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With decarbonization efforts in renewable integration and electrification, the electric grid needs
to adapt and serve a larger system that is becoming more distributed, having less inertia, and facing
more uncertainties. These changes have reduced the safety margins of the grid and significantly
increased the costs of risk management. Machine learning tools can potentially unlock design
freedoms found in the increased controllability from inverter-interfaced resources (e.g., solar, wind,
and electric vehicles), and reshape the landscape of power systems for more efficient operations.
However, such algorithms typically do not provide guarantees about safety-critical constraints,
making them difficult to implement in practice.

The dissertation proposes to bridge the gap between learning and safety-critical constraints
through structured neural networks guided by control theory and the physics of power systems.
Using Lyapunov theory, we extract stabilizing controller structures for transient stability problems,
and parameterize the structures by neural networks. On this basis, we design Neural-PI controllers
to further achieve provable guarantees on optimal resource allocation and frequency restoration at
the steady state. In addition, we propose a modular approach for transient stability analysis with
lossy transmission lines. This provides a simple yet effective approach to optimize control efforts
with guaranteed stability regions.

The structured approach for learning-based control provides end-to-end guarantees that are in-

dependent of the learning process, which in turn provides large flexibility for learning algorithm



design. To relieve the burden of centralized coordination in voltage control, we propose a decentral-
ized safe learning approach to train local neural network controllers at each node in a model-free
setting. To overcome key barriers on the requirement of a large number of system interactions
to learn a good control policy, we develop a sample-efficient trajectory generation algorithm that
adapts to the distributional shift of trajectories resulting from updated control policies and also

extends to partially observed systems.
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Chapter 1
INTRODUCTION

1.1 Motivation

Increasing the amount of renewable energy sources (RESs) in power systems is of fundamental
importance in reducing carbon emissions and mitigating climate change. Many regions in the
United States aspire to generate 50% of their electricity from renewables by 2035, with some
states targeting 100% renewables by 2050 [1]. Due to significant uncertainties and faster dynamics
resulting from renewable integration and electrification, the safety margins of the electric grid have
been reduced. This has been reflected by larger, more frequent, and more damaging fluctuations
in both voltage and frequency. Consequently, the ability of the grid to maintain safe, efficient, and
resilient operations becomes a key bottleneck for deploying these decarbonization efforts. Given
that extensive infrastructure upgrades to the power system are improbable in the near to medium
term because of the substantial cost of both capital and manpower, it becomes essential to deploy
advanced control algorithms and operation strategies to enable a seamless transition towards a more
sustainable grid.

The increased controllability of hardware, together with the explosion of available data, offers
exciting opportunities to deploy advanced methods that can reshape the landscape of energy sys-
tems. For example, renewables interface with the grid through power electronic inverters, which
can implement almost arbitrary control actions within their saturation limits. Properly designed
control laws can offset the reduction of inertia, and lead to more resilient operations. Therefore,
the bottleneck of sustainable and stable energy systems is shifting from procuring bulk physical re-
sources to developing intelligent algorithms that more efficiently leverage these new technologies.

To make full use of the fast-responsive capacity of inverter-based RES, a number of machine

learning approaches have been proposed for the controller design since conventional techniques



have difficulty coping with high nonlinearity and large dimensionality of power systems. How-
ever, for a control law to be practically applicable, provable guarantees for large range of system
parameters and typologies are essential. A neural network that works well in training may fail to
stabilize the system once implemented. Most existing learning approaches rely on finite samples
and soft penalties for safety-critical constraints, which are not convincing to system operators.

In light of these challenges and opportunities, this thesis focuses on control and machine-
learning methods that unlock design freedoms enabled by technology advances and provide prov-
able guarantees on safety-critical constraints. The goal is to attain the sustainable, efficient, and

safe operation of power systems.

1.2 Dissertation Outline and Contributions

This thesis develops theoretical and algorithmic frameworks for control and machine learning
methods that apply to largescale and nonlinear power systems. In all of these results, structures
derived from the physics of energy systems and control theory are the key to achieving safe and
robust Al-based solutions. Guided by these structures, learning becomes a powerful tool for op-
timizing nonlinear controllers and adapting to unknown time-varying uncertainties. In turn, the
results have also led to new solutions to open problems in learning-based control for general net-
worked systems.

This thesis is outlined in two parts. In Part I, we show how to bridge the gap between learning
and safety-critical constraints through structured neural networks guided by control theory and the
physics of energy systems. The structured approach for learning-based control provides end-to-
end guarantees that are independent of the learning process. In Part 11, we further show how those
end-to-end guarantees lead to more flexible learning algorithms design, including decentralized
learning and trajectory generation algorithms. The remaining chapters and their contributions are

elaborated as follows.

Part I: Structured Learning-Based Control with Safety-Critical Guarantees.

* Chapter 2: Reinforcement Learning for Optimal Primary Frequency Control : A Lyapunov Ap-



proach [2]. As more inverter-connected renewable resources are integrated into the grid, fre-
quency stability may degrade because of the reduction in mechanical inertia and damping. A
common approach to mitigate this degradation in performance is to use the power electronic
interfaces of the renewable resources for primary frequency control. Since inverter-connected
resources can realize almost arbitrary responses to frequency changes, they are not limited to re-
producing the linear droop behaviors. To fully leverage their capabilities, reinforcement learning
(RL) has emerged as a popular method to design nonlinear controllers to optimize a host of objec-
tive functions. Because both inverter-connected resources and synchronous generators would be
a significant part of the grid in the near and intermediate future, the learned controller of the for-
mer should be stabilizing with respect to the nonlinear dynamics of the latter. To overcome this
challenge, we explicitly engineer the structure of neural network-based controllers such that they
guarantee system stability by construction, through the use of a Lyapunov function. A recurrent
neural network architecture is used to efficiently train the controllers. The resulting controllers
only use local information and outperform optimal linear droop as well as other state-of-the-art

learning approaches.

Chapter 3: Structured Neural-PI Control: Stability and Steady-State Optimality Guarantees [3,
4]. The goal is to enforce both transient stability and steady-state performances after distrubances.
We propose structured neural-PI control to guarantee zero output tracking error and optimal re-
source allocation at the steady state. Importantly, the proposed approach achieves steady-state
optimality distributedly through consensus over neighbours. This provides a systematic frame-
work for generalized controller design with provable guarantees of stability and steady-state

optimality in a wide range of networked systems.

Chapter 4: Equilibrium-Independent Stability Analysis for Distribution Systems with Lossy
Transmission Lines [5]. Because the transmission lines in distribution systems are lossy, stan-
dard approaches in power system stability analysis do not readily apply and the understanding of
transient stability remains open even for simplified models. We propose a novel equilibrium-

independent transient stability analysis of distribution systems with lossy lines. We certify



network-level stability by breaking the network into subsystems, and by looking at the equilibrium-
independent passivity of each subsystem, the network stability is certified through a diagonal sta-
bility property of the interconnection matrix. This allows the analysis scale to large networked
systems with time-varying equilibria. The proposed method gracefully extrapolates between
lossless and lossy systems, and provides a simple yet effective approach to optimize control

efforts with guaranteed stability regions.
Part II: Decentralized and Efficient Learning Algorithm Design.

* Chapter 5: Decentralized Safe Reinforcement Learning for Voltage Control [6,7]. A decen-
tralized RL framework is constructed to train local neural network controller at each bus in a
model-free setting. We prove that the system is guaranteed to be exponentially stable if each
controller satisfies certain Lipschitz constraints. The set of Lipschitz bound is optimized to en-
large the search space for neural network controllers. We explicitly engineer the structure of
neural network controllers such that they satisfy the Lipschitz constraints by design. Simulation
results show that the structure of stabilizing controllers plays a vital role for the decentralized

training to converge without the need for real-time communications.

* Chapter 6: Efficient Reinforcement Learning Through Trajectory Generation [8]. A key barrier
to using reinforcement learning in many real-world applications is the requirement of a large
number of system interactions to learn a good control policy. To overcome these challenges,
we propose a trajectory generation algorithm, which adaptively generates new trajectories as if
the system is being operated and explored under the updated control policies. Motivated by the
fundamental lemma for linear systems, assuming sufficient excitation, we generate trajectories
from linear combinations of historical trajectories. For linear feedback control, we prove that the
algorithm generates trajectories with the exact distribution as if they were sampled from the real
system using the updated control policy. In particular, the algorithm extends to systems where

the states are not directly observed.

* Chapter 7: Conclusions and Future Directions.
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STRUCTURED LEARNING-BASED CONTROL WITH
SAFETY-CRITICAL GUARANTEES



Chapter 2

REINFORCEMENT LEARNING FOR OPTIMAL FREQUENCY
CONTROL: A LYAPUNOV APPROACH

2.1 Introduction

Due to the shift from conventional generation to renewable resources such as wind, solar, and
storage, there has been noticeable degradation of system frequency dynamics [9]. In the near
and intermediate future, both inverter-connected resources and synchronous generators would play
significant roles in the grid. Therefore, the inverters still need to “play nice” with synchronous gen-
erators, where they need to respect the dynamics of the generators and help maintain the stability
of the grid. A degradation in the frequency dynamics would increase the risk of load shedding and
blackouts, which in turn limits the amount of renewable energy that can be integrated.

A widely adopted approach to use inverter-connected resources to provide primary frequency
regulation is to engineer them to respond as conventional synchronous generators through fre-
quency droop controls. Because of the mechanical characteristic of conventional generators, droop
controls are typically linear functions of frequency deviations (with possible deadbands and satu-
ration) [10]. Inverter-connected resources can mimic this behavior by changing their active power
setpoints subject to frequency deviations [11, 12]. However, as for the common performance met-
rics adopted in practice, including frequency deviations and control costs [13,14], linear controllers
are not optimal [15]. Since inverters are solid state electronic devices, they can implement almost
arbitrary control laws by quickly adjusting their power setpoints, subject to some actuation lim-
its [16, 17]. Then a natural question arises: are there other control laws that still guarantee the
stability of a system with synchronous generators, but have more optimal performance compared

to linear droop response?

It turns out that designing optimal controllers that respect the dynamics of power systems is



not trivial. Power system dynamics are governed by nonlinear swing equations and thus even
optimizing linear controllers is a difficult problem. For nonlinear controllers, they need to be
parameterized in a tractable fashion for optimization. More importantly, the controllers need to
stabilize the frequency dynamics of the grid, which introduces nonlinear constraints that are not
easy to work with algebraically.

A standard approach to overcome some of the above difficulties is to work with the linearized
small signal model, where controllers can be designed to guarantee asymptotic stability [13, 14].
However, stability becomes more crucial when state deviations are large, where the nonlinear dy-
namics have to be considered. When nonlinear dynamics are considered, most approaches are
restricted to tuning the slopes of the linear droop controllers [12]. To obtain better performances,
model predictive control has also been used [15,17], but they require robust real-time communica-
tion and computation capabilities, which is not yet available for much of the current system.

To break the unenviable position of not fully utilizing the capabilities of inverters for frequency
control, a number reinforcement learning (RL) approaches have been proposed [18-20]. Specifi-
cally, (deep) neural networks are often used to parameterize the controllers and RL is used to train
them. A number of algorithms, including deterministic policy gradient algorithm, multi-Q-learning
and actor-critic methods, have been used in frequency regulation and other control problems.

The key challenge in using RL is to guarantee that learned controllers are stabilizing, that is,
frequencies in the system would reach a stable equilibrium after disturbances in the system. To
this end, existing approaches typically use soft penalties by adding a high cost when states leave
prescribed ranges [18,21]. However, these approaches are ad hoc. Stability should be treated as
a hard constraint rather than through penalties, which is especially important since training can
only be done on a limited number of samples while the controller should be stabilizing over a
set of points in the state space. Another challenge comes from the controller training process.
Generated trajectories are normally used to train the neural network controllers, but the evolution
of state variables over long time horizons makes direct back-propagation inefficient. Approaches
that use approximate value (or Q) function assume that the states are in a stationary probability

distribution [22], which is generally not true during transients. Lyapunov functions have been used



as constraints [23], but learning was not considered and controllers was manually tuned.

This chapter proposes a recurrent neural network (RNN)-based RL framework to solve optimal
primary frequency control problem with a stability guarantee. We derive a simple algebraic con-
dition on the nonlinear controllers that guarantee local exponential stability of the system. More
precisely, using Lyapunov theory, we show that the function from the frequency deviation to the
active power output implemented by a controller needs to be monotonic and through the origin at
each bus. The controllers are decentralized (each only using the frequency deviation at its own
bus) and the stability guarantee holds for most system parameters and topologies.

The monotonicity of the controller is realized through a stacked-ReLU neural network which
can be designed explicitly. In order to train the controllers efficiently, we design a RNN framework
where the time-coupled variables in the power system form the cell component of the RNN. Sim-
ulation results show that the proposed method can learn a static nonlinear controller that performs
better than traditional linear droop control. Furthermore, we show that RL without considering
stability can lead to unstable controllers, whereas our approach always maintains stability. Code

and data are available at https://github.com/Wenqi-Cui/RNN-RL-Frequency-Lyapunov.
2.2 Problem Setup

Consider a n-bus power system that can be modelled as a connected graph (V, ). Specifically,
buses are indexed by 7,5 € V := [n] := {1,...,n} and transmission lines are denoted by un-
ordered pairs {i,7} € €& C {{i,j}|i,j € V,i # j}. Let states variables be phase angle 6 :=
(6;,1 € [n]) € R™ and frequency deviation from the nominal frequency w := (w;,i € [n]) € R".!

In this chapter, we consider static local feedback controllers: bus ¢ measures its local frequency
deviation w; and applies a time-invariant function to determine the control action w,;. Thus, the
controller on the bus 7 is written as u;(w;). The control action changes the active power coming
from inverter-connected resources (e.g., solar PV, electric vehicles, and storage).

We assume the bus voltage magnitudes are 1 per unit and the reactive power flows and injections

'Throughout this chapter, vectors are denoted in lower case bold and matrices are denoted in upper case bold,
while scalars are unbolded.



are ignored. This is the commonly used lossless power flow model, which is suitable to primary
frequency control of transmission systems with small resistances and well-regulated voltages [24].

Then, the frequency dynamics is given by the swing equation [10]?:
0, = w; (2.1a)

lez = Pm,i — Diwi — uz(wl) — Z Bij Sin(Qi — 9]> (21b)
j=1

where M := diag(M;,i € [n]) € R™ ™ are the generator inertia constants, D := diag(D;,i €
[n]) € R™™ are the combined frequency response coefficients from synchronous generators and
frequency sensitive load, py, := (pm,,7 € [n]) € R™ are the net power injections, B := [B;;] €
R"™*™ is the susceptance matrix with B;; = 0, V{7, j} ¢ £, and u(w) = (w;(w;), 7 € [n]) € R™.
As mentioned above, we would like to design control functions w;(w;)’s that can improve fre-
quency deviation with a moderate control cost. Therefore, we consider two costs in the objective
function of the optimal primary frequency control problem: the cost on frequency deviations and
the cost of controllers [14, 15,30, 31]. For a time horizon of length 7', a reasonable cost on fre-
quency deviation is represented by the infinity norm of w;(¢) over the time horizon from 0 to 7T,
ie., [|willo = supg<i<r |wi(t)|, which quantifies the maximum frequency deviation during the
time horizon. For the cost on the control action, we use a quadratic cost defined by its two-norm

l|uill3 := % fOT(ui(t))th. The optimization problem is:

min' S (o + 2 l1]2) 2.2
i=1
st 0; = w; (2.2b)
M;w; = pm,i— Diw; —u;(w;) —zn: Bijsin(6;,—6,) (2.2¢)
j=1
w; < ui(w;) < (2.2d)
u;(w;) is stabilizing. (2.2e)

2The swing equations in (2.1) are called the classic second-order model. As in most existing literature [25-28],
we use them in analysis. In simulations, we use 6"%-order generator model with turbine-governing system as well
as PLL loops on the inverters for frequency measurement [10,29].
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Here, v in (2.2a) is a coefficient that trades off the cost of action with respect to frequency deviation.
In a more general problem setting, distinct weights +y;’s can be assigned to individual control actions
to achieve a desirable frequency performance at an acceptable level of control action [27]. In
practice, the power inputs from inverter-based resources are always bounded by saturation. Hence,
the lower and upper bounds for the control action at bus 7 are included as u; and w;, respectively, in
(2.2d). The special case where u; = u; = 0 can be used to characterize a bus 7 with no controllable
resources. Last but not least, we include the requirement that u;(w;)’s stabilize the system (2.1) as

a hard constraint in (2.2¢).

(b) Structure of the Stabilizing Controller

Stability Guarantee
Neural

. Network

Lyapunov Condition >
Controller
o0

Feedback | Control Optimal 1
ioh Controller
(1) Ly (@,(0) Weights ]
(a) Power Grid (c) RNN based Framework
State for Efficient Training
Transition
Dynamics RNN
> Cell
‘ Dynamic Model |
s States t
Controller | 5,([)
w,(1)

Figure 2.1: Reinforcement learning for the frequency control problem

In (2.2), we are optimizing the function u(-), which is an infinite dimensional problem. To
parameterize and find a good controller, reinforcement learning (RL) has emerged as an attractive
alternative, where controllers are parameterized by neural networks. Thus, we parameterize each
of the controllers u;(w;) as a neural network with weight ¢;, sometimes written as u,, (w;). Then,

RL trains neural networks by updating (;’s to minimize the loss given by the objective function

in (2.2a).



11

The major challenge for RL comes from the hard constraint on the stability of the system. Al-
though we can add a high penalty to the large magnitude of w;, such a penalty does not guarantee
that the stability constraints are always satisfied. In fact, learned controllers that lead to reasonably
looking trajectories in training may destabilize the system during testing. To overcome this chal-
lenge, we directly use the physical model (2.1) to derive the structure of the stabilizing controller
based on Lyapunov stability theory. As illustrated in Fig. 2.1(b), stability can be guaranteed by

enforcing a structure on the controllers ., (w;)’s.

2.3 Structural Properties of Stablizing Controllers

To constrain the search space in (2.2) to the set of stabilizing controllers, we derive structural prop-
erties that the controllers should satisfy from Lyapunov stability theory. More precisely, by finding
an appropriate Lyapunov function, we show that, if the output of each controller is monotonically
increasing with respect to the frequency deviation, then the system has a unique equilibrium that is
locally exponentially stable. In addition, we directly engineer this monotonicity feature into neural
networks via properly designed weights and biases. These weights and biases are then trained to

optimize the objective function in (2.2a).

2.3.1 Uniqueness of the Equilibrium

Since the frequency dynamics of the system in (2.1b) depends only on the phase angle differences,

to characterize the equilibrium of the dynamics (2.1), we make the following change of coordinates:

1 n
(51' :91—5]210],

where d := (0;,1 € [n]) € R™ can be understood as the center-of-inertia coordinates [24,32]. Then,

the system dynamics in (2.1) can be written as

n

Sz‘ = W; — — Wi, (233)

lez = pm,i — Diwi — Ul<w7,) — Z Bij Sin(5i — 5]) . (23b)
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Under an arbitrary control law wu;(w;), there may not exist a well-defined equilibrium point
which the system will settle into. In the next lemma, we show that an unique equilibrium exists if

the controllers satisfy a certain structure property.

Lemma 1 (Unique equilibrium). Suppose the function u;(w;) is a monotonically increasing func-
tion of the local frequency deviation w;. Suppose the angles satisfy |0; — 6;| € [0,7/2) for all i

connected to j. Then there exists an unique equilibrium point (6*,1w*) described by

0 = P — Diw* — u;(w*) — Z By;sin(57 — 67), (2.4a)

> P = Zu )+ w* ZDZ, (2.4b)
=1

if the power flow equations (2.4a) are feasible, where 1 is a vector of all 1’s with an appropriate

dimension.

Proof. First of all, in steady state, (2.3) yields

1 n
0=w' — — * ,
wi = ol (2.50)
7j=1
0= pumi — Diw — wi(w]) = Y Bysin(6; — 07) . (2.5b)

Clearly, (2.5a) implies that the frequency deviation at each bus synchronizes to the same solution
that w; = w*, and we have the desired equations in (2.4a). Since the system is lossless and B;; =
Bj;, the net power flow, Y 31| > 7" | By;sin(d7 —07), is zero. Using this fact and by summing (2.4a),
we get (2.4b).

Next, we show the uniqueness of w* by contradiction. Suppose that both w* and w* satisfy

(2.4b), where w* # w*. Then,

which yields

wi(w”) —wi(w*) Z D, < 0. (2.6)
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However, if u;(w;) is monotonically increasing, the left hand side of the equality in (2.6) must be
nonnegative, which is a contradiction. The uniqueness of §* follows from the same argument as

in [33, Lemma 1]. O

Note that the angles d are constrained to be in the region denoted by © := {4||d; — J;| € [0, 7/2),
V{i,j} € £}, which is sufficiently large to include almost all practical scenarios and is a common

assumption in literature [24,32].

2.3.2 Lyapunov Stability Analysis

In this subsection, we further show that the equilibrium point (8*, w*) described by (2.4) is locally
exponentially stable if the controllers are monotone. The next theorem is the main result of the
paper.

Theorem 1 (Local exponential stability). If the control output u;(w;) is a monotonically increas-
ing function of the local frequency deviation w;, then the equilibrium point (6*, 1w*) described

by (2.4) is locally exponentially stable. In particular, the region of attraction include the set

D :={(,w) € R* xR"||0; — §;| € [0,7/2) fori, j connected}.

The qualifier “local” in Theorem 1 is necessary since we need to assume that the trajectories
start within the region of attraction. We note that this is far less restrictive than standard local
convergence results in nonlinear systems, where the region of attraction is confined to be close to
the equilibrium point [34]. The region of attraction in Theorem 1 is quite large and include most
operating points of interest.

Theorem 1 gives structural properties® for controllers that guarantee exponential stability that
does not depend on system parameter and topologies. Therefore, the optimal performance comes
from training on a particular system, but the stability guarantees do not. This robustness to uncer-
tainties is a key advantage of constraining the structure of networks compared to purely model-free
RL approaches. The design of neural networks is given in the next section (Section 2.4) and the

rest of this section outlines the proof of Theorem 1.

3These are sometimes called extended class x functions
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From Lyapunov stability theory, if there exists a Lyapunov function V (8, w) such that V (8, w) <
—cV (8, w) for a constant ¢ > 0, then the system is exponentially stable [34]. Therefore, we prove
Theorem 1 by constructing a qualified Lyapunov function and showing that such a constant c exist.

Inspired by [32], we consider the following Lyapunov function candidate:

Z M;(w 2 Wy (8) + eW (6, w) (2.7)
with
1 n n non
0):=—3 D> B (cos(dy) —cos(9)) = Y Biysin(0)(di —57),  (2.8a)

i=1 j=1 i=1 j=1
n o n

=> ") By; (sin(dy;) — sin(8)) Mi(w; — w”) | (2.8b)

i=1 j=1
where 0;; := d; —¢; and € > 0 is a tunable parameter that should be set small enough. The physical
intuition for the Lyapunov function can be found in [32,35]. Strictly speaking, this function is not a
“true” Lyapunov function since it is not bounded below. The following lemma proves that V' (4, w)
is a well-defined Lyapunov function on the domain D, which suffices to show that trajectories
starting in D converge to the equilibrium. Then Lemma 3 derives the time derivative V(é, w) and

Lemma 4 shows there exists a constant ¢ > 0 such that V(§,w) < —cV (§,w).

Lemma 2 (Bounds on Lyapunov function). V(§, w) € D, the Lyapunov function V (8, w) in (2.7)
satisfies

V(d,w) = ar([|6 — 0713 + llw — w™[I3) ,

V(8,w) < (|6 — 8"[3 + [[w — w’[I3)

for some constants oy > 0 and ap > 0.

The proof is given in Appendix A.1. It follows directly from Lemma 2 that V' (8*, w*) = 0 and
V(d,w) > 0,Y(d,w) € D\ (6", w*). To show V(§,w) is a Lyapunov function on D, we need to

show V (8, w) decreases in D.
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Lemma 3 (Time derivative). The time derivative of V (8, w) defined in (2.7) is given by

T

V((S,QJ):— pe(é)_pe<5*) Q((s) pe(a)_pe(6*> (29)

w—w* w—w*

— [w—w e (pe(8) —pe(69))]" (u(w) — u(w"))

with
eI ‘D
Q) = | ¢ 2 : (2.10)
5D D - S(H(8)M + MH())

which is positive definite for € small enough, p.(8) := <pe,i(6) =Y iy Bijsin(di),i € [n]) €
R"™ and H(6) = Vp.(d) := [H;;] € R"*" such that

—B;j cos(dy5) ifi#j
H;; = n . Vi,jen]. (2.11)
Z Bij/ COS((Sij/) le :j
J'=1j'#i

The proof is given in Appendix A.2. The cross term [w — w* + € (pe(8) — pe(6*))]" (u(w) — u(w*))
generally complicates the analysis of V' (d,w). But when u;(w;) is monotonically increasing with
respect to w;, (u;(w;) — u;(w*)) is the same sign with (w; — w*) and leads to nonnegative cross
terms for small e, implying that V (8, w) < 0, V(d,w) € D\ (8*, w*) and thus the system is locally
asymptotically stable at the equilibrium point (6*,w*). In the next lemma, we further show local

exponential stability of the equilibrium.

Lemma 4 (Bounds on the time derivative). If u;(w;) is monotonically increasing with respect to

w;, then there exists a constant p > 0 such that V (8, w) < —pV (8, w).

Proof. First, we show that the cross term related to u;(w;) is nonnegative for sufficiently small e.

Define

ki (w;) = wi — w; , Vie[n].

: *
0 if w, = wj;
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Then, K (w) := diag(k;(w;),i € V) € R™™ > 0 if u;(w;) is monotonically increasing with
respect to w;. Hence,
[w = w" + € (Pe(8) = Pe(67))]" (u(w) — u(w?))
=(w—w") K() (@ —w") +e(p(8) —pe(67))" K(w) (w—w’) 20

for small enough e.

Then, V(,w) can be by bounded by the quadratic term related to Q(8) in (2.9) as follows:

. T o(0) —De(0*
V(0.0 <~ [pu(6)-pu(6 ] ‘@l0) | PO

.
2 A Q8)) (Ipe(8)—pe(8%) 3 + w—w3)

< Ain(Q(8)) (166 + w—e"[3) (2.12)
< i (Q(8)) min(1, 71) (/|6 -5 + lw—w"[I3)

< A Q(8)) min(1,70)-V (6.0

< —pV(d,w)

with

Amm@(a))) min(l )

p = ( min
8:(6i—8;1€[0,m/2) V{i,j} €€ Qg
where (a) is given by the Rayleigh-Ritz theorem, (b) is by [33, Lemma 4] with v, := ming_g Ao (H (8))2,

and (c) follows from Lemma 2. ]
2.4 Design of Neural Network Controllers

In this chapter, we parametrize the controllers u, (w;) by a single hidden layer neural network. We
assume that the processes such as automatic generation control (AGC) adjust the power setpoint
of generators to make the net power injection around zero, i.e., Y ., pm; = 0. For controllers
u;(w;)’s that provide primary frequency response, we set u;(0) = 0 so the controllers take no
action when there is no frequency deviation. By Theorem 1, we design the neural networks to have

the following structures such that the controller will be locally exponentially stabilizing:
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1. ug,(w;) is monotonically increasing;

2. Uy, (w;) = 0 for w; = 05

3. u; < Uy, (w;) <, (saturation constraints).

The first two requirements are equivalent to designing a monotonic increasing function through
the origin. This is constructed by decomposing the function into positive and negative parts as
filwi) = fir(wi) + f; (wi), where f;"(w;) is monotonic increasing for w; > 0 and zero when
w; < 0; f; (w;) is monotonic increasing for w; < 0 and zero when w; > 0. The saturation

constraints can be satisfied by hard thresholding the output of the neural network.

The function f;"(w;) and f; (w;) are constructed using a single-layer neural network designed

by stacking the ReLU function o(z) = max(z,0). Let m be the number of hidden units. For

it (wy), let ¢; = ¢} ¢? --- ¢ be the weight vector of bus i; b; = [p} »? -.. "7 be
the corresponding bias vector. For f; (w;), let z; = [z} 22 ... 2| be the weights vector and
c; = [Czl CZZ C;?%]T be the bias vector. Denote 1 € R™ as the all 1’s column vector. The

detailed construction of f;"(w;) and f; (w;) is given in Lemma 5.

Lemma 5. Let o(x) = max(x,0) be the ReLU function. The stacked ReLU function constructed

by (2.13) is monotonic increasing for w; > 0 and zero when w; < 0.

fif (wi) = qio(1w; + b;) (2.13a)
l
where » ¢! >0, VI=1.2-- m (2.13b)
j=1
bl=0' <tV Wi=23-.m (2.13¢)

The stacked ReLU function constructed by (2.14) is monotonic increasing for w; < 0 and zero
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when w; > 0.

i (wi) = zio(—1w; + ¢;) (2.14a)
l
where » 2zl <0, VI=1,2,---,m (2.14b)
j=1
d=0d<dY wi=23-.m (2.14¢)

Proof. Note that the ReLU function o(x) is linear with = when activated (z > 0) and equals
to zero when deactivated (z < 0), we construct the monotonic increasing function f;"(w;) by
stacking the function ¢!(w;) = ¢lo(w; + bl), as illustrated by Fig. 2.2. Since b} = 0 and b} <
b§“>,v1 < 1 < m, g(w;) is activated in sequence from g} (w;) to ¢g"(w;) with the increase of
w;. In this way, the stacked function is a piece-wise linear function and the slope for each piece
is 23:1 qg . Monotonic property can be satisfied as long as the slope of all the pieces are positive,

ie., Zgzl ¢t > 0,V1 <1 < m. Similarly, f; (w;) also construct by ReLU function activated for

negative w; in sequence corresponding to ¢! for [ = 1,--- , m. Z;Zl zf < 0 means that all the
slope of the piece-wise linear function is positive and therefore guarantees monotonicity. 0

Note that there still exists inequality constraints in (2.13) and (2.14), which makes the training

of the neural networks cumbersome. We can reformulate the weights to get an equivalent represen-

tation that is easier to deal with in training. Define the non-negative vectors q; = [@1 e @m} and
b; — [311 z;;.n]T. Then, (2.13b) is satisfied if ¢! = G, ¢! = ¢! —q"" forl = 2, -+ ,m. (2.13¢)
is satisfied if b} = 0,5} = — 3., b/ for{ = 2,---  m. Similarly, define 2; = [21 zm} >0
and & = [Cl éﬂT > 0. Then, (2.14b) is satisfied if 2! = —2!, 2! = —2 + 20V for
[ =2,--- ,m. (2.14c) is satisfied if ¢} = 0, ¢! = — 2222 ¢l forl = 2,--- ,m. If the dead-band

of the frequency deviation within the range [—d, d] is required, it can be easily satisfied by setting
b} =—d, ¢ =0and ¢? = —d,z! =0in (2.13) and (2.14).*
The next Theorem states the converse of Lemma 5, that is, the constructions in (2.13) and (2.14)

suffice to approximate all functions of interest.

4A deadband is often enforced for generator droop control to reduce mechanical stress. For inverters, we do not
set mandatory dead-bands.
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Figure 2.2: Stacked ReLU neural network to formulate a monotonic increasing function through

the origin

Theorem 2. Let () be any continuous, Lipschitz and bounded monotonic function through the
origin with bounded derivatives, mapping compact set X to R. Then there exists a function

f(x) = fT(x) + f~(x) constructed by (2.13) and (2.14) such that, for any € and any x € X,
r(z) — f(z)| <e

The proof is given in Appendix A.3. Note that f(z) is a single-layer neural network. When
approximating an arbitrary function, the number of neurons and the height will depend on €. Since
the controller in this chapter is bounded, the stacked-ReLLU neural network with limited number
of neurons is sufficient for parameterization. The last step is to bound the output of the neural

networks, which can be done easily using ReLLU activation functions.

Lemma 6. The neural network controller u;(w;) given below is a monotonic increasing function

through the origin and bounded in [u;,u;] foralli =1,---  N:

wi(w;) =t; — o(U; — fi (wi) = fi (wi)) + o — fi+(wi) — fi (wi)) (2.15)

The proof of this lemma is by inspection.
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2.5 Learning Control Policies Using RNNs

The structure of the controllers are decided by the constructions in (2.13), (2.14) and (2.15). In this
section we develop a RNN based RL algorithm to learn their weights and biases.

Discretize Time System. To learn the controller and simulate the trajectories of the system,
we discretize the dynamics (2.1) with step size At. We use k£ and K to represent the discrete
time and the total number of stages, respectively. The states (6;,w;) at bus ¢ evolves along the
trajectory are represented as 6; = (6;(0),0;(1),--- ,0;(K)) and w; = (w;(0),w;(1), -, w;(K))
over K stages, with the control sequence w,,, = (u,, (wi(0)), - - , Uy, (w;(K))). The infinity norm
of the sequence of w;(k) is then defined by ||w;||c = maxg—g.... x |w;(k)|. The cost on controller

is the quadratic function of action defined by its two-norm ||u,,||3 = & Z?zl(u%<k))2 . The

optimization problem is

n

min 3 ([lilloe + vl 2) (2.162)
i=1
s.t. 0;(k) = 0;(k — 1) + w;(k — 1)At (2.16b)
8|
At At
wik) = -~ > Bijsin(0;;(k — 1)) + P
‘=1 ’ (2.16¢)
D;At At
b (1= 5t ) it = 1) = e = 1)
u; < uy, (wi(k)) < 1, (2.16d)
w;(k)ug, (wi(k)) >0 (2.16e)
U, (+) is increasing (2.16f)
and all equations hold for: = 1, ..., n. The constraints (2.16¢) and (2.16f) guarantee exponentially

stability.

Note that the optimization variable ¢ exists in all the time steps in (2.16). A straightforward
gradient-based training approach is challenging since we need to calculate the gradient all the way
to the first time step for all time steps £ = 0,--- , K. To mitigate this challenge, we propose a

RNN-based framework that integrates the state transition dynamics (2.16b) and (2.16¢). This way,
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Figure 2.3: Structure of RNN for the frequency control problem

the gradient of the optimization objective with respect to ¢ can be computed efficiently through
back-propagation.

RNN for control. RNN is a class of artificial neural networks where connections between
nodes form a directed graph along a temporal sequence. This allows it to exhibit temporal dy-
namic behavior. By defining the cell state as the time-coupled states ; and w;, the state transition

dynamics of the power system is integrated as illustrated in Fig. 2.3

The operation of RNN is shown by the left side of Fig. 2.3. The cell unit of RNN will remember
its current state at the stage k and pass it as an input to the next stage. Unfolding the cell unit
through time will give the right side of Fig. 2.3. In this way, RNN can be utilized to deal with
time-coupled state variables. Specifically, the state (6;(k — 1), w;(k — 1)) foralli = 1,--- ;n at
the stage k£ — 1 is taken as an input in the state transition function (2.16b) (2.16¢) and thus the state
(0i(k),wi(k)) foralli = 1,--- ,n at the stage k is obtained. The control function u., (w;(k)) in the
state transition function is formatted through (2.15) to satisfy inequality constraints. The output
O;(k) = [O}(k) O?(k)] at stage k is a vector with two components computed by O} (k) = w; (k)
and O?(k) = (uy,(w;(k)))*. The loss function is formulated to be equivalent with the objective

function (2.16a) as:

K
1
_ 1 2
Loss = 2 Jnax 0; (k)] +~ T ;;1 O; (k) (2.17)

The trainable variables ¢ is specified in the neural network controller (2.15) and updated by gra-
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dient descent through the Loss function (2.17). The unfolded structure of RNN form a directed
graph along a temporal sequence where the gradient of Loss function can be efficiently computed
by auto-differentiation mechanisms [36].

Algorithm. The pseudo-code for our proposed method is given in Algorithm 1. The variables
to be trained are weights ¢ = {q, I;, z, ¢} for control network represented by (2.13)-(2.15) . The
1 — th row of ¢ and 2 are the vector ¢; and 2; in (2.13) and (2.14), respectively. The i-th column
of b and ¢ are the vector b; and ¢é; in (2.13) and (2.14), respectively. Training is implemented
in a batch updating style where the h-th batch initialized with randomly generated initial states
{67(0),w(0)} forall i = 1,--- ,n. The evolution of states in K stages will be computed through
the structure of RNN as shown by Fig. 2.3. Adam algorithm is adopted to update weights in each

episode.
2.6 Experimental Results

Case studies are conducted on the IEEE New England 10-machine 39-bus (NE39) power net-
works to illustrate the effectiveness of the proposed method. Firstly, we show that the proposed
Lyapunov-based approaches for designing neural network controller can guarantee stability, while
unconstrained neural networks may result in unstable controllers. Then, we show that the proposed
structure can learn a nonlinear controller that performs better than other controllers. To ensure that
our results apply in practice, simulations are conducted on the system with 6"?-order generator
model as well as PLL loops on the inverters for frequency measurement [29, 37].

Simulation Setting. We use TensorFlow 2.0 framework to build the reinforcement learning
environment and run the training process in Google Colab with a single Nvidia Tesla P100 GPU
with 16GB memory. Power System Toolbox (PST) in MATLAB is utilized to simulate the dy-
namic response from 6-order generator model with turbine-governing system and 2-order phase-
locked-loop (PLL) block on the inverter-connected resources [29,37]. Parameters for the transient
and sub-transient process of generators are obtained in [38]. The system is in the Kron reduced
form [15,39] and its dynamics is represented by (2.1). The bound on action w; is generated to be

uniformly distributed in [0.8 P;, P;]. The initial states of angle and frequency are randomly gener-
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Algorithm 1: Reinforcement Learning with RNN

1 Require: Learning rate «, batch size H, total time stages K, number of episodes 7,
parameters in optimal frequency control problem (2.16)

Input:The bound of 6, and @; to generate the initial states

[S]

3 Initialisation :Initial weights ¢ for control network

for episode = 1to I do

=

5 | Generate initial states 6(0), w!(0) for the i-th bus in the h-th batch, i = 1,--- | n,
h=1,---  H;
6 | Reset the state of cells in each batch as the initial value 2 < {6(0),w!(0)}.;

)

7 RNN cells compute through K stages to obtain the output
{Oh,i(0)> Oh,i(l)a T aOh,i(K)} 5

8 Calculate total loss of all the batches

H N K
Loss = % Dbt Doimy MAXE=0,. K |Oilzz(k)‘ + 7% D ket O?H(k),

9 Update weights in the neural network by passing Loss to Adam optimizer:

@ < ¢ — aAdam(Loss)

10 end

ated such that 6;(0) is uniformly distributed in [—0.05, 0.05] rad, w;(0) is uniformly distributed in
[—0.1,0.1] Hz. The cost coefficient v = 0.01. The stepsize between time states is set as At = 0.01s
and the total time stages is K = 200.

We compare the performance of the proposed RNN based structure where the neural network
controller is designed with and without the Lyapunov-based approach, and the drop control with

optimized linear coefficient. The parameter settings are as follows:

1. RNN-Lyapunov: Neural network controller designed based on Algorithm 1, which satisfies
Theorem 1. The episode number, batch size and the number of neurons are 600, 800 and
20, respectively. Parameters of RNN are updated using Adam with learning rate initializes

at 0.05 and decays every 30 steps with a base of 0.7.
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2. RNN-Wo-Lyapunov: Controllers are learned without imposing any structures and purely
optimizes the reward during training. The controllers are parametrized as neural networks
with two dense-layer and the activation function in the first layer is tanh. All the other

parameters are the same as RNN-Lyapunov.

3. Linear droop control: let k; be the droop coefficient for bus 7 and the droop control policy is
u;(w;) = kjw; fori = 1,... n, thresholded to their upper and lower bounds. The optimized

droop coefficient is obtained by fmincon function of Matlab.

4. PG-Monotone: This controller is to demonstrate the performance improvements of using
RNN during training. So here we impose the stacked-ReLU structure and trained with RE-
INFORCE Policy Gradient algorithm [22]. The neural networks for controller, the episode
number, batch number and optimizer are the same as RNN-Lyapunov. The learning rate

initializes at 0.01 and decays every 30 steps with a base of 0.7.

Necessity of Lyapunov-based Approach. Theorem 1 ensures that the learned controller
would be locally exponentially stable, but it’s interesting to check the performance of an uncon-
strained controller. Intuitively, an unstable controller should lead to large costs since some tra-
jectories would be blowing up. Then maybe a controller that minimizes the cost would also be
stabilizing.

Figure 2.4 shows the training loss between controllers learned with and without the Lyapunov-
based approach. Both losses converge, with the Lyapunov-based controller having better perfor-
mances. However, when we implement the controllers, the one without considering stability is
unstable and leads to very large state oscillations (Fig. 2.5b). In contrast, the controller constrained
by the Lyapunov condition shows good performance (Fig. 2.5a). The reason for this dichotomy
in performance is that we can only check a finite number of trajectories during training, and good
training performance does not in itself guarantee good generalization. Therefore, explicitly con-

straining the controller structure is necessary.
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—— Without Lyapunov approach
2.0 —— Proposed structure with Lyapunov approach

0 50 100 150 200 250 300 350 400
episoid

Figure 2.4: Average batch loss along episodes for controller designed with and without the Lya-

punov approach. Both converges, with the former converging much for quickly than the latter.
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Figure 2.5: Dynamics of angle ¢ and frequency deviation w in 10 generator buses corresponding

to (a) the neural network controller designed with the Lyapunov-based approach and (b) the neural
network controller designed without the Lyapunov-based approach. The two controllers exhibit
qualitatively different behavior even though they both achieve finite training losses in Fig. 2.4. The

controller designed without the Lyapunov approach leads to unstable trajectories of the system.
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Figure 2.6: Examples of learned controller u corresponding to RNN-Lyapunov, Linear droop con-
trol and Policy Gradient for generator buses 4,5,6 and 7. The comparison shows that the proposed

Stacked-ReL.U neural network learns nonlinear controllers in flexible shapes.

Performance Comparisons. This subsection shows that the proposed method can learn a
static nonlinear controller that outperforms the optimal linear droop controller and the RNN train-
ing technique is much more efficient than using a standard policy gradient method. Figure 2.6
illustrates the control policy learnt from RNN-Lyapunov, Policy Gradient and the linear droop
control with optimized droop coefficient for four generators. Compared with the traditional droop
control, the proposed stacked-ReLLU neural network learns a nonlinear controller with different

shapes for RNN-Lyapunov and PG-Monotone.

We first study the learned controllers and their performances during a sudden change in load
or generation. Suppose bus 4 experiences a step load increase of 0.05 p.u. occurs at t=0.3s and
a step load recovery occurs at t=5.3s. Figure 2.7 illustrates the dynamics of w and corresponding
control action u under each of the controllers. After the step load change, RNN-Lyapunov and

linear droop control achieve similar maximum frequency deviation, while the control action of
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RNN-Lyapunov is much lower than the other. PG-Monotone shows higher frequency deviation
and oscillations. Therefore, the proposed RNN-Lyapunov approach has the minimal cost. The
computational time of the proposed RNN based method is 1080.38s, while the computational time
of REINFORCE policy gradient takes 4206.43s. Therefore, the proposed RNN based structure
reduces computational time by approximate 74.32% compared with the general RL structure.
Next, we randomize the initial starting points to simulate and test the performance of the three
methods under multiple different trajectories. We fix initial ¢ in U[—0.1, 0.1] rad and let the initial
w to uniformly distributed in U[—w,©] around the equilibrium, where @ denotes the variation
bound of initial w. The average loss corresponding to w = 0.0,0.025, - -- ,0.15 Hz are illustrated
in Fig. 2.8. @ = 0 is the case that no variation of w exists in the initial condition. Overall, RNN-
Lyapunov remains approximate 11.39% and 5.41% lower in average loss than that of linear droop
control, PG-Monotone, respectively. Therefore, the proposed method learn the nonlinear controller

that leads to better average control performance under different initial conditions.
2.7 Conclusion

This chapter investigates the optimal frequency control problem using reinforcement learning with
stability guarantees. From Lyapunov stability theory, We construct the controllers to be monoton-
ically increasing through the origin, and prove they guarantee stability for all operating points in
a region. These controllers are trained using a RNN-based method that allows for efficient back
propagation through time. The learned controllers are static piece-wise linear functions that do not
need real-time computation and is practical for implementation. Through simulations, we show
that they outperform optimal linear droop as well as purely unstructured controllers trained via
reinforcement learning. In particular, controllers failing to consider stability constraints in learning
may lead to unstable trajectories of the state variables, while our proposed controllers can achieve

optimal performances in system frequency responses that use small control efforts.
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(c) Dynamics of w (left) and u (right) for controller obtained by PG-Monotone

Figure 2.7: Dynamics of the frequency deviation w and the control action u in selected generator
buses corresponding to (a) Lyapunov-guided neural network controller learned with RNN. (b) Lin-

ear droop control. The proposed RNN controller has the smallest cost.
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RNN-Lyapunov reduces the loss by approximate 11.39%, 5.41%, respectively.
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Chapter 3

STRUCTURED NEURAL-PI CONTROL: STABILITY AND
STEADY-STATE OPTIMALITY GUARANTEES

3.1 Introduction

The key to the normal operation of a power system is the balance between electric power supply
and demand over the network [40]. For instance, the main cause of the 2021 Texas power crisis
is that the deficient supply of power due to frozen equipment could not meet the high demand for
electricity in cold weather. A system frequency deviation from its nominal value is a reflection
of a power imbalance [41], which makes frequency control a vital task of grid operators. Tradi-
tionally, this task is performed in a hierarchical structure composed of three layers with timescale
separation: primary—droop control (<20 s), secondary—frequency restoration (30 s—10 min), and
tertiary—economic dispatch (>15min) [41].

Nowadays, power systems are experiencing a change in the mix of generation, where con-
ventional synchronous generators are gradually being replaced by renewable energy sources like
solar and wind energy [42]. It is anticipated that the renewable share of the electricity generation
mix in the United States will double from 21% in 2020 to 42% in 2050 [43]. Intermittent re-
newable sources are typically inverter-interfaced, which may adversely affect the robustness of the
frequency dynamics due to the loss of inertia [44]. This exposes power systems to larger and faster
frequency fluctuations than before, which has motivated active research on flexible distributed
frequency control schemes that can break the hierarchy by addressing simultaneously frequency
degradation and economic efficiency at a fast timescale.

A key challenge in frequency control is that the power imbalances across the network are not
explicitly known. A number of studies have proposed distributed algorithms to overcome this chal-

lenge. The works in [14,33,45-51] focus on optimizing the steady-state frequency and economic
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performance using a principled design of fixed updating rules involving agent communication for
control dynamics. The approaches mainly fall in two categories. The first category [14,46,49-51]
rests on a primal-dual interpretation of power system dynamics under a properly designed op-
timization problem. This approach, however, always requires the estimation of certain system
parameters. The second category [33,45,47,48] builds upon various consensus algorithms to con-
verge to an equilibrium with nominal frequency and economic efficiency. A notable example in
this category is the distributed averaging-based integral (DAI) mechanism [33,45,48, 52], where
the controllable power injections are directly proportional to the integrals of frequency deviation
and economic inefficiency signals. A key caveat to this approach is that DAI control has been so
far restricted to quadratic cost functions.

The works above focus on the optimization of the steady-state performance and do not typically
consider the transient performance along the system trajectories following power disturbances. In
fact, the optimization of transient performance is a challenging problem due to the nonlinearity of
power dynamics and the uncertainty in power disturbances. Reinforcement learning (RL) [53-61]
is a powerful tool for learning from interactions with uncertain environments and determining how
to map situations to actions so that a desired performance is optimized. By virtue of the above fea-
ture, RL has emerged [55,56] as an effective instrument to address the optimal transient frequency
control problem in nonlinear power systems under unknown power disturbances. Nevertheless,
the Achilles’ heel of standard RL algorithms is their lack of provable stability guarantees, which
presents a significant barrier to their practical implementation for the operation of power systems.
In fact, many works [57-61] optimize the transient performance by learning control policies that
exhibit good performance against data but without any provable guarantees on steady-state perfor-
mance. The work in Chatper 2 proposes a way to address the stability issue by identifying a set
of properties that make a control design stabilizing and then restricting the search space of neural
network-based controllers. In this chapter, we extend this idea to achieve provable guarantees on

frequency restoration and economic efficiency at the steady-state.

With the aim of filling the gap between the optimization of steady-state and transient frequency

control performance, We propose a structured neural-PI controller that has provable stability guar-
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antees and achieves steady-state economic dispatch. The key structure we use are monotonically
increasing functions, and they are parameterized by what we call monotone neural networks. This
way, transient performances can be optimized by the training of monotone neural networks, while
stability and steady-state optimality are inherently guaranteed by design. Experiments demonstrate
that the proposed approach can reduce the transient cost by at least 30% compared to optimized
linear controllers, ensure stability and obtain optimal steady-state cost when communication is

available. Unstructured neural networks, on the other hand, often lead to unstable behaviors.

3.2 Problem Statement

We consider the power system model the same as Section 2.2. Since the frequency dynamics
depend only on the phase angle differences, for the convenience of analysis, we express the dy-
namics the same as (2.3) in center-of-inertia coordinates [32, 33]. Observe from (2.5) that, with
purely primary frequency control, the system undergoing power disturbances p may synchronize to
a nonzero frequency deviation, i.e., w* # 0, since w* = O only if """ | p; + >, uf = 0. There-
fore, we hope to regulate the frequency such that w* = 0 by providing appropriate controllable

power injections w to meet power disturbances in p,.

3.2.1 Performance Assessment

For the design of frequency control strategies, not only frequency performance but also economic
factors must be taken into account. Moreover, the secure and efficient operation of power sys-
tems relies on properly controlled frequency and cost in both slow and fast timescales. Thus, we
now introduce the frequency and economic performance metrics used in this manuscript based on
different timescales.

Steady-State Performance Metrics. Our control objective in the long run is to achieve the
nominal frequency restoration, i.e., w* = 0,,, as well as the lowest steady-state aggregate opera-
tional cost C'(u*) := Y, C;(uf), where the cost function C;(u;) quantifies either the generation

cost on a generator bus or the user disutility on a load bus for contributing w;. This results in the fol-
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lowing constrained optimization problem called optimal steady-state economic dispatch problem:

n

min  C(u’) =) Ci(u]) (3.1a)
=1

u*

n

s.t. zn:pi+2u;‘ =0, (3.1b)
=1 =1

where (3.1b) is a necessary constraint on the steady-state controllable power injections w* in order
to achieve w* = 0,,. Here, we adopt the standard assumption that the cost function C;(u;) is strictly
convex and continuously differentiable [47,50] with respect to u,;. Then, the optimization problem
(3.1) has a convex objective function and an affine equality constraint, which gives the following

lemma.

Lemma 7 (Equivalent condition for economic dispatch). Suppose the cost function C;(u;) is
strictly convex and continuously differentiable with respect to u;, then u* is the unique minimizer

of (3.1) if and only if it ensures identical marginal costs, i.e.,

The proof follows the Karush-Kuhn-Tucker conditions [62, Chapter 5.5.3] and is given in [32,
45,47,48,52].

Transient Performance Metrics. Following sudden major power disturbances, the transient
frequency dip can be large in the first few seconds, especially in low-inertia power systems. This
may trigger undesired protection measures and even cause cascading failures. Thus, besides the
steady-state performance, one should also pay attention to the transient frequency performance
with moderate economic cost. With this aim, we define the following transient performance metrics

evaluated along the trajectories of the system:

* Frequency Nadir is the maximum frequency deviation from the nominal frequency on each bus

during the transient response, i.e.,

|lwilloo := ngzaox |w;(t)] - (3.3)
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* Finite horizon economic cost measures the average cost on a generator or load bus for its partic-

ipation in frequency control during a time horizon 7', i.e.,

_ 1 [T
T 0

Then the optimal transient frequency control problem becomes:

n

min D lwilloo +p>  Ciz st. wstabilize (2.3), (3.4)

i€g i=1
where p > 0 is the coefficient for tradeoff between the frequency performance and the economic
cost. Note that we impose the stability requirement on u as a hard constraint in the optimization
problem (3.4), which will play a pivotal role in its design.

Our goal is to design an optimal stabilizing controller that brings the system to an equilibrium
that restores the nominal frequency, i.e., w* = 0,,, and solves the optimal steady-state economic
dispatch problem (3.1), while solving the optimal transient frequency control problem (3.4) at the
same time. A good starting point to achieve our steady-state control goal is the well-known DAI
control. However, it is not straightforward how to also optimize the transient performance. This is
hard to be done purely by conventional optimization methods since power systems are nonlinear
and power disturbances are unknown. Therefore, we would like to integrate RL into DAI to jointly

optimize steady-state and transient performance.
3.3 Generalized Proportional-Integral Control

3.3.1 Economic dispatch at the steady-state

By (3.2), enforcing that w* achieves identical marginal cost, i.e., VC;(u;) = VCj(uj),Vi,j €
V can ensure that the steady-state actions settle down to the solution of the resource allocation
problem. To this end, prior works have designed distributed averaging-based integral control by
communicating VC;(u;) with its neighbours [33,45,63]. However, they are restricted to quadratic
costs and linear controllers. In this chapter, we consider nonlinear controllers and a more general

class of cost functions in the following assumption.
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Assumption 1 (Scaled-cost gradient functions). The function C;(-) : R — R is strictly convex
and continuously differentiable for all i € V. Moreover, there exists a function Cy(+) : R — R and

a group of positive scaling factors ¢ := (c;,i € V) such that VC;(-) = VCs(¢;+),Vi € V.

Some examples satisfying Assumption 1 are 1) polynomials of the form: C;(u;) = %uf +0b;
where ¢; > 0 and p is an even integer (this includes quadratics). 2) functions that are identical
up to constants: C;(u;) = Cy(u;) + b; (e.g., power generators of the same type but with different

startup costs).

3.3.2  Structured controller design

We aim to design the control law such that the control effort reaches the solution of the eco-
nomic dispatch problem (3.1) at the steady state, which can be equivalently realized through iden-
tical marginal cost at the steady state by Lemma 7. Hence, we design the mechanism such that
neighbouring nodes communicate their marginal cost and reach the consensus at the steady state.
We model communication network within the physical networked system as a connected graph
G = (V, ) with an incidence matrix E. By adding the communication loop into the integral vari-
able s, the integral control term 7v/(s) can respond to the difference of marginal costs. The edges
l=(i,j) € £ are not necessarily the same as £ and we use ™ to denote all variables belonging to
the edges in the communication graph. The communication network associated with nodes of the

physical network is designed as follows

5’2' = W; —C; Z E@lgﬁl (ch(lbl(Sl))—VC]<U](SZ))) (35)
=1

Compactly, we have the closed-loop dynamics for the communication graph represented by s =
w — ¢E¢ <E‘TVC(71-I(5))>, where ¢ = diag(cy, -+, ¢,). Then, the control law is designed as

follows.

Controller Design 1 (Distributed Steady-State Optimization). For each node i € V), the control
law is u; = 7l (w;) + 71 (s;), where 7F(-) : R — R and 7! () : R — R are Lipschitz continuous

and strictly increasing functions with 71 (0) = 0, 71(0) = 0. The ancillary state s comes from the
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communication network (3.5) where the function ¢;(z) : R — R is an odd function and with the

same sign as z for all | € €. Compactly, we have

u=7"(w)+7l(s) (3.6a)

$=w—¢Eg (EWC(H@))) (3.6b)

(. J/

vV
the term with communication

The following lemma shows properties of the added term in (3.6), providing an intuition about

why Controller Design 1 can guarantee identical marginal cost (i.e., VC(r(s*)) € range(1,,)).
Lemma 8 (Cross term in the communication network). Suppose Assumption 1 holds. Then

¢E¢ (ETVC (n' (s))) =0, 3.7)
if and only if VC(n'(s)) € range(1,). Moreover, w'(s)"¢E¢ (ETVC (m! (s))) > 0 with
equality holds if and only if VC (7! (s)) € range(1,,).

The proof is given in Appendix B.1 by expanding the terms and the properties of cost functions
satisfying Assumption 1. In particular, we use the fact that ¢,(-) is an odd function. We will show
in the next subsection that w* = 0,, is maintained and thus w* = 7/(s*). Then, VC(w/(s*)) €

range(1,,) is equivalent to VC(u*) € range(1,,).

3.3.3  Unique equilibrium with steady-state optimality

The next theorem states that the closed-loop system (2.3) with Controller Design 1 yields a unique

equilibrium that guarantees output agreement and optimal resources allocation at the steady state.

Theorem 3 (Steady-state optimality). Suppose Assumption 1 hold and V{i, j} € &, |67 — 67| €

[0,7/2). The closed-loop system (2.3) with u following (3.6) has an unique equilibrium charac-
terized by

w* =0,, (3.8a)
u(s") =V (v)e 'L, (3.8b)
pe(é) =DPm — Vco_l(/Y)é_lln y (38C)
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where VC;1(+) is the inverse of VC,(-) and v is the unique solution to

VG () =~ (me,i> / (Z c;l) . (3.9)

i=1
In particular, w* = 7' (s*) and V C;i(uy) = VC;(u}) ,¥i, j € V. That is, w* at the equilibrium

solves the economic dispatch problem (3.1).

The proof is given in Appendix B.2. The key steps follow the equality at equilibrium and

conditions in Lemma 8.

3.3.4 Asymptotic stability guarantees

The next theorem shows that the unique equilibrium achieved by the Controller Design 1 is locally

asymptotically stable.

Theorem 4 (Stability). Suppose assumptions in Theorem 3 hold. The closed-loop system (2.3) is

locally asymptotically stable at the unique equilibrium characterized by (3.8).

We prove that the equilibrium is asymptotically stable by constructing a Lyapunov function

V5(d,w, s) using (2.7) as well as the integral functions

R(s) := Z/OSiwl(z)dz (3.10)
i=1

associated with the monotone function 7/(-) and ¢/;(-) in Controller Design 1. Namely, we con-

struct a function
Vo(d,w, s) :=V(6,w) + B(s,s"), (3.11)
where B(s, s*) is the Bregman distances associated with the integral functions R(s), i.e.,
B(s,s*):=R(s) — R(s*) —VR(s*)" (s — s%) . (3.12)

The Bregman distance B(s, s*) is lower bounded by quadratic forms due to the following lemma.
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Lemma 9 (Bregman distances of monotone functions). For 7/(-) : R + R that are Lipschitz
continuous and strongly increasing, there exist some €, > (0 such that the Bregman distances

in (3.12) satisfy
s — 57|12 (3.13)

B ) >

Proof. We begin by showing that R(s) defined in (3.10) is strongly convex. Since 7/(-) is strongly

increasing, there exists €; > (0 such that
(7' (s:) — () (s — 8}) > € (s; — $) Vs, o, € R (3.14)

(2

Then, note that, Vs # s/,

(3.15)

I
—~
N

~
—~
¥2)
<.
N~—
|
|
~
—
W,
SUS
S~—
~—
—
»
<
|
W,
S
~—

n
> Zﬁi (56 — 5;>2 > mine; ||s — '3,
i€[n]

i=1 \ ,

where the first inequality results from (3.14). By [64, Chapter IV, Theorem 4.1.4], (3.15) indicates
that R(s) is €,-strongly convex, which further implies that B(s, s*) defined in (3.12) satisfies

(3.13) by [64, Chapter IV, Theorem 4.1.1].

The time derivative of B(s, s*) is
B(s,s") (3.16)
= (VR(s)—VR(s"))"$

(7' (s)-7" (s)" ((w - w") - eE¢ (E"VC(x'(5))) ),

where (D follows from VR (s) = w! (s) and $ = <(w—w*)—éEq§ (ETVC(TFI(S))>> by Con-

e

troller Design 1.

The next Lemma shows that 7/ (s*) " ¢E¢ (ETVC'(ﬂ'I(S))) has no impact on the sign of V.
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Lemma 10. Suppose Assumption 1 holds. Then
x! (s)T ¢Ee (ETVC(TFI(S))> ~0,. (3.17)
Proof. Plugging in 7! (s*) = VC;'(y)é"'1,, in (3.8b) gives

7l (s*)" ¢E¢ (ETVC(TI'I(S))>
— VG )1 (e )T eBg (ETVC (' (s))
= VG, ()1 B (ETVC(r'(s)
which equals to 0,, since 1T E = 0,,. O
The full proof of Theorem 4 is given below.

Proof. With Lemma 9, it is straightforward that V5(6§, w, s) is positive definite and is a well-defined

Lyapunov function.
The time derivative of the Lyapunov function in (3.11) is
Va(d,w,8) = Vi(8,w) + B(s, s*)

T

@_ pe(d)_pe(d*) Q((S) pe(é)_pe(d*)

— [w—wte (Pe(8) —pe(67))]" (u(w) — u(w"))
+ (n'(s) — 7' (s) " ((w - w") — B (ETVC(n'(5)))

(3.18)

—pV(8,w) —wl(s)" ( E¢ (ETVC’ ))

IN® IN®

—,OV((S, w)

where the equality @ uses (3.16). The equality @ uses (2.12) and ! (s*) " ¢E¢ (ETVC(TFI(S))> =
0,, in Lemma 10. The inequality @ uses 7v/(s) " (éE‘d) (ETVC(TFI(S)))) > 0 in Lemma 8.
Therefore, V2(5 ,w,s) < 0 with equality only holds at the equilibrium. By Lyapunov condi-

tions, the system is locally asymptotically stable around the equilibrium. [
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3.4 Experimental Results

We conduct experiments on the IEEE New England 10-machine 39-bus (NE39) power network
with parameters given in [2,65]. We generate the training and test set of size 300 by randomly pick-
ing at most three generators to have a step load change uniformly distributed in uni form[—1, 1] p.u.,
where 1p.u.=100 MW is the base unit of power for the IEEE-NE39 test system. The communica-
tion graph is randomly generated to be a regular graph with degree three. The episode number and
batch size are 600 and 300, respectively. The step-size in time is set as At = 0.01s and the number

of time stages in a trajectory in the training set is /K = 400.

3.4.1 Controller performances

We implement frequency control law for power output of generators to realize the agreement of
frequency at 60Hz and reduce steady-state power generation cost. Apart from the accumulated fre-
quency deviation, an important metric for the frequency control problem is the maximum frequency
deviation (also known as the frequency nadir) after a disturbance. Hence, the transient cost is set
to be J(w,u) = S0, (maxy_y,.. x |wi(kAL)] + 0.05 0| |wi (kAL + 31 ei(ui(kAL))Y),
where ¢; ~ uniform[0.25,0.75]. The steady-state cost in economic dispatch (3.1) is C'(u) =
Sor, ¢i(uf)?, where the cost function is set as the power of four to demonstrate that the proposed
approach is not restricted to quadratic cost functions. We use u;(30) to approximate v since the
dynamics approximately enter the steady state after ¢ = 30s as we will show later in the simula-
tion. The loss function in training is J(w, u), such that neural networks are optimized to reduce
transient cost.

Similar to the case study of the vehicle platoon, we compare the performance of four con-
trollers. The average batch loss during episodes of training is shown in Fig. 3.1(a). All of the four
methods converge, with the NeuralPI achieving the lowest cost. Fig. 3.1(b) shows the transient and
steady-state costs on the test set. NeuralPI achieves a transient cost that is much lower than the
others. Note that the load changes lead to different solutions of the economic dispatch problem,

thus the steady-state cost also lies in a range. Still, NeuralPI-Comm and LinearPI-Comm have the
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lowest possible steady-state cost, as guaranteed by Theorem 3.

NeuralPlI-Comm G -
—— NeuralPl-WoComm o Emm transient
—— DenseNN-Comm O 1.0 1 steady
wn 10.04 —— LinearPI-Comm T
0 . Q
S =
© 0.5 1
£ b I I
o
10 E =z 00 '—. T . T T T
0 200 400 600 com™ comM _ com™ . comm
. ANO \-LL \- -
episodes Neura\?\\NNeufa\P \,\near" DenSeNN
(a) Training Loss (b) Transient and steady cost

Figure 3.1: (a) Average batch loss along episodes. All converge, with the NeuralPI achieves the
lowest cost. (b) The average transient cost and steady-state cost with error bar on the randomly
generated test set with size 300. NeuralPI achieves a transient cost that is much lower than oth-
ers. NeuralPI-Comm and LinearPI-Comm lead to the same lowest steady-state cost guaranteed by

Controller Design 1.

With a step load change at 0.5s, Fig. 3.2 shows the dynamics of frequency w, marginal cost
VC(u) and external control action w on 8 nodes under the four methods. As guaranteed by
Controller Design 1, NeuralPI-Comm in Fig. 3.2(a) restores the frequency to 60Hz and achieves
identical marginal cost, indicating that it achieves the lowest resource allocation cost. NeuralPI-
WoComm in Fig. 3.2(b) also reaches the frequency at 60Hz. However, the marginal cost converges
at different levels for different nodes because of the lack of communication. LinearPI-Comm in
Fig. 3.2(c) converges to the solution with identical marginal cost, but the speed of convergence is
slow. DenseNN-Comm in Fig. 3.2(d) exhibits unstable behavior with large oscillations. Hence, the
guarantees provided in Controller Design 1 are robust to parameter changes, which have significant
practical importance. Controller Design 1 further realizes the economic dispatch of generators

under different load levels distributedly.
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Figure 3.2: Dynamics of the system under four methods with a step load change at 0.5s. (a)
NeuralPI-Comm achieves the output agreement at 60Hz and identical marginal cost. (b) NeuralPI-
WoComm achieves the output agreement but fails to converge to the identical-marginal-cost solu-
tion. (c¢) LinearPI-Comm is stable but has slower convergence compared with neural network-based

approaches. (d) DenseNN-Comm leads to large frequency deviations and oscillations.
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3.5 Conclusion

This chapter proposed structured Neural-PI controllers to achieve provable guarantees on stability
and can distributedly achieve optimal resource allocation at the steady state. Experiments demon-
strate that the proposed approach can improve both transient and steady-state performances and
is also robust to parameter changes, while unstructured neural networks lead to unstable behav-
iors. The results can also be extended to the control of general networked systems (e.g., vehicle

platoons) [66].



44

Chapter 4

EQUILIBRIUM-INDEPENDENT STABILITY ANALYSIS FOR
DISTRIBUTION SYSTEMS WITH LOSSY TRANSMISSION LINES

4.1 Introduction

Distributed energy resources (DERs) such as rooftop solar, electric vehicles and battery storage
devices are increasingly entering the power distribution systems. These devices have intermittent
outputs and often exhibit large and fast ramping variations, bringing larger disturbances to the
system [67, 68]. Therefore, stability of distribution systems under time-varying conditions and
large disturbances is becoming a key question in their operations [69].

We are mainly interested in the ability of a system to converge to an acceptable equilibrium fol-
lowing large disturbances [34,70]. In power systems, this is often called transient stability analysis.
Most of the time, transmission lines are assumed to be lossless (i.e., the lines are purely inductive
with zero resistances), which significantly simplifies the mathematical analysis and allows for ex-
plicit constructions of energy functions [2,24,71]. However, the transmission lines in distribution
systems have non-negligible resistances [72]. More precisely, the r/z ratios of the lines are not
very small and the lines are called “lossy” [73,74]. For lossy systems, transient stability becomes
a much harder problem and remains open even for simplified models [69, 75].

A main difficulty in transient stability analysis for lossy networks is the lack of a good Lya-
punov function (or energy function) [34,70]. A classical approach is to use path-dependent inte-
grals to construct Lyapunov functions, but these integrals are not always well-defined and rely on
knowing the trajectories of the states [70]. Some works use linear matrix inequalities (LMIs) to
find Lyapunov functions by relaxing sinusoidal AC power flow equations [69,76]. This relaxation
can result in very conservative assessments of stability and does not yet scale to moderate or large

systems. More recently, attempts have been made to learn a Lyapunov function parameterized by



45

neural networks [75,77]. However, it is challenging to verify that the learned neural networks are

actually Lyapunov functions.

Apart from the challenges in scalability, existing approaches only apply a single equilibrium at
a time [69,75,78]. Because of frequent changes to DERs’ setpoints, equilibria are time-varying.
Hence, it is essential to characterize stability for a set of possible equilibria. In addition, the power
electronics on the DERs allow their damping coefficients to be adjusted [16,77]. But optimizing
these coefficients using existing approaches are nontrivial, since they involve solving complicated
nonconvex problems. Therefore, the coefficients often are tuned slowly by trial and error, making

the design process cumbersome and difficult.

This paper proposes a novel equilibrium-independent approach to transient stability analysis
of lossy distribution systems, where we achieve scalability by breaking the network into subsys-
tems. In particular, we consider the angle droop control for the power-electronic interfaces to drive
voltage phase angles to their setpoints [69,75]. For lossy transmission lines, we design a tunable
parameter that can serve to explicitly trade off between the control effort and the stability region.
At the limit, we recover results for lossless transmission lines, allowing the proposed method to

gracefully extrapolates between lossless and lossy systems.

Motivated by equilibrium-independent passivity (EIP) proposed in [79, 80], we study the net-
work stability with time-varying equilibrium points by certifying EIP of each subsystems. Then,
stability certification is reduced to checking the diagonal stability property of the interconnection
matrix over subsystems subject to EIP conditions. The proposed design of the subsystems divides
the interconnection matrix into the summation of a skew-symmetric and a sparse matrix. The sta-
bilizing damping coefficients are then explicitly represented as a convex constraint. This in turn
provides a simple yet effective approach to optimize control efforts with guaranteed stability re-
gions. Case studies verify that the proposed method is much less conservative and much more

scalable to large systems compared with existing methods [69,75].
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4.2 Model and Problem Formulation

4.2.1 Power-Electronic Interfaced Distribution Systems

Consider a distribution system with n buses and m lines modelled as a connected graph (N, L),
where each bus is equipped with with a power-electronic interface [69,75] Buses are indexed by
k€ N := {1,...,n}. Lines are indexed by | € L := {n+1,---,n+m}. Without loss of
generality, we define the power flow from ¢ to j to be the positive direction if ¢ < j. We denote the
interconnections between buses i, j and line [ connecting them as [ € B and [ € B;, where B
and B; represents the line  leaving bus 7 and entering bus j, respectively.

We adopt the model proposed in [69] where angle and voltage droop control are utilized for real
and reactive power sharing through power-electronic interfaces. Let ;. and vy, be the voltage phase
angle and voltage magnitude at bus k € A/, and d}, v} be their setpoint values set by distribution
system operators (for more information on how the setpoints are chosen, see [69, 75]). Let py
and ¢, denote real and reactive power injections at bus k, and p;, and ¢; be their setpoints. The

dynamics of bus £ are described by

TakOp = —dar (O — 67) + (p} — pr) (4.1a)

TokUk = —dui (v — vi) + (¢ — Q) (4.1b)

where 7, and 7, are time constants for voltage phase angle and voltage magnitude at bus £,
respectively. The parameters d,; and d,; are damping coefficients controlling power injected by
inverters, and thus larger values correspond to larger control efforts. Importantly, the equilibria of
the system come from the setpoints ¢* and v;, which are time varying and not known ahead of
time.

We follow the model in [69,75] where 7, > 7,1 by design. Then, the voltage v, evolves much
slower than the phase angle 0, hence the angle and voltage dynamics separates in timescale and
vy, 18 typically assumes to be constant. We therefore focus on the angle stability dynamics in (4.1a)
and set v = 1 per unit in the rest of this paper.

Let g; and b; be the conductance and susceptance of the transmission line [ € L, respectively.
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The active power flow in the line / from bus ¢ to j is
p= g1 — grcos(d; — 0;) + bysin(d; — 9;), (4.2)

which is the nonlinear AC power flow equations. We often use d;; as a shorthand for §; — ;. System
operators calculate the setpoints such that p; and d; satisfy the power flow equation for all & € N.
A transmission line is called lossless if g; = 0 and lossy otherwise. For distribution systems, g; is
typically not significantly smaller than b;.

The buses are interconnected with transmission lines and the active power injected from bus k

to the network is

=Y _p— > o (4.3)

leBf leB;;
The dynamics of the system is described by (4.1a), (4.2) and (4.3). The transient stability of
the system is defined as the ability to converge to the equilibrium points ¢* from different initial
conditions. Since equilibria are set by system operators, the system needs to be stable for multiple
possible equilibria. In this paper, we adopt a modular approach to certify stability and design the

damping coefficients d,;’s, and show how it overcomes the challenges of existing approaches.

4.2.2  Stability Analysis Through A Modular Approach

The goal of this paper is to answer two key questions for the transient stability of distribution
systems: 1) How large is the stability region? and 2) What is the control effort needed to attain
certain range of stability region? To this end, we certify network-level stability by breaking the
network into subsystems. Then by looking at the equilibrium-independent passivity (EIP) of each
subsystems and their interconnections, the stability analysis scale to large networked systems with
time-varying equilibrium points [80].

For each bus (4.1a) and each transmission line (4.2), we abstract them as a subsystem G; with
input u; and output y;. Fig. 4.1 shows the diagram for the connection of subsystems. The coupling
of the input and output of each subsystems are described by u = My, where the matrix M is

determined by interconnections of the system. We show that M is the summation of a skew-
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symmetric matrix M, and a sparse matrix M. This enable us to obtain a compact and convex
expression of stabilizing damping coefficients, which can easily be used for controller design.
Our method gracefully extrapolates between lossless and lossy systems. If all the lines lossless,
the sparse component of M, is zero and only the skew-symmetric part remains. Then standard
results from EIP theory can be used to directly show the stability of the system, illustrating why

lossless systems are simpler than lossy ones.

u Gn+1 Lines y
I Gn+m

M, : Skew-Symmetric
{+/ | y

M, : Sparse

A

A

Figure 4.1: Interconnection of buses (grey blocks) and transmission lines (blue blocks). The input
and output of each subsystems are interconnected through the y = (M; + M>)u, where M, is

skew-symmetric and M5 is sparse.

4.3 Modular Design of Subsystems

With the aim of network stability assessment through the passivity of subsystems, we study the
abstraction of (4.1a)-(4.3) as subsystems of buses and lossy transmission lines and their input-

output interconnections in this section.

4.3.1 Subsystems for Buses and Lossy Transmission Lines

The subsystem for the lossy transmission line [ € £ leaving bus ¢ and entering bus j is defined

.
with the input u; = |§; — §; 6;—0;| € IR? to be the angle differences from i to j and from j to
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i. The output y; € R? is defined to be the modified power flow from i to j and from j to i:

Ui 1 (g9t — gicos(ui)) /ou + bysin(uy,;)

= 3 (4.4a)
1.2 (g1 — gicos(ug2)) Jou + bysin(uy 2)
U 1 —1

- 5 + 5;
P B ! (4.4b)
ST S—— S——
Dy; Dy

where oy > 0 is a tunable scalar and we will study later in detail. At a high level, a larger o
implies larger stability regions and larger stabilizing damping coefficients. The power flow (4.2)
from bus ¢ to j and that from bus j to ¢ can be recovered by p;; = yi1 — Y2 + al(yi1 + yi2)
and pj; = —yi1 + Y2 + (Y1 + yi2), which will then serve as the input to the subsystem of
buses. Stacking the inputs and outputs of lines gives uz = [u, ;- u,), ] € R*, and y, =

T T
Y1 Ynim) € R¥™. The matrix block ®;; := [1 _1} and ®;; := [_1 1} are defined for

the mapping from the output of the head 7 and the tail j to the input of line [, respectively.

The subsystem for bus k is defined with the input v € R to be the power injection from

connected transmission lines and the output v, € R to be the phase angle

Tk5k = —dk(ék — 5;) + (P,: + Uk) (45&)
Y = Ok (4.5b)
up =y [—1 1] Y+ [—1 —1} yt Y, [1 —1} Y+ [—1 —1} % 4se

lesy D1 Uiy <Py D1 Uiy |

where the matrix block ®; and Vy; is defined for the mapping from the output of the subsystem
for line [ € L to the input of the subsystem for bus k¥ € N. The matrix block ®y,; := [_1 1} if
l e B,j and ®;,; := [1 _1} if | € B, . The matrix block ®; := [_ak —@k} is defined uniformly
for all line [ that connects bus k. It will serve to constrain the minimum-effort damping coefficients

that stabilize the system.
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4.3.2 The Interconnection of Subsystems.

To investigate the stability of the whole interconnected system, we stack the input/output vectors
in sequence as u = (up,uz) € R"™" and y := (yu,yr) € R"™™. The mapping from the
output of the bus k& € N to the input of the line [ € L is described by a matrix ® ., € R*m*n,
where the block in the (2] — 1)-th, 2{-th row and the k-th column is @y, in (4.4). Similarly, the
mapping from the output of the line [ € £ to the input of the bus k € A is described by the matrix
® -, € R"?™, where the block in the k-th row and the (2] — 1) to 2I-th column is ®;; in (4.5).
The input-output dependent on « is represented in the matrix ¥ € R™*?™, where the block in the
k-th row and the (2] — 1) to 2[-th column is Wy; in (4.5). Then, the interconnection of subsystems

represented in (4.4) and (4.5) are compactly described by

where
On n P On n v
M, = X NL M, — X
(I)LZN 021 x2m O2mxn  O2mx2m
Note that the matrix ® -, and P, is constituted by the blocks that satisfy ®;; = —CDITi for all

i € Nand !l € L, we have ® -, + <I>ZN = 0 and thus M, is skew-symmetric. The next section
will show how the skew-symmetricity of M and the sparsity of M, can be utilized for stability

assessment of networked systems.
4.4 Compositional Stability Certification

4.4.1 Equilibrium Independent Passivity.

Equilibrium-independent passivity (EIP), characterized by a dissipation inequality referenced to an
arbitrary equilibrium input/output pair, allows one to ascertain passivity of the components without

knowledge of the exact equilibrium [79]. The definition is given as follows [79, 80]:

Definition 1 (Equilibrium-Independent Passivity). The system described by § = f(8,u),y =

h(d,u),6 € S,u € U is equilibrium-independent passive if, for every possible equilibrium §* €
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S, there exists a continuously-differentiable storage function Vg« : S — Rx, such that Vs« (6*) =
0 and
VsVs: () f(,u) < (u—u") (y —y).

If there further exists a positive scalar € such that
VsV (8) f(8.u) < (u—u') (y—y") —ely —y") (y — y"), (4.7)
then the system is strictly EIP.

In the next subsection, we will show that subsystems (4.5) corresponding to the bus k& € N is

strictly EIP in the region Sy, with ¢, = d; and the storage function V(d) = ﬁ (0r — 6,’;)2 . The

. . . . . . . o 2aq;
subsystem (4.4) corresponding to the line [ € L is strictly EIP in the region S; with ¢, = Vo
and the storage function V;(d) = 0. We denote €y := (€1, ,€,) , €2 := (€p4112, -+, €nimla)
for the EIP coefficients of buses and lines, and the diagonal matrices €, := diag (ez), €x :=

diag (ex) and € := diag (eyr, €,) = that will be used in network stability certification. In partic-
ular, let dy := (da1,- - ,dan), we have €y = diag (dyr) , which links stability certification with

the control efforts.

4.4.2  Stability of Interconnected Systems

In this section we derive Lyapunov functions from the storage functions. = We define the set
S = {®?:+1m Si} to be the states that satisfy strictly EIP for each input-output pairs in all the
subsystems. The next lemma allows us to construct Lyapunov functions for any equilibrium that

is contained in S. Consequently, S is a subset of the states where the system will remain stable.

Lemma 11. Consider the networked system (4.4)-(4.6) with input w and output y that intercon-
nected through w = My, where each input-output pair {u;,y;} is locally strictly EIP with ¢; for
§ € S. If there exists a diagonal matrix C = 0 such that C(M — &) + (M — €)"C < 0, then any

equilibrium 6* € S is locally asymptotically stable.

Proof. The proof roughly follows [80]. For completeness, we provide the key steps. For the

n—+2m
i=1

system (4.4)-(4.6), let the sum of the storage functions V' (d) = > ¢;V; (8) serve as a candidate



52

Lyapunov function. Its time derivative is

n+2m

Vo)=Y aVi(o) (4.8)

i=1

nizm - 0 1/2| |uw—u}

IN
£
&
* s§

i=1 Yi — Y; 1/2 —€; Yi — Vi

.

1 [u—u* 0 C u—u*

2 ly -y C -2C¢| |ly—y

T

AR b N R P
=5|ly—y" y—y

2 I C —20e| |1

1 . R X
=§(y—y*)T(C(M—6)+(M—€)TC)(y—y)

Because y = y* if and only if § = 6*, C(M — é) + (M — €)TC < 0 implies V (§) < 0 for
y # y*. Hence V(9) is a valid Lyapunov function for § € S, and an equilibrium §* € S is locally

asymptotically stable. [

The LMI in Lemma 11 is not jointly convex in dy or C. The next theorem shows how the
damping coefficients dy can be designed based on the special structure of the interconnection

matrix M.

Theorem 5 (Local Exponential Stability). If the damping coefficients satisfy diag(dy) > %l\IJéZI\IIT,
an equilibrium 6* € S of the system (4.1)-(4.3) is locally exponentially stable.

Proof. This theorem follows from picking C' to be the identity matrix. In this case, the condition
in Lemma 11 becomes (M " + M — 2€) < 0. From (4.6), M = M + Mo, and using the fact

that M, is skew symmetric, and expanding € := diag (d, €.), we have

_ diag(dy) 1w
I (y—y"). (4.9)

V(8)=(y—y) o )
2 —€c
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To certify exponential stability, we need to find a scalar ¢ > 0, such that V(8) < —oV (d).
Since the Lyapunov function V' (8) = 7™ ¢;V; (8) is

=(y—y (y—vy")
02m><n 02m><2m
then V(8) < —oV(8) is equivalent to
2diag(dy) — o diag(T)™! —Ww
8ldx) 8(7) = 0. (4.10)

- 2€,

By definition, €, > 0 and Schur complement gives
1
(2diag(dy) — o diag(T)™") — 5\116};_1\IJT >~ 0.

If diag(dy) = 1We; W7, thenany o satisfying 0 < 0 < Ay (2diag(dy) — 2 We " ¥ ) min?’ | 7,

guarantees (4.10) and therefore the equilibrium §* is locally exponentially stable. [

Note that the damping coefficients obtained in Theorem 5 is derived by setting C' = I, thus
the region of stabilizing damping coefficients diag(dy) = Z—ll\Ilézl\IlT is a subset of that verified
through C(M — €) + (M — €)"C < 0. We will show in the case study that the damping

1

coefficient obtained by diag(dys) = Z\IléZI\I'T is already much less conservative compared with

existing LMIs-based methods [69].

4.5 Controller Design from EIP of Subsystems

In this section, we prove the strictly EIP of the subsystems in (4.4) and (4.5). The system stability
region is built from the angles that stabilize each of the subsystems. We also show how each

stability region can be tuned to tradeoff with the size of the stabilizing damping coefficients.
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4.5.1 Strictly EIP of Lossy Transmission Lines and Buses

The next Lemma shows that the subsystem (4.4) of each lossy transmission line [ € L is strictly

EIP for a region ;.

Lemma 12 (EIP of Lossy Lines). The lossy transmission line [ from bus i to j represented by (4.4)
. . . - 200 . crer e . - *
is strictly EIP with ¢ = \/W for all the possible equilibriums 0;; in the set S = {&};| —

arctan (b /gi) < 07; < arctan (byay/g;)}.

First we note that if g, = 0, then the subsystem (4.4) is strictly EIP in ¢;; € (—%, %) for any
a; > 0. In particular, ¥ can be made arbitrarily close to 0 and diag(dy) > i\IléZI\IIT for any
dy > 0. Namely, 6;; € (=73, 5) is stable for any positive damping coefficients. This recovers the
observations for lossless transmission lines [2].

For lossy transmission line with g; > 0, Lemma 12 shows that «; trades off between the size
of §; and passivity: a larger «; enlarges S; but also increases the bound }L\IlézllIfT that requires

larger damping. The proof is given below.

Proof. The subsystem (4.4) is a memoryless, where y; ; and y; » is a function of the input u; ;1 = ¢;;

and u; 2 = —0;;, respectively. Hence, it is suffices to consider the function
— gy cos(u b .
() =9I D
— 4.11)
= VI TS b sin(u — )
20&[ 204[ ’
when u = §;; and u = —d;;, respectively. The constant v, = arctan(;%-) € (0, 7/2) horizontally

shift the function y; () as shown in Fig. 4.2 and thus affect the range of ¢;; satisfying strictly EIP.
For the memoryless system (4.11), we take the storage function to be zero and then the condition

for strict passivity is [80]

(u— ") (y(u) = o)) — e ((u) — yi(u))” =0, (4.12)

2a

guarantees that y;(u) < é Then y;(u) > 0 is guaranteed for the region u € [~ + v, 5 + ¥,
which is labeled in red in Fig. 4.2.

which holds for any equilibrium if and only if y;(u) € [0, eﬂ . To this end, setting ¢, =
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Substituting u = 0;; and u = —d;; gives —5 < 4 — 3 < Fand —F < —0;; — v < 7,

respectively. Taking the intersection, the angle difference satisfying strictly EIP is 6;; € [—5

_l’_
Y1, 5 — i, which is equivalent to d;; € [— arctan (bjoy/g;), arctan (bjoy/g;)]. O

y,(w) Stability region for u;

Region of EIP

yi (") I
| - @/2-v) L u

—(m - 27, + u)

Left margin Right margin

Figure 4.2: The region of EIP §; is computed by y;(u) > 0 and is labeled in red. The stability
region for an equilibrium u* is the areas that y;(u) — y;(u*) and u — u* has the same sign. The

stability region is labeled in blue, and its intersection for all equilibrium u* € §; is the region of

EIP in red.

Lemma 13 (EIP of buses). Bus k represented by (4.5) is strictly EIP with ¢, = d, for all equilib-

ria 6}, € R.

This Lemma shows that the subsystem of buses is strictly EIP for all the possible equilibrium

of angles. It follows directly from the definitions and we omit the proof.

4.5.2  Sizing Stability Regions

The equilibrium-independent stability guarantees that any equilibrium in the set S is exponentially
stable. Naturally, it is of interest to control the size of the stability region & (sometimes called
region of attraction). The next theorem shows how the parameter o should be chosen if the stability

region need to meet a prescribed size.
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Theorem 6 (Tuning « for Stability Region). For the line | from bus i to j with an equilibrium o;; €

Sy, the stability region is S,

g tan(|65;1+81/2)
[fay > LGl

5+ = {045] — 2arctan (bjay/gi) — 0j; < 055 < 2arctan (boy/gr) — 655}
fora constant 0 < ) < m— 2|5;‘j |, then the system is guaranteed to be stable

around the equilibrium J7; with at least the margin of 3, i.e., [6}; — 31,05, + Bi] C S

6%

Note that if varying J;; in the set §; = {0}, — arctan (byoy/g1) < 0;; < arctan (byy/g1)}, the
intersection of S;|s- is exactly S;. Hence, the region of equilibrium-independent stability can also

be understand as the intersection of the stability region for all the possible equilibrium.

Proof. The stability certification (4.8)-(4.10) holds as long as the inequality (4.7) holds. For a

certain equilibrium &%, we define the stability region S,

s« to be the angles satisfying the inequal-
ity (4.7). This condition is equivalent to certifying (4.12) for v = 0;; and u = —¢;; when fixing
u* = 6;;. Note that ¢ = \/ﬁ gives y;(u) < é, then condition (4.12) is satisfied as long as
yi(u) — y;(u*) is the same sign as u — u* for both u = §;; and u = —§;;.

The signs of y;(u) —y;(u*) and u—u* are the same when u € [—7+ 27y, —u*, m+2v, —u*]. This

region is labeled in blue in Fig. 4.2, which is larger than the region of EIP shown in red. For u = ¢;;

and u = —0;5, we have 6;; € [—m+2v— 65, m+2y,—07;], and —d;; € [—7+2v+6];, m+2y+675],
respectively. The intersection gives the region

Sl 5 = {52J| — T+ 2’}/1 — 5;} S 5”' S T — 2’}/1 — (5:}} (413)
and thus [0;; — B, 65 + Bi] C Sifs+ yields

T2y =0 <05 — B <05+ B < m—2y =0,
which gives § — 7 > [65] + % Equivalently, arctan(l’;—?) > |05] + % and thus we require
oy > ST o

by

Theorems 5 and 6 provide a way of optimizing over the damping coefficients while guarantee-
ing the size of the stability region. Specifically, suppose the margin of stable angle difference is

B € 10,7 —2[05]] for I € L, then we define o; = gutan(i; | +4/2)

5 . Thus, ¢, = — 29 and the ma-

\ gE+bZa?

trix W is determined by «;’s through (4.5b). To minimize the damping coefficients (corresponding
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to hardware costs [81]), we can solve

min ||dy||2 (4.14a)
dy

1
s.t. diag(dy) = Z\Ilégl\IlT, (4.14b)

which is a convex problem. The Pareto-front of the least-cost damping coefficients and the size of
stability region can be computed by varying «, quantifying the trade-off between control efforts

and stability regions.

4.6 Experimental Results

Case studies are conducted on the IEEE 123-node test feeder [72]. Since existing LMIs-based and
neural network-based stability assessment methods all partition the network into a 5-bus system to
alleviate computational issues [69,75], we first work with this 5-bus system as well to show that
the proposed method can achieve larger stability regions with smaller damping coefficients. Then,
we directly work with the original 123-node feeder to show that the proposed approach can scale

to large systems.

4.6.1 Comparison with LMIs-Based Stability Assessment.

We first compare with existing LMI-based transient stability assessment found in [69]. The paramter
of the test system (partitioned into 5 buses) can be found in [69,75]. Under the same damping co-
efficients, Fig. 4.3 compares the stability region of two lines calculated by our proposed method
and the benchmark LMIs-based method in [69]. The angle difference J,; relative to an equilibrium
for the line connecting bus ¢ and j are labeled as Ad;; := d;; — d;;. Our proposed approach attains
much larger stability region.

From the other direction, if we fix the size of the stability regions, (4.14) can be solved to
find the stabilizing damping coefficients. This is in contrast to existing methods, where damping

coefficients are found through exhaustive searches.
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Figure 4.3: Stability regions of Ad;, and Ady; under the same damping coefficients. The proposed

approach finds a larger stability region.

4.6.2 Performance on Large Systems.

To verify the performance of the proposed method on larger systems, we further simulate on the
original 123-node test feeder. Fig. 4.4 compares the dynamics of the system with different damping

coefficients. The system stabilizes to the setpoints in the former and diverging in the latter case.

: ?
C 0 =
e ve—1
*? 1 —— bus 85 ‘?
& bus 86 & 72
2 B — —— bus 87 —31
—_— bus 88
—34 —— bus 84 —— bus 89 =41
0 2 4 6 8 10 0 2 4 6 8 10
time(s) time(s)
(a) diag(dy) =~ %‘I’ézl‘I’T (b) diag(dy) < i‘I’éil‘I’T

Figure 4.4: Dynamics of ten selected buses with (a) the damping coefficients satisfying the pro-
posed bound in (4.14b) (stable) and (b) the reduced damping coefficients violate the proposed

bound (diverges from setpoints).

Moreover, Fig. 4.5 shows the Pareto-front of the width of the stability region and the least-norm
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stabilizing damping coefficient by varying « from 0.1 to 2 in the line 1. This quantifies the trade-off

between enlarging the stability region and minimizing control efforts.

=

& 1254

& @ INCreases

§ 10.0 1

2

g 757 Pareto front

8 5.0

£

2 251

c Stabilizing region
S 0.0 9 reg

05 10 15 20 25 3.0 35 40 45
max{6;} — min{6;} (rad)

Figure 4.5: Pareto-front of the width of the stability region and the minimum stabilizing damping

coefficients by varying o from 0.1 to 2 in line 1.

4.7 Conclusion

This chapter proposes a modular approach for transient stability analysis of distribution systems
with lossy transmission lines and time-varying equilibria. Network stability is decomposed into
the strictly EIP of subsystems and the diagonal stability of the interconnection matrix. This in turn
provides a simple yet effective approach to optimize damping coefficients with guaranteed stability
regions. Case studies show that the proposed method is less conservative compared with existing
approaches and can scale to large systems. The Pareto-front for the trade-off between stability

regions and control efforts can also be efficiently computed.
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Part II
DECENTRALIZED AND EFFICIENT LEARNING ALGORITHMS
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Chapter 5

DECENTRALIZED SAFE REINFORCEMENT LEARNING FOR
INVERTER-BASED VOLTAGE CONTROL

5.1 Introduction

Distributed energy resources (DERs) such as rooftop solar PV, electric vehicles and battery storage
are growing at an increasing pace. For example, solar capacity had almost 50% yearly growth in
2021 [82], which is by far the fastest among all renewable resources. Most of these growth are
occurring in the distribution network, the low voltage network that connects customers to substa-
tions.

High variability of solar PV and sudden change in load due to electric vehicles and storage can
lead to large voltage fluctuations. These fluctuations occur at timescales much faster than the con-
ventional mechanical control devices such as tap-changing transformers. Instead, power electronic
devices allow flexible and frequent control actions without degrading lifetime. Consequently, there
have been growing interests to use the power electronic inverters on the DERs themselves to pro-
vide voltage control [83—88].

Since most distribution networks are not yet equipped with real-time communication infras-
tructure, voltage control strategies should use local measurements available at each bus. More
specifically, controllers need to operate at an iterative fashion [89, 90], successively updating their
control actions based on each measurement. Designing such decentralized controller is a non-
trivial problem. Linear controllers can be far from optimal, even for quadratic costs. Therefore,
neural networks have been used to parametrize the controllers to fully utilize the capabilities of the
inverters [91-93].

Reinforcement learning algorithms are proposed to train the neural network controllers with

trajectory measurements. This provides the advantages of updating neural networks in a model-free
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Decentralized Reinforcement Learning Framework
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Figure 5.1: Proposed decentralized safe RL approach for optimal voltage control. We prove that
the system is guaranteed to be exponentially stable if each controller satisfies certain Lipschitz
constraints. The neural network controllers are engineered to satisfy these Lipschitz constraints by

design, and is updated from local trajectories with a decentralized RL framework.

setting, i.e., eliminating the requirement on system parameters and communications [22]. Many
algorithms, such as deep Q learning [94], actor-critic [95], DDPG [96], have been applied to the
control of tap-changing transformers or inverter based resources. Since the control actions are taken
in an iterative fashion, it creates a dynamical system, whose transition depends on the actions and
the underlying physical distribution network. The key constraint on the controllers is that they do
not destabilize the system. However, most works neglect the stability requirement and currently
this stability condition is checked through simulations [94,95]. Considering that voltage control is
implemented locally without real-time communication, formal guarantees on stability are required
in practice.

This chapter presents a decentralized safe learning method, which guarantees the learned neu-

ral network would maintain the stability of iterative voltage control dynamics. We prove that the
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system is guaranteed to be exponentially stable if each controller satisfies certain Lipschitz con-
straints. We optimize the set of Lipschitz bounds to enlarge the search space of controllers. On
this basis, we propose to engineer the structure of neural network controllers such that they can
satisfy the Lipschitz constraints by design. A decentralized RL framework is constructed to train
neural network controller locally at each bus with policy gradient algorithm. The structure of the
proposed approach is illustrated in Fig. 5.1.

Case studies show that the controllers learned with stability constraints outperform those with
linear controllers and unconstrained neural network controllers. Interestingly, we also observe
good learning convergence of the controllers in a model-free setting, even though they interact
through the underlying distribution network. Code and data are available at https://github.com/Safe-

RL-Power-Systems-Control/Voltage-Control.

5.2 Model

A standard requirement for distribution network is that voltages should deviate no more than 5%
from their rated values at all buses [97]. For example, if the rated voltage is 110 V, then the actual
voltages should be in the interval from 104.5 V to 115.5 V. For simplicity, we normalize the units
such that the reference value for voltage is 1 p.u. For a power network with N buses, let v be the
voltage vector where v; is the voltage at bus 7. Let p be active power and g be reactive power. The

voltage of the system follows the LinDistFlow model:

v=Rp+Xqg+1 (5.1)

where 1 is the all one’s vector and R and X are positive definite matrices describing the net-
work [89]. The active power depends on external environment and is uncertain and variable.
The reactive power comes from phase offsets and is controllable, subject to some actuation con-
straints [83].

This work focuses on optimizing the control of g through inverter-based resources. The aim
of voltage regulation is to control g such that v is close to its reference value. Due to the lack

of communication in many distribution systems, g needs to be successively updated based on the
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local voltage measurements. Denote u;(v;) as the control law for each bus i = 1, --- | N, which is

a mapping from the voltage to reactive power. Let v;; be the local voltage at the bus ¢ at the ¢-th

iteration step, and denote u; = (u1(v1y), -+ ,un(vn,.)). We update g and v iteratively as
qi1 = qr — Uy, (5.2a)
v = Rp + X (q; —uy) + 1, (5.2b)

5.2.1 Optimal voltage control

Our objective is to optimize the u; to minimize cost in v and g defined as C'(u), subject to the

iterative update rule and the saturation limit on u,. The optimization problem is

m&n C(u) (5.3a)
St Qi1 = qr — uy (5.3b)
v =Rp+X(g —u)+1 (5.3¢)
u, < up <y (5.3d)
u, 1s stabilizing (5.3e)

where constraints (5.3b)-(5.3e) hold for the iteration step ¢ from 0 to 7". The cost typically trades
off between driving voltage to the reference value and the control effort. The deviation of voltage
can typically be quantified as two-norm, one-norm or infinity-norm of the sequence of v, [85,98,
99]. The control effort depends on the type of resources and can be both quadratic [13, 14] and
non quadratic ones [98—100]. For example, control effort from batteries is commonly defined as
one-norm of actions since charging/discharging power affects cycle-depth linearly [99, 100]. The
proposed safe RL approach works for all types of cost functions listed above. The lower and upper
bound for the control action at bus ¢ are w, ; and %, ;, respectively. The subscript ¢ signifies that
these bounds can be time-varying as active power changes.

The controllers w are conventionally designed to be linear (up to a thresholding by (5.3d)),
which does not leverage the capability of inverter-based resources in implementing almost arbi-

trary control laws [16]. To design a flexible non-linear control law for inverter-based resources,
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we parameterize each controller u;(v;) as a neural network with weight 6;, sometimes written as
ug, (V;).

However, there remain two challenges. First, due to the lack of communication, neural net-
work controller needs to be trained decentralizely in each bus with local observations of voltages.
Second, even if the controller is optimized and implemented locally, they need to be “safe” in the
sense that the controller stabilizes the entire system, as defined by (5.3b) and (5.3c). In the next
sections, we show how to design the local neural network controllers that guarantee the stability of

this system, and how to train the controllers through decentralized reinforcement learning.

In This chapter, we assume that the topology and parameter information of the distribution
system is available. That is, we know X, but there is no real-time communication between the
buses. This assumption comes from the fact that X (and R)) can be estimated using smart meter data
collected over a period of time [101-103], where the communication rate can be quite slow (e.g.,
once per day [104]). Therefore, design of the controllers can depend on X, but the dependence
must be determined offline. The system parameters are not required for real-time training and

implementation.

5.3 Stabilizing controller

In this section, we derive the properties of a stabilizing local controller from the Lyapunov stability
theory and standard nonlinear system theory. We engineer the structure of neural network to satisfy

these structure properties and thus guarantee the stability of the system.

5.3.1 Reduced-order system

We can simplify the dynamics in (5.2) by shifting the origin of the system. Denote v; as the

difference between voltage and its reference value 1 at time . We assume that the active power p
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remains constant during one iteration period. Then we have

v, =0, — 1
= Rp + Xq
= Rp + X(qi-1 — wi-1) (5.4)
= (Rp+ Xqi-1) — Xu;_4
= Vs — XU

Therefore, instead of the iteration with both g; and v, being the state variables, it suffices to study

the dynamics in v;.

5.3.2  Structure property of a stabilizing controller

The structure property of a stabilizing controller is obtained from Theorem 7. It shows that as
long as each controller u; satisfies the Lipschitz constraints, the system is guaranteed to be locally

exponentially stable.

Theorem 7. Suppose a vector k = (ky,- -+ , ky) satisfies 0 < diag(k) < 2X ™. Then if the deriva-
tive of controller satisfies u;(0) = 0 and 0 < d“d—iz’) < ki forallv = 1,--- N, the equilibrium

point v = 0 of the dynamic system in (5.4) is locally exponentially stable.

Proof. The Jacobian of the state transition dynamics in (5.4) is
Jv) =1—-XVu (5.5

where V;u is the gradient of control action v with respect to v defined as

duj (91)
doq

Vou = . (5.6)
dupn (9p)
dd
To guarantee an exponentially stable system around the equilibrium, the goal is to show that all
the eigenvalues of J(v) have magnitude less than 1. To this end, we first show that the eigenvalues

of J(®) are the same as that of I — (Vyu)2 X (Vau)2.
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Let (A, w) be an eigenpair for I — X (Vzu). Thatis, (I — X(Vzu))w = Aw. Then, we have
(1= (Vou) X (Vou) ) (Vaw) fw

=(Vou)2w — (Vou) 2 X(V,
(Vou)2w — (Viu) 2 X(Viu)w 57

Therefore, (), (Vyu)2w) is an eigenpair for I — (Vyu)2X(Vau)z. To prove that the eigenvalue
of J(®) to be strictly smaller than 1, it suffices to show that —I < I — (Vyu)zX(Veu)2z < L

By picking the controller » such that 0 < d“’(vz < k;foralli =1,---, N and 0 < diag(k) <
2X 1, we have 0 < Vyu < 2X ! and thus (Vf,u) 1 %X Since Vyu = 0 is diagonal, we then
have (Vyu)2X(Vau)z < 2L and thus —I < I — (Vyu)2X(Vyu)z < L The right side inequality
holds because X >~ 0. [

5.3.3 Optimizing search space for neural network controllers

Note that all the feasible stabilizing u are in a convex set described by S = {V,u|0 < Vyu < 2X 71,

dul (vl)

Since there is no communication between buses during training, each needs to be bounded

by a separate k; for bus ¢ = 1,--- | N. Therefore, the search space for neural network controllers

2
Amaz (X)

tures [89], but it might be too conservative since S may be much larger than the region described

by D = { Voul0 < Vau < 52551 }.

is constrained by the selection of k. A uniform bound k; = can be found in litera-

Here we show an illustration on a three-bus system (with the first bus as the feeder) where
X = [_0(-)?% —099176]. For different Lipschitz bounds on controllers, feasible regions for V;u are
shown in Fig. 5.2.

The blue area demonstrates the space of controllers constrained by S = {Vu|0 < Viu < 2X 71}
The orange area is the space defined by D = {V@u\o < Viu < #I(X)]l}, which is the largest
square within blue region but is only a very small subset of blue area for S. Note that the axes

are scaled so the orange one does not look like a square. With each controller being trained inde-

pendently, it is natural to consider some larger non-uniform search space such as the green area by
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Figure 5.2: Feasible search space comparisons for controllers. The blue area is the set of all feasible
win S = {Vuu|0 < Vyu < 2X !}, The orange area is the search space with uniform Lipschitz
bounds defined as D = {V@u|0 < Veu < #z(x)l}, which is the largest square within blue
region but is only a very small subset of S. With each controller being trained independently, it is

natural to consider some larger non-uniform search space such as the green area.

choosing different k. We may choose a k* such that the search space {V;u|0 < Viu < k*} is
the largest rectangular volume inside blue space, denoted as Hf\il k;.
The volume is not a convex function in k, but we can apply a simple log trick and solve the

following optimization problem:

N
max Z; w; log(k;) (5.8a)
k1
st.O< | - | =<2X! (5.8b)
kn
where wy, - - - , wy are the coefficients to represent the relative importance of buses. For example,

if bus j has none or very limited capacity for voltage regulation, w; is set to be small. If bus j is
the source node of a branch, w; can be set to be larger to speed up the convergence of voltage at
the source node and thus help the convergence of following branches.

In practice, this set of coefficients can be adjusted according to the solutions of the optimization

problem and the training of controllers. For the controller u; whose derivative —;=—= is far from

being bounded by £k;, its coefficient w; can be adjusted to be smaller to encourage larger control
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action at the other buses. We envision that the system operator has the capability to communicate
with each bus at a slower timescale (e.g., once a day) and collect the above information. Accord-
ingly, the operator adjusts coefficients w;, solves (5.8) and issues the bounds k; to each bus at this

the slower timescale.

5.3.4 Design of stabilizing neural network controllers

From Theorem 7, the structural property of locally exponentially stabilizing controllers is derived
in Corollary 1. We aim to engineer the neural networks to satisfy these structural property in

Corollary 1 by design.

Corollary 1. The condition for a locally exponentially stabilizing controller in Theorems 7 is equiv-

alent to:

1. wuy,(v;) has the same sign as v;

2. wug,(0;) is monotonically increasing

dug, (9;)
do;

< k.

The first two requirements are equivalent to designing a monotonically increasing function
through the origin. This is constructed by decomposing the function into a positive and a negative
part as fi(0;) = f;7(9;) + f; (9;), where f;"(9;) is monotonically increasing for ©; > 0 and zero
when 0; < 0; f;(0;) is monotonically increasing for v; < 0 and zero when ¢; > 0. To this end,
we formulate the controller with a stacked-ReL.U structure shown in Fig. 5.3, which is developed
in [2]. This design is a piecewise linear function where the slope of each piece is equal to the

summation of weights in activated neurons. Then the requirement 3) can be satisfied by directly
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thresholding the slope. The neural network controller is constructed as (5.9)

l
where 0 < Y sl <k, VI=12--- m (5.9b)
j=1
l .
—ki<) 2 <0, VI=12-,m (5.9¢)
7j=1
pl=00l <tV wi=23-.m (5.9d)
di =0.di<d/™, WI=23-m (5.9¢)

where m is the number of neurons and 1 € R™ is the all 1’s column vector. Variables s; =

[s} 8?2 ... sMlandz; = [z} 22 ... 2z arethe weight vectorofbusi; b; = [p! b2 ... b7
and d; = [@* d? ... (™| are the corresponding bias vector. The variables to be trained are
KA 1 (A p g

weights @ = {s, b, z,d} in (5.9). The saturation limits can be satisfied by hard thresholding the
output of the neural network. Note that (5.9) is a single-layer neuron network and m determines
the number of pieces for the piece-wise linear function. We tune m according to the testing perfor-

mances of the controllers and we find that m = 20 is generally enough in most settings.

[ G)=5,00,+b))| I G)=z,0(-b,+d,)|
. A
: 0 - d; d o
N >
s‘o(® +b’ z,0(=V,)
. (t’ '7) \Slope bounded ,
5,0V, +b7) by ki "\ z,o(=v,+d7)
+ +
s.0(V,) A N zjo(=,+d)
0 " 2'6(7\3):
S/IO-(‘;/) i 0 i
0 2 A 2
sio( +b%) 2o (-0, +d’)
*h,z \
0 dl“ 0
5 ‘(b +d’
s'o(, +b) a ol i 7
0 7b;3

Figure 5.3: Stacked ReLLU neural network to formulate a controller satisfying the stabilizing con-

straint
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After one iteration, the Lipschitz constraints guarantee that ||v;|| < ||v;_1|| and thus the mag-
nitude of voltage deviation will not be worse after a control action. If there is an abrupt change
in active power, the voltage will experience an abrupt change and its magnitude may be larger
than before. Therefore, the “safety” in our proposed method is in the sense of stability, where the
voltage deviations would go to zero if active power changes relatively slowly. In addition, this
guarantees the neural network controller does not degrade the the voltage performance compared

to an uncontrolled system.

5.4 Decentralized Safe Reinforcement Learning

In this section, we construct a decentralized reinforcement learning framework to optimize neural
network controller in each bus locally with observation of trajectories. By having the constraints
in (5.9), the neural network controller is guaranteed to stabilize the system.

Most reinforcement learning algorithms, including Q-learning, actor-critic and DDPG, rely on
learning a value function (Q-function) satisfying the Bellman equations. Q-function assumes an
infinite-horizon formulation where the states follow a stationary probability distribution, which is
generally not true for the voltage control problem in This chapter. Instead, REINFORCE policy
gradient algorithm adopts the log probability trick and avoids learning the value function [22].
Therefore, we use REINFORCE policy gradient algorithm to obtain sampled gradient for updating
the weights of neural network controllers.

Notably, there are natural noises in the system coming from the changes in active power p,
which enable us to implement REINFORCE policy gradient with equivalent stochastic policy.
Specifically, we assume that the distribution of noise on the system can be estimated. By incorpo-
rating noise term into control action, each action u;, comes from an equivalent stochastic policy
with probability distribution mg(u;¢|0;¢). The gradient for updating weights of neural network

controller at bus ¢ is obtained by [22]

T

T
VJ(0) =E[Y _ Vologm(uildis) Y Ciluiy)] (5.10)
t=1

t=1

The pseudo-code for the decentralized RL framework is given in Algorithm 1. Each bus ¢
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has its local RL agent for training in a batch-updating style. Let A be the number of batches.
At each episode, each agent collects trajectory {0/, u/y, -+, 0!, ul';} and the corresponding
cost ¢ = S, Ci(ul'y) for h = 1,---  H. Adam algorithm is adopted to update weights of
neural network controllers with gradient computed through batch average of (5.10). We would
also like to emphasize that any model-free RL algorithms can be readily utilized in our framework
by replacing the REINFORCE algorithm. We use the standard REINFORCE algorithm in This
chapter to illustrate our contributions: the design of stabilizing neural network controllers and

training them in a decentralized manner.

Algorithm 2: Decentralized Reinforcement Learning algorithm with Policy Gradient

1 Require:Learning rate «, batch size H, trajectory length T, number of episodes £
2 Input:Initial weights 6 for control network
3 for episode = 1 to E do

4 for agent v =1to N do

5 Collect trajectories {0/, uly,- -+, ', ul'; } and the corresponding cost
=T Ci(ul,) forh=1,--- |H

6 Compute the gradient V.J;(8;) = = S0 S°7 | Vg log mo(ult,|0F,)cl

7 Update weights in the neural network by passing J;(6;) to Adam optimizer:
0, — 0, — oV Ji(0))

8 end

9 end

5.5 Numerical Results

We verify the performance of the proposed safe RL approach on IEEE 33-bus test feeders [105].
We first show that unconstrained neural network controllers learned by RL might lead to an un-
stable system, while the controllers trained by safe RL approach are guaranteed to stabilize the

system. Then, we show that the proposed decentralized RL framework can learn flexible non-



73

linear controllers for different buses that outperform conventional linear control law.

5.5.1 Simulation setup

The cost function that each controller collectively optimizes is C'(uw) = S, (||v]]1 + | |w 1),
where 7y acts as a trade-off parameter and is set to be 0.01. The base unit for power and volt-
age is 100kVA and 12.66kV, respectively. The bound on action u is generated to be uniformly
distributed in [0.01,0.05]. We assume other voltage regulation equipment, such as tap-changing
transformers and discrete switching capacitor backs, operate at much slower timescales than the
inverters. Therefore, in the simulations, we only consider the operation of the inverters, as learned
by an agent running RL algorithms [73,85]. We use TensorFlow 2.0 framework to build the rein-
forcement learning environment. The episode number, batch size and the number of neurons are
500, 500, 20, respectively. Parameters of neural network controllers are updated using Adam with
learning rate initialized to be 0.003 and decayed every 100 steps with a base of 0.6. We compare the
performance of neural network controller designed with and without the safe RL approach, as well

as conventional linear controller. All of them are trained using the decentralized RL framework.

5.5.2 Necessity of the stabilizing requirement

Intuitively speaking, if a controller achieves a low loss function after training converges, one might
hope that it naturally leads to a stabilizing controller since the trajectory does not blow up to a
high cost. Fig. 5.4 shows the dynamics of voltage deviation under the neural network controllers
trained with and without the safe RL approach. The one without safe RL approach is unstable and
leads to very large state oscillations (Fig. 5.4(b)). In contrast, the controller with safe RL approach
shows good performance in Fig. 5.4(a). Therefore, explicitly constraining the controller structure

is necessary.
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Figure 5.4: Dynamics of voltage deviation for safe RL approach(left) and without safe RL ap-

proach(right). The controller designed without the safe RL approach leads to unstable trajectories.

5.5.3 Performance comparison

To investigate the convergence of the safe RL approach, Fig. 5.5(a) shows the normalized cost on
the test set along episodes for training of neural network controllers and linear controllers. All the
losses converge, with the proposed neural network controllers achieving the lowest cost. Fig. 5.5(b)
shows the cost on selected buses along the episodes of training. It is interesting to observe that
training the controllers in a decentralized fashion did not impact convergence or performance.
Namely, during training, u; is updated based only on the trajectory of v;, even though the control

action impacts the voltage at all neighboring buses.

The control law for neural network controller learned with safe RL, without safe RL approach
and linear controller with optimal linear coefficient are shown in Fig. 5.6. The neural network
controllers learn flexible non-linear control law for different generators, with the safe RL approach
guaranteeing a stabilizing controller by bounding the slope with Lipschitz constraints. Fig. 5.7
illustrates the dynamics of voltage deviation v and corresponding control action uw under optimal
linear controller and neural network controller trained by safe RL approach. The neural network

controller generally leads to faster decay of voltage deviation.
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Figure 5.5: Normalized cost on test set along the episode of training. (a) Total cost during training
of neural network controller and linear controller. Neural network controller designed with safe RL
approach achieves lower cost than conventional linear controller. (b) Cost during the training of
neural network controller. All learning trajectories converge well in the decentralized model-free

setting, even though they interact through the underlying distribution network.
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Figure 5.6: Voltage control law obtained by linear controller with optimal linear coefficient, neural
network controllers designed with safe RL approach and without safe RL approach. The neural
network controllers learn flexible non-linear control laws for different buses, with the slope of

controller obtained by safe RL approach bounded by Lipschitz constraints.

In the test set with random initial states, the distribution of cost in selected buses is shown
in Fig 5.8. The average costs of the linear controller, the neural network controller bounded by
A;(X), and the neural network controller with optimal Lipschiz bound obtained in (5.8) are 0.44,

0.38 and 0.36, respectively. Therefore, the proposed approach can learn a stabilizing controller that
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Figure 5.7: Dynamics of the voltage deviation v and the control action w in selected generator
buses corresponding to (a) neural network controller trained with safe RL approach (b) Linear
control obtained by the same decentralized RL algorithm. The neural network controller generally

leads to faster decay of voltage deviation.

reduces the cost by approximately 18.18% compared to conventional linear control law. Moreover,

safe RL with the optimal Lipschiz bound also reduces the cost by approximately 5.26% compared

2

to safe RL with the uniform Lipschiz bound s ok

5.6 Conclusion

This chapter proposes a safe RL approach for optimal voltage control. The exponential stability
of the system is guaranteed by controllers constrainted by Lipschitz bounds, which are optimized
to enlarge the search space. The neural network controllers are parameterized by a staked ReLU

neural network to satisfy stabilizing constraints implicitly. Each bus updates weights locally with
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Figure 5.8: Distribution of cost in selected generator buses with random initial states corresponding

to safe RL with proposed optimal Lipschiz constraints, safe RL bounded by #AX) and optimal

linear control. Compared to uniform bound 2~ and linear controller, the proposed approach

az(X)

reduces the average cost by approximately 5.26%, 18.18%, respectively.

the decentralized RL framework. Case studies show that RL without stability constraints can lead
to unstable controllers, while the proposed safe learning approach will lead to a stabilizing con-
troller. The neural network controllers outperform conventional linear controllers by speeding up
the convergence of voltages to reference values with relatively low control effort. To further en-
force steady-state optimal resource allocation, the Neural-PI structure in Chapter 3 can also be

adopted [106].
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Chapter 6

EFFICIENT REINFORCEMENT LEARNING THROUGH
TRAJECTORY GENERATION

6.1 Introduction

Reinforcement learning (RL) is becoming increasingly popular for the controller design of dynam-
ical systems, especially when the exact system model or parameters are not available [107-109].
Much of the success in RL has relied on sampling-based algorithms such as the policy gradient
algorithm [53, 110], which typically requires repeated online interactions with the system. More-
over, the control actions need to incorporate sufficient exploration for the learning algorithm to
search for better policies [111]. However, sampling large batches of trajectories is expensive in
many real-world problems (e.g., in energy systems, robotics or healthcare), and the exploration
requirement for safety-critical systems may be dangerous [112, 113].

When the online interactions with the system are limited, two categories of RL methods are
designed: off-policy RL and offline RL. Off-policy RL methods (e.g., Q-learning and its variants)
typically learn a quality function (i.e, Q function) leveraging past experience, but online interac-
tions with explorations are still required after the update of the control policies [114]. Offline RL
seeks to learn from a fixed dataset without interactions with environments [111, 115]. The funda-
mental challenge is that once the control policies have been updated, the trajectories of the system
under the new policies would not have the same distribution as the historical data [113,114]. As
a result, existing algorithms typically constrain the control policy to be close with the policy uti-
lized in the fixed dataset [113, 116]. Since most algorithms need to do some exploration, it is
believed that past data is not helpful if high-reward regions are not covered in the collected trajec-
tories [111,112].

A fundamental reason behind the above challenges is that the training process is restricted
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to fixed trajectories in the historical data, hence RL algorithms need to be restricted to historical
control policies. We look at the problem from the other direction: Using only historical data, can

we generate trajectories that follow the same distribution induced by a new control policy?

This chapter proposes a trajectory generation algorithm for linear systems, which adaptively
generates new trajectories as if the system were being operated and explored under the updated
control policies. The key insights come from the fundamental lemma for linear systems, which
shows that any set of persistently exciting trajectories can be used to represent the input-output
behavior of the system [117-119]. Inspired by this, we generate trajectories from linear combi-
nations of historical trajectories, which can come from routine operations of the system. The set
of linear combinations is derived from the updated control policy with perturbations on actions,
such that the generated trajectory is the same as the trajectory sampled on the real system. This
adaptive approach overcomes the challenges in distributional shift and lack of exploration. This is
complementary to recent advances in learning linear feedback controllers for linear systems (See,
for example, [107, 108, 110, 120] and references within), where trajectories are sampled through
online interactions. Experiments show that the proposed method significantly reduces the number

of sampled data needed for RL algorithms. We summarize the contributions as follows:

1) We propose a simple end-to-end approach to generate input-output trajectories for linear sys-
tems, which significantly reduces the burden of sample collection in RL methods. In Theo-
rem 8, we prove that the generated trajectories is adaptive to the distribution shift of any linear
state-feedback controller with perturbations on actions for explorations. When the states are
not directly observed, Theorem 9 shows that this framework also applies to output-feedback
control by defining an extended state from the observations.

2) The proposed trajectory generation algorithm is compatible with any RL methods that learns
from trajectories. The number of samples needed to learn is independent to the batch size (the

number of trajectories in each episode) and the number of training episodes.
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6.2 Preliminaries and Problem Formulation

6.2.1 Notations

Throughout this manuscript, vectors are denoted in lower case bold and matrices are denoted in up-
per case bold, unless otherwise specified. Vectors of all ones and zeros are denoted by 1,,,0,, € R",

respectively. The identity matrix is denoted by I,, € R™*". We use N (A) to denote the null space

of matrix A. Given n matrices M;,i = 1,--- ,n, we denote [My;--- ; M| := [M] --- M ]".

Given a discrete-time signal z(¢) € R? for t = 0,1, - -, we use 2 1+7] € RT? to denote the
vector form of the sequence {z(k), ..., z(k + T)}, and the Hankel matrix Z; , y € R'*" as

z(i) z(i+1) -~ z(t+N-1)
z(k)
. z(i+1) =z@G@+2) - z(i+ N)
Lk ky1) = : AR , _ ' , :
z(k+1T)
zi+t—1) =z(i+t) - z(i+t+N—-2)

where k£, 7 and are integers, and ¢, /N, T are natural numbers. The first subscript of Z;, x denotes
the time at which the first sample of the signal is taken, the second one the number of samples per

each column, and the last one the number of signal samples per each row.

6.2.2 Problem formulation

We consider a discrete-time linear time-invariant system

x(k+1)= Azx(k) + Bu(k)
6.1
y(k) = Cz(k)
with state * € R”, action v € R™, and output y € R? (sometimes called observations in RL
literature). If C is not of full (column) rank, we say that the states are not directly observed.
Otherwise, we assume C' = I, and the states are directly observed. We assume that A and B are

not known. The matrix C'is also unknown if the state is not directly observed. We also make the

standard assumption that (A, B) is stabilizable and (A, C') observable [121].
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A trajectory is a sequence of observations and actions of length 7', given by 7 = {y(0), u(0), - - -
,Y(T' — 1),u(T — 1)}. The control action u(k) most commonly comes from the control policy
conditioned on the observation at time k, written as 7y (u(k) | y(k)) with 0 being the parameter
for the control policy. Let ¢ (7) be the cost defined over the trajectory 7. The goal is to optimize

the control paramater @ to minimize the expected cost over trajectories, written as:
J(0) = Eqrp,c(T), (6.2)

where p,, is the probability distribution of trajectory subject to the policy mg. The definition
of ¢ (1) varies for different problems. For linear control policy, quadratic costs are most com-
monly utilized to convert the optimization into classical linear quadratic problems [107, 110].
There are typically not closed-form solutions for (6.2) for other cost functions, e.g., ¢ (1) =
> o maxg—o,.. x—1|2;(k)| for the frequency control problem in power systems [2]. In this case,
gradient-based methods can be utilized to update 6, but the lack of system parameters makes it

difficult to compute the gradient Vo.J(0).

Direct policy gradient methods. Reinforcement learning (RL) is proposed to update € through
gradient descent, where the gradient V.J(0) is approximated from trajectories of the system under
the control policy 7g. For example, the policy gradient methods in [53] shows that the gradient

V¢J(0) can be equivalently computed by
K-1

VoJ(0) = Ervpry(r) |€ Vo log pr, (w(k) | y(k))| (6.3)
k:O

where K is the length of the trajectory. The terms inside the expectation can be computed purely
from observations and actions in the trajectory.

If C = I,, in (6.1), the states are directly measured and the control law is called state-feedback
control. Otherwise, the control law is called output-feedback control. Note that if C' is not full
column rank, then (y(¢),u(t)) cannot uniquely determine y(¢ + 1). Namely, the system is not a
Markov decision process with respect to (y(t), w(t)) and it is difficult to use generic RL algorithms
based on the quality function Q((y(t), w(t)) [122]. For illustration purpose, this chapter focus on

the policy gradient algorithm (6.3), and we consider both state and output feedback control.
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6.2.3 Approximate gradients with sampled trajectories

When online interactions with the system are limited, computing the expectation in (6.3) is not
trivial even when the states are directly observed. In training, the expectation in (6.3) is approxi-
mated by the sample average over a large number of trajectories 7 collected from the system under
the control policy 7. Since the distribution p,(7) depends on the parameter 8, a new set of
trajectories need to be collected after each iteration of updating . Thus, the number of samples
increases with the batchsize (i.e., the number of trajectories in each episode) and the number of
training episodes.

We seek to update the control policy using historical trajectories and thus do not need to interact
with the system during training. Two challenges arise: (i) Distribution Shift. If the control policy
changes, the distribution of the historical trajectories would be different from the true distribution
Pre (T), potentially resulting in large errors when computing (6.3). (ii) Exploration. Most RL
methods need to add (sometimes large) perturbations on actions to encourage exploration, but

training with a fixed set of historical trajectories may limit exploration.

End-to-End Trajectory Generation. We propose to overcome the challenges of distribution
shift and the lack of exploration through generating trajectories from historical data. In this chapter,
we focus on learning linear feedback control law w(k) = Oy (k), with @ € R™*9 being the matrix
of trainable parameters. For exploration, the action during training follows the control policy with

perturbations w (k) as additive noise, written as
mo (u(k) | y(k)) = {u(k) = Oy (k) + w(k), w(k) ~ D}, (6.4)

where D is the prescribed distribution for the perturbations. The variance of D is typically initial-
ized to be large and then shrink with the training episode to achieve exploration v.s. exploitation.
We provide a simple end-to-end approach to generate input-output trajectories without system
identification, allowing it to extend to systems where the states are not directly observed (i.e., when
C is not full column rank). The generated trajectories are guaranteed to have the same distribution

as P, (7) for all @ and D. We first show the trajectory generation algorithm for state-feedback
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control in Section 6.3, then generalize the results to output-feedback control in Section 6.4.
6.3 Trajectory Generation for State-Feedback Control

In this section, we show the conditions when the linear combination of historic trajectories spans all
possible trajectories. On this basis, we derive the algorithm to generate trajectories corresponding

to updated control policies with perturbations on actions for explorations.

6.3.1 Span of historic trajectories

Let wg 0,11 and 4o, —1) be the a length-L input and state from past trajectory, and let the corre-

sponding Hankel matrix H € R(Tm+Tn)x(L=T+1) defined as

’U,d(O) ’U,d(1> e ’U,d(L — T)
UO,T,L—T+1 — ud(T — 1) ud(T) s ’Ll,d<L — 1) ' (65)
Xor,—1+1 x4(0) xq(l) - xa(L-T)
_H’_/ . .
_CBd(T — 1) Jld(T) cee {Bd(L — 1)_

By the state-space version of Fundamental Lemma [118] shown below, any linear combination
of the columns of the Hankel matrix is a length-7" input-state trajectory of (6.1). The proof is

provided in [118] and we supplement it in Appendix C.1 for completeness.

= n + T'm, then any length-T in-

Lemma 14 ( Fundamental Lemma). If rank |:(])21T,L7T+1:|
0,L—T4+1

put/state trajectory of system (6.1) can be expressed as [U[O’T‘”} = [M

Z[0,7-1] Xo,1,L—T+1

] g, where g €
RL7T+1.

For the rank condition in Lemma 14 to hold, the minimum requirement on the length of the
collected trajectory is L—T+1 = n+T'm, namely, L = (m+1)T —1+4n. When the rank condition
holds, linear combination of the columns of the Hankel matrix is also a length-7" trajectory of the

system. Thus, we generate a trajectory of length 7" using
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Uo,r,—1+1
['&(O); csa(T —=1);20); - ;2T — 1)] = g. (6.6)
XO,T,L—T+1
~—_——
H
For convenience, we adopt the notation H,, = Uy r,1,—711, Hz = Xo 1 r—7+1 1n the following

sections. To represent the rows of blocks starting from the time £k = 0,--- ,T" — 1, we denote

HE = [xg(k) zg(k+1) - 2g(L—T+k)], HE = [ug(k) ug(k+1) - ug(L—T+k)]. (6.7)

6.3.2 Trajectory generation

For generic RL algorithms, a trajectory is sampled from the system that starts from an initial state
x(0) and subsequently implements the control policy u(k) = 6z (k) + w(k), w(k) ~ D for

k=0,---,T — 1. Given 0, the probability density function of a trajectory is
T-1
Pro(T) = p(2(0)) [ [ 2 (2(k) + w(k)|a(k) p (2(k + 1) | 2(k), 62(k) +w(k),  (6.8)
k=0

which is uniquely determined by «(0) and the sequence of perturbations w(0), w(1),--- ,w(T —
1).

In the following, we generate trajectories for each updated 0 as if they truly come from the
system starting from 2 (0) under perturbations on actions given by w(0),--- ,w(7 — 1). Impor-
tantly, we use fixed historic trajectories {u4, Y4} where the Hankel matrix # in (6.5) satisfies
rank(#) = n + T'm, and u, can come from controllers different from the control policy in (6.4).

The key is to use x(0) and (w(0),--- ,w(T — 1)) as extra constraints to find the g in (6.6)
that generates the trajectory which follows the same distribution as (6.8). From the control policy
u(k) = Ox(k) + w(k), the trajectory subject to the perturbations w(0), w(1),--- ,w(T — 1)
should satisfy

(6.9)

Ir®6
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Note that the generated initial state is given by (0) = [ HO ] g. Combining with (6.9) gives

[ w() |
(I :
Hy — (Ir @ 0) M, g= _ (6.10)
HO w(T —1)
) % RO

Note that the matrix G € R(T™+7)*(L=T+1) jg not a square matrix and its rank is determined by
the length of historic trajectory L. When the trajectory is sufficiently long and rank(#) = n+T'm,
we have L —T'+ 1 > T'm + n and thus there might be multiple g where (6.10) holds. We use the

minimum-norm solution of (6.10) given by

9" = Gj (GoGy) " | w(0): - w(T — 1):2(0) |- (6.11)

In the next Theorem, we prove the existence and uniqueness of the trajectory generated by (6.10).
The goal is to show that given (w(0),--- ,w(T — 1), x(0)), any g that satisfies (6.10) will generate

the same trajectory using Hg. So it is suffice to choose the closed-form solution in (6.11).

Theorem 8. If rank(H) = n + T'm, there exists at least one solution g such that (6.10) holds.
Given (w(0), -+ ,w(T —1),x(0)) and any g that solves (6.10), Hg* generates the same unique

trajectory under the control policy (6.4) parameterized by 6.

Theorem 8 shows that Hg* generates the unique trajectory that starts from an initial state a(0)
and subsequently implements the control policy u(k) = Oz (k) + w(k), w(k) ~ D. Hence, if we
fix @ in (6.11) and sample (z(0), w(0), w(1), - ,w(T — 1)), then Hg* will generate a batch of
trajectories following the distribution (6.8) corresponding to the parameter 8. After the update of
0 in each episode of training, we generate a new batch of trajectories by updating G in (6.10)
and sampling new (x(0), w(0), w(1), -+ ,w (T — 1)). Thus, the generated trajectories adaptively
follow the shifted distribution after updating 6. Importantly, it overcomes the negative perception
in the field that there is no possibility to improve explorations beyond past trajectories [112]. By

sampling the noises w(k) ~ D, explorations can also be achieved through the generated trajec-
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tories. Hence, new trajectories are adaptively generated as if the system were being operated and

explored under the updated control policies.

To prove Theorem 8, we first show that the null space of G is exactly the same as that of the
Hankel matrix . Then, rank(H) = n + T'm yields rank(Gg) = n + T'm. The full row rank of Gg
implies that there exist at least one g where (6.10) holds. The uniqueness of trajectory generated
by g follows from the fact that Gy and H have the same null space. Details of the proof is given

below.

Proof. We first prove that the null space NV (Gy) is the same as N (#) from (i) and (ii) :

(i) For all ¢ € N(H), we have [H,]q = Or, and [H,]q = Or,,. Plugging in Gy in (6.10)
yields Ggq = Or,,1. Namely, g € N (Gy).

(ii) For all v € N(Gy), Gov = Oppip yields Hov = 0, and Hiv = OHFv fork =
0,---,T — 1. Thus, H2v = OH% = 0,,. From z(k + 1) = Ax(k) + Bu(k), we have
HH = AHY + BHF. From H? = 0,, and H® = 0,,, we apply H:™' = AHE + BHF and
HEv = 9w alternately. This induces H*v = 0, and H*v = 0, for k = 0,--- , T — 1. Hence,
Hv = Orpirn.

Next, we prove the existence of the solution in (6.10). Note that H € RTm+Tn)x(L=T+1) ff
rank(H) = n + T'm, then rank(N (H)) = (L — T 4+ 1) — (n + Tm). Since N (Gy) is the same
as N (H), then rank(N (Go)) = (L — T + 1) — (n + T'm). It follows directly that rank(Gy) =
(L—T+1)—rank(N(Gg)) = n+ Tm. Note that the number of rows of Gy is n + T'm, then the

full row-rank of rank(Gy) shows that there exists at least one solution such that (6.10) holds.

Lastly, we show the uniqueness of the generated trajectory. Suppose there exists g; and g»,
which are both solutions of (6.10) and Hg, # Hgs. Since g; and g, are both solution of (6.10),
then Gog: = Gog: and thus (g; — g2) € N(Gp). On the other hand, Hg, # Hg- yields
H (g1 — g2) # 0 and thus (g, — g2) ¢ N (H). This contradicts that N'(Gy) is the same as N (H).

Hence, Hg, = Hg-, namely, the generated trajectories are identical. [
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6.3.3 Algorithm

By Theorem 8, using historical data, given (0) and perturbations on actions w(0), - - - , w(7T — 1),
a trajectory can be generated as if it comes from sampling the system with the current control
policy. The details of the algorithm is illustrated in Algorithm 3. We also use REINFORCE policy
gradient [53] in Appendix C.2 as an example to show how to use the trajectory generation algorithm
in RL methods. The key benefit of Algorithm 3 is that it is adaptive to the updates of parameter
and w(t) for exploration. In particular, w(t¢) can be sampled from any distribution D, making it

versatile for different applications.

Algorithm 3: Trajectory generation for state-feedback control

1 Data collection: Collect historic measurement of the system and stack each 7-length
input-output trajectory as Hankel matrix # shown in (6.5) until rank(H) = n + T'm

2 Data generation:/nput :Hankel matrix H, weights 6 and the distribution D for the control
policy, the batchsize () (number of the generated trajectories), the distribution S, of the
initial states!

3 Function TrajectoryGen (H,0,D,Q,S,):

4 Plug in 0 to compute G = [7—[“ — (It ® 0) Hy; Hg]

5 for: =11t @ do

6 Sample «;(0) from S,. Sample {w;(0),--- ,w;(T — 1)} from D.
7 Compute the coefficient g = G (GQG@T)f1 [w;(0); -+ ;w; (T — 1); 2;(0)].
8 Generate the ¢-th trajectory

7= [ (0); - s w(T — 1);2:(0); - s 2(T — 1);] = Hg;-

9 end

10 | return [y, ,7g]

!'The set of historic initial states in past trajectories can be used to estimate S,,.



88

6.4 Trajectory Generation for Output-Feedback Control

In this section, we show how to obtain a Markov decision process by defining an extended state
using input-output trajectory. The key difference to Section 6.3 is that G¢ may not be full row
rank even when the rank condition on the Hankel matrix holds. Thus, the coefficients for generated

trajectories and associated proofs are more nuanced.

6.4.1 Extended states for constructing Markov decision process

Let Opq(A,C) = col (C ,CA, ..., CAZ_l) be the extended observability matrix. The lag of
the system (6.1) is defined by the smallest integer ¢/ € Zx( such that the observability matrix
Opo,q(A, C) has rank n, i.e., the state can be reconstructed from ¢ measurements [123].

Let Ty > ¢ be the length of a trajectory. Define the extended states as
X(k—1):= [ y(k—Ty); - ;ylk — 1);u(k —To); -+ su(k —2) |- (6.12)
Then extending the system transition from time step 0 to 7j gives
X(k)=AX(k—1)+ Bu(k —1)fork > Ty, k € Z, (6.13)

which is a Markov decision process in terms of the extended states. Detailed proof and the defini-
tion of system transition matrix (A, B) is given in Appendix C.3. For the output-feedback control
law in (6.4), we have p (u(k)|X(k)) = p (u(k)|y(k)) and it is straightforward to show that policy
gradient algorithm using (6.3) still works. The proof is given in Appendix C.4.
Uor.-
By defining the the Hankel matrix as H := OTEHL ¢ REMATOX(L-T+1) (e following

YorL-1+1
fundamental Lemma in terms of input-output trajectories holds.

Lemma 15 (Fundamental Lemma [117,119] ). If rank [UO’T’L o } = n +T'm, then any length-

Yor—7+1
U0, 7—1] ] _ | Uo,r,L-T+1
Yo, 7-1] Yo,7,L-7+1

T input/output trajectory of system (6.1) can be expressed as [ } g where

gc RL7T+1.

When the rank condition in Lemma 15 holds, linear combination of the columns of the Hankel

matrix is an input/output trajectory of the system. We then generate trajectory of length 7" using
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[ a(0):- s all — ;g0 g(T—1) | = Hg. (6.14)

For convenience, we adopt the notation H,, = Uy 1 r—7+1, Hu = Yo 1,1—7+1 in the following
sections. To represent the lines of blocks starting from the time k = 0,--- , T — 1, H* the same
as in (6.7) and Hj := [ya(k) - - - ya(L — T + k)]. We also define the stacked blocks starting from
ki kyas HER = | Fi ok ke | and HER = [Hﬁl;]—]jjl“; oo HE2

6.4.2 Trajectory generation

Using the transition dynamics (6.13), the probability density function of a length-7" trajectory is

Prg(T) = p (X (To — 1)) 1:[ p(Oy(k) + w(k)|X (k) p (X (k + 1)|X(k), Oy (k) + w(k)),

k=To—1

which is uniquely determined by &X' (7j — 1) and the sequences w(7p — 1),--- ,w(T — 1).
In analogy with the derivation in (6.9), we aim to generate the trajectory starting from X’ (7p — 1)
under perturbations on actions given by w(7y — 1),--- ,w(7 — 1). From the control policy
u(k) = 0y(k) + w(k), the trajectory subject to the perturbations w(7p),--- ,w(7T — 1) should

satisfy

[HZO‘L“} g=Ir-n,®80) [Hgo—lzT—l] g+ : : (6.15)
w(T —1)

Note that the generated extended initial state is given by X (T — 1) := ’HgiTO—l; HOTo=2| g.

Together with the constraints in (6.15) gives

To—1:T—1 _ To—1:T—1 w(Tp —1)
H (I ®O)H
u T-T, Y .
HO:Tofl —
L g w(T — 1) (6.16)
Ho o _—
GG ~ =,
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Note that the matrix G € RZ™+70)x(L=T+1) ig not a square matrix and there might be mul-
tiple solutions to (6.16). Moreover, Gy may not be full row rank and thus (GQG;—) may not be
invertible. Here, we compute the eigenvalue decomposition of (GQGJ). Let s be the number of
nonzero eigenvalue of (GQGJ). Let \; be the i-th non-zero eigenvalue and p; be the associated
eigenvector of (GoGy) ). Denote Py := [p1 py - ps} and A = diag(\;, A, -, \s). Then
clearly (GoGy ) = PyAP, and we compute the solution of (6.16) given by

9" = G PA P [ w(Ty — 1) (T — ;X (Ty— 1) | 6.17)

Next, we prove the existence and uniqueness of the trajectory generated by (6.16). The goal is to
show that given (w(7p — 1),--- ,w(T —1),X(Ty — 1)) , any g that satisfies (6.16) will generate

the same trajectory using Hg. So it is suffice to choose the closed-form solution in (6.17).

Theorem 9. If rank(H) = n + T'm, there exists at least one solution g* such that (6.16) holds.
Given (w(Ty — 1), - ,w(T —1),X(Ty — 1)) and any g that solves (6.16), Hg* generates the

same unique trajectory under the control policy (6.4) parameterized by 6.

The proof of Theorem 9 is not as straightforward as Theorem 8§, because Gy and R in (6.16)
may not be full row-rank. The detailed proof is given in Appendix C.5 and we sketch the proof as
follows. We use the mapping from x(0) to X (75— 1) to show that the rank of R in (6.16) is at most
n + T'm. Leveraging the relation in every 7 blocks derived from (6.13), we show in Lemma 16
that rank(Gyg) = n + T'm if rank(#) = n + T'm. The existence of a solution in (6.16) is therefore
guaranteed by the same row-rank of the two sides. The uniqueness of the trajectory generated by

Hg* is proved by showing that the Null space N'(Gy) is the same as N (H).

We can generate a trajectory Hg* by randomly sampling X (75 — 1) and w(t) € D for t =
To — 1,---,T — 1. For the cost (6.2) calculated on the trajectory of the length K, we setup
T = K 4 Ty — 1, and using the generated trajectory Hg* from 7y — 1 to 7" — 1 to train the

controller. The detailed algorithm can be found in Appendix C.6.
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6.5 Experiment

We end the chapter with case studies for the voltage control of the power distribution system in [6].
Both state-feedback and output-feedback control are studied in these systems. Code is available at

https://github.com/Wengi-Cui/Trajectory—-Generation.

6.5.1 Experiment Setup.

We use REINFORCE policy gradient algorithm [53] to train a linear feedback controller, with the
goal to minimize the cost of trajectories with length K. Let E be the number of episode in training
and () be the batch size of trajectories collected for each episode, respectively. Standard policy
gradient algorithms needs () x K x E samples. We compare the performance of the REINFORCE
policy gradient algorithm using the generated trajectories (labeled as PG-TrajectoryGen) and the
same algorithm using trajectories sampled by interacting with the system (labeled as PG-Sample-Q
for the batchsize Q). For testing, we randomly sample 800 initial states and compare the cost on
trajectories starting from these states.

We conduct experiments on the voltage control problem in IEEE 33bus test feeder [6, 105],
where z(t) € R32. We adopt the Lindisflow model where the dynamics of voltage is described
by a linear transition model [6, 89]. The state x(t) € R3? is voltage in all the buses apart from
the reference bus (the voltage of the reference bus is fixed). The action is the reactive power in
each bus. We assume that there is no real-time communication between buses during real-time
implementation, so the action at each bus can only change with the local measurement of voltage.
The goal is to train a linear decentralized feedback controller to minimize total voltage deviation
as well as the control effort in the time horizon K = 20, written as J(0) = Y1, [[y(k)||, +

0.3 ||ug(k)||,. The number of training episode is £ = 500.

6.5.2 Performances

Case I: the state is directly observed. The state is directly observed so the action u(t) € R*.

We setup 7" = K = 20 and collect historic trajectory of the length L = (m + 1)7"— 1 +n = 691.


https://github.com/Wenqi-Cui/Trajectory-Generation
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With a sampling period of 1s [124], the data collection takes 691s. In each episode of training, we
use Algorithm 3 to generate trajectories with the batchsize 1000. Figure 6.1(a)-(c) compares the
training loss, testing loss and the number of samples, respectively. PG-TrajectoryGen achieves the
same training and testing loss as PG-Sample-1000 with much smaller number of samples on the

system.

—— PG-Sampl-10 107
PG-Sample-100
—— PG-TractoryGen

108 PG-Sample-Q

0 PG-Sample-Q
7] —=~ PG-TractoryGen

== PG-TractoryGen

bl ol L.

0 100 200 300 400 500 10 100 200 400 600 800 1000 10 100 200 400 600 800 1000
episodes Batch Size Q Batch Size Q
(a) Training Loss (b) Testing Loss (c) Number of samples

Figure 6.1: Performance of learning state-feedback controllers in power distribution network. PG-
TrajectoryGen achieves the same training and testing loss as PG-Sample-1000 with much smaller

number of samples on the system.

Case II: only 20 elements in the state is observed. We assume only 20 buses are measured
and controlled, so y(t), u(t) € R*. The observability matrix O}y z,](A, C') becomes full column
rank when 7y = 3. The time horizon of trajectory is K = 20. According to the trajectory
generation algorithm developed in Subsection 6.4.2, we setup 1" = K + Ty — 1 = 22 and collect
historic trajectory of length L = (m + 1)T' — 1 + n = 493. With a sampling period of 1s [124],
the data collection takes 493s. Figure 6.2(a)-(c) compares the training loss, testing loss and the
number of samples, respectively. PG-TrajectoryGen achieves the same training and testing loss as

PG-Sample-1000 with much smaller number of samples on the system.
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Figure 6.2: Performance of learning output-feedback controllers in power distribution network.

PG-TrajectoryGen achieves the same loss as PG-Sample-1000 with much less samples.

6.6 Conclusion

This chapter proposes a trajectory generation algorithm for learning linear feedback controllers

in linear systems. We prove that the algorithm generates trajectories with the exact distribution

as if they are sampled by interacting with the real system using the updated control policy. In

particular, the algorithm extends to systems where the states are not directly observed. This is done

by equivalently defining system transition dynamics using input-output trajectories. Experiments

show that the proposed method significantly reduces the number of sampled data needed for RL

algorithms.
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Chapter 7

CONCLUSIONS

To mitigate climate change, power and power systems are undergoing a significant structural
transformation to integrate renewables, facilitate decarbonization, and electrify our economies.
The electric grid therefore needs to adapt and serve a larger system that is becoming more dis-
tributed, having less inertia, and facing more uncertainties. At the same time, the increased con-
trollability of hardware, together with the explosion of available data, offers exciting opportunities

to deploy advanced methods that can reshape the landscape of power systems.

This thesis centers around control and machine learning methods to attain sustainable and ef-
ficient operation of power systems. We have developed theoretical and algorithmic frameworks
for control and machine learning methods that apply to largescale and nonlinear power systems.
In Part I, we show how to bridge the gap between learning and safety-critical constraints through
structured neural networks guided by control theory and the physics of power systems. Using
Lyapunov theory, we extract stabilizing controller structures for transient stability problems, and
parameterize the structures by neural networks. To further enforce steady-state tracking and eco-
nomic dispatch, we propose Neural-PI control, which achieves steady-state optimality distributedly
through consensus over neighbors. In addition, we propose a modular approach for transient stabil-
ity analysis with lossy transmission lines. This provides a simple yet effective approach to optimize

control efforts with guaranteed stability regions.

The structured approach for learning-based control provides end-to-end guarantees that are in-
dependent of the learning process. In Part II, we further show how those end-to-end guarantees lead
to more flexible learning algorithm design, including decentralized learning and trajectory genera-
tion algorithms. To relieve the burden of centralized coordination, we propose a decentralized safe

learning approach to trains local neural network controller at each node in a model-free setting. To
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conduct faster time-scale learning, we develop a sample-efficient algorithm by generating trajec-
tories using past input-to-output data. The key idea is to identify the basis functions that span all
possible trajectories, and then leverage the linear combinations of the basis to generate trajectories.
By strategically conducting linear combinations, the algorithm adapts to the distributional shift of

trajectories resulting from updated control policies.
7.1 Future Directions

The thesis explores the frameworks of combining control theory, power system engineering, and Al
techniques to attain sustainable and efficient operation of power systems. Some important future

directions include:

1. Structured Control for Efficient and Safe Operation of Power Systems. The electric grid
naturally yields a hierarchical architecture that tightly integrates physical, control and cyber
layers, which makes it tractable to control and optimize the system in a multi-timescale
manner. With more distributed energy resources entering the electric grid, how could we
adjust this hierarchical architecture to accommodate the distributed power provisions and
their uncertainties becomes an important question. In particular, the system should respect
the physics of these resources while maintaining stability after plug-ins and plug-outs of
devices and topology changes. One possible direction is to start from our previous work
on the modular approach for transient stability analysis of networked microgrids [5]. For
more complex systems with heterogeneous resources, how do we design the abstraction of
modules to respect their physical constraints (e.g., the state-of-charge of energy storage and
inverter dynamics) and how can we enforce the safety constraints of these resources are the

key challenges to address in the next steps.

2. Multi-Agent Decentralized Learning and Convergence Analysis. For the control of power
distribution systems with limited communications, our preliminary work in [6] proposed a
decentralized safe learning approach that trains local neural network controller at each bus in

a model-free setting. It shows that the structure of stabilizing controllers plays a vital role for
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the decentralized training to converge without the need for real-time communications. By
reformulating the problem in a non-cooperative game setting, we showed that the convexity
of the stabilizing structure plays a vital role in the existence of Nash equilibrium [7]. The
convergence of decentralized algorithms to a (unique) Nash equilibrium and generalizing the

proposed methods to nonlinear power flow models are important future directions for us.

3. Adaptation to Time-Varying Uncertainties. Because of the intermittent and uncertain nature

of renewable resources, power systems are experiencing larger and faster fluctuations in
both generation and load. Existing methods typically represent model mismatch and time
variations as bounded noises, and design robust controllers for the worst-case uncertainties.
However, as the intermittency and uncertainties grow, these approaches tend to lead to very
conservative results. Since the time-varying patterns are typically reflected in the operational
data of the system, the massive increases in real-time data can assist in adapting to these
uncertainties [125]. The bottleneck lies in safely and effectively leveraging the operational
data for online control and decision-making processes. As an initial step, we propose to
integrate predictions into the design of adaptive controllers such that the real-time response of
the system can be anticipatory to time-varying uncertainties [126]. We design integral law to
compensate for deficiencies not captured in predictions, which can be seamlessly combined
with most existing controllers (including conventional droop control and emerging neural
network-based controllers). Future directions include rigorous analysis of the performance
guarantee subject to noises and prediction errors, and case studies using predictions from

real-world measurement data.

. Sample Efficient Learning Algorithms. In the context of optimizing controllers in a time-

varying environment, updating control laws online is a natural solution. Since the data and
interactions during online operations are typically limited, carefully designing data-efficient
algorithms to update the controllers is critical. In [8], we have achieved some preliminary
results on sample-efficient learning algorithms through trajectory generation. This provides a

powerful paradigm that can be envisioned as a “generative model” for learning-based control.
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Since new input-output measurements are available when we implement the controller, for
more general nonlinear systems, we can think of this as a type of successive linearization. We
will further derive the theoretical bound and performance guarantees of the online learning

framework through trajectory generation.
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Appendix A
PROOF FOR CHAPTER 2

A.1 Proof of Lemma 2

Proof. The proof is similar to the one of [32, Lemma 14], which bounds V' (§,w) term by term.
Firstly, using the Rayleigh-Ritz theorem [127], the kinetic energy term, 3 » | M;(w; — w*)?, is
lower bounded by i (M) ||w—w*||3 and upper bounded by $Ayax(M)||w—w*||3. Then, with
a direct application of [33, Lemma 4], the potential energy term WW,(d) in (2.8a) can be bounded
by 51 |6 — %[5 < W,() < B2 ||6 — 6|5 for some constants 3 > 0 and £, > 0.

To deal with the cross term We(d), we define p () := >, Bijsin(d;;). Then, We(d) =
(Pe(8) —pe(6*))" M (w—w*). Clearly, —|W,(8)| < W(8) < |W,(8)|. For Ve, y € R", 2|xTy| <

l|z||3 + ||y||3. Thus, we have

(We(d)] < 5 (I1Pe(8) =pe(87) I3 + || M (w—w)[[3)

(92/[0=07[15 + Amax(M)*|lw—w[[3) ,

N = DN

<

where the second inequality comes from [33, Lemma 4] and the Rayleigh-Ritz theorem, with some
1
72 > 0. Hence, the W.(d) term is lower bounded by —3 (2] [ = 6%]13 4+ Amax(M)?||w —w*||2)
1
and upper bounded by 3 (2] |6 — 6*| 13 + Amax (M)?||w —w*||3). Finally, combining the inequali-

ties, we can bound the entire Lyapunov function V' (8, w) in (2.7) with

1

oq = 5 min <)\m1n<M) - 5)\max<M>27 2B1 - 672) >0,
1

Qo 1= § max ()\max(M) + EAmax(M)za 262 + 672) >0 ’

for sufficiently small € > 0. ]
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A.2 Proof of Lemma 3

Proof. We start by computing the partial derivatives of ' (§, w) with respect to each state, i.e.,

av * g *
9. Pe,i(8) — pei(87) + € Z Bij cos(6i5) Mi(w; — w™)
’ =1
— € Z Bij COS(@j)Mj(U)j — w*) s
J=1,57
ov
= M [w: — w* (&) = ()] .

g~ Milwi = W+ € (pei(8) = pes(07))]

Therefore, the time derivative of V' (4, w), i.e., V(é, w), is

8(52 ! 8(4}1' !

=1

n

— (pe(8)—pu(8°) + H(6) M ()" (w - 11T—“’)
e (pu(8)~pu(6)] (o — Deo—(w) —pa(8))

+ (Pe(8) —pe (%) +eH () M (w—w*))" (11—("‘Y —lw*)

n

~~
=0

~[w—wt+e(pe(0) ~pe(8"))] Pu—Dw—u(w") —pe(5")

vV
=0

—e(H(OM(w—w"))" (w—w*) — (w—w*)D(w—w")

— €(Pe(8)=pe(67)" (Pe(8)—pe(67))

—€(pe(8)—pe(8"))" D(w—w")

— [w—wte (pe(8) —pe(6))]" (u(w) —u(w"))
which is exactly (2.9). Note that the extra terms in the second equality are added to construct
a quadratic format without affecting the the original value of V(§,w) since p.(6)"1 = 0,
H(§)"1 = 0, and p,, — Dw* — u(w*) —p.(6*) = 0 by the condition at the equilibrium given
in (2.4a).

It remains to show that Q(8) > 0, which follows directly from the fact that the Schur comple-

ment of the block eI in Q(d) is positive definite: D — %(H((S)M + MH(d)) — $D? > 0 for
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sufficiently small e. 0
A.3 Proof of Theorem 2

Let o bound the magnitude of first derivative of » on X . Define an equispaced grid of points on
X, where g = % is the spacing between grid points along each dimension. Corresponding to each
grid interval [kf3, (k+ 1)), assign a linear function y(x) = r(kf) + w (x —kpB), where
y(kB) = r(kB) and y((k + 1)5) = r((k + 1)5). For all z € [kS, (k + 1)5], from monotonic
property, we have r(k3) < r(z) < r((k+ 1)8) and r(k5) < y(z) < r((k + 1)3). Therefore, we

can bound the approximation error by

ly(z) —r(z)] < [r((k+1)5) —r(kf)| (A.2)

By mean value theorem, we know that

or(c)
Ox

r((k+1)8) —r(kp) = (A.3)

for some point ¢ on the line segment between /5 and (k + 1) 3. Given the assumptions made at the
outset, |ag—gf)] is bounded by « and therefore |y(x) — r(x)| can be bounded by Sa.

Further, we show that any piece-wise linear function of y(z) = r(k3) + w (x—kp)
can be represented by the proposed construction (2.13)(2.14). Without loss of generosity, assume
that y(z) is the positive part and approximated by fT(z). Let b} = 0, ¢' = 7(3) and subsequently
vF = (k —1)83, Zle ¢ = w for k = 2,3,--- ,n. Then the construction of f*(z)
through (2.13) is exactly the same as y(x). Therefore, | f(x) — r(x)| can also be bounded by Sa.

We take 3 < £ to complete the proof.
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Appendix B
PROOF FOR CHAPTER 3

B.1 Proofof Lemma 8

Proof. We start by showing that 7/ (s)' éE¢ (ETVC (m! (s))> > ( with equality holds if and
only if VC (! (s)) € range(1,). Expanding the left side of (3.7) and pre-multiplying 7’ (s) gives
(w' ()" (¢Ee (BTVC(x! (5))))
= Z ) (VCi (ﬂ{(si)) -V, (71']](8]))) . (cmi[(s,-) —cjwf(sj))
l:(i,j)eé

= Z ol (VC'O (Ci (s )) VC( (j)))(cm{(s) cjm I(sj))

1=(i,j)€€
where the last step follows from the cost function in Assumption 1 that VCi(7/(s;)) =
VC,y(eiml(s;)) foralli € V.

Since C, () is strictly convex, its gradient VC,(+) is strictly increasing [62]. Thus,

(VC, (cim] (s9)) =V Co(cimi(s))) (cimi (s)—cjmi(s) >0 (B.1)

with equality holds if and only if VC, (¢;m/(s;)) = VC, (¢;m(s;)).
By Controller Design 1, ¢ (VCo(cim!(s;))—VCo(cjmi(s;))) is the same sign with
VCo(cim!(s:)) =V Co(c;jml(s;)). Hence, (B.1) implies

& (VCo(cim! (s:)) =V Co (¢ (s5))) (cim] (s:)—cjmi(s5)) >0

with equality holds if and only if VC, (¢;m{(s;)) = VCo(c;m}(s;)). This implies VC;(n/ (s;)) =
VC;i(rf(s;) VI = (i,j) € & for cost functions satisfying Assumption 1. Since the graph is
connected, we further have VC,(171(s1)) =...=VC,(n'n(s,)), i.e., VC(w!(s)) € range(1,).

Then we prove that ¢ E¢ (ETVC ) . if and only if VC(7!(s)) € range(1,,) by
showing sufficiency and necessity. If VC(7!(s)) € range(1,), we have ETVC (! (s)) = 0,
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and thus ¢E¢p (ETVC (' (5))) = 0. On the other hand, if ¢E¢ (ETVC (! (s)) ) = O,
Multiplying both sides by (7! (s))" gives 7w/(s)"¢E¢ (ETVC (! (s))) = 0 and therefore
VC(w!(s)) € range(1,). Hence, ¢Eg (ETVC (m! (s))) = 0, if and only if VC(r!(s)) €
range(1,). O

B.2 Proof of Theorem 3

Proof. At the equilibrium, we have w; — % Z;;l w;j = 0, Vi and thus w* = wl,, for some w € R.
The right side of (3.6b) equals to zero at the equilibrium gives (w1,) = —¢E¢ (E'VC(x!(s))).
Multiplying both sides by 1} ¢! yields ()1} é¢7'1,, = —1] E¢ (E"VC(w!(s))), which equals
to zero since 1] E = 0,, for a connected graph. This implies & = 0 since 17¢711,, > 0 for & = 0.
Therefore, w* = 0,,.

Moreover, w* = 0, implies ¢E¢ <ETVC(7T] (s*))) = 0,,. By Lemma 8, VC(w!(s)) €
range(1,,) and thus there exists a scalar  such that VC;(7! (s})) =  for all i € V. This implies
VC,y(eim! (7)) = v by Assumption 1. The strict convexity of C,(+) implies that VC,(-) is a strictly
increasing function, which guarantees the existence of VC,!(-) that is also a strictly increasing
function. Hence, 7! (s}) = VC;'(7)c; * and compactly we have 7w/ (s*) = VO 1(y)é11,.

From (") = 0, we have u’ = ! (s") and therefore p.(6) = pu — VC, (1)1,

Since 1,/ pe(8) = 0, we have VO, (v) = — (30, pmi) / (3721 ¢;'). The uniqueness of 7 is
guaranteed by the strict increasing property of function VC (). Similarly, the uniqueness of s*
satisfying 7w/ (s*) = VC;!(y)e™11, is guaranteed by the strictly increasing property of function

7l(-) fori € V.
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Appendix C
APPENDIX FOR CHAPTER 5
C.1 Fundemental Lemma
For state feedback control, w(t) = x(t) (C = I,,) and the system transition dynamics is reduced

tox(k + 1) = Ax(k) + Bu(k). Expanding the dynamics for £k = 0, --- , 7T gives the input-state

response over [0,7" — 1] as

U, 7-1]| Ir,, O7mxn Ujo,7-1] C.1)

- )

L0,7-1] 7fo,T—1] O[O,T—l] CU(O)

where 7{01_1] and (’)[OVT_” are the Toeplitz and observability matrices of order 7' represented

as [118]
B On><m OnXm T 0n><m In
AB B Onxm e OnXm A
Tor— = . . . . Opr-1 =
AT2B ATSB ATYB ... O, AT

On this basis, the Hankel Matrix H can be represented as

Uorn-1+1 - Iy, O7mxn Uorr-1+1 (C2)

- I

Xo,r,-T+1 Tor-1 Opr-1 Xo,L-T+1

where XO,L—T+1 = [ .’Bd(O) .’Bd(l) RN a:d(L — T) .

Now consider a trajectory ['&[O,T_l]; :i:[o;p_l]] starting from an initial state 2(0) and evolves with

)=

Uorr—1+1 Uor-m+1

the sequence of actions w [y r_1). If is full row rank, namely rank(
0,L—T+1 Xo,1-T+1
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Uo7 Uorir—
n + T'm, then there exists § € R¥~7+! such that A g. By (C.1),
z(0) | Xo,L-1+1

wor-1)| | Irm  Orpxn | |Uori-141 P
T, 17-1 Tor-1 Opr-1y| | Xoo—1r4+1

- - (C.3)

| Uori-r41] .
| XorL-111

where the second equation follows from the relation in (C.2). This complete the proof of

Lemma (14).

C.2 Policy gradient algorithm

Algorithm 4: Policy Gradient with trajectory generation

1 Require: The length T of trajectory, the learning rate «, total number of episode
2 Policy Gradient with Data generation:/nitialization :Initial weights 8 for control

network

w

for episode = 1to I do

4 Generate a batch of () trajectories |74, -+, Tg] =TrajectoryGen(H,0,D, Q) ;
s | Compute the gradient V.J(0) = % 2?:1 (1) S, Vg log mg(a(t)|a4(t));

6 Update weights in the neural network by gradient descent: 8 < 8 — aV.J(0)

7 end

C.3 Transition dynamics with extended states

Expanding the transition dynamics in (6.1) from time 0 to 7j gives

wio. -1 = Op,1-112(0) + To,10-11%(0,7-2) (C4)
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where 7o 7—1) and O 7_y are the Toeplitz and observability matrices of order 7Tj represented as

CB Od><m Od><m T 0d><m C
CAB CB Odxm <o Ogxm CA
Tior-1) == . . ; , ; Op.np-1) ==
CA™ 2B CAT™3B CA™ B .- Oim C AT

Since the system (6.1) is observable, O 1,1 is full column rank. Thus,

~1
z(0) = (O 1, 11001-1)  Opmy-1y (Wom-11 — Tozp-11%0.1-2)) (C.5)

J

~~

i
O[U»Tofl]

Then pluging in the expression of w(7j) yields

w(Tp) = CA"z(0) + CA™ 'Bu(0) + - - + CBu(Ty — 1)
= CATOOEQTU_” (wory-1) — To,r0—1](0,75—2]) + Tiro. 7] W0, 1—2] (C.6)
= CATOOEFO,TO—l]""[OﬁTo—l] + (ﬁTmTo] —CA" Ogo,To—l]ﬁQTo—l]) Ulo,19-2]
where
Tinm = | CAB'B CA™ B CA™B ... CB|.

Stacking the observations and the outputs together yields

w(1) w(0)
w(To) i w(Ty—1) i Bu(To —1), (C.7)

u(1) u(0)




where
oI, 0 0 --- 0 0
o o0 1, 0 --- O 0
O 0 o0 0 --- I, 0
A CATOO[TO;FO—H Tiro,10) — CATOOEFO,TO—I]ﬁOvTO_l] B 0
or1, 0 O --- 0 0
o o0 I, 0 --- 0 0
o o0 o0 o ---1, 0
I,

C.4 Policy Gradient for Extended States

The basic policy gradient algorithm is [53]
Voo, (7)) = Vo [ malr)c(r)dr
= /V@W@(T)C(T)dT
Z/We(T)Velogﬂe(T)C(T)dT

= Erp, [c(T) Ve log me(T)].

The probability of a trajectory with length 7" is

mo(T) = p (X (Tp)) 1:[ Pre (w(t)|X () p (X (1 + D)[X (1), u(t)) .

t=To
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(C.8)

(C.9)

(C.10)

Expanding the terms in (C.10) and canceling the transition probability independent of 6, we

have
T-1

Vologmo(T) = > Volog pr, (u(k) | w(k)),

t=0

(C.11)
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and therefore,

VB, [e(T)] = Eropry () Z Vo 10g pry (u(k) | w(k)) (C.12)
Hence, the policy gradient algorithm still holds for the output-feedback case.
C.5 Proof of Theorem 9

To prove Theorem 9, we need to make use of the rank condition of G4 and R in (6.16). We first
show in Lemma 16 about the null space and rank condition induced from the condition rank(#) =

n+1Tm.

Lemma 16. If the observability matrix O 1,1 is full column rank, then the null space N'(Gyg) is
the same as N (H). Moreover, if rank(H) = n + T'm, then rank(Gg) = n + T'm.

Proof. We first prove that the null space N'(Gy) is the same as N () from (i) and (ii) :

(i) For all ¢ € N'(H), we have [H,|q = Or,, and [H,]q = Or,,. Plugging in the expression of
Gy yields Goq = O, 4,,. Namely, g € N'(Gy).

(ii) For all v € N (Gy), we have

Hgoflszl _ (IT—T() ® 9) Hgofl:Tfl
HOZTO_I V= 0Tm+T0d ) (C13)

Y

H?L:To—z
which gives
”Hﬁvze’Hfjvfork:To,--~ T —1
Hy" o = 0gpq (C.14)
H?L:TO_Q’U = OTom .

From (C.6), we have ,

H, CATOOFOT ]Hﬁ_TO:k_l + <7TT0 n) —CA OO[TO To— 7‘[0,T0—1]> H, ok (C.15)
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fork =Ty, ---,T — 1.

Plugging (C.14) in (C.15) induces Hfv = 04 and Hfv = 0,, for k = 0,--- ,T — 1. Hence,
Hv = Oppyrq. Namely, v € N(H).

Next, we prove the rank condition. Note that H € RI™+Tm)X(L=T+1) [f rank(H) = n + T'm,
then the rank of Null space is rank(N (H)) = (L — T + 1) — (n+T'm). Since N'(Gl) is the same
as N (H), then rank(N (Go)) = (L — T + 1) — (n 4+ T'm). It follows directly that rank(Gg) =
(L—T +1) —rank(N(Go)) = n + T'm. O

Then, we are ready to prove Theorem 9 as follows.

Proof. We first prove the existence of the solution in (6.16). From (C.4), we have

“ B Limy- m O(r,— mxn u —
X(Ty—1):= 0021 | _ (To—1) (To—1)mx 0,70—2]

Wio,1p—1] Tor-1  Opm- z(0)
The number of element in the vector [ug,, o, @' (0)]" is n + m(T; — 1). Hence, the rank of
X (To —1) is as most n + m(Ty — 1). Then the right side of (6.16) has the rank as most n +m(7, —
1)+m(T —Ty+ 1) = n+Tm. By Lemma 16, rank(H) = n + T'm yields rank(Gg) = n + T'm.
Hence, there exists at least one solution such that (6.10) holds.

Next, we show the uniqueness of the generated trajectory. Suppose there exists g, and g, are
both solution of (6.10) and Hg, # Hg-. Since g; and g, are both solution of (6.10), then Ggg; =
Gog; and thus (g — g2) € N(Gyg). On the other hand, Hg; # Hg- yields H (g1 — g») # 0 and
thus (g1 — g2) ¢ N (H). This contradicts that N'(Gy) is the same as N' () proved in Lemma 16.

Hence, Hg, = Hg-, namely, the generated trajectories are identical. L]
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C.6 Trajectory generation algorithm for output-feedback control

Algorithm 5: Trajectory generation for output-feedback control

1 Data collection:Collect historic measurement of the system and stack each 7-length
input-output trajectory as Hankel matrix # shown in (6.5) until rank(H) = n + T'm

2 Data generation:/nput :Hankel matrix H, weights @ and the distribution D for the control
policy, the batchsize () for the generated trajectories, the set Sy of historic initial
extended state X'(7j — 1)

3 Function TrajectoryGen (H,0,D,Q,Sxy) :

4 Plug in 0 to compute Gg in (6.16).

s | Conduct eigenvalue decomposition of (GeGy ) to obtain Py := [p1 Py -+ D

and A = diag(A, Ao, - -+ , As) with ); being nonzero eigenvalues and p; being

orthonormal eigenvectors.

6 for: =11 Q do

7 Sample X' (T — 1) from Sy. Sample {w;(Ty — 1), ,w;(T — 1)} from
distribution D.
8 Compute the coefficient

g' = Gy PyA'PJ [wi(Ty — 1) - wy(T —1)TX(T, - 1)7] .
9 Generate the ¢-th trajectory 7; :=

HToflinl
[@(Ty = )7 - (T — 1)@ (Ty— 1)@ (T—1)T] = | "

To—1:T-1
%Z/

10 end

1 return 1y, - -, 7(]
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