effect of cohort size and prior misspecification, and also compare the performance of various

dosing policies.

4.3 Literature review

To our knowledge, ours is the first attempt to provide a mathematical decision-making frame-

work to adaptively learn the distribution of a dose-response parameter while optimally dosing

a cohort in a response-guided trial. We include below a review of the existing relevant liter-

ature on adaptive clinical trials and on dynamic optimization in treatment planning. Papers

are categorized into different subsections according to either the topic of their investigation

or the methodology they employ.

4.3.1 Literature on adaptive trials for learning of dose-response

Essentially all existing literature on learning dose-response in an adaptive manner focuses on

estimating the minimum effective dose (MED) or the maximum tolerable dose (MTD). MED

and MTD estimation is done in early phase clinical trials so that the resulting dose-range

could be employed in subsequent studies. The MED can be roughly defined as the dose that
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produces a response that is more than a certain threshold above placebo [27]. The MTD is

based on dose-response of toxicity and can be defined roughly as the dose that produces a

pre-specified probability of toxicity [155]. Adaptive approaches to MTD estimation include

the continual reassessment method [144], the escalation with overdose control method [15],

the Bayesian decision theoretic approach [199], and the random walk rules method [51].

Variations and extensions of these methods are described in [16, 28, 65, 71, 86]. A recent

comprehensive review of such adaptive methods is available in [83]. As we outlined in Section

4.2.1, the FDA has expressed some concerns about excessive reliance on the concepts of MED

and MTD.

4.3.2 Broader literature on adaptive clinical trials

Our work can be viewed as belonging to the broad area of adaptive clinical trials. In contrast

to traditional or “fixed” trials, adaptive clinical trials allow for pre-specified modifications to

the trial’s implementation based upon interim data. Adaptive trials have several advantages

over fixed trials: they can provide the same information more efficiently through the use of a

smaller patient cohort or shorter treatment schedule or they can reveal more detailed infor-

mation on the treatment’s effect by giving better estimates of the dose-response relationship

[61]. Berry [24] commented that the Bayesian approach is “an ideal tool for building adap-

tive designs.” He also stated that disadvantages of adaptive trials include the complexities

in designing, running and interpreting them; the resulting higher logistical demands they

impose; difficulty in getting regulatory approval; limited funding availability from pharma-

ceutical companies; and risk to information security because “modifications that occur during

the trial may convey information outside the sphere of confidentiality ... .” Some of these

limitations were also noted by the FDA [61].

Adaptive clinical trials are not a new idea; in 1978, Berry [22] considered a scenario in

which patients are treated one-by-one in one of two treatment schemes, with the chance of

success or failure for each scheme gradually being learned using Bayesian techniques as more

patient outcomes are observed. However, it was not until more recently that adaptive trials
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have been implemented; the first drug to be approved by the FDA based on a Bayesian

approach was Pravigard, a cholesterol-lowering drug, in 2003 [23].

Several aspects of an adaptive clinical trial can be altered based on accumulated data.

For a more detailed description of the types of adaptive designs, see the review articles by

Chow and Chang [41] and Berry [23, 24]. Below, we include a non-exhaustive illustrative

list of various types of adaptive designs. Many adaptive trials amount to allocation prob-

lems, with patients being assigned to one of several treatment strategies (for example, high

dose, low dose, and placebo). In adaptive randomization, patients begin treatment at stag-

gered intervals, and the sequential allocation decision of a particular patient is based on the

observed response of earlier patients [37, 58, 111]. In sample size re-estimation and drop-the-

losers designs, the number of patients allocated to each treatment is allowed to vary during

the course of treatment; either increasing by incorporating new patients to the trial, or by

dropping existing patients [85, 168, 202]. In addition to adaptive allocation designs, other

aspects of the trial can be adaptive. In group sequential design, the entire trial is allowed to

end prematurely due to safety concerns, or a determination of futility or efficacy [68, 102].

In biomarker-adaptive design, adaptations are allowed based on patients’ biomarkers such as

genomic traits [64, 169]. In adaptive hypothesis design, changes to the trial hypothesis are

allowed, for example, changing from a superiority hypothesis to a non-inferiority hypothesis.

4.3.3 Literature on multi-armed bandit problems in clinical trials

While most of the above literature appeared in medical statistics journals, the Operations Re-

search community has recently shown interest, from an optimization viewpoint, in designing

adaptive clinical trials. This includes the recent works on adaptive allocation by Ahuja and

Birge [5] and Negoescu et al. [138]. These papers applied the classic theory of multi-armed

bandit problems in discrete- and continuous-time, respectively, to response-adaptive trial

designs (see [20, 26, 67, 92, 95, 96, 154]). Consequently, the problem statement, formulation,

states, decisions, stochastic state transitions, reward structure, mathematical analyses, and

computational approaches in these two papers are different from our work here.
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In Ahuja and Birge, a discrete-time Bayesian adaptive Markov decision process model

was presented for allocating patients to a finite number of treatments. A constant number

n of patients is allocated in each time-period. The state corresponds to the cumulative

number of observed patients to date receiving a specific treatment and reaching a particular

health outcome. The set of health outcomes is finite. Patient allocations are probabilistic;

so, for each one of the n patients, the controls correspond to the probabilities of assigning

that patient to various treatments. They derived various insightful properties of optimal

allocations and compared their approach with allocation rules proposed earlier in Berry [22].

Results were also applied to simulating a stent trial.

Negoescu et al. considered a continuous-time framework, where the decision-maker al-

locates the current time-interval [t, t + dt) between two arms. Any fractional split between

arms is allowed. One of the arms is considered safe and the other one risky. The safe arm

brings instantaneous Brownian rewards and induces life events from a Poisson process. The

risky arm can belong to one of two types — good or bad. The risky arm also brings Brownian

rewards and induces life events according to a Poisson process; the rewards and the rate of

this Poisson process depend on the type of the arm, which is unknown to the decision-maker.

Life events also fetch lump-sum rewards. At time zero, the decision-maker starts with an

initial belief on the type of the risky arm, which is updated as time wears on. The goal

is to find an allocation policy that maximizes the total expected discounted reward over a

finite planning-horizon. A particularly appealing feature of this work was that it provided a

complete analytical characterization of an optimal allocation policy. Simulation results for

multiple sclerosis were presented.

4.3.4 Literature on dynamic optimization for adaptive treatment strategies

Finally, there is a large and rapidly expanding body of work on fully/partially observ-

able stochastic DP models for adaptive treatment strategies. Surveys of such models are

available in [6, 158]. Murphy and co-authors [135, 136] outlined an abstract stochastic

DP/reinforcement learning framework for designing adaptive treatment strategies; they ap-
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plied this approach to a simulation study of adaptive interventions in conduct disorders and

drug abuse in children. The idea of adapting treatment or diagnostic decisions to the ob-

served stochastic evolution of a “health state” according to a natural history progression

model without intervention was recently employed in [7, 8, 40, 48, 107, 123, 156, 165, 201].

The decisions in these papers are of the wait/do not wait-type, and do not involve a sequen-

tial choice of dose levels. The decision process in such models ends when a choice to not wait

is made. A control-limit policy is typically found to be optimal.

The work in [97] is an exception to this theme of wait/do not wait decisions. There,

the authors made dose level (high/low) decisions for response-guided radiotherapy; in some

cases, they numerically found on small-scale examples that the optimal policy had a control-

limit structure. This model was extended to intensity modulated radiation therapy in [98].

A sequence of treatment modalities was optimized for metastatic tumors in [18, 19] and for

AIDS in [164]. Mason et al. [131] presented a bi-criteria Markov decision process formulation

for coordinated management of coexisting risk factors due to blood pressure and cholesterol

in type-2 diabetes patients. Helm et al. [78] presented a dynamic linear Gaussian systems

approach to optimize the timing of periodic examination of glaucoma patients. Continuous-

time deterministic control methods, which utilize differential equations to model viral dy-

namics, have been used to derive dosing strategies for AIDS [109, 197]. None of these papers

optimize doses to a cohort of patients while learning parameters of dose-response functions

in a clinical trial framework.

Some researchers have proposed stochastic compartment models to make dosing deci-

sions. These models discretize the human body into a finite number of chambers and use

stochastic differential-algebraic equations to model the transport of a drug through these

chambers. Continuous-time stochastic control techniques are then applied to maintain drug

concentrations in blood plasma inside these compartments. Examples include Hu et al. [81],

Bayard et al. [17], Jelliffe et al. [89], Acikgoz and Diwekar [2], Schumitzky [162], and refer-

ences therein. However, these models do not consider the stochastic progression of disease

condition, and hence do not implement RGD as we envision here. Most importantly, again,
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they do not optimize doses to a cohort of patients while learning dose-response parameters

in a clinical trial setting.

4.4 Model

Our model here is an extension of our previous stochastic DP model for RGD of Chapter 2.

The earlier model did not consider a cohort of patients, instead focusing on treatment for

a single patient, and assumed that the pmf of the dose-response parameter was known to

the decision-maker at the beginning of the treatment course. That is, response-learning was

not incorporated. Here, we propose a stochastic DP formulation that attempts to optimally

learn this pmf during a clinical trial on a cohort of patients.

We consider a cohort with n patients indexed by i = 1, 2, ..., n. The dose-response of the

cohort is assumed to be homogeneous and patients respond to treatment independently of

one another. Treatment occurs in T sessions indexed by t = 1, 2, ..., T . The state variable

xt,i ∈ X ⊆ R represents the disease condition of patient i at the beginning of session t;

larger states correspond to worse disease conditions. We represent the disease state of the

whole cohort as the vector ~xt , (xt,1, xt,2, ..., xt,n) ∈ Rn. The decision variable dt,i ∈ D ,

[0, d̄] ⊂ R represents the dose to be administered to patient i in session t; we represent the

dose administered to the whole cohort ~dt , (dt,1, dt,2, ..., dt,n) ∈ Dn. Here, d̄ is the largest

permissible dose and we use the shorthand Dn , [0, d̄]× [0, d̄]× ...× [0, d̄]︸ ︷︷ ︸
n times

.

The dose-response function for each patient is taken to be xt+1,i = f(xt,i, dt,i; Θ); here Θ

is a nonnegative dose-response parameter. In this chapter, as in Chapter 3, we again assume

that this dose-response function can be expressed in the form

xt+1,i = xt,i + f0(dt,i; Θ). (4.1)

We remind the reader that essentially all standard dose-response functions such as linear,

linear-quadratic, exponential, exponential linear-quadratic, Michaelis-Menten, Hill’s, Emax,

power law, beta-Poisson, and logistic can be expressed in this form (after taking logarithms
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in some cases) as shown in Chapter 2. This assumption about the structure of the dose-

response function is merely for notational convenience in some of our subsequent proofs. We

will often write the dose-response of the entire cohort using the vector versions ~f and ~f0 of

these functions.

We view the parameter Θ as a Categorical random variable that takes k possible values

listed in the finite set Ω , {v1, v2, . . . , vk}. The pmf ~p , (p1, p2, . . . , pk) ∈ Rk
++ of this

Categorical random variable is not known to the decision-maker at the beginning of the

trial. Here, we have used pj, for j = 1, 2, . . . , k, to denote the probability that Θ takes

the value vj. The decision-maker assumes a Dirichlet prior with hyperparameters ~a1 ,

(a1,1, a1,2, . . . , a1,k) ∈ Rk
++ for this Categorical pmf at the beginning of the trial. That is, at

the beginning of the trial, the prior probability density function of the Categorical pmf ~p is

given by

g1(~p,~a1) ,
1

B(~a1)

k∏
j=1

(pj)
a1,j−1, (4.2)

where B(~a1) is the multinomial Beta function that is expressed in terms of Gamma functions

as

B(~a1) ,

k∏
j=1

Γ(a1,j)

Γ(
k∑
j=1

a1,j)

. (4.3)

Recall here that the Gamma function is defined by Γ(z) =
∞∫
0

e−ttz−1dt [1].

We use θt,i, for i = 1, 2, ..., n, to denote the independent and identically distributed

realization of the random variable Θ for patient i in session t. Note that the realizations

θt,i are not observed directly, but rather can be calculated from our disease dynamics given

~xt, ~dt, and after observing ~xt+1. We think of this calculation procedure, perhaps with some

abuse of notation, as θt,i = f−1(xt,i, dt,i, xt+1,i). Recall that the Dirichlet prior is conjugate to

the Categorical pmf. This implies that after calculating the realizations θt,i, for i = 1, 2, ..., n,
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the posterior distribution remains Dirichlet with its hyperparameters updated according to

at+1,j ← at,j +
n∑
i=1

Ij(θt,i, vj), j = 1, 2, . . . , n. (4.4)

Here, Ij(θt,i, vj) is the indicator function that equals one when θt,i = vj and equals zero

otherwise. We compactly denote this “information update” step via a function φ as ~at+1 =

φ(n;~at; ~dt; ~xt, ~xt+1). This property of the Categorical-Dirichlet pair enables us to use ~at as

the information state in our Bayesian stochastic DP. We assume that for any fixed value

θ ∈ Ω of the dose-response parameter, the function f0(·; θ) is continuous over D. We will

often use ~Θ to denote the random vector of dose-response parameters for the cohort in one

session, and similarly, ~θ to denote a realization of this random vector in that session.

The cohort’s aversion to the adverse effects of dose in each session is modeled using a con-

tinuous, nonnegative disutility function c : Dn → R+. Since Dn is compact, c(·) is bounded.

Several examples of dose-disutility functions ci(dt,i) such as linear, linear-quadratic, expo-

nential for individual patients were discussed in Chapter 2. Here, the cohort’s disutility is

an appropriate composition of these individual functions: for example, the cohort’s disutility

could be the average of individual disutilities; or the cohort’s disutility could be the worst,

that is, the largest, among all individual disutilities. The cohort’s aversion to disease condi-

tions ~xT+1 at the end of the trial is modeled using a continuous, nonnegative, and bounded

disutility function h : Xn → R+, where Xn , X ×X × ...×X︸ ︷︷ ︸
n times

. Several examples of disu-

tility functions hi(xt,i) such as linear, ramp, linear-quadratic, exponential, and logarithmic

for individual patients were discussed in Chapter 2. The cohort’s disutility h(·) is again

an appropriate composition of these individual functions. The decision-maker’s goal is to

minimize the total expected disutility of the cohort over the clinical trial while learning, in

a Bayesian manner, the pmf of the dose-response parameter.

Bellman’s equations for this Bayesian stochastic DP can be written as follows. Here,

for convenience and clarity of exposition, we use two optimal cost-to-go functions: Jt(·)

are the “post-information-update” optimal cost-to-go functions for t = 1, 2, ..., T + 1; and

Vt(·) are the “pre-information-update” cost-to-go functions for t = 2, 3, ..., T + 1. Then, for
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t = 1, 2, . . . , T , we have,

Jt(~at; ~xt) = min
~dt∈Dn

[
c(~dt) + E~at [Vt+1(~at; ~dt; ~xt, ~xt+1)]

]
, (4.5)

xt+1,i = f(xt,i, dt,i; Θ), i = 1, 2, . . . , n, (4.6)

Vt+1(~at; ~dt; ~xt, ~xt+1) = Jt+1(~at+1; ~xt+1), (4.7)

~at+1 = φ(n;~at; ~dt; ~xt, ~xt+1), (4.8)

with boundary condition

JT+1(~aT+1; ~xT+1) = h(~xT+1). (4.9)

Here, we have included the subscript ~at on the expectation operator E to emphasize that the

expectation of the cost-to-go function on the right hand side of (4.5) is taken with respect

to the hyperparameters of the decision-maker’s current Dirichlet belief.

Exact solution of these Bellman’s equations is computationally intractable. We shed

more light on this issue in the next section and then provide computational methods for

approximate solution. We use the words increasing and decreasing in the weak sense to mean

nondecreasing and nonincreasing, respectively, in this chapter. All comparisons between

vectors are made componentwise.

4.5 Computational methods for approximate solution

The state and decision vectors in the above Bayesian stochastic DP are high-dimensional and

continuous. Thus, a standard implementation of Bellman’s backward recursion algorithm is

not implementable as it would require that the minimization in (4.5) be performed for an

uncountable number of states. Thus a state discretization would be necessary, which is

again computationally impractical because of the high-dimension of the state. Moreover,

even if such a state discretization were possible, each minimization in a discrete version

of the problem would require the solution of a non-linear stochastic programming problem

which itself is impractical due to the curse of action-space dimensionality. For these reasons,

we pursue two approximate solution methods: semi-stochastic certainty equivalent control
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and certainty equivalent control (see [25]). We analyze various properties of the resulting

stochastic and deterministic optimization problems in the next few sections.

4.5.1 Semi-stochastic certainty equivalent control

Our Bayesian stochastic DP includes two levels of uncertainty. The first is rooted in the

fact that the decision-maker does not know the pmf of the dose-response parameter. The

second, and this uncertainty would be present even if the decision-maker knew this pmf, is

in the evolution of the cohort’s disease conditions. The former is thought of as the “higher

level” uncertainty and the latter as the “lower level” uncertainty. The idea in semi-stochastic

CEC is to suppress the higher level uncertainty, focusing only on the lower level one. This is

usually done by replacing the values of the higher level random variables by their expected

values.

Specifically, we implement semi-stochastic CEC as follows. When the state is (~xt,~at)

at the beginning of the tth period of the trial, the decision-maker chooses doses for that

period assuming that the components of the Categorical pmf ~p equal the expected values

of the corresponding Dirichlet components and that there will be no further learning in the

remaining periods. That is, doses are chosen in period t assuming that

pj =
at,j
k∑
j=1

at,j

, j = 1, 2, . . . , n. (4.10)

In other words, decisions are made in period t by solving the “clairvoyant” Bellman’s equa-

tions

Jt(~xs) = min
~ds∈Dn

[
c(~ds) + EJs+1(~f(~xs, ~ds; ~Θ))

]
, s = t, t+ 1, . . . , T, (4.11)

with boundary condition

JT+1(~xT+1) = h(~xT+1). (4.12)

Here, with some abuse of notation, we continue to use Jt(·) to denote the optimal cost-

to-go function for the clairvoyant problem where the pmf of Θ is fixed as given by (4.10).
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In particular, the expected value on the right hand side of (4.11) is taken with respect

to this fixed pmf. After administering doses as prescribed by an optimal policy to this

clairvoyant stochastic DP in the current period, the state evolves stochastically and the

process is repeated until the trial is completed. Specifically, a sequence of T clairvoyant

stochastic DPs are solved: the first one includes T periods, the second one includes T − 1

periods, and ultimately, the last one includes a single period. This algorithm is summarized

below.

Semi-stochastic certainty equivalent control

INITIALIZE: Set t = 1 and begin with a given initial state (~x1,~a1).

DO WHILE t ≤ T ,

• Step 1. let the state at the beginning of session t be (~xt,~at);

• Step 2. fix the pmf ~p of the dose-response parameters for all patients and all remaining

sessions as given in Equation (4.10);

• Step 3. obtain an optimal dosing policy for the resulting clairvoyant stochastic DP

over periods t, t+ 1, . . . , T by solving Bellman’s equations (4.11)-(4.12);

• Step 4. administer the dose vector ~d∗t prescribed by this policy to the cohort in session

t;

• Step 5. observe the cohort’s disease state ~xt+1 at the beginning of the next ses-

sion, and calculate the implied realizations θt,i of the dose-response parameters of

all patients using θt,i = f−1(xt,i, d
∗
t,i, xt+1,i); then update the information state using

~at+1 = φ(n;~at; ~d
∗
t ; ~xt, ~xt+1);

• Step 6. update t← t+ 1 and go to Step 1 above.
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END DO

Note, however, that the clairvoyant stochastic DP is still computationally expensive be-

cause ~xt and ~dt are high-dimensional. In the next two sections we establish, under two differ-

ent sets of assumptions, two key properties of optimal policies for this clairvoyant stochastic

DP. These properties provide insight into the corresponding dosing decisions and simplify

our solution procedure.

Monotonicity of optimal dosing policy under convexity assumptions

We claim, under two assumptions on the dose-response function and the disutility func-

tions, that in each session, there exist optimal dose vectors that increase as the disease

condition worsens.

Assumption 4.5.1 (Monotone and convex disease-response). For each fixed value θ ∈ Ω of

the dose-response parameter:

A. the function f0(·; θ) is decreasing in dose; and

B. the function f0(·; θ) is convex over D.

Assumption 4.5.2 (Increasing and convex disutilities). The disutility functions satisfy:

A. c(·) is increasing and convex over Dn; and

B. h(·) is increasing and convex over Xn.

Assumption 4.5.1A is natural as it embodies the intuition that for a fixed pre-session dis-

ease condition, a higher dose results in a lower (hence, better) post-session disease condition.

This monotonicity of dose-response is a standard assumption in the literature [155, 157], and

holds for all aforementioned dose-response functions. The convexity property in Assumption
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4.5.1B means that the magnitude of marginal improvement in disease condition decreases

with higher doses. Assumption 4.5.2A holds when there is an increasing aversion to higher

doses and the marginal aversion increases with dose; Assumption 4.5.2B holds when there is

an increasing aversion to worsening disease conditions and the marginal aversion increases

with worsening disease conditions. The decision-maker’s preference to lower doses and bet-

ter disease conditions is a natural and standard assumption; increasing marginal aversion

is a characteristic of risk averse decision-makers in medicine and this seems especially ap-

propriate in the clinical trials context [52]. We believe that Assumption 4.5.1B is the only

somewhat restrictive assumption because we are aware of at least one dose-response function

(the aforementioned exponential linear-qudratic function from radiobiology) where convexity

fails to hold. Unfortunately, however, it does not appear possible to drop this assumption

and still hope for monotonicity to hold. In fact, in the clairvoyant single-patient model of

Chapter 2, we were able to construct a counterexample where this convexity of dose-response

is violated and all our other assumptions hold but there is no monotone dosing policy that

is optimal.

Proposition 4.5.3. Under the above assumptions, optimal doses increase with worsening

disease conditions in each session. More precisely, in any session t, if dose vector ~a(~xt) is

optimal for some ~xt ∈ Xn, then, corresponding to every ~ut ∈ Xn with ~ut ≥ ~xt, there exists

an optimal dose level ~b(~ut) such that ~b(~ut) ≥ ~a(~xt).

Proof. The proof employs backward induction on t = T + 1, T, . . . , 1. We first show that

if Jt+1(·) is increasing, convex, continuous, and bounded, then in treatment session t, there

exist optimal decisions with the monotone structure described in Proposition 4.5.3. We then

show that Jt(·) inherits these four properties from Jt+1(·). Proposition 4.5.3 then follows

because the disutility function h(·), that is, JT+1(·), is assumed to possess these properties.

Define Qt(~xt; ~dt) , c(~dt) + EJt+1(~f(~xt, ~dt; ~Θ)) so that Jt(~xt) = min
~dt∈Dn

Qt(~xt; ~dt). Mono-

tonicity would follow if Qt(·; ·) had decreasing differences as characterized by the inequality

Qt(~x
+
t ; ~d+

t )−Qt(~x
+
t ; ~d−t ) ≤ Qt(~x

−
t ; ~d+

t )−Qt(~x
−
t ; ~d−t ) (4.13)
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for all ~x+
t , ~x

−
t ∈ Xn such that ~x+

t ≥ ~x−t and for all ~d+
t , ~d

−
t ∈ Dn such that ~d+

t ≥ ~d−t . To see

this, suppose, in order to obtain a contradiction, not. That is, there are two states, which

we denote ~x+
t and ~x−t where ~x+

t ≥ ~x−t with the following property in session t: dose ~d+
t ∈ Dn

is optimal in ~x−t and every dose ~d−t ∈ Dn that is optimal in ~x+
t satisfies ~d−t < ~d+

t . Then,

Qt(~x
−
t ; ~d+

t ) ≤ Qt(~x
−
t ; ~d−t ) by optimality of ~d+

t in ~x−t ; and Qt(~x
+
t ; ~d−t ) < Qt(~x

+
t ; ~d+

t ) because ~d−t

is optimal and ~d+
t is not optimal in ~x+

t . Adding these inequalities yields a contradiction to

the decreasing differences property of Qt(·; ·) as in (4.13).

Now we show that Qt(·; ·) has decreasing differences as in (4.13). Observe from the

definition of Qt(·; ·) that

Qt(~x
+
t ; ~d+

t )−Qt(~x
+
t ; ~d−t )−Qt(~x

−
t ; ~d+

t ) +Qt(~x
−
t ; ~d−t )

= E
[
Jt+1(~f(~x+

t ,
~d+
t ; ~Θ))− Jt+1(~f(~x+

t ,
~d−t ; ~Θ))− Jt+1(~f(~x−t ,

~d+
t ; ~Θ)) + Jt+1(~f(~x−t ,

~d−t ; ~Θ))
]
.

Therefore, it suffices to show that the quantity in square brackets on the right hand side

above is nonpositive for every realization ~θ of the random vector ~Θ. Toward this end, we fix

some realization ~θ and Equation (4.1) gives:

~f(~x+
t ,
~d+
t ; ~θ)− ~f(~x+

t ,
~d−t ; ~θ) = ~f(~x−t ,

~d+
t ; ~θ)− ~f(~x−t ,

~d−t ; ~θ). (4.14)

Moreover, Equation (4.1) and Assumption 4.5.1A imply that

~f(~x−t ,
~d+
t ; ~θ) ≤ ~f(~x+

t ,
~d+
t ; ~θ) ≤ ~f(~x+

t ,
~d−t ; ~θ)

~f(~x−t ,
~d+
t ; ~θ) ≤ ~f(~x−t ,

~d−t ; ~θ) ≤ ~f(~x+
t ,
~d−t ; ~θ).

This set of inequalities, when combined with (4.14) and with the inductive assumption that

Jt+1(·) is increasing and convex, leads to

Jt+1(~f(~x+
t ,
~d+
t ; ~θ))− Jt+1(~f(~x+

t ,
~d−t ; ~θ))− Jt+1(~f(~x−t ,

~d+
t ; ~θ)) + Jt+1(~f(~x−t ,

~d−t ; ~θ)) ≤ 0

as required.

Suppose dose ~d+
t is optimal in ~x+

t and ~d−t is optimal in ~x−t in session t. Then, we have,

Jt(~x
+
t )− Jt(~x−t ) = Qt(~x

+
t ; ~d+

t )−Qt(~x
−
t ; ~d−t ) ≥ Qt(~x

+
t ; ~d+

t )−Qt(~x
−
t ; ~d+

t )
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= E
[
Jt+1(~f(~x+

t ,
~d+
t ; ~Θ))− Jt+1(~f(~x−t ,

~d+
t ; ~Θ))

]
≥ 0.

Thus, Jt(·) is increasing. Here, the first inequality follows because ~d−t is optimal in ~x−t ,

and the second inequality holds because the quantity inside the square brackets of the final

expression is nonnegative for every realization of the random vector ~Θ.

In order to show that Jt(·) is convex, we first show that Qt(·; ·) is convex. Let ~x◦t =

λ~x−t + (1− λ)~x+
t and ~d◦t = λ~d−t + (1− λ)~d+

t with λ ∈ [0, 1], ~x−t , ~x
+
t ∈ Xn, and ~d−t , ~d

+
t ∈ Dn.

We have,

Qt(~x
◦
t ,
~d◦t ) = c(~d◦t ) + EJt+1(~f(~x◦t ,

~d◦t ; ~Θ)) ≤ c(~d◦t ) + EJt+1(λ~f(~x−t ,
~d−t ; ~Θ) + (1− λ)~f(~x+

t ,
~d+
t ; ~Θ))

≤ c(~d◦t ) + E
[
λJt+1(~f(~x−t ,

~d−t ; ~Θ)) + (1− λ)Jt+1(~f(~x+
t ,
~d+
t ; ~Θ))

]
≤ λc(~d−t ) + (1− λ)c(~d+

t ) + E
[
λJt+1(~f(~x−t ,

~d−t ; ~Θ)) + (1− λ)Jt+1(~f(~x+
t ,
~d+
t ; ~Θ))

]
= λQt(~x

−
t ; ~d−t ) + (1− λ)Qt(~x

+
t ; ~d+

t ).

Thus, Qt(·; ·) is convex. Here, the first inequality holds because ~f(·, ·; ~θ) is convex for each

realization ~θ of the random vector ~Θ (this can be easily shown to hold by Assumption 4.5.1B)

and Jt+1(·) is increasing. The second inequality follows because Jt+1(·) is convex. The third

inequality holds because c(·) is convex.

We now show that Jt(·) is convex.

Jt(~x
◦
t ) = min

~d∈D
Qt(~x

◦
t ;
~d) ≤ Qt(~x

◦
t ;
~d◦t ) ≤ λQt(~x

−
t ; ~d−t ) + (1− λ)Qt(~x

+
t ; ~d+

t )

= λJt(~x
−
t ) + (1− λ)Jt(~x

+
t ).

Here, the first inequality holds because ~d◦t is feasible and the second inequality follows because

Qt(·, ·) is convex.

Finally, continuity and boundedness of Jt(·) can be established by an argument similar to

Chapter 2. That argument is omitted here for brevity. This completes the proof by backward

induction.

This monotonicity property provides structural insights into our clairvoyant dosing policy

for the cohort. It is also of independent theoretical interest. In the next section, under a
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different set of assumptions, we prove another property of our clairvoyant dosing policy that

achieves significant computational savings.

Problem decomposition under additively separable disutilities

One possible way to compose the cohort’s disutility functions c(·) and h(·) is by adding the

individual patient’s disutilities ci(·) and hi(·), respectively. That is,

c(~dt) =
n∑
i=1

ci(dt,i), (4.15)

h(~xT+1) =
n∑
i=1

hi(xT+1,i). (4.16)

We then have

Proposition 4.5.4. Suppose the cohort’s disutility functions are additively separable as in

(4.15)-(4.16). Then, for each t = 1, 2, . . . , T + 1, the optimal cost-to-go functions Jt(·) in

the clairvoyant stochastic DP (4.11)-(4.12) are given by Jt(~xt) =
n∑
i=1

Jt,i(xt,i), where the in-

dividual optimal cost-to-go functions Jt,i(·) are obtained by solving the clairvoyant individual

Bellman’s equations

Jt,i(xt,i) = min
dt,i∈D

[
ci(dt,i) + EJt+1,i(f(xt,i, dt,i; Θ))

]
, (4.17)

with boundary condition

JT+1,i(xT+1,i) = hi(xT+1,i). (4.18)

Specifically, an optimal dosing policy for the cohort in Bellman’s equations (4.11)-(4.12)

obtained by collating the individual optimal dosing policies in Bellman’s equations (4.17)-

(4.18).

Proof. We provide a proof by backward induction. We start at the boundary t = T . We

know from (4.12) and (4.16) that the claim is trivially true at this boundary. Now suppose

the claim is true for some t + 1. We show that the claim is true for t. We have, from
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the clairvoyant Bellman’s equations, the inductive hypothesis, linearity of expectation, and

(4.15) that

Jt(~xt) = min
~dt∈Dn

[ n∑
i=1

c(dt,i) +
n∑
i=1

EJt+1,i(xt+1,i)
]

=
n∑
i=1

min
dt,i∈D

(
c(dt,i) + EJt+1,i(xt+1,i)

)
(4.19)

=
n∑
i=1

Jt,i(xt,i). (4.20)

This proves the claim.

Corollary 4.5.5. If the individual disutilies are identical across the cohort, that is, the

functions ci(·) and hi(·) do not depend on i, then an optimal policy for the cohort’s clairvoyant

stochastic DP can be obtained simply by solving a clairvoyant stochastic DP for (any) one

patient.

Proof. Follows immediately from Proposition 4.5.4.

The assumption that disutilities are invariant across patients is natural because the cohort

is assumed to be homogeneous. We emphasize that Proposition 4.5.4 and Corollary 4.5.5 do

not need any convexity or monotonicity assumptions on the various functions in our model.

This corollary significantly simplifies the implementation of semi-stochastic CEC because,

in period t, optimal doses for the cohort can be found simply by solving a one-dimensional

clairvoyant stochastic DP instead of solving an n-dimensional clairvoyant stochastic DP. The

Bellman’s equations for the one-dimensional clairvoyant stochastic DP can be approximately

solved efficiently by discretization as described, with or without convexity assumptions, in

detail in Chapter 2.

4.5.2 Certainty equivalent control

CEC works by suppressing, in addition to the higher level uncertainty, the lower level un-

certainty as well. Specifically, in period t, when the state is (~xt,~at), decisions are made by

assuming that the pmf ~p of the unknown dose-response parameter Θ is given as in (4.10)
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and that the dose-response parameter (for all patients and for all remaining sessions) equals

the expected value implied by this pmf. That is, the dose-response parameter is given by

ω ,
k∑
j=1

vj

(
at,j/

k∑
j=1

at,j

)
. (4.21)

This leads to a deterministic control problem, which is then solved to obtain an optimal

sequence of doses for the cohort for all remaining periods. However, only the doses for the

first period from this sequence are administered to the cohort while the others are discarded.

The state then evolves stochastically and the process is repeated until the trial is completed.

Thus, in one complete run of CEC, a total of T deterministic control problems are solved;

the first one includes T periods, the second includes T − 1 periods, and ultimately, the last

one involves only one period. This algorithm is summarized below.

Certainty equivalent control

INITIALIZE: Set t = 1 and begin with a given initial state (~x1,~a1).

DO WHILE t ≤ T ,

• Step 1. let the state at the beginning of session t be (~xt,~at);

• Step 2. fix the dose-response parameters for all patients and all remaining sessions at

w as given in Equation (4.21); use ~w , (ω, ω, . . . , ω)︸ ︷︷ ︸
n times

as the vector of parameters for

the cohort in each of the remaining sessions;

• Step 3. solve the deterministic optimization problem

min
T∑
s=t

c(~ds) + h
(
~xt +

T∑
s=t

~f0(~ds, ~ω)
)

(4.22)

subject to

~ds ∈ Dn, s = t, t+ 1, . . . , T, (4.23)

to obtain an optimal sequence of dose vectors ~d∗t ,
~d∗t+1, . . . ,

~d∗T ;
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• Step 4. discard ~d∗t+1, . . . ,
~d∗T and administer the dose vector ~d∗t to the cohort in session

t;

• Step 5. observe the cohort’s disease state ~xt+1 at the beginning of the next ses-

sion, and calculate the implied realizations θt,i of the dose-response parameters of

all patients using θt,i = f−1(xt,i, d
∗
t,i, xt+1,i); then update the information state using

~at+1 = φ(n;~at; ~d
∗
t ; ~xt, ~xt+1);

• Step 6. update t← t+ 1 and go to Step 1 above.

END DO

The key step in CEC thus involves solving the deterministic optimization problem (4.22)-

(4.23). The objective function in this problem is continuous and the feasible region is com-

pact; so this problem has an optimal solution. It is a non-linear problem in decision vectors

~dt, . . . , ~dT ; thus its dimension is n(T − t + 1). In the next section, we establish a sufficient

condition under which this problem is convex. In the following section, we prove that when

this problem is convex, it has a stationary optimal solution; that is, there is an optimal solu-

tion where the dose vectors administered to the cohort are identical in all remaining sessions.

This stationarity property reduces the dimension of the convex deterministic optimization

problem to n, thus enabling its efficient solution.

Convexity of the deterministic problem in CEC

Proposition 4.5.6. Suppose Assumptions 4.5.1B and 4.5.2A,B hold. Then problem (4.22)-

(4.23) is convex.

Proof. It suffices to show that the objective function to be minimized is convex in (~dt, ~dt+1,

. . . , ~dT ) over Dn(T−t+1) for any fixed ~xt ∈ Xn and any fixed ~w. By Assumption 4.5.2A,

c(~ds) is convex. The nonnegative weighted sum of convex functions is convex; therefore,
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T∑
s=t

c(~ds) is convex. It remains to show that h(~xt +
T∑
s=t

~f0(~ds, ~w)) is convex. Once this is

established, we again use the property that the nonnegative weighted sum of two convex

functions is convex to complete the proof. We define a vector function ~g : Rn(T−t+1) → Rn as

~g(~dt, ~dt+1, . . . , ~dT ) , ~xt +
T∑
s=t

~f0(~ds, ~w). Here, we have suppressed the dependence on ~xt and

~w as these two are fixed. Thus, we need to prove that h(~g(~dt, ~dt+1, . . . , ~dT )) is convex. Since

h(·) is increasing and convex by Assumption 4.5.2B, it suffices to prove that each component

of the vector function ~g(·) is convex (see page 100 of [29]). For i = 1, 2, . . . , n, the ith

component of this vector function equals xt,i +
T∑
s=t

f0(ds,i, w), which is convex by Assumption

4.5.1B. This completes the proof.

Optimality of stationary dosing decisions in convex problems

In this section, we prove that when the deterministic optimization problem (4.22)-(4.23) is

convex as shown above, it has a stationary optimal solution.

We derive this stationarity property from a more general result about optimality of sym-

metric solutions to convex problems. So, digressing in terms of notation and topic a bit,

we let u1, u2, . . . , uN be a sequence of decision variables, where ut ∈ RM for some integer

M ≥ 1, and where N ≥ 2 is some integer. Consider functions g0(u1;u2; . . . ;uN) : RMN → R

and gl(u
1;u2; . . . ;uN) : RMN → R for l = 1, 2, . . . , L, where L ≥ 0 is some nonnega-

tive integer. Let Π be the set of all permutations of the set {1, 2, . . . , N} and let π be

any generic element of Π. Also, let πt, for t = 1, 2, . . . , N , denote the number in the

tth position in π. We say that function g is symmetric when, for any π ∈ Π, we have

g(u1;u2; . . . ;uN) = g(uπ1 ;uπ2 ; . . . ;uπN ). The lemma below proves optimality of symmetric

solutions to convex, symmetric problems. Such results have been previously established in

the theoretical optimization literature; see [195] for a historical account on sufficient condi-

tions for symmetric optimal solutions. We nevertheless provide a proof here for the sake of

completeness in a format that is convenient for our application at hand.

Lemma 4.5.7. Consider the optimization problem

min g0(u1;u2; . . . ;uN), (4.24)
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gl(u
1;u2; . . . ;uN) ≤ 0, l = 1, 2, . . . , L. (4.25)

Suppose function gl, for l = 0, 1, 2, . . . , L are convex over RMN and symmetric. If the above

problem has an optimal solution, then it has a symmetric optimal solution, that is, an optimal

solution where u1 = u2 = . . . = uN .

Proof. Suppose (µ1, µ2, . . . , µN) is optimal to the above problem. Consider another solution

ν ∈ RMN , given by,

ν =
1

N !

∑
π∈Π

(µπ1 ;µπ2 ; . . . ;µπN ). (4.26)

Consider a random variable V ∈ RMN that takes N ! different values (µπ1 ;µπ2 ; . . . ;µπN ) with

equal probabilities 1/N ! for all π ∈ Π. Then notice that ν as defined in (4.26) is the expected

value of this random variable and also that ν is symmetric. Because gl is convex, Jensen’s

inequality [29] and the law of the unconscious statistician imply that

gl(ν) = gl(E(V )) ≤ E(gl(V )) =
1

N !

∑
π∈Π

gl(µ
π1 ;µπ2 ; . . . ;µπN ) =

1

N !

∑
π∈Π

gi(µ
1;µ2; . . . ;µN).

(4.27)

Here, the last equality holds because gl is symmetric. Since (µ1;µ2; . . . ;µN) is feasible, we

know that gl(µ
1;µ2; . . . ;µN) ≤ 0. Thus, the above equation implies that gi(v) ≤ 0, and in

particular, this holds for l = 1, 2, . . . , L. That is, ν is feasible to the above optimization

problem. By an identical thought process, we see that

g0(ν) = g0(E(V )) ≤ E(g0(V )) =
1

N !

∑
π∈Π

f(µπ1 ;µπ2 ; . . . ;µπN ) =
1

N !

∑
π∈Π

g0(µ1;µ2; . . . ;µN)

(4.28)

= g0(µ1;µ2; . . . ;µN). (4.29)

But since (µ1;µ2; . . . ;µN) is optimal, the above inequality implies that g0(ν) = g0(µ1;µ2;

. . . ;µN). That is, ν is also optimal.

Corollary 4.5.8. Suppose Assumptions 4.5.1B and 4.5.2A,B hold. Then problem (4.22)-

(4.23) has an optimal solution where ~d∗t = ~d∗t+1 = . . . = ~d∗T .
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Proof. The objective function is convex as shown in the proof of Proposition 4.5.6. It is easy

to see that the objective function is also symmetric. Finally, the constraints are linear and

trivially symmetric. The result then follows by Lemma 4.5.7.

4.6 Simulation results

In our simulation study, disease condition evolution was modeled using the logarithmic form

of the Michaelis-Menten function

xt+1,i = xt,i + ln Θ− ln(Θ + dt,i), (4.30)

where xt,i is the natural logarithm of patient i’s disease condition before session t; dt,i is the

dose administered to patient i in session t; and Θ is the unknown dose-response parameter

to be learned. This function satisfies all assumptions made in Section 4.5. We also comment

that higher values of Θ here mean that the drug is less effective.

We employed the Michaelis-Menten function in our work on single-patient RGD without

learning for rheumatoid arthritis in Chapter 1. That chapter includes a detailed discussion of

the properties of this function and also its derivation. There, we used clinical data from [174]

to estimate various problem parameters and performed extensive sensitivity analyses. Below,

we simply use arbitrary, representative values of these parameters for a hypothetical disease

as all our qualitative conclusions are insensitive to specific numbers used in our simulations.

The dose-response parameter Θ was allowed to take on values from the interval [5, 50].

The maximum allowable dose d̄ was fixed at 1. The number of sessions, T , was fixed at 10.

In each session, we used the linear average disutility function

c(~dt) =
c

n

n∑
i=1

dt,i, (4.31)

where c is called the coefficient of dose aversion. For the terminal disutility function, we used

the exponential average

h(~xT+1) =
1

n

n∑
i=1

exp(xT+1,i). (4.32)
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Note that, since xT+1,i represents the logarithm of the patient i’s final disease state, exp(xT+1,i)

is simply patient i’s final disease state. Thus, equivalently, h(~xT+1) is the average of final dis-

ease states in the cohort. Consequently, the combination of disutility functions (4.31)-(4.32)

is, in a sense, the simplest possible way to capture the trade-off between dose levels and

disease conditions. In fact, clinical trials on RGD often report the total dose administered

versus the final disease condition reached in their results; as such, our choice of functions

c(·) and h(·) here is consistent with this thought process. As in Chapter 1, the value of c in

(4.31) was obtained by inverse optimization in a deterministic dosing problem for a single

arbitrary patient i. That is, the value of c was taken to be the one that would result in an

optimal constant dose of 0.5 in every session for a patient whose initial logarithmic disease

state is x1,i = 1, with θ = 27.5. Here, the dose of 0.5 was chosen as the midpoint of the

allowable dosing interval [0, 1]; similarly, θ = 27.5 was the midpoint of the allowable range

of Θ values [5, 50]. This inverse optimization resulted in c = 0.08107427.

We provide a comparison of our two approximate control schemes, semi-stochastic CEC

and CEC, against other solution methods without learning: optimal dosing based simply on

the uninformed prior with no updating (“optimal uninformed dosing”) and constant dose

across all patients and sessions equal to the midpoint of the range of allowed dose values

(“constant midpoint dosing”). We also present a clairvoyant solution in which the decision-

maker knows the true distribution on Θ a priori; this hypothetical solution method is not

realistic in practice, but presents a perfect-case benchmark to compare the other methods

against.

For each of these solution methods, we look at two scenarios of the true distribution: one

in which the median of the true distribution is lower than the median of the range of allowed

values of Θ, and one in which the opposite is true. The first scenario thus represents a situ-

ation in which the drug is more effective on average than was anticipated before treatment,

and learning reveals that to be the case over the course of T=10 treatment sessions. We call

this scenario the “optimistic” scenario. The second, which we call the “pessimistic” scenario,

is one in which the drug is less effective on average than was anticipated before treatment.
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Figure 4.1: Illustration of scenarios considered in our simulations. In the optimistic sce-

nario, shown on the left, the true distribution is a Normal distribution with mean 15 and

standard deviation 2.5, truncated and discretized to 101 bins between 5 and 50, while the

uninformed distribution is uniform, discretized into 101 bins between 5 and 50. In the pes-

simistic scenario, shown on the right, the same is true except that the true distribution’s

mean is 40.

In both cases, we begin with a uniform Dirichlet prior: (a1,1, a1,2, ..., a1,101) = (1, 1, ..., 1),

which corresponds to an initial guess ~p , (p1, p2, ..., p101) = (1/101, 1/101, ..., 1/101). Figure

4.1 illustrates these two scenarios.

For each of these scenarios, and all solution methods, we first report results for a simulated

cohort of 100 patients, whose initial states are drawn from a Normal distribution with mean

1 and standard deviation 0.1. In Figure 4.2, we show the dose prescribed in each session to

each patient in the cohort for each solution method for the optimistic scenario. In Figure

4.3, the same is shown for the pessimistic scenario.

First we focus on the optimistic scenario of Figure 4.2. This is the scenario in which

the drug is more effective on average than was anticipated before treatment. We see the

doses prescribed by the hypothetical perfect-case clairvoyant solution across all sessions are
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Figure 4.2: Comparison of doses prescribed by different solution methods for a cohort of 100

patients over 10 treatment sessions under the optimistic scenario, where the drug is more

effective on average than was anticipated before treatment.
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Figure 4.3: Comparison of doses prescribed by different solution methods for a cohort of 100

patients over 10 treatment sessions under the pessimistic scenario, where the drug is less

effective on average than was anticipated before treatment.
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near the upper range of allowable doses between 0 and 1. This is intuitive since the drug is

highly effective and thus the benefit of giving a high dose which will greatly improve patients’

health states outweighs the associated costs. In semi-stochastic CEC and CEC, we see that

the doses prescribed to the cohort begin over a wide range but generally trend upward as

the decision-maker becomes increasingly aware of the high effectiveness of the drug. On the

other hand, in optimal uninformed dosing, where the dosing scheme is optimized for the

uninformed uniform prior which is never updated, we see the opposite trend: doses tend

to be moving downward, which would seem to be suboptimal; we will verify this intuition

quantitatively later in Figure 4.4. Finally, in constant midpoint dosing, the same dose of 0.5

is given to all patients in all sessions and information about our belief on the distribution is

never updated nor in fact even used in decision-making.

Next, we discuss the pessimistic scenario of Figure 4.3. This is the scenario in which

the drug is less effective on average than was anticipated before treatment. Many of the

same observations that were made about trends in dosing prescriptions for the optimistic

scenario hold here as well, but in the reverse sense. The hypothetical perfect-case clairvoyant

solution prescribes doses at the low end of the decision space of [0, 1]– in fact, most of the

100 patients are clustered at a dose of 0 in all sessions. Both our semi-stochastic CEC

and CEC methods begin with a range of doses, not knowing anything about the underlying

distribution, and gradually lower those doses as it becomes clear the drug is less effective

and thus the associated cost outweighs the benefit in patient health state. Yet, the optimal

uninformed dosing strategy seems to take the reverse approach, which again is suboptimal,

as we will show in Figure 4.4; and the constant midpoint dosing once again gives a flat 0.5

dose to all patients in all sessions.

In Figure 4.4, we compare these different solution methods in each of the two scenarios

for a variety of cohort sizes. Cohort sizes were taken to be 10, 30, 100, and 300, and are

indicated on the x-axis. For each cohort size, the initial patient states were once again drawn

from a Normal distribution with mean 1 and standard deviation 0.1. On the y-axis we plot

the average value of the objective function reached over 100 independent simulations. Note
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Figure 4.4: Comparison of objective function values obtained by different solution methods

for different cohort sizes, averaged over 100 independent simulations. The left figure shows

the optimistic scenario while the right figure shows the pessimistic scenario. Clairvoyant is

a hypothetical perfect-case in which the decision-maker knows the true distribution a priori.

Semi-stochastic CEC and CEC are our approximate control schemes. Optimal uninformed

and constant midpoint are dosing methods that do not employ learning.

that this objective function represents a “per-patient” cost, so that the values reached can

be compared across cohort size.

We make several observations. First, on the whole, objective function values reached in

the optimistic scenario are better than the objective function values reached in the pessimistic

scenario. This is expected due to the increased effectiveness of the drug in the optimistic

scenario as compared to the pessimistic scenario.

Second, for both scenarios, in cohorts of 30 and larger, we note the ordering of methods

relative to each other: the most optimal is the hypothetical perfect-case clairvoyant solution.

Next are our approximate control schemes of semi-stochastic CEC and CEC. Finally are the

dosing schemes that do not employ learning: optimal uninformed dosing and constant mid-

point dosing. We emphasize that although we call the former method “optimal” uninformed

dosing, that this dosing is optimized against an uninformed distribution which is never up-
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dated, and not the true distribution; thus in a sense it represents the “right answer to the

wrong problem.” The latter method of constant midpoint dosing does not employ learning

or optimization techniques whatsoever. We do not have a theoretical basis for determining

which of semi-stochastic CEC or CEC should perform better, nor do we for the two non-

learning methods, but we do see that these two pairs are ordered as expected for cohorts of

30 and larger in both the optimistic and pessimistic scenarios.

Third, we note that objective function values of the semi-stochastic CEC and CEC meth-

ods approach those of the clairvoyant method as the cohort size increases. This is due to

the fact that a larger cohort size represents more observations, and thus faster convergence

of our belief on the distribution to the true distribution.

Fourth, we mention that the shape of each curve (that is, the upward trend of all curves

in the optimistic scenario and the upward bump followed by lowering trend of all curves in

the pessimistic scenario) is not informative, for the reason that different cohort sizes begin

with a different sampling of initial patient conditions. The only intuition we have on these

shapes is that they should asymptote to horizontal as the cohort size goes to infinity due to

the law of large numbers. Admitting that this reasoning is perhaps not entirely rigorous, we

do see such a flattening trend in our plots.

Finally, we focus specifically on the cohort of 100 for both optimistic and pessimistic

scenarios. The average optimal value reached among 100 independent simulations, for each

dosing method in both scenarios, is given in Table 4.1. In these tables we also denote

the percentage loss in optimality for each dosing method as compared to the hypothetical,

perfect-case clairvoyant solution method. From these tables, we see that in both the opti-

mistic and pessimistic scenarios, our approximate control schemes of semi-stochastic CEC

and CEC fare significantly better than the non-learning methods. In the optimistic scenario,

even comparing the worse of our two approximate control schemes (CEC) with the better

of the two non-learning methods (optimal uninformed dosing), we are able to reach within

0.02457% of perfect as compared to 1.2803%, an improvement by a factor of over 5. Similarly,

in the pessimistic scenario, comparing even the worse of our two approximate control scemes
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Method % loss in optimality

Clairvoyant 0

Semi-stochastic CEC 0.0056%

CEC 0.2457%

Optimal uninformed 1.2803%

Constant midpoint 6.2429%

Method % loss in optimality

Clairvoyant 0

Semi-stochastic CEC 1.0207%

CEC 0.2261%

Optimal uninformed 7.5288%

Constant midpoint 3.1230%

Table 4.1: Loss in optimality incurred by different dosing methods under the optimistic

scenario (upper table) and pessimistic scenario (lower table) for a cohort of 100 patients,

averaged over 100 independent simulations.

(semi-stochastic CEC) with the better of the two non-learning methods (constant midpoint

dosing), we reach within 1.0207% of perfect as compared to 3.1230%, an improvement of a

factor of over 3. Obviously these factors increase if we compare the better of our methods

with either of the non-learning methods.

One limitation of all chapters so far is that the total number of treatment sessions T

was assumed to be known a priori. In the final chapter, we present an optimal stopping

extension where treatment is allowed to end early.
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Chapter 5

OPTIMAL STOPPING FOR RESPONSE-GUIDED DOSING

5.1 Background and motivation

Treatment paradigms for various diseases allow for stopping due to adverse events, and in

some cases guidelines have been constructed for when to stop treatment. For some diseases,

a recommendation to stop treatment is made typically at the end of a gradual tapering-down

of dose for patients who respond well to treatment and are considered to be in remission.

For others, patients are given a standard dose and the treatment decision at each time step

is of the stop/do-not-stop type. In addition, stopping treatment may occur for patients in

poor disease states due to a finding of futility or a desire to switch to a different drug or type

of treatment.

Discontinuation of pharmalogical therapy has been studied in a number of diseases. For

rheumatoid arthritis (RA), a protocol for discontinuing the biologic agent infliximab has been

developed by Maas et al.: patients whose 28-joint disease activity score (DAS28) is below

3.2, and have received stable dose for at least 6 months, have their doses tapered down by

25% of the original dose every 8-12 weeks until discontinuation of treatment is acheived or

the patient experiences a flare-up [188]. Another study on adapting dose of the biologic agent

infliximab based on patient response ended up stopping treatment for 7 of 76 patients due

to adverse events [59]. One meta-analysis compared gradual lowering of dose (also called

“down-titration”) and discontinuation versus continuation of the drugs adalimumab and

etanercept in RA patients with low DAS28 scores with mixed results, finding that stopping

treatment produces benefits in some, but not all patients [191].

Infliximab is also used to treat other inflammatory bowel diseases (IBD) including Crohn’s

disease and ulcerative colitis (UC). Other studies have focused mainly on patient outcomes
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after the decision to stop infliximab treatment. Several studies have been conducted on the

risk of IBD disease relapse after a decision to interrupt treatment of infliximab [117, 126, 178].

A prevalence study found that an “important proportion” of RA patients in remission were

directed to down-titrate or discontinue treatment the drug, indicating that the stopping

decision is not uncommon in practice, though a patient-specific numerical framework does

not exist [115]. One study found that 62% of patients who stopped a second-line drug in

combination therapy for RA did not experience a flare within one year; yet patients who

continued the second-line drug had a lower chance of flare [183]. A meta-analysis of flare

rates for RA patients with low DAS28 scores or in remission found that “more than one-third

of patients” may down-titrate or stop disease-modifying anti-rheumetic drugs (DMARD)

without risk of a flare for one year [104].

While there is interest in the decision to stop treatment and the repercussions thereof,

we are unaware of any literature which combines the decision to stop or not-to-stop with a

patient-specific, response-guided dosing framework. In this chapter, we extend the stochastic

DP model of Chapter 2 to allow for stopping treatment as an alternative to administering

dose in any session. In essence, this adds an additional option to the decision-space, so

that in any session t a dose d ∈ D may still be administered, or a decision to stop may be

made. If the decision-maker stops treatment, then no dose may be administered in future

sessions, and as a result no future per-session costs are incurred. The final objective function

value is simply the boundary value function evaluated at the current disease state. Through

numerical simulation we find that when stopping is optimal, it is optimal below a threshold

disease state.

5.2 Model

The model is an extension of the stochastic DP model for RGD on a single patient of Chapter

2. That model took the number of equally-spaced treatment sessions T to be known a priori,

with sessions indexed by t = 1, 2, ..., T . In this chapter, we also take T to be known, but

allow for the possibility of ending treatment early. Thus, T can be thought of as a loose
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upper bound on the number of treatment sessions. In session t, we can as before choose to

give a dose, which is denoted dt, where dt ∈ D , [0, d̄] ∀ t where d̄ < ∞ is the maximum

permissible dose in one session; alternatively a decision to stop treatment can be made. For

the purposes of graphical illustration, we denote the decision to stop treatment by dt = −1.

This value is not physically meaningful, but as it lies outside the permitted dose range

D , [0, d̄], it allows for simple visualization.

If treatment is terminated when the state is xt, the patient derives a terminal disutility

h(xt). If treatment is continued, then a dose level dt for that session must be chosen. For all

xt ∈ X, and t = 1, 2, . . . , T , Bellman’s equations thus change to

Jt(xt) = min
{

min
dt∈D

(
c(dt) +

∫
Jt+1(f(xt, dt; Θ))dΘ

)
, h(xt)

}
, with JT+1(x) = h(x), (5.1)

where, as before, Jt(·) is the optimal cost-to-go function in session t, c(·) is the per-session

cost due to adverse effects, f(·, ·; ·) is the state transition function, and p(·) is the probability

density of the stochastic variable Θ.

Since we will seek solutions to this problem numerically, Θ is again taken to be a Categor-

ical random variable that takes k possible values listed in the finite set Ω , {v1, v2, . . . , vk}.

pj, for j = 1, 2, . . . , k denotes the probability that Θ takes the value vj. The distribution

is assumed to be known, perhaps as a result of completing a trial on a cohort of patients,

as described in Chapter 4. Again, f(·, ·; ·) is taken to be additively separable in state:

f(xt, dt; θ) = xt + f0(dt; Θ).

Bellman’s equations can then be written as:

Jt(xt) = min
{

min
dt∈D

(
c(dt) +

k∑
j=1

pjJt+1(xt + f0(dt; vj))
)
, h(xt)

}
, with JT+1(x) = h(x), (5.2)

5.3 Motivating examples

Naively, one may suspect that an optimal stopping formulation offers no additional benefit

to the original model, as it could be considered equivalent to giving a dose 0 in all future

sessions. That is, stopping in session t would mean that dt = dt+1 = dt+2 = ... = dT = 0.
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However, this reasoning is incomplete. Looking back at the original model where we have

monotonicity of optimal dose, even if the optimal dose in session t for some state xt is

d∗t = 0, stochasticity in disease-response could bring the state xt+1 to a higher level where

the optimal dose d∗t+1 > 0. Therefore, by choosing to stop treatment, we forego any possible

improvements later from giving a positive dose. If the cost function is such that c(0) > 0, we

also see that the decision to stop avoids incurring those future fixed costs. Thus, allowing

the decision to stop is indeed a non-trivial extension of our original model of Chapter 2.

5.3.1 Analytical solution of a 1-period problem with Bernoulli distributed noise

First let us consider a hypothetical disease that uses the log Michaelis-Menten transition

function with additive noise:

xt+1 = xt + f0(dt; θ) = xt + lnκ− ln(κ+ dt) + rΘ (5.3)

The final state cost function is exponential: h(x) = exp(x) and the per-session cost

function is linear: c(d) = ad+ b. For algebraic simplicity we take the random variable Θ to

be Bernoulli distributed, which is a special case of the Categorial distribution with only two

possible outcomes:

Θ ∼

 θ−/r, prob. p

θ+/r, prob. 1− p
(5.4)

We define:

S , E[erΘ] = peθ− + (1− p)eθ+ (5.5)

And we assume T = 1, indicating a one-period problem. Since T = 1, stopping is optimal

for x which satisfy

ex < min
d

{
ad+ b+ E[ex−ln(κ+d)+lnκ+rΘ]

}
= min

d

{
ad+ b+

κexS

κ+ d

}
(5.6)

Equating the partial derivative with respect to d of the quantity in the curly brackets to

zero reveals the optimal dose d∗:

a− κexS

(κ+ d)2
= 0⇒ d∗ = max

{√κexS

a
− κ, 0

}
(5.7)
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where we have assumed d̄ >
√

κex̄S
a
− κ and x̄ is the largest state considered. This

corresponds to a situation with no upper bound on dose. Monotonicity of the quantity√
κexS
a
− κ with respect to x implies that d∗ is a piecewise-defined function of x:

d∗ =

 0, x ≤ ln
(
κa
s

)√
κS
a
ex/2 − κ, x > ln

(
κa
s

) (5.8)

Note that d∗ represents the optimal dose for the problem without allowing for stopping.

Equation 5.6 becomes:

ex < ad∗ + b+
κexS

κ+ d∗
(5.9)

Case 1a. x ≤ ln
(
κa
S

)
and S < 1

In this case, by equation 5.8, d∗ = 0. Then equation 5.9 becomes:

ex < b+ exS ⇒ ex(1− S) < b (5.10)

Since S < 1, stopping is optimal for x < ln
(

b
1−S

)
. Thus there are two sub-cases depending

on the ordering of ln
(
κa
S

)
and ln

(
b

1−S

)
.

Subcase 1ai. ln
(

b
1−S

)
< ln

(
κa
S

)
Stopping is optimal over x < ln

(
b

1−S

)
.

Subcase 1aii. ln
(

b
1−S

)
≥ ln

(
κa
S

)
Stopping is optimal over x ≤ ln

(
κa
S

)
.

Case 1b. x ≤ ln
(
κa
S

)
and S ≥ 1

In this case, ex(1− S) < b holds for all x since ex(1− S) ≤ 0 and b > 0. Therefore stopping

is optimal over x ≤ ln
(
κa
S

)
.
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Case 2a. x > ln
(
κa
S

)
and κa− b ≥ κaS

In this case we have d∗ =
√

κS
a
ex/2 − κ and equation 5.9 becomes:

ex − 2
√
κaSe

x
2 + κa− b < 0. (5.11)

Equation 5.11 is quadratic in ex/2. The discriminant is 4(κaS − (κa − b)) which is

nonpositive by assumption in this case. Thus, there is no solution and stopping is never

optimal for any x > ln
(
κa
S

)
.

Case 2b. x > ln
(
κa
s

)
and 0 < κa− b < κaS

In contrast to case 2a, κa− b < κaS implies the discriminant is positive. Thus there exists

a real solution for ex/2. Equation 5.11 becomes

√
κaS −

√
κaS − (κa− b) < ex/2 <

√
κaS +

√
κaS − (κa− b). (5.12)

κa− b > 0 implies that −(κa− b) < 0⇒ κaS − (κa− b) < κaS ⇒
√
κaS − (κa− b) <

√
κaS ⇒

√
κaS−

√
κaS − (κa− b) > 0. Thus both the left and right expressions in equation

5.12 are positive. Solving for x gives the stopping region:

2 ln
(√

κaS −
√
κaS − (κa− b)

)
< x < 2 ln

(√
κaS +

√
κaS − (κa− b)

)
. (5.13)

There are three subcases depending on the ordering of 2 ln
(√

κaS −
√
κaS − (κa− b)

)
,

2 ln
(√

κaS +
√
κaS − (κa− b)

)
, and ln

(
κa
S

)
.

Subcase 2bi. 2 ln
(√

κaS −
√
κaS − (κa− b)

)
< 2 ln

(√
κaS +

√
κaS − (κa− b)

)
≤ ln

(
κa
S

)
In this subcase, no x > ln

(
κa
S

)
is optimal.

Subcase 2bii. 2 ln
(√

κaS−
√
κaS − (κa− b)

)
≤ ln

(
κa
S

)
< 2 ln

(√
κaS+

√
κaS − (κa− b)

)
In this subcase, stopping is optimal for ln

(
κa
S

)
< x < 2 ln

(√
κaS +

√
κaS − (κa− b)

)
.
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Subcase 2biii. ln
(
κa
S

)
< 2 ln

(√
κaS−

√
κaS − (κa− b)

)
< 2 ln

(√
κaS+

√
κaS − (κa− b)

)
In this subcase, stopping is optimal for x such that 2 ln

(√
κaS −

√
κaS − (κa− b)

)
< x <

2 ln
(√

κaS +
√
κaS − (κa− b)

)
.

Case 2c. x > ln
(
κa
s

)
and κa− b ≤ 0

Here we again have a positive discriminant, but now κa− b ≤ 0 implies
√
κaS−

√
κaS − (κa− b) ≤ 0. Thus the left expression in equation 5.12 is nonpositive, and

the left inequality is always satisfied since ex/2 > 0. Solving for x gives:

x < 2 ln
(√

κaS +
√
κaS − (κa− b)

)
. (5.14)

There are two subcases depending on the ordering of 2 ln
(√

κaS +
√
κaS − (κa− b)

)
and ln

(
κa
S

)
.

Subcase 2ci. 2 ln
(√

κaS +
√
κaS − (κa− b)

)
≤ ln

(
κa
S

)
Here stopping is non-optimal for all x > ln

(
κa
S

)
.

Subcase 2cii. 2 ln
(√

κaS +
√
κaS − (κa− b)

)
> ln

(
κa
S

)
Here stopping is optimal for ln

(
κa
S

)
< x < 2 ln

(√
κaS +

√
κaS − (κa− b)

)
.

At this point, to reduce the cases under consideration, we focus on the system when

S = 1. This corresponds to a situation in which the expected value of the multiplicative

noise term is 1; therefore, the objective function value is the same on average when no dose

is given. One such combination: θ− = −0.25 and θ+ = 0.25, with p = 0.5622 gives S = 1. To

compare with a numerical simulation, we choose values κ = a = 1, and b = 0.1. The problem

reduces to two cases: case 1b and 2b. Case 1b shows that stopping is optimal for x ≤ 0.

Case 2b shows that stopping is optimal when x > 0 and 2 ln(1−
√

0.1) < x < 2 ln(1 +
√

0.1),

but since 2 ln(1 −
√

0.1) < 0, this reduces to 0 < x < 2 ln(1 +
√

0.1) ≈ 0.5495. Combining

both cases, the analytical solution to this problem shows x optimal for x < 0.5495....
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A numerical simulation was performed on this example, and with a grid spacing of x =

0.01, stopping was found to be optimal for x ≤ 0.54 and non-optimal for x ≥ 0.55, agreeing

with our analytical result. This is illustrated in Figure 5.1.
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1

1.5
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t

Figure 5.1: Optimal policy for the 1-period problem with Bernoulli distributed noise. dt = −1

indicates a decision to stop treatment. Blue represents the optimal policy for the problem

allowing stopping; red represents the optimal policy if stopping is not allowed.

5.3.2 Numerical solution of a 3-period problem with Normally distributed noise

As another motivating example, consider another hypothetical disease that also uses the log

Michaelis-Menten transition function with additive noise of equation 5.3.

The parameter values were taken to be κ = 100 and r = 0.25. The final state cost function

is exponential: h(x) = exp(x), and per-session cost function is linear: c(d) = 0.015d + 0.1.

The patient is treated over T = 3 sessions with a maximum dose d̄ = 1, and the distribution
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on Θ is taken to be:

Θ ∼



v1 = −1, prob. p1

v2 = −0.98, prob. p2

v3 = −0.96, prob. p3

v4 = −0.94, prob. p4

· · · · · ·

v100 = 0.98, prob. p100

v101 = 1, prob. p101

(5.15)

with a truncated, discretized Normal distribution over the nonpositive values of vj:

pi =


exp((−3+0.12(i−1))2/2)∑51

j=1 exp((−3+0.12(j−1))2/2)
i = 1, 2, ..., 51

0 i = 52, 53, ..., 101
(5.16)

The fact that this pmf is skewed entirely toward nonpositive values indicates that the pa-

tient’s state will be better in the next session even without treatment, since f0(0; Θ) = 0.25Θ.

The problem was solved numerically through backward induction of the Bellman’s equa-

tions (5.2), discretizing state and dose on a grid of width 0.01.

Again, the Bellman’s equations with stopping (5.2) can be solved via backward induction

by discretizing the state-action space. For this particular example, the numerical results of

Figure 5.2 show that the optimal decision in the first session is a nonzero dose for x1 ≥ 0.79,

a zero dose for −0.15 ≤ x1 ≤ 0.78, and stopping treatment for x1 ≤ −0.16.

Another example of the benefit of stopping would be one in which the decision to give

zero dose occurs for no state; rather, the optimal decision is either to give a positive dose or

stop. In such a situation, the decision to stop early has a lower associated cost than giving

zero dose now for the chance of reaching a higher state later. Such a picture is shown in

Figure 5.3 which used the same values as Figure 5.2 except that the per-session cost function

c(d) was changed to c(d) = 0.005d + 0.1. In this figure, the optimal policy is to give a dose

of d1 = 1 in the first session when x1 ≥ −0.17 and to stop treatment in the first session

when x1 ≤ −0.18. This example thus represents an extreme case where either stopping
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Figure 5.2: Optimal dose for the first period in a 3-period problem. dt = −1 indicates a

decision to stop treatment. This picture illustrates a scenario in which there are intervals of

xt where it is optimal to stop treatment, to continue treatment but give zero dose in session

1, or to give positive dose in session 1.

or maximum dose is optimal, with the transition happening as sharply as possible. This is

probably in part due to the large value of κ relative to d̄. Recall that in the original (non-log)

Michaelis-Menten formulation, κ represented the dose required to bring the state down by

a factor of two in one session; thus, a monotone increasing policy where d̄ � κ will quickly

saturate to d̄.

5.4 Sensitivity analysis of a 3-period problem with tent function-distributed
noise

For the purposes of performing sensitivity analyses, we consider the problem of a hypothetical

disease treated over T = 3 sessions with the possibility of stopping in any session t ≤ T . The

state-transition function is again taken to be the log Michaelis-Menten with additive noise
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Figure 5.3: Optimal dose for the first period in a 3-period problem. dt = −1 indicates a

decision to stop treatment. This picture illustrates a scenario in which the cost to give zero

dose in session 1 is always outweighed by the benefit of stopping early, but a positive dose

can be given above a threshold state.

of equation (5.3) of the motivating examples.

In the absense of stochasticity (θ = 0), the parameter κ represents the dose necessary to

reduce the state by ln 2. The multiplicative factor r parameterizes the level of uncertainty in

the stochastic state evolution. Initial values were taken to be κ = 10 and r = 0.25; sensitivity

analyses will be performed on these values later. The maximum permissible dose was taken

to be d̄ = 1. The state and dose were both discretized on a grid spacing of 0.01.

The terminal state cost function was taken to be exponential: h(x) = exp(x). The dose-

aversion cost function was taken to be linear: c(d) = ad + b. The parameters a > 0 and

b > 0 were varied. Here, a represents the marginal cost of increasing the dose by one due

to adverse effects, while b represents a fixed per-session cost perhaps due to administrative

overhead. a was varied from 0 to 0.5 in increments of 0.01, and b was varied from 0 to 0.2 in
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Figure 5.4: Three pmf’s considered: left-skewed, symmetric, and right-skewed tent functions.

increments of 0.05.

For ease of investigating different probability mass functions on θ, a single-parameter tent

function was chosen. The unnormalized pmf is:

qi ,

 i−1
ipeak−1

, i ≤ ipeak

imax−i
imax−ipeak

, i > ipeak
(5.17)

where i = 1, 2, ..., imax, imax = 101, and ipeak parameterizes the peak of the tent function.

To turn this into a pmf, it is normalized:

pi =
qi∑imax

j=1 qj
(5.18)

Three values of ipeak were considered: 26, 51, and 76, resulting in left-skewed, symmetric,

and right-skewed tent function pmfs, respectively. These pmfs are illustrated in Figure 5.4.

5.4.1 Left-skewed tent function

Due to the form of the additive noise term +rΘ on our state transition function, a left-

skewed tent function physically represents a situation in which the patient’s health state is

more likely to improve than deteriorate in the absence of therapy.

Results of numerical simulation are shown in Figure 5.5. We see in several of the subplots

a distinction between a dose of -1, which indicates a decision to stop treatment, and dose 0,
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which gives no dose at the moment but keeps open the possibility of giving dose later by not

stopping.

For a fixed value of b and for every session t, we observe monotonicity of dose (nonde-

creasing dose from left to right along any horizontal slice of any subplot). We also observe

that the lowest state for which nonnegative dose is prescribed is increasing with increasing

a for all values of b and all sessions t. This is due to the increased marginal cost of dose

in the per-session cost function c(d) = ad + b: as cost increases, the disease state at which

treatment “turns on” also should increase.

In comparing different values of b, we first observe that the optimal policy never stops

treatment when b = 0. This is intuitive, as b represents the fixed per-session cost (recall

that c(d) = ad+ b. With b = 0, the patient state is more likely to improve than deteriorate

with any dose in [0,1]. Thus, there is never any reason to stop treatment early, as continuing

treatment until the end is always more likely to achieve a lower disease state. Increasing b

from 0 has several effects: most notably, the appearance of a region in a-state space where

stopping is optimal. For b > 0, the fact that the patient’s health state is more likely to

improve than deteriorate is counterbalanced by the fact that the fixed cost b will be incurred

in future sessions if treatment is continued. Thus, it is conceivable that this trade-off could

lead to different results for optimality depending on the location in xt−a space. In particular,

we see that the region in xt−a space where stopping is optimal moves in from the left because

the lower the patient’s disease state, the less likely it is that the patient’s state will jump high

enough to warrant a positive dose in a future session. Thus, it is not worth the fixed costs

b that will be incurred in future sessions, and stopping now becomes optimal. The larger b

is, the greater this effect– hence the movement of the stopping/zero-dose threshhold to the

right as b increases. In between we see the existence of a “wait-and-see” region, where zero

dose is given but treatment is not stopped. This region represents states which are relatively

high so that there is a significant chance the state will jump up to a higher state where dose

should be given; but relatively low so that no dose need be given at the present state. Thus,

in this region, the decision maker does not stop treatment but waits to see how the state
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changes in future sessions.

5.4.2 Symmetric tent function

The symmetric tent function physically represents a situation in which the patient’s health

state is as likely to improve as deteriorate in the absense of therapy. Results of numerical

simulation are shown in Figure 5.6. For these simulations, we see the lack of a zero-dose region

for all values of b and all sessions t. This indicates that treatment is only continued when a

positive dose is given. With a decreased likelihood of patient improvement, and especially

when b > 0 but even when b = 0, the costs of giving zero dose now for the possibility of

being able to give a positive dose later are outweighed by the benefits of stopping now.

5.4.3 Right-skewed tent function

The right-skewed tent function physically represents a situation in which the patient’s health

state is more likely to deteriorate than improve in the absense of therapy. Results of numerical

simulation are shown in Figure 5.7. As for the symmetric tent function, we see the lack of a

zero-dose region for all values of b and all sessions t.

5.4.4 Effect of changing r

The parameter r quantifies the size of the additive noise term in the state transition function.

Thus, a larger r represents more uncertainty in the patient’s disease state regardless of dose

given. The 3-period problem with left-skewed tent function of section 5.4.1 was considered,

setting b = 0.1 to be constant, but varying r over the values 0.05, 0.1, 0.25, 0.5, 1. Numerical

results are shown in Figure 5.8.

The main change in optimal policy is the expansion of the “wait-and-see” region with

respect to xt-space with increasing r. For intermediate values of xt, there is less sense in

adpoting a wait-and-see policy if the uncertainty is very small– if the patient is in a good
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Figure 5.5: Contour plots of optimal dose for a three-period problem using the linear per-

session cost function c(d) = ad+ b, and a left-skewed tent distribution for the additive noise

θ. Columns correspond to session number t and rows to varying values of b. Color bar

corresponds to optimal dose on [0,1]. A dose of -1 indicates a decision to stop treatment.



107

a

x
1

b=0 , t=1

 

 

0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

−1

−0.5

0

0.5

1

a

x
2

b=0 , t=2

 

 

0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

−1

−0.5

0

0.5

1

a

x
3

b=0 , t=3

 

 

−0.5 0 0.5 1 1.5 2 2.5
0

0.1

0.2

0.3

0.4

0.5

−1

−0.5

0

0.5

1
a

x
1

b=0.05 , t=1

 

 

0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

−1

−0.5

0

0.5

1

a

x
2

b=0.05 , t=2

 

 

0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

−1

−0.5

0

0.5

1

a

x
3

b=0.05 , t=3

 

 

−0.5 0 0.5 1 1.5 2 2.5
0

0.1

0.2

0.3

0.4

0.5

−1

−0.5

0

0.5

1

a

x
1

b=0.1 , t=1

 

 

0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

−1

−0.5

0

0.5

1

a

x
2

b=0.1 , t=2

 

 

0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

−1

−0.5

0

0.5

1

a

x
3

b=0.1 , t=3

 

 

−0.5 0 0.5 1 1.5 2 2.5
0

0.1

0.2

0.3

0.4

0.5

−1

−0.5

0

0.5

1

a

x
1

b=0.15 , t=1

 

 

0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

−1

−0.5

0

0.5

1

a

x
2

b=0.15 , t=2

 

 

0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

−1

−0.5

0

0.5

1

a

x
3

b=0.15 , t=3

 

 

−0.5 0 0.5 1 1.5 2 2.5
0

0.1

0.2

0.3

0.4

0.5

−1

−0.5

0

0.5

1

a

x
1

b=0.2 , t=1

 

 

0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

−1

−0.5

0

0.5

1

a

x
2

b=0.2 , t=2

 

 

0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

−1

−0.5

0

0.5

1

a

x
3

b=0.2 , t=3

 

 

−0.5 0 0.5 1 1.5 2 2.5
0

0.1

0.2

0.3

0.4

0.5

−1

−0.5

0

0.5

1

Figure 5.6: Contour plots of optimal dose for a three-period problem using the linear per-

session cost function c(d) = ad + b, and symmetric tent distribution for the additive noise

θ. Columns correspond to session number t and rows to varying values of b. Color bar

corresponds to optimal dose on [0,1]. A dose of -1 indicates a decision to stop treatment.
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Figure 5.7: Contour plots of optimal dose for a three-period problem using the linear per-

session cost function c(d) = ad + b, and a right-skewed tent distribution for the additive

noise θ. Columns correspond to session number t and rows to varying values of b. Color bar

corresponds to optimal dose on [0,1]. A dose of -1 indicates a decision to stop treatment.
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enough health state to receive zero dose now, it’s unlikely they will jump upward to need a

positive dose later. Thus, we see the collapse of this region for small values of r. For larger

values of r, it is more likely that such a jump will occur.

5.4.5 Effect of changing κ

If we consider the deterministic state-transition function by eliminating the additive noise

term: f(xt, dt) = xt + lnκ − ln(κ + d), then κ represents the dose required to reduce xt by

ln 2. If xt represents the log of state, as we took for example in the rheumatoid arthritis

example of Chapter 1, then κ is the dose required to reduce the state by a factor of 2. Thus,

a larger value of κ relative to d̄ represents a situation where the disease is more resistant to

dose, and thus the amount of dose required to achieve the same final disease state is higher.

Numerical results are shown in Figure 5.9, which was generated assuming b = 0.1, r =

0.25, d̄ = 1, and a and κ were varied. Note that the threshold between the “wait-and-

see” region and the stopping region does not appear to change with respect to κ. This

is because κ affects neither the terminal disease cost function h(x) nor the cost of giving

zero dose c(0) = 0a + b = b nor the state-transition function with zero dose f(xt, 0; Θ) =

xt+lnκ− ln(κ+0)+rΘ = xt+rΘ. Thus, the only effect of κ is in determining the threshold

where positive dose is given. We notice that optimal doses tend to decrease with increasing

κ for a particular fixed a, b, r, and d̄. When κ is on the order of d̄, we see interesting non-

monotone results. This dose is no longer necessarily monotonically increasing with increasing

disease state, as we saw in Chapter 2, as we have no proof for the existence of a monotone

optimal policy in the stopping case, but it is interesting to observe an actual counterexample

of this.
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Figure 5.8: Contour plots of optimal dose for the left-skewed 3-period problem, varying

the parameter r, which quantifies the size of the noise term in the state transition func-

tion. Columns correspond to session number t and rows to varying values of r. Color bar

corresponds to optimal dose on [0,1]. A dose of -1 indicates a decision to stop treatment.
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Figure 5.9: Contour plots of optimal dose for the left-skewed 3-period problem, varying the

parameter κ, which quantifies the dose-response. Columns correspond to session number t

and rows to varying values of κ. Color bar corresponds to optimal dose on [0,1]. A dose of

-1 indicates a decision to stop treatment.
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5.5 Stopping for rheumatoid arthritis

We now reconsider the rheumatoid arthritis problem based on OPTION trial data of Chapter

1. All parameters were set to the same values as Chapter 1, except we consider a slightly

different cost function. In Chapter 1 we took the cost function to be c(d) = 0.028557d, where

the coefficient came from solving the inverse optimization problem for the deterministic case.

In the first frame of Figure 5.10, and with this cost function, we see that stopping is never

optimal for the range of states we consider. However, by changing the cost function to an

affine type, allowing for a fixed per-session cost: c(d) = 0.028557d + b, where b ≥ 0 is a

constant, we see that stopping indeed becomes optimal for some of the lowest disease states.

This is intuitive, as for a very low disease state, the certain fixed per-session cost in upcoming

sessions outweighs the possibility that the disease state will rise to a point where dose would

be given, so a decision to stop is optimal. For intermediate state values, again we see a “wait-

and-see” policy, where no dose is given but neither is treatment stopped, as the possibility of

a flare-up to the point that positive dose is optimal is higher. For still higher disease states,

we observe that a positive dose is given. Finally, we note that as b increases, the threshold

state below which stopping is optimal increases, until the point where the “wait-and-see”

region collapses. Again this is reasonable, as the decision to stop becomes more appealing

the higher the per-session cost is. Eventually, we reach the point where the per-session fixed

cost is so high that we only do not stop treatment if the patient’s disease state is very high–

otherwise, stopping is optimal.

A non-monotone policy is observed numerically for the case where b = 0.15 in Figure

5.10; a zoomed-in picture of the non-monotone region is shown in Figure 5.11. Again, this

is possible since we have no monotonicity proof for the stopping problem.
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Figure 5.10: Optimal policy for the rheumatoid arthritis example of Chapter 1. All param-

eters and functions are the same as Chapter 1, except the cost function includes a fixed

per-session cost b: c(d) = 0.028557d + b. b = 0 corresponds to precisely the example of

Chapter 1 but allowing for the possibility of stopping. A dose of −1 indicates a decision to

stop treatment.
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Figure 5.11: Optimal policy for the rheumatoid arthritis example of Chapter 1, except with

the cost function c(d) = 0.028557d + 0.15. This is a zoom-in of Figure 5.10 with b = 0.15.

Note the non-monotone dosing policy.
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5.6 Monotonicity of stopping threshold state with respect to time

In our numerical experiments, we have observed that if stopping is ever optimal, it is optimal

below a threshold state. Let us define this threshold state in session t as x∗t . One question

that naturally arises in the multi-period problem is whether x∗t is a function of t, and if so,

if x∗t is monotone in one direction or the other.

We notice that in the b = 0.1 panel of Figure 5.10, x∗t appears to increase between the

week 20 and week 24 sessions. However, the picture is incomplete for two reasons. First, the

initial state of log 6.8 is significantly higher than x∗t in any session such that it takes several

sessions for the states to spread out enough due to the noise term until the states can be low

enough that stopping ever occurs. Second, the grid-spacing in the x dimension is too coarse.

We remedy both these issues with in Figure 5.12, which begins with a range of initial states

over 1 ≤ x1 ≤ 2.5, and reduces the x-dimension spacing from 0.05 to 0.001. A zoom-in of

Figure 5.12 around x∗t is shown in Figure 5.13.

Figure 5.13 suggests that x∗t is anything but constant, and in fact appears to monoton-

ically increase with respect to session number. That is, the less treatment time remaining,

the higher the threshold state between stopping and not stopping.

This result is not only numerically observed, but provable. A proof for a general DP

problem with stopping is found in section 4.4, volume 1 of [25]. For convenience we provide

a counterpart of this proof using our notation.

By Bellman’s equations 5.2, it is optimal to stop at time t for all states in the set

Tt =
{
x
∣∣∣h(x) ≤ min

d∈D
c(d) + E

[
Jt+1(x+ f0(d; Θ))

]}
(5.19)

Equation 5.2 along with the boundary condition of the DP, JT (xT ) = h(xT ), implies that

JT−1(x) ≤ JT (x) ∀x (5.20)

Using equation 5.2 along with the stationarity property of our problem and the mono-
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Figure 5.12: Optimal policy for the rheumatoid arthritis example of Chapter 1, except with

the cost function c(d) = 0.028557d + 0.1. A wide initial range of states and reduced x-grid

spacing is shown. A dose of -1 indicates a decision to stop.
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Figure 5.13: Optimal policy for the rheumatoid arthritis example of Chapter 1, except with

the cost function c(d) = 0.028557d + 0.1. The plot is a zoomed-in version of Figure 5.12

around the threshold area between stopping and not stopping. A dose of -1 indicates a

decision to stop.
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tonicity property of DP, we obtain via induction

Jt(x) ≤ Jt+1(x) ∀x, t. (5.21)

Using this fact, we see

T1 ⊂ T2 ⊂ . . . ⊂ TN−1. (5.22)

In our numerical simulations we have observed that Tt = (−∞, x∗t ) for all t. This com-

bined with 5.22 gives that the upper limit of the stopping set, x∗t , increases monotonically

with t.

We now discuss the conclusions of this dissertation, chapter-by-chapter.
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Chapter 6

CONCLUSIONS AND FUTURE WORK

6.1 Chapter 1: RGD for rheumatoid arthritis

In Chapter 1, we established a rigorous mathematical framework for response-guided dosing.

The resulting dosing policy was illustrated using data on RA. This policy administers higher

doses in worse disease conditions. Our numerical simulations suggest that such monotone

dosing performs better than three treatment strategies reported in the RA literature. Our

sensitivity analyses reveal that optimal doses decrease with increasing aversion to dose and

also with increasing efficacy of the placebo (methotrexate). The optimal dosing policy be-

comes more aggressive (the marginal increase in dose over two given states is higher) as

response-uncertainty increases. Such sensitivity analyses provide quantitative guidelines for

choosing doses in practice. For example, while it is known in the clinical literature that

combination treatment with a biologic agent could be beneficial for patients who do not

respond well to methotrexate alone, our methodology quantifies the benefit of various com-

bination dosing strategies as a function of sensitivity to methotrexate. Dose-histograms from

simulation experiments could provide a physician with a distribution of doses that would be

administered to his/her patients if our methodology were implemented. Similarly, a physi-

cian could choose a point on the efficient frontier and then compute a corresponding dosing

policy via the implied coefficient of risk aversion.

6.2 Chapter 2: A general stochastic DP formulation for RGD

In Chapter 2, we generalized the model of Chapter 1 to apply to other diseases, dose-response

dynamics, and cost functions. We were able to prove that dose-monotonicity holds essentially

when dose-response is convex and the decision-maker is risk-averse. To test the benefits of
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such a dosing policy in practice, one would need to run a clinical trial where a group of

patients is treated according to this policy and other groups are treated with constant doses

in each session. The resulting treatment outcomes would need to be compared to quantify

potential benefits if any. Our methodology, via computer simulations, could help physicians

better-design such trials. Indeed, Murphy et al. [136] have espoused the use of such a priori

simulations in the design of clinical trials.

One limitation of our model is the assumption that the model-parameters have been

estimated before treatment begins. This limitation is addressed and alleviated in Chapters

3 and 4.

6.3 Chapter 3: Robust RGD

In Chapter 3 we presented a robust counterpart to our RGD framework. In our original

framework, we assumed that the decision-maker knew the pmf of the dose-response parame-

ter a priori. The robust counterpart softens this assumption by allowing the decision-maker

to optimize against the worst case among a range of pmf’s; in the language of robust op-

timization, this is the uncertainty set. Our analysis focused on the interval uncertainty

set. However, the robust Bellman’s equations (3.1) allow for other uncertainty sets such

as entropy, maximum likelihood, and ellipsoidal. The inner problems for these sets are not

LPs but they are convex and, at least for entropy and maximum likelihood, can be solved

efficiently via a bisection algorithm [88, 139].

For the case of the interval uncertainty set, we have shown that the inner maximization

problem in the Bellman’s equations is an LP with a closed-form solution. We showed that

this solution– that is, the worst-case pmf– does not depend on the state-action pair. This

further implied the existence of a monotone optimal policy, which was the key result of our

nominal (non-robust) model of Chapter 2. In addition, the fact that the worst-case pmf is

independent of state-action pair makes the robust problem as difficult to solve as the nominal

problem. We then focused on a specific case where the size of the uncertainty set was tuned

with a single parameter δ, which we called the ambiguity level. For this case, we showed
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that there exists a monotone optimal policy with respsect to δ under further assumptions on

the dose-response function f(·; ·).

Numerical results agreed with our theoretical findings. For the inverse-power dose-

response function, Figures 3.2, 3.3, and 3.4 showed monotonicity of dose with respect to

state and δ. We also found a counterexample, the Michaelis-Menten dose-response function,

which violated an assumption and numerically resulted in an optimal policy which was not

monotone increasing in δ.

6.4 Chapter 4: Optimal Bayesian learning of dose-response parameters from
a cohort

Adaptive clinical trials, in which pre-specified trial modifications are allowed based upon

observed data during the trial, offer some advantages over the so-called fixed trials. Adaptive

techniques are sometimes used during early stages of drug development to determine the

minimum effective dose and the maximum tolerable dose. In Chapter 4, we introduced an

adaptive scheme for learning the pmf of an unknown dose-response parameter while optimally

dosing a cohort of patients. Our framework allows for essentially all single-parameter dose-

response models. These include functions such as Michaelis-Menten, exponential, and power

law. Furthermore, our approach can in principle be applied to a variety of diseases that

are treated pharmaceutically over multiple treatment sessions, such as rheumatoid arthritis,

LDL cholesterol, and high blood pressure.

Our framework was based upon a Bayesian stochastic DP. Because of the high dimen-

sionality of the problem and corresponding intractability of an exact solution, we presented

two approximate methods of solution: semi-stochastic CEC and CEC. Under reasonable

assumptions that the dose-response function be monotone and convex, and the cost func-

tions be increasing and convex, we proved desirable properties of these solution methods.

For semi-stochastic CEC, we proved monotonicity of optimal dose with worsening disease

conditions. We have also shown that the semi-stochastic CEC problem decomposes across

patients when the disutility functions are additively separable, which yields significant sav-
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ings in computation time. For CEC, we proved convexity of the deterministic problem, and

the optimality of stationary dosing decisions.

Finally, we presented a simulation example to illustrate the empirical behavior of our

approach. We worked with the following model primitives: a Michaelis-Menten dose-response

function with a dose-response parameter Θ; a linear average per-session disutility function

and exponential average terminal disutility function; a discretized Normal distribution of

Θ to be learned, and a uniform initial prior on Θ. We emphasize that our framework is

general and that none of these particular choices were necessary in order to run our model

but were only chosen as an illustrative example. Our numerical results brought forth several

intuitive properties of the doses delivered by our approximation methods relative to those

administered by the clairvoyant approach and by two other simplistic strategies that do

not adaptively learn the dose-response parameter. Our simulation runs compared the two

approximation methods and found that they performed close to the clairvoyant approach.

We hope that our work offers at least a small step toward better learning dose-response while

treating a cohort of patients as envisioned by several expert panels.

Our Bayesian stochastic DP assumes that a dose-response function is given as an input

to the learning problem and attempts to learn the parameter of this function while optimally

dosing a cohort. A natural extension of this involves a more difficult problem where a set

{f 1, f 2, . . . , fM} of M different dose-response functions, each with a single parameter, is

given. The pmf over these functions is ~Q , (Q1, Q2, . . . , QM) such that
M∑
m=1

Qm = 1. Given

fm, the pmf of its parameter is denoted by ~pm , (pm1 , . . . , p
m
km

). Here, km is the number of

possible values this parameter can take, the corresponding set of values being {vm1 , . . . , vmkm}.

The decision-maker now wishes to learn ~Q as well as ~pm, for m = 1, 2, . . . ,M , while optimally

dosing a cohort of patients. This problem could provide an interesting direction for future

research.
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6.5 Chapter 5: Optimal stopping for RGD

Finally, in Chapter 5, we presented an extension of the stochastic DP model of Chapter

2 where the decision-maker can decide to stop treatment at any treatment session. If a

decision to stop is made in the current period, all future per-session costs are avoided, and

the patient’s final disease state is taken to be the current state. Intuitively, we expect the

decision to stop will be optimal, if ever, at low disease states. At these states, the future per-

session cost outweighs the benefit of lowering the disease state through treatment. In some

cases, we may also find the existence of a “wait-and-see” region, where zero dose is given in

a particular session, but the decision to stop is not made– this can incur a per-session cost,

but the possibility of giving a dose later to lower the disease state outweighs that per-session

cost, so we continue. At the highest disease states, positive doses are given as the benefit of

reducing disease state wins out over the per-session costs.

Again, the problem is solved using backwards induction of the Bellman’s equations with

stopping (5.2) by discretizing the state-action space. First, we presented a motivating ex-

ample before moving in to a more detailed example of a 3-period problem. We considered a

linear affine cost function c(d) = ad+b and investigated the effects of changing the fixed per-

session cost b as well as the coefficient of cost per unit dose a. We took the probability mass

function of the stochastic noise term to be a single-parameter tent function, and observed

the effects of skewing the tent function left and right. We also considered a case where the

fixed per-session cost b is 0 in the final session t = T , but nonzero in earlier sessions and

found similar results.

Finally, we reconsidered the rheumatoid arthritis example of Chapter 2 again, but this

time allowing for stopping. For the original problem, stopping was never optimal over

the states considered. However, by adding a fixed per-session cost to the cost function

c(d) = 0.28557d+ b, we found that stopping is optimal for some of the lowest disease states.

This indicates that stopping is optimal when the future fixed per-session costs outweigh the

potential benefit of giving dose later. We also observed an optimal policy that was not



124

monotone, despite fulfilling the assumptions for monotonicity of Chapter 2. This is certainly

possible as we have no monotonicity proof for the stopping framework, but it is interesting

to note that such a counterexample did occur.

In the literature, stopping is mentioned not only for patients in very low disease states

(remission,) but also sometimes for very high disease states, as this indicates a failure of

the drug to have an effect on the patient. In practice, this would often indicate the need

to switch to a different drug or treatment scheme. As we were only considering the dose

of a single drug in our framework, this situation did not arise for us, but could be another

interesting direction for future work.

6.6 Further future work

In addition to the extensions of each chapter mentioned above, there are several more di-

rections that the work in this dissertation can be extended. Here we give a brief outline of

two.

6.6.1 Hard dosing constraints

In our DP model, the aversion to dose in each session was modeled with a cost function

c : d→ R. With the assumption that c(·) is increasing in d, this amounts to a soft constraint

on dose given: a higher dose is penalized more than a lower dose by virtue of the fact that

there is a higher associated cost. An alternative framework considers dose to be a hard

constraint. The simplest example would be the case where the total dose over multiple

sessions must not exceed a threshold. Here we present an alternative formulation where

information about the total adverse effect of all previous dosing sessions is included in the

DP state.

For t = 1, 2, . . . , T + 1, let Et denote the total adverse effect of doses used in sessions

1, 2, . . . , t− 1. Thus, we have E1 = 0. For t = 1, . . . , T , let Bt be the maximum total adverse

effect that can be tolerated in the first t sessions. Intuitively, these parameters should satisfy

B1 ≤ B2 ≤ . . . ≤ BT . Let φ : D → R+ be an increasing, convex function that quantifies
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the adverse effect of dose administered in one session. For instance, in radiobiology, upper

limits are given on the biologically equivalent dose (BED) given to certain organs-at-risk

in the vicinity of the tumor. BED is given by the formula φ(dt) = dt + d2
t/(a/b), where

a, b ∈ R+ are parameters. Another, simpler example would be where φ(dt) = dt. Then we

have Et+1 = Et + φ(dt) and dose dt ≥ 0 must be chosen such that Et+1 ≤ Bt+1. We model

this scenario by defining a state variable st = Bt − Et. This is the slack in adverse effect of

doses delivered in sessions 1, 2, . . . , t− 1, as compared to the tolerance limit Bt. Then notice

that Et+1 = Bt − st + φ(dt) and hence st+1 = Bt+1 − Et+1 = Bt+1 − Bt + st − φ(dt). Define

parameters ∆Bt , Bt+1 − Bt ≥ 0 for t = 1, 2, . . . , T . Thus, given the state variable st, dose

dt ≥ 0 must be chosen such that st+1 ≥ 0, i. e., such that φ(dt) ≤ ∆Bt + st. Consequently,

starting with the boundary condition JT+1(x, s) = ψ(x) for all x ∈ X and 0 ≤ s ≤ BT ,

Bellman’s equations (2.2) now change to

Jt(xt, st) = min
{dt≥0:φ(dt)≤∆Bt+st}

∫
Ω

Jt+1(ft(xt, dt; θt),∆Bt + st − φ(dt))p(θ)dθ, (6.1)

for all xt ∈ X, all st ∈ [0, Bt], and t = 1, 2, . . . , T .

Owing to its two-dimensional state, this DP is computationally more challenging to solve

as compared to its counterpart (2.2). It will be interesting in the future to develop efficient

computational procedures for solving this DP. We believe that this will be possible because

a monotone policy where doses increases with worsening disease conditions xt and increasing

slacks st is likely to be optimal for (6.1).

6.6.2 Partial observations

Suppose that when the disease state is xt, its measurement is given by zt = ηtxt + Φt,

where ηt is a known coefficient and Φt are iid random variables representing measurement

noise that does not depend on disease response uncertainties Θ, disease states, doses, and

measurements. Suppose random variables Φt take values from a set Λ ⊆ <, and have a

probability density function π(·). Then this problem with imperfect state information can

be converted into a stochastic DP whose state at the beginning of session t is given by
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a probability distribution Pt over X. This is called the belief distribution and is known

to be a sufficient statistic for the information history of the controlled stochastic process.

Unfortunately, the belief distributions and hence the states of this stochastic DP are infinite

dimensional, thus making exact solution intractable.

First we can use discretization and truncation to approximate the problem as a partially-

observable stochastic DP with finite states, finite actions, and finite observations. Then the

belief state is finite-dimensional although it is still continuous. We can then exploit the

fact that the cost-to-go functions in the corresponding DP are known to be piecewise linear.

Although this DP is known to be computationally hard in theory, the hope is that we will

be able to efficiently find good policies in some problems ([118, 119, 146, 173, 179]). This

was, for instance, the case in mammography screening problems in [14] and treatment for

ischemic heart disease in [74].
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